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Abstract
This thesis explores ideas from transport theory and optimal control to develop
novel Monte Carlo methods to perform efficient statistical computation.

The first project considers the problem of constructing a transport map
between two given probability measures. In the Bayesian formalism, this approach
is natural when one introduces a curve of probability measures connecting the
prior to posterior by tempering the likelihood function. The main idea is to
move samples from the prior using an ordinary differential equation (ODE),
constructed by solving the Liouville partial differential equation (PDE) which
governs the time evolution of measures along the curve. In this work, we first
study the regularity solutions of Liouville equation should satisfy to guarantee
validity of this construction. We place an emphasis on understanding these
issues as it explains the difficulties associated with solutions that have been
previously reported. After ensuring that the flow transport problem is well-
defined, we give a constructive solution. However, this result is only formal
as the representation is given in terms of integrals which are intractable. For
computational tractability, we proposed a novel approximation of the PDE which
yields an ODE whose drift depends on the full conditional distributions of the
intermediate distributions. Even when the ODE is time-discretized and the full
conditional distributions are approximated numerically, the resulting distribution
of mapped samples can be evaluated and used as a proposal within Markov chain
Monte Carlo and sequential Monte Carlo (SMC) schemes. We then illustrate
experimentally that the resulting algorithm can outperform state-of-the-art SMC
methods at a fixed computational complexity.

The second project aims to exploit ideas from optimal control to design more
efficient SMC methods. The key idea is to control the proposal distribution
induced by a time-discretized Langevin dynamics so as to minimize the Kullback-
Leibler divergence of the extended target distribution from the proposal. The
optimal value functions of the resulting optimal control problem can then be
approximated using algorithms developed in the approximate dynamic program-
ming (ADP) literature. We introduce a novel iterative scheme to perform ADP,
provide a theoretical analysis of the proposed algorithm and demonstrate that
the latter can provide significant gains over state-of-the-art methods at a fixed
computational complexity.



On the use of transport and optimal
control methods for Monte Carlo

simulation

Jeremy Heng
St Cross College

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Michaelmas 2016



Acknowledgements

I am enormously indebted to my supervisor Prof Arnaud Doucet for his unfailing
support, guidance and encouragement in the past years, without which, this thesis
would not have been possible. Next, sincere thanks are due to my collaborators Dr
Adrian Bishop, Dr George Deligiannidis and Dr Yvo Pokern for many stimulating
discussions that have benefited my research in many ways. I would like to extend my
gratitude to the Clarendon fund for their generous financial support throughout my
studies. Thanks also go to my uncle Jeffrey McAskill and aunty Theresa McAskill
for supporting all my endeavours over the years. Lastly, I conclude by expressing
my appreciation to the two most important women in my life: my mother Cindy
Tan for her unconditional love and my girlfriend Si Yun Ng for completing my life.



Abstract

This thesis explores ideas from transport theory and optimal control to develop
novel Monte Carlo methods to perform efficient statistical computation.

The first project considers the problem of constructing a transport map between
two given probability measures. In the Bayesian formalism, this approach is natural
when one introduces a curve of probability measures connecting the prior to posterior
by tempering the likelihood function. The main idea is to move samples from the
prior using an ordinary differential equation (ODE), constructed by solving the
Liouville partial differential equation (PDE) which governs the time evolution of
measures along the curve. In this work, we first study the regularity solutions of
Liouville equation should satisfy to guarantee validity of this construction. We place
an emphasis on understanding these issues as it explains the difficulties associated
with solutions that have been previously reported. After ensuring that the flow
transport problem is well-defined, we give a constructive solution. However, this
result is only formal as the representation is given in terms of integrals which are
intractable. For computational tractability, we proposed a novel approximation
of the PDE which yields an ODE whose drift depends on the full conditional
distributions of the intermediate distributions. Even when the ODE is time-
discretized and the full conditional distributions are approximated numerically, the
resulting distribution of mapped samples can be evaluated and used as a proposal
within Markov chain Monte Carlo and sequential Monte Carlo (SMC) schemes.
We then illustrate experimentally that the resulting algorithm can outperform
state-of-the-art SMC methods at a fixed computational complexity.

The second project aims to exploit ideas from optimal control to design more
efficient SMC methods. The key idea is to control the proposal distribution induced
by a time-discretized Langevin dynamics so as to minimize the Kullback-Leibler
divergence of the extended target distribution from the proposal. The optimal value
functions of the resulting optimal control problem can then be approximated using
algorithms developed in the approximate dynamic programming (ADP) literature.
We introduce a novel iterative scheme to perform ADP, provide a theoretical analysis
of the proposed algorithm and demonstrate that the latter can provide significant
gains over state-of-the-art methods at a fixed computational complexity.
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Notation

Most notation except those that are very commonly used will be introduced in the
main text. Reference to this list will only be necessary in the case of any ambiguity.

Sets and numbers

The set of natural numbers excluding and including zero are denoted by N :=
{1, 2, . . .} and N0 := {0, 1, . . .} respectively. The set of real numbers and positive
real numbers are written as R and R+ respectively. The set of extended real numbers
is defined as R̄ := R ∪ {−∞,∞}. Let bxc denote the largest integer less than or
equal to x ∈ R. We denote the d-dimensional Euclidean space by Rd, equipped
with the inner product 〈x, y〉 := ∑d

i=1 xiyi for any x, y ∈ Rd and its induced norm
|x| :=

√
〈x, x〉 =

√∑d
i=1 x

2
i for any x ∈ Rd. The notation ∪ and ∩ denote union

and intersection of sets respectively. For subsets A,B ⊆ Ω, we denote the relative
complement of A in B by B \ A and the complement of A by Ac := Ω \ A.

Matrices and vectors

For any matrix A, AT denotes its transpose. For any real square matrix A, we denote
its trace by Tr(A), its determinant by det(A), its minimum eigenvalue by λmin(A),
its spectral matrix norm by ‖A‖2, its Frobenius norm by ‖A‖F :=

√
〈A,A〉F ,

induced by the Frobenius inner product 〈·, ·〉F and its inverse (if it exists) by A−1.
For any d ∈ N, we write 0d := (0, . . . , 0)T ∈ Rd as the vector of zeros, 0d×d as
the d × d matrix of zeros, 1d := (1, . . . , 1)T ∈ Rd as the vector of ones and Id

as the identity matrix of size d. For any u, v ∈ Rd, we denote the inner product
by uTv and the outer product by uvT .

Functions

Given a subset A ⊆ Ω, the indicator function is defined as 1A(x) = 1 if x ∈ A and
0 if x ∈ Ac. For any function f : Ω1 → Ω2, let f−1(A) := {x ∈ Ω1 : f(x) ∈ A}
denote the pre-image of A ⊆ Ω2 under f . For any function ϕ : Ω → R, we define
its oscillation as osc(ϕ) := sup(x,y)∈Ω×Ω |ϕ(x) − ϕ(y)|.



Function spaces

Let p ∈ [1,∞), (Ω,F , µ) be a measure space and Lp(µ) be the set of measurable
functions ϕ : Ω → Rd such that ‖ϕ‖Lp(µ) := (

∫
Ω |ϕ(x)|pµ(dx))1/p < ∞. We then

define Lp(µ) as the set of classes of µ-equivalent functions in Lp(µ). For any function
ϕ : Ω → Rd, we define its supremum norm as ‖ϕ‖∞ := supx∈Ω |ϕ(x)| (with ‖ϕ‖∞ :=
∞ if ϕ is unbounded) and denote L∞(Ω) as the set of all bounded functions on Ω.

Let Ω1 ⊆ Rd1 and Ω2 ⊆ Rd2 for some d1, d2 ∈ N. We denote C(Ω1, Ω2)
as the set of continuous functions from Ω1 to Ω2 and Ck(Ω1, Ω2) as the subset
of k-times continuously differentiable functions for k ∈ N ∪ {0,∞}, with the
case k = 0 to mean C0(Ω1, Ω2) := C(Ω1, Ω2) and the case k = ∞ defined as
C∞(Ω1, Ω2) := ∩k∈N0C

k(Ω1, Ω2).

Measures and σ-algebras

Given a measurable space (Ω,F), let P(Ω) denote the set of all probability measures
on this space. If Ω is a topological space, we write B(Ω) as its corresponding Borel
σ-algebra. Given two probability measures µ, ν ∈ P(Ω), we use the notation µ� ν

if µ is absolutely continuous with respect to ν, i.e. ν(A) = 0 implies µ(A) = 0
for all A ∈ F , and denote dµ/dν as the corresponding Radon-Nikodym derivative.
For any x ∈ Ω, δx refers to the Dirac measure at x. Given two measurable spaces
(Ω1,F1) and (Ω2,F2), we denote the product σ-algebra on Ω1×Ω2 as F1⊗F2. For
any µ ∈ P(Ω) and measurable function f : Ω → Ω, we define the push-forward of
µ as the measure defined by (f#µ)(A) := µ(f−1(A)) for all A ∈ F .

Probability

All random variables will be written in capital letters and assumed to be supported
on some underlying common probability space with probability measure P. We will
write E to denote expectation with respect to P. The variance of a random variable
X will be denoted as V[X] := E

[
(X − E[X])2

]
. Given a probability measure

µ ∈ P(Ω) and a Ω-valued random variable X, we will use the shorthand X ∼ µ to
mean P(X ∈ A) = µ(A) for all A ∈ F . We will denote the Gaussian distribution
on Rd with mean vector µ ∈ Rd and covariance matrix Σ ∈ Rd×d by N (µ,Σ) and
its density (with respect to Lebesgue measure) by x 7→ N (x;µ,Σ).

Divergences and probability metrics

Given µ, ν ∈ P(Ω), we define the Kullback-Leibler divergence of ν from µ as
KL(µ|ν) =

∫
Ω log (dµ/dν) dµ if µ� ν and

∫
Ω log (dµ/dν) dµ <∞, and KL(µ|ν) =

∞ otherwise.



For any finite signed measure µ on (Ω,F), we define its total variation norm
as ‖µ‖TV := µ+(Ω) + µ−(Ω) where the pair (µ+, µ−) of positive finite measures
refers to the Jordan decomposition of µ. Let dTV be the total variation distance
induced by the total variation norm on the vector space of finite signed measures
on (Ω,F), i.e. dTV(µ, ν) := 1

2‖µ − ν‖TV for µ, ν ∈ P(Ω).

Operators

A Markov transition kernel on (Ω,F) is a map K : Ω×F → [0, 1] with the following
properties: (i) for any fixed x ∈ Ω, K(x, ·) is a probability measure on (Ω,F); (ii)
for any fixed A ∈ F , K(·, A) is a measurable function.

Given µ ∈ P(Ω), Markov transition kernel K on (Ω,F), measurable functions
ϕ : Ω → R and ξ : Ω × Ω → R, we define the integral µ(ϕ) :=

∫
Ω ϕ(x)µ(dx),

the probability measure (µK)(·) :=
∫
Ω µ(dx)K(x, ·) on (Ω,F) and the measurable

functions (Kϕ)(·) :=
∫
Ω ϕ(u)K(·, du), (Kξ)(·) :=

∫
Ω ξ(·, u)K(·, du). Given two

Markov kernels M and K on (Ω,F), the composition is the Markov kernel defined
by (M ◦ K)(x, ·) :=

∫
ΩM(x, dy)K(y, ·).

We denote the partial derivative with respect to time variable t and ith-coordinate
spatial variable xi by ∂t and ∂xi respectively. For ϕ ∈ C1(Rd,R), we define its gradi-
ent ∇ϕ : Rd → Rd by ∇ϕ(x) := (∂x1ϕ(x), . . . , ∂xdϕ(x))T and for ϕ ∈ C2(Rd,R), the
(i, j)th element of its Hessian matrix ∇2ϕ : Rd → Rd×d by (∇2ϕ(x))i,j := ∂xi∂xjϕ(x).
For any vector-valued function ϕ = (ϕ1, . . . , ϕd)T , we define the divergence operator
as ∇ · ϕ(x) := ∑d

i=1 ∂xiϕi(x) for ϕ ∈ C1(Rd,Rd) and the Laplacian operator as
∆ϕ(x) := ∑d

i=1 ∂
2
xi
ϕi(x) for ϕ ∈ C2(Rd,Rd). For ϕ ∈ C1(Rd1 ,Rd2), the (i, j)th ele-

ment of its Jacobian matrix ∇ϕ : Rd1 → Rd2×d1 is defined as (∇ϕ(x))i,j := ∂xjϕi(x).

Asymptotics

We will write ϕ(n) = O(ξ(n)) if there exists c ∈ R+, n0 ∈ N such that |ϕ(n)| ≤
c|ξ(n)| for all n ≥ n0 and ϕ(n) = o(ξ(n)) if ξ(n) 6= 0 for all n ∈ N and ϕ(n)/ξ(n)→ 0
as n → ∞. For a sequence of random variables {ϕn}n∈N and non-zero constants
{ξn}n∈N, the following are stochastic counterparts of the above statements. We
denote ϕn = OP (ξn) if for any ε > 0, there exists c ∈ R+ such that P(|ϕn/ξn| >
c) < ε for all n ∈ N and ϕn = oP (ξn) if ϕn/ξn → 0 in probability as n→∞. Lastly,
we will often write Xn

d.−→ N (µ,Σ) as n→∞ to mean that the sequence of random
variables {Xn}n∈N converges in distribution to a random variable X ∼ N (µ,Σ).
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In Section 1.1, we begin by briefly describing Bayesian inference and discuss the

necessity for sampling algorithms. In Section 1.2, we then give some preliminary

background on state-of-the-art Monte Carlo methods so as to motivate the need

for more efficient algorithms.

1
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1.1 Bayesian inference

Let x ∈ X ⊆ Rd denote the unknown parameters of a given statistical model and

B(X ) be the corresponding Borel σ-algebra on the parameter space X . Although

we will restrict our attention to the Euclidean space, we note that the methods

presented in this chapter also apply in more general state spaces. Compared to other

paradigms, the distinctive feature of Bayesian inference is the ability to incorporate

prior knowledge by prescribing a prior distribution π0 ∈ P(X ), where P(X ) refers

to the set of all probability measures on the measurable space (X ,B(X )). To

simplify presentation, we assume that π0 admits a positive density π0(x), x ∈ X

with respect to a σ-finite dominating measure dx.1

Given a data set y ∈ Y, the statistical model defines the likelihood function

L : X ×Y → R+. In Bayesian inference, the main object of interest is the posterior

distribution, i.e. the conditional distribution of the parameters given the data,

obtained using Bayes’ theorem

π(dx|y) = π0(dx)L(x; y)
Z(y) , (1.1)

where Z(y) :=
∫
X π0(dx)L(x; y) <∞ denotes the marginal likelihood of the data

y. In this context, the normalizing constant Z(y) is also typically referred to as

the model evidence for its role in model selection.

Depending on the application of interest, we note that many desired quantities

can be expressed as

∫
X
ϕ(x)π(dx|y) (1.2)

for some test function ϕ : X → R. For parameter estimation, we can set ϕ(x) = xi

to obtain the posterior mean, and for posterior probabilities, set ϕ(x) = 1A(x)

where 1A denotes the indicator function on the subset A ∈ B(X ) of interest. Lastly,

Bayesian prediction can also be recovered by selecting ϕ as the conditional density

of a new observation given the parameters and observed data.
1For most of our purposes, it will suffice to take the Lebesgue measure
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Apart from simple models, for example when (1.1) admits conjugacy, the integrals

in (1.2) and normalizing constant Z(y) would be intractable so one has to resort

to numerical approximations. We will see in Section 1.2 that the form of (1.2)

renders it amenable to Monte Carlo approximations, which in turn rely on our

ability to generate (possibly approximate) samples from the posterior. In this

sense, π ∈ P(X ) will be thought of as the target distribution that we would like to

simulate from. For notational simplicity, we will henceforth suppress dependency

on the observations y ∈ Y and write the target distribution as π(dx) = γ(x)Z−1dx

where γ(x) := π0(x)L(x) denotes the unnormalized density.

1.2 Monte Carlo methods

We first present the basic Monte Carlo method in Section 1.2.1 and move on to

more sophisticated methods in subsequent sections.

1.2.1 Basic Monte Carlo

For a probability measure µ on a measurable space (Ω,F) and a test function

ϕ : Ω → R, we write µ(ϕ) :=
∫
Ω ϕ(x)µ(dx) as the expectation of ϕ with respect

to µ. In this notation, π(ϕ) denotes the quantity of interest in (1.2). Assuming

access to N ∈ N independent and identically distributed (iid) samples {Xn}Nn=1

from π, a simple Monte Carlo estimator of π(ϕ) is given by

πN(ϕ) = 1
N

N∑
n=1

ϕ(Xn). (1.3)

Notationally, we can view this empirical average as integrating ϕ with respect

to the random probability measure πN = N−1∑N
n=1 δXn , where δx denotes a

Dirac measure at x ∈ X .

This estimator is unbiased and by the law of large numbers (LLN) strongly

consistent if ϕ ∈ L1(π). Additionally, if ϕ ∈ L2(π), it also satisfies a central

limit theorem (CLT):

√
N (πN(ϕ)− π(ϕ)) d.−→ N

(
0, σ2(ϕ)

)
(1.4)
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as N → ∞, where σ2(ϕ) := π((ϕ − π(ϕ))2) and d.−→ denotes convergence in

distribution. When compared to other numerical integration schemes, an interesting

feature of the Monte Carlo estimator (1.3) is that its convergence rate, measured

in terms of root mean squared error (RMSE), is O(N−1/2) and does not depend

on the dimension of the state space. That said, it is entirely possible for the error

constant to grow exponentially with dimension.

Although the Monte Carlo approach reduces the integration problem to that of

simulation, it is not straightforward to sample from any generic target distribution.

In the following sections, we discuss several general strategies to tackle this issue.

1.2.2 Importance sampling

For measures µ and ν on a measurable space (Ω,F), we will use the notation µ� ν

if µ is absolutely continuous with respect to ν, i.e. ν(A) = 0 implies µ(A) = 0 for

any A ∈ F , and denote dµ/dν as the corresponding Radon-Nikodym derivative.

1.2.2.1 Normalized importance sampling

Suppose we can simulate from a distribution q ∈ P(X ) satisfying π � q. Importance

sampling is simply a change of measure which allows us to mitigate the difficulty of

sampling from π by sampling instead from a proposal distribution q and correct for

this discrepancy with the Radon-Nikodym derivative dπ/dq. If q admits a density

q(x), x ∈ X with respect to dx, then we have

dπ
dq (x) = w(x)

Z
, (1.5)

where w(x) := γ(x)/q(x) denotes the (unnormalized) weight function. Using the

identity

π(ϕ) = q(ϕw)
q(w) , (1.6)

which follows from (1.5), and the basic Monte Carlo estimator (1.3), we obtain

the normalized importance sampling (NIS) estimator:

π̂N(ϕ) =
1
N

∑N
n=1 ϕ(Xn)w(Xn)

1
N

∑N
m=1w(Xm)

=
N∑
n=1

Wnϕ(Xn) (1.7)
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where {Xn}Nn=1 are iid samples from q and Wn := w(Xn)/∑N
m=1w(Xm) denotes

the normalized weights. Note that the intractable normalizing constant Z is

not present in the ratio (1.7). The NIS estimator is strongly consistent and as

its bias is O(N−1), the RMSE is dominated by its variance that is O(N−1/2)

(Geweke 1989). Re-writing (1.7) as

√
N (π̂N(ϕ)− π(ϕ)) =

1√
N

∑N
n=1 (ϕ(Xn)− π(ϕ)) dπ

dq (Xn)
1
N

∑N
m=1

dπ
dq (Xm)

, (1.8)

and noting that N−1∑N
n=1 dπ/dq(Xn) → 1 in probability and if σ̂2(ϕ) := q((ϕ −

π(ϕ))2(dπ/dq)2) < ∞ we have

1√
N

N∑
n=1

(ϕ(Xn)− π(ϕ)) dπ
dq (Xn) d.−→ N

(
0, σ̂2(ϕ)

)
, (1.9)

then an application of Slutsky’s lemma gives
√
N (π̂N(ϕ)− π(ϕ)) d.−→ N

(
0, σ̂2(ϕ)

)
. (1.10)

Re-writing σ̂2(ϕ) = π ((ϕ− π(ϕ))2dπ/dq) to facilitate comparison with the asymp-

totic variance in (1.4), interestingly, we see that it is possible to obtain better

performance than independent sampling if the proposal is chosen to suit a given

test function. In practice, one might be interested in a large class of test functions,

so as a guideline it is desirable to select a proposal distribution with heavier tails

than the target distribution to ensure that the asymptotic variance σ̂2(ϕ) is finite.

As before, we can view (1.7) as an expectation with respect to the weighted

empirical measure π̂N = ∑N
n=1WnδXn , commonly referred to as the particle approxi-

mation of π. To quantify the difference between these two measures, we could use

the metric introduced in Rebeschini and Van Handel (2015):

d(π̂N , π)2 := sup
‖ϕ‖∞≤1

E
[
(π̂N(ϕ)− π(ϕ))2

]
, (1.11)

where the supremum is taken over test functions satisfying ‖ϕ‖∞ := supx∈X |ϕ(x)| ≤

1 and the expectation is with respect to the random variables generating the random

measure π̂N . Using (1.10), we have for sufficiently large enough N that

d(π̂N , π)2 ≤ σ̂2(ϕ)
N

≤ 4q ((dπ/dq)2)
N

. (1.12)
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In fact, it can be shown that this inequality holds for any finite N ∈ N (see

Agapiou et al. 2015; Theorem 2.1).

1.2.2.2 Normalizing constant estimation

Using the identity Z = q(w), an unbiased estimator of Z is given by

ẐN = 1
N

N∑
n=1

w(Xn). (1.13)

When compared to other normalizing constant estimation methods, unbiasedness

makes importance sampling particularly appealing as this property can be further

exploited to design algorithms to perform inference on models with intractable

likelihoods (Andrieu and Roberts 2009, Andrieu et al. 2010). It is easy to see

that ẐN is strongly consistent and satisfies a CLT

√
N

(
ẐN
Z
− 1

)
d.−→ N

(
0, q

(
(dπ/dq)2

)
− 1

)
(1.14)

as N →∞ if w ∈ L2(q). Note also that when q = π, (1.13) produces a zero variance

estimator, i.e. ẐN = Z, q-almost surely for any N ∈ N.

1.2.2.3 Computational complexity of importance sampling

It follows from the above discussion that the computational complexity of importance

sampling, encompassing both estimation of bounded test functions (1.12) and nor-

malizing constant estimation (1.14), is characterized by the ratio q ((dπ/dq)2)N−1.

The quantity q ((dπ/dq)2), which is at least one using an application of Jensen’s

inequality, can be written as χ2(π|q) + 1, where χ2(π|q) := q((dπ/dq − 1)2) denotes

the χ2-divergence of the proposal from the target distribution. The relation to a

divergence instead of a probability metric is unsurprising since importance sampling

is an asymmetric procedure. It is clear that if π and q are close to being mutually

singular, then the sample size required for accurate estimation has to be particularly

large. Agapiou et al. (2015) studied various limits under which absolute continuity

between the measures break down.

The relationship χ2(π|q) + 1 ≥ exp(KL(π|q)) (Gibbs and Su 2002; Theorem 5)

suggests that we should scale N exponentially with the Kullback-Leibler divergence
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of the proposal from the target distribution defined as KL(π|q) := π(log(dπ/dq)).2

Interestingly, Chatterjee and Diaconis (2015) recently showed that this scaling is

roughly3 both sufficient and necessary to control the L1-error of π̂N (ϕ). The use of

Kullback-Leibler divergence is central to this result as it relies on the concentration

of log(dπ/dq)(·), under the measure π, around its expected value. We now illustrate

that the latter phenomenon is typical of problems in high dimensions.

Consider the simple case where both the target and proposal distributions fac-

torize into identical marginals, i.e. π(dx) = ∏d
i=1 π1(dxi) and q(dx) = ∏d

i=1 q1(dxi),

in which case we have q ((dπ/dq)2)N−1 = q1 ((dπ1/dq1)2)dN−1. Of course, as

d→∞, this decline in performance can still happen slowly if q1 ((dπ1/dq1)2) ≈ 1;

hence the need to distinguish between the dimension of the state space d and

the intrinsic dimensionality of the importance sampling procedure (Agapiou et al.

2015). Now let Y ∼ π and Yi denote the ith component of the vector. Since

log(dπ/dq)(Y ) = ∑d
i=1 log(dπ1/dq1)(Yi) is given by a sum of iid random variables,

assuming that σ2
KL := π1((log (dπ1/dq1) − KL(π1|q1))2) < ∞, we have

1√
d

(
log

(
dπ
dq

)
(Y )−KL(π|q)

)
d.−→ N (0, σ2

KL) (1.15)

as d → ∞. This illustrates that in high dimensions, the above-mentioned con-

centration does take place, and that the fluctuations of log(dπ/dq)(Y ) around

KL(π|q) = dKL(π1|q1) are of order
√
d.

1.2.2.4 Effective sample size

Noting that q ((dπ/dq)2)−1
N = N when q = π, a natural way to quantify

the inefficiency of performing importance sampling relative to independent sam-

pling is to define the notion of effective sample size (ESS) based on the ratio

q ((dπ/dq)2)−1
N . In practice, one approximates the intractable denominator with

the identity q ((dπ/dq)2) = q(w2)/q(w)2 and the basic Monte Carlo estimator
2For completeness, we take KL(π|q) :=∞ if π and q are mutually singular or if the integral is

not finite.
3More precisely, this depends on the order of fluctuations around the expectation.
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(1.3) which gives

ESS :=

(∑N
n=1w(Xn)

)2

∑N
m=1w(Xm)2 =

(
N∑
n=1

W 2
n

)−1

. (1.16)

This diagnostic was introduced in Kong et al. (1994) and is routinely used to access

the quality of the particle approximation. We will adopt this convention when

comparing algorithms whose validity are based on importance sampling. It is easy to

see that 1 ≤ ESS ≤ N . The lower bound is attained in a situation typically referred

to as weight degeneracy where only one sample holds all the normalized weight. On

the other hand, the upper bound is achieved when all samples have uniform weights.

1.2.3 Markov Chain Monte Carlo

The main idea behind any Markov chain Monte Carlo (MCMC) method for the

simulation of a target distribution π is to set up an ergodic Markov chain whose

invariant distribution is π. In this section, we describe the celebrated Metropolis-

Hastings algorithm, discuss its validity and outline several implementation choices.

1.2.3.1 Metropolis-Hastings algorithm

Consider a Markov transition kernel K : X × B(X ) → [0, 1] of the form

K(x, dy) = k(x, dy) + r(x)δx(dy), (1.17)

where r(x) = 1−
∫
X k(x, dy) is the probability of rejecting a move from the transition

kernel k and remaining at x ∈ X . It is easy to see that if

π(dx)k(x, dy) = π(dy)k(y, dx) (1.18)

as measures on B(X )⊗ B(X ), then the detailed balance condition is satisfied and

consequently K is π-invariant, i.e. (πK)(·) :=
∫
X π(dx)K(x, ·) = π(·).

Suppose we are given a proposal transition kernel q : X × B(X ) → [0, 1]

with positive transition density q(x, y), y ∈ X with respect to dy for each x ∈ X .

Although q may not satisfy (1.18), we could enforce equality by introducing a

measurable function α : X × X → [0, 1] and setting k(x, dy) = α(x, y)q(x, dy).
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Algorithmically, this amounts to accepting or rejecting a transition from q according

to the acceptance probability α. Substituting this form of k into (1.18) gives

α(x, y) = R(x, y)α(y, x) (1.19)

for (x, y) ∈ X × X where

R(x, y) = π(y)q(y, x)
π(x)q(x, y) . (1.20)

We now seek a choice of α that satisfies (1.19). First consider the case R(x, y) < 1,

where moves from x to y occurs too frequently under q. To impose equality, we could

always accept moves from y to x, i.e. α(y, x) = 1, and limit moves from x to y by

setting α(x, y) = R(x, y). Similarly, for the case R(x, y) ≥ 1, setting α(x, y) = 1 and

α(y, x) = R(y, x) satisfies (1.19) since 1 = R(x, y)R(y, x) due to the form of (1.20).

Collapsing these two cases gives the canonical choice α(x, y) = min{1, R(x, y)},

which can be shown to be more efficient than other choices that have been proposed

(Barker 1965, Hastings 1970) in the sense of Peskun’s ordering (Peskun 1973).

In summary, the above arguments derive the Metropolis-Hastings (MH) kernel

K(x, dy) = α(x, y)q(x, dy) + r(x)δx(dy) (1.21)

with α(x, y) = min{1, R(x, y)}, r(x) = 1−
∫
X α(x, y)q(x, dy), introduced in Metropo-

lis et al. (1953) and later generalized by Hastings (1970). As the proposal q can

be arbitrary, this provides a general method to construct a reversible Markov

transition kernel with π as its specified invariant distribution. Moreover, since

the acceptance probability involves a ratio (1.20), it is only necessary to know π

and q up to some normalizing constants.

It is easy to see that finite compositions and mixtures of π-invariant Markov

transition kernels are also π-invariant. A widely used example is the system-

atic/random scan Gibbs sampler (Geman and Geman 1984), which corresponds to

a composition/mixture of kernels given by the full conditional distributions of π

that are clearly π-invariant. Whenever sampling from a particular full conditional

is intractable, one can also replace this step with a MH kernel targeting this full
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conditional distribution – this procedure is commonly known as Metropolis-within-

Gibbs (Zeger and Karim 1991). Another example of mixing π-invariant kernels

is the hit-and-run algorithm (Smith 1984).

1.2.3.2 Validity of MCMC methods

We now discuss some theoretical justifications for the use of MCMC methods

that are constructed with MH kernels.

Ergodicity. For a MH kernel K to be ergodic, it needs to satisfy two important

properties: Harris recurrence and aperiodicity.

By Tierney (1994; Corollary 2), a π-irreducible MH kernel has π as its unique

invariant distribution and is Harris recurrent, i.e. for all x ∈ X and each A ∈

B(X ) with π(A) > 0, the Markov chain initialized at x visits A infinitely often

with probability one. Irreducibility means that for each x ∈ X and A ∈ B(X )

with π(A) > 0, there exists an N ∈ N such that the N th iterate of K satisfies

KN(x,A) > 0. In the following, we will see that this condition, which ensures that

the Markov chain {Xn} generated by K eventually visits all regions of interest

under π, usually translates to easily verifiable assumptions on the proposal kernel q.

Aperiodicity refers to the absence of cyclic behaviour: more precisely, there is

no period p ≥ 2 and disjoint subsets A0, . . . , Ap−1 ∈ B(X ) with positive measure

under π such that K(x,A(i+1 mod p)) = 1 for all i = 0, . . . , p − 1 and x ∈ Ai.

With π-irreducibility and aperiodicity, by Nummelin (1984; Theorem 3.7,

Proposition 6.3), we have convergence of the transition probabilities to the tar-

get distribution:

dTV
(
KN(x, ·), π

)
:= 1

2‖K
N(x, ·)− π‖TV → 0 (1.22)

as N → ∞ for all x ∈ X . Here dTV : P(X ) × P(X ) → [0,∞) denotes the total

variation distance induced by the total variation norm ‖ · ‖TV on the vector space

of finite signed measures on (X ,B(X )). It is straightforward to see that this metric

coincides with (1.11) when the measures concerned are non-random (Roberts and

Rosenthal 2004; Proposition 3b).
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Uniform ergodicity. Under appropriate sufficient conditions, it is possible to

characterize the rate at which convergence in (1.22) takes place, thus giving rise

to stronger forms of ergodicity.

A classical result that dates back to the seminal paper of Doeblin (1938)

concerns uniform ergodicity:

sup
x∈X

dTV
(
KN(x, ·), π

)
≤ C%N (1.23)

for some C > 0, % ∈ (0, 1). This requires existence of M ∈ N, ε > 0, ν ∈ P(X )

such that the following minorization condition is satisfied

KM(x,A) ≥ εν(A) (1.24)

for all x ∈ X , A ∈ B(X ). By taking A = X in (1.24), observe that ε ∈ (0, 1]. It can

be shown that the mapping defined by P(X ) 3 µ 7→ µKM is a contraction, i.e.

dTV
(
µKM , µ′KM

)
≤ ∆TV

(
KM

)
dTV (µ, µ′) (1.25)

for all µ, µ′ ∈ P(X ) where ∆TV
(
KM

)
:= sup(x,x′)∈X×X dTV

(
KM(x, ·), KM(x′, ·)

)
≤

1 − ε is the Dobrushin coefficient of KM (Dobrushin 1956). Since (P(X ), dTV)

is a complete metric space (Douc et al. 2014b; Proposition 6.16), it follows

from the Banach fixed point theorem that (1.23) holds with C = dTV (δx, π) =

1, % = (1 − ε)bN/Mc.

Geometric ergodicity. A weaker form of ergodicity is geometric ergodicity:

dTV
(
KN(x, ·), π

)
≤ C(x)%N (1.26)

for some function C that is π-almost everywhere finite and % ∈ (0, 1). To establish

such a result, one typically assumes ergodicity, existence of a small set, i.e. the

minorization condition (1.24) holds only on a subset S ⊂ X , and a drift condition:

there exists a ∈ [0, 1), b ∈ R+ and a function V : X → [1,∞] such that

K(V ) ≤ aV + b1S (1.27)
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where K(V )(x) :=
∫
X V (y)K(x, dy), and that the small set S is characterized by

V . With reference to its connection to the study of stability in dynamical systems,

the function V is often called a Lyapunov function. Intuitively, if we think of V as

describing an energy surface, the condition (1.27) implies that on average the Markov

chain drifts towards states of lower energy, and eventually reaching the small set.

There are many different proofs of geometric ergodicity. The traditional way

involves controlling the length of excursions outside the small set (Nummelin 1984,

Meyn and Tweedie 1993). Another popular approach is to use coupling techniques

which has the added benefit of giving explicit expressions of C and % (see Roberts

and Rosenthal (2004) and references therein). Such proofs typically use two coupled

realizations of a Markov chain that coalesce. Although coalescence is facilitated

by the minorization condition when coupled chains both enter the small set, there

are many scenarios where coupled chains may come close to each other but fail to

coalesce. This has motivated the use of Wasserstein distance (introduced in Section

2.2) to analyze convergence of Markov chains (Gibbs 2004, Madras and Sezer 2010).

More recent methods establish V -geometric ergodicity by exploiting the existence of

a spectral gap when we view the transition kernel as an operator on the Banach space

of functions with supremum norm weighted by V (Hairer and Mattingly 2008; 2011).

Limit theorems. Lastly, suppose that we have π-irreducibility and aperiodicity

which imply that the Markov chain {Xn} generated by the MH kernel is ergodic.

Under these conditions, we have a strong LLN that allows us to compute ex-

pectations under π:

π̃N(ϕ) = 1
N

N∑
n=1

ϕ(Xn)→ π(ϕ) (1.28)

almost surely as N → ∞ for any ϕ ∈ L1(π) (Meyn and Tweedie 1993; Theorem

17.0.1). It is worth noting that (1.28) also holds for periodic Markov chains. If we

additionally assume σ̃2(ϕ) := limN→∞NE
[
(π̃N(ϕ)− π(ϕ))2

]
<∞, as MH chains

are reversible, it follows from Kipnis and Varadhan (1986) that this estimator
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also satisfies a CLT

√
N (π̃N(ϕ)− π(ϕ)) d.−→ N

(
0, σ̃2(ϕ)

)
(1.29)

as N →∞. The asymptotic variance can be written as σ̃2(ϕ) = σ2(ϕ)τ(ϕ), where

τ(ϕ) := 1 + 2
∞∑
n=1

Corrπ (ϕ(X0), ϕ(Xn)) (1.30)

is the integrated auto-correlation time (IACT) and Corrπ denotes correlation between

random variables generated by the Markov chain at stationarity. Recalling from

(1.4) that σ2(ϕ) is the asymptotic variance under independent sampling, we can

utilize this relationship to define the notion of ESS for a Markov chain of length

N as τ(ϕ)−1N . In practice, the auto-correlation function can be estimated using

techniques from time series.

1.2.3.3 Implementation choices

We now describe some implementation strategies that are widely used and discuss

some practical considerations. This section only serves to outline some algorithms

that will be of interest in this thesis and is by no means an exhaustive review on the

vast amount of literature on MCMC that has been developed in the past few decades.

Independent Metropolis-Hastings. In the case where q(x, dy) = q(y)dy, com-

monly termed as independent MH, the acceptance probability has the form

α(x, y) = min
{

1, w(y)
w(x)

}
(1.31)

where w is the importance weight function with proposal distribution q. As alluded

earlier, the resulting Markov chain is π-irreducible and aperiodic if and only if q(y) >

0 dy-almost everywhere. It follows from (1.31) that moves to states with higher

weights are always accepted while moves to states with low weights are often rejected.

Observe also that the process could be “stuck” in state x for many iterations if it

has a particularly large weight. Such a behaviour can be very pronounced when the

tails of the target is heavier than that of the proposal distribution. To mitigate this

problem, one should select a proposal so that the weights are bounded – observe
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that this also coincides with good importance sampling performance. More precisely,

under the boundedness assumption, it is possible to show that the minorization

condition (1.24) is satisfied with M = 1, ε = ‖dπ/dq‖−1
∞ , ν = π; hence the Markov

chain is uniformly ergodic with rate % = 1 − ‖dπ/dq‖∞.

Clearly, optimal performance is attained when q = π, in which case we recover

iid sampling. However, in practice it is difficult to design a proposal that mimics

the target distribution closely, and particularly so in high dimensional state spaces.

Random walk Metropolis-Hastings. A more numerically tractable alternative

is the use of local proposals. The simplest example of this is random walk MH

(RWMH), where q(x, y) = f(y−x) for some increment density f . For π-irreducibility

and aperiodicity, it suffices to have f > 0 everywhere. The typical choice of

increment distribution isN (0d, ε2Σ), i.e. the Gaussian distribution with mean vector

0d := (0, . . . , 0)T and covariance matrix ε2Σ for some ε > 0 and symmetric positive

definite matrix Σ. Under this choice, the acceptance probability takes the form

α(x, y) = min
{

1, π(y)
π(x)

}
, (1.32)

from which it is apparent that moves to states with higher target density are always

accepted while moves to states of lower target density are sometimes accepted. The

former behaviour reveals that the RWMH chain performs an exploration of the

state space guided by only local information, i.e. target density values, while the

latter behaviour distinguishes the sampling algorithm from an optimization routine.

