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Abstract

We show the vanishing of adjoint Bloch—Kato Selmer groups of automorphic Galois
representations over CM fields. This proves their rigidity in the sense that they have
no deformations which are de Rham. In order for this to make sense we also prove
that automorphic Galois representations over CM fields are de Rham themselves. Our
methods draw heavily from the ten author paper, where these Galois representations
were studied extensively. Another crucial piece of inspiration comes from the work of
P. Allen who used the smoothness of certain local deformation rings in characteristic

zero to obtain rigidity in the polarized case.
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Chapter 1

Introduction

One of the protagonists of modern number theory is the group of automorphisms of
an algebraic closure of the field of rational numbers Q. This group is well-defined
up to inner automorphisms and is also called the absolute Galois group of Q. We
denote it by Gg. It follows that isomorphism classes of linear representations of G,
also known as Galois representations, are well-defined. As is explained in [Tay04],
they are the subject of many influential theorems and conjectures. In this thesis we
prove special cases of one such conjecture due to Bloch-Kato [BK07], which relates
invariants of Galois representations to L-values. The impatient reader may skip to
section 1.5 for the precise result we can prove. Otherwise, sections 1.1-1.4 introduce
the subjects studied in this thesis. In section 1.6 we provide an outline of the proof

of our main result.

1.1 (alois Representations

Let Q@ be an algebraic closure of Q. Recall that Gg = Aut(Q) is equipped with a
natural topology which has a basis of open neighbourhoods of the identity given by
{Gr < Gg : F C Q finite extension of Q}, where G := {g € Gg : g|r = idr}. This
is a profinite topology on G, inducing a natural isomorphism of topological groups

Gg—  lm  Gal(F/Q).

F/Q finite Galois

Throughout this section we fix a field ' C Q which is a finite extension of Q and a
prime number p which splits completely in F'. We will consider continuous represen-

tations of G acting on finite, free modules over Q,, Z, or F,.

Remark 1.1.1. Everything in this section also has straightforward generalisations to

representations of G, with coefficients in finite extensions of Q,, Z, or F,. If we
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allow the coefficients to be big enough we also do not need to require that p splits in

F', but we chose this setup to simplify the exposition.

For every prime ideal v of Op, let F, denote the v-adic completion of F' and let
k(v) be the residue field of v. Given a choice of field homomorphism ¢ : Q — F',,, there
exists a closed embedding G, — G which only depends on ¢ up to conjugation. The
inertia group [, < Gp, is defined to be the subgroup of elements which act trivially
on the residue field of F,,. The natural map Gp, — G'i(v) 1s surjective by a theorem

going back to Frobenius. Thus, there is a short exact sequence
1 =1, = Gp, — Gy — 1.

Moreover, recall that Frob, : x = x% is a topological generator of Gy, = Z where
@ = |k(v)]-

Let A be one of Q,, Z, or F,. If p: Gr — GL,(A) is a continuous representation,
the isomorphism classes of the restrictions p|g,, and p|;, are well-defined. We say
that p is unramified at v if p|;, is trivial. In this case, P’Gpv factors through Gy ),

hence the characteristic polynomial
det(T" - id —p(Frob,)) € A[T

is well-defined. Moreover, if A € {Q,,F,} and p is continuous and unramified at v ¢ S
for a finite set of primes .S, then we can combine the Chebotarev density theorem with
[Bou62, ch. 8, §12, n° I, prop. 3] to show that the semisimplification of p is determined
up to isomorphism by the sequence of polynomials (det(7 - id —p(Frob,))),es-

Given a field isomorphism ¢ : @, = C and a Galois representation p : Gp —
GL,(Q,) which is unramified outside a finite set of primes S, one can package these

polynomials into the L-function:

L%(p,s) :== H(L odet)(id — ' (q,*) - p(Frob,)) ™"
vgS
A priori, this is just a formal infinite product over the places of F'. However, it is
conjectured that if p “comes from geometry”, then L%(p,s) converges in some right
half plane and even has a meromorphic continuation to the entire complex plane
[FM95, Conjecture 3b]. This is known for automorphic Galois representations, which
we introduce below. Moreover, with more work one can also define factors at primes
v € S and define an L-function L(p, s) by multiplying L(p, s) with a finite product.

However, we will not need this here.



Example 1.1.2. Here are two examples of such L-functions.

e There is a unique character x, : Gg — Z, such that for all 0 € Gg and
p-power roots of unity &, we have o(¢) = &), This is a one-dimensional
Galois representation which is unramified outside p and for each prime v # p
we have T'— x,(Frob,) = T'—v. The character y, is called the p-adic cyclotomic
character. The definition of the L-function in this case is independent of ¢ and

reduces to
L (xp,8) = [J(1 = 0" = (1 = p")¢(s — 1)
v#£p

and in fact L(x,,s) = ((s — 1), converges for s > 2, where ¢ denotes the

Riemann zeta function.

e If X/Q is an algebraic variety, then Hét(X@, Q,) is a continuous Galois repre-
sentation. If X admits a smooth proper model over Z[S™!] and p € S, then this
representation is unramified outside S. When X = FE is an elliptic curve over

Q which has good reduction outside S and v ¢ S, then one can show that
det(T" - id — FrobU|Helt(E@, Q) =T*—-v'a, T +v",

where a, = v+ 1 — #FE(F,). From this equation we can also read off that
the determinant of H, elt(E@, Q) is x, 1. The corresponding L-function is again

independent of ¢ and

L3 (H}\(Eg, Q) 8) = [ [(1 —apo™" 70 4071727
vegS

converges for Jts > 1/2 by the Hasse bound.

In almost all interesting cases a continuous Galois representation p : Gp —
GL,(Qp) will be ramified at the primes v | p and the restriction p|g,, usually contains

a lot of information. For example, Fontaine [Fon82] defined an additive functor

DdR : RepGQp (Qp) — Fil@p

which assigns a Q,-vector space with exhaustive and separated filtration to a contin-

uous p-adic representation of Gg,. It satisfies the following properties:



o If V = H!,(Xg,,Qp), then Dyr(V) = Hip(X/Q,) with its Hodge filtration.
(This was first conjectured by Fontaine and eventually proved in full generality
by Faltings.)

If the inequality dim Dyr(V) < dimV is an equality, then V is called de Rham. In
this case the integers i such that F'Dyr(V) # F1Dyr(V) are called the Hodge Tate

weights of V. The category of de Rham representations is abelian and the composition
(forget the filtration) o Dyg

is exact and faithful. A global Galois representation p : Gp — GL,(Q,) is called de
Rham if p|g,, is de Rham for all v | p. Note that this makes sense since F;, = Q, as

p is totally split by assumption.

Example 1.1.3. If E/F is an elliptic curve and v | p is a place above p, then
V = H'(Eg,Q,) is de Rham and Dyr(Vlg,, ) = Hiz(E/F,) = (F* = H°(EF,, Qf) C
Hl.(E/F,) = F°). This implies that V|r, has Hodge-Tate weights {0, 1}.

Furthermore, it will sometimes be useful to know that there is a Q,-algebra Byr
with Gg,-action such that BdG]SP = Q, and Dyr(V) := (B ®q, V)%, where invari-
ants are taken with respect to the diagonal action. This ring was defined by Fontaine
and is called the de Rham period ring. There are also the related crystalline and
semistable period rings and their corresponding functors, which play an important

role in the classification of p-adic Galois representations.

Definition 1.1.4. We say that a de Rham representation V' of G is rigid if every
short exact sequence
0=V =2>W=V =0

of de Rham representations splits.

The terminology will be justified by deformation theory later. Furthermore, by
expressing Ext groups in terms of cocycles one can show that V' is rigid if and only if

the natural homomorphism on continuous group cohomology
H'(Gg,adV) — [ [ H'(Gr,, Bir ®g, ad V)
vlp

is injective. In general, we define the geometric Bloch-Kato Selmer group of a Galois

representation p : Gp — GL,(Q,) by

H;(GF,N := ker Hl(GFaP) - HHl(GFdeR R, p)

vlp



so that V is rigid if and only if H ;(G r,ad V) = 0. Usually, one also requires that
the elements of H 91 are almost everywhere unramified, but in the cases we study later

this will be automatic.

Example 1.1.5. Let V' = Q, have the trivial Gr-action. Then V' is de Rham and
rigid. To see that it is rigid, let

O0—-V W=V =0

be a de Rham extension. The action of G on W can be written in a suitable basis

bt

for some continuous group homomorphism o : Gp — Q,. We wish to prove that
a = 0. One can use [BK07, Prop 3.8 and Corollary 3.8.4] to show that

as

ker(H'(Gq,,Qy) = H'(Gy,, Bar)) = ker(H'(Gq,, Qy) — H'(1,,Qy)).

Thus, the fact that W is de Rham implies that «|;, = 0 for all v | p. If @ # 0, then
@kem would be an infinite abelian pro-p extension of F which is unramified at all

places above p. This contradicts class field theory, hence oo = 0.

Example 1.1.6. Let Q,(—1) denote a one-dimensional Q,-vector space on which Gg
acts via multiplication by x,, !. The representation V = Q, ® Q,(—1) is de Rham but

not rigid. To see that it is not rigid, it suffices to construct a non-split extension
0—-Q,—>W —=Q,(-1) =0

such that W is de Rham. This can be done using Kummer theory. Consider the field
L = Q(p*/?™, jup=). Fix compatible choices of primitive p-power roots of unities (,»
and p-power roots p'/?". There is the continuous homomorphism

Gal(L/Q) = GLy(Qy) : g — {(1) xpc((gg))ll ’

where c(g) € Z, is the unique element such that g(p'/?") = C;&g)pl/ P" for all n. This
construction yields a representation W sitting inside the desired non-split extension.
Moreover, using Tate uniformization, one can show that the action of Gg, on W is
isomorphic to the action of G, on H elt(E@p, Q,), where E/Q, is the elliptic curve
given by the equation

5n3p" (5n? + Tn®)p"
2 3

V' tay=uz x .
gl_pn ; 12(1=p")

It follows that W is de Rham.



1.2 Galois Deformations

If G is a finitely generated (discrete) group, then there exists a finite type affine

Z-scheme X whose functor of points is
X(A) ={p: G — GL,(A) group homomorphism}.

The conjugation action of PGL, on X gives rise to the moduli stack X/ PGL,, which
parametrises isomorphism classes of representations of G. Let U C X be a PGL,-
stable open subset such that U/ PGL, is a scheme. One can show that closed points
of U are Schur irreducible representations, i.e. they only have scalar endomorphisms.
Given a field k and a representation p : G — GL, (k) whose corresponding point
lies in U, we can define the space of deformations of p as the formal completion of
Ui/ PGL,, at the closed point corresponding to p. Then the deformation space is
Spf R, for some complete Noetherian local ring R, with residue field k£ and captures
infinitesimal information of families of representations passing through p.

In the setting of Galois representations it is harder to define a stack like X/ PGL,,
because we have to incorporate the profinite topology on G into the definition. How-
ever, Mazur [Maz89] observed that one can still define a completely analogous de-
formation theory of Galois representations. The idea is that it suffices to describe
Hom(R,, A) for all local Artinian rings with residue field &k to “know” R, by Yoneda’s
lemma.

So let G be a profinite group and p : G — GL,(F,) a continuous representation.
Let Artyz, denote the category of local Artinian Z,-algebras with residue field IF,,.

Consider the functor

D5 :Artz, — Set
A= A{pa:G—GL,(A) | pa=p (mod my)}/ ~,

where pa ~ p/y if they are conjugate by an element of ker(GL,(A) — GL,(A/my4)).
Here p4 is required to be continuous when A is given the discrete topology. Elements
of D5(A) are called deformations of p to A.

If G satisfies a certain finiteness hypothesis [Maz89, §1.1] and p is absolutely
irreducible, then there exists a complete Noetherian local Z,-algebra R; with residue

field F,, and an isomorphism of functors

Hom(R5, A) — D5(A)
f — pum'u ®Rﬁ,f A,



where p*"" : G — GL,(R;5) is called the universal deformation of p.
Similarly, let Artg, denote the category of local Q,-algebras with residue field
Q,. For a continuous representation p : G — GL,,(Q,), we define

Dp 2AI‘tQp — Set
A= {pa: G — GL,(A) [ pa=p (modmy)}/ ~,

where A is equipped with the topology given by its structure as a finite dimensional
Qp-vector space. If p is absolutely irreducible, and p denotes the reduction of p
(mod p), then there exists an isomorphism (see 5.1.4)

D,(A) = Hom((R;);, A).

where p is the kernel of the homomorphism R; — Z, corresponding to a lattice of p.

In this case we define R, := (Rp);.

Let F and p be a number field and a totally split prime as above. For a finite
set S of primes of I we define Grg := Gal(Fg/F), where Fs C Q is the maximal
extension of F' which is unramified outside S. A representation of G factors through
G s if and only if it is unramified outside S. To apply Mazur’s result it is important
that we work with G g instead of G because it has better finiteness properties. So
set G = Gpg and let p : Gp — GL,(Q,) be a de Rham Galois representation which
is unramified outside S. If p satisfies H*(GF,,ad p) = 0 for all v € S such that v { p,

then one can use local Tate duality to show Hgl(GF,S, ad p) = H;(GF, ad p), where
Hg1<GF,S7 ad p) = ker(Hl (GF,57 ad p) — H H1<GF1,7 BdR ®Qp ad ,O))
vlp

The representations of our main result will satisfy this condition. In this case p is
rigid if and only if Hgl(GFVS, ad p) = 0.

Consider the subfunctor
DzR(A) :={pa € D,(A) : pa is de Rham} C D,(A).

One can show that it is represented by a quotient ring RgR = R,/I. Its tangent space

is naturally identified with the geometric Bloch-Kato Selmer group via



Thus, p is rigid if and only if RgR = Q, if and only if \DgR(A)| = 1 for every
A € Artg,. This finally explains the word rigid since Spf RgR is the deformation
space of p and an object is rigid if it cannot be deformed. In our main theorem we

will prove that the Galois representation of interest is rigid by proving that RgR is a
field.

1.3 Automorphic Representations

The methods of this thesis rely on the Langlands program, which allows us to relate
Galois representations to a completely different type of representation, called auto-
morphic representations. They have a much more analytic flavour than the Galois
side and are typically infinite dimensional representations of reductive groups.

To define them, we first have to introduce the space of automorphic forms and
before that the ring of adeles. Let F' be a number field and if v is a place of F', i.e.
an equivalence class of absolute values on F, we let F), be the completion. It is either
a finite extension of a p-adic field or one of R or C by Ostrowski’s theorem. In the
latter case v is called archimedean. For a finite set of places S of F' containing the

archimedean ones, we define the topological ring

Agﬁs = I]:EL X ]i[cjpw

veS vegS

where O, :={z € F, : |z|, < 1}. The topological ring

Ap = li%n Apg

is called the ring of adeles of F' and is naturally a F-algebra equipped with the norm
|z| =11, |zv|v. Since each Ap g is locally compact, so is Ap. Given a finite type affine
F-scheme X = Spec F[x1,...,2,]/I, we endow X(Ap) with its subspace topology
in A%. This is independent of the generators xi,...,z,. In particular, if G/F is an
affine algebraic group, then G(Ap) is a locally compact topological group. From now
on we take G = GL,, but the theory applies to any connected reductive group over
F.

Let K, C GL,(F,) be a maximal compact subgroup for each place v of F. The
product K = [], K, is a maximal compact subgroup of GL,(Ar). The following is
a reformulation of the definition in [BJ79]. An automorphic form for GL, /F is a
function f : GL,(F)\ GL,(Ar) — C satisfying the following four conditions:



(a) Forevery gy € GL,(AF) there exists an open neighbourhood U of gy and a smooth
function f¢ : GL,(F @ R) — C such that f(g) = fY(gs) for all g € U.

(b) There exist constants C, B > 0 such that |f(g)| < C||g||® for all g € GL,(Ar),

where ||g|| = max; |z;(g)| and the z; are some choice of affine coordinates for GL,,.
(c) The span of the (right) K-translates of f is finite dimensional.

(d) Let g be the Lie algebra of GL,(F ® R) and Z(U(g)) the center of its universal
enveloping algebra. The span of {Df : D € Z(U(g))} is finite dimensional.

If f moreover satisfies

/ f(nz)dn =0
N(F)\N(Ar)

for all © € GL,(AFr) and all unipotent radicals N of proper parabolic F-subgroups
P < GL,, then f is called cuspidal. Here dn refers to a Haar measure on the locally

compact group N(Ap).

Example 1.3.1. Given a classical modular form f : H — C of weight £ and level
[o(N), one obtains an automorphic form ¢ for GLy /Q via the formula

90f<’7500<goo)u) = Jj(goo; Z')ikf(goo “i),

where g,, € GLa(R) = GLy(Ag), v € GLy(Q) and u € Ky(N), where Ko(N) C

GLy (Z) is the subgroup of matrices which are upper triangular modulo N. The func-

Z},z) = cz +d and we extend f to H¥ = C\ R by

f(Z) = f(2). One can use the transformation properties of f and strong approx-

tion j is defined as j ( CCL

imation for SLy to show that this formula defines a unique automorphic form ¢y.

Moreover, one can prove that f is cuspidal if and only if ¢y is.

We denote the space of automorphic forms for GL, /F by A(GL, /F) and the
space of cuspidal automorphic forms by A°(GL,, /F'). Both are infinite dimensional

complex vector spaces which carry the following actions:

e For an archimedean place v of F, the maximal compact subgroup K, acts by
right translation on A(GL,, /F). Moreover, the Lie algebra g, of G(F}) acts by
differentiation on A(GL,, /F') in a way which is compatible with K. This is
called a (g,, K,)-module [Wal79, §2.12].

10



e For a non-archimedean place v of F, the whole group GL,(F,) acts on the
space A(GL,, /F) by right translation. Moreover, this action is smooth, i.e.

every automorphic form has an open stabilizer in GL, (F},).

Alternatively, we say that A(GL,, /F) is a (goo, Koo) X GL, (A% )-module, where g, =
Lie(GL,(F®R)), Koo =[], urep, Kv and AP is the ring of finite adeles, which is defined
exactly like Ag but leaving out the archimedean places, so that Arp = (F @ R) x A¥.

Finally we can make the following definition

Definition 1.3.2. An automorphic representation of GL,(Ar) is by definition an
irreducible (goo, Koo) X GL, (A% )-module which is a subquotient of A(GL,, /F). It is
called cuspidal if it is a subquotient of A°(GL,, /F).

Example 1.3.3. If f is a classical cuspidal newform, then ¢ generates a cuspidal
automorphic representation ITy C A°(GL, /Q).

Let IT be an automorphic representation of GL, (Ag). Flath’s tensor product the-
orem [Fla79] shows that for each place v of F, there is a representation II, associated

with II, which is unique up to isomorphism such that
e For every archimedean place v, I1, is an irreducible (g,, K, )-module.

e For every non-archimedean place v, II, is a smooth irreducible representation
of GL,(F,).

e There exists a finite set of places S containing the archimedean ones such that
for v & S, there exists 0 # f, € 1% and

where the transition maps in the colimit are

®HU—>®HU:£L‘H$ ® fo-

ves’ veS” veS"\S’

We will also use the notations I, := Q) II, and

v arch

=
S'DS veS
v non-arch

so that IT = 11, ® II*°.
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For an archimedean place v we can attach an infinitesimal character
& Z(U(g,) = C

to IT, by [Wal79, 3.21]. We say that an automorphic representation II is cohomological
if there exists an irreducible algebraic representation V' of GL,, /F such that for each
archimedean place v, the action of Z(U(g,)) on V®p F), is given by multiplication with
€. Such representations are automatically algebraic in the sense of [Clo90, Definition
1.8]. The name cohomological will be justified by comparison to the cohomology of
locally symmetric spaces below.

For a non-archimedean place v, we say that IT is unramified at v if [TXv # 0. In
this case I1Xv is a simple module over the spherical Hecke algebra, which is defined

H(GL,(F,), K,) = {f € Co(GL,(F,)) | VE1, k2 € Ky, f(k1gks) = f(9)},

where C.(GL,(F,)) denotes the set of compactly supported functions GL,(F;,) — C.
The identity of H(GL,(F,), K,) is the characteristic function of K,. The product
structure is the convolution

(1% ) (g) = / f1(@) folag) d,

GLn(Fy)

where dx refers to the Haar measure on GL, (F,) such that K, has measure one. The
isomorphism class of II, is uniquely determined by the module structure on IT%v.

Moreover, there is the Satake isomorphism [Car79, Theorem 4.1]
H(GL,(F,), K,) — Clzi', ... a5,

Thus the isomorphism class of I, is determined by the set {ay,...,a,} C C* such
that

MK = Clef, ... 2 /(w1 —aq, ..., 20 — a).

Let ¢(II,) denote the conjugacy class of the diagonal matrix with entries (as, ..., a,).
It determines II,, up to isomorphism and is called the Satake parameter of II,,.

Now we can again define an L-function of an automorphic representation II of
GL,(Ap) which is unramified outside S as

L3(IL,s) = [ [ det(1 — ¢, t(11,))"".
vgS

As opposed to L-functions associated with Galois representations, it is known that

L3(I1, s) converges on some half plane #s > ¢ and has meromorphic continuation to
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the entire complex plane. If IT is cuspidal and n > 1, then L°(II, s) is even an entire
function [GJ72, Theorem 13.8].
Finally, we can make the connection to Galois representations. Choose a prime

p and an isomorphism ¢ : @p — C. If p: Gp — GL,(Q,) is a continuous Galois

P
representation and II is a cuspidal automorphic representation of GL,(Ar), we say
that p is associated with II if for all but finitely many places v, we have the following

equality of characteristic polynomials
(1o det)(T - id —p(Frob,)) = det(T - id —¢*“/*t(I1,)) € C[T7,

where w is an integer that only depends on Il,,. Explicitly, if v is an archimedean

place of F' and &, : Z(U(g,)) — C denotes the infinitesimal character of II,, then we

n (w+ 1;”) & (B),

where E € g, is the identity matrix (see also [Clo90, §4.3.2]). In terms of the L-

function, p is associated with II if and only if

have the equation

L5(p,s) = L°(I1, 5 — w/2)

for a sufficiently large set of places S. As mentioned in the previous section, this

uniquely determines the isomorphism class of the semisimplification p®°.

Example 1.3.4. A classical cuspidal newform f of level N, weight k and character
1 generates a cohomological cuspidal automorphic representation Iy of GLy(Ag) if
and only if £ > 2. In this case w = k— 1 and it was proven by Deligne that the Galois
representation associated with II; exists as a direct summand of the étale cohomology
of a modular curve.

For a prime v { pN, let a, € C be the normalised Fourier coefficient of f. Then

the Galois representation p associated with Il satisfies

(vodet)(T -id —p(Frob,)) = T? — a,T + v" 14 (v).

1.4 Locally Symmetric Spaces

For each open compact subgroup K < GL, (A%) we define the double quotient topo-
logical space

X8, = GLp(F)\ GLy(Ap) /R K - K.

