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Abstract

The main study of this thesis is the holomorphic functional calculi for three

classes of unbounded operators: sectorial, strip-type and half-plane. The functional

calculus for sectorial operators was introduced by McIntosh as an extension of the

Riesz-Dunford model for bounded operators. More recently Haase has developed an

abstract framework which incorporates analogous constructions for strip-type and

half-plane operators. These operators are of interest since they arise naturally as

generators of C0-(semi)groups.

The theory of bounded H∞-calculus for sectorial operators is well established

and it has been found to have many applications in operator theory and parabolic

evolution equations. We survey these known results, first on Hilbert space and then

on general Banach space.

Our main goal is to fill the gaps in the parallel theory for strip-type operators.

Whilst some of this can be deduced by taking exponentials and applying known re-

sults for sectorial operators, in general this is insufficient to obtain our desired results

and so we pursue an independent approach. Starting on Hilbert space, we broaden

known characterisations of the bounded H∞-calculus for strip-type operators by

introducing a notion of absolute calculus which is an analogue to the established

notion for the sectorial case. Moving to general Banach space, we build on the

work of Vörös, broadening his characterisation for strip-type operators in terms of

weak integral estimates by introducing a new, but equivalent, notion of the bounded

H∞-calculus, which we call the m-bounded calculus.

We also demonstrate that these characterisations fail for half-plane operators and

instead present a weaker form of the bounded H∞-calculus which is more natural

for these operators. This allows us to obtain new and simple proofs of well known

generation theorems due to Gomilko and Shi-Feng, with extensions to polynomially

bounded semigroups. The connection between the bounded H∞-calculus of semi-

group generators and polynomial boundedness of their associated Cayley Transforms

is also explored.

Finally we present a series of results on sums of operators, in connection with

maximal regularity. We also establish stability results for the bounded H∞-calculus

for strip-type operators by showing it is preserved under suitable bounded perturba-

tions, which at time requires further assumptions on the underlying Banach space.

This relies heavily on intermediate characterisations of the bounded H∞-calculus

due to Kalton and Weis.
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1 Introduction

1.1 Background

The main topic of this thesis is the functional calculus for suitable classes of operators

acting on Banach space. The idea behind the functional calculus is to assign to an

operator A and scalar function f the operator f(A). There is no obvious way to do

this in complete generality, which leads one to impose certain assumptions on the

operator A, scalar function f and Banach space X. The basic objective has been

subject to study for a long time. For example, the Fourier transform presented an

early example of a method by which one can reasonably define f(A), where A = ∆

is the Laplacian on X = L2(R) and f is any measurable function on R. By a

reasonable definition, we mean that the properties of f(A) correlate in a natural

way to the original function f . The Spectral Theorem allows us to generalise this

to self-adjoint (or even normal) operators on Hilbert space. Moreover, the Hilbert-

Schmidt Theorem allows one to assign an evaluation f(A) to any compact, normal

operator A and complex function f .

Leaving Hilbert space requires a different approach. With Cauchy’s Integral

Formulae guiding our intuition, it is possible to define f(A) for any bounded operator

acting on general Banach space, for functions f holomorphic in some neighbourhood

of the spectrum. In other words, we can define

f(A) =
1

2πi

∫
Γ
f(λ)R(λ,A) dλ,

where the contour Γ lies inside a suitable region Ω containing the spectrum on which

f is holomorphic. This idea goes back to the work of Riesz and Dunford [24] and

can even be extended to functions which have singularities at some points of the

boundary on the spectrum.

However, our motivation is largely derived from partial differential equations, so

that the operators in question are usually unbounded. Of primary interest are the

exponential functions, since they arise as solutions of the simplest partial differential

equations. The evaluation of exponential functions has been studied in many frame-

works, since as early as the 1930s [68]. In 1948, Hille and Yosida (see for example [39]

[78]) characterised those operators which have a meaningful exponential evaluation.

The Hille-Yosida theorem is somewhat restrictive in that it requires norm estimates

on all powers of resolvents of the operator, which are difficult to obtain in practice.

Gomilko [30] and Shi-Feng [66] independently obtained a sufficient (and necessary

on Hilbert space) condition involving an integral estimate on a single power of the
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resolvent.

The exponential evaluations exp(tA), t ≥ 0, for a fixed operator A, form a semi-

group of bounded operators. Operator semigroups have undergone much study in

their own right. Heuristically, starting with a semigroup of operators (T (t)), one

ought to be able to extract an operator for which the bounded semigroup operators

correspond to evaluations of exponential functions. One needs to impose conditions

such as strong continuity on the semigroup to ensure that this so-called generator is

well-defined. Generators of strongly continuous semigroups have nice spectral prop-

erties. In particular, they belong to the much studied class of sectorial operators.

The Riesz-Dunford calculus described above has been generalised to a holomorphic

functional calculus for unbounded sectorial operators by McIntosh [53]. Given the

generator of a strongly continuous semigroup, one can then retrieve the semigroup

from this functional calculus as the evaluation of exponential functions.

The functional calculus for sectorial operators also allows us to extract various

other associated families of operators, such as fractional and imaginary powers.

In particular, the logarithm function has received much coverage in the literature.

Nollau [56] was the first to define the logarithm of a sectorial operator. Haase [34]

has since successfully incorporated a consistent definition into the wider framework

of functional calculus for sectorial operators. With either approach, one can quite

easily show that the logarithm of a sectorial operator is a strip-type operator, in the

sense that its spectrum lies in some (horizontal) strip, with appropriate resolvent

estimates outside. Strip-type operators also arise naturally as generators of (strongly

continuous) groups on the whole of R. Analogously to the sectorial case, in the 1950s

Bade [7] introduced a holomorphic functional calculus for strip-type operators, which

has more recently been developed by Haase [34]. These operators are actually special

types of operators belonging to the larger class of half-plane operators, where the

spectrum is now assumed to lie in a half-plane rather than a strip, with the same

resolvent estimates on one side. Every (strongly continuous) semigroup generator is

a half-plane operator and Haase [35] has similarly constructed a functional calculus

for these operators. The calculus is consistent with the one for sectorial operators,

and many similarities arise due to the fact that every half-plane operator is, up to

shifting, sectorial of angle π
2 .

All of these constructions can be unified in an abstract framework which is laid

out in [34, Chapter 1]. However, functional calculus is not merely a self-contained

theory. Haase has reformulated ideas and theorems from operator theory into a

functional calculus setting. In many cases he has simplified and even obtained new
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proofs of classical theorems, such as those of Hille-Yosida, Trotter-Kato, Dore-Venni,

Monniaux, and Fattorini’s Theorem for cosine functions. Fundamental to much of

this is an approximation technique known as the Convergence Lemma, which holds

under suitable assumptions for each of the classes of operators described above.

With the functional calculus in place, it is of great interest to consider a special

class of operators which enjoy so-called bounded H∞-calculus on appropriate regions.

Namely, any bounded holomorphic function f on a neighbourhood of the spectrum

σ(A) evaluates as a bounded operator f(A). This notion was first considered for

sectorial operators by McIntosh [53] and has natural extensions to the strip and

half-plane cases. Establishing boundedness of the calculus directly is difficult for

concrete operators and so it is useful to have characterisations which only demand

an estimate on a more narrow class of functions. On Hilbert space, McIntosh [53]

achieved such a characterisation by considering square function estimates of the form∫ ∞
0
‖ψ(tA)x‖2 dt+

∫ ∞
0
‖ψ(tA∗)x∗‖2 dt <∞ ∀x ∈ X ∀x∗ ∈ X∗ ,

for scalar functions ψ belonging to a special subclass of H∞. We say A admits an

absolute (functional) calculus if it satisfies this condition. By counterexamples due

to Kalton [41], it is known that absolute calculus is stronger than boundedness of

the H∞-calculus in general Banach space. Thus we look towards a weaker form of

these square function estimates, known as Rademacher square function estimates

which take the form, for suitable H∞-functions ψ,

sup
t>0

∥∥∑
k∈Z

rkψ(t2kA)x
∥∥
L2(X)

+sup
t>0

∥∥∑
k∈Z

rkψ(t2kA)∗x∗
∥∥
L2(X∗)

<∞ ∀x ∈ X ∀x∗ ∈ X∗ .

A characterisation involving such estimates can then be obtained by passing through

weak square function estimates:∫ ∞
0
|〈ψ(tA)x, x∗〉| dt

t
<∞ ∀x ∈ X ∀x∗ ∈ X∗ .

The argument for weak integral estimates was first presented in [16], and places

a growth condition on the Fourier transform of the underlying scalar function ψ.

Rademacher estimates were incorporated in [47, Chapter 12], although they were

first shown to characterise the bounded H∞-calculus in [44]. More recently, Weis

[77] derived a special case of this characterisation through different means, which is

most useful in applications. By modifying the harmonic analysis of the boundary

of a sector to a strip, Vörös [76] was able to adapt the characterisation of [16] to
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strip-type operators. In particular, his weak integral estimates involved differences

of first order resolvent operators, but not single resolvent powers which are easier

to verify. Furthermore, the natural Rademacher estimates that arise for strip-type

operators do not obviously characterise the boundedness of the H∞-calculus on

general Banach space. Assuming more geometry on the Banach space, namely that

it has finite cotype, an intermediate characterisation due to an unpublished work of

Kalton and Weis [45] is possible on strips and sectors.

Many of these arguments break down with half-plane operators, as the boundary

loses the scope for necessary cancellation in these estimates. It is known that on

Hilbert space, strip-type operators with a bounded H∞-calculus are precisely gener-

ators of strongly continuous groups. However, the analogue for half-plane operators

does not hold. Namely, there are semigroup generators acting on Hilbert space

which do not admit a bounded H∞-calculus on any half-plane. Thus we seek a char-

acterisation of semigroup generators involving some weaker form of the bounded

H∞-calculus. This gives rise to the notion of an m-bounded calculus, in which only

mth derivatives of H∞-functions are assumed to have bounded evaluation. As a

by-product, we can establish simple proofs of the well known generation results of

Gomilko and Shi-Feng, as well as more general results for polynomially bounded

semigroups. On strips, m-boundedness is actually equivalent to the usual bounded

calculus and an argument which builds on that of Vörös allows us to widen the class

of integral estimates that characterise the bounded calculus of strip-type operators.

This will also enable us to incorporate Rademacher estimates in our characterisa-

tion for strip-type operators. Furthermore, by exploiting the exp-log relationship

between sectorial and strip-type operators, we can then broaden the weak integral

estimates that arise in the characterisation of [16] for the bounded H∞-calculus of

sectorial operators.

On half-planes, we have another tool by which to explore properties of the func-

tional calculus on Hilbert space. Working with the right half-plane C+, we can use

the Cayley Transform

δ(z) =
z − 1

z + 1

to associate with a suitable half-plane operator the operator δ(A) = (A−I)(A+I)−1

which is bounded with spectrum contained in the closed unit disk. Since much is

known about such operators on Hilbert space, we can reconcile properties of A with

those of δ(A). In particular, we can characterise boundedness of theH∞-calculus of a

half-plane operator through estimates on appropriate classes of rational functions on

that half-plane. This is in natural correspondence with the property of polynomial
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boundedness for bounded operators. An operator T ∈ B(X), where X is a Hilbert

space, is said to be polynomially bounded if there exists a constant C such that for

all polynomials p,

‖p(T )‖ ≤ C sup{|p(z)| : |z| ≤ 1}.

This property has been studied in great depth in the context of the similarity problem

for bounded operators. Von Neumann’s classical inequality characterises contrac-

tions on Hilbert space as operators which are polynomially bounded with C = 1. A

famous question posed by Halmos [38], which came to be known as the Similarity

Problem, asks whether or not polynomial boundedness is equivalent to the opera-

tor being similar to a contraction. Eventually Pisier [61] answered the question in

the negative, but a result due to Paulsen [57] asserts that operators similar to a

contraction are precisely those which are completely polynomially bounded.

There is also a continuous version of the similarity problem for semigroups. A

semigroup (T (t))t≥0 is said to be similar to a contraction semigroup if there exists

an invertible operator S ∈ B(X) such that for every t ≥ 0,

‖S−1T (t)S‖ ≤ 1 .

An alternative form of von Neumann’s inequality asserts that generators of contrac-

tive semigroups are precisely those which have a bounded H∞-calculus on appropri-

ate half-planes with constant 1. This is a special case of the correspondence between

bounded H∞-calculus of semigroup generators and polynomial boundedness of their

Cayley Transform. So far a characterisation of semigroups similar to contractions in

terms of functional calculus has not been precisely formulated. We introduce a nat-

ural analogue for the functional calculus to Paulsen’s notion of complete polynomial

boundedness, which has been used in special cases by Le Merdy [50].

In view of this correspondence, it is of interest to know when the Cayley Trans-

form of the generator of a (bounded) strongly continuous semigroup is polynomially

bounded. As mentioned above, we know this does not hold in general. In fact, so

far it remains unkown if such an operator is even power bounded, although there

are many partial results in this direction.

The functional calculus has powerful applications in the theory of maximal reg-

ularity, a thorough survey of which can be found in [47]. To establish maximal

regularity it is sufficient to find conditions on a pair of (given) commuting sectorial

operators A and B to ensure that their sum A + B, with domain D(A) ∩D(B), is

closed. This problem has been studied for a long time, starting with the work of Da
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Prato and Grisvard [18], who showed that the sum is always closable. In their semi-

nal paper, Dore and Venni [23] were the first to find conditions to ensure closedness

of the sum. The Banach space was assumed to satisfy the UMD property and the

operators A and B were assumed to be invertible and subject to admitting bounded

imaginary powers, with further assumptions on the growth of the operators Ais and

Bis. In fact, their proof showed that the operator A + B is even invertible. Prüss

and Sohr [64] later weakened the invertibility assumptions on A and B to injectivity.

These ideas are crucial in the theory of maximal regularity and solutions of abstract

evolution equations. Usually, one of the operators is known to be a differential oper-

ator, which is sectorial with bounded H∞-calculus on an appropriate space. Kalton

and Weis [44] proved that on any Banach space one obtains that the sum is closed if

A admits a bounded H∞-calculus and B is R-sectorial. Their arguments rely upon

the theory of a joint functional calculus associated to a pair of sectorial operators

(A,B). Lancien et al. [48] had already proven that the sum is closed whenever the

joint calculus is bounded. Results have even been obtained for sums and products

of non-commuting operators [55] [63] [36].

In the commuting case, one can similarly formulate the sum problem for strip-

type operators. In particular, if one has a pair of strip-type operators that arise

as logarithms of a pair of injective sectorial operators (A,B), one may expect the

identity logA + logB = logAB to hold. It is possible to obtain such a result,

provided the assumptions on A and B are such that the product AB is sectorial

and logA, logB do not cancel. Clark [12] proved a precise version of this result,

exploiting the Kalton-Weis assumptions.

In practice, many operators arise as perturbed forms of known operators. Thus

it is useful to have stability criteria for the bounded H∞-calculus. This has been

studied for special classes of (relatively) bounded perturbations, namely rank one

and triangular perturbations, first for sectorial operators by Arendt and Batty [3]

and Kalton [42] and then strip-type operators by Vörös [76].

1.2 Overview of thesis

Chapter 2 is a summary of the main objects of study in this thesis. We devote the

first part of Chapter 2 to an overview of the basic theory of one-parameter strongly

continuous semigroups, since much of our work is motivated by applications to these

operator families. This will lead to definitions of the three classes of operators we

are interested in: sectorial, strip-type and half-plane.

In Chapter 3 we present an in-depth discussion of the holomorphic functional
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calculi associated with these operators, with Haase’s book [34] as our main reference

point. Starting with an outline of the abstract framework, we explain in general

terms how to construct a functional calculus, by starting with an algebra homor-

phism on a small class and using a regularisation procedure to extend the definition.

We then apply this model to our classes of operators. As a by-product, we will

define the logarithm of a sectorial operator and discuss the correspondence between

sectorial and strip-type operators. Having defined precisely the notion of a bounded

(functional) calculus, we will exploit the Convergence Lemma to deduce basic ap-

proximation results. With this background material in place, we will introduce the

new notion of an m-bounded calculus, which will be employed throughout the the-

sis, and show that it is no different from the usual boundedness of the H∞-calculus

for sectorial and strip-type operators. We will also give some details on the well

established natural extensions to the joint functional calculus and operator-valued

functional calculus.

In Chapter 4, we explore various characterisations of the bounded H∞-calculus

for sectorial and strip-type operators. Starting on Hilbert space, we summarise the

results of McIntosh for sectorial operators in relation to the absolute calculus. We

then introduce this notion for strip-type operators, which is so far absent in the

literature, and show that the two correspond in a natural way. This allows us to

establish new characterisations of the bounded H∞-calculus for strip-type operators

on Hilbert space. Moving to general Banach space, we begin by surveying the known

characterisations from [16] and [47] for sectorial operators, as well as providing a

brief summary of the work of Vörös [76] for strip-type operators. Employing the

m-bounded calculus, we will provide new characterisations of the bounded calculus

in terms of both Rademacher estimates, which we introduce for strip-type operators,

and weak integral estimates.

In Chapter 5 our attention turns to half-plane operators. First we use the m-

bounded calculus to characterise semigroup generators, which yields new proofs

of the Gomilko-Shi-Feng Theorem as well as extensions to polynomially bounded

semigroups. Our focus will switch to the similarity problem for semigroups on

Hilbert space. After discussing known results on the similarity problem for bounded

operators, we will establish the expected correspondence between bounded calculus

of a half-plane operator and polynomial boundedness of its Cayley Transform. The

key to this will be a fundamental approximation technique for half-plane operators

which we extract from known results on sectorial operators, in which estimates on

rational functions are suffficient to obtain bounded calculus on half-planes. We will
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explore what is known about the Cayley Transform of semigroup generators and

refine known conditions to guarantee power boundedness in special cases. We will

also be interested in generation: namely, the question of when a bounded operator

arises as the Cayley Transform of a (bounded) semigroup generator. The methods

are easy but instructive, using the theorems of Hille-Yosida and Gomilko-Shi-Feng.

We will also explore some connections between our functional calculus considerations

and the inverse generator problem.

In Chapter 6 we consider sums and perturbations for a pair of sectorial and

strip-type operators. The problem of sums is entwined with the concept of maximal

regularity and we present a brief summary of known results in this area before filling

in some gaps by employing the absolute calculus as an underlying assumption on

one operator. We will provide a range of perturbation results to establish stability

criteria for the bounded H∞-calculus. Using the work of Kalton and Weis [45] we

can provide more sophisticated results on spaces with property (α).

1.3 Notation

Banach spaces will be denoted by X,Y, etc. with possible deviation to H when

working on Hilbert space. We denote the dual space of a Banach space X by X∗.

The duality between x ∈ X, y ∈ X∗ will be denoted by one of

y(x) = 〈x, y〉 = 〈y, x〉.

The unit balls of X and X∗ are denoted by X1 and X∗1 respectively.

The space of bounded linear operators from X to Y will be denoted B(X,Y ), or

just B(X) when X = Y . Bounded operators will usually be denoted by S, T, etc.

and unbounded operators A,B, etc.

The Banach adjoint of an operator A is denoted A∗ and its Hilbert adjoint is denoted

A′.

The resolvent set of an operator A is denoted by ρ(A), with R(λ,A) := (λ − A)−1

for λ ∈ ρ(A). The spectrum is denoted by σ(A).

Two operators A and B are said to be commuting if for every λ ∈ ρ(A) and µ ∈ ρ(B)

we have R(λ,A)R(µ,B) = R(µ,B)R(λ,A).
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We denote

Σθ = {z ∈ C : | arg z| < θ}

Hv = {z ∈ C : | Im z| < v}

Rv = {z ∈ C : Re z > v}

Lv = {z ∈ C : Re z < v}

We define the function spaces

H∞(Ω) = {f : Ω→ C : f is bounded and holomorphic},where Ω is any of the regions above.

H∞0 (Σθ) = {f ∈ H∞(Σθ) : there exists C, δ > 0 such that |f(z)| ≤ C |z|δ

1 + |z|2δ
∀z ∈ Σθ}.

H∞1 (Hv) = {f ∈ H∞(Hv) : there exists C ≥ 0, δ > 1 such that |f(z)| ≤ C

1 + |Re z|δ
∀z ∈ Hv}.

H∞1 (Rv) = {f ∈ H∞(Rv) : there exists δ > 1 such that |f(z)| ≤ C

1 + | Im z|δ
∀z ∈ Rv}.

For a suitable space Ω we denote

C0(Ω) = {f : Ω→ C : f is continuous, vanishes at infinity}.

C(k)(Ω) = {f : Ω→ C : f is k-times differentiable, f (k) is continuous}.

Lp(Ω) = {f : Ω→ C : f is p-integrable}.

For a scalar function f , f (m) is the mth derivative of f . Furthermore f̂ denotes the

Fourier transform of an integrable function f , given by

f̂(λ) =

∫
R
e−iλxf(x) dx .

We denote by f̌ the inverse Fourier transform of f .

We will use C to indicate any constant that does not depend on the parameters

involved. Often, C will be used repeatedly to denote different constants within the

same equation. When C may depend on parameters, this will be made clear, e.g.

Cv indicates that C depends on the paramater v.
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2 Preliminaries

2.1 C0-Semigroups

For a systematic treatment of semigroups we refer to [28] [4] [58], where much of our

discussion is taken from. We begin with the definition of a one-parameter semigroup.

Definition 2.1.1. A family of bounded operators (T (t))t≥0 on a Banach space X

is said to be a (one-parameter) semigroup if for all s, t ≥ 0

T (s+ t) = T (s)T (t)

T (0) = I

If for all x ∈ X the map t 7→ T (t)x, R+ → X is continuous we say the semigroup is

strongly continuous, or a C0-semigroup.

Observe that by the semigroup property, strong continuity is only required at t = 0.

The theory of one-parameter semigroups is motivated by the problem of assigning

to an appropriate operator A and t ∈ R, the evaluation etA, which we would expect

to satisfy the conditions of Definition 2.1.1. This can be achieved with relative

simplicity for special classes of operators. Indeed, if A is bounded we can define etA

as the exponential series
∑∞

n=0
(tA)n

n! , where the convergence is understood to be in

the operator norm (as is done for matrices, for example). Furthermore, in the 1930s

Stone [68] and von Neumann [74] gave precise definitions of etA for normal operators

A on Hilbert space. In each case, the family of operators (etA)t≥0 can be shown

to form a C0-semigroup. In fact, Phillips [59] showed that the strong continuity

assumption on the orbit maps t → T (t)x is equivalent to strong measurability and

weak continuity (though not weak measurability).

Conversely, starting with a C0-semigroup we can associate an operator A for

which we can then define etA as the bounded operator T (t).

Definition 2.1.2. Let (T (t))t≥0 be a C0-semigroup. We define the generator of this

semigroup as the operator A defined by

D(A) = {x ∈ X : lim
h→0+

T (h)x− x
h

exists} ,

Ax = lim
h→0+

T (h)x− x
h

.

Then A exists as a closed, densely defined linear operator. Moreover, for each x ∈ X

10



we have

lim
n→∞

(
n

t
R
(n
t
,A
)n)

x = T (t)x ,

so that the semigroup is uniquely determined by A. We now collect some properties

of A, which can be found in [28, II.1.3].

Lemma 2.1.3. Let A be the generator of a C0-semigroup (T (t))t≥0. Then the

following properties hold.

(i) If x ∈ D(A) then T (t)x ∈ D(A) and

d

dt
T (t)x = T (t)Ax = AT (t)x for all t ≥ 0 .

(ii) For t ≥ 0 and x ∈ X we have∫ t

0
T (s)x ds ∈ D(A) .

(iii) For every t ≥ 0 we have

T (t)x− x = A

∫ t

0
T (s)x ds (x ∈ X)

=

∫ t

0
T (s)Ax ds (x ∈ D(A)) .

In particular, properties (ii) and (iii) show that for each x ∈ X u(t) = T (t)x is a

weak solution of the abstract Cauchy problem

u̇ = Au (ACP)

u(0) = x

In this sense, it seems natural to define etA as the operator T (t). Furthermore, if A

is bounded this definition is consistent with the usual one (see [28, II.1.5]).

Proposition 2.1.4. Let A generate the C0-semigroup (T (t))t≥0. Then the following

are equivalent.

(i) A is a bounded operator.

(ii) D(A) = X.

(iii) (T (t))t≥0 is norm continuous.

11



(iv) limλ→∞‖λAR(λ,A)‖ <∞.

In this case the semigroup is given by

T (t) =

∞∑
n=0

(tA)n

n!
.

The natural question arises as to when an operator A is the generator of a C0-

semigroup. Before addressing this, we introduce some definitions. Note that for a

C0-semigroup (T (t))t≥0, there exist constants w ∈ R and M ≥ 1 such that

‖T (t)‖ ≤Mewt for all t ≥ 0 . (2.1.1)

Definition 2.1.5. The infimum of all w for which there exists M such that (2.1.1)

holds is called the growth bound of the semigroup, denoted w0. The semigroup is

said to be bounded if the choice w = 0 is possible and contractive if furthermore

M = 1 is possible. If ‖T (t)x‖ = ‖x‖ for all x ∈ X and t ≥ 0 then the semigroup

is said to be isometric. We call the semigroup uniformly exponentially stable when

w0 < 0, which is equivalent to the property limt→∞ ‖T (t)‖ = 0 [28, V.1.7].

Furthermore, there exist semigroups for which

1. w0 = −∞,

2. w0 is finite but not attained,

3. constants M > 1 are necessary.

(see [28, I.5.7])

Returning to the issue of generation, the celebrated Hille-Yosida theorem [28, II.3.8]

provides necessary and sufficient conditions for a linear operator on a Banach space

to generate a C0-semigroup.

