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A B S T R A C T

This thesis presents experimental work to investigate the properties of ultracold
rubidium atoms in multiple-radiofrequency dressed potentials and detailed theoret-
ical calculations to understand this system. The use of multiple frequencies rather
than a single dressing frequency increases the complexity of the spectrum, and we
present theoretical calculations that predict all possible transitions as well as the cor-
responding strengths. Extensive measurements for dressing with a single and mul-
tiple frequencies have verified these predictions, observing transitions up to tenth
order in the probe field. We observe previously unknown transitions even for the
single-frequency case and have uncovered further transitions which we explain by
the non-linearity of the Zeeman effect even at our small field strengths.

These results are used to understand the absorption spectrum as the potential
transforms from a single to a double well in order to split a Bose-Einstein condensate.
This is important for applications since spurious noise leads to atom loss if it is
resonant with a transition between eigenstates. We present a new method of splitting,
replacing adiabatic ramps with a projection, that reduces the duration of the ramps
as well as the spectrum of resonances throughout the ramps, thus reducing losses.

The new experimental techniques will allow observation of the thermalisation of
a two-dimensional quantum system using ultracold gases. We discuss how multiple-
radiofrequency dressed potentials can be used to confine ultracold atoms in two di-
mensions, and subsequently split the trapped cloud into two parallel sheets. After a
varying hold time, the atoms can be released and overlapped to produce interference
fringes. Analysis of the fringes determines how the relative phase between the two
sheets thermalises. Information can be accumulated to determine the probability dis-
tribution of the integrated contrast, which can then be compared to the equilibrium
distribution to determine if and how the relative phase thermalises. This promises to
answer key questions in non-equilibrium physics.
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1
I N T R O D U C T I O N

Relaxation of non-equilibrium (NEQ) states is ubiquitous, ranging from the thermal-

isation of a cup of coffee to the emergence of structure in the early universe [1].

Equilibration of classical systems has been described with great success, but there is

no general theoretical framework for quantum mechanics which describes how equi-

librium is reached; and direct numerical simulation can be very challenging. Open

questions include how local dynamics lead to thermal states, and on what timescale

thermalisation occurs [2–5].

Ultracold quantum gases provide a powerful platform to investigate these ques-

tions experimentally. The development of laser cooling enabled the preparation and

confinement of cold gases [Nobel1997]. The subsequent achievement of creating Bose-

Einstein condensates (BECs) [Nobel2001] led to a wide range of experiments explor-

ing questions from the foundations of quantum mechanics to many-body physics.

Further developments led to unprecedented control over individual quantum sys-

tems [Nobel2012].

Ultracold quantum gases are extremely well isolated from the environment, allow-

ing investigation of closed quantum systems. The timescales associated with these

systems are readily accessible, a characteristics that makes them particularly suitable

for observing the dynamics of phase transitions. The recent spectacular progress in

experimental techniques for preparing and manipulating ultracold quantum gases

now enables fundamental theoretical questions about NEQ systems to be investigated

in unprecedented detail [6–11]. Moreover, the repeatability of cold-atom experiments

allows us to measure distribution functions of observables, not just their expecta-

1



2 introduction

tion values [12–14]. These probability distributions represent the essence of quantum

mechanics and enable comparison to theoretical predictions.

Both magnetic and light fields can be used to confine ultracold atoms, and many

different architectures exist. While optical dipole traps offer the benefit of nearly arbi-

trary potential shapes, magnetic potentials are smooth and robust. These advantages

over dipole traps are particularly useful when very low heating rates are required,

and for mobile applications [Becker2018]. Dressing atoms in static magnetic fields

with radiofrequency (RF) radiation increases the versatility of available shapes [15]. In

Oxford, we have recently extended this method using multiple radiofrequency (MRF)

fields to confine atoms [16]. This combines the advantages of magnetic traps with the

capability of making more versatile potential shapes.

Atoms have been dressed with multiple frequencies before, and multi-frequency

optical dipole traps can be used to confine quantum gases in superlattices [21, 22] or

species-selective potentials [23]. In these cases, however, the frequency of the radia-

tion is far from resonance so that the perturbation arising from each frequency com-

ponent can be treated independently. Using this approach to describe atoms dressed

with MRFs, as in Reference [24], is overly simplistic when coherent processes are im-

portant, such as for separations between frequency components comparable to the

Rabi frequencies.

Rather than treating frequency components independently, we therefore calculate

MRF-dressed eigenstates by solving the full Hamiltonian in our theoretical treatment.

Measurements of ultracold atoms trapped in such a potential showed the influence

of the non-resonant frequencies on the eigenenergies, demonstrating the need to take

these into account [16]. We have used MRF-dressing to confine atoms in a double-

well potential of two parallel sheets, with full control on the distance between the

two sheets as well as the height of the barrier separating them. The spacing can be

made sufficiently small to realize matter-wave interferometry [25]. The addition of

multiple frequencies adds versatility to magnetic traps but retains their smoothness

and robustness, with the possibility of very low heating rates. These potentials offer

a tunable geometry and the ability to influence the dimensionality of the trapped
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gas [16, 26]. These characteristics make MRF-dressed traps extremely suitable for in-

vestigating NEQ physics with ultracold atoms.

The work in this thesis is presented in two parts. First, we show that MRF-dressed

potentials are well suited to investigating NEQ physics in two-dimensional (2D) sys-

tems and propose experiments that can be carried out on our existing apparatus. We

then detail progress towards achieving these goals. Secondly, we fully characterise

transitions in MRF-dressed potentials both theoretically and experimentally.

In part, the experiments proposed in the first part of this thesis have been inspired

by investigations on thermalisation in one-dimensional (1D) systems [12, 27] and the

intense interest those results have stimulated in the theoretical community. While

in one dimension the dynamics are determined by quantum fluctuations, quantum

systems confined to two dimensions are especially interesting. Quantum fluctuations

play a large role and prevent true long-range order, however, a phase transition to a

superfluid at non-zero temperature does exist [28, 29].

This work shows that 2D quantum gases are an excellent test bed for understanding

behaviour close to the critical point, and when crossing the phase transition. We

argue that MRF-dressed potentials are a promising tool to observe thermalisation and

explain how a 2D superfluid in an NEQ state can be prepared using our cold-atom

apparatus, and how we plan to observe the phase fluctuations and density evolution.

Using several dressing frequencies introduces a multitude of transitions into the

spectrum, making MRF-dressed potentials susceptible to RF noise. We fully charac-

terise this spectrum in the second part of the thesis. Even for a single frequency

we predict new transitions which go beyond the well-known Autler-Townes split-

ting [119]. We further generalise the results to describe the spectrum when dressing

atoms with multiple frequencies, and verify these results experimentally.

We spectroscopically probe a trapped BEC over a wide range of frequencies and

find agreement between predicted and measured results. We observe transitions up

to tenth order in the probe field, as well as transitions that were previously assumed

to be forbidden. We explain the latter with the non-linearity of the Zeeman effect.

Understanding loss spectra is crucial when choosing parameters for MRF-dressed

potentials, and when diagnosing loss for existing systems. The theoretical description
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we present, however, is valid beyond the specific application of RF-dressed potentials,

and is widely applicable to multi-frequency processes.

This thesis is structured as follows: In Chapter 2, we start by detailing the proposed

experiments to investigate NEQ physics in 2D gases. We then explain the theory of

RF-dressed potentials and their extension to multiple frequencies in Chapter 3, and

their implementation on our experimental apparatus in Chapter 4, focussing on the

proposed experiments. In Chapter 5, we theoretically investigate transitions in MRF-

dressed potentials and fully characterise the RF spectrum. We proceed to test these

predictions in Chapter 6, with extensive measurements of spectra for atoms dressed

by a single and by multiple frequencies. Finally, we present a method to split a BEC

using MRF-dressed potentials in Chapter 7 before concluding and giving an outlook

in Chapter 8.



2
T H E R M A L I S AT I O N O F T W O - D I M E N S I O N A L Q U A N T U M

S Y S T E M S

Equilibrium states are readily observable, and have thus been investigated in great

detail. While it is mostly straightforward to disrupt a system and thus prepare an

NEQ state, it is often difficult to observe the path that it follows towards equilibrium.

Figure 2.1 illustrates the difficulty of investigating NEQ physics as well as different

paths to equilibrium.

Figure 2.1: Different journeys to equilibrium are illustrated in this figure. Thermalised states
are easy to observe, while the observation of NEQ states requires ‘climbing the
mountain’ as well as following the sometimes rapid evolution of the state. Ther-
malisation at a constant rate is illustrated (purple, dashed line). A different path
to thermal equilibrium is illustrated in purple, with rapid prethermalisation as
a solid line and the slow final thermalisation dotted. Finally, a non-thermalising
equilibrium state is illustrated in blue. This figure is based on one made by Adam
Barker.

An out-of-equilibrium state may thermalise, and most examples that are commonly

known consist of thermalisation on one timescale. Examples exist which display

at least two timescales: a rapid initial evolution that has been termed ‘prethermal-

5



6 thermalisation of two-dimensional quantum systems

isation’, and a much slower evolution to the final thermal state. The intermediate

prethermalised state appears thermal, but has not fully thermalised. The term was

originally introduced to explain the apparent rapid thermalisation after collisions of

heavy nuclei [32]. Additionally, systems exist that do not thermalise.

Cold atoms provide a means to investigate quantum systems out of equilibrium.

The timescales are easily accessible and individual atoms, density distributions and

momentum distributions can be observed. Furthermore, the same state can reliably

and repeatedly be prepared to obtain sufficient statistics and probability distribu-

tions.

In this chapter we lay out proposed experiments on thermalisation of a closed 2D

quantum system [33]. Preparing a 2D superfluid in an NEQ state by a non-adiabatic

change in the density allows observation of the subsequent phase fluctuations and

density evolution. In turn, these provide evidence of the timescales and mechanisms

of thermalisation.

We start by giving an overview of related work in Section 2.1, before explaining

the proposed experiments in Section 2.2. In Section 2.3 we detail the specific interfer-

ometric measurements necessary to achieve the objectives.

2.1 related work

We start by elaborating on thermalisation in quantum systems, as compared to clas-

sical systems. We then give examples of experiments in one dimension that investi-

gated a lack of thermalisation, before providing some background on 2D systems.

2.1.1 Eigenstate Thermalisation Hypothesis

Classical systems thermalise provided they are sufficiently ergodic. Such cases are

well described by statistical mechanics and all microstates are considered to be equally

probable [34]. It is not obvious how to reconcile this statement with the unitary evo-

lution of closed quantum systems, but the eigenstate thermalisation hypothesis (ETH)
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has emerged as a widely accepted explanation. This postulates the conditions under

which local observables of the system’s eigenstates can be described using a thermal

distribution [34–36]. There is numerical and experimental evidence to support the

ETH [37–39]. The recent experiments in an optical lattice [39] demonstrated the con-

jecture of the ETH extremely well: a quantum system that is initially in a pure state

will stay in a pure state throughout the unitary time evolution. When measuring local

observables, however, the results are thermal due to entanglement between subsys-

tems. This means that eigenstates of complex quantum systems – although pure –

look like thermal states that have the same expectation value for energy.

2.1.2 Experiments in One Dimension

There are classical systems that fail to reach a thermal state, such as so-called inte-

grable systems which have a large number of conserved quantities. The Fermi-Pasta-

Ulam problem is a famous example of an integrable system that exhibits recurrences

rather than thermalisation [40].

Quantum mechanically, the Lieb-Liniger model describing 1D systems is an exam-

ple of an integrable system. Experiments revealed that 1D Bose gases do not equili-

brate on the timescales accessible in the experiments but rather relax to a non-thermal

state, even when the integrability is weakly broken [12, 27, 41]. In the experiments rel-

evant to this thesis [12, 27], a 1D quasi-condensate was split lengthways to prepare

two 1D quantum gases with zero relative phase. These two clouds evolved indepen-

dently under the strong local phase fluctuations in a quasi-1D system, but the rela-

tive phase did not reach an equilibrium distribution. Instead, the system attained a

prethermal state. Further experiments found that relaxation is local, resulting in light-

cone-like decay of correlations [42], and that the prethermalised state is described by

a generalised Gibbs ensemble [43]. Recently, the effect of quantum tunnelling between

the two gases was investigated [44, 45] and recurrences were observed [46].
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2.1.3 Experiments in Two Dimensions

Our proposed work on 2D systems has three notable differences to the experiments

conducted with 1D gases. First, 2D quantum systems are non-integrable and are pre-

dicted to thermalise [47]. Thus our experiments will add to the very few examples of

closed quantum systems where equilibration has been observed in microscopic detail.

Secondly, there is a quantum critical point associated with the Berezinskii-Kosterlitz-

Thouless (BKT) transition to a superfluid phase. Near this point, properties of the

system scale with a set of universal critical exponents. Thirdly, the decoherence of

the relative phase cannot be explained solely by phonon propagation, as in 1D, and

density fluctuations in the form of vortices play a significant role.

Experimental evidence of the BKT transition was first noted in helium films [48],

before the theoretical description by Berenzinskii, and Kosterlitz & Thouless [28, 29].

Further investigation in helium films supported this [49], and the phase transition

has since been observed in various 2D systems, including thin superconducting films,

arrays of Josephson Junctions, and 2D atomic hydrogen [50–52]. Several examples of

ultracold atoms trapped in the quasi-2D regime exist, trapped in various combina-

tions of optical and magnetic fields [53–60]. A magnetic trap has been demonstrated,

using similar RF-dressed potentials to those presented in this thesis [26].

2D superfluidity is synonymous with quasi-long-range order [61, 62]. Phase correla-

tions decay as a power-law of the separation rather than exponentially, since thermal

fluctuations destroy long-range order for any non-zero temperature. In contrast to

other phase transitions, there is not a spatially uniform order parameter, but rather

the above-mentioned phase correlations g1:

g1(x, x′) :=
〈

Ψ̂†(x)Ψ̂(x′)
〉

∝


(x− x′)−α, T < Tc,

e(x−x′)/l , T > Tc,

(2.1)

where Ψ̂(x) is the annihilation operator for a particle at position x. The value for α

lies between 0 and 1/4, such that the decay of correlations is extremely slow. Here,

α = 1/(nsλ
2), with λ the thermal wavelength and ns the superfluid density [61],
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and l is the correlation length for a gas above the BKT transition. Equilibrium phase

correlations have been measured in a 2D atomic Bose gas, but only the first-order

correlation function was inferred in these experiments [63]. The accurate verification

of α = 1/4 is still an active field of research within the cold-atom community.

Density fluctuations are strongly suppressed in the superfluid phase, and vortex-

antivortex pairs form. The size of these pairs is on the order of the healing length,

such that they do not have a significant effect on the long-range behaviour of the

phase. Above the transition unbound vortices proliferate, causing strong local den-

sity variations [61, 62]. A measurement of the distribution of unbound vortices by

observing them as holes in the density distribution after a time-of-flight (TOF) expan-

sion has identified pairwise correlations consistent with unbound vortex-antivortex

pairs [64].

While the Mermin-Wagner theorem proves the lack of long-range order in infinite

2D systems, finite size effects are important, and a true BEC exists in experimentally

feasible situations [61]. Finite system size also leads to a finite crossover region, rather

than an instantaneous jump, for the superfluid density at the transition. We detail in

Section 4.4 how the experimental implementation allows some investigations into

boundary effects.

2.1.4 Theoretical Predictions for Two Dimensions

It has been proposed that out-of-equilibrium dynamics close to the BKT critical point

can be investigated by splitting a 2D Bose gas into two parallel components [47, 65, 66],

analogous to the experiments in one dimension [12, 27, 42–45]. The split constitutes a

sudden non-adiabatic change of the density which can be designed to leave the two

daughter clouds in a ‘superheated superfluid’ state, i. e. with a phase-space density

below the critical value, and is predicted to drive a phase transition from super to

normal fluid.

We expect the system to change on at least two timescales: initial light-cone-like

evolution of the relative phase with a rapid relaxation time approximately inversely

proportional to the bandwidth of the spectrum of phonons excited during the split.
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Initially this evolution is driven by quantum fluctuations, but vortices are predicted

to disrupt phonon propagation at longer times, as bound vortex-antivortex pairs

form. These are the lowest energy thermal excitations of a 2D system. This behaviour

has been called the ‘reverse Kibble-Zurek (KZ) mechanism’, as the relaxation to-

wards equilibrium from a state of initial order resembles the inverse of the widely-

investigated KZ mechanism [1, 67]. Observing this in reverse, within a closed quan-

tum system, has important advantages such as precise control of initial conditions

and start time.

2.2 proposed experiments

The ability to isolate ultracold gases from the environment makes them ideal for

studying relaxation in closed quantum systems. We propose to use a 2D quantum

degenerate Bose gas to investigate NEQ dynamics near a critical point, and how these

lead to thermal equilibrium. We will measure the evolution of phase correlations

towards an equilibrium distribution and how this process is accompanied by the

appearance of unbound vortices.

An atomic Bose gas of 87Rb will be confined in an RF-dressed potential [15, 16, 26]

where atoms are restricted to move in a 2D plane, and cooled below the superfluid

transition. We coherently split the cloud in two, such that the system is out of equi-

librium with zero relative phase between the two components, as illustrated in Fig-

ure 2.2 (a). After the split, the phase fluctuations in each cloud evolve independently.

The clouds are released after a variable hold time t hold, so that they expand and

overlap as shown in Figure 2.2 (b) and (c). The phase of the fringes equals the

relative phase between the two condensates at the time of release, resulting in flat

fringes immediately after the condensate is split and wavy fringes for longer values

of the hold time thold. The relative phase is determined from the resulting interfer-

ence pattern and repeated measurement gives the distribution of relative phase fluc-

tuations [30, 31]. Hence, we will build a precise picture of relaxation towards the

equilibrium distribution. Furthermore, individual vortices can be detected in a single

component following a period of in-plane expansion [64].
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(a)

(b) (c)
thold

Figure 2.2: (a) Coherent splitting creates two parallel 2D quasi-condensates in a double well.
(b) A resonant probe beam (purple) is absorbed by atoms in the path of the re-
pumping beam (green) and the shadow imaged on a CCD camera. Interference
arising from release immediately after the split produces straight fringes (constant
relative phase). (c) Atoms held before they are released produce wavy fringes. This
figure is based on one made by Elliot Bentine for Reference [33].

Measuring the probability distribution function (PDF) of the relative phase will en-

able us to gain more information about the equilibrium state; the characteristic func-

tion of this distribution is expected to be universal at the critical point [30, 31]. Below

we list different objectives that will be implemented on our experimental apparatus.

2.2.1 Relaxation of a Two-Dimensional Gas after Coherent Splitting

We will investigate the relaxation of relative phase after the split and compare it with

a theoretical study of a similar scenario for untrapped gases [47].

We will use our RF-dressed double-well potential to implement splitting of 2D

quantum gases and verify the coherence using absorption images of the interfer-

ence fringes. Using matter-wave interferometry, we will observe the time evolution

and study the mechanisms described above. In particular, we will address questions

about whether thermalisation in two dimensions takes place via prethermalisation to

an intermediate long-lived state.
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2.2.2 Dynamically Crossing the Kosterlitz-Thouless Phase Transition

A cloud of atoms that is initially a superfluid, below the BKT critical point, can be

split such that the two resultant clouds have densities and energies that lead them

to cross the phase transition as they thermalise. The NEQ clouds created by the split-

ting are ‘superheated superfluids’, obtained by changing density rather than rapid

heating. This provides a very clean way to probe the NEQ dynamics, as confirmed

in recent theoretical work [66]. From detailed measurements of near- and far-from-

equilibrium systems around the BKT transition we will explore the extent to which

NEQ behaviour is universal. We will measure the equilibrium distribution of the rel-

ative phase fluctuations, from which we can extract the quantum-mechanical PDF of

the order parameter. Close to the critical point of the BKT transition, this is univer-

sal [31]. By making a comparison with the equilibrium case, this probes the existence

of universality away from equilibrium.

2.2.3 Processes with Finite Quantum Tunnelling

For the experiments described above, the two clouds are fully coupled initially, and

not coupled after separation. As an extension, we plan to make a double-well with a

barrier of finite height initially or finally, or both. After separation, the initial presence

of coupling alters their relaxation, specifically the final temperature of the clouds [47].

The highly controllable double-well potential enables investigation of how this ini-

tial coupling strength influences intermediate metastable states, timescales, and final

states. Conversely, bringing together two independent condensates by reducing the

barrier to ‘reverse the quench’ permits observation of the relaxation to a common

phase [68, 69].
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2.2.4 A Quantum Gas in a Near-Homogeneous System

RF-dressed trapping can be used to make quantum gases with a more uniform density

across the cloud than in harmonic traps. Although not necessary for the previous

objectives, it facilitates comparison with theory in some cases and adds the possibility

of observing revivals [46]. Preventing atoms from moving outside a well-defined

region of the trap enables a local density approximation to be used for the theoretical

description. We will observe thermalisation in these traps, and compare the evolution

to the harmonic case as well as theoretical models.

2.3 matter-wave interferometry of a two-dimensional gas

Here we give details of how matter-wave interference can be used to observe thermal-

isation as proposed in Section 2.2. The goal is to determine the correlation function

of the relative phase, and even the full PDF.

Interference between independent three-dimensional (3D) condensates was achieved

shortly after the creation of the first BECs and demonstrated their wave-like nature [70].

More recently, coherently split BECs were re-interfered, exhibiting an interference pat-

tern with constant phase over many runs [71]. In 1D gases, the interference pattern

after coherent splitting has been used to investigate thermalisation [12]. Spatial cor-

relations within individual 2D clouds were extracted from interference fringes to ob-

serve the BKT phase transition [63].

The interference fringes are a rich source of information about phase correlations

and the state of the system. Usually only the phase of interference patterns is mea-

sured, and the effects of noise are not only ignored, but also unwanted. However,

they are connected to the fluctuations in the order parameter, and can thus be ana-

lysed to receive further information about the investigated system. Full PDFs of the

order parameter can be obtained [30, 31]. These PDFs for 1D gases have been used

to measure the distribution of the quantum noise [72] and to provide evidence for

prethermalisation [73].
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We will quantify the fluctuations in the relative phase by using the fringe contrast

C(Lx, Ly, thold) of the integrated atom density over an area with side lengths Lx, Ly as

shown in Figure 2.3. For a uniform system, for Lx � Ly, and with Ly small enough

that g1 does not decay significantly over distance Ly [30, 31, 63]:

〈
C2(Lx, Ly, thold)

〉
≈ 1

Lx

∫ Lx

0
dx [g1(x, 0, thold)]

2 ∝
(

1
Lx

)2α

, (2.2)

which means the dependence of the integrated contrast on Lx can be described us-

ing a single parameter α. Strong phase fluctuations decrease the integrated contrast,

while for gases with a constant phase it is unity, and therefore α = 0. If g1(x, x′) de-

cays exponentially, as is the case for a gas above the BKT transition, the decay is much

faster than the length scale of Lx. Thus, the integral is independent of Lx and we have

α = 0.5. At the transition temperature, α suddenly drops to α = 0.25 for the case of a

uniform gas, according to the jump in superfluid density at the transition [30, 31, 63].