13



When F = Q, then X (I;LQ P is closely related to modular curves. Here is what happens
when F' = Q(v/—2) and

—

K(n) = {k € GLy(Z[v-2]) : k=id (mod n)} :
where Z[v/—2] is the profinite completion of Z[\/—2] and n < Z[/—2] is an ideal such
that 2 € n. We have FF® R = C and

GLy(C)/R* K, 2 Hjy := {(z,y,2) € R*: 2 > 0}.

Thus, by strong approximation for SLs, the connected components of Xé(LQ /p are
indexed by the ray class group F*\(A¥)*/det(K(n)) = CI"(F). Since F has class
number one and K (n) < K(1) is a normal subgroup, each connected component is

isomorphic to the Bianchi manifold I'\Hj, where
I'=GLy(F)NK(n) = {y € SLy(Z[V-2]) : v =id (mod n)}.

Suppose that K = [], K, decomposes as a product of open compact subgroups
K, < GL,(A%), then there exists a finite set of places S such that K, is conjugate
to GLy(Op,) for v ¢ S. Hence, the vector space H*(X[; sr» C) is a module over

H(GL,(F,), K,) = Clzt], ... a5

v,1) s Yun

for all v ¢ S. Moreover, these actions commute with each other and generate a
commutative ring T C End(H*(X§,, /p, C)).

Following [ACC™23], we call a number field ' CM if there exists o € Aut(F') such
that for all field homomorphisms ¢ : F' — C, we have 10 0 = c o, where ¢ € Aut(C)
is the complex conjugation. Note that this includes totally real fields (when o = id)
and one can show that subfields of CM fields are CM. We denote the maximal totally
real subfield of F' by F*. From now on F is always CM.

Let II be a cuspidal cohomological automorphic representation of GL, (Ar). Sup-
pose for simplicity that the action of Z(U(gs)) on Il is trivial. It follows from
[F'S98, Theorem 2.3] that for each open compact subgroup K < GL,(A$) we have a

T?-equivariant direct summand
()" ¢ H'(Xgy, /r C)

for i € [qo,qo + lo], where qo = [F" : Qn(n —1)/2,lp = [F* : Qn —1if F # F*
and lp = [FT : Q][(n+1)/2] —1if F = F*. This implies that there exists a
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homomorphism f : T% — C such that {f(x,;)} coincides with the set of eigenvalues
of the Satake parameter of 11, for all v € S. In words, the system of Hecke eigenvalues
associated with II occurs in the cohomology of the locally symmetric space, justifying
the adjective “cohomological” from above.

This topological structure allows us to also define Hecke modules over Z which
play the role of “integral automorphic representations”. They are crucial for the study
of p-adic phenomena and provide a link to Galois deformation theory. Namely for

each prime p, we still have a commutative subring
T% C Endp,)(RU(X&L, 0 Zp))

which is generated by the action of local Hecke algebras H, for v ¢ S. But now H,
is defined as Z, valued, compactly supported, locally constant functions on GL,,(F,)
which are K,-bi-invariant. (As opposed to C-valued as above.) Given a choice of
embedding ¢ : Q, — C, the algebra T3 ®, C is isomorphic to T%.

Since T% is a finite Z,-algebra, the natural map
Th = [ [ T m
m

where m ranges over the maximal ideals of T3, is an isomorphism. Since derived

categories are idempotent complete, we get a similar decomposition
RU(XE, jr Zy) = @ RUXEL, jr Zo)m
m

Hence we fix a maximal ideal m < T3 from now on.

After possibly increasing S, the work of Scholze [Sch15] implies that there exists
a continuous semisimple Galois representation p,, : Grg — GL, (T3 /m) such that for
each v € S, the map H, — T3 /m is compatible with the characteristic polynomial
of p,, in an analogous way as in the previous section. See [ACC*23, Theorem 2.3.5]
for the precise statement. Moreover, if p,, is absolutely irreducible, then there exists

a nilpotent ideal I < ']I‘%m and a continuous representation
P Grs — GLy (T3 /1)

such that the characteristic polynomial of py(Frob,) is compatible with H, — T% /1
for all v ¢ S. It will be important that I° = 0 for some § which only depends on
[F: Q] and n. If R;_is the deformation ring defined above, then this representation

induces a surjective local ring homomorphism
R, — Ty /1.
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Since prime ideals of Tk, are in bijection with Hecke eigensystems occuring in

H* Xk /> Lp)m, one can interpret the induced map
Spec ’]F}q(,m — Spec R

as attaching Galois representations to automorphic representations via the Langlands
correspondence. Hence, the ring homomorphism R; — ']I‘%m /I can be thought of as
an integral refinement of the Langlands correspondence. It will be the most important

object in our method.

1.5 Statement of Results

Let F' be a CM number field. In this thesis we prove, under certain assumptions,
that the Galois representations associated with cohomological cuspidal automorphic
representations of GL,(Af) are rigid.

The existence of such Galois representations was proven in [HLTT16] and [Sch15].
For an isomorphism ¢ : @p — C and a cohomological cuspidal automorphic represen-
tation IT of GL,,(Ar) we let

r.(II) : Gp — GL,(Q,)
denote the Galois representation from the main theorem of [HLTT16].
Given a partition S, = S¢is U Sss of the places of F' lying above p, a finite set of

places S D S, of I and a continuous representation p : Gps — GL,(Q,), we define
the “mixed” Bloch-Kato Selmer group H}Q(G rs,adp) as the kernel of the natural

map

HI(GFVS,adp)—> H Hl(GES,adp@Bms)x H Hl(prs,adp®BdR).

VEScris vESss

It is sandwiched between the usual Bloch-Kato Selmer groups as follows
H(Grs,adp) C Hyy(Grs,adp) C Hy(Grg,adp).

Both the inclusions here are equalities if the Weil-Deligne representations W D(p|q,, )

are generic [All16, Definition 1.1.2] for all v € S. Now we can state our main theorem.

Theorem 1.5.1 (= Theorem 5.3.5). Let F C L be CM fields and let p : Gp —
GL,(FE) be a continuous representation, where E C @p is a finite extension of Q,

containing the images of all field homomorphisms L — @p. Moreover, let 11 be a
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cohomological cuspidal automorphic representation of GL,(Ar) and let S be a finite
set of places of F', stable under complex conjugation, containing the archimedean ones
and those above p such that 11, is unramified for all v not lying above a place of S.
Let S, = Seris U Sss be a partition of the places of F' lying above p which is stable

under complex conjugation such that the following are satisfied.
(a) p>n;
(b) There ezists an isomorphism ¢ : Q, — C such that ple, ®p Q, = r,(II);

(¢) The residual representation p|, is absolutely irreducible and decomposed generic
[ACC* 23, Definition 4.5.1]. Moreover, Cp_€ L and '6|GL<<p> has enormous image
[ACC* 23, Definition 6.2.28], where (, € L is a primitive pth root of unity;

(d) If v lies above a place in S\ Sy, then the Weil-Deligne representation WD(p|a, )
is generic [All16, Definition 1.1.2];

(e) If v lies above a place in S, then 11, is unramified. If v lies above a place in
Sss, then plg,, is de Rham and for any finite extension L. /L,, WD(p|g,, ) is

generic.

Then the Bloch—Kato Selmer group H}Q(GF7S,ad p) vanishes, i.e. p is rigid. More-

over, pla,. is crystalline for all v lying above a place in Sep.s.

Remark 1.5.2. There are two main new ingredients that allow us to prove this theorem.
The first one is a generalisation of the degree-shifting argument from [ACC*23, section
4], where we allow ramification at p and semistable Galois representations. As a
result we obtain the weak semistable local-global compatibility theorem 4.3.1. See
the outline below and chapter 4 for more details.

The second ingredient is a Taylor-Wiles patching lemma that uses the smoothness
of certain characteristic 0 deformation rings to eliminate nilpotent ideals in patched
Hecke algebras. The idea of using the smoothness comes from [All16]. See the outline
below for more context and lemma 2.6.4 for the precise statement.

The local assumptions (d) and (e) are as general as I could manage with these
methods but they will become unnecessary when more precise local-global compati-
bility theorems are proven. Such results would also imply that one can replace H}g
with H ; in the conclusion of the theorem.

Using the techniques of Miagkov-Thorne [MT22] it should also be possible to re-

place “enormous image” with “adequate image” [Thol2, Definition 2.3] in assumption

(c).
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The assumption (a) comes from [ACCT23] and is only needed for the existence of
Taylor—Wiles (Proposition 5.3.2) and for the construction of the associated complexes

of Hecke modules (Proposition 5.3.3).
Together with the potential automorphy theorems of [ACC*23] the main theorem

implies the more digestible

Corollary 1.5.3 (= Corollary 5.3.6). Let A/F be an elliptic curve without complex
multiplication over a CM field F' and p > 7 a prime such that (, € I’ and the image
of Gp in Aut(Alp]) contains SLy(F,). Let

VA = (lim Ap"|(F)) @z, Q,

be the p-adic G p-representation attached to A. Then V,A is rigid, or equivalently any
short exact sequence

0=V,A=V =V,A—=0,

where V' is a de Rham Gp-representation, splits. Furthermore, if F/Q is Galois and
n is a positive integer, such that p > 2n + 3, then the symmetric power Sym"(V,A)

18 Tigid, too.

Remark 1.5.4. Serre’s open image theorem [Ser72, assertion (6)] shows that for a
given elliptic curve without CM, all but finitely many primes satisfy the conditions
of the corollary. To check them at a particular prime one can often use the LMFDB
[LMF20].

More generally, the recent theorem [Qia22, Theorem 1.4] gives many instances

where the conditions of our main theorem are satisfied. In particular, it implies

Corollary 1.5.5. Let F' be a CM field and let p : Gp — GL,(E) be a continuous
representation, where E C @p is a finite extension of Q, containing the images of all
field homomorphisms F — @p. Let S be a finite set of places of F' containing those

where p is ramified. Suppose the following are satisfied.
(a) p>n;

(b) For all places v | p, pla,, is potentially semistable and ordinary with regular
Hodge—Tate weights [Qia22, Definition 1.3]. Moreover, for all finite extensions
F)/F,, WD(pla,,) is generic;

(¢) The residual representation p is absolutely irreducible and decomposed generic
as defined in [ACC* 23, Definition 4.3.1]. Moreover, {, ¢ F and p|
enormous image as defined in [ACCt 23, Definition 6.2.28];

Gricy) has
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(d) There exists 0 € Gp \ G, such that p(o) is a scalar;

(e) If v e S\S,, then the Weil-Deligne representation WD(p|a,, ) is generic.
Then H}(Gr,s,adp) = 0.

Along the way we also need to prove a weak form of semistable local-global com-

patibility and as a consequence we obtain

Theorem 1.5.6 (= Theorem 4.3.3). Let F' be a CM field, . : C — @p an 150mor-
phism and I a cohomological cuspidal automorphic representation of GL,(Ag). If
the reduction m is absolutely irreducible and decomposed generic, then for every
place v | p of F the representation r,(I)|q,, is potentially semistable (hence also de
Rham) with Hodge—Tate weights

HTT = {)\771 +n— 1,)\7—’2 +n— 2,...,)\7—7”},

where A € (Z")Hom(FQ) s the unique dominant weight for GL, /F such that the
infinitesimal character of Il coincides with the infinitesimal character of (Vy®0,C)Y
(see definition 3.4.4). If 1L, and Iy are unramified, then r,(I)|q,, is crystalline.

Remark 1.5.7. Further local-global compatibility results in the crystalline case, which

also treat torsion Galois representations, were recently proven in [CN23].

Let us provide some context for our results. We begin by explaining how the main
theorem is predicted by a combination of the Fontaine-Mazur conjecture [FM95,
Conjecture 1] and the Bloch-Kato conjecture [BK07, §5], to which [Bel09] is an
introduction.

Let F' be a CM field and assume for simplicity that p is prime which splits com-
pletely' in F. Let p : Gr — GL,(Q,) be an absolutely irreducible Galois represen-
tation which is unramified outside a finite set of places and de Rham at all places
above p. Since ad p is semisimple, the Fontaine-Mazur conjecture implies that ad p
is isomorphic to a subquotient of a Tate twist of a p-adic étale cohomology group
of a variety over F' and that its L-function L(ad p, s) has meromorphic continuation
to the whole complex plane [FM95, Conjecture 3b]. Moreover, we assume that the
subquotient corresponds to a “motive” of weight zero over F' to which we can apply
the Bloch—Kato conjecture. In particular, the conjectures stated in [FPR94, §4.2.2]
together with [BKO7, Proposition 3.8 and Corollary 3.8.4] imply that

dimg, Hgl(GF7 ad p) — dimg, H(Gr,ad p) = ords—o L(ad p(1), s) = ords—; L(ad p, s).

"'We also treat general primes p and Galois representations with coefficients in @p in the main
text.
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Since p is absolutely irreducible, Schur’s lemma implies that dimg, H (Gp,adp) = 1.
If p ®q, @p = r,(II) for some cuspidal cohomological automorphic representation II,
then [Cog08, Lecture 9 §3] shows that

ord,_1 L(ad p, s) = ord,_q L(IT x I, s) = —1.

Hence the Bloch-Kato Selmer group H gl(G r,ad p) must vanish, as confirmed by our
main theorem.

When p is conjugate self-dual, many cases of this rigidity have been proven in
the last 20 years but even for these our theorem often says something new because
previous results only treat the subspace of H gl(G r,ad p) corresponding to extensions
which are conjugate self-dual themselves.

Recent results in the conjugate self-dual case were proven in [All16], with even
more generalisations (but still under the conjugate self-dual assumption) in [NT20].
Besides confirming cases of the Bloch—Kato conjecture, these results have also led to
exciting applications to symmetric power functoriality [NT21a, NT21b, NT22].

Without the conjugate self-dual assumption very little was known except for the
paper [CG20] which shows how conjectures on local-global compatibility imply the ex-
pected rigidity and also manages to show a special case unconditionally. In this work,
we obtain rigidity in a large class of cases without the conjugate self-dual assumption
and without having to prove the full conjectures on local-global compatibility.

We continue the tradition of using automorphy lifting theorems to prove rigid-
ity and use the 10 author paper [ACCT23] which recently established many cases
of automorphy lifting for Galois representations over CM fields which are not neces-
sarily conjugate self-dual. However, due to some nilpotent ideals in Hecke algebras
their results do not directly imply the result we seek. This is one issue we address
in our proof. Moreover, the techniques of [ACC*23] require that p satisfies either
Fontaine—Laffaille or ordinary conditions at p. We weaken this and require much

milder conditions on p|g,, for the places v | p.

1.6 The Method

Let us sketch the proof of the main theorem. Certain things we say here will be
slightly wrong in order to simplify the exposition but we hope that nothing essential
will be misrepresented. Fix a CM field F' and a cohomological cuspidal automorphic
representation IT of GL,(Ar). We wish to show that the associated Galois represen-

tation p := r,(II) is rigid. Assume for the sake of the introduction that the action of
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Z(U(g)) on Il is trivial, that p splits completely in F' and that p has coefficients in
Q, C Q,.

Let K =[], K, < GL,(A%) be an open compact subgroup such that (II**)¥ is a
direct summand of H*(X% sr» C). Let S be a finite set of places of F' such that for
all v € S, the representation p is unramified at v and K, = GL,,(OF,). As discussed

above, there exists a maximal ideal
m < T% C Endy, (RT(XEL, /r: Zyp))

such that p = p,. If p is absolutely irreducible, then there exists a nilpotent ideal

I< T%m and a deformation
pm = GLn (T /1)

of p,, such that the Frobenius characteristic polynomials are compatible with the local
Hecke action for v ¢ S. Assume for simplicity that K, = GL,(Op,) for all places
v | p. We prove in chapter 4 that p, is torsion crystalline with Hodge-Tate weights
contained in {0,1,...,2n — 1} at all places v | p in the terminology of [Liu07]. See

chapter 5 for more precise references.

The (Galois Representation is Crystalline

Here we sketch why py, is torsion crystalline. This property is crucial for the proof
of both the theorems stated above. We use that if we have a finite free Z,-algebra A

with a surjection A — T3 /I and a continuous representation
ﬁ . GF’S — GLQn(A)

such that p ® Q, is crystalline with Hodge-Tate weights {0,1,...,2n — 1}, then the

representation p ®4 Tf(’m /I is torsion crystalline. If there is an isomorphism
ﬁ XA Tf(,m/l = Pm D pr%\/(]' - 2”)7

then py, is torsion crystalline with Hodge—Tate weights contained in {0, 1,...,2n—1}.
In this way we are able to reduce the problem to the case of conjugate self-dual
Galois representations for which a lot more is known, because they appear in the
étale cohomology of some Shimura variety. So we have to find such a p.

In section 3.4 we define an auxiliary unitary similitude group G /FT and the
Siegel parabolic P C G whose Levi group is isomorphic to Resp/p+ GL,. Let T
denote the Z,-algebra generated by the local spherical Hecke algebras associated
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with G for all v ¢ S. The unnormalised Satake transform is a homomorphism of
Hecke algebras T — T, where T is the analogous ring for GL,, /F. The operation
Pm > pm @ pY (1 — 2n) corresponds to viewing H*(X[ 7 Lp)m @S @ T-module via
the morphism T — T.

Let m be the preimage of m in T. Let A be the faithful quotient of T acting
on HYX g . Zy)w, where X g is a suitable locally symmetric space associated with
G and d is the middle degree. Just as in [ACC*23], the algebra A is free over Z,
as a consequence of the main theorem of [CS19]. Moreover, we have an A-valued
crystalline Galois representation p by the known results on local-global compatibility
for conjugate self dual automorphic Galois representations.

The existence of a Hecke equivariant map A — ’]I‘f(’m /I for some nilpotent ideal T

is equivalent to the existence of an integer m > 1 such that
Amng (HY(XE, Zp)a)™ C Anng(H' (X8, /0 Zp)m)

for all i. In section 4.1 we introduce the notation H'(X&y /p Zp)m < Hd(Xg, Zy)s
for this relation. Up to nilpotents, A < B means that the Hecke eigensystems of A
occur in B.

By an argument contained in [ACC*23, section 4] and outlined in section 3.4
below, to find our map A — T} /I, it suffices to show that

H'(X&v, jr Zp)w = HUXE, Zy)g,

for a certain (R/Z)"F"Qbundle f : X f;mf{ — X&. sp- In the Fontaine-Laffaille

case discussed in [ACC*23], it turns out that the Leray-Serre spectral sequence
By = H(X&, p R 125 = HY (XL 2,)5

degenerates at the second page and in this way one can obtain H* as a Hecke equiv-
ariant direct summand of H? since R’ f,7Z, is non-zero for 0 < j < n?[F* : Q).

This is where we proceed differently from [ACC*23] and work with the higher
pages as well, since it is not known if the spectral sequence degenerates in general.
Following an idea which originates in [CN23|, we show that for each m > 1 one can

make suitable choices of level subgroups K (m), K (m), such that the spectral sequence
ng - Hl(Xé{IEnm;F’ RIfZIp" L) = H'I (X]I;’mf((m)7 Z/p"T)a

does degenerate at the second page and the local systems R’ f,Z/p™Z are constant

for all j. The existence of K(m), K(m) is a completely formal once we set things up
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correctly and ultimately boils down to the fact that if a profinite group G acts on
a perfect complex of Z/p™Z-modules, then some open subgroup will act trivially in
the derived category, see lemma 4.2.2. If p is sufficiently split in F', we can ensure for
any fixed place v | p, that K(m), = K, and K(m), = K,. Thus, we will be able to
conclude that py, is torsion crystalline at v and then we can repeat the argument for
every v | p.

Let I denote the image of the natural map E — E.”. With some algebra

involving the differentials of the spectral sequence E%/ we prove in lemma 4.1.8 that
I < I:il @ I
Thus, we can prove by reverse induction on ¢ that for all j
I < I & HY(XEK Z,))a.
In particular, >4~ < Hd(lem?, Zy)w- And sending m — oo gives that

i K(m PNK(m
H (XGén;FaZp)m < ]{d(‘)(Pm ( )7Zp>ﬁ"la

and some devissage involving the Hochschild-Serre spectral sequence proves the same
claim for K instead of K(m).

Finally, one deduces that py, is torsion crystalline. From this it is immediate that
p is crystalline. However, to show that it has the correct Hodge—Tate weights, we
need to use heavier tools than in [ACC*23, section 4] since there is no notion of
Hodge—Tate weight for torsion crystalline representations. Instead we use the theory
of crystalline pseudodeformation rings [WE18] to prove that p @ p“Y(1 — 2n) has
Hodge-Tate weights equal to {0, 1,...,2n — 1}. By compatibility with determinants
we deduce p must have Hodge-Tate weights {0,1,...,n— 1}, see 4.3.3 for the details.
This is a different approach to the one taken in [CN23|, where stronger results on the

torsion representation were proven.

The Galois Representation is Rigid

Let us return to rigidity. We keep the assumption that S contains no places above
p. We know that p is crystalline and in particular de Rham, hence it makes sense to
say that p is rigid. By the main theorem of [Liu07], there is a quotient RS of Ry,
parametrising deformations which are torsion crystalline with Hodge-Tate weights

contained in {0,1,...,2n — 1}. Since p = r,(II) is associated with II and

Txm(1/p] € Endg, (H*(X&y, s, Qp))
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is reduced, we have a commutative square

Ry —— T/

UNLY

where p = fiop and fy describes the action of Tk, on

()% < H.(Xé(Ln /F?QP) ®q,. C.

Let q = ker(f;) and p = ker(f1). One can show that if WD(p|a,, ) is generic for
places v | p, we have isomorphisms

RAR = (R Th, = Q,

See 5.1.7 for the first one. The second one follows from the fact that

H* (X(I;(Ln JF>» Qp)q ®Qp,e C

is isomorphic to a direct sum of copies of the simple Hecke module (I1°°)X which can
be proven with the decomposition in [FS98, §2.2]. The non-generic case is the reason
why we only show the vanishing of the group H }g in our main theorem below.

Thus, to show that p is rigid, it suffices to show that the map
cris\A A
(R5")y — Ty

is an isomorphism. This is what we will prove using a variant of the Taylor-Wiles
patching method introduced in [CG18]. In fact, the Langlands philosophy even pre-
dicts an isomorphism R%”S — T%m, but this seems to be out of reach with our current
tools.

Let us simplify notations and set R = R%”S and T = Tf(’m. Rather than proving
something about the homomorphism R — T/I directly, we put it in a countable family
of morphisms R,, — T,,/I,. The rings R,, are defined as crystalline deformation
rings which allow ramification at an auxiliary set of primes @),,. The rings T,, are
defined as Hecke algebras with a bigger level K,, at @),,. See the proof of theorem
5.3.5 for the definitions. This is also the same setup as in [ACC*23].

