
Stochastic PDEs and Weakly

Interacting Particle Systems

Avi Mayorcas

Queen’s College

University of Oxford

A thesis submitted in partial fulfilment for the degree of

DPhil Mathematics

Supervised by

Prof. Ben Hambly & Dr. Ilya Chevyrev

Michaelmas 2020



Acknowledgements

I would first like to thank the EPSRC and the Oxford CDT in PDEs, with whose

support I was able to carry out the work contained in this thesis.

Secondly, I would like to thank my supervisor, Ben Hambly as well as Ilya Chevyrev

who has acted as a co-supervisor for much of PhD. I have been extremely grateful

for both of their expertise, patience and enthusiasm for solving problems together.

Their guidance has been invaluable, both mathematically and with regard the wider

academic world. In addition, the faculty members of OxPDE and the Stochastic

Analysis group have been a great source of inspiration, enlightening conversations

and general advice. I would in particular like to thank Sam Cohen, Harald Ober-

hauser and Weijun Xu for their interest in my research and helpful comments along
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Abstract

We study two problems relating to weakly interacting particle systems in

the presence of exogenous noise. Part I presents a pathwise regularisation

by noise result for McKean–Vlasov equations with singular interaction

kernels. Using ideas from the theory of averaged fields and non-linear

Young integrals we obtain well-posedness of the McKean–Vlasov sys-

tems, particle approximations and mean field convergence.

In Part II we study a family of semi-linear, convection-diffusion SPDEs

that are closely related to PDEs coming from the theory of collision-less

kinetics. We study these equations in the presence of additive space-

time white noise. In one dimension we show global well-posedness and

exponential ergodicity for an equation with a cubic non-linearity and

repulsive sign choice. In two dimensions we show local well-posedness

for a renormalised equation.



Chapter 1

Introduction

This thesis is presented in two parts, both concerned with studying the effect of

randomness on dynamic models incorporating weak interactions. Part I contains

a regularisation by noise result for McKean–Vlasov equations with singular inter-

action kernels. This result is obtained using recent approaches to path-by-path

regularisation by noise for O/SDEs and the theory of non-linear Young equations,

[35, 48, 64, 22]. We study both the particle dynamics and mean field approxima-

tions of weakly interacting systems and we obtain well-posedness and validity of the

mean field limit for a perturbed McKean–Vlasov equation. In Part II we study a

family of convection-diffusion SPDEs forced by additive space-time white noise and

with non-local dependence in the convection term. Without the additive noise the

associated PDEs are closely related to the mean-field diffusions studied in Part I. In

this part we obtain global well-posedness and exponential ergodicity for a repulsive

equation forced by additive space-time white noise in one dimension. We also obtain

local well-posedness for the same equations in two dimensions and discuss the issues

encountered in extending these results to global well-posedness. Precise statements

of these results, with appropriate preliminaries, are presented at the start of Chapter

2 and Chapter 6 respectively.

By a weakly interacting system we mean a collection of dynamic particles, moving
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freely in space that influence each other by forces acting at a distance. Sometimes

this paradigm is referred to as collision-less kinetics, in contrast to collisional kinetics,

such as the Boltzmann model for an ideal gas. In a relatively general form, such

systems can be described by the family of trajectories

Ẋ i(t) = V i(t), V̇ i(t) =
1

N

N∑
j=1

K(X i(t), Xj(t)),

X i(0) = xi0, V i(0) = vi0,

(1.0.1)

whereK(x, y) 6= 0 for x 6= y. A typical pairwise interaction is the Coulomb potential,

K(x, y) ∼ x−y
|x−y|d . In this case, depending on a sign choice in front of the interaction,

(1.0.1), describes either the Vlasov–Poisson model for plasmas or the Jeans–Vlasov

model of galactic dynamics. Many variants of such models exist in the literature,

including, but not limited to; incorporating additional interactions, coupling to other

classical equations e.g. Vlasov–Maxwell or Vlasov–Einstein systems and including

random fluctuations, [55, 54, 4, 74]. A common simplification of (1.0.1) is to consider

the so-called infinite friction limit, where we assume that velocity equals acceleration.

In this case we re-write the particle system in the form

Ẋ i(t) =
1

N

N∑
j=1

K(X i(t), Xj(t)),

X i(0) = xi0.

(1.0.2)

A canonical example of (1.0.2) is the system of vortex dynamics associated to the

Euler equations in 2-dimensions, [85]. In this case the interaction is given by the

Biot–Savart law, K(x, y) ∼ (x−y)⊥

|x−y|2 where (z1, z2)⊥ = (−z2, z1) and each X i is as-

signed a weight ai describing its rotation. We will focus on models associated with

dynamics of the kind (1.0.2). However, many questions we address would also be

relevant in the case of second order systems, (1.0.1).

It is also natural to include randomness in the dynamics of (1.0.1) and (1.0.2). This
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can be for the purpose of accounting for un-modelled background effects, errors in

measurement or to study invariant behaviour of the dynamical system. Adding i.i.d

Brownian trajectories to each particle in (1.0.2) results in the system of coupled

stochastic differential equations,

dX i
t =

1

N

N∑
j=1

K(X i
t , X

j
t ) dt+ dBi

t,

X i
0 = xi0.

(1.0.3)

In [87], H. P. McKean elucidated a connection between the formal limit N →∞ of

the (1.0.3) (see (1.0.4) below) and semi-linear parabolic equations. This work can

be said to have started the now well-developed study of McKean–Vlasov diffusions,

written in the general form

dXt = b(t,X, µ) dt+ σ(t,X, µ) dBt, µ = L(X),

X0 ∼ x0.

(1.0.4)

McKean’s idea was to draw on the formula obtained by R. Feynman and M. Kac, [77]

to propose, and for some cases prove, a connection between (1.0.4) and non-linear

parabolic PDEs of the kind

∂tu−∇ · (σ(u)∇u)−∇ · (ub(u)) = 0, u|t=0= L(x0). (1.0.5)

Since these early works, this field has now developed into a broad subject which

interacts with many areas of mathematics, as well as the physical and applied sci-

ences. From a mathematical stand-point, the three perspectives: as particle systems,

(1.0.3), as representative dynamics (1.0.4) and as a PDE, (1.0.5), lend the theory

to being approached from multiple directions and with a variety of techniques. A

non-exhaustive list of commonly considered questions in the theory are as follows:

(i) Particle Dynamics: Well-posedness, blow-up criteria, long time behaviour

and calculation of statistical quantities of the system (1.0.3), or approximations
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thereof, [24, 58, 42, 38]. As an analytical tool, particle systems of this kind

can also be used to simulate solutions of both (1.0.4) and (1.0.5). In this case

the interaction and model parameters can be chosen more carefully so as to

balance approximation accuracy and convergence rate with efficiency or other

requirements, [102, 1].

(ii) McKean–Vlasov SDE: Well-posedness and behaviour of the distribution

dependent diffusion, (1.0.4), [110, 36, 63]. Recently, in a number of works a

pathwise approach to such problems has been developed, extending the theory

of rough paths to distribution dependent problems, [6, 21]. As well as analysing

the dynamics themselves, validity of the mean field approximation given by

(1.0.3) is commonly of interest, [101, 44, 43, 28].

(iii) McKean–Vlasov PDE: As PDE problems in their own right, one is often

concerned with well-posedness, regularity and long time behaviour for (1.0.5),

[20, 16, 19]. In addition, establishing the connection between (1.0.3), (1.0.4)

and (1.0.5) is often seen as an important goal. Establishing this link often

intersects with typical questions from PDE theory. For example in the attrac-

tive Keller–Segel model on R2, it is known that if the interaction is multiplied

by a coefficient above a given threshold, then the dynamics blow-up in finite

time from all L1 initial data with mass 1. In [24] it was shown that the particle

system observes the same phase transition, with collisions between particles

occurring almost surely in finite time when the parameter is above the same

threshold.

The two topics presented in this thesis fit into this framework in the following way.

In Part I we study the well-posedness and mean field approximation for a class of

McKean–Vlasov equations and their associated particle systems, following a path-

by-path regularisation by noise approach. In Part II, we study well-posedness and

long-time properties of SPDEs related to semi-linear PDEs of the form (1.0.5). This

latter result is presented in part as a first step in studying more general stochastic
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perturbations of such PDEs as well as studying invariant behaviours of these equa-

tions.

We conclude this introductory chapter by detailing some notation that we use

throughout the thesis.

1.1 Notation

We use . to indicate that an inequality holds up to a constant depending on quan-

tities that we do not keep track of or are fixed throughout. When we do wish to

emphasise the dependence on certain quantities, we either write, .K,v or define

C := C(α, p, d) > 0 and write ≤ C. We allow these constants to change from line

to line without further comment. We write · ∨ · for the maximum between two

quantities and · ∧ · for the minimum.

For mappings f : Rd → R, we write ∇f = (∂1f, . . . , ∂df) ∈ Rd for the gradient,

the vector of partial derivatives and for mappings g : Rd → Rd, we write ∇ · g =∑d
i=1 ∂igi, for the sum of partial derivatives which defines the divergence. For vectors

k ∈ Nd we use standard multi-index notation and for any a ≥ 0 we write Ca(Rd) for

the set of all functions f : Rd → R such that Dkf :=
∏d

i=1 ∂kif is continuous for all

|k|≤ a. When a = ∞ we define C∞(Rd) := ∪a≥0C
a(Rd). We write Ca

c (Rd) for the

set of Ca functions with compact support on Rd and Ca
b (Rd) for the set of bounded

Ca functions. We write S(Rd) for the space of Schwarz functions f : Rd → R such

that for any m ≥ 0 and a ≥ 0 we have

sup
|k|=a

sup
x∈Rd
|xmDkf(x)|<∞.

This equips the space S(Rd) with the structure of a Fréchet space and we write

S ′(Rd) for its dual, the space of tempered distributions. When we wish to make the

target space explicit in denoting a functions space, we write, for example C(Rd;Rd)
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for the continuous maps f : Rd → Rd, or C([0, T ];Rd) for the set of continuous

mappings f : [0, T ] → Rd. When the context is clear we will sometimes drop the

explicit dependence on domain and range, so as to lighten notation.

For p ≥ 1, we write Lp(Rd) for the usual spaces of p-integrable real functions and

when p = ∞, the space of essentially bounded functions. For a, p ≥ 1, we write

W a,p(Rd) for the space of functions with p-integrable weak derivatives up to order a.

For p ∈ [1,∞) we write `p for the set of sequences (fm)∞m=1 such that
∑∞

m=1|fm|p<∞

and supm≥1|fm|< ∞ for p = ∞. In both parts we work predominantly in the scale

of Hölder–Besov spaces, which we denote by Bαp,q for α ∈ R and p, q ∈ [1,∞). We

define these spaces slightly differently in each context, see Sections 2.4 and 5.2.

In Part II we work on the d-dimensional torus which we understand as the half open

box [0, 1)d with sides appropriately identified. As such Td is a compact domain with

no boundary and has volume 1. We extend the definitions above, writing Ca(Td)

for the spaces of periodic a-times differentiable functions and S ′(Td) for the space

of tempered distributions acting on C∞(Td) and similarly for Lp(Td), W a,p(Td) and

other spaces of periodic functions defined in Part II.
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Part I

Pathwise Regularisation of

McKean–Vlasov Equations with

Singular Potentials
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Chapter 2

Introduction

A McKean–Vlasov equation is typically understood as a stochastic Itô differential

equation whose coefficients are allowed to depend on the law of the solution itself.

A general form of this type of problem is to solve


dXt = a(t,X, µ) dt+ b(t,X, µ)dBt,

µ = L(X),

X0 = x0 ∈ Rd,

with appropriate mappings a(t,X, µ) ∈ Rd, b(t,X, µ) ∈ Rd⊗Rd, Bt a d-dimensional

Brownian motion and L(X) denoting the law of the solution. Such models have

found applications in a diverse range of subjects, including physics, biology, the so-

cial sciences and recently the modelling of neural networks, [74, 63, 18, 44, 56, 20,

45, 106]. As such, the study of such models constitutes both an important area of

research as well as presenting interesting mathematical challenges.

In this part of the thesis we present a regularisation by noise approach for generalised

McKean–Vlasov equations with additive noise and convolutional interaction. We
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write these equations in the form


dXt = (K ∗ µt)(Xt) dt+ dBt,

µt = L(Xt),

X0 ∼ L(x0),

(2.0.1)

where K ∈ S ′(Rd) is a possibly singular interaction kernel, B is a random path in CηT

for η > 0 and x0 is an Rd random variable. Closely related to (2.0.1) is the system

of interacting particles, written for i = 1, . . . , N , in the form


dX i

t =
1

N

N∑
j=1

K(X i
t −X

j
t ) dt+ dBi

t,

X i
0 = xi0 ∼ L(x0),

(2.0.2)

where we assume either K is bounded, or K = 0 on the diagonal. In many situ-

ations one expects the particle system (2.0.2) to converge in law to a solution of

(2.0.1). It is a classical result that this convergence holds when K ∈ W 1,∞(Rd) and

(Bi
t)
N
i=1 are i.i.d Brownian motions. An overview and discussion of the wider theory

of McKean–Vlasov equations is given in the monograph of A-S. Sznitman, [101]. In

many important situations, however, it is physically relevant and mathematically in-

teresting to consider interactions that are less regular than Lipschitz, [44, 43, 45, 75].

Despite results in some specific cases, the threshold of K ∈ W 1,∞ remains in general.

We show that given a distributional interaction kernel K ∈ Bσp,q(Rd), with σ ∈

(−∞, 1), by including an additional, suitably rough term into equation (2.0.1), the

well-posedness and mean-field approximation result can be recovered. Letting t 7→

Zt ∈ C([0, T ];Rd) be a given continuous path, such that Z0 = 0, we consider the
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new problem 
dXt = (K ∗ µt)(Xt) dt+ dBt + dZt,

µt = L(Xt − Zt),

X0 ∼ L(x0),

(2.0.3)

with B, x0 as above. We give a precise notion of a solution to this problem in Section

2.3 below. Defining the remainder process, Yt := Xt − Zt, we see that it formally

solves 
dYt = (K( · + Zt) ∗ µt) (Yt) dt+ dBt,

µt = L(Yt),

Y0 ∼ L(x0).

(2.0.4)

We mostly work with the process Y , which we show enjoys both better regularity

and stability properties than X. These results constitute the regularisation by noise

phenomenon in our context. We will see that the paths t 7→ Zt for which we obtain

a regularising effect are less than 1/2-Hölder continuous. As a result, we interpret

the drift term as a non-linear Young integral, see Subsection 3.1.1.

The idea that noise can regularise certain ill-posed dynamics stems back to the early

works of A. K. Zvonkin and A. J. Veretennikov, [113, 107], where PDE theory and

Itô calculus were employed to obtain, among other results, strong well-posedness, in

a probabilistic sense for SDEs of the kind

dXt = f(Xt) dt+ dBt, (2.0.5)

with f ∈ L∞(Rd). This is in contrast to the Cauchy–Lipschitz theory for ODEs

where the sharp threshold for well-posedness, requires b ∈ W 1,∞(Rd). Since these

early works, the subject has received a great deal of attention, with authors exploring

similar results for time dependent drift, [82], methods based on Malliavin calculus,

[88] and considering more general noise terms, [7]. Many of these topics as well as
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a discussion of selection by noise for ODEs and regularisation/selection by noise for

PDEs are surveyed in [41]. In [35], A. M. Davie presented a pathwise approach to

the same problem. This is in contrast to the other works mentioned, which are all

based on probabilistic tools and involve averaging over the random perturbation.

Davie established that for, (2.0.5) with b ∈ L∞(Rd) and almost every path B of the

Brownian motion, there exists a unique continuous path X ∈ C([0, T ];Rd) satisfying

(2.0.5) in an integral sense. This notion of pathwise regularisation has recently been

extensively developed, see [22, 64, 48, 49, 50, 52] for a selection of works in this

direction. Our main result is presented from a pathwise perspective, and we give

more background to the approach in Section 2.5. For now we give a brief intuition

behind this regularising effect in the context of McKean–Vlasov equations.

Consider the particle system, in mean field scaling, associated to (2.0.4)


dY i

t =
1

N

N∑
j=1

K(Y i
t − Y

j
t + Zt) dt+ dBt,

Y i = xi0,

(2.0.6)

and let us assume that K is singular at the origin. Then, let Zt ∈ Rd be fixed, we

have K(Y i
t −Y

j
t +Zt)→∞ as Y i

t −Y
j
t +Zt → 0. So the singularity in the equation

remains. However, if t 7→ Zt is path, whose trajectories oscillate sufficiently fast

then we may imagine that the event |Y i
t − Y j

t + Zt|< ε occurs with a very small

probability. If this probability decreases sufficiently fast in ε → 0, compared with

the blow-up rate of K near zero, then we may hope to show that the drift terms of

(2.0.6) are suitably bounded. The theory of averaged fields and non-linear Young

equations makes this idea rigorous and extends it to more general regularising pro-

cess.

Regularisation by noise results for McKean–Vlasov equations and associated parti-

cle systems have been obtained in a number of specific settings. In [42] the authors
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demonstrate that the vortex dynamics associated to the Euler equations in two di-

mensions are globally well-posed from all initial configurations, when perturbed by

suitable turbulent noise. This is in contrast to the well-posedness from almost every

initial configuration obtained by C. Marchioro, M. Pulvirenti for the deterministic

vortex system, see [85]. A selection by noise result for a system of Vlasov point

charges in one dimension was obtained in [38]. The weak convergence result ob-

tained in [44] can also be seen as a regularisation by noise phenomenon, as the same

result does not hold for the corresponding deterministic system. Finally, we mention

the work of V. Marx, [86], which in a very different direction, concerns regularisation

by noise for McKean–Vlasov equations viewed as differential equations in the space

of probability measures perturbed by the Wasserstein diffusion. To the best of our

knowledge the result presented here is the first to consider a pathwise regularisation

of McKean–Vlasov equations in the sense of Davie.

Methodologically, we focus primarily on Y , solving (2.0.4). Passing to the process

X, solving (2.0.3), is carried out using the identity X = Y −Z. Concerning (2.0.4),

we handle the random dynamics coming from B in a pathwise manner, using the

framework of [27]. As a consequence we are free to make very few assumptions on the

processes B, (Bi)Ni=1. In particular we are able to exploit the trick of Tanaka, [103],

allowing us to reformulate the mean field approximation result in terms of stability of

the equation with respect to the noise. We highlight that this is only possible because

we do not allow σ to depend on (X,µ). To handle the drift term (K( · +Zt)∗µt)(Yt),

we extend the theory of non-linear Young integration, first presented in [22], to

include measure dependent integrands. We present this extension in Section 3.1.1.

2.1 Structure and Outline

In the remainder of this chapter we detail the additional notation used in this part of

the thesis, present the main results and discuss some useful preliminaries. In Section
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2.5 we recap some ideas from the theory of path-by-path regularisation, averaged

fields and non-linear Young integration. In section 2.6 we recall the definitions and

some properties of the Wasserstein distances on the space of probability measures.

We also define a notion of Hölder continuity for time dependent measure valued flows

which is a central tool in proving our results. Section 2.4 contains a review of Hölder-

Besov spaces and homogeneous distributions. Chapter 3 is entirely concerned with

proving the three main results stated in Section 2.3. This is done in two steps. Firstly

we consider the abstract non-linear Young equation (3.1.2) and then in Sections 3.1

and 3.2 we prove analogues of Theorems 2.3.2 and 2.3.5 for the abstract equation,

which makes no reference to K or Z. Section 3.3 contains the proof of our main

results, in which we relate the abstract theorems proved for (3.1.2) to the perturbed

McKean–Vlasov problem (2.3.2). Finally, in Chapter 4 we discuss some specific

models to which our result applies as well as some open questions for future work.

2.2 Notation

For p, q ∈ [1,∞] and α ∈ R we write Bαp,q(Rd) (resp. Bαp,q(Rd;Rn)) to denote the

associated spaces of real valued (resp. Rn valued) Hölder–Besov functions, equipped

with the norm ‖ · ‖Bαp,q which is defined in Section 2.4. We often simplify notation

by writing Cα(Rd) := Bα∞,∞(Rd) for any α ∈ R and d ≥ 1. For α ∈ R we write

Hα(Rd) (resp. Hα(Rd;Rn)) for the Hilbertian Sobolev spaces of real (resp. Rn)

valued functions, also defined in Section 2.4. For brevity we often drop the domain

and range dependence when the context is clear.

For E a Banach space we write Cα(R+;E), with α ∈ (0, 1), for the space of α-

Hölder maps X : R+ → E. For T > 0 and maps X : [0, T ] → E we write

CαTE := Cα([0, T ];E) for these spaces and Cα[s,t]E for maps X : [s, t] → E with

[s, t] ⊂ R+. When E = Rd we simply write CαT (resp. Cα[s,t]). For a mapping

X : [0, T ] → E and any 0 ≤ s < t ≤ T we write Xs,t := Xt − Xs to denote
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the increment. With a slight abuse of notation, we will also denote by Xs,t a two

parameter function X : [0, T ]2 → E. For n ∈ N we define the n-simplex ∆T
n by

∆T
n := {(s1, . . . , sn) ∈ [0, T ]n| s1 ≤ . . . ≤ sn}.

Then for X : [0, T ]2 → E, when we say that [X]α;T <∞, we mean that

[X]α;T := sup
(s,t)∈∆T

2

‖Xs,t‖E
|t− s|α

<∞.

To convert this into a proper norm we define ‖X‖CαT := ‖X0‖E+[X]α;T . When X0 = 0

by convention we always measure the path in [ · ]α;T . When α = 0 we write CT (E)

(resp. C[s,t](E)) for the space of continuous mappings [0, T ]→ E (resp. [s, t]→ E).

When E = Rd for concision we only write CαT , C[s, t] etc. For a space time function

Γ : [0, T ] × Rd → Rd, when the context is clear, for α, γ ∈ R × R+, we use the

notation

‖Γ‖γ,α:= ‖Γ‖CγT Cα .

For (E, E) a Hausdorff topological space which we always equip with its Borel sigma

algebra we let M(E) denote the set of real valued, signed Radon measures on E

and we write P(E) for the set of probability measures on E. For µ ∈ M(E) there

exists a pair of measures (µ+, µ−) such that at least one is finite, they have disjoint

support and µ+(A) ≥ 0 and µ−(A) ≤ 0 for any Borel set A ⊆ E. Then we define the

total variation of µ ∈M(E) by |µ|:= µ+− µ−. Given an abstract probability space

(Ω,F ,P) and a measurable map X : Ω→ E we write L(X) to designate the law of

X which is a probability measure on E. The law is defined to be the probability

measure µ ∈ P(E) such that the identity

E [f(X)] =

∫
E

f dµ

holds for all f : E → R continuous and bounded. Given two Banach spaces E,F ,

a Borel measurable mapping π : E → F and a measure µ ∈ M(E), then we define
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the push-forward of µ by π to be π#µ := µ(π−1 · ) ∈ P(F ). For any measurable

mapping g : F → R such that g ◦ π : E → R is dµ integrable then the push-forward

satisfies ∫
F

g dπ#µ =

∫
E

g ◦ π dµ.

For any p ≥ 1, and E a Banach space, we write Lp(Ω;E) for the set of measurable

maps X : Ω → E such that E [‖X‖pE] < ∞. We say that a sequence of probability

measures, (µn)n≥0 ⊂ P(E), converges weakly to µ ∈ P(E) and write µn ⇀ µ, if

∫
E

ϕ dµn →
∫
E

ϕ dµ, ∀ϕ continuous and bounded. (2.2.1)

We write Wp,E(µ, ν) for the p-Wasserstein distance between two probability mea-

sures µ, ν in Pp(E), the space of probability measures with p-finite moments. We

give a detailed definition of these distances and discussion of their properties in

Section 2.6.

2.3 Main Results

Before stating our main results, we give a rigorous definition of solution to the

perturbed McKean–Vlasov equation (2.0.3).

We fix T > 0, (γ, η) ∈
(

1
2
, 1
)
× (0,∞) such that η+γ > 1, and (Ω,F ,P) an abstract

probability space.

Definition 2.3.1. Let q, p ≥ 1, (ξ, B) ∈ Lq(Ω;Rd)×Lp(Ω; CηT ), with B a zero at zero

path and assume we are given K ∈ S ′(Rd;Rd) and zero at zero path Z ∈ CT such

that the associated averaged field, ΓK (see Def. 2.5.1), is contained in CγTC2(Rd;Rd).

Then we say that Y is a solution to (2.0.3) if Y ∈ Lq∧p(Ω; Cγ∧ηT ) and Y solves the

generalised McKean–Vlasov equation


Yt = ξ +

∫ t

0

(ΓdrK ∗ µr) (Yr) +Bt,

µr = L(Yr).

(2.3.1)
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where the drift term is properly defined as a measure dependent non-linear Young

integral in Section 3.1.1, see Lemma 3.1.5 for example and in particular for an

explanation of the notation ΓdsK.

Proofs of Theorems 2.3.2 and 2.3.5 and Corollary 2.3.9 stated below, are completed

in Section 3.3.

Theorem 2.3.2. Let σ ∈ R, q, r ∈ [1,∞]. Assume we are given a pair (ξ, B) ∈

L1(Ω;Rd) × Lp(Ω; CηT ) for all p ≥ 1, such that B0 = 0, a K ∈ Bσr,q(Rd;Rd) and a

zero at zero path Z ∈ CT such that the associated averaged field ΓK ∈ CγTC2. Then

there exists a unique solution Y ∈ L1(Ω; Cη∧γT ) to the equation


dYt = (K(·+ Zt) ∗ µt)(Yt) dt+ dBt,

µt = L(Yt),

Y0 = ξ,

(2.3.2)

in sense of Definition 2.3.1. Furthermore, if (ξ1, B1), (ξ2, B2) ∈ L1(Ω;Rd)×Lp(Ω; CηT )

for all p ≥ 2 with (ξ1 − ξ2) ⊥ (B1, B2) and , and Y 1, Y 2 ∈ L1(Ω; Cη∧γT ) are the cor-

responding solutions to (2.3.2), then there exists a constant C = C(T,Γ, γ, η) > 0

such that,

W1;Cη∧γT
(L(Y 1),L(Y 2)) ≤ C

(
W1;Rd(L(ξ1),L(ξ2))

+W2;CηT (L(B1),L(B2))

)
.

(2.3.3)

Remark 2.3.3. From (2.3.3), since Z is held fixed for both equations we see that, for

a different constant C := C(E
[
[B1]2pη;T

]
∨ E2

[
[B2]2pη;T

]
T,Γ, γ, η) > 0,

W1;CT (L(X1),L(X2)) ≤ C

(
W1;Rd(L(x1

0),L(x2
0))

+W2;CηT (L(B1),L(B2)) + ‖Z‖CT
)
.

(2.3.4)

That is we only establish approximate stability for (2.3.2) with Z fixed. This is to
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be expected since we allow K to be possibly very rough and so in general there is no

reason for X to be stable. However, (2.3.4) raises the question of introducing pro-

cesses Z1, Z2 and then studying the stability between X i in the triple (xi0, B
i, Zi)2

i=1.

We do not address this here but leave it as an open question for future work.

Remark 2.3.4. Regarding the random inputs to (2.3.2) we remark that our results

hold equally well with B = 0. Therefore, although we refer to these equations as

generalised McKean–Vlasov equations, in the case B = 0 they are closer to the

characteristics of a mean field transport equation.

With the above general theorem at hand we turn to some specific applications.

First we describe the implications of Theorem 2.3.2 in the context of mean field

approximations to (2.3.2). We use the trick of Tanaka, [103], and the fact we hold

the volatility constant to obtain Theorem 2.3.5 below.

Theorem 2.3.5 (Mean Field Approximation). Let N ∈ N and (ξ, B) ∈ L1(Ω;Rd)×

Lp(Ω; CηT ), (ξ
(N)
0 , B(N)) ∈ L1(Ω;RNd)×Lp(Ω; (CηT )N) for all p ≥ 1 be such that B0 = 0

and B
(N)
0 = 0. In addition assume that for some p̃ ≥ 1

lim
N→∞

(
W1;Rd

(
LN(ξ(N)(ω)),L(ξ)

)
+Wp̃;CηT

(
LN(B(N)(ω)),L(B)

))
= 0, P-a.s.

Then with Z and Γ as in Theorem 2.3.2, for any N ≥ 1 there exists a unique solution

Y (N) := (Y i)Ni=1 ∈ L1(Ω; (Cη∧γT )N) to the particle system

Y i
t = ξi +

1

N

N∑
j=1

∫ t

0

ΓdrK(Y i
r − Y j

r ) +Bi
t, for i = 1, . . . , N. (2.3.5)

Furthermore, letting Y be the unique solution to (2.3.1) and assuming ξ ⊥ B,

lim
N→∞

W1;Cη∧γT

(
LN(Y (N)(ω)),L(Y )

)
= 0 P-a.s.

Remark 2.3.6. The assumption of convergence in Wasserstein of the data (ξ(N), B(N))

is satisfied if for example the empirical measure converges weakly P-a.s. and suf-

ficiently high moments are uniformly integrable. In particular, if the sequences
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(xi0, B
i)Ni=1 are i.i.d then one obtains the required convergence. See [27, Lem. 53 &

54] for details.

Remark 2.3.7. It is clear from the proofs of Theorems 2.3.2 & 2.3.5 that if in ad-

dition one assumes the initial data to have finite q moments for some q > 1 then

the respective solutions to the McKean–Vlasov equation and particle system will

have finite q moments in Cη∧γT . However, so as not to unnecessarily complicate the

notation further we restrict ourselves to L1 initial data. Furthermore, from the steps

of the proofs one can see that we do not necessarily require all moments of B to be

finite, but only p moments for p that can be arbitrarily large depending on some

parameters chosen in the proofs. Informally, there is a trade off between the reg-

ularising effect coming from Z and the number of finite moments we require B to

have. Since we are mostly interested in leveraging the maximum possible regularis-

ing effect for simplicity we ask for B to have all finite moments. For more details

see Remark 3.1.4.

Since Theorems 2.3.2 and 2.3.5 are both quite general in nature, we specify our

results to a particular class of McKean–Vlasov equations, that includes some phys-

ically relevant models.

Corollary 2.3.8. Let p ≥ 1, x0 ∈ Lp(Ω;Rd), (Bt)t∈[0,T ] be a Brownian motion

carried by (Ω,F ,P) and K be a homogeneous distribution of order σ < 0. Then let

(Zt)t∈[0,T ] be a sample path of an fBm with Hurst parameter H ∈ (0, 1), carried by a

separate probability space, (Ω̃, F̃ , P̃). If H < 1
4−2σ

, there exists a set of full measure

Ñ ⊆ Ω̃, independent of K, such that for all ω̃ ∈ Ñ , choosing Z = Z(ω̃), there exists

a unique solution X ∈ Lp(Ω;CT ) to (2.3.2), and the stability estimates (2.3.3) and

(2.3.4) both hold.

Corollary 2.3.9. Let σ < 0, ξ ∈ L1(Ω;Rd) K be a homogeneous kernel of degree

σ and B ∈ Lp(Ω; C1/2−
T ) for all p ≥ 1. Then let (Zt)t∈[0,T ] be a fractional Brownian

motion with Hurst parameter H ∈ (0, 1) on a possibly different probability space

(Ω̃, F̃ , P̃). If H < 1
4−2σ

, then there exists a set Ñ ⊂ Ω̃ of full measure, such that
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for all ω̃ ∈ Ñ , Z = Z(ω̃) : [0, T ] → Rd is a continuous path and under suitable

remaining assumptions, the results of Theorems 2.3.2 and 2.3.5 apply.

Remark 2.3.10. Regarding the threshold on the Hurst parameter, we note that in

contrast to the results obtained in [64], for a general distribution f ∈ Bσ2,2(Rd;Rd)

which requires a Hurst parameter H < 1
4+2d−2σ

, the threshold of H < 1
4−2σ

in

Corollary 2.3.9 is dimension independent. This is due to the fact that K is assumed

to be a homogeneous distribution; see Definition 2.4.8 and therefore one has K ∈

Bσ+d/p
p,∞ (Rd;Rd) for any d, p ≥ 1. See Subsection 2.4.3 for details.

2.4 Hölder–Besov Spaces

We recall some definitions and standard analysis regarding the scale of Hölder–Besov

spaces on Rd. We refer to [5] for more details. We define the Fourier transform on

L1(Rd) by setting,

Ff(ξ) :=

∫
Rd
f(x)e−ix·ξ dx.

It is standard that F fixes S(Rd). We define the inverse transform,

F−1f(x) :=
1

(2π)d

∫
Rd
f(ξ)e−ix·ξ dξ,

and extend both definitions to the tempered distributions by duality. For T ∈ S ′(Rd)

and any ϕ ∈ S(Rd) we define FT to be the distribution such that

〈FT, ϕ〉 := 〈T, (2π)dF−1ϕ〉.

As a result, F is an automorphism of S ′(Rd) and we have the equality

‖f‖L2(Rd)= (2π)
d
2‖Ff‖L2(Rd), ∀ f ∈ L2(Rd).
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We also recall the definition of a Fourier multiplier. For any f ∈ S ′(Rd) and ϕ :

Rd → R measurable and with at most polynomial growth, we define,

ϕ(D)f := F−1 (ϕFf) =
(
F−1ϕ

)
∗ f,

where D is a placeholder for the derivative operator on Rd.

2.4.1 Dyadic Partition of Unity and Littlewood-Paley Blocks

We let χ̃, χ ∈ C∞c (Rd) be such that

1. supp χ̃ ⊂ B 4
3
(0) and suppχ ⊂ B 8

3
(0) \B 3

4
(0),

2. χ̃(ζ) +
∑∞

k=0 χ(2−kζ) = 1, for all ζ ∈ R.

The existence of such a dyadic partition of unity is shown in [5, Prop. 2.10]. For

k ≥ 0 we define χk( · ) := χ(2−k · ) and set χk = 0 for all k < −1.

For any f ∈ S ′(Rd) we define the inhomogeneous Littlewood–Paley blocks by setting,

∆−1f := χ̃(D)f = h̃ ∗ f,

∆kf := χk(D)f = h(2k · ) ∗ f, ∀ k ≥ 0,

(2.4.1)

where h̃ = F−1χ̃ and h = F−1χ. Since h̃, h ∈ S(Rd), the operators ∆k map Lp to

Lp for any p ∈ [1,∞] with norms independent of p and k.

Definition 2.4.1 (Inhomogeneous Besov Spaces). For α ∈ R and p, q ∈ [1,∞], the

inhomogeneous Besov space Bαp,q(Rd) is defined by

Bαp,q(Rd) =

f ∈ S ′(Rd) : ‖f‖Bαp,q(Rd):=

(∑
k≥−1

2kqα‖∆kf‖qLp

) 1
q

<∞

 .

Sometimes to lighten notation we write Bαp := Bαp,∞. For p = q = ∞ we use the
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notation

Cα(Rd) :=
{
f ∈ S ′ : ‖f‖Bαp (Rd):= sup

k≥−1
2kα‖∆kf‖L∞(Rd)<∞

}
.

For α > 0 and not an integer these spaces agree with the usual spaces of α-Hölder

continuous functions. When p = q = 2 we use the special notation Hα = Bα2,2 to

denote the Hilbertian Sobolev spaces, on which an equivalent norm is given by the

expression

‖f‖Hα := ‖(1 + | · |)αF(f)‖L2 .

The Hölder–Besov spaces enjoy a number of useful properties, some of which we list

below. Proofs of the following statements can be found in [5].

(i) Embeddings: for α ∈ R, 1 ≤ p1 ≤ p2 ≤ ∞ and 1 ≤ q1 ≤ q2 ≤ ∞ one has,

‖ · ‖Bαp2,q2. ‖ · ‖Bα+d( 1
p1
− 1
p2 )

p1,q1

. (2.4.2)

We also have the following, continuous embeddings,

‖f‖Bαp,q . ‖f‖Bα′p,q α < α′ ∈ R, (2.4.3)

‖f‖Bαp,q . ‖f‖Bαp,q′ q > q′ ∈ [1,∞], (2.4.4)

‖f‖Bαp,q . ‖f‖Bα′
p,q′

α < α′ ∈ R, ∀ q ≤ q′ ∈ [1,∞] (2.4.5)

and the embedding Bα′p,q ↪→ Bαp,q of (2.4.3) is compact.

(ii) Relations to Lp spaces: For p ∈ [1,∞] one has,

‖f‖Lp. ‖f‖B0
p,1
, ‖f‖B0

p,∞. ‖f‖Lp .

Lemma 2.4.2 (Young’s convolution inequality). For α, β ∈ R, let f ∈ Cβp and

g ∈ Cαq , and let r ∈ [1,∞] be defined through the relation 1
r

+ 1 = 1
p

+ 1
q
. Then the
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following inequality holds

‖f ∗ g‖Bα+β
r

. ‖f‖Bβp ‖g‖Bαq . (2.4.6)

2.4.2 Functions of Hölder Continuity on Intervals of the

Real Line

The next lemma gives a useful criteria for extending a local control on the Hölder

continuity of a path to a global one. We provide a sketch proof but it can also be

found as [46, Excersise 4.24], with full proof.

Lemma 2.4.3. Let E be a Banach space, α ∈ (0, 1), h > 0 and X : [0, T ] → E.

Suppose that there exists a constant M > 0 such that for any t ∈ [0, T − h] we have

[X]α;[t,t+h] ≤ M . Then X is α-Hölder continuous on [0, T ]. In particular, we have

that

[X]α;[0,T ] ≤M(1 ∨ 2hα−1)T 1−α.

Proof. We need to show that for any 0 ≤ s ≤ t ≤ T then ‖Xs,t‖E
|t−s|α ≤ M(1 ∨

2hα−1)T 1−α. In the case when |t− s|≤ h there is nothing to prove, so let |t− s|≥ h.

Define ti = (s + ih) ∧ t for i ∈ N. Note that for N ≥ (t − s)/h, tN = t, and that

ti+1 − ti ≤ h for all i ∈ N. Therefore, we have

‖Xs,t‖E≤
∑

0≤i<(t−s)/h

‖Xti,ti+1
‖E≤Mhα

(
1 +

t− s
h

)
≤ 2Mhα

t− s
h
≤ 2Mhα−1|t−s|αT 1−α,

which concludes the proof.

2.4.3 Besov Regularity of Homogeneous Distributions

In Section 3.3 we discuss applications of our general result (2.3.2), to some specific

McKean–Vlasov problems where K is a given homogeneous distribution. In this

subsection we discuss the regularity of these distributions in Hölder–Besov spaces.

This allows us to characterise the range of regularising paths Z for which our regu-
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larisation result holds.

For ϕ ∈ S(Rd) and λ > 0 we define the dilation

ϕλ(x) := λ−dϕ
(
λ−1x1, . . . , λ

−1xd
)
. (2.4.7)

Definition 2.4.4 (Homogeneous Distribution). We say that K ∈ S ′(Rd) is homoge-

neous of degree σ ∈ R if for any ϕ ∈ S(Rd) and λ > 0

〈K,ϕλ〉 = λσ〈K,ϕ〉. (2.4.8)

Replacing Rd with the punctured domain Rd \ {0} we can instead define the notion

of homogeneous distributions in S ′(Rd\{0}). For any σ ∈ R\Z≤−d, all homogeneous

distributions on S ′(Rd \ {0}) of order σ are of the form

K̃σ(x) = f

(
x

|x|

)
|x|σ, (2.4.9)

where f ∈ S ′(Sd−1) is a distribution on the d-dimensional unit sphere. If σ > −d

then K̃σ(x) extends uniquely to a homogeneous distribution Kσ ∈ S ′(Rd) without

modification. However, for σ ≤ −d the question of extending K̃σ to a distribution

on the un-punctured plane is more complicated. For a full discussion see [71, Sec.

3.2].

When σ < −d and not an integer there exists a unique extension Kσ defined by

〈Kσ, ϕ〉 =

∫
Rd
K̃σ(x)

(
ϕ(x)− P b−σ−dcϕ;0 (x)

)
dx (2.4.10)

where P k
ϕ;0 is the Taylor polynomial to order k − 1 of ϕ at 0. This is proved as [71,

Theorem 3.2.3]. We refer to (2.4.10) as the principle value extension of K̃σ.

For σ ∈ Z≤−d the formula (2.4.10) does define an extension of K̃σ but it is not
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unique, since can always add any linear combination of sufficiently high derivatives

of the Dirac, [71, Thm. 3.2.4]. For σ = −n with n ∈ Z≥d we choose to define the

extension of K̃n by the formula

〈Kn, ϕ〉 =

∫
Rd
K̃n(x)

(
ϕ(x)− P n−d

ϕ;0 (x)
)

dx+
∑
|a|=n−d

Daϕ(0).

Defining the convolution of a distribution in the usual way, we see that for all σ < 0

we have

(Kσ ∗ ϕ)(x) : =

∫
Rd
K̃σ(x− y)

(
ϕ(y)− P b−σ−dcϕ;0 (y)

)
dy

+ 1{σ∈Z≤−d}
∑
|a|=σ−d

Daϕ(0),
(2.4.11)

for all ϕ ∈ S(Rd). The Fourier transform of a homogeneous distribution is nicely

described by the following theorem.

Theorem 2.4.5. Let K ∈ S ′(Rd) be a homogeneous distribution of order σ ∈ R,

then FK ∈ S ′(Rd) and is a homogeneous distribution of order −σ − d.

Proof. See the proof of [71, Theorem 7.1.16]

This result suggests that Kσ should be controlled in a suitable space of negative

regularity, in fact it almost immediately follows that Kσ ∈ Hσ+ d
2 . Below we give a

self contained proof that for σ < 0, Kσ ∈ B
σ+ d

p
p,∞ for any p ∈ [1,∞].

Proposition 2.4.6. Let σ < 0 and K̃σ ∈ S ′(Rd \ {0}) be the distribution described

by (2.4.9) and let Kσ be its principle value extension to S ′(Rd) defined in (2.4.10).

Then Kσ ∈ B
σ+ d

p
p,∞ (Rd) for any p, q ∈ [1,∞].

Proof. From the Besov embeddings (2.4.2), for any p, q ∈ [1,∞] we have that

‖Kσ‖
B
σ+ d

p
p,∞

. ‖Kσ‖Bσ+d
1,∞
,

so we concentrate on showing that Kσ ∈ Bσ+d
1,∞ . From Theorem 2.4.5 for any k ≥ 0
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we have

∆kKσ = 2−(σ+d)k∆0Kσ.

Therefore, we have

sup
k≥0

2(σ+d)k‖∆kKσ‖L1= ‖∆0Kσ‖L1 . (2.4.12)

So it suffices to show that ‖∆−1Kσ‖L1 , ‖∆0Kσ‖L1 are both finite. We choose a

smooth, cut-off function ψ ∈ C∞c (Rd) such that supp(ψ) = B1(0) and ‖ψ‖C∞c (Rd)≤ 1.

Then we write,

K̃σ = ψK̃σ + (1− ψ)K̃σ := K̃σ,0 + K̃σ,1,

and define the principle value extensions Kσ,0 and Kσ,1 analogously. Then we divide

the proof into two cases, −d < σ < 0 and σ ≤ −d.

First consider the case −d < σ < 0. We directly have that Kσ,0 ∈ L1(Rd) so since

∆−1 and ∆0 are both bounded maps Lp → Lp we have ∆−1Kσ,0, ∆0Kσ,0 ∈ L1(Rd).

