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Abstract

This thesis explores ideas from transport theory and optimal control to develop
novel Monte Carlo methods to perform efficient statistical computation.

The first project considers the problem of constructing a transport map
between two given probability measures. In the Bayesian formalism, this approach
is natural when one introduces a curve of probability measures connecting the
prior to posterior by tempering the likelihood function. The main idea is to
move samples from the prior using an ordinary differential equation (ODE),
constructed by solving the Liouville partial differential equation (PDE) which
governs the time evolution of measures along the curve. In this work, we first
study the regularity solutions of Liouville equation should satisfy to guarantee
validity of this construction. We place an emphasis on understanding these
issues as it explains the difficulties associated with solutions that have been
previously reported. After ensuring that the flow transport problem is well-
defined, we give a constructive solution. However, this result is only formal
as the representation is given in terms of integrals which are intractable. For
computational tractability, we proposed a novel approximation of the PDE which
yields an ODE whose drift depends on the full conditional distributions of the

intermediate distributions. Even when the ODE is time-discretized and the full
conditional distributions are approximated numerically, the resulting distribution

of mapped samples can be evaluated and used as a proposal within Markov chain
Monte Carlo and sequential Monte Carlo (SMC) schemes. We then illustrate
experimentally that the resulting algorithm can outperform state-of-the-art SMC
methods at a fixed computational complexity.

The second project aims to exploit ideas from optimal control to design more
efficient SMC methods. The key idea is to control the proposal distribution
induced by a time-discretized Langevin dynamics so as to minimize the Kullback-
Leibler divergence of the extended target distribution from the proposal. The
optimal value functions of the resulting optimal control problem can then be
approximated using algorithms developed in the approximate dynamic program-
ming (ADP) literature. We introduce a novel iterative scheme to perform ADP,
provide a theoretical analysis of the proposed algorithm and demonstrate that
the latter can provide significant gains over state-of-the-art methods at a fixed
computational complexity.
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Abstract

This thesis explores ideas from transport theory and optimal control to develop
novel Monte Carlo methods to perform efficient statistical computation.

The first project considers the problem of constructing a transport map between
two given probability measures. In the Bayesian formalism, this approach is natural
when one introduces a curve of probability measures connecting the prior to posterior
by tempering the likelihood function. The main idea is to move samples from the
prior using an ordinary differential equation (ODE), constructed by solving the
Liouville partial differential equation (PDE) which governs the time evolution of
measures along the curve. In this work, we first study the regularity solutions of
Liouville equation should satisfy to guarantee validity of this construction. We place
an emphasis on understanding these issues as it explains the difficulties associated
with solutions that have been previously reported. After ensuring that the flow
transport problem is well-defined, we give a constructive solution. However, this
result is only formal as the representation is given in terms of integrals which are
intractable. For computational tractability, we proposed a novel approximation
of the PDE which yields an ODE whose drift depends on the full conditional
distributions of the intermediate distributions. Even when the ODE is time-
discretized and the full conditional distributions are approximated numerically, the
resulting distribution of mapped samples can be evaluated and used as a proposal
within Markov chain Monte Carlo and sequential Monte Carlo (SMC) schemes.
We then illustrate experimentally that the resulting algorithm can outperform
state-of-the-art SMC methods at a fixed computational complexity.

The second project aims to exploit ideas from optimal control to design more
efficient SMC methods. The key idea is to control the proposal distribution induced
by a time-discretized Langevin dynamics so as to minimize the Kullback-Leibler
divergence of the extended target distribution from the proposal. The optimal value
functions of the resulting optimal control problem can then be approximated using
algorithms developed in the approximate dynamic programming (ADP) literature.
We introduce a novel iterative scheme to perform ADP, provide a theoretical analysis
of the proposed algorithm and demonstrate that the latter can provide significant
gains over state-of-the-art methods at a fixed computational complexity.
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Notation

Most notation except those that are very commonly used will be introduced in the

main text. Reference to this list will only be necessary in the case of any ambiguity.

Sets and numbers

The set of natural numbers excluding and including zero are denoted by N :=
{1,2,...} and Ny := {0, 1, ...} respectively. The set of real numbers and positive
real numbers are written as R and R, respectively. The set of extended real numbers
is defined as R := RU {—o00,00}. Let |z| denote the largest integer less than or
equal to z € R. We denote the d-dimensional Euclidean space by R%, equipped
with the inner product (z,y) := >%, z;; for any 2,y € R? and its induced norm
|z| = \/(x,x> = \/Zle z? for any € R% The notation U and N denote union
and intersection of sets respectively. For subsets A, B C {2, we denote the relative
complement of A in B by B\ A and the complement of A by A := 2\ A.

Matrices and vectors

For any matrix A, AT denotes its transpose. For any real square matrix A, we denote
its trace by Tr(A), its determinant by det(A), its minimum eigenvalue by Apin(A),
its spectral matrix norm by |[|Al, its Frobenius norm by ||A|lr = /(A, A),
induced by the Frobenius inner product (-, -), and its inverse (if it exists) by A~
For any d € N, we write 0y := (0,...,0)T € R? as the vector of zeros, 0gxq as
the d x d matrix of zeros, 14 := (1,...,1)T € R? as the vector of ones and I,
as the identity matrix of size d. For any u,v € R?, we denote the inner product

by u’v and the outer product by uv?.

Functions

Given a subset A C 2, the indicator function is defined as 14(x) =1 if z € A and
0 if x € A°. For any function f : 2, — 2, let f7Y(A) :={x € 2 : f(x) € A}
denote the pre-image of A C (2, under f. For any function ¢ : 2 — R, we define
its oscillation as osc(p) 1= sup(, , coxn [¥(2) — @(y)|.



Function spaces

Let p € [1,00), (£2, F, 1) be a measure space and L£”(u) be the set of measurable
functions ¢ : 2 — R? such that ||¢||re = ([p lp(2)[Pp(dz))? < co. We then
define L”(u) as the set of classes of p-equivalent functions in £P(x). For any function
¢ : 2 — RY, we define its supremum norm as ||¢||e := sup,cp, [o(z)] (With [[¢]le =
oo if ¢ is unbounded) and denote L>°({2) as the set of all bounded functions on {2.

Let 2, C R% and (2 C R% for some di,d, € N. We denote C(f21,2)
as the set of continuous functions from §2; to 2, and C*(§2;, (2,) as the subset
of k-times continuously differentiable functions for £k € N U {0,000}, with the
case k = 0 to mean C°(£2, () := C(§21, %) and the case k = oo defined as
(21, 2) = NpengCF(521, 22).

Measures and o-algebras

Given a measurable space (£2, F), let P(§2) denote the set of all probability measures
on this space. If (2 is a topological space, we write B({2) as its corresponding Borel
o-algebra. Given two probability measures u, v € P({2), we use the notation pu < v
if p is absolutely continuous with respect to v, i.e. v(A) = 0 implies p(A) = 0
for all A € F, and denote du/dv as the corresponding Radon-Nikodym derivative.
For any x € (2, 0, refers to the Dirac measure at x. Given two measurable spaces
(£21, F1) and ({29, F»), we denote the product o-algebra on (21 x {25 as F; ® Fa. For
any p € P(£2) and measurable function f : 2 — (2, we define the push-forward of
v as the measure defined by (fup)(A) := u(f~1(A)) for all A € F.

Probability

All random variables will be written in capital letters and assumed to be supported
on some underlying common probability space with probability measure P. We will
write [E to denote expectation with respect to P. The variance of a random variable
X will be denoted as V[X]| := E {(X —E[X ])2} Given a probability measure
p € P(§2) and a 2-valued random variable X, we will use the shorthand X ~ pu to
mean P(X € A) = p(A) for all A € F. We will denote the Gaussian distribution
on R? with mean vector u € R? and covariance matrix ¥ € R4 by (i, ) and
its density (with respect to Lebesgue measure) by x — N (x; i, X).

Divergences and probability metrics

Given p,v € P(£2), we define the Kullback-Leibler divergence of v from p as
KL(plv) = [glog (dp/dv) dp if p < v and [, log (dp/dv) dp < oo, and KL(pu|v) =

oo otherwise.



For any finite signed measure p on ({2, F), we define its total variation norm
as ||pl|tv := put(£2) + p (£2) where the pair (u™, u~) of positive finite measures
refers to the Jordan decomposition of u. Let dry be the total variation distance
induced by the total variation norm on the vector space of finite signed measures
on (2,F), ie. drv(p,v) = ||u— vy for p,v € P(2).

Operators

A Markov transition kernel on (§2, F) is a map K : 2 x F — [0, 1] with the following
properties: (i) for any fixed x € {2, K(x,-) is a probability measure on ({2, F); (ii)
for any fixed A € F, K(-,A) is a measurable function.

Given p € P(£2), Markov transition kernel K on ({2, F), measurable functions
@ : 2 — Rand £ : 2 x 2 — R, we define the integral u(y) := [, p(z)u(dx),
the probability measure (uK)(-) := [, p(dx) K (z,-) on (§2, F) and the measurable
functions (K¢)(:) := [pe(w)K(-,du), (K&)(-) = [o&(,u)K(-,du). Given two
Markov kernels M and K on ({2, F), the composition is the Markov kernel defined
by (M o K)(x,) = fo M(z, dy)K (y,).

We denote the partial derivative with respect to time variable ¢ and i*"-coordinate
spatial variable z; by 0; and 9,, respectively. For ¢ € C*(R?4, R), we define its gradi-
ent Vo : R — R by Vo(x) := (95, 0(2), ..., 0p,0(x))T and for p € C?(R4, R), the
(i, 4)™ element of its Hessian matrix VZp : R — R>? by (V2p(x));; := 0y,00,9().
For any vector-valued function ¢ = (g1, ..., )", we define the divergence operator
as V - p(z) == X%, 0,,0i(x) for p € C'(R? R?) and the Laplacian operator as
Ap(z) == Y0, 82 pi(z) for p € C*(RY,R?). For ¢ € CHR™,R™), the (i, 7)™ ele-
ment of its Jacobian matrix Vi : R% — R%*4 js defined as (V(x));; := 0y, 0i(2).

Asymptotics

We will write ¢(n) = O(£(n)) if there exists ¢ € Ry, ny € N such that |¢p(n)| <
cl¢(n)| for all n > ng and p(n) = o(£(n)) if £(n) # 0 for alln € Nand ¢(n)/&(n) — 0
as n — oo. For a sequence of random variables {¢,}, .y and non-zero constants
{&n}oens the following are stochastic counterparts of the above statements. We
denote ¢, = Op(&,) if for any € > 0, there exists ¢ € R such that P(|p,/&,] >
¢) <eforalln € Nand ¢, =o0p(&,) if ¢,/&, — 0 in probability as n — oo. Lastly,
we will often write X,, = N (1, ) as n — oo to mean that the sequence of random
variables { X, },en converges in distribution to a random variable X ~ N (u, X).
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In Section we begin by briefly describing Bayesian inference and discuss the
necessity for sampling algorithms. In Section we then give some preliminary
background on state-of-the-art Monte Carlo methods so as to motivate the need

for more efficient algorithms.



1. Introduction 2

1.1 Bayesian inference

Let z € X C R? denote the unknown parameters of a given statistical model and
B(X) be the corresponding Borel o-algebra on the parameter space X'. Although
we will restrict our attention to the Euclidean space, we note that the methods
presented in this chapter also apply in more general state spaces. Compared to other
paradigms, the distinctive feature of Bayesian inference is the ability to incorporate
prior knowledge by prescribing a prior distribution 7wy € P(X), where P(X) refers
to the set of all probability measures on the measurable space (X,B(X)). To
simplify presentation, we assume that 7y admits a positive density mo(z),z € X
with respect to a o-finite dominating measure da ]

Given a data set y € ), the statistical model defines the likelihood function
L:X x)Y — R,. In Bayesian inference, the main object of interest is the posterior
distribution, i.e. the conditional distribution of the parameters given the data,

obtained using Bayes’ theorem

m(dzly) = (1.1)

where Z(y) := [, mo(dz)L(z;y) < oo denotes the marginal likelihood of the data
y. In this context, the normalizing constant Z(y) is also typically referred to as
the model evidence for its role in model selection.

Depending on the application of interest, we note that many desired quantities

can be expressed as

| @m(daly) (1.2

for some test function ¢ : X — R. For parameter estimation, we can set p(z) = x;
to obtain the posterior mean, and for posterior probabilities, set ¢(z) = 14(x)
where 14 denotes the indicator function on the subset A € B(&X) of interest. Lastly,
Bayesian prediction can also be recovered by selecting ¢ as the conditional density

of a new observation given the parameters and observed data.

IFor most of our purposes, it will suffice to take the Lebesgue measure
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Apart from simple models, for example when admits conjugacy, the integrals
in and normalizing constant Z(y) would be intractable so one has to resort
to numerical approximations. We will see in Section that the form of
renders it amenable to Monte Carlo approximations, which in turn rely on our
ability to generate (possibly approximate) samples from the posterior. In this
sense, m € P(X') will be thought of as the target distribution that we would like to
simulate from. For notational simplicity, we will henceforth suppress dependency
on the observations y € J and write the target distribution as m(dx) = y(z)Z'dx

where v(z) := mo(z)L(x) denotes the unnormalized density.

1.2 Monte Carlo methods

We first present the basic Monte Carlo method in Section and move on to

more sophisticated methods in subsequent sections.

1.2.1 Basic Monte Carlo

For a probability measure p on a measurable space (§2, F) and a test function
@ 2 — R, we write u(p) := [, ¢(x)u(dz) as the expectation of ¢ with respect
to p. In this notation, m(yp) denotes the quantity of interest in . Assuming
access to N € N independent and identically distributed (iid) samples {X,}»_,

from 7, a simple Monte Carlo estimator of 7(y) is given by

1 N
= EZ: (1.3)

Notationally, we can view this empirical average as integrating ¢ with respect
to the random probability measure 7y = N1 27]:7:1 dx,, where 0, denotes a
Dirac measure at z € X.

This estimator is unbiased and by the law of large numbers (LLN) strongly
consistent if ¢ € L'(r). Additionally, if ¢ € L?(r), it also satisfies a central
limit theorem (CLT):

VN (mx () = () = N (0,0()) (1.4)
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as N — oo, where o2(p) := 7m((p — 7(p))?) and %4 denotes convergence in
distribution. When compared to other numerical integration schemes, an interesting
feature of the Monte Carlo estimator is that its convergence rate, measured
in terms of root mean squared error (RMSE), is O(N~1/2) and does not depend
on the dimension of the state space. That said, it is entirely possible for the error
constant to grow exponentially with dimension.

Although the Monte Carlo approach reduces the integration problem to that of
simulation, it is not straightforward to sample from any generic target distribution.

In the following sections, we discuss several general strategies to tackle this issue.

1.2.2 Importance sampling

For measures p and v on a measurable space ({2, F), we will use the notation p < v
if 1 is absolutely continuous with respect to v, i.e. v(A) = 0 implies u(A) = 0 for
any A € F, and denote du/dv as the corresponding Radon-Nikodym derivative.

1.2.2.1 Normalized importance sampling

Suppose we can simulate from a distribution ¢ € P(X) satisfying 7 < ¢. Importance
sampling is simply a change of measure which allows us to mitigate the difficulty of
sampling from 7 by sampling instead from a proposal distribution ¢ and correct for
this discrepancy with the Radon-Nikodym derivative dm/dq. If ¢ admits a density

q(z),x € X with respect to dz, then we have

dr, . w(x)
diq(x) - 7 (15)

where w(z) := v(z)/q(z) denotes the (unnormalized) weight function. Using the

identity

T(p) = ——, (1.6)

which follows from ([1.5]), and the basic Monte Carlo estimator (1.3]), we obtain

the normalized importance sampling (NIS) estimator:

LY ()
% E%:l w(X;,)

n(p) = Z:IWnQO(Xn) (1.7)
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where {X,,})V_, are iid samples from ¢ and W,, := w(X,)/XN_, w(X,,) denotes
the normalized weights. Note that the intractable normalizing constant Z is
not present in the ratio . The NIS estimator is strongly consistent and as
its bias is O(N~!), the RMSE is dominated by its variance that is O(N~1/2)
(Geweke 1989). Re-writing as

75 Zne (0(Xn) = 7(0)) E(Xan)
N N (Xo) ’
and noting that N=' >N dn/dg(X,) — 1 in probability and if 62(¢) := q((¢ —
m(p))%(dr/dg)*) < oo we have

VN (7n(p) — 7(9))

1 N d. A2
T3 2 (#(%) = 7)) (%) 5 N (0,6%() (1.9)
then an application of Slutsky’s lemma gives
VN (7in(p) = m(0)) 5 N (0,6%(¢)) - (1.10)

Re-writing 6%(p) = 7 ((¢ — m(p))?d7w/dq) to facilitate comparison with the asymp-
totic variance in (|1.4]), interestingly, we see that it is possible to obtain better
performance than independent sampling if the proposal is chosen to suit a given
test function. In practice, one might be interested in a large class of test functions,
so as a guideline it is desirable to select a proposal distribution with heavier tails
than the target distribution to ensure that the asymptotic variance 6%(y) is finite.
As before, we can view as an expectation with respect to the weighted
empirical measure 7y = SN, W, dx, , commonly referred to as the particle approzi-
mation of w. To quantify the difference between these two measures, we could use
the metric introduced in [Rebeschini and Van Handel (2015):
Al )= sup E[(fn(e) - (o))" (1.1)
where the supremum is taken over test functions satisfying ||¢||ec 1= sup,cx |o(2)] <
1 and the expectation is with respect to the random variables generating the random

measure 7. Using ((1.10]), we have for sufficiently large enough N that

() _ 4q((dn/dg)*) (1.12)

d(ﬁ']\[,ﬂ')ZS N ~ N
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In fact, it can be shown that this inequality holds for any finite N € N (see
Agapiou et al.|[2015; Theorem 2.1).

1.2.2.2 Normalizing constant estimation

Using the identity Z = g(w), an unbiased estimator of Z is given by

. 1 X
Zy = an::lw(Xn). (1.13)

When compared to other normalizing constant estimation methods, unbiasedness
makes importance sampling particularly appealing as this property can be further
exploited to design algorithms to perform inference on models with intractable
likelihoods (Andrieu and Roberts| 2009, Andrieu et al. [2010). It is easy to see

that Zy is strongly consistent and satisfies a CLT
7
VE (%= 1) a0 (@m/a0?) - 1) (114

as N — oo if w € L*(q). Note also that when ¢ = 7, (1.13]) produces a zero variance

estimator, i.e. Zy = Z, g-almost surely for any N € N.
1.2.2.3 Computational complexity of importance sampling

It follows from the above discussion that the computational complexity of importance
sampling, encompassing both estimation of bounded test functions and nor-
malizing constant estimation (1.14), is characterized by the ratio ¢ ((dw/dg)?*) N1,

The quantity ¢ ((dr/dq)?), which is at least one using an application of Jensen’s
inequality, can be written as x?(7|q) + 1, where x*(7|q) := q((dw/dg — 1)?) denotes
the y2-divergence of the proposal from the target distribution. The relation to a
divergence instead of a probability metric is unsurprising since importance sampling
is an asymmetric procedure. It is clear that if 7 and ¢ are close to being mutually
singular, then the sample size required for accurate estimation has to be particularly
large. |Agapiou et al.| (2015]) studied various limits under which absolute continuity
between the measures break down.

The relationship x*(7|q) + 1 > exp(KL(7|q)) (Gibbs and Su/[2002; Theorem 5)
suggests that we should scale N exponentially with the Kullback-Leibler divergence
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of the proposal from the target distribution defined as KL(r|q) := 7(log(dr/dq))F]
Interestingly, (Chatterjee and Diaconis (2015) recently showed that this scaling is
roughlyﬂ both sufficient and necessary to control the L'-error of #x(p). The use of
Kullback-Leibler divergence is central to this result as it relies on the concentration
of log(dm/dq)(-), under the measure 7, around its expected value. We now illustrate
that the latter phenomenon is typical of problems in high dimensions.

Consider the simple case where both the target and proposal distributions fac-
torize into identical marginals, i.e. m(dx) = [T, m(dz;) and ¢(dz) = 1L, q1(dx;),
in which case we have ¢ ((dr/dg)?) N~' = ¢ ((dm1/dg1)?)* N=1. Of course, as
d — 00, this decline in performance can still happen slowly if ¢; ((dm;/dq;)?) ~ 1;
hence the need to distinguish between the dimension of the state space d and
the intrinsic dimensionality of the importance sampling procedure (Agapiou et al.
2015). Now let Y ~ 7 and Y; denote the i*" component of the vector. Since
log(dm/dg)(Y) = X4, log(dm; /dg;)(Y;) is given by a sum of iid random variables,

assuming that o; = 7 ((log (dm;/dg1) — KL(m|q1))?) < oo, we have

- (log (3‘2) ) - KLmq)) N0, %) (115)

as d — oo. This illustrates that in high dimensions, the above-mentioned con-
centration does take place, and that the fluctuations of log(dn/dq)(Y’) around
KL(7|q) = dKL(m|q) are of order v/d.

1.2.2.4 Effective sample size

Noting that ¢ ((dr/dg)?)""N = N when ¢ = =, a natural way to quantify
the inefficiency of performing importance sampling relative to independent sam-
pling is to define the notion of effective sample size (ESS) based on the ratio
¢ ((d7/dq)?)"" N. In practice, one approximates the intractable denominator with

the identity ¢ ((dr/d¢)?) = q(w?)/q(w)? and the basic Monte Carlo estimator

2For completeness, we take KL(7|q) := oo if 7 and ¢ are mutually singular or if the integral is
not finite.
3More precisely, this depends on the order of fluctuations around the expectation.
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(1.3) which gives

n

ESS := (Zgilwwn))? = (i W2>1. (1.16)

n=1
This diagnostic was introduced in Kong et al.| (1994)) and is routinely used to access
the quality of the particle approximation. We will adopt this convention when
comparing algorithms whose validity are based on importance sampling. It is easy to
see that 1 < ESS < N. The lower bound is attained in a situation typically referred
to as weight degeneracy where only one sample holds all the normalized weight. On

the other hand, the upper bound is achieved when all samples have uniform weights.

1.2.3 Markov Chain Monte Carlo

The main idea behind any Markov chain Monte Carlo (MCMC) method for the
simulation of a target distribution 7 is to set up an ergodic Markov chain whose
invariant distribution is 7. In this section, we describe the celebrated Metropolis-

Hastings algorithm, discuss its validity and outline several implementation choices.

1.2.3.1 Metropolis-Hastings algorithm

Consider a Markov transition kernel K : X x B(X') — [0, 1] of the form
K(z,dy) = k(z,dy) + r(2)d.(dy), (1.17)

where r(z) = 1— [, k(x,dy) is the probability of rejecting a move from the transition

kernel k£ and remaining at € X. It is easy to see that if
7(dx)k(z, dy) = 7 (dy)k(y, dz) (1.18)

as measures on B(X) ® B(X), then the detailed balance condition is satisfied and
consequently K is m-invariant, i.e. (7K)(:) := [y n(de)K(z,-) = 7(-).

Suppose we are given a proposal transition kernel ¢ : X x B(X) — [0,1]
with positive transition density ¢(z,y),y € X with respect to dy for each z € X.
Although ¢ may not satisfy (1.18), we could enforce equality by introducing a

measurable function o« : X x X — [0,1] and setting k(z,dy) = a(x,y)q(z,dy).
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Algorithmically, this amounts to accepting or rejecting a transition from ¢ according

to the acceptance probability a. Substituting this form of k into ((1.18) gives

a(z,y) = R(z,y)a(y, ) (1.19)
for (z,y) € X x X where
~ m(y)aly, x)
R(z,y) = prmE— (1.20)

We now seek a choice of « that satisfies (1.19)). First consider the case R(z,y) < 1,
where moves from x to y occurs too frequently under ¢q. To impose equality, we could
always accept moves from y to z, i.e. a(y,z) = 1, and limit moves from z to y by
setting a(x,y) = R(z,y). Similarly, for the case R(x,y) > 1, setting a(x,y) = 1 and
ay,x) = R(y, v) satisfies since 1 = R(z,y)R(y,z) due to the form of (1.20).
Collapsing these two cases gives the canonical choice a(x,y) = min{l, R(x,y)},
which can be shown to be more efficient than other choices that have been proposed
(Barker| 1965| Hastings||[1970) in the sense of Peskun’s ordering (Peskun!|1973).

In summary, the above arguments derive the Metropolis-Hastings (MH) kernel
K(z,dy) = a(z,y)q(z, dy) + r(z)ds(dy) (1.21)

with a(x,y) = min{1, R(x,y)}, r(z) = 1— [y a(x, y)q(x, dy), introduced in Metropo-
lis et al. (1953)) and later generalized by Hastings (1970). As the proposal ¢ can
be arbitrary, this provides a general method to construct a reversible Markov
transition kernel with 7 as its specified invariant distribution. Moreover, since
the acceptance probability involves a ratio , it is only necessary to know 7
and ¢ up to some normalizing constants.

It is easy to see that finite compositions and mixtures of m-invariant Markov
transition kernels are also m-invariant. A widely used example is the system-
atic/random scan Gibbs sampler (Geman and Geman|/1984), which corresponds to
a composition/mixture of kernels given by the full conditional distributions of 7
that are clearly m-invariant. Whenever sampling from a particular full conditional

is intractable, one can also replace this step with a MH kernel targeting this full
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conditional distribution — this procedure is commonly known as Metropolis-within-
Gibbs (Zeger and Karim||1991). Another example of mixing m-invariant kernels

is the hit-and-run algorithm (Smith/ 1984).
1.2.3.2 Validity of MCMC methods

We now discuss some theoretical justifications for the use of MCMC methods

that are constructed with MH kernels.

Ergodicity. For a MH kernel K to be ergodic, it needs to satisfy two important
properties: Harris recurrence and aperiodicity.

By [Tierney| (1994; Corollary 2), a m-irreducible MH kernel has 7 as its unique
invariant distribution and is Harris recurrent, i.e. for all x € X and each A €
B(X) with 7(A) > 0, the Markov chain initialized at z visits A infinitely often
with probability one. Irreducibility means that for each x € X and A € B(X)
with m(A) > 0, there exists an N € N such that the N iterate of K satisfies
KN (z, A) > 0. In the following, we will see that this condition, which ensures that
the Markov chain {X,} generated by K eventually visits all regions of interest
under 7, usually translates to easily verifiable assumptions on the proposal kernel q.

Aperiodicity refers to the absence of cyclic behaviour: more precisely, there is
no period p > 2 and disjoint subsets Ay, ..., A,_1 € B(X) with positive measure
under 7 such that K(z, A1 moap)) = 1foralli=0,...,p—1and z € A;.

With 7-irreducibility and aperiodicity, by [Nummelin| (1984; Theorem 3.7,
Proposition 6.3), we have convergence of the transition probabilities to the tar-

get distribution:
1
dry (KN (x,-),7) = 5||KN(:E, )= 7|y = 0 (1.22)

as N — oo for all x € X. Here dpy : P(X) x P(X) — [0,00) denotes the total
variation distance induced by the total variation norm || - ||ty on the vector space
of finite signed measures on (X', B(X)). It is straightforward to see that this metric
coincides with when the measures concerned are non-random (Roberts and
Rosenthal [2004; Proposition 3b).
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Uniform ergodicity. Under appropriate sufficient conditions, it is possible to
characterize the rate at which convergence in takes place, thus giving rise
to stronger forms of ergodicity.

A classical result that dates back to the seminal paper of Doeblin| (1938])
concerns uniform ergodicity:
2161)13 drv (KN(:U, '),71') < CoV (1.23)

for some C' > 0,0 € (0,1). This requires existence of M € N,e > 0,v € P(&X)

such that the following minorization condition is satisfied
KM(z, A) > ev(A) (1.24)

for all x € X, A € B(X). By taking A = X in ((1.24)), observe that € € (0, 1]. It can
be shown that the mapping defined by P(X) > pu+— uKM is a contraction, i.e.

dTV (ILLKM, /J,/KM) S ATV (KM) dTV (ILL7 ILL/) (125)

for all u, u' € P(X) where Aty (KM) 1= SUP ;o) exxr ATV (KM(I, D, KM (2, )) <
1 — ¢ is the Dobrushin coefficient of K™ (Dobrushin||1956). Since (P(X), drv)
is a complete metric space (Douc et al.| 2014b; Proposition 6.16), it follows
from the Banach fixed point theorem that holds with C' = drpvy (0., 7) =
Lo = (1 —¢)lN/M],

Geometric ergodicity. A weaker form of ergodicity is geometric ergodicity:
dry (KN(z,7),7) < C(x)o" (1.26)

for some function C' that is m-almost everywhere finite and p € (0, 1). To establish

such a result, one typically assumes ergodicity, existence of a small set, i.e. the
minorization condition (1.24]) holds only on a subset S C X, and a drift condition:

there exists a € [0,1),b € Ry and a function V' : X — [1, 00] such that

K(V) <aV +blg (1.27)
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where K(V)(z) := [, V(y)K(z,dy), and that the small set S is characterized by
V. With reference to its connection to the study of stability in dynamical systems,
the function V' is often called a Lyapunov function. Intuitively, if we think of V' as
describing an energy surface, the condition implies that on average the Markov
chain drifts towards states of lower energy, and eventually reaching the small set.

There are many different proofs of geometric ergodicity. The traditional way
involves controlling the length of excursions outside the small set (Nummelin| {1984}
Meyn and Tweedie|[1993)). Another popular approach is to use coupling techniques
which has the added benefit of giving explicit expressions of C' and g (see [Roberts
and Rosenthal (2004) and references therein). Such proofs typically use two coupled
realizations of a Markov chain that coalesce. Although coalescence is facilitated
by the minorization condition when coupled chains both enter the small set, there
are many scenarios where coupled chains may come close to each other but fail to
coalesce. This has motivated the use of Wasserstein distance (introduced in Section
to analyze convergence of Markov chains (Gibbs|2004, |Madras and Sezer|2010)).
More recent methods establish V-geometric ergodicity by exploiting the existence of
a spectral gap when we view the transition kernel as an operator on the Banach space

of functions with supremum norm weighted by V' (Hairer and Mattingly||2008; 2011)).

Limit theorems. Lastly, suppose that we have m-irreducibility and aperiodicity
which imply that the Markov chain {X,,} generated by the MH kernel is ergodic.
Under these conditions, we have a strong LLN that allows us to compute ex-

pectations under :

in(e) = > o(Xn) = () (1.28)

almost surely as N — oo for any ¢ € L!'(7r) (Meyn and Tweedie|[1993; Theorem
17.0.1). It is worth noting that (1.28)) also holds for periodic Markov chains. If we
additionally assume 52(¢p) := limy_,o, NE [(ﬁN(gp) - ﬂ(gp))ﬂ < 00, as MH chains

are reversible, it follows from |Kipnis and Varadhan| (1986]) that this estimator
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also satisfies a CLT
- d. .

VN (v () = 7(9)) <= N (0,5°(p)) (1.29)
as N — oo. The asymptotic variance can be written as 62(p) = 02(p)7(p), where

7(p) :=1+2>_ Corr, (¢(Xo), p(X,)) (1.30)

n=1

is the integrated auto-correlation time (IACT) and Corr, denotes correlation between
random variables generated by the Markov chain at stationarity. Recalling from
(1.4) that o?(p) is the asymptotic variance under independent sampling, we can
utilize this relationship to define the notion of ESS for a Markov chain of length

N as 7(p) "t N. In practice, the auto-correlation function can be estimated using

techniques from time series.

1.2.3.3 Implementation choices

We now describe some implementation strategies that are widely used and discuss
some practical considerations. This section only serves to outline some algorithms
that will be of interest in this thesis and is by no means an exhaustive review on the

vast amount of literature on MCMC that has been developed in the past few decades.

Independent Metropolis-Hastings. In the case where ¢(z,dy) = ¢(y)dy, com-
monly termed as independent MH, the acceptance probability has the form

a(z,y) = min {1, w(y)} (1.31)

w(z)

where w is the importance weight function with proposal distribution ¢. As alluded
earlier, the resulting Markov chain is m-irreducible and aperiodic if and only if ¢(y) >
0 dy-almost everywhere. It follows from that moves to states with higher
weights are always accepted while moves to states with low weights are often rejected.