Both R,, and T,, are local S,,-algebras, where S,, = Z,[y1, ..., y,]/(1+y;)P" —1)

and there is a surjective map of .S,,-algebras
Ry, — Ty /1
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for some nilpotent ideal I,, such that there exists a § > 1, independent of m, with
I8, =0. Let Soo = Zy[[y1,---,v.)] and a = (y1,...,y,). For each m we also have the
perfect complex of Z,-modules C,, = RF(X(I;{I:’; / 73 L) on which T, acts. Finally,

there also exists a complete Noetherian Z,-algebra R, and surjections
Ry —» R,
for all m. The following key properties hold
e R,/a=R.
o C,, ®S,/a=Cyand Cy[1/p] = (Cy)q is concentrated in degrees [qo, go + lo].

e The localisation of R, at the preimage of p < R is a regular ring of dimension

r — lp. In the main proof we deduce this using [All16, section 1.2].

In chapter 2 we explain how to define a perfect complex of S, modules Cy, such
that Cy ® So/a = Cy which acts as the limit of the complexes C,,, even though
there are no transition maps. The construction of such limits is known as Taylor—
Wiles patching. Let T, C End(Cy) be the Hecke algebra acting on Cy,. The maps
R — T,/ can be patched to a map R, — To /I for some nilpotent ideal. The

situation is summarised in the following diagram.

To — Too/lx Cx

1
Ro —— R, —— T,,/1, Cm
R— T/[O CO

There is also a natural S.-algebra homomorphism T,, — T. The dashed arrow
exists after localising R, and T, at g since the localisation of R, is a regular ring.
However, it is not necessarily a S,.-algebra morphism! Working with this arrow is
the main innovation of our proof.

A lemma due to Calegari-Geraghty [CG18, Lemma 6.2] shows that (C..), is a
projective resolution of the (S )e-module M := H®*(C), and the Auslander—
Buchsbaum formula implies that M has (S ).-depth 7 — ly. Some commutative
algebra in section 2.6 shows that M, viewed as a R ,-module via the dashed arrow
also has depth r —[ly = dim R . Applying the Auslander-Buchsbaum formula again,

we see that M is free over R .
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As R is reduced, it follows that M,/ is a faithful R, ,-module and that the
map Ry — Tooq/lo is an isomorphism. In previous approaches one would have
only been able deduce that M/l is a nearly faithful To, ;-module [Tay08, Definition
2.1], i.e. has nilpotent annihilator. This is why it was important to lift the map from

R . To go back down to R — T we can use the isomorphism
My/aMy = H™*(Co)g.
It implies that Annt_  (Mq/aM;) is the maximal ideal of Ty 4. Consequently,
aMy =mr M,
Now we can use that M/l is faithful to apply lemma 2.5.9 and deduce that
a+ I =mp, .

But from the patching construction we also know that a 4+ I, is identified with
ker(Rop — R,) under the isomorphism Ry — Teo g/l This shows that the map
R, — T, is an isomorphism! Finally, it follows that R;‘fR = RQ is a field and p is rigid.

1.7 Notation

If F'is a number field, i.e. a finite extension of Q, and v is a place of F' and S is a

finite set of places of F', then we denote by

F, the completion of F' at v

Ap | the ring of adeles of F’

A% | the ring of finite adeles of F'

A% | the ring of S-adeles of F

Fq the maximal extension of F', unramified outside a set of places S
Grs | the Galois group Gal(Fs/F)

Op | the ring of integers of F

Op, | the ring of integers of F,

v

Moreover, for a general field F' we let F be a separable closure and Gp :=
Gal(F/F). For any place v of a number field F, the choice of an embedding F < F,
gives rise to an embedding of absolute Galois groups G, — Gp. The conjugacy
class of Gp, — Gy is independent of choices, hence it makes sense to restrict the
isomorphism class of a representation of G to Gp,.

We let Byr denote Fontaine’s de Rham period ring. See [Ber04] for an introduc-

tion. If p is a prime, F is a finite extension of Q,, F' is a number field such that
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|Hom(F, E)| = |Hom(F,Q,)| and p : Gp — GL,(E) is a continuous representation,
then we say that p is de Rham if for each place v | p, the restriction p|g,, is de Rham.
Assuming that p is de Rham, we denote by WD(p|¢,, ) the Weil-Deligne representa-
tion attached to p|g, for any place v of F. This construction is recalled in [All16,
1.1.4 and 1.1.6].

If F'is any field in which the prime p is invertible, then for a continuous repre-
sentation p : Gr — GL,(F) and n € Z, we define the Tate twist p(n) := p ®q, X,

where Xeye : Gp — Q; is the cyclotomic character.
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Chapter 2

Abstract Patching

This chapter consists of pure commutative algebra and forms the foundation of the
main argument. Its purpose is to prove lemma 2.6.4 which allows us to deduce
the isomorphism R, = T, mentioned in the introduction. To do so we employ a
variant of the Taylor—-Wiles patching method [TW95]. The main modifications that
we need were proposed in [CG18] but we make a few further modifications in the
main lemma below to deal with nilpotent ideals. Moreover, we use ultrafilters as a
convenient organisational tool, as first introduced in this context in [Sch18]. See also

the exposition in [Man21, section 4].

2.1 Non-Canonical Limits
It is common to define the p-adic integers as
Ly, =UmZ/p"Z.
<;
Implicit in this definition is the system of reduction maps
Z)pZ < L|p*7 + T/ p°Z < ...

which is really what defines the projective limit. The goal of patching is to be able
to define similar objects without reference to such a system of morphisms. To the
disciple of category theory this is of course blasphemy. However, sometimes in nature
we encounter sequences of objects (M, ) without any maps between them but we still
could use a limit object M.,. The construction of such a limit is exactly the purpose
of patching.

Let us sketch the idea. First, suppose that each M,, is a Z/p™Z-module such that

M, is generated by at most C' elements for some constant C'. We cannot write M., =
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lim._ M, since we have no maps between the M,. However, for each e > 1 there are
only finitely many isomorphism classes of Z/p®Z-modules which are generated by at
most C elements. Hence the sequence (M, /p®),>1 contains at least one isomorphism
class infinitely often.

In particular, choosing e = 1, there is a sequence (n})g>1 and a Z/pZ-module
M?' such that M' = M, /p for all k > 1. Next, there is a subsequence (n})>1
of (ny)k>1 and a Z/p*Z-module M? such that M? = M, /p* for all k. Moreover,
we have an isomorphism M?/p = M2 /p = M'. Now we can continue inductively
and find a subsequence (n]')i>1 of (n])r>1 such that there exists a module M7+
with M+t =~ Mni+1/p”1 for all & > 1 and an isomorphism M7t /p/ = MJ. Let
ATt MY — MY be defined as the composition M7t — M7+ /pi = MJ and let

Moozlim<M1<f—2M2<f—3M3<—...).

M*' ¢-—--» M /p M,/p Ms/p Mi/p
f2 T N T
M? ¢———> ]\Il/p2 {mmmmmmm e L Ms/p2 ]\/[4/])2
f3/\ AN

L > Ms/p®

f4,\ A

Figure 2.1: Construction of M

This construction is illustrated in figure 2.1 for some example of a sequence of mod-
ules (M,,)n>1. The jth row of the figure displays the sequence of modules <Mni /P k1,
which are all isomorphic to M7. The dashed arrows are isomorphisms chosen in a

way such that the diagram commutes and in our example we have

(np)es1 = (1,2,3,4,...)
(i1 = (1,3,4,...)
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The module M, constructed in this way of course depends on many choices of subse-
quences. But that is not a problem in the applications as long as we make consistent
choices. Ultraproducts turn out to be a very convenient tool to achieve this consis-

tency.

Definition 2.1.1. Let X be a non-empty set and P(X) its power set. A non-empty
subset F C P(X) is called an ultrafilter on X if the following are satisfied.

o If A/ Be F,then ANB € F.
e f Ac Fand B D A, then B € F.
e If A C X, then exactly one of A and X \ A belongs to F.

For example, given an element x € X, we have the ultrafilter
Fo={AeP(X):ze A}

An ultrafilter F on X is called non-principal if there is no x € X such that F = F,.
Equivalently, an ultrafilter F is non-principal if it contains no finite sets. It can be
shown with Zorn’s lemma that non-principal ultrafilters exist whenever X is infinite.
Given an ultrafilter F on {1,2,3,...} and sets M,,, we define the ultraproduct

(), (1)

where (z,) ~ (yn) if {n:z, =y,} € F. If F =F,, is principal, then the projec-
tion to M, induces a bijection (Hn21 Mn)f = M,,. Hence ultraproducts are most
interesting when F is non-principal.

In this case we still have the key property that for any finite partition
X =Jx,
i

exactly one of the (necessarily infinite) X; belongs to F. This can be used to show
that if all the M,, have cardinality bounded by a constant, then the cardinality of
(an1 Mn) - is bounded by the same constant and is in bijection with M,, for infinitely
many n (but not induced by a projection!). Moreover, for maps f, : M,, — N, there

is a canonical induced map (][], Mn); = (IL>1 Nn)]__. Hence it makes sense to

e
,

el \n>1

form the limit
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for any sequence of Z,-modules M, . This behaves very similarly to the construction of
M, via subsequences above but only relies on one choice: the non-principal ultrafilter
F. Below we will define the patching functor as precisely this limit. In the applications
we make one choice of such a filter in the beginning and never change it. This hides
the non-canonical nature of the patching method quite well and saves the paper from

many indices.

2.2 Ultraproducts of Finite Sets

Let X be an infinite set and F a non-principal ultrafilter on it. Let Set,; be the
category of sets of cardinality bounded by M € N. Then we have a functor

ulim; : H SetM — SetM : (Sa) — (H Sa>
f

acX acX
To see that this is well-defined, note that there are only finitely many isomorphism
classes of objects in Set,;, one for each non-negative integer < M. This yields the

partition

M
x=Jx,
=0
where X; = {a € X : |S,] = i¢}. Let j be the unique index such that X; € F.
For each a € Xj, let f, : S, = {1,2,...,7} be a bijection. Then there is a unique
bijection

£ (Hsa) —{1,2,...,5}

acX
such that for all (sq)aex € [[oex Sa

{B€X;: fa(sp) = f((5a)acx)} € F.

Alternatively, having cardinality bounded by M is expressible as a first order formula,
hence Lo§’ theorem [Hod08, Theorem 9.5.1] implies that the ultraproduct of such sets
has again cardinality bounded by M. One can consider the same functor for groups,
rings, modules over a finitely generated ring, etc. since there are only finitely many
isomorphisms classes of groups, rings, modules over a finitely generated ring, etc.
with cardinality bounded by M.

Lemma 2.2.1. Let A be a ring of finite cardinality. There is a unique ring iSOmor-

phism [ : (IT.ex A)]E — A such that for each (x,) € [[,cx A we have
{B:xs=f((xa))} € F.

31



Proof. Given (x4)a € [],cx A there exists a unique y € A such that {o € X : 2, =

y} € F since we have the finite disjoint union

X = U{an:xa:y}.
yeA
This uniquely characterises f as the function f((z,)) :=y. It is clear that (z,) ~ 0 if
and only if f((x4)) = 0. Moreover, f admits a section s : A = [[ cy A :a— (@)aex-
Hence f is a bijection ([], A4)r — A. If f((z4)) =y and f((24)) = w, then

{aza=ytN{a: 2z, =w} C{a: 420 =yw}.

Since filters are closed under finite intersection and supersets, we have f((x424)) = yw
and similarly f((z4 + 24)) = y + w. Thus, f is a ring homomorphism. We already

saw that it is bijective, hence f is an isomorphism. O]

Lemma 2.2.2. Let A be a local ring of finite cardinality with maximal ideal m. Let
f be the map from lemma 2.2.1. The composition g : [[,cx A = (ITocx A)]_. Iy Ais
a localisation' of [[,cx A at g~*(m) in [],cx A

Proof. Firstly, note that the complement of g~!(m) maps to units under g since A is
local. Now let i : ]
of g7*(m) is mapped to B*. Appealing to the universal property of quotients it
remains to show that kerg C kerh. If (z,) € kerg, then S := {a : 2, = 0} € F.

wcx A — B be any ring homomorphism such that the complement

Let 1g be the characteristic function on S, i.e. the element of [] . A such that
lso = 1if @ € S and zero otherwise. By assumption 1lg - (z,) = 0. Moreover
g(1s) =1 € m, hence 15 & g~'(m). Finally, h((z,)) = h(1s)™' - h(1s(z,)) = 0 and so
ker g C ker h. O]

Lemma 2.2.3. Let A be a local ring of finite cardinality. The functor

] Moda — Mod; Ay 1T Mo (H Ma>

aceX aceX aceX

18 exact.

Proof. Let f be the isomorphism from lemma 2.2.1 and g = f o ¢, where

(i)

aeX acX

'Meaning that it satisfies the universal property of localisation.

32



is the quotient map. We have the commutative diagram of functors

MOdA

MHMW lf*

ale_[X MOdA E— MOd(Han A)]__

The functor f* is an equivalence of categories and we have shown in lemma 2.2.2
that M +— M /ker(g)M is a localisation, hence an exact functor. Thus, the functor

in question is exact itself. O

Definition 2.2.4. Let A be aring. A family (M, ).cx of A-modules is called bounded

if there exists an integer s such that each M, is a quotient of A®.

Lemma 2.2.5. Let A be a ring of finite cardinality and (M,)aex @ bounded family of
A-modules. There exists a set S € F such that for B € S, there exist isomorphisms
fap : Mo = Mg for all a € S. Given S and f,p, there is a unique isomorphism

[ (H Ma> =~ My
acX F

satisfying
{v € S: f((ma)aex) = frp(m,)} € F

for all (ma) € ([Taex Ma) 5

Proof. 1f each M, is a quotient of A®, then |M,| < |A|°. There are finitely many
isomorphism classes of A-modules of cardinality at most |A]*. Choose a set of repre-

sentatives R for them. Since R is finite, there exists a unique N € R such that
S={aeX:M,=N}ecF.

Let 8 € S and choose isomorphisms f,5 : M, — Mgz for a € S. This proves the first
part of the claim. It remains to find the uniqueness isomorphism f. The uniqueness
is clear from the definition of the equivalence relation determined by JF. For the

existence, note that if (m,) € [[,cx Ma, then there exists a unique n € Mg such that
{a€S: fapg(ma) =n}eF

and mapping (m,) — n does the job. O
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Lemma 2.2.6. Let A be a ring of finite cardinality and (My)aex, (Nao)acx bounded

families of A-modules. The natural map

(H HomA(Ma,Na)> — Homy ((H Ma> (H Na> )

18 an isomorphism.

Proof. By lemma 2.2.5 there are sets S7, Sy € F such that for f € S := 51 NSy we
have isomorphisms z.g : M, = Mg and ya5 : No = Np for all o € S. These give rise
to isomorphisms = : (IT,cy Ma)f =~ Mg and y: ([T.cx Na)]__ = Nj satisfying

{v €S :2((Ma)acx) = x5(m,)} € F {7 €S :y((na)acx) = y45(ny)} € F.

Applying the second part of lemma 2.2.5 to (Hom (M, No))aex, 5 € S and z,5(h) =

Yap © ho x;é we obtain an isomorphism

z: (H HomA(Ma,Na)) — Homy (Mg, N3)
]_"

aeX
satisfying
{v €5 2((ha)aex) = 2y8(hy)} € F.

The lemma now follows from the diagram

(Han Hom (M, Na))f — Homy ((Han Ma)f? (Han NO‘)]-')

lz lh»—wohox_l

HOH]A(MQ,N/B) i > HOH]A(MB,N/B)

which commutes because if m € Mz and h, € Homa(M,, N,), then for all v € S, we
have

(48 © Iy 0 275) (M) = 2,5(h,,) ().
By intersecting the three elements of F constructed in this proof, we find a set T' € F,
such that for v € T the left hand side equals (y o (ha)acx © 271)(m) and the right
hand side equals z((hq)acx)(m). O

2.3 Patching Functor

Consider a complete Noetherian local ring R with maximal ideal m and finite residue
field k£ := R/m. We define the patching functor by

Py : || Modgr — Modp : (Ma)aex + lim (H Ma/m”> ,
_F

aeX n2l \qeXx
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where M, /m" is short for M,/m"M,. The R-module structure is given by acting
diagonally and makes P into an R-linear functor. Note that this functor also depends
on the ultrafilter F but we omit it from the notation. This is a special case of a
cataproduct as defined in [Sch10, Chapter §].

Lemma 2.3.1. If M 1is a finitely generated R-module, then
PR ((M)aEX) = M

Proof. Since k is finite and M is finitely generated, M/m™ is finite, too. By lemma

2.2.1 there is a natural isomorphism ([] . M/m") . = M/m" for each n. Now we

f
note that M is complete as it is finitely generated and taking the inverse limit yields

the desired isomorphism. O]

Lemma 2.3.2. For each finite set S C X the we obtain a non-principal ultrafilter
FS={ACX\S:AeF}onX\S. With respect to this ultrafilter, the functor Pg
factors through the category Han\S Modp.

H MOdR E— H MOdR

aeX aeX\S
k‘ lPR
MOdR
Proof. This follows from the fact that F is non-principal. O]

Lemma 2.3.3 (Selection Lemma). If (M,) is a bounded family of R-modules, then
Pr (M,) =lim M,, /m"
%
for some sequence «,, of elements of X and transition maps
[ My, /m™ — M, /m™ 5 M, /m"

Proof. Since k is finite and m is finitely generated, R/m™ is finite, too. Hence this is

a corollary to lemma 2.2.5. [

Lemma 2.3.4. Let A be a ring and (M,, ¢;;) a countable inverse system of finite

length A-modules and let N be a finitely presented A-module. The natural map
(nm Mn> ©a4 N = lim (M, ®4 N)
— —
18 an isomorphism.
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Proof. Let A" — A®* — N — 0 be a finite presentation of N. Since tensor products

are right exact we have an exact sequence
<lim Mn> 4 A (hm ]\/[n) 4 A (hm ]\/[n) ©4N =0 (2.3.0.1)
— — —

On the other hand the finite length assumption implies that {ker(M, ® 4 A”™ — M, ®4
A®)} is a Mittag-LefHler system, hence

lim (M, ®4 A") — lim (M, @4 A*) — lim (M, ®4 N) — 0 (2.3.0.2)
— — —

is exact. Note that the map in the claim of the lemma is an isomorphism when
N = A? for some finite d as can be checked directly by viewing the two limits as
submodules of ([], M,)* =[], M. Hence the natural map from sequence 2.3.0.1 to

sequence 2.3.0.2 induces the desired isomorphism. O]

Lemma 2.3.5. If (M,) is a bounded family of R-modules, then there are natural

1somorphisms
Pr (M,) /m" = Pg(M,/m") = (H Ma/m”>
aceX F

Proof. Firstly, note that under isomorphism from lemma 2.2.1 the ideal m C R/m™

is mapped to ([[,ex M), hence ([T cx Ma/m") . /mF = (IToex Ma/(m™+ m*))
Moreover, each ([],cx Ma/m") + 1s finite length over R by lemma 2.2.5. Now lemma

2.3.4 yields the result. [
Lemma 2.3.6. Py is right exact on the category of bounded families of R-modules.

Proof. Suppose we are given a short exact sequence
0— HAC,—> HBQ% HCa—>O
aeX aceX aceX

Using lemma 2.2.3 and the fact that tensor products are right exact we already have

exact sequences

() =) -] -

aeX acX acX

for each n. Since (A,) is bounded, a Mittag-Leffler argument shows that we also have

exactness in the limit. O

Lemma 2.3.7. If (M,) is bounded, then Pg (M,) is finitely generated.

36



Proof. Let s be sufficiently large and choose for each «, a surjection f, : R® — M,.

Then by lemma 2.3.1 and lemma 2.3.6 we have a surjection

fo)

R = PR(R®) 2rYh poa). O

Lemma 2.3.8. If (M,) and (N,) are bounded families of R-modules, then there is a

natural isomorphism

Homp (P (Ms) , Pr (N,)) = lim (H HomR(Ma/m”,Na/m”)>

n aeX

Proof. For any finitely generated R-modules M and N, the natural map

Homp(M, N) — lim Hompg(M/m", N/m")

is an isomorphism. Thus, lemmas 2.3.7 and 2.3.5 imply that the natural map

Homp (P (Ms) , P (N,)) — lim Homp ((H Ma/m”> : (H Na/m”> )
F F

n aeX aeX

is an isomorphism. Now lemma 2.2.6 finishes the proof. O]

Lemma 2.3.9. Let R’ be another complete Noetherian local ring with mazimal ideal
m’ and finite residue field k' and suppose that (M, )acx is a collection of R'-modules
together with local ring homomorphisms f, : R — R’/ Anng/(M,) which allow us
to also view M, as an R-module. If (M) is a bounded family of R-modules, then
the natural map Pr(M,) — Pr/(M,) is an isomorphism of R-modules, where the

R-module structure on the second term comes from functoriality of Pg.

Proof. We first show surjectivity. The assumption yields the inclusions
m"M, C (m')" M,

for all n > 1 and a € X. Note that the kernel of the surjective R-module map

<H Ma/mn> - <H Ma/(m/)n>

has finite length for each n > 1. Hence a Mittag-Leffler argument shows that the
map Pr(M,) — Pr(M,) is surjective, too. Similarly to lemma 2.3.3 we can write

the map in question as the limit (with R'-linear transition maps) of the maps
Mo, /m™ = M, /(w')"
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for some sequence «,,. Now let
(my) € lim M, /m"
%

be an element of the kernel. Then m,, € (m')"M,, for each n > 1 and by using the

transition maps M,, ., — M, we see that m,, € ﬂkZI(m’)kMan +m"M,, . Since M,,

n+1

is finite over R’, this implies that m,, € m"M,, . Thus, the map is injective, too. [

2.4 Derived Patching Functor

Keep the notations from the previous section. We have shown in lemma 2.3.6 that
Pr is a right exact functor on the category of bounded families of R-modules, viewed
as a full subcategory of [], .y Modg. Unfortunately, this category is not necessar-
ily abelian since it is not necessarily closed under subobjects. Thus, the standard
methods of homological algebra do not apply here. Instead we will only prove the
minimal functoriality property needed below but with more care it should be possible

to develop a more general derived patching functor.

Definition 2.4.1. Let e : X — Z>; U {oo} be a function. Then we say a family
(Ma)aex in [[,cx Modp is an e-family if mé@ M, = 0. Equivalently, (M,)acx is an
e-family if it comes from an object in [],.x Modg/pe). We say it is e-free if each

M, is a free R/m®®-module, where we use the convention that m> = 0.

Lemma 2.4.2. Lete : X — Z>1U{o0} be a function such that {o € X :e(a) > N} €
F for all integers N. If (M) is a bounded family of R-modules, then the natural map
(M) — (Mg /me®) induces an isomorphism Pr(M,) — P r(My/me),

Proof. By lemma 2.3.7 we know that P (M, /m®®)) is a finitely generated R-module.

