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Bioprocesses

Bioprocesses are often characterized by nonlinear and uncertain dynamics, posing particular challenges for
model predictive control (MPC) algorithms due to their computational demands when applied to nonlinear
systems. Recent advances in optimal control theory have demonstrated that concepts from convex optimization,
tube MPC, and differences of convex functions (DC) enable efficient, robust online process control. Our
approach is based on DC decompositions of nonlinear dynamics and successive linearizations around predicted
trajectories. By convexity, the linearization errors have tight bounds and can be treated as bounded distur-
bances within a robust tube MPC framework. We describe a systematic, data-driven method for computing
DC model representations using deep neural networks with a special convex structure, and explain how
the resulting MPC optimization can be solved using convex programming. For the problem of maximizing
product formation in a cultivation with uncertain model parameters, we design a controller that ensures robust
constraint satisfaction and allows online estimation of unknown model parameters. Our results indicate that
this method is a promising solution for computationally tractable, robust MPC of bioprocesses.

1. Introduction

The growing demand for cost-effective production of biologic drugs
and sustainable production of goods has intensified the need for rapid
development and control of bioprocesses (Rathore et al., 2021). This
has motivated robotic parallel experimentation facilities capable of per-
forming sophisticated cultivations (e.g. fed-batch, continuous) in high
throughput. Some commercially available solutions are the robolector
from m2p-labs, bioREACTOR 48 from 2mag, ambr250 from Sartorius,
and bioXplorer from H.E.L.

Effective bioprocess development requires control algorithms that
are robust to model uncertainty arising from incomplete knowledge of
physical and biological mechanisms. Particularly in the early stages of
a project, development is characterized by limited process information
and large experimental design spaces, posing significant challenges for
parallel bioreactor operation (Cruz Bournazou et al., 2017). Adaptive
and robust Model Predictive Control (MPC) algorithms can potentially
improve performance and experimental efficiency, even in cases of
large uncertainty in model outputs (Krausch et al., 2022; Jabarivelisdeh
et al., 2020; Tuveri et al., 2023). However, applications of MPC in this
context have largely been restricted to nominal process models with
no explicit accounting for parameter uncertainty and disturbances. For
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example, Kager et al. (2020) increased total product formation in a
fungal process, but their approach is limited to the nominal case.

Bioprocess control using reinforcement learning often requires few
prior modelling assumptions (e.g. Mowbray et al., 2022), but relies on
heavy offline training and large data sets to handle process uncertain-
ties, and is typically unable to guarantee robust constraint satisfaction.
On the other hand, hybrid modelling approaches exploit available
information on uncertainty by combining empirical models derived
from data with first principles models (Mahanty, 2023; Shah et al.,
2022; Bangi et al., 2022). Combined with robust MPC, these models can
ensure robust constraint satisfaction when explicit uncertainty bounds
are available. However MPC in this context involves the online solution
of a nonlinear program (NLP) with high computational complexity.
Moreover, the amount of computation required can in practice un-
dermine guarantees of robust performance and may not be suitable
for cultures of fast-growing microorganisms with short feeding control
times.

The robust MPC strategy of this paper allows efficient optimization
of controller actions and provides guarantees of robustness by design.
We use a tube MPC algorithm to compute bounds on future system
trajectories. This provides guarantees of robust stability and constraint
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satisfaction in the presence of bounded modelling errors, disturbances
and parametric uncertainty. Our approach uses differences of convex
(DC) functions to represent the model dynamics on a compact set,
allowing the NLP to be solved iteratively via a sequence of convex
optimization problems (Lipp and Boyd, 2016). This ensures recursive
feasibility and convergence of the iteration while requiring the solution
of only one convex problem at each sampling instant.