Theorem 2.1.6. (Hille−Yosida) Let (A,D(A)) be a linear operator on a Banach

space X, w ∈ R, M ≥ 1. Then the following are equivalent.

(i) A generates a C0-semigroup (T (t))t≥0 such that

‖T (t)‖ ≤Mewt for all t ≥ 0.

(ii) (A,D(A)) is closed, densely defined, and for every λ > w we have λ ∈ ρ(A)

with ∥∥[(λ− w)R(λ,A)
]n∥∥ ≤M for all n ∈ N.
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(iii) (A,D(A)) is closed, densely defined, and for every λ ∈ C with Reλ > w we

have λ ∈ ρ(A) with

∥∥[(Reλ− w)R(λ,A)
]n∥∥ ≤M for all n ∈ N.

We collect two important properties of C0-semigroups which are employed in the

proof of Theorem 2.1.6 and will be useful later on. The first is a convergence condi-

tion which applies to any closed, densely defined operator and which is often used

to refute the possibility that a given operator is the generator of a C0-semigroup.

Lemma 2.1.7. Suppose A is a closed, densely defined operator and there exist w ∈
R, M ≥ 1 such that [w,∞) ⊆ ρ(A) and ‖λR(λ,A)‖ ≤ M for λ ≥ w. Then for all

x ∈ X, λR(λ,A)x→ x as λ→∞.

The second result gives an expected relationship between the resolvent of a generator

and the semigroup.

Lemma 2.1.8. For the generator A of a C0-semigroup (T (t))t≥0, Reλ > w0 and

any n ∈ N we have for every x ∈ X,

R(λ,A)nx =
1

(n− 1)!

∫ ∞
0

tn−1e−λtT (t)x dt .

Remark 2.1.9. The proof of Lemma 2.1.8 for n > 1 follows by differentiating with

respect to λ, once it is known for n = 1. Moreover, it is even possible to define the

generator of a semigroup through this integral representation of the resolvent, in a

manner which is consistent with Definition 2.1.2. This approach was employed in

[4].

The Hille-Yosida theorem, whilst offering a complete characterisation, is limited

in its use for applications since it requires estimates on all powers of resolvents,

which are often difficult to obtain. Ideally, we would like a condition on a single

resolvent power. Gomilko [30] and Shi and Feng [66] were able to provide a sufficient

condition on general Banach space, which is also necessary on Hilbert space.

Theorem 2.1.10. Let A be a densely defined operator on a Banach space X such

that

σ(A) ⊆ {λ ∈ C : Reλ ≤ 0} .

Consider the following conditions.
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(i) For every x ∈ X and x∗ ∈ X∗

sup
w>0

w

∫
R
‖R(w + it, A)x‖2 dt <∞,

sup
w>0

w

∫
R
‖R(w + it, A∗)x∗‖2 dt <∞.

(ii) For every x ∈ X and x∗ ∈ X∗

sup
w>0

w

∫
R
|〈R(w + it, A)2x, x∗〉| dt <∞.

(iii) A generates a bounded C0-semigroup.

Then (i)⇒ (ii)⇒ (iii). If X is a Hilbert space then (iii)⇒ (i) also holds.

We will also be interested in generators of semigroups which extend to the whole

real line.

Definition 2.1.11. A family of operators (T (t))t∈R is said to be a C0-group if it is

strongly continuous and the properties of Definition 2.1.1 hold for all s, t ∈ R.

It is immediately clear that an operator (A,D(A)) generates a C0-group if and only

if A and −A generate semigroups T+(t) and T−(t) respectively, in which case

T (t) =

{
T+(t) t ≥ 0,

T−(−t) t ≤ 0 .

In view of this, it still makes sense to adopt the notation T (t) = etA. We call

(T+(t))t≥0 and (T−(t))t≥0 the forward and backward semigroups corresponding to

(T (t))t∈R, respectively.

Much of our discussion for C0-semigroups then extends in a natural way to C0-

groups. It is clear that given a C0-group (T (t))t∈R, there exist w ∈ R and M ≥ 1

such that ‖T (t)‖ ≤Me|t|w for all t ∈ R. We define the group type w0 as the infimum

of all w for which such an M exists, which is easily seen to equal the minimum of

the group types of the semigroups (T+(t))t≥0 and (T−(t))t≥0 (see Definition 2.1.5).

We can also obtain versions of the Hille-Yosida and Gomilko-Shi Feng theorems for

groups.

Theorem 2.1.12. Let (A,D(A)) be a linear operator on a Banach space X, w ∈ R,

M ≥ 1. Then the following are equivalent.
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(i) A generates a C0-group (T (t))t∈R such that

‖T (t)‖ ≤Mew|t| for all t ∈ R.

(ii) (A,D(A)) is closed, densely defined, and for every λ ∈ (−∞,−w)∪ (w,∞) we

have λ ∈ ρ(A) with

∥∥[(|λ| − w)R(λ,A)
]n∥∥ ≤M for all n ∈ N.

(iii) (A,D(A)) is closed, densely defined, and for every λ ∈ C with |Reλ| > w we

have λ ∈ ρ(A) with

∥∥[(|Reλ| − w)R(λ,A)
]n∥∥ ≤M for all n ∈ N.

Theorem 2.1.13. Let A be a densely defined operator on a Banach space X such

that for some v ≥ 0,

σ(A) ⊆ {λ ∈ C : |Reλ| ≤ v} .

Consider the following conditions.

(i) For every x ∈ X and x∗ ∈ X∗,

sup
w>v

w

∫
R
‖R(±w + it, A)x‖2 dt <∞,

sup
w>v

w

∫
R
‖R(±w + it, A∗)x∗‖2 dt <∞.

(ii) For every x ∈ X and x∗ ∈ X∗

sup
w>v

w

∫
R
|〈R(±w + it, A)2x, x∗〉| dt <∞.

(iii) A generates a C0-group (T (t))t∈R for which there exists a constant C such that

‖T (t)‖ ≤ Cev|t| for every t ∈ R.

Then (i)⇒ (ii)⇒ (iii). If X is a Hilbert space then (iii)⇒ (i) also holds.

We conclude this section with some important examples of concrete semigroups,

as well as some basic constructions of new semigroups from old.

Example 2.1.14. (i) Let Ω be a locally compact space (usually an interval in

R) and consider the space C0(Ω) of all continuous, complex-valued functions
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that vanish at infinity. For a continuous function q : Ω → C define the

multiplication operator Mq by

D(Mq) = {f ∈ C0(Ω) : q · f ∈ C0(Ω)},

Mqf = q · f (f ∈ D(Mq)) .

If we suppose that sups∈Ω Re q(s) <∞ then Mq is the generator of the strongly

continuous multiplication semigroup (Tq(t))t≥0 given by

Tq(t)f = etqf (t ≥ 0, f ∈ C0(Ω)) .

We can similarly define multiplication semigroups on the space Lp(Ω) where

the function q is now subject to the condition ess sups∈Ω Re q(s) <∞. In either

case, the generators that arise from these semigroups are precisely multiplica-

tion operators whose resolvents contain some right half plane Rw. Furthermore,

every normal operator on a separable Hilbert space is unitarily equivalent to a

multiplication operator on L2(Ω, µ) for some σ-finite measure space (Σ,Ω, µ).

We refer to [28, I.4, II.2.9] for these details on multiplication semigroups.

(ii) The (left) translation operators defined by

Tlf(t)f(s) = f(s+ t) (s, t ∈ R)

form a C0-semigroup on the spaces Cub(R) (endowed with the sup norm) and

Lp(R), 1 ≤ p <∞. In each case, the generator (A,D(A)) is the differentiation

operator, whose domain depends on the underlying space:

D(A) =
{
f ∈ Cub(R) : f differentiable, f ′ ∈ Cub(R)

}
when X = Cub(R) and

{
f ∈ Lp(R) : f absolutely continuous, f ′ ∈ Lp(R)

}
when X = Lp(R). In both spaces and for Reλ > 0, we can explicitly compute

the resolvent as

(
R(λ,A)f

)
(s) =

∫ ∞
s

e−λ(τ−s)f(τ) dτ (f ∈ X, s ∈ R) .

Notice that each operator Tl is an isometry on these spaces with inverse the
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right translation operator Tr defined by (Tr(t)f(s) = f(s−t). Thus, we actually

have a C0-group of translation operators on these spaces. We refer to [28, I.4,

II.2.10] for more details.

(iii) Our next example, from [40, 12.4], is of a semigroup which fails strong conti-

nuity. Let X be the set of sequence pairs {(xn), (yn)} for which
∑∞

n=1[|xn|2 +

n|yn|2]
1
2 exists, equipped with the norm ‖{(xn), (yn)}‖ =

∑∞
n=1[|xn|2+n|yn|2]

1
2 .

For t > 0 define T (t){(xn), (yn)} = {(x′n), (y
′
n)}, where

x
′
n = e−(n+1)t(xn cosnt− yn sinnt),

y
′
n = e−(n+1)t(xn sinnt+ yn cosnt).

Then (T (t))t≥0 is a semigroup on X, strongly continuous for t > 0, satisfying

‖T (t)‖ ≤ Ct−
1
2 (t > 0) .

However, if the semigroup was strongly continuous, the generator A would

satisfy

‖R(λ,A)‖ ≥ C

(λ+ 1)
1
2

(λ > 0) ,

which contradicts Lemma 2.1.7. Thus the semigroup is not strongly continuous

at t = 0.

(iv) Similarity will be a key theme of Chapter 5. For the moment, we observe

that if V is an isomorphism from a Banach space Y onto X and (T (t))t≥0 is

a C0-semigroup on X with generator A, then the family of operators given by

S(t) = V −1T (t)V forms a C0-semigroup on Y with generator B given by

B = V −1AV with domain D(B) = {y ∈ Y : V y ∈ D(A)} .

It is clear that σ(A) = σ(B) and R(λ,B) = V −1R(λ,A)V for every λ ∈ ρ(A).

2.2 Sectorial operators

Having established the basic theory of C0-semigroups in the previous section, we

now turn our attention to properties of the generator. The Hille-Yosida theorem

reveals the location of the spectrum of such an operator, as well as control on the

growth of its resolvent. Having such information about an operator is useful from

the point of view of developing a functional calculus, as we will outline in Chapter
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3. First we consider special classes of operators for which the spectrum is assumed

to lie in some special region of C, with appropriate resolvent behaviour outside of

this region. We begin with the well known class of sectorial operators.

For θ ∈ (0, π) we denote

Σθ =

{
{z ∈ C : z 6= 0, | arg z| < θ} θ ∈ (0, π),

(0,∞) θ = 0 ,

which, for θ > 0, is the open sector symmetric about the positive real axis with

opening angle 2θ.

Definition 2.2.1. The operator (A,D(A)) is said to be sectorial of angle φ if

(i) σ(A) ⊆ Σφ and

(ii) for every φ′ ∈ (φ, π] there exists C(A, φ′) such that

‖λR(λ,A)‖ ≤ C(A, φ′) for all λ ∈ C \ Σφ′ . (2.2.1)

In this case we shall say A ∈ Sect(φ). Furthermore, we denote by φA the minimum

of all such φ - the angle of sectoriality of A. We will also denote C(A, π) by C(A).

Often it will be convenient to further assume that

D(A) = R(A) = X,

which in particular implies that A is injective and that D(A) ∩R(A) is dense in X

(see [34, Proposition 2.1.1]).

Remark 2.2.2. It is without essential loss of generality that one can make these

domain and range assumptions on a sectorial operator A. Indeed, if A is any sectorial

operator on a Banach space X then taking the part of A in D(A) ∩ R(A) yields a

sectorial operator with dense domain and range. Moreover if A already has dense

domain and range then the dual A∗ is a well-defined injective sectorial operator.

Taking the part of A∗ in X0 = D(A∗) ∩ R(A∗) gives the so-called moon dual of A.

The space X0 is norming for X in the sense that the norm

‖x‖0 = sup{|〈x, x0〉| : x0 ∈ X0, ‖x0‖ ≤ 1}

is equivalent to the original norm on X.

We now collect some important properties of sectorial operators, the proofs of

which can be found in [34, Chapter 2].
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Proposition 2.2.3. Let A be a closed operator acting on the Banach space X.

(i) If A satisfies (2.2.1) for λ < 0 then A ∈ Sect(π − arcsin 1
C(A)).

(ii) If A ∈ Sect(φ) is injective then A−1 ∈ Sect(φ). Indeed, the identity

λR
(
λ,A−1

)
= I − 1

λ
R
( 1

λ
,A
)

implies C(A−1, φ) ≤ 1 + C(A, φ).

(iii) If A is sectorial with dense domain and range then for every x ∈ X we have

lim
t→−∞

tR(t, A)x = x lim
t→0

tR(t, A)x = 0

lim
t→−∞

AR(t, A)x = 0 lim
t→0

AR(t, A)x = x .

If A is the generator of a C0-semigroup satisfying ‖T (t)‖ ≤ Cewt, then A − w
generates the bounded C0-semigroup e−twT (t). By the Hille-Yosida theorem and

Proposition 2.2.3 we have that −(A − w) is sectorial with φA ≤ π
2 . In fact, we can

obtain an even stronger correspondence between semigroup generators and sectorial

operators. To do so, we first define another special class of semigroups.

Definition 2.2.4. Let δ ∈ (0, π2 ]. A family of bounded operators (T (t))t∈Σδ∪{0} is

said to be an analytic semigroup of angle δ if

• T (0) = I,

• T (z + w) = T (z)T (w) for each z, w ∈ Σδ,

•
lim

z→0,z∈Σε
T (z)x = x for any ε ∈ (0, δ) .

If furthermore ‖T (z)‖ is bounded on Σε for each ε ∈ (0, δ) then the semigroup is

said to be (sectorially) bounded, analytic. Note that this boundedness assumption

is stronger than having a bounded C0-semigroup which has analytic continuation to

a sector.

Proposition 2.2.5. Let (−A,D(A)) be sectorial of angle 0 < δ < π
2 . Define T (0) =

I and for z ∈ Σπ
2
−δ,

T (z) =
1

2πi

∫
Γ
ezµR(µ,A) dµ ,
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where Γ = [ρ,∞)e±iδ
′ ∪ρei[−δ′,δ′], oriented counterclockwise, ρ > 0 and π

2 + | arg z| <
δ′ < π − δ. Then (T (z)) is a bounded, analytic semigroup of angle π

2 − δ with

generator A.

In fact, the converse holds too and we have the following characterisation of gener-

ators of bounded, analytic semigroups [28, II.4.6].

Theorem 2.2.6. Let (A,D(A)) be a densely defined operator on a Banach space

X. Then the following are equivalent.

(i) −A is sectorial of angle δ < π
2 .

(ii) A generates a bounded, analytic semigroup on X.

(iii) There exists θ ∈ (0, π2 ) such that the operators e±iθA generate bounded C0-

semigroups on X.

(iv) A generates a bounded C0-semigroup on X such that for any t > 0

R(T (t)) ⊆ D(A) and sup
t≥0
‖tAT (t)‖ <∞ .

(v) A generates a bounded C0-semigroup and there exists a constant C such that

for all Reλ > 0 and Imλ 6= 0,

‖R(λ,A)‖ ≤ C

| Imλ|
.

2.3 Strip-type and half-plane operators

The next most important class of operators are those whose spectrum lie in a strip.

For w > 0 define

Hw =

{
{z ∈ C : | Im z| < w} w > 0,

R w = 0 .

Definition 2.3.1. The operator (B,D(B)) is said to be strip-type of height w,

B ∈ Strip(w), if

(i) σ(B) ⊆ Hw and

(ii) for every w′ > w there exists C(B,w′) such that

‖R(λ,B)‖ ≤ C(B,w′) for all λ ∈ C \Hw′ . (2.3.1)
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If we have the stronger condition that for each w′ > w there exists C(B,w′) such

that for every λ ∈ C \Hw′ ,

‖(| Imλ| − w′)|R(λ,B)‖ ≤ C(B,w′) , (2.3.2)

then B is said to be of strong strip-type, B ∈ SStrip(w). As in the sectorial case,

we define the minimum height w for which B ∈ Strip(w) (SStrip(w)) by wstB (wsstB ),

or often just wB.

By the Hille-Yosida theorem for groups, it immediately follows that if iB gener-

ates a C0-group, then B is a strong strip-type operator with wsstB at most the group

type.

Remark 2.3.2. The choice to work on horizontal strips rather than vertical strips

is motivated by the fact that many strip-type operators can be considered as the

logarithm of sectorial operators. This notion will be made more precise in Chapter

3 once we have developed a holomorphic functional calculus for sectorial operators.

Indeed, much of our work for strip-type operators in this thesis will be approached

from this viewpoint. Since all notions for semigroups and functional calculus are

preserved modulo multiplication by ±i, it is without loss of generality that we choose

this convention.

Remark 2.3.3. Often we will assume that a strip-type operator B on a Banach

space X is densely defined. Analogously to the sectorial case, there is no essential

loss of generality (see Remark 2.2.2). This time, one takes the part of B in D(B).

Furthermore one can pass to the sun dual , which is the part of B∗ in D(B∗), to

ensure the dual has dense domain. Again, this space is norming for X.

The following result is elementary but useful.

Proposition 2.3.4. Let B be a densely defined strip-type operator. Then for a > wstB

and x ∈ X, R(z,B)x→ 0 as z → ±∞+ ia.

Example 2.3.5. We conclude our preliminary remarks on strip-type operators with

a presentation of a concrete example. Consider the second derivative operator B =
d2

dx2
on X = Lp(R), 1 ≤ p <∞, with domain W 2,p(R). Then A is (strong) strip-type

but iA is a group generator only if p = 2. This result, due to Hörmander, can be

found in [4, Theorem 3.9.4].

Our next class of operators are those whose spectrum lie in some half-plane. We

have already seen that sectorial operators arise naturally as semigroup generators.

The resolvent estimates provided by the Hille-Yosida theorem also allow us to clas-

sify generators as half-plane operators. The virtue of doing so will be made clear in
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Chapter 3, where we will develop a half-plane functional calculus which is indepen-

dent of, but consistent with, the treatment for sectorial operators. As convention,

we will work with right half planes. For w ∈ R we denote

Rw = {z ∈ C : Re z > w},

Lw = {z ∈ C : Re z < w}.

For w =∞ we set Rw = ∅, Lw = C and for w = −∞ we set Rw = C, Lw = ∅.

Definition 2.3.6. An operator (B,D(B)) is said to be half -plane of type w ∈
R ∪ {∞} if

(i) σ(B) ⊆ Rw and

(ii) for every w′ < w there exists C(B,w′) such that

‖R(λ,B)‖ ≤ C(B,w′) for all λ ∈ Lw′ . (2.3.3)

We define s0(B) to be the maximum of all such w. Furthermore, as with strip-type

operators, we can define the slightly stronger notion of strong half-plane operators

by replacing (2.3.3) with the condition

sup{‖(w′ − Reλ)R(λ,B)‖ : λ ∈ Lw′} <∞ .

It is clear that if B is a strong half-plane operator with s0(B) ≥ 0 then B is sectorial

with φB ≤ π
2 . At times we will not need this stronger notion but note that by the

Hille-Yosida theorem, for every semigroup with generator −A and growth bound

w0, the operator A is a strong half-plane operator with s0(A) ≥ w0.

The following result will be used frequently later on.

Proposition 2.3.7. Let A be a densely defined operator on X with non-empty

resolvent set. Then A2 is also densely defined.

Proof. Let µ ∈ ρ(A). Then R(R(µ,A)) = D(A) is dense in X. Since the product of

two bounded operators with dense range also has dense range, we have

D(A2) = D((µ−A)2) = R(R(µ,A)2) = X .
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3 Functional Calculus

The idea behind the functional calculus for an operator A is to assign a meaningful

valuation f(A) for scalar functions f belonging to a suitable class. For specific

functions this can be done through various means. For example, in Chapter 2

we defined etA for semigroup and group generators. Other examples of operators

associated to A that are of interest and have been studied in their own right include

• Powers Aα, for suitable α ∈ C, when A is sectorial;

• The logarithm logA when A is sectorial;

• Resolvent powers (AR(λ,A))n and, more generally, r(A) for a rational function

r.

The functional calculus is a powerful tool in that it unifies these separate methods

into a single framework by giving meaning to these operators in a manner that is

consistent with other definitions. One of the earliest examples of functional calculus

was the Riesz-Dunford calculus for bounded operators [24, VII.3], which is a special

case of a more general functional calculus on Banach Algebras [15, VII.4]. The classes

of operators of interest in this thesis are unbounded operators whose spectrum lies

in some special region of the complex plane. The holomorphic functional calculus

for sectorial operators was introduced by McIntosh in [53] and developed by Cowling

et al. in [16]. The functional calculus for strip-type operators was introduced in the

1950s by Bade [7] and recently developed by Haase [34, Chapter 4], who has also

extended this framework to include half-plane operators [35]. All of these approaches

can be unified by Haase’s abstract considerations [34, Chapter 2].

With the exception of Section 3.5, the material in this chapter is taken from the

literature, with [34] as the main source of reference. In Section 3.1 we will begin

our overview of the functional calculus with an outline of this abstract approach.

In Section 3.2 we develop a functional calculus for the concrete familes of operators

that will be studied later on, beginning with the standard construction for sectorial

operators and moving onto strip-type and half-plane operators. We will also define

the notion of a bounded H∞-calculus. In relation to this, approximation will be a

key theme throughout this thesis and basic techniques via the so-called Convergence

Lemmas are introduced in Section 3.3. Using the functional calculus, in Section

3.4 we will define the logarithm of a sectorial operator, which is strip-type under

suitable conditions, and consider the correspondence between the functional calculi
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of these two classes of operators. In Section 3.5 we introduce the new notion of an m-

boundedH∞-calculus for sectorial and strip-type operators, which involves estimates

on derivatives of scalar functions only. In fact, the definition will be shown to be

equivalent to the usual boundedness of the H∞-calculus, but it serves as a useful

tool for broadening known results as well as establishing new ones in Chapter 4. In

Section 3.6 we review well known extensions of the functional calculus, first replacing

scalar valued functions with operator-valued ones and then considering a calculus

for a pair of (commuting) operators. Finally in Section 3.7 we discuss the notion

of R-boundedness, which in recent years has emerged as an important property in

the theory of functional calculus for unbounded operators in the context of maximal

regularity.

3.1 Abstract framework

The modus operandi behind the functional calculus is to fix an operator A and

consider a primary class of scalar functions f for which f(A) can be reasonably

defined. An extension procedure then allows us to widen this class of functions.

Most of the material up to Section 3.5 is taken from [34] and as such we adopt much

of the notation used there.

Definition 3.1.1. The triple (E ,F ,Λ) is said to be an abstract functional calculus

over the Banach space X if

1. F is a commutative unital algebra of functions with unit 1,

2. E is a subalgebra of F , and

3. Λ : E → B(X) is an algebra homomorphism.

Thus E represents the initial class of functions for which f(A) := Λ(f) is defined as

a bounded operator. We say f ∈ F is regularisable with regulariser e if there exists

e ∈ E such that ef ∈ E and e(A) is injective. In this case we define

Λ(f) := Λ(e)−1Λ(ef), with domain D(Λ(f)) = {x ∈ X : Λ(ef)x ∈ R(Λ(e))} .

Proposition 3.1.2. If f ∈ F is regularisable then Λ(f) is closed and independent

of the choice of regulariser e.

Proof. The closedness of Λ(f) is clear since Λ(e)−1 is closed and Λ(ef) is bounded.

Suppose that e1 and e2 regularise f . Then e1e2 = e2e1 is also a regulariser and

Λ(e1)−1Λ(e1f) = Λ(e1)−1Λ(e2)−1Λ(e2)Λ(e1f) = Λ(e2e1)−1Λ(e2e1f) .
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The result follows by symmetry.

We say the functional calculus is proper if

{e ∈ E : Λ(e) is injective}

is non-empty, which holds if and only if the function 1 is regularisable. In this case

the space of regularisable functions Fr is a subalgebra of F containing E . Thus the

regularisation process extends the map Λ from E to Fr. Define Fb to be the space of

all regularisable functions f for which Λ(f) ∈ B(X). The following lemma collects

some fundamental properties of the abstract functional calculus (see [34, Chapter

1]).

Lemma 3.1.3. Let (E ,F ,Λ) be a proper abstract functional calculus over a Banach

space X, f ∈ Fr. Then the following properties hold.

(i) If T ∈ B(X) commutes with Λ(e) for every e ∈ E then T commutes with Λ(f).

(ii) Λ(1) = I.

(iii) If g ∈ Fr then

Λ(f) + Λ(g) ⊆ Λ(f + g) and Λ(f)Λ(g) ⊆ Λ(fg) .

Furthermore, D(Λ(f)Λ(g)) = D(Λ(fg)) ∩ D(Λ(g)), and equality holds in the

above inclusions if g ∈ Fb.

(iv) The map Λ : Fb → B(X) is a homomorphism of algebras.

(v) If g ∈ Fb is such that Λ(g) is injective then Λ(f) = Λ(g)−1Λ(f)Λ(g).

(vi) If g ∈ F is such that fg = 1, then g ∈ Fr if and only if Λ(f) is injective, and

then Λ(g) = Λ(f)−1.

(vii) Let F be a subspace of D(Λ(f)). Suppose there exists a sequence (en)n∈N in

E such that Λ(en) → I strongly as n → ∞ and R(Λ(en)) ⊆ F for all n ∈ N.

Then F is a core for Λ(f).

This preliminary discussion on the abstract functional calculus is sufficient for

our purposes. Let us now turn our attention to concrete families of operators.

In each case, the location of the spectrum is known and the resolvent is assumed

to satisfy certain growth estimates outside of this region. The primary functional
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calculus is defined via contour integrals surrounding the spectrum, on a class of

scalar functions which are holomorphic on some open set containing the spectrum

and satisfy appropriate decay estimates to allow the integrals to converge absolutely.

