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Abstract

We study two problems relating to weakly interacting particle systems in
the presence of exogenous noise. Part I presents a pathwise regularisation
by noise result for McKean—Vlasov equations with singular interaction
kernels. Using ideas from the theory of averaged fields and non-linear
Young integrals we obtain well-posedness of the McKean—Vlasov sys-

tems, particle approximations and mean field convergence.

In Part IT we study a family of semi-linear, convection-diffusion SPDEs
that are closely related to PDEs coming from the theory of collision-less
kinetics. We study these equations in the presence of additive space-
time white noise. In one dimension we show global well-posedness and
exponential ergodicity for an equation with a cubic non-linearity and
repulsive sign choice. In two dimensions we show local well-posedness

for a renormalised equation.



Chapter 1

Introduction

This thesis is presented in two parts, both concerned with studying the effect of
randomness on dynamic models incorporating weak interactions. Part I contains
a regularisation by noise result for McKean—Vlasov equations with singular inter-
action kernels. This result is obtained using recent approaches to path-by-path
regularisation by noise for O/SDEs and the theory of non-linear Young equations,
[35, 48, 64, 22]. We study both the particle dynamics and mean field approxima-
tions of weakly interacting systems and we obtain well-posedness and validity of the
mean field limit for a perturbed McKean—Vlasov equation. In Part II we study a
family of convection-diffusion SPDEs forced by additive space-time white noise and
with non-local dependence in the convection term. Without the additive noise the
associated PDEs are closely related to the mean-field diffusions studied in Part I. In
this part we obtain global well-posedness and exponential ergodicity for a repulsive
equation forced by additive space-time white noise in one dimension. We also obtain
local well-posedness for the same equations in two dimensions and discuss the issues
encountered in extending these results to global well-posedness. Precise statements
of these results, with appropriate preliminaries, are presented at the start of Chapter

2 and Chapter 6 respectively.

By a weakly interacting system we mean a collection of dynamic particles, moving



freely in space that influence each other by forces acting at a distance. Sometimes
this paradigm is referred to as collision-less kinetics, in contrast to collisional kinetics,
such as the Boltzmann model for an ideal gas. In a relatively general form, such

systems can be described by the family of trajectories

where K (z,y) # 0 for x # y. A typical pairwise interaction is the Coulomb potential,
K(z,y) ~ W In this case, depending on a sign choice in front of the interaction,
(1.0.1), describes either the Vlasov—Poisson model for plasmas or the Jeans—Vlasov
model of galactic dynamics. Many variants of such models exist in the literature,
including, but not limited to; incorporating additional interactions, coupling to other
classical equations e.g. Vlasov-Maxwell or Vlasov-Einstein systems and including
random fluctuations, [55, 54, 4, 74]. A common simplification of (1.0.1) is to consider
the so-called infinite friction limit, where we assume that velocity equals acceleration.

In this case we re-write the particle system in the form

1 N

X0) = xé.

(1.0.2)

A canonical example of (1.0.2) is the system of vortex dynamics associated to the

Euler equations in 2-dimensions, [85]. In this case the interaction is given by the

Biot-Savart law, K(z,y) ~ (é:?;)‘; where (21, 29)t = (—29,21) and each X' is as-
signed a weight a; describing its rotation. We will focus on models associated with
dynamics of the kind (1.0.2). However, many questions we address would also be

relevant in the case of second order systems, (1.0.1).

It is also natural to include randomness in the dynamics of (1.0.1) and (1.0.2). This



can be for the purpose of accounting for un-modelled background effects, errors in
measurement or to study invariant behaviour of the dynamical system. Adding i.i.d
Brownian trajectories to each particle in (1.0.2) results in the system of coupled

stochastic differential equations,

N
. 1 . . )
dX{ = < > K(X{,X]) dt+dB],
st (1.0.3)

In [87], H. P. McKean elucidated a connection between the formal limit N — oo of
the (1.0.3) (see (1.0.4) below) and semi-linear parabolic equations. This work can
be said to have started the now well-developed study of McKean—Vlasov diffusions,
written in the general form

dX, =b(t, X, p)dt +o(t, X, p)dB;, p=L(X), 104)
1.0.4

XO ~ XQ.

McKean’s idea was to draw on the formula obtained by R. Feynman and M. Kac, [77]
to propose, and for some cases prove, a connection between (1.0.4) and non-linear

parabolic PDEs of the kind
Ou — V- (o(u)Vu) — V- (ub(u)) =0, uli—o= L(z0). (1.0.5)

Since these early works, this field has now developed into a broad subject which
interacts with many areas of mathematics, as well as the physical and applied sci-
ences. From a mathematical stand-point, the three perspectives: as particle systems,
(1.0.3), as representative dynamics (1.0.4) and as a PDE, (1.0.5), lend the theory
to being approached from multiple directions and with a variety of techniques. A

non-exhaustive list of commonly considered questions in the theory are as follows:

(i) Particle Dynamics: Well-posedness, blow-up criteria, long time behaviour

and calculation of statistical quantities of the system (1.0.3), or approximations



thereof, [24, 58, 42, 38]. As an analytical tool, particle systems of this kind
can also be used to simulate solutions of both (1.0.4) and (1.0.5). In this case
the interaction and model parameters can be chosen more carefully so as to
balance approximation accuracy and convergence rate with efficiency or other

requirements, [102, 1].

(i) McKean—Vlasov SDE: Well-posedness and behaviour of the distribution
dependent diffusion, (1.0.4), [110, 36, 63]. Recently, in a number of works a
pathwise approach to such problems has been developed, extending the theory
of rough paths to distribution dependent problems, [6, 21]. As well as analysing
the dynamics themselves, validity of the mean field approximation given by

(1.0.3) is commonly of interest, [101, 44, 43, 28].

(iii) McKean—Vlasov PDE: As PDE problems in their own right, one is often
concerned with well-posedness, regularity and long time behaviour for (1.0.5),
[20, 16, 19]. In addition, establishing the connection between (1.0.3), (1.0.4)
and (1.0.5) is often seen as an important goal. Establishing this link often
intersects with typical questions from PDE theory. For example in the attrac-
tive Keller-Segel model on R?, it is known that if the interaction is multiplied
by a coefficient above a given threshold, then the dynamics blow-up in finite
time from all L! initial data with mass 1. In [24] it was shown that the particle
system observes the same phase transition, with collisions between particles

occurring almost surely in finite time when the parameter is above the same

threshold.

The two topics presented in this thesis fit into this framework in the following way.
In Part I we study the well-posedness and mean field approximation for a class of
McKean—Vlasov equations and their associated particle systems, following a path-
by-path regularisation by noise approach. In Part II, we study well-posedness and
long-time properties of SPDEs related to semi-linear PDEs of the form (1.0.5). This

latter result is presented in part as a first step in studying more general stochastic



perturbations of such PDEs as well as studying invariant behaviours of these equa-

tions.

We conclude this introductory chapter by detailing some notation that we use

throughout the thesis.

1.1 Notation

We use < to indicate that an inequality holds up to a constant depending on quan-
tities that we do not keep track of or are fixed throughout. When we do wish to
emphasise the dependence on certain quantities, we either write, Sk, or define
C = C(a,p,d) > 0 and write < C. We allow these constants to change from line
to line without further comment. We write - V - for the maximum between two

quantities and - A - for the minimum.

For mappings f : R — R, we write Vf = (01f,...,0,f) € R? for the gradient,
the vector of partial derivatives and for mappings g : R? — R, we write V - g =
Zle 0;g;, for the sum of partial derivatives which defines the divergence. For vectors
k € N we use standard multi-index notation and for any a > 0 we write C?(R?) for
the set of all functions f : R? — R such that D¥f := Hle Ok, [ 1s continuous for all
|k|< a. When a = oo we define C°°(RY) := U,>oC*(R?). We write C2(R?) for the
set of C functions with compact support on R? and C¢(R?) for the set of bounded
C® functions. We write S(R?) for the space of Schwarz functions f : R? — R such

that for any m > 0 and a > 0 we have

sup sup |2™DF f(z)|< oo,
|k|=a xcRd

This equips the space S(R?) with the structure of a Fréchet space and we write
S'(RY) for its dual, the space of tempered distributions. When we wish to make the

target space explicit in denoting a functions space, we write, for example C'(R%; R?)



for the continuous maps f : R — R? or C([0,T];R?) for the set of continuous
mappings f : [0,7] — R% When the context is clear we will sometimes drop the

explicit dependence on domain and range, so as to lighten notation.

For p > 1, we write LP(R?) for the usual spaces of p-integrable real functions and
when p = oo, the space of essentially bounded functions. For a, p > 1, we write
WeP(RY) for the space of functions with p-integrable weak derivatives up to order a.
For p € [1, 00) we write ¥ for the set of sequences (f,,,)°_, such that > >°_ | f,,[P< 0o
and sup,,>|fm|< 0o for p = co. In both parts we work predominantly in the scale
of Hélder-Besov spaces, which we denote by By, for a € R and p,q € [1,00). We

define these spaces slightly differently in each context, see Sections 2.4 and 5.2.

In Part II we work on the d-dimensional torus which we understand as the half open
box [0, 1)? with sides appropriately identified. As such T¢ is a compact domain with
no boundary and has volume 1. We extend the definitions above, writing C*(T%)
for the spaces of periodic a-times differentiable functions and S'(T¢) for the space
of tempered distributions acting on C*°(T%) and similarly for L?(T?), W*P(T%) and

other spaces of periodic functions defined in Part II.



Part 1

Pathwise Regularisation of
McKean—Vlasov Equations with

Singular Potentials



Chapter 2

Introduction

A McKean—Vlasov equation is typically understood as a stochastic It6 differential
equation whose coefficients are allowed to depend on the law of the solution itself.

A general form of this type of problem is to solve

;

dX; = a(t, X, p)dt + b(t, X, u)dBy,

p=L(X),

Xo=1x9 € Rd,
\

with appropriate mappings a(t, X, ) € R%, b(t, X, ) € RT{@R¢, B, a d-dimensional
Brownian motion and £(X) denoting the law of the solution. Such models have
found applications in a diverse range of subjects, including physics, biology, the so-
cial sciences and recently the modelling of neural networks, [74, 63, 18, 44, 56, 20,
45, 106]. As such, the study of such models constitutes both an important area of

research as well as presenting interesting mathematical challenges.

In this part of the thesis we present a regularisation by noise approach for generalised

McKean—Vlasov equations with additive noise and convolutional interaction. We



write these equations in the form

;

dXt = (K * ,Ltt)(Xt) dt + dBt,

e = L(Xy), (2.0.1)

X() ~ ﬁ(l‘o),

\

where K € S&'(R?) is a possibly singular interaction kernel, B is a random path in C}.
for n > 0 and g is an R? random variable. Closely related to (2.0.1) is the system

of interacting particles, written for © = 1,..., N, in the form

N
dX,?:N E K(X; — Xj)dt + dB;,
j=1 (2.0.2)

X§ = ~ L(x),

where we assume either K is bounded, or K = 0 on the diagonal. In many situ-
ations one expects the particle system (2.0.2) to converge in law to a solution of
(2.0.1). Tt is a classical result that this convergence holds when K € W*°(R%) and
(BHX, are i.i.d Brownian motions. An overview and discussion of the wider theory
of McKean—Vlasov equations is given in the monograph of A-S. Sznitman, [101]. In
many important situations, however, it is physically relevant and mathematically in-
teresting to consider interactions that are less regular than Lipschitz, [44, 43, 45, 75].

Despite results in some specific cases, the threshold of K € W1 remains in general.

We show that given a distributional interaction kernel K e Bg (R?), with o €
(—00, 1), by including an additional, suitably rough term into equation (2.0.1), the
well-posedness and mean-field approximation result can be recovered. Letting t —

Z; € C(|0,T];R?) be a given continuous path, such that Z, = 0, we consider the



new problem
.

dXt = (K * ,Ut)(Xt) dt + dBt —+ dZt,

pe = L(Xy — Zy), (2.0.3)

\XO ~ E(I’O),

with B, ¢ as above. We give a precise notion of a solution to this problem in Section
2.3 below. Defining the remainder process, Y; := X; — Z;, we see that it formally

solves )

dYy = (K(- + Z¢) = ) (Y1) dt + dBy,

= L(Y)), (2.0.4)

kYE) ~ L(l’o)

We mostly work with the process Y, which we show enjoys both better regularity
and stability properties than X. These results constitute the regularisation by noise
phenomenon in our context. We will see that the paths ¢t — Z; for which we obtain
a regularising effect are less than 1/2-Holder continuous. As a result, we interpret

the drift term as a non-linear Young integral, see Subsection 3.1.1.

The idea that noise can regularise certain ill-posed dynamics stems back to the early
works of A. K. Zvonkin and A. J. Veretennikov, [113, 107], where PDE theory and
It6 calculus were employed to obtain, among other results, strong well-posedness, in

a probabilistic sense for SDEs of the kind

with f € L*°(R?). This is in contrast to the Cauchy-Lipschitz theory for ODEs
where the sharp threshold for well-posedness, requires b € W1°°(R4). Since these
early works, the subject has received a great deal of attention, with authors exploring
similar results for time dependent drift, [82], methods based on Malliavin calculus,

[88] and considering more general noise terms, [7]. Many of these topics as well as

10



a discussion of selection by noise for ODEs and regularisation/selection by noise for
PDEs are surveyed in [41]. In [35], A. M. Davie presented a pathwise approach to
the same problem. This is in contrast to the other works mentioned, which are all
based on probabilistic tools and involve averaging over the random perturbation.
Davie established that for, (2.0.5) with b € L>(R¢) and almost every path B of the
Brownian motion, there exists a unique continuous path X € C([0, T]; RY) satisfying
(2.0.5) in an integral sense. This notion of pathwise regularisation has recently been
extensively developed, see [22, 64, 48, 49, 50, 52] for a selection of works in this
direction. Our main result is presented from a pathwise perspective, and we give
more background to the approach in Section 2.5. For now we give a brief intuition

behind this regularising effect in the context of McKean—Vlasov equations.

Consider the particle system, in mean field scaling, associated to (2.0.4)

N

i1 i j
A} = 5 DK} = Y] +2) dt +dB,
j=1 (2.0.6)

i i
Y' = ay,

and let us assume that K is singular at the origin. Then, let Z, € R? be fixed, we
have K(Y; — Y/ + Z,) — 0o as Y/ —Y{ 4+ Z, — 0. So the singularity in the equation
remains. However, if t — Z; is path, whose trajectories oscillate sufficiently fast
then we may imagine that the event |Y; — Y/ + Z;|< € occurs with a very small
probability. If this probability decreases sufficiently fast in ¢ — 0, compared with
the blow-up rate of K near zero, then we may hope to show that the drift terms of
(2.0.6) are suitably bounded. The theory of averaged fields and non-linear Young
equations makes this idea rigorous and extends it to more general regularising pro-

Cess.

Regularisation by noise results for McKean—Vlasov equations and associated parti-

cle systems have been obtained in a number of specific settings. In [42] the authors

11



demonstrate that the vortex dynamics associated to the Euler equations in two di-
mensions are globally well-posed from all initial configurations, when perturbed by
suitable turbulent noise. This is in contrast to the well-posedness from almost every
initial configuration obtained by C. Marchioro, M. Pulvirenti for the deterministic
vortex system, see [85]. A selection by noise result for a system of Vlasov point
charges in one dimension was obtained in [38]. The weak convergence result ob-
tained in [44] can also be seen as a regularisation by noise phenomenon, as the same
result does not hold for the corresponding deterministic system. Finally, we mention
the work of V. Marx, [86], which in a very different direction, concerns regularisation
by noise for McKean—Vlasov equations viewed as differential equations in the space
of probability measures perturbed by the Wasserstein diffusion. To the best of our
knowledge the result presented here is the first to consider a pathwise regularisation

of McKean—Vlasov equations in the sense of Davie.

Methodologically, we focus primarily on Y, solving (2.0.4). Passing to the process
X, solving (2.0.3), is carried out using the identity X =Y — Z. Concerning (2.0.4),
we handle the random dynamics coming from B in a pathwise manner, using the
framework of [27]. As a consequence we are free to make very few assumptions on the
processes B, (B)Y,. In particular we are able to exploit the trick of Tanaka, [103],
allowing us to reformulate the mean field approximation result in terms of stability of
the equation with respect to the noise. We highlight that this is only possible because
we do not allow o to depend on (X, 11). To handle the drift term (K (- +Z;)*u)(Y),
we extend the theory of non-linear Young integration, first presented in [22], to

include measure dependent integrands. We present this extension in Section 3.1.1.

2.1 Structure and Outline

In the remainder of this chapter we detail the additional notation used in this part of

the thesis, present the main results and discuss some useful preliminaries. In Section

12



2.5 we recap some ideas from the theory of path-by-path regularisation, averaged
fields and non-linear Young integration. In section 2.6 we recall the definitions and
some properties of the Wasserstein distances on the space of probability measures.
We also define a notion of Holder continuity for time dependent measure valued flows
which is a central tool in proving our results. Section 2.4 contains a review of Holder-
Besov spaces and homogeneous distributions. Chapter 3 is entirely concerned with
proving the three main results stated in Section 2.3. This is done in two steps. Firstly
we consider the abstract non-linear Young equation (3.1.2) and then in Sections 3.1
and 3.2 we prove analogues of Theorems 2.3.2 and 2.3.5 for the abstract equation,
which makes no reference to K or Z. Section 3.3 contains the proof of our main
results, in which we relate the abstract theorems proved for (3.1.2) to the perturbed
McKean—Vlasov problem (2.3.2). Finally, in Chapter 4 we discuss some specific

models to which our result applies as well as some open questions for future work.

2.2 Notation

For p, ¢ € [1,00] and o € R we write Bg (R?) (resp. BS, (R%R™)) to denote the
associated spaces of real valued (resp. R" valued) Holder—Besov functions, equipped
with the norm || - |[ss  which is defined in Section 2.4. We often simplify notation
by writing C*(R?) := B (R?) for any o € R and d > 1. For o € R we write
HY(RY) (resp. HY(R%R™)) for the Hilbertian Sobolev spaces of real (resp. R™)
valued functions, also defined in Section 2.4. For brevity we often drop the domain

and range dependence when the context is clear.

For E a Banach space we write C*(R,; E), with o € (0,1), for the space of a-
Holder maps X : Ry — FE. For T > 0 and maps X : [0,7] — E we write
CPE = C*([0,T]; E) for these spaces and Cf; 4 E for maps X : [s,t] — E with
[s,t] € Ry. When E = R? we simply write C¢ (resp. Cfty)- For a mapping

X :[0,7] - E and any 0 < s < t < T we write X;; := X; — X, to denote

13



the increment. With a slight abuse of notation, we will also denote by X,; a two

parameter function X : [0,7]?> — E. For n € N we define the n-simplex AT by

Al = {(s1,...,8,) €[0,T]"| 51 < ... < s}

Then for X : [0,7])?> — E, when we say that [X],.s < 0o, we mean that

[ Xsellz

| «@

[(X]ar ==
(st)enl |t -5

To convert this into a proper norm we define || X ||cs:= || Xo|| g4+ [X]a;r- When Xy = 0
by convention we always measure the path in [-],.r. When a = 0 we write Cr(E)
(resp. Cisy(E)) for the space of continuous mappings [0,7] — E (resp. [s,t] — E).
When E = R? for concision we only write C$, Cys, t] etc. For a space time function
[ :[0,7] x R — R? when the context is clear, for a,y € R x Ry, we use the

notation

IT{l,0:= NIT ez

For (E, £) a Hausdorff topological space which we always equip with its Borel sigma
algebra we let M(E) denote the set of real valued, signed Radon measures on E
and we write P(FE) for the set of probability measures on E. For yp € M(E) there
exists a pair of measures (u", =) such that at least one is finite, they have disjoint
support and p*(A) > 0 and p (A) < 0 for any Borel set A C E. Then we define the
total variation of p € M(FE) by |u|:= pt — p~. Given an abstract probability space
(Q, F,P) and a measurable map X : Q — E we write £(X) to designate the law of
X which is a probability measure on E. The law is defined to be the probability

measure f € P(E) such that the identity

E[f(X)] = / £ di

holds for all f : E — R continuous and bounded. Given two Banach spaces F, F,

a Borel measurable mapping 7 : E — F and a measure p € M(E), then we define

14



the push-forward of p by 7 to be 7#u := p(x~'-) € P(F). For any measurable

mapping g : F' — R such that gon : E — R is du integrable then the push-forward

/gdﬁ#u:/gowdu.
F E

For any p > 1, and E a Banach space, we write L”(Q); E') for the set of measurable

satisfies

maps X : Q — FE such that E[||X|[|%] < co. We say that a sequence of probability

measures, (i,)n>0 C P(F), converges weakly to p € P(E) and write u,, — p, if

/ o dp, — / ¢ du, ¥V continuous and bounded. (2.2.1)
E E

We write W, g(p1, v) for the p-Wasserstein distance between two probability mea-
sures ji, v in Py(E), the space of probability measures with p-finite moments. We
give a detailed definition of these distances and discussion of their properties in

Section 2.6.

2.3 Main Results

Before stating our main results, we give a rigorous definition of solution to the
perturbed McKean—Vlasov equation (2.0.3).

We fix T > 0, (v,n) € (3,1) x (0,00) such that n+~ > 1, and (Q, F,P) an abstract
probability space.

Definition 2.3.1. Let q,p > 1, (€, B) € L4(Q;R?) x LP(Q;C}), with B a zero at zero
path and assume we are given K € S’(R%;R?) and zero at zero path Z € Cr such
that the associated averaged field, T K (see Def. 2.5.1), is contained in CJC?(R%; RY).
Then we say that Y is a solution to (2.0.3) if Y € L#?(Q;CY"") and Y solves the

generalised McKean—Vlasov equation

Yt=€+/0 (Lar K 5 pir) (Yr) + By, (2.3.1)
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where the drift term is properly defined as a measure dependent non-linear Young
integral in Section 3.1.1, see Lemma 3.1.5 for example and in particular for an

explanation of the notation I'g K.

Proofs of Theorems 2.3.2 and 2.3.5 and Corollary 2.3.9 stated below, are completed

in Section 3.3.

Theorem 2.3.2. Let 0 € R, q,r € [1,00]. Assume we are given a pair (§,B) €
L' RY) x LP(Q;CY) for all p > 1, such that By = 0, a K € BZ (R%RY) and a
zero at zero path Z € Cr such that the associated averaged field TK € CJ.C*. Then

there exists a unique solution Y € LY(Q;CI") to the equation

’

dY, = (K(- + Zy) * pu) (Y1) dt + d By,

= L(Y)), (2.3.2)

in sense of Definition 2.3.1. Furthermore, if (€', BY), (€2, B%) € L*(Q; RY)x LP(Q; C})
for all p > 2 with (€' —¢%) 1L (B, B?) and , and Y, Y2 € L*(Q;C}7) are the cor-
responding solutions to (2.3.2), then there exists a constant C = C(T,T,~v,n) > 0

such that,

Wi (LYY, L(Y?)) < C(Wl;md(ﬁ(él),ﬁ(f))
(2.3.3)
F Wacp(E(B), £(5)) ).

Remark 2.3.3. From (2.3.3), since Z is held fixed for both equations we see that, for

a different constant C := C'(E [[Bl]?f;ﬂ v E2 [[32]3:T] T,T,v,m) >0,

Wien (£(X1), £(X2)) < c(wl;Rdw(xé),ﬁ(x%))
(2.3.4)
F Waey (C(BY), £(B%) + ||Z||CT)-

That is we only establish approximate stability for (2.3.2) with Z fixed. This is to
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be expected since we allow K to be possibly very rough and so in general there is no
reason for X to be stable. However, (2.3.4) raises the question of introducing pro-
cesses Z', Z? and then studying the stability between X in the triple (2, B*, Z")%_,.
We do not address this here but leave it as an open question for future work.

Remark 2.3.4. Regarding the random inputs to (2.3.2) we remark that our results
hold equally well with B = 0. Therefore, although we refer to these equations as
generalised McKean—Vlasov equations, in the case B = 0 they are closer to the

characteristics of a mean field transport equation.

With the above general theorem at hand we turn to some specific applications.
First we describe the implications of Theorem 2.3.2 in the context of mean field
approximations to (2.3.2). We use the trick of Tanaka, [103], and the fact we hold

the volatility constant to obtain Theorem 2.3.5 below.

Theorem 2.3.5 (Mean Field Approximation). Let N € N and (¢, B) € L'(;RY) x
Lr(Q;Cn), (€8N, BMY e LY(Q; RN x LP(Q; (CI)Y) for all p > 1 be such that By = 0

and B((]N) = 0. In addition assume that for some p > 1
]\}LT%O (Wl;Rd (LN(f(N)(w)),L(f)) + Wi (ﬁN(B(N)(W))aE(B))) =0, P-as.

Then with Z and ' as in Theorem 2.5.2, for any N > 1 there exists a unique solution

YWV = (YON, € LY(Q; (CPN) to the particle system
N ot
| . . . »
Yiogig Z/ T K(Yi—Y7) 4B, fori=1,...N. (2.3.5)
N = Jo
Furthermore, letting Y be the unique solution to (2.3.1) and assuming § L B,

lim W ones (EN(Y(N)(w)),E(Y)) =0 P-as.

N—o0

Remark 2.3.6. The assumption of convergence in Wasserstein of the data (§(V), B(V)
is satisfied if for example the empirical measure converges weakly P-a.s. and suf-

ficiently high moments are uniformly integrable. In particular, if the sequences
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(zf, BY)Y,, are i.i.d then one obtains the required convergence. See [27, Lem. 53 &

54] for details.

Remark 2.3.7. 1t is clear from the proofs of Theorems 2.3.2 & 2.3.5 that if in ad-
dition one assumes the initial data to have finite ¢ moments for some ¢ > 1 then
the respective solutions to the McKean—Vlasov equation and particle system will
have finite ¢ moments in C;M. However, so as not to unnecessarily complicate the
notation further we restrict ourselves to L' initial data. Furthermore, from the steps
of the proofs one can see that we do not necessarily require all moments of B to be
finite, but only p moments for p that can be arbitrarily large depending on some
parameters chosen in the proofs. Informally, there is a trade off between the reg-
ularising effect coming from Z and the number of finite moments we require B to
have. Since we are mostly interested in leveraging the maximum possible regularis-
ing effect for simplicity we ask for B to have all finite moments. For more details

see Remark 3.1.4.

Since Theorems 2.3.2 and 2.3.5 are both quite general in nature, we specify our
results to a particular class of McKean—Vlasov equations, that includes some phys-

ically relevant models.

Corollary 2.3.8. Let p > 1, zg € LP(S;R?), (Bi)icjor) be a Brownian motion
carried by (2, F,P) and K be a homogeneous distribution of order o < 0. Then let
(Zi)tepo.r) be a sample path of an fBm with Hurst parameter H € (0,1), carried by a
separate probability space, (Q,]:", If”) If H < ﬁ, there exists a set of full measure
N C Q, independent of K, such that for all © € N, choosing Z = Z(@), there exists
a unique solution X € LP(; Cr) to (2.3.2), and the stability estimates (2.3.3) and
(2.3.4) both hold.

Corollary 2.3.9. Let 0 < 0, £ € LY(;R?) K be a homogeneous kernel of degree
o and B € LP(Q;C%/%) for all p > 1. Then let (Z;)ico,1) be a fractional Brownian
motion with Hurst parameter H € (0,1) on a possibly different probability space
(Q,]:", I@)) If H < —_ then there exists a set N' C Q of full measure, such that

4—20
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forallo e N, Z = Z(@) : [0,T] — R is a continuous path and under suitable

remaining assumptions, the results of Theorems 2.3.2 and 2.3.5 apply.

Remark 2.3.10. Regarding the threshold on the Hurst parameter, we note that in
contrast to the results obtained in [64], for a general distribution f € Bg,(R% R?)
which requires a Hurst parameter H < m, the threshold of H < ﬁ in
Corollary 2.3.9 is dimension independent. This is due to the fact that K is assumed

to be a homogeneous distribution; see Definition 2.4.8 and therefore one has K &

B;Ei/p(Rd; R?) for any d, p > 1. See Subsection 2.4.3 for details.

2.4 Holder—Besov Spaces

We recall some definitions and standard analysis regarding the scale of Holder-Besov
spaces on R%. We refer to [5] for more details. We define the Fourier transform on
LY (RY) by setting,

FfE) = g flw)e™™* da.

It is standard that F fixes S(R?). We define the inverse transform,

Ffle) = o [ S0 de,

and extend both definitions to the tempered distributions by duality. For T € S'(R%)

and any ¢ € S(R?) we define FT to be the distribution such that
(FT, ) := (T, (2n)"F 'p).
As a result, F is an automorphism of &’(R?) and we have the equality

d
“fHL?(Rd): (27T>2||}—f||L2(Rd), Ve L2(Rd)'

19



We also recall the definition of a Fourier multiplier. For any f € S'(R%) and ¢ :

R? — R measurable and with at most polynomial growth, we define,

e(D)f :=F " (oFf)=(F o) =,

where D is a placeholder for the derivative operator on R

2.4.1 Dyadic Partition of Unity and Littlewood-Paley Blocks

We let x, x € C>°(R?) be such that
1. suppy C B%(O) and supp x C Bg(O) \ B%(O),
2. X(O+ > 2o x(27%¢) =1, for all ¢ € R.

The existence of such a dyadic partition of unity is shown in [5, Prop. 2.10]. For

k > 0 we define x1(-) := x(27%-) and set x; = 0 for all k < —1.

For any f € S'(RY) we define the inhomogeneous Littlewood—Paley blocks by setting,

A f=xXD)f =hxf,

Apf = xx(D)f =h(2"-)x f, Vk=>0,

(2.4.1)

where h = F~'y and h = F~1y. Since h, h € S(R?), the operators Ay map LP to

LP for any p € [1, 00] with norms independent of p and k.

Definition 2.4.1 (Inhomogeneous Besov Spaces). For e € R and p,q € [1, 00|, the

inhomogeneous Besov space BS,(R?) is defined by

B,‘iq(Rd) = feSRY) : ||f||Bg,q(Rd)3= (Z qua”Akaqu) <

k>—1

Sometimes to lighten notation we write B} := B . For p = ¢ = oo we use the
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notation
C B = {f €8+ [Fllgpimny= sup 2| A (e < oo .

For a > 0 and not an integer these spaces agree with the usual spaces of a-Holder
continuous functions. When p = ¢ = 2 we use the special notation H* = BY, to
denote the Hilbertian Sobolev spaces, on which an equivalent norm is given by the

expression

[f o= 1L+ |- DO F (]2

The Holder—Besov spaces enjoy a number of useful properties, some of which we list

below. Proofs of the following statements can be found in [5].

: s L<p <p< < <y < ’
(i) Embeddings: for a € R, 1 < p; < py < oo and 1 < ¢ < g2 < oo one has

(R R . (242

We also have the following, continuous embeddings,
flleg, < 1flsy, a<a’ €k, (2.4.3)
Fllsg, < 17 lsz, 0> ' € 1,00, (2.4.4)
1fllsg, S I fllgr, a<a' €RVg<q €l,oq (2.4.5)

and the embedding B;“’/q — By, of (2.4.3) is compact.

(ii) Relations to L? spaces: For p € [1, 00| one has,
I llze S 1 llsg, s 1 sy oo S 1 1] ze

Lemma 2.4.2 (Young’s convolution inequality). For o, € R, let f € Cg and

g €Ce, and let r € [1,00] be defined through the relation + +1 = % + é. Then the
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following inequality holds

If*g

oo S I llgellgllsg - (2.4.6)

2.4.2 Functions of Holder Continuity on Intervals of the

Real Line

The next lemma gives a useful criteria for extending a local control on the Holder
continuity of a path to a global one. We provide a sketch proof but it can also be

found as [46, Excersise 4.24], with full proof.

Lemma 2.4.3. Let E be a Banach space, a € (0,1), h > 0 and X : [0,T] — E.
Suppose that there exists a constant M > 0 such that for any t € [0,T — h| we have
[(Xagtien) < M. Then X is a-Hélder continuous on [0,T]. In particular, we have
that

[X]a;[O,T] < M(1v 2ha71)T17a.

Proof. We need to show that for any 0 < s < t < T then ”ft(j;"lf < M(1v
2h~ T~ In the case when |t — s|< h there is nothing to prove, so let [t — s|> h.
Define t; = (s + ih) At for i € N. Note that for N > (¢t — s)/h, ty = t, and that

tix1 —t; < h for all © € N. Therefore, we have

t— t—
1 Xt 2< Z | X410 |2 MBS (1 + TS) <oMhet % < 2M At —s|*T' 2,
0<i<(t—s)/h
which concludes the proof. n

2.4.3 Besov Regularity of Homogeneous Distributions

In Section 3.3 we discuss applications of our general result (2.3.2), to some specific
McKean—-Vlasov problems where K is a given homogeneous distribution. In this
subsection we discuss the regularity of these distributions in Holder—Besov spaces.

This allows us to characterise the range of regularising paths Z for which our regu-
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larisation result holds.

For p € S(RY) and A\ > 0 we define the dilation
oa(x) == A" (A oy, A ) (2.4.7)

Definition 2.4.4 (Homogeneous Distribution). We say that K € S'(R%) is homoge-

neous of degree o € R if for any ¢ € S(R?) and A > 0
<K7 90>\> = )‘J<K7 410> (248)

Replacing R? with the punctured domain R?\ {0} we can instead define the notion
of homogeneous distributions in &'(R4\ {0}). For any o € R\Z<_g4, all homogeneous

distributions on &’(R%\ {0}) of order o are of the form

R, (z) = f (%) 2|7, (2.4.9)

where f € §'(S%1) is a distribution on the d-dimensional unit sphere. If 0 > —d
then K,(z) extends uniquely to a homogeneous distribution K, € &'(R%) without
modification. However, for o < —d the question of extending K, to a distribution
on the un-punctured plane is more complicated. For a full discussion see [71, Sec.

3.2].

When o < —d and not an integer there exists a unique extension K, defined by

(Kovp) = | Ko@) (e(2) = Pl (@) da (2.4.10)

Rd

where Pf;o is the Taylor polynomial to order k — 1 of ¢ at 0. This is proved as [71,

Theorem 3.2.3]. We refer to (2.4.10) as the principle value extension of K.

For ¢ € Z<_4 the formula (2.4.10) does define an extension of K, but it is not
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unique, since can always add any linear combination of sufficiently high derivatives
of the Dirac, [71, Thm. 3.2.4]. For ¢ = —n with n € Z>4 we choose to define the

extension of K,, by the formula

(Kny9) = | Ku(@) (p(z) = Ppgt(e)) dz+ ) D(0).
R? la|=n—d

Defining the convolution of a distribution in the usual way, we see that for all o < 0
we have
(Ko x9)(a) i = | Rolw—y) (¢4) = P ")) dy

d
. (2.4.11)

+loez._ny Z D%p(0),

la|=0—d

for all ¢ € S(RY). The Fourier transform of a homogeneous distribution is nicely

described by the following theorem.