Regarding the part supported away from the origin, using that h, h̃ decay faster

than any polynomial we also have ∆−1Kσ,1, ∆0Kσ,1 ∈ L1(Rd).

When σ ≤ −d the situation is reversed. In this case we see that Kσ,1 ∈ L1(Rd)

directly and so by the boundedness of ∆0 and ∆−1 as mappings Lp → Lp we have

∆−1Kσ,1, ∆0Kσ,1 ∈ L1(Rd). Regarding the compactly supported term the proofs

for ∆−1Kσ,0 and ∆0Kσ,0 are very similar so we only present the −1 block. Using

Taylor’s theorem we have,

∆−1Kσ,0(x) ≤
∫
B1(x)

|x− y|σ
∣∣∣h̃(y)− P h̃

k;y(x)
∣∣∣ dy + 1σ∈Z≤−dD

|σ|−dh̃(x)

≤ ‖Dk+1h̃‖L∞(B1(x))

(∫
B1(x)

|x− y|σ+k+1 dy + 1

)
. (1 + |x|k+1)−1‖h̃‖k+1,S ,

where we used the fact that σ+ k+ 1 > −d to evaluate the integral. The last line is
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integrable over Rd and so we have ∆−1Kσ,0 ∈ L1(Rd). Applying the same argument

to ∆0Kσ,0 we have ‖∆0Kσ,0‖L1<∞.

In conclusion, for any σ < 0 we have

‖Kσ‖Bσ+d
1,∞

= sup
k≥−1

2(σ+d)k‖∆kKσ‖L1≤ sup
k∈{0,1}

‖∆kKσ‖L1<∞.

Remark 2.4.7. Using the Besov embedding (2.4.5), for any ε > 0 we also have that

Kσ ∈ B
σ+ d

2
−ε

p,q for any q ∈ [1,∞).

2.5 Averaged Fields and Pathwise regularisation

of ODEs

Let f ∈ Bβp,q(Rd) for β ∈ R, p, q ∈ [1,∞] and Z : [0, T ]→ Rd be a possibly random

path on an abstract probability space (Ω̃, F̃ , P̃). Then consider the formal, integral

equation,

X̃ξ
t = ξ +

∫ t

0

f(X̃ξ
r ) dr + Zt. (2.5.1)

In [22], the authors show that if Z is sufficiently irregular (exact meaning to be

explained later) then (2.5.1) can be interpreted rigorously and is pathwise well-

posed, even when f is only a distribution. More specifically the authors show that

if Z is a fractional Brownian motion with Hurst parameter H ∈ (0, 1) then for a

given f ∈ C− 1
2H

+2 there exists a full measure set Ñ ∈ Ω̃ (depending on f) such that

for all ω̃ ∈ Ñ there exists a unique solution to (2.5.1) driven by Z(ω̃). This result

has recently been developed further in [64, 48]. In this section we will give a short

introduction to the methodology and ideas behind such regularisation of ordinary

differential equations, which will in subsequent sections be applied to McKean–

Vlasov problems.
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The first step is to reformulate (2.5.1) by defining Xt := X̃t − Zt, which we ask to

solve,

Xξ
t = ξ +

∫ t

0

f(Xξ
r + Zr) dr, (2.5.2)

where again the drift is only to be understood formally for now. We then define a

new distribution, for any 0 ≤ s < t ≤ T and x ∈ Rd, setting

〈Γtf, ϕ( · − x)〉 :=

∫ t

0

〈f, ϕ( · − x− Zr)〉 dr, . (2.5.3)

for all ϕ ∈ S(Rd). We refer to Γtf as an averaged distribution and denote the time

increment by Γs,tf = Γtf − Γsf .

Definition 2.5.1 (Averaged distributions). For β ∈ R, p, q ∈ [1,∞], let f ∈ Bβp,q(Rd).

We say that Γf : [0, T ] × Rd → Rd defined by (2.5.3), is an averaged distribution

if t 7→ Γtf ∈ CγTCα(Rd) for some γ > 1/2 and α ≥ β. If Γf ∈ Cγ
TCα(Rd) for all

f ∈ Bβp,q(Rd) then by an abuse of notation we also define the averaging operator

Γ : Bβp,q(Rd)→ CγTCα(Rd), where the evaluation is given by (2.5.3).

Remark 2.5.2. Note that Γ in general depends on a given path Z : [0, T ] → Rd,

however in this article we are not concerned with the properties of Γ w.r.t Z, we

only assume we can build a sufficiently regular averaged distribution from some set

of paths Z. Therefore we only write Γ, and say that Γ is associated to the path Z

when necessary.

Definition 2.5.3. Let β ∈ R, p, q ∈ [1,∞] and ρ > 0. A path Z : [0, T ] → Rd is

called ρ-regularising on Bβp,q(Rd) if there exists a γ > 1/2 such that the averaging

operator Γ associated to Z satisfies Γf ∈ CγTCβ+ρ(Rd) for every f ∈ Bβp,q(Rd). If the

path Z is such that for any f ∈ Bβp,q(Rd) with β ∈ R and p, q ∈ [1,∞], the averaged

field Γf ∈ CγTCα(Rd), for any α ∈ R, we say that Z is infinitely regularising.

Remark 2.5.4. Any continuous path (Zt)t∈[0,T ] is 0-regularising, in the sense that

for any function f ∈ Cβ with β ∈ R, it follows that Γf ∈ C1
TCβ(Rd). With this

knowledge, interpolation reveals that time regularity of Γf , when Γ is associated

to a ρ-regularising path, can be traded for spatial regularity. To see this, since

27



Γf ∈ C1/2
T Cβ+ρ(Rd) ∩ C1

TCβ(Rd), it follows by interpolation in Besov spaces (see e.g.

[5, Thm. 2.80]) that for any θ ∈ [0, 1]

‖Γs,tf‖Cβ+θρ≤ ‖Γs,tf‖θCβ+ρ‖Γs,tf‖1−θ
Cβ .

Thus, for any γ ∈ [1
2
, 1] it follows that Γf ∈ CγTCβ+2ρ(1−γ).

From now on, we assume that given f we are able to find Z sufficiently regularising

that Γs,tf is a genuine function and so we may drop the test function in (2.5.3). In

this case we refer to Γf as an averaged field. This assumption will be justified below.

In the case that Z is a random path, the averaged field can be written as the integral

of f(x+ z) against the occupation measure, µt(z), of the path t 7→ Zt,

Γ0,tf(x) =

∫ t

0

f(x+ Zr) dr =

∫
Rd
f(x+ z) dµt(z). (2.5.4)

Assuming the occupation measure has a density, Lt ∈ L1(Rd), we can re-write (2.5.4)

as a convolution,

Γ0,tf(x) = f ∗ L̄t(x) where L̄t(x) := Lt(−x). (2.5.5)

Therefore, one approach to defining the averaged field is to first obtain regularity

estimates on the occupation measure µt and then define Γf as in (2.5.5). We outline

a few known results on the regularity of the averaged fields Γf and the regularity of

the local times, Lt, associated to certain Gaussian processes. For a deeper discussion

on occupation measures and local times, see the survey paper [51].

Example 2.5.5. Let Z be a fractional Brownian motion, on (Ω̃, F̃ , P̃), with Hurst

parameter H ∈ (0, 1) and f ∈ Cβ. In [22] it is shown that there exists a set Ñ ⊂ Ω̃

of full measure depending on the distribution f and Z, and a γ > 1/2, such that

for all ω̃ ∈ Ñ , the averaged field Γf ∈ CγTCβ+ρ(Rd)loc(Rd) for any ρ < 1/(2H). Note

that this result does not define an average operator in sense of Definition 2.5.1, as

the set of full measure, Ñ , depends explicitly on f , and thus the regularising effect
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does not necessarily hold for all f ∈ Cβ(Rd) simultaneously.

In two recent publications [48, 49], Galeati and Gubinelli prove that infinitely reg-

ularising paths are prevalent in CT . The concept of prevalence was earlier used by

Hunt, [72], to prove that almost all continuous paths are nowhere differentiable. In

[48] it is also shown that for any δ > 0, the 1
2δ

-regularising paths are prevalent in

Cδ−εT for any ε > 0, [48, Thm. 1]. This result makes rigorous the heuristic that more

irregular paths Z lead to more regularising averaging operators Γ.

In the next proposition we give a concrete example of a criterion that guarantees

the regularising effect of a given process. This condition has been applied to obtain

regularisation results in [64, Thm. 17] and [49].

Proposition 2.5.6. Let (Zt)t∈[0,T ] be a continuous Gaussian process, such that for

some ζ ∈ (0, 1
d
)

inf
t∈[0,T ]

inf
s∈[0,t]

inf
z∈Rd; |z|=1

zTVar(Zt|Fs)z
|t− s|2ζ

> 0.

Then there exists a γ > 1/2 such that the associated local time L : [0, T ]×Rd → R+

is contained in CγTHρ(Rd) for any ρ < 1
2ζ
− d

2
, P-a.s..

Proof. See [64, Thm. 17].

If (Zt)t∈[0,T ] is assumed to be a fractional Brownian motion, it is shown in [64, 49]

that the associated local time is ρ-regular in space for any ρ ∈ (0, 1
2H
− d

2
). We

summarize this in the following proposition.

Proposition 2.5.7. Let Z : [0, T ] × Ω → Rd be a fractional Brownian motion

with Hurst parameter H ∈ (0, 1). For a vector field f ∈ Hβ(Rd) with β ∈ R, let

Γf : [0, T ]×Rd → Rd be defined as in (2.5.3). Then there exists a set of full measure,

Ñ ⊂ Ω̃, depending only on Z, such that for all ω̃ ∈ Ñ and any γ ∈ (1
2
, 1),

Γ(ω̃)f ∈ CγTC
β+ 1−γ

H
−d(1−γ)(Rd).

Moreover, the mapping f 7→ Γf defines an average operator on Hβ(Rd).
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Proof. A full proof is given in the proof of [64, Thm. 17 and Rem. 18], however,

we give a quick sketch using the local time approach. Using Proposition 2.5.6 we

see that the local time L associated to (Zt)t∈[0,T ] is contained in CγTHρ(Rd), P̃-a.s.

for some ρ ∈ (0, 1
2H
− d

2
) and γ ∈ (1

2
, 1), then an application of Young’s convolution

inequality for Besov spaces, (2.4.6), gives

‖f ∗ Ls,t‖Cβ+α≤ ‖f‖Hβ‖L‖CγTHα |t− s|
γ (2.5.6)

Thus since Γf = f ∗ L̄ where L̄t(x) = Lt(−x), as seen in (2.5.5), and using the fact

that the Sobolev regularity of L̄ is identical to that of L, it follows that the path Z

is ρ-regularising according to Definition 2.5.3. An application of the interpolation

shown in Remark 2.5.4 completes the proof.

Note that in contrast to Example 2.5.5 the full measure set, Ñ , here does not depend

on f . However, the regularity gain is lower, at almost 1
2H
− d

2
, as opposed to almost

1
2H

.

As the concept and regularity of averaging operators as given in Definition 2.5.1 is by

now well established, and the examples of explicit paths which provide a regularising

effect is vast, for the rest of this text we do not deal with particular paths but

rather assume that the average operator Γ can be built from a suitable path. In

Section 4.1 we provide some concrete examples with Z a fractional Brownian motion

to highlight the degree of roughness one might expect to require in certain cases of

classical interest.

Once it is established that Γ is an operator from Bβp,q(Rd) → CγTCβ+ρ(Rd) for some

ρ > −β and γ > 1/2, we return to the ODE (2.5.1). The idea now is to use the

spatial regularity of Γf to ensure well-posedness of the reformed equation (2.5.2).

To do so we employ the method of non-linear Young integrals, introduced in [22]

and also employed in [64, 48, 50]. A more general survey can be found in [47].
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Considering a path Y ∈ Cγ
′

T with γ + γ′((β + ρ) ∧ 1) > 1, one defines

∫ t

0

Γdrf(Yr) := lim
|D|→0

∑
[u,v]∈D

Γu,vf(Yu), (2.5.7)

where D is any partition of the given time interval and |D| is the maximal increment

size in D. An application of the Sewing lemma, known from the theory of rough

paths (cf. [46, Lem. 4.2]), proves that this integral is well defined. Indeed, setting

Ξs,t = Γs,tf(Ys) then we see that the abstract integral

I(Ξ)t − I(Ξ)s = lim
|D|→0

∑
[u,v]∈D

Ξu,v

is well defined, if for all (s, t) ∈ ∆2
T

|Ξs,t|. |t− s|δ1 , and |δuΞs,t|. |t− s|δ2

where δ1 ∈ (0, 1), δ2 > 1 and for u ∈ [s, t], δuΞs,t := Ξs,t − Ξs,u − Ξu,t. It is readily

checked in our case that

δuΞs,t = Γu,tf(Ys)− Γu,tf(Yu).

So invoking the assumption that Γf ∈ CγTCβ+ρ(Rd) it holds that for any x, y ∈ Rd

and (s, t) ∈ ∆T
2 ,

|Γs,tf(x)− Γs,tf(y)|. |x− y|(β+ρ)∧1|t− s|γ,

and thus

|δuΞs,t|. [Y ]γ′|t− u|γ|u− s|((β+ρ)∧1)γ′. |t− s|((β+ρ)∧1)γ′+γ.

Since (ρ ∧ 1)γ′ + γ > 1 by assumption, we conclude that the integral (2.5.7) is well

defined. We will refer to this construction as the non-linear Young integral (NLYI)
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due to the structure of the integrand.

In the coming sections we will use the concept of the averaging operator Γ to give

meaning to McKean–Vlasov equations. This leads us to consider non-linear Young

integrals constructed to coincide with integrals of the form

∫ t

0

(K ∗ µr)(Yr + Zr) dr, (2.5.8)

where µ ∈ P(Cγ
′

T ), Y ∈ Cγ
′

T and K ∈ Bβp,q(Rd) for β ∈ R. The regularising path

Z : [0, T ] → Rd we will take to be deterministic and sufficiently regularising such

that ΓK, as defined in (2.5.3), is contained in CγTCα for any T > 0, some γ > 1/2

and α ≥ 2. From Proposition 2.5.7 we see that this assumption is not vacuous.

Indeed, we can always choose a sample path of a fractional Brownian motion (on

a different probability space) with Hurst parameter H ∈ (0, 1) as small as we want

(this can now be seen as a deterministic path), so that β+ 1
2H
− d

2
> 2. We mention

that, much like in the theory of rough paths, we require 1-degree more regularity

than the spatial Lipschitz property on ΓK in order to obtain stability of solutions.

By analogy with (2.5.7) our first task will be to construct the non-linear Young

integral ∫ t

0

ΓdrK ∗ µr(Yr) := lim
|D|→0

∑
[u,v]∈D

Γu,vK ∗ µu(Yu). (2.5.9)

We again use the sewing lemma to show that the non-linear integral on the right

hand side is well defined in a Young sense, however, for this purpose we require a

notion of Hölder continuity for the measure valued flow t 7→ µt. This is discussed in

Section 2.6 below. We note that in the sequel we will view K as fixed for a given

interacting particle system, so for notational ease we will collapse ΓdrK to Γdr.
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2.6 Wasserstein Distances and Hölder Regularity

of Measure Flows

As we saw in the construction of the non-linear Young integral, (2.5.7), it was

important that the path Y : [0, T ] → Rd was sufficiently regular. Since we are

concerned with defining non-linear Young integrals with measure valued integrands,

as in (2.5.9), we will require a notion of time regularity for measure valued flows. In

this section we recap some well known material concerning the notion of Wasserstein

distances between probability measures and employ them to make rigorous a notion

of Hölder continuity for measure valued flows. Similar ideas were applied in [21].

If (E, dE) is a metric space for any µ ∈M(E) and p ≥ 1 we define the pth-moment

of µ ∈M(E) by the expression

∫
E

dE(ξ, x)p d|µ|(x), for some ξ ∈ E.

For p ∈ [1,∞) we letMp(E) denote the set of real valued Radon measures with finite

pth-moment and we denote the subspace of zero mass Radon measures byM0(E) :=

{µ ∈M(E) : µ(E) = 0} (resp. M0
p(E) :=

{
µ ∈M(E) : µ(E) = 0, µ has finite pth moment

}
).

We write Pp(E) for the probability measures with finite pth moment on E. For

(E, dE), (F, dF ) a pair of metric spaces and p, q ∈ [1,∞] we write Pp,q(E × F ) for

the set of probability measures, µ, on E×F whose first marginals, µ|E, lie in Pp(E)

and whose second marginals, µ|F , lie in Pq(F ).

Definition 2.6.1 (Wasserstein Distances). Let (E, dE) be a Polish space, and Pp(E)

be as above. Then we may equip Pp(E) with the distance,

Wp;E(µ, ν) :=

(
inf

m∈Π(µ,ν)

∫∫
E×E

dE(x, y)p dm(x, y)

) 1
p

, (2.6.1)

where Π(µ, ν) ⊆ Pp,p(E × E) is the set of measures on the product space with first

marginal equal to µ and second marginal equal to ν.

Note that the above definition makes no assumption on an underlying abstract
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probability space(s) giving rise to the measures µ, ν ∈ Pp(E).

Remark 2.6.2. For µ, ν ∈ Pp(E) the metric Wp;E can be equivalently characterised

in terms of E valued random variables on a fixed probability space. Let (Ω,F ,P)

be a probability space and X, Y be any measurable mappings X, Y : Ω → E such

that E [|X|p] <∞ and E [|Y |p] <∞, with µ = L(X) and ν = L(Y ), then,

Wp;E(µ, ν) = inf
X,Y

E [d(X, Y )p]
1
p ,

where the infimum is taken over all X, Y as above.

The Wasserstein metrics play an important role in the study of McKean–Vlasov

equations.

Proposition 2.6.3. Let (E, dE) be a polish space and for any p ≥ 1 let Wp;E be the

distance defined by (2.6.1). Then the following all hold:

(i) The distance Wp;E satisfies the properties of a metric on Pp(E). Furthermore

(Pp,Wp;E) is itself polish.

(ii) For any pair µ, ν ∈ Pp(E) there exists a measure m̄ ∈ Π(µ, ν) such that,

Wp;E(µ, ν) =

(∫∫
E×E

dE(x, y)p dm̄(x, y)

) 1
p

.

(iii) Let (µn)n∈N be a sequence in Pp(E), then the following are equivalent:

(a) There exists a µ ∈ Pp(E) such that limn→∞Wp;E(µn, µ) = 0

(b) The sequence converges weakly to µ ∈ Pp(E) and there exists an e0 ∈ E

such that

lim
k→∞

∫
E\Bk(ξ)

d(e0, x)p dµn(x) = 0, uniformly in n ∈ N.

We refer the reader to [3, 108] for more details. Point (i) in particular is proved in

[108, Ch. 1] and Point (iii) is proved as [3, Prop. 7.1.5].
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The W1;E metric will play a central role in our analysis. By the Kantorovich–

Rubinstein duality (Theorem 2.6.4 below) we see that W1;E can be written as the

restriction of a norm on the linear space M1(E) to P1(E). This allows us to define

a notion of Hölder continuous measure flows t 7→ µt ∈ P1(Rd), see Definition 2.6.7

below.

For a complete metric space E and a map ϕ : E → R we define the Lipschitz

constant of ϕ by setting

[ϕ]lip(E) := sup
x 6=y ∈E

|ϕ(x)− ϕ(y)|
dE(x, y)

,

and then we define the set

lip1(E) := {ϕ : E → R : [ϕ]lip ≤ 1} .

For µ ∈M0
1(E) we define its Lipschitz dual norm by the expression

‖µ‖lip∗(E):= sup
ϕ∈lip1(E)

∫
E

ϕ dµ. (2.6.2)

Given µ, ν ∈ P1(E), while µ − ν /∈ P(E) the difference is in M0
1(E) and so

‖µ − ν‖lip∗(E) is well defined. The Kantorovich–Rubinstein theorem states that

this quantity is equal to the 1-Wasserstein distance.

Theorem 2.6.4 (Kantorovich–Rubinstein Duality). Let (E, dE) be a Polish space

and lip1(E) be as defined above. Then for all µ, ν ∈ P1(E) we have the equality

W1;E(µ, ν) = ‖µ− ν‖lip∗(E). (2.6.3)

Furthermore, it does not affect the norm on the right hand side if we further restrict

the supremum to all ϕ ∈ lip1(E) ∩ Cb(E).

Proof. See the proof of [108, Th. 1.14].
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Remark 2.6.5. Although Theorem 2.6.4 is referred to as the Kantorovich–Rubesntein

duality the dual quantity in our case is actually the Lipschitz dual norm. This

discrepancy is resolved when E is a compact metric space. We define the KR(E)

norm on M1(E) by the expression

‖µ‖KR(E)= sup
ϕ∈Lip1(E)

∫
E

ϕ dµ, Lip1(E) := {ϕ : E → R : ‖ϕ‖C+[ϕ]lip ≤ 1} .

Then it is easily seen that when E has finite diameter it is equivalent to restrict

the supremum to ϕ : E → R such that [ϕ]lip < 1 and ϕ(x) = 0 for some x ∈ E.

Then, since for any µ, ν ∈ P1(E) the difference µ− ν is inM0
1(E) and so integrates

constants to zero, one has

‖µ− ν‖lip∗(E)= ‖µ− ν‖KR(E).

Remark 2.6.6. It is a classical result that unless E is a finite space, any complete

metric on M(E) is equivalent to the total variation metric, which metrizes the

topology of strong convergence. Therefore it is clear that neither
(
M1(E), ‖ · ‖lip∗(E)

)
nor

(
M1(E), ‖ · ‖KR(E)

)
are complete metric spaces. However, combining Theorem

2.6.4 and Point (i) of Proposition 2.6.3 one sees that (P1(E), ‖ · ‖lip∗(E)) is complete.

Since (CβT (Rd), ‖ · ‖β) is a Banach space all the results of the previous section apply

to the Wasserstein metrics Wp;CβT
. In particular the space (P1(CβT ),W1;CβT

) is itself a

Polish space when equipped with the metric,

W1;CβT
(µ, ν) = ‖µ− ν‖lip∗(CβT ).

From now on, when E is a Polish space, unless otherwise specified we always treat

Pp(E) as being equipped with the metric Wp;E. When the context is clear we will

simply write ‖ · ‖lip∗ , dropping the explicit dependence on E.
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2.6.1 Hölder Regularity of Measure Valued Flows

Let f ∈ CT , then for every t ∈ [0, T ] we define the projection πt : CT → Rd to be

the map such that πtf := ft. Then for µ ∈ M(CT ), we set µt := πt#µ ∈ M(Rd).

Using the definition of the push-forward, we see that if µ ∈ P(CβT ), then

∫
Rd
|x|p dµt(x) =

∫
CβT
|ft|p dµ(f) .

∫
CβT
‖f‖pβ;T dµ(f), ∀ t ∈ [0, T ]. (2.6.4)

So µ ∈ Pp(CβT ) ⇒ µt ∈ Pp(Rd) for every t ∈ [0, T ]. In particular the lip∗(Rd) norm

of µt is well defined for every t ∈ [0, T ]. We use this fact to define a notion of Hölder

continuity for P1(Rd) valued measure flows.

Definition 2.6.7. Let β ∈ (0, 1), 0 ≤ s < t <∞ and [s, t] 3 u 7→ µu ∈ M1(Rd) be a

flow of Radon measures. Then we say that (µu)u∈[s,t] is β-Hölder continuous if

[µ]β;[s,t] := sup
u6=v ∈[s,t]

‖µv − µu‖lip∗(Rd)

|v − u|β
<∞. (2.6.5)

We write Cβ[s,t]P1(Rd) := Cβ([s, t];P1(Rd), ||| · ; · |||β;[s,t]) for the space of P1(Rd) valued

flows, equipped with the metric,

|||µ; ν|||β;[s,t] := ‖µ0 − ν0‖lip∗(Rd)+[µ− ν]β;[s,t].

We use the unusual notation ||| · ; · |||β;[s,t] since the space of P1(Rd) valued flows is

not linear. As with real valued Hölder continuous maps, we retain the convention

that if [s, t] = [0, T ] for some T > 0, we simply write [ · ]β;T , ||| · , · |||β;T and CηP1(Rd).

For µ ∈ Cβ([0, T ];P1(Rd)) and β′ ∈ (0, β), one has [µ]β′;[s,t] ≤ |t − s|β−β
′
[µ]β;[s,t] for

any [s, t] ⊆ [0, T ].

Theorem 2.6.8. The push-forward of the projection map πt gives a continuous

embedding from (P1(CβT ),W1;CβT
) into (CβTP1(Rd), ||| · ; · |||β;T ) and for µ, ν ∈ P1(CβT ),

|||µ; ν|||β;T ≤ W1;CβT
(µ, ν). (2.6.6)
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Proof. Let µ, ν ∈ P1(CβT ) and we define the associated measure flows (µt)t∈[0,T ], (νt)t∈[0,T ] ⊂

P1(Rd) via the projection πt : CβT → Rd. From (2.6.4) we see that for all t ∈ [0, T ],

µt, νt ∈ P1(Rd). Then let ϕ ∈ lip1(Rd) and using the push-forward, we have

∫
Rd
ϕ(x) d(µt(x)− νt(x)− µs(x) + νs(x)) =

∫
CβT

(ϕ(ft)− ϕ(fs)) d(µ(f)− ν(f))

≤
∫
CβT
|ft − fs| d(µ(f)− ν(f)),

where we used the fact that ϕ ∈ lip1(Rd) in the last line. Dividing by |t − s|β and

taking the supremum over s 6= t ∈ [0, T ], we have the bound,

sup
t6=s∈[0,T ]

1

|t− s|β

∫
Rd
ϕ(x) d(µt(x)− νt(x)− µs(x) + νs(x)) ≤

∫
CβT

[f ]β;T d(µ(f)− ν(f))

≤ sup
φ∈lip1(CβT )

∫
CβT
φ(f) d(µ(f)− ν(f)),

where the last inequality follows since [ · ]β is a lip1 function on CβT . Therefore we

have

[µ− ν]β;T ≤ ‖µ− ν‖lip∗(CβT )=W1;CβT
(µ, ν).

By the same steps, we have

‖µ0 − ν0‖lip∗(Rd)+[µ− ν]β;T ≤
∫
CβT

(|f0|+[f ]β;T ) d(µ(f)− ν(f))

=

∫
CβT
‖f‖β;T d(µ(f)− ν(f)),

from which (2.6.6) follows.

Lemma 2.6.9. The metric space (CβTP1(Rd), ||| · ; · |||β;T ) is complete.

Proof. From Proposition 2.6.3 we have that (P1(Rd), ‖ · ‖lip∗) is a complete metric

space. Therefore, a minor modification of the usual proof that the space of real

valued α-Hölder functions is complete shows that (CβTP1(Rd), ||| · ; · |||β;T ) is complete.

At last we mention two useful results regarding the interplay between Wasserstein
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distances of time marginals and Hölder regularity of measure valued flows.

Lemma 2.6.10. For any two probability measures µ, ν ∈ P(CβT ), and t ∈ [0, T ], we

have that

W1,Rd(µt, νt) ≤ W1;Rd(µ0, ν0) + T βW1;CβT
(µ, ν). (2.6.7)

Proof. From (2.6.3), for any t > 0, we see that

W1;Rd(µt, νt) = ‖µt − νt‖KR(Rd)

≤ ‖µ0 − ν0‖KR(Rd)+T
β[µ− ν]β;T

≤ W1;Rd(µ0, ν0) + T βW1;CβT
(µ, ν).

The next lemma is a variation of Lemma 2.4.3 for measure valued flows.

Lemma 2.6.11. Let T > 0, α ∈ (0, 1) and µ1, µ2 ∈ P(Cα
T ). Suppose there exists a

constant M > 0 and h ∈ (0, T ] such that for any t ∈ [0, T − h],

W1;Cα
[t,t+h]

(µ1, µ2) ≤M. (2.6.8)

Then

W1;CαT
(µ1, µ2) ≤ W1;Rd(µ1

0, µ
2
0) +M(1 ∨ 2h−1T ). (2.6.9)

Proof. We first note that for µ1, µ2 ∈ P(CαT ) there exists an optimal coupling given

by random variables Y 1, Y 2 ∈ CαT on a common probability space such that

W1;Cα
[t,t+h]

(µ1, µ2) = E
[
‖Y 1 − Y 2‖α;[t,t+h]

]
= E [|Yt − Yt|Rd ] + E

[
[Y 1 − Y 2]α;[t,t+h]

]
,

and in particular,

W1;CαT (µ1, µ2) = E
[
‖Y 1 − Y 2‖α;T

]
=W1;Rd(µ1

0, µ
2
0) + E

[
[Y 1 − Y 2]α;T

]
.
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From (2.6.8) it follows that for any t ∈ [0, T − h],

E
[
[Y 1 − Y 2]α;[t,t+h]

]
≤M

and so in order to conclude it suffices to show that for a given random variable X,

if

E
[
[X]α;[t,t+h]

]
≤M,

uniformly over t ∈ [0, T − h], then

E [[X]α;T ] ≤M
(
1 ∨ 2h−1T

)
.

To this end, we will follow a similar procedure as used in the proof of Lemma 2.4.3.

We begin to observe that

E [[X]α;T ] = E

 sup
0≤s<t≤T
|t−s|<h

|Xs,t|
|t− s|α

+E

 sup
0≤s<t≤T
|t−s|≥h

|Xs,t|
|t− s|α

 ≤M+E

 sup
0≤s<t≤T
|t−s|≥h

|Xs,t|
|t− s|α

 .
To control the second term let us define ti = (s + ih) ∧ t for i ∈ N so that for

N ≥ (t− s)/h, tN = t and |ti+1 − ti|≤ h for all i = {1, . . . , N − 1}. Also note that

since supt∈[0,T−h] E[[X]α;[t,t+h]] ≤ M the random variables [X]α;[t,t+h] is P-a.s. finite.

We therefore have,

E

 sup
0≤s<t≤T
|t−s|≥h

|Xs,t|
|t− s|α

 ≤ E

 sup
0≤s<t≤T
|t−s|≥h

1

|t− s|α
∑

0≤i<(t−s)/h

[X]ti,ti+hh
α


≤

∑
0≤i≤T/h

E [[X]ti,ti+h]

≤ 2h−1TM,

where in the last passage we have used that (1 + T
h

) ≤ 2Th−1. This concludes the

proof.
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Chapter 3

Pathwise Regularisation of

McKean–Vlasov Equations with

Singular Potentials

In this chapter we employ the results on non-linear Young integration discussed

in Section 2.5 and the notions of Hölder continuous measure flows introduced in

Section 2.6 to demonstrate existence, uniqueness and stability for non-linear Young

equations of McKean–Vlasov type. The non-linear Young equations we consider are

generalised examples of (2.3.1) and in Section 3.3 we show how the abstract results

here apply to equations in the form of (2.3.1).

3.1 Well-Posedness and Stability of Distribution

Dependent non-linear Young Equations

For the rest of this section we fix T > 0, (γ, η) ∈
(

1
2
, 1
)
× (0,∞) such that

(η ∧ γ) + γ > 1, (3.1.1)
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and (Ω,F ,P) an abstract probability space. All laws of random variables will be

taken with respect to P. These are the same standing assumptions as those made

at the beginning of Section 2.3.

The equations we consider in this section are of the form

Yt = ξ +

∫ t

0

(Γdr ∗ µr) (Yr) +Bt, µ = L(Y ), (3.1.2)

where Γ ∈ CγTCα(Rd) for some α ≥ 1, is a given function, and the drift term is

rigorously defined in Subsection 3.1.1 below. Throughout this section Γ will be

assumed to be a given space-time function, not necessarily an averaged field of any

particular kernel. In Section 3.3 we show how such Γ can be built from a wide range

of distributions K ∈ S ′(Rd) and local times associated to regularising paths Z ∈ CT .

We fix a solution concept for (3.1.2).

Definition 3.1.1. Let α ≥ 1, Γ : [0, T ] × Rd → Rd be such that Γ ∈ CγTCα(Rd)

and (ξ, B) ∈ L1(Ω;Rd × CηT ), with B0 = 0. Then we say that a random variable

Y : Ω → Cη∧γT is a solution to the non-linear Young equation of McKean–Vlasov

type if for any t ∈ (0, T ] the identity,

Yt(ω) = ξ(ω) +

∫ t

0

(Γdr ∗ µr)(Yr(ω)) +Bt(ω), µ = L(Y ) (3.1.3)

holds for P-a.a. ω ∈ Ω, where the integral is understood as a non-linear Young

integral with measure dependence, properly defined in Lemma 3.1.5.

For any s ∈ (0, T ) and h ∈ (0, T − s], given the interval [s, s + h] ⊂ (0, T ] and

data (xs, B) ∈ L1(Ω;Rd × CηT )[s,s+h] we say that Y : Ω → Cη∧γT is a solution to the

non-linear Young equation on [s, s+ h] if for any t ∈ [s, s+ h] the identity,

Yt(ω) = xs(ω) +

∫ t

s

(Γdr ∗ µr)(Yr(ω)) +Bt(ω)−Bs(ω), µ = L(Y )|[s,s+h], (3.1.4)

holds for P-a.a. ω ∈ Ω.

It is immediate from the definition that any solution to the generalised McKean–
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Vlasov problem (3.1.2) satisfy the semi-group property. More precisely, if for any

s ≤ t ∈ [0, T ] and (ξ, B) ∈ Rd × CηT as above, we let

S[s,t](ξ, B) := ξ +

∫ t

s

Γdr ∗ µr(Yr) +Bt −Bs, µ = L(Y )

then the identity

S[0,t](ξ, B) = S[s,t]

(
S[0,s](ξ, B), B

)
,

holds P-almost surely.

Remark 3.1.2. It follows that ifB is a Markov process on a filtered space (Ω,F , (Ft)t∈[0,T ])

then any solution Y : Ω × [0, T ] → Rd will be too. However, it is also easily seen

that in this setting the solution Y cannot satisfy the strong Markov property, since

the law of the stopped process is not equal to the law of the un-stopped process

evaluated at the random time.

The main result of this section is the following abstract equivalent of Theorem 2.3.2.

Theorem 3.1.3. Let α ≥ 2, Γ ∈ CγTCα(Rd), satisfying the assumptions of Lemma

3.1.7 below, and (ξ, B) ∈ L1(Ω;Rd)×Lp(Ω; CηT ), such that B0 = 0. Then there exists

a unique solution Y ∈ L1(Ω; Cη∧γT ) to the non-linear Young equation of McKean–

Vlasov type, (3.1.2), in the sense of Definition 3.1.1.

Furthermore, if (ξ1, B1), (ξ2, B2) ∈ L1(Ω;Rd) × Lp(Ω; CηT ), for any p ≥ 1, are two

pairs of data, then given the corresponding solutions Y 1, Y 2 ∈ L1(Ω; Cη∧γT ), defining

µ1 = L(Y 1), µ2 = L(Y 2) and for any β ∈ (1− γ, η ∧ γ) choose q = 2−β
γ−β , there exists

a constant

C := C
(
T,E

[
[B1]2qη;T

]
∨ E

[
[B2]2qη;T

]
,Γ, γ, η, β

)
> 0

such that

W1;CβT
(µ1, µ2) ≤ C

(
W1;Rd(L(ξ1),L(ξ2)) +W2;CηT (L(B1),L(B2))

)
. (3.1.5)

Remark 3.1.4. Note here that while the constant C depends only on the 2q moments

of B for q = 2−β
γ−β , since β ∈ (1 − γ, η ∧ γ) is arbitrary q can in fact be arbitrarily
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large hence the requirement for for B, B1, B2 to have all finite moments.

In the remainder of this section we first extend the definition of the non-linear

Young integral to integrands involving functions convolved with the time marginals

of a measure flow. We also obtain stability estimates on the non-linear Young

integral (NLYI) with respect to the measure and spatial trajectory. This is all

done in Subsection 3.1.1. Then we prove Theorem 3.1.3 in two stages; firstly in

Subsection 3.1.2 we freeze a path-measure µ ∈ P1

(
Cη∧γT

)
and demonstrate existence

and uniqueness of solutions Y µ to the dynamics of (3.1.2) with µ fixed. Then using

the stability in measure of the NLYI we show by a fixed point argument the existence

of unique solutions to the full McKean–Vlasov type non-linear Young equation and

the associated stability bound (3.1.5).

3.1.1 Non-Linear Young Integration for Measure Depen-

dent Integrands

We extend the notion of non-linear Young integration to include measure dependent

integrands. We make use of the results presented in Section 2.6. For completeness

we include proofs of many results even if they closely reflect those already obtained

in the literature for NLYI without measure dependence.

Lemma 3.1.5. Let α ≥ 1, Γ : [0, T ] × Rd be in CγTCα(Rd) and be such that for all

s < t ∈ [0, T ] and x, y ∈ Rd

(i) |Γs,t(x)|+|∇Γs,t(x)|. |t− s|γ

(ii) |Γs,t(x)− Γs,t(y)|. |t− s|γ|x− y|.
(3.1.6)

Let β > 0 be such that γ + β > 1 and assume we are given µ ∈ CβTP1(Rd) and

Y ∈ CβT . Then there exists a unique path

t 7→
∫ t

0

(Γdr ∗ µr)(Yr) ∈ Cγ([0, T ],Rd)
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constructed as ∫ t

0

Γdr ∗ µr(Yr) := lim
|D|→0

∑
[u,v]∈D

(Γu,v ∗ µu)(Yu), (3.1.7)

where D is a partition of [0, t] with maximal resolution |D|. Moreover, there exists

a constant C > 0 such that for all s < t ∈ [0, T ]

∣∣∣∣∫ t

s

Γdr ∗ µr(Yr)− Γs,t ∗ µs(Ys)
∣∣∣∣ ≤ C|s− t|γ+β‖Γ‖γ,α

(
[Y ]β;[s,t] + [µ]β;[s,t]

)
. (3.1.8)

Remark 3.1.6. For β < γ the condition γ + β > 1 required by the statement of

Lemma 3.1.5 can be relaxed to the condition γ+β(α∧ 1) > 1, for any α > 0, where

Γ ∈ CγTCα(Rd), see e.g. [64]. However, in subsequent sections we require α ≥ 2 in

order to obtain the necessary stability estimates, see Lemma 3.1.7, so we directly

impose the simpler requirement above.

Proof. We define δufs,t := fs,t− fs,u− fu,t and Ξu,v := Γu,v ∗ µu(Yu), and recall from

the sewing lemma, [46, Lem. 4.2], that if

|Ξu,v|. |v − u|δ1 and |δzΞu,v|. |v − u|δ2 , (3.1.9)

for δ1 ∈ (0, 1) and δ2 > 1, uniformly in z ∈ [u, v], then there exists a unique limit

of the Riemann sums
∑

[u,v]∈D Ξu,v, along a decreasing sequence of partitions D of

[0, t]. In this case there exists a unique function I(Ξ)(t) such that

I(Ξ)(t) := lim
|D|→0

∑
[u,v]∈D

Ξu,v.

We begin by showing the first inequality in (3.1.9). From condition (i) of (3.1.6), Γ

is globally bounded in space and is γ-regular in time, therefore we have that

|Ξu,v|= |Γu,v ∗ µu(Yu)| ≤
∫
Rd
|Γu,v(Yu − y)|µu(dy) ≤ ‖Γ‖γ,α|v − u|γ, (3.1.10)

where we used that µu(Rd) = 1. Thus the first bound in (3.1.9) holds. To prove

the second inequality in (3.1.9), using the additivity of t 7→ Γt, we observe that for

45



u ≤ z ≤ v

δz (Γu,v ∗ µu(Yu)) = Γz,v ∗ (µu − µz)(Yu) + (Γz,v ∗ µz(Yu)− Γz,v ∗ µz(Yz)). (3.1.11)

Considering the second term of (3.1.11), we again use the fact that µt(Rd) = 1 for

all t ∈ [0, T ] to obtain by application of (3.1.6) that

|Γz,v ∗ µz(Yu)− Γz,v ∗ µz(Yz)| ≤
∫
Rd
|Γz,v(Yu − y)− Γz,v(Yz − y)|µz(dy)

≤ sup
y∈Rd
|Γz,v(Yu − y)− Γz,v(Yz − y)|

≤ ‖Γ‖γ,α[Y ]β;[s,t]|v − u|γ+β, (3.1.12)

where we have used that |v − z|∨|z − u|≤ |v − u| in the last line. For the first term

of (3.1.11) we first argue that the function,

Rd 3 y 7→ ϕ(y) :=
1

|v − u|γ‖Γ‖γ,α
Γz,v(Yu − y),

is 1-Lipschitz continuous. Using (ii) of (3.1.6) we directly find, for x 6= y ∈ Rd

|ϕ(x)− ϕ(y)|≤ |v − z|
γ

|v − u|γ
≤ 1,

where we again used that |v − z|∨|u− z|≤ |v − u|. Hence, using (2.6.5),

|Γz,v∗(µu−µz)(Yu)|= |v−u|γ‖Γ‖γ,α
∣∣∣∣∫

Rd
ϕ(y) d(µu − µz)(y)

∣∣∣∣ ≤ |v−u|γ+β‖Γ‖γ,α[µ]β;[s,t].

(3.1.13)

Thus since γ + β > 1 by assumption, we conclude that the integral in (3.1.7) is

well defined. Moreover, again using [46, Lem. 4.2], we directly obtain the inequality

(3.1.8).

In addition to its construction it will be useful to have estimates on the stability of

the non-linear Young integral constructed in (3.1.7) with respect to the path Y and

the measure flow µ. The next lemma establishes these bounds under an additional
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regularity assumption.

Lemma 3.1.7. Let α ≥ 2, Γ : [0, T ] × Rd be in CγTCα(Rd) be such that for all

s < t ∈ [0, T ] and x, y ∈ Rd

(i) |Γs,t(x)|+|∇Γs,t(x)|. |s− t|γ

(ii) |Γs,t(x)− Γs,t(y)|. |s− t|γ|x− y|

(iii) |∇Γs,t(x)−∇Γs,t(y)|. |s− t|γ|x− y|.

(3.1.14)

Let β > 0 be such that γ + β > 1 and M1, M2 > 0. Then assuming we are given

two measure flows µ, µ̃ ∈ CβTP1(Rd), and two paths Y, Ỹ ∈ CβT such that for any

0 ≤ s < t ≤ T , [µ]β;[s,t] ∨ [µ̃]β;[s,t] ≤M1 and [Y ]β;[s,t] ∨ [Ỹ ]β;[s,t] ≤M2, then

∣∣∣∣ ∫ t

s

[Γdr ∗ µr(Yr)− Γdr ∗ µ̃r(Ỹr)]− Γs,t ∗ µs(Ys) + Γs,t ∗ µ̃s(Ỹs)
∣∣∣∣

. |s− t|γ+β‖Γ‖γ,α(1 +M1 +M2) ‖Y − Ỹ ‖β;[s,t]

+ |s− t|γ+β‖Γ‖γ,α(1 +M2) |||µ; µ̃|||β;[s,t]

(3.1.15)

where the integral is interpreted as the non-linear Young integral given in Lemma

3.1.5.

Remark 3.1.8. It is crucial that the pre-factors on the right hand side that do not

depend on the differences µ − µ̃ and Y − Ỹ only depend on the semi-norms in the

relevant quantities. Later this is important in proving existence and uniqueness

results for the non-linear Young equations as it allows us to obtain contraction

bounds independently of the initial data.