The proposed methodology enables the construction of bioprocess
models in DC form directly from data, or from a combination of data
and physical models. Any process described by continuous dynamics
can be approximated in DC form (Horst and Thoai, 1999). We describe
a systematic method of learning DC representations by using pairs of
input-convex neural networks (ICNNs) (Amos et al.,, 2017; Sankara-
narayanan and Rengaswamy, 2022) to learn the model dynamics.
The approach builds on Doff-Sotta and Cannon (2022), Buerger et al.
(2024), and extends these by using more powerful ICNN models and by
adopting a hybrid modelling approach that enables online parameter
estimation. Combined with set-membership parameter estimation, this
provides a robust adaptive MPC algorithm. The parameterization of
trajectory bounds influences the computational complexity of the asso-
ciated tube MPC optimization problem. Doff-Sotta and Cannon (2022)
and Buerger et al. (2024), use elementwise bounds, but this requires
O(2"~) inequality constraints in the MPC optimization (n, denotes the
model state dimension), causing significant computational burden for
large systems. We show that simplex tubes, for which the dependence
is O(n,), provide an effective alternative.

We describe simulations of a fed-batch bioreactor for the pro-
duction of penicillin. This case study uses ICNNs to determine the
model dynamics in DC form and exploits knowledge of parts of the
model structure to enable estimation of parameters that are typically
uncertain. We demonstrate the potential of the approach for optimizing
product formation and identifying model parameters while robustly
satisfying constraints despite the presence of unknown but bounded
model disturbances.

2. Modelling and DC approximation using deep learning

We consider a perfectly mixed isothermal fed-batch bioreactor, a
popular case study example from (Srinivasan et al., 2003). The model
states are the cell concentration X [gL~!], product concentration P
[gL~'], substrate concentration S [¢gL~'] and volume V [L]. The
control input is the feed flow rate u [Lh~'] of substrate at concentration
S;. The objective of the control strategy is to maximize the product
concentration P after a period of T hours while satisfying state and
control constraints.

The system model is given by

X=¢x,u)+& @

where x = dx/dt, x = (X,S,P,V) is the system state and ¢ is an
unknown bounded disturbance representing measurement noise and
parameter errors not explicitly accounted for in the problem descrip-
tion. For (x,u) € XxU, where X, U are compact convex state and control
constraint sets, the function ¢ has the form

X=puSHX - 2 _x 2
H(S) ViV (2a)
. X X u
S = —u(S) —v—+ (S;-S) (2b)
Yy s Ypis VotV
P=uvX - u P (20)
Vo+V
V=u 2d)
S
H(S) = Hmax (2e)

S+Kg+S2/K;’

Here p,,,, denotes the maximal growth rate (0.02h™!), K is the sub-
strate affinity constant of the cells (0.05gL™"), K; is an inhibition con-
stant which inhibits growth at high substrate concentrations (5gL™!),
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v is the production rate (0.004 Lh~!), the inlet substrate concentration
is S, =200gL"1, Yy /s is the yield coefficient of biomass per substrate
0.4 gy ggl), and Yp, y is the yield coefficient of product per substrate
1.2 gp ggl). The initial volume is };, = 120L. We assume Yy 5 and S,
are not exactly known but have known bounds as a result of variability
in the microorganism phenotype and uncertainty in feed concentration
due to imperfect measurements or mixing, respectively.

The initial conditions are X(0) = 1gL~!, S©0) = 0.5gL"!, P(0) =
0gL~!, and V(0) = 0L, and the constraint sets are

X={x:0<x<(37 135}, U={u:0<u<02}. (3)

A feedforward deep learning NN framework was used to approx-
imate the dynamics ((2)a)-((2)e) as a difference of convex functions
by subtracting the outputs of two feedforward ICNN subnetworks.
An ICNN with L layers is characterized by a parameter set p =
{M,.1, Qg.1_1, by} and an input-output map z;,; = f(y; p), defined
(with (M, zy) = 0) by

z =Mz +Qy+b), 1=0,...,L—1, 4

and z;,, = M;z; + by, where y is the input, z; is the layer activa-
tion, M, are non-negatively constrained weights ({M,};; > 0, for all
i,j,1), Q, are input passthrough weights, b, are bias terms and o(-) is
a componentwise convex, nondecreasing activation function. We use
ReLU activation functions: ¢(¢) = max(¢, 0). Each network layer is the
composition of a linear function with a nondecreasing convex function;
hence z;,; = f(y; p) is necessarily a convex map from y to z; ;.