Observe also that the process could be “stuck” in state = for many iterations if it
has a particularly large weight. Such a behaviour can be very pronounced when the
tails of the target is heavier than that of the proposal distribution. To mitigate this

problem, one should select a proposal so that the weights are bounded — observe
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that this also coincides with good importance sampling performance. More precisely,
under the boundedness assumption, it is possible to show that the minorization
condition is satisfied with M = 1,¢ = ||dw/dq||}!, v = 7; hence the Markov
chain is uniformly ergodic with rate o = 1 — ||d7/d¢||s-

Clearly, optimal performance is attained when ¢ = 7, in which case we recover
iid sampling. However, in practice it is difficult to design a proposal that mimics

the target distribution closely, and particularly so in high dimensional state spaces.

Random walk Metropolis-Hastings. A more numerically tractable alternative
is the use of local proposals. The simplest example of this is random walk MH
(RWMH), where ¢(z,y) = f(y—x) for some increment density f. For m-irreducibility
and aperiodicity, it suffices to have f > 0 everywhere. The typical choice of
increment distribution is N'(04,£?Y), i.e. the Gaussian distribution with mean vector
04 := (0,...,0)T and covariance matrix 2% for some £ > 0 and symmetric positive

definite matrix >. Under this choice, the acceptance probability takes the form

a(z,y) = min{L:Ei;}, (1.32)

from which it is apparent that moves to states with higher target density are always
accepted while moves to states of lower target density are sometimes accepted. The
former behaviour reveals that the RWMH chain performs an exploration of the
state space guided by only local information, i.e. target density values, while the
latter behaviour distinguishes the sampling algorithm from an optimization routine.

Sufficient conditions for geometric ergodicity of the resulting algorithm are given

in Roberts and Tweedie| (1996b)) and Jarner and Hansen (2000).

Metropolis adjusted Langevin algorithm. The above methodology can be
improved upon by using also gradient information when this is available. We
denote the partial derivative with respect to time variable ¢ and i**-coordinate
spatial variable x; by 0, and 0,, respectively. For any scalar-valued function
¢ € CHR%R), its gradient is defined as Vip(x) := (9y,0(2), ..., dp,0(x))T. For

any vector-valued function ¢ = (¢1,...,p4)T, we define the divergence operator
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as V- p(r) := X%, 0,.0i(x) for o € CY(R? R?) and the Laplacian operator as
Ap(z) = XL, 95 ¢i(x) for ¢ € C*(R%RY).

Consider the case where X is the identity matrix I; of size d. If we view the
above random walk as a discretization of a d-dimensional standard Brownian motion
{Bi}i>0, then a better proposal can be derived from the Langevin diffusion {L:}i>o,
defined as the solution of the following stochastic differential equation (SDE)

1

The time evolution of the marginal distribution of L;, denoted as 7, is governed

by the Fokker-Planck partial differential equation (PDE)
. 1 . 1,
8t7rt = —§V : (th IOg 7T> + §A7Tt. (134)

It is straightforward to check that 7 is the stationary solution of , hence the
Langevin diffusion admits 7 as its invariant measure. It can also be shown that the
solution {7;}>0 of is such that the Kullback-Leibler divergence of 7 from 7,
decreases with time and moreover follows the direction of steepest descent of this

functional with respect to the Wasserstein distance (Jordan et al.||1998]).

Now consider an Euler-Maruyama discretization of (1.33]) with step size 2:

Y, =Y, 1+ iVIog (Y1) + €2, (1.35)
where {Z,} is a sequence of iid samples from N (04, I;). The use of the time
discretized process {Y,,} for sampling was proposed in earlier papers by Parisi
(1981)) and (Grenander and Miller| (1994). However, due to the time discretization,
m-invariance is only approximately preserved for sufficiently small €2 (Mattingly
et al.[2002)). Moreover, Roberts and Tweedie (1996a)) showed that the discretized
process might even be transient for well-behaved target distributions. As noted by

Besag| (1994), using (|1.35]) as a proposal move within a MH kernel, i.e. setting

2
qlz,y) =N (y; T+ gEVlog 7(x), 521d> , (1.36)

allows us to preserve m-invariance. Here x +— N (x;u,X) denotes the Gaussian

density with mean p and covariance Y. Ergodicity properties of the resulting
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Markov chain, now commonly known as the Metropolis adjusted Langevin algorithm

(MALA), can be found in Roberts and Tweedie| (1996a).

Choice of algorithmic parameters. We now turn our attention to the choice
of algorithmic parameters €2 and Y. It is possible to let these parameters depend
on an initial portion of the sequence {X,} up to some time Ny € N, in which
case we obtain adaptive MCMC methods (see Andrieu and Thoms [2008). Too
large values of the scale parameter €2 would lead to many rejected moves while
too small values would result in a very slow moving Markov chain — therefore
there should be a notion of optimal scaling.

Consider a target distribution that factorizes into identical marginals, i.e.
m(dz) = [T4, 1 (d;). In |[Roberts et al.| (1997) and Roberts and Rosenthal (1998)),
under some regularity conditions on 7y, the authors proved that appropriately
rescaled RWMH and MALA chains converge weakly to diffusion processes as
d — 0o. They then maximized the speed measure of these limiting diffusions, which
can be shown to be equivalent to minimizing the auto-correlation (for any test
function) with respect to the scale parameter. Optimality is achieved in RWMH if
£2 = O(d™") with optimal acceptance rate of 0.234 and for MALA if £2 = (d~'/3)
with optimal acceptance rate of 0.574. Such optimal scaling results partially justifies
the standard practice of selecting 2 as large as possible to achieve acceptance
probabilities close to these guidelines. Moreover, they also quantify the asymptotic
inefficiency of RWMH compared to MALA, if the additional cost of computing
gradients is also taken into account. In practice, it is important to treat these
guidelines as only heuristics as these analysis were done in the overly simplified
case of target distributions that factorize and in the large dimension asymptotic.

The covariance matrix > should be chosen to reflect the geometry of the
target distribution. Such curvature information could be obtained for example
by computing the Hessian of the target density or estimated using samples from

a pilot run of the MCMC chain. It is also possible to design more sophisticated
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MCMC methods that exploit ideas from differential geometry — see |Girolami and
Calderhead| (2011)) for more details.

1.2.4 Sequential Monte Carlo samplers

In this section, we describe the sequential Monte Carlo (SMC) sampler introduced
in \Del Moral et al.| (2006]), which is a methodology to sample sequentially from a
sequence of probability measures defined on a common measurable space. We will
see that this sampler falls under a wider class of algorithms known as SMC methods,
or particle filters in the case of inference for hidden Markov models, that deals with
the setup where the dimension of target distributions increase with time. These
methods have been the topic of intensive research in the last two decades (Doucet
et al.|[2001, Cappé et al.|2006, |Doucet and Johansen 2009) and its theoretical
properties are now well understood (Chopin/[2004, Del Moral| 2004, Kiinsch 2005,
Del Moral| 2013, [Whiteley||2013|, Bérard et al.||2014) Douc et al. 2014a).

1.2.4.1 Constructing a sequence of probability measures

We begin by addressing the issue of defining a sensible sequence of probability
measures when only a single target distribution 7 is of interest.

If 7 is the posterior distribution associated to a data set y = (yi,...,yr)? with
T € N observations, then we could perform sequential Bayesian inference by explor-
ing the partial posteriors m;(dz) := 7(dx|y1.¢), where the shorthand ., refers to the
sequence ¥y, ..., ¥. As noted by |Chopin| (2002), such a procedure might provide a
beneficial tempering effect and potential reduction in computational complexity.

Instead of assuming that the likelihood admits such a structure, an alternative
way to induce this desired tempering behaviour is to exponentiate the likelihood
with an increasing sequence {\}7_, C [0, 1] in the Bayes’ update (L.1):

mo(dx) L(x)™

Wt(dm) = 7
t

(1.37)

where Z; := [, mo(dx)L(z)* (note that this is finite since Z is). If the prior and

posterior distributions are distant, or equivalently if the likelihood is particularly
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informative or induces complex structures in the posterior, then importance sampling
with 7y as proposal and MCMC methods targeting 7= would be ineffective. The
rationale behind introducing a sequence of bridging distributions with a tempering
schedule is to gradually evolve the prior my (assume Ay = 0) to the posterior
mr = 7 (assume Ay = 1) and to apply Monte Carlo methods in a manner that
exploits the proximity between successive distributions. Such an approach would be
beneficial as long as the errors involved in solving T simpler problems sequentially
do not accumulate too badly. It is also apparent that the benefits of likelihood
tempering is closely related to the ideas behind simulated annealing in the context
of optimization (Kirkpatrick et al.| 1983]).

It is worth noting that we can also construct other sequence of distributions to
suit other applications (see Section . For example, when one is interested in
estimating the probability of a rare event A € B(X) under a probability measure
p € P(X) which we can simulate from, i.e. p(A) =~ 0, then it is natural to
define the sequence m;(dz) := p(dx)ly, (z)/u(1l,,) for some A; € B(X) such that
X =1 Ay D ... D Ar := A (Johansen et al.|2006]).

1.2.4.2 Sequential importance sampling

Suppose that we can initialize particles by sampling from the prior distribution 7.
To move to the next intermediate distribution 7y, particles are then propagated
according to a Markov kernel K. As alluded earlier, since my and 7; are not too
distant, it should be possible to construct a kernel to move particles to regions
of the state space with high probability mass under m;. For example, if K is a
mi-invariant MCMC kernel that converges to its equilibrium distribution reasonably
quickly, i.e. fast mixing, we expect the marginal distribution of the particles at
time ¢t = 1 to be close to m;. For subsequent times, we continue moving particles
with Markov kernels { K;}1, until the terminal time 7. Hence in summary, for all
n=1,...,N we initialize X' ~ m, and iterate X" ~ K, (X" ,-) fort =1,...,T.

For notational convenience, we write the t"-step transition kernel as K., :=

Ki o---0 K;, where o denotes composition of Markov kernels. For each time
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t=1,...,T, we will see in Section that ideally we would like to perform
importance sampling on (X, B(X)) with m; as the target distribution and the
marginal distribution ¢, := myKi; as the proposal, but the latter is typically
intractable. The key idea behind Del Moral et al. (2006) is to mitigate this
difficulty by introducing a sequence of backward Markov kernels {Lt}f:_ol and
perform importance sampling on path space (X!, B(X)®'!) between an artificially
constructed target distribution

t
P,(dzxo,) := m(day) H Ly 1(xg, dzg_q) (1.38)
k=1

and the joint distribution of the particle dynamics

t
Qt(de:t) = Wo(dl’o) H Kk(.%k,l, d$k> (139)
k=1
as the proposal. If the backward kernels are selected so that P, < (); then
dF; Wt(iEo:t)
el = 1.4
th ("L'O.t) Zt ) ( 0)
and the (unnormalized) weight function W, : X**1 — [0, 00) can be written as
t
Wi(xoy) = H wr(Tr—1, Tk) (1.41)
k=1

where the incremental weight function w; : X x X — [0, 00) is the unnormalized
Radon-Nikodym derivative of m;(dx;)L;_1(x, dxy_1) € P(X x X) with respect to
m—1(dzi—1) Ki(xio1,day) € P(X x X), ie.

Ye(day) Ly—q (zy, 1)

Wy (Ti_1,x¢) 1= 1.42
(@11, 21) Vi1 (dzi—1) Ky (241, dy) ( )
fort = 1,...,T. Hence a particle approximation of m; is given by
N
Wi(XE
ﬁ'i\] = Zth(ngL’ th = N t( O't)m . (143)
n=1 Zm:l Wt (XO:t)
Using the identity Z; = Q;(W;), an unbiased estimator of Z; is given by
5N 1 al n
Zt - N Z Wt<X();t)' (144)
n=1

[terating this procedure from ¢ = 1 to t = T is typically known as sequential
importance sampling (SIS). When only the terminal time is of interest, we will

write P := Pp,Q := Qr and W = Wr.
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1.2.4.3 Sequential importance sampling resampling

Although for each t = 1,...,T, P, admits m; as its marginal distribution by
construction, this comes at the cost of having to perform importance sampling
on an extended space that increases in dimension over time. Hence from the
discussion in Section [1.2.2.3] we expect the quality of the particle approximation
to degrade with time. In practice, this manifests as weight degeneracy which is
a well-known phenomenon in the SMC literature. To mitigate such degeneracy,
one usually employs a resampling step which serves to prune particles with low
weights and multiply particles with high weights.

Intuitively, this procedure is beneficial as it allows the algorithm to focus
its computational effort on promising regions of the state space. For a more
theoretical justification, under mixing assumptions on {K;}7_,, it can be shown that
if successive distributions {m;}._, are very distant, then the asymptotic variance
(given in Section of SIS diverges with time while that of SIS with
resampling remains uniformly bounded (Chopin/ (2004; Theorem 5), Del Moral
et al.| (2006; Remark 4)).

Let G; be the o-algebra generated by {W, X7 .}V . More precisely, a resampling
step is a random mapping that takes to another empirical measure

A SR\ NS (1.45)
AV =5 b = — > G, 1.45
! n=1 N ) N n=1 !

where the number of offsprings of particle X[, i.e. Nj* := #{m =1,...,N :
X™ = X[}, is constrained to satisfy E[N|G,] = NW/ for n = 1,...,N. The
simplest resampling scheme is multinomial resampling (Gordon et al.|[1993]), where
(N}, ..., NY) is distributed according to a multinomial distribution with N trials
and probabilities {W/}2_,. Other schemes with lower variance such as residual
resampling (Whitley [1994) |Liu and Chen|[1998)), stratified resampling and systematic
resampling (Kitagawal/1996, |Fearnhead and Clifford |2003)) are more commonly used
in practice — see Douc and Cappé (2005)), Hol et al.| (2006) for comparisons of

these schemes.
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It should be stressed that resampling whenever the quality of the particle
approximation is adequate is detrimental as it increases the variance of Monte
Carlo estimates. Hence in practice, one usually employs resampling adaptively,
i.e. whenever some measure of weight degeneracy (for example ESS defined in
Section falls below a pre-specified threshold. We shall henceforth refer to
an algorithm which combines SIS and (possibly) resampling as the SMC sampler
and outline its steps in Algorithm

From ((1.42]), we have the identity

Z,
7 i = / wt<$t_1,.th)?Tt_l(d.fIft_l)Kt(.fCt_l,dxt). (146)
t—1 A2

Hence given a (possibly resampled) particle approximation #¥, = >N W 6§ Xn

of m_1, we can obtain a consistent approximation of R, := Z;/Z, 1 with
N
DN n n n
R, = Z Wit wy (X7, X7 (1.47)
n=1
Since Z; = ]_[};:1 Ry, it is natural to form an estimator of Z; using the product
A t A
ARES | Ping (1.48)
k=1

While consistency of ZtN follows straightforwardly from that of , a remarkable
property of this estimator is its unbiasedness, when averaged over all random
variables generated by the SMC sampler (Del Moral [2004; Theorem 7.4.2). Unlike
the corresponding SIS estimator , such a result is non-trivial since the particles

interact through the resampling steps.

1.2.4.4 Choice of backward kernels

Introducing the artificial backward Markov kernels {L,}{-' to circumvent the
difficulty of evaluating the marginal distributions ¢; = mo K., leaves a degree of
freedom over the choice of these backward kernels. We first identify the optimal
choice which is intractable before discussing approximations that yield various

suboptimal but tractable choices.
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Algorithm 1 Sequential Monte Carlo sampler

Input: particles N, time steps T, probability measures {m;}_,, Markov kernels
{K;}L |, backward kernels {L;}} ', resampling threshold @ € (0, 1).

1. Initialization: sample X' ~ my and set WJ' = N~ forn=1,...,N.
2. Fort=1,...,T,

(a) sample X}' ~ Ky(X[,,-) forn=1,...,N;

N
(b) evaluate incremental weights {wt(XZL—Dth)}n:l using (|1.42);

(c¢) update and normalize weights for n =1,..., N
N
Wi = thlwt(XZLhX?)/ Z W w (X7, X7);
m=1

(d) if ESS; < ON, resample particles and set W* = N~ forn =1,..., N;
(e) compute ratio of normalizing constants estimate ]%tN using 1)

N

N, normalized weights {W2}Y_ and normalizing constant

Output: particles { X7
estimate ZY = [, RV.

Optimal backward kernels. By [Del Moral et al.| (2006; Proposition 1), the
optimal choice of backward kernels {L:}7-' in terms of minimizing the variance

of the importance weight W; satisfies
qi(dre) Ly (e, dwp 1) = g1 (dwy—1) Ky (w1, dy) (1.49)

as measures on B(X)®@B(X) fort = 1,...,T. To see this, note that under the choice
(1.49) we have Wi(zo.) = dy:/dg: (), hence by the variance decomposition formula

V Wy (Xou)] = E [V (Wi (Xon) |X0]] + V [E [Wh (Xon)|X0]) = V [j;jw] ~ (L50)

This result is intuitive: under the optimal choice, we simply perform importance
sampling on the marginal space X instead of the extended space X*™!. In terms of
marginal distributions, observe that integrating over the z; variable in (|1.49) gives
q:L; | = q;—1. To understand these optimal backward kernels in terms of the joint
distribution @)y, note the following forward-backward decomposition

Qi(dzoy) = mo(dwo) [ Ke(zno1, dar) = q(dzy) [ Li_1 (zk, dzg—n). (1.51)
k=1 k=1
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Although employing these optimal backward kernels is not feasible, as this
requires computing weights that are intractable, knowing the form of allows
us to construct approximations. While the validity of SMC sampler holds for any
choice of backward kernels, algorithmic performance will depend on the quality

of such approximations.

Locally optimal backward kernels. We begin with a local argument by as-
suming that ¢, is sufficiently close to m;_;. Using this approximation in (|1.49))

gives a suboptimal choice {L;}L ' that satisfies
Wt_th(dZEt)th_l(xt, d.Tt_l) = 7Tt—1(d$t—1)Kt(xt—la dl't), (152)

with corresponding incremental weight of the form

dy

m(%) (1.53)

wt(fft—lal’t) =

fort = 1,...,T. In terms of marginal distributions, observe that implies
(Wt_th)I/t_l — m,_1, which suggests that L, ; could be thought of as a locally
optimal backward kernel at time ¢. This choice of backward kernels is not generally
applicable as involves a possibly intractable integral — see Del Moral et al.
(2006; Section 5) and |Griffin et al.| (2016) for applications where this is used.

Time reversed backward kernels. Consider the case where K; is chosen to be

m-invariant. If successive distributions are sufficiently close, approximating m;_1

with 7, in (1.52) gives another suboptimal choice {L,} ' that satisfies
Wt(dxt)f/t_l(l't, d.ﬁvt_l) = Wt(dxt_l)Kt(l't_l, d]ft), (154)

with corresponding incremental weight of the form

d
W@t 2) = dﬁl (ze_1) (1.55)
fort =1,...,T. Observe that Ly is simply the time reversal of the m-invariant

Markov kernel K;. When using the tempering schedule in ((1.37)), under this choice

of backward kernels, the SIS algorithm (i.e. no resampling) coincides with work
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by |Crooks| (1998)) in thermodynamic integration, the annealed importance sampler
(AIS) introduced by Neal| (2001) and work in Jarzynski (1997) when the sampler
is formulated in continuous time. For sequential Bayesian inference problems, the
SMC sampler recovers the algorithm proposed by (Chopin (2002).

Note from that a particle’s weight W;* will not depend on its location X}'
at time t. Therefore, to promote sample diversity, the Markov kernel K; should
only be applied after the particle approximation 4 = >N W6 xr , has (possibly)
been resampled. Interestingly, as noted by Del Moral et al.| (2012al) and |Schéfer and
Chopin! (2013), it is possible to exploit this independence between particle weights
and locations at time ¢ to adaptively specify the tempering schedule {\;}L_,. The
main idea is to observe that, owing to the form of , the effective sample size at

time ¢, denoted by ESS;, is a function of \;. Hence we can solve for a value such that
ESSt()\t) = QESSt_l (156)

for some pre-specified proportion p € (0,1). If one performs adaptive resampling,
it is not clear that ESS is the most suitable quantity in as it measures the
accumulated discrepancy between P, and @); from the last resampling time. To
induce more uniformity in the distance between successive distributions {m}1,
Zhou et al| (2016) argue convincingly that it is more appropriate to perform
adaptation using a quantity they termed as conditional ESS

N (25:1 Wt711wt(Xt711))2

cESS; := )
t nNm:1 Wﬁlwt(Xﬁl)z

(1.57)

which can be thought of as a measure of how good 7m;_; is as an importance
sampling proposal for ;. If we resample at every time iteration, then W, = N~!
foralln=1,...,N, so coincides with the usual definition of ESS and we
recover the procedure in (|1.56)).

Despite the benefits of adaptation, the independence between a particle’s weight
and location is counter-intuitive: even if K} is fast mixing (consider the extreme
case where Ky(z;_1,dz;) = m(dzy)), the variance of the incremental weight

would still be particularly high if m,_; and 7, are distant. In contrast, the backward
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kernels {Et}fz_ol are more sensible as the incremental weight (1.53) reflects the

mixing properties of K; and depends on the particle’s location after the move.

1.2.4.5 Validity of SMC samplers

We now give some theoretical justifications for the use of SMC samplers. While the
validity of SIS follow from standard iid asymptotics (Section , establishing
convergence of SMC algorithms is much more involved due to the interaction of
particles in the resampling steps. Many results on general SMC methods exist
and can be found for example in the monograph by (Del Moral 2004; 2013)) and
specialized to the context of SMC samplers as done in [Del Moral et al. (2006}
Section 3.4). Moreover, as a consequence of identifying algorithms such as |Chopin
(2002) in the SMC framework, many convergence results apply straightforwardly.

Consider the likelihood tempering case with Ay = tAXfort =0,...,T and
the use of m-invariant Markov kernel K, and its time reversal as backward
kernel. For notational simplicity, given p € P(X) and N € N, we define the Bayes’
operator (Bu)(dz) := u(da)L(x)?/u(LA*) and the sampling operator SNy =
NN 6y, , where {X,,})V_, are iid samples from p. In these notation, we can

write a SMC sampler with multinomial resampling at every time step succinctly as
#V =BSN (AN K, 1) (1.58)

for t = 1,...,T with initialization at #)’ = m. For pu,v € P(X) and the metric
d defined in (L.11)), using the fact that d(Bpu, Br) < 2k~2d(u, v) holds under the
assumption x < L(x)* < k! for all z € X and some x € (0, 1), d(SNp, ) < N~1/2
and d(puK,vK) < d(u,v) for any Markov kernel K on (X,B(X)), we have by

triangle inequality that

A7, m) = d(BS™ (7 K1), B(m1 K1) (1.59)
< 26 2d(SY (Y Ky, w1 Ky )

< 2 2 {d(SN (Y Kon), 7 Kooa) + A7 Kooy, w1 Ko) }

1
<2577 {\/N +d(7), Wt—l)} :
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By induction, we obtain

AN 1 Ko, 2y
d(n,,m) < ﬁl;(%; ) (1.60)

for t = 1,...,T, which establishes consistency of the SMC sampler at the usual
Monte Carlo rate of N~/2 (Rebeschini and Van Handel 2015). Clearly, this upper
bound is crude as it suggests that the errors accumulate exponentially fast in the
number of time steps which is definitely not the case in practice. To obtain a bound
that is uniform in T, a more refined analysis which exploits ergodicity properties
of the Markov kernels {K;}7_, is needed (Del Moral and Guionnet [2001)).

Under appropriate integrability conditions, we also have CLT for estimates of

expectation of test functions ¢ : X — R
. d.
VN (7 (¢) = mlp)) <2 N(0,02(¢)) (1.61)

and normalizing constants

A

VN (ZZiV - 1) s N(0,07) (1.62)

for both the SIS algorithm and the SMC sampler. As mentioned earlier, for SIS
it follows directly from (1.10) that

() = Q: (¢ — m(9))*(dP/dQy)?) (1.63)
and from that
o7 = Q, ((dP/dQ,)?) — 1. (1.64)

For general SMC methods with multinomial resampling performed at every time
step, these results were established by (Chopin| (2004 Theorem 1), Del Moral
(2004; Proposition 9.4.2) and tailored to the SMC sampler setup in Del Moral
et al.| (2006; Proposition 2).

We introduce some notation to write down expressions of these asymptotic
variances compactly. Foreacht =1,...,T, we denote the time k = 0, ..., ¢ marginal

distribution of P;(dzo.) as P, x(dzg) and the conditional distribution of z; given xy,
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as Py (dx¢|xy). Note that the case k = ¢ is to be understood as Py, := P,y = m
and we use the notation Pyi(¢)(zr) := [y ¢(2¢) Pyr(das|xr). We define the mea-
sures f’tk,l;k(dxk,l,dxk) = P,y (deg)Lg—1(vg, dog—1) and @k,lzk(dxk,l,dxk) =
Tk—1(dag—1) Kg(vp—1,dxg) on (X x X, B(X) ® B(X)) for k = 1,...,t. In these

notation, we have

o7 () = 0 ((Pyo(p) — m())*(d Py o/dmo)?) (1.65)

+ 3 Qr-1 ((Pt|k(§0) — Wt(@))Q(dﬁt,k—lzk/d@kz—hk)Q)
k=1

and
t

o = 7o ((dP,p/dmo)?) — 1+ kzl {Q-1k ((APos-14/dQu-14)?) =1} (1.66)

Observe that in these expressions, the form of the summands are similar to those
in and with the proposal distribution @, in SIS replaced by Qp_1.x.
This reveals that the resampling step has the effect of truncating the importance
sampling error locally in time. Similar expressions of these asymptotic variances
in the case of adaptive resampling and other resampling schemes can be found

in Del Moral et al. (2012b)) and Beskos et al.| (2016]).

1.3 Summary and looking ahead

We started this chapter by showing that a practical implementation of Bayesian
inference relies on our ability to evaluate integrals. The use of Monte Carlo
methods allows us to tackle the integration problem with (approximate) simulation
from a target distribution.

We have seen that the efficiency of algorithms such as importance sampling
(Section and independent MH (Section is very dependent on the
construction of a proposal distribution that mimics the target distribution closely.
Designing such global approximations is difficult in practice and particularly so
for high dimensional problems.

On the other hand, although local strategies like RWMH and MALA (Section

1.2.3.3) are numerically more tractable and are backed by theoretical guarantees,
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convergence of these methods can be excruciatingly slow in practice. For example, for
highly multi-modal target distributions that are induced when performing Bayesian
inference in mixture models (Section , these local algorithms typically get
trapped in a local mode and therefore fail to characterize all posterior modes for
any practical amount of compute time (Celeux et al.2000).

It is well-known that combining such local schemes with population based
approaches such as SMC samplers (Section and population MCMC (Geyer
1991, Liang and Wong]2001), that exploit tempering to gradually introduce the
complex structures of the likelihood, result in algorithms that can tackle challenging
sampling problems in reasonable compute time (Jasra et al.[[2007)). We will therefore
treat SMC sampler with local MCMC moves and the time reversed backward kernels
as state-of-the-art and compare it against sampling algorithms developed in
this thesis. Following our earlier discussion, we will often refer to this approach as
AIS and stress the additional resampling operation when necessary.

In this thesis, we explore two novel directions with the objective of developing
more efficient SMC samplers. Firstly, we consider the use of transport theory
to construct good global proposal distributions. Chapter [2| contains a review of
existing methods and Chapter [3| focuses on the problem of constructing transport
maps using flows. Secondly, in Chapter [ we exploit ideas from optimal control
to control a specific SMC sampler, with proposal distribution induced by a time-
discretized Langevin dynamics, so as to minimize the Kullback-Leibler divergence

of the extended target distribution from the proposal.
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The purpose of this chapter is twofold. First, we introduce some background
necessary to formulate the transport problem (Section 2.2). Second, we describe

well-known ways to solve the transport problem (Section [2.3]) and discuss existing
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methods to compute them (Section [2.4).

2.1 Introduction

We begin with the notion of coupling the prior distribution my with the posterior

distribution 7.

Definition 2.1. Coupling mg, 7 € P(X) refers to the construction of random
variables (Xo, X1) ~ Q € P(X x X) such that Q(-,X) = 7y and Q(X,-) = m as

measures on (X, B(X)).

The joint distribution @) is usually known as the transport plan and the couple
(Xo, X1) the coupling of my and m. Clearly, couplings always exist since there is the
trivial coupling where X, and X are independent, i.e. Q(dxg,dz;) = mo(dxe)m(dxy).

In contrast, we have a deterministic coupling if X is a function of Xj.

Definition 2.2. A coupling (Xo, X1) of mo with w is said to be deterministic if
there exists a function T : X — X such that X1 = T(Xy). We will refer to T as a

transport map if it is additionally a C*-diffeomorphism.

The associated transport plan is given by Q(dwo, dz1) = mo(do)d7(ge) (deq). For
any pu € P(X) and measurable function f : X — X', we define the push-forward
of u as the measure defined by (fuu)(A) := pu(f~1(A)) for all A € B(X), where
Y A) :={x € X : f(x) € A} is the pre-image of A under f. In this notation,
Definition relates the measures via m = Tym.

Note that for any transport map 7', we have the change of variables formula

[ eleadan) = [ o(T () mo(dao). 21)

for all p € L'(m). Setting ¢ = 14 in (2.1) for some A € B(X) and applying

change of variables in the integral gives

/A (a) de; = /T |y T0lT0) o = /A mo(T 7 (1)) [det (VT (1)) ey, (22)
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where VT : X — R4 denotes the Jacobian matrix of T-!. It follows that

the densities are related via
m(x) = (T} (x)) |det (VT (2))] (2.3)

dx-almost everywhere. It is often more convenient to invoke the inverse function theo-
rem and compute the Jacobian determinant as det (VI'~1(z)) = det (VT (T (x))) "
Equation still holds even if the C'-diffeomorphic assumption on 7' is reduced
to an injective (or take multiplicity into account), locally Lipschitz map (see Evans
and Gariepy| 2015; Chapter 3).

It should be stressed that simulation from the posterior distribution would
be straightforward if we had access to a transport map 7: we simply need to
sample Xy ~ 7y, which we will assume to be possible since prior distributions
are usually tractable, and then evaluate the transport map at this sample, i.e.
X1 = T(Xp). Given my and 7, the problem of studying existence and regularity
of diffeomorphisms 7' satisfying is known as the Jacobian problem (Moser
1965, [Dacorogna and Moser|[1990). For such results to be computationally useful,
they should also be constructive. The problem of constructing a transport map

shall henceforth be referred to as the transport problem.

2.2 Optimal transport

The transport problem is typically underdetermined. To see this, consider the case
o =7 =N (0y, I1) € P(R?). Clearly Tp(x) := R(f)x is a transport map for any 6 €

[0,27), where R(0) := cosf  sinf

. is the clockwise rotation matrix of angle 6.
—siné cosf

2.2.1 Monge’s formulation

In the above example, intuitively, we would like to favour T, and penalize rotational
solutions. This can be done by introducing a transportation cost function ¢ :

X x X — R and defining the functional

M(T) = /X c(x, T(x)) mo(da) (2.4)
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which associates each transport map 7" with a cost. We then consider the following
minimization problem

inf  M(T) (2.5)

{T:7=Tymo}

and define the optimal transport map as the map 7* that attains the minimum (if
it exists). To guarantee existence of solutions to (2.5]), the cost function ¢ needs
to be sufficiently varying to distinguish between transport maps.

The case ¢(z,y) = | — y| was first studied by French geometer Gaspard Monge
in 1781 as a civil engineering problem, where the cost function represents the work
needed to transport an amount of material extracted from a mine located at x
to a construction site located at y. A rigorous treatment was given much later
in [Sudakov (1979)) followed by |[Evans and Gangbo| (1999), Trudinger and Wang
(2001)), (Caftarelli et al. (2002]), Ambrosio| (2003).

N
Figure 2.1: Illustration of Monge’s civil engineering problem (figure taken from Villani
(2008))).

2.2.2 Kantorovich’s formulation

Years later, Russian mathematician Leonid Kantorovich proposed a relaxation of
Monge’s problem by allowing the mass leaving mine z to be split among several
sites y and conversely mass arriving site y can also come from several possible mines
z. In the |[Kantorovich| (2006) formulation, we consider

inf : 2.6
et Q(c) (2.6)

where C(mg, ) is the set of all possible transport plans, and define the optimal

transport plan as the distribution @* € P(X x X) that attains the minimum (see
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Villani (2008; Theorem 4.1) for conditions to guarantee existence). Note that
in , both the cost functional and the marginal constraints are linear in the
transport plan () and in this sense may be thought of as the continuous analogue of
linear programming for discrete state space problems. We will describe a method

to compute Q* which exploits this connection in Section [2.4.1]

2.2.3 Equivalence between Monge’s and Kantorovich’s for-
mulation

Consider the case c¢(z,y) = |z — y|* and assume that my, 7 have finite second
moments with dominating measure dz taken to be the Lebesgue measure. A
classical result in the optimal transport literature (Villani 2008; Chapter 10) is
that Monge’s and Kantorovich’s formulations admit the same unique solution in
the sense that M(T%*) = Q*(¢) and Q*(A) = mo({z € X : (z,T*(x)) € A}) for
any A € B(X) ® B(X). Moreover, the optimal transport map is monotone and
characterized by T* = V¢ for some convex function ¢.