Proof of Lemma 3.1.7. Set Ξs,t := Γs,t ∗ µs(Ys)− Γs,t ∗ µ̃s(Ỹs). To prove (3.1.15) we

follow the same strategy as in the proof of Lemma 3.1.5, by invoking the sewing

lemma. Recall from [46, Lem. 4.2], that if for any (s, u, t) ∈ ∆T
3 the following

inequalities are satisfied

|Ξs,t|. |s− t|δ1 and |δuΞs,t|. |s− t|δ2 , (3.1.16)
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for some δ1 ∈ (0, 1) and δ2 > 1, then

∣∣∣∣ ∫ t

s

[
Γdr ∗ µr(Yr)− Γdr ∗ µ̃r(Ỹr)

]
− Γs,t ∗ µs(Ys) + Γs,t ∗ µ̃s(Ỹs)

∣∣∣∣ . [δΞ]δ2;[s,t]|s− t|δ2 ,

where we have used the notation

[δΞ]δ2;[s,t] := sup
(r,u,v)∈∆

[s,t]
3

|δuΞr,v|
|r − v|δ2

.

We begin by splitting Ξ into two functions, setting

Ξ1
s,t := Γs,t ∗ µs(Ys)− Γs,t ∗ µs(Ỹs), Ξ2

s,t := Γs,t ∗ (µs − µ̃s)(Ỹs).

Similar steps as in the proof of the bound (3.1.10) in Lemma 3.1.5 show that the

first bound of (3.1.16) holds for both Ξ1, Ξ2, with δ1 = γ. Therefore we concentrate

on showing that |δuΞ1
s,t| and |δuΞ2

s,t| are both controlled by |s− t|γ+β.

By the fundamental theorem of calculus we can write Ξ1 as

Ξ1
s,t =

∫ 1

0

∇Γs,t ∗ µs(ρYs + (1− ρ)Ỹs) dρ · (Ys − Ỹs).

It is readily checked that for 0 ≤ s ≤ u ≤ t ≤ T

δuΞ
1
s,t =

∫ 1

0

∇Γs,u∗µu(ρYu+(1−ρ)Ỹu) dρ·(Yu−Ỹu)−
∫ 1

0

∇Γs,u∗µt(ρYt+(1−ρ)Ỹt) dρ·(Yt−Ỹt).

By adding and subtracting
∫ 1

0
∇Γs,u ∗µu(ρYu+(1−ρ)Ỹu)dρ · (Yt− Ỹt) in the equality

above, we obtain the two differences

D1
s,u,t =

(∫ 1

0

∇Γs,u ∗ µt(ρYt + (1− ρ)Ỹt) dρ−
∫ 1

0

∇Γs,u ∗ µu(ρYu + (1− ρ)Ỹu) dρ

)
· (Yt − Ỹt)

D2
s,u,t =

∫ 1

0

∇Γs,u ∗ µu(ρYu + (1− ρ)Ỹu) dρ · (Yt − Ỹt − Yu + Ỹu).

Considering D1, we add and subtract the term
∫ 1

0
∇Γs,u ∗µu(ρYt+(1−ρ)Ỹt) dρ, and
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define,

D1,1
s,u,t :=

∫ 1

0

∇Γs,u ∗ (µt − µu)(ρYt + (1− ρ)Ỹt) dρ · (Yt − Ỹt),

D1,2
s,u,t :=

∫ 1

0

(
∇Γs,u ∗ µu(ρYt + (1− ρ)Ỹt)−∇Γs,u ∗ µu(ρYu + (1− ρ)Ỹu)

)
dρ · (Yt − Ỹt)

In order to bound the term D1,1
s,u,t we use a similar argument as we used to obtain

(3.1.13). Using (iii) of (3.1.19) we first see that for any ρ ∈ [0, 1], the map

Rd 3 y 7→ ϕρ(y) :=
1

|t− s|γ‖Γ‖γ,α
∇Γs,u(ρYt + (1− ρ)Ỹt − y),

is 1-Lipschitz continuous. It then follows, again from (2.6.5), that

|D1,1
s,u,t| ≤ |t− s|γ‖Γ‖γ,α

∣∣∣∣∫ 1

0

∫
Rd
ϕρ(y) d(µu − µt)(y) dρ

∣∣∣∣ |Yt − Ỹt|
≤ |t− s|γ+β‖Γ‖γ,α[µ]β;[s,t] ‖Y − Ỹ ‖β;[s,t].

We now bound the D2 term; again using similar steps as in the proof of (3.1.12),

we have

‖D2
s,u,t‖. |t− s|γ+β‖Γ‖γ,α‖Y − Ỹ ‖β;[s,t].

Combining the bounds for D1 and D2 gives

|δuΞ1
s,t|. |t− s|γ+β‖Γ‖γ,α(1 +M1 +M2) ‖Y − Ỹ ‖β;[s,t]. (3.1.17)

Concerning the bound on |δuΞ2
s,t|, we first divide the expression into two parts and

then invoking inequalities similar to (3.1.12) and (3.1.13) we obtain,

|δuΞ2
s,t| . |Γu,t ∗ (µs − µ̃s − µu + µ̃u)(Ỹs)|+|Γu,t ∗ (µu − µ̃u)(Ỹt)− Γu,t ∗ (µu − µ̃u)(Ỹu)|

. |t− s|γ+β‖Γ‖γ,α
(

1 + [Ỹ ]β;[s,t]

)
|||µ; µ̃|||β;[s,t].

(3.1.18)
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So combining (3.1.17) and (3.1.18), we see that

|δuΞs,t| . |t− s|γ+β‖Γ‖γ,α(1 +M1 +M2) ‖Y − Ỹ ‖β;[s,t]+|t− s|γ+β‖Γ‖γ,α(1 +M2) |||µ; µ̃|||β;[s,t].

This shows that the second of the two conditions in (3.1.16) is satisfied, with δ2 =

γ+β > 1. The estimate (3.1.15) then also follows from the sewing lemma, [46, Lem.

4.2].

Corollary 3.1.9. Let α ≥ 2, β > 0, be such that γ + β > 1, M1, M2 > 0 and Γ ∈

CγTCα(Rd), satisfying the assumptions of Lemma 3.1.7. Then, given µ, µ̃ ∈ CβTP1(Rd)

and Y, Ỹ ∈ CβT , such that for any 0 ≤ s < t ≤ T , we have [µ]β;[s,t] ∨ [µ̃]β;[s,t] ≤ M1

and [Y ]β;[s,t] ∨ [Ỹ ]β;[s,t] ≤M2,

∣∣∣∣ ∫ t

s

Γdr ∗ µr(Yr)− (Γdr ∗ µ̃r)(Ỹr)
∣∣∣∣ .γ,β |t− s|γ+β‖Γ‖γ,α(1 +M1 +M2)‖Y − Ỹ ‖β;[s,t]

+ |t− s|γ+β‖Γ‖γ,α(1 +M2)|||µ; µ̃|||β;[s,t]

+ |t− s|γ‖Γ‖γ,α
(
|Ys − Ỹs|+‖µs − µ̃s‖KR

)
.

(3.1.19)

Proof. This follows directly from Lemma 3.1.7 in combination with the triangle

inequality, where we observe that

∣∣∣∣ ∫ t

s

Γdr ∗ µr(Yr)− Γdr ∗ µ̃r(Ỹr)
∣∣∣∣ ≤ ∣∣∣Γs,t ∗ µs(Ys)− Γs,t ∗ µ̃s(Ỹs)

∣∣∣
+

∣∣∣∣ ∫ t

s

[
Γdr ∗ µr(Yr)− Γdr ∗ µ̃r(Ỹr)

]
− Γs,t ∗ µs(Ys) + Γs,t ∗ µ̃s(Ỹs)

∣∣∣∣,
where the estimate for the first term on the right hand side is found by similar

procedures as done in the proof of Lemma 3.1.7, and a bound for the second is given

in (3.1.15).

3.1.2 Existence and Uniqueness under Frozen Measure Flow

The next theorem provides pathwise existence and uniqueness of (3.1.3) in the pres-

ence of a frozen measure flow.
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Theorem 3.1.10. Let α ≥ 2, Γ ∈ CγTCα(Rd), satisfy the assumptions of Lemma

3.1.7, (ξ, B) ∈ L1(Ω;Rd) × L1(Ω; CηT ), with B0 = 0 and µ ∈ P1(Cη∧γT ). Then for

P-a.a. ω ∈ Ω there exists a unique solution Y µ(ω) ∈ Cη∧γT (Rd) to the equation

Y µ
t (ω) = ξ(ω) +

∫ t

0

Γdr ∗ µr(Y µ
r (ω)) +Bt(ω). (3.1.20)

Proof. First, let (Bt)t∈[0,T ] := (Bt(ω))t∈[0,T ] be a realisation of B, finite in CηT and we

define the measure valued flow t 7→ µt ∈ Cγ∧ηT P1(Rd) by setting µt = πt#µ. Then

for any β ∈ (1− γ, η ∧ γ), x ∈ Rd and T̄ ∈ [0, T ] we define the ball in CβT (Rd),

BT̄ ;x :=
{
Y ∈ CβT (Rd) : Y0 = ξ, [Y ]β;T̄ ≤ 1

}
,

We equip BT̄ ;x with the structure of a complete metric space via the Hölder semi-

norm [ · ]β;[0,T̄ ]. Then we define the solution map, ΦT̄ (Y ), by setting, for every

Y ∈ BT̄ ;ξ,

ΦT̄ (Y )t := ξ +

∫ t

0

(Γdr ∗ µr) (Yr) +Bt, for all t ∈ (0, T̄ ].

We first check that there exists a T0 > 0 such that ΦT0 leaves the ball BT0;ξ invariant.

Adding and subtracting the term Γs,t ∗µs(Ys), and then using the fact that we have

γ+β > 1 to invoke the bounds on the non-linear Young integral from Lemma 3.1.5,

for any 0 ≤ s < t ≤ T̄ we have

∣∣∣∣∫ t

s

Γdr ∗ µr(Yr)
∣∣∣∣ ≤ ∣∣∣∣∫ t

s

Γdr ∗ µr(Yr)− Γs,t ∗ µs(Ys)
∣∣∣∣+ |Γs,t ∗ µs(Ys)|

.γ,β |t− s|γ+β‖Γ‖γ,α
(
[Y ]β;T̄ + [µ]β;T

)
+ |t− s|γ‖Γ‖γ,α, (3.1.21)

so that for any Y ∈ BT̄ ;x we have

[ΦT̄ (Y )]β;T̄ .γ,β T̄
γ‖Γ‖γ,α(1 + [µ]β;T ) + T̄ γ−β‖Γ‖γ,α+T̄ η−β[B]η;T . (3.1.22)

Therefore we see that choosing T̄ := T0 > 0 sufficiently small we ensure that
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Φ(BT0;x) ⊆ BT0;x. The initial condition is satisfied due to the positive regular-

ity of the integral and B.

The next step is to show that ΦT̄ is a contraction on BT̄ ;x for some T̄ ≤ T0. For

Y, Ỹ ∈ BT0;x,

[
ΦT (Y )− ΦT (Ỹ )

]
β;T̄

=

[∫ ·
0

[Γdr ∗ µr(Yr)− Γdr ∗ µr(Ỹr)]
]
β;T̄

.

For any 0 ≤ s < t ≤ T̄ , from Corollary 3.1.9, using the fact that Y0 − Ỹ0 = 0 to

replace the norm with the semi-norm, we have

∣∣∣∣ ∫ t

s

[Γdr ∗ µr(Yr)− Γdr ∗ µr(Ỹr)]
∣∣∣∣ .γ,β |s− t|γ+β‖Γ‖γ,α(2 + [µ]η∧γ;T )[Y − Ỹ ]β;T̄

+ |s− t|γ‖Γ‖γ,α|Yt − Ỹt|,

furthermore, for t ∈ [0, T̄ ] we have

|Yt − Ỹt|≤ |Y0 − Ỹ0|+tβ[Y − Ỹ ]β;t,

so, using that Y0 = Ỹ0 = x, we have

∣∣∣∣ ∫ t

s

[Γdr ∗ µr(Yr)− Γdr ∗ µr(Ỹr)]
∣∣∣∣ .γ,β |t− s|γ+β‖Γ‖γ,α(2 + [µ]η∧γ;T )[Y − Ỹ ]β;T̄

+ |t− s|γT̄ β‖Γ‖γ,α[Y − Ỹ ]β;T̄ ,

Taking the β−Hölder semi-norm of both sides we have that

[ΦT̄ (Y )− ΦT̄ (Ỹ )]β;T̄ .γ,β T̄
γ‖Γ‖γ,α

(
1 + [µ]η∧γ;T

)
[Y − Ỹ ]β;T̄ . (3.1.23)

So choosing T̄ = T1 ∈ (0, T0] sufficiently small, Φ is a contraction on BT1;x. It

follows by the Banach fixed point theorem, that there exists a unique solution to

(3.1.20) contained in BT1;x. Furthermore, since the bounds (3.1.22) and (3.1.23) do

not depend on |x|, we may extend the solution to a further time interval by defining
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the new ball BT1+T ;YT1
for T̄ > 0 and then repeating the above arguments. Thus this

solution can be extended to any interval [0, T ] ⊂ R+. Finally, we observe that by

extending (3.1.22) all the way up to β = η ∧ γ we see that the solution constructed

above a is P-measurable mapping Ω 3 ω 7→ Y µ(ω) ∈ Cη∧γT and furthermore that

L(Y µ
0 ) = L(ξ). So the proof is complete.

For later analysis it will be useful to obtain control on the growth of this solution,

Y in Cη∧γT and its law in Cη∧γT P1(Rd). The following lemma collects these controls.

Lemma 3.1.11 (Growth Control). Let α ≥ 2, Γ ∈ CγTCα(Rd), satisfy the assump-

tions of Lemma 3.1.7, µ ∈ P1(Cη∧γT ) and (ξ, B) ∈ L1(Ω;Rd)×L1(Ω; CηT ) with B0 = 0.

Then writing Y µ for the associated solution to (3.1.20), for any β ∈ (1− γ, η ∧ γ),

there exists a deterministic constant C := C(γ, η, β) > 0 and a θ := θ(γ, η, β) > 0

such that for P-a.a. ω ∈ Ω,

[Y µ]β;T (ω) ≤ CT θ (1 + [µ]β;T + [B]η;T (ω))
(
1 ∨ ‖Γ‖2

γ,α

)
. (3.1.24)

In addition, for a new, deterministic constant C := C(γ, η, β) > 0, we have that

[L(Y µ)]β;T ≤ CT θ (1 + [µ]β;T + E[[B]η;T ])
(
1 ∨ ‖Γ‖2

γ,α

)
. (3.1.25)

Proof. We begin by proving (3.1.24). Let h ∈ (0, 1 ∧ T ) and t ∈ [0, T − h] then for

any s ∈ [t, t+ h], we have

|Y µ
s,t|≤

∣∣∣∣∫ t

s

(Γdr ∗ µr)(Y µ
r )

∣∣∣∣+ |Bs,t|.

From (3.1.21) we have that

|Y µ
s,t|.γ,β |t− s|γ+β‖Γ‖γ,α

(
[Y µ]β;[s,t] + [µ]β;T

)
+ |t− s|γ‖Γ‖γ,α+|Bs,t|.

53



Taking the β-Hölder semi-norm, over [t, t+ h], on both sides we obtain that

[Y µ]β;[t,t+h] .γ,β h
γ‖Γ‖γ,α[Y µ]β;[t,t+h] + T γ‖Γ‖γ,α[µ]β;T + T γ−β‖Γ‖γ,α+T η−β[B]η;T .

We define h̄ > 0 by the formula

h̄ :=

(
1

2C‖Γ‖γ,α

) 1
γ

∧ 1 ∧ T, (3.1.26)

with C > 0 the implied proportionality constant above and so it follows that,

[Y µ]β;[t,t+h̄] .γ,β T
γ‖Γ‖γ,α[µ]β;T + T γ−β‖Γ‖γ,α+T η−β[B]η;T .

Applying Lemma 2.4.3 there exists a C := C(γ, η, β) > 0 and a θ := θ(γ, η, β) > 0

such that

[Y µ]β,T ≤ CT θ (1 + [µ]β;T + [B]η;T )

(
1 ∨ ‖Γ‖

1+ 1−β
γ

γ,α

)
.

Since 0 < 1−β
γ
< 1, (3.1.24) follows. To prove (3.1.25), first we observe that

[L(Y µ)]β;T = sup
ϕ∈lip1(Rd)

sup
t 6= s∈[0,T ]

1

|t− s|β

∣∣∣∣∫
Rd
ϕ(y) d (L(Y µ

t )− L(Y µ
s )) (y)

∣∣∣∣
= sup

ϕ∈lip1(Rd)

sup
t 6= s∈[0,T ]

1

|t− s|β
|E [ϕ(Y µ

t )− ϕ(Y µ
s )] |

≤ E [[Y µ]β;T ] , (3.1.27)

where in the penultimate line we used that ϕ ∈ lip1(Rd) and Jensen’s inequality.

Applying (3.1.24) inside the expectation gives (3.1.25).

Remark 3.1.12. Taking θ = 0 and β = η∧γ in (3.1.24) shows that Y µ ∈ L1(Ω; Cη∧γT ).

Obtaining higher moment bounds follows in the same vein, only requiring us to

assume that (ξ, B) ∈ Lp(Ω;Rd)× Lp(Ω; CηT ) and µ ∈ Pp(Cη∧γT ) for the same p ≥ 1.
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3.1.3 Stability of Frozen Measure Flow Solutions

We define the solution map for the frozen measure flow equation, (3.1.20), for every

µ ∈ P1(Cη∧γT ), setting

SµT : Rd × CηT× → C
η∧γ
T

(ξ, B) 7→ Y µ,

(3.1.28)

where Y µ is the solution to the NLYE, (3.1.20), constructed in Theorem 3.1.10.

Lemma 3.1.13 (Stability Control). Let α ≥ 2, Γ ∈ CγTCα(Rd), satisfy the assump-

tions of Lemma 3.1.7, β ∈ (1−γ, η∧γ) and p = 2−β
γ−β . Then let (ξ, B, µ), (ξ̃, B̃, µ̃) ∈

L1(Ω;Rd)× L2p(Ω; CηT )×P1(Cη∧γT ) be two pairs of input triples, such that (ξ − ξ̃) ⊥

(B, B̃), B0 = B̃0 = 0 and suppose there exists a constant M > 0 such that

[µ]β;T ∨ [µ̃]β;T ≤M.

Then setting Y := SµT (ξ, B), Ỹ := Sµ̃T (x̃0, B̃) and defining the strictly positive random

variable

G := (1 +M + [B]η;T ∨ [B̃]η;T ),

there exists a constant C := C(γ, β,‖Γ‖γ,α) > 0 such that for P-a.e. ω ∈ Ω,

‖Y − Ỹ ‖β;T≤ CGpT 2−β
(

[B − B̃]β;T + |||µ; µ̃|||β;T + |ξ − ξ̃|
)

(3.1.29)

Furthermore, we have that

∣∣∣∣∣∣∣∣∣L(Y );L(Ỹ )
∣∣∣∣∣∣∣∣∣
β;T
≤ CT 2−β

(
E [Gp] |||µ; µ̃|||β;T + E

[
G2p
] 1

2 E
[
[B − B̃]2β;T

] 1
2

)
+ (1 + CT 2−βE [Gp])E

[
|ξ − ξ̃|

]
.

(3.1.30)

Proof. For some h ∈ (0, 1), τ ∈ [0, T − h] and s < t ∈ [τ, τ + h], we see that

|Ys,t − Ỹs,t| ≤
∣∣∣∣ ∫ t

s

Γdr ∗ µr(Yr)− Γdr ∗ µ̃r(Ỹr)
∣∣∣∣+ |Bs,t − B̃s,t|. (3.1.31)
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Applying Corollary 3.1.9, and using the definition of G, and θ > 0 from Lemma

3.1.11,

[ ∫
Γdr ∗ µr(Yr)− Γdr ∗ µ̃r(Ỹr)

]
β;[τ,τ+h]

.γ,β h
γ(1 ∨ ‖Γ‖3

γ,α)G
(
‖Y − Ỹ ‖β;[τ,τ+h]+|||µ; µ̃|||β;[τ,τ+h]

)
+ hγ−β‖Γ‖γ,α

(
‖Y − Ỹ ‖∞;[τ,τ+h]+ sup

s∈[τ,τ+h]

‖µs − µ̃s‖KR

)
.

Using the standard bound for supremum and Hölder norms, we have that

‖Y − Ỹ ‖∞;[τ,τ+h]. |Yτ − Ỹτ |+[Y − Ỹ ]β;[τ,τ+h] = ‖Y − Ỹ ‖β;[τ,τ+h],

and similarly we can bound the term sups∈[τ,τ+h]‖µs − µ̃s‖KR. Thus, using that

β < γ, we obtain

[ ∫
Γdr∗µr(Yr)−Γdr∗µ̃r(Ỹr)

]
β;[τ,τ+h]

.γ,β h
γ−β(1∨‖Γ‖3

γ,α)G
(
‖Y − Ỹ ‖β;[τ,τ+h]+|||µ; µ̃|||β;[τ,τ+h]

)
,

where we have used that h < 1. Inserting this bound in (3.1.31) and using that

η > β, it follows that there exists a constant C depending on γ and β such that

[Y − Ỹ ]β;[τ,τ+h] ≤ [B − B̃]β;T + Chγ−β(1 ∨ ‖Γ‖3
γ,α)G

(
‖Y − Ỹ ‖β;[τ,τ+h]+|||µ; µ̃|||β;T

)
,

(3.1.32)

where we have used that h ≤ T . Adding |Yτ − Ỹτ | on both sides of the above

inequality, we have

‖Y − Ỹ ‖β;[τ,τ+h]

≤ [B − B̃]β;T + Chγ−β(1 ∨ ‖Γ‖3
γ,α)G

(
‖Y − Ỹ ‖β;[τ,τ+h]+|||µ; µ̃|||β;T

)
+ |Yτ − Ỹτ |

(3.1.33)

Then we choose h = h̄ ∈ (0, 1 ∧ T ) according to

h̄ =

(
1

2C(1 ∨ ‖Γ‖3
γ,α)G

) 1
γ−β

∧ 1 ∧ T,
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where C > 0 is the proportionality constant in (3.1.33). This gives the bound

‖Y − Ỹ ‖β;[τ,τ+h̄]≤ 2[B − B̃]β;T + |||µ; µ̃|||β;T + 2|Yτ − Ỹτ |.

In order to get a global estimate we first proceed for integer multiple values of

τ = kh̄. For τ = 0 we directly have |Yτ − Ỹτ |= |x− x̃| while for τ = h̄ we have the

bound

|Yh̄ − Ỹh̄|≤ ‖Y − Ỹ ‖β;[0,h̄]≤ 2[B − B̃]β;T + |||µ; µ̃|||β;T + 2|ξ − ξ̃|.

Inserting this, we see that

‖Y − Ỹ ‖β;[h̄,2h̄]≤ 6[B − B̃]β;T + 3|||µ; µ̃|||β;T + 4|ξ − ξ̃|

repeating this argument, using that Y and Ỹ are continuous on [0, T ] and that for

any τ ∈ [0, T − h̄], there exists a k ∈ N such that τ ∈ [kh̄, (k+1)h̄] we may conclude

that on any interval [τ, τ + h̄] ⊂ [0, T ],

‖Y − Ỹ ‖β;[τ,τ+h̄]≤
6T

h̄

(
[B − B̃]β;T + |||µ; µ̃|||β;T + |ξ − ξ̃|

)

Inserting the explicit value for h̄ we find that

‖Y − Ỹ ‖β;[τ,τ+h̄]≤ 6T (2C(1 ∨ ‖Γ‖3
γ,α)G)

1
γ−β

(
[B − B̃]β;T + |||µ; µ̃|||β;T + |ξ − ξ̃|

)

An application of Lemma 2.4.3 then reveals that

‖Y − Ỹ ‖β;T≤ 6(2C(1 ∨ ‖Γ‖3
γ,α)G)

2−β
γ−βT 2−β

(
[B − B̃]β;T + |||µ; µ̃|||β;T + |ξ − ξ̃|

)

By the same argument as used in the derivation of inequality (3.1.27), we have that

∣∣∣∣∣∣∣∣∣L(Y );L(Ỹ )
∣∣∣∣∣∣∣∣∣
β;T
≤ E

[
|ξ − ξ̃|

]
+ E

[
‖Y − Ỹ ‖β;T

]
.
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Then applying (3.1.29) inside the second expectation, using that (x− x̃) ⊥ G due to

the fact that x, x̃ are independent from (B, B̃), and applying Hölder’s inequality,

we obtain (3.1.30).

3.1.4 McKean–Vlasov Fixed Point

We now show that we can close the fixed point µ = L(Y µ) and in doing so obtain a

solution (Y, µ) to the full abstract McKean–Vlasov problem (3.1.2). For p ≥ 1 and

any ν := L(ξ, B) ∈ P1,p(Rd × CηT ) with B0 = 0, we define the map

Ψ(ν, · ) : P1

(
Cη∧γT

)
→ P1

(
Cη∧γT

)
µ 7→ L(Y µ) := SµT#L(ξ, B),

(3.1.34)

for SµT as defined in (3.1.28). Given this set up, we prove the following theorem.

Theorem 3.1.14. Let α ≥ 2, Γ ∈ CγTCα(Rd), satisfy the assumptions of Lemma

3.1.7, β ∈ (1 − γ, η ∧ γ), p = 2−β
γ−β and ν ∈ P1,p(Rd × CηT ) be as above. Then

there exists a unique µ̄ ∈ P1(Cη∧γT ) such that Ψ(ν, µ̄) = µ̄. As a result µ̄ solves the

McKean–Vlasov problem

Yt = ξ +

∫ t

0

(Γdr ∗ µ̄r)(Yr) +Bt, µ̄ = L(Y ). (3.1.35)

Proof. For any t ∈ [0, T ], ν ∈ P1,p(Rd × CηT ) we define the set

Bt :=
{
µ ∈ P1(CβT )|µ0 = ν|Rd , [µ]β;t ≤ 1

}

which is a complete metric space under [ · ]β;t (due to the fact that all elements

start in µ0 = ν|Rd). We first show that there exists a T0 ∈ [0, T ] such that Ψ(ν, · )

leaves BT0 invariant. We let (ξ, B) ∼ ν and Y = SµT (ξ, B). From Lemma 3.1.11,
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specifically (3.1.25) we have

[L(Y )]β;t ≤ Ctθ (1 + E [[B]η;T ])
(
1 ∨ ‖Γ‖2

γ,α

)
,

for some θ := θ(γ, η, β) > 0 and where we used that µ ∈ Bt ensures [µ]β;t ≤ 1. So

choosing T0 > 0 sufficiently small we see that [L(Y )]β;T0 ≤ 1. Furthermore, it is

immediate from the proof of Theorem 3.1.10 that L(Y0) = ν|Rd so we conclude that

Ψ(ν,BT0) ⊆ BT0 .

Now we show that there exists some T1 ∈ (0, T0] such that Ψ(ν, · ) is a contraction

on BT1 . Let µ1, µ2 ∈ BT0 and Y 1 = Sµ
1
(ξ, B), Y 2 = Sµ

2
(ξ, B) be distinct. Then

using (3.1.30), from Lemma 3.1.13, with G := (2 + [B]η;T ) (note that now Y 1 and

Y 2 both starts in ξ with same random noise B, and so the independence condition

(ξ−ξ) ⊥ (B,B) of Lemma 3.1.13 is trivially satisfied), we have that for all t ∈ (0, T0],

∣∣∣∣∣∣∣∣∣L(Y );L(Ỹ )
∣∣∣∣∣∣∣∣∣
β;t

.γ,η,β tγ−βCE [Gp] |||µ; µ̃|||β;t.

Since we assume B is p-integrable we can choose t := T1 ∈ (0, T0] sufficiently small

to obtain that Ψ(ν, · ) is a contraction on BT1 . Applying the Banach fixed point the-

orem it follows that there exists a unique fixed point µ̄ ∈ BT1 such that Ψ(ν, µ̄) = µ̄

on [0, T1].

We now show that we can extend this solution to the whole interval [0, T ]. Note that

both T0 and T1 were chosen independently of ν|Rd , the initial distribution. From

Lemma 3.1.11 we have that µ̄T1 ∈ P1(Rd) and so we can define a new family of sets

in P1(Cβ) by setting

B1
[T1,T1+t] :=

{
µ ∈ P1

(
Cβ[T1,T1+T ]

)
: µT1 = µ̄T1 , [µ]β;[T1,T1+t] ≤ 1

}
,

for any t ∈ [0, T − T1]. We may then repeat the same argument as above, now
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considering the solution map Ψ(µ̄T1⊗ ν|CηT , µ) := Sµ[T1,T1+T ](L(µ̄T1 , B)). Since T1 was

chosen independently of the initial distribution, by the same arguments we obtain

a new fixed point µ̄ ∈ B1
[T1,2T1]. Note that

L(Y µ̄2T1 ) = S
µ̄2T1

[T1,2T1]#µ̄T1 = S
µ̄2T2

[T1,2T2]#S
µT1

[0,T1]#ν,

and thus there exists a unique solution to (3.1.35) on [0, 2T2]. This procedure can

be iterated to any interval [kT1, (k + 1)T1 ∧ T ] ⊂ [0, T ], and so we conclude that

there exists a unique solution to (3.1.35) on [0, T ].

Finally, using Theorem 3.1.10 we see that Y µ̄ ∈ Cη∧γT and so from Lemma 3.1.11 and

Remark 3.1.12 we have that µ̄ ∈ P1(Cη∧γT ). This concludes the proof.

We now define the fixed point map

Ψ̄ : P1,2p(Rd × CηT )→ P1

(
Cη∧γT

)
ν 7→ µ̄ := Ψ̄(ν, µ̄),

(3.1.36)

for p ≥ 1, where µ̄ = Ψ(ν, ν̄), with Ψ defined by (3.1.34).

3.1.5 Stability of the Fixed Point Law

In this section we investigate the stability of the solution to (3.1.35) with respect to

the joint law of the initial data and the driving noise.

First we introduce some notation. Given two probability spaces, (Ω1,F1,P1), (Ω2,F2,P2)

we write E1 (resp. E2) for the expectation over Ω1 (resp. Ω2) with respect to P1

(resp. P2) and E1,2 for the expectation over Ω1 × Ω2 with respect to P1 × P2.

Theorem 3.1.15. Let α ≥ 2, Γ ∈ CγTCα(Rd), satisfy the assumptions of Lemma

3.1.7, β ∈ (1 − γ, η ∧ γ), p = 2−β
γ−β and two possibly different probability spaces

(Ω1,F1,P1), (Ω2,F2,P2). Assume that we are given (ξ1, B1) ∈ L1(Ω1;Rd)×L2p(Ω1; CηT )
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and (ξ2, B2) ∈ L1(Ω2;Rd) × L2p(Ω2; CηT ) such that B1
0 = B2

0 = 0 and (ξ1 − ξ2) ⊥

(B1, B2), with νi = L(ξi, Bi) ∈ P1,2p(Rd × CηT ) for i = 1, 2, and letting µ1, µ2 ∈

P1(Cη∧γT ) be the associated solutions to (3.1.2), then there exists a constant C :=

C
(
E1
[
[B1]2pη;T

]
∨ E2

[
[B2]2pη;T

]
,Γ, γ, η, β

)
> 0 such that

W1;CβT
(µ1, µ2) ≤ C

(
W1;Rd(L(ξ1),L(ξ2)) +W2;CηT (L(B1),L(B2))

)
. (3.1.37)

Proof. We let µi = Ψ̄i(νi), where Ψ̄ is defined by (3.1.36). By Point (ii) of Proposi-

tion 2.6.3 there exist optimal transport plans (m0,m) ∈ Π(ν1|Rd , ν2|Rd)×Π(ν1|CηT , ν
2|CηT )

such that

W1;Rd(ν
1|Rd , ν2|Rd) +W2;CηT (ν1|CηT , ν

2|CηT ) = Em0

[
|ξ1 − ξ2|

]
+ Em

[
[B1 −B2]2η;T

] 1
2 .

Defining

m̄ := m0 ⊗m ∈ P1

(
(Rd × Rd)× (CηT × C

η
T )
)
,

using the definition of 1-Wasserstein distance on Cβt , and since P1(Cηt ) ⊂ P1(Cβt ), we

have that

W1;Cβt
(L(Y 1),L(Y 2)) ≤ Em̄

[
‖Y 1 − Y 2‖β;t

]
, for any t ∈ [0, T ] (3.1.38)

Using Lemma 3.1.11, specifically (3.1.25), for i = 1, 2, any t ∈ (0, T ], and some

θ := θ(γ, η, β) > 0, we have that

[µi]β;t ≤ Ctθ
(
1 + [µi]β;t + Ei

[
[Bi]η;T

]) (
1 ∨ ‖Γ‖2

γ,α

)
.

So now, choosing t = T0 ∈ (0, T ] defined by

T0 :=

(
1

2C (1 ∨ ‖Γ‖γ,α)

) 1
θ

,
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we see that, for a new constant C := C(Γ, γ, β) > 0

[µi]β;T0 ≤ C
(

1 + Ei
[[
Bi
]
η;T

])
, for i = 1, 2. (3.1.39)

We now define the strictly positive random variable on (Ω1,F1,P1)× (Ω2,F2,P2),

G :=
(

1 + E1
[[
B1
]
η;T

]
∨ E2

[[
B2
]
η;T

]
+ [B1]β;T ∨ [B2]β;T

)
≥ 1.

Note in particular that both G and T0 are independent of initial data ξ1, ξ2. So,

using that (ξ1−ξ2) ⊥m G, and applying (3.1.29) of Lemma 3.1.13, for any t ∈ [0, T0],

we have that

Em̄
[
‖Y 1 − Y 2‖β;t

]
.γ,η,β,α,Γ t

2−βEm [Gp]
∣∣∣∣∣∣µ1;µ2

∣∣∣∣∣∣
β;t

+ T 2−βEm
[
G2p
] 1

2 Em
[
[B1 −B2]2η;T

] 1
2

+ Em [Gp]Em0

[
|ξ1 − ξ2|

]
.

Note that Em denotes an integration over the product space Ω1×Ω2. From Theorem

2.6.8, we have that

∣∣∣∣∣∣µ1;µ2
∣∣∣∣∣∣
β;t
≤ W1;Cβt

(µ1, µ2),

so in turn

Em̄
[
‖Y 1 − Y 2‖β;t

]
.γ,η,β,α,Γ t

2−βEm [Gp]W1;Cβt
(µ1, µ2) + T 2−βEm

[
G2p
] 1

2 Em
[
[B1 −B2]2η;T

] 1
2

+ Em [Gp]Em0

[
|ξ1 − ξ2|

]
,

where σ = σ(γ, η, β) > 0 is the same as in Lemma 3.1.13. Now choose t = T1 ∈

(0, 1 ∧ T0) according to

T1 :=

(
1

2C(1 ∨ ‖Γ‖4
γ,α)Em [Gp]

) 1
2−β

∧ 1 ∧ T0,

where C := C(γ, η, β) > 0 is the proportionality constant above. So then using
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(3.1.38), we have, for a new constant C := C(T,Γ, γ, η, β) > 0,

W1;CβT1

(µ1, µ2) ≤ C
(
Em
[
G2p
] 1

2 Em
[
[B1 −B2]2η;T

] 1
2 + Em [Gp]Em0

[
|ξ1 − ξ2|

])
.

So then we chose m̄ = m0 ⊗m to be the optimal transport for ν1, ν2, we have that

W1;CβT1

(µ1, µ2) ≤ CEm
[
G2p
] 1

2

(
W1;Rd(ν

1|Rd , ν2|Rd) +W2;CηT (ν1|CηT , ν
2|CηT )

)
,

(3.1.40)

where we used the ordering of moments for the second expectation. Since T0, T1

were chosen independently of ν1|Rd and ν2|Rd , we can iterate this procedure to find

that on the interval [T1, 2T1], where now ν1 := L(Y 1
T1
, B1) ∈ P1,2p(Rd × CηT ) and

ν2 := L(Y 2
T1
, B2) ∈ P1,2p(Rd × CηT ) we have

W1;Cβ
[T1,2T1]

(µ1, µ2) ≤ CEm
[
G2p
] 1

2

(
W1;Rd(L(Y 1

T1
),L(Y 2

T1
)) +W2;CηT (ν1|CηT , ν

2|Cη2 )
)
.

(3.1.41)

From Lemma 2.6.10 we have that

W1;Rd(L(Y 1
T1

),L(Y 2
T1

)) ≤ W1;Rd(L(ξ1),L(ξ2)) + T β1W1;CβT1

(µ1, µ2)

so inserting (3.1.40) in the above inequality yields that, for a new constant C :=

C(T, T1,Γ, γ, η, β), we have

W1;Cβ
[T1,2T1]

(µ1, µ2) ≤ CEm[G2p]
(
W1;Rd(L(ξ1),L(ξ2)) +W2;CηT (ν1|CηT , ν

2|Cη2 )
)
.

We can repeat this procedure for any interval [kT1, (k + 1)T1] ⊂ [0, T ], to give,

W1;Cβ
[kT1,(k+1)T1]

(µ1, µ2) ≤ CEm[G2p]
k+1

2

(
W1;Rd(L(ξ1),L(ξ2)) +W2;CηT (ν1|CηT , ν

2|Cη2 )
)
.

Since there are only finitely many intervals of this kind inside [0, T ] this estimate

can be made uniform in k and using the continuity of the measure flow, also to any

sub-interval of [0, T ] of length T1. Therefore, Lemma 2.6.11 implies that there exists
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a constant C = C(T, T1,Em[G2p],Γ, γ, η, β) > 0 such that

W1;CβT
(µ1, µ2) ≤ C

(
W1;Rd(L(ξ1),L(ξ2)) +W2;CηT (L(B1),L(B2))

)
,

which concludes the proof.

3.2 Mean Field Limit of the Abstract Particle

System

We apply the results of the previous section to show convergence of the non-linear

Young particle system,

Y i
t = ξi +

1

N

N∑
j=1

∫ t

0

Γdr(Y
i
r − Y j

r ) +Bi
t, (3.2.1)

for i = 1, . . . , N to (3.1.2). As in [27] we only assume convergence in law of the

idiosyncratic noise vectors (Bi
t)i=1,...,N to some Bt. That is we do not require any

independence or exchangeability of the vectors (Bi
t)i=1,...,N , although of course either

or both could be ingredients to showing the convergence. Our approach makes use

of a trick of Tanaka, [103], which was also employed in [27]. The idea is to re-cast the

mean field approximation as a stability result by a transformation of the underlying

probability space.

As in the introduction to [21] and Section 3 of [27], we begin by building, for any

N ≥ 1, the probability space (ΩN ,FN ,PN), by setting,

ΩN := {1, . . . , N}, FN := 2ΩN , PN :=
1

N

N∑
i=1

δi.

where 2ΩN is the power set of ΩN and δi is the Kronecker delta. So we can easily

identify any N -tuple, (Y i)i=1,...,N ⊂ EN with a random variable Y (N) : ΩN → E

defined such that Y (N)(i) = Y i. Furthermore, the law of Y (N) as an E valued
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random variable, on (ΩN ,FN ,PN) is given by the empirical measure,

LN
(
Y (N)

)
:=

1

N

N∑
i=1

δYi ,

where the delta is now a Dirac mass on E. Using this construction we can associate

to the random vectors

(ξ(N), B(N)) = ((ξ1, B1), . . . , (xN , BN)) ∈ (Rd×CηT )N and Y (N) = (Y 1, . . . , Y N) ∈ (Cγ∧ηT )N

the empirical measures

LN(ξ(N), B(N)) ∈ P1(Rd × CηT ) and LN(Y (N)) ∈ P1(Cη∧γT )

which define their laws on (ΩN ,FN ,PN). From this point of view we can rewrite

the particle system (3.2.1) in the more familiar form

Y
(N)
t = ξ

(N)
0 +

∫ t

0

(
Γdr ∗ LN(Y (N))r

)
(Y (N)

r ) +B
(N)
t . (3.2.2)

We refer to equation (3.2.2) as the empirical McKean–Vlasov problem. Now we state

and prove the following theorem, which is essentially Theorem 21 of [27] modified

to our setting.

We fix T > 0, (Ω,F ,P) an abstract probability space, γ, η as in (3.1.1), α ≥ 2

and Γ ∈ CγTCα(Rd) satisfying the assumptions of Lemma 3.1.7. Then we have the

following mean field approximation result.

Theorem 3.2.1. Let β ∈ (1−γ, η∧γ), p = 2−β
γ−β and ν = L(ξ, B) ∈ P1,2p(Rd×Cη∧γT )

be such that B0 = 0 and ξ ⊥ B. For any N ∈ N also assume we have
(
ξ

(N)
0 , B(N)

)
∈

L1(Ω;RNd) × L2p(Ω; (CηT )N) a family of random variables with B
(N)
0 = 0. Then the

following statements hold:

(i) For every N ∈ N and P-a.a. ω ∈ Ω there exists a unique solution Y (N)(ω) ∈

65



(Cη∧γT )N to the empirical McKean–Vlasov problem, (3.2.2). Furthermore the

mapping ω 7→ Y (N)(ω) is F measurable.

(ii) There exists a Y ∈ P1(Cη∧γT ) such that for P-a.a. ω ∈ Ω, Y (ω) solves the

dynamics of (3.1.35).

(iii) There exists a constant C := C
(
T,Γ,E

[
[B]2pη;T

]
∨ E

[
EN
[
[B(N)]2pη;T

]]
, γ, η, β

)
>

0, such that for all N ≥ 1, P-a.s. we have the bound

W1;CβT

(
LN(Y (N))(ω),L(Y )

)
≤ C

(
W1;Rd

(
LN(ξ

(N)
0 )(ω),L(ξ)

)
+W2;CηT

(
LN
(
B(N)

)
(ω),L(B)

))
.

(3.2.3)

Remark 3.2.2. The independence condition ξ ⊥ B imposed in Theorem 3.2.1 is a

consequence of the independence condition (ζ − ξ) ⊥ (B̃, B) required by Theorem

3.1.15, where ζ ∼ L(ξ(N))(ω) and B̃ ∼ L(B(N))(ω). Since we fix ω ∈ Ω for the

random variables (ξ(N), B(N)), treating them as random variables on the space ΩN

defined below, amounts to requiring ξ ⊥ B w.r.t. P.

Proof. The existence and uniqueness statements of points (i) and (ii) are direct con-

sequences of Theorem 3.1.14 with inputs (ξ
(N)
0 , B(N)) and (ξ, B) on the probability

spaces (ΩN ,FN ,PN) and (Ω,F ,P) respectively. The requirement that LN(ξ
(N)
0 , B(N)) ∈

P1,2(ΩN ; (Rd × CηT )N) is seen to be satisfied since for P-a.a. ω ∈ Ω

EN
[
|ξ(N)

0 (ω)|
]

+ EN
[
[B(N)(ω)]2η;T

]
=

1

N

N∑
i=1

|ξi(ω)|+ 1

N

N∑
i=1

[Bi(ω)]2η;T <∞.

The measurabillity assertion of point (i) follows from the continuity of the solution

map Ψ̄N : PN1 (Rd × CηT ) → PN1 (CηT ), so that ω 7→ LN(Y (N)(ω)) is F measurable so

that in turn ω 7→ Y (N)(ω) = SLN (Y (N)(ω))(ξ
(N)
0 (ω), B(N)(ω)) is also F measurable.

