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Abstract

Traditional refining of silicon generates carbon dioxide emissions that are
released into the atmosphere. An alternative pathway under experimental
exploration processes quartz and carbon into silicon carbide. We present
mathematical models for the chemical and transfer processes within a
silicon carbide reactor. We consider both a single pellet model and multi-
phase model. We then optimize the the multiphase model for silicon yield.

We first examine a quartz particle coated in a layer of porous carbon as the
raw material. We derive governing equations for the key chemical species
silicon monoxide, carbon monoxide, and carbon dioxide, along with con-
servation laws on the surface of the quartz. We reduce our model to an in-
dustrially relevant distinguished limit and identify two distinct behaviours:
reaction-limited and diffusion-limited. We find that the diffusion-limited
regime obtains higher silicon yield and carbon utilization.

We then develop a multiphase model for a homogenous bed of quartz and
carbon particles in a laboratory-scale crucible. We model the phases of
carbon, silicon carbide, quartz, and the gas mixture. We also consider
the motion of the solid, and model the gas flow with Darcy’s law. Both
analytical and numerical methods are employed to explore the effects of
the dimensionless parameters on system behaviour. The dependence of
silicon yield, carbon utilization, and maximum pressure on dimensionless
parameters is understood through parameter sweeps. We find that a high
silicon yield is primarily achieved by balancing the relative speed of the
reactions, while maintaining a safe gas pressure requires balancing the
ratio of transport to reaction speed.

Finally, we focus on optimizing the multiphase model to maximize silicon
yield while maintaining safe pressures. We further examine the param-
eter space around the optimum point with parameter sweeps and sen-
sitivity analysis. We find that maximizing the speed of the silicon car-
bide reaction most significantly contributes to a high silicon yield. We
then explore the effect of dimensional parameters, such as the initial bed
height, on the maximum silicon yield achievable within an industrially
relevant timeframe.
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Chapter 1

Introduction

Silicon is the second most abundant element in the Earth’s crust [3]. Silicon naturally

occurs in quartz, as silicon dioxide, and is usually obtained by processing quartz, or

sometimes quartzite [4]. Elkem ASA is one company involved in the processing of

silicon, which is then used in a variety of industries. The silicon can be used for

semiconductors for use in electronics such as solar panels, to produce silicone, and

also to produce alloys [4]. Quartz is often processed into silicon in a submerged-arc

furnace, and similar furnaces are also used for producing ferrosilicon [4], phospho-

rus [5], and titanium oxide [6]. A typical industrial furnace has a diameter of about

10 m, and a height of about 3 m; we show a schematic of the cross-section of an

industrial submerged-arc furnace in Figure 1.1. The furnace is continually filled with

a mixture of solid quartz and a form of carbon—usually a combination of charcoal,

coal, woodchips, and coke. The quartz and carbon aggregate is called the charge.

In the centre of the furnace there are typically three carbon electrodes arranged in a

circle [7] that are about 1.2 m in diameter. A large three-phase alternating current

passes between the electrodes and the bottom of the furnace. The current heats up

the charge due to the charge’s resistance and Ohmic heating, and the quartz begins to

melt, initiating chemical reactions—some of which produce off-gases. As the quartz

melts and the charge is partially converted into gases, a gaseous region around each

electrode is formed, called the crater. The crater is the hottest part of the furnace

at over 2000 ◦C. The electric arc continues to pass through the gas-filled crater, with

some current also passing through the charge. Furthermore, the electrical effects are

coupled to the thermal effects since the conductivity of the charge and crater increase

with temperature [8]. Heat generated by the arc is transferred to the charge by ra-

diation and the flow of hot gas out of the crater into the charge [8]. The charge

slowly moves down through the furnace replacing what is consumed in the crater.

1
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Figure 1.1: Schematic of an industrial furnace, see text for details. Reproduced from [9].

Approximately every 10 to 15 minutes additional charge material is added to the top

of the furnace to balance the consumption in the crater.

The main chemical reactions within an industrial silicon furnace, once the quartz

has melted, are [10]

SiO2(l) + C(s) −−→ SiO(g) + CO(g), (1.1)

SiO(g) + 2C(s) −−→ SiC(s) + CO(g), (1.2)

2SiO(g) −−⇀↽−− SiO2(l) + Si(l), (1.3)

SiO(g) + SiC(s) −−→ 2Si(l) + CO(g). (1.4)

Initially, the quartz and the carbon react to form silicon monoxide and carbon monox-

ide. The silicon monoxide is then able to react with carbon to form silicon carbide and

additional carbon monoxide, or condense to form liquid quartz and silicon. Finally,

the silicon monoxide can also react with silicon carbide to yield liquid silicon and car-

bon monoxide gas. The liquid silicon is tapped off at the side of the furnace [4, 11–13],

and the gaseous silicon monoxide and carbon monoxide vent up through the charge.

As the gases rise through the charge they begin to cool; some of the silicon monox-

ide condenses on the surface of the charge and forms a viscous liquid of quartz and
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silicon by reaction (1.3). This ‘condensate’ has the potential to limit or stop the

venting of the off-gases, which can cause the pressure in the crater to increase to the

point of an explosion. The charge is ‘stoked’ approximately hourly; the charge is bro-

ken up manually by a long bar attached to a ‘stoking car’ to redistribute the charge

and create new channels through the charge (see Figure 1.1). The remaining silicon

monoxide and carbon monoxide combust once outside of the furnace into silicon diox-

ide and carbon dioxide, respectively. As the silicon dioxide and carbon dioxide cool

further, the silicon dioxide condenses into microsilica, which can be captured and sold

to be used to strengthen concrete [4, 14], whereas the carbon dioxide is released into

the atmosphere [4]. Metal, and metalloid, factories are among the most intensive and

concentrated sources of greenhouse gas emissions in the world [15]. Typically about

6.1–6.5 kg of carbon dioxide is released into the atmosphere for every 1 kg of silicon

produced [4]. Moreover, this figure does not take into account the emissions involved

in the production of the carbon sources used in the furnace [14]. The main control-

lable variables are the carbon material used, the carbon to quartz mole ratio of the

input charge, and the current through and vertical position of the electrodes. Under-

standing the underlying physical and chemical effects is required in order to optimize

the silicon process. For example, Elkem ASA may want to maximize the production

of liquid silicon or microsilica, or to minimize the amount of silicon carbide produced

or carbon dioxide emitted. However, taking measurements within an industrial sili-

con furnace is impractical. The high temperatures within the furnace make it difficult

to obtain accurate measurements. Furthermore, the furnaces run continuously, only

stopping production for periodic maintenance. The rare stoppages do allow for exca-

vations of the furnace to be analyzed, but these occur after the charge has cooled, so

may not be representative of operational furnace behaviour. Elkem ASA use ‘pilot

furnace process simulators’, or pilot furnaces, as one alternative.

1.1 Pilot furnaces

One type of pilot furnace is a cylindrical crucible with an inner height and diameter

of about 43 cm and 13 cm, respectively, which is filled with the charge material and

heated by an inductive furnace from room temperature. The pilot furnace is heated to

a similar temperature as an industrial furnace, then the temperature is held constant

for a specified amount of time, and then the inductive heating is turned off and the

pilot furnace is allowed to cool down. After the experiment, the pilot furnace is

injected with epoxy and the epoxy is allowed to solidify. The slab of epoxy can then
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(a) Full pilot furnace cross-
section.

(b) Bottom, middle, and top central slices of pilot furnace.

Figure 1.2: This pilot furnace cross-section is about 13 cm in width and 26 cm in height;
the slices are about 2.5 cm wide and 9 cm tall. We acknowledge Harald Wegge from Elkem
ASA for the photographs.

be cut open to reveal the exact cross-section of the pilot furnace at the end of the

experiment. A sample cross-section is shown in Figure 1.2. In this pilot furnace the

liquid silicon is not tapped off and instead remains in the crucible. There are no

electrical arcs or currents since the furnace is heated by induction, and so the results

are not completely representative of an industrial furnace. However, pilot experiments

give valuable insight nonetheless. Larger pilot furnaces with different setups are used

for various experiments.

1.2 Silicon carbide reactor

Recall that a by-product of the traditional silicon process in a submerged-arc furnace

is carbon dioxide, which is released into the atmosphere. In order to reduce, or neu-

tralize, the carbon footprint of silicon production, Elkem ASA is developing alternate

reactors for the silicon process.

A possible alternative is a silicon carbide reactor. Quartz and carbon are pre-

processed into either quartz–carbon pellets or preprocessed into a homogenous mix-

ture with a prescribed particle size. The quartz and carbon is then added to the

silicon carbide reactor to produce silicon carbide. The silicon carbide can then be

post-processed efficiently into the final silicon.

4



(a) Hatch marks at 1 mm increments. Note these pellets are about 1–3 mm in diameter, whereas
the pellets we are interested in are around 400 µm in diameter.

2 µm 1 µm

(b) Electron microscope image of carbon black coating.

Figure 1.3: Quartz–carbon pellets. Reproduced with permission from Elkem ASA.

One setup involves granular quartz–carbon pellets, as shown in Figure 1.3. The

pellets are created by depositing carbon from renewable methane onto a quartz

core [16]. Methane gas has a great reducing capability [15], and has been studied

for use as a metal oxide reducing agent. Methane gas has been used to reduce ox-

ides of aluminium, calcium, chromium, iron, magnesium, manganese, titanium, and

zinc [15, 17, 18]. More specific to silicon production, cool methane gas has been in-

jected into a furnace to reduce and capture silicon monoxide gas [19]. Also, natural

gas (primarily methane) has been used to reduce quartz directly into silicon car-

bide [20]. Using quartz–carbon pellets potentially improves the energy efficiency, and

may significantly decrease greenhouse gas emissions [15]. Moreover, since the carbon

layer is deposited by a chemical reaction, the carbon is extremely pure [15, 16], unlike

more traditional forms of carbon. Higher purity carbon also allows for higher purity

in the final silicon [16].

The deposited carbon forms a porous layer surrounding the solid quartz core. Due

to the current method used to deposit the carbon onto the quartz, the thickness of the
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carbon layer is about 10 µm regardless of the size of the quartz particle, and the total

radius of the quartz–carbon pellets is about 200 µm. We show electron microscope

images of the porous carbon layer in Figure 1.3b.

Another alternative approach involves using a bed of a homogeneous mixture

comprising small quartz particles and very fine carbon particles. This setup offers

some advantages over the quartz–carbon pellets. First, it eliminates the need for the

time consuming preprocessing of depositing carbon on the quartz. Second, it is easier

to adjust or modify the sizes of the quartz and carbon particles, as well as their ratio,

without encountering limitations related to the carbon deposition. Furthermore, the

carbon coating can be susceptible to cracking under heating or during experimental

conditions, diminishing its effectiveness in trapping silicon monoxide and reducing

overall efficiency [21]. In contrast, the homogeneous mixture approach avoids these

potential drawbacks associated with carbon coating integrity, offering a potentially

more robust and adaptable solution for silicon production processes.

The geometry of the silicon carbide reactor has not yet been decided since it is

unclear what would be best. One possibility is essentially a larger version of a pilot

reactor. The pellets would be added to a large crucible and converted to silicon

carbide. The crucible would then be emptied and the silicon carbide would be refined

into silicon elsewhere. In this case, the silicon carbide is produced in large batches.

Another option is a continuous setup. The pellets or mixture could be continuously

loaded onto a conveyor belt and transported through a furnace. The pellets or mixture

would react as they travel through the furnace and silicon carbide would come out.

In contrast to the first method, the silicon carbide is produced continuously instead

of in discrete batches. Elkem ASA have recently started pilot experiments with the

quartz–carbon pellets, and it is not clear which of these two setups would be more

beneficial for converting the quartz–carbon pellets to silicon carbide. Due to the

infancy of the development of the silicon carbide reactor, mathematical modelling is

a cost and time effective tool for making predictions of the dynamics compared to

pilot reactor experiments. Mathematical modelling can also help Elkem ASA choose

parameter values to optimize particular features of the process such as carbon dioxide

emissions or silicon carbide yield.

The silicon carbide reactor is cooler than an industrial silicon furnace, at around

1600 ◦C, and the set of chemical reactions is different. In this thesis we focus on

modelling three particular reactions. The silicon monoxide–carbon reaction,

SiO(g) + 2C(s) −→ SiC(s) + CO(g), (1.5)
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the Boudouard reaction,

CO2(g) + C(s) −→ 2CO(g), (1.6)

and the carbon monoxide–quartz surface reaction,

SiO2(s) + CO(g) −→ SiO(g) + CO2(g). (1.7)

The reactions (1.5)–(1.7) were initially proposed as the mechanism for the carboth-

ermal reduction of quartz by Lee, Miller, and Cutler [22].

It is uncertain what the initial reaction is at 1600 ◦C [10]. However some believe

SiO2(s) + C(s) −→ SiO(g) + CO(g) (1.8)

is the initial reaction [10, 21]. Notice this reaction is the same as (1.1), but the quartz

is solid since the melting temperature of quartz is about 1700 ◦C, depending on the

crystalline structure. Reaction (1.8) only happens for a very short time since it is

a solid–solid reaction—the two solids lose contact once the first layer of atoms have

reacted. The silicon monoxide formed by reaction (1.8) is then able to react with the

carbon either as it is transported out of the quartz–carbon pellet or a neighbouring

carbon particle, by reaction (1.5). Conversely, the carbon monoxide reacts with the

surface of the quartz core via (1.7). Finally, we consider the Boudouard reaction,

(1.6), since carbon dioxide will be present in our system owing to (1.7).

Reaction (1.7) is slow, and the Boudouard reaction, (1.6), is limited by reaction

(1.7) due to the carbon monoxide. For this reason, reactions (1.5)–(1.7) are sometimes

combined to yield the net reaction

SiO2(s) + 3C(s) −→ SiC(s) + 2CO(g). (1.9)

Reaction (1.9) has been widely studied in the literature [22–34]. In general, the

effective reaction rate depends on temperature, particle size, and the removal of the

carbon monoxide to prevent side reactions.

1.3 Literature review

Wiik’s thesis [10] investigated many of the reactions involving quartz and carbon

for silicon processing, and provides a thorough background. Wiik’s main focus used
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coarse-grain charge particles in crucibles and attempted to understand the reaction

mechanisms and reaction kinetics associated with the reactions in an industrial silicon

furnace. Wiik performed thermogravity experiments for their simplicity. Thermo-

gravimetric analysis measures the weight change of a sample over a range of temper-

atures and time. The vacuum thermobalance consisted of a graphite tube-furnace, a

vacuum system, a pyrometer to measure temperature, an electronic weighing system,

and equipment for mixing gases. An x-ray diffractometer was later used for phase

identification. In addition he varied the partial pressure and make-up of the back-

ground gas that the experiments were done in, and found that the partial pressure

of carbon monoxide and carbon dioxide affect the rate of the reactions. Wiik found

that the material of the crucible had an influence on the experiments. Furthermore,

he concluded that the carbon monoxide–quartz reaction, (1.7), and the Boudouard

reaction, (1.6), were the initial reaction mechanisms between quartz and carbon. His

experiments had very little silicon carbide formation, intentionally, and so he con-

cluded that the reactions in the presence of silicon carbide required further study.

However, his work was limited to the higher temperatures in a traditional furnace,

rather than the lower temperatures in our silicon carbide reactor.

Weimer et al. [35] used a dilute flow vertical reactor [36] to study the dynamics

of composite particles of quartz and carbon over rapid heating and short timescales.

They created spheres approximately 60 µm in diameter made of quartz and carbon

particles about 1 µm in diameter, with a slight excess of carbon at a 3.1 : 1 mole ratio.

Weimer et al. found that a substantial amount of silicon monoxide exited the reactor.

The generation of silicon monoxide gas was deduced to be fast compared to reaction

(1.5), the process being limited by the formation of silicon carbide. Finally, they used

the simple shrinking core model developed by Yagi and Kunii [37], where a reactant

core is converted to a porous product shell, to estimate the intrinsic reaction rate.

Agarwal and Pal [23] used similar composite particles to Weimer et al. However,

they used carbon black particles about 68 nm in diameter and quartz particles about

10 µm in diameter, which they pressed together into spheres 1.9 cm in diameter using

a pressure of over 600 atm. Agarwal and Pal instead found that no silicon monoxide

leaked out of the reactor, and that with an excess of carbon and the small particles

sizes, nearly all of the quartz was converted into silicon carbide. Furthermore, the

overall kinetics depended on the mole ratio of carbon and quartz, the individual

particle sizes, the composite particle size, and the pressure used to compress the

composite particles.

More recently, Li [21] has studied composite pellets as well as Elkem ASA’s quartz–
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carbon pellets. Li studied composite particles made with carbon black, charcoal, coke,

coal, and pre-heated coal. For the composite pellets the quartz and the carbon were

ground into a powder, thoroughly mixed, and bound together with water into particles

with a diameter of 1–3 mm. The composite pellets were then dried for 12 hours in an

oven to evaporate all of the water. The final composite pellets had a carbon content

of about 15% by weight. The experiments for both the composite pellets and the

quartz–carbon pellets were conducted with about 5 g of pellets with a temperature

between 1625 ◦C and 1675 ◦C, a 0.5 L/min. flow of carbon monoxide, and a pressure of

1 atm. He found similar behaviour for each form of carbon, but that the reactivity of

carbon black best matched the other reactions, and so carbon black minimized the loss

of silicon monoxide and maximized the yield of silicon carbide. Li also investigated

the shape and size change of the pellets while the pellets were heated to their final

temperature. He found that the particles became more spherical as they were heated

and also shrank as the reactions began. Li primarily focused on measuring the mass

loss as a function of time for various pellets and background gases, and the final

composition after the experiments. Generally, the particles were consumed in a 3 : 1

ratio of carbon to quartz, in line with (1.9), and each of the carbon coatings behaved

similarly. Finally, he fit his data to a simple Arrhenius model to estimate the reaction

rates from his experiments. In addition to his thesis, Li published papers focusing on

the composite pellets [38], the quartz–carbon pellets [39], and comparisons between

the two [40, 41].

1.3.1 Silicon furnace modelling

Owing to the long history and industrial significance of silicon production, modelling

and simulating the related processes have been widely studied. This comprehensive

research encompasses various aspects of the production process, from the behaviour

of electrodes to the optimization of heat and mass transfer in industrial furnaces.

Heat and mass transport, along with chemical processes, are modelled and studied

in the thesis [42] and in the papers [43–46]. Specific areas of focus include reactions

and transport, as well as asymptotic analysis of a vertical slice of a silicon furnace [43,

44], a grain model for an aggregate of quartz and carbon [45], and the flow and melting

of the charge [46]. Additionally, energy balances within the furnace crater have been

studied in [47–49].

Some silicon monoxide is lost due to its transport out of the crater and up through

the charge, typically combusting into microsilica, which has historically been a major
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source of air pollution [4]. However, microsilica has since found applications in the

concrete and oil industries [50, 51]. Between 10% and 25% of the initial silicon

in quartz is converted into microsilica [50]. Therefore, modelling the formation of

microsilica as silicon monoxide cools and combusts is important. The formation,

growth, and transport of microsilica have been studied in the thesis [14] and associated

paper [52].

The electrodes used in an industrial furnace are primarily made of carbon. Due

to the high temperatures and their carbon composition, these electrodes are contin-

uously consumed within the crater. Consequently, the electrodes are continuously

formed higher up from a paste, which bakes due to the furnace’s high tempera-

ture [53, 54]. Understanding the softening and baking processes is essential to en-

sure that the electrodes achieve optimal, and uniform, material properties [55, 56].

The temperature distribution within the electrodes has been studied to understand

the effects of temperature on material properties [54, 57, 58]. Mathematical mod-

els of the electrodes include the segregation model [59], the briquette model [60],

the thermo-electrical stability model [61], and the baking model [62]. Additionally,

time-dependent and steady-state solutions for the flow and temperature have been

explored in the thesis [63].

The electrical properties and currents within the crater significantly impact the

silicon production process. The electrical system and control processes have been

studied in the thesis [7] and through equivalent-circuit models [7, 64]. Additionally,

the electromagnetic fields in a furnace have been simulated in two and three dimen-

sions [65–68]. Magnetohydrodynamics and computational fluid dynamics simulations

have also been conducted, assuming a compressible, turbulent flow [69–71]. However,

these studies often neglect the coupling of the electrical and thermal systems to the

chemical processes. This coupling has been explored in the thesis [8] and associated

papers [72–75].

The consumption of the charge induces a downward motion of the solid charge

material in the furnace. Simultaneously, net gas production and high temperatures in

the crater create an upward flow of hot gas, resulting in a counter-current flow within

the charge material. Counter-current flows are common in various industrial settings,

such as urology [76], bioreactors [77], separation of chemicals [78], blood flow [79],

coolant systems [80], catalytic converters [81], filtration combustion [82], and rocket

fuel combustion [83].

Compressible gas flow in narrow channels also has been studied for applications to

blast furnaces [84], cooling systems for superconducting magnets [85], carbon dioxide
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capture [86], and micro-fluidic devices [87]. Additionally, the hot gas can react with

the surfaces of the charge channels by reaction (1.3). Models of multi-component

gases reacting with channel walls [88, 89] is therefore useful for understanding this

process. Furthermore, a model for the counter-current flow and gas dynamics within

the charge material, assuming an idealized channel microstructure, is studied in the

thesis [90].

Similar heat and mass transfer models have also been applied to other metallur-

gical processes, such as the dissolution of an alumina particle in a cryolite bath [91].

As we develop mathematical models we will review the most relevant literature

as we progress.

1.4 Thesis outline

In Chapter 2, we consider a single quartz–carbon pellet. We derive governing equa-

tions for the concentration of silicon monoxide, carbon monoxide, and carbon dioxide,

and conservation equations on the moving quartz interface. We then focus on a re-

duced model in an industrially relevant distinguished limit, and solve numerically

the resulting leading-order system. We show examples of reaction-limited behaviour

as well as diffusion-limited behaviour. Both regimes are physically admissible due

to the large potential range of the parameters. Finally, we sweep through the pa-

rameter space, and characterize the dynamics based on the utilization of the carbon

and the silicon yield. We find that the diffusion-limited regime is best for carbon

utilization and silicon yield, as the silicon monoxide reacts with the carbon before it

is transported out of the pellet.

In Chapter 3, we consider a bed comprising a mixture of quartz and carbon

particles and derive multiphase governing equations for the system, including the

phases of carbon, quartz, silicon carbide, and gas. Within the gas phase, we account

for silicon monoxide, carbon monoxide, and carbon dioxide. Additionally, we consider

the pressure-driven flow of the gas using Darcy’s law and the ideal gas law. The motion

of the solid phase, resulting from the consumption and net decrease in volume, is also

taken into account. The model is then non-dimensionalized for further analysis. We

explore two paradigm problems: a one-reaction system with solid advection and a

three-reaction system representative of our chemistry. Both analytical and numerical

analysis of these paradigm problems are conducted. Finally, we solve numerically the

full model in a physically relevant parameter region and perform parameter sweeps to

better understand how the dimensionless parameters affect carbon utilization, silicon
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yield, consumption time, and maximum pressure.

In Chapter 4, we optimize the multiphase model developed in Chapter 3. We

begin with a brief introduction to optimization methods, focusing on those most

appropriate for our problem. Our primary goal is to optimize silicon yield within

the parameter space for physically relevant maximum pressures of 1.2 and 3.0 atm.

We perform parameter sweeps around these optimum points and compute the Hes-

sian matrix to understand the sensitivity of the dimensionless parameters, identifying

which parameters have the largest effect on the objective near the optimum. We con-

duct dimensional parameter sweeps on the most relevant parameters, such as initial

bed height. This approach introduces constraints on the dimensionless parameters,

thereby reducing the feasible region of the parameter space. This analysis reveals

how parameters, such as the height of the bed of particles or its permeability, affect

the maximum silicon yield achievable.

In Chapter 5, we summarize the key findings from the quartz–carbon system,

highlighting the insights gained from the single pellet model, the multiphase bed

model, and the subsequent optimization studies. We emphasize the importance of

the diffusion-limited regime for maximizing carbon utilization and silicon yield. Ad-

ditionally, we discuss the implications of our optimization results, noting how specific

parameters such as bed height and permeability influence the outcomes. Looking

forward, we propose potential avenues for future work, including experimental vali-

dation of our models and further refinement of the optimization techniques to enhance

industrial applicability.
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Chapter 2

Single pellet model

In this chapter, we will model the mass transfer within a single quartz–carbon pellet

to estimate the consumption of the carbon and the conversion of quartz to silicon

carbide to predict the efficiency. We will present a mathematical model of the chemical

reactions and transport, and then non-dimensionalize the model in Section 2.1. We

will then reduce the model by considering a physically relevant regime in Section 2.2.

The resulting simplified model allows us to partially solve the model analytically. We

will explore the simplified model to understand the reaction-limited and diffusion-

limited behaviour in Section 2.3. We will then investigate sweeps of the parameter

space to better understand the transition between the reaction-limited and diffusion-

limited behaviour. Furthermore, we will quantify the behaviour by evaluating how

much of the initial carbon is consumed, as well as how much of the initial quartz

is converted to silicon carbide. Finally, we will summarize our results and give our

concluding thoughts in Section 2.4.

2.1 Mathematical model

We consider an idealized case of an isolated spherical quartz particle with a concentric,

porous carbon shell surrounding the quartz, as shown in Figure 2.1. Our geometry

consists of three spatial domains. Initially, a solid, impermeable quartz core of radius

r = R1 is surrounded by a porous carbon layer, extending from r = R1 to r = R2. We

neglect the effect of gravity, since we wish to maintain the critical spherical symmetry.

We assume all regions initially contain an inert gas (such as nitrogen or argon [10,

24, 33, 35]) and some externally supplied carbon monoxide with a concentration of

c0. In order to sustain the reactions, we continue to provide the external source of

carbon monoxide in the far-field. As time progresses, the carbon monoxide–quartz
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Exterior, R2 < r

Porous carbon, R1 < r < R2

Gas cavity, s(t) < r < R1

Solid quartz, r < s(t)
r

Carbon and

silicon carbide

Quartz

SiO2(s) + CO(g) −→ SiO(g) + CO2(g)

SiO(g) + 2C(s) −→ SiC(s) + CO(g),

CO2(g) + C(s) −→ 2CO(g)

Figure 2.1: Cross-section of a single, spherically symmetric, quartz–carbon pellet. A quartz
core is initially surrounded by a porous carbon layer and the gaseous exterior. The quartz
core shrinks owing to reaction (1.7), creating an internal gaseous region in the pellet between
the quartz and the carbon.

reaction, (1.7), consumes the quartz core—reducing the size—and we denote the

resulting radius of the quartz core by r = s(t). As the radius of the quartz shrinks,

an interior gaseous cavity is formed in the region s(t) < r < R1.

We assume the gas mixture contains four components: silicon monoxide, carbon

monoxide, carbon dioxide, and inert nitrogen. We denote the gaseous concentration

of silicon monoxide by CSiO, carbon monoxide by CCO, and carbon dioxide by CCO2 ,

each with units of mol / m3 of gas. Furthermore, we assume that the gas mixture

is dominated by the inert gas in the sense that the inert gas concentration is much

larger than the concentrations of the other gases. Thus, it is reasonable to assume

the gas mixture has constant density.

For simplicity we assume the system is isothermal, since the pellet’s relatively

small size suggests that the temperature will be uniform throughout the pellet, and

for simplicity we assume that the temperature remains constant.

