
Conditional Many-Body Dynamics
and Quantum Control of

Ultracold Fermions and Bosons in
Optical Lattices Coupled to

Quantized Light

Gabriel Mazzucchi

Department of Physics
University of Oxford

This dissertation is submitted for the degree of
Doctor of Philosophy

Keble College Trinity Term 2016



Ai miei genitori, con perenne gratitudine.

To my loving parents, with endless gratitude.



Acknowledgements

The work contained in this thesis would have not been possible without the help and

support of numerous individuals. First, I would like to thank my supervisor Igor Mekhov

for helping and encouraging me during these past four years in Oxford. He has been an

excellent mentor for deepening my understanding of the topics in this work and developing

my scientific career. A special thanks goes to Wojciech Kozlowski and Santiago Caballero

Benitez for the stimulating discussions and the for the fruitful time we have spent together.

Moreover, I would like to thank my co-authors Thomas Elliott and Denis Ivanov with

whom I have collaborated during these years. I must also express my gratitude to Keble

College and EPSRC for providing the means that allowed me to live and study in Oxford.

A big thanks goes to my parents and to Alex for the support they have showed me and

for being always close to me despite of the distance that separates us. I dedicate this thesis

to them with all my respect and gratitude. Last but not least, I express my gratitude

and love to my wife Melanny. She has always been on my side and played a fundamen-

tal role in helping me to cope with the most stressful and frustrating moments of my PhD.

Oxford, September 2016



Conditional Many-Body Dynamics and
Quantum Control of Ultracold Fermions and Bosons

in Optical Lattices Coupled to Quantized Light

Gabriel Mazzucchi, Keble College
A thesis submitted for the degree of Doctor of Philosophy

Trinity Term 2016

Abstract

We study the atom-light interaction in the fully quantum regime, with the focus on off-
resonant light scattering into a cavity from ultracold atoms trapped in an optical lattice.
Because of the global coupling between the atoms and the light modes, observing the
photons leaking from the cavity allows the quantum nondemolition (QND) measurement
of quantum correlations of the atomic ensemble, distinguishing between different quantum
states. Moreover, the detection of the photons perturbs the quantum state of the atoms
via the so-called measurement backaction. This effect constitutes an unusual additional
dynamical source in a many-body strongly correlated system and it is able to efficiently
compete with its intrinsic short-range dynamics. This competition becomes possible due
to the ability to change the spatial profile of a global measurement at a microscopic
scale comparable to the lattice period, without the need of single site addressing. We
demonstrate nontrivial dynamical effects such as large-scale multimode oscillations,
breakup and protection of strongly interacting fermion pairs. We show that measurement
backaction can be exploited for realizing quantum states with spatial modulations of the
density and magnetization, thus overcoming usual requirement for a strong interatomic
interactions. We propose detection schemes for implementing antiferromagnetic states
and density waves and we demonstrate that such long-range correlations cannot be
realized with local addressing. Finally, we describe how to stabilize these emerging
phases with the aid of quantum feedback. Such a quantum optical approach introduces
into many-body physics novel processes, objects, and methods of quantum engineering,
including the design of many-body entangled environments for open systems and it is
easily extendable to other systems promising for quantum technologies.
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Chapter 1

Introduction

It does no harm to the romance of the sunset to know a little bit about it.

Carl Sagan
Pale Blue Dot: A Vision of the Human Future in Space, 1994

Quantum physics is often portrayed as an “esoteric” discipline that concerns only

with the microscopic world with few practical applications. This is obviously far from

being true: for example, understanding the motion of electrons in a material allowed the

semiconductor industries to develop the electronic devices that are permeating our lives

today. We can now find that new restaurant without carrying a map, check our finances

without going to the bank, take beautiful pictures without dealing with film, and, maybe,

read this thesis on a screen without printing it on paper. In the next decades, a new

generation of devices that are capable of creating and manipulating the quantum state of

matter by exploiting entanglement and quantum superposition promises to enter in our

lives. These new technical breakthroughs, usually referred as quantum technologies, will

have a major impact on our world in the 21st century [1], revolutionizing vast sectors

of our society, from finance to medicine to defence. The realization of these promises

relies on two fundamental premises: (i) the possibility of building a quantum system that
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is sufficiently flexible and stable and (ii) understanding the effect of measurement on

such a system. Because of their extreme tunablity, one of the most promising physical

systems that could be used for implementing new quantum technologies are the so-called

ultracold atomic gases. These systems allow to experimentally realize toy Hamiltonians

with parameters that can be easily manipulated, opening the possibility of applications

in quantum computing and quantum simulations [103].

The realization of the first Bose-Einstein condensate in 1995 [7, 23, 43] started this

new field in atomic and molecular physics where the effects of interactions and quantum

statistics dominate over single-particle properties. In the following years, many quantum

mechanical effects were observed in these systems: from matter wave interference between

two overlapping condensates [8] to quantized vortices [2, 104, 107]. At the same time,

cooling techniques applied to alkali bosonic systems also began to be applied to the

other class of quantum particles, fermions. Interest in these systems arises from the fact

that interacting many-body quantum Fermi systems are the building blocks of visible

matter. These include, for example, electrons in a metal, strongly correlated materials,

superconductors, superfluid 3He but also more exotic systems such as neutron stars, white

dwarfs, atomic nuclei and the quark-gluon plasma present in the early universe. The first

ultracold Fermi gas was realised in 1999 [44, 173, 183] while the phase transition between

the Fermi sea and the superfluid state was first observed in 2004 [16, 22, 153, 196].

The introduction of optical lattices for trapping the atoms in a predetermined crystal-

like structure, opened the possibility of using ultracold gases for mimicking Hamiltonians

that were first formulated in condensed matter physics. For example, in 1998 [81] it was

shown that a system of bosons loaded in an optical lattice can be described by the Bose-

Hubbard model and that, by changing the value of the interaction parameter, the atoms

undergo a quantum phase transition between a superfluid an Mott insulator state. This

phenomenon was subsequently observed in 2002 [67], confirming that ultracold gases are a
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very convenient setting for studying many-body effects [20]. Loading ultracold attractive

fermions in an optical lattice allows to investigate phenomena that are typical of solid

state systems such as superconductivity and quantum magnetism. The first one considers

the case of strong attractive interactions so that, at sufficiently low temperatures, atoms

with opposite momentum form Cooper pairs [153] and an excitation gap opens in the

spectrum [39], leading to superfluidity [195]. If the interatomic interactions are repulsive,

the ground state of the system reduces to a configuration with very low entropy which

exhibit antiferromagnetic (AFM) correlations that were recently observed [66, 73].

Although light is fundamental for trapping the atoms and manipulating their quantum

state, its quantum properties are usually neglected. Quantum optics of quantum gases is a

relatively new field of research that studies the regime where the quantum nature of both

the electromagnetic field and the matter field are equally important. As a consequence,

light and atoms become entangled and they develop nontrivial correlations between them.

Such correlations have a dual effect on the dynamics of the system. On one hand, the

quantum properties of the atoms are mapped on the scattered light allowing to perform

quantum nondemolition measurement of the matter observables. On the other hand, the

trapping potential becomes a dynamical quantum variable that needs to be determined

self-consistently with the atomic state leading to the so-called quantum optical lattices.

In the last few years, the interest of the experimental community in these systems grew

considerably. Several laboratories were able to implement the building blocks for this

proposal: light scattered from ultracold atoms in an optical lattice (without a cavity)

has been detected [127, 188] and ultracold bosons have been trapped in an optical

cavity (without an optical lattice) [17, 171, 191]. Moreover, very recent experimental

breakethroughs were able to couple a system of ultracold bosons loaded in an optical

lattice to the cavity modes of an optical cavity [87, 98], achieving the ultimate quantum

level of light-matter interaction.
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The study of quantum optics of quantum gases is indeed a very broad field of research

because of many phenomena that emerge by focusing on the quantum properties of both

light and matter. We can summarize it by considering three different areas with growing

complexity [120].

Firstly, the coupling between light and matter defines a quantum non-demolition

(QND) measurement [28] as the correlations of the quantum state of the atoms are mapped

onto the scattered photons and can be observed in real-time. In contrast to the completely

destructive measurement schemes that are usually used in ultracold atoms experiments

(e. g. time-of-flight and absorption imaging), here observing the photons leaking from

the cavity weakly perturbs the atomic state. Thus, it is not necessary to prepare a new

atomic sample after each photodetection and many consecutive measurements can be

realized on the same system. This approach allows to probe correlations in strongly

correlated systems [50, 99] and to characterize their phase diagram identifying quantum

phases such as superfluid state, Mott insulator and Bose glass [91]. Moreover, it can be

applied to a vast range of physical systems such as bosons [42, 53, 71, 116, 157, 179],

fermions [4, 53, 75, 160], spins [49, 89, 158] and complex molecules [114].

Secondly, coupling an ultracold atomic system to the quantized light modes of an

optical cavity allows to study the dynamics of a many-body system conditioned to the

outcome of the measurement process. Because of the entanglement between light and

matter, detecting the photons escaping the optical cavity changes the quantum state

of the atoms via the so-called measurement backaction. This typical quantum optical

effect cannot be observed in conventional condensed matter systems because of their

short coherence time but it is accessible in ultracold atomic systems [120]. Engineering

the measurment operator, the perturbation due to its backaction can be exploited for

tailoring correlations and preparing interesting quantum states [116]. This is analogous

to cavity QED experiments [72, 185] where photonic states such as Fock and Schrödinger
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cat states were realized using measurement backaction. If the measurement is sufficiently

strong, it can freeze the dynamics of the system in a subspace of the Hilbert space

realizing the quantum Zeno regime [56]. This effect has been observed in the context of

QED cavities [151, 152] and atomic systems [169, 175]. Furthermore, carefully choosing

the spatial profile of the measurment operator, it is possible to project the state of the

system into a quantum Zeno subspace where specific dynamical processes are enhanced

or suppressed [90, 92, 93].

Thirdly, the cavity field mediates an effective long-range interaction between the

atoms (usually referred as cavity backaction). This is because the optical cavity strongly

enhances the coupling between matter and light so that the atoms scatter photons in a

well-defined direction. The effect of the scattered light on the atoms depends on both

the light-matter coupling constant and the scattered intensity so that its influence on the

atomic system can be comparable to the one due to the probe light beams. Realizations

of this effect have been proposed [131] and observed [17] in systems where a BEC is

loaded in an optical cavity (without an optical lattice) and the light field induces a phase

transition towards a supersolid phase, opening the possibility of studying self-organization

for both bosons [94, 144, 155, 174] and fermions [38, 85, 145]. If the atoms are trapped

in an optical lattice, the spatial profile of the light-mediated interaction can be easily

tuned by changing the angle between the optical cavity and the probe beam. This

extreme flexibility could be exploited for realizing novel many-body phases [32–35, 69]

and designing long-range correlations. In this regime, the potential trapping the atoms

is created by quantum light and thus it becomes a dynamical variable which must be

determined self-consistently with the state of the atoms. Depending on the parameter of

the system, this quantum trapping potential can shift the position of the quantum phase

transition between superfluid and Mott insulator state [106].
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In this thesis we will touch all of these three research directions but we will mainly

focus on the second one, i. e. the effects of measurement backaction on many-body

systems. The work contained in this thesis lead to six publications:

T. J. Elliott, G. Mazzucchi, W. Kozlowski, S. F. Caballero-Benitez, and I. B. Mekhov,
“Probing and Manipulating Fermionic and Bosonic Quantum Gases with Quantum Light,”
Atoms, vol. 3, no. 3, pp. 392–406, 2015.

G. Mazzucchi, W. Kozlowski, S. F. Caballero-Benitez, T. J. Elliott, and I. B. Mekhov,
“Quantum measurement-induced dynamics of many-body ultracold bosonic and fermionic
systems in optical lattices,” Physical Review A, vol. 93, 8 no. 2, p. 023632, 2016.

S. F. Caballero-Benitez, G. Mazzucchi, and I. B. Mekhov, “Quantum simulators
based on the global collective light-matter interaction,” Physical Review A, vol. 93, 33 p.
063632, 2016.

G. Mazzucchi, W. Kozlowski, S. F. Caballero-Benitez, and I. B. Mekhov, “Collective
dynamics of multimode bosonic systems induced by weak quantum measurement,” New
Journal of Physics, vol. 18, no. 7, p. 073017, 2016.

G. Mazzucchi, S. F. Caballero-Benitez, and I. B. Mekhov, “Quantum measurement-
induced antiferromagnetic order and density modulations in ultracold Fermi gases in
optical lattices,” Scientific Reports, vol. 6, p. 31196, 2016.

G. Mazzucchi, S. F. Caballero-Benitez, D. A. Ivanov, and I. B. Mekhov, “Quantum
optical feedback control for creating strong correlations in many-body systems,” Optica,
vol. 3, no. 11, p. 1213-1219, 2016.

1.1 Thesis overview

The results that are presented in these thesis are based on the content of the publications

listed in the previous section. The structure of the thesis is as follows.

• In Chapter 2 we present the quantum mechanical model for describing a system

of ultracold atoms loaded in an optical lattice and coupled to the quantized light
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modes of an optical cavity. We demonstrate that by detecting the photons that

leak from the cavity one can realize a quantum non-demolition measurement of the

atomic correlations. We apply these ideas to a system of ultracold fermions and

we show that the light field can be used for distinguishing different ground states.

Moreover, the light field inside the cavity mediates an effective interaction between

the atoms. By changing the geometry of the setup, it is possible to tailor the spatial

profile of such coupling and realize long-range interactions without recurring to

complex physical systems such as polar molecules and Rydberg atoms.

• In Chapter 3 we give a brief introduction on the theory of quantum measurement

with special emphasis on the quantum trajectories technique. We illustrate few ex-

amples of different measurement configurations and we show that the measurement

backaction can be exploited for engineering interesting many-body states such as

Schrödinger cat states and squeezed states.

• In Chapter 4 we consider the effect of measurement backaction on bosons and

fermions when the effective dynamics introduced by the detection process competes

with the atomic tunneling and interactions. We develop an analytic description

of the conditional dynamics of a bosonic system showing that the measurement

induces collective macroscopic oscillations of the atomic population. Moreover, we

demonstrate both the breakup and protection of strongly interacting fermion pairs

by continuous monitoring.

• In Chapter 5 we focus on Fermi systems and we present a measurement scheme

that allows to induce antiferromagnetic and density correlations on the atoms. We

compare our approach to other works based on local addressing and we show that

the global coupling between light and matter is crucial for obtaining the effects

described in this thesis.
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• In Chapter 6 we show how to incorporate feedback within the quantum trajectories

formalism and we focus on the case where the depth of the optical lattice is

changed depending on the number of photons leaving the optical cavity. We

discuss how to use quantum control for exploiting measurement backaction in order

to deterministically create quantum states characterized by density or magnetic

ordering.

The thesis then concludes with a summary and an outline of future research directions.

The code we developed for simulating the quantum trajectories is available at the

address http://github.com/gambero88/quantum_trajectories.

http://github.com/gambero88/quantum_trajectories


Chapter 2

Quantum optics with quantum gases

Ultracold atomic systems offer a unique tool for investigating the behavior of matter

in the quantum degenerate regime, promising studies of a vast range of phenomena

covering many disciplines from condensed matter to quantum information and particle

physics [103]. Classical light fields are crucial ingredients for cooling, trapping and

manipulating such systems. In this Chapter, we introduce a model that describes the

coupling between quantized light modes and a cloud of ultracold atoms loaded in an

optical lattice. This allows to observe phenomena where the quantum nature of both

light and matter plays an equally important role. The experimental realization of such

regime became feasible only recently [87, 98] where, for the first time, a quantum gas in

an optical lattice was coupled to the quantized light modes of an optical cavity.

This chapter is structured as follows. We first introduce on a general model for

describing the coupling between a many-body system of bosons and fermions and the

quantized light field of an optical cavity (see [120] for a review). Then, we show that

the scattering pattern arising from such quantum coupling is different from the usual

classical diffraction pattern and can be exploited for performing quantum nondemolition

measurements on the atomic state. We illustrate this by presenting several examples in

lattice and free space. Finally, we show that the electromagnetic field inside the cavity
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mediates an effective interaction between the atoms that can be engineered by changing

the geometric configuration of the setup.

2.1 Light scattering from ultracold atoms

2.1.1 Optical lattices

Classical laser beams can be used for trapping ultracold atomic gases into periodical

potentials that closely resemble the crystal structure of condensed matter and solid state

systems. The oscillating electric field couples to the dipole moment of the atoms and, in

the far detuning limit, leads to the trapping potential

VOL(r) = −d · E(r) ∝ α(ωp) |E(r)|2 (2.1)

where d is the atomic dipole moment, E(r) is the electric field, α the polarizability of

the atoms and ωp is the frequency of the laser beam. Therefore, the atoms experience a

potential that is determined by the intensity of the laser beam and whose signed depends

on the atomic detuning ∆a = ωp − ωa (ωa being the frequency of the atomic transition).

Specifically, if the light beam is blue-detuned (i. e. ∆a > 0), the minima of the potential

correspond to the regions with low light intensity and the atoms tend to occupy these

points. On the contrary, if the laser is red-detuned (i. e. ∆a < 0), the potential pushes

the atoms towards the maxima of the light field since these corresponds to the minima

of VOL(r).

Combining more than one light beam allows to obtain a periodic potential whose

geometry is determined by the interference pattern between the different beams. For

example, considering the case of two counter-propagating traveling waves with wavelength

λ, the resulting optical lattice potential is a standing wave profile which traps the atoms
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Fig. 2.1 Examples of different optical lattices that can be obtained by combining more
laser beams. Using more than two laser beams at different angles it is possible to create
periodic potentials in different dimensions and characterized by different lattice structure.
From [20] and [180].

in a series of cigar-shaped regions [20]. By adding more laser beams, it is possible to

obtain one-, two- or three-dimensional periodic potentials. Moreover, the geometry of

such interference patterns can be easily tuned by changing the angles between the laser

beams allowing to realize different lattices such as square, hexagonal and triangular [180]

(Figure 2.1). Thus, optical lattices provide an extremely flexible tool for realizing periodic

potentials in which atoms can move.

Time of flight imaging

One of the easiest and most common techniques for probing the state of an ultracold

atomic gas loaded in an optical lattice is the so-called time of flight imaging. This method

gives access to the momentum distribution of the matter system and, therefore, allows to

distinguish different quantum phases. Although time-of-flight imaging is very popular, it

represents a completely destructive measurement scheme since, after the image is taken,

the atomic cloud is destroyed. The experimental procedure for realizing this technique

consist in taking an absorption image of the atomic system after the trapping potential
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(e. g. the optical lattice) is switched off and the atoms are let free to fall for a time ttof .

The resulting image represents the density of the system integrated over the direction of

the beam used for imaging, i. e. the column-density operator. If the atomic system is

not strongly interacting and if its density is not too large, we can consider the atoms

to be in free fall and the position of an atom at the time when the image is taken is

r = ℏttofq/m where m is the atomic mass and q is the momentum of the atom in the

trapping potential. Therefore, one can process the data composing the image and obtain

the probability distribution of the operator

n̂(q) =
∫

Ψ̂†(q, q′)Ψ̂(q, q′) dq′ (2.2)

where q′ is the projection of the momentum of the atoms along the direction perpendicular

the plane of the image and Ψ̂†(q, q′) and Ψ̂(q, q′) are respectively the creation and

annihilation operators of the matter field expressed in the Fourier domain. In order to

obtain meaningful results, it is necessary to repeat this procedure several times and the

atomic system has to be prepared again after each imaging session. By averaging over

many shots, one has access to the average momentum distribution ⟨n̂(q)⟩. This approach

is fundamentally different from the one we will present in the following sections where

we will show how to probe the atomic observables non-destructively.

2.1.2 Ultracold gases coupled to quantized light modes

We start by considering a system of ultracold bosons coupled to a quantized light

field [120] (Figure 2.2). Specifically, we describe the light field in terms of its annihilation

(creation) âl (â†
l ) operators and the Hamiltonian

Ĥl = ℏ
∑

l

â†
l âl − iℏ

∑
l

(
η∗

l âl − ηlâ
†
l

)
(2.3)
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Fig. 2.2 Experimental setup. An ultracold quantum gas is loaded inside an optical cavity
and it is probed with a coherent light beam (red). The scattered light (blue) is collected
and enhanced by a leaky cavity, allowing the detection of the escaped photons.

where the sum over l runs over the light modes, ωl is the frequency of the light mode l

which can be pumped by a coherent field with amplitude ηl. We model the atomic cloud

as an ensemble of N two-level atoms where the ground state is described by the bosonic

field operators Ψ̂†(r) and Ψ̂(r) such that

[
Ψ̂(r), Ψ̂†(r′)

]
= δ(r − r′). (2.4)

The dynamics of the atomic system can be described taking into account three distinct

contributions: (i) one body terms such as external potential and kinetic energy, (ii) in-

teractions between the atoms and (iii) coupling between the matter field and the light.

Specifically, the first two terms describe the usual dynamics of an ultracold atomic gas

and are given by

Ĥa =
∫

Ψ̂†(r)
(

−ℏ2∇2

2m + V (r) + ℏωa

2 σz

)
Ψ̂(r) dr + U

∫
Ψ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r) dr (2.5)
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where m is the atomic mass, V (r) an external trapping potential (which may include

an optical lattice), U is the interaction energy between the atoms, ωa is the frequency

of the atomic transition between the ground state and the excited state and σz is the

population difference operator between these two states. Importantly, the interaction

term U = 2πasℏ2/m is related to the s-wave scattering length as of the atoms considered

and can be easily tuned by applying a magnetic field on the system. We consider the case

where the light modes and the atomic system are coupled linearly so that the light-matter

Hamiltonian is

Ĥal = −iℏ
∑

l

∫
Ψ̂†(r)

(
σ+glâlul(r) − h.c.

)
Ψ̂(r) dr (2.6)

where ul(r) are the mode functions of the light field, gl are the light-atom coupling constant

for the mode l and σ+ (σ−) are the raising (lowering) operator. The Hamiltonian Ĥal

is the main difference from standard problems in ultracold gases where classical light

beams are used for manipulating, controlling and cooling the atoms. Here, we focus

on the ultimate quantum regime where both light and matter are treated as quantum

mechanical operators.

In this Thesis we consider the case of non-resonant interaction, i. e. the light-matter

detunings ∆a = ωl − ωa are much larger than the spontaneous emission rate and the

Rabi frequencies glâl. In this limit, we can adiabatically eliminate the upper atomic level

as its population is negligible (σz = −1). In order to do so, we compute the Heisenberg

equations for the polarizations σ+ and σ− and we express these quantities in terms of

the light fields âl. Within this approximation, the light-atoms Hamiltonian (2.6) can be

replaced by

Ĥal = ℏ
∆a

∑
l,m

∫
Ψ̂†(r)u∗

l (r)um(r)glgmâ
†
l âmΨ̂(r) dr (2.7)
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where ∆a = ωp − ωa is the detuning between the atomic transition and the probe beam.

The physical meaning of this expression is transparent: the photons of the light mode

m are scattered by the atomic density Ψ̂†(r)Ψ̂(r) to the light mode l. This analogous

to the linear dipole approximation for the atoms, i. e. the dipoles respond linearly to

the light amplitude with a very small population of the excited states. If the atomic

cloud is loaded in an optical lattice with M lattice sites, we can further simplify (2.7)

by expanding the matter field in terms of localized Wannier functions. Introducing the

operators b̂i (b̂†
i) which annihilates (creates) an atom at the lattice site i, we rewrite

Ψ̂(r) as Ψ̂(r) = ∑M
i=1 b̂iw(r − ri). Inserting this expression in the complete light-atoms

Hamiltonian Ĥ = Ĥl + Ĥa + Ĥal we obtain

Ĥ = Ĥl +
∑
i,j

Jcl
ij b̂

†
i b̂j + U

2
∑

i

b̂†
i b̂i(b̂†

i b̂i − 1) + ℏ
∆a

∑
l,m

glgmâ
†
l âm

∑
i,j

J lm
ij b̂

†
i b̂j

 (2.8)

where Jcl
ij is the tunneling amplitude describing the motion of atoms between the lattice

sites i and j and it is given by

Jcl
ij =

∫
w(r − ri)

(
−ℏ2∇2

2m + V (r)
)
w(r − rj) dr. (2.9)

This quantity is essentially determined by the overlap of the Wannier functions centered

at different lattice sites. For this reason, Jcl
ij can be safely neglected if the sites i and

j are not nearest neighbors (or i = j). For a homogeneous system, these coefficients

do not depend on the lattice site index so that we can define J0 = Jcl
ii and J = −Jcl

i,i±1.

While J0 is only a constant shift for the chemical potential of the system and can be

neglected, J represents the tunneling amplitude between nearest neighbor lattice sites

and determines the dynamics of the atoms. Moreover, the interplay between J and the

local interaction U = 4πasℏ2/ma

∫
|w(r)|4dr is essential for describing the phase diagram

of the Bose-Hubbard model. The Hamiltonian (2.8) is an extension of this model as it
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includes an additional term describing the photons scattered by the atoms. The effect of

the coupling between light and matter depends on both the Wannier functions and the

spatial profile of the light amplitude (i. e. the mode functions ul(r)) an it is described by

J lm
ij =

∫
w(r − ri)u∗

l (r)um(r)w(r − rj) dr. (2.10)

Again, these coefficients depend on the overlap of the Wannier functions, so that J lm
ij can

be neglected unless the indexes i and j refer to the same site (i = j) or nearest neighbors

sites. Within this approximation, we introduce the local density operator n̂i = b̂†
i b̂i and

define F̂lm as

F̂lm = D̂lm + B̂lm (2.11)

where

D̂lm =
∑

i

J lm
ii n̂i and B̂lm =

∑
⟨i,j⟩

J lm
ij b̂

†
i b̂j (2.12)

where ⟨i, j⟩ denotes nearest neighboring lattice sites. Thus, the Hamiltonian (2.8) reduces

to (up to constant terms)

Ĥ = Ĥl − J
∑
⟨i,j⟩

b̂†
i b̂j + U

2
∑

i

n̂i(n̂i − 1) + ℏ
∆a

∑
l,m

glgmâ
†
l âmF̂lm. (2.13)

From this expression we can obtain the Heisenberg equations for the light field as

˙̂al = −i
(
ωl + g2

l

∆a

F̂ll

)
âl − i

gl

∆a

∑
m̸=l

gmâmF̂lm + ηl − κlâl (2.14)

where we introduced phenomenologically the decay rate κl for describing the photons

leaking from the cavity mirrors. Importantly, this expression does not contain any
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Langevin noise term since we will be interested in normal-ordered quantities only [121].

Moreover, equation (2.14) highlights the physical meaning of the various terms in the

Hamiltonian (2.13). In analogy to the classical Maxwell’s equations for the light amplitude

of a cavity mode, the first term describes the free evolution of the electromagnetic field

and its phase shift due to the presence of the atoms (non-resonant dispersion) while the

second term models the scattering from all the light modes to the mode âl. This second

effect has two contributions as photons can be scattered from the on-site atomic density

(D̂lm) or from the coherence between neighboring sites (B̂lm). The Heisenberg equations

for the matter operators read

˙̂
bi = − i

∆a

∑
l,m

glgmâ
†
l âmJ

lm
ii + Un̂i

 b̂i

− i

ℏ
∑
j:i

−J + ℏ
∆a

∑
l,m

glgmâ
†
l âmJ

lm
ij

 b̂j (2.15)

where the symbol j : i indicates that the sum runs over all the nearest neighbors of the

lattice site i. The first line of this expression describes the evolution of the phase of the

matter field at the site i while the second line is relative to the coupling to the nearest

neighbors. These equations highlights the fact that the Hamiltonian (2.13) introduces

long-range correlations in the system as all lattice sites are coupled to the light modes âl.

The cavity field mediates an infinite-range interaction between the atoms. The spatial

structure of such non-local coupling is determined by the coefficients J lm
ij which play

a crucial role in determining the property of the system. This effect is essential for

obtaining new many-body effects beyond the standard Bose-Hubbard model.

Generalization to fermionic atoms

The model described in the previous paragraphs can be generalized to a system of

fermionic atoms by introducing the light polarization as additional degree of freedom
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for the electromagnetic field. We describe the matter as two distinct two-level systems

that are not coupled to each other where the two lower energy states represent different

degenerate hyperfine levels of a fermionic atom corresponding to the ↑ or ↓ spin species.

Because of selection rules, the transitions between these two low energy states and

the excited ones can occur only if a photon with specific (circular) polarization is

absorbed/emitted. The field operators modeling the lowest energy levels of the matter

field are Ψσ(r) and Ψ†
σ(r) (σ =↑, ↓) and they fulfill the anticommutation relations

{
Ψσ(r),Ψ†

σ′(r′)
}

= δσ,σ′δ(r − r′). (2.16)

The Hamiltonian describing the dynamics of the atoms is given by

Ĥa =
∑

σ=↑,↓

∫
Ψ̂†

σ(r)
(

−ℏ2∇2

2m + V (r) + ℏωa

2 σ(σ)
z

)
Ψ̂σ(r) dr

+ U
∫

Ψ̂†
↑(r)Ψ̂†

↓(r)Ψ̂↓(r)Ψ̂↑(r) dr (2.17)

where σ(↑)
z and σ(↓)

z are the population differences between the ground states and the

excited states for each spin species. This expression is somehow analogous to (2.5) with

the notable difference that, because of the Pauli exclusion principle, the contact interaction

between the atoms is possible only between atoms with opposite spin. Adiabatically

eliminating the upper energy levels, the Hamiltonian describing the coupling between

the atoms and the light modes is

Ĥal = ℏ
∆a

∑
σ=↑,↓

∑
l

∫
Ψ̂†

σ(r)u∗
l (r)um(r)glgmâ

†
lσâmσΨ̂σ(r) dr (2.18)

where the light operators are expressed in the circular polarization basis and σ =↑ (↓)

corresponds to left (right) circularly polarized light. In analogy to the bosonic case,

we can expand the field operators in terms of the Wannier functions of the lattice, i. e.
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Ψ̂σ(r) = ∑M
i=1 f̂iσw(r − ri) where f̂iσ (f̂ †

iσ) annihilates (creates) a fermion with spin σ at

the lattice site i. Therefore, the Hamiltonian describing the light-matter system resembles

a generalization of the Hubbard Hamiltonian and it is given by

Ĥ = Ĥl − J
∑

σ=↑,↓

∑
⟨i,j⟩

f̂ †
iσf̂jσ + U

∑
i

n̂i↑n̂i↓ + ℏ
∆a

∑
σ=↑,↓

∑
l,m

glgmâ
†
lσâmσF̂

(σ)
lm (2.19)

and

F̂
(σ)
lm = D̂

(σ)
lm + B̂

(σ)
lm (2.20)

where

D̂
(σ)
lm =

∑
i

J lm
ii n̂iσ and B̂

(σ)
lm =

∑
⟨i,j⟩

J lm
ij f̂

†
iσf̂jσ. (2.21)

2.2 QND probing of the atomic system

In the previous section, we pointed out that one of the consequences of treating both

light and matter as quantum mechanical operators is the emergence of correlations and

entanglement between them. It has been shown that this property can be exploited for

probing important characteristic of the atomic quantum state by analyzing the light

scattered from the quantum gas [120]. We will now focus on this idea and, in the

interest of clarity, we present an example from the literature where a bosonic system is

considered [122]. The matter field is coupled to two different light modes: a classical

coherent probe a0 and the scattered light mode â1. Moreover, we consider the regime

where the atomic dynamics defined by the tunneling between neighboring sites is much

slower that the light scattering. In other words, the quantum properties of the atomic

state are defined by the tunneling amplitude J and the interatomic interaction U and do
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not change during the measuring process so that the dynamics described by Ĥa can be

neglected. Therefore, the Hamiltonian of the light-atom system reduces to

Ĥ =ℏ
(
ω1 + U11F̂11

)
â†

1â1 + ℏU10
(
a∗

0â1F̂01 + â†
1a0F̂10

)
+ ℏU00|a0|2F̂00+

− iℏ
(
η∗

1 â1 − η1â
†
1

)
(2.22)

where we assumed that the probe is a coherent beam represented by the c-number a0,

Ulm = glgm/∆a and η1 is the amplitude of a probing through a mirror at frequency ωp

(if present). The first term in (2.22) describes the shift of the cavity resonance induced

by the presence of the atoms. The second one illustrates the scattering of the photons

of the probe a0 into the optical cavity â1. Importantly, these two terms retain their

quantum-mechanical character (i. e. they are operators) and lead to different light

scattering amplitude depending on the quantum state of the atoms.