The mean field approximation result of (iii) now follows directly from Theorem 3.1.15.
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3.3 Proofs of Main Results

We collect the proofs of Theorem 2.3.2, Theorem 2.3.5 and Corollary 2.3.9. We com-

bine the results of, for example [64] or [48], which ensure the existence of sufficiently

regularising paths, with the abstract results of, Theorem 3.1.3 and Theorem 3.2.1,

along with the preliminary results from Section 2.6.

Proof of Theorem 2.3.2. In order to prove Theorem 2.3.2 we need to ensure that

given K ∈ Bσq,r(Rd) there exists a Zt ∈ C([0, T ];Rd) such that

Γs,t := K ∗ Ls,t,

satisfies the requirements of Theorem 3.1.3. This can be done using the results of

[64], or [48]. More specifically, from Proposition 2.5.7 we see that we can choose

t 7→ Zt to be an fBm with Hurst parameter sufficiently low.

Proof of Theorem 2.3.5. In order to prove Theorem 2.3.5, with Γs,t := K ∗ Ls,t as

above, it suffices to apply Theorem 3.2.1. Since by assumption

lim
N→∞

W1;Rd×CηT

(
LN(ξ

(N)
0 , B(N)),L(ξ, B)

)
= 0,

it follows from (3.2.3) that for any β ∈ (1−γ, γ∧η) we haveW1;CβT
(LN(Y (N)),L(Y ))→

0 as N → ∞. Then, applying Proposition 2.6.3 we obtain weak convergence of

LN(Y (N)) to L(Y ).

Proof of Corollary 2.3.9. Let K ∈ S ′(Rd) be a homogeneous distribution of order

σ < 0 (see Def. 2.4.8) and Z ∈ C([0, T ];Rd) distributed according to the law of

an fBm with Hurst parameter H ∈ (0, 1) on a separate probability space (Ω̃, F̃ , P̃).

So then from Proposition 2.4.6 and Remark 2.4.7, for any ε > 0 we have that

K ∈ Bσ+ d
2
−ε

2,2 = Hσ+ d
2
−ε. From Proposition 2.5.7 we see that for Γ the averaging

operator associated to Z, there exists a set of full measure Ñ ⊆ Ω̃ such that for

all ω̃ ∈ Ñ , ΓK(ω̃) ∈ CγTC
σ+ 1−γ

H
−d( 1

2
−γ) for any γ ∈

(
1
2
, 1
)
. Since we assume that B
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takes values in C1/2−ε
T for any ε > 0, almost surely, we have 1/2− ε+ γ > 0 for any

γ ∈
(

1
2

+ 2ε, 1
)
. So then for all H < 1

4−2σ
we have that ΓK ∈ CγTCα for some α > 2,

γ ∈ (1/2, 1) and so the results of Theorems 2.3.2 and 2.3.5 both apply.
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Chapter 4

Conclusions and Open Questions

We discuss some applications of our results in more detail and some further questions

below.

4.1 Applications Involving Homogeneous Kernels

In the preceding chapter we demonstrated a regularisation by noise result for gen-

eralised McKean–Vlasov equations. Our particular focus has been on McKean–

Vlasov equations with homogeneous interaction kernels. Many physically relevant

McKean–Vlasov models involve interaction kernels given by homogeneous distribu-

tions of negative order. Using Corollary 2.3.9 we now exhibit some classical examples

to which our method applies along with the necessary upper bound on the Hurst

parameter of the regularising path.

(i) Coulomb Potential: Typically used in the Keller–Segel model for chemo-

taxis and mean field models of plasma dynamics and gravitational dynamics.

One has

K(x) ∼


sign(x), d = 1,

x
|x|d , d ≥ 2.

In this case, choosing a fixed sign in front of the kernel often leads to diverging

behaviours. With a positive sign, the interaction is referred to as repulsive
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and with a negative sign it is referred to as attractive or gravitational. As a

general rule, the repulsive equation is better behaved although this is not a

rigorous statement. For example the Fokker–Planck equation associated to the

mean field limit in the repulsive case is globally well-posed in all dimensions.

In d = 1 it is likely that the propagation of chaos result could be achieved by

more direct means than ours in both repulsive and attractive cases, [67, 76].

Well-posedness of the limiting equation is well-known without regularisation

in one dimension, irrespective of sign choice, [70, 95]. For d ≥ 2 there are cur-

rently no known propagation of chaos results for the McKean–Vlasov system

with the full kernel. In [53] the authors obtain propagation of chaos in two

dimensions for K(x) ∼ 1
|x|α with α ∈ (0, 1). In [65, 66] the authors obtain well-

posedness and propagation of chaos results for the Keller–Segel model with the

full kernel approximated by a cut-off. They also obtain a weaker convergence

result, without propagation of chaos, similar to that of [44] for the full kernel.

In our setting, since the kernel is homogeneous of order σ = −d+1, our results

hold with H < 1
2+2d

with Z drawn independently of K.

(ii) Biot–Savart Law: Applied in the vorticity formulation of Euler and Navier–

Stokes equations in d = 2.

K(x) ∼ x⊥

|x|2
, x⊥ := (−x2, x1).

Since the kernel scales like the Coulomb potential in 2-dimensions our results

hold for the same range of H. However, in this instance, due to the rota-

tional structure of the kernel more is known in the un-regularised case. Well-

posedness of the limiting equation is known in both the viscous and inviscid

cases, [85]. In [43] the authors obtain propagation of chaos for the viscous

vortex model - which corresponds in our setting to taking B a standard Brow-

nian motion. A quantitative propagation of chaos result is also obtained in
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this setting in [75]. For the non-viscous model well-posedness of the particle

system and propagation of chaos is shown in [85] for Lebesque almost all initial

configurations.

(iii) Power Law Potentials: Generalising the Coulomb potential are power law

potentials of the kind

Kα(x) ∼ 1

|x|α
, α > 0.

Common applications are in Cucker–Smale flocking models, [45, 23], in the

Hartree–Fock approximation of many body quantum systems, [54] and in

crystallisation models, see (v) below, amongst others. Here our results ap-

ply with H < 1
4+2α

for Z drawn independently of K. In this more general

case some results are known in the un-regularised case. For the many body

quantum system - which is quite different from our setting as it concerns the

mean field of N PDEs, rather than O/SDEs - propagation of chaos holds for

K ∈ L2
loc(Rd)∩C(Rd\{0}), [55, Thm. 1.10.2]. In the case of SDEs, the results

of [53], already discussed, prove the propagation of chaos for α ∈ (0, 1) with

d = 2. Finally we mention that with additional assumptions, kernels of this

type are incorporated into the framework of [75] which obtains propagation of

chaos results.

(iv) The Dirac: Setting

K(x) ∼ δ0(x),

our results apply with H < 1
4+2d

with Z drawn independently of K. In [101],

Sznitman studied a particle approximation of the one dimensional Burgers

equation with the Dirac interaction kernel as the interaction kernel. Prop-

agation of chaos and well-posedness results were shown in this case without

additional regularisation.

(v) The Lennard–Jones Potentials: Applied in particle simulations of crys-
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tallisation, [37, 104], the family of interactions

Kp,2p(x) ∼ |x|−2p−2|x|−p, p > 0,

are known as Leonard–Jones potentials. Formally, these kernels converge to

the Heitmann–Radin kernel

KHR(x) :=


∞, |x|< 1,

−1, |x|= 1,

0, |x|> 1.

Intuitively speaking, KHR acts to separate particles at distance 1 from each

other. The typical approach to theories of crystallisation is to study static min-

imizers of the free energy associated to the interaction, [39, 37, 104]. Therefore

these models do not directly fit into our framework, however, we propose it

might be interesting to consider dynamic approximations to crystalline struc-

tures, using our regularisation by noise approach. Using the Leonard–Jones

potential, for fixed p > 0 our results apply with H < 1
4+2p

and Z independent

of K. In this setting we may vary p ∈ [pmin, pmax] without changing Z provided

we choose H < 1
4+pmax

.

4.2 Open Questions

We now comment on some open questions following on from the results presented

so far.

4.2.1 Vanishing Regularisation

As mentioned in Section 2.3 in the setting presented we only obtain approximate

stability for the true solution to the McKean–Vlasov problem. More precisely, if we
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introduce a small parameter ε > 0 and define the regularised problem


dXε

t = (K ∗ µt)(Xε
t ) dt+ dBt + ε dZt,

µt = L(Xt − εZt),

X0 ∼ L(x0),

(4.2.1)

then for (x1
0, B

1), (x2
0, B

2) two pairs of input our result gives,

W1;CT (L(Xε;1),L(Xε;2)) ≤ C(ε)
(
W1;Rd(L(x1

0),L(x2
0)) +W2;CηT (L(B1),L(B2))

)
+ ε‖Z‖CT ,

where, if K ∈ Bα∞,∞ for α < 2, the constant C(ε) → ∞ as ε → 0. As a result

we stress that we do not obtain the full mean field limit in the presence of singular

kernels.

However, it would be natural to ask if in more specific situations it would be possible

to control this loss of stability, or indeed remove the parameter entirely. For example,

in some of the cases outlined above, although the kernel may be singular, the mean

field limit problem is well-posed and it is only the finite particle system that may

be ill-posed. The regularised particle system, for i = 1, . . . , N ,

X i
t = xi0 +

1

N

N∑
j=1

∫ t

0

K(X i
r −Xj

r − ε(N)Zr) dr +Bi
t + ε(N)Zt, (4.2.2)

with K(x) = ±χ x
2π|x|2 , corresponds to a regularisation of either the repulsive or

attractive Keller–Segel model. In the repulsive case, or for χ < 8π in the attractive

case, the Fokker–Planck equation associated to the mean field equation is known to

be globally well-posed. In either of these cases therefore it is reasonable to expect

the particle system to converge as well, [44]. Therefore, it would be interesting to

ask if, in our setting, we could let ε(N)→ 0 as N →∞ in (4.2.2).
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In a similar direction, for some models mean field approximation results have been

obtained with a vanishing cut-off approximation of the kernel. In these situations

the typical desired rate of cut-off is proportional to N−
1
d which is the average dis-

tance between N uniformly distributed particles in a d-dimensional box. Although

our approximation does not correspond to a sharp cut-off of the equation, if we

renormalise the parameter, setting ε̄ = ε
‖Z‖CT

for Z and T > 0 fixed, then the per-

turbation has most effect for particles at distance no more than ε̄ ∈ (0, 1). This

motivates studying the stability of the system (4.2.2) with ε(N) ∼ N−
1
d .

4.2.2 Particles with Idiosyncratic Regularising Paths

The fact we only obtain approximate stability for the true solutions X is due do

the additional perturbation we make inside the law in (4.2.1). This perturbation

is necessary as without it the regularising path Z would be cancelled out in the

equation for Y . This is similar to the observed fact that identical common noise

cannot regularise particle systems, it simply shifts the points of collision to random

locations. In the classical propagation of chaos results for trajectories driven by i.i.d

Brownian motions, the interaction is smoothed by the rough individual trajectories

that average out in the mean field limit to a single average noise. Extending this

idea to our setting, it would be interesting to consider the particle system

X i
t = xi0 +

1

N

N∑
j=1

∫ t

0

K(X i
r −Xj

r ) dr + Zi
t , for i = 1, . . . , N, (4.2.3)

where we have absorbed the Bi into Zi. Writing Y i := X i−Zi gives the new system

Y i
t = xi0 +

1

N

N∑
j=1

∫ t

0

K(Y i
r − Y j

r − Zi
r − Zj

r ) dr, for i = 1, . . . , N. (4.2.4)

Then, using the formalism of averaged fields we define Li,j to be the local time of

the process Zi − Zj and let Γi,jK = K ∗ Li,j be the associated averaged field. So
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writing (4.2.4) as a non-linear Young integral we have

Y i
t = xi0 +

1

N

N∑
j=1

∫ t

0

Γi,jdrK(Y i
r − Y j

r ), for i = 1, . . . , N. (4.2.5)

For fixedN and (Zi)Ni=1 drawn independently from a suitable distribution, the system

(4.2.5) is seen to be well posed. However, the stability of these solutions, with respect

to the vector of general drivers appears to be a very difficult question. Obtaining such

a result would mirror the propagation of chaos for particles driven by idiosyncratic

Brownian noise as in [101].

4.2.3 Second Order Systems

Finally we mention an extension that is likely to be simpler than the previous two.

For many physical systems it is in fact more natural to model particles in position

and velocity rather than just position as we have done so far. A typical example is

the Vlasov–Poisson system for which the N -particle dynamics are written


dX i

t = V i
t dt,

dV i
t = 1

N

∑N
j=1K(X i

t −X
j
t ) dt for i = 1, . . . , N,

(4.2.6)

with the kernel of most interest being the Coulomb potential. The system (4.2.6) can

be adapted to fit into our existing framework, by defining the phase space variable

W i
t = (X i

t , V
i
t ) ∈ R2d and viewing the interaction as a kernel with support only

in the space variable. However, this ignores the second order structure of (4.2.6).

Since the singular interaction takes as input the spatial variable, but acts on the

velocity variable, the dynamics of (4.2.6) are in a sense less singular than those

for the corresponding first order system. For example propagation of chaos results

have been attained for the Vlasov–Poisson system with quantitative cut-off, [83, 68]

without any Brownian forcing, as compared with the Keller–Segel model which is a

McKean–Vlasov system and no such result has been obtained. It would therefore be
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interesting to explore how our method of regularisation would apply for second order

systems and possibly to understand if the same well-posedness and propagation of

chaos results can be achieved using less irregular paths.
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Part II

Convection-Diffusion SPDEs with

Additive Space-Time White Noise
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Chapter 5

Introduction

In this half of the thesis we study a class of convection-diffusion SPDEs on Td, forced

by additive space-time white noise and with non-local dependence in the convection

term. The prototypical equation we consider is formally written


∂tu−∆u = ±χ∇ · (um−1∇ρu) + ξ, on R+ × Td,

−∆ρu = Pu, on Td,
(5.0.1)

where ξ is a spatially mean free space-time white noise defined in Section 5.4.1 be-

low. Regarding the convection term, χ > 0 is a positive constant and m ∈ N≥2

is a positive integer. When m is even we interpret the power by the expression

um−1 = |u|um−2. On the right hand side of the elliptic equation, Pu denotes the

projection to the periodic functions with zero mass on Td. As per the discussion

presented in Section 5.4.1 below, we cannot expect (5.0.1) to be well posed in any

space of positive regularity when d ≥ 2. Therefore, in this case we must give proper

meaning to the non-linear term um−1∇ρu. We handle this issue with regards to local

well-posedness when d = 2 in Chapter 7 and discuss possible approaches to local

well-posedness in higher dimensions in Chapter 8.

Before discussing some motivations for studying (5.0.1) we note some interesting

features of the equation. Firstly, due to the non-local term, while it is reasonable to
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expect solutions to be Markov processes in time, we cannot expect the solution to

obtain a space-time Markov property as has recently been observed in the case of

reaction diffusion SPDEs with polynomial non-linearities, [90, 89, 25]. However, we

do expect some features of reaction diffusion SPDEs to hold for (5.0.1). Expanding

the non-linear term, assuming for now that all terms are sufficiently regular, we have

±χ∇ · (um−1∇ρu) = ∓χum−1Pu±∇um−1 · ∇ρu.

Therefore, as in the case of reaction-diffusion type SPDEs, we expect different global

behaviour of the equation depending on the sign choice ±χ. In accordance with the

connection between (5.0.1) and interacting particle systems discussed below we refer

to the choice +χ as the repulsive regime and −χ as the attractive regime. In general

we expect the repulsive equation to enjoy some damping properties and in Chapter

6 we demonstrate that for d = 1 and m = 3 the first equation of (5.0.1) in fact

does come down from infinity. However, we also note that due to the additional

transport term the non-linearity does not define a dissipative mapping in any L2

type space. This is a possible explanation for the apparent difficulty in extending

the global well-posedness result to d = 2, as discussed in Chapter 7. The behaviour

of the attractive equation is more subtle and we have not been able to establish

conclusive results. Comparison with the deterministic PDE analogues suggest that

at least for d = 1 we might still expect global well-posedness when m = 2 but that

this should fail for higher dimensions and higher powers.

5.0.1 The Keller–Segel Model of Chemotaxis

The system (5.0.1) is closely related to the Keller–Segel model for chemotaxis. In-

troduced in [79], the Keller–Segel model was proposed as an effective description for

large collections of cellular sized objects moving in suspension according to a mean

field chemical potential. A canonical example is the motion of white blood cells

around a wound or infection. In general the cells move randomly throughout the
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body, however, upon encountering foreign bodies the cells secrete a chemical that

draws more white blood cells to that location. The Keller–Segel system models both

the chemical secretion and cellular motions as diffusion equations, with the chemical

density driven by the cell density and cell motion driven by the resulting chemical

potential. A minimal version of the system can be written


∂tu− σ1∆u = ±χ∇ · (u∇c), on R+ × Td

∂tρ− σ2∆ρ = Pu− ρ, on R+ × Td,

u|t=0= u0, ρ|t=0= ρ0, on Td.

(5.0.2)

The system (5.0.2) is referred to as the parabolic-parabolic Keller–Segel model and

a discussion of its properties and variants can be found in [69]. In many cases it

is reasonable to assume that the diffusion of the chemical potential occurs on a

significantly faster time scale than that of the cells themselves and this leads to the

even simpler parabolic-elliptic Keller –Segel system


∂tu−∆u = ±χ∇ · (u∇ρu), on R+ × Td,

−∆ρu = Pu, on Td,

u|t=0= u0, on Td.

(5.0.3)

Equipped with non-negative initial data integrating to 1, (5.0.3) is naturally inter-

preted as a McKean–Vlasov equation for the cellular density u(t, x). Furthermore,

(5.0.3) arises in other contexts as a model for planetary dynamics, [12, 13]. We note

that when m = 2 and ξ ≡ 0, for non-negative initial data (5.0.1) is exactly (5.0.3),

so we can think of our SPDE as a stochastic generalisation of this model. The study

of the deterministic systems (5.0.2) and (5.0.3) has been an active area of research

since their proposal in the early 70′s. Comprehensive surveys are given in [69] and

[97]. Focussing on the parabolic-elliptic equation we summarise the main known

properties, referring to [70, 16, 97, 30, 14] for more details. We assume u0 ≥ 0,∫
Td u0 = 1 and by implication u0 ∈ L1(Td). Many of the properties below rely on
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the propagation of both the mean and the L1 norm in this setting.

• Formally any solution to (5.0.3) decreases the energy

E [ut] :=

∫
Td
ut lnut ±

χ

2

∫
Td
utρut , (5.0.4)

and (5.0.3) can be viewed as a gradient flow in the space of probability mea-

sures with respect to E , in the sense of Otto [96, 14].

• In d = 1 the system (5.0.3) is globally well-posed independent of χ > 0 and the

sign choice, [69, 95]. Only the attractive equation displays non-trivial stable

solutions.

• For d ≥ 1 the repulsive equation is globally well-posed independent of χ and

the sign choice. The only stable solutions are the constant solutions and they

are global attractors for (5.0.4). However, variant or hybrid models can display

more novel behaviour, for example [78, 26].

• In d = 2 the attractive equation is globally well-posed for χ < 8π and blows-up

in finite time for χ > 8π. The behaviour when χ = 8π is discussed in [15].

• For d = 3 global behaviour of the attractive equation is not determined by

χ > 0 alone. Regarding well-posedness, there exists a threshold K∗(χ) > 0

such that if ‖u0‖L3/2< K∗ then global smooth solutions exist, while for u0

failing this condition and also satisfying a moment condition, solutions blow-

up in finite time is known, see [97, Sec. 2.1] and [30]. It is an open question to

establish a global well-posedness/blow-up dichotomy as is known for the two

dimensional case.

The difference in behaviour across dimension, not observed in polynomial reaction

diffusion equations, arises due to the decreasing integrability of the Coulomb poten-

tial in higher dimensions. Let ∇G ∼ |x|d−1, denote the Coulomb potential on Td,

so that we may write ∇ρu = ∇G ∗ u. We have ∇G ∈ Lp(Td) for all p < d
d−1

, which
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is decreasing in d. The L∞ bound when d = 1 is crucial in the proof of global well-

posedness in the attractive regime in one dimension. This highlights a phenomenon

we also observe in our stochastic equation: even though the behaviour of (5.0.3) is

broadly governed by the sign of the quadratic term ∓u(u− ū), the transport term,

which involves the kernel ∇G, also plays a role.

5.0.2 Our Setting and Motivation

Our motivation to study (5.0.1) comes from two directions. Firstly, in relation to

the PDE analogues of the equation, it is clear from the discussion above that the

fundamental structure of (5.0.1) leads to interesting and varied behaviour that are

tied to physically relevant processes. Understanding the persistence or modification

of these behaviours in a stochastic setting is therefore a natural question. From a

mathematical perspective, additive noise is in many ways the simplest stochastic

perturbation of a parabolic PDE and has been the first step in studying stochastic

versions of a variety of equations in the past, [31, 98, 32]. In our setting there are

a number of advantages to studying the additive noise equation. Firstly additive

noise provides the most direct route to studying ergodic properties of the equation

and it enables us to consider space-time white noise, which further simplifies the

ergodic analysis. In addition, by fixing the form of the noise we are able to focus

on studying the behaviour of the non-linear part in higher dimensions and under

rougher drivers. On the other hand, following the recent advances in SPDE theory,

[59, 57], systems such as (5.0.1) offer an avenue to studying novel kinds of SPDE

with non-local dependence. In Chapter 8 we discuss an application of the theory of

regularity structures to well-posedness of (5.0.1) in d = 3 with m = 3. The main

issue here is to incorporate the regularising effect of the elliptic term ∇ρu.

Finally we mention one contrast with another well studied stochastic system. The

Navier–Stokes equations in d = 2, written in vorticity form, appear very similar to

a vectorial version of (5.0.1) with m = 2. We write the SNS equation in vorticity
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form as

∂tv −∆v = ∇ · (vK ∗ v) + ξ, (SNS)

where K(x) ∼ x⊥

|x|2 is the Biot–Savart law. Global well-posedness for the two di-

mensional stochastic Navier–Stokes (SNS) equation was obtained in [98]. The main

difference in the case of (SNS) is that the vector field, K ∗ v is divergence free, so

that testing the right hand side with the solution gives

〈∇ · (vtK ∗ vt), vt〉 = −1

2
〈K ∗ vt,∇v2

t 〉 = 0,

and it is seen that the damping of the Laplacian is sufficient to obtain global well-

posedness. Since ∇ρu is by definition not divergence free the analysis of (5.0.1)

involves additional terms.

Despite the motivations discussed above, the additive noise equation (5.0.1) does

present some drawbacks. Firstly, from a modelling perspective, interpreting (5.0.3)

as a Fokker–Planck equation it would be natural to consider a stochastic version

which maintains sign and mass preservation. While we can ensure mass preservation

of the additive equation, by working with a mean free noise, the additive noise

equation does not preserve sign. This leads to our second departure from (5.0.3)

which is to consider powers m ≥ 2 and to impose the absolute value for even powers.

As we saw above the behaviour of the equation is in many cases dependent on the

sign choice in front of the non-linear term therefore it is important to keep the sign

inside the non-linearity consistent with the sign of the solution. A second issue of

the additive equation is that is not clear how one might exploit the natural gradient

flow structure of (5.0.3). A resolution to this and the first issue mentioned, would

be to consider a stochastic perturbation of the kind

∂tu−∆u = ∇ · (u∇ρu) +∇ · (F (u)ξ). (5.0.5)
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When F (u) =
√
u and ξ is understood as a space-time white noise, (5.0.5) is a Dean–

Kawasaki type equation and is related to the Wasserstein diffusion, [29, 109, 81].

SPDEs of this type present significant mathematical challenges and despite some

very recent and interesting work very little is as yet known. On the other hand

for ξ a less irregular noise and smoother F (u), (5.0.5) is relatively tractable and in

Chapter 8 we discuss some ideas in this direction.

5.0.3 Our Results

In the following two chapters we present analysis of (5.0.1) in d = 1 and d = 2.

In both dimensions we focus on the case m = 3. The main reason for this is that

it is the lowest power for which current techniques allows us to make sense of the

non-linearity in d = 2. In both dimensions we obtain pathwise, local well-posedness

of the equation, without appealing to the sign choice. In d = 2 we employ the

notion of Wick powers to interpret the non-linearity. Although we do not present it

explicitly, it is clear that the local analysis in d = 1 extends to all m ≥ 2. For d = 2,

following the ideas of [105], it would also be possible to extend the local result for

all m odd. In d = 1 and for m = 3 we also obtain global well-posedness existence

and uniqueness of an invariant measure with tail estimates and exponential rate

of mixing for the repulsive equation. Extending this result to higher, odd, powers

also seems very possible, however it is not clear how to extend the method to even

powers. We present this result in detail in Chapter 6. Although it seems reasonable

to expect global well-posedness for the repulsive equation in d = 2 we have not been

able to achieve this result and a discussion of this issue is included in Chapter 7.

The main results are formally presented at the beginning of each relevant chapter,

following the introduction of suitable preliminaries in the remainder of this chapter.
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5.1 Notation

We let Td be the d-dimensional torus which we interpret as the half open box [0, 1)d

with sides identified appropriately. We write R+ for the half open real interval

[0,∞). Solutions to our evolution equations will be mappings u : I × Td → R,

for I ⊂ R+ a bounded interval. For a mapping f : [0, T ] × Td → R, if we write

ft we mean the Td → R mapping that obtains at this instance of t ∈ [0, T ]. We

write S ′(Td) for the space of, periodic, tempered distributions acting on C∞(Td),

the space of infinitely differentiable, periodic functions. For p ∈ [1,∞) we let Lp(Td)

be the usual space of all p-integrable distributions and L∞(Td) the usual space of

essentially bounded functions. For k ∈ N we write Ck(Td) for the set of k-times

continuously differentiable functions on Td.

For f ∈ S ′(Td) we write Pf := f−f̄ where f̄ := 〈1, f〉L2(Td), for the projection to the

space of mean-free periodic distributions. For m ∈ R and any of the function spaces

above on Td we write for example S ′m(Td), Ck
m(Td), Cαm, Lpm(Td) for the corresponding

sets such that 〈f, 1〉 = m as well. In Section 6.4.1 we work with square integrable

space-time functions for which we define L2
0(R+ × Td) for those square integrable

functions on R+×Td such that for all t ∈ R+, 〈ft, 1〉 = 0. When the context is clear

we drop the dependence of these function spaces on the domain in order to lighten

notation.

For E a Banach space and T > 0, we write CTE := C([0, T ];E) for the set of

continuous mappings f : [0, T ]→ E. For η > 0 a positive parameter we let Cη;TE :=

Cη((0, T ];E) be the set of similar mappings finite under the norm

‖f‖Cη;TE= sup
t∈(0,T ]

(tη ∧ 1)‖ft‖E.

We define H : (0,∞)×Td → R to be the fundamental solution to the heat equation
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on Td, which solves

∂tH−∆H = δt=0, on R+ × Td.

For (t, x) ∈ R× Td we write the fundamental solution as

Ht(x) :=
1(√
4πt
)d ∑

n∈Zd
e−
|x−n|2

4t 1(0,∞)(t). (5.1.1)

We define G to be the fundamental solution of Poisson’s equation on the torus, which

solves

−∆G = Pδ0. (5.1.2)

Finally we highlight that in Chapter 6 we use x both as a subscript to denote spatial

derivatives, as in ∂xu, and for the initial condition of our SPDE, x ∈ Cα0
m . If we write

ut(x) we mean solution to our SPDE, with initial condition x, at time t ∈ [0, T ].

5.2 Hölder-Besov Spaces on Td

We recall the construction and some well-known properties of Hölder–Besov spaces

defined through the theory of Littlewood–Paley decompositions. A more detailed

exposition can be found in [5].

Let (em)m∈Zd be the basis of L2(Td) given by the trigonometric functions em(x) :=

e2πim·x. If f, g are complex valued and square integrable we write,

〈f, g〉 =

∫
f(x)g(x) dx.

Then for f ∈ L1(Td) and m ∈ Zd we define the Fourier transform by

Ff(m) := f̂m = 〈f, em〉,

and for real valued functions, f , we have the symmetry condition f̂−m = f̂m. Since

em ∈ C∞(Td), for any f ∈ S ′(Td), f̂m is defined by duality.
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We define the inverse transform, for f ∈ `1(Zd), by

F−1f(x) =
∑
m∈Zd

fme−m(x).

For z ∈ Rd, r > 0 and 0 < r1 < r2 < ∞ we denote by Br(z) the ball of radius r

centred at z and by Ar1,r2(z) = Br2(z) \ Br1(z) the annulus of inner radius r1 and

outer radius r2, centred at z. Then we consider a partition of unity given by two

functions χ̃, χ ∈ C∞c (Rd), such that:

1. supp χ̃ ⊂ B 4
3
(0) and suppχ ⊂ A 3

4
, 8
3
(0),

2. χ̃(z) +
∑∞

k=0 χ(2−kz) = 1, for all z ∈ Rd.

The existence of such a dyadic partition of unity is shown in [5, Prop. 2.10]. We

define χ−1 := χ̃, χk( · ) := χ(2−k · ) for all k ≥ 0 and set χk = 0 for all k < −1.

For f ∈ C∞(Td) we denote its kth Littlewood-Paley block by,

∆kf := F−1(χkf̂) =
∑
m∈Zd

χk(m)f̂me−m, for k ≥ −1.

Observe, for k ≥ −1, we can write ∆kf(x) = (hk∗f)(x) where, using the modulation

property of the Fourier transform, one has

h−1 := F−1χ̃, h0 := F−1χ, hk := F−1χk = 2kdh(2k · ), for k ≥ 1.

By duality we extend this definition to f ∈ S ′(Td). Then, for α ∈ R and p, q ∈ [1,∞]

we define the non-homogeneous Besov norm for f ∈ C∞(Td) by the expression

‖f‖Bαp, q(Td):=
∥∥(2αk‖∆kf‖Lp(Td)

)
k

∥∥
lq(Z)

, (5.2.1)

and denote by Bαp, q(Td) the completion of C∞(Td) with respect to (5.2.1). Defining

Bαp,q(Td) as the completion of C∞(Td) under (5.2.1) ensures that all Besov spaces
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are separable. For the Besov spaces Bα∞,∞ we write Cα. When α > 0 and not an

integer, an equivalent norm is given by

‖f‖Cα(Td)= ‖f‖C(Td)+[f ]α := sup
x∈Td
|f(x)|+ sup

x 6= y∈Td

|f(x)− P bαcf, x (y)|
|x− y|α

, (5.2.2)

where P
bαc
f, x is the Taylor polynomial of f to degree bαc at the point x. The equiv-

alence between the semi-norm, for α ∈ (0, 1), and the homogeneous Besov norm is

proved in [5, Th. 2.36].

5.2.1 Embeddings, Duality and Derivatives

We recall various properties of the inhomogeneous Hölder–Besov spaces as defined

above. We remark that since we work on exclusively on the torus in this section we

have directly defined the periodic Besov spaces Bαp,q(Td). For many of the results

stated below we refer to [5] for proofs, where the same results are stated for Besov

spaces on Rd. However, in many cases the passage to obtaining the same results for

Besov spaces on the torus can be made by similar arguments. We refer to [91, App.

A] and [57, App. A] where the same issue is discussed. A key tool in many proofs

is Bernstein lemma.

Lemma 5.2.1 (Bernstein Lemma - [5, Lem. 2.1]). Let A = {ζ ∈ Rd : r < |ζ|< R}

be a given annulus and B = {ζ ∈ Rd : |ζ|< R} be a given ball and n ∈ N. Then,

there exists a constant C := C(k) > 0 such that for all p, q ∈ [1,∞] with q ≥ p,

f ∈ Lp(Rd) , λ > 0 we have

supp(f̂) ⊂ λB ⇒ sup
σ∈Nd
|σ|=n

‖∂σf‖Lq≤ Cλn+d( 1
p
− 1
q

)‖f‖Lp , (5.2.3)

supp(f̂) ⊂ λA ⇒ C−1λn‖f‖Lp≤ sup
σ∈Nd
|σ|=n

‖∂σf‖Lp≤ Cλn‖f‖Lp . (5.2.4)

Theorem 5.2.2 (Besov Embeddings - [5, Prop. 2.71]). Let α ≤ β ∈ R, q ∈ [1,∞]
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and p ≥ r ∈ [1,∞], be such that

β = α + d

(
1

r
− 1

p

)
,

then there exists a constant C := C(α, β, q, p, r) > 0 such that

‖f‖Bαp,q≤ C‖f‖Bβr,q . (5.2.5)

For q1 ≥ q2 ∈ [1,∞] and α, p as above there exists a constant C := C(q1, q2) > 0

such that

‖f‖Bαp,q1≤ C‖f‖Bαp,q2 . (5.2.6)

Furthermore, for any β > α and p, q ∈ [1,∞] the embedding Bβp,q ↪→ Bαp,q is compact.

Remark 5.2.3. In particular, for any p ∈ [1,∞], there exists a constant C := C(p) >

0 such that

C−1‖f‖B0
p,∞≤ ‖f‖Lp≤ C‖f‖B0

1,∞
.

Theorem 5.2.4 (Effect of Derivatives). Let α ∈ R, p, q ∈ [1,∞] and k ∈ N>0.

Then there exists a constant C := C(k) > 0 such that for any σ ∈ Nd one has that

‖Dσf‖Bα−|σ|p,q
≤ C‖f‖Bαp,q . (5.2.7)

Proof. Since the derivative is linear, for any k ≥ −1, we have that ∆k(D
σf) =

Dσ(∆kf). So then from Lemma 5.2.1 we have that

‖∆k(D
σf)‖Lp= ‖Dσ(∆kf)‖Lp. 2k|σ|‖∆mf‖Lp , (5.2.8)

from which the result follows.

Theorem 5.2.5 (Besov Poincaré - [105, Prop. A.9]). Let α ∈ (0, 1). Then there

exists a constant C := C(α) > 0 such that

‖f‖Bα1,1≤ C
(
‖f‖1−α

L1 ‖∇f‖αL1+‖f‖L1

)
(5.2.9)
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Theorem 5.2.6 (Duality Pairing - [5, Prop. 2.76]). For α ∈ R, p, q ∈ [1,∞] and

p′, q′ ∈ [1,∞] such that 1
p
+ 1
p′

= 1
q
+ 1
q′

= 1, there exists a constant C := C(α, p, q) > 0

such that

|〈f, g〉| ≤ C‖f‖Bαp,q‖g‖B−α
p′,q′

. (5.2.10)

5.2.2 Paradifferential Calculus

Recall that for f, g ∈ S ′(Td) we have formal the decomposition

f =
∑
k≥−1

∆kf, g =
∑
j≥−1

∆jg.

Therefore, formally, we may write the product as

fg =
∑

k, j≥−1

∆kf∆jg.

The idea of Bony’s decomposition is to decompose this sum into three terms that

can be handled for distributions of suitable regularity.

Definition 5.2.7 (Bony’s Decomposition). Let f, g ∈ S ′(Td). Then we define the

paraproducts between f and g by

f < g :=
∑
k<j−1

∆kf∆jg, f > g :=
∑
k>j+1

∆kf∆jg,

and the resonant product between f and g by

f = g :=
∑
|k−j|≤1

∆kf∆jg.

Given these definitions we decompose the formal product as

fg = f < g + f = g + f > g.

Of these terms, we see below that the paraproducts are always well defined while the
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resonant term is only well defined on a subset of sufficiently regular distributions.

When it is well defined, we will see that it also defines a bi-linear operator on its

domain. This allows us to extend the usual pointwise product on C∞(Td)×C∞(Td)

to a bi-linear form on suitable pairs of Besov spaces.

Theorem 5.2.8 (Paraproduct Bounds - [5, Th. 2.82, Th. 2.85 & Cor. 2.86]). Let

α, β ∈ R, q ∈ [1,∞] and p, p1, p2 ∈ [1,∞] be such that

1

p1

+
1

p2

=
1

p
.

Then:

(i) If α + β > 0, the mapping (f, g) 7→ f = g extends to a continuous bi-linear

map Bαp1,q
× Bβp2,q

→ Bα+β
p,q .

(ii) The mapping (f, g) 7→ f < g extends to a continuous bilinear map Lp1×Bβp2,q
→

Bβp,q.

(iii) If α < 0, then the mapping (f, g) 7→ f < g extends to a continuous bi-linear

map Bαp1,q
× Bβp2,q

→ Bα+β
p,q .

(iv) If α < 0 < β are such that α + β > 0, then the mapping

(f, q) 7→ fg := f < g + f = g + f > g

extends to a continuous bi-linear map Bαp1,q
× Bβp2,q

→ Bαp,q.

(v) If α > 0, then the mapping (f, g) 7→ fg extends to a continuous bi-linear map

Bαp1,q
× Bαp2,q

→ Bαp,q. Furthermore for p3, p4 ∈ [1,∞] also satisfying

1

p1

+
1

p2

=
1

p3

+
1

p4

=
1

p
,

there exists a C := C(α, p, q) > 0 such that

‖fg‖Bαp,q≤ C
(
‖f‖Lp1‖g‖Bαp2,q+‖f‖Bαp3,q‖g‖Lp4

)
. (5.2.11)
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As a consequence of these properties we have the following theorem regarding prod-

ucts of Hölder–Besov distributions.

Theorem 5.2.9 (Product Bounds). Let q ∈ [1,∞], α, β ∈ R be such that α+β > 0

with β > 0 and let p1, p2, p ∈ [1,∞] be such that 1
p1

+ 1
p2

= 1
p

then the usual point-

wise product C∞(Td) × C∞(Td) 3 (f, g) 7→ f × g extends as a continuous bi-linear

map from Bαp1,q
(Td)× Bβp2,q

(Td)→ Bα∧βp,q (Td).

In particular, for α > 0 and ν ∈ [0, 1], there exists a constant C := C(α, β, p, q) > 0

such that

‖fg‖Bαp,q≤ C‖f‖Bαp
ν ,q
‖g‖Bαp

1−ν ,q
≤ C‖f‖

B
α+(1−ν) dp
p,q

‖g‖
B
α+ν dp
p,q

(5.2.12)

and for α < 0 < β with α + β > 0, ν ∈ [0, 1] there exists a constant C :=

C(α, β, p, q) > 0 such that

‖fg‖Bαp,q≤ C‖f‖Bαp
ν ,q
‖g‖Bβ p

1−ν ,q
≤ C‖f‖

B
α+(1−ν) dp
p,q

‖g‖
B
β+ν dp
p,q

. (5.2.13)

5.2.3 Parabolic and Elliptic Regularity Estimates

We define heat semi-group by its action on Fourier space. For f ∈ L1(Td) and t > 0,

we set

et∆f := F−1
(
e−t| · |

2

f̂ ·

)
= Ht ∗ f,

where,

Ht(x) =
∑
m∈Zd

e−4π2|m|2tem(x)1(0,∞)(t), (5.2.14)

and extend this formula by duality. We refer to [92, Prop. 5 & 6] for a proof of the

following theorem.

Theorem 5.2.10 (Regularising Effect of the Heat Flow - [92, Prop. 5 & 6]). Let

α, β ∈ R and p ≥ r ∈ [1,∞] and q ∈ [1,∞]. Then, if β ≤ α ≤ β + 2, there exists a
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constant C := C(d, α, β, p, r, q) > 0, such that, uniformly over t > 0,

‖et∆f‖Bαp,q≤ Ct−
d
2( 1

r
− 1
p)−

1
2

(α−β)‖f‖Bβr,q . (5.2.15)

Secondly, if 0 ≤ β − α ≤ 2 then there exists a C := C(α, β, p, q) > 0 such that for a

any t > 0,

‖(1− et∆)f‖Bαp,q≤ Ct
β−α

2 ‖f‖Bβp,q . (5.2.16)

Remark 5.2.11. We remark that since we have defined the Hölder-Besov spaces as

the closure of C∞(Td) under the norm; for any α ∈ R, p, q ∈ [1,∞], if f ∈ Bαp,q(Td),

we have that

lim
t→0
‖(1− et∆)f‖Bαp,q= 0.

To see this we note that the set of smooth functions for which the same limit holds

is a closed set, using (5.2.16). Therefore, upon taking the closure we see that the

limit must hold for all f ∈ Bαp,q(Td) under our definition.

We also have the following elliptic regularity estimate. First we consider functions

with Fourier transform supported in an annulus.

Lemma 5.2.12. Let 0 < r1 < r2 < ∞, Ar1,r2(0) be an annulus, p ≥ 1 and λ > 0.

Then there exist C := C(r1, r2) > 0 such that

supp(F(f)) ⊂ λAr1,r2(0) ⇒ ‖∆−1f‖Lp≤ Cλ−2‖f‖Lp .

Proof. Let φ ∈ C∞c (Rd) be such that φ ≡ 1 on Ar1,r2(0) and zero outside a neigh-

bourhood of Ar1,r2(0). Then we have

∆−1f := F−1

(
φ
( ·
λ

) 1

4π2| · |2
(Ff)( · )

)
= F−1

(
φ
( ·
λ

) 1

4π2| · |2

)
∗ f.
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By Young’s convolution inequality,

‖∆−1f‖Lp≤
∥∥∥∥F−1

(
φ
( ·
λ

) 1

4π2| · |2

)∥∥∥∥
L1

‖f‖Lp .

Therefore, it suffices show that there exists a constant C > 0, independent of λ ≥ 1,

such that ∥∥∥∥F−1

(
φ
( ·
λ

) 1

4π2| · |2

)∥∥∥∥
L1

≤ Cλ−2.

By definition, the function F−1 (φ( · /λ)) has Fourier transform supported in an

annulus slightly larger than λAr1,r2(0). So we now apply [5, Lem. 2.2] to the

Fourier multiplier σ(m) := 1
4π2|m|2 and the function F−1 (φ( · /λ)) which gives us a

constant C > 0 such that

∥∥∥∥F−1

(
φ
( ·
λ

) 1

4π2| · |2

)∥∥∥∥
L1

≤ Cλ−2
∥∥∥F−1

(
φ
( ·
λ

))∥∥∥
L1

= Cλ−2
∥∥F−1φ

∥∥
L1 .

Since ‖F−1φ‖L1 <∞ by assumption the claim is shown.

Theorem 5.2.13. Let f ∈ C∞(Td) and be such that 〈f, 1〉 = 0. Then if −∆ρ := f ,

for any α ∈ R, p, q ∈ [1,∞], there exists a constant C := C(d, p, q) ≥ 0 such that

‖ρ‖Bαp,q≤ C‖f‖Bα−2
p,q

. (5.2.17)

Proof. From Lemma 5.2.12, for any k ≥ 0 we have

‖∆kρ‖Lp= ‖∆k∆
−1f‖Lp= ‖∆−1∆kf‖Lp≤ C2−2k‖∆kf‖Lp . (5.2.18)

Regarding the low frequency block, since we assumed 〈f, 1〉 = 0 we have (Ff)(0) =

0. In turn (Fρ)(0) = 0 and so, ∆−1ρ(x) = ∆−1f(x). Therefore, there exists a

C := C(d) > 0, such that for any k ≥ −1 one has,

2αk‖∆kρ‖Lp≤ C2(α−2)k‖∆kf‖Lp ,
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from which the claim follows.