In the exterior of the pellet, r > R2, the assumed spherical symmetry implies

conservation of mass for each of the reactive species reads

∂CE
SiO

∂t
+

1

r2
∂

∂r

(
r2qESiO

)
= 0, (2.1)

∂CE
CO

∂t
+

1

r2
∂

∂r

(
r2qECO

)
= 0, (2.2)

∂CE
CO2

∂t
+

1

r2
∂

∂r

(
r2qECO2

)
= 0, (2.3)
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where the fluxes qEi are defined to be [92, 93]

qEi = uECE

i − Di
∂CE

i

∂r
(2.4)

for i ∈ {SiO, CO, CO2}; here uE is the radial mass-averaged speed of the gas mixture,

and Di is the diffusivity of species i in nitrogen, which we take to be constant. The

superscript E on the dependent variables is to make it clear these quantities are

defined in the exterior region, r > R2. Instead of directly modelling the concentration

of the inert gas, we appeal to conservation of total mass of the gas and the assumption

of constant density, and write down

1

r2
∂

∂r

(
r2uE

)
= 0. (2.5)

In the gap between the quartz and carbon, s(t) < r < R1, which we call the gas

cavity, we have the same dynamics as in the exterior, and hence, our model in the gas

cavity is identical to (2.1)–(2.5), but with the superscript I, for interior gas cavity,

labelling the dependent variables.

Within the porous layer the silicon monoxide–carbon reaction, (1.5), and the

Boudouard reaction, (1.6), take place. The expressions representing conservation of

mass in the porous layer, R1 < r < R2, are given by

∂

∂t
(ϕCP

SiO) +
1

r2
∂

∂r

(
r2qPSiO

)
= −R1, (2.6)

∂

∂t
(ϕCP

CO) +
1

r2
∂

∂r

(
r2qPCO

)
= R1 + 2R2, (2.7)

∂

∂t

(
ϕCP

CO2

)
+

1

r2
∂

∂r

(
r2qPCO2

)
= −R2, (2.8)

ρ0

(
∂ϕ

∂t
+

1

r2
∂

∂r

(
r2uPϕ

))
= −mSiOR1 +mCO(R1 + 2R2)−mCO2R2, (2.9)

where ϕ is the porosity of the porous layer, ρ0 is the density of the gas and the intrinsic

fluxes qPi are defined to be [94, 95]

qPi = uPϕCP

i − D
p
i ϕ
∂CP

i

∂r
. (2.10)

The superscript P denotes these quantities are defined in the porous layer. Since CP
SiO

is measured in mol m−3 of gas, ϕCP
SiO is the extrinsic concentration of silicon monoxide

per unit volume of porous media (in mol / m3). Here, R1 and R2 are the reaction

rates of the silicon monoxide–carbon reaction, (1.5), and of the Boudouard reaction,
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(1.6), respectively—we will specify constitutive laws for the rates in Section 2.1.2—

and D
p
i is the diffusivity of species i in the void space of the porous medium, which we

again assume to be constant. On the scale of the pores within the porous medium,

we consider reactions (1.5) and (1.6) to be surface reactions. However, since the

reactions take place throughout the porous medium, we consider R1 and R2 to be

bulk reactions on the scale of the porous medium.

Within the solid phase of the porous layer, we assume the carbon and silicon

carbide are immobile, and that any volume change due to reaction (1.5) results in

a change in porosity the porous medium. It then follows that conservation of mass

simply reads

∂

∂t
((1− ϕ)CC) = −2R1 −R2, (2.11)

∂

∂t
((1− ϕ)CSiC) = R1, (2.12)

where CC and CSiC are the concentration of carbon and silicon carbide in mol / m3 of

solid, respectively. We note that (1 − ϕ)CC is the extrinsic concentration of carbon

per volume of porous media and since the solid is made of only carbon and silicon

carbide, we have

mC

ρC

CC +
mSiC

ρSiC

CSiC = 1, (2.13)

wheremC andmSiC are the molar mass of carbon and silicon carbide, respectively, and

ρC and ρSiC are the density of carbon and silicon carbide, respectively. Multiplying

(2.13) by 1− ϕ, and taking the time derivative, we find

∂ϕ

∂t
=
mC

ρC

(
−R1

(
mSiC

mC

ρC

ρSiC

− 2

)
+R2

)
, (2.14)

by (2.11) and (2.12). The R1 term represents the difference in volume caused when

two carbon atoms are replaced by one silicon carbide molecule, while the R2 term is

the volume lost owing to the Boudouard reaction. We neglect any structural issues

that may arise in the limit ϕ→ 1. There may be some maximum porosity, ϕmax < 1,

above which, the carbon layer disintegrates. Additionally, in our numerical implemen-

tation, we will use (2.14) in place of (2.12), and use (2.13) to find the concentration

of silicon carbide a posteriori.

We note that we assume the thickness of the porous layer is constant. As the

carbon is consumed, some of the carbon is replaced by silicon carbide. As a result,
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the region R1 ≤ r ≤ R2 maintains the same thickness, with a different porosity. Thus,

this region is porous with ϕ < 1, even if the carbon consumption is concentrated at

the boundaries. Experimental evidence has shown the thickness does not vary.

2.1.1 Boundary conditions

We recall that we denote the boundary of the solid quartz core by r = s(t), and the

inner and outer boundary of the porous layer by r = R1 and r = R2, respectively.

As r → ∞, we assume the concentration of carbon monoxide approaches a constant,

and the concentrations of silicon monoxide and carbon dioxide tend to zero, so that

CE

SiO → 0, CE

CO → c0, CE

CO2
→ 0 as r → ∞, (2.15)

where c0 is the concentration of the external supply of carbon monoxide.

On the interface between the exterior and the porous layer we assume the con-

centrations are continuous, so that

CE

SiO = CP

SiO, CE

CO = CP

CO, CE

CO2
= CP

CO2
on r = R2. (2.16)

We also assume continuity of flux of silicon monoxide, carbon monoxide, carbon

dioxide, and mass, so that

qESiO = qPSiO, qECO = qPCO, qECO2
= qPCO2

, uE = ϕuP on r = R2. (2.17)

Similarly, on r = R1, the boundary between the gas cavity of the pellet and the

porous layer, we have analogous boundary conditions to (2.16) and (2.17).

On r = s(t), the quartz interface, we consider the effect of the carbon monoxide–

quartz reaction, (1.7). We assume no gas enters the solid quartz core, and so the five

boundary conditions needed are obtained from considering conservation of the three

gas species, the total mass of the gas, and the mass of the quartz. Conservation of

silicon monoxide relative to the moving interface yields

qISiO − ds

dt
CSiO = R3 on r = s(t), (2.18)

where R3 is the reaction rate of the carbon monoxide–quartz reaction, (1.7), to be
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specified in the following subsection. Similarly, we have the boundary conditions

qICO − ds

dt
CCO = −R3 on r = s(t), (2.19)

qICO2
− ds

dt
CCO2 = R3 on r = s(t), (2.20)(

uI − ds

dt

)
ρ0 = −ρSiO2

ds

dt
on r = s(t) (2.21)

for conservation of carbon monoxide, carbon dioxide, and the total gas mass respec-

tively, where ρSiO2 is the density of quartz. We note that the right-hand side of (2.19)

is negative, since carbon monoxide is consumed by reaction (1.7). The rate that the

quartz is consumed is related to the carbon monoxide–quartz reaction, (1.7), by

ρSiO2

mSiO2

ds

dt
= −R3, (2.22)

where mSiO2 is the molar mass of quartz. Unlike the constant thickness of the porous

layer, the quartz layer decreases in size. By producing solid silicon carbide, the

thickness of the porous layer remains constant, whereas the products of reaction (1.7)

are all gaseous, and therefore the quartz shrinks.

2.1.2 Rates of reaction

We now specify the form of the rates of reaction R1, R2, and R3. The particular rates

of reaction involving quartz and carbon are complicated and not well understood [10].

For simplicity, we assume reactions (1.5)–(1.7) are elementary reactions, and model

the reaction rates with the law of mass action by assuming

R1 = k1ϕC
P

SiO(1− ϕ)CC, (2.23)

R2 = k2ϕC
P

CO2
(1− ϕ)CC, (2.24)

where k1 and k2 are the associated rate constants, with units m3 / (mol s). In reality,

k1 and k2 will be temperature dependent, however, we assume they are constant by

our isothermal assumption. We note that we assume R1 and R2 are linear in CC since

the rate limiting step is the gas reaching the solid, see [96]. The carbon atoms are

densely packed compared to the gas, and so, whenever a silicon monoxide molecule

interacts with a carbon atom, there is always an adjacent carbon atom to allow the

silicon monoxide–carbon reaction, (1.5), to proceed.
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For the carbon monoxide–quartz reaction, (1.7), we assume the form

R3 = k3C
I

COH(s), (2.25)

where k3 is the associated rate constant, with units m / s, and H(x) is the Heaviside

function. We do not explicitly track the quartz concentration in (2.25) since it is

constant, and instead is contained in k3, as is usually done. Once again, in reality

k3 will depend on the temperature, but we assume k3 is constant. Note, the carbon

monoxide–quartz reaction, (1.7), is a surface reaction, whereas reactions (1.5) and

(1.6) are bulk reactions. Hence, the Heaviside function is required to turn off the

reaction once the quartz has been fully consumed, and we transition from modelling

a quartz–carbon pellet to modelling a hollow carbon shell. Once we are in the latter

regime, the partial differential equations that were imposed for s(t) < r < R1 must

now be imposed on 0 < r < R1. The boundary conditions on r = s(t) are then

replaced in our symmetric geometry by the condition that the concentrations are

bounded and that uI → 0 as r → 0+.

2.1.3 Initial conditions

Initially, the quartz core extends to the porous carbon layer, and so

s(0) = R1. (2.26)

The solid is taken to be composed entirely of carbon. Thus, at t = 0 we have

CC =
ρC

mC

, CSiC = 0, ϕ = ϕ0 for R1 ≤ r ≤ R2, (2.27)

where ϕ0 is the initial porosity. We assume no silicon monoxide or carbon dioxide

is present in the system initially and the carbon monoxide concentration is uniform,

and thus write

CSiO = 0, CCO = c0, CCO2 = 0 for r > R1 (2.28)

at t = 0; we note that these initial concentrations are consistent with the far-field

boundary conditions given in (2.15).
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Table 2.1: Nominal parameter values. We estimate the density of the gas with the ideal gas
law at a temperature of 1600 ◦C. The values of R1 and R2 were provided by Elkem ASA.

Parameter Description Range Value assumed Units Ref.

ρC Density of carbon - 2.27× 103 kg / m3 [42]

ρSiC Density of silicon carbide - 3.21× 103 kg / m3 [42]

ρSiO2 Density of quartz - 2.65× 103 kg / m3 [42]

ρ0 Density of gas1 - 0.18 kg / m3

mC Molar mass of carbon - 12 g / mol [97]

mSiC Molar mass of silicon carbide - 40 g / mol [97]

mSiO2 Molar mass of quartz - 60 g / mol [97]

mSiO Molar mass of silicon monoxide - 44 g / mol [97]

mCO Molar mass of carbon monoxide - 28 g / mol [97]

mCO2 Molar mass of carbon dioxide - 44 g / mol [97]

mbg Molar mass of inert gas1 - 28 g / mol [97]

k1 Rate constant of reaction (1.5) 10−3–1 0.1 m3 / (mol s)

k2 Rate constant of reaction (1.6) 10−3–1 0.1 m3 / (mol s)

k3 Rate constant of reaction (1.7) 10−3–1 0.1 m / s

D Diffusion coefficient 10−5–10−3 10−4 m2 / s [32, 98]

Dp Porous diffusion coefficient 10−5–10−3 10−4 m2 / s

R1 Inner radius of carbon layer 50–400 1.6× 102 µm

R2 Outer radius of carbon layer 60–500 2× 102 µm

c0 Initial carbon monoxide concentration 0.064–6.4 0.64 mol / m3

ϕ0 Initial porosity of carbon layer 0.2–0.4 0.3 - [21]

1 Assuming the experiment is done in a nitrogen atmosphere.
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2.1.4 Parameter values

We now consider typical sizes for our various parameters; the values are given in

Table 2.1. The uncertainty of the value of each parameter varies considerably from

parameter to parameter. Physical constants, such as the density of carbon or the

molar mass of silicon carbide, are accurately known. However, the rate constants are

not known experimentally, and their values must be estimated from related experi-

ments. We expect the physical range of the rate constants to be much narrower than

reported in Table 2.1, however, we consider this wide range to ensure we capture the

correct value in our simulations. In the experiments, the pellets have a total diameter

of about 400 µm. However, the radius of the quartz core and the thickness of the

carbon layer can be varied. We wish to explore the dynamics over a range of R1 and

R2 values. The initial carbon monoxide concentration can also easily be varied; we

impose a 10% molar concentration.

2.1.5 Dimensionless model

We non-dimensionalize the model (2.1)–(2.28) in the following way. We scale r and

s with the outer radius of the pellet,

r = R2r̃, s = R2s̃. (2.29)

In each region we scale CSiO, CCO, and CCO2 by the initial concentration of carbon

monoxide, and write

CSiO = c0C̃SiO, CCO = c0C̃CO, CCO2 = c0C̃CO2 . (2.30)

Multiple possible timescales are embedded in our model. We choose to scale time with

the timescale of conversion of carbon to silicon carbide, found by balancing terms in

(2.11). We choose the velocity scale to balance the flow generated on the surface of

the quartz with the speed of the quartz interface in (2.21), noting that ρSiO2 ≫ ρ0.

We thus write

t =
1

k1c0
t̃, u =

(
ρSiO2

ρ0
− 1

)
k1c0R2ũ. (2.31)
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Finally, we scale the concentrations of carbon and silicon carbide by the initial con-

centration of carbon, and write

CC =
ρC

mC

C̃C, CSiC =
ρC

mC

C̃SiC. (2.32)

After dropping the tildes, the dimensionless model in the exterior, from (2.1)–

(2.5), is

∂CE
SiO

∂t
+

DaSiO

r2
∂

∂r

(
r2qESiO

)
= 0, (2.33)

∂CE
CO

∂t
+

DaCO

r2
∂

∂r

(
r2qECO

)
= 0, (2.34)

∂CE
CO2

∂t
+

DaCO2

r2
∂

∂r

(
r2qECO2

)
= 0, (2.35)

1

r2
∂

∂r

(
r2uE

)
= 0, (2.36)

for r > 1, where

qEi = Peiu
ECE

i − ∂CE
i

∂r
, (2.37)

Dai =
Di

k1c0R2
2

, Pei =

(
ρSiO2

ρ0
− 1

)
Da−1

i . (2.38)

Here, qEi are the dimensionless fluxes, and Dai and Pei are Damköhler numbers [99,

100] and Péclet numbers.

In the interior gas cavity we have analogous equations to (2.33)–(2.36) which hold

in the dimensionless region s(t) < r < s0, where

s0 =
R1

R2

. (2.39)

In the porous layer, the dimensionless equations for the concentration of carbon

and silicon carbide, and the porosity, (2.11), (2.12), and (2.14), respectively, are

∂

∂t
((1− ϕ)CC) = −ϕ(1− ϕ)CC(2C

P

SiO +KCP

CO2
), (2.40)

∂

∂t
((1− ϕ)CSiC) = ϕ(1− ϕ)CP

SiOCC, (2.41)

∂ϕ

∂t
= ϕ(1− ϕ)CC

(
−M1C

P

SiO +KCP

CO2

)
, (2.42)

which hold in the dimensionless region s0 ≤ r ≤ 1. We have introduced the two
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dimensionless parameters

M1 =
mSiC

mC

ρC

ρSiC

− 2, K =
k2
k1
, (2.43)

which are the relative volume change when two carbon atoms are replaced by one

silicon carbide molecule, and the ratio of the rate constants for the silicon monoxide–

carbon reaction, (1.5), and the Boudouard reaction, (1.6), respectively. The equations

governing the gas concentrations, (2.6)–(2.8), and continuity of mass, (2.9), become

δ

(
∂

∂t
(ϕCP

SiO) +
DaSiO

r2
∂

∂r

(
r2qPSiO

))
= −ϕ(1− ϕ)CCC

P

SiO, (2.44)

δ

(
∂

∂t
(ϕCP

CO) +
DaCO

r2
∂

∂r

(
r2qPCO

))
= ϕ(1− ϕ)CC

(
CP

SiO + 2KCP

CO2

)
, (2.45)

δ

(
∂

∂t

(
ϕCP

CO2

)
+

DaCO2

r2
∂

∂r

(
r2qPCO2

))
= −Kϕ(1− ϕ)CCC

P

CO2
, (2.46)

δ

(
∂ϕ

∂t
+

DaSiOPeSiO
r2

∂

∂r
(r2ϕuP )

)
=

Cϕ(1− ϕ)CC

(
−M2C

P

SiO +M3KCP

CO2

)
,

(2.47)

where

qPi = Peiu
PϕCP

i − diϕ
∂CP

i

∂r
, (2.48)

δ =
c0

(ρC/mC)
, di =

D
p
i

Di

, C =
c0

(ρ0/mbg)
, (2.49)

M2 =
mSiO −mCO

mbg

, M3 =
2mCO −mCO2

mbg

. (2.50)

We have introduced five additional dimensionless parameters. Firstly, δ is the initial

concentration ratio of carbon monoxide to carbon. Secondly, the di are the ratios

of the diffusivity in the porous layer to that in the interior and exterior. Thirdly,

the mole fraction of carbon monoxide in the inert gas is denoted by C. Finally, M2

and M3 are the normalized mass differences of the silicon monoxide–carbon reaction,

(1.5), and the Boudouard reaction, (1.6), respectively.

2.1.6 Dimensionless boundary conditions

Our far-field boundary conditions, (2.15), become

CE

SiO → 0, CE

CO → 1, CE

CO2
→ 0 as r → ∞. (2.51)

23



On the interface r = 1 between the porous media and the exterior environment,

(2.16) and (2.17), become

CE

SiO = CP

SiO, CE

CO = CP

CO, CE

CO2
= CP

CO2
, (2.52)

∂CE
SiO

∂r
= dSiOϕ

∂CP
SiO

∂r
,

∂CE
CO

∂r
= dCOϕ

∂CP
CO

∂r
,

∂CE
CO2

∂r
= dCO2ϕ

∂CP
CO2

∂r
, (2.53)

uE = ϕuP . (2.54)

Similarly, on the interface r = s0 between the porous media and the gas cavity,

we have

CI

SiO = CP

SiO, CI

CO = CP

CO, CI

CO2
= CP

CO2
, (2.55)

∂CI
SiO

∂r
= dSiOϕ

∂CP
SiO

∂r
,

∂CI
CO

∂r
= dCOϕ

∂CP
CO

∂r
,

∂CI
CO2

∂r
= dCO2ϕ

∂CP
CO2

∂r
, (2.56)

uI = ϕuP . (2.57)

On the surface of the quartz, r = s(t), boundary conditions (2.18)–(2.21), become

qISiO −Da−1
SiO

ds

dt
CI

SiO = RSiOC
I

COH(s), (2.58)

qICO −Da−1
CO

ds

dt
CI

CO = −RCOC
I

COH(s), (2.59)

qICO2
−Da−1

CO2

ds

dt
CI

CO2
= RCO2C

I

COH(s), (2.60)

uI = −ds

dt
, (2.61)

where the constants

Ri =
k3R2

Di

for i ∈ {SiO, CO, CO2} (2.62)

measure how fast the carbon monoxide–quartz reaction, (1.7), proceeds relative to

how quickly the gases diffuse on the surface of the quartz. Finally, the quartz con-

sumption rate, (2.22), simply becomes

ds

dt
= −SCI

COH(s), (2.63)

24



where

S =
k3mSiO2

k1R2ρSiO2

(2.64)

is proportional to the ratio of the rate constants for the carbon monoxide–quartz

reaction, (1.7), and the silicon monoxide–carbon reaction, (1.5).

We note that not all of our dimensionless parameter groups are independent of

each other. In particular,

Dai Pei =

(
ρSiO2

ρ0
− 1

)
,

S
DaiRi

=
c0

ρSiO2/mSiO2

. (2.65)

We consider the gas density ρ0, the far-field carbon monoxide concentration c0, and the

density and molar mass of quartz to be constant. We thus consider the independent

dimensionless parameters to be Dai, s0, K, and S, and we determine Pei and Ri

by (2.65).

2.1.7 Dimensionless initial conditions

The dimensionless versions of the initial conditions at t = 0, from (2.27) and (2.28),

are

CC = 1, CSiC = 0, ϕ = ϕ0 for s0 ≤ r ≤ 1, (2.66)

CSiO = 0, CCO = 1, CCO2 = 0 for s0 < r, (2.67)

with

s(0) = s0 (2.68)

by (2.26).

2.2 Quasi-steady regime

We estimate the values of the dimensionless parameters in Table 2.2. The wide

range of some of the parameter values is primarily due to the uncertainty of the rate

constants and radius of the pellets. Industrially, the most relevant limit is where

the supplied concentration of carbon monoxide is low. Thus, in order to gain insight

into the behaviour in an industrially relevant regime, we consider the regime where
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Table 2.2: Range of values for the dimensionless parameters. The typical values are com-
puted using the ‘value assumed’ in Table 2.1.

Parameter Description Minimum Typical Maximum

Dai = Di/(k1c0R
2
2) Damköhler number 10 104 107

C = c0mbg/ρ0 Carbon monoxide mole fraction 10−4 0.1 1

s0 = R1/R2 Dimensionless quartz radius 0.1 0.8 1

di = D
p
i /Di Diffusivity ratio 0.01 1 1

δ = c0/(ρC/mC) Initial gas to solid concentration ratio 3× 10−7 3× 10−6 3× 10−5

K = k2/k1 Ratio of rate constants for (1.6) and (1.5) 10−3 1 103

S = k3mSiO2/(k1R2ρSiO2) Dimensionless speed of (1.7) 2× 10−4 0.1 2× 102

M1 = (mSiC/mC)(ρC/ρSiC)− 2 Relative volume change of (1.5) - 0.36 -

M2 = (mSiO −mCO)/mbg Normalized mass difference of (1.5) - 0.57 -

M3 = (2mCO −mCO2)/mbg Normalized mass difference of (1.6) - 0.43 -

δ ≪ C ≪ 1. Furthermore, we consider the distinguished limit where each of Pei, s0,

K, di, Ri and S are O(1), and Dai is O(δ−1) to recover the richest possible dynamics.

The resulting evolution of the gas concentrations are quasi-steady at leading order.

The consumption of the carbon layer and quartz surface remain time dependent.

There are three timescales within our system. The short timescale, the timescale

that we non-dimensionalized with, and the long timescale. Equilibration of the gas

concentrations happens on the short timescale. Due to the density difference between

the gases and the solids, the solids do not evolve on the short timescale. On the

scale we have chosen to non-dimensionalize the system with, the carbon and quartz

is consumed by the reactions and the gas dynamics are quasi-steady. On the long

timescale, all of the quartz will be consumed and thus, no silicon monoxide or carbon

dioxide will be present in the system. On this scale, the system is static since no

quartz remains and there is no silicon monoxide or carbon dioxide to react with any

remaining carbon.

We take the limit in which C ≪ 1 and δ ≪ 1 in (2.33)–(2.36). In the exterior the

leading-order quasi-steady model reads

1

r2
∂

∂r

(
r2qESiO

)
= 0, (2.69)

1

r2
∂

∂r

(
r2qECO

)
= 0, (2.70)

1

r2
∂

∂r

(
r2qECO2

)
= 0, (2.71)

1

r2
∂

∂r

(
r2uE

)
= 0, (2.72)
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for r > 1; analogous equations hold in the interior gas cavity. The equations (2.40)–

(2.42) for the evolution of carbon, silicon carbide, and the porosity remain the same

in the limit δ ≪ 1. However, (2.44)–(2.47), the conservation equations for the gases

in the porous media s0 < r < 1, become

δDaSiO

r2
∂

∂r

(
r2qPSiO

)
= −ϕ(1− ϕ)CCC

P

SiO, (2.73)

δDaCO

r2
∂

∂r

(
r2qPCO

)
= ϕ(1− ϕ)CC

(
CP

SiO + 2KCP

CO2

)
(2.74)

δDaCO2

r2
∂

∂r

(
r2qPCO2

)
= −Kϕ(1− ϕ)CCC

P

CO2
, (2.75)

1

r2
∂

∂r

(
r2ϕuP

)
= 0. (2.76)

All the boundary conditions remain the same, except the boundary conditions

(2.58)–(2.61), which simplify to

qISiO = RSiOC
I

COH(s), (2.77)

qICO = −RCOC
I

COH(s), (2.78)

qICO2
= RCO2C

I

COH(s), (2.79)

uI = −ds

dt
. (2.80)

2.3 Analysis of the quasi-steady model

We analyze our quasi-steady model assuming DaSiO = DaCO = DaCO2 and dSiO =

dCO = dCO2 for simplicity, and so PeSiO = PeCO = PeCO2 and RSiO = RCO = RCO2 as a

consequence. The analysis can be done in the general case, however, the manipulation

is algebraically tedious and we do not expect the diffusivities to vary greatly among

the three gas species. We drop the subscripts in the subsequent analysis. In the gas

cavity and exterior of the pellet, we will solve explicitly the simple form of the partial

differential equations governing the gas concentrations and, using these analytical

expressions, we will reduce the problem to one posed in only the porous layer, with

appropriate boundary conditions at r = s0 and r = 1. A numerical solution is then

required only for s0 ≤ r ≤ 1.

We first integrate the gas flow equations, namely (2.72) and its interior analogue,
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as well as (2.76), to find

uI =
α(t)

r2
for s(t) < r < s0, (2.81)

uP =
α(t)

ϕr2
for s0 < r < 1, (2.82)

uE =
α(t)

r2
for 1 < r, (2.83)

where we have used the boundary conditions (2.54) and (2.57). The velocities are thus

determined by α(t), the function of integration interpreted as the time-dependent

advective flux induced by the reactions. The α(t) is determined as a part of the

solution, found later by (2.93).

We substitute (2.81) and (2.83) into (2.69)–(2.71) to find that the concentration

of gases in the gas cavity are

CI

SiO(r, t) = βI

SiO(t) + γI

SiO(t) exp(−α(t)Pe/r), (2.84)

CI

CO(r, t) = βI

CO(t) + γI

CO(t) exp(−α(t)Pe/r), (2.85)

CI

CO2
(r, t) = βI

CO2
(t) + γI

CO2
(t) exp(−α(t)Pe/r) (2.86)

for s(t) < r < s0, while in the exterior they are

CE

SiO(r, t) = βE

SiO(t) + γE

SiO(t) exp(−α(t)Pe/r), (2.87)

CE

CO(r, t) = βE

CO(t) + γE

CO(t) exp(−α(t)Pe/r), (2.88)

CE

CO2
(r, t) = βE

CO2
(t) + γE

CO2
(t) exp(−α(t)Pe/r) (2.89)

for r > 1, where the βi(t) and γi(t) are to be determined. Eliminating βi(t) and

γi(t) using the boundary conditions (2.77)–(2.80) and (2.63), we find that, on the

inner surface of the porous media, r = s0, the concentrations of the gases satisfy

the conditions

dϕ
∂CP

SiO

∂r
=
α(t)Pe

s20

(
CP

SiO − R
Pe

)
, (2.90)

dϕ
∂CP

CO

∂r
=
α(t)Pe

s20

(
CP

CO +
R
Pe

)
, (2.91)

dϕ
∂CP

CO2

∂r
=
α(t)Pe

s20

(
CP

CO2
− R

Pe

)
, (2.92)
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as well as the additional requirement that

CP

CO = −R
Pe

+

(
α(t)

s2
+

R
Pe

)
exp

(
α(t)Pe

(
1

s
− 1

s0

))
(2.93)

to determine α(t), which may be shown to be unique and non-negative by inverting

(2.93). Similarly, on the exterior boundary, r = 1, we have

dϕ
∂CP

SiO

∂r
=

α(t)Pe

1− exp(α(t)Pe)
CP

SiO, (2.94)

dϕ
∂CP

CO

∂r
=

α(t)Pe

1− exp(α(t)Pe)
(CP

CO − 1), (2.95)

dϕ
∂CP

CO2

∂r
=

α(t)Pe

1− exp(α(t)Pe)
CP

CO2
. (2.96)

We have reduced the model to a problem posed in just the porous layer, but we

cannot reduce any further the system (2.40), (2.42), (2.63), and (2.73)–(2.75), with

boundary conditions (2.90)–(2.96), and initial conditions (2.66) and (2.68). Hence,

we seek a numerical solution using the method of lines using second-order central

differences in space. This discretization turns the differential equations (2.73)–(2.75),

and the boundary conditions (2.90)–(2.96) into a set of algebraic constraints, which

combined with (2.40), (2.42), and (2.63), leaves us with a set of differential-algebraic

equations (DAEs) to solve. We specify the resulting DAE system in Julia [101, 102],

and solve the system with the DAE solver IDA of SUNDIALS [103] using adaptive-

step time integrations. Furthermore, we use the ModelingToolkit package [104] to

efficiently and quickly compute the sparse Jacobian.