Probing the number of photons leaving the optical cavity (â†
1â1) or other quantitites

related to the light amplitude â1 fullfills the conditions describing a QND measurment of

the atomic variable F̂lm [27]. In general, a QND measurement of the “signal” observable

ÂS can be performed by detecting the “probe” observable ÂP if the following requirements

hold:

(i) the Hamiltonian that couples signal and probe and describes the measurement

process (ĤSP ) is a function of the signal observables, i. e. ∂ĤSP/∂ÂS ̸= 0;

(ii) the evolution of the signal observable is not affected by its coupling to ÂP during

the measurement so that
[
ĤSP , ÂS

]
= 0. This ensure that the free evolution of ÂS

remains unperturbed;

(iii) the commutator
[
ĤSP , ÂP

]
is different from zero so that it is possible to measure

ÂS using ÂP ;
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(iv) because of the measurement backaction, the conjugate variable of ÂS (i. e. Âc
S),

is altered in an uncontrollable way after the SP interaction takes place. In order

to avoid an uncontrollable subsequent perturbation in the evolution of ÂS, the

Hamiltonian describing the signal observable should not be a function of Âc
S.

The Hamiltonian (2.22) fulfills all these conditions if we identify the probe observable with

the photon number operator â†
1â1 and the signal observables with the atomic operators

F̂lm. Moreover, equation (2.22) allows us to compute the Heisenberg equations for the

scattered light amplitude

˙̂a1 = −i
(
ω1 + U11F̂11

)
â1 − iU10F̂10a0 + η1 − κâ1 (2.23)

where we dropped the index from the cavity decay κ. The solution of this equation can

be computed by rewriting the scattered light amplitude as â1 = ˆ̃a1e
−iωp where ˆ̃a1 is a

slowly varying operator, i. e. we assume that â1 oscillates with the same frequency as

the probe beam (ωp). Within this ansatz, we can take the derivative ˙̂a1 and neglect the

term ∝ ˆ̃a1 so that the stationary solution of (2.23) becomes

â1 = η1 − iU10a0F̂10

i(U11F̂11 − ∆p) + κ
(2.24)

where ∆p = ωp − ω1 is the cavity-probe detuning. Note that the denominator in this

expression is an operator and represents the inverse
[
i(U11F̂11 − ∆p) + κ

]−1
(applied on

the left hand side). Equation (2.24) gives a direct relation between the operators describing

the light field and the quantum state of the atoms. In general, this relation is non-linear

since the F̂lm operator appear in both numerator and denominator. Following [120], we

can further simplify this expression specializing to two different optical configurations:

(i) Transverse probing

If the dispersive frequency shift is smaller than κ and the cavity-probe detuning ∆p,
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we can neglect the term U11F̂11 in (2.24) and the denominator of this expression

becomes a c-number. Focusing on the case where only one transverse probe a0 is

present (η1 = 0), the amplitude of the scattered light is directly proportional to

the atomic operator F̂10:

â1 = CF̂10 and C = U10a0

∆p + iκ
(2.25)

As a consequence, the correlations of the quantum state of the atoms are directly

mapped on the light intensity nϕ = ⟨â†
1â1⟩ since this is sensitive to the square of

F̂10. Note that higher moments of the photon number operator (e. g. its variance

⟨â†
1â1â

†
1â1⟩ − ⟨â†

1â1⟩2) carry information about higher order correlations such as

four-points correlation functions.

(ii) Probing through a mirror

In this case, there is no transverse probe beam (a0) and the electromagnetic field

inside the optical cavity is sustained by an optical pump. Therefore, the light

amplitude â1 is essentially determined by the dispersive frequency shift. In contrast

to the previous example, the coupling between â1 and the atomic operators is

non-linear and allows to measure the full probability distribution function of F̂11

without addressing higher moments of nϕ [115, 123]. The presence of resonances

in the transmission spectrum of the optical cavity allows to distinguish between

different quantum phases and to determine important atomic statistical quantities.

In this Thesis we will focus on the configuration (i) and we will assume that the

dispersive frequency shift is smaller than κ and ∆p and can be neglected. Moreover,

for deep optical lattices, the contribution to the operator F̂lm due to D̂lm dominates

over the one due to B̂lm which can be neglected. However, by carefully engineering

the mode functions of the light field it is possible to completely suppress D̂lm so that
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the light scattering is sensitive solely to B̂lm [93, 110]. The coefficients Jjj determine

the spatial profile of the measurement operator and, for well-localized atoms, reduce

to J lm
jj = u∗

l (rj)um(rj). Therefore, the observable that is probed non-destructively by

collecting the photons escaping the optical cavity is

D̂10 =
∑

j

u∗
1(rj)u0(rj) n̂j. (2.26)

For fermions, the polarization of the probe beam plays a crucial role for addressing

density and magnetic correlations. If only two light modes are present, the coupling

between the probe a0σ and the scattered light â1 reads

Ĥal =ℏ
∑

σ=↑,↓

(
ω1 + U11F̂

(σ)
11

)
â†

1â1 + ℏ
∑

σ=↑,↓
U10

(
a∗

0σâ1F̂
(σ)
01 + â†

1a0σF̂
(σ)
10

)

+ ℏ
∑

σ=↑,↓
U00|a0σ|2F̂ (σ)

00 . (2.27)

where we used the index σ =↑, ↓ to indicate both the spin species and the light polarization.

Again, the second term of this expression is the most interesting one as it describe the

scattering from the probe beam to the optical cavity. Depending on the polarization

of the probe beam, this coupling has different forms. Starting from the light modes

expressed in the circular polarization basis, we can define the annihilation operators for

linearly polarized light as

âx = âL + âR√
2

and ây = −i âR − âL√
2

(2.28)

so that the second term in (2.27) can be rewritten as

ℏ
∑

σ=↑,↓
U10

(
a∗

0σâ1F̂
(σ)
01 + â†

1a0σF̂
(σ)
10

)
=
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= ℏ
U10√

2
[
(a∗

0x + ia∗
0y)â1F̂

(↑)
01 + â†

1(a0x − ia0y)F̂ (↑)
10

+(a∗
0x − ia∗

0y)â1F̂
(↓)
01 + â†

1(a0x + ia0y)F̂ (↓)
10

]
= ℏ

U10√
2
[
a∗

0xâ1(F̂ (↑)
01 + F̂

(↓)
01 ) + â†

1a0x(F̂ (↑)
10 + F̂

(↓)
10 )

+ia∗
0yâ1(F̂ (↑)

01 − F̂
(↓)
10 ) − iâ†

1a0y(F̂ (↑)
10 − F̂

(↓)
01 )

]
= ℏ

U10√
2
(
a∗

0xâ1F̂
(x)
01 + â†

1a0xF̂
(x)
10 + ia∗

0yâ1F̂
(y)
10 − iâ†

1a0yF̂
(y)
01

)
. (2.29)

Despite of being equivalent to (2.27), this expression highlights the fact that if the probe

beam is linearly polarized (i. e. either a0x or a0y are equal to zero), the scattered

light performs a QND measurement of F̂ (x)
lm or F̂ (y)

lm . If the optical lattice is sufficiently

deep and the contribution to light scattering from the B−operators can be neglected,

the F−operators reduce to the corresponding D−operators. In the case of a linearly

polarized probe, the measurement operators are

D̂
(x)
lm =

∑
j

u∗
1(rj)u0(rj) ρ̂j (2.30)

D̂
(y)
lm =

∑
j

u∗
1(rj)u0(rj) m̂j (2.31)

where ρ̂j = n̂j↑ + n̂j↓ and m̂j = n̂j↑ − n̂j↓. Therefore, probing the atomic system with

linearly polarized light it is possible to address different linear combinations of the ↑

and ↓ spin densities. This allows to investigate density and magnetic properties that are

particularly relevant especially in systems that reproduce condensed matter phenomena

such as density waves, Cooper pairing and antiferromagnetism.

From the Hamiltonian (2.22) and in analogy to the bosonic case, we can compute the

stationary solution of the Heisenberg equation for the cavity light mode operator â1 as

â1 = η1 − iU10(a0LD̂
(↑)
10 + a0RD̂

(↓)
10 )

i
[
U11(D̂(↑)

11 + D̂
(↓)
11 ) − ∆p

]
+ κ

. (2.32)
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If the atomic system is not probed through a mirror and neglecting the cavity dispersive

shift, the annihilation operator for the scattered light becomes

â1 =
∑

σ=↑,↓
CσD̂

(σ)
10 where Cσ = U10a0σ

∆p + iκ
(2.33)

In the previous sections, we focused on the limit where the detuning between the probe and

the atomic transition is very large. However, this is not the only way to achieve a direct

mapping between the properties of the scattered light and the density/magnetization

correlations of the atomic system. Specifically, it is possible to probe the magnetic property

of an ultracold gas by setting the detuning of the light field to be half way between the

two hyperfine states that correspond to different spin species [68, 101, 113, 130, 164–166].

In this case, the phase shift experienced by the light in both the L polarization and

the R polarization due to the atom ensemble is the same but opposite in sign. In other

words, for a specific choice of the frequency of the probe beam, the two atomic spin states

will have different polarizabilities, and the local refractive index will depend on a linear

combination of the density operators for ↑ and ↓ states. Moreover, if the light probe

frequency is exactly between the two hyperfine levels, the refractive index is proportional

to the magnetization. This allows to determine the fluctuations of the local magnetization

by measuring the so-called speckle pattern.

2.2.1 Quantum addition to the classical scattering pattern

Depending on the mode functions of the light modes and on the angles between the optical

lattice, the cavity and the probe, it is possible to address different linear combinations of

the local atomic densities. Focusing on a one-dimensional atomic chain along the z axis

and considering traveling waves as mode functions (so that ul(r) = eikl·r) the coefficients

J lm
jj describe the usual diffraction from a periodic grating. If only two light modes are

present, we find that J10
jj = ei(k0−k1)·rj = eiδj, where δ = (k0,z − k1,z)d and the subscript
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z represents the projection along the z axis so that kl,z = |kl| cos θl, l = 0, 1. Simply

adjusting the angles θ0 and θ1 allows us to probe different linear combinations of the

atomic density without changing the wavelength of the probe beam or requiring single-site

resolution. For example, by collecting the light scattered in the diffraction maximum

(where all atoms scatter light in phase and u∗
1(rj)u0(rj) = 1), the photon annihilation

operator reduces to â1 = C
∑K

i=1 n̂i where K ≤ M is the number of illuminated lattice

sites [121, 122]. In this case, the QND measurement is sensitive to the total number of

atoms N̂K that occupy the region of the optical lattice addressed by the probe beam.

Although different quantum state with the same local density lead to the same amplitude

for the scattered light â1, their quantum correlations are imprinted onto the light intensity

â†
1â1 which allows to distinguish them. Specifically, the number of photons leaving the

optical cavity depends linearly on the two-points correlation functions as

â†
1â1 = |C|2D̂∗

10D̂10 = |C|2
∑
i,j

(J10
ii )∗J10

jj n̂in̂j. (2.34)

Note that this mapping between the electromagnetic field and the atomic correlations

requires that the light is treated as a quantum variable. In fact, we can compare (2.34) to

its classical analogous where the intensity of the scattered light is computed by squaring

its amplitude:

|⟨â1⟩|2 = |C|2|⟨D̂10⟩|2 = |C|2
∑
i,j

(J10
ii )∗J10

jj ⟨n̂i⟩⟨n̂j⟩. (2.35)

In order to quantify the difference between the contributions to light scattering described

by (2.34) and (2.35), we compute the quantum addition to the classical scattering pattern

as (bosonic case)

R(θ0, θ1) ≡ ⟨â†
1â1⟩ − |⟨â1⟩|2
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= |C|2
[
⟨D̂∗D̂⟩ − |⟨D̂⟩|2

]
= |C|2

∑
i,j

(Jii)∗Jjj [⟨n̂in̂j⟩ − ⟨n̂i⟩⟨n̂j⟩] (2.36)

where we dropped the light mode indexes from the D−operator and the Jij coeffi-

cients. This quantity allows to distinguish different quantum states even if their clas-

sical scattering pattern is the same [120]. In order to clarify this, let us consider the

case of forward scattering where the light mode functions are traveling waves that

probe the number of atoms occupying K contiguous lattice sites of the optical lat-

tice so that â1 = C
∑K

i=1 n̂i = CN̂K . Focusing on a bosonic system composed by N

atoms loaded in an optical lattice with M lattice sites, we can compare the value of

R(0, 0) = |C|2∑i,j(⟨n̂in̂j⟩ − ⟨n̂i⟩⟨n̂j⟩) for three different ground states: Mott insulator

(MI), superfluid (SF) and coherent state (COH). Importantly, since all these states

have the same local density ⟨n̂i⟩ = n = N/M , the classical contribution to the light

scattering is

|â1|2 = |C|2
∣∣∣∣∣

K∑
i=1

⟨n̂i⟩
∣∣∣∣∣
2

= |C|2n2K2 (2.37)

and cannot distinguish between MI, SF and COH [121, 122]. However, these quantum

states have very different correlations that are imprinted on the quantum addition to the

classical scattering pattern (see Table 2.1), allowing to differentiate them. The MI state

is characterized by the absence of density fluctuations as all the lattice sites are occupied

by an exact number of atoms. Consequently, the light scattered from this state coincide

with the classical case and the quantum addition R is zero in all directions. The COH

state is an approximation for the ground state of a non-interacting Bose gas (the particle

number is not fixed exactly) and the fluctuations of its local density are Poissonian, i. e.

⟨(n̂i − n)2⟩COH = n. In contrast, in the case of the SF state the density fluctuations are
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Mott insulator superfluid coherent

quantum state
M∏

i=1
b̂†

i |0⟩i
1√

MNN !

(
M∑

i=1
b̂†

i

)N

|0⟩ e−N/2
M∏

i=1
e
√

N/Mb̂†
i |0⟩i

⟨n̂2
i ⟩ n2 n2(1 − 1/N) + n n2 + n

⟨n̂in̂j⟩, i ̸= j n2 n2(1 − 1/N) n2

⟨n̂2
i ⟩ − ⟨n̂i⟩2 0 n(1 − 1/M) n

⟨N̂2
K⟩ n2K2 n2K2(1 − 1/N) + nK n2K2 + nK

R(0, 0) 0 |C|2nK(1 −K/M) |C|2nK

Table 2.1 Statistical quantities and quantum addition of typical quantum states for
bosonic systems. From [121].

sub-Poissonian (⟨(n̂i − n)2⟩SF = n(1 − 1/M)). Therefore, the quantum addition R(0, 0)

for these two quantum states do not vanish and they can be easily distinguished.

If the atomic system is probed using traveling waves, the quantum addition to the

classical light scattering is given by

R(θ0, θ1) = |C|2
∑
i,j

e−i(k0−k1)·(ri−rj) (⟨n̂in̂j⟩ − ⟨n̂i⟩⟨n̂j⟩) (2.38)

which is proportional to the structure factor. This quantity is crucial for describing the

many-body properties of condensed matter systems and quantum gases as it captures

the (eventual) presence of long-range order and correlations. Here, we provide a way

to measure this non-destructively and with an extremely flexible setup which resembles

Bragg scattering. Moreover, a setup similar to the one described in these paragraphs has

been recently realized [97], albeit without having an optical lattice. In this experiment,

an ultracold atomic gas is coupled to the vacuum field inside a high finesse optical cavity

which allows to measure non-destructively the dynamic structure factor in real time

across a structural phase transition.
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2.2.2 Generation of spatial modes by global scattering

The coefficients Jij determine the spatial profile of the D−operator, making our setup

extremely flexible. Depending on the mode functions of the light modes and on the angles

between the optical lattice, the cavity and the probe, it is possible to address different

observables. For example, if we consider the case of a one-dimensional optical lattice

along the z axis which is probed with a coherent beam a0 and assuming that the light

mode functions are travelling waves (so that ul(r) = eik·r), the coefficients Jjj are given

by Jjj = ei(k0−k1)·rj = ei(k0,z−k1,z)jd, where δ = (k0,z −k1,z)d and the subscript z represents

the projection along the z axis so that kl,z = |kl| cos θl, l = 0, 1. Crucially, if the value

of Jjj is the same on a subset of sites of the optical lattice, atoms in this region scatter

light with the same phase and are therefore indistinguishable by the measurement [52].

As a consequence, the detection process divides the optical lattice in different spatial

modes composed by non-contiguous lattice sites that show long-range entanglement and

correlations. Since the measurement process is only sensitive to global observables, the

dynamics of the modes preserves quantum superpositions and can entangle distant lattice

sites by enhancing specific dynamical processes [110], relaxing the requirements for single-

site or other spatial resolution necessary to obtain various important effects [10, 186].

With reference to the previous example, if δ = 2πs/R (s, R ∈ Z+) the lattice is partitioned

in R spatial modes since atoms separated by R lattice sites scatter light with the same

phase and amplitude, making them indistinguishable to the measurement. Therefore, the

scattered light operator reduces from being a sum of numerous microscopic contributions

from individual sites to the sum of smaller number of macroscopically occupied regions

(a1 ∝ ∑R
m=1 e

i2πsm/RN̂m). In general, the partitioning in R spatial modes is not unique

and can be achieved in several different configurations. For example, the case R = 2 can

be obtained by placing the cavity along the lattice direction (i. e. θ1 = 0) and the probe

beam is perpendicular to them (i. e. θ0 = π/2) so that Jii = (−1)i [114, 115, 117–119].
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Another way to divide the optical lattice in two macroscopically occupied spatial modes

is to use standing waves (ui(r) = cos(ki · r)) crossed at such angles to the lattice that

k0 · r is equal to k1 · r and shifted such that the even sites are placed in the maxima

of the light interference pattern, while the even sites are positioned at the interference

zeros and do not scatter light. In this way the coefficient Jii are such that Jii = 1 for

i odd while Jii = 0 for i even. Note that both the measurement scheme we illustrated

here do not require single-site resolution since the coefficients Jii are determined by the

projections of the probe/cavity wave vectors on the direction of the optical lattice and

not by their wavelengths.

2.2.3 QND measurement in fermionic systems1

We now go beyond the bosonic case presented in [121, 122] and we focus on the diffraction

pattern of a system of ultracold fermions. In the classical case, this is analogous to

the bosons and it is essentially determined by the local atomic density. However, the

quantum addition to the scattered light in this case depends on the polarization of the

probe beam and makes it sensitive to different atomic variables. Therefore, we need to

distinguish between four different R functions:

Rσ(θ0, θ1) = |C|2
(

⟨D̂(σ)∗D̂(σ)⟩ −
∣∣∣D̂(σ)

∣∣∣2)
= |C|2

∑
i,j

(Jii)∗Jjj (⟨n̂iσn̂jσ⟩ − ⟨n̂iσ⟩⟨n̂jσ⟩) , σ =↑, ↓ (2.39)

Rx(θ0, θ1) = |C|2
(

⟨D̂(x)∗D̂(x)⟩ −
∣∣∣D̂(x)

∣∣∣2)
= |C|2

∑
i,j

(Jii)∗Jjj (⟨ρ̂iσρ̂jσ⟩ − ⟨ρ̂iσ⟩⟨ρ̂jσ⟩) (2.40)

Ry(θ0, θ1) = |C|2
(

⟨D̂(y)∗D̂(y)⟩ −
∣∣∣D̂(y)

∣∣∣2)
1The results presented in this section are published in [53].
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= |C|2
∑
i,j

(Jii)∗Jjj (⟨m̂iσm̂jσ⟩ − ⟨m̂iσ⟩⟨m̂jσ⟩) (2.41)

where we dropped the indexes lm characterizing the light modes. These quantities

depends both on the geometry of the system (via the coefficients Jii) and on the many-

body atomic correlations (via the expectation values). If the mode functions of the probe

and scattered light are traveling waves with wave-vectors k0 and k1, the quantum addition

R is proportional to a structure factor, i. e., the Fourier transform of the density-density

correlations. Figure 2.3 compares the classical diffraction pattern and quantum additions

Rx and Ry for fermions in a one-dimensional optical lattice at half filling. The scattering

patterns were calculated for the ground state, obtained via imaginary time evolution

using the TNT library [5]. In particular, we focus on the ground state of the system in

two different regimes: non-interacting (U/J = 0) and strongly-attractive interactions

(U/J = 10). Note that in both cases, the local magnetization of the system is zero

(⟨m̂i⟩ = 0), and as a consequence, the classical diffraction probing the system with

linear-y polarized light vanishes, i.e., ⟨â1⟩ = 0. Nevertheless, the quantum addition Ry is

non-zero and depends on the quantum state of the system. In particular, we find that

Ry decreases with increasing values of U/J , as the attraction between the atoms favors

doubly-occupied sites, i. e., the formation of pairs of fermions with opposite spin, which

suppress the fluctuations in the magnetization. Furthermore, the classical diffraction

pattern due to the atomic density does not depend on U/J , as the local density is

independent of the interaction for a translationally-invariant optical lattice (⟨ρ̂i⟩ = 1).

However, the presence of doubly-occupied sites increases the fluctuations in the atom

number, leading to a stronger signal for Rx. In general, the scheme we propose allows

direct probing of the phase diagram for the superfluid-Mott insulator-Bose glass phases

in the one-dimensional Bose–Hubbard model [91] and the detection of different quantum

states of atomic systems such as dimers [33], density waves and magnetic order.
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Fig. 2.3 Classical diffraction patterns (normalized to N2) and quantum additions (normal-
ized to N) for N fermions in a one-dimensional optical lattice (45 sites, half filling) in the
non-interacting regime (first row) and for U/J = 10 (second row). The lattice extends
into the vertical direction, and the probe is along the horizontal, i. e., the angle marked
with 0◦ indicates the light intensity in the forward direction. The classical diffraction
patterns (a,d) do not depend on the interaction while the quantum additions Ry (b,e)
and Rx (c,f) distinguish between different ground states. Note that the scale in (f) is
different from (a–e): the fluctuations in the atom number increase as the attraction
between the atoms favors doubly-occupied sites. Red circles indicate the orientation of
the lattice (not to scale).

2.2.4 3D Fermi gas in free space

We will now consider the example of a three-dimensional uniform atomic cloud with

balanced spin population that is not loaded in an optical lattice, i. e. the atoms are

free to move in space so that their positions are represented by real coordinates. If this

is the case, we can generalize the D−operators to the continuum case by replacing the

sums with integrals in the previous expressions. This approach is equivalent to the one

presented in [160] and we report it in the next paragraphs with more details and analytic
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insight. In this case, the quantum addition to the light scattering Rσ becomes

Rσ(θ0, θ1) = |C|2
∫ ∫

J∗(r)J(r′) [⟨n̂σ(r)n̂σ(r′)⟩ − ⟨n̂σ(r)⟩⟨n̂σ(r′)⟩] dr dr′ (2.42)

where J(r) = u∗
0(r)u1(r). Focussing on the case of attractive interactions (U < 0), we

compute the wavefunction of the atomic system by applying a Hartree-Fock mean field

approximation equivalent to BCS theory [181]. Specifically, the interaction term in (2.17)

is replaced by single particle operator (up to constant terms):

Ψ̂†
↑(r)Ψ̂†

↓(r)Ψ̂↓(r)Ψ̂↑(r) ≈

⟨Ψ̂†
↑(r)Ψ̂†

↓(r)⟩Ψ̂↓(r)Ψ̂↑(r) + ⟨Ψ̂↓(r)Ψ̂↑(r)⟩Ψ̂†
↑(r)Ψ̂†

↓(r)+

+ ⟨Ψ̂†
↑(r)Ψ̂↑(r)⟩Ψ̂†

↓(r)Ψ̂↓(r) + ⟨Ψ̂†
↓(r)Ψ̂↓(r)⟩Ψ̂†

↑(r)Ψ̂↑(r)+

− ⟨Ψ̂†
↑(r)Ψ̂↓(r)⟩Ψ̂†

↓(r)Ψ̂↑(r) − ⟨Ψ̂†
↓(r) ˆΨ↑(r)⟩Ψ̂†

↑(r)Ψ̂↓(r), (2.43)

where the ⟨. . .⟩ is the expectation value computed for the ground state of the system. In

order to simplify the problem, we enforce some symmetry constraints on the approximated

Hamiltonian resulting from this decomposition:

• translational symmetry is preserved, i. e. the system is homogeneous so that the

local density does not depend on the position vector r;

• spin-rotational symmetry is preserved (there is no magnetic order), so

⟨Ψ̂†
↓(r)Ψ̂↑(r)⟩ = ⟨Ψ̂†

↑(r)Ψ̂↓(r)⟩ = 0 (2.44)

• global spin balance. The two local spin densities are both given by

⟨Ψ̂†
σ(r)Ψ̂σ(r)⟩ = n. (2.45)
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• global U(1) symmetry can be broken so that we can define the order parameter

U⟨Ψ̂†
↑(r)Ψ̂†

↓(r)⟩ = ∆∗ (2.46)

U⟨Ψ̂↓(r)Ψ̂↑(r)⟩ = ∆, (2.47)

where ∆ could be different from zero, depending on the value of the interaction

parameter U , the particle density n and, in general, the temperature. Note that one

can choose a real value for ∆ assuming that any complex phase is absorbed by the

creation and annihilation operators of the matter field. Moreover, this parameter

is related to the gap of the excitation spectrum of the system state [181].

Taking the Fourier transform (FT) of the matter field operators

Ψ̂σ(r) =
( 1

2π

)3/2 ∫
eik·rf̂kσ dk (2.48)

and defining the non-interacting single particle spectrum ϵ(k) = k2/2m, the mean field

Hamiltonian describing the atomic system becomes

ĤMF − µN̂ = 1
(2π)3

∫ ∑
σ

ϵ̃(k)f̂ †
kσf̂kσ − ∆

(
f̂ †

k↑f̂
†
k↓ + f̂k↓f̂k↑

)
dk. (2.49)

where we introduced the chemical potential µ in order to fix the average number of particles

in the system (i. e. we work in the grand-canonical ensemble) and ϵ̃(k) = ϵ(k)−µ−Un/2.

This operator can be easily diagonalised performing a Bogoliubov transformation [6]

of the matter field. Importantly, this mean field approach is equivalent to BCS theory

since the Bogoliubov coefficients uk and vk can be used for defining the variational

wavefunction

|ΨBCS⟩ =
∏
k

(
uk + vkf̂

†
k↑f̂

†
−k↓

)
|0⟩, (2.50)
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where |0⟩ is the particle vacuum and



|vk|2 = 1
2

1 − ϵ(k) − µ√
(ϵ(k) − µ)2 + |∆|2



|uk|2 = 1
2

1 + ϵ(k) − µ√
(ϵ(k) − µ)2 + |∆|2


(2.51)

Within this formulation, the physical meaning of uk and vk becomes transparent: they

allow the wavefunction to be flexible in order to describe both the superconducting and

the normal state. For example, if the order parameter ∆ is zero, one has uk = 0 and

vk = 1 if |k| ≤ kF while uk = 1 and vk = 0 if |k| > kF where kF is the Fermi vector

kF = (3π2n)1/3. In this case, the |ΨBCS⟩ coincides with the Fermi sea. Moreover, we can

use the wavefunction (2.50) for calculating the quantum addition to the scattering light

in the case of an attractive Fermi gas. Focusing on the cases of Rx and Ry, we need to

compute the two-points functions

⟨ρ̂(r)ρ̂(0))⟩ = ⟨(n̂↑(r) + n̂↑(r)) (n̂↑(0) + n̂↑(0))⟩

= n2 + n δ(r) − 2 |α(r)|2 + 2 |β(r)|2 (2.52)

⟨m̂(r)m̂(0)⟩ = ⟨(n̂↑(r) − n̂↑(r)) (n̂↑(0) − n̂↑(0))⟩

= n δ(r) − 2 |α(r)|2 − 2 |β(r)|2 (2.53)

where the functions α(r) and β(r) are given by

α(r) = 1
(2π)3

∫
eik·r|vk|2 dk (2.54)

β(r) = 1
(2π)3

∫
eik·rukv

∗
k dk (2.55)

Therefore, in order to compute Rx and Ry it is necessary to find the order parameter ∆

and the chemical potential µ so that it is possible to estimate uk and vk . This can be
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achieved by minimizing the energy of the atomic system for given values of the interaction

strength U and the atomic density n, leading to a system of two self-consistent equations:



2
U

= 1
(2π)3

∫ dk√
(ϵ(k) − µ)2 + |∆|2

n = 1
(2π)3

∫ 1 − ϵ(k) − µ√
(ϵ(k) − µ)2 + |∆|2

 dk

(2.56)

Because of the peculiar nature of the contact interaction chosen in (2.17) (i. e. there

is no cut-off frequency if the interaction is expressed in momentum space), attempting

to solve these expressions directly leads to inevitable divergences. For this reason, the

coupling constant U has to be renormalized. Importantly, a BCS-like cutoff (e. g. Debye

frequency) cannot be used in the strong coupling BEC regime: all the fermions are

affected by the interaction, not just those occupying the Fermi surface. Therefore, we

choose the renormalization

m

4πa = − 1
U

+ 1
(2π)3

∫
|k|<Λ

dk
2ϵ(k) (2.57)

where a is the s-wave scattering length [143] and Λ is a cut-off frequency. Using this

expression and making use of the rotational symmetry, the system (2.56) reduces to two

coupled one-dimensional integral equations



1
akF

= 2
π

∫ ∞

0

1 − x2√
(x2 − µ)2 + |∆|2

 dx

1 = 3
2

∫ ∞

0
x2

1 − x2 − µ√
(x2 − µ)2 + |∆|2

 dx

(2.58)

These equations must be solved numerically up to self-consistency for given values of

akF , to determine the order parameter ∆, and the chemical potential µ (see Figure 2.4).
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Fig. 2.4 Chemical potential and order parameter ∆ for a 3D uniform Fermi gas. The
analytical prediction represented by the green dashed line in the right plot is obtained
expanding (2.58) for small ∆ as in [181].