Sufficient conditions for geometric ergodicity of the resulting algorithm are given

in Roberts and Tweedie (1996b) and Jarner and Hansen (2000).

Metropolis adjusted Langevin algorithm. The above methodology can be

improved upon by using also gradient information when this is available. We

denote the partial derivative with respect to time variable t and ith-coordinate

spatial variable xi by ∂t and ∂xi respectively. For any scalar-valued function

ϕ ∈ C1(Rd,R), its gradient is defined as ∇ϕ(x) := (∂x1ϕ(x), . . . , ∂xdϕ(x))T . For

any vector-valued function ϕ = (ϕ1, . . . , ϕd)T , we define the divergence operator
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as ∇ · ϕ(x) := ∑d
i=1 ∂xiϕi(x) for ϕ ∈ C1(Rd,Rd) and the Laplacian operator as

∆ϕ(x) := ∑d
i=1 ∂

2
xi
ϕi(x) for ϕ ∈ C2(Rd,Rd).

Consider the case where Σ is the identity matrix Id of size d. If we view the

above random walk as a discretization of a d-dimensional standard Brownian motion

{Bt}t≥0, then a better proposal can be derived from the Langevin diffusion {Lt}t≥0,

defined as the solution of the following stochastic differential equation (SDE)

dLt = 1
2∇ log π(Lt)dt+ dBt. (1.33)

The time evolution of the marginal distribution of Lt, denoted as π̃t, is governed

by the Fokker-Planck partial differential equation (PDE)

∂tπ̃t = −1
2∇ · (π̃t∇ log π) + 1

2∆π̃t. (1.34)

It is straightforward to check that π is the stationary solution of (1.34), hence the

Langevin diffusion admits π as its invariant measure. It can also be shown that the

solution {π̃t}t≥0 of (1.34) is such that the Kullback-Leibler divergence of π from π̃t

decreases with time and moreover follows the direction of steepest descent of this

functional with respect to the Wasserstein distance (Jordan et al. 1998).

Now consider an Euler-Maruyama discretization of (1.33) with step size ε2:

Yn = Yn−1 + ε2

2 ∇ log π(Yn−1) + εZn (1.35)

where {Zn} is a sequence of iid samples from N (0d, Id). The use of the time

discretized process {Yn} for sampling was proposed in earlier papers by Parisi

(1981) and Grenander and Miller (1994). However, due to the time discretization,

π-invariance is only approximately preserved for sufficiently small ε2 (Mattingly

et al. 2002). Moreover, Roberts and Tweedie (1996a) showed that the discretized

process might even be transient for well-behaved target distributions. As noted by

Besag (1994), using (1.35) as a proposal move within a MH kernel, i.e. setting

q(x, y) = N
(
y;x+ ε2

2 ∇ log π(x), ε2Id

)
, (1.36)

allows us to preserve π-invariance. Here x 7→ N (x;µ,Σ) denotes the Gaussian

density with mean µ and covariance Σ. Ergodicity properties of the resulting
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Markov chain, now commonly known as the Metropolis adjusted Langevin algorithm

(MALA), can be found in Roberts and Tweedie (1996a).

Choice of algorithmic parameters. We now turn our attention to the choice

of algorithmic parameters ε2 and Σ. It is possible to let these parameters depend

on an initial portion of the sequence {Xn} up to some time N0 ∈ N, in which

case we obtain adaptive MCMC methods (see Andrieu and Thoms 2008). Too

large values of the scale parameter ε2 would lead to many rejected moves while

too small values would result in a very slow moving Markov chain – therefore

there should be a notion of optimal scaling.

Consider a target distribution that factorizes into identical marginals, i.e.

π(dx) = ∏d
i=1 π1(dxi). In Roberts et al. (1997) and Roberts and Rosenthal (1998),

under some regularity conditions on π1, the authors proved that appropriately

rescaled RWMH and MALA chains converge weakly to diffusion processes as

d→∞. They then maximized the speed measure of these limiting diffusions, which

can be shown to be equivalent to minimizing the auto-correlation (for any test

function) with respect to the scale parameter. Optimality is achieved in RWMH if

ε2 = O(d−1) with optimal acceptance rate of 0.234 and for MALA if ε2 = (d−1/3)

with optimal acceptance rate of 0.574. Such optimal scaling results partially justifies

the standard practice of selecting ε2 as large as possible to achieve acceptance

probabilities close to these guidelines. Moreover, they also quantify the asymptotic

inefficiency of RWMH compared to MALA, if the additional cost of computing

gradients is also taken into account. In practice, it is important to treat these

guidelines as only heuristics as these analysis were done in the overly simplified

case of target distributions that factorize and in the large dimension asymptotic.

The covariance matrix Σ should be chosen to reflect the geometry of the

target distribution. Such curvature information could be obtained for example

by computing the Hessian of the target density or estimated using samples from

a pilot run of the MCMC chain. It is also possible to design more sophisticated



1. Introduction 17

MCMC methods that exploit ideas from differential geometry – see Girolami and

Calderhead (2011) for more details.

1.2.4 Sequential Monte Carlo samplers

In this section, we describe the sequential Monte Carlo (SMC) sampler introduced

in Del Moral et al. (2006), which is a methodology to sample sequentially from a

sequence of probability measures defined on a common measurable space. We will

see that this sampler falls under a wider class of algorithms known as SMC methods,

or particle filters in the case of inference for hidden Markov models, that deals with

the setup where the dimension of target distributions increase with time. These

methods have been the topic of intensive research in the last two decades (Doucet

et al. 2001, Cappé et al. 2006, Doucet and Johansen 2009) and its theoretical

properties are now well understood (Chopin 2004, Del Moral 2004, Künsch 2005,

Del Moral 2013, Whiteley 2013, Bérard et al. 2014, Douc et al. 2014a).

1.2.4.1 Constructing a sequence of probability measures

We begin by addressing the issue of defining a sensible sequence of probability

measures when only a single target distribution π is of interest.

If π is the posterior distribution associated to a data set y = (y1, . . . , yT )T with

T ∈ N observations, then we could perform sequential Bayesian inference by explor-

ing the partial posteriors πt(dx) := π(dx|y1:t), where the shorthand y1:t refers to the

sequence y1, . . . , yt. As noted by Chopin (2002), such a procedure might provide a

beneficial tempering effect and potential reduction in computational complexity.

Instead of assuming that the likelihood admits such a structure, an alternative

way to induce this desired tempering behaviour is to exponentiate the likelihood

with an increasing sequence {λt}Tt=0 ⊆ [0, 1] in the Bayes’ update (1.1):

πt(dx) := π0(dx)L(x)λt
Zt

(1.37)

where Zt :=
∫
X π0(dx)L(x)λt (note that this is finite since Z is). If the prior and

posterior distributions are distant, or equivalently if the likelihood is particularly
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informative or induces complex structures in the posterior, then importance sampling

with π0 as proposal and MCMC methods targeting π would be ineffective. The

rationale behind introducing a sequence of bridging distributions with a tempering

schedule is to gradually evolve the prior π0 (assume λ0 = 0) to the posterior

πT = π (assume λT = 1) and to apply Monte Carlo methods in a manner that

exploits the proximity between successive distributions. Such an approach would be

beneficial as long as the errors involved in solving T simpler problems sequentially

do not accumulate too badly. It is also apparent that the benefits of likelihood

tempering is closely related to the ideas behind simulated annealing in the context

of optimization (Kirkpatrick et al. 1983).

It is worth noting that we can also construct other sequence of distributions to

suit other applications (see Section 3.5.2). For example, when one is interested in

estimating the probability of a rare event A ∈ B(X ) under a probability measure

µ ∈ P(X ) which we can simulate from, i.e. µ(A) ≈ 0, then it is natural to

define the sequence πt(dx) := µ(dx)1At(x)/µ(1At) for some At ∈ B(X ) such that

X =: A0 ⊃ . . . ⊃ AT := A (Johansen et al. 2006).

1.2.4.2 Sequential importance sampling

Suppose that we can initialize particles by sampling from the prior distribution π0.

To move to the next intermediate distribution π1, particles are then propagated

according to a Markov kernel K1. As alluded earlier, since π0 and π1 are not too

distant, it should be possible to construct a kernel to move particles to regions

of the state space with high probability mass under π1. For example, if K1 is a

π1-invariant MCMC kernel that converges to its equilibrium distribution reasonably

quickly, i.e. fast mixing, we expect the marginal distribution of the particles at

time t = 1 to be close to π1. For subsequent times, we continue moving particles

with Markov kernels {Kt}Tt=2 until the terminal time T . Hence in summary, for all

n = 1, . . . , N we initialize Xn
0 ∼ π0, and iterate Xn

t ∼ Kt(Xn
t−1, ·) for t = 1, . . . , T .

For notational convenience, we write the tth-step transition kernel as K1:t :=

K1 ◦ · · · ◦ Kt, where ◦ denotes composition of Markov kernels. For each time
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t = 1, . . . , T , we will see in Section 1.2.4.4 that ideally we would like to perform

importance sampling on (X ,B(X )) with πt as the target distribution and the

marginal distribution qt := π0K1:t as the proposal, but the latter is typically

intractable. The key idea behind Del Moral et al. (2006) is to mitigate this

difficulty by introducing a sequence of backward Markov kernels {Lt}T−1
t=0 and

perform importance sampling on path space (X t+1,B(X )⊗t+1) between an artificially

constructed target distribution

Pt(dx0:t) := πt(dxt)
t∏

k=1
Lk−1(xk, dxk−1) (1.38)

and the joint distribution of the particle dynamics

Qt(dx0:t) := π0(dx0)
t∏

k=1
Kk(xk−1, dxk) (1.39)

as the proposal. If the backward kernels are selected so that Pt � Qt then

dPt
dQt

(x0:t) = Wt(x0:t)
Zt

, (1.40)

and the (unnormalized) weight function Wt : X t+1 → [0,∞) can be written as

Wt(x0:t) =
t∏

k=1
wk(xk−1, xk) (1.41)

where the incremental weight function wt : X × X → [0,∞) is the unnormalized

Radon-Nikodym derivative of πt(dxt)Lt−1(xt, dxt−1) ∈ P(X × X ) with respect to

πt−1(dxt−1)Kt(xt−1, dxt) ∈ P(X × X ), i.e.

wt(xt−1, xt) := γt(dxt)Lt−1(xt, dxt−1)
γt−1(dxt−1)Kt(xt−1, dxt)

(1.42)

for t = 1, . . . , T . Hence a particle approximation of πt is given by

π̂Nt =
N∑
n=1

W n
t δXn

t
, W n

t := Wt(Xn
0:t)∑N

m=1Wt(Xm
0:t)

. (1.43)

Using the identity Zt = Qt(Wt), an unbiased estimator of Zt is given by

ẐN
t = 1

N

N∑
n=1

Wt(Xn
0:t). (1.44)

Iterating this procedure from t = 1 to t = T is typically known as sequential

importance sampling (SIS). When only the terminal time is of interest, we will

write P := PT , Q := QT and W := WT .
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1.2.4.3 Sequential importance sampling resampling

Although for each t = 1, . . . , T , Pt admits πt as its marginal distribution by

construction, this comes at the cost of having to perform importance sampling

on an extended space that increases in dimension over time. Hence from the

discussion in Section 1.2.2.3, we expect the quality of the particle approximation

to degrade with time. In practice, this manifests as weight degeneracy which is

a well-known phenomenon in the SMC literature. To mitigate such degeneracy,

one usually employs a resampling step which serves to prune particles with low

weights and multiply particles with high weights.

Intuitively, this procedure is beneficial as it allows the algorithm to focus

its computational effort on promising regions of the state space. For a more

theoretical justification, under mixing assumptions on {Kt}Tt=1, it can be shown that

if successive distributions {πt}Tt=0 are very distant, then the asymptotic variance

(given in Section 1.2.4.5) of SIS (1.63) diverges with time while that of SIS with

resampling (1.65) remains uniformly bounded (Chopin (2004; Theorem 5), Del Moral

et al. (2006; Remark 4)).

Let Gt be the σ-algebra generated by {W n
t , X

n
0:t}Nn=1. More precisely, a resampling

step is a random mapping that takes (1.43) to another empirical measure

π̄Nt =
N∑
n=1

Nn
t

N
δXn

t
= 1
N

N∑
n=1

δX̄n
t
, (1.45)

where the number of offsprings of particle Xn
t , i.e. Nn

t := #{m = 1, . . . , N :

X̄m
t = Xn

t }, is constrained to satisfy E [Nn
t |Gt] = NW n

t for n = 1, . . . , N . The

simplest resampling scheme is multinomial resampling (Gordon et al. 1993), where

(N1
t , . . . , N

N
t ) is distributed according to a multinomial distribution with N trials

and probabilities {W n
t }Nn=1. Other schemes with lower variance such as residual

resampling (Whitley 1994, Liu and Chen 1998), stratified resampling and systematic

resampling (Kitagawa 1996, Fearnhead and Clifford 2003) are more commonly used

in practice – see Douc and Cappé (2005), Hol et al. (2006) for comparisons of

these schemes.
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It should be stressed that resampling whenever the quality of the particle

approximation is adequate is detrimental as it increases the variance of Monte

Carlo estimates. Hence in practice, one usually employs resampling adaptively,

i.e. whenever some measure of weight degeneracy (for example ESS defined in

Section 1.2.2.4) falls below a pre-specified threshold. We shall henceforth refer to

an algorithm which combines SIS and (possibly) resampling as the SMC sampler

and outline its steps in Algorithm 1.

From (1.42), we have the identity

Zt
Zt−1

=
∫
X 2
wt(xt−1, xt)πt−1(dxt−1)Kt(xt−1, dxt). (1.46)

Hence given a (possibly resampled) particle approximation π̂Nt−1 = ∑N
n=1W

n
t−1δXn

t−1

of πt−1, we can obtain a consistent approximation of Rt := Zt/Zt−1 with

R̂N
t =

N∑
n=1

W n
t−1wt(Xn

t−1, X
n
t ). (1.47)

Since Zt = ∏t
k=1Rk, it is natural to form an estimator of Zt using the product

ẐN
t :=

t∏
k=1

R̂N
k . (1.48)

While consistency of ẐN
t follows straightforwardly from that of (1.47), a remarkable

property of this estimator is its unbiasedness, when averaged over all random

variables generated by the SMC sampler (Del Moral 2004; Theorem 7.4.2). Unlike

the corresponding SIS estimator (1.44), such a result is non-trivial since the particles

interact through the resampling steps.

1.2.4.4 Choice of backward kernels

Introducing the artificial backward Markov kernels {Lt}T−1
t=0 to circumvent the

difficulty of evaluating the marginal distributions qt = π0K1:t leaves a degree of

freedom over the choice of these backward kernels. We first identify the optimal

choice which is intractable before discussing approximations that yield various

suboptimal but tractable choices.
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Algorithm 1 Sequential Monte Carlo sampler
Input: particles N , time steps T , probability measures {πt}Tt=0, Markov kernels
{Kt}Tt=1, backward kernels {Lt}T−1

t=0 , resampling threshold θ ∈ (0, 1).

1. Initialization: sample Xn
0 ∼ π0 and set W n

0 = N−1 for n = 1, . . . , N .

2. For t = 1, . . . , T ,

(a) sample Xn
t ∼ Kt(Xn

t−1, ·) for n = 1, . . . , N ;

(b) evaluate incremental weights
{
wt(Xn

t−1, X
n
t )
}N
n=1

using (1.42);

(c) update and normalize weights for n = 1, . . . , N

W n
t = W n

t−1wt(Xn
t−1, X

n
t )
/ N∑

m=1
Wm
t−1wt(Xm

t−1, X
m
t );

(d) if ESSt < θN , resample particles and set W n
t = N−1 for n = 1, . . . , N ;

(e) compute ratio of normalizing constants estimate R̂N
t using (1.47).

Output: particles {Xn
T}Nn=1, normalized weights {W n

T }Nn=1 and normalizing constant
estimate ẐN

T = ∏T
t=1 R̂

N
t .

Optimal backward kernels. By Del Moral et al. (2006; Proposition 1), the

optimal choice of backward kernels {L∗t}T−1
t=0 in terms of minimizing the variance

of the importance weight Wt satisfies

qt(dxt)L∗t−1(xt, dxt−1) = qt−1(dxt−1)Kt(xt−1, dxt) (1.49)

as measures on B(X )⊗B(X ) for t = 1, . . . , T . To see this, note that under the choice

(1.49) we have Wt(x0:t) = dγt/dqt(xt), hence by the variance decomposition formula

V [Wt(X0:t)] = E [V [Wt(X0:t)|Xt]] + V [E [Wt(X0:t)|Xt]] = V
[

dγt
dqt

(Xt)
]
. (1.50)

This result is intuitive: under the optimal choice, we simply perform importance

sampling on the marginal space X instead of the extended space X t+1. In terms of

marginal distributions, observe that integrating over the xt variable in (1.49) gives

qtL
∗
t−1 = qt−1. To understand these optimal backward kernels in terms of the joint

distribution Qt, note the following forward-backward decomposition

Qt(dx0:t) = π0(dx0)
t∏

k=1
Kk(xk−1, dxk) = qt(dxt)

t∏
k=1

L∗k−1(xk, dxk−1). (1.51)
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Although employing these optimal backward kernels is not feasible, as this

requires computing weights that are intractable, knowing the form of (1.49) allows

us to construct approximations. While the validity of SMC sampler holds for any

choice of backward kernels, algorithmic performance will depend on the quality

of such approximations.

Locally optimal backward kernels. We begin with a local argument by as-

suming that qt−1 is sufficiently close to πt−1. Using this approximation in (1.49)

gives a suboptimal choice {L̃t}T−1
t=0 that satisfies

πt−1Kt(dxt)L̃t−1(xt, dxt−1) = πt−1(dxt−1)Kt(xt−1, dxt), (1.52)

with corresponding incremental weight of the form

wt(xt−1, xt) = dγt
dγt−1Kt

(xt) (1.53)

for t = 1, . . . , T . In terms of marginal distributions, observe that (1.52) implies

(πt−1Kt)L̃t−1 = πt−1, which suggests that L̃t−1 could be thought of as a locally

optimal backward kernel at time t. This choice of backward kernels is not generally

applicable as (1.53) involves a possibly intractable integral – see Del Moral et al.

(2006; Section 5) and Griffin et al. (2016) for applications where this is used.

Time reversed backward kernels. Consider the case where Kt is chosen to be

πt-invariant. If successive distributions are sufficiently close, approximating πt−1

with πt in (1.52) gives another suboptimal choice {L̂t}T−1
t=0 that satisfies

πt(dxt)L̂t−1(xt, dxt−1) = πt(dxt−1)Kt(xt−1, dxt), (1.54)

with corresponding incremental weight of the form

wt(xt−1, xt) = dγt
dγt−1

(xt−1) (1.55)

for t = 1, . . . , T . Observe that L̂t−1 is simply the time reversal of the πt-invariant

Markov kernel Kt. When using the tempering schedule in (1.37), under this choice

of backward kernels, the SIS algorithm (i.e. no resampling) coincides with work
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by Crooks (1998) in thermodynamic integration, the annealed importance sampler

(AIS) introduced by Neal (2001) and work in Jarzynski (1997) when the sampler

is formulated in continuous time. For sequential Bayesian inference problems, the

SMC sampler recovers the algorithm proposed by Chopin (2002).

Note from (1.55) that a particle’s weight W n
t will not depend on its location Xn

t

at time t. Therefore, to promote sample diversity, the Markov kernel Kt should

only be applied after the particle approximation π̂Nt = ∑N
n=1W

n
t δXn

t−1
has (possibly)

been resampled. Interestingly, as noted by Del Moral et al. (2012a) and Schäfer and

Chopin (2013), it is possible to exploit this independence between particle weights

and locations at time t to adaptively specify the tempering schedule {λt}Tt=0. The

main idea is to observe that, owing to the form of (1.55), the effective sample size at

time t, denoted by ESSt, is a function of λt. Hence we can solve for a value such that

ESSt(λt) = %ESSt−1 (1.56)

for some pre-specified proportion % ∈ (0, 1). If one performs adaptive resampling,

it is not clear that ESS is the most suitable quantity in (1.56) as it measures the

accumulated discrepancy between Pt and Qt from the last resampling time. To

induce more uniformity in the distance between successive distributions {πt}Tt=0,

Zhou et al. (2016) argue convincingly that it is more appropriate to perform

adaptation using a quantity they termed as conditional ESS

cESSt :=
N
(∑N

n=1W
n
t−1wt(Xn

t−1)
)2

∑N
m=1W

m
t−1wt(Xm

t−1)2 , (1.57)

which can be thought of as a measure of how good πt−1 is as an importance

sampling proposal for πt. If we resample at every time iteration, then W n
t−1 = N−1

for all n = 1, . . . , N , so (1.57) coincides with the usual definition of ESS and we

recover the procedure in (1.56).

Despite the benefits of adaptation, the independence between a particle’s weight

and location is counter-intuitive: even if Kt is fast mixing (consider the extreme

case where Kt(xt−1, dxt) = πt(dxt)), the variance of the incremental weight (1.55)

would still be particularly high if πt−1 and πt are distant. In contrast, the backward



1. Introduction 25

kernels {L̃t}T−1
t=0 are more sensible as the incremental weight (1.53) reflects the

mixing properties of Kt and depends on the particle’s location after the move.

1.2.4.5 Validity of SMC samplers

We now give some theoretical justifications for the use of SMC samplers. While the

validity of SIS follow from standard iid asymptotics (Section 1.2.2), establishing

convergence of SMC algorithms is much more involved due to the interaction of

particles in the resampling steps. Many results on general SMC methods exist

and can be found for example in the monograph by (Del Moral 2004; 2013) and

specialized to the context of SMC samplers as done in Del Moral et al. (2006;

Section 3.4). Moreover, as a consequence of identifying algorithms such as Chopin

(2002) in the SMC framework, many convergence results apply straightforwardly.

Consider the likelihood tempering case (1.37) with λt = t∆λ for t = 0, . . . , T and

the use of πt-invariant Markov kernel Kt and its time reversal (1.54) as backward

kernel. For notational simplicity, given µ ∈ P(X ) and N ∈ N, we define the Bayes’

operator (Bµ)(dx) := µ(dx)L(x)∆λ/µ(L∆λ) and the sampling operator SNµ :=

N−1∑N
n=1 δXn , where {Xn}Nn=1 are iid samples from µ. In these notation, we can

write a SMC sampler with multinomial resampling at every time step succinctly as

π̂Nt = BSN(π̂Nt−1Kt−1) (1.58)

for t = 1, . . . , T with initialization at π̂N0 = π0. For µ, ν ∈ P(X ) and the metric

d defined in (1.11), using the fact that d(Bµ,Bν) ≤ 2κ−2d(µ, ν) holds under the

assumption κ ≤ L(x)∆λ ≤ κ−1 for all x ∈ X and some κ ∈ (0, 1), d(SNµ, µ) ≤ N−1/2

and d(µK, νK) ≤ d(µ, ν) for any Markov kernel K on (X ,B(X )), we have by

triangle inequality that

d(π̂Nt , πt) = d(BSN(π̂Nt−1Kt−1),B(πt−1Kt−1)) (1.59)

≤ 2κ−2d(SN(π̂Nt−1Kt−1), πt−1Kt−1)

≤ 2κ−2
{
d(SN(π̂Nt−1Kt−1), π̂Nt−1Kt−1) + d(π̂Nt−1Kt−1, πt−1Kt−1)

}
≤ 2κ−2

{
1√
N

+ d(π̂Nt−1, πt−1)
}
.
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By induction, we obtain

d(π̂Nt , πt) ≤
1√
N

t∑
k=1

(2κ−2)k (1.60)

for t = 1, . . . , T , which establishes consistency of the SMC sampler at the usual

Monte Carlo rate of N−1/2 (Rebeschini and Van Handel 2015). Clearly, this upper

bound is crude as it suggests that the errors accumulate exponentially fast in the

number of time steps which is definitely not the case in practice. To obtain a bound

that is uniform in T , a more refined analysis which exploits ergodicity properties

of the Markov kernels {Kt}Tt=1 is needed (Del Moral and Guionnet 2001).

Under appropriate integrability conditions, we also have CLT for estimates of

expectation of test functions ϕ : X → R

√
N
(
π̂Nt (ϕ)− πt(ϕ)

)
d.−→ N (0, σ2

t (ϕ)) (1.61)

and normalizing constants

√
N

(
ẐN
t

Zt
− 1

)
d.−→ N (0, σ2

t ) (1.62)

for both the SIS algorithm and the SMC sampler. As mentioned earlier, for SIS

it follows directly from (1.10) that

σ2
t (ϕ) = Qt

(
(ϕ− πt(ϕ))2(dPt/dQt)2

)
(1.63)

and from (1.14) that

σ2
t = Qt

(
(dPt/dQt)2

)
− 1. (1.64)

For general SMC methods with multinomial resampling performed at every time

step, these results were established by Chopin (2004; Theorem 1), Del Moral

(2004; Proposition 9.4.2) and tailored to the SMC sampler setup in Del Moral

et al. (2006; Proposition 2).

We introduce some notation to write down expressions of these asymptotic

variances compactly. For each t = 1, . . . , T , we denote the time k = 0, . . . , t marginal

distribution of Pt(dx0:t) as Pt,k(dxk) and the conditional distribution of xt given xk
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as Pt|k(dxt|xk). Note that the case k = t is to be understood as Pt|t := Pt,t = πt

and we use the notation Pt|k(ϕ)(xk) :=
∫
X ϕ(xt)Pt|k(dxt|xk). We define the mea-

sures P̃t,k−1:k(dxk−1, dxk) := Pt,k(dxk)Lk−1(xk, dxk−1) and Q̃k−1:k(dxk−1, dxk) :=

πk−1(dxk−1)Kk(xk−1, dxk) on (X × X ,B(X ) ⊗ B(X )) for k = 1, . . . , t. In these

notation, we have

σ2
t (ϕ) = π0

(
(Pt|0(ϕ)− πt(ϕ))2(dPt,0/dπ0)2

)
(1.65)

+
t∑

k=1
Q̃k−1:k

(
(Pt|k(ϕ)− πt(ϕ))2(dP̃t,k−1:k/dQ̃k−1:k)2

)
and

σ2
t = π0

(
(dPt,0/dπ0)2

)
− 1 +

t∑
k=1

{
Q̃k−1:k

(
(dP̃t,k−1:k/dQ̃k−1:k)2

)
− 1

}
. (1.66)

Observe that in these expressions, the form of the summands are similar to those

in (1.63) and (1.64) with the proposal distribution Qt in SIS replaced by Q̃k−1:k.

This reveals that the resampling step has the effect of truncating the importance

sampling error locally in time. Similar expressions of these asymptotic variances

in the case of adaptive resampling and other resampling schemes can be found

in Del Moral et al. (2012b) and Beskos et al. (2016).

1.3 Summary and looking ahead

We started this chapter by showing that a practical implementation of Bayesian

inference relies on our ability to evaluate integrals. The use of Monte Carlo

methods allows us to tackle the integration problem with (approximate) simulation

from a target distribution.

We have seen that the efficiency of algorithms such as importance sampling

(Section 1.2.2) and independent MH (Section 1.2.3.3) is very dependent on the

construction of a proposal distribution that mimics the target distribution closely.

Designing such global approximations is difficult in practice and particularly so

for high dimensional problems.

On the other hand, although local strategies like RWMH and MALA (Section

1.2.3.3) are numerically more tractable and are backed by theoretical guarantees,
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convergence of these methods can be excruciatingly slow in practice. For example, for

highly multi-modal target distributions that are induced when performing Bayesian

inference in mixture models (Section 3.5.1), these local algorithms typically get

trapped in a local mode and therefore fail to characterize all posterior modes for

any practical amount of compute time (Celeux et al. 2000).

It is well-known that combining such local schemes with population based

approaches such as SMC samplers (Section 1.2.4) and population MCMC (Geyer

1991, Liang and Wong 2001), that exploit tempering to gradually introduce the

complex structures of the likelihood, result in algorithms that can tackle challenging

sampling problems in reasonable compute time (Jasra et al. 2007). We will therefore

treat SMC sampler with local MCMC moves and the time reversed backward kernels

(1.54) as state-of-the-art and compare it against sampling algorithms developed in

this thesis. Following our earlier discussion, we will often refer to this approach as

AIS and stress the additional resampling operation when necessary.

In this thesis, we explore two novel directions with the objective of developing

more efficient SMC samplers. Firstly, we consider the use of transport theory

to construct good global proposal distributions. Chapter 2 contains a review of

existing methods and Chapter 3 focuses on the problem of constructing transport

maps using flows. Secondly, in Chapter 4 we exploit ideas from optimal control

to control a specific SMC sampler, with proposal distribution induced by a time-

discretized Langevin dynamics, so as to minimize the Kullback-Leibler divergence

of the extended target distribution from the proposal.
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The purpose of this chapter is twofold. First, we introduce some background

necessary to formulate the transport problem (Section 2.1-2.2). Second, we describe

well-known ways to solve the transport problem (Section 2.3) and discuss existing

29
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methods to compute them (Section 2.4).

2.1 Introduction

We begin with the notion of coupling the prior distribution π0 with the posterior

distribution π.

Definition 2.1. Coupling π0, π ∈ P(X ) refers to the construction of random

variables (X0, X1) ∼ Q ∈ P(X × X ) such that Q(·,X ) = π0 and Q(X , ·) = π1 as

measures on (X ,B(X )).

The joint distribution Q is usually known as the transport plan and the couple

(X0, X1) the coupling of π0 and π. Clearly, couplings always exist since there is the

trivial coupling where X0 and X1 are independent, i.e. Q(dx0, dx1) = π0(dx0)π(dx1).

In contrast, we have a deterministic coupling if X1 is a function of X0.

Definition 2.2. A coupling (X0, X1) of π0 with π is said to be deterministic if

there exists a function T : X → X such that X1 = T (X0). We will refer to T as a

transport map if it is additionally a C1-diffeomorphism.

The associated transport plan is given by Q(dx0, dx1) = π0(dx0)δT (x0)(dx1). For

any µ ∈ P(X ) and measurable function f : X → X , we define the push-forward

of µ as the measure defined by (f#µ)(A) := µ(f−1(A)) for all A ∈ B(X ), where

f−1(A) := {x ∈ X : f(x) ∈ A} is the pre-image of A under f . In this notation,

Definition 2.2 relates the measures via π = T#π0.

Note that for any transport map T , we have the change of variables formula

∫
X
ϕ(x1)π(dx1) =

∫
X
ϕ(T (x0))π0(dx0), (2.1)

for all ϕ ∈ L1(π). Setting ϕ = 1A in (2.1) for some A ∈ B(X ) and applying

change of variables in the integral gives

∫
A
π(x1) dx1 =

∫
T−1(A)

π0(x0) dx0 =
∫
A
π0(T−1(x1))

∣∣∣det
(
∇T−1(x1)

)∣∣∣ dx1, (2.2)



2. The transport problem 31

where ∇T−1 : X → Rd×d denotes the Jacobian matrix of T−1. It follows that

the densities are related via

π(x) = π0(T−1(x))
∣∣∣det

(
∇T−1(x)

)∣∣∣ (2.3)

dx-almost everywhere. It is often more convenient to invoke the inverse function theo-

rem and compute the Jacobian determinant as det (∇T−1(x)) = det (∇T (T−1(x)))−1.

Equation (2.3) still holds even if the C1-diffeomorphic assumption on T is reduced

to an injective (or take multiplicity into account), locally Lipschitz map (see Evans

and Gariepy 2015; Chapter 3).

It should be stressed that simulation from the posterior distribution would

be straightforward if we had access to a transport map T : we simply need to

sample X0 ∼ π0, which we will assume to be possible since prior distributions

are usually tractable, and then evaluate the transport map at this sample, i.e.

X1 = T (X0). Given π0 and π, the problem of studying existence and regularity

of diffeomorphisms T satisfying (2.3) is known as the Jacobian problem (Moser

1965, Dacorogna and Moser 1990). For such results to be computationally useful,

they should also be constructive. The problem of constructing a transport map

shall henceforth be referred to as the transport problem.

2.2 Optimal transport

The transport problem is typically underdetermined. To see this, consider the case

π0 = π = N (02, I2) ∈ P(R2). Clearly Tθ(x) := R(θ)x is a transport map for any θ ∈

[0, 2π), where R(θ) :=
(

cos θ sin θ
− sin θ cos θ

)
is the clockwise rotation matrix of angle θ.

2.2.1 Monge’s formulation

In the above example, intuitively, we would like to favour T0 and penalize rotational

solutions. This can be done by introducing a transportation cost function c :

X × X → R and defining the functional

M(T ) :=
∫
X
c(x, T (x))π0(dx) (2.4)
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which associates each transport map T with a cost. We then consider the following

minimization problem

inf
{T :π=T#π0}

M(T ) (2.5)

and define the optimal transport map as the map T ∗ that attains the minimum (if

it exists). To guarantee existence of solutions to (2.5), the cost function c needs

to be sufficiently varying to distinguish between transport maps.

The case c(x, y) = |x− y| was first studied by French geometer Gaspard Monge

in 1781 as a civil engineering problem, where the cost function represents the work

needed to transport an amount of material extracted from a mine located at x

to a construction site located at y. A rigorous treatment was given much later

in Sudakov (1979) followed by Evans and Gangbo (1999), Trudinger and Wang

(2001), Caffarelli et al. (2002), Ambrosio (2003).

Figure 2.1: Illustration of Monge’s civil engineering problem (figure taken from Villani
(2008)).

2.2.2 Kantorovich’s formulation

Years later, Russian mathematician Leonid Kantorovich proposed a relaxation of

Monge’s problem by allowing the mass leaving mine x to be split among several

sites y and conversely mass arriving site y can also come from several possible mines

x. In the Kantorovich (2006) formulation, we consider

inf
Q∈C(π0,π)

Q(c), (2.6)

where C(π0, π) is the set of all possible transport plans, and define the optimal

transport plan as the distribution Q∗ ∈ P(X × X ) that attains the minimum (see
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Villani (2008; Theorem 4.1) for conditions to guarantee existence). Note that

in (2.6), both the cost functional and the marginal constraints are linear in the

transport plan Q and in this sense may be thought of as the continuous analogue of

linear programming for discrete state space problems. We will describe a method

to compute Q∗ which exploits this connection in Section 2.4.1.

2.2.3 Equivalence between Monge’s and Kantorovich’s for-
mulation

Consider the case c(x, y) = |x − y|2 and assume that π0, π have finite second

moments with dominating measure dx taken to be the Lebesgue measure. A

classical result in the optimal transport literature (Villani 2008; Chapter 10) is

that Monge’s and Kantorovich’s formulations admit the same unique solution in

the sense that M(T ∗) = Q∗(c) and Q∗(A) = π0 ({x ∈ X : (x, T ∗(x)) ∈ A}) for

any A ∈ B(X ) ⊗ B(X ). Moreover, the optimal transport map is monotone and

characterized by T ∗ = ∇φ for some convex function φ.

It follows from (2.3) that φ should satisfy (in a suitable weak sense) the

Monge-Ampère equation:

π (∇φ(x)) = π0(x)
∣∣∣det

(
∇2φ(x)

)∣∣∣−1
, (2.7)

where ∇2φ : X → Rd×d denotes the Hessian matrix of φ. Although numerical

resolution of (2.7) has received a great deal of attention in recent years, developing

accurate and efficient methods to solve this non-linear second-order elliptic PDE

remains a challenge even in low dimensions – see Benamou and Brenier (2000)

for a variational approach, Loeper and Rapetti (2005) for an algorithm based on

Newton’s method and Froese and Oberman (2011) for a finite difference solver.

Although efficient implementation still remains rather limited, the theoretical

implications of the Monge-Kantorovich problem have been far-reaching; we refer

to Villani (2003; 2008) for a modern account of the theory. An example of

this is the metric W1(π0, π) := Q∗(c) it defines on the subspace {µ ∈ P(X ) :∫
X c(x0, x)µ(dx) < ∞} for some arbitrary x0 ∈ X , commonly known as the
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Wasserstein distance (of order 1), whenever c is a distance on X (Villani 2008;

Chapter 6). Noting that we recover the total variation distance with cost function

c(x, y) = 1x6=y as the trivial metric on X , we see that the Wasserstein distance with

c(x, y) = |x − y|2 can be an appealing alternative to the total variation distance

as it reflects the geometry of the state space.

2.3 Knothe-Rosenblatt transport

From the above discussion, we see that imposing unicity in the transport problem

comes at the price of tractability, i.e. absence of an explicit expression of the

optimal transport map, and computability as solving the Monge-Ampère PDE

numerically is challenging even in low dimensions. We now describe the Knothe-

Rosenblatt rearrangement, better known to statisticians as the conditional quantile

transform, which is a transport map that is explicit – although not necessarily

optimal. This was introduced by Rosenblatt (1952) within a statistical context and

rediscovered by Knothe (1957) when extending the Brunn–Minkowski inequalities.

Throughout Section 2.3, we shall assume that X = Rd and the dominating measure

dx is the Lebesgue measure.

2.3.1 Optimal transport on R

We shall first consider the one-dimensional case d = 1. Define the cumulative

distribution function (CDF) of π0 and π by

F (x) := π0((−∞, x]), G(x) := π((−∞, x]) (2.8)

for x ∈ R and their generalized inverses

F−1(u) := inf {x ∈ R : F (x) ≥ u} , G−1(u) := inf {x ∈ R : G(x) ≥ u} (2.9)

for u ∈ [0, 1], respectively. If π0, π have finite second moments, by Villani (2003;

Theorem 2.18), T = G−1 ◦ F is the unique monotone optimal transport map of

the Monge-Kantorovich problem (since they coincide) with quadratic cost c(x, y) =

|x − y|2. Under some regularity assumption on the prior density and likelihood
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function, more precisely that π0, L ∈ C1(R,R+), T is a C1-diffeomorphism with

derivative dT (x)/dx = π0(x)/π(T (x)) > 0.