Theorem 2.4.5. Let K € §'(R?) be a homogeneous distribution of order o € R,

then FK € 8'(R%) and is a homogeneous distribution of order —o — d.
Proof. See the proof of [71, Theorem 7.1.16] O

This result suggests that K, should be controlled in a suitable space of negative

regularity, in fact it almost immediately follows that K, € Ho+s. Below we give a
d

self contained proof that for o < 0, K, € B;:;o; for any p € [1, o0].

Proposition 2.4.6. Let 0 < 0 and K, € S'(R%\ {0}) be the distribution described
by (2.4.9) and let K, be its principle value extension to S'(R?) defined in (2.4.10).

ord
Then K, € Bp:o” (RY) for any p, q € [1,00].

Proof. From the Besov embeddings (2.4.2), for any p, g € [1, c0] we have that
Il g 5 Kl

so we concentrate on showing that K, € B‘fﬁgg. From Theorem 2.4.5 for any k£ > 0
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we have

ALK, =2 DA K.

Therefore, we have

sup 2D ALK || 1= (| Ao K| (2.4.12)
>0

So it suffices to show that ||A_1K,|r1, [|[AoK,|[z1 are both finite. We choose a
smooth, cut-off function ¢ € C2°(R?) such that supp(y)) = By(0) and ||¢)]|ceoray< 1.
Then we write,

RO = wkd + (1 - w>}?{7 = RU,O + ka,lu

and define the principle value extensions K,y and K, ; analogously. Then we divide

the proof into two cases, —d < 0 < 0 and 0 < —d.

First consider the case —d < 0 < 0. We directly have that K, € L'(R?) so since
A_; and A are both bounded maps L? — L? we have A_1 K, o, AgK, o € L'(RY).
Regarding the part supported away from the origin, using that h, h decay faster

than any polynomial we also have A_; K, 1, AgK,, € L'(R?).

When o < —d the situation is reversed. In this case we see that K,; € L'(R?)
directly and so by the boundedness of Ay and A_; as mappings LP — LP we have
A 1 K,1, MK,y € L'(RY). Regarding the compactly supported term the proofs
for A_1K,o and AgK, are very similar so we only present the —1 block. Using

Taylor’s theorem we have,

A1 Kyp(z) < /

Bi(z

< HDk+1iLHL°°(Bl(x)) (/ ( )’x — y’0+k+1 dy + 1)
Bi(x

< (L4 [l Al s,

)|x —y|°|h(y) — P;?y(x)‘ dy + llgezgde“"_diL(a:)

where we used the fact that o 4+ k+1 > —d to evaluate the integral. The last line is
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integrable over R? and so we have A_1 K, o € L'(R?). Applying the same argument

to AgKyo we have ||AgK, /11 < oo.

In conclusion, for any o < 0 we have

||Ka—||B§r+d: sup 20 DRAL K, || i< sup | ARK, || < oo
o k>-1 k€{0,1}

]

Remark 2.4.7. Using the Besov embedding (2.4.5), for any £ > 0 we also have that

i
K, € Bp:;Q * for any ¢ € [1,00).

2.5 Averaged Fields and Pathwise regularisation
of ODEs

Let f € B) (R?) for € R, p,q € [1,00] and Z : [0,T] — R be a possibly random
path on an abstract probability space (Q, F, ]f") Then consider the formal, integral
equation,

X¢ :g+/tf()2§) dr + Z,. (2.5.1)
0

In [22], the authors show that if Z is sufficiently irregular (exact meaning to be
explained later) then (2.5.1) can be interpreted rigorously and is pathwise well-
posed, even when f is only a distribution. More specifically the authors show that
if Z is a fractional Brownian motion with Hurst parameter H € (0,1) then for a
given f € C —am 2 there exists a full measure set N € € (depending on f) such that
for all & € N there exists a unique solution to (2.5.1) driven by Z(&). This result
has recently been developed further in [64, 48]. In this section we will give a short
introduction to the methodology and ideas behind such regularisation of ordinary
differential equations, which will in subsequent sections be applied to McKean—

Vlasov problems.
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The first step is to reformulate (2.5.1) by defining X; := X, — Z,, which we ask to
solve,

Xi=¢+ /t f(XE+ Z,)dr, (2.5.2)
0

where again the drift is only to be understood formally for now. We then define a
new distribution, for any 0 < s < ¢t < T and x € R?, setting
t

Cuf ool =)= [ ool ==z arn (253)
for all ¢ € S(RY). We refer to I',f as an averaged distribution and denote the time
increment by I's, f =1, f —L'sf.
Definition 2.5.1 (Averaged distributions). For 5 € R, p,q € [1,00], let f € BS (R?).
We say that I'f : [0,T] x R? — R? defined by (2.5.3), is an averaged distribution
if t — [pf € CJCYRY) for some v > 1/2 and a > B. If I'f € CJC*(R?) for all
f e Bﬁq(Rd) then by an abuse of notation we also define the averaging operator
I': B (RY) — CIC*(R?), where the evaluation is given by (2.5.3).
Remark 2.5.2. Note that I' in general depends on a given path Z : [0,T] — RY,
however in this article we are not concerned with the properties of I' w.r.t Z, we
only assume we can build a sufficiently regular averaged distribution from some set
of paths Z. Therefore we only write I', and say that I' is associated to the path Z
when necessary.
Definition 2.5.3. Let 3 € R, p,q € [1,00] and p > 0. A path Z : [0,T] — R? is
called p-regularising on Bﬁq(Rd) if there exists a v > 1/2 such that the averaging
operator I' associated to Z satisfies ' f € CJC7P(R?) for every f € BS (R?). If the
path Z is such that for any f € Bqu(Rd) with f € R and p, ¢ € [1, o], the averaged
field T'f € CJC*(R?), for any o € R, we say that Z is infinitely regularising.
Remark 2.5.4. Any continuous path (Z;)cjo,r) is O-regularising, in the sense that
for any function f € C? with 8 € R, it follows that I'f € CLC#(RY). With this
knowledge, interpolation reveals that time regularity of I'f, when I' is associated

to a p-regularising path, can be traded for spatial regularity. To see this, since
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T'f e Cychre(RY) NCLCA(RY), it follows by interpolation in Besov spaces (see e.g.

[5, Thm. 2.80]) that for any 6 € [0, 1]

ITs.eflleavor< Vs fllessal Do fllgs”-

Thus, for any v € [$,1] it follows that I'f € CZ.CP+2°U=7),

From now on, we assume that given f we are able to find Z sufficiently regularising
that I's ¢ f is a genuine function and so we may drop the test function in (2.5.3). In
this case we refer to I' f as an averaged field. This assumption will be justified below.
In the case that Z is a random path, the averaged field can be written as the integral

of f(x + z) against the occupation measure, p;(2), of the path t — Z;,

Lof(z) = /0 fle+ Z)dr = » flx+ 2)du(2). (2.5.4)

Assuming the occupation measure has a density, L; € L'(R?), we can re-write (2.5.4)

as a convolution,
Doif(z) = f* Li(z) where Ly(z) = Li(—x). (2.5.5)

Therefore, one approach to defining the averaged field is to first obtain regularity
estimates on the occupation measure p; and then define I'f as in (2.5.5). We outline
a few known results on the regularity of the averaged fields I' f and the regularity of
the local times, L;, associated to certain Gaussian processes. For a deeper discussion

on occupation measures and local times, see the survey paper [51].

Ezample 2.5.5. Let Z be a fractional Brownian motion, on (€, F,P), with Hurst
parameter H € (0,1) and f € C. In [22] it is shown that there exists a set N C Q
of full measure depending on the distribution f and Z, and a v > 1/2, such that
for all & € N, the averaged field T'f € CJ.CP+7(R%)4.(R%) for any p < 1/(2H). Note
that this result does not define an average operator in sense of Definition 2.5.1, as

the set of full measure, N, depends explicitly on f, and thus the regularising effect
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does not necessarily hold for all f € C#(R?Y) simultaneously.

In two recent publications [48, 49], Galeati and Gubinelli prove that infinitely reg-
ularising paths are prevalent in C'r. The concept of prevalence was earlier used by
Hunt, [72], to prove that almost all continuous paths are nowhere differentiable. In

L-regularising paths are prevalent in

[48] it is also shown that for any § > 0, the 5

Co~¢ for any € > 0, [48, Thm. 1]. This result makes rigorous the heuristic that more
irregular paths Z lead to more regularising averaging operators I'.

In the next proposition we give a concrete example of a criterion that guarantees
the regularising effect of a given process. This condition has been applied to obtain

regularisation results in [64, Thm. 17] and [49].

Proposition 2.5.6. Let (Z;)icpo,m be a continuous Gaussian process, such that for

some ¢ € (0,1)

T
f inf 2! Var(Z,|Fs)z

! 2
t€[0,T] s€(0,1] z€R%; [z]=1 |t — §|*¢

> 0.

Then there exists a v > 1/2 such that the associated local time L : [0, T] x R — R,

is contained in CJHP(RY) for any p < % — 4 P-as..
Proof. See [64, Thm. 17]. O

If (Z;)teo,r) is assumed to be a fractional Brownian motion, it is shown in [64, 49]
that the associated local time is p-regular in space for any p € (0, ﬁ — %) We

summarize this in the following proposition.

Proposition 2.5.7. Let Z : [0,T] x Q@ — R? be a fractional Brownian motion
with Hurst parameter H € (0,1). For a vector field f € HP(RY) with B € R, let
Lf:[0,T]xR? — R? be defined as in (2.5.3). Then there exists a set of full measure,

N c Q, depending only on Z, such that for all® € N and any ~ € (%, 1),
T(@)f € Cpeit 7 —a0-"(RY).

Moreover, the mapping f + T'f defines an average operator on H?(R?).
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Proof. A full proof is given in the proof of [64, Thm. 17 and Rem. 18], however,
we give a quick sketch using the local time approach. Using Proposition 2.5.6 we
see that the local time L associated to (Z;)iejo7) is contained in C7H?(RY), P-a.s.

for some p € (0, 55 — %) and v € (3,1), then an application of Young’s convolution

L
' 2H

inequality for Besov spaces, (2.4.6), gives

Hf*Ls,t

cre < | fllasl Lllcgaealt — s (2.5.6)

Thus since I'f = f x L where L;(z) = Li(—=x), as seen in (2.5.5), and using the fact
that the Sobolev regularity of L is identical to that of L, it follows that the path Z
is p-regularising according to Definition 2.5.3. An application of the interpolation

shown in Remark 2.5.4 completes the proof. m

Note that in contrast to Example 2.5.5 the full measure set, A, here does not depend

on f. However, the regularity gain is lower, at almost ﬁ — %, as opposed to almost

€

As the concept and regularity of averaging operators as given in Definition 2.5.1 is by
now well established, and the examples of explicit paths which provide a regularising
effect is vast, for the rest of this text we do not deal with particular paths but
rather assume that the average operator I' can be built from a suitable path. In
Section 4.1 we provide some concrete examples with Z a fractional Brownian motion
to highlight the degree of roughness one might expect to require in certain cases of
classical interest.

Once it is established that I is an operator from B (R%) — C7C°**(R) for some
p > —f and v > 1/2, we return to the ODE (2.5.1). The idea now is to use the
spatial regularity of I'f to ensure well-posedness of the reformed equation (2.5.2).
To do so we employ the method of non-linear Young integrals, introduced in [22]

and also employed in [64, 48, 50]. A more general survey can be found in [47].
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Considering a path Y € C%/ with v ++'((8 + p) A1) > 1, one defines

/Fdrf 11m Z T f(Y, (2.5.7)
0

where D is any partition of the given time interval and |D| is the maximal increment
size in D. An application of the Sewing lemma, known from the theory of rough
paths (cf. [46, Lem. 4.2]), proves that this integral is well defined. Indeed, setting

Est = [ f(Ys) then we see that the abstract integral
(2 —1(=), = U S
(E)r —Z(E) lDllrgoz |
[u,v]€eD
is well defined, if for all (s,t) € AZ
‘Es,t|§ |t — 8|517 and |(5uEs,t|§ |t — S|62

where 0; € (0,1), o > 1 and for u € [s,t], 0,Zss := Zst — Zsu — Zug. 1t is readily

checked in our case that

O0uZst = Lupf (Ys) = Dupf (Vo).

So invoking the assumption that I'f € CJ.C°™*(R?) it holds that for any z,y € R?

and (s,t) € AL,
Psef(2) = Dauf WIS lw — y[HOM ]t — 5],
and thus
10uZ6t| S [Vt — ul"|u — 5’((B+p)/\l)v’§ It — S|((ﬂ+p)/\1)'y’+v'

Since (p A 1)y 4+ > 1 by assumption, we conclude that the integral (2.5.7) is well

defined. We will refer to this construction as the non-linear Young integral (NLYT)
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due to the structure of the integrand.

In the coming sections we will use the concept of the averaging operator I' to give
meaning to McKean—Vlasov equations. This leads us to consider non-linear Young

integrals constructed to coincide with integrals of the form

/t(K # 1) (Y + Z,) dr, (2.5.8)

where € P(CY), Y € C) and K € B (R?) for # € R. The regularising path
Z :0,T] — R? we will take to be deterministic and sufficiently regularising such
that T'K, as defined in (2.5.3), is contained in CJC* for any 7' > 0, some v > 1/2
and a > 2. From Proposition 2.5.7 we see that this assumption is not vacuous.
Indeed, we can always choose a sample path of a fractional Brownian motion (on
a different probability space) with Hurst parameter H € (0,1) as small as we want
(this can now be seen as a deterministic path), so that g+ % — g > 2. We mention
that, much like in the theory of rough paths, we require 1-degree more regularity
than the spatial Lipschitz property on I'K in order to obtain stability of solutions.
By analogy with (2.5.7) our first task will be to construct the non-linear Young

integral

t
o K * p(Yy) = i [y K %y, (Yy). 2.5.9
[ SYRIGESS TR D SRS (259)

P10, e
We again use the sewing lemma to show that the non-linear integral on the right
hand side is well defined in a Young sense, however, for this purpose we require a
notion of Holder continuity for the measure valued flow ¢ — p;. This is discussed in
Section 2.6 below. We note that in the sequel we will view K as fixed for a given

interacting particle system, so for notational ease we will collapse I'q, K to ['y,.
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2.6 Wasserstein Distances and Holder Regularity
of Measure Flows

As we saw in the construction of the non-linear Young integral, (2.5.7), it was
important that the path Y : [0,7] — R? was sufficiently regular. Since we are
concerned with defining non-linear Young integrals with measure valued integrands,
as in (2.5.9), we will require a notion of time regularity for measure valued flows. In
this section we recap some well known material concerning the notion of Wasserstein
distances between probability measures and employ them to make rigorous a notion
of Holder continuity for measure valued flows. Similar ideas were applied in [21].

If (E,dg) is a metric space for any y € M(E) and p > 1 we define the p""-moment

of p € M(FE) by the expression

/ dp(&, )P d|u|(x), for some £ € E.
E

For p € [1, 00) we let M,,(E) denote the set of real valued Radon measures with finite
pP-moment and we denote the subspace of zero mass Radon measures by M%(E) :=
{pne M(E) : W(E) =0} (resp. MY(E) := {p € M(E) : p(E) =0, p has finite p™ moment }).
We write P,(E) for the probability measures with finite p™™ moment on E. For
(E,dg), (F,dp) a pair of metric spaces and p,q € [1, 00| we write P, ,(E x F) for
the set of probability measures, p, on £ x F' whose first marginals, | g, lie in P,(E)
and whose second marginals, u|p, lie in P,(F).

Definition 2.6.1 (Wasserstein Distances). Let (E,dg) be a Polish space, and P,(E)

be as above. Then we may equip P,(£) with the distance,

p
Wys(i,1) (meﬁ?(iy) [ sty ame, y>), (2.6.1)

where II(p, v) C P,,(E x E) is the set of measures on the product space with first

marginal equal to p and second marginal equal to v.

Note that the above definition makes no assumption on an underlying abstract
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probability space(s) giving rise to the measures p, v € P,(E).

Remark 2.6.2. For u, v € P,(E) the metric W,.g can be equivalently characterised
in terms of F valued random variables on a fixed probability space. Let (2, F,P)
be a probability space and X, Y be any measurable mappings X, Y : Q2 — E such
that E[|X|?] < oo and E[|Y|?] < oo, with u = £(X) and v = L(Y), then,

_ n
Wp;E(Ma V) - }({l}f,E[d(Xa Y) ] )

where the infimum is taken over all X, Y as above.

The Wasserstein metrics play an important role in the study of McKean—Vlasov

equations.

Proposition 2.6.3. Let (E,dg) be a polish space and for any p > 1 let W, be the

distance defined by (2.6.1). Then the following all hold:

(i) The distance W,.g satisfies the properties of a metric on Py(E). Furthermore
(Pp, W) is itself polish.

(i1) For any pair p, v € P,(E) there exists a measure m € II(p, v) such that,

Wop(p,v) = (//EXE dp(z,y)? dm(:v,y));-

(111) Let (U™ )nen be a sequence in P,(E), then the following are equivalent:

(a) There exists a p € Py(E) such that lim,,_oc Wy p(1", 1) =0

(b) The sequence converges weakly to p € P,(E) and there exists an eg € E

such that

lim d(eg,z)P du"(xz) =0, uniformly in n € N.
ko0 J BB ()

We refer the reader to [3, 108] for more details. Point (i) in particular is proved in

[108, Ch. 1] and Point (iii) is proved as [3, Prop. 7.1.5].

34



The W;.p metric will play a central role in our analysis. By the Kantorovich—
Rubinstein duality (Theorem 2.6.4 below) we see that Wy. g can be written as the
restriction of a norm on the linear space M;(F) to Py (E). This allows us to define
a notion of Holder continuous measure flows ¢ — u; € P;(R?), see Definition 2.6.7

below.

For a complete metric space £ and a map ¢ : E — R we define the Lipschitz

constant of ¢ by setting

lo(x) — p(y)|
i = sup —————,
[80]1 B(E) Ay IE)E dE (l’, y)

and then we define the set
lip;(E) :=={¢: E =R : [plp <1}.

For € MY(E) we define its Lipschitz dual norm by the expression

il o= swp [ o dn (2.6.2)
E

p€lip; (E)

Given p, v € Py(E), while p — v ¢ P(E) the difference is in MY(FE) and so
|t = v|lip=(m) is well defined. The Kantorovich-Rubinstein theorem states that

this quantity is equal to the 1-Wasserstein distance.

Theorem 2.6.4 (Kantorovich-Rubinstein Duality). Let (E,dg) be a Polish space

and lip, (E) be as defined above. Then for all u, v € Pi(F) we have the equality
Wip(p,v) = [[p = vlhips(5)- (2.6.3)

Furthermore, it does not affect the norm on the right hand side if we further restrict

the supremum to all ¢ € lip;(E) N Cy(E).

Proof. See the proof of [108, Th. 1.14]. O
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Remark 2.6.5. Although Theorem 2.6.4 is referred to as the Kantorovich—Rubesntein
duality the dual quantity in our case is actually the Lipschitz dual norm. This
discrepancy is resolved when F is a compact metric space. We define the KR(FE)

norm on M;(E) by the expression

e — / odu,  Lipy(E) = {p:E—>R: [pletighp <1}
p€Lip;(E) JE

Then it is easily seen that when E has finite diameter it is equivalent to restrict
the supremum to ¢ : E — R such that [¢];, < 1 and ¢(x) = 0 for some = € E.
Then, since for any yu, v € P (E) the difference p — v is in M{(FE) and so integrates

constants to zero, one has

1 = vllips(my= It — Vlkr(E)-

Remark 2.6.6. It is a classical result that unless E is a finite space, any complete
metric on M(FE) is equivalent to the total variation metric, which metrizes the
topology of strong convergence. Therefore it is clear that neither (M1 (E), || - ||ips(£))
nor (Mi(E), |- |lkr(r)) are complete metric spaces. However, combining Theorem

2.6.4 and Point (i) of Proposition 2.6.3 one sees that (Pi(E), || - [ip«(z)) is complete.

Since (Co(R?), || - ||5) is a Banach space all the results of the previous section apply
to the Wasserstein metrics Wp;cg . In particular the space (P; (C@), W1;c§) is itself a

Polish space when equipped with the metric,

thg(% v) = |lp— Vth*(cqf{)-

From now on, when F is a Polish space, unless otherwise specified we always treat
P,(E) as being equipped with the metric W,,z. When the context is clear we will

simply write || - |1+, dropping the explicit dependence on E.
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2.6.1 Holder Regularity of Measure Valued Flows

Let f € Cr, then for every t € [0, T] we define the projection 7, : Cr — R? to be
the map such that m.f := f;. Then for u € M(Cr), we set p; == m#u € M(R?).

Using the definition of the push-forward, we see that if u € P(C5), then
[t dte) = [ 1aPut) S [ IAGeduth. vic 1. @00
R4 ch cs

So pu € Po(Ch) = 1y € Py(R?) for every ¢ € [0,T]. In particular the lip*(R?) norm
of i is well defined for every ¢ € [0,7T]. We use this fact to define a notion of Holder

continuity for P;(R?) valued measure flows.

Definition 2.6.7. Let 3 € (0,1),0 < s <t < oo and [s,t] > u > p, € M (R?) be a

flow of Radon measures. Then we say that (fi,)uec[sq is f-Hélder continuous if

[ /’LUHlip*(Rd)

(U]gijsy == sup < 0. (2.6.5)
Filsdl uFv €[s,t] |U - u’ﬁ
We write Cét]Pl(Rd) = CP([s,t]; P1(RY), || - - ll 5.s4) for the space of Py (R?) valued

flows, equipped with the metric,

s vl s,y == 10 — vollip may+ {1 — V] gis.1-

We use the unusual notation | -; - [, since the space of P, (RY) valued flows is
not linear. As with real valued Holder continuous maps, we retain the convention
that if [s, t] = [0, T] for some T' > 0, we simply write [ -]z, || -, - [ 5 and C"Py(RY).
For pu € CP([0,T); P1(R%)) and B’ € (0, 8), one has [u]g (s < |t — s/ [1pys.q for

any [s,t] C [0,T].

Theorem 2.6.8. The push-forward of the projection map 7 gives a continuous

embedding from (Py(C7), W gs) into (CZPL(RY), || 5 |l 1) and for u, v € P1(CY),
s vl g < W (12, v). (2.6.6)
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Proof. Let u, v € Py (C?) and we define the associated measure flows (p)cjo,r1, (V)eepo,r) C
P1(R%) via the projection m; : C¥ — RY. From (2.6.4) we see that for all t € [0, T,

e, ve € Pi(RY). Then let ¢ € lip;(R%) and using the push-forward, we have

[ (@) (o) = ta) = ) +wata)) = [ (o) = 9l£) ) = ()

Cr

glgﬁ—MMMﬁ—wnx

where we used the fact that ¢ € lip;(R?) in the last line. Dividing by |t — s|® and

taking the supremum over s # t € [0, 7], we have the bound,

mp-—L—Aéﬂwdmw»—mw—w¢m+%u»s/ﬁmwdwUV—Wﬂ>

t£sejo,r) |t — [P c

< sw [ o) dutn) =),

¢€lip, (CF)

where the last inequality follows since [-]z is a lip; function on Cjﬁw. Therefore we

have

[ —vigr < lp— VHlip*(cg): Wgcé{(/‘a V).

By the same steps, we have

0 = vollpr ey + (1 = Vg < /ﬁ(\fo|+[f}ﬂ;T) d(u(f) = v(f))

C

= LMl atu) = i)

from which (2.6.6) follows. O
Lemma 2.6.9. The metric space (CoPy(R), ]| -; - llg.zr) is complete.
Proof. From Proposition 2.6.3 we have that (P;(RY), || - |lip*) is a complete metric

space. Therefore, a minor modification of the usual proof that the space of real
valued a-Hélder functions is complete shows that (CoPy (R, [[ - - | s,7) is complete.

O

At last we mention two useful results regarding the interplay between Wasserstein

38



distances of time marginals and Holder regularity of measure valued flows.

Lemma 2.6.10. For any two probability measures p,v € P(CY), and t € [0,T], we

have that

Wi e (e, vi) < Wiga(pio, o) + T'Bwl;cg(/% V). (2.6.7)

Proof. From (2.6.3), for any ¢ > 0, we see that

Wl;Rd(Mta v) = [l — Vt”KR(Rd)
< lpo — vollkray+ T [ — Vg

S Wl;]Rd (/L(), V()) + TBWI;CIQ (,u, l/).

The next lemma is a variation of Lemma 2.4.3 for measure valued flows.

Lemma 2.6.11. Let T > 0, a € (0,1) and u*, u? € P(C2). Suppose there exists a
constant M > 0 and h € (0,T] such that for any t € [0,T — h],

o (B 2) < M. (26.5)

Then

Wica (', %) < Wiga(ug, pg) + M(1V 207'T). (2.6.9)

Proof. We first note that for u!, u? € P(C%) there exists an optimal coupling given

by random variables Y, Y2 € C% on a common probability space such that

e (1) = E IV = Y2 lapen] = E[Y: = Yilga + E [V = Y?aeen]

and in particular,

Wies (1!, 11?) = E [IY" = Y ||air] = Wima(pd, 18) + E [Y' = Y?]or] .
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From (2.6.8) it follows that for any ¢ € [0,T — hl,
E[[Y' = Y?]apaen] <M
and so in order to conclude it suffices to show that for a given random variable X,

if
E [[X]a;[t,t%»hﬂ < M7

uniformly over ¢ € [0,7 — hJ, then

E([[X]ar] <M (1V2R7'T) .

To this end, we will follow a similar procedure as used in the proof of Lemma 2.4.3.

We begin to observe that

|Xst| |Xst| |Xst|
El|X], 7| =E su : +E su ’ < M+E su ’
[Xar] 0§s<$§T |t — s|® 0§3<P§T |t — s|@ 0§s<£)§T |t — s|*
[t—s|<h [t—s|>h [t—s|>h

To control the second term let us define t; = (s + ih) At for i € N so that for
N> (t—s)/h, ty =t and |t;41 —t;|< hfor all i = {1,..., N — 1}. Also note that
since sup;e( r—p) E[[X]asfte40] < M the random variables [X|a[t,+14) is P-a.s. finite.

We therefore have,

X 1
E sup t| s,t|a <E sup : - Z [X]ti,ti-i-hha
e 2= sl e [t = 5] 0<i<(t—s)/h

< Y ElXuus]

0<i<T/h

<2n7'TM,

where in the last passage we have used that (1 + £) < 2T'h~'. This concludes the

proof. O]
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Chapter 3

Pathwise Regularisation of
McKean—Vlasov Equations with

Singular Potentials

In this chapter we employ the results on non-linear Young integration discussed
in Section 2.5 and the notions of Holder continuous measure flows introduced in
Section 2.6 to demonstrate existence, uniqueness and stability for non-linear Young
equations of McKean—Vlasov type. The non-linear Young equations we consider are
generalised examples of (2.3.1) and in Section 3.3 we show how the abstract results

here apply to equations in the form of (2.3.1).

3.1 Well-Posedness and Stability of Distribution
Dependent non-linear Young Equations

For the rest of this section we fix 7' > 0, (v,n) € (3,1) x (0,00) such that

(mMAY)+7>1, (3.1.1)
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and (€2, F,P) an abstract probability space. All laws of random variables will be
taken with respect to P. These are the same standing assumptions as those made
at the beginning of Section 2.3.

The equations we consider in this section are of the form

n:§+AQMMunw»+&,u=cw» (3.1.2)

where T' € CJC*(R?) for some a > 1, is a given function, and the drift term is
rigorously defined in Subsection 3.1.1 below. Throughout this section I" will be
assumed to be a given space-time function, not necessarily an averaged field of any
particular kernel. In Section 3.3 we show how such I' can be built from a wide range
of distributions K € &’(R%) and local times associated to regularising paths Z € Cy.

We fix a solution concept for (3.1.2).

Definition 3.1.1. Let a > 1, T : [0,7] x R? — R?¢ be such that ' € CJC*(R?)
and (&, B) € L*(;RY x C), with By = 0. Then we say that a random variable
Y : Q — CJ is a solution to the non-linear Young equation of McKeanVlasov

type if for any t € (0,7] the identity,

x%@=a@+£am*mmwww4mw,u=£w> (3.1.3)

holds for P-a.a. w € 2, where the integral is understood as a non-linear Young
integral with measure dependence, properly defined in Lemma 3.1.5.

For any s € (0,7) and h € (0,7 — s], given the interval [s,s + h] C (0,7] and
data (25, B) € LY RY x CJ)(s,s4n We say that Y : © — CZ™ is a solution to the

non-linear Young equation on [s, s + h| if for any ¢ € [s, s + h] the identity,

Vilw) =) + [ (o @) (¥5()) + Bi) = Bulw), o= £ prge (3:1:0)

holds for P-a.a. w € ().

It is immediate from the definition that any solution to the generalised McKean—
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Vlasov problem (3.1.2) satisfy the semi-group property. More precisely, if for any

s <te€0,T] and (¢, B) € R? x C}. as above, we let

t
S[s,t}(& B) = 5 + / Fdr * /’LT(K‘) + Bt - Bs; H= £<Y)

then the identity
S[O,t} (67 B) = S[s,t] (S[O,s} (€> B)a B) 5

holds P-almost surely.

Remark 3.1.2. It follows that if B is a Markov process on a filtered space (€2, F, (F¢):cjo.1])
then any solution Y :  x [0,7] — R¢ will be too. However, it is also easily seen
that in this setting the solution Y cannot satisfy the strong Markov property, since
the law of the stopped process is not equal to the law of the un-stopped process

evaluated at the random time.

The main result of this section is the following abstract equivalent of Theorem 2.3.2.

Theorem 3.1.3. Let a > 2, ' € CJC*(RY), satisfying the assumptions of Lemma
3.1.7 below, and (&, B) € L*(Q;RY) x LP(Q; C}), such that By = 0. Then there erists
a unique solution Y € Ll(Q;Cg/W) to the non-linear Young equation of McKean—
Viasov type, (3.1.2), in the sense of Definition 3.1.1.

Furthermore, if (£*, BY), (€2, B?) € LY(Q;R?) x LP(Q;CY), for any p > 1, are two
pairs of data, then given the corresponding solutions Y, Y2 € Ll(Q;CC’}M), defining

pl = LYY, 2 = L(Y?) and for any B € (1 —~,n A7) choose ¢ = 31—[27 there exists

a constant
C:=C (Tv E [[Bl]i?T} VE [[BQ]i?T} 7F7 Y1, B) >0
such that
Wies (0, 1%) < € (Wiga(L(€1), £(6) + Waey (L(B'), L(BY)) . (31.5)

Remark 3.1.4. Note here that while the constant C' depends only on the 2¢ moments

of B for ¢ = 3:—@, since € (1 —~,n A7) is arbitrary ¢ can in fact be arbitrarily
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large hence the requirement for for B, B, B? to have all finite moments.

In the remainder of this section we first extend the definition of the non-linear
Young integral to integrands involving functions convolved with the time marginals
of a measure flow. We also obtain stability estimates on the non-linear Young
integral (NLYI) with respect to the measure and spatial trajectory. This is all
done in Subsection 3.1.1. Then we prove Theorem 3.1.3 in two stages; firstly in
Subsection 3.1.2 we freeze a path-measure u € P, (C:?M) and demonstrate existence
and uniqueness of solutions Y* to the dynamics of (3.1.2) with p fixed. Then using
the stability in measure of the NLYT we show by a fixed point argument the existence
of unique solutions to the full McKean—Vlasov type non-linear Young equation and

the associated stability bound (3.1.5).

3.1.1 Non-Linear Young Integration for Measure Depen-

dent Integrands

We extend the notion of non-linear Young integration to include measure dependent
integrands. We make use of the results presented in Section 2.6. For completeness
we include proofs of many results even if they closely reflect those already obtained

in the literature for NLYI without measure dependence.

Lemma 3.1.5. Let a > 1, T': [0,T] x R? be in CJC*(RY) and be such that for all

s<tel0,T] and z,y € R?

(1) [Tsu(@) [+ V(@) [S [T — s]”
(3.1.6)

(i) Tae(e) = Tae@IS |t = sz —y].

Let 8 > 0 be such that v+ [ > 1 and assume we are given | € CgPl(Rd) and

Y e Cg. Then there exists a unique path

e /Ot(rdr * 1)(Y;) € C7([0, T],RY)
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constructed as

t
/ T i (Y2) = Bim S (T % 1) (Ya), (3.1.7)
0 [DI=0 [u,v]€D

where D is a partition of [0,t] with maximal resolution |D|. Moreover, there exists

a constant C > 0 such that for all s <t € [0,T]

t
/ Lar # pr(Yr) = Dy x ps(Ys) | < Cls — t|ﬂ/+ﬁHF”%a([Y]ﬁ;[s,t] + [U]B;[S,t}) . (3.1.8)

Remark 3.1.6. For § < ~ the condition v + 8 > 1 required by the statement of
Lemma 3.1.5 can be relaxed to the condition v+ S(a A1) > 1, for any a > 0, where
[ € CJC*(RY), see e.g. [64]. However, in subsequent sections we require a > 2 in
order to obtain the necessary stability estimates, see Lemma 3.1.7, so we directly

impose the simpler requirement above.

Proof. We define , fst = fst — fsu — fur and Zy := Ty * 1, (Ys,), and recall from

the sewing lemma, [46, Lem. 4.2], that if
1ZunlS v —ul™ and 10.Z00l< v — ul®, (3.1.9)

for ; € (0,1) and d > 1, uniformly in z € [u,v], then there exists a unique limit
of the Riemann sums Z[w] ep Suw, along a decreasing sequence of partitions D of

[0,¢]. In this case there exists a unique function Z(Z)(t) such that

We begin by showing the first inequality in (3.1.9). From condition (i) of (3.1.6), I'

is globally bounded in space and is y-regular in time, therefore we have that

‘Eu,v‘: ’Fu,v * oy (Ye)| < /Rd‘ru,v<yu — )| (dy) < HFH%Q‘U —ul, (3.1.10)

where we used that s, (R?) = 1. Thus the first bound in (3.1.9) holds. To prove

the second inequality in (3.1.9), using the additivity of ¢ — I'y, we observe that for
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Considering the second term of (3.1.11), we again use the fact that u;(R?) = 1 for

all t € [0, 7] to obtain by application of (3.1.6) that

|Fz,v * NZ(YU) — I % MZ(YZ)| < /d|F2,v(Yu - y) - Fz,”U(Yz - y)|ﬂZ(dy)
R

<sup|l.,(Y,—y) — (Y. —v)|

yERC

<Nl oY pgsglo = ul™*7, (3.1.12)

where we have used that |v — z|V|z — u|< |v — u| in the last line. For the first term

of (3.1.11) we first argue that the function,

B 1
o = [T},

R? > Y= 90(?/) : FZ,v(Yu - y)>

is 1-Lipschitz continuous. Using (ii) of (3.1.6) we directly find, for x # y € R?

v —=2|”

lp(z) — o(y)|<

o —uf =

where we again used that |v — z|V]u — z|< |v — u|. Hence, using (2.6.5),

|2k (=) (Ya) |= [o=ul[[T]].