Note that, because of the rotational symmetry of the system, both α and β depend

solely on r = |r|. Moreover, one can proove that the function β(r) diverges like ∼ 1/r if

r → 0: this is an artefact of the zero-range interaction between the fermions, and can not

be eliminated using a renormalisation procedure as we did for the interaction strength

U [187].

2.2.5 Probing local fluctuations in the magnetization

The approach described in the previous paragraphs is particularly convenient for probing

the magnetic properties of the atomic system. If the mode functions of the light field are

traveling waves and the whole atomic cloud is illuminated, i. e. ul(r) = eikl·r, the quantum

addition Rx (Ry) coincides with the Fourier transform of the density (magnetization)

correlations which reduces to a one-dimensional integral

Rx(θ0, θ1) = |C|2
[
N − 8πΩ

∫ +∞

0

r sin(ar)
a

(
|α(r)|2 − |β(r)|2

)
dr
]

(2.59)

Ry(θ0, θ1) = |C|2
[
N − 8πΩ

∫ +∞

0

r sin(ar)
a

(
|α(r)|2 + |β(r)|2

)
dr
]

(2.60)
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where a = |k0 − k1|/kF and Ω is the volume occupied by the atomic cloud. In analogy to

the bosonic case, we can compute the total fluctuations of the particle number or the

magnetization by focusing on the case of forward scattering (k1 = k0). Since we solved

the mean field problem in the grand-canonical ensemble, the number of the BCS state is

analogous to the coherent state in the bosonic case and the number of particles is not

fixed so that Rx(0, 0) = N . Moreover, the BCS wavefunction (2.50) is an eigenstate of the

total magnetisation operator and therefore the quantum addition Ry(0, 0) vanishes [124].

Probing the system in this geometry is not particularly interesting since it does not give

us any particular insight on the physics of the system. In order to investigate the local

fluctuations in the magnetization, we examine the case of a probe with a Gaussian profile

and we focus on forward-scattering. Specifically, we considered the mode functions

u0(r) = e− x2+y2

2σ2 eikz and u1(r) = e− x2+y2

2σ2 eikz (2.61)

so the quantum addition sensitive to the magnetization is

Ry(0, 0) = N

2Ωπσ
2L

(
1 + 2Ω

N
(2π)3/2kFσ

∫ +∞

0
dx x ξ(x) Im

[
w

(
− x√

2σkF

)])
(2.62)

where ξ(x) = |α(r)|2 + |β(r)|2, w(x) is the Faddeeva function [3]

w(x) = e−x2
(

1 + 2i√
π

∫ z

0
et2dt

)
(2.63)

and L the dimension of the atomic cloud along the z direction. Figure 2.5 shows the value

of Ry/N as a function of the interaction strength for various beam waists of the Gaussian

probe. The fluctuations in the magnetization are directly mapped on the radiation field:

the quantum fluctuations are suppressed when the characteristic size of a Cooper pair is

comparable to the width of the Gaussian probe. If this is the case, the pair is contained
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in the illuminated area, so the magnetization in the region probed by the laser does not

fluctuate. In order to confirm this result we computed the so-called Pippard length ξP

which characterizes the size of a Cooper pair in the BCS theory. This length scale is given

by ξP = 1/(πkF|∆|). Figure 2.6 shows the relative fluctuations of the detected light as a

function of the Pippard length for various beam waists. Again, fluctuations are strongly

suppressed when the size of a pair is comparable to the width of the Gaussian probe.

The main experimental difficulty in this setup is that in order to explore the full range of

fluctuations one should consider σkF ∼ 1. In typical experiments (n ∼ 1013 cm−3) the

Fermi wavevector is kF ∼ 150 nm−1 and therefore a very tightly focused laser is required

for observing the effects we illustrated. For this reason, it is more convenient to consider

the case where the gas is loaded in an optical lattice.
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Fig. 2.5 Relative fluctuations for the detected photons in the forward direction. Note
that these are decreasing as a function of the interaction (tighter pairs) and the beam
waist. These results can be compared to [160].
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Fig. 2.6 Relative fluctuations for the detected photons in the forward direction as a
function of the Pippard length for various beam widths. Note that fluctuations are
suppressed when ξPkF is less than ∼ 1.

2.3 Light mediated synthetic atom-atom interaction2

Typical experiments with ultracold atoms in optical lattices allow to experimentally realize

effective Hamiltonians which contain short-range physical processes such as tunneling

between neighboring lattice sites and on-site interactions. The implementation of long-

range interactions that extend over many lattice sites is an extremely challenging task

since it requires the use of more complex systems such as polar molecules [14, 96] or

Rydberg atoms [64, 137, 148]. Moreover, the spatial structure of the interaction itself is

fixed by the physical system used (e.g. dipole-dipole interaction for molecules and Van

der Waals interaction for Rydberg atoms) and cannot be changed.

In this section, we show that loading an optical lattice inside a cavity allows to

engineer synthetic many-body interactions with an arbitrary spatial profile [35]. These

interactions are mediated by the light field and do not depend on fundamental processes,
2The results presented in this section are published in [35].
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making them extremely tunable and suitable for realizing quantum simulations of many-

body long-range Hamiltonians. In contrast to other proposals based on light-mediated

interactions [26, 48, 135, 150, 177], we suggest a novel approach, where the shortening

of the a priori infinitely long-range (global) light-induced interaction does not degrade

the collective light-matter interaction, but rather benefits from it. In contrast to other

proposals, where shortening of the interaction length requires increasing the number

of light modes, in our case, rather short-range interactions can be simulated with a

small number of light modes. Moreover, even a single mode cavity is enough to simulate

some finite-range interactions. As a result, the quantum phase of matter possesses

properties of systems with both short-range and global collective interactions. The

effective Hamiltonians can be an acceptable representation of an otherwise experimentally

hard-to-achieve quantum degenerate system with finite range interactions.

The coupling between the light field and the atoms described by the Hamiltonian

(2.8) leads to a rather complicated structure of the Hilbert space of the system since

light and matter become entangled. However, in the good cavity limit |∆p| ≫ κ, while

|∆p| ≫ |U | and |∆p| ≫ |J | the light field can be adiabatically eliminated. In this section,

we will focus on the effective interatomic interaction that is mediated by the cavity field.

In general, the problem of reconstruction of the effective matter Hamiltonian is hard,

and there are several alternatives for this reconstruction as shown in [32, 57, 106]. Thus,

the light field becomes enslaved by the matter and vice versa, we refer to this as cavity

backaction. This leads to the effective Hamiltonian:

Ĥeff = Ĥa +
∑

c

∑
p,q

(
gpqc

eff
2 F̂ †

pcF̂qc + (gpqc
eff )∗

2 F̂ †
pcF̂qc

)
(2.64)

where the effective coupling constant is

gpqc
eff = g∗

cgq/(∆qc + iκc) (2.65)
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where we defined the detuning ∆qc = ωq − ωc. Note that, in order to distinguish between

cavity modes and probe beams, in this section we will use a slightly different notation

where the index c refers to the cavity modes (for a multimode cavity or several cavities),

p and q refer to the probe beams. The new terms in (2.64) are the by-product of the

cavity backaction of light and matter: an effective structured interaction that depends

on the form of coefficients given by the effective interaction couplings gpqc
eff . Careful

analysis [32] shows that beyond the adiabatic limit, additional terms modify the effective

Hamiltonian due to the non-commuting nature between light induced processes with the

original matter Hamiltonian and higher order photon processes. In what follows we will

always consider the adiabatic limit. Recalling that the F−operator can be expressed as

F̂pc = D̂pc + B̂pc, the new terms beyond the atomic Hamiltonian Ĥa give rise to effective

long-range light-induced interaction which is characterized by three different kinds of

terms: density-density interactions (∼ D̂pcD̂qc), bonds-bonds interactions (∼ B̂pcB̂qc)

and density-bond interactions (∼ D̂pcB̂qc). Moreover, each of these terms depends on the

geometry of the cavity modes and light pumps injected into the system which determine

the emergent phases in the system. The coefficients Jpc
ij together with the effective

interaction couplings gpqc
eff give an unprecedented ability to design an arbitrary interaction

profile between the atoms. The new terms from (2.64) provide the system with a plethora

of new possibilities [32, 34, 35].

In principle one can design arbitrary interaction patterns by choosing the geometry

of the light: modifying angles, pump amplitudes, detunings and cavity parameters.

Certainly, the potential of this to enrich cold atomic systems in terms of the simulation

and design of interactions is vast. In what follows, we will discuss some simple examples

of how the above Hamiltonian can be used to generate synthetic interactions for quantum

simulation, i.e. the couplings between the atoms is not a consequence of fundamental
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physical processes but are mediated by the light field and depend on the geometrical

arrangement of the probe beam and the optical cavity.

2.3.1 One probe and one cavity

For a deep optical lattice, the B−contribution to the F−operator can be neglected. If

only one probe and one optical cavity are present, the effective atom-atom interaction

can be re-written as:

Ĥint = geff
∑
i,j

Wijn̂in̂j. (2.66)

with geff = Re[g111
eff ]/2 = ∆11|g1|2/(∆2

11 + κ2
1), thus the effective interaction strength

factors out. The specific dependence of the functions J11
ii defines the spatial profile of

the interaction between the atoms via the interaction matrix Wij = 2 Re
[
(J11

ii )∗J11
jj

]
. In

order to illustrate this, we focus on a one-dimensional lattice and we consider traveling

waves as mode functions for the light modes (i. e. uc(r) = eikc·r and J11
jj = ei(kc1 −kp1 )·rj )

so that Wij becomes:

Wij = cos [(kc1 − kp1) · (ri − rj)] . (2.67)

The cavity induces a periodic interaction between the atoms and, depending on the

projection of kc1 − kp1 along the lattice direction êri
, its spatial period can be tuned to

be commensurate or incommensurate to the lattice spacing. Specifically, if J11
jj = ei2πj/R

and R ∈ Z, atoms separated by R lattice sites scatter light with the same phase and

intensity and the optical lattice is partitioned in R macroscopically occupied regions

(spatial modes) composed by non-adjacent lattice sites [52] (see §2.2.2). The specific

geometric configuration of the light beams is determined by the angles θc1,p1 between the
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Fig. 2.7 Different interactions that can be implemented using a single cavity mode and
a single probe for L = 16 lattice sites and using traveling waves as mode functions.
The panels illustrate the value of Wi,j as a function of |i− j| (normalized). Panels (a)
and (b): interaction strength in presence of R = 2 (θc1 = 0, θp1 = π/2, λ = 2a) and 3
(θc1 = 0, cos θp1 = 1/3, λ = 2a) spatial modes. The value of Wi,j depends solely on the
mode distance. Panel (c): increasing the number of atomic modes leads to long-range
interactions with a well-defined spatial profile (θc1 = 0, cos θp1 = 7/8, λ = 2a). Panel (d):
the periodicity of Wi,j is incommensurate to the lattice spacing, resulting in a “disordered”
interaction.

wavevectors kc1,p1 and eri
: in order to have R spatial modes, one has to set

cos θp1 = cos θc1 − λ

a

1
R

(2.68)

where λ is the wavelength of the light modes. If this relation is fulfilled, Wij has periodicity

R lattice sites and, defining the operator N̂j to be the population of the mode j, the

interaction strength between two atoms belonging to the different modes i and j depends

solely on their mode distance ((i− j)modR) and not their actual separation. In this case,
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we find that the mode-mode interaction Hamiltonian is given by

Ĥint = 2geff

R∑
i,j=1

cos
[2π
R

(i− j)
]
N̂iN̂j. (2.69)

The case R = 2 has been recently realized [98], showing that new light-mediated

interaction heavily affects the ground state of the Bose-Hubbard model inducing a new

supersolid phase. Simply changing the angle between the cavity and the optical lattice,

one can increase the number of spatial modes and therefore implement more complicated

long-range interactions that cannot be obtained using molecules or Rydberg atoms (see

Figure 2.7). If the period of Wij is incommensurate to the lattice spacing, the spatial

modes are not well-defined since each lattice sites scatters light with a different phase

and amplitude. Therefore, the value of the interaction matrix is no longer periodic

and resembles disorder [70]. This behavior is analogous to the potential generated by

the superposition of two incommensurate optical lattices [163] which has been used

for generating controllable disordered potential, allowing the observation of Anderson

localization and new quantum phases (Bose glass) in ultracold gases [46, 156]. Here, we

move a step further and we create synthetic random interactions between the atoms,

generalizing the Anderson model where disorder affects only the local potential and/or

the tunneling amplitude [62, 133].

2.3.2 Multiple probes and one cavity

The previous simple case where only one cavity and one probe are present allows to

realize interactions that resemble a cosine profile. We know turn to a different monitoring

scheme where the atoms are probed with R different classical pumps and scatter light to

a single optical cavity. In addition to the previous paragraphs, where the light mode of

the cavity has contributions from all the sites of the optical lattice, all the probe beams

contribute to the value of the light field inside the cavity and the effective atom-atom
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interaction is

Ĥint =
R∑

p,q=1

(
gpq1

eff
2 D̂†

p1D̂q1 + h.c.
)

(2.70)

The spatial profile of the interaction described by (2.70) can be tuned changing the light

mode functions or/and the intensity and phase of the probe beams. As in the previous

examples, we consider traveling waves as mode functions for the light and we note that

Ĥint = γeff

R∑
l,m=1

∑
i,j

(
g∗

l gme
−i(kc1 −kpl

)·ri ei(kc1 −kpm )·rj n̂in̂j + h.c.
)

(2.71)

with γeff = ∆pc/(∆2
pc + κ2

c), as the pumps have the same wavelength λpl
= λpm , such that

all the detunings are the same: ∆plc = ∆pmc = ∆pc. This is equivalent to the product

of two Discrete Fourier Transforms (DFT) if a(kc1 − kpl
) · êri

= 2πl/R for all the probe

beams l = 1, 2, ...R, and êri
is the unit vector of ri and a the lattice spacing. Importantly,

these conditions fix only the directions of the probe beams (cos θpl
= cos θc1 − λ

a
l
R

) and

not their intensities or phases, i. e. the coefficients gp. Furthermore, the probe beams

divide the optical lattice in R macroscopically occupied spatial modes which interact

according to the Hamiltonian

Ĥint = γeff

R∑
i,j=1

(
V ∗

i VjN̂iN̂j + h.c.
)
, (2.72)

where Vj = ∑R
m=1 gme

i 2πmj
R describes the strength of the interaction between the spatial

modes defined by the light scattering. Tuning the probe intensities and their relative

phase, the function Vj can be modified to design to any spatial profile, as illustrated in

Figure 2.8. Importantly, (2.69) implies that the coupling between the modes i and j is

Wij ∝ V ∗
i Vj and therefore the interaction matrix Wij does not depend on the distance

between the spatial modes. This is in contrast to the usual solid state physics scenarios
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Fig. 2.8 Examples different synthetic interactions that can be implemented using traveling
waves as mode functions. Panel (a) represents the effective synthetic interaction potential
Vj . We show a Yukawa potential (Vj = Vj = e−j/j) in panel (1), a Morse potential in panel
(2)
(
Vj = 5

[
(1 − e−(j−2))2 − 1

])
and a Bessel potential in panel (3) (Vj = πy0(πx)), where

y0 is the Bessel function of the second kind. Panels (b) and (c) show the parameters using
a single cavity and five probes described by the effective intensity |gl| (normalized) and
the phase ϕ = Arg(gl), the effective interaction is Wij ∝ V ∗

i Vj (θc1 = 0, cos θpl
= 1 − 2l/5,

λ = 2a). Panel (d) shows the effective couplings for five cavity modes and one probe
corresponding to (a), the effective interaction is Wij ∝ V|i−j| (θp1 = 0, cos θcl

= 1 − l/5,
λ = 2a).

where interactions do not depend on the specific position of two particles but only on

their distance. This interaction is akin to multicomponent interactions due to different

spin projections in a BEC. Here, the interaction coefficients between each light induced

mode have an arbitrary coupling that links all the elements in the manifold. The scheme

we propose opens the possibility of studying new classes of interactions and effects

not observable in conventional systems. It is worth mentioning that there is only one

distance-dependent interaction function that can be realized with this setup: a cosine

profile. Specifically, one has Wij = W|i−j| only if Vj is a pure phase (which can be

obtained with one probe and one cavity).

In this paragraph, we assumed the light mode functions to be traveling waves which

allowed us to give a simple description of the synthetic interactions in terms of DFT.

Importantly, the definition of the spatial modes does not rely on this assumption but
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only on the fact that the coefficients Jjj can have the same value on different lattice

sites so that atoms in these positions scatter light with the same phase and intensity.

For example, it is possible to realize the case R = 2 by considering standing waves

(ui(r) = cos(ki · r)) crossed at such angles to the lattice that k0 · r is equal to k1 · r and

shifted such that all even sites are positioned at the nodes, so Jii = 1 for i odd while

Jii = 0 for i even or the R = 3 case by imposing k1,0 · r = π/4 so that the coefficients

Jii are Jii = [1, 1/2, 0, 1/2, 1, 1/2, 0...]. If the light mode functions are not traveling

waves, the general form of the interaction between the modes follows Vj = ∑R
m=1 gmJjj

where Jjj is not a simple phase factor. Therefore, in order to engineer a given long

range interaction it is not possible to use the simple DFT formalism for computing the

coefficients gm but one has to resort to numerical methods.

2.3.3 Multiple cavity modes and one probe

In order to obtain an interaction that depends solely on the distance between the atoms

(or the modes), we turn to the case of one classical probe which scatters photons to

R light modes. This scheme can be realized using multiple cavities crossing at specific

angles or a multi mode cavity. In this case, the atoms scatter ligth from the probe

beam to more than one quantized light mode whihch mediates long-range interactions.

Although this setup is more challenging to realize than the previous ones that we have

described, recent experiments succeeded in trapping a BEC at the intersection of two

optical cavities [102] (see Figure 2.9) and observed the formation of a supersolid quantum

phase.

Considering only the events when light is scattered by the atoms from the probe beam

to one of the cavities and neglecting the photon scattering between different cavities, we



2.3 Light mediated synthetic atom-atom interaction 49

Fig. 2.9 Schematic representation of a interaction between an atomic system (blue), a
single probe beam (red stripes) and two optical cavities (α1 and α2). Photons scattered
by the atoms populate the two cavity modes and mediate a long-range interaction that
leads to a supersolid phase. From [102].

find that the atom-atom interaction follows

Ĥint =
R∑

m=1

(
g11m

eff
2 D̂†

1mD̂1m + h.c.
)

(2.73)

where g11m
eff = ∆1m|g1|2/(∆2

1m + κ2
1m). Eq. (2.73) is fundamentally different from (2.70)

since here only one sum is present and the interaction does not mix D−operators with

different indexes. This allows to engineer long-range interactions that depend on the

distance between the lattice sites and are analogous to the usual two-body interactions

studied in condensed matter systems. We illustrate this by considering traveling waves

as mode functions for the light and (2.73) becomes:

Ĥint =
R∑

m=1

∑
i,j

(
g11m

eff e−i(kp1 −kcm )·(ri−rj)n̂in̂j + h.c.
)

(2.74)
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Fixing the the direction of the wave vectors of the cavity modes so that a(kp1 −

kcm) · êri
= πl/R for all l = 1, 2, ...R (corresponding to the angles fulfilling cos θcl

=

cos θp1 − λ
2a

l
R

), the light scattering process defines R spatial modes and we can perform

a DFT analysis. However, instead we have a Discrete Cosine Transform. Specifically,

(2.74) reduces to

Ĥint = 2
∑
i,j

V|i−j|N̂iN̂j, (2.75)

where Vj = ∑R
m=1 g

11m
eff cos(πmj

R
). In contrast to the scheme we considered in the previous

paragraphs, here the interaction between mode i and mode j depends solely on the

distance between the modes (i − j) and can be shaped to any Vj profile changing the

detunings and the decay coefficients of the cavities. Therefore, this scheme allows

to realize quantum simulators that are able to mimic long-range interactions with an

arbitrary spatial profile, such that Wi,j ∝ V|i−j|.

As we see, the global (infinitely long-range) light-matter interaction allows to simulate

systems with rather short-range and tunable interactions. Moreover, simulating short-

range interaction requires just a small number of light modes. Indeed, the price for this

is that we do not simulate an original problem of interacting atoms at sites, but replace

it by an effective one, simulating the interaction between the global modes. The effective

mode Hamiltonians can be an acceptable representation of an otherwise experimentally

hard to achieve quantum degenerate system with finite range interaction. Such a global

but spatially structured interaction, can still compete with intrinsic short-range processes

leading to non-trivial phases. As a result, the quantum phases will have properties of

systems due to both short-range and global processes, thus directly benefiting from the

collective enhancement of the light-matter coupling [35].
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2.4 Discussion

Quantum optics and quantum gases are rather separate fields: The former deals with

delicate quantum effects such as quantum measurement, but in systems without strong

correlations and interactions. The latter typically deals with truly many-body systems,

but with classical light only. The study of quantum optical effects in ultracold atomic

systems is a rather recent research direction. Nevertheless, this should not be considered

as a mere theoretical Gedankenexperiment: new experimental breakthrough realized

the setup we describe in this Chapter [87, 98] and several other groups are working on

achieving the ultimate quantum regimes of light-matter interactions where ultracold

atoms, optical lattices and cavities are combined together. We can drawn an analogy

with famous cavity QED experiments [72], where the quantum light states in a cavity

were probed and projected by measuring atoms. Here, light and matter are reversed and

we probe matter-fields with light. A striking advancement is that the number of quantum

matter waves (sites with trapped atoms) can be easily scaled from few to thousands by

changing the number of illuminated sites, while scaling cavities is a challenge [72].

We showed that, by taking into account the quantum nature of the light field, it

is possible to map the correlations of the quantum state of the atoms to the angular

distribution of the scattered light. We applied these ideas to a system of ultracold

fermions and we found that by detecting the photons escaping the optical cavity one can

distinguish between different ground states of the atomic system. For example, probing

the atomic cloud with linearly polarized light allows to measure the local fluctuations

of the magnetization and to determine the spatial extension of Cooper pairs. The

setup we considered is extremely flexible and opens new opportunities for probing and

distinguishing different quantum phases non-destructively [91]. Moreover, because of the

global coupling between the light field and the atoms, if some lattice sites scatter light

with the same phase and intensity the measurement defines macroscopically occupied
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spatial modes. Depending on the number of probe beams and optical cavities and on

their geometric orientations, the light field mediates an effective long-range interaction

between different light modes. In contrast to usual ultracold atoms experiments, where

the spatial profile of the coupling is determined by fundamental physical processes, in this

Chapter we presented a way to realize synthetic long-range interactions without recurring

to complex systems such as polar molecules [14, 96] or Rydberg atoms [64, 137, 148].

This opens an additional path for implementing quantum simulations of phenomena from

several disciplines such as condensed matter, high energy physics and biological systems.



Chapter 3

Quantum measurement

We have shown that the coupling between the quantized light modes of an optical cavity

and an ultracold atomic system allows to extract information on the quantum state of the

atoms. The correlations of the matter field are mapped onto the scattered light and can be

used for distinguishing quantum phases and fluctuations in different quantities. In order

to apply this scheme experimentally, it is necessary to perform multiple measurements on

the quantum state of the system. This is the usual approach adopted in experiments with

ultracold gases: the same experimental sequence is repeated several times after restoring

the initial state of the system. The results are then averaged over many realizations and

quantum mechanical expectation values are computed as ensemble averages. However,

this approach completely ignores the subtle effects of measurement that are visible in a

single experimental run. In this Chapter, we will focus on the conditional evolution of

the atomic state in a single experimental realization without considering any averaging

procedure. We show that measurement backaction can play a crucial role in the dynamics

of the system and allows to engineer different quantum states that are not easy to obtain

with conventional methods.
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3.1 Conditional dynamics of a quantum system

The Hamiltonians (2.22) and (2.27) describe the evolution of the system when measuring

the scattered light from the atomic system. Because of the coupling between light and

matter, these two become entangled. Thus, a measurement performed on one of the two

subsystems (i. e. light) will inevitably affect the other one via the so-called measurement

backaction. This is one of the most fundamental manifestations of quantum mechanics

and it is usually treated as an unwanted perturbation that modifies the state of the

system. In contrast to this, here we show that this effect induces an effective dynamics

for the quantum system. Although this conditional evolution follows a stochastic process,

it is possible to identify several features that are common to all the experimental runs

but disappear when averaging over many realizations. Most of the results that we present

in this thesis rely on the description of the conditional dynamics of a quantum system

under continuous monitoring. We will now introduce a very powerful and relatively

simple mathematical tool for achieving this, i. e. the quantum trajectories approach for

modeling quantum measurement.

3.1.1 Quantum trajectories

Let us consider a quantum system described by the Hamiltonian operator Ĥ. If the state

of the system at a given time is known, we can compute its dynamics at all future (and

past) times by solving the Schrödinger equation

d
dt |ψ(t)⟩ = −iĤ|ψ(t)⟩. (3.1)

Since this is a first order linear differential equation, the evolution of the system is

continuous and deterministic. Measurement drastically changes this and introduces

discontinuities in the dynamics of the quantum system. Traditionally, this effect is
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described as a projection: if we perform a measurement of the observable Ô, the result is

one of the eigenvalues of Ô (say o) and the state of the system collapses to an eigenstate

of Ô (say |o⟩) with probability |⟨o|ψ(t)⟩|2. Although this representation of measurement

can be extended to continuous variables and to mixed states, it is quite inadequate for

describing real experiments for many reasons. Firstly, it assumes that the detection

apparatus does not introduce classical noise to the measurement results. Secondly, there

are many schemes in which the state of the system after the measurement event is not an

eigenstate of the measured quantity. For example, if we detect the photons escaping an

optical cavity until this is empty, the final state of the system is the vacuum state and

not the eigenstate of the photon number operator corresponding to the n photocounts

we recorded. Lastly, but more importantly, a measurement that is performed in a real

experiment never addresses directly the system of interest, but rather its interaction with

the environment. For example, if we want to observe an electron transitioning between

two atomic energy levels, we will choose a detector that couples to the electromagnetic

fields around the atom and can “click” when a photon is emitted. One could argue that

this generates an infinite chain where the electromagnetic filed is coupled to the electronic

circuits inside the detector, which are coupled to the computer monitor showing the

results, which is coupled to the observer’s retina, which is coupled to her/his brain and

so on. In order to give a description of the physical world, we need to cut this chain and

decide where to apply the projection postulate for modeling the measurement process.

Because of the rapid decoherence time of macroscopic objects such as a photodetector, we

stop this chain by assuming that the measurement of the light field is indeed projective.

This allows us to formulate an accurate description of the atomic dynamics: since the

field interacted with the atom, their quantum states are entangled and a measurement of

the light field is effectively a measurement of the atomic state, although not a projective

one.
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Let us consider a quantum system initialized in the pure state |ψ(t)⟩ and coupled to

a meter with initial state |θ(t)⟩. The initial state of the composite quantum system is

|Ψ(t)⟩ = |θ(t)⟩|ψ(t)⟩. (3.2)

Since these two quantum systems are coupled, the unitary time evolution Û(T1) will

entangle them so that

|Ψ(t+ T1)⟩ = Û(T1)|θ(t)⟩|ψ(t)⟩. (3.3)

cannot be factorized as a product state. If a projective measurement is performed on the

meter over a time interval T2 and assuming that the evolution of the system and meter

over this time is negligible, the final state of the full quantum system is

|Ψ(t+ T )⟩ = |r⟩⟨r|Û(T1)|θ(t)⟩|ψ(t)⟩√
Pr

. (3.4)

where T = T1 +T2, r denotes the measured value of the observable R̂ that has eigenstates

{|r⟩}r forming an orthonormal basis for the meter Hilbert space. Moreover, Pr is the

probability of obtaining r as a result of the measurement, i. e.

Pr = ⟨ψ(t)|⟨θ(t)|Û(T1) [|r⟩⟨r| ⊗ 1] Û(T1)|θ(t)⟩|ψ(t)⟩ (3.5)

where we highlighted the fact that the projector |r⟩⟨r| is acting only on the Hilbert space

of the meter. Importantly, the measurement process disentangles the system and the

meter so that the state (3.4) can be written as

|Ψ(t+ T )⟩ = |r⟩M̂r|ψ(t)⟩√
Pr

. (3.6)
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where we defined the measurement operator M̂r = ⟨r|Û(T1)|θ(t)⟩. Following this defini-

tion, the probability Pr can be condensed as

Pr = ⟨ψ(t)|M̂ †
rM̂r|ψ(t)⟩ (3.7)

We now apply this formalism to a quantum system subjected to continuous monitoring.

Specifically, we consider an ultracold gas inside an optical cavity where the meter system

is represented by the light field which is used for probing the state of the atoms. In

this case, the observable R̂ describes the photocount process. Since there are only two

possible outcomes for this process (either a photon is detected or it is not), we model

the detection using only two measurement operators (M̂1 and M̂0). Importantly, for

each small time interval dt, the sum of the probabilities of detecting and not detecting a

photon, P0 + P1, has to be equal to one. Therefore, the operators M̂1 and M̂0 fulfill the

completeness relation

M̂ †
0(dt)M̂0(dt) + M̂ †

1(dt)M̂1(dt) = 1. (3.8)

Moreover, one can prove that the operator M̂0(dt) is given by [190]

M̂0(dt) = 1 −
(
ĉ†ĉ

2 + iĤ

)
dt (3.9)

where Ĥ is the Hamiltonian describing the light-matter system and we introduced the

jump operator ĉ such that R̂ = ĉ†ĉ. Finally, from the completeness condition (3.8) we find

M̂1(dt) =
√

dt ĉ. (3.10)

These two operators allow us to describe the conditional dynamics for the atomic

system in a single experimental run. The specific sequence of phototcounts identifies a
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single realization of the measurement process and characterizes each quantum trajectory.