We define y = (x,u), where x = (X, S, P,V) and u are the state and
control input of the system (1). The outputs of two ICNNs are subtracted
and trained simultaneously to learn the dynamics of (1) as a difference
of convex functions:

x = f106uw) = fo(x,u) + ¢, (5)

where ¢ is a bounded disturbance that accounts for the approximation
error in f| — f, and the disturbance ¢ in (1). Each of the two ICNNs con-
sists of an input layer, L hidden layers with N, activation functions
(z; € RMwoee), and an output layer. In this study ¢(x, u) is approximated
by My 1z, —Mj,z;,+by  —b;, where z; ;, i = 1 or 2 is given by (4)
with L =2, Nyoge = 32.

The network was implemented using Keras (Chollet et al., 2015) and
trained using the RMSProp optimizer with 10° samples of ((2)a)—((2)d)
distributed across the compact sets X and U, split into 80% training,
20% validation sets. To enable evaluation of each sampling point, the
unknown parameters Yy g and S; are set to nominal values, denoted
Yx,s, S;. Convexity of the models was evaluated by checking the
Hessian matrices: V2 f;(x,u) > 0, i = 1,2, at points (x, #) in the validation
set. Fig. 1 shows the DC decompositions representing X and S for given
values of P, V, and u. As illustrated, the NN provides a good fit (MAE:
0.0012) for the model (2) (blue dots and blue surface), and the DC form
of the decomposition is apparent in Fig. 1 (orange and green surfaces).

3. DC-TMPC framework with simplexes

Doff-Sotta and Cannon (2022) proposed a robust tube MPC algo-
rithm based on successive linearization for DC systems. The so-called
DC-TMPC algorithm capitalizes on the idea that optimization problems
with inequality constraints involving DC functions can be approximated
as convex problems by linearizing only the concave parts of the in-
equality constraints. Furthermore, bounds on the errors introduced by
linearizing concave functions are trivial to compute and can be treated
as disturbances in a robust MPC scheme. We apply this approach to
the system (5) learned in DC form with additive disturbances, and we
extend it by considering state tubes defined in terms of simplexes in
order to reduce online computational load.

We can derive a discrete time model from (5) using, for example,
forward Euler approximation:

X1 = 8(f1 00 1) = folxgo ) + w0y, (6)



N. Krausch et al.

DC decomposition, P= 0.4 g L™, V= 122.0L,u= 0.07 Lh™!

e Batch reactor model (ref) e Batch reactor model (ref)
B DCNN: f=fi—f, B DCNN: f=fi—f;
DCNN: fi mmm DCNN: fi
mmm DCNN: f; 0.06 mf OBCNN: £, 58

Fig. 1. DC decomposition: the actual model evaluated at 30 x 30 sample points
(blue dots), the convex functions f, and f, (orange and green surfaces), and the DC
decomposition f = f, — f, (blue surfaces) approximating X (left), and S (right), as
functions of the concentrations X and .S, with product concentration P =04gL™!,
volume V =122L, and feed rate u =0.07Lh™".

where y, denotes the value of variable y at discrete time index k €
{0,1,2,...} and the sampling interval is 6 = 1 hour. The disturbance w,,
lies in a bounded set W for all k. The disturbance set W can be com-
puted from bounds on the disturbance affecting the continuous time
system (1) and the maximum pointwise error in the DC representation
fi—frof ¢

The tube MPC strategy is based on linearizing f, and f, in (6)
around nominal predicted trajectories {x,up ko v OVET @ future hori-
zon of N discrete time steps. For a given control sequence {u} },-0:n»
we compute {x}},-.y Dy applying an ODE solver to the model (1)
with nominal parameters (i.e. £ =0, Yy s = Yy g, S; = S;). We denote
the state and input perturbations relative to x3, u; as s, = x, — x} and
vy = u, —u, respectively. To reduce the effects of model uncertainty on
predicted trajectories, v, is defined by a two degree-of-freedom control
law: v, = K s +¢;, where {K; },_o. y are feedback gains and {c; },—o. 5
is a feedforward control sequence computed at each discrete time step
by solving a sequence of convex optimization problems.