We first consider the time evolution with the parameters given by the represen-

tative values in Table 2.2, shown in Figure 2.2. We find that the carbon monoxide

diffuses through the porous layer and reacts with the quartz core. As time goes on,

the concentration rises since the reaction with the quartz slows as the carbon monox-

ide is consumed, and also because carbon monoxide is produced in the porous layer

by reactions (1.5) and (1.6). The dynamics of the silicon monoxide is the converse of

the carbon monoxide. The concentration of silicon monoxide is largest at t = 0, and

decreases with time. Less silicon monoxide is produced on the surface of the quartz

with time, and the carbon consumes the silicon monoxide by reaction (1.5). Since

K = 1, the dynamics of carbon dioxide is identical to silicon monoxide. Overall,

there is not a large variation in the concentration of silicon monoxide throughout

the porous layer. As such, the carbon is consumed, and silicon carbide is produced,
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Figure 2.2: Results from the numerical simulation of the reduced system consisting of
(2.40), (2.42), (2.63), and (2.73)–(2.75), with boundary conditions (2.90)–(2.96), and initial
conditions (2.66) and (2.68). Parameter values taken from Table 2.2.
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fairly uniformly. Since the concentration of silicon monoxide is largest at r = 0.8,

the carbon is consumed, and the silicon carbide is produced, the fastest here. The

radius of the quartz core decreases approximately linearly, since there is not a large

variation in time of the concentration of carbon monoxide on r = s(t). However, since

the concentration of carbon monoxide increases with time, the quartz core shrinks

slightly faster as time increases.

In order to better quantify the utilization of the carbon and the production of

silicon carbide, we introduce two macroscale metrics. The first metric is the carbon

utilization fraction

UC(t) = 1− 3

(1− ϕ0)(1− s30)

∫ 1

s0

(1− ϕ)CCr
2 dr, (2.97)

which is the normalized amount of carbon used, and is a measure of how much of the

initial carbon reacts by either the silicon carbide reaction or the Boudouard reaction.

The second metric is the silicon yield

YSiC(t) =
3mSiO2ρSiC

s30ρSiO2mSiC

∫ 1

s0

(1− ϕ)(1− CC)r
2 dr, (2.98)

which is the amount of silicon carbide produced normalized by the initial quartz—it

is the fraction of the initial quartz that has successfully been converted to silicon

carbide. In the example shown in Figure 2.2, UC = 0.517 and YSiC = 0.494 at the

quartz consumption time. Only half of the carbon is used and the rest is wasted, and

only half of the quartz is converted to silicon carbide and the rest is lost to silicon

monoxide exiting the pellet.

The relative strength of diffusion to the reactions within the porous layer is key

to predicting the dynamics. As we saw, a significant amount of silicon may be lost

to the transport of silicon monoxide out of the pellet. We now examine two limits

of the simulations. We begin with the reaction-limited case, which we show in Fig-

ure 2.3. In this case, we use the parameter values in Table 2.2, but with Da = 105.

The choice Da = 105 is sufficient to highlight the reaction-limited behaviour, despite

Table 2.2 suggesting we choose Da = 107. Generally, we find the same qualita-

tive behaviour as in the previous example. However, the spacial variation in the

concentrations is reduced. Any silicon monoxide (or carbon dioxide) produced by

the quartz reaction quickly diffuses through the porous layer and is lost, leading to

slow consumption of carbon and production of silicon carbide. The loses are fur-

ther reflected in the carbon utilization and silicon yield. At the quartz consumption
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Figure 2.3: Results from the numerical simulation of the reduced system consisting of
(2.40), (2.42), (2.63), and (2.73)–(2.75), with boundary conditions (2.90)–(2.96), and initial
conditions (2.66) and (2.68). Parameter values taken from Table 2.2, with Da = 105.
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time UC = 0.120 and YSiC = 0.114.

We now examine the diffusion-limited case by using the typical values found in

Table 2.2, but with Da = 102, with results shown in Figure 2.4. Again, we choose Da

to show the diffusion-limited structure, not necessarily the minimum possible value.

The concentration of carbon monoxide at the quartz interface is small, since the

reaction dominates diffusion—almost all carbon monoxide that reaches the quartz

surface reacts immediately. In turn, a considerable amount of silicon monoxide is

produced. The concentration of silicon monoxide sharply decreases in the porous

layer, since most of the silicon monoxide is consumed before it is able to diffuse to

the exterior of the pellet. We find a rapid consumption of carbon and production of

silicon carbide. In this case, we find a moving front—behind which, all the carbon

has reacted—instead of the relatively uniform consumption we saw in the previous

examples. Owing to the moving front nature of the carbon, once all the carbon

at a particular radius has been consumed, no more silicon carbide can be formed

there. This can be seen with the highlighted curves in Figures 2.4c and 2.4d. All the

carbon has been consumed for r ≲ 0.9 and corresponds to where the silicon carbide

curve begins to deviate from the maximum. The silicon carbide profile remains the

same for r ≲ 0.9 for all later times because the carbon has been fully exhausted in

this region, and no additional silicon carbide can be produced. In this example, the

carbon utilization and silicon yield at the quartz consumption time are UC = 1.000

and YSiC = 0.955. Since the reactions dominate diffusion, all the carbon is reacted,

and almost all the initial quartz is converted into silicon carbide.

We now explore the parameter space, and use the carbon utilization, (2.97), and

silicon yield, (2.98), at the quartz consumption time to characterize the effectiveness

of the process.

In Figure 2.5 we show the carbon utilization and silicon yield at the quartz con-

sumption time for three characteristic planes within the parameter space. The base

parameter values are Da = 104, s0 = 0.8, K = 1, and S = 0.1, as in Table 2.2. We

begin with the Da–s0 plane (Figure 2.5a). For Da < 103 we find a transition around

s0 ≈ 0.8 from maximal silicon yield to full carbon utilization. Since K = 1, the

silicon carbide reaction, (1.5), and the Boudouard reaction, (1.6), dominate diffusion

equally. Each mole of quartz is able to consume three moles of carbon—two moles

by the silicon carbide reaction, and one mole by the Boudouard reaction. The initial

carbon : quartz mole ratio is given by

(1− ϕ0)
ρC

ρSiO2

mSiO2

mC

(
s−3
0 − 1

)
. (2.99)
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Figure 2.4: Results from the numerical simulation of the reduced system consisting of
(2.40), (2.42), (2.63), and (2.73)–(2.75), with boundary conditions (2.90)–(2.96), and initial
conditions (2.66) and (2.68). Parameter values taken from Table 2.2, with Da = 102.
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Figure 2.5: Plots of the carbon utilization and silicon yield as given by (2.97) and (2.98), at
the quartz consumption time. The default values are as in Table 2.2, Da = 104, s0 = 0.8,
K = 1, and S = 0.1. We use slightly different parameter ranges than in Table 2.2 to better
highlight the variations within the parameter space.
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Figure 2.6: Critical s0 value as a function of initial porosity, ϕ0, found by solving (2.99) for
an initial mole ratio of 3.

Thus, an initial mole ratio of 3 carbon : 1 quartz corresponds to an initial quartz

radius of s0 = 0.793. Therefore, the pellet is quartz-limited for s0 < 0.793, and

carbon-limited for s0 > 0.793, in the case of K = 1. We highlight the dependence of

this critical s0 value on the initial porosity in Figure 2.6. Above the critical line the

carbon : quartz ratio is less than 3, and the pellet is carbon-limited. Conversely, below

the line the carbon : quartz ratio is greater than 3, and the pellet is quartz-limited.

Hence, the silicon yield in Figure 2.4f is less than 1 since the system is carbon-

limited with s0 = 0.8. We also find that, for large Da values, the carbon utilization

and silicon yield are reduced. The reduction is caused by diffusion dominating the

reactions; silicon monoxide and carbon dioxide more easily escape the porous layer—

slowing the carbon reactions, and reducing both the carbon utilization and silicon

yield fractions.

Moving to Figure 2.5b, the Da–K plane, we see different behaviour. Generally,

as K increases, the carbon utilization increases. By increasing K, the Boudouard

reaction begins to dominate the silicon carbide reaction, and so more of the carbon

is consumed. However, increasing K reduces the silicon yield, albeit weakly. As the

rate of the Boudouard reaction increases, there is less available carbon for the silicon

carbide reaction, and so the production of silicon carbide is slowed slightly. We see

that increasing Da decreases the carbon utilization and silicon yield. The carbon

utilization behaviour is more interesting than in Figure 2.5a, there is not a simple

transition at a particular Da value, instead the transition depends on K. Increasing

K increases the speed of the Boudouard reaction, and so Da must correspondingly

increase in order for diffusion to dominate.

The final plane we will look at in detail is the S–K plane, as shown in Figure 2.5c.

We recall that S compares the speed of the quartz reaction to the silicon carbide
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reaction. The plane is split into four distinct regions depending on which reaction(s)

dominate(s). In the lower left region S ≪ 1 and K ≪ 1 and so the silicon carbide

reaction is the fastest of the three reactions. Here, only about a third of the carbon is

consumed and only about half of the quartz is converted to silicon carbide. Neither

of the metrics approach 1 owing to the reasonably large Da value—a non-negligible

amount of the silicon monoxide diffuses through the carbon having not reacted. In

the lower right portion of Figure 2.5c, the reactions are dominated by the quartz

reaction. The carbon utilization and silicon yield increase here owing to the higher

concentration of silicon monoxide caused by the faster quartz reaction. The upper left

region is instead dominated by the Boudouard reaction, (1.6). Any carbon monoxide

created by the quartz reaction quickly reacts with the carbon via the Boudouard

reaction, thus, the carbon utilization fraction is highest in this region. However, the

faster consumption of the carbon prohibits the formation of silicon carbide, and the

yield is correspondingly reduced. Finally, in the upper right region, the silicon carbide

reaction is dominated by both the quartz reaction and the Boudouard reaction. The

silicon yield is lowest in this region, since the silicon carbide reaction is the slowest of

the three reactions. Interestingly, the carbon utilization fraction is not largest here.

The dynamics within this region are diffusion-limited, and so we recover a moving

front within the carbon layer, and the carbon layer shrinks from the inside. In turn,

the capacity of the carbon to react with the silicon monoxide and the carbon dioxide

is reduced. The gases can diffuse out of the pellet more easily—reducing the amount

of carbon that is utilized.

2.4 Conclusions

We have formulated and analyzed a model for the evolution of a single quartz–carbon

pellet under experimental exploration for use in a silicon carbide furnace. The aim

is to identify how the quartz can be efficiently converted to silicon carbide. We have

developed a spherically symmetric model describing the relevant chemical reactions

and mass transfer within a single pellet. We then reduced the model to a quasi-steady

regime, and solved the reduced model numerically. The quasi-steady model has four

independent non-dimensional parameters, which allows us to explore the dynamics

and parameter space relatively efficiently.

We found two distinct regions in the parameter space—a reaction-limited regime

and a diffusion-limited regime. In the reaction-limited regime, most of the silicon

monoxide produced on the surface of the quartz diffuses out of the pellet and is lost.
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However, in the diffusion-limited regime, most of the silicon monoxide is converted

to silicon carbide owing to the reactions dominating the transport of the gas. We

characterized the dynamics using two metrics, the carbon utilization fraction and the

silicon yield at the time that the quartz is fully consumed. The carbon utilization

fraction told us how much of the carbon had reacted. The silicon yield told us how

much of the initial quartz was converted to silicon carbide, and thus, how much

silicon monoxide escaped from the pellet. We numerically found a critical ratio of

initial quartz radius to pellet radius of about 0.8. Here, the pellet transitions from

being carbon-limited to being quartz-limited for our choice of ϕ0. The 0.8 value is

in agreement with a calculation based on the initial mole ratio. A diffusion-limited

system maximizes the carbon utilization and silicon yield, since the silicon monoxide

reacts with the carbon before diffusing out of the pellet.

To maximize silicon yield—Elkem ASA’s primary objective—the system should

operate in the diffusion-limited regime. This ensures that most of the silicon monoxide

produced reacts with carbon to form silicon carbide rather than being lost to the

atmosphere. To achieve or move closer to this regime the dimensionless diffusion, D,

should be reduced. A straightforward way to accomplish this is by increasing the

radius of the pellet, thereby increasing the diffusion path length and reducing silicon

monoxide loss. Additionally, based on both simulations and an analytical calculation,

the radius of the quartz core should not exceed approximately 80% of the total pellet

radius. This constraint ensures a sensible initial mole ratio for the reaction.
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Chapter 3

A multiphase model for silicon

carbide production

We now consider a macroscale multiphase model describing laboratory- or industrial-

scale experiments. Multiphase models have a wide range of applications in scientific

and engineering disciplines, often in understanding fluid dynamics. Multiphase mod-

els have been applied to studying flow in exothermic chemical reactions, which play

a role in combustion processes [82, 105]. These models have also previously been

employed in analyzing silicon furnaces [42, 43]. Furthermore, in reactive flows [100],

and droplet problems [106], including evaporating droplets [100]. Multiphase models

have been utilized in the study of multi-component gas flows through capillaries and

porous solids [107], and the derivation of conservation laws for such systems [93].

Multiphase models also find applications in biological contexts, such as avascular tu-

mour growth [108], the dynamics of egg yolk in amphibian embryos [109], and biofilm

growth modelled with solvent–polymer interactions [110]. Other areas of applications

include the study of poroviscous drops on substrates [111], geosciences modelling vis-

cous anisotropic flows in magma and rock [112, 113], and even ice cream [114] and the

flow in a pint of Guinness [115]. For more details see the classical works [116, 117].

Quartz particles (∼ 1 mm diameter) and carbon particles (∼ 50 µm diameter)

are mixed, and in laboratory-scale experiments are added to a cylindrical crucible

as shown in Figure 3.1. Within the crucible is a homogenous mixture of the quartz

particles and carbon particles with space between them for gases to flow. The crucible

is placed in an inductive furnace, and the quartz and carbon are heated up from room

temperature [42]. The particles are held at around 1600 ◦C for about an hour, and

then the inductive heating is turned off and the crucible is allowed to cool down [21].

In this chapter, we will model the mass transfer and chemical reactions within
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Figure 3.1: Cross section of a laboratory-scale experimental setup.

a crucible of quartz and carbon particles in Section 3.1. Additionally, we specify

the initial conditions and boundary conditions, and we then non-dimensionalize the

model. In order to gain insight into the model, we pose and solve two paradigm

problems analytically and numerically in Section 3.3. We then return to the full

model in Section 3.4, where we examine the dependence of the carbon utilization and

silicon yield on the dimensionless parameters. Finally, we summarize our results in

Section 3.5.

3.1 Mathematical model

Since the crucible is long and thin (typically 43 cm tall, with a diameter of 13 cm),

we do not expect radial or angular variations in the solid volume fractions or gas

concentrations and so we consider variations in the z direction only and derive a 1D

multiphase model for a crucible filled with a mixture of small quartz particles and

carbon particles, as shown in Figure 3.1. We suppose that the only gas present in

the crucible initially is an inert gas (e.g. nitrogen or argon [10, 24, 33, 35]) and we

continuously inject a small concentration of carbon monoxide though an inlet at the

bottom. The top of the crucible is unsealed, and so expect an outward flow of gas

through the top of the bed of particles. We assume that the temperature is uniform,

at 1600 ◦C, so that the parameters in the model may be taken to be constant.

In the crucible, we assume that the gases produced react with the quartz and

carbon by reactions (1.5)–(1.7). As the reactions proceed, the overall volume of the

solid mixture decreases, leading to a downward motion of the solid materials due

to gravity. This downward flow ensures that voids do not form in the crucible as
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the quartz and carbon are consumed. Simultaneously, the generation of gas from

the reactions increases the pressure within the system. Pressure gradients drive an

upward gas flow. To model the behaviour, we track the volume fractions of carbon,

silicon carbide, and quartz, as well as the solid velocity, and the gas concentrations.

Additionally, since the reaction rates depend on the surface area of quartz and carbon

particles, we express the surface area in terms of the number density of these particles.

As a consequence, we also need to track the number density of both carbon and quartz

particles to capture the evolution of the system.

We begin the derivation of our multiphase model by appealing to conservation of

carbon. We assume that the solid materials move downward under gravity as they

are consumed and we denote by αC the volume fraction of carbon and by us the speed

at which the solid moves due to the consumption of the material. Conservation of

carbon takes the form

ρC

mC

(
∂αC

∂t
+

∂

∂z
(αCus)

)
= −2RSiC −RBoud, (3.1)

where ρC is the density of carbon, mC is the molar mass of carbon (so that ρC/mC

is the molar density, or concentration, of solid carbon), and RSiC and RBoud describe

mass transfer due to reactions (1.5) and (1.6). We will define their functional forms in

Section 3.1.1. Similarly, we denote by αSiC the volume fraction of silicon carbide and

by αSiO2 the volume fraction of quartz, appealing to conservation of mass for silicon

carbide and quartz we find that

ρSiC

mSiC

(
∂αSiC

∂t
+

∂

∂z
(αSiCus)

)
= RSiC, (3.2)

ρSiO2

mSiO2

(
∂αSiO2

∂t
+

∂

∂z
(αSiO2us)

)
= −RSiO2

, (3.3)

respectively. Here, ρSiC is the density of silicon carbide, mSiC is the molar mass of

silicon carbide, ρSiO2 is the density of quartz, mSiO2 is the molar mass of quartz, and

RSiO2
describes mass transfer due to reaction (1.7).

The reaction rates RSiC, RBoud, and RSiO2
depend on the surface area of the carbon

and quartz particles. If we consider a crucible containing densely packed identical

carbon spheres, then the volume fraction of carbon is constant regardless of the size

of the individual particles. The surface area, however, is not constant, since we

observe that a very fine carbon powder will have a much larger surface area than a

single large particle, for a given overall volume. Therefore, we need an additional
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variable to characterize the surface area, and we choose to use the number density

of carbon particles, nC, and quartz particles, nSiO2 . Other choices to characterize the

surface area are the radius of the particles or the surface area itself. If a particle is

fully consumed, we consider it to be a particle with zero radius, and so the number

of particles is conserved, but α → 0. Thus, conservation of particles gives us

∂nC

∂t
+

∂

∂z
(nCus) = 0, (3.4)

∂nSiO2

∂t
+

∂

∂z
(nSiO2us) = 0. (3.5)

Since silicon carbide is only a product and not a reactant in our system, we do not

need to track the number density of silicon carbide particles since we do not need to

capture the surface area of silicon carbide.

We now turn to the gas phases. We assume that the gaseous mixture fills the void

space created by the three solid phases. We denote by αgas the volume fraction that

the gaseous mixture occupies. With all of the volume fractions defined, we assume

that there are no voids, and so we write

αC + αSiC + αSiO2 + αgas = 1. (3.6)

Denoting the intrinsic concentrations1 of silicon monoxide, carbon monoxide, carbon

dioxide, and the inert background gas by CSiO, CCO, CCO2 , and Cbg, respectively, and

the gas velocity by u, conservation of silicon monoxide, carbon monoxide, and carbon

dioxide take the form

∂

∂t
(αgasCSiO) +

∂qSiO
∂z

= −RSiC +RSiO2
, (3.7)

∂

∂t
(αgasCCO) +

∂qCO

∂z
= RSiC −RSiO2

+ 2RBoud, (3.8)

∂

∂t
(αgasCCO2) +

∂qCO2

∂z
= RSiO2

−RBoud, (3.9)

where

qi = αgasuCi − Diαgasρgas

∂

∂z

(
Ci

ρgas

)
(3.10)

is the flux of species i taken from concentrated gas theory [92, 93, 100, 118, 119],

1Microscale concentrations in units of mol / m3 of gas.
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including advection and diffusion, where Di is the diffusion coefficient of species i, and

ρgas = mSiOCSiO +mCOCCO +mCO2CCO2 +mbgCbg (3.11)

is the density of the gas mixture. Instead of explicitly considering an analogous

equation for conservation of mass of the inert background gas, we instead write down

the continuity equation for the gaseous mixture, which is the sum of all the individual

gas conservation equations, and reads

∂

∂t
(αgasρgas) +

∂

∂z
(αgasρgasu) = (−mSiO +mCO)RSiC +

(2mCO −mCO2)RBoud + (mSiO −mCO +mCO2)RSiO2
.
(3.12)

We note that the gaseous mixture is transported by advection only. We assume that

the local flow has low enough Reynolds number so that the gas flow is governed by

Darcy’s law

u− us = −κ
µ

∂P

∂z
, (3.13)

where κ = κ(αC, αSiC, αSiO2 , nC, nSiO2) is the permeability of the porous structure

formed by the carbon, silicon carbide, and quartz, µ = µ(CSiO, CCO, CCO2 , Cbg) is the

viscosity of the gas mixture, and P is the pressure of the gas. We relate the pressure

to the intrinsic concentrations using the ideal gas law [120, 121]

P = RT (CSiO + CCO + CCO2 + Cbg), (3.14)

where R is the gas constant, and T is the (constant) temperature. We eliminate

the concentration of the background gas, Cbg, from (3.14) using (3.11), so that the

pressure is

P = RT

(
ρgas

mbg

+
∑
i∈G

(
1− mi

mbg

)
Ci

)
, (3.15)

where G = {SiO, CO, CO2} is the set of reactive gases. We then eliminate the

pressure from (3.13) using (3.15). Thus,

u− us = −κ
µ

∂

∂z

[
RT

(
ρgas

mbg

+
∑
i∈G

(
1− mi

mbg

)
Ci

)]
. (3.16)
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(a) (b) (c)

Figure 3.2: The initial micro-structure (a) may be decomposed into the quartz particles and
the region occupied by the carbon and the gas, denoted by the grey region in (b). Within
the grey region we assume the carbon particles are densely packed (c).

We now turn our attention to describing how the solid moves. One possible way to

model conservation of momentum of the solid is by treating it as a granular flow [122].

In such models, the solids are treated as a continuum with the micro-scale structure

and dynamics incorporated using nonlinear relationships between the components of

the stress tensor [123, 124]. Here, for simplicity, we assume the flow is dominated by

gravity so that the solids remain well-packed for all time. Since the carbon particles

are much smaller and much more numerous initially than the quartz particles, we

assume that the carbon is densely packed in the space unoccupied by quartz and

silicon carbide, as we show in Figure 3.2a. The grey region in Figure 3.2b highlights

the volume fraction unoccupied by the quartz, 1 − αSiO2 . We assume that the grey

region is densely packed with carbon particles, as shown in Figure 3.2c. We assume

η is the packing fraction of carbon in the grey region, which will depend on αC, αSiC,

αSiO2 , nC, nSiO2 , and the geometry of the particles2. Moreover, the formation of silicon

carbide further decreases the available volume for the carbon particles. Therefore, we

replace the dynamics with the constitutive relation

αC = η(1− αSiO2 − αSiC). (3.17)

2For spheres of equal radius, typical experiments find a random packing fraction of η =
0.6366 [125–127], and some authors have suggested the exact value of η = 2/π [128, 129]. However,
random packing fraction may not be well defined and instead depend on the method of packing [130].
As a result, the range 0.642 ≤ η ≤ 0.649 is sometimes reported [131, 132].
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3.1.1 Rates of reaction

We now discuss forms of the reaction rates. Despite extensive investigation [10],

the reaction kinetics are not well understood. Let us first consider the silicon carbide

reaction, (1.5). We expect the reaction rate to depend both on the amount of available

silicon monoxide and the surface area of carbon. The amount of available silicon

monoxide is given by the extrinsic mixture concentration3, αgasCSiO. The surface area

requires more careful consideration. For a single particle of volume V the surface area

scales as V 2/3 with the coefficient depending on the geometry.

For particles with characteristic radius r, the surface area per volume S and

volume fraction α scale as

S ∝ r2n, α ∝ r3n, (3.18)

so that

r ∝
(α
n

)1/3
, (3.19)

and so

S ∝ (nα2)1/3. (3.20)

Thus, we take the form of the reaction rate for reaction (1.5) to be

RSiC = k1
(
nCα

2
C

)1/3
(αgasCSiO) (3.21)

by the law of mass action, where k1 is the rate constant with units of m / s. Moreover,

using the same argument for the other reactions, recalling (1.6) and (1.7), we write

RBoud = k2
(
nCα

2
C

)1/3
(αgasCCO2), (3.22)

RSiO2
= k3

(
nSiO2α

2
SiO2

)1/3
(αgasCCO). (3.23)

3.1.2 Initial conditions

Initially, the crucible contains no silicon carbide, thus, we write

αSiC = 0, at t = 0. (3.24)

3Macroscale concentration in units mol / m3 of mixture.
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Physically, we can control the initial radii of the carbon and quartz particles, as well

as the initial carbon : quartz mole ratio. Thus, we need to determine the initial

volume fractions and number densities of carbon and quartz from their radii and

mole ratio. We assume the carbon and quartz particles are spherical, so that initially

we have that

αC = α0
C =

4

3
π(r0C)

3n0
C, αSiO2 = α0

SiO2
=

4

3
π(r0SiO2

)3n0
SiO2

, at t = 0, (3.25)

where we use the superscript 0 to indicate an initial value, as well as

α0
C = η(1− α0

SiO2
), at t = 0, (3.26)

from (3.17). Additionally, with a prescribed initial stoichiometric ratio ν between

carbon and quartz we write

ρC

mC

α0
C = ν

ρSiO2

mSiO2

α0
SiO2

. (3.27)

Since our goal is to convert the silicon in quartz to silicon carbide, we want to ensure

all the quartz is consumed. The theoretical mole ratio is ν = 3 by (1.9), however, ex-

periments typically use the range 3 < ν ≤ 5 [23] to guarantee full quartz consumption.

In our analysis we take ν = 3.5.

Solving the linear system (3.25)–(3.27) for the initial volume fraction and number

density of carbon and quartz we find that

α0
C =

ηνmCρSiO2

ηmSiO2ρC + νmCρSiO2

, n0
C =

3ηνmCρSiO2

4π(r0C)
3(νmCρSiO2 + ηmSiO2ρC)

, (3.28)

α0
SiO2

=
ηmSiO2ρC

ηmSiO2ρC + νmCρSiO2

, n0
SiO2

=
3ηνmSiO2ρC

4π(r0SiO2
)3(νmCρSiO2 + ηmSiO2ρC)

. (3.29)

Since αSiC = 0 at t = 0, (3.6) reads

αgas = α0
gas = 1− α0

C − α0
SiO2

, at t = 0. (3.30)

We assume that the crucible contains only the background gas initially, so that

CSiO = 0, CCO = 0, CCO2 = 0, ρgas = mbg

(
Patm

RT

)
, at t = 0, (3.31)

where Patm is atmospheric pressure. Finally, we assume that the initial height of the
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bed of pellets is known and given by

H = H0, at t = 0. (3.32)

3.1.3 Boundary conditions

At the bottom of the crucible, located at z = 0, we assume a prescribed flux of carbon

monoxide and background gas, and that there is no flux of silicon monoxide or carbon

dioxide, so that we write

qCO = qinCO, uαgasρgas = mCOq
in
CO +mbgq

in
bg, qSiO = 0, qCO2 = 0, at z = 0. (3.33)

We also assume there is no solid flow through the bottom of the crucible so that

us = 0, at z = 0. (3.34)

At the top of the bed of pellets, at z = H(t), care must be taken to write down

the boundary conditions. A common approach is to prescribe no diffusive flux across

the interface, for example in [90], so that

−Diαgasρgas

∂

∂z

(
Ci

ρgas

)
= 0. (3.35)

However, since we have concentrated compressible gas, this is insufficient and degen-

erate. The overall diffusive flux is zero everywhere, by construction, and so this can

only be considered three boundary conditions—a fourth is still needed. Therefore,

we need an additional boundary condition for the gas mixture as well. This addi-

tional boundary condition would need to be consistent with the three no diffusive flux

conditions.