Hence with lemma 2.3.5 we find isomorphisms
Pr(M,/mé®) =~ lim P (M, SN /m
= lim P (M, /m™" (<@ M,,)
= lim P (M, JmNM,)
= Pr(M.)
whose inverse is the map induced by (M) — (M, /me®). O

Lemma 2.4.3. Let e : X — Z>y U {00} be a function such that {o € X : e(a) >
N} € F for all integers N. If (M,) is a bounded e-free family of R-modules, then
Pr(M,) is a finitely generated free R-module.
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Proof. By lemma 2.3.7 we know that Pr(M,) is a finitely generated R-module. More-

over, lemma 2.3.5 implies that
P (M) /m™ = Pp(M,/m™)
is a free R/m"¥ module for each N > 1. Hence Pr(M,,) is free over R, too. O

Lemma 2.4.4. Suppose that (C2)a.cx is a bounded complex of bounded e-free families
of R-modules, where e : X — Z>; U {oo} is a function such that {a € X : e(a) >
N} € F for all integers N, then

e Pr(C?) is a bounded complex of finitely generated free R-modules.

o [f(D,)acx is another such complex and f3 : C2 — D? is a sequence of nullho-

motopic maps, then Pr(f2) is nullhomotopic.

Proof. The first bullet point is lemma 2.4.3. The second bullet point holds because

P is an additive functor. O

2.5 Depth and Dimension

Here we state some results from commutative algebra that will be used to prove

dimension inequalities in the main lemma.

Definition 2.5.1. Let R be a Noetherian local ring. If M is a finitely generated
module over R, then we define depthy (M) as the supremum of the lengths of sequences
of elements xy,...,z, € mg such that M/(xy,...,x,)M # 0 and z; is not a zero

divisor on M/(x1,...,2z;_1).

Lemma 2.5.2. Let R be a Noetherian local ring and M a non-zero finitely generated
R-module, then depthy(M) is the smallest integer i such that Exthy(R/mp, M) # 0.

Proof. See [Sta23, Lemma 00LW]. O

Lemma 2.5.3 (Auslander-Buchsbaum formula). Let R be a Noetherian local ring

and M a finitely generated R-module of finite projective dimension, then
pdz(M) + depthy(M) = depth(R)

Proof. See [Sta23, Proposition 090V]. O
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Lemma 2.5.4. Let lp > 0 and qy be integers and S a Cohen—Macaulay local ring
of dimension n > lyg. Let C* be a bounded complex of finite free S-modules which
is not eract. Suppose that H'(C®/mg) is non-zero only if i € [qo,q0 + lo]. Then
dimg H*(C*) > dim S — ly and if equality holds, then H'(C®) is non-zero only if

i=qo+1lyp and HHo(C*) has projective dimension lo.
Proof. The idea goes back to [CG18]. See [KT17, Lemma 2.9] for a detailed proof. [

Lemma 2.5.5. Let (R,m) be a Noetherian local ring and R — S a finite ring map.

If n is a mazimal ideal of S and A is a finitely generated S-module, then
depthp(A) < depthg (Ay).
Proof. See [Sta23, Lemma 0AUK]. O

Lemma 2.5.6. Let R be a Noetherian local ring with maximal ideal m and R its

m-adic completion. Then for any finitely generated R-module M we have
depthp(M) = depthz(M ®@r R)

Proof. Since R is Noetherian, R is a flat R-module and so [Sta23, Lemma 0338]
applies. O

Lemma 2.5.7. Let S, R be Noetherian local rings and f : S — R a local ring homo-

morphism. If M is an R-module which is finite over S, then
depthg(M) = depthy(M)

Proof. This proof is from [DG67, IV. 16.4.8] but we include it for convenience. First
suppose that depthg(M) = 0, then 0 # Homg(S/mg, M). Now

P := Homg(S/mg, M) C Homg(S, M) =M

is a sub S-module of M. Since M is finite over S, P has finite S-length. But P is
also naturally an R-submodule of M and has finite length over R since the action of
S factors through R. Hence P has a simple R-submodule which must be isomorphic
to R/mpg, hence Homg(R/mpg, M) # 0 and depthy(M) = 0 as well.

If depthg(M) > 0, then we may choose an element = € mg such that M/ f(z)M #
0 and f(z) is not a zero divisor on M. Then depthg(M/xM) = depth(M) — 1 and
depth(M/ f(x)M) = depth(M) — 1, so the claim follows by induction. O
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Lemma 2.5.8. Let R be a Noetherian ring and S C R a Noetherian subring over
which R is integral. Then dim(S) = dim(R).

Proof. See [Mat80, 13.C]. O

Lemma 2.5.9. Let k be a field and R = k[[xy,...,x,]]. If a < R is an ideal and
M s a finitely generated faithful R-module such that aM = mM , then a = m, where

m = (z1,...,x,) is the maximal ideal of R.

Proof. We can write a + m? = I + m?, where I < R is an ideal generated by linear

polynomials. It suffices to show that I = m because then
a/ma — a/(anm?) =I/(I Nm?) =m/m?

which implies that a = m by Nakayama’s lemma.
By construction a C I + m?, hence

mM =aM C IM +wm>M C mM.

It follows that m(M/IM) = m?*(M/IM). By Nakayama’s lemma this implies that
m(M/IM) =0, ie. mM C IM. Now [AM69, Proposition 2.4] implies that for each
x € m, the endomorphism ¢, : M — M : m — xm satisfies an equation of the form

O+ a0+ +ag=0

with a; € I. Since M is faithful, z itself satisfies the same equation and z* € I. Note
that I < R is prime since it is generated by linear elements, hence x € [ as well.
Thus, I = m as desired. O

2.6 Main Lemma

We begin with a standard lemma which forms a crucial ingredient of the argument

below.

Lemma 2.6.1 (Formal Implicit Function Theorem). Let E be a field of characteristic
0 and R be a reqular local E-algebra. Then for every complete noetherian local E-
algebra T and local E-algebra map R — T /1, where I C T is a nilpotent ideal, there
exists a lift R — T as indicated in the following diagram.



Proof. By [Sta23, Lemma 07EJ] the map E — R is formally smooth in the mpg-adic
topology. Now the lemma follows directly from [Sta23, Lemma 07NJ]. ]

Example 2.6.2. Consider a non-constant polynomial F' € Rz, y] with a solution
(20, y0) € R?, and consider the ring R = R[z, Y] (z—z0y—y)/(F) and take T = R[] /(t")
and I = (¢?) for some N > 1. Then the lemma follows from the implicit function

theorem since R is regular if and only if dF{,, ) is surjective.

Definition 2.6.3. Let R be a local ring with maximal ideal m. A complex C* of

R-modules is called minimal if the differentials of C* @ R/m are zero.

Lemma 2.6.4 (Main Lemma). Let Soo = W/|[z1,...,2,]], where W is a complete
discrete valuation ring with finite residue field of characteristic p and uniformizer w
and seta = (r1,...,2,) and ay = ((1+$1)pN —1,..., (1+azr)pN—1) and Sy = Seo/an
for N > 0. Suppose we are given

(1) A complete noetherian local W-algebra Ry..

(2) For each N > 0, a local Sy-algebra Ry which is a quotient of Ry such that
RN/CI = Ro.

(3) For each N >0, a minimal complex C3; of free Sy-modules such that Cy;/a = Cg
and C§ is finitely generated.

(4) Integers qo,ly such that C3[1/p] is not exact and concentrated in degrees [qo, o+ o)
and dim Roo[1/p] + lop < dim(Sx)q = 7.

(5) For each N > 0, a commutative Sy-subalgebra Ty C Endp(s,)(Cx) whose image

in Endps,)(Cg) s contained in Ty.

(6) A constant § > 0 such that for each N > 0, there is an ideal Ix of T satisfying
I, = 0 with Iy equal to the nilradical of Ty and such that there exists a surjective

Sy-algebra homomorphism Ry — Ty /In making the square

RN —_— TN/IN

I

R(] _— To/IO

commute.
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(7) A mazimal ideal q of To[1/p] with image p in Ry under the map
(SpecTo[1/p])rea — (SpecTh)rea = (Spec(To/1o))rea — Spec Ry — Spec R

such that (R ), is regular and (1y)q is a field.

Then dim(/Roo\)p =1 —ly and there is an isomorphism (Ry), = (Tt)q which is com-
patible with the map Ry — Ty/Io.

Proof. Let F be a non-principal ultrafilter on Z>, and set
C% =Ps. (C}), T :=Ps. (In), I, :=Ps. (n).
Then

(a) Using (3) and lemma 2.4.4 we find that C2 is a minimal complex of finitely

generated free So,-modules. By right exactness of Pg_ we have C3 ®g. Sy = Cf.

(b) From (5) we obtain a commutative square for each N > 1

. e(N
Iy — EndD(SN/m‘;(Ji]W)(CN/m( )

l |

Ty —— Endp, Cg/meN)

So /mg<ON>)(
and by the second bullet point of lemma 2.4.4 we obtain a commutative square

Téo E— EndD(goo) (C;O)

! |

T() E—— EndD(SO) (06)

We denote the image of T, — Endp(s.)(C%) by Ts. Since the family (Cy)
is bounded (as C%/mg, = Cy/w), we find that C2, is a finitely generated S.o-
module by lemma 2.3.7 and so is Endps..)(CS,). Hence T is a finite Se-algebra
as S, is Noetherian. From the diagram we also conclude that the image of T},

in Endps,)(C3) is contained in Tj.

(c) We define I, as the image of I’  in T,. It satisfies IS, = 0 since that can be

described by a first order formula which holds for each Iy.
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(d) By the right exactness of Pg__, we find a W-algebra surjection R, - Pr__(Rx).
Moreover, the S-algebra homomorphism Pgr_(Ry) — Pr_(Tn/Ixn) is surjec-
tive. Lemma 2.3.9 gives a natural isomorphism of S.-algebras Pr_(Tn/Iy) =
Ps (Tn/In) = T /I.,. Together with the commutative diagram from assump-

tion (6) we obtain a commmutative diagram

Roo E— PROO(RN) E— TOO/IOO

} |

RO » T()/IO

where all arrows except those starting at R, are S.-linear.

We apply lemma 2.5.4 to (C2,)4, noting that (C3,)./a = C3[1/p| is concentrated
in degrees [qo, qo + lo]. Hence dim(g,.), H™0((C,)q) > dim(Sw)q — lo and if equality
holds, then H%*o((C?.),) has projective dimension [o.

On the other hand, since C3, is finitely generated, the map
(Sco)a/ Anngs,o), (H(C%)a) > (Too)a/ Anngr,), (HO(CL,)a)
is finite and with lemma 2.5.8 we conclude
dims_,), H°(C%,)e = dimr), HLT0(C2)q.

Since Krull dimension decreases with surjective ring homomorphisms and is insensi-

tive to nilpotent thickenings we find that
dims_.), H*(C%)e < dim(T)a = dim(Th)o/ I < dim Pr_(Ry)a-
Moreover, Pr_(Ry)q is a localisation of Pg_(Ry)[1/p] since p € a. Hence
dimPgr_(Ry)e < dimPg_(Ry)[1/p].
With the bound above and the surjection R., — Pg__(Ry) we conclude
dims_,), H*(C%,)e < dim Roo[1/p] < dim(Sa)a — lo,

hence we must have equalities throughout. Thus, the projective dimension of the
(Ss0)a-module H®Fo((C2),) is Iy and by the Auslander-Buchsbaum formula (lemma
2.5.3), we find that depthg_, H®"((CS,)a) = dim(Sw)a — lo = dim R[1/p]. Now
(C2.)q is a projective resolution of H®0o(C? ), so that in fact we can view (Tl ), C
Ends..),(M,), where M := Hoto(C3).
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Denote the kernel of T, — Ty/q also by q, then aT, C q and the image of p < R,

in T, /I equals q as can be seen from the diagram

R > Ry > Ro/p

! ! I

Too/Ioo e T()/]O —_— T()/q

Thus, we obtain a surjective local map (Rw)y — (T )q/I, hence also a surjective

—

local map on completions (Re)p — (T )q/Ioo- To simplify the notation we define

R = (Ro)p,
T = (Too)s.
T = ker(Too)g = (Too)q/ Lno)-

Since I’, = 0, we have (I, + q")° C q" for all n > 1 and thus I’ =0 as well. Since
R= (Roo)yp is a regular W[1/p]-algebra, we can apply Lemma 2.6.1 to choose a lifting

T
R——T/T
We use it to equip M= Mo ®(12)a @ with a R-module structure. This is the key
step for dealing with the nilpotent ideals.
Note that R — T is a finite local ring map since R — T\/T is surjective and T
)

is nilpotent and finitely generated, i.e. T is a quotient of Rle, ..., €]/ (¢

:V). Hence

lemma 2.5.7 implies that
depthz M = depths M = depthz ) (Mo ®70)0 (Too)q)
where the second equality follows from lemma 2.5.6. Now lemma 2.5.5 implies
depthy M > depthg_), M, > dim Reo[1/p] > dim(Rs,), = dim R.

Applying the Auslander—Buchsbaum formula to the regular ring }A%, we find that
M is a projective, hence free R-module. It is non-zero since q is in the support of
]\//T/a as C is not exact. In particular, dim R = dim Ro[1/p] = r — lo.

Since M is free over }Ai, the map R—Tis injective. The regularity of R implies
that it is reduced, hence R—T / Tis injective as well. By construction it is surjective

and factors through the map P R:(Ev)p — f/ I Thus, we have isomorphisms

—

PRm<RN>p

2
I

R T/T
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and we equip R with an S.-algebra structure via these isomorphisms.

(Th)q is a field by assumption (7), i.e. q(7p)q = 0. Recall that from (b) above we
know that the image of T, in Endg,(Cp) is contained in Ty. Consequently, q7, acts
as 0 on

H ‘10?0(\00)q ~ M / aM

and Annf(]\//f / aM ) must be the maximal ideal of T. Thus,

—

mfj\/f CaM C mzM.
In particular, we have an equality of R-modules
a (M\/TM\) =mp <J/\4\/f]\//.7> :

The module M /TJ\/Z is faithful over R since if r € R kills it, then any lift 7 € T
satisfies 7M C TM. Now [AM69, Proposition 2.4] shows that # € T for some k > 1.
Hence ¥ = 0 and the regularity of R implies that r = 0.

By the Cohen structure theorem we can apply lemma 2.5.9 to the R-module
M /IM and find that

aR = mﬁ.

Hence (Ry), = (Eo\)p — R/aR is a field and the natural map (Ro)p — (Tp)q must be
injective. By construction it is compatible with the initial Ry — Ty/Iy, hence also

surjective. O
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Chapter 3

Locally Symmetric Spaces

In this chapter we define the spaces we need for the main argument. Their cohomology
will carry the Hecke eigensystems corresponding to the Galois representations we wish
to study. This is essentially a recollection of results from [BS73] and [NT16].

3.1 The Symmetric Space of a Linear Algebraic
Group

The starting point for our definitions is a linear algebraic group G, defined over a
number field F'. Moreover, for the remainder of this section we assume that we have

picked a maximal compact subgroup K., C G(F ® R).

Definition 3.1.1. Let R,G be the unipotent radical of G and let Sg be the identity
component of the real points of the Q-split part of the centre of Resp/q(G/R.G).

Example 3.1.2. If G = GL, /F, where F' is any number field, then Sz = RZ,
embedded as scalar matrices in GL,,(F' @ R).

Definition 3.1.3. Let G be a connected linear algebraic group over a number field
F. For a section s : (G/R,G)(F ®@R) - G(F ®R) we define the symmetric space (a
smooth real manifold)

Xgs = GF @R)/Kys(Sq).

Example 3.1.4. Here are some examples of these symmetric spaces

1. If G = G,, over I, then R,G = 1 and we can choose s as the identity. Then

we find a diffeomorphism

Xes — RN“/R(L 1,...,1) : 2z~ (log|z|;)ienw s
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where N, denotes the set of equivalence classes of archimedean absolute values
on F. Note that the regulator of F' is the volume of Of\X¢ s, where X¢ ¢ is

given its euclidean metric.
. If G =GLy/Q, s =id and K, = O5(R), then

a b act + b
Xgs— H: _—
Goo 7 [C d] cei+d

is a diffeomorphism, where H = {z + iy € C : y > 0} and ¢ = sign(ad — bc).

. IfG=GL,/Q, K = O,(R), s =id and Y C M,(R) is the set of positive

definite, symmetric matrices of determinant 1, then
Xas— Y : A AT A det A|7Y"

is a diffeomorphism.

x k%
.IfG=10 x x| CGLzover F =Q, K, = {*1} x O5(R) and s : G/R,G =
0 * *
GL; x GLy — GLj3 is the natural embedding, then
1 t u .
+b t U
Xos 5 HXR2: [0 a b act
Gis 77 L X 0 Z d ~ (caz’—i—d’ lad — be|V/27 |ad — be|'/?

is a diffeomorphism, where ¢ = sign(ad — bc).

Proposition 3.1.5. Let G be a reductive group over F' and P C G a parabolic

subgroup. Then P(F ® R) contains a unique Levi subgroup stable under the Cartan

involution associated with K. Thus, there is a unique section s : (P/R,P)(F®R) —
P(F®R) C G(F ®R) whose image is stable under the Cartan involution.

Proof. See [BS73, Corollary 1.9]. O

Definition 3.1.6. Let G be a reductive group over F' and let K, be a maximal

compact subgroup of G(R ® F'). For a parabolic subgroup P C G the proposition

provides us with a canonical choice of section s and we will simply write

Xp:i=Xps

for this choice of s.
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Definition 3.1.7. Let P C GG be a parabolic subgroup of a reductive group over F,

then we define Ap := s(Sp)/Sq, where s is the section stable under Cartan involution.

Lemma 3.1.8. If P C G 1is a parabolic subgroup of a reductive group over F', then
there is a natural diffeomorphism Xp = X¢q/Ap.

Proof. We have G(F ® R) = P(F ® R)K,, by the Iwasawa decomposition. Hence
naturally X¢ = P(F @ R)/(Ko N P(F ®R))Se. Now K N P(F ®R) is a maximal
compact subgroup of P(F ® R), hence X /Ap = Xp. O

Xk

Example 3.1.9. Let P = {0 *} C GLy /Q. Then Ap = {[é [1)] > 0} and

under the identification X¢y,, = H from above we have

BN G N e

hence we can see how Xqr,/Ap =R = Xp.

Definition 3.1.10. If A is a finite product of copies of RZ, we define a manifold
with corners A by replacing each RY factor with R, U {oo}. We let A act on A in

the obvious way fixing oc.

Definition 3.1.11. Given topological spaces X, Y and a topological group G acting
on the right on X and on the left on Y, we define X xg VY := (X x Y)/G, where
g € G acts diagonally.

Lemma 3.1.12. Let P C G be a parabolic subgroup of a reductive group over F', then
the topological space Yp := Xg X 4, Ap is a disjoint union
Yr = | J Xq
PcQ
over all parabolic subgroups of G' containing P and the X¢q are naturally identified
with locally closed subsets of Yp.

Proof. See [BST73, §5]. O

Example 3.1.13. Here are two examples of Yp for different P.

t 0

1. Let P = {; j C GL, /Q. Then Ap = HO X

have

1:t>0}%R§0andsowe

Yp = Xar, Xa, Ap U Xar, Xa, {00} = Xar, U Xar, /Ap = Xar, U Xp.

From the previous example we know that the Ap orbits in X, are of the form

7:(t) = x + it and to each such orbit we add a limit at ¢ = oo to obtain Yp.
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* ok ok ok ok * ok ok
2. Let B=|0 % x| CGL3/Qand P= % % x| ,Q = {0 % x|. Then
0 0 = 0 0 =% 0 * =
st™2 0 0
Ap 2RI, x R, = 0 st 0 |:st>0
0 0 ts2

and Ap = {(S, 1) c AB} and AQ = {(1,t> S AB} Hence ZB = AB U AB/AP U
AB/AQ U AB/AB so that

Yp=XeUXpUXqgUXp.

Xp C Yp is closed, X¢ C Yp is open and dense, and 0Xp = 0Xg = Xp.
Combinatorially, X is the interior of a polyhedron Yz, Xp and X are faces
and Xpg is an edge. These closure relations can also be read off from the lattice

of parabolic subgroups containing B:
P
B G
Q

Theorem 3.1.14 (Borel-Serre). Let G be a reductive group over F'. Then the disjoint

union over parabolic subgroups of G

7@ = U XP
PCG

carries the structure of a manifold with corners such that for each P, the set

U Xe

PcQ

is open and has the topology given by Xg x4, Ap. Moreover, the action of G(F) on
X¢ extends to X .

Proof. See [BS73, §7.1 and Proposition 7.6]. O

20



3.2 Quotients by Congruence Subgroups

The symmetric spaces X¢ and their Borel-Serre compactifications X ¢ carry an action
by G(F). This action places us in the subject of number theory. The Hecke actions
that we study in this thesis make use of the family of congruence subgroups of G(F).
In particular we are interested in the cohomology of quotients I'\ X and I'\ X for
congruence subgroups I' < G(F) and how it varies with T'.} In our case, I' usually
acts freely and X is contractible so that the cohomology of I'\ X5 is isomorphic to
the group cohomology of T'.

We introduce some notation to define congruence subgroups and the corresponding
locally symmetric spaces in modern (adelic) terms. Let F' be a number field. Then
we denote the adeles of F' by Ap and the finite adeles by A%. Let G be a linear

algebraic group over F' and define
Xe = G(F)\(Xe x G(AF))  Xg:=G(F)\(Xg x G(AY)),

where G(F') acts diagonally by left multiplication and G(A$) is given the discrete
topology. Now X is a topological space with a right action by the discrete group
G(AY). In particular for any open compact subgroup K C G(A¥), we can define

XE =xq/K  Xg:=X¢/K.

Proposition 3.2.1. Let G be a reductive group over F and let P be a set of repre-
sentatives of G(F') conjugacy classes of F-rational parabolic subgroups of G. There
is a G(AY)-equivariant stratification
Xe = [ Xp xpug) G(AF)
PeP

Proof. By [BS73, Proposition 7.6], the natural map Xp — X, p,-1 is an isomorphism
for all parabolic subgroups P and g € G(F’). Since each parabolic group is its own
stabilizer under the conjugation action of G(F') we find that

Xe = G(F)\ (U Xp X G(M")) = | P(EO\(Xp x G(AF))

PCcG pPepP

Now there is a straightforward identification
P(F)\(Xp x G(AF)) = Xp Xpug) G(AF)

and the claim follows. O

IThe first of these quotients is called an arithmetic locally symmetric space and the second is its
Borel-Serre compactification.
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Corollary 3.2.2. Let G be a reductive group over F, P C G a proper parabolic
subgroup and M = P/R,P. There are P(AY)-equivariant maps

?G\xg = 83€G T %p

I

Xum

where P(AY) acts on Xy via the quotient M(AY) and fp : Xp — X is the map
induced by the morphism P — M. Moreover, if N = R, P, then fp is a N(F)\N(Ap)-
bundle.

Definition 3.2.3. An open compact subgroup K < G(A¥) is said to be neat if all
of its elements are neat. An element g = (g,), € G(AY) is said to be neat if the
intersection (1), I', is trivial, where I, C @X is the torsion subgroup of the subgroup

of F: generated by the eigenvalues of g, under the faithful representations of G, .