Bounds on the predicted trajectories of the model (6) are obtained
by exploiting the componentwise convexity of f;, i = 1,2, which
implies that each component of f; is upper-bounded by the Jacobian
linearization of f; about any point in its domain. This provides the
following bounds, which are by construction convex conditions on

{8k} e=o:n and {cx}i—o: N>

Skt 2 8+ 8(f1(xp + s up + v) — fi(xp,up)) (7a)

= Fypsp— Byyep +6 urflea%)’\‘(/ Wy,

Sga1 < S+ Fy sy + By ey (7b)
-6 X7+ Sp,u; +v) — fr(x7,u3)) + 6 min w
(fZ( k k> k) f2( k k)) weWw k

where Fy; = 8(Aj + By K), Ay = 2LGeug), By = Zixg.uf) for
i=12.

To ensure robust constraint satisfaction and convergence of the suc-
cessive linearization scheme, we define an uncertainty tube consisting
of a sequence of sets {S; },_,.y bounding the state perturbation trajec-
tories under all realizations of model uncertainty. The tube {S;},_¢.»
may be defined in terms of componentwise bounds (e.g. Doff-Sotta
and Cannon, 2022), but the number of constraints needed then grows
exponentially with the state dimension n,. To reduce this to a linear
dependence, we instead parameterize {S; };_,. in terms of simplexes:

-1
= {eems )< [} ®

where I € R"*x is the identity matrix, 1 is a vector of ones, and
the vector ¢, and scalar f§, are optimization variables. Conditions on
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{ag, By} =o- n to ensure that the state perturbation s, belongs to S, for
all k € {0, ..., N} can be defined recursively as follows. Combining (7)
and (8), we require, for all s € S,

Wy Zzg%ﬁ(—s+5f2(xz+s,uz + Ks+¢p) (9a)

—5f>(x°u) — F, o5 — B )—5'
So(xXp,up) = Fy s = By ey o, w

Pres Zm%xlT<s+6f1(xZ + s,y + Kys +¢;) (9b)
SES)
—6f,(%u%) = Fy s — B )+5 1w
Fi(xg,up) 248 ) kChk Lnga&_ w

Conditions ((9)a)-((9)b) are equivalent to n, + 1 convex inequalities in
the vertices of S, denoted {s}};_., , given by

. — i=0
Si={ o ’ 10)

—ay + (B +1Tak)gj j=1,....n,

where ¢, is the jth column of the identity matrix in R">"x. Exploiting
again the convexity of f, and f,, conditions ((9)a)-((9)b) are therefore
equivalent to the constraints, for j =0,1,...,n,:

Hpyy = —si +8fo(x) + 57U + Kksi +¢) = 8 fo(x, uy)

j
— Fi 53 = By oy — 0wy

Bunr 2 1T (5] + 8105 + 5)ous + Kyl + ) = 5, (65 )
J
— B8y — BZ,ka) + 6Wpax

s T S T . _ T
with e wy,;, = min, ey e/ w for all i and wy,,, = max,,ew 1" w.

4. MPC algorithm without parameter estimation

This section considers the case in which the parameters of (2) are
known to the controller but the model (1) is affected by unknown
bounded disturbances. We therefore assume that the discrete time
model (6) has no parametric uncertainty (in particular Yy /S and S; are
equal to their nominal values Yy /S5 S,), but is subject to disturbances
with known bounds w, € W for all k. At each sampling instant
t = 0,6,26,..., given the current state x(¢) of (2), we optimize the
feedforward sequence {c},—o.x and tube parameters {a;,f;}i—o:n
subject to ((9)a,b) and x;, € X, u;, € U for all k by solving the following
convex problem:

N
subject to, for all k € {0,...,N —1} and j € {0, ...,n,}
x;+s£€X, u;+Ks{(+ckelU (11b)
Wy = —si +3f2(x] + s{(,u; + Kksi +¢) = 8 fo(xp, up)
- Fl,ksi = By y¢ — 6Win (110)
By 217 (Si + 86155+ ST + Kyst +¢) — 6f1(x5.up)
- FZ,ksi - BZ,kck> + Swmax (11d)
L S ey (xp +50) (11e)
Lkt 2(uz+1+Ks{€+l+ck+l —uZ—KsL—ck)2 (119)
and the initial constraints, for all j € {0, ...,n,}
o j 2
Lo = (ug + K} + co — u(t = 8)) (11g)
ap > xS - x(1) (11h)
Po 2 17 (x(1) = x;) 11
and terminal constraints for all k € {0,..., Nigm}s j € {0, ..., 10, }
ey =0 (11))
X0+ SN < Xerme 1K)

A brief explanation of the problem formulation is as follows:
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1. The objective function ((11)a) aims to maximize the product
concentration via the term [, ,, which is a lower bound on
P = g;—x due to ((11)e). The term /,, smooths the solution by
penalizing changes in the control input via ((11)f,g). The scalar
constant y balances these two competing objectives.