Instead, following [134], we assume that the gas above the bed of pellets is well-

mixed and that

qi −
dH

dt
αgasCi = θiαgas(Ci − Cout

i ), (3.36)

where θi is the mass transfer coefficient of species i and Cout
i is a known (constant)

concentration outside of the crucible. The mass transfer coefficient θi is a simple way
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Table 3.1: Parameters, their descriptions, values, and units.

Parameter Description Value Units Ref.

ρC Density of carbon 2270 kg / m3 [42]

ρSiC Density of silicon carbide 3210 kg / m3 [42]

ρSiO2 Density of quartz 2650 kg / m3 [42]

mC Molar mass of carbon 12 g / mol [97]

mSiC Molar mass of silicon carbide 40 g / mol [97]

mSiO2 Molar mass of quartz 60 g / mol [97]

mSiO Molar mass of silicon monoxide 44 g / mol [97]

mCO Molar mass of carbon monoxide 28 g / mol [97]

mCO2 Molar mass of carbon dioxide 44 g / mol [97]

mbg Molar mass of inert gas1 28 g / mol [97]

k1 Rate constant of reaction (1.5) 10−2 m / s Estimated

k2 Rate constant of reaction (1.6) 10−2 m / s Estimated

k3 Rate constant of reaction (1.7) 10−2 m / s Estimated

Di Diffusion coefficient of species i 10−4 m2 / s [32, 98]

r0SiO2
Initial radius of quartz particles 1 mm Elkem ASA

r0C Initial radius of carbon particles 50 µm Elkem ASA

κ Permeability 10−10 m2 Estimated

µ Viscosity of the gas 10−4 kg / (m s) [133]

R Gas constant 8.314 J / (K mol)

T Temperature 1600 ◦C Elkem ASA

η Packing fraction 0.64 - [131, 132]

ν Initial mole ratio 3.5 - Elkem ASA

Patm Atmospheric pressure 105 Pa

H0 Initial height of particles 50 cm Elkem ASA

qinCO Inlet flux of carbon monoxide 1 mol / (m2 s) Est. from [21]

qinbg Inlet flux of background gas 9 mol / (m2 s) Est. from [21]

θi Mass transfer coefficient of species i 0.1 m / s Estimated

Cout
bg External background gas concentration 6.0 mol / m3 Estimated

1Assuming the experiment is done in a nitrogen atmosphere.
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of modelling a more complex interaction [134, 135]. Thus, we write

qSiO − dH

dt
αgasCSiO = θSiOαgasCSiO, (3.37)

qCO − dH

dt
αgasCCO = θCOαgasCCO, (3.38)

qCO2 −
dH

dt
αgasCCO2 = θCO2αgasCCO2 , (3.39)

uαgasρgas −
dH

dt
αgasρgas = αgas

(∑
i∈G

θimiCi + θbgmbg(Cbg − Cout
bg )

)
. (3.40)

We note that (3.37)–(3.39) take the same form as (3.36), except we take Cout
i = 0.

Since no solid moves through the top surface, we impose the kinematic condition

that the rate of change of the height of the bed of particles is equal to the solid

velocity at the top, and so we write

dH

dt
= us, at z = H(t). (3.41)

3.1.4 Parameter values

We now consider typical sizes for our various dimensional parameters; the values are

given in Table 3.1. The uncertainty of the value of each parameter varies considerably

from parameter to parameter. Physical constants, such as the density of carbon or

the molar mass of silicon carbide, are accurately known. However, the rate constants

must be estimated from related experiments.

3.1.5 Dimensionless model

We non-dimensionalize the model (3.1)–(3.17), reaction rates (3.21)–(3.23), initial

conditions (3.24)–(3.32), and boundary conditions (3.33)–(3.41) in the following way.

We scale z and the height of the bed of particles with the initial bed height, and so

we write

z = H0z̃, H = H0H̃, (3.42)

where ·̃ denotes a dimensionless variable. We scale the number densities by their

initial values, and so we write

nC = n0
CñC, nSiO2 = n0

SiO2
ñSiO2 . (3.43)
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We balance the gas velocity with the pressure gradient in Darcy’s law (3.16). We

thus use the scaling

u =
κPatm

µH0
ũ, (3.44)

where we have scaled the pressure by Patm. The gas concentrations CSiO, CCO, and

CCO2 are scaled using the intrinsic scalings

CSiO = c∗SiOC̃SiO, CCO = c∗COC̃CO, CCO2 = c∗CO2
C̃CO2 , (3.45)

where

c∗CO =
qinCOµH

0

κPatm

(3.46)

comes from balancing the inlet flux, (3.33), with the advective flux, (3.10). Since our

system has no extrinsic scaling for the concentration of silicon monoxide or carbon

dioxide, we choose

c∗SiO =
k3c

∗
CO

k1

(
n0

SiO2

n0
C

)1/3

, c∗CO2
=
k3c

∗
CO

k2

(
n0

SiO2

n0
C

)1/3

(3.47)

so that each of the three reaction terms balance with each other. Furthermore, we

scale the gas density with the initial density,

ρgas = mbg

(
Patm

RT

)
ρ̃gas. (3.48)

There are multiple timescales we could choose in our system. We choose to scale

time using the quartz consumption timescale,

t =

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
t̃, (3.49)

found by balancing the first term with the reaction term in (3.3). Finally, we scale

the solid velocity in such a way that (3.41) is preserved. We thus use the scaling

us = H0

(
k3(n

0
SiO2

)1/3c∗CO

ρSiO2/mSiO2

)
ũs. (3.50)

After dropping the tildes, the dimensionless versions of the model for the solid
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volume fractions and number densities (3.1)–(3.5) incorporating (3.21)–(3.23) reads

∂αC

∂t
+

∂

∂z
(αCus) = −αgasMC

(
nCα

2
C

)1/3
(2CSiO + CCO2), (3.51)

∂αSiC

∂t
+

∂

∂z
(αSiCus) = αgasMSiC

(
nCα

2
C

)1/3
CSiO, (3.52)

∂αSiO2

∂t
+

∂

∂z
(αSiO2us) = −αgas

(
nSiO2α

2
SiO2

)1/3
CCO, (3.53)

∂nC

∂t
+

∂

∂z
(nCus) = 0, (3.54)

∂nSiO2

∂t
+

∂

∂z
(nSiO2us) = 0, (3.55)

where we have introduced the two dimensionless parameters

MC =
ρSiO2/mSiO2

ρC/mC

, MSiC =
ρSiO2/mSiO2

ρSiC/mSiC

, (3.56)

which are molar density ratios of quartz to carbon and to silicon carbide, respectively.

The gas concentration equations (3.7)–(3.9) incorporating (3.21)–(3.23) become

δCSiO

(
∂

∂t
(αgasCSiO) +

∂qSiO
∂z

)
= αgas

(
−
(
nCα

2
C

)1/3
CSiO +(

nSiO2α
2
SiO2

)1/3
CCO

)
,

(3.57)

δ

(
∂

∂t
(αgasCCO) +

∂qCO

∂z

)
= αgas

((
nCα

2
C

)1/3
(CSiO + 2CCO2)−(

nSiO2α
2
SiO2

)1/3
CCO

) (3.58)

δCCO2

(
∂

∂t
(αgasCCO2) +

∂qCO2

∂z

)
= αgas

((
nSiO2α

2
SiO2

)1/3
CCO −

(
nCα

2
C

)1/3
CCO2

)
, (3.59)

where the dimensionless fluxes qi are given by

qi = Da

(
αgasuCi −

1

Pei
αgasρgas

∂

∂z

(
Ci

ρgas

))
, (3.60)

and we have introduced a further seven dimensionless parameters, namely

δ =
c∗CO

ρSiO2/mSiO2

, CSiO =
c∗SiO
c∗CO

, CCO2 =
c∗CO2

c∗CO

,

Da =
κPatm

µ(H0)2

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
, Pei =

κPatm

Diµ
i ∈ G.

(3.61)

Here, δ is the ratio of the intrinsic concentration scale of carbon monoxide to quartz,
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CSiO and CCO2 are the ratios of the intrinsic concentration scales of silicon monoxide

and carbon dioxide to carbon monoxide, Da is the Damköhler number [99, 100], and

Pei are the Péclet numbers.

The no voids condition, (3.6), and the constitutive relation (3.17) remain the same

in dimensionless form. The continuity equation (3.12) and Darcy’s law (3.16) become

δ

(
∂

∂t
(αgasρgas) + Da

∂

∂z
(αgasρgasu)

)
= ϱM3αgas

[
−M1

(
nCα

2
C

)1/3
CSiO +

M2

(
nCα

2
C

)1/3
CCO2 +

(
nSiO2α

2
SiO2

)1/3
CCO

]
,

(3.62)

u− us
Da

= − ∂

∂z

(
ρ+ ϱ

∑
i∈G

σiCiCi

)
, (3.63)

respectively, and we introduce seven further dimensionless parameters, namely

ϱ =
c∗CORT

Patm

, M1 =
mSiO −mCO

mSiO2

, M2 =
2mCO −mCO2

mSiO2

, M3 =
mSiO2

mbg

, (3.64)

σSiO = 1− mSiO

mbg

, σCO = 1− mCO

mbg

, σCO2 = 1− mCO2

mbg

. (3.65)

Here, ϱ is the ratio of intrinsic carbon monoxide concentration scale to the concentra-

tion of a gas at atmospheric pressure. The Mi are the normalized mass differences of

the products and reactants in reactions (1.5)–(1.7), and the σi are normalized molar

mass differences between i and the background gas.

3.1.6 Dimensionless initial conditions

The initial volume fractions are given by (3.28), (3.29), (3.24), with α0
gas given by

(3.6). The initial number densities of carbon and quartz are

nC = 1, nSiO2 = 1, at t = 0, (3.66)

while the dimensionless initial gas concentrations, gas density, and height of the bed

are given by

CSiO = 0, CCO = 0, CCO2 = 0, ρgas = 1, H = 1, at t = 0. (3.67)
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3.1.7 Dimensionless boundary conditions

At z = 0, the boundary conditions (3.33) become

qCO = 1, uαgasρgas = ω, qSiO = 0, qCO2 = 0, us = 0, (3.68)

where we introduce the dimensionless parameter

ω =
µH0RT

κmbgP 2
atm

(mCOq
in
CO +mbgq

in
bg), (3.69)

which is the normalized inlet mass flux.

At z = H(t), we impose the dimensionless boundary conditions

qSiO − dH

dt
αgasCSiO = χSiOαgasCSiO, (3.70)

qCO − dH

dt
αgasCCO = χCOαgasCCO, (3.71)

qCO2 −
dH

dt
αgasCCO2 = χCO2αgasCCO2 , (3.72)

Dauαgasρ−
dH

dt
αgasρgas = χbg(αgasρgas − αgasψ) +

ϱ
∑
i∈G

(χi − χbg)Ci(1− σi)αgasCi,
(3.73)

obtained from (3.37)–(3.40), where we introduce the final five dimensionless parame-

ters

χi =
θi
H0

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
i ∈ G, (3.74)

χbg =
θbg
H0

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
, ψ =

Cout
bg RT

Patm

. (3.75)

Here, χi and χbg are the dimensionless mass transfer coefficients, and ψ is the nor-

malized background gas concentration above the surface of particles. Finally, in

dimensionless form the height of the bed of particles satisfies

dH

dt
= us, at z = H(t). (3.76)
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3.2 Model summary

In summary, our dimensionless model comprises equations (3.6), (3.17), (3.51)–(3.55),

(3.57)–(3.59), (3.62), (3.63), and (3.76); initial conditions (3.24), (3.28), (3.29), (3.66),

and (3.67); and boundary conditions (3.68) and (3.70)–(3.73), for the 13 dependent

variables αC, αSiC, αSiO2 , αgas, nC, nSiO2 , CSiO, CCO, CCO2 , us, u, ρ, and H, and depends

on 22 dimensionless parameters.

We estimate the values of the dimensionless parameters in Table 3.2. We consider

the regime where δ ≪ 1 and the rest of the parameters are O(1) to recover the richest

possible dynamics. We will see that the resulting evolution of the gas concentrations

are quasi-steady at leading order in δ, while the consumption of the carbon and quartz

particles remain time dependent. We also identify two time-scales within our system:

(1) a short time-scale over which the gas concentrations equilibrate, but the quartz

and carbon do not react. Due to the density difference between the gases and the

solids, the solids do not evolve on the short time-scale. (2) The time-scale that we

non-dimensionalized with, on which the gas concentrations are quasi-steady, but the

reactions with the quartz and carbon occur.

3.3 Paradigm models

We investigate two paradigm problems in detail in order to understand the mathemat-

ical structure of problems related to ours. The paradigm problems will give us insight

into the interplay of transport and reactions in certain parameter regimes of the full

model. We begin with a one-reaction system involving motion of the solid, and will

then move on to study a three-reaction system, before then solving the full model.

3.3.1 One-reaction system involving solid advection

We will first consider the paradigm problem of a single gas, G, reacting with a single

solid, S1, to form a solid product, S2, in the simple reaction

S1 + G −→ S2. (3.77)

We assume that the porosity of the solid mixture is constant for simplicity, but allow

a molar density difference between the reactant solid and the product solid so that

the solid particles move in such a way to keep the porosity constant. We also assume

that the gas flow speed is constant and that the gas mixture density is constant. We
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Table 3.2: Values for the dimensionless parameters, computed using the values in Table 3.1.

Parameter Description Typical value

δ =
c∗CO

ρSiO2/mSiO2

Gas to solid concentration ratio 10−4

MC =
ρSiO2/mSiO2

ρC/mC

Normalized concentration of carbon 0.233

MSiC =
ρSiO2/mSiO2

ρSiC/mSiC

Normalized concentration of silicon carbide 0.550

CSiO = c∗SiO/c
∗
CO Silicon monoxide concentration ratio 1

CCO2 = c∗CO2
/c∗CO Carbon dioxide concentration ratio 1

Da =
κPatm

µ(H0)2

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
Damköhler number 493.5

Pei =
κPatm

Diµ
Péclet number of species i 100

ϱ =
c∗CORT

Patm

Background gas concentration ratio 0.83

M1 = (mSiO −mCO)/mSiO2 Normalized mass difference of (1.5) 0.267

M2 = (2mCO −mCO2)/mSiO2 Normalized mass difference of (1.6) 0.200

M3 = mSiO2/mbg Molar mass ratio of quartz and background gas 2.14

σSiO = 1−mSiO/mbg Silicon monoxide molar mass ratio -0.571

σCO = 1−mCO/mbg Carbon monoxide molar mass ratio 0.00

σCO2 = 1−mCO2/mbg Carbon dioxide molar mass ratio -0.571

ω =
µH0RT

κmbgP 2
atm

(mCOq
in
CO +mbgq

in
bg) Dimensionless inlet mass flux 8.3

χi =
θiρSiO2/mSiO2

H0k3(n0
SiO2

)1/3c∗CO

Dimensionless mass transfer of species i 500

ψ =
Cout

bg RT

Patm

Normalized outlet background gas concentration 1
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neglect any dependence of reaction rates on the number density of solid particles.

We thus consider the dimensionless model

∂S1

∂t
+

∂

∂z
(usS1) = −MS

2/3
1 g, (3.78)

∂S2

∂t
+

∂

∂z
(usS2) = S

2/3
1 g, (3.79)

δ

(
∂g

∂t
+ U ∂g

∂z
−D∂

2g

∂z2

)
= −S2/3

1 g, (3.80)

S1 + S2 = 1− ϕ0, (3.81)

where S1 and S2 are the volume fractions of S1 and S2, and g is the gas concentration

of G. Futhermore, M relates the molar densities of S1 and S2, ϕ0 is the (constant)

porosity, δ is the concentration ratio of gas to S2, and U and D are the advection

and diffusion Damköhler numbers. We consider the case where M, ϕ0, U , and D are

O(1), and δ ≪ 1.

By adding (3.78) and (3.79), and substituting for S2 from (3.81) we find that

(1− ϕ0)
∂us
∂z

= −(M− 1)S
2/3
1 g. (3.82)

If the product solid has a higher molar density than the reactant solid, then M > 1

and thus us < 0. In our analysis we use (3.82) in place of (3.79).

We pose the initial conditions

g(z, 0) = 0, S1(z, 0) = 1− ϕ0, S2(z, 0) = 0, H(0) = 1, (3.83)

where H(t) is the height of the particles, and the boundary conditions

g(0, t) = 1, us(0, t) = 0 at z = 0, (3.84)

and

g(H(t), t) = 0,
dH

dt
= us(H(t), t) at z = H(t). (3.85)

This represents the situation where there is not gas in the crucible initially, and we

supply some at the lower boundary.

We seek a numerical solution using the method of lines using second-order central

differences in space for the diffusion terms, and an upwind scheme for the advective

terms. Due to the moving boundary at the top of the particles, we transform to a
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Figure 3.3: Numerical solution of the problem (3.78)–(3.85) at (a) t = 500 and (b) t = 1000.
The parameter values are D = 1, U = 1, ϕ0 = 0.5, M = 2, and δ = 10−3. Note that we
plot us/δ rather than us for ease of visualization.

fixed domain by

τ = t, ξ =
z

H(t)
. (3.86)

This discretization turns (3.82) into a set of algebraic constraints, and so we have

a set of differential-algebraic equations (DAEs) to solve. We specify the resulting

DAE system in Julia [101, 102], and solve the system with the DAE solver IDA of

SUNDIALS [103] using adaptive-step time integrations.

We show the solution to (3.78)–(3.85) in Figure 3.3, where we plot us/δ rather than

us for ease of visualization. We see that a reaction front forms, which we say is located

at z = h(t) such that S1 = (1 − ϕ)/2, with h(0) = 0. The reaction front separates

the gas and reacted solid from the unreacted solid and that the upper surface moves

downward as material is consumed, as expected. Within the reaction front, the gas

concentration is O
(
δ1/2
)
, as we can see around z = 0.25 in Figure 3.3a. Furthermore,

we see that the system evolves slowly due to the large density difference between the

gas and solids. Guided by the numerical solution, we scale to a long timescale by

using T = δt, and let

S1 = S0
1 + δ3/2S1

1 + . . . , h = h0 + . . . , g = g0 + . . . , (3.87)

S2 = S0
2 + δ3/2S1

2 + . . . , us = u0s + δu1s + . . . , (3.88)

so that the reaction balances the gas transport. Then, taking the limit as δ → 0, the
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leading-order equations are

∂

∂z

(
u0sS

0
1

)
= −M(S0

1)
2/3g0, (3.89)

0 = −(S0
1)

2/3g0, (3.90)

(1− ϕ0)
∂u0s
∂z

= −(M− 1)(S0
1)

2/3g0, (3.91)

S0
1 + S0

2 = 1− ϕ0. (3.92)

From (3.90) we must have S0
1 = 0 or g0 = 0, which agrees with the numerical

solution away from the reaction front: g0 = 0 ahead of the front (i.e. the gas has

not penetrated that far) and S0
1 = 0 and S0

2 = 1 − ϕ0 behind the front (i.e. all the

reactant has been consumed). Furthermore, substituting (3.90) into (3.91) leads to

the conclusion that u0s = 0 behind the front (i.e. the layer has completely reacted).

However, the leading-order system does not yield g0 behind the front.

Ahead of the front (i.e. in z > h0(T )), since g0 = 0, (3.89) tells us that the solid

does not react, and therefore when combined with (3.91) and the upstream boundary

conditions (3.85) we have

S0
1 = 1− ϕ0, S0

2 = 0. (3.93)

Finally,

u0s = u∗,0s (T ) (3.94)

for z > h0(T ), where u∗,0s (T ) is yet to be determined.

In order to find g0 behind the reaction front, we must look at the next-order

versions of (3.78)–(3.82). We find that

δ5/2
∂

∂z

(
u1sS

1
1

)
= −δM(S1

1)
2/3g0, (3.95)

δ

(
U ∂g

0

∂z
−D∂

2g0

∂z2

)
= −δ(S1

1)
2/3g0, (3.96)

δ(1− ϕ0)
∂u1s
∂z

= −δ(M− 1)(S1
1)

2/3g0, (3.97)

S1
1 + S1

2 = 0, (3.98)

where we have used the fact that S0
1 = 0 and u0s = 0 for z < h0(T ). In order for both

S1
1 and u1s to be non-zero, we must have a balance in (3.95). However, (3.95) does not
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balance and implies that either S1
1 = 0 or g0 = 0 for z < h0(T ). It is not possible to

balance the reaction terms in (3.95)–(3.97) simultaneously, regardless of our choice of

asymptotic expansion. Thus, S1
1 = 0 and u1s = 0. Therefore, writing Pe = U/D, g0

satisfies

Pe
∂g0

∂z
− ∂2g0

∂z2
= 0 (3.99)

by (3.96), where g0(0) = 1 and g0(h0) = 0, which has the solution

g0 =
ePeh

0 − ePe z

ePeh0 − 1
. (3.100)

We explore the behaviour of the moving reaction front using the substitutions

ζ =
z − h(τ)

δ1/2
, τ = T, G =

g

δ1/2
, (3.101)

in order to preserve the gradients and given the observation that g = O
(
δ1/2
)
in the

reaction layer, so that

δ1/2
∂S1

∂τ
− dh

dτ

∂S1

∂ζ
+

∂

∂ζ
(usS1) = −MS

2/3
1 G, (3.102)

δ

(
δ
∂G

∂τ
− δ1/2

dh

dτ

∂G

∂ζ
+ δ1/2U ∂G

∂ζ
− D
δ

∂2G

∂ζ2

)
= −S2/3

1 G, (3.103)

(1− ϕ0)
∂us
∂ζ

= −(M− 1)S
2/3
1 G, (3.104)

S1 + S2 = 1− ϕ0. (3.105)

Taking the leading-order behaviour, we find

−dh0

dτ

∂S0
1

∂ζ
+

∂

∂ζ

(
u0sS

0
1

)
= −M(S0

1)
2/3G0, (3.106)

−D∂
2G0

∂ζ2
= −(S0

1)
2/3G0, (3.107)

∂u0s
∂ζ

= −
(M− 1

1− ϕ0

)
(S0

1)
2/3G0, (3.108)

S0
1 + S0

2 = 1− ϕ0. (3.109)
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Combining (3.106) and (3.107) we find

−D∂
2G0

∂ζ2
=

1

M
∂

∂ζ

((
u0s −

dh0

dτ

)
S0
1

)
, (3.110)

and thus,

−DM∂G0

∂ζ
=

(
u0s −

dh0

dτ

)
S0
1 + A(τ) (3.111)

after integrating. Taking the limit ζ → ∞, and matching to the outer solution ahead

of the front, in which g0 = 0 and (3.93) holds, we find

A(τ) = −
(
u∗,0s − dh0

dτ

)
(1− ϕ0), (3.112)

and, therefore

−DM∂G0

∂ζ
=

(
u0s −

dh0

dτ

)
S0
1 −

(
u∗,0s − dh0

dτ

)
(1− ϕ0). (3.113)

Considering ζ → −∞, where S0
1 → 0, we find that

DM∂G0

∂ζ
=

(
u∗,0s − dh0

dτ

)
(1− ϕ0), (3.114)

which provides a matching condition for the outer solution behind the reaction front

and relates the gas flux into the reaction front with the speed of the reaction front.

In order to determine u∗,0s , we eliminate the reaction terms between (3.106) and

(3.108) to find that

1

M
∂

∂ζ

((
u0s −

dh0

dτ

)
S0
1

)
=

(
1− ϕ0

M− 1

)
∂u0s
∂ζ

, (3.115)

which we integrate to find

M
M− 1

u0s =

(
u0s −

dh0

dτ

)
(1− ϕ0)

S0
1 +B(τ). (3.116)

As ζ → −∞, since u0s → 0 and S0
1 → 0 we find B(τ) = 0 and, hence as ζ → ∞,
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we find that

u∗,0s = −(M− 1)
dh0

dτ
, (3.117)

since u0s → u∗,0s and S0
1 → 1 − ϕ0. The speed of the solid advection is proportional

to the speed of the reaction front, weighted by the volume difference of the reactant

solid and product solid.

Having determined u∗,0s , we may then determine the height of the bed of particles.

We recall that

dH0

dτ
= u0s(H

0, τ) = u∗,0s (τ). (3.118)

Then,

H0(τ) = 1 +

∫ τ

0

u∗,0s (t) dt = 1− (M− 1)h0(τ), (3.119)

by (3.117), and we have a relationship between the height of the bed and the position

of the reaction front.

To determine h0(τ), we return to the outer region behind the reaction front. From

the matching condition (3.114) we find

−MU ePeh
0

ePeh0 − 1
=

(
u∗,0s − dh0

dτ

)
(1− ϕ0), (3.120)

= −M(1− ϕ0)
dh0

dτ
(3.121)

by (3.117). Thus, rearranging (3.121) we find that h0 satisfies the nonlinear ODE

U
1− ϕ0

=
(
1− e−Peh0

)dh0
dτ

, (3.122)

with h0(0) = 0. Thus,

U Pe

1− ϕ0

τ + 1 = Peh0 + e−Peh0

. (3.123)

In the large Péclet number limit, the transport of the gas is advection dominated

and so

h0(τ) ∼ Uτ
1− ϕ0

, (3.124)
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while for small Péclet numbers, we find that

h0(τ) ∼
(

2Dτ
1− ϕ0

)1/2

, (3.125)

since the transport is diffusion dominated.

Inverting (3.123), we find the position of the reaction front to be explicitly given by

h0(τ) =
1

Pe

[ U Pe

1− ϕ0

τ + 1 +W

(
− exp

(
− U Pe

1− ϕ0

τ − 1

))]
, (3.126)

where W is the principal branch of the Lambert W function [136]. From (3.119), we

determine the height of the solid mixture to be given by

H0(τ) = 1− (M− 1)

Pe

[ U Pe

1− ϕ0

τ + 1 +W

(
− exp

(
− U Pe

1− ϕ0

τ − 1

))]
. (3.127)

Finally, to work out u∗,0s we first take the time derivative of (3.126) to find the speed

of the front to be

dh0

dτ
(τ) =

U
1− ϕ0

[
1 +W

(
− exp

(
− U Pe

1− ϕ0

τ − 1

))]−1

, (3.128)

and therefore, from (3.117), we find that

u∗,0s (τ) = −U(M− 1)

1− ϕ0

[
1 +W

(
− exp

(
− U Pe

1− ϕ0

τ − 1

))]−1

. (3.129)

We show a numerical solution to the long time re-scaled version of the system

(3.78)–(3.85) as well as the solution of the leading-order boundary layer system

(3.106)–(3.108) (dashed) in Figure 3.4. We see that the asymptotic solution closely

approximates the full solution.

In Figure 3.5 we compare the position of the reaction front extracted from the

simulation with the prediction from (3.126). We find great agreement between the

two until t ≈ 1.7, at which point h extracted from the numerics flattens. At this point

all the S1 has been consumed and the reaction stops. We compare u∗s in the simulation

with our prediction (3.129) in Figure 3.6. We find good agreement between the two

until t ≈ 1.5, when the reaction front begins to interact with the upper boundary.

The key insights we draw from this paradigm problem is that we identify a travel-

ling wave solution due to the reaction. Furthermore, we found that the speed of the

reaction front is proportional to the flux of the gas into the reaction front. Having
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Figure 3.4: Numerical solution of the re-scaled problem (3.78)–(3.85) and asymptotic solu-
tion (dashed) of (3.106)–(3.108) at (a) t = 0.5 and (b) t = 1.0. The parameter values are
D = 1, U = 1, ϕ0 = 0.5, M = 2, and δ = 10−3.
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Figure 3.5: Position of the reaction front from the numerical solution of the re-scaled
problem (3.78)–(3.85) and asymptotic approximation (3.126). The parameter values are
D = 1, U = 1, ϕ0 = 0.5, M = 2, and δ = 10−3.
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Figure 3.6: Solid velocity at the top of the bed of particles from the numerical solution of
the re-scaled problem (3.78)–(3.85) and asymptotic approximation (3.129). The parameter
values are D = 1, U = 1, ϕ0 = 0.5, M = 2, and δ = 10−3.
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solved this paradigm problem numerically and found the leading-order asymptotic

behaviour, we now consider another paradigm problem that is more representative of

the chemistry of our full system.

