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Abstract

In this thesis, we investigate some applications of the gauge/string duality to strongly-
coupled quantum field theories. After a brief review of the duality and the main entries
of the holographic dictionary, we explore the asymptotic nature of the gradient expan-
sion for Bjorken flow using the fluid/gravity correspondence. We link the divergence
of the series to the presence of non-perturbative quasi-normal modes and construct
the hydrodynamic attractor, using Borel-Padé summation techniques. We find that
different initial conditions hydrodynamise, at large values of the pressure anisotropy,
before the plasma has had time to reach thermal equilibrium. We then explore the
transport properties of zero sound modes in a family of holographic strange metals.
We find sound modes with speed given by the conformal value and attenuation con-
stant given by hydrodynamic form at arbitrarily low temperatures, even outside of the
usual hydrodynamic regime. The sound attenuation constant as a function of tem-
perature qualitatively resembles that of a Landau Fermi liquid zero sound, including
a maximum between the collisionless and the hydrodynamic regimes. In order to get
insight into these low temperature sound modes, we introduce a new quantity called
“entanglement density”, which we study holographically for a range of systems and
relevant deformations. We conclude that its asymptotic nature is linked to the area
theorem of entanglement, and that it can be used to classify states of quantum matter

according to their long-range entanglement and the violation of the area theorem.
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Chapter 1

Introduction

In the late 90’s, an unexpected connection emerged between two seemingly unrelated
theories. On the one side, we have a theory of classical gravity, the force which gov-
erns nature on large scales and describes black holes. On the other side, we have
quantum field theories, which describe interactions between fundamental particles at
various scales. The key insight to connect these two branches of physics came from the
study of non-perturbative objects in string theory, which can be described by quantum
gauge theories or classical gravity, depending on their backreaction on the surrounding
geometry. In the small backreaction limit, the low energy effective description is a
weakly-coupled gauge theory with the coupling proportional to the backreaction. On
the other side, in the large backreaction limit, the extended objects collapse into a
black hole with low energy effective description given by gravity.

The gauge/string duality, also known as holography or the AdS/CFT correspon-
dence [1-4], conjectures that these two descriptions are in fact equivalent for all values of
the coupling (backreaction). In particular, the weakly-coupled string theory described
by (classical) gravitational theory provides a dual description of the strongly-coupled
gauge theory (this part of the correspondence is known as gauge/gravity duality). The
best-understood realisation of the duality relates a d-dimensional conformal field theory
(CFTy) in flat Minkowski spacetime to gravity on (d + 1)-dimensional anti-de Sitter
(AdSgy1) spacetime. The AdS/CFT duality was originally formulated between the
conformal, maximally supersymmetric N' = 4 Yang-Mills theory with gauge group

SU(N,) in d = 4 dimensions and type IIB string theory on AdSs x S°, which in the



strong coupling limit of the gauge theory reduces to classical (super)gravity on AdSs [1].

The most attractive feature of the correspondence is that it is a weak-strong duality,
providing a tool to understand general properties of non-perturbative quantum field the-
ories (QFTs) by using well-understood methods in classical general relativity and black
hole physics. Conventional calculations in QFTs usually rely on perturbation theory
and Feynman diagrams, which have been extremely useful in understanding the elec-
troweak forces and the high energy limit of the asymptotically free theory of quantum
chromodynamics (QCD). Apart from these fundamental forces, most of condensed mat-
ter theory is based on the existence of weakly-interacting quasi-particles, described by
an effective QFT. However, there are well-known examples such as strange metals and
high-temperature superconductors in condensed matter systems, or strongly-interacting
systems such as QCD at low and intermediate energies describing e.g. the quark-gluon
plasma (QGP), which defy a perturbative approach. A common alternative is lattice
gauge theory, which allows for a non-perturbative numerical evaluation of the Euclidean
quantum path integral. However, lattice gauge theory is known to suffer from the “sign
problem” at finite chemical potential and is also ill-suited for computing real-time cor-
relation functions and transport properties [5]. In many cases, there are simply no
other tools available that would allow for necessary calculations in strongly-interacting
systems. By contrast, holography drastically simplifies calculations at strong coupling,
such as e.g. the calculations of real-time correlation functions, which essentially reduce
to solving linear wave equations in the dual gravitational theory. Moreover, the dual
gravitational perspective offers a geometric description for strongly-coupled processes
which goes beyond the weakly-interacting quasi-particle picture [6].

These simplifications, however, come at a price: QFTs with dual gravity description
are very particular and in fact rather different from realistic theories such as QCD.
First, they are typically supersymmetric and conformal matrix gauge theories. Second,
in order to suppress quantum effects on the gravity side, one has to take the large N,
limit [7] in the gauge theory, typically based on a gauge group such as SU(N..) or similar.
Due to these restrictions, QFT's with gravity duals can at best serve as useful toy models

for real strongly-coupled systems, if we concentrate on the universal features of these



models, i.e. properties that only depend on the IR physics and are thus common to
different theories, regardless of their microscopic details. One of the intriguing examples
of such a universality is the ratio of shear viscosity 1 to entropy density s which, in
natural units, is given by /s = 1/47 in all rotationally-invariant holographic fluids dual
to Einstein gravity [8-12], which is surprisingly close to the 7/s estimated for strongly
interacting cold atoms and the QGP [13]. AdS/CFT has also revealed universality in
second-order transport [14-18] and anomalies in transport [19-21].

In this thesis, we use holographic approaches to investigate strongly-interacting
quantum systems at finite temperature and density. Chapter 2 motivates the origin
of gauge/gravity duality within string theory and Chapter 3 summarises the relevant
entries in the holographic dictionary, which translates between the gauge theory and
gravity sides. In Chapter 4, we explore the “unreasonable effectiveness” of hydro-
dynamics, i.e. its ability to describe the QGP even for extreme pressure gradients,
questioning the traditional applicability criteria of this effective theory. We study the
boost-invariant Bjorken flow at finite coupling using the fluid/gravity correspondence
to show that the hydrodynamic expansion is an asymptotic series, which, employing
the theory of Borel-Padé summation, can be used to construct an early time “hydro-
dynamic attractor” to justify the applicability at large gradients. In Chapter 5 we
explore the sound modes in strongly-coupled strange metals at finite temperature and
chemical potential. We find sound modes with attenuation constant given by hydrody-
namic form at arbitrarily low temperatures, outside the usual hydrodynamic regime,
and we comment on the universal presence of these “zero sound” modes in the case
where the system is described by an effective (0+ 1)-dimensional C'F'T; at low energies.
Finally, in Chapter 6, we explore the properties of the effective C'F'T}, by studying the
dependence of the entanglement entropy on the size of the entangled region in several
holographic systems with low-dimensional effective IR descriptions. We find that at
low temperatures and/or large enough dimension, the systems violate the “area theo-
rem” [22,23] and develop long-range entanglement, which could explain the presence
of the “zero sound” modes at low temperatures. We conclude with a summary of our

results in Chapter 7.



Chapter 2

The Gauge/Gravity Duality

In this chapter we introduce the gauge/gravity duality which is the main working
instrument of this thesis. In Section 2.1, following the ideas summarised in ref. [24], we
motivate the duality, first omitting technical details of string theory, and then returning
to them in Section 2.2, where we explore the original motivation for the duality using
non-perturbative objects in string theory called D-branes. Finally, in Section 2.3 we

reconstruct the general argument for the canonical example of the duality between

N =4 SYM and type IIB string theory on AdSs x S°.

2.1 Motivating the duality

Although the AdS/CFT correspondence was originally motivated in the context of D-
branes and string theory, the existence of the duality could in principle be inferred
by considering certain aspects of gauge theories and gravity or string theory.! In this

section, we motivate the connection between gauge theories and string theory.

2.1.1 The geometrisation of the renormalisation group flow

Consider a QFT in d-dimensional Minkowski spacetime with coordinates (¢, Z), defined
with a short-distance cutoff e. As shown in the work of Kadanoff and Wilson in the
60’s, a good way to organise the degrees of freedom of the system is according to the

energy or length scales. Whenever one is interested in the properties of the theory at

'Since string theory is a quantum theory of gravity whose low energy description is given by classical
general relativity, we will use the terms string theory and gravity interchangeably.



large length scales z > ¢, it is more convenient to obtain an effective description of the
theory by integrating out the microscopic details encoded in the short distance physics.
If we are interested in even larger length scales 2z’ > 2z, we could further integrate
out the degrees of freedom present between those scales. This procedure defines a
Renormalisation Group (RG) flow, and creates a continuous family of effective theories
in a d-dimensional Minkowski spacetime labeled by the RG scale z. If we now consider
z to be a physical coordinate, then what we have created is a (d+1)-dimensional theory,
where a (d + 1)-dimensional region defined by z > 2’ is completely described by the
d-dimensonal effective theory of the system defined on the 2’ slice.

In particular, if we take 2z’ — 0, we discover something remarkable, which is that
this (d + 1)-dimensional theory would be completely described by a theory in one
lower dimension, living on the 2’ = 0 slice, assuming we know how to connect the
slices together. These ideas were advocated by Polyakov long before the AdS/CFT
correspondence was discovered [25].

However, a priori we do not know how exactly the degrees of freedom of a (d 4 1)-
dimensional system can be encoded by the degrees of freedom of a theory in one lower
dimension. The clue comes from the holographic principle [26,27], which says that a
theory of quantum gravity in a region of space can be described by a non-gravitational
theory living on the boundary of that region. This suggests that the (d+1)-dimensional
theory we are looking for might be a theory of quantum gravity/string theory, realising
the holographic principle, where, in our case, the non-gravitational theory is a QFT
living on the 2z’ = 0 slice, at the boundary of the entire space.

The heuristic arguments presented above serve as a motivation rather than a precise
recipe on how to contruct the correspondence, making the relation between the Wilso-
nian cut-off € and the holographic coordinate z precise. Establishing such a relation
remains an open problem in holography.?

At this point, we can try to establish some general properties that this (d + 1)-

dimensional spacetime should satisfy. The most general metric that we can construct

2See e.g. the recent work in [28], where some progress has been made in the context of dimensional
renormalisation in AdS/CFT.



in d 4+ 1 dimensions consistent with the d-dimensional Poincare symmetry of the dual

field theory can always be written in the form
ds® = Q(2)*(—dt* + di® + dz?), (2.1)

where the metric components can depend only on z and we have used diffeomorphism
invariance to factor out an overall scaling factor 2(z). For a general field theory, not
much can be said about €2(z). However, if we consider theories with extra symmetries,
such as CFTs, we can determine €2(z) using the additional restrictions. The conformal
symmetry would imply that our theory will be invariant under a constant rescaling of
the coordinates (t, T, z) — A(t, 7, z), since z represents a length scale in our boundary

theory. Under this additional symmetry, the only possible metric becomes

R2

~2

ds* (—dt? + dz* + d2?), (2.2)

which is precisely the metric describing AdSy,, spacetime with constant curvature ra-
dius R and negative cosmological constant o< 1/R? [29]. In addition to Poincare and
scaling symmetries, conformal field theories are also invariant under additional transfor-
mations, collectively forming a d-dimensional conformal group SO(2,d). Remarkably,
the isometry group of the metric in Eq. (2.2) precisely matches® the symmetry group
of CFT)!

An inmediate question then is what type of QFT could possibly look like a string
theory? As we will see in the next section, the perfect candidate turns out to be a

non-Abelian matrix gauge theory in the 't Hooft’s large- N, limit [7].

2.1.2 The 't Hooft large-N, limit and stringy connections

A strong indication that a string theory description may exist for matrix non-Abelian
gauge theories comes from the large-N, expansion proposed by ‘t Hooft [7], where
the basic idea is to treat the number of colours N, of the gauge group as a large

parameter, and expand physical quantities in powers of 1/N.. As an example, consider

3The isometry group SO(2,d) of AdSg4.1 is most easily understood by embedding AdSqi; as a
hyperboloid in a flat R*¢ space [3,4, 30].



the Euclidean partition function of the theory with the gauge group U(N.) and coupling

/DA exp(

After introducing the 't Hooft coupling A = ¢% MNC, the vacuum-to-vacuum amplitude,

gy M,

d'rTrF, F”") (2.3)

given by log Z, is expanded as
log Z = fo(MN? + fi(A\) + fo(N) th (A)N2=2, (2.4)

The power y = 2 — 2h can be recognised as the Euler character, which is telling us
that in this limit, the Feynman diagrams of the theory reorganise themselves according
to the topology of 2-dimensional compact manifolds. In particular, any of the coef-
ficients f,(\) will only get contributions from the diagrams that can be consistently
respresented as two-dimensional surfaces with h holes without crossing any lines.

Remarkably, such an expansion is reminiscent of a perturbative expansion in closed
string theory, where the worldsheet of a string expanded perturbatively in the string
coupling g, is also organised by the topologies of two-dimensional surfaces. For example,
the vacuum-to-vacuum amplitude in the string theory can be written as

A:Fo(a)é+F1( a) + Fy(a ZF 2 (2.5)

S

where

o = 27l (2.6)

is the inverse of the string tension given as function of the string length ;. Comparing

these two expressions, one is temped to identify

which heuristically explains how a large-N, field theory can be described by a string
theory in the first place.

The large-N, limit has another interesting property: it suppresses contributions
from matter in the fundamental representation of the gauge group. One may ask, for
example, how the equation (2.4) gets modified, if we include matter in the fundamental

representation. In a theory with N; flavours, the single quark loop planar diagram

7



contribution to the vacuum amplitude scales as log Z ~ N¢N., and therefore the con-
tribution from quark loops will be suppressed by powers of Ny/N. < 1. Thus, to
leading order in N, it is safe to ignore the quark contribution.* From this discussion,
we conclude that in order to have a gravity/string dual description, we might need to

consider matrix QFTs in the large- N, limit.

2.2 Non-perturbative objects and Dp-branes

Perturbatively, string theory is a theory of strings, involving both open and closed
strings. Non-perturbatively, the theory also contains a variety of higher-dimensional
solitonic-like objects. Of particular interest to us will be the Dirichet p-branes (Dp-
branes) of type II superstring theories in 10 spacetime dimensions, which are extended
objects where closed strings can break and open strings can end.’

O xl, ... aP)

Consider one of these Dp-branes branes extending along the z# = (z
directions, with y* = (y?,...,3°) denoting transverse directions. After quantising the
excitations along the brane, one can see that the low energy degrees of freedom consist
of an Abelian U(1) field A, (x) with the field strength F), = 0,4, — 0,4, and 9 —p
scalar fields ¢'(x) parametrising the transverse directions of the brane y*, with their
respective fermionic superpartners.

The low energy effective action of a single D-brane can be described by the so-called

Dirac-Born-Infeld (DBI) action [32,33]°

Sper = —1p / dp+1$\/— det (guu + ozF;w)a Juv = N + 042au¢i uﬁbi- (2.8)

Here T} is the tension of the brane which, using a ~ [2, scales as

1 1
(2m)pg ottt g ot

Tp = (2.9)

“Here we assume that Ny is kept fixed in the large N, limit, but one may consider other options,
such as the Veneziano limit [31], where N, ~ Ny.

°In superstring theory, Dp-branes carry conserved charges associated with Ramond-Ramond (RR)
(p+1)-form fields which makes them stable objects.

6The bosonic part of the Dp-brane action consists of two terms. The DBI part, which couples
to the closed-string sector, namely the metric, dilaton and Neveu-Schwarz-Neveu-Schwarz (NS-NS)
2-form, and the Wess-Zumino part which couples to the RR terms [34-36]. We will only consider the
DBI part and we will consistently set the NS-NS 2-form to zero and the dilaton to a constant.



with g, being the induced metric on the brane parametrised by the transverse scalars.
To leading order in «, the DBI action reduces to the usual U(1) Maxwell form plus

scalars and a constant term o Tp

2
Sppr ~ —TD/dp+1$\/ —det (gu,,) (1 -+ %FMVFW/ + .. ) (210)

a? a? 4 ,
~ _TD/dp“x (1 5 PP+ 50,00, + . ) . (2.11)

It is important to notice that the inverse dependence of the tension Tp o 1/gs
on the coupling signals the non-perturbative nature of the Dp-branes: they decouple
from the spectrum in the g, — 0 limit. Note that the dependence of the tension on the
coupling is different from the one typically found for field theory solitons and instantons,
which normally scale as 1/g%,,. If a QFT were to be dual to a string/gravity theory,
by looking at the non-perturbative sector, we see that this would suggest the relation
g%, ~ gs between the two couplings, which will be confirmed later in the specific
realisation of the duality.

Since Dp-branes have finite tension, they gravitate and therefore modify the space-
time around them. In particular, the gravitational effect around a stack of N. Dp-branes

will be controlled by the 10-dimensional analogue of Newton’s constant,
k1o = 167l5 ~ g21%. (2.12)

The dependence on the Planck length [, or the string length [, is completely deter-
mined by the dimensional analysis, whereas the g dependence emerges from the fact
that the low energy effective gravitational coupling at tree level is determined by the

exchange of closed strings o g2 [34]. Combining these results, we find that the quantity
N Tpriy ~ gsN P (2.13)

controls the effects of the backreaction on the geometry, or the coupling to the closed

string sector of the system.”

"Notice that if we want to have finite backreaction in the small I, limit, we can only consider
branes with p < 7. In particular, the presence of a D7-brane will modify the asymptotic geometry and
introduce a deficit angle.



2.2.1 Open strings and probe D3-branes

From now on, we will be only concerned with the D3-branes of the type IIB superstring
theory. In particular, consider a stack of N, D3-branes in two different limits, according
to their backreaction or coupling to the closed string sector.

In the probe limit, where g,N. < 1, their gravitational effects are negligible, and
we find a description in terms of only open strings stretching between the D3-branes, in
10-dimensional flat spacetime. Something remarkable happens when we consider N, of
those branes stacked on top of each other. In addition to the degrees of freedom of each
D3-brane, there are now N? ways to attach the endpoints of an open string between
them. The gauge fields and scalars thus become N, x N, matrices and the U(1) Maxwell
action is extended to the U(N.) Yang-Mills action, with the gauge field and scalars
in the adjoint representation. Supersymmetry extends the Yang-Mills action to the
maximally supersymmetric Yang-Mills or N' = 4 SYM action in (3+1) dimensions [37],
with the bosonic part of the Lagrangian given by

1 . , 2 o
L= Tt (55—FuF" + D¢ D'e' — LM[g ¢ ) (2.14)
29y M 2
where the Yang-Mills coupling is related to the string coupling via®

Go oy = 4mgs. (2.15)

Due to the large number of supersymmetries, this theory has many interesting prop-
erties, including the fact that the beta function 5(gy ) = 0 vanishes exactly [38,39].
Consequently, the coupling constant is scale-independent and the theory is conformally
invariant. The U(1) part of the U(N,) = SU(N,) ® U(1) group can be ignored, since it
physically corresponds to a translation of the whole system, and therefore the dynami-
cal theory we are considering has SU(N,) gauge group. From this section we conclude
that the low energy effective description in the open string picture is given by SU(N..)
N =4 SYM CFT, in (3 + 1) dimensions.

8The exact factor of 47 can found in two different ways. First, by comparing the F2? terms in the
two actions, from Egs. (2.14) and (2.10). The second way uses the SL(2,Z) self-duality symmetry
of both theories, which relate the axi-dilaton 7 = gi + 5= on the gravity side, to the complexified

coupling 7 = ATL 4+ % of the dual Yang-Mills theory [4]. Here we have included the relationship

P
9y m

between the parity violating terms given by the 6 angle, and the dual axion field x.

10



2.2.2 Closed strings and extremal black 3-branes

On the other hand, as we start increasing the backreaction, ultimately to the limit
gsN. > 1, the D3-branes will gravitate very strongly, eventually forming what is known
as an extremal black 3-brane geometry [40], a planar analogue of an extremal black
hole. In this regime, the solution is described by gravity, and therefore by closed strings

only. The general black 3-brane metric at finite temperature reads

ds® = H(r)™> (= f(r)dt* +di*) + H(T)% (ﬁ(:) + r2dﬂg) : (2.16a)
H(r) :1—1—%1, f(r) = —:—421. (2.16b)

Since we have D3-branes extending along 3 spatial directions, their gravitational effect
is similar to that of a point particle in the 6 transverse directions, with mass M o
N.Tp. This is the reason why the metric (2.16a) only depends on the radial coordinate
transverse to the brane. For r/R > 1, we have H(r) ~ 1 and the metric reduces to
that of the flat space. The parameter R can thus be considered as the characteristic
length scale of the gravitational effect of N, D3-branes. The other parameter rg o< T is
the position of the horizon proportional to the Hawking temperature 7" of the system.
In the extremal limit, 7' = 0, the black 3-brane solution can be identified with N,

coincident D3-branes, where R is given by [24]
R* = 47g,NI%. (2.17)

Notice that since we are considering the large backreaction limit Ngs > 1, this implies
that R > [, holds, and classical geometry is not affected by stringy corrections.

In the limit we are concerned with here, r/R < 1, we can neglect the “1” in H(r).
This is commonly known as the near horizon limit of the extremal black 3-branes. The

metric reduces to?

ds® = ds’,g, + R*dQ3, (2.18)

9The general black p-brane metric will have a Ricci scalar ~ r~®=3°/8 in the near horizon limit.
If we want to avoid curvature singularities and have a classical solution in this limit, we are forced to
consider D3-branes.

11



where

7“2

oy | R
ds%gs, = 2 (—dt* + di?) + ﬁdTQ . (2.19)

Changing variables via r = R?/z, one finds that the metric (2.19) is the same as
(2.2). We thus see that the near-horizon metric factorises into AdS; x S°, and a
“throat” geometry develops, with the size of the throat and the 5-sphere set by the
same parameter R known as the AdS radius. A natural question arises, namely, what
is the low-energy effective description in this case?

A far away observer will see two type of low-energy excitations. At infinity, we
have closed strings with proper energy E,, ~ 1, small compared to the string length
scale £ [, < 1. We also have open strings inside the throat, which are strongly
gravitationally redshifted and have arbitrary proper energy compared to the string
length scale E(r)ls ~ 1. These two type of excitations decouple in the low energy limit.
To see this consider the probability of an open string falling into the throat, which
is given by the cross-section of a graviton scattering ¢ ~ k2, ~ I5. By dimensional
analysis, we expect that [¢] = L° and therefore, combining both expression leaves us
with o ~ E3 [® for a string at infinity, which vanishes in the low energy limit. In a
similar way, we see that the energy needed to escape from the potential well of the
throat become infinite in the near horizon limit E(r) = H(r)"4E_ ~ R/r > 1.

From this discussion we conclude that in the limit Ng, > 1, the low energy effective
description of the system is given by all the excitations of type IIB closed string theory
on the (near-horizon) AdSs x S® in an otherwise flat Minkowski space. This can be

seen as an alternative low-energy description of the stack of N, D3-branes.

2.3 The AdS/CFT correspondence

In the last two sections we have seen two equivalent descriptions of a stack of N,

D3-branes. In the open string description, using Eq. (2.15) we have
drgsN. = N < 1, (2.20)

and the D3-branes are hyperplanes in an otherwise flat spacetime. In this description,

excitations are only open strings stretching between the branes, whose effective low
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energy description is given by SU(N.) CFT in (3 + 1) dimensions. In contrast, in the

closed string description we need
ArgsN, = A > 1, (2.21)

and D3-branes form a non-trivial spacetime geometry in the near-horizon region. In
this description, excitations are only closed strings, whose low energy limit consists
of all the excitations of type IIB closed string theory inside the AdSs x S° throat.
Assuming that the variation in Ng, and the low-energy limit commute [39], Maldacena

conjectured [1] that
{ N =4SYM in (3+1) Minkowski } = { IIB string theory on AdSs x S® }

for all values of gsN.. This is the canonical realisation of the AdS/CFT correspondence
or gauge/string duality. In particular, we can relate the AdS radius R to the two
fundamental scales in string theory, the string length I; and the Planck length [, via [41]
R R
_— = 4.7TNC, l_4

i =\ (2.22)
Let us now examine the limits in which either side of the correspondence becomes
tractable. In order to suppress quantum gravity effects, keeping gV, fixed, we need
to demand R/l, > 1. At this stage, we are still left with strings propagating in a
classical spacetime. Unfortunately, we don’t know how to fully treat this “classical”
string theory either, so we also need to take the classical low energy limit of the strings
by requiring R/ls > 1, which approximates type IIB superstring theory by type IIB
supergravity [42,43]. According to Eq. (2.22), this is equivalent to taking the following

limits, respectively, on the field theory side:
N. > 1, A>1 (2.23)

For Maldacena’s original realisation of the duality [41], the isometries of AdSs and S° in
the gravity dual correspond to the conformal symmetry SO(2,4) and the R-symmetry
SUN = 4) ~ SO(6) of N' = 4 SYM, respectively. There is thus a correspondence

between global symmetries in the gauge theory and gauge symmetries in the bulk
{ Boundary Global symmetries } «— { Bulk Gauge symmetries }.
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This is an important general feature of all known gauge/gravity dualities, and it is also
consistent with the general belief that no global symmetries can exist in a theory of
quantum gravity due to the presence of black holes [44].

Given that the S° part factorises, it can be considered as an“internal space” and it
is often convenient to truncate the 10-dimensional fields on AdS5 by expanding them in
terms of spherical harmonics along the S directions. Indeed, the Kaluza-Klein (KK)
compactification of type IIB supergravity preserves the AdSs metric, and contains an
SU(4) gauge field, dual to the R-current. Together with the other lowest KK modes
they form N = 8 supergravity on AdSs [45,46], which is believed to be a consistent
truncation [4] of the theory. This compactification manifestly shows that the duality
can be viewed as an explicit realisation of the holographic principle, with the bulk
spacetime being AdS5 and the boundary being 4-dimensional Minkowski spacetime.

This is yet another important feature of the duality which can be formulated as
{ Large N. boundary CFT4 } +— { Asymptotically AdSq4;1 spacetime }.

Other brane constructions in string theory or M-theory also lead to explicit realisa-
tions of the gauge/string duality (see e.g. [4,47]). These models are considered to be
top-down constructions, since the exact field theory contents and relations between the
parameters on both sides of the duality are explicitly known. In this thesis, however,
we will be exploring various bottom-up models, in which we propose a sensible classical
gravity construction that retains only the minimum bulk matter content required to
describe the relevant features of a dual strongly coupled matrix gauge theory in the 't
Hooft large-N, limit (see e.g. [48-51]). This last approach has some clear advantages
because it allows us to focus only on the relevant features of the strongly coupled field

theory.
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Chapter 3

The Holographic Dictionary

In Section 3.1 of this chapter, we introduce the field /operator correspondence, which
can be used to compute n-point functions of gauge-invariant QFT opeartors from dual
gravity. In sections 3.2 and 3.3 we explore the way in which holography geometrises

the thermodynamics and the entanglement entropy of the dual field theory.

3.1 Field-operator correspondence and GKPW for-
mula

We now describe how we can put the AdS/CFT correspondence to work and extract
properties of the strongly coupled CFT from its AdS dual. Shortly after Maldacena’s
conjecture, Gubser, Klebanov, Polyakov [2] and, independently, Witten [3] realised
that boundary values of fields in AdS bulk can be viewed as sources of gauge-invariant

operators in the boundary CF'T. Specifically, the GKPW formula states that

(e 20@ND ) = Zorr [00(2)] = Zutsing [0z, 2) oaas] = 5@ (3.1)

Here, Zguing denotes the Euclidean partition function of the string theory on AdS,
subject to the bulk fields ¢(x, z) assuming the value ¢o(x) at the AdS boundary. Zcpr
is the Euclidean generating functional for an operator O(x) in the CFT, coupled to
the source ¢g(x). The last approximation is the classical supergravity limit, where the
GKPW formula states that the classical gravity on-shell action S is the generating

functional for connected correlators in the strongly coupled large-N. CFT.
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3.1.1 Expectation values of operators and scaling dimension

The best way to illustrate this field-operator correspondence, is through the simplest
example of a minimally coupled scalar field ¢(x, z) with mass m in AdS. The metric
is given by Eq. (2.2). The boundary value of the scalar field ¢(z, z) acts as a source
for the scalar operator O(z) in the field theory. The AdS boundary z = 0 is a regular

singular point of the bulk equation of motion
O¢(x, 2) = m*¢(x, 2), (3.2)
and therefore the solution takes the form of a Frobenius series [52]
d(x,2) = Alx)z + ...+ B(x)2™ + ..., (3.3)

where A are the roots of the equation A (A — d) = m?R?, given by

2
Ai:g:izy, y:wdz—l—mQRz, AL +A_=d. (3.4)

Note that the roots are only real if

pe
-
This is the Breitenlohner-Freedman (BF) bound, below which scalar fields in AdS have

m?R* > (3.5)

negative energies and become unstable [47,53,54]. Since we expect A(x) to act as a
source for O(x), we can use this information to compute the mass dimension of the
dual operator O(z). For this purpose let us see how A(z) transforms under a scale
transformation x — = = Az. This scaling is implemented by the bulk diffeomorphism

(z,2) = (Az, Az), which leaves the AdS metric invariant:
oz, 2) = d(Ax, \z) = AAx) (A2)"2 + ...+ B(Az) (A2)>F ... (3.6)
This confirms that
[A@)] = [¢o(2)] =d = Ay, [B(2)] =[0(x)] = Ay, (3.7)

and implies that ¢o(x) o< A(x) couples to an operator O(z) with dimension given by

d— (d—Ay)=Ay,. This is yet another entry in the holographic dictionary, namely
{ Scaling dimension A, of O(x) } +— { Mass of the dual field ¢(x,z) }.
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Moreover, an application of the GKPW formula (3.1) shows that the expectation value
(O(x)) corresponds to the sub-leading mode B(z) x (O(x)), as suggested by their mass

dimensions [55-57].!
{ Source ¢o(x) for operator O(x)} +— { #(x,2) x do(x)z*~ + (O(x)) 2™+ + ... }.