2. The state and control constraints in ((11)b) depend on the sets
X, U defined in (3). By definition all model states and control
inputs must be non-negative, while the upper bounds u < 0.2
and x < (3.7, 1, 3, 5) are context-specific.

3. The tube constraints ((11)c,d) are equivalent to ((9)a,b) and,
with s{; defined in (10), ensure that s, € S; for 1 <k < N.

4. The initial constraints ((11)h,i) ensure s, = x(¢) — x(‘; € Sy.

5. The terminal constraints ((11)j,k) allow for a guarantee that
problem (11) remains feasible for all + > 0 if it is feasible at
t = 0. Here N, and x,,, € X are chosen so that the set

term
{xg @ X < Xierms k=0, ..., Nigem ) is positively invariant.

If the substrate concentration S remains low for an extended period,
the bioreactor effectively shuts down due to the depletion of the main
carbon source. Using data from simulations of (1)-(2), we identify
this condition as § < 0.1gL~!' for a period of 5h, and hence we
define X, = (3.7, 0.1, 3, 5) and Ny, = 5 in the terminal constraints
((1Dk,D.

The solution, denoted {c; },—y.n, of (11) is used to update the state
and input trajectories {x},u} },—. v to be employed at the next iteration

term

by setting s, « x(t)—xg and for k=0,1,...,N:

“Z — u; + K5, + c;: (12a)
Skl <—c17(xz,u;i)—x]'z+1 (12b)
xZH — <D(xz,u;:) (12¢)

where @(x,,u,) is the solution for x,, ; obtained from (1) under nominal
conditions (¢ = 0, Yy;5 = Yy5, S; = S;) using an ODE solver
(e.g. cvodes (Hindmarsh et al., 2005) implemented in CasADi (Anders-
son et al., 2019)).

The optimization (11) and update (12) are repeated until the control
perturbation Y, lle;ll and change in optimal cost fall below given
thresholds, or until a maximum number of iterations is reached. The
control input is then applied to the bioreactor as u(r) = u] for r €
[t,t + ). At the next sampling instant, ¢ + §, we set x0 = x(t + §) and

0
redefine {ug,x] },—o.y using the optimal solution at the final iteration

of time ¢ by setting s, < 0 and

uZ(—uZ+l+Kk+lsk+cZ+l, k=0,1,...,N—1 (13a)
Skel <—Q§(xz,u;)—x2+l, k=0,1,...,N (13b)
X;+1 “ @(XZ,M;), k=0,1,....,.N (13c)

with uS < u", where u" is such that x(t) < X, for all t > 0
if x(0) € Xy and u(?) = . With x,,, = (3.7, 0.1, 3, 5) we find
u, =0.01 Lh~! meets this requirement for the system (1).

Since (12) and (13) use the nominal system model to update
{u}, X} }=o: n» it cannot be guaranteed that the updated trajectory will
result in a feasible updated problem (11). An alternative update strat-
egy that provides a guarantee of feasibility is proposed in Lishkova and
Cannon (2025). However, we use here a simpler approach, exploiting
the observation that the nominal trajectory {uy, x} },—.y computed at
a feasible previous iteration necessarily provides a set of linearization
points such that problem (11) is feasible at the current iteration. This
is a direct consequence of the tube {S;},_y.5 containing the state
trajectories for all possible uncertainty realizations. Thus, if (11) is
infeasible after the update (13), we instead define {xz’”z}k=0: N asa

time-shifted version of the previous nominal trajectory:

uZ(—uZH, k=0,1,...,N -1 (14a)
x; (_XZH’ k=0,1,....N (14b)
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”7\/ —u" (140)
X?v+1 — D(xp,uy) (14d)

The update strategy in (12)-(14) ensures that (11) is recursively
feasible, i.e. a feasible solution of (11) is obtained at each iteration and
for all + > 0 if (11) is feasible at # = 0. The algorithm can be initialized
att = 0 by setting x; = x(0), uy = u" and ¢; = 0 for all k, and computing
{x} }i=1: y using (12).