Remark 5.2.14. In the following we are mostly concerned with ∇ρf where −∆ρf =

f − f̄ . Combining (5.2.17) with (5.2.7) and (5.2.5) we see that, for α ∈ R, p ≥ r ∈

[1,∞] and q ∈ [1,∞],

‖∇ρf‖Bαp,q. ‖f‖
B
α−1+d( 1

r−
1
p)

r,q

. (5.2.19)

5.3 Elements of Ergodic Theory

We recall some elements of ergodic theory for dynamical systems on infinite dimen-

sional spaces. We refer to [33] for more details.

Let E be a separable Banach space and E be its Borel sigma algebra. We write

P(E) for the set of Borel, probability measures on (E, E) and M(E) for the set of

Borel, measures on E. We denote by Bb(E) (resp. Cb(E)) the set of bounded, real,

Borel functions on E (resp. continuous, bounded, real Borel functions on E). For

every µ ∈M(E) and Φ ∈ Bb(E), the pairing 〈µ,Φ〉 :=
∫
E

Φ(x)µ(dx) is well defined.

For µ, ν ∈ P(E) we define the total variation distance

‖µ− ν‖TV:=
1

2
sup

Φ∈Bb(E)
‖Φ‖L∞≤1

|〈µ− ν,Φ〉|. (5.3.1)

An equivalent formulation is given by viewing the total variation distance as an

optimal transport cost, with cost function 1x 6=y. We have

‖µ− ν‖TV:=
1

2
inf

π∈Π(µ,ν)

∫∫
E×E

(1− 1{0}(x− y))π(dx, dy), (5.3.2)

where Π(µ, ν) ⊂ P(E × E) is the set of coupling measures between µ and ν.

Definition 5.3.1 (Markovian Transition Function). We say that Pt(x,A)t≥0, defined

for every t ≥ 0, x ∈ E and A ∈ E is a Markovian transition function on E if

1. Pt(x, · ) ∈ P(E) for every t ≥ 0, x ∈ E,
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2. Pt( · , A) : E → R is E measurable for every t ≥ 0, A ∈ E ,

3. Pt+s(x,A) =
∫
E
Ps(y, A)Pt(x, dy), for every t, s ≥ 0, x ∈ E, A ∈ E ,

4. P0(x,A) = 1A(x), for every x ∈ E, A ∈ E .

To every Markovian transition function, Pt( · , · ), we associate a Markovian semi-

group of linear operators, for which we use the same notation, Pt : Bb(E)→ Bb(E),

by the expression

PtΦ(x) =

∫
E

Φ(y)Pt(x, dy), ∀Φ ∈ Bb(E), t ≥ 0.

We also define the adjoint semi-group, P ∗t . For any µ ∈ P(E), A ∈ E and t ≥ 0, we

define

P ∗t µ(A) := 〈Pt1A, µ〉.

We say that a measure ν ∈ P(E) is invariant for (Pt)t≥0 if

P ∗t ν = ν, ∀t ≥ 0.

Definition 5.3.2 (Stochastically Continuous Transition Function). We say that a

Markovian transition function is stochastically continuous if, for every r > 0 and

x ∈ E

lim
t→0

Pt(x,Br(x)) = 1. (5.3.3)

For the associated Markovian semi-group an equivalent condition for stochastic con-

tinuity is that

lim
t→0

PtΦ(x) = Φ(x), ∀Φ ∈ Cb(E).

See [33, Prop. 2.1.1].

Definition 5.3.3 (Feller Semi-Group). We say that a stochastically continuous Marko-

vian semi-group, (Pt)t≥0, is a Feller semi-group, if for any Φ ∈ Cb(E) and t ≥ 0, one

has that PtΦ ∈ Cb(E).
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If (Pt)t≥0 is a stochastically continuous, Markovian semi-group, then for every x ∈ E

and T > 0,

Rt1A(x) :=
1

t

∫ t

0

Ps1A(x) ds,

defines a probability measure on E. We define the adjoint, R∗T , by setting, for every

µ ∈ P(E), A ∈ E and T > 0,

R∗tµ(A) :=

∫
E

Rt1A(x)µ(dx).

It follows that for any Φ ∈ Bb(E) and µ ∈ P(E) we have

〈R∗tµ,Φ〉 =
1

t

∫ t

0

〈P ∗s µ,Φ〉 ds.

We recall Prokhorov’s theorem regarding the weak convergence of measures. First

we define a tight family of measures.

Definition 5.3.4 (Tight Family of Measures). We say that a family of probability

measures M ⊆ P(E) is tight, if for any ε > 0 there exists a compact set Kε ⊂ E

such that for any µ(Kc
ε) < ε, for any µ ∈M.

Theorem 5.3.5 (Prokhorov’s Theorem). For E a separable Banach space, a col-

lection of probability measures M ⊂ P(E) is tight if and only if it is relatively,

sequentially compact in P(E) with respect to the topology of weak convergence.

In Chapter 6 we build the semi-group associated to the infinite dimensional dynamics

of a stochastic evolution equation. Our primary interest is to establish criteria of

the semi-group that ensure existence and uniqueness of an invariant measure for the

dynamics. We outline these criteria below. The Krylov–Bogoliubov theorem gives

criteria for existence of an invariant measure.

Theorem 5.3.6 (Krylov–Bogoliubov Existence Theorem). Let (Pt)t≥0 : Cb(E) →

Cb(E) be a Feller semi-group on E. If for some µ ∈ P(E) there exists a sequence

tk ↗∞, we have that R∗tkµ ⇀ ν ∈ P(E), then ν is invariant for Pt.
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Proof. See the proof of [33, Th. 3.1.1].

Theorem 5.3.6 ensures the existence of an invariant measure for Pt, however, it leaves

open the possibility of multiple invariant measures. Doob’s theorem (Theorem 5.3.9

below) shows that irreducibility plus a regularity condition on Pt is enough to ensure

uniqueness of the invariant measure.

Definition 5.3.7 (Irreducible Semi-Group). We say that a semi-group (Pt)t≥0 is irre-

ducible if for any x ∈ E, and non-empty and open A ∈ E , Pt1A(x) > 0.

Definition 5.3.8 (Strong Feller Semi-Group). We say that a semi-group (Pt)t≥0 posses

the strong Feller property if Pt : Bb(E)→ Cb(E).

Theorem 5.3.9 (Doob’s Theorem - [33, Prop. 4.1.1 & Th. 4.2.1]). Let (Pt)t≥0 be

an irreducible, strong Feller semi-group. Then given a measure ν ∈ P(E), invariant

for Pt, it holds that,

1. for all x ∈ E and A in E we have

lim
t→∞

Pt1A(x) = ν(A), (5.3.4)

2. ν is the unique invariant measure for Pt,

3. for any x ∈ E and t > 0, ν is equivalent to P ∗t δx.

5.4 White Noise and the Stochastic Heat Equa-

tion

We provide a very brief summary of some definitions and key concepts from the

theory of Gaussian processes on Hilbert spaces. A very thorough survey including a

more general discussion of Gaussian measure theory and its application to SPDEs

is given in [59, 34].
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5.4.1 White Noise, the Stochastic Heat Equation and its

Wick Powers

Definition 5.4.1 (White Noise). Given an abstract probability space (Ω,F ,P) we say

that a family of Gaussian random variables (ξ(ϕ))ϕ∈L2(R+×Td) (resp. (ζ(φ))φ∈L2(Td))

defines a spatially mean free space-time white noise (resp. mean free spatial white

noise) if

1. E[ξ(ϕ)] = 0, E[ξ(ϕ)ξ(ϕ′)] = 〈ϕ, ϕ′〉L2(R+×Td) for all ϕ, ϕ′ ∈ L2(R+ × Td),

2. E[ζ(φ)] = 0, E[ζ(φ)ζ(φ′)] = 〈φ, φ′〉L2(Td) for all φ, φ′ ∈ L2(Td),

3. 〈ξ, ψ ⊗ 1〉L2(R+×Td) = 〈ζ, 1〉L2(Td) = 0 for all ψ ∈ L2(R+), P - almost surely.

Letting (em)m∈Zd be the orthonormal basis of L2(Td) defined in Section 5.2 and

(Wm
t )m∈Zd (resp. (Wm)m∈Zd) be a family of independent real valued Brownian

motions (resp. i.i.d real normal random variables) then for ϕ ∈ L2(R+ × Td) (resp.

φ ∈ L2(Td)) we define

ξ̃(ϕ) :=
∑
m∈Zd

∫ ∞
0

ϕ̂m(t) dWm
t , ζ̃(φ) :=

∑
m∈Zd

φ̂mW
m.

The first summands are understood as Itô stochastic integrals and with convergence

of both sums taking place in L2(Ω,P). Then ξ̃, ζ̃ satisfy Items 1, 2 of Definition 5.4.1.

In order to satisfy Item 3 we project onto the subspace of mean free distributions

by defining

ξ(ϕ) := ξ̃(ϕ)−
∫ ∞

0

ϕ̂0(t)dW 0
t , ζ(φ) := ζ̃(φ)− φ̂0W

0.

Although ξ(ϕ) and ζ(φ) are well-defined random variables, and so ξ, ζ define random

distributions, it is readily checked that ξ, ζ are almost surely not members of L2(R×

Td), L2(Td). However, both are contained in any strictly larger Hilbert space. An

explicit example is given by the Hilbert–Schmidt extension.1 For ϕ ∈ L2(R ×
1Let H be a Hilbert space and (en)n≥0 be an orthonormal basis of H. Then the Hilbert–Schmidt
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Td), φ ∈ L2(Td) we write the evaluations ξ(ϕ) and ζ(φ) in the convenient form of

stochastic integrals,

ξ(ϕ) =

∫
R

∫
Td
ϕ(t, x)ξ(dt, dx), ζ(φ) =

∫
Td
φ(x) ζ(dx), (5.4.1)

even though ξ and ζ are almost surely not measures. The theory of stochastic in-

tegrals for Hilbert space valued processes is properly developed in [34, Ch. 4] and

the quantities (5.4.1) are well defined, but only on a set of full measure Ω′ ⊂ Ω that

depends on the functions ϕ, φ.

A key object in the study of SPDEs forced by white noise is the stochastic convo-

lution. This allows us to define the notion of a mild solution to linear SPDEs. We

define the filtration

(F̃t)t≥0 := σ
({
ξ(ϕ) : ϕ ∈ L2(R+ × T2), ϕ|(t,∞)≡ 0

}
∪
{
ζ(ϕ) : φ ∈ L2(T2)

})
,

and let (Ft)t≥0 denote its usual augmentation. Now, for any t > 0 we define the

dynamic stochastic convolution

It(φ) :=

∫ t

0

∫
Td

(Ht−r ∗ φ)(x) ξ(dr, dx) ∀φ ∈ L2(Td), (5.4.2)

where H is the periodic heat kernel defined in (5.1.1). We see that It(φ) is adapted

to (Ft)t>0, the filtration outside of t = 0. Writing the convolution in terms of its

Fourier series, using the fact that we have chosen the white noise to be spatially

mean free, we see that

It(φ) =
∑
m 6=0

∫ t

0

e−4π2|m|2(t−r) φ̂m dWm
r

We consider the long time behaviour of It. Using Item 1 of Definition 5.4.1 and the

extension, H̃, is defined to the completion of H under the norm ‖x‖2
H̃

:=
∑∞

n=1
1
n2 〈x, en〉2. It can

be checked that the inclusion map ι : H̃ → H is trace class.
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semi-group property of the heat kernel, for any φ, φ′ ∈ L2(Td) we have

E [It(φ)It(φ′)] =

∫ t

0

∫
Td

(H2t−2s ∗ φ)(x)φ′(x) dx ds

=
∑
m 6=0

∫ t

0

e−8π2|m|2(t−s)φ̂mφ̂
′
m ds

=
∑
m 6=0

1

8π2|m|2
(

1− e−8π2|m|2t
)
φ̂mφ̂

′
m

t→∞−→
∑
m 6=0

1

8π2|m|2
φ̂mφ̂

′
m

=

∫
Td
G ∗ φ(x)φ′(x) dx,

where G is the fundamental solution of Poisson’s equation on the torus. Since

the first two moments of a Gaussian random variable specify the random variable

uniquely in law, we define the time homogeneous, random distribution, I∞ to be

such that, for any φ, φ′ ∈ L2(Td),

E [I∞(φ)] = 0, E [I∞(φ)I∞(φ′)] =

∫
Td

(G ∗ φ)(x)φ′(x) dx.

We write µGFF for the law of I∞, which we will see below defines a member of

P(Cα0 (Td)) for all α < 1 − d
2
. For now we may think of it as a probability measure

on the Hilbert–Schmidt extension of L2(Td). It turns out that µGFF is the unique

invariant measure for the process t 7→ It. For convenience we write I∞ in a similar

form as It. Define φ 7→ G 1
2 ∗ φ to be the functional square root of the operator

φ 7→ G ∗ φ. For d ≥ 2, G 1
2 can be written in the form of a periodic Riesz potential.

For convenience, we formally write

I∞(φ) =

∫
T2

(G
1
2 ∗ φ)(x)ζ(dx), ∀φ ∈ L2(Td). (5.4.3)

The sum I∞(et∆ · ) + It defines a stationary (Ft)t≥0 adapted process. That is

I∞(et∆ · ) + It is Ft measurable for all t ≥ 0 and L(I∞(et∆ · ) + It) does not depend

on t > 0. We use these definitions to define a solution to the stationary stochastic
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heat equation (SHE).

Definition 5.4.2 (Stationary SHE). For T > 0 we say that v ∈ S ′([0, T ] × T2) is a

solution to the stationary stochastic heat equation, written formally as


∂tv −∆v = ξ, on (0, T ]× Td

v|t=0∼ µGFF, on Td,
(5.4.4)

if the identity

vt(φ) := I∞(et∆φ) + It(φ)

holds P - almost surely for all t ∈ [0, T ] and φ ∈ S(Td).

5.4.2 Regularity of Stochastic Processes

We employ the linear equation, (5.4.4) as a building block for studying non-linear

stochastic evolution equations. In order to do so it is important to obtain regularity

estimates for stochastic processes built from ξ. We employ a Kolmogorov type

regularity result based on the Littlewood–Paley decomposition of Section 5.2 that

is suited to distributions continuous in time but possibly rough in space. We use a

version of [92, Lem. 9 & 10].

Lemma 5.4.3 (Kolmogorov Continuity - [92, Lem. 9 & 10]). Let (t, φ) 7→ Zt(φ) be

a map from R+×L2(Td)→ L2(Ω,F ,P) that is linear and continuous in φ. Assume

that for some p > 1, α′ ∈ R, κ′ > 1
p

and any T > 0, there exists a constant C > 0,

such that for all k ≥ −1, x ∈ Td and s, t ∈ [0, T ],

E [|Zt(hk( · − x))|p] ≤ Cp2−kα
′p, (5.4.5)

E [|Zt(hk( · − x))− Zs(hk( · − x))|p] ≤ Cp|t− s|κ′p2−k(α′−κ)p. (5.4.6)

Then there exists a random distribution Z̃ ∈ Cκ(R+;Bαp,p) for all α < α′−κ′− d
p

and
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κ < κ′ − 1
p

such that, for all t ∈ [0, T ] and φ ∈ S(Td),

Zt(φ) = Z̃t(φ), P− a.s.

Furthermore, for every T > 0, there exists a constant C := C(T, α, α′, p) > 0 such

that

E

[
sup
t∈[0,T ]

‖Z̃t‖pBαp,p

]
≤ C.

Proof. See [92, Lem. 9 & 10].

Remark 5.4.4. The same result holds for φ 7→ Z(φ) as a time homogeneous map

from L2(Td)→ L2(Ω,F ,P).

5.4.3 Iterated Stochastic Integrals and Wick Products

We begin by applying 5.4.3 to treat It and I∞. Since both are examples of stochas-

tic integrals they obey Nelson’s estimate, Lemma 5.4.10 below, with n = 1 as well

as the Itô isometry (5.4.15). We use these tools to demonstrate that It satisfies the

criteria of Lemma 5.4.3. A similar argument holds for the free field I∞.

Since the law of the white noise is translation invariant it suffices to consider x = 0

in Lemma 5.4.3. So then for k ≥ −1, p ∈ [2,∞), t > 0 and setting x = 0 in (5.4.5),

we have

E
[
|It(hk)|2

]
=

∫ t

0

‖χkĤt−r ‖2
`2 dr

=

∫ t

0

〈
χkĤt−r, χkĤt−r

〉
`2

dr

=
∑

m∈supp(χk)
m6=0

∫ t

0

e−8π2|m|2(t−r) dr

=
∑

m∈supp(χk)
m6=0

1

8π2|m|2
(

1− e−8π2|m|2t
)
. (5.4.7)

Therefore, applying (5.4.16) below and in combination with (5.4.7), for fixed t > 0
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and k ≥ 0 we have, for any p ≥ 2,

E [|It(hk)|p]
2
p .p 2kd sup

|m|∈( 3
4

2k, 8
3

2k)

1

8π2|m|2
(

1− e−8π2|m|2t
)

.p 2−k(2−d). (5.4.8)

Using a similar argument for k = −1, we conclude that for any p ≥ 2, there exists

a C := C(p) > 0 such that

E [|It(hk)|p] ≤ C
p
2 2−k(1− d

2)p (5.4.9)

for all k ≥ −1. To show continuity in time we set p = 2 and then for 0 ≤ s < t ≤ T

and every γ ∈ [0, 1) we have the bounds,

E
[
|I0,t(hk)− I0,s(hk)|2

]
.

∑
m∈supp(Fhk)

m6=0

(∫ t

s

e−(t−r)8π|m|2 +

∫ s

0

(1− e−(t−s)8π|m|2)e−(s−r)8π|m|2
)

=
∑

m∈supp(Fhk)
m 6=0

1

8π2|m|2
(1− e−(t−s)8π|m|2)

(
e−s8π|m|

2

+ (1− e−s8π|m|2)
)

.
∑

m∈supp(Fhk)
m6=0

|t− s|γ

(8π2|m|2)1−γ

. |t− s|γ2−k(1−2γ),

Therefore, for 0 < s < t < T and γ ∈ [0, 1), there exists a constant C := C(T ) > 0

such that

E
[
|It(hk)− Is(hk)|2

]
≤ C|t− s|γ2−k(2−d−2γ).

So then using Nelon’s estimate again, for any p ≥ 2, there exists a constant C :=

C(p, T ) > 0 such that for all k ≥ −1, we have

E [|It(hk)− Is(hk)|p] ≤ C|t− s|
γ
2
p2−k(1− d

2
−γ)p.
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Theorem 5.4.5. For any T > 0 there exists a modification of the stochastic con-

volution, for which we also use the notation, [0, T ] 3 t 7→ It, such that for all

κ ∈ [0, 1),

I ∈ C
κ
2 ([0, T ]; C1− d

2
−κ

0 (Td)), P - a.s.

Furthermore, for any p ≥ 2, there exists a constant C := C(T, d, p, κ) > 0 such that

E

[
sup
t∈[0,T ]

‖It‖p
C1− d2−κ

]
< C. (5.4.10)

Proof. Applying Lemma 5.4.3 along with the preceding discussion for κ′ = γ
2

and

α′ = 1− d
2
− γ, with γ ∈ [0, 1) we obtain the existence of a modification, for which

we also write I, bounded in Cκ(R+;Bαp,p) for all α < 1− d
2
−γ− d

p
and κ < γ

2
− 1

p
, for

any p ≥ 2. Then taking p sufficiently large we apply the Besov embedding, (5.2.5),

B
α+ d

p
p,p (Td) ↪→ Cα(Td) in order to conclude.

Remark 5.4.6. An almost identical result holds for the stationary convolution I∞.

It suffices to observe that Ĝ1/2 ≈ 1
|m| so that the Littlewood–Paley blocks obey the

same scaling as in (5.4.9). Therefore, we also have a modification, for which we use

the same notation, such that I∞ ∈ C1− d
2
−κ(Td) P - a.s. for all κ > 0 and there exists

a constant C := C(d, p, κ) > 0 such that

E
[
‖I∞‖p

C1− d2−κ

]
< C.

Corollary 5.4.7. Let T > 0 and α < 1− d
2
. Then the process [0, T ] 3 t 7→ vt admits

a modification, for which we use the same notation, such that v ∈ C([0, T ]; Cα(Td))

P -a.s. In addition, for any κ ∈ (0, 1), p ≥ 2, there exists a constant C :=

C(T, α, κ, p) > 0 such that

E

[
sup

t 6= s∈[0,T ]

‖vt − vs‖pCα
|t− s|pκ

]
< C. (5.4.11)

Furthermore, for any s, t ∈ [0, T ] we have vt
law
= vs.
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Proof. By changing variables in the convolution, we have that I∞(et∆φ) = et∆I∞(φ),

so for any t > 0, α < 1− d
2

and γ ∈ [0, 2), using Theorem 5.4.5, we have

‖vt‖Cα≤ ‖It‖Cα+t−
γ
2 ‖I∞‖Cα−γ<∞.

Similarly, for any κ ∈ (0, 1), using Theorem 5.4.5, we see that there exists a constant

C := C(T, α, κ, p) > 0, such that

E

[
sup

s 6= t∈[0,T ]

‖vt − vs‖pCα−κ
|t− s|κp

]
. E

[
sup

s 6= t∈[0,T ]

‖It − Is‖pCα−κ
|t− s|κp

]
+ E

[
sup

s 6= t∈[0,T ]

‖(et∆ − es∆)I∞‖pCα−κ
|t− s|κp

]

< C.

To show stationarity it suffices to consider the covariance. For any t > 0 we have

E[vt(φ)2] = E[It(φ)2] + E[I∞(et∆φ)2]

=
∑
m∈Z2

m6=0

1

8π2|m|2
(1− e−8π2|m|2t)|φ̂m|2+

∑
m∈Z2

m6=0

1

8π2|m|2
e−8π2|m|2t)|φ̂m|2

=
∑
m∈Z2

m6=0

1

8π2|m|2
|φ̂m|2,

so that for any t > 0, vt ∼ µGFF.

In analysing the SPDE in Chapter 6 it is convenient to work with Markov processes.

To this end, for any 0 < s < t <∞ we set

vs,t := vt − e(t−s)∆vs (5.4.12)

which has the following properties.

Theorem 5.4.8. Let d ≥ 1 and T > 0. Then for every p ≥ 2, t0 ≥ 0 and α < 1− d
2
,
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there exists a θ := θ(α) > 0 and C := C(T, α, p) > 0 such that

E

[
sup
t∈[0,T ]

‖vt0,t0+t‖pCα

]
≤ Ctpθ, (5.4.13)

and for any κ ∈ (0, 1),

E

[
sup

t 6= s∈[0,T ]

‖vt0,t0+t − vt0,t0+s‖pCα−κ
|t− s|pκ

]
< C. (5.4.14)

Finally, for any h > 0, and s, t ∈ [0, T − h] we have that vt,t+h
law
= vs,s+h.

Proof. Since vt0,t0 = 0 the growth bound (5.4.13) follows from (5.4.14). To show the

space-time regularity we observe that

‖vt0,t0+t − vt0,t0+s‖Cα−k ≤ ‖vt0+t − vt0+s‖Cα−κ+‖
(
et∆ − es∆

)
vt0‖Cα−κ .

So then combining (5.4.11) with Theorem 5.2.10 we obtain the space-time bound,

(5.4.14).

To show stationarity of the processes t 7→ vt,t+h for fixed h > 0, we see that for any

φ ∈ L2(T2) we have

E
[
vt,t+h(φ)2

]
= E

[
vt+h(φ)2

]
− 2E

[
eh∆vt(φ)vt+h(φ)

]
+ E

[(
eh∆vt(φ)

)2
]

= E
[
It+h(φ)2

]
− 2E

[
It(eh∆φ)It+h(φ)

]
+ E

[
It(eh∆φ)2

]
=
∑ 1

8π2|m|2
(

1− e−8π2|m|2(t+h)
)
|φ̂m|2

−
∑ 1

8π2|m|2
1

8π2|m|2
(
e−8π2|m|2h − e−8π2|m|2(t+h)

)
|φ̂m|2

=
∑ 1

8π2|m|2
(

1− e−8π2|m|2h
)
|φ̂m|2.

Therefore, since vt,t+h is Gaussian, L(vt,t+h) depends only on h > 0.

In summary, from Corollary 5.4.7 we see that in d = 1 the stochastic heat equation

vt := I∞(et∆ · ) +It is almost surely a genuine space-time function. However, in any
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higher spatial dimension, although the mapping vt defines a genuine distribution,

the SHE almost surely cannot be realised as a genuine function in space. Since we

cannot expect any solution to a semi-linear parabolic PDE forced by the space-time

white noise to have better local regularity than v we see that while non-linear op-

erations when d = 1 are in principle well-defined, in higher dimensions the same is

not true.

In order to handle this issue we, define a priori, a finite number of stochastic objects,

built from the noise, that are sufficient to at least locally describe the solution to

our given non-linear SPDE. In our case we only need to define an object to take the

place of the square v2 when d = 2. We take a brief divergence to the introduce the

idea of iterated stochastic integrals and discuss some properties that we employ. A

more detailed discussion of this topic can be found in [61, 94].

5.4.4 Iterated Stochastic Integrals

Let f : (R×Td)n → R be a square integrable, symmetric function, in the sense that

f(z1, . . . , zn) = f(σ(z1, . . . , zn)) for any permutation σ ∈ Sn. We define the iterated

stochastic integral of f , see [94, Ch.1], for which we write

In(f) :=

∫
(R×Td)n

f(z1, . . . , zn) ξ(dz1 ⊗ . . .⊗ dzn).

Similarly, for any symmetric g ∈ L2(Tdn) we write

In∞(g) :=

∫
Tdn

g(x1, . . . , xn)ζ(dx1 ⊗ . . .⊗ dxn),

for the iterated integral of g.
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For n ≥ 1 we set

Hn := {In(f) : f ∈ L2((R× Td)n), f is symmetric} ∪
{
In∞(g) : g ∈ L2(Tdn), g is symmetric

}
H0 = R.

The set Hn is referred to as the nth homogeneous Wiener chaos.

Theorem 5.4.9 (Wiener Decomposition - Thm. 1.1.1 [94]). Let (Ω,F ,P) be the

abstract Wiener space, carrying the white noises, ξ, ζ. Then we have the identity

L2(Ω,F ,P) =
⊕
n≥0

Hn.

Furthermore, for any X ∈ L2(Ω,F ,P) there exist (fn)n≥1, (gn)n≥1 symmetric func-

tions such that

X = E[X] +
∑
n≥1

In(fn) +
∑
n≥1

In∞(gn).

Iterated stochastic integrals also obey a kind of Itô isometry. For f ∈ L2((R×Td)n)

or g ∈ L2(Tdn) both symmetric functions and In(f), In(g) their n-fold iterated

integral one has

E[In(f)2] = n! ‖f‖2
L2((R×Td)n), E[In∞(g)2] = n! ‖g‖2

L2(Tdn). (5.4.15)

We also have Nelson’s estimate, which mirrors the equivalence of moments for finite

dimensional Gaussian measures.

Lemma 5.4.10 (Nelson’s Estimate). Let n ≥ 1 and p ∈ [2,∞) and Z ∈ ⊕k≤nHk.

Then there exists a C := C(n, p) > 0 such that

E [|Z|p]
1
p ≤ CE

[
Z2
] 1

2 . (5.4.16)

Furthermore, if Z ∈ Hn then C(n, p) = (p− 1)
n
2 .

Proof. See proof of [93, Prop. 3.3].
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5.4.5 Wick Square of the SHE on T2

After this brief digression we return to our issue of interpreting non-linear operations

of v for d ≥ 2. We restrict ourselves to defining the square in for d = 2. We see

from the previous discussion that random variables defined as iterated integrals of

symmetric functions at least have a hope of being well defined. Borrowing ideas

from the path integral formulation of Quantum Field Theory, a natural approach

is to define the Wick product by removing the anti-symmetric part of the product.

Considering I2
t , for any φ ∈ L2(T2) we have

It(φ)2 =

(∫ t

0

∫
T2

(Ht−s1 ∗ φ)(x1)ξ(dx1, ds1)

)(∫ t

0

∫
T2

(Ht−s2 ∗ φ)(x2)ξ(dx2, ds2)

)
=

∫∫
([0,t]×T2)2

(Ht−s1 ∗ φ)(x1) (Ht−s2 ∗ φ)(x2)ξ(ds1 ⊗ ds2, dx1 ⊗ dx2)

+

∫∫
([0,t]×T2)2

(Ht−s1 ∗ φ)(x1) (Ht−s2 ∗ φ)(x2)δ(s1=s2,x1=x2)ξ(dx1, ds1)ξ(dx2, ds2).

We see that the first term is a member of the 2nd homogeneous Wiener chaos

and is the iterated integral of the symmetric, square integrable function (Ht−s1 ∗

φ)(x1) (Ht−s2 ∗φ)(x2). As such Nelson’s estimate applies. The second term is not an

iterated integral and we do not have tools to evaluate its higher moments. However

we see that just takings its first moment gives

∫ t

0

∫
T2

(Ht−s ∗ φ)2(x) dx ds =
∑
m∈Z2

m6=0

1

8π2|m|2
(

1− e−8π2|m|2t
)
φ̂m.

If supp(φ̂) ⊂ Bn(0) then this quantity diverges like log(n). When d ≥ 3, the same

term diverges like nd−2. Therefore, we see that the Wick square of It can be obtained

by subtracting a diverging term. Formally we write

I :2:
t = I2

t − E[I2
t ].

More precisely, for any ε > 0 letting ρε be a mollifier on T2 whose Fourier transform
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is compactly supported in B 1
bεc

(0) and for any x ∈ Td, we set

Iεt (x) = It(ρε( · − x)), and I :2:
ε;t(x) = Iεt (x)2 − E

[
(Iεt (x))2] .

By our previous calculation we see that

I :2:
ε;t(x) =

∫∫
([0,t]×T2)2

(Ht−s1 ∗ ρε)(x− x1) (Ht−s2 ∗ ρε)(x− x2)ξ(ds1⊗ ds2, dx1⊗ dx2).

Taking the same approach to the stationary integral we define

Iε∞(x) := I∞(ρε( · − x)), and I :2:
ε;∞(x) := Iε∞(x)2 − E

[
Iε∞(x)2

]
.

Therefore, for ε > 0 and vt the unique solution to (5.4.4), we may define

vε;t(x) = vt(ρε( · − x)), and v:2:
ε;t := vε;t(x)2 − E

[
vε;t(x)2

]
.

Finally, taking the limit ε → 0, justified by Theorem 5.4.11 below, we define the

distribution

v:2:
t (φ) = I :2:

∞ (et∆φ) + 2I∞(et∆φ)It(φ) + I :2:
t (φ).

Note that since ξ and ζ are independent, the middle term is always well defined and

can be controlled using the same technique as for It itself. However, for d < 4 it is

also pathwise well defined since I∞(et∆ · ) ∈ C3− d
2
−(Td) almost surely.

Systematically generalising this approach to higher powers can be done using the

Hermite polynomials. If we set Cε := E [vε;∞(0)] ∈ R, then by stationarity of vε, we

have already defined

v:2:
ε;t := v2

ε;t − Cε = H2(vε;t,Cε), (5.4.17)

where H2(x, c) = x2 − c is the second Hermite polynomial. For any n ≥ 1 the nth
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Hermite polynomial is defined recursively by the formula

Hn+1(x, c) = xHn(x, c)− (n− 1)cHn−2(x, c), H−1(x, c) := 0, H0(x, c) := 1.

It turns out that when d = 2, the nth Wick power, defined by setting v:n:
ε;t :=

Hn(vε;t,Cε), converges to a well defined random distribution and the sequence is

uniformly bounded in Cα(T2) for any α < 0, [105]. A rigorous construction of higher

powers in d = 3 can be found for example in [93] and [60].

Theorem 5.4.11. Let p ≥ 2, α < 0 and T > 0. Then for n = 1, 2 the process

t 7→ v:n:
t admits a modification, for which we also write t 7→ v:n:

t , such that v:n: ∈

C([0, T ]; Cα(T2)). In addition there exists θ := θ(α) ∈ (0, 1) and C := C(T, α, p) > 0

such that

E

[
sup

s, t∈[0,T ]

‖v:n:
t − v:n:

s ‖
p
Cα

|t− s|pθ

]
≤ C. (5.4.18)

Furthermore, for any t > 0,

lim
ε↘0
‖v:n:

t − v:n:
ε;t‖Cα= 0,

and both v:n:
t and v:n:

ε;t are stationary processes.

Proof. For n = 1 we have already shown regularity and stationarity, see Corollary

5.4.7. The approximation result holds by continuity of the mollifier in Hölder–Besov

spaces. To show regularity of the square we focus on I :2:
t , since similar arguments

hold for I :2:
∞ (et∆φ). Using (5.4.15) and the semi-group property of the heat kernel,
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we have, for any α < 0,

E
[
I :2:
t (hk)

2
]

= 2

∫∫
([0,T ]×T2)2

(Ht−s1 ∗ hk)2(x1)(Ht−s2 ∗ hk)2(x2) ds1 dx1 ds2 dx2

= 2

∫∫
T4

hk(x1)hk(x2)

(∫ t

0

H2t−2r(x1 − x2) dr

)2

dx1 dx2

= 2
∑

m1,m2∈Z2\{0}
m=m1+m2

1

(8π2|m1|2)(8π2|m2|2)

(
1− e−8π2|m1|2t

)(
1− e−8π2|m2|2t

)
|χk(m)|2

≤ 2
∑

m1,m2∈supp(χk)\{0}}
m=m1+m2

1

(8π2|m1|2)(8π2|m2|2)

.
∑

m∈supp(χk)
m6=0

1

(8π2|m|2)1+α

≤ 2−αk.

We refer to [105, Lem. C.2 & Cor. C.3] for a proof of the penultimate estimate.

Therefore applying Lemma 5.4.3 we obtain the required regularity of I :2:
t . Showing

Hölder continuity in time follows in a similar manner as for It, Theorem 5.4.5.

Applying the same steps to I :2:
∞ (et∆ · ) and using the regularity established for It

and I∞(et∆ · ) in the mixed term, gives

‖v:2:
t ‖Cα ≤ ‖I :2:(et∆ · )‖C2α+2‖I∞(et∆ · )It‖Cα+‖I :2:

t ‖Cα

≤ ‖I :2:(et∆ · )‖C2+α+2‖I∞(et∆ · )‖C2+α‖It‖Cα+‖I :2:
t ‖Cα

<∞.

To show stationarity of t 7→ v:2:
t , we compute its covariance.

1

2
E[v:2:

t (φ)2] =
1

2
E
[(
I :2:
∞ (et∆φ) + 2I∞(et∆φ)It(φ) + I :2:

t (φ)
)2
]

=
1

2
E
[
I :2:
∞ (et∆φ)2

]
+ 2E

[
I∞(et∆φ)I :2:

∞ (et∆φ)It(φ)
]

+ 2E
[
I∞(et∆φ)It(φ)I :2:

t (φ)
]

+ 2E
[
I∞(et∆φ)2It(φ)2

]
+ E

[
I :2:
∞ (et∆φ)I :2:

t (φ)
]

+
1

2
E
[
I :2:
t (φ)2

]
=

1

2
E
[
I :2:
∞ (et∆φ)2

]
+ 2E

[
I∞(et∆φ)2

]
E
[
It(φ)2

]
+

1

2
E
[
I :2:
t (φ)2

]
,
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where the last equality follows from the independence of ξ and ζ and the fact that

the terms It, I∞, I :2:
t , I :2:

∞ all have expectation 0. So then applying (5.4.15) and

writing these three terms in Fourier coefficients we see that the last line is indepen-

dent of t by a similar cancellation as occurred for vt.

The convergence of v:2:
ε → v:2:

t holds by a similar argument as in the proof of [105,

Prop. 2.3].

Recalling that, for any 0 < s < t <∞ we defined

vs,t := vt − e(t−s)∆vs.

We define the Wick square of this process by the expression

v:2:
s,t := v:2:

t − 2(e(t−s)∆vs)vt +
(
e(t−s)∆vs

)2
.

The process v:2:
s,t is not a member of the 2nd homogenous Wiener chaos and nor does

it converge to v:2:
s as t → s in Cα(T2). However, for any t > s it does define a

genuine distribution, bounded in a suitable Hölder–Besov space. We will see below

that while v, v:2: are stationary processes, vs, · , v
:2:
s, · are Markov and for any h > 0

and s, t ∈ [0, T − h] we have vt,t+h
law
= vs,s+h and v:2:

t,t+h
law
= v:2:

s,s+h. We also define the

approximations, for any ε > 0, by setting

vεs,t := vεt − e(t−s)∆vεs, v:2:
ε;s,t := v:2:

ε;t − 2
(
e(t−s)∆vεs

)
vεt +

(
e(t−s)∆vεs

)2
.

We collect the following results.

Theorem 5.4.12. Let n = 1, 2. Then for every p ≥ 2, T > 0, t0 ≥ 0, α ∈ (−1, 0)

and α′ > 0, there exists a θ := θ(α, α′) > 0 and C := C(T, α, α′, p, n) > 0 such that,

E

[
sup
t∈[0,T ]

(
t(n−1)α′p‖v:n:

t0,t0+t‖
p
Cα(T2)

)]
≤ Ctpθ, (5.4.19)
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and we have

lim
ε↘0

E

[
sup
t∈[0,T ]

(
t(n−1)α′p‖v:n:

ε;t0,t0+t − v:n:
t0,t0+t‖

p
Cα(T2)

)]
= 0. (5.4.20)

In addition, for any δ > 0 and κ ∈ (0, 1) there exists a constant C(T, δ, p, κ, α) > 0

such that

E

[
sup

t 6=s∈[0,T ]

‖v:n:
t0,t0+δ+t − v:n:

t0,t0+δ+s‖
p
Cα−κ

|t− s|pκ

]
< C. (5.4.21)

Finally, for any h > 0 and s, t ∈ [0, T − h] we have

vt,t+h
law
= vs,s+h, v:2:

t,t+h
law
= v:2:

s,s+h.

Proof. For n = 1 we have already shown the regularity and stationarity results in

Theorem 5.4.8. The approximation result holds by continuity of the mollifier in

Hölder–Besov spaces.

For n = 2 we let ᾱ > −α. Then using (5.2.13) and (5.2.15) we have that

∥∥∥(et∆vt0)2
∥∥∥
Cα
≤ ‖et∆vt0‖Cᾱ‖et∆vt0‖Cα. t−

α−α
2 ‖vt0‖2

Cα .

For the mixed term we have

‖
(
et∆vt0

)
vt0+t‖Cα ≤ ‖et∆vt0‖Cα‖vt0+t‖Cα. t−

α−α
2 ‖vt0‖Cα‖vt0+t‖Cα .

Therefore, using the fact that vt0 and vt0+t are independent, we see that for α′ > ᾱ−α
2

,

we have

E

[
sup
t∈[0,T ]

(
tα
′p‖v:2:

t0,t0+t‖
p
Cα(T2)

)]
. tα

′pE

[
sup
t∈[0,T ]

‖v:2:
t0+t‖Cα

]

+ t(α
′−α−α

2 )pE [‖vt0‖
p
Cα ]E

[
sup
t∈[0,T ]

‖vt0+t‖pCα

]

+ t(α
′−α−α

2 )pE
[
‖vt0‖2

Cα
]
.
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We note that since α < 0 is arbitrarily close to zero, we may take ᾱ, α′ > 0 arbitrar-

ily small. Finally applying Theorem 5.4.11 gives (5.4.19) for some θ := θ(α, α′) > 0.

Hölder continuity in time follows by a similar argument to the proof of (5.4.11) and

the convergence of the approximations follows from Theorem 5.4.11 and the conti-

nuity of the heat semi-group.

To show stationarity of t 7→ v:2:
t,t+h we compute its covariance and by a similar

cancellation as occured for vt,t+h in (5.4.8), we see L(v:2:
t,t+h) depends only on h >

0.
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Chapter 6

Analysis in One Spatial Dimension

We study local and global well-posedness and ergodicity for the SPDE


∂tu− ∂xxu = χ∂x(u

2∂xρu) + ξ, on R+ × T,

−∂xxρu = u− ū, on T,

u|t=0= x, on T.

(6.0.1)

The first step is to obtain local well-posedness. This is completed in Section 6.1

where we also collect some useful properties of the solution for later analysis. We

note that the local analysis does not depend on the positive sign choice and holds

equally for the attractive equation. In Section 6.2 we employ a testing method to

obtain a priori estimates on ‖ut‖Lp that are independent of the initial data and

depend on the noise in a small time interval only. A key tool is the coming down

from infinity property of the cubic ODE, Ẏ = −Y 3. Combining the a priori es-

timate with the local well-posedness enables us to obtain global well-posedness in

Section 6.3. From this point we closely follow the strategy of [105] where the au-

thors demonstrate exponential ergodicity for stochastic quantisation equations in

two dimensions. Defining a Markov semi-group associated to (6.0.1), we employ

the Krylov–Bogoliubov method to give the existence of an invariant measure asso-

ciated to each initial condition. Then in Section 6.4 we prove that the semi-group

is Lipschitz continuous and that the invariant measures all have full support in the
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target space. Combining these two results we show exponential ergodicity of the

semi-group and so obtain a relaxation rate for the SPDE to its unique invariant

measure. From the a priori bound we also obtain a tail estimate on the invariant

measure.

6.0.1 Main Results

We summarise the main results obtained in this chapter. We fix a filtered probability

space (Ω,F , (Ft)t≥0,P) carrying the space-time and space white noise pair (x, ξ)

defined Section 5.4.1. We fix α0 ∈
(
−1

2
, 0
)
, α ∈

(
0, α0 + 1

2

)
and η > 0 such that,

α− α0

2
< η <

1

4
. (6.0.2)

We recall that we write Cαm(T) for the space of α-Hölder distributions with spatial

mean equal to m ∈ R,

Theorem 6.0.1 (Global Well-Posedness). Let α0 ∈ (−1/2, 0), m ∈ R and x ∈

Cα0
m and χ > 0. Then for any T > 0 and δ ∈ (0, 1/2), there exists a unique,

probabilistically strong solution, u(x), to (6.0.1) such that P - a.s. for all t > 0,

ut(x) ∈ C1/2−δ
m (T). Furthermore, the map

S : Cα0
m (T)× C([0, T ]; Cα0 (T))→ Cη((0, T ]; Cαm(T))

(x, v) 7→ u(x),

is continuous in both arguments.

We write L(ut(x)) ∈ P(C1/2−δ
m (T)) for the law of the solution, started from x ∈ Cα0

m ,

at time t > 0.

Theorem 6.0.2 (Exponential Ergodicity). Let m ∈ R and δ ∈ (0, 1/2). Then there

exists a unique measure ν ∈ P(C1/2−δ
m (T)) and a constant c ∈ (0, 1) such that for all

t > 3 and x ∈ Cα0
m , we have that

‖L(ut(x))− ν‖TV≤ cb
t
3
c.
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Furthermore, there exists a λ > 0 sufficiently small, such that for any even integer

p ∈ [1,∞) and any δ ∈ (0, 1/2), we have that

∫
C1/2−δ
m

exp
(
λ‖u‖1−2δ

Lp

)
ν(du) <∞.

The proof of Theorem 6.0.1 is completed at the beginning of Section 6.3 and the

proof of Theorem 6.0.2 is completed at the end of Section 6.4.