Moreover, using the facts that x = F−1 ◦ F (x) for π0-almost everywhere x and

the push-forward F#π0 is the uniform distribution on [0, 1], by the change of

variables formula (2.1)

inf
Q∈C(π0,π)

Q(c) = inf
{T :π=T#π0}

M(T ) (2.10)

=
∫
R

(
x−G−1 ◦ F (x)

)2
π0(dx)

=
∫
R

(
F−1 ◦ F (x)−G−1 ◦ F (x)

)2
π0(dx)

=
∫ 1

0

(
F−1(x)−G−1(x)

)2
dx,

so we have an explicit expression of the optimal transportation cost. To gain

some intuition, writing
∫ x

−∞
π0(dy) =

∫ T (x)

−∞
π(dy) (2.11)

reveals that the transport is achieved by an increasing arrangement of the cor-

responding probability mass.

2.3.2 Increasing rearrangement in Rd for d ≥ 2.

For any µ ∈ P(Rd), we write µ(dx1) ∈ P(R) as the marginal distribution of the first

component and µ(dxi|x1:i−1) ∈ P(R) as the increasing conditional distribution of xi
given x1, . . . , xi−1 for i = 2, . . . , d. We now consider generalizing the above transport

map to dimensions d ≥ 2. The construction is based on the following decompositions:

π0(dx) = π0(dx1)
d∏
i=2

π0(dxi|x1:i−1), π(dx) = π(dx1)
d∏
i=2

π(dxi|x1:i−1). (2.12)

We shall assume that we have access to the first marginals and the increasing

conditionals in (2.12) and define the respective CDFs

F1(x1) := π0((−∞, x1]× Rd−1), G1(x1) := π((−∞, x1]× Rd−1), (2.13)

Fi(xi|x1:i−1) := π0((−∞, xi]|x1:i−1), Gi(xi|x1:i−1) := π((−∞, xi]|x1:i−1)
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for i = 2, . . . , d, x = (x1, . . . , xd)T ∈ Rd and their right-continuous inverses

F−1
1 (u1) := inf {x1 ∈ R : F1(x1) ≥ u1} , (2.14)

G−1
1 (u1) := inf {x1 ∈ R : G1(x1) ≥ u1} ,

F−1
i (ui|x1:i−1) := inf {xi ∈ R : Fi(xi|x1:i−1) ≥ ui} ,

G−1
i (ui|x1:i−1) := inf {xi ∈ R : Gi(xi|x1:i−1) ≥ ui} ,

for i = 2, . . . , d, u = (u1, . . . , ud)T ∈ [0, 1]d. The main idea is to apply the optimal

transport in the one dimensional case described earlier to transport the marginal

distributions in the first component and the corresponding increasing conditional

distributions. This gives the Knothe-Rosenblatt transport map x 7→ T (x) =

(T1(x1), . . . , Td(x1:d))T defined by

y1 := T1(x1) := G−1
1 (F1(x1)), (2.15)

yi := Ti(x1:i) := G−1
i (Fi(xi|x1:i−1)|y1:i−1),

for i = 2, . . . , d. Note that T is monotone and lower triangular, i.e. the ith component

Ti depends only on the first i variables x1, . . . , xi. As before, if we assume that

π0, L ∈ C1(R,R+), then T is a C1-diffeomorphism with a lower triangular Jacobian

matrix that has positive entries on its diagonal.

While the Knothe-Rosenblatt transport is not optimal, interestingly, it is possible

to represent it as the limit of optimal transports. More precisely, assume π0, π

have finite second moments and let Tε be the optimal transport map of the Monge-

Kantorovich problem with weighted quadratic cost

cε(x, y) =
d∑
i=1

αi(ε)(xi − yi)2 (2.16)

for some positive weights {αi}di=1 that depend on the parameter ε > 0. By Carlier

et al. (2010; Theorem 2.1), under the constraint that

lim
ε→0

αi(ε)
αi−1(ε) = 0 (2.17)

for i = 2, . . . , d, the map Tε converges in L2(π0) to the Knothe-Rosenblatt transport

map T defined in (2.15).
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Although the Knothe-Rosenblatt transport can be useful in certain scenarios,

its broad application is very much limited by the requirement that the marginal

and increasing conditional distributions of π0 and π are known. Moreover, for the

sole purpose of simulating from the target distribution π, the way in which the

transport is constructed is superfluous since the push-forward of π0 by the map

x 7→ F (x) = (F1(x1), . . . , Fd(xd|x1:d−1))T is simply the uniform distribution on the

unit hypercube [0, 1]d, which is straightforward to simulate from. Lastly, it is also

worth noting that the Knothe-Rosenblatt transport has the undesirable property

of not being invariant under permutation of the coordinates.

2.4 Computing a transport

We now turn our attention to the computation of a transport map. The objec-

tive of this section is to discuss a few strategies that have been proposed in

various literatures.

2.4.1 A discrete approach

The methods described in Section 2.4.1 can be thought of a discrete approach to

the transport problem. We begin by re-formulating resampling in the framework

of coupling empirical measures. Although the optimal coupling exhibits attractive

properties, exact computation is costly. Therefore we discuss an entropic regular-

ization which offers reduced complexity. Lastly, we describe a transformation of

the optimal coupling that converges to the optimal Monge-Kantorovich transport

between π0 and π.

2.4.1.1 Resampling as coupling

In applications such as data assimilation and non-linear filtering, although the

prior distribution is intractable, we have access to N ∈ N iid samples {Xn
0 }Nn=1

from π0. The corresponding empirical measure is given by π̂N0 = N−1∑N
n=1 δXn

0
. In

this scenario, to perform Bayes’ update, one usually uses the prior as the proposal
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distribution in an importance sampling approximation (Gordon et al. 1993). This

gives the following particle approximation of π

π̂N =
N∑
n=1

W nδXn
0
, W n := L(Xn

0 )∑N
m=1 L(Xm

0 )
. (2.18)

For notational convenience, we write W := (W 1, . . . ,WN)T ∈ RN
+ as the vector

of normalized weights, 1N := (1, . . . , 1)T ∈ RN as the vector of ones, ΩN :=

{X1
0 , . . . , X

N
0 } ∈ XN as the discrete state space of interest and U := N−11N as

the uniform distribution on ΩN . In this setup, P(ΩN) = {q ∈ RN
+ : qT1N = 1}

is the open (N − 1)-dimensional simplex and

C(π̂N0 , π̂N) =
{
Q ∈ RN×N

+ : Q1N = U,QT1N = W
}
⊂ P(ΩN ×ΩN) (2.19)

is the transport polytope. Observe that for any Q ∈ C(π̂N0 , π̂N), sampling Xn
1 from

the transition probability associated to the nth particle

N(Qn,1, . . . , Qn,N)T ∈ P(ΩN) (2.20)

for all n = 1, . . . , N and returning the empirical measure π̄N = N−1∑N
n=1 δXn

1
yields

a valid resampling scheme (Section 1.2.4.3) due to the marginal constraint QT1N =

W . Hence resampling can be viewed as constructing a coupling and many popular

resampling schemes can be casted into this framework (Reich 2013); for example

multinomial resampling corresponds to the independent coupling with Q = UW T .

Let C ∈ RN×N denote the matrix of pairwise squared Euclidean distances,

i.e. Cn,m = |Xn
0 − Xm

0 |2 for n,m = 1, . . . , N , and 〈·,·〉F the Frobenius inner

product on RN×N . In these notation, the Monge-Kantorovich problem (2.6) between

π̂N0 and π̂N can be written as

Q∗ = argminQ∈C(π̂N0 ,π̂N )〈C,Q〉F , (2.21)

assuming a unique optimum exists. The minimization (2.21) is a linear program

which can be solved exactly using network simplex or interior point methods. In

contrast to resampling schemes that are commonly used, Q∗ also takes particle

locations into account and this feature can be exploited to couple particle filters

(Jacob et al. 2016). Between particles of similar weights, Q∗ also has the interesting

property of favouring particles that are more distant.
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2.4.1.2 Entropic regularization

Despite its nice features, computing Q∗ exactly using any of the above-mentioned

methods comes with a huge computational cost of at least O(N3 logN) opera-

tions (see Pele and Werman 2009; Section 2.1). Cuturi (2013) considered the

following regularization

Qα := argminQ∈Cα(π̂N0 ,π̂N )〈C,Q〉F (2.22)

for some α ∈ [0,∞], where Cα(π̂N0 , π̂N) :=
{
Q ∈ C(π̂N0 , π̂N) : KL

(
Q|UW T

)
≤ α

}
.

This reduces the computational complexity to O(N2) which, in the absence of

additional structure, is the best one can ask for as computing the cost matrix C

and sampling from any joint distribution Q ∈ P(ΩN ×ΩN) already require O(N2)

operations. The convex optimization problem (2.22) can be solved efficiently using

Sinkhorn (1967) fixed point iteration which is known to converge linearly at a

rate that depends on the value of the regularization parameter α. Truncating at

finite iterations yields an approximation Q̂ of Qα that might not be an element of

Cα(π̂N0 , π̂N) and thus leads to a possibly invalid resampling scheme. However, as

noted by Jacob et al. (2016; Section 3.2), it is possible to construct a transport

plan Q ∈ C(π̂N0 , π̂N) that is close to Q̂.

This regularization is best understood in entropic terms. For any q ∈ P(ΩN)

and Q ∈ P(ΩN × ΩN), we define their entropies by h(q) := −∑N
n=1 qn log qn and

h(Q) := −∑N
n,m=1Qn,m logQn,m, respectively. It can be shown that

h(Q) ≤ h(U) + h(W ) (2.23)

for all Q ∈ C(π̂N0 , π̂N ), with equality attained at the independent coupling Q = UW T

(Cover and Thomas 2012; Chapter 2). In terms of entropy, the constraint in

(2.22) is equivalent to

h(Q) ≥ h(U) + h(W )− α. (2.24)

At α = 0, we have the independent coupling Q0 = UW T which maximizes entropy,

and as α increases, solutions that have less entropy become admissible. It is well-

known in linear programming that the optimal transport plan Q∗ always occurs



2. The transport problem 40

at an extreme point of the transport polytope and has low entropy in the sense of

having at most 2N − 1 non-zero elements (Brualdi 2006; Corollary 8.1.3). Therefore

when α is large enough, we have Qα = Q∗ as the Kullback-Leibler ball Cα(π̂N0 , π̂N)

overlaps with C(π̂N0 , π̂N) in a neighbourhood of Q∗ (Cuturi 2013; Property 1).

While it is tempting to solve the regularized problem with a large value of α

in the hope of recovering Q∗, as discussed in Cuturi (2013), this causes numerical

instabilities and convergence of the Sinkhorn’s iteration will become excruciatingly

slow with α large.

2.4.1.3 Convergence to optimal transport

After computing the optimal transport plan Q∗, instead of sampling from the

transition probabilities (2.20) to obtain the coupling as described above, Reich

(2013) considered the following linear transformation

Xn
1 := TN(Xn

0 ) :=
N∑
m=1

P ∗n,mX
m
0 (2.25)

with Markov transition matrix P ∗ := NQ∗. The rationale here is to exploit the

low entropic behaviour of Q∗: the transition probabilities in (2.20) are quasi-

deterministic, i.e. has positive probability mass on only a few points in ΩN .

Noting that we have

1
N

N∑
n=1

Xn
1 =

N∑
m=1

N∑
n=1

Q∗n,mX
m
0 =

N∑
m=1

WmXm
0 (2.26)

due to the marginal constraintQ∗T1N = W , by consistency of normalized importance

sampling (Section 1.2.2.1), it follows that this procedure maintains consistency of

the posterior mean. Moreover, as the empirical measures π̂N0 and π̂N are consistent

approximations of π0 and π, respectively, as N → ∞ we might expect TN to

converge in a suitable sense to the optimal transport of the Monge-Kantorovich

problem between π0 and π with quadratic cost. This is the main result in Reich

(2013; Theorem 3.2).

Returning to the regularized transport plan Qα in (2.22), we note that its

N → ∞ limit will not be a transport due to the entropic regularization. We
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conjecture that this limit will be the minimizer

Q(σ2) := argminQ∈C(π0,π)KL(Q|P ), (2.27)

where P (dx0, dx1) := µ(dx0)N (x1;x0, σ
2Id)dx1 ∈ P(X × X ) for some arbitrary

µ ∈ P(X ) and noise parameter σ2 > 0 that depends on the value of the regularization

parameter α. The minimization (2.27), known as the Schrödinger bridge problem

(Schrödinger 1931, Jamison 1975), can be thought of as a large deviation principle

with marginal constraints. Existence and uniqueness of this minimizer was studied

in Beurling (1960) and Jamison (1974). We note that Gaussianity of the transition

kernel associated to P is inherited from the use of squared Euclidean distance in

(2.22). Mikami (2004) established that as σ2 → 0, Q(σ2) converges to the optimal

Monge-Kantorovich transport between π0 and π; this zero noise limit is analogous

to the above discussion on the α → ∞ limit in discrete state spaces.

2.4.2 A global approach

We now return to continuous state spaces and outline the main ideas behind a series

of papers by Moselhy and Marzouk (2012), Parno and Marzouk (2014), Marzouk

et al. (2016), where the task of constructing a transport map was formulated

as a variational problem.

2.4.2.1 Variational formulation

Consider the minimization problem

inf
T∈T

KL(T#π0|π) (2.28)

where T is a set of mappings whose properties are to be specified. Although the

functional T 7→ KL(T#π0|π) is not amenable to Monte Carlo approximation, if we

additionally impose that the maps in T are C1-diffeomorphisms, then using the

change of variables formula (2.1), (2.28) can be written as

inf
T∈T

KL(π0|T−1
# π). (2.29)
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As T 7→ KL(π0|T−1
# π) is an expectation with respect to the prior distribution, we

can use the basic Monte Carlo estimator (1.3):

inf
T∈T

1
N

N∑
n=1

log
(

dπ0

dT−1
# π

)
(Xn) (2.30)

where {Xn}Nn=1 are N ∈ N iid samples from π0. We note that the variance of this

estimator will depend on how close the push-forward measure T−1
# π is from the prior

distribution and that it is possible to use results from statistical learning (Vapnik

1998) to get bounds on the expected difference between (2.29) and its empirical

counterpart (2.30) as a function of N and properties of T (see also Appendix B).

2.4.2.2 Approximating Knothe-Rosenblatt

With the aim of approximating the Knothe-Rosenblatt transport described in

Section 2.3, the authors proposed to select T as the set T4+ of lower triangular maps

x 7→ T (x) = (T1(x1), . . . , Td(x1:d))T satisfying the following positivity condition

∂xiTi(x1:i) > 0, for i = 1, . . . , d and x = (x1, . . . , xd)T ∈ X , (2.31)

which enforces invertibility of an admissible triangular map. Applying (2.3) to obtain

the density of T−1
# π and dropping terms that are irrelevant for the optimization gives

inf
T∈T4+

N∑
n=1
− log γ(T (Xn))− log det (∇T (Xn)) , (2.32)

where γ : X → R+ denotes the unnormalized density of π. For the minimization

in (2.32) to be numerically tractable, one has to approximate T4+ with a finite

dimensional subspace. To do so, the authors considered a parameterization given

by a multivariate polynomial basis expansion:

Ti(x1:i; βi) =
M∑
m=1

βi,mφi,m(x1:i) (2.33)

for i = 1, . . . , d and M ∈ N, where β = (βi,j) ∈ Rd×M are the parameters to be

inferred and each multivariate polynomial has a tensor product form φi,m(x1:i) =∏i
j=1 ϕα(i,m)j(xj) with the index function (i,m) 7→ α(i,m) ∈ Ni

0 prescribing the

degree of the univariate polynomial ϕ. The authors advocate designing α to exploit
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any conditional independence structure in the target distribution (Parno et al. 2015)

and using the polynomial chaos expansion (Xiu and Karniadakis 2002) whenever

polynomials that are orthogonal to the prior distribution can be easily evaluated.

Observe that while the parameterization (2.33) has the desired lower triangular

structure by construction, the positivity condition (2.31) might not be satisfied

for all values of β ∈ Rd×M and x ∈ X . As a partial fix, the authors proposed

to enforce this condition at the sampled points:

∂xiTi(Xn
1:i; βi) =

M∑
m=1

βi,m∂xiφi,m(Xn
1:i) > 0, for i = 1, . . . , d and n = 1, . . . , N.

(2.34)

This imposes a finite set of linear constraints on the minimization problem (2.32).

Hence in terms of the parameters, we seek

inf
{β∈Rd×M : (2.34) holds}

N∑
n=1
− log γ(T (Xn; β))− log det (∇T (Xn; β)) , (2.35)

which is a non-convex (constrained) optimization problem in general. As noted

by Kim et al. (2013), since the parameterized map β 7→ T (x; β) is linear in

the parameters, under the assumption of log-concavity of the prior density and

likelihood function, (2.35) is a convex optimization problem.

2.4.2.3 Composite maps

As the prior and posterior distributions become more distant, we expect the above

procedure to require polynomials of higher degree in order to obtain a map that is

reasonably close to being a transport. Therefore the computational effort of the

resulting algorithm would increase as this leads to a larger number of parameters

in the optimization problem (2.35). In this situation, using likelihood tempering

(Section 1.2.4.1) to introduce a sequence of bridging distributions {πt}Tt=0 can

potentially reduce the overall computational complexity.

One possibility here is to exploit the fact that successive distributions are closer,

so this allows the algorithm to move between distributions with polynomials of

lower degree. More precisely, for each t = 1, . . . , T , we construct the map St that
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aims to transport πt−1 to πt, i.e. πt ≈ St#πt−1, and define the composite map

S := ST ◦ · · · ◦ S1 to approximate the desired transport.

In Moselhy and Marzouk (2012), the authors considered another possibility

which uses the structure of the optimization problem. The difference is to build the

tth composite map St := St ◦ · · · ◦ S1 by minimizing KL(St#π0|πt), whilst having

fixed all coefficients associated with preceding maps S1, . . . , St−1 that have already

been determined. Their argument is that unlike the previous approach, where errors

might accumulate if intermediate transports are not computed exactly, building an

approximation of the desired transport S := ST in this manner allows preceding

maps S1, . . . , ST−1 to be constructed with looser tolerances while still maintaining

accuracy of S if the final map ST is computed with tighter error tolerance.

2.4.3 An iterative approach

We have seen in the previous section that seeking a transport map directly is a

difficult task. In the following, we present an idea from Liu and Wang (2016)

which can be seen as a way to build a transport iteratively. Consider the following

re-formulation of the minimization problem in (2.28):

inf
f∈F

KL((Id + f)#π0|π) (2.36)

where Id(x) := x is the identity map and F is a set of possible perturbations to be

specified. The main idea is to work with a tractable class F and select a perturbation

direction f ∈ F that decreases the Kullback-Leibler divergence.

2.4.3.1 Gradient descent in a reproducing kernel Hilbert space

Suppose we have a positive definite function k : X × X → R and let H denote

the reproducing kernel Hilbert space (RKHS) with inner product 〈·,·〉H for which

k is the reproducing kernel, i.e. 〈ϕ, k(·, x)〉H = ϕ(x) for all ϕ ∈ H. We note that

existence of a unique H is guaranteed by the Moore-Aronszajn theorem. We define

F := Hd as the Cartesian product of vector-valued functions f = (f1, . . . , fd)T with

fi ∈ H for all i = 1, . . . , d, and note that this is also a Hilbert space equipped
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with the inner product 〈f, g〉F := ∑d
i=1〈fi, gi〉H for f, g ∈ F. For any functional

F : F → R, we write ∇F (f) as the functional gradient of F at f , defined by

F (f + εg) = F (f) + ε〈∇F (f), g〉F + O(ε2) for all g ∈ F, ε ∈ R.

By Liu and Wang (2016; Theorem 3.3), fπ0 = (fπ0
1 , . . . , fπ0

d )T defined as

fπ0
i (x) := π0 (k(x, ·)∂xi log π(·) + ∂xik(x, ·)) for i = 1, . . . , d satisfies

fπ0 = −∇KL((Id + f)#π0|π)
∣∣∣∣
f=0

. (2.37)

Moreover, the squared norm of fπ0 ∈ F equals to the Stein discrepancy between π0

and π that is induced by the RKHS (see Oates et al. 2017). This result prompts

the following iterative gradient descent algorithm

πt = (Id + ∆tf
πt−1)# πt−1 (2.38)

with a sequence of sufficiently small step sizes {∆t} and initialization at the prior

distribution. Note that the iteration (2.38) is typically intractable as an evaluation

of the functional gradient fπt−1 requires computing an expectation with respect to

πt−1. We can form a particle approximation of (2.38) by iterating

π̂Nt =
(
Id + ∆tf

π̂Nt−1
)

#
π̂Nt−1 (2.39)

with initialization at π̂N0 = N−1∑N
n=1 δXn

0
, where {Xn

0 }Nn=1 are N ∈ N iid samples

from π0. This gives π̂Nt = N−1∑N
n=1 δXn

t
with the following particle update

Xn
t = Xn

t−1 + ∆t

N

N∑
m=1

(
k(Xn

t−1, X
m
t−1)∇ log π(Xm

t−1) +∇k(Xn
t−1, X

m
t−1)

)
(2.40)

for n = 1, . . . , N .

To build some intuition for (2.40), we consider the commonly used radial basis

function k(x, y) = exp (−|x− y|2/h) for some bandwidth h > 0. The first term

in the update can be thought of as a smoothed version of the gradient of the

log-posterior density, obtained by a weighted average of the particles’ gradients

against the kernel function. Noting that ∇k(x, y) = 2(x− y)k(x, y)/h, we observe

that the second term acts as a repulsive force between particles with the bandwidth

h controlling the strength of this repulsion. Since (2.40) reduces to gradient descent
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on the log-posterior density when N = 1, it follows that the repulsive interaction

between particles is crucial in preventing the particle approximation from collapsing

to the local modes of π. In summary, we see that the qualitative behaviour of

the resulting approximation will be particularly sensitive to both the bandwidth

and the number of particles used.
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Throughout this chapter, we will consider the case X = Rd for ease of presenta-

tion and assume that π0, L ∈ C1(Rd,R+). In Section 3.1, we begin by introducing

a continuous curve of probability measures connecting the prior and posterior

distributions by tempering the likelihood. This leads naturally to the question of

designing particle dynamics to track changes in the underlying distributions along

the curve. We formulate the problem of constructing transport maps using flows

in Section 3.2 and survey existing methods to solve this problem before giving our

main results in Section 3.3. We then discuss implementation issues in Section 3.4

and conclude with some applications in Section 3.5.

3.1 A curve from prior to posterior

We return to the discussion in Section 1.2.4.1 on likelihood tempering and consider

the limit as the number of bridging distributions in (1.37) goes to infinity. This

amounts to defining a curve of probability measures Cπ = {πt}t∈[0,1], smoothly

bridging the prior π0 to the posterior π1 := π, by gradually introducing the

likelihood using a strictly increasing C1-function λ : [0, 1] → [0, 1] such that

λ(0) = 0 and λ(1) = 1:

πt(dx) := π0(dx)L(x)λ(t)

Z(t) (3.1)

with

Z(t) :=
∫
Rd
π0(dx)L(x)λ(t). (3.2)

We will denote the time derivative of λ by λ′ : [0, 1]→ R+ and henceforth assume

that logL ∈ L1(πt) for all t ∈ [0, 1]. The rationale of moving to the continuum is

that this allows us to study the time evolution of πt along the curve Cπ.
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3.1.1 Properties

We first establish some simple properties of the normalization function t 7→ Z(t).

Lemma 3.1. The normalization function Z : [0, 1]→ R+ defined in (3.2) lies in

C1([0, 1],R+) and

d
dtZ(t) =

∫
Rd
π0(dx)∂tL(x)λ(t) = λ′(t)

∫
Rd
π0(dx)L(x)λ(t) logL(x). (3.3)

Proof. Let {tm}m∈N ⊂ [0, 1] be a sequence such that tm → t∗. Note that π0(x)L(x)λ(tm)

converges pointwise to π0(x)L(x)λ(t∗) and

π0(x)L(x)λ(t) ≤ π0(x) sup
t∈[0,1]

L(x)λ(t) ≤ π0(x) (1 + L(x)) (3.4)

holds for all (t, x) ∈ [0, 1]× Rd. Hence applying dominated convergence theorem

with dominating function x 7→ π0(x) (1 + L(x)), which is integrable since Z <∞,

establishes continuity.

For differentiability, let {tm}m∈N be a sequence such that tm → t∗ and tm ∈

[0, 1] \ {t∗} for each m ∈ N. We write

Z(tm)− Z(t∗)
tm − t∗

=
∫
Rd
fm(x) dx (3.5)

with

fm(x) :=
π0(x)

(
L(x)λ(tm) − L(x)λ(t∗)

)
tm − t∗

. (3.6)

Since λ ∈ C1([0, 1], [0, 1]), fm(x) converges pointwise to π0(x)∂tL(x)λ(t)|t=t∗ =

π0(x)λ′(t∗)L(x)λ(t∗) logL(x) for each x ∈ Rd. Applying the mean value theorem to

t 7→ L(x)λ(t) gives fm(x) = π0(x)λ′(cm)L(x)λ(cm) logL(x) for some cm between tm
and t∗. Note that

|fm(x)| ≤ π0(x)| logL(x)| sup
t∈[0,1]

λ′(t)L(x)λ(t) ≤ π0(x)| logL(x)|‖λ′‖∞(1 + L(x))

(3.7)

holds for all (m,x) ∈ N × Rd. Differentiability and (3.3) follows from another

application of dominated convergence theorem with dominating function x 7→

π0(x)| logL(x)|‖λ′‖∞ (1+L(x)), which is integrable since logL ∈ L1(πt) for t = 0, 1.

Continuity of the derivative of Z(t) follows using similar arguments.
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Intuitively, we expect the curve of probability measures Cπ to be “continuous”

in some sense. This is made precise in the following.

Lemma 3.2. The curve of probability measures Cπ = {πt}t∈[0,1] defined in (3.1) is

narrowly continuous, i.e. for any bounded function ϕ ∈ C(Rd,R) and any sequence

{tm}m∈N ⊂ [0, 1] such that tm → t∗ we have

lim
m→∞

πtm(ϕ) = πt∗(ϕ). (3.8)

Proof. Continuity of λ(t) and Z(t) implies that t 7→ πt(x) ∈ C([0, 1],R+) for

each x ∈ Rd. Hence for any bounded function ϕ ∈ C(Rd,R) and any sequence

{tm}m∈N ⊂ [0, 1] such that tm → t∗, we have ϕ(x)πtm(x) → ϕ(x)πt∗(x) pointwise.

Note that

|ϕ(x)πtm(x)| ≤ ‖ϕ‖∞π0(x)
supt∈[0,1] L(x)λ(t)

inft∈[0,1] Z(t) (3.9)

holds for all (m,x) ∈ N× Rd. Since Z(t) is continuous on [0, 1] by Lemma 3.1, the

infimum in (3.9) is attained and is strictly positive under positivity assumptions

made on the prior density and likelihood function. Hence the upper bound in (3.9)

is integrable and (3.8) follows from an application of the dominated convergence

theorem.

3.1.2 Time evolution along curve

By differentiating the density of (3.1) with respect to the pseudo-time variable t, we

obtain

∂tπt(x) = λ′(t) (logL(x)− It) πt(x), (3.10)

for each x ∈ Rd where

It := 1
λ′(t)

d
dt logZ(t) =

d
dt
∫
Rd π0(x)L(x)λ(t) dx

λ′(t)Z(t) = πt(logL). (3.11)

The last equality in (3.11) requires the validity of interchanging the order of

differentiation with respect to the time variable and integration with respect to the

spatial variable which is justified by Lemma 3.1. From a statistical perspective,



3. The flow transport problem 51

this assumes that the family of models {πt}t∈[0,1] is regular so (3.11) is simply

a consequence of the fact that the score function has zero expectation for each

t ∈ [0, 1]. Since Z(0) = 1, integrating (3.11) on [0, 1] recovers the identity

logZ =
∫ 1

0
λ′(t) It dt (3.12)

commonly known as path sampling in statistics (Gelman and Meng 1998) and ther-

modynamic integration in molecular dynamics where logZ represents the free energy

difference between two macroscopic states of a system (Frenkel and Smit 2001).

Equation (3.10) reveals that the expected log-likelihood It plays the role of

a reference value which controls the time evolution of the density πt(x), i.e. in

logarithmic scale, the local behaviour around a point x ∈ Rd is such that there

is an increase or decrease in density if logL(x) > It or logL(x) < It respectively.

In what follows, we will see that this difference, when integrated with respect to

πt, provides us with the right direction to move particles at time t. It is also

intuitive that the factors πt(x) and λ′(t) are present in (3.10), as the change in

density must be proportional to how much probability mass there is locally and

how quickly we introduce the likelihood. It will be apparent later that these

factors dictate the speed of particles.

In this chapter, we focus on a fluid dynamics interpretation of the transport

problem. If we perceive probability mass as an infinite ensemble of fluid particles,

we could attempt to prescribe an appropriate velocity field to move these particles

deterministically so as to mimic the time evolution of πt over the pseudo-time

interval t ∈ [0, 1]. Loosely speaking, we may think of the action of particles under

such a velocity field as implicitly defining flow transport maps {Tt}t∈[0,1] satisfying

πt = Tt#π0 for each t ∈ [0, 1].

3.1.3 Path sampling

We now give an alternative derivation of (3.12) from a different perspective. Consider

the situation where one performs importance sampling with a proposal that is distant

from the target distribution and consequently the estimator (1.13) of Z exhibits
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large variance. In such a scenario, we expect the use of likelihood tempering to

introduce a sequence of bridging distributions to be beneficial.

Let {πtm}Mm=0 be a finite collection of probability measures along the curve

(3.1) corresponding to a uniform grid of times tm = m∆t for m = 0, . . . ,M with

step size ∆t = M−1. Noting that Z(0) = 1, Z(1) = Z and using the identity

Z(tm)/Z(tm−1) = πtm−1

(
Lλ(tm)−λ(tm−1)

)
, we have the telescopic product

Z =
M∏
m=1

Z(tm)
Z(tm−1) =

M∏
m=1

πtm−1

(
Lλ(tm)−λ(tm−1)

)
. (3.13)

Assuming that simulation from the intermediate distributions is feasible, for ∆t

sufficiently small or equivalently M large, the ratio Z(tm)/Z(tm−1) can be well

approximated by importance sampling. This prompts a limiting argument as the

number of bridging distributions go to infinity.

Taking logarithm of (3.13) gives

logZ =
M∑
m=1

log πtm−1

(
Lλ(tm)−λ(tm−1)

)
. (3.14)

For each t ∈ [0, 1], we define the function ft(s) := πt
(
Lλ(t+s)−λ(t)

)
for s ∈ [0, 1− t].

Noting that we can write ft(s) = Z(t + s)/Z(t), it follows from Lemma 3.1 that

ft ∈ C1([0, 1 − t],R+) and in particular at s = 0, we have ft(0) = 1. Therefore

using the mean value theorem for the function log ft on the interval [0, s] gives

log ft(s)
s

= d
ds log ft(s)

∣∣∣∣
s=c

= d
ds logZ(t+ s)

∣∣∣∣
s=c

= λ′(t+ c)It+c (3.15)

for some c ∈ (0, s). The last equality in (3.15) follows from Equation (3.3). Now

apply (3.15) to each summand in (3.14) on the subinterval [tm−1, tm] to obtain

logZ =
M∑
m=1

∆tλ′(cm)Icm (3.16)

for some cm ∈ (tm−1, tm),m = 1, . . . ,M . Since t 7→ λ′(t)It = (d logZ/dt)(t)

is continuous on [0, 1], convergence of the Riemann sum (3.16) yields the path

sampling identity (3.12).
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3.2 Particle dynamics and Liouville’s equation

Consider a particle in Rd, initialized at time t = 0 with a random draw X0 ∼

π0, and evolved deterministically according to the following ordinary differential

equation (ODE)

dx
dt = f(t, x), (3.17)

with drift function f : [0, 1]× Rd → Rd. Under appropriate regularity conditions

on f which will be detailed later, this ODE admits a unique solution x(t;X0) on

a unique maximal time interval i(X0) and we have i(X0) = [0, 1] for π0-almost

everywhere X0. Therefore the map Xt := Tt(X0) := x(t;X0) is well-defined and

is a C1-diffeomorphism for each t ∈ [0, 1].

Additionally, if we denote the marginal distribution of Xt by π̃t, the curve of

distributions Cπ̃ = {π̃t}t∈[0,1] satisfies, under appropriate regularity conditions, the

Liouville PDE (Gardiner 1985; eq. (3.5.13), p. 54) also known as the continuity

equation (Ambrosio et al. 2005; eq. (8.1.1), p. 169):

∂tπ̃t(x) = −
d∑
i=1

∂xi(π̃t(x)fi(t, x)) (3.18)

for (t, x) ∈ (0, 1) × Rd. We will write (3.18) more succinctly as

∂tπ̃t = −∇ · (π̃tf) (3.19)

and note that this corresponds to the Fokker-Planck PDE (1.34) when the diffusivity

term from Brownian motion is set to zero. An informal but intuitive derivation of

Liouville’s PDE will be given in the following section. We will call Cπ̃ = {π̃t}t∈[0,1]

a weak solution of (3.19) if

∫ 1

0

∫
Rd

(∂tϕ+ 〈f,∇ϕ〉) π̃t(dx) dt = 0 (3.20)

for all compactly supported ϕ ∈ C∞((0, 1) × Rd,R), where 〈·, ·〉 denotes the

inner product in Rd.
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3.2.1 An informal derivation of Liouville’s equation

Consider a d-dimensional hyper-rectangle ∆V (x), defined formally as the Cartesian

product of intervals (xi, xi+∆i) for i = 1, . . . , d and some small ∆ = (∆1, . . . ,∆d)T ∈

Rd
+, to be thought of as an infinitesimal control volume at a point x ∈ Rd as

depicted in Figure 3.1.

If we perceive particles as constituents of a fluid representing probability mass,

then the fluid flow driven by a velocity field f will cause the probability mass in

∆V (x) to change. Along the ith axis, for sufficiently small |∆|∞ := maxi=1,...,d ∆i,

this change is given by the difference between the rate at which mass flows into ∆V (x)

π̃t(x)fi(t, x)
∏
j 6=i

∆j + o(|∆|d∞) (3.21)

and the rate at which mass flows out of ∆V (x)

π̃t(x+ ∆iei)fi(t, x+ ∆iei)
∏
j 6=i

∆j + o(|∆|d∞), (3.22)

where {ei}di=1 denote the canonical basis vectors in Rd. In fluid dynamics terminology,

the leading terms in (3.21) and (3.22) are simply the density multiplied by the

volume metric flow rate in and out of the control volume respectively.

Summing over all axes yields the net rate at which probability mass is ac-

cumulating in ∆V (x):

d∑
i=1

π̃t(x)fi(t, x)
∏
j 6=i

∆j − π̃t(x+ ∆iei)fi(t, x+ ∆iei)
∏
j 6=i

∆j

+ o(|∆|d∞). (3.23)

For probability mass to be conserved, (3.23) has to be equal to

∂tπ̃t(x)
d∏
i=1

∆i + o(|∆|d∞). (3.24)

Equating (3.23) and (3.24) and dividing by the volume ∏d
i=1 ∆i of ∆V (x) gives

∂tπ̃t(x) =
d∑
i=1

π̃t(x)fi(t, x)− π̃t(x+ ∆iei)fi(t, x+ ∆iei)
∆i

+ o(1). (3.25)

Finally, taking the limit of |∆|∞ → 0 gives (3.18).
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f1(t, x) f1(t, x + �1e1)

f2(t, x + �2e2)
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x2 + �2

�V (x)

Figure 3.1: Illustrating the conservation of mass argument in R2.

3.2.2 Equivalence between Lagrangian and Eulerian per-
spectives

At this point, while it is clear that we should set up the flow transport problem as

identifying a velocity field f such that the curve of target distributions Cπ = {πt}t∈[0,1]

in (3.1) is a weak solution of Liouville equation (3.19), we have to proceed with

caution as f has to be regular enough for the resulting ODE (3.17) to admit a

unique solution globally defined on [0, 1]. We now discuss sufficient conditions to

ensure equivalence between the Eulerian perspective characterized by Liouville PDE

(3.19) and the Lagrangian perspective described in terms of particle trajectories

governed by the ODE (3.17).

We first introduce some necessary definitions before presenting the main theorem.

Definition 3.3. Let L(Cπ) denote the set of all velocity fields such that Cπ =

{πt}t∈[0,1] is a weak solution of Liouville equation (3.19) on (0, 1)× Rd.

Definition 3.4. Let E(Cπ) be the set of all velocity fields f : [0, 1] × Rd → Rd

satisfying the following conditions:

• A1. (local Lipschitz continuity) f is a Borel function and is locally Lipschitz

in the spatial variable, i.e. for every compact set A ⊂ Rd, there exists
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a constant C(A) > 0 such that |f(t, x) − f(t, y)| ≤ C(A)|x − y| for all

(t, x), (t, y) ∈ [0, 1]× A;

• A2. (space-time integrability)
∫ 1

0
∫
Rd |f(t, x)|πt(dx) dt <∞.

Theorem 3.5. (Ambrosio et al. (2005; Lemma 8.1.6, Proposition 8.1.8)) If f is a

velocity field in L(Cπ) ∩ E(Cπ), then the following two statements are equivalent:

(Eulerian perspective) the narrowly continuous curve Cπ = {πt}t∈[0,1] is a weak

solution of Liouville equation (3.19) on (0, 1)× Rd;

(Lagrangian perspective) for π0-almost everywhere x0 ∈ Rd, there exists a

unique solution x(t;x0) to the ODE (3.17) globally defined on [0, 1], therefore

the flow maps Tt(x0) := x(t;x0) are well-defined and satisfy the flow transport

property, i.e. πt = Tt#π0 for each t ∈ [0, 1].

Condition A1 is an assumption which provides existence of a unique solution to

(3.17) on a unique maximal time interval i(x0) for each initial condition x0 ∈ Rd

(Ambrosio et al. 2005; Lemma 8.1.4); we note that it only requires f to be a Borel

function whereas standard results require f ∈ C([0, 1] × Rd,Rd) (Walter 1998;

Theorem III.3.VII). However, this time interval i(x0) may not contain [0, 1], hence

A2 acts as a supplementary condition to ensure that i(x0) = [0, 1].

It is possible to weaken condition A1; see DiPerna and Lions (1989) for earlier

work and Ambrosio (2004), Ambrosio et al. (2005; Theorem 8.2.1) for recent advances.