Defining N(t) as the number of photodetections up to time t in a single experimental

run, the increment dN(t) is a stochastic variable (Itô formalism) which obeys

dN(t)2 = dN(t) (3.11)

E[dN(t)] = ⟨M̂ †
1(dt)M̂1(dt)⟩ = ⟨ψ(t)|ĉ†ĉ|ψ(t)⟩dt (3.12)

where E[. . . ] denotes the expectation value of the stochastic process (ensemble average)

and ⟨. . .⟩ is the usual quantum expectation value. The physical meaning of the first

expression is that the photocount increment dN in an infinitesimal time dt can be either

zero or one. The second equation gives the expectation value of dN , which is equal to the

probability P1 of detecting a photon in a time interval dt. At each time t, the quantum

state of the system evolves according to the result of the measurement: if a photon is

detected (dN = 1), the state of the system changes as

|ψ1(t+ dt)⟩ = M̂1(dt)|ψ(t)⟩√
⟨ψ(t)|M̂ †

1(dt)M̂1(dt)|ψ(t)⟩
= ĉ|ψ(t)⟩√

⟨ψ(t)|ĉ†ĉ|ψ(t)⟩
(3.13)

i. e. the annihilation operator for the light field is applied to |ψ1(t)⟩ and the state vector

is normalized. This process describes the collapse of the quantum state of the system and

we will refer to it as a quantum jump. Importantly, if there is no detection (dN(t) = 0)

the evolution does not follow the unitary dynamics generated by Ĥ but it is given by

|ψ0(t+ dt)⟩ = M̂0(dt)|ψ(t)⟩√
⟨ψ(t)|M̂ †

0(dt)M̂0(dt)|ψ(t)⟩

=
[
1 − dt

(
iĤ + 1

2 ĉ
†ĉ− 1

2⟨ĉ†ĉ⟩(t)
)]

|ψ(t)⟩ (3.14)

where we expanded the denominator at first order in dt. The additional term in this

expression takes into account the information about the state of the system that is
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recovered when no photons are detected. The stochastic evolution described by (3.13)

and (3.14) can be summarized in the stochastic Schrödinger equation (SSE)

d|ψ(t)⟩ =
dN(t)

 ĉ√
⟨ψ(t)|ĉ†ĉ|ψ(t)⟩

− 1


+ [1 −N(t)] dt

(
⟨ĉ†ĉ⟩(t)

2 − ĉ†ĉ

2 − iĤ

)}
|ψ(t)⟩. (3.15)

Moreover, this expression can be further simplified by noting that the product dNdt is

negligible with respect to dt. Thus, (3.15) becomes

d|ψ(t)⟩ =
dN(t)

 ĉ√
⟨ψ(t)|ĉ†ĉ|ψ(t)⟩

− 1

+ dt
(

⟨ĉ†ĉ⟩(t)
2 − ĉ†ĉ

2 − iĤ

) |ψ(t)⟩. (3.16)

3.1.2 Simulating quantum trajectories

In general, one can consider a setup where the system is monitored by using more

than one measurement channel (for example two different light polarizations or multiple

cavities). In this case, the conditional dynamics is generated by an equal number of jump

operators ĉµ and the SSE (3.16) generalizes to

d|ψ(t)⟩ =
∑

µ

dNµ(t)
 ĉµ√

⟨ψ(t)|ĉ†
µĉµ|ψ(t)⟩

− 1

+ dt
(

⟨ĉ†
µĉµ⟩(t)

2 −
ĉ†

µĉµ

2 − iĤ

) |ψ(t)⟩.

(3.17)

where the increments in the counts for each channel are such that E[dNµ(t)] = ⟨ψ(t)|ĉ†
µĉµ|ψ(t)⟩dt

and dNµ(t)dNν(t) = dNµ(t)δµν .

The easiest way to simulate conditional dynamics of a quantum system under contin-

uous monitoring is to solve equation (3.17) by replacing all the differentials with small

finite differences δ and discretizing the time t. For each time interval δt, one has to

generate a random number r uniformly distributed in [0, 1] and compare it with the
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probability of a quantum jump

pjump = δt
∑

µ

⟨ψ(t)|ĉ†
µĉµ|ψ(t)⟩. (3.18)

If r < pjump a jump occurs (i. e. a photon is emitted) and one of the possible measurement

channels is chosen randomly using the same (or another) random number and assigning

the weight ⟨ψ(t)|ĉ†
µĉµ|ψ(t)⟩ to each jump operator. The appropriate increment δNµ is

then set to 1 (while all others are set to zero) and δ|ψ(t)⟩ is calculated using (3.17).

Although this method can be used for solving the SSE (3.17), it is not the most

efficient way to do so since it requires to find δt so that only one quantum jumps occurs

for each time interval. Moreover, because of (3.18), the time interval between two

consecutive quantum jumps strongly depends on the state of the system and therefore

it is more convenient to use an algorithm that does not require to discretize time in

intervals with predetermined length. Therefore, instead of solving (3.17) directly, the

following method is usually implemented:

(i) at the initial time ti, generate a random number r uniformly distributed in [0, 1];

(ii) solve the non-unitary Schrödinger equation

d
dt |ψ(t)⟩ = −

(∑
µ

1
2 ĉ

†
µĉµ + iĤ

)
|ψ(t)⟩ (3.19)

until it reaches the time tj such that ⟨ψ(tj)|ψ(tj)⟩ = r. This condition defines when

the system undergoes a quantum jump;

(iii) generate another uniformly distributed random number in order to decide which

jump operator is applied to the quantum state of the system according to the

weights ⟨ψ(t)|ĉ†
µĉµ|ψ(t)⟩;
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(iv) the relevant collapse operator is applied to the state of the system which is then

normalized, i. e.

|ψ(tj)⟩ → ĉµ|ψ(tj)⟩√
⟨ψ(tj)|ĉ†

µĉµ|ψ(tj)⟩
; (3.20)

(v) set ti = tj and repeat from (i).

Since (3.19) is an ordinary linear differential equation, there are several efficient libraries

that are capable of solving it. Moreover, it is possible to compute iteratively tj (for

example with an event-detection function) without imposing a predetermined time step

δt and taking advantage of adaptive-step methods such as Runge-Kutta. Crucially, the

decay in the norm of the state of the system describes its evolution when there are no

photocounts, i. e. the repeated action of the operator M̂0(dt). We will refer to the

non-Hermitian Hamiltonian in (3.19) as the effective Hamiltonian of the system.

3.2 Quantum state engineering via measurement back-

action1

We will now apply the theory introduced in the previous section in order to present

some results regarding ultracold fermions loaded in an optical lattice and subjected to

continuous monitoring. In this case, the measurement process consists in recording the

photons leaking from an optical cavity. Moreover, we consider the case of transverse

probing so that we can set η1 = 0. If the atomic dynamics can be neglected, i. e. the

tunneling rate between neighboring sites is much slower than the light scattering, the
1The results in this section are published in [53].
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effective Hamiltonian describing the light-matter system is

Ĥeff = ℏ
∑

σ=↑,↓

(
ω1 + U11D̂

(σ)
11

)
â†

1â1 + ℏU10
∑

σ=↑,↓

(
a∗

0σâ1D̂
(σ)
01 + â†

1a0σD̂
(σ)
10

)
− iκâ†

1â1

(3.21)

where we assumed that the contribution to the light scattering due to the operator D̂

dominates over the one due to B̂. Note that the evolution described by this Hamiltonian

is non-unitary because of the non-Hermitian term iκâ†
1â1 which describes the photons

leaking from the optical cavity. In analogy to the previous section, this operator models

the dynamics of the system in between two consecutive photodetections. Thus, we can

identify the operator ĉ in (3.19) as ĉ =
√

2κâ1. However, since ĉ and â1 are proportional,

we will refer to both of them as jump operator (the proportionality constant disappears

when the state is normalized). The initial state of the system can be written as

|Ψ(0)⟩ =
∑
k,q

c
(0)
qk |q ↑,k ↓⟩|αqk(0)⟩ (3.22)

where |qσ⟩ are the Fock states for fermions of species σ and |αqk(0)⟩ is the coherent state

of the light field inside the optical cavity. Since at this stage we are neglecting the effect

of the atomic tunneling, both the Hamiltonian (3.21) and the quantum jumps do not mix

different Fock states. This simplifies the problem significantly and allows to compute an

analytic expression for the conditional dynamics |Ψc(t)⟩. Importantly, if a coherent probe

illuminates the classical atomic configuration qk (such as the one described by a Fock

state), the cavity field remains in a coherent state that can be written as eiΦqk(t)|αqk(t)⟩

[61, 80, 116]. The specific form of the prefactor and the coherent state |αqk(t)⟩ can be

computed by taking the expectation value of Ĥeff on the state |q ↑,k ↓⟩ and solving

the resulting Schrödinger equation (3.19) for each atomic configuration |qσ⟩. Thus, the

complete expression of |Ψc(t)⟩ will then be given by the superposition of those solutions.
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Solving the differential equation for the light amplitude αqk(t) assuming that the light

amplitude is varying slowly we find

αqk(t) = Ae−iωpt + (αqk(0) − A) e−i

[
ω1+U11

∑
σ

D
(σ)
11 (qk)

]
t−κt (3.23)

where

A = −iU10
∑

σ a0σD
(σ)
10 (qk)

i
[
U11

∑
σ D

(σ)
11 (qk) − ∆p

]
+ κ

, (3.24)

D
(σ)
lm (qk) = ⟨q ↑,k ↓ |D̂(σ)

lm |q ↑,k ↓⟩. (3.25)

The function Φqk(t) that appears in the prefactor of eiΦqk(t)|αqk(t)⟩ is given by

Φqk(t) = −
∫ t

0

iU10

2
∑

σ=↑,↓

[
a0σD

(σ)
01 (qk)α∗

qk(s) + a∗
0σD

(σ)
10 (qk)αqk(s)

]
− κ |αqk(s)|2

 ds

(3.26)

The physical meaning of equation (3.23) is the following: the first term describes the

oscillations of the light field at the probe frequency ωp while the second term gives the

transient process with decay κ and oscillation frequency ω1 +U11
∑

σ D
(σ)
11 , i. e. the cavity

frequency shifted by the dispersive shift due to the atoms. This expression allows to

model the non-Hermitian evolution of the system generated by the Schrödinger equation

(3.19). However, this is not the only process contributing to the dynamics of the system

since the backaction due to the photodetections is equally important and cannot be

ignored. If a photon escapes the optical cavity, the corresponding annihilation operator

is applied to the quantum state as

|Ψc(t)⟩ → â1|Ψc(t)⟩
⟨Ψc(t)|â†

1â1|Ψc(t)⟩
(3.27)
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Therefore, the state of the quantum system after m quantum jumps happening at the

times t1, t2 . . . tm can be written as

|Ψc(m, t)⟩ = 1
F (t)

∑
qk
αqk(t1)αqk(t2) . . . αqk(tm)eiΦqk(t)c

(0)
qk |q ↑,k ↓⟩|αqk(t)⟩ (3.28)

where F (t) is the normalization factor

F (t) =
√√√√∑

qk
|αqk(t1)|2 |αqk(t2)|2 . . . |αqk(tm)|2

∣∣∣eiΦqk(t)
∣∣∣2 ∣∣∣c(0)

qk

∣∣∣2. (3.29)

We further simplify these expressions by noting that for t > 1/κ all the factors αqk(tj)

reach the constant value αqk(tj) = A ≡ αqk. Furthermore, the phase factor Φqk(t)

becomes

Φqk(t) = −κ |αqk|2 t− itU10

2
∑

σ=↑,↓

[
a0σD

(σ)
01 (qk)α∗

qk + a∗
0σD

(σ)
10 (qk)αqk

]
(3.30)

and

|Ψc(m, t)⟩ = 1
F̃ (t)

∑
qk
αm

qke
iΦqk(t)c

(0)
qk |q ↑,k ↓⟩|αqk⟩ (3.31)

where the normalization coefficient is

F̃ (t) =
√√√√∑

qk
|αqk|2m e−2κ|αqk|2

t
∣∣∣c(0)

qk

∣∣∣2. (3.32)

Due to the steady state in all of the light amplitudes αqk, this solution does not depend

on the specific times tj . Importantly, the solution (3.31) highlights the fact that as result

of the measurement process, light and matter become entangled and the quantum state of

the system cannot be expressed as a product state. Moreover, the conditional evolution

induced by the measurement process changes the distribution of the atoms in the optical
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lattice since the probability of the Fock state configuration |q ↑,k ↓⟩ is given by

Pqk(m, t) = 1
F̃ 2(t)

|αqk|2m
∣∣∣c(0)

qk

∣∣∣2 e−κ|αqk|2
t. (3.33)

Note that this quantity is affected by both the photodetection events (via the αqk factor)

and the effective non-Hermitian evolution in between two consecutive quantum jumps

(via the exponential decay). Finally, since the terms αqk depend on the configuration of

both ↑ and ↓ fermions, the cavity introduces an effective interaction between the two

spin species.

3.2.1 Generation of number-squeezed states and Schrödinger

cat states

We will now focus on the properties of the atomic system and we will analyze their

evolution in a single quantum trajectory. We consider the case of non-interacting N

fermions loaded in an optical lattice and we assume that the mode functions of the

coherent probe beam and the scattered light are traveling waves so that J lm
jj = ei(kl−km)·rj .

Moreover, we probe the atoms by illuminating K lattice sites and therefore the jump

operator describing the measurement process is â1 = ∑
σ CσN̂Kσ where N̂Kσ is the

number of fermions with spin σ occupying the illuminated region of the lattice. Instead

of directing our attention to the huge number of probability distributions Pqk(m, t)

describing each Fock state, we will focus on the probability distribution of having zσ

fermions with spin σ in the region that is probed by the light. Therefore Pc(z↑, z↓,m, t)

evolves as

Pc(z↑, z↓,m, t) = 1
F̃ 2(t)

|C↑z↑ + C↓z↓|2m exp
(
−2κt |C↑z↑ + C↓z↓|2

)
P (0)(z↑)P (0)(z↓)

(3.34)
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where the constants Cσ were defined in (2.33) and P (0)(zσ) are the initial probability

distributions. In general, these are calculated by summing the absolute values of the

coefficients of all of the configurations q′k′ with the same zσ, i. e. P (0)(zσ) = ∑
q′k′

∣∣∣c(0)
q′k′

∣∣∣2.

Although it is relatively easy to compute this quantity in the case of a BEC [121], the

fermionic case is more challenging because of the highly non-trivial phase relations

between different Fock states. In general, the ground state of a non-interacting Fermi

gas in an optical lattice is the Fermi Sea which is usually written as

|FS⟩ =
∏

k:|k|<kF

f̂ †
k↑f̂

†
k↓|0⟩ (3.35)

where kF is the Fermi wavevector, f̂ †
kσ creates a fermion with momentum k and spin σ

and |0⟩ is the vacuum state. Since the observables probed by the measurement setup

are expressed in position space and not in momentum space, one could take the Fourier

Transform (FT) of the operator f̂ †
kσ and obtain the coefficients c(0)

q′k′ describing all possible

atomic configurations. However, this would generate a very large number of terms

since the FT of the product (3.35) is a Slater determinant containing N ! factors with

well-defined phase relations between them. In order to give an approximate description,

we instead model P (0)(zσ) as a Gaussian distribution with variance σ2 = ⟨N̂2
Kσ⟩ − ⟨N̂Kσ⟩2

where the expectation values are computed on |FS⟩. Focusing on a half-filled optical

lattice with L lattice sites, we find

⟨FS|N̂Kσ|FS⟩ = K

2 (3.36)

⟨FS|N̂2
Kσ|FS⟩ = K2

4 +
∑

p:|p|<kF

∑
m:|m|>kF

|g(p − m)|2 (3.37)
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where

g(p) = 1
L

K∑
j=1

e−ip·rj . (3.38)

These expressions can be easily evaluated numerically and allow to calculate the initial

probability distribution P (0)(zσ) as illustrated in Figure 3.1a.

If the probe beam is circularly polarized, the measurement process addresses only

one of the two spin species (e. g. the ↑ fermions) and the resulting conditional evolution

is given by

Pc(z↑, z↓,m, t) = 1
F̃ 2(t)

z2m
↑ exp

(
−τz2

↑

)
P (0)(z↑)P (0)(z↓) (3.39)

where τ = 2 |C↑|2 κt defines the typical timescale of the interval between two consecutive

quantum jumps. The relation between m and t follows a stochastic process which defines

a single quantum trajectory. The measurement process strongly modifies the probability

distributions of z↑ but leaves the one for z↓ unchanged. Specifically, the quantum jumps

and the non-Hermitian dynamics have opposite effect on the expectation value of the

number of ↑ fermions in the illuminated area: while the quantum jumps tend to increase

z↑, the exponential decay favors small values of z↑. Although these two effects compete

for determining the expectation value of z↑, they both tend to reduce its uncertainty

and squeeze its probability distribution. In the large time limit, quantum jumps and

non-Hermitian evolution balance each other and Pc(z↑,m, t) shrinks around the value

z↑ =
√
m/τ (Figure 3.1b). The width of the distribution can be found by calculating

the full-width-half-maximum (FWHM) of (3.39) around its peak, i. e. δz↑ ∼
√

2 ln 2/τ .

Importantly, z↑ and z↓ are not conjugate variables and therefore it is possible to squeeze

only one of theme leaving the other one unperturbed.
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Fig. 3.1 Effects of the conditional dynamics on the atomic variables in a single quantum
trajectory. The color maps show the joint probability distribution Pc(z↑, z↓,m, t). (a) Ini-
tial state of the system. The inset illustrate the distribution P (0)(z↑). (b) Only the ↑
fermions are affected by the measurement processes. Their probability distribution is
squeezed while the one for the ↓ fermions does not change. (b.2) Probability Pc(z↑) (solid
line) and P (0)(z↑) (dashed line). Note that P (0)(z↑) coincides with Pc(z↓). Measurement
backaction allows to squeeze only one of the spin species.

The setup we presented in this work is extremely flexible and it allows to probe

different observables by changing the angles between the cavity , the probe beam and the

optical lattice. In the case of fermions, changing the polarization of the lasers illuminating

the atomic sample provides another route for tailoring the measurement operator. In

general, the conditional probability distribution of z↑ and z↓ evolves as (3.34). The

behavior of this quantity is essentially determined by the function

f(z↑, z↓,m, t) = |C↑z↑ + C↓z↓|2m exp
(
−2κt |C↑z↑ + C↓z↓|2

)
(3.40)

which describes the dynamics induced by the quantum jumps and the non-Hermitian

dynamics. By differentiating this expression, we find that the distribution Pc(z↑, z↓,m, t)
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has a stationary point that fulfills the condition

|C↑z↑ + C↓z↓|2 = m

2κt. (3.41)

Therefore, the monitoring process squeezes the atomic occupations z↑ and z↓ along the

direction perpendicular to the line defined by the (3.41) which can be easily tuned by

changing the polarization or the intensity of the probe beam(s). For example, if only one

x−linearly polarized probe is present so that the measurement is sensitive to the total

number of atoms in the illuminated area, i. e. â1 = Cx(N̂K↑ + N̂K↓), equation (3.41)

reduces to z↑ + z↓ =
√
m/τ where τ = 2κt |Cx|2. Therefore, the conditional dynamics

diminishes the uncertainty of z↑ + z↓ which corresponds to squeezing Pc(z↑, z↓,m, t) along

a 45° lines in the (z↑, z↓) plane as shown in Figure (3.2)b.

The simple representation of the atomic evolution in terms of squeezing along a

given direction breaks down if C↑z
′
↑ + C↓z

′
↓ = 0 for some values of z′

↑ and z′
↓. If this

is the case, when the first photon is detected the probability distribution becomes

bimodal as the probability of all the configurations with C↑z
′
↑ + C↓z

′
↓ = 0 collapses

to zero. In order to illustrate this, we consider a y−linearly polarized probe beam so

that the scattered light carries information about the magnetization of the illuminated

area, i. e. â1 = Cy(N̂K↑ − N̂K↓). Therefore, the conditional dynamics of the probability

distribution of the magnetization is given by

Pc(z↑, z↓,m, t) = 1
F̃ 2(t)

|z↑ − z↓|2m exp
(
−τ |z↑ − z↓|2

)
P (0)(z↑)P (0)(z↓), (3.42)

where τ = 2κt |Cy|2. When the first quantum jump occurs, all the atomic states with

⟨N̂K↑ − N̂K↓⟩ = 0 are forbidden since Pc(z↑, z↑,m > 0, t) = 0. As a consequence,

Pc(z↑, z↓,m, t) splits in two peaks around the values ±
√
m/τ whose width decreases with

time. Thus, the final state of the system has a well-defined absolute magnetization as
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Fig. 3.2 Effects of the conditional dynamics on the atomic variables in a single quantum
trajectory. (a.1) The measurement addresses the quantity z↑ + z↓ and the distribution
P (z↑, z↓,m, t) is squeezed along a 45° line. (a.2) Probability distribution of z↑ + z↓ for the
final state (solid line) and the initial state (dashed line). (b.1) Joint probability distribu-
tion Pc(z↑, z↓,m, t) when the magnetization is measured. (b.2) Probability distribution
of z↑ − z↓ for the final state (solid line) and the initial state (dashed line). Measurement
backaction can be used for squeezing the atomic state along different directions and for
creating Schrödinger cat states.

the measurement process projects the atomic state to a superposition of two states with

magnetization M and −M : a Schrödinger cat state. This multicomponent structure

emerges as a consequence of the degeneracy of the photon number operator â†
1â1 and

can be exploited to realize non-trivial quantum superpositions by detecting photons at

different angles [120] or by engineering the coefficients Jii using different light mode

functions [52, 109–111].

3.3 Ensemble averages and master equation

In the previous paragraphs, we studied the effect of detection on a fermionic ultracold gas

coupled to quantum light in a single experimental realization. We found that the quantum
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state of the atoms is strongly affected by the measurement and leads to an effective

evolution even in the absence of atomic tunneling. Because of these effects, one may argue

that it is not possible to probe the initial state of the system since each experimental run

irremediably modifies it. It is indeed impossible to to determine |Ψ(t = 0)⟩ by observing a

single quantum trajectory since by performing many realizations of the same experiment

one may obtain different results for each of them. However, by taking ensemble averages

over the several quantum trajectories, it is possible to calculate quantum mechanical

expectation values on the initial state of the system (only if the atomic dynamics can

be neglected). We will now show that this corresponds to solving the master equation

describing the dynamics of the atomic system.

The SSE (3.17) can be used for describing the conditional dynamics of a quantum

system only if its quantum state is pure, i. e. it can be expressed using the vector |ψ(t)⟩.

If this is not the case, the state of system has to be represented using a density matrix.

Defining the projector π̂(t) = |ψ(t)⟩⟨ψ(t)|, we can calculate an equation that models the

conditional evolution of a mixed state in a single quantum trajectory by computing the

differential dπ̂ and making use of the SSE (3.17) . Following this procedure, one can

prove that

dπ̂(t) =
(
dN(t)G[ĉ] − dtH

[
iĤ + 1

2 ĉ
†ĉ
])
π̂(t) (3.43)

where G[. . . ] and H[. . . ] are the non-linear superoperators

G[ŵ] π̂ = ŵπ̂ŵ†

Tr[ŵπ̂ŵ†] − π̂ (3.44)

H[ŵ] π̂ = ŵπ̂ + π̂ŵ† − Tr
[
ŵπ̂ + π̂ŵ†

]
π̂. (3.45)

and Tr
[
Ô
]

is the trace of Ô. Expressions like the SSE (3.16) and (3.43) (but especially

(3.16)) have been used extensively for computing numerically the solution of the master
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equation. Specifically, we identify the expectation value of the projector π̂(t) over an

ensemble containing several quantum trajectories as the density matrix ρ̂ that describes

the evolution of a dissipative system, i. e. E[π̂(t)] = ρ̂. Moreover, one can prove that the

rule (3.12) can be generalized to any function g of the projector π̂(t) as

E[dN(t) g(π̂(t))] = dtE
[
Tr
[
π̂(t)ĉ†ĉ

]
g(π̂(t))

]
. (3.46)

Applying this result, the density matrix ρ̂ evolves according to

dρ̂ = −i dt
[
Ĥ, ρ̂

]
+ dtD[ĉ] ρ̂ (3.47)

where the superoperator D[. . . ] is given by

D[ŵ] ρ̂ = ŵρ̂ŵ† − 1
2

(
ŵŵ†ρ̂+ ρ̂ŵ†ŵ

)
. (3.48)

In order to demonstrate that taking the average over many trajectories allows us to

reconstruct the initial state of the system, we apply these results to the examples we

illustrated in the previous section. Specifically, we consider two distinct detection setups:

in the first one the measurement is sensitive to the total density z↑ + z↓ while in the

second one we probe the magnetization z↑ − z↓. As illustrated in Figure 3.3, in both

cases it is possible to recover the probability distribution of the initial state P (z↑, z↓, 0, 0)

by averaging several quantum trajectories.

The main advantage of solving the SSE (3.16) instead of the master equation (3.47)

is strictly numerical. If N is the dimension of the Hilbert space of the system, then it

is necessary to store N2 complex numbers in order to represent the density matrix ρ̂

accurately while the memory needed for storing the state vector |ψ⟩ scales as N . Moreover,

for large N , the time required for computing the evolution of ρ̂ is proportional to N4.
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Fig. 3.3 Ensemble averages over several quantum trajectories when measuring the total
density [(a)] or the magnetization [(b)] of the illuminated areas. Panels 1,2,3,4 and 5
show respectively the probability distribution Pc(z↑, z↓,m, t) averaged over 1, 20, 100,
500 and 2000 quantum trajectories. Since the atomic dynamics is neglected, it is possible
to measure the initial distribution P (z↑, z↓, 0, 0) performing several experimental runs.

This should be compared to the time needed for computing an ensemble average of M

quantum trajectories for |ψ⟩ which scales as N2M . In addition to this, computing different

quantum trajectories is a task that can be easily parallelized on different processors

since the different realizations of the conditional dynamics are completely independent

from each other. Even though in order to obtain a good representation of ρ̂ from the

expectation value E[|ψ(t)⟩⟨ψ(t)|] one should set M ≫ 1, it is often very convenient to use

this approach since reasonably accurate results can be achieved with M ≪ N2. Finally,

if N is so large that it is not feasible to store the state vector at all times, it is still

possible to compute the expectation value of observables by calculating the ensemble

average over many quantum trajectories, i. e.

⟨Ô(t)⟩ = E
[
⟨ψ(t)|Ô|ψ(t)⟩

]
= Tr

[
ρ̂(t)Ô

]
. (3.49)
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3.3.1 Inefficient detection

In the previous sections, we implicitly made two key assumptions: (i) the atoms do

not scatter photons outside the optical cavity (free space photons) and that (ii) the

experimental apparatus monitoring the quantum system by counting the number of

quantum jumps (e. g. a photocounter) has perfect efficiency. Both these effects lead to

dephasing and may destroy the effects that we will describe in the following chapters.

Using an optical cavity with high Q factor allows to suppress the number of photons

scattered in free space by several orders of magnitudes. Therefore, the dephasing due to

the photons scattered outside the cavity mode can be neglected [17] and we can safely

assume that (i) holds.

In order to describe the loss of coherence due to detector inefficiency we formulate a

more accurate description of the conditional evolution by taking into account the effect

of “missed” quantum jumps. If the detector is not ideal, a SSE describing the dynamics

of the system does not exist because the conditioned state will become mixed even if

the initial state is pure. This reflects the fact that the observer does not have access to

perfect information about the quantum system, leading to a density matrix description.

Modeling the state of the system with the matrix π̂(t), one can prove that its evolution

in a single experimental run can be computed by solving the stochastic master equation

(SME) [190]

dπ̂(t) =
{

dN G[√η ĉ] − dtH
[
η

2 ĉ
†ĉ+ iĤ

]
+ dt (1 − η)D[ĉ]

}
π̂(t), (3.50)

where η ∈ [0, 1] is the detection efficiency and dN is the stochastic Itô increment such

that E[dN ] = ηTr
[
ĉπ̂ĉ†

]
dt. Note that in the limit η → 1 this equation reduces to the SSE

(3.16) (if the initial state is pure) while it reduces to the unconditioned master equation

(3.47) if the information from the quantum jumps is completely discarded (η → 0).



3.4 Discussion 75

3.4 Discussion

In this Chapter, we briefly introduced the quantum trajectory formalism for describing

the conditional dynamics of a quantum system subjected to continuous monitoring.

Within this picture, measurement backaction plays a crucial role in the evolution of

the atomic state in a single experimental realization. Coupling a system of ultracold

atoms to the quantized modes of an optical cavity offers an extremely flexible way

for exploiting measurement backaction in order to engineer interesting quantum states.

Simply changing the angle between probe and scattered beam or their polarization,

it is possible to map different atomic observables onto the light field. If the atomic

tunneling processes are slower that the light scattering, the dynamics of the system is

determined by the competition between quantum jumps and effective non-Hermitian

Hamiltonian. We illustrated this by focusing on the case of a Fermi gas loaded in an

optical lattice when addressing its density. In this case, the measurement squeezes the

probability distribution of the two spin species along a specific line in the (z↑, z↓) plane

which is precisely determined by the structure of the measurement operator. Moreover,

we showed that by changing the polarization of the probe beam, the monitoring process

is sensitive to the magnetization of the atomic system and it is not capable to distinguish

between states with opposite values of this quantity. As a consequence, the quantum

state of the matter becomes a Schrödinger cat state. Although the preparation of such

interesting configurations follows a stochastic process, it is possible to follow it in real-

time by monitoring number of photons escaping the optical cavity and offers important

applications in quantum information and quantum technologies. The results presented

in this Chapter are somehow analogous to previous works on spin squeezing [30, 75, 89].

However, the setup we consider here is more flexible and allows to address different

observables (i. e. linear combinations of the atomic density of atoms with different spins)
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with the same experimental setup. This can be achieved by changing the angle between

the optical cavity and the probe beam, without the need of quantum feedback.



Chapter 4

Measurement-induced dynamics in

ultracold gases in optical lattices1

Ultracold gases trapped in optical lattices created by classical laser beams represent a

successful interdisciplinary field: Atomic systems allow quantum simulations of phenom-

ena predicted in condensed matter and particle physics, and find applications in quantum

information processing [103]. Coupling quantum gases to quantized light [120, 155]

broadens the field even further with opportunities to obtain novel quantum phases and

light-matter entanglement [32–34, 37, 129]. Recent experimental breakthroughs [87, 98]

succeeded in realizing the ultimate regimes where the quantum nature of both matter

and light is equally important. As we have seen in Chapter 2, the coupling between

an ultracold atomic system and quantized light modes can be exploited for mapping

atomic properties (such as correlations and fluctuations) onto the light field and defines a

QND measurement scheme. Although there are several examples of this approach in the

literature [50, 53, 75, 91, 116, 157, 160, 162, 179], they all neglect either the many-body

dynamics or measurement backaction. In this Chapter, we focus on the conditional

dynamics of a many-body atomic system subjected to continuous monitoring. Specifically,
1The results presented in this chapter are published in [110] and [111].
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we use the quantum trajectory formalism for describing the evolution of an ultracold gas

when both atomic tunneling and measurement backaction are taken into account.

Quantum measurement is one of the most intriguing aspects of quantum mechanics.

Many of its unusual manifestations have been already demonstrated, which include

quantum jumps and the quantum Zeno effect. In particular, intriguing quantum states

of light such as Fock and Schrödinger cat states were prepared using measurement

backaction [72, 185]. In these scenarios, continuous measurement projects the quantum

state of the system to a well-defined state. Here, we show that it is possible to preserve

quantum superpositions by addressing the atomic system globally. Depending on the

spatial profile of the measurement operator, its backaction competes with the standard

short-range dynamical processes due to the atomic tunneling between nearest neighbor

lattice sites. For bosons, the measurement induces dynamical macroscopic superpositions

(multimode Schrödinger cat states). The resulting states have both oscillating density-

density correlations with nontrivial spatial periods and long-range coherence, thus having

properties of the supersolid state [17], but in the essentially dynamical version. For

strongly interacting fermions, we demonstrate how to destroy and protect fermion pairs,

clearly showing the interplay between many-body dynamics of fermions and the quantum

measurement backaction.