By construction, the DC-TMPC strategy satisfies the constraints
x(né) € X, u(nd) € U at all sampling instants n > 0 regardless of the
number of iterations performed at each time step. Hence computation
can be reduced to a single solution of the convex problem (11) at each
time step. On the other hand, if there is no limit on the number of
iterations, then for the limiting case of no model uncertainty (W —
{0}), the DC-TMPC iteration converges to an optimal solution for the
problem of maximizing product concentration for the system (1)-(2)
subject to (x,u) € X x U (see Lishkova and Cannon, 2025).

5. Adaptive MPC with online parameter estimation

This section discusses robust adaptive DC-TMPC subject to param-
eter uncertainty and unknown disturbances with known bounds. Since
the uncertain parameters S; and Y, ! 5 appear linearly in the bioreactor
model (2), we can express (1) in a form that depends linearly on an
unknown parameter vector 6,

X = Pp(x,u) + e;w(x,u) 0+ £. (15)

Here ¢(x,u) is defined by ((2)a)-((2)e) with Yy /52 Si replaced by their
nominal values Yy s, S;, and w(x,u) and 9 are the vectors

w(x,u) = [ “HSX [YJ;/IS - Y);/]S] .

100u/(V + V) (S, = $,)/100
Extending the approach of Sections 2-4 to account for uncertainty in
0, we propose a robust DC-TMPC strategy for controlling (15). This
is combined with online estimation of 6 to create a robust adaptive
control algorithm.

Analogously to the DC model (6), we construct a DC representation
w(x,u) = g;(x,u) — g(x,u), where g;(x,u) for i = 1,2 is componentwise
convex in (x, u), using the difference of two ICNNSs. For this example we
use feedforward NNs with the same structure as the ICNNs described
in Section 2, but with 16 nodes in each hidden layer. The ICNNs
are trained simultaneously on samples of the map w(x,u) without
knowledge of the true parameter values. Combining this model with
(6), which was identified using the nominal parameters Yy / 5. S, we
obtain

Xk+1 = 5(f1 (o) — fz(xka“k))
+6gz(gl(xk,uk)—g2(xk,uk))T9+wk. (16)

A set W bounding the disturbance w, can be constructed from bounds
on the disturbance affecting the system (1) and the approximation
errors in the DC representations of ¢ and .

An initial bounding set ©, containing ¢ is determined by prior
parameter bounds. For example, with nominal parameter values Yy /s =
045, S; = 195gL~", and bounds Yy /s € [0.333,0.5], S; € [180,220], we
obtain

0eB,=1{0:(-0222,-0.15) <0 <(0.778,0.25)}, a7)

and the actual parameter values Yy, g = 04, S; = 200 gL~ imply
0* = (0.278,0.05) is the true value of 6.

We use online set-membership estimation (Lorenzen et al., 2019; Lu
et al.,, 2021) to update bounds on # using online state measurements
and prior disturbance bounds. At time ¢ = né, for n = 0,1, ..., the
parameter set ©, = {# : HO < h,} is defined in terms of a vector h,
that is updated online and a constant matrix H that is chosen offline
so that ©, has a fixed number of vertices. Thus if H = [I -1 17 so
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that h, determines upper and lower bounds on the elements of 0, then
©, has 4 vertices. Let D, = D(x,,,u,) = e, (g (X, t,) = 82(x,, u,,))T and
d, = d(x,,u,) = 6(f1(x,,u,) — f5(x,,u,)). Then (16) can be written as
X,y = D,0 +d, + w,, and at time step n + 1, # must belong to an
unfalsified parameter set given by {0 : x,,, —d, — D,0 € W}. Hence,
using observations of x, over a window of N discrete time steps, we
update the set ©, by solving a linear program,

h,;= max H;6
(=

n,i 0eo,_,
subject to x,,_;,; —d,_y —D,_;,0 €W, Vk e {1,..., N}

for each element i of 4,, where h, ;, H; are the ith element and ith row
of h,, H. This update rule ensures that ©, C --- C 6, and O, converges
asymptotically to the true parameter vector 6* if the control input is
persistently exciting (Lu et al., 2021).