However, there is a catch. Formally speaking, the on-shell action is infinite and requires
regularisation and then the “holographic renormalisation” to obtain a finite result. In
order to do so, recall that the extra holographic dimension z can be interpreted as a
length scale in the dual field theory. In particular, the UV divergences in the field theory
appear on the gravity side as divergences near the AdS boundary [3,25,59,60]. In order
to obtain finite results, we have to renormalise the gravity action, which is known as
holographic renormalisation. We start by introducing a near-boundary cutoff z = €,
and then remove all divergences in the on-shell action S by adding local counterterms
S¢, defined on the cutoff surface, and finally remove the cutoff which leaves us with the
finite renormalised action ST™ [56,57,61-64]. In order to do so, it is convenient to
recall the Hamilton-Jacobi theory, with z playing the role of time. In particular, the
derivative of the on-shell action with respect to a field on a constant slice z = € is equal

to the field’s canonical momentum with respect to z = € [65-68],

_astenlg 0L
(O()) = Toooz) lﬂ%z 5¢(z, 2) _ll—ri%z 0(0.9)

5 080[g)

=2vB(z), (3.8)

where £ is the renormalised Lagrangian density. Repeating the same process for a
gauge field A, (x) coupled to a conserved current J#(z), or the metric g,,(x) coupled

to the conserved stress-energy tensor T (x), we have, respectively

M(z)) = lim _5S(T6n)[‘4] " (x)) = lim 2 5S(ren)[g]
Wiy =l S sy e = I e @ )

In order to compute the field theory stress-energy tensor, we need to take functional

(3.9)

derivatives of the renormalised action with respect to the boundary metric g,,. To cor-

rectly renormalize the action, we need the the Gibbons-Hawking-York boundary term

I This is valid as long as we are in the regime m?R? > —d?/4+1. In the special range of —d?/4+1 >
m2R? > —d?/4, the fall of both terms is small enough so that one can consider either of them to be
sources [58].
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Scy [69], as well as additional counterterms S, [63], which depend on the dimension

you are considering. In particular for d < 4, we have

1 1 d—1 R
Ser = — dz\/—gK Sy = — dz\/—g R 3.10
where K in the trace of the extrinsic curvature K, = — (V,n, + V,n,) /2, 7, is the

outward-pointing unit normal vector to the regularised boundary, V,, is the covariant
derivative with respect to the induced metric g,, and R is the Ricci scalar associated
to the induced metric. Using this expressions, the stress-energy tensor can be written

in a compact form

1 Rit2 d—1 R

Ky = 9wk — —= 9w — 7759w | (3.11)

(1) = lim I )

=0 8GNy 2412

where G, = Ry — %ng, is the boundary Einstein tensor. The first two terms in the
bracket of Eq. (3.11) came from the Gibbons-Hawking-York boundary term [69], while

the last part comes from the counterterms and is required to make the result finite.?

3.1.2 Retarded two-point functions

We can extend the result to n-point Euclidean correlation functions by taking functional
derivatives of the action, since log (Zcorr[go]) = S [¢y] is effectively the generating

functional for connected graphs, namely

_ 5nS(ren) [(b]
(O(x1)...0(xy)) = S0(n) -~ 00(n) |y (3.12)
In particular, in momentum space with kg = (wg, k) we have
(O(ke)) = (@A, — d)B(ky),  Gholky) = ‘el  Blh) (3.13)

dulke) ~ Alks)
where G&,(kg) is the Euclidean correlation function. To compute G&, (kg), it will
be enough to solve the linearised equations of motion for the perturbations of the
bulk fields, in order to find the relation B(A(kg)). A solution to a linear second-
order differential equation is completely specified by two boundary conditions. The

first one is fixed by the source A(z) in the CFT, whereas B(A(kg)) is determined by

2For general d, we expect counterterms of up to O (R%2), which will modify the expression for the
stress-energy tensor. For example, in d = 5,6, we find counterterms of the form R? and RuRH.
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requiring regularity in the bulk in the Euclidean case. If G&,(kg) is known exactly,
there is a unique way of obtaining the retarded Green’s function G*(w, /2) in Minkowski

momentum space by using the analytic continuation
GE (w, k) = GE o (—i(w +ie), k) . (3.14)

In most cases of interest, however, G5, is only known numerically. Thus it is important
to develop ways to compute real-time correlation functions directly.

In Lorentzian signature, we do not find irregular and regular solutions at the horizon
but a combination of incoming and outgoing waves. In order to obtain the causal
(retarded) response of the system to the source ¢o(z), we have to impose incoming-wave
boundary condition at the horizon [70,71]. Intuitively, the energy that is dissipated
into the system by the external source ¢g(x) is related to the energy absorbed by the
black brane. Imposing this condition, in AdS, we can determine the subleading mode
B(z) in terms of the leading mode A(z), and then determine the one-point function
of the dual operator in the presence of the source ¢g(x) = A(z). We can compute the

two-point function by taking derivatives of B(x) with respect to ¢g(z)

() _ B
Golk) AR

This implies that the quasi-normal modes of the black brane background, i.e. the com-

Ggo(k) =

(3.15)

plex eigenmodes of the linearised equations of motion which satisfy the incoming-wave
boundary condition at the horizon and Dirichlet boundary condition ¢g(z) = A(xz) =0
at the boundary, correspond to poles of GE, in momentum-space [70, 72].

The computation of correlators was central in the early checks of the correspondence
between N' = 4 SYM and supergravity on AdSs x S°. Many of these checks were based
on comparing anomalies, which are fully determined at one-loop and are thus the same
at weak and at strong coupling [4]. Both the conformal symmetry and the R-symmetry
of N =4 SYM are anomalous when the theory is coupled to external sources. The
holographic results for the conformal anomaly [61-64], which shows up in the one-point
function of the stress-energy tensor’s trace, and for the R-symmetry anomaly, which
shows up in the non-conservation of the R-symmetry current J* [3] and in three-point

functions of J* [73,74], agree perfectly with the field theory results in the planar limit.
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3.2 Finite temperature and thermodynamics

Until now, we have been concentrating on the vacuum solution only, which for the
CF'Ty corresponds to a pure AdSy,1 spacetime. To generalise to finite temperature, it
is convenient to work in Euclidean time compactified on a circle of radius . For this
case, the GKPW formula (3.1) tells us that the gravity renormalised on-shell action
equals B times the free energy of the field theory [75]. Finite temperature states of
the field theory are thus described by finite temperature solutions in gravity where
temperature and entropy are the same on both sides. In particular, field theories in
flat space are dual to AdS black brane geometries with a planar horizon [1]. This can
be easily deduced by considering the near-horizon limit ry < r < R of the general
black p-brane solution, which in the z coordinate and after rotating back to real time
becomes

ds® = f—; (- F(2)dt? + dz® + Jfl(j) , (3.16)

where f(2) = 1—29/2%,. The position of the horizon zy o 1/T controls the temperature

of the solution, once we require the periodicity of the boundary and bulk Euclidean
theories to be the same. In general, any thermodynamic quantity or relation will be
encoded in the black brane thermodynamics of the dual bulk theory. In particular, the

entropy density s will be given by the entropy density of the black-branes®

R 2d—1
H

This solution will also have finite energy density e = (T") and will source the energy-
momentum tensor (7#"), which is encoded in the subleading term of the metric g,,,,
R? 24
gu(T,2) ~ — <—1+—d+...) . (3.18)
z 2%
For the simple case of the black brane, using Eq. (3.11) we obtain

Rdfl

16 Gy 28 o A 0uada] 0 NET [ + A0y (3.19)

<T/W> -

*From the discussion in the previous section, we expect that R*~! /Gy ~ R*™! /I3~ ~ N2 in order
to suppress quantum gravity effects on the geometry.
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If we are interested in studying a U(1) global symmetry, we can do this by turning
on a chemical potential u for the corresponding U(1) charge density (J*). This re-
quires that the bulk gauge field A,, which is dual to the conserved current J*, behaves
schematically as

Ay(z,2) ~ p+ (J) 272 (3.20)
The above condition along with requiring A, to be regular at the horizon, implies that
the black brane is now charged and there would be a homogeneous radial electric field
in the bulk. In this thesis, we will encounter several examples of charged black brane

solutions which we will explore in detail in relevant chapters.

3.3 Holographic entanglement entropy

The entanglement entropy (EE) is an important concept of relevance for condensed mat-
ter and other areas of physics. Due to its non-local nature, it has important properties
that can be used to characterise phases of matter, when the usual Ginzburg-Landau
classification, based on classical order parameters and spontaneous symmetry break-
ing is not applicable. Usually, computing EE in field theory is very challenging. In
contrast, computing EE in dual gravity turns out to be very simple.

Consider a quantum mechanical system characterised by a density matrix p. If the
system is in a normalised pure state |¥), then the density matrix is given by p = |¥) (¥|,
and satisfies the equation p? = p. Another important property of pure states is that

their von Neumann entropy, defined as

Sen = =Tr (plog(p)) (3:21)

vanishes exactly. In the case of a mixed state, we can use S,n as a definition of EE. As
an example, consider dividing our system into two subsystems, A and B. For system
A, we define the reduced density matrix by tracing out the B states in the Hilbert
space H = H 4 ® Hg:

pa = Trg(p). (3.22)

The EE for the system A is then defined in analogy with S,N by

0
Sent = —Tr g (palog(pa)) = — n log (Tr4 (p'y)) (3.23)
n=1
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and measures the amount of quantum correlation between the two subsystems. The
second part of Eq. (3.23) is called the replica trick, and allows us to compute EE by
computing Tr 4 (p%).*

In the context of quantum field theory the EE is formally UV divergent, so we need
a cutoff € to regulate it. For any QF'T,, we expect the EE to obey the Area law [76-79]

Area(A) N

ed—2

Sent XX (324)

due to the short range correlations across the area of the entangled region. This Area
law is logarithmically violated in some special cases, including C'F'T5, where instead of
a constant, Sey is given (at finite temperature T7') by

c sinh (7 LT)
= Sog (SRATEL) 2
Sent 3 og< —7 ) (3.25)

In the expression (3.25), c is the central charge of CFT; and L is the size of the
entangled region [80,81]. There are two important limits controlled by the relative size
of the entangled region. First, at very small LT < 1, we expect to find the vacuum
CFT, result Scpr,, which is the “area law” and is formally divergent. In the opposite
limit, for very large subsystems LT > 1, when py4 — p, we expect the EE to become
the extensive thermodynamic entropy Sy,, which is exactly what we find in the case of
(3.25), namely

Scrr, = glog (%) ... Sp= ngTJr . (3.26)
One of the important properties of holographic systems is that their entanglement
entropies are related to purely geometric quantities. In the simplest case, where the bulk
is described by Einstein gravity coupled to matter, the Ryu-Takayanagi prescription [82,
83] states that the entanglement entropy of a region A for a QFT with a holographic
dual is given by

Sent = —22 3.27
"7 4Gy (3.27)
where YA, is the area of the minimal surface extended to the bulk from the entangled

region A of the boundary (for a schematic representation see Fig. 6.2).

4Remember that the reduced density matrix p4 is normalised so that Tr4(p4) = 1.
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To illustrate the formula, let us compute the vacuum CFT5 result, which in our

case will be dual to an empty AdS3 spacetime with the metric

2
ds* = %(—dﬂ +da® + dz?) . (3.28)

The area YA of a general static surface parametrised by z(z) is given by the integral

L/2 1 / 2
zA:/ Vi@, (3.29)

—L/2 z

over the induced metric,

where we are considering the sub-region A to be —L/2 < z < L/2. To find the minimal
area, we need to find the extrema of the integral. If we consider z to play the role of

a time variable, we observe that there is a “Hamiltonian” independent of x which can

be used to find
dz /22— 22
_— = (3.30)
dx z

where z, is an integration constant that corresponds to the turning point of the surface

we are considering, which by symmetry is located at x = 0. This expression can be

used to parametrise both the size L and the minimal area Y. as functions of z, as

Zx

z
L=2 dz ——— = 2z,, (3.31a)
0 N 22— 22
 dz z 2z
YA —92R — = —29RI * 3.31b
min . Z \/m Og ( 6 ) ) ( )

where in the last integral we had to introduce a small cutoff € in the bulk, in order to
regularise the infinite area. Inverting the two relations and using Eq. (3.27), we find
that the holographic entanglement entropy (HEE) reads
R L L
Sent = — 5 log (—) = log (—) . (3.32)
2G'y € 3 €
We recover the result in Eq. (3.25), if in the last expression we use the fact that the

central charge ¢ of the dual C'F'T;, which counts the effective degrees of freedom, is

given by [84]
c=%u§aN3>>1. (3.33)
2Gy lp

This can be viewed as an alternative derivation of the well-known result, or as a check

of the Ryu-Takayanagi prescription. The result is also consistent with the fact that

23



holographic theories can be viewed as theories with many degrees of freedom “per
lattice site”. Considering a CFT at finite temperature by using a dual BTZ geometry,
we recover the result given by Eq. (3.25) [85]. Now we can understand the motivation
behind the proposal (3.27). Indeed, for a thermal state, we expect the HEE to reduce to
the extensive thermodynamic entropy Sy, of the theory, which in holographic systems

is given by the quarter of the black brane horizon area measured in Planck units,

Sth = (334)

4GN "

This gives a geometric intuition on how the HEE interpolates between the under-
extensive area law and the extensive thermodynamic entropy. For small surfaces,

zy < zpg, and the main contribution to YA - comes from the divergent term near

the boundary of AdSy.i, proportional to the area of the entangled region A of the
QFT;. On the contrary, when z, < zp, the minimal area starts probing the horizon,

and eventually becomes the dominant contribution when E;ﬁi — Apor. In Chapter

n
6, we will explore this crossover from under- to over-extensive regime in detail, and
discover that it encodes non-trivial information about the long-range entanglement in

the systems we study.
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Chapter 4

Hydrodynamic Attractor in
Gauss-Bonnet Holography

In this chapter, we will study the convergence of the hydrodynamic gradient expansion
in the holographic dual of Gauss-Bonnet gravity. In Section 4.2, we introduce the
boost invariant Bjorken flow and show how to compute its gradient expansion using
the fluid/gravity correspondence, including finite coupling corrections. The gradient
expansion is an asymptotic series which can be understood in the light of resurgence
and Borel summation, as in the example shown in Section 4.3. Finally, in Section. 4.4
we construct the “hydrodynamic attractor” by summing the divergent series, which
provides an analytic continuation of hydrodynamics at early times and for large pressure

anisotropies.

4.1 Introduction and motivation

In recent years there has been increasing interest in understanding the emergence of
hydrodynamic behaviour in relativistic theories. In addition to many new theoretical
advances, the strong multi-particle correlations observed in heavy ion collisions both at
RHIC [86-88] and the LHC [89-91] and its successful description via hydrodynamical
modelling [92-97] has provided a testing ground to explore how this collective be-
haviour arises from a microscopic theory. One of the most surprising empirical insights
that this type of modelling of subnuclear dynamics has revealed is the fact that hy-

drodynamics can describe the bulk properties of the system even for extreme pressure
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gradients, which at face value, question the applicability of this long distance effec-
tive theory to those collisions. The recent observation of collective phenomena also in
even smaller systems, such as p-p collisions [98-100] together with the success of the
same hydrodynamic modelling in describing them [101-103] poses new challenges to
our understanding of the applicability of this theory.

In conjunction with the above phenomenological observations, in recent years several
numerical experiments have been performed to test the validity of hydrodynamics in
different ultra-relativistic scenarios. Both in the infinitely strongly-coupled limit of N =
4 SYM, described via holography, [104—-107] and in the weakly-coupled (perturbative)
limit of gauge theories, described via kinetic theory [108], the direct comparison of the
full stress-energy tensor in different out of equilibrium processes with the hydrodynamic
expectation showed that hydrodynamics can provide an accurate description of the
evolution of the system even when the gradient terms are as large as the leading order
terms. These experiments demonstrate that hydrodynamics can be applied even if the
system under consideration is very far away from local thermal equilibrium and with
strong deviations from the equation of state, as explicitly demonstrated in the analysis
of non-conformal theories [109].

Complementary to these numerical studies, the convergence of the hydrodynamic
series has been recently analysed. In a seminal paper [110], the late time behaviour of
boost invariant expansion of N' =4 SYM was analysed in a power series of the inverse
proper time up to very high order. The analysis of these large order perturbations
showed that the hydrodynamic expansion is an asymptotic series, exhibiting a factorial
growth of the series coefficients. Similar behaviour was found in different ultraviolet
completions of second order hydrodynamics [111-113] and kinetic theory in the relax-
ation time approximation (RTA) [114] (see also [115] for a complementary analysis of
the convergence of the hydrodynamic series). Interestingly, the analysis of these series
via Borel-Padé techniques showed that these large order gradient expansions are sen-
sitive to non-hydrodynamic modes, which play an equivalent role to non-perturbative
corrections in perturbation theory.

Numerical analyses of these same boost invariant flows led Heller and Spalinski
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to suggest the existence of a hydrodynamic attractor [111] which may be thought as
an extension of hydrodynamics beyond local thermal equilibrium [116]. These are
special time dependent configurations to which all other boost invariant evolutions
of the system converge at different times. These solutions have been found in dif-
ferent theories, such as Israel-Stewart (IS) [117] and Baier-Romatschke-Son-Starinets-
Stephanov (BRSSS) [118] hydrodynamics [111,119], N' =4 SYM, kinetic theory [116]
or anisotropic hydrodynamics [120]. It has been further argued that these special so-
lutions may be found, or at least well approximated, via a trans-series solution of the
system evolution [111,121], that non-perturbatively completes the gradient expansion.
These types of solutions have also been recently analysed in less symmetric situations,
including non-conformal theories and less symmetric flows [122,123]. Quite remark-
ably in all those cases the hydrodynamic attractor is very well approximated up to
unexpectedly large values of the gradient by first order hydrodynamics, providing a
dynamical understanding to the unexpected success of this theory.

The emergence of these solutions has only been studied in the two extreme cases of
infinitely strong and perturbatively weak coupling. However, to better connect these
theoretical advances with phenomenological applications it is important to understand
how these special types of solutions behave at intermediate coupling. Starting from
the infinite coupling limit, finite coupling corrections are studied via the gauge/gravity
duality by introducing higher curvature terms in the dual gravitational theory [42,
43]. For the gravity dual of N' = 4 SYM, the relevant correction that affects the
dynamics of the field theory stress-energy tensor are expressed in terms of the Weyl
tensor and are quartic in the curvature. These types of corrections have been vigorously
studied in the past, exploring the correction of many different quantities (see [124] for
a recent compilation of results). Recently, the relaxation of small stress-energy tensor
fluctuations in the thermal ensemble of A" = 4 SYM has been studied in detail [18,125],
(see also [126,127] for previous studies). In these studies, a new set of purely dissipative
modes have been found, which are an intrinsic consequence of finite coupling.

Another higher-derivative theory which has also received significant attention in the

holographic context is Gauss-Bonnet gravity. The action of this theory includes both
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quadratic and quartic curvature terms, governed by a single parameter Agp; neverthe-
less, as a Lovelock theory, its classical equations of motion contain only up to quadratic
derivatives of the metric, which in principle allows the non-perturbative treatment of
the high-derivative terms. Unfortunately, the dual field theory to Gauss-Bonnet grav-
ity is unknown. Nevertheless, in this holographic construction it is possible to extract
static (thermodynamic) and transport properties of the putative dual field theory, as
well as the relaxation of small non-thermal perturbations [18,125], its off-equilibrium
dynamics [128,129] and corrections to its hydrodynamic expansion [130]. The compari-
son of those analysis and the results obtained from finite coupling corrections of N' = 4
SYM show that for negative A\gp these two theories share many common qualitative
aspects, which makes Gauss-Bonnet holography a toy model to study finite coupling
effects in holographic theories. Note however that causality, positivity of energy and
hyperbolicity considerations constrain the range of values of Agp [131-138] (see [18] for
a detailed discussion on these limitations).

As a first step towards intermediate coupling, in this chapter we analyse the conver-
gence of the hydrodynamic series in the gradient expansion of matter dual to Gauss-
Bonnet holography. As in the previously mentioned examples, we find that the series is
asymptotic as a consequence of non-perturbative (in gradient strength) contributions,
given by the quasi-normal modes of the dual black brane. Remarkably, these character-
istic modes dictate that the structure of singularities of the Borel transform associated
to the hydrodynamic expansion interpolate between the known examples of infinitely
strongly and weakly-coupled theories. After characterising the analytic properties of
the Borel transform, we sum the hydrodynamic series and constrain the dynamics of the
hydrodynamic attractor. For all values of A\gp considered, the summation approaches
first order hydrodynamics even when gradient corrections to the stress-energy tensor
are large and at comparable values of the pressure anisotropy. Therefore, even though
as the viscosity increases the approach to hydrodynamics occurs at a decreasing value
of the gradient, these hydrodynamisation processes take place at comparable values of
a viscosity-rescaled gradient, as suggested in [139]. Analysing the leading contributions

in the trans-series, we estimate how close the summation is to the attractor solution.
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By varying the amplitude of those non-perturbative corrections we observe that the
convergence of different initial configurations towards the attractor occurs at values of
the viscosity-rescaled gradient for which the summation has hydrodynamised. We also
perform an identical analysis of the hydrodynamic series of RTA kinetic theory [114]
and find that both hydrodynamisation and convergence to the attractor solution occurs

at smaller viscosity-rescaled gradients than in the strong coupling computations.

4.2 Fluid/gravity correspondence

If we start with a continuous, homogeneous and isotropic many-body system at finite
temperature and we study its low energy long wavelength physics, we will discover
that the effective description of its excitations is governed by hydrodynamics [140].
In particular, hydrodynamics is also the description for the low energy excitations of
globally conserved quantities, such as energy, momentum and charge. Its universality
comes form the fact that it relies on symmetries and the second law of thermodynamics
to restrict the possible structures and hydrodynamic parameters, and therefore has no
assumptions about the underlying system.

In order to assign values to the hydrodynamic parameters, such as the equations
of state and various transport coefficients, one needs a microscopic description. In the
case of weakly-interacting systems, the way to establish these coefficients is through
Boltzmann’s kinetic theory, where we assume that the transport of macroscopic quan-
tities is the consequence of microscopic collision processes between nearly free particles.
This procedure breaks down completely in the strongly-interacting case. Nevertheless,
since we still have conservation equations, a fluid description should emerge at low
energies. As we have already seen, the stress-energy tensor in the boundary QFT is
equivalent to the propagation of gravitons in the bulk. One of the iconic achievements
of the holographic duality is the explicit derivation of Navier-Stokes equations in the
boundary, from the gravity in the bulk [141].

The non-relativistic Navier-Stokes equations are essentially a consequence of the

conservation of energy and momentum. In the case of relativistic systems, this can be

29



expressed in a very compact form
vV, (T") = 0. (4.1)

The structure of relativistic hydrodynamics is then obtained by assuming that we have a
fluid with a local four-velocity U* correctly normalised to U*U, = —1. Assuming local
equilibrium, one can assume a gradient expansion around the equilibrium and then
express the local energy density ¢ and pressure P in terms of the local temperature
T(x), and the fluid velocities [118]. To zeroth order in gradients, the “perfect fluid”

non-dissipative hydrodynamics reduces to [142]
(T") = (e+ P)U*UY +n'" P, (4.2)

where in addition, the thermodynamic relation € + P = T's is satisfied. Away from
this ideal hydrodynamics, we can to expand the previous result to include dissipative
effects

(T™) = (e+ P(e)) UMU” + " P(e) + 11", (4.3)

encoded in the the transverse traceless tensor given by
" = —not” — VU, + ..., I, =11""U, =0 (4.4)

where 77 and ¢ are the first order transport coefficients, known as shear and bulk vis-
cosity respectively, and o is the shear tensor, constructed from the symmetrised and
traceless space gradient of the velocity field.! In this expression the ellipses indicates
additional gradient corrections. These transport coefficients can be extracted from
two-point functions using Kubo relations [143] by looking at the linear response of
the system to infinitesimal perturbations around equilibrium. A further simplification

occurs in the case of conformal systems where ( = 0 because of
(1) =0, (4.5)

and the pressure is given by the conformal value P(e) = €/(d — 1).

'Space gradients are defined as the projection of the space-time gradient into the space components
in the fluid rest fame, V# = A#¥9, with the projector A*” = nt*¥ + UFUY. With this notation, we
can express the shear tensor as o*¥ = A“”‘A”ﬁ(vaUg +VsUy) — ﬁA’“’V“Ua.
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4.2.1 Boost invariant Bjorken flow

As an example, consider a boost invariant or Bjorken flow [144] in 341 dimensions,
which is obtained by assuming boost invariance in one of the special directions .
This is a particular solution to the conformal relativistic Navier-Stokes equations. If
we now want to go to the local rest frame of the fluid, then it is useful to switch to
proper time and rapidity coordinates (¢, z) = (7 cosh(y), 7 sinh(y)), which transform

the flat Minkowski metric into
ds* = —d7* + T2dy’ + da? . (4.6)

We assume that the fluid is homogeneous and isotropic in the perpendicular directions
and that because of the boost invariance the physical observables would be independent
of the rapidity y. In particular, we can show that the late time description of the
Bjorken flow (IT* = 0) consists of an expanding conformal plasma with temperature
T ~ 7'/3 and therefore at infinite 7 should reduce to the vacuum solution. To see
this, it is important to notice that once the functional form of the energy density is
determined, energy-momentum conservation and conformal symmetry completely fix
the components of the stress-energy tensor. Indeed, these two conditions reduce to the

following set of equations for the components of (T},,)? in the local rest frame
(TVY = =Trr + 7Ty + 20 =0, V (T") =1T0r + Trr + 77T, = 0. (4.7)

We define the longitudinal (Pr(7) = TY) and transverse (Pr(7) = T;) pressures as
the diagonal components of the stress-energy tensor in the fluid rest frame in the direc-
tion of expansion and perpendicular to it respectively. Using Eq. (4.7), the pressures
are completely determined by the energy density (e(7) = T’,)

Pi(7) = —€e(r) —7é(r), Pr(r)=c¢€(1)+ %Té(T) ) (4.8)

Note that these expressions are valid even when the system is not in local thermal
equilibrium. From this, and knowing that in thermal equilibrium both pressures must

be the same, we can extract an equation for ¢(7) at equilibrium

de(T) + 37€é(T) = 0. (4.9)

2We will omit the expectation value in the components of the (T)) to simplify the notation.
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This equation has a well known “equilibrium Bjorken solution” with €. (7) ~ 77%/3.

In particular, there is a scaling symmetry in 7 which allows us to express the energy

density and temperature as®

- 4 A* A
€eq(T) = €1eq(7)" = Ay Teo(7) = (AT)73

(4.10)

where A is a characteristic scale of mass dimension one, which in the hydrodynamic
limit encodes all the information on the initial conditions of the flow and is set such
that at A7 = 1, then T,((7) = A = 1/7. In particular, this fixes the dimensionless
normalisation constant €,. Away from equilibrium (II*” # 0), we expect corrections to
these expressions in inverse powers of the proper time u = (7A)72/% = (7T,,) " of the
form

(1) = eT(7)" = €eq(u) (1 + eru+ e2u® +...) | (4.11)

where we have now defined an out-of equilibrium temperature T'(7), which will reduce
to the equilibrium value at large 7, and the coefficients ¢, are dimensionless constants
which are solely dependent on the degrees of freedom and transport coefficients. The
leading gradient correction from the equilibrium energy density €.q(7) is controlled by
the shear viscosity and similarly all additional coefficients are a combination of the
transport coefficients up to the corresponding order.*

Using Eq. (4.8), we observe that P(7) # Pr(7) and therefore, we may quantify
how far the system is from local thermal equilibrium by monitoring how anisotropic

the system is. We can define the dimensionless anisotropy parameter

R(T) = PT(?(g/];L(T) =6 <1 + %7’ 0, log 6(7')) : (4.12)

where the equilibrium value of the pressure €(7)/3 has been used to normalise the

pressure anisotropy. The anisotropy parameter R(7) can be used to monitor the ap-

proach of a system to hydrodynamics [104]. Following the hydrodynamic expansion in

3Notice that equilibrium corresponds to late time dynamics, where the energy density and temper-
ature scale as €(7) ~ 7=%/3 and T(7) ~ 7~/3 and are not constants.

4The complete set of second order coefficients and their operators can be found in [118,141] and [145]
for conformal and non-conformal theories respectively.
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Eq. (4.11), for a conformal theory the anisotropy parameter R(7) becomes a function
of the dimensionless gradient,’

w=rT1T(1), (4.13)

where out of equilibrium temperature 7'(7) is defined through Eq. (4.11). In the hy-

drodynamic limit, R(w) admits an expansion in inverse powers of w as

R(w) = % : (4.14)
n=1

where, to first order in hydrodynamics, the anisotropy function is given by

s n 1
Ry (w) = 8=— (4.15)

sw
4.2.2 Holographic dual of Bjorken flow

The idea that there is a deep connection between the dynamics of a black hole horizon
and the hydrodynamic equations dates back to the 80’s, where people realised that the
fluctuations of black holes can be understood with the dynamics of a fictitious fluid
living just outside the horizon, with dynamics governed by Einstein’s equations, the
so called “membrane paradigm” [68,146]. The crucial new addition coming from the
gauge/gravity duality, is that in the fluid /gravity correspondence the fluid lives on the
boundary of AdS. We know that hydrodynamics is the description of long-lived, low
energy excitations near thermal equilibrium. Using the GKPW formula, the low energy
fluctuations near the horizon can be “uplifted” and converted to hydrodynamics of the
boundary system.°

Since we want to find the holographic dual of this fluid, we start by considering the

solution corresponding to the finite temperature black brane in AdSs

ds* = —r*f(r)dt* + d_7“2 + r?dz?
r2f(r)

= —r2f(r)dt’ + 2dt, dr + r*(daf + da?), (4.16)

5Other dimensionless quantities have been used in the literature for identifying attractor solutions
such as f(w) = 70;logw = 1+ 178, log e which are related to the anisotropy parameter via R(w) =
—12 4+ 18f(w).

6This statement can be made precise by showing that Einstein’s equations admit a gradient ex-
pansion in terms of T'(z) and velocity gradients, which give the desired constitutive relations using
Eq. (3.11).
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where f(r) =1 —r},/r* with the horizon position related to the temperature T' ~ rp,
and we have used the infalling Eddington-Finkelstein (EF) time coordinate given by
dt, = dt+dr/r*f(r) to make the metric regular at the horizon. Because we are looking

1/3

for an expanding plasma with temperature, T'(7) ~ ry ~ 7-/% and boundary metric

given by Eq. (4.6) at 7 — oo, we would naturally consider a metric of the form
ds* = —r*f(r,r)dr* + 2drdT + r* (T2dy2 + dxi) . (4.17)

However, in the case of T o ry = 0, the metric should reduce to the AdSs vacuum
solution, which Eq. (4.17) does not. The easy way to fix this discrepancy is to realise

that after a shift of the form 7 — 1/r 4+ 7, the vacuum solution can be rewritten as

o _ dr’ 2 2 22 2
ds® = el (—dr* + T°dy” + dz)
= —r?dr? + 2d7ydr + (1 + r74 )2 dy® + r?da?. (4.18)

The most general boost invariant metric that implicitly incorporates the structures

from Eq. (4.17) and Eq. (4.18) can be written in the following form:
ds? = —r2A(r,r)dr? + 2drdr + (1 + r7)2tT" dy? 4 12 dz? (4.19)

This parametrisation of the metric components is convenient for calculations, since it
reduces to vacuum AdS; for the empty fluid case (A = 1,b = ¢ = 0). In order to
compute the field theory stress-energy tensor, we can use Eq. (3.11) with d = 4, and

the fact that the near boundary expansion of the metric components is given by

AW(7)

r4

b4
+ ..., b(r,r) = T£T> + .y, co(r,r) =

D (7)
i

Alrr) =1+ + oL (4.20)

With the conventions (7},,) = diag(e; 72Pp; Pr; Pr), the final result in the case of

Bjorken flow is given by 7 ®

N2 3AM@ A A A@
(Thw) = 55 diag (— ;7 (—2c<4> - —) e T) . (4.21)

272 4 4 4

"The functions A (1), b (7) and ¢!*) () cannot be determined from the near boundary expansion.
However, these are not all independent, since the power series expansion imposes b*) (1) = —2¢*) (7).

8We have used the relation between the 5d Newtons constant GE\?) and N, which in units of the
AdS radius reads (SWGS\?))_I = N2/(47?).