(a) (b) (c)
Lx

Ly

C1

C2

x
y

z
Integrated density

z-
po

si
ti

on

Figure 2.3: Illustration of the method for determining correlation functions of the 2D gas.
(a) Atoms are optically pumped by a light sheet of thickness Ly. (b) A shadow
image of these atoms is recorded, corresponding to the integrated density along
y over distance Ly. Numerical integration along x over distance Lx returns the
integrated atom density as a function of z. The contrast C(Lx, Ly, thold) of this
fringe function decays with increasing Lx as shown in (c): Shorter integration
length (solid lines) leads to higher contrast C1 while longer integration length
(dashed) leads to smaller contrast C2. This decay is directly related to the phase
fluctuations of the gas [63]. This figure is based on one made by Elliot Bentine for
Reference [33].
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Experimentally, the integration along Ly is performed by the absorption imaging.

For the experiments proposed in this thesis, the clouds are (almost) spherically sym-

metric and a thin slice of atoms has to be selected to ensure Lx � Ly. Figure 2.3

illustrates this: a light sheet optically pumps a slice of atoms into the F = 2 state,

and only these atoms then absorb the imaging light. Integration along Lx can be

performed numerically, and thus for different lengths Lx for one image.

Many repetitions for a given thold build up the full PDF as the histogram of the

contrast [31]. We will observe the evolution of this probability distribution by further

series of measurements for different values of thold, and compare it to the distribution

for thermal equilibrium. Since the full PDF is accessible, extracting higher-order mo-

ments of the fringe contrast is possible, which correspond to higher-order correlation

functions. These contain additional information, and have been used to investigate

tunnel-coupled 1D gases [44].

Discontinuities in the fringes appear if there are individual unbound vortices [63].

To obtain more information about the distribution of unbound vortices, the density

can instead be measured by high-resolution imaging after an in-plane TOF expan-

sion [64].

2.4 conclusion

We have presented proposed experiments to investigate thermalisation in closed 2D

quantum systems, and given an overview of related work. The remainder of this

thesis will focus on how these experiments can be implemented, and investigations

that were carried out to improve understanding of the trapping potentials and in

turn enable trapping in two dimensions and splitting of 2D gases.

Of course, there are other ways to investigate equilibration in isolated 2D quantum

systems. One such possibility is to investigate NEQ dynamics using a single sheet

of atoms [74] which can be taken out of equilibrium by a periodic modulation of

the trapping potential. Crossing the BKT transition can be observed by observing

the momentum-distribution using matter-wave focusing techniques [75–77]. Ways

to implement this technique on the apparatus presented in this thesis are currently
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under investigation. This approach, while not providing the same depth of possible

information, might be easier to implement than coherent splitting.



3
U LT R A C O L D AT O M S I N R A D I O F R E Q U E N C Y- D R E S S E D

P O T E N T I A L S

In this chapter, we describe RF-dressed potentials theoretically, including the use of

multiple dressing frequencies for potential shaping. The dressed-atom formalism [78]

is an established framework for understanding atom-photon interactions. Applica-

tions include laser cooling, cavity quantum electrodynamics, and trapping of cold

atoms; the latter encompasses atoms dressed with optical [79], microwave [80] or

RF [15, 81–83] radiation to either provide or shape the confinement.

The use of RF radiation in combination with static magnetic fields to create mag-

netic trapping potentials was first suggested in 2001 [15]. The addition of oscillating

fields increases the versatility of magnetic potentials. At the same time, their advan-

tages over optical potentials are retained: macroscopic coils create smooth, defect-free

potentials as compared to corrugation from diffraction and interference effects when

using laser light. Furthermore, magnetic potentials are less sensitive to alignment,

and there are no off-resonant scattering processes. Although optical potentials have

the ability to sculpt almost arbitrary shapes, the use of magnetic potentials proves

advantageous in many practical cases. The addition of multiple dressing frequencies

enables further shaping of magnetic potentials, making them an attractive alternative

to optical dipole traps.

We now examine the theory of these potentials in detail, starting by describing

single radiofrequency (SRF)-dressing and how this can be used to trap neutral atoms.

We then describe the extension to multiple frequencies, presenting a non-degenerate

basis which can be used for numerical diagonalisation.

17
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3.1 the dressed-atom picture

The dressed-atom picture is a mathematical description of atoms interacting with

oscillating fields and was first introduced in 1969 to explain the optical spectrum of

atoms interacting with an RF field [84, 85]. Nowadays, it is well-known for the descrip-

tion of atoms interacting with laser light [79]. The atom is regarded as being ‘dressed’

by the field, and the combination of atom and photons of the field is described by

one state [78]. The Hamiltonian describing the total system is

H = Hatoms + Hfield + Hint , (3.1)

with Hatom and Hfield describing the energies of the atom and field independently,

and Hint describing the interaction between the two. Spontaneous emission is negli-

gible for the Zeeman states of the hyperfine ground state that we investigate. Where

necessary, e. g. to investigate states dressed with optical frequencies, it can be incor-

porated by considering a reservoir of photons and a coupling term between the atom

and the reservoir [Cohen-Tannoudji1977].

3.2 single radiofrequency

In this section, we consider an atom at a fixed point in space, in a static magnetic field,

dressed by a single RF. The static field lifts the degeneracy of the magnetic Zeeman

components of the atom and the corresponding Hamiltonian can be written as

Hatom = sgn (gF) h̄ω0Fz, (3.2)

where ω0 = |gF|µB|B0| is the energy splitting due to the magnetic field B0 = B0ez,

with the Landé g-factor gF and the Bohr magneton µB. Fz is the operator projecting the

spin along the vertical z direction [86]. We assume that gF < 0 throughout the rest of

this thesis, as is the case for the 87Rb, F = 1 states that we investigate experimentally.

The case gF > 0 is analogous.
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The field energy is

Hfield = N̂h̄ωrf, (3.3)

with the photon number operator N̂ and the frequency of the field ωrf. We call

H0 = Hatom + Hfield the combined energy of atom and field. Eigenstates of H0 are

|N, mF〉0, which are tensor products of Fock states of the dressing field |N〉 and the

eigenstates of Fz, |mF〉.

The interaction of an oscillating field with an atom, in the dipole approximation, is

Vrf =
1
2
(λ+F+a + λ∗+F−a† + λ−F−a + λ∗−F+a†) + (λza + λ∗z a†)Fz, (3.4)

with the coupling constants λ±,z that describe the coupling between the atom and the

field, and account for the polarisation of the dressing field [87, 88]. a, a† are ladder

operators acting on the field. Assuming large coherent fields |α〉, such that 〈N〉 = α,

this interaction can be approximated as follows:

Vrf =
1
2
(Ω+F+ ã + Ω∗+F− ã† + Ω−F− ã + Ω∗−F+ ã†) + (Ωz ã + Ω∗z ã†)Fz, (3.5)

where we have introduced commuting, normalised raising and lowering operators

ã |N〉 = |N − 1〉, ã† |N〉 = |N + 1〉 , (3.6)

and Rabi frequencies Ω±,z = λ±,zα for the different polarisations of the external field.

The full Hamiltonian is then

H1 = H0 + Vrf. (3.7)

Its eigenenergies and eigenstates can be found using different approaches. Under the

commonly-known rotating wave approximation (RWA), only those terms that reso-

nantly couple the states are retained, and the system can be solved analytically. For

a circularly-polarised RF field only the Rabi frequency Ω− 6= 0, and the RWA is exact.

Numerical methods can be employed to calculate exact results for other cases, such as
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a linearly-polarised field with Ω+ = Ω−, Ωz = 0, which we use in our experimental

work.

3.2.1 Circular Polarisation – Analytical Solution

Under the RWA, or for a circularly-polarised dressing field, the interaction between

the dressing field and the atom reduces to

Vrf =
Ω0

2

(
F+ ã† + F− ã

)
, (3.8)

where, without loss of generality, we assume a real Rabi frequency Ω0. H1 is block-

diagonal in the eigenbasis of H0, with coupling only within manifolds with constant

k = N −mF. Thus for F = 1 it can be written as

H1 = 1k ⊗ h̄


−∆ Ω0/

√
2 0

Ω0/
√

2 0 Ω0/
√

2

0 Ω0/
√

2 ∆

+ h̄k̂ωrf ⊗ 1atom, (3.9)

in the basis where |k〉⊗
(

1
0
0

)
denotes states in the manifold k with mF = −1, |k〉 ⊗

( 0
1
0

)
states with mF = 0, and |k〉 ⊗

( 0
0
1

)
states with mF = 1. The frequency detuning ∆ is

defined as ∆ := ωrf −ω0, k̂ |k〉 = k |k〉, and 1k, 1atom are the identity operators on the

manifold number and atomic state respectively. Eigenvalues are

Ω(ω0) = h̄
{

0,±
√

Ω2
0 + ∆2

}
+ h̄kωrf (3.10)

with the corresponding eigenstates

|k = N, 0〉1 =
1
Ω

(
Ω0√

2
|N − 1,−1〉0 + ∆ |N, 0〉0 −

Ω0√
2
|N + 1, 1〉0

)
,

|k = N,±1〉1 =
1
Ω

(
Ω∓ ∆

2
|N − 1,−1〉0 ±

Ω0√
2
|N, 0〉0 +

Ω± ∆
2
|N + 1, 1〉0

)
. (3.11)
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Note that each eigenstate of H1 is a sum of eigenstates of H0 of that same manifold.

This is a result of the Hamiltonian in Equation 3.9 being block-diagonal, and not

coupling states from different manifolds.

It may seem unnecessary to introduce a new label k for the manifold since k = N

above, but this is not true for half-integer spin. Furthermore, it is useful to remember

that the manifold of the dressed eigenstate does not equal photon number, as the

eigenstates are a superposition of states with different numbers of photons.

These eigenstates are shown in Figure 3.1 for a spin-one system with an SRF

circularly-polarised dressing field. States are grouped into manifolds with constant

k = N −mF, and states within one manifold are {|N − 1,−1〉0 , |N, 0〉0 , |N + 1, 1〉0}

as well as {|k = N, 1〉1 , |k = N, 0〉1 , |k = N,−1〉1}.

(a) (b) (c)

Figure 3.1: Eigensystems of various components of the Hamiltonian under consideration, for
an atom with gF < 0 and F = 1, and for ∆ > 0. (a) The Zeeman effect of a static
magnetic field lifts the degeneracy of the three energy levels. (b) The addition of a
single-frequency dressing field results in a ladder of energy levels. States belong-
ing to one manifold with k = N −mF are now grouped together. (c) Taking into
account the interaction between atoms and dressing field gives the dressed eigen-
states. Ω(ω0) depends on ω0 and is equal to the Rabi frequency Ω0 on resonance.
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3.2.2 Linear Polarisation – Numerical Solution

For any polarisation other than circular, analytical diagonalisation is not possible.

Since only non-resonant terms are neglected under the RWA, the analytical results

hold in first approximation even for a linearly-polarised field where Ω+ = Ω− = Ω0.

However, the position of minimum eigenenergy is shifted, an effect which is named

the ‘Bloch-Siegert shift’ [88, 89]. H1 is no longer block-diagonal and thus couples

states from different manifolds. Therefore, eigenstates are now composed of states of

more than one manifold.

We calculate eigenenergies numerically. The most straightforward approach is to

truncate the basis, and diagonalise the resulting Hamiltonian. Alternatively, under a

full semi-classical approximation, Floquet theory can be used to calculate the eigenen-

ergies [16, 25, 90]. This is efficient and yields results to an arbitrary level of precision.

Furthermore, it can easily be extended to more complicated scenarios, such as multi-

ple dressing fields (see Section 3.3). However, because a semi-classical approximation

was made that disregards the quantum nature of the photon field, the eigenstates

are superpositions of mF states but contain no information about the quantum state

of the dressing field. For some situations, such as calculating resonant transitions as

in Chapter 5, this information is helpful and numerical diagonalisation of the matrix

is therefore preferred. Lastly, the resolvent formalism can be used to find eigenener-

gies [78, 91]. This yields further insights into the processes that shape the confining

potential, and we will use it when calculating transitions in Chapter 5.

Since eigenstates of H1 contain contributions from different manifolds, k = N−mF

is no longer a good label for these eigenstates. It is commonly employed however, and

taken as the value in the limit of circular polarisation. While this definition works

in the case of a single dressing field, it is not straightforward to extend it to the

case of multiple frequencies. We therefore introduce a different method of labelling

eigenstates of H1, as illustrated in Figure 3.2, in which the eigenenergies of H1 are

given by

H1 |k, m〉1 = h̄ (kωrf + mΩ(ω0)) |k, m〉1 , (3.12)
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where k now merely denotes the energy rather than the manifold and eigenstates

with the same value of k are indexed by integers m such that −F ≤ m ≤ F and sep-

arated by an energy Ω(ω0) ≥ 0. Furthermore, we choose k such that Ω(ω0) ≤ ωrf/2

for integer F and Ω(ω0) ≤ ωrf for half-integer F.

(c) (d)

(a) (b)

Figure 3.2: Eigenenergies of H1 for a circularly-polarised (left) and a linearly-polarised (right)
field with Ω0 = 0.2ωrf (top) and Ω0 = 0.6ωrf (bottom) as a function of ω0. Solid
lines indicate states with label k, dashed lines other states. Eigenenergies corre-
sponding to states with m = 1 are light blue, states with m = 0 medium blue,
and states with m = −1 dark blue. The grey area in (b) indicates values of ω0 for
which the two definitions coincide for Ω0 = 0.2ωrf. For Ω0 = 0.6ωrf, the labels
do not coincide for any value of ω0. Here, the differences in eigenenergies are
apparent: while the minimum eigenenergy in (c) occurs for ω0 = ωrf, it occurs for
a smaller value of ω0 in (d), due to the Bloch-Siegert shift [88, 89]. Furthermore,
the crossing of eigenenergies at ω0 = 0 is shifted to higher frequencies by the
coupling to the RF field in (c). For the case of a linearly-polarised dressing field,
this shift is cancelled by the opposite shift due to the counter-rotating terms, such
that the eigenenergies still cross at ω0 = 0 in (d).

Note that this defines states locally at each specific value of ω0. As such, the state

labels for a particular eigenstate will change wherever several eigenstates cross, as

shown in Figure 3.2. As a result, no relation between N, mF and k, m exists, but the

calculations presented in Chapter 5 are simplified; if it is desired that the labels k, m

are independent of ω0, they can instead be defined via N, mF of the eigenstate in the

limit ω0 → 0. Ultimately, the state labels are an arbitrary choice which does not affect

the physics, provided the definition is consistent.
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For the purpose of calculating transitions in Chapter 5, we numerically diagonalise

the Hamiltonian including the state of the dressing field, and use the above definition

of k and m. For plotting the potentials, we take the eigenenergies calculated by the

Floquet code which are ordered by following each state adiabatically as the detuning

is scanned. This could also be added when including the state of the dressing field,

but is not necessary for our purposes. As long as they are used consistently, the

different definitions of quantum numbers lead to the same results.

3.2.3 Trapping Potential

Since the eigenenergy of an atom depends on ω0, a spatially varying static mag-

netic field can now be used to provide a trapping potential. In this thesis we use

a quadrupole field, but a quadrupole-Ioffe-configuration trap has been used else-

where [81] and the use of other field geometries is possible. Using a quadrupole field

of the form

B(r) = B′(xex + yey − 2zez) (3.13)

results in a spheroidal equipotential surface as shown in Figure 3.3 (a).

When the effect of gravity is included, atoms accumulate at the bottom. The cou-

pling strength varies on the surface of the shell depending on the polarisation of

the dressing fields and the direction of the static field compared to the dressing

field [92, 93]. The two most commonly used polarisations in our experiment are cir-

cular about the vertical axis (as depicted here), which is used for preparing BECs, and

linear along a direction perpendicular to the vertical axis (depicted in Figure 3.4 for

multiple frequencies), which we use for most manipulations and measurements.

Figure 3.3 (b) shows the eigenenergies in the z-direction. Dashed lines indicate

eigenenergies if the interaction between atom and field is neglected. These corre-

spond to the Zeeman energies in the quadrupole field, in a ladder of states as shown

in Figure 3.1 (b). Solid lines indicate the eigenenergies if the interaction is taken into
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Figure 3.3: (a) Resonant spheroid for a static quadrupole field and a single, circularly-
polarised, dressing field. Atoms (yellow) are trapped at the bottom of the shell trap
due to gravity. The shading of the surface corresponds to the coupling strength,
with maximum coupling at the bottom, and zero coupling at the top. (b) Potential
energies of the three eigenstates in the vertical direction at the bottom of the shell.
The eigenstates cross if the interaction is neglected (dashed lines). If the interac-
tion is included, this becomes an avoided crossing (solid lines). The eigenenergy
of the mF = 0 state is equal to the eigenenergy of the m = 0 state. States with
mF, m = 1 are light blue, and states with mF, m = −1 are dark blue. Atoms can be
trapped at the minimum of the topmost eigenstate. The influence of gravity tilts
the eigenenergies.

account, corresponding to the ladder of states shown in Figure 3.1 (c). The crossing

of the initial states becomes an avoided crossing.

3.3 multiple radiofrequencies

Adding multiple dressing frequencies increases the versatility of RF-dressed poten-

tials. In References [16, 94] we have demonstrated the feasibility of this technique

using a double-well potential. It has since been used to split a BEC and observe matter-

wave interference [25].

Adding frequencies increases the number of avoided crossings and thus enables

potential-shaping in a position-dependent magnetic field. As for the SRF case, the

eigenenergies can be determined very accurately using a semi-classical approxima-

tion and Floquet theory [16, 25]. Here, we extend the description used in the previous

section to multiple frequencies. This allows calculation not only of eigenenergies, but

also the full quantum-mechanical eigenstates.
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3.3.1 The Hamiltonian

We assume that all frequencies are an integer-multiple of a fundamental frequency

ωf, such that we have frequencies {niωf}, where the ni are coprime integers. This

is not a significant constraint, however, since although the individual frequencies

are required to be rational, the rational numbers are dense in the real numbers so

this does not pose a problem in reality. Furthermore, experimental considerations

require that the dressing frequencies have a common fundamental frequency – if this

is not the case, then sum- and difference-frequencies arising from mixing in the RF

amplifiers will drive transitions to untrapped states [25, 94].

The total field energy is now Hfield = ∑i N̂ini h̄ωf where N̂i is the photon number

operator acting on the field with frequency niωf. The interaction of the dressing fields

with the atom, analogously to Equation 3.4, is

Vrf = ∑
i

[1
2
(λi+F+ai + λ∗i+F−a†

i + λi−F−ai + λ∗i−F+a†
i ) + (λizai + λ∗iza†

i )Fz
]
. (3.14)

The sum over i runs over all dressing fields which are present. Operators a†
i , ai are

raising and lowering operators acting on the field with frequency niωf.

3.3.2 A New Basis

In this section, we introduce a new basis to describe a multi-frequency field. The basis

has been introduced by Dr. Ben Yuen, and a derivation can be found in Reference [91].

We give a brief description here.

Extending the single-frequency dressed-atom picture, a natural choice of basis is

to represent the field using tensor products of Fock states. For l dressing fields, the

state of the field in the Fock basis is |N1, N2, . . . , Nl〉, where Ni is the photon number

for the field with frequency niωf.

This basis is degenerate, however, and for three or more frequencies the interac-

tion Vrf connects degenerate states in higher orders. In the case of three dressing

fields with n1, n2, n3 = 1, 2, 3, for example, the energy of the two states |N1, N2, N3, 1〉
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and |N1 + 1, N2 − 2, N3 + 1, 1〉 is equal. The states are connected via the operators

ã2F+ ã†
1F− ã2F+ ã†

3F−. No matter how large the basis is made, any truncation excludes

states which are similarly degenerate. Numerical diagonalisation of the resulting ma-

trix is problematic and leads to erroneous avoided crossings as well as states with

different energies where they should be degenerate [91].

To avoid this problem, we define a non-degenerate basis {|N〉}, following Refer-

ence [91]. We assume that each frequency mode of the field is in a coherent state |αi〉,

and the total field is the tensor product of these coherent states, |{αi}〉. Given |{αi}〉,

we define a set of states {|N〉} such that

|N〉 :=
PN |{αi}〉√
〈{αi}|PN |{αi}〉

. (3.15)

Here, PN : HF → EN is the orthogonal projection1 from the Hilbert space of the field,

HF, to the subspace EN . The latter is defined as the set of all states with energy Nh̄ωf:

EN := {|Ψ〉 ∈HF, with Hfield |Ψ〉 = Nh̄ωf |Ψ〉} . (3.16)

It can be shown that EN is spanned by the set of all Fock states |{Ni}〉with ∑i niNi = N

and that the subspaces {EN} partition the Hilbert space HF [91]. Therefore, the pro-

jection can be written as PN = ∑∑ ni Ni=N |{Ni}〉 〈{Ni}|.

States |N〉 are a superposition of degenerate states, thus forming a non-degenerate

basis to describe the coherent state of the multiple-frequency field [91]. The coherent

product state |{αi}〉 can now be written in the non-degenerate basis {|N〉}:

|{αi}〉 = ∑
N

PN |{αi}〉 = ∑
N

√
〈{αi}|PN |{αi}〉 |N〉 =: ∑

N
γN |N〉 . (3.17)

In the next section, we will calculate the matrix elements of the Hamiltonian and

then diagonalise the matrix numerically, without the problems mentioned above

caused by a degenerate basis.

It is worth noting that the basis {|N〉} depends on the state |{αi}〉, and that it does

not span the full Hilbert space HF. It is, however, sufficient to describe the coherent

1 This projection is unique according to the Hilbert projection theorem.
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state of the field, and is closed under the application of photon raising and lowering

operators ai, a†
i to a good approximation if |αi|2 � 1 [91]. For a single frequency field,

this basis corresponds to the standard Fock basis.

3.3.3 The Hamiltonian in the Non-Degenerate Basis

In order to diagonalise the Hamiltonian in the non-degenerate basis, we first calculate

the matrix elements. It is easy to see that Hfield |N〉 = ∑i N̂ini h̄ωf |N〉 = Nh̄ωf, since

|N〉 ∈ EN . Furthermore, it has been proven in Reference [91] that

ai |N〉 =
γN−ni

γN
αi |N − ni〉 , (3.18)

a†
i |N〉 =

γN

γN+ni

α∗i |N + ni〉 . (3.19)

We can approximate γN/γN±ni ≈ 1, which is valid as long as ni is much smaller

than the standard deviation of the distribution γN , which is σ2
N = ∑i n2

i |αi|2 [91].

This corresponds to neglecting quantum fluctuations, an approximation valid for the

case of classical fields which we consider. Within this approximation, we can again

introduce normalised ladder operators, as in Equation 3.6:

ãi |N〉 = |N − ni〉, ã†
i |N〉 = |N + ni〉 . (3.20)

Analogously to Equation 3.5, the interaction with the dressing fields can then be

written as

Vrf = ∑
i

[1
2
(Ωi+F+ ãi + Ω∗i+F− ã†

i + Ωi–F− ãi + Ω∗i–F+ ã†
i ) + (Ωiz ãi + Ω∗iz ã†

i )Fz
]
, (3.21)

with Rabi frequencies Ωi±,z = λi±,zαi. Note that for a single dressing frequency, this

corresponds exactly to Equation 3.5, and the approximations in each case lead to the

same result.