[, 6) s = 1)) | < o=l IT sl
(3.1.13)

Thus since v + 8 > 1 by assumption, we conclude that the integral in (3.1.7) is

well defined. Moreover, again using [46, Lem. 4.2], we directly obtain the inequality

(3.1.8). O

In addition to its construction it will be useful to have estimates on the stability of
the non-linear Young integral constructed in (3.1.7) with respect to the path Y and

the measure flow p. The next lemma establishes these bounds under an additional
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regularity assumption.

Lemma 3.1.7. Let « > 2, T : [0,T] x R? be in CJC*(R?) be such that for all

s<tel0,T] and z,y € R?

(1) Paa(@)[+HVTu(2)[S |s —
(i) [Fep(@) = Tar(®)IS [s = |2 — 9] (3.1.14)

(i) [VEse(2) = VIS s = 17|z =yl

Let 8 > 0 be such that v+ 8 > 1 and My, My > 0. Then assuming we are given

two measure flows i € C?Pl(]Rd), and two paths Y,Y € CTQ such that for any

0<s<t<T, [,U,],g;[s,t] V [[L]/g;[&ﬂ < M; and [Y]/j;[s’t] V [Y]B;[s7t] < M, then

t
/[HMWKK%JE*ﬂAﬁH—FM*M@Q+Fm*MQ@

< s =t 2Dl a(1+ My + M) [[Y = Y |6

+1s = 0] a1+ Mo) [l il o
(3.1.15)

where the integral is interpreted as the non-linear Young integral given in Lemma

3.1.5.

Remark 3.1.8. 1t is crucial that the pre-factors on the right hand side that do not
depend on the differences y — ji and Y — Y only depend on the semi-norms in the
relevant quantities. Later this is important in proving existence and uniqueness
results for the non-linear Young equations as it allows us to obtain contraction
bounds independently of the initial data.

Proof of Lemma 3.1.7. Set =gy := Tsy % us(Ys) — Doy % f15(Ys). To prove (3.1.15) we
follow the same strategy as in the proof of Lemma 3.1.5, by invoking the sewing
lemma. Recall from [46, Lem. 4.2], that if for any (s,u,t) € Al the following

inequalities are satisfied

Zad Sls =t and (6,50 S |s — ¢, (3.1.16)
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for some §; € (0,1) and d9 > 1, then

t
/ [Fdr * NT(Y;") — Dy % /ET‘(YU - FS,t * Ns(}/S) + FS,t * ﬂS(YS) 5 [55]52;[8715”3 - t’62a

where we have used the notation

- 16,500
[5‘:‘]5 HERA = SUp —"
2 [s ] (r,uﬂf) GAéS’t] ’r — ’U|52

We begin by splitting = into two functions, setting
Ei,t = Dapow ps(Ys) — D * MS(?;)’ Ez,t = Tgp o (s — ﬂS)(Y/S)

Similar steps as in the proof of the bound (3.1.10) in Lemma 3.1.5 show that the
first bound of (3.1.16) holds for both =!, =2 with §; = 7. Therefore we concentrate

on showing that |6,Z!,| and [6,Z2,| are both controlled by [s — ¢[7*+7.

By the fundamental theorem of calculus we can write =' as

1
E’i,t = / VFs,t * ,U/s(p)/s + (1 - p)Y;) d,O . (YS — }fs)
0
It is readily checked that for 0 < s <u <t <T
1 ) ) 1 ) )
s = / VEsurttu(pYurt (1=p)Yo) dp-(Yu—Yo) - / VI up(pYiet (1=p)Y3) dp- (V= Yo).
0 0

By adding and subtracting fol V% o (pYo + (1 — p)f/u)dp- (Y, — fft) in the equality

above, we obtain the two differences

1 1
Dyt = </ VI pe(pYe + (1 = p)Yy) dp — / Vs pu(pYu + (1 — p)Yo) dp) (Y=Y
0 0

1
Dg,u,t = / VI, * NU(pYu + (1 - :O)YU> dp - (Y;f Y, —Y.+ YU)-
0

Considering D!, we add and subtract the term f01 Vs pta(pYs + (1= p)Y:) dp, and
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define,

1
oL, = / VT * (1t — ) (oY + (1 — p)¥i)dp - (Yi — Vo),
0
1

D 1= / (VTu# alps + (1= p)V3) = VT s pup¥a + (1= p)V2) ) dp - (¥; = ¥3)
0

1.1 .. .
In order to bound the term Dy, , we use a similar argument as we used to obtain

(3.1.13). Using (iii) of (3.1.19) we first see that for any p € [0, 1], the map

1

- VT.(pYi+ (1= p)Y:— ),
[t = s|[IT |0

RSy @p(y) :
is 1-Lipschitz continuous. It then follows, again from (2.6.5), that

sl < [t = 5" ITllya

s,u,t

| [ ) = o) ap | v = ¥4

<|t— $|’Y+B”I‘H’y,o¢[u]ﬂ;[s,t] Y = Yllgs-

We now bound the D? term; again using similar steps as in the proof of (3.1.12),
we have

192l 1t = s PIT [ allY = Y g

Combining the bounds for D! and D? gives
16,285 S 1t = "2 IT a1+ My + M) Y = Y451 (3.1.17)

Concerning the bound on |6,Z2 |, we first divide the expression into two parts and

then invoking inequalities similar to (3.1.12) and (3.1.13) we obtain,

|5uEs,t’ S T * (ps — fls — ftu + ﬁu)(ﬁ”‘l"r‘u,t * (fh — [’Ju)(}}ﬁ — Dy (pu — ﬁu)(?u)‘

St = s Iy (14 Pl M il
(3.1.18)
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So combining (3.1.17) and (3.1.18), we see that

10, Zsal S 1t = s I llya(l + My+ Mo) |Y =Y [l tt = s P01 + Ma) s Al g -

This shows that the second of the two conditions in (3.1.16) is satisfied, with dy =
v+ > 1. The estimate (3.1.15) then also follows from the sewing lemma, [46, Lem.
4.2]. O

Corollary 3.1.9. Let a > 2, 5 > 0, be such that v+ 3 > 1, My, My >0 and I' €
CIC™(RY), satisfying the assumptions of Lemma 3.1.7. Then, given p, fi € CoPy(R?)
andY,Y € C:/i, such that for any 0 < s <t < T, we have [plgsq V [t gysg < M

and [Ygsq V [Ygis < Mo,

t
‘ / Lar # pr (V) = (Car * i) (V)| Sy [t = s/ PIT (1 + My + M) = Y| g

+ |t _ $|’Y+B||F||'y,a(1 + M2)|||M’ [j’mﬁ;[s,t]

1t = Tl (V5 = Vol s — follicr)
(3.1.19)

Proof. This follows directly from Lemma 3.1.7 in combination with the triangle

inequality, where we observe that

< Dy pra(Ya) = Do g (V)

t
‘ / 1_‘d'r * NT(Y;") - Fdr * ﬂr(ﬁ)

)

t
+ ’ / |:Fdr * ,U/r(}/'r) — Fdr * /17"()/1")} - 1—‘s,t * ,U/s(lfs) + Fs,t * ,as(Ys)

where the estimate for the first term on the right hand side is found by similar
procedures as done in the proof of Lemma 3.1.7, and a bound for the second is given

in (3.1.15). 0

3.1.2 Existence and Uniqueness under Frozen Measure Flow

The next theorem provides pathwise existence and uniqueness of (3.1.3) in the pres-

ence of a frozen measure flow.
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Theorem 3.1.10. Let a > 2, I' € CJC*(RY), satisfy the assumptions of Lemma
8.1.7, (&, B) € LY RY) x LY(Q;C}), with By = 0 and p € P(C}"). Then for

P-a.a. w € Q there exists a unique solution Y*(w) € CF""(RY) to the equation

V() = 6 + [ Tar s (V) + Bilo) (3.1.20)

Proof. First, let (By)cjor] := (Bi(w))iejo,r] be a realisation of B, finite in C}. and we
define the measure valued flow ¢t — p; € C%Anpl (R?) by setting u; = m#p. Then

for any B € (1—~,n A7), z € R and T € [0,T] we define the ball in C5(R%),
B, = {Y ECORY) : Yy =€, [Y]pr < 1} ,

We equip B, with the structure of a complete metric space via the Holder semi-
norm [-|go7. Then we define the solution map, ®7(Y), by setting, for every

Y e %T;g,
t —
(V) =&+ / (Car * pr) (V) + By, for all t € (0,T).
0

We first check that there exists a Ty > 0 such that @7, leaves the ball B, .¢ invariant.
Adding and subtracting the term I'y; * us(Ys), and then using the fact that we have
v+ > 1 to invoke the bounds on the non-linear Young integral from Lemma 3.1.5,

for any 0 < s < t < T we have

t t
/ Fdr * MT(Y;‘) < / Fdr * ,ur(}/r) - Fs,t * ,us()/s) + |Fs,t * MS(YS)|

o [t = s PIT 0 (Y ]gr + [gir) + 1t = s |Dllyae (3.1.21)
so that for any Y € B+, we have
[@72(V)lpr v TV e+ [1lgir) + TPl ot T [Blyr. (3.1.22)

Therefore we see that choosing T' := T > 0 sufficiently small we ensure that
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O(Br,..) € B, The initial condition is satisfied due to the positive regular-

ity of the integral and B.

The next step is to show that @7 is a contraction on Bz, for some T < T,. For

Y, Y/ € %To;m

FﬂY%JMGﬂ&TZLAW&*WOQ—Fm*MGH%M

For any 0 < s < t < T, from Corollary 3.1.9, using the fact that Yy — Yy = 0 to

replace the norm with the semi-norm, we have
t ~
[T n42) = Do e 0] S s = 72+ )Y = Pl
+ |s = t]"|[T']5.alY: — f/t‘v

furthermore, for ¢ € [0, T] we have
i = Vi< [V = To 1Y = Vi,

so, using that Y, = Y, = z, we have

¢
‘ / [Car * pr(Y2) — Layr % NT(YT)]‘ N |t — 3|W+5||1“||%a(2 + [N]n/w;T)[Y - Y]ﬁ;T

+ [t - SlvTﬁ”FH%a[Y - Y/]ﬁ;T’

Taking the f—Holder semi-norm of both sides we have that

©7(Y) = @2(V )]sz S08 TN (1+ Idyir ) IV = Vg (3.1.23)

So choosing T = Ty € (0,Ty] sufficiently small, ® is a contraction on Brp,.,. It
follows by the Banach fixed point theorem, that there exists a unique solution to
(3.1.20) contained in Br,,,. Furthermore, since the bounds (3.1.22) and (3.1.23) do

not depend on |z|, we may extend the solution to a further time interval by defining
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the new ball B, 1 7,y;, for T > 0 and then repeating the above arguments. Thus this
solution can be extended to any interval [0,7] C R,. Finally, we observe that by
extending (3.1.22) all the way up to 5 =1 Ay we see that the solution constructed
above a is P-measurable mapping Q > w + Y*(w) € C}7 and furthermore that

L(Y]) = L(E). So the proof is complete. O

For later analysis it will be useful to obtain control on the growth of this solution,

Y in CF" and its law in C7P;(R?). The following lemma collects these controls.

Lemma 3.1.11 (Growth Control). Let o > 2, T' € CJCY(R?), satisfy the assump-
tions of Lemma 3.1.7, u € PL(CF") and (¢, B) € L'(Q;RY) x L1(; C) with By = 0.
Then writing Y* for the associated solution to (3.1.20), for any f € (1 —~v,n A7),
there exists a deterministic constant C := C(v,n,8) > 0 and a 0 := 0(~,n,3) > 0

such that for P-a.a. w € €2,
Y] gr(w) < OT? (1 + [u]pr + [Blyr(w) (LVITIE,) - (3.1.24)
In addition, for a new, deterministic constant C' := C(v,n, ) > 0, we have that
LYz < CT° (1+ [plpir + E[[Blyr]) (1 VITI54) - (3.1.25)

Proof. We begin by proving (3.1.24). Let h € (0,1 AT) and t € [0, — h] then for

any s € [t,t + h], we have

Yeil< + | Bol-

[ s

From (3.1.21) we have that

Y34l S8 1t = s PNl (V¥ gigs) + [lair) + [t = sV llyat [ Bual.
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Taking the S-Holder semi-norm, over [t,¢ + h], on both sides we obtain that
[YM]B;[t,t—i-h] 5%[3 hWHFH%a [YM]B;[t,t-Irh] + TWHFH%(X[M]/?;T + TW_/B||F||%O¢+TU_B[B]7I;T'
We define h > 0 by the formula

_ 1 5
h= (—) ALAT, (3.1.26)
20T l.a

with C' > 0 the implied proportionality constant above and so it follows that,
[Yu]ﬁ;[t,tw_z] fﬂ,ﬁ Tﬂ/HFH%a [N]ﬁ;T + Tv_ﬂ”l—‘”%ofi‘Tn_B[B]n;T'

Applying Lemma 2.4.3 there exists a C' := C(y,n,8) > 0 and a § := 0(y,n,5) > 0

such that

1+1=8
Y¥sr < OT* (1 + [lpir + [Blyr) (1 VDI ) .

Since 0 < % < 1, (3.1.24) follows. To prove (3.1.25), first we observe that

1
[LY")gp= sup  sup ———0
s ©€lip, (R?) t # 5€[0,T] |t — s|?

1
— s s B (V) — (V)|
pelip, (Rd) ¢ £ se0,7] |t — 5|

[ ot ater) - 07 )

<E[[Y*s1], (3.1.27)
where in the penultimate line we used that ¢ € lip;(R?) and Jensen’s inequality.
Applying (3.1.24) inside the expectation gives (3.1.25). O

Remark 3.1.12. Taking & = 0 and 8 = n A~ in (3.1.24) shows that Y* € L'(Q;C}").
Obtaining higher moment bounds follows in the same vein, only requiring us to

assume that (¢, B) € LP(S;R?) x LP(€;C1) and p € P,(CH) for the same p > 1.
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3.1.3 Stability of Frozen Measure Flow Solutions

We define the solution map for the frozen measure flow equation, (3.1.20), for every

p € Pi(CH), setting

SELRY X Chx — OO
(3.1.28)
(& B) = Y*,

where Y* is the solution to the NLYE, (3.1.20), constructed in Theorem 3.1.10.

Lemma 3.1.13 (Stability Control). Let a > 2, T € CJC*(R?), satisfy the assump-

tions of Lemma 3.1.7, f € (1—~v,n A7) and p = 3:—2 Then let (€, B, 1), (€, B, i) €

LY RY) x L2P(Q;C1) x PL(CH) be two pairs of input triples, such that (€ — &) L

(B, B), By = By =0 and suppose there ezists a constant M > 0 such that

Wl V [itgr < M.

Then settingY := Sk(&, B), Y = Sgﬁ(:io, B) and defining the strictly positive random

variable

6 = (1 + M + [B]n;T N [B]U§T)’

there exists a constant C := C(7, 5,||'||1,a) > 0 such that for P-a.e. w € Q,
IV = Pllsr<s €8T (B~ Bl +lpsillor + 16— €1)  (3:1.20)

Furthermore, we have that

e, < e (R, + &6 & 5 - 58] )

+(1+CT*PE[®"))E [15 — gﬂ .
(3.1.30)

Proof. For some h € (0,1), 7 € [0,T — h] and s < t € [7, 7 + h], we see that

t
Vi — Vol < / D (V) — Ty % fin (V) | + | Bus — Bu. (3.1.31)
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Applying Corollary 3.1.9, and using the definition of &, and # > 0 from Lemma
3.1.11,

[P0 = Ca )| S VTS (1Y = Tl il )
B;[T,7+h]

+ W] (HY — Ylloogrrsn+  sup ]Hus - %Hm) :

s€lr,7+h

Using the standard bound for supremum and Holder norms, we have that

1Y = Yloostrrin S [Yr = Vol + Y = Ygprrin = 1Y = Yllgfrrsns

)

and similarly we can bound the term supye( -ypllfts — fis|lxkr. Thus, using that

B < 7, we obtain

[/Fdr*ﬂr(yr)_rdr*ﬂr(ff'r) S’Y,B h,)/_lg(l\/||F||?y,a)e5 <||Y - }7||B;[T77+h]+|||l’b;/]/|||B;[T,T+h]) )

B;[r,74h]

where we have used that h < 1. Inserting this bound in (3.1.31) and using that

n > B, it follows that there exists a constant C' depending on v and [ such that

[Y - Y]ﬂ;[T,T—‘rh} < [B - B]ﬁ;T + Ch’Y*/B(l v HFH’:)})/,Q)® (”Y - }7H67[7'17'+h]+”|/L7/]H‘B,T) )
(3.1.32)
where we have used that h < T. Adding |Y, — Y/T| on both sides of the above

inequality, we have

1Y = Yl grr40
< [B-Blgr +ChH (1 VT2 ,)® (llY — Ylgrrn I ﬂ|||5;T> + Y, - Y|

(3.1.33)
Then we choose h = h € (0,1 A T) according to

_ 1 =75
h = ANLAT
(20(1V ||F||§,a)@5> ’
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where C' > 0 is the proportionality constant in (3.1.33). This gives the bound
1Y =Y llgrirsn < 2B = Bla + s il + 217 = Yel.

In order to get a global estimate we first proceed for integer multiple values of
7 = kh. For 7 = 0 we directly have |Y; — Y;|= |z — &| while for 7 = h we have the
bound

Y5 = Vi< 1Y = Yllg05< 2[B — Bl + Il filll g + 216 — €.
Inserting this, we see that
1Y = Yllsgp.om< 6B — Blaa + 3lllu: fill g + 4I€ — €]

repeating this argument, using that Y and Y are continuous on [0,7] and that for
any 7 € [0, T — h], there exists a k € N such that 7 € [kh, (k+1)h] we may conclude

that on any interval [7, 7 + h] C [0, T],

IV = VlsrrannS 5 (1B = Bl + s ill g + 1€~ €])
Inserting the explicit value for i we find that
1Y = Vg STQOQV [TIE)8)77 (1B~ Blar + s illr + I — 1)
An application of Lemma 2.4.3 then reveals that
IV = Vllgr< 620V ITIE)S) 5T (1B = Blar + s ill o + 1€ — €]
By the same argument as used in the derivation of inequality (3.1.27), we have that

lleyee||  <Elle—&l] +E[1Y ~Vlar] .
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Then applying (3.1.29) inside the second expectation, using that (z —%) L & due to
the fact that x, # are independent from (B, B), and applying Hélder’s inequality,
we obtain (3.1.30).

3.1.4 McKean—Vlasov Fixed Point

We now show that we can close the fixed point ¢ = £(Y*) and in doing so obtain a
solution (Y, i) to the full abstract McKean—Vlasov problem (3.1.2). For p > 1 and

any v := L(£, B) € P1,(R? x C}) with By = 0, we define the map

Y v, - 27)1 677/\7 Pl Cﬂ/\’Y
) P CF7) = PG (3.1.34)
p=r LOYH) = Si#L(E, B),

for S% as defined in (3.1.28). Given this set up, we prove the following theorem.

Theorem 3.1.14. Let a > 2, I' € CJC*(R?), satisfy the assumptions of Lemma
3.1.7, B € l—=vnAy),p= f;—g and v € Py ,(RY x CL) be as above. Then
there exists a unique ji € Pl(C:’}M such that U(v, i) = i. As a result i solves the

McKean—Vlasov problem
t
Vimgt [ (o ep)(V0)+ B = £Y). (3.1.35)
0
Proof. For any t € [0,T], v € P1,(R? x C) we define the set
B, = {1 € Pu(CP) o = vlae, [l <1}

which is a complete metric space under [-]s; (due to the fact that all elements
start in py = v|ga). We first show that there exists a Ty € [0, 7] such that ¥(v, -)

leaves B, invariant. We let ({,B) ~ v and Y = S§(¢, B). From Lemma 3.1.11,
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specifically (3.1.25) we have
[L(Y)]B;t < Cte (1 +E HB]”];TD (1 \ ||F||'27a) )

for some 6 := 6(v,n, ) > 0 and where we used that p € B, ensures [u|g; < 1. So
choosing T > 0 sufficiently small we see that [L(Y)|sr, < 1. Furthermore, it is
immediate from the proof of Theorem 3.1.10 that £(Y;) = v|ga so we conclude that
U (v, Bg,) C Br,.

Now we show that there exists some 77 € (0,7} such that U(v, ) is a contraction
on By, Let p', p2 € By, and Y = S# (¢, B), Y2 = S (¢, B) be distinct. Then
using (3.1.30), from Lemma 3.1.13, with & := (2 + [B],.r) (note that now Y and
Y2 both starts in £ with same random noise B, and so the independence condition

(£=¢) L (B, B) of Lemma 3.1.13 is trivially satisfied), we have that for all ¢t € (0, Tp],
e )£ Sono 0P ORI s il

Since we assume B is p-integrable we can choose t := T} € (0, Tp] sufficiently small
to obtain that W(v, -) is a contraction on Br,. Applying the Banach fixed point the-
orem it follows that there exists a unique fixed point 1 € B, such that ¥(v, g) =
on [0, 7]

We now show that we can extend this solution to the whole interval [0, T]. Note that
both Ty and T} were chosen independently of v|ga, the initial distribution. From
Lemma 3.1.11 we have that ji, € P;(R?) and so we can define a new family of sets

in P;(CP) by setting

%[lTl,Tlﬁf] = {,U, eP (C[%H,Tl-i—T]) DT = iy, [N]B;[T1,T1+t] < 1}7

for any t € [0,7 — Ti]. We may then repeat the same argument as above, now
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considering the solution map W(fir, @ v|en, ) == St

i 1y (Liry, B)). Since Ty was

chosen independently of the initial distribution, by the same arguments we obtain

a new fixed point fi € By, o). Note that
E(YﬂQTl) — SﬁQTl #— — Sﬁ2T2 #S;U'Tl #l/
(11,21 7T HT (11,215 770,10 7Y

and thus there exists a unique solution to (3.1.35) on [0,275]. This procedure can
be iterated to any interval [kTy,(k + 1)T3 AT| C [0,T], and so we conclude that

there exists a unique solution to (3.1.35) on [0, 7.

Finally, using Theorem 3.1.10 we see that Y# € cg“ and so from Lemma 3.1.11 and

Remark 3.1.12 we have that i € P;(C;"”). This concludes the proof. O

We now define the fixed point map

\Tf . ’Pl’zp(Rd X ng) — Pl (C;Z/W)

= U(v, 1),

(3.1.36)
vV

=

for p > 1, where i = ¥ (v, v), with ¥ defined by (3.1.34).

3.1.5 Stability of the Fixed Point Law

In this section we investigate the stability of the solution to (3.1.35) with respect to

the joint law of the initial data and the driving noise.

First we introduce some notation. Given two probability spaces, (Q, F1, P1), (Q2, F2 P?)
we write B! (resp. E?) for the expectation over Q' (resp. Q?) with respect to P!

(resp. P?) and E? for the expectation over Q! x 2 with respect to P* x P2,

Theorem 3.1.15. Let a > 2, I' € CJCY(RY), satisfy the assumptions of Lemma

3.1.7, € 1 —=vnA7v), p= % and two possibly different probability spaces

QY FLPY), (92, F2,P?). Assume that we are given (€', BY) € LY(QY RY)x L?P(Q; C))
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and (€2, B%) € LY (Q%RY) x L*(Q%* CL) such that By = B2 = 0 and (' — &%) L
(B, B?), with v' = L(&', BY) € Pi9p(RY x C}) for i = 1,2, and letting u', p? €
P1(CF) be the associated solutions to (3.1.2), then there exists a constant C :=

C (El [[Bl]i‘f’T] v E? [[BQ]Z’T} ,F,%n,ﬁ) > 0 such that
Wien(p' n®) < C (Wl;w(ﬁ(ém(é?)) + Waen (ﬁ(Bl),L(B?))) . (3.1.37)

Proof. We let p* = Wi(?), where W is defined by (3.1.36). By Point (ii) of Proposi-
tion 2.6.3 there exist optimal transport plans (mg,m) € (V! |ga, v |ga) X TL(¥!en, %|en)

such that
Wl;Rd(Vllea V2|Rd) + WQ;C;}(V”CE}? V2’C1"~) = IEmo [|€1 - 52’] + IEm “Bl - B2]727;T] z,

Defining
m:=mo®m € P (R x RY) x (CI. x C1)) ,

using the definition of 1-Wasserstein distance on C/, and since P (CJ) C Py(C/), we

have that
Wy es(L(Y'), L(Y?) SEq [[IY' = Y?|l5e],  for any t € [0,T] (3.1.38)

Using Lemma 3.1.11, specifically (3.1.25), for i« = 1,2, any ¢t € (0,7], and some
0 :=0(~,n,5) > 0, we have that

(1] < CE (L4 (W] + B [[Byr]) (LV TN 0) -

So now, choosing t = Ty € (0,7 defined by

=

1
Ty == ,
’ <20(1 \ HFH%Q))
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we see that, for a new constant C' := C(I',v,0) > 0
i) m, < C (1 LR [[B’] mT]) , fori=1,2. (3.1.39)
We now define the strictly positive random variable on (Q', F! P1) x (9% F2,P?),
G = (1 +E! [[Bl}mT] v E? [[BQ]H;T} + [BYgr V [BY M) > 1.

Note in particular that both & and Tj are independent of initial data &', £2. So,
using that (£'—¢?) L, &, and applying (3.1.29) of Lemma 3.1.13, for any ¢ € [0, Ty],

we have that

En IV = Y254 Svmpr 2 B [67] || 22, + T2 P [67] E,o [[B' — B2

+En [67] B [1€7 — €71 -

Note that [E,, denotes an integration over the product space Q! x Q2. From Theorem

2.6.8, we have that

s 12 ([ 5 < Whep (et 12%),
So in turn

1 1
Em [HYl - YQH/J’;J Svin BT t*PEn, 6] Wl;cf (', %) + T* K, [62]0] *En, “Bl - B2]727;T} ’

+ E,, [@p] IEmo Ugl o fzu ’

where o = o(v,n,8) > 0 is the same as in Lemma 3.1.13. Now choose t = T} €

(0,1 A Tp) according to

_1

1 =7
T, = A1 AT
' <20(1 VT3 o) Em [@p]) v

where C' := C(~,n,5) > 0 is the proportionality constant above. So then using
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(3.1.38), we have, for a new constant C := C(T,T",~v,n,8) > 0,

Wies (u' ) < C (E [67] By [[B' = B]* + B [67] B, i€ — €2]])

2 we have that

2 C%))v

(3.1.40)

So then we chose m = my ® m to be the optimal transport for !, v

NI

Wl;cé{l (#17 H’Q) S C]E’m [®2p] (Wl;Rd(VlhRda V2|Rd) + WQ;C;(Vl C;’n v
where we used the ordering of moments for the second expectation. Since Tg, T}
were chosen independently of v!|gs and v?|ga, we can iterate this procedure to find

that on the interval [T}, 27}], where now v* := L(Y},B') € Py3,(R? x C}) and

]/2 = ‘C(Y’I%l’ B2) & PLQP(Rd X C;?—v) we have

N|=

w (W', 12) < CE [6%]F (Whna(£0VR), £OVE)) + Waep (e, vPlep) )

(3.1.41)

0B
1’C[T1,2T1]

From Lemma 2.6.10 we have that
Wana(L78), £(072)) < Wasa (£(€), £(€)) + T{Wy 5 (,12)

so inserting (3.1.40) in the above inequality yields that, for a new constant C' :=

C(T, Tla F? Y51, /B)a we have

Wics . (0 02) < CE[67] (Wina(£(61), £(E9) + Wagy (7 leg. vlep))

(Ty,2Ty
We can repeat this procedure for any interval [kT}, (k + 1)T3] C [0,T7, to give,

k+1

W (o p?) < CE[@7] 5 (Wl;Rd(E(rSl),ﬁ(é“?)) + Waen (Vg v2\c3)> ‘

.cB
1’C[kT1,(k+1)T1

Since there are only finitely many intervals of this kind inside [0,77] this estimate
can be made uniform in k£ and using the continuity of the measure flow, also to any

sub-interval of [0, T'| of length T3. Therefore, Lemma 2.6.11 implies that there exists
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a constant C' = C(T, T}, E,,[6%],T,~,n,8) > 0 such that

W1;c§i(,ula MQ) <C (Wl;Rd(L(fl)a 5(62)) + WQ;C{}(ﬁ(Bl)a 5(32))> )

which concludes the proof. O

3.2 Mean Field Limit of the Abstract Particle
System

We apply the results of the previous section to show convergence of the non-linear

Young particle system,

N t
i i, L i j i
RS 2D | ratvi =y« B (3:2.1)
fori =1,...,N to (3.1.2). As in [27] we only assume convergence in law of the

idiosyncratic noise vectors (B);—

7777

..... ~, although of course either
or both could be ingredients to showing the convergence. Our approach makes use
of a trick of Tanaka, [103], which was also employed in [27]. The idea is to re-cast the

mean field approximation as a stability result by a transformation of the underlying

probability space.

As in the introduction to [21] and Section 3 of [27], we begin by building, for any

N > 1, the probability space (Qy, Fy,Py), by setting,

1
L . of2 .
Qn i={1,...,N}, Fy:=2% IP’N._NE:(L.

=1

where 2V is the power set of Qy and §; is the Kronecker delta. So we can easily

identify any N-tuple, (Y?),—; . n C EV with a random variable YV : Qy — E

.....

defined such that Y™)(;) = Y?. Furthermore, the law of Y™ as an E valued
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random variable, on (Qy, Fy,Py) is given by the empirical measure,

N
Ly (Y™) = %Z Sy,
i=1

where the delta is now a Dirac mass on E. Using this construction we can associate

to the random vectors
(EM BMY = (¢4, BY,..., (=N, BY)) € R!xCHYN and YV = (Y1,... YY) e (¢;'")N
the empirical measures

Ly(EWM, BM) e PR x C1) and Ly(YN)) € Py(CI)

which define their laws on (Qu, Fy,Py). From this point of view we can rewrite

the particle system (3.2.1) in the more familiar form

r

t
Y™ =g+ / (Car * Lx(YN),) (v,) + B (3.2.2)
0

We refer to equation (3.2.2) as the empirical McKean—Vlasov problem. Now we state
and prove the following theorem, which is essentially Theorem 21 of [27] modified

to our setting.

We fix T > 0, (2, F,P) an abstract probability space, v,n as in (3.1.1), a > 2
and I' € CJC*(R?) satisfying the assumptions of Lemma 3.1.7. Then we have the

following mean field approximation result.

Theorem 3.2.1. Let € (1—7,nAy), p= % andv = L(£, B) € Py, (REx CI)

be such that By =0 and & L B. For any N € N also assume we have ({éN), B(N)> €
LY RYY) 5 L2(Q; (CIN) a family of random variables with BS") = 0. Then the

following statements hold:
(i) For every N € N and P-a.a. w € Q there exists a unique solution Y M) (w) €
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(CIN to the empirical McKean—Viasov problem, (3.2.2). Furthermore the

mapping w + Y M (w) is F measurable.

(i) There exists a Y € P1(CF) such that for P-a.a. w € Q, Y(w) solves the
dynamics of (3.1.35).

(iii) There exists a constant C := C (T,I',E [[B]ipT] VE [Ey [[B(N)]if’TH 7,1, B) >

0, such that for all N > 1, P-a.s. we have the bound

Wi (Ex(r ™)), £1)) < € Was (£(&")),£06))

+ Waen (Ly (BY) (w), L(B))
(3.2.3)

Remark 3.2.2. The independence condition & 1 B imposed in Theorem 3.2.1 is a
consequence of the independence condition (( — &) L (B , B) required by Theorem
3.1.15, where ¢ ~ L(EM)(w) and B ~ L(B™)(w). Since we fix w € Q for the
random variables (¢V), BV treating them as random variables on the space Qy

defined below, amounts to requiring ¢ | B w.r.t. P.

Proof. The existence and uniqueness statements of points (i) and (ii) are direct con-
sequences of Theorem 3.1.14 with inputs (f(()N), BWM)) and (¢, B) on the probability
spaces (Qy, Fn, Py) and (2, F, P) respectively. The requirement that EN(S(()N), BW)) ¢

P1a2(Qn; (RE x C1)Y) is seen to be satisfied since for P-a.a. w €

N 1 N
Z NZ 77T<OO.

ZIH

v [V @)]] + B (B

The measurabillity assertion of point (i) follows from the continuity of the solution
map Uy : PN(R? x C}) — PN(C}), so that w — Ly(Y ™) (w)) is F measurable so

that in turn w +— YN (w) = SEN(Y(N)(“’))(S(()N) (w), BN (w)) is also F measurable.

The mean field approximation result of (iii) now follows directly from Theorem 3.1.15.

O
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3.3 Proofs of Main Results

We collect the proofs of Theorem 2.3.2, Theorem 2.3.5 and Corollary 2.3.9. We com-
bine the results of, for example [64] or [48], which ensure the existence of sufficiently
regularising paths, with the abstract results of, Theorem 3.1.3 and Theorem 3.2.1,

along with the preliminary results from Section 2.6.

Proof of Theorem 2.3.2. In order to prove Theorem 2.3.2 we need to ensure that

given K € BY,(R?) there exists a Z, € C([0,T]; R?) such that
Fs,t = K * Ls,tv

satisfies the requirements of Theorem 3.1.3. This can be done using the results of
[64], or [48]. More specifically, from Proposition 2.5.7 we see that we can choose

t — Z; to be an fBm with Hurst parameter sufficiently low. m

Proof of Theorem 2.3.5. In order to prove Theorem 2.3.5, with I';; := K * Ly, as

above, it suffices to apply Theorem 3.2.1. Since by assumption
lim Wigaep (£n(&" BY), L(E, B)) =0,
N—o0

it follows from (3.2.3) that for any 5 € (1—~, yAn) we have Wies (LY, L(Y)) —
0 as N — oo. Then, applying Proposition 2.6.3 we obtain weak convergence of

Ly(Y®) to L(Y). O

Proof of Corollary 2.3.9. Let K € S'(RY) be a homogeneous distribution of order
o < 0 (see Def. 2.4.8) and Z € C([0,T];R?) distributed according to the law of
an fBm with Hurst parameter H € (0,1) on a separate probability space (Q, F, P).
So then from Proposition 2.4.6 and Remark 2.4.7, for any € > 0 we have that
K € B;;gfs = H°+t2~¢. From Proposition 2.5.7 we see that for I the averaging
operator associated to Z, there exists a set of full measure N’ C 2 such that for

all @ € N, I'K(®) € C%C”l%_d(%_v) for any v € (%, 1). Since we assume that B
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takes values in C%/ 7% for any £ > 0, almost surely, we have 1/2 — e 4+ v > 0 for any
v E (% + 2¢, 1). So then for all H < ﬁ we have that 'K € CJ.C* for some a > 2,

v € (1/2,1) and so the results of Theorems 2.3.2 and 2.3.5 both apply. O
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Chapter 4

Conclusions and Open Questions

We discuss some applications of our results in more detail and some further questions

below.