34



Motivated by the expansion of the energy densities in inverse powers of 7, we expect
that different metric functions can also be expanded in a power series in v = 772/3.
Before doing that, it is convenient to introduce a new holographic coordinate s =
1/(r71/?), which we will consider independent of u. With this rescaled variable, a series

solution of the Einstein equation can be found by expanding
Alrr) =) w'Ais),  b(rr) =) u'bi(s),  c(rr) =) de(s).  (4.22)
i=0 i=0 i=0

With this assumption, the solutions of Einstein’s equations become a set of ordinary
differential equations (ODE’s) in s (instead of PDE’s in r and 7) that can be solved
order by order in u.° Imposing the AdS asymptotics at s = 0 and regularity of the

metric near the horizon at s = 1, the leading order solution is then given by
Ap(s) =1 — s, bo(s) = co(s) =0, (4.23)

which coincides with the black-brane metric.! From this set of differential equations,
the energy density can be computed by analysing the s — 0 limit of the functions A;.
Comparing the expression of the holographic stress-energy tensor, Eq. (4.21) with the
gradient expansion from Eq. (4.11), the energy density of the dual field theory is given
by

N23 e~ 1 d

< (4.24)
272 50

which we can now use to compute the anisotropic function R(w) to arbitrary order.

The first three coefficients are given by [147]

21 2-—2log2 1 15—272 —45log?2 + 2410g®2 1
Rw)=-— 42982 il S &2 ... (425)

TWw 372 w? 5473 w3

which is consistent with the normalisation in Eq. (4.15), since n/s = r1/8 = 1/4w in

the infinite coupling limit of the dual ' =4 SYM fluid.

9Using a similar Ansatz, the first three coefficients were explicitly obtained in [130].
10The expansion of the non-trivial prefactor of the gyy component in Eq. (4.19) to leading order in
u must also be performed to obtain the black-brane metric.

35



4.2.3 Hydrodynamics in Gauss-Bonnet holography

The Gauss-Bonnet gravity action is given by

— / &z /=g (R T2y AGgLQ (RarnopRMNOT — 4Ry nRMY + R?)

(4.26)
where k2 is proportional to the five dimensional Newton constant, L is the AdS radius of
the A\gp = 0 theory, and Agp is a dimensionless coupling which controls the magnitude
of the higher derivative corrections. Without loss of generality, in the rest of this work
we will set L = 1. An important feature of this theory is that in spite of incorporating
higher derivative terms, black-brane solutions can be found for non-perturbative values

of the Gauss-Bonnet parameter. From these the equation of state of the dual field

theory can be extracted [42,43,129]

2N 1++vI—4x
¢ = 27TL3T, i P TRt (4.27)

As expected the A\gp — 0 limit of Eq. (4.27) agrees with the equation of state of N' = 4
SYM. This expression indicates that not all values of A\gp are physical, since only
Aep € (—00,1/4] yield real energy densities. As already mentioned in the introduction,
for arbitrary values of \gp this theory possesses causality problems associated with the
superluminal propagation of high-momentum modes as well as negativity of the energy
flux. [134,148]. These considerations impose further constraints on the allowed values'!
of =7/36 < Agp < 9/100. Nevertheless, since these constraints concern the ultraviolet
behaviour of the theory, we may still consider values of A\gp beyond this region to
explore its infrared dynamics, such as the approach towards hydrodynamics of the
theory, as already done in [18,125].

In addition to the equation of state, the transport coefficients of the Gauss-Bonnet
system have also been analysed. In particular, the ratio of shear viscosity to entropy

density is given by [148]
n 1 —4\gB
L= .

e (4.28)

11 The analysis of three point functions of gravitons in high-derivative theories has led the authors
of [135] to suggest that these theories are pathological for any strength of the higher derivative couplings
unless a complete tower of stringy states is also considered. See however [136].
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Second order transport coefficients of this theory have also been analysed in [18]. From
this expression we can observe that positive values of Agp yield smaller values of 7 than
N =4 SYM [131]. However, negative values of \gp yield larger viscosity to entropy
density ratios, as expected from finite 't Hooft coupling corrections of the infinite
coupling limit in ' = 4 SYM [149]. The analysis of the relaxation of small fluctuations
of the thermal state via the computations of the quasi-normal mode spectrum of the
dual black-branes indicates that many qualitative features of finite coupling corrections
to N = 4 SYM are captured by Gauss-Bonnet holography with negative A\gp [125].
For this reason, we will only consider negative values of this parameter.

Numerical solutions of Einstein’s equations (with Agg = 0) with boost invariant
symmetry from initial data at 7 = 0 have been found in [104]. These solutions first
showed the success of viscous hydrodynamics to describe the evolution of strongly-
coupled N/ = 4 SYM even when gradient corrections are large, later confirmed in less
symmetric solutions. Using the same Ansatz for the metric as in Eq. (4.19), we can
find boost invariant solutions of the Gauss-Bonnet equations of motion. Imposing AdS
asymptotics (with effective radius L.) leads to the following near boundary (r — o)

expansion of the different metric functions

1 AW(7)
A(r,r) = T2 + ° + ... (4.29)
- 2(1—-12) 1-L* 2(1—L% b9(r)
b(r,r) = —2log (L.) — . 3,373 T (4.30)
(4)
c(r,7) = —2log (L) + & TE” ¥ .. (4.31)

where we observe that in the L. = 1 limit, we recover the results from Section 4.2.2.
The functions AW (7), bW (1) ™ (7) cannot be determined from the near boundary
expansion and additional infrared conditions, such as regularity, must be imposed.

However, these are not all independent, since the power series expansion imposes

1

bW (1) = 5 T 29 (7). (4.32)

Energy-momentum conservation, which emerges from the boundary expansion as well,
relates these functions to A (7) which must be extracted from the numerical compu-

tation.
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From these solutions the dual field theory stress-energy tensor can be extracted
after holographic renormalisation, which has been performed for Gauss-Bonnet gravity
n [129,150,151]. In terms of those functions, the stress-energy tensor is diagonal and

with the same conventions (7},,) = diag (¢; 7Py; Pr; Pr) is given by

(Tuw) =

L2 4 12 4

Cc

NZ? (212 - 1) 314(4). ) 2¢4)  A@ ' D A@) ) A@)
P R G R G PR & ‘
(4.33)

Imposing the AdS asymptotics at s = 0 and regularity of the metric near the horizon

s = 1, the leading order solution is now given by

Ao(s) = 2A1GB (1 —V/T— gl — 34)> , (4.34)
bo(s) = —2log (L) , (4.35)
co(s) = —2log (L,) . (4.36)

In this case the asymptotic behaviour changes to, Ag(s = 0) = 1/L2%, but we still need
to require that all metric coefficients A; for ¢ > 1 must vanish at s = 0. The presence

of Agp modifies the energy density formula, which is now given by

(1) =

N2(2L2—132 S
o2 Z 4'd4 n(s)

(4.37)

5=0
which we can use to determine the coefficients of anisotropy function R(w) as defined
in r;, as defined in Eq. (4.14).

Following the procedure outlined above, 240 coefficients in the gradient expansion of
the energy density in Eq. (4.11) for strongly-coupled N =4 SYM, were determined in
[110]. We have extended this computation up to 380 coefficients and explored the effects
that different values of A\gp < 0 have on the coefficients and asymptotics. Because of
the presence of more terms in the Gauss-Bonnet equations of motion as well as the
presence of square root singularities in s, the computation of higher order expansion
coefficients becomes much more numerically demanding than for N' = 4 SYM case.

For this reason, we have obtained a different number of coefficients for each coupling

Neoet =(380, 94, 86, 80, 66), for Agp = (0,0.1, —0.2, —0.5, —1) respectively.
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4.3 Resurgence and non-perturbative effects

In quantum mechanics and in QFT, weak coupling perturbative expansions and semi-
classical expansions are often the only available computational techniques. Yet pertur-
bative expansions almost always yield asymptotic series, with a zero radius of conver-
gence. While these asymptotic expansions are often very useful when the coupling is
small, g < 1, we also often want to understand what happens when g > 1 or g ~ 1.
Even if we are content to focus on the small coupling regime g < 1, we may want to
understand non-perturbative effects which are schematically of the form e~4/9 with A
a positive real number.

In many examples, resurgence theory [152-155] has been intensively used to gain
intuition about the structure of divergences in perturbative expansions, and has re-
vealed surprising new connections between perturbative and non-pertubative effects in
both quantum mechanics and QFT. The easiest way of understanding the subject is
with a specific example in the context of ordinary exponential integrals, which can be
considered as a zero-dimensional prototype for Fuclidean path integrals and partition
functions. In general, the usual perturbative expansion around the perturbative saddle

point, can fail to be a good approximation in two different ways

e The perturbative result for ¢ < 1, fails to accurately approximate the strong

coupling limit g > 1.

e For complex coupling g = |g|e?’, even when the magnitude is arbitrarily small

lg| < 1, perturbation theory fails to approximate the exact result at generic 6.

The surprising fact which resurgence teaches us is that these two issues are deeply con-
nected and have a common origin related to the existence of non-perturbative saddles
that have been neglected. When we consistently incorporate all the saddle points by
constructing a resurgent trans-series, we can construct an Ansatz which respects the
analytic continuation in the small coupling for any 6. By doing so, we fix the second
issue, and as a by-product, we obtain a solution that is valid for both weak and strong
coupling i.e, providing an analytic continuation at large coupling from perturbative

data! To see why this could be the case, consider one of the exponentially suppressed
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effects e=4/9 < 1 that we were neglecting in the weak coupling limit |g| < 1. Because
we have constructed a solution valid for every 6, we can in particular choose g = —|g|,
which would then turn an exponentially small effect in to the dominant contribution
of the form €4/l > 1. On the other hand, if we choose # = 0 and study very strong
coupling ¢ > 1, the non-perturbative effect can not be neglected any more e=4/9 ~ 1.

The reason that the weak coupling resurgent expansion is capable of reproduc-
ing the exact result at arbitrary coupling is that resurgent trans-series have the same
monodromy properties under global analytic continuation as exact solutions, by con-
struction. This is to be contrasted with naive perturbation theory, which manifestly

does not have the correct monodromy properties.

4.3.1 A toy model for resurgence

To illustrate these concepts, consider the following exponential integral

1 [/ Lo T 1
Z(g9) = — doe 2@ = T oag ( ) 4.38
(9) NG - Vi \4g (4.38)

which can be solved in terms of known Bessel functions. The action S = % sin?(z)
has two saddle points: a perturbative saddle point x = 0 with action Sy = 0, and
a non-perturbative saddle point at x = 7/2 with action S; = 1/(2g). When Z(g) is
evaluated perturbatively around each saddle point, the contributions can be expressed

as power series weighed by exponentials of the saddle-point action or trans-series as
Z(g) = Coe™>®o(g) + Cre™*1®1(g) (4.39)

where Cj; are called Stokes parameters and the asymptotic series have the form

I'(n+1/2) 22" =
=2 =2 09" 4.40
Z T(n+ 1)(1/2)27 W;p 09 (4.40a)

L(n 1222
S e S

It is easy to see that these are Gevrey order-1 series since p, ~ n!/A" ~ (n/Ae)"
at large n. In particular we can identify asymptotic series by looking at the large n

behaviour of the coefficients

Ipa|Y™ ~ n/Ae. (4.41)
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The parameter (A = 1/2 in our case), is directly related to the action of the non-
perturbative saddle S; = —1/2g = —A/g. This is not a coincidence, and in fact it
becomes obvious once we perform a Borel transform of the series, to make them finite
by taking away the factorial behaviour by hand. The Borel transforms of our series are
thus given by

Boo(t) = var S P Be () =ver S Bl (4.42)

n! n!

Notice that these series are functions of another complex variable ¢, which is commonly
referred to as the Borel plane. This Borel transform has a finite radius of convergence
in the Borel plane given by |t| < A by construction. In the case in which we can
analytically continue the Borel transform from ¢ = 0 to ¢ = oo, then we can relate

them to the original series via an inverse Borel transform, or a Laplace transform:

Sd(g) = ! / +OO dte "9 Bd(t). (4.43)

9 Jo
Where S®(g) is often called the Borel sum of ®(g), and provides an analytic contin-
uation of the original divergent series. The tricky part, however, is to find a suitable
analytic continuation for B®(t). There are two main ways of doing this, depending on

your knowledge of the coefficients p,,. If you happen to know all the p,,, then your best

guess is to use hypergeometric functions, by comparing the Borel transform to

g L@ S~ Te+n)lb+n) ,
oF [a,b;c; 2] = ) z; et n)T(n+ 1)2 , (4.44)

which then provides us with

11
B@Q(?ﬁ) =V 27T2F1 |:§, 57 1, 2t:| 5 (445&)
11

Having the exact result is a rare luxury, and is not necessary for the machinery to work.
Normally, you have a finite amount of coefficients up to n = Neoef. A standard method
is then to use a Padé approximant (see e.g. [52])

Z;‘V:O Tlitj

Bd(t) ~ P t) = —————
() N,M() 1+Zz]\i1dltz

(4.46)
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where all N + M + 1 coefficients are fixed by demanding that the power series of the
Padé agrees with B®(t). The choice of N and M are arbitrary, with the constraint that
N + M = Noe. This type of approach is commonly known as Borel-Padé summation
and it becomes more accurate as we increase Ngqef, SO in general requires a large number
of coefficients to be known.

Independent of the origin of our analytic continuation, once we have it we need to
find its Laplace transform, in order to relate to the original series. The only complica-
tion that may arise is in the special case when we have a singularity (pole or branch
cut) along the positive real axis in the Borel plane and therefore the integral would
have to be done along a ray in the complex ¢ plane. This is indeed the case for B®q(t),
which has a branch point at t = +1/2, whereas B®,(¢) has a branch point at t = —1/2,
and therefore the integral can be performed for real ¢. In the first case, we can define

a generalised Borel sum for an arbitrary ray in the complex ¢ plane

+ooet?
Se®(g) = 1/ dt e I Bd(t). (4.47)
g9 Jo

Even if the Borel sum for ®y(g) does not exist for § = 0, it does exist for § = 0*.
The difference between the two integration contours is a purely imaginary ambiguity
coming from the residue of the pole or the discontinuity along the branch cut. To see

this let us compute the difference between the two contours

11 ) 11
(Sg+ — Sp-) Po(g) = lg%— ” dt e 9 ( I [5, Y 1;2t + ze} — o F [5 5 012t — ze})
2 V2 11
! 7T/ dte 9, R | =, =:1:1 — 2t
272’
21V 2 11
_ 2V gy [ ity [ Ly, _%]
9 0 272
= 2ie71/295,®,(g) (4.48)

Here we have used the known discontinuity property of hypergeometric functions. We
observe that the ambiguity is proportional to the action of the leading singularity in
the complex plane! However this puts us in a compromise: we started with a real
result, but because of the summation, we obtained a purely imaginary part. Namely

depending of which contour we chose, the sign of the imaginary ambiguity will change!
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The only way of making the Borel sum of Z(g) real and free of ambiguity, is to realise
that the Stokes parameters must be piece-wise constants, that jump discontinuously
every time the integration contour crosses a singularity. In our case, for Cy = 1, we
then require for an arbitrary contour that

Sp®o(g) — ie"H295,®1(g9) 0 € (0, 7)

W)= {Se%(g) +ie”!29501(g) 0 € (=, 0)

The places where the Stokes parameters jump discontinuously are known as Stokes
lines. We see that the only role of the non-perturbative saddle in this case is to cancel
the imaginary ambiguity coming from Sy®(g). In order to make the result real and

independent of the contour of integration
SoZ(g) = So+Po(g) F 2’671/295%@1(9) = Re [So= o(9)] (4.49)

This expression exactly agrees with the analytic result from Eq. (4.38). In this case, we
can think of the imaginary part as an error term, which is exponentially suppressed for
g < 1, but might become relevant for g > 1 and then the error becomes significant.
In more general situations, the logic of the argument can be reversed to find new non-
perturbative contributions. For instance, suppose we originally knew nothing about
the existence of the non-perturbative saddle point, but we did know the perturbative
contribution to Z(g). Requiring Z(g) to be free of ambiguity across the § = 0 Stokes
line would tell us that we are missing non-perturbative effects which are completely

determined by the discontinuity structure of the Borel sum of S®q(g).

4.4 Resurgence in hydrodynamics

One of the main conclusions of the analysis of boost invariant flows is that the hydrody-
namic expansion does not converge and behaves instead as an asymptotic series [110].
This conclusion is based on the factorial growth of the coefficients in the large order
hydrodynamic series. As a consequence, the hydrodynamics gradient expansion has
formally zero radius of convergence. This behaviour has been observed in N' = 4

SYM [110] as well as RTA kinetic theory [114] and phenomenological completions of
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Figure 4.1: Behaviour of the series coefficients for the anisotropy function Eq. (4.12) as
a function of the expansion order n for Agp = 0 (grey solid circles), A\gp = —0.1 (green
open circles), A\gg = —0.2 (blue squares), A\gp = —0.5 (red triangles) and Agp = —1
(orange stars). The large n behaviour is given by |r,|'/™ ~ (n/Ae)|cos(dn)|'/™ with A
and 6 determined by the position of the nearest singularity to the origin & = Ae? in
the Borel plane.

hydrodynamics [111]. This behaviour is expected for any type of gradient expansion
where there are non-perturbative quasi-normal modes present.

The factorial growth of the series coefficients indicates that the hydrodynamic series
may be Borel summable. As is standard (see Section 4.3), we may define the series
expansion of the Borel transform of the anisotropy function R, as

Neoet

Rp(&) = %i”- (4.50)

n=1
Unlike the hydrodynamic series, since the leading n! growth has been removed, the
Borel transform defined above has a finite radius of convergence A, which controls the
asymptotic large n slope of the coefficient as shown in Fig. 4.1. The slopes of these
curves grow as Agg becomes more negative, which in turns means that the radius of
convergence of each series decreases with decreasing A\gp. It is also worth noticing that
for \¢g = 0 and A\gp = —0.1 the leading behaviour of the coefficients at large n follows

the form of an oscillating factorial function (r, ~ n!cos(6n)) where 6 is related to the
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argument of the position of the leading complex singlularity & = Ae, in a similar
fashion to scenarios noted in [113,121]. As we vary Agp, we find that the oscillating
behaviour becomes suppressed and the coefficients tend to follow 7, ~ n! as in [114].
This is consistent with the dominant contribution to the large n coefficients for the
hydrodynamic series transitioning from two propagating non-hydrodynamic modes, to
a single dissipative non-hydrodynamic mode.

The Borel transform and the original series are related via a Laplace transform. In
order to be able to perform this integral, we will need to first analytically continue the
Borel transform beyond its radius of convergence. Since we have a finite number of
coefficients N,qef, we will approximate the Borel transform via a Padé approximant of

the form N 4

. Zj:o n;&’

= 7 e
14> .2, d&

where all N + M + 1 coefficients are now fixed by demanding that the power series

Rp(§) ~ Pnu(§) (4.51)

around £ = 0 of the Padé approximant agrees with Eq. (4.50). In this chapter, we
will only consider symmetric Padé approximants, with N = M < Neeer/2, and we will
compare the results for different N and M to check the stability of our results.

One of the advantages of the Padé approximant is the fact that, by construction, it
allows for the emergence of poles in the complex £ plane, which can be related to the
finite radius of convergence of the Borel transform. In Fig. 4.2 we show the positions of
the poles of the Padé approximant for different values of A\gp. In the upper left panel
we show the pole structure for N'= 4 SYM as previously computed in [110,147], but
including an additional 140 coefficients of the gradient series. The rest of the panels
show our results for different negative values of \qp = (—0.1, —0.2, —0.5, —1). For
comparison, in the lower right panel we show the Borel plane for the same analysis'? in
kinetic theory within the RTA, using the coefficients tabulated in [114]. For all these
cases additional poles exist for very large values of |£|; however these have a strong
dependence on the Padé order, which indicates that they are numerical artefacts.

The singularity structure of the Borel plane is particularly interesting. As a first

observation, the locations of the poles control the convergence of the Borel transform,

12Note that in [114] the definition of the Borel transform was slightly different to ours, which implies
that our results are not identical
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Figure 4.2: The solid grey circles indicate poles of the Padé approximant of Rg(§). The
expected positions of singularities predicted from the quasi-normal mode frequencies
closest to the origin, both for complex (red) and purely dissipative modes (orange), are
marked by solid circles. All integer multiples of these frequencies are given by squares
of the same colour. The subsequent 2"¢ and 3'¢ QNM frequencies are marked by blue
and green squares. The modes that correspond to the sum of the 1% and 2*¢ QNM
frequencies (in the N/ = 4 case) or the sum of the first two leading modes (in the RTA
case) are given by a yellow triangle. The lower right panel is the Borel plane of kinetic
theory in the RTA approximation using the coefficients computed in [114]. For this plot
we have chosen the product of the relaxation time times temperature, v = 75T = 7/15,
so that shear viscosity of the RTA coincides with the A\gg = —1 value. The dashed
lines in the upper right panel shows the contours of integration used in the generalised

Borel sum (C,, C; and C_) in order to avoid the real singularities at finite coupling.
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since the distance of the closest pole to the origin is proportional to the inverse of the
slope of coefficients shown in Fig. 4.1. Furthermore, in all cases, the Padé approximant
exhibits an accumulation of alternating poles and zeroes, starting at a well defined point
in the Borel plane. This concentrated sum of simple poles indicates the emergence of a
branch cut [156]. The structure of poles at finite Agp is qualitatively different to that
of N = 4 SYM at infinite coupling. While in the latter case all poles are complex,
for all finite A\gp new branch cuts emerge along the real axis. For small negative A\gp
these new branch cuts are far from the origin, but as Agg becomes more negative
these poles move closer to £ = 0, and eventually dominate the radius of convergence
for the Borel transform. This behaviour qualitatively interpolates the structure of the
infinitely coupled limit of A" =4 SYM with the expectation from perturbation theory
as obtained via kinetic theory in the RTA approximation.

Having analytically continued the Borel transform beyond the power expansion, we
can determine the anisotropy function by performing a generalised Borel sum for an

arbitrary ray in the complex & plane (see Section 4.3)

R(w) = w /C dé e ™ Rp(¢), (4.52)

where C is a contour in the complex plane which connects & = 0 and £ = oo. The
presence of singularities in Rp shows that different choices of contour C yield different
answers. The theory of resurgence therefore suggest that the correct Ansatz for R(w)
is not a power series, but rather a trans-series that incorporate non-perturbative con-
tributions in the gradient strength. Denoting by f(()a) the position of each branching
point in Rp this trans-series is given to leading order by [110,113,147],

R(w) = $o(w) + Y Qa(w) Py (w) + O(2?) (4.53)

where ®,(w) are series in inverse powers of w and to first order we can neglect higher
powers and mixing between the modes. The non-perturbative behaviour of each mode

is encoded in the non-perturbative coefficient €, given by

Qo (w) = Cpu?@ e 67w (4.54)
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where (%) is constant characterising each branch cut and C, are Stokes parameters,
which must be chosen such that the non-perturbative ambiguity obtained in the Borel
sum of ®g(w), is exactly cancelled by the next terms in the trans-series, yielding a
real result [113,153]. In order to do so, these parameters must jump discontinuously
every time the contour C crosses a singularity in the Borel plane. However, this reality
condition only fixes the imginary contribution of the Stokes parameters [113], leaving
the real contribution undetermined. This non-perturbative real contribution is encoding
the information about the initial conditions of the system, and will be subsequently
exponentially suppressed and “forgotten” at late times when Q(w) < 1.

At strong coupling these non-hydrodynamic excitations are characterised by a set
of characteristic complex frequencies, which in the dual theory coincide with the quasi-
normal modes of the associated black brane. In the adiabatic approximation, we expect

each of these excitations to relax according to the local relaxation given by

. o . () — -2 — - . e
5R(04) ~ e_lf‘*’( )(r)dr ~ e_lf(“’QNMT 1/3"‘137(@)7 1+"‘)d7— ~ 7—%7( )e_lgw((Ql\)IMTQ/s’ (455)

where w(®(7) is the characteristic frequency of each mode. Since the system under
consideration is conformal, the 7-dependence of those frequencies is controlled by the
effective local temperature. From the late time 7(7) ~ 7~'/3 dependence, the position
of the branch cut can be related to the frequencies of the static quasi-normal modes

w(al\)IM (normalised by the temperature) as

« 3 a
&7 = i5winm (4.56)

The emergence of these characteristic frequencies in the expanding case can be found

explicitly by searching for power series solutions of the form
SA@ (1,7r) = Q0 Y w6 A (s), (4.57)
i=0

for each metric coefficient. New solutions emerge when we consider Gauss-Bonnet
gravity since as noted in [125], this higher-derivative theory possesses a new set of
dissipative (imaginary) quasi-normal modes in addition to the characteristic discrete

complex modes of NV = 4 SYM. These purely imaginary poles are a common feature of
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several higher-derivative theories, including the higher-derivative term responsible for
finite coupling corrections to N = 4 SYM. In fact, the 't Hooft coupling dependence of
these poles is qualitatively similar to the Gauss-Bonnet theory with negative Agp and
we can therefore expect that the structure of the Borel plane singularities for N' = 4
SYM at finite coupling will also be qualitatively similar to the one observed in our
analysis.

To explicitly show the relation between the quasi-normal mode spectrum and the
Borel plane singularities we show the positions of these characteristic frequencies, after
an appropriate rescaling, in Fig. 4.2. In this figure the positions of the singularities
associated with the first purely imaginary and complex QNM’s (with smallest imaginary
part, i.e. the smallest damping rate) are shown by the orange and red solid circles
respectively. Contrary to the simple toy model from Section 4.3 where the number of
non-perturbative contributions were fixed, now we have an nfinite set of quasi-normal
modes and therefore the hydrodynamic expansion now encodes information about all
the quasi-normal modes!

In all panels in Fig. 4.2, such poles coincide with the start of an accumulation
of singularities in the Padé approximant, which may be interpreted as the origin of a
branch cut. In addition, because of the presence of non-linearities in the system, we also
expect interactions between these modes, which would create new branching points at
multiples of the QNM'’s positions or linear combinations of them, which are also shown
in the Borel plane of N' =4 SYM and are expected to be further suppressed at order
Q(w)?. In Fig. 4.2 we have shown the positions of all these singularities associated with
non-hydrodynamic excitations and their interactions or “resonances”. Because of the
numerical limitations, we can not observe any poles coinciding with higher order modes

in the finite coupling cases.

4.4.1 Hydrodynamic attractor and Borel summation

We will now construct the hydrodynamic attractor for Gauss-Bonnet hydrodynamics
by analytic continuation of the anisotropy function R(w), by performing the generalised

Borel sum as in Eq. (4.52). As we stressed in the previous section the presence of poles
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in the Padé approximant, Rp(&), will lead to imaginary ambiguities of the Borel sum
depending on the choice of contour of integration. This ambiguity can be fixed by
allowing the Stokes parameters C,, to be discontinuous across each singularity (Stokes
lines), in order to render the final result real. As already mentioned, in principle this
procedure can only fix the imaginary contributions of these parameters. The remaining
real contribution can only be determined from additional knowledge of the early time
dynamics and initial conditions. In fact, specifying different values of these parameters
is equivalent to selecting different choices of initial configurations for the evolution.

Once the information about the initial conditions is lost, all configurations converge
exponentially to the same curve. This is known as the hydrodynamic attractor [111].
While currently there is not a precise definition of the attractor'®, summation tech-
niques and numerical analysis of different theories have been able to identify well de-
fined attractors to which all initial configurations converge to. The main goal of this
section will be to construct and constrain the properties of the attractor solution in the
case of holographic Gauss-Bonnet by summing the hydrodynamic series.

In the case where we don’t have any singularities on the real axis, the Borel sum
of the gradient expansion coincides with the numerically computed attractor using the
full non-linear equations as was illustrated in a hydrodynamic theory with a similar
singularity structure to that of N' = 4 SYM [113]. For finite A\gp, because of the
presence of poles in the real axis, we need to perform a generalised Borel summation,
which will inevitably lead to a complex R(w) and a trans-series. However, in practice we
found that computing these non-perturbative corrections and their series is numerically
very challenging and therefore in order to obtain a sensible answer, we will be forced
to naively take the real part of the complex Borel sum of ®(w). In essence, by this
prescription we are effectively incorporating part of the first trans-series corrections
and setting all their real contributions to zero. Roughly speaking, we can expect
that the error we are introducing will be exponentially suppressed at large w, and it
would be of the order of the imaginary part that we are neglecting (assuming that

Im[C,] ~ Re[C,] ~ 1, which is normally the case).

13See [123] for a recent attempt to provide such a definition based on the theory of non-autonomous
dynamical systems.
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Figure 4.3: Anisotropy function for different values of A\gp (left) and RTA (right) as
a function of rescaled gradient ws/4mn. The grey, green, blue, red and orange curves
correspond to the real parts of the inverse Borel transform of the leading order in the
trans-series while the yellow curve in the right panel corresponds to RTA (for different
choices of the Padé order N). The bands are determined by adding and subtracting
the imaginary part of the inverse Borel transform, as a gauge of the importance of

additional trans-series contributions. In both panels, the dashed line corresponds to

the first order hydrodynamic prediction Rﬁ;td. The grey, red and orange curves show

no noticeable deviation for the entire range plotted above. The green and blue curves

are stable with respect to the choice of N for ;=7 > 0.25, with deviations remaining

within the same order of magnitude as the curves splotted above. The sensitivity of the
RTA bands to different choices of N is no greater than 6% for 2% > 1.

4ml
S

We will consider contours of integration given by a straight line in the complex plane
£ =|¢le?, with § = (07,07, 6,) corresponding to (C,C_,C.) respectively, as shown in
the upper right panel of Fig. 4.2. In analogy with Section 4.3, we see that the disconti-
nuity across the real axis is purely imaginary. The results of this integration along the
C+ contour for the different values of the coupling A\gp = (0, —0.1. — 0.2, —0.5, —1)
are given by the grey, green, blue, red and orange curves displayed in the left panel of
Fig. 4.3. For all non-zero values of \gp we have supplemented each curve with a band
generated by adding and subtracting to the real part the imaginary part of the integral
as an error estimate, which we expect to be exponentially suppressed by Q(w) at late
times. Following [139], to better compare the different theories we have rescaled the
values of w by the viscosity to entropy density ratio, such that the first order hydrody-

Ist

namic prediction R;5,, shown by the dashed line, agrees in all theories by construction.

As the width of the band increases at early times, the sensitivity to the Padé order
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and the number of coefficients drastically increases. This is because at this point, all
the contributions from the trans-series become order one and can not be neglected.
We find this special value of the gradient to be at ws/47wn ~ 0.25, which means that
the results for the hydrodynamic attractors are reliable only in the range w 2 7n/s,
away from the validity of usual hydrodynamics, which is expected to fail when the first
gradient corrections become of order one and w ~ 47n/s.

In the right panel of Fig. 4.3 we compare the results from our holographic computa-
tion to the summation of the RTA kinetic theory coefficients from [114]. Even though
the RTA computation is performed with 200 coefficients of the hydrodynamics series,
we find that the inverse Borel transform is much more sensitive to the Padé order,
which prevents us from studying the very small ws/n regime. In fact, in the case of
RTA, the hydrodynamic attractor is reliable only in the range w 2 4mn/s, which is
what you would expect to be the scale at which the hydrodynamic series is valid.