For a given set of frequencies, the basis can now be truncated and the Hamiltonian

written as a matrix, which can be diagonalised numerically. The quantum numbers k

and m are defined analogously to those for a single frequency in Section 3.2.2.
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3.3.4 Trapping Potential – Double Well

Applying multiple frequencies to atoms in a quadrupole field leads to concentric res-

onant spheroids, as shown in Figure 3.4 (a). The coupling strength is calculated for a

dressing field with linear polarisation along the y-axis, which results in nodes of zero

coupling where the resonant spheroid intersects the y-axis [95]. We use three different

frequencies to make a double-well potential [16]. The shape of the potential can be

adjusted by individually changing the different amplitudes, as shown in Figure 3.4

(b) and (c). Changing the amplitude ratio of the two fields that create the two wells

allows balancing them, as we will demonstrate in Section 7.1.5, and changing the

amplitude of the field that creates the barrier lowers or raises it. This also draws the

wells further together or pushes them further apart. Higher-order avoided crossings,

as can be seen in the top-right corner, limit the depth of the potential.
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Figure 3.4: (a) Trapping surfaces for a static quadrupole field and three, linearly-polarised,
dressing fields. When gravity is included atoms (yellow) accumulate at the bot-
tom of the shell trap. The shading of the surface corresponds to the coupling
strength, which is zero at two opposite nodes on the equator for a linearly-
polarised dressing field. (b) and (c) Potential energies including gravitational en-
ergy of the trapped eigenstates in the vertical direction at the bottom of the shell.
The atoms are dressed with frequencies 3.6, 3.8 and 4.0 MHz and amplitudes of 97,
60 and 120 kHz, in a quadrupole gradient of 199 G cm−1. (b) shows eigenenergies
for varying amplitudes of the field at 3.6 MHz, which forms the upper well. (c)
shows eigenenergies for varying amplitudes of the field at 3.8 MHz, which forms
the barrier. Light blue lines indicate small amplitudes and darker blue lines in-
dicate larger amplitudes. Arrows indicate the effect of increasing amplitude. The
frequencies of the dressing fields are indicated by vertical dashed lines.
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3.4 two-dimensional confinement

To achieve the objectives proposed in Chapter 2, quasi-2D confinement has to be

achieved. RF-dressed potentials are well-suited to this task, and have been used to

trap a 2D gas and to observe the monopole and quadrupole modes [26].

If the vertical trap frequency exceeds the chemical potential of the trapped atoms,

i. e. µ� ωz, all atoms are in the ground state of the harmonic oscillator, and the

geometry of the gas is quasi-2D.

The trap frequencies for atoms trapped in the state |m〉, with |m| > 0, of a quadrupole

field dressed by a linearly-polarised RF field can be approximated as [26]:

ωx =

√
g

4R
,

ωy =

√
g

4R

[
1− |m|h̄Ω0

MgR

√
1− ε2

]1/2

,

ωz = 2|gF|µBB′
√
|m|

h̄MΩ0

(
1− ε2)3/4

, (3.22)

where Ω0 = Ω+ = Ω− is the coupling strength at the bottom of the shell. Note that

as Ω0 → 0 the gap closes and the trap will cease to exist. ωx,y are the trap frequencies

in two perpendicular radial directions with the y axis aligned with the direction of

the linear polarisation. The atomic mass is M and g is the gravitational acceleration.

Furthermore

R =
h̄ωrf

2|gF|µBB′

(
1 +

ε√
1− ε

Ω0

ωrf

)
, (3.23)

ε =
Mg

2mF|gF|µBB′
(3.24)

where R is the vertical distance from the centre of the quadrupole field to the po-

tential minimum including the effect of gravity. The trap frequencies are obtained

by Taylor-expanding the trapping potential and extracting the second-order terms,

and are valid for ε � 1, i. e. if the force of the magnetic field gradient exceeds the

force of gravity. For circular polarisation both radial trap frequencies are equal and

correspond to ωy in Equation 3.22, with Ω0 = Ω−, and Ω+ = 0.



3.5 conclusion 31

A higher quadrupole gradient and a smaller Rabi frequency lead to tighter confine-

ment in the vertical direction, that is ωz ∝ B′/
√

Ω0. The dressing frequency has no

effect on ωz.

So far, we have neglected atomic motion. As atoms move in the dressed potential,

their internal states must follow the eigenstate adiabatically2 to remain trapped. The

probability of the eigenstate changing non-adiabatically depends on how quickly it

changes with time, and therefore increases for increasing velocities, or larger changes

with distance. This is a well-known mechanism called Landau-Zener loss [96, 97] and

has been investigated with regards to RF-dressed potentials [98, 99].

As we increase the vertical trap frequency to achieve 2D confinement, this non-

adiabatic loss increases due to a number of reasons: Firstly, as trap frequencies are

increased, atoms travel faster as they traverse the trap minimum, and this transit oc-

curs more often, leading to an increased loss probability. Secondly, the Rabi frequency

needs to be decreased and the quadrupole gradient increased to achieve tighter con-

finement. Both of these lead to larger changes of the eigenstate for a given distance,

thus further increasing the loss rate.

While these losses provide a lower limit on Rabi frequencies, and upper limit on the

quadrupole gradient that can be used, they do not prevent trapping of 2D clouds. This

has been demonstrated in Reference [26], in a dressed quadrupole with a gradient

of 216 G cm−1 and a Rabi frequency of the dressing field of 27.7 kHz, leading to

µ ∼ 0.2h̄ωz.

3.5 conclusion

In this chapter we have described the theoretical foundation of RF-dressed potentials

for the purpose of trapping ultracold atoms. We have introduced the dressed-atom

picture and calculated eigenenergies and eigenstates for the case of a single dressing

field. We have then described a basis that can be used for numerical diagonalisation

in the case of multiple dressing frequencies, and given an example of a potential for

2 For this reason, dressed potentials are sometimes called adiabatic potentials.
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the case of three frequencies. Finally, we have elaborated how 2D confinement can be

achieved using RF-dressed potentials.



4
E X P E R I M E N TA L A P PA R AT U S

In this chapter, we detail the experimental implementation of RF-dressed potentials

and explain how it will be used to achieve the measurements proposed in Chapter 2.

RF-dressing provides smooth potentials which are well-suited to trapping ultracold

atoms in 1D and 2D geometries [26, 125]. We have recently demonstrated the addi-

tion of multiple frequencies to further shape the confinement by trapping atoms in

two parallel sheets [16]. This constitutes a promising platform to perform the pro-

posed experiments, and important advantages of the implementation of RF-dressed

potentials include:

• The dimensionality of the gas can be transformed between two and three di-

mensions to study the crossover between these regimes. It has been shown that

RF-dressed potentials are extremely useful for studying low-dimensional quan-

tum gases [26, 125].

• They provide the inherent stability required to split a cloud of atoms whilst

preserving the phase coherence, as shown in 1D systems [Hofferberth2007b].

Our highly controllable double-well potential [16] enables coherent splitting of

2D clouds with a chosen population ratio and distance between clouds.

• We use macroscopic coils to generate very smooth RF fields with extremely low

heating rates; a value of 4 nK/s was measured in a trap similar to ours [26]. This

is much lower than for atom chips (e. g. ∼ 200 nK/s for 1D experiments in Ref-

erence [12]) thus our potentials are excellent for measuring intrinsic quantum

evolution and thermodynamics.

33
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• Quartic potentials can be made using specific combinations of static and RF

field amplitudes to create nearer homogeneous gases. A dipole potential can be

added to improve homogeneity and shape the radial confinement.

In this chapter, we describe the implementation of RF-dressed potentials on our

experimental apparatus. A general background on ultracold atoms can be found

in References [86, 101], with more details on the experimental apparatus in Refer-

ences [25, 92–94]. Here, we give a brief description, with a focus on those elements

that are essential for the experiments proposed in the previous chapter. We describe

an optical dipole trap that has previously been built [94] and present measurements

of atoms trapped in the combination of optical and RF-dressed potentials.

4.1 making bose-einstein-condensates in shell traps

The vacuum system consists of two chambers: 87Rb atoms are loaded in the first, into

a pyramid magneto-optical trap (MOT) [102] from background vapour. A differential

pumping tube separates the high-vacuum MOT chamber from the second chamber,

the ‘science cell’, a glass cell at ultra-high vacuum. After loading, the atoms are trans-

ported to this second chamber, where they are further cooled to make a BEC. Here,

we describe these steps in more detail. In the following sections, we describe how the

trapped atoms can then be manipulated further to investigate the specific questions

we are interested in, and how the clouds are imaged.

The light for the MOT comes from a tapered amplifier, which is seeded by light

with frequencies corresponding to the cooling and the repumping transitions1. The

light for driving the cooling transition is provided by an injection-locked diode laser,

seeded by an external cavity diode laser (ECDL). The output of the latter is also used

for absorption imaging, and its frequency can be changed throughout the sequence.

Both this and the ‘repumping laser’ are ECDLs which are offset-locked to a master

laser. The master laser is another ECDL which is itself locked to the F = 2 → F′ = 3

‘cooling’ transition of 87Rb using modulation transfer spectroscopy.

1 The energy level diagram, corresponding energy differences and further useful values for 87Rb can be
found in Reference [103].
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The next stage of the experimental cycle is transporting the atoms to the science cell.

To this end, we first perform a compressed-MOT stage to decrease the temperature

and density of the cloud by increasing the detuning of the cooling light and reducing

the quadrupole gradient. We then increase the quadrupole gradient and turn off the

laser light, thus trapping the atoms in the quadrupole field.

A translation stage moves the coils, and thus the trapped atoms, towards the sec-

ond chamber. The last stages of the transport are magnetic, and varying magnetic

fields in two subsequent sets of coils push the atoms towards the centre of the final

quadrupole trap.

We obtain approximately 5 · 108 atoms trapped in the quadrupole field at a tem-

perature of a few hundred µK in the science cell. We then decrease the temperature

using evaporative cooling [104]. Atoms with above-average energy are ejected from

the trap using an RF field, and the overall temperature decreases due to rethermalisa-

tion. Evaporation is performed in three different traps consecutively, and the temper-

ature at which atoms are transferred between traps is chosen to maximise the final

phase-space density. We explain the different steps below:

In the first stage, atoms are trapped in the quadrupole field. As the temperature

decreases, loss due to non-adiabatic Majorana transitions at the quadrupole node

becomes significant [105], which limits the phase-space density achievable in such a

trap. Therefore, we transfer atoms into a time-orbiting potential (TOP) trap, where the

quadrupole field is time averaged [106]. A bias field oscillating at a frequency of 7 kHz

continuously moves the field zero in a circular orbit around the position of the atoms,

thus avoiding non-adiabatic loss. Evaporation in this second trap can be performed

until quantum degeneracy is reached. Alternatively, after some evaporative cooling

in the TOP trap, we transfer thermal atoms into a time-averaged RF-dressed potential

and continue evaporative cooling there.

The RF dressing field is turned on such that the resonance is created away from

the position of the atoms, resulting in the resonant spheroid described in Section 3.2

orbiting the atoms. The amplitude of the time-averaging TOP field is now reduced,

until the equator of the orbiting spheroid overlaps with the atoms and atoms are

loaded into the time-averaged adiabatic potential (TAAP) trap. Reducing the TOP field



36 experimental apparatus

amplitude further to zero loads the atoms into the shell trap. Evaporative cooling is

performed at a non-zero TOP field to utilise the high geometric mean trap frequency

of the TAAP trap before loading a BEC into the shell. We obtain approximately 2 · 105

atoms in the final cloud, with negligible thermal component.

To create all fields that are necessary for the production of a BEC in a shell trap,

a number of coils are used. Figure 4.1 shows their arrangement surrounding the sci-

ence cell. The macroscopic coils guarantee smooth, defect-free traps and enable low

heating rates. Circular polarisation of the RF field is required for loading atoms into

the TAAP trap, since the points of zero coupling lie on the equator for linear polarisa-

tion (see Figure 3.4) and cause atom loss. To produce a circularly-polarised RF field,

the two perpendicular coil pairs each emit an RF field at the same amplitude, but

phase-shifted by 90° [25, 94]. Once atoms are loaded into the shell trap, the polarisa-

tion of the field can be changed. Most commonly we use linear polarisation, where

the amplitude of one set of coils is reduced to zero.

Figure 4.1: Sketch of the coil array surrounding the ultra-high vacuum science cell.
Quadrupole coils are shown in grey, and provide the static magnetic field for
the quadrupole, TOP and shell traps. RF coils are shown in blue and the coils gen-
erating the time-averaging field for the TOP trap are shown in green. The purple
coil parallel to the quadrupole coils is used as a source for evaporative RF fields as
well as RF probe fields for spectroscopy. This figure is not drawn to scale. The in-
ner diameter of the quadrupole coils is 36 mm, and the dimensions of the RF coils
are 24×29.2 mm. Further details on the coil array can be found in Reference [94].
This figure is based on one made by Elliot Bentine [25].

To generate a high enough quadrupole gradient, a current of 300 A is necessary.

Previously, we used a Magnapower SQA-30-330 power supply. The output of this
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switch-mode power supply exhibited a ripple at a frequency of 396 Hz, resulting

from the internal chopper. This frequency is resonant with trap frequencies of the

shell traps for certain combinations of Rabi frequency and magnetic field gradient,

causing parametric heating. We have since replaced this power supply with two Delta

Elektronika SM 15-400 power supply units used in parallel. Any ripples produced by

these power supplies are below the detection threshold of our oscilloscope, and the

parametric heating for the above parameters was removed.

The experimental control system and interlocks have enabled running the exper-

iment remotely [25]. Consistent efforts in maintaining the experimental apparatus

and improving its stability have allowed over-night running and made it possible

to obtain large sets of data for the first time in this thesis, which resulted in the

measurement of the detailed spectra presented in Chapter 6.

4.2 manipulating trapped atoms

In the previous section, we have explained how we obtain a BEC in the shell trap.

In the next step, we manipulate the cloud, before it is released and imaged. These

manipulations constitute the heart of the experimental cycle, and the experiments

proposed in Chapter 2 as well as the measurements presented in the next chapters

take place during this stage. The manipulations are performed using either magnetic

fields or laser light, and an evolution in time can be observed by varying the hold

times.

An additional RF field can be turned on suddenly to eject atoms from the trap,

analogously to the evaporative RF. The loss in atom number can be observed for

various frequencies to determine the energy spacing between eigenstates and thus

measure dressing field amplitudes. We calculate all resonant transitions in Chapter 5

and present spectroscopic measurements in Chapter 6.

As mentioned in the previous section, most of our measurements are performed

in a shell trap formed by a linearly-polarised RF field. To load atoms into such a

potential, we reduce the amplitude in one set of coils generating the dressing fields

to zero. This is used to measure the amplitude of the two sets of coils individually,
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as well as for loading MRF-dressed potentials. It reduces the number of parameters

that have to be controlled from two amplitudes and one phase per frequency to

one amplitude only. This decreases time-consuming calibration and increases overall

stability. It also simplifies the setup for frequency generation, since all frequencies

have to be phase-locked [25].

The amplitude of the dressing fields can be changed dynamically. We normally

load BECs in a circularly-polarised trap with Ω0 = 2π · 400 kHz, load a linearly-

polarised trap as described above, and then reduce the amplitude of the remaining

coil. This increases the vertical trap frequencies and we have used the approach to

trap condensed atoms in a potential with parameters suitable for 2D confinement.

With a quadrupole gradient of 181 G cm−1, a dressing frequency of 3.6 MHz, and a

linearly-polarised dressing field with an amplitude of 38 kHz, we achieved trap fre-

quencies of ωz = 2π · 1.4 kHz and ωx,y ' 2π · 20 Hz.

With the addition of further RFs, atoms can be loaded into an MRF-dressed potential.

All amplitudes can be changed dynamically to achieve loading of the final potential

with minimal atom loss and heating. We have demonstrated the first use of MRF-

dressed potentials in Reference [16], and have observed matter-wave interference of

a split BEC with it [25]. This will be used to split a 2D gas and observe thermalisation,

and we present amplitude ramps to load a double-well potential in Chapter 7.

The addition of other fields is also possible: optical potentials can be added [94, 108],

as described in Section 4.4, and microwaves can drive transitions between the hyper-

fine states. Furthermore, the static magnetic field can be changed suddenly, inducing

a kick to the atoms. The subsequent oscillation of the centre-of-mass or size of the

cloud can be used to measure trap frequencies.

Of course, many of these options can be combined, to e. g. load a linearly-polarised

shell trap and then an MRF-dressed potential, before performing RF spectroscopy of

the trapped atoms.
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4.3 imaging

Absorption imaging is used to determine properties of the trapped clouds. From the

images, atom number and spatial distribution of atoms can be determined directly.

If the image was taken with atoms in situ, the trapped density distribution can be

inferred. If atoms have been released from the trap and the image taken after a certain

TOF, then the cloud expands as it drops [109], and the temperature of the cloud as

well as the condensate fraction can be inferred. Lastly, the shape and position of the

cloud gives clues to its dynamics, e. g. whether the cloud has a centre-of-mass motion

or breathing mode.

To take absorption images, we first apply light from the repumping laser to the

atoms, such that atoms are optically pumped from the F = 1 into the F = 2 hyperfine

manifold. We then provide a quantisation axis using the TOP coils to provide a bias

field and apply light resonant with the F = 2→ F′ = 3 transition for 15 µs when the

TOP field is parallel to the imaging beam. Three images are taken with a CCD camera.

The first is the shadow image of the cloud, the second is a reference image with no

atoms, and the third is a dark image for background correction. The optical density

and thus atom number can be inferred from the ratio of light that is absorbed using

Beer’s law [86].

For a trapped BEC, the atomic density is too high, such that all light is absorbed.

To obtain an accurate measure of atom number, the clouds are released from the trap

and imaged after 10 to 30 ms of free fall. In situ images are still useful to observe

small atom numbers, thermal clouds, and the spatial distribution of atoms.

4.3.1 Releasing the Clouds

We release atoms from the RF-dressed trap in one of two ways: we turn off either

the static quadrupole field or the dressing fields first. The turn-off of the quadrupole

field is not instantaneous, and thus the resonant spheroids expand, changing the po-

tential energy and eigenstates at the position of the atoms as the quadrupole field is
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reduced faster than the atoms can follow. Depending on the exact shape of the cur-

rent ramp, clouds may split into different mF components in an MRF potential. This

happens if a higher-order, weak, avoided crossing such as those shown in Figure 3.4

is swept through the cloud. Atoms follow different eigenstates and are thus acceler-

ated differently by the change in the magnetic field. Additionally, atoms trapped in

different potentials, or in different wells of the same MRF potential, will be accelerated

differently [25].

While the splitting into mF components is unwanted, different acceleration of dif-

ferent clouds is useful to distinguish the population of two different wells, with a

separation that could otherwise not be resolved. We have therefore optimised the

turn-off using clouds trapped in the double well potential presented in Chapter 7.

We avoid splitting the clouds into mF components, but kick atoms from the two wells

differently, and can thus distinguish the two populations.

The RF dressing fields can be turned off instantaneously. Atoms are projected into

the undressed Zeeman states and then accelerated by the quadrupole field depend-

ing on the state, with atoms with mF = 0 falling freely under gravity. This method

reduces the optical density as only the fraction of atoms projected into mF = 0 are

useful, but ensures that the clouds receive no initial kick. It is used to calibrate the

magnification of the imaging systems [94], or to overlap clouds from two wells to

observe matter-wave interference [25].

4.3.2 Imaging Directions

Atoms can be imaged from three directions: two of which are almost perpendicular to

each other, and parallel to the optical table, and one of which is vertical, i. e. perpen-

dicular to the optical table and in the direction of gravity [94]. Most regularly, we use

the first of the horizontal imaging directions. During the measurements presented in

this thesis, it has been upgraded from the system described in [94], which had a mag-

nification of 1, to a system with a choice between a magnification of 2.7 or 1, which

will be detailed in the thesis of Adam Barker [110]. The measurements presented in
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Chapter 6 were taken with the previous system, while the measurements presented

in Chapter 7 were taken with a magnification of 2.7, and a new camera2.

Images in the second horizontal direction are distorted since the imaging beam

passes through the curved side of the glass cell. This imaging path is mainly used for

diagnostic purposes, e. g. for aligning the optical dipole trap (see Section 4.4).

The vertical imaging system has a magnification of 12 and is focused on the in situ

position of the shell traps. It can be used for measuring radial trap frequencies, but

has been designed to image the density distribution of atoms in shell traps. The goal

is to either image vortices, or small numbers of atoms trapped in a lock-in lattice after

TOF expansion in a shell trap [92].

For the latter, fluorescence imaging will be used – rather than imaging the shadow

of the cloud on a camera, the light emitted by the atoms when irradiated with reso-

nant light is imaged. This method is currently not used on our apparatus, but is in

preparation for use with the imaging lattice [108].

4.3.3 Imaging Interference Fringes

To image fringes from matter-wave interference as proposed in Chapter 2, the hori-

zontal imaging system will be used. The increase in magnification was implemented

with this in mind, and the combination of larger magnification, smaller pixel size, and

improved camera sensitivity will allow greatly improved resolution compared to the

images taken with the previous imaging system [25]. As mentioned in Section 2.3,

only a slice of atoms will be repumped and imaged to avoid blurring of the fringes

due to integration along the optical axis. This will require a slight modification to the

experimental setup, and two options are available: first, a repumping beam could be

introduced vertically, focused with a cylindrical lens to form a thin light sheet at the

position of the atoms or secondly, the setup for the optical dipole trap (described in

Section 4.4) could be used with light at the repumping frequency. The latter would al-

low painting of arbitrary shapes for repumping, and specifically repumping of slices

of varying thickness to investigate the integrated contrast in both directions. It would,

2 Ximea MD028MU-SY, with a pixel size of 4.54 µm.
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however, be more challenging technically and prevent simultaneous use of the dipole

trap.

4.4 an optical dipole trap

While initially magnetic traps were used for the majority of cold-atom experiments,

optical potentials have been gaining popularity and are by now the most common

method of confining ultracold atoms. Their main advantage is versatility in shape

– lenses can be used to form laser beams into single spots and light sheets, and in-

terference of laser beams can create lattices in one, two and three dimensions [79].

Masks can be imaged to generate fully arbitrary shapes [46, 129], and spatial light

modulators provide a way to easily generate varying masks [130, 131]. The smallest

length scales of these potentials are on the order of the wavelength. Disadvantages

include: scattering of light by atoms leading to heating, imperfections in the poten-

tials due to corrugations and interference, and the high laser powers being required

for deep, off-resonant potentials. Furthermore, optical alignment is crucial, which im-

poses stringent requirements on mechanical and temperature stability. The magnetic

traps utilised in this thesis are less general, but are stable over time and less costly.

With the addition of multiple frequencies, they satisfy most of our requirements.

However, as mentioned in Chapter 2, in the later stages of the planned experimen-

tal scheme it is desirable to shape the radial potential, e. g. to make it homogeneous.

Other scenarios are possible, such as investigating the effect of boundary conditions

on vortex formation and thermalisation. While it is possible to find a combination of

static and RF fields to make the potentials quartic in the radial direction, the easiest

way to achieve the required radial shape is by using the dipole potential of a verti-

cal laser beam to ‘paint’ on the sheets of atoms. Using a blue-detuned wavelength

to create a repulsive potential allows boundaries to be drawn and atoms trapped in

regions with low intensity, thus retaining the small heating rates of the underlying

magnetic potentials. A red-detuned dipole trap, on the other hand, forms a dimple in

the shell potential to aid evaporative cooling in the trap, and to paint other attractive

potentials on the shell surface in which atoms can be trapped.
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An optical dipole trap has been combined with RF-dressed potentials previously,

to trap atoms in a ring on the surface of the shell, sandwiched between two blue-

detuned light sheets [132]. Here, we present the first results of trapping atoms in a

combination of a red-detuned dipole trap and an RF-dressed potential3.