These constructions are essentially the same and the approach can be unified by

Haase’s notion of a meromorphic functional calculus. Given an open subset Ω of

C, define H(Ω) and M(Ω) to be the algebras of holomorphic and meromorphic

functions on Ω, respectively. Furthermore H∞(Ω) will denote the space of bounded,

holomorphic functions on Ω. Suppose that E(Ω) is a subalgebra of M(Ω) and

(E(Ω),M(Ω),Λ) is an abstract functional calculus over the Banach space X such

that the following hold:

1. The function z : Ω → C, z → z, is regularisable, so that A := Λ(z) is well-

defined.

2. An operator T ∈ B(X) which commutes with A also commutes with Λ(e) for

every e ∈ E .

We call such a triple a meromorphic functional calculus (MFC) for A. Define

f(A) := Λ(f) for every f ∈ M(Ω)r. Then the properties of Lemma 3.1.3 can

be translated as follows.

Lemma 3.1.4. Let (E(Ω),M(Ω),Λ) be a meromorphic functional calculus for the

closed operator A acting a Banach space X and let f ∈M(Ω)r. Then the following

properties hold.

(i) If T ∈ B(X) commutes with A then it also commutes with f(A). Moreover, if

f(A) ∈ B(X) then f(A) commutes with A.

(ii) 1(A) = I and z(A) = A.

(iii) If g ∈M(Ω)r then

f(A) + g(A) ⊆ (f + g)(A) and (fg)(A) ⊆ f(A)g(A) .

Furthermore, D(f(A)g(A)) = D((fg)(A))∩D(g(A)), and equality holds in the

above inclusions if g ∈M(Ω)b.

(iv) The map f → f(A) :M(Ω)b → B(X) is a homomorphism of algebras.

(v) If g ∈M(Ω)b is such that g(A) is injective then f(A) = g(A)−1f(A)g(A).
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(vi) For λ ∈ C,

(λ− f)−1 ∈M(Ω)r ⇔ λ− f(A) is injective .

In this case, (λ − f)−1(A) = (λ − f(A))−1. In particular, λ ∈ ρ(f(A)) if and

only if (λ− f)−1 ∈M(Ω)b.

3.2 Examples of meromorphic functional calculus

In this section we develop the functional calculus for the classes of operators intro-

duced in Chapter 2. In each case the functional calculus is meromorphic. We begin

with sectorial operators and follow the approach of [34, Chapter 2], to which we

refer for more details. Let Φ be the function given by

Φ(λ) =
λ

(1 + λ)2
, λ 6= −1. (3.2.1)

Then for φ ∈ (0, π), H∞0 (Σφ) denotes the subspace of H∞(Σφ) of scalar functions f

for which there exist C, ε > 0 such that

|f(λ)| ≤ C|Φ(λ)|ε for all λ ∈ Σφ.

Consider a sectorial operator A and a function f ∈ H∞0 (Σφ), where φ > φA. Then

the primary functional calculus is given by

f(A) =
1

2πi

∫
Γθ

f(λ)R(λ,A) dλ ∈ B(X), (3.2.2)

where θ ∈ (φA, φ) and Γθ denotes the positively oriented contour

Γθ = eiθ(∞, 0] ∪ e−iθ[0,∞).

By Cauchy’s Theorem, this definition does not depend on the choice of θ ∈ (φA, φ).

In order to include the constant functions and resolvents, we consider the extended

class

E(Σφ) = H∞0 (Σφ) ⊕ 〈(1 + z)−1〉 ⊕ 〈1〉 .

Given a function f = g+c(1+z)−1 +d in this class, where g ∈ H∞0 (Σφ) and c, d ∈ R,

we define

f(A) = g(A) + c(I +A)−1 + dI .

The triple (E(Σφ),M(Σφ),Λ) is an MFC for A [34, Section 2.3.2]. The function Φ

lies inH∞0 (Σφ) and Φ(A) = A(I+A)−2 is injective when A is injective. In particular,
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Φ regularises every function in H∞(Σφ).

Definition 3.2.1. A sectorial operator A is said to admit a bounded H∞(Σφ)-

functional calculus if f(A) defines a bounded operator for every f ∈ H∞(Σφ) and

there exists a constant C such that for every such f ,

‖f(A)‖ ≤ C‖f‖H∞(Σφ) .

We define the H∞-angle of A by

φHA = inf{φ > φA : A has a bounded H∞(Σφ)-functional calculus}.

The following result confirms an expected consequence of the functional calculus.

Proposition 3.2.2. Define the function f by

f(λ) =
λ

(λ− µ1)(λ− µ2)
, λ ∈ Σφ,

where µ1, µ2 /∈ Σφ. Then f ∈ H∞0 (Σφ) and

f(A) = AR(µ1, A)R(µ2, A).

By means of the functional calculus, we can also define fractional powers of a sectorial

operator. For every α ∈ C, the function zα : z → zα lies in the subalgebra

B(Σφ) = {f ∈ H(Σφ) : ∃k ∈ N such that fΦk ∈ H∞0 (Σφ)}

of M(Σφ)r. Thus when A is injective we can define

Aα = zα(A), α ∈ C .

Definition 3.2.3. A sectorial operator A on a Banach space X is said to have

bounded imaginary powers, BIP , if D(A)∩R(A) is dense in X and Ais ∈ B(X) for

each s ∈ R.

It follows that the family (Ais)s∈R forms a C0-group [34, Corollary 3.5.7]. We define

the power angle θA of A to be the type of this group, i.e

θA = inf{w ∈ R : ∃Mw such that ‖Ais‖ ≤Mwe
w|s| ∀s ∈ R}.

Suppose A has dense domain and range. It is clear that A has BIP whenever it
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admits a bounded H∞-calculus. Moreover we have

φHA ≥ θA ≥ φA.

The proof of the second inequality is somewhat involved and we refer to [64] for

the details. It has been shown [16, Theorem 5.4] that, remarkably, we actually have

θA = φHA whenever A admits a bounded H∞-calculus. Furthermore, it was also

shown in [16] that BIP implies H∞-sectoriality on Hilbert space, but that this is

not true in general Banach space. The authors found an operator A on Lp(R), p 6= 2,

which has BIP with θA = φA = 0 but which does not have a bounded H∞(Σφ)-

calculus for any angle φ. We refer to [8] for examples of operators on Hilbert space

that do not have BIP (and therefore do not have a bounded H∞(Σφ)-calculus for

any φ ∈ (0, π)).

For an invertible, sectorial operator, Haase [34, Section 2.5] has refined the pri-

mary functional calculus by considering functions which only have the appropriate

decay at∞, with the contours avoiding the origin. This extension is consistent with

the scheme described above in the sense that whenever f is regularisable in the usual

functional calculus, it is also regularisable in the functional calculus for invertible

sectorial operators and the operator f(A) is the same in both cases. In fact, it is

also possible to consider functions which are not even defined in a neighbourhood

of the origin.

Let us now turn our attention to strip-type operators. The functional calculus

can be constructed in an analogous framework to sectorial operators and we refer

to [34, Chapter 3] for full details. For the primary functional calculus, consider for

w > 0 the space

H∞1 (Hw) = {f ∈ H(Hw) : f(z) = O(|Re z|−α) (|z| → ∞) for some α > 1}.

Given B ∈ Strip(w) , v > w and f ∈ H∞1 (Hv), we define

f(B) =
1

2πi

∫
Γw′

f(λ)R(λ,A) dλ,

where w′ ∈ (w, v) and Γw′ = (iw′ +R)∪ (−iw′ +R), positively oriented. Again, the

definition does not depend on the choice of w′ ∈ (w, v). We have the following (see

[34, Proposition 4.2.1, Lemma 4.2.2]).

Proposition 3.2.4. (i) The mapping f 7→ f(B) : H∞1 (Hv) → B(X) is a homo-

morphism of algebras.
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(ii) For λ, µ /∈ Hv, ((λ− z)(µ− z))−1(B) = R(λ,B)R(µ,B).

(iii) (f(z)(λ− z)−1)(B) = R(λ,B)f(B) = f(B)R(λ,B) for λ /∈ Hv.

(iv) If C is a closed operator commuting with resolvents of B then C also commutes

with f(B).

(v) The triple (H∞1 (Hw),M(Hw),Λ) is a meromorphic functional calculus for B.

Given B ∈ Strip(w), v > w and µ > v, define

ψ(z) =
1

µ2 + z2
.

Then ψ ∈ H∞1 (Hv) and ψ(B) = R(iµ,B)R(−iµ,B) is injective. Thus, ψ regularises

every function in H∞(Hv). We say that B admits a bounded H∞-calculus on Hv

if f(B) ∈ B(X) for every f ∈ H∞(Hv) and there exists a constant C such that for

every such f ,

‖f(B)‖ ≤ C‖f‖H∞(Hv).

We will say B admits a bounded H∞-calculus of type v if it admits a bounded

H∞-calculus on Hv′ for each v′ > v. The infimum of all such v is called the H∞-

type of B and will be denoted wHB . On Hilbert space, it turns out that strip-type

operators with a bounded H∞-calculus are precisely the generators of C0-groups

(see [34, Theorem 7.2.12]).

Theorem 3.2.5. Let A ∈ Strip(w) be densely defined on a Hilbert space X. Then

the following are equivalent.

(i) A admits a bounded H∞-calculus of type w.

(ii) iA generates a C0-group.

(iii) iA generates a C0-semigroup.

(iv) For each |v| > w there exists C = C(A, v) such that for every x ∈ X and

y ∈ X∗, ∫
R
‖R(t+ iv, A)x‖2 dt ≤ C‖x‖2 and∫

R
‖R(t+ iv, A∗)y‖2 dt ≤ C‖y‖2 .

In fact, the result is given when A∗ is the Hilbert adjoint of A, but an identical

proof works when A∗ is the Banach adjoint. We omit the proof, other than to note
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that the implication (iii)⇒ (iv) is a combination of Lemma 2.1.8 and Plancherel’s

Theorem.

Finally in this section we develop a functional calculus for (right) half-plane op-

erators, following the work of Haase [35]. The construction is completely analogous

to that for strip-type operators. Indeed, the functional calculus for a strip-type

operator B is an extension of the (left or right) half-plane calculus for iB outlined

below. Let B be a (right) half-plane operator and for fixed w < s0(B) consider the

class

H∞1 (Rw) = {f ∈ H(Rw) : f(z) = O(|z|−α) (|z| → ∞) for some α > 1} .

For such an f we define

f(B) =
1

2πi

∫
Γδ

f(λ)R(λ,B) dλ,

where δ ∈ (w, s0(B)) and Γδ = δ + iR, oriented from top to bottom. As usual, the

definition does not depend on the choice of δ ∈ (w, s0(B)). As expected, we have

the following (see [35, Proposition 2.1]).

Proposition 3.2.6. (i) The mapping f 7→ f(B) : H∞1 (Rw) → B(X) is a homo-

morphism of algebras.

(ii) For Reλ,Reµ < w, ((λ− z)(µ− z))−1(B) = R(λ,B)R(µ,B).

(iii) (f(z)(λ− z)−1)(B) = R(λ,B)f(B) = f(B)R(λ,B) for Reλ < w.

(iv) If C is a closed operator commuting with resolvents of B then C also commutes

with f(B).

(v) The triple (H∞1 (Rw),M(Rw),Λ) is a meromorphic functional calculus for B.

Every H∞(Rw)-function is regularisable by e(z) = 1
(λ−z)2 , where λ ∈ Lw is fixed. We

say B admits a bounded H∞-calculus on Rw if f(B) ∈ B(X) for all f ∈ H∞(Rw)

and there exists C such that

‖f(B)‖ ≤ C‖f‖H∞(Rw).

Staying with convention, we will say B admits a bounded H∞-calculus of type w if

it admits a bounded H∞-calculus on Rw′ for each w′ < w.

The following criterion for a half-plane operator to be a C0-semigroup generator

will be needed later on. We refer to [35, Proposition 2.4] for the proof.
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Proposition 3.2.7. Let B be a half-plane operator with s0(B) ≥ 0. Then B is the

generator of a C0-semigroup T if and only if B is densely defined and etB := etz(B)

is bounded for every t ≥ 0 with supt∈[0,1] ‖etB‖ <∞. In this case, T (t) = etB, t ≥ 0.

Remark 3.2.8. We conclude this section with a note on adjoints. If A is a densely

defined sectorial operator (respectively strip-type, half-plane) then its Banach ad-

joint A∗ is a well-defined sectorial operator (respectively strip-type, half-plane). If

A has dense range then A∗ is injective. Whenever f(A) is defined via the primary

functional calculus of A, we have f(A∗) = f(A)∗ since, for a suitable contour Γ,

f(A) =
∫

Γ f(λ)R(λ,A) dλ.

3.3 Convergence Lemma and approximation

A useful tool in establishing the boundedness of the H∞-calculus of an operator A

(sectorial, strip-type or half-plane) is to approximate H∞-functions by functions fn

in a smaller class for which fn(A) is better understood. This result, known as the

Convergence Lemma, holds for the three classes of operators under consideration,

under the appropriate assumptions. Furthermore, Haase [35] has employed the

Convergence Lemma to obtain simpler proofs of well known theorems such as the

Hille-Yosida theorem and Trotter-Kato theorem.

A key ingredient of the proof is the following classical result due to Vitali (see

[4, Theorem A.5]).

Proposition 3.3.1. Let Ω ⊆ C be open and connected and let (fα)α be a locally

bounded net of holomorphic functions on Ω such that the set {z ∈ Ω : (fα(z))α converges}
has a limit point in Ω. Then (fα) converges to a holomorphic function uniformly on

compact subsets of Ω.

An immediate consequence of Proposition 3.3.1 and the Dominated Convergence

Theorem is the following.

Lemma 3.3.2. Let A ∈ Sect(θ), φ ∈ (θ, π). Let (fα)α ⊆ H∞0 (Σφ) be a net of

functions converging pointwise to a function f . Suppose there exist C, s > 0 such

that for every α

|fα(z)| ≤ C min
{
|z|s, |z|−s

}
(z ∈ Σφ).

Then f ∈ H∞0 (Σφ) and ‖fα(A)− f(A)‖ → 0.

The Convergence Lemma for sectorial operators, which can be found in [34, Propo-

sition 5.1.4] can now be stated as follows.
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Proposition 3.3.3. Let A ∈ Sect(θ), φ ∈ (θ, π), (fα)α ⊆ H∞(Σφ). Suppose that

supα ‖fα‖H∞(Σφ) <∞ and that fα(z) converges pointwise on Σφ to some function f .

Suppose further that fα(A) and f(A) are defined by the natural functional calculus

for sectorial operators. Then

fα(A)x→ f(A)x

for all x ∈ D(A) ∩R(A). Moreover:

(i) If A is injective and fα(A) ∈ B(X) for each α and fα(A) → T ∈ B(X)

strongly, then T = f(A).

(ii) If A is densely defined with dense range and supα ‖fα(A)‖ < ∞ then f(A) ∈
B(X) and fα(A)→ f(A) strongly.

Proof. By Vitali’s theorem we have f ∈ H∞(Σφ). Define ψ(z) = z(1 + z)−2 and

g = fψ, gα = fαψ. Then by Lemma 3.3.2 we have

fα(A)ψ(A) = gα(A)→ g(A) = f(A)ψ(A)

in operator norm. Thus fα(A)x→ f(A)x for all x ∈ R(ψ(A)) = D(A) ∩R(A).

To prove (i), fix x ∈ X and let yα = gα(A)x ∈ D((ψ(A))−1). Then yα →
g(A)x. However, (ψ(A))−1yα = fα(A)x → Tx by assumption. By the closedness

of (ψ(A))−1, we have y = g(A)x ∈ D(ψ(A)−1) with (ψ(A))−1y = Tx. Thus x ∈
D(f(A)) and f(A)x = Tx.

Assertion (ii) follows immediately.

The statement and proof of the Convergence Lemma for strip-type and half-

plane operators is analogous, but now the restriction on the operator B is only that

B, and hence B2 by Proposition 2.3.7, is densely defined. We shall require the result

in the following forms (see [34, Proposition 5.1.7], [35, Proposition 3.1]).

Proposition 3.3.4. (Convergence Lemma for strip-type operators) Let B ∈
Strip(w) be densely defined, v > w. Let (fα) be a net of functions in H∞(Hv)

satisfying the following conditions.

(i) supα ‖fα‖H∞(Hv) <∞,

(ii) fα(A) ∈ B(X) for each α and supα ‖fα(A)‖ <∞,

(iii) f(z) := limα fα(z) exists for each z ∈ Hv.
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Then f ∈ H∞(Hv), f(A) ∈ B(X), fα(A)→ f(A) strongly and ‖f(A)‖ ≤ lim sup ‖fα(A)‖.

Proposition 3.3.5. (Convergence Lemma for half − plane operators) Let B

be a densely defined (right) half-plane operator of type w, v < w. Let (fα) be a net

of functions in H∞(Rv) satisfying the following conditions.

(i) supα ‖fα‖H∞(Rv) <∞,

(ii) fα(A) ∈ B(X) for each α and supα ‖fα(A)‖ <∞,

(iii) f(z) := limα fα(z) exists for each z ∈ Rv.

Then f ∈ H∞(Rv), f(A) ∈ B(X), fα(A)→ f(A) strongly and ‖f(A)‖ ≤ lim sup ‖fα(A)‖.

The following is an easy consequence of Proposition 3.3.3 combined with the

Closed Graph Theorem. Analogous results hold for strip-type and half-plane oper-

ators.

Proposition 3.3.6. Let A be a densely defined sectorial operator with dense range,

φ > φA. Then f(A) ∈ B(X) for every f ∈ H∞(Σφ) if and only if A admits a

bounded H∞-calculus on Σφ. In this case the map f 7→ f(A) is a (bounded) algebra

homomorphism H∞(Σφ)→ B(X).

We can also employ the Convergence Lemma to reduce the boundedH∞-calculus

condition to an estimate on a smaller class of scalar functions. For a given A ∈
Sect(θ), φ ∈ (θ, π) and subalgebra F ⊆ H∞(Σφ), we say the (natural) F-calculus

for A is bounded if f(A) ∈ B(X) for every f ∈ F and there exists C such that for

every f ∈ F ,

‖f(A)‖ ≤ C‖f‖H∞(Σφ).

For φ ∈ (0, π) we define the classes

R∞(Σφ) = {p
q

: p, q ∈ C[z], the zeroes of q lie outside Σφ, deg p ≤ deg q}

and

R∞0 (Σφ) = {p
q

: p, q ∈ C[z], the zeroes of q lie outside Σφ, deg p < deg q} .

Let C0(Σφ) denote the space of continuous functions on Σφ vanishing at infinity.

The following result is taken from [34, Proposition 5.3.4].

Proposition 3.3.7. Let A ∈ Sect(θ), φ ∈ (θ, π) and suppose A has dense domain

and range. The following are equivalent.
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(i) The natural H∞0 (Σφ)-calculus for A is bounded.

(ii) The natural H∞(Σφ)-calculus for A is bounded.

(iii) The natural H∞(Σφ) ∩C0(Σφ)-calculus for A is bounded.

(iv) The natural R∞0 (Σφ)-calculus for A is bounded.

(v) The natural R∞(Σφ)-calculus for A is bounded.

In each case, the underlying constant C is the same.

Proof. The implications (ii)⇒ (i) and (ii)⇒ (v)⇒ (iv) are immediate. Assuming

(iv), we first observe that R∞0 (Σφ) is uniformly dense in H∞(Σφ)∩C0(Σφ) (see [34,

Proposition F.3]). Thus we arrive at (iii) by the Convergence Lemma. Note that

only injectivity of A is needed here.

Now assume (iii) holds and for f ∈ H∞0 (Σφ), define the approximant fn(z) =

f(z + 1
n). Then fn ∈ H∞(Σφ) ∩C0(Σφ) and fn → f pointwise on Σφ. The Conver-

gence Lemma now yields (i).

It remains to prove (i) ⇒ (ii). Assuming (i) holds, fix f ∈ H∞(Σφ) and define

ψs(z) = zs

(1+z)2s
, for s > 0. Then ψs, fψs ∈ H∞0 (Σφ) and

‖fψs‖H∞(Σφ) ≤ Ks‖f‖H∞(Σφ),

where K = ‖ψ1‖H∞(Σφ). Thus ‖(fψs)(A)‖ ≤ C‖f‖H∞(Σφ)K
s. The Convergence

Lemma is again employed to deduce that f(A) ∈ B(X) and (fψs)(A) → f(A)

strongly as s→ 0. This yields ‖f(A)‖ ≤ C‖f‖H∞(Σφ), as required.

Using a similar argument, we can establish suitable versions of (i) ⇔ (ii) for

strip-type and half-plane operators, with the class H∞0 replaced by the class of scalar

functions on which the primary functional calculus for the operator is defined.

By a shifting argument, we can formulate a version of Proposition 3.3.7 for

half-plane operators which includes estimates on rational functions. This will be

discussed in more detail when it is needed in Chapter 5.

3.4 The logarithm of a sectorial operator

So far our study of strip-type operators has been from the viewpoint of C0-group

generators. However, there is another way in which they arise, which allows one to

reconcile this class of operators with the more familiar family of sectorial operators.

Starting with an injective sectorial operator A, note that the function log z has
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subpolynomial growth at 0 and ∞. In particular, it can be regularised by e(z) =
z

(1+z)2
and so we define

logA := (log z)(A).

The logarithm of an injective sectorial operator was first introduced by Nollau [56],

in which he proved the following fundamental identity. An adapted proof can be

found in [34, Lemma 3.5.1].

Lemma 3.4.1. (Nollau representation) Let A ∈ Sect(w) be injective. If | Imλ| >
π then λ ∈ ρ(logA) and

R(λ, logA) =

∫ ∞
0

−1

(λ− log t)2 + π2
(t+A)−1 dt. (3.4.1)

Hence ‖R(λ, logA)‖ ≤ π CA (| Imλ| − π)−1.

A simple scaling argument [34, Proposition 3.5.2] confirms that the logarithm of

an injective sectorial operator yields an operator of (strong) strip-type. By a suit-

able version of the composition rule (see, for example, [34, Theorem 4.2.4]) we have

elogA = A. The converse does not hold in general, as the following example illus-

trates.

Example 3.4.2. Consider the operator B = −i d
dt acting on X = L1(R), with do-

main W 1,1(R). Then B is a strong-strip type operator of type zero since iB generates

a strongly continuous group of isometries. However, eB has empty resolvent set and

so is not sectorial (see [34, Corollary 8.4.6]).

The inversion problem deals with seeking conditions on a strip-type operator B

to ensure that eB is sectorial. Results due to Monniaux [54] and Clark [12] offer

partial results in this direction. It turns out that boundedness of the H∞-calculus is

sufficient. Indeed, a simple argument involving the composition rule again delivers

the following two way correspondence between sectorial and strip-type operators.

Proposition 3.4.3. Let A ∈ Sect(w) be injective, B = logA, θ ∈ (w, π]. If A

admits a bounded H∞-calculus on Σθ, then B admits a bounded H∞(Hθ)-calculus.

Conversely, if B ∈ Strip(w) admits a bounded H∞-calculus on Hθ then A = eB is

sectorial and admits a bounded H∞-calculus on Σθ. In each case, for every f ∈
H∞(Hθ) we have f(B) = (f ◦ log)(A).

We will usually work with sectorial operators which have dense domain and

range. Moreover, strip-type operators will usually be densely defined. The following

result shows that we can pass between the two via logarithms and exponentials.
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Proposition 3.4.4. If A is a sectorial operator with dense domain and range then

logA, which is well-defined since A is injective, is densely defined. Conversely if B

is a densely defined strip-type operator and B = logA for some sectorial operator

A, then A is densely defined with dense range.

Proof. Let A be sectorial with dense domain and range. Then A∗ is a well-defined

injective sectorial operator (see Remark 3.2.8) and by (3.4.1) we have

R(λ, logA∗) = R(λ, logA)∗ .

Thus if logA is not densely defined then there is a non-zero x∗ ∈ X∗ such that

0 = x∗◦R(λ, logA) = R(λ, logA∗)x∗. But R(λ, logA∗) is injective which contradicts

the fact that x∗ is non-zero. Hence logA has dense domain.

To prove the converse, note that by (3.4.1), D(logA) ⊆ D(A). Since − logA =

logA−1, we also have D(logA) ⊆ R(A). Thus A has dense domain and range.

3.5 m-bounded H∞-calculus

In this section we introduce the notion of an m-bounded H∞-calculus for strip-

type operators, which requires estimates on derivatives of scalar functions only.

This definition turns out to be equivalent to the usual notion of bounded H∞-

calculus, but provides a broader framework with which to view the condition. We

can establish a corresponding notion for sectorial operators, which again is equivalent

to boundedness of the H∞-calculus. Although this may seem to make the notion

trivial, there are two reasons why it is interesting. Firstly, it is m-boundedness that

is naturally related to certain resolvent estimates (see Section 4.3). Secondly, the

situation for half-plane operators is somewhat different and m-boundedness appears

more naturally in the characterisations for these operators - we refer to Section 5.2

for more details.

In the sequel, for a scalar function f and integer m ≥ 0, f (m) denotes the mth

derivative of f . Furthermore throughout this section we will assume that strip-type

operators are densely defined and that sectorial operators have dense domain and

range (see Remarks 2.2.2 and 2.3.3).

Definition 3.5.1. Let A ∈ Strip(w), v > w. Then A is said to admit an m-bounded

H∞-calculus on Hv if f (m)(A) ∈ B(X) for all f ∈ H∞(Hv) and there is a constant

C such that

‖f (m)(A)‖ ≤ C‖f‖H∞(Hv) . (3.5.1)
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We say A admits an m-bounded calculus of type v if it admits an m-bounded calculus

on Hṽ for every ṽ > v.