It follows from that ¢ should satisfy (in a suitable weak sense) the

Monge-Ampére equation:

™ (Vo(e)) = mo(@) [det (V2o(a))| (27)

where V2¢ : X — R4 denotes the Hessian matrix of ¢. Although numerical
resolution of has received a great deal of attention in recent years, developing
accurate and efficient methods to solve this non-linear second-order elliptic PDE
remains a challenge even in low dimensions — see Benamou and Brenier| (2000))
for a variational approach, Loeper and Rapetti (2005)) for an algorithm based on
Newton’s method and [Froese and Oberman (2011) for a finite difference solver.
Although efficient implementation still remains rather limited, the theoretical
implications of the Monge-Kantorovich problem have been far-reaching; we refer
to |Villani| (2003; [2008) for a modern account of the theory. An example of
this is the metric Wi (m, m) := Q*(c¢) it defines on the subspace {y € P(X) :

[y c(zo, ) p(dx) < oo} for some arbitrary xy € X, commonly known as the
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Wasserstein distance (of order 1), whenever ¢ is a distance on X (Villani| 2008;
Chapter 6). Noting that we recover the total variation distance with cost function
c(z,y) = 1,4, as the trivial metric on X', we see that the Wasserstein distance with
c(z,y) = |r — y|? can be an appealing alternative to the total variation distance

as it reflects the geometry of the state space.

2.3 Knothe-Rosenblatt transport

From the above discussion, we see that imposing unicity in the transport problem
comes at the price of tractability, i.e. absence of an explicit expression of the
optimal transport map, and computability as solving the Monge-Ampere PDE
numerically is challenging even in low dimensions. We now describe the Knothe-
Rosenblatt rearrangement, better known to statisticians as the conditional quantile
transform, which is a transport map that is explicit — although not necessarily
optimal. This was introduced by Rosenblatt (1952)) within a statistical context and
rediscovered by [Knothe| (1957) when extending the Brunn-Minkowski inequalities.
Throughout Section we shall assume that X = R? and the dominating measure

dx is the Lebesgue measure.

2.3.1 Optimal transport on R

We shall first consider the one-dimensional case d = 1. Define the cumulative

distribution function (CDF) of 7y and 7 by
F(x) := m((=00,2]),  G(x) :=m((—00,2]) (2.8)
for € R and their generalized inverses
Flu)=inf{r eR: F(z)>u}, G 'u):=inf{zeR:G@x)>u} (2.9)

for u € [0, 1], respectively. If mg, 7 have finite second moments, by [Villani (2003;
Theorem 2.18), T'= G~ ! o F is the unique monotone optimal transport map of
the Monge-Kantorovich problem (since they coincide) with quadratic cost c(z,y) =

|z — y|?. Under some regularity assumption on the prior density and likelihood
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function, more precisely that my, L € C*(R,R,), T is a C'-diffeomorphism with
derivative dT'(x)/dz = mo(x)/7n(T(x)) > 0.

Moreover, using the facts that z = F~! o F(x) for mg-almost everywhere z and
the push-forward Fym, is the uniform distribution on [0, 1], by the change of
variables formula ([2.1)

inf Q(c)= inf M(T) (2.10)

QeC(mo,m) B {T:n=Tymo}
= /R (x -G lto F(x))2 mo(dx)
- /R (F~' o F(z) - G o F(x))" mo(da)

1 2
- / (F (@)~ G\ (2)) da,
0
so we have an explicit expression of the optimal transportation cost. To gain

some intuition, writing

[ oty = [ w(ay) (2.11)

reveals that the transport is achieved by an increasing arrangement of the cor-

responding probability mass.

2.3.2 Increasing rearrangement in R? for d > 2.

For any 1 € P(RY), we write pu(dz;) € P(R) as the marginal distribution of the first

component and p(dz;|xy.;—1) € P(R) as the increasing conditional distribution of z;

given x1,...,x;_q fori = 2,...,d. We now consider generalizing the above transport

map to dimensions d > 2. The construction is based on the following decompositions:
d d

mo(dx) = mo(dy) gwo(dxi\xl:i,l), 7(dz) = 7(dxy) i_l_[;r(dxﬂxl:i,l). (2.12)

We shall assume that we have access to the first marginals and the increasing

conditionals in (2.12) and define the respective CDFs

Fi(z1) := mo((—00, z1] x R, Gy(z1) := m((—o00,21] x R¥™Y),  (2.13)

Fii(xilzlzifl) = Wo((—OO;%HCEl:ifl)’ Gi($i|l‘1:i71) = W((_Ooaxi”xlzifl)
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fori=2,...,d,x = (z1,...,24)7 € R and their right-continuous inverses

):=1inf{zy € R: Fy(z1) > w1}, (2.14)
)i=inf{zx; e R: Gi(z1) > w1},

F N ui|wi-1) = inf {o; € R: Fy(zg]21-1) > wi},
)

= mf {33'1 € R . Gi(xipjl:ifl) Z Ui},

fori=2,...,d,u= (uy,...,ug)" €[0,1]%. The main idea is to apply the optimal
transport in the one dimensional case described earlier to transport the marginal
distributions in the first component and the corresponding increasing conditional
distributions. This gives the Knothe-Rosenblatt transport map x — T(x) =

(Ty(z1), ..., Ty(x1.9))" defined by

Y1 ‘= Tl(xl) = Gl_l(F1<ZL‘1)), (215)

yi = Ti(x14) == Gfl(ﬂ($i|$1:i—1)|y1:¢—1)7

fori = 2,...,d. Note that T is monotone and lower triangular, i.e. the i component
T; depends only on the first ¢ variables x,...,z;. As before, if we assume that
w0, L € CY(R,R,), then T is a C'-diffeomorphism with a lower triangular Jacobian
matrix that has positive entries on its diagonal.

While the Knothe-Rosenblatt transport is not optimal, interestingly, it is possible
to represent it as the limit of optimal transports. More precisely, assume 7y, ™
have finite second moments and let 7. be the optimal transport map of the Monge-

Kantorovich problem with weighted quadratic cost
d
c=(z,y) = Y ai(e) (@i — y;)? (2.16)
i=1
for some positive weights {a;}9_, that depend on the parameter ¢ > 0. By Carlier

et al. (2010; Theorem 2.1), under the constraint that

lim ai()
e=0 a;_1(€)

=0 (2.17)

fori=2,...,d, the map T. converges in L?(my) to the Knothe-Rosenblatt transport
map T defined in ([2.15)).
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Although the Knothe-Rosenblatt transport can be useful in certain scenarios,
its broad application is very much limited by the requirement that the marginal
and increasing conditional distributions of my and 7 are known. Moreover, for the
sole purpose of simulating from the target distribution m, the way in which the
transport is constructed is superfluous since the push-forward of my by the map
v F(z) = (Fi(z1), ..., Fy(rg|r1.q-1))7" is simply the uniform distribution on the
unit hypercube [0, 1]¢, which is straightforward to simulate from. Lastly, it is also
worth noting that the Knothe-Rosenblatt transport has the undesirable property

of not being invariant under permutation of the coordinates.

2.4 Computing a transport

We now turn our attention to the computation of a transport map. The objec-
tive of this section is to discuss a few strategies that have been proposed in

various literatures.

2.4.1 A discrete approach

The methods described in Section [2.4.1] can be thought of a discrete approach to
the transport problem. We begin by re-formulating resampling in the framework
of coupling empirical measures. Although the optimal coupling exhibits attractive
properties, exact computation is costly. Therefore we discuss an entropic regular-
ization which offers reduced complexity. Lastly, we describe a transformation of
the optimal coupling that converges to the optimal Monge-Kantorovich transport

between m, and 7.

2.4.1.1 Resampling as coupling

In applications such as data assimilation and non-linear filtering, although the

N

prior distribution is intractable, we have access to N € N iid samples {X{},_,

. .. . AN _ AT—1 =N
from 7. The corresponding empirical measure is given by 7" = N7 32, dx». In

this scenario, to perform Bayes’ update, one usually uses the prior as the proposal
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distribution in an importance sampling approximation (Gordon et al.|1993)). This

gives the following particle approximation of m

N
L(X[]
ﬁ'N = Z Wnéxaz, Wn .= N<—O)m (218)
n=1 Zm:l L(XO )
For notational convenience, we write W := (W*', ..., W) € RY as the vector
of normalized weights, 1y := (1,...,1)T € RY as the vector of ones, 2y :=

{X¢,..., X} € &N as the discrete state space of interest and U := N~'1y as
the uniform distribution on 2y. In this setup, P(2y) = {¢ € RY : ¢"1y = 1}

is the open (N — 1)-dimensional simplex and
Clay, #) ={Q e RN : QIy =U,Q"1y =W} C P(2y x 2y)  (2.19)

is the transport polytope. Observe that for any Q € C(#},#V), sampling X7 from

the transition probability associated to the n'* particle

N(Qnas,--- 7Qn,N)T € P(2n) (2.20)

for allm = 1,..., N and returning the empirical measure 7% = N~' SN § xn ylelds
a valid resampling scheme (Section due to the marginal constraint Q71y =
W. Hence resampling can be viewed as constructing a coupling and many popular
resampling schemes can be casted into this framework (Reich/[2013); for example
multinomial resampling corresponds to the independent coupling with Q = UW?.

Let C € RY¥*N denote the matrix of pairwise squared Euclidean distances,
ie. Chm = | X — X")? for n,m = 1,...,N, and (-,-)p the Frobenius inner
product on R¥*¥_ In these notation, the Monge-Kantorovich problem between

N

# and &N

can be written as

Q" = argminQeC(ﬁé\’,ﬁN)<Ov Q>F> (2-21)

assuming a unique optimum exists. The minimization is a linear program
which can be solved exactly using network simplex or interior point methods. In
contrast to resampling schemes that are commonly used, Q* also takes particle
locations into account and this feature can be exploited to couple particle filters
(Jacob et al.|2016)). Between particles of similar weights, * also has the interesting

property of favouring particles that are more distant.
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2.4.1.2 Entropic regularization

Despite its nice features, computing QQ* exactly using any of the above-mentioned
methods comes with a huge computational cost of at least O(N3log N) opera-
tions (see Pele and Werman| [2009; Section 2.1). |Cuturi (2013]) considered the

following regularization

Qa = argminQeca(ﬁé\fj.N) <C, Q)F (222)

for some a € [0, 00], where C, (7}, 7#Y) := {Q e C(zy,aN) : KL <Q|UWT> < a}.
This reduces the computational complexity to O(N?) which, in the absence of
additional structure, is the best one can ask for as computing the cost matrix C
and sampling from any joint distribution Q € P(2y X 2y) already require O(N?)
operations. The convex optimization problem can be solved efficiently using
Sinkhorn| (1967) fixed point iteration which is known to converge linearly at a
rate that depends on the value of the regularization parameter . Truncating at
finite iterations yields an approximation Q of Q® that might not be an element of
Co (7, #N) and thus leads to a possibly invalid resampling scheme. However, as
noted by |Jacob et al.| (2016; Section 3.2), it is possible to construct a transport
plan Q € C(#Y,#N) that is close to Q.

This regularization is best understood in entropic terms. For any g € P({2y)

and Q € P(f2y x 2y), we define their entropies by h(q) :== — X, ¢, log ¢, and
h(Q) = — fom:l Qn.m 10g Qpn m, respectively. It can be shown that
hQ) < h(U) + h(W) (2.23)

for all Q € C(7{Y,#"), with equality attained at the independent coupling Q = UWT

(Cover and Thomas| 2012, Chapter 2). In terms of entropy, the constraint in

is equivalent to
hQ) > h(U) + h(W) — a. (2.24)

At a = 0, we have the independent coupling Q° = UW? which maximizes entropy,
and as « increases, solutions that have less entropy become admissible. It is well-

known in linear programming that the optimal transport plan Q* always occurs
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at an extreme point of the transport polytope and has low entropy in the sense of
having at most 2N — 1 non-zero elements (Brualdi/2006; Corollary 8.1.3). Therefore
when « is large enough, we have Q* = Q* as the Kullback-Leibler ball C, (7}, #)
overlaps with C(#}’, #%V) in a neighbourhood of @* (Cuturi |2013; Property 1).
While it is tempting to solve the regularized problem with a large value of «
in the hope of recovering Q*, as discussed in (Cuturi (2013)), this causes numerical
instabilities and convergence of the Sinkhorn’s iteration will become excruciatingly

slow with o large.

2.4.1.3 Convergence to optimal transport

After computing the optimal transport plan @*, instead of sampling from the
transition probabilities (2.20]) to obtain the coupling as described above, Reich

(2013)) considered the following linear transformation
X7 = Tn(XE) Z (2.25)

with Markov transition matrix P* := NQ@Q*. The rationale here is to exploit the
low entropic behaviour of ()*: the transition probabilities in (2.20]) are quasi-
deterministic, i.e. has positive probability mass on only a few points in (2.

Noting that we have
1N N N N
TPIRTDIDICIFRTED DAY (2:26)

due to the marginal constraint Q*715 = W, by consistency of normalized importance
sampling (Section , it follows that this procedure maintains consistency of
the posterior mean. Moreover, as the empirical measures 7} and 4V are consistent
approximations of my and m, respectively, as N — oo we might expect Ty to
converge in a suitable sense to the optimal transport of the Monge-Kantorovich
problem between 7y and m with quadratic cost. This is the main result in |Reich
(2013; Theorem 3.2).

Returning to the regularized transport plan Q< in (2.22)), we note that its

N — oo limit will not be a transport due to the entropic regularization. We
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conjecture that this limit will be the minimizer

Q(o?) := argminQec(woﬂﬁ)KL(@P), (2.27)

where P(dzg,dzy) := p(dze)N(z1; 20, 0%13)dz; € P(X x X) for some arbitrary
@ € P(X) and noise parameter o2 > 0 that depends on the value of the regularization
parameter «. The minimization , known as the Schrddinger bridge problem
(Schrodinger| (1931}, [Jamison|[1975), can be thought of as a large deviation principle
with marginal constraints. Existence and uniqueness of this minimizer was studied
in Beurling| (1960)) and Jamison| (1974)). We note that Gaussianity of the transition
kernel associated to P is inherited from the use of squared Euclidean distance in
([2-22). Mikami (2004) established that as 0 — 0, Q(c?) converges to the optimal
Monge-Kantorovich transport between 7y and ; this zero noise limit is analogous

to the above discussion on the a — oo limit in discrete state spaces.

2.4.2 A global approach

We now return to continuous state spaces and outline the main ideas behind a series
of papers by [Moselhy and Marzouk| (2012), |Parno and Marzouk| (2014)), |Marzouk
et al.| (2016), where the task of constructing a transport map was formulated

as a variational problem.
2.4.2.1 Variational formulation
Consider the minimization problem
%Ié_fr KL(Tymo|m) (2.28)

where T is a set of mappings whose properties are to be specified. Although the
functional 7" +— KL(Txm|7) is not amenable to Monte Carlo approximation, if we

additionally impose that the maps in T are C!-diffeomorphisms, then using the

change of variables formula ({2.1)), (2.28) can be written as

- —1
%Ielfr KL(mo|Ty 7). (2.29)
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As T — KL(mo|T; ') is an expectation with respect to the prior distribution, we
can use the basic Monte Carlo estimator ((1.3):

inf — f: log {70\ (xmy (2.30)
rer N = P\ dr,Tr '

where {X"}Y_| are N € N iid samples from 7. We note that the variance of this
estimator will depend on how close the push-forward measure T, 17 is from the prior
distribution and that it is possible to use results from statistical learning (Vapnik
1998) to get bounds on the expected difference between ([2.29) and its empirical

counterpart (2.30) as a function of N and properties of T (see also Appendix .
2.4.2.2 Approximating Knothe-Rosenblatt

With the aim of approximating the Knothe-Rosenblatt transport described in
Section , the authors proposed to select T as the set Tf of lower triangular maps

v T(x) = (Ti(x1),. .., Ty(x1.4))T satisfying the following positivity condition

0y, Ti(x1;) >0, fori=1,...,dand x = (wl,...,xd)T e X, (2.31)

which enforces invertibility of an admissible triangular map. Applying ([2.3]) to obtain
the density of T}, 17 and dropping terms that are irrelevant for the optimization gives

inf > —logy(T(X™)) —logdet (VT'(X™)), (2.32)

TeTS 12

where v : X — R, denotes the unnormalized density of 7. For the minimization
in to be numerically tractable, one has to approximate Tﬁ with a finite
dimensional subspace. To do so, the authors considered a parameterization given

by a multivariate polynomial basis expansion:
M
Ti(z1:4; B;) = Z Bim®im (%1:4) (2.33)
m=1

fori =1,...,d and M € N, where 3 = (3;;) € R>M are the parameters to be
inferred and each multivariate polynomial has a tensor product form ¢; ,(z1.) =
I1i—1 a(im), (x;) with the index function (i,m) — a(i,m) € Nj prescribing the

degree of the univariate polynomial ¢. The authors advocate designing « to exploit



2. The transport problem 43

any conditional independence structure in the target distribution (Parno et al.2015)
and using the polynomial chaos expansion (Xiu and Karniadakis |2002) whenever
polynomials that are orthogonal to the prior distribution can be easily evaluated.

Observe that while the parameterization has the desired lower triangular
structure by construction, the positivity condition (2.31) might not be satisfied
for all values of 3 € R>M and z € X. As a partial fix, the authors proposed
to enforce this condition at the sampled points:

M
00 Ti( XV B) = O BimOp, i (X() >0, fori=1,....,dandn=1,...,N.

m=1

(2.34)

This imposes a finite set of linear constraints on the minimization problem (2.32]).
Hence in terms of the parameters, we seek
N

inf —log V(T(X™; 8)) — log det (VT'(X™; 2.
e g noasy 2~ 108V (XT8)) —log det (VT (X7 5)), (2.35)

which is a non-convex (constrained) optimization problem in general. As noted
by Kim et al| (2013)), since the parameterized map § +— T(x; () is linear in
the parameters, under the assumption of log-concavity of the prior density and

likelihood function, (2.35) is a convex optimization problem.

2.4.2.3 Composite maps

As the prior and posterior distributions become more distant, we expect the above
procedure to require polynomials of higher degree in order to obtain a map that is
reasonably close to being a transport. Therefore the computational effort of the
resulting algorithm would increase as this leads to a larger number of parameters
in the optimization problem . In this situation, using likelihood tempering
(Section to introduce a sequence of bridging distributions {m;}._, can
potentially reduce the overall computational complexity.

One possibility here is to exploit the fact that successive distributions are closer,
so this allows the algorithm to move between distributions with polynomials of

lower degree. More precisely, for each t = 1,...,T, we construct the map S; that
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aims to transport m_; to m, i.e. m ~ Spum_1, and define the composite map
S = Sro---095] to approximate the desired transport.

In Moselhy and Marzouk! (2012), the authors considered another possibility
which uses the structure of the optimization problem. The difference is to build the
" composite map S* := Sy 0 --- 0 Sy by minimizing KL(S%m|m;), whilst having
fixed all coefficients associated with preceding maps Si,...,S;_; that have already
been determined. Their argument is that unlike the previous approach, where errors
might accumulate if intermediate transports are not computed exactly, building an
approximation of the desired transport S := ST in this manner allows preceding

maps Si,...,97_1 to be constructed with looser tolerances while still maintaining

accuracy of S if the final map Sr is computed with tighter error tolerance.

2.4.3 An iterative approach

We have seen in the previous section that seeking a transport map directly is a
difficult task. In the following, we present an idea from |Liu and Wang| (2016)
which can be seen as a way to build a transport iteratively. Consider the following

re-formulation of the minimization problem in ([2.28)):
}r€1£ KL((Id + f)gmolm) (2.36)

where Id(z) := z is the identity map and F is a set of possible perturbations to be
specified. The main idea is to work with a tractable class F and select a perturbation

direction f € F that decreases the Kullback-Leibler divergence.

2.4.3.1 Gradient descent in a reproducing kernel Hilbert space

Suppose we have a positive definite function £ : X x X — R and let H denote
the reproducing kernel Hilbert space (RKHS) with inner product (-,-)y for which
k is the reproducing kernel, i.e. {p, k(-,x))y = ¢(z) for all ¢ € H. We note that
existence of a unique H is guaranteed by the Moore-Aronszajn theorem. We define
F := H? as the Cartesian product of vector-valued functions f = (f1,..., f4)T with

fi € Hfor all © = 1,...,d, and note that this is also a Hilbert space equipped
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with the inner product (f,g)r := 3%, (fi, gi)n for f,g € F. For any functional
F : F — R, we write VF(f) as the functional gradient of F' at f, defined by
F(f+eg) = F(f) +&(VF(f),9)r + O(¢®) for all g € F,e € R.

By [Liu and Wang (2016; Theorem 3.3), f™ = (f{°,..., f7°)" defined as
() == mo (k(x, )0y, log () + Oy, k(x,-)) for i = 1,...,d satisfies

(2

fm = —VKL((Id + f)amo|m)| . (2.37)

Moreover, the squared norm of f™ &€ F equals to the Stein discrepancy between
and 7 that is induced by the RKHS (see Oates et al.|[2017)). This result prompts

the following iterative gradient descent algorithm
T = (Id + Atfmfl)# Te—1 (238)

with a sequence of sufficiently small step sizes {A;} and initialization at the prior
distribution. Note that the iteration (2.38)) is typically intractable as an evaluation
of the functional gradient f™-! requires computing an expectation with respect to

m—1. We can form a particle approximation of (2.38)) by iterating
i) = (Id+ A, fﬁﬁl)# A (2.39)

with initialization at 7)Y = N=' SN § xp, where { X N | are N € N iid samples

from 7y. This gives #A¥ = N"' SN § xp with the following particle update

n n A al n m m n m
XP =X 2 (KX, X )V log (X)) + VA, X)) (2.40)

m=1
forn = 1,...,N.

To build some intuition for (2.40f), we consider the commonly used radial basis
function k(z,y) = exp (—|z — y|?>/h) for some bandwidth i > 0. The first term
in the update can be thought of as a smoothed version of the gradient of the
log-posterior density, obtained by a weighted average of the particles’ gradients
against the kernel function. Noting that Vk(z,y) = 2(z — y)k(z,y)/h, we observe
that the second term acts as a repulsive force between particles with the bandwidth

h controlling the strength of this repulsion. Since (2.40]) reduces to gradient descent
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on the log-posterior density when N = 1, it follows that the repulsive interaction
between particles is crucial in preventing the particle approximation from collapsing
to the local modes of 7. In summary, we see that the qualitative behaviour of
the resulting approximation will be particularly sensitive to both the bandwidth

and the number of particles used.
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Throughout this chapter, we will consider the case X = R? for ease of presenta-
tion and assume that 7, L € C*(R% R, ). In Section , we begin by introducing
a continuous curve of probability measures connecting the prior and posterior
distributions by tempering the likelihood. This leads naturally to the question of
designing particle dynamics to track changes in the underlying distributions along
the curve. We formulate the problem of constructing transport maps using flows
in Section [3.2] and survey existing methods to solve this problem before giving our
main results in Section [3.3] We then discuss implementation issues in Section [3.4]

and conclude with some applications in Section |3.5]

3.1 A curve from prior to posterior

We return to the discussion in Section on likelihood tempering and consider
the limit as the number of bridging distributions in goes to infinity. This
amounts to defining a curve of probability measures C, = {7 }sc(0,1], smoothly
bridging the prior my to the posterior m; := 7, by gradually introducing the
likelihood using a strictly increasing C'-function A : [0,1] — [0,1] such that
A(0) = 0 and A(1) = I

7o(dz) L(x)
() = T Z)(Lt() ) (3.1)
with
Z(t) = /IR mo(da)L(2)\0, (3.2)

We will denote the time derivative of A by X' : [0, 1] — R, and henceforth assume
that log L € L'(m;) for all ¢t € [0, 1]. The rationale of moving to the continuum is

that this allows us to study the time evolution of m; along the curve C;.
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3.1.1 Properties

We first establish some simple properties of the normalization function ¢ — Z(t).

Lemma 3.1. The normalization function Z : [0,1] — R, defined in lies in
Cl([Ou 1]7R+) and

d

() = /R m(dn)AL ()M = N (1) /R mo(da) L(z) 'O log L(x). (3.3)

Proof. Let {t,,}men C [0,1] be a sequence such that t,, — t,. Note that mo(z)L(z)**n)
converges pointwise to mo(z)L(x)**) and
mo(x)L(z)*) < mo(x) sup L(x) Y < mo(z) (1 + L(x)) (3.4)
t€(0,1]
holds for all (t,z) € [0,1] x R Hence applying dominated convergence theorem
with dominating function z — mo(x) (1 + L(x)), which is integrable since Z < oo,
establishes continuity:.
For differentiability, let {¢,,}men be a sequence such that ¢,, — t. and ¢, €
[0,1] \ {t.} for each m € N. We write

Z(tw) — Z(t.)
tn — ts

= | fm(x)dx (3.5)

with

fnlz) = — . (3.6)

Since A € C'([0,1],[0,1]), fm(x) converges pointwise to mo(z)d,L(z) ®|—,, =
mo(2) N (t,) L(2)**) log L(x) for each x € R?. Applying the mean value theorem to
t = L(x)*® gives fo(z) = mo(z)N (¢ ) L(2)) log L(z) for some c,, between t,,
and t.. Note that
| fm ()] < mo(2)|log L(x)] Jup N () L(x) < mo(x)| log L(@)[[|N [loo (1 + L(x))
(3.7)
holds for all (m,z) € N x R% Differentiability and follows from another
application of dominated convergence theorem with dominating function z +—
mo(z)] log L(2)]||N||eo (14 L(x)), which is integrable since log L € L'(m;) for t =0, 1.

Continuity of the derivative of Z(t) follows using similar arguments. O
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Intuitively, we expect the curve of probability measures C; to be “continuous”

in some sense. This is made precise in the following.

Lemma 3.2. The curve of probability measures Cr = {7 }1cjo) defined in is
narrowly continuous, i.e. for any bounded function ¢ € C(R%R) and any sequence

{tm }men C [0,1] such that t,, — t. we have

lim m, (¢) = m, (¢). (3.8)

m—0o0

Proof. Continuity of A(¢) and Z(t) implies that ¢ — m(z) € C([0,1],R;) for
each r € R? Hence for any bounded function ¢ € C(R% R) and any sequence
{tm}men C [0,1] such that t,, — t., we have o(x)m,, (x) — @(z)m, (z) pointwise.
Note that

SUP¢eo,1] L@)/\(t)
infte[o,l} Z(t)

|o(@)m,, (2)] < [l¢llomo() (3.9)

holds for all (m,z) € N x R? Since Z(t) is continuous on [0, 1] by Lemma the
infimum in (3.9)) is attained and is strictly positive under positivity assumptions
made on the prior density and likelihood function. Hence the upper bound in ({3.9))
is integrable and follows from an application of the dominated convergence

theorem. 0

3.1.2 Time evolution along curve

By differentiating the density of (3.1]) with respect to the pseudo-time variable ¢, we

obtain
Oymi(x) = N (¢) (log L(z) — I) m (), (3.10)

for each z € R? where

1 d 4 fra mo(z) L(2)M) da

= N@a s =T w20

= m(log L). (3.11)

The last equality in (3.11)) requires the validity of interchanging the order of
differentiation with respect to the time variable and integration with respect to the

spatial variable which is justified by Lemma [3.1] From a statistical perspective,
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this assumes that the family of models {m;}:cp01) is regular so (3.11]) is simply
a consequence of the fact that the score function has zero expectation for each

€ [0,1]. Since Z(0) = 1, integrating (3.11]) on [0, 1] recovers the identity
1
log Z = / N(t) I, dt (3.12)
0

commonly known as path sampling in statistics (Gelman and Meng|/1998) and ther-
modynamic integration in molecular dynamics where log Z represents the free energy
difference between two macroscopic states of a system (Frenkel and Smit|2001]).

Equation (3.10f) reveals that the expected log-likelihood I; plays the role of
a reference value which controls the time evolution of the density m;(z), i.e. in
logarithmic scale, the local behaviour around a point € R? is such that there
is an increase or decrease in density if log L(x) > I, or log L(x) < I; respectively.
In what follows, we will see that this difference, when integrated with respect to
m, provides us with the right direction to move particles at time ¢. It is also
intuitive that the factors m(z) and N(¢) are present in (3.10), as the change in
density must be proportional to how much probability mass there is locally and
how quickly we introduce the likelihood. It will be apparent later that these
factors dictate the speed of particles.

In this chapter, we focus on a fluid dynamics interpretation of the transport
problem. If we perceive probability mass as an infinite ensemble of fluid particles,
we could attempt to prescribe an appropriate velocity field to move these particles
deterministically so as to mimic the time evolution of m; over the pseudo-time
interval t € [0,1]. Loosely speaking, we may think of the action of particles under
such a velocity field as implicitly defining flow transport maps {7} }cjo,1] satisfying

m = Tyumo for each t € [0,1].

3.1.3 Path sampling

We now give an alternative derivation of (3.12)) from a different perspective. Consider
the situation where one performs importance sampling with a proposal that is distant

from the target distribution and consequently the estimator ({1.13)) of Z exhibits
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large variance. In such a scenario, we expect the use of likelihood tempering to
introduce a sequence of bridging distributions to be beneficial.

Let {m,, }M_, be a finite collection of probability measures along the curve
corresponding to a uniform grid of times t¢,, = mAt for m = 0,..., M with
step size At = M~!. Noting that Z(0) = 1,Z(1) = Z and using the identity
Z(tm)/Z(tm1) = T, _, (L’\(tm)*’\(tmfl)), we have the telescopic product

Z _ 1—M[ Z(tm) . ﬁ T (LA(tm)_)\(tmfl)> (3 13)
m=1 Z(t m=1 et . ‘

mo1)

Assuming that simulation from the intermediate distributions is feasible, for At
sufficiently small or equivalently M large, the ratio Z(t,,)/Z(tm-1) can be well
approximated by importance sampling. This prompts a limiting argument as the

number of bridging distributions go to infinity.

Taking logarithm of (3.13) gives

M
log Z =Y logm, , (LMm)=Am-1)), (3.14)

m=1

For each t € [0, 1], we define the function fi(s) := m (L’\(”S)_)‘(t)) for s € [0,1 —¢].
Noting that we can write f;(s) = Z(t + s)/Z(t), it follows from Lemma [3.1] that
fi € C'([0,1 —¢],R;) and in particular at s = 0, we have f;(0) = 1. Therefore

using the mean value theorem for the function log f; on the interval [0, s] gives

bg?(@ _ ilog fi(s)

d
e = —log Z(t +s)

s=c ds

= N(t+ ) Lo (3.15)

for some ¢ € (0,s). The last equality in follows from Equation (3.3). Now
apply to each summand in on the subinterval [t,, 1, ;] to obtain
M
log Z =Y AtN(cp),, (3.16)
m=1
for some ¢, € (tym-1,tm),m = 1,...,M. Since t — XN(t)I; = (dlog Z/dt)(t)
is continuous on [0, 1], convergence of the Riemann sum yields the path
sampling identity .
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3.2 Particle dynamics and Liouville’s equation

Consider a particle in R?, initialized at time ¢t = 0 with a random draw X, ~

o, and evolved deterministically according to the following ordinary differential
equation (ODE)

((i;j = f(t, z), (3.17)
with drift function f : [0,1] x R — R%. Under appropriate regularity conditions
on f which will be detailed later, this ODE admits a unique solution z(t; X) on
a unique maximal time interval i(Xy) and we have i(X,) = [0,1] for mp-almost
everywhere Xj. Therefore the map X; := T3(Xy) := z(t; Xo) is well-defined and
is a C'-diffeomorphism for each t € [0,1].