We also compute a point estimate 6, online using Least Mean
Squares (LMS) (Lorenzen et al., 2019). Given the nominal 1-step ahead
prediction from (16), %y, = D,6,+d,, and the actual system state x,,, |,
we compute the update 0, at step n+ 1 as

0,41 = 1, ,, [0, +AD, x4y — 2110)]

where [Tg[-] denotes the (Euclidean) projection onto ©, and 4 is an
update gain satisfying ;l, > || D(x, u)|)? for all (x,u) € X x U.

The parameter set estimate O, is used to make the DC-TMPC opti-
mization (11) robust to parameter uncertainty, while the point estimate
6, defines the nominal predicted trajectories {x7,u} }y=o: v at time t =
né. The resulting adaptive DC-TMPC algorithm has guaranteed ro-
bustness to parametric uncertainty and potentially better performance
than the strategy of Section 4, albeit at the expense of increased
computation.

In particular, when computing the nominal predicted trajectories
{xz’”z}k=0:N the map @(x,u) in (12)—(14) is determined by solving (1)
with & = 0 and the current parameter estimates

Yys =6, + Y);/ls)fl, S, =1000,, + S,

where 8, = (,,.0,,). In addition, the tube {x} + S;},_o.y neces-
sarily contains the system state under any possible model uncertainty
realization when constraints ((11)c,d) are replaced by
Wpyy > —si +8fr(xg + s{c,u; + Kks{C + ) = 8fo(xp, up)

— (Fy sy, + By €)= 8t

+520:'_‘T (68 (x + siouy + Kys) +¢) = 6g5(x5, uy))

- 526:'_“'—(01,,(“?1c + Bikck)

- 526TT (5gl(xz + si,uz + Kks{{ +¢i) — g (x, uZ))

+6,0" (G5 + B, 0) (18a)
Brs1 = lT(s{( +811(xp + sy, up + Kisy + ) = 81 (xp,u}))

- lT(Fz,kSi + B) k) + Wy

+0TT (68, (xp + 5.u + Ky ) +¢;) — 68, (x3.up))

T ;
=077 (Goyes), + B )
- HZ"T (égz(xi + s{c, ”Z + Kksi +c) — 5g2(xz,u2))

+0" (G5 + B cp). (18b)

— & 14 & _ aﬁ o 0 g % o 0 s
Here G, = 8(A} +Bf K), Af, = SL(.up), B = (i up) fori =12,
and {6™},,-,.4 are the vertices of ©,, with

91” =max{6™,0}, 6™ =min{6™,0}

denoting the non-negative and non-positive components of 6™.
Problem (11), with ((18)a,b) replacing ((11)c,d) and with
{x3,up }ko: v updated via (12)-(14), is necessarily recursively feasible
since ©,,; € 0, for all n > 0. In addition, the closed loop adaptive DC-
TMPC strategy ensures satisfaction of the constraints (x(t), u(t)) e XxU
at all sampling instants 1 = n, n > 0. These properties hold regardless
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Fig. 2. Predicted state and control trajectories at initial time, r = 0. Solid lines: nominal
predicted trajectories {x;,u; };.y, dashed/dash-dotted lines: lower/upper bounds on
predicted states within {S;},_y.n-

of the number of iterations performed at each time step. Convergence
of parameter estimates can be ensured by forcing the control inputs to
be persistently exciting (e.g. Lu and Cannon, 2023).

6. Simulation results and discussion

The control algorithm was implemented in simulations of the fed-
batch bioreactor described in Section 2. The control objective is to
maximize product concentration over a period of T = 100h subject to
x(t) € X and u(f) € U. Two pairs of ICNNs were trained as described
in Sections 2 and 5 to provide DC model representations, and the DC-
TMPC algorithm was formulated as described in Sections 4 and 5. The
optimization (11), ((18)a,b) is a second order cone program since X and
U are polytopic sets and the ICNN activation functions are piecewise
linear ReLUs. We solve this problem using cvxpy (Diamond and Boyd,
2016) and mosek (MOSEK ApS, 2025).