When the width of the bands is small, we can use the summation to explore the
process of hydrodynamisation of the system. As already observed in [121] for NV = 4, the
result of these summations quickly approaches the first order hydrodynamic predictions
for all the values of Agp. To better quantify this process, we will assume that the system
has hydrodynamised at wyyq if for any value of w the anisotropy function satisfies

R — Ryyq

0.1=
' Rhyd

, (4.58)

W=Whyd

where Ryyq is the first order hydrodynamic expression Eq. (4.14). The values of wyyq
and the corresponding anisotropy for the different theories are tabulated in Table 4.1.
As A\gp becomes more negative, the value of the temperature-normalised gradient w
at which hydrodynamisation occurs increases, as expected by the fact that the dual
fluid is more viscous. Nevertheless, as in other theories where the summation has been
performed [111,121], Ryyq approximates the summed result even when the value of this
normalised gradient is comparable to the microscopic scale. At these small values of the
inverse gradient, the anisotropy function is larger than 1, which means that the viscous
contribution to the pressures is as large as the equilibrium pressure, demonstrating that
the contribution of higher order terms is potentially large. This is a manifestation of

hydrodynamisation without isotropisation as discussed in [104, 157].
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AaB 0 |-01]-02]-05| -1 RTA

Whya | 0.43{0.46 | 0.56 | 0.93 | 1.85 | 2.5-2.8

uilhTy;‘;s 0431033031031 (037| 10-1.1
1.33 | 1.74 | 1.87 | 1.85 | 1.57 || 0.55 - 0.57

| Whyd

Table 4.1: Inverse gradient size and anisotropy function at hydrodynamisation for
different theories. Note that for RTA the quoted range reflects the sensitivity of the
summation to Padé order and does not include the uncertainty associated with the
imaginary part of the inverse Borel transform.

In this table we have also quoted the values obtained for RTA. As already men-
tioned, these results are much more sensitive to the Padé order and the extracted
values reflect this sensitivity. This sensitivity hints towards a larger contribution of
the non-perturbative corrections, which we will explore below in detail, making the
hydrodynamisation interpretation harder. Nevertheless, it is worth noting that all the
computations performed via the gauge/gravity duality hydrodynamise at comparable
values of the viscosity rescaled gradient ws/n, and significantly earlier than in RTA
kinetic theory. Since both RTA and A\gp may be viewed as oversimplified treatments
of finite coupling effects in gauge theories, it would be interesting to investigate more
realistic higher derivative corrections and collision kernels to explore whether the size
of the rescaled gradient at hydrodynamisation shows consistent trends in these com-
plementary approaches towards gauge theories at intermediate coupling.

As we have stressed, in performing our summations we have implicitly selected some
particular values of the initial conditions, which is tantamount to a specific selection
of the constants C, in Eq. (4.53). It is therefore unclear whether this choice leads
to the hydrodynamic attractor. In the simpler example of [111], where the trans-
series program has been performed, non-trivial values for this constant, beyond the
cancellation of imaginary parts, must be introduced (fitted) to describe the numerically
computed attractor. This can be done by studying numerically the early time evolution
of a set of initial conditions like in the case of [116]. In our case, this would require using
the fluid/gravity correspondence and computing the full non-linear numerical solution
for several initial conditions. The effect of these different initial conditions would be

eventually encoded in the trans-series Stokes constants. Therefore when we are scanning
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through the space of initial conditions, we are effectively considering different values
for the undetermined Stokes parameters, so we can avoid solving non-linear PDE’s if
we just consider the the dynamics of the leading non-perturbative corrections that we
have been neglecting.

We can determine the late time behaviour of these contributions by examining
the discontinuities of the inverse Borel transform for different choices of the contour
integration. By inspection of the Borel planes at finite Agp, Fig. 4.2, we identify three
representative contours of integration, which yield different answers for the inverse
Borel transform. We have already used one of those contours, C. , to define the inverse
Borel transform above. The second contour C_, is the reflection of the previous to the
lower half plane. Finally, the third contour is a straight line in the upper half plane at
angle above the argument of the start of the complex branch cut, C.. All these contours
are shown in Fig. 4.2. Denoting by R, R_ and R, the results of integrating Eq. (4.52)

over each of these contours, we define the discontinuities by
iDy(w)=R, — R_, D.w)=R.— R,. (4.59)

D is real and coincides with the imaginary part of R, while D, is complex.!* Within
the above approximation, the late time behaviour of the different initial conditions is
given by

Ric(w) = R+ a1 D+ + asRe [D.] + azlm [D,] , (4.60)

where R(w) is the result of the summation described above and the coefficients a;
contain information from the early proper time evolution of the system beyond the
hydrodynamic approximation.

Note that the edges of the band displayed in Fig. 4.3 corresponds to setting a, =
az = 0 and a; = £1. Varying the values of this constant, we can estimate how different
initial configurations deviate from our summed result.

In Fig. 4.4 we explore the effect of different initial conditions on the time evolution of

boost invariant expansion of different theories. We will vary the coefficients a; € (—1,1)

4Note that we could have defined an equivalent discontinuity by reflecting both C. and C, to the
lower half; however, this discontinuity is simply the complex conjugate of D.(w).
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Figure 4.4: Logarithmic derivative of the energy density as a function of the viscosity-
rescaled gradient for different values of A\gp. In all panels, the thick solid line is the
result of the summation of the hydrodynamic series, while the dashed line corresponds
to the first order hydrodynamic prediction. The thin coloured lines correspond to
adding to the sum the discontinuities defined in Eq. (4.59) for a range of coefficients.
The vertical dotted line indicates the rescaled hydrodynamisation time wgfls, the hor-
izontal lines give the corresponding R = (1 4 0.1) R|whyd as displayed in Table 4.1

(including its uncertainties for RTA).
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to gauge the spread of typical initial conditions of such time evolution.'® Following
different extractions of attractor solutions in the literature, [111,116,122], the attractor
may be identified by the so called “slow roll” condition, which demands that the time
derivative 70, loge, is small all along the evolution of the system. For this reason, in
Fig. 4.4 we show the logarithmic derivative of the energy density, 70; log €, from which
such a derivative may be inferred. In these plots, the solid thick line corresponds to
the summation, while the colourful thin lines correspond to different time evolutions
obtained by varying a;. In all panels, the dashed line corresponds to the first order
hydrodynamic prediction for this quantity. Finally, the vertical dotted line marks the
hydrodynamisation wpyq time extracted in Table 4.1 and the horizontal dotted lines
indicate the values of 70, loge which correspond to varying R by 10% around the
summation.

The inspection of this figure shows that in all holographic calculations the result of
the summation provides a good proxy to the attractor at hydrodyanamisation time. For
all values of A\gp, the variation within typical initial conditions of the evolution of the
energy density is consistent within the hydrodynamisation criterion used to determine
the wyyq. This shows that our extraction of wyyq is reliable. Furthermore, the spread
of the different initial conditions also show that, while specific initial conditions may
converge faster, for typical configurations, we only expect convergence towards the
attractor when the attractor is well approximated by first order hydrodynamics.

We close this section by noticing that the RTA computation exhibits a much stronger
dependence on initial conditions than the holographic computations.'® For RTA our
estimated hydrodynamisation time wpyq occurs much later than for the holographic
computations, and we observe that many of the individual initial conditions are not

well approximated by the attractor or first order hydrodynamics.

15We have checked that this procedure leads to a spread in anisotropy paramater comparable to
that induced by the different initial conditions in N' =4 SYM reported in [121].

16 We thank M. Heller, M. Spaliriski and V. Svensson for private communication on recent analysis of
RTA kinetic theory with a non-conformal relaxation time [158] which exhibits a trans-series structure
with multiple independent contributions with identical exponential suppressions. This indicates that
for conformal RTA the trans-series may be more complicated than what we have assumed in this work.
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4.5 Discussion

Understanding the unexpected success of hydrodynamics to describe the off-equilibrium
dynamics of interacting systems is an important challenge, not only theoretically but
also with important practical applications to heavy ion physics and beyond. To ad-
dress the success of this low energy effective theory much beyond its expected regime
of validity, the emergence of special time-dependent configurations of the interacting
theory, which act as attractors for all possible system evolutions and which generalise
the hydrodynamic expansion beyond the limit of small gradients, has been suggested
as a possible explanation. Motivated by this suggestion, in this work we have applied
the extension of hydrodynamics beyond the gradient expansion to the boost invariant
flow of the field theory dual of Gauss-Bonnet gravity in 5D, which may be viewed as a
laboratory to study finite coupling corrections to infinitely strongly-coupled theories.
As we have already stressed, we have chosen to analyse Gauss-Bonnet holography
since, at least in principle, it allows us to explore non-perturbative values of A\gp, the pa-
rameter that controls higher-derivative corrections to Einstein gravity. The relaxation
dynamics of non-hydrodynamic modes at finite (and negative) Agp exhibits qualitative
similarities to the effect of finite 't Hooft coupling corrections for those dynamics in
N =4 SYM. In particular, both theories exhibit purely dissipative relaxation channels
which, from the point of view of holography, are due to higher curvature terms.'”
One of our main results is the analysis of singularities of the Borel transform of the
hydrodynamic series in this theory. In accordance with the general theory of resurgence,
and as already observed in N' = 4 SYM, these singularities reflect the characteristic
QNM frequencies that control the relaxation of small non-hydrodynamical excitations
in the dual black-brane geometry. A direct consequence of the new purely dissipative
modes is the presence of singularities on the real axis in the complex Borel plane.
These, together with the complex singularities associated to other QNM’s of the dual
theory make the analytical structure of the fixed coupling calculation richer than in

the infinite coupling limit. But even more importantly, the structure of singularities

"Note also that our analysis has been performed for values of Agp beyond the causality bounds
of [134,148]. For this reason, we are not able to explore the boost invariant expansion in the 7 — 0
limit.
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qualitatively interpolates between the infinite coupling limit obtained via holography
and the weakly-coupled limit, obtained by kinetic theory in the RTA. This may be
viewed as an additional motivation to study the large order gradient expansion in this
higher-derivative theory.

To explore the effect of this analytic structure on the early time dynamics of the
system, we have summed the hydrodynamic series via Borel-Padé techniques. This
allows us to extend the information in the large order gradient expansion to the large
gradient region at early times. Remarkably, as in all other examples studied in the
literature, the summation of the gradient expansion of the field theory dual to this high-
derivative gravity is approximated by first order hydrodynamics at an unexpectedly
early time, in a region where viscous effects are large. At this hydrodynamisation time,
the pressure anisotropy in the expansion is large and comparable in all strongly-coupled
computations, independent of A\gp, which implies that the hydrodynamisation occurs at
comparable viscosity-scaled gradients, ws/n. By comparison, our analysis of the RTA
kinetic theory gradient expansion computed in [114] indicates that hydrodynamisation
occurs later, at smaller values of the anisotropy parameter. Our results are consistent
with the numerical solutions of RTA described in [114].

This summation allows us to explore the dynamics of the hydrodynamic attractor
in this holographic model. Certainly, summation techniques cannot solely determine
the behaviour of the attractor. To fully determine this configuration, analysis able
to explore the w — 0 limit must be performed. However, at sufficiently late times,
when all non-perturbative contributions have relaxed, the summation must coincide
with the attractor. To gauge how close the summation is from the attractor, we have
estimated the relaxation of transient behaviour by studying the discontinuities of the
inverse Borel transform over different contours of integration. Since those discontinu-
ities must be cancelled by non-perturbative contributions, they provide a natural scale
for the magnitude of these corrections. By varying the magnitude of these modes we
can quantify the deviation from the summation of generic initial conditions. From
this analysis we conclude that in all holographic computations, the expected deviation

of generic initial conditions from the summation, is comparable to the difference be-

o8



tween the summation and first order hydrodynamics at hydrodynamisation time. As a
consequence, our summation will be a good approximation to the attractor at hydrody-
namisation time. From this analysis, we conclude that while individual configurations
may converge to the attractor earlier, in all the strongly-coupled computations the re-
laxation of generic initial conditions occurs whenever the system has hydrodynamised.
Our analysis also suggests that the sensitivity of kinetic theory to initial conditions

persists up to significantly smaller viscosity-rescaled gradients.
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Chapter 5

Holographic Zero Sound from
Spacetime-Filling Branes

After a brief introduction to Fermi liquid “zero sound”, we review the charged black
brane solution of the fully backreacted DBI action in Section 5.2 of this chapter. In
Section 5.3 we present our numerical results for the poles of the Green’s functions, spec-
tral functions, and sound attenuation. We conclude with discussion of our results and
outlook in Section 5.4. The appendix contains the technical details for the numerical

computation of retarded Green’s functions and QNMs in holography.

5.1 Introduction and motivation

Many systems involve strongly-interacting degrees of freedom with non-zero chemical
potential, u # 0. Examples include neutron stars, cold atoms at unitarity, graphene,
and more. Such systems can exhibit remarkable properties, such as cold atom’s ex-
tremely low ratio of shear viscosity, 7, to entropy density, s [13]. However, few reliable
techniques exist to derive these properties from first principles. Perturbation theory
is manifestly unreliable, and when p # 0 the “sign problem” renders numerical tech-
niques, such as quantum Monte Carlo, practically useless. As a result, the origins of
such remarkable properties remain mysterious.

The AdS/CFET correspondence offers an alternative approach allowing us to study
strongly-interacting CFTs with non-zero temperature 7" and p by studying charged
black branes in AdS. The CFT stress-energy tensor, 7" (with u,v =0,1,...,d — 1),
is dual to the metric, gyn (with M, N = 0,1,...,d), and a U(1) current J* is dual
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to a U(1) gauge field Ay;. AdS/CFT cannot yet describe any real system. Never-
theless, AdS/CFT has the potential to reveal universal principles applicable to real
systems. Indeed, AdS/CFT already has several success stories. For example, all
rotationally-invariant holographic fluids dual to Einstein gravity, have the same value of
n/s, namely /s = 1/(4m) ~ 0.08 [8-12], which is surprisingly close to the 1/s estimated
for cold atoms and the quark-gluon plasma [13]. In other words, AdS/CFT revealed
that strongly-interacting fluids have characteristically small /s ~ 0.1. AdS/CFT
has also revealed universality in second-order transport [14—18]and anomalies in trans-
port [19-21].

In particular, evidence has accumulated for the possible universality of sound modes
in holographic compressible quantum matter [6,159-187]. “Compressible” means the
charge density (J') # 0 is a smooth function of p # 0 with d(J*)/du # 0, and “quan-
tum” means 7" = 0, so that quantum, rather than thermal, effects determine the ground
state [188]. “Sound modes” means poles in the longitudinal channel of 7" and/or J*’s
retarded two-point functions with dispersion relation w(k) = vk + ..., with frequency
w, momentum k, speed v, and ... stands for terms with higher powers of k, and where
Im (w) determines the mode’s attenuation.

To be more specific, 7' = 0 sound modes have been found in two classes of holo-

graphic models. In both classes the bulk action includes an Einstein-Hilbert term,

1
167Gy

/d‘”laz N& (R + M) : (5.1)

L

SEH

with Newton’s constant G, g = det (garn), Ricci scalar R of gy, and AdSy,; radius
Lg. The two classes of models differ in Aj;’s dynamics. The first class is “probe brane”
models [6, 159-164, 166-171, 173-180, 182-187], in which A, has a Dirac-Born-Infeld
(DBI) action,

SDBI = —TD / dd+1l' \/—det (gMN +« FMN); (52)

with tension Tp, constant « of dimension (length)z, and Fiyyy = Oy Any —On Ay, These
models employ the probe limit: expand solutions for g,y and Ay in GyTp < 1 to
leading non-trivial order. In the probe limit, A;,’s stress-energy tensor is neglected in

Einstein’s equation, and Aj;’s equation of motion reduces to that in the “unperturbed”
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background g,;y. We will consider only spacetime-filling branes [189], i.e. the integral
in Eq. (5.2) is over all (d 4 1) bulk dimensions, although defect branes, of non-zero
co-dimension, can also give rise to 7' = 0 sound modes [159, 163].

In field theory terms, the probe limit is justified when the charged fields comprise a
negligibly small fraction of the total degrees of freedom. For example, in string theory
a D-brane action includes a DBI term [35]. In holography, a D-brane that reaches
the AdSy., boundary is typically dual to “flavor fields,” meaning fields in the gauge
group’s fundamental representation, just like quarks in QCD [190]. The U(1) is then a
flavor symmetry, analogous to QCD’s quark number symmetry. In such cases, typically
Tp o< NyN, whereas Gy o 1/N62, so that GNTp o< Ny/N, < 1. In other words, the
order N? adjoint fields (gluons) vastly outnumber the order NN, flavor fields (quarks),
which are thus negligible.

The second class of models is Einstein-Maxwell theory [165,172] with no probe limit,
i.e. Aps’s stress-energy tensor is not neglected in Einstein’s equation. The gauge field
thus backreacts on the metric, hence we will also call these models “backreacted.” In
field theory terms, in backreacted models the charged fields comprise a non-negligible
fraction of the total number of degrees of freedom. Moreover, a DBI action truncated
at second order in aF)yy is a Maxwell action. From that perspective, using a Maxwell
action means discarding certain all-orders corrections in «.

In both classes of models, sound modes appear in extremal solutions where Aj;’s
only non-zero component is A;, and both g,y and A; depend only on the holographic
radial coordinate. For example, in Einstein-Maxwell theory sound modes appear in
the extremal AdS,;-Reissner-Nordstrom (AdS-RN) charged black brane solution [165,
172].

The physical origin of these sound modes in holographic compressible quantum
matter is mysterious. To see why, consider the three most familiar forms of compressible
quantum matter, each characterised by symmetry breaking, and each supporting a
sound mode [188,191-196]. In solids, translational symmetry breaking produces a
phonon. In Bose-Einstein condensates, spontaneous breaking of the particle number

U(1) produces a superfluid phonon. In a Landau Fermi liquid (LFL), no symmetries
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are necessarily broken, but fluctuations of the Fermi surface’s shape produce Landau’s
“zero sound” excitation [191-196], a longitudinal excitation with a dispersion relation
of the form of a hydrodynamic sound mode, w = +vk — il'k? + .. .(with real-valued k
and complex-valued w), where I' is the attenuation constant.

In holographic compressible quantum matter the sound modes appear in states
that preserve the translational and U(1) symmetries, hence they cannot be (super-
fluid) phonons. Moreover, they almost certainly cannot be zero sound either, because
the effective theories describing holographic quantum compressible matter differ dra-
matically from LFL theory.

In LFL theory, the ground state is a degenerate system of interacting fermionic
quasi-particles, producing a Fermi surface, and fluctuations about the ground state are
either quasi-particles/holes or collective excitations, such as zero sound. In contrast,
probe brane models show no sign of a Fermi surface [6,159-164,166-171,173-180, 182~
187], although they do exhibit spectral weight at w = 0 for k£ up to some finite value,
similar to a smeared Fermi-Dirac distribution [197]. The equations of their effective
description have the same form as hydrodynamics with weak momentum relaxation,
but with momentum replaced by (J*) [187,198].

Einstein-Maxwell models can have a Fermi surface [50,51,199], but violate Lut-
tinger’s theorem: the Fermi surface volume is smaller than (J*) by powers of N, [6,165,
172,181]. In these models, the effective description remains mysterious, primarily be-
cause extremal AdS-RN has a near-horizon AdSs, indicating some (0 + 1)-dimensional
CFT among the light modes [51]. Indeed, correlators of T* and J* exhibit branch
cuts due to these light modes, in addition to the sound modes [165,200]. The effective
description is thus neither LFL theory nor hydrodynamics, but rather some kind of
“semi-local quantum liquid” [201] wherein space divides into “patches” of size ¢ o< 1/p,
such that correlators at separations < ¢ exhibit (0 + 1)-dimensional scale invariance,
and at separations > ¢ exhibit exponential decay.

Although the sound modes in holographic compressible quantum matter are almost
certainly not LFL zero sound, following convention we will call them “holographic zero

sound” (HZS) [159,163], where “zero sound” is chosen mainly because they are not
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Figure 5.1: Schematic depiction of the LFL theory form of In (uI'), with sound atten-
uation constant I', as a function of In (7'/u) at fixed frequency w and momentum k.
The two vertical dashed black lines represent 77/ = w/u (left) and /w/p (right).
In the quantum collisionless (QC) regime I' oc T, in the thermal collisionless (TC)
regime I' oc 72, and in the hydrodynamic regime I' oc 772. A maximum appears be-
tween the thermal collisionless and hydrodynamic regimes, signaling the collisionless-
to-hydrodynamic crossover.

phonons, while “holographic” emphasises that they are probably not LFL zero sound.

Remarkably, however, in probe models the fate of HZS when T > 0 is strikingly
similar to that of LFL zero sound [171,172]. LFL theory is an expansion in w about the
Fermi energy [191-196], so the LFL zero sound dispersion relation is typically expressed
as k(w) = +w/v+ilw? /v*+. . (with real-valued w and complex-valued k). When T'/p =
0, |Im(k)| o< w?/p at leading order in w. As T'/u increases with p and w fixed, LFL
theory predicts a three-stage “collisionless-to-hydrodynamic” crossover, characterised
by changes to Im(k) due to collisions with thermally-excited quasi-particles. Fig. 5.1 is
a schematic depiction of the crossover. The LFL prediction for the crossover has been
confirmed experimentally in liquid Helium 3 [192].

First, in the “quantum collisionless” regime, 0 < 77/u < w/u, the collisions
are too weak and infrequent to change zero sound’s dispersion from the T/u = 0
form, that is, |[Im(k)| oc w?/u persists. Second, in the “thermal collisionless” regime,
w/ip < 7T/p < \/07 , the collisions become sufficiently strong and frequent that
ITm (k)| increases at a rate o< (a7)* /u. Third, in the “hydrodynamic” regime, the

collisions are so strong and frequent as to destroy zero sound, however the thermal
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excitations now support the usual hydrodynamic (“first”) sound mode, whose attenu-
ation decreases at a rate o< g w?/T?. The transition from thermal collisionless scaling,
[Tm(k)| o< T2, to hydrodynamic scaling, |Im(k)| oc T2, is thus marked by a maximum
of Im(k), which provides a definition for a precise moment (value of T'/u) of crossover
from collisionless to hydrodynamic regimes. For more details on the collisionless-to-
hydrodynamic crossover in LFLs, see for example refs. [171,172,193,196].

In probe brane models the HZS attenuation behaves identically to LFL zero sound
in the quantum and thermal collisionless regimes [171]. However, in the probe limit
the HZS pole appears only in correlators of J#, and not those of 7", so when T'/u >
\/(,7 , HZS crosses over to charge diffusion, not hydrodynamic sound: returning to
complex-valued w and real-valued k, the dispersion becomes w = —iDk? + ..., with
charge diffusion constant D. As a result, the sound attenuation exhibits no maximum.
Nevertheless, a precise moment of crossover can be defined from the pole movement
in the complex w/u plane as T'/u increases with fixed k and p [171], as depicted
schematically in Fig. 5.2a. This pole movement is in fact identical to that of a harmonic
oscillator evolving from under- to over-damped [187]. First, the two HZS poles move
down, approximately along semi-circles, and eventually meet on the imaginary axis,
subsequently splitting into two purely imaginary poles, one that descends down the
imaginary axis and one that rises to become the charge diffusion pole. The meeting
point provides a precise definition for the exact moment of crossover [171].

However, in Einstein-Maxwell models the crossover is qualitatively different from
both LFL and probe brane models [172]. At low T'/u the sound attenuation scales as
ITm(k)| o< T°, similar to the LFL quantum collisionless regime, but at intermediate
T/ it scales as a power of T less than the T? of the LFL thermal collisionless regime.
At higher T'/u a hydrodynamic regime emerges where [Im(k)| oc 7!, unlike the 72
of a LFL, but as expected for a CFT: for T'/u high enough that all scales besides T'
are negligible, dimensional analysis requires |[Im (w)| oc 77!, the AdS-Schwarzschild
(AdS-SCH) result [72,202]. Nevertheless, for sufficiently small k& the sound attenuation
exhibits a maximum before the hydrodynamic regime, so the LFL definition of the

crossover remains viable.
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Figure 5.2: Schematic depictions of the movement of poles in the complex w/u plane
in sound-channel J* and/or T* correlators in HZS models. The arrows indicate the
motion of poles as T'/u increases. The black crosses represent sound poles, while the
(upper) red square represents the charge diffusion pole. (a) In spacetime-filling probe
brane models, the two HZS poles move down, approximately tracing semi-circles, collide
on the imaginary axis, and split into two purely imaginary poles, one moving up and one
moving down, where the former is the charge diffusion pole. (b) In Einstein-Maxwell
models, all three poles simply move up towards the real axis, with the sound poles’ real
parts constant.

Moreover, in Einstein-Maxwell models the pole movement differs dramatically from
probe brane models. In the complex w/u plane, the sound-channel correlators of J*
and T" exhibit both sound and charge diffusion poles for all 7'/, which simply move
up, closer to the real axis, as T/ increases, as depicted schematically in Fig. 5.2b.
Indeed, a crossover is apparent only in the charge density’s spectral function, which we
denote py, where as T/ increases, a peak produced by the sound poles is suppressed,
and a peak produced by the charge diffusion pole rises. A second definition of the
crossover is then possible, as the 7'/u where the charge diffusion peak first becomes
taller than the sound peak [172]. No crossover is apparent in the energy density spectral
function, which we denote p;;, where only a single peak produced by the sound poles
is apparent for all 7'/u. Equivalently, this crossover occurs as a transfer of dominance
in the residues of the poles in the charge density’s retarded Green’s function, which
partly determine the corresponding spectral weights in p.

In short, the LFL and holographic results present us with three possible definitions

for a precise T'/ 1 of crossover. The LFL definition is the sound attenuation maximum.
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The probe limit definition is the collision of poles on the imaginary axis in Fig. 5.2a.
The AdS-RN definition is the transfer of dominance in p; from the sound peak to the
charge diffusion peak. A natural question is how common each of these behaviors is,
and whether a “universal” definition exists, applicable to all cases above, and more

generally to all quantum compressible matter.

5.1.1 The model

As a small step towards answering these questions, and to provide some larger context
for the existing holographic results, in this paper we consider a simple model which
reduces in different limits to the two classes of models described above. Specifically, we

consider a backreacted DBI model, with bulk action
S = SEH + SDBI7 (53)

and study the collisionless-to-hydrodynamic crossover as a function of the “effective

tension” or “backreaction” parameter,
7= (87Gy) TpL? (5.4)

which appears in Einstein’s equation, controlling Sppy’s backreaction (the backreacted
AdS radius L depends on Tp: see Eq. (5.7)). In particular, the probe limit is an
expansion in GyTp x 7 < 1 to leading non-trivial order. As suggested above, 7
measures the ratio of the number of charged degrees of freedom to total degrees of
freedom, and 7 < 1 simply means the number of charged degrees of freedom is < NZ.

In order to obtain a Maxwell action, it is convenient to define a dimensionless
coupling

a=a/L (5.5)

which controls the strength of higher-order terms in Fj;n. We can recover a Maxwell
action from Sppr by sending & — 0 with 7a? and Fy;y fixed. In probe D-brane models,
@ is proportional to the string length squared, and is holographically dual to an inverse
power of the 't Hooft coupling, so that Spg; includes an infinite sum of finite-coupling

corrections. For the theory with action in Eq. (5.3), an exact, closed-form charged
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black brane solution is known for all values of 7 and & [189,203-206]. The solution is
analogous to AdS-RN, and indeed shares many qualitative features with AdS-RN. For
example, for any 7 # 0, the extremal solutions have near-horizon AdS,, so the effective
theory is a semi-local quantum liquid.

To be concrete, we restrict to d = 3 and T/ > 0 (never T'/pn = 0), and numerically
compute the the positions of sound-channel poles in J#* and T*” correlators in the
complex w/p plane, as a function of either 7'/u or, to determine dispersion relations,
k /. In holography, the poles in retarded Green’s functions are dual to normalisable in-
going solutions of the linearised fluctuation equations, i.e. quasi-normal modes (QNMs)
of the charged black brane solution [70,72,207-209]. For any 7 > 0 these poles are
shared by all sound-channel correlators of J# and T*”, because the dual linearised metric
fluctuations are coupled. We also numerically compute p; and py holographically, from
the on-shell action of the bulk fluctuations [70,207,209].

In our model, the coupling & appears in the action only as a coefficient of the gauge

field strength, and hence & may be rescaled by an appropriate redefinition of the gauge

field.!

5.1.2 Summary of results

We explore the effect of the backreaction on the spectrum of excitations, starting with
the probe limit, 7 = 0, and then increasing 7 through several values at fixed @ = 1 and
small k/p. In each case we calculate the spectrum of poles closest to the origin of the
complex w/p plane, the spectral functions py and py, and the sound dispersion. Our
results are summarised as follows.

Pole Movement: At low T'/u we always find two HZS poles and a few other poles,
which depending on the value of 7, may be propagating (non-zero real part) or purely
dissipative (zero real part). As we increase T'/u the motion of these poles is more

complicated than either case in Fig. 5.2, and indeed depends sensitively on the value

'To be more precise, the gravity theory’s action is invariant under the re-scaling & — Aa and
Fun — A ' Fayy with constant A € RT. We could use this re-scaling symmetry to absorb « into
Fyrn,, however we will retain « to facilitate comparison to the existing literature, to keep track of
powers of the 't Hooft coupling and to facilitate the Maxwell limit of Sppy.
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of 7. We leave the details to Section 5.3.1, and here just provide a sketch of some key
general features.

When we increase 7, purely imaginary poles begin moving up the imaginary axis
and “interfering” with the poles closer to the origin, producing various complicated
pole collisions and splittings as 7'/ increases. However, for 7 below a critical value,
two poles eventually emerge at high enough 7'/ that move similarly to the probe limit
of Fig. 5.2a, i.e. they collide on the imaginary axis and produce the charge diffusion
pole. On the other hand, for 7 above the critical value the three poles closest to the
origin move similarly to the AdS-RN case in Fig. 5.2b, unaffected by the complicated
collisions and splittings occurring lower in the complex w/u plane. The probe limit
definition of the crossover thus remains viable only for 7 below a critical value.

For all 7 # 0 we find sound poles for all T/, representing HZS at low 7T'/p which
evolves into hydrodynamic sound as temperature is increased. This is in contrast to
the probe limit, where the HZS poles collide on the imaginary axis for some critical
temperature, forming the hydrodynamic diffusion pole, and another pole that moves
deeper into the complex plane with increasing temperature.

Spectral Functions: For all 7 that we consider, the energy density spectral func-
tion py as a function of w/u exhibits only a single peak for all T'/u, arising from the
sound pole, whether HZS or hydrodynamic.