It is an immediate consequence of Cauchy’s Integral Formula that if f ∈ H∞(Hv)

then f (m) ∈ H∞(Hu) for any w < u < v and m ≥ 0. Thus, f (m)(A) exists as a closed,

densely defined operator via the natural functional calculus for A. Moreover, if A

admits an m-bounded H∞-calculus then it admits an (m+1)-bounded H∞-calculus

on any larger strip. We have the following useful approximation lemma.

Lemma 3.5.2. With A as above and any m, it is sufficient for A to admit an

m-bounded H∞-calculus that the estimate (3.5.1) holds for each f ∈ H∞1 (Hv).

Proof. Suppose (3.5.1) holds for the class H∞1 (Hv) and let f ∈ H∞(Hv). Define

fn = fφn, where φn(z) = ( in
in+z )2. Let w < u < v. Then for suitably large n and a

constant C independent of n,

• fn ∈ H∞1 (Hu)

• f (m)
n → f (m) pointwise on Hu

• ‖fn‖H∞(Hu) ≤ C‖f‖H∞(Hu)

By the Convergence Lemma for strip-type operators (Proposition 3.3.4), we deduce

f (m)(A) is bounded with

‖f (m)(A)‖ ≤ C‖f‖H∞(Hu) ≤ C‖f‖H∞(Hv).

Of course, for m = 0 we are reduced to the usual notion of bounded H∞-calculus.

In fact, the property is independent of m.

Proposition 3.5.3. Let A ∈ Strip(w) and suppose A admits an m-bounded H∞-

calculus on Hv, v > w. Then A also admits a bounded H∞-calculus on Hv.

Proof. Fix f ∈ H∞(Hv) and for fixed s ∈ R define g(z) = eizs and observe that by

the m-boundedness assumption, g(A) ∈ B(X). Then g ∈ H∞(Hv) and we have

(fg)(m) =
m−1∑
j=0

(
m

j

)
f (j)g(m−j) + f (m)g

=

m−1∑
j=0

(is)m−j
(
m

j

)
f (j)g + f (m)g .
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By the m-boundedness assumption and Lemma 3.1.4 (iii), we have that (fg)(m)(A)

and (f (m)g)(A) are bounded. Furthermore g(A) is invertible with inverse e−isA.

Hence by Lemma 3.1.4 (iii) again, we deduce that for every s ∈ R,

[m−1∑
j=0

(is)m−j
(
m

j

)
f (j)

]
(A) ∈ B(X) . (1)

Replacing s with 2s gives

[m−1∑
j=0

2m−j(is)m−j
(
m

j

)
f (j)

]
(A) ∈ B(X) . (2)

Combining (1) and (2) and using Lemma 3.1.4 again, we arrive at

[m−2∑
j=0

(2m−j − 2)(is)m−j
(
m

j

)
f (j)

]
(A) ∈ B(X) .

Continuing in this way a further (m− 2) times, we eventually obtain

[m−1∏
j=1

(is)m(2m − 2j)f
]
(A) ∈ B(X).

Thus the operator f(A) is bounded and the result is proven.

Note that we did not need the estimate (3.5.1) in this proof, but only the assumption

that the operator f (m)(A) is bounded for f ∈ H∞(Hv). In particular, this shows

that (3.5.1) is automatic once we know that the operators f (m)(A) are bounded.

We now seek to extend the notion of an m-bounded H∞-calculus to sectorial

operators, which in view of Proposition 3.5.3 should be equivalent to boundedness

of the H∞-calculus. In fact we can extract a natural definition of m-bounded H∞-

calculus for sectorial operators via the one already in place for strip-type operators.

Definition 3.5.4. Let A ∈ Sect(w), θ > w. Then A is said to admit an m-bounded

H∞-calculus on Σθ if the operator logA admits an m-bounded H∞-calculus on Hθ.

By Proposition 3.5.3 it follows that this definition is independent of m and therefore

equivalent to boundedness of the H∞-calculus for sectorial operators. Consider the

case m = 1. Given a function f ∈ H∞(Σθ), define g ∈ H∞(Hθ) by g(z) = f(ez).

Then g′(z) = ezf(ez). Conversely, from g ∈ H∞(Hθ) define f ∈ H∞(Σθ) by f(z) =

g(log z), then zf ′(z) = g′(log z). Thus the following result is immediate.
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Corollary 3.5.5. Let A ∈ Sect(w), θ > w. Then A admits a 1-bounded H∞-calculus

on Σθ if and only if there exists a constant C such that for each f ∈ H∞(Σθ),

Af ′(A) ∈ B(X) and

‖Af ′(A)‖ ≤ C‖f‖H∞(Σθ) . (3.5.2)

We remark that since derivatives of H∞-functions on sectors need not be bounded

(consider for example, f(z) = zis, s ∈ R), it would have been naive to merely import

the definition of m-boundedness for sectorial operators from the one for strip-type

operators. This is reinforced by the next two results. By H̃∞(Σθ) we denote the

space of functions f ∈ H∞(Σθ) for which f ′ ∈ H∞(Σθ).

Proposition 3.5.6. Let A be an invertible sectorial operator, θ > φA. Then for

every f ∈ H̃∞(Σθ), f
′(A) is bounded and there exists C such that for every such f ,

‖f ′(A)‖ ≤ C‖f‖H∞(Σθ) .

Proof. We write for every f ∈ H̃∞(Σθ) and z ∈ Σθ,

f ′(z) =

(
1 +

1

z

)
g(z),

where g(z) =
(

z
z+1f

′(z)
)
∈ H∞0 (Σθ). By the extended functional calculus for in-

vertible sectorial operators,
(
1 + 1

z

)
(A) = 1 + A−1 is bounded and f ′(A) ∈ B(X)

with

‖f ′(A)‖ ≤ ‖(1 +A−1)‖
∥∥∥∥∫

Γr,θ

λ

λ+ 1
f ′(λ)R(λ,A) dλ

∥∥∥∥
≤ C‖f‖H∞(Σθ)

∫
Γr,θ

1

|λ+ 1|
|dλ|
|λ|

≤ C‖f‖H∞(Σθ),

where Γr,θ is the contour (−∞, r]e−iθ ∪rei[−θ,θ]∪ [r,∞)eiθ and r is sufficiently small.

Proposition 3.5.7. Let A be a sectorial operator, θ ∈ (φA, π), and suppose there

exists a constant C such that for every f ∈ H∞(Σθ), f
′(A) ∈ B(X) with

‖f ′(A)‖ ≤ C‖f‖H∞(Σθ) . (3.5.3)

Then A is invertible.
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Proof. For ε > 0, define the function fε by fε(z) = (ε + z)
1
2 (1 + z)−1. Then fε ∈

H∞(Σθ) and f
′
ε(z) = 1

2(ε+ z)−
1
2 (1 + z)−1− (ε+ z)

1
2 (1 + z)−2. Thus by (3.5.3) there

exists a constant C independent of ε ∈ (0, 1) such that

‖1

2
(ε+A)−

1
2 (1 +A)−1 − (ε+A)

1
2 (1 +A)−2‖ ≤ C‖fε‖H∞(Σθ) ≤ C . (3.5.4)

Moreover, (ε+A)
1
2 (1+A)−2 is a closed operator whose domain contains the domain of

the bounded operator A
1
2 (1+A)−2. Thus, for ε ∈ (0, 1) the operator (ε+A)

1
2 (1+A)−2

is bounded. By [4, Proposition 3.8.2] these operators converge strongly to A
1
2 (1 +

A)−2 as ε → 0, thus supε∈(0,1) ‖(ε+A)
1
2 (1 +A)−2‖ < ∞. Combining this with

(3.5.4), the operators Tε := (ε + A)−
1
2 (1 + A)−1 are bounded with norm uniformly

bounded in ε ∈ (0, 1). Let cε = 1
1−ε , then

[
(ε+A)−

1
2 (1 +A)−1

]2
=

cε
ε+A

− cε
2

(1 +A)2
− cε

1 +A
.

Thus it follows that

C := sup
ε∈(0, 1

2

‖(ε+A)−1‖ <∞ .

The invertibility of A now follows from the identity I = ε(ε + A)−1 + A(ε + A)−1

and the density of the range of A, i.e. we have for every x ∈ D(A),

‖x‖ ≤ C(ε‖x‖+ ‖Ax‖)

and so, letting ε→ 0,

‖x‖ ≤ C‖Ax‖

for every x ∈ D(A).

3.6 Operator-valued and joint functional calculus

There are two main ways in which the functional calculus can be extended, which

are both well established. The first is to consider operator-valued functions. There

are many approaches to this; the simplest is to extend the construction in the scalar-

valued situation described already. Our discussion will be largely confined to secto-

rial operators, but the notions have natural extensions to strip-type and half-plane

operators.

Given a sectorial operator A we define the commutant of A in B(X) by

EA = {T ∈ B(X) : TR(λ,A) = R(λ,A)T ∀λ ∈ ρ(A)}.
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This is clearly a closed subalgebra of B(X). Next, for φ > φA, we defineH∞(Σφ;EA)

to be the space of all bounded holomorphic functions F : Σφ → EA and the cor-

responding subspace H∞0 (Σφ;EA) of all functions F for which there exist C, ε > 0

such that

‖F (λ)‖B(X) ≤ C|Φ(λ)|ε for all λ ∈ Σφ,

where Φ is as defined in (3.2.1). Analogously to the scalar case, for F ∈ H∞0 (Σφ;EA)

we define F (A) ∈ B(X) by

F (A) =
1

2πi

∫
Γθ

F (λ)R(λ,A) dλ,

where θ ∈ (φA, φ). Again our aim is to extend this definition to functions in

H∞(Σφ;EA). To do so, note that we can identify H∞(Σφ) with a subspace of

H∞0 (Σφ;EA) via the map

f → F, F (λ) = f(λ)I.

Then certainly Φ ∈ H∞0 (Σφ;EA) with Φ(A) = A(I +A)−2. Moreover, this operator

is injective when A is injective and it has range D(A) ∩ R(A). Hence we regularise

as before, i.e. for F ∈ H∞0 (Σφ;EA) we define the operator F (A) by

F (A) = Φ(A)−1(FΦ)(A),

with natural domain

D(F (A)) = {x ∈ X : (FΦ)(A)x ∈ D(A) ∩R(A)}.

Definition 3.6.1. A is said to admit a bounded H∞(Σφ;EA)-functional calculus if

for every F ∈ H∞(Σφ;EA) the operator F (A) is bounded and there exists a constant

C such that for every such F ,

‖F (A)‖ ≤ C sup{‖F (λ)‖ : λ ∈ Σφ} .

The other extension of the functional calculus is to a finite family of sectorial

operators which are pairwise resolvent commutative. We follow the approach intro-

duced in [48] as it is analogous to the functional calculus we have developed already

for a single operator. Moreover since our interest lies with pairs of operators (A,B),

we will consider the case n = 2 only. The following considerations have natural

generalisations to the case n > 2, which can be found in [44].
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Let A and B be two sectorial operators with spectral angles φA and φB respec-

tively. For θ, θ′ ∈ (0, π) we denote by H∞(Σθ × Σθ′) the Banach algebra of all

bounded holomorphic scalar-valued functions on Σθ × Σθ′ and define Ψ by

Ψ(z, w) = Φ(z)Φ(w) =
zw

(1 + z)2(1 + w)2
.

Then we define H∞0 (Σθ×Σθ′) to be the subspace of functions f for which there exist

C, ε > 0 such that

|f(λ1, λ2)| ≤ C|Ψ(λ1, λ2)|ε for all (λ1, λ2) ∈ Σθ × Σθ′ .

Then for φ > φA, φ
′ > φB and F ∈ H∞0 (Σφ × Σφ′) we define

F (A,B) = − 1

4π2

∫
Γθ×Γ′θ

F (λ, λ′)R(λ,A)R(λ′, B) dλ dλ′,

with (θ, θ′) ∈ (φA, φ)× (φB, φ
′). This integral converges in B(X) and is independent

of the choice of (θ, θ′). To define F (A,B) for general F ∈ H∞(Σφ×Σφ′) we proceed as

in the one-variable case. The operator Ψ(A,B) = A(A+I)−2B(B+I)−2 is injective

when A and B are injective. Moreover, for F ∈ H∞(Σφ × Σφ′), the function FΨ

belongs to H∞0 (Σθ × Σθ′). Thus Ψ regularises any such F so that we may define

F (A,B) = Ψ(A,B)−1(FΨ)(A,B).

We say that (A,B) admits a bounded H∞(Σφ × Σφ′)-joint functional calculus if

F (A,B) is a bounded operator for every F ∈ H∞(Σφ × Σφ′). Analogously to the

single operator case (see Propositions 3.3.6 and 3.3.7), we have the following.

Proposition 3.6.2. Let A and B be sectorial operators and let φ, φ′ be such that

φ > φA and φ′ > φB. Then the following assertions are equivalent.

1. (A,B) admits a bounded H∞(Σφ × Σφ′)-joint functional calculus;

2. there exists a constant C > 0 such that for all F ∈ H∞0 (Σφ×Σφ′), ‖F (A,B)‖ ≤
C‖F‖H∞(Σφ×Σφ′ )

;

3. there exists a constant C > 0 such that for all F ∈ H∞(Σφ ×Σφ′), F (A,B) ∈
B(X) and ‖F (A,B)‖ ≤ C‖F‖H∞(Σφ×Σφ′ )

.

In this case the map F → F (A,B) is a (bounded) algebra homomorphism H∞(Σφ×
Σφ′)→ B(X).
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If f is regularisable in the functional calculus for the single operator A, then we

can identify it with a function regularisable in the joint functional calculus for the

pair of operators (A,B). More precisely, on appropriate sectors define F (z, w) =

f(z). If e(z) is a regulariser for f , it is easy to show that E(z, w) = e(z)Φ(w) is

a regulariser for F . Moreover, F (A,B) = f(A). In particular, this shows that if

(A,B) admits a bounded H∞-joint functional calculus on Σφ × Σφ′ , then A and B

admit bounded H∞-calculi on Σφ, Σφ′ respectively. The converse does not hold in

general.

The triple (H∞0 (Σφ × Σφ′),M(Σφ × Σφ′),Λ), where Λ denotes the map f 7→
f(A,B), is an abstract functional calculus. Using Proposition 3.6.2, we can obtain

the following version of Lemma 3.1.4.

Lemma 3.6.3. Let (A,B) be a pair of commuting sectorial operators, φ ∈ (φA, π), φ′ ∈
(φB, π). Let f ∈M(Σφ × Σφ′)r. Then the following properties hold.

(i) If T ∈ B(X) commutes with A and B (in the sense of resolvents) then it also

commutes with f(A,B). Moreover, if f(A,B) ∈ B(X) then f(A,B) commutes

with A and B.

(ii) For λ /∈ Σφ, µ /∈ Σφ′, the functions

1 : (z, w)→ 1, z : (z, w)→ z, w : (z, w)→ w

fλ : (z, w)→ (λ− z)−1, gµ : (z, w)→ (µ− w)−1

are all regularisable with

1(A,B) = I, z(A,B) = A, w(A,B) = B,

fλ(A,B) = R(λ,A), gµ(A,B) = R(µ,B).

(iii) If g ∈M(Σφ × Σφ′)r then

f(A,B) + g(A,B) ⊆ (f + g)(A,B) and (fg)(A,B) ⊆ f(A,B)g(A,B) .

Furthermore, D(f(A,B)g(A,B) = D((fg)(A,B)) ∩D(g(A,B))), and equality

holds in the above inclusions if g(A,B) is bounded.

(iv) The map f → f(A,B) : M(Σφ × Σφ′)b → B(X) is a homomorphism of alge-

bras.
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(v) If g ∈M(Σφ × Σφ′)b is such that g(A,B) is injective then

f(A,B) = g(A,B)−1f(A,B)g(A,B) .

(vi) For λ ∈ C,

(λ− f)−1 ∈M(Σφ × Σφ′)r ⇔ λ− f(A,B) is injective .

In this case, (λ− f)−1(A,B) = (λ− f(A,B))−1. In particular, λ ∈ ρ(f(A,B))

if and only if (λ− f)−1 ∈M(Σφ × Σφ′)b.

In a similar manner we can define the joint functional calculus for a pair of com-

muting strip-type operators. The following definition and result are then a natural

extension of the single operator case.

Definition 3.6.4. Let A,B be a pair of densely defined commuting strip-type op-

erators, k, l ∈ N. (A,B) is said to admit a (k, l)-bounded H∞-calculus on Hv ×Hw,

v > wstA , w > wstB , if for every f ∈ H∞(Hv ×Hw), [ ∂k+l

∂zk∂wl
f ](A,B) ∈ B(X).

Proposition 3.6.5. Let A,B be as above and suppose (A,B) admits a (k, l)-bounded

H∞-calculus on Hv ×Hw. Then (A,B) admits a bounded joint functional calculus

on Hv ×Hw.

Proof. Given f ∈ H∞(Hv ×Hw) and s ∈ R, define g ∈ H∞(Hv ×Hw) by g(z, w) =

eizseiswf(z, w). Then

∂k+l

∂zk∂wl
g = eizseisw

[ l∑
r=0

k∑
j=0

(is)l−r+k−jl

(
l

r

)(
k

j

)
∂j+r

∂zj∂wr
f

]
.

By our assumption, for s 6= 0 [eiszeisw](A,B) =
[
(is)−k+l ∂k+l

∂zk∂wl
eiszeisw

]
(A,B) ∈

B(X) and so we have

[ l∑
r=0

k∑
j=0

(is)l−r+k−j
(
l

r

)(
k

j

)
∂j+r

∂zj∂wr
f(A,B)

]
∈ B(X) . (1)

Replacing s by 2s gives

[ k+l∑
p=0

∑
r+j=p

2l+k−p(is)l+k−p
(
l

r

)(
k

j

)
∂j+r

∂zj∂wr
f(A,B)

]
∈ B(X) . (2)
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Combining (1) and (2) gives

[ k+l−2∑
p=0

∑
r+j=p

(2l+k−p − 2)(is)l+k−p
(
l

r

)(
k

j

)
∂j+r

∂zj∂wr
f(A,B)

]
∈ B(X) .

Continuing in this way we eventually arrive at f(A,B) ∈ B(X), as in the proof of

Proposition 3.5.3 .

Analogously to the single operator case (see Definition 3.5.4), we say that a com-

muting pair (A,B) of sectorial operators has a joint (k, l)-bounded joint functional

calculus if (logA, logB) does so. By Proposition 3.6.5 this is equivalent to (A,B)

having a bounded joint functional calculus. For example, a (1, 1)-bounded joint

functional calculus corresponds to the condition that for every f ∈ H∞,

AB
∂2

∂z∂w
f(A,B) ∈ B(X) .

3.7 R-boundedness

As mentioned in the introduction, the property of R-boundedness is important in

the theory of operator sums. In this section we provide a brief overview of the wide

reaching and well established theory behind this concept. We refer to [47, Chapter

2] and [20], from which much of the material in this section is taken, for more details.

We denote by (rj)
∞
j=1 a Rademacher sequence on [0, 1], that is, a sequence of

independent random variables on [0, 1] such that P(rj = 1) = P(rj = −1) = 1/2 for

all j ≥ 1 (where P denotes the Lebesgue measure on R). For example, we can define

rj(t) = sgn sin(2jπt) for all j ≥ 1 and t ∈ [0, 1].

For a finite subset {x1, . . . , xn} of X we set

∥∥∥ n∑
j=1

rjxj

∥∥∥
Radp(X)

=
(
E
∥∥∥ n∑
j=1

rjxj

∥∥∥p)1/p

=
(∫ 1

0

∥∥∥ n∑
j=1

rj(t)xj

∥∥∥p
X

dt
)1/p

,

where p ∈ [1,∞).

Definition 3.7.1. A subset τ ⊆ B(X) is said to be R-bounded if there exists a
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constant C such that

∥∥∥ n∑
j=1

rjTjxj

∥∥∥
Rad2(X)

≤ C
∥∥∥ n∑
j=1

rjxj

∥∥∥
Rad2(X)

(3.7.1)

for all T1, . . . , Tn ∈ τ and x1, . . . , xn ∈ X. The R-bound of τ is the smallest constant

C for which (3.7.1) holds, denoted by R(τ).

The following well known result tells us that we can replace the Rad2(X) norm

in Definition 3.7.1 by the Radp(X) norm for any p ∈ [1,∞). We refer to [47, Chapter

2] for a proof.

Theorem 3.7.2. (Kahane’s Inequality): Let p ∈ [1,∞). Then there exists a con-

stant Cp such that

1

Cp

∥∥∥ n∑
j=1

rjxj

∥∥∥
Rad2(X)

≤
∥∥∥ n∑
j=1

rjxj

∥∥∥
Radp(X)

≤ Cp
∥∥∥ n∑
j=1

rjxj

∥∥∥
Rad2(X)

for all x1, . . . , xn ∈ X.

We mention another famous inequality for the case X = C which enables us to

estimate Lp-norms of sums of Rademacher functions (see [47, Chapter 2]).

Theorem 3.7.3. (Khinchine’s Inequality): Let p ∈ [1,∞). Then there exists a

constant Cp such that

1

Cp

( n∑
j=1

|aj |2
)1/2

≤
∥∥∥ n∑
j=1

ajrj

∥∥∥
Radp(C)

≤ Cp
( n∑
j=1

|aj |2
)1/2

for all a1, . . . , an ∈ C.

Here we gather some important properties of R-boundedness. For the proofs and

more results on R-boundedness we refer to [47, Chapter 2] and [20].

Proposition 3.7.4. Let σ and τ be R-bounded sets.

(i) The sets

σ + τ = {S + T : S ∈ σ, T ∈ τ} and σ ◦ τ = {ST : S ∈ σ, T ∈ τ}

are R-bounded with R(σ + τ) ≤ R(σ) +R(τ) and R(σ ◦ τ) ≤ R(σ)R(τ).

(ii) The sets σ ∪ τ and σ ∪ {0} are R-bounded with R(σ ∪ τ) ≤ R(σ) +R(τ) and

R(σ ∪ {0}) = R(σ).
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(iii) If (σi)i∈N is a sequence of R-bounded sets with σi ⊆ σi+1 and supiR(σi) <∞
then

⋃
i σi is R-bounded with R(

⋃
i σi) ≤ supiR(σi).

(iv) The convex hull, absolute convex hull absco(σ) = {
∑n

k=1 λkSk : n ∈ N, Sk ∈
σ, λk ∈ C,

∑n
k=1 |λk| = 1} and their closures in the strong operator topology

are R-bounded with

R(co(σ)
s
) ≤ R(σ) and R(absco(σ)

s
) ≤ 2R(σ) .

(v) If X has non-trivial type (see Section 6.3 for a definition) then σ∗ = {S∗ : S ∈
σ} is R-bounded with R(σ∗) ≤ R(σ).

Using these basic properties, we can establish the following useful result which

will be employed in the proof of Theorem 6.2.5.

Proposition 3.7.5. Let (σi)i∈N be a sequence of R-bounded sets such that
∑

iR(σi) <

∞. Then
∑

i σi is R-bounded with R(
∑

i σi) ≤
∑

iR(σi).

Proof. Define τn =
∑n

i=1{σi∪{0}}, then τn ⊆ τn+1 for each n. By Proposition 3.7.4

(i)−(iii) we have that
⋃
n τn is R-bounded with R-bound at most

∑
iR(σi). Taking

the strong closure of
⋃
n τn and applying (iv) now yields the result, since this set

contains
∑

i σi.

We will also need the following important R-boundedness result for integrals [47,

Corollary 2.14]:

Proposition 3.7.6. Let τ be an R-bounded set. For every strongly measurable

function N : Ω → τ on a σ-finite measure space Ω and every h ∈ L1(Ω, µ), define

TN,h ∈ B(X) by

TN,hx =

∫
Ω
h(w)N(w)x dµ(w), x ∈ X .

Then σ = {TN,h : ‖h‖L1 ≤ 1, N as above} is R-bounded with R(σ) ≤ 2R(τ).

Recall that a key component of the definition of a sectorial operator A is the

condition that the set

{t(t+A)−1 : t > 0}

is uniformly bounded. With our updated catalogue of definitions we can modify this

notion.
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Definition 3.7.7. A sectorial operator A on a Banach space X is said to be R-

sectorial if the set {t(t + A)−1 : t > 0} is R-bounded. In this case we define φRA

by

φRA = inf{θ ∈ (φA, π) : R({λ(λ+A)−1 : | arg λ| ≤ π − θ}) <∞}.

We can also reconcile these notions to strengthen the definition of a bounded

H∞-calculus.

Definition 3.7.8. A sectorial operator A on a Banach space X is said to ad-

mit a bounded RH∞-calculus if there exists σ ∈ (0, π) such that the set {f(A) :

‖f‖H∞(Σσ) ≤ 1} is R-bounded. In this case we define φRHA to be the infimum of all

such σ.

It is known (see, for example, [47, Chapter 2]) that on Hilbert space, R-boundedness

is actually equivalent to uniform boundedness, so that these notions are no different

to those already considered. However, this is not true on general Banach space, as

the following example illustrates.

Example 3.7.9. Let X = Lp(R), with p ∈ [1, 2). For n = 0, 1, 2, . . . , define Tn to

be the right-shift operator given by

Tnf(t) = f(t− n)

for all f ∈ X, t ∈ R. Then certainly Tn ∈ B(X) for all n with ‖Tn‖ = 1. So the

set τ = {Tn : n = 0, 1, 2, . . . , } is uniformly bounded. We claim the set τ fails to be

R-bounded. To see this, consider the characteristic functions defined by fn = χ[0,1]

for each n. Then for each n we have

∥∥∥( n−1∑
j=0

|Tjfj |2
)1/2∥∥∥

X
= ‖X[0,n]‖X = n1/p

and ∥∥∥( n−1∑
j=1

|fj |2
)1/2∥∥∥

X
= ‖n1/2X[0,1]‖X = n1/2.