4.1 Applications Involving Homogeneous Kernels

In the preceding chapter we demonstrated a regularisation by noise result for gen-
eralised McKean—Vlasov equations. Our particular focus has been on McKean—
Vlasov equations with homogeneous interaction kernels. Many physically relevant
McKean—Vlasov models involve interaction kernels given by homogeneous distribu-
tions of negative order. Using Corollary 2.3.9 we now exhibit some classical examples
to which our method applies along with the necessary upper bound on the Hurst

parameter of the regularising path.

(i) Coulomb Potential: Typically used in the Keller-Segel model for chemo-
taxis and mean field models of plasma dynamics and gravitational dynamics.

One has

sign(z), d=1,
K(z) ~
> d>2.

In this case, choosing a fixed sign in front of the kernel often leads to diverging

behaviours. With a positive sign, the interaction is referred to as repulsive
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(i)

and with a negative sign it is referred to as attractive or gravitational. As a
general rule, the repulsive equation is better behaved although this is not a
rigorous statement. For example the Fokker—Planck equation associated to the
mean field limit in the repulsive case is globally well-posed in all dimensions.
In d =1 it is likely that the propagation of chaos result could be achieved by
more direct means than ours in both repulsive and attractive cases, [67, 76].
Well-posedness of the limiting equation is well-known without regularisation
in one dimension, irrespective of sign choice, [70, 95]. For d > 2 there are cur-
rently no known propagation of chaos results for the McKean—Vlasov system
with the full kernel. In [53] the authors obtain propagation of chaos in two
dimensions for K (x) ~ ﬁ with @ € (0,1). In [65, 66] the authors obtain well-
posedness and propagation of chaos results for the Keller—Segel model with the

full kernel approximated by a cut-off. They also obtain a weaker convergence

result, without propagation of chaos, similar to that of [44] for the full kernel.

In our setting, since the kernel is homogeneous of order ¢ = —d -+ 1, our results

hold with H < ﬁ with Z drawn independently of K.

Biot—Savart Law: Applied in the vorticity formulation of Euler and Navier—

Stokes equations in d = 2.

X

K (x) L= (—a?a").

Nw, T ,x

Since the kernel scales like the Coulomb potential in 2-dimensions our results
hold for the same range of H. However, in this instance, due to the rota-
tional structure of the kernel more is known in the un-regularised case. Well-
posedness of the limiting equation is known in both the viscous and inviscid
cases, [85]. In [43] the authors obtain propagation of chaos for the viscous
vortex model - which corresponds in our setting to taking B a standard Brow-

nian motion. A quantitative propagation of chaos result is also obtained in
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(i)

(iv)

(v)

this setting in [75]. For the non-viscous model well-posedness of the particle
system and propagation of chaos is shown in [85] for Lebesque almost all initial

configurations.

Power Law Potentials: Generalising the Coulomb potential are power law

potentials of the kind
1

~J _’
]

K,(x) a>0.

Common applications are in Cucker—Smale flocking models, [45, 23], in the
Hartree-Fock approximation of many body quantum systems, [54] and in
crystallisation models, see (v) below, amongst others. Here our results ap-
ply with H < ﬁ for Z drawn independently of K. In this more general
case some results are known in the un-regularised case. For the many body
quantum system - which is quite different from our setting as it concerns the
mean field of N PDEs, rather than O/SDEs - propagation of chaos holds for
K € L2 (RH)NC(RI\{0}), [55, Thm. 1.10.2]. In the case of SDEs, the results
of [53], already discussed, prove the propagation of chaos for a € (0, 1) with
d = 2. Finally we mention that with additional assumptions, kernels of this

type are incorporated into the framework of [75] which obtains propagation of

chaos results.

The Dirac: Setting
K(x) ~ do(x),

our results apply with H < ﬁ with Z drawn independently of K. In [101],
Sznitman studied a particle approximation of the one dimensional Burgers
equation with the Dirac interaction kernel as the interaction kernel. Prop-

agation of chaos and well-posedness results were shown in this case without

additional regularisation.

The Lennard—Jones Potentials: Applied in particle simulations of crys-
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tallisation, [37, 104], the family of interactions

Kpﬁp@) ~ |I|_2p_2|x|_p7 p >0,

are known as Leonard—-Jones potentials. Formally, these kernels converge to
the Heitmann-Radin kernel

(

oo, |z|< 1,
Kur(z) =4 -1, |z|=1,
0, J|z|> 1

\

Intuitively speaking, Kygr acts to separate particles at distance 1 from each
other. The typical approach to theories of crystallisation is to study static min-
imizers of the free energy associated to the interaction, [39, 37, 104]. Therefore
these models do not directly fit into our framework, however, we propose it
might be interesting to consider dynamic approximations to crystalline struc-

tures, using our regularisation by noise approach. Using the Leonard—Jones

1

i and Z independent

potential, for fixed p > 0 our results apply with H <
of K. In this setting we may vary p € [Pmin, Pmax] Without changing Z provided

we choose H < ———.
44-pmax

4.2 Open Questions

We now comment on some open questions following on from the results presented

so far.

4.2.1 Vanishing Regularisation

As mentioned in Section 2.3 in the setting presented we only obtain approximate

stability for the true solution to the McKean—Vlasov problem. More precisely, if we
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introduce a small parameter € > 0 and define the regularised problem

(

dXi = (K ) (X7) dt +dB; + edZ,,

= L(X, —eZ,), (4.2.1)

\X() ~ £(l‘0),
then for (zg, B'), (x3, B?) two pairs of input our result gives,

Wion (E(X), £(X2)) < C(e) (Wigs (£(23), £(23)) + Wy (£(B"), £(B%)))

+ellZller,

where, if K € BS,  for a < 2, the constant C'(¢) — oo as ¢ — 0. As a result
we stress that we do not obtain the full mean field limit in the presence of singular

kernels.

However, it would be natural to ask if in more specific situations it would be possible
to control this loss of stability, or indeed remove the parameter entirely. For example,
in some of the cases outlined above, although the kernel may be singular, the mean
field limit problem is well-posed and it is only the finite particle system that may

be ill-posed. The regularised particle system, forv=1,..., N,
1 [
X =zl + N Z/ K(X!— X! —¢(N)Z,) dr + B! +&(N)Z,, (4.2.2)
j=1"0

with K(z) = ixﬁ, corresponds to a regularisation of either the repulsive or
attractive Keller-Segel model. In the repulsive case, or for x < 87 in the attractive
case, the Fokker—Planck equation associated to the mean field equation is known to
be globally well-posed. In either of these cases therefore it is reasonable to expect
the particle system to converge as well, [44]. Therefore, it would be interesting to

ask if, in our setting, we could let e(N) — 0 as N — oo in (4.2.2).
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In a similar direction, for some models mean field approximation results have been
obtained with a vanishing cut-off approximation of the kernel. In these situations
the typical desired rate of cut-off is proportional to N ~2 which is the average dis-
tance between N uniformly distributed particles in a d-dimensional box. Although
our approximation does not correspond to a sharp cut-off of the equation, if we
renormalise the parameter, setting & = m for Z and T > 0 fixed, then the per-

turbation has most effect for particles at distance no more than & € (0,1). This

motivates studying the stability of the system (4.2.2) with e(N) ~ N~a.

4.2.2 Particles with Idiosyncratic Regularising Paths

The fact we only obtain approximate stability for the true solutions X is due do
the additional perturbation we make inside the law in (4.2.1). This perturbation
is necessary as without it the regularising path Z would be cancelled out in the
equation for Y. This is similar to the observed fact that identical common noise
cannot regularise particle systems, it simply shifts the points of collision to random
locations. In the classical propagation of chaos results for trajectories driven by i.i.d
Brownian motions, the interaction is smoothed by the rough individual trajectories
that average out in the mean field limit to a single average noise. Extending this

idea to our setting, it would be interesting to consider the particle system
1. [t
X! :xé—l—NZ/ K(X!— X)) dr+ 2!, fori=1,...,N, (4.2.3)
j=1"0
where we have absorbed the B’ into Z¢. Writing Y := X' — Z° gives the new system
N t
Y, :9”3+NZ/ K(Y/=Y)—Zi—Z))dr, fori=1,...,N.  (4.24)
j=170

Then, using the formalism of averaged fields we define L/ to be the local time of

the process Z* — Z7 and let 'K = K % L*J be the associated averaged field. So
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writing (4.2.4) as a non-linear Young integral we have
1 Xt
Y;Z:xg+N;/U TYK(Y—Y7), fori=1,...,N. (4.2.5)

For fixed N and (Z%)Y| drawn independently from a suitable distribution, the system
(4.2.5) is seen to be well posed. However, the stability of these solutions, with respect
to the vector of general drivers appears to be a very difficult question. Obtaining such
a result would mirror the propagation of chaos for particles driven by idiosyncratic

Brownian noise as in [101].

4.2.3 Second Order Systems

Finally we mention an extension that is likely to be simpler than the previous two.
For many physical systems it is in fact more natural to model particles in position
and velocity rather than just position as we have done so far. A typical example is

the Vlasov—Poisson system for which the N-particle dynamics are written

dX; =V} dt,
(4.2.6)
dVi =+ YN K(Xj—X{)dt  fori=1,... N,

with the kernel of most interest being the Coulomb potential. The system (4.2.6) can
be adapted to fit into our existing framework, by defining the phase space variable
Wi = (X}, Vi) € R* and viewing the interaction as a kernel with support only
in the space variable. However, this ignores the second order structure of (4.2.6).
Since the singular interaction takes as input the spatial variable, but acts on the
velocity variable, the dynamics of (4.2.6) are in a sense less singular than those
for the corresponding first order system. For example propagation of chaos results
have been attained for the Vlasov—Poisson system with quantitative cut-off, [83, 68]
without any Brownian forcing, as compared with the Keller-Segel model which is a

McKean—Vlasov system and no such result has been obtained. It would therefore be
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interesting to explore how our method of regularisation would apply for second order
systems and possibly to understand if the same well-posedness and propagation of

chaos results can be achieved using less irregular paths.
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Part 11

Convection-Diffusion SPDEs with

Additive Space-Time White Noise
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Chapter 5

Introduction

In this half of the thesis we study a class of convection-diffusion SPDEs on T¢, forced
by additive space-time white noise and with non-local dependence in the convection

term. The prototypical equation we consider is formally written

Ou — Au = £xV - (™ Vp,) + & on R, x TY,
(5.0.1)

—Ap, = Pu, on T¢,

where £ is a spatially mean free space-time white noise defined in Section 5.4.1 be-
low. Regarding the convection term, x > 0 is a positive constant and m € Nxo
is a positive integer. When m is even we interpret the power by the expression

m—

u™ 1 = Ju|u™ 2. On the right hand side of the elliptic equation, Pu denotes the
projection to the periodic functions with zero mass on T?. As per the discussion
presented in Section 5.4.1 below, we cannot expect (5.0.1) to be well posed in any
space of positive regularity when d > 2. Therefore, in this case we must give proper
meaning to the non-linear term u™ 'V p,. We handle this issue with regards to local

well-posedness when d = 2 in Chapter 7 and discuss possible approaches to local

well-posedness in higher dimensions in Chapter 8.

Before discussing some motivations for studying (5.0.1) we note some interesting

features of the equation. Firstly, due to the non-local term, while it is reasonable to
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expect solutions to be Markov processes in time, we cannot expect the solution to
obtain a space-time Markov property as has recently been observed in the case of
reaction diffusion SPDEs with polynomial non-linearities, [90, 89, 25]. However, we
do expect some features of reaction diffusion SPDEs to hold for (5.0.1). Expanding

the non-linear term, assuming for now that all terms are sufficiently regular, we have

+xV - (U™ 'Vp,) = Fxu" " Put Vu™ - Vp,.

Therefore, as in the case of reaction-diffusion type SPDEs, we expect different global
behaviour of the equation depending on the sign choice +x. In accordance with the
connection between (5.0.1) and interacting particle systems discussed below we refer
to the choice 4+ as the repulsive regime and —y as the attractive regime. In general
we expect the repulsive equation to enjoy some damping properties and in Chapter
6 we demonstrate that for d = 1 and m = 3 the first equation of (5.0.1) in fact
does come down from infinity. However, we also note that due to the additional
transport term the non-linearity does not define a dissipative mapping in any L?
type space. This is a possible explanation for the apparent difficulty in extending
the global well-posedness result to d = 2, as discussed in Chapter 7. The behaviour
of the attractive equation is more subtle and we have not been able to establish
conclusive results. Comparison with the deterministic PDE analogues suggest that
at least for d = 1 we might still expect global well-posedness when m = 2 but that

this should fail for higher dimensions and higher powers.

5.0.1 The Keller-Segel Model of Chemotaxis

The system (5.0.1) is closely related to the Keller—Segel model for chemotaxis. In-
troduced in [79], the Keller-Segel model was proposed as an effective description for
large collections of cellular sized objects moving in suspension according to a mean
field chemical potential. A canonical example is the motion of white blood cells

around a wound or infection. In general the cells move randomly throughout the
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body, however, upon encountering foreign bodies the cells secrete a chemical that
draws more white blood cells to that location. The Keller—Segel system models both
the chemical secretion and cellular motions as diffusion equations, with the chemical
density driven by the cell density and cell motion driven by the resulting chemical

potential. A minimal version of the system can be written

¢

O — o1 Au = +xV - (uVe), on R, x T¢

Op — 02Ap = Pu — p, on R, x T4, (5.0.2)

\U|t=0= Ug, Pli=o= po, on T,

The system (5.0.2) is referred to as the parabolic-parabolic Keller-Segel model and
a discussion of its properties and variants can be found in [69]. In many cases it
is reasonable to assume that the diffusion of the chemical potential occurs on a
significantly faster time scale than that of the cells themselves and this leads to the

even simpler parabolic-elliptic Keller —Segel system

;

O — Au = +xV - (uVp,), on R, x T

—Ap, = Pu, on T¢, (5.0.3)

U|t:(): Uo, on Td.
\

Equipped with non-negative initial data integrating to 1, (5.0.3) is naturally inter-
preted as a McKean—Vlasov equation for the cellular density wu(t,x). Furthermore,
(5.0.3) arises in other contexts as a model for planetary dynamics, [12, 13]. We note
that when m = 2 and £ = 0, for non-negative initial data (5.0.1) is exactly (5.0.3),
so we can think of our SPDE as a stochastic generalisation of this model. The study
of the deterministic systems (5.0.2) and (5.0.3) has been an active area of research
since their proposal in the early 70’s. Comprehensive surveys are given in [69] and
[97]. Focussing on the parabolic-elliptic equation we summarise the main known
properties, referring to [70, 16, 97, 30, 14] for more details. We assume ug > 0,

Jpauo = 1 and by implication ug € LY(T?). Many of the properties below rely on
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the propagation of both the mean and the L' norm in this setting.

e Formally any solution to (5.0.3) decreases the energy

& uy) ::/ Uy lnutﬂzg/ Ut Puy s (5.0.4)
Td Td

and (5.0.3) can be viewed as a gradient flow in the space of probability mea-

sures with respect to &, in the sense of Otto [96, 14].

e In d = 1 the system (5.0.3) is globally well-posed independent of x > 0 and the
sign choice, [69, 95]. Only the attractive equation displays non-trivial stable

solutions.

e For d > 1 the repulsive equation is globally well-posed independent of x and
the sign choice. The only stable solutions are the constant solutions and they
are global attractors for (5.0.4). However, variant or hybrid models can display

more novel behaviour, for example [78, 26].

e In d = 2 the attractive equation is globally well-posed for y < 87 and blows-up

in finite time for y > 8m. The behaviour when y = 87 is discussed in [15].

e For d = 3 global behaviour of the attractive equation is not determined by
X > 0 alone. Regarding well-posedness, there exists a threshold K,.(x) > 0
such that if ||ugl|;32< K. then global smooth solutions exist, while for wug
failing this condition and also satisfying a moment condition, solutions blow-
up in finite time is known, see [97, Sec. 2.1] and [30]. It is an open question to
establish a global well-posedness/blow-up dichotomy as is known for the two

dimensional case.

The difference in behaviour across dimension, not observed in polynomial reaction
diffusion equations, arises due to the decreasing integrability of the Coulomb poten-
tial in higher dimensions. Let VG ~ |z|¢7!, denote the Coulomb potential on T¢,

so that we may write Vp, = VG x u. We have VG € LP(T9) for all p < d;fl, which
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is decreasing in d. The L*> bound when d = 1 is crucial in the proof of global well-
posedness in the attractive regime in one dimension. This highlights a phenomenon
we also observe in our stochastic equation: even though the behaviour of (5.0.3) is
broadly governed by the sign of the quadratic term Fu(u — @), the transport term,

which involves the kernel VG, also plays a role.

5.0.2 Our Setting and Motivation

Our motivation to study (5.0.1) comes from two directions. Firstly, in relation to
the PDE analogues of the equation, it is clear from the discussion above that the
fundamental structure of (5.0.1) leads to interesting and varied behaviour that are
tied to physically relevant processes. Understanding the persistence or modification
of these behaviours in a stochastic setting is therefore a natural question. From a
mathematical perspective, additive noise is in many ways the simplest stochastic
perturbation of a parabolic PDE and has been the first step in studying stochastic
versions of a variety of equations in the past, [31, 98, 32]. In our setting there are
a number of advantages to studying the additive noise equation. Firstly additive
noise provides the most direct route to studying ergodic properties of the equation
and it enables us to consider space-time white noise, which further simplifies the
ergodic analysis. In addition, by fixing the form of the noise we are able to focus
on studying the behaviour of the non-linear part in higher dimensions and under
rougher drivers. On the other hand, following the recent advances in SPDE theory,
[59, 57], systems such as (5.0.1) offer an avenue to studying novel kinds of SPDE
with non-local dependence. In Chapter 8 we discuss an application of the theory of
regularity structures to well-posedness of (5.0.1) in d = 3 with m = 3. The main

issue here is to incorporate the regularising effect of the elliptic term Vp,.

Finally we mention one contrast with another well studied stochastic system. The
Navier—Stokes equations in d = 2, written in vorticity form, appear very similar to

a vectorial version of (5.0.1) with m = 2. We write the SNS equation in vorticity
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form as

v —Av=V-(vkx*0v)+¢, (SNS)

where KC(z) ~ % is the Biot—Savart law. Global well-posedness for the two di-
mensional stochastic Navier—Stokes (SNS) equation was obtained in [98]. The main
difference in the case of (SNS) is that the vector field, I x v is divergence free, so

that testing the right hand side with the solution gives
1 2
(V : (Ut’(: * Ut)7 Ut> = —§<’C * U, VUt> = O,

and it is seen that the damping of the Laplacian is sufficient to obtain global well-
posedness. Since Vp, is by definition not divergence free the analysis of (5.0.1)

involves additional terms.

Despite the motivations discussed above, the additive noise equation (5.0.1) does
present some drawbacks. Firstly, from a modelling perspective, interpreting (5.0.3)
as a Fokker—Planck equation it would be natural to consider a stochastic version
which maintains sign and mass preservation. While we can ensure mass preservation
of the additive equation, by working with a mean free noise, the additive noise
equation does not preserve sign. This leads to our second departure from (5.0.3)
which is to consider powers m > 2 and to impose the absolute value for even powers.
As we saw above the behaviour of the equation is in many cases dependent on the
sign choice in front of the non-linear term therefore it is important to keep the sign
inside the non-linearity consistent with the sign of the solution. A second issue of
the additive equation is that is not clear how one might exploit the natural gradient
flow structure of (5.0.3). A resolution to this and the first issue mentioned, would

be to consider a stochastic perturbation of the kind

ou—Au =V - (uVp,) + V- (F(u)f). (5.0.5)
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When F(u) = y/u and £ is understood as a space-time white noise, (5.0.5) is a Dean—
Kawasaki type equation and is related to the Wasserstein diffusion, [29, 109, 81].
SPDEs of this type present significant mathematical challenges and despite some
very recent and interesting work very little is as yet known. On the other hand
for £ a less irregular noise and smoother F'(u), (5.0.5) is relatively tractable and in

Chapter 8 we discuss some ideas in this direction.

5.0.3 Our Results

In the following two chapters we present analysis of (5.0.1) in d = 1 and d = 2.
In both dimensions we focus on the case m = 3. The main reason for this is that
it is the lowest power for which current techniques allows us to make sense of the
non-linearity in d = 2. In both dimensions we obtain pathwise, local well-posedness
of the equation, without appealing to the sign choice. In d = 2 we employ the
notion of Wick powers to interpret the non-linearity. Although we do not present it
explicitly, it is clear that the local analysis in d = 1 extends to all m > 2. For d = 2,
following the ideas of [105], it would also be possible to extend the local result for
all m odd. In d = 1 and for m = 3 we also obtain global well-posedness existence
and uniqueness of an invariant measure with tail estimates and exponential rate
of mixing for the repulsive equation. Extending this result to higher, odd, powers
also seems very possible, however it is not clear how to extend the method to even
powers. We present this result in detail in Chapter 6. Although it seems reasonable
to expect global well-posedness for the repulsive equation in d = 2 we have not been
able to achieve this result and a discussion of this issue is included in Chapter 7.
The main results are formally presented at the beginning of each relevant chapter,

following the introduction of suitable preliminaries in the remainder of this chapter.
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5.1 Notation

We let T? be the d-dimensional torus which we interpret as the half open box [0, 1)¢
with sides identified appropriately. We write R, for the half open real interval
[0,00). Solutions to our evolution equations will be mappings u : I x T¢ — R,
for I C R, a bounded interval. For a mapping f : [0,7] x T¢ — R, if we write
f: we mean the T¢ — R mapping that obtains at this instance of ¢t € [0,7]. We
write §'(T¢) for the space of, periodic, tempered distributions acting on C°°(T?),
the space of infinitely differentiable, periodic functions. For p € [1,00) we let LP(T?)
be the usual space of all p-integrable distributions and L>(T%) the usual space of
essentially bounded functions. For k& € N we write C*(T?) for the set of k-times

continuously differentiable functions on T¢.

For f € 8'(T) we write Pf := f— f where f := (1, f)12(ra), for the projection to the
space of mean-free periodic distributions. For m € R and any of the function spaces
above on T we write for example S’ (T?), Ck(T?),C2, L2 (T?) for the corresponding
sets such that (f,1) = m as well. In Section 6.4.1 we work with square integrable
space-time functions for which we define L3(R, x T¢) for those square integrable
functions on R, x T¢ such that for all t € R, (f;,1) = 0. When the context is clear
we drop the dependence of these function spaces on the domain in order to lighten

notation.

For E a Banach space and T > 0, we write CrE = C([0,T]; E) for the set of
continuous mappings f : [0,7] — E. For n > 0 a positive parameter we let C,.r E :=

C,((0,T7; E) be the set of similar mappings finite under the norm

| flle,rz= sup (" AD)||fell 5.
t€(0,T]

We define H : (0,00) x T¢ — R to be the fundamental solution to the heat equation
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on T¢, which solves

8,5?’[ — AH = 5t:07 on R+ X Td.
For (t,7) € R x T we write the fundamental solution as

= ; €_|$Z:|2 0 . 1.
Hy(w) : Vi)' T;Zd L0,00) () (5.1.1)

We define G to be the fundamental solution of Poisson’s equation on the torus, which

solves

— AG = Pd,. (5.1.2)

Finally we highlight that in Chapter 6 we use x both as a subscript to denote spatial
derivatives, as in 0,u, and for the initial condition of our SPDE, x € Cg°. If we write

u(x) we mean solution to our SPDE, with initial condition z, at time ¢ € [0, 7.

5.2 Holder-Besov Spaces on T

We recall the construction and some well-known properties of Holder-Besov spaces
defined through the theory of Littlewood—Paley decompositions. A more detailed

exposition can be found in [5].

Let (em)meze be the basis of L?(T?) given by the trigonometric functions e, () :=

e?mmr If f g are complex valued and square integrable we write,
() = [ )y de.

Then for f € LY(T¢) and m € Z? we define the Fourier transform by
Ffm) = fu = (f.em),

and for real valued functions, f, we have the symmetry condition f,m = fm Since

em € C(T9), for any f € S'(T?), f,, is defined by duality.
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We define the inverse transform, for f € ¢*(Z), by

= Z fmefm(x)

meZd

For 2 € R4 r > 0 and 0 < r; < 7y < oo we denote by B,(z) the ball of radius r
centred at z and by A,, ,,(2) = B,,(2) \ B, (%) the annulus of inner radius r, and
outer radius ry, centred at z. Then we consider a partition of unity given by two

functions x, y € C>°(R?), such that:

1. suppy C Bg(O) and supp x C A%’%(O),

2. X(2) + 2o x(27%2) =1, for all z € R

The existence of such a dyadic partition of unity is shown in [5, Prop. 2.10]. We

define x_1 ==X, xx(+) == x(27%+) for all k > 0 and set y;, = 0 for all k < —1.
For f € C°°(T%) we denote its k" Littlewood-Paley block by,

Af = F0f) = D xu(m) fmem, for k> —1.

meZd

Observe, for k > —1, we can write A f(z) = (hg* f)(z) where, using the modulation

property of the Fourier transform, one has
hoyi=F 1'%, ho:=F'x, hp:i=F 'xi=2"n2F), fork>1

By duality we extend this definition to f € &'(T?). Then, for o € R and p, ¢ € [1, 0]

we define the non-homogeneous Besov norm for f € C°°(T?) by the expression

£l g ,cxay:= | "N Ak fllocray ), qu(Z), (5.2.1)

and denote by By (T?) the completion of C>°(T?) with respect to (5.2.1). Defining

o d : oo (rrd
By (T¢) as the completion of C°°(T¢) under (5.2.1) ensures that all Besov spaces
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«
00,00

are separable. For the Besov spaces B we write C%. When o« > 0 and not an

integer, an equivalent norm is given by

_PWJ
[ Fllewmn= I Floma+Ufla = suplf@)l+ sup L Fre@ )

z€T? x # yeTd |I‘ - y|a
where PfLOfJCJ is the Taylor polynomial of f to degree |a] at the point x. The equiv-
alence between the semi-norm, for o € (0, 1), and the homogeneous Besov norm is

proved in [5, Th. 2.36].

5.2.1 Embeddings, Duality and Derivatives

We recall various properties of the inhomogeneous Holder-Besov spaces as defined
above. We remark that since we work on exclusively on the torus in this section we
have directly defined the periodic Besov spaces Bg, (T%). For many of the results
stated below we refer to [5] for proofs, where the same results are stated for Besov
spaces on R?. However, in many cases the passage to obtaining the same results for
Besov spaces on the torus can be made by similar arguments. We refer to [91, App.
A] and [57, App. A] where the same issue is discussed. A key tool in many proofs

is Bernstein lemma.

Lemma 5.2.1 (Bernstein Lemma - [5, Lem. 2.1]). Let A={¢ e R? : r < [{|< R}
be a given annulus and B = {¢ € R? : |C|< R} be a given ball and n € N. Then,
there exists a constant C := C(k) > 0 such that for all p, ¢ € [1,00| with ¢ > p,

f e LP(RY) , X >0 we have

supp(f) C AB = sup |07 f o< CNG=D £l o, (5.2.3)
c€eN
lo|l=n
supp(f) C ANA = CTN|| f|| 1< sup (107 f [0 < OX[| | s (5.2.4)
geN
lo|l=n

Theorem 5.2.2 (Besov Embeddings - [5, Prop. 2.71]). Let « < B € R, q € [1, ]
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and p > r € [1,00|, be such that

ﬂ:oﬁ—d(l—l),
r.p

then there ezists a constant C' := C(«, 8,q,p,r) > 0 such that

/185, < Cllfllge,- (5.2.5)

p,q

For ¢y > g2 € [1,00] and «, p as above there exists a constant C' := C(q1,q2) > 0

such that

1fllsg,, < Cll s

P,q1 — p,q2

(5.2.6)

Furthermore, for any B > a and p,q € [1,00] the embedding Bﬁq — By, is compact.

Remark 5.2.3. In particular, for any p € [1, 0o], there exists a constant C' := C(p) >
0 such that
CH Fllso < A er < Cllfllso -

Theorem 5.2.4 (Effect of Derivatives). Let a € R, p, g € [1,00] and k € Nxo.

Then there exists a constant C := C(k) > 0 such that for any o € N¢ one has that
1D? fll ga-ie1< Cll fl15,,- (5.2.7)

Proof. Since the derivative is linear, for any k& > —1, we have that Ag(Df) =

D?(Agf). So then from Lemma 5.2.1 we have that
12D F)llr= 1D (Ar)lr S 27 A £l o, (5:2.8)

from which the result follows. O

Theorem 5.2.5 (Besov Poincaré - [105, Prop. A.9]). Let a € (0,1). Then there

exists a constant C' := C(a) > 0 such that

1 llsg, < C (WA IV FIZ A+ Fll ) (5.2.9)
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Theorem 5.2.6 (Duality Pairing - [5, Prop. 2.76]). For a € R, p, ¢ € [1,00] and

P, q € [1,00] such that 1—17+}% =14 L =1, there exists a constant C' := C(a, p,q) > 0

1
q q
such that

(g < C||f”BquHg||B;‘fq,~ (5.2.10)

5.2.2 Paradifferential Calculus

Recall that for f, g € S'(T%) we have formal the decomposition

F=> M g=> Ay

k>—1 j>—1

Therefore, formally, we may write the product as

fo= Y AcfAsg.

k,j>—-1

The idea of Bony’s decomposition is to decompose this sum into three terms that

can be handled for distributions of suitable regularity.

Definition 5.2.7 (Bony’s Decomposition). Let f, g € S’(T%). Then we define the

paraproducts between f and g by

fog:= > Mfdjg, fog= Y6 Ay,

k<j—1 k>j54+1

and the resonant product between f and g by

feg:= > AuflAg.

|k—j|<1

Given these definitions we decompose the formal product as

fg=reg+feg+foy
Of these terms, we see below that the paraproducts are always well defined while the
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resonant term is only well defined on a subset of sufficiently regular distributions.
When it is well defined, we will see that it also defines a bi-linear operator on its
domain. This allows us to extend the usual pointwise product on C*°(T¢) x C°°(T)

to a bi-linear form on suitable pairs of Besov spaces.

Theorem 5.2.8 (Paraproduct Bounds - [5, Th. 2.82, Th. 2.85 & Cor. 2.86]). Let

a, BER, g€ [l,00] and p, p1, pa € [1,00] be such that

+ .
P1 P2 p
Then:

(i) If a + B > 0, the mapping (f,q9) — f e g extends to a continuous bi-linear

map By, , x By, , = Byi”.

(i) The mapping (f,g) — f @ g extends to a continuous bilinear map LP* ><B£27q —

B
Bp,q'

(111) If o < 0, then the mapping (f,g) — f @ g extends to a continuous bi-linear
map By, , X Bgz,q — B;‘;ﬁ.

(iv) If « < 0 < B are such that a4+ 8 > 0, then the mapping

(fLa)—= fg=feg+feg+foy

extends to a continuous bi-linear map By , X 852 e~ By

(v) If a > 0, then the mapping (f,g) — fg extends to a continuous bi-linear map

By, x By, = By,. Furthermore for ps,py € [1,00] also satisfying

1 1 1 1 1
+
P1 P2 b3 P4 p

there exists a C := C(a,p,q) > 0 such that

I £ollsg, < C (IF el 17 g, Jlgllen ) - (5:211)

p,q ™ p2,9 P3.49
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As a consequence of these properties we have the following theorem regarding prod-

ucts of Holder—Besov distributions.

Theorem 5.2.9 (Product Bounds). Let g € [1,0¢0], a, f € R be such that a+5 > 0
with > 0 and let py, pa, p € [1,00] be such that p% + piz = i then the usual point-
wise product C*(T4) x C*(T%) 3 (f,g) — f x g extends as a continuous bi-linear
map from BS (T%) x BS (T%) — Bya?(T).

In particular, for « >0 and v € [0, 1], there exists a constant C':= C(«, B,p,q) > 0

such that

p,a ™

Ifallsg, < Clifllsy lgls, < CUFI ara-ngllgll v (5.2.12)
v’ T—09 Bp’q prq

and for a < 0 < B with o« + 5 > 0, v € [0,1] there exists a constant C =

C(a, B,p,q) > 0 such that

1fallsg, < Clifllsy lgllse,

p,q ™

SO ava-wallgll o (5.2.13)
q Bp.q Bp.q

I—v>

5.2.3 Parabolic and Elliptic Regularity Estimates

We define heat semi-group by its action on Fourier space. For f € L'(T?) and t > 0,

we set
Afi=F! (e_”"Qf.) =H; * f,
where,
Hi(w) = > e ™Ime, (2)1 000 (1), (5.2.14)
meze

and extend this formula by duality. We refer to [92, Prop. 5 & 6] for a proof of the

following theorem.

Theorem 5.2.10 (Regularising Effect of the Heat Flow - [92, Prop. 5 & 6]). Let

a, fER andp>r e [l,00] and q € [1,00]. Then, if 5 < a < f+ 2, there exists a
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constant C':= C'(d, o, B,p,7,q) > 0, such that, uniformly overt > 0,

_d(l_1\_1l.,_
e flls, < Ct5(xm3)=30=2) 1

5, (5.2.15)

Secondly, if 0 < f—«a < 2 then there exists a C := C(«, 5,p,q) > 0 such that for a
any t >0,

B—a
10— ) fllsg, < O3 155, (5.2.16)

Remark 5.2.11. We remark that since we have defined the Holder-Besov spaces as
the closure of C*°(T?) under the norm; for any a € R, p, ¢ € [1,00], if f € By (T?),

we have that

- _ A L=
lim||(1 — ') f]} 5, = 0.

To see this we note that the set of smooth functions for which the same limit holds
is a closed set, using (5.2.16). Therefore, upon taking the closure we see that the

limit must hold for all f € Bg, (T%) under our definition.

We also have the following elliptic regularity estimate. First we consider functions

with Fourier transform supported in an annulus.

Lemma 5.2.12. Let 0 < 1 < 13 < 00, Ay 1,(0) be an annulus, p > 1 and A > 0.