The charge density spectral function p; at low T'/u exhibits a peak from the HZS
pole. As T'/u increases a second peak rises closer to w/p = 0, due to the charge diffusion
pole. The charge diffusion peak eventually grows taller than the sound peak, so the
AdS-RN definition of crossover thus remains viable in these cases. However, we suspect
that for 7 non-zero but smaller than we could access numerically the AdS-RN definition
will eventually fail, because in the probe limit, 7 = 0, p; always exhibits only a single
peak, from either HZS (before the HZS poles collide) or charge diffusion (after the HZS
poles collide). In that case no transfer of dominance is possible. Instead, the single
peak simply moves towards w/u = 0 and broadens as T'/p increases. We compare our
numerical results for p; and p; to a simple approximation that treats each underlying

Green’s function as a sum of just a few poles close to the origin of the complex w/pu
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plane. This approximation turns out to work extremely well for many, but not all,
values of 7 and 7'/ that we consider.

In short, when the DBI action backreacts the AdS-RN definition of the crossover
can become viable, but only for sufficiently large 7.

Sound Dispersion: For all 7 that we consider, the sound speed always takes the
conformal value, v = 1/4/2 (within our numerical accuracy), as in other backreacted
models [172,181]. If we increase 7, then the sound pole’s [Im (w) | (shown in Fig. 5.12)
at low T'/u always scales as T, similar to a LFL’s quantum collisionless regime, and
at high T/ scales as T™!, as expected for a CFT. However, at intermediate T'/u the
power of T decreases as 7 increases, from the T2 of the probe limit down to, but
never quite exactly to, 7°. An immediate consequence is that a maximum always
appears in |Im (w)| at the transition from the intermediate 7'/p scaling to the high
T/ u hydrodynamic scaling.

Furthermore, as 7 increases the maximum’s position drifts to higher 7'/u. The
maximum’s height also shrinks, which is perhaps surprising if we recall that 7 effectively
measures the number of charged degrees of freedom. In particular, if we increase the
number of charged degrees of freedom, and hence increase 7, then naively we expect
a larger number of “decay channels” for practically any mode, including sound. The
naive expectation is thus for |Im (w) | to increase, that is for sound to be dampened, as
T increases. Instead we find the opposite: in our holographic model, sound becomes
less damped as we increase 7.

In short, for all 7 that we consider the sound pole’s |Im (w) | as a function of 7'/u
is qualitatively similar to that of a LFL in Fig. 5.1, though quantitatively distinct at
intermediate and high 7'/u. Most prominently, a maximum always appears in [Im (w) |,
so that the LFL definition of the crossover remains viable.

Finally, for all 7 that we consider, we find numerically that the sound attenuation
constant takes the hydrodynamic form, I' = %77 /(e + P), with shear viscosity 7, energy
density e, and pressure P, for all T'/u. In particular, we find this form even at low
T/u, or equivalently for energies > T'/u, outside the usual hydrodynamic regime.

The fact that our model, like all (rotationally-invariant) holographic models, has n =
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s/(4m) with entropy density s [8,10,11], thus implies that I' o s/(¢ + P) is in fact
completely determined by thermodynamics. Plugging the Einstein-DBI charged black
brane’s values of s, €, and P into [' = %s /(4 P) then enables us to obtain an extremely
good approximate expression for the position of the maximum in |Im (w) |.2

These same phenomena occur in other backreacted models [181,211,212], and sug-
gest that in these models the hydrodynamic derivative expansion may be valid even
for energies > T'/u, outside the normal hydrodynamic regime, so long as k < p or
T. More generally, hydrodynamics may be reliable for all T'/u, on length scales larger
than a mean free path defined by n/ (¢ + P) [211], giving a mean free path o< 1/T" at
high 7'/p but o< 1/p at low T/ pu.

Surveying of all the results above makes clear that no definition of the crossover
is “universal”. The probe limit definition is viable only for sufficiently small 7, the
AdS-RN definition is viable only for sufficiently large 7 and the LFL definition is viable

for all 7 except the probe limit.

5.2 Charged black brane solutions

The equations of motion arising from the action in Eq. (5.3) with d = 3 admit the

charged black brane solution [189,203-206],

ds? = gy deMdzy = ( 2) dt* + do* + dy ) (5.6a)
27 23 1 3 23 1 31 24
=1-= 41 - = Fl—-= -2 —a? Z R =2 2222022
f(z) Z?{‘f‘g{ ZJ%I+2 1(2 1 Q)H 21( SHRAL OCQZ?{
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with CF'T time coordinate t and spatial coordinates x and y, and holographic coordinate

th:_th:

z. The horizon zy is the smallest real solution of f(zy) = 0, and the asymptotic AdSy
boundary is at z — 0, with AdS, radius L given by
L2

ey e LI (5.7)

2In particular, we obseve the same result in the shear channel of the system studied in ref. [210].
A key numerical result of ref. [210] is that the shear diffusion constant o« I' computed numerically
from the Einstein-DBI charged black brane also retains the hydrodynamic form down to arbitrarily
low T'/p.
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The brane changes the AdS, radius from Ly to L because when Fj;y = 0, the DBI
action is simply the brane’s volume, which makes a positive contribution to the cosmo-
logical constant. Roughly speaking, L is a measure of the total degrees of freedom in
the CFT, for example when d = 4 the central charges are L3/Gy [47]. Clearly L? > 0
if and only if (87Gn)Tp < 3Ly2 As suggested in Section 5.1, Tp is a measure of
the number of charged degrees of freedom in the CFT. The bound (87Gy)Tp < 3L;>
suggests that the model in Eq. (5.3) describes a CET in which the number of charged
degrees of freedom can increase while preserving conformal symmetry, 7.e. zero beta
function(s), only up to a limit determined by the number of uncharged degrees of free-
dom. Indeed, appealing to our intuition from probe branes, generically flavor fields
make a positive contribution to the gauge coupling’s beta function, hence we expect
the flavor fields to preserve conformal symmetry only within some “conformal window.”

In subsequent sections we use units with L = 1. In that case, if we change
(8wG ) Tp then implicitly we also change Ly to maintain L = 1, or more precisely,
to maintain all quantities in units of L. As a result, (87Gy)Tp, and hence 7, will

effectively have no upper limit
L2
L} :
1+71/3

For a given 7 and &, the dimensionless integration constant () completely determines

(5.8)

the solution in Eq. (5.6). Correspondingly, the CFT’s state is determined by the sin-
gle dimensionless parameter 7'/, hence @) must determine 7'/u. For the solution in
Eq. (5.6),

o) 347 (1-VIFEQ) (5.92)
47 47TZH ’

cH 115
2 :/ dz F,, = §2F1 (57 Z; Z; —042Q2> ) (5.9b)
0

H

where f'(z) = 0f(z)/0z. The mapping from @ to T'/x is thus given by

T 3+T<1—\/1—|—C~(2Q2)
I ; '

(5.10)

All thermodynamic quantities can be written as a function of T'/x only, or equivalently

of @ only, times an overall factor of either T" or u to a power determined by dimensional
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analysis. For example, using Eq. (5.9a) the solution’s Bekenstein-Hawking entropy

density s, namely 1/(4Gy) times the horizon area density, can be written as

2

s=%%:%<g) [1+%<1—\/T&2Q?>]_2. (5.11)
The on-shell Euclidean gravity action density equals the CFT’s free energy density
times 1/7 [75]. To compute the energy density, ¢ = (T"), and pressure, P = (T**) =
(T¥), we must therefore evaluate the Euclidean version of the action, Eq. (5.3), on
the Euclidean version of the solution, Eq. (5.6). The result diverges, and requires
holographic renormalisation [57,213], which proceeds similarly to the AdS-RN case.?
We thus find

I (47TT>3 L+ 5 [1= oF (=5, =51 —6°Q%)] (5.12)

€ 871G N 3 [1+§<1_\/T542Q2)]3
and P = ¢/2, as required by scale invariance [215]. In the hydrodynamic regime,
v? =98 = 1/(d — 1) [215], which in our case is v* = 1/2. Remarkably, for both AdS-
RN and probe branes, HZS also has v? = 1/(d — 1) [159,165,171,172], as we will see
in Section 5.3. In a LFL the speeds of hydrodynamic and zero sound coincide only in
the limit of infinite quasi-particle interaction strength [193]. The charge density (J*)
of the solution in Eq. (5.6) is

L? 47T
t\
<J> N 87TGN (

)2 6% Q
e (- viTe))

which obeys e + P = sT + u(J"), as expected. Moreover, we can write (J') in terms

of s as (J') = 76*Q s/(27), which we will use in Section 5.3.3.

(5.13)

The solution in Eq. (5.6) admits an extremal limit, 7' = 0, with @’s corresponding

extremal value, Qo , given by

R (6 + 2) : (5.14)
T

TOA

3To compute correlators via holographic renormalisation, we introduce a cutoff surface near the
asymptotic AdS4 boundary, z = €, introduce covariant counterterms at z = €, take variational deriva-
tives of the on-shell bulk action plus counterterms, and then send € — 0. The Einstein-DBI countert-
erms are identical to those of Einstein-Maxwell, namely the Gibbons-Hawking term, a counterterm
proportional to the cutoff surface’s volume, a counterterm proportional to the cutoff surface’s intrin-
sic curvature, and a counterterm proportional to a Maxwell term for Fj;n. The latter is actually
unnecessary for the solution in Eq. (5.6), consistent with the field theory statement that the vacuum
counterterms suffice for renormalisation at non-zero T and u [214]. The Einstein-Maxwell counterterms
appear explicitly for example in ref. [165].
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We can show that the extremal limit of the solution in Eq. (5.6) has near-horizon
geometry AdS, x R? in the usual way. We expand f(z) near the horizon, i.e. in powers
of (zg — 2), where of course f(zg) =0, and if Q = Qex then also f'(zy) = 0. In that

case, truncating the expansion at order (2 — z)? and defining a new radial coordinate

1
= , 5.15
: (zu — 2) 5 ["(zm)lg., (5:15)

produces the near-horizon metric

d2_L124dSQ SN S R
s fT(dg —dt)+g(d:r; +dy?) (5.16)

which is AdS, x R? with AdS, radius L 45, given by

L2
Lids, = 517
AdSo Z%]% f//(ZH)|Qext’ ( )
where for the solution in Eq. (5.6)
1 9+ 67
o= = : 5.18
) = (5.18)

As in AdS-RN, the near-horizon AdS; x R? indicates that the dual CFT state is a semi-
local quantum liquid [201]. In 7" and J*’s Green’s functions we then expect branch
cuts along the imaginary axis [165,200]. However, in subsequent sections we will always
have T'/p > 0, so instead of branch cuts we expect poles along the imaginary axis that
grow more and more dense as T'/u decreases, presumably coalescing into a branch cut
when 7'/ = 0 [165,200]. In Section 5.3 we will not explore 7'/u small enough to see

any such dense collection of poles.

5.2.1 The probe limit

As mentioned below Eq. (5.4), the probe limit is an expansion in GyTp o« 7 < 1, with
a fixed. More specifically, we expand in 7, and in all field theory quantities retain all
terms up to the first non-trivial order in 7. In the holographically dual gravity theory,
those leading non-trivial contributions come from the probe DBI action evaluated in
the uncorrected background metric. For the gy in Eq. (5.6) we thus set 7 = 0, in

which case L? = L2 and f(z) = 1 — 23/z},, that is, gy becomes that of AdS-SCH in

74



d = 3 with radius Ly. Consequently, the probe limit expressions for T, u, and T/ are
simply those in Egs. (5.9a), (5.9b), and (5.10), respectively, but with 7 = 0. Moreover,
in Eq. (5.14) taking 7 — 0 sends Qex; — 00. In that limit, gy is that of AdSy, with
no horizon and hence no near-horizon AdS; x R2.

However, in these conformal cases the probe limit breaks down when 7'/ = 0 [216,
217]. To see why, consider for example the probe limit of s, or any other quantity
obtained from the on-shell action/free energy.® Expanding Eq. (5.11) to first order in
GnNTp gives

L2 [4xT\* 12 _ )
s = — ] [1-s7+i7V1+a2Q2+ 0 ()], (5.19)
4Gy 3 3 3
where now 7 = (87Gy) TpLE and & = «/L3. Following refs. [159,163], we next replace
Q with T'/u, or equivalently 72 /(J?), using the probe limit of Eq. (5.13)
L2 (47T\’
J)=—"—|—F—| 7@ 5.20
=g () e (5.20)
where, as in Eq. (5.19), 7 and & now involve Ly rather than L. Inserting Eq. (5.20)
into Eq. (5.19) and expanding in T?/(J*) < 1 gives

L2 [4nT\* 1] 4n(JY 1 (4r\® r2aLi T* 478 )
= ) D=t () — :
=i (5) -5 572 (3) mom oo () o)

(5.21)

On the right-hand-side of Eq. (5.21), the first term is s of d = 3 AdS-SCH minus

the probe’s (J')-independent order 7 correction. The second term is T-independent,
leading to a residual entropy: if T'/u = 0 then s o (J*)/a + O (72). In that case the
probe limit clearly breaks down because the order (J!) oc 7 term is larger than the
order 70 term [216,217]. As mentioned above, in subsequent sections we will always
have 7'/ > 0, avoiding such probe limit breakdown. The third term on the right-hand-
side of Eq. (5.21) gives the leading (.J*)-dependent contribution to the heat capacity,
T9s/OT, which is oc T*. For general d that term is oc 72~V in stark contrast to T of

free fermions or 797! of free bosons [159, 163].

4The entropy density s can be calculated either from the horizon area or from 73% of the free
energy density. In the first case, calculating the order GyTp contribution to s requires calculating
Sppr’s linearised backreaction and the corresponding change in zy. The second case requires only
calculating the on-shell Spp; with the un-corrected gp;ny and then taking —%. In particular, the
second calculation requires no backreaction. The two calculations agree, as required by thermodynamic
consistency: see for example refs. [218-220].
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5.2.2 The AdS-RN limit

As mentioned below Eq. (5.5), to recover Einstein-Maxwell from Einstein-DBI we take
& — 0 keeping 7a?2 fixed, so that 7 diverges as &~2. Moreover we adjust Ly to keep L

fixed. In that limit, f(z), and hence T'/u, takes the AdS-RN form,

_ _2_3_1~2 z
f(z)=1 = 27‘ Q + TaQ (5.22)
H 2y

T 3- %TdZQQ

T o (5.23)

In particular, now Q?, = 6/(7a?), which is also obvious from taking 7 oc @2 — oo
in Eq. (5.14). That same limit of Eq. (5.17) gives L% 4, = L?/6, as expected. In the
AdS-RN limit, we also find the expected form of the entropy density,

L2 [47T\? 1 —2
= 1Cn (T) |:1 — 6 7'042 Q2:| : (524)

In contrast to the probe limit, for AdS-RN at small 7'/u the heat capacity’s leading

(J')-dependent term is o< T', similar to free fermions—though other observables differ
dramatically from those of free fermions, as discussed in Section 5.1. The AdS-RN
limit of Eq. (5.13) is

2 —2
(JY = schQ: (%) @ Q [1 — —TOPQQ} : (5.25)
N

In the limit 7%/(J*) < 1, we thus find

2r (JY 87 L T\/{JY
T Vovra | 6 \BaGy (rar) /!

where the first term is T-independent, leading to a residual entropy o< (J*)/v/7a2, while

+0 (1%, (5.26)

the second term gives a leading contribution to the heat capacity o T', as advertised.

5.3 Numerical results

For given values of 7, we want to know whether a sound pole exists at low T'/u, and
how its dispersion changes in the crossover to hydrodynamics as T/ increases. More

generally we want to know the spectrum of poles in the sound channel of the charge and
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energy retarded Green’s functions, G; and Gy, respectively, at low T'/u and small &/,
and how they move as T'/p increases (the crossover) or as k/u increases (the dispersion
relations). We also want to know how the poles affect the charge and energy spectral
functions, p; and py, respectively.

In the appendix we explain in detail how we compute GG; and Gy, their poles, and
ps and py holographically, by solving for the linearised fluctuations of the gravity fields
dual to J# and T", using the techniques of ref. [164]. Crucially, in the gravity theory
in general the fluctuations couple, implying that G; and Gy share poles. However,
in the probe limit the fluctuations decouple, in which we can distinguish which poles
appear in G ; versus Gy

As mentioned in Section 5.1.2, we will sample various values of 7, starting from
the probe limit, 7 = 0, and then going through 7 = 107°,107%,1073, and 1072. We
will set @ = 1 throughout for all of the numerical results we present in this section,
as discussed in Section 5.1.1. We present our numerical result for the poles in G; and
Gy in Section 5.3.1, for the spectral functions p; and py in Section 5.3.2, and for the

sound attenuation in Section 5.3.3.

5.3.1 Poles and dispersion relations

In the probe limit with 7'/ = 0 the metric gy is that of AdSy, in which case conformal
invariance fixes Gy (up to an overall constant) [221], whose only non-analyticities are
branch points at w = +k and w = 0o, connected by an arbitrary contour. However, G ;
has no branch points, but rather two highest poles identified as HZS [159, 163], with
dispersion

w=zxvk—ilk*+ O (K), (5.27)

with v = 1/4/d — 1 and attenuation constant

2 1
M=_-= fﬂ)“ (JHy~a, (5.28)
i () T (a)

both with d = 3. When T/ > 0, but still in the probe limit, the metric gyn is that

of AdS-SCH, so Gy will have the usual hydrodynamic sound poles, with dispersion of
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the same form as in Eq. (5.27), where scale invariance requires v = 1/4/d — 1 and now

d—2 n
= — —— 5.29
d—1e+ P’ (5.29)

with d = 3. In (rotationally-invariant) holographic QFTs the shear viscosity n =
s/(4m) [8,10,11]. The s and ¢ of AdS-SCH in d = 3 are simply the probe limits of
Egs. (5.11) and (5.12), respectively, where also P = £/2. These values give v = 1/v/2
and T = 1/(8xT) [72,202).

As reviewed in Section 5.1, in the probe limit with 7//u > 0, the HZS survives
for 0 < 7T/ < w/p, with dispersion unchanged from the 7'/p = 0 form [171, 187],
just like the LFL quantum collisionless regime. The HZS also survives for w/u <
7T/ < Jw/p, still with v = 1/+/2, but now with T oc T?, just like the LFL thermal
collisionless regime [171,187]. However, in the hydrodynamic regime, 77/p > /w/u,
J"’s conservation equation dictates that the highest pole in G; is not that of sound,

but rather hydrodynamic charge diffusion, with dispersion
w=—iDk+ 0O (k), (5.30)
where a probe DBI action in d = 3 AdS-SCH gives a charge diffusion constant [162,222]

V1+a2Q?,F (3 L 5'—&%22). (5.31)

D o o2
2'4' 4’

T anT

Fig. 5.3a shows our numerical results for the positions of poles in the complex w/pu
plane for 7 = 0, i.e. the probe limit. The arrows indicate the motion of the poles as
T/u increases from T'/p =5 x 107 to 0.1.

Our results are similar to those of refs. [72,209] for Gy and refs. [171,187] for G,
the main difference being that our spacetime is asymptotically AdS, rather than AdSs.
At low temperature, T'/u = 5 x 1074, we find four poles, two in Gy, denoted by blue
dots in Fig. 5.3a, with relativistic dispersion w = £k+ ... [72], and two in G ;, denoted
by black crosses in Fig. 5.3a, with dispersion well-approximated by the T'/u = 0 HZS
form in Eqgs. (5.27) and (5.28) [171,187].

As T/ increases the blue dots first descend into the complex w/u plane before
turning around and moving back up, always with decreasing real part. By the time

T/ = 0.1 they have become the hydrodynamic sound poles. Similar crossover behavior
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Figure 5.3: Positions of poles of G; and Gy in the complex w/u plane for increasing
T/u, with @ = 1 and k/pu = 1072, We have enhanced Re (w/p) and Im (w/p) by 102
for clarity. The arrows indicate the movement of poles as T'/u increases. (a) 7 = 0
and 5 x 107 < T/pu < 0.1. At T/u = 5 x 107* we find four of poles, two only
in Gy, with relativistic dispersion (blue dots), and two only in G, with dispersion
well-approximated by the HZS dispersion in Eqs. (5.27) and (5.28) (black crosses).
As T'/p increases the blue dots move down and then back up, eventually becoming
hydrodynamic sound poles. The black crosses move down and eventually collide and
split on the imaginary axis, producing two purely imaginary poles (red squares), one of
which moves up and becomes the charge diffusion pole (see also Fig. 5.2a). (b) 7 = 1074
and 107 < T/u < 0.05. At T/pu = 107* we again find four poles, similar to 7 = 0,
however now all poles are shared by GG; and Gy, and the black crosses denote sound
poles which persist mostly unchanged as 7'/ increases, while the poles with relativistic
dispersion collide and split on the imaginary axis, producing the charge diffusion pole.
(An animated version of this figure is available on the arXiv page of [223].)

in Gy’s poles from relativistic to sound dispersion was observed in ref. [72]. Meanwhile
the black crosses move down and towards the imaginary axis, approximately tracing
semi-circles [171,187], and ultimately collide on the imaginary axis at 7'/u = 0.033,
and then split into two purely imaginary poles, one moving up the axis and the other
moving down. The one moving up eventually becomes the charge diffusion pole, with
dispersion given by Egs. (5.30) and (5.31). Such crossover behavior in G in the probe
limit was observed in refs. [171,187]. As mentioned in Section 5.1, in ref. [171] the
collision of poles on the imaginary axis was used as a definition of the precise moment
of crossover (value of T'/u) to the hydrodynamic regime.

We next introduce small backreaction, 7 # 0 but < 1. We found that the pole

movement for 7 = 107° is qualitatively similar to that for 7 = 107, so we will only
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Figure 5.4: The same data as Fig. 5.3b but with separate plots for (a) Re (w/u) and
(b) Im (w/u), each enhanced by 10% for clarity, as functions of T//u. The color and
shape coding are the same as Fig. 5.3b. The dashed black lines denotes the probe
limit HZS dispersion in Egs. (5.27) and (5.28) while the solid black line denotes the
hydrodynamic sound dispersion. At low 7T'/u the black crosses follow the black dashed
line, identifying those poles as HZS, and as T'/u increases they crossover to the solid
black line, indicating they have become hydrodynamic sound. The upper branch of red
squares eventually approaches the probe limit charge diffusion dispersion in Egs. (5.30)
and (5.31) (not shown), identifying that as the diffusion pole.

present results for the latter. Fig. 5.3b shows our numerical results for the pole positions
for 7 = 1074, for 107* < T/u < 0.05. For clarity, Fig. 5.4 shows the same data as
Fig. 5.3b, but with Re (w/u) and Im (w/pu) plotted separately versus 7'/u in Figs. 5.4a
and 5.4b, respectively.

In Fig. 5.3b and Fig. 5.4, at the low temperature T'/u = 10~%, similar to Fig. 5.3a we
again find four poles, two with relativistic dispersion, again denoted by blue dots, and
two with HZS dispersion, again denoted by black crosses. However as T'/u increases
the pole movement has some dramatic qualitative differences from the probe limit. The
blue dots again first move down and up while their real part decreases, but then they
move down again, still with decreasing real part. Meanwhile the black crosses barely
move: Fig. 5.4a shows the real part is constant, with v = 1/4/2, while Fig. 5.4b shows
the imaginary part changes by at most 10%, with the largest deviation at the point of
closest approach to the blue dots. However, after that point of closest approach the
remaining evolution is similar to the probe limit. The blue dots approximately trace

semi-circles and ultimately collide on the imaginary axis at 7'/u = 0.029, where they
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then split into two purely imaginary poles, one moving up the axis and one moving
down, where the one moving up eventually becomes the charge diffusion pole. The
black crosses eventually become the hydrodynamic sound poles, with I' = 1/(87T).

Fig. 5.5 shows dispersion relations for 7 = 1074, T'/u = 1072, and 107* < k/u < 0.1.
The two poles with least negative imaginary part (the black crosses) follow the probe
HZS dispersion in Eqs. (5.27) and (5.28) to excellent approximation everywhere in this
regime of k/u. The next two highest poles (the blue dots) have relativistic dispersion
Re (w) = k for large k/pu, but upon decreasing to k/p ~ 0.02 they have Re (w) =~ k/v/2,
suggesting they have become an additional two sound poles. However, as k/u continues
decreasing to k/p < 0.02, these two poles meet on the imaginary axis and split into
two purely imaginary poles (the red squares), one of which moves up the imaginary
axis and becomes the hydrodynamic diffusion pole, with the probe limit dispersion in
Egs. (5.30) and (5.31).°

Fig. 5.5 will be the only plot of dispersion relations that we present. However,
in subsequent cases we have calculated dispersion relations, which we use to identify
poles as HZS, relativistic, hydrodynamic sound, or hydrodynamic charge diffusion.
Crucially, for all 7 and T'/u, we have found that the speed of sound, whether HZS or
hydrodynamic, always takes the conformal value, v = 1/v/2, as in other backreacted
models [172,181].

The main effect of small backreaction 7 = 10™*, compared to the probe limit 7 = 0,
is clearly a “pole switch” in the crossover. In the probe limit, the two relativistic poles
crossover to the hydrodynamic sound poles, while the two HZS poles trace semicircles
and collide on the imaginary axis, producing two purely imaginary poles, one of which
becomes the charge diffusion pole. However, with a small amount of backreaction the
two relativistic poles at first move similarly to the probe limit case, but then change
direction and become the two poles tracing semicircles and eventually giving rise to the
charge diffusion pole. Meanwhile the HZS crosses over directly to the hydrodynamic

sound poles, with no change in Re (w) and only slight change in Im (w). Such sound

°To clarify terminology: in Section 5.3.3 we will show that in fact I' takes the hydrodynamic
form, I' = %HLF” for all T'/u, and thus could be called “hydrodynamic” for all T//u. In this section,
if T' approaches the probe value in Eq. (5.28) as T/u — 0 then we call the poles HZS, whereas if
I' = 1/(87T) as T'/u — oo then we call the poles hydrodynamic sound.
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Figure 5.5: Dispersion relations of the four highest poles for 7 = 107 a =1, T/u =
1072 and 107* < k/pu < 0.1. (a) Re(w) /p and (b) Im (w) /u, each versus k/pu. The
solid and dashed black lines show the poles in Gy and G ; in the probe limit, respectively.
The black crosses follow the probe HZS dispersion for large k/u, with I" from Eq. (5.28),
and the hydrodynamic sound dispersion for small k/u, with I in Eq. (5.29). At large
k/u the blue dots have the dispersion of the poles in Gy, with Re(w) = £k, but
at k/p ~ 0.02 have Re (w) = +k/v/2, and for k/p < 0.02 they drop to Re(w) = 0
around k/p =~ 0.002, as shown in the inset of (a). They then split into two purely
imaginary poles, the red squares, as shown in the inset of (b). One of these moves
up the imaginary axis and becomes the charge diffusion pole, with the probe limit
dispersion in Egs. (5.30) and (5.31).

pole behavior is similar to the crossover in AdS-RN [172]. Nevertheless, despite the
pole switch we could still define a precise moment the crossover occurs in the same way
as the probe limit [171], when the two poles collide on the imaginary axis and produce
the charge diffusion pole.

Fig. 5.6 shows our numerical results for the poles with larger backreaction, 7 = 1073,
still with k/p = 1072, and now for 1.25x 1073 < T/ < 0.05. The arrows again indicate
the pole movement as T'/u increases.

The crossover with 7 = 1073 is more complicated than with 7 = 107° or 107%, so we
divide the evolution into three regimes of T'/u. First, Fig. 5.6a shows the six highest
poles for 1.25 x 1073 < T'/u < 2.23 x 1073, At the smallest T/ we find two poles
with HZS dispersion (black crosses), and then lower in the complex w/u plane we find
two purely imaginary poles (green squares and gray triangles) and two poles with non-
zero real parts (blue dots). As we increase T'/u, the black crosses barely move, while

the green squares and gray triangles move down the imaginary axis, and the two blue
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Figure 5.6: Positions of poles of Gy and Gy in the complex w/u plane, with 7 = 1073,
& =1Fk/p=10"2% and (a) 1.25 x 1073 < T/u < 2.23 x 1073, (b) 2.23 x 1073 <
T/p <1072 and (c) 0.011 < T/u < 0.05. We have enhanced Re (w/p) and Im (w/p)
by 102 for clarity. The arrows indicate the movement of poles as T'/u increases. The
pole motion is considerably more complicated than the previous smaller 7 cases, so for
detailed descriptions of the poles and their movement, including the color and shape
coding, see the accompanying text. (An animated version of this figure is available on
the arXiv page of [223].)

dots move down and towards the imaginary axis, meeting there at T'/u = 2.23 x 1073.
Crucially, they meet below the green square but above the gray triangle. That is a
key difference from 7 = 1074, where two poles met on the imaginary axis but with no
purely imaginary poles above them.

Fig. 5.6b then shows the four highest poles for 2.23 x 1073 < T/ < 1072, The two
poles that met on the imaginary axis split into two purely imaginary poles (still blue
dots), one of which moves up while the other moves down. The one moving up collides

with the green square at T'/u = 2.24 x 1072 and splits into two poles with non-zero real
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parts (orange dots), which move away from the imaginary axis and up towards the real
axis as T'/u increases (the U-shape in Fig. 5.6b). However at T'/u ~ 1072 the orange
dots stop, reaching their maximum distance from the imaginary axis and highest point
in the complex w/u plane.

Fig. 5.6¢ shows the subsequent evolution for 0.011 < 7'/u < 0.05 which is in fact
similar to the previous cases. The orange dots reverse direction, moving closer to the
imaginary axis and back down into the complex w/p plane, tracing semicircles before
colliding on the imaginary axis at T/u ~ 0.027 and then splitting into two purely
imaginary poles (red squares), one of which moves down the imaginary axis while the
other moves up and eventually becomes the hydrodynamic charge diffusion pole.

In short, the key difference with 7 = 1073, compared to 7 = 107%, is that when
the two propagating poles (blue dots) hit the imaginary axis a purely imaginary pole
is already present on the axis above them. As a result, when they split into two purely
imaginary poles, one moving up the axis and one moving down, the one moving up
must collide with this “extra” imaginary pole. Those two poles then “pop off” the
imaginary axis and become increasingly long-lived propagating poles (orange dots),
until at T'/p ~ 1072 they stop and reverse course. The subsequent evolution is then
similar to the previous cases: they trace semicircles until they hit the imaginary axis,
producing the charge diffusion pole. As a result, despite the more complicated pole
movement at low 7'/, the probe limit definition of the crossover actually remains viable
at 7 = 1073, and gives a crossover temperature of T/ & 0.027, i.e. the temperature
of the second pole collision on the imaginary axis.

More generally, we have learned that as 7 increases, purely imaginary poles rise up
the imaginary w/p axis and begin to “interfere” with the relativistic poles that collide
on the axis. Clearly a critical value of T exists, somewhere between 7 = 10~* and 1073,
where as 7 increases the highest of these purely imaginary poles first has imaginary part
equal to that of the colliding poles. We have found this critical value to be 7 ~ 9x 1074,

Fig. 5.7a shows our numerical results for the pole positions for higher backreaction,
7 = 1072, still with k/u = 1072, and now for 0.005 < T'/u < 0.0083. At the smallest
T/ we again find two poles with HZS dispersion (black crosses) but now also a purely
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imaginary pole high in the complex w/u plane (red square). Lower in the complex
w/p plane we find four poles, two purely imaginary (orange and gray triangles) and
two with non-zero real parts (blue dots). As T'/u increases, the black crosses and red
square barely move, while the orange and gray triangles move down the imaginary
axis and the blue dots move down and towards the imaginary axis, colliding there at
T/u ~ 0.0083, above the orange and gray triangles. Fig. 5.7b shows the subsequent
movement for 0.0083 < T'/u < 1072, where the poles that collided split into two purely
imaginary poles (purple triangles), one of which moves up the axis while the other
moves down. However, both remain below the red square.