4.1 Competition between tunneling and measurement

In the previous Chapter, we studied how measurement backaction affects key atomic

properties of a system of ultracold fermions loaded in an optical lattice. However, in this

description we completely neglected the atomic dynamics that may occur between two

consecutive photocounts and the evolution of the system was dictated by the balance

between quantum jumps and the effect of a non-Hermitian term in the Hamiltonian of

the system. If the atomic tunneling cannot be ignored, the effective Hamiltonian of the
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system is given by

Ĥeff = Ĥa − iℏ
1
2 ĉ

†ĉ (4.1)

where ĉ =
√

2κâ1 =
√

2κCD̂ is the jump operator and Ĥa is the Hamiltonian modeling

the motion of the atoms in the absence of measurement. For bosons, we consider the

Bose-Hubbard Hamiltonian

Ĥa = −J
∑
⟨i,j⟩

b̂†
i b̂j + U

2
∑

i

n̂i(n̂i − 1) (4.2)

while for fermions we take

Ĥa = −J
∑

σ=↑,↓

∑
⟨i,j⟩

f̂ †
iσf̂jσ + U

∑
i

n̂i↑n̂i↓. (4.3)

Importantly, the measurement introduces a new energy and time scale γ = |C|2κ which

competes with the two other standard scales responsible for the unitary dynamics of a

closed system (tunneling amplitude J and on-site interaction U). The non-Hermitian term

in (4.1) couples all the sites of the optical lattice and leads to an effective cavity-mediated

interaction between the atoms. This is a crucial feature of our setup and it is a direct

consequence of the global addressing. If atoms scatter light independently, independent

jump operators cj would be applied to each site, projecting the atomic system to a state,

where the long-range coherence degrades [146]. This is a typical scenario for spontaneous

emission [146, 167], or rather analogous local [18, 40, 86, 178, 184] and fixed-range [13, 55]

addressing and interactions. Additionally, if the light is scattered without a cavity, i.e. in

uncontrolled directions, we lose the ability to choose the measurement operator and

the jump operator applied would depend on the direction of the detected photon. In

contrast, here we consider global coherent scattering, where the single global jump
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operator c is given by the sum over all sites, and the local coefficients Jjj (see § 2.2.2)

responsible for the atom-environment coupling (via the light mode â) can be engineered

by optical geometry. Thus, atoms are coupled to the environment globally, and atoms

that scatter light with the same phase are indistinguishable to light scattering (i.e. there

is no “which-path information”). As a striking consequence, the long-range quantum

superpositions are strongly preserved in the final projected states.

4.2 Effective dynamics of macroscopic spatial modes

in bosonic systems

We start by considering the conditional evolution of a quantum gas with N bosons

initially in the superfluid state

|Φ(N)⟩ = 1√
MNN !

(
N∑

i=1
b̂†

i

)N

|0⟩ (4.4)

where |0⟩ is the vacuum state for the operators b̂i. We continuously monitor this system

using traveling waves as mode functions for the probe and scattered light beams. In

this case, it is possible to tune the probe and scattered angles in such a way that the

measurement scheme defines R macroscopically occupied spatial modes and the jump

operator is ĉ ∝ â1 = C
∑R

j=1 e
i2πj/RN̂j where N̂j is the occupation of the mode j (see

§ 2.2.2). Making use of the multinomial expansion for the sum in equation (4.4) and

assuming that each mode has the same number of lattice sites, we can group the creation

operators that act on the same mode so that |Φ(N)⟩ can be rewritten as

|Φ(N)⟩ =
√
N !
RN

∑∑
i

Ni=N

√
1

N1!N2! . . . NR!

R∏
i=1

|Φi(Ni)⟩. (4.5)
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where |Φi(Ni)⟩ is a superfluid in the spatial mode i with Ni atoms. In other words, we

decompose a superfluid state in a linear combination of “smaller” superfluids that are

defined in each spatial mode. This choice is particularly convenient because the states∏R
i=1 |Φi(Ni)⟩ are eigenvectors of the jump operator

ĉ
R∏

i=1
|Φi(Ni)⟩ =

√
2κC

 R∑
j=1

ei2πj/RNj

 R∏
i=1

|Φi(Ni)⟩. (4.6)

Therefore, defining SR to be the subspace of the Hilbert space that is spanned by the

vectors
{∏R

i=1 |Φi(Ni)⟩
}

Ni

, the dynamics due to the quantum jumps is internal to SR.

This property enables us to formulate an effective description of the atomic evolution,

greatly reducing the computational cost of each quantum trajectory and allowing us to

formulate an analytic solvable model.

Carefully engineering the coefficients Jjj, we can partition the optical lattice in two

spatial modes depending on the parity of the lattice sites. This can be achieved using

traveling waves as mode functions for the probe and the cavity (i. e. ul(r) = eikl·r)

where the wave vectors k0 and k1 are orthogonal, corresponding to the detection of the

photons scattered in the diffraction minimum and the operator â1 = C(N̂even − N̂odd)

[115, 117–119, 122]. Alternatively, one can obtain the same spatial mode structure

considering standing waves (i. e. ul(r) = cos(kl · r)) crossed in such a way that k0 and

k1 have the same projections on the lattice direction and are shifted in such a way that

the even sites of the optical lattice are positioned at the nodes, so that the scattered

light operator is â1 = CN̂odd [110]. In this case, we can decompose the initial state of

the system (superfluid) as

|Φ(N)⟩ =
N∑

j=1

√
N !

2Nj!(N − j)! |Φodd(j),Φeven(N − j)⟩. (4.7)
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If the interaction between the atoms can be neglected (U = 0), the dynamics resulting

from the competition between the measurement process and the usual nearest-neighbors

tunneling preserves the mode structure and it is possible to describe the system in terms

of collective variables. To clarify this, we rewrite the tunneling term in equation (4.2) as

∑
⟨i,j⟩

b̂†
j b̂i =

∑
i∈odd

∑
j:i
b̂†

j b̂i +
∑

i∈even

∑
j:i
b̂†

j b̂i (4.8)

where j : i indicates that the sites j and i are nearest neighbors. The dynamics generated

by this expression and the non-Hermitian term is internal to the space S2 if the initial

state of the system belongs to S2. In fact, by applying Ĥeff to the product of two

superfluid states one has

Ĥeff |Φodd(l),Φeven(m)⟩ = −ℏJ
√
l(m+ 1)|Φodd(l − 1),Φeven(m+ 1)⟩

− ℏJ
√
m(l + 1)|Φodd(l + 1),Φeven(m− 1)⟩

− iℏ
γ

2 |β1l + β2m|2|Φodd(l),Φeven(m)⟩, (4.9)

where β1 and β2 depend on the measurement scheme (β1 = −β2 = 1 for probing

in the diffraction minimum while β1 = 1 and β2 = 0 if only the odd sites are ad-

dressed). Therefore, the quantum state of the atoms can be expressed as |ψ⟩ =∑N
j=0 αj|Φodd(j),Φeven(N − j)⟩ where αj ∈ C at all times. This allows us to reformulate

the conditional dynamics of the system in terms of an effective double-well problem

where the occupation of the two wells corresponds to the population of the spatial modes.

However, this approach does not allow us to compute any spatial correlations for the

system considered: only “collective” properties can be calculated.

The generalization of (4.9) to the case of R modes is straightforward: from the spatial

structure of the jump operator one can compute the amplitude of the tunneling processes

between different spatial modes and build an effective R−wells problem. Moreover, the
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coupling between the effective wells can be tuned by changing the spatial structure of the

measurement operator, allowing us to go beyond simple double-well systems [161, 190].

For example, considering the case of R = 3 spatial modes generated by a measurement

scheme where the light mode functions are traveling waves and the jump operator is

ĉ ∝ ∑3
j=1 e

i2πj/3N̂j , one has that the modes alternates across the lattice as RGBRGB . . . .

Therefore, each lattice site belonging to the mode R is connected to one site of mode

G and one of mode B (indices can be cycled) so that tunneling processes are allowed

between all the modes. This reduces the system to a three-wells problem where a specific

linear combination of the atomic populations N̂j is monitored while the atoms are free

to hop between the three different wells. Importantly, this is not the only possible way

to divide the optical lattice into three modes: if probe and scattered light are standing

waves such that k1,0 · r = π/4, the resulting Jjj coefficients are [0, 1/2, 1, 1/2, 0, . . . ]

and the modes alternates as RGBGRGBGR . . . . In this case, tunneling is not allowed

between mode R and B and the coupling between the effective three-wells describing the

conditional dynamics must take this into account by forbidding atomic transfer between

two of the effective wells.

The local interaction term in Eq. (4.2) tends to localize the atoms on each lattice

site and cannot be included exactly in the approximation we presented. This is because

the dynamics described by the interaction operator ∑i n̂i(n̂i − 1) is not internal to

the subspace SR. For weak interactions and assuming that the measurement scheme

partitions the optical lattice in R spatial modes, we find that the interaction energy U is

rescaled by the number of lattice sites belonging to each mode (Mj) so that

ℏU
2

M∑
i=1

n̂j(n̂j − 1) ≈ ℏ
2

R∑
j=1

U

Mj

N̂j(N̂j − 1). (4.10)

Note that this expression is approximate and does not allow to describe the strong

interacting limit where the atoms form a Mott insulator state. Despite this limitation,
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the model we presented allows to describe interacting systems where synthetic interactions

mediated by the light field couple different spatial modes [35], as we discussed in § 2.3.

4.3 Large-scale dynamics due to weak measurement

If γ ≪ J , the measurement is weak compared to the usual atomic dynamics and it is not

able to project the state of the system to one of the eigenstates of the jump operator ĉ and

therefore quantum Zeno dynamics cannot take place [56, 151, 152, 169, 175]. However,

even in this regime, the measurement backaction strongly affects the atomic evolution and

cannot be neglected. We find that the continuous monitoring process actively competes

with the dynamics due to the atomic tunneling between nearest neighboring lattice sites

and such competition can be exploited for realizing interesting quantum states such as

NOON states and multicomponent Schrödinger states. For non-interacting bosons, the

measurement leads to giant oscillations of particle number between the spatial modes.

Without continuous monitoring, the probability distribution of this quantity would spread

out significantly and the average number of atoms would oscillate with an amplitude

proportional to the initial imbalance, i.e. tiny oscillations for a tiny initial imbalance

(Figure 4.1). In contrast, here we observe

(i) full exchange of atoms between the modes independent of the initial state and even

in the absence of initial imbalance;

(ii) the distributions consist of a small number of well-defined components;

(iii) these components are squeezed even by weak measurement.

These effects are a consequence of the fact that addressing the system globally preserves

long range coherence. Moreover, the spatial structure of the jump operator determines the

conditional dynamics: the eventual degeneracy of the light intensity ⟨â†
1â1⟩ is imprinted
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Fig. 4.1 Oscillatory dynamics in the absence of measurement starting from an imbalanced
state. Panel (a) shows the probability distribution for the occupation of the odd sites of
the optical lattice if the initial state has imbalance (Nodd − Neven)/N = 0.02 while for
panel (b) (Nodd −Neven)/N = 0.95 . Panels (1) illustrate the full probability distribution
for all times while panels (2) focuses on the time indicated by the dashed vertical line.
The probability distribution spreads over several components and the average occupation
oscillates with amplitude proportional to the initial state. γ/J = 0, N = 100.

on the state of the atoms and can lead to a multicomponent structure. For example, if

one detects the photons scattered in the diffraction minimum, so that the measurement

addresses the difference in the population of the two spatial modes defined by the odd and

even lattice sites, i. e. D̂ = N̂even − N̂odd, the photon number operator is not sensitive to

the sign of this difference. This is because states with opposite ⟨N̂even −N̂odd⟩ scatter light

with different phase but with the same intensity. As a consequence of the measurement

backaction, the atomic state becomes a superposition of two macroscopically occupied

components: a Schrödinger cat state. If the monitoring scheme defines more than two

degenerate modes, the conditional evolution leads to an atomic wavefunction that can be

expressed as a superposition of multiple macroscopically occupied components. If the

light mode functions are traveling waves at an angle such that they define R distinct

spatial modes, the D−operator is D̂ = ∑R
l=1 N̂le

i2πl/R (R ∈ Z). In this case, the number

of components of the atomic state, i.e. the degeneracy of â†
1â1, can be computed from the

eigenvalues of D̂ noting that they can be represented as the sum of vectors on the complex

plane with phases that are integer multiples of 2π/R: N1e
i2π/R, N2e

i4π/R, . . . NR. Since
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Fig. 4.2 Oscillatory dynamics induced by the measurement process in a single quantum
trajectory for non-interacting bosons (U = 0). Atom number distributions P (Nl) in
one of the modes when the optical lattice is partitioned in two (a)-(b) or three spatial
modes (c)-(d). Panels (1) illustrate the full probability distribution for all times while
panels (2) focuses on the time indicated by the dashed vertical line (blue) and the initial
state (red). Depending on the spatial structure of the jump operator, the detection
process can lead to macroscopic superpositions of well-squeezed components. (a) γ/J =
0.02, N = 100, /, Jjj = [1, 0, 1, 0, 1 . . . ], (b) γ/J = 0.02, N = 100, /, Jjj = (−1)j, (c)
γ/J = 0.02, N = 99, /, Jjj = [0, 1/2, 1, 1/2, 0 . . . ], (d) γ/J = 0.02, N = 99, /, Jjj =
ei2πj/3. The initial state is a superfluid.

the sum of these vectors is invariant under rotations by 2πl/R, l ∈ Z and reflection in the

real axis, the state of the system is 2-fold degenerate for R = 2 and 2R-fold degenerate for

R > 2. Importantly, this property is a consequence of the spatial structure of the jump

operator and does not only depend on the number of modes defined by the measurement.

For example, considering the case of three modes arranged as RGBRGB . . . (Jjj=e
i2πj/3),

the photon number ⟨â†
1â1⟩ is invariant under the exchange of any two spatial modes and,

as a consequence, the probability distribution of the population of each mode presents

three oscillating peaks, indicating that the atomic state conditioned to the measurement

is a 6−modes Schrödinger cat state. However, if the spatial modes have a different
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structure such as RGBGRGBGR . . . (Jjj = [0, 1/2, 1, 1/2, 0, . . . ]) this is not the case:

only the modes B and G can be exchanged without affecting the intensity of the detected

light. Therefore, in this case the probability distribution of the occupation of the mode

R has a single peak while the ones for modes G and B are bimodal (Figure 4.2).

Quantum states characterized by superposition of multiple components are useful in

quantum metrology and information since this structure is a purely quantum effect. The

multimode dynamics may recover the semiclassical character [100], when the number

of modes is reduced to one. The method we propose does not require external control

[78, 79, 142] for preparing these states: continuously monitoring the light intensity it is

possible to determine when the splitting in the components reaches its maximum value

(corresponding to the maximal macroscopicity [59]) and further oscillatory dynamics can

be stopped by ramping up the lattice depth. Note that for R > 1 spatial modes each

photocount changes the phase difference between the various components of the atomic

state, making it fragile to photon losses. However, the measurement setup can be modified

to make these states more robust [116]. In addition, the example in Figure 4.2a consists

of only one component (here Nodd is measured directly) and is therefore insensitive to

decoherence due to photon losses.

It is interesting to note, that the oscillating state we have described shows spatial

periodicity in the density-density correlation function depending on the measurement

configuration. For R modes the spatial period is Rd (d is the lattice period). Moreover,

the state also has long-range coherence between distant sites. Therefore, it has properties

of the supersolid state [17], but with a nontrivial period, and it exists in the essentially

dynamical version.
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4.3.1 Probing the odd sites of the optical lattice

In order to understand the origin of the oscillatory behavior illustrated in Figure 4.2, we

now focus on the case when the measurement operator probes the population of the odd

sites of the optical lattice, i. e. â1 = CN̂odd. Within this assumption, we can formulate

an analytic description of the atomic dynamics [83]. In between the quantum jumps, the

evolution of the system is deterministic and it is determined by the matrix elements of

the non-Hermitian Hamiltonian (4.9):

⟨Φodd(s),Φeven(N − s)|Ĥeff |ψ⟩ = −Jℏ (αs−1bs−1 + αs+1bs)

+ 2ℏU
M

[s(s− 1) + (N − s)(N − s− 1)]αs − iℏ
γ

2s
2αs (4.11)

where bs =
√

(s+ 1)(N − s). Note that this expression does not contain a chemical

potential since we will solve the Schrödinger equation for a fixed number of particles,

as emphasized by the left hand side of equation (4.11). In the limit N ≫ 1 we can

replace the index s with the continuous variable x = s/N which represents the (relative)

occupation of the odd sites of the optical lattice. Moreover, we define the wavefunction

ψ(x = s/N) =
√
Nαs where the

√
N prefactor ensures that ψ(x) is normalized, i. e.

N∑
s=0

|αs|2 =
∫ 1

0
|ψ(x)|2 dx = 1. (4.12)

Introducing b(x) =
√

(x+ h)(1 − x), h = 1/N , Λ = UN/M and Γ = Nγ/2, and

neglecting constant shifts we can rewrite (4.11) as

⟨x|Ĥeff |ψ⟩ = −
√
NJℏ [b(x− h)ψ(x− h) + ψ(x+ h)b(x)]

+ 2
√
NℏΛx(x− 1)ψ(x) − i

√
NℏΓx2ψ(x). (4.13)
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Expanding this expression up to second order in h and defining the normalized atom

imbalance z = (Nodd − Neven)/N = 2x − 1, we obtain an effective non-Hermitian

Hamiltonian that describes the dynamics of the two macroscopically occupied spatial

modes. Specifically, we describe the evolution of the system between two quantum jumps

with the effective Schrödinger equation

ih
d
dtψ(z, t) = H(z)ψ(z, t). (4.14)

where the Hamiltonian H(z) is

H(z)ψ(z) = − 2Jh2 d
dz

(√
1 − z2 d

dzψ(z)
)

+ 1
2Λz2 + V (z)ψ(z) − iΓ(z + 1)2

4 ψ(z)

(4.15)

and the effective potential V (z) is given by

V (z) = −J
√

1 − z2ψ(z)
[
1 + h

1 − z2 − h2(1 + z2)
(1 − z2)2

]
. (4.16)

The dynamics of the spatial modes is therefore equivalent to the motion of a particle with

effective mass
√

1 − z2 in the real potential V (z) and imaginary potential −iΓ(z + 1)2/4.

Using the same approximations, we find that the initial state (4.7) in the limit N ≫ 1

reduces to the Gaussian function

ψ(z, 0) =
(

1
πb2

0

)1/4

e−z2/(2b2
0). (4.17)

describing a perfectly balanced population between the two spatial modes (i. e. ⟨N̂odd −

N̂even⟩ = 0) with variance b2
0 = 2h. In order to give an analytic expression of ψ(z, t), we

take the limit of small population unbalance so the mass term becomes
√

1 − z2 ≈ 1 and
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we expand the potential V (z) up to second order in z:

V (z) ≈ −1 − h+ 1
8ω

2z2, ω = 2
√

1 + Λ − h. (4.18)

Therefore, the dynamics of the atomic system is mapped to the evolution of a Gaussian

wave packet in an harmonic potential and subjected to dissipation via the non-Hermitian

term due to the measurement. Within these assumptions, the wavefunction of the system

remains Gaussian at all times and it can be expressed as

ψ(z, t) =
(

1
πb2(t)

)1/4

exp
[
ia(t) + izc(t) + iz2ϕ(t) − (z − z0(t))2

2b2(t)

]
. (4.19)

The functions b2(t), z0(t), c(t), ϕ(t) and a(t) describe the collective dynamics of the

system. Specifically, b2(t) is proportional to the width of the atomic distribution, z0(t)

is the mean value of the unbalance (i. e. ⟨N̂odd − N̂even⟩) while c(t) and ϕ(t) are phase

differences between superfluid states with different populations. Moreover, Re [a(t)]

describes the global phase of the wavefunction and Im [a(t)] its norm. Importantly, all

these functions are real with the exception of a(t) which is complex. Finally, from the

Schrödinger equation (4.14) we obtain the differential equations that dictate the evolution

of b2(t), z0(t), c(t), ϕ(t) and a(t). Specifically, one can prove that

˙(b2) = 8hJϕ− Γ
2hb

4 (4.20)

ϕ̇ = −Jω2

4h b2 − Γ
2hb

2ϕ+ 4hJ
b2 (1 + ϕ2) (4.21)

ż0 = − Γ
2hb

2(1 + z0) + 2hJ
b2 (2z0ϕ+ c) (4.22)

ċ = − Γ
2hb

2c+ 4hJ
b2 (ϕc− 2z0) (4.23)
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Because of the dissipation, the norm of the wavefunction is not conserved and it is

decreasing according to exp (−2 Im [a(t)]) where

Im (ȧ) = Γ
4h

[
(1 + z0)2 + b2

2

]
, (4.24)

which determines when a photon escapes the cavity and a quantum jump occurs.

It has been shown that Equations (4.20-4.23) can be solved analytically introducing

the auxiliary variables p = (1 − iϕ)/b2 and q = (z0 + ic/2)/b2 [90]. Substituting in

(4.20-4.23), the four equations describing the dynamics of the atomic state reduce to two

differential equations:

−2Jh2p2 +
(
Jω2

8 − iΓ
4

)
+ ih

2
dp
dt = 0 (4.25)

4Jh2pq − iΓ
2 − ih

dq
dt = 0. (4.26)

Defining, ζ2 = 1 − i2Γ/(Jω2) and making use of standard integrals, one can prove that

the solution of the first equation is

p(t) = ζω

4h
[ζω + 4hp(0)] ei2ζωt − [ζω − 4hp(0)]
[ζω + 4hp(0)] ei2ζωt + [ζω − 4hp(0)] . (4.27)

Furthermore, the equation that determines the evolution of q(t) can be solved noting

that (4.26) can be rewritten as

d
dt (Iq) = − Γ

2hI. (4.28)

where the integrating factor I is given by

I = exp
[
i4h

∫
p(t)dt

]
(4.29)
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= [ζω + 4hp(0)] eiζωt + [ζω − 4hp(0)] e−iζωt (4.30)

so that q(t) is given by

q(t) = 1
2hζω

A

(ζω + 4hp(0)) eiζωt + (ζω − 4hp(0)) e−iζωt
(4.31)

A = iΓ
[
(ζω + 4hp(0)) eiζωt − (ζω − 4hp(0)) e−iζωt

]
,

+4hζ2ω2q(0) − i8hΓp(0). (4.32)

Finally, from these solutions we can extract the physical observables of equations (4.20-

4.23) as b2(t) = 1/Re [p(t)], ϕ(t) = − Im [p(t)] /Re [p(t)], z0(t) = Re [q(t)] /Re [p(t)] and

c(t) = 2 Im [q(t)] /Re [p(t)].

Instead of focusing on the full solution, here we give a qualitative description of the

dynamics generated by these equations. Specifically,we compute the eigenvalues of the

Jacobian matrix of the system (4.20-4.23) in its stationary points and we study the

behavior of the solution around these points. Setting the left hand side of the systems

(4.20-4.23) or (4.25-4.26) to zero, we find that there is only one physical critical point.

Defining the parameter

α =

√√√√−1
2 + 1

2

√
4Γ2

J2ω4 + 1 (4.33)

one can prove that

b2(∞) = 4hJωα
Γ (4.34)

ϕ(∞) = Jω2α2

Γ (4.35)

z0(∞) = −1 + 1
2α2 + 1 (4.36)

c(∞) = 4Γ
Jω2(2α2 + 1) . (4.37)
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Note that these expressions can be obtained also by taking the limit t → ∞ of the exact

solutions (4.27) and (4.31). We then calculate the Jacobian matrix J by differentiating

each equation in (4.20-4.23) with respect to all the dynamical variables, i. e.

J =



∂ ˙(b2)
∂b2

∂ ˙(b2)
∂ϕ

∂ ˙(b2)
∂z0

∂ ˙(b2)
∂c

∂ϕ̇
∂b2

∂ϕ̇
∂ϕ

∂ϕ̇
∂z0

∂ϕ̇
∂c

∂ż0
∂b2

∂ż0
∂ϕ

∂ż0
∂z0

∂ż0
∂c

∂ċ
∂b2

∂ċ
∂ϕ

∂ċ
∂z0

∂ċ
∂c


(4.38)

=



− b2Γ
h

8hJ 0 0

−4hJ(1+ϕ2)
b2 − 2ϕΓ+Jω2

4h
8hJϕ

b2 − b2Γ
2h

0 0

−2hJ(c+2ϕz0)
b2 − Γ(1+z0)

2h
4hJz0

b2
4hJϕ

b2 − b2Γ
2h

2hJ
b2

−4hJ(cϕ−2z0)
b2 − Γc

2h
4hJc

b2 −8hJ
b2

4hJϕ
b2 − b2Γ

2h


. (4.39)

The eigenvalues of this matrix when evaluated at the stationary point P = (b2, ϕ, z0, c)

defined by (4.34-4.37) allow to study the stability of the solutions of the differential

equations (4.20-4.23) without having to calculate an exact solution. Specifically, we find

that the eigenvalues of J in the critical point are

λ1,2 = ± iΓ
ωα

− Jωα and λ3,4 = ±2iΓ
ωα

− 2Jωα. (4.40)

Since all of them have a non-positive real part, P is a stable critical point. Therefore, the

evolution of the system in the large time limit will tend to damped oscillations around

the stationary point with frequency Ω = 2Γ/(ωα) and decay time ∆td = 1/(2Jωα). The

ratio between the measurement strength Γ and the tunneling amplitude J determines

if the oscillatory behavior is under- or over-damped. The predictions of this analytic

model agree quantitatively with the dynamics described by (4.11) only if the population

imbalance between the two spatial modes is small. Despite this, we find that this simple
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Fig. 4.3 Effect of the quantum jumps on the atomic observables neglecting the effective
non-Hermitian dynamics. The uncertainty associated to the number of atoms in each
spatial mode decreases (a) while the system prefers configurations with larger imbalance
between odd and even sites (b).

formulation captures the qualitative behavior of b2 and z0 and helps to explain the

emergence of the collective oscillations between odd and even sites.

The quantum jumps substantially contribute to the evolution of the atomic state

and drastically alter the dynamics described by (4.20-4.23). Their effect can be included

in the model by expanding the jump operator â1 = C(z + 1)/2 around the peak of the

Gaussian wavefunction (4.19) as

(1 + z)
2 ≈ 1

2 exp
[
ln(1 + z0) + z − z0

(1 + z0)
− (z − z0)2

2(1 + z0)2

]
. (4.41)

Using this expression, we compute the effect of the jumps on the functions b2(t), z0(t),

c(t) and ϕ(t) and we obtain a set of equations that determines the change in initial

condition for (4.20-4.23) due to the detection of one photon

b2 → b2(1 + z0)2

(1 + z0)2 + b2 (4.42)

ϕ → ϕ(1 + z0)2

(1 + z0)2 + b2 (4.43)
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Fig. 4.4 Close orbits around the stable point for the width of the atomic distribution
(b2, ḃ2) (a) and the population imbalance (z0, ż0) (b) in a single trajectory setting Γ = 0
and without jumps. The black point marks the initial state (b2 = 2h, z0 = 0) while the
red one marks the stationary point. Panel (b) does not show any dynamics since the
initial state and the stationary point coincide.

z0 → z0 + b2(1 + z0)
(1 + z0)2 + b2 (4.44)

c → c(1 + z0)2

(1 + z0)2 + b2 . (4.45)

Neglecting the non-Hermitian dynamics, these equations imply that each quantum jump

tends to squeeze the width of the atomic distribution while it increases the atom imbalance

between odd and even sites (see Figure 4.3). As a consequence, the measurement process

decreases the uncertainty in the population of the spatial modes and the atomic state

becomes a product of two superfluid states with well-defined atom number. In the

next paragraphs, we will discuss how the quantum jumps compete with the effective

non-unitary dynamics, leading to the creation of states where the atomic population

collectively oscillates between odd and even sites.
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4.3.2 Case J = 0

We first start by considering the case when the atomic tunneling is much slower than

the measurement and J can be neglected (see Chapter 3). Within this assumption,

the evolution of the system between two quantum jumps is solely determined by the

non-Hermitian dynamics which, together with the quantum jumps, decreases the variance

of the population imbalance between odd and even sites. Therefore, the final state of

the system is a product of two superfluids with a well-defined number of atoms for each

quantum trajectory and the behavior of b(t) is almost deterministic [42]. However, the

imbalance between odd and even sites is not the same for each quantum trajectory since

it is determined by the specific sequence of quantum jumps. In fact, the photodetections

or the non-Hermitian decay dominates the dynamics of z0 in opposite regimes: the first

effect is predominant if the occupation in the odd sites is large while the second one is

favored by a large occupation of the even sites. In each quantum trajectory, these two

phenomena balance each other and, in the long time limit, z0 reaches a stationary value

which follows the Gaussian probability distribution defined by the initial state (4.17),

favoring states with small population difference between odd and even sites.

4.3.3 Case J ̸= 0

If the tunneling amplitude J cannot be neglected, the detection process competes with

the usual atomic dynamics. We first consider the weak measurement limit Γ ≪ J so

that we can describe the evolution of the system between two quantum jumps setting

Γ ≈ 0 in (4.20-4.23). From the stability analysis we find that the stable point of the

system is b(∞) ≈ 4h/ω and z0(∞) ≈ 0 while the eigenvalues of the Jacobian matrix

are purely imaginary, i. e. λ1,2 = ± iJω and λ3,4 = ±2iJω. Therefore, in the absence

of quantum jumps, the solutions of (4.20-4.23) are oscillating around the stable point

without damping (see Figure 4.4). The photodetections perturb this regular oscillations
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and drive the system quasi-periodically, leading to giant oscillations in the population

of the spatial modes. Specifically, the quantum jumps tend to increase the value of z0

according to (4.42-4.45) and consequently, the radius of the oscillations in the (z0, ż0)

plane is increasing if a jump happens when z0 > 0 while it is decreasing when z0 < 0.

Importantly, these two processes do not happen with the same rate because the probability

for the emission of a photon in the time interval δt depends on the atomic state and it is

given by

pjump = Γ
2h

[
(1 + z0)2 + b2

2

]
δt. (4.46)

Therefore, jumps that increase the radius of the oscillations happen more often and

increase the amplitude of the oscillations of z0(t) (see Figure 4.5). In order to confirm

this prediction, we now turn to the full measurement problem. Taking into account the

non-Hermitian dynamics in the differential equations for b(t) and z(t), the radius of the

orbits shown in Figure 4.4 decreases exponentially. Therefore, we can identify three

different time scales in the evolution of the system:

(i) the oscillation frequency Ω = 2Γ/(ωα),

(ii) the damping time ∆td = 1/(2Jωα),

(iii) the average time interval between two quantum jumps ∆tj = 2h/Γ.

The ratios between these quantities determine which process is dominating the physics

of the system. Considering again the weak measurement regime (Γ ≪ J) but taking

into account the terms depending on Γ in equations (4.20-4.23), we find that both b(t)

and z0(t) oscillate around the stationary point with decreasing radius. In this limit,

one has Ω∆td ≈ Jω2/Γ ≫ 1, indicating that the system behaves like an under-damped

oscillator (Figure 4.6). Importantly, there are many photocounts during each oscillation

(Ω∆tj ≈ Γh/(Jω3) ≪ 1) and the quantum jumps can counteract the damping, driving
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Fig. 4.5 Oscillations of (b2, ḃ2) (a) and (z0, ż0) (b) in a single quantum trajectory setting
Γ = 0 and applying jumps according to the exact diagonalization solution (4.9). The
black point represents the initial state (b2 = 2h, z0 = 0) while the red one marks the
stationary point. The solutions rotate around the stable point with increasing amplitude.
Note that the jumps are from right to left for b2 while they are from left to right for z0.

the atomic system towards states with high population imbalance. In order to prove this,

we describe the average effect of a quantum jump on the width of the atomic distribution

and the relative imbalance as

δb2 = ∆b2 pjump and δz0 = ∆z0 pjump (4.47)

where ∆b2 and ∆z0 are the effect of a single jump on b2 and z0 computed using (4.42)

and (4.44). From these expressions we find that the average photocurrent affects b2 and

z0 as

δb2

δt
= − Γ

2hb
4(t)

[
1 − 1

2
b2(t)

(z0(t) + 1)2 + b2(t)

]
(4.48)

δz0

δt
= Γ

2hb
2(t)(z0(t) + 1)

[
1 − 1

2
b2(t)

(z0(t) + 1)2 + b2(t)

]
. (4.49)

Note that these equations are consistent with the case J = 0: the measurement process

decreases the width of the atomic distribution and, once b2 reaches its stationary value
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Fig. 4.6 Under-damped oscillations of (b2, ḃ2) (a) and (z0, ż0) (b) in a single quantum
trajectory in the weak measurement regime (Γ = 0.001J) without quantum jumps. The
black point represents the initial state (b2 = 2h, z0 = 0) while the red one marks the
stationary point.