In fact, it is possible to completely remove assumption A1, in which case, the flow

map x0 7→ Tt(x0) is not uniquely defined as the ODE (3.17) could have several

solutions corresponding to an initial condition x0. Interestingly, it is still possible

to give a probabilistic representation of these solutions by considering suitable

probability measures on C([0, 1],Rd) and equivalence between the Lagrangian and

Eulerian perspectives can be understood in a more subtle sense. This generality is

not pursued here but details can be found in Ambrosio et al. (2005; Section 8.2).

Observe that the integrability condition A2 implies

|f(t, x)|πt(x)→ 0 as |x| → ∞ (3.26)
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for each t ∈ [0, 1]. We shall refer to velocity fields that satisfy (3.26) as having the

vanishing property. With Theorem 3.5 in place, we can now formally define the

flow transport problem as identifying a velocity field in L(Cπ) ∩ E(Cπ). It should be

stressed that the regularity conditions in Theorem 3.5 are not mere mathematical

subtleties one can ignore. In Section 3.3.6, we illustrate this by constructing a

velocity field in L(Cπ) and prove that it yields divergent particle trajectories.

3.2.3 Connection to optimal transport

We now digress slightly by drawing a connection to the optimal transport problem

discussed in Section 2.2. Like the approach taken in this chapter, it was shown

in Benamou and Brenier (2000) that the Monge-Kantorovich problem also admits

a fluid dynamics interpretation.

Suppose that π0 and π have finite second moments and densities with respect

to Lebesgue measure, in which case, we know from Section 2.2.3 that the optimal

transport is given by T ∗ = ∇φ for some convex function φ. In the Benamou and

Brenier (2000) formulation, we seek a curve of probability measures connecting

π0 and π (which ensures the transport) using a flow which minimizes a kinetic

energy functional (to obtain uniqueness). In particular, the squared Wasserstein

distance with quadratic cost equals

inf
∫ 1

0

∫
Rd
|f(t, x)|2 π̃t(dx) dt (3.27)

where the infimum is taken over (sufficiently smooth) velocity fields f and curves of

probability measures (which are absolutely continuous with respect to Lebesgue

measure) Cπ̃ = {π̃t}t∈[0,1] such that Liouville equation (3.19) holds with bound-

ary conditions

π̃0 = π0, π̃1 = π. (3.28)

To see this, let f and Cπ̃ = {π̃t}t∈[0,1] be a pair from the admissible set. Denote

the corresponding flow maps by {Tt}t∈[0,1], i.e. π̃t = Tt#π̃0 for each t ∈ [0, 1]. By the
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change of variables formula (2.1), initial condition in (3.28), the Eulerian-Lagrangian

relationship ∂tTt(x) = f(t, Tt(x)) and Jensen’s inequality, we have
∫ 1

0

∫
Rd
|f(t, x)|2 π̃t(dx) dt =

∫ 1

0

∫
Rd
|f(t, Tt(x))|2 π0(dx) dt (3.29)

=
∫ 1

0

∫
Rd
|∂tTt(x)|2 π0(dx) dt

≥
∫
Rd

∣∣∣∣∫ 1

0
∂tTt(x) dt

∣∣∣∣2 π0(dx).

Apply the second fundamental theorem of calculus and the initial condition T0(x) =

x to obtain
∫ 1

0
∂tTt(x) dt = T1(x)− x. (3.30)

Combining (3.29) and (3.30) gives
∫ 1

0

∫
Rd
|f(t, x)|2 π̃t(dx) dt ≥

∫
Rd
|T1(x)− x|2 π0(dx) ≥

∫
Rd
|∇φ(x)− x|2 π0(dx),

(3.31)

since π = T1#π0 by the terminal condition in (3.28) and T ∗ = ∇φ is the optimal

transport. It follows that the infimum in (3.27) is attained by the flow maps

{T ∗t }t∈[0,1] satisfying

∂tT
∗
t (x) = ∇φ(x)− x (3.32)

with initial condition T ∗0 (x) = x. Hence the optimal flow maps are given by

the interpolation

T ∗t (x) = (1− t)x+ t∇φ(x) (3.33)

for t ∈ [0, 1].

3.3 Solving the flow transport problem

In this section, we first survey existing methods to solve the flow transport

problem before describing our main results. We begin by noting that the flow

transport problem defined above is typically underdetermined as illustrated in

the following example.
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Example 3.6. Consider the trivial curve Cπ given by πt = N (02, I2) for t ∈ [0, 1].

For this curve, the two time-invariant velocity fields f(x1, x2) = 02 and f(x1, x2) =

(−x2, x1)T both lie in L(Cπ) ∩ E(Cπ).

We now consider a way to obtain unicity by seeking the minimal kinetic

energy velocity field.

3.3.1 Minimizing kinetic energy

Following Reich (2011; 2012), we seek the velocity field which minimizes the kinetic

energy functional at each time t ∈ [0, 1], i.e.

f(t, ·) := argminu∈L2(πt)∩L(πt)πt
(
uTMtu

)
(3.34)

for some positive definite mass matrixMt ∈ Rd×d. The set of admissible functions in

(3.34) are L2(πt)-integrable functions that are classical solutions to Liouville equation

(3.19) at time t given Cπ̃ = Cπ. This leads to minimization of the following Lagrangian

Et(u, ϕ) = πt
(
uTMtu

)
+
∫
Rd
ϕ (∂tπt +∇ · (πtu)) dx (3.35)

over u ∈ L2(πt), where ϕ : Rd → R is a Lagrange multiplier enforcing the flow

transport. It follows from the Euler-Lagrange equations that the desired velocity

field is of the form f(t, x) = M−1
t ∇φ(t, x) with φ : [0, 1] × Rd → R given by the

solution of the following linear second-order elliptic PDE

∂tπt = −∇ · (πtM−1
t ∇φ). (3.36)

The regularization adopted here is very similar to Benamou and Brenier (2000)

fluid dynamic formulation of the Monge-Kantorovich problem – see Equation (3.27).

The main difference is that the curve of probability measures connecting π0 and π

is fixed by tempering the likelihood in (3.1). Moreover, for the purpose of solving

the transport problem, we see that forsaking optimality allows us to reduce the

non-linear Monge-Ampère PDE (2.7) to the linear PDE (3.36), which also arises in

the context of optimal non-linear filtering and can be adequately approximated by
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finite element methods for low dimensional problems (Yang et al. 2013, Laugesen

et al. 2015, Yang et al. 2016).

We now examine a Gaussian example where both the elliptic PDE (3.36) and

the corresponding minimal kinetic energy velocity field are analytically tractable

(Bergemann and Reich 2012). The resulting flow is equivalent to the Kalman-Bucy

filter. By exploiting linearity of (3.36), it is also possible to extend to the case

where Cπ is in the Gaussian mixture family (Reich 2012).

Example 3.7. Consider the prior distribution π0 = N (µ0,Σ0) and likelihood

function

L(x; y) = exp
(
−1

2(Hx− y)TR−1(Hx− y)
)

(3.37)

with H ∈ Rp×d for some p ∈ N, symmetric positive definite R ∈ Rp×p and

observation y ∈ Rp. By conjugacy, the curve Cπ lies in the Gaussian family,

i.e. πt = N (µt,Σt) for t ∈ [0, 1] with

Σ−1
t = Σ−1

0 + λ(t)HTR−1H, µt = Σt

(
Σ−1

0 µ0 + λ(t)HTR−1y
)
, (3.38)

and the expected log-likelihood is

It = −1
2
(
Tr(HTR−1HΣt) + (Hµt − y)TR−1(Hµt − y)

)
, (3.39)

where Tr(A) denotes the trace of a square matrix A. In this Gaussian setting, the

analytical solution to the elliptic PDE (3.36) is

φ(t, x) = −λ
′(t)
4 (Hx+Hµt − 2y)TR−1(Hx+Hµt − 2y) (3.40)

with Mt = Σ−1
t and the minimal kinetic energy velocity field (3.34) is given by

(Bergemann and Reich 2012)

f(t, x) = −λ
′(t)
2 ΣtH

TR−1(Hx+Hµt − 2y) (3.41)

which is clearly an element of L(Cπ) ∩ E(Cπ).
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3.3.2 Extended Kalman-Bucy filter

Consider a modification of Example 3.7, where we have π0 = N (µ0,Σ0) as before

but the likelihood function

L(x; y) = exp
(
−1

2(H(x)− y)TR−1(H(x)− y)
)

(3.42)

now involves a non-linear function H : Rd → Rp. Following Bunch and Godsill

(2016), we can construct an approximate flow transport based on the following

truncated Taylor expansion

H(x) ≈ H(x∗) +∇H(x∗)(x− x∗). (3.43)

for some x∗ ∈ Rd to be specified. This gives a linearized likelihood

L̂(x;x∗) = exp
(
−1

2
(
Ĥ(x∗)x− ŷ(x∗)

)T
R−1

(
Ĥ(x∗)x− ŷ(x∗)

))
(3.44)

with Ĥ(x∗) = ∇H(x∗), ŷ(x∗) = y − H(x∗) + ∇H(x∗)x∗ and the approximate

curve of probability measures

π̂t(dx;x∗) := π0(dx)L̂(x;x∗)λ(t)

π0(L̂λ(t))
= N

(
x; µ̂t(x∗), Σ̂t(x∗)

)
dx (3.45)

where

Σ̂−1
t (x∗) = Σ−1

0 + λ(t)Ĥ(x∗)TR−1Ĥ(x∗), (3.46)

µ̂t(x∗) = Σ̂t(x∗)
(
Σ−1

0 µ0 + λ(t)Ĥ(x∗)TR−1ŷ(x∗)
)
.

The main idea behind Bunch and Godsill (2016) is to “continuously refresh” the

linearization point x∗ and in this sense may be thought of as a continuous time limit

of an extended Kalman filter update. More precisely, using (3.41) with linearization

at the current state, the authors constructed an approximate flow based on

f̂(t, x) = −λ
′(t)
2 Σ̂t(x)Ĥ(x)TR−1

(
Ĥ(x)x+ Ĥ(x)µ̂t(x)− 2ŷ(x)

)
. (3.47)

Although Bunch and Godsill (2016) did not provide an error analysis, good

experimental performance was reported for highly non-linear filtering problems

in dimensions up to d = 6.
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3.3.3 Poisson equation

The following is based on Moser (1965) constructive proof to solve the Jacobian

problem mentioned in Section 2.1. The main difference from Moser’s original

construction is that we employ the curve (3.1) instead of the linear interpolation

t 7→ (1 − t)π0 + tπ, which is not suitable in our context as the normalizing

constant Z is intractable.

The key idea is to seek a velocity field of the form f(t, x) = ∇φ(t, x)/πt(x) for

some sufficiently smooth φ : [0, 1] × Rd → R. The requirement that f ∈ L(Cπ)

reduces Liouville equation (3.19) to the Poisson equation

∆φ = −∂tπt. (3.48)

We impose the tail condition |φ(t, x)| → 0 as |x| → ∞ for each t ∈ [0, 1] which

implies the vanishing property (3.26). As noted by Barron and Luo (2007), Daum

et al. (2011), the solution of (3.48) can be written as the convolution of −∂tπt and

Green’s function G : Rd → R associated to the Laplacian on Rd

φ(t, x) = −
∫
Rd
G(x− y)∂tπt(y) dy. (3.49)

For d ≥ 3, it can be shown that G(x) = |x|2−d/ ((2− d)Sd−1) where Sd−1 denotes

the surface area of a d-dimensional hypersphere. Using (3.10) and assuming validity

of differentiating under the integral1, we obtain

f(t, x) = λ′(t)
Sd−1

∫
Rd

(y − x)
|x− y|d

(logL(y)− It) πt(dy)
/
πt(x). (3.50)

If we have access to a particle approximation π̂Nt = N−1∑N
n=1 δXn

t
of πt and an

estimator ẐN
t of Zt, (3.50) can be approximated by

f̂N(t, x) = λ′(t)
Sd−1

N∑
n=1

(Xn
t − x)

|x−Xn
t |d

(
logL(Xn

t )− π̂Nt (logL)
)/

(γt(x)/ẐN
t ). (3.51)

Preliminary experiments on simple examples reveal that numerical integration of

an ODE with drift function (3.51) is very unstable as |f̂N(t, x)| → ∞ whenever

|x − Xn
t | → 0 for any n = 1, . . . , N .

1Justifying this operation is not straightforward; see Crisan and Xiong (2010; Proposition 4.1)
for the case where x 7→ logL(x) is assumed to be bounded.
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3.3.4 Incompressible flow

We now describe an method proposed by Daum and Huang (2008; 2009) and

discuss its limitations. Consider a velocity field f ∈ L(Cπ) and apply chain rule

in Liouville equation (3.19)

πt (∇ · f) + 〈∇πt, f〉 = −∂tπt. (3.52)

The authors considered using incompressible flows, i.e. restricting f to the class

of velocity fields that have zero divergence. As

〈∇πt, f〉 = −∂tπt (3.53)

is an underdetermined equation in the unknown f , an application of Cauchy-

Schwarz inequality |∂tπt| = | 〈∇πt, f〉 | ≤ |∇πt||f | shows that the minimal kinetic

energy solution is

f(t, x) = −∂tπt(x)∇πt(x)
|∇πt(x)|2 = λ′(t) (It − logL(x))∇ log πt(x)

|∇ log πt(x)|2 . (3.54)

As incompressible flows preserve Lebesgue measure (Leimkuhler and Matthews

2015; p. 72), we expect (3.54) to be sensible only when the flow transport can

be achieved by such flow maps. In the following example, we illustrate that

the equivalence between the Eulerian and Lagrangian perspectives, necessary to

guarantee validity of the above construction, might break down for certain curves

of probability measures.

Example 3.8. Consider the one-dimensional case d = 1 with prior distribution

π0 = N (µ0, σ
2
0) and likelihood function L(x) = exp(ax2 + bx) for some (a, b) ∈

(−∞, 1/(2σ2
0))×R. By conjugacy, Cπ lies in the Gaussian family, i.e. πt = N (µt, σ2

t )

for t ∈ [0, 1] with

σ2
t = σ2

0
1− 2aσ2

0λ(t) , µt = σ2
t

σ2
0

(
µ0 + bσ2

0λ(t)
)
. (3.55)

We first examine the case a = 0, b 6= 0. Since the variance σ2
t = σ2

0 remains

constant and only the mean µt changes with time, the flow transport can be achieved
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by translations so we expect (3.54) to induce well-defined flow maps. This is indeed

the case as f(t, x) = bσ2
0λ
′(t), therefore the ODE (3.17) admits a unique solution

and flow maps Tt(x0) = x0 + bσ2
0λ(t) satisfy πt = Tt#π0 for all t ∈ [0, 1].

In contrast, we move to the case a 6= 0, b = 0 and for concreteness we set

a = −1/2, µ0 = 0, σ2
0 = 1, λ(t) = t. Under this setting, the mean µt = 0 remains

constant while the variance σ2
t = (1 + t)−1 decreases with time, so we expect any

valid flow transport to have a mean-reverting behaviour towards the origin. As

f(t, x) = − x

2(1 + t) + 1
2x(1 + t)2 , (3.56)

this is observed for particles that are far enough away from the origin (|x| >

1/
√

1 + t) where the linear term in (3.56) is dominant (see left panel of Figure

3.2). The strong repelling force experienced by particles near the origin, where the

second term in (3.56) dominates, is consistent with the incompressibility assumption:

particles are pushed towards the origin but the flow cannot be compressed and hence

the singularity at the origin. In fact, the flow maps are not well-defined in this case

as the corresponding ODE with drift function f admits two solutions given by

x(t;x0) =
±
√

2x2
0 + 2 log (1 + t)
√

2
√

1 + t
(3.57)

for t ∈ [0, 1].

3.3.5 A solution on R

We now focus on the one-dimensional case d = 1 as our main construction for

d > 1 partially builds upon it. In this case, there is a rather well-known solution

to the flow transport problem; for example see Barron and Luo (2007). Moreover,

we establish that this in fact coincides with the minimal kinetic energy velocity

field described in Section 3.3.1.

Proposition 3.9. Define the velocity field f : [0, 1]× R→ R as

f(t, x) := −
∫ x
−∞ ∂tπt(y) dy
πt(x) . (3.58)
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If there exists an ε > 0 such that x 7→ |f(t, x)|πt(x) = O(|x|−1−ε) as |x| → ∞ with

a constant that is independent of t ∈ [0, 1], then the velocity field (3.58) lies in

L(Cπ) ∩ E(Cπ) and thus solves the flow transport problem on R. It is additionally

the minimal kinetic energy solution defined in (3.34) for any mass Mt ∈ R+.

Proof. Using continuity of π0, L and positivity of L, an application of the first

fundamental theorem of calculus shows that f ∈ L(Cπ). The assumptions on π0 and

L imply f ∈ C1([0, 1]× R,R); hence for any compact set A ⊂ R, its derivative is

bounded on [0, 1]×A and local Lipschitzness A1 follows. The integrability condition

A2 follows from the prescribed tail behaviour of x 7→ |f(t, x)| πt(x) uniformly over

t ∈ [0, 1]. Hence f ∈ L(Cπ)∩ E(Cπ) and appealing to Theorem 3.5 shows that (3.58)

solves the flow transport problem.

To see that (3.58) is indeed the minimal kinetic energy solution, we note that

the optimality condition in (3.36) requires existence of a function φ : [0, 1]×R→ R

such that f(t, x) = M−1
t ∇φ(t, x) and ∂tπt = −∇ · (πtM−1

t ∇φ). The former is

trivially satisfied as a consequence of working on R since we may set φ(t, x) =

Mt

∫ x
c f(t, y) dy <∞ for any c < x and the latter follows since f ∈ L(Cπ).

We note that the velocity field (3.58) satisfies the vanishing property by

construction as x 7→
∫ x
−∞ ∂tπt(y) dy vanishes in the tails. From (3.10), (3.58)

may be re-written as

f(t, x) = λ′(t)It (Ft(x)− Ixt /It)
πt(x) , (3.59)

where Ixt :=
∫ x
−∞ logL(y)πt(y) dy and Ft(x) :=

∫ x
−∞ πt(y) dy is the CDF of πt. In the

Lagrangian perspective, the velocity field (3.59) may be likened to driving a vehicle.

The denominator corresponds to the accelerator since, for example, particles in

the tails of πt need to speed up to meet the changing schedule of intermediate

distributions. Also, it is intuitive that particle speeds are proportional to the

rate λ′(t) at which we introduce the likelihood. The numerator amounts to the

steering wheel: a particle’s direction of travel is given by the relative difference

between its current location x, described by the term Ft(x), and where the particle
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needs to go, prescribed by the term Ixt /It ∈ [0, 1] which contains information from

the likelihood. We now investigate the behaviour of this flow in a Gaussian

scenario to build intuition.

Example 3.10. As noted in Proposition 3.9, the velocity field in (3.58) corresponds

exactly to (3.41) when d = 1. For a more concrete example, we re-visit the

setup in the second part of Example 3.8 where the curve Cπ of interest was πt =

N (0, (1 + t)−1) for t ∈ [0, 1]. In this case, (3.58) gives a linear mean-reverting drift

towards the origin

f(t, x) = − x

2(1 + t) . (3.60)

The right panel of Figure 3.2 also illustrates this behaviour with the steering property

mentioned earlier: since It = −1/(2(1 + t)) < 0 for all t ∈ [0, 1], reversion to

the stable stationary point at the origin dictates that Ft(x) < Ixt /It for x < 0 and

Ft(x) > Ixt /It for x > 0.
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Figure 3.2: (Left) Comparing the incompressible flow with the 1D flow transport solution.
(Right) Illustrating steering property of (3.59) on univariate Gaussian example.

3.3.6 An incorrect solution in Rd, d ≥ 2

It is tempting to extend the flow transport solution in Proposition 3.9 from R to

Rd, d ≥ 2, by simply introducing the velocity field f̄ =
(
f̄1, . . . , f̄d

)T
given by

f̄i(t, x) := −αi
∫ xi
−∞ ∂tπt(yi, x−i) dyi

πt(x) (3.61)
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for i = 1, . . . , d, where αi ∈ R and the integrand of (3.61) is to be understood as

∂tπt(x1, . . . , xi−1, yi, xi+1, . . . , xd). This velocity field has been previously mentioned

in Barron and Luo (2007) and using the same arguments in the proof of Proposition

3.9, it follows that f̄ ∈ L(Cπ) whenever ∑d
i=1 αi = 1. However it is easy to see

that |f̄i(t, x)|πt(x) 9 0 as xi →∞ for any i = 1, . . . , d, so condition A2 does not

hold. Hence f̄ /∈ E(Cπ) so Theorem 3.5 does not apply. On a simple Gaussian

example detailed below, we show that an ODE with drift function f̄ results in

divergent particle trajectories.

Example 3.11. Consider πt = N (µt,Σt) with parameters given by (3.38) where

µ0 = 02,Σ0 = H = R = I2 and y = 02. This setup corresponds to independent

components marginally distributed according to the univariate Gaussian model of

Example 3.10. Hence we would expect a particle under a valid flow transport to

have a mean-reverting behaviour towards the origin. The velocity field in (3.61) has

the form
(
f̄1(t, x)
f̄2(t, x)

)
=
 α1

2πt(x1)

(∫ x1
−∞ y

2
1πt(y1) dy1 + x2

2Ft(x1)− Ft(x1)
1+t

)
α2

2πt(x2)

(∫ x2
−∞ y

2
2πt(y2) dy2 + x2

1Ft(x2)− Ft(x2)
1+t

) (3.62)

for x = (x1, x2)T ∈ R2 and t ∈ [0, 1], where πt = N (02, (1 + t)−1I2) and Ft(xi)

denotes the marginal CDFs. We note that the two components of the velocity field

are coupled.

Now consider α1, α2 > 0 with α1 + α2 = 1. We investigate the behaviour of

particles in the upper-right quadrant of the space. For each t ∈ [0, 1], define the sets

St :=
{
x ∈ R2 : x1, x2 > 1/

√
1 + t

}
, Pt :=

{
x ∈ R2 : f̄(t, x) > 02

}
and note from

(3.62) that S0 ⊂ St ⊂ Pt for any t ∈ (0, 1]. Since π0(S0) > 0, we can conclude

that there exist particle trajectories which only move farther away from the origin

with positive probability. Analytical tractability in this simple example allows us to

strengthen the previous statement and show that these trajectories in fact blow up

in finite time. We start by seeking a lower bound on f̄ ; by symmetry, it suffices

to consider only the first component. On the set S0 we have
∫ x1
−∞ y

2
1πt(y1) dy1 >
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1
2(1+t) ≥

1
4 , hence

f̄1(t, x) ≥ c

4 exp
(1

2x
2
1

)
≥ c

32x
4
1 (3.63)

with c := α1
√
π

2 > 0. Now consider an uncoupled system of ODE with drift function(
f̂1(t, x1)
f̂2(t, x2)

)
:=
(

c
32x

4
1

c
32x

4
2

)
≤
(
f̄1(t, x)
f̄2(t, x)

)
, (3.64)

and note that its solution xi(t;x0,i) = 1/ 3

√
3
(

1
3x3

0,i
− c

32t
)
, corresponding to an

initial condition x0 = (x0,1, x0,2)T ∈ R2, diverges as t → 32
3c x3

0,i
. Define the set

V =
{
x ∈ R2 : x1, x2 >

3
√

32
3c

}
. Noting that f̂ is locally Lipschitz and component-

wise increasing, the comparison theorem (Walter 1998; Theorem III.10.XII (b))

implies that a particle starting in S0 ∩ V and evolving under (3.62) has a trajectory

that explodes before t = 1. Since π0(S0 ∩ V) > 0, we conclude the claim that there

exist divergent particle trajectories with positive probability.

3.3.7 A solution in Rd, d ≥ 1

The main reason why the flow induced by the velocity field f̄ in (3.61) fails to

solve the flow transport problem for d ≥ 2 is because f̄ does not vanish in the

tails. In the following, we show that the introduction of some regularizing functions

allows us to resolve this issue.

Proposition 3.12. For i = 1, . . . , d − 1 let gi ∈ C2([0, 1] × R, [0, 1]) be a non-

decreasing function with the following tail behaviour: gi(t, xi) → 0 as xi → −∞

and gi(t, xi)→ 1 as xi →∞. Denote partial derivatives ∂xigi(t, xi) by g′i(t, xi) and

define the velocity field f : [0, 1]× Rd → Rd as

fi(t, x) := −
 i−1∏
j=1
g′j(t, xj)

∫ xi

−∞

∫
Ri−1

∂tπt(y1:i−1, yi, xi+1:d) dy1:i−1dyi (3.65)

−
i−1∏
j=1

g′j(t, xj)gi(t, xi)
∫
Ri
∂tπt(y1:i, xi+1:d) dy1:i

/πt(x)

for i = 1, . . . , d− 1 (using the convention ∏0
1 := 1) and

fd(t, x) := −
 d−1∏
j=1

g′j(t, xj)
∫ xd

−∞

∫
Rd−1

∂tπt(y1:d−1, yd) dy1:d−1dyd

/πt(x). (3.66)
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If there exists an ε > 0 such that x 7→ |f(t, x)|πt(x) = O(|x|−1−ε) as |x| → ∞ with

a constant that is independent of t ∈ [0, 1], then the velocity field (3.65)-(3.66) lies

in L(Cπ) ∩ E(Cπ) and thus solves the flow transport problem on Rd, d ≥ 1.

Proof. The arguments are similar to those in Proposition 3.9. By straightforward

verification f ∈ L(Cπ):

∇ · (πtf) =
d∑
i=1

∂xi(πt(x)fi(t, x)) (3.67)

= −
d−1∑
i=1

∂xi

 i−1∏
j=1

g′j(t, xj)
∫
Ri−1

∫ xi

−∞
∂tπt(y1:i−1, yi, xi+1:d) dy1:i−1dyi

−
i−1∏
j=1

g′j(t, xj)gi(t, xi)
∫
Ri
∂tπt(y1:i, xi+1:d) dy1:i


− ∂xd

 d−1∏
j=1

g′j(t, xj)
∫
Rd−1

∫ xd

−∞
∂tπt(y1:d−1, yd) dy1:d−1dyd


= −

d−1∑
i=1

 i−1∏
j=1

g′j(t, xj)
∫
Ri−1

∂tπt(y1:i−1, xi, xi+1:d) dy1:i−1

−
i∏

j=1
g′j(t, xj)

∫
Ri
∂tπt(y1:i, xi+1:d) dy1:i


−

d−1∏
j=1

g′j(t, xj)
∫
Rd−1

∂tπt(y1:d−1, xd) dy1:d−1

= −∂tπt.

The penultimate line applies the first fundamental theorem of calculus and the final

equality comes from the telescopic sum. The assumptions on π0, L and {gi}d−1
i=1 imply

f ∈ C1([0, 1] × Rd,Rd); hence local Lipschitzness A1 follows. The integrability

condition A2 follows from the prescribed tail behaviour of x 7→ |f(t, x)| πt(x)

uniformly over t ∈ [0, 1]. Hence f ∈ L(Cπ) ∩ E(Cπ) and appealing to Theorem 3.5

completes the proof.

As before, we note that (3.65)-(3.66) satisfies the vanishing property by con-

struction. To see this, observe that x 7→ |fi(t, x)|πt(x) vanishes in the tails for

i = 1, . . . , d − 1 as this is so of x 7→ ∂tπt(x) and our assumptions imply that

g′i(t, xi)→ 0 as |xi| → ∞. This also holds for x 7→ |fd(t, x)|πt(x) using, additionally,

the fact that
∫
Rd ∂tπt(y) dy = 0.
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Note that Proposition 3.12 recovers Proposition 3.9 in the d = 1 case. A careful

inspection of (3.65)-(3.66) reveals that the dynamics are constructed to track changes

in the underlying conditionals {πt(dxi|x1:i−1)}di=2 and in this sense may be thought

of as the flow transport analogue of the Knothe-Rosenblatt transport (Section 2.3).

Our construction is a generalization of a method proposed by Bokanowski and

Grébert (1996) to build a compactly supported three-dimensional velocity field

solving a flow transport problem in the context of molecular quantum chemistry.

Proposition 3.12 leaves a degree of freedom over the choice of scalar functions

{gi}d−1
i=1 . We advocate choosing {gi}d−1

i=1 so that the velocity field on Rd reduces

to d many independent velocity fields on R if the posterior distribution π and

hence the curve Cπ factorizes, i.e. if we can write πt(x) = ∏d
i=1 πt(xi) where

πt(xi) = π0(xi)Li(xi)λ(t)/Zi(t). More precisely, we would like the original Liouville

equation defined on (0, 1) × Rd to simplify to a system of uncoupled Liouville

PDEs each defined on (0, 1) × R:

∂tπt(xi) = −∂xi(πt(xi)fi(t, xi)) (3.68)

for i = 1, . . . , d and solved by Proposition 3.9. We shall refer to velocity fields which

exhibit this behaviour as having the factorization under independence property.

Proposition 3.13. If gi(t, xi) = Ft(xi) for i = 1, . . . , d− 1, then the velocity field

defined in (3.65)-(3.66) factorizes if the posterior distribution π factorizes.

Proof. Note that g′i(t, xi) = πt(xi) and define I(i)
t :=

∫
R logLi(xi)πt(xi) dxi. From
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(3.65), for i = 1, . . . , d− 1

fi(t, x) = λ′(t)∏d
l=1 πt(xl)

 i−1∏
j=1

πt(xj)
∫ xi

−∞

∫
Ri−1

It − i∑
l=1

logLl(yl)−
d∑

k=i+1
logLk(xk)


×

i∏
j=1

πt(yj)
d∏

k=i+1
πt(xk) dy1:i−1dyi

−
i−1∏
j=1

πt(xj)
∫ xi

−∞
πt(yi) dyi

∫
Ri

It − i∑
l=1

logLl(yl)−
d∑

k=i+1
logLk(xk)


×

i∏
j=1

πt(yj)
d∏

k=i+1
πt(xk) dy1:i

,
= λ′(t)
πt(xi)

∫ xi

−∞
πt(yi) dyi

It − i−1∑
l=1

I
(l)
t −

d∑
k=i+1

logLk(xk)


−
∫ xi

−∞
logLi(yi)πt(yi) dyi −

∫ xi

−∞
πt(yi) dyi

It − i∑
l=1

I
(l)
t −

d∑
k=i+1

logLk(xk)


= λ′(t)
πt(xi)

∫ xi

−∞
(I(i)
t − logLi(yi))πt(yi) dyi

, (3.69)

and from (3.66)

fd(x, t) = λ′(t)∏d
l=1 πt(xl)

 d−1∏
j=1

πt(xj)
∫ xd

−∞

∫
Rd−1

d∑
l=1

(I(l)
t − logLl(yl))

d∏
k=1

πt(yk) dy1:d−1dyd

,
= λ′(t)
πt(xd)

∫ xd

−∞
πt(yd) dyd

 d∑
l=1

I
(l)
t −

d−1∑
l=1

I
(l)
t

− ∫ xd

−∞
logLd(yd)πt(yd) dyd


= λ′(t)
πt(xd)

∫ xd

−∞
(I(d)
t − logLd(yd))πt(yd) dyd

. (3.70)

The above result is intuitive: although Proposition 3.12 holds for any set of

admissible scalar functions {gi}d−1
i=1 , access to marginal information allows us to

construct a flow with more structure.

Example 3.14. Consider the Gaussian curve in Example 3.7 with model parameters

µ0 = 02,Σ0 = H = I2, R =
(

1 ρ
ρ 1

)
, ρ = 0.85, y = (14.25, 14.25)T . We see from

(3.38) that as time progresses, the independent prior distribution simultaneously gets

deformed and translated. Figure 3.3 illustrates that, on average, particles driven by

(3.34) require less kinetic energy than that of (3.65)-(3.66) using scalar function g1
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specified in Proposition 3.13. However, in the general non-Gaussian case, obtaining

the minimal kinetic energy velocity field requires numerical resolution of the elliptic

PDE (3.36).
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Figure 3.3: Bivariate Gaussian example. Three particle trajectories driven under
different velocity fields but with the same initial conditions in both panels: (left) minimal
kinetic energy velocity field (3.34); (right) velocity field (3.65)-(3.66) in Proposition 3.12.
The asterisk symbols displayed correspond to time steps taken by an adaptive explicit
fourth-order Runge-Kutta numerical integrator.

3.3.8 Gibbs flow approximation

Despite the explicit form of the flow transport solution on Rd introduced in

Proposition 3.12, this flow still lacks tractability as a numerical implementation

would require computing integrals of dimension up to d. For computational

tractability, we approximate this flow transport by constructing a flow which

tracks changes in the underlying full conditional distributions {πt(dxi|x−i)}di=1 of

the distribution πt instead. This amounts to having a coupled system of d one-

dimensional flow transport problems for each of the full conditionals, which can

be solved by computing only one-dimensional integrals in view of Proposition 3.9.

We shall refer to this approximation as the Gibbs flow. Note the price to pay for

this tractability: except when the posterior distribution factorizes, this flow does

not solve the flow transport problem and only approximately tracks the curve Cπ.

We now make these ideas more precise in the following proposition.
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Proposition 3.15. Consider the Gibbs velocity field f̃ =
(
f̃1, . . . , f̃d

)T
defined for

i = 1, . . . , d by

f̃i(t, x) := −
∫ xi
−∞ ∂tπt(yi|x−i) dyi
πt(xi|x−i)

= λ′(t)It(x−i) (Ft(xi|x−i)− Ixit (x−i)/It(x−i))
πt(xi|x−i)

,

(3.71)

where

Ixit (x−i) :=
∫ xi

−∞
logL(yi, x−i)πt(yi|x−i) dyi, (3.72)

It(x−i) :=
∫ ∞
−∞

logL(yi, x−i)πt(yi|x−i) dyi,

and Ft(xi|x−i) :=
∫ xi
−∞ πt(yi|x−i) dyi is the CDF of πt(dxi|x−i). The Gibbs velocity

field solves the following system of coupled Liouville equations

∂tπt(xi|x−i) = −∂xi(πt(xi|x−i)f̃i(t, x)) (3.73)

for i = 1, . . . , d, each of which defined on (0, 1)×R. Additionally, if lim|x|→∞ L(x) =

0, then for any initial condition x0 ∈ Rd, an ODE with drift function (3.71) admits

a unique solution on [0, 1].

Proof. Using continuity of π0 and L, routine application of the first fundamental

theorem of calculus shows that the coupled system of ODEs corresponding to (3.71)

solves (3.73). The assumptions on π0 and L imply f̃ ∈ C1([0, 1]× Rd,Rd); hence

for any compact set A ⊂ Rd, its derivative is bounded on [0, 1] × A and local

Lipschitzness follows.

Recall that since f̃ is locally Lipschitz, we need to demonstrate that the solution

x(t;x0) of an ODE with drift function f̃ is bounded whenever it exists to complete

the proof. Boundedness will be obtained by establishing that V (x) := |x|2 is a

Lyapunov function. It can be shown that the time evolution of each full conditional

distribution is given by

∂tπt(xi|x−i) = λ′(t) (logL(x)− It(x−i))πt(xi|x−i). (3.74)

By assumption logL(x) → −∞ as |x| → ∞, so for each x−i ∈ Rd−1, there

exists Ri > 0 such that logL(x) < It(x−i) for |xi| > Ri. This implies that
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xi 7→ −xi
∫ xi
−∞ ∂tπt(yi|x−i) dyi = xi

∫∞
xi
∂tπt(yi|x−i) dyi < 0. Therefore we may

choose a sufficiently large R > 0 such that

d

dt
V (x) = 2

〈
x, f̃(t, x)

〉
< 0 (3.75)

for x ∈ Rd \ B(0, R), where B(0, R) := {x ∈ Rd : |x| < R}. It follows that

|x(t;x0)| < max{R, |x0|} for all t ∈ [0, 1].

Equation (3.71) is the full conditional analogue of (3.59), so the interpretations

made in Section 3.3.5 now carry over to each full conditional level. We stress that an

evaluation of the Gibbs velocity field only requires computation of one-dimensional

integrals as the normalizing constant Z(t) cancels in the expression:

f̃i(t, x) = λ′(t)

Ft(xi|x−i)
∫ ∞
−∞

logL(yi, x−i)π0(yi, x−i)L(yi, x−i)λ(t) dyi (3.76)

−
∫ xi

−∞
logL(yi, x−i)π0(yi, x−i)L(yi, x−i)λ(t) dyi


/
π0(x)L(x)λ(t)

for i = 1, . . . , d, where

Ft(xi|x−i) =
∫ xi
−∞ πt(yi, x−i) dyi∫∞
−∞ πt(zi, x−i) dzi

=
∫ xi
−∞ π0(yi, x−i)L(yi, x−i)λ(t) dyi∫∞
−∞ π0(zi, x−i)L(zi, x−i)λ(t) dzi

. (3.77)

When initialized at π̃0 = π0, under the conditions of Proposition 3.15, f̃ induces

a curve of probability measures Cπ̃ = {π̃t}t∈[0,1] in the sense that f̃ ∈ L(Cπ̃). In

the following proposition, we establish a quantitative bound between π̃t and πt as

a function of the following time-dependent local error which compares how much

the Gibbs flow mimics the desired change in mass (3.10):

εt(x) :=
∣∣∣∂tπt(x) +∇ · (πt(x)f̃(t, x))

∣∣∣ (3.78)

=
∣∣∣∣∣∂tπt(x)−

d∑
i=1

∂tπt(xi|x−i)πt(x−i)
∣∣∣∣∣ (3.79)

= λ′(t)πt(x)
∣∣∣∣∣logL(x)− It −

d∑
i=1

(logL(x)− It(x−i))
∣∣∣∣∣ (3.80)

for (t, x) ∈ (0, 1)× Rd. Recall that when deriving Liouville’s equation in Section

3.2.1, we summed over all axes in (3.23) to obtain the net rate at which probability

mass is accumulating in a given control volume. The sum in (3.79) reveals that
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there is no interaction between components of (3.71), i.e. no information about

how much probability mass is changing in a particular direction is shared with the

other components, in contrast with the telescopic sum in the proof of Proposition

3.12. The latter behaviour is a consequence of breaking down a global problem

in d dimensions to d many one-dimensional problems.