Indeed, as T/u continues increasing, to 1072 < T/u < 0.05, Fig. 5.7c shows
Im (w/p) for the black crosses, red square, and purple triangle. The purple triangle
reaches a highest point around 7'/p =~ 0.024, well below the red square, before turning
around and descending back down the imaginary axis. Fig. 5.7d shows a close-up of
Im (w/p) for the black crosses and red square for 0 < 7'/p < 0.05. In that T'/u range,
the black crosses decrease from Im (w/u) ~ —0.05 only to &~ —0.1 while the red square
decreases from Im (w/u) ~ —1.6 down to a minimum of ~ —2 at T'/u ~ 0.02 before
rising again to Im (w/p) ~ —1.1. As T'/p increases, the black crosses and red square
eventually become the hydrodynamic sound and charge diffusion poles, respectively.

In short, the evolution with 7 = 1072 is qualitatively different from that with smaller
7. With 7 = 1072 we find two propagating poles and a single purely imaginary pole
relatively high in the complex w/u plane, and then lower in the complex w/u plane two
poles that collide on the imaginary axis and split into two purely imaginary poles, one
moving up the axis and one moving down, where the one moving up eventually stops,
turns around, and moves back down, never becoming the highest purely imaginary
pole. The two highest propagating poles cross over from HZS to hydrodynamic sound,
and the highest purely imaginary pole becomes the hydrodynamic charge diffusion pole
at sufficiently high 7'/ p.

Recalling that as 7 increases purely imaginary poles move farther up the imaginary
axis, clearly a second critical value of 7 exists, somewhere between 7 = 1072 and

1072, where the highest purely imaginary pole no longer moves down and “interferes”
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Figure 5.7: Positions of poles of G; and Gy in the complex w/u plane with 7 = 1072,
a=1,k/u=10"2 and (a) 0.005 < T/ < 0.0083 and (b) 0.0083 < T'/u < 1072. For
clarity we have enhanced the axes by 102. Arrows indicate the movement of poles as
T/u increases. At T/p = 0.005 we find seven highest poles, the three highest being
two HZS poles (black crosses) and a purely imaginary pole (red square), and four lower
poles, two purely imaginary (orange and gray triangles), and two with non-zero real
parts (blue dots). As T'/u increases the three highest poles barely move, while the
orange and gray triangles move down. The blue dots move down and collide on the
imaginary axis, above the orange and gray triangles, and then split into two purely
imaginary poles (purple triangles), one moving up the axis and one moving down.
However, unlike the previous smaller 7 cases, the one moving up does not become the
charge diffusion pole, instead stopping, reversing direction, and moving back down the
axis. The three highest poles eventually become the hydrodynamic sound and charge
diffusion poles, respectively. (c) Im (w/u) x 10? versus T'/u for the four highest poles,
showing the upper purple triangle’s highest point at 7'/ & 0.024. (d) Close-up of (c)
for the three highest poles, showing how little these move compared to the others. (An
animated version of this figure is available on the arXiv page of [223].)

with the colliding poles, and instead crosses over directly to the hydrodynamic charge

diffusion pole. We have found this critical value to be 7 ~ 3.2 x 1072. Moreover, we
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have sampled various 7 > 3.2 x 1073, including values 7 > 1072, and found behavior
qualitatively similar to 7 = 1072,

Clearly for 7 > 3.2 x 1072 we cannot use the probe limit definition of the crossover,
since at no point do poles collide on the imaginary axis and produce the hydrodynamic
charge diffusion pole. Instead, the three highest poles behave similarly to the AdS-RN
case, namely they move very little as 7'/ increases. In Section 5.3.2 we will show that
the AdS-RN definition of the crossover, via a transfer of dominance in peaks of py, is

viable for 7 2> 3.2 x 1073,

5.3.2 Spectral functions

In this section we present our numerical results for the charge and energy spectral
functions, p; and py, respectively, obtained via Eqgs. (A.1) and (A.16). We will compare
our numerical results to an approximation in which the Green’s function matrix is

simply a sum of poles,

R (k)
Gij(wv k) ~ Z w — win)(k‘)’ (532)

where w(™ (k) are our numerical results for the highest poles, specifically the sound poles

and the next highest pole or pair of poles, and RZ(;L)(/C) is a matrix of pole residues,
which are generically complex-valued. In the appendix we explain how we compute the
matrix of residues, using the techniques of ref. [164].

To our knowledge, in principle nothing requires G;;(w, k) to be simply a sum of
poles, i.e. nothing forbids either additional terms analytic in w or terms more singular
in w, such as branch cuts.® However, this sum of poles will lead to approximations for
ps and py that agree very well with our numerical results for many, but not all, values
of 7, and T'/u, indicating that the great majority of spectral weight comes only from
the few highest poles—and indeed primarily from the sound and charge diffusion poles,
as we will see.

Fig. 5.8 shows our numerical results for p; and py for 7 = 107>, k/pu = 1072 and

T/p=10"%2x1072, and 3x1072. In Fig. 5.8 the blue dots are our numerical data while

6Indeed, via the Mittag-Leffler theorem, a partial fraction expansion would provide a more accurate
approximation, by including additional terms that, among other things, would capture the large-w
asymptotics. For a recent example of such an expansion in holography, see ref. [224].
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the solid black line comes from the sum-of-poles approximation to the Green’s functions
in Eq. (5.32). This approximation is excellent over most of the regime shown, except
for one curious outlier, namely p; at T'/u = 2 x 1072, where the sum of poles roughly
captures some key features of the shape, but otherwise is clearly a poor approximation.”

In both py and py at T/p = 10~2 we find a peak from the sound pole at w ~ k/v/2.
As T'/p increases through the values shown, in p; the sound peak’s height decreases by
a factor of ~ 20, while in p; the height increases by a factor of ~ 25, indicating that
as T'/p increases the sound pole’s residue decreases in G; but increases in Gy. In both
cases the sound peak’s width decreases as T’/ increases. These features are consistent
with our results for the pole positions, which are similar to those at 7 = 107* in
Figs. 5.3b, 5.4, and 5.5. In particular, as T'/u increased the HZS poles (black crosses)
cross over to the hydrodynamic sound poles, with constant real part ~ k/ V2 and
decreasing imaginary part.

Crucially, aside from the sound peak no other significant features are visible in py;.
Our numerical results from Eq. (A.17) indicate that in Gy the charge diffusion pole
does generically have non-zero residue, however at the T'/u shown in Fig. 5.9 the sound
pole’s residue is &~ 10 times larger, explaining why no charge diffusion peak is visible
in py in Fig. 5.9.

However, in p; a dramatic new feature appears as T'/u increases, namely a charge
diffusion peak rises closer to w/p = 0. Indeed, while the sound peak shrinks the charge
diffusion peak grows and eventually dominates the spectral weight. Such behavior is
qualitatively similar to that of AdS-RN [172], despite the more complicated motion of
poles, which is similar to that in Fig. 5.3b. Indeed, following ref. [172], in principle we
could define a precise moment of crossover as the 7'/ where the charge diffusion and
sound peaks have equal height, which occurs between T/ = 2 x 1072 and 3 x 1072.
In practice, however, given how small the sound peak was and how broad the charge
diffusion peak was, we struggled to extract a more precise crossover value of T/ from

our numerics.

"We have not found any other poles that provide a significant contribution to the spectral functions
in the plotted regimes, suggesting that this is a genuine breakdown of the approximation.
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Figure 5.8: Our numerical results (blue dots) for the charge spectral function, p; (left
column) and energy spectral function, p; (right column), each made dimensionless by
a factor of 47Gyzy/L? and enhanced by 10% to 10° for clarity, as functions of w/u for
7=10"° a=1, k/u=10"2and T/p = 1072 (top row), 2 x 1072 (middle row), and
3x 1072 (bottom row). The solid black lines come from the sum-of-poles approximation
to the Green’s functions in Eq. (5.32). Both p; and py exhibit a peak from the sound
pole (HZS or hydrodynamic) at w/p ~ vk/u ~ 7.1 x 1073. As T/u increases the
sound peak’s height decreases in p; but increases in p;;. Simultaneously, in p; a second
peak rises closer to w/u = 0, from the charge diffusion pole, while p;; exhibits no other
significant features. The crossover can be defined as the value of 7'/ where the two

peaks in p; have equal height [172].

Fig. 5.9 shows our numerical results for p; and py for 7 = 107, k/u = 1072 and

T/p = 1072, 0.03, and 0.05, with the same color coding as in Fig. 5.8. Unlike the
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Figure 5.9: Our numerical results (blue dots) for the charge spectral function, p; (left
column) and energy spectral function, p; (right column), each made dimensionless by
a factor of 41Gyzg/L? and enhanced by 10 to 10* for clarity, as functions of w/u for
T=10"% a =1, k/u = 1072 and T/pu = 1072 (top row), 0.03 (middle row), and
0.05 (bottom row). The solid black lines come from the sum-of-poles approximation
to the Green’s functions in Eq. (5.32). Both p; and py exhibit a peak from the sound
pole (HZS or hydrodynamic) at w ~ k/v/2. As T/u increases the sound peak’s height
decreases in p; but increases in py. Simultaneously, in p; a second peak rises near
w/p = 0, from the charge diffusion pole, while p;; exhibits no other significant features.
The crossover can be defined as the value of 7'/ where the two peaks in p; have equal
height [172], which gives T'/u = 0.039. (An animated version of this figure is available

on the arXiv page of [223].)

previous 7 = 1075 case, now the sum-of-poles approximation in Eq. (5.32) is clearly

excellent over most of the regime shown. In general, the results are similar to the

90



—
ot
T

o™
=1 N S
X X
N a0
% ) % 101
< SN
(\:2: g =
T T
0 L L L L (] L L L L
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.002 0.004 0.006 0.008 0.010
w/p w/p
6’ 15,
0 o
S 5F —
X X
S 4 6; 10+
~ ~
S 3 B
< <
5 2F 5 5L
O S
3 1t N
() L L L L 1 0 L L L L
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.002 0.004 0.006 0.008 0.010
w/p w/p
7 100F
L 6
S 80,
e =
S s 60F
S S
S 3 5
% y 40f
o =
<t
T 20f
N S
07 L L L L 1 0 L L L L
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.002 0.004 0.006 0.008 0.010
w/p

w/p

Figure 5.10: Our numerical results (blue dots) for the charge spectral function, p; (left
column) and energy spectral function, py (right column), each made dimensionless by a
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of w/p for =103, & =1, k/pu = 0.01 and T/p = 0.01 (top row), 0.05 (middle row),
and 0.2 (bottom row). The solid black lines come from the sum-of-poles approximation
to the Green’s functions in Eq. (5.32). As T'/u increases, the behaviors of both p; and
py are similar to the 7 = 107* case in Fig. 5.9: in p; the sound peak shrinks while the
charge diffusion peak grows, and in py the only significant feature is a sound peak that
grows. The crossover can be defined as the value of T/ where the two peaks in p;

have equal height [172], which gives T'/u = 0.136

previous case. In both p; and py at T/ = 1072 we find a peak from the sound pole at
w = k/v2. As T/p increases through the values shown, in p; the sound peak’s height

decreases by a factor of ~ 102, while increasing in py; by a factor of ~ 75. In both cases
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Figure 5.11: Our numerical results (blue dots) for the charge spectral function, p; (left
column) and energy spectral function, p; (right column), each made dimensionless by
a factor of 47G 2y /L? and re-scaled by 10~ to 10* for clarity, as functions of w/u for
7=10"% a=1,k/p=10"2 and T/u = 0.5 (top row), 1 (middle row), and 2 (bottom
row). The solid black lines come from the sum-of-poles approximation to the Green’s
functions in Eq. (5.32). As T'/u increases, the behaviors of both p; and py are similar
to the 7 = 107* and 1073 cases in Figs. 5.9 and 5.10: in p; the sound peak shrinks
while the charge diffusion peak grows, and in p;; the only significant feature is a sound
peak that grows. The crossover can be defined as the value of 7'/ where the two peaks
in p; have equal height [172], which gives T'/u = 1.45

the sound peak’s width decreases, though only slightly, as 7'/ increases. These features
are consistent with our results for the pole positions at 7 = 10™* in Figs. 5.3b, 5.4,

and 5.5. Aside from the sound peak no other significant features are visible in py.
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Our numerical results from Eq. (A.17) indicate that in Gy the charge diffusion pole
does generically have non-zero residue, however at the 7'/u shown in Fig. 5.9 the sound
pole’s residue is ~ 20 times larger. Again in p; as T/ increases a charge diffusion peak
rises near w/pu = 0. Defining the precise moment of crossover as the T'/u where the
charge diffusion and sound peaks have equal height gives T/ = 0.039. In contrast, the
definition based on the collision of poles in Fig. 5.3b gave the smaller value T/ =~ 0.029.

Fig. 5.10 shows our numerical results for py and py for 7 = 1073, k/p = 1072 and
T/p = 0.01, 0.05, and 0.2. These results are qualitatively similar to the 7 = 107° and
10~* cases in Figs. 5.8 and 5.9. As T'/u increases, in p; the sound peak shrinks by a
factor of ~ 103 for the T'/u shown, while a charge diffusion peak rises at w/u = 0 and
eventually dominates the spectral weight. In p;, the only significant feature is the sound
peak, which grows by a factor of ~ 103 for the T'/u shown. All peaks are narrower
than in the 7 = 107 case. Again, these features are consistent with our results for
the pole positions in Fig. 5.6. In fact, the complicated motion of poles lower in the
complex w/u plane has little or no apparent effect on p; and py, which are extremely
well-approximated by our sum of highest poles in Eq. (5.32), i.e. the solid black lines
in Fig. 5.10. Defining the crossover when the two peaks in p; have equal height gives
T/u =~ 0.136. In contrast, defining the crossover by the collision of poles that produces
the charge diffusion pole in Fig. 5.6 gave T'/u ~ 0.027.

Fig. 5.11 shows our numerical results for p; and py for 7 = 1072, k/u = 1072,
and T/p = 0.5, 1, and 2. Again the results are similar to the previous cases. As
T/p increases, in p; the sound peak shrinks by a factor of ~ 5 for the 7'/ shown,
while the charge diffusion peak rises at w/u = 0 and eventually dominates the spectral
weight. In py the only significant visible feature is a sound peak which grows by a
factor of ~ 1.5 for the T'/u shown. All peaks are narrower than the previous cases,
and moreover the sound peak is now taller in p; than in p; by a relative factor of
~ 10°, unlike the previous cases where the sound peak was roughly the same height in
both spectral functions. Again, these features are consistent with our results for the
positions of poles in Fig. 5.7, and again, the spectral functions are well approximated

by the sum of highest poles in Eq. (5.32). In particular, the complicated pole motion in
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Fig. 5.7 occurs at much smaller T'/u than those shown in Fig. 5.11. The changes shown
in Fig. 5.11 come only from the three highest poles, and in fact must come primarily
from their residues, since those highest poles move very little for the 7'/ shown. Most
importantly, unlike 7 = 107°, 1074, and 1073, when 7 = 1072 no collisions of poles
producing a charge diffusion pole occurs, so the only definition for a precise moment of
crossover is via the exchange of dominance of poles in p;, which gives T'//u ~ 1.45.

In short, for fixed k/p and all 7 we considered, the definition of crossover via a
transfer of dominance in p;, from the sound peak to the charge diffusion peak, remains
viable. However, as 7 — 0, we eventually expect to recover the probe limit result for
pJ, where no transfer of dominance occurs [171]. Instead, in the strict probe limit p;
exhibits only a single peak at all T'/u, which at low T'/u comes from HZS and at high
T/u comes from the charge diffusion pole. More specifically, as shown in Fig. 5.3a,
as T'/p increases the HZS poles collide on the imaginary axis and split, producing the
charge diffusion pole, and correspondingly in p;, the single peak simply moves towards
w/pu = 0 and shrinks in height [171]. Apparently 7 = 107 is not small enough to
reproduce the probe result. Additionally, we have shown that the retarded Green’s
functions are often, but not always, well-approximated simply by the sum of their few

highest poles, Eq. (5.32).

5.3.3 Sound attenuation

In this section we present our results for the sound attenuation, meaning Im (w) of the
sound pole, whether HZS or hydrodynamic sound, as a function of 7, &, and T'/p.

As reviewed in Section 5.1, in a LFL, sound dispersion is typically expressed as
complex-valued k(w) with real-valued w. AsT/p increases, sound exhibits three regimes:
quantum collisionless, 0 < 7T/ < w/pu, where |Im (k) | oc w?/u, thermal collisionless,
w/p < 7T /p < \/w/p, where [Im (k) | oc (xT)? /1, and hydrodynamic, 77/ > /w/p,
where |Im (k) | oc pw?/T?. In other words, in terms of powers of 7', in a LFL |Im (k) |
scales as TV in the quantum collisionless regime, 7 in the thermal collisionless regime,

and T2 in the hydrodynamic regime. The collisionless-to-hydrodynamic crossover is
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thus characterised by a maximum in the sound attenuation where the 7 scaling tran-
sitions to T2,

In our holographic system, we express the sound dispersion as complex-valued w(k)
with real-valued k. Translating the LFL regimes to that form is easy: simply use the
leading small-w behavior, |w| = vk, to replace w with k. For example, the quantum
collisionless regime is 0 < 7T/ < v k/pu, where [Im (w) | o< (v k)* /p.

In probe brane models, as T'/u increases |Im (w) | exhibits T° scaling followed by
T? scaling, similar to the quantum and thermal collisionless regimes of a LFL, but in
the hydrodynamic regime crosses over to charge diffusion, rather than hydrodynamic
sound [171]. In contrast, in AdS-RN |Im (w) | exhibits T scaling at low T'/u, like a
LFL, followed by a power of T smaller than 72, unlike a LFL, and then 7! scaling in
the hydrodynamic regime, unlike a LFL’s T2, but expected for a CFT. In AdS-RN,
for sufficiently small k/u the sound attenuation exhibits a (very small) maximum at
7T/~ \/m, signaling the onset of the hydrodynamic regime, as in a LFL. In terms
of the pole movement in Fig. 5.2b, as T'/u increases the poles are practically stationary
at low T'/p and then start moving up at approximately the 7'/ where [Im (w) | has a
small maximum.

We start by fixing k/u = 1072 and @ = 1 and increasing 7. Fig. 5.12 shows our
numerical results for In |Im (w/p)| versus In (T'/u) for & = 1, k/p = 1072, and increasing
values of 7 from 7 = 10~ (pink diamonds) to 7 = 2 (green triangles), and also the AdS-
RN result (purple stars). The solid gray line is the numerical result for In |Im (w/p) | in
the probe limit, while the dashed gray line comes from Im (w) = —T'k? with the AdS-
SCH result I' = 1/(87T") [72,202]. The vertical dotted black lines represent the LFL
boundaries between quantum and thermal collisionless regimes, #7/u = v k/p, which
forv =1/v2and k/p = 1072 gives In (T'/) =~ —6.09, and between thermal collisionless
and hydrodynamic regimes, 77/ = +/vk/u, which gives In(T/u) ~ —3.62. LFL
sound attenuation exhibits a maximum at the latter boundary.

In Fig. 5.12, when 7 = 1075 (pink diamonds) and 7'/ is small, the sound atten-
uation closely follows the probe limit (solid black line), exhibiting T° scaling when

In(T/u) < —6.09 and T? scaling when In (T/u) 2 —6.09. Such behavior is practi-
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RN result (purple stars). The solid gray line is the numerical result in the probe
limit, while the dashed gray line comes from Im (w) = —Tk? with the d = 3 AdS-
SCH value I' = 1/(87T") (dashed gray). The vertical dashed black lines indicate the
LFL definitions of the boundaries between quantum and thermal collisionless regimes,
In(T/pu) ~ —6.09, and between thermal collisionless and hydrodynamic regimes,
In(T/p) ~ —3.62. For In(T/u) < —6.09, all cases exhibit |Im (w)| oc TV, similar
to the LFL quantum collisionless regime. For In (7'/u) 2 —6.09, |Im (w) | exhibits scal-
ing with a power of T that decreases as 7 increases, from 72 down to, but not exactly
to, T°. As In (T'/p) increases, in all cases such scaling eventually ends in a maximum,
followed by |Im (w) | o T71, as expected for a CFT in the hydrodynamic regime. As 7
increases the maximum’s position moves beyond the LFL value, In (7'/u) =~ —3.62, and
its height decreases. Nevertheless, all cases have a maximum, so the LFL definition of
the crossover is viable.

cally identical to a LFL. However, as T'/u increases the sound attenuation exhibits a
maximum and transitions to the 7! scaling of a CFT in the hydrodynamic regime.
Such behavior is not possible in the probe limit. Moreover, the maximum occurs at
In(T/p) = —4.75 < —3.62, in contrast to a LFL.

Fig. 5.12 also shows that the quantum collisionless type scaling T° for In (T'/u) <
—6.09 persists to higher 7. In contrast, for In (7'/u) 2 —6.09, the power of T clearly
decreases as T increases, from 72 down to, but not exactly to, 7°. At sufficiently high

T/ the CFT hydrodynamic scaling T~! always emerges, hence a maximum appears
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in all cases, including AdS-RN. However, as 7 increases the maximum’s position drifts
to higher and higher In (7'/p), blithely moving past the LFL value In (7T'/u) ~ —3.62.

Additionally, as 7 increases the maximum’s height decreases. As discussed in Sec-
tion 5.1.2; such a result is perhaps surprising, if we recall that 7 effectively counts the
number of charged fields (such as quark flavors), so that naively we would expect that
increasing 7 would cause In |Tm (w/p)| to increase, i.e. that increasing 7 would dampen
sound. Instead we find the opposite: in our holographic model, sound becomes less
damped as we increase 7.

In any case, our results suggest that with k/u = 1072 and & = 1, for all 7 a
maximum always appears in |Im (w) |, and hence the LFL definition of crossover is
viable. Indeed, the shape of all our sound attenuation curves is qualitatively similar to
that of a LFL in Fig. 5.1.

We now consider a key numerical result of refs. [181,212]: in AdS-RN, for w and
k sufficiently small compared to pu, the hydrodynamic form of the sound attenuation
constant (Eq. (5.29) with d = 3), I' = %HLP, is valid not just in the hydrodynamic
regime, but for all 7'/u, down to and including 7'/ = 0. To check whether the same is
true in our model, we fit our numerical results for the sound pole’s |[Im (w) | to a form
[ k% 4+ § k* over a range of small k/u, with fit parameters I' and §. Fig. 5.13 shows the
resulting In (uT") versus In (T'/p), for k/p = 1072 and increasing 7 from 7 = 107° (pink
diamonds) to 7 = 2 (green triangles). Fig. 5.13 also shows the corresponding value of
I['’s hydrodynamic form for each 7 (dotted lines). The hydrodynamic form indeed agrees
precisely with our numerical results for all 7 and 7'/p. In short, our results agree with
and extend those of refs. [181,212]: for charged black branes in Einstein-DBI theory,

as for AdS-RN, the hydrodynamic form I' = %gfp is in fact valid for all 7'/ p.

In hydrodynamics the shear diffusion constant is also < /(e + P). A key result of
ref. [210] for the Einstein-DBI charged black brane is that the numerical results for the
shear diffusion constant also agree with the hydrodynamic form for all 7 and 7'/ p.

Our model, like all rotationally-invariant holographic models dual to Einstein grav-
ity, has n = s/(4m) [8,10, 11], so the hydrodynamic form I' = %EJFLP is in fact com-

pletely determined by thermodynamics. We can eliminate s from I" using n = s/(47),
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Figure 5.13: Our numerical results for In (uI') versus In (T'/p) for k/p = 1072 a = 1,
and 7 = 107° (pink diamonds), 10~ (black crosses), 1073 (red dots), 1072 (blue plus
signs), 107! (orange squares), and 2 (green triangles). We obtain I' by numerically
fitting —I" k2+dk * to the sound pole’s Im (w) over a range of small k/u. The dashed lines
show the corresponding results using the hydrodynamic form of Eq. (5.29) with d = 3,
namely I' = 125 Clearly our numerical results for I' agree with the hydrodynamic

2e+P"
form for all 7 and T'/p.

e+ P = sT + u(J), and as mentioned below Eq. (5.13), (J) = 7¢*Q s/(27), giving®

F_l no 1
 2e+ P ST +4utalQ’

(5.33)

This form of I' makes clear that the probe limit, 7 — 0 with & and T'/u fixed, gives
the AdS-SCH result I' = 1/(87T), and that the extremal limit, 7/u — 0 with 7 and &
fixed, gives T' — (4uTa?Qext) ! # 0.

From Eq. (5.33) we can deduce that the quantity auD' is scaling-invariant. In
particular, fixing 7 and changing & does not change the form of I' as a function of
T'/u, but rather just acts as a re-scaling. To see this, we normalise I" by the scaling-
invariant product au and observe from Eq. (5.10) that 7'/au is a function only of the

scaling-invariant quantities 7 and & @),

4 T 3+T(1—\/1+a2Q2)

1T
apul’ = 8r—— +47 , —— = ~ - )
: ( a Q) ap AraQ o F (%7711;2;—042@2)

8For the remainder of the section we restore factors of & in all of our expressions.

(5.34)
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which makes clear that & p T is scaling-invariant itself. Ideally we would invert Eq. (5.34)
to find & @ as a function of 7 and T'/au, but that is impossible to do in full generality,
due to the hypergeometric function in the denominator on the right-hand side. How-
ever, we can invert Eq. (5.34) in certain limits. For example, suppose 7 is small, such
that we can take 7 = 0 on the right-hand side of Eq. (5.34). Suppose we then take
T/u < 1, which in T'/ap with 7 = 0 means ) — co. Expanding the hypergeometric

function at large argument and solving for () then gives
3 ’ 2
- 1 1
O=a|—>— (—) +O (—) . (5.35)
var(h)®) T
Dropping all sub-leading terms from Eq. (5.35) and inserting the result into Eq. (5.34)
—1
8t 367a° 2
ur = (2= 4 272 (ﬁ) . (5.36)
H I (;11) T

The approximations leading to Eq. (5.36) are brutal. For example, when T'/p < 1 the
O (&) term in Eq. (5.35) is larger than the T/u term in Eq. (5.34) and hence should

gives

not be dropped. Indeed, Eq. (5.36) fails to capture key features of the actual result, for
instance, when 7'/u — 0 Eq. (5.36) gives uI' — 0, while the actual limit is non-zero.
Eq. (5.36) nevertheless provides a surprisingly good approximation to certain features.

In particular, Eq. (5.36) manifestly describes a transition in uI's scaling from T2 to

T, as expected at small 7, and has a maximum whose position (7'/u) . is given by
9a’T 1 1
T/ = ——— il = —— (5.37)
2T (%)4 127 (T/ ) max

Remarkably, Eq. (5.37) describes the actual (T'/p),,,. extremely well—even away from
small 7. In fact, Eq. (5.37) agrees with our numerical results for (7'/p), .. for all
values of 7 and & that we have checked! However, Eqgs. (5.36) and (5.37) do not
provide a good approximation to the height of the maximum, i.e. the value of ul'yax
at (T'/1) ., and indeed the approximation to the height grows worse as 7 increases.
For example, when & = 1 and 7 = 107°, Egs. (5.36) and (5.37) suggest a maximum
value In (ul'yax) =~ 1.96, very close to the actual value in Fig. 5.13 (pink diamonds),
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but when 7 = 2 they suggest a maximum value In (uI'.c) & —2.11, while the actual
value in Fig. 5.13 (green triangles) is close to —3.7

In summary, we have three main results for sound attenuation. First is that fixing &
and increasing 7 preserves the T° and T~ scalings at low and high T/, respectively,
but suppresses the T? scaling at intermediate T'/u to a lower (but non-zero) power.
Second is that both the full Im (w) and I" are similar in form to that of a LFL for all
7 and & we accessed, including in particular a maximum that can provide a definition
for the crossover. Third is that I'" assumes the hydrodynamic form, I' = %ﬁip, for all
7, &, and T'/p we accessed, which provided us with an excellent approximation for the
location of the maximum, Eq. (5.37).

This third result is similar to phenomena observed in other backreacted models, in-
cluding AdS-RN [181,211,212]. The proposal of refs. [181,211,212] was therefore that
hydrodynamics remains reliable even for energies > T'/u, outside the usual hydrody-
namic regime, as long as £ < p or T'. In other words, in several holographic models
hydrodynamics appears to remain reliable at distances shorter than a mean free path
o 1/T at high T/ but o< 1/p at low T'/ p.

However, our model appears to provide counter-examples, because hydrodynamics
predicts a charge diffusion pole, but in some cases we find no such pole at low T'/p.
Specifically as en example, see the case in Figs. 5.3 and 5.6, where at low T'/p we find

HZS and two relativistic poles, rather than a charge diffusion pole.

5.4 Discussion and outlook

For the large- N, strongly-coupled CFT states with non-zero T" and p holographically
dual to the Einstein-DBI charged black brane we studied how the poles of G, and G,
the associated spectral functions, and the sound dispersion evolved with increasing 7'/,
and how that evolution depended on the backreaction parameter 7. We found that the

probe limit definition of crossover, as a collision of HZS poles on the imaginary w/u axis,

9As a side comment, Einstein-DBI charged black brane solutions are known for any value of the
CFT spacetime dimension d [189,204-206]. The fact that T takes the hydrodynamic form at all
T'/u persists to all d, then using the results for the thermodynamics for arbitrary d, and repeating the
approximations leading to Eq. (5.36), gives a transition from 7971 to T—!. Apparently in Einstein-DBI
models the T2 scaling similar to the LFL thermal collisionless regime may be unique to d = 3.
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Figure 5.14:  Our numerical results for the crossover value of T'/u as a function of
log,, (1), for fixed & = 1, using the three different definitions: the probe limit definition,
via a collision of poles that produces the charge diffusion pole (black plus signs), the
AdS-RN definition, via a transfer of dominance from sound to charge diffusion peak
in p; (blue crosses), and the LFL definition, via the sound attenuation maximum (red
dots).

producing the charge diffusion pole, was viable only for sufficiently small 7. The AdS-
RN definition of crossover, as a transfer in dominance from sound to charge diffusion
peaks in p;, was viable only for sufficiently larges 7. However, outside of the probe
limit, the LFL definition of the crossover, as a maximum in the sound attenuation, was
always viable. Moreover, the sound attenuation constant, I', took the hydrodynamic
form, even outside the usual hydrodynamic regime, and hence in these holographic
models was completely determined by thermodynamics.

Fig. 5.14 summarises our numerical results for the crossover value of 7'/u as a
function of log,, (7), for fixed & = 1, using the three different definitions: the probe
limit definition (black plus signs), the AdS-RN definition (blue crosses), and the LFL
definition (red dots). The AdS-RN definition gives crossover T'/p larger than the others
by about an order of magnitude. The AdS-RN and LFL definitions both appear to
increase without bound as 7 increases, while the probe limit definition instead decreases,
eventually dropping to zero at the critical 7 value when 7 ~ 3.2 x 1073 or equivalently
log,o (T) ~ —2.49.