(b2 = 0), the unbalance between odd and even sites becomes a constant. We compare the

exponential damping towards the stable point to the effect of the jumps described by

(4.48) and (4.49). Specifically, solving these equations at first order in b2 we find

z0,jumps(t) = −1 + [1 + z0(0)] e b2Γt
2h . (4.50)

The exponent in this expression should be compared with the one describing the ex-

ponential decay of z0(t). In the weak measurement regime, the evolution between two

quantum jumps follows

z0(t) = 1
2e− Γ

ω
t [c(0) sin(Jωt) + 2z0(0) cos(Jωt)] . (4.51)

Therefore, the difference between the exponents in (4.50) and (4.51) is

Γ
(
b2

2h − 1
ω

)
, (4.52)
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Fig. 4.7 Full conditional dynamics of (b2, ḃ2) (a) and (z0, ż0) (b) of a single trajectory in
the weak measurement regime (Γ = 0.001J). The black point represents the starting
point (b2 = 4h, z0 = 0) while the red one marks the stationary point.

which, since ω = 2
√

(1 − h) and b2 ∼ 2h, is positive. This confirms that the jumps

increase the amplitude of the oscillations driving the system away from the stable

point (Figure 4.7).

In order to estimate the behavior of the imbalance in the large time limit taking into

account both the effective dynamics and the quantum jumps, we compute analogous

equations to (4.48) and (4.49) for the phases ϕ and c, and we incorporate them in the

system (4.20-4.23). Expanding the resulting expressions at first order in h we find

˙(b2) = 8hJϕ− Γ
h
b4 (4.53)

ϕ̇ = −Jω2

4h b2 − Γ
h
b2ϕ+ 4hJ

b2 (1 + ϕ2) (4.54)

ż0 = 2hJ
b2 (2z0ϕ+ c) (4.55)

ċ = −Γ
h
b2c+ 4hJ

b2 (ϕc− 2z0). (4.56)

In the large time limit, the width of the atomic distribution becomes constant since the

squeezing due to the measurement and the spreading due to the tunneling balance each
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other so that ˙(b2) = 0 and ϕ̇ = 0. Rearranging the equation for z0(t) in this limit we find

z̈0 = −ω2z0, (4.57)

i. e. the population oscillates between the spatial modes without decaying (Figure 4.7).

If the measurement dominates the dynamics, i. e. Γ ≫ J , the non-Hermitian dynamics

dominates the evolution between two quantum jumps, In this case, the coordinates of the

stationary point in this regime are b2(∞) = 4h
√
J/Γ and z0(∞) = −1 + Jω2/(2Γ), i. e.

the width of the atomic distribution is extremely squeezed while the odd sites of the lattice

tend to be empty. Importantly, the evolution of the system is not oscillatory since the

equations of motions around the stable point resemble an over-damped oscillator as the

eigenvalues of the Jacobian matrix are λ1,2 = ±i
√
JΓ−

√
JΓ and λ3,4 = ±2i

√
JΓ−2

√
JΓ.

In other words, the period of an oscillation around the stable point and the damping time

are approximately the same (Ω∆td ≈ 1 + Jω2/(2Γ), see Figure 4.8). As we described in

the previous paragraphs, the quantum jumps decrease the width of the atomic distribution

even further and the full dynamics of b(t) is not qualitatively different from the one

determined by the differential equation (4.20). In contrast, the evolution of the imbalance

z0(t) is heavily affected by the photodetections, as illustrated in Figure 4.9. Specifically,

we compare the dynamics due to the quantum jumps (4.51) to the one due to the

differential equation (4.22):

z0(t) = 1
2e−

√
JΓt

[
c(0) sin(

√
JΓt) + 2z0(0) cos(

√
JΓt)

]
. (4.58)

Taking the difference between the two exponents we obtain

Γ
(
b2

2h − 1√
JΓ

)
(4.59)
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Fig. 4.8 Over-damped oscillations of (b2, ḃ2) (a) and (z0, ż0) (b) of a single trajectory in
the strong measurement regime (Γ = 100J). The black point represents the starting
point (b2 = 4h, z0 = 0) while the red one marks the stationary point.

which is always positive, implying that the quantum jumps dominate the dynamics of

the system taking z0 away from its stationary point.

4.3.4 Effect of detector efficiency

The oscillatory dynamics we presented in the previous sections requires that all the photons

leaving the optical cavity are successfully recorded by the detector, i. e. η = 1 where η is

the detection efficiency. Nevertheless, the effects we described in this Chapter can be

observed even if η < 1 provided that enough photons are detected for each oscillation

period so that it is possible to estimate the photocurrent. Figure 4.10 illustrates this by

showing the conditional dynamics of the atomic system for different detection efficiencies

when the measurement addresses the population of the odd lattice sites â1 = CN̂odd.

If the detector is not ideal, it is not possible to describe the conditional dynamics of

the system by applying the quantum trajectory technique to the atomic wavefunction.

Specifically, if some photons are “missed” by the detector, the quantum state of the

system becomes mixed and needs to be described by the density matrix ρ̂ [190] and the

stochastic master equation (SME) we presented in §3.3.1. The physical quantity that is
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Fig. 4.9 Full conditional dynamics of (b2, ḃ2) (a) and (z0, ż0) (b) of a single trajectory
in the strong measurement regime (Γ = 100J). The black point represents the starting
point (b2 = 4h, z0 = 0) while the red one marks the stationary point.

directly accessible in the experiments is Nph(t), i.e. the number of photons recorded by

the detector up to time t. Importantly, this function is related to the jump operator and,

in the limit where the timescale of the atomic dynamics is much slower than the typical

interval between two photocounts, can be expressed as

dNph

dt = η⟨ĉ†ĉ⟩(t), (4.60)

where the symbol ⟨Ô⟩ represents the expectation value of the operator Ô on a single

realization of the SME. Equation (4.60) allows us to estimate the minimum efficiency

required for distinguishing the long-range oscillations induced by the measurement

backaction. If the population of the odd sites of the optical lattices oscillates in time, the

number of photons recorded by the detector should show a growing “staircase” behavior

with a characteristic time 2π/J (see panel 2 of Figure 4.10). We can use this peculiar

shape to identify the value of ⟨Nodd⟩: the tread corresponds to the times when ⟨Nodd⟩ ∼ 0

while the riser coincide with ⟨Nodd⟩ ∼ N . Therefore, if the detection efficiency allows to

clearly resolve each step, the measurement backaction makes the atoms oscillate between

odd and even sites retrieving the phenomena that we described in the previous sections.
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More quantitatively, defining Ne(t) as the number of photons escaping the cavity, the

value of Nph(t) follows a Bernoulli process with probability η so that E[Nph(t)] = ηNe(t)

and Var[Nph(t)] = η(1 − η)Ne(t). Importantly, the detection scheme we consider does

not address single site properties since the measurement-induced spatial modes scatter

light collectively. For this reason, the photocurrent η⟨ĉ†ĉ⟩ scales as the square of the

number of atoms loaded in the optical lattice. This property is crucial and highlights the

fact that the oscillatory behavior of the atomic population is not a consequence of the

detection of a single photon but relies on many collective scattering events. Comparing

the variance of Nph(t) to the number of detected photons in a single oscillation period,

we estimate that the oscillatory dynamics is present if η ≳ J/γN2, making the effects we

described robust with respect to detection inefficiency.

4.3.5 Stochastic differential equations and measurement

In Section 4.3.1 we investigated the conditional evolution of the atomic system by

analyzing the effect of the non-Hermitian dynamics and the stochastic process described

by the quantum jumps separately. However, it is possible to reach the same conclusions

by treating these two effects in the same (stochastic) differential equation. Specifically,

from the SSE (3.17) and the Itô table (3.12), we find a generalization of the Ehrenfest

theorem for the conditional evolution of the observable Ô

d⟨Ô⟩(t) =
(

⟨ĉ†Ôĉ⟩
⟨ĉ†ĉ⟩

− ⟨Ô⟩
)

dN(t) +
(
i⟨
[
Ĥ, Ô

]
⟩ − 1

2⟨
{
ĉ†ĉ, Ô

}
⟩ + ⟨Ô⟩⟨ĉ†ĉ⟩

)
dt (4.61)

where the expectation values on the right hand side are computed at time t and [·, ·]

({·, ·}) is the (anti)commutator [65]. Considering a probe that addresses the population

of the odd sites, we can follow the evolution of the system by computing the expectation

values of the number of atoms occupying the mode (N̂odd), the atomic current between

odd and even sites (∆̂) and their fluctuations σAB = ⟨ÂB̂ + B̂Â⟩/2 − ⟨Â⟩⟨B̂⟩. From
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Fig. 4.10 Conditional dynamics measuring Nodd for different detection efficiency obtained
solving the SME for different efficiencies (η = 0, 0.01, 0.1, 1 for the panels (a), (b), (c),
(d) respectively). Panels (1): atomic population of the odd sites. Panels (2): number
of photons detected Nph (normalized to the case η = 1). The shaded area in the panels

(1) represents the fluctuations σ =
√

Tr
(
ρ̂N̂2

odd

)
− Tr

(
ρ̂N̂odd

)2
. Oscillations in the

atomic population can be directly observed in the behavior of Nph(t). For zero efficiency
(no detector), no oscillations develop, while for finite efficiency the oscillations exist.
(N = 100, γ/J = 0.01)

equation (4.61) we find

d⟨N̂odd⟩ =dN
[

⟨N̂3
odd⟩

⟨N̂2
odd⟩

− ⟨N̂odd⟩
]

+ dt
[
−J⟨∆̂⟩ − γ

(
⟨N̂3

odd⟩ − ⟨N̂odd⟩⟨N̂2
odd⟩

)]
(4.62)

d⟨∆̂⟩ =dN
⟨N̂odd∆̂N̂odd⟩

⟨N̂2
odd⟩

− ⟨∆̂⟩

+ dt
[

− 2J
(
N − 2⟨N̂odd⟩

)

−γ

2
(
⟨N̂2

odd∆̂⟩ + ⟨∆̂N̂2
odd⟩ − ⟨∆̂⟩⟨N̂odd⟩

)]
(4.63)
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dσ2
N =dN

[
⟨N̂4

odd⟩⟨N̂2
odd⟩ − ⟨N̂3

odd⟩2

⟨N̂2
odd⟩

− σ2
N

]

+ dt
[

− J
(
⟨N̂odd∆̂⟩ + ⟨∆̂N̂odd⟩ − 2⟨∆̂⟩⟨N̂odd⟩

)
−γ

2
(
2⟨N̂4

odd⟩ − 4⟨N̂odd⟩⟨N̂3
odd⟩ − 2⟨N̂2

odd⟩2 + 4⟨N̂2
odd⟩⟨N̂odd⟩2

)]
(4.64)

dσ2
∆ =dN

⟨N̂odd∆̂2N̂odd⟩⟨N̂2
odd⟩ − ⟨N̂odd∆̂N̂odd⟩2

⟨N̂2
odd⟩

− σ2
∆


+ dt

[
4J
(
⟨N̂odd∆̂⟩ + ⟨∆̂N̂odd⟩ − 2⟨∆̂⟩⟨N̂odd⟩

)
−γ

2
(
⟨N̂2

odd∆̂2⟩ + ⟨∆̂2N̂2
odd⟩ − 2⟨∆̂⟩(⟨N̂2

odd∆̂⟩ + ⟨∆̂N̂2
odd⟩)

−2⟨N̂2
odd⟩(⟨∆̂2⟩ − 2⟨∆̂⟩2)

)]
(4.65)

dσ∆N =dN
⟨N̂odd∆̂N̂2

odd⟩⟨N̂2
odd⟩ − ⟨N̂odd∆̂N̂odd⟩⟨N̂3

odd⟩
⟨N̂2

odd⟩
− σ∆N

+

+ dt
[
−J

(
⟨∆̂2⟩ − ⟨∆̂⟩2 + 4⟨N̂odd⟩2 − 4⟨N̂2

odd⟩
)

−γ

2
(
⟨N̂2

odd∆̂N̂odd⟩ + ⟨∆̂N̂3
odd⟩ − 2⟨∆̂⟩⟨N̂3

odd⟩ +

−⟨N̂odd⟩(⟨N̂2
odd∆̂⟩ + ⟨∆̂N̂2

odd⟩) − 2⟨N̂2
odd⟩(⟨∆̂N̂odd⟩ − 2⟨∆̂⟩⟨N̂odd⟩)

)]
(4.66)

where the probability of a jump in a small time interval δt is given by

pjump = δtγ⟨N̂2
odd⟩. (4.67)

The system (4.62-4.65) is not closed since each equation depends on the expectation

values of higher moments of N̂odd and ∆̂. However, we can give an approximate closed

formulation of these equations by assuming that ⟨N̂odd⟩ and ⟨∆̂⟩ are classical Gaussian

variables so that all their moments can be expressed as a function of their mean and

variance (for example ⟨N̂3
odd⟩ ≈ ⟨N̂odd⟩3 + 3⟨N̂odd⟩σ2

N). Similarly to Section 4.3.1, we

focus on the large particle number limit N ≫ 1 so that it is possible to neglect the

variance of N̂odd with respect to its squared value, i. e. σ2
N/⟨N̂odd⟩2 ∼ 1/N ∼ 0. Taking

into account these approximations, equations (4.62-4.65) simplify greatly and can be
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rewritten as

d⟨N̂odd⟩ = 2σ2
N

⟨N̂odd⟩
dN −

(
J⟨∆̂⟩ + 2γ⟨N̂odd⟩σ2

N

)
dt (4.68)

d⟨∆̂⟩ = 2σ∆N

⟨N̂odd⟩
dN − 2

[
J
(
N − 2⟨N̂odd⟩

)
+ γ⟨N̂odd⟩σ∆N

]
dt (4.69)

dσ2
N = − 2σ4

N

⟨N̂odd⟩2
dN − 2

(
Jσ∆N + γσ4

N

)
dt (4.70)

dσ2
∆ = − 2σ2

∆N

⟨N̂odd⟩2
dN − 2

(
4Jσ∆N + γσ2

∆N

)
dt (4.71)

dσ∆N = 2σ∆Nσ
2
N

⟨N̂odd⟩2
dN +

[
J(4σ2

N − σ2
∆) − 2γσ2

Nσ∆N

]
dt (4.72)

where the jump probability is given by pjump = δtγ⟨N̂odd⟩2. The deterministic terms

in the equations for ⟨N̂odd⟩ and σ2
N , i. e. the ones proportional to the time increment

dt, coincide with the differential equations we obtained in Section 4.3.1 using the mean

field approximation. Specifically, we retrieve equations (4.20) and (4.22) by setting

σ2
N = 2N2b2 and ⟨N̂odd⟩ = N(1 + z0). This confirms that the two different approaches

we considered are consistent and lead to the same behavior for the collective variables

addressed by the measurement. The main advantage of the system (4.68-4.72) is that it

allows us to describe the quantum jumps and the non-Hermitian dynamics in a single

equation. We can use these expressions for gaining insight in the conditional evolution of

the atomic system. In order to discuss the behavior of a “typical” quantum trajectory,

we focus on the equations for the atomic imbalance ⟨N̂odd⟩ and the current ⟨∆̂⟩ in the

limit where the number of photons recorded by the detector can be approximated by a

continuous function, i. e. the time interval between two photocounts is much smaller

than the timescale of the atomic dynamics. If this is the case, we can rewrite the Itô

increment as dN = ⟨dN⟩ − ⟨dN⟩ + dN = γ⟨N̂odd⟩2dt + √
γ⟨N̂odd⟩dW where dW is a

Wiener increment representing the fluctuations in the photocounts around the average
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value [11, 100, 190]. Substituting this expression in (4.68)-(4.73) we find

d⟨N̂odd⟩ = −J⟨∆̂⟩dt+ 2√
γσ2

NdW (4.73)

d⟨∆̂⟩ = −2J
(
N − 2⟨N̂odd⟩

)
dt+ 2√

γσ∆NdW. (4.74)

dσ2
N = −2

(
Jσ∆N + 2γσ4

N

)
dt−

2√
γσ4

N

⟨N̂odd⟩
dW. (4.75)

dσ2
∆ = −4

(
2Jσ∆N + γσ2

∆N

)
dt−

2√
γσ2

∆N

⟨N̂odd⟩
dW. (4.76)

dσ∆N = J
(
4σ2

N − σ2
∆

)
dt+

2√
γσ∆Nσ

2
N

⟨N̂odd⟩
dW. (4.77)

Neglecting the fluctuations in the photocounts, the equations for ⟨N̂odd⟩ and ⟨∆̂⟩ describe

the evolution of an harmonic oscillator and confirm the emergence of the oscillatory

behavior for the population of the odd sites of the lattice. Note that these oscillations are

present even without measurement but here their behavior is fundamentally different: in

the absence of continuous monitoring the amplitude of the oscillations is proportional to

the atom imbalance of the initial state and its probability distribution tends to spread, i. e.

the value of σ2
N increases in time. In contrast, here we observe that the uncertainty in the

occupation of the spatial modes (σ2
N ) decreases in time (as suggested by equation (4.75))

and that full-exchange of atoms between the two spatial modes is possible even starting

with a perfectly balanced state. An alternative formulation of equations (4.73)-(4.77)

can be obtained by rewriting them using the Stratonovich formalism:

d
dt⟨N̂odd⟩ = −J⟨∆̂⟩ − γ

d
dtσ

4
N + 2√

γσ2
Nξ(t) (4.78)

d
dt⟨∆̂⟩ = −2J

(
N − 2⟨N̂odd⟩

)
− γ

d
dtσ

2
∆N + 2√

γσ∆Nξ(t) (4.79)

d
dtσ

2
N =

−2 (Jσ∆N + 2γσ4
N) + γσ4

N
d
dt

1
⟨N̂odd⟩2 − 2√

γσ8
N

⟨N̂odd⟩ ξ(t)

1 − 2γ σ2
N

⟨N̂odd⟩2

(4.80)

d
dtσ

2
∆ = −4

(
2Jσ∆N + γσ2

∆N

)
+ γ

d
dt

σ4
∆N

⟨N̂odd⟩2
−

2√
γσ2

∆N

⟨N̂odd⟩
ξ(t) (4.81)
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d
dtσ∆N =

J (4σ2
N − σ2

∆) − γσ∆N
d
dt

σ4
N

⟨N̂odd⟩2 + 2√
γσ∆N σ2

N

⟨N̂odd⟩ ξ(t)

1 + γ
σ4

N

⟨N̂odd⟩2

(4.82)

where ξ(t) is a Wiener process. Combining Eq. (4.78) and (4.79), we find that the

dynamics of the number of atoms in the odd sites can be described as a forced harmonic

oscillator:

d2

dt2 ⟨N̂odd⟩ = 2J2
(
N − 2⟨N̂odd⟩

)
+ F (4.83)

where the forcing term is given by

F = γ

(
J

d
dtσ

2
∆N − d2

dt2σ
4
N

)
+ 2√

γ

[
d
dt
(
σ2

Nξ(t)
)

− σ∆Nξ(t)
]
. (4.84)

Therefore, the measurement introduces a quasi-periodic stochastic force F that drives the

system towards larger imbalance, increasing the amplitude of the oscillations of ⟨N̂odd⟩.

4.4 Beyond non-interacting bosons

The analytic model we introduced in the previous sections can be applied successfully

for describing the conditional dynamics of a system of non-interacting bosons loaded in

an optical lattice. In §4.2 we showed that it is possible to incorporate interactions in

this model by approximating the local on-site repulsion of the Bose-Hubbard model with

an effective interaction between the spatial modes defined by the measurement scheme.

However, in current experimental setups the interaction between the atoms is indeed

local and this property is often fundamental for observing several interesting phenomena,

from the superfluid-Mott insulator quantum phase transition to superconductivity. For

these reasons, we will now consider an alternative method for solving the conditional

dynamics of an ultracold gas.
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As we have seen in the previous Chapter, the quantum trajectory formalism allows

to describe the dynamics of a quantum system subjected to continuous monitoring by

performing a stochastic evolution of its quantum state. It is relatively easy to perform

this task when considering single-particle systems since it is possible to represent the

wavefunction of the system as a state vector and propagate it in time according to the

effective Schrödinger equation (3.19). For example, considering one atom in an optical

lattice with M lattice sites, one can store its quantum state using a vector with M

complex numbers and generate the conditional dynamics by modeling the Hamiltonian

Ĥeff with an M ×M matrix. Although this approach provides an immediate physical

representation of the measurement process, it is particularly challenging to use it when

dealing with many-body physics. In the past decades, several efficient methods have

been developed for studying these systems such as Quantum Monte Carlo and variational

methods [149]. Nevertheless, in most cases, these algorithms allow only to calculate

ground state properties of the atomic system and to compute its phase diagram and are

not suitable for computing the conditional evolution of the quantum state in a single

experimental realization. A notable exception to this are the methods based on the

Density Matrix Renormalization Group [172] where the wavefunction of the system is

modeled using a clever variational ansatz based on Matrix Product States which allows to

calculate its conditional dynamics applying the so-called time-evolving block decimation

algorithm. However, this technique relies on the fact that the Hamiltonian of the system

under study is contains only short-range interactions leading to entanglement of limited

extent. This poses strong limitations in applying these methods to many-body systems

coupled to quantum light: because of the global coupling between the cavity modes and

the atoms, the light field introduces an effective long-range interaction between distant

lattice sites which is reflected in the non-Hermitian term of Ĥeff . This is the main reason

why performing numerical calculations of our system for large atom numbers is really
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difficult and highly efficient methods developed for solving condensed matter systems

fail.

Because of these limitations, we computed the conditional dynamics of many-body

systems using the exact diagonalization (ED) technique. This approach is particularly

convenient since it allows to directly solve the Schrödinger equation (3.19) even if long-

range interactions are present. On the other hand, it is possible to apply ED only to

relatively small systems since the dimensionality of the Hilbert space grows exponentially

with the number of atoms. Therefore, we will now focus on the case of one-dimensional

systems. Importantly, the results we will present are applicable in any number of

dimensions and for an arbitrary system size. The dimensionality of the system affects

key properties of the ground state such as quantum critical points and decay of atomic

correlations. However, in this thesis the ground state represents only a realistic initial

condition and the long-range correlations are dominated by the effect of the nonlocal

nature of the measurement. Therefore, the results that we will present do not strictly

depend on the number of spatial dimensions but on the geometry and symmetry of the

measurement scheme. The only exception is represented by the behavior of 1D fermions:

This differs from any other dimension since atoms with the same spin cannot pass each

other.

4.4.1 Fermi systems

We now focus on the case of fermions2 and we assume that the dynamics of the system

in the absence of measurement is described by the one dimensional Fermi-Hubbard

Hamiltonian with fixed particle number. The first step for applying ED is to choose a

suitable basis for expressing the Hamiltonian of the system and its quantum state. Since

the measurement scheme we propose is sensitive to linear combinations of local quantities
2A description of how to implement ED for bosonic systems is given in [90]
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(e. g. the number of atoms occupying the odd sites of the optical lattice), we use the

Fock states as a basis for the Hilbert space. This choice is particularly convenient for

several reasons. Firstly, it allows to index each Fock state with a binary number. For

example, considering a chain with 4 sites filled with 2 ↑ and 1 ↓ fermion, we can write a

Fock state as

|ψ⟩ = f̂ †
2↓f̂

†
1↑f̂

†
3↑|0⟩ = |0010⟩↓|0101⟩↑ =⇒ 00100101. (4.85)

Secondly, the basis states are eigenstates of the measurement operator and therefore

it is possible to compute its expectation values using element-wise vector operations

(the jump operator ĉ is diagonal). Finally, it is very easy to generate the Hamiltonian

matrix of the system by using bit-wise logical operations. For example, if a↑ and a↓ are

two binary numbers representing two Fock states for the ↑ and ↓ fermionic species, the

interaction energy between them can be calculated by applying the logical operator AND

to corresponding bits of a↑ and a↓. In general, we build all the indices of the basis set for

the Hilbert space of an atomic chain with L lattice sites as follows:

(i) input the number of ↑ and ↓ fermions (N↑ and N↓) and the length of the Fermi-

Hubbard chain M ;

(ii) generate all the possible M−bits binary numbers such that N↑ or N↓ bits are set

to 1 while the others are set to 0;

(iii) given the binary numbers a↑ and a↓ describing two ↑ and ↓ Fock states, we express

them in base 10 and obtain the two labels I↑ and I↓. These two indices can be

combined together as

I = 2LI↓ + I↑ (4.86)
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Fig. 4.11 Oscillatory dynamics induced by the measurement process. Measurement of
N̂odd for fermions leads to oscillations in P (Nodd), though not as clearly defined as for
bosons because of Pauli blocking. Panels (a) illustrates the full probability distribution
for all times while panels (b) focuses on the time indicated by the dashed vertical line
(blue) and the initial state (Fermi Sea, red). (γ/J = 0.01, M = 8 sites, N↑ = N↓ = 4
fermions, Jjj = 1 if j is odd and 0 otherwise).

in order to uniquely identify each state of the basis set. Moreover, this gives a fast

and convenient way to “translate” states into indices and vice versa. For example,

the index I can be stored as

I(i + (n-1)*D) = 2^L * Id(n) + Iu(i);

where D=dim(Iu).

After generating the basis set, we compute the Hamiltonian matrix of the system by using

bit-wise operations on the state indices. Moreover, we usually use the ground state of the

system as the initial state for the conditional dynamics since this is a realistic starting point

and a reference for explaining the measurement-induced effect. This can be computed

by diagonalizing the Hamiltonian matrix (without the non-Hermitian term) using the

Lanczos algorithm. The code we developed for simulating the quantum trajectories is

available at the address http://github.com/gambero88/quantum_trajectories.

In contrast to bosons, it is not possible to formulate a simple analytic description of

the conditional evolution of a system of non-interacting fermions subjected to quantum

measurement. Focusing on the case where the light scattering probes the number of atoms

occupying the odd sites of the optical lattice, we apply ED in order to generate quantum

http://github.com/gambero88/quantum_trajectories
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trajectories. Again, the measurement setups defines two spatial modes and induces an

oscillatory dynamics between them (Figure 4.11). However, for non-interacting fermions

the peak of the probability distribution of N̂odd is not as squeezed as the bosonic case

and the oscillations are not as well-defined. This is not surprising and it is a consequence

of the Pauli exclusion principle: since atoms of the same spin species cannot overlap,

this prevents the measurement from squeezing N̂odd and inducing regular oscillations.

Moreover, while the initial ground state is a product of ↑ and ↓ wave functions (Slater

determinants), the photons leaking from the cavity introduce an effective interaction

between two spin components and the state becomes entangled by measurement. The

dynamics of a one-dimensional fermionic system strongly depends on the spatial profile

of the measurement operator. For example, if only the central part of the lattice is

illuminated (diffraction maximum) the atom transfer between the modes induced by the

measurement is suppressed as the presence of an atom at the edges of the illuminated

area completely forbids the atomic tunneling between the two modes, greatly decreasing

the fluctuations of the measurement operator.

4.4.2 Competition between tunneling, measurement and inter-

actions

If the interaction energy U is different from zero, the conditional dynamics of the atomic

system changes since the measurement process competes with both the tunneling term J

and the on-site interaction. In general, different quantum trajectories have a different time

evolution and even states with similar expectation values of D̂ can have minimal overlap.

Therefore it is not possible to derive a phase diagram that describes the properties of the

atomic state as a function of U , J and γ. However, even though each quantum trajectory

is determined stochastically, we can analyze distinct features that are common to all

of them. For example, the uncertainty in the measured operator D̂ is only a function
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of the parameters in the Hamiltonian. Therefore, by taking the ensemble average of

σ2
D = ⟨D̂2⟩ − ⟨D̂⟩2 over several quantum trajectories, i. e. E[σ2

D], we can characterize

the squeezing of the atomic distribution due to measurement. Importantly, it is not

possible to access this quantity by solving the master equation for the density matrix.

This is because the uncertainty in the final state is very large and each trajectory is

characterized by a different sequence of quantum jumps so that

Var
[
D̂
]

= E
[
D̂2
]

− E
[
D̂
]2

̸= E
[
σ2

D

]
. (4.87)

In other words, the master equation addresses the variance of the average value of D̂ over

the trajectories ensemble (Var
[
D̂
]
) and not the squeezing of a single trajectory conditioned

to the measurement outcome. In this section we show results for the measurement of

D̂ = N̂odd, which is robust to photon losses. Specifically, we compute the width of

the atomic distribution (⟨σ2
D⟩traj) in the limit t → ∞, when its value does not change

significantly in time even if the atomic imbalance is not constant. Moreover, we use the

ground state of the system as initial state since this is a realistic starting point and a

reference for explaining the measurement-induced dynamics.

For bosons (Figure 4.12a), the number fluctuations σ2
D calculated in the ground

state decrease monotonically for increasing U , reflecting the superfluid - Mott insulator

quantum phase transition: for large interactions the atoms tend to localize and therefore

σ2
D drops to zero. However, if the system is subjected to continuous monitoring the

number fluctuations behave very differently and ⟨σ2
D⟩traj varies non-monotonically. For

weak interaction, the fluctuations are strongly squeezed below those of the ground state;

then they quickly increase, reach their maximum and subsequently decrease as the

interaction becomes stronger. It has been shown [90] that this peculiar effect can be

explained by looking at the dynamics of single trajectories (cf. Figure 4.13). For small

values of U/J , the population imbalance between odd and even sites oscillates and its
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Fig. 4.12 Atom number fluctuations demonstrating the competition of global measure-
ment with local interaction and tunneling. Number variances are averaged over many
trajectories. Error bars are too small to be shown (∼ 1%), which emphasizes the fun-
damental nature of the squeezing. (a), Bose-Hubbard model with repulsive interaction.
The fluctuations of the atom number at odd sites N̂odd in the ground state without a
measurement decrease as U/J increases, reflecting the transition between the superfluid
and Mott insulator phases. For the weak measurement, ⟨σ2

D⟩traj is squeezed below the
ground state value, but then increases and reaches its maximum as the atom repulsion
prevents oscillations and makes the squeezing less effective. In the strong interacting
limit, the Mott insulator state is destroyed and the fluctuations are larger than in the
ground state. (100 trajectories, N = L = 6, Jjj = 1 if j is odd and 0 otherwise.)
(b),(c), Fermionic Hubbard model with attractive interaction; fluctuations of the total
atom number at odd sites D̂x = N̂↑odd + N̂↓odd (b) and of the magnetization at odd
sites D̂y = M̂odd = N̂↑odd − N̂↓odd (c). Without measurement, the interaction favors
formation of doubly occupied sites so the density fluctuations in the ground state are
increasing while the magnetization ones are decreasing. The measurement creates singly
occupied sites decreasing the density fluctuations and increasing the magnetization ones,
which manifests the break-up of fermion pairs by measurement. (100 trajectories, L = 8,
N↑ = N↓ = 4, Jjj = 1 if j is odd and 0 otherwise.)
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uncertainty is squeezed by the measurement as described in §4.3.1. However, when

such oscillations reach maximal amplitude the local atomic repulsion spreads the atomic

distribution and prevents the formation of states with large atom number in one of

the two modes (Figure 4.12a). Since the interaction is a nonlinear term in the atomic

dynamics, states with different imbalance oscillate with different frequencies and the

measurement is not able to squeeze N̂odd as efficiently as in the non-interacting case.