Clearly then there is no constant C such that (3.7.1) holds and so τ is not R-bounded.

We can similarly use R-boundedness to define R-strip-type and R-half-plane

operators, with extensions to the functional calculus as described above. We omit

the details.

49



4 Characterisations of the bounded H∞-calculus for sec-

torial and strip-type operators

A powerful tool in the theory of the bounded H∞-calculus is to reduce the property

to an estimate involving a more specific family of operators, such as resolvent powers.

In the Hilbert space setting, McIntosh [53] obtained a characterisation for sectorial

operators in terms of these so-called square function (or quadratic) estimates. This

condition, which we call absolute calculus, is too strong in general and so needs to be

weakened in general Banach space. This gives rise to Rademacher square function

estimates, which were shown by Kalton and Weis [44] to characterise the bounded

H∞-calculus in general Banach space. These estimates also appear in a character-

isation from [47, Chapter 12], where the argument incorporates an equivalance of

bounded H∞-calculus with weak integral estimates, which is actually a special case

of an earlier, more general characterisation due to Cowling et al [16].

In principle, one can then deduce the theory for strip-type operators by taking

exponentials. In general, however, the exponential of a strip-type operator is not

easily identified and so it is more useful to develop a parallel theory on strips. Our

aim in this chapter, therefore, is to obtain an analogous but independent charac-

terisation for strip-type operators. As a starter, we consider what the appropriate

square function estimates are when working on strips, rather than sectors. In Section

4.1 we introduce a notion of absolute calculus for strip-type operators in a manner

that corresponds in a reasonable way with the definition for sectorial operators. By

this we mean that if A is a sectorial operator with absolute calculus then logA has

absolute calculus as a strip-type operator and, conversely, if B is a strip-type opera-

tor with absolute calculus then eB is sectorial with absolute calculus. By exploiting

this connection, we will show that the absolute calculus is equivalent to boundedness

of the H∞-calculus on Hilbert space.

Moving to the more general Banach space setting, in Section 4.2 we explore

the known characterisations of the bounded H∞-calculus in terms of Rademacher

square function estimates. First, we summarise the results of [44], [47] and [16] for

sectorial operators. Moving on to strips, we present a modification of this theory by

introducing Rademacher square function estimates for strip-type operators. With

the help of [76] this allows for a characterisisation of the bounded H∞-calculus for

strip-type operators in terms of these estimates, by passing through weak integral

estimates in a manner similar to [16]. The class of functions allowed in the arguments

from [76] is restrictive; in particular, they do not allow for estimates on a single
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resolvent power. Employing the notion of an m-bounded H∞-calculus from Section

3.5, and its equivalence to the boundedness of the H∞-calculus for sectorial and

strip-type operators, in Section 4.3 we will refine the arguments of [16] and [76] to

broaden the class of functions involved in these characterisations. This will allow us

to incorporate weak integral estimates and, in turn, Rademacher estimates, in our

characterisation for strip-type operators.

Finally in Section 4.4 we extend these considerations to a pair of (commuting)

operators, by first obtaining analogous square function characterisations and then

refining these conditions via an adapted form of the m-bounded calculus for two

operators.

Throughout this chapter, sectorial operators will be assumed to have dense do-

main and range and strip-type operators will be assumed to have dense domain (see

Remark 2.2.2, Remark 2.3.3 and Proposition 3.4.4).

4.1 Absolute calculus

The notion of an absolute calculus has received much coverage in the literature,

though in different guises. Here we collect some important results that highlight

the relative strength of this property over the usual notion of bounded H∞-calculus.

For a sectorial operator A on a Banach space X and scalar function ψ ∈ H∞0 (Σφ),

φ > φA, we define the quadratic norm associated to ψ by

‖x‖A,ψ =
{∫ ∞

0
‖ψ(tA)x‖2 dt

t

} 1
2
,

which indeed defines a norm on the space XA,ψ of all elements x for which this

integral is finite.

Definition 4.1.1. A is said to have absolute calculus (on Σθ) if for some ψ ∈
H∞0 (Σθ)

XA,ψ = X and ‖x‖ ∼ ‖x‖A,ψ. (4.1.1)

In fact, the space XA,ψ is independent of the choice of ψ ∈ H∞0 (Σφ) and θ ∈ (φA, π),

due to the following result from [1, Section 3].

Proposition 4.1.2. Given (non-zero) functions φ ∈ H∞0 (Σθ1) and ψ ∈ H∞0 (Σθ2),

with θ1, θ2 > φA, there exists a constant C such that for every f ∈ H∞(Σθ3), θ3 ∈
(φA, π) and every x ∈ XA,φ ∩D(f(A)), we have f(A)x ∈ XA,ψ and

‖f(A)x‖A,ψ ≤ c‖f‖H∞‖x‖A,φ .
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The choice f = 1 then yields the equivalence of the quadratic norms on the space

XA,ψ, which we can denote XA without ambiguity. Thus, when speaking of absolute

calculus, it is understood that X = XA and that all of these norms are equivalent

to the original norm on X. Furthermore, the minimal angle of absolute calculus is

always φA. The proof of Proposition 4.1.2 relies upon the following useful auxiliary

lemma from [1]. Here, ψt is the function defined by ψt(z) = ψ(tz).

Lemma 4.1.3. Let A, ψ, φ and θ be as above. Then there exists a constant C such

that

(i) ‖(fψt)(A)‖ ≤ C ‖f‖H∞(Σθ) for all f ∈ H∞(Σθ), t > 0 and

(ii)

{∫ ∞
0

∥∥∥∥∥
∫ β

α
ψτ (A)φt(A)g(τ)

dτ

τ

∥∥∥∥∥
2
dt

t

} 1
2

≤ C

{∫ β

α
‖g(τ)‖2 dτ

τ

} 1
2

for all 0 < α < β <∞ and continuous functions g : [α, β]→ X.

We omit the proof here, as the core ingredients will be present in the analogous result

for strip-type operators (see Lemma 4.1.10). Lemma 4.1.3 can also be employed to

describe the absolute calculus property in terms of a dual condition.

Proposition 4.1.4. A admits an absolute calculus (on Σθ) if and only if for some/all

non-zero ψ ∈ H∞0 (Σθ) there exists a constant C such that for every x ∈ X,∫ ∞
0
‖ψ(tA)x‖2 dt

t
≤ C ‖x‖2 (4.1.2)

and for every y ∈ X∗, ∫ ∞
0
‖ψ(tA∗)y‖2 dt

t
≤ C ‖y‖2 . (4.1.3)

In this case we say that the pairs {A,ψ} and {A∗, ψ} satisfy quadratic estimates.

Note that, by the Closed Graph Theorem, (4.1.2) and (4.1.3) are equivalent to

having, for every x ∈ X and y ∈ X∗,∫ ∞
0
‖ψ(tA)x‖2 dt

t
<∞ and∫ ∞

0
‖ψ(tA∗)y‖2 dt

t
<∞ .

We will now verify that absolute calculus is indeed a strengthening of the usual

notion of bounded H∞-calculus. To this end, let us first note that our definition of
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absolute calculus implies the following one given by Kucherenko in [46], which we

shall refer to as K-absolute calculus for clarity. Here ψδ(z) = zδ

(1+z)2δ
.

Definition 4.1.5. Let A be sectorial, θ ∈ (φA, π). Then A is said to haveK-absolute

calculus on Σθ if there exist g ∈ H∞0 (Σθ) and C, δ > 0 such that

‖ψδ(tA)g(tA)x‖ ≤ ‖g(tA)y‖ (0 < t <∞)⇒ ‖x‖ ≤ C ‖y‖.

Proposition 4.1.6. Let A be a sectorial operator with absolute calculus. Then A

has K-absolute calculus on Σθ for every θ > φA.

Proof. Assuming that A has absolute calculus, we can choose (any) g ∈ H∞0 (Σθ) for

which ‖x‖ ∼ ‖x‖A,g. Then whenever ‖ψδ(tA)g(tA)x‖ ≤ ‖g(tA)y‖, it follows that

‖x‖ ≤ C
{∫ ∞

0
‖(ψδg)(tA)x‖2 dt

t

} 1
2

≤ C
{∫ ∞

0
‖g(tA)y‖2 dt

t

} 1
2

≤ C‖y‖,

where C depends only on g and ψδ.

We can now employ a result of Kucherenko [46, Lemma 4.6.2] to show that

bounded H∞-calculus follows from absolute calculus.

Corollary 4.1.7. Suppose A has absolute calculus on Σφ. Then A also admits a

bounded H∞-calculus on Σφ.

Once again, we postpone the proof to our discussion of strip-type operators (see

Corollary 4.1.15). An immediate consequence is that φHA = φA when A has absolute

calculus. Kalton [41] found, for each θ ∈ (0, π), examples of sectorial operators for

which φA = 0 and φHA = θ. An earlier example was presented in [16, Example 5.5],

although the operator there does not have dense range. Thus these operators do

not have absolute calculus. One can extract further examples of operators without

absolute calculus from known results on sums in connection with maximal regularity

(see Remark 6.1.7).

As mentioned, on Hilbert space the two notions are equivalent. The following

was proven by McIntosh [53] (see also [34, Theorem 7.3.1]).

Theorem 4.1.8. Let A be a sectorial operator on a Hilbert space X. Then the

following are equivalent.
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(i) A admits a bounded H∞-calculus (on some sector Σθ).

(ii) A has bounded imaginary powers.

(iii) A has absolute calculus.

In this case, φHA = φA.

Our immediate aim is to develop a notion of absolute calculus for strip-type oper-

ators in an analogous framework. To reconcile the two notions for sectorial operators

and strip-type operators, we would hope to have the following correspondence with

Proposition 3.4.3:

• If A is a sectorial operator with absolute calculus, then logA has absolute

calculus as a strip-type operator.

• If B is a strip-type operator with absolute calculus then eB is sectorial and

has absolute calculus.

One may hope to adapt the notion of absolute calculus for sectorial operators

to the strip-type case by modifying the harmonic analysis of the boundary of the

region. With this and Proposition 4.1.4 in mind, the following seems a reasonable

starting point.

Definition 4.1.9. Let A ∈ Strip(w), v > w. Then A is said to have absolute

calculus (on Hv) if for some non-zero ψ ∈ H∞1 (Hv) there exists a constant C such

that the following estimates hold:

∀x ∈ X
∫
R
‖ψ(t−A)x‖2 dt ≤ C ‖x‖2, (4.1.4)

∀y ∈ X∗
∫
R
‖ψ(t−A∗)y‖2 dt ≤ C ‖y‖2 . (4.1.5)

We note that, similarly to the sectorial case, for (4.1.4) and (4.1.5) to hold it is

sufficient to have that the integrals are finite for each x ∈ X, y ∈ X∗. Again, we say

A has absolute calculus of type v if it has absolute calculus on Hṽ for every ṽ > v.

Our first goal is to establish that the conditions in Definition 4.1.9 are independent

of the choice of φ in H∞1 (Hv). We proceed as in the sectorial case, beginning with

the following auxiliary lemma. The proof is in the same vein as that of Lemma 4.1.3.

Lemma 4.1.10. Let A, v be as above and fix ψ and φ in H∞1 (Hv). For a scalar

function χ, denote χt(z) = χ(t− z). Then for some constant C we have
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(i) ‖(fψt)(A)‖ ≤ C ‖f‖H∞(Hv) for all f ∈ H∞(Hv), t ∈ R, and

(ii)

{∫
R

∥∥∥∥∥
∫ β

α
ψτ (A)φt(A)g(τ) dτ

∥∥∥∥∥
2

dt

} 1
2

≤ C

{∫ β

α
‖g(τ)‖2 dτ

} 1
2

for all −∞ < α < β <∞ and continuous functions g : [α, β]→ X.

Proof. The desired inequality in (i) can be obtained by a direct estimate of ‖(fψt)(A)‖.
To this end, let Γ be the boundary of Hu, u ∈ (w, v). Since fψt ∈ H∞1 (Hv),

(fψt)(A) =
1

2πi

∫
Γ
f(z)ψ(t− z)R(z,A) dz .

Thus we have, for some constant C and s > 1,

‖(fψt)(A)‖ ≤ C
∫

Γ

|f(z)|
1 + |Re z − t|s

|dz|

≤ C‖f‖H∞(Hv)

∫
R

1

1 + |t|s
dt

≤ C‖f‖H∞(Hv).

To show (ii), note

∫
R

∥∥∥∥∥
∫ β

α
ψτ (A)φt(A)g(τ) dτ

∥∥∥∥∥
2

dt

≤
∫
R

{∫ β

α

∥∥∥ψτ (A)φt(A)
∥∥∥ 1

2
∥∥∥ψτ (A)φt(A)

∥∥∥ 1
2
∥∥∥g(τ)

∥∥∥ dτ

}2

dt

≤
∫
R

{∫ β

α

∥∥∥ψτ (A)φt(A)
∥∥∥ dτ

∫ β

α

∥∥∥ψτ (A)φt(A)
∥∥∥ ∥∥∥g(τ)

∥∥∥2
dτ

}
dt

(Cauchy-Schwarz)

≤ sup
t

{∫ β

α

∥∥∥(ψτφt)(A)
∥∥∥ dτ

}
sup
τ

{∫
R

∥∥∥(ψτφt)(A)
∥∥∥ dt

}{∫ β

α

∥∥∥g(τ)
∥∥∥2

dτ

}
,

by Fubini’s theorem, provided the right hand side is finite. For some C > 0 and

s1, s2 > 1 independent of α, β and g we have

‖(ψτφt)(A)‖ ≤ C
∫

Γ

|dz|
(1 + |Re z − τ |s1)(1 + |Re z − t|s2)

≤ C
∫
R

dr

(1 + |r − τ |s1)(1 + |r − t|s2)

= C

∫
R

ds

(1 + |s+ t− τ |s1)(1 + |s|s2)
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where Γ is as above. Then∫ β

α

∥∥∥(ψτφt)(A)
∥∥∥ dτ ≤ C

∫ β

α

∫
R

ds dτ

(1 + |s+ t− τ |s1)(1 + |s|s2)

= C

∫
R

∫ β

α

dτ ds

(1 + |s+ t− τ |s1)(1 + |s|s2)

≤ C
∫
R

dτ

1 + |τ |s1

∫
R

ds

1 + |s|s2
,

again by Fubini, since this quantity is finite. Moreover, it is independent of t, as

required. We can similarly estimate

sup
τ

{∫
R

∥∥∥(ψτφt)(A)
∥∥∥ dt

}
,

and the result is proven.

Our next step, analogously to the sectorial case, is to employ this lemma with

a view to showing that the spaces defined for ψ ∈ H∞1 (Hv) by XA,ψ = {x ∈ X :∫
R ‖ψ(t−A)x‖2 dt <∞} are in fact all equal with equivalent norms.

Proposition 4.1.11. Given A ∈ Strip(w) and v > w, let ψ, φ ∈ H∞1 (Hv), φ non-

zero. Then there exists a constant C such that for all x ∈ XA,φ∫
R
‖ψ(t−A)x‖2 dt ≤ C

∫
R
‖φ(t−A)x‖2 dt .

Proof. First we observe that there exist functions θ, θ ∈ H∞1 (Hv) satisfying∫
R
θ(t)θ(t)φ(t) dt = 1 .

Next, for −∞ < α < β <∞ we define

φα,β(z) =

∫ β

α
θt(z)θt(z)φt(z) dt .

Then φα,β ∈ H∞1 (Hv) and by analytic continuation we have limα→∞,β→−∞ φα,β(z) =

1 for every z ∈ Hv. Thus by the Convergence Lemma for strip-type operators

(Proposition 3.3.4) we have

lim
α→−∞,β→∞

φα,β(A)x = lim
α→−∞,β→∞

∫ β

α
θt(A)θt(A)φt(A)x dt = x
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for every x ∈ X. On the other hand, for all x ∈ XA,φ we have by Lemma 4.1.10,

∫
R
‖ψ(t−A)φα,β(A)x‖2 dt =

∫
R

∥∥∥∫ β

α
ψt(A)θτ (A)θτ (A)φτ (A)x dτ

∥∥∥2
dt

=

∫
R

∥∥∥∫ β

α
θτ (A)ψt(A)θτ (A)φτ (A)x dτ

∥∥∥2
dt

≤ C
∫ β

α
‖θτ (A)φτ (A)x‖2 dτ (by (ii))

≤ C
∫ β

α
‖φ(τ −A)x‖2 dτ (by (i))

≤ C
∫
R
‖φ(τ −A)x‖2 dτ .

Let γ = (α, β), xγ = φγ(A)x. Then by the above, (xγ)→ x as γ → (−∞,∞). Thus

by Fatou’s lemma and the above estimate,∫
R
‖ψ(t−A)x‖2 dt =

∫
R

lim inf
α→∞,β→−∞

‖ψ(t−A)φα,β(A)x‖2 dt

≤ lim inf
α→∞,β→−∞

∫
R
‖ψ(t−A)φα,β(A)x‖2 dt

≤ C
∫
R
‖φ(t−A)x‖2 dt .

Thus x belongs to XA,ψ and satisfies the required estimate.

Since we can apply an identical proof to A∗, we arrive at our desired result.

Corollary 4.1.12. Let A ∈ Strip(w), v > w. If A satisfies (4.1.4) and (4.1.5) for

some ψ ∈ H∞1 (Hv) then it does so for every φ ∈ H∞1 (Hv).

Note that the argument in Proposition 4.1.11 does not depend on the choice

of v > w. Thus the minimal height of absolute calculus is always wstA . Our next

goal is to establish that absolute calculus implies bounded H∞-calculus for a strip-

type operator A. We adapt our approach in the sectorial case, beginning with the

following result.

Proposition 4.1.13. Let A ∈ Strip(w), v > w. Define φ(z) = 1
(iu+z)2

, where u > v.

Suppose A has absolute calculus on Hv. Then for any g ∈ H∞1 (Hv) there exists a

constant C such that for all x, y ∈ X,

‖φ(t−A)g(tA)x‖ ≤ ‖g(t−A)y‖ (t ∈ R)⇒ ‖x‖ ≤ C ‖y‖.
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In fact, this result follows in much the same way as the sectorial case (Propo-

sition 4.1.6) once we observe that absolute calculus of a strip-type operator can be

described in terms of the equivalence of the quadratic norms with the original norm

on X. The following result is analogous to Proposition 4.1.4.

Proposition 4.1.14. Let A ∈ Strip(w), v > w. Then A has absolute calculus on

Hv if and only if for some (hence all, by Proposition 4.1.11) non-zero ψ ∈ H∞1 (Hv)

there exists a constant C such that for all x ∈ X,

C−1‖x‖2 ≤
∫
R
‖ψ(t−A)x‖2 dt ≤ C‖x‖2 . (4.1.6)

Proof. Assume first that A has absolute calculus on Hv. Similarly to the proof of

[1, Theorem E] (see also [33, Section 4]), choose c > 0 such that∫
R

c2

(u2 + t2)2
dt = 1,

where u > v is fixed. Then, setting ψ(z) = c
u2+z2

, we have by Vitali’s theorem that∫
R ψ

2(t − z) dt = 1 for every z ∈ Hv. Thus for any x ∈ X, y ∈ X∗ we have by

Cauchy-Schwarz,

|〈x, y〉| =
∣∣∣∣〈∫

R
ψ2(t−A)x dt, y

〉∣∣∣∣ =

∣∣∣∣ ∫
R
〈ψ(t−A)x, ψ(t−A∗)y〉 dt

∣∣∣∣
≤
(∫

R
‖ψ(t−A)x‖2 dt

) 1
2
(∫

R
‖ψ(t−A∗)y‖2 dt

) 1
2
.

Hence with the assumption of (4.1.5) we have

‖x‖ = sup
y∈X∗1

|〈x, y〉| ≤ sup
y∈X∗1

(∫
R
‖ψ(t−A)x‖2 dt

) 1
2
(∫

R
‖ψ(t−A∗)y‖2 dt

) 1
2

≤ C
(∫

R
‖ψ(t−A)x‖2 dt

) 1
2
.

The reverse inequality is built into the assumption (4.1.4), so the proof is complete.

Conversely, it is enough to establish the one-sided dual estimate (4.1.3). Fix

x∗ ∈ X∗ and choose an interval I, depending on ψ and x∗, large enough such that∫
I
‖ψ(t−A∗)x∗‖2 dt ≥ 1

2

∫
R
‖ψ(t−A∗)x∗‖2 dt .

For each t ∈ I choose xt ∈ X1 such that 〈ψ(t−A∗)x∗, xt〉 ≥ 1
2‖ψ(t−A∗)x∗‖. Since

t 7→ ψ(t − A∗)x∗ is continuous, xt can be chosen in a way that t 7→ xt is a step

function. Thus the X-valued function g, defined on I by g(t) = ‖ψ(t−A∗)x∗‖xt,
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is measurable. Then ‖ψ(t−A∗)x∗‖2 ≤ 2〈ψ(t−A∗)x∗, g(t)〉 and thus employing

Lemma 4.1.10 we can estimate for x =
∫
I ψ(t−A)g(t) dt,

∫
R
‖ψ(t−A)x‖2 dt =

∫
R

∥∥∥∥∫
I
ψ(τ −A)ψ(t−A)g(t) dt

∥∥∥∥2

dτ

≤ C‖g‖2L2 ≤ C
∫
R
‖ψ(t−A∗)x∗‖2 dt .

Hence we have(∫
R
‖ψ(t−A)x‖2 dt

) 1
2

‖x∗‖ dt ≥ C‖x‖‖x∗‖ ≥ C〈x∗, x〉

= C

∫
I
〈ψ(t−A∗)x∗, g(t)〉 dt

≥ C
(∫

R
‖ψ(t−A∗)x∗‖2 dt

)
≥ C

(∫
R
‖ψ(t−A∗)x∗‖2 dt

) 1
2
(∫

R
‖ψ(t−A)x‖2 dt

) 1
2

.

Thus the dual estimate (4.1.3) holds and A has absolute calculus.

Corollary 4.1.15. Let A ∈ Strip(w) have absolute calculus on Hv, v > w. Then A

admits a bounded H∞-calculus on Hv with wHA = wA.

Proof. We adapt the proof of [46, Lemma 4.6.2]. Let f ∈ H∞(Hv) and, for n > v,

define φn(z) = ( in
in+z )2. Set φ(z) = ( 1

iu+z )2, u > v. Then for all such n and every

t ∈ R and an appropriate contour Γ we have

‖φ(t−A)(φnf)(A)‖ ≤
∫

Γ
‖φ(t− z)φn(z)f(z)R(z,A)‖ |dz|

≤ C‖f‖H∞(Hv)

∫
Γ
|φ(t− z)| |dz|

≤ C‖f‖H∞(Hv),

since the functions {φn : n > v} are uniformly bounded on Hv. Set

M = sup
t,n
‖φ(t−A)(φnf)(A)‖.
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Given y ∈ X, define xn = 1
M (φnf)(A)y. Then for any ψ ∈ H∞1 (Hv),

‖φ(t−A)ψ(t−A)xn‖ = ‖φ(t−A)ψ(t−A)
1

M
(φnf)(A)y‖

≤ 1

M
‖φ(t−A)(φnf)(A)‖ ‖ψ(t−A)y‖

≤ ‖ψ(t−A)y‖ .

Thus by Proposition 4.1.13 there exists a constant C such that 1
M ‖(φnf)(A)y‖ =

‖xn‖ ≤ C‖y‖. Since φnf → f onHv, the result follows from the Convergence Lemma

for strip-type operators (Proposition 3.3.4). Since absolute calculus is independent

of the height of the strip (see the comment after Corollary 4.1.12), the second claim

is immediate.

Next we seek a correspondence between the absolute calculus of sectorial oper-

ators and strip-type operators. Given that B is a strip-type operator with absolute

calculus, combining Corollary 4.1.15 with Proposition 3.4.3 we deduce that eB is

sectorial and admits a bounded H∞-calculus. We now show that in fact eB has

absolute calculus. The converse holds as well; given a sectorial operator A with

absolute calculus, we have by Corollary 4.1.7 and Proposition 3.4.3 that logA is

strip-type and admits a bounded H∞-calculus. Again, we show that in fact this

operator has absolute calculus. More precisely, we have the following.

Theorem 4.1.16. Let A ∈ Sect(θ), B ∈ Strip(w).

(i) If A has absolute calculus on Σv, v ∈ (θ, π), then logA has absolute calculus

on Hv.

(ii) If B has absolute calculus on Hv, v ∈ (w, π), then eB is sectorial and has

absolute calculus on Σv.

Proof. Let ψ(z) = z
1
2

1+z ∈ H
∞
0 (Σv), φ(z) = e

z
2

1+ez ∈ H
∞
1 (Hv). By Proposition 4.1.4

A has absolute calculus on Σv if and only if there exists a constant C such that for

each x ∈ X1 ∫ ∞
0
‖ψ(tA)x‖2 dt

t
≤ C ,

and the corresponding dual condition (4.1.3). By making the substitutions u = 1
t
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and q = log u we see that this is equivalent to∫ ∞
0
‖t

1
2A

1
2 (1 + tA)−1x‖2 dt

t
≤ C ⇔

∫ ∞
0
‖A

1
2 (u+A)−1x‖2 du ≤ C

⇔
∫ ∞

0
‖e

1
2
B(u+ eB)−1x‖2 du ≤ C

⇔
∫ ∞

0
‖[e

1
2
z(u+ ez)−1](B)x‖2 du ≤ C

⇔
∫
R
‖[e

1
2

(z+q)(eq + ez)−1](B)x‖2 dq ≤ C

⇔
∫
R
‖φ(B − q)x‖2 dq ≤ C ,

where B = logA. We argue similarly for the dual condition and by Corollary 4.1.12

the result follows.