4.4.1 The Setup

We use a laser beam aligned in the vertical direction, parallel with gravity, for the

dipole trap. The optical setup and steps for alignment are described in detail in the

thesis of Tiffany Harte [94]. The light is overlapped with the imaging beam for the

vertical imaging, but proceeds in the opposite direction, that is from bottom to top. It

passes through the objective lens [133] and is focused to a spot with a waist of 1.6 µm

at the location of the atoms.

Before entering the objective, the beam passes through an acousto-optic deflec-

tor (AOD). A laser beam going through an AOD is deflected from its initial path by an

angle which depends on the driving frequency. If driven by multiple frequencies, sev-

eral beams are produced. These beams are then imaged onto the cloud of atoms such

that the beam is focused, and the beam angle resulting from the AOD is converted

into a spatial translation. Therefore, beams generated by different AOD driving fre-

quencies are imaged onto different positions of the cloud. The AOD allows deflection

in two directions, such that 2D shapes can be painted on the surface of the shell trap.

Two methods for potential shaping are possible: first, if the frequencies driving

the AOD are changed dynamically, the beam position is scanned. This can be used

to paint arbitrary shapes onto trapped atoms [134], only limited by the finite up-

date rate – the painting has to be fast enough such that atoms see an averaged po-

tential [135]. Secondly, if several frequencies drive the AOD simultaneously, several

beams are diffracted at different angles. This approach has been used to trap individ-

ual atoms in tweezers [136] and the arrays of 51 trapped atoms have been used for

quantum simulation [137]. In contrast, if beams are created such that they overlap,

3 After submission of this thesis, the combination of a red-detuned dipole trap with RF dressing was
reported in Reference [Sinuco-Leon2019].
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a static potential can be shaped, such as a flat-top potential or asymmetric double-

well [138]. Of course, both methods can be combined such that several spots are time

averaged simultaneously. For both cases, the potentials experienced by the atoms can

be changed dynamically.

For the previous work, a free-running diode laser at 830 nm was used. This was

replaced with light from a Ti:Sapphire laser for the measurements presented in this

thesis, providing higher optical power. While this is useful for alignment, the diode

laser provides sufficient power for trapping atoms once the system has been opti-

mally aligned.

We follow the initial alignment procedure described in Reference [94], and use

light resonant with the repumping transition. We use this light just before absorption

imaging, such that instead of optically pumping all atoms into the state with F = 2,

only those in the path of the dipole beam are optically pumped. Once the imaging

beam is applied, only those atoms absorb the light and the shadow image reveals the

position of the beam for those regions that are occupied with trapped atoms. When

illuminating a large thermal cloud released from the quadrupole trap, the relevant

part of the beam is clearly visible. Using the two horizontal imaging directions de-

scribed in Section 4.3.2, the beam can thus be aligned to the position of the atoms, as

well as parallel to gravity (and thus perpendicular to the shell surface) [94].

Following this alignment, we account for the difference in chromatic shift by ad-

justing a lens in the optical setup to approximately focus the dipole trap onto the

same position as we had the repumping light. Using several mW of light at 830 nm

we then scan the driving frequencies of the AOD until we observe an effect of the

dipole trap on the atoms, and further optimise the frequencies to centre the beam on

the surface of the shell.

4.4.2 Trapping Atoms

Figure 4.2 shows four sample images of atoms trapped in a combination of the shell

trap and the dipole trap. Adding the dipole trap leads to atoms being pulled into

the beam, as evident by the difference between panels (a) and (b). We load atoms by
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increasing the amplitude of the field driving the AOD for a constant frequency over

a duration of 250 ms. For faster ramps, we observe heating of the atoms rather than

loading of the dipole trap.

Figure 4.2: Absorption images of atoms trapped in a combination of a shell and an optical
dipole trap (bottom) and integrated atomic density for the image (top). The scale
bar in the bottom left image has a length of 50 µm and a height of 6.45 µm, and
the scale is the same for all images. (a) Atoms trapped in the shell with no dipole
trap applied. (b) A single dipole trapping beam pulls atoms to the centre of the
trap. (c) Two separate beams trap atoms at different locations of the shell trap. (d)
Four beams generate an asymmetric double-well potential on the surface of the
shell trap.

Figure 4.2 (c) shows an example of atoms being trapped in two different beams of

the dipole trap, with driving frequencies of 50 MHz and 53 MHz. The two frequen-

cies are produced by two channels via direct digital synthesis (DDS) and combined

with a splitter before the signal is amplified and then drives the AOD. Since the num-

ber of available channels is limited, for patterns with more frequencies we use two

channels and then toggle between different frequencies. For the image displayed

in Figure 4.2 (d), the amplitudes of two frequencies at 53 MHz and 53.5 MHz are in-

creased, alternating with two frequencies which are initially turned on at 50 MHz and

50.5 MHz and then swept to 48.5 MHz and 52 MHz as their amplitude is increased.

The atoms are trapped in the resulting time-averaged asymmetric double-well po-

tential. The frequency ramps ensure that atoms are distributed throughout the full

potential.

We are limited by the available update rate of the DDS – since the dipole trap fre-

quencies are on the order of kHz, the time averaging has to be at least an order of

magnitude faster. This prevented further investigation at the time, but is not a funda-

mental limitation. The maximum update rate we could use was 450 kHz, resulting in

a toggle-frequency of 3 kHz.
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4.4.3 Next Steps

Before further detailed investigations on potential shaping, the alignment of the

dipole trap has to be improved, and the trap characterised. Currently, the focus of the

beam is only approximately aligned: it was moved by the predicted chromatic shift

between 780 nm and 830 nm. Further alignment is necessary to ensure that the focus

of the beam is well-overlapped with the bottom of the shell trap.

In order to do this, trap frequency measurements of the dipole trap need to be

performed, the alignment of the focus varied, and the measurements repeated to find

the maximum trap frequencies and thus minimum beam waists. Once this alignment

has been performed, the waist of the focus can be determined by comparing expected

with measured trap frequencies. Once the dipole trap has been fully aligned and

characterised, further investigation into potential shapes can be conducted.

4.5 conclusion

In this chapter, we have described the experimental implementation of RF-dressed

potentials for the purpose of trapping ultracold atoms. We have given an overview of

how we create BECs in an RF-dressed trap and explained how we release the clouds

and subsequently image them.

We have argued that our experimental apparatus is well-suited to carrying out the

experiments proposed in Chapter 2. We have already trapped a quasi-2D gas (with

ωz = 2π · 1.4 kHz), and have demonstrated splitting a 3D BEC [25]. It remains to

combine the two and to coherently split a 2D gas. The versatility of the MRF-dressed

potentials makes it possible to have the second cloud of atoms trapped in a 3D trap.

This could serve as a constant phase reference and relax the technical requirements.

Currently, the main limitation both for trapping 2D gases and splitting a cloud is

atom loss induced by RF noise. This is investigated in detail in Chapters 5 and 6. In

Chapter 7, we demonstrate an alternative method of splitting a gas which circum-

vents some of these problems.
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Improvements to the experimental apparatus have allowed running the experiment

for extended periods of time, and reduced the time per sequence, thus allowing the

measurement of detailed spectra as described in Chapter 6. This means that we will

be able to collect enough statistics for determining PDFs of the relative phase, and

achieve the goals set out in Chapter 2.

We have demonstrated atoms trapped in a combination of an RF-dressed trap and

a red-detuned dipole trap for the first time. While an optical dipole trap and a shell

trap have been combined previously [132], a blue-detuned laser beam was used in

this case, such that atoms were trapped in regions of very low optical power. In

contrast, we trap atoms in the region of high optical power. Following the proof-

of-principle presented here, further alignment and characterisation is necessary to

pursue this promising avenue of potential shaping.

Uses of the dipole trap are manifold: it has originally been designed to trap a

small number of atoms in an elliptical potential and induce fast rotation to observe

the fractional quantum Hall effect [94]. Since arbitrary shapes can be painted on the

surface of the shell, experiments using other shapes are possible, such as observing

tunnel decay out of an asymmetric double-well [139].

In the context of the experiments proposed in this thesis, the red-detuned beam can

be used to make homogeneous traps of varying shapes to investigate boundary ef-

fects on thermalisation of 2D gases. The minimum energy required to unbind vortices

depends on the shape and size of the cloud. Additionally, the shape of the potential

may affect whether the dynamics of phase fluctuations are chaotic, thus directly lead-

ing to thermalisation. Alternatively, if resonant repumping light was used, the optical

setup could be used to selectively pump a slice of atoms before absorption imaging,

as discussed in Section 2.2. Lastly, the dipole trap can increase the trap frequencies in

the shell trap and facilitate evaporative cooling in this trap. This could, for example,

be used to first load thermal atoms into a 3-RF single well before cooling them to

quantum degeneracy.
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Spectroscopy has spurred great progress in our understanding of physical systems,

from the quantum-mechanical explanations of the hydrogen spectrum to measure-

ments of the Lamb shift [111]. Precision measurements continue to illuminate the

limits of our knowledge [112, 113]. In turn, the experimental tools developed from

spectroscopy have advanced our ability to manipulate the external and internal de-

grees of freedom of atoms.

The dressed-atom picture, as explained in Chapter 3, is a well-established method

to describe the interaction of atoms with radiation. Special attention has been paid

to the conceptually simple case of dressing with RF fields, and the insights gained

from this have contributed to our understanding of atomic physics [78]. In addition

to a single dressing field, a weak probe field, that drives transitions between dressed

states, is often considered [114, 115].

More recently, transitions of atoms in RF-dressed potentials have been calculated,

though restricted to a single dressing frequency [100, 116–118]. Furthermore, only

first-order transitions in the probe field were considered in References [100, 116, 117]

and higher-order transitions were calculated only for selected polarisations of the

probe field [118]. In Reference [100], RF spectroscopy was used to investigate effects

beyond the RWA.

We drive RF transitions of atoms trapped in the RF-dressed potentials for two pur-

poses: firstly, to selectively eject hot atoms during the evaporation stage (Chapter 4),

and secondly to probe the energy levels of the trapped atoms [16]. In both cases,

we utilise the atom loss due to atoms being driven to untrapped states. RF-induced

49
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losses, however, can be unwanted if they are driven by RF sources outside our control,

such as sidebands on the generated frequencies or noise on the power supplies.

A large number of possible transitions arise for atoms dressed with multiple fields,

which further renders these potentials vulnerable to atom loss caused by RF noise.

Reducing the Rabi frequencies, as is necessary to obtain small spacing between neigh-

bouring wells and to achieve 2D confinement, moves the resonances towards lower

frequencies, which are more common amongst noise sources.

Identifying which frequencies are responsible for atom loss within the apparatus

allows one to search for the source of a specific frequency in the lab [25]. In order

to understand possible transitions in MRF-dressed potentials, to better tackle noise

sources and to understand MRF dressing in more detail, we investigate RF transitions

in MRF-dressed potentials. Thus, we can make an informed decision for dressing

frequencies and amplitudes, as well as to set requirements on the power supplies

and frequency sources that form these traps. Our investigations have resulted in the

theoretical framework presented here, which is applicable to a wide range of systems

dressed by multiple frequencies.

We present the theoretical model used to calculate RF-induced transitions of atoms

trapped in MRF-dressed adiabatic potentials (Section 5.1). We then describe the nu-

merical methods used to calculate those transitions for cases that cannot be solved

analytically (Section 5.2). In Section 5.3, we describe predicted resonances for dress-

ing by single- and multiple-frequency fields and for any order of the probe field.

Finally, in Section 5.4, we describe the consequence of the non-linearity of the Zee-

man effect on resonances.

For a single-frequency dressing field, accounting for all possible polarisations of

the probe field and higher-order transitions results in a spectrum that goes beyond

the well-known Autler-Townes splitting [119]. For certain polarisations of the probe

field, we identify resonances that have not been observed or predicted previously. We

also investigate the more general case of multiple dressing frequencies, revealing a

rich spectrum of resonant transitions that we fully characterise spectroscopically in

Chapter 6.
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5.1 model

We consider an atom in a static magnetic field, dressed by a radiation field with one

or more frequency components, as introduced in Chapter 3. Dressing the atoms leads

to a ladder of energy levels, as shown in Figure 3.1. We calculate resonant frequencies

and coupling strengths for transitions driven by a probe field between these dressed

eigenstates.

Including the probe interaction Vp with frequency ωp and field energy N̂ph̄ωp we

obtain the following Hamiltonian, analogous to Equation 3.7:

H =

H0︷ ︸︸ ︷
N̂h̄ωf + N̂ph̄ωp −ω0Fz +Vrf︸ ︷︷ ︸

H1

+Vp. (5.1)

We have defined the operator H0 as the sum of the energies of the fields and the

atom, without interaction, and H1 := H0 + Vrf, with the interaction Vrf as defined in

Equation 3.21. As in Chapter 3 we assume gF < 0 and F = 1 throughout.

Again, we assume coherent fields with a large mean photon number. Retaining

(normalised) field operators, however, allows insights into the processes on a quantum-

mechanical level.

The dressing field is turned on adiabatically, such that the atoms are dressed by

the field and their states become eigenstates of H1 = H0 + Vrf. Figure 5.1 illustrates

transitions between these dressed states, driven by the probe field, which is pulsed

on non-adiabatically.

To describe the dressing fields, we use the basis detailed in Section 3.3, of counting

’fundamental excitations‘, to avoid degenerate bare states. The state of the probe field,

however, is treated separately. Since H0 is diagonal in the original basis, and Vrf is

independent of the probe field, degeneracies do not cause a problem. Eigenstates of

H0 thus can be written as
∣∣N, Np, mF

〉
0, and eigenstates of H1 are

∣∣k, Np, m
〉

1, with the

index denoting which eigenbasis is used. The eigenstates are the same as introduced

in Chapter 3, but include the state of the probe field.
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Figure 5.1: First-order (green) and second-order (purple) transitions for an atom with F = 1.
All transitions for a circularly-polarised dressing field (solid lines) and some tran-
sitions for a linearly-polarised dressing field (dashed lines) are shown. This sketch
is based on a figure originally made by Tiffany Harte for Reference [107].

Analogous to Equation 3.5, the interaction between probe field and atom is

Vp = (Ωz ãpFz + Ω∗z ã†
pFz) +

1
2
(Ω+ ãpF+ + Ω∗+ ã†

pF−) +
1
2
(Ω− ãpF− + Ω∗− ã†

pF+), (5.2)

with Ω±, Ωz the coupling strength between the various polarisations of the probe

field and the atom, and ã†
p, ãp normalised operators raising / lowering the number

of photons in the probe field:

ã†
p
∣∣Np

〉
=
∣∣Np + 1

〉
, ãp

∣∣Np
〉
=
∣∣Np − 1

〉
. (5.3)

The order of a given transition is defined as the minimum number of creations/an-

nihilations of probe photons required for that transition. The order of the dressing

field, on the other hand, is not well-defined for transitions where atoms are resonant

with the dressing field. Transitions with a large change in k become important for

strong fields, which give rise to a Bloch-Siegert shift of the resonance, as has been

investigated in Reference [100].
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5.1.1 First-Order Transitions

We now calculate transitions between the eigenstates of H1 driven by the probe field.

For a transition to occur, two conditions must be met: (i) the probe interaction cou-

ples initial and final states and (ii) the probe frequency is resonant, such that en-

ergy is conserved. For first-order transitions from initial state
∣∣k, Np, m

〉
1 to final state∣∣∣k′, N′p, m′

〉
1

with m′ 6= m, these conditions are expressed as:

Ωeff

2
〈
m′
∣∣F|m′−m|

sgn(m′−m)

∣∣m〉 = 〈
k′, N′p, m′

∣∣∣Vp

∣∣∣k, Np, m
〉

1 1
6= 0, and (5.4)

k′ωf + N′pωp + m′Ω = kωf + Npωp + mΩ, (5.5)

where we have defined an effective Rabi frequency Ωeff, and F|m
′−m|

sgn(m′−m)
denotes the

application of the spin raising or lowering operator |m′ −m| times to connect states

|m〉 and |m′〉.

5.1.2 Resolvent formalism

Higher-order transitions arise when the path taken between the initial and final state

includes a number of off-resonant intermediate states. The resulting transition am-

plitude therefore depends on the amplitudes of these individual paths, which may

interfere. To determine the frequencies of transitions and calculate their strengths,

we use the resolvent formalism [78, 115], which gives an effective Hamiltonian and

can be used to calculate transitions of any order. This enables understanding of the

processes on the level of quantum states, e. g. to identify effects arising from the inter-

ference of individual paths. It also provides the possibility of treating the probe field

quantum mechanically. We derive effective Hamiltonians between pairs of resonant

states which can then be used to calculate transitions as above.

By defining the resolvent operator G(z) = 1/(z−H), algebraic rather than integral

equations can be used to describe the time-evolution of H. The time-evolution oper-

ator can be retrieved by a contour integral of G(z). We identify a subspace E0 that

contains states which are important in the process that is investigated – in our case
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these are initial and final states, as well as all states which are close in energy. Projec-

tion operators P, Q = 1− P project onto E0 and onto its complement. G(z) projected

onto E0 can then be rewritten as

PG(z)P = 1/(z− PH1P− PR(z)P) (5.6)

with the level-shift operator R(z). One can identify an effective Hamiltonian acting on

E0 from this version of the resolvent: Heff = PH1P + PR(z)P. The level-shift operator

can be written as a power expansion in Vp:

R(z) = Vp + Vp
Q

z− H1
Vp + Vp

Q
z− H1

Vp
Q

z− H1
Vp + . . . (5.7)

A common approximation is to replace z with E0, the mean energy of states in E0.

This is valid provided the energy shift due to Vp is small compared to the energy

difference of intermediate states. This is a good approximation, since we assume the

probe field to be weak in comparison to the dressing fields.

The level-shift operator describes interactions between two states in E0 via interme-

diate states in the complement. The terms Q/(E0− H1) are propagators in frequency

space. Truncating the series thus results in a cut-off in energy space, as compared to

time-evolution operators in time-dependent perturbation theory, where truncation re-

sults in a cut-off in time. The ith term in the expansion of R(z) corresponds to a path

via i− 1 intermediate states and matrix elements of this term describe transitions of

ith order in the probe field.

5.1.3 Higher-Order Transitions

Following the explanation above, we replace Equation 5.4 with the following to cal-

culate higher-order transitions:

Ωeff

2
〈
m′
∣∣F|m′−m|

sgn(m′−m)

∣∣m〉
=

〈
k′, N′p, m′

∣∣∣Vp
Q

z− H1
Vp · · ·Vp

Q
z− H1

Vp

∣∣∣k, Np, m
〉

1 1
6= 0. (5.8)
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The excluded subset E0 consists of initial state
∣∣k, Np, m

〉
1 and final state

∣∣∣k′, N′p, m′
〉

1

as well as all other states with the same energy. We therefore have

z ≈ E0 = h̄(kωf + Npωp + mΩ(ω0)) = h̄(k′ωf + N′pωp + m′Ω(ω0)). (5.9)

Following the explanation in Section 5.1.2, Equation 5.8 can be interpreted as fol-

lows: the initial state interacts with the probe field, followed by a free evolution under

H1, followed by another interaction and so forth, connecting initial and final states

by i interaction terms for ith order. The condition for energy conservation expressed

in Equation 5.5 must also be fulfilled for higher orders.

In Reference [118], some higher-order transitions have been calculated. In contrast

to what we present here, these were calculated under the application of the RWA for

the dressing field and only a single polarisation of the probe field present, as well as

a second RWA. Employing the formalism here will give further resonances that have

not been predicted previously and more accurate transition amplitudes.

5.2 numerical methods for arbitrary fields

Equations 5.5 and 5.8 can be solved if the eigenstates of H1 are known. If H1 can be

diagonalised analytically, the calculations are straightforward and some examples are

detailed in Section 5.3.1.2. Here, we detail the calculations and their implementation

if H1 has to be diagonalised numerically1. The following calculations have been im-

plemented in Mathematica, and the code can be found on the following git repository

https://bitbucket.org/KathrinL/mrftransitions/.

1 In the case of a single frequency and a circularly-polarised dressing field, analytical diagonalisation is
possible, but for all other cases numerical diagonalisation is required – an analytic solution can also be
found with some approximations [120].

https://bitbucket.org/KathrinL/mrftransitions/
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5.2.1 Partial Diagonalisation of the System

We diagonalise the Hamiltonian H1 = H0 + Vrf numerically and find the expansion

of the eigenvectors in the undressed basis. The eigenvectors can be written as:

∣∣kN , Np, m
〉

1 =
Nmax

∑
i=−Nmax

F

∑
mF=−F

α
(kN)
i,m,mF

∣∣N + i, Np, mF
〉

0 , (5.10)

where we again introduce the quantum number kN , as explained in Section 3.2.2. For

non-circularly polarised dressing RF, or with several dressing fields, the expansion

in undressed basis states includes states from different manifolds. Nmax restricts the

maximum change in the number of dressing RF photons. It has to be large enough

such that errors are negligible, but small enough for feasible calculation times.

There are 2F + 1 different eigenstates with the same value of kN . For maximum

accuracy we choose those centred about N. The factors α only depend on kN for

finite Nmax because it matters where the ‘centre’ of the state is with respect to Nmax,

but they do not depend on the value of kN otherwise. Having chosen 2F + 1 states

with a given kN , we can thus drop the notation and use α
(kN)
i,m,mF

=: αi,m,mF .

Additionally to Nmax, a further limit to accuracy is given by the machine precision

involved in the calculations. We apply a threshold amplitude t, setting any αi,m,mF < t

to zero. For maximum accuracy, t should be a few times machine precision, but

calculations can be sped up significantly as this is increased. Care has to be taken

when interpreting results, lest this leads to incomplete cancellation of destructively

interfering amplitudes. Similarly, if the fundamental frequency is chosen smaller than

necessary, numerical artefacts may lead to transitions between states spaced by h̄ωf

that do not exist in reality.

5.2.2 Matrix Elements

Matrix elements of Vp directly give first-order transitions between eigenstates of H1.

In section Section 5.3.1.1 we will rewrite the probe interaction in the eigenbasis of H1
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to facilitate calculations. Here, we expand the eigenstates of H1 in the eigenbasis of

H0, using the expansion Equation 5.10, instead:

〈
kN′ , N′p, m′

∣∣∣Vp

∣∣∣kN , Np, m
〉

1 1

=
F

∑
mF ,m′F=−F

Nmax

∑
i,j=−Nmax

αi,m,mF α∗j,m′,m′F

〈
N′ + j, N′p, m′F

∣∣∣Vp

∣∣∣N + i, Np, mF

〉
0 0

=: ∑
i,j,mF ,m′F

c(m′F, mF, i, j, m, m′, N − N′, Np − N′p) (5.11)

The approximation that we have coherent states with large mean photon numbers is

apparent in the fact that the factors α do not depend on N or k, and the factors c only

depend on the difference between initial and final values of N and k. To speed up

calculations for higher-order transitions, summands with c < t are again set to zero.

The function c can now be calculated analytically using the coefficients α from

the numerical diagonalisation of Equation 5.10. Note that this basis transformation is

exact except for the cut-off at Nmax and the accuracy of the numerical diagonalisation.

If we use an exact basis, as for the case of a circularly-polarised dressing field, where

Nmax is limited naturally, then the above yields exact results.