This behavior in the weak measurement and weak interaction limit is in contrast with

what the effective two-sites model introduced in the previous section predicts (in a double

well fluctuations are monotonically decreasing with U . This model cannot capture this

behavior since it does not take into account the local nature of the interactions, modeling

them with an effective coupling between all the atoms in different modes. In other words,

the effective double well approximation treated in §4.2 is only valid in the N ≫ 1 limit

which suggests that this difference is due to the fact that in a double well with a large

occupancy the population transfer is sequential, i.e. atoms transfer one by one from

one well to the other, steadily increasing the total interaction energy as ⟨n̂2
i ⟩. On the

other hand, in a lattice the transfer of an atom from one spatial mode to the other is

a collective excitation that increases the energy by KU , where K is the number sites

in one mode. This is an increase by a factor of K compared to a single particle-hole

excitation pair. Therefore, such collective transfer of atoms can be only observed in a

lattice where the measurement addresses the system globally.

For strong interactions, the ground state of the system is characterized by very small

number fluctuations. Even though the interactions and the measurement tend to squeeze

the fluctuations if considered separately, their competition with the tunneling processes

lead to an increase of the uncertainty in the atom number and the destruction of the Mott

insulator phase. This has been explained by investigating the effect of the photocounts

on the particle-hole excitations that are present on top of the Mott state for finite values
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of the interaction parameter U [90]. Specifically, the first-order expansion of the ground

state of the system is given by

|ΨJ/U⟩ =
1 + J

U

∑
⟨i,j⟩

b̂†
i b̂j

 |Ψ0⟩ (4.88)

where |Ψ0⟩ is the Mott insulator state and the second term represents a uniform distribu-

tion of particle-hole excitation pairs across the lattice. These excitations are amplified

by each photodetection: considering a lattice with unit filling and K ≫ 1, the atomic

state after m quantum jumps becomes ĉm|ΨJ/U⟩ ∝ |ΨJ/U⟩ + |Φm⟩ where

|Φm⟩ = 2mJ

KU

∑
i odd

(
b̂†

ibi−1 − b̂†
i−1b̂i − b̂†

i+1b̂i + b̂†
i b̂i+1

)
|Ψ0⟩. (4.89)

Since in the weak measurement regime the non-Hermitian term in the effective Hamil-

tonian can be neglected with respect to the local atomic dynamics, this is a good

approximation for the state of the system. Because of the exponential growth of the

excitations, even a small number of photocounts destroys the Mott insulator state very

quickly. This process cannot be avoided provided that the initial state of the system has

finite fluctuations.

For fermions (Figure 4.13b,c), the ground state of the attractive Hubbard model in the

strong interacting regime contains mainly doubly occupied sites (pairs) and empty sites

as the attraction favors these configurations. Therefore, in the absence of measurement,

the fluctuations in the atom population D̂(x) = N̂↑odd + N̂↓odd (σ2
D(x)) increase with

U/J while the ones in the magnetization D̂(y) = M̂odd = N̂↑odd − N̂↓odd (σ2
D(y)) decrease

because singly occupied sites become more improbable. The measurement induces two

different kinds of dynamics using the same mode functions since, depending on the light

polarization, we can address either the total population, or both total population and

magnetization. In the first case (Figure 4.13b,c), the weak measurement quickly squeezes
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σ2
D(x) , but destroys the pairs. This is because both tunneling and quantum jumps do

not distinguish between singly or doubly occupied sites. Figure 4.13c illustrates such

a measurement-induced breakup: the initial state contains mainly even values of N̂odd,

corresponding to a superposition of empty and doubly occupied lattice sites. As time

progresses and photons are scattered from the atoms, the variance σ2
D(x) is squeezed and

unpaired fermions are free to tunnel across the lattice allowing odd values for N̂odd. In

contrast, if both density and magnetization are probed, the measurement process reduces

both their fluctuations and, as a result, the lifetime of doubly occupied sites is largely

increased. In this case, the conditional dynamics of the system inhibits the tunneling of

single fermions as they are allowed to move across the optical lattice only in pairs with

opposite spin. In both cases, the dynamics of the system is not a result of the projective

quantum Zeno effect (here measurement is weak) but is a manifestation of the squeezing

of the atomic population and magnetization of the two macroscopically occupied modes.

Increasing the measurement strength, its backaction becomes more important until it

is more significant than the local dynamics. If γ ≫ J , the detection process freezes the

state of the system in an eigenstate of the jump operator. In this case, the measurement

is able to squeeze the fluctuations of the atomic state well below the ones of the ground

state. This effect is the same for both bosons and fermions. However, it is particularly

difficult to observe this when probing the magnetization of a fermionic system. This is

due to the degeneracy of the jump operator: in analogy to the effects described in Chapter

3, the measurement tends to project the atomic state to a configuration characterized

by a well-defined value of M̂2
odd, i. e. a “magnetization cat state” with two components

with opposite values M and −M . Therefore, the quantity E
[
σ2

D(y)

]
it is not good for

representing the squeezing of the system because, instead of measuring the width of

the probability distribution of the magnetization around one of the two peaks, it is

sensitive to the distance between them. In order to mitigate this problem, we compute
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Fig. 4.13 Conditional dynamics of the atom-number distributions at odd sites illustrating
competition of the global measurement with local interaction and tunneling (single
quantum trajectories, initial states are the ground states). (a), Weakly interacting bosons:
the on-site repulsion prevents the formation of well-defined oscillations in the population
of the mode. As states with different imbalance evolve with different frequencies, the
squeezing due to the measurement is not as efficient as one observed in the non-interacting
case (N = L = 6, U/J = 1, γ/J = 0.1, Jjj = 1 if j is odd and 0 otherwise). (b),
Strongly interacting bosons: oscillations are completely suppressed and the number
of atoms in the mode is rather well-defined, although less squeezed than in the Mott
insulator. (N = L = 6, U/J = 10, γ/J = 0.1, Jjj = 1 if j is odd and 0 otherwise).(c),
Attractive fermionic Hubbard model in the strong interaction limit. Measuring only the
total population at odd sites D̂x = N̂↑odd + N̂↓odd quickly creates singly occupied sites,
demonstrating measurement-induced break-up of fermion pairs (L = 8, N↑ = N↓ = 4,
U/J = 10, γ/J = 0.1, Jjj = 1 if j is odd and 0 otherwise). (d), The same as in (c), but
with added measurement of the magnetization at odd sites D̂y = M̂odd = N̂↑odd − N̂↓odd.
This protects the doubly occupied sites, thus, demonstrating protection of fermion pairs
by measurement. The distribution of Nodd vanishes for odd numbers, implying that the
fermions tunnel only in pairs. Simulations for 1D lattice.
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the ensemble average of σ2
|D(y)| = ⟨

(
D̂(y)

)2
⟩−⟨

∣∣∣D̂(y)
∣∣∣⟩2. Although this quantity is perfectly

acceptable for estimating the squeezing of the magnetization if the two peaks are far

apart, it is not very accurate if M ∼ 0 or in small systems.

In the strong measurement regime, the quantum jumps freeze the collective quantities

probed by the light and the populations of different spatial modes decorrelate. Neverthe-

less, dynamical processes are not completely suppressed and can still take place [90, 110].

In the quantum Zeno limit of projective measurement, i. e. γ → ∞ tunneling between

lattice sites belonging to different modes would be completely inhibited. However, if γ/J

is large but finite we observe the following effects. First, the evolution between nearest

neighbors within each mode is basically unperturbed by the measurement process and

it is determined by the usual tunneling. Importantly, by engineering the light mode

functions, it is possible to forbid part of this first-order dynamics and select which

processes participate in the quantum Zeno dynamics. Therefore, one can design the

Zeno subspace of the Hilbert space where the system evolves. Second, tunneling between

different spatial modes is possible only via higher-order, long-range correlated tunneling

events that preserve the eigenvalue of the D−operator. In other words, atoms tunnel

across distant sites of the lattice via a virtual state and they behave as delocalized

correlated pairs. It has been shown that the strong measurement regime can be modeled

with an non-Hermitian Hamiltonian which allows to describe the atomic dynamics when

the state of the system is confined in a single Zeno subspace [90, 92, 110].

4.5 Extensions for multimode photonic systems

In this Chapter we focused on multimode dynamics of ultracold atoms. However, it

is reasonable to ask a question, whether the idea of combining the multimode unitary

dynamics and quantum backaction of measurement can be extended to other systems.

Recently, significant effort has been made in the development of purely photonic systems
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with multiple path interferometers, which are one of the setups promising for applications

in quantum technologies. A possible realization consists of multiple interconnected

fibers, the so called photonic circuits or photonic chips [77, 176]. Indeed, quantum

walks [54] have been already discussed in the contexts of both ultracold atoms in optical

lattices and single photons propagating and interfering in a multiple path interferometer.

Both systems are the candidates for realizations of quantum simulations and quantum

computation protocols.

The tunneling of atoms in an optical lattice can be analogous to the propagation

of photons in the waveguides and their transmission and reflection at beamsplitters

(waveguide couplers). Already current technologies allow using single photons and photon

pairs as input states for multiple waveguides [176]. The Boson sampling is considered

as a realization of essentially multimode quantum interference of bosons during their

unitary evolution (i.e. the propagation through the photonic system).

The detection of photons can be considered in several ways. On the one hand, the

non-destructive detection of photons is indeed very difficult to implement. Nevertheless

some research is being carried out, which makes it reasonable to expect at least some

progress in the future. First, parametric down conversion produces pairs of entangled

photons or beams. The detection of an idler beam represents a QND measurement

of the signal beam [190]. The use of photon pairs is already consistent with current

systems [176]. Second, a QND method of photodetection was realized using a cavity QED

system [154]. It indeed remains a challenge to integrate various elements together. On the

other hand, as several photons participate in the interference, even the standard detection

of a small number of them, while being destructive, can be also considered as a non-fully

projective measurement as the rest of photons continue to evolve after some photons are

detected. For example, the photon subtraction technique was already shown to produce

interesting nonclassical states of light and quantum correlations [140]. One can draw
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an analogy with ultracold atoms for the case of two BECs: when the small number of

atoms is destructively detected after the matter-wave interference, the remaining atoms

develop the phase coherence between two condensates due to the projection of quantum

state [36]. Thus, while being an experimental challenge, the fully photonic realization

of the competition between measurement backaction and unitary dynamics can lead to

interesting developments in quantum technologies.

4.6 Discussion

In this Chapter, we proved that the quantum backaction of a global measurement can

efficiently compete with standard local processes in strongly correlated systems. This

introduces a physically novel source of competition in research on quantum many-body

systems. The competition becomes efficient due to the ability to spatially structure the

global measurement at a microscopic scale comparable to the lattice period, without the

need for single site addressing. The extreme tunability of the setup we considered allows

to vary the spatial profile of the measurement operator, effectively tailoring the long-range

entanglement and long-range correlations present in the system. The competition between

the global backaction and usual atomic dynamics leads to the production of spatially

multimode macroscopic superpositions which exhibit large-scale oscillatory dynamics and

could be used for quantum information and metrology. We formulated an effective model

for the dynamics of this mode in a single quantum trajectory, mapping each spatial mode

to a single “well” and describing its properties in term of collective variables. We presented

an analytic model that captures the emergence of large-scale collective oscillations with

increasing amplitude for the case where only two spatial modes are present. Using the

quantum trajectory formalism, we found that the measurement backaction drives the

system away from its stationary point and behaves as a quasi-periodic force acting on

the atoms. We confirmed our finding by formulating an alternative description in terms
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of stochastic differential equations for the evolution of collective atomic observables. In

the limit where the time interval between two photocounts is much smaller than the

timescale of the atomic dynamics and the fluctuations in the photocount can be neglected,

the atomic population of one of the modes evolve as an harmonic oscillator driven by

a stochastic force. Moreover, we addressed the effect of measurement in other physical

systems beyond non-interacting bosons. We showed the possibility of measurement-

induced break-up and protection of strongly interacting fermion pairs. Importantly,

these effects emerge from the weak interaction between photons and atoms and it is not

necessary to achieve the strong coupling regime between them (each photon is scattered

only once).

The measurement scheme described in this Chapter has been recently realized [87, 98]

and the phenomena that we predicted can be observed in these setups. Several experiments

succeeded in implementing part of our proposal: light scattered from ultracold atoms in an

optical lattice (without a cavity) has been detected [127, 188] and ultracold bosons have

been trapped in an optical cavity (without an optical lattice) [17, 171, 191]. Moreover,

the effect of measurement backaction on atomic system has been observed in the context

of single-atom [141] and multi-particle quantum Zeno effect [15]. Because it relies on

off-resonant scattering, the monitoring scheme we propose is not sensitive to the detailed

level structure of the system. This makes it applicable to a vast range of quantum

objects such as molecules (including biological ones) [114], ions [19], atoms in multiple

cavities [25, 74, 138, 139, 147, 189], semiconductor [182], multimode cavities [63, 88] or

superconducting [58] qubits.



Chapter 5

Measurement-induced magnetic

order and density modulations in

ultracold Fermi gases in optical

lattices1

The study of quantum gases trapped in optical lattice potentials is a truly multidisciplinary

field [103]. The experimental realization of Hamiltonians typical of condensed matter

physics such as the Hubbard model allows to study intriguing many-body effects typical

of Fermi systems such as high temperature superconductivity and quantum magnetism.

The latter one is particularly challanging to observe with ultracold atomic systems

because of the extreme cooling it requires in order to create quantum states with very

low entropy which exhibit antiferromagnetic (AFM) correlations. Nevertheless, recent

experiments succeeded in realizing these states and investigated the effect of lattice

geometry and dimensionality on the magnetic correlations of the ground state of the

Hubbard model [66, 73]. In these setups, the presence of AFM ordering is revealed
1The results presented in this chapter are published in [109].
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by averaging the results of time-of-flight images over many different experimental runs

and the atomic cloud is irremediably destroyed after the detection takes place. In this

Chapter, we focus on the effect of measurement backaction in Fermi systems and we

show that by globally coupling the atoms to the light modes of an optical cavity it is

possible to engineer quantum states with density and magnetization ordering, even in

the absence of atomic interactions. Moreover, the detection of the photons escaping

the cavity allows to observe the formation of such long-range correlations in real-time.

We demonstrate that collective light scattering is crucial for establishing these effects

and we compare our approach to similar works based on local addressing [47, 84, 192].

Importantly, the approach we describe in this Chapter is solely based on the measurement

backaction and does not rely on the effective cavity potential which can lead to self-

organization [32, 33, 94, 144, 155, 174], including that of fermions [38, 85, 145]. This

opens new possibilities for studying the dynamics of strongly correlated materials and

the effect of magnetic ordering on superconducting states [126] as the methods we will

describe could be used for imprinting magnetic correlations on states with superconducting

properties.

5.1 Monitoring Fermi systems

In this Chapter, we focus on the conditional dynamics of a Fermi system subjected to

continuous monitoring. Specifically, we focus on the case where the atomic evolution

in the absence of the detection process is described by the Hubbard Hamiltonian (4.3).

Moreover, in analogy to the previous Chapter, we focus on the case of well-localized

atoms so that the annihilation operator for the light field inside the optical cavity depends
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solely on the local density and it is given by

â1 =
∑

σ=↑,↓
CσJiin̂iσ where Cσ = U10a0σ

∆p + iκ
. (5.1)

As we have illustrated in §2.2.3, the polarization of the probe beam defines which linear

combination of the ↑ and ↓ are addressed by the measurement scheme. For example, if the

probe laser is circularly polarized (L or R), the measurement process is sensitive only to

one of the two spin species (â1 = CLD̂
(↑) or â1 = CRD̂

(↓)). Furthermore, considering the

case of linearly polarized probe, the photons escaping the optical cavity carry information

about the atomic density ρ̂i = n̂i↑ + n̂i↓ and the magnetization m̂i = n̂i↑ − n̂i↓ so that

the annihilation operators for the cavity field are proportional to D̂(x) = ∑
i=1 Jiiρ̂i

(x-polarized light) and D̂(y) = ∑
i=1 Jiim̂i (y-polarized light).

In the following sections, we focus mainly on two different geometric configurations for

the measurement that partition the lattice in two spatial modes. The first one addresses

the difference in occupation between odd and even lattice sites (D̂σ = N̂σ,odd−N̂σ,even) and

is implemented using traveling or standing waves and detecting the scattered photons in

the diffraction minimum orthogonal to the direction of the probe beam. This corresponds

to the case where the cavity is placed along the lattice direction (i. e. θ1 = 0) and the

probe beam is perpendicular to them (i. e. θ0 = π/2) so that Jii = (−1)i. The second

scheme we consider probes the number of atoms at the odd sites (D̂σ = N̂σ,odd). It is

realized with standing waves (ui(r) = cos(ki · r)), crossed at such angles to the lattice

that k0 · r is equal to k1 · r and shifted such that the even sites are placed in the maxima

of the light interference pattern, while the even sites are positioned at the interference

zeros and do not scatter light, so that Jii = 1 for i odd while Jii = 0 for i even.
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Fig. 5.1 Measurement-induced AFM order in a single experimental run. (a) The prob-
ability distribution of the staggered magnetization ⟨M̂s⟩ presents two strong peaks as
the state of the system is in a quantum superposition analogous to a Schrödinger cat
state. (b) Comparison between the magnetic structure factor S(Q) for the ground state
(red) and the conditional dynamics (blue), confirming the presence of AFM order. (c)
Number of detected photons as a function of time (normalized to one). The derivative of
this curve (photocount rate) is proportional to S(Q). (γ/J = 1, U/J = 0, N↑ = N↓ = 4,
L = 8)

5.2 Measurement-induced antiferromagnetic order-

ing

We first focus on non-interacting fermions with two spin components at half filling

(N↑ = N↓ = M/2) and we detect the light scattered in the diffraction minimum. In this

case, the ground state of the system is the Fermi Sea |FS⟩ where only single particle

states with k < kF are occupied (kF being the Fermi wavevector) and the density and

magnetization are uniform across the lattice. We use this state as a reference point,
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assuming that the atomic system is initialized in its ground state before the measurement

take place. The monitoring process perturbs this state and induces AFM correlations that

can drive the atomic state to a superposition of the Neel states | ↑↓↑↓ ....⟩ and | ↓↑↓↑ ....⟩.

In contrast to previous works [32, 33, 38, 85, 94, 144, 145, 155, 174], this state emerges as a

consequence of the competition between measurement backaction and atomic tunneling in

a single quantum trajectory and does not rely on the cavity potential. Probing the atomic

system with linearly polarized light along the y axis, the annihilation operator describing

the photons escaping the cavity is â1 = C
∑

i=1(−1)im̂i = C(M̂even − M̂odd) ≡ CM̂s

so the measurement is directly addressing the staggered magnetization of the atomic

system. Moreover, the photon number operator â†
1â1 does not depend on the sign of M̂s

and therefore does not distinguish between states with opposite magnetization profile.

Consequently, the conditional dynamics preserves ⟨M̂s⟩ and the local magnetization

remains the same as the ground state (⟨mi⟩ = 0 for all i). In analogy to section §3.2.1,

the quantum jumps tend to suppress states that do not present AFM correlations since the

application of ĉ on the atomic state completely vanishes its components with ⟨M̂2
s ⟩ = 0.

Therefore, the detection process modifies the probability distribution of ⟨M̂s⟩, making

it bimodal with two symmetric peaks around ⟨M̂s⟩ = 0 that reflect the degeneracy of

â†
1â1. The evolution of such peaks depends on the ratio γ/J which determines whether

the dynamics is dominated by the quantum jumps or by the usual tunneling processes.

Specifically, in the strong measurement regime (γ ≫ J) the detection process freezes

⟨M̂2
s ⟩ to a specific value stochastically determined by a particular series of quantum jumps.

However, if γ ≪ J the measurement cannot inhibit the dynamics and the tunneling

of atoms across the optical lattice leads to an oscillatory behavior, that, in the case of

bosons, can be described analytically (see §4.3).
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The presence of AFM correlations in the quantum state resulting from the conditional

dynamics is revealed by computing the magnetic structure factor

S(q) = 1
M

∑
i,j

eiq·(ri−rj) (⟨m̂im̂j⟩ − ⟨m̂i⟩⟨m̂j⟩) . (5.2)

Monitoring this quantity for each quantum trajectory, we find that the measurement

induces a strong peak at q = Q = π/d and creates an AFM state (Fig. 5.1). Importantly,

the value of S(Q) is directly accessible to the experiments since the probability for

a photon to escape the optical cavity in a (small) time interval dt is proportional to

⟨ĉ†ĉ⟩dt. This allows to observe the formation of AFM ordering in real-time by simply

computing the photocount rate. Note that the emergence of these intriguing quantum

states is stochastic and varies depending on the specific quantum trajectory, i. e. a

single experimental set of photodetections. However, thanks to the photons escaping

from the cavity, it is possible to precisely determined when the AFM correlations are

established and any subsequent dynamics can be frozen by increasing the depth of the

optical lattice. The resulting state can then be used for more advanced studies with

applications to quantum simulations and quantum information. In contrast to condensed

matter systems or usual cold atoms experiments where a strong repulsion between the

atoms is necessary for establishing AFM order, our measurement scheme allows to obtain

these states even for non-interacting fermions. Furthermore, the spatial period of the

correlations imprinted by the measurement can be tuned changing the scattering angle

and may lead to the realization of states with more complex spatial modulations of

the magnetization. Therefore, global light scattering will help to simulate effects of

long-range interactions in Fermi systems which are inaccessible in contemporary setups

based on optical lattices with classical light.

Considering the case of interacting fermions, we show that addressing only one of the

two spin species affects the global density distribution and induces AFM correlations.
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Fig. 5.2 Measurement-induced AFM order in a single experimental run for repulsive
fermions. (a) The measurement process creates a modulation in the local magnetization,
which is not present in the ground state. (b) Comparison between magnetic structure
factor S(Q) for the ground state (red) and the conditional dynamics (blue), confirming
the enhancement of AFM correlations. (γ/J = 0.1, U/J = 20, N↑ = N↓ = 4, L = 8)

Specifically, we consider the measurement operator D̂L = N̂odd↑, which probes only one

spin species using circularly polarized light, and we focus on the strongly repulsive limit

U = 20J . The detection process is sensitive only to the spin-↑ density and therefore

induces a periodic modulation of the spatial distribution of this species, favoring either

odd or even lattice sites. However, since the two different spins are coupled by the

repulsive interaction, spin-↓ atoms are also affected by the measurement and tend to

occupy the lattice sites that are not occupied by the spin-↑ atoms, enhancing the AFM

correlations of the ground state. Importantly, in this case the AFM character of the

atomic state is visible in the local magnetization (Fig. 5.2) since the photon number

operator can distinguish between states with opposite values of ⟨M̂s⟩. The presence of

a single peak in the probability distribution of ⟨M̂s⟩ makes this scheme more robust

to decoherence due photon losses than detecting the scattered light in the diffraction

minimum.
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5.3 Measurement-induced density ordering

We now turn to non-interacting polarized fermions, i. e. all the atoms are in the same spin

state and the atomic Hamiltonian only describes tunneling processes between neighboring

lattice sites. The effective dynamics emerging by measuring ĉ ∝ N̂odd modulates the

atomic density across the lattice and depends on the ratio γ/J . If the measurement is weak,

the atoms periodically oscillate between odd and even sites so that ⟨N̂odd − N̂even⟩ ̸= 0,

i. e. a state where a density wave with the period of the lattice is established. Such

configuration is usually a consequence of finite range interactions [76] and it has been

observed in solid state systems [128] and molecules in layer geometries [21]. Here, in

contrast, the atoms do not interact but the cavity coupling with all the lattice sites

mediates an effective interaction between them. Note that global quantum nondemolition

measurements have been already proposed for molecules in low dimensions [114], which

can link these fields even closer. Observing the photons leaving the cavity allows us to

continuously monitor the state of the atoms, precisely determining when the density wave

is established without need of external feedback [78, 142, 186]. If γ ≫ J , the amplitude

of the density wave remains constant on a timescale larger than 1/J . Importantly, the

fluctuation of the expectation value of the N̂odd are strongly suppressed even if the on-site

atomic density is not well-defined. This is a consequence of the global addressing of

our measurement scheme: the jump operator does not distinguish between different

configurations having the same N̂odd. This property is crucial for establishing correlations

between distant lattice sites (Figure 5.3). Local [47] or fixed-range [13] addressing

destroys coherence between different lattice sites and tends to project the atomic state to

a single Fock state, failing to establish a density wave with a well-defined spatial period.

Furthermore, the spatial period of the long-range correlations imprinted by the global

measurement can be easily tuned changing the scattering angle. We illustrate this by

considering the coefficients Jii = [1, 1/2, 0, 1/2, 1, 1/2, 0...] which can be obtained using
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Fig. 5.3 Conditional evolution of the local density in a single experimental run probing
the optical lattice with (a,c) global and (b) local addressing illuminating the odd lattice
sites. (a) The atomic population collectively oscillates between the two modes defined
by the measurement establishing a spatial periodic modulation with period 2d. (b) The
measurement process suppresses the local fluctuations independently for each lattice
site.(c) Changing the detection angle it is possible to tune the spatial period of the
oscillations, establishing a density wave with period 3d (γ/J = 1, U/J = 0, N = N↑ = 8,
L = 16)

standing waves crossing the lattice at an angle such that k1,0 · r = π/4. With this scheme,

the measurement partitions the lattice in R = 3 non-overlapping spatial modes and leads

to the emergence of density modulations with period 3d (Figure 5.3c).

The measurement backaction changes the structure of the atomic state taking the

system away from its ground state. The specific form of the excitations on top of the

Fermi Sea depends on the spatial structure of the jump operator ĉ and, changing the

spatial profile of Jii, allows us to select which momentum states are affected by the

measurement process. Defining Ak to be the Fourier transform of Ai =
√

2κCJii, one
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has

ĉ =
∑

k,p∈BZ

Apf̂
†
kf̂k+p, (5.3)

where BZ indicates the first Brillouin zone. If Ak presents a narrow peak around k = 0,

i. e. the measurement probes the number of atoms rather homogeneously in an extended

region of the lattice (Jii ∼ const), the detection process creates particles and holes only

on the Fermi surface, which is the typical scenario in conventional condensed matter

systems. In contrast to this, the setup we propose allows us to probe states that are

deep in the Fermi Sea: if ĉ ∝ N̂odd one has Ak ∝ δ(k) + δ(k + Q) and the resulting jump

operator is

ĉ ∝
∑

k∈BZ

f̂ †
kf̂k + f̂ †

kf̂k+Q. (5.4)

Applying this expression on the ground states leads to ĉ|FS⟩ ∝ N |FS⟩/2 + |Φ⟩ where

|Φ⟩ =
∑

k:|k+Q|<kF

f̂ †
kf̂k+Q|FS⟩ (5.5)

and ⟨Φ|FS⟩ = 0. Therefore, the detection process creates particle-hole excitations

with momenta that are symmetric around the wavevector Q/2 and are not necessarily

confined around kF. This symmetry is reflected in the occupation of the single particle

states (Figure 5.4b) and can be better understood defining β̂k = (f̂k + f̂k+Q)/
√

2 and

rewriting the jump operator as ĉ = ∑
k∈RBZ β̂

†
kβ̂k where RBZ is the reduced Brillouin

zone. Therefore, the measurement tends to freeze the number of particle-hole excitations

with wavevectors that are symmetric superposition around Q/2.

The emergence of long-range entanglement makes the numerical solution of the

conditional dynamics in a single quantum trajectory an extremely challenging problem

which is difficult to solve efficiently even with methods such as Matrix Product States

(MPS) [172]. While, in general, the system dynamics for small and large particle numbers

can be indeed different [119], here we confirm our findings on larger systems by formulating
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a mean field theory for the stochastic evolution of single particle occupation number

nk = ⟨f̂ †
kf̂k⟩ and the order parameter αk = ⟨f̂ †

kf̂k+Q⟩. We describe the evolution of

nk and αk using generalization of the Ehrenfest theorem presented in section § 4.3.5.