Additionally, if we denote the marginal distribution of X; by 7, the curve of
distributions Cz = {7 }+c[o,1] satisfies, under appropriate regularity conditions, the
Liouville PDE (Gardiner|[1985} eq. (3.5.13), p. 54) also known as the continuity
equation (Ambrosio et al. 2005, eq. (8.1.1), p. 169):

d
Oye(x) = — ; O, (7e(2) fi(t, 2)) (3.18)

for (t,z) € (0,1) x R We will write (3.18)) more succinctly as

and note that this corresponds to the Fokker-Planck PDE (1.34) when the diffusivity
term from Brownian motion is set to zero. An informal but intuitive derivation of

Liouville’s PDE will be given in the following section. We will call Cz = {7 }+cjo,1)
a weak solution of (3.19) if

/01 /Rd (Orp + (f, Vo)) T(da) dt = 0 (3.20)

for all compactly supported ¢ € C*((0,1) x R% R), where (-,-) denotes the

inner product in RY.
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3.2.1 An informal derivation of Liouville’s equation

Consider a d-dimensional hyper-rectangle AV (x), defined formally as the Cartesian
product of intervals (z;, 7;4+4;) fori = 1,...,d and some small A = (Aq,...,Ay)T €
R%, to be thought of as an infinitesimal control volume at a point z € R? as
depicted in Figure [3.1]

If we perceive particles as constituents of a fluid representing probability mass,
then the fluid flow driven by a velocity field f will cause the probability mass in
AV (x) to change. Along the i'" axis, for sufficiently small |Al, := max;—;

.....

this change is given by the difference between the rate at which mass flows into AV (x)
(@) filt,2) [T A5 + o(|AI%,) (3.21)
JF
and the rate at which mass flows out of AV (x)
(@ + ey it x4+ Aes) [T A + o(|A|L), (3.22)
J#i
where {e;}%_; denote the canonical basis vectors in R?. In fluid dynamics terminology,
the leading terms in (3.21]) and (3.22)) are simply the density multiplied by the
volume metric flow rate in and out of the control volume respectively.

Summing over all axes yields the net rate at which probability mass is ac-

cumulating in AV (z):

; (ﬁt(m)fi(t, x) 1;[ A — x4+ Aje;) fi(t, v + Ajey) ]_;[ Aj> + 0(|A|go). (3.23)

For probability mass to be conserved, (3.23)) has to be equal to
d
() T] Ai + o(JA|L). (3.24)
i=1

Equating (3.23) and (3.24) and dividing by the volume []%, A; of AV (x) gives

=1 g

+ o(1). (3.25)

Finally, taking the limit of |Al,, — 0 gives (3.18)).
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f2(t7 T+ A262)

o+ Ag
f1 (t, l’) AV(;E) fl(t, x + A161>
T2
T x1 + Ay

f2(t7 :E)

Figure 3.1: Illustrating the conservation of mass argument in R2.

3.2.2 Equivalence between Lagrangian and Eulerian per-
spectives

At this point, while it is clear that we should set up the flow transport problem as
identifying a velocity field f such that the curve of target distributions Cr = {m; }+ejo 1)
in (3.1 is a weak solution of Liouville equation (3.19)), we have to proceed with
caution as f has to be regular enough for the resulting ODE to admit a
unique solution globally defined on [0, 1]. We now discuss sufficient conditions to
ensure equivalence between the Fulerian perspective characterized by Liouville PDE
and the Lagrangian perspective described in terms of particle trajectories
governed by the ODE (3.17)).

We first introduce some necessary definitions before presenting the main theorem.

Definition 3.3. Let L(C,) denote the set of all velocity fields such that C, =
{mi}eepon is a weak solution of Liouville equation on (0,1) x R?.

Definition 3.4. Let £(C,) be the set of all velocity fields f : [0,1] x RY — R?

satisfying the following conditions:

e A1. (local Lipschitz continuity) f is a Borel function and is locally Lipschitz

in the spatial variable, i.e. for every compact set A C R?, there exists
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a constant C(A) > 0 such that |f(t,x) — f(t,y)| < C(A)|x — y| for all
(t,z),(t,y) € [0,1] x A;

e A2. (space-time integrability) [ [ga |f(t, )| T(dz) dt < oco.

Theorem 3.5. (Ambrosio et al.| (2005; Lemma 8.1.6, Proposition 8.1.8)) If [ is a

velocity field in L(C;) N E(Cx), then the following two statements are equivalent:

(Eulerian perspective) the narrowly continuous curve Cx = {m; }iepo,] s a weak

solution of Liouville equation on (0,1) x R4,

(Lagrangian perspective) for my-almost everywhere xo € RY, there exists a
unique solution x(t; o) to the ODE globally defined on [0, 1], therefore
the flow maps Ty(xo) := x(t; xo) are well-defined and satisfy the flow transport

property, i.e. m = Tiumy for each t € [0, 1].

Condition A1 is an assumption which provides existence of a unique solution to
(3.17) on a unique maximal time interval i(z) for each initial condition zy € R?
(Ambrosio et al.[2005; Lemma 8.1.4); we note that it only requires f to be a Borel
function whereas standard results require f € C([0,1] x R? R?) (Walter |1998;
Theorem II1.3.VII). However, this time interval i(x¢) may not contain [0, 1], hence
A2 acts as a supplementary condition to ensure that i(z) = [0, 1].

It is possible to weaken condition Al; see |DiPerna and Lions| (1989) for earlier
work and [Ambrosio| (2004)), Ambrosio et al. (2005; Theorem 8.2.1) for recent advances.
In fact, it is possible to completely remove assumption Al, in which case, the flow
map xog — T;(xo) is not uniquely defined as the ODE could have several
solutions corresponding to an initial condition xy. Interestingly, it is still possible
to give a probabilistic representation of these solutions by considering suitable
probability measures on C([0, 1], R?) and equivalence between the Lagrangian and
Eulerian perspectives can be understood in a more subtle sense. This generality is
not pursued here but details can be found in |Ambrosio et al.| (2005; Section 8.2).

Observe that the integrability condition A2 implies

|f(t,x)| m(x) — 0 as |z| = oo (3.26)
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for each ¢ € [0, 1]. We shall refer to velocity fields that satisfy as having the
vanishing property. With Theorem in place, we can now formally define the
flow transport problem as identifying a velocity field in £(C,) N E(C,). It should be
stressed that the regularity conditions in Theorem are not mere mathematical
subtleties one can ignore. In Section [3.3.6] we illustrate this by constructing a

velocity field in £(C,) and prove that it yields divergent particle trajectories.

3.2.3 Connection to optimal transport

We now digress slightly by drawing a connection to the optimal transport problem
discussed in Section [2.2] Like the approach taken in this chapter, it was shown
in Benamou and Brenier| (2000) that the Monge-Kantorovich problem also admits
a fluid dynamics interpretation.

Suppose that my and 7 have finite second moments and densities with respect
to Lebesgue measure, in which case, we know from Section [2.2.3] that the optimal
transport is given by T* = V¢ for some convex function ¢. In the Benamou and
Brenier| (2000)) formulation, we seek a curve of probability measures connecting
7o and 7 (which ensures the transport) using a flow which minimizes a kinetic
energy functional (to obtain uniqueness). In particular, the squared Wasserstein

distance with quadratic cost equals

1nf/ / (t,2)|? 7 (dz) dt (3.27)

where the infimum is taken over (sufficiently smooth) velocity fields f and curves of
probability measures (which are absolutely continuous with respect to Lebesgue
measure) Cz = {7 }icpp,] such that Liouville equation (3.19) holds with bound-

ary conditions
77'0:71'0, 7~T1 = T. (328)

To see this, let f and Cz = {7 }1cpo,1) be a pair from the admissible set. Denote

the corresponding flow maps by {7} }+cjo,1, i-e. T = Ty for each t € [0,1]. By the
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change of variables formula ({2.1]), initial condition in (3.28)), the Eulerian-Lagrangian
relationship 0,7;(z) = f(¢,Ti(x)) and Jensen’s inequality, we have

// f(t, 2) | 7o(de) dt = // f(t, Ty(2))]2 7o (d) dt (3.29)

_// 0T (2 |7r0dx)

= / O,Ty(x) dt Wo(dx)

Apply the second fundamental theorem of calculus and the initial condition Ty(z) =

r to obtain
1
/ 0,Ty(x) dt = T1(z) — =. (3.30)
0

Combining (3.29) and (3.30) gives

[ [ 0P a2 [ 17 - o mo(d) 2 [ 1V6(@) - of m(d),
(3.31)

since m = T14my by the terminal condition in (3.28) and 7" = V¢ is the optimal
transport. It follows that the infimum in (3.27)) is attained by the flow maps

{T} hepo,1) satisfying
0T () =Vo(x) —x (3.32)

with initial condition 7jj(xz) = z. Hence the optimal flow maps are given by

the interpolation
Ti(x) = (1 —t)z +tVo(x) (3.33)

for t € [0,1].

3.3 Solving the flow transport problem

In this section, we first survey existing methods to solve the flow transport
problem before describing our main results. We begin by noting that the flow
transport problem defined above is typically underdetermined as illustrated in

the following example.
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Example 3.6. Consider the trivial curve C. given by 7y = N (0q, ) fort € [0,1].

For this curve, the two time-invariant velocity fields f(x1,x) = 09 and f(xq1,x2) =

(—z9,21)T both lie in L(C,) NE(Cy).

We now consider a way to obtain unicity by seeking the minimal kinetic

energy velocity field.

3.3.1 Minimizing kinetic energy

Following [Reich (2011; 2012), we seek the velocity field which minimizes the kinetic

energy functional at each time t € [0,1], i.e.

f(t,-) = ArgMIN, ¢ 12(r )2 () T (uTMtu> (3.34)

for some positive definite mass matrix M, € R%“. The set of admissible functions in
(3.34) are L?(m;)-integrable functions that are classical solutions to Liouville equation
(3.19) at time ¢ given Cz = C,. This leads to minimization of the following Lagrangian

By(u, 0) = m (u" Myu) + /R @ (O + Y - (myu)) da (3.35)

over u € L?(m;), where ¢ : RY — R is a Lagrange multiplier enforcing the flow
transport. It follows from the Euler-Lagrange equations that the desired velocity
field is of the form f(t,x) = M; 'V¢(t, z) with ¢ : [0,1] x R? — R given by the

solution of the following linear second-order elliptic PDE
8t7rt =-V- (WtM;IV(é). (336)

The regularization adopted here is very similar to |Benamou and Brenier| (2000))
fluid dynamic formulation of the Monge-Kantorovich problem — see Equation .
The main difference is that the curve of probability measures connecting 7y and 7
is fixed by tempering the likelihood in . Moreover, for the purpose of solving
the transport problem, we see that forsaking optimality allows us to reduce the
non-linear Monge-Ampeére PDE to the linear PDE (3.36]), which also arises in

the context of optimal non-linear filtering and can be adequately approximated by
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finite element methods for low dimensional problems (Yang et al.|2013, [Laugesen
et al.| 2015, Yang et al. 2016).

We now examine a Gaussian example where both the elliptic PDE (3.36) and
the corresponding minimal kinetic energy velocity field are analytically tractable
(Bergemann and Reich 2012). The resulting flow is equivalent to the Kalman-Bucy
filter. By exploiting linearity of , it is also possible to extend to the case

where C, is in the Gaussian mixture family (Reich/[2012).

Example 3.7. Consider the prior distribution mo = N (uo, o) and likelihood

function

L(aig) = exp (— 5 (He = o) R (i — ) (3.37)

with H € R4 for some p € N, symmetric positive definite R € RP*P and
observation y € RP. By conjugacy, the curve C, lies in the Gaussian family,

i.e. mp = N(ue, Xy) fort € [0,1] with
S =S AOHTRTH, =5 (355 o + AOHTR ) (3.38)
and the expected log-likelihood is
I, = —; (Te(H"R™HS,) + (Hp — y)" R (Hpe — ) | (3.39)

where Tr(A) denotes the trace of a square matriz A. In this Gaussian setting, the

analytical solution to the elliptic PDE is

N (1)
4

P(t,x) = — (Hr + Hpy — 2y)" R (Hx + Hu; — 2y) (3.40)

with M, = ;' and the minimal kinetic energy velocity field is given by
(Bergemann and Reich |2012)

flt,x) = — S H'R™Y(Hx + Hy; — 2y) (3.41)

N(?)
2

which is clearly an element of L(C;) N E(Cy).
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3.3.2 Extended Kalman-Bucy filter

Consider a modification of Example , where we have mp = N (1o, Xo) as before
but the likelihood function

Dlasy) = exp (=5 (H() — o) R (H(2) — ) (3.42)

now involves a non-linear function H : R? — RP. Following [Bunch and Godsill
(2016)), we can construct an approximate flow transport based on the following

truncated Taylor expansion
H(x)~ H(z,) + VH(z,)(x — ). (3.43)
for some z, € R? to be specified. This gives a linearized likelihood
L(z;z,) = exp (—; (ﬁ(x*)x - ;Q(u))T R™! (ﬁ(x*)x — @(35*))> (3.44)

with H(x,) = VH(z,), 9(z.) = y — H(z,) + VH(z,)z, and the approximate

curve of probability measures

. ) ) mo(dz) (ﬁ;x*)k(t) &
#y(das ) o= i =N (2 fue.), Si(.)) do (3.45)
where
SN2 = Sgt + MO H (x) RV H (2, (3.46)

The main idea behind Bunch and Godsill| (2016) is to “continuously refresh” the
linearization point z, and in this sense may be thought of as a continuous time limit
of an extended Kalman filter update. More precisely, using (3.41)) with linearization

at the current state, the authors constructed an approximate flow based on

flt,z) = — M) Su(2)H(z)" R (H(x)a + H(w)ju(z) - 2)(x)) . (3.47)

Although Bunch and Godsill] (2016) did not provide an error analysis, good
experimental performance was reported for highly non-linear filtering problems

in dimensions up to d = 6.
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3.3.3 Poisson equation

The following is based on Moser| (1965) constructive proof to solve the Jacobian
problem mentioned in Section 2.1} The main difference from Moser’s original
construction is that we employ the curve instead of the linear interpolation
t — (1 — t)m + tm, which is not suitable in our context as the normalizing
constant 7 is intractable.

The key idea is to seek a velocity field of the form f(¢,z) = Vo(t,x)/m(x) for
some sufficiently smooth ¢ : [0,1] x R — R. The requirement that f € £(C,)
reduces Liouville equation to the Poisson equation

Ap = —0ymy. (3.48)

We impose the tail condition |¢(t,x)] — 0 as |z| — oo for each t € [0, 1] which
implies the vanishing property (3.26). As noted by Barron and Luo| (2007)), Daum
et al. (2011)), the solution of (3.48)) can be written as the convolution of —d,m; and

Green’s function G : R? — R associated to the Laplacian on R?

olt.x) = = | Glz —y)oymi(y)dy. (3.49)

R4
For d > 3, it can be shown that G(z) = |2][>~?/ ((2 — d)S;_1) where S;_; denotes
the surface area of a d-dimensional hypersphere. Using (3.10)) and assuming validity

of differentiating under the integra]ﬂ, we obtain

 Say Jre |z —yld

N(t —
) =50 [ 20 e ) - mtan) [l (550
If we have access to a particle approximation #¥ = N=1 SN § xp of m and an

estimator ZtN of Z;, 1) can be approximated by

_N() &~ (X - )
Sa-1 771 o — X7

tt,) (o LXP) - #2102 )/ ute)/ 2. 351)

Preliminary experiments on simple examples reveal that numerical integration of
an ODE with drift function (3.51)) is very unstable as |fy(t,2)| — oo whenever

|t — X]'| - 0 for any n = 1,..., N.

°

! Justifying this operation is not straightforward; see (Crisan and Xiong (2010; Proposition 4.1)
for the case where 2 — log L(z) is assumed to be bounded.
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3.3.4 Incompressible flow

We now describe an method proposed by Daum and Huangl (2008; 2009) and
discuss its limitations. Consider a velocity field f € £(C,) and apply chain rule

in Liouville equation (3.19))
(V- f) +(Vm, f) = 0. (3.52)

The authors considered using incompressible flows, i.e. restricting f to the class

of velocity fields that have zero divergence. As
(Vm, f) = =0 (3.53)

is an underdetermined equation in the unknown f, an application of Cauchy-
Schwarz inequality |0ym;| = | (V7 f) | < |Vme||f| shows that the minimal kinetic
energy solution is

—Om(2)Vm(z) _ N(¢) (I, —log L(x)) Vlog m(x)

A 7T Vlogm(x)

(3.54)

As incompressible flows preserve Lebesgue measure (Leimkuhler and Matthews
2015; p. 72), we expect to be sensible only when the flow transport can
be achieved by such flow maps. In the following example, we illustrate that
the equivalence between the Eulerian and Lagrangian perspectives, necessary to
guarantee validity of the above construction, might break down for certain curves

of probability measures.

Example 3.8. Consider the one-dimensional case d = 1 with prior distribution
70 = N(uo,08) and likelihood function L(x) = exp(az? + bx) for some (a,b) €
(—00,1/(202)) xR. By conjugacy, C, lies in the Gaussian family, i.e. 7, = N (i, 0?)
for t € [0, 1] with

2 2

) op oF )
= = —= bogA(t)) . .
0r =17 20PN (D)’ Lt = (Mo + bogA( )) (3.55)

We first examine the case a = 0,b # 0. Since the variance o = o} remains

constant and only the mean u; changes with time, the flow transport can be achieved
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by translations so we expect to induce well-defined flow maps. This is indeed
the case as f(t,x) = bog N (t), therefore the ODE admits a unique solution
and flow maps Ty(xg) = xo + bo \(t) satisfy m; = Tyumo for all t € [0,1].

In contrast, we move to the case a # 0,b = 0 and for concreteness we set
a=—1/2, 9= 0,02 =1,\(t) =t. Under this setting, the mean pu; = 0 remains
constant while the variance o? = (1 +t)~! decreases with time, so we expect any

valid flow transport to have a mean-reverting behaviour towards the origin. As

T n 1
2(14+t)  2z(1+t)¥

f(t,x) =— (3.56)

this is observed for particles that are far enough away from the origin (|x| >
1/\/1+t) where the linear term in is dominant (see left panel of Figure
. The strong repelling force experienced by particles near the origin, where the
second term in dominates, is consistent with the incompressibility assumption:
particles are pushed towards the origin but the flow cannot be compressed and hence
the singularity at the origin. In fact, the flow maps are not well-defined in this case

as the corresponding ODE with drift function f admits two solutions given by

+,/223 + 2log (1 + 1)
V2yI+t

x(t;zo) = (3.57)

fort €[0,1].

3.3.5 A solution on R

We now focus on the one-dimensional case d = 1 as our main construction for
d > 1 partially builds upon it. In this case, there is a rather well-known solution
to the flow transport problem; for example see Barron and Luo| (2007)). Moreover,

we establish that this in fact coincides with the minimal kinetic energy velocity

field described in Section [B3.3.11

Proposition 3.9. Define the velocity field f : [0,1] x R - R as

. [7 s Ovmi(y) dy

[t z) = (@) (3.58)
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If there exists an & > 0 such that z — |f(t,z)| 7 (z) = O(|z|17°) as |z| — oo with
a constant that is independent of t € [0,1], then the velocity field lies in
L(C,)NE(Cy) and thus solves the flow transport problem on R. It is additionally
the minimal kinetic energy solution defined in for any mass M; € R, .

Proof. Using continuity of my, L and positivity of L, an application of the first
fundamental theorem of calculus shows that f € £(C,). The assumptions on 7y and
L imply f € C'([0,1] x R,R); hence for any compact set A C R, its derivative is
bounded on [0, 1] x A and local Lipschitzness A1l follows. The integrability condition
A2 follows from the prescribed tail behaviour of x +— | f(¢, )| m;(x) uniformly over
t € [0,1]. Hence f € L(C,)NE(C,) and appealing to Theorem (3.5 shows that
solves the flow transport problem.

To see that is indeed the minimal kinetic energy solution, we note that
the optimality condition in requires existence of a function ¢ : [0,1] x R — R
such that f(t,z) = M;'V¢(t,r) and 7, = —V - (m;M;'V¢). The former is
trivially satisfied as a consequence of working on R since we may set ¢(t,x) =

M, [T f(t,y)dy < oo for any ¢ < z and the latter follows since f € L(C,). O

We note that the velocity field (3.58|) satisfies the vanishing property by
construction as  — [*_ 0;m(y)dy vanishes in the tails. From (3.10), (3.58)

may be re-written as

NI (Fy(x) — I¥ /1)

()

f(t,z) = : (3.59)

where I := [*__log L(y)m(y) dy and Fy(z) := [*_ m(y) dy is the CDF of ;. In the
Lagrangian perspective, the velocity field may be likened to driving a vehicle.
The denominator corresponds to the accelerator since, for example, particles in
the tails of 7; need to speed up to meet the changing schedule of intermediate
distributions. Also, it is intuitive that particle speeds are proportional to the
rate \'(t) at which we introduce the likelihood. The numerator amounts to the
steering wheel: a particle’s direction of travel is given by the relative difference

between its current location x, described by the term Fy(z), and where the particle
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needs to go, prescribed by the term I7/I; € [0, 1] which contains information from
the likelihood. We now investigate the behaviour of this flow in a Gaussian

scenario to build intuition.

Example 3.10. As noted in Propositz'on the velocity field in corresponds
exactly to when d = 1. For a more concrete example, we re-visit the
setup in the second part of Example where the curve C, of interest was m =
N(0,(1+¢)71) fort €[0,1]. In this case, gives a linear mean-reverting drift

towards the origin

T

f(t’x):_2(1+t)'

(3.60)

The right panel of Figure also illustrates this behaviour with the steering property
mentioned earlier: since I = —1/(2(1 4+ 1)) < 0 for all t € [0,1], reversion to
the stable stationary point at the origin dictates that Fy(x) < IF /I for v <0 and
Fi(x) > I7 /I for x > 0.

= Incompressible flow
20 === 1D flow transport

f(0,z)

J \\

Figure 3.2: (Left) Comparing the incompressible flow with the 1D flow transport solution.
(Right) Mlustrating steering property of (3.59)) on univariate Gaussian example.

3.3.6 An incorrect solution in R%, d > 2

It is tempting to extend the flow transport solution in Proposition from R to
- . ~\T

R?, d > 2, by simply introducing the velocity field f = ( fi, oo fd) given by

ﬂ(t,x) = i o Omi(Yir 7-i1) dys (3.61)

()
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fori=1,...,d, where o; € R and the integrand of is to be understood as
Oymy(x1, .o, Tiz1, Yiy Tiv1, - - -, q). This velocity field has been previously mentioned
in [Barron and Luo (2007)) and using the same arguments in the proof of Proposition
3.9} it follows that f € £(C,) whenever Y%  o; = 1. However it is easy to see
that | f;(t, z)| m(2) - 0 as 2; — oo for any i = 1,...,d, so condition A2 does not
hold. Hence f ¢ £(C,) so Theorem does not apply. On a simple Gaussian
example detailed below, we show that an ODE with drift function f results in

divergent particle trajectories.

Example 3.11. Consider 7, = N (s, 3¢) with parameters given by where
o = 09,20 = H =R = Iy and y = 0y. This setup corresponds to independent
components marginally distributed according to the univariate Gaussian model of
Example [3.10, Hence we would expect a particle under a valid flow transport to
have a mean-reverting behaviour towards the origin. The velocity field in has
the form

() _ (e (Eeshntoan e re) - B
275(2902) (ffio y%ﬂt(yz) dy2 —+ x%Ft(xQ) . %)

for x = (x1,729)" € R? and t € [0,1], where 7; = N (02, (1 +t)7' 1) and Fy(x;)
denotes the marginal CDFs. We note that the two components of the velocity field
are coupled.

Now consider aq,ay > 0 with a; + ag = 1. We investigate the behaviour of
particles in the upper-right quadrant of the space. For each t € [0,1], define the sets
S = {93 ER?: 2,29 > 1/\/1—H}, Py = {$ cR?: f(t,z) > 02} and note from
that Sy C S C Py for any t € (0,1]. Since mo(Sp) > 0, we can conclude
that there exist particle trajectories which only move farther away from the origin
with positive probability. Analytical tractability in this simple example allows us to
strengthen the previous statement and show that these trajectories in fact blow up
in finite time. We start by seeking a lower bound on f; by symmetry, it suffices

to consider only the first component. On the set Sy we have [*! y?m(y1) dy, >
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2(1+t) = 47

- c 1 c

fi(t,z) > 1 &XP (21;%) > 3—296‘11 (3.63)
with ¢ ;= O“Tﬁ > 0. Now consider an uncoupled system of ODE with drift function

(i) = (E20) = (D), oo

and note that its solution x;(t;x¢,;) = 1/\3/3 <3r13 — 30215), corresponding to an
0,

initial condition xog = (zo1,%02)" € R%, diverges as t — 30?;232-' Define the set
Y = {x ER?: 21,29 > %} Noting that f is locally Lz’pschzizz and component-
wise increasing, the comparison theorem (Walter||1998; Theorem I11.10.XI1I (b))
implies that a particle starting in So NV and evolving under has a trajectory
that explodes before t = 1. Since my(So N'V) > 0, we conclude the claim that there

exist divergent particle trajectories with positive probability.

3.3.7 A solution in R%, d > 1

The main reason why the flow induced by the velocity field f in (3.61) fails to
solve the flow transport problem for d > 2 is because f does not vanish in the
tails. In the following, we show that the introduction of some regularizing functions

allows us to resolve this issue.

Proposition 3.12. Fori = 1,...,d — 1 let g; € C*([0,1] x R,[0,1]) be a non-
decreasing function with the following tail behaviour: g;(t,x;) — 0 as r; = —o0
and g;(t,z;) = 1 as x; — oo. Denote partial derivatives 0,,g;(t,x;) by gi(t,z;) and

define the velocity field f : [0,1] x RT — R? as

i1 -
fz(ta l’) = ( Hg;(tv {E]) / ~/]R N atﬂ-t(ylzi—la Yis xi-ﬁ-l:d) dyl:i—ldyi (365)
j=1 —oo JRT

i—1
- Hgé-(t@j)gz‘(t,xi)/w atﬂt(yu,xz‘ﬂzd) dylzi) /ﬂ(@

i=1

fori=1,...,d—1 (using the convention [[° := 1) and

d—1 zq
fd(t> CU) = ( 1:[ 9}(t>$j)[w /Rdi1 5t7ft(y1:d71,yd) dyl:dldyd) /Wt(iU)- (3-66)
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If there exists an & > 0 such that z — |f(t,z)| 7 (z) = O(|z|17°) as |z| — oo with
a constant that is independent of t € [0, 1], then the velocity field — lzes
in L(Cz) NE(Cy) and thus solves the flow transport problem on R4 d > 1.

Proof. The arguments are similar to those in Proposition [3.9] By straightforward
verification f € L(C,):

d
7th Zaxl 7Tt fz t l’)) (367)
=1
d—1 i—1
= - a:cl ng t y Lj /1_ / 8t7rt ylz 1y Yis Tit1: d) dylz ldyz
i=1

i—1
— ng (t,x)9i(t, x; / Ot (Yr:is Tit1:a) dyn, z)

_ oy
_ &;d ( H 9;(75, %‘) /Rd_l / 81:7&(?/1:01—1, yd) dylzd—ldyd)
Jj=1 -

d—1 i—1
- Z ng t xj / 8t7Tt<y1z 1y Liy Li41: d) dylz 1
i=1 \ j=1
- H g;(t, ;) /RZ_ O (Y1:i> Tis1:d) dyl:z’)
d—1
- ng (t, 2 / Ot (Yr:d—1, Ta) dYr.a—1
= —8t7rt.

The penultimate line applies the first fundamental theorem of calculus and the final
equality comes from the telescopic sum. The assumptions on 7, L and { g Y= imply
f € C*(]0,1] x R4 RY); hence local Lipschitzness Al follows. The integrability
condition A2 follows from the prescribed tail behaviour of = — |f(t, )| m(x)
uniformly over ¢ € [0, 1]. Hence f € £(C,) N E(C,) and appealing to Theorem
completes the proof. O

As before, we note that — satisfies the vanishing property by con-
struction. To see this, observe that z — |f;(¢,z)|m;(z) vanishes in the tails for
i =1,...,d — 1 as this is so of x — Oym(x) and our assumptions imply that
gi(t, ;) = 0 as |z;| — oo. This also holds for z — | f4(t, z)| m(x) using, additionally,

the fact that [g.Om(y)dy = 0.
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Note that Proposition [3.12] recovers Proposition [3.9in the d = 1 case. A careful
inspection of — reveals that the dynamics are constructed to track changes
in the underlying conditionals {7;(dz;|z1.;_1)}&, and in this sense may be thought
of as the flow transport analogue of the Knothe-Rosenblatt transport (Section .
Our construction is a generalization of a method proposed by |Bokanowski and
Grébert| (1996) to build a compactly supported three-dimensional velocity field
solving a flow transport problem in the context of molecular quantum chemistry.

Proposition leaves a degree of freedom over the choice of scalar functions
{g:}4=}. We advocate choosing {g;}4=] so that the velocity field on R? reduces
to d many independent velocity fields on R if the posterior distribution 7= and
hence the curve C, factorizes, i.e. if we can write m(z) = [I%, 7 (2;) where
() = mo(2:) Li(2:)*® / Z;(t). More precisely, we would like the original Liouville
equation defined on (0,1) x R to simplify to a system of uncoupled Liouville

PDEs each defined on (0,1) x R:

Oimi(i) = — O, (m(s) filt, x:)) (3.68)

fori =1,...,d and solved by Proposition 3.9 We shall refer to velocity fields which

exhibit this behaviour as having the factorization under independence property.

Proposition 3.13. If g;(t,x;) = Fi(x;) fori=1,...,d — 1, then the velocity field

defined in - factorizes if the posterior distribution m factorizes.

Proof. Note that g/(t,z;) = m,(z;) and define I\” := [; log L;(2;)m,(;) dz;. From
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7forz':l,...,d—l
N(t d
fi(t,z) = Hz 17Tt( (Hm (x; / /RZ ) (It Zlong y1) Z 10ng(xk)>

k=i+1

x Hwt yj) H () dyr.i—1dy;
j=1 k=i+1

_Zl_[?Tt(Ij) /j;m(yi) dy; /]RZ ( Zlong yl Z log Ly, x}g))

k=i+1

X ﬁlwt(yj) H (k) dy1:i>v

k=i+1

= A (/ m(yi) dy; (It Zl(l) Z 10ng(xk))
N k=i+1
x; Zq d
— [ tog Litymily) dye — [ my)dys | 1 - zzt > log Li(ai)

- k=i+1
_ N (@)

Wt(ﬂfi)

( [ =08 Li(y:))mi () dyz-) , (3.69)

and from (|3.66|)

x - X0 d_17r 2 [ - O _ 10 d7T
fd( ,t> = Hld:1 Wt(wl) (]1;[1 t( J) - /Rd*1 ;([t 1 ng(yl»kl;[l t(yk) dyl:dldyd>,
! z4 d _ .
_ 7:((2) ( /_ _mi(ya) dyd(l;lt(n _ ;J,fh) _ /_ _log La(ya)mi(ya) dyd>
— 7:‘/((2) (/_Z(Igd) —log Ly(ya))mi(ya) dyd>. (3.70)

O

The above result is intuitive: although Proposition holds for any set of
admissible scalar functions {g;}%=], access to marginal information allows us to

construct a flow with more structure.

Example 3.14. Consider the Gaussian curve in Example[3.7 with model parameters

po = 09,50 = H=1,,R = (; f) ,p = 085,y = (14.25,14.25)T. We see from

that as time progresses, the independent prior distribution simultaneously gets
deformed and translated. Figure tllustrates that, on average, particles driven by

require less kinetic energy than that of - using scalar function g
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specified in Proposition |3.15 However, in the general non-Gaussian case, obtaining
the minimal kinetic energy velocity field requires numerical resolution of the elliptic

PDE (3.34).

Figure 3.3: Bivariate Gaussian example. Three particle trajectories driven under
different velocity fields but with the same initial conditions in both panels: (left) minimal

kinetic energy velocity field (3.34); (right) velocity field (3.65)-(3.66|) in Proposition

The asterisk symbols displayed correspond to time steps taken by an adaptive explicit
fourth-order Runge-Kutta numerical integrator.

3.3.8 Gibbs flow approximation

Despite the explicit form of the flow transport solution on R? introduced in
Proposition [3.12] this flow still lacks tractability as a numerical implementation
would require computing integrals of dimension up to d. For computational
tractability, we approximate this flow transport by constructing a flow which
tracks changes in the underlying full conditional distributions {m;(dz;|z_;)}&, of
the distribution 7, instead. This amounts to having a coupled system of d one-
dimensional flow transport problems for each of the full conditionals, which can
be solved by computing only one-dimensional integrals in view of Proposition 3.9
We shall refer to this approximation as the Gibbs flow. Note the price to pay for
this tractability: except when the posterior distribution factorizes, this flow does
not solve the flow transport problem and only approximately tracks the curve C;.