3.3.2 Three-reaction system

We now consider a system with three solids, three gases, and three reactions—similar

to our full system, but we still assume the gas density is constant, and the gas flows at

constant speed. We also make the additional assumption that molar densities of the

solids are equal, so that there is no solid flow induced by the reactions. We consider

the paradigm reactions

G1 + 2S1 → S2 + G2, (3.130)

G2 + S3 → G1 + G3, (3.131)

G3 + S1 → 2G2, (3.132)

which are analogous to (1.5)–(1.7), with net reaction

3S1 + S3 → S2 + 2G2, (3.133)

which is analogous to (1.9).

We follow a similar methodology as in the first paradigm problem. We consider

the dimensionless model

∂S1

∂t
= S

2/3
1 (−2g1 − g3), (3.134)

∂S2

∂t
= S

2/3
1 g1, (3.135)

∂S3

∂t
= −S2/3

3 g2, (3.136)

δ

(
∂g1
∂t

+ U ∂g1
∂z

−D∂
2g1
∂z2

)
= −S2/3

1 g1 + S
2/3
3 g2, (3.137)

δ

(
∂g2
∂t

+ U ∂g2
∂z

−D∂
2g2
∂z2

)
= S

2/3
1 g1 − S

2/3
3 g2 + 2S

2/3
1 g3, (3.138)

δ

(
∂g3
∂t

+ U ∂g3
∂z

−D∂
2g3
∂z2

)
= S

2/3
3 g2 − S

2/3
1 g3. (3.139)

Here, S1, S2, and S3 are analogous to the volume fractions of carbon, silicon carbide,

and quartz respectively, and g1, g2, and g3 are analogous to the concentrations of
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silicon monoxide, carbon monoxide, and carbon dioxide, respectively, and we will

refer to the variables in this way. We assume we have a prescribed amount of carbon

and quartz and no silicon carbide initially, so that

S1 = λ1, S2 = 0, S3 = λ3, at t = 0, (3.140)

and we assume that λ1 ≥ 3λ3 so that the system has an excess of carbon. Furthermore,

we suppose that there are no reactive gases present in the system initially and so

we write

g1 = 0, g2 = 0, g3 = 0, at t = 0. (3.141)

We assume that the flux of carbon monoxide through the bottom of the crucible is

prescribed, and that there is no flux of silicon monoxide or carbon dioxide here. Thus,

we write

Ug1 −D∂g1
∂z

= 0, Ug2 −D∂g2
∂z

= U , Ug3 −D∂g3
∂z

= 0, at z = 0. (3.142)

Finally, we assume that the concentration of the gaseous components just above the

solid layer are maintained at zero and so we write

g1 = 0, g2 = 0, g3 = 0, at z = 1. (3.143)

We again assume that U , D, λ1, and λ3 are O(1), while δ ≪ 1.

We begin by solving the system (3.134)–(3.143) numerically to help guide scalings

for the asymptotics. Surprisingly, we find that the gas concentrations are O(δ−1)

and that the system evolves on a fast timescale of O
(
δ1/2
)
. We use the same scheme

and implementation as in the first paradigm problem. However, we do not need

to transform the domain as we have neglected the motion of the solid. We show

two snapshots of the solution in Figure 3.7, where we plot δgi rather than gi for

ease of visualization. We see that, as with the previous problem, a moving reaction

front develops. The difference between this problem and the previous one is that,

here, the reactions are self-sustaining and there is a net production of g2—we are not

limited by the transport of gas to the reaction front. Therefore, we expect a large

amount of gas to be produced. Since δ is the concentration ratio of gas to solid, it

is unsurprising that an O(1) amount of solid produces an O(δ−1) amount of gas. To

explore the behaviour of the system further, we transform to the short timescale and
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Figure 3.7: Numerical solution of the problem (3.134)–(3.143) (a) t = 0.005 and (b) t =
0.007. The parameter values are D = 1, U = 1, λ1 = 1, λ3 = 0.25 and δ = 10−3. Note that
we plot δgi rather than gi for ease of visualization.

the large-gas-concentration scale by using

t = δ1/2T, gi =
Gi

δ
. (3.144)

The transformed system reads

δ1/2
∂S1

∂T
= S

2/3
1 (−2G1 −G3), (3.145)

δ1/2
∂S2

∂T
= S

2/3
1 G1, (3.146)

δ1/2
∂S3

∂T
= −S2/3

3 G2, (3.147)

δ1/2
∂G1

∂T
+ δ

(
U ∂G1

∂z
−D∂

2G1

∂z2

)
= −S2/3

1 G1 + S
2/3
3 G2, (3.148)

δ1/2
∂G2

∂T
+ δ

(
U ∂G2

∂z
−D∂

2G2

∂z2

)
= S

2/3
1 G1 − S

2/3
3 G2 + 2S

2/3
1 G3, (3.149)

δ1/2
∂G3

∂T
+ δ

(
U ∂G3

∂z
−D∂

2G3

∂z2

)
= S

2/3
3 G2 − S

2/3
1 G3, (3.150)

with initial conditions given by (3.140) and (3.141), and boundary conditions given by

UG1 −D∂G1

∂z
= 0, UG2 −D∂G2

∂z
= δU , UG3 −D∂G3

∂z
= 0, at z = 0, (3.151)

and with (3.143) holding at z = 1.
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3.3.2.1 Outer solutions

We take the limit δ → 0 and solve the leading-order system to find the outer solutions

ahead and behind the front. We begin with the leading-order versions of gas equations

(3.148)–(3.150), which we write as

0 =


−(S0

1)
2/3 (S0

3)
2/3 0

(S0
1)

2/3 −(S0
3)

2/3 2(S0
1)

2/3

0 (S0
3)

2/3 −(S0
1)

2/3



G0

1

G0
2

G0
3

. (3.152)

The determinant d of this matrix is

d = 2(S0
1)

4/3(S0
3)

2/3. (3.153)

Ahead of the reaction front S0
1 and S0

3 are both positive so the determinant is non-

zero, and so all the G0
i are zero for z > h0(T ). Since we have assumed an excess of

carbon, we must have S0
3 = 0 behind the reaction front, z < h0(T ). Substituting this

into (3.152), and solving the resulting system yields that G0
1 = G0

3 = 0 for z < h0(T ),

and therefore, G0
1 = G0

3 = 0 everywhere outside of the reaction front. Similar to the

previous problem, we cannot determine G0
2 at leading order.

With G0
1 = 0 and G0

3 = 0 in both outer regions, G0
2 = 0 ahead of the front, and

S0
3 = 0 behind the front, no reactions take place in the outer regions at leading order.

So, S0
1 , S

0
2 , and S

0
3 are uniform in both outer regions. Ahead of the front we maintain

the initial conditions in (3.140), whereas, behind the front we have S0
3 = 0. We

cannot yet determine the values of S0
1 and S0

2 in z < h0(T ), where h is the position

of the reaction front. However, intuitively, by the net reaction (3.133) we expect λ3

amount of quartz to consume 3λ3 amount of carbon. We would expect to see that

S0
1 = λ1 − 3λ3 behind the front. Similarly, we would expect S0

2 = λ3, as we see in

Figure 3.7.

3.3.2.2 Inner solution

We scale into the narrow layer around the moving reaction front located at z = h(τ)

using the substitutions

ζ =
z − h(τ)

δ1/2
, τ = T, (3.154)
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and we obtain the following leading-order boundary layer equations

−dh0

dτ

∂S0
1

∂ζ
= −(S0

1)
2/3(2G0

1 +G0
3), (3.155)

−dh0

dτ

∂S0
2

∂ζ
= (S0

1)
2/3G0

1, (3.156)

−dh0

dτ

∂S0
3

∂ζ
= −(S0

3)
2/3G0

2, (3.157)

−dh0

dτ

∂G0
1

∂ζ
−D∂

2G0
1

∂ζ2
= −(S0

1)
2/3G0

1 + (S0
3)

2/3G0
2, (3.158)

−dh0

dτ

∂G0
2

∂ζ
−D∂

2G0
2

∂ζ2
= (S0

1)
2/3G0

1 − (S0
3)

2/3G0
2 + 2(S0

1)
2/3G0

3, (3.159)

−dh0

dτ

∂G0
3

∂ζ
−D∂

2G0
3

∂ζ2
= (S0

3)
2/3G0

2 − (S0
1)

2/3G0
3. (3.160)

We must match the solutions to (3.155)–(3.160) with the outer solutions ahead and

behind the reaction front. Substituting (3.156) and (3.157) into (3.158) we find that

−dh0

dτ

∂G0
1

∂ζ
−D∂

2G0
1

∂ζ2
=

dh0

dτ

∂S0
2

∂ζ
+

dh0

dτ

∂S0
3

∂ζ
, (3.161)

which may be integrated to yield

−
(
dh0

dτ
G0

1 +D∂G
0
1

∂ζ

)
=

dh0

dτ
(S0

2 + S0
3 − λ3), (3.162)

where we have used the fact that G0
1 → 0, S0

2 → 0, and S0
3 → λ3 as ζ → ∞. We

repeat this process for the other two gases to yield

−
(
dh0

dτ
G0

2 +D∂G
0
2

∂ζ

)
=

dh0

dτ
(2S0

1 + 3S0
2 − S0

3 − 2λ1 + λ3), (3.163)

−
(
dh0

dτ
G0

3 +D∂G
0
3

∂ζ

)
=

dh0

dτ
(−S0

1 − 2S0
2 + S0

3 + λ1 − λ3). (3.164)

We now consider the behaviour as ζ → −∞ in order to match the outer solution

behind the front. Recalling that, as ζ → −∞, S0
3 → 0 and G0

1 → 0, so that ∂G0
1/∂ζ →

0 also, from (3.162) we find that

S0
2 → λ3, as ζ → −∞, (3.165)

which tells us that the amount of silicon carbide we produce is equal to the initial

amount of quartz, as expected in this excess carbon case. From (3.164), we then
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find that

S0
1 → λ1 − 3λ3, as ζ → −∞. (3.166)

This is in agreement with our intuition and our numerical findings in Figure 3.7.

Finally, from (3.163), we find that

dh0

dτ
G0

2 +D∂G
0
2

∂ζ
→ 2λ3

dh0

dτ
, as ζ → −∞. (3.167)

However, if the derivative of G0
2 in (3.167) is non-zero, G0

2 → ∞ as ζ → −∞, and so

it must be that ∂G0
2/∂ζ → 0, and thus,

G0
2 → 2λ3, as ζ → −∞. (3.168)

We determine the speed of the reaction front by first noticing that G0
1 and G

0
3 both

satisfy the same equations and have the same conditions at ±∞, and so G0
1 ≡ G0

3.

We then rewrite (3.155) as

dh0

dτ

∂S0
1

∂ζ
= 3(S0

1)
2/3G0

1, (3.169)

and, by rearranging (3.169) and integrating over the boundary layer, we find∫ ∞

−∞
G0

1 dζ =
1

3

dh0

dτ

∫ ∞

−∞
(S0

1)
−2/3∂S

0
1

∂ζ
dζ, (3.170)

=
dh0

dτ
(S0

1)
1/3

∣∣∣∣∞
−∞

, (3.171)

=
dh0

dτ

(
λ
1/3
1 − (λ1 − 3λ3)

1/3
)
, (3.172)

and so, the speed of the front is given by

dh0

dτ
=

∫ ∞

−∞
G0

1 dζ

λ
1/3
1 − (λ1 − 3λ3)

1/3
. (3.173)

In Figure 3.8, we compare the position of the front found from the simulation

with (3.173), where we have extracted G0
1 from the numerical solution. We find good

agreement between the two solutions. We also notice that h0 is approximately linear

for 0.3 ≤ T ≤ 0.7. Within this time interval the amount of G0
1 in the system is
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Figure 3.8: Position of the reaction front from the numerical solution of the problem (3.134)–
(3.143) and asymptotic approximation (3.173). The parameter values are D = 1, U = 1,
λ1 = 1, λ3 = 0.25 and δ = 10−3.

constant, and so dh0/dτ is also constant by (3.173).

In the first paradigm problem, the reaction was limited by the transport of the

gas into the reaction front, and so dh0/dτ was proportional to the flux. In this second

paradigm problem, our system is self-sustaining once the process has initiated and is

not reliant on the supplied gas from the inlet at z = 0. We would therefore expect

the reaction front to move linearly since carbon monoxide is produced within the

reaction front. Silicon monoxide, the species key in determining the front speed in

(3.173), is produced by the reaction of carbon monoxide and quartz. Therefore, since

the system is self-sustaining and carbon monoxide is produced in the reaction front,

the reaction speed is constant, and thus the amount of silicon monoxide is constant.

Hence, we find a constant front speed.

3.4 Analysis of the multiphase model

Having gained experience on some simpler problems, we now return to the full problem

summarized in Section 3.2. For the remainder of the chapter, we assume DSiO =

DCO = DCO2 and θSiO = θCO = θCO2 = θbg for simplicity, and so DaSiO = DaCO = DaCO2 ,

PeSiO = PeCO = PeCO2 , and χSiO = χCO = χCO2 = χbg and we omit the subscripts.

Furthermore, we assume the permeability κ and gas viscosity µ are constant.

In the second paradigm problem we saw large gas concentrations. This is un-

physical, since large concentration gradients will drive a diffusive gas flow. In this

section, we reintroduce the coupling between the gas concentrations and gas flow and

solve the full model summarized in Section 3.2. We will assume δ ≪ 1 and briefly

consider two parameter regimes: Da = O(δ), in which we will see transport-limited
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behaviour as in the second paradigm problem, and Da = O(1), in which we will see

more uniform dynamics owing to the increased transport. We will then consider the

physically relevant parameters given in Table 3.2.

The details of the numerical methods used for the full multiphase model, as well

as numerical optimizations, and convergence tests are given in Appendix A.

We suppose that Da = 10−3 and δ = 10−3 (≪ 1), Pe = 1 (to more easily compare

with the paradigm problem), and use the values in Table 3.2 for the rest of the

parameters. We take δ = 10−3 instead of δ = 10−4 as in Table 3.2 for numerical

stability and convergence. In this transport-limited case, the reactions dominate the

transport of the gas, as we had in the second paradigm problem. In Figure 3.9 we

present the numerical solution to (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59), (3.62),

(3.63), and (3.76) with these parameters, for two times. We plot δCi and δ1/2us

instead of Ci and us for ease of visualization since the gas concentrations and solid

velocity are large. We see that, throughout the reaction front, the unreacted quartz

is converted to product silicon carbide. One notable characteristic of this system is

that αC, the volume fraction of carbon, remains nearly uniform. This uniformity can

be attributed to the constitutive law (3.17) describing dense packing, and the fact

that the volume fraction of silicon carbide behind the reaction front is comparable

to the volume fraction of quartz ahead of the reaction front. We emphasize that the

entire reaction process occurs within a relatively short timeframe, due to the large

gas concentrations. Indeed, we find that the reaction front reaches the top surface

at t = 0.0363. It is worth noting that, while silicon monoxide and carbon dioxide

are necessary intermediates of the process, they are confined to the region around

the reaction front. With the exception of the uniformity of αC, the dynamics are the

same to those in the three-reaction, second paradigm problem.

We briefly show that the leading-order equations of the full model have the same

structure as in the second paradigm problem. In the limit δ → 0 the leading-order

gas equations, from (3.57)–(3.59), reduce to
−(nCα

2
C)

1/3 (
nSiO2α

2
SiO2

)1/3
0

(nCα
2
C)

1/3 −
(
nSiO2α

2
SiO2

)1/3
2(nCα

2
C)

1/3

0
(
nSiO2α

2
SiO2

)1/3 −(nCα
2
C)

1/3



CSiO

CCO

CCO2

 = 0. (3.174)

The determinant d of the matrix given in (3.174) is

d = 2
(
nSiO2α

2
SiO2

)1/3(
nCα

2
C

)2/3
, (3.175)
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Figure 3.9: Numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59), (3.62), (3.63),
and (3.76). We show αC, αSiC, αSiO2 , δCSiO, δCCO, and δCCO2 versus z at (a) t = 0.030,
and (b) t = 0.033. In (c), we show δ1/2us vs z for these two times, and in (d) we show the
position of the reaction front. The parameter values are Da = 10−3, Pe = 1, δ = 10−3 and
the other parameter values are given in Table 3.2. Note that we plot δCi and δus rather
than Ci and us for ease of visualization.
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Figure 3.10: Numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59), (3.62), (3.63),
and (3.76). We show αC, αSiC, αSiO2 , CSiO, CCO, and CCO2 versus z at (a) t = 0.1, and (b)
t = 0.4. In (c), we show us vs z for these two times. The parameter values are Da = 1,
Pe = 1, δ = 10−3 and the other parameter values are given in Table 3.2.
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and so, when αSiO2 > 0 and αC > 0, only the trivial solution exists (since nSiO2 and

nC are bounded below by 1). We again have a moving reaction front h(t). Ahead of

the front αSiO2 = α0
SiO2

> 0 and αC = α0
C > 0, and therefore CSiO = CCO = CCO2 = 0 in

this region. Behind the front however, αSiO2 = 0 by our assumption that the system

has a slight excess of carbon. It then follows from solving (3.174) with αSiO2 = 0 that

CSiO = CCO2 = 0 for z < h(t). Due to the highly nonlinear coupling of the variables,

we cannot make further analytic progress.

We now suppose that Da = 1, Pe = 1, δ = 10−3, and the rest of the parameters

are as given in Table 3.2, i.e. transport is considerably larger than in the previous

simulation. We present the numerical solution to (3.6), (3.17), (3.51)–(3.55), (3.57)–

(3.59), (3.62), (3.63), and (3.76) with these parameters for two times in Figure 3.10.

In this scenario, we see that the gas concentrations are O(1), and therefore, that the

gas must be transported much more easily, and is transported upward and out of the

crucible. The dynamics are therefore different than the previous example. One feature

we observe is a more spatially uniform conversion of carbon and quartz into silicon

carbide. Unlike previous examples where the gas tended to remain localized near the

reaction front, here, gases are efficiently transported throughout the system. The

transport leads to a more uniform chemical transformation, albeit over a much larger

timescale than in the solution in the previous example. The increased gas transport

and more uniform reactions cause an approximately linear velocity profile of the

solid. This contrasts with earlier observations of sharp changes in the solid velocity

profile within the reaction front. Additionally, the gas concentrations, and therefore

pressure—which are O(1) here—are more representative of real-world conditions, and

are inherently more safe. As we would expect, the increased gas transport also leads

to a more uniform distribution of the gas concentrations. However, the reduced gas

concentrations affect the speed of the reactions. In this case, the reaction takes an

O(1) amount of time to reach completion, unlike in the first example.

3.4.1 Numerical solutions

To better understand the effect of the dimensionless parameters on the dynamics, we

now examine in detail four points within the parameter space. We will then transition

to analyzing macroscale metrics as we sweep through the parameter space. To assess

carbon utilization and silicon carbide production in the multiphase model we re-write
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(2.97) and (2.98) in Cartesian coordinates

UC(t) = 1− 1

α0
C

∫ H(t)

0

αC(z, t) dz, (3.176)

YSiC(t) =
1

MSiCα0
SiO2

∫ H(t)

0

αSiC(z, t) dz, (3.177)

respectively.

Case I: We consider the system with default parameter values given in Table 3.2,

and we present the results in Figure 3.11. With these parameters, the spatial variation

in solid volume fractions and gas concentrations is localized to a thin layer near the

top of the pellet bed where the volume fraction of carbon and silicon carbide and the

gas concentrations decrease and the volume fraction of quartz increases. The carbon

volume fraction αC exhibits a slight increase over time. Both quartz and silicon carbide

share similar spatial profiles but inverted. The profiles for silicon monoxide and

carbon dioxide are identical since they follow the same dynamics for these parameter

choices and both exhibit weak spatial variation except at the upper boundary; the

concentrations decrease with time. Conversely, carbon monoxide presents a different

behaviour due to the boundary conditions (3.68)—the concentration approaches a

linear steady-state profile. Approximately 50% of the carbon is consumed by the

time the quartz is fully consumed, while around 60% of the silicon in the initial quartz

is converted to silicon carbide by this time. Initially, the pressure spikes rapidly to

about 6, followed by a steady decrease back to 1 over time.

Case II: We consider the case where χ = 50, considerably smaller than in Case I,

reducing the gas escape through the top of the pellets, and the rest of the parameter

values as given in Table 3.2. We show the result in Figure 3.12. We see that the gas

concentrations and pressure get very large, as the gas struggles to escape. The spatial

profiles for the solid volume fractions and gas concentrations become nearly uniform.

Unlike the previous example, there is no boundary layer near the top surface because

the flux through the top of the bed of pellets is greatly reduced. This uniformity is ex-

pected as advection, and to a lesser extent diffusion, equilibrate the gases throughout

the crucible, and so the gases are well mixed. Owing to Darcy’s law, gradients in the

pressure, and thus gas concentrations, are equilibrated by the gas flow. We observe

exponential growth in both carbon utilization and silicon yield, until a final carbon

utilization of 0.571 and silicon yield of 0.667. The pressure also grows exponentially

due to the decreased ability of gas to escape. The exponential concentration and

pressure growth, evidenced by the logarithmic time spacing in Figure 3.12, increase
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Figure 3.11: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59),
(3.62), (3.63), and (3.76). Parameter values taken from Table 3.2. Lines in (a)–(f) are
plotted for t = 0.0, 0.72, 1.43, 2.15, 2.87, 3.58, 4.30, 5.02, 5.74.
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Figure 3.12: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59),
(3.62), (3.63), and (3.76). Parameter values taken from Table 3.2, except we take χ = 50.
Lines in (a)–(f) are plotted for t = 0.0, 0.014, 0.021, 0.025, 0.029, 0.032, 0.034.
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Figure 3.13: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–
(3.59), (3.62), (3.63), and (3.76). Parameter values taken from Table 3.2, except
we take CSiO = 100 and CCO2 = 10. Lines in (a)–(f) are plotted for t =
0.0, 12.11, 24.23, 36.34, 48.45, 60.56, 72.68, 84.79, 96.90.
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Figure 3.14: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–
(3.59), (3.62), (3.63), and (3.76). Parameter values taken from Table 3.2, except
we take CSiO = 0.01 and CCO2 = 0.1. Lines in (a)–(f) are plotted for t =
0.010, 0.016, 0.019, 0.021, 0.023, 0.024, 0.025.
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the reaction rate. This leads to exponential increases in both carbon utilization and

silicon yield.

Case III: We consider the case where CSiO = 100 and CCO2 = 10, and we show

the results in Figure 3.13. The quartz reaction proceeds faster than the Boudouard

reaction, which in turn is faster than the silicon carbide reaction with this choice of

parameters. The profiles for the three solids are similar, and form a boundary layer at

the outlet. Silicon carbide production is minimal due to the slow associated reaction.

The quartz reacts quickly, but most of the carbon is consumed by the Boudouard

reaction instead of the silicon carbide reaction. Consequently, most of the silicon

monoxide and carbon dioxide produced by the quartz reaction are transported out

of the crucible without reacting with carbon. Despite the fast quartz reaction, its

consumption is slow—limited by the carbon monoxide fed in at the inlet. Only about

20% of the carbon is consumed, and the silicon yield is less than 10%. The maximum

pressure is approximately 1.2 due to the limited gas production.

Case IV: In our final example, we consider the scenario where all the reactions are

fast, with the silicon carbide reaction fastest, followed by the Boudouard reaction,

with the quartz reaction being the slowest (CSiO = 0.01 and CCO2 = 0.1). We show the

results in Figure 3.14. There is almost no spatial variation of the volume fractions

or gas concentrations in this case. Most of the carbon reacts, leading to significant

silicon carbide production, and the profiles for the three solids remain similar to each

other, with the volume fraction of silicon carbide being inverted. Again, the rapid

silicon carbide reaction results in exponential gas production. Any silicon monoxide

produced by the quartz reaction quickly reacts with carbon, and the carbon dioxide

produced also reacts swiftly with carbon, generating more carbon monoxide, which

can then react with quartz again. This cycle results in a net production of carbon

monoxide, causing gas concentrations to grow exponentially. This is reflected in the

pressure, which increases exponentially to about 1600 before decaying as reactants are

depleted. Approximately 80% of the carbon is utilized, and the silicon yield is nearly

100%, with very little silicon monoxide lost through the top of the pellets—almost

all of the silicon monoxide reacts to form silicon carbide.

The pressure differences across the four cases highlights significant concerns for

maintaining safe operating conditions. While the dimensionally scaled results show

pressures in the range of 1.2–5400 atm, only Case III is suitable for the target set by

Elkem ASA. Elkem ASA would prefer maximum pressures less than 1.2 atm, and no

more than 3.0 atm. The other three cases exhibit much higher pressures, beyond the

safety threshold. Case II and Case IV reach unphysical values that would cause the
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Figure 3.15: Da–Pe plane. (a) Carbon utilization and (b) silicon yield, given by (3.176) and
(3.177), respectively, at the quartz consumption time. (c) Scaled quartz consumption time,
given by (3.178), and (d) maximum pressure. The default values are given in Table 3.2.

crucible to fail in reality. Thus, we have the challenge of managing gas dynamics in

the system, as excessively high pressures would lead to equipment failure, with safe

pressure levels being a critical factor for practical operations.

3.4.2 Parameter sweeps

We now shift to sweeping through the parameter space. We will characterize a set

of parameters by the carbon utilization fraction and silicon yield, as given by (3.176)

and (3.177), at the quartz consumption time, as well as the quartz consumption time

itself, and the maximum pressure. These macroscale metrics will help inform us of

the dynamics and efficiency of a particular set of parameters.

In Figure 3.15 we show the carbon utilization fraction, silicon yield, scaled quartz

consumption time, and maximum pressure while sweeping through the Damköhler

number Da, and Péclet number Pe holding all other parameters constant. We see
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that the carbon utilization fraction and silicon yield fraction are fairly uniform for

Da ≲ 103. We note that the timescaling used in (3.49) depends on many of the

same dimensional parameters as Da, and Pe. In order to make conclusions about the

dimensional quartz consumption time we consider the scaled quartz consumption time

T1 =
Da

Pe
t∗ =

D

(H0)2

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
t∗, (3.178)

which has the same dependence on k3, n
0
SiO2

, and c∗CO as in (3.49). Here, t∗ is the

dimensionless quartz consumption time, such that αSiO2(t
∗) = 10−3. In this way

we are able to draw conclusions for experiments where the initial bed height H0 is

constant. In Figure 3.15c we see that the scaled quartz consumption time, (3.178),

varies specifically with the effective transport, which increases towards the lower

right. Moving to the right increases advection, and moving down increases diffusion.

In the upper left region, advection is slow relative to the reactions and diffusion is

slow relative to advection. Thus, we find that the reactions dominate the dynamics

and the quartz is fully consumed quickly. However, in the lower right region, the

transport dominates the reactions and the quartz consumption time correspondingly

increases. We find little variation in the maximum pressure as the Péclet number

varies. Increasing Pe reduces the relative impact of diffusion, and so there is little

effect on the maximum pressure. Diffusion is most impactful for large Da and small

Pe, and we find that in this region the maximum pressure is smallest since diffusion

helps equalize the pressure throughout the crucible.

We now move on to sweeping through the CSiO–CCO2 plane, as shown in Figure 3.16.

In the quadrant CSiO ≪ 1 and CCO2 ≪ 1 the quartz reaction is the slowest of the

reactions. Any silicon monoxide and carbon dioxide produced by the quartz reaction

quickly reacts with the carbon and so the carbon utilization and silicon yield are large.