Then there exist C' := C(r1,12) > 0 such that
supp(F(f)) € M r(0) = AT flle< CA7| fll 2o

Proof. Let ¢ € C(R?) be such that ¢ = 1 on A,, ,,(0) and zero outside a neigh-
bourhood of A, ,,(0). Then we have

a7t =7 (0(3) g F00))

—F! <¢ (5) 47r2—1|\2) « f.
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By Young’s convolution inequality,

. 1
1874 1= |77 (6(5) e )| 170

Therefore, it suffices show that there exists a constant C' > 0, independent of A > 1,

(0w

By definition, the function F~'(¢4(-/)\)) has Fourier transform supported in an

Lt

such that

< CON2

Ll

annulus slightly larger than AA,, ,,(0). So we now apply [5, Lem. 2.2] to the
Fourier multiplier o(m) := W and the function F~! (¢(-/)\)) which gives us a

constant C > 0 such that

-1 ) 1 -2 -1 )
Hf (‘Zb () 57 |2> LSO ).
= CA |7 |,
Since || F1¢||,;1 < co by assumption the claim is shown. ]

Theorem 5.2.13. Let f € C®(T?) and be such that (f,1) = 0. Then if —Ap := f,

for any a € R, p,q € [1, 0], there exists a constant C := C(d,p,q) > 0 such that

lollisg, < Clfllgs-2- (5.2.17)

p,q

Proof. From Lemma 5.2.12, for any k£ > 0 we have
1Akpl o= [ARA™ fllzo= AT A fllr< C27 2| A f| 2o (5.2.18)

Regarding the low frequency block, since we assumed (f, 1) = 0 we have (Ff)(0) =
0. In turn (Fp)(0) = 0 and so, A_1p(z) = A_if(x). Therefore, there exists a

C := C(d) > 0, such that for any k£ > —1 one has,

27| Apll o< 2P| Ak fll o,
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from which the claim follows. O

Remark 5.2.14. In the following we are mostly concerned with Vp; where —Ap; =
f — f. Combining (5.2.17) with (5.2.7) and (5.2.5) we see that, for a € R, p > r €
[1,00] and ¢ € [1, 0],

1Vesllss, S AN . s (5.2.19)

5.3 Elements of Ergodic Theory

We recall some elements of ergodic theory for dynamical systems on infinite dimen-

sional spaces. We refer to [33] for more details.

Let E be a separable Banach space and £ be its Borel sigma algebra. We write
P(E) for the set of Borel, probability measures on (£, ) and M(FE) for the set of
Borel, measures on E. We denote by B,(E) (resp. Cy(E)) the set of bounded, real,
Borel functions on E (resp. continuous, bounded, real Borel functions on E). For
every u € M(E) and ® € By(E), the pairing (i, ®) := [, ®(x) p(dx) is well defined.

For p, v € P(E) we define the total variation distance

1
I =vlirv:= 5 sup |(u—v,®)|. (5.3.1)
DEBy(E)
[®llLeo<1

An equivalent formulation is given by viewing the total variation distance as an

optimal transport cost, with cost function 1,,. We have

HM—VHTV::% inf /[E (-LgG-y)rldndy).  (5:32)

mell(p,v)

where II(u,v) C P(E x E) is the set of coupling measures between p and v.

Definition 5.3.1 (Markovian Transition Function). We say that Pi(z, A):>o, defined

for every t > 0, x € E and A € &£ is a Markovian transition function on E' if
1. Pz, )€ P(FE) forevery t >0, x € E,
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2. P(-,A): E— Ris & measurable for every t > 0, A € £,
3. Pris(x,A) = [, Pi(y, A) P(z, dy), for every t,s > 0,z € E, A€ £,
4. Py(x,A) =1 4(x), for every z € E, A€ E.

To every Markovian transition function, P(-, -), we associate a Markovian semi-
group of linear operators, for which we use the same notation, P; : By(E) — By(E),

by the expression
P (x) :/q)(y)Pt(m,dy), Vo € By(E), t > 0.
E

We also define the adjoint semi-group, P;. For any p € P(E), A€ £ and t > 0, we
define
Prp(A) = (B, p).

We say that a measure v € P(F) is invariant for (P);>o if
Plv=v, Vt>0.

Definition 5.3.2 (Stochastically Continuous Transition Function). We say that a
Markovian transition function is stochastically continuous if, for every » > 0 and
reFE

Pi% P(z,B,(x)) = 1. (5.3.3)

For the associated Markovian semi-group an equivalent condition for stochastic con-
tinuity is that
lim B®(z) = ®(z), V&€ C(E).

t—0
See [33, Prop. 2.1.1].

Definition 5.3.3 (Feller Semi-Group). We say that a stochastically continuous Marko-
vian semi-group, (F;)>o, is a Feller semi-group, if for any ® € C,(EF) and ¢ > 0, one

has that P,® € C,(E).
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If (P;)s>0 is a stochastically continuous, Markovian semi-group, then for every z € £

and T > 0,

1 t
Rl4(x) = ?/ P11 4(z) ds,
0

defines a probability measure on E. We define the adjoint, R;., by setting, for every
pePE),Ac & and T > 0,

Rip(A) = /E RLa(2)u(de).

It follows that for any ® € B,(E) and p € P(E) we have

(Rip,®) = 7 / (P11, @) ds.
0

We recall Prokhorov’s theorem regarding the weak convergence of measures. First

we define a tight family of measures.

Definition 5.3.4 (Tight Family of Measures). We say that a family of probability
measures 9 C P(F) is tight, if for any € > 0 there exists a compact set K. C E

such that for any u(K¢) < e, for any p € 9.

Theorem 5.3.5 (Prokhorov’s Theorem). For E a separable Banach space, a col-
lection of probability measures M C P(E) is tight if and only if it is relatively,

sequentially compact in P(E) with respect to the topology of weak convergence.

In Chapter 6 we build the semi-group associated to the infinite dimensional dynamics
of a stochastic evolution equation. Our primary interest is to establish criteria of
the semi-group that ensure existence and uniqueness of an invariant measure for the
dynamics. We outline these criteria below. The Krylov-Bogoliubov theorem gives

criteria for existence of an invariant measure.

Theorem 5.3.6 (Krylov—Bogoliubov Existence Theorem). Let (P;)i>o @ Cpo(E) —
Co(E) be a Feller semi-group on E. If for some u € P(E) there exists a sequence

ty /00, we have that Rf u — v € P(E), then v is invariant for P;.
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Proof. See the proof of [33, Th. 3.1.1]. O

Theorem 5.3.6 ensures the existence of an invariant measure for P, however, it leaves
open the possibility of multiple invariant measures. Doob’s theorem (Theorem 5.3.9
below) shows that irreducibility plus a regularity condition on P, is enough to ensure

uniqueness of the invariant measure.

Definition 5.3.7 (Irreducible Semi-Group). We say that a semi-group (F;)¢>o is irre-

ducible if for any = € E, and non-empty and open A € £, P,14(z) > 0.

Definition 5.3.8 (Strong Feller Semi-Group). We say that a semi-group (F;):>o posses

the strong Feller property if P, : By(E) — Cy(E).

Theorem 5.3.9 (Doob’s Theorem - [33, Prop. 4.1.1 & Th. 4.2.1]). Let (P;)i>0 be
an irreducible, strong Feller semi-group. Then given a measure v € P(E), invariant

for Py, it holds that,

1. for all x € E and A in € we have

tlggo Ply(z) =v(A), (5.3.4)

2. v 1is the unique invariant measure for P;,

3. for any x € E andt > 0, v is equivalent to P}o,.

5.4 White Noise and the Stochastic Heat Equa-
tion

We provide a very brief summary of some definitions and key concepts from the
theory of Gaussian processes on Hilbert spaces. A very thorough survey including a
more general discussion of Gaussian measure theory and its application to SPDEs

is given in [59, 34].
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5.4.1 White Noise, the Stochastic Heat Equation and its

Wick Powers

Definition 5.4.1 (White Noise). Given an abstract probability space (2, F, P) we say
that a family of Gaussian random variables (§(¢))pcr2(r, x1e) (resp. ((())per2(ra))
defines a spatially mean free space-time white noise (resp. mean free spatial white

noise) if
L. E[£(¢)] = 0, E[€(9)§(¢)] = (¢, ¢") 2@, x1e) for all ¢, ¢ € L2(R, x T),
2. E[¢(¢)] = 0, E[C(¢)C(¢)] = (¢, ¢') 2(ra) for all ¢, ¢ € L*(T7),
3. (&9 ® 1) 2w, xra) = (C, 1) p2¢pay = 0 for all ¢ € LA(R,), P - almost surely.

Letting (em)meze be the orthonormal basis of L?(T?) defined in Section 5.2 and
(W) neza (resp.  (W™), . _,a) be a family of independent real valued Brownian

motions (resp. i.i.d real normal random variables) then for ¢ € L*(R, x T%) (resp.

¢ € L*(T?)) we define

)= [ en@anr. )= Y dum

mecZd meza

The first summands are understood as It6 stochastic integrals and with convergence
of both sums taking place in L*(€2, P). Then ¢, C satisfy Items 1, 2 of Definition 5.4.1.
In order to satisfy Item 3 we project onto the subspace of mean free distributions

by defining

Ep) = E(p) / T oo, C(6) = () — doW".

Although £(¢) and ((¢) are well-defined random variables, and so &, ¢ define random
distributions, it is readily checked that &, ¢ are almost surely not members of L*(R x
T?), L?(T?). However, both are contained in any strictly larger Hilbert space. An

explicit example is given by the Hilbert-Schmidt extension.! For ¢ € L*(R x

'Let H be a Hilbert space and (e,,),,>0 be an orthonormal basis of H. Then the Hilbert—Schmidt
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T?), ¢ € L*(T?) we write the evaluations £(¢) and ((¢) in the convenient form of

stochastic integrals,

o) = [ [ ettagan . <o) = [ ocan.  Gan)

even though & and ¢ are almost surely not measures. The theory of stochastic in-
tegrals for Hilbert space valued processes is properly developed in [34, Ch. 4] and
the quantities (5.4.1) are well defined, but only on a set of full measure Q' C Q that

depends on the functions ¢, ¢.

A key object in the study of SPDEs forced by white noise is the stochastic convo-
lution. This allows us to define the notion of a mild solution to linear SPDEs. We

define the filtration

(Fizo =0 ({£(p) + ¢ € L*(Ry x T?), ¢lto0= 0} U {C(p) : ¢ € LX(T?)}),

and let (F;)i>o denote its usual augmentation. Now, for any ¢ > 0 we define the

dynamic stochastic convolution

T,(p) := /0 /T d(’H,t_T x ¢)(z)&(dr,dz) Vo € L*(TY), (5.4.2)

where # is the periodic heat kernel defined in (5.1.1). We see that Z;(¢) is adapted
to (Fi)i>0, the filtration outside of ¢ = 0. Writing the convolution in terms of its
Fourier series, using the fact that we have chosen the white noise to be spatially

mean free, we see that

t
Lo) =Y [ e G, awy

m#0 0

We consider the long time behaviour of Z;. Using Item 1 of Definition 5.4.1 and the

extension, H, is defined to the completion of H under the norm Hm||fq: S (x,e,)?. Tt can

be checked that the inclusion map ¢ : H — H is trace class.
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semi-group property of the heat kernel, for any ¢, ¢/ € L*(T?) we have

E [Zi(¢)Li(¢')] = /0 /’ﬂ‘d(H2t_2S x ¢)(x)¢' (x) dz ds
_ Z /Ot 6787r2|m|2(tfs)(5mqg/m ds
m=#0

1 20,124\ 0
— E 1— —8m%|m)| t> - /
8m2|m|? < ¢ Sm®
m#0

t—o00 1 T
=D oY
m7#0

= | Gxo(x)¢(x) du,

Td

where G is the fundamental solution of Poisson’s equation on the torus. Since
the first two moments of a Gaussian random variable specify the random variable
uniquely in law, we define the time homogeneous, random distribution, Z,, to be

such that, for any ¢, ¢/ € L*(T%),

E[To(6)] = 0. E[Zn(@)Tnl())] = / (G 0)(@)0() da.

We write pgpr for the law of Z,, which we will see below defines a member of
P(C5(T%)) for all a < 1 — . For now we may think of it as a probability measure
on the Hilbert-Schmidt extension of L?(T?). It turns out that ugpr is the unique
invariant measure for the process t — Z;. For convenience we write Z., in a similar
form as Z;. Define ¢ — G * ¢ to be the functional square root of the operator
¢+ Gx¢. Ford > 2, G2 can be written in the form of a periodic Riesz potential.

For convenience, we formally write

To¢) = [ (@} s o)@)cn), Vo e IA(T) (543)

The sum Z, (e ) + Z; defines a stationary (F;);>o adapted process. That is
To(e'™ ) +Z; is F; measurable for all t > 0 and £(Z..(e'® ) +Z;) does not depend

on t > 0. We use these definitions to define a solution to the stationary stochastic
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heat equation (SHE).

Definition 5.4.2 (Stationary SHE). For T' > 0 we say that v € §'([0,T] x T?) is a

solution to the stationary stochastic heat equation, written formally as

Ow—Av=¢, on (0,T] x T?
(5.4.4)

d
U’t:O ~ HUGFF, on T )

if the identity
v(9) = Too (€' 0) + L1 (9)

holds IP - almost surely for all ¢ € [0,7] and ¢ € S(T?).

5.4.2 Regularity of Stochastic Processes

We employ the linear equation, (5.4.4) as a building block for studying non-linear
stochastic evolution equations. In order to do so it is important to obtain regularity
estimates for stochastic processes built from £. We employ a Kolmogorov type
regularity result based on the Littlewood—Paley decomposition of Section 5.2 that
is suited to distributions continuous in time but possibly rough in space. We use a

version of [92, Lem. 9 & 10].

Lemma 5.4.3 (Kolmogorov Continuity - [92, Lem. 9 & 10]). Let (¢, ¢) — Z(¢) be
a map from Ry x L2(T?) — L*(Q, F,P) that is linear and continuous in ¢. Assume
that for somep > 1, o € R, K > é and any T > 0, there exists a constant C' > 0,

such that for allk > —1, x € T and s, t € [0,T],

E{|Z,(h(- — 2))F] < CP2kP, (5.4.5)

E{|Z,(hi(- — ) — Zy(hi(- — 2))|P] < CPJt — s|<'P2—k=0p, (5.4.6)

Then there exists a random distribution Z € C*(R,; By, foralla <o — K — ]C—Dl and
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k<K — % such that, for all t € [0,T] and ¢ € S(T?),

Furthermore, for every T' > 0, there ezists a constant C := C(T,a,a’,p) > 0 such
that

E | sup | Z]% | <C.
p,p

te[0,T

Proof. See [92, Lem. 9 & 10]. O

Remark 5.4.4. The same result holds for ¢ — Z(¢) as a time homogeneous map

from L*(T¢) — L*(Q, F,P).

5.4.3 Iterated Stochastic Integrals and Wick Products

We begin by applying 5.4.3 to treat Z, and Z,. Since both are examples of stochas-
tic integrals they obey Nelson’s estimate, Lemma 5.4.10 below, with n = 1 as well
as the It6 isometry (5.4.15). We use these tools to demonstrate that Z, satisfies the

criteria of Lemma 5.4.3. A similar argument holds for the free field Z.

Since the law of the white noise is translation invariant it suffices to consider z = 0
in Lemma 5.4.3. So then for k > —1, p € [2,00), t > 0 and setting z = 0 in (5.4.5),

we have

t
E [|Z,(h)?] = / I Hor |2 dr

t
= / <XkHtfr7 XkHtfr> dr
0 e

t
- ¥ /e—sfr?lmmt—r) dr

mesupp(xz) ” ©
m##0

1 —872|m|%t

mesupp(xx)
m#0

Therefore, applying (5.4.16) below and in combination with (5.4.7), for fixed ¢ > 0
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and k > 0 we have, for any p > 2,

2 1 20,012
EZ (h)IP1r < de <1_ —87%|m)| t)
H t( k)| ] ~P S§UE§ X 87r2|m|2 e
Im|e (2%, 52F)

Sp 27, (5.4.8)
Using a similar argument for £ = —1, we conclude that for any p > 2, there exists
a C := C(p) > 0 such that

E[|Z,(hy)|?]) < CE2+(1-2)p (5.4.9)

for all k£ > —1. To show continuity in time we set p = 2 and then for 0 < s <t < T

and every «y € [0,1) we have the bounds,

t s
E “IO,t(hk) _I(],s(hk)‘ﬂ 5 Z (/ ef(tfr)&r\m\ +/ (1 . ef(tfs)87r|m| )ef(sfr)&r\m\ >
s 0

méesupp(Fhg)
m#0

_ Z %(1 _ e (t=s)smimP?) <e—s87r|m|2 T (11— e—s87r|m|2))

me&supp(Fhy)
m#0

méesupp(Fhg)
m##0

< |t — 8‘72*19(1*2“/)7

Therefore, for 0 < s <t < T and 7 € [0,1), there exists a constant C' := C(T") > 0

such that
E Uzt(hk) — Is(hk)ﬂ <Clt— S’VQ—k(Q—d—Q'y)'

So then using Nelon’s estimate again, for any p > 2, there exists a constant C' :=

C(p,T) > 0 such that for all £ > —1, we have

E(|Zi(hr) — Zs(he)[F] < C|t — 3|%P2—k(1—%—7)p.
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Theorem 5.4.5. For any T > 0 there exists a modification of the stochastic con-
volution, for which we also use the notation, [0,T] > t — Z;, such that for all

k€ [0,1),

T ecs(0,7T);C 7 (T%), P - as.

Furthermore, for any p > 2, there exists a constant C := C(T,d,p, k) > 0 such that

E | sup [[Z)" 4 | <C. (5.4.10)
t€[0,7T] ¢z

—K

Proof. Applying Lemma 5.4.3 along with the preceding discussion for x" = 3 and

o =1-— % — v, with 7 € [0, 1) we obtain the existence of a modification, for which
we also write Z, bounded in C*(R; B ) for all @ < 1— %l —y— g and Kk < 3 — %, for
any p > 2. Then taking p sufficiently large we apply the Besov embedding, (5.2.5),

atd
By (T?) < C*(T?) in order to conclude. O

Remark 5.4.6. An almost identical result holds for the stationary convolution Z..

It suffices to observe that 9/172 ~ = so that the LittlewoodPaley blocks obey the

[m|

same scaling as in (5.4.9). Therefore, we also have a modification, for which we use
the same notation, such that Z, € Cl_%_"(’ﬂ‘d) P - a.s. for all K > 0 and there exists

a constant C' := C(d, p, k) > 0 such that
Bz, ] <C

Corollary 5.4.7. Let T > 0 and oo < 1— 2. Then the process [0,T] 3 t — v; admits

a modification, for which we use the same notation, such that v € C ([0, T];C*(T?))
P -a.s. In addition, for any k € (0,1), p > 2, there exists a constant C' =

C(T,a, k,p) > 0 such that

[[ve = sllea

E| sup < C. (5.4.11)

t4sclo) |t — s|P%

Furthermore, for any s, t € [0,T] we have v, £
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Proof. By changing variables in the convolution, we have that Z. (e'?¢) = ' (¢),

soforany t >0, a <1— % and v € [0,2), using Theorem 5.4.5, we have

lve]lco < || Z¢ | o +t72 |Zo0 || ca—v < 0.

Similarly, for any € (0, 1), using Theorem 5.4.5, we see that there exists a constant

C :=C(T,a,k,p) >0, such that

— v, Pai& T Is POH'€ tA _ _sA Ioo poﬁN
. o= o] < g A B O (e
s#teor] |t — [P s#tefor] |t — s[rP s #t€[0,T] it — s|wP
< C.

To show stationarity it suffices to consider the covariance. For any ¢ > 0 we have

Elv(¢)’] = E[Z.(¢)*] + E[Zo(e"2¢)?]

1 201250 A 1 o 2. A
— - (1- —8m|m|*t - 2 —8n2|m|%t . 2
Z 87T2\m]2( € )m| "+ Z 8772]m\2€ )bl

meZ? meZ?
m7#0 m#0

1 D)

= W\ﬁ%\ ;
meZ?
m#Q

so that for any ¢ > 0, vy ~ ugrr. ]

In analysing the SPDE in Chapter 6 it is convenient to work with Markov processes.

To this end, for any 0 < s <t < 0o we set

(t—s)A

Vst =10 — € Vg (5.4.12)

which has the following properties.

Theorem 5.4.8. Letd > 1 andT > 0. Then for everyp > 2,tc >0 and o < 1— %l,

106



there exists a 6 :=0(a) > 0 and C := C(T,a,p) > 0 such that

E Sup ||Ut0,t0+t||zéa S Otpea (5413)
t€[0,T]
and for any r € (0,1),
v — v S pafre
E sup || to,to+t to,to+ ||C <C. (5414)
t# s€[0,T] |t — s|pr

Finally, for any h >0, and s, t € [0,T — h] we have that vy iy, o Vs s+h-

Proof. Since vy, 4, = 0 the growth bound (5.4.13) follows from (5.4.14). To show the

space-time regularity we observe that

H'Uto,to-i-t - Uto,to+s\|ca—k < vttt = Vigrs||ca—r || (etA - GSA) Vg ||car-

So then combining (5.4.11) with Theorem 5.2.10 we obtain the space-time bound,
(5.4.14).

To show stationarity of the processes t — v, for fixed h > 0, we see that for any

¢ € L*(T?) we have

E [vr24(6)”] = B [vrn(6)?] — 2B [20(6)04(6)] + E | (" u(@))’]
= E [Z44(9)*] — 2E [Z(e"*$)To4n(9)] + E [Ti("29)7]
- 87T2|1m|2 (1 _ 678w2|m|2<t+h>> 1Bn]?
-y 1 1 (678w2|m|2h _ 678n2|m|2(t+h)> fm?

8m2|m|? 8w2|m|?

1 —8m2m|?h\ | 2 |2
:Z8W2|m|2 (1_6 )WJ’"‘ ‘

Therefore, since vy 44, is Gaussian, £(v:444) depends only on h > 0. O

In summary, from Corollary 5.4.7 we see that in d = 1 the stochastic heat equation

V1= Ioo(etA -)+Z, is almost surely a genuine space-time function. However, in any
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higher spatial dimension, although the mapping v, defines a genuine distribution,
the SHE almost surely cannot be realised as a genuine function in space. Since we
cannot expect any solution to a semi-linear parabolic PDE forced by the space-time
white noise to have better local regularity than v we see that while non-linear op-
erations when d = 1 are in principle well-defined, in higher dimensions the same is

not true.

In order to handle this issue we, define a priori, a finite number of stochastic objects,
built from the noise, that are sufficient to at least locally describe the solution to
our given non-linear SPDE. In our case we only need to define an object to take the
place of the square v? when d = 2. We take a brief divergence to the introduce the
idea of iterated stochastic integrals and discuss some properties that we employ. A

more detailed discussion of this topic can be found in [61, 94].

5.4.4 Iterated Stochastic Integrals

Let f: (R x T%)" — R be a square integrable, symmetric function, in the sense that
f(z1,.. . 2n) = f(o(21,..., 2,)) for any permutation o € S,,. We define the iterated

stochastic integral of f, see [94, Ch.1], for which we write

I"(f) ::/ f(z1,0,20) €(d2 ® ... @ dzy).
(RxTd)n

Similarly, for any symmetric g € L?(T) we write

I (g) := /Tdn g(x1, ..., 2,)C(dry ® ... @ dxy,),

for the iterated integral of g.
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For n > 1 we set

9, = {I"(f) : feL*((RxTH"), fis symmetric} U {IZ(g) : g € L*(T™), g is symmetric}

$HHo =R
The set §,, is referred to as the n'® homogeneous Wiener chaos.

Theorem 5.4.9 (Wiener Decomposition - Thm. 1.1.1 [94]). Let (2, F,P) be the

abstract Wiener space, carrying the white noises, &, (. Then we have the identity

2(Q, F,P) = @ﬁn

n>0

Furthermore, for any X € L*(Q, F,P) there exist (fn)n>1, (gn)n>1 Symmetric func-

tions such that

X]+ ) I"(fa) + ) 1 (gn)-

n>1 n>1
Iterated stochastic integrals also obey a kind of It6 isometry. For f € L((R x T4)")
or g € L*(T%) both symmetric functions and I"(f), I"(g) their n-fold iterated

integral one has

E[I"(f)?] = n! ||f||%2((IR{><’]I‘d)")7 E[IQO(Q)Q] =n! ||g||%2(Td")' (5.4.15)

We also have Nelson’s estimate, which mirrors the equivalence of moments for finite

dimensional Gaussian measures.

Lemma 5.4.10 (Nelson’s Estimate). Let n > 1 and p € [2,00) and Z € ®r<pn$y.

Then there ezists a C := C(n,p) > 0 such that

E[|ZF]» < CE[27]". (5.4.16)

|3

Furthermore, if Z € $),, then C(n,p) = (p—1)z.

Proof. See proof of [93, Prop. 3.3]. ]
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5.4.5 Wick Square of the SHE on T?

After this brief digression we return to our issue of interpreting non-linear operations
of v for d > 2. We restrict ourselves to defining the square in for d = 2. We see
from the previous discussion that random variables defined as iterated integrals of
symmetric functions at least have a hope of being well defined. Borrowing ideas
from the path integral formulation of Quantum Field Theory, a natural approach
is to define the Wick product by removing the anti-symmetric part of the product.

Considering Z?2, for any ¢ € L?*(T?) we have

(/ | (His x @))€ (da, dsy ) (/ | (M > )f(de,ds2)>

=] e ) (e x 9)wa)Elds1 sy @)
([0,t]xT2)2
i 5 0)01) (e ) 2)8 € g s )€ ).
([0, xT2)2
We see that the first term is a member of the 2°¢ homogeneous Wiener chaos
and is the iterated integral of the symmetric, square integrable function (H;_s, *
®)(x1) (Hi—s, *@)(x2). As such Nelson’s estimate applies. The second term is not an

iterated integral and we do not have tools to evaluate its higher moments. However

we see that just takings its first moment gives

1 2 2 A~
5 dr ds = - (1 _—8m%|m| t) .
/ ., (H4— (z) dz ds = %2 T e ¢

m#0

If supp(aAS) C B,(0) then this quantity diverges like log(n). When d > 3, the same
term diverges like n?=2. Therefore, we see that the Wick square of Z; can be obtained

by subtracting a diverging term. Formally we write
T* = 1} — E[T}].

More precisely, for any € > 0 letting p. be a mollifier on T? whose Fourier transform
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is compactly supported in Bﬁ(()) and for any x € T¢, we set
Ti(x) = Tlp-(- — ), and IZ(x) = I;(x)* —E[(Z;(2))"] .
By our previous calculation we see that

Ift(x) = // (Hi—s, * pe)(x —x1) (Hi—s, % pe)(x — 22)E(dsy ® dsy, dzy ® da).
([0,t]xT2)2
Taking the same approach to the stationary integral we define
T2 () = Tlpo(- =), and T2 () =I5, (o) — B [Z5,(2)?]
Therefore, for £ > 0 and v; the unique solution to (5.4.4), we may define
v@) = vpa(- =), and o2 = v (0)? — E [ea(@)?]

Finally, taking the limit ¢ — 0, justified by Theorem 5.4.11 below, we define the

distribution
02 (6) = T2(¢"26) + 2L (> OV (6) + T2 (0).

Note that since £ and ( are independent, the middle term is always well defined and
can be controlled using the same technique as for Z, itself. However, for d < 4 it is

also pathwise well defined since Zo (e -) € €32~ (T%) almost surely.

Systematically generalising this approach to higher powers can be done using the
Hermite polynomials. If we set €. := E [v...,(0)] € R, then by stationarity of v., we
have already defined

02 =02, — € = Hy(vey, €2), (5.4.17)

where Hy(x,c) = 22 — ¢ is the second Hermite polynomial. For any n > 1 the n'®
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Hermite polynomial is defined recursively by the formula

H,1(x,¢) =xHy(x,¢c) — (n—1)cH, o(z,c), H_1(z,c):=0,

Hy(z,c) :=1.

It turns out that when d = 2, the n'® Wick power, defined by setting Vi =

H, (v, €.), converges to a well defined random distribution and the sequence is

uniformly bounded in C*(T?) for any o < 0, [105]. A rigorous construction of higher

powers in d = 3 can be found for example in [93] and [60].

Theorem 5.4.11. Let p > 2, o < 0 and T" > 0. Then for n = 1, 2 the process

t = vj™ admits a modification, for which we also write t — v, such that v™ €

C([0,T];C*(T?)). In addition there exists 0 := 0(c) € (0,1) and C := C(T,a,p) >0

such that

m: _ pyni||P
E| sup 10 =% ee |
5,t€[0,T] |t - 5’73

Furthermore, for any t > 0,
lig " — 025 e = 0,

and both v and v} are stationary processes.

(5.4.18)

Proof. For n = 1 we have already shown regularity and stationarity, see Corollary

5.4.7. The approximation result holds by continuity of the mollifier in Holder—Besov

spaces. To show regularity of the square we focus on Z;%*, since similar arguments

hold for Z% (e!2¢). Using (5.4.15) and the semi-group property of the heat kernel,
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we have, for any a < 0,

E [If:(hk)Q] =2 // (Hi—s, * hi)?(21) (Hy—s, * hi)?(22) ds; dzy dsy dasy
0,T]xT2)2

—2// hi (1) hy(22) </ Hot—or (1 — 22) dr) dzq dzy
'I[‘4

N 2 (872 |my [? )( m2ma|?) (1 - _8W2‘m1|2) (1 _e_SWQ‘mQFt) i (m)

mi,ma 622\{0}
m=mj+mz

1
<2
N 2 (872[ma |2)(8m2|ma?)

my,ma€supp(xx)\{0}}
m=mi+ma

1
< I —
~ Z (82| m|2) 1+

mesupp(xx)
m#0

< 2—&](2

We refer to [105, Lem. C.2 & Cor. C.3] for a proof of the penultimate estimate.
Therefore applying Lemma 5.4.3 we obtain the required regularity of Z;*. Showing
Holder continuity in time follows in a similar manner as for Z;, Theorem 5.4.5.
Applying the same steps to Z:%(e'®-) and using the regularity established for Z,

and Z(e*® -) in the mixed term, gives

o lles < 1Z% (e ) lleza+2|Zoo (€' - )Tt leo +IZ* o
ST )llezsa+2 Zoo(e ) lezta | Zellea + 1T e

< Q.

To show stationarity of ¢ — v;*, we compute its covariance.

E (T2 ("26) + 2Zoo(*0)T(0) + ()|
E[T2(c"20)?] + 2B [T (" 0)T2 (" 6)T,(9)] + 2B [@(M)L(@If(@]
+ 2B [Zo(¢"20)*Li()°] + E [Z2 ("2 9)T%(0)] + 5

= —E [ZZ(e'*¢)’] + 2E [Zo(e"*¢)*] E [T,(9)*] + %E Z;
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where the last equality follows from the independence of ¢ and ¢ and the fact that
the terms Z;, T, Z;%, T% all have expectation 0. So then applying (5.4.15) and
writing these three terms in Fourier coefficients we see that the last line is indepen-

dent of t by a similar cancellation as occurred for v,.

The convergence of v:* — vi* holds by a similar argument as in the proof of [105,

Prop. 2.3]. O

Recalling that, for any 0 < s < t < oo we defined

(t—s)A

Vst = Vg — € Vsg.

We define the Wick square of this process by the expression
U:2: — ’Uf: . 2<€(t—s)Avs)Ut + (e(t_s)AUs)2 '

The process v% is not a member of the 2"d homogenous Wiener chaos and nor does
it converge to v'* as t — s in C%(T?). However, for any ¢t > s it does define a
genuine distribution, bounded in a suitable Holder-Besov space. We will see below

that while v, v'* are stationary processes, v ., v:* are Markov and for any h > 0

S,

law

1 9. 9.
and s,t € [0,7 — h] we have vy ,4p = vss4p and v;%,, = v%. . We also define the

approximations, for any € > 0, by setting

e ., (t—s)A & 20 L 20 (t—s)A, g\ , e (t—s)A, e 2
Vo =V — € Vg, Ulgy =04 — 2 (e vs) vy + (e vs) .

We collect the following results.

Theorem 5.4.12. Let n =1, 2. Then for everyp >2,T >0, to >0, a € (—1,0)

and o > 0, there exists a 0 := 0(a,a’) > 0 and C := C(T,a, &/, p,n) > 0 such that,

E < Ct¥, (5.4.19)

sup <t(n_1)ap||”1:;7;jt0+t||pa(1r2))
te[0,7)
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and we have

lim E
e\0

sup <t(n—1)a pHUg;Ltzo,to-i-t - U?é?jto-l—t”?a(?ﬁ))] = 0. (5420)
te[0,7]

In addition, for any 6 > 0 and r € (0,1) there exists a constant C(T,0,p, k,a) > 0

such that

E ||U;f7g,:to+6+t - Uég,}o+5+s ||ga—:<

sup <C. (5.4.21)

t s €[0,T] |t — s|Pr

Finally, for any h > 0 and s,t € [0,T — h] we have

law :2: law = :2:
Ut t+h = Vs, s+h, vt,t—i—h - Us,s+h‘

Proof. For n = 1 we have already shown the regularity and stationarity results in
Theorem 5.4.8. The approximation result holds by continuity of the mollifier in

Holder—Besov spaces.

For n =2 we let @ > —a. Then using (5.2.13) and (5.2.15) we have that
B [ e P P T
For the mixed term we have
(€% 010) vrgallen < e vnllewlvtgsellen S €7 ot lee [[vrg 4]l

Therefore, using the fact that v, and vy, are independent, we see that for o/ > &%,

we have

E

sup ||v;§;t||0a]
te[0,7

sup (tap||v;§it0+t||ga(1~2))] < t9PR
te[0,7)

+ 102 [|lug, |2 B

sup ||vt0+t||’éa]
t€[0,T]

+ (TR oy [12.]
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We note that since o < 0 is arbitrarily close to zero, we may take &, o > 0 arbitrar-

ily small. Finally applying Theorem 5.4.11 gives (5.4.19) for some 6 := 0(«, /) > 0.

Holder continuity in time follows by a similar argument to the proof of (5.4.11) and
the convergence of the approximations follows from Theorem 5.4.11 and the conti-

nuity of the heat semi-group.
To show stationarity of ¢ +— vfg ., We compute its covariance and by a similar

cancellation as occured for vy,yp, in (5.4.8), we see L(v;%,,) depends only on h >

0. [l
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Chapter 6

Analysis in One Spatial Dimension

We study local and global well-posedness and ergodicity for the SPDE

(

Ohtt — Oppu = X0y (u20ppy) + &  on Ry x T,

—OpaPu = U — U, on T, (6.0.1)

U|t=0: xz, on T.
\

The first step is to obtain local well-posedness. This is completed in Section 6.1
where we also collect some useful properties of the solution for later analysis. We
note that the local analysis does not depend on the positive sign choice and holds
equally for the attractive equation. In Section 6.2 we employ a testing method to
obtain a priori estimates on ||u||z» that are independent of the initial data and
depend on the noise in a small time interval only. A key tool is the coming down
from infinity property of the cubic ODE, Y = —Y3. Combining the a priori es-
timate with the local well-posedness enables us to obtain global well-posedness in
Section 6.3. From this point we closely follow the strategy of [105] where the au-
thors demonstrate exponential ergodicity for stochastic quantisation equations in
two dimensions. Defining a Markov semi-group associated to (6.0.1), we employ
the Krylov—Bogoliubov method to give the existence of an invariant measure asso-
ciated to each initial condition. Then in Section 6.4 we prove that the semi-group

is Lipschitz continuous and that the invariant measures all have full support in the
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target space. Combining these two results we show exponential ergodicity of the
semi-group and so obtain a relaxation rate for the SPDE to its unique invariant
measure. From the a priori bound we also obtain a tail estimate on the invariant

measure.