Higher-order transitions are calculated using the resolvent formalism (Equation 5.8):

〈
k′, N′p, m′

∣∣∣Vp
Q

z− H1
Vp

Q
z− H1

. . . Vp
Q

z− H1
Vp

∣∣∣k, Np, m
〉

1 1

= ∑
|g1〉1∈S

· · · ∑
|gn−1〉1∈S

〈
k′, N′p, m′

∣∣∣Vp
Q

z− H1

∣∣∣g1

〉
1 1

〈g1|Vp
Q

z− H1
|g2〉1 1

. . . 〈gn−2|Vp
Q

z− H1
|gn−1〉1 1

〈
gn−1

∣∣Vp
∣∣k, Np, m

〉
1 1

= ∑
|gj〉1 /∈E0

(
n−1

∏
i=1

1
z− Egi

) 〈
k′, N′p, m′

∣∣∣Vp

∣∣∣g1

〉
1 1

〈g1|Vp|g2〉1 1

. . . 〈gn−2|Vp|gn−1〉1 1

〈
gn−1

∣∣Vp
∣∣k, Np, m

〉
1 1 , (5.12)

where H1 |gi〉1 = Egi |gi〉1 for |gi〉1 ∈ S , with S the set of all eigenstates of H1. The

individual matrix elements in each summand can be determined using Equation 5.11.

As described in Section 5.1.2, to determine approximate values for Equation 5.8,

we use z = E|k,Np,m〉1
= E|k′,N′p,m′〉1

. The projection outside the subspace is hard to

implement, however, and requires knowledge of the probe frequency before it is
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determined in the code. For processes where the probe frequency is resonant, this

problem can be avoided: all states in E0 have the same energy, and we reject any term

in the sum of Equation 5.12 where one of the fractions 1
z−Egi

results in a division by

zero2.

Equation 5.12 is implemented in Mathematica for calculating the transition frequen-

cies and amplitudes for higher orders. The infinite sum over all eigenstates collapses

as the matrix elements of Vp return delta functions placing requirements on the value

of k′− k and N′p−Np. These can be solved to determine the resonant probe frequency

using Equation 5.8.

With the exception of the numerical diagonalisation, the calculations detailed above

are analytical. Uncertainties in transition amplitudes result from the truncation of the

eigenstates as well as rounding errors arising from machine precision. This may result

in some transitions with weak amplitudes being omitted, or incomplete cancellation

of paths that interfere destructively. However, computational accuracy can always be

increased to rule out these situations, and the predicted values for transition frequen-

cies are always exact.

5.3 predictions

In this section, we detail some predictions for cases which are important for our spe-

cific experimental implementation. The coupling Ωiz = 0 for all cases discussed here.

Including this term does not change the number and frequency of allowed transitions,

but only determines which parts of the probe field drive a given transition.

Dressing the atoms with a single frequency is the simplest case. This allows obser-

vation of the difference between linear and circular polarisation of the dressing RF, as

well as comparison to experimental observations in a simple setting. We start with a

single-frequency, circularly-polarised dressing field, and arbitrary probe polarisation

(Section 5.3.1). For this case, transitions can be calculated analytically, and we com-

pare the results to those obtained with the program described in the previous section.

2 This will cause some problems in cases where several eigenstates are close in energy, e. g. when includ-
ing the non-linearity of the Zeeman effect as will be discussed in Section 5.4
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We then use the program to predict the existence and location of resonances as well

as their relative strengths for cases where analytical diagonalisation is not possible.

We start with a single-frequency, linearly-polarised dressing field and compare the

results to the circularly-polarised case (Section 5.3.2). We then present transitions for

the case of dressing with multiple frequencies (Section 5.3.3). We assume that atoms

are trapped in the m = 1 states3 and calculate transitions for atoms to states with

m′ = 0 or m′ = −1 which are untrapped and atoms will be lost, as we will see in

Chapter 6.

5.3.1 Single Radiofrequency – Circularly-Polarised Dressing Field

A circularly-polarised dressing field with a single frequency ωrf is the simplest case,

since the interaction is confined to one manifold, as explained in Section 3.2.1. With

regards to the experiment, this case is also particularly interesting: every sequence

starts with atoms trapped in a circularly-polarised field, and evaporative cooling is

performed in such a trap (cf. Section 4.1).

5.3.1.1 Probe Interaction

For an SRF, circularly-polarised, dressing field, the interaction described in Equa-

tion 3.5 reduces to Vrf = (Ω0/2)
(

F+ ã† + F− ã
)
, where we can assume a real Rabi

frequency Ω0. H1 can be diagonalised exactly, and its eigenstates are admixtures of

states from a single manifold (Equation 3.11).

3 As we have seen in Figure 3.2, this is not always the case. For symmetry reasons, transitions from
m = −1 to m′ = 0 or m′ = 1 are the same as those from m = 1.
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To facilitate the calculation of matrix elements, we rewrite the probe interaction

Vp (Equation 5.2) in terms of operators acting on eigenstates of H1. Details of this

calculation can be found in Appendix A. We use the following operators

S±
∣∣k, Np, m

〉
1 = h̄

√
F(F + 1)− (m± 1)m

∣∣k, Np, m± 1
〉

1 ,

Sz
∣∣k, Np, m

〉
1 = h̄m

∣∣k, Np, m
〉

1 ,

b̃† ∣∣k, Np, m
〉

1 =
∣∣k + 1, Np, m

〉
1 ,

b̃
∣∣k, Np, m

〉
1 =

∣∣k− 1, Np, m
〉

1

to describe raising and lowering of the newly-introduced quantum numbers, i. e. the

manifold k and the effective spin m. We can thus write the probe interaction as

Vp =
1

2Ω

[(
Ωz ãp (2∆Sz −Ω0 (S+ + S−)) + h.c.

)
+

1
2

(
Ω+ ãpb̃ ((Ω + ∆)S+ + 2Ω0Sz − (Ω− ∆)S−) + h.c.

)
+

1
2

(
Ω− ãpb̃† ((Ω + ∆)S− + 2Ω0Sz − (Ω− ∆)S+) + h.c.

)]
, (5.13)

with the frequency detuning ∆ = ωrf − ω0. The generalised Rabi frequency of the

dressing field is Ω2 = Ω2
0 + ∆2.

5.3.1.2 Transitions

With Vp in the form of Equation 5.13, calculating matrix elements in the eigenbasis

of H1, as is required for solving Equations 5.4 and 5.8, is straightforward. Simultane-

ously solving Equation 5.5 yields transition frequencies and amplitudes.
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first-order transitions

We calculate the following matrix elements:

〈
k′, N′p, 0

∣∣∣Vp

∣∣∣k, Np, 1
〉

1 1

=

√
2

4Ω

[(
−Ω+(Ω− ∆)δ(k′, k− 1)δ(N′p, Np − 1) + Ω∗+(Ω + ∆)δ(k′, k + 1)δ(N′p, Np + 1)

)
+
(

Ω−(Ω + ∆)δ(k′, k + 1)δ(N′p, Np − 1)−Ω∗−(Ω− ∆)δ(k′, k− 1), δ(N′p, Np + 1)
)

−2
(

ΩzΩ0δ(k′, k)δ(N′p, Np − 1) + Ω∗z Ω0δ(k′, k)δ(N′p, Np + 1)
)]

, (5.14)

and

〈
k′, N′p,−1

∣∣∣Vp

∣∣∣k, Np, 1
〉

1 1
= 0.

For the case of m′ = 0, the matrix element Equation 5.14 is non-zero, given certain

conditions on k − k′ and Np − N′p. All cases that lead to a resonant transition are

illustrated in Figure 5.2. Solving Equation 5.5 yields the corresponding transition

frequencies.

symbol ωp Ωeff

N ωrf + Ω − 1
2

Ω−∆
Ω Ω∗−

H ωrf −Ω 1
2

Ω+∆
Ω Ω−

−ωrf + Ω 1
2

Ω+∆
Ω Ω∗+

−ωrf −Ω − 1
2

Ω−∆
Ω Ω+

 Ω −Ω0
Ω Ω∗z

−Ω −Ω0
Ω Ωz

Figure 5.2: First-order transitions of atoms dressed by a circularly-polarised field are illus-
trated on a grid with probe photon number on the x axis and manifold number
on the y axis. The three possible values of m are indicated by parallel lines within
each manifold. Note that the vertical axis does not correspond to energy, and the
energy of individual states depends on the frequency of the probe field. The initial
state is marked by a black circle, and the three possible final states by different
symbols. The paths connecting these states are indicated by arrows, with the com-
ponent of the probe field that drives them indicated. The corresponding transition
frequencies and amplitudes are listed in the table on the right. This figure is based
on a figure originally made by Elliot Bentine for Reference [107].

Different polarisations of the probe field drive different transitions. For example, a

π-polarised probe field does not change the manifold number and thus causes tran-
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sitions at the Rabi frequency. Circular polarisation of the probe field causes a change

in the manifold number of one and thus transitions at frequencies ωrf ±Ω, whereas

counter-rotating terms result in transitions at negative frequencies, i. e. they couple

off-resonantly, as is expected. While these terms do not play a role for first-order

transitions, they do become relevant for higher-order transitions, where independent

steps are driven off-resonantly.

There is no coupling between states with m = 1 and m′ = −1, as was noted be-

fore [100], and is reminiscent of selection rules for spin-1 systems. In a semi-classical

approximation and transforming the Hamiltonian into the rotating frame, the quan-

tum number m can be viewed as describing Zeeman states of an effective magnetic

field [25]. In this picture, the above selection rule corresponds to angular momentum

conservation.

second-order transitions

Next, we calculate second-order transitions and thus matrix elements of the form

〈
k′, N′p, m′

∣∣∣Vp
Q

z− H1
Vp

∣∣∣k, Np, m
〉

1 1
.

This requires evaluation of the factor 1
z−E1

. As described in Section 5.1.3, z is approx-

imated as the energy of the excluded subspace E0, Equation 5.9. E1 is the energy of

the intermediate state, which is different from z given that any states with the same

energy were excluded by the projection Q. Solving Equation 5.5 allows evaluation of

z − E1. All resulting transitions are illustrated in Figure 5.3 and the corresponding

transition amplitudes are stated.

Transitions at ωrf ± Ω/2 are driven by a circularly-polarised probe field, as was

the case for transitions at ωrf±Ω in first order. Transitions at half the Rabi frequency

can be caused by either vertical polarisation (though this contribution is zero for

∆ = 0) or by a mix of co- and counter-rotating terms. The additional transitions at

1
2 (ωrf ±Ω) result from a mix of one circularly-polarised photon and one vertically

polarised one. While the other transitions have been predicted in [118], a mix of
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symbol ωp Ωeff

� ωrf +
1
2 Ω 1

2
Ω0(Ω−∆)

Ω3 Ω∗2−
� ωrf − 1

2 Ω − 1
2

Ω0(Ω+∆)
Ω3 Ω2

−

 Ω/2 2Ω0
Ω2

(
∆
Ω Ω∗2z + Ω(2ωrf+∆)

2(4ω2
rf−Ω2)

Ω∗+Ω∗−

)
N 1

2 (ωrf + Ω) 1
Ω2

(
(Ω−∆)∆
ωrf+Ω −

Ω2
0

ωrf−Ω

)
Ω∗−Ω∗z

H 1
2 (ωrf −Ω) 1

Ω2

(
(Ω+∆)∆
ωrf−Ω +

Ω2
0

ωrf+Ω

)
Ω−Ωz

Figure 5.3: Second-order transitions of atoms dressed by a circularly-polarised field are il-
lustrated in the same way as in Figure 5.2. For second-order transitions, there
can be several paths contributing to the same transition. The paths corresponding
to ωp = (ωrf + Ω)/2 are omitted for clarity, but proceed mirrored to those for
ωp = (ωrf −Ω)/2, with the final state indicated by the upright triangle N. This
figure is based on a figure originally made by Elliot Bentine for Reference [107].

different polarisations has not been considered previously. The amplitudes for cases

that have been calculated in Reference [118] agree with our values.

As was the case for first-order transitions, there is no coupling between states with

m = 1, m′ = −1; all possible paths for such a transition proceed via a resonant

intermediate state.

third-order transitions

Third-order transitions are calculated in the same manner as those of second or-

der. Some transitions and their amplitudes are shown in Figure 5.4. Transitions at

ωrf ± 1
3 Ω appear as expected, but transitions at ωrf ± Ω also exist. These have the

same frequency as some first-order transitions, and proceed via two off-resonant in-

termediate states in third order. Third-order transitions exist at probe frequencies
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Ω/3, Ω, (ωrf ±Ω)/3, ωrf ±Ω, (2ωrf ±Ω)/3, 2ωrf ±Ω, ωrf ±Ω/3, 3ωrf ±Ω, but only

the dominant ones are listed in Figure 5.4.

(a) (b) (c)

symbol ωp Ωeff probe polarisation

ωrf + Ω 3
26

(Ω+∆)Ω2
0

Ω5 Ω−Ω∗2− Ω− 6= 0, Ω+, Ωz = 0

ωrf −Ω − 3
26

(Ω−∆)Ω2
0

Ω5 Ω2
−Ω∗− Ω− 6= 0, Ω+, Ωz = 0

� ωrf +
1
3 Ω − 34

27
(Ω−∆)Ω2

0
Ω5 Ω∗3− Ω−, Ω+, Ωz 6= 0

ωrf − 1
3 Ω 34

27
(Ω+∆)Ω2

0
Ω5 Ω3

− Ω−, Ω+, Ωz 6= 0

 Ω/3 9Ω0
24Ω5 (Ω2

0 − 8∆2)Ω∗3z Ω−, Ω+ = 0, Ωz 6= 0

J ωrf + 2Ω/3 0 Ω−, Ω+, Ωz 6= 0

Figure 5.4: Selected third-order transitions of atoms dressed by a circularly-polarised field are
illustrated in the same way as in Figure 5.2. (a) Taking into account the full probe
polarisation leads to 21 possible paths for ωp = Ω/3. Those driven purely by a
vertically-polarised probe field are indicated in darker green and the amplitude is
given in the table. The full amplitude, including an arbitrary polarisation of the
probe field, is listed in Appendix B. Contributions neglected in Reference [118]
are a lighter green than the strongest contribution. (b) For ωp = ωrf + Ω/3, there
are only three possible paths. Those neglected in Reference [118] are drawn in
lighter green. (c) For ωp = ωrf + 2/3Ω, there are two paths coupling initial and
final states, with amplitudes which cancel exactly. This figure is based on a figure
originally made by Elliot Bentine for Reference [107].

For transitions at ωrf ±Ω/3, the effective Rabi frequency given in [118] is smaller

by a factor of 8/9 compared to our results. For a third-order transition of frequency

Ω/3, the results in Reference [118] do not include the term proportional to Ω2
0. This

significantly alters the dependence of the transition amplitude on detuning, with the

transition not being zero, but rather maximal, at zero detuning, with two zeros at

∆ = ±2
√

2Ω0. These differences come from the fact that in Reference [118], only one

of three paths for transition at Ω/3, ωrf±Ω/3 was taken into account (see Figure 5.4).

While the contributions of the two neglected paths have opposite sign, they do not



5.3 predictions 65

fully cancel due to a different energy for the second intermediate state and thus a

different factor 1/(z− E2).

Contrary to first and second-order matrix elements, in third order the states
∣∣k, Np, 1

〉
1

and
∣∣∣k′, N′p,−1

〉
1

do couple for probe frequencies ωp = ωrf + 2Ω and ωp = ωrf +

2/3Ω. However, the total matrix element is still zero, since possible paths interfere

destructively (Figure 5.4 (c)). This is true for any field amplitude and detuning.

generalisation to transitions of any order

The above results can be generalised to describe transition frequencies for any order

i in the probe field. They exist for m = 1, m′ = 0 at frequencies

ωp =
κωrf ±Ω

i− 2j
, (5.15)

with integers j, κ such that 0 ≤ κ ≤ i and 0 ≤ j < i/2. Here, κ = |k′ − k| corresponds

to the difference between initial and final manifold and i − 2j = |N′p − Np| to the

difference between initial and final probe photon number. Since the action of Vrf is

confined to a single manifold, Vp only couples states with |k′ − k| ≤ 1, resulting in

the limit of κ ≤ i. Thus, only a finite number of transitions occur for a given order,

as shown for first order in [100]. This also means that transitions with a frequency of

2ωrf ±Ω and 3ωrf ±Ω, while not resonant in first order, exist in third order, via two

intermediate, non-resonant states.

No transitions between states with m = 1, m′ = −1 exist since for an even i, there

is no path via non-resonant intermediate states, and for an odd i, all existing paths

cancel exactly due to symmetry reasons.

All transitions contain contributions from several orders and all these contributions

have to be summed to obtain the full transition amplitude for a given probe frequency.

The higher-order terms become more important as the amplitude of the probe field

increases.
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5.3.1.3 Comparison to Numerical Results

We compare the results obtained in the previous section to those returned by the

program. Figure 5.5 shows the transition strengths of first- to fourth-order transitions

of atoms with m = 1 to m′ = 0 dressed with a circularly-polarised field.
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Figure 5.5: Transition amplitudes for (a) first- to (d) fourth-order transitions in a circularly-
polarised dressing field with a frequency of 3.6 MHz and a Rabi frequency of
0.2 MHz, as a function of detuning ∆. The probe field is always on resonance.
Results from the numerical calculation (markers) and the analytical predictions
(line) for Ωz = Ω+ = Ω− = 2π · 10 kHz. For fourth-order transitions, the markers
are connected as a guide to the eye.
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The theoretical and numerical predictions agree to within the precision of the cal-

culation. The transition at ωp = Ω vanishes for |∆| → ∞ while the transition strength

of ωrf ±Ω approaches a constant non-zero level as ∆ → ±∞ and approaches zero

as ∆ → ∓∞. This is as expected, since the eigenstates approach the simple Zeeman

substates as |∆| → ∞. In these limits, it is straightforward to also define the order of

the dressing field [118]. However, as ∆ → 0, this order is no longer well-defined. We

will argue below that the change in k is a good indicator of how transition strength

varies with dressing field amplitude.

Panels (b) – (d) of Figure 5.5 show the various transition amplitudes for second-

to fourth-order transitions. For clarity, transitions with very small amplitudes are

omitted. We observe that resonances at ωp = Ω/i have a vanishing transition strength

at i− 1 different values of the detuning.

5.3.2 Single Radiofrequency – Linearly-Polarised Dressing Field

For a linearly-polarised dressing field, we diagonalise the Hamiltonian numerically.

The commonly used RWA neglects all counter-rotating terms and therefore yields the

same results as the circularly-polarised case discussed above. Otherwise, the presence

of counter-rotating terms causes the dressed eigenstates to contain bare states from

an infinite number of manifolds. Thus, an infinite number of possible transitions exist

at any order of the probe field, although most are of negligible strength. Ultimately,

transitions occur at the same frequencies as for a circularly-polarised dressing field

(Equation 5.15), but with no limit on κ. Thus, many of these occur at a lower order,

and are therefore stronger, when atoms are dressed by a linearly-polarised field. As

the dressing field amplitude increases, these transitions can be become dominant, an

effect which has been investigated in [100].

When rewriting Vp in the eigenbasis of H1, this becomes apparent: Vp is no longer

linear in b̃, b̃† as in the case of circular polarisation (Equation 5.13). The action of

Vp therefore changes the value of k of a given state by more than one, due to the

non-linear terms, enabling transitions with κ > i. Furthermore, each factor of b̃, b̃† is

proportional to the dressing field amplitude, which means that for large amplitudes,
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transitions with a larger value of κ become stronger than those at small κ. In the

literature, κ has been called the order of the dressing field for a transition of first

order in the probe field, and for a linearly-polarised SRF field [100]. For simplicity, we

will continue to use this term when speaking about the ‘order’ of the dressing field.

However, we point out that this change does not exactly correspond to a change of

the number of photons in the dressing field, but rather it corresponds to a quantity

in the dressed picture, and cannot be disentangled from the state of the atom.

As in the case of a circularly-polarised dressing field, we show the dependence

of the transition amplitudes on detuning for first- to fourth-order transitions in Fig-

ure 5.6. Panel (a) shows first-order transitions. Those with frequencies κωrf ±Ω exist

for any non-negative integer κ, but are not shown for κ > 2 as these become increas-

ingly weak. For comparison, the analytical results for a circularly-polarised dressing

field are shown in grey.

Second- to fourth-order transitions are shown in Figure 5.6 (b,e,f). The same tran-

sitions as for a circularly-polarised dressing field are shown for clarity. Transitions

with higher order in the dressing field exist, but are very weak for the parameters

we use. Panels (c) and (d) show the small difference between circularly- and linearly-

polarised fields for first- and second-order transitions.
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Figure 5.6: Transition amplitudes for atoms in a linearly-polarised dressing field with a fre-
quency of 3.6 MHz and a Rabi frequency of 0.2 MHz, as a function of detuning ∆.
The probe field is always on resonance. Results from the numerical calculation
(marker) and the analytical predictions for a circularly-polarised dressing field
(grey line) for Ωz = Ω+ = Ω− = 2π · 10 kHz. Plots (a, b, e, f) show transition
strengths for first- to fourth-order transitions. Plots (c, d) show the difference be-
tween amplitudes for linear and circular polarisation and for first- and second-
order transitions respectively.
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5.3.3 Multiple Radiofrequencies

For an SRF dressing field, the periodicity of transitions is simply the dressing fre-

quency. For a circularly-polarised field, transitions do not simply repeat, but for an ith

order transition, the manifold number can change by a maximum of i. For a linearly-

polarised dressing field, this change is not limited by the order of the probe field,

resulting in a comb of transitions repeating with the dressing frequency.

For an MRF field, the transitions now repeat with the common fundamental be-

tween the different dressing fields, and transitions at frequencies

(κωf ±Ω)

i− 2j
(5.16)

exist, where i > 0 is the order of the transitions and 0 ≤ j ≤ i/2, κ ≥ 0 are integers.

For simplicity, we only consider linearly-polarised fields here. As for the SRF case,

the existence of transitions will not be different, but there will be some limits on the

order for circularly-polarised fields.

As for the case of a linearly-polarised dressing field with a single frequency, the

expression for Vp in the case of multiple frequencies contains any combination of the

operators b̃i, b̃†
j . The dominant contribution to any transition is given by the path aris-

ing from the minimum number of raising and lowering operators required, as well as

their respective prefactors4. For example, in a dressing field at frequency n1ωf, only

one creation or annihilation is necessary to drive the transition for which κ = n1.

For two dressing fields at frequencies n1ωf, (n1 + 1)ωf, the transition at κ = 1 takes

two operators (b̃†
n1+1b̃n1 = b̃†

1), but the transition with κ = n1/2 takes n1 operators:

(b̃†
n1+1)

n1/2(b̃n1)
n1/2 = b̃n1/2. Thus transitions at (n1ωf±Ω)/(i− 2j), (ωf±Ω)/(i− 2j)

are strong compared to transitions at (n1/2 ωf±Ω)/(i− 2j). This qualitative descrip-

tion explains the overall pattern of transition strengths in the experimental observa-

tions reported in Section 6.3.2 and can lead to second-order transitions surrounding

the frequency (n1/2)ωf being stronger than first-order transitions at similar frequen-

cies.

4 This is true unless several paths cancel each other, such that a different term dominates.



5.4 effects from non-linear zeeman splitting 71

5.4 effects from non-linear zeeman splitting

The eigenenergies of an atom in a static magnetic field can be calculated from the

Breit-Rabi formula, and the influence of deviations from linearity on dressed atoms

has been investigated in [121]. The static magnetic field used in this work causes

Zeeman splittings of a few MHz, compared to the hyperfine splitting of 6.8 GHz.