Proposition 3.2.4. Let G/F be a reductive group. If K is neat, then X[ is a smooth
manifold and Yg is a smooth compact manifold with corners. X5 is the interior of

YIG( and the inclusion X5 — YIG( s a homotopy equivalence.

Proof. See [BS73, Theorem 9.3] and [BS73, Lemma 8.3.1] for the homotopy equiva-
lence part. O

Definition 3.2.5. An open compact subgroup K < G(A%) is called good if it is neat
and of the form K =[], K,.

Lemma 3.2.6. Let K = [[, K, < GL,(A¥) be an open compact subgroup and let
v be a place of F such that v does not divide H;i;n)[F:Q]H ®;(1), where ®; denotes
the jth cyclotomic polynomial and C(n) is the number of index < n subgroups of the
free group on two generators. If K, is contained in the subgroup Iw,; < GL,(Op,)

of matrices which are unipotent and upper triangular mod w,, then K is neat.

Proof. Before beginning the proof, we explain C'(n) is finite. The subgroups of the
free group on two generators of index < n are in bijection with covering spaces of
degree < n of the wedge of two circles. Any such covering space is homeomorphic to
a graph with at most n vertices and at most 2n edges. There is a finite set of such
graphs and each graph admits at most finitely many covering maps to the wedge of

two circles. Consequently, C'(n) is finite.

52



If a € F: is an eigenvalue of g, € [fw,; under some faithful representation of
GL, /F,, then |a — 1], < 1. Suppose ¢ € T, is a non-trivial element of prime order
p. We will derive a contradiction, proving that I', = 1.

The element ( is a product of eigenvalues «; € F: of elements gz(,i) € Iw,, and we

also have |¢ — 1|, < 1. This implies that p is the residue characteristic of F, and that

nC®) [F:Q]+1 nCn) [F:Q]+1
I 1eoL= I] emL=1
=2 j=2

Hence p > n“™[F : Q] + 1 and [Q,(¢) : Q)] =p— 1 > n“W[F : Q).

Since the tame inertia group of F), is pro-generated by two elements, it has at
most C'(n) open subgroups of index at most n. Consequently, there are at most C(n)
tamely ramified extensions of F, of degree < n. Note that { = Hf\il «; for some
eigenvalues «; which satisfy [F,(«;) : F,] < n since if a; is the image of gq(]i) € Tw,,
under some faithful representation, then «; can be expressed as a product of the
eigenvalues of gqgi), which satisfy the characteristic polynomial of gqgi) of degree n. In
particular F,(¢) is contained in the composite of the tamely ramified subextensions
F,(a;)" /F,. This implies that

[Fo(¢) : @) <n®™IF: Q] < [Q(¢) : Q)
contradicting the inclusion Q,(¢) C F,((). O

Definition 3.2.7. Let K be a good open compact subgroup of G(A¥) and S a finite
set of places such that K, is hyperspecial for v ¢ S. If V' is a Z[Kg]-module, where
Kg :=[],cq Kv, then we let V denote the Kg x G(A%)-equivariant constant sheaf on
X associated with V. In other words, if we identify V with an equivariant sheaf on
a point, then its pull back to X¢ under the constant map is denoted by V. By abuse

of notation we also let V be the same sheaf restricted to 0Xg or Xgs.

Definition 3.2.8. Let G be a group and X a topological space with G-action. The
category of G-equivariant sheaves of abelian groups on X is denoted Sh%(X). Let YV’
be a topological space equipped with trivial G-action. If f : X — Y is a G-equivariant
map and F is a G-equivariant sheaf on X, then we define a sheaf f¢F on Y by the

formula
FEFU) = F(FH(U)©

for any open U C Y.
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Lemma 3.2.9. If K < G(A¥) is a good subgroup and p* : Xg — X[ is the quotient
map, then pk : ShKSXG(A;)(%G) — Sh(XJ) is exact and preserves injectives.

Proof. Since the forgetful functor Sh*s XG(A%(E&;) — Sh’ (%) is exact and preserves
injectives, it suffices to show that pX : Sh™(X¢) — Sh(XE) is exact and preserves
injectives. But this is even an equivalence of abelian categories by [NT16, Lemma

2.17] and in particular exact. O

3.3 Hecke Algebras

The locally symmetric spaces we just introduced carry many cohomological correspon-
dences that give their cohomology the structure of a module over a Hecke algebra.
The rings Ty and the complexes C'y appearing in our application of lemma 2.6.4 will
be a special case. For an introduction to Hecke algebras of p-adic groups we refer to
[CarT79].

Definition 3.3.1. Let G be a locally profinite group and K an open compact sub-

group of GG, then we define a ring with underlying set
H(G,K):={f:G— Z| f has cpct support and Vky, ko € K, f(kigks) = f(g)}-

The addition is pointwise and the multiplication is given by

(f1 # f2) (g) = / £1(@) fole g)du(z),

where p is the left Haar measure on G such that p(K) = 1. This ring has a 1 given
by the indicator function of K C G. For g € (G, we denote the the indicator function
of the double coset KgK by [KgK] € H(G, K).

Lemma 3.3.2. For any Z[G]-module M, the invariants M™ form a module over the
ring H(G, K) via the formula

frm = /Gf(g)gm du(g)

Proof. See [NT16, Lemma 2.3]. O

Proposition 3.3.3. Let G be a reductive group over F' and K a good open compact
subgroup of G(AY) and S a finite set of places such that K, is hyperspecial for all
v & S. The Hecke algebra H(G(AS), K°) acts by natural transformations on each of

the functors

o4



o D(Sh¥s*C4%) (%)) = D(Z) : A — RT(XE, pKA)
o D(Sh¥s*C42)(9x4)) — D(Z) : A~ RT(OXE, pK A)

such that for injective objects I, the action on T'(XE,pEI) = T'(Xg, )X is the one
gwen by lemma 3.5.2.

Proof. This follows from the fact that pX is exact and preserves injectives, see lemma

3.2.9. Namely, if we choose an injective resolution A — I*, then
RU(X§,pfA) = T(XG, piI°) = T(X, )"

carries a Hecke action by lemma 3.3.2. This is well-defined since injective resolutions

are unique up to homotopy. 0

Lemma 3.3.4. Let G be a reductive group over F and K a good open compact sub-
group of G(A¥) and S a finite set of places such that K, is hyperspecial for allv & S.

There is an isomorphism

H(G( ®7-L G(Or,))

vgS

and each H(G(F,), G(OF,)) is commutative.

Proof. See [Fla79] for the version with complex coefficients. The Z-coefficient state-
ment follows from this since H(G(A%), K¥) is a free Z-module. O

Definition 3.3.5. Let GG be a reductive group over F' and K a good open compact
subgroup of G(A%) and S a finite set of places such that K, is hyperspecial for all
v & S. Suppose P C G is a parabolic subgroup with levi M C P, then we use the

previous lemma to define

rp: H(G(AF), K) — H(P(AF), K N P(A3))
rar s H(P(AD), K N P(A2)) — H(M(AZ), K N M(A%))

with local components given by [NT16, 2.2.3 and 2.2.4] for each v € S. Moreover, we

set Sat = ry; orp.
Definition 3.3.6. We abbreviate the following functors
o EX :D(O[Ks)) — D(Sh¥s*¢(48)(x4)) — D(Z) : V s RD(XE, pKV)
o OEK : D(O[Kg]) — D(ShEs*CA0)(0x4)) — D(Z) : V — RT(OXE, pKV)
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Proposition 3.3.7. Let G be a reductive group over F' and P C G a parabolic
subgroup and let M C P be a Levi subgroup. Suppose K is a good open compact
subgroup of G(AY) such that M(AF) N K — (P(ARP)N K)/(UAY®) N K) is an
isomorphism, where U = R, P is the unipotent radical of P. Let S be a finite set
of places containing those above p, such that K, is hyperspecial for v & S. If V
is a continuous Z,[Kg|-module which is finitely generated over Z,, then there is a

commutative diagram

EEMRD(U N K)g, V) 204 pEOM pr((U 0 K)g, V)

| g

EKQP ) rp(7) N EKOP )
”T PT
OEE (V) T s OEX(V)

where T is any element of H(G(A%), K¥), ¢ is an isomorphism and RT(UNK)g, —)
denotes the complex computing continuous (U N K)g-group cohomology, seen as mod-
ules over Z,[M N K].

Proof. By corollary 3.2.2 we obtain a (K N P)g x P(A%)-equivariant diagram

a%G T %P

Iz

Xnm

where fpis a U(F)\(U(F ® R) x U(A¥))-bundle. Now we have a natural transfor-

mation of functors

KsXG(

ReS(KmP)SxP(Af;)

(0Xq, F) = I'(Xp,ipF)

where F runs through the Kg x G(A?%)-equivariant sheaves on Xg. Hence [NT16,
Lemma 2.4] and taking derived functors gives us the lower square of the theorem.

Let V = lim V/p™ be a continuous Z,[Kg|-module, finite over Z,. Each V/p™ is
a discrete, smooth Z/p™Z]K]-module and

RU(UN K, RU(Xp,V/p™)) = RU(Xy, RFEDE(V /™). (3.3.0.1)

Now for any open subset W C X;; and smooth Z/p™Z[(P N K)g]-module V/p™ we

have

frW/p™) W) = {h:mo(fp' (W) = V/p™}
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with (U N K)-action given by (u - h)(z) = uh(zu). If w € Xy, then fp'(w) =
U(F)\(U(F®R)xU(A%¥)) is homeomorphic to a disjoint union of copies of U(F @R),
which is contractible as U is unipotent. Hence R'fp, = 0 for i > 0. By strong
approximation, we have that for allw € W, f5'(w)/(UNK) = (U(F)NK)\U(F®R)

is connected since U is unipotent. Thus, we can also write
FrfV W) = {h: mo(W) = (V/p™) 7} = {h e mo(W) — (V/p™) sy

Hence fY0K(V/p™) is the constant sheaf associated with (V/p™)U")s — Conse-

*

quently, we obtain a natural map
s*RU((UNK)g,V/p™) = RfES(V/p™)

where s is the constant map. We wish to show that this is a quasi-isomorphism.
We may check it on stalks, so let x € X;; and W, a basis of contractible open
neighbourhoods of z. If Z is an injective (U N K)-equivariant sheaf on X, then we
claim that Z(W,,) is an injective (U N K')-module. To see this, note that

Hom""™ (4, Z(W.)) = Homguns ) (A, Tlw,) = Homgpons iz, (14, I),

where i : W, — X, is the inclusion and A is the constant U N K-equivariant sheaf
on W, associated with A. But 7, is exact and Z is injective, so we have written
Hom""  (— Z(W,)) as the composition of two exact functors. Now choose an injective

resolution
fe(V/p™) = I°,

then Z*(W,,) is exact by contractibility of W, and thus it is an injective resolution of

V/p™(fp' (Wa)) and
RU(Wo, RfpI™(V/p™)) = T*(Wa) "™,

Since W, is contractible and the R fE05(V/p™) are locally constant we see that the

*

cohomology of the left hand side is independent of «. Taking the colimit over all «,

which is exact and commutes with U N K-invariants, we find the stalk
i pUNK m I K 7 ° UNKY __ 7 . UNnK
RFETS (V™). = lim Y (T8 (Wa)U%) = H' (Z°(Wia) ™)

for any fixed ag. But V/p™(fp' (Way)) = (fp«V/P™). and Z*(W,,) is an injective
resolution of V/p™(f5'(W,,)) and so

R fpl™ (V/0™)e = Hyoo (U N K, (fp.V/P™)2),
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where H', . denotes discrete group cohomology. The description of the fibres im-

plies fp.(V/p™)z = Indggﬁiﬂ?;K(V/pm) and by Shapiro’s lemma R!f50E(V/pm), =
Héisc

to check that the natural map

(U(F)N K, V/p™). Now to verify the quasi-isomorphism in question it suffices

Hi

cont

(UNK)s,V/p™) = Hyoo(U(F) N K, V/p™)

is an isomorphism. To see this, first observe that H! ,(UNK)g, V/p™) — H

cont

Un
K,V/p™) is an isomorphism since V/p™ is a finite abelian p-group and (U N K)g
contains the pro-p part of U N K.

Further, we can find a finite index subgroup of U(F)N K which admits a filtration
with free abelian quotients. Now using [Ser02, I. §2.6 Exercise 2] we see that U(F)NK
is good because Z" is good for any r, where a group G is called good if Héont(é', M) —
i

bise(GL M) is an isomorphism for all ¢, whenever M is a finite abelian group with

(UNK,V/p™) = H, (UF)NK,V/p™)

continuous G-action. It follows that H’ [

cont
is an isomorphism, as required.

By taking derived K N P-invariants in (3.3.0.1) we obtain a natural isomorphism
O+ Eyf™ (RU((U N K)s, V/p™)) — Ep""(V/p™).

Moreover, [NT16, Lemma 2.7] implies that ¢y, satisfies Sat(T") o ¢ = ¢porp(T) for all
T € H(G(AS), K%).

Note that since (U N K)g is a topologically finitely generated profinite group,
the groups H'((U N K)g,V/p™) are finite for all ¢ and m. This implies that the
inverse system (H'((UNK)g, V/p™))m>1 is Mittag-Leffler for all 4. Since the standard
continuous cochain complex C*((U N K)g, V') is the limit of the standard continuous

cochain complexes C*((U N K)g,V/p™), we deduce that the natural map
RT(UNK)g,V) > lim RT(UNK)g,V/p™)

is an isomorphism. Both the functors EE™ and EE™F commute with limits since
they are a compositions of right adjoint functors. Thus, the ¢,, converge to the

desired isomorphism
¢: EEMM(RT(UNK)g,V)) = ESMP(V). O

Remark 3.3.8. The previous proof is very similar to the arguments used in the proof
of [NT16, Theorem 4.2].
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3.4 The Quasi-Split Unitary Group

Let F/F* be an imaginary CM field with complex conjugation ¢ € Gal(F/F™T). Let
n > 2 be an integer and
0o v,
In = {—xpn 0 } !

where VU, has 1’s on the anti-diagonal and 0’s elsewhere. We consider the hermitian
pairing

(9%” X (’)%” — O : (z,y) — at e

and use it to define the Op+-group scheme G with functor of points
G(R) = {g € GLy,(Or ®0,. R) : " Jug° = Ju}.

We define the Siegel parabolic P C G as the closed subgroup scheme preserving the
subspace O% @ 0" C 0%, and G C P as the subgroup scheme which preserves both
Or @ 0" and 0" & OF.

Lemma 3.4.1. There is an isomorphism Res§+ GL, = G given on R-points by

U, (¢6)" 1w, 0
g |

Proof. See [NT16, Lemma 5.1]. O

Now for a good open compact subgroup KcG (A%, ) satisfying the conditions of
proposition 3.3.7 with the Siegel parabolic P, the following diagram summarises the

relation between the locally symmetric space attached to G and the one attached to

G.

~ ~ K ~

X e 0XE —— Xg +—— X5
l (3.4.0.1)

Xg( NG

Here is a sketch of the roles that these spaces will play later. We started with
an automorphic representation of GL, /F, which will give rise to some cohomology
classes on X&. Hence we will need to associate Galois representations to Hecke
modules appearing in the singular cohomology of X&. The cohomology of X g is
known to have good properties by [CS19]. More precisely, in degree d = 1 + dim X,

a certain direct summand H%(X g{ Zy)m C HY(X g ,Z,) is p-torsion free, hence can

be computed in terms of automorphic representations on G as in [FS98]. Now we
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use [Goll4, Appendix] to attach Galois representations of G to these automorphic
representations.

Thus, we would like to pass from HY(XE) to Hd(Xg)gl by walking along the
arrows of diagram (3.4.0.1). The vertical arrow is addressed in proposition 3.3.7. The
comparison between H*®(X 5 ") and H*(0X g ) is done in proposition 3.4.10. Finally
to reach X g from 0X g we use the vanishing theorem of [CS19].

Then it remains to show why it is enough to study only the degree d cohomology
on X g . This is done by the degree-shifting argument from [ACC*23] which we
generalise in the next section. Before we can execute this strategy we need to set up

some more definitions.

Definition 3.4.2. If S is a finite set of places of F', then we define the ring

T% i= H(GL, (A7), [ [ GL.(OR,))
vgS

which is commutative by lemma 3.3.4. For a ring R we also set T3 := T° ®z R.
Similarly we let S denote the set of places of F* lying below a place of S and define
TS as H(G(AL.), [Togs C(OR,).

Definition 3.4.3. Keep the conditions from the previous definition. For v &€ S we
let P,(z) € T®[z] be the polynomial with the same name defined in [ACC*23, 2.2.5].
Similarly for 7 € S, we let P,(z) € T[¢;", 2] be the other polynomial defined in
[ACC+23, 2.2.6].

Let E be a finite extension of Q, which contains all the p-adic embeddings of F’
and let O be the ring of integers of F with uniformiser . Choose a decomposition
Hom(F,E) = H U He. The restriction of a field homomorphism to F™ induces a
bijection « : H = Hom(F'T, E).

Let T C G be the standard torus of Resk; GL,. Note that T splits over F,
T(F*®g, E) = [1ap,z(EX)", G(F* ®g, E) = [1sp, 5 CLu(E) and G(F* g, E) =
[Lri g OlLau(E). i

And with these identifications, the inclusion G — G is given by

\IITL - an O
II 6L = J] GLau(B): ()7 ([ gaéﬂc D
T F—E T Ft—E Ja(r) T

Thus, (As1,...,Asn) € X*(T(E ®q, F)) = (Z")HmEE) is dominant for G if and
only if
ANl > 2> Mg
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for all 7 : F — E. It is dominant for G if and only if
“Ngen =2 A1 2 A5 > 2> Aag

Definition 3.4.4. If X € X*(T(E ®q, F')) is dominant for G, then we can also see
X as a character (G%O)Homw ) — G0 and we can consider the O-points of the

algebraic induction

—Hom(F+,E)
BQn

Hom(F"' JE) ~
Vs = <IndGL2” )\) (0),

where Bsy,, C GL,, is the opposite of the standard Borel over O. We view V4 as a con-
tinuous module over O[[ [, G(Op+ 3)] via the maps G(Op+ 5) = G(O) =2 GLy,(0)
induced by the field embeddings F* — E. Moreover, V5 = ®i|p Vi where \y €
(Z™)57 is the projection of A and Sy is the set of embeddings F* — E inducing .
The heighest weight O[[],, GLy(OF,)]-modules V) for weights A which are dominant

for G are defined similarly.

By [Jan03, 1.5.12] V5 can be identified with the global sections of a line bundle on
a projective O-scheme. Thus, V; is a finite free O-module such that V;[1/p] is the
irreducible representation of G(F ®q, L) of highest weight .

Definition 3.4.5. Let S be a set of places of F.. We say that S satisfies (¥,) if
e S is finite and contains the archimedean places and those above p.
e S is stable under complex conjugation.

e Let v be a finite place of F' not contained in S, and let ¢ be its residue charac-
teristic. Then either S contains no f-adic places of F' and ¢ is unramified in F,

or there exists an imaginary quadratic field Fy C F' in which /¢ splits.

Theorem 3.4.6. Let S be a set of places of F' satisfying (X,) and let m be a mazimal
ideal of T®° occuring in the support of the module H’(Xé(Ln /F,VA), for some good
open compact subgroup K such that K, = GL,(OpF,) for v ¢ S. Then there ezists a

continuous semisimple representation p,, : Gps — GL, (T /m) such that
det(z - id —p,,(Frob,)) = P,(2) € (T /m)[2] VYo gsS
Note that this uniquely characterises p,, by semisimplicity.

Proof. See [ACC*23, Theorem 2.3.5]. O
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Definition 3.4.7. A maximal ideal of T® occuring in the support of H*(Xf; 1 V),
for some good open compact subgroup K such that K, = GL,(Op) for v ¢ S, is called

non-Eisenstein if p,, is absolutely irreducible.

Theorem 3.4.8. Let K be a good open compact subgroup of GL,(A¥) and denote
by T5(RL(XE, /i V) the image of T* in the endomorphisms of RT(X{ 2L
where S is a finite set of places containing those above p such that K, = GL,(OF,)

forallv g S. If m < T is a non-FEisenstein maximal ideal, then

T (RU(X&L, /5 Va))ml1/P]
1s either zero or a product of fields.

Proof. Let 1 : @p =~ C be an isomorphism. In the same way as in the proof of
[ACCT23, Theorem 2.4.10] one can show that in the decomposition of [FS98, §2.2]
only the cuspidal terms survive after localising at the non-Eisenstein ideal m. More

precisely there exist integers m(7) > 0 and a direct sum of Hecke modules
7 ~ %) m(m)
@H (X(I}{Ln J/F» VA)m[l/p] ®Qp,t C= @ ((W )K) ;
i>0 w

where 7 runs through the cuspidal automorphic representations of GL,(Ag) whose
central character ¢ satisfies {|p_, = £ |r.,, Where &, is the central character of the
irreducible algebraic representation of GL,(F ® R) of highest weight ¢A. In particu-
lar, @50 H'(X&L, /5 VA)m[1/p] is a semisimple H(GL,(A}), K®)-module. Hence, its

endomorphism algebra is either zero or a product of division algebras. The ring

T*(RT(X&L, /0 VA) [ 1/)

is a commutative subalgebra of this endomorphism algebra because we have an iso-
morphism RU(XE; )/ p VW n[1/0] = @50 H (X &y, /s Va)m[1/D] of objects of D(Q,).

Hence, the ring in question is either zero or a product of fields. m

Theorem 3.4.9. Let S be a set of places of F' satisfying (X,) and let m be a maz-
imal ideal of TS occuring in the support of the module H'(Xg,vx), for some good
open compact subgroup K such that l?v = é(OFj) for v & S. Then there exists a

continuous semisimple representation P : Gpg — GLay (TS /W) such that
det(z - id —p (Frob,)) = P,(z) € (T/@)[z] Vv & &S
Note that this uniquely characterises pg by semisimplicity.
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Proof. See [ACC*23, Theorem 2.3.8]. O

Proposition 3.4.10. Let S be a set of places of F' satisfying (£,) and K < é(A%‘L)
a good open compact subgroup such that Ky G( F+) forv € S and G(A¥) N K —
(P(A%.) N K)/(U(AOFC;) N K) is an isomorphism. If X is a dominant weight for
CNJ A s the corresponding dominant weight for G, m is a non-Eisenstein ideal of
TS(RT(XE, pEVy)) and @ = Sat™'(m) C TS, then the map from proposition 3.3.7
makes EIEHK(V;)ﬁ a TS -equivariant direct summand of 8E§(VX);{1, where P is the

Siegel parabolic. Moreover, the natural map
RU(XE™P, pEOPVO)g — RD(XEDR pEOPys)g
s an isomorphism, where TS acts via the map Tp.
Proof. Let us begin with the second part of the claim. Consider
—KnP o ~
Xp <U1{QXQA°°)P(AF)>/(KHP)
QCP

as a locally closed subset of Yéf Then the open embedding

—KnP

XEP X

is a homotopy equivalence (see [BS73, Lemma 8.3.1]) and the corresponding excision

distinguished triangle is

KﬂP

RE(XE? pE77V5) = ROXET” pE"v5) = RO\ X7 pE00vy) &

Thus, for the second part it suffices to show that RT'(X KOP\X KNP pf V~)~ = 0. For
the first part, we note that the Siegel parabolic P is a maximal parabolic subgroup,

hence theorem 3.1.14 and proposition 3.2.1 show that
Xp X pac,) G(AR:) C 0Xg
is an open subset. For a parabolic subgroup P C G we define
XE = (Xp xp@x,) GAF))/K C 0XE.