6.1 Local Well-Posedness

Throughout this section, we fix T > 0 and χ ∈ R (not necessarily positive). From

Theorem 5.4.8 we see that P-a.s. the map t 7→ v0,t is finite only in CTCα0 , for

α < 1/2. We therefore cannot expect to find solutions to (6.0.1) of any higher

regularity. Obtaining the a priori estimates in Section 6.2 requires at least one

degree of spatial regularity. Thus we decompose the solution into a regular and

irregular part by defining ut := wt + Zt. Here t 7→ Zt is a deterministic function

taking values in the Hölder–Besov space Cα0 with zero spatial mean, which will play

the role of a P-a.s. realisation of t 7→ v0,t. The unknown, w, solves,


∂tw − ∂xxw = χ∂x((w + Z)2∂xρw+Z), on R+ × T,

−∂xxρw+Z = w − w̄ + Z, on T,

w|t=0= x, on T.

(6.1.1)

For the rest of this section, we fix x ∈ Cα0(T) and Z ∈ CTCα0 .

We first show that under suitable regularity assumptions on w, the right hand side

of the first equation in (6.1.1) is a well-defined element of Cη;TCα(T).

Lemma 6.1.1. Let w ∈ Cη;TCα. Then the map w 7→ Ψw, defined for any t ∈ (0, T ],

by

(Ψw)t := et∆x+

∫ t

0

e(t−s)∆χ∂x((ws + Zs)
2∂xρws+Zs) ds, (6.1.2)
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is well-defined from Cη;TCα to itself.

Proof. Applying (5.2.15), for any t > 0, we have that

‖et∆x‖Cα. t−
α−α0

2 ‖x‖Cα0 . (6.1.3)

Concerning the integral term, expanding the square and applying Theorem 5.2.9,

along with (5.2.17) we obtain the bounds

‖w2
s∂xρws+Zs‖Cα ≤ ‖w‖2

Cα‖∂xρws+Zs‖Cα. ‖ws‖3
Cα+‖ws‖2

Cα‖Zs‖Cα

2‖wsZs∂xρws+Zs‖Cα ≤ 2‖w‖Cα‖Zs‖Cα‖∂xρws+Zs‖Cα. 2‖ws‖2
Cα‖Zs‖Cα+2‖ws‖Cα‖Zs‖2

Cα

‖Z2
s∂xρws+Zs‖Cα ≤ ‖Zs‖2

Cα‖∂xρws+Zs‖Cα. ‖ws‖Cα‖Zs‖2
Cα+‖Zs‖3

Cα .

Combining these yields that

‖(ws + Zs)
2∂xρws+Zs‖Cα.

3∑
k=0

(
3

k

)
‖ws‖3−k

Cα ‖Zs‖
k
Cα . (6.1.4)

Therefore, applying (5.2.15), (5.2.7) for any s < t ∈ (0, T ∧ 1] we have

‖e(t−s)∆∂x((ws + Zs)
2∂xρws+Zs)‖Cα . (t− s)−

1
2‖(ws + Zs)

2∂xρws+Zs‖Cα

. (t− s)−
1
2 s−3η max

k=0,...,3

{
‖w‖3−k

Cη;T Cα‖Z‖
k
CT Cα

}
.

Since η < 1
4

we may integrate s−3η near 0 and so for t ∈ (0, T ∧ 1] we have

tη‖(Ψw)t‖Cα. tη−
α−α0

2 ‖x‖Cα0 +t
1
2
−2η max

k=0,...,3

{
‖w‖3−k

Cη;T Cα‖Z‖
k
CT Cα

}
. (6.1.5)

where both exponents are positive due to (6.0.2) and the norms on the right hand

side are finite by assumption. For t > 1 one may argue in almost exactly the same

way, only splitting the time integral at t = 1 and replacing the multiplication by tη

with (t ∧ 1)η.

Definition 6.1.2 (Mild Solutions to (6.1.1)). We say that w ∈ Cη;TCα is a mild
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solution to (6.1.1) on [0, T ] (started from x and driven by Z) if for every t ∈ (0, T ],

wt = et∆x+

∫ t

0

e(t−s)∆χ∂x
(
(ws + Zs)

2∂xρws+Zs
)

ds. (6.1.6)

Remark 6.1.3. Lemma 6.1.1 demonstrates that for any solution, the right hand side

of (6.1.6) is well-defined.

Theorem 6.1.4 (Local Well-Posedness of (6.1.1)). Let R ≥ 1 such that ‖Z‖3
CT Cα+‖x‖Cα0 (T)<

R. Then there exists C > 0, independent of R, x, and Z, such that (6.1.1) has a

unique mild solution w ∈ Cη;T∗Cα where

T∗ =

(
1

CR

) 1
θ

∧ T, with θ :=

(
η − α− α0

2

)
∧
(

1

2
− 2η

)
. (6.1.7)

Furthermore

sup
t∈(0,T∗]

tη‖wt‖Cα≤ 1 (6.1.8)

and

lim
t→0
‖wt − x‖Cα0 = 0. (6.1.9)

Proof. Denoting

BT∗ :=
{
w ∈ C((0, T∗]; Cα(T)) : sup

t∈(0,T∗]

tη‖wt‖Cα≤ 1
}
,

we will show that

w 7→ (Ψw)t := et∆x+

∫ t

0

e(t−s)∆χ∂x
(
(ws + Zs)

2∂xρws+Zs
)

ds,

is a contraction on BT∗ for T∗ defined by (6.1.7) for C > 0 sufficiently large. By

(6.1.5), for w ∈ BT∗ and t ∈ (0, T∗], there exists C > 0 such that

tη‖(Ψw)t‖Cα ≤ Ct(η−
α−α0

2 )∧( 1
2
−2η)R,

and so Ψ maps BT∗ into itself for T∗ defined by (6.1.7). To show that Ψ is a

121



contraction we let w, w̃ ∈ BT∗ . For any s ∈ (0, T∗], using similar steps as in the

proof of (6.1.5), we have that

‖(ws + Zs)
2∂xρws+Zs − (w̃s + Zs)

2∂xρw̃s+Zs‖Cα

. ‖ws − w̃s‖Cα
2∑

k=0

(
2

k

)
(‖ws‖Cα∨‖w̃s‖Cα)2−k ‖Zs‖kCα

. Rs−2η‖ws − w̃s‖Cα .

So then, for any t ∈ (0, T∗], we have

tη‖(Ψw)t − (Ψw̃)t‖Cα ≤ tη
∫ t

0

‖e(t−s)∆χ∂x((ws + Zs)
2∂xρws+Zs

− (w̃s + Zs)
2∂xρw̃s+Zs)‖Cα ds

. tη
∫ t

0

(t− s)−
1
2‖(ws + Zs)

2∂xρws+Zs − (w̃s + Zs)
2∂xρw̃s+Zs‖Cα ds

. Rt
1
2
−2η‖w − w̃‖Cη;tCα .

It follows that there exists C > 0 such that, for T∗ given by (6.1.7),

‖Ψw −Ψw̃‖Cη;T∗Cα ≤ CR(T∗)
1
2
−2η‖w − w̃‖Cη;T∗Cα

≤ 1

2
‖w − w̃‖Cη;T∗Cα .

Hence Ψ is a contraction on BT∗ , and therefore there exists a unique fixed point

w ∈ BT∗ of Ψ which, by construction, is a mild solution to (6.1.1) in the sense of

Definition 6.1.2 and satisfies (6.1.8).

To show that w is the unique solution in all of Cη;T∗Cα, let w̃ be another mild solutions

of (6.1.1). Then, by a similar argument as above, there exists a T̃ (‖w‖Cη;T∗Cα , ‖w̃‖Cη;T∗Cα) =:

T̃ ∈ (0, T∗] such that w, w̃ ∈ BT̃ . Since both must be fixed points of Ψ on BT̃ we

have that w = w̃ on [0, T̃ ]. Iterating the argument, using the same T̃ at each step,

shows that w = w̃ on [0, T∗].

To show (6.1.9), observe first that limt→0‖et∆x−x‖Cα0 = 0 by Remark 5.2.11 and so
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it only remains to show that the integral term converges to zero in Cα0 . Consider

η̃ ∈
(
α−α0

2
, η
)
. Since Cη̃;T∗Cα ↪→ Cη;T∗Cα, applying what we have proved so far to

(α0, α, η̃) in place of (α0, α, η), we see that, for S > 0 sufficiently small, w is also the

unique mild solution to (6.1.1) in Cη̃;SCα, and that supt∈(0,S] t
η̃‖wt‖Cα≤ 1. Applying

(5.2.15) and (6.1.4), for all t ∈ (0, S]

∫ t

0

‖e(t−s)∆∂x((ws + Zs)
2∂xρws+Zs‖Cα0 ds .

∫ t

0

(t− s)−
α0−α+1

2 s−3η̃ ds

= t
1
2

+
α−α0

2
−3η̃,

where we used the fact that α0−α+1
2
∨3η̃ < 1 to evaluate the integral. We now choose

η̃ sufficiently close to α−α0

2
so that 1

2
+ α−α0

2
−3η̃ > 0, from which (6.1.9) follows.

Lemma 6.1.5. Suppose that w ∈ Cη;TCα is a mild solution to (6.1.1). Then for all

t0 ∈ (0, T )

sup
t 6= s∈[t0,T ]

‖wt − ws‖Cβ−2κ

|t− s|κ
<∞. (6.1.10)

Proof. Applying (5.2.15) we have that

‖et∆x‖Cβ. t−
β−α0

2 ‖x‖Cα0 . (6.1.11)

Regarding the integral term, applying similar steps as in the proof of (6.1.5) and

that by assumption 1+β−α
2

< 1, we have that

∫ t

0

‖e(t−s)∆∂x
(
(ws + Zs)

2∂xρws+Zs
)
‖Cβ ds .

∫ t

0

(t− s)−
1+β−α

2 s−3η ds

= t
1
2
−β−α

2
−3η. (6.1.12)

It follows that

sup
t∈[t0,T∗]

‖wt‖Cβ<∞.

Now, let 0 < t0 < s < t ≤ T and κ ∈ [0, 1). Applying the triangle inequality and
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using the semi-group property, we have that

‖wt − ws‖Cβ−2κ ≤
∥∥(e(t−s)−1)∆ws

∥∥
Cβ−2κ

+

∫ t

s

∥∥e(t−r)∆∂x((wr + Zr)
2∂xρwr+Zr)

∥∥
Cβ−2κ dr

=: I1(s, t) +

∫ t

s

I2(r, t) dr.

Using (5.2.15) and (5.2.16),

I1(s, t) .
∥∥(e(t−s)∆ − 1

)
ws
∥∥
Cβ−2κ . (t− s)κ‖ws‖Cβ . (6.1.13)

Since β − 1 < α and supt∈[t0,T∗]‖Zt‖Cα+‖wt‖Cα< ∞, applying (5.2.15) followed by

(5.2.16) and (6.1.4), we obtain

I2(r, t) . (t− r)−
1+β−2κ−(β−1)

2

∥∥((wr + Zr)
2∂xρwr+Zr)

∥∥
Cβ−1 . (t− r)−1+κ.

Therefore ∫ t

s

I2(r, t) dr . (t− s)κ. (6.1.14)

Combining (6.1.13) and (6.1.14) we obtain (6.1.10).

Lemma 6.1.6 (Mild Solutions are Weak Solutions). Let t0 ∈ [0, T ) and w ∈ Cη;TCα

be a mild solution to (6.1.1) on [0, T ]. Then for any φ ∈ C∞(T) and t ∈ [t0, T ],

〈wt, φ〉 − 〈wt0 , φ〉 = −
∫ t

t0

〈∂xws + χ(ws + Zs)
2∂xρws+Zs , ∂xφ〉 ds. (6.1.15)

Moreover, (6.1.15) holds for all t0 ∈ (0, T ) and φ ∈ C1(T).

Proof. From the mild form of the equation started from data wt0 at t = t0, it follows

that for φ ∈ C∞(T)

∫ t

t0

〈ws, ∂xxφ〉 ds =

∫ t

t0

〈
es∆wt0 , ∂xxφ

〉
ds

+

∫ t

t0

∫ s

t0

〈
e(s−r)∆χ∂x((wr + Zr)

2∂xρwr+Zr), ∂xxφ
〉

dr ds.
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Integrating by parts in the first term on the right hand side gives

∫ t

t0

〈
es∆wt0 , ∂xxφ

〉
ds =

∫ t

t0

〈∂xxes∆wt0 , φ〉 ds = 〈et∆wt0 , φ〉 − 〈wt0 , φ〉. (6.1.16)

Using the same argument for the second term on the right hand side we have that

〈
e(s−r)∆∂x((wr + Zr)

2∂xρwr+Zr), ∂xxφ
〉

= ∂s
〈
e(s−r)∆∂x((wr + Zr)

2∂xρwr+Zr), φ
〉
.

Changing the order of integration gives

∫ t

t0

∫ s

t0

〈e(s−r)∆∂x((wr + Zr)
2∂xρwr+Zr), ∂xxφ〉 dr ds

=

∫ t

t0

〈e(t−r)∆∂x((wt + Zt)
2∂xρwt+Zt), φ〉 dr

−
∫ t

t0

〈∂x((wr + Zr)
2∂xρwr+Zr), φ〉 dr.

Putting this together with (6.1.16) gives that

∫ t

t0

〈ws, ∂xxφ〉 ds = 〈et∆wt0 , φ〉 − 〈wt0 , φ〉+

∫ t

t0

〈e(t−r)∆χ∂x((wr + Zr)
2∂xρwr+Zr), φ〉 dr

−
∫ t

t0

〈χ∂x((wr + Zr)
2∂xρwr+Zr), φ〉 dr.

Rearranging and integrating the left hand side by parts once proves (6.1.15) for any

φ ∈ C∞(T). For t0 ∈ (0, T ), by Theorem 6.1.4, we have that supt∈[t0,T ]‖wt‖C1<∞,

so that the map C1(T) 3 φ 7→
∫ t
t0
〈∂xws + (ws +Zs)

2∂xρws+Zs , ∂xφ〉 ds is continuous.

Approximating φ ∈ C1(T) by a smooth sequence gives the result.

It follows from the proof of Lemma 6.1.6 that any solution to (6.1.1) has constant

spatial mean.

Corollary 6.1.7. Let w ∈ Cη;TCα be a mild solution to (6.1.1) on [0, T ]. Then for

any t ∈ [0, T ], w̄t = x̄.

Proof. Applying Lemma 6.1.6 with φ ≡ 1 and t0 = 0 gives w̄t = 〈wt, 1〉 = 〈x, 1〉 =

x̄.
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6.2 A Priori Estimate on T

We now turn towards establishing a priori estimates for the Lp norms of the solution.

To achieve this we leverage the improved regularity of the remainder w along with

Lemma 6.1.6 to obtain an evolutionary identity for ‖wt‖pLp . Then making use of the

positive sign in front of the non-linearity we establish an a priori bound on ‖wt‖pLp

that is independent of the initial data.

We establish the evolutionary identity in Proposition 6.2.1 below, which we prove

in a very similar way to [92, Prop. 14].

We recall that we have fixed α0 ∈
(
−1

2
, 0
)
, α ∈

(
0, α0 + 1

2

)
, β > 0 and η > 0 such

that,

α− α0

2
< η <

1

4
, β ∈ (0, α + 1).

In this section, we let t 7→ Zt ∈ Cα0 be a continuous, zero at zero trajectory and for

any x ∈ Cα0 and we write w(x) for a mild solution to


∂tw − ∂xxw = χ∂x((w + Z)2∂xρw+Z), on [0, T ]× T,

−∂xxρw+Z = w + Z − w̄, on T,

w|t=0= x, on T.

(6.2.1)

The same steps as the proofs of Theorem 6.1.4 and Corollary 6.1.7 show that there

exists a T̄ > 0 such that a solution w to (6.2.1) exists in Cκ((0, T̄ ]; Cβ−2κ
x̄ (T)) for any

κ ∈ (0, 1).

Proposition 6.2.1 (Testing the Equation). Let 0 < t0 < t ≤ T̄ , p ≥ 2 an integer,

x ∈ Cα0(T), and w(x) ∈ Cη;TCα be a mild solution to (6.1.1) on [0, T ]. Then

1

p(p− 1)
(‖wt‖pLp−‖wt0‖

p
Lp) = −

∫ t

t0

〈wp−2
s ∂xws, ∂xws〉 ds

−
∫ t

t0

〈χ(ws + Zs)
2∂xρws+Zs , w

p−2
s ∂xws〉 ds.

(6.2.2)
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Proof. Let β ∈ (1, α + 1) and κ ∈ (1/2, β/2). By Theorem 6.1.4,

sup
s 6= r∈[t0,T ]

‖ws − wr‖L∞
|s− r|κ

≤ sup
s 6= r∈[t0,T ]

‖ws − wr‖Cβ−2κ

|s− r|κ
<∞. (6.2.3)

Now, let ϕ ∈ C∞(R) and observe that for any t0 ≤ r < s ≤ T we have the identity

〈ws, ϕ(ws)〉 − 〈wr, ϕ(wr)〉 = 〈ws, ϕ(wr)〉 − 〈wr, ϕ(wr)〉+ 〈ws, ϕ(ws)− ϕ(wr)〉.

So for any t ∈ (t0, T ], and n ≥ 2, defining a family of partitions, by setting ti =

t0 + i(t − t0)/n, for i = 0, . . . , n and applying Lemma 6.1.6 with the test function

ϕ(wti), we have

〈wt, ϕ(wt)〉 − 〈wt0 , ϕ(wt0)〉 = −
n−1∑
i=0

∫ ti+1

ti

〈∂xws + χ(ws + Zs)
2∂xρws+Zs , ∂xϕ(wti)〉 ds

+
n−1∑
i=0

〈
wti+1

, ϕ(wti+1
)− ϕ(wti)

〉
=: −In(t) +Rn(t).

By continuity of s 7→ ∂xϕ(ws) we see that

lim
n→∞

In(t) =

∫ t

0

〈∂xws + χ(ws + Zs)
2∂xρws+Zs , ∂xϕ(ws)〉 ds. (6.2.4)

For Rn(t), Taylor’s formula gives

Rn(t) =
n−1∑
i=0

[
〈wti+1

, (wtt+i − wti)ϕ′(wti)〉+
〈
wti+1

,

∫ wti+1

wti

ϕ′′(y)(wti+1
− y) dy

〉]

=: Rn
1 (t) +Rn

2 (t).

We show that Rn
2 (t) converges to zero. Using (6.2.3), we have the bound

|Rn
2 (t)| . sup

s∈[t0,t]

‖ws‖L∞ sup
i=0,...,n−1
y∈[wti ,wti+1 ]

|ϕ′′(y)|
n−1∑
i=0

‖wti+1
− wti‖2

L∞

(6.2.3)

.
n−1∑
i=0

|ti+1 − ti|2κ,
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where we used that ϕ′′ is continuous. Regarding Rn
1 (t), we may apply Lemma 6.1.6

once again to each bracket, this time with the test function wti+1
ϕ′(wti), to give that

Rn
1 (t) = −

n−1∑
i=0

∫ ti+1

ti

〈∂xws + χ(ws + Zs)
2∂xρws+Zs , ∂x(wti+1

ϕ′(wti))〉 ds.

So again, by regularity of the map s 7→ ∂xws and ϕ, we have that

lim
n→∞

Rn(t) = −
∫ t

t0

〈∂xws + χ(ws + Zs)
2∂xρws+Zs , ∂x(wsϕ

′(ws))〉 ds. (6.2.5)

So combining (6.2.4) and (6.2.5) gives,

〈wt, ϕ(wt)〉 − 〈wt0 , ϕ(wt0)〉 = −
∫ t

t0

〈∂xwr + χ(wr + Zr)
2∂xρwr+Zr ,

(2ϕ′(wr) + wrϕ
′′(wr)) ∂xwr〉 dr.

For ϕ(x) := xp−1 we have 2ϕ′(x) + xϕ′′(x) = p(p− 1)xp−2 and

〈wt, wp−1
t 〉 − 〈wt0 , w

p−1
t0 〉 = ‖wt‖pLp−‖wt0‖

p
Lp ,

which gives (6.2.2).

We now reintroduce the constant χ in the formulation of (6.0.1). For a given initial

data, x ∈ Cα0 and ut(x) solving (6.0.1), if x̄ 6= 0, defining ũt := ut/ū for all t > 0

and x̃ = x/x̄, we see that ũ solves

∂tũt − ∂xxũt = ū2∂x(ũ
2
t∂xρũt) +

1

ū
ξ, ũ|t=0= x̃, and ¯̃x = 1.

So without loss of generality, for χ > 0, we may consider the problem

∂tut − ∂xxut = χ∂x(u
2∂xρut) + ξ, u|t=0= x, and x̄ = 1 or 0.

It follows from Corollary 6.1.7, which applies equally to (6.2.1) that w̄t ≡ ūt ≡ ū0.

Therefore, we also treat (6.2.1) with either w̄ = 1 or w̄ = 0 and χ > 0.
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Expanding the second term on the right hand side of (6.2.2) gives

−〈∂xρw, wp∂xw〉 = − 1

p+ 1
〈∂xρw, ∂xwp+1〉 = − 1

p+ 1
‖wp+2‖L1+

1

p+ 2
〈w̄, wp+1〉.

In combination with the first term on the right hand side of (6.2.2) coming from

the Laplacian we obtain an a priori estimate on ‖wt‖pLp that is independent of the

initial data.

We recall the ODE comparison test, [105, Lem. 3.8], which is key in obtaining our

a priori bound.

Lemma 6.2.2 (ODE Comparison). Let λ > 1, c1, c2 > 0 and f : [0, T ]→ [0,∞) be

differentiable and satisfying

f ′(t) + c1f(t)λ ≤ c2, (6.2.6)

for every t ∈ [0, T ]. Then there exists a constant C := C(λ) > 0 such that for all

t > 0

f(t) ≤ C max

{
(tc1)−

1
λ−1 ,

(
c2

c1

) 1
λ

}
. (6.2.7)

Proof. Let t > 0 then either of the following must be the case:

(i) there exists some s0 ≤ t such that f(s0) ≤
(

2c2
c1

) 1
λ
,

(ii) for every s ≤ t, f(s) >
(

2c2
c1

) 1
λ
.

If the second holds, then, using (6.2.6) we see that

f ′(s) +
c1

2
f(s)λ ≤ 0.

Solving the differential inequality on [0, t] gives

f(t) ≤ f(0)(
1 + (λ− 1) c1

2
f(0)λ−1t

) 1
λ−1

. (tc1)−
1

λ−1 ,
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where the constant depends only on λ.

On the other hand, if the first case holds, we assume for a contradiction that f(t) >(
2c2
c1

) 1
λ

and we set

s∗ = sup

{
s < t : f(s) ≤

(
2c2

c1

) 1
λ

}
,

that is, t > s∗. Furthermore, since f is continuous, f(s∗) =
(

2c2
c1

) 1
λ
. Again, employ-

ing (6.2.6), we have for every s ∈ (s∗, t] that

f ′(s) +
c1

2
f(s)λ ≤ 0 ⇒ f ′(s) ≤ 0.

Therefore,

f(t) = f(s∗) +

∫ t

s∗
f ′(s) ds ≤ f(s∗) =

(
2c2

c1

) 1
λ

,

which is a contradiction and so the conclusion follows.

Theorem 6.2.3 (A Priori Bound on the Remainder). Let p ≥ 2 be an even integer,

χ > 0, m ∈ {0, 1}, x ∈ Cα0
m (T) and w(x) ∈ Cη;TCα be a mild solution to (6.1.1) on

[0, T ]. Then there exists a constant C > 0, independent of x, Z, p and χ,

‖wt(x)‖Lp≤ max
{

(χt/4)−
1
2 , C(p ∨ χ)γ‖Z‖

1
α
CtCα , C(p ∨ χ)

p+1
p+2m

}
, (6.2.8)

where γ = p(1+α)+2+α
α(p+2)

.

Proof. Since t 7→ ∂xwt and t 7→ (wt + Zt)
2∂xρwt+Zt are both continuous mappings

from (0, T ] into L∞(T) by Theorem 6.1.4, we may differentiate (6.2.2) with respect

to t in order to obtain

1

p(p− 1)

d

dt
‖wt‖pLp= −‖w

p−2
t |∂xwt|2‖L1−χ〈(wt + Zt)

2∂xρwt+Zt , w
p−2
t ∂xwt〉,

where we used that p is even in the first term on the right hand side. Regarding the

130



second term, since f 7→ ∂xρf is linear, we have

〈(wt + Zt)
2∂xρwt+Zt , w

p−2
t ∂xwt〉 = 〈∂xρwt , w

p
t ∂xwt〉+ 〈∂xρZt , w

p
t ∂xwt〉

+ 2〈Zt∂xρwt+Zt , w
p−1
t ∂xwt〉+ 〈Z2

t ∂xρwt+Zt , w
p−2
t ∂xwt〉.

Integrating the first term by parts, using that −∂xxρwt = wt − x̄ by Corollary 6.1.7

and recalling that we have set x̄ = m,

〈∂xρwt , w
p
t ∂xwt〉 =

1

p+ 1
〈∂xρwt , ∂xw

p+1
t 〉 =

1

p+ 1
〈wt −m, wp+1

t 〉

=
1

p+ 1
‖wp+2

t ‖L1− 1

p+ 1
〈m, wp+1

t 〉,

Therefore, applying the chain rule in the remaining terms gives

1

p(p− 1)χ

d

dt
‖wt‖pLp = − 1

χ
‖wp−2

t |∂xwt|2‖L1− 1

p+ 1
‖wp+2

t ‖L1+
1

p+ 1
〈m, wp+1

t 〉

+
1

p+ 1
〈∂xρZt , ∂xw

p+1
t 〉+

2

p
〈Zt∂xρZt , ∂xw

p
t 〉

+
1

p− 1
〈Z2

t ∂xρZt , ∂xw
p−1
t 〉+

2

p
〈Zt, ∂xρwt∂xw

p
t 〉

+
1

p− 1
〈Z2

t , ∂xρwt∂xw
p−1
t 〉.

(6.2.9)

We demonstrate that all terms without a definite sign can be bounded by a constant

multiple of the two negative terms,

1

χ
‖wp−2

t |∂xwt|2‖L1+
1

p+ 1
‖wp+2

t ‖L1=:
1

χ
At +

1

p+ 1
Bt.

From Theorems 5.2.2 and 5.2.13, for any α ∈ R and p, q ∈ [1,∞], we have that

‖∂xρw‖Bαp,q. ‖w‖Bα−
1
p

1,q

, and ‖∂xρw‖L∞. ‖w‖L1 . (6.2.10)

For any 0 < q ≤ p+ 2, by Jensen’s inequality we have

‖wqt ‖L1≤ B
q
p+2

t . (6.2.11)
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Furthermore, by applying Cauchy–Schwarz followed by (6.2.11), for 2
p
< q ≤ p + 1

we have

‖∂xwqt ‖L1= q‖wq−1
t ∂xwt‖L1≤ q‖w2q−p

t ‖
1
2

L1 A
1
2
t ≤ qB

2q−p
2(p+2)

t A
1
2
t . (6.2.12)

To keep track of dependence on p, we also make use of the following inequality which

readily follows from Young’s inequality for products: for γ1, γ2 ∈ (1,∞) such that

1
γ1

+ 1
γ2

= 1, a, b > 0 and c ≥ 1

ab <
cγ1−1

γ1 − 1
aγ1 +

1

c
bγ2 (6.2.13)

(in fact ab < cγ1−1

e(γ1−1)
aγ1 + 1

c
bγ2). From now on we let C > 0, c ≥ 1 be constants, that

are independent of x, Z, p, and χ. Later, we will fix c ≥ 1 sufficiently large at the

end of the proof. If we write . in an inequality below, the implied proportionality

constant is equal to C > 0 which we take sufficiently large so that the inequality

holds.

We work through the terms of (6.2.9) in order. For the third term of (6.2.9), applying

Hölder, (6.2.11), (6.2.13) and using that m ∈ {0, 1}, we have,

1

p+ 1
|〈m, wp+1

t 〉|≤
m

p+ 1
‖wp+1

t ‖L1≤ m

p+ 1
B

p+1
p+2

t ≤ mcp+1

(p+ 1)2
+

1

c(p+ 1)
Bt. (6.2.14)

For the fourth term of (6.2.9), we integrate by parts to give

1

p+ 1
|〈∂xρZt , ∂xw

p+1
t 〉|=

1

p+ 1
|〈Zt, wp+1

t 〉|
(5.2.10) (6.2.11)

.
1

p
‖Z‖CtCαB

p+1
p+2

t

(6.2.13)

≤ cp+1

p2
‖Z‖p+2

CtCα+
1

cp
Bt.

(6.2.15)
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Concerning the two remaining terms of (6.2.9) involving ∂xρZt , we have for k = 1, 2

1

p+ 1− k
|〈Zk

t ∂xρZt , ∂xw
p+1−k
t 〉| ≤ 1

p+ 1− k
‖Zk

t ∂xρZt‖L∞ ‖∂xw
p+1−k
t ‖L1

(5.2.12), (5.2.19), (6.2.12)

. ‖Zt‖k+1
Cα B

p+2−2k
2(p+2)

t A
1
2
t

(6.2.13)

≤ c‖Zt‖2(k+1)
Cα B

p+2−2k
p+2

t +
1

c
At

(6.2.13)

.
c
p+2−k
k

p
‖Z‖

k+1
k

(p+2)

CtCα +
1

c
Bt +

1

c
At.

(6.2.16)

(In the case p = k = 2, note that we do not need to apply (6.2.13) in the final

line.) Combining (6.2.15), (6.2.16) and noting that 3
2
(p+ 2) is the highest power of

‖Z‖CtCα encountered so far, we have that

2∑
k=0

(
2

k

)
1

p+ 1− k
|〈Zk

t ∂xρZt , ∂xw
p+1−k
t 〉| . cp+1

p
‖Z‖

3
2

(p+2)

CtCα +
1

c
Bt +

1

c
At. (6.2.17)

For the seventh term of (6.2.9), we first integrate by parts and apply the triangle

inequality to obtain that

1

p
|〈Zt, ∂xρwt∂xw

p
t 〉| ≤

1

p
|〈∂xZt, wpt ∂xρwt〉|+

1

p
|〈Zt, wp+1

t 〉|. (6.2.18)

Since α ∈ (0, 1
2
), using Theorems 5.2.9 and 5.2.5, we have

‖wpt ∂xρwt‖B1−α
1,1

(5.2.11)

. ‖wpt ‖L 1
1−α
‖∂xρwt‖B1−α

1
α ,1

+‖wpt ‖B1−α
1,1
‖∂xρwt‖L∞

(6.2.10), (5.2.5), (5.2.9)

. ‖wpt ‖B1−α
1,1
‖wt‖L1

(5.2.9)

.
(
‖∂xwpt ‖1−α

L1 ‖wpt ‖αL1+‖wpt ‖L1

)
‖wt‖L1

(6.2.11)

. ‖∂xwpt ‖1−α
L1 B

pα+1
p+2

t +B
p+1
p+2

t

(6.2.12)

. p1−αB
p(1+α)+2

2(p+2)

t A
1−α

2
t +B

p+1
p+2

t . (6.2.19)

Considering the first term of (6.2.18), applying (6.2.19) and then (6.2.13) twice with
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γ1 = 2
1+α

and then with γ1 = (p+2)(1+α)
2α

, and using that p−α ≤ 1,

1

p
|〈∂xZt, wpt ∂xρwt〉|

(5.2.10)

.
1

p
‖∂xZt‖Cα−1‖wpt ∂xρwt‖B1−α

1,1

(6.2.19)

. ‖Zt‖Cα
(
B

p(1+α)+2
2(p+2)

t A
1−α

2
t +

1

p
B

p+1
p+2

t

)
(6.2.13)

. c‖Z‖
2

1+α

CtCαB
p(1+α)+2

(p+2)(1+α)

t +
cp+1

p2
‖Z‖p+2

CtCα

+
1

c
At +

1

pc
Bt

(6.2.13)

.
c
p(1+α)+2+α

α

p
‖Z‖

p+2
α
CtCα+

p+ 1

cp
Bt +

1

c
At. (6.2.20)

Concerning the second term of (6.2.18), we have

1

p
|〈Zt, wp+1

t 〉|
(5.2.10), (6.2.11)

.
1

p
‖Z‖CtCαB

p+1
p+2

t

(6.2.13)

.
cp+1

p2
‖Z‖p+2

CtCα+
1

pc
Bt. (6.2.21)

Regarding the eighth and final term of (6.2.9),

1

p− 1
|〈Z2

t , ∂xρwt∂xw
p−1
t 〉|

(5.2.10), (5.2.12)

.
1

p
‖Z‖2

CtCα‖∂xρwt‖L∞‖∂xw
p−1
t ‖L1

(6.2.10), (6.2.12)

. ‖Z‖2
CtCαB

p
2(p+2)

t A
1
2
t

(6.2.13)

≤ c‖Z‖4
CtCαB

p
p+2

t +
1

c
At

(6.2.13)

.
cp+1

p
‖Z‖2(p+2)

CtCα +
1

c
Bt +

1

c
At. (6.2.22)

So, since p+ 1 ≤ p(1+α)+2+α
α

=: β and c ≥ 1, combining (6.2.20)–(6.2.22),

2∑
k=1

(
2

k

)
1

p+ 1− k
|〈Zk

t , ∂xρwt∂xw
p+1−k
t 〉| . cβ

p
‖Z‖

p+2
α
CtCα+

1

c
Bt +

1

c
At. (6.2.23)

Since 1
4(p−1)

≤ 3/4
p+1

, combining (6.2.9) with (6.2.14), (6.2.17), (6.2.23) and choosing
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c ≥ (p ∨ χ)C with C > 0 the sufficiently large implied constant, we obtain that

1

χp(p− 1)

d

dt
‖wt‖pLp≤ max

{(C(p ∨ χ))β

p
‖Z‖

p+2
α
CtCα ,

(C(p ∨ χ))p+1m

p2

}
− 1

4(p− 1)
‖wp+2

t ‖L1 .

Using Jensen’s inequality we have (‖wt‖pLp)
p+2
p ≤ ‖wp+2

t ‖L1 , so that for C > 0

sufficiently large

d

dt
‖wt‖pLp+

χp

4
(‖wt‖pLp)

p+2
p ≤ χmax

{
p(C(p ∨ χ))β‖Z‖

p+2
α
CtCα , (C(p ∨ χ))p+1m

}
.

Applying Lemma 6.2.2 with f(t) = ‖wt‖pLp and λ = p+2
p

, we obtain that, for C > 0

sufficiently large

‖wt(x)‖pLp≤ max
{

(χt/4)−
p
2 , (C(p ∨ χ))β

p
p+2‖Z‖

p
α
CtCα , (C(p ∨ χ))

p(p+1)
p+2 m/p

p
p+2

}
,

for every t ∈ (0, T ] and x ∈ Cα0 . The stated bound, (6.2.8), then follows after taking

the pth root on both sides and noticing that γ = β
p+2
≤ 4+3α

4α
.

We discuss some implications of the a priori bound (6.2.8).

Remark 6.2.4. Fixing χ > 0, we see that in the limit p ↗ ∞ the bound (6.2.8)

behaves like

sup
x∈Cα0

‖wt(x)‖Lp≤ C max

{
1√
χt
, pγ‖Z‖

1
α
CtCα , p

p+1
p+2m

}
.

The maximum on the right hand side blows-up as p increases and so we see that this

approach does not seem to allow us to obtain an a priori L∞ bound independent of

the initial data for (6.1.1).

Compare this with the cubic stochastic reaction diffusion equation in one dimension,
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where a similar method yields that, for C1, C2 > 0 independent of p ≥ 2, we have

d

dt
‖wt‖pLp+

p

2

(
‖wt‖pL1

) p+2
p ≤ C1 max

{
Cp+1

2 ‖Z‖p+2
CtCα , 1

}
.

So then applying Lemma 6.2.2 we have, for possibly new constants C1, C2 > 0,

d

dt
‖wt‖Lp≤ C1 max

{
t−

1
2 , C

p+1
p+2

2 p−
1
p+2‖Z‖CtCα , 1

}
. (6.2.24)

In contrast with (6.2.8), the right hand side of (6.2.24) is finite in the limit p↗∞,

which would allow us, in this case to obtain an a priori bound on the L∞ norm

independent of the initial data. An alternative approach to directly obtaining the

L∞ a priori bound for the cubic stochastic reaction diffusion equation, for all d < 4,

is given in [25]. However, it also seems that this method will not apply to our

equation either.

Remark 6.2.5. We also obtain a tail bound on the law L(ut(x)) from (6.2.8). Since

from Fernique’s theorem there exists a λ > 0 sufficiently small such that E
[
eλ‖v0, · ‖2CtCα

]
<

∞, letting t 7→ Zt be given by the random trajectory t 7→ v0,t, for any even integer

p ≥ 2, and the same λ > 0 we have that

E
[
exp

(
λ‖ut‖2α

Lp

)]
≤ E

[
exp

(
λ
(
‖wt‖2α

Lp+‖v0, · ‖2
CtCα

))]
.p E

[
exp

(
λ‖v0, · ‖2

CtCα
)]2

<∞.

(6.2.25)

This tail bound displays two interesting properties. Firstly, since α ∈ (0, 1/2) the

bound (6.2.25) gives that L(ut) has heavier than Gaussian tails - of course this does

not prove that the solution does not have lighter tails. Using this method we could

expect to show, at best exactly Gaussian tails, since we are limited by the moments

of v0, · . Secondly, taking a higher power m ≥ 3 in the equation does not seem to

improve this tail bound, at least using the method presented here. We see this by

inspecting the proof of Theorem 6.2.3. Applying the same method, for any m ≥ 3,
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we see that the term |〈Zm−2
t , ∂xρwt∂xw

p
t 〉|, results in the power ‖Z‖

p−1+m
α

CT Cα in the final

bound. After applying Lemma 6.2.2 we see that we are left with the same power on

‖Z‖CT Cα as in (6.2.8).

Again we contrast this with known results for stochastic reaction diffusion equations.

In [89] the authors demonstrate that solutions to

∂tu− ∂xxu = −um + ξ,

is such that if, for λ > 0,

E
[
exp

(
λ‖ξ‖2

Cα−2(R+×R)

)]
<∞,

then

E
[
exp

(
λ‖ut‖2+(m−1)α

L∞

)]
<∞. (6.2.26)

In contrast with (6.2.25), the bound (6.2.26) improves both with increasing m and

α.

Remark 6.2.6. Finally we observe that it does not seem we can directly apply our

method for the equation with an even power on the right hand side. For example,

when m = 2 the remainder solves

∂tw − ∂xxw = ∂x(|w + Z|∂xρw+Z).

We can write the absolute value in the form |w + Z|= sign(w + Z)(w + Z) which

allows us to isolate the damping term in the testing argument. However, in order to

do so we integrate by parts which results in terms such as |〈∂xZ,wp+1∂xρw〉|. The

issue in handling such terms is that they involve both the highest power of w, and

the negative regularity term ∂xZ. So it is not clear how the testing method would

apply in this case.
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We conclude this section with a proof of global well-posedness for w.

Proposition 6.2.7. Let m ∈ {0, 1}, x ∈ Cα0
m (T) and Z ∈ CTCα0 . Then there exists a

unique mild solution w(x) ∈ Cη;TCα to (6.1.1). Furthermore, the map,

S : Cα0
m (T)× CTCα0 (T)→ Cη;TCαm(T)

(x, Z) 7→ u(x) := w(x) + Z,

(6.2.27)

is jointly, locally Lipschitz.

Proof. We recall from Theorem 6.1.4 that there exists a T∗ ∈ (0, 1), depending only

on ‖x‖Cα0 and ‖Z‖CT Cα , such that a mild solution w ∈ Cη;T∗Cα exists to (6.1.1).

Without loss of generality let us assume T > T∗ and that we fix an even p ∈

(− 1
α0
,∞) so that Lp(T) ↪→ Cα0(T). In this case, it is clear that we can extend the

solution for a positive time of existence so long as ‖wt‖Lp remains finite. However,

by Theorem 6.2.3, ‖wt‖Lp is bounded above by a function of t independent of the

initial data and so we may continue the solution to all of [0, T ]. From Corollary

6.1.7, for ut := wt + Zt, we have ūt = x̄ + Z̄t, for all t ∈ (0, T ]. Similarly, for all

t > 0, ‖ut‖Cα≤ ‖wt‖Cα+‖Zt‖Cα . Hence the solution map (6.2.27) is well-defined and

‖u‖Cη,T Cα depends only on ‖Z‖CT Cα .

To continue the proof, we state the following

Lemma 6.2.8. Consider R > 0 and define the set

DR := {(x, Z) ∈ Cα0
m × CTCα : ‖x‖Cα0 +‖Z‖CT Cα< R}.

Then for T∗ = T∗(R) > 0 sufficiently small, S :DR → Cη((0, 2T∗], Cαm) is K-

Lipschitz where K = K(R) > 0.

Proof. Let (x, Z), (x̃, Z̃) ∈ DR and consider the corresponding solutions

ut = et∆x+

∫ t

0

e(t−s)∆χ∂x(u
2
s∂xρus) ds+ Zt,

ũt = et∆x̃+

∫ t

0

e(t−s)∆χ∂x(ũ
2
s∂xρũs) ds+ Z̃t.
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From Theorem 6.1.4, there exists T∗(R) > 0 such that ‖u‖Cη;2T∗Cα∨‖ũ‖Cη;2T?Cα≤ 2.

For t ∈ (0, 2T∗], using Theorem 5.2.10 and similar bounds as in the proof of Theorem

6.1.4 we see that

‖ut − ũt‖Cα . t−
α−α0

2 ‖x− x̃‖Cα0 +t
1
2
−3η‖u− ũ‖Cη;tCα+‖Zt − Z̃t‖Cα ,

where the proportionality constant does not depend on x, x̃, Z, Z̃. So multiplying

through by tη and taking the supremum over t ∈ (0, 2T∗] we have that

‖u− ũ‖Cη;2T∗Cα. ‖x− x̃‖Cα0 +T
1
2
−2η
∗ ‖u− ũ‖Cη;SCα+‖Z − Z̃‖CT Cα .

By lowering T∗ further, we obtain

‖u− ũ‖Cη;2T∗Cα. ‖x− x̃‖Cα0 +‖Z − Z̃‖CT Cα .

We now prove that S is jointly locally Lipschitz. Consider R > 1, DR, and T∗(R) >

0 as in Lemma 6.2.8. Then S is K(R)-Lipschitz from DR to Cη((0, 2T∗], Cα). In par-

ticular, the map (x, Z) 7→ u|[T∗,2T∗]∈ C([T∗, 2T∗], Cα) is K(R)-Lipschitz. If T ≤ 2T∗,

then we are done. Hence, suppose T > 2T∗. We will prove that, for T̄∗(R) ∈ (0, T∗]

sufficiently small, u|[T∗+T̄∗,T ]∈ C([T̄∗, T ], Cα) is a Lipschitz function of (x, Z), from

which the conclusion will follow.

To this end, consider (x, Z) ∈ DR and let u be the corresponding solution. By the

a priori estimate, for p ≥ 2 sufficiently large ‖ut‖Cα0.α0,p ‖ut‖Lp. t−1/2 ∨R1/α for

all t > 0. Therefore, there exists R̄(R) > 0 such that ‖ut‖Cα0≤ R̄ for all t ∈ [T∗, T ].