With this correspondence, we can extend the class of scalar functions which are per-

mitted in considerations of the absolute calculus of sectorial operators in Definition

4.1.1 and Proposition 4.1.4. Indeed, given a sectorial operator A and φ ∈ H∞1 (Hv),

define φ̃(z) = φ(log z) ∈ H∞(Σv). Then by the composition rule we have∫ ∞
0
‖φ̃(tA)x‖2 dt

t
=

∫ ∞
0
‖φ(log tA)x‖2 dt

t

=

∫ ∞
0
‖φ(log t+ logA)x‖2 dt

t

=

∫
R
‖φ(logA− u)x‖2 du

We can establish a corresponding dual equality, since by [34, Proposition 2.6.3] we

have (logA)∗ = logA∗. Thus by Theorem 4.1.16 A has absolute calculus if and

only if the pair {A, φ̃} satisfy the estimates (4.1.2) and (4.1.3). For example, fix

θ ∈ (φA, π), v ∈ (θ, π) and let φ(z) =
(

1
iv+z

)2
. Then φ̃(z) = φ(z) =

(
1

iv+log z

)2
does

not lie in H∞0 (Σθ) but to show A has absolute calculus it is sufficient (and necessary)

to establish quadratic estimates for this function. Further, by Proposition 4.1.14 this

is also equivalent to showing that the quadratic norm associated to φ̃ is equivalent

to ‖·‖X . We summarise this discussion in the following result.

Corollary 4.1.17. Let A ∈ Sectw, v ∈ (w, π), φ ∈ H∞1 (Hv), φ̃(z) = φ(log z). Then

A has absolute calculus on Σv if and only if one of the following conditions holds.

(i) {A, φ̃} and {A∗, φ̃} satisfy quadratic estimates.
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(ii) There exists a constant C such that for every x ∈ X,

C−1‖x‖2 ≤
∫ ∞

0
‖φ̃(tA)x‖2 dt

t
≤ C‖x‖2 .

As an immediate consequence of Theorem 4.1.16, Theorem 4.1.8 and Proposi-

tion 3.4.3, we can now establish that absolute calculus of a strip-type operator is

equivalent to bounded H∞-calculus on Hilbert space.

Corollary 4.1.18. Let A ∈ Strip(w) on a Hilbert space X. Then A has absolute

calculus on Hv, v > w, if and only if A admits a bounded H∞-calculus on Hv.

4.2 Weak integral estimates

Having characterised the bounded H∞-calculus of sectorial and strip-type opera-

tors in terms of the absolute functional calculus in Hilbert space, it is now our aim

to extend these considerations to general Banach space. As discussed in Section

4.1, absolute calculus is too strong a property in general; one cannot always expect

equivalence of the quadratic norms when the operator has bounded H∞-calculus.

Thus we seek a weaker form of these square function estimates. We start by survey-

ing known results for the sectorial case. Given a sectorial operator A on a Hilbert

space X, θ ∈ (φA, π) and ψ ∈ H∞0 (Σθ), we have for any x in X, and a Rademacher

sequence (rk),∫ ∞
0
‖ψ(tA)x‖2 dt

t
=
∑
k∈Z

∫ 2k+1

2k
‖ψ(tA)x‖2 dt

t

=

∫ 2

1

∑
k∈Z
‖ψ(2ktA)x‖2 dt

t

=

∫ 2

1

(∫ 1

0

∥∥∑
k∈Z

rk(u)ψ(2ktA)x
∥∥2

du

)
dt

t
.

Thus it seems sensible to consider so-called Rademacher norms on general Banach

space, defined for such ψ by

‖x‖R,ψ = sup
t>0

∥∥∑
k∈Z

rkψ(t2kA)x
∥∥
L2(X)

, x ∈ X,

‖x∗‖R,ψ = sup
t>0

∥∥∑
k∈Z

rkψ(t2kA)∗x∗
∥∥
L2(X∗)

, x∗ ∈ X∗ .

Definition 4.2.1. We say A admits Rademacher square function estimates with
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respect to ψ if there exists a constant C such that for every x ∈ X and x∗ ∈ X∗,

‖x‖R,ψ ≤ C‖x‖ ,

‖x∗‖R,ψ ≤ C‖x∗‖ .

To establish that these estimates characterise the bounded H∞-calculus of sectorial

operators, we can employ a result due to Cowling et al. [16] which connects the

two notions through weak integral estimates. One must impose certain growth

estimates on the Fourier transform of the underlying scalar functions. To formulate

their precise result, we must first introduce some notation. Given µ ∈ (0, π) and

ψ ∈ H∞0 (Σµ), denote by ψe the function ψ ◦exp. Let ·̂ denote the Fourier transform;

it then follows that

ψ̂e(λ) =

∫
R
e−iλxψe(x) dx =

∫ ∞
0

τ−iλψ(τ)
dτ

τ

= eθλ
∫ ∞

0
τ−iλψ(τeiθ)

dτ

τ
∀λ ∈ R ∀θ ∈ (−µ, µ) .

Hence ∣∣ψ̂e(λ)
∣∣ ≤ Ce−µ|λ| ∀λ ∈ R .

Similarly we have ∣∣ d

dλ
ψ̂e(λ)

∣∣ ≤ Ce−µ|λ| ∀λ ∈ R.

For 0 < µ < ν < π, define the classes

H∞0,ν(Σµ) =

{
ψ ∈ H∞0 (Σµ) : inf

t∈R
eν|t||ψ̂e(t)| > 0

}
.

and

H∞0,ν(Σν−) =
⋂

µ∈(0,ν)

H∞0,ν(Σµ) .

The characterisation in terms of weak integral estimates from [16, Theorem 4.4] can

then be stated as follows.

Theorem 4.2.2. Let A be a sectorial of type ω. Suppose ω < µ < ν < π and

2ν−µ < η < π. Suppose that for some ψ ∈ H∞0,ν(Σµ) there exists a constant C such

that ∫ ∞
0
|〈ψ(tA)x, y〉|dt

t
≤ C‖x‖‖y‖ ∀x ∈ X ∀y ∈ X∗. (4.2.1)

Then A admits a bounded H∞-calculus on Ση.

Conversely, if A admits a bounded H∞-calculus on Σµ and ψ ∈ H∞0 (Σµ) then A
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satisfies (4.2.1).

We note that, by the uniform boundedness theorem, the estimate (4.2.1) is

automatic once the integrals
∫∞

0 |〈ψ(tA)x, y〉|dtt are known to be finite for each

x ∈ X, y ∈ X∗. It is an immediate corollary that if, for A as above, (4.2.1) is sat-

isfied for some ψ ∈ H∞0,ν(Σν−), ν ∈ (0, π), then A admits a bounded H∞-calculus

of type ν. This is restrictive in the sense that it does not allow us to establish

boundedness of the H∞-calculus of A on Ση for any η ∈ (0, ν). The next result [16,

Theorem 4.6] circumvents this issue.

Theorem 4.2.3. Let A be a sectorial operator of type ω in a Banach space X.

Suppose that ω < µ < ν < π, 0 ≤ θ < µ− ω and 2ν − µ− θ < η < π. If∫ ∞
0
|〈ψ(te±iθA)x, y〉|dt

t
≤ C‖x‖‖y‖ ∀x ∈ X ∀y ∈ X∗, (4.2.2)

for some ψ ∈ H∞0,ν(Σµ), then A admits a bounded H∞-calculus of type η.

Example 4.2.4. It was also shown in [16] that the following functions ψ lie in the

class H∞0,ν(Σµ), for appropriate ν and µ, so that the results above can be applied.

(i) ψ(z) = α
z−α −

α
z−α , where α /∈ Σµ. Then ψ ∈ H∞0,ν(Σν−) for ν = | argα|. Thus

if A satisfies (4.2.1) for this choice of ψ, A admits a bounded H∞-calculus of

type | argα|.

(ii) ψ(z) = ze−z, defined on Σπ
2
. Then ψ ∈ H∞0,π

2
(Σπ

2
−). Thus if A is sectorial of

type ω < π
2 and∫ ∞

0
|〈Ae−tAx, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X, y ∈ X∗,

then by (the corollary to) Theorem 4.2.2 we infer that A has a bounded H∞-

calculus of type π
2 .

More generally, for θ ∈ (0, π2 − ω) we can show by Theorem 4.2.3 that if∫ ∞
0
|〈Ae−te±iθAx, y〉 dt ≤ C‖x‖ ‖y‖ ∀x ∈ X, y ∈ X∗,

then A admits a bounded H∞-calculus of type π
2 − θ.

(iii) ψ(z) = z
(1+z)2

lies in H∞0,π(Σπ−). Thus if A is sectorial of angle ω < π and

0 ≤ θ < π − ω and∫ ∞
0
|〈A(t+ e±iθA)−2x, y〉 dt ≤ C‖x‖ ‖y‖ ∀x ∈ X, y ∈ X∗,
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by Theorem 4.2.3 A admits a bounded H∞-calculus of type π − θ.

The characterisation of bounded H∞-calculus of sectorial operators in terms of

Rademacher estimates can now be stated. The proofs of (a) and (b) can be found

in [47, Chapter 12], whereas (c) and (d) are from [16, Theorem 4.6]. The original

version of this result, which bypasses weak integral estimates, can be found in [44,

Section 4].

Theorem 4.2.5. Let A be a sectorial operator. For σ ∈ (φA, π) and a scalar function

χ ∈ H∞0 (Σσ′), σ
′ ∈ (φA, π), consider the following conditions.

(i) A admits a bounded H∞-calculus on Σσ.

(ii)

sup
N

sup
t>0

sup
εk=±1

‖
N∑

k=−N
εkχ(2ktA)‖B(X) <∞ .

(iii) A admits Rademacher square function estimates with respect to χ.

(iv) There exists a constant C such that, for every x ∈ X, y ∈ X∗,∫ ∞
0
|〈χ(te±iθA)x, y〉| dt

t
≤ C‖x‖ ‖y‖ .

Then

(a) (i)⇒ (ii)⇒ (iii) for every χ ∈ H∞0 (Σσ).

(b) Let θ < σ−φA, ψ ∈ H∞0 (Σσ). If (iii) holds for the functions χ(z) = ψ(e±iθz) ∈
H∞0 (Σσ−θ) then (iv) holds for χ = ψ2.

(c) If (iv) holds for some χ ∈ H∞0,ν(Σµ), with φA < µ < ν < π and 0 ≤ θ < µ− φA,

then (i) holds for σ > 2ν − µ− θ.

(d) (i)⇒ (iv) for every χ ∈ H∞0 (Σσ).

We can gain more control on the angles involved via concrete functions, such as those

in Example 4.2.4. Indeed, defining ψ±θ(z) = z
1
2 (e±iθ − z)−1, we have by Example

4.2.4 (iii) that for φA < σ < θ,

A admits a bounded H∞-calculus on Σσ ⇒ {A,ψ±θ} satisfy Rademacher estimates

⇒
∫ ∞

0
|〈AR(te±iθ, A)2x, y〉|dt ≤ C‖x‖ ‖y‖ .
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Conversely for σ > θ > φA we have∫ ∞
0
|〈AR(te±iθ, A)2x, y〉|dt ≤ C‖x‖ ‖y‖ ⇒ A has a bounded H∞-calculus on Σσ.

Following this discussion for sectorial operators, we may hope for an analogous

result for strip-type operators. This can be achieved by again adapting the nat-

ural harmonic analysis of the boundary of a sector to that of a strip. We start

in an analogous way to the sectorial case (see the opening paragraph of this sec-

tion) by making the following calculation in Hilbert space. Again, (rk) represents a

Rademacher sequence of random variables.∫ ∞
0
‖ψ(t−A)x‖2 dt =

∑
k∈Z

∫ k+1

k
‖ψ(t−A)x‖2 dt

=

∫ 1

0

∑
k∈Z
‖ψ(t+ k −A)x‖2 dt

=

∫ 1

0

(∫ 1

0

∥∥∑
k∈Z

rk(u)ψ(t+ k −A)x
∥∥2

du

)
dt .

With this in mind, it is natural to define, for A ∈ Strip(w), v > w and ψ ∈ H∞1 (Hv),

‖x‖R,ψ = sup
t∈R

∥∥∑
k∈Z

rkψ(t+ k −A)x
∥∥
L2(X)

, x ∈ X,

‖x∗‖R,ψ = sup
t∈R

∥∥∑
k∈Z

rkψ(t+ k −A)∗x∗
∥∥
L2(X∗)

, x∗ ∈ X∗ .

As in the sectorial case, we will say a strip-type operator A satisfies Rademacher

(square function) estimates with respect to ψ if there exists a constant C such that

for every x ∈ X and x∗ ∈ X∗,

‖x‖R,ψ ≤ C‖x‖,

‖x∗‖R,ψ ≤ C‖x∗‖ .

By Kahane’s inequality (Theorem 3.7.2), we can replace the L2-norm in this defini-

tion by any Lp-norm for p ∈ [1,∞).

Our aim is to obtain a version of Theorem 4.2.5 for strip-type operators by

showing that the bounded H∞-calculus for these operators is characterised by these

square function estimates. Again, we will need to go through weak integral estimates

to achieve this. We formulate the properties for strip-type operators for clarity:

(A) A admits a bounded H∞-calculus on Hv.
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(B)

sup
n

sup
t∈R

sup
εk=±1

‖
∑
k

εkψ(t+ k −A)‖B(X) <∞ .

(C) A admits Rademacher estimates with respect to ψ.

(D) There exists a constant C such that for every x ∈ X, y ∈ X∗,∫
R
|〈ψ(t−A)x, y〉| dt ≤ C‖x‖ ‖y‖ . (4.2.3)

We note that, by the uniform boundedness theorem, the estimate (4.2.3) is au-

tomatic once the integrals are known to be finite for each x ∈ X, y ∈ X∗. As in the

sectorial case, the difficult implication is (D) ⇒ (A). Vörös [76, Chapter 4] was able

to adapt the arguments of [16] and obtain a class of functions for which conditions

(A) and (D) are equivalent. The implication (A) ⇒ (D) follows much as in the

sectorial case.

Proposition 4.2.6. Let A ∈ Strip(w). If A admits a bounded H∞-calculus on Hv,

v > w, then for every ψ ∈ H∞1 (Hv) we have for some C and every x ∈ X, y ∈ X∗,∫
R
|〈ψ(t−A)x, y〉| dt ≤ C‖x‖ ‖y‖ .

Proof. Fix x ∈ X1, y ∈ X∗1 . For a suitable measurable sign function ε, we can write

the integral as ∫
R
〈ψ(A− t)x, y〉ε(t, x, y) dt = 〈f(A)x, y〉,

where f(z) =
∫
R ψ(z − t)ε(t, x, y) dt. Then for some s > 1 and any z ∈ Hv,

|f(z)| ≤
∫
R
|ψ(z − t)| dt ≤ C

∫
R

dt

1 + |t|s
≤ C.

Thus f ∈ H∞(Hv) and
∫
R |〈ψ(A− t)x, y〉| dt ≤ C‖f(A)‖ ≤ C‖f‖H∞(Hv) ≤ C.

The proof of the converse direction relies upon the underlying scalar function ψ

satisfying appropriate decay estimates. We present the proof in the special case

where

ψ(z) =
1

z + iṽ
− 1

z − iṽ
,

since our motivating examples are resolvent operators. Note that if ·̂ denotes the

Fourier transform, we have

ψ̂(z) =
π

ṽ
e−ṽ|z|, ψ̂′(z) = π(sgn z)e−ṽ|z|.
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For a given f ∈ H∞1 (Hu), u > v, choose ṽ > u and ψ as above. It then makes sense

to define

q = (f̂ cosh(α ·))ˇ∗
( 1

ψ̂ cosh(α ·)

)̌
,

where u < α < ṽ, so that q = ( f̂
ψ̂

)̌, where ·̌ denotes the inverse Fourier transform.

Since ∣∣∣∣∣ 1

ψ̂(z) cosh(αz)

∣∣∣∣∣+

∣∣∣∣∣
(

1

ψ̂ cosh(α ·)

)′
(z)

∣∣∣∣∣ ≤ Ce(u−α)|z|,

we have by Hölder’s Inequality and Plancherel’s Theorem that∥∥∥∥∥
(

1

ψ̂ cosh(α ·)

)̌∥∥∥∥∥
L1(R)

≤

∥∥∥∥∥(1− i ·)

(
1

ψ̂ cosh(α ·)

)̌∥∥∥∥∥
L2(R)

∥∥∥∥∥ 1

1− i ·

∥∥∥∥∥
L2(R)

≤ C

∥∥∥∥∥
(

1

ψ̂ cosh(α ·)

)
+

(
1

ψ̂ cosh(α ·)

)′∥∥∥∥∥
L2(R)

≤ C

(∫
R
e2(u−α)|t| dt

) 1
2

≤ C.

Thus

‖q‖L∞(R) ≤
∥∥∥(f̂ cosh(α ·))

∥̌∥∥
L∞(R)

∥∥∥∥∥
(

1

ψ̂ cosh(α ·)

)̌∥∥∥∥∥
L1(R)

≤ C‖f‖H∞(Hu),

since

(f̂ cosh(α ·))ˇ =
1

2

∑
f(· ± iα) .

Next we observe that, by the definition of q, we have f = q ∗ ψ on R, and so on Hv

by analytic continuation. Hence we have

‖f(A)‖ = sup
x∈X1,y∈X∗1

|〈f(A)x, y〉| = sup
x∈X1,y∈X∗1

| lim
n→∞

∫ n

−n
q(t)〈ψ(A− t)x, y〉 dt|

≤ ‖q‖L∞ sup
x∈X1,y∈X∗1

∫
R
|〈ψ(A− t)x, y〉| dt

≤ C‖f‖H∞(Hu).

Thus f admits a bounded H∞-calculus on Hu, by Proposition 3.3.7.

This, along with an almost identical proof for more general ψ, yields the following
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(see also [76, Theorem 4.2.4]).

Theorem 4.2.7. Let A ∈ Strip(w), w < φ < v and suppose there exists ψ ∈
H∞1 (Hφ) such that

(i) |ψ̂(t)| ≥ Ce−v|t| and

(ii) |ψ̂′(t)| ≤ Ce−φ|t| .

Suppose further that for some C and every x ∈ X, y ∈ X∗ we have∫
R
|〈ψ(t−A)x, y〉| dt ≤ C‖x‖ ‖y‖ .

Then A admits a bounded H∞-calculus on H2v−φ. In particular, if∫
R
|〈[R(iv + t, A)−R(−iv + t, A)]x, y〉| dt ≤ C‖x‖ ‖y‖ , (4.2.4)

then A admits a bounded H∞-calculus of type v.

In a similar manner, we can adapt the proof of Theorem 4.2.3 in order to narrow

the height of the strip. The proof is omitted, but for the main ideas we refer to the

proof of Theorem 4.4.4, where a similar result is established for a pair of commuting

sectorial operators.

Theorem 4.2.8. Let A ∈ Strip(w), w < φ < v, 0 ≤ θ < φ−w, 2v − φ− θ < π and

suppose there exists ψ ∈ H∞1 (Hφ) such that

(i) |ψ̂(t)| ≥ Ce−v|t| and

(ii) |ψ̂′(t)| ≤ Ce−φ|t| .

(iii) For some C and every x ∈ X, y ∈ X∗,∫
R
|〈ψ(±iθ + t−A)x, y〉| dt ≤ C‖x‖ ‖y‖ .

Then A admits a bounded H∞-calculus on H2v−φ−θ.

Integral estimates which involve a single resolvent term are preferable to (4.2.4).

We can use the methods of Gomilko-Cojuhari [14, Lemma 3.4] and Shi-Feng [66] to

arrive at such a criterion by imposing some control on the growth of the integral

estimates. These estimates also appear in more general form in Theorem 4.3.1.

Corollary 4.2.9. Let A ∈ Strip(w), v > w.
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(i) If A admits a bounded H∞-calculus on Hv then there exists a constant C such

that for every x ∈ X, y ∈ X∗,

sup
ṽ>v

(ṽ − v)

∫
R
|〈R(t± iṽ, A)2x, y〉| dt ≤ C‖x‖ ‖y‖ . (4.2.5)

(ii) If

sup
ṽ>v

(ṽ − v)

∫
R
|〈R(t± iṽ, A)2x, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X ∀y ∈ X∗, (4.2.6)

then A admits a bounded H∞-calculus of type v.

Proof. (i) Given ṽ > v, x ∈ X1 and y ∈ X∗1 , we proceed as in the proof of Proposition

4.2.6 on Hv with the function φ(z) = 1
(z±iṽ)2

. This allows us to estimate

∫
R
|〈R(t± iṽ, A)2x, y〉| dt ≤ ‖f(A)‖ ≤ Cv‖f‖H∞(Hv),

where Cv is the H∞-constant corresponding to A on Hv. This last term can further

be estimated by

sup
z∈Hv

∫
R

dt

t2 + |ṽ − Im z|2
≤
∫
R

dt

t2 + (ṽ − v)2
=

C

ṽ − v
.

(ii) First observe that by (4.2.6) and Theorem 2.1.10, the operator iA− v gen-

erates a uniformly bounded C0-semigroup, so that iA generates a semigroup eisA

satisfying ‖eisA‖ ≤ Cevs(s > 0). Fix ṽ > v. Then for s > 0,

R(t− iṽ, A) = iR(it+ ṽ, iA) = −i
∫ ∞

0
e−ṽse−itseisAds, t > 0,

and setting λ = t+ iṽ,

R(λ,A)−R(λ,A) = 2iṽR(λ,A)[R(λ,A)− 2ivR(λ,A)].

Hence for x ∈ X1 and y ∈ X∗1 we have

〈R(λ,A)x, y〉−〈R(λ,A)x, y〉 =

2iṽ〈R(λ,A)2x, y〉 − 4iṽ2

∫ ∞
0

e−ṽse−its〈R(λ,A)2eisAx, y〉 ds.
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Furthermore,∫
R

∣∣∣∣ ∫ ∞
0

e−ṽseist〈R(t+ iṽ)2eisAx, y〉 ds

∣∣∣∣ dt

≤
∫ ∞

0
e−ṽs

∫
R

∣∣〈R(t+ iṽ, A)2eisAx, y〉
∣∣ dt ds

≤ C

(ṽ − v)

∫ ∞
0

e−ṽs‖eisAx‖ ds (by (4.2.6))

≤ C

(ṽ − v)

∫ ∞
0

e(−ṽ+v)s ds =
C

(ṽ − v)2
.

Combining this with (4.2.6), we arrive at∫
R
|〈(R(t+ iṽ, A)−R(t− iṽ, A))x, y〉| dt ≤ Cṽ.

The result now follows from Theorem 4.2.7.

Note that the proof of (ii) only requires the decay rate of
∫
R |〈R(t− iṽ, A)2x, y〉| dt,

whereas the integrals
∫
R |〈R(t+ iṽ, A)2x, y〉| dt can just be assumed to be finite (by

the Uniform Boundedness Theorem, these integrals are then bounded independently

of x ∈ X1, y ∈ X∗1 ). A similar argument for higher order estimates is presented in

Theorem 4.3.4.

Corollary 4.2.9 falls short of our aspirations in two respects. On the one hand,

we would like to lose the growth bounds on the integrals involved. Further, to meet

our original aim of characterising bounded H∞-calculus in terms of Rademacher

estimates, we will need to incorporate a broader class of functions into the possible

choices of ψ in the implication (D) ⇒ (A) (see page 67).

4.3 Characterisation of the bounded H∞-calculus for strip-type op-

erators

Employing the m-bounded calculus from Section 3.5, we will now seek to derive

characterisations of the bounded H∞-calculus which are broader than those estab-

lished so far in Theorem 4.2.7 and Corollary 4.2.9. As in the previous section, we

restrict our attention initially to resolvents.

Theorem 4.3.1. Let A ∈ Strip(w), v > w, m ∈ N. Then the following are equiva-

lent.

(i) A admits a bounded H∞-calculus of type v.
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(ii) A admits an m-bounded H∞-calculus of type v.

(iii) For each ṽ > v there exists Cṽ,m such that for every x ∈ X, y ∈ X∗,∫
R
|〈(R(t+ iṽ, A)m+1 −R(t− iṽ, A)m+1)x, y〉| dt ≤ Cṽ,m‖x‖ ‖y‖ .

(iv) For each ṽ > v there exists Cṽ,m such that for every x ∈ X, y ∈ X∗,∫
R
|〈(R(t± iṽ, A)m+2x, y〉| dt ≤ Cṽ,m‖x‖ ‖y‖ .

Proof. The equivalence of (i) and (ii) has already been established in Proposition

3.5.3. Moreover, the implications (i)⇒ (iii) and (i)⇒ (iv) are a direct consequence

of Proposition 4.2.6.

Assuming (iii), fix u > v and consider ψ(z) = 1
z+iṽ −

1
z−iṽ , where ṽ > u. We

proceed as in the proof of Theorem 4.2.7 so that given f ∈ H∞1 (Hu), there exists a

function q ∈ L∞(R) for which

f = q ∗ ψ and ‖q‖L∞(R) ≤ C‖f‖H∞(Hu),

for some C independent of f . Then f (m) = q ∗ ψ(m) and we obtain

‖f (m)(A)‖ ≤ ‖q‖L∞ sup
x∈X1,y∈X∗1

∫
R
|〈ψ(m)(A− t)x, y〉| dt

= m! ‖q‖L∞ sup
x∈X1,y∈X∗1

∫
R
|〈(R(t+ iṽ, A)m+1 −R(t− iṽ, A)m+1)x, y〉| dt

≤ Cm‖f‖H∞(Hu) .

By Lemma 3.5.2 we deduce that A has an m-bounded H∞-calculus on Hu, giving

(ii).