Proposition 3.16. Let Cπ = {πt}t∈[0,1] be the curve of probability measures defined

in (3.1). Assume the conditions of Proposition 3.15 and denote by Cπ̃ = {π̃t}t∈[0,1]

the curve of probability measures induced by the Gibbs velocity field f̃ defined in

(3.71) when initialized at π̃0 = π0. Suppose additionally that |f̃(t, x)| π̃t(x)→ 0 as

|x| → ∞ for each t ∈ [0, 1]. Then the error involved in the Gibbs flow transport

approximation is characterized by the following inequality for t ∈ (0, 1]

‖π̃t − πt‖2
L2(dx) ≤ t

∫ t

0
‖εs‖2

L2(dx) ds · exp
(

1 +
∫ t

0
‖∇ · f̃(s, ·)‖∞ ds

)
. (3.81)

Proof. Since L(Cπ) ∩ E(Cπ) is non-empty by Proposition 3.12, let f be a velocity

field from this set. Note that the time evolution of the distributions {π̃t}t∈[0,1]

induced by f̃ is governed by another Liouville equation:

∂tπ̃t = −∇ · (π̃tf̃). (3.82)

Define ∆ : [0, 1]× Rd → R as the difference ∆t := πt − π̃t. By taking the difference

between

∂tπt = −∇ · (πtf) (3.83)

and (3.82) and introducing a cross term, we obtain

∂t∆t = −∇ · (πt(f − f̃) + ∆tf̃). (3.84)

Multiplying throughout by ∆t and applying chain rule yields

1
2∂t∆

2
t = −(∇ · f̃)∆2

t −
1
2
〈
f̃ ,∇∆2

t

〉
−∇ · (πt(f − f̃))∆t. (3.85)
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We then integrate by parts and note that the boundary term vanishes since x 7→

|f̃(t, x)| π̃t(x) vanishes in the tails by assumption and x 7→ |f̃(t, x)| πt(x) also

vanishes in the tails under the construction (3.71):

∂t‖∆t‖2
L2(dx) = −

∫
Rd

(∇ · f̃)∆2
t dx− 2

∫
Rd
∇ · (πt(f − f̃))∆t dx. (3.86)

Using Young’s inequality gives

∂t‖∆t‖2
L2(dx) ≤

∣∣∣∣∫
Rd

(∇ · f̃)∆2
t dx

∣∣∣∣+ 2
∣∣∣∣∫

Rd
∇ · (πt(f − f̃))∆t dx

∣∣∣∣ (3.87)

≤ ‖∇ · f̃(t, ·)‖∞‖∆t‖2
L2(dx) + δ−1‖∆t‖2

L2(dx) + δ‖εt‖2
L2(dx)

for any δ > 0. Since π̃0 = π0, integrating both sides of (3.87) on [0, t] yields

‖∆t‖2
L2(dx) ≤ δ

∫ t

0
‖εs‖2

L2(dx) ds+
∫ t

0

(
‖∇ · f̃(s, ·)‖∞ + δ−1

)
‖∆s‖2

L2(dx) ds. (3.88)

Now applying Gronwall’s lemma on the time interval [0, t] combined with the fact

that t 7→ δ
∫ t

0 ‖εs‖2
L2(dx) ds is non-decreasing:

‖∆t‖2
L2(dx) ≤ δ

∫ t

0
‖εs‖2

L2(dx) ds · exp
(
t

δ
+
∫ t

0
‖∇ · f̃(s, ·)‖∞ ds

)
. (3.89)

Lastly, minimizing this upper bound with respect to δ gives (3.81).

The upper bound (3.81) is tight in the sense that it is equal to zero when

the posterior distribution factorizes. When this is not the case, we observe that

the bound deteriorates with time which is expected as errors accumulate. This

bound also suggests that the tempering function λ(t) should be chosen such that

its derivative λ′(t) is small at those time instances when the integrated local error

‖εt‖2
L2(dx) is large, as this would reduce the magnitude of the resulting L2-error.

Lastly, we note that the result is also applicable to other approximate flow transport

as long as the local errors are measured in terms of (3.78).

To illustrate the nature of the Gibbs flow approximation, we return to Example

3.14 and observe the L2-error at varying degrees of correlation, induced by the

parameter ρ, and extremality of the observation y. The left panel of Figure 3.4

shows that while performance degrades with ρ, as expected from our construction,

the approximation is able to exploit any local independence structure in the target
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distributions, thus keeping the error reasonably small for moderate degrees of

correlation. The right panel of Figure 3.4 reveals the inadequacy of the approxima-

tion when the overlap between the prior distribution and the likelihood function

decreases, which is also to be expected.
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Figure 3.4: Bivariate Gaussian example. Error in L2-norm at varying degrees of
correlation ρ (left) and extremality of the observation y (right).

3.4 Gibbs flow implementation

3.4.1 Quadrature and numerical integration

Consider an ODE with the Gibbs velocity field (3.71) initialized at X0 ∼ π0. A

practical implementation of the Gibbs flow involves two source of approximations.

Firstly, for most non-trivial problems, the integrals in the expression of the velocity

field will not be analytically tractable so numerical approximation is necessary.

Secondly, as the resulting ODE is also typically intractable, the use of a numerical

integration scheme is also required. We now detail both approximations.

Observe from (3.76) that each evaluation of the Gibbs velocity field requires

computing integrals of the form
∫
D ϕ(yi, x−i) dyi for some integrand ϕ and domain

D ⊆ R. Here we consider the class of composite Newton-Cotes quadrature rules

∫
D
ϕ(yi, x−i) dyi ≈

R∑
r=1

ωrϕ(zr, x−i) (3.90)
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where {ωr}Rr=1 are quadrature weights which depend on the degree of the approxi-

mation and {zr}Rr=1 are R ∈ N many equispaced quadrature points in D (Iserles

2009; p. 34). Non-equispaced quadrature points, corresponding to other quadrature

methods such as Gaussian quadrature and Clenshaw-Curtis quadrature, can also

be used and may offer more stability and accuracy. We take (3.90) to be of the

closed type, i.e. z1 and zR take the endpoints of D.2 In what follows, the latter

choice will be convenient when approximating integrals on domains of the type

D = (−∞, xi] for xi < ∞. The composite quadrature rule (3.90) is derived by

integrating Lagrange interpolation polynomials on subintervals; the degree of which

dictates the accuracy of the approximation on each subinterval. We shall henceforth

denote a numerical approximation of the Gibbs velocity field f̃(t, x) by f̂(t, x).

For ease of presentation, here we consider the forward Euler scheme to nu-

merically integrate an ODE with the approximate Gibbs velocity field f̂(t, x) at

times 0 =: t0 < · · · < tM := 1 for some M ∈ N. At time t = 0, we initialize

a particle by sampling X0 ∼ π0. Subsequently, for m = 1, ...,M , we move the

particle with location Xm−1 at time tm−1 to location Xm at time tm = tm−1 + ∆tm
using the iteration

Xm := Φm(Xm−1) := Xm−1 + ∆tmf̂(tm−1, Xm−1), (3.91)

which can be re-written as

Xm := T̂tm(X0) := Φm ◦ · · · ◦Φ1(X0). (3.92)

More intricate higher order methods can also be used to define the mappings

{Φm}Mm=1. However, as the Jacobians of these maps are needed in our context (see

(3.93) and (3.95) below), implementation quickly becomes cumbersome. Additional

smoothness assumptions would also be needed for these methods to achieve their

full potential. For increased stability, implicit methods could also be considered

but we prefer embedding a potentially less stable explicit scheme in the correction

structure afforded by importance sampling to solving the non-linear equations

that would otherwise arise.
2Unbounded domains are treated with suitable truncation.
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3.4.2 Distribution of approximate Gibbs flow samples

We now show that it is possible to compute the distribution π̂tm of Xm generated

by the iteration (3.92). This allows us to use the approximate Gibbs flow as a

proposal distribution within importance sampling (Section 1.2.2), MCMC (Section

1.2.3) or SMC (Section 1.2.4) methods.

In Proposition 3.15 we showed that, under mild assumptions, an ODE with

the Gibbs velocity field admits a unique solution; hence the Gibbs flow maps

{T̃t}t∈[0,1] are well-defined and are by construction C1-diffeomorphisms. Therefore

the maps {T̂tm}Mm=1 defined in (3.92), which are consistent approximations of

{T̃t}t∈[0,1], will be injective for sufficiently small step sizes {∆tm}Mm=1 and an adequate

quadrature approximation – see Bunch and Godsill (2016), Liu and Wang (2016)

for similar arguments. Under these conditions, it follows from (2.3) that the density

of π̂tm = T̂tm#π0 is given by

π̂tm(x) = π0
(
T̂−1
tm (x)

) ∣∣∣det
(
∇T̂tm

(
T̂−1
tm (x)

))∣∣∣−1
, (3.93)

where T̂−1
tm : Rd → Rd and ∇T̂tm : Rd → Rd×d denote the inverse and Jacobian

matrix of T̂tm respectively. In numerical implementations, monotonicity may be

monitored by checking for any sign changes in the Jacobian determinant.

We see from (3.91)-(3.92) that computing the Jacobian of T̂tm requires the

Jacobians of the mappings Φm for k = 1, . . . ,m, which in turn requires the Jacobian

of f̂ . Analytical tractability of the Gibbs velocity field allows us to obtain an

exact expression of the Jacobian of f̃ (see Appendix A.1). When integrals in f̃

are replaced by quadrature approximations (3.90) to yield f̂ , it turns out that

the Jacobian of f̂ can be obtained by replacing integrals in the Jacobian of f̃

with approximations based on the same quadrature rule. This result follows

straightforwardly for off-diagonal terms of the Jacobian matrix using linearity.

For diagonal entries, we have to compute partial derivatives with respect to xi
of approximations of integrals of the form

∫ xi
−∞ ϕ(yi, x−i) dyi, which can be done

using the following argument. Denote by ϕ̂ the underlying Lagrange interpolant
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giving rise to the quadrature rule (3.90). Using the first fundamental theorem of

calculus and the closed property of (3.90) gives

∂xi

R∑
r=1

ωrϕ(zi, x−i) = ∂xi

∫ xi

−∞
ϕ̂(yi, x−i) dyi = ϕ̂(xi, x−i) = ϕ(xi, x−i). (3.94)

Hence with N ∈ N iid samples {Xn
m}Nn=1 from π̂tm , we can form a particle

approximation of πtm using∑N
n=1W

n
mδXn

m
, where the normalized weights are given by

W n
m ∝

πtm(Xn
m)

π̂tm(Xn
m) ∝ W n

m−1
πtm(Xn

m)
πtm−1(Xn

m−1) |det (∇Φm(Xn
m−1))|−1 (3.95)

for m = 1, . . . ,M with initialization W n
0 = N−1. In the SMC sampler framework,

we note that (3.95) corresponds to employing the optimal backward kernel (1.49),

which is tractable in this case owing to the use of deterministic dynamics.

At each time iteration, the computational cost involved is O(dR) to perform

quadrature plus the cost involved in computing the Jacobian determinant of a

d× d matrix. In general, the latter has a computational cost of order O(d3); that

said, there are more efficient implementations such as the Strassen algorithm with

slightly lower cost. However, this cost will be significantly lowered in statistical

models with conditional independence structures since, by construction, the Gibbs

flow will exploit such structures to yield sparse Jacobian matrices – see Equation

(3.71). For example, the Jacobian associated to a chain-shaped undirected graphical

model is a tridiagonal matrix, so computing its determinant only requires a cost

that is linear in d.

3.4.3 Combining the Gibbs flow with annealed importance
sampling

The AIS algorithm, described in Section 1.2.4, performs poorly whenever the under-

lying MCMC kernels {Km}Mm=1 mix slowly and/or the intermediate distributions

{πtm}Mm=1 are too distant. In such a scenario, it is natural to combine the Gibbs

flow with AIS. Similar ideas were suggested by Vaikuntanathan and Jarzynski

(2008; 2011) but the authors did not propose a generic methodology to construct

an approximate flow transport.
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Practically, for n = 1, . . . , N , one initializes by sampling Xn
0 ∼ π0 and setting

X̃n
0 = Xn

0 , and for m = 1, . . . ,M , iterate by setting Xn
m = Φm(X̃n

m−1) and sampling

X̃n
m ∼ Km(Xn

m, ·). Such a procedure falls under the SMC framework: by choosing

the optimal backward kernel (1.49) for the deterministic maps {Φm}Mm=1 and the

time reversed backward kernel (1.54) for the MCMC kernels {Km}Mm=1, a particle

approximation of πtm is given by ∑N
n=1W

n
mδX̃n

m
, where the normalized weights are

defined by the following recursion

W n
m ∝ W n

m−1
πtm(Xn

m)
πtm−1(X̃n

m−1)
∣∣∣det

(
∇Φm(X̃n

m−1)
)∣∣∣−1 (3.96)

for m = 1, . . . ,M with initialization W n
0 = N−1. We summarize the resulting

sampler in Algorithm 2.

Re-visiting Example 3.14, Figure 3.5 illustrates the difference in terminal particle

locations when running solely Gibbs flow, AIS and combining Gibbs flow with AIS.

We observe that the combination of the diffusive behaviour of RWMH kernels used

within AIS moves and the deterministic mappings obtained by approximating the

Gibbs flow provides particles whose terminal positions overlap much better with

the support of the posterior distribution than using solely Gibbs flow or AIS.
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Figure 3.5: Bivariate Gaussian example. Terminal particle positions of N = 500 prior
samples whose time evolution were prescribed by: (left) Gibbs flow iteration in (3.91);
(middle) AIS with random walk Metropolis-Hastings (RWMH) kernels; (right) combining
(3.91) with the corresponding RWMH kernel used in AIS.
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Algorithm 2 Gibbs flow AIS sampler
Input: particles N , time steps M , step sizes {∆tm}Mm=1, quadrature points R,
Markov kernels {Km}Mm=1, resampling threshold θ ∈ (0, 1).

1. Initialization: sample Xn
0 ∼ π0 and set X̃n

0 = Xn
0 ,W

n
0 = N−1 for n = 1, . . . , N .

2. For m = 1, . . . ,M ,

(a) set Xn
m = Φm(X̃n

m−1) using (3.91);
(b) update normalized weights {W n

m}Nn=1 using (3.96);
(c) if ESSm < θN , resample particles and set W n

m = N−1 for n = 1, . . . , N ;
(d) sample X̃n

m ∼ Km(Xn
m, ·) for n = 1, . . . , N ;

(e) compute ratio of normalizing constants estimate R̂N
m using (1.47).

Output: particles {X̃n
M}Nn=1, normalized weights {W n

M}Nn=1 and normalizing
constant estimate ẐN

M = ∏M
m=1 R̂

N
m.

3.4.4 Selecting the tempering schedule

The tempering function λ in (3.1), that controls the rate at which we want to

introduce the likelihood, has significant impact on the performance of both AIS

and the aforementioned methodology. Various methods have been proposed to

select this function in different settings: see Gelman and Meng (1998) in the

context of path sampling, Section 1.2.4.4 for SMC samplers when the time reversed

backward kernel (1.54) is employed and Betancourt (2014) for a novel Hamiltonian

flow, based on adiabatic processes in thermodynamics, where the schedule is

determined dynamically.

For our purposes, recall from the discussion after Proposition 3.16 that λ should

be chosen so that its derivative is small whenever the time-dependent integrated

local error (3.78) is large. The latter is typically substantial whenever there are large

changes between intermediate distributions. Noting that large changes along Cπ
necessarily imply large changes in the corresponding full conditionals, the time steps

{Λm} taken by an adaptive scheme to numerically integrate the Gibbs ODE may be

used to guide the choice of a suitable tempering function λ. This is because large

variations in (3.71) will require smaller step sizes to keep estimates of numerical

integration error below a pre-specified tolerance.
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We demonstrate this on the curve of probability measures (3.97) arising from a

Bayesian mixture modelling application detailed later in Section 3.5. Observe from

Figure 3.6 that with a linear tempering function, large changes along the curve Cπ

occur at very early times. We advocate selecting λ so that the time steps {Λm}

taken by an adaptive numerical integrator is as close as possible to being equispaced

on [0, 1] – up to some variability between different initial conditions. Figure 3.7

shows that this can be achieved for this example by setting λ(t) = t6.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−8

−6

−4

−2

0

2

4

6

8

10

t

X
t

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

Λ
(t
)

Figure 3.6: Mixture modelling example with λ(t) = t. (Left) Trajectory of a particle
under the Gibbs flow with different colors representing each dimension. (Right) Colored
lines with asterisk symbols correspond to the time steps taken by an adaptive numerical
integrator for four different prior samples evolving under the Gibbs flow to be compared
against the red identity line.

3.5 Applications

3.5.1 Bayesian mixture modelling

We now demonstrate the performance of Gibbs flow based algorithms on a Bayesian

mixture model where the posterior distribution of mixture means is inferred. This

is a canonical example of distributions with multiple well-separated modes.
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Figure 3.7: Mixture modelling example with λ(t) = t6. (Left) Trajectory of a particle
under the Gibbs flow with different colors representing each dimension. (Right) Colored
lines with asterisk symbols correspond to the time steps taken by an adaptive numerical
integrator for four different prior samples evolving under the Gibbs flow to be compared
against the red identity line.

3.5.1.1 Model description

Consider n ∈ N independent observations y = (y1, . . . , yn)T ∈ Rn from a univariate

Gaussian mixture model with d ∈ N components, i.e. yi is a realization from
1
d

∑d
j=1N (xj, σ2

j ) ∈ P(R). Following Lee et al. (2010), we set d = 4, σj = σ = 0.55

for j = 1, . . . , d and perform inference only on the mean parameters x ∈ R4. We

generate the data y using n = 100 simulations from the model with parameter

value x∗ = (−3, 0, 3, 6)T and stratification between components. We prescribe a

uniform prior distribution on the d-dimensional hypercube [−10, 10]d. The curve

of probability measures Cπ is simply

πt(dx) =
1[−10,10]d(x)L(x; y)λ(t)dx

20dZ(t) (3.97)

for t ∈ [0, 1], where

L(x; y) = 1
dn

n∏
i=1

d∑
j=1
N (yi;xj, σ2) (3.98)

for x ∈ Rd. It follows from exchangeability of the prior and non-identifiability

of mixture components that the posterior distribution is invariant under “label
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permutation”. Therefore π = π1 admits d! = 24 well-separated modes centered

approximately around all permutations of x∗.

3.5.1.2 The Gibbs flow approximation

Firstly, we investigate the quality of the Gibbs flow approximation, before employing

any importance sampling correction. We do so by comparing the time evolution

of N = 1000 prior samples under the Gibbs flow with the output of a SMC

sampler, using the configuration described in Lee et al. (2010), as the reference

truth in Figure 3.8.

The performance of the approximation for this challenging problem is striking;

particles were able to reach all 24 modes in R4. This is corroborated in Figure

3.9 which plots all pairs of marginal posterior distributions on R2 (note that each

of these admits 12 well-separated modes) and in Figure 3.10 which displays the

proportion of particles in each of the 24 modes when particles were initialized as

a latin hypercube sample of size N = 1000 (to reduce the variance from prior

sampling). We note that the similarity in the proportions observed at each mode

demonstrates a “global” nature of the Gibbs flow approximation.

3.5.1.3 Comparison of algorithmic performance

We now compare a SMC sampler based on Gibbs flow (Section 3.4.2), AIS with

MALA moves (Section 1.2.4 & 1.2.3.3) and a SMC sampler which combines Gibbs

flow with RWMH moves (Section 3.4.3). Following the discussion in Section 3.4.4,

we select the tempering function as λ(t) = t6. The choice of numerical integration

scheme is the forward Euler method with step sizes selected to ensure monotonicity

of the mappings defined in (3.92). Using the left panel of Figure 3.7, we prescribe a

piecewise linear time discretization to focus our computational effort at times with

more particle motion. At each time iteration, we allow the AIS sampler and the

Gibbs-AIS sampler to take 10 MCMC moves, which are tuned to achieve suitable

acceptance probabilities. All one-dimensional integrals involved in evaluations

of the Gibbs velocity field and its Jacobian were computed using a composite

Simpsons rule with 50 quadrature points.
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Figure 3.8: Time evolution of N = 1000 prior samples under the Gibbs flow (black
dots) up to time t = 1. For each time instance, the superimposed blue contours represent
the target distribution obtained as a kernel density estimate from the output of a SMC
sampler.

We measure algorithmic performance in terms of ESS (Section 1.2.2.4); for

the comparison to be meaningful, we do not perform resampling. To yield a fair

comparison, we set the number of time steps taken by each algorithm so as to

match computational cost, measured in terms of run time. The results displayed

in Figure 3.11 show that the Gibbs-AIS sampler outperforms the other algorithms.

The reason for poor performance of the sampler based solely on Gibbs flow can be

seen in Figure 3.8 and 3.9; the distribution of samples under the Gibbs flow is a

poor importance distribution as it has thinner tails than the target distribution.

The latter is not a difficulty when one combines Gibbs flow with AIS owing to

the diffusivity introduced in the MCMC moves.
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Figure 3.9: All pairs of marginal posterior distributions on R2.
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Figure 3.11: Time evolution of ESS%. Lines and error bars indicate median and
interquartile range of 20 repetitions respectively.

3.5.2 Sampling truncated multivariate Gaussians with ap-
plications to probit models

So far we have restricted our attention to problems where we build the curve

of probability measures Cπ by tempering the likelihood function L in (3.1). We

now show that these assumptions can be relaxed by adapting the Gibbs flow

approximation to sample from truncated multivariate Gaussian distributions and

illustrate in Section 3.5.2.3 how this procedure can be included in a MCMC algorithm

to perform Bayesian inference for a multivariate probit model.

3.5.2.1 Model and Gibbs flow construction

Let π0 = N (µ,Σ) be a multivariate Gaussian on Rd and denote the truncated

distribution as π. Assume that the truncation happens component-wise, i.e. the

support of π is supp(π) := ∏d
i=1(ai, bi) where ai, bi ∈ R̄ and ai < bi for all i = 1, . . . , d.

If the truncation is extreme, it is natural to introduce a sequence of bridging

distributions by performing the truncation gradually. More precisely, we build

a curve of probability measures Cπ via

πt(dx) := π0(dx)∏d
i=1 1(αi(t),βi(t))(xi)
Z(t) , (3.99)

where for all i = 1, . . . , d, αi : [0, 1] → R̄ is non-decreasing with boundary

conditions αi(0) = −∞, αi(1) = ai, βi : [0, 1] → R̄ is non-increasing with

boundary conditions βi(0) = ∞, βi(1) = bi, αi(t) < βi(t) for all t ∈ [0, 1]
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and Z(t) := π0
(∏d

i=1(αi(t), βi(t))
)
. In some applications, the tail probability

Z := Z(1) = π0
(∏d

i=1(ai, bi)
)
is the quantity of interest. From these assumptions, it

is clear that the curve Cπ connects π0 to π1 = π. In contrast to having a tempering

function, {αi}di=1 and {βi}di=1 now control the rate of truncation.

It can be shown that

∂tπt(xi|x−i) = (α′i(t)πt(αi(t)|x−i)− β′i(t)πt(βi(t)|x−i))πt(xi|x−i) (3.100)

for x ∈ supp(πt) = ∏d
i=1(αi(t), βi(t)), where α′i and β′i denote the time derivatives

of αi and βi respectively. In the same manner as in Proposition 3.15, we can solve

the system of Liouville equations (3.73) with

f̃i(t, x) :=
α′i(t)π0(αi(t), x−i)

∫ βi(t)

xi
π0(yi, x−i) dyi (3.101)

+ β′i(t)π0(βi(t), x−i)
∫ xi

αi(t)
π0(yi, x−i) dyi

/π0(x)
∫ βi(t)

αi(t)
π0(yi, x−i) dyi.

The expression of the Jacobian of f̃ is given in Appendix A.2. As in Section 3.4.2,

the Jacobian of f̃ with quadrature approximation can simply be computed by

replacing the integrals in the Jacobian of f̃ by their quadrature approximations

under the same rule.

3.5.2.2 Comparison of algorithmic performance

To address a similar problem, Moffa and Kuipers (2014) proposed a method based

on SMC sampler (Section 1.2.4) and reported computational gains in comparison to

the one-at-a-time Gibbs sampler when the degree of correlation in the multivariate

Gaussian is significant. We adopt the simulation study in Moffa and Kuipers (2014;

Section 4) and compare a SMC sampler based solely on Gibbs flow, AIS with

RWMH moves and a SMC sampler which combines Gibbs flow with RWMH moves.

Although it would also be interesting to compare these algorithms against the SMC

sampler developed in Ridgway (2016), we will leave this to future work. Before

proceeding, we note that MALA moves were not employed within AIS; the use of

gradient information of π is not appropriate in this context as the gradient might
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point to directions of zero probability mass. In contrast, flow transport provides a

principled way to drift particles towards the right regions of the state space.

The effect of correlation. Consider d = 4, a mean vector of µ = (−ξ,−ξ, ξ, ξ)T

for ξ > 0, which keeps two components in the truncation region of supp(π) = [0,∞)d.

For starters, we set ξ = 1. The off-diagonal elements of Σ are set to a value such

that all pairwise correlations are equal to ρ ∈ [0, 1]. As before, the numerical

integration scheme used is the forward Euler method with step sizes selected to

ensure monotonicity of the mappings in (3.92).

We perform the truncation with αi(t) = −t−1 + 1 for all i = 1, . . . , d. Using

insight from preliminary simulations of the Gibbs flow, we select a piecewise linear

time discretization to focus our computational effort at times with more particle

motion. At each time iteration, we allow AIS and the Gibbs flow-AIS sampler to

take 50 RWMH moves. The covariance of the Gaussian random walk is set as σΣ,

with σ > 0 tuned to achieve suitable acceptance probabilities. All one-dimensional

integrals involved in evaluations of the Gibbs velocity field and its Jacobian are

computed using a composite Simpsons rule with 40 quadrature points.

We perform the same ESS comparison as before by not resampling and setting

the number of time steps taken by each algorithm to match computational cost,

measured in terms of run time. The left panel of Figure 3.12 shows how the

ESS of each sampler varies with the correlation parameter ρ. The results are

striking and interesting: the performance of samplers based on Gibbs flow degrade

with ρ whilst that of AIS which uses only RWMH moves improves with ρ (for

this particular example, the overlap between π0 and supp(π) = [0,∞)d increases

with ρ). This behaviour clearly illustrates the Gibbs flow’s ability to exploit any

local independence structure in π0.

The effect of truncation extremality. Again for dimension d = 4, we now fix

the correlation parameter at ρ = 0.5 and vary the location parameter ξ in the middle

panel of Figure 3.12. All other algorithmic settings are the same as before. The
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results show that as the truncation becomes extreme, the Gibbs flow can mitigate

particle degeneracy by moving particles towards the right regions of the state space.

The effect of dimension. We now set correlation at ρ = 0.5, truncation at ξ = 1

and vary dimension d. Algorithmic settings are the same as before except that we

now allow the number of RWMH moves taken at each time iteration to increase

linearly with dimension. The results, summarized in the right panel of Figure 3.12,

show that while the performance of all algorithms degrade with dimension, which is

to be expected, combining flow transport with MCMC has the potential to allow

SMC samplers to remain competitive in high dimensions.

Normalizing constant estimation. Lastly, we compare the performance of

these algorithms to estimate the normalizing constant Z = π0
(
[0,∞)d

)
as cor-

relation parameter ρ, location parameter ξ and dimension d vary one at a time.

Algorithmic settings are the same as above with the exception of applying systematic

resampling whenever ESS falls below half of the number of particles used. As

performance measure, in Figure 3.13 we plot the estimated standard deviation of

the normalizing constant estimator (1.48) of AIS (with resampling) relative to the

other two algorithms based on Gibbs flow. The results are similar to those obtained

in the ESS comparisons and show that the sampler combining Gibbs flow with AIS

provides an estimator with significantly lower variance.
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Figure 3.12: Comparison of ESS% between algorithms as the correlation parameter ρ
(left), the location parameter ξ (middle) and dimension d (right) vary one at a time. Lines
and error bars indicate median and interquartile range of 100 repetitions respectively.
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Figure 3.13: Estimated relative standard deviation (with AIS as benchmark) of
normalizing constant estimators based on 100 repetitions as the correlation parameter ρ
(left), the location parameter ξ (middle) and dimension d (right) vary one at a time.

3.5.2.3 Bayesian multivariate probit model

We now apply the above procedure to the Bayesian multivariate probit model

discussed in Talhouk et al. (2012). Denote by Y ∈ {0, 1}n×d the d ∈ N dimensional

binary responses on n ∈ N subjects, X ∈ Rn×p the design matrix, β ∈ Rp×d

the regression coefficients and R ∈ Rd×d a correlation matrix. For each subject

i = 1, . . . , n, the multivariate probit model specifies that the probability distribution

of Yi ∈ {0, 1}d is given by

P(Yi = yi|X, β,R) :=
∫
Ii
N (zi; (Xβ)i, R) dzi, (3.102)

where (Xβ)i is the ith row of Xβ and Ii := Ii1 × · · · × Iid with Iij = [0,∞) if

yij = 1 and (−∞, 0) otherwise. We note that the restriction of R to correlation

matrices in (3.102) ensures likelihood identifiability (Chib and Greenberg 1998).

Equation (3.102) also prompts characterization of the model using Gaussian latent

variables Z ∈ Rn×d with the relation Yij = 1{Zij≥0}.

We assign a prior distribution to β,R and the graph structure G ∈ G of the

inverse correlation matrix R−1. Interest here is to sample from the resulting

posterior distribution

π(G,R, β, z|y) ∝ π(G)π(R|G)π(β|R)π(z|β,R)
n∏
i=1

1{zi∈Ii}. (3.103)

Our choice of prior is similar to Talhouk et al. (2012) which showed that it is possible

to sample from the posterior using a Gibbs update for Z and β, a simple MH random
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walk for G on the space of graphs G and a parameter expansion data augmentation

step for R. For the latent Gaussian variables, the full conditional density factorizes as

π(z|β,R, y,G) ∝
n∏
i=1
N (zi; (Xβ)i, R)1{zi∈Ii}. (3.104)

The sampling scheme used in Talhouk et al. (2012) samples each Zi ∈ Rd by

updating its components one-at-a-time using a Gibbs sampler which leads to slow

convergence of the resulting algorithm. To speed up convergence, we employ the

above Gibbs-AIS sampler for truncated Gaussians, implemented as a conditional

SMC update (Andrieu et al. 2010) to ensure validity of the resulting Gibbs sampler.

3.5.2.4 Six cities data set

We now apply the above methodology to analyze a well-known data set from the

Six Cities longitudinal study on the health effects of air pollution.

Description. The data set concerned contains repeated binary measurements

of n = 537 children’s wheezing status from Steubenville, Ohio. Interest here is

on modelling the probabilistic relation over time of the wheezing status of a child

as a function of their age and their mother’s smoking habit during the first year

of the study. Notationally, the binary response yij indicates if child i = 1, . . . , n

was wheezing in the j = 1, 2, 3, 4 year of the study (corresponding to when the

subject was of age 7, 8, 9, 10 respectively).

The nature of the data suggest that using a multivariate probit model to

account for the structure of association between components of the multivariate

binary response is appropriate. Table 3.1 also supports having mothers’ smoking

habits as a covariate.

We note that similar analyses have been conducted on this particular data

set with differing inference procedures; see Chib and Greenberg (1998), Talhouk

et al. (2012), Moffa and Kuipers (2014).
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Mother’s smoking status 7 8 9 10
Smoker 32 (17.0%) 40 (21.3%) 36 (19.1%) 27 (14.4%)
Non-smoker 55 (15.8%) 51 (14.6%) 49 (14.0%) 36 (10.0%)
Total 87 (16.2%) 91 (16.9%) 85 (15.8%) 63 (11.7%)

Table 3.1: Breakdown of wheezing cases by age group and initial smoking status of
mothers. Percentages are with respect to each age group.

Algorithmic settings. Settings within the conditional Gibbs-AIS sampler used

to update Z involved 10 particles with multinomial resampling triggered whenever

the ESS falls below 5; a linear time discretization with 50 steps and 20 RWMH moves.

We run 22, 000 iterations of the Gibbs sampler described earlier with estimation

of the graph structure and use a burn-in of 2000 samples.

Results. Table 3.2 gives the posterior mean and standard deviation of parameters

in the model. The results obtained are similar over independent runs of the algorithm

with different initial values and to those reported in Talhouk et al. (2012). Figure

3.14 displays the most probable graphs under the posterior that were identified

by the procedure. While the second most probable structure is the saturated

model, the maximum a posteriori graph has a conditional independence structure

between wheezing at age 7 and 9.

Posterior mean Posterior standard deviation
β11 -0.9207 0.091
β12 0.030 0.154
β21 -0.9845 0.092
β21 0.222 0.151
β31 -1.012 0.096
β32 0.180 0.156
β41 -1.179 0.100
β42 0.170 0.165
R12 0.496 0.069
R13 0.423 0.073
R14 0.483 0.073
R23 0.588 0.058
R24 0.470 0.075
R34 0.549 0.066

Table 3.2: Posterior mean and standard deviation of parameters in the multivariate
probit model.
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Figure 3.14: The four most probable graph structures and their corresponding posterior
probabilities.
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Although AIS and SMC samplers discussed in Section 1.2.4 have been employed

in a wide range of applications, they can still perform poorly if the forward transition

kernels {Kt}Tt=1 are such that the induced proposal distribution Q(dx0:T ) in (1.39)

differs significantly from the extended target distribution P (dx0:T ) defined in (1.38).

To improve the performance of SMC samplers, in Section 4.1.1 we consider ‘twisting’

these transition kernels {Kt}Tt=1 to better approximate P (dx0:T ). After introducing

this class of twisted SMC samplers, in Section 4.1.2 we identify a sequence of

functions that induces an optimal sampler in the sense of having distribution

P (dx0:T ). In Section 4.1.3, we show that this optimal sequence of twisting functions

can also be viewed as the solution of a Kullback-Leibler optimal control problem and

the optimal value functions of this problem are given by a logarithmic transformation

of the optimal twisting functions. Drawing on ideas from the control literature, in

Section 4.1.4 we describe general algorithms to approximate these optimal twisting

and value functions. Using these methods, we then develop an iterative scheme to

build better approximations of P (dx0:T ) in Section 4.1.5. Algorithmic settings and

connections to related work are discussed in Section 4.2. The resulting algorithm,

which we will refer to as the controlled SMC sampler, can be thought of as a type

of adaptive importance sampler that is trained using reinforcement learning. We

provide some theoretical analysis of these methods in Section 4.3 and conclude

with some examples in Section 4.4.

4.1 Optimal importance sampling as optimal con-
trol

We begin with some necessary notation and concepts.
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4.1.1 Twisted probability measures

Let M(Ω) denote the set of Markov transition kernels on a measurable space

(Ω,F). For any measurable function ϕ : Ω × Ω → R and K ∈ M(Ω), we will

write K(ϕ)(x) :=
∫
Ω ϕ(x, y)K(x, dy). Our methodology is based on the notion of

‘twisted’ probability measures on path space which we now define.

Definition 4.1. Given R ∈ P(X T+1) of the form

R(dx0:T ) = µ0(dx0)
T∏
t=1

Mt(xt−1, dxt) (4.1)

for some µ0 ∈ P(X ), Mt ∈M(X ), t = 1, . . . , T and a sequence of positive ‘twisting’

functions ψ = {ψt}Tt=0 ∈ Ψ(R), we define Rψ ∈ P(X T+1) the ψ-twisted version of

R as

Rψ(dx0:T ) := µψ0 (dx0)
T∏
t=1

Mψ
t (xt−1, dxt) (4.2)

where

µψ0 (dx0) := µ0(dx0)ψ0(x0)
µ0(ψ0) , Mψ

t (xt−1, dxt) := Mt(xt−1, dxt)ψt(xt−1, xt)
Mt(ψt)(xt−1) . (4.3)

The set of admissible twisting functions is

Ψ(R) :=
{
ψ0 : X → R+, ψt : X × X → R+ t = 1, . . . , T : ψ0 ∈ L1(R0),

ψt ∈ L1(Rt−1,t)
}
, (4.4)

where Rt(dxt) := R(dxt) and Rt−1,t(dxt−1, dxt) := R(dxt−1, dxt) denote the one-time

and two-time marginal distributions of R respectively.

4.1.2 Twisted sequential Monte Carlo samplers

For ease of presentation, we will henceforth assume that the backward kernels

{Lt}T−1
t=0 are selected so that P (A) > 0 for any set A ∈ B(X⊗T+1) of positive

Lebesgue measure and the forward kernels {Kt}Tt=1 are chosen such that the weight
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function (1.41) satisfies 0 < W (x0:T ) <∞ for any x0:T ∈ X T+1. For any ψ ∈ Ψ(Q),

since P � Q � Qψ by positivity of ψ, we have

Wψ(x0:T ) := Z
dP
dQψ

(x0:T ) = Z
dP
dQ(x0:T ) dQ

dQψ
(x0:T ) (4.5)

= wψ0 (x0)
T∏
t=1

wψt (xt−1, xt),

with

wψ0 (x0) := π0(ψ0)
ψ0(x0) , wψt (xt−1, xt) := wt(xt−1, xt)Kt(ψt)(xt−1)

ψt(xt−1, xt)
. (4.6)

If the weights (4.5)-(4.6) can be computed, then like in Section 1.2.4.2, we can

use Qψ as an importance distribution to approximate P and obtain the following

unbiased estimator of Z = Qψ(Wψ)

Ẑψ = 1
N

N∑
n=1

Wψ(Xn
0:T ), (4.7)

where {Xn
0:T}

N
n=1 are N ∈ N iid samples from Qψ. To simplify notation, we will

write Et,xQψ to denote expectation with respect to the law of Qψ initialized at Xt = x.

It is natural to consider an iterative scheme to build better approximations of P :

i.e. given a current approximation Qψ of P for some ψ ∈ Ψ(Q), we could further

twist Qψ by functions φ = {φt}Tt=0 ∈ Ψ(Qψ) to obtain another approximation (Qψ)φ

of P . Note that (Qψ)φ = Qψ·φ where ψ · φ := {ψt · φt}Tt=0 ∈ Ψ(Q) denotes the

pointwise product of functions. The choice of φ is guided by the following key result.