Therefore the energies of the undressed Zeeman states can usually be calculated with

sufficient precision without taking into account non-linearity. However, the asymme-

try of the eigenenergies does have an observable influence on transitions that are

‘forbidden’ in the linear regime, analogous to a breakdown of the selection rules. We

incorporate it into our calculations by introducing an additional term so that the

Hamiltonian now reads

H0 = N̂h̄ωf + N̂ph̄ωp −ω0Fz − h̄δZM1⊗ |−1〉0 〈−1|0 , (5.17)

where |−1〉 denotes the Zeeman state with mF = −1 and h̄δZM is the difference

between the energy separation of the mF = −1, 0 and the mF = 0, 1 states, such that

δZM = 0 in the linear Zeeman effect. We calculate the eigenstates of H1 = H0 + Vrf

numerically and find first-order transition frequencies and amplitudes as described

above. A significant feature is that transitions at probe frequencies of κωf ± 2Ω now

exist between states with m = 1 and m′ = −1, whereas none are predicted for a

purely linear Zeeman effect, as in [100]. These transitions are stronger at larger static

fields where the non-linear Zeeman shift is increased.

To calculate higher-order transitions, states with similar, yet slightly different, en-

ergy have to be included. While this is straightforward in theory, it requires substan-

tial modifications of our program. For the purpose of this thesis, these modifications

are not necessary, since the transitions are significantly weaker compared to those

presented above, and no higher-order transitions of this kind are observed in the

spectra presented in Chapter 6.
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5.5 discussion

We have presented a general theoretical framework to calculate transition frequencies

and strengths for atoms dressed by multiple frequencies. Accounting for arbitrary po-

larisations and higher-order transitions provides a complete description of the spec-

trum. This methodology enabled us to derive analytical expressions for transition

frequencies and amplitudes for the case of a single, circularly-polarised field. Numer-

ical diagonalisation was used for cases beyond the RWA and for multiple-frequency

dressing fields. Transition frequencies for any order in the probe field are given by a

simple formula. Our results are consistent with previous predictions [100, 116, 118],

but greatly extend these. We uncover transitions that were not predicted previously

by considering an arbitrary polarisation of the probe and dressing fields as well as

calculating transitions of higher order in the probe field. Formerly unknown were

transitions at frequencies ωp = (κωrf ±Ω)/(i − 2j) where κ is not an integer mul-

tiple of i − 2j. For a weak probe field, the strongest of these are the second-order

transitions at frequencies ωp = (ωrf ±Ω)/2. Spontaneous emission was neglected,

but could be included in our model if required, enabling investigation of an even

wider range of multi-frequency phenomena.

The description of multi-frequency fields is common in non-linear optics, and it

is insightful to compare this approach to our methods: in non-linear optics the am-

plitude of dipole oscillations is typically small, off-resonant, and at frequencies as-

sociated with the driving fields. In contrast, the multi-frequency transitions consid-

ered here can have a large amplitude but are typically slowly oscillating and are

observed on resonance. This work is therefore at the opposite end of the scale of

multiple-frequency effects to the standard perturbative approach in non-linear op-

tics. These extremes can be combined with the more general theoretical methods

presented in [120].

Although the theoretical framework presented here is widely applicable, we have

focused on the experimental implementation of MRF-dressed potentials as described

in Chapter 4, and will use these to verify the predictions presented here as described

in the next chapter. To use MRF-dressed potentials for an investigation of thermalisa-
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tion in two-dimensional gases, as proposed in Chapter 2, requires a reduction of the

well spacing. For this, a more detailed understanding of the plethora of resonances

that arises when multiple dressing fields are present is essential. In particular, our

results provide a framework to understand and mitigate the loss of atoms through

spurious noise when working with MRF-dressed potentials. This is also of critical

importance for experiments that use many closely-spaced frequencies, such as the

proposal to form a periodic potential of individually controllable wells [24].





6
R A D I O F R E Q U E N C Y S P E C T R O S C O P Y

Using RF fields to drive atomic transitions in cold atoms was first demonstrated in

1988 [122]. Since then, RF fields have been widely used to control the internal state

of atoms. They can be employed to selectively eject atoms with above average en-

ergy from magnetic traps, and so achieve evaporative cooling [104]. Perhaps most

famously, this technique paved the way to achieving the first BECs [123, 124] and

has since become a staple of modern cold-atom experiments. The method is also ap-

plicable to RF-dressed traps, as demonstrated using an additional weak RF field to

evaporatively cool gases in off-resonant and resonant traps [117, 125].

The same principle is used in RF spectroscopy by varying the frequency of a weak

‘probe’ field and observing atom loss at resonant frequencies. This method provides

a means to measure the spacing between energy levels, and has been employed to

measure effects beyond the RWA of the dressing RF [100] and in our own work to

characterise MRF-dressed potentials [16].

For our proposed experiments, it becomes vital to understand these transitions, as

the addition of multiple frequencies drastically increases the number of resonances.

This in turn makes the potentials more susceptible to RF noise, which motivates the

thorough investigation of RF transitions in this chapter.

The only published observation of a higher-order transition of atoms trapped in

RF-dressed potentials is of the resonance at the frequency of the dressing field plus

half the Rabi frequency reported in [118], and no experimental work has considered

these processes further.

75
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We test the predictions from Chapter 5 under a variety of experimental configura-

tions. We start by presenting the experimental details of RF spectroscopy in general

(Section 6.1) before describing the work for circularly- and linearly-polarised SRF

traps (Section 6.3.1) as well as a linearly-polarised MRF trap (Section 6.3.2).

6.1 experimental method

RF Spectroscopy is widely used to characterise magnetic potentials: a weak probe field

at frequency ωp/2π is applied to the atoms for a duration tp. If the probe frequency

(or a multiple thereof) is resonant with the energy level splitting of atoms confined in

a magnetic trap, the field drives transitions between the eigenstates of the atoms in

the trapping potential. Atoms driven to untrapped states are lost, and the remaining

atom number is measured by absorption imaging, resulting in the loss spectrum as

the probe frequency is varied. An atom is lost with some probability depending on

detuning, probe amplitude and duration. On resonance, the probability is highest,

resulting in a peak in the loss spectrum, while far off resonance, the probe field does

not affect the atom.

Inhomogeneous broadening of the resonance occurs for an atomic ensemble at

finite temperature and in a magnetic trap, because the level splitting varies as a func-

tion of position. The lineshape depends on the trap parameters and cloud tempera-

tures, with colder clouds resulting in narrower lineshapes [25, 117]. Probe strength

and duration have to be chosen carefully when this technique is used to accurately

measure transition frequencies. A strong probe field may shift the resonance; for a

short duration, the instantaneous distribution of atoms is sampled, while for a long

duration the atomic ensemble rethermalises. Additionally, long durations require

long hold-times, leading to heating of the atoms and thus broadening the resonance.

In this section, we present the technical parameters for measuring the spectra pre-

sented in Section 6.3 and explain the characteristics of the probe field we use.
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6.1.1 Technical Implementation

We perform spectroscopy on Bose-condensed clouds to achieve narrow lineshapes

and distinguish neighbouring resonances when the spectrum is closely packed (as for

the MRF case in Section 6.3.2). Our aim is to verify the existence of transitions rather

than to accurately determine their frequency. To achieve this, we apply the maximum

probe amplitude available in our apparatus (for details see below) to achieve a good

signal-to-noise ratio (SNR). A probe duration of 1.2 s was determined to be optimal:

the SNR is better than for shorter durations, whilst the fraction of condensed atoms

remains large at approximately 0.45 to avoid broadening the resonances.

The experimental sequence is as follows: we apply the probe field after loading

approximately 105 atoms and wait 100 ms after the probe field has been turned off for

ejected atoms to leave the trap before taking an image after 25 ms TOF. Each frequency

is typically probed on four separate runs, which is sufficient to disregard outliers.

The spacing between neighbouring data points is 4 kHz and 2 kHz for the SRF and

MRF cases respectively. 4 kHz is narrow enough such that no first- or second-order

resonances are missed, but a narrower spacing is required to distinguish resonances

in the MRF case where neighbouring resonances can be as little as 5 kHz apart.

6.1.2 Amplitude of the Probe Field

The probe field is generated using the coil and amplifier also used for evaporative

cooling (see Section 4.1): the output of a DDS channel is amplified (Mini-Circuits ZHL-

1-2W-S) before entering the probe coil. The amplifier is specified for frequencies from

5 MHz to 500 MHz1. Nevertheless, its frequency response is flat down to 2 MHz, be-

low which the amplitude drops rapidly (Figure 6.1). Even so, we find that resonances

at tens of kHz can still be observed.

The frequency response of the full system reveals a resonance of the probe coil at

4.7 MHz. We use the measured characteristics shown in Figure 6.1 (b) to rescale the

1 Thus covering the wide range of 120 MHz to 3 MHz necessary for evaporative cooling, but not ideal for
RF spectrosocpy in the range 0 MHz to 7.4 MHz as presented here.
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probe amplitude for different probe frequencies: we calibrate the DDS amplitude in

the vicinity of the coil resonance (4.3 MHz to 5.1 MHz) to remove the influence of the

peak; up to 4.3 MHz, the amplitude still increases with increasing frequency.
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Figure 6.1: (a) Output power of the amplifier as a function of frequency, with the input pro-
vided by the DDS at maximum amplitude. While the amplifier is only specified for
frequencies larger than 5 MHz, the response is nearly flat down to 2 MHz, when it
starts dropping rapidly. (b) Response function of the probe coil, determined from
measurements of transmitted and reflected power using a bi-directional coupler.
A resonance at 4.7 MHz is evident, leading to an increase in the probe amplitude
by a factor of five.

The antenna we use for the spectroscopy pulses is situated above and perpendicu-

lar to the coils generating the dressing fields, as shown in Figure 4.1. This results in

a field with predominantly linear polarisation along the z direction, i. e. Ωz � Ω±

in Equation 5.2. We estimate the Rabi frequency of the applied field at 3.6 MHz as

Ωz = 2π · 30 kHz. This value is obtained by trapping atoms in a shell trap formed by

a dressing field with frequency 3.6 MHz and applying the probe field at maximum

amplitude, but turning it on adiabatically. The vertical field slightly modifies the po-

tential, pushing the atoms to the side, with the direction determined by the phase

between the dressing and probe fields [126, 127]. We determine the maximum hori-

zontal displacement and thus the corresponding probe amplitude by taking in-situ

absorption images of the trapped atoms for a relative phase between 0 and 2π.

However, since the coil consists of just two turns of wire added above the coil

array and not precisely aligned, there will be other polarisation components as well.

We observe all predicted first- and second-order transitions, including those which

require σ+ and σ− terms. Transitions at low frequencies are mainly driven by the
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vertical polarisation and can thus be observed despite the reduced field strength at

low frequencies. We will use the data below to estimate the values for Ω+ and Ω−.

6.2 data analysis

Before presenting the measured spectra, we give details of the analysis routine used

to identify resonances in the measurements, which was carried out in the same fash-

ion for all spectra. Figure 6.2 shows a sample spectrum, illustrating several aspects

explained below.
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Figure 6.2: Slices of absorption images (top) and normalised atom number (bottom) versus
probe frequency for atoms trapped in a linearly-polarised dressing field of a sin-
gle frequency. The grey points indicate measured atom numbers (normalised),
and the black line shows the average at each probe frequency. The light grey area
indicates the standard error of the mean. The dark grey strip indicates the range of
atom numbers within one standard deviation of the background distribution. Res-
onances identified from the data using the Kolmogorov-Smirnov test are marked
with ‘×’. Probe frequencies which were excluded during the normalisation pro-
cess are indicated by the light grey boxes.

The atom number prepared in each experimental cycle fluctuates randomly by

about 10 %, and a dip in measured atom number due to a resonance must be reli-

ably distinguished from this random noise. We determine this background statistical

distribution by measuring the atom number (without a probe applied) at random

times interleaved with each data series. Resonant frequencies are identified as those

for which the mean atom number corresponds to a minimum, and the distribution

of measured atom numbers is different from the background distribution, using the

Kolmogorov-Smirnov (KS) test with a significance level of 0.01. This test compares

a given dataset (in our case of typically four normalised atom numbers for a given
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probe frequency) to a normal distribution. Any set with a p-value below the signifi-

cance level is rejected and returned as a resonance candidate. The mean and standard

deviation of the reference normal distribution are obtained from the background dis-

tribution.

Acquiring detailed spectra with many repeats and a cycle time of approximately

one minute requires continuous operation for days at a time. The atom number pre-

pared in our experiment typically drifts by 30 % over many hours due to variations

in vacuum pressure, laser intensities, and magnetic fields, some of which are corre-

lated to changes in room temperature. Some of these changes can be mitigated if

the absolute atom number is of importance, but was not done for this data to allow

faster data-taking. To reduce systematic effects, measurements and repeats at differ-

ent frequencies were taken in a random, interspersed order. Furthermore, to remove

long-term drifts, we normalise each atom number measurement with respect to the

mean atom number in an interval spanning 30 minutes either side of that point2, and

excluding points with an applied probe RF on or close to resonance as determined by

the KS test. This is carried out in a circular fashion: excluding regions which are ev-

idently resonances, identifying resonances in the normalised spectrum as described

below, then excluding these resonances in turn, and iterating this procedure until

convergence.

A single resonance feature typically spans many neighbouring probe frequency

measurements and we identify the resonant frequency of the transition as that which

minimises atom number. Of the remaining resonance candidates, we reject those that

are not minima3 and verify those with small contrast, discarding them if they do not

appear in an additional scan with smaller frequency spacing.

2 Since the drifts vary slowly with time compared to the duration of one sequence, with the fastest drifts
on the order of the cycle of the air conditioning unit, about half an hour – one sequence takes about
one minute – they can easily be averaged out.

3 In some cases, all repeats taken happen to coincide very closely, leading to a rejection by the KS test due
to a low standard deviation alone. As we only take four measurements for each probe frequency, these
occurrences are expected statistically.
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6.3 measured spectra

We measure spectra of atoms trapped in an SRF trap with linearly- and circularly-

polarised dressing fields to verify the existence of resonances predicted in Chapter 5

and find any additional resonances. The simpler case of a single dressing field facili-

tates comparison with the theory. We then present an MRF potential formed by three

linearly-polarised dressing fields which is similar to the trap we used for matter-wave

interference [25]. These results shed light on the requirements on noise levels and en-

able extrapolation to smaller frequency spacing and lower Rabi frequencies. We focus

on low frequency transitions (surrounding the dressing field and below) since this

is where most technical noise appears4. We calculate the transition frequencies and

amplitudes for our experimental parameters up to fourth order for the SRF case and

up to third order for the MRF case, and compare these to the experimental spectra.

6.3.1 Single Radiofrequency

For the simple case of a single dressing frequency, the trap is formed by a field at

3.6 MHz with an amplitude of 197 kHz for a linearly-polarised dressing field and an

amplitude of 199 kHz for a circularly-polarised dressing field. The static quadrupole

gradient is 155 G cm−1. We probe a wide frequency range for a linearly-polarised

dressing field to verify whether all transitions are explained by our model and repeat

ranges around observed resonances with circular dressing to observe differences be-

tween the two. The focus is on the lower frequency ranges, corresponding to higher-

order probe effects and regions of typically higher technical noise. Effects of higher

order in the dressing fields have been examined in great detail elsewhere [100].

6.3.1.1 Linearly-Polarised Field

Figure 6.3 shows the loss spectrum versus probe frequency for a linearly-polarised

SRF-dressing field. The theoretical spectrum is displayed above the data.

4 Noise at tens or hundreds of kHz is often caused by switch-mode power supplies and ground loops,
whereas noise surrounding the dressing frequencies appears as sidebands from the frequency genera-
tion.
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Figure 6.3: The loss spectrum for atoms in a linearly-polarised SRF dressing field. The predicted resonances (top) correspond to probe frequencies where
loss is observed (bottom). Top: The magnitude of the matrix element is indicated by the length of the bar, with different colours indicating
the order of the transition. Transitions due to the non-linearity of the Zeeman effect are included for first order. Probe values are chosen
as Ωz = 2π · 30 kHz, Ω± = 2π · 1 kHz. The shading gives a rough indication of the threshold amplitude below which resonances cannot
be detected, however there are exceptions, e. g. the resonances near 1.2 MHz. The angular frequency of selected points is indicated on the
upper x axis. Bottom: These measurements of normalised atom number versus probe frequency are compiled from almost 8000 measurements
taken over the duration of 12 days (and nights). The black line shows the mean atom number for typically four measurements at each probe
frequency and the shaded area indicates the standard error of the mean. Resonances identified from the data are marked with crosses, where
the colour indicates the order. Blue markers indicate that the resonance is higher order than fourth. An ‘×’ indicates that the resonance was
predicted in Section 5.3.2 and a ‘+’ that it arises because of the non-linear Zeeman effect (see Section 5.4). The frequency of the dressing field
is indicated by a vertical dashed line.
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To calculate theoretical values for Ωeff, the value for Ωz at 3.6 MHz was taken to be

2π · 30 kHz as estimated in Section 6.1.2 and the values for Ω+ = Ω− = 2π · 1 kHz

were chosen such that the theoretical spectrum replicates the experimental one. These

values are then rescaled with the variation of the probe amplitude (Section 6.1.2). As

expected from the geometry of the coil array, Ω± � Ωz. All first-order coupling

strengths are of a similar order of magnitude due to the following coincidence of our

apparatus: transitions at low frequencies mainly couple via Ωz, and transitions at

higher frequencies mainly couple via Ω−; Ωz � Ω−, but the amplitude of the probe

field is smaller for lower probe frequencies. The strongest amplitude of the probe

field is thus a factor of at least 6 smaller than the amplitude of the dressing field.

Since the experimental values for polarisation and amplitude of the probe field are

only approximate, a more quantitative comparison cannot be made. The grey shaded

area approximately indicates which transitions are visible.

Figure 6.3 shows resonances at frequencies of 0.196, 3.404, 3.796, 7.0 and 7.4 MHz,

which we identify with all first-order resonances predicted by Equation 5.15 in the

range 0 to 7.5 MHz, that is for κ = 0, 1, 2. Theoretically predicted transition strengths

are on the order of Ωeff = 2π · 1 Hz and all atoms are lost rapidly.

Second-order resonances can be identified with those predicted for κ = 0, 1, 2 at

frequencies 0.1, 1.704, 1.896, 3.504 and 3.696 MHz as well as at 7.1 MHz for κ = 4. The

dominant contribution to the transition strength for κ = 3 is proportional to ΩzΩ+,

which makes it weaker than transitions for κ = 4 which are proportional to Ωz
2.

Second-order Rabi frequencies are on the order of Ωeff = 2π · 10−3 Hz, and slightly

more than half the atoms are lost within tp = 1.2 sec.

In addition, we observe resonances at 64, 48, 40 and 32 kHz which correspond to ith

order transitions at Ω/i for 3 ≤ i ≤ 6. Although these are predicted to be weaker than

some transitions we do not observe, third and fourth-order resonances also appear

at frequencies 1.264, 0.852 and 0.948 MHz, i. e. for ωp = (ωrf + Ω)/3, (ωrf ± Ω)/4.

We observe one 6
th-order resonance at a frequency of ωp = (ωrf + Ω)/6 = 632 kHz.

Figure 6.4 shows a scan of the resonance at (ωrf + Ω)/6, with a FWHM of 1 kHz. We

have verified that it is indeed 6
th order by varying the Rabi frequency and observing

the expected shift in the transition frequency. This suggests that further, higher-order
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resonances were missed due to the wide frequency spacing of the probe field. It also

explains why the maximum loss does not fully correspond to the predicted strengths

– especially for higher-order resonances, the maximum loss observed depends on

how close to the resonance the closest probe frequency happened to be.
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Figure 6.4: The loss spectrum of the 6
th-order resonance at ωp = (ωrf +Ω)/6 = 632 kHz. The

spacing between probe frequencies is 0.2 kHz. The blue line shows a Gaussian fit
to the data with a centre of 631.9 kHz and a FWHM of 1 kHz.

Resonances at frequencies of 0.396, 3.208 and 3.992 MHz are visible, but do not

correspond to the transitions predicted by Equation 5.15. They can be matched to

transitions at κωrf ± 2Ω for κ = 0, 1, frequencies which correspond to the energy

difference between states with m = 1 and m′ = −1. In Section 5.4 we argued that the

non-linearity of the Zeeman effect causes the appearance of these resonances. Here

we see that this is indeed strong enough to observe the resonances, and it is therefore

necessary to take this into account. The transition strengths for first-order transitions

are included in Figure 6.3.

We have verified this result by varying both the dressing RF and Rabi frequency,

and the resonances move as expected as a function of these parameters. Addition-

ally, we trap atoms in RF-dressed potentials with dressing frequencies of 3.0 MHz,

3.6 MHz and 4.2 MHz and a Rabi frequency of 190 kHz, and perform RF spectroscopy

of the atoms with a probe frequency at twice the Rabi frequency and with tp = 2 sec.

Figure 6.5 shows the result. The loss occurring on resonance increases as the dressing

RF increases, supporting the hypothesis that this transition is due to the non-linear

Zeeman effect.
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Figure 6.5: RF spectroscopy at twice the Rabi frequency for dressing frequencies of 3.0 MHz
(green), 3.6 MHz (purple), and 4.2 MHz (blue) and a Rabi frequency of approxi-
mately 190 kHz. Each point is averaged from six data points, and the standard
error of each mean indicated by the error bars. The lines indicate a Gaussian fit.

While the resonances at 400 kHz and 3.2 MHz are barely visible above the back-

ground noise, the resonance at 4 MHz is notably stronger, which we partially at-

tribute to the increased amplitude of the probe at 4 MHz compared to 3.2 MHz (see

Figure 6.1 (b)).

We observe a total of 22 resonances, all of which can be explained by the theory

presented in Chapter 5. An overview of the number of predicted and observed first

to fourth order resonances is given in Table 6.1. Only the first-order resonances and

the resonance at ωrf + Ω/2 have been observed in previous work [100, 118].

0 MHz to 4 MHz 4 MHz to 7.4 MHz
order predicted observed predicted observed

π σ π σ π σ π σ

1
st

3 3 3 3 2 0 2 0

2
nd

5 5 5 5 4 0 1 0

3
rd

7 7 (3) 2 1 6 2 0 2

4
th

9 9 (7) 3 0 8 4 (0) 0 0

nω f±2Ω
2π 3 3 3 3 2 2 0 0

Table 6.1: Number of observed and predicted resonances for the SRF cases. π and σ indicate
values for linearly- and circularly-polarised dressing fields respectively. For the
circular case, numbers in parentheses indicate number of probed resonances (since
we did not take the full spectrum).



86 radiofrequency spectroscopy

6.3.1.2 Circularly-Polarised Field

Figure 6.6 shows spectra of atoms trapped by a circularly-polarised dressing field

(with an amplitude of 199 kHz) for subregions where resonances appeared with a

linearly-polarised field.
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Figure 6.6: Loss spectrum for a circularly-polarised SRF dressing field. These measurements
of normalised atom number versus probe frequency are compiled from more than
3000 measurements. The plot style is consistent with Figure 6.3 and the scale of
the x axis is the same for all subplots. As a reference, the mean atom number for
the linear case is shown (dash-dotted line). The small offset between resonances
is due to slightly different Rabi frequencies for the two cases.

It is immediately obvious that the transitions with ωp = 2ωrf±Ω are much weaker

than for the linear case, as is to be expected: these are forbidden in a circularly-

polarised dressing field and first order, since the eigenstates only contain bare states

of one manifold; however they do appear as third-order resonances for the case of

arbitrary probe polarisation. While care was taken to achieve the best possible circular

polarisation, any imperfection in the alignment of the coils or the phase between the

two fields will strengthen these transitions, accounting for the fact that these appear

stronger than any other third-order resonances5.