Let T̄∗(R̄) > 0 be the constant from Lemma 6.2.8. Without loss of generality, we can

assume that T̄∗ ≤ T∗ and that T = T∗ +NT̄∗ for some integer N ≥ 2. By the above

remark, for all 1 ≤ n < N , u|[T∗+nT̄∗,T∗+(n+1)T̄∗]∈ C([T∗ + nT̄∗, T∗ + (n + 1)T̄∗], Cα)

is a K(R)-Lipschitz function of (uT∗+(n−1)T̄∗ , Z) ∈ Cα0 × CTCα. Combining these

estimates together, it follows that u|[T∗+T̄∗,T ]∈ C([T̄∗, T ], Cα) is a Lipschitz function
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of (x, Z).

6.3 Global Well-Posedness and Invariant Measures

We now employ the a priori bound obtained in Section 6.2 to establish global exis-

tence of the process ut ∈ Cα(T) and an invariant measures for every x ∈ Cα0 via the

Krylov–Bogoliubov method.

We recall that for any 0 ≤ s < t <∞, we defined the process

vs,t := vt − e(t−s)∆vs,

where t 7→ vt is the solution to (5.4.4). We recall that vs,t defined in this way is

bounded in the same regularity as vt, is a Markov process with respect to (Ft)t≥0, is

such that vs,s = 0 and for any h > 0 the process t 7→ vt,t+h is stationary. We again

remove χ from our analysis, setting it equal to 1. We further recall that we have

fixed, α0 ∈
(
−1

2
, 0
)
, α ∈

(
0, α0 + 1

2

)
, β > 0 and η > 0 such that,

α− α0

2
< η <

1

4
, β ∈ (1, α + 1). (6.3.1)

We also reset χ = 1. We begin this section by completing the proof of Theorem

6.0.1.

Proof of Theorem 6.0.1. From Theorem 5.4.8, for any T > 0 and α < 1
2
, v0, · ∈ CTCα0

(in fact v0, · ∈ ∩κ∈[0,1/2)CκTCα−2κ
0 ). Hence Proposition 6.2.7 implies that P-a.s. there

exists a unique mild solution u(x) := w(x)+v0, · = S (x, v0, · ) to (6.0.1) on [0, T ].

Having established global well-posedness we define a semi-group associated to the

dynamics. Recall that we denote by Bb(Cα0) (resp. Cb(Cα0)) the sets of bounded

(resp. continuous, bounded) Borel maps Cα0 → R, both endowed with the norm

‖Φ‖L∞ := sup
x∈Cα0

|Φ(x)|.
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Then the semi-group associated to (6.0.1) is defined by the mapping Pt : Bb(Cα0)→

Bb(Cα0), with

PtΦ(x) := E [Φ(ut(x))] , for all Φ ∈ Bb(Cα0), t ≥ 0.

In the remainder of this section we show that ut is a Markov process with Feller

semi-group Pt which furthermore satisfies the necessary criteria to give existence of

an invariant measure, νx ∈ P1(Cα0
m ) for each x ∈ Cα0

m .

Lemma 6.3.1. Let u be a mild solution to (6.0.1). Then for every t ∈ [0, T ] and

h ∈ (0, T − t) we have the identity

ut+h = w̃t,t+h + vt,t+h, (6.3.2)

where w̃t,t+h solves

w̃t,t+h = eh∆ut +

∫ h

0

e(h−r)∆∂x((w̃t,t+r + vt,t+r)
2∂xρw̃t,t+r+vt,t+r) dr. (6.3.3)

Proof. We first recall that

vt+h = eh∆vt + vt,t+h,

where vt,t+h is independent of Fs for s < t. Then, for t, h > 0 we set w̃t,t+h :=

wt+h + eh∆v0,t, and we see that we have

ut+h = wt+h + vt+h = w̃t,t+h + vt,t+h,

where

w̃t,t+h = eh∆(et∆x+ vt) +

∫ t+h

0

e(t+h−r)∆∂x((wr + vr)
2∂xρwr,vr) dr.

Then, since

et∆x = wt −
∫ t

0

e(t−r)∆∂x((wr + vr)
2∂xρwr+vr) dr
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we have

eh∆et∆x = eh∆wt −
∫ t

0

e(t+h−r)∆∂x((wr + vr)
2) dr,

and so

w̃t,t+h = eh∆(wt + vt) +

∫ t+h

t

e(t+h−r)∆∂x((wr + vr)
2∂xρwr+vr) dr

= eh∆ut +

∫ h

0

e(h−r)∆∂x((wt+r + vt+r)
2∂xρwt+r+vt+r) dr. (6.3.4)

So it only remains to show that

(wt+r + vt+r)
2∂xρwt+r+vt+r = (w̃t,t+r + vt,t+r)

2∂xρw̃t,t+r+vt,t+r .

Since the operator f 7→ ∂xρf is linear we directly have

∂xρwt+r+vt+r = ∂xρw̃t,t+r+vt,t+r . (6.3.5)

For the quadratic term, expanding and then rearranging, we have

w2
t+r + 2wt+rvt+r + v2

t+r = (w̃t,t+r − er∆vt)2 + 2(w̃t,t+r − er∆vt)(er∆vt + vt,t+r)

+ (er∆vt + vt,t+r)
2

= w̃2
t,t+r + 2w̃t,t+rvt,t+r + v2

t,t+r. (6.3.6)

Combining (6.3.4) with (6.3.5) and (6.3.6) for t ∈ [0, T ] and h ∈ (0, T − t) gives

(6.3.3) which completes the proof of (6.3.2).

Theorem 6.3.2. Let T > 0, m ∈ R and x ∈ Cα0
m . Then let u(x) ∈ Cη((0, T ]; Cα(T))

be the unique solution to (6.0.1) as in Theorem 6.0.1. Then for every p ∈ [2,∞)

and even, we have that

sup
T>0

sup
x∈Cα0

sup
t>0

(
t
p
2 ∧ 1

)
E [‖ut(x)‖pLp ] <∞. (6.3.7)

Proof. Firstly, for t ∈ (0, 1), applying (6.2.8) and Corollary 5.4.7, we directly have
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that

E [‖ut‖pLp ] ≤ E [‖wt‖pLp ] + E [‖vt‖pLp ] . t−
p
2 + 1. (6.3.8)

For t > 1 we employ the Markov decomposition (6.3.2) to give

E [‖ut‖pLp ] = E [‖w̃t−1,t‖pLp ] + E [‖vt−1,t‖pLp ] .

Then, observing that w̃t−1,t solves (6.1.1) with initial condition ut−1(x) and driving

path Zt = vt−1,t, by Theorem 6.2.3 we have

E [‖w̃t−1,t‖pLp ] ≤ Cp max
{
‖vt−1, · ‖

p
α
C[t−1,t]Cα , 1

}
.

So, since the law of vt−1,t does not depend on t > 1 we have,

sup
x∈Cα0

sup
t>1
‖ut(x)‖pLp<∞. (6.3.9)

So combining (6.3.8) with (6.3.9) proves (6.3.7).

In order to prove the Markov property for the semi-group we make use of the fol-

lowing representation theorem which can be found as [34, Prop. 1.12]. We include

the statement for completeness.

Theorem 6.3.3 (Prop 1.12 [34]). For (E1, E1) and (E2, E2) two measurable spaces

and ψ : E1 × E2 → R be a bounded measurable function. Let ξ1, ξ2 be two random

variables on (Ω,F ,P) with values in (E1, E1) and (E2, E2) respectively, Then let

G ⊂ F be a sub-sigma algebra and assume ξ1 is G - measurable. Then there exists a

bounded, E1 × G measurable function ψ̂ : E1 × Ω→ R such that,

E [ψ(ξ1, ξ2) | G] (ω) = ψ̂(ξ1(ω), ω), ∀ω ∈ Ω.

If in addition ξ2 ⊥ G, then

ψ̂(x1, ω) = ψ̂(x1) = E [ψ(x1, ξ2)] , ∀x1 ∈ E1.
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In conjunction with the Markov decomposition of the solution (6.3.2) we demon-

strate the Markov property for t 7→ Pt.

Theorem 6.3.4. Let x ∈ Cα0(T2) and ut(x) be as defined in Theorem 6.3.1. Then

for any Φ ∈ Bb(Cα0) we have the identity

E [Φ(ut+h(x)) | Ft] = Ph(Φ(ut(x)),

and in particular we see that t 7→ ut is a Markov process with associated Markov

semi-group Pt.

Proof. First, using the Markov decomposition (6.3.2) we see that

Φ(ut+h(x)) = Φ(w̃t,t+h(ut(x)) + vt,t+h) = Φ(ut,t+h(ut(x))),

where w̃t,t+h(ut(x)) is the solution to the remainder equation (6.1.1) with initial

condition ut(x) and driven by the vector s 7→ vt,t+s. We define

ψ(ut(x),
¯
vt,t+h) := Φ(w̃t,t+h(ut(x)) + vt,t+h)

and then we apply Proposition 6.3.3 with the random variables ut(x) and vt,t+h and

using the sub-sigma algebra Ft. Since ut(x) is Ft measurable and vt,t+s ⊥ Ft we

have that

E [Φ(ut+h(x)) | Ft] = E[Φ(ut,t+h(ut(x)))] = Ph(Φ(ut(x)))

and so the claim is shown.

The following theorem shows that Pt is a Feller semi-group.

Lemma 6.3.5. For any Φ ∈ Cb(Cα0(T)) and t > 0 we have that PtΦ ∈ Cb(Cα0(T))

and for any x ∈ Cα0, limt→0|PtΦ(x)− Φ(x)|= 0.

Proof. By Theorem 6.3.1, Cα0(T) 3 x 7→ ut(x) ∈ Cα(T) is P-a.s. continuous for every

t > 0. The fact that PtΦ ∈ Cb(Cα0(T)) thus follows from the dominated convergence
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theorem. The fact that limt↘0|PtΦ(x) − Φ(x)|= 0 for all x ∈ Cα0 , Φ ∈ Cb(Cα0(T)),

similarly follows the dominated convergence theorem and (6.1.9).

Theorem 6.3.6. For any Φ ∈ Cb(Cα0) and t > 0 we have that PtΦ ∈ Cb(Cα0) and

limt→0‖PtΦ− Φ‖L∞= 0.

Proof. It suffices to prove almost sure continuity in x ∈ Cα0 of the solution t 7→

ut(x) ∈ Cα and then apply the dominated convergence theorem to bring the limit

inside the expectation. We let x, y ∈ Cα0 be such that ‖x− y‖Cα0≤ 1 and T > 0 be

arbitrary. Then we define the solutions to (6.0.1), started from x and y respectively

by

ut = et∆x+

∫ t

0

e(t−s)∆∂x(u
2
s∂xρus) ds+ vt,

ũt = et∆y +

∫ t

0

e(t−s)∆∂x(ũ
2
s∂xρũs) ds+ vt.

Then, we let

τ := inf {t ∈ (0, T ] : ‖ut − ũt‖Cα> 1} , and M := sup
t≤T

(t ∧ 1)η‖ut‖Cα .

Therefore, for t ≤ τ we have ‖ũ‖Cη;tCα≤ 1 +M . So, using (5.2.15), for any t ∈ (0, τ ]

we have

sup
s∈(0,t]

sη‖ut − ũt‖Cα . tη−
α−α0

2 ‖x− y‖Cα0 +t
1
2
−2η(1 +M2) sup

ts∈(0,t]

sη‖ut(x)− ut(y)‖Cα .

Therefore, there exists a θ := θ(α, α0, η) > 0, such that choosing

t := T1 =

(
1

2CM(1 +M)

)θ
∧ τ,

where C > 0 is the proportionality constant above, we have,

sup
s∈(0,T1]

tη‖ut − ũt‖Cα≤ ‖x− y‖Cα0 .
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Iterating this procedure once, we have

sup
t∈(T1,2T1∧τ ]

tη‖ut − ũt‖Cα ≤ C‖uT1 − ũT1‖Cα0

≤ T−η1 sup
t∈(0,T1]

tη‖ut − ũt‖Cα

≤ T−η1 ‖x− y‖Cα0 ,

therefore, there exists a new C := C(M, θ) > 0 such that

sup
t∈(0,2T1∧τ ]

tη‖ut − ũt‖Cα≤ (1 + C)‖x− y‖Cα0 .

So repeating the argument for a finite number of times, we find an N ∈ N>0 such

that,

sup
t∈(0,T∧τ ]

tη‖ut − ũt‖Cα≤ (1 +NC) ‖x− y‖Cα0 .

Therefore, we have shown that the map Cα0 3 x 7→ u(x) ∈ Cη;TCα is Lipschitz for any

T > 0. Applying the dominated convergence theorem we obtain that PtΦ ∈ Cb(Cα0)

for any Φ ∈ Cb(Cα0).

To see that limt↘0‖PtΦ − Φ‖L∞= 0 it suffices to show using Remark 5.2.11 that

limt↘0‖ut(x)‖Cα0 = ‖x‖Cα0 .

We now apply Theorem 5.3.6 with µ = δx and so obtain for any m ∈ R and x ∈ Cα0
m

an invariant measure νx ∈ P(Cα0
m ).

Theorem 6.3.7. Let m ∈ R. Then for every x ∈ Cα0
m , there exists a measure

νx ∈ P(Cα0
m ) and an increasing sequence of times tk ↗∞ such that,

R∗tkδx :=
1

tk

∫ tk

0

P ∗r δx dr ⇀ νx, as k →∞.

Furthermore νx is invariant for Pt.

Proof. Our main goal is to show that there exists a diverging sequence of times
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(tk)k>0 such that R∗tkδx is tight. Then applying [33, Corollary 3.1.2] we obtain the

result.

We let p > − 1
α0

be even and then applying Markov’s inequality followed by Jensen’s

inequality, for every K, t > 0 and x ∈ Cα0
m , we find that

P {‖ut(x)‖Lp> K} ≤ 1

K
E [‖ut(x)‖Lp ] ≤

1

K
E [‖ut(x)‖pLp ]

1
p .

So then, for every t > 1, using (6.3.7), there exists a C > 0 such that

1

t

∫ t

0

P {‖us(x)‖Lp> K} ds ≤ 1

tK

∫ t

0

E [‖us(x)‖pLp ]
1
p ds

=
1

tK

(∫ 1

0

E [‖us(x)‖pLp ]
1
p ds+

∫ t

1

E [‖us(x)‖pLp ]
1
p ds

)
≤ C

1

tK

(∫ 1

0

1√
s

ds+ (t− 1)

)
≤ C

1

K
.

Now we define the set,

BK := {ϕ ∈ Lp(T) : ‖ϕ‖Lp≤ K},

which is compact in Cα0(T) by Theorem 5.2.2 and we have shown above that

R∗t δx(B
c
K) ≤ 1

K
. (6.3.10)

So letting Kε := C
ε

and defining the sets BKε , we conclude that (R∗t δx)t>0 is a tight

family in P(Cα0
m ). Applying Prokhorov’s theorem, Theorem 5.3.5, we see that there

exists a subsequence tk ↗∞ such that limk→∞R
∗
tk
δx = νx ∈ P(Cα0

m ). Then applying

[33, Th. 3.1.1] completes the proof.
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6.4 Uniqueness of the Invariant Measure and Ex-

ponential Ergodicity

In the previous section we established that the semi-group associated to the one di-

mensional equation (6.0.1) satisfies the properties of being a Feller semi-group and

for every initial condition there exists an invariant measure ν for the dynamics. In

this section we demonstrate uniqueness of the invariant measure along with expo-

nential convergence of the law to ν. The main steps are to establish the strong Feller

property and irreducibility of Pt. We point out that these properties do not require

global existence of the dynamics. Adding a point at infinity to the state space would

allow us to establish these properties, in much the same way, for local dynamics up

to a possibly finite explosion time.

We prove the strong Feller property in subsection 6.4.1 employing a similar strategy

to that of [105, Sec. 5], in fact obtaining a local Lipschitz bound on the semi-group.

To show irreducibility of Pt we show full support of the law on C1/2−δ
m (T), for any

δ ∈ (0, 1/2) and m = x̄. This is carried out in subsection 6.4.2. Finally we combine

these results to show uniqueness of the invariant measure and exponential ergodicity

of the dynamics in Subsection 6.4.3.

For technical reasons in this section we make new assumptions on the parameters,

replacing (6.0.2). We fix α0 ∈
(
−1

3
, 0
)
, α ∈

(
0, α0 + 1

3

)
and η > 0 such that,

α− α0

2
< η <

1

6
. (6.4.1)

We note that all previous results also hold for this more restrictive parameter range.
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6.4.1 Strong Feller Property

We prove the strong Feller property in a similar way to [105, Sec. 5]. The strategy

is to first take an approximation uε with compact support in Fourier space. We then

obtain Fréchet differentiability of the approximate solution with respect to both the

initial condition and the noise, locally in the size of v. With this in hand we prove a

Bismut–Ellworthy–Li type formula, in the same manner as [105, Thm. 5.5], which

allows us to relate the derivative in initial data to the derivative in noise. The final

step is to use this relationship along with a priori control on the derivative of the

equation in the initial condition to obtain a local Lipschitz bound on the semi-group.

The benefit of this approach is that it allows us to bypass the machinery of Malliavin

calculus. Since our a priori bound on the solutions does not give sufficient integra-

bility of the laws, we work locally on Ω, on sets where the noise is small, using

our local well-posedness result to pass this smallness to the solution. We control

the semi-group outside of this set using the probabilistic controls shown in Theo-

rem 5.4.8. Applying this approach in the framework of Malliavin calculus would

present significant complications. A common method for semi-linear SPDEs that

does go through Malliavin calculus is to work with Yosida approximations to the

non-linearity and local Malliavin differentiability, for example see [99]. However, as

discussed in Chapter 5 our non-linearity is not dissipative in any L2 type space, in

the sense of [33, Sec. 5.5.1], and so this approach also does not apply directly.

For technical reasons in this section we replace (6.0.2) with the assumption that

α0 ∈
(
−1

3
, 0
)
, α ∈

(
0, α0 + 1

3

)
and η > 0 such that,

α− α0

2
< η <

1

6
. (6.4.2)

We note that all previous results also hold for this more restrictive parameter range

and this restriction does not affect the main result as stated, see the proof of Theorem
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6.0.2 at the conclusion of Section 6.4.3. Let (em)m∈Z, em(x) = ei2πmx, be the usual

Fourier basis elements of L2(T) and (∆k)k≥−1 be the Littlewood–Paley projection

operators, see Section 5.2 for more details. For ε ∈ (0, 1), we define Πε(L
2(T)) as

the space of real functions spanned by
{

(em)|m|< 1
ε

}
and

Π̂ε :=
∑

−1≤k≤− log2(9ε)

∆k:L
2(T)→ Πε(L

2(Td)).

Observe that there exists `ε:Z → [0, 1] with `ε(m) = 0 for |m|≥ 1
ε

such that

F(Π̂εf)(m) = `ε(m)Ff(m) where F is the Fourier transform. Furthermore (see

e.g. [105, p. 1213]),

i) ‖Π̂ε‖Op(Cβ ; Cβ):= sup
‖u‖Cβ≤1

‖Π̂εu‖Cβ≤ 1 for all ε ∈ (0, 1) and β ∈ R,

ii) for every β ∈ R and δ > 0, there exists C > 0 such that for all ε ∈ (0, 1)

‖Π̂εf − f‖Cβ−δ≤ Cεδ‖f‖Cβ .

We fix for the rest of the subsection δ > 0

α + δ <
1

2
, η − α− α0 + δ

2
> 0,

1− δ
2
− 3η > 0. (6.4.3)

Such a δ exists due to (6.4.2).

Consider now Z ∈ CTCα+δ and let Zε;t := Π̂εZt. Consider likewise x ∈ Cα0 and

let xε := Π̂εx. We define a smooth approximation to (6.0.1), with χ = 1 and

deterministic noise, by

uε;t = et∆xε +

∫ t

0

e(t−s)∆∂xΠ̂ε(u
2
ε;s∂xρuε;s) ds+ Zε;t, (6.4.4)

where, as usual,

−∂xxρuε;t = uε;t − ūε, on T.

Remark 6.4.1. We will later set, right before Theorem 6.4.7, Zε = Π̂εv, where v is
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the SHE.

Theorem 6.4.2. Let T > 0, x ∈ Cα0
m (T), and Z ∈ CTCα+δ. For every ε̄ > 0, there

exists ε0(ε̄, T, ‖x‖Cα0 +‖Z‖CT Cα+δ) > 0 such that, for every ε ∈ (0, ε0) there exists a

unique solution uε ∈ CTΠε(L
2(T)) to (6.4.4). Furthermore

‖ut − uε;t‖Cη;T Cα≤ ε̄. (6.4.5)

Proof. It follows from Properties i) and ii) of the projection and the same steps as in

the proof of Theorem 6.1.4 that for every ε > 0 there exists Tε(‖xε‖Cα0 +‖Zε‖CT Cα) >

0, such that uε ∈ Cη;TεCα solves (6.4.4) and satisfies ‖uε‖Cη;TεCα≤ 1. The fact that

uε ∈ CTεΠε(L
2(T)) follows from the same argument as the end of Theorem 6.1.4

since xε ∈ C∞.

To continue, we state the following

Lemma 6.4.3. Consider R > 0 and define DR as in Lemma 6.2.8. There exists

T∗(R) > 0 such that, if (xε, Zε), (x̃, Z̃) ∈ DR, then

‖ũt − uε;t‖Cη;T∗Cα≤ ‖xε − x̃‖Cα0−δ+ε
δ + ‖Z̃ − Zε‖CT Cα ,

where ũ = S (x̃, Z̃) with S as in Proposition 6.2.7.

Proof. There exists T∗(R) > 0 such that ‖ũ‖Cη;2T∗Cα+‖uε‖Cη;2T?Cα≤ 2. For t ∈

(0, 2T∗],

‖ũt − uε;t‖Cα ≤ ‖et∆(x̃− xε)‖Cα+

∫ t

0

‖e(t−s)∆∂x(ũ
2
s∂xρūs − Π̂ε(u

2
ε;s∂xρuε;s))‖Cα ds

+ ‖Z̃t − Zε;t‖Cα .

Then

‖et∆(x̃− xε)‖Cα. t−
α−α0+δ

2 ‖x̃− xε‖Cα0−δ ,
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and applying the triangle inequality and using Property ii) of the projection,

‖ũ2
s∂xρūs − Π̂ε(u

2
ε;s∂xρuε;s)‖Cα−δ ≤ ‖ũ2

s∂xρũs − u2
ε;s∂xρuε;s‖Cα

+ ‖u2
ε;s∂xρuε;s − Π̂ε(u

2
ε;s∂xρuε;s)‖Cα−δ

. s−2η‖ũs − uε;s‖Cα+εδs−3η

≤ s−3η‖ũ− uε‖Cη;sCα+εδs−3η.

Therefore, using that η < 1
6
, we may integrate ‖e(t−s)∆∂x(ũ

2
s∂xρūs−Π̂ε(u

2
ε;s∂xρuε;s))‖Cα

from 0 to t and take suprema to obtain

sup
t∈(0,T∗]

tη‖ũs − uε;s‖Cα . T
η−α−α0−δ

2
∗ ‖x̃− xε‖Cα0−δ+T

1−δ
2
−3η

∗ sup
t∈(0,T∗]

tη‖ũt − uε;t‖Cα

+ T
1−δ

2
−2η

∗ εδ + T η∗ ‖Z̃ − Zε‖CT Cα .

After potentially lowering T∗(R) > 0 further, we obtain

sup
t∈(0,T∗]

tη‖ũt − uε;t‖Cα≤ ‖x̃− xε‖Cα0−δ+ε
δ + ‖Z̃ − Zε‖CT Cα .

To conclude the proof of Theorem 6.4.2, observe that ‖x−Πεx‖Cα0−δ. εδ‖x‖Cα0 and

‖Zt−Zε;t‖Cα. εδ‖Zt‖Cα+δ by Property ii). By the a priori estimate, for every R > 0

there exists T∗(R) > 0 as in Lemma 6.4.3 and R̄(R) > 0 such that ‖ut‖Cα0≤ R̄ for

all t ∈ [T∗, T ]. Iteratively applying Lemma 6.4.3 as in the proof of Proposition 6.2.7,

there exists ε0(R) > 0 sufficiently small such that ‖uε;t‖Cα≤ 2R̄ on [T̄∗, T ] for all ε <

ε0, from which (6.4.5) follows after another iterative application of Lemma 6.4.3.

By Theorem 6.4.2, for every R > 0 and T > 0, there exists ε0(R, T ) > 0 sufficiently

small such that for all ε ∈ (0, ε0) the solution map to (6.4.4)

S ε:AR → CTΠε(L
2(T))

(x, Z) 7→ uε,

(6.4.6)

is well-defined and ‖uε − u‖Cη;T Cα≤ 1, where u = S (x, Z) and AR := {(x, Z} ∈
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Cα0 × CTCα+δ : ‖x‖Cα0 +‖Z‖CT Cα+δ< R}.

We now fix for the remainder of the section x ∈ Cα0
m , T > 0, and Z ∈ CTCα+δ with

Z0 = 0. We let ε0 > 0 sufficiently small such that S ε(x, Z) is well-defined and

‖uε − u‖Cη;T Cα≤ 1 for all ε ∈ (0, ε0). In the sequel we will always let ε ∈ (0, ε0).

We define Nε := {m ∈ Z : |m|< 1
ε
, m 6= 0} and further assume that Zε;t := Π̂εZt is

of the form

Zε;t =
∑
m∈Nε

∫ t

0

`ε(m)e−4π2|m|2(t−s) dB̂m;s em, (6.4.7)

where {B̂m}m∈Z,m 6=0 are functions B̂m ∈ C([0, T ],C) which satisfy the reality condi-

tion

B̂−m = B̂m. (6.4.8)

We denote

B̂ε := (B̂m)m∈Nε ∈ C̄TCNε ,

where C̄TCNε ⊂ CTCNε is the subspace of (B̂m)m∈Nε which satisfies the reality

condition (6.4.8).

Remark 6.4.4. We will henceforth identify C̄TCNε with a subspace of CTC
∞
0 ⊂

CTCα+δ
0 by mapping (B̂m)m∈Nε to Zε via (6.4.7). Observe that the integral in (6.4.7)

is well-defined as a Riemann–Stieltjes integral for any B̂ ∈ C̄TCNε . For fixed x ∈ Cα0 ,

we will treat in this way uε(x, Z) := S ε(x, Z) as a function of B̂ε whenever it is

well-defined.

We now prove the differentiability of S ε with respect to both arguments separately,

using D for derivatives with respect to B̂ε and D for derivatives with respect to x.

For R ≥ 1, we recall the definition of T∗(R) given by (6.1.7).

Lemma 6.4.5 (Derivative in Noise). There exists an open neighbourhood OB̂ε ⊂

C̄TCNε containing B̂ε such that uε(x, ·) is Fréchet differentiable as a mapping from

OB̂ε to CTΠεL
2(T). Furthermore, for any f ∈ C̄TCNε, such that f |t=0= 0, the
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directional derivative Dfuε satisfies the equation

Dfuε;t =

∫ t

0

e(t−s)∆∂xΠ̂ε

(
2uε;sDfuε;s∂xρuε;s + u2

ε;s∂xρDfuε;s
)

ds

+
∑
m∈Nε

∫ t

0

`ε(m)e−4π2|m|2(t−s) dfm;sem.
(6.4.9)

Finally, for ε ∈ (0, ε0), there exists a C(T, ‖x‖Cα0 , ‖Zε‖CT Cα) > 0 such that,

‖Dfuε‖CT Cα≤ C‖f‖CTCNε . (6.4.10)

Proof. Integration by parts implies that, for any m ∈ Z and f ∈ CTC with f0 = 0

∫ t

0

e−4π2|m|2(t−s) dfs = ft − 4π2|m|2
∫ t

0

e−4π2|m|2(t−s)fs ds.

It follows that Zε is a bounded, linear function of B̂ε with values in CTΠεL
2
0(T),

and so is continuously Fréchet differentiable. Furthermore, for any f ∈ C̄TCNε with

f0 = 0

DfZε;t =
∑
m∈Nε

(
fm;t − 4π2|m|2

∫ t

0

e−4π2|m|2(t−s)fm;s ds

)
`ε(m)em,

Regarding the approximate solution, uε;t, the mappings h 7→ h2 and h 7→ ∂xρh are

Fréchet differentiable on Πε(L
2(T)), so the map

ΦT : (z, (fm)m∈Nε) 7→ −z + e ·∆xε +

∫ ·

0

e( · −s)∆∂xΠ̂ε

(
z2
s∂xρzs

)
ds

+
∑
m∈Nε

∫ ·

0

`ε(m)e−4π2|m|2(t−s) dfm;s em,

is Fréchet differentiable as a mapping ΦT : (CTΠεL
2(T), C̄TCNε) → CTΠεL

2(T) and

is such that ΦT (uε, B̂ε) = 0. Moreover, writing D for the Fréchet derivative,

(DΦT∗)(uε, B̂ε)( · , 0):CT∗ΠεL
2(T)→ CT∗ΠεL

2(T)
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is a Banach space isomorphism for T∗(‖uε‖CT Cα) > 0 sufficiently small. Applying

the implicit function theorem for Banach spaces, [2, Thm. 2.3], we obtain that

uε(x, ·)|[0,T∗] is Fréchet differentiable in a neighbourhood of B̂ε. Patching together a

sufficient (but finite) number of intervals of length T∗ to cover [0, T ], we obtain the

first claim.

To derive (6.4.9), recall that the Fréchet and Gateaux derivatives of a Fréchet dif-

ferentiable map agree. Hence, for any f ∈ C̄TCNε , Dfuε = d
dλ

S ε(x, B̂ε + λfε)|λ=0

from which (6.4.9) follows now from the approximate equation, (6.4.4). We finally

show (6.4.10). By the triangle inequality, the properties of Π̂ε, (5.2.19) and applying

(5.2.15), for any t ∈ [0, T ],

‖Dfuε;t‖Cα. ‖uε‖2
Cη;tCα

∫ t

0

s−
1
2
−2η‖Dfuε;s‖Cα ds+ sup

s∈[0,t]

|fs|CNε .

Therefore, by Grönwall’s inequality, there exists C > 0 such that

‖Dfuε;t‖Cα. ‖f‖CTCNεexp (Ct
1
2
−2η‖uε‖2

Cη;tCα).

Due to the global existence of uε ∈ Cη;TCα (shown in Theorem 6.4.2 for ε ∈ (0, ε0)

where ε0 depends on ‖x‖Cα0 , ‖Zε‖CT Cα), for a new constant C(T, ‖x‖Cα0 , ‖Z‖CT Cα) >

0,

‖Dfuε‖CT Cα≤ C‖f‖CTCNε .

Regarding the derivative of uε(x) with respect to the initial condition, for g ∈ Cα0 ,

we set gε := Π̂εg and then for any 0 ≤ s ≤ t ≤ T we let Jεs,tg solve the equation

Jεs,tg = e(t−s)∆gε +

∫ t

s

e(t−r)∆∂xΠ̂ε[2uε;r∂xρuε;rJ
ε
s,rg + u2

ε;r∂xρJεs,rg] dr. (6.4.11)

We show below that for any x ∈ Cα0(T) and t ∈ [0, T ], Jε0,tg = Dguε(x), the

directional derivative of uε(x) in x. Note that Jε satisfies the flow property, that is
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for 0 ≤ s ≤ t ≤ T one has Jε0,t = Jεs,tJ
ε
0,s. In particular Jεs,s = Id.

Lemma 6.4.6. There exists an open neighbourhood Oxε ⊂ Πε(L
2(T)) containing xε

such that uε( · , B̂ε) is Fréchet differentiable as a mapping from Oxε to CTΠε(L
2(T)).

For any g ∈ Cα0, the derivative is given by Dguε;t(x) = Jε0,tg. Furthermore, setting

R = ‖Z‖CT Cα+‖x‖Cα0 , there exists C(R) > 0 and T∗(R) > 0 such that for all

t ∈ (0, T∗]

sup
s∈[0,t]

sη‖Jε0,sg‖Cα≤ C‖g‖Cα0 . (6.4.12)

Proof. The same argument as in the proof of Lemma 6.4.5 shows that the map

ΠεL
2
m(T) 3 xε 7→ uε(x) ∈ CTΠε(L

2
m(T)) is Fréchet differentiable in a neighbourhood

of xε. It is then readily checked that on Oxε , for any g ∈ Cα0 the Fréchet derivative

is equal to the map t 7→ Jε0,tg.

To prove (6.4.12), observe that

‖Jε0,sg‖Cα. s−
α−α0

2 ‖g‖Cα0 +‖uε‖2
Cη;sCα

∫ s

0

(s− r)−
1
2 r−2η‖Jε0,rg‖Cα dr.

Therefore, for any t ∈ (0, T ],

sup
s∈[0,t]

sη‖Jε0,sg‖Cα. tη−
α−α0

2 ‖g‖Cα0 +t
1
2
−η‖uε‖2

Cη;tCα sup
s∈[0,t]

sη‖Jε0,sg‖Cα .

Since ‖uε − u‖Cη;T Cα≤ 1, by Theorem 6.1.4 there exists a T∗(R) ∈ (0, 1) such that

‖uε‖Cη;T∗Cα≤ 2. Hence, for all t ∈ (0, T∗],

sup
s∈[0,t]

sη‖Jε0,sg‖Cα. tη−
α−α0

2 ‖g‖Cα0 +t
1
2
−η sup

s∈[0,t]

sη‖Jε0,sg‖Cα ,

so then choosing a sufficiently small time t1(R) ∈ (0, t],

sup
s∈[0,t1]

sη‖Jε0,sg‖Cα. t
η−α−α0

2
1 ‖g‖Cα0 .
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Repeating this procedure, we find a constant C := C(R) > 0 such that

sup
s∈[0,t]

sη‖Jε0,sg‖Cα≤ C‖g‖Cα0 , ∀ t ∈ (0, T∗].

We finally reintroduce probability and consider in the remainder of the section a

finite dimensional approximation Bε;t of the white noise defined by

Bε;t :=
∑
m∈Nε

emB̂t;m, B̂m;t := ξ(1[0,t] × em), for m ∈ Nε.

Note that (B̂m)m∈Nε is a family of complex valued Brownian motions which satisfy

the reality condition (6.4.8). Our approximation of the SHE corresponding to (6.4.7)

is then

vε;s,t := Π̂εvs,t =
∑
m∈Nε

∫ t

s

`ε(m)e−4π2|m|2(t−r) dB̂m;r em, (6.4.13)

By Remark 6.4.4, since B̂ε ∈ C̄TCNε , (s, t) 7→ vε;s,t is well defined pathwise. Fur-

thermore, by Property ii), there exists a P-null set N ⊂ Ω such that, fixing any

realisation ξ(ω) for ω ∈ Ω \ N gives realisations of vε(ω), v(ω) and for which

vε;0, · (ω) → v0, · (ω) in CκTCα−2κ for every κ ∈ [0, 1/2). In the rest of the subsec-

tion, we will let vε denote the random path t 7→ vε;0,t.

For each ε > 0, the Cameron–Martin space of B̂ε is

CMε = W̄ 1,2
0

(
[0, T ];CNε

)
:=

{
f ∈ L2([0, T ]; CNε) : ∂tf ∈ L2

(
[0, T ]; CNε

)
,

f−m = f̄m, f |t=0= 0

}
.

By the Sobolev embedding, W 1,2(R) ↪→ C1/2(R), we see CMε ⊂ C̄TCNε . Therefore,

Lemma 6.4.5 applies with f ∈ CMε. We also choose a smooth, compactly supported,

cut-off function χ : R+ → [0, 1] such that χ(z) = 1 for z < 1
2

and χ(z) = 0 for z ≥ 1.
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We introduce the notion of right sided derivatives, D+, of ‖Z‖CT Cα , which, for

f ∈ C̄TCα, is defined by

D+
f ‖Z‖CT Cα := lim

λ↘0

‖Z + λf‖CT Cα−‖Z‖CT Cα
λ

.

Recall that in this section we set the interaction parameter in the equation to be 1

and therefore we hope there should be no confusion with writing χ for the cut-off

function.

We introduce the notation C1
b (Cα0) for the continuous, bounded, Borel measurable

maps Cα0 → R whose first Fréchet derivative are also bounded and continuous.

Theorem 6.4.7 (Bismut–Ellworthy–Li Formula). Let T > 0, x ∈ Cα0
m and Φ ∈

C1
b (Cα0). Then for any f ε ∈ CMε with ∂tf

ε an adapted process such that ‖∂tf ε‖L2([0,T ];RNε+1)≤

C, P-a.s. for a deterministic constant C := C(T ) and t ∈ (0, T ], we have the identity

E[DfεΦ(uε;t(x))χ(‖vε;0, · ‖CT Cα)]

= E
[
Φ(uε;t(x))χ(‖vε;0, · ‖CT Cα)

∫ t

0

∂tf
ε
s · dŴε;s

]
− E

[
Φ(uε;t(x))χ′(‖vε;0, · ‖CT Cα)D+

fε‖vε;0, · ‖CT Cα
]
,

(6.4.14)

where D+
fε(‖Z‖CT Cα) denotes the right sided derivative given explicitly by the expres-

sion

D+
fεχ(‖Z‖CT Cα) := lim

δ↘0

‖Z + δf ε‖CT Cα−‖Z‖CT Cα
δ

.

Proof. For any f ε ∈ CMε, and λ > 0 we recall we defined the shift operator,

T λfεŴ ε := Ŵ ε + λf ε, from which we also define

uλ;f
ε;t := S ε

t

(
x, T λfεŴ ε

)
,

T λfεvε;0,t :=
∑
|m|< 1

ε
m6=0

∫ t

0

e−4π2|m|2(t−s) dŴm
s em + λ

∫ t

0

e−4π2|m|2(t−s)∂tf
ε
s ds.
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We now look for a measure Pλ such that the law of T λfεŴ ε under Pλ is equal to the

law of Ŵ ε under P. For such a measure, we would have the identity,

d

dλ
Eλ
[
Φ(uλ;fε

ε;t (x))χ(‖T λfεvε;0, · ‖CT Cα)
] ∣∣∣∣

λ=0+

= 0,

where λ = 0+ indicates that we only consider the limit λ↘ 0. We derive the BEL

formula, (6.4.14), from this identity.

To construct the measure Pλ, we define Bλ
t := −λ

∫ t
0
∂tf

ε
s ·dŴ ε

s and the exponential

process,

Aλt := exp

(
Bλ
t −

λ2

2

∫ t

0

|∂tf εs |2 ds

)
.

Novikov’s condition is satisfied by our assumptions on f ε ∈ CMε∩L∞(Ω;W 1,2([0, T ];RNε))

and so from [100, Ch. 8, Prop. 1.15] we see that Aλt is a strictly positive martingale,

with expectation 1. We define Pλ by its Radon–Nikodym derivative, setting

dPλ
dP

:= Aλt , (6.4.15)

and then we apply Girsanov’s theorem, [100, Ch. 4, Th. 1.4], to see that for any

s ≤ t, the random variable Ŵ ε
s − 〈Bλ, Ŵ ε〉s has the same law under Pλ as Ŵ ε

s

does under P. Observing that 〈Bλ, Ŵ ε〉s = −λf εs we have found Pλ satisfying the

necessary conditions. Therefore, writing Eλ [ · ] = E
[
·Aλt

]
we have that

d

dλ
E
[
Φ(uλ;fε

ε;t (x))χ(‖T λfεvε;0, · ‖CT Cα)Aλt

] ∣∣∣∣
λ=0+

= 0.

Assuming for now that we can pass the derivative inside the expectation we obtain

E
[
D+
fεΦ (uε;t(x))χ(‖vε;0, · ‖CT Cα)A0

t

]
= −E

[
Φ (uε;t(x))χ (‖vε;0, · ‖CT Cα)

d

dλ
Aλt

∣∣∣∣
λ=0+

]
− E

[
Φ (uε;t(x))

d

dλ
χ
(
‖T λfεvε;0, · ‖CT Cα

) ∣∣∣∣
λ=0+

A0
t

]
.

The same argument to show equation (5.16) in the proof of [105, Th. 5.5] applies
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in a simpler form, to show that

d

dλ
χ
(
‖T λfεvε;0, · ‖CT Cα

)
= χ′(‖vε;0, · ‖CT Cα)D+

fε‖vε;0, · ‖CT Cα .

Then since A0
t = 1 and d

dλ
Aλt |λ=0+ = −

∫ t
0
∂sf

ε
s · dW ε

s we obtain the identity

E
[
D+
fεΦ (uε;t(x))χ(‖vε;0, · ‖CT Cα)

]
= E

[
Φ (uε;t(x))χ (‖vε;0, · ‖CT Cα)

∫ t

0

∂tf
ε
s · dW ε

s

]
− E

[
Φ(uε;t(x))χ′(‖vε;0, · ‖CT Cα)D+

fε‖vε;0, · ‖CT Cα
]
.

Finally, since Φ(uε;t(x)) is genuinely Fréchet differentiable the right sided derivative

on the left hand side agrees with the full derivative and we obtain (6.4.14).

Demonstrating that we can pass the derivative inside the integral is done by showing

equi-integrability of the corresponding difference quotients and follows by the same

arguments as in the proof of [105, Thm. 5.5].

We now observe a relation between the derivative in the initial data and the deriva-

tive in the noise. For f ε ∈ CMε and g ∈ Cα0 , writing Dfεuε;t, solving (6.4.9) and

Jε0,tg, solving (6.4.11), in mild form we obtain the identity

Dfuε;t(x) =
∑
|m|< 1

ε

∫ t

0

Jεs,t∂tf
m
s em ds.

Therefore, choosing f ε ∈ CMε, such that, for each |m|< 1
ε
, ∂tf

m
s = 1

t
〈Jε0,sg, em〉 we

see that

Dfεuε;t(x) = Jε0,tg = Dguε;t(x). (6.4.16)

From Theorem 6.4.6 we see that this choice of f ε is valid in CMε.

Theorem 6.4.8. Let T > 1, x, y ∈ Cα0
m with y ∈ B1(x) and t ∈ (0, T∗(R)] with

R := 1 + 2‖x‖Cα0 . Then there exists a constant C := C(R, α, α0, η) > 0 and
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exponent θ := θ(η) > 0 such that for any Φ ∈ C1
b (Cαm),

|PtΦ(x)− PtΦ(y)|≤ C
1

tθ
‖Φ‖L∞‖x− y‖Cα0 +2‖Φ‖L∞P(‖v0, · ‖CtCα> 1). (6.4.17)

Proof. We define the semi-group for the approximate equation

P ε
t Φ(x) := E [Φ(uε;t(x))] ∀Φ ∈ Bb(Cα0

m ), t > 0.

By definition we have

|P ε
t Φ(x)− P ε

t Φ(y)|= |E [Φ(uε;t(x))− Φ(uε;t(y))]| .

Then using the triangle inequality we have,

|P ε
t Φ(x)− P ε

t Φ(y)| ≤ |E [(Φ(uε;t(x))− Φ(uε;t(y)))χ(‖vε;0, · ‖CtCα)]|

+ |E [(Φ(uε;t(x))− Φ(uε;t(x))) (1− χ(‖vε;0, · ‖CtCα))]|

=: I1(t) + I2(t). (6.4.18)

We now bound these terms for t ∈ (0, T∗(R)]. To bound the second term we apply

the triangle inequality to give that

I2(t) ≤ 2‖Φ‖L∞E [(1− χ(‖vε;0, · ‖CtCα))] ≤ 2‖Φ‖L∞P (‖vε;0, · ‖CtCα> 1) .