The prediction horizon is N = 25 and the cost weight in ((11)a)
is y = 0.1. The disturbance bounds estimated from validation data
distributed across the compact sets X and U are given by

W= {w: Jw| <1072, 107, 1073, 107%)}.

The gains {K },—.y Were found by solving the linear quadratic reg-
ulator problem defined by the time-varying linearized model around
nominal predicted trajectories with Q = 1077, R=1.



N. Krausch et al.

Biomass X (g/L)

Substrate S (g/L)

1.0

0.51

Product P (g/L)

Input u (L/h)

0 20 40 60 80 100
Time t (h)

Fig. 3. Closed loop state and control trajectories. Robust adaptive MPC (blue lines),
and responses when noise with bounds of +0.005 (red) and +0.0025 (green) is added
to the control signal to speed up parameter set convergence.
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Fig. 4. Parameter set estimates for 20 closed loop simulations (left) and with noise
bounded by +0.005 (right) added to the control signal. Upper and lower parameter
bounds: for individual simulations (blue lines), mean values (black lines), 90%
confidence intervals (orange), and outer bounds (red dashed lines).
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For the DC-TMPC algorithm of Section 4 without parameter un-
certainty, a single iteration requires on average 0.6s and at most
0.8s (Apple M3 Pro, 36 GB memory). When parameter uncertainty is
included as described in Section 5 the computation time increases to
4.5s on average and maximum 7.5s.

Predicted trajectories computed at the first time step (+ = 0) are
terminated when the control perturbation and changes in optimal cost
fall below thresholds of 10~ and 104, which typically requires 10
iterations (Fig. 2). As expected, the nominal state trajectories at each
iteration (solid lines) lie within the bounds on future states provided
by the predicted tubes (dashed and dash-dotted lines). The effect of
the terminal constraint, requiring .S, < 0.01 for 20 < k < 25, can also
be seen in Fig. 2.

Closed loop state and control trajectories are shown in Fig. 3.
The evolution of parameter set estimates is shown in Fig. 4, which
demonstrates faster convergence when random noise (independent,
uniformly distributed within specified bounds) is added to the control
input. The corresponding trajectories are more noisy (Fig. 3), and the
improvement in estimated parameter accuracy is accompanied by small
a reduction in final product concentration, which falls from P(100) =
0.96gL~! to 0.92 (or 0.93) with noise bounds of +0.005 (+0.0025
respectively). For comparison, if parameter estimates are not updated
online and the parameter set remains equal to @ in (17) at all times,
then the final product falls to 0.9 gL"!.

The multi-stage NMPC algorithm of Fiedler et al. (2023) applied to
this case study with the scenario approach of Lucia and Engell (2013)
for parameter uncertainty gives final product concentration P(100) =
0.78 gL~!. The loss of performance in this case is due to a lack of explicit
additive disturbance handling in this approach, which becomes infeasi-
ble for + > 80 h. In addition, it can only handle discrete combinations of
parameter values due to its use of a scenario approach (whereas the
approach of Section 5 provides robustness to all parameters in 6,),
and it does not allow online parameter estimation or models that are
defined directly by data, whereas both of these are features of the
approach proposed in this paper.

7. Conclusions

This study demonstrates the potential of deep learning robust tube
MPC for bioprocesses with uncertain model parameters and distur-
bances. The proposed approach employs DC representations of the
system dynamics constructed using pairs of ICNNs. With this problem
formulation, future performance is optimized by solving a sequence of
convex problems obtained by linearizing concave model components.
By convexity, robust constraint satisfaction and stability are ensured
even if only one iteration is performed at each discrete time step. The
paper’s contributions are a DC model decomposition method using feed-
forward neural networks, a robust adaptive tube MPC algorithm with
online set-membership estimation of unknown model parameters, and
the validation of these techniques on a benchmark fed-batch bioreactor
case study.

Future work will incorporate tubes allowing more efficient scaling
of computation with problem size, chance constraints handled using
convex scenario programming, and testing on a parallel bioreactor
system for bioprocess development of different host organisms and
products.
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