In the region CSiO ≫ 1 and CCO2 ≪ 1 the silicon carbide reaction is the slowest and

the Boudouard reaction is the fastest. Therefore, we do not produce a lot of silicon

carbide and the silicon yield is very low. However, since the Boudouard reaction is the

fastest we find that the carbon utilization is roughly one third. In this case, we expect

an effective carbon to quartz mole ratio of 1 : 1, but we provide an initial ratio of

3.5 : 1. Thus, we only consume about 30% of the carbon. In the region CSiO ≪ 1 and

CCO2 ≫ 1 we have the opposite behaviour with the silicon carbide reaction being the

fastest, and the Boudouard reaction being the slowest. Here, any silicon monoxide

quickly reacts with the carbon to create silicon carbide. Thus, the silicon yield is

very high, and the carbon utilization is roughly 0.66. Here, our effective mole ratio
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Figure 3.16: CSiO–CCO2 plane. (a) Carbon utilization and (b) silicon yield, as given by
(3.176) and (3.177), respectively, at the quartz consumption time. (c) Quartz consumption
time, and (d) maximum pressure. The default values are given in Table 3.2.

is 2 : 1. Finally, for CSiO ≫ 1 and CCO2 ≫ 1 the quartz reaction is the fastest. In

this region the carbon utilization fraction and silicon yield transition from the lower

right behaviour to the upper left behaviour. For large values of CCO2 the quartz

consumption time increases. The Boudouard reaction is slow for CCO2 ≫ 1, which

is key to replenish carbon monoxide to facilitate the consumption of the quartz. In

this regime, the system is reliant on the inlet supply of carbon monoxide to react

with the quartz. Thus, the quartz consumption time is large for CCO2 ≫ 1. In this

regime, the Boudouard reaction is negligible, and so the system is dependent on the

supplied carbon monoxide from the inlet. The inlet flux is small compared to the gas

generated by the Boudouard reaction, and so the consumption time is much larger.

Finally, we examine the maximum pressure. As CCO2 increases, the maximum pressure

decreases as the system is limited by the inlet gas flow, and does not generate large

amounts of gas.
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Figure 3.17: Scaled quartz consumption times given by (a) (3.179) and (b) (3.180).

Again, owing to the non-dimensionalization of the system, it is difficult to make

dimensional conclusions from the dimensionless quartz consumption time. Therefore,

we consider the two scaled quartz consumption times

TSiO =
t∗

δ CSiO

=

(
k2(n

0
C)

1/3ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
t∗, (3.179)

where we consider k1 constant, and

TCO2 =
t∗

δ CCO2

=

(
k1(n

0
C)

1/3ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
t∗, (3.180)

were we consider k2 constant. We show these quantities in Figure 3.17. For constant

k1 the silicon carbide reaction speed is constant and CSiO varies the speed of the

quartz reaction, and so CCO2 varies the relative speed of the quartz reaction and the

Boudouard reaction. Unsurprisingly, the scaled quartz consumption time decreases as

CSiO increases. In this case, CSiO is directly related to the speed of the quartz reaction

and so increasing this naturally decreases the time to consume the quartz. As we

increase CCO2 the relative speed of the quartz reaction to the Boudouard reaction also

increases. As CCO2 increases so does the quartz consumption time. The system is

more dependent on the inlet supply of carbon monoxide as CCO2 increases, and thus

the quartz consumption time also increases. We show how TCO2 , given by (3.180),

varies with CSiO and CCO2 in Figure 3.17b. Now, for constant k2, CCO2 varies the speed

of the quartz reaction, and CSiO varies the relative speed of the quartz reaction and

the silicon carbide reaction. In this case, we find less variation than in Figure 3.17a.

Since we consider k2 to be fixed in this plot, the speed of the Boudouard reaction
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Figure 3.18: Da–χ plane. (a) Carbon utilization and (b) silicon yield, as given by (3.176)
and (3.177), respectively, at the quartz consumption time. (c) Scaled quartz consumption
time, given by (3.181), and (d) maximum pressure. The default values are given in Table 3.2.

is also fixed. As we have seen in several examples so far, the Boudouard reaction

is important to generate a self-sustaining system. The speed of the quartz reaction

or the silicon carbide reaction are less relevant is this regard, and hence, we see less

variation in the scaled consumption time in Figure 3.17b than in Figure 3.17a.

Finally, in Figure 3.18, we consider the Da–χ plane. Carbon utilization and silicon

yield show negligible variation with changes in Da. The influence of χ on these metrics

is moderate, with fluctuations of approximately 20%. Larger χ leads to reduced

carbon utilization and silicon yield, attributed to the easier gas escape and lower gas

concentrations generated. Conversely, lower χ values restrict gas escape, resulting in

higher carbon utilization and silicon yield due to faster reactions caused by higher

gas concentrations. We note that the moderate carbon utilization and silicon yield

are a result of stopping the simulation once the quartz has been consumed. At this

point there are still large concentrations of silicon monoxide and carbon dioxide,
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which would continue to react with the carbon. The carbon utilization and silicon

yield would continue increasing after the quartz has been consumed, as we saw in

Figure 3.12. The scaled consumption time

T3 = Da t∗ =
κPatm

µ(H0)2

(
ρSiO2/mSiO2

k3(n0
SiO2

)1/3c∗CO

)
t∗, (3.181)

follows a similar trend, increasing with both Da and χ. Larger Da enhances gas

transport to the top of the pellets, and large χ facilitates easier escape. We see that the

maximum pressure has three regimes. For small values of χ, the gas generated cannot

escape efficiently regardless of Da, leading to large concentrations and pressures.

In contrast, for large Da and large χ, the gas is easily transported to the top of

the pellets and escapes, resulting in low maximum pressure, as the generated gas

is swiftly removed from the system. The transition regime occurs with small Da

and large χ, where the reaction rates outpace the transport, causing a build up of

concentrations and pressure. However, since χ is large, the gas may still escape the

crucible, preventing the maximum pressure from reaching levels as high as observed

when χ is small.

3.5 Conclusions

In this chapter, we derived a multiphase model for a homogeneous bed of fine quartz

and carbon particles, under the assumption that solid motion is primarily governed

by gravity and that the bed remains well-packed. The system involves a crucible filled

with quartz and carbon particles with space for gas to flow. The crucible is heated

to 1600 ◦C. The gases react with the solid particles, leading to consumption of the

quartz and carbon, and causing a downward movement of the solid material as voids

are filled. Simultaneously, gas generation drives upward flow within the crucible. An

inert gas is initially present, with carbon monoxide injected at the bottom, and the

crucible’s top remains open to allow gas escape.

We considered a one-dimensional multiphase flow, tracking the volume fractions

of carbon, silicon carbide, and quartz and the gas concentrations. Number density

of carbon and quartz particles was also considered, since the reaction rates depend

on this property. The governing equations describe the behaviour of 13 variables and

depend on 22 dimensionless parameters.

We studied two paradigm problems to explore the behaviour of this system. The

first problem was a one-reaction system with solid advection, where we observed
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a reaction front. The speed of this front was influenced by the gas flux into the

reaction layer, resembling a diffusion flame. In the large Péclet number limit, the

front position exhibited linear behaviour due to dominant advection, while in the small

Péclet limit, the position followed a t1/2 dependency as diffusion became dominant.

Both analytical and numerical solutions were employed to explore this scenario. The

second paradigm problem, which more accurately reflects our chemistry, involved

self-sustaining reactions leading to significant gas concentrations within the reaction

layer. In this case, silicon monoxide was produced directly within the reaction layer

to convert carbon into silicon carbide, unlike the previous example where the reaction

was limited by gas transport from the inlet. Consequently, the reaction front position

was linear and directly proportional to the amount of silicon monoxide present. We

solved this problem using asymptotic methods, as well as numerically.

Returning to the full model, we solved the system numerically. We observed

that, for small Da and Pe = O(1) values, the behaviour mirrored that of our second

paradigm problem, with reactions dominating the system. This led to large gas con-

centrations due to rapid gas production outpacing transport. When both Da and Pe

were O(1), the gas was transported more efficiently throughout the particle bed. As a

result, the reaction became more uniform across the crucible, eliminating the distinct

reaction front observed previously. This uniformity also contributed to more manage-

able concentrations and pressures, as gas flow was driven by concentration gradients.

We examined in detail four examples within the parameter space. First, us-

ing default values, we observed behaviour similar to the second example but with a

boundary layer at the top of the particle bed due to the Péclet number being large.

This resulted in moderate carbon utilization, silicon yield, and maximum pressure.

Second, with default parameters, but χ = 50, the gas struggled to escape, leading

to spatially uniform dynamics. Advection and diffusion equilibrated the concentra-

tions, resulting in exponential gas production, rapid reactions, and short consumption

time. This scenario exhibited high carbon utilization and silicon yield, with an un-

physically large maximum pressure. Third, using default parameters, but CSiO = 100

and CCO2 = 10, a boundary layer at the top was observed. Silicon monoxide and car-

bon dioxide were produced faster than they were consumed, causing significant gas

loss through the crucible top, leading to low carbon utilization, very low silicon yield,

and a maximum pressure of about 1.2. Lastly, with CSiO = 0.01 and CCO2 = 0.1, we

again observed spatially uniform dynamics, with very fast reactions, resulting in high

carbon utilization and very high silicon yield. This scenario also led to exponential

gas production, which is unsafe and unphysical due to the rapid build up of gas.
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We moved on to parameter sweeps to better understand the macroscale metrics

as dimensionless parameters varied. Within the Da–Pe plane, there were not large

variations in carbon utilization or silicon yield. Consumption time depended on

effective transport; faster transport led to slower reactions as more gas escaped. For

small Da and large Pe, transport was very slow compared to reactions, leading to

short consumption times. The maximum pressure depended more strongly on Da

than Pe, with lower Da causing higher pressures due to reduced transport. Within

the CSiO–CCO2 plane, there were O(1) variations in carbon utilization and silicon yield,

both of which depended more strongly on CSiO than on CCO2 . Smaller CSiO led to higher

carbon utilization and silicon yield, and increasing CCO2 also increased silicon yield,

but to a lesser extent. For small CSiO and CCO2 , both the silicon carbide and Boudouard

reactions were fast, leading to a self-sustaining system with very fast reactions and

the smallest consumption time. For large CSiO and CCO2 , the system depended on the

inlet carbon monoxide and the consumption time was much longer. Similarly, for the

maximum pressure, small CSiO and CCO2 resulted in the largest maximum pressure due

to the reactions being fastest here, while both CSiO and CCO2 being large resulted in

the smallest maximum pressure. For the Da–χ plane, both carbon utilization and

silicon yield depended more strongly on χ than on Da. For small χ, the gas could

not escape the crucible, leading to fast reactions and high maximum pressure. The

scaled consumption time increased with both Da and χ, as increasing transport and

flux at the top of the pellets slowed the process.

Elkem ASA aims to maximize silicon yield while maintaining safe pressures. From

the parameter sweeps, several key trends emerged. To maintain safe pressures, the

Damköhler number Da should be large, the Péclet number Pe should be small, and

the carbon monoxide concentration ratio CCO should be large. For good silicon yield,

the silicon monoxide concentration ratio CSiO should be small. Increasing Da can be

achieved by increasing the initial radius of the quartz or decreasing the initial bed

height. Decreasing Pe can be accomplished by reducing the permeability κ, though

this may lead to higher pressures. The requirement to decrease CSiO while increasing

CCO can be interpreted as maximizing the rate of the silicon carbide reaction while

minimizing the rate of the Boudouard reaction. However, in practice, reaction rates

are difficult to control, making this challenging to implement. Due to nonlinear

interactions and complex dependencies, these general principles may not necessarily

lead to an optimal solution. Therefore, further investigation is required.

Looking ahead to Chapter 4, our focus will shift to identifying strategies to control

the maximum pressure while maximizing silicon yield. Given that excessive pressure
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poses a significant risk to the structural integrity of the crucible, particularly in the

more extreme cases, optimization is critical in finding solutions that balance gas

production and gas pressure.
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Chapter 4

Optimization of the multiphase

model

We have developed a multiphase model for silicon carbide production and conducted

initial parameter sweeps to understand the general impact of the parameters on the

silicon yield and carbon utilization. The next step is to refine and optimize this pro-

cess to maximize silicon yield. Pressure plays a significant role in the process, and

will be considered in the optimization. Although our current focus is on maximizing

silicon yield, our optimization methods are flexible enough to accommodate other ob-

jectives, such as chemical selectivity, should they become priorities in future work. In

Section 4.1, we introduce optimization techniques, focusing on derivative-free meth-

ods, which are particularly suited to our problem. These include direct search meth-

ods such as DIRECT [137] and DIRECT-L [138], as well as model-based approaches

like BOBYQA [139]. This section sets the stage for the optimization strategies we

employ. In Section 4.2, we delve into the specific objective and optimization method

we implement, with a discussion on constraining pressure to acceptable levels. In Sec-

tion 4.3, we examine two examples in detail, one where we do not allow the maximum

pressure to exceed 3.0, and one where we do not let it exceed 1.2. Additionally, we

conduct stability analysis to identify the most influential model parameters, provid-

ing insights into which aspects of the system are most critical to achieving optimal

results. In Section 4.4, we shift the focus toward understanding the effects of dimen-

sional parameters. We specifically investigate the initial height of the bed of pellets,

the permeability of the pellet bed, and the mass transfer coefficient at the top of

the bed of pellets. We also explore prescribing a fixed dimensional duration for the

experiment rather than allowing it to run to completion. Finally, in Section 4.5, we

summarize the findings from our optimization efforts and provide conclusions on the
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overall effectiveness of the model.

4.1 Introduction

Derivative-based and derivative-free methods are the two primary classes of meth-

ods in optimization [140]. Derivative-based methods rely on accurate calculations

of the objective function and its derivatives. The derivatives play a critical role in

determining search directions and deciding when to terminate the optimization pro-

cess [141]. Methods like analytic differentiation [142], where derivatives are computed

manually based on an analytic form of the objective function, or algorithmic differ-

entiation [142], which automates this process symbolically, are common approaches.

However, these methods require access to the objective’s analytic form or the ability

to differentiate the code, which is impractical for our scenario. ForwardDiff.jl [143]

provides automatic differentiation for native Julia functions. However, this is not

compatible with SUNDIALS, which is not written in Julia. An alternative is to ap-

proximate the derivatives by finite differences [144]. However, this requires d + 1

evaluations for forward (or backward) differences and 2d evaluations for central dif-

ference, for a d dimensional space. Methods that use high-order derivatives, such

as Newton’s method, require even more objective evaluations. In the finite differ-

ences case, derivative-based methods are impractical for large dimensionality or very

expensive objective calculations.

Given that our model is costly to evaluate accurately and might involve (nu-

merical) noise, derivative-free optimization methods are more suitable [141]. These

methods operate without requiring derivative information, making them robust for

scenarios where the objective function is treated as a black box. Our parameter space

has relatively low dimensionality, and the objective is smooth but expensive to com-

pute, aligning well with the strengths of derivative-free optimization techniques [141].

Derivative-free optimization methods have a wide range of applications in mathemat-

ics, physics, engineering, chemistry, computer science, economics, and finance [140,

141, 145–152].

For our optimization strategy, we will start with a global direct search method

to explore the full parameter space and identify the general vicinity of the optimal

solution. Direct search methods are known for their global exploration capabili-

ties, making them suitable for our initial phase. Once we have identified the most

promising region or neighbourhood of the parameter space, we will transition to a

model-based local optimization method.
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(a) First iteration. (b) Second iteration. (c) Third iteration.

Figure 4.1: Shubert’s algorithm. A function (purple line) is approximated (green dashed
line) from below by piecewise linear functions with slope ±K, where K is a Lipschitz
constant of the function. (a) In the first iteration, the function is evaluated at the endpoints
and the approximation is built. (b), (c) In subsequent iterations, the function is evaluated
at a minimum of the approximation and the approximation is refined.

4.1.1 Direct search methods

We first introduce Shubert’s method so that we can build up to the DIRECT algo-

rithm. Shubert’s method [153], is used for the global minimization of a univariate

continuous function f over a bounded interval [a, b]. This method assumes that f is

Lipschitz continuous so that for all x, x′ ∈ [a, b] we have that

|f(x)− f(x′)| ≤ K|x− x′|. (4.1)

Alternatively, for our purposes we assume the derivative of the function satisfies

f ′(x) ≤ K (4.2)

for all x ∈ [a, b]. Additionally, we assume that some upper bound on K is known.

Shubert’s method iteratively refines a piecewise linear lower bound for f , where

each segment has a slope of ±K. The algorithm begins by evaluating f(a) and f(b).

Based on the Lipschitz condition (4.1) we know that for all x ∈ [a, b]

f(x) ≥ f(a)−K(x− a), (4.3)

f(x) ≥ f(b) +K(x− b), (4.4)

which gives lines of slope ±K passing through the points (a, f(a)) and (b, f(b)). These

lines are used to form the initial piecewise approximation, as shown in Figure 4.1a.

Next, we find the minimum of this piecewise approximation and evaluate the function
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at this point. Using this new value, the approximation is updated by applying the

same procedure. More specifically, for the minimum point c from the first iteration,

we impose

f(x) ≥ f(c)−K(x− c) for x ≥ c, (4.5)

f(x) ≥ f(c) +K(x− c) for x ≤ c, (4.6)

resulting in a ‘W’-shaped approximation, as depicted in Figure 4.1b. If there are

multiple minima in the approximation, one is chosen at random for the next step.

This iterative process continues (Figure 4.1c), and after several iterations we ap-

proach the true minimum of the function. Additionally, notice that the sum of (4.3)

and (4.4) evaluated at the midpoint gives

f(ci) ≥
1

2
(f(bi) + f(ai))−

K

2
(bi − ai), (4.7)

for any interval [ai, bi] with midpoint ci. The first term of the right-hand side favours

intervals with good function evaluations (leading to local searching), while the second

term favours small intervals or large values of K (leading to global searching). Thus,

the Lipschitz constantK acts as a balancing factor between local and global searching,

with larger K skewing the method toward global exploration.

Shubert’s method and similar Lipschitz-based methods have three considerable

drawbacks. First, estimating the Lipschitz constant K can be challenging, as it often

cannot be easily computed. In many applications, the objective function might be

based on time-consuming simulations or large finite element computations, making

K difficult to determine. Second, the speed of convergence is often slow. In practice,

the Lipschitz constant is typically large, either due to the nature of the objective or

because it must be chosen as an upper bound on the derivative, which can significantly

slow the algorithm’s progress. Third, the computational complexity increases rapidly

with dimensionality. In the initialization phase, we must evaluate the objective at

the endpoints of the interval. While this is manageable in one or a few dimensions,

for an d-dimensional problem, we must evaluate the objective 2d times before we

can begin, which becomes impractical for high-dimensional problems or expensive

objective functions.

The DIRECT (DIviding RECTangles) algorithm, developed in 1993 by Jones,

Perttunen, and Stuckman [137], is a deterministic global optimization method de-

signed to alleviate the issues with Shubert’s method. First, with regard to large
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values of K, the DIRECT algorithm simultaneously searches using all possible values

of K, as we will explain in more detail shortly. Second, DIRECT adapts the search

process by dynamically balancing global exploration and local exploitation, ensuring

that the algorithm converges efficiently. Third, regarding complexity, instead of eval-

uating the objective at the endpoints of intervals as in Shubert’s method, DIRECT

evaluates the objective at the midpoints of hyper-rectangles (generalizations of rect-

angles in higher dimensions). This significantly reduces the computational burden

in higher dimensions, as any hyper-rectangle has a single centre point, regardless of

dimensionality. An additional advantage of the DIRECT algorithm over other direct

search methods is that it only requires the specification of one hyperparameter. DI-

RECT is known to be insensitive to this value, making the method robust and easy

to apply in practice [137].

We now describe the DIRECT algorithm in one dimension in detail. In Figure 4.2,

we illustrate the first few iterations of DIRECT. We initialize by evaluating the ob-

jective function at the midpoint of the initial interval. In the first iteration, we divide

the interval into three equal sub-intervals, where the original midpoint becomes the

centre of the middle sub-interval. The objective function is then evaluated at the mid-

points of the two newly created intervals (Figure 4.2a, top). Next, for each interval,

we plot a point corresponding to the width of the interval and the objective value at

the midpoint (Figure 4.2a, bottom). In the first iteration all three intervals have the

same length, and so the points are vertically aligned. Using this plot, we determine

the ‘potentially optimal’ intervals by identifying the convex hull1. Any point on the

boundary of the convex hull is potentially optimal. We divide each potentially opti-

mal interval into three smaller intervals, repeating the above process. In our example,

the only potentially optimal interval in the first iteration is the rightmost one. We

divide this region into three smaller sub-intervals, compute the objective at the two

new midpoints, and update the plot (Figure 4.2b).

We continue by identifying the potentially optimal intervals based on the updated

convex hull (Figure 4.2b, bottom) and repeat the process. In the third iteration,

shown in Figure 4.2c, we divide the two potentially optimal intervals from the second

iteration, compute the objective at their midpoints, and update the convex hull plot

accordingly. This results in identifying three potentially optimal intervals after the

third iteration, and we proceed by repeating the division and evaluation steps itera-

tively, refining our search for the global minimum. In the first few iterations of our

1The convex hull of a set of points is the smallest convex shape that encloses the set of points,
for example, see [154].
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Figure 4.2: DIRECT algorithm. (a) In the first iteration, the interval is divided into three
sub-intervals (top, white and yellow stripes) and the function (top, purple line) is evaluated
at the midpoints (top, green dots). Interval size–function value pairs are recorded (bottom,
purple crosses). (b) In the second iteration, the interval that contains the best function value
is divided into three sub-intervals, and the function is evaluated at the two new midpoints.
The interval size–function value pairs are updated, and the convex hull (bottom, purple
dashed line) is computed. (c) In subsequent iterations, any interval size–function value
pair on the boundary of the convex hull, and thus is potentially optimal (top, stars), is
sub-divided by the same method as the second iteration.

simple example, the points forming the convex hull correspond to the best function

evaluation for a particular interval size. However, this relationship does not hold

in general.

The slope of a line on the plot of function evaluation versus interval size corre-

sponds to a Lipschitz constant. We consider two cases: for large K, the best strategy

is to search near the top right point, which corresponds to the largest interval. Despite

having the worst objective value, the large interval size, along with large K, means

the minimum may be in this interval. In this case, the large K may compensate for

the difference in objective value caused by the wider interval. Large K biases us to

search large intervals. Conversely, for small K, the top right point cannot contain

a potential minimum because the objective value is too large. Thus, we focus on

searching intervals with low objective values, prioritizing those with smaller sizes.
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Small K biases us to search small intervals. This relationship between K and global

versus local searching is further emphasized by DIRECT’s adaptive search method.

In DIRECT, by constructing the convex hull, we effectively search across all relevant

values of K in each iteration, given the current state. The convex hull helps us de-

termine the critical K values. In the third iteration of our example, for large K, the

top right point is the best candidate for further search; for very small K, the bottom

left point is preferred; and for intermediate K values, the bottom middle point is

optimal. Since DIRECT does not require explicit knowledge of K, it searches in all

three intervals corresponding to these points.

For generalization to higher dimensions, refer to [137]. In higher-dimensional

spaces, DIRECT generalizes to using hyper-rectangles. Moreover, DIRECT is guar-

anteed to converge to the global minimum of continuous functions in d dimensions.

As the number of iterations approaches infinity, each (hyper-)rectangle is subdivided

an infinite number of times, ensuring that the entire search space is explored. In this

way, the points evaluated form a dense subset of the original hyper-rectangle.

DIRECT-L [138] is a variation of the DIRECT algorithm that introduces a local

search component to improve convergence speed, particularly in the final stages of

optimization. While DIRECT is primarily focused on global exploration, DIRECT-L

modifies the division strategy to emphasize local search more heavily once promising

regions are identified. This is achieved by adjusting the selection of hyper-rectangles

for further division, giving preference to those that show greater potential for con-

taining the optimum. By doing so, DIRECT-L can often converge more quickly to

the global optimum compared to the original DIRECT algorithm, especially in low

dimensionality problems or where the landscape of the objective function has few

local minima or is smooth.

Both DIRECT and DIRECT-L are widely used in practical optimization problems

due to their robustness and ability to handle complex objective functions. They are

particularly well-suited for applications in engineering and fields where the objective

function may be difficult or expensive to evaluate. Direct search methods provide

a reliable means of finding global optima without requiring derivative information,

making them versatile tools in the optimization toolkit. However, in general, model-

based methods are more efficient than direct search methods, particularly when the

objective is smooth [141].
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(a) Model. (b) Evaluate candidate step. (c) Update model.

Figure 4.3: One iteration of a model-based derivative-free optimization method. (a) Objec-
tive we wish to minimize (purple line), previous objective evaluations (red points), current
model of objective (green dashed line), candidate, or trust, interval (yellow shading). (b)
Minimum of model within candidate region (green point), and objective evaluation at the
minimizer (blue). (c) Recompute model and new candidate region.

4.1.2 Model-based methods

Model-based optimization methods, such as BOBYQA (Bound Optimization BY

Quadratic Approximation) [139], are designed to handle complex and expensive-to-

evaluate objective functions by creating a model of the objective function. This model

is computationally cheap to evaluate and is iteratively refined based on evaluations

of the actual objective function. BOBYQA, developed in 2009 by Powell [139], con-

structs and updates a quadratic model of the objective function within a trust region

framework. We show an example iteration of BOBYQA in Figure 4.3. At each it-

eration, it optimizes the quadratic model within the trust region (Figure 4.3b) to

propose new evaluation points. The trust region is adjusted according to the model’s

predictive accuracy, and the quadratic model is updated accordingly (Figure 4.3c).

This process continues until convergence criteria are met. BOBYQA is inherently a

local optimization method, and therefore, the optimum found depends on the initial

point. Although model-based methods are more efficient, their usability are limited

by having good initial guesses of the optimum.

4.2 Optimization method

In the following analysis we maximize the objective function

f = YSiC(t
∗)− Λ

(
ramp

(
max
z, t

P − Ppen

))2

, (4.8)
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Table 4.1: Parameters, their descriptions, lower bound, and upper bound used for optimiza-
tion.

Param. Description Lower bound Upper bound

Da Damköhler number 10 1000

Pe Péclet number 1 1000

χ Dimensionless mass transfer coefficient 10 3000

CSiO Silicon monoxide concentration ratio 0.01 100

CCO2 Carbon dioxide concentration ratio 0.01 100

which depends on the parameters in Table 3.2. Here, YSiC(t
∗) is the silicon yield

given by (3.177), at the quartz consumption time t∗, and the second term penalizes

a maximum pressure over Ppen, where

ramp(x) = max{x, 0} (4.9)

is the ramp function, and Λ is the coefficient of the penalization. We take the square

of the ramp term so that f is everywhere differentiable. Although we use derivative-

free methods, it is still beneficial to have a differentiable objective, particularly for a

model-based method. In all of our analysis, for simplicity, we take Λ = 1.

We optimize the objective function over the five parameters Da, Pe, χ, CSiO, and

CCO2 within the bounds given in Table 4.1. Since we are interested in optimizing over a

wide range of parameter values we employ a two-step hybrid method. We start with

DIRECT-L allowing for a global exploration to identify the neighbourhood of the

global optimum. Once this promising region is found, we switch to BOBYQA lever-

aging its more efficient local search capabilities to quickly converge to the optimum.

We optimize with respect to the log of the parameters in the first phase since we al-

low the parameters to vary by multiple orders of magnitude. This modification helps

the solver find the optimal neighbourhood more quickly than if using the parameters

themselves (owing to the linear dividing in DIRECT). As we saw in the parameter

sweeps in Chapter 3, O(1) variations in the silicon yield typically required O(100)

variations in the parameters. In the second, local, phase we optimize with respect to

the parameters themselves. In this phase, we are more interested in the local land-

scape, and the size of the bounds do not effect BOBYQA’s behaviour. Practically, we

conduct the optimization by calling the NLOpt (non-linear optimization) library [155]

from within Julia. We specify an objective tolerance of 10−4 for DIRECT-L in the
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first phase, and a tolerance of 10−5 for BOBYQA in the second phase.

4.3 Results

We recall from the parameter sweeps in Chapter 3 that the silicon yield is typically

very flat within the parameter space. The silicon yield may only vary by a few percent

as the parameters vary by orders of magnitude. The flatness within the parameter

space will be further intensified as we examine the local neighbourhood around an

optimum point.