Proposition 4.2. For any ψ ∈ Ψ(Q), we have P = (Qψ)φ∗ where the optimal1

sequence of twisting functions φ∗ = {φ∗t}
T
t=0 ∈ Ψ(Qψ) with respect to Qψ are given

by

φ∗0(x0) := wψ0 (x0)E0,x0
Qψ

[
T∏
k=1

wψk (Xk−1, Xk)
]
, (4.8)

φ∗t (xt−1, xt) := wψt (xt−1, xt)Et,xtQψ

 T∏
k=t+1

wψk (Xk−1, Xk)
 , t = 1, . . . , T − 1,

φ∗T (xT−1, xT ) := wψT (xT−1, xT ).
1Equation (4.8) should be understood as a definition of optimality as there is more than one

sequence of twisting functions φ satisfying P = (Qψ)φ (for example scaling φ∗ by a constant).
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Proof. From (4.5), we have

P (dx0:T ) = Z−1Qψ(dx0:T )Wψ(x0:T ), (4.9)

where

Qψ(dx0:T ) = πψ0 (dx0)
T∏
t=1

Kψ
t (xt−1, dxt). (4.10)

By Fubini’s theorem, φ∗ is well-defined and is an element of Ψ(Qψ) as the integrals in

(4.8) exist since Z = Qψ(Wψ) <∞. From (4.5) and (4.10), we have for t = 0, . . . , T

that

P (dx0:t) = Z−1πψ0 (dx0)wψ0 (x0)
t∏

k=1
Kψ
k (xk−1, dxk)wψk (xk−1, xk) (4.11)

×
∫
XT−t

T∏
k=t+1

Kψ
k (xk−1, dxk)wψk (xk−1, xk)

with the convention ∏j
i := 1 for i > j. Setting t = 0 gives the initial distribution

(πψ0 )φ∗ since Z = πψ0 (φ∗0) and for the transition kernels (Kψ
t )φ∗ we note that for

t = 1, . . . , T

P (dx0:t)
P (dx0:t−1) = Kψ

t (xt−1, dxt)wψt (xt−1, xt)
∫
XT−t

∏T
k=t+1K

ψ
k (xk−1, dxk)wψk (xk−1, xk)∫

XT−t+1
∏T
k=tK

ψ
k (xk−1, dxk)wψk (xk−1, xk)

.

(4.12)

For any approximation Qψ of P with ψ ∈ Ψ(Q), note that an application of

Proposition 4.2 gives us the optimal sequence of twisting functions ψ∗ := ψ · φ∗

with respect to Q. In the following, it will be useful to consider a logarith-

mic transformation of φ∗, i.e. define V ∗ = {V ∗t }
T
t=0 as V ∗0 := − log φ∗0(x0) and

V ∗t (xt−1, xt) := − log φ∗t (xt−1, xt) for t = 1, . . . , T . This is because V ∗ can be

thought of as the optimal sequence of value functions with respect to Qψ of an

associated optimal control problem to be introduced in Section 4.1.3. We now define

some operators, commonly known as Bellman operators in the control literature,

which will play an important role in our analysis and greatly simplify notation.
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Definition 4.3. Given ψ ∈ Ψ(Q) and a measurable function ϕ : X × X → R, we

define the operators
{
Bψ
t

}T−1

t=0
by

(Bψ
0ϕ)(x) := wψ0 (x)Kψ

1 (ϕ)(x), (4.13)

(Bψ
t ϕ)(x, y) := wψt (x, y)Kψ

t+1(ϕ)(y), t = 1, . . . , T − 1,

and
{
Tψ
t

}T−1

t=0
by

(Tψ
0ϕ)(x) := − logwψ0 (x)− logKψ

1 (e−ϕ)(x), (4.14)

(Tψ
t ϕ)(x, y) := − logwψt (x, y)− logKψ

t+1(e−ϕ)(y), t = 1, . . . , T − 1.

From Proposition 4.2, the following result is straightforward.

Proposition 4.4. For any ψ ∈ Ψ(Q), the optimal sequence of twisting functions

φ∗ = {φ∗t}
T
t=0 with respect to Qψ satisfies the following backward recursion

φ∗T = wψT , (4.15)

φ∗t = Bψ
t φ
∗
t+1, t = T − 1, . . . , 0,

and πψ0 (φ∗0) = Z. Equivalently, the optimal sequence of value functions V ∗ = {V ∗t }
T
t=0

with respect to Qψ satisfies

V ∗T = − logwψT , (4.16)

V ∗t = Tψ
t V
∗
t+1, t = T − 1, . . . , 0.

Consider recursion (4.15) applied to the AIS setting with ψt = 1, t = 0, . . . , T ,

in which case, the incremental weights (1.55) have a simpler form wt(xt−1, xt) =

wt(xt−1). Substituting into (4.8) and noting that the factor wt(xt−1) in φ∗t can

be ignored owing to the form of Kφ∗

t , it follows that P = Qφ∗ also holds if we

have φ∗T (xT ) = 1 and the recursion

φ∗t (xt) = wt+1(xt)Kt+1(φ∗t+1)(xt), t = 0, . . . , T − 1. (4.17)

Equation (4.17) is structurally similar to the backward information filter recursion

that arises in smoothing problems for state space models (Briers et al. 2010,

Pieralberto et al. 2016). In particular, we note that it admits a simpler structure

than (4.15) as φ∗t is a function of only one argument xt instead of both xt−1 and xt.
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4.1.3 Optimal importance sampling as Kullback-Leibler con-
trol

We now show that the optimal sequence of twisting functions in Proposition 4.2 can

also be viewed as the optimal policy of a Kullback-Leibler optimal control problem

(Kappen et al. 2012). While the re-formulation might appear superfluous at first

glance, making this connection allows us to exploit numerical methods developed in

the approximate dynamic programming literature (Bertsekas and Tsitsiklis 1996) in

Section 4.1.4 and draw ideas from existing results (Tsitsiklis and Van Roy 2001)

to analyze these algorithms in Section 4.3.

Suppose ψ ∈ Ψ(Q) and consider the following optimal control problem

inf
φ∈Φ(Qψ)

KL
(
(Qψ)φ|P

)
= inf

φ∈Φ(Qψ)
E(Qψ)φ [C(X0:T )] (4.18)

where the cost functional C : X T+1 → R can be written as

C(x0:T ) := log d(Qψ)φ
dQψ

(x0:T )− log dP
dQψ

(x0:T ) (4.19)

= log d(πψ0 )φ

dπψ0
(x0) +

T∑
t=1

log d(Kψ
t )φ(xt−1, ·)

dKψ
t (xt−1, ·)

(xt)

− logwψ0 (x0)−
T∑
t=1

logwψt (xt−1, xt) + logZ

and

Φ(Qψ) :=
{
φ ∈ Ψ(Qψ) : KL

(
(πψ0 )φ|πψ0

)
<∞,KL

(
(Kψ

t )φ|Kψ
t

)
(xt−1) <∞

Qψ(dxt−1)− a.e. for t = 1, . . . , T
}
⊆ Ψ(Qψ) (4.20)

denotes the set of admissible sequences of twisting functions or policies for the

control problem. It follows that

E(Qψ)φ [C(X0:T )] = KL
(
(πψ0 )φ|πψ0

)
+

T∑
t=1

E(Qψ)φ
[
KL

(
(Kψ

t )φ|Kψ
t

)
(Xt−1)

]
(4.21)

− E(πψ0 )φ
[
logwψ0 (X0)

]
−

T∑
t=1

E(Qψ)φ
[
logwψt (Xt−1, Xt)

]
+ logZ.

We know from Proposition 4.2 that φ∗ defined in (4.8) solves the optimal control

problem (4.18) since we have KL(µ|ν) ≥ 0 for any probability measures µ, ν and
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KL(µ|ν) = 0 if and only if µ = ν. We shall henceforth re-define the cost functional

(4.19) to remove the intractable term logZ.

Given a sequence of twisting functions φ = {φt}Tt=0, also known as a policy in

optimal control terminology, the corresponding value functions
{
V φ
t

}T
t=0

of this

control problem are given by the expected cost-to-go from a fixed time and state

(Bertsekas and Tsitsiklis 1996; Section 2.1)

V φ
0 (x0) := KL

(
(Kψ

1 )φ|Kψ
1

)
(x0) +

T−1∑
k=1

E0,x0
(Qψ)φ

[
KL

(
(Kψ

k+1)φ|Kψ
k+1

)
(Xk)

]
(4.22)

− logwψ0 (x0)−
T∑
k=1

E0,x0
(Qψ)φ

[
logwψk (Xk−1, Xk)

]
,

V φ
t (xt−1, xt) := KL

(
(Kψ

t+1)φ|Kψ
t+1

)
(xt) +

T−1∑
k=t+1

Et,xt(Qψ)φ
[
KL

(
(Kψ

k+1)φ|Kψ
k+1

)
(Xk)

]

− logwψt (xt−1, xt)−
T∑

k=t+1
Et,xt(Qψ)φ

[
logwψk (Xk−1, Xk)

]
, t = 1, . . . , T − 1,

V φ
T (xT−1, xT ) := − logwψT (xT−1, xT ).

In this notation, the total cost of using φ is given by v(φ) := (πψ0 )φ(V φ
0 ) +

KL
(
(πψ0 )φ|πψ0

)
= KL

(
(Qψ)φ|P

)
− logZ. We now define the optimal sequence

of value functions V ∗ = {V ∗t }
T
t=0 with respect to Qψ by taking the infimum

over the set Φ(Qψ):

v∗ := inf
φ
v(φ), (4.23)

V ∗0 (x0) := inf
{φk,1≤k≤T}

V φ
0 (x0),

V ∗t (xt−1, xt) := inf
{φk,t+1≤k≤T}

V φ
t (xt−1, xt), t = 1, . . . , T − 1,

V ∗T (xT−1, xT ) := − logwψT (xT−1, xT ),

and denote the minimizer (if it exists) as φ∗ = {φ∗t}
T
t=0. We stress the dependence

of both V ∗ and φ∗ on the given sequence of twisting functions ψ ∈ Ψ(Q) as this

is not done notationally. These minimization problems can be solved using a

backward dynamic programming approach. From Definition (4.22) and (4.23), we
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have the dynamic programming recursion

V ∗T (xT−1, xT ) = − logwψT (xT−1, xT ), (4.24)

V ∗t (xt−1, xt) = − logwψt (xt−1, xt) + inf
φt+1

{
(Kψ

t+1)φ(V ∗t+1)(xt)

+ KL
(
(Kψ

t+1)φ|Kψ
t+1

)
(xt)

}
, t = T − 1, . . . , 1,

V ∗0 (x0) = − logwψ0 (x0) + inf
φ1

{
(Kψ

1 )φ(V ∗1 )(x0) + KL
(
(Kψ

1 )φ|Kψ
1

)
(x0)

}
,

v∗ = inf
φ0

{
(πψ0 )φ(V ∗0 ) + KL

(
(πψ0 )φ|πψ0

)}
.

The above is commonly referred to as the discrete time Hamilton-Jacobi-Bellman

equation. We now state a well-known lemma (Dupuis and Ellis 2011, Dai Pra

et al. 1996, Bierkens and Kappen 2014) which allows us to solve the weighted

Kullback-Leibler minimization problems in (4.24).

Lemma 4.5. Let µ be a probability measure on a measurable space (Ω,F) and

ϕ : Ω → R be a measurable function such that µ(|ϕ|e−ϕ) < ∞. The following

equality holds

− log µ(e−ϕ) = inf
ν∈Pµ,ϕ(Ω)

{ν(ϕ) + KL(ν|µ)} (4.25)

where Pµ,ϕ(Ω) := {ν ∈ P(Ω) : KL(ν|µ) <∞ and ν(|ϕ|) <∞}. Moreover, the infi-

mum in (4.25) is attained at ν∗ � µ with dν∗/dµ = e−ϕ/µ(e−ϕ).

Proof. We first note that µ(|ϕ|e−ϕ) <∞ implies that the left hand side of (4.25)

is finite. Since 0 < dν∗/dµ <∞, for each ν ∈ Pµ,ϕ(Ω), we have ν � µ� ν∗ and

hence

ν(ϕ) + KL(ν|µ) = ν(ϕ) +
∫
Ω

log
(

dν∗
dµ

)
dν +

∫
Ω

log
(

dν
dν∗

)
dν (4.26)

= − log µ(e−ϕ) + KL(ν|ν∗).

The proof is complete by noting that KL(ν|ν∗) ≥ 0 and KL(ν|ν∗) = 0 if and only if

ν = ν∗.

We note that although Equation (4.25) holds without the assumption µ(|ϕ|e−ϕ) <

∞, there does not exist a unique minimizer in this case (Bierkens and Kappen
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2014; Proposition 2.6, Corollary 2.7). The integrability assumption, which holds

if and only if KL(ν∗|µ) < ∞, is sufficient to guarantee existence of a minimizer.

The following is a straightforward consequence of Lemma 4.5.

Corollary 4.6. If ψ ∈ Ψ(Q) is such that KL(P |Qψ) < ∞, then the infimums in

(4.24) are attained at φ∗t = e−V
∗
t , t = 0, . . . , T and at the minimum, the dynamic

programming recursion (4.24) recovers the backward recursion (4.16).

From the conclusions of Corollary 4.6, we can infer the backward recursion

(4.15) and the form of φ∗ in (4.8). We note that the optimal cost is v∗ = − logZ

as we have adjusted the cost functional (4.19) and that the finite Kullback-Leibler

assumption ensures that the minimizer φ∗ lies in Φ(Qψ) ⊆ Ψ(Qψ). Although it

is unsurprising for such a condition to be required when we formulate φ∗ as the

solution of a Kullback-Leibler control problem, it should be clear from Section

4.1.2 that this is not necessary for our purposes.

4.1.4 Approximation dynamic programming

For most problems of practical interest, the recursions (4.15)-(4.16) are intractable

so we need to rely on approximations.

Definition 4.7. Let µ be a probability measure on a measurable space (Ω,F),

ξ : Ω → R be a measurable function in L2(µ) and F be a closed linear subspace of

L2(µ). We define the (F, µ)-projection operator as

Pµξ := arg min
ϕ∈F
‖ϕ− ξ‖2

L2(µ). (4.27)

The projection theorem gives existence of a unique Pµξ ∈ F and that Pµξ − ξ

is orthogonal to F. Hence Pµξ is typically referred to as the orthogonal pro-

jection of ξ unto F.

As before,
{
Qψ
t−1,t

}T
t=1

will denote the marginal distributions of Qψ and for

notational convenience, we will occasionally identify Qψ
−1,0 := Qψ

0 on (X ,B(X )).

For each time t = 0, . . . , T , we consider the probability space
(
X 2,B(X )⊗2, Qψ

t−1,t

)
and given a pre-specified closed and linear function class Ft ⊂ L2(Qψ

t−1,t), the
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(
Ft, Qψ

t−1,t

)
-projection operator denoted by Pψt will be of interest. It is natural

to approximate the recursion (4.15) by

φ̃T = PψTw
ψ
T , (4.28)

φ̃t = Pψt Bψ
t φ̃t+1, t = T − 1, . . . , 0.

The quality of the sequence of twisting functions φ̃ =
{
φ̃t
}T
t=0

as an approximation of

φ∗ will depend on how ‘rich’ the chosen function classes {Ft}Tt=0 are. Of course, (4.28)

is only an idealized algorithm as projections are typically intractable. In practice,

we would have to approximate such a procedure using Monte Carlo sampling.

Definition 4.8. Following the notation in Definition 4.7, for each N ∈ N, we define

the approximate (F, µ)-projection operator Pµ,N as the (F, µN)-projection operator,

where µN = N−1∑N
n=1 δXn denotes the random probability measure based on N iid

samples {Xn}Nn=1 from µ. If Ω is a topological space with σ-algebra F = B(Ω),

we shall additionally assume the function class F is such that
(
x, {Xn}Nn=1

)
7→

(Pµ,Nξ)(x) is Borel measurable for all ξ ∈ L2(µ).

Given a fixed number of samples N ∈ N, we denote Pψ,Nt as the approximate(
Ft, Qψ

t−1,t

)
-projection operator for each t = 0, . . . , T and define an approximate

dynamic programming (ADP) algorithm for learning the optimal sequence of

twisting functions φ∗ as

φ̂T = Pψ,NT wψT , (4.29)

φ̂t = Pψ,Nt Bψ
t φ̂t+1, t = T − 1, . . . , 0.

In Section 4.3.4, for a common choice of function class, we will show that φ̂ converges

(in a suitable sense) to φ̃ as N →∞. Similarly, by approximating (4.16), we could

also have an ADP algorithm to learn the optimal sequence of value functions V ∗:

V̂T = Pψ,NT (− logwψT ), (4.30)

V̂t = Pψ,Nt Tψ
t V̂t+1, t = T − 1, . . . , 0,
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and define the corresponding approximation φ̂ =
{
φ̂t
}T
t=0

of φ∗ as φ̂t := e−V̂t , t =

0, . . . , T . A more detailed outline of (4.29) and (4.30) are given in Algorithm 3 and 4

respectively. While an analysis of both algorithms will be considered in Section 4.3,

we only performed value function learning in our implementation as it is numerically

more stable to compute in logarithmic scale. We defer a detailed discussion on the

choice of function classes {Ft}Tt=0 to Section 4.2.2 and shall assume for now this is

such that (i) φ̂ ∈ Ψ(Qψ); (ii) sampling from Qψ·φ̂ is possible if sampling from Qψ

is; (iii) the weight Wψ·φ̂ can be computed if Wψ is computable.

Algorithm 3 Approximate dynamic programming for learning optimal sequence
of twisting functions
Input: twisting functions ψ ∈ Ψ(Q), N ∈ N iid samples {Xn

0:T}
N
n=1 from Qψ.

1. Initialization: set Kψ
T+1(φ̂T+1)(Xn

T ) = 1 for n = 1, . . . , N .

2. For t = T, T − 1, . . . , 1,

(a) set φ̄t(Xn
t−1, X

n
t ) = wψt (Xn

t−1, X
n
t )Kψ

t+1(φ̂t+1)(Xn
t );

(b) set φ̂t = arg minξ∈Ft
∑N
n=1

(
ξ(Xn

t−1, X
n
t )− φ̄t(Xn

t−1, X
n
t )
)2
.

3. For t = 0,

(a) set φ̄0(Xn
0 ) = wψ0 (Xn

0 )Kψ
1 (φ̂1)(Xn

0 );

(b) set φ̂0 = arg minξ∈F0

∑N
n=1

(
ξ(Xn

0 )− φ̄0(Xn
0 )
)2
.

Output: twisting functions φ̂ =
{
φ̂t
}T
t=0

.

4.1.5 Controlled sequential Monte Carlo samplers

If the recursions in Proposition 4.4 can be performed exactly, then having an

iterative procedure to approximate P is unnecessary. We would simply initialize

with Qψ = Q, i.e. ψt = 1 for t = 0, . . . , T , and obtain the optimal sequence of

twisting functions ψ∗ with respect to Q satisfying Qψ∗ = P . As alluded earlier,

when approximations (4.29)-(4.30) are employed, it is worth considering an iterative

scheme to build better approximations of P which we now describe.

Suppose that at iteration i ∈ N0, we have a sequence of twisting functions

ψ̂(i) ∈ Ψ(Q) (with initialization ψ̂(0) = 1 to mean the constant one function). We
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Algorithm 4 Approximate dynamic programming for learning optimal sequence
of value functions
Input: twisting functions ψ ∈ Ψ(Q), N ∈ N iid samples {Xn

0:T}
N
n=1 from Qψ.

1. Initialization: set Kψ
T+1(e−V̂T+1)(Xn

T ) = 1 for n = 1, . . . , N .

2. For t = T, T − 1, . . . , 1,

(a) set V̄t(Xn
t−1, X

n
t ) = − logwψt (Xn

t−1, X
n
t )− log

(
Kψ
t+1(e−V̂t+1)(Xn

t )
)
;

(b) set V̂t = arg minξ∈Ft
∑N
n=1

(
ξ(Xn

t−1, X
n
t )− V̄t(Xn

t−1, X
n
t )
)2
.

3. For t = 0,

(a) set V̄0(Xn
0 ) = − logwψ0 (Xn

0 )− log
(
Kψ

1 (e−V̂1)(Xn
0 )
)

;

(b) set V̂0 = arg minξ∈F0

∑N
n=1

(
ξ(Xn

0 )− V̄0(Xn
0 )
)2
.

Output: value functions V̂ =
{
V̂t
}T
t=0

and twisting functions φ̂ =
{
φ̂t = e−V̂t

}T
t=0

.

then run a twisted SMC sampler with the current approximation Qψ̂(i) of P and

use its output to perform the ADP procedure described in either Algorithm 3 or 4.

This returns a sequence of twisting functions φ̂(i+ 1) ∈ Ψ(Qψ̂(i)), which we then

use to obtain our new approximation Qψ̂(i+1) of P with the update ψ̂(i + 1) :=

ψ̂(i) · φ̂(i+ 1) ∈ Ψ(Q). The resulting algorithm, summarized in Algorithm 5, will

be referred to as the controlled SMC sampler. To maintain a coherent terminology,

we will call a twisted SMC sampler with ψ̂(0) = 1 and ψ∗ as the uncontrolled and

optimally controlled SMC sampler respectively.

We repeat this procedure for a number of iterations I ∈ N, when successive

twisting yield no improvement in performance. Possible measures of performance

here include ESS defined in Section 1.2.2.4 or the variance of particle weights. In

Section 4.3.5, under appropriate regularity assumptions, we will show that this

iterative scheme generates a geometrically ergodic Markov chain on the closure

of Ψ(Q) that converges to its unique invariant distribution. From our numerical

implementations, we observe that convergence happens very rapidly so only a

small number of iterations is necessary.

Contrary to common practice (Section 1.2.4.3), the absence of the resampling step
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in Algorithm 5 is intentional. The rationale here is that for time t < T , the artificially

constructed target distribution Pt(dx0:t) = πt(dxt)
∏t
k=1 Lk−1(xk, dxk−1) might differ

significantly from Qψ∗(dx0:t) = P (dx0:t) = πψ
∗

0 (dx0)
∏t
k=1 K

ψ∗

k (xk−1, dxk) – see

Figure 4.2 for a concrete illustration. If the latter is the case, under an adaptive

resampling strategy, based for example on the ESS criterion, frequent resampling

will result in higher variance of Monte Carlo estimates. Lastly, to avoid repeating

computations, we note that the incremental weights required in step 2(b) can be

pre-computed when evaluating the weights in step 2(a)ii.

Algorithm 5 Controlled sequential Monte Carlo sampler
Input: time steps T , sequence of distributions {πt}Tt=0, particles N , iterations I.

1. Initialization: set twisting functions ψ̂(0) = 1 .

2. For i = 0, . . . , I − 1,

(a) run a twisted SMC sampler with twisting functions ψ̂(i):

i. sample N paths independently, i.e. Xn
0:T (i) ∼ Qψ̂(i) for n = 1, . . . , N ;

ii. compute weights
{
W ψ̂(i)(Xn

0:T (i))
}N
n=1

using (4.5)-(4.6);

iii. estimate normalizing constant Ẑ ψ̂(i) = 1
N

∑N
n=1W

ψ̂(i)(Xn
0:T (i));

(b) perform approximate dynamic programming to obtain updated twisting
functions ψ̂(i+ 1):

i. compute twisting functions φ̂(i+1) with respect to Qψ̂(i) using either
Algorithm 3 or 4 with ψ̂(i) and {Xn

0:T (i)}Nn=1 as input;
ii. update twisting functions by setting ψ̂(i+ 1) = ψ̂(i) · φ̂(i+ 1).

3. For i = I,

(a) run a twisted SMC sampler with twisting functions ψ̂(I).

Output: trajectories {Xn
0:T (I)}Nn=1, weights

{
W ψ̂(I)(Xn

0:T (I))
}N
n=1

and normalizing
constant estimate Ẑ ψ̂(I).

4.2 Implementation

We now discuss algorithmic settings behind an implementation of the controlled

SMC sampler.
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4.2.1 Uncontrolled sequential Monte Carlo sampler settings

To implement SMC samplers, we need to specify the transition kernels {Kt, Lt−1}Tt=1.

For the forward kernel, we select

Kt(xt−1, dxt) := N
(
xt;xt−1 + ∆t

2 ∇ log πt(xt−1),∆tId

)
dxt, (4.31)

where ∆t > 0 denotes the step size at time t = 1, . . . , T . The rationale for using

this transition kernel is that it corresponds to an Euler-Maruyama discretization

of the Langevin diffusion (1.33) with invariant distribution πt. Under appropriate

regularity conditions, for sufficiently small ∆t, Kt admits an invariant distribution

that is close to πt (Mattingly et al. 2002). Moreover, as (1.33) is also reversible

with respect to πt, this suggests that Kt will also be approximately reversible with

respect to πt for small ∆t. This prompts the following choice of backward kernel

Lt−1(xt, dxt−1) := Kt(xt, dxt−1) = N
(
xt−1;xt + ∆t

2 ∇ log πt(xt),∆tId

)
dxt−1,

(4.32)

in which case we expect the incremental weights (1.42) to be close to that of

AIS (1.55) when the step size is small.

Contrary to AIS, we stress that Kt is not πt-invariant and Lt−1 is not the time

reversed backward kernel (1.54) associated to Kt. Although one could augment an

application of Kt with a MH accept-reject step to enforce reversibility, we do not

adopt this approach here as it is difficult to sample from the resulting twisted kernel

Kψ
t and compute x 7→ Kt(ψt)(x) pointwise. Under the above choice of kernels, it is

straightforward to show that the incremental weights (1.42) have the form

− logwt(xt−1, xt) = log γt−1(xt−1)− 1
2∇ log πt(xt−1)Txt−1 −

∆t

8 |∇ log πt(xt−1)|2

− log γt(xt) + 1
2∇ log πt(xt)Txt + ∆t

8 |∇ log πt(xt)|2

+ 1
2∇ log πt(xt−1)Txt −

1
2∇ log πt(xt)Txt−1, (4.33)

for t = 1, . . . , T . This decomposition will provide some guidelines on how to

parameterize the approximate value functions in the next section. For the sake

of brevity, we have limited our discussion here to discretized Langevin dynamics;
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extension to the case of generalized Langevin dynamics (Leimkuhler and Matthews

2015) and other non-reversible dynamics are also possible.

4.2.2 Approximate dynamic programming settings

In our setup, in addition to obtaining an approximation ψ̂ ∈ Ψ(Q) of the optimal

sequence of twisting functions with respect to Q, it is also necessary to be able

to sample from the resulting approximation Qψ̂ of P and perform importance

sampling between the two distributions. Hence the choice of function classes

{Ft}Tt=0 used in the ADP procedure should be such that sampling from the initial

distribution πψ̂0 , transition kernels
{
K ψ̂
t

}T
t=1

and computing the importance weights

(4.5)-(4.6) are tractable.

To deal with these constraints, we shall restrict our attention to the following

function classes when employing Algorithm 4:

F0 :=
{
ϕ : X → R : ϕ(x0) = xT0A0x0 + xT0 b0 + c0, for some symmetric A0 ∈ Rd×d,

b0 ∈ Rd, c0 ∈ R
}
, (4.34)

Ft :=
{
ϕ : X × X → R : ϕ(xt−1, xt) = xTt At(xt−1)xt + xTt bt(xt−1) + ct + dt(xt−1),

for some symmetric At : X → Rd×d, bt : X → Rd, ct ∈ R, dt : X → R
}
,

(4.35)

for t = 1, . . . , T . With the choice (4.34)-(4.35) in Algorithm 4, the sequence of

twisting functions ψ̂(i) =
{
ψ̂

(i)
t

}T
t=0
∈ Ψ(Q) at iteration i ∈ N has the form

ψ̂
(i)
0 (x0) = exp

(
−xT0A

(i)
0 x0 − xT0 b

(i)
0 − c

(i)
0

)
, (4.36)

ψ̂
(i)
t (xt−1, xt) = exp

(
−xTt A

(i)
t (xt−1)xt − xTt b

(i)
t (xt−1)− c(i)

t − d
(i)
t (xt−1)

)
, (4.37)

for t = 1, . . . , T , with A
(i)
t := ∑i

k=1A
k
t , b

(i)
t := ∑i

k=1 b
k
t , c

(i)
t := ∑i

k=1 c
k
t , d

(i)
t :=∑i

k=1 d
k
t where

{
Akt , b

k
t , c

k
t , d

k
t

}
denote the coefficients and functions estimated at

the kth iteration of Algorithm 5 (step 2(b)i). For simplicity, we assume that the

initial distribution is a Gaussian mixture, i.e. π0 = ∑J
j=1 αjN (µj,Σj) with J ∈ N

components, weights αj ∈ R+ satisfying ∑J
j=1 αj = 1 and µj ∈ Rd,Σj ∈ Rd×d

denote the mean and covariance matrix of the jth component respectively. For
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sampling and importance weights to be tractable, we need to additionally impose

the following inequalities (in the positive definite sense)

A
(i)
0 > −1

2Σ−1
j for all j = 1, . . . , J, (4.38)

A
(i)
t (xt−1) > −Id/(2∆t) for all xt−1 ∈ X , t = 1, . . . , T. (4.39)

With the form (4.36) and constraint (4.38), it follows that

π
ψ̂(i)
0 =

J∑
j=1

α̃
(i)
j N

(
Σ̃(i)
j (Σ−1

j µj − b(i)
0 ), Σ̃(i)

j

)
(4.40)

and π0(ψ̂(i)
0 ) = ∑J

j=1 αjζ
(i)
j where Σ̃(i)

j :=
(
Σ−1
j + 2A(i)

0

)−1
> 0,

ζ
(i)
j := det (Σj)−1/2 det

(
Σ̃(i)
j

)1/2
exp

(
1
2
(
Σ−1
j µj − b(i)

0

)T
Σ̃(i)
j

(
Σ−1
j µj − b(i)

0

))

× exp
(
− 1

2µ
T
j Σ−1

j µj − c(i)
0

)
(4.41)

and α̃
(i)
j := αjζ

(i)
j /

∑J
k=1 αkζ

(i)
k . For π0 outside the Gaussian mixture family, we

note that our methodology requires sampling from π
ψ̂(i)
0 and computing π0(ψ̂(i)

0 )

to be tractable.

Let ft(xt−1) := xt−1 + ∆t

2 ∇ log πt(xt−1) denote the forward Euler discretization

and note that Θ(i)
t (xt−1) :=

(
Id + 2∆tA

(i)
t (xt−1)

)−1
is positive definite under the

constraint (4.39). With the forward transition kernel (4.31) and the form of

(4.37), we have

K
ψ̂(i)
t (xt−1, dxt) = N

(
xt; Θ(i)

t (xt−1)
(
ft −∆tb

(i)
t

)
(xt−1),∆tΘ(i)

t (xt−1)
)

dxt, (4.42)

and

Kt(ψ̂(i)
t )(xt−1) = det

(
Θ(i)
t (xt−1)

)1/2
exp

(
1

2∆t

(
ft −∆tb

(i)
t

)T
Θ(i)
t

(
ft −∆tb

(i)
t

)
(xt−1)

)

× exp
(
− 1

2∆t

fTt ft(xt−1)− c(i)
t − d

(i)
t (xt−1)

)
(4.43)

for t = 1, . . . , T . The parameterization (4.35) still leaves a great deal of flexibility

over the choice of functions {Ait, bit, dit}. The use of constant functions, considered

in Pieralberto et al. (2016), can be effective when V ∗ is adequately approximated
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by quadratic functions (see Section 4.4.2 for an application). Setting Ait to zero is

closely related to the continuous time approach in Kappen and Ruiz (2016) and Ruiz

and Kappen (2016), where (4.42) corresponds to an Euler-Maruyama discretization

of a controlled diffusion with additive control −b(i)
t learned through an iterative

procedure. By comparing (4.35) with step 2(a) of Algorithm 4, we see that at

iteration i ∈ N, we should select dit(xt−1) so as to match all additive xt−1 terms

in − logwψ̂(i−1)
t (xt−1, xt). Hence from (4.33) and (4.43), we set

dit(xt−1) = log γt−1(xt−1)− 1
2(∇ log πt(xt−1) + κt)Txt−1 −

∆t

8 |∇ log πt(xt−1)|2

− 1
2∆t

(
ft −∆tb

(i−1)
t

)T
Θ(i−1)
t

(
ft −∆tb

(i−1)
t

)
(xt−1) + 1

2∆t

fTt ft(xt−1)

− 1
2 log det

(
Θ(i−1)
t (xt−1)

)
(4.44)

where κt denotes all additive constants in the function x 7→ ∇ log πt(x). Lastly,

we note that although the terms
{
c

(i)
t , d

(i)
t

}
do not affect importance weights (4.5)-

(4.6), they indirectly influence algorithmic performance through the estimation

of twisting functions in Algorithm 4.

4.2.3 Connections to other work

Similar ideas have been proposed recently to develop efficient smoothing algorithms

for discrete time state space models in Pieralberto et al. (2016) and continuous

time models in Kappen and Ruiz (2016), Ruiz and Kappen (2016). In the last two

references, the connection to optimal control was drawn explicitly.

We now note how the above methodology differs from these earlier contributions.

Firstly, although the methods developed in these references can be extended to

the AIS setting, these extensions are only formal as they result in algorithms

that are not implementable. The choices made in Section 4.2.1 ensure that the

resulting algorithm is practical.

Secondly, the iterative nature of Algorithm 5 differs from previously proposed

methods as it approximates a different optimal control problem at each iteration.

In particular, although the algorithm in Pieralberto et al. (2016) samples from

different twisted versions of Q between iterations, it always approximates (4.18)
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with ψ = 1. Therefore Algorithm 5 would offer a new methodology when applied

to state space models.

Lastly, we provide a theoretical analysis of our proposed methodology in the

following section. Some of these results can be applied or easily adapted to study

the algorithm proposed by Pieralberto et al. (2016).

4.3 Analysis

This section is organized as follows. We begin in Section 4.3.1 by characterizing the

optimal twisting and value functions of Proposition 4.4 in a particular setting of

practical interest. In Section 4.3.2 and 4.3.3, we study ADP algorithm (4.29) and

(4.30), respectively, in terms of approximate projection errors. For a common choice

of function class, in Section 4.3.4, we give a law of large numbers and a central

limit theorem to describe how these algorithms converge to their counterpart with

orthogonal projections (i.e. Equation (4.28) for twisting functions) as the number

of samples N converges to infinity. In Section 4.3.5, we then analyze the asymptotic

behaviour of twisting functions generated by Algorithm 5 as the number of iterations

I converges to infinity. Lastly in Section 4.3.6, we characterize the distance between

the terminal distribution of a twisted SMC sampler and the target distribution π in

terms of value function approximation errors. Before proceeding, we remark that

although some results will be established under strong assumptions, which might be

difficult to verify in practice, they still offer some insight into the properties of the

proposed methodology. Weakening of such assumptions will be left as future work.

4.3.1 Log-concavity of optimal twisting functions and con-
vexity of optimal value functions

Proposition 4.9. Let ψ ∈ Ψ(Q) and assume that the weight functions
{
wψt
}T
t=0

in (4.6) and densities of the transition kernels
{
Kψ
t

}T
t=0

are log-concave on their

domain of definition. Then the optimal twisting functions φ∗ = {φ∗t}
T
t=0 with respect

to Qψ are log-concave and the optimal value functions V ∗ = {V ∗t }
T
t=0 with respect to

Qψ are convex.
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Proof. We establish that the optimal twisting functions are log-concave; convexity

of the optimal value functions follow from the relationship φ∗t = e−V
∗
t , t = 0, . . . , T .

For t = T , log-concavity of φ∗T = wψT follows by assumption. Assuming that ϕ :

X×X → R is log-concave, note that y 7→ Kψ
t+1(ϕ)(y) is log-concave since the product

(x, y) 7→ ϕ(x, y)Kψ
t+1(x, y) is and log-concavity is preserved by marginalization.

It follows that the Bellman operator Bψ
t preserves log-concavity as the product

(x, y) 7→ wψt (x, y)Kψ
t+1(ϕ)(y) is also log-concave. By induction, the proof is complete

using the backward recursion (4.15).

4.3.2 Approximate dynamic programming for learning op-
timal sequence of twisting functions

We first note that the Bellman operators (4.13) are Lipschitz continuous maps in L2-

norm.

Lemma 4.10. Let ψ ∈ Ψ(Q) be such that ‖wψt ‖∞ <∞ for all t = 0, . . . , T −1. For

each t = 0, . . . , T − 1, the Bellman operator Bψt : L2(Qψ
t,t+1)→ L2(Qψ

t−1,t) defined in

(4.13) satisfies

‖Bψ
t ϕ− Bψ

t ξ‖L2(Qψt−1,t)
≤ ‖wψt ‖∞‖ϕ− ξ‖L2(Qψt,t+1) (4.45)

for all ϕ, ξ ∈ L2(Qψ
t,t+1).

Proof. By Jensen’s inequality, we have

‖Bψ
t ϕ− Bψ

t ξ‖2
L2(Qψt−1,t)

=
∫
X 2
wψt (xt−1,xt)2Kψ

t+1(ϕ− ξ)(xt)2Qψ
t−1,t(dxt−1, dxt)

≤ ‖wψt ‖2
∞

∫
X 2

(ϕ− ξ)2(xt, xt+1)Kψ
t+1(xt, dxt+1)Qψ

t (dxt)

= ‖wψt ‖2
∞

∫
X 2

(ϕ− ξ)2(xt, xt+1)Qψ
t,t+1(dxt, dxt+1)

= ‖wψt ‖2
∞‖ϕ− ξ‖2

L2(Qψt,t+1) (4.46)

for t = 1, . . . , T − 1. The same arguments show that (4.45) also holds for t = 0 and

Bψ
t ϕ ∈ L2(Qψ

t−1,t) if ϕ ∈ L2(Qψ
t,t+1).
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The next result characterizes the error of ADP algorithm (4.29) for learning

the optimal sequence of twisting functions φ∗ = {φ∗t}
T
t=0 with respect to Qψ in

terms of approximate projection errors. In the following, we will write E to denote

expectation with respect to N ∈ N iid random variables {Xn
0:T}

N
n=1 with distribution

Qψ produced in the algorithm of interest.

Proposition 4.11. Let ψ ∈ Ψ(Q) be such that ‖wψt ‖∞ < ∞ for all t = 0, . . . , T .