By the Iwasawa decomposition we have P(Ff )K, = G (FF) for all v ¢ S, hence get
a G(AF+) x Kg-stable disjoint union

Xp XP(AS,) é( ) = U:fP XP(A%,) P(A%i)ga[?

63



for some set of representatives g, € [[,cg G(FJ). After quotienting by K, it follows

that there is a 'ﬁg—equivariant decomposition

RU(XE, pEvy) = @ RU(X[omfow pPnoefiostyg)

We have an excision distinguished triangle

RT(XE, pFvy) 25 RT(0XE pFvy) — RU(0xE\ XE pFvy) B

*

and we will show that ip localised at m is an isomorphism. Let ?p X 5 — 0X g ,
be the inclusion. Then the localization of Z*P is also an isomorphism, because the

composition of Z*P after ip, is the natural map
RT(Xp,piV5) = RT(Xp, piV3)

and we will show that the localisation of this map is an isomorphism. The first
part of the proposition follows from this because we already observed that the com-
plex RT(XEME, pl"EYy) s a TS-equivariant direct summand of RT'(XE p& V5). In

conclusion, it suffices to show that for any choice of K we have

RUOXEN\ XE pEVy)a = 0= RU(X 5™\ X577 pEvi)a,

since then ipy is an isomorphism by the triangle above. Using proposition 3.2.1 we can
do more excision to reduce this to showing that the compactly supported complexes
RFC(XSQQ,pmeVX)ﬁ vanish for all proper pafabolic subgroups () # P containing
the standard Borel B and that RT'(X7"Z, pP V5 )5 vanishes. Using the long exact

sequence in cohomology attached to
0— VX — VX —>Vx/wVX — 0,

we see that it suffices to show the vanishing of RFC(Xg mQ,pfﬂQ(Vx/wV;))fﬁ and
RT(XE™B pP K (Vs /wVs))s. Let K’ < K be a small enough good open normal
subgroup such that K’ = K, for all places v { p and p& '(V5/wV5) is trivial. Then we

have Hochschild-Serre spectral sequences
HU(K R HI(XE ™0, pEro(vy fmv))s) = HEY (XS, RO (v /=Vy))s
H(K /K, B (XE™2, pPF (Vy/@Vy))s) = H™(XE™P, pPoR (V=)
which reduce the problem to showing that

RT(X59, pE™Rk)s = 0= RU(X5", pK 9k
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where () # P, k is a finite field of characteristic p and we have replaced K by K’ By
duality it is enough to only show that

RO(XE™Q pRr@p). — B (k)5 = 0
Now proposition 3.3.7 implies that
EQ"K (k) = EMOK(RT((U N K)s, k),

where U is the unipotent radical of @) and M is a Levi subgroup of ). By shrinking
K even further we can assume that RT'((U N K)g, k) is a complex of trivial M N K-
modules. Now EMOK(RD((UNK)g, k)) is a direct sum of shifts of EM"X (k). Hence it
suffices to show that EMOK (k)z = 0, where we see EMNK (k) as a TS-module via the
map Sat. After possibly shrinking K we can assume that K N M = H§:1 K;, where
M = H';:l M; and each K; is a good open compact subgroup of M;(A%, ). Now there

is an isomorphism

t
H(M(AZ:), K N M) = QH(Mi(AF), K,)
i=1
Hence if m" < H(M(AZ,), K N M) is a maximal ideal in the support of EMNK (k)
such that Sat™'(m’) = m, then there exist maximal ideals m; < H(M;(A%,), K;) such
that m’ is the product of these m; in the sense that m’ is generated by the images of
the m; under the maps

t
H(M;(AFL), Ki) — Q) H(M;(AFL), Kj) — H(M(AF), K N M).
j=1
Similarly we have a compatible factorisation
t
ES (k) = Q) B (k).
i=1

Hence each m; is in the support of Eﬁ(k) and there exist semisimple Galois represen-
tations p,,, by [ACC*23, Theorem 2.3.5 and Theorem 2.3.8]. Since Sat™'(m') = m, a
computation like [NT16, Lemma 4.6] shows that if Q # P is a proper parabolic sub-
group, then pg has at least 3 simple factors. But from the computation of Sat(]gv) after
INT16, 5.3] we know that pg = p, ®0%" (1 —2n) has only 2 simple factors by the non-
Eisenstein assumption. Thus, there are no maximal ideals m’ < H (M (A%,), KN M)
in the support of EM™X (k) such that Sat ™ (m’) = f. Consequently, TS(EMNE (k) /&
has no maximal ideals. This is absurd, hence f is not in the support of EM K (k) as
desired. O
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Chapter 4

Hunting Hecke Eigenvalues

Our basic strategy for accessing Galois representations is by finding suitable congru-
ences of a system of Hecke eigenvalues to another one, where the attached Galois
representations are known to exist and have the desired properties. In the notation of
the discussion after diagram (3.4.0.1) we would like to show that the Hecke eigensys-
tem on HY(X%,V\) occurs in Hd(Xg{, V5), where X is a suitable weight of G and A is
the weight of G corresponding to A\. We achieve something slightly weaker but suffi-
cient in corollary 4.2.7 below. After that the properties about Galois representations

follow from the general theorems on integral p-adic Hodge theory of [Liu07].

4.1 Hecke Eigenvalues Occur in Things

Since we will have to obtain our congruences of Hecke eigenvalues through a somewhat
involved argument by chasing through a spectral sequence and everything is “up
to nilpotents”, we introduce a notation to abbreviate the precise notion of Hecke

congruence we mean.

Definition 4.1.1. For a ring 7" and T-module M, we set T'(M) := T/ Annp(M) —
End(M).

Lemma 4.1.2. IfT is a ring and M and N are T-modules such that M is a subquo-
tient of N, then T (M) is a quotient of T(N).

Proof. 1f t € T annihilates N, then it also annihilates M. This implies that T'(M) is
a quotient of T'(N). O

Definition 4.1.3. Let T be a ring and M, N be T-modules. We say that M occurs
in N if Ann(N)* C Ann(M) for some n > 1. We write M < N. If we want to
emphasize that the exponent n = n(x) only depends on some variable z, we write
M <, N.
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Lemma 4.1.4. If M < N, then there is a natural surjection T(N) — T(M)/J for

some nilpotent ideal J.

Proof. By assumption we know that Ann(N)" C Ann(M), hence T/ Ann(N)™ sur-
jects onto T/ Ann(M) and if J denotes image of Ann(N) in 7'/ Ann(M), then J" = 0
and T'(N) surjects onto T'(M)/J. O

Lemma 4.1.5. The relations < and <, are transitive and reflezive.
Proof. Clear. m

Lemma 4.1.6. Let T be a ring and
0—-M —-M-—>M"—0
be an exact sequence of T-modules. Then
M<MaeM".
Proof. We have
(Ann(M") N Ann(M”))* € Ann(M") Ann(M") € Ann(M)
and the result follows since Ann(M’ @& M") = Ann(M') N Ann(M"). O

Lemma 4.1.7. Let T be a ring and EP9 r > 2 a first quadrant spectral sequence of

T-modules. For any r > 2, E2? is a subquotient of EP9.

Proof. It suffices to show that EYf, is a subquotient of E#9. But this is the case by
definition. O

Lemma 4.1.8. LetT be a ring and let E??,r > 2 and Ef’q, r > 2 be spectral sequences
of T-modules. Suppose that there is a morphism of spectral sequences ¢, : E, — E,
and that the spectral sequence E,. is trivial, i.e. all its differentials d, vanish forr > 2.
Then the images IP9 := ¢, (EP9) satisfy

D,q Py ptr,g—r+1
P9 < [P0 @ IF .

Proof. Consider the short exact sequence

-~

=:B

0 — ¢, (ker(d??)) — [T — 1P /¢, (ker(dP?)) — 0.
. e N /
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Firstly, we analyse A. Note that by assumption we have ¢, o @791 = Ef_T’qur_l o

¢ = 0, hence ¢, : ker(d??) — IP? gives a well-defined map E}f, — IP? which

121 .
E In conclusion

coincides with ¢, if we identify EV and E" -

A= 1P

r+1-

On the other hand EP9/ ker(dP?) surjects onto B via ¢,. Moreover, EP?/ ker(d??) em-
beds into EPT™47"+ via dP9. Hence B is a subquotient of ¢, (EPTma—"1) = [ptra—r+l,

The claim now follows from lemma 4.1.6. OJ

4.2 Degree Shifting Revisited

In this section, we adapt the degree shifting argument of [ACCT23, Section 4] to the
case when p ramifies in F'. The difference is that a certain spectral sequence does not
degenerate anymore. To address this we follow an idea which originated in [CN23]
and show that for high enough level the differentials in the aforementioned spectral
sequence are divisible by high powers of p. Moreover, thanks to an observation of

Ana Caraiani this approach is also able to completely avoid Kostant’s formula!

Definition 4.2.1. Let A be an abelian category and C' a complex in D(A). C is

called formal if it is quasi-isomorphic to the complex H*(C') with zero differentials.

Lemma 4.2.2 (Caraiani-Newton). Let A be an Artinian ring. Let G be a profinite
group and C' be a bounded complex of smooth A|G|-modules such that C is perfect in
D(A). Then there exists an open subgroup H < G such that C € D(Modj"(A)) is

quasi-isomorphic to a complex of A-modules with trivial H-action.

Proof. Choose a bounded complex P of finitely generated projective A-modules which
is quasi-isomorphic to C' in D(A). Let G act trivially on P. Now we have

Homp odsyr (4 (P, €') = Hompya) (P, RT(H, C)) = H*(PY @5 RT(H,C)),
by [Sta23, Lemma 07VI]. But the H-action on PV is trivial, so we also have
Homp vodsp (ay) (P, C) = H(RT(H, PY &' 0))
Now choose a complex I of injective, smooth A[G]-modules representing C. Then

HomD(Mod;Im(A))<P, C) = HO((PV ®HA I)H>
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Since filtered colimits are exact, we find that the natural map
colimy . Homp nioasr (ay) (P, C) — Hompa) (P, C)

is an isomorphism. Now the identity map on the right hand side has to lie in the
image of Homp nioas 4y (P, C) for some open subgroup H < G, hence for such an H
we have P = C' in D(Mod3"(A)). O

Corollary 4.2.3. Suppose C is a complex of smooth A[G]-modules such that C is
perfect and formal in D(A), then there exists an open subgroup H < G such that C
is formal in D(Mod3"(A)).

Proof. With H as in the lemma, the quasi-isomorphism C' = H*(C') is H-equivariant.
O

Remark 4.2.4. The lemma and its corollary replace [ACC*23, Lemma 4.2.3] following
a suggestion of Peter Scholze. I learnt the proof from Ana Caraiani and James Newton
and thank them for allowing me to include it here. I do not know in general when we
can expect that the group cohomology complex RI'(U, O/w™) is formal as a complex
of O/w™[G]-modules. It might be interesting to answer this “elementary” algebraic

question.

Lemma 4.2.5. Let G = N x M be a profinite group. If A is a smooth R|G|-module
such that there exists R[G]-modules B,C and a decomposition A = B & C as R[M]-
modules, with BN = B, then B|0] is a direct summand of RT'(N, A) in the derived
category of smooth R|G/N]-modules.

Proof. We use inhomogeneous cochains to represent RI'(N, A). Namely, define a
complex with graded pieces C*(N, A) := {f : N* <% A} and differentials

d: Ci(N, A) — Ci“(N, A): f—df
df(QOa---:gi) :gof(gl,---,gz')

+ Z(_l)]f(glb vy 95—-19G5, - - - 791) + <_1)i+1f(907 s 7gn—l)
j=1

Then a standard argument shows that C*(N, A) is quasi-isomorphic to RI'(N, A),
where 0 € G/N acts on f € C*(N, A) by

(@) (g1, 90) = 0f(07 go, ..., 07 go).

69



Now let e : A — B be the projection, then we define ¢’ : C*(N, A) — C*(N, A) by

elf_ ef fECO(N7A)
0 feCi(N,A)i>0
We have e¢'d = de/ = 0 since each b € B is N-invariant , hence db(n) = nb—b =0 for
all n € N. [

Let E be a finite extension of Q, which contains all the p-adic embeddings of F’
and let O be the ring of integers of E. In the following, the symbol < always refers
'ﬁ"g = TS @ O-modules for some finite set of places S, as defined in the previous

section.

Proposition 4.2.6. Suppose we have a disjoint union Ep =S,US, and Sp = 51US5,
a compatible decomposition. Suppose K isa good open compact subgroup of @(A%‘L)
such that G(AOFOJF)HI? — (P(AOFOJF)HI?)/(U(A%OQHI?) is an isomorphism, where U is
the unipotent radical of P. Let K = KNG and S O Sy a finite set of places such that
K, = é((’)F;r) forv & S. Let V; be continuous O[Kg,]-modules for i = 1,2, where O
is the ring of integers in a finite extension of Q, with uniformizer w. Assume further
that the V; are finite free over O. Let Vi be a continuous O[Egl]-module, finite free
over O.

Let d = n?[F* : Q] = 1+ dim Xq, /¢ and suppose that the following conditions
are satisfied:

(1) We have

1

> [FF Q) >§[F+:Q].

TES>

(2) We have a K -equivariant direct sum decomposition ‘71 = W, @ Wy with an iso-
morphism of K-modules Vi = Wy such that W C \ZK”U.

Fiz an integer m > 1. Then for m' > m large enough, we have
HIY(XG ™) V&™) <aipq) HY(Xp ™), V)

for |d/2] < q<d-—1, where

K(m') = {g €K Vi €S, g= {181 ;J (mod wl”')}

K(m)={ge K :Yoe S, g=id (mod =)}

and V s the local system associated with Vi ® Vs, and V is the local system associated

with ‘71 )
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Proof. By proposition 3.3.7 we have a TS ® O-equivariant isomorphism
RU(XEMP V) = RIO(XE, pKs* RT((U N K)g, V).
Let m’ > m be an integer. Since ‘71 /w™ is an abelian p-group, we find that
RE((U 0K (m)s, Vi/w™) = RU((U N K (m))g,, Vi/w™)
and by the Kiinneth formula, this is equal to
RU((UNK)s,,Vi/@™) @,mm RL((U N K(m))z,,0/=™).
Note that U is abelian for the Siegel parabolic P, hence (U N K (m')) = Z) for some
N. Hence all the H((U N I?(m’))gw O) are torsion free and
H'(UNK(m))g,,0/@™) = H((UNK(m))g,,0) @ O/=".
The natural morphism
Vi @ RU((U N K(m)5,, 0) = Vi/@™ @6 m RI((U N K(m))5,, O/=™),
induces a morphism of spectral sequences E%7 — Ei’j, where
By = H(Xg"™ pf™)sVi @ H(U 0 K (m))s,, 0))
By = HI(XE™) pKt) eV, jo™ @ H (U 0 K (m'))g,, 0)/a™).
By assumption, V; is a direct summand of V;, hence by lemma 4.2.5 also of RU((UN
K )51"71)' Consequently, E4’ converges to a direct summand of Ht (Xg(m/),]j).
Similarly, Ey’ converges to a direct summand of H**/ (XK, 1? /™). In particular,
ElJ is a subquotient of H+ (X5 V) hence i < H+(XE™) P).

By lemma 4.2.2 we see that we can choose m' large enough, so that RI'((U N
I}(m’))gw O)/@™ is formal in D(Mod}(,,,,(O/@™)). Thus, for such m’ the spectral
sequence £’ degenerates (recall that all the constructions implicitly depend on m/).
Hence the hypotheses of lemma 4.1.8 are satisifed. (Both E, and E, are Hecke
equivariant since the construction of Grothendieck spectral sequences is functorial
and we have proposition 3.3.7.) Consequently,

19 <y 1
where I% is the image of E/ in E.”. Additionally, it follows from a standard long
exact sequence argument that the natural map
E;J ™ — E;J
is injective.

We prove the following claim by reverse induction on n:
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e Let n > |d/2], then for all ¢ > n and m > 1, there exists an integer mg such

that for all m’ > mg we have

HUXE™) V@™ <pimg H AxKm) )

For n = d, the claim is vacuous so we may assume that [d/2] < n < d — 1 and that
the claim holds for n + 1. We need to prove something for ¢ = n. Fix an m > 1 and
let m’ be sufficiently large so that the spectral sequence E;] above degenerates and
such that K (m') acts trivially on V5/@w™ and H*((U N I?(m/))gy O)/w™.

By assumption we have that

dim [TUE) =Y w5 Q) >dj2>d—q,

vES? 56?2

hence H*9((U N [?(m’))gw(?) is not zero and free over @ by [ACC*23, Lemma
4.2.2]. Thus, we may simply replace V, by H4=((U N I?(m’))gz, O) in the claim we
are proving! Now we have H?(X, xEm) V/ w™) = Eg’diq and the long exact sequence

in cohomology associated with 0 — V Gl VY /™Y implies that

—i

By < 13" e HY(XE™) V)@,
For m/ large enough, we also have
HI (X ™ V)] < HHH(XG ™ v /™).

Moreover, by repeating the above application of lemma 4.1.8 at most n?[F : Q] times

(after which the bounded spectral sequence converges) we obtain

,d— — —q—
]g 1 '<n2[F+:@} ]géd q@ff—w’d a-r+l
r>2

By the inductive hypothesis we may choose m’ large enough so that

q+r,d—q—r+1

g— —=q+r,d—q—r+1 =1
Ingr,d qg—r+1 < FE =< E2

T

< HYXEC

and

HIYXET i’y < g K p),

We coriclude the proof of the claim by using that Egéd—q is a subquotient of the module
HYXE™) Dy and 124-1 < Frd-a O
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Corollary 4.2.7. Let 1,7 be distinct elements of S,, and let X € (Z")Hom(EE) pe g
dominant weight for G. Let K C G(A%‘;) be a good open compact subgroup and S a set
of places of F' satisfying (3,) such that Ky = é(OFj) forv ¢ S and G(A%,) N K —
(P(A%OJr)ﬂf?)/(U(A%i)ﬂf?) is an isomorphism. Sugpase that the following conditions

are satisfied:

(1) For each embedding T : F — E inducing the placeT of F, we have —A\;c1—Arq >
0

(2) We have
> Q> 50

o' €Sy \{v,7'}

(3) m C T® is a non-Eisenstein mazimal ideal in the support of H*(X [ i V) such

that ps, is decomposed generic, where m = Sat™'(m).

Define a weight dominant weight X € (Z2)Hom(F*E) for G as follows: if 7: F* — E
does not induce either v or v', then XT = 0. If 7 induces v, then we set

)\T - <_)\7”'c,n7 ceey _)\%0,17 >\7”—,17 cee 7)"?,n>‘

If 7 induces U, then XT may be chosen arbitrarily from Z3". Then for all integers m,

there exists an integer m’ > m such that

HYXE @™ )m <n2rq) Hd( Km!) V)m |d/2] <g¢<d-1
FHU(XE VA f@™)j1m <o HA(XE™) W) 0<q<df2],

K(m') = {g EK: VU #70,0 g= {13 :1] (mod @) and g =id (mod wﬂ?)}

and j : T9 — T is the isomorphism [K°gK®] — [K5g 1 K®].

Proof. Let Vi be the Hu|p ( #+)-module corresponding to X from definition 3.4.4.
Choose a decomposition Hom(F, E) = H U He¢, where ¢ denotes the complex con-
jugation of F. The restriction of a field homomorphism to F'* induces a bijection

a: H=Hom(F* FE). For T € H, set



Now A, = A, for all 7 which induce a place above ¥ and by [NT16, 2.11], the

[1,, G(Ops)-module Vi isa ], U -invariant i
proposition 4.2.6 with S; = {v,9'}, So = 5, \ 51, K'={g € K : g =id (mod @)}
and ‘71 = V5 and V) =V, and V5, = O. Hence, for m’ large enough we have

(Op+)-invariant direct summand of V5. We apply

HI(XG ™ Vafm™) <eteg HYXE ™, V5)
for [d/2] < ¢ <d—1, where
K(m')={ge K:¥0"#5,7, g=id (mod @) and g =id (mod @?)}.

We also know that for m’ > m, there exist integers a,b > 1 such that we have

isomorphisms of K (m')-modules
VA/Wm = (V)\///wm>a V)\//wm = (V)\///wm)b,

where X\ = A, for all 7 which induce a place above T and X! = 0 otherwise. To
see this note that V), /@™ and V), /w™ are trivial K(m'),-modules for all v { . In

conclusion, we have
HI(Xe ™ Va/w™) < HI(Xg "™ Vi fw™) <ueieg HAOX ™, V5)

for |d/2] <q¢<d-1.

When ¢ < |d/2], we apply [NT16, Proposition 2.10] to obtain a direct sum
decomposition Vi = W{ @ W; of ]
V5 is I1,, U(Opg)-invariant and Wy = V. Moreover, the projection V5 — Wi is

ulp G(O )—modules, where the inclusion W] —

invariant under the opposite unipotent group w~ (Hu|p U0 )) w, where

w— L?i _Old} € G(Op).
To see this it suffices to check the invariance for V5[1/p] — W{[1/p]. Now one can
apply the main theorem of [Cab84] since we have W/[1/p] = V;[1/p]V as in the proof
of [NT16, Proposition 2.10].