We apply the method described in the previous section, with a penalty pressure

of Ppen = 3.0. We find that the optimal value of f is 0.9961, which is achieved for

Da = 37.6, Pe = 907.7, χ = 632.2, CSiO = 0.01, CCO2 = 95.2, and takes about 4 hours

on a standard desktop computer. We note that we report the optimal objective value

to more significant figures than is physical or that can be determined by our model.

A laboratory-scale experiment could not be constructed with the accuracy in the

parameters or silicon yield needed to achieve four significant figures. Furthermore,

since we use a macroscale multiphase model there are higher-order corrections terms

in δ that we have not accounted for. Finally, the accuracy of this number is dependent

on the spacial discretization and tolerance used for the model solution.

Here, the silicon carbide reaction is the fastest (CSiO ≪ 1), while the Boudouard

reaction is the slowest (CCO2 ≫ 1). The rapid silicon carbide reaction ensures a high

silicon yield. Any silicon monoxide produced reacts quickly with carbon to form sil-

icon carbide. Conversely, the slow Boudouard reaction helps maintain a reasonable

maximum pressure. We show the time evolution in Figure 4.4. Similar to earlier

examples, the three solid volume fractions exhibit comparable profiles to each other.

We also observe a sharp boundary layer at the top of the particle bed. Silicon monox-

ide and carbon dioxide have similar profiles and time evolutions. Carbon monoxide

reacts with quartz and as the quartz is consumed the carbon monoxide is transported

farther up the crucible. We achieve a silicon yield of 99.61% at the quartz consump-

tion time since the silicon carbide reaction is significantly faster than the other two

reactions. The final carbon utilization is around 60%. The slow Boudouard reaction

makes it almost negligible, meaning almost all reacted carbon forms silicon carbide.

Thus, the mole ratio of carbon to quartz is effectively 2 : 1 instead of 3 : 1 as in the

net reaction (1.9). Since we started with an excess carbon to quartz ratio of 3.5 : 1,

we expect to react 4/7, or about 57.1%, of the carbon. Our simulation shows a carbon

utilization of 58.5%, slightly higher because of the Boudouard reaction. The pressure
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Figure 4.4: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59),
(3.62), (3.63), and (3.76). Parameter values taken from Table 3.2, except we take Da = 37.6,
Pe = 907.7, χ = 632.2, CSiO = 0.01, and CCO2 = 95.2, the optimal values when Ppen = 3.0.
Lines in (a)–(f) are plotted for t = 0.0, 5.93, 11.86, 17.78, 23.71, 29.64, 35.57.
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quickly spikes to a maximum of 2.932, just below our limit of 3.0, and then steadily

decreases back to the equilibrium pressure of 1.0.

We now examine the sensitivity of the objective around the optimum with re-

spect to the parameters. We recall from the parameter sweeps, the silicon yield is

most impacted by CSiO, with the silicon yield increasing as CSiO decreases. We nu-

merically compute the Hessian around the optimum point found. This requires 51

model evaluations2, and takes about 5 hours. The Hessian matrix provides a measure

of sensitivity since its elements are second-order partial derivatives of the objective

function with respect to the parameters. We find that the Hessian is

H =

−4.50 · 10−4 −2.30 · 10−6 −3.52 · 10−6 −4.86 · 10−3 −2.93 · 10−5

−2.30 · 10−6 −1.00 · 10−6 3.03 · 10−8 1.46 · 10−6 4.88 · 10−7

−3.53 · 10−6 3.03 · 10−8 −1.03 · 10−6 −5.93 · 10−6 −8.37 · 10−7

−4.86 · 10−3 1.46 · 10−6 −5.93 · 10−6 5.43 −7.88 · 10−5

−2.93 · 10−5 4.88 · 10−7 −8.37 · 10−7 −7.88 · 10−5 −3.98 · 10−5


.

(4.10)

The eigenvectors of the Hessian indicate the principal directions in which the objective

function is most sensitive, helping us understand how changes in parameters affect

the silicon yield. The eigenvalues of H are

λ1 = 5.43,

λ2 = −4.56 · 10−4,

λ3 = −3.78 · 10−5,

λ4 = −1.02 · 10−6,

λ5 = −9.47 · 10−7,

(4.11)

2Numerically computing the Hessian with central differences requires 2d2 + 1 evaluations for a d
dimensional Hessian.
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with eigenvectors

V =



0.000896 −1.00 −0.0703 −0.000965 0.00909

−2.69 · 10−7 −0.00496 −0.0177 −0.656 −0.751

1.09 · 10−6 −0.00786 0.0160 0.751 −0.660

−1.00 −0.0008943 −4.85 · 10−5 −2.12 · 10−7 7.59 · 10−6

1.45 · 10−5 −0.0703 1.00 −0.02378 −0.00208


. (4.12)

There is some degree of numerical noise in the computation of the Hessian matrix,

which also affects the eigenvalues and eigenvectors obtained from the analysis. In a

perfect world, λi = 0 since we sought a maximum. However, four of the eigenvalues are

small in magnitude and negative, while the final eigenvalue is 5.43. The eigenvector

associated with λ1 = 5.43 suggests decreasing CSiO to improve the objective. However,

the optimum point found has CSiO = 0.01, which is the lower bound we supplied

(Table 4.1). Therefore, we are at the maximum objective within the bounds.

We will now further investigate the silicon yield, objective value, and maximum

pressure around this optimum point. Specifically, we will examine the effects of

each of the five parameters on these metrics, providing insight into how variations in

parameter values influence the system’s performance.

We note that by computing the Hessian and considering the following parame-

ter sweeps, we gain additional insights into the objective function. However, these

additional calculations are computationally expensive. While we could marginally

refine and improve the objective value found by the solver, the gains we would realize

are within the prescribed tolerance of the solver. Of course, tightening these toler-

ances could further improve the solution, but this would come at the cost of increased

computation time both in the number of iterations of the optimization as well as tight-

ening the tolerance of the model. We note that numerically computing the Hessian

took a comparable amount of computational time as the entire optimization process.

We begin by examining the effect of Da, as shown in Figure 4.5. For values

of Da less than 37.6 (indicated by the square), the objective function (dashed line)

decreases due to the maximum pressure exceeding our penalty threshold of 3.0. From

the plot, it is evident that decreasing Da slightly increases the silicon yield, as the

current maximum pressure at Da = 37.6 is 2.932, allowing for a slight improvement

in the objective value. This behaviour is also reflected in the second column of the

eigenvector matrix V . The second most significant eigen-direction corresponds to a
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Figure 4.5: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Pe = 907.7, χ = 632.2, CSiO = 0.01, and CCO2 = 95.2. The teal square
denotes the optimal point found for Ppen = 3.0.
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Figure 4.6: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 37.6, χ = 632.2, CSiO = 0.01, and CCO2 = 95.2. The teal square denotes
the optimal point found for Ppen = 3.0.

decrease in Da, indicating its importance in optimizing the system. However, the

impact of this direction is relatively small, as indicated by the magnitude of the

corresponding eigenvalue, λ2 = −4.56 × 10−4. We re-emphasize that this marginal

increase in the silicon yield is within the tolerance of the optimization and would not

be measurable in a laboratory.

In Figure 4.6, we show the results for Pe. Here, we find that the maximum pressure

over the interval 600 ≤ Pe ≤ 1200 does not exceed the penalty threshold of 3.0. As a

result, the silicon yield and the objective function are equal across this interval. The

dependence of pressure on Pe is weak, with the maximum pressure varying by only
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Figure 4.7: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 37.6, Pe = 907.7, CSiO = 0.01, and CCO2 = 95.2. The teal square
denotes the optimal point found for Ppen = 3.0.

about 0.2% over a factor of 2 in Pe. This weak dependence is consistent with our

earlier findings during parameter sweeps. Increasing Pe up to the specified limit of

1000 would lead to a slight increase in the objective value, but only by approximately

10−5. This small effect is further reflected in the eigenvalues of H, which are on

the order of 10−6, indicating that Pe has minimal impact on the objective in this

neighbourhood.

In Figure 4.7, we show the effect of varying χ. From the plot, it appears that

decreasing χ improves the objective value. The optimal value seems to be around

χ ≈ 500, rather than χ = 632.2 found by the solver. However, similar to what we

observed with Pe, the variation in the objective with respect to χ is small. Changes

in χ have only a marginal effect on the overall optimization.

In Figure 4.8, we show the results for CSiO. As observed in the parameter sweeps

and confirmed by the Hessian’s eigenvectors, CSiO is the most impactful parameter

on the silicon yield. The solver found a value of CSiO = 0.01, which was the lower

bound provided. The first column of the eigenvector matrix V , associated with the

largest eigenvalue, indicates that decreasing CSiO would further improve the objective.

Indeed, we observe that the objective increases as CSiO is reduced below the lower

bound, suggesting that a smaller value for CSiO leads to even better performance.

In Figure 4.9, we show the results for CCO2 . Once again, the solver returns a

value close to the provided bound, in this case, CCO2 = 95.2, compared to the upper

bound of CCO2 = 100. From the parameter sweeps, we observed that CCO2 had a

significant impact on the maximum pressure, which is also evident here. Interestingly,
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Figure 4.8: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 37.6, Pe = 907.7, χ = 632.2, and CCO2 = 95.2. The teal square denotes
the optimal point found for Ppen = 3.0.
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Figure 4.9: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 37.6, Pe = 907.7, χ = 632.2, and CSiO = 0.01. The teal square denotes
the optimal point found for Ppen = 3.0.

the feasible interval where the maximum pressure remains below 3.0 is narrow. For

values of CCO2 ≲ 80, the maximum pressure exceeds the penalty pressure of 3.0.

We also find that the objective increases as CCO2 approaches and surpasses 100, as

indicated by the third column of V . However, similar to Da, Pe, and χ, the magnitude

of the associated eigenvalue is small, suggesting that while CCO2 impacts the objective,

its influence is not as strong as CSiO.

These findings provide further evidence of the general trends we observed during

the parameter sweeps are perhaps more relevant since they are centred around an

optimal point. While we saw trends indicating marginal gains in the objective value,
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we cannot necessarily apply all these trends simultaneously, particularly due to the

interplay between Pe and χ, as demonstrated by the final two columns of V .

We repeat our optimization procedure with a penalty pressure Ppen = 1.2. We

find that the optimized parameter values are Da = 916.8, Pe = 1.0, χ = 143.1,

CSiO = 0.01, and CCO2 = 100.0. With these parameters, we obtained a silicon yield

of 0.9941 and a maximum pressure of 1.203. We note again that the accuracy of

the objective value is not physical. The solution with these parameters is plotted

in Figure 4.10. The dynamics in this case are nearly uniform in space due to fast

diffusion. The gas concentrations are small because of the low CSiO and high CCO2 .

The silicon carbide reaction proceeds rapidly, while the Boudouard reaction is slow.

This slow Boudouard reaction results in a low maximum pressure, as we observed

previously. Since the Boudouard reaction is negligible, again the effective carbon-

to-quartz ratio is approximately 2 : 1. Given that we supplied a 3.5 : 1 ratio, we

expect to consume roughly 4/7 = 0.5714 of the carbon. At the end of the simulation,

0.5749 of the carbon had been consumed, which is in line with this expectation. The

maximum pressure quickly reaches 1.203 before decaying back to 1.0 over time.

The Hessian at the optimal point found by the solver is given by

H =

−4.59 · 10−9 1.93 · 10−6 −3.32 · 10−7 −3.57 · 10−5 −8.00 · 10−8

1.93 · 10−6 −0.000830 0.000150 0.0186 3.62 · 10−5

−3.32 · 10−7 0.000150 −2.76 · 10−5 −0.00471 −6.61 · 10−6

−3.57 · 10−5 0.0186 −0.00471 0.365 −0.000543

−8.00 · 10−8 3.62 · 10−5 −6.61 · 10−6 −0.000543 −1.69 · 10−6


.

(4.13)

The eigenvalues of H are

λ1 = 0.366,

λ2 = −0.00186,

λ3 = −2.87 · 10−6,

λ4 = −1.46 · 10−7,

λ5 = 3.71 · 10−10,

(4.14)
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Figure 4.10: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–
(3.59), (3.62), (3.63), and (3.76). Parameter values taken from Table 3.2, ex-
cept we take Da = 916.8, Pe = 1.0, χ = 143.1, CSiO = 0.01, and CCO2 =
100.0, the optimal values when Ppen = 1.2. Lines in (a)–(f) are plotted for t =
0.0, 31.27, 62.55, 93.82, 125.10, 156.38, 187.65, 218.92, 250.20.
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Figure 4.11: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Pe = 1.0, χ = 143.1, CSiO = 0.01, and CCO2 = 100.0. The teal square denotes
the optimal point found for Ppen = 1.2.

with associated eigenvectors

V =



9.72 · 10−5 −0.00206 0.0104 −0.0404 1.00

−0.0506 0.975 −0.207 0.0657 0.00683

0.0128 −0.214 −0.967 0.138 0.0152

−0.990 −0.0522 −0.00171 −0.000101 3.44 · 10−6

0.00148 −0.0350 0.149 0.987 0.0383


. (4.15)

Once again, we observe that only one eigenvalue is non-negligible. This eigenvalue is

associated with decreasing CSiO. We note for the optimal solution found, CSiO is the

lower boundary (Table 4.1), and so we cannot reduce it further.

Once again, we examine the plots of the silicon yield, objective function, and

maximum pressure as we vary the five parameters around the optimum point identified

by the solver.

Beginning with Da, in Figure 4.11, we observe that the silicon yield, objective, and

maximum pressure are all relatively uniform across the parameter range. Visually,

the objective could be slightly improved by increasing Da, although the improvement

would be minimal, on the order of 10−5. Increasing Da would lead to a decrease in

silicon yield, but it would also reduce the maximum pressure, which in turn improves

the objective. This behaviour is reflected in the final column of the eigenvector matrix

V , where a slight increase in the objective is indicated by a small magnitude for the

corresponding eigenvalue λ2 = −0.00186. This suggests that while increasing Da
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Figure 4.12: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 916.8, χ = 143.1, CSiO = 0.01, and CCO2 = 100.0. The teal square
denotes the optimal point found for Ppen = 1.2.
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Figure 4.13: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 916.8, Pe = 1.0, CSiO = 0.01, and CCO2 = 100.0. The teal square
denotes the optimal point found for Ppen = 1.2.

could enhance the objective, the overall impact would be minor.

In Figure 4.12 we show the results when we vary Pe. The solver finds a value

of Pe = 1.0, equal to the minimum bound we set. For all relevant values of Pe the

maximum pressure is greater than 1.2. Decreasing Pe farther would improve the

objective, but as before, this would also decrease the silicon yield. However, the

variations in the objective are small, on the order of 10−5, indicating only a marginal

improvement by varying Pe.

In Figure 4.13 we show the results when we vary χ. It appears that the solver

has identified the optimal point for this parameter. Increasing χ results in a decrease
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Figure 4.14: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 916.8, Pe = 1.0, χ = 143.1, and CCO2 = 100.0. The teal square denotes
the optimal point found for Ppen = 1.2.

in the silicon yield, while decreasing χ leads to an increase in the pressure, which in

turn decreases the objective function. Thus, adjusting χ in either direction from this

point negatively affects the objective.

We show in Figure 4.14 the results when we vary CSiO. As with previous cases,

CSiO is the most impactful parameter on both the silicon yield and the objective.

The eigenvector associated with the largest eigenvalue suggests that decreasing CSiO

improves the objective function. Indeed, we observe that the objective increases as

CSiO decreases below 0.01. However, this value is the lower bound we provided to the

solver, so we do not explore beyond this point, limiting further improvements to the

objective in this direction.

Finally, in Figure 4.15 we show the results when we vary CCO2 . Once again, the

solver finds the upper bound, returning CCO2 = 100.0. The silicon yield remains rela-

tively flat as we vary CCO2 , but there is a noticeable effect on the maximum pressure.

Similar to the previous example with a penalty pressure of 3.0, we observe a narrow

range of CCO2 values for which the maximum pressure is below 1.2. Additionally,

the objective function experiences a small increase as CCO2 exceeds 100, as indicated

by the fourth column of V . However, as with Da, Pe, and χ the magnitude of the

associated eigenvalue is small, suggesting that the impact of further increasing CCO2

is relatively limited.

For a penalty pressure of 3.0, we found that Pe and CCO2 are large and CSiO is

small. However, only CSiO actually reaches the boundary in this case (Table 4.1).

From additional parameter sweeps, it was clear that both Pe and CCO2 would prefer
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Figure 4.15: (a) Silicon yield at the quartz consumption time and objective, given by (3.177)
and (4.8), respectively, and (b) maximum pressure. Parameter values taken from Table 3.2,
except we take Da = 916.8, Pe = 1.0, χ = 143.1, and CSiO = 0.01. The teal square denotes
the optimal point found for Ppen = 1.2.

to be as large as possible, even though they do not hit their bounds in this case. For

the lower penalty pressure of 1.2, the same three parameters sat at the boundaries

of the optimization. However, in this case, Pe is minimized, which is surprising. In

both penalty pressure cases, Da and χ are internally optimized, and do not reach the

boundaries of their respective parameter ranges.

4.4 Dimensional optimization

In the previous section, the connection between dimensional quantities and the di-

mensionless parameter set was not clearly defined. The relationship between them is

nonlinear and not a bijection, making the inverse mapping somewhat ill-defined. To

address this, we conduct parameter sweeps over some of the dimensional quantities.

We treat the dimensionless parameters Pe, χ, CSiO, and CCO2 as independent vari-

ables in our model. The Damköhler number Da is then determined by

Da =
Γ

H0θ
χ, (4.16)

which relates Da and χ by the dimensional parameters H0 and θ, and we introduce

Γ = κPatm/µ. A taller pellet bed, H0, may lead to more pronounced concentration

gradients and longer reaction times due to increased mass and length. The mass

transfer coefficient θ at the top of the bed affects the efficiency of gas escape. Higher

θ values give better mass transfer, potentially reducing the maximum pressure and
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influencing the reaction rate. The additional parameter Γ reflects how easily gas

advects through the pellet bed. Higher permeability facilitates better gas advection,

affecting pressure distribution. The permeability is not precisely known, and so Γ

acts a proxy for the permeability.

To better compare our results with laboratory-scale experiments, we run simu-

lations for a fixed dimensional time rather than until all the quartz has reacted as

we have done previously. This approach helps identify transient behaviours and re-

action progress over a specified period, as is done industrially. The timescale in the

dimensionless setup is ambiguous as we vary the parameters, and could range from

seconds to days. By fixing the dimensional time, we can better interpret the results

and their practical implications. The maximum dimensionless time, tmax, can then

be computed as

tmax =
Da θ2

χ2Γ
tdimmax, (4.17)

where tdimmax is the maximum dimensional time, which we set to 1 hour.

We first consider the case where H0 = 3 m, Γ = 1.0 m2/s, θ = 10.0 m/s, and

Ppen = 3.0. We find a final silicon yield of 0.7941, a maximum pressure of 3.151, and

an objective of 0.7714. We find that the optimal set of parameters is Da = 30.9 (by

(4.16)), Pe = 206.4, χ = 940.6, CSiO = 0.034, and CCO2 = 99.6. The resulting time

evolution is shown in Figure 4.16. Generally, the time evolution is similar to Figure 4.4

up to t ≈ 12. Each of Da, CSiO, and CCO2 have similar values as in Figure 4.4, and

we have seen that Pe and χ are less impactful on the overall dynamics. Of course,

in this case we stop the simulation after 1 hour, whereas in Figure 4.4 we simulated

until the quartz was fully consumed.

To better understand the effects of the dimensional parameters on the system’s

behaviour, we perform parameter sweeps over H0, Γ, and θ. We show the results3 for

a penalty pressure of Ppen = 3.0 in Figure 4.17. For each line within the sub-plots we

fix Γ and θ, while we vary H0. We then repeat this, fixing a new θ, and again varying

H0 to obtain the additional lines. We then repeat this process in the other sub-plots

for three more values of Γ.

We observe that increasing the height of the pellet bed leads to a decrease in

the optimal objective value. This result is due to two effects. First, with more

material to react and a fixed reaction time, the percentage of conversion decreases.

3Again, each point requires ∼ 4 hours of CPU time. Figure 4.17 contains 21×4×4 = 336 points,
and takes ∼ 1350 CPU hours of computation.
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Figure 4.16: Graphs of the numerical solution of (3.6), (3.17), (3.51)–(3.55), (3.57)–(3.59),
(3.62), (3.63), and (3.76). Parameter values taken from Table 3.2, except we take Da = 30.9
(by (4.16)), Pe = 206.4, χ = 940.6, CSiO = 0.034, and CCO2 = 99.6, the optimal parameters
for H0 = 3 m, Γ = 1.0 m2/s, θ = 10.0 m/s, and Ppen = 3.0. Lines in (a)–(f) are plotted for
tdim = 0.0, 10.0, 20.0, 30.0, 40.0, 50.0, 60.0 min.
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(c) Γ = 1.0 m2/s.
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(d) Γ = 10.0 m2/s.

Figure 4.17: Dependence of optimal objective value, from (4.8), with Ppen = 3.0, on
the initial bed height H0, for θ = 0.01, 0.1, 1.0, 10.0 m/s in each sub-plot, and for
Γ = 0.01, 0.1, 1.0, 10.0 m2/s across sub-plots. We optimize over the parameters Da (from
(4.16)), Pe, χ, CSiO, and CCO2 with bounds given in Table 4.1, other parameter values are
taken from Table 3.2.

Second, as the height increases, the gas must travel a greater distance to escape

the crucible, which can result in a pressure build up depending on the effectiveness

of the transport. Additionally, increasing θ improves the objective value. When θ

is too small, gas becomes trapped in the crucible, causing pressure to build up and

reduce the objective. In contrast, increasing Γ generally enhances the objective value.

Increasing Γ improves gas transport within the particle bed, helping to equilibrate

pressure and concentration levels, thereby aiding in satisfying the pressure constraint.

We now examine the optimal parameter values for a given Γ and θ while varying

the initial bed height H0. In Figure 4.18 we present the optimal parameter values

for the line with green circles in Figure 4.17c. From these plots, we observe that for

H0 ≲ 2 m, the optimal Pe values are large. However, for H0 ≳ 2 m, the optimal
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Figure 4.18: Parameter values that achieve the maximum objective value, from (4.8) with
Ppen = 3.0, for Γ = 1.0 m2/s, θ = 10.0 m/s (green circles in Figure 4.17c). Note that Da is
computed by (4.16).

Pe values decrease significantly. This critical height of H0 = 2 m corresponds to the

point where the objective value begins to deviate from 1, as shown in Figure 4.17c.

For χ, we find a steady increase as the initial bed height increases. With a higher

initial bed height, more material is available, resulting in the production of more

gas. Consequently, χ must increase to maintain a maximum pressure below the

penalty threshold. As expected, for CSiO, the optimal value remains small across all

bed heights, though we observe some numerical noise in the range between 3 m and

4 m. Finally, for CCO2 , we see that the values are consistently large, as we saw in

previous cases, but the results exhibit considerable noise, and a clear trend is difficult

to discern.

Optimizing a very flat objective function, such as ours, and setting only the ob-

jective tolerance can lead to noticeable errors in the parameters. This occurs because

a flat objective function is insensitive to variations in certain parameters, as we saw
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(d) Γ = 10.0 m2/s.

Figure 4.19: Dependence of optimal objective value, from (4.8), with Ppen = 1.2, on
the initial bed height H0, for θ = 0.01, 0.1, 1.0, 10.0 m/s in each sub-plot, and for
Γ = 0.01, 0.1, 1.0, 10.0 m2/s across sub-plots. We optimize over the parameters Da (from
(4.16)), Pe, χ, CSiO, and CCO2 with bounds given in Table 4.1, other parameter values are
taken from Table 3.2.

in the parameter sweeps. Thus, even significant changes in the parameters may re-

sult in only minimal changes in the objective value. In such cases, the optimization

process converges successfully based on the objective tolerance alone. However, the

parameters themselves could deviate from their true optimal values.

We now repeat our dimensional parameter sweeps for Ppen = 1.2; the results are

shown in Figure 4.19. Unsurprisingly, we observe the same general trends as in the

Ppen = 3.0 case. Specifically, increasing Γ or θ raises the objective value for the same

reasons as before: improved gas transport and pressure equilibration help the system

perform better under the given constraints. However, since Ppen = 1.2 is lower, the

optimal objective value is correspondingly reduced. For Γ = 0.01 m2/s (Figure 4.19a),

we find that, regardless of θ, almost no conversion to silicon carbide occurs without
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exceeding the maximum pressure of 1.2, except in cases with shallow initial particle

beds. Recall that, for Ppen = 3.0 with Γ = 1.0 m2/s (Figure 4.17c) and Γ = 10.0 m2/s

(Figure 4.17d), we achieved near-perfect silicon conversion for an initial bed heights of

H0 ≤ 2.0 m. In this lower penalty pressure case, however, we only attain an objective

value of approximately 0.3 when Γ = 1.0 m2/s (Figure 4.19c), but obtain near-perfect

conversion when Γ = 10.0 m2/s (Figure 4.19d) and H0 ≲ 2.0 m.

4.5 Conclusions

We have demonstrated that it is possible to achieve near-perfect silicon conversion

while maintaining a maximum pressure below 3.0 or 1.2. This is primarily achieved by

minimizing CSiO and maximizing CCO2 . This strategy can be interpreted as maximizing

the rate of the silicon carbide reaction while minimizing the rate of the Boudouard

reaction. Among the five parameters we considered, CSiO is by far the most impactful

in increasing the silicon yield, making it the key parameter to optimize for conversion

efficiency. On the other hand, CCO2 plays a critical role in satisfying the pressure

constraint. In contrast, the parameters Da, Pe, and χ are generally less significant,

provided that there is sufficient transport within the crucible and adequate gas flux

at the top of the system. As long as these conditions are met, variations in these

parameters have only a marginal impact on the overall performance of the system.

Our dimensional conclusions are as follows. Increasing the height of the bed de-

creases the maximum silicon yield achievable since the overall amount of gas produced

increases and the gas has farther to travel before being removed from the system. In-

creasing Γ also increases the silicon yield. Recall that Γ is a proxy for the permeability,

and so increasing Γ allows the gas to be advected through the bed of particles more

easily. Thus, it is easier for the system to maintain a pressure below the penalty pres-

sure. Similarly, increasing θ increases the optimal silicon yield. Increasing θ increases

the flux through the top of the bed of particles, and so the gas can more freely escape

the crucible. We again found that minimizing CSiO and maximizing CCO2 were key to

an optimal silicon yield. We were able to convert a considerable amount of the initial

quartz to silicon carbide while maintaining pressures under 3.0 and 1.2 for a wide

range of bed heights and permeabilities.

From the optimization results, several practical conclusions can be drawn, allevi-

ating some of the uncertainty of practical implementation from the previous chapter.

The most critical factor for maximizing silicon yield is minimizing the silicon monox-

ide concentration ratio CSiO, while the most important factor for maintaining a safe
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maximum pressure is maximizing the carbon monoxide concentration ratio CCO. As

previously stated, the Damköhler number Da, the Péclet number Pe, and the dimen-

sionless mass transfer coefficient χ are less significant in comparison. The general

strategies for achieving these conditions remain consistent with those outlined in the

previous chapter, along with the associated difficulties in controlling reaction rates.

Further evidence now supports the conclusion that shallower beds have the potential

for higher silicon yield, aligning with expectations from the previous chapter. Inter-

estingly, increasing the permeability κ generally led to increased silicon yield, despite

also increasing Pe.
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Chapter 5

Conclusions

To conclude, in Section 5.1, we provide a summary of the research conducted, em-

phasizing our key results. In Section 5.2, we explore potential directions for future

research.

5.1 Summary of modelling and results

In Chapter 2 we formulated and analyzed a model to investigate the behaviour of a

single quartz–carbon pellet under experimental conditions. Our approach involved de-

veloping a spherically symmetric model that captured the essential chemical reactions

and mass transfer processes for the pellet. After reducing the model to a quasi-steady

state owing to the density difference between the solid and gas, we solved the model

numerically, simplifying the analysis to focus on four key dimensionless parameters,

which allowed us to more effectively explore the dynamics and parameter space.