We now make these ideas more precise in the following proposition.
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Proposition 3.15. Consider the Gibbs velocity field f = (fl, o ,fd)T defined for

1=1,...,d by
z _ =L Om(yile—) dys - N () L(w—s) (Fy(wlw—) — IF (x) [ 1e(2-4))
fz(t,l') T Wt(xi’xfﬁ - Wt(xi‘xfi) )
(3.71)
where
IFi(x_;) = /xoo log L(yi, x—;)m(yi|z—;) dys, (3.72)

Ii(x ) = /OologL(y,-,x_i)m(yilx_i)dyi,

and Fy(z;|x_;) == [T m(yi|lz—;) dy; is the CDF of my(dx;|z—;). The Gibbs velocity

field solves the following system of coupled Liouville equations
Ormi(wilz i) = =0y, (mi(slw ) filt, @) (3.73)

fori=1,...,d, each of which defined on (0,1) xR. Additionally, if limg . L(x) =
0, then for any initial condition xy € R?, an ODE with drift function admits

a unique solution on [0, 1].

Proof. Using continuity of 7y and L, routine application of the first fundamental
theorem of calculus shows that the coupled system of ODEs corresponding to (3.71)
solves . The assumptions on m and L imply f € C*([0,1] x R? R?); hence
for any compact set A C R? its derivative is bounded on [0,1] x A and local
Lipschitzness follows.

Recall that since f is locally Lipschitz, we need to demonstrate that the solution
x(t; zo) of an ODE with drift function f is bounded whenever it exists to complete
the proof. Boundedness will be obtained by establishing that V(x) := |z|? is a
Lyapunov function. It can be shown that the time evolution of each full conditional

distribution is given by
Om(xi|x—;) = N(t) log L(x) — Ii(x_;)) m(xi|z—s). (3.74)

By assumption log L(z) — —oo as |x| — oo, so for each z_; € R there

exists R; > 0 such that log L(x) < I, (x_;) for |z;] > R;. This implies that
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v = —xy [T O (yile i) dys = xi [, Opme(yslr—i) dy; < 0. Therefore we may
choose a sufficiently large R > 0 such that

CZV(;U) =2(x, f(t,7)) <0 (3.75)

for z € R?\ B(0,R), where B(0,R) := {x € R? : |z| < R}. Tt follows that
|z(t; 20)| < max{R,|xo|} for all t € [0, 1]. O

Equation (3.71)) is the full conditional analogue of , so the interpretations
made in Section now carry over to each full conditional level. We stress that an
evaluation of the Gibbs velocity field only requires computation of one-dimensional
integrals as the normalizing constant Z(t) cancels in the expression:

filt,x) = X(t){Ft(xi|x_i) /O:O log L(ys, x—i)mo (i, T—i ) Ly, )M dy; (3.76)

- [w log L(yi, v —i)mo(yi, v—i) L(ys, ©_;)*® dyz}/ﬂo(m)L(w)A(t)

for i = 1,...,d, where

J2i m(ys, i) dys _ S mo(yi, m—i) Ly, )M dy;
foo 7Tt(Zi, x,i) dZi ffooo 7T0<Zi, (CC,,L')L(ZZ', x,i)A(t) dZi '

—00

Fi(zi|z—;) = (3.77)

When initialized at 7y = 7, under the conditions of Proposition f induces
a curve of probability measures Cz = {7 }1cpo1] in the sense that fe L(Cz). In
the following proposition, we establish a quantitative bound between 7; and 7; as

a function of the following time-dependent local error which compares how much

the Gibbs flow mimics the desired change in mass (3.10):

ei(r) = |Om(x) + V - (m(2)f(t, )| (3.78)
d

= 8,57Tt(x) - ; atﬂt(l'i’.f,i)ﬂt(x,i) (379)

= XN(t)m(z) log L(x) — I, — Z (log L(z) — It(x_i))‘ (3.80)

for (t,z) € (0,1) x R% Recall that when deriving Liouville’s equation in Section
we summed over all axes in (3.23) to obtain the net rate at which probability

mass is accumulating in a given control volume. The sum in (3.79)) reveals that
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there is no interaction between components of , i.e. no information about
how much probability mass is changing in a particular direction is shared with the
other components, in contrast with the telescopic sum in the proof of Proposition
3.12| The latter behaviour is a consequence of breaking down a global problem

in d dimensions to d many one-dimensional problems.

Proposition 3.16. Let C; = {7 }icp,1] be the curve of probability measures defined

mn . Assume the conditions of Pmposz'tz’on and denote by Cz = {7 }repo]
the curve of probability measures induced by the Gibbs velocity field f defined in

(M} when initialized at 7o = mo. Suppose additionally that | f(t, )| 71(x) — 0 as
|z| — oo for each t € [0,1]. Then the error involved in the Gibbs flow transport

approzimation is characterized by the following inequality for t € (0, 1]

t t ~
I = Tl <t [ NeslBauny ds - exp (15 [ 19 Flslleds) . (381)

Proof. Since L£(C,) N E(C,) is non-empty by Proposition [3.12] let f be a velocity
field from this set. Note that the time evolution of the distributions {7},

induced by f is governed by another Liouville equation:

07, = —V - (7). (3.82)

Define A : [0,1] x R? — R as the difference A; := 7; — 7;. By taking the difference

between
8t7rt =-V- (ﬂ'tf) (383)

and (3.82) and introducing a cross term, we obtain

OAy ==V - (m(f — [) + Auf). (3.84)

Multiplying throughout by A; and applying chain rule yields

_ 1, -
SO = (V)N (VNN -V (m(f - DA (385)
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We then integrate by parts and note that the boundary term vanishes since x —
|f(t,2)| #¢(z) vanishes in the tails by assumption and = — |f(t,z)|m(z) also

vanishes in the tails under the construction (3.71)):
oA == [ (V- PATdr 2 [ V- (m(f = )Aide.  (3:56)
Using Young’s inequality gives

OBy < | [ (V- PATda| 42| [ V- (mlf ~ o) (387

<V F ) ool Al Zzgany + 6 AN T2 @) + SlleelZoaay

for any 6 > 0. Since Ty = 7, integrating both sides of (3.87)) on [0, ¢] yields

¢ ¢ _
A2 (a0) < 5/0 lesl1Z2(aa) d3+/0 <||V [ (8,0 +5_1> A7) s (3.88)

Now applying Gronwall’s lemma on the time interval [0, ¢] combined with the fact

that t + J [ 16511724y ds is non-decreasing;

t t t .
18u0B ey <6 [ Beands - exp (54 [ IV s, )leds) . (3:89)

Lastly, minimizing this upper bound with respect to d gives (3.81]). O

The upper bound is tight in the sense that it is equal to zero when
the posterior distribution factorizes. When this is not the case, we observe that
the bound deteriorates with time which is expected as errors accumulate. This
bound also suggests that the tempering function A(¢) should be chosen such that
its derivative X' (¢) is small at those time instances when the integrated local error
l€¢ll72ax) 15 large, as this would reduce the magnitude of the resulting L*-error.
Lastly, we note that the result is also applicable to other approximate flow transport
as long as the local errors are measured in terms of .

To illustrate the nature of the Gibbs flow approximation, we return to Example
and observe the L?-error at varying degrees of correlation, induced by the
parameter p, and extremality of the observation y. The left panel of Figure
shows that while performance degrades with p, as expected from our construction,

the approximation is able to exploit any local independence structure in the target
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distributions, thus keeping the error reasonably small for moderate degrees of
correlation. The right panel of Figure |3.4] reveals the inadequacy of the approxima-
tion when the overlap between the prior distribution and the likelihood function

decreases, which is also to be expected.

—y=(0,0)

0sl | =—Yy=(3.56,3.56)
—y=(7.13,7.13)
——y=(14.25,14.25)

Figure 3.4: Bivariate Gaussian example. Error in L?-norm at varying degrees of
correlation p (left) and extremality of the observation y (right).

3.4 Gibbs flow implementation
3.4.1 Quadrature and numerical integration

Consider an ODE with the Gibbs velocity field initialized at Xg ~ 7. A
practical implementation of the Gibbs flow involves two source of approximations.
Firstly, for most non-trivial problems, the integrals in the expression of the velocity
field will not be analytically tractable so numerical approximation is necessary.
Secondly, as the resulting ODE is also typically intractable, the use of a numerical
integration scheme is also required. We now detail both approximations.
Observe from that each evaluation of the Gibbs velocity field requires
computing integrals of the form [, ¢(y;, z_;) dy; for some integrand ¢ and domain

D C R. Here we consider the class of composite Newton-Cotes quadrature rules

R
/D o(ys,v_) dy; = > wrp(z, 1) (3.90)
r=1
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where {w, } | are quadrature weights which depend on the degree of the approxi-
mation and {z,}2 | are R € N many equispaced quadrature points in D (Iserles
2009; p. 34). Non-equispaced quadrature points, corresponding to other quadrature
methods such as Gaussian quadrature and Clenshaw-Curtis quadrature, can also
be used and may offer more stability and accuracy. We take to be of the
closed type, i.e. z; and zg take the endpoints of DE| In what follows, the latter
choice will be convenient when approximating integrals on domains of the type
D = (—o0, ;) for x; < co. The composite quadrature rule is derived by
integrating Lagrange interpolation polynomials on subintervals; the degree of which
dictates the accuracy of the approximation on each subinterval. We shall henceforth
denote a numerical approximation of the Gibbs velocity field f(t,z) by f(t,z).
For ease of presentation, here we consider the forward FEuler scheme to nu-
merically integrate an ODE with the approximate Gibbs velocity field f(¢,z) at
times 0 =: tg < --- < tpr := 1 for some M € N. At time ¢t = 0, we initialize
a particle by sampling Xy ~ 7. Subsequently, for m = 1,..., M, we move the
particle with location X,,_; at time ¢,,_1 to location X,, at time t,, = t,,_1 + At,,

using the iteration
X = P (Xpno1) = X1 + Aty f (b1, Xim—1), (3.91)
which can be re-written as
X i=T;, (X) i= Bpp0--- 0Dy (Xp). (3.92)

More intricate higher order methods can also be used to define the mappings
{®,,}M_,. However, as the Jacobians of these maps are needed in our context (see
and below), implementation quickly becomes cumbersome. Additional
smoothness assumptions would also be needed for these methods to achieve their
full potential. For increased stability, implicit methods could also be considered
but we prefer embedding a potentially less stable explicit scheme in the correction
structure afforded by importance sampling to solving the non-linear equations

that would otherwise arise.

2Unbounded domains are treated with suitable truncation.
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3.4.2 Distribution of approximate Gibbs flow samples

We now show that it is possible to compute the distribution 7, of X,, generated
by the iteration (3.92)). This allows us to use the approximate Gibbs flow as a
proposal distribution within importance sampling (Section , MCMC (Section
or SMC (Section methods.

In Proposition [3.15] we showed that, under mild assumptions, an ODE with
the Gibbs velocity field admits a unique solution; hence the Gibbs flow maps
{Tt}te[o,l} are well-defined and are by construction C!-diffeomorphisms. Therefore
the maps {Ttm}%:l defined in (3.92)), which are consistent approximations of
{Tt}te[o,l}a will be injective for sufficiently small step sizes {At,, }*_, and an adequate
quadrature approximation — see Bunch and Godsill (2016)), Liu and Wang (2016])
for similar arguments. Under these conditions, it follows from that the density

of 7y, = Ttm#m is given by

A

F1,, (1) = mo (T, (2)) [det (VT (T (@))] (3.93)

where Tt;l : RY — R4 and VTtm : R?Y — R4 denote the inverse and Jacobian
matrix of Ttm respectively. In numerical implementations, monotonicity may be
monitored by checking for any sign changes in the Jacobian determinant.

We see from — that computing the Jacobian of Ttm requires the
Jacobians of the mappings ®,, for £ =1, ..., m, which in turn requires the Jacobian
of f. Analytical tractability of the Gibbs velocity field allows us to obtain an
exact expression of the Jacobian of f (see Appendix . When integrals in f
are replaced by quadrature approximations to yield f , it turns out that
the Jacobian of f can be obtained by replacing integrals in the Jacobian of f
with approximations based on the same quadrature rule. This result follows
straightforwardly for off-diagonal terms of the Jacobian matrix using linearity.
For diagonal entries, we have to compute partial derivatives with respect to x;
of approximations of integrals of the form [*' ¢(y;,z_;)dy;, which can be done

using the following argument. Denote by ¢ the underlying Lagrange interpolant
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giving rise to the quadrature rule (3.90). Using the first fundamental theorem of
calculus and the closed property of (3.90]) gives

R
Oy > wrp(2i, ;) &El/ S(yi, ) dy; = Pay, ;) = p(i, x5). (3.94)
r=1

Hence with N € N iid samples {X"}N | from %;,, we can form a particle

approximation of m, using >, W6 xn , where the normalized weights are given by

X’I’L XTL
W oc Tel&m) gy Tt (X1m) - (3.95)
Tt (X70) Tt (K1) [det (V@ (X7 1))

for m =1,..., M with initialization W = N~!. In the SMC sampler framework,
we note that corresponds to employing the optimal backward kernel ,
which is tractable in this case owing to the use of deterministic dynamics.

At each time iteration, the computational cost involved is O(dR) to perform
quadrature plus the cost involved in computing the Jacobian determinant of a
d x d matrix. In general, the latter has a computational cost of order O(d?); that
said, there are more efficient implementations such as the Strassen algorithm with
slightly lower cost. However, this cost will be significantly lowered in statistical
models with conditional independence structures since, by construction, the Gibbs
flow will exploit such structures to yield sparse Jacobian matrices — see Equation
. For example, the Jacobian associated to a chain-shaped undirected graphical
model is a tridiagonal matrix, so computing its determinant only requires a cost

that is linear in d.

3.4.3 Combining the Gibbs flow with annealed importance
sampling

The AIS algorithm, described in Section [1.2.4] performs poorly whenever the under-

lying MCMC kernels {K,,}*_, mix slowly and/or the intermediate distributions

{m;, }M_, are too distant. In such a scenario, it is natural to combine the Gibbs

flow with AIS. Similar ideas were suggested by [Vaikuntanathan and Jarzynski

(2008; |2011)) but the authors did not propose a generic methodology to construct

an approximate flow transport.
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Practically, for n = 1,..., N, one initializes by sampling X ~ 7, and setting
X = Xp, and for m =1,..., M, iterate by setting X” = ®,,(X”_,) and sampling
X,’;; ~ K, (X],-). Such a procedure falls under the SMC framework: by choosing
the optimal backward kernel for the deterministic maps {®,,}»_, and the
time reversed backward kernel for the MCMC kernels {K,,}*_,, a particle
approximation of 7, is given by >, Wn§ %n» Where the normalized weights are

defined by the following recursion

X’VZ
W oc Wi, M) - (3.96)
T2 (Kima) [det (VO (X51))|
for m = 1,..., M with initialization W3 = N~!. We summarize the resulting

sampler in Algorithm [2

Re-visiting Example [3.14] Figure [3.5]illustrates the difference in terminal particle
locations when running solely Gibbs flow, AIS and combining Gibbs flow with AIS.
We observe that the combination of the diffusive behaviour of RWMH kernels used
within AIS moves and the deterministic mappings obtained by approximating the
Gibbs flow provides particles whose terminal positions overlap much better with

the support of the posterior distribution than using solely Gibbs flow or AIS.
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Figure 3.5: Bivariate Gaussian example. Terminal particle positions of N = 500 prior
samples whose time evolution were prescribed by: (left) Gibbs flow iteration in ;
(middle) AIS with random walk Metropolis-Hastings (RWMH) kernels; (right) combining
(13.91)) with the corresponding RWMH kernel used in AIS.
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Algorithm 2 Gibbs flow AIS sampler

Input: particles N, time steps M, step sizes {At,, }M_,, quadrature points R,
Markov kernels {K,,}_, resampling threshold # € (0, 1).

m=1>

1. Initialization: sample X} ~ m and set X = X2, W =N-"'forn=1,...,N.

2. Form=1,..., M,

a) set X7 = ®,,(X"_,) using (3.91));
b) update normalized weights {W"}¥_ using (3.96));

n=1

(a)
(b)
(c) if ESS,, < ON, resample particles and set W» = N~! forn=1,...,N;
(d) sample X” ~ K, (X" )forn=1,...,N;

(e) compute ratio of normalizing constants estimate R% using .

Output: particles {X%}"_,, normalized weights {W7}"_, and normalizing

n=1»
A~

: N _ 1M  HN
constant estimate Zy; = [1I,,—; I%,),.

3.4.4 Selecting the tempering schedule

The tempering function A in , that controls the rate at which we want to
introduce the likelihood, has significant impact on the performance of both AIS
and the aforementioned methodology. Various methods have been proposed to
select this function in different settings: see |Gelman and Meng (1998) in the
context of path sampling, Section for SMC samplers when the time reversed
backward kernel is employed and Betancourt| (2014)) for a novel Hamiltonian
flow, based on adiabatic processes in thermodynamics, where the schedule is
determined dynamically.

For our purposes, recall from the discussion after Proposition that A should
be chosen so that its derivative is small whenever the time-dependent integrated
local error is large. The latter is typically substantial whenever there are large
changes between intermediate distributions. Noting that large changes along C,
necessarily imply large changes in the corresponding full conditionals, the time steps
{A,,} taken by an adaptive scheme to numerically integrate the Gibbs ODE may be
used to guide the choice of a suitable tempering function . This is because large
variations in will require smaller step sizes to keep estimates of numerical

integration error below a pre-specified tolerance.
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We demonstrate this on the curve of probability measures arising from a
Bayesian mixture modelling application detailed later in Section Observe from
Figure that with a linear tempering function, large changes along the curve C,
occur at very early times. We advocate selecting A so that the time steps {A,,}
taken by an adaptive numerical integrator is as close as possible to being equispaced
on [0,1] — up to some variability between different initial conditions. Figure

shows that this can be achieved for this example by setting A(t) = 5.

- ]
u |

Fa
—4 4
0.2

Figure 3.6: Mixture modelling example with A\(¢) = t. (Left) Trajectory of a particle
under the Gibbs flow with different colors representing each dimension. (Right) Colored
lines with asterisk symbols correspond to the time steps taken by an adaptive numerical
integrator for four different prior samples evolving under the Gibbs flow to be compared
against the red identity line.

3.5 Applications

3.5.1 Bayesian mixture modelling

We now demonstrate the performance of Gibbs flow based algorithms on a Bayesian
mixture model where the posterior distribution of mixture means is inferred. This

is a canonical example of distributions with multiple well-separated modes.
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Figure 3.7: Mixture modelling example with A\(t) = t5. (Left) Trajectory of a particle
under the Gibbs flow with different colors representing each dimension. (Right) Colored
lines with asterisk symbols correspond to the time steps taken by an adaptive numerical
integrator for four different prior samples evolving under the Gibbs flow to be compared
against the red identity line.

3.5.1.1 Model description

Consider n € N independent observations y = (y1,...,%,)T € R" from a univariate
Gaussian mixture model with d € N components, i.e. y; is a realization from
39 N (z;,0%) € P(R). Following Lee et al| (2010), we set d =4, 0; = 0 = 0.55
for j = 1,...,d and perform inference only on the mean parameters x € R*. We
generate the data y using n = 100 simulations from the model with parameter
value z* = (—3,0,3,6)7 and stratification between components. We prescribe a

uniform prior distribution on the d-dimensional hypercube [—10,10]%. The curve

of probability measures C, is simply

1[—10,10]d<x>L<$§ y)’\(t)dx

m(dz) = 201Z(1) (3.97)
for t € [0,1], where
1 .n d )
Liw;y) = 2o 11 2 N(yiswy, 0%) (3.98)
i=1j=1

for x € RY. It follows from exchangeability of the prior and non-identifiability

of mixture components that the posterior distribution is invariant under “label
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permutation”. Therefore m = m; admits d! = 24 well-separated modes centered

approximately around all permutations of z*.
3.5.1.2 The Gibbs flow approximation

Firstly, we investigate the quality of the Gibbs flow approximation, before employing
any importance sampling correction. We do so by comparing the time evolution
of N = 1000 prior samples under the Gibbs flow with the output of a SMC
sampler, using the configuration described in |Lee et al| (2010)), as the reference
truth in Figure [3.8|

The performance of the approximation for this challenging problem is striking;
particles were able to reach all 24 modes in R*. This is corroborated in Figure
m which plots all pairs of marginal posterior distributions on R? (note that each
of these admits 12 well-separated modes) and in Figure which displays the
proportion of particles in each of the 24 modes when particles were initialized as
a latin hypercube sample of size N = 1000 (to reduce the variance from prior
sampling). We note that the similarity in the proportions observed at each mode

demonstrates a “global” nature of the Gibbs flow approximation.

3.5.1.3 Comparison of algorithmic performance

We now compare a SMC sampler based on Gibbs flow (Section [3.4.2)), AIS with
MALA moves (Section |1.2.4 & [1.2.3.3) and a SMC sampler which combines Gibbs
flow with RWMH moves (Section [3.4.3). Following the discussion in Section m,

we select the tempering function as A(t) = t°. The choice of numerical integration
scheme is the forward Euler method with step sizes selected to ensure monotonicity
of the mappings defined in . Using the left panel of Figure 3.7, we prescribe a
piecewise linear time discretization to focus our computational effort at times with
more particle motion. At each time iteration, we allow the AIS sampler and the
Gibbs-AIS sampler to take 10 MCMC moves, which are tuned to achieve suitable
acceptance probabilities. All one-dimensional integrals involved in evaluations
of the Gibbs velocity field and its Jacobian were computed using a composite

Simpsons rule with 50 quadrature points.
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Figure 3.8: Time evolution of N = 1000 prior samples under the Gibbs flow (black
dots) up to time ¢t = 1. For each time instance, the superimposed blue contours represent
the target distribution obtained as a kernel density estimate from the output of a SMC
sampler.

We measure algorithmic performance in terms of ESS (Section ; for
the comparison to be meaningful, we do not perform resampling. To yield a fair
comparison, we set the number of time steps taken by each algorithm so as to
match computational cost, measured in terms of run time. The results displayed
in Figure show that the Gibbs-AIS sampler outperforms the other algorithms.
The reason for poor performance of the sampler based solely on Gibbs flow can be
seen in Figure [3.8 and [3.9} the distribution of samples under the Gibbs flow is a
poor importance distribution as it has thinner tails than the target distribution.
The latter is not a difficulty when one combines Gibbs flow with AIS owing to

the diffusivity introduced in the MCMC moves.
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Figure 3.9: All pairs of marginal posterior distributions on R2.

Figure 3.10:
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Figure 3.11: Time evolution of ESS%. Lines and error bars indicate median and
interquartile range of 20 repetitions respectively.

3.5.2 Sampling truncated multivariate Gaussians with ap-
plications to probit models

So far we have restricted our attention to problems where we build the curve
of probability measures C, by tempering the likelihood function L in . We
now show that these assumptions can be relaxed by adapting the Gibbs flow
approximation to sample from truncated multivariate Gaussian distributions and
illustrate in Section how this procedure can be included in a MCMC algorithm

to perform Bayesian inference for a multivariate probit model.
3.5.2.1 Model and Gibbs flow construction

Let 7o = N(p,¥) be a multivariate Gaussian on R? and denote the truncated
distribution as 7. Assume that the truncation happens component-wise, i.e. the
support of 7 is supp(m) := [1%, (as, b;) where a;, b; € Rand a; < b; foralli = 1,...,d.
If the truncation is extreme, it is natural to introduce a sequence of bridging
distributions by performing the truncation gradually. More precisely, we build

a curve of probability measures C, via

o (de) Ty Liaw(0),8.(0)) ()

dx) := - 3.99

7Tt( :L‘) Z(t) ) ( )

where for all i = 1,...,d, a; : [0,1] — R is non-decreasing with boundary
conditions a;(0) = —oo, a;(1) = a;, B; : [0,1] — R is non-increasing with

boundary conditions 5;(0) = oo, 8i(1) = b;, a;(t) < pi(t) for all ¢ € [0,1]
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and Z(t) = 7T0( le(ai(t),ﬁi(t))) In some applications, the tail probability
Z = Z(1) =m (Hle(ai, bz)) is the quantity of interest. From these assumptions, it
is clear that the curve C, connects my to m; = m. In contrast to having a tempering
function, {a;}¢, and {£;}&, now control the rate of truncation.

It can be shown that
Omi(wilr—;) = (& (O)me(eu(t)r—i) — Bi(#)m(8i(t) |v—i)) mo(wi|v—i) (3.100)

for € supp(m;) = [1%,(a;(t), Bi(t)), where o/, and B! denote the time derivatives
of a; and f; respectively. In the same manner as in Proposition [3.15, we can solve

the system of Liouville equations (3.73]) with

fit,z) = (a;(t)ﬂo(ai(t), vy / (s 5) dys (3.101)

T

+ GOm0, 5) [ mulun-) dyi) ) [ o)

«; «; (t

The expression of the Jacobian of f is given in Appendix As in Section m,
the Jacobian of f with quadrature approximation can simply be computed by
replacing the integrals in the Jacobian of f by their quadrature approximations

under the same rule.

3.5.2.2 Comparison of algorithmic performance

To address a similar problem, Moffa and Kuipers (2014) proposed a method based
on SMC sampler (Section and reported computational gains in comparison to
the one-at-a-time Gibbs sampler when the degree of correlation in the multivariate
Gaussian is significant. We adopt the simulation study in |Moffa and Kuipers (2014;
Section 4) and compare a SMC sampler based solely on Gibbs flow, AIS with
RWMH moves and a SMC sampler which combines Gibbs flow with RWMH moves.
Although it would also be interesting to compare these algorithms against the SMC
sampler developed in Ridgway| (2016), we will leave this to future work. Before
proceeding, we note that MALA moves were not employed within AIS; the use of

gradient information of 7 is not appropriate in this context as the gradient might
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point to directions of zero probability mass. In contrast, flow transport provides a

principled way to drift particles towards the right regions of the state space.

The effect of correlation. Consider d = 4, a mean vector of p = (=&, —£,£,6)7
for £ > 0, which keeps two components in the truncation region of supp(m) = [0, 00)®.
For starters, we set £ = 1. The off-diagonal elements of X are set to a value such
that all pairwise correlations are equal to p € [0,1]. As before, the numerical
integration scheme used is the forward Euler method with step sizes selected to
ensure monotonicity of the mappings in (3.92).

We perform the truncation with o;(t) = —t~! + 1 for all i = 1,...,d. Using
insight from preliminary simulations of the Gibbs flow, we select a piecewise linear
time discretization to focus our computational effort at times with more particle
motion. At each time iteration, we allow AIS and the Gibbs flow-AIS sampler to
take 50 RWMH moves. The covariance of the Gaussian random walk is set as o3,
with ¢ > 0 tuned to achieve suitable acceptance probabilities. All one-dimensional
integrals involved in evaluations of the Gibbs velocity field and its Jacobian are
computed using a composite Simpsons rule with 40 quadrature points.

We perform the same ESS comparison as before by not resampling and setting
the number of time steps taken by each algorithm to match computational cost,
measured in terms of run time. The left panel of Figure [3.12] shows how the
ESS of each sampler varies with the correlation parameter p. The results are
striking and interesting: the performance of samplers based on Gibbs flow degrade
with p whilst that of AIS which uses only RWMH moves improves with p (for
this particular example, the overlap between 7y and supp(w) = [0, 00)? increases
with p). This behaviour clearly illustrates the Gibbs flow’s ability to exploit any

local independence structure in 7.

The effect of truncation extremality. Again for dimension d = 4, we now fix
the correlation parameter at p = 0.5 and vary the location parameter £ in the middle

panel of Figure [3.12] All other algorithmic settings are the same as before. The
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results show that as the truncation becomes extreme, the Gibbs flow can mitigate

particle degeneracy by moving particles towards the right regions of the state space.

The effect of dimension. We now set correlation at p = 0.5, truncation at £ = 1
and vary dimension d. Algorithmic settings are the same as before except that we
now allow the number of RWMH moves taken at each time iteration to increase
linearly with dimension. The results, summarized in the right panel of Figure [3.12]
show that while the performance of all algorithms degrade with dimension, which is
to be expected, combining flow transport with MCMC has the potential to allow

SMC samplers to remain competitive in high dimensions.

Normalizing constant estimation. Lastly, we compare the performance of
these algorithms to estimate the normalizing constant Z = ([O, oo)d> as cor-
relation parameter p, location parameter £ and dimension d vary one at a time.
Algorithmic settings are the same as above with the exception of applying systematic
resampling whenever ESS falls below half of the number of particles used. As
performance measure, in Figure we plot the estimated standard deviation of
the normalizing constant estimator of AIS (with resampling) relative to the
other two algorithms based on Gibbs flow. The results are similar to those obtained
in the ESS comparisons and show that the sampler combining Gibbs flow with AIS

provides an estimator with significantly lower variance.

ESS%
ESS%
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04 05 08 o7 08 08 1 2 25 3 2 @ O i

Figure 3.12: Comparison of ESS% between algorithms as the correlation parameter p
(left), the location parameter £ (middle) and dimension d (right) vary one at a time. Lines
and error bars indicate median and interquartile range of 100 repetitions respectively.
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Figure 3.13: Estimated relative standard deviation (with AIS as benchmark) of
normalizing constant estimators based on 100 repetitions as the correlation parameter p
(left), the location parameter £ (middle) and dimension d (right) vary one at a time.

3.5.2.3 Bayesian multivariate probit model

We now apply the above procedure to the Bayesian multivariate probit model
discussed in [Talhouk et al. (2012). Denote by Y € {0,1}"*¢ the d € N dimensional
binary responses on n € N subjects, X € R™ P the design matrix, f € RrP*¢
the regression coefficients and R € R%¢ a correlation matrix. For each subject
i =1,...,n, the multivariate probit model specifies that the probability distribution
of ¥; € {0,1}% is given by

P(Y; = y;| X, 8, R) := /I_N(zi; (XB), R) dz, (3.102)

where (Xf3); is the i* row of X and Z; := Z;; X - -+ x Z;y with Z;; = [0, 00) if
y;; = 1 and (—o0,0) otherwise. We note that the restriction of R to correlation
matrices in ensures likelihood identifiability (Chib and Greenberg|[1998)).
Equation also prompts characterization of the model using Gaussian latent
variables Z € R™“ with the relation V;; = Liz,;>0}-

We assign a prior distribution to 5, R and the graph structure G € G of the
inverse correlation matrix R~!. Interest here is to sample from the resulting

posterior distribution
(G, R, B, z|y) o< m(G)m(R|G)m(B|R)7 (2|3, R) || Liziez,)- (3.103)
i=1

Our choice of prior is similar to Talhouk et al.| (2012)) which showed that it is possible

to sample from the posterior using a Gibbs update for Z and /3, a simple MH random
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walk for G’ on the space of graphs G and a parameter expansion data augmentation

step for R. For the latent Gaussian variables, the full conditional density factorizes as

i=1
The sampling scheme used in Talhouk et al. (2012)) samples each Z; € R? by
updating its components one-at-a-time using a Gibbs sampler which leads to slow
convergence of the resulting algorithm. To speed up convergence, we employ the

above Gibbs-AIS sampler for truncated Gaussians, implemented as a conditional

SMC update (Andrieu et al.[2010) to ensure validity of the resulting Gibbs sampler.

3.5.2.4 Six cities data set

We now apply the above methodology to analyze a well-known data set from the

Six Cities longitudinal study on the health effects of air pollution.

Description. The data set concerned contains repeated binary measurements
of n = 537 children’s wheezing status from Steubenville, Ohio. Interest here is
on modelling the probabilistic relation over time of the wheezing status of a child
as a function of their age and their mother’s smoking habit during the first year
of the study. Notationally, the binary response y;; indicates if child « = 1,...,n
was wheezing in the j = 1,2, 3,4 year of the study (corresponding to when the
subject was of age 7,8,9,10 respectively).

The nature of the data suggest that using a multivariate probit model to
account for the structure of association between components of the multivariate
binary response is appropriate. Table also supports having mothers’ smoking
habits as a covariate.

We note that similar analyses have been conducted on this particular data
set with differing inference procedures; see |(Chib and Greenberg| (1998)), Talhouk
et al. (2012), Moffa and Kuipers| (2014]).



3. The flow transport problem 94

Mother’s smoking status 7 8 9 10

Smoker 32 (17.0%) 40 (21.3%) 36 (19.1%) 27 (14.4%)
Non-smoker 55 (15.8%) 51 (14.6%) 49 (14.0%) 36 (10.0%)
Total 87 (16.2%) 91 (16.9%) 85 (15.8%) 63 (11.7%)

Table 3.1: Breakdown of wheezing cases by age group and initial smoking status of
mothers. Percentages are with respect to each age group.