For each t = 0, . . . , T , given N ∈ N and a pre-specified closed and linear function

class Ft ⊂ L2(Qψ
t−1,t), we assume that the approximate (Ft, Qψ

t−1,t)-projection operator

satisfies

sup
ξ∈Bψt Ft+1

E‖Pψ,Nt ξ − ξ‖L2(Qψt−1,t)
≤ εt(N) (4.47)

where Bψ
t Ft+1 := {Bψ

t ϕ : ϕ ∈ Ft+1} for t = 0, . . . , T − 1 and Bψ
TFT+1 := {wψT}. Let

φ̂ =
{
φ̂t
}T
t=0

denote the twisting functions generated by ADP algorithm (4.29) and

suppose that
(
x, {Xn

t−1:T}Nn=1

)
7→ φ̂t(x) is Borel measurable for all t. Then

E‖φ̂t − φ∗t‖L2(Qψt−1,t)
≤

T∑
k=t

εk(N)
k−1∏
i=t
‖wψi ‖∞ (4.48)

for t = 0, . . . , T (with the convention that ∏l
i=j := 1 for l < j).

Proof. Using triangle inequality, the assumption on approximate projection errors

and Lemma 4.10 (since Ft+1 ⊂ L2(Qψ
t,t+1) and φ∗t+1 ∈ L2(Qψ

t,t+1)), we have

et := E‖φ̂t − φ∗t‖L2(Qψt−1,t)
(4.49)

= E‖φ̂t − Bψ
t φ
∗
t+1‖L2(Qψt−1,t)

≤ E‖Pψ,Nt Bψ
t φ̂t+1 − Bψ

t φ̂t+1‖L2(Qψt−1,t)
+ E‖Bψ

t φ̂t+1 − Bψ
t φ
∗
t+1‖L2(Qψt−1,t)

≤ εt(N) + ‖wψt ‖∞et+1

for t = 0, . . . , T − 1. Equation (4.48) holds for t = T by assumption since BψTFT+1 =

{wψT} and for all t = 0, . . . , T − 1 by induction.
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Although the assumption that the weights
{
wψt
}T
t=0

are bounded is typically used

in similar ADP error analyses (Gobet 2016), in our context, such a condition might

be quite difficult to verify in practice. Equation (4.48) reveals how the approximate

projection errors propagate backwards in time; in particular, it shows that if these

errors can be kept small then ADP algorithm (4.29) provides a good approximation

of φ∗. As these errors are measured in L2-norm, it is possible to provide a more

precise description of εt(N) using results on least squares approximations which we

collect in Appendix B. The following is a corollary of Proposition B.1 which deals

with the case of linear least squares; see Appendix B.1.2 for the non-linear case.

For any real square matrix A, we denote its minimum eigenvalue by λmin(A).

Corollary 4.12. (Linear least squares) For each t = 0, . . . , T , suppose that the

function class is of the form Ft =
{

Φt(x)Tβt : βt ∈ RMt

}
where Φt :=

(
ϕ1
t , . . . , ϕ

Mt
t

)T
is a vector of Mt ∈ N pre-specified basis functions satisfying ‖ϕmt ‖∞ ≤ Ut for all

m = 1, . . . ,Mt. Define the matrices

AN0 := 1
N

N∑
n=1

(
Φ0ΦT

0

)
(Xn

0 ), A0 := EQψ
[(

Φ0ΦT
0

)
(X0)

]
, (4.50)

ANt := 1
N

N∑
n=1

(
ΦtΦT

t

)
(Xn

t−1, X
n
t ), At := EQψ

[(
ΦtΦT

t

)
(Xt−1, Xt)

]
,

for t = 1, . . . , T , assume that λmin(At) > 0 and N ∈ N is such that E
[
λ−4

min(ANt )
]
<

∞ for all t. For t = 0, . . . , T and p ≥ 1, let ‖Ft‖Lp(Qψt−1,t)
:= supξ∈Ft ‖ξ‖Lp(Qψt−1,t)

(set ‖FT+1‖Lp(QψT,T+1) := 1 for notational convenience) and suppose this is finite for

p = 4. Then

ε2
t (N) = sup

ξ∈Bψt Ft+1

‖Pψt ξ − ξ‖2
L2(Qψt−1,t)

+ Ct(N)U4
tM

2
t E

[
λ−4

min(ANt )
]1/2
‖wψt ‖2

∞ (4.51)

where Ct(N) :=
(
%t(N) + λ−1

min(At)‖Ft+1‖L2(Qψt,t+1)θt(N)
)2

with

%2
t (N) :=

(
3
(
N−2 +N−3

)
‖Ft+1‖4

L2(Qψt,t+1) + 5N−3‖Ft+1‖4
L4(Qψt,t+1)

)1/2
, (4.52)

θ2
t (N) :=

M∑
n,m=1

(
3
(
N−2 −N−3

)
Qψ
t−1,t

([
ϕnt ϕ

m
t −Q

ψ
t−1,t(ϕnt ϕmt )

]2)2

+N−3Qψ
t−1,t

([
ϕnt ϕ

m
t −Q

ψ
t−1,t(ϕnt ϕmt )

]4))1/2
.
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The upper bound (4.51) gives a decomposition of the error involved in prop-

agating approximate projections. The first term is the largest norm of residuals

Pψt ξ− ξ ∈ F⊥t for ξ ∈ Bψt Ft+1, where F⊥t denotes the orthogonal complement to Ft in

L2(Qψ
t−1,t). This should be thought of as the bias term that depends on the choice

of function class. The second term describes the variance that comes from learning

with only a sample of size N (note that the error is of order N−1) with constants that

depend on the number of basis functionsMt and their magnitude Ut, the moments in

(4.52) and how well-conditioned the projection and its approximation are, described

by the size of λ−1
min(At) and the inverse moments of λmin(ANt ) respectively.

4.3.3 Approximate dynamic programming for learning op-
timal sequence of value functions

Like before, we first note that the Bellman operators (4.14) are non-expansive

maps in the supremum norm.

Lemma 4.13. Let ψ ∈ Ψ(Q) be such that ‖wψt ‖∞ <∞ for all t = 0, . . . , T − 1 and

define D :=
{
ϕ : X × X → R : inf(x,y)∈X 2 ϕ(x, y) > −∞

}
. For each t = 0, . . . , T−1,

the Bellman operator Tψ
t : D → D defined in (4.14) satisfies

‖Tψ
t ϕ− Tψ

t ξ‖∞ ≤ ‖ϕ− ξ‖∞ (4.53)

for all ϕ, ξ ∈ D.

Proof. For any ϕ ∈ D, we have (Tψ
t ϕ)(x, y) ≥ − log ‖wψt ‖∞ + inf(u,v)∈X 2 ϕ(u, v)

hence Tψ
t ϕ ∈ D. Note that

(Tψ
t ϕ− Tψ

t ξ)(x, y) = logKψ
t+1(e−ξ)(y)− logKψ

t+1(e−ϕ)(y) (4.54)

≤ logKψ
t+1(e−ϕ+‖ϕ−ξ‖∞)(y)− logKψ

t+1(e−ϕ)(y)

= ‖ϕ− ξ‖∞.

By symmetry, we have |Tψ
t ϕ−Tψ

t ξ|(x, y) ≤ ‖ϕ− ξ‖∞ hence taking supremum gives

the desired inequality.
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To measure errors in supremum norm, we will rely on the following lemma

to deal with measurability issues.

Lemma 4.14. Let Ω1 be a topological space, B(Ω1) be its corresponding Borel

σ-algebra and Ω2 be an arbitrary set. If ϕ : Ω1 × Ω2 → R is a function such

that x 7→ ϕ(x, y) is continuous for all y ∈ Ω2, then x 7→ supy∈Ω2 ϕ(x, y) is Borel

measurable.

Proof. It suffices to check that Aα :=
{
x ∈ Ω1 : supy∈Ω2 ϕ(x, y) ≤ α

}
∈ B(Ω1)

for all α ∈ R. Write ξy(x) := ϕ(x, y) and note that since (−∞, α] is closed

in R, by continuity ξ−1
y ((−∞, α]) is closed in Ω1 for all y ∈ Ω2. Hence Aα =

{x ∈ Ω1 : ϕ(x, y) ≤ α ∀y ∈ Ω2} = ∩y∈Ω2ξ
−1
y ((−∞, α]) is a closed set in B(Ω1).

Analogous to Proposition 4.11 for twisting functions, the next result characterizes

the error of ADP algorithm (4.30) for learning the optimal sequence of value functions

V ∗ = {V ∗t }
T
t=0 with respect to Qψ in terms of approximate projection errors.

Proposition 4.15. Let ψ ∈ Ψ(Q) be such that ‖wψt ‖∞ < ∞ for all t = 0, . . . , T .

Given pre-specified closed and linear function classes Ft ⊂ D, t = 0, . . . , T , we define

the sets Tψ
t Ft+1 := {Tψ

t ϕ : ϕ ∈ Ft+1} for t = 0, . . . , T −1 and Tψ
TFT+1 := {− logwψT}.

Given N ∈ N, for each t = 0, . . . , T , we assume that the approximate (Ft, Qψ
t−1,t)-

projection operator is such that
{
Xn
t−1:t

}N
n=1
7→ (Pψ,Nt ξ)(x) is continuous for all

x ∈ X 2, ξ ∈ Tψ
t Ft+1 and

sup
ξ∈Tψt Ft+1

E‖Pψ,Nt ξ − ξ‖∞ ≤ εt(N). (4.55)

Let V̂ =
{
V̂t
}T
t=0

denote the value functions generated by ADP algorithm (4.30) and

suppose that
{
Xn
t−1:T

}N
n=1
7→ V̂t(x) is continuous for all x ∈ X 2 and t. Then

E‖V̂t − V ∗t ‖∞ ≤
T∑
k=t

εk(N) (4.56)

for t = 0, . . . , T .
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Proof. Continuity assumptions and Lemma 4.14 ensure that the left hand side of

(4.55) and (4.56) are well-defined. Noting that we have Ft ⊂ D and V ∗t ∈ D since

V ∗t ≥ −
∑T
k=t log ‖wψk ‖∞, the rest of the proof follows from Lemma 4.13 and the

same arguments in Proposition 4.11.

We note that it is also possible to apply Proposition 4.11 to quantify the error

of the corresponding approximation φ̂t := e−V̂t , t = 0, . . . , T of the optimal sequence

of twisting functions φ∗ = {φ∗t}
T
t=0 with respect to Qψ.

4.3.4 Limit theorems

We now examine the asymptotic behaviour of ADP algorithm (4.29) and (4.30)

with linear least squares approximations as the number of samples N converges

to infinity. For notational simplicity, given a vector of M ∈ N basis functions

Φ := (ϕ1, . . . , ϕM )T , G ∈M(X ) and c ∈ RM , we denote G(Φ)(x) := (G(ϕ1)(x), . . . ,

G(ϕM)(x))T as the vector-valued function and 〈G(Φ), c〉 (x) := ∑M
m=1 cmG(ϕm)(x)

as the linear combination. Also for any p ∈ N, we write 0p as the vector of p

zeros and 0p×p as the p × p matrix of zeros.

We first look at algorithm (4.29), in which case for each t = 0, . . . , T , given

Mt ∈ N basis functions Φt :=
(
ϕ1
t , . . . , ϕ

Mt
t

)T
, the approximate twisting function

has the form φ̂t = ΦT
t β

N
t , where the least squares estimator βNt =

(
ANt

)−1
bNt is

given by the matrix ANt in (4.50) and vector bNt defined by the backward recursion

bNT := 1
N

N∑
n=1

wψT (Xn
T−1, X

n
T )ΦT (Xn

T−1, X
n
T ), (4.57)

bNt := 1
N

N∑
n=1

wψt (Xn
t−1, X

n
t )
〈
Kψ
t+1(Φt+1),

(
ANt+1

)−1
bNt+1

〉
(Xn

t )Φt(Xn
t−1, X

n
t ),

t = T − 1, . . . , 1,

bN0 := 1
N

N∑
n=1

wψ0 (Xn
0 )
〈
Kψ

1 (Φ1),
(
AN1

)−1
bN1

〉
(Xn

0 )Φ0(Xn
0 ).

For notational ease, here we consider the setting where the number of basis functions

used remains constant over time, i.e. Mt = M ; extension to the time varying

case is straightforward.
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Theorem 4.16. Let ψ ∈ Ψ(Q) and βN :=
(
βN0 , . . . , β

N
T

)T
∈ R(T+1)M be the vector

of least squares estimators generated by ADP algorithm (4.29) under linear least

squares approximations with basis functions {Φt}Tt=0. Let {At}
T
t=0 be the matrices

defined in (4.50) and assume that λmin(At) > 0 for all t = 0, . . . , T . Suppose

x 7→ Kψ
t (Φt)(x) is Borel measurable for t = 1, . . . , T and

EQψ
[
wψ0 (X0) |Kψ

1 (Φ1)(X0)| |Φ0(X0)|
]
<∞, (4.58)

EQψ
[
wψt (Xt−1, Xt) |Kψ

t+1(Φt+1)(Xt)| |Φt(Xt−1, Xt)|
]
<∞, t = 1, . . . , T − 1,

EQψ
[
wψT (XT−1, XT ) |ΦT (XT−1, XT )|

]
<∞.

Define the vectors {bt}Tt=0 by the backward recursion

bT := EQψ
[
wψT (XT−1, XT )ΦT (XT−1, XT )

]
, (4.59)

bt := EQψ
[
wψt (Xt−1, Xt)

〈
Kψ
t+1(Φt+1), A−1

t+1bt+1
〉

(Xt)Φt(Xt−1, Xt)
]
,

t = T − 1, . . . , 1,

b0 := EQψ
[
wψ0 (X0)

〈
Kψ

1 (Φ1), A−1
1 b1

〉
(X0)Φ0(X0)

]
.

As N →∞, βN converges in probability to β∗ := (β∗0 , . . . , β∗T )T where β∗t := A−1
t bt

for t = 0, . . . , T .

Define the vector-valued functions

f0(x0) := A−1
0

(
wψ0 (x0)

〈
Kψ

1 (Φ1), β∗1
〉

(x0)Φ0(x0)−
(
Φ0ΦT

0

)
(x0)β∗0

)
, (4.60)

ft(xt−1, xt) := A−1
t

(
wψt (xt−1, xt)

〈
Kψ
t+1(Φt+1), β∗t+1

〉
(xt)Φt(xt−1, xt)

)
− A−1

t

(
ΦtΦT

t

)
(xt−1, xt)β∗t , t = 1, . . . , T − 1,

fT (xT−1, xT ) := A−1
T

(
wψT (xT−1, xT )ΦT (xT−1, xT )−

(
ΦTΦT

T

)
(xT−1, xT )β∗T

)
,

and write f := (f0, . . . , fT )T as the vector of functions. If we additionally assume

that EQψ |f0(X0)|2 <∞, EQψ |ft(Xt−1, Xt)|2 <∞ for all t = 1, . . . , T , then

√
N
(
βN − β∗

)
d.−→ N

(
0(T+1)M ,Σ

)
(4.61)
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where Σ = UΣfU
T is given in terms of Σf := EQψ

[(
ffT

)
(X0:T )

]
and a block upper

triangular matrix U ∈ R(T+1)M×(T+1)M described by its blocks of size M ×M

Uij :=


0M×M , i > j,

IM , i = j,∏j−2
k=i−1Gk, i < j,

(4.62)

for i, j = 0, . . . , T , with

G0 := A−1
0 EQψ

[
wψ0 (X0)Φ0(X0)Kψ

1 (Φ1)(X0)T
]
, (4.63)

Gt := A−1
t EQψ

[
wψt (Xt−1, Xt)Φt(Xt−1, Xt)Kψ

t+1(Φt+1)(Xt)T
]
, t = 1, . . . , T − 1.

Proof. Note that for each t = 0, . . . , T , by strong LLN ANt → At almost surely as

N →∞, hence using continuity of matrix inversion and the continuous mapping

theorem, we have
(
ANt

)−1
→ A−1

t almost surely. Using continuity of the spectral

matrix norm and another application of the continuous mapping theorem, we see

that λmin
(
ANt

)
→ λmin (At) > 0 almost surely, so for sufficiently large N we have

invertibility of ANt with probability one.

Starting with time t = T , by LLN bNT → bT in probability so by Slutsky’s lemma,

it follows that βNT =
(
ANT

)−1
bNT → β∗T in probability. Consider

βNT − β∗T =
(
ANT

)−1 (
bNT − ANT β∗T

)
=
(
A−1
T + oP (1)

) (
bNT − ANT β∗T

)
. (4.64)

Since A−1
T

(
bNT − ANT β∗T

)
= N−1∑N

n=1 fT (Xn
T−1, X

n
T ), EQψ [fT (XT−1, XT )] = 0M and

EQψ |fT (XT−1, XT )|2 <∞, we have bNT − ANT β∗T = OP (N−1/2). Therefore

βNT − β∗T = 1
N

N∑
n=1

fT (Xn
T−1, X

n
T ) + oP (N−1/2), (4.65)

hence applying CLT gives
√
N
(
βNT − β∗T

)
d.−→ N (0M ,ΣfT ) with ΣfT := EQψ

[ (
fTf

T
T

)
(XT−1, XT )

]
.

We now argue inductively: for time t = 1, . . . , T − 1 (same argument for t = 0),

we decompose bNt = cNt + dNt with

cNt := 1
N

N∑
n=1

wψt (Xn
t−1, X

n
t )
〈
Kψ
t+1(Φt+1), β∗t+1

〉
(Xn

t )Φt(Xn
t−1, X

n
t ), (4.66)

dNt := 1
N

N∑
n=1

wψt (Xn
t−1, X

n
t )
〈
Kψ
t+1(Φt+1), βNt+1 − β∗t+1

〉
(Xn

t )Φt(Xn
t−1, X

n
t ).
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Assuming that βNt+1 → β∗t+1 in probability, by Cauchy-Schwarz inequality we see

that |dNt | = oP (1) so bNt → bt in probability. Therefore by Slutsky’s lemma, it

follows that βNt =
(
ANt

)−1
bNt → β∗t in probability.

We now examine

βNt − β∗t =
(
ANt

)−1 (
bNt − ANt β∗t

)
=
(
A−1
t + oP (1)

) (
cNt + dNt − ANt β∗t

)
. (4.67)

Firstly, since A−1
t

(
cNt − ANt β∗t

)
= N−1∑N

n=1 ft(Xn
t−1, X

n
t ), EQψ [ft(Xt−1, Xt)] = 0M

and EQψ |ft(Xt−1, Xt)|2 <∞, we have cNt −ANt β∗t = OP (N−1/2). Secondly, assuming

that
√
N
(
βNt+1 − β∗t+1

)
d.−→ N

(
0M ,Σft+1

)
for some covariance matrix Σft+1 , we can

write A−1
t dNt = Gt(βNt+1 − β∗t+1) + oP (N−1/2) so dNt = OP (N−1/2). Combining these

observations and noting that the least squares estimators βNt and βNt+1 depend on

common random variables, we consider the difference

βNt − β∗t −Gt(βNt+1 − β∗t+1) = 1
N

N∑
n=1

ft(Xn
t−1, X

n
t ) + oP (N−1/2), (4.68)

which also holds for the case t = 0 using the same arguments. Stacking (4.68) for

t = 0, . . . , T − 1 and (4.65) for t = T as a (T + 1)M -dimensional vector gives

YN :=



βN0 − β∗0 −G0
(
βN1 − β∗1

)
βN1 − β∗1 −G1

(
βN2 − β∗2

)
...

βNT−1 − β∗T−1 −GT−1
(
βNT − β∗T

)
βNT − β∗T


= 1
N

N∑
n=1

f(Xn
0:T ) + oP (N−1/2).

(4.69)

Noting that UYN = βN−β∗ for anyN ∈ N and by CLT
√
NYN

d.−→ N
(
0(T+1)M ,Σf

)
as N →∞, (4.61) follows from an application of the continuous mapping theorem.

The above result reveals that in the large N regime, the distribution of twisting

functions generated by ADP algorithm (4.29) concentrates around (4.28) with

Gaussian fluctuations. We note that the block upper triangular structure of matrix

U is inherited from the backward nature of ADP recursions. The form of the

asymptotic variance Σ = UΣfU
T also suggests that in general, we expect the

variance of the least squares estimator to be larger at earlier times.
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We now analyze algorithm (4.30). Like before, for each t = 0, . . . , T , the

approximate value function has the form V̂t = ΦT
t β

N
t , where the least squares

estimator βNt =
(
ANt

)−1
bNt is given by the matrix ANt in (4.50) and vector bNt

defined by the backward recursion

bNT := − 1
N

N∑
n=1

logwψT (Xn
T−1, X

n
T )ΦT (Xn

T−1, X
n
T ), (4.70)

bNt := − 1
N

N∑
n=1

(
logwψt (Xn

t−1, X
n
t ) + logKψ

t+1(e−ΦTt+1(ANt+1)−1
bNt+1)(Xn

t )
)

Φt(Xn
t−1, X

n
t ),

t = T − 1, . . . , 1,

bN0 := − 1
N

N∑
n=1

(
logwψ0 (Xn

0 ) + logKψ
1 (e−ΦT1 (AN1 )−1

bN1 )(Xn
0 )
)

Φ0(Xn
0 ).

Theorem 4.17. Let ψ ∈ Ψ(Q) and βN :=
(
βN0 , . . . , β

N
T

)T
∈ R(T+1)M be the vector

of least squares estimators generated by ADP algorithm (4.30) under linear least

squares approximations with basis functions {Φt}Tt=0. Let {At}
T
t=0 be the matrices

defined in (4.50) and assume that λmin(At) > 0 for all t = 0, . . . , T . Suppose

x 7→ Kψ
t (e−ΦTt β)(x) is Borel measurable for all β ∈ RM and t = 1, . . . , T , define the

vectors {bt}Tt=0 by the backward recursion

bT := −EQψ
[
logwψT (XT−1, XT )ΦT (XT−1, XT )

]
, (4.71)

bt := −EQψ
[(

logwψt (Xt−1, Xt) + logKψ
t+1(e−ΦTt+1A

−1
t+1bt+1)(Xt)

)
Φt(Xt−1, Xt)

]
,

t = T − 1, . . . , 1,

b0 := −EQψ
[(

logwψ0 (X0) + logKψ
1 (e−ΦT1 A

−1
1 b1)(X0)

)
Φ0(X0)

]
,

and assume that these expectations are finite. Assume also that for each t =

0, . . . , T − 1, there exist Ct : X → R+ and ρt ∈ C(R+,R+) satisfying

EQψ [Ct(Xt) |Φt(Xt−1, Xt)|] <∞ and lim
x→0

ρt(x) = 0 (4.72)

such that
∣∣∣logKψ

t+1(e−ΦTt+1β)(x)− logKψ
t+1(e−ΦTt+1β

′)(x)
∣∣∣ ≤ Ct(x)ρt (|β − β′|) (4.73)

holds Qψ
t (dx)− a.e. for all β, β′ ∈ RM . As N →∞, βN converges in probability to

β∗ := (β∗0 , . . . , β∗T )T where β∗t := A−1
t bt for t = 0, . . . , T .
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Suppose that for each t = 0, . . . , T − 1, β 7→ logKψ
t+1(e−ΦTt+1β)(x) is twice

continuously differentiable for all x ∈ X , the i, j = 1, . . . ,M element of its Hessian

matrix x 7→ H i,j
t+1(β, x) := ∂βi∂βj logKψ

t+1(e−ΦTt+1β)(x) is Borel measurable for all

β ∈ RM , satisfies EQψ |H i,j
t+1(β∗t+1, Xt)Φt(Xt−1, Xt)| <∞ and

1
N

N∑
n=1

H i,j
t+1(β̃Nt+1, X

n
t )Φt(Xn

t−1, X
n
t )→ EQψ

[
H i,j
t+1(β∗t+1, Xt)Φt(Xt−1, Xt)

]
(4.74)

in probability whenever β̃Nt+1 → β∗t+1 in probability as N → ∞. Define the vector-

valued functions

f0(x0) := −A−1
0

([
logwψ0 (x0) + logKψ

1 (e−ΦT1 β∗1 )(x0)
]

Φ0(x0) +
(
Φ0ΦT

0

)
(x0)β∗0

)
,

(4.75)
ft(xt−1, xt) := −A−1

t

[
logwψt (xt−1, xt) + logKψ

t+1(e−ΦTt+1β
∗
t+1)(xt)

]
Φt(xt−1, xt)

− A−1
t

(
ΦtΦT

t

)
(xt−1, xt)β∗t , t = 1, . . . , T − 1,

fT (xT−1, xT ) := −A−1
T

(
logwψT (xT−1, xT )ΦT (xT−1, xT ) +

(
ΦTΦT

T

)
(xT−1, xT )β∗T

)
,

and write f := (f0, . . . , fT )T as the vector of functions. If we additionally assume

that EQψ |f0(X0)|2 <∞, EQψ |ft(Xt−1, Xt)|2 <∞ for all t = 1, . . . , T , then

√
N
(
βN − β∗

)
d.−→ N

(
0(T+1)M ,Σ

)
(4.76)

where Σ = UΣfU
T is given in terms of Σf := EQψ

[(
ffT

)
(X0:T )

]
and a block upper

triangular matrix U ∈ R(T+1)M×(T+1)M described by its blocks of size M ×M

Uij :=


0M×M , i > j,

IM , i = j,∏j−2
k=i−1Gk, i < j,

(4.77)

for i, j = 0, . . . , T , with

G0 := −A−1
0 EQψ

[
Φ0(X0)∇β logKψ

1 (e−ΦT1 β∗1 )(X0)T
]
, (4.78)

Gt := −A−1
t EQψ

[
Φt(Xt−1, Xt)∇β logKψ

t+1(e−ΦTt+1β
∗
t+1)(Xt)T

]
, t = 1, . . . , T − 1.

Proof. Most arguments in the proof of Theorem 4.16 apply here with necessary

changes to deal with intractability of the function (β, x) 7→ logKψ
t+1(e−ΦTt+1β)(x)
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which we outline. For time t = T , the same arguments yield (4.65), consistency and

a CLT for the estimator βNT as N →∞.

For the inductive step at time t = 1, . . . , T − 1 (and similarly for t = 0), like

before we decompose bNt = cNt + dNt with

cNt := − 1
N

N∑
n=1

(
logwψt (Xn

t−1, X
n
t ) + logKψ

t+1(e−ΦTt+1β
∗
t+1)(Xn

t )
)

Φt(Xn
t−1, X

n
t ),

(4.79)

dNt := 1
N

N∑
n=1

(
logKψ

t+1(e−ΦTt+1β
∗
t+1)(Xn

t )− logKψ
t+1(e−ΦTt+1β

N
t+1)(Xn

t )
)

Φt(Xn
t−1, X

n
t ).

If βNt+1 → β∗t+1 in probability, by assumption (4.73) we have

|dNt | ≤
1
N

N∑
n=1

Ct(Xn
t )|Φt(Xn

t−1, X
n
t )|ρt(|βNt+1 − β∗t+1|) = oP (1) (4.80)

hence βNt → β∗t in probability. By Taylor’s theorem, we have

dNt = − 1
N

N∑
n=1

〈
∇β logKψ

t+1(e−ΦTt+1β
∗
t+1)(Xn

t ), βNt+1 − β∗t+1

〉
Φt(Xn

t−1, X
n
t ) +RN

t

(4.81)

with remainder

RN
t := − 1

N

N∑
n=1

(
βNt+1 − β∗t+1

)T
Ht+1(β̃Nt+1, X

n
t )
(
βNt+1 − β∗t+1

)
Φt(Xn

t−1, X
n
t ) (4.82)

for some β̃Nt+1 between βNt+1 and β∗t+1. By squeeze theorem β̃Nt+1 → β∗t+1 in probability,

so using assumption (4.74) and
√
N
(
βNt+1 − β∗t+1

)
d.−→ N

(
0M ,Σft+1

)
for some

covariance matrix Σft+1 establishes that RN
t = OP (N−1) and hence dNt = OP (N−1/2).

The rest of the proof follow the same arguments in Theorem 4.16.

The conclusions of this result is similar to Theorem 4.16. The assumptions

(4.73) and (4.74), needed for consistency and central limit theorem respectively,

can be verified when the form of (β, x) 7→ logKψ
t+1(e−ΦTt+1β)(x) is available. Using

Newey and McFadden (1994; Lemma 2.4), a sufficient condition for (4.74) is

EQψ
[
supβ∈Θt+1

∣∣∣H i,j
t+1(β,Xt)Φt(Xt−1, Xt)

∣∣∣] <∞ for some compact set Θt+1 contain-

ing β∗t+1.
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4.3.5 Iterated approximate dynamic programming

We now study the asymptotic behaviour of twisting functions ψ̂(i) ∈ Ψ(Q) generated

by Algorithm 5, when either ADP (4.29) or (4.30) is employed in step 2(b)i, as the

number of iterations i → ∞. We will work on the closure of Ψ(Q)

Ψ(Q) :=
{
ψ0 : X → [0,∞), ψt : X × X → [0,∞) t = 1, . . . , T : ψ0 ∈ L1(Q0),

ψt ∈ L1(Qt−1,t)
}
, (4.83)

which can be seen as a closed subset of the complete separable metric space

L1(Q0)∏T
t=1 L

1(Qt−1,t) (Cohn 2013; Theorem 3.4.1, Proposition 3.4.5) with the met-

ric

ρ(ϕ, ξ) :=‖ϕ0 − ξ0‖L1(Q0) +
T∑
t=1
‖ϕt − ξt‖L1(Qt−1,t) (4.84)

for ϕ = {ϕt}Tt=0 , ξ = {ξt}Tt=0, and hence also a complete separable metric space

with the inherited metric ρ.

We assume that the choice of function classes {Ft}Tt=0 are such that if ψ ∈ Ψ(Q),

then φ̂ estimated from ADP algorithm (4.29) or (4.30) satisfies ψ · φ̂ ∈ Ψ(Q). For

example, this is satisfied when we select Ft ⊂ L∞(X 2) in (4.29) and Ft ⊂ D in (4.30).

We begin by writing the iterative scheme as a mapping. Let F : U ×Ψ(Q)→ Ψ(Q)

be defined as FU(ψ) := ψ · φ̂ where φ̂ is the output of (4.29) or (4.30) and U ∈ U

encodes all uniform random variables needed for the simulation of N ∈ N iid

samples from Qψ to perform approximate projections. As the uniform variables

used at every iteration are iid, F is an iterated random function which defines

a Markov chain
{
ψ̂(i)

}∞
i=0

on Ψ(Q). Under appropriate regularity conditions on

F , we can establish existence of a unique invariant distribution and convergence

to the latter at a geometric rate.

Theorem 4.18. (Diaconis and Freedman 1999; Theorem 5.1) Let µ ∈ P(U) denote

the uniform distribution on U and suppose that there exists a function C : U → [0,∞)

such that

ρ(FU(ϕ), FU(ξ)) ≤ C(U)ρ(ϕ, ξ) (4.85)
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for all ϕ, ξ ∈ Ψ(Q),
∫
U C(u)µ(du) < ∞,

∫
U ρ(Fu(ϕ0), ϕ0)µ(du) < ∞ for some

ϕ0 ∈ Ψ(Q) and
∫
U logC(u)µ(du) < 0. Then the Markov chain

{
ψ̂(i)

}∞
i=0

generated

by Algorithm 5, when either ADP (4.29) or (4.30) is employed, admits a unique

invariant distribution η ∈ P
(
Ψ(Q)

)
. Moreover, if Gi(ϕ, ·) denotes the law of the

Markov chain after i ∈ N iterations from ϕ ∈ Ψ(Q), then % (Gi(ϕ, ·), η) ≤ D(ϕ)ri

for some D : Ψ(Q) → R+ and r ∈ (0, 1), where % is the Prokhorov metric on

P
(
Ψ(Q)

)
induced by the metric ρ.

Equation (4.85) is an assumption on the regularity of the ADP procedure:

i.e. for two sequences of twisting functions ϕ ∈ Ψ(Q) and ξ ∈ Ψ(Q) that are

close, given the same uniform random variables U , the approximated twisting

functions ϕ̂ ∈ Ψ(Qϕ) and ξ̂ ∈ Ψ(Qξ) should also be sufficiently close to keep

the Lipschitz constant C(U) small.

4.3.6 Distance from target distribution

We are now interested in characterizing how far the terminal distribution of a

twisted SMC sampler is from the target distribution π. For a real-valued function

ϕ : Ω → R, we define its oscillation as osc(ϕ) := sup(x,y)∈Ω×Ω |ϕ(x) − ϕ(y)|. We

will use the following sensitivity result.

Lemma 4.19. (Del Moral 2004; Lemma 6.2.1) Let µ be a probability measure on a

measurable space (Ω,F) and ϕ, ξ : Ω → R+ be two measurable functions in L1(µ).

The probability measures µϕ(dx) := µ(dx)ϕ(x)/µ(ϕ) and µξ(dx) := µ(dx)ξ(x)/µ(ξ)

satisfy

‖µϕ − µξ‖TV ≤
1
2osc (logϕ− log ξ) . (4.86)

Proposition 4.20. Let ψ̂ =
{
ψ̂t = e−V̂t

}T
t=0
∈ Ψ(Q) denote a sequence of twisting

functions and π̂T := πψ̂0 K
ψ̂
1 · · ·K

ψ̂
T the terminal distribution of the corresponding

twisted SMC sampler. We have

‖π̂T − π‖TV ≤
T∑
t=0
‖V̂t − V ∗t ‖∞ (4.87)



4. Controlled sequential Monte Carlo samplers 129

where ψ∗ =
{
ψ∗t = e−V

∗
t

}T
t=0

denotes the optimal sequence of twisting functions with

respect to Q.

Proof. We write the marginal distribution at time t = 1, . . . , T of the twisted and

optimally controlled SMC samplers as π̂t := πψ̂0 K
ψ̂
1 · · ·K

ψ̂
t and π∗t := πψ

∗

0 Kψ∗

1 · · ·K
ψ∗

t

respectively. Using triangle inequality and properties of Markov operators, we have

et := ‖π̂t − π∗t ‖TV (4.88)

= ‖π̂t−1K
ψ̂
t − π∗t−1K

ψ∗

t ‖TV

≤ ‖π̂t−1K
ψ̂
t − π∗t−1K

ψ̂
t ‖TV + ‖π∗t−1K

ψ̂
t − π∗t−1K

ψ∗

t ‖TV

≤ et−1 +
∫
X
‖K ψ̂

t (xt−1, ·)−Kψ∗

t (xt−1, ·)‖TV π
∗
t−1(dxt−1)

for t = 1, . . . , T . Applying Lemma 4.19 gives

‖K ψ̂
t (xt−1, ·)−Kψ∗

t (xt−1, ·)‖TV ≤
1
2osc

(
V̂t(xt−1, ·)− V ∗t (xt−1, ·)

)
≤ ‖V̂t − V ∗t ‖∞

(4.89)

for all xt−1 ∈ X , t = 1, . . . , T and similarly e0 := ‖πψ̂0 − πψ
∗

0 ‖TV ≤ ‖V̂0− V ∗0 ‖∞. The

proof is complete by induction and noting that π∗T = π by construction.

4.4 Examples

4.4.1 Linear quadratic Gaussian control

We consider a particular setup of Example 3.7 where π0 = N (µ0,Σ0) and L(x; y) =

exp
(
−1

2(y − x)TR−1(y − x)
)
for some symmetric positive definite R ∈ Rd×d and ob-

servation y ∈ Rd. For this model, given a tempering schedule {λt}Tt=0, we have πt =

N (µt,Σt) for t = 0, . . . , T with Σ−1
t = Σ−1

0 + λtR
−1 and µt = Σt

(
Σ−1

0 µ0 + λtR
−1y

)
.

Although conjugacy renders this model trivial, the analytical tractability available

here is valuable as it provides insight and allows us to draw connections to concepts

from the linear quadratic Gaussian (LQG) control literature.
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4.4.1.1 Riccati equation

We now show that the backward recursion (4.16) can be performed exactly thus

giving analytic expressions of the optimal sequence of value and twisting functions

with respect to Q. We first note that under the choice of transition kernels in

Section 4.2.1, the incremental weights (1.42) have the form

− logwt(xt−1, xt) = xTt Ãtxt + xTt b̃t + c̃t + xTt−1D̃txt−1 + xTt−1ẽt (4.90)

for t = 1, . . . , T , where

Ãt := ∆t

8 Σ−2
t , (4.91)

b̃t := −∆t

4 Σ−2
t µt,

c̃t := (λt − λt−1)
2 yTR−1y,

D̃t := −∆t

8 Σ−2
t + (λt − λt−1)

2 R−1,

ẽt := −(λt − λt−1)R−1y + ∆t

4 Σ−2
t µt.

For sufficiently small step size, observe that dropping O(∆t) terms in (4.90) gives

logwt(xt−1, xt) ≈ (λt − λt−1) logL(xt−1) which, as expected, recovers the AIS

incremental weight (1.55). For notational convenience, we set
{
Ã0, b̃0, c̃0, D̃0, ẽ0

}
as

the zero matrix or vector of the appropriate size and write the forward Euler move

as ft(xt−1) = xt−1 + ∆t

2 ∇ log πt(xt−1) = Gtxt−1 + ht, with Gt := Id − ∆t

2 Σ−1
t

and ht := ∆t

2 Σ−1
t µt.

Proposition 4.21. The optimal sequence of value functions V ∗ = {V ∗t }
T
t=0 with

respect to Q is given by

V ∗0 (x0) = xT0A
∗
0x0 + xT0 b

∗
0 + c∗0, (4.92)

V ∗t (xt−1, xt) = xTt A
∗
txt + xTt b

∗
t + c∗t + xTt−1D

∗
t xt−1 + xTt−1e

∗
t , t = 1, . . . , T,
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where the coefficients {A∗t , b∗t , c∗t , D∗t , e∗t}
T
t=0 are determined by the backward recursion

A∗t = Ãt + 1
2∆t+1

Gt+1
(
Id −Θ∗t+1

)
Gt+1 +D∗t+1, (4.93)

b∗t = b̃t +Gt+1Θ∗t+1b
∗
t+1 + e∗t+1 + 1

2Gt+1
(
Id −Θ∗t+1

)
Σ−1
t+1µt+1,

c∗t = c̃t + c∗t+1 −
1
2 log det

(
Θ∗t+1

)
+ 1

2∆t+1
hTt+1ht+1

− 1
2∆t+1

(
ht+1 −∆t+1b

∗
t+1

)T
Θ∗t+1

(
ht+1 −∆t+1b

∗
t+1

)
,

D∗t = D̃t,

e∗t = ẽt,

for t = 0, . . . , T−1, with Θ∗t := (Id + 2∆tA
∗
t )
−1 and initialization at {A∗T , b∗T , c∗T , D∗T , e∗T}

=
{
ÃT , b̃T , c̃T , D̃T , ẽT

}
. The corresponding optimal sequence of twisting functions

with respect to Q is given by ψ∗t = e−V
∗
t , t = 0, . . . , T .