Let V3 be the [],, ~( Op+)-module which has the same underlying O-module as
V5, but Where gel]l

an isomorphism

ulp ( Op+) acts as wgw™!. We see that multiplication by w is

vz = V5
Then Wy := w(Wj) is a direct summand of V3’ as a []
w normalises [[,, G(Opys). Moreover, the pl"OJeCtIOH Ve — Wiis [, U(Ogs)-

up G(Opz)-module since

invariant since the projection V5 — W/ is w™! (Hu|p U (OF+)> w-invariant. Since
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W = V) and W is simply the twist of W] by the outer automorphism z — wzw ™!

we find that W; = V,,», where

’UJ}\:_ = <_Ao¢(7'),n7 SRR _Xa(7)71>

w/\frc = (XQ(T),H-"-]J SRR /\a(T)Qn)-
Dualising, we see that the inclusion

Vi WY o (V)Y 25 1

w X
is a K N U-invariant direct summand of VXV as required for proposition 4.2.6. Thus,

we can find m’ > m such that

Hd—l—q(XK(m) V\/)\//wm> <2 Hd(Xg(ml),V%/)

w

for 0 < ¢ < |d/2]. With Verdier duality and [NT16, Proposition 3.7] we find an

isomorphism of Hecke modules
Hom(HY(XE ™) Yy Jo™), 0)w™) =2 Ha(xX 5 VY, ™),

where [K®gK*®] on the right hand side acts as [K° g~ 1 K®] on the left hand side. Since
the left hand side has the same annihilator as H, q(X ) Yox /™), we have

JHUXG ™ Vo @) < HETZXG ™,V =),
Moreover, for m’ large enough, we find similarly to the case ¢ > [d/2] that
HIXE"™) Vr /™) < HUXE™ Vo Jo™),

where wA, = A\,.. For all v & S, we have w € l?g, thus conjugation by w is the
identity on the ring H(G(F+), K3). On the other hand, w normalises G(Op,) and

maps V) to V,,, inducing an isomorphism of Hecke modules

HUXE) py jomy = ga(x ek yo o™,

Since m is a non-Eisenstein ideal, we have H(X, V), = HY(X, V), for all ¢ by [NT16,
4.2]. By the Hochschild—Serre spectral sequence and duality we have

d—1
HY(XE V3 /@™)w <a D H(XG"™) V0 /7™,

i=q
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hence we obtain

HIYXE VyJ @™ <a HUXE Voo |d/2) <qg<d—1
G HO(XE Y Jo™ )y 1 <a HE(X R0 Wi 0<q<|d/2]

and with proposition 3.4.10 and the main theorem of [CS19], we conclude that

HY(XG VA /@™ Jm < w2l Hd(Xg(m/)7Vx)a d/2] <g<d—1

wk (mw=?
H(XG7V)\/W ) 1m'<n2[FQ] Hd(Xé () ,V;)m 0§q<l_d/2J

The claim follows from the TS-module isomorphism
d wf((m/)w_l d K(m Vi
H(X5 VR) = HY (X VY)

induced by conjugation by w. O

4.3 Weak Semistable Local-Global Compatiblity

We now use the results of the previous section to show a weak form of local-global
compatibility in the semistable case using the ring defined in [Liu07]. We are able
to show that the relevant Galois representations are torsion semistable and obtain
a bound on their Hodge-Tate weights. With the results of [WE18] we also show
that automorphic Galois representations are de Rham with the predicted Hodge—
Tate weights. The proof of the following uses the determinant laws introduced in
[Chel4] and a similar argument as in the proof of [ACC*23, Proposition 4.4.6].

Theorem 4.3.1. Suppose that S is a set of places of F satisfying (¥,) and that
1S, > 2 and let A € (Z")HomEE) be g dominant weight for G. Let K C GL,(A¥) be
a good subgroup. Suppose that the following conditions are satisfied:

(1) For each embedding 7 : F' — E, we have —Arc1 — Arq > 0;
(2) For every place v of F' above p, the group K, contains the Twahori Iw,;

(8) We have
1
> IR, Q> ST @l
"' €Sp\{v,7'}
for all pairs of distinct places v, of F™ lying above p;
(4) m C T9(RT(XE,Vy)) is a non-FEisenstein maximal ideal such that p,, is absolutely

wrreducible and decomposed generic,
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then for every integer m > 1, there exists a continuous representation
pm : Grps — GL, (T (RD(XE Vy/@™))u/1),
such that

e The representation py is torsion semistable with Hodge—Tate weights contained

in the interval [—r,r], as defined in [Liu07], where r only depends on .

o Ifv|pis a place such that K, = GL,(Op,) and K,c = GL,,(Op,.), then py is

torsion crystalline at v.
o For every v € S, we have det(X — pu(Frob,)) = P,(X).

e [ is a nilpotent ideal such that I* =0 for some x that only depends on [F : Q]

and n.

Proof. By [Sch15] we already have a nilpotent ideal J' and a representation p, with
the right Frobenius eigenvalues. Thus, it is enough to show that after possibly in-
creasing J', pn becomes torsion semistable with Hodge-Tate weights bounded by r
for some r only depending on A. We first do this under the additional assumption
that pg is decomposed generic.

It is enough to show the claim for one place v | p of F' at a time. So let us fix
one and let ¥ be the place of F* below v. Moreover, by assumption there exists a
place 7 # v of F* above p. Now we let K be a good subgroup of CNJ(A%‘;) such
that K NG = K and apply corollary 4.2.7 to 7,7 and a X that is CTG [ACCT23,
Definition 4.3.5] using [ACC+23, Lemma 4.3.6]. Note that this also implies that A",
the highest weight of VXV, is CTG.

Consider the rings

g(k(m/)) — P]TS(Hd(Xg(m’)7 V}\'){ﬁ D Hd()(éf(m’)) V%/)m)’
A(m, \) = TS(RT(XE , Va/@™))m-

Corollary 4.2.7 gives a large enough m’ > m and a homomorphism

AR (m')) - [ TS HXE Y f™)) /T,

q=0

for some nilpotent ideals J, with exponent of nilpotency only depending on [F' : Q]
and n, such that the projections with ¢ > |d/2] commute with Sat : TS — TS and
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the projections with ¢ < |d/2] commute with j o Sat. Thus, by composing with the
map j X --- X j X id X --- X id we obtain a map
L d—1
U AK(m)) — [T (HY(XE V@) /T,
q=0
commuting with Sat, where J; = j(J,) for ¢ < |d/2] and J; = J; otherwise. Now
[ACCT23, Lemma 2.2.3] shows that the kernel J_; of the natural map
d—1
A(m, \) = [T EHAXE V@™ )
q=0
satisfies J¢, = 0. Let I < A(m, \) be the ideal generated by .J, J_; and the preimages
of the Jé for 0 < g <d—1. Then V¥ factors through a surjection

A(K(m')) = A(m, M)/,

commuting with Sat. The degree of nilpotency of I still only depends on [F': Q] and
n.

The main theorem of [CS19] implies that A(K (m/)) is O-flat. Moreover, [ACC*23,
Theorem 2.4.11] shows that A(K (m')) ®o Q, is semisimple and can be computed in
terms of cuspidal automorphic representations of G. Now by [ACC*23, Theorem

2.3.3] there exists a continuous representation
P Grs — Glon (A(K(m')) ®0 Q,)
such that p,, is semistable at v and v¢ of Hodge-Tate weights
HT.(p) ={-Xren+2n—1,..., = Acr+n, A1 +n—1,..., .}

Moreover, if K, = GL,(Op,) and K,c = GL,(OF,.), then we can choose Ky to be
hyperspecial as well and p,, is crystalline at v and v°. Let r = max, max,cpr, () |14]-

Set A := A(K(m')) and let D be the continuous A-valued determinant of G F.S
attached to p,, by [Cheld, 2.32]. The formation of kernels commutes with flat base
change, so ker(ﬁ) R0 @p o ker(ﬁ Ro @p). Hence [Chel4, 2.12] implies that there is

an algebra embedding
(A[Grs]/ ker(D)) ®0 Q, = (A0 Q,)[Grs]/ ker(D ®0 Q,) = M (A®0 Q,).

Seen as a Galois representations, A[G g g]/ker(D) is a subobject of 72 22 My, (A ®0
Q,). By [Chel4, 1.18 (iii)] there is a natural surjection

AlGrs]/ker(D) — (A(m, \)/1)[Grs]/ ker(D agmry1)-
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Hence (A(m,\)/1)|GFrs]/ ker(ﬁA(m’,\)/I) is a subquotient of p?” and also torsion semi-
stable at v and v with weights contained in [—r,7]. Now by Chebotarev density
theorem and the computation of Sat(P,)(X) right after [NT16, 5.3] we find

BA(m,)\)/I = D(pw ® p3" (1 — 2n)).
We obtain an induced surjective A(m, \)-algebra morphism
(A(m, \)/T)[Grs]/ ker(D) = My(A(m, \)/T)

mapping g € Gps to pu(g). Hence py is a quotient of (A(m, A)/I)[Gr.s]/ ker(D) and
also torsion semistable (resp. crystalline) with weights contained in [—r, 7].

Now we can remove the assumption that pg is decomposed generic in exactly the
same way as at the end of the proof of [ACC*23, 4.4.8]. O

Theorem 4.3.2 (Wang-Erickson). Let F be a finite field of characteristic p and S
a finite set of places of F containing S,. Let D : Gps — F be a multiplicity-free
determinant of dimension n and S, = Seis U Sss a partition and p = (,uT)T:F_@p
a tuple of n-element multisets of integers. Then there exists a quotient Rg’“ of the
pseudodeformation ring Ry such that for any finite extension E/Q,, a homomor-
phism f : Ry — E factors through R%“ if and only if the semisimple representation
corresponding to f is semistable at all places above p with Hodge—Tate weights p and

crystalline at the places in Sepis.

Proof. This is proved in the same way as [WE18, Theorem 7.9], except that we first

consider the formal closed substacks

ss/eris,
Rep / Hv

Dloy,

C Rep5|GF

from [WE1S8, Theorem 6.7] for v | p and form the fibre product

Reps" > Repy

! |

[Les.. Rep%g\’g; X HvESms Rep%li’i” - Hv\p Repﬁlcpv
The formal stack Repy — Spf Ry has an algebraization Repy; — Spec Ry, which is a
good moduli space by [WE18, Theorem 3.8]. By [WE18, Theorem 3.16] formal GAGA
holds for the morphism Repy — Spec Ry, hence there exists a unique closed substack
RepZ" C Repyy whose formal completion along mp_ is Rep>". Let Spec RZ" be the
scheme theoretic image of this substack in Spec R7;. Now one can check that R%’“ has

the desired property in a similar way to [WE18, Corollary 6.8 and Theorem 7.9]. [
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Theorem 4.3.3. Let F be a CM field, . : C — Q, an isomorphism and I1 a coho-
mological cuspidal automorphic representation of GL,(Ag). If the reduction r,(II) is
absolutely irreducible and decomposed generic, then for every placev | p of F' r,(I)|q,.

is potentially semistable (hence also de Rham) with Hodge—Tate weights
HTT = {)\.,-71 +n— 1,)\7,2 +n— 2, ceey )\7-7”},

where A € (Z")Hom(FQ) s the unique dominant weight for GL, /F such that the
infinitesimal character of Il coincides with the infinitesimal character of (Vy®o,C)Y
(see definition 3.4.4). If 1L, and Iy are unramified, then r,(I1)|q,, is crystalline.

Proof. Let S be the union of the places where II is ramified and those lying above p or
oo. Let S..;s be the set of places v | p such that II, and II,. are unramified. We show
that r,(II) is semistable at all places above p and crystalline at places above S.,.;s when
restricted to G for some finite extension F’/F which is totally split at all places
in Se.s. By solvable base change (see section 5.2 below) we can find an extension
F'/F which is totally split at all places in S..;s such that for the level of the base
change of II to GL,(Ag ), the conditions 2 and 3 of theorem 4.3.1 are satisfied and
S satisfies (3,). We replace F' by F’ and II by its base change. To ensure condition
1 we twist I by a suitable power of || - || o det and r,(II) by the corresponding power
of the cyclotomic character. Then II is still cohomological cuspidal automorphic and
r,(II) is still absolutely irreducible and decomposed generic. It suffices to prove the
theorem for this twisted II since a Galois representation is potentially semistable if
and only if it has a Tate twist which is potentially semistable. By twisting with a
suitable crystalline character we may also assume that 7, (II) 2% mc’v(l —2n).
Now by the decomposition in [FS98, §2.2] there exists a good open compact sub-
group K < GL,,(Ar) such that the module (I1°°)¥ is a T®-equivariant direct summand
of RF(Xé(Ln I Vy\) ®, C, where K, = GL,,(Op,) for v ¢ S. In particular there is a
non-trivial map T2 — End((II°°)%) and since II is irreducible, its kernel is a prime
ideal p. After enlarging O, we can assume that T3 /p = O. Now let m be any max-
imal ideal of T9, containing p. The residual Galois representation associated with
m by [Sch15] is r,(II), hence condition 4 of theorem 4.3.1 is satisfied. We obtain a

sequence of Galois representations
pj : Grs = GLy(T*(RD(XE, VA /@) /1;)

which are all torsion semistable with Hodge—Tate weights bounded independently of

7 and crystalline at all places in S..;s. Moreover, with theorem 4.3.2 we see that
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the proof of theorem 4.3.1 implies that the homomorphism «; corresponding to the

determinant D = D(p; & p?v(l — 2n)) factors as follows

Ry —— TS(RT(XE /@) /I

l T
B

where
pr ={-Aren+2n—1,....=Ac1+nAa+n—1,... A\ ,}.

Consider the product of the §;

B:Re" — [ T¥(RU(XE Vi /))n/ 1.
J
By the computation of the characteristic polynomials of Frobenius elements we know

that its image is contained in the image of the natural map

TS(RD(XE, V) = [ [ T (RI(XE, Va/@)u/ 1,
J
which has a nilpotent kernel itself. Hence we get a map R7" — T(RU(XE, Vy))n/I
for some nilpotent ideal /. Quotienting out by p we obtain the determinant attached

to
p=r(0)&r 0" (1 - 2n).

Now theorem 4.3.2 implies that p is semistable with Hodge—Tate weights p and crys-
talline at all places in Sg.s. It follows that r,(II) is semistable with Hodge—Tate

weights a subset of y. Moreover, compatibility with central characters shows that

HT,(detr, (1)) = {i@\m’ +n— Z)}

i=1

By condition 1 of theorem 4.3.1 we have that " | (A-;+n—1) <>, ;(Ar;+n—1i) for
every n elements subset J, C p such that J # HT,. Thus, HT,(r,(Il)) = HT,. O
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Chapter 5

Vanishing of the Bloch-Kato
Selmer Group

In this chapter we combine the results of the previous sections to prove the main
theorem. More concretely, we check that the conditions of lemma 2.6.4 are satisfied.
The rings Ty will be special cases of the Hecke algebras discussed above. The rings

Ry will be Galois deformation rings which we introduce now.

5.1 Galois Deformations

We now fix notations for Galois deformation rings and recall the necessary results.
The basic ideas go back to [Maz89] but we also require p-adic Hodge theory conditions
studied in [Kis08] and [Liu07] and the smoothness condition from [All16]. Let E/Q,
be a finite extension with ring of integers O, uniformizer w and residue field k =
O/wO. Let F be a number field and S a finite set of places of F' containing .S, the
places above p. We assume that E contains all p-adic embeddings of F'.

Let G be the absolute Galois group of F' and n a positive integer. Fix continuous
homomorphisms p : Gp — GL,(O) and p : Gp — GL,(k) which are unramified
outside S and so that p = (mod w). We are interested in the following two types

of questions:

(A) Given an Artinian local O-algebra A with an isomorphism A/my = k, what are
the continuous (here A has the discrete topology) homomorphisms py : Gp —
GL,(A) such that ps =7 (mod m4)?

(B) Given an Artinian local F-algebra A with an isomorphism A/m,4 = E, what are
the continuous (here A has the topology induced by the E-vector space structure

on A) homomorphisms p4 : Ggp — GL,(A) such that py = p (mod m4)?
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Question (A) asks about (framed) Galois deformations in the style of Mazur
[Maz89]. It concerns integral questions and asks about congruences between Galois
representations. Question (B) asks about (framed) Galois deformations in charac-
teristic 0 like p' : Gp — GL,(E[t]/(t™)). Taking A = E[t]/(t?), this is equivalent
to classifying all extensions 0 — p — p/ — p — 0, where p/ is a continous Ga-
lois representation Gp — GLg,(F). Ultimately, we will deduce the vanishing of the
Bloch—Kato Selmer group by analysing a case of question (B).

Let us make more precise definitions now. If A is an Artinian local O-algebra with
an isomorphism A/m4 = k, then a continous homomorphism p4 : Gp — GL,(A) such
that pa = p (mod my) is called a lift of p. Two such homomorphisms are strictly
equivalent if there is an element vy € ker (GL,(A) — GL,(k)) such that ypsy~! =
Py A strict equivalence class is called a deformation of p. We use the analogous
terminology in question (B) for lifts and deformations of p to Artinian local E-algebras
A with an isomorphism A/my = E. We let D denote the functor that sends A to the
set of all deformations of p over A and D" the the functor that sends A the set of all
lifts of p over A. The analogous functors for question (B) are denoted by D, and DE.

If v is a place of F', a local lift at v is a continuous homomorphism p4 : Gp, —
GL,(A). We denote the functor that sends A to the set of local lifts of 5 over A by
DY, Tt is well-known that DY is represented by a complete Noetherian local O-algebra
R with universal lift p2"® : Gp — GL,(RY).

Definition 5.1.1. A global deformation problem is a tuple

S = (ﬁa Sa {Dv}veS)a

where p and S are as above and each D, is a subfunctor of D which is represented
by a quotient RY — R, and if py € D,(A) is strictly equivalent to p/; € DY, then
also p'y € D,(A). For a subset T C S, we define Ry" := @, ., R

veT - "

Definition 5.1.2. A deformation ps4 € D(A) (resp. lift) is of type S if one element
(equivalently all elements) of the strict equivalence class of p4|q,, lie in D,(A) for all
v € S. We note by Ds the subfunctor of D of deformations of type S. If T' C .S, then
a T-framed lift of type S is a tuple (pa, {ay fver), where p4 is a lift of p of type S and
a, are elements of ker (GL,(A) — GL,(k)). Two T-framed lifts of type S are strictly
equivalent if there exists v € ker (GL,(A) — GL,(k)) such that p/y = ypay~! and
al = ya,. The functor of T-framed deformations of type S, i.e. strict equivalence

classes of T-framed lifts of type S, is denoted by DE.
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Theorem 5.1.3. If S = (p,5,{Dy}ves) is a global deformation problem, where p
is absolutely irreducible and T C S, then Ds and DL are representable by complete

noetherian local O-algebras Rs and RE with residue fields isomorphic to k.
Proof. This is an application of Schlessinger’s criterion as explained in [Maz89]. [

Theorem 5.1.4. Let S = (p, S,{D},cs), where p is absolutely irreducible and let
[p] : Rs — E be the homomorphism corresponding to p. Then (ES)I] pro-represents
the functor Ds , which sends an Artinian local E-algebra A with residue field E to
the set of deformations of/p,\unmmiﬁed outside S.

The tangent space of (Rs)i, is canonically isomorphic to H'(Gps,ad p).

Proof. See [Kis09, Lemma 2.3.3 and Proposition 2.3.5] for the identification of de-
formation rings. The tangent space computation follows from a standard argument
which identifies

Ds (B[] (1)) = Exthg, o (p,0) = Exthy, (E,ad p) = H'(Grs, ad p),

where the Ext groups are computed in the category of continuous E[G g|-modules.
O

Lemma 5.1.5. If § = (p,S,{D, }ves) is a global deformation problem, where p is ab-
solutely irreducible and T a nonempty subset of S, then R: = Rs[[ X1, ..., Xp2ir-1]].

Proof. If A is an Artinian local O-algebra with residue field k, then
DE(A) = {(pa, (aw)ver) : pa € DI(A)}/ ~ .
Since p is absolutely irreducible, there exists a universal deformation
P Gps — GL,(Rs)
of p. We define a morphism of functors
® : Hom(Rs[[X1,. .., Xp2ir-1]], 4) = DS(A)

by sending f to (0" @pg s A, (Qw)ver) With a, = id+ [V]
that

v v
J'Lgi,jgn for Y7 € my such

o V) =0 for a fixed vy € T.

o VU = f(Xg), where k = k(i,j,v) is a bijection between the indices (i,7,v) #

ij

(0,0,v9) and k =1,...,n*T| — 1.
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If ®(f;) ~ D(f2), then p" Qg A and p“"™ Qg s, A are equivalent. This
implies that fi|gs = f2|rs. Since p is absolutely irreducible, all its endomorphisms
are scalar and ®(f;) and ®(fy) must be conjugate by an element v = (1 + t) id, with
t € my. But Yy forces t = 0 and f1(Xg) = fo(Xy) for all k. Thus f; = fo and @ is
injective.

On the other hand, given (pa, (e )ser), one can conjugate by a the diagonal
matrix v = (1 + Yg) 'id so that (ypay™', (Yo )ver) is in the image ®. Thus, ® is

also surjective. Now the claim follows from Yoneda’s lemma. O]

Theorem 5.1.6. Assume that p|a,, is torsion semistable with Hodge—Tate weights
contained in [—r,r]. Then there is a subfunctor D" of DY consisting of lifts which
are torsion semistable with Hodge—Tate weights contained in [—r,r]. Moreover, D"
is represented by a quotient RY — R and two strictly equivalent lifts are torsion
semistable if and only if one of them is. The same works with “crystalline” in place
of “semistable”. Hence if Seis = {v | p 1 Dlay, is torsion crystalline.} and Sys =

Sp \ Seris, then

8 = (ﬁ? S’ {’Df}ris’r}vescris U {’Df)s,r}’UESss U {’DE}UGS\Sp)
1s a well-defined global deformation problem.
Proof. See the main theorem of [Liu07]. O

Theorem 5.1.7. Let S = (p, S, {DS"*" }es,,s. U {D5 }oes,, U {DF bues\s,) be as
in the previous proposition. Let x : Rs — E be a homomorphism and let p, be
the corresponding representation. Then @ pro-represents the functor Ds ,, which
sends an Artinian local E-algebra with residue field E to the set of deformations of
pz which are unramified outside S, semistable with Hodge—Tate weights equal to those
of pr and crystalline at the places in Sepis.

The tangent space of@ is isomorphic to H} (Grs,ad p,) (see section 1.5 for
the definition of this space).

—

Proof. The interpretation of (Rs), follows from the main theorem of [Liu07]. If
Seris = 0, then the isomorphism with the tangent space is proven in [All16, Proposition
1.3.12]. For non-empty S5, the proof is similar and relies on the fact that an element
of H'(GFs,ad p,) gives rise to an extension 0 — p, — 7 — p, — 0 which is crystalline
at v if and only if it is mapped to 0 in H'(GF,,ad p, @ Beris)- O

Lemma 5.1.8. For each v { p, we have dim RJ[1/p] < n?. Moreover, for each v | p we
have dim R$*"[1/p] < n? + @[Fv : Q,] and dim RS [1/p] < n* + @[Fv : Q).

85



Proof. See [All16, Proposition 1.2.2 and Theorem 1.2.4] and [Kis08, Theorem 3.3.8].
[

Proposition 5.1.9. Let p: Gp — GL,(E) be a continuous representation, unrami-
fied outside S such that p is generic [All16, Definition 1.1.2] at all places v € S\ Seris-

Then (Ry), is reqular for all v € S, where R, are the local framed deformation rings
of
8 = (ﬁ? S? {D’Lc}ris,r}vescris U {Df}s’r}vesss U {DE}UGS\Sp)

and p 1s the kernel of the homomorphism R, — E induced by p.