Low-temperature sound modes have been relatively under-explored in holography;,
especially outside of the probe limit. However, our results, combined with the accumu-

lated body of evidence about low-temperature sound modes in holography, raise many
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questions relevant to many strongly-coupled systems, and worthy of future research.
In our model, one immediate task would be to attempt analytic, rather than numer-
ical, calculations of the leading powers of k in the imaginary parts of correlators at
exactly T'/p = 0. We expect that, as in the backreacted models of refs. [165,212], these
will be fixed by dimensions of operators in the (0 + 1)-dimensional CFT dual to the
near-horizon AdS,.

The primary task at hand is simply to continue searching for low-temperature sound
modes in holographic quantum compressible matter. In what cases does HZS appear?
Is it universal? If not, then what distinguishes systems with HZS from those without?
To date, HZS has appeared in systems with and without extensive entropy at 7'/u = 0,
with heat capacity scaling as various powers of T, etc. Indeed, so far only two patterns
have emerged. First, HZS appears in systems with some form of non-linearity. In
particular, a probe Maxwell action does not produce HZS. To obtain HZS we must
introduce non-linearities, either by replacing the probe Maxwell action with the probe
DBI action, or by allowing the Maxwell action to backreact, so that we must solve
the Einstein equation, which is non-linear. Second, HZS appears in systems with non-
zero spectral weight at w = 0 over a finite range of k, up to a characteristic value
of k, in a fashion reminiscent of a Fermi-Dirac distribution [6]. Are these patterns
universal? Moreover, when HZS does appear, how does it evolve in the crossover to
hydrodynamics? Of course, the over-arching question is what lessons HZS may teach
us about real strongly-coupled systems. Do real quantum compressible systems and
non-Fermi liquids, such as graphene, the cuprates, the heavy fermion compounds, etc.,
support sound modes? Recent evidence suggests that in LFLs in two spatial dimensions
described by kinetic theory, both zero sound and hydrodynamic sound are replaced by
plasmons [225,226]. However, the most important question remains: what types of
effective theories give rise to low-temperature sound modes, and what do those sound
modes, and their crossover to hydrodynamic sound, tell us about the underlying degrees

of freedom?
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Chapter 6

Holographic Entanglement Density

In this chapter we introduce a new quantity which we call “entanglement density”
(ED), defined as the change in EE with respect to the vacuum EE, divided by the sub-
region’s volume. After reviewing its most important properties, we study the ED in
several holographic systems, which can all be described by a general metric, as shown
in Section 6.3. We study the ED in CFTs in the presence of RG flows (Section 6.3.1),
temperature 7' (Section 6.3.2) and chemical potential p (Section 6.3.3). We link the
asymptotic behaviour of the ED to the violation of the “area theorem” and the emer-

gence of long-range entanglement.

6.1 Introduction and motivation

A central goal of physics is to characterise and classify states of matter. At tempera-
tures T' low enough that quantum effects determine the properties of matter, the goal is
to characterise and classify patterns of quantum entanglement. A growing body of evi-
dence suggests that EE between a sub-region and the rest of the system, and specifically
EE’s dependence on the sub-region’s size L (the radius of a sphere, for example), can
play a central role in reaching that goal. For example, in d spacetime dimensions, EE re-
ceives characteristic contributions oc In L4~2 from a Goldstone boson [227], oc L4™2In L
from a Fermi surface [228-231], or independent of L from topologically-ordered degrees
of freedom [232-235]. We define an “entanglement density” (ED)!, and explore the ex-

tent to which it characterises the deformed CF'Ts mentioned above. Specifically, given

LOur ED should not be confused with the entanglement density of refs. [236,237], defined as a
second variation of EE under infinitesimal changes to the sub-region’s boundary.
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the EE of the deformed CFT, Sgy, the EE of the undeformed CFT’s vacuum state,
Scrr, and the volume of the entangling region, V', we defined the entanglement density
as

Sent — SCFT

o= ——V— (6.1)

In continuum QFTs, S.¢ generically has short-distance divergences from large correla-
tions across the entangling surface (the sub-region’s boundary). We regulate these with
an UV cutoff, e. For our deformed CF'Ts, these divergences are identical to those of the
parent CFT, hence the subtraction Seyy — Scrr renders o finite and cutoff-independent,
and therefore physically meaningful.

Of course, we could remove the divergences in other ways, for instance by adding
counterterms [238-240], and we could divide by other quantities intrinsic to the en-
tangling surface besides V', such as surface area, A. However, our definition of ED is
motivated by the so-called “entanglement temperature”, T, [241,242], defined as the
ratio between a small change in the energy AE = V(T},) inside the entangling region

and the associate change in EE AS,,; that it generates, namely

1

AB/ASo = Tont 7 (6.2)

This is known as the First Law of EE (FLEE) in analogy with the first law of ther-
modynamics AE = ASy, T. For states with constant (73;), and for sufficiently small L

this implies that
lim g = <Ttt> Til X <Ttt>L (63)

A ent
However, our o generalises T, for any L, not just for small L and for any change of
energy, including zero change. This will be specifically important in the case of RG
flows, where (T};) = 0 and T,,{ is ill defined. In that case, since FLEE does not apply,
we have that ¢’s small-L behavior is determined by the dimension A of the perturbing
operator. Our goal is to use ¢’s dependence on L to characterise the deformed CFTs
and extract some general properties about them.

As L — oo relative to any other scale, the leading behavior of the EE is

Sent =SV +aA+ ..., (6.4)
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where s is the thermodynamic entropy density (s = 0 in some of our examples), « is
a dimensionfull constant that makes the, and ... represents terms sub-leading in 1/L
relative to those shown.

The leading “volume law” term o V' in Eq. (6.4) is expected for excited states, such
as thermal states. In such cases, intuitively when L — oo the sub-region becomes the
entire system, and the sub-region’s reduced density matrix becomes the total density
matrix, which for a thermal state implies Sepe — Sin = sV.

The sub-leading contribution < A in Eq. (6.4) is the well-known “area law” term [76—
79]. For a sphere of radius L, A = Q4 »L%2, and in the vacuum of a CFT, the only
other scale is the UV cutoff, ¢, so that o oc 1/¢972 by dimensional analysis. For a strip
of width L, A = 2L“f2, and in the vacuum of a CF'T, two other scales are available,
e and L. Indeed, in that case a is a sum of two terms, one oc 1/e%72 and the other
o 1/L972 [82,83]. If the CFT is deformed, then new terms appear related to any new
scales, such as T and p. Some deformations can also produce in Sey; a term o< Aln A,
such as p in a free fermion CFT, producing a Fermi surface [228-231], as mentioned
above. For discussions about the conditions under which such “area law violation” can
occur, see for example ref. [243].

Crucially, for Lorentz-invariant RG flows to a d-dimensional CFT in the IR, a obeys
a kind of (weak) c-theorem, called the “area theorem” [22,23]: the value of « in the

UV CFT, ayy, must be greater than or equal to that of the IR CFT, arg.
auy 2 QIR (6.5)

Of course, as mentioned above both ayy and apg include a term oc 1/2972, and hence
diverge as ¢ — 0. However, these terms o< 1/ £972 cancel in the difference Ao = ayy —
R, so the meaningful statement of the area theorem is Aa > 0. To be precise, the
area theorem has been proven for a sphere in d = 3 using strong sub-additivity [22] and
for a sphere in d > 3 using positivity of relative entropy [23].? Roughly speaking, strong
sub-additivity is holographically dual to the Null Energy Condition (NEC) [245, 246].
All of our holographic examples will obey the NEC.

2For the strip, a similar, but distinct, theorem for the coefficient of an area term appears in
refs. [83,244].
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Whenever a quantity is proven to decrease monotonically along an RG flow, a
number of questions naturally arise. For example, does the quantity count degrees of
freedom in any precise sense? Does the monotonicity extend to other types of defor-
mations, such as T', u, operators or sources that break Lorentz invariance, etc. [247]7
We will answer some of these questions for A, in holographic systems, using our o. In
particular, Eq. (6.4) implies that when L — oo relative to all other scales, o’s leading
behavior is

: A
ngroloa—s—AaV—k..., (6.6)

where the difference Aav = awyy — g appears because in Eq. (6.1) we subtract the UV
CFT vacuum contribution, Sen — Scp.

Eq. (6.6) shows how we can easily extract the sign of A« from o’s large- L behavior:
as L — oo, if o approaches s from below (o — s7) then A« > 0, while if o approaches
s from above (0 — s7) then Aa < 0. The sign of A« will therefore be immediately
obvious to the naked eye, as our examples will illustrate. Dividing by V' in Eq. (6.1) is
thus technically trivial but practically useful: otherwise, to obtain Aa’s sign we would
have to extract (typically by numerical fitting) a subtle correction in 1/L from the EE
itself.

Currently, holographic techniques are our only way to get insight into the entangle-
ment structure of CFTs in higher dimensions and for excited states. As we reviewed in
Section 3.3, in the dual geometry, Sy is given by the area of the minimal surface in the
bulk, that shares the boundary with the entangling region of the field theory, located at
the asymptotic AdSy.1 boundary. This turns the calculation of EE into a well defined
variational problem of finding the area of a static “soap bubble” in the dual geometry.
However, all the discussion in this section applies in general for any QFT, not only
holographic ones, and therefore we expect o to be a well-defined quantity that can be
used to characterise general states of matter in which the dependence of Se,; with the

size of the entangling region L, could be computed by other means.
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6.2 Summary of results

Table 6.1 summarises our main results and will be a useful reference throughout the

discussion in this section.

Section System Deformation(s) | FLEE? | Area Theorem Violation?
6.3.1 | (d=4) RG Flows (@) No No
6.3.2 | (d+1) AdS-SCH T Yes Yes, for d > dit
6.3.3 (d+1) AdS-RN T, i Yes | Yes, for low T or d > dgit

Table 6.1: Summary of our main results.

In Section 6.3.1 we consider Lorentz-invariant RG flows, described holographically
by gravity coupled to a single real scalar field with self-interaction potential designed to
produce an RG flow or “domain wall” solution interpolating between an AdS,,; near
the boundary and another AdS,;; deep in the bulk [248]. Lorentz invariance implies
(I,,) =0 and s = 0. We mostly focus on d = 4, and consider flows driven either by
a source for the relevant scalar operator O dual to the bulk scalar field, or driven by
(O) # 0 with zero source. As mentioned above, the FLEE does not apply in these
cases, and O’s dimension A controls the leading power of L in ¢ at small L. We find
that o < 0 for all L, and in particular ¢ — 0~ as L — oo, as required by the area
theorem. To connect the small- and large-L limits, ¢ must have one or more minima as
a function of L. We show how various scalar potentials, all consistent with the NEC,
can produce various behaviors in ¢ at intermediate L, such as multiple minima or a
discontinuous first derivative. We thus learn that, although universal principles such as
the area theorem may govern o’s asymptotics, no universality is immediately obvious
at intermediate L. We expect similar results for other d.

In Section 6.3.2 we consider the AdS-SCH black brane, dual to a translationally
and rotationally invariant state of a holographic CFT deformed by 7. In this case,
the FLEE requires o o (T3;)L at small L. Section 6.3.2’s main result is the existence
of a critical dimension, d.;; = 6.7, such that if d < d.4 then as L increases o rises
monotonically, and ¢ — s~ as L — oo, so that Aa > 0, consistent with the area
theorem. However, if d > d,;; then o increases to a single global maximum, which by

dimensional analysis is at an L o« 1/T, and then ¢ — s* as L — o0, so that Aa < 0,
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violating the area theorem. Fig. 6.1 depicts these two behaviors schematically. (These
results have also been obtained using the exact results for EE of a strip in AdS-SCH,
i.e. without numerics, in ref. [249].) More generally, for any CFT excited state in which
the FLEE applies and s # 0, these are the two simplest ways to connect o o< (T;)L at
small L to o — sT at large L.
In Section 6.3.3 we consider an AdS-

RN charged black brane, dual to a trans- o/s

lationally and rotationally invariant state
of a holographic CFT deformed by Tand 1- - /= - = = — = — = =
w [250]. When T/u — oo, so that u
is negligible, AdS-RN approaches AdS-

SCH, and we recover the results of Sec-

tion 6.3.2, including in particular the ex- L

0

Figure 6.1: For a CFT excited state in
so that T"is negligible, AdS-RN is dual to  }ich the FLEE applies and s # 0, we

a “semi-local quantum hquid” state [201], SChematicaHy deplct the two Simplest pOSSi—
bile behaviors of ¢, in units of s, versus L, in

arbitrary units. The FLEE implies 0 o< L
tensive ground state entropy s # 0. If at small L. As L — oo, either 0 — s~
(lower curve), consistent with the area the-
orem, or ¢ — st (upper curve), violating
the upper curve in Fig. 6.1, with a sin- the area theorem. The latter case necessar-
ily has at least one maximum, as shown.

istence of d;. However, when T'/u — 0,

which at T'/p = 0 has a mysterious ex-

d > duit then for all T'/u, o resembles

gle maximum, whose position changes as
T/u decreases, and o — st as L — oo. In particular, when d > d; the area theorem
is always violated. On the other hand, if d < d.y, then at high T'/u we recover the
result of Section 6.3.2, where o resembles the lower curve in Fig. 6.1. However, as we
lower T'/p, a transition occurs at a critical value of T'/u from the lower curve in Fig. 6.1
to the upper curve, i.e. a peak appears. In particular, at the critical 7'/u, A« changes
sign and the area theorem is violated. In short, for any d, at sufficiently low T'/u, o
resembles the upper curve in Fig. 6.1, with a single maximum, ¢ — s* as L — oo,
and area theorem violation. This can also be linked to the emergence of long-range

entanglement with a characteristic scale given by the position of the global maxima in
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o where the EE per unit volume is maximal. This scale also provides us with a clear
distinction between the UV and the IR, both in field theory and in the dual geometry.

In summary, we find area theorem violation in AdS-SCH at large d and AdS-RN
at low T'/p. What do these all have in common? One obvious answer is: an IR
fixed point that is not a d-dimensional CFT like the UV fixed point. In particular,
the solutions describe (0 4 1)-dimensional IR fixed points, meaning invariance under
rescaling of ¢ but not & [201,251-253]. More precisely, in AdS-SCH when d — oo, in the
near-horizon region ¢ and the holographic radial coordinate, z, form the SL(2,R)/U(1)
group manifold, while & forms R?~! [253]. In AdS-RN at T'/u = 0, in the near-horizon
region ¢t and z form AdS, while the # form R9~!. As a result, in each near-horizon
region, linearised fluctuations of fields transform covariantly under rescalings that act
on t but not ¥ [252,253]. Strictly speaking, such non-relativistic scale invariance occurs
only for d = oo and T'/pn = 0. However, in our examples area theorem violation occurs
at intermediate values of these parameters, as we dial them towards the limits while
the non-relativistic scale invariance is not yet exact, and hence signals the emergence

of non-relativistic massless degrees of freedom.

6.3 (General analysis

In our examples we can use the symmetries of translations in ¢ and translations and

rotations in Z to write the bulk metric in the form

R? dz?
ds* = — ([ — dt* +da* + — .
5= ( f(z)dt” + dz +g(z))’ (6.7)
with the following near boundary expansion,
f(2)=1—-—mz"+ ..., g(z)=1—mz%+ ..., (6.8)

which using Eq. (3.11) determines the dual theory’s energy density to be

(d—1)R!

<Et> - 167TGN

(6.9)

The AdSgi1 metric has f(z) = 1 and g(z) = 1, so in particular m = 0 and hence

(Ty) = 0, as expected for a CFT vacuum state. As z increases, i.e. as we move away
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Figure 6.2: (a) Schematic depiction of the minimal surface for a strip sub-region of width
L. The asymptotically AdS;,, boundary is at z — 0. The minimal surface, depicted by
the dashed lines, “hangs down” from the strip at the boundary to a maximal z value,
Ze. (b) Similar schematic depiction of the minimal surface for a sphere sub-region of
radius L.

from the boundary and into the bulk, the metric may approach that of another AdS;y1,
generically with different R (Section 6.3.1) or a horizon, where f(zg) = 0. In the case
of a non-extremal horizon, the dual field theory’s temperature and entropy density for

the metric in Eq. (6.7) are determined by

' (zm)g'(zm) R 1
T = = —_ 1
4 7 s 4GN Z?{_“ (6 0)

All our examples conform to the above, with the following exceptions. In the
Lorents-invariant RG flows of Section 6.3.1, in f(z) = 0 and g(z)’s expansions the
leading power of z depends on A, and in some cases can be smaller than z¢.

The strip’s entangling surface consists of two infinite parallel planes of spatial co-
dimension one, i.e. two copies of R?"2 separated by a distance L in the remaining
spatial direction, . As is well-known [82,83], using the translational and rotational
symmetry of R“2 we can parametrise the minimal surface as x(z), and for metrics of
the form in Eq. (6.7), the area of the minimal surface ¥5"P depends only on z/(2)?,
leading to a first integral of motion. We can then solve for 2/(z) in terms of the first
integral. The minimal surfaces “hang down” into the bulk to a largest z value, z,, the

turn-around point where z'(z) diverges, as depicted in Fig. 6.2a. We then obtain L by
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integrating a’(z) from z, to the boundary,

L Q/Z*d “ ! ! (6.11)
= 2 , .
R N i N ECIN TP

where the overall factor of 2 appears because the solutions are invariant under the

reflection z(z) — —z(z). The corresponding minimal area is

“dz 1 1
AT (/2D g0

where the lower endpoint is a cutoff, 2 = €, holographically dual to a UV cutoff. For

tri d— d—
€

(6.12)

AdSg4i1, where g(z) = 1, we can perform the integrals in Egs. (6.11) and (6.12) exactly,

leading to
I
L=2V7 [Q(dl g 2 = Y0)2 (6.13a)
[ |5
gup _ BTN 1A Yoy A (6.13b)
T 4Gy | (d—2)ed=2  2(d —2) Li-2 ‘

which will greatly simplify the notation. In Eq. (6.13b) we see the form described below
Eq. (6.4): an area law with A = 21972 where «a is a sum of two terms, one oc 1/e972

and the other oc 1/L972. At this stage we find useful to define the following parameter

D) = zﬁr— (6.14)

which will greatly simplify the notation.
For the sphere sub-region we first write dz? = dr? + r2dQ3_,, where r is the radial
coordinate and dQ2% , is the metric of a unit-sphere S¢2, and then parametrise the

minimal surface as r(z). The resulting area functional is

Zx d—2 1
Zsphere — Rd_le_Q/ dz % T’(Z)Q + —, (615)

where Qg_, is the area of the unite S?2 sphere. Extremising ¥*P"*™ leads to a non-

linear second order ordinary differential equation for r(z). For AdSgy1, where g(z) = 1,
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the exact solution is 7(z) = v/ L? — 22, and by using Eq. (6.15) we obtain

(i1, , |22 o\ L\ . £
TNd? 2; cj <g) + ¢ log (;) +é0+ O (ﬁ) , (d even)
S ere L =
ST = ) Riiq, . [@0z | a .
d—2
e ; ¢ (Z) Yoo+ O (E) , (d odd)
y) . — 924 ) 9 .
(d—2j)T [=2H] T[] Val [4]
A T ([
Co = ) Co = ’QZ) a +W/E+2log[2] ;
T[] v\l

where t[d/2] is a Digamma function and g & 0.577 is the Euler-Mascheroni constant.?

More generally, for a given g(z) in one of our examples we compute o as follows.
First, we compute Sg,; numerically, meaning for the strip we choose z, and then inte-
grate Eqs. (6.11) and (6.12) numerically, while for the sphere we solve for r(z) numer-
ically and then plug the solution into Eq. (6.15) and integrate numerically. Next, we
subtract the corresponding Scpr from Eq. (6.13b) or Eq. (6.16). Finally, we divide by

LiL=4L, (strip)
V=9 42 (6.17)
r(é)Ld 1 — ﬁL. (sphere)

We can determine o’s small-L behavior following ref. [241]. If L is small compared
to all other length scales except €, and in particular if mL? < 1, then we can solve
for the minimal surface order-by-order in a small-(mL?) expansion, and expand the
integrands in Eqs. (6.11), (6.12), and (6.15) in mL? and integrate order-by-order, ul-
timately leading to an expansion of Sey in powers of mL? Via Eq. (6.1) we then
find

0 = (Tu) Ty + O ((Tu)* L), (6.18)

where for the strip and for the sphere we find respectively

(d? — 1)19%0)19(1) 1 psphere _ d+1 i

Tstrip o
t = T t T o T
e 472 L’ en 27 L

3Crucially, the coefficients c;, and ¢y were proven to be universal and can be shown to obey a
holographic c-theorem. This means that for any deformation of the UV CFT to a new fixed point
in the IR ¢¥V > clf and ¢V > c¢lF using holographic techniques [254]. In a sense, we can say that
those coefficients count degrees of freedom that get coarse-grained along an RG flow.

(6.19)
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In short, o o< (T};) L at small L.
For bulk spacetimes with a horizon, we can determine o’s large-L behavior following
refs. [255-257]. In Eq. (6.12) for ¥ in order to extract the terms that diverge as

e — 0, we add and subtract 1/2z%71 to the integrand, and integate over 1/2971. We

next change the integration variable from z to u = z/z, to obtain

Shw _ 1 (L 1 +1/1du 1 !
AR d—2 \et2 472 A7 Jo ut A\ VI = 2@ g (z,u)

(6.20)

Our immediate goal is now to re-write the integral, as much as possible, in terms of

that for L from Eq. (6.11), written with the coordinate u,

1 udfl 1
L =2z, . 6.21
\/1 u2(d-1) \/g(z*u) ( )
To do so, in the integrand of Eq. (6.20) we take
u—(d=1) D) gl gdel (D (] 2D g
1 — 2@ 1 — 21 o 1 — 21
(d-1) (d-1) u!
_ g _ ,2(d—1
= L= wdlD o e (6.22)

which allows us to re-write Eq. (6.20) as

S 1 1 1 1 L 1 ['du 1 — w1
min — _ - - 1 . 623
AR®Y d—2 (sH zf—2> T /0 ut! ( 9(zu) ) (0:29)

Collecting the 1/2972 terms, we find

Dt | LLL C(2.)
ARd-1 g —2gd2 241 0

with the dimensionless coefficient

1 U du 1 — y2d-1)
) = ——— —-1]. .24
Cle)=—=5" /0 udt ( g(zu) ) (6:24)

Dividing by 4Gy to obtain STUP subtracting SE® in Eq. (6.13b), and dividing by

ent >

V =AL/2 = LdL_QL, we obtain the ED,

O RFU 1 )2 UG 1
strip — *) = 2
4 4GN zf_l + zf_2 L + (d — 2) Ld-1 (6' 5>




So far we took no limits of L, i.e. Eq. (6.25) is valid for any L. As L — oo, we expect
the minimal surface to probe deep into the bulk, and eventually to lie flat along the

horizon,* so that in particular limy .. 2. = zg. In that case Eq. (6.25) gives, using

Eq. (6.10),

) Rd—l 1
lim o = —— =s. 6.26
P =y T (6.26)

We thus find that the leading term in ¢’s large- L expansion is the entropy density s, as
expected. The leading 1/L correction is also straightforward to obtain: our examples

have d > 3, so the final term in Eq. (6.25) is sub-leading, and thus

. 2 1
Ustrlp =S+ Sz C(ZH) z -+ @) (ﬁ) . (627)

For the strip, A/V = 2/L, hence Eq. (6.27) is of the form in Eq. (6.6),

A
=s—Aa—+... 6.28
o=s—Baft . (6.29)
where we identify
Aa=—szgC(zg). (6.29)

Although the details are different, we find that o’s leading large-L correction for
the sphere is also given exactly by Eq. (6.29). Such agreement between the strip and
sphere at L — oo is intuitive, since we expect the L. — oo limit to suppress any effects
from the entangling surface’s curvature. In short, C'(zy) determines whether o — s*
as L — oo, for both the strip and sphere.

Eq. (6.29) is the main novel result of this section, and allows us to test for area
theorem violation simply by computing C(zg)’s sign: if C(zy) < 0 then Aa > 0 and
the area theorem is obeyed, while if C'(zy) > 0 then Aa < 0 and the area theorem is

violated.

4In fact, for sufficiently large L two solutions for x(z) may exist. The first is our solution, described
above. The second consists of two segments with constant z(z), stretching from the boundary to
the horizon, which must be connected by a third segment along the horizon, since minimal surfaces
cannot cross a horizon [258]. The third segment contributes zero to the area. However, in all our
examples with horizons we have checked explicitly that the latter solution always has larger area than
our solution, i.e. is not the global minimum of the area functional, and hence may be safely ignored.
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6.3.1 Lorentz-invariant RG flows

Starting from a CFT in the UV, we can induce an RG flow by sourcing a relevant
operator. In the gravity picture, this means that we turn on the boundary value for
the corresponding bulk field. Close to the boundary, the geometry remains asymptot-
ically AdS, dual to the UV fixed point. Away from the boundary, however, the field’s
backreaction on the metric will deform the bulk geometry and break scale invariance.

In this section we consider a bulk action

1
167TGN

Sbulk =

d™x\/—det gy |R — %8M¢8M¢ - V(o)|, (6.30)

where R is the Ricci scalar and ¢ is a real scalar field with potential V(¢). We want
solutions to the equations of motion derived from Sy that describe Lorentz-invariant
RG flows between CFTs, driven by the scalar operator O holographically dual to ¢.
We thus assume V(¢) has (at least) two stationary points, at which the equations of

motion reduce to those of pure AdSy,; with radius of curvature R given by

817Gy V(0)| __dd-1) (6.31)

stationary 2 R2

All these solutions that interpolate between an asymptotic AdS;, 1, dual to the UV
CFT, and another AdSy,; deep in the bulk, dual to the IR CFT, have the form

ds* = Jj—j (—dt2 +dz? + %) , ¢ = ¢(2), (6.32)

with 0 < z < oo. Following refs. [47,248], if we introduce a “fake superpotential” W
via

V(6) = forgre 0W)' = 5 =W (6.33)

then any solution to the equations of motion derived from Sy is also a solution to [248]

d—1 1 87TGN

. _ 2 1172
S7G W, g(2) - 17 R-W*~. (6.34)

¢ =

We therefore only need to solve the first-order Eq. (6.34). In fact, for our purposes,
we can choose g(z), which then determines W and hence ¢(z) via Eq. (6.34), which

in turn is guaranteed to solve the equations of motion for the corresponding potential
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V(¢) in Eq. (6.33). Crucially, g(z) obeys several constraints. For instance, Eq. (6.34)

implies

d—1 ¢'(2)
/ 2 _

¥2)" = 167Gy 29(2)’

so that ¢'(z) > 0, since by assumption g(z) > 0. The NEC also requires ¢'(z) > 0, so

(6.35)

any solution of Eq. (6.34) is guaranteed to obey the NEC. We also want O to be relevant,
A < d, and unitary, A > %, and moreover we want to avoid poorly-understood UV
divergences in the EE that the subtraction S — Scpr do not cancel, hence we restrict
to A < (d+2)/2 [23,256]. We demand that asymptotically ¢(z) = ¢z~ + ..., where
A_ = Min(d — A, A), ¢ is proportional either to O’s source (A_ = d — A) or to (O)
(A_ = A), and ... represents terms with higher powers of z. Via Eq. (6.35), g(z)’s

asymptotic expansion is then

STGNA_
g(z) =1+ % T (6.36)

where again the ... represents terms with higher powers of z.
The FLEE does not apply because Lorentz invariance requires (Ty;) = 0 for these

solutions. However, with the assumptions above, for the strip we can determine o’s

small-L behavior by expanding Eq. (6.12) for X' in small z,, that is, for a minimal

surface close to the asymptotic AdSy,; boundary. Expanding also Eq. (6.13a) for L in

strip
min

small z,, inverting order-by-order, and plugging the result into the expansion for 3

gives the leading small-L behavior

7TAJSI(?A*)79?()_)2_%7 2 pd—1
_ — L2A7+1—d L .
Y N 1oy N ) R o (6:37)

where ... represents terms with higher powers of L. In the opposite limit, the area
theorem requires ¢ — 0~ as L — oo, for both the strip and sphere, since (s = 0) and
we only have the area term contribution o« —Aa/L. Our examples will conform to
these limits.

EE in holographic RG flows has been studied in detail before, for example in

refs. [244, 255,256, 259], so we focus only on a few cases that illustrate some of o’s
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possible behaviors in L. In particular, we restrict to d = 4 and choose

(1 + tanh?(B2), (6.38a)

| + tanh*(8z) + ;tanh(ﬁz — 9) tanh®(82), (6.38D)

5= 1 + tanh®(B2), (6.38c¢)
[ 1+ tanh™/?(B2), (6.38d)

where in each case (3 is a constant of mass dimension one, which may be related to ¢ via
Eq. (6.36). Table 6.2 summarises some properties of our choices of g(z). In Table 6.2,
the second column is Rig, the value of the AdS5 radius at z — oo, determined by the
value of lim, ,, g(z). The holographic c-theorem [248] requires Rjg < R. The third
column shows ¢g(z)’s leading asymptotic powers of z, which via Eq. (6.36) determines
A_, listed in the fourth column, with the corresponding A in the fifth column. The
sixth column indicates whether ¢, is proportional to O’s source or to (O). For g(z)
in Egs. (6.38a) to (6.38b), ¢(z) saturates the Breitenlohner-Freedman bound, hence
#(2)’s leading asymptotic terms are 22~ and z2- log(z), however, we demand that the
coefficient of the log(z) term vanish, so that in standard quantisation ¢y o< (O). In
these cases, the RG flow is driven by (O) # 0 alone, with zero source.

Fig. 6.3 shows our numerical results for o as a function of L. More specifically, we
plot ¢ in units of 3>R3/Gy, where R*/Gy is the UV CFT’s central charge [47], versus
L in units of £. In all cases, 0 < 0 for all L3, with 0 — 0~ as L — oo, as required by
the area theorem.

Fig. 6.3a shows the simplest behavior, for the g(z) in Eq. (6.38a), in which o o< —L
at small L, and then a single minimum appears before ¢ — 0~ as LS — oo, for both

the strip and sphere. Fig. 6.3b, for the g(z) in Eq. (6.38b), is similar, but with a

g(2) Rir Asymptotics A_| A oo
(6.38a) | R/V2 | 1+(B2)'+... | 2 | 2 |x(O)
(6.38b) | R//T/2 | 14+ B2 +... | 2 | 2 | x(0O)
(6.33¢) | R/V2 | 1+(B2)°+... |3/2]5/2] source
( )| R/V2 |1+ (B2)P4 ... | 7/4 | 9/4 | source

Table 6.2: Summary of properties of our choices of g(z) in Eq. (6.38).
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Figure 6.3: The ED, o, in units of 82R3/Gy, versus LS for RG flows between holo-
graphic CFTs in d = 4. In each plot, the blue solid line is for the strip and the red
dashed line is for the sphere. The label below each plot indicates the g(z) we chose from

Eq. (6.38). All curves are consistent with the area theorem since limy 0 — s~ =07,
as expected for Lorentz invariant RG lows.

second, local minimum, and corresponding local maximum, at intermediate L, for both
the strip and sphere.