Finally, assuming (iv) holds, we obtain (iii) for the value m+1 and thus m, since

(iii) has already been shown to be equivalent to (i). Thus the result is proven.

The case m = 0 yields the following refinement of the Gomilko-Shi-Feng The-

orem for groups (Theorem 2.1.13), in which the growth constraints on the integral

estimates can be dropped. It also allows us to add weak integral estimates to the

characterisation given by Theorem 3.2.5 on Hilbert space.

Theorem 4.3.2. Let A ∈ Strip(v) on a Banach space X. Consider the following

conditions.
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(i) For every w > v there exists Cw such that for every x ∈ X and y ∈ X∗,∫
R
‖R(±iw + t, A)x‖2 dt ≤ Cw‖x‖2,∫

R
‖R(±iw + t, A∗)y‖2 dt ≤ Cw‖y‖2.

(ii) For every w > v there exists Cw such that for every x ∈ X and y ∈ X∗,∫
R
|〈R(±iw + t, A)2x, y〉| dt ≤ Cw‖x‖ ‖y‖ .

(iii) A admits a bounded H∞-calculus of type v.

(iv) iA generates a C0-group of type at most v.

(v) iA generates a C0-semigroup of type at most v.

Then (i) ⇒ (ii) ⇔ (iii) ⇒ (iv) ⇒ (v). If X is a Hilbert space then (v) ⇒ (i) also

holds.

In fact, on Hilbert space we can combine the arguments used in the Gomilko-Shi-

Feng Theorem with results from Section 4.1 to obtain the following characterisation

of bounded H∞-calculus. As a by-product, we obtain that for a strip-type operator

A, the semigroup (eisA)s≥0, defined via the natural functional calculus for A, enjoys

strong continuity as soon as it satisfies certain decay estimates near zero (compare

this with Example 2.1.14 (iii)).

Theorem 4.3.3. Let A ∈ Strip(w) on a Hilbert space X, v > w, m ≥ 0. Then the

following are equivalent.

(i) A admits a bounded H∞-calculus of type v.

(ii) A admits an m-bounded H∞-calculus of type v.

(iii) The family (eisA)s≥0 form a semigroup of bounded operators such that for each

u > v

‖eisA‖ ≤ Cm,u
sm

esu (s > 0).

(iv) A has absolute calculus.

In this case, wHA = wA.
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Proof. (i) ⇒ (ii) follows from the definitions. Assuming (ii), define for s ≥ 0 the

function fs(z) = eisz. Then for fixed u > v, f ∈ H∞(Hu) and so smeisA is bounded

with

‖smeisA‖ = ‖fs(m)(A)‖ ≤ Cm,u‖fs‖H∞(Hu) = Cme
su.

This gives (iii). Assuming (iii), we have by [35, Lemma 2.2] that for Reλ > v and

x ∈ D(A2), the map t 7→ e−vteitAx : [0,∞)→ X is continuous and bounded with

R(λ, iA)x =

∫ ∞
0

e−λteitAx dt (Reλ > v),

for all x ∈ D(A2). Differentiating both sides m − 1 times with respect to λ, we

obtain for every m > 0 and x ∈ D(A2),

R(λ, iA)m+1x =
1

m!

∫ ∞
0

tme−λteitAx dt (Reλ > v) . (4.3.1)

Since A is densely defined we have by Proposition 2.3.7 that A2 is too. Moreover,

the integral operator

x 7→
∫ ∞

0
tme−λteitAx dt

is bounded by assumption (iii). Thus (4.3.1) holds for every x ∈ X. An application

of Plancherel’s Theorem then yields for v < ũ < u,∫
R
‖R(t− iu,A)m+1x‖2 dt =

∫
R
‖R(it+ u, iA)m+1x‖2 dt

=
2π

m!

∫ ∞
0
‖e−susmeisAx‖2 ds

≤ Cm,ũ
∫ ∞

0
e−2s(u−ũ) ds ‖x‖2

= Cm,ũ,u‖x‖2 .

Thus if m = 0 then the required estimate (4.1.4) holds for A on Hũ with the

function ψ(z) =
(

1
z−iu

)2
∈ H∞1 (Hũ) since the resolvent of A is uniformly bounded

on horizontal lines. For m > 0, the estimate (4.1.4) holds for A on Hũ with ψ(z) =(
1

z−iu

)m+1
∈ H∞1 (Hũ). Since also iA∗ = (iA)∗ generates a semigroup satisfying the

condition in (iii), we obtain the required dual estimate (4.1.5) for this same choice

of ψ. We conclude that A has absolute calculus.

The claim (iv)⇒ (i) follows from Corollary 4.1.18. The final assertion is imme-

diate from Corollary 4.1.15.
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The implication (iv)⇒ (ii) in Theorem 4.3.1 can be arrived at by a more direct

route, using the identity f (m)(A) = m!
2πi

∫
Γ f(λ)R(λ,A)m+1 dλ. This idea is explored

in the more general setting of half-plane operators in Chapter 5 (see Theorem 5.2.3

and the discussion thereafter).

We can bypass the functional calculus route and obtain a form of (iv)⇒ (iii) in

Theorem 4.3.1 for a more general class of unbounded operators. As a compromise,

we must impose growth conditions on the integral estimates involved. As prepara-

tion, we first need to generalise the result of Gomilko and Shi-Feng to higher order

resolvents.

Theorem 4.3.4. Let A be a closed, densely defined operator with σ(A) ⊆ {z ∈ C :

Re z ≤ 0} and suppose that, for some m ≥ 2, A satisfies

∀x ∈ X ∀y ∈ X∗ sup
δ>0

δm−1

∫ δ+i∞

δ−i∞
|〈R(λ,A)mx, y〉| |dλ| <∞. (4.3.2)

Then A generates a uniformly bounded C0-semigroup.

Proof. The argument is adapted from [66]. The first step is to express the re-

solvent power as an integral operator. Indeed, for any δ > 0 the function z 7→
〈R(A, z + δ)mx, y〉 belongs to the Hardy space H1 in the half-plane Re z > 0. It

follows that for any x ∈ X and y ∈ X∗,

〈R(t, A)mx, y〉 = − 1

2πi

∫ δ+i∞

δ−i∞

〈R(λ,A)mx, y〉
λ− t

dλ (0 < δ < t).

For k > m− 1 we have

(−1)k−m+1m(m+ 1) . . . kR(t, A)k+1 =
dk−m+1

dtk−m+1
R(t, A)m (t > 0) .

Thus we get

〈R(t, A)k+1x, y〉 = − 1

2πi

(m− 1)!

k!

∫ δ+i∞

δ−i∞

dk−m+1

dtk−m+1

(〈R(λ,A)mx, y〉
λ− t

)
dλ

=
(−1)k−m

2πi

(k −m+ 1)! (m− 1)!

k!

∫ δ+i∞

δ−i∞

〈R(λ,A)mx, y〉
(λ− t)k−m+2

dλ .

Given our assumption (4.3.2), this implies

|〈R(t, A)k+1x, y〉| ≤ C (k −m+ 1)! (m− 1)!

k!
δ1−m (t− δ)m−k−2 (0 < δ < t).
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Choosing δ = t
k gives

|〈R(t, A)k+1x, y〉| ≤ C (k −m+ 1)! (m− 1)!

k!

( t
k

)1−m (
t− t

k

)m−k−2

= C · Ck,m · t−(k+1),

where

Ck,m =
(m− 1)! (k −m+ 1)!

k!
km−1

( k

k − 1

)k−m+2

= (m− 1)!

(
k

k −m+ 2

) (
k

k −m+ 3

)
· · ·
(

k

k −m+m

) (
k

k − 1

)k−1( k

k − 1

)3−m
.

For fixed m, the sequence (Ck,m)k converges as k → ∞ and so is bounded indepe-

dently of k. Hence we have

‖R(t, A)k+1‖ ≤ Cm
tk+1

∀k > m− 1.

The rest now follows from Theorem 2.1.6 (ii), in which we only need the resolvent

estimate to hold for sufficiently large powers.

We will show later that in fact (4.3.2) is independent of m ∈ N,m > 1 (see Remark

5.2.4). The following result, and proof, generalise Corollary 4.2.9.

Theorem 4.3.5. Let A be a closed, densely defined operator with σ(A) ⊆ Hw and

let v > w, m ≥ 0. If

sup
ṽ>v

(ṽ−v)m+1

∫
R
|〈(R(t− iṽ, A)m+2x, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X ∀y ∈ X∗, (4.3.3)

and for each ṽ > v,∫
R
|〈(R(t+ iṽ, A)m+2x, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X ∀y ∈ X∗, (4.3.4)

then for each ṽ > v∫
R
|〈(R(t+ iṽ, A)m+1 −R(t− iṽ, A))m+1x, y〉| dt ≤ Cṽ‖x‖ ‖y‖ ∀x ∈ X ∀y ∈ X∗.
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Proof. Fix ṽ > v and for t ∈ R, set λ = t+ iṽ. Then

R(λ,A)m+1 −R(λ,A)m+1

= [R(λ,A)−R(λ,A)]

m∑
k=0

R(λ,A)kR(λ,A)m−k

= −2iv
m∑
k=0

R(λ,A)m+1−kR(λ,A)k+1

= −2iv
m∑
k=0

R(λ,A)m+1−k[R(λ,A) + 2ivR(λ,A)R(λ,A)]k+1

= −2iv
m∑
k=0

k+1∑
j=0

(
k + 1

j

)
R(λ,A)m+1−kR(λ,A)j [2ivR(λ,A)R(λ,A)]k+1−j .

Every term in this sum is of the form Cm,k,j,vR(λ,A)m+2R(λ,A)k for some 0 ≤ k ≤
m + 1. Moreover, by Theorem 4.3.4 and (4.3.3) the operator iA − v generates a

uniformly bounded C0-semigroup, so iA generates a C0-semigroup eisA satisfying

‖eisA‖ ≤ Cesv, s > 0. Thus for k ≥ 1 we can write

R(λ,A)k = R(t− iṽ, A)k = ikR(it+ ṽ, iA)k =
ik

(k − 1)!

∫ ∞
0

sk−1e−ṽse−itseisAds.

Hence for x ∈ X1 and y ∈ X∗1 we have

〈R(λ,A)m+2R(λ,A)kx, y〉 =
ik

(k − 1)!

∫ ∞
0

sk−1e−ṽse−its〈R(λ,A)m+2eisAx, y〉 ds.

Furthermore,∫
R

∣∣∣∣ ∫ ∞
0

sk−1e−ṽseist〈R(t+ iṽ, A)m+2eisAx, y〉 ds

∣∣∣∣ dt

≤
∫ ∞

0
sk−1e−ṽs

∫
R

∣∣〈R(t+ iṽ, A)m+2eisAx, y〉
∣∣ dt ds

≤ C

(ṽ − v)m+1

∫ ∞
0

sk−1e−ṽs‖eisAx‖ ds (by (4.3.4))

≤ C

(ṽ − v)m+1

∫ ∞
0

sk−1e(−ṽ+v)s ds = Cṽ .

Combining this with (4.3.4), we arrive at∫
R
|〈(R(t+ iṽ, A)m+1 −R(t− iṽ, A))m+1x, y〉| dt ≤ Cṽ,

as required.

77



With the help of Theorem 4.3.1, we are almost ready to state our characterisation

of bounded H∞-calculus for strip-type operators in terms of Rademacher square

function estimates. First we need an auxiliary lemma, adapted from [47, Lemma

12.6].

Lemma 4.3.6. For strongly measurable, locally bounded, operator-valued functions

ψ, φ and M on R for which {M(t) : t ∈ R} is R-bounded, x ∈ X and x∗ ∈ X∗ we

have

lim
R→∞

∫ R

−R
|〈ψ(t)M(t)φ(t)x, x∗〉| dt ≤

2R({M(t) : t ∈ R}) sup
t∈R

sup
N

∥∥ ∑
|k|≤N

rkφ(k + t)x
∥∥
L2(X)

∥∥∑
|l|≤N

rkψ(l + t)∗x∗
∥∥
L2(X∗)

.

Proof. We have

∫ N+1

−N
|〈ψ(t)M(t)φ(t)x, x∗〉| dt =

N∑
k=−N

∫ k+1

k
|〈ψ(t)M(t)φ(t)x, x∗〉| dt

≤ sup
t∈R

N∑
k=−N

|〈M(k + t)φ(k + t)x, ψ(k + t)∗x∗〉|

≤ sup
t∈R

sup
|εk|=1

∣∣ N∑
k=−N

εk〈M(k + t)φ(k + t)x, ψ(k + t)∗x∗〉
∣∣

= sup
t∈R

sup
|εk|=1

∥∥ N∑
k=−N

r2
k〈εkM(k + t)φ(k + t)x, ψ(k + t)∗x∗〉

∥∥
L1(0,1)

≤ sup
t∈R

sup
|εk|=1

∥∥∑
k

rkεkM(k + t)φ(k + t)x
∥∥
L2(X)

∥∥∑
l

rlψ(l + t)∗x∗
∥∥
L2(X∗)

.

The result now follows from the R-boundedness assumption on M .

For v > ω > 0, we denote by H∞1,v(Hω) the set of all functions ψ ∈ H∞1 (Hω) for

which there exists constants C > 0 and C ′ ≥ 0 such that |ψ̂(η)| ≥ Ce−v|η|, η ∈ R,

and |(ψ̂)′(η)| ≤ C ′e−ω|η|, η 6= 0.

Theorem 4.3.7. Let A be a strip-type operator. For v, σ > wA and a scalar function

χ ∈ H∞(Hσ′), σ
′ > wA, consider the following conditions.

(i) A admits a bounded H∞-calculus on Hσ.
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(ii)

sup
N

sup
t∈R

sup
εk=±1

‖
N∑

k=−N
εkχ(k + t−A)‖B(X) <∞ .

(iii) A admits Rademacher square function estimates with respect to χ.

(iv) There exists a constant C such that for every x ∈ X, y ∈ X∗,∫
R
|〈χ(±iθ + t−A)x, y〉| dt ≤ C‖x‖ ‖y‖ .

Then

(a) (i)⇒ (ii)⇒ (iii) for every χ ∈ H∞1 (Hσ).

(b) Let θ < v−wA, ψ ∈ H∞1 (Hv). If (iii) holds for the functions χ(z) = ψ(±iθ−z) ∈
H∞1 (Hv−θ) then (iv) holds for χ = ψ2.

(c) If (iv) holds for some ψ ∈ H∞1,v(Hu), or for some χ = φ′ with φ ∈ H∞1,v(Hu),

with wA < u < v, 0 ≤ θ < u − wA and 2v − u − θ < π, then (i) holds for

σ > 2v − u− θ.

(d) (i)⇒ (iv) for every 0 ≤ θ < σ and χ ∈ H∞1 (Hσ+θ).

In the particular case where χ±(z) = 1
(z±iv)2

, v > wA, we have for σ < v

A admits a bounded H∞-calculus on Hσ ⇒ {A,χ±} satisfy Rademacher estimates

⇒
∫
R
|〈χ±(t−A)2x, y〉|dt ≤ C‖x‖ ‖y‖ .

Conversely for σ > v we have∫
R
|〈χ±(t−A)2x, y〉|dt ≤ C‖x‖ ‖y‖ ⇒ A has a bounded H∞-calculus on Hσ.

Proof. (a) Given that (i) holds, fix ψ ∈ H∞1 (Hσ). Note that for each t ∈ R the

operator t−A is strip-type with bounded H∞-calculus on Hσ, with the H∞-constant
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independent of t. Thus for some s > 1,

∥∥∥∥ N∑
k=−N

εkψ(t+ k −A)

∥∥∥∥ =

∥∥∥∥( N∑
k=−N

εkψ(z + k)

)
(t−A)

∥∥∥∥ ≤ C sup
z∈Hσ

∑
k∈Z
|ψ(z + k)|

≤ C sup
z∈Hσ

( ∞∑
k=0

1

(2 + k + bRe zc − Re z)s
+

∞∑
k=0

1

(2 + k + Re z − bRe zc)s

)
≤ C sup

z∈Hσ

(∫ ∞
0

dx

(1 + x+ bRe zc − Re z)s
+

∫ ∞
0

dx

(1 + x+ Re z − bRe zc)s

)
= C sup

z∈Hσ

(
(1 + bRe zc − Re z)1−s

s− 1
+

(1 + bRe zc − Re z)1−s

s− 1

)
≤ C

s− 1
.

This gives (ii). The implication (ii)⇒ (iii) is trivial since, for example,∫ 1

0
‖
∑
k

rk(u)ψ(k + t−A)∗x∗‖2 du ≤ sup
εk=±1

∥∥[∑
k

εkψ(k + t−A)
]∗∥∥2 ‖x∗‖2

≤ C‖x∗‖2 .

(b) is an immediate consequence of Lemma 4.3.6, with M(t) = I.

(c) The first case follows from Theorem 4.2.8. When ψ = φ′, an almost identical

proof to the implication (iii) ⇒ (ii) of Theorem 4.3.1 yields that A admits a 1-

bounded, and hence by Proposition 3.5.3 a bounded, H∞-calculus.

(d) follows from Proposition 4.2.6.

We now show that in the case where A is R-strip-type, the Rademacher norms

on X are independent of the choice of ψ ∈ H∞1 , so that the implication (ii)⇒ (i) of

Theorem 4.3.7 holds for any such ψ. Moreover, such a pair {A,ψ} admit Rademacher

estimates if and only if this norm is equivalent to the original norm on X. In

particular, this equivalence of norms characterises the bounded H∞-calculus for

such operators. Analogous results hold in the sectorial case for the class H∞0 , from

which the proofs are adapted (see [47, Chapter 12]). We start with a preparatory

lemma.

Lemma 4.3.8. Let M,N : R → B(X) be strongly measurable, bounded functions,

h ∈ L1(R). Define

M(t) =

∫
R
h(t− s)N(s) ds, t ∈ R.
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Then there exists a constant C such that for all x ∈ X,

sup
t∈R
‖
∑
k∈Z

rkM(k + t)x‖L1(X) ≤ C sup
t∈R
‖
∑
k∈Z

rkN(k + t)x‖L1(X).

Proof. For every k ∈ Z and t ∈ R we have

M(t+ k)x =
∑
j∈Z

∫ 1

0
h((t+ k)− (s+ j))N(s+ j)x ds .

Thus

‖
∑
k

rk(·)M(t+ k)x‖ ≤
∫ 1

0
‖
∑
j

∑
k

rk(·)h(t+ k − s− j)N(s+ j)x‖ ds

≤
∑
l

∫ 1

0
‖
∑
j

rj−l(·)h(t− s− l)N(s+ j)x‖ ds .

Then by Fubini we obtain

‖
∑
k∈Z

rkM(k + t)x‖L1(X) ≤ 2
∑
l

∫ 1

0
|h(t− s− l)|ds

(
sup
s∈[0,1]

‖
∑
j

rj−lN(s+ j)x‖L1(X)

)

≤ 2‖h‖L1(R)

(
sup
s∈[0,1]

‖
∑
j

rjN(s+ j)x‖L1(X)

)
.

The result now follows.

Proposition 4.3.9. Let A ∈ R-Strip(w), v > w, φ, ψ ∈ H∞1 (Hv) non-zero. Then

there exists a constant C such that for every x ∈ X,

1

C
‖x‖R,φ ≤ ‖x‖R,ψ ≤ C‖x‖R,φ .

Proof. Choose g ∈ H∞1 (Hv) such that∫
R
g(t)φ(t) dt = 1 .

As in Proposition 4.1.14, ∫
R
g(t−A)φ(t−A) dt = I .
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Then for s ∈ R and w < u < v we have by Fubini,

ψ(s−A) =

∫
R

[ψ(s−A)g(t−A)]φ(t−A) dt

=

∫
R

[
1

2πi

∫
∂Hu

ψ(s− λ)g(t− λ)R(λ,A) dλ

]
φ(t−A) dt

=
1

2πi

∫
∂Hu

ψ(s− λ)R(λ,A)

(∫
R
g(t− λ)φ(t−A) dt

)
dλ

=
1

2πi

∫
R
ψ(s− iu− t)M(iu+ t) dt− 1

2πi

∫
R
ψ(s+ iu− t)M(−iu+ t) dt ,

where M(λ) = R(λ,A)N(λ), N(λ) =
∫
R g(t− λ)φ(t−A) dt. The R-boundedness of

{R(λ,A) : λ ∈ Hv}, along with Lemma 4.3.8, gives

‖x‖R,ψ ≤ C sup
±

sup
s∈R
‖
∑
j

rjM(±iu+ s+ j)x‖Lp(X)

≤ C sup
±

sup
s∈R
‖
∑
j

rjN(±iu+ s+ j)x‖Lp(X)

≤ C‖x‖R,φ .

The result now follows by symmetry.

Theorem 4.3.10. Let A ∈ R-Strip(w) on a Banach space.

(i) If A has a bounded H∞-calculus on Hv, v > w then for every u > v and

φ ∈ H∞1 (Hu) there exists a constant C such that for every x ∈ X,

1

C
‖x‖ ≤ ‖x‖R,φ ≤ C‖x‖ . (4.3.5)

(ii) If (4.3.5) holds for some φ ∈ H∞1 (Hv), v > w, then A admits a bounded

H∞-calculus on Hu for every u > v.

Proof. (i) Given that A has a bounded H∞(Hv)-calculus, u > v and φ ∈ H∞1 (Hu),

choose g ∈ H∞1 (Hu) such that ∫
R
φ(t)g(t) dt = 1 .

As in Proposition 4.1.14, we have
∫
R φ(t−A)g(t−A) dt = I. Then by Lemma 4.3.6
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and statement (a) of Theorem 4.3.7, we have for every x ∈ X, y ∈ X∗,

|〈x, y〉| =
∣∣∣∣〈∫

R
φ(t−A)g(t−A)x dt, y

〉∣∣∣∣ ≤ ∫
R
|〈φ(t−A)x, g(t−A)∗y〉| dt

≤ C‖x‖R,φ ‖y‖R,g ≤ C‖x‖R,φ ‖y‖ .

Thus for every x ∈ X we have ‖x‖ ≤ C‖x‖R,φ. The reverse inequality of (4.3.5) is

another consequence of Theorem 4.3.7 (a).

(ii) Given the assumptions, note that for f ∈ H∞(Hu), t ∈ R and v′ ∈ (w, v),

f(A)φ(t−A) =
1

2πi

∫
∂Hv′

φ(t− λ)[f(λ)R(λ,A)] dλ .

Since {f(λ)R(λ,A) : λ ∈ ∂Hv′} is R-bounded, by Proposition 3.7.6 we deduce that

there is a constant C such that for every f ∈ H∞(Hu),

R{f(A)φ(t−A) : t ∈ R} ≤ C‖f‖H∞(Hu) .

Along with Proposition 4.3.9 this yields for every f ∈ H∞(Hu) and x ∈ X,

‖f(A)x‖ ≤ C‖f(A)x‖R,φ ≤ C‖f(A)x‖R,φ2

= sup
t∈R
‖
∑
k

rk[f(A)φ(t+ k −A)]φ(t+ k −A)x‖Lp(X)

≤ C‖f‖H∞(Hu)‖x‖R,φ ≤ C‖f‖H∞(Hu)‖x‖ .

The result now follows.

We can apply our results for strip-type operators to broaden the class of func-

tions which appear in the characterisation of the bounded H∞-calculus for sectorial

operators (Theorem 4.2.5). Let A be a sectorial operator and set B = logA. Given

ψ ∈ H∞0,v(Σθ), θ ∈ (φA, π), note that χ := ψ ◦ exp ∈ H∞1,v(Hθ). Then Theorem 4.3.7

applied to the operator B and function χ, along with Proposition 3.4.3, yield the

following result.

Theorem 4.3.11. Let A be a sectorial operator of type ω.

(i) Let ω < µ < ν < π and 2ν − µ < η < π. Suppose that for some ψ ∈ H∞0,ν(Σµ)

there exists a constant C such that∫ ∞
0
|〈Aψ′(tA)x, y〉|dt ≤ C‖x‖‖y‖ ∀x ∈ X ∀y ∈ X∗. (4.3.6)
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Then A admits a bounded H∞-calculus on Ση.

(ii) Suppose that ω < µ < ν < π, 0 ≤ θ < µ− ω and 2ν − µ− θ < η < π. If∫ ∞
0
|〈Aψ′(te±iθA)x, y〉|dt ≤ C‖x‖‖y‖ ∀x ∈ X ∀y ∈ X∗ . (4.3.7)

for some ψ ∈ H∞0,ν(Σµ) then A admits a bounded H∞-calculus of type η.

We remark that Theorem 4.3.11 can be arrived at more directly by showing that

the estimates (4.3.6) and (4.3.7) imply that Af ′(A) ∈ B(X) for each f ∈ H∞(Ση)

with ‖Af ′(A)‖ ≤ C‖f‖H∞(Ση) (see Corollary 3.5.5).

Revisiting the examples of 4.2.4, we arrive at the following estimates.

(i) ψ(z) = α
z−α −

α
z−α , α /∈ Σµ: if A satisfies (4.3.6) for this choice of ψ, then by

Theorem 4.3.11 A admits a bounded H∞-calculus of type | argα|.

(ii) ψ(z) = ze−z, defined on Σπ
2
: if A is sectorial of type ω < π

2 and

∫ ∞
0
|〈A(−tA+ I)e−tAx, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X, y ∈ X∗,

then A has a bounded H∞-calculus of type π
2 .

For θ ∈ (0, π2 − ω), it follows from (4.3.7) that if∫ ∞
0
|〈A(−te±iθA+ I)e−te

±iθAx, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X, y ∈ X∗,

then by Theorem 4.3.11 A admits a bounded H∞-calculus of type π
2 − θ.