Identifying the operator Ô in equation (4.61) as Ô = f̂ †
pf̂q, the terms entering the

stochastic differential equation (SDE) (4.61) are given by

[
Ĥa, Ô

]
=
∑

k

[
ϵ(k)f̂ †

kf̂k, f̂
†
pf̂q

]
= [ϵ(p) − ϵ(q)] f̂ †

pf̂q (5.6)

{
ĉ†ĉ, Ô

}
=
∑
r,s

{
f̂ †

r f̂r+Qf̂
†
s f̂s+Q, f̂

†
pf̂q

}
=2f̂ †

pf̂q + 2
∑

r
f̂ †

pf̂
†
r f̂rf̂q + 2

∑
r
f̂ †

p−Qf̂
†
r f̂r+Qf̂q+

2
∑

r
f̂ †

pf̂
†
r f̂r+Qf̂q+Q + 2

∑
r,s
f̂ †

r f̂
†
s f̂

†
pf̂qf̂s+Qf̂r+Q (5.7)

ĉ†ĉ =
∑
r,s
f̂ †

r f̂r+Qf̂
†
s f̂s+Q

=
∑

r
f̂ †

r f̂r +
∑
r,s
f̂ †

r f̂
†
s f̂s+Qf̂r+Q (5.8)

ĉ†Ôĉ =
∑
r,s
f̂ †

r f̂r+Qf̂
†
pf̂qf̂

†
s f̂s+Q

=f̂ †
p+Qf̂q+Q +

∑
r
f̂ †

p+Qf̂
†
r f̂r+Qf̂q +

∑
r
f̂ †

r f̂
†
pf̂q+Qf̂r+Q+

∑
r
f̂ †

r f̂
†
pf̂qf̂r −

∑
r,s
f̂ †

r f̂
†
s f̂

†
pf̂qf̂s+Qf̂r+Q. (5.9)

As expected, the SDE describing the evolution of ⟨f̂ †
pf̂q⟩ depends on the expectation

value of higher correlation functions and, therefore, generates a system of equation that

is not closed. In order to give an approximate solution, we apply a mean field treatment

to these expressions decoupling the terms with more than two operators as we did in
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Chapter 2. Specifically, we compute the expectation values as follows:

⟨f̂ †
af̂

†
bf̂cf̂d⟩ ≈ ⟨f̂ †

af̂d⟩⟨f̂ †
bf̂c⟩ − ⟨f̂ †

af̂c⟩⟨f̂ †
bf̂d⟩ (5.10)

⟨f̂ †
af̂

†
bf̂

†
c f̂df̂ef̂f ⟩ ≈ ⟨f̂ †

af̂f ⟩⟨f̂ †
bf̂e⟩⟨f̂ †

c f̂d⟩ − ⟨f̂ †
c f̂d⟩⟨f̂ †

af̂e⟩⟨f̂ †
bf̂f ⟩−

⟨f̂ †
af̂f ⟩⟨f̂ †

bf̂d⟩⟨f̂ †
c f̂e⟩ − ⟨f̂ †

bf̂e⟩⟨f̂ †
af̂d⟩⟨f̂ †

c f̂f ⟩+

⟨f̂ †
af̂d⟩⟨f̂ †

bf̂f ⟩⟨f̂ †
c f̂e⟩ + ⟨f̂ †

af̂e⟩⟨f̂ †
bf̂d⟩⟨f̂ †

c f̂f ⟩ (5.11)

where we assumed ⟨f̂pf̂q⟩ = ⟨f̂ †
pf̂

†
q⟩ = 0. Defining sq = nq + nq+Q + αq + αq+Q and

xq = 1 +∑
k ̸=q sk, after a rather tedious calculation, we find

⟨
{
f̂ †

qf̂q, ĉ
†ĉ
}
⟩ ≈ − γxq [2nq + αq + αq+Q − 2 (αq + nq) (αq+Q + nq)] (5.12)

⟨
{
f̂ †

qf̂q+Q, ĉ
†ĉ
}
⟩ ≈ − γxq [2αq + nq + nq+Q − 2 (αq + nq) (nq+Q + αq)] (5.13)

⟨
[
Ĥa, f̂

†
qf̂q

]
⟩ =0 (5.14)

⟨
[
Ĥa, f̂

†
qf̂q+Q

]
⟩ = − 2Jαq [cos (q + Q) − cos (q)] (5.15)

⟨ĉ†f̂ †
qf̂qĉ⟩ ≈1

2
[
⟨
{
f̂ †

qf̂q, ĉ
†ĉ
}
⟩ − γ(nq − nq+Q)

]
(5.16)

⟨ĉ†f̂ †
qf̂q+Qĉ⟩ ≈1

2
[
⟨
{
f̂ †

qf̂q+Q, ĉ
†ĉ
}
⟩ − γ(αq − αq+Q)

]
(5.17)

⟨ĉ†ĉ⟩ ≈γ

4

2
∑

q
sq +

(∑
q
sq

)2

−
∑

q
s2

q

 (5.18)

Using these expressions in (4.61), we obtain a closed system of N SDE that can be

solved numerically. Solving the conditional evolution of nk and αk in a single quantum

trajectory, we find that the emergence of density modulations is confirmed even in large

systems.
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Fig. 5.4 Solution of the mean field equations for a single experimental run. (a) The
measurement imprints a density modulation on the atomic state as the number of atoms
occupying the odd sites oscillates. (b) Occupation of the single particle momentum states
for different times showing that the creation of particle-hole excitations is symmetric
around kF. Different colors represent different times with reference to panel (a) (γ/J =
0.05, U/J = 0, N = 50, L = 100)

5.4 Discussion

In this Chapter, we have shown that measurement backaction on ultracold Fermi gases

can be used for realizing intriguing quantum states characterized by a periodic spatial

modulation of the density and the magnetization. We have demonstrated that this spatial

structure is a consequence of the global nature of the coupling between atoms and light.

The competition between measurement backaction and usual dynamics determined by

the tunneling enables the study of quantum magnetism without requiring extreme cooling

or strong interactions between the atoms. Our method enables the possibility to engineer

otherwise low entropy states (i.e. with small number of defects). Importantly, the

formation of magnetic states can be observed in real-time by measuring the photocurrent

leaving the optical cavity, without the need of destructive techniques such as time-of-flight

imaging. Additionally, it might be possible to engineer feedback control to stabilise a

desired correlated quantum many-body state (see Chapter 6). This opens new possibility

for studying the effect of magnetic ordering on superconducting states [126]. Moreover,

the setup we presented is extremely flexible and, by tuning the spatial profile of the
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measurement operator, allows to realize different macroscopic quantum superpositions

with applications ranging from quantum information to quantum technologies. It may be

promising to extend recent phase-space methods [82] to fermionic systems [41, 159] and

to investigate the effect of measurement on atomic systems with higher spin. Although

light scattering into the cavity constitute an additional source of heating and decoherence

for the atoms, the effects described in this work can be observed in present experimental

setups [87, 98] since the life time of the important states is large enough and its dynamics

can be probed [97]. Moreover, ultracold bosons have been successfully trapped in optical

cavities without a lattice [31, 97, 191] and light scattered from ultracold atoms loaded

in an optical lattice without a cavity has been detected [127, 188]. Finally, Bragg

spectroscopy of a cloud of ultracold bosons coupled to vacuum field of a cavity [97]

and measurement-induced creation of Schrödinger cat states involving few thousand

atoms [112] have been recently reported.



Chapter 6

Quantum optical feedback control

for creating strong correlations in

many-body systems1

In the previous chapters, we have seen how the measurement backaction affects the

conditional dynamics of a many-body atomic system subjected to continuous monitoring.

We illustrated this effect in several contexts and we showed how one can exploit this

phenomenon for engineering quantum states characterized by large-scale oscillatory

dynamics or magnetic and density order. Although the evolution of these interesting

states can be observed in real-time by looking at the photons escaping the optical cavity,

a common feature of these examples is that their dynamics is stochastic and depends on

the exact sequence of photocounts recorded by the detector. In this Chapter we show that

combining the effects arising from measurement backaction and feedback, it is possible

to realize in real-time [168] stable strongly correlated many-body states such as density

waves, NOON, and antiferromagnetic states (even in the absence of atomic interactions),

which are important for simulating analogous condensed matter systems and have
1The results presented in this chapter are accepted for publication in [108].
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applications in quantum information. In contrast to recent proposals [78, 79, 100, 142],

where measurements are performed at optimized moments in time or the specific series

of quantum jumps is approximated with a continuous signal, we control the quantum

state of the system by modulating the system parameters in a single quantum trajectory

depending on the outcome of quantum weak measurement. Quantum optical control

allows us not only create, but also tune the stationary and dynamical parameters of the

many-body states (e.g. the particle imbalance and oscillation frequency).

6.1 Conditional dynamics of the atomic state in pres-

ence of feedback

Classical devices rely on feedback loops for stabilizing and rescaling the output signal

around a predetermined value. The generalization of these schemes to the quantum

world must take into account one of the most fundamental manifestations of quantum

mechanics: each time a detection is performed, the state of the system changes because

of the measurement backaction. In analogy with the previous chapters, we focus on the

conditional evolution of an ultracold atomic gas loaded in an optical lattice coupled to

the quantized light modes of an optical cavity. The quantum state of the atoms can be

probed in real-time by recording the photons leaking from the cavity. In this Chapter,

we add another layer of complexity to this system as we use the information from the

photodetections for applying feedback to the system changing the amplitude of the lasers

that form the optical lattice. Depending on the feedback gain, it is possible to stabilize

interesting quantum states and obtain a deterministic evolution.

We focus on a system of atoms (bosons or fermions) in an optical lattice that are

described by the Hamiltonian Ĥa [see (4.2) and (4.3)] in the absence of interactions so

that U = 0. Within these assumptions, the free atomic dynamics in the absence of
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measurement is solely determined by the tunneling processes between nearest neighbors

sites of the optical lattice. As we have seen in §3.3, the most general formulation of

the quantum trajectories formalism is in terms of the density matrix π̂(t) which evolves

following the stochastic differential equation

dπ̂(t) =
(
dN(t)G[ĉ] − dtH

[
iĤa + 1

2 ĉ
†ĉ
])
π̂(t) (6.1)

where G[. . . ] and H[. . . ] are the non-linear superoperators

G[ŵ] π̂ = ŵπ̂ŵ†

Tr[ŵπ̂ŵ†] − π̂ (6.2)

H[ŵ] π̂ = ŵπ̂ + π̂ŵ† − Tr
[
ŵπ̂ + π̂ŵ†

]
π̂. (6.3)

and Tr
[
Ô
]

is the trace of Ô. If we identify the jump operator ĉ with the annihilation

operator for the cavity mode, we can define the photocurrent measured by the detector as

I(t) = dN/dt. In a single quantum trajectory, this expression coincides with a sequence

of Dirac-δ functions at the specific times when photons are emitted. Nevertheless, it is

natural to use this quantity for altering the parameters of the system and consequently

affect its dynamics since I(t) is directly available experimentally. In this Chapter, we

will use the photocurrent I(t) to modulate the depth of the optical lattice, effectively

changing the tunneling amplitude J . Other options could include modifying the intensity

of the probe beam, the length of the optical cavity or the cavity decay loss rate κ. In

general, using the current I(t) to act on the atomic system will change the evolution of

its density matrix π̂(t) and this change does not depend only on the value of I(t) at the

time t but also on all the times preceding t. In other words, there is a functional relation

between the change in π̂(t) due to the feedback and the current I(t) in the interval [0, t).
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Therefore, the most general expression for the effect of feedback on π̂(t) is

[ ˙̂π(t)
]

fb
= U

[
t, I[0,t)

]
π̂(t) (6.4)

where I[0,t) represents the photocurrent recorded at all times from t = 0 to t and the

superoperator U [. . . ] is a functional of I[0,t). In order to include this term in (6.1), we

specialize to the case of a linear functional U [. . . ] so that the feedback evolution is

[ ˙̂π(t)
]

fb
=
∫ ∞

0
h(s)I(t− s)Kπ̂(t)ds (6.5)

where h(s) is a response function representing the delay between the photocurrent and

the application of the feedback and K is a so-called Liouville superoperator, i. e. it can

be expressed as

Kπ̂(t) = −i
[
Ĥa, π̂

]
+

K∑
k=1

D
[
L̂k

]
π̂(t) (6.6)

where
{
L̂k

}
are arbitrary operators and

D
[
L̂k

]
π̂ = L̂kπ̂L̂

†
k − 1

2

(
L̂kL̂

†
kπ̂ + π̂L̂†

kL̂k

)
. (6.7)

Further simplifying the problem, we assume the system does not maintain any memory

about past values of the photocurrent and the feedback acts on the system with a fixed

delay τ so that h(s) = δ(s− τ). Thus, equation (6.5) reduces to

[ ˙̂π(t)
]

fb
= I(t− τ)Kπ̂(t). (6.8)

Computing the differential
[
ḋπ̂(t)

]
fb

and incorporating it in the SME (6.1) is non-trivial

problem because of the peculiar properties of the stochastic differential dN . In order to
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do so, it is necessary to compute the Taylor expansion of [π̂(t+ dt)]fb at all orders as

[π̂(t+ dt)]fb = exp
(

dt ∂
∂s

)
[π̂(s)]fb

∣∣∣∣∣∣
s=t

. (6.9)

This expression can be evaluated by noting that, for a real physical system, there is finite

correlation time over which the noise term I(t− τ) remains relatively constant and it

is not really given by a sequence of δ functions [190]. Therefore, we can evolve [π̂(s)]fb
while keeping I(t− τ) constant so that

d
ds [π̂(s)]fb

∣∣∣∣∣∣
s=t

= dN(t− τ)
dt Kπ̂(s)

∣∣∣∣∣∣
s=t

. (6.10)

Inserting this expression in (6.9), we find

[π̂(t+ dt)]fb = exp [dN(t− τ)K] π̂(t). (6.11)

This equation allow us to calculate the SME describing the evolution for the density

matrix π̂ subjected to both measurement and feedback. Crucially, such an equation must

take into account the fact that the feedback must always act after the measurement.

Therefore, the value of π̂(t+ dt) after both measurement and feedback take place is

π̂(t+ dt) = exp [dN(t− τ)K]
{
1 + dN(t)G[ĉ] − dtH

[
iĤa + 1

2 ĉ
†ĉ
]}
π̂(t). (6.12)

Finally, we focus on the case τ → 0 where there is no delay between the detection of a

photon and the application of the feedback loop. By taking this limit and applying the

properties of the increment dN we find that (6.1) becomes

dπ̂(t) =
{
dN(t)

[
eK (G[ĉ] + 1) − 1

]
− dtH

[
iĤa + 1

2 ĉ
†ĉ
]}
π̂(t). (6.13)
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Fig. 6.1 Experimental setup. Ultracold atoms are loaded in an optical lattice (OL) inside
an optical cavity and probed with a coherent light beam (mode a0). The cavity enhances
the light scattered orthogonally to a0 and the photons escaping it are detected (mode â1).
Depending on the measurement outcome, a feedback (FB) loop with gain z is applied for
modulating the depth of the optical lattice.

In this Chapter, we consider the case where the feedback loop instantaneously changes

the depth of the atomic potential, effectively modulating the value of the tunneling

amplitude J depending on the photocount rate (Figure 6.1). Within these hypotheses,

the superoperator K acts on the density matrix as

Kρ̂ = i[zĤ0, ρ̂] (6.14)

where the parameter z describes the feedback strength. Assuming perfect detection

efficiency and that the initial state of the system is in a pure state, we solve the master

equation (6.13) by simulating individual quantum trajectories. The evolution of the

system is determined by the stochastic process described by the quantum jump operator

d̂ =
√

2κeizĤ0 ĉ and the non-Hermitian Hamiltonian Ĥeff = Ĥa − iℏd̂†d̂/2. In other

words, Ĥeff generates the dynamics of the atomic system in between two consecutive

photoemissions and, when a photon escapes the optical cavity, the jump operator d̂ is

applied to the atomic wavefunction. Note that d̂ describes both the effects of measurement

backaction (ĉ) and the feedback loop (e−izĤ0). Adopting the notation of Chapter 4, we
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characterize the strength of the measurement process with the ratio γ/J where γ = κ|C|2:

this quantity determines if the dynamics of the system in the absence of feedback is

dominated by the tunneling or by the quantum jumps.

In the following sections we will apply these ideas to the case of a one-dimensional

optical lattice. We focus on two different detection schemes which lead to the same

number of spatial modes (see §2.2.2). If the light modes are standing waves and their

interference pattern has nodes at the odd sites of the lattice, one has Jjj = 0 for odd

and Jjj = 1 for even sites. In this configuration, the measurement probes the number of

atoms occupying the even sites of the lattice and induces the formation of two spatial

modes defined by lattice sites with different parity. The same mode structure can be

obtained considering traveling or standing waves such that the wave vector of the cavity

(k1) is along the lattice direction and the wavevector of the probe (k0) is orthogonal to it

so that (k0 − k1) · rj = πj. This configuration corresponds to detecting the photons that

are scattered in the diffraction minimum at 90◦ and Jjj = (−1)j.

6.2 Feedback-stabilized density waves and antiferro-

magnetic ordering

We first consider non-interacting bosons and demonstrate that the feedback process can

be used for targeting specific quantum states even in the weak measurement regime

(γ ≪ J). Collecting the photons scattered in the diffraction minimum, the detection

scheme probes the population imbalance between the odd and even sites of the lattice

(ĉ ∝ N̂odd − N̂even). Importantly, since the intensity of the scattered light is â†
1â1, the

measurement is not sensitive to the sign of the imbalance and the atomic state remains

in a superposition of states with opposite imbalance (Schrödinger cat state). In order to

analyze the conditional evolution of the system, we focus on the Fourier Transform (FT)
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Fig. 6.2 Probability distribution of N̂odd − N̂even for single quantum trajectories (Panels
1) and averages over 200 trajectories (Panels 2) for different values of the feedback gain
z. Panel 3 shows the power spectrum of ⟨N̂odd − N̂even⟩ averaged over 200 trajectories.
In the absence of feedback [Panel (a), z = 0] the oscillations of the population of the
odd sites are visible only in a single trajectory. For z > zc [Panel (b), z = 1.23zc] the
imbalance between odd and even sites is frozen for each quantum trajectory and E [|F|2]
does not have a strong peak, indicating that N̂odd − N̂even does not oscillate. For z < zc

the frequency of the oscillations can be tuned above [Panel (c) z = −4zc] or below [Panel
(d) z = 0.8zc] the frequency defined by the tunnelling amplitude J . Again, the oscillatory
dynamics is visible only in a single quantum trajectory and the average probability
distribution spreads quickly. (N = 100, γ/J = 0.02, Jjj = (−1)j, zc = 0.0025)

of the square population difference:

F (ω) =
∫

⟨(N̂odd − N̂even)2⟩e−iωtdt. (6.15)

This quantity is directly accessible in the experiments since ⟨(N̂odd − N̂even)2⟩ is pro-

portional to the photocurrent ⟨â†
1â1⟩. In the absence of feedback, the effect of the

measurement is to induce the giant oscillations in the atomic population that we analyzed

in Chapter 4 (Figure 6.2a). Moreover, we can calculate their frequency by looking at

eventual peaks in F (ω). Note that the phase of such oscillations varies randomly between

different quantum trajectories and therefore the ensemble average E[F (ω)] does not allow

to describe the typical dynamics in a single realization. However, by taking the power



6.2 Feedback-stabilized density waves and antiferromagnetic ordering 147

spectrum of F (ω) and then computing its expectation value over many trajectories, i. e.

E[|F (ω)|2], the relative phase difference between different experimental runs disappears.

Therefore, by studying the behavior of E[|F (ω)|2] it is to determine the average oscillation

frequency and remove the “noise” that characterizes the conditional dynamics in a single

trajectory. As expected, if the feedback is not present (z = 0), E[|F (ω)|2] has a strong

peak at ω = 4J indicating that the oscillation frequency is determined by the tunneling

amplitude.

Considering now the case when feedback is applied to the system, we find that there

is a critical value for the parameter zc which defines two different dynamical regimes: if

z < zc the expectation value ⟨(N̂odd − N̂even)2⟩ oscillates while if z > zc the imbalance

reaches a steady state value that is deterministically defined by the parameter z itself

(Figure 6.2). We explain this effect by looking at the effect of feedback on atoms: defining

∆tn to be the time interval between the (n− 1)−th and n−th quantum jump, the state

of the system after Nph photocounts is

|ψ(t;Nph)⟩ ∝
Nph∏
n=2

[
e−iĤeff∆tneizĤa ĉ

]
e−iĤeff∆t1|ψ(0)⟩ (6.16)

where |ψ(0)⟩ is the initial state of the system. In the weak measurement regime (γ ≪ J),

we can focus on the terms depending linearly on ∆tn or z and neglect the commutator

between Ĥeff and Ĥa since it scales as ∆tnz, thus

e−iĤeff∆tneizĤa ≈ e−i(∆tn−z)Ĥa−ℏĉ†ĉ∆tn/2. (6.17)

Therefore, the parameter z defines an effective timescale which competes with the

tunneling and the measurement processes. We find that it is possible to formulate a

simple description of the dynamics of the atomic system by comparing the value of z to the

average time interval between two consecutive quantum jumps, i. e. ∆t = 1/(2γ⟨D̂†D̂⟩).



6.2 Feedback-stabilized density waves and antiferromagnetic ordering 148

Fig. 6.3 Effects of measurement and feedback detecting the photons scattered in the
diffraction minimum. Panel (a): Imbalance between odd and even sites as a function of
the feedback strength. There is a very good agreement between the numerical results
and the analytic expression derived in text. Panel (b): average power spectrum as a
function of the feedback strength. The value of E [|F|2] presents a strong peak for z < zc,
indicating that the trajectories are characterized by an oscillatory dynamics. The vertical
dashed line marks z = zc. (N = 100, γ/J = 0.02, Jjj = (−1)j, zc = 0.0025)

Specifically, if ∆tn ≈ ∆t = z, the feedback completely inhibits the tunneling described by

the Hamiltonian Ĥa and the dynamics of the system is determined by the “decay” term

in Ĥeff . In this case, there are only two processes which contribute to the evolution of the

system: the non-Hermitian dynamics (which tends to suppress the atom imbalance) and

the quantum jumps (which drive the system towards large ⟨(N̂odd −N̂even)2⟩). In the large

time limit, these two effects balance each other and the system reaches a steady state

where the probability distribution of N̂odd −N̂even has two narrow peaks at opposite values.

This regime is somehow analogous to the one we described in Chapter 3 (where the

atomic dynamics was neglected) and to the strong measurement regime (quantum Zeno

effect) [92, 93]. However, in these cases the system is confined to a quantum state that is

an eigenvector of the jump operator whose eigenvalue is determined stochastically and

ultimately depends on the initial state of the system. In contrast, here the introduction

of a feedback loop allows us to deterministically select the final state of the system by
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tuning the value of z. Defining ⟨D̂†D̂⟩T as the target imbalance one wants to obtain, the

corresponding feedback gain realizing this specific configuration is z = 1/(2γ⟨D̂†D̂⟩T )

[see Figure 6.3(a)]. Moreover, the target steady state is reached independently from the

initial state of the system.

Since the value of the population imbalance between odd and even sites cannot exceed

the total number of atoms, the maximum possible value for ⟨D̂†D̂⟩T is N2. This defines

a critical z under which the condition ∆t = z cannot be fulfilled, zc = 1/(2γN2). As a

consequence, for z < zc the state of the system does not reach a steady state and the

measurement backaction establishes an oscillatory dynamics.

Following the approach presented in Chapter 4, we find that carefully choosing the

feedback gain it is possible to tune the frequency of the oscillations of ⟨(N̂odd − N̂even)2⟩

according to ω = 4
√

1 − z/zc [see Figure 6.3(b)]. Again, these oscillations are visible

only analyzing single quantum trajectory and are not visible in the average probability

distribution. The presence of two peaks in the probability distribution ⟨N̂odd − N̂even⟩

makes this measurement setup susceptible to decoherence due to photon losses [116].

However, this scheme can be made more robust by illuminating only the odd sites of the

lattice so that ĉ ∝ N̂odd. In this case, the measurement operator probes the occupation

of the odd sites and its probability distribution has only one strong peak.

We now turn to non-interacting fermions and we focus on the case where the system

is probed using linearly polarized light so that the jump operator is sensitive to the

staggered magnetization M̂S = M̂odd −M̂even. If feedback is not present, the measurement

backaction leads to quantum states characterized by antiferromagnetic ordering, as

described in Chapter 5. However, these correlations follow an oscillatory dynamics and

cannot be selected deterministically since they are a result of the competition between

local tunneling processes and the (stochastic) quantum jumps. In analogy to the bosonic

case, introducing a feedback loop allows us to obtain antiferromagnetic states with a
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Fig. 6.4 Effects of measurement and feedback probing the staggered magnetization in a
fermionic system. (a): square of the staggered magnetization as a function of the feedback
strength (blue line) compared to the analytic formula (red line) for a fermionic system.
Note that the two curves do not have the same behavior because the analytic solution
assumes that M̂S is a continuous variable while the numerical simulations are performed
on a small system where M̂S assumes only discrete values. Panel (b): steady state value
of the probability distribution of M̂S as a function of the feedback strength. The dashed
line represents the theoretical prediction. The feedback loop stabilizes antiferromagnetic
correlations. (N↑ = N↓ = 4, γ/J = 1, Jjj = (−1)j , zc = 1/128)

predetermined staggered magnetization in each single quantum trajectory even in the

absence of many-body interactions. Again, there is a critical value of the gain z which

sharply divides two regimes. If z > zc the system reaches a steady state such that

⟨M̂S⟩ =
√

1/(2γz) for each quantum trajectory. In contrast, if z < zc the value of ⟨M̂⟩S

is not stationary and taking its expectation over many quantum trajectories we find

that, on average, the atomic state does not present antiferromagnetic order. Figure 6.4

illustrates this effect by showing the average over many realizations of the expectation

value of the staggered magnetization and its probability distribution in the large time

limit as a function of the feedback gain. Note that the predicted value for M̂S agrees
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with the numerical results only qualitatively. This is because the analytic solution

⟨M̂S⟩ =
√

1/(2γz) treats the staggered magnetization as a continuous variable while

when performing a simulation on a small system only some discrete values of ⟨M̂S⟩ are

possible. This effect is not surprising and it is rather analogous to previous works where

the discreteness of the matter field leads to spectra with multiple peaks [28, 60, 123].

6.3 Discussion

In this Chapter, we demonstrated that the feedback control and optical measurement

backaction can be used for engineering quantum states with long-range correlations which

can be tuned by changing the spatial structure of the jump operator. We illustrated this by

considering the case where the measurement induces two macroscopically occupied spatial

modes and the feedback loop can stabilize interesting quantum phases such as supersolid-

like states (i.e. the density waves with long-range matter-wave coherence) and states

with antiferromagnetic correlations, depending on the value of the feedback gain z. This

parameter determines the strength of the feedback loop and its net effect is to modulate

the tunneling amplitude J according to the measurement outcome. Experimentally, this

can be achieved by changing the depth of the optical lattice V0 in [29]

J = 4ER√
π

(
V0

ER

)3/4
exp

(
−2
√
V0

ER

)
(6.18)

where ER the recoil energy. Importantly, since the critical value of z scales as 1/(γN2)

the effects described in this work can be observed by weakly perturbing V0, changing

the optical lattice depth by slightly modifying the intensity of the lasers. For example,

assuming V0/ER ∼ 10 and considering z ∼ 10−2, one needs to change the ratio V0/ER

by a factor ∼ 5 · 10−3. Moreover, the light-atom coupling regime we considered has

been recently realized in two different experimental setups [87, 98]. Finally, these
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phenomena are not specific to ultracold atomic systems but the same ideas can be applied

to superconducting qubits [138, 139, 147, 189], molecules [114], optomechanical arrays

[12, 140], arrays of optical resonators [125], Rydberg [170, 193] and other polaritonic and

spin excitations [9, 30] and even purely photonic systems with multiple path interference

[24, 54, 134, 136, 176]. Moreover, the phenomena we described in this Chapter could

also be observed in conventional condensed matter systems in the regime of ultra-strong

light matter interactions. These include 2D electron gases in THz metamaterials [194]

and light-induced high-Tc superconductivity in conventional materials [45, 126, 132].

Engineering the effects we presented in real solid state systems opens the possibility of

realizing hybrid devices for quantum technologies [95] in the near future.



Summary and Conclusions

In this thesis, we focused on the effects emerging by treating light as a quantum variable

when it is coupled to a many-body atomic system. Specifically, we considered the case of

an ultracold atomic system coupled to the quantized light modes of an optical cavity.

Because of this coupling, light and matter become entangled, leading to the vast range of

novel phenomena that we presented in this work. Firstly, we showed that by observing

the photons leaking form the cavity it is possible to perform a QND measurement of the

atomic variables. The quantum correlations of the atomic state are imprinted onto the

light field and this property can be exploited for distinguishing different quantum states.

As a consequence, the angular distribution of the intensity of the scattered light does

not coincide with the classical diffraction pattern but contains a quantum addition. We

illustrated this effect by considering the case of an ultracold Fermi gas. Depending on the

polarization of the probe beam, the scattered photons give access to the fluctuations of

local magnetization of the atomic cloud. This quantity is directly related to the presence

of Cooper pairs in the ultracold gas since the strong attraction between atoms with

opposite spin leads to smaller fluctuations of the magnetization. Therefore, by observing

the scattered light one can distinguish between different ground states of the atomic

system without recurring to destructive techniques such as time-of-flight imaging.

Secondly, we demonstrated that the light field inside the optical cavity mediates an

effective synthetic inter-atomic interaction. This new coupling between the atoms does

not depend on fundamental processes, making it extremely suitable for realizing quantum
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simulations of many-body systems with long-range interactions. We showed that the

spatial profile of this effective interaction can be tuned by changing the relative position

of probe beam and cavity modes, giving several examples that go beyond what can be

obtained using complex systems such as polar molecules and Rydberg atoms.

Thirdly, we proved that measurement backaction constitutes an additional dynamical

term in the evolution of many-body systems which competes with the usual short-range

processes described by local interactions and tunneling between neighboring lattice

sites. Moreover, we showed that its effect greatly depends on the spatial profile of the

measurement operator which can be engineered on a scale comparable to the lattice

spacing without the need of single-site resolution. Because of the global nature of the

coupling between light and atoms, the measurement preserves long range entanglement

and correlations. In the case of bosons, we presented an effective analytic model that

describes the conditional evolution of the system and we demonstrated that the detection

process induces macroscopic oscillations of the atomic population across the optical

lattice. We analyze this dynamics in details and we confirmed that the effects we describe

can be observed even if the efficiency of the detector is not ideal. For fermions, we

presented different measurement schemes which lead to both the break up and protection

of strongly interacting fermionic pairs. Furthermore, we explain how to exploit the

competition between measurement backaction and tunneling for creating interesting

quantum states characterized by antiferromagnetic and density correlations. Comparing

our approach to other works based on local addressing, we show that the global coupling

between light and atoms is crucial for obtaining these novel effects.

Finally, we conclude this work by illustrating how the effective stochastic dynamics

induced by continuously monitoring the atomic system can be stabilized with the aid

of quantum feedback. By modulating the depth of the optical lattice depending on the

number of photons leaking from the optical cavity, it is possible to create Schrödinger cat



155

states and imprint magnetic or density correlations on the atomic state in a deterministic

way.

Although here we focussed on a system of ultracold atoms loaded in an optical

lattice, the effects we described can be generalized to other physical systems where the

measurement backaction can compete with the usual unitary dynamics. For example, the

phenomena we presented could be observed in purely photonic systems with multiple path

interferometers known as photonic chips or photonic circuits [77, 105, 136, 176]. In these

systems, single photons can propagate across multiple paths, generating dynamics which

is analogous to the tunneling of atoms in an optical lattices. Moreover, the propagation

of the photons that can be easily controlled by tuning the reflection and transmission

coefficients of the beam splitters or waveguide couplers, allows to implement feedback

[134] on the system. Such setups are within the reach of current experiments where

single photons and photonic pairs have been successfully used as input states for multiple

waveguides [176]. The effects demonstrated in such photonic systems include quantum

walks [51, 54] and boson sampling [176].

The non-destructive detection of photons is very difficult to implement and it is

certainly a challenge for current experiments. However, there are some techniques which

allow to perform this task. For example, measuring an idler beam arising from the creation

of pairs of entangled photons or beams via parametric down conversion represents a

QND measurement of the signal beam [190]. Moreover, such a setup is consistent with

current experiments involving photon pairs [176]. Another possibility for realizing QND

of photons is to use a cavity QED system [154]. If the number of photons participating in

the multiple-path interference is not too small, the usual destructive detection of few of

them can be considered as a measurement that is not fully projective since the surviving

photons continue to propagate. This is analogous to the creation of nonclassical states of

light and quantum correlations using photon subtraction [140].
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In conclusion, we demonstrated that applying quantum optical methods to the study

of ultracold gases greatly enriches their physics introducing novel processes and methods

for engineering quantum states. The effects we described in this thesis rely on off-resonant

light scattering and are therefore non-sensitive to the detailed electronic structure of the

atomic system. Therefore, the phenomena and the methods we presented can be applied

to a vast range of quantum systems such as molecules (including biological ones) [114],

ions [19], atoms in multiple cavities [25, 74, 138, 139, 147, 189], semiconductor [182],

multimode cavities [63, 88] or superconducting [58] qubits. This highlights even further

the multidisciplinarity of the results presented in this thesis making them promising for

applications in future quantum technologies.
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