The g(z) in Eq. (6.38¢) yields A_ = 3/2, hence Eq. (6.37) implies 0 oc —L° at
small L, that is, o starts at a negative constant value at L = 0, before monotonically
rising as L increases, and then 0 — 0~ as LS — oo, as shown in Fig. 6.3c. The g(z) in
Eq. (6.38d) yields A_ = 7/4, hence Eq. (6.37) implies 0 oc —L'/? at small L. However,
aside from the fractional power of L at small L, Fig. 6.3d shows that o behaves similarly
to that in Fig. 6.3a, with a single global minimum before ¢ — 0~ as L — oo.

In summary, o can clearly exhibit a variety of behaviors as a function of L, depend-
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ing on details of the RG flow. However, o often exhibits a unique global minimum,
which by dimensional analysis must be at an L o« 1/8. As discussed in Section 6.1,
that L can be used to characterise and compare RG flows. For example, the L of o’s
global minimum could provide a precise definition of the crossover scale from the UV

to IR.

6.3.2 Finite temperature and AdS-Schwarzschild

In this section we consider a bulk action

1 d(d—1
Shulk = Az \/—det gun <R + Q) : (6.39)

167TGN R2

The corresponding Einstein equation admits the (d + 1)-dimensional AdS-SCH black
brane solution, of the form in Eq. (6.7) with

f(z)=9(z) =1—-m2", (6.40)

and hence a horizon at 2z = m~/¢ with (T,;), T, and s given by Eqs. (6.9) and (6.10).

As mentioned in Section 6.1, for AdS-SCH the FLEE requires o < (T3;)L at small
L and we also expect lim;_,o, 0 = s. Our main result for AdS-SCH is the existence of
a critical dimension, d.i ~ 6.7, such that as L — oo, 0 — s~ when d < dg;, while
o — st when d > d;, indicating area theorem violation.

Fig. 6.4 shows /s versus LT for (a) the strip and (b) the sphere for d = 3,4, ...,8,
illustrating the change of behavior at d. ~ 6.7. For both entangling surfaces, when
d=3,4,5,6 < dui, we find o/s increases monotonically and o/s — 1~ as LT — oo.
When d = 7,8 > d;, we find o/s rises to a global maximum before o/s — 17 as
LT — oc.

The dotted lines in Fig. 6.5 show s — Aaé divided by s, with A« from Eq. (6.29)
agree with ¢ /s not only at large LT, as expected, but over a surprisingly large range
of LT, down to LT ~ 1. Crucially, the dotted lines reveal that the transition between
o — s* as L — oo occurs when the coefficient A« of the 1/L correction changes sign,
from Aa > 0 for d =4 to Aa < 0 for d = 8.

Indeed, Fig. 6.6 shows the dimensionless coefficient C'(zy) x —Aa from Eq. (6.29)

as a function of d, which begins at C'(zy) ~ —0.88 when d = 3 and then monotonically

119



increases as d increases, eventually crossing through zero, which defines the critical
dimension, de; =~ 6.7. We can easily show that C(zy) is monotonically increasing for
all d, and hence has only the single zero at de, by showing 0C(zg)/dd > 0, as follows.
The 2 of Eq. (6.24) gives

9C(zm) . 1 ! log(u) 1 9 4 3d=2 _ 3pd
od - (d _ 2)2 + /0 du ud—1 1- 5 (1 — ud)3/2(1 — u2d_2)1/2 . (641)

Since 2 d 4 <0 for u € [0,1], we need to show that

1 2442 = 3uf
2 (1 — u)3/2(1 — y2d-2)1/2 21, (6.42)

for u € [0,1]. The denominator in Eq. (6.42) is positive, so multiplying both sides of
Eq. (6.42) by (1 — u?)3/2(1 — u??=2)1/2 squaring, and re-arranging, we find

1 2
(1+§ﬁd2—;m>-41—wﬁu—uﬂ2)zo (6.43)

Since u??~2 > v*? for u € [0, 1], Eq. (6.43) implies

1 3 4\ 3
(1 + §u3d_2 — §Ud) — (1 —u®)?1 —u??%) > (1 + —udd — U ) (1 —uh)3(1 — u*?)

= 021 —uht >0, (6.44)
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0.981
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Figure 6.4: The ED, o, in units of entropy density s, versus LT for (a) the strip,
and (b) the sphere, for AdS-SCH in d = 3,4,...,8. For each entangling surface,
when d = 3,4,5,6 < dui, =~ 6.7, 0/s monotonically increases with LT and /s — 1~ as
L — oo, whereas when d = 7,8 > dg, 0/s rises to a global maximum before o /s — 17
as LT — oo.
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Figure 6.5: The ED, o, in units of entropy density, s, versus LT for (a) the strip and
(b) the sphere, for AdS-SCH in d = 4 (orange dashed) and d = 8 (blue solid). The
dotted lines are 1 — %é, with A« in Eq. (6.29), representing the LT — oo limit and
first 1/L correction.

\

Figure 6.6: The dimensionless coefficient C(zy) from Eq. (6.29) for AdS-SCH, versus
dimension d. At d = 3, C(zg) =~ —0.88, and C(zy) then increases monotonically with
d, reaching zero at d.i ~ 6.7, indicated by the dashed black vertical line.

and thus 0C(zy)/0d > 0, as advertised.

The above pattern extends also to CF'Ts at non-zero 7" in d = 2, where Sg,; for an
interval of length L is known exactly [80]. Given d = 2 < d, we expect 0 — s~ as
LT — oo. Indeed, the result of ref. [80] leads to

1
g="<"In

! [ﬁnh(wLT)}__c cln (2rLT)

- el S —27TL
e B L S e G ADR

where ¢ is the CFT’s central charge, and in the second equality we performed the 1/L
expansion. In that expansion, the first term is Cardy’s result for s [260], while the
second term exhibits the area law violating factor In (2rLT"). Our key observation is:

the leading correction has negative coefficient, so that indeed o — s~ as LT — oo. All
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the results at finite temperature derived in this subseciton, agree with the exact form
for the EE of a strip in AdS-SCH derived in ref. [249].

Why does AdS-SCH violate the area theorem while relativistic RG flows do not?
On the gravity side of the correspondence, the key difference is the behavior of g(z).
As mentioned below Eq. (6.35), for relativistic RG flows the NEC implies ¢'(z) > 0,
that is, g(z) is strictly non-decreasing as z increases. However, for AdS-SCH the NEC
imposes no such constraint, and indeed g(z) = 1 — mz? decreases monotonically as z
increases, from g(z = 0) =1 to g(z = zy) = 0. Apparently, as d increases, eventually
g(z) decreases quickly enough to render C'(zy) > 0.

How does AdS-SCH evades the field theory proofs in refs. [22,23] of the area the-
orem for the sphere in relativistic RG flows? The proofs of refs. [22,23] relied cru-
cially on Lorentz invariance, which non-zero T clearly breaks. In fact, in the d — oo
limit AdS-SCH is dual to an RG flow from a (d + 1)-dimensional UV CFT to a
(0 + 1)-dimensional IR CFT, which is clearly only possible when Lorentz symmetry
is broken. More specifically, when d — oo the AdS-SCH near-horizon geometry be-
comes SL(2,R)/U(1) x R¥! where the latter factor represents the spatial directions
T [252,253]. After a mode decomposition on R4, the action in Eq. (6.39) gives rise
to a string theory with target space SL(2,R)/U(1) [253]. Linearised fluctuations in
the near-horizon region then exhibit scale invariance in ¢t and z but not ' [253,261].
AdS-SCH thus provides our first hint that area theorem violation can occur as we dial
a parameter towards a limiting value in which an IR fixed point emerges with scaling
different from the UV fixed point. We will find further examples of such behavior in
the following.

6.3.3 Chemical potential and AdS-Reissner-Nordstrom

In this section we consider the bulk action

1 dd—1
Shulk = d 'z \/—det gy (R + dd—1) _ RPFynFMY ) (6.45)
167TGN R2

where Fy;n = Oy Axy — Oy Ay is the field strength for a U(1) gauge field, Ay, dual to
a conserved U(1) current. The corresponding equations of motion admit the (d + 1)-

dimensional AdS-RN charged black brane solution [47], with metric of the form in
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Eq. (6.7), with
f(2) = g(2) =1 —mz? + @224, (6.46)

where ¢ is proportional to the black brane’s charge density. The solution has a horizon

at the smallest positive root of f(zy) = 0. The gauge field solution’s only non-zero

242 d—1
A=pul1-2— == 252, 4
t HJ( 2}22)7 1% 2(d—2)ZH q (6 7)

AdS-RN is dual to a CFT with non-zero (Ty), T, and s, given by Egs. (6.9) and (6.10),

component is

and non-zero chemical potential p and charge density, proportional to ¢. In particular,

d 1 d—2 94—
T = po (1 - Z2d=2) q2> : (6.48)

Z;IQ(d_l). In the extremal limit, where ¢ saturates the

so that T > 0 implies ¢* < ﬁ
upper bound and 7" = 0, an extremal horizon is present, so that s # 0. Moreover,
when 7' = 0 the near-horizon geometry becomes AdS; x R4™!, with AdS, of radius
R/ \/m in the ¢ and z directions and the dual description is a semi-local quantum
liquid state [201], describing an RG flow from a (d + 1)-dimensional UV CFT to a
(0 4 1)-dimensional IR CFT.

Our main result for AdS-RN is the existence of a dimension-dependent critical
temperature, (T'/i)cit, such that as L — oo, 0 — s~ when T/u > (T'/1t)eit, while
o— st when T/ < (T/p)ei. Specifically at T'//pu = 0, we find C'(zy) > 0 for all d, so
that for both the strip and sphere the area theorem is violated as shown in Fig. 6.7.

When we start increasing T'/u > 1, we expect to eventually recover the AdS-SCH
results from Section 6.3.2, including the existence of the critical dimension dg;; =~ 6.7.
Staring from the high temperature result in the d < d., case we find that o/s increases
monotonically with LT, and eventually /s — 1~ as LT — oo, consistent with our
results from Section 6.3.2. As T'/u decreases we find a transition in which eventually
a global maximum appears and we recover the results from 7'/ = 0 and the area
theorem violation.

For example, Fig. 6.8 shows o/s versus LT for both the strip and the sphere in
AdS-RN with d = 4 < dgi during their transition. As we decrease T/ in the case of

the strip, we find that the transition actually occurs in stages, as shown in Fig. 6.8a.
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(a) (b)

Figure 6.7: The ED, o, in units of entropy density s, versus Lu for (a) the strip, and
(b) the sphere, in AdS-RN with d = 3,4,5,6,7,8 and T/ = 0. In all cases o/s has
a single global maximum and o/s — 17 as Ly — oo. The maxima in the d = 3 case
was correctly predicted using C'(zy) and eventually it was found numerically around
Lp ~ 50 and Ly =~ 100 for the strip and sphere respectively (not shown).

First, at T//u ~ 0.107, a local minimum and maximum appear, with o/s < 1 for all
LT. Second, at T'/p =~ 0.102, the maximum rises above o/s = 1, becoming a global
maximum, but a local minimum persists at o/s < 1, and then o/s — 17 as LT — oc.
Third and finally, at 7/ =~ 0.097, a transition occurs from /s — 17 to o/s — 17T
as LT — oo, and the local minimum disappears, indicating area theorem violation. In
contrast,we find no evidence of such a multi-stage transition for the sphere in AdS-RN
as shown in Fig. 6.8b.

We find qualitatively similar behavior for the strip in all d < d: at some (7'/p);
a local minimum and maximum appear, but o /s remains below one for all LT, at some
(T'/p)2 < (T'/p)1 a global maximum emerges, but still /s — 17 for LT — oo, and
finally at some (T'/)eris < (T'/ )2 the transition occurs to o /s — 17 for LT — co. Our
numerical estimates for (7'/u)1, (T'/1)2, and (T'/p)eris for d = 3,4,5,6 < dep appear in
Table 6.3.

In all cases above, the transition between o/s — 1¥ as LT — oo indicates area
theorem violation. Indeed, Fig. 6.9 shows the dimensionless coefficient C'(zg) as a
function of T'/u for d = 3,4,5,6,7. For all d < dey, at high T/ we find C(zy) < 0,

obeying the area theorem, but as 7'/ decreases C(zy) eventually passes through zero
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Figure 6.8: The ED, o, in units of entropy density s, versus LT for (a) the strip, and

(b) the sphere, in AdS-RN with d = 4, showing the formation of a global maximum
around (7T'/ )t = 0.098 in both cases. For the strip this happens in stages where first
we observe the formation of a local minimum and maximum before the formation of the
global maximum. In contrast, the transition in the sphere geometry is much simpler.

indicating area theorem violation. In each case, the critical T'/u where C(zy) = 0 is
precisely the (T'/)ey for the strip in Table 6.3, as expected. Of course, we still have
that for all d > di C(zg) > 0 and the area theorem is always violated.

In summary, in AdS-RN for either d > d.; at any T'/u, or for any d and sufficiently
small T'/uu, we find a global maximum in /s, and in particular o/s — 11 as LT — oo,
indicating area theorem violation. In other words, as we dial a parameter towards a
limiting value in which an IR fixed point appears with different scaling from the UV

CFT (d — o0 or T'/pp — 0), we find area theorem violation, as we saw in AdS-SCH.

d| (T/ph (T'/ )2 (T/ 1)exit
316343 x 10 7| 4.858 x 10 7 | 2.967 x 10
4 0.107 0.102 0.098

5 0.407 0.403 0.399

6 1.219 1.215 1.213

Table 6.3: For the strip in AdS-RN with d < dui =~ 6.7, as (T'/u) decreases, at (T7'/1)1
a local minimum and maximum appear in o /s as a function of LT, at (T'/u)s < (T'/1)1
the local maximum becomes a global maximum, but a local minimum remains, and
o/s < 1 for all LT, and then at (T/p)aic < (T/p)2 the global maximum rises above
one, and the transition occurs to /s — 17 as LT — 0.
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Figure 6.9: The dimensionless coefficient C'(zy) from Eq. (6.29) versus T'/u for AdS-
RN, for d = 3,4,5,6,7,8. For d > duix = 6.7, C(zg) > 0 for all T'/u, indicating
area theorem violation. For d < dei, as T/ decreases C(zy) changes sign from
negative to positive at the (7'/p)eie in Table 6.3, indicating area theorem violation for

T/ < (T/p)exi-
6.4 Outlook and discussions

Our results raise various questions for future research. For example, when does area
theorem violation occur in holography? Is some version of non-relativistic scale invari-
ance deep in the bulk necessary?

The near-horizon regions of extremal black branes generically have either AdSs or
AdSs [262,263]. Do they always exhibit area theorem violation? We considered ex-
amples of AdS,, but not AdSs3, which is dual to a CFT in d = 2, which typically
produces area law violation [264]. What about a more general holographic classifica-
tion? Can the properties of the bulk metric that produce area theorem violation be
fully characterised using C(zpg)?

Our findings also suggests that o may indeed help characterise states of matter. For
example, using ¢’s small- and large L behaviour, we can classify states of matter into
those in which the FLEE or area theorem applies or not, respectively. More generally,
we can divide states of matter into those where o is monotonic, like the bottom curve
in Fig. 6.1, and those where ¢ has one or more extrema, like the top curve in Fig. 6.1.

In the latter case, the location of the global maximum provides a characteristic length
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scale, namely the scale where the EE per unit volume is maximal or minimal. Such a
characteristic length scale has various potential uses. One of them is to characterise
near-horizon geometries. For example, in a solution such as extremal AdS-RN, the
position of ¢’s global maximum could provide a precise division between near- and
far-horizon regions in the bulk or a precise distinction between the UV and the IR of
our theory, even when the near horizon geometry hasn’t fully developed yet. Imagine
for instance that we did not know the AdS-RN solution at 7'/u = 0 (as often occurs
when numerically solving for a metric). Area theorem violation would occur at finite
T/, not just at T'/u = 0, already suggesting that the extremal near-horizon geometry
may have scale invariance, but cannot be AdSy..

Finally, according to our definition, ¢ is a well defined quantity for non-holographic
systems as well. For example, what about SYK-type models [265,266], which have
s# 0at T =0 and AdS; IR scaling, similar to some of our examples? More generally,
can the conditions for area theorem violation be fully characterised? Is some form of
non-relativistic scale invariance in the IR necessary? If so, does area theorem violation
imply that degrees of freedom with non-relativistic scale invariance somehow count as
“more” degrees of freedom than in a CFT?

In sum, o is clearly useful for “fingerprinting” states of QFTs, holographic or oth-

erwise. We therefore believe o deserves further exploration in future research.
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Chapter 7

Conclusion

This thesis has explored holographic approaches to strongly-interacting systems. Chap-
ters 2 and 3 motivated the holographic duality’s origins within string theory and re-
viewed the holographic dictionary between the gauge theory and its gravity dual. In
particular, we described how to compute real-time correlators and entanglement en-
tropy of the dual gauge theory.

Our first application of the dictionary was in the context of the fluid/gravity cor-
respondence, which was introduced in Chapter 4 in studying the convergence of the
hydrodynamic gradient expansion of boost invariant Bjorken flow, holographically dual
to Gauss-Bonnet gravity in 5D with a negative cosmological constant. As in all other
known examples, we showed that the gradient expansion is an asymptotic series which
we understood through applying the techniques of Borel-Padé summation, which linked
the asymptotic nature of the series to the presence of non-perturbative quasi-normal
modes in our theory. We found that the singularities in the Borel plane of this series
showed qualitative features that smoothly interpolated between the infinitely strong
coupling limit of N' =4 SYM theory and the results from RTA kinetic theory. We fur-
ther performed the Borel summation to construct the hydrodynamic attractor which
provided an analytic continuation of hydrodynamics at early times. In particular, we
found that at finite coupling, the convergence of different initial conditions to the at-
tractor and their hydrodynamisation occurred at large values of the pressure anisotropy,
before the plasma has had time to reach thermal equilibrium and thus outside of the

formal regime of applicability of hydrodynamics.
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Chapter 5 presented our results for sound modes of strongly-interacting C'F'T3 with
non-zero 17" and p, dual to an Einstein-DBI charged black brane with two free pa-
rameters: the tension and the non-linearity parameter. For all values of the tension,
non-linearity parameter, and 7'/, we found sound modes with speed given by the con-
formal value and attenuation constant of hydrodynamic form at arbitrarily low 7'/pu,
even outside of the usual hydrodynamic regime. In fact, the sound attenuation con-
stant as a function of T'/u qualitatively resembles that of a Fermi liquid, including a
maximum, which in a LFL theory would correspond to crossover between the collision-
less and the hydrodynamic regimes. We compared several definitions of this crossover
based on the movement of the pole in the Green’s functions and the change in residue
in the charge density spectral function. However, we found that the temperature (5.37)
provided by the maximum in the attenuation constant is the only definition for the
crossover temperature valid for any finite backreaction.

Finally, in Chapter 6 we explored the entanglement entropy of C'F'T} in the presence
of various deformations: a relevant Lorentz scalar operator, 1" and p. We defined
the “entanglement density”, o, as the change in the entanglement entropy due to the
deformations mentioned above, divided by the sub-region’s volume. This quantity turns
out to be useful for characterising the states of matter, according to the asymptotic
behaviour of . In particular, we showed that when the Lorentz symmetry is broken and
the IR fixed point has different scaling from the UV, ¢ does not increase monotonically
with the size of the entangled region signalling the violation of the area law and the
development of long-range entanglement, due to the effective IR theory. We showed
that this was the case at low temperatures and/or large dimension, in the case of AdS-
RN and AdS-SCH, respectively, and found an analytic expression for the asymptotic
behaviour of ¢ in the presence of black branes Eq. (6.29), which we tested against the
numerics with excellent agreement for both the strip and the sphere examples.

In future works, it would be interesting to understand to what extent the presence
of long-range entanglement is fundamental for the existence of the holographic zero
sound modes, by computing the entanglement density o or computing the sign of the

function C(zy) from Eq. (6.24), for the case of black brane geometries.
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Appendix A

Calculation of Green’s Functions

In this appendix we discuss technical details of our holographic calculations of the
retarded Green’s functions, their poles, and the spectral functions. We use standard
techniques, and in particular the method of ref. [164].

We want to study the CFT’s response to linearised perturbations about the equilib-
rium state described holographically by the solution in Eq. (5.6). Specifically, we want
to compute the retarded Green’s functions of 7" and J* as functions of complex fre-
quency w and real momentum k. In a retarded Green’s function with fixed k, a pole in
the complex w plane at position w, with Re(w,) # 0 and Im(w,) # 0 represents a prop-
agating excitation, with |Im(w,)| o< the excitation’s decay rate. If |Im(w,)| < |Re(ws)],
then the excitation is a long-lived quasi-particle, like a sound wave. If Re(w,) = 0
then the excitation is dissipative rather than propagating, like a charge diffusion mode.
Stability requires Im(w,) < 0, since Im(w,) > 0 means the mode grows without bound
over time. The mode with smallest |Im(w,)| dominates the late-time response, as all
other modes will decay faster. We focus on the “highest” poles, ¢.e. those closest to
the Re(w) axis, with relatively small [Im(w,)]|.

For a set of operators O; with ¢ = 1,2, ..., the matrix of spectral functions, p;;(w, k)
is defined as the anti-Hermitian part of the matrix of retarded Green’s functions,
Gij(w, k):

pij(w, k) =i (Gij(w, k) — Gji(w, k)"). (A1)

In general, a pole in G;;(w, k) at w, produces a peak in p;;(w, k) as a function of Re(w)
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with

Res |Gy (w.)]
[T (e )|

In holography, the CF'T’s generating functional is proportional to the on-shell bulk

Peak width o 2 |Im(w,)|, Peak height (A.2)

action [2,3]. To compute G;;(w, k) and hence p;;(w, k) holographically, we must thus
solve for fluctuations of bulk fields with in-going boundary conditions at the horizon,
plug the solutions into the bulk action, renormalise [57,165,213], and take two func-
tional derivatives [9,70,72,207-209]. However, we can obtain the location w, of a pole
in Gy;(w, k) simply by solving the bulk linearised equations of motion, without evalu-
ating the on-shell action: w, corresponds to an w value where a linearised, in-going,
normalisable solution, namely a QNM, exists [70,72].

To see this, remember that from linear response theory, you expect the response
(O(w, k)) generated by a small perturbation of the field ¢g(w, k), to be determined by

the Green’s function, which in momentum space can be written as

Goo(w, k) ~ %. (A.3)

As we saw in Section 3.1, in holography the source is related to the boundary expan-
sion and in particular, we can interpret it as a modification of the original bulk field
#(2) = d(2) +5¢(w, k, 2) where dg(w, k, 2) = do(w, k)22~ + ... +(O(w, k)) 25+ + ... is
determined by the equations of motion. Therefore we can find the poles of the retarded
Green’s function by computing the complex eigenvalues of the linearised equations of
motion for the perturbation which satisfy the incoming-wave boundary condition at the
horizon and Dirichlet boundary condition d¢g(ws, k) = 0 at the asymptotic boundary.
This approach generalizes to our case, where we have a coupled system of fluctuations.

We thus introduce fluctuations around the solutions gy (2) and Ay (2) in Eq. (5.6),
with dependence on z, t, and without loss of generality due to rotational invariance, x

but not vy,
gun(2) = gun(2) + dgun(z,t, x), Ap(z) = Ap(2) + 0Ap (2,8, x). (A.4)

We next linearise the equations of motion in dgyn(2,t, ) and §Ay(2,t, z), and then

introduce Fourier transforms in ¢ and z,

dw dk
5gMN(Z,t,$) = /W
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and similarly for Ay (z,w, k). We hence obtain fourteen equations for the ten com-
ponents of dgyn(z,w, k) and four components of §Ay (z,w, k). However, following
refs. [165,172,189], for the sound channel we can reduce these to only two equations,
in two steps, as follows.

At linearised order fluctuations in different representations of the parity transforma-
tion y — —y decouple, and the sound modes appear in the parity-even sector. The first
step is thus to set to zero the parity-odd fluctuations, (9., 0gsy, 09y, 04, ), leaving ten
equations for (0¢.., d9u, 0Gzz, 0Gyys 0921, 0G2a, 0 G, 6 A, 0 A, 0 A, ), the parity-even fluctu-
ations. These ten equations are cumbersome and unilluminating, so we will not write
them here. They are special cases of the equations written explicitly in the appendix
of ref. [189]. Six of these equations are second order (dynamical), four from Einstein’s
equation and two from Maxwell’s equation, while the other four equation are first order
(constraints), three from the radial components of Einstein’s equation and one from
the radial component of Maxwell’s equation. The second-order equations are in fact
linear combinations of derivatives of the first-order equations, hence the latter contain
no independent information.

The second step is to form diffeomorphism- and U(1)-gauge invariant linear com-
binations of the fluctuations [72]. Any sum of diffeomorphism- and gauge-invariant
fluctuations is again diffeomorphism- and gauge-invariant, so we must make a choice.
For example, one choice is to use Ishibashi-Kodama “master fields” [267], involving z
derivatives of fluctuations, which have the advantage of producing two decoupled equa-
tions [165]. However, we will instead use the linear combinations of refs. [172,189,212],
involving fluctuations with no z index, which ultimately lead to two coupled equations.
The fields of refs. [172,189,212] have several advantages over those of Ishibashi-Kodama,
for example they make transparent not only the mapping from the fields’ boundary
values to the dual operator sources [165,172] but also the fact that the CFT Ward
identities for 7),,’s and J*’s Green’s functions are satisfied [172]. We thus choose the

diffeomorphism- and gauge-invariant linear combinations of refs. [172,189,212],
1
7y = kbda, +woday + B kzF. 69", (A.6a)

1
Zy = —kfig'+w0g", + 2wk g, + <—w2 +k [ =5k zf’) 99", (A.6D)

132



where we raised an index on dgyn using the background metric gy n(z) in Eq. (5.6).

The equations of motion of Z; and Z, are of the form

Z{l + AlZ{ + AQZé + Ang + A4Z2 = O, (A?&)
Z! 4+ B\Z|+ ByZh+ ByZy + ByZy =0, (A.7b)

The coefficients A; and B; are lengthy and uniluminating so we don’t show them here.!

A key property is By o< 7 and B3 o 7, so that the probe limit 7 — 0 eliminates
Z, from Zy’s equation of motion. In that case we can consistently set the metric
fluctuations to zero, so that Z, = 0 and Z; = kda; + wda,, and then solve Z;’s
equation of motion in the AdS-SCH background, thus reproducing the probe calculation
of ref. [171].

The values of A, and g¥, at the boundary z — 0 are sources for J* and 7", respec-
tively. Using lim, o (2F,;) = 0 and lim,_, (zf") = 0, the z — 0 limit of Eq. (A.6) thus
reveals that the linear combination of bulk fields Z; is dual to the linear combination
of operators k J* +w J*, while Zj is dual to —k* T} "+ w? T, 4+ 2wk T, + (—w? 4+ k)T, Y.

More precisely, the expansions of Z; and Z; about the boundary z — 0 are

7, =79+ 2W2 4+ 0(:2), (A.8a)
1
Zy = 7 — §Z§O>(k2 — w2+ 72023 + 0>, (A.8b)

where Z{O) and Zéo) are the sources for these dual operators.

The expansions of Z; and Z, about the horizon z = zy are

Zl _ (ZH . z)—z’w/47rT in(z) + (ZH . Z)z’w/47rT fut(z), (A.Qa)

Z2 _ (ZH . z)—l—iw/47rT C;“(z) + (ZH . Z>—1+iw/47rT C;ut(z)a (A9b)

where (i"(2), ¢"(2), ¢i"(2), and ($"(2) are regular at z = 2. We want to compute
retarded Green’s functions, which are dual to purely in-going solutions [70], so we
will impose ("(zy) = 0 and (§"(zy) = 0. QNMs are in-going solutions that are
furthermore normalisable, meaning they also have Zfo) =0 and Zéo) = 0. The values of

w at which such solutions exist are dual to the positions of poles in the retarded Green’s

IThe interested reader can find the coefficients in the appendix of [223].
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functions. Crucially, Z; and Z; are coupled, hence the dual Green’s functions will mix,
and in particular will have poles at the same positions. However, the residues of these
poles may differ, and hence the spectral functions may differ. Indeed, in our system,
as in AdS-RN [172], the spectral functions differ in important ways, as we discuss in
Section 5.3.2.

To compute the QNMs and Green’s functions numerically, we use the method of

ref. [164]. For given w and k we form two linearly independent in-going solutions

( ?EZD N (i11> ! (A.10)

and then construct a matrix with columns given by these solutions,

Holz) = (218 2:8) | (A.11)

specified by

where the index a = £ (the superscripts) corresponds to the sign in Eq. (A.10). To
find QNMs we compute

(0)+ (0)—
: N A A
lim Hiq(2) = (ZéOH Zéo)_) : (A.12)

If the determinant of the matrix in Eq. (A.12) vanishes, then a normalisable linear
combination of our two solutions, that is, a QNM, exists at the given w and k. For the

Green’s functions we need the on-shell action, which may be written as

= dwd?k
S = / dz/ fd ® Cij0.Zi(2, —w, —k)0.Z;(z,w, k) + ..., (A.13)
‘ (2m)?
where € is a near-boundary cutoff and ... represent terms with at most a single 9,.

These terms are both analytic, and so do not affect the poles of G;;, and real-valued,

ij>
and so do not contribute to p;;. Following ref. [172], we only compute the diagonal
components of the Green’s functions, (G1; and Gy, which we will denote GG; and Gy,
respectively, since Z; is dual to a linear combination of J* components and Z is dual to
an operator containing the energy density 7,'. In the main text we somewhat sloppily

refer to these as the “charge” and “energy” Green’s functions. The coefficients C;; that
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we need for G1; and Gy are (with F(z) = /1 — a22*F2)

1 a2 f
= A14
“u = TGy F (w2 — fF2k2)’ (A.142)
1 iTa?L? 2 f?k F,,
= — = — A.14b
Cra = =Cor = —35as F(w? — fP2R2) (B (2f'(2) — Af) + 4w?)’ ( )
372 212 2\ _ 12,4 ~272
o L PLRF(FR — o) - 2@ F] (A 140)
167G N 22 (fR2F3 — Fw?) (k2 (2f'(2) — 4f) + 4w?)
If we define the matrix
F,i(z) = H; (z)Ha_jl(e), (A.15)
then we can write the retarded Green’s functions as [164]
1 . * /
G = ~TonGe Fl(Cu+Ch) Fy+ .|, (A.16)

where F' = 0.F and all quantities in the brackets are evaluated at z = e. The ...
include terms descending from the ... in Eq. (A.13), as well as the boundary terms,
including the holographic renormalisation counterterms. We may safely ignore these
terms, for the reasons mentioned above. Using the matrices H;,(2) and C;; we can also
compute the matrix of pole residues in Eq. (5.32) [164],

At alo) (1 C1) Hp () H )

_ __det[Hi(e)] , A7
0., det [Hyq(€)] R R .

where w™ (k) is the position of the n'" pole, computed numerically from the zeroes of

the determinant of the matrix in Eq. (A.12), as described above.
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