Regarding the first term, working with Φ ∈ C1
b (Cα0) for now, we use the fundamental

theorem of calculus along with Fubini to write,

I1(t) =

∣∣∣∣∫ 1

0

E [Dx−yΦ(ut(x+ λ(x− y)))χ(‖vε;0, · ‖CtCα)] dλ

∣∣∣∣ .
We let zλ := x− λ(x− y) ∈ Cα0 and choose f ε ∈ CMε such that

∂tf
ε
s =

1

t
(〈Jε0,s(x− y), em〉)|m|< 1

ε
1s≤τ ,
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where Jε0,s(x − y) = Dx−yuε;s(zλ) and for notational ease, we have suppressed the

dependence on zλ in Jε0,s(x − y). Note that we have ‖zλ‖Cα0≤ R for all λ ∈ (0, 1),

so the local bounds of Theorems 6.4.5 and 6.4.6 both hold uniformly in zλ. So then

using (6.4.16) and (6.4.14) we obtain the identity

E [DfεΦ(uε;t(zλ))χ(‖vε;0, · ‖CtCα)] =
1

t
E
[
Φ(uε;t(zλ))

∫ t

0

〈Jε0,s(x− y)ε, dWε;s〉χ(‖vε;0, · ‖CtCα)

]
− 1

t
E
[
Φ(uε;t(zλ))χ

′(‖vε;0, · ‖CtCα)D+
fε‖vε;0, · ‖CtCα

]
≤ 1

t
‖Φ‖L∞

(
E
[ ∣∣∣∣∫ t

0

〈Jε0,s(x− y)ε, dWε;s〉χ(‖vε;0, · ‖CtCα)

∣∣∣∣ ]
+ E

[ ∣∣χ′(‖vε;0, · ‖CT Cα)D+
fε‖vε;0, · ‖CT Cα

∣∣ ]).
We bound the first term here by Cauchy-Schwarz and then Itô’s isometry to give,

E
[ ∣∣∣∣∫ t

0

〈Jε0,s(x− y)ε, dWε;s〉χ(‖vε;0, · ‖CtCα)

∣∣∣∣] ≤
(
E

[(∫ t∧τ

0

〈Jε0,s(x− y)ε, dWε;s〉
)2
]) 1

2

≤
(
E
[∫ t∧τε

0

‖Jε0,s(x− y)ε‖2
L2 ds

]) 1
2

≤ t
1
2
−ηE

[
sup

s∈(0,t∧τε)
sη‖Jε0,s(x− y)ε‖Cα

]

≤ Ct
1
2
−η‖x− y‖Cα0 ,

where we used that t ≤ t ∧ τ ε and Theorem 6.4.6 in the penultimate and last lines.

The constant, C := C(R, α, α0, η) > 0, here is the same as that in (6.4.12). For the

second term, since ‖χ′‖L∞< ∞ and by definition, for any f ε ∈ CTΠε(L
2(T)), we

have

D+
fε‖vε;0, · ‖CtCα := lim

λ↘0

‖vε;0, · + λf ε‖CtCα−‖vε;0, · ‖CtCα
λ

≤ ‖vε;0, · ‖CtCα‖f ε‖CtCα .

So from Theorem 6.4.6, for our choice of f ε we see that there exists a C :=
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C(R, α, α0, η) > 0 such that,

E
[ ∣∣χ′(‖vε;0, · ‖CT Cα)D+

fε‖v0, · ‖CT Cα
∣∣ ] ≤ t1−η sup

s∈[0,t]

sη‖Jε0,s(x− y)‖Cα|χ′(‖vε;0, · ‖CT Cα)|

≤ Ct1−η‖x− y‖Cα0 ,

where in the last line we used that |χ′(‖vε;0, · ‖CT Cα)|< ∞ uniformly. Therefore, for

all t ∈ (0, T∗(R)], there exists a θ := θ(η) > 0 such that

I1(t) ≤ Ct−θ‖Φ‖L∞‖x− y‖Cα0 .

So in conclusion, for all t ∈ (0, T∗(R)], there exists a constant C := C(R, α, α0, η) >

0, and a θ := θ(η) > 0 such that

|P ε
t Φ(x)− P ε

t Φ(y)|≤ Ct−θ‖Φ‖L∞‖x− y‖Cα0 +2‖Φ‖L∞P(‖vε;0, · ‖CtCα> 1).

From Theorem 6.4.2 for ε < ε0, we have that uε → u ∈ Cη;TC
α0 for any T > 0,

P - almost surely and vε;0, · converges in law to v0, · . So applying the dominated

convergence theorem we see that

|PtΦ(x)− PtΦ(y)|≤ t−θ‖Φ‖L∞‖x− y‖Cα0 +2‖Φ‖L∞P(‖v0, · ‖CtCα> 1),

for all Φ ∈ C1
b (Cα0).

We now use the stochastic properties of v to obtain a bound on P(‖v0, · ‖CT Cα> 1)

and then we obtain a local Lipschitz bound for the dual semi-group in the total

variation distance.

Theorem 6.4.9. Let x, y ∈ Cα0
m with y ∈ B1(x). Then there exists a C > 0,

θ ∈ (0, 1) and σ > 0 such that, for every t ≥ 1,

‖P ∗t δx − P ∗t δy‖TV ≤ C(1 + ‖x‖Cα0 )σ‖x− y‖θCα0 .
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Proof. Recalling the definition of the total variation distance between probability

measures, we have that

‖P ∗t δx − P ∗t δy‖TV= sup
‖Φ‖L∞≤1

|〈P ∗t δx,Φ〉 − 〈P ∗t δy,Φ〉| = sup
‖Φ‖L∞≤1

|PtΦ(x)− PtΦ(y)|.

Furthermore it follows from [33, Lem. 7.1.5] that (6.4.17) is equivalent to the state-

ment,

‖P ∗t δx − P ∗t δx̃‖TV ≤ C
1

tθ
‖x− x̃‖α0+2P(‖v‖CtCα> 1).

From Markov’s inequality and Theorem 5.4.8, we see that

P(‖v‖CtCα> 1) . tθ2 ,

for some θ2 ∈ (0, 1). Inserting this into (6.4.17) we obtain for any t ∈ (0, T∗(R)] and

some θ1 > 0 that

sup
‖Φ‖L∞≤1

|PtΦ(x)− PtΦ(y)|. t−θ1‖x− y‖Cα0 +tθ2 . (6.4.19)

We note for t, s > 0

sup
‖Φ‖≤1

|Pt+sΦ(x)− Pt+sΦ(y)| ≤ sup
‖Φ‖≤1

|PtΦ(x)− PtΦ(y)|. (6.4.20)

That is the total variation distance can only decrease in time. We let R := 1 +

2‖x‖Cα0 and define T∗(R) ∈ (0, 1) by (6.1.7) in Theorem 6.1.4. So then using

(6.4.20) we see that we may restrict our attention to obtaining the result at T∗(R).

From (6.4.19) we have

sup
‖Φ‖L∞≤1

|PT∗(R)Φ(x)− PT∗(R)Φ(y)|. inf
t∈(0,T∗(R)]

{
t−θ1‖x− y‖Cα0 +tθ2

}
. (6.4.21)
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The function t 7→ t−θ1‖x− y‖Cα0 +1
r
tθ2 attains its minimum at,

t0 :=

(
θ1

θ2

r‖x− y‖Cα0

) 1
θ1+θ2

,

and is decreasing on [0, t0]. Then it is either the case that t0 ≤ T∗(R) or t0 > T∗(R).

In the former case the bound (6.4.19) applies at t0 and so combining this with

(6.4.21) we obtain,

sup
‖Φ‖L∞≤1

|PT∗(R)Φ(x)− PT∗(R)Φ(y)| . t−θ10 ‖x− y‖Cα+tθ20

=

(
θ1

θ2

‖x− y‖Cα0

) −θ1
θ1+θ2

‖x− y‖Cα0

+

(
θ1

θ2

‖x− y‖Cα0

) θ2
θ1+θ2

= C‖x− y‖
θ2

θ1+θ2
Cα0 .

Therefore, we have

sup
‖Φ‖L∞≤1

|PT∗(R)Φ(x)− PT∗(R)Φ(y)|. ‖x− y‖
θ2

θ1+θ2
Cα0 .

On the other hand, if T∗(R) < t0 then, from (6.1.7), there exists a θ3 > 0, such that

sup
‖Φ‖L∞≤1

|PT∗(R)Φ(x)− PT∗(R)Φ(y)| . T∗(R)−θ1‖x− y‖Cα0 +
1

r
T θ2∗

≤ T∗(R)−θ1‖x− y‖Cα0 +tθ20

=

(
1

C(1 + R)

)− θ1
θ3

‖x− y‖Cα0

+ C‖x− y‖
θ2

θ1+θ2
Cα0 ,

where in the last line we used the explicit expressions for t0 and T∗(R). So since we
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chose R = 1 + 2‖x‖Cα0 , we have, for a new θ > 0, and a σ > 0, that

sup
‖Φ‖L∞≤1

|PT∗(R)Φ(x)− PT∗(R)Φ(y)|≤ C(R, r, θ, σ)(1 + ‖x‖Cα0 )σ‖x− y‖θCα0 .

6.4.2 Full Support

We demonstrate that uT (x), and thus any invariant measure νx for Pt as in Theo-

rem 5.3.6, has full support in C1/2−δ
x̄ (T) for any δ ∈ (0, 1/2). In this subsection we

are not concerned with the behaviour of the solution near zero, so until the start of

Section 6.4.3 we just consider α ∈ (0, 1/2) and m ∈ R.

Let L2
0(R+×T) be the space of square integrable functions on R+×T such that for

any t ≥ 0, f̄t = 0. Then for any T ≥ 0 we define

HT :=

{
h: [0, T ]× T→ R : ht =

∫ t

0

e(t−s)∆fs ds, f ∈ L2
0(R+ × T)

}
,

Note that by Theorems 5.2.2 and 5.2.10, HT is continuously and densely embedded

in {h ∈ CTCα0 : h(0) = 0}. HT is the Cameron–Martin space of v := v0, · and the

following is a direct consequence of the Cameron–Martin theorem.

Lemma 6.4.10. Let T > 0 and L(v) = (v)#P ∈ P(CTCα) be the law of v. Then

supp(L(v)) = HT
‖ · ‖CT Cα .

Proof. See [17, Thm. 3.6.1].

In the following theorem, we treat L(uT (x)) as a probability measures on Cαm(T).

Theorem 6.4.11. Let T > 0, x ∈ Cαm(T). Then

supp(L(uT (x))) = Cαm(T).
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Proof. We first show

{ST (x, h) : h ∈HT}
‖ · ‖Cα ⊆ supp(L(uT (x))). (6.4.22)

Recall that the map ST (x, · ):CTCα0 (T) → Cαm is continuous and HT ⊂ CTCα0 (T).

Consider now h ∈HT . Then for any ε > 0, there exists a δ > 0 such that

‖v − h‖CT Cα0 < δ ⇒ ‖uT −ST (x, h)‖Cα< ε,

and therefore

P(‖uT −ST (x, h)‖Cα< ε) ≥ P(‖v − h‖CT Cα0 < δ) > 0,

where the last inequality follows from Lemma 6.4.10 and this shows (6.4.22). It now

suffices to show that,

{ST (x, h) : h ∈HT}
‖ · ‖Cα

= Cαm(T).

Let y ∈ C∞m (T). Then for t ∈ [0, T ] define

uyt := et∆x+
t

T
(y − eT∆x), (6.4.23)

and

hyt := −
∫ t

0

e(t−s)∆∂x((u
y
s)

2∂xρuys ) ds+
t

T
(y − eT∆x).

Since x ∈ Cαm, we have uy ∈ CTCαm and it also follows that hy ∈ CTCα0 with hy(0) = 0.

Furthermore, by construction,

ST (x, hy) = uyT = y. (6.4.24)

Approximating hy by functions in C∞0 ([0, T ] × T) ∩HT and using the density of

C∞(T) in Cα(T) concludes the proof.
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6.4.3 Exponential Mixing

In Theorem 6.4.12 and Corollary 6.4.13 below we keep α0, α satisfying (6.4.1) - the

more restrictive parameter set from the start of Section 6.4.

Theorem 6.4.12. There exists a λ ∈ (0, 1) such that for every x, y ∈ Cα0
m and

t ≥ 3,

‖P ∗t δx − P ∗t δy‖TV ≤ 1− λ. (6.4.25)

Proof. We let R > 0 and define a family of compact subsets of Cα0
m , by setting

AR := {x ∈ Cα0
m : ‖x‖Cα≤ R} . (6.4.26)

Then, from Theorem 6.4.9, for every a ∈ (0, 1), there exists an r := r(a) > 0 such

that for every x, y ∈ B̄r(0) ⊂ Cα0
m and t ≥ 1

‖P ∗t δx − P ∗t δy‖TV≤ 1− a.

Using Theorem 6.4.11, for any x ∈ Cα0 , we have that

P11B̄r(0)(x) > 0. (6.4.27)

From the strong Feller property of Pt, implied by Theorem 6.4.9, we have that

x 7→ P11B̄r(0)(x) is a continuous function, and from (6.4.27), bounded below by

0. Therefore, since AR are compact, by the extreme value theorem, there exists a

b := b(R) > 0 such that

inf
x∈AR

P11B̄r(0)(x) ≥ b. (6.4.28)

Then for t ≥ 0 and x, y ∈ AR \ B̄r(0) we define the coupling measure

P x,y
t (F ×G) = Pt(x;F )Pt(x;G), ∀F, G borel in Cα0

m . (6.4.29)

For a pair of probability measure µ1, µ2 ∈ P(E), we recall that for a coupling
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measure π ∈ Π(µ1, µ2), we have the identity

∫∫
E×E

(ϕ(x) + ψ(y))π(dx, dy) =

∫
E

∫
E

(ϕ(x) + ψ(y))µ1(dx)µ2(dy), (6.4.30)

for any Borel measurable functions ϕ, ψ : E → R. Therefore, using the Markov

property, for x, y ∈ AR, t ≥ 2 and Φ ∈ Cb(Cα0
m ), along with (6.4.30), we have that

|PtΦ(x)− PtΦ(y)| = |E [Pt−1Φ(u1(x))− Pt−1Φ(u1(y))]|

=

∣∣∣∣∫∫ (Pt−1Φ(x̃)− Pt−1Φ(ỹ)) P x,y
1 (dx̃, dỹ)

∣∣∣∣ .
Therefore, for t ≥ 2, and any x, y ∈ AR \ B̄r(0),

‖P ∗t δx − P ∗t δy‖TV ≤ ‖P ∗t−1δx − P ∗t−1δy‖TV P
x,y
1 ((B̄r(0)× B̄r(0))c)

+ ‖P ∗t−1δx − P ∗t−1δy‖TV P
x,y
1 (B̄r(0)× B̄r(0))

≤ P x,y
1 ((B̄r(0)× B̄r(0))c) + (1− a)P x,y

1 (B̄r(0)× B̄r(0))

≤ 1− ab2.

From (6.3.7) and Markov’s inequality, there exists an R > 0 such that

inf
x∈Cα0

m

inf
t≥1

P [‖ut(x)‖Cα≤ R] >
1

2
. (6.4.31)

So then we have, for t ≥ 3,

‖P ∗t δx − P ∗t δy‖TV ≤ ‖P ∗t−1δx − P ∗t−1δy‖TVP
x,y
1

((
AR \ B̄r(0)× AR \ B̄r(0)

)c)
+ ‖P ∗t−1δx − P ∗t−1δy‖TVP

x,y
1 (AR \ B̄r(0)× AR \ B̄r(0))

≤ P x,y
1

((
AR \ B̄r(0)× AR \ B̄r(0)

)c)
+ (1− ab2)P x,y

1 (AR \ B̄r(0)× AR \ B̄r(0))

≤ 1− ab2

4
.
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Therefore, for any x, y ∈ Cα0
m and t ≥ 3 we obtain

‖P ∗t δx − P ∗t δy‖TV≤ 1− ab2

4
, (6.4.32)

which proves (6.4.25) with λ = ab2

4
and where we can choose a ∈ (0, 1) sufficiently

small so that λ ∈ (0, 1).

We remark that t ≥ 3 here is arbitrary, but convenient since we work with a local

time of existence T∗ ≤ 1. We now obtain exponential ergodicity of the semi-group,

in analogue with [105, Cor. 6.6].

Corollary 6.4.13. There exists a unique measure ν ∈ P1(Cα0

|x|), the semi-group

(Pt)t≥0 associated to (6.0.1) leaves ν invariant. Furthermore, supp(ν) = C1/2−δ
m (Td)

for any δ ∈ (0, 1/2) and there exists a λ > 0 such that for every µ ∈ P(Cα0
m ) and

t ≥ 3

‖P ∗t µ− ν‖TV≤ (1− λ)b
t
3
c‖µ− ν‖TV. (6.4.33)

Proof. Firstly, for any two µ1, µ2 ∈ P1(Cα0
m ) and t > 0, by definition we have

‖P ∗t µ1 − P ∗t µ1‖TV =
1

2
sup

‖Φ‖L∞≤1

∣∣∣∣ ∫∫
(Cα0

m )2

PtΦ(x)− PtΦ(y)µ1(dx)µ2(dy)

∣∣∣∣
≤ 1

2
sup

‖Φ‖L∞≤1

∫∫
(Cα0

m )2

|PtΦ(x)− PtΦ(y) | π(dx, dy)

≤ ‖P ∗t δx − P ∗t δy ‖TV (1− π ({(x, x) : x ∈ Cα0
m }))

for any π ∈ Π(µ1, µ2). So then from (6.4.25) we have, for t ≥ 3,

‖P ∗t µ1 − P ∗t µ1‖TV≤ (1− λ)(1− π ({(x, x) : x ∈ Cα0
m })).

So then from (5.3.2) we have

‖P ∗t µ1 − P ∗t µ1‖TV≤ (1− λ)‖µ1 − µ2‖TV, (6.4.34)

for all t ≥ 3. This ensures that we have a unique invariant measure, since any
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distinct invariant measures of Pt must be mutually singular ([33, Prop. 3.2.5]).

From Theorem 6.4.11 we have that supp(ν) = C1/2−δ
m for any δ ∈ (0, 12). So then

letting ν ∈ P(C1/2−δ
m ) be the unique invariant measure, we have, for any t > 3 and

µ ∈ P (Cα0
m ),

‖P ∗t µ− ν‖TV≤ (1− λ)‖P ∗t−3µ− ν‖TV, (6.4.35)

from which (6.4.33) follows.

We now complete the proof of Theorem 6.0.2.

Proof of Theorem 6.0.2. Let α0, α, η satisfy the criteria of (6.0.2) - the larger ad-

missible set of parameters, and α′, α′0, η
′ satisfy (6.4.1) and be such that α′0 > α0.

Then applying Corollary 6.4.13 with α′0, α
′, η′ we find for every µ ∈ P(Cα

′
0

m ) there

exists a unique invariant measure ν such that limt→∞‖P ∗t µ − ν‖TV(Cα
′
0 )

= 0. From

Theorem 6.0.1, given x ∈ Cα0 , for any t > 0, ut(x) ∈ Cαm(T) ⊂ Cα
′
0

m (T). Therefore,

setting µ = L(ut(x)), in Corollary 6.4.13, we have

‖P2t ∗ δx − ν‖TV(Cα0 ) = ‖P ∗t P ∗t δx − ν‖TV(Cα0 )

= ‖P ∗t L (ut(x))− ν‖TV(Cα0 )

≤ (1− λ)b
t
3
c‖L (ut(x))− ν‖

TV(Cα
′
0 )

≤ (1− λ)b
t
3
c,

where in the penultimate line we use that Cb(Cα0) ⊂ Cb(Cα
′
0) and in the last line that

the total variation distance is bounded by 1.

Finally from (6.2.25) in Remark 6.2.5 we recall that there exists a λ > 0, such that

for any even p ≥ 2, t > 0 and δ ∈ (0, 1/2),

E
[
exp

(
λ‖ut‖1−2δ

Lp

)]
<∞. (6.4.36)

Propagating this moment bound to ν completes the proof.
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Chapter 7

Analysis in Two Spatial

Dimensions

Having considered local and global well-posedness of the repulsive equation in one

spatial dimension, we proceed to consider the model in two spatial dimensions.

Formally we write the two dimensional repulsive equation in the form


∂tu−∆u = χ∇ · (u:2:∇ρu) + ξ, on R+ × T2,

−∆ρu = u− ū, on T2

u|t=0= u0.

(7.0.1)

Referring to our discussion in Section 5.4.1 we recall that the stochastic heat equation

cannot be solved in any space of positivity regularity on R+ × T2. Therefore, we

cannot expect to be able to interpret the product u2 in the usual way. This is

the reason for the introduction of the notation u:2: which mirrors the notation for

the Wick products of v introduced in Section 5.4.1. In order to give an informal

understanding we make the same decomposition as in Chapter 6. We set u = w+v0, · ,
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where v solves (5.4.4) but now we require w to solve


∂tw −∆w = χ∇ · ((w + 2wv0, · + v:2:

0, · )∇ρw+v0, · ), on R+ × T,

−∆ρw+v0, · = w + v0, · − w̄, on T,

w|t=0= u0,

(7.0.2)

where v:2:
0,t here is the Wick square of v0,t defined in Section 5.4.1. Therefore, taking

a smooth approximation of the noise ξε and using the decomposition uε = wε−vε;0, ·

and identity (5.4.17) we see that there exists a diverging sequence Cε → ∞ such

that

∂tuε −∆uε = χ∇ · ((uε)2∇ρuε) + Cεuε + ξε, (7.0.3)

We understand u as the limit of the approximations uε solving (7.0.3). Since u does

not solve a self-contained equation our primary object of study is the remainder

w = u + v0, · . Recalling that, for t > 0, v0,t, v
:2:
0,t are bounded in Cα(T3)) for any

α < 0, we expect to solve (7.0.2) inside C((0,∞); C1+α(T2)). We make this precise

in the next section, obtaining local well-posedness of (7.0.2). At the end of the

chapter we present a discussion of the issues we have encountered in attempting to

obtain global well-posedness of (7.0.1).

7.1 Local Well-Posedness on T2

As in Chapter 6 the local analysis presented below is independent of χ > 0 and

the sign choice in (7.0.2). Throughout this section we fix α0 ∈ (−1/2, 0) and α ∈

(−1/2− α0, 0) and then choose β, η, α′ > 0 such that

β + α > 0,
β − α0

2
< η <

1

4
− β − α

4
, α′ < 2η. (7.1.1)

We measure u0 ∈ Cα0 and the noise (v0, · , v
:2:
0, · ) in CTCα × Cα′;TCα. The remainder

w will be measured in Cη;TCβ with blow-up rate η for t close to 0.
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For a vector
¯
Z = (Z(1), Z(2)) ∈ C([0, T ]; Cα(T2)) × C((0, T ]; Cα(T2)), we fix the

notation

F (w,
¯
Z) :=

2∑
k=0

(
2

k

)
wkZ(2−k).

and we define the norm

|||
¯
Z|||α,α′;T := max

{
‖Z(1)‖CT Cα , sup

t∈(0,T ]

tη‖Z(2)
t ‖Cα

}
. (7.1.2)

From Theorem 5.4.12 we recall that the pair of Markov processes
¯
v0,t := (v0,t, v

:2:
0,t)

is almost surely finite in ||| · |||α,α′;T for α < 0 < α′ as in (7.1.1).

Definition 7.1.1 (Mild Solutions to (7.0.2)). Given u0 ∈ Cα0 , and a positive time

T > 0, we say that w ∈ C((0, T ); Cβ(T2)) is a mild solution to (7.0.2) on [0, T ]×T2

if the identity,

wt = et∆u0 +

∫ t

0

e(t−s)∆∇ ·
(
(F (ws,

¯
v0,s)∇ρws+v0,s

)
ds

holds P-almost surely for every t ∈ (0, T ).

Theorem 7.1.2 (Local Well-Posedness of (7.0.2)). Fix T, R > 0,
¯
v0, · ∈ CTCα ×

Cα′;TCα and let u0 ∈ Cα0 be such that ‖u0‖Cα0 (T)< R. Then for α, α′, η, β satisfying

(6.0.2) and
¯
v ∈ CTCα × Cα′;TC2α there exists a T∗(R, |||̄v0, · |||α′,α;T ) ∈ (0, T ) such

that (7.0.2) has a unique mild solution, w ∈ Cη([0, T∗]; Cβ(T2)). Furthermore the

solutions satisfies the bound

sup
t∈[0,T ∗]

tη‖wt‖Cβ(T2)< 1.

If |||̄v0, · |||α′,α;T < 1 then there exist θ := θ(η, α, α0), C > 0 independent of R such

that,

T ∗ =

(
1

C(1 + R)

) 1
θ

. (7.1.3)
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Finally, for any t0 ∈ (0, T∗] and κ ∈ (0, 1) we have that

sup
t 6= s∈[t0,T∗]

‖wt − ws‖Cβ−2κ

|t− s|κ
<∞. (7.1.4)

Proof. For T̄ > 0 we define the set

BT̄ :=

{
w ∈ C((0, T̄ ]; Cβ(T2)); sup

t∈(0,T̄ ]

tη‖wt‖Cβ< 1

}
.

We define τ > 0 be the maximal time such that,

τ := inf
{
t > 0 : |||̄v0, · |||α′,α;τ ≥ 1

}
.

It suffices to show that the mapping

(Ψw)t := et∆u0 +

∫ t

0

e(t−s)∆∇ ·
(
F (ws,

¯
v0,s)∇ρws+v0,s

)
ds,

is a contraction on BT∗∧τ , with T∗ defined by (7.1.3). We begin by showing that

Ψ(BT∗∧τ ) ⊆ BT∗∧τ .

Step 1: Regarding the initial data, using (5.2.15) we obtain, for any t > 0 that

‖et∆u0‖Cβ≤ t−
β−α0

2 ‖u0‖Cα0 . (7.1.5)

Regarding the non-linear term, we recall that since we chose α + β > 0 and by

assumption 2α + 1 > 0, we apply Theorem 5.2.9 and the embeddings (5.2.5) to see

that we have

‖w2
s∇ρws+v0,s‖Cα ≤ ‖w‖2

Cβ‖∇ρws+v0,s‖C1+α

2‖wsv0,s∇ρws+v0,s‖Cα ≤ 2‖w‖Cβ‖v0,s‖Cα‖∇ρws+v0,s‖C1+α

‖v:2:
0,s∇ρws+v0,s‖Cα ≤ ‖v:2:

0,s‖Cα‖∇ρws+v0,s‖C1+α .
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Combining these estimates with the bound (5.2.19), which yields,

‖∇ρws+v0,s‖C1+α. ‖ws + v0,s‖Cα≤ ‖ws‖Cβ+‖v0,s‖Cα ,

we obtain the bound

‖F (ws,
¯
v0,s)‖Cα ≤ ‖ws‖3

Cβ+3‖ws‖2
Cβ‖v0,s‖Cα

+ 2‖ws‖Cβ‖v0,s‖2
Cα+‖v:2:

0,s‖Cα‖ws‖Cβ

+ ‖v:2:
0,s‖Cα‖v0,s‖Cα .

Therefore, applying (5.2.15), (5.2.7) followed by the triangle inequality, we have, for

any w ∈ BT∗∧τ , t ∈ (0, T∗ ∧ τ ] and s ∈ (0, t) that

‖e(t−s)∆∇ · F (ws,
¯
v0,s)‖Cβ. (t− s)−

β−α+1
2 ‖F (w,

¯
v0,s)‖Cα. (t− s)−

β−α+1
2 s−3η.

We note that since η < 1
4

the quantity, s−3η is integrable. So in combination with

(7.1.5), for any t ∈ (0, T∗ ∧ τ) we have that

tη‖(Ψw)t‖Cβ ≤ tη‖et∆u0‖Cβ+tη
∫ t

0

‖e(t−s)∆∇ · F (ws,
¯
v0,s)‖Cβ ds

. tη−
β−α0

2 R + t1−
β−α+1

2
−2η

. t(η−
β−α0

2 )∧( 1
2
−β−α

2
−2η)(R + 1).

where both exponents are positive due to (6.0.2). Therefore, for T∗ ∈ (0, 1) de-

fined by (6.1.7), with θ :=
(
η − β−α0

2

)
∧
(

1
2
− β−α

2
− 2η

)
and C > 0 equal to the

proportionality constant, we have that Ψ maps BT∗(R)∧τ into itself.

Step 2: To obtain a contraction we let w, w̃ ∈ BT∗(R)∧τ be distinct. Then for any

s ∈ (0, T∗(R) ∧ τ ], using similar arguments as in Step 2 of the proof of Theorem

6.1.4, we have that

‖F (ws,
¯
v0,s)∇ρws,v0,s − F (w̃s,

¯
v0,s)∇ρw̃s,v0,s‖Cα . s−2η‖ws − w̃s‖Cβ .
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So then, for any t ∈ (0, T∗(R) ∧ τ),

tη‖(Ψw)t − (Ψw̃)t‖Cβ . tη
∫ t

0

‖e(t−s)∆∇ ·
(
F (ws,

¯
v0,s)∇ρws,v0,s − F (w̃s,

¯
v0,s)∇ρw̃s,v0,s

)
‖Cβ ds

. tη
∫ t

0

(t− s)−
β−α+1

2 ‖F (ws,
¯
v0,s)∇ρws,v0,s − F (w̃s,

¯
v0,s)∇ρw̃s,v0,s‖Cα ds

. tη
∫ t

0

(t− s)−
β−α+1

2 s−2η‖ws − w̃s‖Cβ ds

. t
1
2
−β−α

2
−2η‖w − w̃‖Cη;tCβ .

Therefore, using the definition of T∗, we have that

‖Ψw −Ψw̃‖Cη;T∗∧τCβ . (T∗ ∧ τ)
1
2
−β−α

2
−2η‖w − w̃‖Cη;T∗Cβ< ‖w − w̃‖Cη;T∗Cβ .

Therefore we see that Ψ defines a contraction on BT∗∧τ and so obtain a unique fixed

point. By construction this is the unique mild solution to (7.0.2) in the sense of

Definition 7.1.1 in Cη((0, T∗ ∧ τ ]; Cβ(T2)). Finally, if |||̄v0, · |||α,α′;T < 1⇒ τ ≥ T then

with T∗ as in (6.1.7) we have that

sup
t∈[0,T∗]

tη‖wt‖Cβ< 1.

To show continuity in the data
¯
v0, · ∈ CTCα × Cα′;TCα we follow similar steps as in

the proof of Theorem 6.1.4. Hölder regularity of the remainder in t for positive times

can be shown also using a similar argument as in Step 4 of the proof of Theorem

6.1.4.

7.2 Discussion of Global Well-Posedness on T2

We now specify our consideration to the repulsive equation. Considering the right

hand side of the remainder equation (7.0.2), and assuming for simplicity that ū0 = 0,

we see that it can be written as

∇ · (F (wt,
¯
vt)∇ρwt+vt) = −w3

t +∇(w2) · ∇ρw+v +∇ · ((2wv + v:2:)∇ρw+v).
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By analogy with the one dimensional equation it seems natural to expect that the

damping from the −w3 term should lead to global well-posedness of (7.0.2). One

approach would be repeat the testing method of Section 6.2. However, inspecting

(7.1.1) we see that we only obtain local well-posedness for β < 1 +α < 1. Therefore

neither of the terms 〈∆wt, wp−1
t 〉, 〈F (wt,

¯
vt),∇wp−1

t 〉 are finite. This issue does not

arise in the Φ4
2 model, where the remainder is found to be in Cβ for β ∈ (1, 2), [92].

7.2.1 Paraproduct Decomposition

In three dimensions the Φ4 model presents a similar difficulty, where the remainder

is only locally well-posed in Cβ for β ∈ (0, 1/2). The testing method was successfully

carried out in this context in [91] by making use of Bony’s decomposition defined

in Section 5.2. Let f, g ∈ Bαp1,q
(T2) × Bβp2,q

(T2) for α, β ∈ R and p1, p2, q ∈ [1,∞].

Then the product fg can be formally decomposed into

fg =
∑
j<k−1

∆jf∆kg +
∑
|k−j|≤1

∆jf∆kg +
∑
j>k+1

∆jf∆kg, (7.2.1)

we define

f < g :=
∑
j<k−1

∆jf∆kg, f > g :=
∑
j>k+1

∆jf∆kg

f = g :=
∑
|k−j|≤1

∆jf∆kg.

Theorem 5.2.8 asserts that when α < 0 < β this decomposition is valid in Bαp,q only

when α + β > 0 and 1
p1

+ 1
p2

= 1
p
. However, from Theorem 5.2.8 we also see that it

is only the resonant term, f = g, that fails to be well defined if α+ β ≤ 0, yet when

it is well defined it is always of positive regularity. In contrast, the paraproduct

terms, f < g and f > g are always well defined and carry the regularity of the factor

sampled at the higher frequencies. For concision we define f 6 g := f < g + f = g

and f > g := g 6 f .
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Considering (7.0.1), we can use this decomposition to define two new processes,

V , W such that w = V +W and the pair solves the system

∂tV −∆V = ∇ · (v:2:
> ∇ρW+V+v) + 2∇ · (v > (W + V)∇ρW+V+v) (7.2.2)

∂tW −∆W = ∇ · ((W + V)2∇ρW+V+v) + 2∇ · (v 6 (W + V)∇ρW+V+v)

+∇ · (v:2:
6 ∇ρW+V+v).

(7.2.3)

Since the paraproducts v:2:
> ∇ρW+V+v and v > (W +V) carry the regularity of v:2:

and v respectively we expect V to be locally well-posed only in C1+2α(T2)), i.e. of

the same regularity as w. However, we would expect to bound the terms on the right

hand side of W in C1+2α(T2) so that W would be locally well-posed in C2+2α(T2).

This would enable us to test the equation for W with itself.

Since V serves as an input to (7.2.3) a necessary first step is to obtain global well-

posedness of V . However, unlike in the case of Φ4
3, the equation (7.2.2) for our first

component V , is not linear. In addition it does not contain any obvious damping

terms and so it seems that one would need to take a different approach to obtaining

global well-posedness in this case.
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Chapter 8

Conclusions and Open Questions

Having presented the concrete results we have obtained regarding the additive noise

equation in d = 1, 2 we now present some open questions and interesting avenues

for further research. Some of these questions are motivated by our current under-

standing of the additive noise equation.

8.0.1 Global Existence of Attractive Equation with Addi-

tive Noise

For the classical parabolic–elliptic Keller–Segel model it is known that smooth solu-

tions exist globally in both the attractive and repulsive regimes in 1 dimension. For

two different proofs of this result in the case of the parabolic–parabolic equation see

[95, 70]; both methods can be easily adapted to the parabolic-elliptic equation. The

intuitive reason behind global well-posedness in both regimes is the boundedness of

the interaction kernel in one dimension. Formally, ∂xρu = sign ∗ u and so when ap-

plying Young’s convolution inequality we have that ‖∂xρu‖L∞≤ ‖u‖L1 . We already

used this in proving the a priori estimate, Theorem 6.2.3. As a result either through

energy estimates, as in [95] or using the mild formulation as in [70], one obtains,

for u solving (5.0.3) and p ≥ 2, that ‖ut‖Lp≤ ‖u0‖L1 . Since the equation preserves

sign and mass, global well-posedness follows almost directly. However, applying this

methodology in the additive noise case is not so straightforward. We consider the
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model with m = 2,


∂tu− ∂xxu = −χ∂x(|u|∂xρu) + ξ,

−∂xxρu = Pu.
(8.0.1)

Although the solution to (8.0.1) is not sufficiently regular to test the equation with,

using the mild solution approach of [70] we may obtain the bound

sup
t∈T
‖ut‖Lp.p,γ1,γ2 ‖u0‖L1+ sup

t∈[0,T ]

‖ut‖γ1

L1+T γ2 + ‖v‖CT Cα , (8.0.2)

for γ1, γ2 > 0, α ∈ (0, 1/2) and T a local time of existence. Now the L1 norm is

almost surely not preserved and so something more must be done. This approach

could be concluded given sufficiently strong, a priori control on the quantity ‖ut‖L1 .

One approach could be to extend the Itô type formula for the stochastic heat equa-

tion obtained in [8], to a Tanaka type formula for the non-linear SPDE, (8.0.1).

Alternatively, working with the remainder we can test the equation with an approx-

imation of the sign function and taking the expectation of (8.0.2), we see that we are

would now be required to control probability that |wt + vt| is very small. This also

appears to be non-trivial, but could perhaps be approached using Malliavin calculus.

From simulations the equation does appear to be globally well-posed and stable so

it would be very interesting to obtain a proof. We also see from simulations that the

stochastic equation obeys a phase transition for either high, or low χ. This is also

the case for the deterministic equation, since the free energy only has non-trivial

minimisers for χ sufficiently large. We present some simple simulations below, im-

plemented using a backwards Euler-Muryama scheme on a regular space-time mesh.

The time-space domain is (t, x) ∈ [0, 1]× [0, 1) and the mesh is 750× 750 points.
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Simulation of the Attractive Equation with χ = 50:

(a) t=0 (b) t=0.1 (c) t=1

Simulation of the Attractive Equation with χ = 10:

(a) t=0 (b) t=0.1 (c) t=1

8.0.2 Local Well-Posedness for d > 2

Regarding local well-posedness of (5.0.1) for d > 2 with space-time white noise one

would need to introduce new tools, such as the theory of regularity structures or

paracontrolled distributions. To explore this we discuss the criticality of (5.0.1) with

m = 3 in d = 3 using the language of regularity structures. We lift the solution, the

potential term and the noise, u, ∇ρu, ξ to spaces of modelled distributions, writing

U, K[U ], Ξ for these local approximations. To each we assign a homogeneity by the

following rules. The space-time white noise in d = 3 is almost surely controlled

in C−
5
2
−

s ([0, T ]× T3), a scale of space-time Hölder spaces with parabolic scaling, so

we set |Ξ|= −5
2
−. Assuming that the solution to the semi-linear SPDE inherits

the regularity of the stochastic heat equation we set |U |= −1
2
−. Then leaving the
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regularity of the potential term floating for now, setting |K[U ]|= α, the non-linear

term is assigned the homogeneity |∇ · (U2K[U ])|= −(2− α)−. Therefore, the cubic

equation is sub-critical, in the sense of [59, Ass. 8.3], provided α > −1
2
. So if the

modelled distribution, K[U ], has the same homogeneity as U , the three dimensional

equation fails to be sub-critical. However, taking into account the regularising effect

of the spatial convolution, we would expect to be able to solve the three dimensional

equation locally. The issue in applying this regularising effect is that K[ · ] cannot

improve homogeneity/regularity in time. This issue touches on a wider subject in

the theory of regularity structures, being the handling of systems with multiple

scalings, and has already been encountered in a similar setting in [10, 11]. Using

(5.0.1) as a working example it would be interesting to extend the theory of [59]

more systematically to incorporate SPDEs with multiple scalings or anisotropic

regularising kernels.

8.0.3 Conservative Noise Models

As discussed in Section 5.0.2, a somewhat more natural family of SPDEs associated

to the Keller–Segel model are perturbations of the form

∂tu−∆u = ∇ · (u∇ρu) +∇ · (F (u)ξ). (8.0.3)

At least formally (8.0.3) preserves sign and mass of the initial data. In the language

of [96], solutions to (8.0.3) stay on the manifold of probability measures, whereas

the additive equation leaves this space for t > 0. From an analytical point of view,

a benefit of many conservative noise models is that we would hope to be able to

extend techniques that have already been applied successfully to the deterministic

equation. In particular the gradient flow structure of the equation is preserved for

both stochastic models discussed below. The downside of the conservative noise

model is that handling the noise becomes more technical. For example, in the lan-

guage of regularity structures, assuming F (u) = u, the equation is only sub-critical
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for ξ ∈ Cαs with α > −1. This does not quite cover the full range of admissible noise

terms - for example when ξ is a white noise in time, Itô calculus can be used to

give meaning to the equation as a Banach space valued martingale. However, we see

that space-time white noise is not tractable by either of these techniques. With this

in mind we propose two models in the form of (8.0.3) that are amenable to current

techniques and we think would be interesting to explore.

Since chemotaxis is usually observed for cells or organisms moving in suspension it

is common to study the coupled Keller–Segel–Navier–Stokes model, [84, 9, 111, 112].

A simple stochastic model would be given by the system



∂tu−∆u = ±χ∇ · (u∇ρu) + v · ∇u,

−∆ρu = Pu,

∂tv −∆v = − : (v · ∇)v : −∇p+ ξ,

∇ · v = 0, −∆p = ∇ · (: (v · ∇)v :),

(8.0.4)

with ξ a divergence free, space-time noise on L2(Rd;Rd). Restricting ourselves to

two dimensions, it is known that solutions to the stochastic Navier–Stokes equation,

v ∈ C0−
s (R+×T2), exist globally, [98]. Therefore, we would expect the first equation

of (8.0.4) to be locally well-posed in C2−
s . All products, other than (v · ∇)v which

we replace with the Wick product, should therefore be classically well-posed. If

this local picture can be properly established, a number of natural questions arise.

Firstly, in the repulsive regime, +χ, we expect the first equation to be globally well-

posed, which would allow one to study its invariant behaviour, following [40, 62]. In

the attractive regime, as in the deterministic case, attaining global well-posedness

for χ < 8π should also be possible, in which case ergodic properties could also be

investigated. Finally, in a number of recent works a relationship between enhanced

mixing and suppression of chemotactic explosion has been found, [80, 73]. An in-

teresting avenue to pursue would be to ask whether advection by the stochastic
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Naiver–Stokes flow could have the same regularising effect.

A second family of stochastic Keller–Segel models with conservative noise that we

expect would be interesting to study are models that consider stochastic perturba-

tions in the chemical potential equation. In a general form consider the system


∂tu−∆u± χ∇ · (u∇ρ),

−∆ρ = P (u+ F (ρ, ξ)) .

(8.0.5)

The simplest model of this type would be to set F (ρ, ξ) ≡ ξ and ξ a spatially mean

free noise. From simple power counting we would expect the system to be well posed

for ξ ∈ Cαs for all α > −3
2
. This regime covers spatial white-noise in d = 1, 2. In the

language of regularity structures we would expect the system to be sub-critical for

α > −2, which includes space-time white noise for d = 1 and spatial white noise for

d < 4. More complicated models in this direction would be be to take F (ρ, ξ) = ρξ or

F (ρ, ξ) = ∇·(ρξ). The former, with spatial noise, results in a PAM type equation for

the chemical potential, while the latter is perhaps more natural in the context of the

parabolic–parabolic model. In both of these situations the limiting equation in terms

of criticality, becomes the equation for ρ. We would expect the multiplicative/PAM

model to be classically well posed for ξ ∈ Cαs for α > −1 and sub-critical for α > −2.

For the system with conservative noise in ρ, using these techniques we would have

the same restrictions as hold for the equation with conservative noise in u. From a

modelling perspective these SPDEs can be thought of as describing the evolution in

an environment with randomly varying effects on the chemo-attractant/repulsant.

From this viewpoint, the multiplicative equation ρξ would perhaps be the the most

interesting, giving the interpretation of the chemo-attractant/repulsant diffusing

over a surface with localised strong absorbing or enhancing properties.
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[24] P. Cattiaux and L. Pédèches, The 2-D stochastic Keller–Segel particle

model: existence and uniqueness, Latin American Journal of Probability and

Mathematical Statistics, 13 (2016), p. 447.

[25] A. Chandra, A. Moinat, and H. Weber, A priori bounds for the φ4

equation in the full sub-critical regime. arXiv:1910.13854, 2019.
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