The transitions at (κωf ± 2Ω)/2π can also be observed here, but other weaker

resonances have disappeared completely. A full comparison can be found in Table 6.1.

As in the linear case, we happen to observe one resonance of even higher order: at

a probe frequency of 0.38 MHz, we observe atom loss. We have observed this peak

5 As a result, these transitions could be used to further improve the phase between the two dressing fields,
if it becomes necessary to improve the accuracy achievable by the method we currently employ [25, 94].
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move with the Rabi frequency as would be expected for the 10
th-order resonance at

ωp = (ωrf + Ω) /10. The width of this resonance is well below 1 kHz.

With a probe frequency close to the dressing RF, variation in atom number in-

creases, which appears in the spectrum resembling a weak resonance. We attribute

this to a sudden perturbation in the dressing potential when the probe field is turned

on at these frequencies, increasing the amplitude of the dressing field suddenly. The

resulting kick imparted to the atoms causes heating and loss. Given that the ampli-

tude of the dressing field is only about seven times stronger than that of the probe

field, this is unsurprising.

6.3.2 Multiple Radiofrequencies

Applying additional dressing frequencies introduces more transitions, as dressing

photons of different frequencies can be involved. In Chapter 5 we used a theoretical

approach to predict the frequencies at which these transitions occur, and we now test

the validity of these calculations. With multiple dressing frequencies present, we ex-

pect transitions to repeat at the common fundamental frequency as in Equation 5.16.

The transition strength not only depends on the probe polarisation and amplitude,

but also on the integer κ in Equation 5.15.

We apply three linearly-polarised dressing fields with frequencies 3.6, 3.8 and

4.0 MHz, i. e. ωi = niωf with {n1, n2, n3} = {18, 19, 20} and ωf/2π = 200 kHz. Atoms

remain trapped in the well formed by the 3.6 MHz radiation. The amplitudes of the

other two dressing fields are chosen such that they are sufficiently large in order to

observe transitions driven by them. Additionally, we choose the Rabi frequency of

the primary RF such that no two transitions overlap6 – for example, with a frequency

separation of ωf/2π = 200 kHz and a Rabi frequency of Ω/2π = 100 kHz, the tran-

sition frequency of ωp = Ω would be equal to that of ωp = ωf − Ω. Parameters

which fulfil these conditions are amplitudes of 80 kHz, 69 kHz and 99 kHz. Note that

the observed resonances are shifted by the presence of the other two RFs as well as

6 Of course, this is not a general requirement but only necessary for spectroscopy, so different resonances
can be resolved.
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gravity, e. g. resulting in an observed transition at Ω/2π = 72.5 kHz rather than at

80 kHz as discussed in [16]. A quadrupole gradient of 155 G cm−1 was used, which

provides a lifetime in the trap sufficient for a probe pulse duration of 1.2 s. In contrast

our matter-wave interference experiments use a closer well spacing that is provided

by a higher quadrupole gradient of 219 G cm−1 [25].

Each frequency is probed four times, except in the range 0 kHz to 400 kHz, where

we probe each frequency nine times to improve the SNR, since the resonances are

densely populated. Due to the large number of observed transitions, we did not

repeat measurements of low-contrast resonances.

Figure 6.7 shows the experimental spectrum with theoretical predictions displayed

above. We restrict the range to a maximum of 4.8 MHz, since the behaviour at higher

probe frequencies is expected to be periodic but extremely weak, as was shown for

the linearly-polarised SRF case. It is immediately obvious that there is a plethora of

transitions surrounding the Rabi frequency and dressing frequencies.

In the theoretical spectrum, a periodicity of transition amplitudes of order i with

ω1/i is evident. As explained in Section 5.3.3, this is due to the fact that approxi-

mately n1/2 ≈ 10 creation or annihilation operators are required for transitions with

κ = n1/2. In contrast, the second-order transitions at frequency (n1ωf ± Ω)/2, re-

quire one creation operator only, since κ = n1. This results in second-order transitions

being significantly stronger than first-order ones surrounding the probe frequencies

near ω1/2. The same behaviour can be observed for third-order transitions.

These predictions agree well with the observations: most of the visible resonances

are at low frequencies, as well as surrounding the dressing frequencies. Additionally,

some transitions at (ωrf ± Ω)/i are visible for i = 2, 3, 4 and for ωrf = ω1, ω2, ω3.

Again, transitions at κωf ± 2Ω appear, as a result of the non-linearity of the Zeeman

effect.
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Figure 6.7: Normalised atom number versus probe frequency for the MRF case, compiled from more than 11000 measurements taken over the duration
of 16 days (and nights). The plot style is consistent with Figure 6.3. Magnified plots of the frequency regions 0 MHz to 0.4 MHz and 3.5 MHz
to 4.1 MHz are shown in Figures 6.8 and 6.9.
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In total, we observe 83 resonances, and identify them with theoretical peaks if the

observed and predicted frequency are no more than 2 kHz apart. This corresponds

to the spacing of neighbouring points and is smaller than the typical linewidth. Of

the total resonances, there are 26 first-order, 26 second-order, 7 third-order, and three

fourth-order resonances. A total of 14 resonances for transitions m = 1 to m′ = −1

can be observed. One more resonance can be identified with a third-order transition

if we extend the distance between theoretical and measured value to 2.5 kHz.

The remaining six unidentified resonances are weak dips close to nωf/2π, identi-

fied in Figure 6.7 with blue circles. They appear around 0.4 MHz, 0.6 MHz, 3.0 MHz

and 3.6 MHz, and some are visible in Figure 6.8 and Figure 6.9. While these are

stronger than in the SRF case, we again attribute them to the fact that a probe field at

the fundamental frequency will act as an additional dressing field, causing a sudden

change in the potential and leading to loss.

We show an overview of the observed resonances in Table 6.2 and elaborate on the

observations below.

order predicted 0 – 0 .2 0 .2 – 0 .4 0 .4 – 0 .6 0 .6 – 0 .8

1
st

2 2 2 2 2

2
nd

4 3 3 1 0

3
rd

6 6 0 0 0

nω f±2Ω
2π 2 1 1 2 1

unexplained - 0 1 2 1

order predicted 3 – 3 .4 3 .4 – 3 .8 3 .8 – 4 .2 4 .2 – 4 .6

1
st

4 4 4 4 4

2
nd

8 0 7 5 0

3
rd

12 0 0 1 0

nω f±2Ω
2π 4 1 4 3 1

unexplained - 1 1 0 0

Table 6.2: Number of observed and predicted resonances in selected regions for the MRF case.
The number of predicted resonances is the same for each of the intervals shown
and indicated in the second column. Intervals shown in MHz.

First-order resonances can be observed until 873 kHz = (4ωf + Ω)/2π, while the

amplitudes of higher-order transitions decay faster. This transition at 873 kHz cor-
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responds to a minimum of four creation and annihilation operators, two each of

3.6 MHz and 4.0 MHz.
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Figure 6.8: Loss spectrum for the MRF case on an expanded scale focussing on low frequencies.
The plot style is consistent with Figure 6.3.

The low-frequency region is shown on an expanded scale in Figure 6.8. The tran-

sitions are predicted to be periodic with the fundamental frequency, with the lowest-

frequency transitions being the strongest, as they are lowest order in the dressing

field. The only visible fourth-order transition is at Ω/4, and third-order resonances

are only visible below ωf/2π. As the amount of creation or annihilation operators of

the dressing field that are required increases, higher-order transitions vanish. In the

region 200 kHz to 400 kHz, most second-order transitions can still be observed. The

periodicity of transitions with the fundamental frequency is apparent in the theory

lines and can be seen in the data with the repetition of first-order transitions.

In the region between low frequencies and the dressing frequencies, while reso-

nances are predicted to exist from the theory, most are too weak to be observed

with the probe powers and durations that we use. This is because the creation or

annihilation of a large number of dressing field photons is involved in those tran-

sitions, in combination with the relatively low field amplitudes. The exceptions are

transitions which are lowest order in the dressing field: two fourth-order transition

at 1
4 (ω1 ±Ω)/2π, one third-order transition at 1

3 (ω1 + Ω)/2π and all second-order

transitions at 1
2 (ωi ± Ω)/2π, as well as one transition at 1

2 (4.2 MHz− Ω)/2π. The
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transitions 1
2 (ω1 ±Ω)/2π are the strongest, since the involved dressing field is the

primary RF which traps the atoms.

Figure 6.9 shows the frequency region surrounding the three dressing frequencies.

The transitions surrounding the primary dressing field at 3.6 MHz are asymmetric,

with more transitions visible towards the higher frequencies due to the presence

of the other dressing fields. First-order resonances are visible up to 600 kHz either

side of the dressing frequencies. Raising or lowering the value of k five times is

required for the extrema at 3 MHz+ Ω/2π and 4.6 MHz−Ω/2π. Again, we observe

the periodicity of resonances with the fundamental frequency, with gaps surrounding

any frequency nω f /2π and higher-order transitions clustering around those of first

order.
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Figure 6.9: Loss spectrum for the MRF case on an expanded scale focussing on frequencies
surrounding the dressing RFs. The plot style is consistent with Figure 6.3.

6.4 discussion

We performed RF spectroscopy of atoms trapped in single- and multi-frequency fields,

for the first time observing transitions higher than second order in the probe field.

We find very good agreement between the observed and the theoretically predicted

transition frequencies. First-order transitions between states with m = 1, m′ = −1

were observed, which were not apparent in previous work; these arise from the non-
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linearity of the Zeeman effect. This effect introduces an asymmetry into the Hamilto-

nian operator that results in a coupling of states with m = 1, m′ = −1, thus causing

a breakdown of the selection rules.

The observed atom loss agrees qualitatively with the predicted transition strengths,

though we also observe loss for surprisingly low effective Rabi frequencies. Several

details of the experiment prevent a more detailed quantitative comparison: firstly, the

polarisation and amplitude of the probe field is undetermined. Secondly, the 4 kHz

spacing of data points means that we do not accurately determine the maximum

loss rate, especially for the intrinsically narrower higher-order transitions. A clear

example of this lack of resolution occurs for the observed 6
th-order resonance with

a FWHM of 1 kHz. It would be both impractical and unnecessary to apply this res-

olution over the whole range of frequencies inspected here. It is likely that some

high-order resonances were missed by our experimental procedure, but more than

a sufficient number of transitions were observed to give an extremely high degree

of confidence in the theoretical model presented in Chapter 5, and all observed tran-

sitions in the linearly-polarised SRF case are explained. The large range of probe

frequencies we have scanned ensures that we have not missed any other resonances

strong enough to be a limitation.

We observe higher-order transitions even for moderate probe amplitudes. These

include previously unseen transitions which result from a combination of different

probe polarisations; this emphasises the importance of taking into account all possi-

ble polarisations of the probe field when determining the effect of stray fields.

In the MRF case, the number of resonances increases, clustering at low frequencies

as well as surrounding the dressing frequencies. These measurements support the

requirements on noise mentioned above: both low-frequency noise and sidebands

on the dressing field are highly destructive, leading to rapid atom loss. However,

the strength of resonances drops rapidly as we move away from these regions with

higher-order resonances becoming weak very rapidly.

With the combination of low amplification for low frequencies and high amplifi-

cation for high frequencies, but large fraction of σz polarised probe, we probe all

resonances in the spectrum to a similar degree. In combination with the model pre-
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sented in Chapter 5, these results permit an accurate determination of the resonance

spectrum for atoms trapped in MRF-dressed potentials. In particular, our work pro-

vides a framework to understand and mitigate the loss of atoms through spurious

noise when working with MRF-dressed potentials. This is of critical importance for

experiments that use many closely-spaced frequencies, such as the proposal to form

a periodic potential of individually controllable wells [24], and the double-well poten-

tial described in this work. In Section 7.2, we apply these results to amplitude ramps

of an MRF-dressed potential.



7
S P L I T T I N G A B O S E - E I N S T E I N C O N D E N S AT E

To achieve the aims set out in Chapter 2, ultracold atoms must be loaded into a 2D

potential and coherently split. The experimental sequence described in Reference [25]

was used to split a BEC and observe matter-wave interference. In this chapter, we will

present an alternative method of splitting BECs trapped in RF-dressed potentials. It

has advantages over the ramps of Reference [25], such as no associated centre-of-

mass motion of the atoms and shorter ramp duration.

As explained in Section 3.4, 2D confinement requires lowering the Rabi frequency of

the dressing field. This brings the resonances calculated in Chapter 5 into the vicinity

of low-frequency noise currently present on the experimental apparatus and thus

reduces the lifetime of trapped atoms. Improved hardware for frequency generation

and impedance matching is currently being developed to achieve long lifetimes at

low Rabi frequencies, and will be detailed in future theses [110, 128]. Due to these

limitations all measurements presented in this chapter were obtained using 3D gases,

but the methods are the same for 2D confinement.

In Section 7.1 we explain the amplitude ramps and show how these can be used to

split a BEC, highlighting the differences to the previously used scheme. Comparing

resonant transitions for both methods illustrates further advantages of the new ramps

in Section 7.2. We then detail the limitations of the current apparatus in Section 7.3

and present the next steps towards coherent splitting and observing matter-wave

interference.

95
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7.1 amplitude ramps

We review the amplitude ramps that were previously used to split a BEC before ex-

plaining the improved ramps and demonstrating these experimentally. The RF field

amplitudes for each frequency component are calibrated independently using RF

spectroscopy of SRF-dressed, linearly-polarised, shell traps. These calibrations are

then used to determine control amplitudes for ramps in MRF-dressed potentials. Sat-

uration and mixing in the dressing-RF amplifiers reduces the amplitudes if multiple

frequencies are present by less than one percent. In this chapter, we state the con-

trol amplitudes defined by the SRF case; the actual, reduced amplitudes can be de-

termined by measuring the amplitude of the emitted RF fields using a pickup coil,

which is also calibrated by RF spectroscopy.

7.1.1 Review of the Ramps Used in Previous Work

The thesis of Elliot Bentine [25] reported results on splitting and subsequent inter-

ference of a BEC trapped in an RF-dressed potential. This was achieved using near-

adiabatic amplitude ramps of 200 ms duration, and suffered from significant atom

loss. Atoms were first loaded into the upper well, formed by a field with frequency

ωu = 2π · 3.6 MHz and amplitude Ωu. The fields for the lower well and barrier, at

frequencies of ωl = 2π · 4.0 MHz and ωb = 2π · 3.8 MHz and amplitudes Ωl and

Ωb, were then turned on and atoms were first transferred into the centre of a 3-RF

single well, before splitting the cloud into two. A graph of the ramps is shown in

Section 7.2, where we present the associated resonant transitions. For fully adiabatic

ramps, atoms were lost as Ωb was increased, and we avoided this loss by turning the

field on at Ωb = 2π · 80 kHz and only changing it adiabatically afterwards. We will

refer to these ramps as the ‘barrier jump’ ramps, and to those without the jump as

the ‘adiabatic’ ramps.
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7.1.2 Projection Ramps

Here, we present alternative amplitude ramps and demonstrate that they split an

ultracold gas in less than half the time, and without displacing the centre-of-mass of

the cloud. We use the same dressing frequencies, and the final potential is the same

as used previously. Rather than beginning the sequence with atoms loaded in an SRF

shell at 3.6 MHz (the upper well), we instead begin with atoms loaded into an SRF

shell at 3.8 MHz (the barrier).

Figure 7.1 (a) shows the subsequent ramps, with the potential shape for four se-

lected times shown in Figure 7.1 (b). The amplitude of one coil is ramped down to

load the atoms into a potential formed by linearly-polarised fields, while the ampli-

tude of the other coil is increased from 200 kHz to 240 kHz. Contrary to the previous

ramps, no adiabatic deformation of the potential can be used for splitting the cloud in

this case, since adiabatically increasing the fields will result in atoms being trapped

in the ‘wrong’ eigenstate. Any such deformation would result in atoms staying in

the same eigenstate, and thus ending in the anti-trapped state of the double-well po-

tential1. In the ‘projection’ ramps, we instead turn on the other RF fields suddenly,

projecting the atoms into an eigenstate of the MRF-dressed potential (second panel

in Figure 7.5 (b)). If the Rabi frequencies are chosen appropriately, the majority of

the atoms stay trapped in a 3-RF single well (see Section 7.1.3). The value of Ωb can

then be reduced adiabatically, thus raising the barrier and splitting the cloud. The

final wells have a separation of 4.8 µm for the parameters shown here, which is well

within the range to observe matter-wave interference.

Note that for an amplitude of Ωb = 2π · 200 kHz, the potential exhibits a kink rather

than smooth dependence on position (third panel in Figure 7.5 (b)). Atoms cannot

follow the trapped eigenstate adiabatically, leading to rapid loss [99]. We find that a

ramp duration on the order of 80 ms is long enough not to induce motion during the

1 This applies to any deformation of the form describe here, with three RF fields. Using a 2-RF field, where
one component is linearly polarised in x, and the other linearly-polarised in the vertical direction, can
also result in a double-well potential. In this case, the second frequency corresponds to the level splitting
of the trapped atoms, and the double-well potential is similar to the 1D double-well created by a single
frequency in Reference [82]. In this scheme, however, there would be no way to account for gravity, or
to individually manipulate the two wells.
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splitting procedure, whilst retaining a sufficient number of atoms to obtain two BECs

after the split.
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Figure 7.1: (a) Amplitude ramps for splitting a BEC. Atoms are loaded into a circularly-
polarised potential created by a field with a frequency of 3.8 MHz (blue lines).
After loading, the amplitude of one coil is reduced to zero (dashed line). Then,
fields at frequencies of 3.6 MHz and 4.0 MHz (purple and green lines) are turned
on near-instantaneously. Vertical dashed lines indicate times for which the cor-
responding potentials are plotted below. (b) Potential energies for m = 1, 0,−1
states as a function of ω0. Atoms are initially trapped in the light blue eigenstate,
and projected into the dark blue eigenstate when the additional fields are turned
on. Note that the avoided crossings that appear at the edges result from higher-
order resonances. The first-order crossings due to the additional frequencies act to
form a three-RF single well, which is then transformed into a double-well potential.
This is magnified in the inset of the last panel which shows the region 3.67 MHz
to 3.93 MHz with an energy range of 5 kHz · h.

These ramps can be divided into two parts, the first being the projection into the

MRF potential, and the second the subsequent adiabatic ramps for splitting. The in-

vestigation of both of these is described in the sections below.

7.1.3 Projecting into a Multiple-Radiofrequency-Dressed Potential

Two problems may arise due to the projection: First, the spatial mode of the traps

before and after projection is different, thus causing motion and heating of the atoms.
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In our case, the vertical trap minima before and after projection are separated by

0.43 µm and we have observed no evidence of motion or heating due to this separa-

tion. Secondly, not all atoms are projected into the trapped eigenstate, causing atom

loss.

To investigate the ratio of atoms trapped in the MRF potential after the projection,

we load a linearly-polarised SRF shell trap. Afterwards, the two fields corresponding

to the two wells are turned on instantaneously. This corresponds to the first 102 ms of

the ramp in Figure 7.1 (a). Atoms that were projected into the trapped state are then

held in this 3-RF single-well before being released and imaged after TOF expansion.

Atoms that were projected into the untrapped state with m = 0 are lost from the

trap, and fall under gravity. Lastly, atoms that were projected into the antitrapped

state are accelerated upwards by the potential, and only start falling under gravity

once the potential is turned off. For a hold time of 8 ms and a TOF duration of 16 ms,

we can observe all three clouds in the field of view. We compare the atom number

projected into the three eigenstates states to the atom number in the SRF trap for

different values of the field amplitude Ωb.

180 200 220 240 260 280 300 320

0

0.2

0.4

0.6

0.8
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1.2

m = -1 m = 0 m = 1

Figure 7.2: Fraction of atoms remaining trapped (N), and atoms being projected into the
m = 0 and m = 1 states ( ,H) and thus lost from the trap, as a function of bar-
rier amplitude. The ratio of measured atom number N over atom number before
projection, N0, is displayed. The mean and standard deviation are obtained from
five measurements. Additionally, the square of the overlap of the initial state ΨSRF

in the SRF potential and the final state ΨMRF with m = −1, 0, 1 in the MRF potential
(solid lines) are shown. A vertical line indicates the amplitude of the 3.8 MHz field
chosen for the remaining measurements of this chapter.
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Figure 7.2 shows the variation of relative atom numbers with the barrier ampli-

tude. For comparison, the overlap of the wave functions before and after the projec-

tion, | 〈ΨSRF|ΨMRF〉 |2, is shown. The wave functions were calculated using the Floquet

code presented in Reference [25]. Owing to the semi-classical approximation, these

eigenstates do not include the state of the RF fields. The measured field amplitudes

before and after the projection were used for the calculations, thus accounting for

the saturation of the amplifier when turning on the additional fields. This amplitude

reduction could easily be mitigated by increasing the control amplitude of the barrier

field simultaneously. The values on the x axis in the graph correspond to the control

amplitude and thus to the amplitude of the 3.8 MHz field forming the SRF-trap before

projection.

For amplitudes of the 3.8 MHz field above 260 kHz, we observe a vertical oscillation

of the trapped atoms. We attribute this to parametric driving as the trap frequency

changes with RF amplitude and comes into resonance with spurious noise. This is

not an intrinsic problem of the scheme described here and can be removed once

the responsible noise source has been identified. For barrier values above 300 kHz, it

prevents an accurate determination of atom numbers and results in larger error bars.

The antitrapped cloud is accelerated by the potential after projection takes place,

and oscillates in the well formed by a higher-order resonance. This leads to a heated

and elongated cloud when observed, preventing an accurate determination of atom

number. Furthermore, atoms are lost due to non-adiabatic loss occurring as they

transit the higher-order resonance. These effects explain the disagreement between

the theoretically predicted and the experimentally observed fraction of antitrapped

atoms.

We choose a value of Ωb = 2π · 240 kHz as a compromise between atom loss due

to the projection for low amplitudes, and the parametric driving at high amplitudes.

Once the cause of the parametric heating has been identified and removed, higher

initial values for Ωb are possible, such that a larger fraction of the initial atom number

can be retained.
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7.1.4 Characterising the Projection Ramps Experimentally

We split a BEC trapped in a potential formed by a single field of 3.8 MHz and a

quadrupole gradient of 199 G cm−1 by applying the ramps shown in Figure 7.1. The

atoms are then released from the trap by turning off the quadrupole gradient as

described in Section 4.3. Atoms trapped in different wells experience different accel-

eration as the quadrupole field is reduced. Thus, the two clouds are separated after

TOF. This method is helpful for diagnostics and improving the splitting procedure.

For matter-wave interference, the clouds have to be overlapped and we release the

atoms from the trap by turning off the dressing fields.

Figure 7.3 (a) shows absorption images of atoms released and imaged after TOF for

different values of the final barrier amplitude. This value determines whether atoms

stay in the central 3-RF single well or whether the cloud is split into two. A high value

of Ωb reduces the barrier height, while a low value increases it (see Figure 3.4). Thus,

higher amplitudes of the field at 3.8 MHz lead to smaller well separation, and for the

final value of 143 kHz we achieve a well separation of 4.8 µm.

(a)

136 137 138 139 140 141 142 143 144 145 146 147 148 149 150

(b)

65 67.5 70 72.5

Probe frequency, kHz

Figure 7.3: Absorption images of atoms after a TOF of (a) 15 ms and (b) 10 ms. The top cloud
corresponds to atoms in the upper well, and the bottom cloud to atoms in the
lower well. (a) Varying the final value of Ωb determines whether the BEC is split.
(b) Applying a probe RF at different frequencies removes atoms from one well or
the other selectively.