Proof. This follows from theorem 5.1.7 and [All16, Proposition 1.2.2 and Theorem
1.2.7] together with [Kis08, Theorem 3.3.8]. O

Definition 5.1.10. Let S be a global deformation datum, then a Taylor—Wiles datum
for S is a tuple (@, (1, - -, Qpn)veq), Where @) is a finite set of places of F' disjoint
from S such that

e forallv e @, ¢, =1 (mod p);

® (1, ..,Qy) are the eigenvalues of p(Frob, ), which are assumed to be pairwise

distinct and k-rational.

Given a Taylor-Wiles datum we define the augmented global deformation problem

SQ = (p7 SuU Qa {DE}UGQ U {Dv}vGS)

Lemma 5.1.11. For a subsetT C S and Taylor—Wiles datum (Q, (w1, - - -, Qyn)veq),
the deformation ring RgQ obtains a natural local O[A%]—algebm structure, where Ag 1s
the mazimal p-quotient of [],cq k(v)* and the mazimal ideal of O[AD] is the kernel
of O[AY] — k : g = 1. Moreover, the kernel of the natural map RgQ — RL, is
generated by the augmentation ideal of O[AR)].

Proof. This follows from [ACC*23, Lemma 6.2.19] and the discussion afterwards and
goes back to [DDT97, Lemma 2.44]. O

5.2 Base Change

Ultimately, we wish to show that the Bloch—Kato Selmer group of a representation
of G'r vanishes. It turns out that to do so one can first restrict to G, for any finite

extension L/F.
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Lemma 5.2.1. Let L/F be a finite extension of number fields unramified outside a
finite set of places S of F containing all places above p and ¥ be the set of places of
L above S. Let S..is U Sss be a partition of the places of F' above p and X..;s U X, the
corresponding partition of places of L above p. If p : Gps — GL,(E) is a continuous
Galois representation, then H;,(Gpx,adp) = 0 implies that H}, (Grs,adp) = 0.

Proof. There is a commutative square

HY(Grs,adp) — [l,eq.,,. H'(Fy, Beris @q, ad p) X [[,eq.. H'(Fy, Bar ®q, ad p)
! !
H1<GL72, ad p) — HU'EEcris HI(LU/, ch's ®Qp ad p) X 1_[1],625S HI(LU/, BdR ®Qp ad p)

with injective vertical arrows by [Ser02, Chapter I, Proposition 9]. The right vertical

arrow is defined as
(Uv)vlp = <0w|GLU/)v’|p’

where w denotes the unique place of F' lying below v’'. The other maps in the diagram

are restriction maps. Taking kernels of the horizontal arrows, we find an injective map
H}Q(GES, ad p) — H}Q(GLE, ad p)

and the claim follows. O

This lemma allows us to liberally use automorphic base change [AC89] as a re-
duction step in the proof of the main theorem. Paired with class field theory [AT09]
it becomes a very powerful method. Here we state a few such results which we will
use below. Recall that an extension L/F is called solvable if there exists a chain of
subfields F' = Lo C Ly C ... L, = L such that L;/L;_; is cyclic for each i.

Proposition 5.2.2. Let F' be a CM number field, L/F a solvable extension and m be
a cohomological cuspidal automorphic representation of GL,(Ag). If the Galois rep-
resentation r, ()|, is absolutely irreducible, then there exists a unique cohomological

cuspidal automorphic representation I1 of GL,,(AL) such that
r.(ID) = r(7)lc, -

Proof. By induction it suffices to treat the case when L/F is cyclic of prime degree [.
By class field theory there is a finite order Hecke character n : F*\A; — C* which
cuts out L, i.e. satisfies ker(noArt,') = G1. If we can show that m®(nodet) % 7, then
[AC89, Chapter 3, Theorem 4.2 (a)] will imply the proposition by the Chebotarev
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density theorem and the explicit description of Hecke eigenvalues in unramified local
base change [AC89, Chapter 1, §4.2].

In particular, it also suffices to show that r, (7 ® (n o det)) 2 r,(7). By the
Chebotarev density theorem we find that

r(m® (nodet)) Zr () ® (7 o Art,')

But if r,(7) ® (n7' o Arty') = r,(7), then the intertwining operator realising such an
isomorphism is a non-scalar Gp-equivariant endomorphism of r,(7)|g,. Otherwise,
there would exist a € (QTZDX and g € G such that n(Artz'(g9)) # 1 and ar(g)v =
n(Artz' (9))r(g)aw for all vectors v of 7,(m). By Schur’s lemma this contradicts the

assumption that r,(m)|q, is absolutely irreducible. O

Proposition 5.2.3. Let F'/Q, be a finite extension and m a irreducible smooth rep-
resentation of GL, (F'). Then there exists a finite solvable extension F'/F such that
the base change 11 of w to GL,(F") exists and has lwahori fized vectors.

Proof. We use the functorial properties of the local Langlands correspondence [HT01].
The precise statement we need is conveniently stated in [Sch13]. Let 7 — o(m) be the
normalized Weil group representation (without the monodromy) attached to a smooth
representation 7 of GL,,(F"). By construction of the topology on the Weil group there
exists a finite Galois extension F'/F such that o(m)|w,, is unramified. Since Gr
is pro-solvable, any such F’/F is solvable. By [BZ76, Proposition 3.19], m can be
embedded into a normalized parabolic induction igL"(F)(W’ ) for some supercuspidal
representation 7’ of M, where P = M N is a standard parabolic subgroup of GL,,(F).
The Weil representation o(7) is determined by 7’ [Sch13, Theorem 12.1 (ii)] and we
can inductively apply [Sch13, Theorem 12.1 (iv)] to 7/, to obtain the base change II
of 7 satisfying

o(Il) = o(7)|w,,-

Now [Sch13, Theorem 12.1 (v)] shows that IT has Iwahori fixed vectors. O

Proposition 5.2.4. Let F' be a number field, p a prime such that ¢, € F', S a finite
set of places of F' and ¢ : Gp — H a continuous homomorphism to a finite group H.
Suppose that for each v € S we are given a finite extension F!/F,, then there exists

a finite solvable extension L/F such that
b Cp ¢ L;
e (Gr,)) = 0(Gr,));

88



e $(Gr) = ¢(Gr);

e For each v € S and place w | v of L we have L,, = F).

v

Proof. By induction it suffices to prove the claim when all the F/F, are cyclic. So
let x, : F, — C* be continuous local characters cutting out the F), i.e. such that
ker(y, o Art;vl) = Gg,. Moreover, by the Chebotarev density theorem, there exists a
finite set of places T" of F' such that {¢(Frob,) : v lies above T"} generates ¢(Gr(,))-
Moreover, there exists a place vy of F' such that Frob,, generates Gal(F((,)/F'). Let
T =T U{w} and x, = 1 for v € T. By [AT09, Chapter X, Theorem 5], there
exists a global character x : F*\Ay — C* with local components equal to y, at all

v € SUT. Now the cyclic Galois extension L/F cut out by x satisfies

e (, & L since ¢, & F;

e Every place v € T is totally split in L;
e For each v € S and place w | v of L we have L,, = F).

In particular the second property implies that for v € T', the conjugacy class Frob, C
G is equal to the union of the conjugacy classes Frob,, C Gy, for w | v. Now by
construction of 7" we find that ¢(Gr(,)) = ¢(Gr(,))- Since vy € T is totally split
and Frob,, generates Gal(F'((,)/F) we also find that ¢(GL) = ¢(Gp). O

5.3 Main Theorem

We collect some final preliminary results on the existence of Taylor—Wiles primes and
the existence of Hecke algebra valued Galois representations before finally proving

the main theorem.

Definition 5.3.1. A subgroup H C GL,(k) is called enormous over k (the fixed
finite residue field) if it satisfies the following

1. The representation of H acting on k", given by the inclusion H — GL, (k) is

absolutely irreducible.
2. H has no non-trivial quotients of p-power order.

3. H°(H,ad") = H'(H,ad") = 0, where ad” is the vector space of traceless n x n

matrices over k on which GL, (k) acts by conjugation.
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4. For any simple k[H]-submodule M C ad’, there is a regular semisimple h € H
such that M" # 0.

Proposition 5.3.2. Let S = (p, S, {D, }ves) be a global deformation datum. Assume
that

e pf2n,

e 0 is absolutely irreducible,

o ['=F1Fy with F* totally real and Fy an imaginary quadratic field,
o (,  F and p(Gr(,)) is enormous.

Then for a large enough integer ¢ and any N > 1, there exists a Taylor—Wiles datum
QN (s 0n)veoy) Satisfying

1 #Qn =q.
2. For eachv € Qn, ¢, =1 (mod p") and the rational prime below v splits in Fy.

3. There is a local O-algebra surjection RY'[[X1, ..., X,]] — RgQN, with
g=qn—n’[F*:Q)
Proof. This is [ACC*23, Proposition 6.2.32]. O

Proposition 5.3.3. Assume that p > n. Let m < T° be a non-FEisenstein ideal
and X\ a dominant weight of GL, /F. Suppose K is a good open compact subgroup
K < GL,(AY) such that K, = GL,(Og,) for allv ¢ S for some finite set of places
S containing those above p. Let (Q, (w1, - .., Qun)veq) be a Taylor-Wiles datum for

(ﬁm? S? {Dg’f‘is,’f‘}vesaris U {,Dis’r}vesss U {DE}UGS\Sp)a

where Sepis U Sss 15 a partition of the places of F above p. We define level subgroups

EKi(Q) = I, Ki(Q)y € Ko(Q) = [I, Ko(Q)o C K by Ki(Q) = Ko(Q)y = Ky for
v & Q and for v € Q we set Ko(Q) = Iw, and K1(Q), the kernel of the mazimal
abelian p-quotient of Tw,, for v € Q. We have Ko(Q)/K1(Q) = Af.

Consider the commutative O-subalgebra

To™? i=TU, 1, ..., Uy, v € Q) C H(GL,(AT), Ko(Q)) @7 O,
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where U, ; is the characteristic function of the double coset
Iw, diag(w,, ..., @y, 1,..., 1) Iw,,

where w, appears i times on the diagonal. Conjugation by elements of Ko(Q)/K1(Q)

mduces an embedding
Tg °[A%] = H(GL.(AT), K1(Q)) @2 O

and given an object M of D(O[Ap]) with Hecke action we write T%(M) for the
image of TgUQ[Ag] in Endp(ojag))(M). With these notations, there are mazimal

tdeals my and mgy and local O-algebra homomorphisms ¢,y
T2 (RE(X G D Vw2 T (BL(X G D Vi) )my 2 TS (RD(XEL, /1 V)

such that 1 is an isomorphism and ¢ is surjective, containing the augmentation ideal

of (’)[A’Q‘] in its kernel. Moreover, there are corresponding maps
K
RT(XSH D Vmy L RO G D Vadmy & RT(XE, 5 Vi),
where g is a quasi-isomorphism and f induces a quasi-isomorphism

RI(AY, RU(X (D Vi)m) = RO(XE D Vi,

Proof. This works in exactly the same way as [ACCT23, Lemma 6.5.9]. There, our

my is called n? and mg is called nOQ. O

Theorem 5.3.4. Let m < T° be a non-Eisenstein ideal and \ a dominant weight
of GL,, /F. Suppose K is a good open compact subgroup K < GL,(A¥) such that
K, = GL,(OF,) for allv ¢ SUR for some finite set of places S U R satisfying (¥,).
Moreover, let S, = Scris U Sss C S be a partition, stable under complex conjugation
such that K, = GL,(OF,) for v € Sgus and K, = Tw, forv € Sg and K, = ITw,
forv e R. Consider the global deformation datum

S = (p'ﬂ'U S U R’ {’Ds"is’r}vescris U {'D537T}U€SSS U {’DE}UERUS\SP>

and let (Q, (ay1, ..., pn)veq) be a Taylor-Wiles datum. Suppose that the following

are satisfied

(1) For each embedding T : F — E inducing a place above p, we have —A.c1 — Arq >
0,
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(2) For each place v | p of F let v be the place of Ft lying below v. Then there exists
a place v # v of F* such that v | p and

S 1B Q) > [F* Q)

o' 45

(8) The residual representation p,, is absolutely irreducible and decomposed generic
[ACC* 23, Definition 4.3.1],

then there is an integer § > 1 depending only on [F : Q] and n, a nilpotent ideal
IcC TiURUQ(RF(Xgﬁg)F, Va))m, such that I° = 0 and a surjective local O[Ag]-algebra
homomorphism

v 1 Rsy — TR (RT(XE D Vo) o /T

such that
det(2 +id —py(Frob,)) = Py(2) € (T3 (RD(XH %, Vi), /1)[2]
forvg SURUQ.

Proof. When @ = (), this follows from theorem 4.3.1. In general the Ag-equivariance
follows from of [ACC*23, Theorem 3.1.1]. O

Theorem 5.3.5. Let [' C L be CM fields and let p : Gp — GL,(E) be a continuous
representation, where E C @p is a finite extension of Q, containing the images of
all field homomorphisms L — @p. Moreover, let 11 be a cohomological cuspidal au-
tomorphic representation of GL,(AL) and let S be a finite set of places of F, stable
under complex conjugation, containing the archimedean ones and those above p such
that 11, is unramified for all v not lying above a place of S. Let S, = Seris U Sss be a
partition of the places of F' lying above p which is stable under complex conjugation

such that the following are satisfied.
(a) p>n;
(b) There exists an isomorphism ¢ : Q, — C such that ple, ®p Q, = r,(II);

(c) The residual representation p|a, is absolutely irreducible and decomposed generic
[ACC* 23, Definition 4.3.1]. Moreover, , ¢ L and ﬁ|GL(<p) has enormous image
[ACC* 23, Definition 6.2.28], where ¢, € L is a primitive pth root of unity;

(d) If v lies above a place in S\ S,, then the Weil-Deligne representation WD(plq,, )
is generic [All16, Definition 1.1.2];
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(e) If v lies above a place in Sens, then 11, is unramified. If v lies above a place in
Sss, then plg,, is de Rham and for any finite extension L, /L,, WD(p|g,, ) is

generic.

Then the Bloch—Kato Selmer group H}Q(GF7S,ad p) vanishes, i.e. p is rigid. More-

over, pla, . is crystalline for all v lying above a place in Seps.

Proof. We immediately note that we can assume L = F' since it suffices to prove the
Selmer vanishing over L by lemma 5.2.1. We now apply proposition 5.2.2 multiple
times and enlarge F' further, while keeping the places v € S\ S, totally split over
the field L that we started with.

By proposition 5.2.3 we can find solvable local extensions F!/F, for all v € S
such that the local base change of II, to GL,(F)) has Iwahori fixed vectors. Using
proposition 5.2.4 there is a solvable global extension which interpolates these, is totally
split at all v € S\ Sss and preserves condition (¢). Hence by proposition 5.2.2 and

condition (e) we may assume that
(1) If v € Sy, then WD(p|c,, ) is generic and IIJ“» 2 0.

by choosing more local extensions at arbitrary places outside of S we can moreover

assume that S satisfies (X,) and

(2) For each place v | p of F' let T be the place of F'* lying below v. Then there exists
a place 7' # T of F'™ such that ¥ | p and

Z [E, - Q] > %[FJr Q).

Dk

Moreover, we can twist II by a suitable power of |det| to arrange for the following

condition to be satisfied.
(3) If ¢ is the complex conjugation of F', then
A1 — Arm 2> 0
for all 7 € Hom(F,C).

Then r,(II) is twisted by a power of the cyclotomic character by which adr,(II) is
unaffected and by possibly enlarging the power of the character we can make sure

that r,(II) remains the same. Hence all the above conditions are still satisfied.
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We apply proposition 5.3.2 and let R be a large enough set of Taylor—Wiles primes

for the deformation datum

S = (ﬁmv S7 {D"LS)SJ}UGSSS U {D’LC)TiSJ}UEScris U {DE}UES\SP)

In particular, for each v € R, WD(p|g,) is generic. We define the level subgroup
K =T], K, of GL,(A%) by

o K, =GL,(OF,) for v € RUS\ Seris,
e K, =1Iw, for v e S,
e K, is any small enough open compact subgroup so that IIXv # 0 for v € S\ S,

o K, = Iw,; is the group subgroup of matrices which are unipotent and upper

triangular mod w, for v € R.

Since R is sufficiently large, lemma 3.2.6 shows that K is neat.

It is proven in [ACC*23, Theorem 2.4.10] that there exists a maximal ideal m C
TE " (RU(XEL, /p V) such that b, = 7,(IT), where O is the ring of integers of E.
Now theorem 4.3.1 shows that p is semistable at Ss; and crystalline at S..;s with
Hodge—Tate weights bounded by some large enough r.

Consider the global deformation problem

S = (ﬁmv S U R7 {D’i&r}vesss U {Dgri&r}vescris U {DE}'UERUS\SP)

The functor Dg is represented by a complete local O-algebra Rs by theorem 5.1.3.
Let p be the kernel of Rs — F induced by p = r,(II). Then theorem 5.1.7 shows that
the tangent space of (Rs), is isomorphic to H},(Grs,ad p). Set

Co = RHOH](Q(RF(Xé(Ln JFs V)\)m, O)

and Ty = T2%(Cy).

By theorem 5.3.4, there is a surjection Rs — Ty/ly of local O-algebras, where
Iy < Ty is the nilradical. Theorem 3.4.8 implies that Ty[1/p] is a product of fields and
thus the localisation at p is a surjection (Rs), — E’ for some field £'. If this map
is also injective, then the tangent space H}Q(G r.s,ad p) vanishes. Thus, we are left
with applying lemma 2.6.4.

Let g be large enough and g = gn — n?[F" : Q]. For each N > 1, use proposition
5.3.2 to choose a Taylor-Wiles datum (Qn, (1, - - -, 0y n)vegy ) satisfying
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(a) #Qn =q.

(b) For each v € Qy, ¢, =1 (mod p”) and the rational prime below v splits in some

imaginary quadratic subfield of F'.
(c) There is a surjection of local O-algebras Re- [ Xy, ..., X,]] = Rggfj

Let T = O[[X1,..., Xp2jsur-1]] and S = TI[Y1,...,Yn)] with augmentation
ideal a < S given by

== (X17 L 7Xn2\SUR|—17}/ia ... 7an)'

For N > 1 we define ay := ((X;+1)?" —1,(Y;4+1)?" —1). To apply the main lemma

(2.6.4) there are seven things to verify/define so we do the rounds.

(1) Let Ry = R3([X,..., X,]]. Tt is a complete local O-algebra since R3~ ™'

1S.

(2) We put Ry = Rs and for N > 1 we set Ry = RgUR/aN By assumption on the
Taylor—Wiles datum @)y, each Ry is a quotient of R.,. Using lemmas 5.1.11 and
5.1.5 we find that Ry/a = R, for all N.

(3) The complex Cj is finitely generated since Xé(Ln /P 18 homotopy equivalent to
its Borel-Serre compactification (see proposition 3.2.4) and the cohomology of a
compact manifold is finitely generated. Moreover, RF(X GL / 7 Vi) can be repre-

sented by a complex of finite free O[Ag]—modules by choosing a Af)-stable, finite

Cech covering of YgiiQ/)F For N > 1, we let C'y be a minimal representative of

R Homo (RT (XY V)i, T) Jay
Then Cy/a = Cy by proposition 5.3.3.

(4) We let go = [F" : QIn(n —1)/2 and Iy = n[F* : Q] — 1, then [ACC*23, Theorem
2.4.10] implies that Cy[1/p] is not exact since it contains (II°°)¥ in its cohomology.
The same theorem also states that Cy[1/p] is concentrated in degrees [qo, o + lo]-
On the other hand we have dim(S«), = n%S U R| + ng — 1 and lemma 5.1.8

implies

dim R, [1/p] < g+ n*|SUR|+n(n —1)[F" : Q)
=qn+n*|SUR| —n[FT:Q)
= dlm(Soo)a —lo
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(5) For N > 1 we put Ty = TiURUQN (CN)ml T C EndD(SN)<CN)m1- Then it is clear
that the image of T in Endps,)(Co) equals

TSVCN (Cy) € TVH(Cy) = To.

(6) By lemma 5.1.5 we can tensor the surjections from theorem 5.3.4 with 7 to obtain
surjections Ry — Ty /In, where Iy are ideals satisfying [ ]5\, for some constant 9.
The commutativity of the square follows from the Chebotarev density theorem
and the computation of characteristic polynomials of Frobenius elements in terms

of Hecke polynomials in the theorem 5.3.4.

(7) We already defined p as the point corresponding to p. It is clear that this becomes
a maximal ideal of Ry[1/p]. Since it corresponds to p = r,(II) it is the pullback
of the maxi@gdeal of To[1/p] corresp(ﬂdi\ng to the summand (IT°°)%. Now
(Eoo\)p — (R3O [[X4, ..., X,]] and (R37°), is regular by proposition 5.1.9.

Hence (R« ), is regular, too. O

Corollary 5.3.6. Let A/F be an elliptic curve without complex multiplication over
a CM field F' and p > 7 a prime such that {, ¢ F and the image of Gr in Aut(A[p])
contains SLy(FF,). Let

VoA = (lim Ap"|(F)) @z, Q,
be the p-adic Gp-representation associated with A. Then V,A is rigid, or equivalently

any short exact sequence
0=V,A=V =V,A—=0,

where V' is a de Rham Gp-representation, splits. Furthermore, if F/Q is Galois and
n is a positive integer, such that p > 2n + 3, then the symmetric power Sym"(V,A)

18 rigid, too.

Proof. Let p = Sym"(V,A). Since the determinant of V,A is the cyclotomic char-
acter, we find that in fact the image of Gp(,) in Aut(A[p]) equals SLy(FF,). Hence
[ACC*23, Lemma 7.1.4] implies that p(Gpr(,)) is enormous for all F’/F which are
linearly disjoint from Jad Moreover, since the symmetric powers of the standard

representation Sym”(F;) of SLy(FF,) are irreducible for n < 2n + 3 < p, we find that

Pla,, is absolutely irreducible for all F’/F which are linearly disjoint from P
If n = 1, then one can use the Chebotarev density theorem to show that ﬁ|g% is

decomposed generic for any F’/F disjoint from F? Ifn>1and F /Q is Galois,
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then [ACC*23, Lemma 7.1.6] implies that p|¢,, is decomposed generic for any F’/F
disjoint from e

Now [ACC*23, Theorem 7.1.11] shows that there exists an F'/F, linearly dis-

” such that pla, ®g, Q, = r,(II) for some cohomological cuspidal

joint from il
automorphic representation I of GL,1(Ag/). Finally, to apply our main theorem
it is enough to show that the Weil-Deligne representation (r, N) = WD(p|g,) is
generic for all finite extensions L/F!. If A has potentially good reduction at v,
then by the Hasse bound, r and (1) share no common Frobenius eigenvalues, hence
Hom((r, N), (r(1),N)) = 0. If A has potentially multiplicative reduction at v, then
N has maximal rank and any non-zero element of Hom((r, N), (r(1), V)) would pre-
serve the one-dimensional space ker N. But r(Frob,) acts on ker N by a root of unity
and r(1)(Frob,) acts on ker N by an algebraic number of complex absolute value g,

implying that Hom((r, N), (r(1), N)) = 0. O
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