Our analysis revealed two distinct regimes within the parameter space: a reaction-

limited regime and a diffusion-limited regime. In the reaction-limited regime, most of

the silicon monoxide produced at the quartz surface diffuses out of the pellet and is

lost. Conversely, in the diffusion-limited regime, the majority of the silicon monoxide

is converted to silicon carbide, as the chemical reactions dominate the transport of the

gas. We characterized the system dynamics using two metrics: the carbon utilization

fraction and the silicon yield, both of which were computed at the time that the

quartz was fully consumed. The carbon utilization fraction quantifies the amount

of carbon that has reacted, while the silicon yield measures the fraction of initial

quartz converted to silicon carbide, indicating how much silicon monoxide escaped

from the pellet. A diffusion-limited system is optimal for maximizing both carbon

utilization and silicon yield, as the silicon monoxide reacts with carbon before it has
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the chance to diffuse out of the pellet. Through numerical exploration, we identified

a critical ratio of initial quartz radius to pellet radius of approximately 0.8, marking

the transition between a carbon-limited system and a quartz-limited system, given

our initial porosity of 0.3. This 0.8 ratio aligned with calculations based on the initial

mole ratio.

In Chapter 3 we developed and analyzed a multiphase model for a homogeneous

bed of quartz and carbon particles, assuming that the solid motion is driven by

gravity, so that the bed remains well-packed, and that the gaseous components form

a compressible mixture. We explored two paradigm problems to understand the

system’s behaviour. The first paradigm problem involved a single chemical reaction

with solid advection, where a reaction front formed and its speed was determined by

the gas flux into the reaction layer. In the limit of large Péclet number, advection

dominates, resulting in a linear reaction front position, while for small Péclet number,

diffusion dominates, and the front position scaled as t1/2. In the second paradigm

problem, which more accurately reflects the chemistry of the full system, we found

that the self-sustaining reactions produce significant gas concentrations within the

reaction layer, leading to a linear relationship between reaction front speed and the

total amount of silicon monoxide present in the system.

Numerical solutions of the full model revealed that, for small Damköhler num-

ber and Péclet number O(1), the system behaves similarly to the second paradigm

problem—with rapid gas production leading to high local concentrations and high

pressures. When both the Damköhler number and the Péclet number were O(1),

transport improved, resulting in more uniform concentrations and lower pressures.

This uniformity stopped reaction front formation and stabilized gas concentrations.

Parameter sweeps revealed how the dimensionless parameters influence carbon

utilization, silicon yield, and maximum pressure pressure. In the Damköhler number–

Péclet number plane, we found that the variations in carbon utilization and silicon

yield are small, with transport playing a key role in determining reaction rates. While

varying the relative speed of the reactions, we found that carbon utilization and silicon

yield are most sensitive to the ratio of the speed of the silicon carbide reaction to the

quartz reaction, with better utilization and yield when the silicon carbide reaction was

much faster. Finally, we found that high pressures and fast consumption occurs when

the mass transfer coefficient at the top of the bed of particles is too small, emphasizing

the importance of gas flux through the top of the bed of pellets in managing system

pressures and reaction rates.

In Chapter 4 we established a framework for choosing the dimensionless parame-
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ters in the model, within prescribed bounds, in order to optimize the silicon yield, and

demonstrated that near-perfect silicon conversion can be achieved in finite time while

maintaining a maximum pressure below 3.0 or 1.2. This was primarily accomplished

by maximizing the silicon carbide reaction speed and minimizing the Boudouard

reaction speed. Typically, we found that the optimal solution had the associated

parameters CSiO and CCO2 on the boundary supplied to the solver. Among the five di-

mensionless parameters considered, CSiO was the most influential at improving silicon

yield, making it the critical parameter for conversion efficiency. Conversely, CCO2 is

key for meeting pressure constraints. The Damköhler number, Péclet number, and

the dimensionless parameter associated with the mass flux at the top of the bed of

particles are generally less significant, provided that transport within the crucible and

gas flux through the top of the particle bed are sufficient. With these conditions met,

variations in these parameters have only a marginal impact on system performance.

Our analysis of the influence of dimensional parameters on the silicon yield led to

several conclusions. Increasing the bed height reduces the maximum achievable silicon

yield, as more gas is produced and the gas must travel a greater distance to escape the

system. On the other hand, increasing the permeability of the particle bed improved

the silicon yield. This is achieved by facilitating gas transport through the particle

bed, and thus, helps to maintain pressures below the penalty pressure. Similarly,

increasing the mass transfer coefficient at the top of the bed of pellets enhances the

silicon yield by increasing the gas flux through the top of the bed. The increased gas

flux allows gas to escape more easily from the crucible. Maximizing the speed of the

silicon carbide reaction and minimizing the speed of the Boudouard reaction remain

crucial for optimizing the silicon yield, as they enable significant conversion of quartz

to silicon carbide while keeping the maximum pressure low across a wide range of bed

heights and permeabilities.

5.2 Future work

There are promising avenues for future work, stemming from the models built in this

thesis, that are of interest both from a mathematical perspective and for Elkem ASA.

In Chapter 2 we considered the most physically relevant limit for silicon carbide

production. However, one possible continuation would be to investigate further sub-

limits. Other distinguished limits are also within the ranges in Table 2.2 and may

be instructive. More experimental evidence could help reduce the wide parameter

ranges and suggest particular sub-limits to consider. In particular, reducing the
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ranges of the rate constants would be the most helpful, since their values are not

known experimentally. Asymptotic analysis of the sub-limits would provide further

insight into the mechanisms for silicon carbide production.

Another consideration is the effect of temperature. In our model, we assume

the pellet is isothermal. However, this assumption is not likely to be the case in

an industrial-scale furnace, and the reaction rates will increase with temperature,

probably following an Arrhenius law. Incorporating the temperature dependence

into the model would better capture the physics and to explore how temperature

alters the pellet’s evolution. An instructive extension would be to find the optimal

temperature to maximize the efficiency of the process.

Another extension would be to relax our assumption of neglecting gravity in the

single pellet model. We neglected gravity in order to maintain spherical symmetry,

thus, our model and solution only depended on the radial distance. However, as the

quartz core shrinks we would expect the quartz to remain in contact with the bottom

of the carbon shell. Incorporating gravity would involve solving an axisymmetric

model that is more representative of the underlying physics and geometry.

We directly wrote bulk reaction terms within the carbon layer, and estimated the

effective rate constants. However, another approach would be to use the method of

homogenization (see [156]) to derive the form and effective rate constants from the

microstructure of the pores and surface reactions. Homogenization would allow us to

encapsulate the pore-scale structure into our model on the scale of the porous pellet.

Furthermore, our single pellet model is the first stage in developing a model for the

operation of a furnace containing many pellets. However, it would be computationally

expensive to track the gas behaviour in every pellet. One alternative would be to use

the method of homogenization to upscale the single pellet model to a model that holds

over the scale of the furnace and that captures the microscale factors in the effective

parameters. Homogenization has been used to describe similar multiscale processes,

for example, the electrical current distribution within a silicon furnace [73], a grain

model with applications to silicon processing [45, 157], reactive decontamination [72],

and reactive filtration [158].

There are also potential improvements and extensions needed to refine the accu-

racy and applicability of the multiphase model, examined in Chapter 3, so that it

better approximates real-world conditions and industrial scales.

Examining a well-mixed model of the system would be instructive, since some of

our examples showed spatially uniform dynamics. By removing the spatial complexity,

we may gain deeper insights into the fundamental behaviour of the system and identify
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key parameters more easily. This could lead to improved predictability and control

over the reactions and overall process.

Our model for the solid dynamics should be made more realistic. We currently

use a constitutive law that forces the inter-quartz voids to be densely packed with

carbon particles. Additionally, we assumed a single velocity for the solid mixture as a

whole. However, considering the significant difference in particle size between quartz

and carbon it would be better to use a two-particle-size granular flow model, such

as presented in [159–162]. This model would account for the (potential) independent

movement of quartz and carbon particles. Carbon, being smaller, might flow faster

than the larger quartz particles, affecting the dynamics and efficiency of the reactions.

As with the single pellet model, the coupling of reaction rates with temperature

through Arrhenius laws is another important aspect to consider. Incorporating this

temperature dependency would add constraints on the effective reaction rates within

our model. For example, we treat the parameters CSiO and CCO as independent, how-

ever, their ratio will depend only on the temperature under an Arrhenius model

(cf. (3.47) and (3.61)). Furthermore, revisiting the isothermal assumption is also

crucial for larger systems where temperature variations are likely more impactful.

In traditional furnaces, heating is applied only at the bottom of the furnace and

so non-constant temperatures are likely. In an industrial-scale silicon carbide reac-

tor, heating may not be uniformly distributed across the entire depth of particles.

Temperature gradients can significantly influence reaction rates, gas dynamics, and

material properties, making it essential to incorporate temperature dependence into

the model for more accurate predictions. However, additional experimental evidence

would be needed to guide the development of a temperature-dependent model, for

example, to determine the values of the parameters for the Arrhenius laws.

Our model would benefit from being extended to 2D, most likely axisymmetric.

We derived a 1D model based on the long and thin nature of a laboratory-scale

crucible, but traditional industrial silicon furnaces are wider than they are tall and

exhibit significant radial effects. An axisymmetric model would better capture these

dynamics, improving the applicability to industrial-scale operations.

Lastly, considering a continuous operation setup for our model would align more

closely with traditional silicon production methods. Our current model is inspired by

laboratory-scale batch experiments. In contrast, industrial silicon production involves

continuous operation, where quartz and carbon are periodically added to the top of the

furnace to replenish consumed materials, and liquid silicon is continuously tapped off

from the bottom. A natural next step would be to modify the boundary conditions to
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replicate the periodic addition of quartz and carbon at the top of the particle bed and

the continuous or periodic extraction of materials from the bottom of the bed. Given

that silicon carbide is a solid, devising methods for its removal would be necessary

to reflect industrial processes accurately. This continuous operation model would

provide a more realistic framework for optimizing and scaling-up the production of

silicon carbide.

In Chapter 4, a key improvement would be better estimates of the model param-

eters. Much of the previously discussed future work would have secondary conse-

quences on the optimization. For instance, refining the model through temperature

dependence and more accurate reaction rate parameters would lead to more tightly

constrained bounds for the optimization. Improved parameter estimates could also

reduce the number of parameters to optimize over, making the optimization faster

and computationally cheaper. For example, incorporating temperature dependence

would allow us to further constrain the optimization by linking reaction rates to tem-

perature, giving a more physically realistic model, at the expense of having to solve

an energy equation.

In the current work, we used the weighting factor Λ = 1 in the objective function,

balancing the penalty for exceeding the pressure threshold with the silicon yield.

However, as observed in Figure 4.16, the optimal objective can still occur when the

maximum pressure is above the penalty pressure. Increasing Λ would more strongly

enforce the pressure constraint, reducing the occurrence of exceeding the penalty

pressure. This is particularly important in industrial applications where maintaining

pressures below a critical value is essential for safe and efficient operation.

We found that, in general, optimizing the system involved maximizing the speed

of the silicon carbide reaction while minimizing the speed of the Boudouard reaction.

In this regime, the carbon utilization was around 60%, as the Boudouard reaction

played a minimal role. Another possible extension is to include the initial mole ratio

of carbon to quartz as a parameter in the optimization process. Since this is an easily

controllable parameter in both laboratory and industrial settings, optimizing over the

mole ratio could further increase carbon utilization, reducing waste and improving

efficiency. However, there is a trade-off. Decreasing the initial amount of carbon

will slow down the silicon carbide reaction, potentially lowering the overall efficiency.

Therefore, we must balance carbon utilization with reaction speed.

Finally, to help address the flatness of the objective function, we may wish to

extend to multi-objective optimization by incorporating the chemical selectivity of

the system.
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Mathematical modelling plays a crucial role in the design and operation of sili-

con carbide furnaces. The complex interactions are often challenging to observe. By

abstracting these processes into models, our approach offers a deeper understanding

that contrasts the large-scale simulations typically used in furnace design. This en-

hanced understanding allows for more informed decisions on material selection and

process parameters, ultimately improving furnace efficiency and silicon yield. In addi-

tion, the models provide a foundation for future innovations in furnace geometry and

operational strategies, contributing to the long-term sustainability and optimization

of silicon carbide production.

125



Appendix A

Numerical methods

In Section A.1, we derive the finite volume discretization we implement in our nu-

merical solution of the multiphase model presented in Chapter 3. We then discuss

our choice of non-uniform grid and show how our implementation converges. In Sec-

tion A.2, we describe how the Jacobian can be computed in constant time and show

the computational advantage of using a sparse linear solver over a dense linear solver.

A.1 Finite volume method discretization

The dimensionless conservation equations for the solid volume fractions and solid

number densities take the form (cf. (3.51)–(3.55))

∂α

∂t
+

∂

∂z
(usα) = Rα, (A.1)

where α ∈ {αC, αSiC, αSiO2 , nC, nSiO2} and Rα are the associated reaction terms for the

α species. In practice, to determine us, we divide (3.51) by η, and add (3.52) and

(3.53), then, from (3.17), we find

∂us
∂z

= f, (A.2)

where

f = −αgasMC

η
(nCα

2
C)

1/3(2CSiO + CCO2)− αgas(nSiO2α
2
SiO2

)1/3CCO +

αgasMSiC(nCα
2
C)

1/3CSiO

(A.3)
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is related to the change in volume due to the three chemical reactions. The dimen-

sionless gas conservation equations take the form (cf. (3.57)–(3.59) and (3.62))

δ

[
∂

∂t
(αgasC) +

∂

∂z

(
−DaαgasC

∂P

∂z
− Da

Pe
αgasρ

∂

∂z

(
C

ρ

))]
= RC , (A.4)

where C ∈ {CSiO, CCO, CCO2 , ρ}.
Since we have a moving interface at the top of our domain, we first perform a

change of coordinates in order to allow us to solve the problem on a fixed domain.

We write

τ = t, ξ =
z

H(t)
, (A.5)

so that ξ = 0 is the bottom of the crucible and ξ = 1 denotes the moving interface at

the top of the bed of particles. It then follows that

∂

∂t
=
∂τ

∂t

∂

∂τ
+
∂ξ

∂t

∂

∂ξ
=

∂

∂τ
− ξH ′

H

∂

∂ξ
, (A.6)

and

∂

∂z
=
∂τ

∂z

∂

∂τ
+
∂ξ

∂z

∂

∂ξ
=

1

H

∂

∂ξ
. (A.7)

Applying the change of coordinates (A.6) and (A.7) to (A.1), multiplying by H, and

writing in conservative form, we find

∂

∂τ
(Hα) +

∂

∂ξ

(
(us −H ′ξ)Hα

H

)
= HRα. (A.8)

We introduce the conserved quantities α̃ = Hα and C̃ = HαgasC, as well as P̃ =

HαgasP and α̃gas = Hαgas, and write (A.8) as

∂α̃

∂τ
+
∂Fs

∂ξ
= HRα̃, (A.9)

where

Fs =

(
us −H ′ξ

H

)
α̃ (A.10)

is the solid flux in the new coordinates, and Rα̃ are the associated reaction terms for

the α species written in terms of the conservative variables. Similarly, writing (A.2)

127



in the transformed coordinates and conservative variables we find

1

H

∂us
∂ξ

= f̃ , (A.11)

where f̃ is f written in terms of conservative variables. Finally, applying the change

of coordinates (A.6) and (A.7) to (A.4) we find

δ

(
∂C̃

∂τ
+
∂Fg

∂ξ

)
= HRC̃ , (A.12)

where

Fg = −H
′ξC̃

H
− Da

H2
C̃
∂

∂ξ

(
P̃

α̃gas

)
− Da

H2Pe
ρ̃
∂

∂ξ

(
C̃

ρ̃

)
(A.13)

is the transformed gas flux, where we have introduced ρ̃ = Hαgasρ.

We discretize space using the finite volume method. Finite volume methods are

particularly useful for solving conservation equations since they remain conservative

at the discrete level [163]. The domain is partitioned into regions called cells that the

differential equations are integrated over. Then, using the divergence theorem, the

cell integrals can be converted to surface integrals of the flux.

For a general grid with points {ξi}, we first define a secondary grid {ξi+1/2} where

ξi+1/2 = (ξi+1 + ξi)/2. There are two ways of defining cells [164]. First, in a vertex

centred scheme the secondary grid defines the vertices of cells so that the mass balance

equations hold over the intervals [ξi−1/2, ξi+1/2]. The vertices are centred with respect

to the original grid. The alternative scheme is a cell centred scheme. In this case,

the primary grid defines the cells [ξi, ξi+1], and the secondary grid defines the centres

of the cells. In practice, cell centred schemes are less common owing to their lack of

stability [164, 165]. We proceed with a vertex centred scheme.

For a grid with primary grid points {ξi} and secondary grid points {ξi+1/2}, we
let [164]

hi =
1

2
(ξi+1 − ξi−1), h−i = ξi − ξi−1, h+i = ξi+1 − ξi, (A.14)

where hi is the ‘volume’ of the ith cell, and h±i are the distances to the neighbouring
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Figure A.1: Vertex centred scheme for finite volume methods in 1D.

grid points, as shown in Figure A.1. Integrating (A.9) over the ith cell we find

∫ ξi+1/2

ξi−1/2

∂α̃

∂τ
dξ + Fs|ξ

i+1/2

ξi−1/2 = H

∫ ξi+1/2

ξi−1/2

Rα̃ dξ. (A.15)

We let α̃i = α̃(ξi), F i
s = Fs(ξ

i), and Ri
α̃ = Rα̃(ξ

i), and approximate the integrals

as [163, 166]

∫ ξi+1/2

ξi−1/2

∂α̃

∂τ
dξ ≈ hi

∂α̃i

∂τ
,

∫ ξi+1/2

ξi−1/2

Rα̃ dξ ≈ hiR
i
α̃. (A.16)

We find

∂α̃i

∂τ
+

F i+1/2
s −F i−1/2

s

hi
= HRi

α̃. (A.17)

We approximate F i+1/2
s with the upwind scheme [164]

F i+1/2
s =


−H ′ξi+1/2 + u

i+1/2
s

H
α̃i for

−H ′ξi+1/2 + u
i+1/2
s

H
> 0,

−H ′ξi+1/2 + u
i+1/2
s

H
α̃i+1 for

−H ′ξi+1/2 + u
i+1/2
s

H
< 0.

(A.18)

Applying the same process to (A.11), we find

u
i+1/2
s − u

i−1/2
s

hi
= Hf̃ i. (A.19)

We note that we solve us on the secondary grid since it is a flux; u
i+1/2
s does not need

to be interpolated.
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Similarly, integrating (A.12) over the ith cell and dividing by hi, we find

δ

(
∂C̃i

∂τ
+

F i+1/2
g −F i−1/2

g

hi

)
= HRi

C̃
. (A.20)

We approximate the fluxes through the cell vertices with linear interpolation and

central difference so that

F i+1/2
g = −H

′ξi+1/2

H

(
C̃i+1 + C̃i

2

)
− Da

H2

(
C̃i+1 + C̃i

2

)( P̃ i+1

α̃i+1
gas

− P̃ i

α̃i
gas

)
h+i

+

Da

H2Pe

(
ρ̃i+1 + ρ̃i

2

)
(
C̃i+1

ρ̃i+1
− C̃i

ρ̃i

)
h+i

.

(A.21)

We assume that our grid is defined in such a way that ξ1/2 = 0 and ξn+1/2 =

1, where n is the number of points in our spatial discretization, since our model

prescribes flux boundary conditions. From (3.68), we have that

u1/2s = 0, (A.22)

and since ξ1/2 = 0 by construction, it must be that F1/2
s = 0 by (A.18). Thus,

∂α̃1

∂τ
+

F1+1/2
s

h1
= HR1

α̃, (A.23)

u
1+1/2
s

h1
= Hf̃ 1, (A.24)

from (A.17) and (A.19), respectively. For the gas concentration conservation equa-

tions we find (cf. (3.68))

δ

(
∂C̃1

∂τ
+

F1+1/2
g − qin

C̃

h1

)
= HR1

C̃
, (A.25)

where qin
C̃
is the inlet flux of C̃.
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Similarly, at the surface of the pellet bed (cf. (3.70)–(3.73) and (3.76))

H ′ = un+1/2
s , (A.26)

∂α̃n

∂τ
− Fn−1/2

s

hn
= HRn

α̃, (A.27)

δ

(
∂C̃n

∂τ
+
qout
C̃

−Fn−1/2
g

hn

)
= HRn

C̃
. (A.28)

A.1.1 Non-uniform grids

In deriving the discretized equations for our system, we allowed for a non-uniform grid

by allowing the step-size between vertices to vary. This flexibility is crucial because we

expect a sharp boundary layer at ξ = 1 for some parameter regimes. Using a uniform

grid to capture these layers would be computationally prohibitive. To address this

challenge, we employ a Shishkin grid [163, 164, 167, 168], a well-known method for

generating piecewise uniform grids.

A Shishkin grid divides the domain into two regions, [0, 1 − σ] and [1 − σ, 1]

(assuming the boundary layer is at ξ = 1), with n/2 uniformly spaced points in each

sub-domain. The point 1 − σ is known as the grid transition point; we take σ to

be [163]

σ = min

{
2

Pe
log n,

1

2

}
. (A.29)

For small values of Pe, we obtain a globally uniform grid since no boundary layer is

expected. As Pe increases, σ decreases and the grid transition point moves closer to

1, allowing the grid to resolve the boundary layer behaviour. Although scalings of

σ other than (A.29) are possible provided certain necessary conditions are satisfied

[167], this choice is the simplest.

The coarse grid, in the interval [0, 1− σ], has uniform spacing

h =
2(1− σ)

n
, (A.30)

bounded by

1

n
≤ h ≤ 2

n
, (A.31)

while the fine grid, in the interval [1 − σ, 1], which resolves the boundary layer,
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has spacing

h =
2σ

n
, (A.32)

=
4

Pe

(
log n

n

)
, (A.33)

≪ 1

Pe
. (A.34)

One advantage of using a Shishkin grid is that the boundary layer can be resolved

with a constant number of points, independent of the size of Pe, ensuring that com-

putation time does not scale with Pe. However, since the grid is piecewise uniform,

it is not differentiable at the transition point 1−σ, which often makes this region the

most challenging to handle when using a Shishkin grid.

A.1.2 Convergence

We now test the convergence of our numerical implementation. The test is performed

using the parameter values given in Table 3.2, except we take Pe = 1000 and solve

to a dimensionless time of 3.0. We use a large Pe value to create a sharp boundary

layer at ξ = 1. The maximum time of 3.0 is chosen to focus on testing our spatial

discretization, rather than the tolerances of the time integrations. Additionally, if we

were to simulate up to the quartz consumption time, no quartz would remain, and

most of the gas would have either reacted or escaped through the top of the bed of

pellets, which would be a poor case for testing convergence.

We first compute the solution using n = 5000 spatial points, and we will calculate

the error of other solutions relative to this reference solution. The L1 norm is com-

monly used to measure error for conservation law equations [166]. We compute the

error as

E1(n) =
∥∥Qn(ξ)−Q5000(ξ)

∥∥
L1
, (A.35)

=

∫ 1

0

∣∣Qn(ξ)−Q5000(ξ)
∣∣ dξ, (A.36)

where Q denotes any of the variables, and Qn(ξ) is the linear interpolation of the

solution that we obtain with n spatial points. The integral is discretized using the

trapezoid rule with 104 points. The results are shown in Figure A.2.

We observe linear convergence for each variable. This result is expected, as the

discretization for us in (A.19) is first-order, and we employ an upwinding scheme
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Figure A.2: Convergence of L1 error of the numerical solution.

for the solid flux in (A.18). Furthermore, in a vertex centered scheme with a non-

differentiable grid, convergence is expected to be worse than quadratic but not worse

than linear [164].

A.2 Jacobian sparsity

The numerical system has 10n+1 equations and unknowns and therefore the Jacobian

has dimension (10n + 1) × (10n + 1). However, the Jacobian is composed mostly of

blocks of (tri)diagonal matrices, as shown in Figure A.3. Therefore, by exploiting

the sparsity we should expect significant speed-up of the numerical solution. In

addition to using a sparse linear solver, we also more efficiently compute the Jacobian

numerically than the naive approach.

For a function f(x1, · · · , xm) the Jacobian is given by

J =
[

∂f
∂x1

· · · ∂f
∂xm

]
, (A.37)

which we approximate with finite difference as

J =
1

ϵ

[
f(x+ ϵ e1)− f(x) · · · f(x+ ϵ em)− f(x)

]
. (A.38)

Calculating J requires m+1 evaluations of f (or more for higher-order schemes). For

large m or expensive f this can be very costly. However, for sparse J we can exploit
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Figure A.3: Sparsity of the Jacobian. A purple square represents a non-zero value (n = 10).

the sparsity in order to approximate the Jacobian more efficiently.

First proposed by Curtis, Powell, and Reid [169], we partition the columns of J

into subsets, referred to as colours, such that no two columns in a subset have a

non-zero element in a common row. We then only need to evaluate f once per subset

to determine all of the columns of J in that subset. We highlight the partitioning in

Figure A.4 for a matrix with tridiagonal sparsity. The ith column and the (i + 3)th

column of a tridiagonal matrix are orthogonal. Therefore, we only need to evaluate

f

(
x+ ϵ

∑
i

e3i+k

)
(A.39)

for k = 0, 1, 2, as well as f(x). The columns are then separated again to fully de-

termine J. In the case of tridiagonal sparsity, we reduce the number of f calls from

m+ 1 to 4.

Actually determining how to partition the columns is non-trivial. The partitioning

is cast as a graph colouring problem [170], which is NP-hard, but heuristics exist

for efficient solutions [171]. Similar methods also exist for efficiently computing the

Hessian [172, 173]. For a more complete description of matrix colouring see [174],
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(a) (b) (c)

Figure A.4: (a) Tridiagonal sparsity. (b) Colour the columns so that all columns of a colour
are mutually orthogonal. (c) Combine columns of a given colour into a single column to
reduce the dimensionality.

(a) (b)

Figure A.5: (a) Column colours found by matrix colors such that all columns of a colour
are mutually orthogonal. (b) 27 combined columns.
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Figure A.6: Scaling of the computation time of the matrix colouring problem (median time
of 100 runs).

and for graph colouring problems in general see [175].

We now turn to colouring the Jacobian for our problem. A clear lower bound for

the number of function calls required is one more than the maximum number of non-

zero elements in a row of the Jacobian. In our case, the maximum number of non-zero

entries in a row is 25, and so at least 26 function calls are required to approximate

the Jacobian. The matrix colors function in SparseDiffTools.jl finds a solution

to our colouring problem with 27 colours (Figure A.5). Thus, we reduce the number

of function calls from 10n + 2 to 28 (for n ≥ 6). Furthermore, solving the matrix

colouring problem is computationally cheap and is only required once; the colours

are reused at each time-step. In Figure A.6 we show the median time of 100 runs of

solving our matrix colouring problem. The time grows linearly with n. For n = 1000

the solution takes less than 100 ms.

In Figure A.7 we show the time in seconds to compute the complete solution using

a dense Jacobian and dense linear solver, as well as finding the matrix colours and

exploiting the sparsity of the Jacobian by using a sparse linear solver. Over the entire

interval tested, 10 ≤ n ≤ 1000, the sparse setup outperforms the dense solution in

terms of speed. Even for smaller problems, the added overhead of solving the matrix

colouring problem and using a sparse solver does not slow down the overall solution.

Predicting the time complexity for problems like our system is challenging, but our

results show that the dense solution scales as O(n2.57), while the sparse solution scales
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Figure A.7: Time complexity of dense and sparse solvers.

more efficiently at O(n1.48). Notably, for problems with n = 1000, the sparse solver,

which also takes advantage of the matrix colouring, is more than 100 times faster

than the dense solution!
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