To prove unambiguously whether the two clouds correspond to atoms trapped

in the two wells, we apply a probe field as in Chapter 6, thus ejecting atoms from

one well only for a given probe frequency. The dressing amplitudes lead to first-order

transitions at 58 kHz for the upper, and 71 kHz for the lower well, with a second-order

transition at 65 kHz for the lower well, and at 71 kHz for the upper well. Figure 7.3 (b)
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shows images with the probe field in the range 65 kHz to 72.5 kHz, and all predicted

resonances are present. Due to some uncertainty in the field amplitudes, and the

coarse frequency spacing and large probe field amplitude used here, the exact fre-

quency of the resonances cannot be verified. However, the measurement proves that

we are indeed imaging two BECs that were trapped in separate wells.

7.1.5 Balancing the Wells

We have full control over the population ratio of atoms trapped in each well by

changing the amplitudes of the two fields that create the upper and lower well, which

changes their relative potential energy (see Figure 3.4). We demonstrate this control in

Figure 7.4 by changing the amplitude of the 3.6 MHz field. Increasing the amplitude

in turn increases the energy of the corresponding well, thus tilting the potential and

tipping more atoms into the lower well. Reducing the amplitude, on the other hand,

reduces the energy of the upper well, such that a larger fraction of the atom number

accumulates in this well. Adjusting the ratio between the two amplitudes thus allows

adjusting the ratio of atoms in the upper and lower well. These measurements are

similar to the ones in Reference [16], where we demonstrated the same versatility

using different adiabatic ramps and larger well separation.

We observe long-term drifts of the population ratio. The change is correlated to

drifts in the RF field amplitudes, which will be removed by using active stabilisation.

The projection scheme presented here, however, is more robust than the previously

used barrier jump ramps, since there is no associated centre-of-mass motion.

7.2 resonant transitions during splitting

As the amplitude ramps are applied, the frequencies at which resonant transitions

occur vary. In this section we apply the results from Chapter 5 to the amplitude ramps

used for splitting a BEC, and discuss the resulting spectra. We compare the resonant

transitions for the projection ramps introduced in Section 7.1.2 to the barrier jump
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Figure 7.4: Population ratio of atoms in the upper and lower well as a function of Ωu. The
values of the amplitudes Ωl , and Ωb are fixed at 2π · 120 kHz, and 2π · 130 kHz
respectively. The population ratio is the mean of five consecutively taken images,
and the error bars corresponds to the standard deviation. To the right is a sample
image for Ωu = 2π · 99 kHz, with a TOF of 20 ms. Data points are connected as a
guide to the eye.

and adiabatic ramps described in Section 7.1.1, demonstrating further advantages of

our new projection scheme.

Figure 7.5 shows the transition spectrum versus time for the projection ramps pre-

sented in Figure 7.1 and for the barrier jump ramps presented in Reference [25]. For

both cases, resonances up to second order are displayed. The general pattern found in

Chapter 6 appears, with strong transitions surrounding the Rabi frequency and the

dressing frequencies, and second-order transitions being stronger than first for fre-

quencies at half the dressing frequency. To compare the overall effect of noise on the

atoms, we also show the transition amplitudes integrated over time in Figure 7.5 (c).

Atoms are initially trapped in an SRF potential, with a limited number of transi-

tions, as apparent in Figure 7.5 (a). As the other two fields are turned on, and atoms

are projected into the 3-RF potential, further transitions appear with a fundamental

frequency of 200 kHz. As the value of Ωb is decreased, the resonant frequencies vary.

For an amplitude of 200 kHz, the potential exhibits a kink as shown in Figure 7.1 (b).

Therefore, Ω(ω0) = 0, and the only transitions possible are at ωf/i, as in Figure 7.5 (a)

for a time of 38 ms. The loss at this point does not occur due to RF noise, but rather

due to non-adiabatic following of the eigenstates. As the cloud splits after 70 ms, the

number of resonances increases further.



Figure 7.5: Predicted spectra of first- and second-order resonances at the trap minimum as a function of time during the ramp sequences, for Ω+ = Ω− = Ωz = 2π · 10 kHz. Transition
strength is indicated by the colour on a logarithmic scale, with yellow indicating the strongest resonances and dark purple indicating that no resonance exists. The amplitude
ramps as a function of time are indicated on the left. (a) Projection ramps as discussed in this thesis. (b) Barrier jump ramps as used in [25]. (c) Comparison of the integrated
spectra for these two ramps, as well as the completely adiabatic ones, integrated over time in order to compare the overall effect of noise on the atoms.
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For the barrier jump ramps, atoms are loaded into the well formed by 3.6 MHz

initially, and the amplitude of the field at 4.0 MHz is increased afterwards. This is

evident in the spectrum Figure 7.5 (b) as transitions repeating at the fundamental

frequency of 400 kHz. Subsequently, the field at a frequency of 3.8 MHz is turned

on suddenly with Ωb = 2π · 80 kHz. This results in a fundamental frequency of

200 kHz, as evident after 50 ms through the ramps. The amplitude jump causes the

discontinuities in the spectrum. During the subsequent amplitude ramps, the reso-

nant frequencies vary again, with further resonances appearing as the cloud splits

after a duration of 180 ms.

When comparing the integrated spectra, Figure 7.5 (c), it is immediately obvious

that the adiabatic ramps contain more and stronger resonances than the one contain-

ing the projection. This is not surprising, given that the latter is of much shorter du-

ration. Not only are the amplitudes in the integrated spectrum reduced, however, res-

onances also appear at different frequencies, and there are fewer strong resonances.

These integrated spectra can be used to diagnose the cause of loss when perform-

ing amplitude ramps. As an example, the integrated spectrum for fully adiabatic

ramps is also shown in Figure 7.5. These ramps do not contain the amplitude jump

of the barrier field, but the field is turned on smoothly in the same manner as that

of the lower well. The amplitude jump had to be introduced to avoid atom loss, as

described in Reference [25]. The integrated spectrum points to one potential reason

for this loss: a resonance with a frequency of 100 kHz appears very strongly. This is

due to the fact that after turning the barrier field on initially, the resonant frequencies

stay constant at this value until a barrier value of approximately 70 kHz, leading to

a large peak in the integrated spectrum. Changing the ramps, such that e. g. parts of

the ramps of Ωl and Ωb coincide should avoid this issue, and remove the necessity

to jump the value of Ωb. Calculating integrated spectra for several ramps will enable

us to find improved ramps and avoid lengthy experimental optimisation.
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7.3 next steps

There are currently several limitations to repeatedly achieving evenly split BECs and

observing high-contrast interference fringes. Most of these relate to the current imple-

mentation of the experimental apparatus, while some are intrinsic to the amplitude

ramps presented in this chapter. In this section, we will enumerate these problems

and present the steps that should be taken to solve them.

7.3.1 Shortcomings of the Projection Ramps

An intrinsic problem of the amplitude ramps presented above is the fact that as the

barrier is raised, the potential goes through a point of non-adiabatic loss. We observe

that this does not fundamentally prevent splitting of a BEC, and modifications to the

amplitude ramps may reduce atom loss even further – one could imagine a ramp

that rapidly traverses 200 kHz or even includes a second projection, avoiding the

resonance altogether. Machine learning algorithms could help optimise these ramps2.

The fact that the hottest atoms are most likely to be lost may even prove beneficial.

Additionally, the minima of the potentials before and after projection are vertically

displaced, and the trap frequencies are different. We have not observed motion in-

duced on the atoms due to these, and the heating rates must be low since we retain

BECs after performing the ramps. Nonetheless it would be better to avoid these jumps.

Options include changing the dressing frequency or quadrupole gradient at the same

time as the projection. Whether this is experimentally feasible remains to be seen.

7.3.2 Noise Sources

RF noise may come from various sources in the laboratory: switch-mode power sup-

plies typically emit spurious frequencies at tens of kHz and harmonics thereof, and

the RF generation may cause sidebands to the carrier frequencies. If resonant, these

2 The use of machine learning algorithms is currently being implemented on the experimental apparatus,
and has already yielded a four-fold increase in atom number [Barker2019, 110]
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spurious frequencies cause atom loss, and the projection ramps presented in this the-

sis are significantly less sensitive as compared to the adiabatic ramps. Calculating

the resonances throughout the ramps can be used to diagnose problems, and help to

identify noise sources that need to be eliminated.

Furthermore, there is evidence of low-frequency noise driving the motion of the

atoms at resonant trap frequencies, which requires further investigation. A combi-

nation of filtering and active amplitude stabilisation of the static magnetic field can

then be used to reduce this noise.

7.3.3 Radial Motion

We observe a radial oscillating motion of the atoms after ramping to a linearly-

polarised trapping potential. This prevents overlap of the two clouds in TOF, thus

preventing the observation of interference in this work. While tedious, this problem

should be straightforward to eliminate. It seems to be caused by different minima

of the potentials for circularly- and linearly-polarised dressing fields, probably due

to imperfect coil alignment. Adding further dressing fields, e. g. by using the evap-

orative coil, can compensate this effect [126, 127]. Another approach to solving this

problem is to load a thermal cloud of atoms into the linearly-polarised shell and only

evaporate to BEC afterwards, thus removing any centre-of-mass motion of the cloud.

Evaporation in the shell trap is slower than in the TAAP trap, however, due to the

smaller geometric mean trap frequency.

7.3.4 Atom Number Variation

Lastly, we have observed variation of atom number and cloud temperature over both

short and long time scales. Implementation of a new impedance matching circuit

will provide better passive amplitude stability. Active amplitude stabilisation, as men-

tioned above, will further improve the reliability. Any remaining variation will have

to be investigated after these upgrades are implemented.
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7.4 conclusion

In this chapter, we have presented a new scheme to split a BEC using MRF-dressed po-

tentials. Contrary to previously used adiabatic ramps, this scheme relies on projecting

atoms into an MRF-dressed eigenstate, which reduces the ramp duration. We have cal-

culated the resonant transitions throughout the ramps, showing that these ramps are

more robust to extraneous noise. Lastly, we avoid the centre-of-mass motion neces-

sary for the adiabatic splitting scheme, by loading into the centre of the double-well

potential initially. There remain some limitations to the scheme, however, mostly re-

lated to the current experimental apparatus, and many are shared with the fully adi-

abatic ramps. Solutions to these problems have been described above. Although we

have not yet observed matter-wave interference using the projection ramps, their ad-

vantages over the adiabatic ramps encourage further investigation and they promise

to be a marked improvement to previous methods.



8
C O N C L U S I O N A N D O U T L O O K

The work in this thesis was directed towards proposed experiments to investigate

NEQ physics and thermalisation of 2D systems, and details of how these experiments

will be implemented on our experimental apparatus have been given. 2D systems

are especially interesting as they bridge the gap between integrable 1D systems that

are dominated by quantum fluctuations, and 3D systems that are governed by inter-

actions. We propose to investigate thermalisation of 2D systems by coherently split-

ting and re-interfering a cloud of ultracold atoms confined in RF-dressed potentials.

Analysing the fluctuations in the phase of the interference fringes promises a wealth

of information on the NEQ dynamics [31, 47].

We have presented the experimental apparatus that we use to trap ultracold atoms

in pancake-shaped RF-dressed potentials, and how this has been used to split a BEC

using multiple dressing frequencies. We have argued that these potentials are well-

suited to carrying out the experiments we have proposed. We have presented first

results of atoms trapped in a combination of a red-detuned optical dipole trap and

an RF-dressed potential and have elaborated how this system can be used to achieve

the experiments proposed in Chapter 2.

One limitation of the current implementation is that atom loss is suffered for atoms

trapped in the 2D regime, or when adding multiple dressing frequencies. We attribute

this loss to spurious RF frequencies. In searching to understand the spectrum of MRF-

dressed atoms we have described multi-frequency transitions which are interesting

to a wide range of phenomena, and have investigated these experimentally. We find

perfect agreement between predicted and observed transition frequencies. Limita-
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tions of the experimental measurements did not allow a quantitative comparison

between transition amplitudes, but we find qualitative agreement. Furthermore, we

uncover previously unknown transitions and explain their existence theoretically by

the non-linearity of the Zeeman effect. These results are essential for diagnosing loss

on current experiments, and for planning new experimental setups. Furthermore,

the theoretical framework is widely applicable to multi-frequency systems and can

be extended further to cover spontaneous emission or quantum fluctuations.

Finally, we have presented a new method to split a BEC in an MRF-dressed potential.

We project atoms trapped in an SRF-dressed potential into one formed by multiple

frequencies and verify our understanding of the dressed eigenstates by observing

the fraction of atoms projected into each dressed eigenstate of the new potential.

These measurements provide a basis for further investigations into developing better

amplitude ramps for splitting BECs. They open a promising path towards splitting

that does not rely on adiabatic ramps, thus significantly reducing the duration and

range of resonant frequencies throughout the ramps.

This final chapter gives details of the remaining steps towards observing thermal-

isation in two dimensions and concludes by describing further interesting experi-

ments that could be carried out on our apparatus.

8.1 remaining steps towards observing thermalisation

This thesis provides the groundwork for observing thermalisation in 2D systems,

proposing the experiments and how they can be carried out on the experimental

apparatus. The path forward is clear: using the results on transitions between RF-

dressed states, spurious frequencies that are detrimental to the potentials we use

can be identified, and either removed or avoided if necessary. In combination with

improved frequency generation and impedance matching, this will allow trapping

of condensed clouds in 2D confinement with lifetimes sufficient for coherent split-

ting. Based on the results from Reference [25] and the ramps presented in this thesis,

those clouds can then be split coherently, and matter-wave interference observed.

These steps are detailed in Chapter 7, and are largely straightforward technical im-
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provements. Changes to the imaging system will enhance the visibility of interference

fringes and allow the determination of the integrated contrast. In combination, these

will allow the first observation of thermalisation in 2D systems via the method pro-

posed in Chapter 2.

The versatility of the MRF-dressed potentials provide further possibilities: for cer-

tain combinations of quadrupole gradient and RF field amplitude, the radial con-

finement is quartic rather than harmonic, resulting in a larger region of nearly-

homogeneous density and facilitating comparison to theory. If vastly different am-

plitudes are used for the fields generating the two wells, 2D confinement in one well

can be combined with a 3D gas in the other well, providing a constant phase reference.

Once the RF amplitudes are stabilised sufficiently, tunnelling between neighbouring

wells will be possible, further increasing the range of observable phenomena. Lastly,

adding a dipole trap increases the range of possible experiments, as described in

Section 4.4.

8.2 other possible experiments

In this thesis we have investigated transitions in RF-dressed potentials and argued

that these are well-suited to investigating thermalisation in 2D gases. The experimen-

tal setup provides a basis for cold-atom experiments in two and three dimensions,

and we conclude this thesis by listing a few specific applications that will be possible

once the technical upgrades are implemented.

As argued in Section 4.4, adding the optical dipole trap gives access to a wide range

of experiments. For example, stirring a 2D cloud with a red-detuned laser beam is of

interest to contrast the findings with a blue-detuned scanned dipole trap [140].

A special feature of multiple wells, created using RF-dressed potentials, is the abil-

ity to rotate atoms in each well independently by varying the polarisation of the RF

field that forms it. One cloud can remain stationary or the clouds can counter-rotate.

The intricate interference patterns, formed after expansion, provide detailed informa-

tion, e. g. on the existence of phantom vortices [141].
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Once we have achieved quantum tunneling between the two wells, this opens up

access to a wide range of experiments. An example is making a system governed by

a Hamiltonian corresponding to the sine-Gordon equation [69]. Another interesting

option is to induce rotation in one of the two coupled clouds, causing vortices to

appear. It has been proposed that the angular momentum will be able to tunnel to

the second cloud [142].

Combining non-destructive imaging methods such as Faraday imaging with atoms

trapped in MRF-dressed potentials is another promising prospect. Non-destructive

imaging has been used to observe the dressing frequency [144]. We plan to combine

Faraday imaging with our double-well potential. This will allow non-destructive ob-

servation of the number of atoms trapped in each well. An application of this scheme

is to create squeezing and improve interferometric measurements. In the context of

this thesis, the imaging could be used to post-select only those images of interference

that result from a certain ratio of atoms trapped in the two wells, or even to apply

feedback to the potential, thus improving the reliability of loading a given ratio of

atoms into the two wells. The detailed work that we reported in this thesis provides

the foundation for this great range of new experiments.
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A
T R A N S F O R M I N G T H E P R O B E I N T E R A C T I O N

To calculate matrix elements of the probe interaction in the eigenbasis of H1, we

rewrite Vp in this basis. We start by diagonalising the Hamiltonian describing a

spin-1/2 particle interacting with a circularly-polarised SRF dressing field and then

rewriting the probe interaction in the eigenbasis of H1. Finally, we argue that this

transformed probe describes any spin.

a.1 diagonalisation of H1

As for F = 1, for spin-1/2 particles the Hamiltonian is block-diagonal and we can

thus write H1 as the following tensor product, analogously to Equation 3.9:

H1 = 1k ⊗ 1p ⊗
h̄
2

 ∆ Ω0

Ω0 −∆

+ h̄k̂ωrf ⊗ h̄N̂pωp ⊗ 1atom, (A.1)

in the basis where |k〉 ⊗
∣∣Np

〉
⊗
(

1
0

)
denotes states with mF = 1/2 and |k〉 ⊗

∣∣Np
〉
⊗(

0
1

)
denotes states with mF = −1/2. The detuning ∆ is defined as ∆ := ωrf −ω0 and

1p, 1k are the identity on the probe field and the manifold number respectively.

We can then diagonalise H1 and find the eigenvalues E± = ± 1
2

√
∆2 + Ω2

0 and

eigenstates

∣∣k = N − 1/2, Np, 1/2
〉

1 = N
(
(∆ + Ω)

∣∣N, Np, 1/2
〉

0 + Ω0
∣∣N − 1, Np,−1/2

〉
0

)
,∣∣k = N − 1/2, Np,−1/2

〉
1 = N

(
−Ω0

∣∣N, Np, 1/2
〉

0 + (Ω + ∆)
∣∣N − 1, Np,−1/2

〉
0

)
,
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where we have introduced the generalised Rabi frequency Ω2 := Ω(ω0)2 = Ω2
0 + ∆2

and a normalisation factor N := (2Ω(Ω + ∆))−1/2.

a.2 transforming Vp

The unitary transformation U transforms between the eigenbasis of H0 and the eigen-

basis of H1:

U = ∑
Np,N
N
[
(Ω + ∆)

(∣∣N, Np, 1/2
〉

0

〈
k = N − 1/2, Np, 1/2

∣∣
1

+
∣∣N − 1, Np,−1/2

〉
0

〈
k = N − 1/2, Np,−1/2

∣∣
1

)
−Ω0

∣∣N, Np, 1/2
〉

0

〈
k = N − 1/2, Np,−1/2

∣∣
1

+Ω0
∣∣N − 1, Np,−1/2

〉
0

〈
k = N − 1/2, Np, 1/2

∣∣
1

]
. (A.2)

Using the above basis for the eigenstates of H0, and denoting states with m = 1/2 by

|k〉 ⊗
∣∣Np

〉
⊗
(

1
0

)
, and states with m = −1/2 by |k〉 ⊗

∣∣Np
〉
⊗
(

0
1

)
in the eigenbasis of

H1, U becomes:

U = 1k ⊗ 1p ⊗

∆ + Ω −Ω0

Ω0 ∆ + Ω

 . (A.3)

We define spin operators acting on the two-level system within each manifold:

S+ =
∣∣k, Np, 1/2

〉
1

〈
k, Np,−1/2

∣∣
1 ,

S− =
∣∣k, Np,−1/2

〉
1

〈
k, Np, 1/2

∣∣
1 ,

Sz =
1
2
(∣∣k, Np, 1/2

〉
1

〈
k, Np, 1/2

∣∣
1 −

∣∣k, Np,−1/2
〉

1

〈
k, Np,−1/2

∣∣
1

)
,
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and normalised raising and lowering operators for the manifold number b̃†, b̃ such

that b̃†
∣∣k, Np, m

〉
1 =

∣∣k + 1, Np, m
〉

1 and b̃
∣∣k, Np, m

〉
1 =

∣∣k− 1, Np, m
〉

1. Using these

definitions we can rewrite the probe interaction as follows:

Vp → U†VpU =
1

2Ω

[(
Ωz ãp + Ω∗z ã†

p

)
(2∆Sz −Ω0 (S+ + S−)) +

1
2

(
Ω+ ãpb̃ ((Ω + ∆)S+ + 2Ω0Sz − (Ω− ∆)S−) +

Ω∗+ ã†
pb̃† ((Ω + ∆)S− + 2Ω0Sz − (Ω− ∆)S+)

)
+

1
2

(
Ω− ãpb̃† ((Ω + ∆)S− + 2Ω0Sz − (Ω− ∆)S+) +

Ω∗− ã†
pb̃ ((Ω + ∆)S+ + 2Ω0Sz − (Ω− ∆)S−)

)]
.

a.3 extension to any spin

This result also holds for a spin-1 system, such as for 87Rb atoms in the F=1 hy-

perfine state as used in our experiment. To prove this, consider addition of angular

momenta using tensor products, replacing the spin-1/2 operators with the corre-

sponding spin-1 operators. These can be written in terms of spin-1/2 operators as

follows: S(1)
±,z = S(1/2)

±,z ⊗ 1 + 1⊗ S(1/2)
±,z . The probe interaction for F = 1, V(1)

p , is sepa-

rable, which means that the form of the probe in the basis of eigenstates of H1 stays

the same.

Note that while the form of the transformed probe is exactly the same, the ac-

tion of these operators on states is modified by the Clebsch-Gordan coefficients,

e. g. for spin-1/2 we have S+

∣∣k, Np,−1/2
〉

1 =
∣∣k, Np, 1/2

〉
1, but for spin-1 we have

S+

∣∣k, Np,−1
〉

1 =
√

2
∣∣k, Np, 0

〉
1.





B
T R A N S I T I O N A M P L I T U D E F O R ω p = Ω / 3

We calculate the full effective Rabi frequency for the third-order transition with

ωp = Ω/3, using the probe interaction in the form of Equation 5.13 and Equations 5.8

and 5.5. That is, we include all paths shown in Figure 5.4 (a), resulting in an effective

Rabi frequency of:

Ωeff =
9Ω0

24Ω5 (Ω
2
0 − 8∆2)Ω∗3z

− 1
23

Ω0

Ω3 Ω∗+Ω∗−Ω∗z

[
(Ω− ∆)2

(
3

2Ω

(
1

ωrf +
4Ω
3

− 2
ωrf +

2Ω
3

)
+

1
ωrf +

2Ω
3

1
ωrf +

4Ω
3

)

+(Ω + ∆)2

(
3

2Ω

(
2

ωrf − 2Ω
3

− 1
ωrf − 4Ω

3

)
+

1
ωrf − 2Ω

3

1
ωrf − 4Ω

3

)

+Ω2
0

(
3

4Ω

(
1

ωrf − 2Ω
3

− 1
ωrf +

2Ω
3

)
+

3
Ω

(
1

ωrf +
Ω
3

− 1
ωrf − Ω

3

)
− 2

1
ωrf − 2Ω

3

1
ωrf +

2Ω
3

)

+2∆

(
− (Ω + ∆)

(
1

ωrf − Ω
3

1
ωrf − 2Ω

3

− 3
Ω

1
ωrf − 2Ω

3

)

+(Ω− ∆)

(
1

ωrf +
Ω
3

1
ωrf +

2Ω
3

+
3
Ω

1
ωrf +

2Ω
3

))]
. (B.1)
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