Algorithmic settings. Settings within the conditional Gibbs-AIS sampler used
to update Z involved 10 particles with multinomial resampling triggered whenever
the ESS falls below 5; a linear time discretization with 50 steps and 20 RWMH moves.
We run 22,000 iterations of the Gibbs sampler described earlier with estimation

of the graph structure and use a burn-in of 2000 samples.

Results. Table|3.2 gives the posterior mean and standard deviation of parameters
in the model. The results obtained are similar over independent runs of the algorithm
with different initial values and to those reported in Talhouk et al.| (2012)). Figure
displays the most probable graphs under the posterior that were identified
by the procedure. While the second most probable structure is the saturated
model, the maximum a posteriori graph has a conditional independence structure

between wheezing at age 7 and 9.

Posterior mean | Posterior standard deviation
B11 -0.9207 0.091
B2 0.030 0.154
B -0.9845 0.092
Ba1 0.222 0.151
B31 -1.012 0.096
B32 0.180 0.156
Bar -1.179 0.100
Bz 0.170 0.165
Ris 0.496 0.069
Ris 0.423 0.073
Ria 0.483 0.073
Ros 0.588 0.058
Roy 0.470 0.075
Ra4 0.549 0.066

Table 3.2: Posterior mean and standard deviation of parameters in the multivariate
probit model.
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prob = 0.23 prob = 0.02
4 1 4 1
3 2 3 2

Figure 3.14: The four most probable graph structures and their corresponding posterior
probabilities.
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Although AIS and SMC samplers discussed in Section have been employed
in a wide range of applications, they can still perform poorly if the forward transition
kernels {K;}L | are such that the induced proposal distribution Q(dzg.r) in ([1.39)
differs significantly from the extended target distribution P(dxg.r) defined in .
To improve the performance of SMC samplers, in Section we consider ‘twisting’
these transition kernels {K;}7_, to better approximate P(dxq.r). After introducing
this class of twisted SMC samplers, in Section [£.1.2] we identify a sequence of
functions that induces an optimal sampler in the sense of having distribution
P(dxg.r). In Section 4.1.3) we show that this optimal sequence of twisting functions
can also be viewed as the solution of a Kullback-Leibler optimal control problem and
the optimal value functions of this problem are given by a logarithmic transformation
of the optimal twisting functions. Drawing on ideas from the control literature, in
Section we describe general algorithms to approximate these optimal twisting
and value functions. Using these methods, we then develop an iterative scheme to
build better approximations of P(dzg.r) in Section [4.1.5] Algorithmic settings and
connections to related work are discussed in Section [4.2] The resulting algorithm,
which we will refer to as the controlled SMC sampler, can be thought of as a type
of adaptive importance sampler that is trained using reinforcement learning. We

provide some theoretical analysis of these methods in Section [4.3] and conclude

with some examples in Section [4.4]

4.1 Optimal importance sampling as optimal con-
trol

We begin with some necessary notation and concepts.
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4.1.1 Twisted probability measures

Let M(S2) denote the set of Markov transition kernels on a measurable space
(£2, F). For any measurable function ¢ : 2 x 2 — R and K € M({2), we will
write K (¢)(z) := [, ¢(z,y)K(x,dy). Our methodology is based on the notion of

‘twisted’ probability measures on path space which we now define.

Definition 4.1. Given R € P(XTTY) of the form

R(dxo.r) = po(dxo) H My(zy—1,dxy) (4.1)

t=1
for some pg € P(X), My € M(X),t =1,...,T and a sequence of positive ‘twisting’
functions ¢ = {1 }/_, € U(R), we define R® € P(XT+Y) the i-twisted version of
R as

RY(dzor) = p (dzo) tf[l M (21, dxy) (4.2)
where
o = L o) = M) 0
The set of admissible twisting functions is
U (R) ::{¢0:X—>R+,¢t:XxX—>R+t: 1,...,T 9 € LY(Ry),
Y € Ll(Rt_Lt)}, (4.4)

where Ry(dz;) = R(dx:) and Ry ¢(dzi—1,dxy) := R(dx—1, dxy) denote the one-time

and two-time marginal distributions of R respectively.

4.1.2 Twisted sequential Monte Carlo samplers

For ease of presentation, we will henceforth assume that the backward kernels
(L}, are selected so that P(A) > 0 for any set A € B(X®T*!) of positive

Lebesgue measure and the forward kernels {Kt}z;l are chosen such that the weight



4. Controlled sequential Monte Carlo samplers 99

function (1.41)) satisfies 0 < W (zp.r) < oo for any zg.r € X7, For any ¢ € ¥(Q),
since P < Q < QY by positivity of v, we have

W* (o) = Zég;(iﬁo:ﬂ = ng(a:o:T);gb

T
Hw xt 1751%
t=1

(xO:T) (45)

with

wy (20) =

7T0(¢0) ww(x LT ) — wt(-ftfl;l't)Kt(wt)(mtfl)
¢0($0) peEh 1/1t($t—1,$t) '

If the weights (4.5)-(4.6) can be computed, then like in Section [1.2.4.2] we can

(4.6)

use Q¥ as an importance distribution to approximate P and obtain the following

unbiased estimator of Z = Q¥(WWY)

A

2= LW, (4.7)

n=1

where {XgL.T}N_l are N € N iid samples from Q¥. To simplify notation, we will
write E% ov to denote expectation with respect to the law of Q¥ initialized at X; = .

It is natural to consider an iterative scheme to build better approximations of P:
i.e. given a current approximation Q¥ of P for some 1) € ¥(Q), we could further
twist Q¥ by functions ¢ = {¢;},_, € ¥(Q¥) to obtain another approximation (Q*)?
of P. Note that (Q¥)? = Q¥¢ where ¢ - ¢ == {4y - & },_, € ¥(Q) denotes the
pointwise product of functions. The choice of ¢ is guided by the following key result.

Proposition 4.2. For any ¢ € ¥(Q), we have P = (Q¥)*" where the optimall]
sequence of twisting functions ¢* = {qﬁj}tT:O € U(QY) with respect to Q¥ are given
by

T

i o) = w0 (w0)EL® [H (X0 I,Xk>] , 48)

(b:(xtfl,xt) = wzb<l't,1,$t Et .

H wy (X 1,Xk)], t=1,...,T -1,

k=t+1

Oy (vro1, 27) = wh(ar 1, 77).

'Equation (4.8)) should be understood as a definition of optimality as there is more than one
sequence of twisting functions ¢ satisfying P = (Q¥)? (for example scaling ¢* by a constant).
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Proof. From (4.5)), we have
P(dZEO:T) = Z_le(d$0;T)W¢(ZEO:T), (49)
where

T
Q¥ (dzo.1) —7r0 (dzo) H xt 1,dzy). (4.10)

By Fubini’s theorem, ¢* is well-defined and is an element of ¥(Q¥) as the integrals in
(4.8) exist since Z = Q¥(WY) < oo. From (4.5) and (4.10)), we have for t =0,...,T
that

t
P(dzoy) = 271 dxo wo Zo H xk,l,dxk)w}f(xk,l,xk) (4.11)

/T . H Kk Lh— 17d$k)wk(9€k 1, Tk)
A k=t

with the convention Hf =1 for ¢ > j. Setting t = 0 gives the initial distribution
(73)¢" since Z = 7 (¢%) and for the transition kernels (K;)?" we note that for
t=1....T

P(dzoy) _ K (241, da)wf (21, ) [yrr I K} (a1, dzg)wf (21, x1)
P(dzos-1) Jrr—re Ty K (o, dag)w) (251, Tx)

(4.12)

]

For any approximation Q¥ of P with ¢ € ¥(Q), note that an application of
Proposition gives us the optimal sequence of twisting functions ¢* := 9 - ¢*
with respect to ). In the following, it will be useful to consider a logarith-
mic transformation of ¢*, i.e. define V* = {V;*}/, as Vj := —log¥j(zo) and
Vi (zio1,me) == —log ¢} (x4—1,2¢) for t = 1,...,T. This is because V* can be
thought of as the optimal sequence of value functions with respect to Q¥ of an
associated optimal control problem to be introduced in Section [£.1.3] We now define
some operators, commonly known as Bellman operators in the control literature,

which will play an important role in our analysis and greatly simplify notation.
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Definition 4.3. Given ¢ € V(Q) and a measurable function p : X x X — R, we

define the operators {Bf’}i—ol by
(Byp)() == wy () K () (x), (4.13)
(B @)(z,y) == wi (x, ) K (p)(y), t=1,....T—1,

and {Tf’}tT;Ol by
(TEp)(x) == —logw§ (z) — log K} (e™%)(x), (4.14)

(TVo)(@,y) = —logwf (z,y) = log Ky (e ¥)(y), t=1,...,T 1.
From Proposition [£.2] the following result is straightforward.

Proposition 4.4. For any ¢ € V(Q), the optimal sequence of twisting functions

o* = {gbj{}tT:O with respect to Q¥ satisfies the following backward recursion

o7 = Wi, (4.15)

¢ =Blor,, t=T—1,...,0,

and 7r5"(¢;;) = Z. Equivalently, the optimal sequence of value functions V* = {V,;*}tT:O

with respect to Q¥ satisfies

Vi = —logwy, (4.16)

V=TV, t=T-1,...,0.

Consider recursion applied to the AIS setting with ¢y = 1,t =0,...,T,
in which case, the incremental weights have a simpler form wy(z;_1, ;) =
wy(x—q). Substituting into and noting that the factor wy(x;—;) in ¢} can
be ignored owing to the form of Kf’ ", it follows that P = Q%" also holds if we

have ¢%(xr) = 1 and the recursion

Op (w1) = wep (2) Ker (9710) (), t=0,...,T -1 (4.17)

Equation (4.17)) is structurally similar to the backward information filter recursion
that arises in smoothing problems for state space models (Briers et al.| 2010}
Pieralberto et al.2016)). In particular, we note that it admits a simpler structure

than (4.15)) as ¢; is a function of only one argument z; instead of both x;_; and ;.
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4.1.3 Optimal importance sampling as Kullback-Leibler con-
trol

We now show that the optimal sequence of twisting functions in Proposition can
also be viewed as the optimal policy of a Kullback-Leibler optimal control problem
(Kappen et al.|[2012). While the re-formulation might appear superfluous at first
glance, making this connection allows us to exploit numerical methods developed in
the approximate dynamic programming literature (Bertsekas and Tsitsiklis [1996) in
Section and draw ideas from existing results (Tsitsiklis and Van Roy|[2001)
to analyze these algorithms in Section [4.3]
Suppose ¢ € U(Q) and consider the following optimal control problem
¢e¥%£ . KL ((Q*)?|P) = ¢€g§£ . Egwys [C(Xor)] (4.18)

where the cost functional C' : X7t! — R can be written as

LAY
C(zor) := log dEjQQw) (xo.r) — log ddcl;p (zo.1) (4.19)
d(m)? K{)? (21, )
log d'ﬂ'o +;l th (fft 1, ) (xt)

— log w (x) Zlogwt Ty 1, 4) +log Z
and
B(Q”) := {fb € W(QY) : KL ((m)’Imy) < oo, KL ((K)*|KY) (211) < o0
Q¥(dwy ) —ae fort=1,... ,T} CU(QY) (4.20)

denotes the set of admissible sequences of twisting functions or policies for the

control problem. It follows that

E(qu)e [C(Xor)] = KL ((w8)Im5) + 3 Eqguye [KL ((K7)?IKY) (Xemn)] - (4.21)

t=1

T
— B [1ogw0 XO] ;EW [1ogw;"(xt_1,xt)}+1ogz.

We know from Proposition that ¢* defined in (4.8]) solves the optimal control
problem (4.18]) since we have KL(u|v) > 0 for any probability measures p, v and
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KL(pu|v) = 0 if and only if u = v. We shall henceforth re-define the cost functional
(4.19) to remove the intractable term log Z.
Given a sequence of twisting functions ¢ = {gbt}tho, also known as a policy in

T
optimal control terminology, the corresponding value functions {V}qﬁ} of this

control problem are given by the expected cost-to-go from a fixed time and state

(Bertsekas and Tsitsiklis [1996; Section 2.1)

Vil (o) = KL ((K7)?|KY") (o) +ZE‘”@ KL (KZ0)P K ) (X)] (422)

T

— logwg(xo) — ZEO -0 [logwk (X 1,Xk)}
k=1
Vi (1, @) o= KL (KK ) () + b oty [KL (KK ) (X))
k=t-+1
4 t
—logw (x_1, 1) — k;rl]E(éfb {logwk (Xk-1, Xk)} t=1,..., 7T -1,
Vi (zp_1, zp) == —log wi(zr_y, T7).

In this notation, the total cost of using ¢ is given by v(¢) = (73)?(Vy) +
KL ((ﬂff)(f’\ﬂg) = KL ((Q¢)¢|P> —logZ. We now define the optimal sequence
of value functions V* = {V;} with respect to Q¥ by taking the infimum

over the set ®(QY):

v = igfu(gb), (4.23)
* ._ : &

Vo(zo) = inf  Vo'(wo),

V(i zy) = inf ‘/,5¢(xt_1,xt), t=1,...,7 -1,

{¢ t+1<k<T}

V’_‘F (fola .TT) = lOg w#('rTfla xT)a

and denote the minimizer (if it exists) as ¢* = {gbj{}tT:O. We stress the dependence
of both V* and ¢* on the given sequence of twisting functions ¢ € ¥(Q) as this
is not done notationally. These minimization problems can be solved using a

backward dynamic programming approach. From Definition (4.22)) and (4.23)), we
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have the dynamic programming recursion

Vi«k ($T_1, JTT) = — log w#(:vT_l, $T), (424)

Vi (@i, ) = = logwf (v, 20) + inf {(KF0)° (Vi) ()

+ KL (KA K ) ()}, =T —1,...,1,
Vg () = —logwf (o) + inf { (KT)* (V) (o) + KL ((KT)?|KY) (o) }
v = inf {(7§)*(Vy) + KL ((x§)°|78) }

ol

The above is commonly referred to as the discrete time Hamilton-Jacobi-Bellman
equation. We now state a well-known lemma (Dupuis and Ellig/ 2011}, |Dai Praj
et al. |1996| Bierkens and Kappen 2014)) which allows us to solve the weighted

Kullback-Leibler minimization problems in (4.24]).

Lemma 4.5. Let p be a probability measure on a measurable space (2, F) and
@ @ 2 = R be a measurable function such that p(|ple™¥) < oo. The following
equality holds

—log pu(e™?) = inf {v(¢) + KL(v|p)} (4.25)

vE€Pu,p

where P, ,(£2) :=={v € P(2) : KL(v|p) < 0o and v(|p|) < oco}. Moreover, the infi-
mum in ({4.25)) is attained at v* < p with dv*/dp = e % /u(e™%).

Proof. We first note that u(|ple™?) < oo implies that the left hand side of (4.25))
is finite. Since 0 < dv*/du < oo, for each v € P, ,(2), we have v < p < v* and

hence

v(p) + KL(v|p) = v(p) + /Qlog (if) dv + /Qlog (;;) dv (4.26)
= —log u(e™?) + KL(v|v").

The proof is complete by noting that KL(v|v*) > 0 and KL(v|v*) = 0 if and only if

*

v =" O

We note that although Equation (4.25)) holds without the assumption u(|g|e™%) <

00, there does not exist a unique minimizer in this case (Bierkens and Kappen
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2014}, Proposition 2.6, Corollary 2.7). The integrability assumption, which holds
if and only if KL(v*|u) < oo, is sufficient to guarantee existence of a minimizer.

The following is a straightforward consequence of Lemma [4.5]

Corollary 4.6. If ¢ € ¥(Q) is such that KL(P|Q¥) < oo, then the infimums in
are attained at ¢f = e V¢t =0,...,T and at the minimum, the dynamic
Programming recursion recovers the backward recursion .

From the conclusions of Corollary 4.6 we can infer the backward recursion
and the form of ¢* in . We note that the optimal cost is v* = —log Z
as we have adjusted the cost functional and that the finite Kullback-Leibler
assumption ensures that the minimizer ¢* lies in ®(Q¥) C ¥(QY). Although it
is unsurprising for such a condition to be required when we formulate ¢* as the
solution of a Kullback-Leibler control problem, it should be clear from Section

that this is not necessary for our purposes.

4.1.4 Approximation dynamic programming

For most problems of practical interest, the recursions (4.15))-(4.16)) are intractable

so we need to rely on approximations.

Definition 4.7. Let p be a probability measure on a measurable space (£2,F),
£: 02 — R be a measurable function in L*(u) and F be a closed linear subspace of

L*(p). We define the (F, p)-projection operator as

R : 2
PA¢ = argmin [l — {12, (4.27)

The projection theorem gives existence of a unique P#¢ € F and that P*¢ — &
is orthogonal to F. Hence P*¢ is typically referred to as the orthogonal pro-
jection of & unto F.

As before, {Qf’_u}

T
_ will denote the marginal distributions of Q¥ and for
notational convenience, we will occasionally identify Q%Lo = QBP on (X,B(X)).
For each time t = 0,...,T, we consider the probability space (XQ, B(Xx)®2, Q}f_ljt)

and given a pre-specified closed and linear function class F;, C L2(Qf_17t), the
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(Ft, Qf,lyt)—projection operator denoted by PY will be of interest. It is natural

to approximate the recursion (4.15) by

or = PLw}, (4.28)

Q;t:szBg}Q;t.i_l, t:T—l,...,O.

~ T
The quality of the sequence of twisting functions ¢ = {@}H as an approximation of
¢* will depend on how ‘rich’ the chosen function classes {Ft}tho are. Of course, (4.28)
is only an idealized algorithm as projections are typically intractable. In practice,

we would have to approximate such a procedure using Monte Carlo sampling.

Definition 4.8. Following the notation in Definition[{.7, for each N € N, we define
the approximate (F, u)-projection operator P*N as the (F, u™)-projection operator,

where N = N7VSN | §xn denotes the random probability measure based on N iid

N
n=1

samples {X™ from . If £2 is a topological space with o-algebra F = B({2),

we shall additionally assume the function class F is such that (L {X™ 7];7:1) —

(PENE) () is Borel measurable for all € € L*().

Given a fixed number of samples N € N, we denote Pf’N as the approximate
(Ft, Qf;b_ljt)—projection operator for each t = 0,...,7T and define an approximate
dynamic programming (ADP) algorithm for learning the optimal sequence of

twisting functions ¢* as

o = Py Nwd, (4.29)
ét: P;pJVB;pggtJrla t:T_LaO
In Section for a common choice of function class, we will show that ngS converges
(in a suitable sense) to ¢ as N — oo. Similarly, by approximating (4.16)), we could
also have an ADP algorithm to learn the optimal sequence of value functions V*:
Vi = PN (—logwh), (4.30)

V=PV TYV,, t=T-1,...,0,
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and define the corresponding approximation (]Aﬁ = {qgt}tT:O of ¢* as ggt = e‘Vi,t =
0,...,T. A more detailed outline of and are given in Algorithm [3|and
respectively. While an analysis of both algorithms will be considered in Section [4.3]
we only performed value function learning in our implementation as it is numerically
more stable to compute in logarithmic scale. We defer a detailed discussion on the
choice of function classes {Ft}tho to Section and shall assume for now this is
such that (i) ¢ € W(QY); (ii) sampling from Q¥ is possible if sampling from Q

is; (iii) the weight W¥9% can be computed if W is computable.

Algorithm 3 Approximate dynamic programming for learning optimal sequence
of twisting functions

Input: twisting functions ¢» € U(Q), N € N iid samples {X&T}gzl from QY.

1. Initialization: set K$+1($T+1)(X§£) =1forn=1,...,N.
2. Fort=T,T—-1,...,1,

(a) set Gu( X7y, X7') = w)' (X7, XP) K (G (X7);

n n x n ny) 2

(b) set ¢ = argminger, SNy (S(X7 4, X7) — &(X7y, X7))
3. Fort =0,

(a) set Go(Xp) = <X">K¢<¢3 % >

(b) set ¢ = arg mingep, Y. ( — & X”))

Output: twisting functions q§ {

4.1.5 Controlled sequential Monte Carlo samplers

If the recursions in Proposition can be performed exactly, then having an
iterative procedure to approximate P is unnecessary. We would simply initialize
with Q¥ = @, i.e. ¢y = 1 fort = 0,...,T, and obtain the optimal sequence of
twisting functions v¢* with respect to @ satisfying Q¥" = P. As alluded earlier,
when approximations ([£.29)-(4.30)) are employed, it is worth considering an iterative
scheme to build better approximations of P which we now describe.

Suppose that at iteration ¢ € Ny, we have a sequence of twisting functions

)(i) € U(Q) (with initialization ¥ (0) = 1 to mean the constant one function). We
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Algorithm 4 Approximate dynamic programming for learning optimal sequence
of value functions
Input: twisting functions ¢ € ¥(Q), N € N iid samples { Xz}, from QY.

1. Initialization: set K;’QH(G*VT“)(X%) =1forn=1,...,N.

2 Fort=T.T—1,.. .1,
() set V(X2 X7) = —logul/ (X723, Xp) — o (Kfa(e ) (Xp));
(b) set Vi = argminger, Y3, (£(X7 1. X7) = Vi(Xp 1. X))

3. Fort =0,
(a) set Vp(X§) = —loguy (X3) — log (K7 (¢7")(X7)) :

(b) set Vy = argminer, Y, (£(XE) — Vo(X))

2
. -, A~ T . . . " " ) T
Output: value functions V' = {W}tfo and twisting functions ¢ = {¢t = e‘Vi}tiO.

then run a twisted SMC sampler with the current approximation le’(i) of P and
use its output to perform the ADP procedure described in either Algorithm [3] or [
This returns a sequence of twisting functions ngS(z +1) € \II(Q‘Z’(")), which we then
use to obtain our new approximation Q¥(+1 of P with the update O(i+1) =
(i) - (i + 1) € U(Q). The resulting algorithm, summarized in Algorithm , will
be referred to as the controlled SMC sampler. To maintain a coherent terminology,
we will call a twisted SMC sampler with (0) = 1 and ¢* as the uncontrolled and
optimally controlled SMC sampler respectively.

We repeat this procedure for a number of iterations I € N, when successive
twisting yield no improvement in performance. Possible measures of performance
here include ESS defined in Section or the variance of particle weights. In
Section [£.3.5] under appropriate regularity assumptions, we will show that this
iterative scheme generates a geometrically ergodic Markov chain on the closure
of U(Q) that converges to its unique invariant distribution. From our numerical
implementations, we observe that convergence happens very rapidly so only a

small number of iterations is necessary.

Contrary to common practice (Section|1.2.4.3)), the absence of the resampling step
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in Algorithm [5]is intentional. The rationale here is that for time ¢t < 7', the artificially
constructed target distribution Py(dxo.) = 7 (dwy) [Tk, Lr_1(xr, dog_1) might differ
significantly from Q¥ (dzoy) = P(dzos) = m¢ (dwo) [Ihe, KV (x4, day) — see
Figure for a concrete illustration. If the latter is the case, under an adaptive
resampling strategy, based for example on the ESS criterion, frequent resampling
will result in higher variance of Monte Carlo estimates. Lastly, to avoid repeating
computations, we note that the incremental weights required in step 2(b) can be

pre-computed when evaluating the weights in step 2(a)ii.

Algorithm 5 Controlled sequential Monte Carlo sampler

Input: time steps T', sequence of distributions {ﬂt}tT:O, particles IV, iterations I.

1. Initialization: set twisting functions ¢ (0) =1 .
2. Fori=0,...1—1,

(a) run a twisted SMC sampler with twisting functions ¢ (7):
i. sample N paths independently, i.e. X () ~ Qlﬁ ‘ for n=1,...,N;
ii. compute weights {Wﬁ(i)(XgT(' __, using
iii. estimate normalizing constant Z¥() = %~ T(z’));
(b) perform apAprox1mate dynamic programming to obtaln updated twisting
functions (i + 1):
i. compute twisting functions ¢(i + 1) with respect to Q¥ using either
Algorithm (3| or 4f with (i) and {Xg.-(i)}._, as input;
ii. update twisting functions by setting (i + 1) = (i) - (i + 1).

3. Fori=1,

(a) run a twisted SMC sampler with twisting functions ().

Output: trajectories { Xz, (I)}Y

n=1"°

" N
weights {Ww(l) (X&T(I))} _, and normalizing

constant estimate ZQZ’(I).

4.2 Implementation

We now discuss algorithmic settings behind an implementation of the controlled

SMC sampler.
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4.2.1 Uncontrolled sequential Monte Carlo sampler settings

To implement SMC samplers, we need to specify the transition kernels { K3, Lt,l}thl.

For the forward kernel, we select
Ay
Ki(xy_1,dxy) =N |z 001 + TVlog m(z1), Arly | day, (4.31)

where A; > 0 denotes the step size at time t = 1,...,T. The rationale for using
this transition kernel is that it corresponds to an Euler-Maruyama discretization
of the Langevin diffusion ([1.33]) with invariant distribution ;. Under appropriate
regularity conditions, for sufficiently small A;, K; admits an invariant distribution
that is close to m (Mattingly et al.|[2002). Moreover, as is also reversible
with respect to 7, this suggests that K; will also be approzimately reversible with

respect to m; for small A;. This prompts the following choice of backward kernel

Ly y(x,day ) = Ki(zg, day 1) = N (xtl; x + A;Vlog (), AtId> dwzy_q,
(4.32)
in which case we expect the incremental weights to be close to that of
AIS when the step size is small.

Contrary to AIS, we stress that K; is not m-invariant and L;_; is not the time
reversed backward kernel associated to K;. Although one could augment an
application of K; with a MH accept-reject step to enforce reversibility, we do not
adopt this approach here as it is difficult to sample from the resulting twisted kernel
K} and compute z — K;(1;)(z) pointwise. Under the above choice of kernels, it is

straightforward to show that the incremental weights have the form
—logwy (w1, 2¢) = log Yi—1(xs-1) — ;Vlog mo(we) T — Agt |V log 7T75($t—1)|2
— logyi(xy) + ;V log ()T wy + Agt |V log 7, ()|
+ ;V log m(wy_1) 2y — ;Vlog () T 21, (4.33)
for t = 1,...,T. This decomposition will provide some guidelines on how to

parameterize the approximate value functions in the next section. For the sake

of brevity, we have limited our discussion here to discretized Langevin dynamics;
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extension to the case of generalized Langevin dynamics (Leimkuhler and Matthews

2015) and other non-reversible dynamics are also possible.

4.2.2 Approximate dynamic programming settings

In our setup, in addition to obtaining an approximation @Z € U(Q) of the optimal
sequence of twisting functions with respect to @), it is also necessary to be able
to sample from the resulting approximation Qiﬁ of P and perform importance
sampling between the two distributions. Hence the choice of function classes
{Ft}tho used in the ADP procedure should be such that sampling from the initial

. NT
distribution ng , transition kernels {Kf } and computing the importance weights

t=1
(4.5)-(4.6) are tractable.

To deal with these constraints, we shall restrict our attention to the following

function classes when employing Algorithm [4}

Fo := {cp t X = R o(wg) = 2 Aowo + 28 by + ¢o, for some symmetric Ay € R>*?
bo € R%, co € R}, (4.34)

Fi = {cp XXX = R:o(zi1,20) = 2] Af(zi1)zy + 2] be(2i_1) + ¢ + dy(20-1),
for some symmetric 4; : X = R>4 b, : X - R ¢, e R dy : X — ]R} :

(4.35)

for t = 1,...,7. With the choice (4.34)-(4.35)) in Algorithm , the sequence of

A Al T
twisting functions (i) = { t“)}t_o € U(Q) at iteration ¢ € N has the form

U0y (o) = exp (a8 APz — 2f b)) — o)), (4.36)

O @i, m) = exp (—af A (o)w — 20 (@) — o) = d (@), (4.37)

for t = 1,...,T, with Aﬁ” = i Af,bi") =i bf,cgi) =i cf,d,gi) =
S, dF where {A,’f, b, ck, df} denote the coefficients and functions estimated at
the k' iteration of Algorithm 5| (step 2(b)i). For simplicity, we assume that the
initial distribution is a Gaussian mixture, i.e. my = Z‘jjzl a;N(p;,3;) with J € N
components, weights a; € R, satisfying Z;-Izl aj = 1 and p; € RLY; € R4

denote the mean and covariance matrix of the j* component respectively. For
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sampling and importance weights to be tractable, we need to additionally impose

the following inequalities (in the positive definite sense)

i 1. .
AW > —5% forall j=1,....J, (4.38)
AD (2, ) > 1,/ (2A,) forall 2,y € X, t =1,...,T. (4.39)

With the form (4.36) and constraint (4.38)), it follows that
J .
A = Z N (EPE 0y - b)), 5) (4.40)

and Wo(zﬂ(()i)) =7, ajgj@ where fly)

(z +245) " >0,

i 1/2 | Ry N @) (v— i
9 = don (57 e (£0) e (5 (57 - o) 5 (57, - )
X exp (— lu E i — c(l)> (4.41)
9 J J 0 .
and dg-i) = ajC](i) /i, ak(’,gi). For m, outside the Gaussian mixture family, we

note that our methodology requires sampling from Wg @ and computing Wo(@%i))
to be tractable.

Let fi(zi—1) =241 + gVlog (2 1) denote the forward Euler discretization
and note that @gi)(xt_l) = (]d + 20, A (xt 1))71 is positive definite under the
constraint . With the forward transition kernel and the form of

(4.37), we have

KZZJ(Z) (-Tt—la dl’t) = N (.Tt, @gz) (ﬂft_l) (ft — Atbl(gz)> (Z't_l), At(—)gl) (xt_1)> dIt, (442)
and
K0 (0 1/2 1 @\ g (i

t(wt )(xt—l) = det <@t (l't—l)) €Xp TAt (ft — Ay ) O, (ft — Ayby ) (iUt—l)

_i T o (Z)_d(l) 4.43
X exp oA fi ft(l’t—l) Ct t (xt71> ( . )
t

for t =1,...,T. The parameterization (4.35) still leaves a great deal of flexibility
over the choice of functions {A:, b, di}. The use of constant functions, considered

in [Pieralberto et al.| (2016), can be effective when V* is adequately approximated
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by quadratic functions (see Section for an application). Setting A! to zero is
closely related to the continuous time approach in |[Kappen and Ruiz| (2016)) and Ruiz
and Kappen (2016), where corresponds to an Euler-Maruyama discretization
of a controlled diffusion with additive control —bgi) learned through an iterative
procedure. By comparing with step 2(a) of Algorithm , we see that at

iteration i € N, we should select di(x;_1) so as to match all additive z;_; terms

in —log w¢(i_1)(xt_1,xt). Hence from (4.33)) and (4.43), we set
i 1 T A 2
t\Lt—1) = 108 Vt—1(Tr—1) — (V108 Tt (Tt—1) T Kt )" Te—1 — —~ 0g m(Tt—1
dy(r11) =1 (@e-1) = 5 (Viogmy(zi1) + £ir) g [Vigmi(zes)l
1 i—INT A (i— i 1
SN (fi = 2 0 (1 = ARG (21o) + WAL

1 i
— 5 logdet (6 (i) (4.44)

where r; denotes all additive constants in the function x — Vlogm(z). Lastly,
we note that although the terms {cgi), d,gi)} do not affect importance weights (4.5)-
(4.6), they indirectly influence algorithmic performance through the estimation

of twisting functions in Algorithm [4]

4.2.3 Connections to other work

Similar ideas have been proposed recently to develop efficient smoothing algorithms
for discrete time state space models in [Pieralberto et al.| (2016) and continuous
time models in [Kappen and Ruiz (2016)), [Ruiz and Kappen| (2016)). In the last two
references, the connection to optimal control was drawn explicitly.

We now note how the above methodology differs from these earlier contributions.
Firstly, although the methods developed in these references can be extended to
the AIS setting, these extensions are only formal as they result in algorithms
that are not implementable. The choices made in Section ensure that the
resulting algorithm is practical.

Secondly, the iterative nature of Algorithm [f differs from previously proposed
methods as it approximates a different optimal control problem at each iteration.
In particular, although the algorithm in Pieralberto et al.| (2016]) samples from
different twisted versions of () between iterations, it always approximates
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with ¢ = 1. Therefore Algorithm [5| would offer a new methodology when applied
to state space models.

Lastly, we provide a theoretical analysis of our proposed methodology in the
following section. Some of these results can be applied or easily adapted to study

the algorithm proposed by Pieralberto et al. (2016).