6.0.1 Main Results

We summarise the main results obtained in this chapter. We fix a filtered probability
space (2, F, (Fi)i>0,P) carrying the space-time and space white noise pair (z,¢)
defined Section 5.4.1. We fix aq € (—%, O), a e (O, op + %) and 7 > 0 such that,

o — Q 1

=. 0.2
5 <1<7 (6.0.2)

We recall that we write Co(T) for the space of a-Hélder distributions with spatial

mean equal to m € R,

Theorem 6.0.1 (Global Well-Posedness). Let ag € (—=1/2,0), m € R and = €
Ceo and x > 0. Then for any T > 0 and § € (0,1/2), there exists a unique,
probabilistically strong solution, u(x), to (6.0.1) such that P - a.s. for all t > 0,

u(x) € Ci/%a(']l‘). Furthermore, the map

& €3(T) x C([0,T); €3 (T)) = Cy((0, T); C3(T))

(z,v) — u(x),

18 continuous in both arguments.

We write £(u,(z)) € P(Cal> °(T)) for the law of the solution, started from z € Coo,

at time ¢t > 0.

Theorem 6.0.2 (Exponential Ergodicity). Let m € R and § € (0,1/2). Then there
exists a unique measure v € P(Ci/%a('ﬂ‘)) and a constant ¢ € (0,1) such that for all

t >3 and x € C%, we have that

m

1£(us(2)) — v 7v < cl5),
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Furthermore, there exists a A > 0 sufficiently small, such that for any even integer

p € [1,00) and any § € (0,1/2), we have that

/01/25 exXp (AHUHE%) v(du) < oo.

The proof of Theorem 6.0.1 is completed at the beginning of Section 6.3 and the

proof of Theorem 6.0.2 is completed at the end of Section 6.4.

6.1 Local Well-Posedness

Throughout this section, we fix 7' > 0 and y € R (not necessarily positive). From
Theorem 5.4.8 we see that P-a.s. the map ¢t — v, is finite only in CrCg, for
a < 1/2. We therefore cannot expect to find solutions to (6.0.1) of any higher
regularity. Obtaining the a priori estimates in Section 6.2 requires at least one
degree of spatial regularity. Thus we decompose the solution into a regular and
irregular part by defining u; := w; + Z;. Here t +— Z; is a deterministic function
taking values in the Holder-Besov space C§ with zero spatial mean, which will play

the role of a [P-a.s. realisation of ¢t — vy,. The unknown, w, solves,

(

Ow — Oppw = X0, ((w + Z2)?0ppusz), onRy x T,

—OpePwrz =W — W+ Z, on T, (6.1.1)

Wli—o= x, on T.
\

For the rest of this section, we fix x € C*(T) and Z € CrC§.
We first show that under suitable regularity assumptions on w, the right hand side

of the first equation in (6.1.1) is a well-defined element of C,.rC*(T).

Lemma 6.1.1. Let w € C,.7C*. Then the map w — Vw, defined for any t € (0,7,

by
t
(Tw), := ez + / e I8N0, (wy + Z4)?Oppus.sz.) ds, (6.1.2)
0
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is well-defined from C,.pC* to itself.

Proof. Applying (5.2.15), for any ¢ > 0, we have that

ez ca < (6.1.3)

Concerning the integral term, expanding the square and applying Theorem 5.2.9,

along with (5.2.17) we obtain the bounds

co S wslleatlwsllea | Zsllee

co < [wlgallOnpu,+z,

ngaxpwerZs

co S 2lwslla | Zslles +2llwsllee | Z: ¢

2||ws ZsOr puo, + 2, Zs|lea |0z puwrt 2.

Co

1Z200puw.szlles < 12602 10spuer 2. leo S Nwsllea | Zsllea+1 Z 12

Combining these yields that

3
3
0+ Z2P0upuszle5 Y () i1 (6.1.4)

k=0

Therefore, applying (5.2.15), (5.2.7) for any s < t € (0,7 A 1] we have

1
’C" (t—s)"2 H(ws + ZS)2axpws+Zs

_1 _
< (- 5)Hs7 max {wlt el 2y c. )

=U,...,

He(t_smax«ws + ZS> Oz Puwo+2.)

Co

Since 1 < }l we may integrate s—37 near 0 and so for t € (0,7 A 1] we have
][ (Dw)lee $ 17772 Jallgao+t 2~ knéaX3{||w||c Tca||Z||]Z*Tca}- (6.1.5)

where both exponents are positive due to (6.0.2) and the norms on the right hand
side are finite by assumption. For ¢ > 1 one may argue in almost exactly the same
way, only splitting the time integral at ¢ = 1 and replacing the multiplication by ¢"
with (¢ A 1)". O

Definition 6.1.2 (Mild Solutions to (6.1.1)). We say that w € C,rC* is a mild
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solution to (6.1.1) on [0, 7] (started from x and driven by Z) if for every ¢ € (0,77,
¢

wy, = ePx +/ =920, ((ws + Z,)*0ppu,+2,) ds. (6.1.6)
0

Remark 6.1.3. Lemma 6.1.1 demonstrates that for any solution, the right hand side
of (6.1.6) is well-defined.

Theorem 6.1.4 (Local Well-Posedness of (6.1.1)). Let > 1 such that || Z||%, ca+||2]lcoo () <
M. Then there exists C > 0, independent of R, x, and Z, such that (6.1.1) has a

unique mild solution w € Cy,C* where

B 1 g ) o o — Qg 1
T, = (C’D‘i) AT, with 0:= (77 5 ) A (2 277) . (6.1.7)

Furthermore
sup t"|wy]|ca< 1 (6.1.8)
te(0,Ty]
and
%gr&”wt — z||ceo= 0. (6.1.9)

Proof. Denoting

By, = {w € C((0,T.1; C*(T)) = sup #"[|ws]lce< 1},

*
te(0,7%]

we will show that
t
w = (Yw), := eBr —|—/ =58\, ((ws + Zs)zaxpws+zs) ds,
0

is a contraction on Br, for T, defined by (6.1.7) for C' > 0 sufficiently large. By

(6.1.5), for w € By, and t € (0,T.], there exists C' > 0 such that

a—aoq

[ (Tw),|ea < CH-Z)NG2) 7,

and so ¥ maps Br, into itself for T, defined by (6.1.7). To show that U is a
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contraction we let w, w € By,. For any s € (0,7,], using similar steps as in the

proof of (6.1.5), we have that

H(ws + ZS)28xpws+Zs - (ws + ZS>281/)1DS+ZS

Co
2

i 2 e
S llws = @sllee (lwslleaVIi@sliea)* " 1 Zlc
k

k=0

< Rs | w, — Wy ca
So then, for any ¢ € (0, T.], we have

t
() — (T, e < 7 / 1953, (ws + Z,)2Bpus .
0

— (s + ZS)zaxpws+Zs) cods

t
1 -
N tn/ (t - 3) 2 H(ws + ZS)2axpws+Zs — (s + ZS)2a$pws+Zs HC“ ds
0

5 9{‘[;%_QWHUJ - ,J}ch;tca‘
It follows that there exists C' > 0 such that, for T, given by (6.1.7),

~ i- 7
”\ij — \IJUJHCn;T*CO‘ S CER(T*)Q 277Hw - w“CmT*Ca

1 N
S §Hw - w| Cn;T*ca'

Hence U is a contraction on Brp,, and therefore there exists a unique fixed point

w € Br, of ¥ which, by construction, is a mild solution to (6.1.1) in the sense of
Definition 6.1.2 and satisfies (6.1.8).

To show that w is the unique solution in all of Cy,.7,C*, let w be another mild solutions

of (6.1.1). Then, by a similar argument as above, there exists a T(HwHCmT*C% ||,z co) =
T € (0,T.] such that w,w € Bj. Since both must be fixed points of ¥ on Bj we

have that w = @ on [0, T] Iterating the argument, using the same T at each step,
shows that w = w on [0, T}].

To show (6.1.9), observe first that lim;_o||e®2 — z||ceo= 0 by Remark 5.2.11 and so
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it only remains to show that the integral term converges to zero in C*. Consider
n € (%,n). Since Cj,1,C* — C,.1,C*, applying what we have proved so far to
(v, a, 1) in place of (ayp, v, n), we see that, for S > 0 sufficiently small, w is also the
unique mild solution to (6.1.1) in Cj,5C®, and that sup, 5 t"||w|lca< 1. Applying
(5.2.15) and (6.1.4), for all ¢t € (0, 5]

—a+1

t
Caodsg/ (t—s)" 2 s ds
0

t
/ He(tis)Aax((ws + ZS)anpws+Zs
0

a—ag

1 ~
_ 45+ 31
= t2 2 ,

where we used the fact that O‘O’TO‘“ V3n < 1 to evaluate the integral. We now choose

7 sufficiently close to *5* so that %—i— 57 — 31 > 0, from which (6.1.9) follows. [

Lemma 6.1.5. Suppose that w € C,.7C* is a mild solution to (6.1.1). Then for all

tO € (O7T)
sup MW= Wlleaar (6.1.10)
t#s€lto,T) |t — s|%
Proof. Applying (5.2.15) we have that
lea]les S 2" ([l eo- (6.1.11)

Regarding the integral term, applying similar steps as in the proof of (6.1.5) and

that by assumption HﬁT*a < 1, we have that

1+8—«a

(t—s)"" 2 s 3ds

S~

¢
/ He(t_s)Aaw ((ws + ZS)Qazpws—&-Zs) les ds S
0

(SIS

= ¢33, (6.1.12)

It follows that

aup uellen< oo,
te(to, ]

Now, let 0 < tg < s <t <T and k € [0,1). Applying the triangle inequality and
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using the semi-group property, we have that

[wr = wylles-2e < |3, | s

¢
_'_/ He(tfr)Aax((wr + ZT)Qazpwr+Zr) ch—2n dr
t
=: I1(s,1) +/ I(r,t) dr.
Using (5.2.15) and (5.2.16),
L0t S (9% = s S =5 fwless (6113

Since 8 — 1 < a and sup,e, 7]

Z||co+||wellce < 00, applying (5.2.15) followed by
(5.2.16) and (6.1.4), we obtain

_14B-2k—(B—-1)
2

I2<T’ t) 5 (t - T) H((wr + ZT)2a$p’wr+Zr)

cB-1 5 (t - T.)—l"rf‘i‘
Therefore
¢
/ L(r,t) dr < (t — s)". (6.1.14)
Combining (6.1.13) and (6.1.14) we obtain (6.1.10). O

Lemma 6.1.6 (Mild Solutions are Weak Solutions). Let ty € [0,T") and w € C,,7C*

be a mild solution to (6.1.1) on [0,T]. Then for any ¢ € C(T) and t € [to, T,

t
(we, @) = (wey, @) = —/ (0pws + X(Ws + Z)?0upus 7., 0ud) ds. (6.1.15)

to
Moreover, (6.1.15) holds for all ty € (0,T) and ¢ € C*(T).

Proof. From the mild form of the equation started from data wy, at t = ty, it follows

that for ¢ € C°(T)

t t
/ (W, Opz @) ds :/ <65Awt0,8m¢> ds
to to

t s
—i—/ / <e(s”")AXax((wr + ZT)Q(?mprJFZT),@m@ dr ds.
to Jto
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Integrating by parts in the first term on the right hand side gives

/tt ("2 wyy, Dppp) ds = /t@meSAwtO, ¢y ds = (e wy,, @) — (wy,, ¢).  (6.1.16)

to

Using the same argument for the second term on the right hand side we have that

(20, (W, + Z,)?0upurs2,), Oued) = 05 (€20, (W + Z,) 200 proy12.)s ) -

Changing the order of integration gives

t s
/ / <€(S_T)Aax((wr + ZT)Qazpwr+Zr)> Ope®) dr ds
to Jto

t
= [0, (w1 + 2 Dupurrz). ) dr

to

- / <8z((w'r + Zr)2axpwr+ZT), ¢> dr.

to

Putting this together with (6.1.16) gives that

t

/ (wy, 0yed) ds = (e"®wy,, @) — (wy,, B) +/ (e(t_T)AX(?x((wr + Z,)20upron12,), @) dr

to to

- / 0 (0 + Z0upu sz ). )

to

Rearranging and integrating the left hand side by parts once proves (6.1.15) for any
¢ € C=(T). For ty € (0,T), by Theorem 6.1.4, we have that sup,c, 7l[wllcr< oo,
so that the map C1(T) 2 ¢ f;;(ast + (ws + Z5)20p Pyt 2., 0x @) ds is continuous.

Approximating ¢ € C*(T) by a smooth sequence gives the result. O

It follows from the proof of Lemma 6.1.6 that any solution to (6.1.1) has constant

spatial mean.

Corollary 6.1.7. Let w € C,.7C* be a mild solution to (6.1.1) on [0,T]. Then for
any t € [0,T], w; = .

Proof. Applying Lemma 6.1.6 with ¢ = 1 and ¢, = 0 gives w; = (wy, 1) = (z,1) =
z. O]
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6.2 A Priori Estimate on T

We now turn towards establishing a priori estimates for the L” norms of the solution.
To achieve this we leverage the improved regularity of the remainder w along with
Lemma 6.1.6 to obtain an evolutionary identity for ||w;||7,. Then making use of the
positive sign in front of the non-linearity we establish an a priori bound on |jw|?,

that is independent of the initial data.

We establish the evolutionary identity in Proposition 6.2.1 below, which we prove

in a very similar way to [92, Prop. 14].

We recall that we have fixed ag € (—%,O), a € (O,ao + %), £ >0 and n > 0 such

that,

— 1
a 2a0<77<1, fe(0,a+1).

In this section, we let ¢t — Z;, € C§ be a continuous, zero at zero trajectory and for

any x € C* and we write w(x) for a mild solution to

;

Ow — Ogpw = XO0p((w + Z2)?0ppurz), on[0,T] x T,

—Opzpuwiz =W+ Z — W, on T, (6.2.1)

w\t:oz xz, on T.
\

The same steps as the proofs of Theorem 6.1.4 and Corollary 6.1.7 show that there
exists a T > 0 such that a solution w to (6.2.1) exists in C*((0, T];C2~>"(T)) for any

k€ (0,1).

Proposition 6.2.1 (Testing the Equation). Let 0 < tg <t < T, p > 2 an integer,

z € C*(T), and w(x) € CyrC* be a mild solution to (6.1.1) on [0,T]. Then
1 t 9
(| [|F o =, |IF 5 :—/ Wl 0wy, Opws) ds
o= 1) (lwellzo—llwe Iz to( )

t
—/ (x(ws + ZS)anpwerzs,wé’_Z@st) ds.

to

(6.2.2)
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Proof. Let f € (1,a+ 1) and k € (1/2,5/2). By Theorem 6.1.4,

|ws — w, || 1o |ws — w||cs—2x
sup —— < sup
s#refor] |5 —T|F s#r€[to,T) s —r|*

(6.2.3)

Now, let ¢ € C*°(R) and observe that for any ¢ty < r < s < T we have the identity

(ws, p(ws)) — (wr, p(w,)) = (ws, p(w,)) — (W, p(w,)) + (ws, (ws) — p(w;)).

So for any t € (ty,T], and n > 2, defining a family of partitions, by setting t; =
to +i(t — to)/n, for i = 0,...,n and applying Lemma 6.1.6 with the test function

(wy,), we have

tit1
<wt’ gp(wt)> <wt07 90 wto Z/ a e Ws + X ws + Z ) axpws-i-Zsa ax‘p(wtz» ds

+ Z <wtz‘+17 Qp(wtiﬂ) — go(wti)>

= —1I"(t) + R"(¢).
By continuity of s — 0,¢(w,) we see that

t
lim 7,(t) = / (Oyws + x(ws + Zs)z('?xpws+zs, Orp(wys)) ds. (6.2.4)
0

n—oo

For R"(t), Taylor’s formula gives

n—1 We; 4

[ W1 wtt+z - wti)wl(wti» + <wti+l7/ @ll(y)(wtiﬂ - y) dy>]

=0

=: Ri(t) + B3 (1).

i

We show that R5(t) converges to zero. Using (6.2.3), we have the bound

B0 S sup [lwsllp= sup \ZH%H — wy,
s€lto,t] i=0,...,
ye[wt wt1+1]

623 N1
2 2K
oo 5 E z+1 - tz| ’
=0
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where we used that ¢” is continuous. Regarding R (t), we may apply Lemma 6.1.6

once again to each bracket, this time with the test function wy,,, ¢’ (wy,), to give that

n—1 tiv1
Ry(t) = — Z/ (Orws + x(ws + ZS)2azpws+Zs7 aﬂc(wti+1§ol(wti))> ds.
i=0 Yt

So again, by regularity of the map s — 0,ws and ¢, we have that

t
lim R"(t) = —/ (0pws + X(Ws + Z5)? 0 pross 7., Ou(Wsp' (wy))) ds. (6.2.5)

n—oo
to

So combining (6.2.4) and (6.2.5) gives,

t
(wn, o(wn)) — (s, p(wn)) = — / (Ot + X(r + 2,202,

to

(26" (w,) + we" (w,)) Opw,) dr.
For p(z) := 2P~ we have 2¢'(z) + x¢"(x) = p(p — 1)2P~2 and

—1 —1
(we, wi ™) = (wep, wiy ) = [[well7o—lwe 70,

which gives (6.2.2). O

We now reintroduce the constant x in the formulation of (6.0.1). For a given initial
data, x € C* and u,(z) solving (6.0.1), if z # 0, defining @, := u;/u for all t > 0

and T = z/Z, we see that @ solves

K
I
—_

1
at‘ﬂt - amcﬁt = azaCL‘(ﬂfaxpﬂt) + ?67 a‘tZOZ ja and
0
So without loss of generality, for x > 0, we may consider the problem
Oty — Opatty = XO0p(U?0ppy,) + &, ulimo=2, and Z=1 or 0.

It follows from Corollary 6.1.7, which applies equally to (6.2.1) that w; = u; = 4.

Therefore, we also treat (6.2.1) with either w =1 or w = 0 and x > 0.
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Expanding the second term on the right hand side of (6.2.2) gives

1

1 1
pil o ot ).

(91 m@xwpﬂ = -
(Oup ) p+1 P+ 2

— (O pu, WPOLw) = —

In combination with the first term on the right hand side of (6.2.2) coming from
the Laplacian we obtain an a priori estimate on |Jwy||}, that is independent of the

initial data.

We recall the ODE comparison test, [105, Lem. 3.8], which is key in obtaining our

a priori bound.

Lemma 6.2.2 (ODE Comparison). Let A > 1, ¢1, ¢ > 0 and f : [0,T] — [0,00) be

differentiable and satisfying
f'@t) + e f() < e (6.2.6)

for every t € [0,T]. Then there ezists a constant C' := C(\) > 0 such that for all

t>0

f(t) < Cmax {(tcl)—ﬁ—l, (@>} . (6.2.7)

C1

Proof. Let t > 0 then either of the following must be the case:

(i) there exists some sy < t such that f(sg) < <%) X’
1

(i) for every s <t, f(s) > (QQ)X

C1

If the second holds, then, using (6.2.6) we see that

fs)+ S () <o.

Solving the differential inequality on [0, t] gives

f(t)

IN
-
N
—~
~
[
_
~
|
>
|
—



where the constant depends only on .

On the other hand, if the first case holds, we assume for a contradiction that f(t) >
1

(22> B and we set

Cc1

>

that is, ¢ > s*. Furthermore, since f is continuous, f(s*) = (2ﬁ> . Again, employ-

C1

ing (6.2.6), we have for every s € (s*,t] that

F(s)+ S 1) 0 = /() 0.

Therefore,

f(#) /f ) ds < f(s )2(202)1,

which is a contradiction and so the conclusion follows. O

Theorem 6.2.3 (A Priori Bound on the Remainder). Let p > 2 be an even integer,
x>0, me {0,1}, x € C3°(T) and w(x) € C,.7C* be a mild solution to (6.1.1) on

[0,T). Then there exists a constant C' > 0, independent of x, Z, p and X,

p+1l
el 120 < max { (xt/4)73, COV X1 2o COVOFEm Y, (623)
_ p(l+a)+24a
where v = ED)

Proof. Since t — O,w; and t — (w; + Z;)?0ppu, 1z, are both continuous mappings
from (0, 7] into L*>°(T) by Theorem 6.1.4, we may differentiate (6.2.2) with respect

to t in order to obtain

1 _
DTt H well = [} 10swi || =X (we + Z0)*Oupunsz,, w D),

where we used that p is even in the first term on the right hand side. Regarding the
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second term, since f +— O,p; is linear, we have

((ws + Zt)Qampwt-i-Zt» wf_anwt> = (0P wtpaxwt> +(02p 2z, wfa’cwt>

+ 2(Zi 00 puy + 245 wf_lazwt> + <Z7528xpwt+zt7 wf_Qawwt>-

Integrating the first term by parts, using that —0,,pw, = wy — T by Corollary 6.1.7

and recalling that we have set z = m,

1 1
<aa:)0wtu wfa:nwt> = P i 1 <8.7:p'wt7 azwf+1> - P + 1 <wt —m, wf+1>
1 1
p+2 p+1
= —(m
p+1||wt ||L1 p+1< 7wt >’

Therefore, applying the chain rule in the remaining terms gives

1

— |, = —=|juw?? Oy w 20— |qPT2 ’wp-i-l
p(p—l)xdtH s x” v 10zl [lewt™ g2 +——— {m, i)

p+1 p+1
2
_<Zt8a:pZt7 8zcwtp>
p
1 2 p—l 2 D
+ E(Zt apota axwt > + 5<Zt7 axﬂwﬁx“&)

1
+ p—<8£610Zt7 Opw ™) +

1 _
+ F(Zf,axpwtaxwf h.

(6.2.9)
We demonstrate that all terms without a definite sign can be bounded by a constant

multiple of the two negative terms,

1

1 1 1
w2105, 2| 1 b —— [P 2| = —A
Xllwt |Opw| ||L1+p+1||wt [ VR

p+1

B;.
From Theorems 5.2.2 and 5.2.13, for any « € R and p, ¢ € [1, 00|, we have that

10spullsg, S 1wl a-gy and [Ospull=S flw]rr- (6.2.10)

1,9

For any 0 < ¢ < p+ 2, by Jensen’s inequality we have

_q
|wd|| < BFF2. (6.2.11)
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Furthermore, by applying Cauchy—Schwarz followed by (6.2.11), for 127 <qg<p+1

we have
11 29=p_ 1
10w || 1= qllwf ™ Opwyl| 1 < gl 7|7, A7 < qB/™ AR (6.2.12)

To keep track of dependence on p, we also make use of the following inequality which
readily follows from Young’s inequality for products: for 71,72 € (1,00) such that

L+l=14ab>0andc>1
7 2

y1—1

1
ab < AT b (6.2.13)
C

" —

11
e(y1—1)

(in fact ab < am + %ma)_ From now on we let C' > 0,c > 1 be constants, that
are independent of x, Z, p, and y. Later, we will fix ¢ > 1 sufficiently large at the
end of the proof. If we write < in an inequality below, the implied proportionality
constant is equal to C' > 0 which we take sufficiently large so that the inequality
holds.

We work through the terms of (6.2.9) in order. For the third term of (6.2.9), applying

Holder, (6.2.11), (6.2.13) and using that m € {0, 1}, we have,

1 m m ekl mcPtt 1
— [, W™ < —— P < —— B < + B;.  (6.2.14
p+1|< t >|_ D ” t ||L1_ PN t = (p—l— 1)2 c(p—|—1) ¢ ( )

For the fourth term of (6.2.9), we integrate by parts to give

1 . 1 ol (5.2.10) (6.2.11) | %
——Oupz,, Qowi” ) |= —=Ze,wi )| S [ ZllceeBi
prl ptl P (6.2.15)
(6.213) P+l 2 1 -
< FHZHCtCQ—i_C_th‘
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Concerning the two remaining terms of (6.2.9) involving 0,pz,, we have for k = 1,2

1 1
—— [ ZF0,pz,, Oyt F —— || ZFo, o [|@puf T F
M E O 0 € 2 Dupalim 10t
(5.2.12), (5.2.19), (6.2.12 1 2<§+22)k 2
S ||Zt||ca B Ay

o

2.13)

(6.2. pt2-—2k 1
< ez BT 42

3) P +2) 1 1
p ||ZHctca to B+ — A

(6.2.16)

(6.2.

S

-

(In the case p = k = 2, note that we do not need to apply (6.2.13) in the final
line.) Combining (6.2.15), (6.2.16) and noting that 2(p + 2) is the highest power of

| Z||c,ce encountered so far, we have that

2 p+1 3 1 1
280,07, 0wl R < 120125 1 2B, + ~ A, 6.2.17
Zo< )p+1—k|< Pz OxWy NS » 1Z1|2,c to bt A ( )

For the seventh term of (6.2.9), we first integrate by parts and apply the triangle

inequality to obtain that
1 D 1 D 1 p+1
§|<Ztaa’cpwtaxwt>| < §|<a’th:wtampwt>|+p|<Zta - (6.2.18)

Since « € (0, %), using Theorems 5.2.9 and 5.2.5, we have

(5.2.11)
[0 Oupucllprre S ||w€’HL1%||5‘xpwt||Bl ot lwrllg o 10spuw, -
(6.2.10), (5.2.5), (5.2.9) »

S [ [l 1o 1wt |

< (10?7 lwf (2w ) el

(6.2.11) pa+l pt1

< ol + B

(6.2.12) p(+a)+2 14 p+1

< p B, " A2 4 BT (6.2.19)

Considering the first term of (6.2.18), applying (6.2.19) and then (6.2.13) twice with
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(p+2)(14a)
2

"= 1+ and then with v; = , and using that p=* < 1,

(5.2.10)

1
Z_9|<athawtpaxpwt>| S _H8 Zt”C“ 1||w axpthBl @

(6.2.19) p(1(+a)-)F2 1_ 1 ptl
2(p+2 +2
S N Zles | B, P OAL R +];Bf

(6.2.13) - (pf:;)a)ir% p+1 1o
< ozl B! i 1Z11Ece
1
la v Lp,
c pc
(6.2.13) W pt2 1 1
< CT Ly Sy (6.2.20)
c
Concerning the second term of (6.2.18), we have
1 1 (5.2.10), (6.2.11) | p+1 (6.2.13) Cp-l—l 1
Nz S ZleeBl S Szl B (6221)

Regarding the eighth and final term of (6.2.9),

(5.2.10), (5.2.12)

E (22, axpwtaxwf_lﬂ

AN

];HZH%tcaHaxpthLoo 10w} |1

(6.2.10), (6.2.12)

P 1
||Z||acaBQ<‘°“>A2

~Y

(6.2.13)

C||Z||ctCa 77t At

(6.2<.13) (r+2) 1 1
~ D ||Z||ctca +EBt + EAt. (6.2.22)

So, since p + 1 < PIHAEZHE 1 3 4nd ¢ > 1, combining (6.2.20)(6.2.22),

2

Ao ez 1 1
ZE 0, pun Optt? Y < N Z ||+ B, + — A, 6.2.23
Zl()p+1_k|<t Py O Wi >‘~p“ HCtC‘{’C t+ct ( )

Since 4(p1_1) < %, combining (6.2.9) with (6.2.14), (6.2.17), (6.2.23) and choosing
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c¢> (pV x)C with C' > 0 the sufficiently large implied constant, we obtain that

rod, (Clpvx)? 2 (ClpVx)PHm
- < S M s @
xp(p— 1) el = max{ 1Zlcice: P’ }

1
pTry] i

pt2

Using Jensen’s inequality we have (|lw|?,) > < ||w?*?||,1, so that for C > 0

sufficiently large

pt2

Xp pt Paﬁ
ol 2E () < xmax {p(C V21 Zlgiens (Cp v 2))m}.

Applying Lemma 6.2.2 with f(t) = ||w¢|7, and A = ’%2, we obtain that, for C' > 0

sufficiently large

P P b p(p+1) P
lwn (@)l < max { (xt/4) 5, (Cp v 0 72| 2o (CpV X))F m/pi |,

for every t € (0,7] and o € C*. The stated bound, (6.2.8), then follows after taking

the p™ root on both sides and noticing that v = 1% < %. O

We discuss some implications of the a priori bound (6.2.8).

Remark 6.2.4. Fixing x > 0, we see that in the limit p oo the bound (6.2.8)

behaves like

1 1 ptl
sup |lwy(z)||» < Cmax § —=, p" || Z]|&,ca, prH2m ¢ .

TEC0 VXt

The maximum on the right hand side blows-up as p increases and so we see that this
approach does not seem to allow us to obtain an a priori L* bound independent of

the initial data for (6.1.1).

Compare this with the cubic stochastic reaction diffusion equation in one dimension,
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where a similar method yields that, for C;, C5 > 0 independent of p > 2, we have
P 22 1 2
—Nwell 2o 5 (hwelf:) » < Crmax {Cy | Z]1grea, 1} -
So then applying Lemma 6.2.2 we have, for possibly new constants C;, Cy > 0,
d = S U
%HthLPS Cl max t_§, C2p+ p rt2 ||Z||tha, 1;. (6224)

In contrast with (6.2.8), the right hand side of (6.2.24) is finite in the limit p * oo,
which would allow us, in this case to obtain an a priori bound on the L* norm
independent of the initial data. An alternative approach to directly obtaining the
L°° a priori bound for the cubic stochastic reaction diffusion equation, for all d < 4,
is given in [25]. However, it also seems that this method will not apply to our

equation either.

Remark 6.2.5. We also obtain a tail bound on the law L(u;(z)) from (6.2.8). Since
from Fernique’s theorem there exists a A > 0 sufficiently small such that E [e’\””(” ' HQCtCa} <
00, letting ¢t — Z; be given by the random trajectory t — vp,, for any even integer

p > 2, and the same A > 0 we have that

E [exp (A|u][22)] < E [exp (A (w2 +]|vo. [12,c0))]
<o E fexp (MJvo,. [20)] (6.2.25)

< Q0.

This tail bound displays two interesting properties. Firstly, since o € (0,1/2) the
bound (6.2.25) gives that L£(u;) has heavier than Gaussian tails - of course this does
not prove that the solution does not have lighter tails. Using this method we could
expect to show, at best exactly Gaussian tails, since we are limited by the moments
of vy .. Secondly, taking a higher power m > 3 in the equation does not seem to
improve this tail bound, at least using the method presented here. We see this by

inspecting the proof of Theorem 6.2.3. Applying the same method, for any m > 3,
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—14+m
we see that the term [(Z;" "2, 0,p, O,w?)|, results in the power HZ||2TC“CQ in the final

bound. After applying Lemma 6.2.2 we see that we are left with the same power on

| Zl|cree as in (6.2.8).

Again we contrast this with known results for stochastic reaction diffusion equations.

In [89] the authors demonstrate that solutions to
atu - a:vacu = —u" + 57

is such that if, for A > 0,

E [exp </\||€||ga—2(R+><R)>] < 00,

then

E [exp ()\HutHiJ;(m_l)aﬂ < 0. (6.2.26)

In contrast with (6.2.25), the bound (6.2.26) improves both with increasing m and

Q.

Remark 6.2.6. Finally we observe that it does not seem we can directly apply our
method for the equation with an even power on the right hand side. For example,

when m = 2 the remainder solves
0w — Oz = Oz (|w + Z|02puiz)-

We can write the absolute value in the form |w + Z|= sign(w + Z)(w + Z) which
allows us to isolate the damping term in the testing argument. However, in order to
do so we integrate by parts which results in terms such as [(9,Z, w’"'d,p,)|. The
issue in handling such terms is that they involve both the highest power of w, and
the negative regularity term 0,Z. So it is not clear how the testing method would

apply in this case.
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We conclude this section with a proof of global well-posedness for w.

Proposition 6.2.7. Let m € {0,1}, z € C2(T) and Z € CyC§. Then there exists a
unique mild solution w(x) € CyrC* to (6.1.1). Furthermore, the map,
S CX(T) x CrC(T) — CyrCa(T)

(6.2.27)
(2, Z) = u(z) == w(x) + Z,

15 jointly, locally Lipschitz.

Proof. We recall from Theorem 6.1.4 that there exists a T, € (0, 1), depending only
on ||z||ceo and ||Z]|cpce, such that a mild solution w € C,7,C* exists to (6.1.1).
Without loss of generality let us assume 7' > T, and that we fix an even p €
(—%, o0) so that LP(T) < C*(T). In this case, it is clear that we can extend the
solution for a positive time of existence so long as ||wy||z» remains finite. However,
by Theorem 6.2.3, ||w;||z» is bounded above by a function of ¢ independent of the
initial data and so we may continue the solution to all of [0,7]. From Corollary
6.1.7, for u; = wy + Z;, we have @, = T + Z;, for all t € (0,7]. Similarly, for all
t >0, ||ugllca < JJwy]|ca+ || Z¢||ce- Hence the solution map (6.2.27) is well-defined and
Jull sce depends only on [ Z]cce.

To continue the proof, we state the following

Lemma 6.2.8. Consider R > 0 and define the set
Dy = {(JI,Z) S Cr?:o x CpC* - Hx||cao+||ZHCTca< %}

Then for T, = T,(R) > 0 sufficiently small, . Dy — C,((0,27],C%) is K-

m

Lipschitz where K = K(R) > 0.

Proof. Let (z,Z),(#,Z) € Dy and consider the corresponding solutions

t
u = e®r + / e =IO, (u2D,py.) ds + Zi,
0

t
U = 7 + / e(t_S)A)(@x(ﬂgaxpﬁs) ds + Z;.
0
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From Theorem 6.1.4, there exists T,(9R) > 0 such that ||ul/¢

;2T %

Ca\/ ||’EL||C’7];2T*CQS 2

For ¢t € (0,2T,], using Theorem 5.2.10 and similar bounds as in the proof of Theorem
6.1.4 we see that

a—oaq

N _ N 1 N -
g = tullea St 2 || = Elleao+t2 7 Ju — @l e,y e+ 20 — Zillco,

where the proportionality constant does not depend on z, %, Z, Z. So multiplying

through by ¢"7 and taking the supremum over ¢t € (0,27, we have that

- ~ 1o ~ ~
lu—dllc,arco S |2 — Elcon+T2 " u— llc, scot|Z — Zlcpen-

By lowering T, further, we obtain

= @loyan,ceS llz = lems +1Z = Zllcre .