Proof. We proceed by induction. Clearly, (4.92) holds for t = T since V ∗T = − logwT .

Suppose that V ∗t+1 has the form (4.92) with coefficients
{
A∗t+1, b

∗
t+1, c

∗
t+1, D

∗
t+1, e

∗
t+1

}
.

The recursion (4.16) has the form

V ∗t (xt−1, xt) = − logwt(xt−1, xt)− logKt+1(ψ∗t+1)(xt), (4.94)

with ψ∗t+1 = e−V
∗
t+1 . Using (4.43) and some manipulations, we obtain

− logKt+1(ψ∗t+1)(xt) = xTt

(
1

2∆t+1
Gt+1(Id −Θ∗t+1)Gt+1 +D∗t+1

)
xt

+ xTt

(
Gt+1Θ∗t+1b

∗
t+1 + e∗t+1 + 1

2Gt+1
(
Id −Θ∗t+1

)
Σ−1
t+1µt+1

)
+ c∗t+1 −

1
2 log det

(
Θ∗t+1

)
+ 1

2∆t+1
hTt+1ht+1 −

1
2∆t+1

(
ht+1 −∆t+1b

∗
t+1

)T
Θ∗t+1

(
ht+1 −∆t+1b

∗
t+1

)
. (4.95)

Adding this to (4.90) shows that V ∗t has the desired form (4.92) and equating

coefficients of the polynomial gives (4.93).

The backward recursion (4.93) is analogous to the Riccati equation in the context

of LQG control. To illustrate the behaviour of these coefficients, we shall henceforth

set µ0 = 0d,Σ0 = Id, y = (ξ, . . . , ξ)T for some ξ ∈ R and Rij = δij + (1 − δij)ρ

for i, j = 1, . . . , d and some ρ ∈ [−1, 1] (here δij denotes the Kronecker delta).
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In the top row of Figure 4.1, we plot the time evolution of these coefficients

for d = 2, ξ = 4, ρ = 0.8.

Noting that the optimal cost of the Kullback-Leibler control problem (4.23)

is v∗ = − logZ = − log π0(ψ∗0), as the top right plot shows that the constant c∗0
has a dominant contribution to v∗, this suggests that it is important to estimate

the constants in (4.34)-(4.35) to learn good twisting functions. Moving from the

bottom left to top left plot, we observe that increasing the location parameter

ξ increases the magnitude of {b∗t , e∗t}
T
t=0 but keeps {A∗t , D∗t }

T
t=0 unchanged. This

is evident from the expressions of {D∗t , e∗t}
T
t=0. For the coefficients {bt}Tt=0, it is

intuitive that its magnitude should also increase since, for the optimally controlled

sampler to have the desired terminal distribution, one would have to initialize (4.40)

closer to the target distribution and take larger drifts (4.42) in the appropriate

direction. As the parameter ξ does not alter the ‘structure’ of the problem, it is

also unsurprising that changing ξ has no effect on {A∗t}
T
t=0. Comparing the plots

on the bottom row, we see that the off-diagonal elements of {A∗t , D∗t }
T
t=0 vanish

under independence. This indicates poor performance for very correlated target

distributions if we do not take these terms into account.

Having obtained the optimal sequence of twisting functions with respect to Q

in a backward sweep, we may then simulate the optimally controlled SMC sampler

in a forward pass. In Figure 4.2, we contrast the output of the uncontrolled SMC

sampler with that of the optimally controlled.

4.4.1.2 Implementation details

We now discuss some implementation issues. Here we choose constant functions

in the parameterization (4.35), i.e. At(xt−1) = At ∈ Rd×d, bt(xt−1) = bt ∈ Rd,

and select dt(xt−1) as discussed in (4.44) (note that for this example, the additive

constant needed is κt = Σ−1
0 µ0 + λtR

−1y). For each t = 0, . . . , T , we denote

the vector of unknown coefficients as βt := (At, bt, ct) ∈ Rp and note that this

has dimension p = 1
2d

2 + 3
2d + 1. As we can compute the optimal sequence of

value functions with respect to Q in this setting, this allows us to evaluate the
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Figure 4.1: Coefficients of the optimal sequence of value functions with respect Q in
LQG control under various problem settings. The configuration of the uncontrolled SMC
sampler is T = 10,∆t = 0.1, λt = t/T . Note that all except the top right plot share the
same axes.

effectiveness of ADP routine (4.30) and the iterative behaviour of Algorithm 5

under correct parameterization.

Instead of employing a numerical optimization routine to perform the minimiza-

tion steps in Algorithm 4, we observe that each of these linear least squares

problems is solved by

βNt =
(
XT
t Xt

)−1
XT
t

(
V̄t − dt

)
, (4.96)

where Xt ∈ RN×p denotes the design matrix associated to the quadratic model, V̄t =(
V̄t(X1

t−1, X
1
t ), . . . , V̄t(XN

t−1, X
N
t )
)T

and dt =
(
dt(X1

t−1), . . . , dt(XN
t−1)

)T
. Although

this procedure does not enforce the positive definite constraints (4.38)-(4.39), in

our numerical implementations, we find that these constraints are satisfied when

the step sizes {∆t}Tt=1 are sufficiently small. Furthermore, one could also project

onto the space of symmetric positive definite matrices, using for example the result
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Ẑ

t

 

 

Optimal cost

True

Uncontrolled SMC

Optimally controlled SMC

0 1 2 3 4 5 6 7 8 9 10

−80

−70

−60

−50

−40

−30

−20

−10

0

t

lo
g
W

t
(X

0
:t
)

 

 

l ogZ

0 1 2 3 4 5 6 7 8 9 10

−45

−40

−35

−30

−25

−20

−15

−10

−5

0

t

lo
g
W

ψ
∗

t
(X

0
:t
)

 

 

l ogZ

Figure 4.2: Comparison of uncontrolled and optimally controlled SMC samplers in
terms of effective sample size (top left), normalizing constant estimation (top right) and
variance of weights (bottom row). The problem setting here is d = 4, ξ = 10, ρ = 0.8 and
the uncontrolled SMC sampler’s configuration is N = 100, T = 10,∆t = 0.1, λt = t/T .

by Higham (1988) for Frobenius norm. Although the computational complexity

of (4.96) is O(N), it scales quite costly in d as this requires inversion of a p × p

matrix. For problems with large d, it might be worth considering the use of iterative

linear solvers which offer reduced complexity. While it is tempting to also reduce

complexity by restricting At to a diagonal matrix, we find that this approach

performs poorly when correlation in the target distribution is significant.

Figure 4.3 shows the coefficients estimated by the controlled SMC sampler. It is

striking that with just N = 100 particles, we are able to accurately estimate, in a

single iteration, the true coefficients in dimension d = 12 (here p = 91). That said,

we typically need to increase N with d to prevent the Gram matrix XT
t Xt from being

ill-conditioned. Moreover, we see from Figure 4.4 that, for this particular example, it

is unnecessary to iterate the algorithm as the twisting functions converge immediately

to an invariant distribution that is very concentrated around the optimal.
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Figure 4.3: Comparing coefficients of value functions estimated by the controlled SMC
sampler against true coefficients. The problem setting here is d = 12, ξ = 24, ρ = 0.99 and
the uncontrolled SMC sampler’s configuration is I = 2, N = 100, T = 10,∆t = 0.1, λt =
t/T .
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Figure 4.4: Coefficients of value functions estimated by the controlled SMC sampler
over iterations. The problem setting here is d = 12, ξ = 24, ρ = 0.99 and the uncontrolled
SMC sampler’s configuration is I = 20, N = 100, T = 10,∆t = 0.1, λt = t/T .

4.4.1.3 Comparison of algorithmic performance

We now compare the controlled SMC sampler against AIS as correlation parameter

ρ, location parameter ξ and dimension d vary one at a time (with default fixed at

ρ = 0.5, ξ = 10, d = 4). We consider AIS in three different regimes: we increase

either the number of MALA iterations M (abbreviated as AIS-Iterations), the

number of particles N (AIS-Particles) or the number of time steps T (AIS-Steps),

when comparisons are done at a fixed computational cost, measured in terms of run

time. Otherwise, these tuning parameters are kept at M = 1, N = 1000, T = 50. As

we found that a single iteration and time step is adequate for the controlled SMC

sampler, N was increased to match the computational cost of other algorithms. For

all algorithms, we used a linear tempering schedule, i.e. λt = t/T . The step sizes of
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Figure 4.6: Comparison of algorithms in terms of RMSE in the estimation of logZ as
correlation parameter ρ (left), location parameter ξ (middle) and dimension d (right) vary
one at a time.

MALA moves were tuned to achieve suitable acceptance probabilities while that of

the controlled SMC sampler were kept at 1. The results are summarized in Figure

4.5 and 4.6, which plots ESS and RMSE in the estimation of logZ, respectively,

for 100 independent repetitions of each algorithm.

4.4.2 Bayesian logistic regression

Consider a binary regression problem: each observation yi ∈ {0, 1} , i = 1, . . . , n

is modelled as independent Bernoulli random variable with probability of success

η(xTXi), where x ∈ Rd denotes the unknown regression coefficients and Xi ∈ Rd

the ith row of a model matrix X ∈ Rn×d. The logistic regression model corresponds

to taking the logistic function as link function, i.e. η(u) = (1 + e−u)−1 for u ∈ R,
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hence the likelihood function is given by

L(x; y) = exp
(
yTXx−

n∑
i=1

log
(
1 + ex

TXi

))
(4.97)

where y = (y1, . . . , yn)T ∈ {0, 1}n denotes the data set. Following Hanson et al.

(2014), we prescribe a Gaussian prior distribution π0 = N (µ0,Σ0) of the form

µ0 = 0d,Σ0 = π2n
3d (XTX)−1. It is easy to check that

∇ logL(x; y) = XTy −
n∑
i=1

Xi

1 + e−xTXi
, (4.98)

so the additive constant required in (4.44) is simply κt = λtXTy.

4.4.2.1 Implementation details

For this example, we used the same function classes {Ft}Tt=0 described in Section

4.4.1.2 and carried out the learning procedure in the same manner. The rationale

for choosing the same parameterization is based on the following informal argument:

as this choice results in twisting functions (4.36)-(4.37) that are log-concave and

the distributions {πt}Tt=0 have log-concave densities, in view of Proposition 4.9, we

expect the optimal sequence of value functions that we have to approximate at

each iteration to be convex, and adequately approximated by a quadratic model.

Moreover, in contrast to the Gaussian example where this choice provided the

correct parameterization, this additional layer of approximation also explains why

we observe that the resulting algorithm now exhibits sensitivity to the number of

iterations and the choice of step size (see Figure 4.7), which we tuned using pilot runs.

In Figure 4.8, we plot the coefficients of twisting functions generated by the

controlled SMC sampler over I = 10, 000 iterations with a burn-in of 100. These

plots reveal that the invariant distribution of these coefficients is likely to be

Gaussian and consequently that at stationarity, the corresponding value functions

are Gaussian processes.
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Figure 4.7: Illustrating sensitivity of ESS to the number of iterations and step size
taken by the controlled SMC sampler on the Australian credit (left) and German credit
(right) data sets.
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4.4.2.2 Comparison of algorithmic performance

We now perform a comparison of algorithms on the analysis of three real data

sets2 with different characteristics. Like before, we first tune the controlled SMC

sampler and compare it against AIS (in various regimes) at a fixed computing

time. The configurations used for each sampler are given in Table 4.1. The results

summarized in Table 4.2 show that the controlled SMC sampler obtained at least

three order of magnitude gains over AIS and across all data sets. We also note

that the comparison done here is conservative in the sense that we only included

the output from the final iteration of Algorithm 5.

Data set
Heart disease Australian credit German credit

(n = 270, d = 14) (n = 690, d = 15) (n = 1000, d = 25)

A
lg
or
it
hm

AIS-Iterations

M 2 2 2
N 1000 1000 1000
T 20 20 20
∆ 0.05 0.0275 0.01

AIS-Particles

M 1 1 1
N 1200 2000 1500
T 20 20 20
∆ 0.05 0.0275 0.01

AIS-Steps

M 1 1 1
N 1000 1000 1000
T 25 40 35
∆ 0.05 0.025 0.01

Controlled SMC

I 3 4 4
N 6500 10000 8000
T 1 1 1
∆ 10−10 10−11 10−11

Table 4.1: Configurations of each sampler for each data set. Notationally, N refers
to the number of particles, T the time steps and ∆ the constant step size used in each
sampler. For AIS algorithms, M denotes the number of MALA moves used at each time
iteration and I the number of iterations taken by the controlled SMC sampler.

2Data sets were downloaded from the UCI Machine Learning Repository and standardized
before analysis.

http://archive.ics.uci.edu/ml
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Data set

Heart disease Australian credit German credit

(n = 270, d = 14) (n = 690, d = 15) (n = 1000, d = 25)

A
lg

or
it

hm

AIS-Iterations

ESS (IQR) 5.5688 (6.5680) 1.7742 (1.5275) 1.3801 (1.1362)

ESS% 0.56% 0.18% 0.14%

log Ẑ±SD −118.4378± 0.8660 −254.9354± 2.3788 −532.4756± 3.7082

RMSE 0.9837 4.8094 15.0063

AIS-Particles

ESS (IQR) 3.2188 (3.5882) 1.5762 (1.2667) 1.0546 (0.3976)

ESS% 0.27% 0.08% 0.07%

log Ẑ±SD −118.9623± 1.4145 −257.1527± 2.5286 −539.9356± 4.9142

RMSE 1.7259 6.8805 22.5424

AIS-Steps

ESS (IQR) 3.5735 (3.7007) 2.0064 (1.8243) 1.2475 (0.8060)

ESS% 0.36% 0.20% 0.12%

log Ẑ±SD −118.5834± 1.1022 −254.3903± 2.0405 −532.8401± 3.7630

RMSE 1.2598 4.1693 15.3731

Controlled SMC

ESS (IQR) 6133 (72.8052) 9133 (123.0457) 7634 (62.8757)

ESS% 94.35% 91.33% 95.43%

log Ẑ±SD −117.9634± 0.0039 −250.7489± 0.0034 −517.9294± 0.0028

RMSE 0.0039 0.0034 0.0028

Table 4.2: Summary of results obtained by each sampler in 100 independent repetitions.
RMSE refers to the estimation error of logZ, which we computed by taking reference to
an estimate obtained using many repetitions of a SMC sampler with a large number of
particles.



5
Conclusions

In this chapter, we give some concluding remarks and mention some future lines of re-

search.

5.1 On transport methods

The use of transport theory to design more efficient Monte Carlo methods is still

an early area of research that has received increased attention in recent years.

As existing literature is spread across various subjects, the first objective of this

thesis was to provide a review of these ideas in a coherent framework (Chapter

2 and Section 3.3).

In Chapter 3, we focused on the problem of constructing transport maps using

flows. The main purpose of this work is as follows. Firstly, we provide a theoretical

justification for the validity of these methods (Section 3.2) as such an understanding

was lacking when this research was undertaken. As demonstrated in Example 3.8 and

3.11, these considerations are important as pathologies can occur and often manifest

as numerical difficulties in practice. Future work in this direction could consider the

use of Ambrosio et al. (2005; Theorem 8.2.1) to relax assumption A1 in Theorem

3.5. Secondly, we construct a solution to the flow transport problem (Section 3.3.7)

and introduce the Gibbs flow as a computationally tractable approximation (Section

141
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3.3.8). Future work could involve seeking other approximate solutions to the flow

transport problem. Thirdly, we show how to implement a SMC sampler which uses

approximate Gibbs flow and MCMC moves (Section 3.4). With minor changes,

this can be seen as a more general framework to implement a sampler based on

any approximate solution to the flow transport problem.

5.2 On optimal control methods

Exploiting the connection between smoothing for state space models and Kullback-

Leibler optimal control is a subject of recent interest (Kappen and Ruiz 2016,

Pieralberto et al. 2016, Ruiz and Kappen 2016). In Chapter 4, we leverage this

connection to develop more efficient SMC samplers.

The methodology developed in Section 4.1 and 4.2 is novel and the resulting

controlled SMC sampler can be thought of as a type of adaptive importance sampler

that is trained using reinforcement learning. The performance of such control

methods depends on the choice of function classes used to approximate the optimal

sequence of twisting or value functions of the control problem. In Section 4.4, we

have only implemented constant functions in the parameterization (4.35); future

work will experiment with the full flexibility of this function class and the use of

ADP algorithm (4.29) for twisting functions.

In contrast to the above references, we provide a theoretical analysis of our

proposed methodology in Section 4.3. Most of these results can be applied or easily

adapted to study the algorithm proposed by Pieralberto et al. (2016). Future work

in this direction could involve relaxing the assumptions in Proposition 4.11 and

4.15, extending the limit theorems in Section 4.3.4 to the non-linear least squares

setting and characterizing the invariant distribution of Theorem 4.18 in the regime

where the number of samples is large. The latter does not follow straightforwardly

from Theorem 4.16 and 4.17 as the dependence of (4.61) and (4.76) on the given

sequence of twisting functions is complex. Lastly, we also hypothesize that the

framework presented in Section 4.3.5 could be of broader interest in the ADP

community to analyze value function iteration algorithms.
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A.1 Expression of Jacobian

Consider the form of the Gibbs velocity field f̃ given in (3.76). For notational ease, we

write f̃i(t, x) = Ni(t, x)/γt(x) where Ni is the numerator and γt(x) := π0(x)L(x)λ(t)

is the unnormalized density at time t ∈ [0, 1]. Now for (t, x) ∈ [0, 1]× Rd, consider

the (i, j)th element of the Jacobian matrix ∇f̃(t, x):

∂xj f̃i(t, x) = f̃i(t, x)∂xj log f̃i(t, x) (A.1)

= f̃i(t, x)
(
∂xj logNi(t, x)− ∂xj log γt(x)

)
=
∂xjNi(t, x)
γt(x) − f̃i(t, x)∂xj log γt(x).

Note first that

∂xj log γt(x) = ∂xj log π0(x) + λ(t)∂xj logL(x). (A.2)
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The tricky term to compute is

∂xjNi(t, x)
γt(x) = λ′(t)

∂xjFt(xi|x−i)
∫ ∞
−∞

logL(yi, x−i)γt(yi, x−i) dyi (A.3)

+ Ft(xi|x−i)∂xj
(∫ ∞
−∞

logL(yi, x−i)γt(yi, x−i) dyi
)

− ∂xj
(∫ xi

−∞
logL(yi, x−i)γt(yi, x−i) dyi

)
/
γt(x).

For diagonal entries, i.e. i = j, this is

∂xiNi(t, x)
γt(x) = λ′(t)

{∫∞
−∞ logL(yi, x−i)γt(yi, x−i) dyi∫∞

−∞ γt(yi, x−i) dyi
− logL(x)

}
. (A.4)

The terms needed in off-diagonal entries are

∂xjFt(xi|x−i) =
∫ xi

−∞
∂xj log πt(yi, x−i)πt(yi|x−i) dyi (A.5)

− Ft(xi|x−i)
∫ ∞
−∞

∂xj log πt(yi, x−i)πt(yi|x−i) dyi,

and

∂xj

(∫
logL(yi, x−i)γt(yi, x−i) dyi

)
=
∫
∂xj logL(yi, x−i)γt(yi, x−i) dyi (A.6)

+
∫

logL(yi, x−i)γt(yi, x−i)∂xj log γt(yi, x−i) dyi

with appropriate limits.

A.2 Expression for truncated Gaussians applica-
tion

For notational ease, we write the Gibbs velocity field (3.101) as

f̃i(t, x) = Ni(t, x)
π0(x)

∫ βi(t)
αi(t) π0(yi, x−i) dyi

(A.7)
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where Ni denotes the numerator. Now for (t, x) ∈ [0, 1] × supp(πt), consider the

(i, j)th element of the Jacobian matrix ∇f̃(t, x):

∂xj f̃i(t, x) = f̃i(t, x)∂xj log f̃i(t, x) (A.8)

= f̃i(t, x)
(
∂xj logNi(t, x)− ∂xj log π0(x)− ∂xj log

(∫ βi(t)

αi(t)
π0(yi, x−i) dyi

))

=
∂xjNi(t, x)

π0(x)
∫ βi(t)
αi(t) π0(yi, x−i) dyi

− f̃i(t, x)∂xj log π0(x)

− f̃i(t, x)∂xj log
(∫ βi(t)

αi(t)
π0(yi, x−i) dyi

)
.

For diagonal entries, i.e. i = j, we have

∂xi f̃i(t, x) = β′i(t)π0(βi(t), x−i)− α′i(t)π0(αi(t), x−i)∫ βi(t)
αi(t) π0(yi, x−i) dyi

− f̃i(t, x)∂xi log π0(x). (A.9)

The terms needed in off-diagonal entries are

∂xjNi(t, x) = α′i(t)π0(αi(t), x−i)∂xj log π0(αi(t), x−i)
∫ βi(t)

xi
π0(yi, x−i) dyi (A.10)

+ α′i(t)π0(αi(t), x−i)
∫ βi(t)

xi
∂xj log π0(yi, x−i)π0(yi, x−i) dyi

+ β′i(t)π0(βi(t), x−i)∂xj log π0(βi(t), x−i)
∫ xi

αi(t)
π0(yi, x−i) dyi

+ β′i(t)π0(βi(t), x−i)
∫ xi

αi(t)
∂xj log π0(yi, x−i)π0(yi, x−i) dyi

and

∂xj log
(∫ βi(t)

αi(t)
π0(yi, x−i) dyi

)
=
∫ βi(t)
αi(t) ∂xj log π0(yi, x−i)π0(yi, x−i) dyi∫ βi(t)

αi(t) π0(yi, x−i) dyi
. (A.11)

Lastly, note that for multivariate Gaussian π0 = N (µ,Σ), we have

∇ log π0(x) = Σ−1(µ− x). (A.12)
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B.1 Approximate projection operators

In this section, we give some results which characterize the error of approximate

projection operators on an arbitrary probability space (Ω,F , µ). In the following,

{Xn}n∈N denotes a sequence of iid random variables with distribution µ, defined on

a common underlying probability space with probability measure P. We will write

Eµ and E to denote expectation with respect to µ and P respectively, and µN :=

N−1∑N
n=1 δXn to refer to a random probability measure based on N ∈ N samples.

B.1.1 Linear least squares

We first consider the linear least squares case where the function class of interest is

F :=
{

Φ(x)Tβ : β ∈ RM
}
, (B.1)
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where Φ := (ϕ1, . . . , ϕM)T is a vector of M ∈ N pre-specified basis functions

satisfying ‖ϕm‖∞ ≤ U for all m = 1, . . . ,M . It is easy to see that F is a linear

subspace of L2(µ) and is closed since every finite dimensional subspace of a normed

vector space is closed. Let ξ ∈ L4(µ) be the function to be approximated, write

the squared loss function as (β, x) 7→ `β(x) :=
(
Φ(x)Tβ − ξ(x)

)2
and risk function

as β 7→ µ(`β). Assuming that the matrices

AN := 1
N

N∑
n=1

(ΦΦT )(Xn), A := Eµ
[
(ΦΦT )(X)

]
, (B.2)

are invertible, we have explicit expressions of the least squares estimator and

the orthogonal projection

βN := arg min
β∈RM

‖ΦTβ − ξ‖2
L2(µN ) = A−1

N bN , (B.3)

β∗ := arg min
β∈RM

‖ΦTβ − ξ‖2
L2(µ) = A−1b,

where bN := N−1∑N
n=1(ξΦ)(Xn) and b := Eµ [(ξΦ)(X)]. To simplify notation

involving central moments, for any function ϕ ∈ L1(µ), we write ϕ̄ := ϕ − µ(ϕ)

to denote the centered function.

Proposition B.1. Assume that λmin(A) > 0 and let ΦTβ∗ := Pµξ be the orthogonal

projection of ξ unto F. Denote its approximation by ΦTβN := Pµ,Nξ for a given

N ∈ N such that E
[
λ−4

min(AN)
]
<∞. We have

E
[
µ(`βN )

]
≤ µ(`β∗) +

(
%(N) + UM1/2λ−1

min(A)‖ξ‖L2(µ)θ(N)
)2
U2ME

[
λ−4

min(AN)
]1/2

(B.4)

where

%2(N) :=
M∑
m=1

√
3 (N−2 −N−3)µ2

((
ξϕm

)2
)

+N−3µ
((
ξϕm

)4
)
, (B.5)

θ2(N) :=
M∑

n,m=1

√
3 (N−2 −N−3)µ2

(
(ϕnϕm)2

)
+N−3µ

(
(ϕnϕm)4

)
.

Proof. Since F is linear, ΦTβN − ΦTβ∗ lies in F and is orthogonal to the residual

ΦTβ∗ − ξ. By Pythagorean theorem, ‖ΦTβN − ξ‖2
L2(µ) = ‖ΦTβN − ΦTβ∗‖2

L2(µ) +

‖ΦTβ∗ − ξ‖2
L2(µ) hence

E
[
µ(`βN )

]
= E‖ΦTβN − ΦTβ∗‖2

L2(µ) + µ(`β∗). (B.6)
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By Cauchy-Schwarz inequality,

‖ΦTβN − ΦTβ∗‖2
L2(µ) = ‖ΦT (βN − β∗)‖2

L2(µ) ≤ U2M |βN − β∗|2. (B.7)

By Young’s inequality,

|βN − β∗|2 =
∣∣∣A−1

N (bN − b) + (A−1
N − A−1)b

∣∣∣2 (B.8)

≤ (1 + ε)
∣∣∣A−1

N (bN − b)
∣∣∣2 + (1 + ε−1)

∣∣∣(A−1
N − A−1)b

∣∣∣2
for any ε > 0. We first consider

∣∣∣(A−1
N − A−1)b

∣∣∣2 =
∣∣∣A−1

N (A− AN)A−1b
∣∣∣2 (B.9)

≤ ‖A−1
N ‖2

2 ‖A− AN‖2
2 ‖A−1‖2

2 |b|2

≤ λ−2
min(AN) ‖A− AN‖2

F λ
−2
min(A) |b|2

≤ λ−2
min(AN) ‖A− AN‖2

F λ
−2
min(A)U2M‖ξ‖2

L2(µ).

In the first line, we used the identity G−1−H−1 = G−1(H−G)H−1 for any invertible

G,H ∈ RM×M ; the first inequality follows from sub-multiplicativity of the spectral

matrix norm ‖ · ‖2; the second inequality exploits its relationship to the Frobenius

norm ‖ · ‖F ; the last line uses Jensen’s inequality. Similarly, we have

∣∣∣A−1
N (bN − b)

∣∣∣2 ≤ ‖A−1
N ‖2

2|bN − b|2 = λ−2
min(AN)|bN − b|2. (B.10)

Combining (B.8), (B.9) & (B.10), taking expectations and applying Cauchy-Schwarz

inequality gives

E|βN − β∗|2 ≤ (1 + ε)E
[
λ−4

min(AN)
]1/2 M∑

m=1
E
[
µN

(
ξϕm

)4
]1/2

(B.11)

+ (1 + ε−1)λ−2
min(A)U2M ‖ξ‖2

L2(µ) E
[
λ−4

min(AN)
]1/2 N∑

n,m=1
E
[
µN (ϕnϕm)4

]1/2
.

Noting that we have E
[
µN (ϕ̄)4

]
= 3(N−2 − N−3)µ2 (ϕ̄2) + µ (ϕ̄4)N−3 for any

function ϕ ∈ L4(µ) and minimizing over ε > 0 gives (B.4).

Existence of inverse moments of λmin(AN) is an assumption on the rate of

decay of its distribution around zero. Such a condition is necessary, otherwise
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the Gram matrix AN could be ill-conditioned and consequently the least squares

estimator βN could be unbounded.

Bounds similar to (B.4) have been studied under various settings. In Györfi

et al. (2006; Theorem 11.3), ξ was assumed to be bounded and the analysis was

done under truncation of the approximation ΦTβN whenever it exceeds ‖ξ‖∞;

Belomestny et al. (2010; Theorem 4.5) also considered a similar truncation under

the condition λmin(AN) ≤ λmin(A)/2. We find that these existing results are not

easily applicable here as one would need to obtain these a priori estimates and

enforce them in practice. Lastly, we note that a probabilistic bound with weaker

conditions is given in Oliveira (2016; Theorem 1.2).

B.1.1.1 Proof of Corollary 4.12

Proof. We apply Proposition B.1 for each t = 0, . . . , T . Note first that by Jensen’s

inequality, we have ‖ξ‖Lp(Qψt−1,t)
≤ ‖wψt ‖∞‖Ft+1‖Lp(Qψt,t+1) for any ξ ∈ Bψ

t Ft+1 and

p = 2, 4. Additionally, under boundedness of the basis functions and Holder’s

inequality

sup
ξ∈BtFt+1

{
3(N−2 −N−3)Qψ

t−1,t

([
ξϕm −Qψ

t−1,t(ξϕm)
]2)2

(B.12)

+N−3Qψ
t−1,t

([
ξϕm −Qψ

t−1,t(ξϕm)
]4)}

≤ sup
ξ∈BtFt+1

{
3(N−2 −N−3)U4

t ‖ξ‖4
L2(Qψt−1,t)

+N−3U4
t ‖ξ‖4

L4(Qψt−1,t)

+ 4N−3U4
t ‖ξ‖L1(Qψt−1,t)

‖ξ‖3
L3(Qψt−1,t)

+ 6N−3U4
t ‖ξ‖2

L1(Qψt−1,t)
‖ξ‖2

L2(Qψt−1,t)

}
≤ U4

t sup
ξ∈BtFt+1

{
3(N−2 +N−3)‖ξ‖4

L2(Qψt−1,t)
+ 5N−3‖ξ‖4

L4(Qψt−1,t)

}
≤ U4

t ‖w
ψ
t ‖4
∞

(
3(N−2 +N−3)‖Ft+1‖4

L2(Qψt,t+1) + 5N−3‖Ft+1‖4
L4(Qψt,t+1)

)

for any m = 1, . . . ,Mt.

B.1.2 Non-linear least squares

We now move to the non-linear least squares case where we only assume that F

is a closed linear subspace of L2(µ). We write ξ ∈ L∞(Ω) as the function to be
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approximated by regressors ϕ ∈ F and denote the corresponding loss function as

(ϕ, x) 7→ `ϕ(x) := (ϕ(x)− ξ(x))2 and risk function as ϕ 7→ µ(`ϕ). We define the set

of all loss functions as L := {`ϕ : ϕ ∈ F}, the envelope E(x) := sup`∈L `(x) for a

fixed x ∈ Ω and assume that U := sup`∈L ‖`‖∞ <∞. Due to measurability issues

when taking supremum over an uncountable set, we shall additionally assume that

L is permissible (Pollard 1984; Appendix C, Definition 1). To get quantitative

bounds, we will rely on results from empirical processes to control the rate at which

empirical averages converge to their expectations uniformly over the set L.

Proposition B.2. Let ϕ∗ := Pµξ be the orthogonal projection of ξ unto F and its

approximation ϕN := Pµ,Nξ for a given N ∈ N. Suppose that L is permissible and is

a Vapnik-Chervonenkis (VC) class of functions, i.e. there exists v, c > 0 such that

for every probability measure ν on (Ω,F) and α > 0, we have

N
(
L, L2(ν), α‖E‖L2(ν)

)
≤
(
c

α

)v
(B.13)

where N(S,m, δ) denotes the δ-covering number of the metric space (S,m), defined

as the minimum number of (open) balls of radius δ needed to cover S. We have

E
[
µ(`ϕN )

]
≤ µ(`ϕ∗) +

(√
π

2 + C(v, c)U−(v+1)/2
)
UN−1/2 (B.14)

where C(v, c) > 0 is a constant that depends only on the VC characteristics of L.

Moreover, if sup`∈L µ((`− µ(`))2) ≤ σ2 and 0 < σ ≤ U , then

E
[
µ(`ϕN )

]
≤ µ(`ϕ∗) + %

√
vσ2 log

(
cU

σ

)
N−1/2 + %vU log

(
cU

σ

)
N−1 (B.15)

where % > 0 is a universal constant.

Proof. We begin by defining the events

Aε := {µN(`ϕ∗)− µ(`ϕ∗) < ε}, (B.16)

Bε := {µ(`ϕN )− µN(`ϕN ) < ε},

Cε := {µ(`ϕN )− µ(`ϕ∗) < 2ε},
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for ε > 0. Noting that µN(`ϕN ) ≤ µN(`ϕ∗) as ϕN minimizes the empirical risk

function by construction, it follows that Aε ∩Bε ⊆ Cε. Hence we have

P
(
µ(`ϕN )− µ(`ϕ∗) ≥ 2ε

)
= P (Cc

ε) (B.17)

≤ P (Acε ∪Bc
ε)

≤ P (Acε) + P (Bc
ε) .

We now consider bounds on the tail probabilities P (Acε) and P (Bc
ε). By Hoeffding’s

inequality

P (Acε) ≤ exp
(
−2ε2U−2N

)
, (B.18)

and by Talagrand (1994; Theorem 1.3)

P (Bc
ε) ≤ C̃(v, c)U−vN v/2εv exp

(
−2ε2U−2N

)
, (B.19)

where C̃(v, c) > 0 is a constant that depends only on the VC characteristics of L.

Noting that µ(`ϕN ) > µ(`ϕ∗) as ϕ∗ minimizes the risk function by definition, using

(B.17) and bounds on the tail probabilities gives

E
[
µ(`ϕN )− µ(`ϕ∗)

]
=
∫ ∞

0
P
(
µ(`ϕN )− µ(`ϕ∗) > u

)
du (B.20)

≤ 2
∫ ∞

0
exp

(
−2ε2U−2N

)
dε+ 2

∫ ∞
0

C̃(v, c)U−vN v/2εv exp
(
−2ε2U−2N

)
dε

=
√
π

2UN
−1/2 + C(v, c)U (1−v)/2N−1/2

where C(v, c) > 0 is another constant that depends only on the VC characteristics

of L. This establishes (B.14), to obtain (B.15) we consider a similar decomposition

as before

E
[
µ(`ϕN )− µ(`ϕ∗)

]
= E

[
µ(`ϕN )− µN(`ϕN )

]
+ E

[
µN(`ϕN )− µN(`ϕ∗)

]
(B.21)

+ E
[
µN(`ϕ∗)− µ(`ϕ∗)

]
.

Note that the second term is at most zero as ϕN minimizes the empirical risk

function and the third term is zero by unbiasedness. To deal with the first term,

we apply Giné and Guillou (2002; Theorem 2.1)

E
[
µ(`ϕN )− µN(`ϕN )

]
≤ %

√
vσ2 log

(
cU

σ

)
N−1/2 + %vU log

(
cU

σ

)
N−1. (B.22)
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The bounds in Proposition B.2 decompose the approximate projection error

into a bias term given by the norm of the residual ϕ∗ − ξ ∈ F⊥ and a variance term

that depends on the sample size N and how well parameterized the chosen function

class F is as an approximation of ξ, described by U and the VC characteristics of L

(B.13). When we also have control over the variance σ2, (B.15) provides a more

informative upper bound: in the regime where N is large and σ2 is small, observe

that the constant %
√
vσ2 log cU − vσ2 log σ of the order N−1/2 term would be small

since limσ→0 σ
2 log σ = 0. Like in the linear case, a similar bound was obtained

in Györfi et al. (2006; Theorem 11.5) under truncation of the approximation ϕN

whenever it exceeds ‖ξ‖∞. We now apply Proposition B.2 to provide a more precise

description of the approximate projection error in (4.47).

Corollary B.3. (Non-linear least squares) For each t = 0, . . . , T denote the set

of all squared loss functions associated to the approximation of ξ ∈ Bψ
t Ft+1 by

Lt(ξ) := {(ϕ − ξ)2 : ϕ ∈ Ft} and the set of all possible squared loss functions

at time t by Lt := {(ϕ − ξ)2 : ϕ ∈ Ft, ξ ∈ Bψ
t Ft+1}. Define the corresponding

envelope functions as Et(ξ)(x) := sup`∈Lt(ξ) `(x) and Et(x) := sup`∈Lt `(x) for each

x ∈ X 2. Suppose that Ut := sup`∈Lt ‖`‖∞ <∞, Lt is permissible and is a VC class

of functions, i.e. there exists vt, ct > 0 such that for every probability measure ν on

(X 2,B(X )⊗2) and α > 0, we have

N

(
Lt, L2(ν), α inf

ξ∈Bψt Ft+1

‖Et(ξ)‖L2(ν)

)
≤
(
ct
α

)vt
. (B.23)

For t = 0, . . . , T , we have

ε2
t (N) = sup

ξ∈Bψt Ft+1

‖Pψt ξ − ξ‖2
L2(Qψt−1,t)

+
(√

π

2 + C(vt, ct)U−(vt+1)/2
t

)
UtN

−1/2

(B.24)

where C(vt, ct) is a constant that depends only on the VC characteristics of Lt.

Moreover, if sup`∈Lt Q
ψ
t−1,t

([
`−Qψ

t−1,t(`)
]2)
≤ σ2

t and 0 < σt ≤ Ut, then

ε2
t (N) = sup

ξ∈Bψt Ft+1

‖Pψt ξ − ξ‖2
L2(Qψt−1,t)

+ %

√
vtσ2

t log
(
ctUt
σt

)
N−1/2 (B.25)

+ %vtUt log
(
ctUt
σt

)
N−1
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where % > 0 is a universal constant.

Proof. Noting that for any ξ ∈ Bψ
t Ft+1, α > 0 and ν ∈ P(X 2), we have

N
(
Lt(ξ), L2(ν), α‖Et(ξ)‖L2(ν)

)
≤ N

(
Lt(ξ), L2(ν), α inf

ζ∈Bψt Ft+1

‖Et(ζ)‖L2(ν)

)
(B.26)

≤ N

(
Lt, L2(ν), α inf

ζ∈Bψt Ft+1

‖Et(ζ)‖L2(ν)

)
,

therefore assumption (B.23) implies that Lt(ξ) is a VC class with characteristics

vt, ct for all ξ ∈ Bψ
t Ft+1. Hence applying Proposition B.2 for each t = 0, . . . , T

completes the proof.
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