4.3 Analysis

This section is organized as follows. We begin in Section by characterizing the
optimal twisting and value functions of Proposition [4.4] in a particular setting of
practical interest. In Section and we study ADP algorithm and
, respectively, in terms of approximate projection errors. For a common choice
of function class, in Section [£.3.4] we give a law of large numbers and a central
limit theorem to describe how these algorithms converge to their counterpart with
orthogonal projections (i.e. Equation for twisting functions) as the number
of samples N converges to infinity. In Section [4.3.5] we then analyze the asymptotic
behaviour of twisting functions generated by Algorithm [5|as the number of iterations
I converges to infinity. Lastly in Section [4.3.6] we characterize the distance between
the terminal distribution of a twisted SMC sampler and the target distribution 7 in
terms of value function approximation errors. Before proceeding, we remark that
although some results will be established under strong assumptions, which might be
difficult to verify in practice, they still offer some insight into the properties of the

proposed methodology. Weakening of such assumptions will be left as future work.

4.3.1 Log-concavity of optimal twisting functions and con-
vexity of optimal value functions
T
Proposition 4.9. Let i) € V(Q) and assume that the weight functions {wf}t_o
T
mn and densities of the transition kernels {Kzﬁ}t—o are log-concave on their
domain of definition. Then the optimal twisting functions ¢* = {gbf}tT:O with respect

to QY are log-concave and the optimal value functions V* = {Vt*}:{:o with respect to

QY are convex.
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Proof. We establish that the optimal twisting functions are log-concave; convexity
of the optimal value functions follow from the relationship ¢; = e~V t =0,...,T.
For t = T, log-concavity of ¢ = w% follows by assumption. Assuming that ¢ :
X x X — Ris log-concave, note that y — K7, ,(¢)(y) is log-concave since the product
(z,y) @(x,y)Kﬁrl(w,y) is and log-concavity is preserved by marginalization.

It follows that the Bellman operator Bf’ preserves log-concavity as the product

(z,y) — wf (x,y) K, () (y) is also log-concave. By induction, the proof is complete

using the backward recursion (4.15)). O]

4.3.2 Approximate dynamic programming for learning op-
timal sequence of twisting functions

We first note that the Bellman operators (4.13)) are Lipschitz continuous maps in L?-

norm.

Lemma 4.10. Let ¢ € U(Q) be such that |w ||se < 0o forallt =0,...,T—1. For
eacht =0,...,T — 1, the Bellman operator BY : L2(th+1) — Lz(fo’_Lt) defined in
satisfies

1BY ¢ = BYEl o, ) < Ml llclle = €ll 2y, (4.45)
for all ,€ € L*(Qf111)-

Proof. By Jensen’s inequality, we have

1B — Bf&HiQ(Q?_I )= /)(2 Wy (221,20 K} (0 — ) (20)*QF -y 4 (dw—y, dzy)
< szp”io /XQ(SD - 5)2(35t,37t+1)K£r1(37t,dl’tﬂ)@f(dxt)
= mec%o /;\62(@ - §)2($t7$t+1)Q}tp,t+1(dxtadxt+1)

B2 o £l12

for t =1,...,7 — 1. The same arguments show that (4.45)) also holds for ¢ = 0 and

Bip@ € LQ(Q:&/)—I,t) if p € LZ(Q%H)- [
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The next result characterizes the error of ADP algorithm for learning
the optimal sequence of twisting functions ¢* = {gbf}fzo with respect to Q¥ in
terms of approximate projection errors. In the following, we will write E to denote
expectation with respect to N € N iid random variables { Xg.}2_, with distribution

QY produced in the algorithm of interest.

Proposition 4.11. Let 1) € U(Q) be such that |w)||e < co for allt =0,...,T.
For eacht =0,...,T, given N € N and a pre-specified closed and linear function
class F;, C L2(Qf_1’t), we assume that the approzimate (Fy, Qf’_u)—pmjection operator
satisfies

sup E|PyNE—¢||

€EBYFii

v, < &) (4.47)

where BYFypy == {BVp: @ € Fiy} fort =0,...,T — 1 and BYFryy = {wh}. Let

qu = {Qgt}tT—o denote the twisting functions generated by ADP algorithm (4.29) and

suppose that (x, {Xt"_lzT}g:l) — ¢u(x) is Borel measurable for all't. Then
. T =
Eld: — 6l e ) < 3oV TT Nt (4.48)
’ i—t

k=t

fort=20,...,T (with the convention that Hé:j =1 forl<j).

Proof. Using triangle inequality, the assumption on approximate projection errors

and Lemma m (since Fyyq C LQ(Q&H) and ¢;,, € L2(ijt+1)), we have

e = Ell¢e = ¢l 2y ) (4.49)
= EH@ - B:fz}¢:+lHL2(QiM)
< E|PYBY drer — B drall 2oy ) + EIBY drer = BY 0Ll oor

< &(N) + [y locers

fort =0,...,7 —1. Equation (4.48)) holds for ¢ = T by assumption since B?FTH =
{w%} and for all t = 0,...,T — 1 by induction. O
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T
Although the assumption that the weights {wf’ }t*O are bounded is typically used

in similar ADP error analyses (Gobet|2016]), in our context, such a condition might
be quite difficult to verify in practice. Equation reveals how the approximate
projection errors propagate backwards in time; in particular, it shows that if these
errors can be kept small then ADP algorithm provides a good approximation
of ¢*. As these errors are measured in L?-norm, it is possible to provide a more
precise description of &,(N) using results on least squares approximations which we
collect in Appendix [B] The following is a corollary of Proposition [B.I which deals
with the case of linear least squares; see Appendix for the non-linear case.

For any real square matrix A, we denote its minimum eigenvalue by Ay, (A).

Corollary 4.12. (Linear least squares) For each t = 0,...,T, suppose that the
T

function class is of the form F, = {q)t(x)Tﬁt : By € RMf} where ®; = (gpl}, o ,gpf”t)

is a vector of My, € N pre-specified basis functions satisfying ||o} || < U for all

m=1,..., M;. Define the matrices
AN = le gNj (®o®F) (X7), Ao :=Eqe |(®®) (Xo)] (4.50)
n=1
AN = zlv i (@) (X1, XT), A= Egu [(2:9]) (X1, X))
n=1

fort=1,....T, assume that Apin(A;) > 0 and N € N is such that E [)\;fn(AiV)} <
oo for allt. Fort=20,...,T andp > 1, let HFtHLp(Q;b_M) 1= SUDger, ||§||LP(Q;¢;_M)

(set ||FT+1||LP(Q"’Z’ ) =1 for notational convenience) and suppose this is finite for
T,T+1

p=4. Then

_ 1/2
S(N) = sup [IPYE—€llfage + CUNUAMZE A (AN)] lwf |% (4.51)

min
£EBYFii1

2
where Cy(N) = (gt(N) + )\I;iln(At)||Ft+1||L2(Q?t+l)9t(N)) with

1/2
Q?(N) = <3 (N_2 + N_3) ||Ft+1||iz(Qw ) + 5N_3||Ft+1||i4(Qt¢t+1)> ) (452)

t,t4+1
2 <l 2 3 b P 2\?
0; (N) = Z (3 (N_ - N~ ) Qt—Lt ([90?90? - Qt—Lt(@?S@:n)] )
n,m=1

-3\ n,.m P n,_my]? 12
+N Qtl,t<[%0t o — Qi1 (0} i )} >) .
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The upper bound gives a decomposition of the error involved in prop-
agating approximate projections. The first term is the largest norm of residuals
Ple—¢e FL for € € BYF,,1, where F denotes the orthogonal complement to F; in
LQ(Q;/’_M). This should be thought of as the bias term that depends on the choice
of function class. The second term describes the variance that comes from learning
with only a sample of size N (note that the error is of order N~') with constants that
depend on the number of basis functions M; and their magnitude Uy, the moments in
and how well-conditioned the projection and its approximation are, described

by the size of A} (A;) and the inverse moments of Ay, (AN) respectively.

min

4.3.3 Approximate dynamic programming for learning op-
timal sequence of value functions

Like before, we first note that the Bellman operators (4.14]) are non-expansive

maps in the supremum norm.

Lemma 4.13. Let ¢ € U(Q) be such that |w}]|e < 0o for allt =0,...,T—1 and
define D = {cp X XX = Reinf, exz o(z,y) > —oo}. Foreacht=0,...,T—1,
the Bellman operator TV : D — D defined in satisfies

TV = TiElloo < llo = €l (4.53)

forall p, € € D.

Proof. For any ¢ € D, we have (TY@)(z,y) > —log||w! e + inf (,exz @(u,v)
hence Tf(p € D. Note that

(T — TP (z,y) = log Ky (e7%) (y) — log Ky (e7#)(y) (4.54)

<log Ky (e #tle=¢l) (y) —log K1 (e7?)(y)

= [l = €llo-

By symmetry, we have [TV¢ — TV€|(x,y) < || — ]| hence taking supremum gives

the desired inequality. O
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To measure errors in supremum norm, we will rely on the following lemma

to deal with measurability issues.

Lemma 4.14. Let {1 be a topological space, B(§2,) be its corresponding Borel
o-algebra and (25 be an arbitrary set. If ¢ : {1 X {23 — R is a function such
that x w (x,y) is continuous for all y € {2y, then x +— sup,cq, ©(x,y) is Borel

measurable.

Proof. 1t suffices to check that A, := {x € (21 1 8up,cq, (7, y) < oz} € B(f)
for all @« € R. Write {,(z) := ¢(z,y) and note that since (—o0,a] is closed
in R, by continuity &, '((—o0,a]) is closed in (2, for all y € £2,. Hence A, =
{r e :p(r,y) <aVy e} = Nyen,, ' ((—o0,a]) is a closed set in B(£2;). [

Analogous to Proposition [{.11]for twisting functions, the next result characterizes
the error of ADP algorithm (4.30]) for learning the optimal sequence of value functions

V* = {Vt*}tT:O with respect to Q¥ in terms of approximate projection errors.

Proposition 4.15. Let ¢ € U(Q) be such that |w)||e < oo for allt =0,...,T.

Given pre-specified closed and linear function classes Fy C D, t =0,...,T, we define

the sets TVFy1 :={T ¢ : @ € Fiq} fort =0,...,T—1 and TyFryy == {—logwi}.

Given N € N, for each t =0,...,T, we assume that the approximate (F;, Q?’_Lt)—
.. . n N o,N . .

projection operator is such that {thlzt} s (PY &) () is continuous for all

n—

ze X2 EeTFu and

sup  E[[PYNE — €]l < &(N). (4.55)
E€TYFrpa

N AT
LetV = {Vt}t—o denote the value functions generated by ADP algorithm (4.30) and

N .
suppose that {XZ”_LT} s Vi(z) is continuous for all x € X* and t. Then

T
EV: = Villoo < > ex(N) (4.56)
k=t

fort=20,...,T.
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Proof. Continuity assumptions and Lemma ensure that the left hand side of
(4.55) and (4.56|) are well-defined. Noting that we have F, C D and V;* € D since
V> =T log||w! e, the rest of the proof follows from Lemma and the

same arguments in Proposition [£.11] O

We note that it is also possible to apply Proposition to quantify the error
of the corresponding approximation ngﬁt = e‘Vf, t=0,...,T of the optimal sequence

of twisting functions ¢* = {¢}},_, with respect to Q¥.

4.3.4 Limit theorems

We now examine the asymptotic behaviour of ADP algorithm and
with linear least squares approximations as the number of samples N converges
to infinity. For notational simplicity, given a vector of M € N basis functions
D= (p1,...,om)7,G € M(X) and ¢ € RM, we denote G(®)(x) := (G(¢1)(x), ...,
G(par)(7))T as the vector-valued function and (G(®),c) (z) := SM_, ¢,,G (o) (z)
as the linear combination. Also for any p € N, we write 0, as the vector of p
zeros and 0,x, as the p X p matrix of zeros.

We first look at algorithm (4.29)), in which case for each ¢t = 0,...,T, given
M; € N basis functions &, := (gptl, e ,(,0,{\/[’5>T, the approximate twisting function
has the form ¢, = ®TYN. where the least squares estimator Y = (Aiv >_1 bY s

given by the matrix AY in (4.50) and vector b defined by the backward recursion

1 N n n n n
b = 5 ST W (XE, X Or(XF ., X, (4.57)
n=1
N LS e yeny /e N TN n n X"
by = N Z Wy (thhXt ) <Kt+1(q)t+1)> (At+1) bt+1> (Xt )(I)t(thlet )’
n=1
t=T-1,...,1,
N 1 N W n ) N LN n n
bO = N Z Wy (Xo) <K1 ((I)l)y (Al ) bl > (XO )CI)O(XO)

n=1

For notational ease, here we consider the setting where the number of basis functions
used remains constant over time, i.e. M; = M; extension to the time varying

case is straightforward.



4. Controlled sequential Monte Carlo samplers 121

Theorem 4.16. Let ¢ € ¥(Q) and BV = (ﬁé\’, . ,B{FV)T e RTHOM pe the vector
of least squares estimators generated by ADP algorithm under linear least
squares approzimations with basis functions {®;},_,. Let {A;},_, be the matrices
defined in and assume that Apin(A¢) > 0 for allt = 0,...,T. Suppose

x — KJ'(®,)(x) is Borel measurable fort =1,...,T and

Eqgu [w§(Xo) [KY (@1)(Xo)| [@0(X0)|| < o0, (4.58)
Equ [wf(Xt_l,Xt) K1 (D) (X)) |(I)t(Xt—17Xt)|] <oo,t=1,....,T—1,

EQ¢ [w#(XT_l,XT) |(I)T(XT_1,XT>|} < Q.
Define the vectors {bt}fzo by the backward recursion

by == Egv [w%(XT_l,XT)@T(XT—LXT)} ) (4.59)
by := Equ [w?tb(Xt—laXt) <Kﬁr1(q’t+1)ﬂ4§+llbt+1> <Xt)q)t(Xt—1’Xt)] ’
=T —1,....1,

bo = Equ [w§ (Xo) (K7 (®1), A7'by) (Xo)o(Xo)] -

As N — oo, Y converges in probability to 3* = (55, ... ,6})T where 3 = A;'b,
fort=0,...,T.

Define the vector-valued functions

folwo) == Ag" (wf (zo) (K{ (@1), 87 ) (x0)®o(w0) — (D07 ) (z0)55),  (4.60)
fe(xi1, 1) = At_l (w?(itt_l,%) <Kg€r1(q)t+1)v 5f+1> (24) Py (241, xt))
= AT (®®)) (weog, ), t=1,...,T—1,

fT(ﬂCTA;-fI?T) = Afl (w;e(folv'%T)(DT(folwa) - (<I>T<I>§) (wala fL“T)ﬁ}) )

and write f = (fo,..., fr)* as the vector of functions. If we additionally assume

that Equ | fo(Xo)[> < 00, Equ|fu(Xi—1, X¢)|> < oo forallt =1,...,T, then

\/N (5N - 5*) i> N (O(T—H)Ma 2) (4‘61)
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where ¥ = U, UT is given in terms of ¥y := Egu [(ffT) (XO:T)} and a block upper
triangular matriz U € RTTVMXTHOM doseribed by its blocks of size M x M
OM><M7 © > j7
Uij = IM, 1= j, (462)
Hi;ifl Gk7 1 < j7

fori,7=0,...,T, with

Go = Ay 'Equ [wf (Xo)o(Xo) K (1)(Xo)"] | (4.63)

Gy 1= A7 Egu [wf (X1, X)®u(Xooy, Xo) K (Pr)(X)T], t=1,..., T — 1.

Proof. Note that for each t = 0,..., T, by strong LLN AY — A, almost surely as
N — o0, hence using continuity of matrix inversion and the continuous mapping
theorem, we have (Aiv )_1 — A, almost surely. Using continuity of the spectral
matrix norm and another application of the continuous mapping theorem, we see
that Apin (Aiv ) — Amin (A4;) > 0 almost surely, so for sufficiently large N we have
invertibility of AN with probability one.

Starting with time ¢ = T', by LLN b4 — by in probability so by Slutsky’s lemma,
it follows that g = (A¥ )71 by — 35 in probability. Consider

By — Br= (AN) (o) — ANBE) = (A7 +op(D) (B — AYB;).  (464)

Since Az (bY — ANB;) = NTVSN, (X4, X3, Egu [fr(Xr_1, Xr)] = Oy and
Equ|fr(Xr—1, X7)|> < 00, we have by — A¥ 35 = Op(N~1/2). Therefore

* 1 ol n n -
5’}\[ —Br= N Z fr(X7_y, X7) + op(N 1/2), (4.65)
n=1
hence applying CLT gives v N (6%[ — 5}) Ly N (Oar, X, ) with Xy = Egu [ (fo%)
(Xr_1, X7)].
We now argue inductively: for time t =1,...,7 — 1 (same argument for ¢ = 0),

we decompose b = ¥ + dV with

1 al n n * n n n
o = N Z wiﬁ(thl,Xt ) <th-}‘rl(®t+1>76t+l> (X)) De( XLy, X7, (4.66)
n=1
1 al n n * n n n
df = 5 3wl (X7 X7) (K (@), B — Bl ) (X B(XT, X7,
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Assuming that 8, — 57 '\, in probability, by Cauchy-Schwarz inequality we see

that [dY] = op(1) so b)Y — b; in probability. Therefore by Slutsky’s lemma, it
-1

follows that BN = (Aiv ) bY — B¢ in probability.

We now examine
BY =B = (AN) T (0 — ANB) = (A7 op(D) (N +dY — AVB;).  (4.67)

Firstly, since A" (e — ANB;) = NTVS0) fi(XP 0, X7), Bge [fi(Xim1, X0)] = O
and Equ | f+(Xi—1, X¢)|* < oo, we have ¢ — AN B; = Op(N~1/2). Secondly, assuming
that v N (ﬁﬁl — 5j+1> AN (OM, Efm) for some covariance matrix Xy, , we can
write A, dY = Gy(BY, — Bfi1) + op(N~Y2) so dY = Op(N~Y/2). Combining these
observations and noting that the least squares estimators 5~ and ,Bt]YH depend on
common random variables, we consider the difference

1 N
B = B = Gi(Bi%s — Bi) = 7 20 A(XT, XP) +op(NTH2), (4.68)

n=1

which also holds for the case ¢ = 0 using the same arguments. Stacking (4.68)) for
t=0,...,7—1and (4.65) for t =T as a (T + 1) M-dimensional vector gives

B — B — Go (BY — B
BY - Bt — Gy (BY - B o
Vv = s =¥ 2 F(Xgir) +op(N7/2).
By~ Biy — Gr (BY - 53) "
By — B3

(4.69)

Noting that UYy = ¥ —3* forany N' € Nand by CLT VNYx % N (Or1yr, )
as N — oo, (4.61)) follows from an application of the continuous mapping theorem.
m

The above result reveals that in the large N regime, the distribution of twisting
functions generated by ADP algorithm concentrates around with
Gaussian fluctuations. We note that the block upper triangular structure of matrix
U is inherited from the backward nature of ADP recursions. The form of the
asymptotic variance ¥ = UX,;U” also suggests that in general, we expect the

variance of the least squares estimator to be larger at earlier times.
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We now analyze algorithm (4.30)). Like before, for each ¢ = 0,...,7T, the

approximate value function has the form V, = OT BN where the least squares

1
estimator BN = (Aiv ) bl is given by the matrix AY in (4.50) and vector b

defined by the backward recursion

1 Y n n n n
by = N Z log w%(XT—la X7)®r(X7_y, X7), (4.70)
n=1

-1

1 al n n —oT N N n n n
by = N > (log wi (X7ty, X[') + log Ky (e i (4f) ) (x )> Oy (X0, XP),
n=1

t=T-—1,...,1,

1 Y -1
b =5 2 (log wi (Xg) + log K (e (A7) ol ><X3>) y(X7).

n=1

Theorem 4.17. Let ¢ € ¥(Q) and Y = (Bév, . ,ﬁ:}V)T e RIHDM pe the vector
of least squares estimators generated by ADP algorithm under linear least
squares approximations with basis functions {(Pt}f:()' Let {At}fzo be the matrices
defined in and assume that Apin(A) > 0 for allt = 0,...,T. Suppose
x — K} (e"®P?)(z) is Borel measurable for all B € RM and t =1,...,T, define the

vectors {by},_y by the backward recursion

br := —Egv {log wgi(XT_l,XT)CDT(XT—hXT)} ; (4.71)

by := —Egu Klog wf (X,-1, X;) + log Kﬁrl(e*q)tT“At_jlb”l)(Xt)) ‘I’t(Xt—let)} ’
t=T—1,.. .1,

bo = ~Equ [(log wi(Xo) + log K7 (e~ 47 (X)) ®(Xo)]

and assume that these expectations are finite. Assume also that for each t =
0,...,7 —1, there exist Cy : X — Ry and p, € C(R4,R,) satisfying

Equ [Ce(Xy) |Pu(Xi—1, Xy)|] < o0 and lim pi(x) =0 (4.72)
such that

log I8, (¢ 07) () — log s (e ) ()] < Gl (15— B1) (4.73)

holds Qip(dx) —a.e. forall B, € RM. As N — oo, BN converges in probability to
B = (5, ... ,6})T where Bf == A; b, fort =0,...,T.
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Suppose that for each t = 0,...,7 — 1, f — log Kﬁl(e_q’fﬂﬂ)(x) is twice
continuously differentiable for all x € X, thei,j =1,..., M element of its Hessian
matriz v — Hyl (B, 2) = 03,03, log Kﬁrl(e_ézﬂﬁ)(x) is Borel measurable for all

B e RM, satisfies EQ¢’|Hzﬁ1(ﬁg+laXt)q)t(Xt—laXt)| < 0o and
1 N “x -
o 3 HEL (B0 X)X, X7) = B [HIZ (Bl X)®(Xo, X)] - (474)
n=1

in probability whenever Bﬁrl — Biy1 in probability as N — oo. Define the vector-

valued functions

fo(wo) = —Ag" ([logwy (o) + log K7 (e7*177) (20) | Po(wo) + (@o®] ) (w0)57)
(4.75)

ft(xtflwft) = —A;l {log wip(xt,l,xt) + log Kzﬁﬂ(e—@fﬂ,@;ﬂ)(%)} (I)t(ivtq, xt)
_A;l (CI){KD?) (Clitfl,l't)ﬁ:, t:17.__,T_17

fr(zr_1,x7) = —A}l (log w;ﬁ(l’T—th)q)T(xT—h xr) + (<I>T<I>§) (xT—laxT)ﬁ;) ,

and write f := (fo,..., fr)T as the vector of functions. If we additionally assume

that Ege | fo(Xo)[* < 00, Equ|fi(Xi—1, Xy)|? < oo forallt =1,...,T, then
VN (BY = 3) <5 N (01, X) (4.76)

where ¥ = U UT is given in terms of ¥y := Eqv [(ffT) (XO;T)} and a block upper

triangular matriz U € RITODMXTHOM doseribed by its blocks of size M x M

OMXM7 7’ > j7
Uij ==« I, i=7, (4.77)
[5Gy, <3,

fori,5=0,...,T, with

Go = — Ay Equ [99(X0) Vg log KT (e~ "171)(X,)"] (4.78)

Gt — _A;lEQw |:q)t<Xt717Xt)vﬁ log KzFl(e*q)Z;lﬁ;rl)(Xt)T} , t = 1, ce

)

Proof. Most arguments in the proof of Theorem apply here with necessary

changes to deal with intractability of the function (5, z) +— log Kﬁrl(e"btﬂlﬁ )(z)
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which we outline. For time ¢t = T', the same arguments yield (4.65]), consistency and
a CLT for the estimator Y as N — oo.
For the inductive step at time ¢ = 1,...,7 — 1 (and similarly for ¢ = 0), like

before we decompose b¥ = ¢ + dV with

N
Z (10g wy (X, X{') +log thjr (e” ;‘F“Bt*“)(th)) Dy (X[, XT),

n=1

_ L
N
(4.79)

1 Y .
t = N Z (10g Kﬁr zﬂﬁt“)(le) — log Kgrl(e_q)?“ﬁﬁl)(xf)) (X", X7

It B, — B;,, in probability, by assumption (4.73) we have

1 al n n n *
'] < < 22 GO (X, X (1850 — Bial) = op(1) (4.80)
n=1
hence B — B in probability. By Taylor’s theorem, we have

1 al Y n * n n
df =~ 2 (Valog Il (e ") (X, By — Biia) (X7 X{) + RY
(4.81)

3
—

with remainder

N ~
v (BN, = Bia) Hena (B, X7 (B — By ) (X7, X7 (4.82)

Z\H

for some 37, between 3, and f3;, . By squeeze theorem 5, — 37, in probability,

so using assumption (4.74]) and \/N(B{YH — Bt*H) N N(OM,th+l> for some

covariance matrix X, | establishes that RY = Op(N~!) and hence d¥ = Op(N~1/2).

The rest of the proof follow the same arguments in Theorem [4.16| O

The conclusions of this result is similar to Theorem [£.16] The assumptions
and , needed for consistency and central limit theorem respectively,
can be verified when the form of (3, z) — log K}, (e~*+1%)(x) is available. Using
Newey and McFadden| (1994; Lemma 2.4), a sufficient condition for is

Egv [supﬁe@thl Hfﬁl(ﬂ, Xt)CIDt(Xt,l,Xt)H < oo for some compact set ©;,; contain-

ing B:Jrl'
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4.3.5 Iterated approximate dynamic programming

We now study the asymptotic behaviour of twisting functions (i) € ¥(Q) generated
by Algorithm |5, when either ADP (4.29)) or (4.30]) is employed in step 2(b)i, as the

number of iterations i — oco. We will work on the closure of ¥(Q)

U (Q) ::{@/JO:X—> [0,00), 9 : X x X = [0,00)t =1,...,T : 1y € L'(Qy),

Y € Ll(Qt—l,t)}a (4.83)

which can be seen as a closed subset of the complete separable metric space
LYQo) TTEZ, LY(Q+—1.¢) (Cohn[2013; Theorem 3.4.1, Proposition 3.4.5) with the met-
ric
T
p(e,€) =llvo — &ollLr(qo) + ; lor = &llLr(@ur (4.84)
for o = {gpt};‘rzo € = {&}?:0, and hence also a complete separable metric space
with the inherited metric p.

We assume that the choice of function classes {Ft}tTZO are such that if ¢ € ¥(Q),
then gg estimated from ADP algorithm or satisfies 1) - ngS € U(Q). For
example, this is satisfied when we select F; € L>®(X?) in and F; C D in (4.30)).
We begin by writing the iterative scheme as a mapping. Let F: U x U(Q) — ¥(Q)
be defined as Fy () := 1 - gg where ngS is the output of or and U e U
encodes all uniform random variables needed for the simulation of N € N iid
samples from Q¥ to perform approximate projections. As the uniform variables
used at every iteration are iid, F' is an iterated random function which defines
a Markov chain {@/AJ(Z)}ZO on ¥(Q). Under appropriate regularity conditions on
F', we can establish existence of a unique invariant distribution and convergence

to the latter at a geometric rate.

Theorem 4.18. (Diaconis and Freedman |1999; Theorem 5.1) Let u € P(U) denote
the uniform distribution onU and suppose that there exists a function C : U — [0, 00)

such that

p(Fu(p), Fu(§)) < C(U)p(#, ) (4.85)
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for all 9,& € U(Q), f Cuu(du) < o0, fy p(Fulgo), vo)u(du) < oo for some

vo € ¥(Q) and [, log C(u)u(du) < 0. Then the Markov chain {w(z)}io generated
by Algom'thm@ when either ADP (4.29) or (4.30) is employed, admits a unique

invariant distribution n € P (@(Q)) Moreover, if G'(p,-) denotes the law of the
Markov chain after i € N iterations from ¢ € ¥(Q), then o (G (p,-),n) < D(p)r
for some D : ¥(Q) — R, and r € (0,1), where g is the Prokhorov metric on
P (@(Q)) induced by the metric p.

Equation is an assumption on the regularity of the ADP procedure:
i.e. for two sequences of twisting functions ¢ € ¥(Q) and ¢ € ¥(Q) that are
close, given the same uniform random variables U, the approximated twisting
functions ¢ € ¥(Q¥) and £ € WU(Q*) should also be sufficiently close to keep
the Lipschitz constant C(U) small.

4.3.6 Distance from target distribution

We are now interested in characterizing how far the terminal distribution of a
twisted SMC sampler is from the target distribution 7. For a real-valued function
¢ : 2 = R, we define its oscillation as osc(p) = sup(, ,)enxn [9(*) — @(y)|. We

will use the following sensitivity result.

Lemma 4.19. (Del Moral|2004; Lemma 6.2.1) Let p be a probability measure on a

measurable space (2, F) and ¢, & : 2 — Ry be two measurable functions in L'(u).

The probability measures p,(dx) = p(da)e(z)/pu(e) and pe(dr) = p(dz)(z)/w(&)
satisfy

1
lrte = pellrv < Sosc (log g —log ). (4.86)

N N T
Proposition 4.20. Let i) = {% = e‘Vt}t_O € U(Q) denote a sequence of twisting
functions and 7y = WépKip e K}p the terminal distribution of the corresponding

twisted SMC' sampler. We have

T
177 —mllov <oV = Vi lloo (4.87)

t=0
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where * = {wz‘ = e‘Vt*}T

o denotes the optimal sequence of twisting functions with

respect to Q.

Proof. We write the marginal distribution at time t = 1,...,7T of the twisted and
optimally controlled SMC samplers as 7; := WGZ)K? e Kzﬁ and 7} = WBWKl o K ’

respectively. Using triangle inequality and properties of Markov operators, we have

er = || — 7oy (4.88)

= ||7ATt—1KZp - W:—lep*

TV
<N K — 7 K lov + |7 K — 7 K ||y

erat [ KT @) = K (@, ) oy 7y (daioa)
fort =1,...,7. Applying Lemma gives

) * 1 N A
1KY (211, ) = K (w1, ov < 508¢ (‘/t(xt—lv ) = Vi (@, )) < Vi = Voo
(4.89)
forall 2,y € Xt =1,...,T and similarly ey := ||7T8; — 78 ey < ||Vo = Vifl|oo- The

proof is complete by induction and noting that 7}, = 7 by construction. O]

4.4 Examples

4.4.1 Linear quadratic Gaussian control

We consider a particular setup of Example [3.7] where 9 = N (o, o) and L(z;y) =
exp (—%(y —x)'R™ Y (y — l’)) for some symmetric positive definite R € R¥? and ob-
servation y € R?. For this model, given a tempering schedule {\;}L, we have m; =
N (e, 30) for t =0, T with $;' = Xg" + AR and = 5 (S5 o + MR y).
Although conjugacy renders this model trivial, the analytical tractability available
here is valuable as it provides insight and allows us to draw connections to concepts

from the linear quadratic Gaussian (LQG) control literature.
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4.4.1.1 Riccati equation

We now show that the backward recursion (4.16) can be performed exactly thus
giving analytic expressions of the optimal sequence of value and twisting functions

with respect to (). We first note that under the choice of transition kernels in

Section [4.2.1} the incremental weights ((1.42)) have the form
—logwy(xi—1, ;) = a:tT/th + xf’ét + ¢+ a:f_lfjtxt_l + ol & (4.90)

for t = 1,...,T, where

~ A
A= Etz;?, (4.91)
- A
bt = _th;Q,uta
At — A
6t - ( ! 2 : 1)?JTR_1?Ja
i} Arery (v—Ar) o
D, ——gzt%r d Qt R
~ L -1 At -2
€t = _()\t — )\t—l)R y+ 7215 ot -

4

For sufficiently small step size, observe that dropping O(A;) terms in (4.90)) gives

logwy(z;—1,2) = (A — A\—1)log L(x;_1) which, as expected, recovers the AIS

incremental weight ([{1.55]). For notational convenience, we set {flo, l~)0, Co, Do, éo} as

the zero matrix or vector of the appropriate size and write the forward Euler move
as fi(zi1) = e + %Vlogﬁt(xt—l) = Giry1 + hg, with Gy = Iy — %Et_l

and ht = %Z;lut

Proposition 4.21. The optimal sequence of value functions V* = {V;*}tT:O with

respect to @) is given by

Vi (zo) = :UOTA(’SLI:O + xgbf; + 5, (4.92)

* T Ax* T 7% * T * T * _
Vi(xer, @) = oy Ajxy + 2, 0 + ¢ + x4 Djwey + ey, t=1,...,T,
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where the coefficients { A}, b;, ¢, Dy, ef}:{:o are determined by the backward recursion

1

A= A
cT A A,

Gy (]d - @;tk+1> Giir + Dy, (4.93)
* T * * * 1 * —
by = by + G197 1 b4y + €4 + §Gt+1 (Id - @t+1) St

~ 1 . 1
C, = C+Ciyq — 2 log det (@t+1) + mhtﬂlhtﬂ
1

204
Dzk = Dt7

(ht+1 - At+1bf+1)T SH (ht+1 — At+1b:+1) )

*_
€ = €,

fort =0,...,T—1, with ©F := (I; + 20, A%) ™" and initialization at { A%, b, ¢, Dis e}
= {/IT, by, ér, Dy, éT}. The corresponding optimal sequence of twisting functions

with respect to Q is given by ¢Yf = eV t=0,...,T.