We now prove that .7 is jointly locally Lipschitz. Consider R > 1, Dy, and T, (R) >
0 as in Lemma 6.2.8. Then .¥ is K (R)-Lipschitz from Dy to C,((0,27,],C%). In par-

ticular, the map (z, Z) — ul|ir, 2r € C([T%, 21%],C%) is K (M)-Lipschitz. If T" < 27T,
then we are done. Hence, suppose T' > 2T,. We will prove that, for T.(R) € (0,T,]
sufficiently small, u|ir, 7, 7€ C([T%,T],C*) is a Lipschitz function of (z, Z), from

which the conclusion will follow.

To this end, consider (x,Z) € Dy and let u be the corresponding solution. By the
a priori estimate, for p > 2 sufficiently large |us|lcoo Sagp ||l e < 712V RV for
all t > 0. Therefore, there exists J3(:R) > 0 such that ||u;||ceo < R for all t € [T}, T).
Let T, (9R) > 0 be the constant from Lemma 6.2.8. Without loss of generality, we can
assume that T, < T, and that T = T, + NT, for some integer N > 2. By the above

remark, for all 1 < n < N, u

is a K (MR)-Lipschitz function of (ur, 1)z, Z) € C* x CrC*. Combining these

estimates together, it follows that u|i, 7. ;€ C([T%,T],C*) is a Lipschitz function
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of (z,72). O

6.3 Global Well-Posedness and Invariant Measures

We now employ the a priori bound obtained in Section 6.2 to establish global exis-
tence of the process u; € C*(T) and an invariant measures for every x € C* via the

Krylov—Bogoliubov method.

We recall that for any 0 < s < t < 0o, we defined the process

(t—s)A

Vst = Uy — € Vs,

where t — v, is the solution to (5.4.4). We recall that vs; defined in this way is
bounded in the same regularity as vy, is a Markov process with respect to (F;)i>0, is
such that v, s = 0 and for any A > 0 the process t = v, is stationary. We again
remove X from our analysis, setting it equal to 1. We further recall that we have
fixed, ag € (—%,O), o€ (O,ozo + %), £ >0 and n > 0 such that,

_ |
a 20‘0 <n<y Be(La+l). (6.3.1)

We also reset x = 1. We begin this section by completing the proof of Theorem
6.0.1.

Proof of Theorem 6.0.1. From Theorem 5.4.8, for any T" > 0 and a < %, vo,. € CpC§
(in fact vy, € ﬂne[o7l/2)C§~C8‘_2“). Hence Proposition 6.2.7 implies that P-a.s. there

exists a unique mild solution u(x) := w(x)+wvy,. = .S (x,vy.) to (6.0.1) on [0,7]. O

Having established global well-posedness we define a semi-group associated to the
dynamics. Recall that we denote by B,(C*) (resp. C,(C*)) the sets of bounded

(resp. continuous, bounded) Borel maps C* — R, both endowed with the norm

|®||pc:= sup |P(x)].

z€C™0
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Then the semi-group associated to (6.0.1) is defined by the mapping P, : B,(C*) —
B, (C*), with

P,®(x) :=E[®(u(x))], forall ® e By,(C™),t>0.

In the remainder of this section we show that u; is a Markov process with Feller
semi-group P, which furthermore satisfies the necessary criteria to give existence of

an invariant measure, v, € P;(C5°) for each x € C3°.

Lemma 6.3.1. Let u be a mild solution to (6.0.1). Then for every t € [0,T] and

h € (0,T —t) we have the identity

Upph, = Wegih + Ve pph, (6.3.2)

where Wy 445, solves

h
wt,t—‘rh = €hAUt + / e(h_r)Aﬁz((wt,tH + vt,t+r)28$pwt’t+r+vtyt+r) dr. (633)
0

Proof. We first recall that
Vi = ", + Ut t+h,
where v; 415, is independent of Fy for s < t. Then, for t,h > 0 we set w4y, =

Werp + ehAvo,t, and we see that we have

Upph = Wiph + Vpph = Wepph + Ut gihs
where
t+h
~ _ RA[ A t+h—r)A 2
Wypyn = €2 (ex + vy) —|—/ el ) O ((wy + ;)0 Py, ) dr.
0

Then, since

t
ePr = wy, — / IR0, (wy + v,)Onprs,40,) dr
0
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we have

t
eMPethy = M, — / A0 ((wy +v,)?) dr,
0

and so

t+h
Wi prh = " (wy + vy) + / IR (wy + 0,) 200 Py, 10, ) AT
t

h
= "By, + / "R, (Wisr + Visr)?OuPuoy s tog,r) AT (6.3.4)
0

So it only remains to show that

2 (T 2
(Wepr + Vigr) OrPwyrtvrsr = (Wt 1 + Ve gir) D2 Py g rtvr sy

Since the operator f +— 0,p; is linear we directly have

8Ipwt+r+vt+r = aa:pwt,t+r+vt7t+r- (635)

For the quadratic term, expanding and then rearranging, we have

A

2 2 ~ rA 2 ~ r rA
Wity + 2We Vg + Vg = (W g — €7701)" + 2(Wp g1 — €7 0p) (€770 + Vpg41)

+ (€TA’Ut + Ut’t+7‘)2

= Wi yyp + 2We 417Vt trr + Vg (6.3.6)

Combining (6.3.4) with (6.3.5) and (6.3.6) for t € [0,7] and h € (0,7 — t) gives
(6.3.3) which completes the proof of (6.3.2). O

Theorem 6.3.2. Let T >0, m € R and x € C3°. Then let u(z) € C,((0,T];C*(T))
be the unique solution to (6.0.1) as in Theorem 6.0.1. Then for every p € [2,00)

and even, we have that

sup sup sup (tg A 1) E [Jut(z)]]7,] < o0. (6.3.7)
T>0 zeC* >0

Proof. Firstly, for t € (0,1), applying (6.2.8) and Corollary 5.4.7, we directly have
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that

y
2

E [ludllzp] < EllwelZp] + Elllodizn] S ¢72 + 1. (6.3.8)

For t > 1 we employ the Markov decomposition (6.3.2) to give

E [lluellZe] = E{llde-1ll7e] + E [loe-12llZ0]

Then, observing that w;_, solves (6.1.1) with initial condition u;—;(z) and driving

path Z; = v;_14, by Theorem 6.2.3 we have

ya
E (le-1.0%] < Cpmax { o1, IE, |, jcor 1}

So, since the law of v;_1; does not depend on ¢ > 1 we have,

sup sup||ug(z)|]f,< . (6.3.9)
reC¥ t>1
So combining (6.3.8) with (6.3.9) proves (6.3.7). O

In order to prove the Markov property for the semi-group we make use of the fol-
lowing representation theorem which can be found as [34, Prop. 1.12]. We include

the statement for completeness.

Theorem 6.3.3 (Prop 1.12 [34]). For (E1,&1) and (E2, &) two measurable spaces
and ¢ : E1 X E5 — R be a bounded measurable function. Let &1, & be two random
variables on (2, F,P) with values in (Ey,& ) and (E2,&) respectively, Then let
G C F be a sub-sigma algebra and assume & is G - measurable. Then there exists a

bounded, £, x G measurable function QZ: Ey x Q — R such that,
E[)(6,6) 6] () = d(&(w),w), Ywe.
If in addition & 1 G, then

@(ml,w) = &(ml) =E[(z1,&)], Vi € By,
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In conjunction with the Markov decomposition of the solution (6.3.2) we demon-

strate the Markov property for ¢t +— P,.

Theorem 6.3.4. Let © € C*(T?) and u,(z) be as defined in Theorem 6.3.1. Then

for any ® € B,(C*) we have the identity

E[®(ursn(2)) | Fo] = Pu(®(u()),

and in particular we see that t — wu; is a Markov process with associated Markov

semi-group P;.

Proof. First, using the Markov decomposition (6.3.2) we see that

D (un () = Q(Wrpn(ue(r)) + vigyn) = P(urirn(ue(r))),

where W p(ur(z)) is the solution to the remainder equation (6.1.1) with initial

condition u(x) and driven by the vector s — v; ;4. We define

(), veprn) = (Wt pn(ue(T)) + Vegin)

and then we apply Proposition 6.3.3 with the random variables u,(z) and vy 44, and
using the sub-sigma algebra F;. Since w;(z) is F; measurable and v, L F, we

have that

E[®(uern(x)) | Fi] = B@(upn(ue(r)))] = Pa(P(ui(2)))

and so the claim is shown. O

The following theorem shows that P, is a Feller semi-group.

Lemma 6.3.5. For any ® € C,(C*(T)) and t > 0 we have that P,® € C,(C*(T))
and for any x € C*, lim; 0| P,®(x) — (x)|= 0.

Proof. By Theorem 6.3.1, C*(T) 3 x +— u(z) € C*(T) is P-a.s. continuous for every

t > 0. The fact that P,® € C,(C*(T)) thus follows from the dominated convergence
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theorem. The fact that limp o|P®(x) — ®(z)|= 0 for all z € C*, & € C,(C*(T)),

similarly follows the dominated convergence theorem and (6.1.9). O

Theorem 6.3.6. For any ® € C,(C*) and t > 0 we have that P,® € C,(C*) and
hmt*)(]HIDt@ — (I)HLoo: 0.

Proof. 1t suffices to prove almost sure continuity in x € C* of the solution t +—
u(x) € C* and then apply the dominated convergence theorem to bring the limit
inside the expectation. We let z, y € C* be such that ||z — y[/ceo< 1 and T' > 0 be

arbitrary. Then we define the solutions to (6.0.1), started from x and y respectively

by

t
u = ePa + / e(t_S)Aﬁx(uiﬁmpus) ds + vy,
0

¢
o = ey + / e =20, (420, pa, ) ds + vy
0
Then, we let
T:=inf{t € (0,T] : |lug — Ullca> 1}, and M :=sup(t A 1)7||u|ca.
t<T

Therefore, for ¢t < 7 we have ||a||¢, ,ce< 1+ M. So, using (5.2.15), for any ¢ € (0, 7]

we have

sup s7||uy — Uyljea S t”’a;&Hx — yHcamLt%’Q"(l + M2) sup s"Jug(x) — ui(y)lco-
5€(0,4] ts€(0,t]

Therefore, there exists a 6 := 0(a, ag,n) > 0, such that choosing
1 0
t=TT=——+—"——<] A
! <2CM(1 + M)) B
where C' > 0 is the proportionality constant above, we have,

sup 1"]Jup — tyfle < |z = ylleo.
86(07T1]
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[terating this procedure once, we have

sup  |uy — tyflee < Cllur, — tr oo
te(Th,2T1AT)

<T," sup t7|ug — e
tG(O,Tl]

< T "lz = yllewo,
therefore, there exists a new C' := C(M, ) > 0 such that

sup  t7|uy — Gylea< (1 + Oz — ylleoo-
te(0,2T1AT]

So repeating the argument for a finite number of times, we find an N € Ny such
that,

sup  t"|ug — llea< (1 4+ NC) ||z — ylceo-
te(0,TAT]

Therefore, we have shown that the map C* > z +— u(z) € C,,rC® is Lipschitz for any
T > 0. Applying the dominated convergence theorem we obtain that P,® € C,(C*)
for any @ € C,(C*).

To see that limp o||P,® — @|| = 0 it suffices to show using Remark 5.2.11 that

Lol () leao = [|2lceo- O

We now apply Theorem 5.3.6 with 1 = ¢, and so obtain for any m € R and z € C3°

an invariant measure v, € P(C0).

Theorem 6.3.7. Let m € R. Then for every x € C3°, there exists a measure

vy € P(CS0) and an increasing sequence of times ty /0o such that,
1 [t
R{ 0, := —/ P, dr = v, ask — oc.
tk 0

Furthermore v, is invariant for P;.
Proof. Our main goal is to show that there exists a diverging sequence of times
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(tx)r>0 such that R d, is tight. Then applying [33, Corollary 3.1.2] we obtain the

result.

We let p > —aio be even and then applying Markov’s inequality followed by Jensen’s

inequality, for every K, ¢t > 0 and = € C3°, we find that

1

B {lu(@)llr> K} < 2 [lua(e)lss] < 2 ()15

So then, for every t > 1, using (6.3.7), there exists a C' > 0 such that

1 [ e 1
+ [ PU@l> KY ds < o [ Bl ds
0 0
1

- (/OlE[Hus(ﬂ?)“Zip]; ds+/1tE[||Us(l")”12p]’1? d3>

gctiK (/Olis ds+(t—1)>

Now we define the set,
By = {p € L(T) : [l¢[[r< K},

which is compact in C*(T) by Theorem 5.2.2 and we have shown above that

* c 1
R;5:(B) < +. (6.3.10)

So letting K. := < and defining the sets By, we conclude that (R;d,),., is a tight
family in P(C20). Applying Prokhorov’s theorem, Theorem 5.3.5, we see that there
exists a subsequence t; oo such that limy o R}, 0, = v, € P(C20). Then applying
[33, Th. 3.1.1] completes the proof. O
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6.4 Uniqueness of the Invariant Measure and Ex-
ponential Ergodicity

In the previous section we established that the semi-group associated to the one di-
mensional equation (6.0.1) satisfies the properties of being a Feller semi-group and
for every initial condition there exists an invariant measure v for the dynamics. In
this section we demonstrate uniqueness of the invariant measure along with expo-
nential convergence of the law to v. The main steps are to establish the strong Feller
property and irreducibility of ;.. We point out that these properties do not require
global existence of the dynamics. Adding a point at infinity to the state space would
allow us to establish these properties, in much the same way, for local dynamics up

to a possibly finite explosion time.

We prove the strong Feller property in subsection 6.4.1 employing a similar strategy
to that of [105, Sec. 5], in fact obtaining a local Lipschitz bound on the semi-group.
To show irreducibility of P, we show full support of the law on Ci/ 275('11‘), for any
0 € (0,1/2) and m = z. This is carried out in subsection 6.4.2. Finally we combine
these results to show uniqueness of the invariant measure and exponential ergodicity

of the dynamics in Subsection 6.4.3.

For technical reasons in this section we make new assumptions on the parameters,

replacing (6.0.2). We fix ag € (—%, 0), a € (0, oy + %) and 1 > 0 such that,

<<z (6.4.1)

We note that all previous results also hold for this more restrictive parameter range.
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6.4.1 Strong Feller Property

We prove the strong Feller property in a similar way to [105, Sec. 5]. The strategy
is to first take an approximation u. with compact support in Fourier space. We then
obtain Fréchet differentiability of the approximate solution with respect to both the
initial condition and the noise, locally in the size of v. With this in hand we prove a
Bismut-Ellworthy-Li type formula, in the same manner as [105, Thm. 5.5], which
allows us to relate the derivative in initial data to the derivative in noise. The final
step is to use this relationship along with a priori control on the derivative of the

equation in the initial condition to obtain a local Lipschitz bound on the semi-group.

The benefit of this approach is that it allows us to bypass the machinery of Malliavin
calculus. Since our a priori bound on the solutions does not give sufficient integra-
bility of the laws, we work locally on €2, on sets where the noise is small, using
our local well-posedness result to pass this smallness to the solution. We control
the semi-group outside of this set using the probabilistic controls shown in Theo-
rem 5.4.8. Applying this approach in the framework of Malliavin calculus would
present significant complications. A common method for semi-linear SPDEs that
does go through Malliavin calculus is to work with Yosida approximations to the
non-linearity and local Malliavin differentiability, for example see [99]. However, as
discussed in Chapter 5 our non-linearity is not dissipative in any L? type space, in

the sense of [33, Sec. 5.5.1], and so this approach also does not apply directly.

For technical reasons in this section we replace (6.0.2) with the assumption that

Qg € (—%,0), a € (O,ao + %) and 7 > 0 such that,

<n< - (6.4.2)

We note that all previous results also hold for this more restrictive parameter range

and this restriction does not affect the main result as stated, see the proof of Theorem
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6.0.2 at the conclusion of Section 6.4.3. Let (e)mez, €m(z) = €™, be the usual
Fourier basis elements of L*(T) and (Ay)g>_1 be the Littlewood-Paley projection
operators, see Section 5.2 for more details. For ¢ € (0,1), we define II.(L*(T)) as

the space of real functions spanned by {(em)|m| < ;} and

I, = > ARLAT) - IL(L*(TY).
—1<k<—logy ()
Observe that there exists (e:Z — [0,1] with £.(m) = 0 for |m|[> I such that
FL.f)(m) = L(m)Ff(m) where F is the Fourier transform. Furthermore (see

e.g. [105, p. 1213]),
1) ||ﬂa||op(cﬁ;cﬁ)3: sup ||TL.ullcs< 1 for all € € (0,1) and 3 € R,
llullgs <1

ii) for every 5 € R and § > 0, there exists C' > 0 such that for all € € (0,1)
ITef = flless< CEllfles-

We fix for the rest of the subsection § > 0

g+ 6 14
il e B S ) (6.4.3)

+5<1
O{ —
g0 2 2

Such a ¢ exists due to (6.4.2).
Consider now Z € CpCo*° and let Z.; = [I.Z,. Consider likewise z € C® and
let x. := IL.z. We define a smooth approximation to (6.0.1), with y = 1 and

deterministic noise, by
t A
Uy = ePr. + / e(t_s)Aaxﬂg(uz;sﬁxpus;s) ds + Z.y4, (6.4.4)
0

where, as usual,

_am:pug;t = Ug;t — Ue, ON T.

Remark 6.4.1. We will later set, right before Theorem 6.4.7, Z. = ﬂgv, where v is
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the SHE.

Theorem 6.4.2. Let T > 0, x € C2(T), and Z € CyC**. For every & > 0, there
exists €o(&, T, ||z]|ceo+||Z||cpcats) > 0 such that, for every e € (0,e0) there exists a

unique solution ue € CrII.(L*(T)) to (6.4.4). Furthermore
Hut — uE;tHCn;TCO‘S g. (645)

Proof. 1t follows from Properties i) and ii) of the projection and the same steps as in
the proof of Theorem 6.1.4 that for every € > 0 there exists T.(||z.||coo+|| Zc || cpee) >
0, such that u. € C,.7.C solves (6.4.4) and satisfies [|uc||c, ;.c«< 1. The fact that
u. € Cr.II.(L*(T)) follows from the same argument as the end of Theorem 6.1.4
since x, € C'*.

To continue, we state the following

Lemma 6.4.3. Consider R > 0 and define Dy as in Lemma 6.2.8. There exists

T,(R) > 0 such that, if (x., Z.), (%, Z) € Dy, then
i = tealloy e < e = Ellewo-s+€” + 12 = Zellogea,

where @t = . (%, Z) with . as in Proposition 6.2.7.

Proof. There exists T,(R) > 0 such that ||illc, ,p,cottelc,once< 2. For t €

(0,2T.],

t
I — ueelles < €@ — @e)lleat / e 920, (30,5, — 1L (uZ 0z pu,.))llce ds
0

+ 12 = Zetl o

Then

- _azogts
(@ = z)lea St 2 [|E — 2elgoo-s,

151



and applying the triangle inequality and using Property ii) of the projection,

||ﬂ§8$pﬂs - H5<ug;saﬁﬂpue;s)||co‘75 S ||a§aﬂ’3paa - ug;sa@‘pus;s”ca

+ ||ug;saxpus;s - ﬂe(u?;saafpus;s) ca—9
S S_2n||ﬂ5 - Ua;s||(,'a+553_377

< 3_3’7Hﬂ — uaﬂcmscajts‘ss_?’”.

Therefore, using that 7 < 1, we may integrate |29, (420, pg, — 11 (u2, 0 pu...))||co

from 0 to ¢ and take suprema to obtain

B ,,7_0‘70‘0*5 5 H_Sn B
sup t"|ts — Ueis|lce S T 2|7 — x| pao—s+T 2 sup 7|t — e/ ce

te(0,7%] te(0,T4]

1-5 -
+T.7 S LT Z — Ze||opee.

After potentially lowering 7, (9R) > 0 further, we obtain

sup |t — tei]|co < || T — :C5||Caofa+€5 + HZ — Z||opee- O
t€(0,T%]

To conclude the proof of Theorem 6.4.2, observe that ||z — .|| cae-s < €°||2||ce0 and
12 = Zet|lea < 9| Zy||gats Dy Property ii). By the a priori estimate, for every R > 0
there exists 7,(:) > 0 as in Lemma 6.4.3 and 2R(9R) > 0 such that [|ug/|ceo< R for
all t € [T, T]. Iteratively applying Lemma 6.4.3 as in the proof of Proposition 6.2.7,
there exists £9(9R) > 0 sufficiently small such that |[u.|lca < 2R on [T}, T] for all & <

g0, from which (6.4.5) follows after another iterative application of Lemma 6.4.3. [

By Theorem 6.4.2, for every R > 0 and T" > 0, there exists 9(R,T) > 0 sufficiently

small such that for all € € (0, ¢¢) the solution map to (6.4.4)

7% Ay — CrIL(L*(T)) (6.4.6)

(x, Z) — ue,
is well-defined and |lu. — ul|¢, yca< 1, where u = (2, Z) and Ay = {(v,2} €
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Co0 x CrC* ¢ ||z|leeo +|Zllopeats < R}

We now fix for the remainder of the section x € C2°, T > 0, and Z € C7C*0 with
Zy = 0. We let g9 > 0 sufficiently small such that .#¢(x,7) is well-defined and
|ue — ullc, rca< 1 for all € € (0,60). In the sequel we will always let € € (0, &).
We define N, :={m € Z : |m|< %, m # 0} and further assume that Z., := 1.7, is
of the form

t
Zey= Y / Co(m)e TIPS AR e, (6.4.7)
0

meNe
where {Bm}mezm;ﬁo are functions B,, € C ([0, 7], C) which satisfy the reality condi-

tion

B_,, = B,,. (6.4.8)

We denote

~ A

Ba = (Bm)meNe € CTCNEa

where CpCN= ¢ CrCNe is the subspace of (B, )men, which satisfies the reality

condition (6.4.8).

Remark 6.4.4. We will henceforth identify C7C™e with a subspace of CrCg° C
CrCS™ by mapping (Bp,)men. to Z. via (6.4.7). Observe that the integral in (6.4.7)
is well-defined as a Riemann—Stieltjes integral for any B e CrCN=. For fixed z € C,

we will treat in this way u.(z, Z) := .#%(x, Z) as a function of B. whenever it is

well-defined.

We now prove the differentiability of .’¢ with respect to both arguments separately,
using D for derivatives with respect to B. and D for derivatives with respect to x.

For R > 1, we recall the definition of T, (fR) given by (6.1.7).

Lemma 6.4.5 (Derivative in Noise). There exists an open neighbourhood Op  C
CrCNe containing B. such that us(z,-) is Fréchet differentiable as a mapping from

Op. to CrI.L*(T). Furthermore, for any f € CrCNe, such that fli—o= 0, the
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directional deriwative Dyu. satisfies the equation

t
Djuey = / e(t*s)A&gHs (QuE;SDfug;sazpuE;S 4 ug;s&pppfus;s) ds
0

¢ - (6.4.9)
+ 2 / Ce(m)e™ I Ao,
meENg 0
Finally, for e € (0,e9), there exists a C(T, ||z||ceo, ||Zc||lcree) > 0 such that,
||Df“s||CTCa§ C||f||CT<cNa- (6.4.10)

Proof. Integration by parts implies that, for any m € Z and f € C7C with fo =0

t t
/ 6—47r2|m|2(t_s) dfs — ft . 47T2|m|2/ 6_47r2‘m‘2(t_s)fs ds.

0 0

It follows that Z. is a bounded, linear function of BE with values in CrII.LE(T),

and so is continuously Fréchet differentiable. Furthermore, for any f € Cr-CNe with

fo=0

t
DfZg;t — Z (fm;t _ 47_‘_2|m’2/ 6—47r2‘m‘2(t—3)fm;5 ds> ga(m)em’
0

meNg

Regarding the approximate solution, u., the mappings h + h* and h — 0,pj, are

Fréchet differentiable on II.(L*(T)), so the map

Or: (2, (fi)men.) — —2+ e S, —I—/ el =929, 11, (zgﬁmpzs) ds

0
+ g / Kg(m)e_4”2‘m‘2(t_s) d fin:s €m,
0

meN,

is Fréchet differentiable as a mapping ®7: (CpII.L3(T), CpCNe) — CrII.L*(T) and

A

is such that ®p(u., B.) = 0. Moreover, writing & for the Fréchet derivative,

(2®7,)(ue, B.)(-,0): Cp, II.L*(T) — CpII.L*(T)
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is a Banach space isomorphism for T, (||luc||cyce) > 0 sufficiently small. Applying
the implicit function theorem for Banach spaces, [2, Thm. 2.3], we obtain that
u:(, )| 0,7 is Fréchet differentiable in a neighbourhood of B.. Patching together a
sufficient (but finite) number of intervals of length T to cover [0, 7], we obtain the
first claim.

To derive (6.4.9), recall that the Fréchet and Gateaux derivatives of a Fréchet dif-
ferentiable map agree. Hence, for any f € CrCNe, Dyu, = £.9%(x, B. + Aa)leo
from which (6.4.9) follows now from the approximate equation, (6.4.4). We finally
show (6.4.10). By the triangle inequality, the properties of 1., (5.2.19) and applying
(5.2.15), for any t € [0, T7,

t
1
1D sucllca S HueHQowca/ 57272 Dyigys]|ca ds + Sl[lp]|fs‘(CN6-
0 s€(0,t

Therefore, by Gronwall’s inequality, there exists C' > 0 such that

1_
[Drucilce S [ f |l oreneexp (Ct2 2"||U6H2Cn;tca)-

Due to the global existence of u. € C,.7C* (shown in Theorem 6.4.2 for ¢ € (0, &)
where gy depends on ||x||coo, || Z:||cpce ), for a new constant C(T), ||z||ceo, || Z]|cpee) >
0,

1Dsucllorea< C|l fllopene
]

Regarding the derivative of u.(z) with respect to the initial condition, for g € C*,

we set g. := f[sg and then for any 0 < s <t < T we let J;tg solve the equation
t A
J;,tg = e(tis)AgE + / e(tir)AaxHE[2u5§7‘a$pus;r‘]§,7'g + U’g;’f‘axp']sa,rg} drr-_ (6411>

We show below that for any € C*(T) and t € [0,7], J5,9 = Dgu.(x), the

directional derivative of u.(x) in z. Note that J¢ satisfies the flow property, that is
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for 0 < s <¢ < T one has J5, = Jg,Jg5,. In particular J¢ = Id.

Lemma 6.4.6. There exists an open neighbourhood O, C II.(L*(T)) containing x.
such that u.( -, B.) is Fréchet differentiable as a mapping from O, to CrII.(L*(T)).
For any g € C*, the derivative is given by Dju.4(z) = J5.+9- Furthermore, setting
R = ||Z|lcpcot]||z]lceo, there exists C(R) > 0 and Ty (R) > 0 such that for all
t e (0,73]

sup s"[|J5 ,gllca < Clgllceo- (6.4.12)

s€[0,t]
Proof. The same argument as in the proof of Lemma 6.4.5 shows that the map
H.L2(T) 3 z. — u.(z) € C7II.(LA(T)) is Fréchet differentiable in a neighbourhood
of x.. It is then readily checked that on O,_, for any g € C* the Fréchet derivative
is equal to the map t — Jg,g.

To prove (6.4.12), observe that

S
_o—ag _1 _
175 s9llee S 57 ||g||cao+||uall2%ca/ (s =) 2r 21| JG g e dr
0

Therefore, for any t € (0,71,

_a—og 1_
sup s"||J5 gllea S "= [|glleso +£2 7 |uellZ, oo sUD "[T5 cgllco
s€[0,t] s€[0,t]

Since |lue — ul|c, rco< 1, by Theorem 6.1.4 there exists a T.(9R) € (0,1) such that

|te]| ¢z, 02 < 2. Hence, for all ¢ € (0,T,],

_a~ag 1_
sup s"[[J5 9lleaS 172 [lglleon+£2 77 sup | J gllce
selo.] selo.]

so then choosing a sufficiently small time ¢;(R) € (0, ],

a—

_ @0
sup s"||J5 glle=St] 7 |lglleeo.
s€[0,t1]
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Repeating this procedure, we find a constant C' := C'($R) > 0 such that

sup 75,9l < Cllgllews, 1€ 0T
s€(0,t

O

We finally reintroduce probability and consider in the remainder of the section a

finite dimensional approximation B, of the white noise defined by

B., = Z emét;m, Bm;t =&(Ljy X €), form e N..

meENg

A

Note that (B,,)men. is a family of complex valued Brownian motions which satisfy
the reality condition (6.4.8). Our approximation of the SHE corresponding to (6.4.7)

is then

t
Vet i= 1vgy = Z / Eg(m)e_4”2|m|2(t_r) dB. em, (6.4.13)

mENe s

By Remark 6.4.4, since B. € CrCMe, (s,t) — v54 is well defined pathwise. Fur-
thermore, by Property ii), there exists a P-null set N/ C Q such that, fixing any
realisation £(w) for w € Q \ N gives realisations of v.(w), v(w) and for which
Veo,. (W) — wp,. (w) in CEC*™?F for every k € [0,1/2). In the rest of the subsec-
tion, we will let v, denote the random path ¢ — v ;.

For each ¢ > 0, the Cameron-Martin space of B, is

CME = Wy? ([0,T];CN) = {f € L*([0,T); CY¢) = 9,f € L2 ([0,T); CV°),

ffm = fma f’t:OZ O}

By the Sobolev embedding, W12(R) < C'/%(R), we see CM*® C CpCNe. Therefore,
Lemma 6.4.5 applies with f € CM?®. We also choose a smooth, compactly supported,

cut-off function x : Ry — [0, 1] such that x(z) =1 for z < 3 and x(z) = 0 for z > 1.
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We introduce the notion of right sided derivatives, DT, of ||Z||cqce, which, for

f € CpC®, is defined by

+ — v N Z+ Allerea =12l cree
D} 1 Z]lcyci= lim ¢ .
Recall that in this section we set the interaction parameter in the equation to be 1
and therefore we hope there should be no confusion with writing y for the cut-off

function.

We introduce the notation C}(C*°) for the continuous, bounded, Borel measurable

maps C* — R whose first Fréchet derivative are also bounded and continuous.

Theorem 6.4.7 (Bismut—Ellworthy—Li Formula). Let T > 0, z € C2° and ® €
C,(C*). Then for any f* € CME with 8, f* an adapted process such that ||0yf¢ || 12 (o, rve+1) <

C, P-a.s. for a deterministic constant C':= C(T) andt € (0,T], we have the identity

E[Dye @ (ueye () x([|veso, - leree)]
t
— B bl lerer) [0 ] 04
0
— E [®(uey(2)X (020, e ) Dfe 020, llezes]
where D};(HZ lcrce) denotes the right sided derivative given explicitly by the expres-

s10n

n Nz + e lerea— 1 Z | opee
Dix([1Z]lopea) == };{% 5 :

Proof. For any f¢ € CM*®, and A > 0 we recall we defined the shift operator,
TAWE := We + \f¢, from which we also define

W = (x, T2 wf) ,

t t
Trveos = » / e TIPS QM e, 4\ / eI =9) g, re s,
0

0
1
|m|<2

m##0
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We now look for a measure Py such that the law of 7}); W¢ under Py is equal to the

law of W¢ under P. For such a measure, we would have the identity,

d s
B |0l

€

@(ITRve0, ores)]

A=0+

where A = 0+ indicates that we only consider the limit A 0. We derive the BEL

formula, (6.4.14), from this identity.

To construct the measure Py, we define B} := —\ f(f d,f¢ -dWe and the exponential

A} = exp (B’\ - —/ |8tf5|2ds> .

Novikov’s condition is satisfied by our assumptions on f¢ € CMNL>®(Q; W2([0, T); RM:))

process,

and so from [100, Ch. 8, Prop. 1.15] we see that A} is a strictly positive martingale,

with expectation 1. We define P, by its Radon—Nikodym derivative, setting

dPy

i A} (6.4.15)

and then we apply Girsanov’s theorem, [100, Ch. 4, Th. 1.4], to see that for any
s < t, the random variable VVSE — <B)‘,WE>S has the same law under P, as WSE

does under P. Observing that (B*,W¢), = —\f¢ we have found P, satisfying the

necessary conditions. Therefore, writing Ey [-] = E [ A)‘} we have that

d e
B[00 @)x(ITRve. Nloge) 4}

A=0+

Assuming for now that we can pass the derivative inside the expectation we obtain

B D} () X, ere) 4] = —E @ Cacs@) x e Neser) 3541| |
d
- uEt Tavg() TC™ A? .
B [ () 53 (1T hover) | )

The same argument to show equation (5.16) in the proof of [105, Th. 5.5] applies
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in a simpler form, to show that

d
X (ITRve0, lloree) = X (Iveo, - lleree) D lveg, - leree

Then since A =1 and LA, _,, = — fot O, fs - dW? we obtain the identity

E [Df.® (ust(2) (v, logee)] = E <I>(ua;t(iﬂ))x(llva;m||cTca)/0 O fs - dWﬁ}

— E [®(ue(2))X ([0, lorea) D lveso, - llopea] -

Finally, since ®(u.,(x)) is genuinely Fréchet differentiable the right sided derivative

on the left hand side agrees with the full derivative and we obtain (6.4.14).

Demonstrating that we can pass the derivative inside the integral is done by showing
equi-integrability of the corresponding difference quotients and follows by the same
arguments as in the proof of [105, Thm. 5.5].

O

We now observe a relation between the derivative in the initial data and the deriva-
tive in the noise. For f© € CM*® and g € C*°, writing Dy-u.,, solving (6.4.9) and

J5.19, solving (6.4.11), in mild form we obtain the identity

¢
Diucy(z) = Z /o Jo 10 fd em ds.

1
Im|<2

Therefore, choosing f¢ € CM*, such that, for each |[m|< I, 8,f" = 1(J§ g, €m) we
see that

Dyetigy () = J549 = Dgtiey (). (6.4.16)
From Theorem 6.4.6 we see that this choice of f¢ is valid in CME®.

Theorem 6.4.8. Let T > 1, x,y € C3° with y € By(x) and t € (0,T.(R)] with

R = 1+ 2||x|ceo. Then there exists a constant C := C(R,a,ap,nm) > 0 and
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exponent 0 := 0(n) > 0 such that for any ® € CL(CS),
[F®(x) — Pd(y)|< C%,,H‘PHLwHﬂ? = Ylleeo+2[|@|| 2P (|vo,. [|crea> 1).  (6.4.17)
Proof. We define the semi-group for the approximate equation
Pid(x) :=E[P(uce(x))] VO e By(C), t>0.
By definition we have
|P;@(x) — Pr@(y)|= B[P (ucy () — P(ucu(y))]] -
Then using the triangle inequality we have,

|Pr@(x) = By ()| < [E[(P(ucu(2)) = (ue(y)))x (|00, lcree)]|
B [(@(uey(2)) = D(uey(2)) (1 = x(llvep, - lowes))]|

= (1) + L(t). (6.4.18)

We now bound these terms for ¢ € (0,7, (R)]. To bound the second term we apply

the triangle inequality to give that
I(t) < 2[|@|[L=E[(1 = X(lveo,- [lewee))] < 2[|@[[ P (|Jveo, - [lcrea> 1) -

Regarding the first term, working with ® € C}(C*) for now, we use the fundamental

theorem of calculus along with Fubini to write,

10 = | [ E(Dey 0l + Mo = 1) lts0. )] 03|

We let z) := 2 — Az — y) € C* and choose f¢ € CM* such that
&€ 1 €
8tfs - Z(<‘]O,s(‘7j - y)76m>)|m|<%]ls§ﬂ
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where J§ (v —y) = Dy_yucs(2x) and for notational ease, we have suppressed the
dependence on 2 in J§ (r — y). Note that we have ||z)|ceo< R for all A € (0,1),
so the local bounds of Theorems 6.4.5 and 6.4.6 both hold uniformly in z). So then

using (6.4.16) and (6.4.14) we obtain the identity

B0 @usu(r (o leier)] = FE |Slucelen)) | 5,00 = p)sdWes) oo, )

|

+E [| X (lve, - leres)DF-lveo,- llores | ] )

Ve, ||cuee |

t
/0 (U6 (& = 9)er dWes) X050, lcnce)

1
— 2B [(ues(22)) ¥ (oo, o)D)
1
< 7ol (& |

We bound the first term here by Cauchy-Schwarz and then It6’s isometry to give,

g < (=[([ e moamea)])
<(e[[" 1t dsDé

t27E

IN

t
/0 (i (2 — 9)er dWors) X050, cxce)

IN

sup "] Jg (= — y)allca]

SE(0,tATE)

< Otz — ylleoo,

where we used that t <t A 7¢ and Theorem 6.4.6 in the penultimate and last lines.
The constant, C':= C (%R, o, g, 1) > 0, here is the same as that in (6.4.12). For the
second term, since ||x'||z~< oo and by definition, for any f¢ € CrII.(L*(T)), we

have

e, A llcea—llveo, - leien
Vg0, - HCtC“-— }\1{‘% \

D} < e, - llewea | f¥llcuca-

So from Theorem 6.4.6, for our choice of f° we see that there exists a C' :=
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C(R, o, g, ) > 0 such that,

E [| X (Iveg, llorea) D llvo, llogea | ] < 177 sup S J5.s (& = y)llea IX (lveo, - floree )]
se€|0,

< Ct Mz — yllew,

where in the last line we used that |x'(||ve0,. ||cpce)|< 0o uniformly. Therefore, for

all t € (0,T.(MR)], there exists a 6 := 0(n) > 0 such that
L(t) < Ot e[|z — ylleeo.

So in conclusion, for all ¢ € (0, 7, (R)], there exists a constant C' := C (R, a, g, ) >

0, and a 6 := 0(n) > 0 such that
[P (2) — PO(y)|< Ct0Y @ el = yllero +2[[ @ =P ([[vzo,- [loica> 1)

From Theorem 6.4.2 for € < gy, we have that u. — u € C,,7C* for any T' > 0,
P - almost surely and v, . converges in law to vy .. So applying the dominated

convergence theorem we see that
[P®(x) = PO(y)|< )@l [l — ylleoo +2[| @]l P ([[vo,- llcica> 1),

for all ® € C(C™). O

We now use the stochastic properties of v to obtain a bound on P(||vg,. ||cpca> 1)
and then we obtain a local Lipschitz bound for the dual semi-group in the total

variation distance.

Theorem 6.4.9. Let z,y € C° with y € By(x). Then there exists a C > 0,

0 € (0,1) and o > 0 such that, for everyt > 1,

17780 = Proyllrv < C(1L+ [[#llewo)7 |z = e
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Proof. Recalling the definition of the total variation distance between probability

measures, we have that

1P 0r = Bioyllrv="sup [(F0,, ®) — (P[0, ®)| = sup |F®(x) = AP(y)|.

[®[lpoo<1 [[@][Loe <1

Furthermore it follows from [33, Lem. 7.1.5] that (6.4.17) is equivalent to the state-
ment,

* * 1 =~
1770, = B ozllrv < Cuglle = llag +2P([[v]lcia> 1)

From Markov’s inequality and Theorem 5.4.8, we see that
P([[vfleica> 1) S 1%,

for some 6, € (0, 1). Inserting this into (6.4.17) we obtain for any ¢ € (0, T.(2R)] and

some 8, > 0 that

sup |Bd(x) — BO(y)| S % [l — e+, (6.4.19)

@l oo <1

We note for t,s > 0

Sup |Pis®(x) = Pry®(y)| < sup |[PO(x) — BO(y)]. (6.4.20)
®ll<1 lel<1
That is the total variation distance can only decrease in time. We let R := 1 +

2||z]|ceo and define T,(R) € (0,1) by (6.1.7) in Theorem 6.1.4. So then using
(6.4.20) we see that we may restrict our attention to obtaining the result at 7% (R).

From (6.4.19) we have

sup |Pr.oy®(2) — Pr.oy®()| S inf  {t7" |z —yllesot+t™}. (6.4.21
||<1>HL£§1| .o (@) — Pr. (y)INtE(O’T*W{ |z — ylleso+t2} . )
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The function ¢ — ¢~ ||z — y||ceo+1t% attains its minimum at,

0, e
tg = e—er — 9|ceo ,
2

and is decreasing on [0,?p]. Then it is either the case that tg < T (R) or ty > T.(R).
In the former case the bound (6.4.19) applies at ¢, and so combining this with
(6.4.21) we obtain,

sup | Pr.on®(x) — Pr.oy®(y)| St " |z — ylleatty
|®]| Lo <1
—0

91 91+52
= (b= len )™ e =
2

)

91 01+04
+{ gl = llews
2

)
= Cllz —ylleks™.

Therefore, we have

)
sup | Pr, o ®(x) — Pr.ony@W)| S llz — yllets™
|®]| Lo <1

On the other hand, if T, (R) < ¢y then, from (6.1.7), there exists a 65 > 0, such that

_ 1
sup | Pr.on®(x) — Pron®(y)| S Tu(R) " |z — yllcoo+=T7
@] Loo <1 r
< T(R) " ||z — yllceo+tg?
01

1 2]
= m ||$ - ?J||cao

)

+ Cllz — ylloha™,

where in the last line we used the explicit expressions for ¢, and T, (2R). So since we
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chose R = 1 + 2||x||ceo, we have, for a new 6 > 0, and a o > 0, that

sup [ Pr, oy ®(z) — Pr.oy®(u)|< C(R,7,0,0)(1+ |zllewo)” |2 =yl

[®llLee <1

6.4.2 Full Support

We demonstrate that up(z), and thus any invariant measure v, for P, as in Theo-
rem 5.3.6, has full support in C%ﬂ_a('ﬂ‘) for any 6 € (0,1/2). In this subsection we
are not concerned with the behaviour of the solution near zero, so until the start of
Section 6.4.3 we just consider o € (0,1/2) and m € R.

Let LZ(R. x T) be the space of square integrable functions on R, x T such that for

any t > 0, f, = 0. Then for any 7 > 0 we define

t
% = {h [O,T] xT =R : ht :/ e(tis)Afs dS, f S Lg(R+ X T)}’
0

Note that by Theorems 5.2.2 and 5.2.10, 7 is continuously and densely embedded
in {h € CrC§ : h(0) = 0}. 7 is the Cameron—Martin space of v := vy . and the

following is a direct consequence of the Cameron—Martin theorem.

Lemma 6.4.10. Let T > 0 and L(v) = (v)#P € P(CrC*) be the law of v. Then
supp(L(v) = 7517

Proof. See [17, Thm. 3.6.1]. O
In the following theorem, we treat L£(ur(z)) as a probability measures on C2(T).

Theorem 6.4.11. Let T > 0, x € C3(T). Then

supp(L(ur(x))) = Co(T).
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Proof. We first show

(o) - he 47 1 Csupp(Lur(z))). (6.4.22)

Recall that the map 7(x, -): CrCy(T) — C$ is continuous and 7 C CrC§(T).

Consider now h € 7. Then for any ¢ > 0, there exists a § > 0 such that
[0 = hllereg< 6 = |lur — F7(z, h)llea< e,
and therefore
P(llur — F1(z, h)|lea< €) 2 P(|lv = hlloreg < 6) >0,

where the last inequality follows from Lemma 6.4.10 and this shows (6.4.22). It now

suffices to show that,

@ h) - hen) ' =com).

Let y € C2°(T). Then for ¢ € [0, T] define

t
uf = ePr + —(y — A

7 ), (6.4.23)

and

t
t
hi = —/ e(t’s)Aax((ug)Qﬁxpug) ds + ?(y — eTAx).
0

Since x € C%, we have u¥ € CrCs and it also follows that hY € CrC§ with hY(0) = 0.

Furthermore, by construction,
Fr(x, W) =ul =y. (6.4.24)

Approximating hY by functions in C§°([0,7] x T) N 5% and using the density of
C*°(T) in C*(T) concludes the proof. O
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6.4.3 Exponential Mixing

In Theorem 6.4.12 and Corollary 6.4.13 below we keep «yp, « satisfying (6.4.1) - the

more restrictive parameter set from the start of Section 6.4.

Theorem 6.4.12. There exists a A € (0,1) such that for every x,y € C2° and
t >3,

IPr, — PEo, oy < 1— A (6.4.25)

Proof. We let R > 0 and define a family of compact subsets of C°, by setting

Ar :={z € Cy° : ||z|ca< R} . (6.4.26)

Then, from Theorem 6.4.9, for every a € (0, 1), there exists an r := r(a) > 0 such

that for every z,y € B,(0) C C2 and t > 1

1P 6e — P/ oyllrv< 1 — a.

Using Theorem 6.4.11, for any = € C*°, we have that

From the strong Feller property of P;, implied by Theorem 6.4.9, we have that
r +— Pilp () is a continuous function, and from (6.4.27), bounded below by
0. Therefore, since Ag are compact, by the extreme value theorem, there exists a
b := b(R) > 0 such that

inf Pl (r) > b. (6.4.28)

iEEAR

Then for ¢t > 0 and x, y € Ag \ B,(0) we define the coupling measure

PPY(F x G) = Py(z; F)P,(2;G), YF, G borel in C2. (6.4.29)

For a pair of probability measure p!, u> € P(E), we recall that for a coupling
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measure m € [I(u!, u?), we have the identity

//EE m(de, dy) = / / p(da)p?(dy),  (6.4.30)

for any Borel measurable functions ¢,v¢ : E — R. Therefore, using the Markov

property, for z, y € Ag, t > 2 and ® € C,(C2?), along with (6.4.30), we have that

|P®(z) — P@(y)| = |E[F-1®(ur () — Pa®(ua(y))]|

-| [ 0@ - posa ez,
Therefore, for t > 2, and any z,y € Ag \ B,.(0),

170z = Proyllvv < 1P y00 = Prydy ey PP((B,(0) x B,(0))°)
+ 15102 = Pydyllvv Pr(B:(0) x B, (0))
< PPY((Br(0) x By(0))) + (1 — a) P*(B,(0) x B,(0))

<1—ab’
From (6.3.7) and Markov’s inequality, there exists an R > 0 such that

inf inf P [||u¢(z)|lca< R] >

ECQO t>1

(6.4.31)

[\'JI»—l

So then we have, for t > 3,

17700 = Proyllrv < (15100 — Ba8yllev Py ((Ar \ B:(0) x Ag \ B, (0))°)
1P 100 = PLydy[lrv PP (AR \ B (0) x Ag \ B, (0))
< P ((Ar\ B, (0) x Ar \ B,(0))")
+ (1= ab®) P"Y(AR \ B,(0) x A\ B,(0))

<l-——.
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Therefore, for any z, y € Co° and ¢ > 3 we obtain

ab?
A L e (6.4.32)

which proves (6.4.25) with A\ = # and where we can choose a € (0,1) sufficiently

small so that A € (0,1). O

We remark that ¢t > 3 here is arbitrary, but convenient since we work with a local
time of existence T, < 1. We now obtain exponential ergodicity of the semi-group,

in analogue with [105, Cor. 6.6].

Corollary 6.4.13. There exists a unique measure v € Pl(Cf;T), the semi-group

(Py)e>o associated to (6.0.1) leaves v invariant. Furthermore, supp(v) = C}n/z*‘;(']Td)

for any 6 € (0,1/2) and there exists a A > 0 such that for every p € P(C3°) and
t>3

1P = vlirv< (1= NSl = vl v (6.4.33)

Proof. Firstly, for any two u!, u? € P1(C) and t > 0, by definition we have

* * 1
1Pt = Prptlav =5 sw | [[ - Ro@) - RO p o))
[®llLoo <1 (€w0)?
1
<5 5w [ 1R - Raw)| (o)
[@lLee <1 J J(CR0)?

<Pz = Proy [lpy (1 =7 ({(2,2) 2 € CR0}))

for any 7 € TI(u', ). So then from (6.4.25) we have, for ¢ > 3,

1P pt = Prtliey < (1= N1 =7 ({(z,2) : x €CR}).

So then from (5.3.2) we have

1P pt = Pt lev< (1= N)lu' = i, (6.4.34)

for all ¢ > 3. This ensures that we have a unique invariant measure, since any
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distinct invariant measures of P, must be mutually singular ([33, Prop. 3.2.5]).

From Theorem 6.4.11 we have that supp(v) = CL*™® for any § € (0,12). So then

letting v € P(C,}@/ 2_5) be the unique invariant measure, we have, for any ¢ > 3 and
nePC),

1P = vllov< (1= NI Pgp — vlrv, (6.4.35)
from which (6.4.33) follows. O

We now complete the proof of Theorem 6.0.2.

Proof of Theorem 6.0.2. Let ag,a,n satisfy the criteria of (6.0.2) - the larger ad-
missible set of parameters, and ', ag, 7’ satisfy (6.4.1) and be such that of > ay.
Then applying Corollary 6.4.13 with af, o/, " we find for every u € P(Cﬁé) there

exists a unique invariant measure v such that lim, || Pp — v = 0. From

TV(C*0)
Theorem 6.0.1, given x € C*, for any t > 0, w(z) € CL(T) C Cﬁé’('ﬂ‘). Therefore,

setting p = L(us(x)), in Corollary 6.4.13, we have

[ Pot % 6z — v|rv(ceoy = || P Pl 0z — v Tv(coo)
= ||Pt*£ (Ut(ﬁ)) - V||TV(cao)

< (1-— )\)LéJ 1L (ue(z)) — V“Tv(caﬁ)

<(1- N,

where in the penultimate line we use that C,(C*°) C C,(C®0) and in the last line that

the total variation distance is bounded by 1.

Finally from (6.2.25) in Remark 6.2.5 we recall that there exists a A > 0, such that

for any even p > 2, ¢ >0 and ¢ € (0,1/2),
E [exp (A|w]|15%)] < oc. (6.4.36)

Propagating this moment bound to v completes the proof. O
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Chapter 7

Analysis in Two Spatial

Dimensions

Having considered local and global well-posedness of the repulsive equation in one
spatial dimension, we proceed to consider the model in two spatial dimensions.

Formally we write the two dimensional repulsive equation in the form

;

O — Au = xV - (uFVp,) +& on Ry x T?,

—Ap, = u — 1, on T? (7.0.1)

U‘t:(): Ug-
\

Referring to our discussion in Section 5.4.1 we recall that the stochastic heat equation
cannot be solved in any space of positivity regularity on R, x T?. Therefore, we
cannot expect to be able to interpret the product u? in the usual way. This is
the reason for the introduction of the notation u* which mirrors the notation for
the Wick products of v introduced in Section 5.4.1. In order to give an informal

understanding we make the same decomposition as in Chapter 6. We set u = w47y, .,
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where v solves (5.4.4) but now we require w to solve

;

dw — Aw = xV - ((w + 2wvg,. + 07 )V pute,. ),  on Ry x T,

— APy, = W+ vy, — W, on T, (7.0.2)

w|t:0= Uo,
\

where vi; here is the Wick square of vg; defined in Section 5.4.1. Therefore, taking
a smooth approximation of the noise & and using the decomposition u. = w. —v.,, .
and identity (5.4.17) we see that there exists a diverging sequence €. — oo such
that

O, — Au, = V- ((ua)QVpus) + Cou. + &, (7.0.3)

We understand u as the limit of the approximations u. solving (7.0.3). Since u does
not solve a self-contained equation our primary object of study is the remainder
w = u+ v,.. Recalling that, for t > 0, vy, v7; are bounded in C*(T?)) for any
a < 0, we expect to solve (7.0.2) inside C((0,00);C'*T*(T?)). We make this precise
in the next section, obtaining local well-posedness of (7.0.2). At the end of the
chapter we present a discussion of the issues we have encountered in attempting to

obtain global well-posedness of (7.0.1).

7.1 Local Well-Posedness on T?

As in Chapter 6 the local analysis presented below is independent of x > 0 and
the sign choice in (7.0.2). Throughout this section we fix oy € (—1/2,0) and « €
(—1/2 — ap,0) and then choose 3, n, ' > 0 such that
B — ap 1 -«

<n< - -

B+ a>0, 5 1 T

o < 2n. (7.1.1)

We measure ug € C* and the noise (vg,.,vi% ) in CrC* x Cp.7C*. The remainder

w will be measured in C,,7C® with blow-up rate 7 for ¢ close to 0.
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For a vector Z = (ZW, Z®) ¢ C([0,T];C*(T?)) x C((0,T);C*(T?)), we fix the

notation

F(w, Z) = 22: (2) W Z2h),

k=0

and we define the norm

N2 iz = max{uZ(”ucTca, sup t”HZf”Hca} : (7.1.2)
te(0,T7]

From Theorem 5.4.12 we recall that the pair of Markov processes v+ := (vo4, v(f;)

is almost surely finite in |- ||, .7 for a <0 <o’ asin (7.1.1).
Definition 7.1.1 (Mild Solutions to (7.0.2)). Given uy € C*, and a positive time
T > 0, we say that w € C((0,7);C?(T?)) is a mild solution to (7.0.2) on [0,T] x T?

if the identity,
¢
wy = ePug +/ =AYy . ((F(ws,yoﬁ)prsﬂo,s) ds
0

holds P-almost surely for every t € (0,7T).

Theorem 7.1.2 (Local Well-Posedness of (7.0.2)). Fiz T, R > 0, vo. € CrC* x
CowrC* and let ug € C* be such that ||ugl|ceo(my< R. Then for o, o, n, B satisfying
(6.0.2) and v € CrC* x Co.7C** there exists a T.(%R, llvo, - s i) € (0,T) such
that (7.0.2) has a unique mild solution, w € C,([0,T.];C?(T?)). Furthermore the

solutions satisfies the bound

sup t"||wel|es(r2)< 1.
te[0,7%]

If llvo, oy oo < 1 then there exist § := 6(n, o, o), C > 0 independent of R such

that,

T = (m) (7.1.3)
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Finally, for any ty € (0,T,] and k € (0,1) we have that

(7.1.4)

sup
t+ s €lto,Ty] |t — s|%

Proof. For T > 0 we define the set

Bj = {w € C((0,T];C°(T?); sup t7||wy||ce < 1} :

t€(0,T]

We define 7 > 0 be the maximal time such that,
= inf{t >0 vo .. > 1}.
It suffices to show that the mapping

t
(Tw), = euq +/ =98y . (F(ws, 20.5)V Pug+vo,, ) A,
0

is a contraction on Br, s, with T, defined by (7.1.3). We begin by showing that
\II<BT*/\T) g BT*/\T‘

Step 1: Regarding the initial data, using (5.2.15) we obtain, for any ¢ > 0 that
B—«
le"®uglles < ¢~ [[ugllceo- (7.1.5)

Regarding the non-linear term, we recall that since we chose a + > 0 and by
assumption 2« + 1 > 0, we apply Theorem 5.2.9 and the embeddings (5.2.5) to see

that we have

||w§vas+vo,s co < ||w||gﬁ||vas+vo,s Clte

2||wsU0,stws+vo,s coe < 2||w||(33HUO,SHC"Hvas-&-Uo,S Clta

Cl+o¢ .

||/UE)2,,:Svas+UO,s Ce S ||U02,S||ca||vas+7}0,s
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Combining these estimates with the bound (5.2.19), which yields,

||vas+vo,s crra S st "_UO,SHCQS stncﬁ"_HUO,SHC“v

we obtain the bound

1F (ws, vo.5)llew < llwslles +3lwslles llvo.s e
+ 2f|wsleslvoslleat vk lee llwslles

+[lviizllee lvo,sllea-

Therefore, applying (5.2.15), (5.2.7) followed by the triangle inequality, we have, for

any w € Byar, t € (0,Tx A 7] and s € (0,t) that

B— B=a+

a+1 — 1
2| F(w,vos)lleeS (=) 2 s,

”e(t*S)AV cF(wg,vos)|les S (=)

We note that since n < i the quantity, s~" is integrable. So in combination with

(7.1.5), for any t € (0,7, A7) we have that

t
11 (Ww)eles St”llemuOHcth/ 1=V - F(wg, v0,6) s ds
0

< =TT 4 e

B*g+1_2n

< SR 25 20 g5 4y 1)

where both exponents are positive due to (6.0.2). Therefore, for 7, € (0,1) de-
fined by (6.1.7), with 6 := (n— ﬁf%) N B*Ta —2n) and C > 0 equal to the

proportionality constant, we have that ¥ maps By, o)a- into itself.

Step 2: To obtain a contraction we let w, w € Br,(s)a- be distinct. Then for any
s € (0,T.(R) A 7|, using similar arguments as in Step 2 of the proof of Theorem

6.1.4, we have that

co S S_QUHU}S — Wg||cs -

”F(wsvl}O,S)vas,vo,s - F(w57y073)va57v(),s
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So then, for any ¢ € (0, T.(R) A7),

t
tn”(qu)t - (‘I’w)tHcB 5 tn/ He(t_S)Av : (F<w87yo78)vas7’l]0,s - F(w&yo,s)vas,vo,s) HCB ds
0

t
5 tn/ (t - S>7ﬁig+l HF(wmyO,S)vas,vo,s - F(w&yO,S)Vpﬂ)s,vo,s
0

t
St / (t—5) "2 52wy — @y les ds
0
L—},

St P w — b g0

Therefore, using the definition of T, we have that

- 1 f-a_ - N
[Ww — \PwHC,,;T*ATCB S(TanT)z 2 2”]|w - w||cmT*c/3< |w — w||cmT*c6-

Therefore we see that W defines a contraction on Br, », and so obtain a unique fixed
point. By construction this is the unique mild solution to (7.0.2) in the sense of

Definition 7.1.1 in C,((0, T A 7];C#(T?)). Finally, if ||vo.. || <1=72>T then

a,a’;T

with T, as in (6.1.7) we have that

sup t"|wlles< 1.
te[0,T%]

To show continuity in the data vy,. € CrC* x Cy.rC* we follow similar steps as in
the proof of Theorem 6.1.4. Holder regularity of the remainder in ¢ for positive times
can be shown also using a similar argument as in Step 4 of the proof of Theorem

6.1.4. [l

7.2 Discussion of Global Well-Posedness on T2

We now specify our consideration to the repulsive equation. Considering the right
hand side of the remainder equation (7.0.2), and assuming for simplicity that @y = 0,

we see that it can be written as

V- (F(we, 0) V puyto,) = _w? + V(MQ) *Vpuio + V- ((2wv + 7122:)pr+1))'
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By analogy with the one dimensional equation it seems natural to expect that the
damping from the —w? term should lead to global well-posedness of (7.0.2). One
approach would be repeat the testing method of Section 6.2. However, inspecting
(7.1.1) we see that we only obtain local well-posedness for § < 1+« < 1. Therefore
neither of the terms (Aw,, w?™ "), (F(wy,v), Vw! ") are finite. This issue does not

arise in the ®3 model, where the remainder is found to be in C? for 3 € (1,2), [92].

7.2.1 Paraproduct Decomposition

In three dimensions the ®* model presents a similar difficulty, where the remainder
is only locally well-posed in C” for 8 € (0,1/2). The testing method was successfully
carried out in this context in [91] by making use of Bony’s decomposition defined
in Section 5.2. Let f, g € Bgqu(T2) X B&H(TQ) for a, f € R and py,p2,q € [1, 00].

Then the product fg can be formally decomposed into

fo9=> NifAwg+ D AjfAg+ > AjfAg, (7.2.1)

j<k—1 |k—j|<1 j>k+1

we define

fog= Y Nflg fog:= Y Ajflyg

j<k—1 >k+1

feg= > AjfAg.

lk—j|<1

Theorem 5.2.8 asserts that when o < 0 < 8 this decomposition is valid in By, only
when o+ 3 > 0 and p% + pi? = %. However, from Theorem 5.2.8 we also see that it
is only the resonant term, f g g, that fails to be well defined if o + 3 < 0, yet when
it is well defined it is always of positive regularity. In contrast, the paraproduct
terms, f @ g and f © g are always well defined and carry the regularity of the factor

sampled at the higher frequencies. For concision we define f @ 9g:=fog9+ feoyg

and feg:=90f.
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Considering (7.0.1), we can use this decomposition to define two new processes,

V, W such that w =V + W and the pair solves the system

atV —AY=V- ('U:2: ) va+V+v) + 2V - (U & (W + V)V)OWJrVJrU) (722)
8tW —AW=V- ((W + V)2VPW+V+U> + 2V - (U ® (W + V)vaJrVJrv)

(7.2.3)

+ V- (1% © Vowivie)-
Since the paraproducts v © Vpw,vie and v @ (W + V) carry the regularity of v
and v respectively we expect V to be locally well-posed only in C1T2%(T?)), i.e. of
the same regularity as w. However, we would expect to bound the terms on the right

hand side of W in C'*2%(T?) so that W would be locally well-posed in C?T2%(T?).

This would enable us to test the equation for VW with itself.

Since V serves as an input to (7.2.3) a necessary first step is to obtain global well-
posedness of V. However, unlike in the case of ®3, the equation (7.2.2) for our first
component V), is not linear. In addition it does not contain any obvious damping
terms and so it seems that one would need to take a different approach to obtaining

global well-posedness in this case.
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Chapter 8

Conclusions and Open Questions

Having presented the concrete results we have obtained regarding the additive noise
equation in d = 1, 2 we now present some open questions and interesting avenues
for further research. Some of these questions are motivated by our current under-

standing of the additive noise equation.

8.0.1 Global Existence of Attractive Equation with Addi-

tive Noise

For the classical parabolic-elliptic Keller-Segel model it is known that smooth solu-
tions exist globally in both the attractive and repulsive regimes in 1 dimension. For
two different proofs of this result in the case of the parabolic—parabolic equation see
[95, 70]; both methods can be easily adapted to the parabolic-elliptic equation. The
intuitive reason behind global well-posedness in both regimes is the boundedness of
the interaction kernel in one dimension. Formally, 0,p, = sign *x u and so when ap-
plying Young’s convolution inequality we have that ||0,pu||re< ||ul|zr. We already
used this in proving the a priori estimate, Theorem 6.2.3. As a result either through
energy estimates, as in [95] or using the mild formulation as in [70], one obtains,
for u solving (5.0.3) and p > 2, that ||u||z»< [Jug||z:. Since the equation preserves
sign and mass, global well-posedness follows almost directly. However, applying this

methodology in the additive noise case is not so straightforward. We consider the
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model with m = 2,

atu - aac;ru = _Xaﬂc(|u|aacpu> + ga
(8.0.1)

—0Opepu = Pu.

Although the solution to (8.0.1) is not sufficiently regular to test the equation with,

using the mild solution approach of [70] we may obtain the bound

sup|[ugl| e Spi e o]+ sup [lue||7i+T7 + (vl cree, (8.0.2)
teT t€(0,7]

for y1,72 > 0, a € (0,1/2) and T a local time of existence. Now the L' norm is
almost surely not preserved and so something more must be done. This approach
could be concluded given sufficiently strong, a priori control on the quantity ||u|| 1.
One approach could be to extend the [to type formula for the stochastic heat equa-
tion obtained in [8], to a Tanaka type formula for the non-linear SPDE, (8.0.1).
Alternatively, working with the remainder we can test the equation with an approx-
imation of the sign function and taking the expectation of (8.0.2), we see that we are
would now be required to control probability that |w; + v;| is very small. This also
appears to be non-trivial, but could perhaps be approached using Malliavin calculus.
From simulations the equation does appear to be globally well-posed and stable so
it would be very interesting to obtain a proof. We also see from simulations that the
stochastic equation obeys a phase transition for either high, or low x. This is also
the case for the deterministic equation, since the free energy only has non-trivial
minimisers for y sufficiently large. We present some simple simulations below, im-
plemented using a backwards Euler-Muryama scheme on a regular space-time mesh.

The time-space domain is (t,z) € [0,1] x [0,1) and the mesh is 750 x 750 points.
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Simulation of the Attractive Equation with y = 50:

(a) t=0 (b) t=0.1 () t=1

Simulation of the Attractive Equation with y = 10:

(a) t=0 (b) t=0.1 () t=1

8.0.2 Local Well-Posedness for d > 2

Regarding local well-posedness of (5.0.1) for d > 2 with space-time white noise one
would need to introduce new tools, such as the theory of regularity structures or
paracontrolled distributions. To explore this we discuss the criticality of (5.0.1) with
m = 3 in d = 3 using the language of regularity structures. We lift the solution, the
potential term and the noise, u, Vp,, £ to spaces of modelled distributions, writing
U, K[U], = for these local approximations. To each we assign a homogeneity by the
following rules. The space-time white noise in d = 3 is almost surely controlled
in Cg_g_([O, T] x T3), a scale of space-time Hélder spaces with parabolic scaling, so
5

we set |Z|= —5—. Assuming that the solution to the semi-linear SPDE inherits

the regularity of the stochastic heat equation we set |U|= —%—. Then leaving the
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regularity of the potential term floating for now, setting |KC[U]|= «, the non-linear
term is assigned the homogeneity |V - (U?K[U])|= —(2 — a)—. Therefore, the cubic
equation is sub-critical, in the sense of [59, Ass. 8.3], provided o > —1. So if the
modelled distribution, K[U], has the same homogeneity as U, the three dimensional
equation fails to be sub-critical. However, taking into account the regularising effect
of the spatial convolution, we would expect to be able to solve the three dimensional
equation locally. The issue in applying this regularising effect is that K[-] cannot
improve homogeneity /regularity in time. This issue touches on a wider subject in
the theory of regularity structures, being the handling of systems with multiple
scalings, and has already been encountered in a similar setting in [10, 11]. Using
(5.0.1) as a working example it would be interesting to extend the theory of [59]
more systematically to incorporate SPDEs with multiple scalings or anisotropic

regularising kernels.

8.0.3 Conservative Noise Models

As discussed in Section 5.0.2, a somewhat more natural family of SPDEs associated

to the Keller-Segel model are perturbations of the form

Ou— Au=V - (uVp,) + V- (F(u)f). (8.0.3)

At least formally (8.0.3) preserves sign and mass of the initial data. In the language
of [96], solutions to (8.0.3) stay on the manifold of probability measures, whereas
the additive equation leaves this space for ¢ > 0. From an analytical point of view,
a benefit of many conservative noise models is that we would hope to be able to
extend techniques that have already been applied successfully to the deterministic
equation. In particular the gradient flow structure of the equation is preserved for
both stochastic models discussed below. The downside of the conservative noise
model is that handling the noise becomes more technical. For example, in the lan-

guage of regularity structures, assuming F'(u) = u, the equation is only sub-critical
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for £ € C¢ with @ > —1. This does not quite cover the full range of admissible noise
terms - for example when ¢ is a white noise in time, It6 calculus can be used to
give meaning to the equation as a Banach space valued martingale. However, we see
that space-time white noise is not tractable by either of these techniques. With this
in mind we propose two models in the form of (8.0.3) that are amenable to current

techniques and we think would be interesting to explore.

Since chemotaxis is usually observed for cells or organisms moving in suspension it
is common to study the coupled Keller-Segel-Navier—Stokes model, [84, 9, 111, 112].

A simple stochastic model would be given by the system

¢

ou — Au = =XV - (uVp,) +v - Vu,

—Ap, = Pu,
(8.0.4)

Ov—Av=—:(v-Vv: =Vp+§,

V.v=0, —Ap:V'(i(U'V>U:)v
\

with & a divergence free, space-time noise on L?(R% RY). Restricting ourselves to
two dimensions, it is known that solutions to the stochastic Navier—Stokes equation,
v € CO (R, x T?), exist globally, [98]. Therefore, we would expect the first equation
of (8.0.4) to be locally well-posed in C2~. All products, other than (v - V)v which
we replace with the Wick product, should therefore be classically well-posed. If
this local picture can be properly established, a number of natural questions arise.
Firstly, in the repulsive regime, +Y, we expect the first equation to be globally well-
posed, which would allow one to study its invariant behaviour, following [40, 62]. In
the attractive regime, as in the deterministic case, attaining global well-posedness
for y < 87 should also be possible, in which case ergodic properties could also be
investigated. Finally, in a number of recent works a relationship between enhanced
mixing and suppression of chemotactic explosion has been found, [80, 73]. An in-

teresting avenue to pursue would be to ask whether advection by the stochastic
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Naiver-Stokes flow could have the same regularising effect.

A second family of stochastic Keller-Segel models with conservative noise that we
expect would be interesting to study are models that consider stochastic perturba-

tions in the chemical potential equation. In a general form consider the system

Ou — Au £+ xV - (uVp), (5.05)

—Ap=P(u+F(p,g)).

The simplest model of this type would be to set F(p,£) = ¢ and £ a spatially mean
free noise. From simple power counting we would expect the system to be well posed
for £ € C¢ for all a > —%. This regime covers spatial white-noise in d = 1, 2. In the
language of regularity structures we would expect the system to be sub-critical for
a > —2, which includes space-time white noise for d = 1 and spatial white noise for
d < 4. More complicated models in this direction would be be to take F'(p,£) = p& or
F(p,&) = V-(p€). The former, with spatial noise, results in a PAM type equation for
the chemical potential, while the latter is perhaps more natural in the context of the
parabolic—parabolic model. In both of these situations the limiting equation in terms
of criticality, becomes the equation for p. We would expect the multiplicative/PAM
model to be classically well posed for £ € C for @ > —1 and sub-critical for o > —2.
For the system with conservative noise in p, using these techniques we would have
the same restrictions as hold for the equation with conservative noise in u. From a
modelling perspective these SPDEs can be thought of as describing the evolution in
an environment with randomly varying effects on the chemo-attractant/repulsant.
From this viewpoint, the multiplicative equation p¢ would perhaps be the the most
interesting, giving the interpretation of the chemo-attractant/repulsant diffusing

over a surface with localised strong absorbing or enhancing properties.
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