Proof. We proceed by induction. Clearly, (4.92)) holds for ¢ = T since Vi = —log wr.

Suppose that V;% | has the form (4.92)) with coefficients {A;‘H, b1, ¢, Diyy, e;ﬁrl}.
The recursion (4.16)) has the form

Vi (@1, m) log wy(we—1, x¢) — log K1 (¥)1)(2) (4.94)
with ¢y, | = e Ve, Using 1) and some manipulations, we obtain

~ log Kot (01,)(w1) = a7 <Gt+1(fd 01 + D;‘H) o

+ay <Gt+1@t+1bt+1 t et §Gt+1 (Id - @t+1> Et+11Mt+1> Tl T g log det (@t—H)

1 1

+—nl hpy — ———
R o 20¢ 41

* T *
A, (ht+1 - At+1bt+1) I (ht+1 - At+1bt+1) : (4.95)

Adding this to (4.90) shows that V;* has the desired form (4.92) and equating
coefficients of the polynomial gives (4.93]). a

The backward recursion is analogous to the Riccati equation in the context
of LQG control. To illustrate the behaviour of these coefficients, we shall henceforth
set o = 04,50 = Ig,y = (&,...,8)7 for some & € R and R;; = ;5 + (1 — 6;5)p
for i,j = 1,...,d and some p € [—1,1] (here §;; denotes the Kronecker delta).
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In the top row of Figure .1, we plot the time evolution of these coefficients
for d = 2, = 4,p = 0.8.

Noting that the optimal cost of the Kullback-Leibler control problem (4.23))
is v* = —logZ = —logmo (), as the top right plot shows that the constant )
has a dominant contribution to v*, this suggests that it is important to estimate
the constants in — to learn good twisting functions. Moving from the
bottom left to top left plot, we observe that increasing the location parameter
¢ increases the magnitude of {b}, e} }tT:O but keeps {A4;, DZ}Z;O unchanged. This
is evident from the expressions of {D}, ei},_,. For the coefficients {b;},_,, it is
intuitive that its magnitude should also increase since, for the optimally controlled
sampler to have the desired terminal distribution, one would have to initialize
closer to the target distribution and take larger drifts in the appropriate
direction. As the parameter £ does not alter the ‘structure’ of the problem, it is
also unsurprising that changing ¢ has no effect on {Af}tTZO. Comparing the plots
on the bottom row, we see that the off-diagonal elements of { A}, Dy }tT:o vanish
under independence. This indicates poor performance for very correlated target
distributions if we do not take these terms into account.

Having obtained the optimal sequence of twisting functions with respect to @)
in a backward sweep, we may then simulate the optimally controlled SMC sampler
in a forward pass. In Figure [£.2] we contrast the output of the uncontrolled SMC

sampler with that of the optimally controlled.

4.4.1.2 Implementation details

We now discuss some implementation issues. Here we choose constant functions
in the parameterization (4.35)), i.e. Ay(z,_1) = A; € R b(z,_,) = by € RY,
and select dy(z;_1) as discussed in (4.44) (note that for this example, the additive
constant needed is x, = Xy o + MR7'y). For each t = 0,...,T, we denote
the vector of unknown coefficients as 5; := (A, b, ¢;) € RP and note that this
has dimension p = %dQ + %d + 1. As we can compute the optimal sequence of

value functions with respect to () in this setting, this allows us to evaluate the
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Figure 4.1: Coefficients of the optimal sequence of value functions with respect @ in
LQG control under various problem settings. The configuration of the uncontrolled SMC
sampler is T'= 10, A; = 0.1, \; = t/T. Note that all except the top right plot share the
same axes.

effectiveness of ADP routine (4.30)) and the iterative behaviour of Algorithm
under correct parameterization.

Instead of employing a numerical optimization routine to perform the minimiza-
tion steps in Algorithm [4, we observe that each of these linear least squares

problems is solved by
—1 _
BY = (XIX0) X7 (Vi—dy), (4.96)

where X, € RV*? denotes the design matrix associated to the quadratic model, V, =
(Vi(XE XD V(XN X)) and d = (di(XL,), ., di(X/)) . Although
this procedure does not enforce the positive definite constraints —, in
our numerical implementations, we find that these constraints are satisfied when
the step sizes {A;}]_; are sufficiently small. Furthermore, one could also project

onto the space of symmetric positive definite matrices, using for example the result
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Figure 4.2: Comparison of uncontrolled and optimally controlled SMC samplers in
terms of effective sample size (top left), normalizing constant estimation (top right) and
variance of weights (bottom row). The problem setting here is d = 4, = 10, p = 0.8 and
the uncontrolled SMC sampler’s configuration is N = 100,7 = 10, A; = 0.1, \;, = t/T.

by [Higham| (1988) for Frobenius norm. Although the computational complexity

of is O(N), it scales quite costly in d as this requires inversion of a p X p
matrix. For problems with large d, it might be worth considering the use of iterative
linear solvers which offer reduced complexity. While it is tempting to also reduce
complexity by restricting A; to a diagonal matrix, we find that this approach
performs poorly when correlation in the target distribution is significant.

Figure [4.3] shows the coefficients estimated by the controlled SMC sampler. It is
striking that with just N = 100 particles, we are able to accurately estimate, in a
single iteration, the true coefficients in dimension d = 12 (here p = 91). That said,
we typically need to increase N with d to prevent the Gram matrix X7 X, from being
ill-conditioned. Moreover, we see from Figure [4.4] that, for this particular example, it
is unnecessary to iterate the algorithm as the twisting functions converge immediately

to an invariant distribution that is very concentrated around the optimal.



4. Controlled sequential Monte Carlo samplers 135

X L b4 )o( 4 o e . . o 3 . ° ° -
-1 x
s X
2| - X Optimal
< Optimal - °i=0 X
Py e i=0 > Optimal e i=1
- . it ~ o i-0 )‘ s i-2 X
_ _ —
2 « £ e I .
=, =, = r(
< - =< s
b . X
o x
o X
o & & & W e e o o o o
3 B 0 i

6 7 9 10 0 1 2 3 4 5 6 7 8 9 ‘D 2 3 4 5
t t t

Figure 4.3: Comparing coefficients of value functions estimated by the controlled SMC
sampler against true coefficients. The problem setting here is d = 12,£ = 24, p = 0.99 and
the uncontrolled SMC sampler’s configuration is I = 2, N = 100,7 = 10,A; = 0.1, \; =
t/T.

»05—:“ ——A5{(1,1)
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Figure 4.4: Coefficients of value functions estimated by the controlled SMC sampler
over iterations. The problem setting here is d = 12,& = 24, p = 0.99 and the uncontrolled
SMC sampler’s configuration is I = 20, N = 100,7 = 10, A; = 0.1, \; = t/T.

4.4.1.3 Comparison of algorithmic performance

We now compare the controlled SMC sampler against AIS as correlation parameter
p, location parameter ¢ and dimension d vary one at a time (with default fixed at
p =05 =10,d =4). We consider AIS in three different regimes: we increase
either the number of MALA iterations M (abbreviated as AIS-Iterations), the
number of particles NV (AIS-Particles) or the number of time steps 7" (AIS-Steps),
when comparisons are done at a fixed computational cost, measured in terms of run
time. Otherwise, these tuning parameters are kept at M =1, N = 1000, T = 50. As
we found that a single iteration and time step is adequate for the controlled SMC
sampler, N was increased to match the computational cost of other algorithms. For

all algorithms, we used a linear tempering schedule, i.e. A\; =t/T. The step sizes of
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Figure 4.5: Comparison of algorithms in terms of ESS as correlation parameter p (left),
location parameter £ (middle) and dimension d (right) vary one at a time. Lines and error
bars indicate median and interquartile range of 100 repetitions respectively. Note that for
ease of illustration, we plotted the percentage instead of the actual ESS obtained.
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Figure 4.6: Comparison of algorithms in terms of RMSE in the estimation of log Z as
correlation parameter p (left), location parameter £ (middle) and dimension d (right) vary
one at a time.

MALA moves were tuned to achieve suitable acceptance probabilities while that of
the controlled SMC sampler were kept at 1. The results are summarized in Figure
and [4.6] which plots ESS and RMSE in the estimation of log Z, respectively,

for 100 independent repetitions of each algorithm.

4.4.2 Bayesian logistic regression

Consider a binary regression problem: each observation y; € {0,1},i =1,...,n
is modelled as independent Bernoulli random variable with probability of success
n(zTX;), where z € R? denotes the unknown regression coefficients and X; € R?
the i'" row of a model matrix X € R"*¢. The logistic regression model corresponds

to taking the logistic function as link function, i.e. n(u) = (1 +e *)~! for u € R,
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hence the likelihood function is given by
L(z;y) = exp (yTXx — > log (1 + emei)> (4.97)
i=1
where y = (y1,...,yn)" € {0,1}" denotes the data set. Following Hanson et al.

(2014)), we prescribe a Gaussian prior distribution my = N (pg, Xo) of the form

o = 0g,%0 = %(XTX)”. It is easy to check that

Viog L(z;y) = X'y — Z g xTX : (4.98)
so the additive constant required in (4.44) is simply x; = A\ XTy.

4.4.2.1 Implementation details

For this example, we used the same function classes {Ft}tTZO described in Section
4.4.1.2) and carried out the learning procedure in the same manner. The rationale
for choosing the same parameterization is based on the following informal argument:
as this choice results in twisting functions - that are log-concave and
the distributions {m;}7, have log-concave densities, in view of Proposition [4.9] we
expect the optimal sequence of value functions that we have to approximate at
each iteration to be convex, and adequately approximated by a quadratic model.
Moreover, in contrast to the Gaussian example where this choice provided the
correct parameterization, this additional layer of approximation also explains why
we observe that the resulting algorithm now exhibits sensitivity to the number of
iterations and the choice of step size (see Figure , which we tuned using pilot runs.

In Figure [4.8] we plot the coefficients of twisting functions generated by the
controlled SMC sampler over I = 10,000 iterations with a burn-in of 100. These
plots reveal that the invariant distribution of these coefficients is likely to be
Gaussian and consequently that at stationarity, the corresponding value functions

are Gaussian processes.
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Figure 4.7: Illustrating sensitivity of ESS to the number of iterations and step size
taken by the controlled SMC sampler on the Australian credit (left) and German credit

(right) data sets.
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4.4.2.2 Comparison of algorithmic performance

We now perform a comparison of algorithms on the analysis of three real data
setd’| with different characteristics. Like before, we first tune the controlled SMC
sampler and compare it against AIS (in various regimes) at a fixed computing
time. The configurations used for each sampler are given in Table [£.1] The results
summarized in Table [4.2| show that the controlled SMC sampler obtained at least
three order of magnitude gains over AIS and across all data sets. We also note
that the comparison done here is conservative in the sense that we only included

the output from the final iteration of Algorithm [5]

Data set
Heart disease Australian credit German credit
(n=270,d =14) | (n =690,d = 15) | (n = 1000,d = 25)
M 2 2 2
] N 1000 1000 1000
AIS-Iterations
T 20 20 20
A 0.05 0.0275 0.01
M 1 1 1
] N 1200 2000 1500
AIS-Particles
g T 20 20 20
-‘E A 0.05 0.0275 0.01
& M 1 1 1
< N 1000 1000 1000
AIS-Steps
T 25 40 35
A 0.05 0.025 0.01
I 3 4 4
N 6500 10000 8000
Controlled SMC
T 1 1 1
A 10~10 10~ 101!

Table 4.1: Configurations of each sampler for each data set. Notationally, N refers
to the number of particles, T' the time steps and A the constant step size used in each
sampler. For AIS algorithms, M denotes the number of MALA moves used at each time
iteration and I the number of iterations taken by the controlled SMC sampler.

?Data sets were downloaded from the UCI Machine Learning Repository and standardized
before analysis.


http://archive.ics.uci.edu/ml
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Data set
Heart disease Australian credit German credit
(n=270,d = 14) (n =690,d = 15) (n = 1000, d = 25)
ESS (IQR) 5.5688 (6.5680) 1.7742 (1.5275) 1.3801 (1.1362)
ESS% 0.56% 0.18% 0.14%
AIS-Iterations R
log Z4+SD —118.4378 4 0.8660 | —254.9354 £+ 2.3788 | —532.4756 + 3.7082
RMSE 0.9837 4.8094 15.0063
ESS (IQR) 3.2188 (3.5882) 1.5762 (1.2667) 1.0546 (0.3976)
ESS% 0.27% 0.08% 0.07%
AIS-Particles .
g log Z£SD —118.9623 4+ 1.4145 | —257.1527 £ 2.5286 | —539.9356 + 4.9142
=
-*5 RMSE 1.7259 6.8805 22.5424
=]
o0 ESS (IQR) 3.5735 (3.7007) 2.0064 (1.8243) 1.2475 (0.8060)
< ESS% 0.36% 0.20% 0.12%
AIS-Steps .
log Z4+SD —118.5834 +£1.1022 | —254.3903 + 2.0405 | —532.8401 4+ 3.7630
RMSE 1.2598 4.1693 15.3731
ESS (IQR) 6133 (72.8052) 9133 (123.0457) 7634 (62.8757)
ESS% 94.35% 91.33% 95.43%
Controlled SMC .
log Z4+SD —117.9634 £ 0.0039 | —250.7489 + 0.0034 | —517.9294 4+ 0.0028
RMSE 0.0039 0.0034 0.0028

Table 4.2: Summary of results obtained by each sampler in 100 independent repetitions.
RMSE refers to the estimation error of log Z, which we computed by taking reference to
an estimate obtained using many repetitions of a SMC sampler with a large number of
particles.



Conclusions

In this chapter, we give some concluding remarks and mention some future lines of re-

search.

5.1 On transport methods

The use of transport theory to design more efficient Monte Carlo methods is still
an early area of research that has received increased attention in recent years.
As existing literature is spread across various subjects, the first objective of this
thesis was to provide a review of these ideas in a coherent framework (Chapter
and Section [3.3).

In Chapter [3|, we focused on the problem of constructing transport maps using
flows. The main purpose of this work is as follows. Firstly, we provide a theoretical
justification for the validity of these methods (Section as such an understanding
was lacking when this research was undertaken. As demonstrated in Example 3.8 and
[3.11] these considerations are important as pathologies can occur and often manifest
as numerical difficulties in practice. Future work in this direction could consider the
use of Ambrosio et al.| (2005; Theorem 8.2.1) to relax assumption Al in Theorem
Secondly, we construct a solution to the flow transport problem (Section

and introduce the Gibbs flow as a computationally tractable approximation (Section

141
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3.3.8]). Future work could involve seeking other approximate solutions to the flow
transport problem. Thirdly, we show how to implement a SMC sampler which uses
approximate Gibbs flow and MCMC moves (Section . With minor changes,
this can be seen as a more general framework to implement a sampler based on

any approximate solution to the flow transport problem.

5.2 On optimal control methods

Exploiting the connection between smoothing for state space models and Kullback-
Leibler optimal control is a subject of recent interest (Kappen and Ruiz 2016
Pieralberto et al.| 2016, Ruiz and Kappen 2016|). In Chapter , we leverage this
connection to develop more efficient SMC samplers.

The methodology developed in Section and [£.2) is novel and the resulting
controlled SMC sampler can be thought of as a type of adaptive importance sampler
that is trained using reinforcement learning. The performance of such control
methods depends on the choice of function classes used to approximate the optimal
sequence of twisting or value functions of the control problem. In Section [£.4] we
have only implemented constant functions in the parameterization ; future
work will experiment with the full flexibility of this function class and the use of
ADP algorithm for twisting functions.

In contrast to the above references, we provide a theoretical analysis of our
proposed methodology in Section [£.3] Most of these results can be applied or easily
adapted to study the algorithm proposed by Pieralberto et al. (2016). Future work
in this direction could involve relaxing the assumptions in Proposition |4.11] and
[4.15] extending the limit theorems in Section to the non-linear least squares
setting and characterizing the invariant distribution of Theorem in the regime
where the number of samples is large. The latter does not follow straightforwardly
from Theorem and as the dependence of and on the given
sequence of twisting functions is complex. Lastly, we also hypothesize that the
framework presented in Section could be of broader interest in the ADP

community to analyze value function iteration algorithms.
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Jacobian of Gibbs velocity field
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A.1 Expression of Jacobian

Consider the form of the Gibbs velocity field f given in (3.76). For notational ease, we
write fi(t,z) = N;(t,x)/v:(z) where N; is the numerator and ~,(z) := mo(x)L(x)*®
is the unnormalized density at time ¢ € [0,1]. Now for (¢,z) € [0,1] x R?, consider

the (i,)"™ element of the Jacobian matrix Vf(t,z):

0u, filt,w) = filt, )0, log filt,z) (A1)
= f;(t, x) (8%. log Ni(t, z) — 0y, log 7t(x))
= W - ﬁ'(t? Qz)azj log ’Yt(x)'
Note first that
0y, log v (x) = 0y, log mo(x) + A(t)0,, log L(x). (A.2)
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The tricky term to compute is

w - X(t){aijt(a:ilx_i) L o; log L(yi, i)y (yi, i) dy; (A.3)

+ Fi(wi|z )0y, (/ log L(yi, v—i)ve(ys, 7—4) dyi)

— Oy, (/; log L(yi,xi)'yt(yi,xi)dyi> }/%($)-

For diagonal entries, i.e. ¢ = 7, this is

Qe Nilt,w) _ o [ I log Ly vlyssa) dys
O N { JZo iy v—i) dy; log L >} : (A.4)

The terms needed in off-diagonal entries are

O, Fiy(xi|r_;) = /_ Oz, log T (yi, i) me (il v ) dyi (A.5)

— Ft($i|x—i)[ Ou, log 7y (ys, v i) me (ys| 2 —i) dy;,

and

Oz, (/logL(yi,x_i)%(yi,x_i)dyi) Z/axj log L(yi, i) ve(ys, v—)dy; ~ (A.6)

+ / log L(yi, —i)ve(Yi, ©—i) O, 10g Ve (yi, i) dyi

with appropriate limits.

A.2 Expression for truncated Gaussians applica-
tion

For notational ease, we write the Gibbs velocity field (3.101)) as

~ ]\[Z t,l'
ityr) = ——— o)
T0(2) Joi(y To(Yis T—i) Ay
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where N; denotes the numerator. Now for (¢,z) € [0, 1] x supp(m), consider the

(i,7)™ element of the Jacobian matrix Vf(t,):

Or, fi(t, ) = fit, 2)dy,; log fi(t, x) (A8)
- Bi(t)
= i) (0, 10.N,0,0) = 0, Togma(a) = 0, o ([ st ) |
a;(t
aer,-(t, .CL’)

= . - .fl(tax)axj 10g7ro($)
mo(x) [ mo(yi, v—) dy;

~ Bi(?)
— fi(t, 2)0,, log (/ 7o (Yi, T—;) d%‘) -

ai(t)
For diagonal entries, i.e. 7 = j, we have

_ Bi)mo(Bi(t), x—s) — o(t)mo(ci(t), x—)

. filt, )0y, log mo(w). (A.9)
foil((f)) 7o(Yi, ©—) dyi

8xiﬁ(t, x)

The terms needed in off-diagonal entries are

Bi(t)
Ox, Ni(t, ) = a;(t)ﬁo(ai(t),x_i)(?xj logﬂo(ai(t),x_i)/xv mo(yi, z—;) dy;  (A.10)
, Bi(t)
+Oé¢(t)7To(Oéi(t)7$—i)/_ 0z, log mo (Y, i) mo(ys, v—) dy;
BB (1), )0, Tormo(5(1), 1) [ mo(yi,w-1)
+ Bi(t)mo(Bi(t), ;) _;t) Ox, log mo (Y, v—i)mo(ys, v—s) Ay
and
Bi(t) ffz(t) amj log 7TO<yi; I_i)ﬂ'(] (yz; Jf_i) dyz
a'rj log </ To(Yir i) dy,-) = 0 Bi(t) - (ALD)

il fai(t) 7-‘.O(yh '%fi) dyz

Lastly, note that for multivariate Gaussian 7y = N (u, ), we have

Viogmo(z) = X7 — ). (A.12)
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B.1 Approximate projection operators

In this section, we give some results which characterize the error of approximate
projection operators on an arbitrary probability space (2, F, ). In the following,
{X"}, en denotes a sequence of iid random variables with distribution y, defined on
a common underlying probability space with probability measure P. We will write
E, and E to denote expectation with respect to u and P respectively, and p¥ :=

Nt ZnNzl dxn to refer to a random probability measure based on N € N samples.

B.1.1 Linear least squares

We first consider the linear least squares case where the function class of interest is
Fi={2@)"8:8 R}, (B.1)
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where ® = (¢, ... ,(,DM)T is a vector of M € N pre-specified basis functions
satisfying ||@m|lee < U for all m = 1,..., M. It is easy to see that F is a linear
subspace of L?(u) and is closed since every finite dimensional subspace of a normed
vector space is closed. Let & € L*(u1) be the function to be approximated, write
the squared loss function as (5, x) — {g(x) := (CID(;E)Tﬁ — f(x))2 and risk function

as 0 — u(lz). Assuming that the matrices
1 n
=¥ Z (@DT)(X™),  A:=E, |[(@")(X)], (B.2)

are invertible, we have explicit expressions of the least squares estimator and

the orthogonal projection

BN := arg min ||®75 — f”%z(w) = Ax'by, (B.3)

BERM

B = arg /Bfgﬂghll 1078 = &]|72( = A7'D,
where by = N71SN (£)(X™) and b := E,[(£®)(X)]. To simplify notation
involving central moments, for any function ¢ € L'(u), we write ¢ := ¢ — u(p)

to denote the centered function.

Proposition B.1. Assume that Apin(A) > 0 and let ®T 5% := PE be the orthogonal
projection of & unto F. Denote its approximation by ®T 3N = P*N¢ for a given

N € N such that E [)\mm(AN)} < 00. We have

E [u(tn)] < ults) + (o(N) + UMAL (A)€] 206(N))” UME [Ash(Ax)]

(B.4)

where

= % \/3(N2—N3)u2<(£%n)2) + N=3u ((M)‘l), (B.5)

m=1

= Z_l \/3 (N=2 = N=3) 2 (@am)” ) + N30 (@ngom))-

Proof. Since F is linear, ®7 3% — ®73* lies in F and is orthogonal to the residual
dTp* — €. By Pythagorean theorem, || &7 5N — 72 = | T BN — CIDTﬁ*H%Q(M) +
|@7 8 — €12, hence

E [u(lsv)] = B 75N — &7 3|32, + pu(ls-). (B.6)
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By Cauchy-Schwarz inequality,
187 6Y — DT 3| 2oy = 19T (BY — B2y < UPMIBY — B2 (B.7)

By Young’s inequality,

2

Y — 57 = | AR (b — ) + (45! — A7) (B8)
< (14 o) |A¥ by — b + (e (A7 - A

for any € > 0. We first consider
(A — A = A7 (A — Ap)A | (B.9)
< AR 1A — An i3 [IA73 [

< Amln(AN) HA ANHF mm( ) |b’2
< )\m1n<AN> HA ANHF mln( )UZM‘|£|’%2(M)

In the first line, we used the identity G™' —H~' = G™'(H —G)H ! for any invertible

G, H € RM*M: the first inequality follows from sub-multiplicativity of the spectral

matrix norm || - ||2; the second inequality exploits its relationship to the Frobenius
norm || - ||r; the last line uses Jensen’s inequality. Similarly, we have
2
AR (b = b)|” < AR 316w — B = AL (An) by — b (B.10)

Combining (B.8)), (B.9) & (B.10)), taking expectations and applying Cauchy-Schwarz

inequality gives

B3N — 5P < (1+ OF gt (Aw)] " Z E [ (&) (B.11)
(14 e ) AZA) UM (€200 E Pk (A)] 3 E [0 (am)]”

Noting that we have E {NN (@)4} = 3(N2 = N"3? (@*) + p(¢*) N73 for any
function ¢ € L*(x) and minimizing over ¢ > 0 gives (B.4)). O

Existence of inverse moments of A\yin(Ax) is an assumption on the rate of

decay of its distribution around zero. Such a condition is necessary, otherwise
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the Gram matrix Ay could be ill-conditioned and consequently the least squares
estimator 3V could be unbounded.

Bounds similar to have been studied under various settings. In Gyorfi
et al.| (2006; Theorem 11.3), £ was assumed to be bounded and the analysis was
done under truncation of the approximation ®73Y whenever it exceeds ||€[oo;
Belomestny et al.| (2010; Theorem 4.5) also considered a similar truncation under
the condition A\puin(An) < Amin(A)/2. We find that these existing results are not
easily applicable here as one would need to obtain these a priori estimates and
enforce them in practice. Lastly, we note that a probabilistic bound with weaker

conditions is given in Oliveira (2016; Theorem 1.2).

B.1.1.1 Proof of Corollary [4.12]

Proof. We apply Proposition for each t =0,...,T. Note first that by Jensen’s

inequality, we have [[{]|, v ) < szpHoo“FtJrl”Lp(Qjm) for any ¢ € B{F,; and

t—1,t

p = 2,4. Additionally, under boundedness of the basis functions and Holder’s
inequality

up {3002 - N0 (oo - QP adeon)]”) (B12)

£eBiFiq1
+NTQY,, <[§som - Qf_l,t(éwm)r) }

< sup {3V = NUENL g

3774 4
E£€BFr 1 —1.t) +N Ut H€HL4(Q$ )

)

FANTUE g, € gp ,  + SN UMIE R g IR o]

t—1,t

S Ut4 sup {3(N2+N3>H£||i2(Q2”1 t) +5N73H€”i4(Q1{1 t)}

fEBtFt+1
< U (3O 4 N Fealliagy )+ 5N e lbae, )
forany m=1,..., M,. O

B.1.2 Non-linear least squares

We now move to the non-linear least squares case where we only assume that F

is a closed linear subspace of L?(u). We write £ € L>(£2) as the function to be
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approximated by regressors ¢ € F and denote the corresponding loss function as
(p,2) = Ly(z) == (p(x) — £(x))* and risk function as ¢ — u(f,). We define the set
of all loss functions as L := {{, : ¢ € F}, the envelope E(x) := sup, {(x) for a
fixed x € {2 and assume that U := sup,¢ ||{||« < 0o. Due to measurability issues
when taking supremum over an uncountable set, we shall additionally assume that
L is permissible (Pollard [1984; Appendix C, Definition 1). To get quantitative
bounds, we will rely on results from empirical processes to control the rate at which

empirical averages converge to their expectations uniformly over the set L.

Proposition B.2. Let ¢* := P*¢ be the orthogonal projection of & unto F and its
approzimation = P*N¢ for a given N € N. Suppose that L is permissible and is
a Vapnik-Chervonenkis (VC) class of functions, i.e. there exists v,c > 0 such that

for every probability measure v on (2, F) and o > 0, we have

N (L Z2w), | Ell12)) < <;> (B.13)

where N(S,m,d) denotes the d-covering number of the metric space (S, m), defined

as the minimum number of (open) balls of radius 0 needed to cover S. We have

E [u(lov)] < p(ly) + (\/ZJr C(v, c)U_(”+1)/2> UN—/? (B.14)

where C(v,c) > 0 is a constant that depends only on the VC characteristics of L.
Moreover, if supye, u((£ — pu(£))?) < o0? and 0 < o < U, then

U U
E [u(ﬁwN)} < p(ly+) + 0y/vo?log <CU>N_1/2 + ovU log (Cg) N* (B.15)

where 0 > 0 is a universal constant.

Proof. We begin by defining the events

A= {pN () = p(lyr) < €}, (B.16)
Be = {pu(lyn) — pN (bn) < €},
C.:=A{

llo) = (L) < 22},
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for ¢ > 0. Noting that pV(¢,n) < p”(€,+) as ¢ minimizes the empirical risk
function by construction, it follows that A, N B, C C.. Hence we have
P (ubov) = ully-) 2 22) =P (C2) (B.17)
<P(ALU BY)
< P(49) +P(BY).
We now consider bounds on the tail probabilities P (A¢) and P (B¢). By Hoeffding’s
inequality
P (A?) < exp (—2e2U2N), (B.18)
and by [Talagrand, (1994; Theorem 1.3)
P(BS) < C(v,0)U "N exp (28U *N) , (B.19)
where C (v,¢) > 0 is a constant that depends only on the VC characteristics of L.
Noting that ju(f,~) > ju(fy+) as ¢* minimizes the risk function by definition, using
(B.17) and bounds on the tail probabilities gives
E [j(ton) — plty)] = /0 P (u(lpv) — () > u) du (B.20)
< 2/ exp (—252U_2N> de + 2/ C(v,c)U " N2e% exp (—252U_2N) de
0 0
_ \/?UN_”Z + o, U2 N1/
2 Y
where C'(v,¢) > 0 is another constant that depends only on the VC characteristics

of L. This establishes (B.14)), to obtain (B.15)) we consider a similar decomposition

as before
E [1(lon) = pl(lo)] = B [p(lon) = p ()] +E [V (o) = N (0pe)]  (B21)
+ B [ () — pll,e)] -
Note that the second term is at most zero as ¢©" minimizes the empirical risk

function and the third term is zero by unbiasedness. To deal with the first term,

we apply (Giné and Guillou, (2002; Theorem 2.1)

C
o

E [u(&ow) - ,MN(&DN)} < oy/vo?log (CU>N1/2 + ovU log ( U) Nt (B.22)
o

]
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The bounds in Proposition decompose the approximate projection error
into a bias term given by the norm of the residual ¢* — ¢ € F* and a variance term
that depends on the sample size N and how well parameterized the chosen function
class F is as an approximation of £, described by U and the VC characteristics of L
(B.13). When we also have control over the variance o2, provides a more

informative upper bound: in the regime where N is large and o2 is small, observe

that the constant pv/vo?logclU — vo?logo of the order N~/2 term would be small
since lim,_,002logo = 0. Like in the linear case, a similar bound was obtained
in |Gyorfi et al.| (2006; Theorem 11.5) under truncation of the approximation ¢
whenever it exceeds [|£]|o. We now apply Proposition to provide a more precise

description of the approximate projection error in (4.47)).

Corollary B.3. (Non-linear least squares) For each t = 0,...,T denote the set
of all squared loss functions associated to the approximation of & € BthH by
L:(&) :== {(p — &)?* : ¢ € Fi} and the set of all possible squared loss functions
at time t by Ly := {(¢ — &) : ¢ € F,,& € BYFiy1}. Define the corresponding
envelope functions as Ey(§)(x) := supyey, ) () and Ey(z) = sup, £(x) for each
x € X2. Suppose that Uy := supye, ||l < 00, Ly is permissible and is a VC class
of functions, i.e. there exists vy, c; > 0 such that for every probability measure v on
(X2, B(X)®?) and a > 0, we have

V(b B0t 1E@Ie) < (£)" (B.23)

€EBYFii1 «
Fort=0,...,T, we have
SN = swp [PEE—ElRage )+ (/5 + Clune)Ur ) v

¢EBYFit1
(B.24)

where C(vy, ¢t) is a constant that depends only on the VC' characteristics of L.

- Y Y 2 2
Moreover, if supye, Q7 14 {6 — Qt_lvt(é)] <o; and 0 < oy < Uy, then

U\ L o
S(N) = sup [PYE—€lZ i )+ g\/vtaz log (H)N 12 (B.25)

fEBz)FH—l Ot

U,
+ ov, Uy log (c;t> N1

t
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where o0 > 0 is a universal constant.

Proof. Noting that for any & € BYF,,1,a > 0 and v € P(X?), we have

N(Lt@,L2<u>,a||Et<f>||Lz<u>)SN(Lt@,L?(u),a inf ||Et<<>||L2<y>) (B.26)

CEB:{/] Fir1

S N <Lt,L2(l/),Oé lnf HEt(C)”LQ(Z/)> s

QGBS) Fiy1
therefore assumption (B.23) implies that L.(§) is a VC class with characteristics

vy, ¢ for all & € BthH. Hence applying Proposition for each t = 0,...,T
completes the proof. O
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