(iii) ψ(z) = z
(1+z)2

: if A is sectorial of angle ω < π, 0 ≤ θ < π − ω and

∫ ∞
0
|〈A(t− e±iθA)(t+ e±iθA)−3x, y〉| dt ≤ C‖x‖ ‖y‖ ∀x ∈ X, y ∈ X∗,

then by Theorem 4.3.11 A admits a bounded H∞-calculus of type π − θ.

Similar estimates can also be obtained for higher order derivatives, using the fact

that m-boundedness is equivalent to boundedness of the H∞-calculus for any m ≥ 0.

4.4 Square function estimates for a pair of commuting operators

In this section we characterise boundedness of the joint functional calculus of a pair

of commuting sectorial operators in terms of weak integral estimates. The approach
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is a natural extension of the single operator case, where we now employ the Fourier

transform in two dimensions, defined for f ∈ L1(R2) by

f̂(λ, µ) =

∫
R

∫
R
e−iλxe−iµyf(x, y) dx dy ,

with corresponding inverse. Here we gather some basic properties of the Fourier

transform in two dimensions, which can be found in [67, Section 6.2]. Given a two-

variable function ψ ∈ H∞0 (Σθ × Σθ′) and x, y ∈ R, we denote ψe(x, y) = ψ(ex, ey).

Furthermore we define (f ∗ g)(s, t) =
∫
R
∫
R f(u, v)g(s− u, t− v) du dv.

(a) Given ψ ∈ H∞0 (Σθ × Σθ′), there exists a constant C such that for all λ, µ ∈ R,

|ψ̂e(λ, µ)|+
∣∣ ∂
∂λ
ψ̂e(λ, µ)

∣∣+
∣∣ ∂
∂µ
ψ̂e(λ, µ)

∣∣+
∣∣ ∂2

∂λ∂µ
ψ̂e(λ, µ)

∣∣ ≤ Ce−θ|λ|e−θ′|µ| .
since, for example, we have by Cauchy’s Theorem, for every λ, µ ∈ R and ν ∈
(−λ, λ), ν ′ ∈ (−µ, µ),

∣∣ ∂
∂λ
ψ̂e(λ, µ)

∣∣ =

∣∣∣∣ ∫
R

∫
R
xe−iλxe−iµyψe(x, y) dxdy

∣∣∣∣
=

∣∣∣∣ ∫ ∞
0

∫ ∞
0

(log u)u−iλv−iµψ(u, v)
du

u

dv

v

∣∣∣∣
=

∣∣∣∣ ∫ ∞
0

∫ ∞
0

(log seiν)(seiν)−iλ(teiν
′
)−iµψ(seiν , teiν

′
)

ds

s

dt

t

∣∣∣∣
≤ eνλeν′µ

∫ ∞
0

∫ ∞
0

(| log s|+ |ν|)ψ(seiν , teiν
′
)

ds

s

dt

t

∣∣∣∣
≤ Ceνλeν′µ .

Letting ν → ±θ and ν ′ → ±θ′ we arrive at
∣∣ ∂
∂λ ψ̂e(λ, µ)

∣∣ ≤ Ce−θ|λ|e−θ
′|µ| for

every λ, µ ∈ R.

(b) For any f, g ∈ L1(R2), (f ∗ g)̂ = f̂ ĝ.

(c) For any f ∈ L1(R2) such that f̂ ∈ L1(R2), f = 1
4π2 (f̂ )̌.

(d) For any ψ ∈ H∞0 (Σθ × Σθ′) and α, β ∈ R,

(ψ̂e(λ, µ)eαλeβµ)ˇ(s, t) = ψe(s− iα, t− iβ) .

Our first result is the natural analogue of the converse direction of Theorem

4.2.2. The proof is almost identical and omitted.
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Theorem 4.4.1. Let (S, T ) be a pair of commuting sectorial operators. Suppose

further that (S, T ) admit a joint bounded H∞-calculus on Σλ × Σµ. Then for any

Ψ ∈ H∞0 (Σλ × Σµ) there exists a constant C such that for every x ∈ X, y ∈ X∗,∫ ∞
0

∫ ∞
0
|〈Ψ(sS, tT )x, y〉| ds

s

dt

t
≤ C‖x‖ ‖y‖ .

Looking to the converse, we begin with the following version of Theorem 4.2.2.

Theorem 4.4.2. Let (S, T ) be a pair of commuting sectorial operators. Suppose

φS < φ < ν < π, φT < φ′ < ω < π, 4ν − 3φ < π and 4ω − 3φ′ < π. Suppose there

exists Ψ ∈ H∞0 (Σφ × Σφ′) such that

(i) |Ψ̂e(λ, µ)| ≥ Ce−ν|λ|e−ω|µ| ∀ λ, µ ∈ R and

(ii) ∫ ∞
0

∫ ∞
0
|〈Ψ(sS, tT )x, y〉| ds

s

dt

t
≤ C‖x‖ ‖y‖

for every x ∈ X, y ∈ X∗.

Then (S, T ) admits a bounded joint H∞-calculus of type (4ν − 3φ, 4ω − 3φ′).

Proof. The proof is guided by [16]. We fix 4ν − 3φ < η < π and 4ω − 3φ′ < η′ < π

and then choose α, β such that 4ν − 3φ < α < η and 4ω − 3φ′ < β < η′. Define

γ : R+ × R+ by

γ̂e(λ, µ) =
1

Ψ̂e(λ, µ) cosh(αλ) cosh(βµ)
.

Assumption (i) on Ψ and property (a) (page 85) allows us to make the following
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estimates:

|γ̂e(λ, µ)| ≤ Ce(ν−α)|λ|e(ω−β)|µ|,∣∣ ∂
∂λ

(γ̂e(λ, µ))
∣∣ =

∣∣∣∣ 1

cosh(βµ)

(− ∂
∂λΨ̂e(λ, µ) cosh(αλ)− α sinh(αλ)Ψ̂e(λ, µ)

Ψ̂e(λ, µ)2cosh2(αλ)

)∣∣∣∣
≤ Ce(2ν−α−φ)|λ|e(2ω−β−φ′)|µ|,∣∣ ∂

∂µ
(γ̂e(λ, µ))

∣∣ ≤ Ce(2ν−α−φ)|λ|e(2ω−β−φ′)|µ| (by symmetry),

∣∣ ∂2

∂µ∂λ
(γ̂e(λ, µ))

∣∣ =

∣∣∣∣ 1

cosh(βµ)

[
1

cosh(αλ)

(
Ψ̂e(λ, µ)

2 ∂2

∂λ∂µΨ̂e(λ, µ)

Ψ̂e(λ, µ)
4 −

2 ∂
∂λΨ̂e(λ, µ) ∂

∂µΨe(λ, µ)Ψe(λ, µ)

Ψ̂e(λ, µ)
4

)
−
α sinh(αλ) ∂

∂µΨ̂e(λ, µ)

cosh2(αλ)Ψ̂e(λ, µ)
2

]

− β sinh(βµ)

cosh2(βµ)

( ∂
∂λΨ̂e(λ, µ)

Ψ̂e(λ, µ)
2

cosh(αλ)
+

α sinh(αλ)

Ψ̂e(λ, µ)cosh2(αλ)

)∣∣∣∣
≤ C{e(4ν−α−3φ)|λ|e(4ω−β−3φ′)|µ| + e(2ν−α−φ)|λ|e(2ω−β−φ′)|µ|

+ e(ν−α)|λ|e(ω−β)|µ|}

≤ C{e(4ν−α−3φ)|λ|e(4ω−β−3φ′)|µ|} .

Furthermore, we have

(1 + ix)(1 + iy)γe(x, y) =

1

4π2

∫
R

∫
R
eiλxeiµy

(
γ̂e(λ, µ)− ∂

∂λ
γ̂e(λ, µ)− ∂

∂µ
γ̂e(λ, µ) +

∂2

∂λ∂µ
γ̂e(λ, µ)

)
dλ dµ .

Thus by Hölder’s inequality, the Plancherel theorem and the estimates above we

obtain∫ ∞
0

∫ ∞
0

∣∣γ(s, t)
∣∣ ds

s

dt

t
=

∫
R

∫
R

∣∣γe(x, y)
∣∣ dx dy

≤
(∫

R2

∣∣(1 + ix)(1 + iy)γe(x, y)
∣∣2d(x, y)

) 1
2
(∫

R2

∣∣∣∣ 1

(1 + ix)(1 + iy)

∣∣∣∣2d(x, y)

) 1
2

≤ C
(∫

R2

|γ̂e(λ, µ)− ∂

∂λ
γ̂e(λ, µ)− ∂

∂µ
γ̂e(λ, µ) +

∂2

∂λ∂µ
γ̂e(λ, µ)|2 d(λ, µ)

)
≤ C

(∫
R2

e2(4ν−α−3φ)|λ|e2(4ω−α−3φ′)|µ| d(λ, µ)

) 1
2

<∞ .

87



Given f ∈ H∞0 (Ση × Ση′), we define δ : R+ × R+ by

δ̂e(λ, µ) = f̂e(λ, µ)γ̂e(λ, µ) cosh(αλ) cosh(βµ) .

By (d) (page 85) we have

|(f̂ee±α·e±β·)(τ, τ ′)| = |fe(τ ∓ iα, τ ′ ∓ iβ)| ≤ ‖f‖H∞(Ση×Ση′ )
.

Together with the fact that γe ∈ L1(R2), this shows that δ ∈ L∞(R2) with ‖δ‖∞ ≤
‖f‖H∞(Ση×Ση′ )

. We have

δ̂e(λ, µ)Ψ̂e(λ, µ) = f̂e(λ, µ)

and, inverting the Fourier transform and employing (b) (page 85), we have

fe(z, z
′) =

∫
R

∫
R
δe(τ, τ

′)Ψe(z − τ, z′ − τ ′) dτdτ ′,

first for (z, z′) ∈ R2 and then for (z, z′) ∈ Hφ ×Hφ′ by analytic continuation. This

yields

f(ζ, ζ ′) =

∫ ∞
0

∫ ∞
0

δ(s, t)Ψ(
ζ

s
,
ζ ′

t
)

ds

s

dt

t
,

for (ζ, ζ ′) ∈ Σφ × Σφ′ . The rest follows as in the single operator case (see, for

example, [16] or Theorem 4.2.7 for the case of strip-type operators).

Corollary 4.4.3. Let (S, T ) be as above, φS < ν < π, φT < ω < π. Suppose there

exists Ψ such that Ψ ∈ H∞0 (Σφ × Σφ′) for every φ ∈ (0, ν) and φ′ ∈ (0, ω) and that

|Ψ̂e(λ, µ)| ≥ Ce−ν|λ|e−ω|µ| for every λ, µ ∈ R. Suppose further that∫ ∞
0

∫ ∞
0
|〈Ψ(sS, tT )x, y〉| ds

s

dt

t
≤ C‖x‖ ‖y‖

for every x ∈ X, y ∈ X∗. Then (S, T ) admits a bounded joint H∞-calculus of type

(ν, ω).

Again, we can obtain bounded H∞-calculus on smaller sectors by integrating

along the boundary of appropriate sectors.

Theorem 4.4.4. Let (S, T ) be a pair of commuting sectorial operators. Suppose

φS < φ < ν < π, φT < φ′ < ω < π, 0 ≤ θ < φ − φS, 0 ≤ θ′ < φ′ − φT ,

4ν − 3φ − θ < π and 4ω − 3φ′ − θ′ < π. Suppose there exists Ψ ∈ H∞0 (Σφ × Σφ′)

such that
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(i) |Ψ̂e(λ, µ)| ≥ Ce−ν|λ|e−ω|µ| ∀ λ, µ ∈ R and

(ii) ∫ ∞
0

∫ ∞
0
|〈Ψ(se±iθS, te±iθ

′
T )x, y〉| ds

s

dt

t
≤ C‖x‖ ‖y‖

for every x ∈ X, y ∈ X∗.

Then (S, T ) admits a bounded joint H∞-calculus of type (4ν− 3φ− θ, 4ω− 3φ′− θ′).

Proof. We proceed as in the proof of Theorem 4.2.7, but now define γ by

γ̂e(λ, µ) =
1

Ψ̂e(λ, µ) cosh((α+ θ)λ) cosh((β + θ′)µ)
,

where 4ν−3φ−θ < α < η < π and 4ω−3φ′−θ′ < η′ < π. In exactly the same way as

before, we use estimates on γ and its derivatives, along with the assumptions on the

underlying parameters, to establish γe ∈ L1(R2). Having fixed f ∈ H∞0 (Σφ × Σφ′),

we define δ as in Theorem 4.4.2. Then

δ̂e(λ, µ) =
1

4

4∑
i=1

δ̂ie(λ, µ),

where each δi is defined by δ̂ie(λ, µ) = γ̂e(λ, µ)f̂e(λ, µ)e±αλe±βµ. Then by (d) (page

85) and the fact that γe ∈ L1(R2), we have that each δi ∈ L∞(R2) with ‖δi‖∞ ≤
C‖f‖H∞0 (Σφ×Σφ′ )

.

Furthermore, we have

f̂e(λ, µ) = δ̂1
e(λ, µ)Φ̂e(λ, µ)eθλeθ

′µ + δ̂2
e(λ, µ)Φ̂e(λ, µ)eθλe−θ

′µ

+ δ̂3
e(λ, µ)Φ̂e(λ, µ)e−θλeθ

′µ + δ̂4
e(λ, µ)Φ̂e(λ, µ)e−θλe−θ

′µ .

Inverting the Fourier transform gives

fe(z, z
′) =

∫
R

∫
R
δ1
e(τ, τ

′)Ψe(z − iθ − τ, z′ − iθ′ − τ ′) dτ dτ ′ + . . .

+

∫
R

∫
R
δ4
e(τ, τ

′)Ψe(z + iθ − τ, z′ + iθ′ − τ ′) dτ dτ ′ ,

first for z, z′ ∈ R and then (z, z′) ∈ Σφ × Σφ′ . Then

f(ζ, ζ ′) =

∫ ∞
0

∫ ∞
0

δ1(s, t)Ψ
(ζe−iθ

s
,
ζ ′e−iθ

′

t

) ds

s

dt

t
+ . . .

+

∫ ∞
0

∫ ∞
0

δ4(s, t)Ψ
(ζeiθ
s
,
ζ ′eiθ

′

t

) ds

s

dt

t
,
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for (ζ, ζ ′) ∈ Σφ × Σφ′ . The rest now follows as in the proof of Theorem 4.4.2.

Remark 4.4.5. Suppose Ψ is of the form Ψ(λ, µ) = f(λ)g(µ), with f ∈ H∞0,ν(Σφ), g ∈
H∞0,ω(Σφ′). Then Ψ satisfies the required Fourier estimate |Ψ̂(λ, µ)| ≥ Ce−ν|λ|e−ω|µ|.
Thus, using the concrete examples in 4.2.4 we can derive sufficient (and necessary, by

Theorem 4.4.1) conditions for the pair (S, T ) to have a bounded joint H∞-calculus.

The following result can similarly be obtained for a pair of (commuting) strip-

type operators. We omit the details of the proof, which are analogous to those of

Theorems 4.4.2 and 4.4.4.

Theorem 4.4.6. Let (A,B) be a pair of commuting strip-type operators. Suppose

wA < φ < v, wB < φ′ < w, 0 ≤ u < φ − wA, 0 ≤ θ′ < φ′ − wB, 4v − 3φ − θ and

4w − 3φ′ − θ′ < π. Suppose there exists Ψ ∈ H∞1 (Hφ ×Hφ′) such that

(i) |Ψ̂(λ, µ)| ≥ Ce−v|λ|e−w|µ| ∀ λ, µ ∈ R and

(ii) ∫
R

∫
R
|〈Ψ(±iθ + s−A,±iθ′ + t−B)x, y〉| dsdt ≤ C‖x‖ ‖y‖

for every x ∈ X, y ∈ X∗.

Then (A,B) admits a bounded joint H∞-calculus of type (4v−3φ−θ, 4w−3φ′−θ′).

As in the single operator case (see Section 4.3), we can then employ (k, l)-

boundedness (Proposition 3.6.5) to broaden the integral estimates in Theorems 4.4.4

and 4.4.6. For example, using the fact that (1, 1)-boundedness is equivalent to

bounded H∞-calculus, the following estimates are permissible in Theorem 4.4.4 for

the same choice of Ψ:∫ ∞
0

∫ ∞
0
|〈ST ∂2

∂z∂w
Ψ(se±iθS, te±iθ

′
T )x, y〉| dsdt ≤ C‖x‖ ‖y‖

for every x ∈ X, y ∈ X∗.
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5 Functional Calculus for half-plane operators

Much of our study of strip-type operators has been from the viewpoint of their

connection with sectorial operators via the exponential and logarithm functions.

In fact, on Hilbert space we obtain a complete characterisation of bounded H∞-

calculus for strip-type operators through Theorem 3.2.5, which tells us that strip-

type operators with this property are precisely generators of a C0-group, or even just

those strip-type operators which are also generators of a C0-semigroup. However,

there exist C0-semigroups on Hilbert space whose generators are not of strip-type,

but only of half-plane type (i.e. those C0-semigroups that are not groups). It is

natural then to ask if this characterisation extends to these operators. Namely, does

every generator of a C0-semigroup on a Hilbert space enjoy a bounded H∞-calculus

in the half-plane sense outlined in Chapter 2? In the first instance we will work with

bounded C0-semigroups, so that for the generator −A, the operator A is a half-plane

operator with s0(A) ≥ 0. We can then deduce more general results by shifting.

We will show in Section 5.1 that such operators need not admit a bounded

H∞-calculus on any half-plane. Thus we look to characterise semigroup generators

on Hilbert space in terms of a property weaker than the boundedness of the H∞-

calculus. In Section 5.2 we show that this property is m-boundedness, provided we

have some control on the underlying constants. In particular this shows that, in

contrast to the case of strip-type operators, m-boundedness is a strict weakening

of the bounded H∞-calculus for half-plane operators. Through these considerations

we also obtain new and simple proofs of the Gomilko-Shi-Feng theorem (Theorem

2.1.10), as well as a more general version for polynomially bounded semigroups.

We are interested then in identifying some class of semigroups for which the

(negative) generator necessarily admits a bounded H∞-calculus on appropriate half-

planes. We attack the problem by studying the so-called Cayley transform of a

semigroup generator (defined in Section 5.3). Since such an operator is bounded with

spectrum in the closed unit disk, we can appeal to well known results on Hilbert space

with a view to characterising bounded H∞-calculus for semigroup generators. We

will use von Neumann’s classical inequality for contractions as a starting point and

reconcile boundedness of the H∞-calculus of a semigroup generator with polynomial

boundedness of its Cayley transform. This is achieved by adapting the well known

(and solved) similarity problem in Hilbert space. There are two considerations to

note. Firstly, the boundedness of the H∞-calculus will, in the first instance, be

assumed to be uniform in the sense that the H∞-constant does not depend on which

half-plane we take. We can then apply these results to the more general case by
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a shifting argument. Secondly, given a bounded operator T with σ(T ) ⊆ D(0, 1)

we must impose further spectral conditions on T to ensure that its inverse Cayley

transform is well-defined. Even in this case, this may not give rise to a semigroup

generator.

In Section 5.3 we introduce the Cayley transform and describe its role as a bridge

between half-plane operators and bounded operators with spectrum in the closed

unit disk. In Section 5.4 we proceed with an exposition of the well known discrete

similarity problem on Hilbert space for bounded operators. We then describe an

analogous similarity problem for a semigroup of bounded operators (T (t)), with a

view to adapting the solution of the discrete problem. As a by-product, we introduce

the notion of a completely bounded H∞-calculus for half-plane operators (Section

5.5). In Section 5.6, we employ the familiar generation theorems, particularly those

on Hilbert space, to obtain necessary and sufficient conditions for a bounded operator

to arise as the Cayley transform of a semigroup generator. Finally, in Section 5.7

we apply our results in the more general setting where the H∞-constant is assumed

to depend on the half-plane.

5.1 A counterexample

In this section we present an example of a generator −A of a bounded C0-semigroup

for which the half-plane operator A does not admit a bounded H∞-calculus on

any right half-plane R−ε, ε > 0. The example is derived from constructions of

invertible sectorial operators on Hilbert space which do not admit a bounded H∞-

calculus on any sector. On Hilbert space this is equivalent to the operator not having

bounded imaginary powers (BIP ). The construction is underpinned by the theory

of conditional Schauder bases. Baillon and Clément [8] and Venni [73] were the

first to use this approach to identify such an operator A for which Ais is bounded

for some s ∈ R but not all. We omit the details as they are not in tune with our

functional calculus motivations. Instead, we call upon the following similar example

due to Le Merdy [49].

Example 5.1.1. Let X be a separable Hilbert space. Then there exists an operator

A on X satisfying the following conditions.

(i) A is invertible and sectorial of angle 0.

(ii) A does not have BIP.

By Theorem 2.2.6, −A is the generator of a bounded, analytic semigroup. We

also have, by [34, Proposition 3.5.5], that for an invertible sectorial operator B, B
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has BIP if and only if B + ε has BIP for every ε > 0. Thus, given any ε > 0, the

function f(z) = (z + ε)is ∈ H∞(R−ε) but f(A) = (A+ ε)is is not bounded for every

s ∈ R. Thus A fails to admit a bounded H∞-calculus on any right half-plane.

Let us consider Example 5.1.1 in connection with the problem of inverse gener-

ators (Problem 5.1.3 below). First we establish the following easy result.

Theorem 5.1.2. Let B be a densely defined half-plane operator of type ε > 0 on a

Banach space. Suppose B admits a bounded H∞-calculus on Rε′ for some 0 < ε′ < ε.

Then −B and −B−1 are generators of bounded C0-semigroups.

Proof. Given the assumption on B, define for each t > 0 the functions ft(z) = e−tz

and gt(z) = e−
t
z . Then ft, gt ∈ H∞(Rε). Thus for each t > 0 the operators e−tB

and e−tB
−1

are bounded. Moreover, there exists C such that for each t > 0

‖e−tB‖+ ‖e−tB−1‖ ≤ C
(
‖e−tz‖H∞(Rε) + ‖e−

t
z ‖H∞(Rε)

)
≤ C .

The result follows from Proposition 3.2.7.

To determine whether or not the converse to Theorem 5.1.2 holds, namely if B

admits a bounded half-plane calculus whenever −B and −B−1 are generators of C0-

semigroups, we consider the inverse generator problem, which is stated as follows.

Problem 5.1.3. Let A be the infinitesimal generator of a bounded C0-semigroup

on a Hilbert space X and suppose A−1 exists as a closed, densely defined operator.

Does A−1 then necessarily generate a bounded C0-semigroup?

The problem was originally posed on general Banach space by deLaubenfels in [19].

Zwart [79] constructed a counterexample on the function space X = C0([0, 1)),

equipped with the supremum norm, but as yet it is not known if such a counterex-

ample exists on Hilbert space. It is known that if A−1 is necessarily the generator

of a C0-semigroup, then the boundedness of the semigroup is automatic (see [79]).

There are positive answers to Problem 5.1.3 for special classes of semigroups.

We have by Theorem 2.2.6 that −A generates a bounded analytic semigroup (that

is, a semigroup satisfying ‖T (t)‖ ≤ C, | arg t| < θ, some θ > 0) if and only if

A is sectorial of angle less than π
2 . Furthermore, if A−1 exists as a closed, densely

defined operator, then it is also sectorial of angle less than π
2 , so −A−1 also generates

a bounded, analytic semigroup. On Hilbert space, we even have a positive result

for the class of generators of contraction semigroups and, by extension, semigroups

which are semi-contractive (see Definition 5.5.3). We refer to [79, Lemma 4.1] for

the details.
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Returning to the converse of Theorem 5.1.2, let A be as in Example 5.1.1 and

note that by the considerations above A and A−1 are both generators of bounded

analytic C0-semigroups. However, as noted in Example 5.1.1, A does not admit a

bounded H∞(Rε)-calculus for any 0 < ε < a. Thus the converse to Theorem 5.1.2

fails on Hilbert space.

We conclude this section with a remark on the minimal type of bounded H∞-

calculus. On Hilbert space, we have seen in Section 4.1 that for sectorial and strip-

type operators, boundedness of the H∞-calculus is characterised by the absolute

calculus, which in turn does not depend on the angle/height of the sector/strip, so

that the H∞-angle/H∞-type coincides with the angle of sectoriality/strip-height.

For half-plane operators, no such characterisation exists and it seems unclear if the

H∞-type is equal to the half-plane type of the operator. We can, however, offer a

partial result in this direction.

Proposition 5.1.4. Let A be a half-plane operator on a Hilbert space with s0(A) ≥ 0

and suppose there exist ε, ε′ > 0 such that

(i) A admits a bounded H∞-calculus on R−ε and

(ii) A+ ε′ is sectorial of angle less than π
2 .

Then A admits a bounded H∞-calculus on R−δ for every δ > 0.

Proof. Let 0 < δ < min{ε, ε′}. We need to show that A+δ has boundedH∞-calculus

on Σπ
2
. By assumption (ii), it follows that A + δ is sectorial of angle less than π

2 .

Thus, by Theorem 4.1.8, A+ δ has bounded H∞-calculus on Σπ
2

if and only if A+ δ

has BIP . Note that A+ ε has BIP since it has bounded H∞-calculus on Σπ
2
. Thus

A+ δ has BIP by [34, Proposition 3.5.5] and the result follows.

5.2 m-bounded calculus for half-plane operators

In this section we consider m-boundedness of the H∞-calculus for half-plane oper-

ators. Given w ∈ R and f ∈ H∞(Rw), it follows from Cauchy’s Integral Formula

that for any m, f (m) ∈ H∞(Rw′) for any w′ > w. Thus the natural definition of

m-bounded H∞-calculus is essentially the same for half-plane operators as it is for

strip-type operators.

Definition 5.2.1. Let A be a half-plane operator of type w ∈ R, u < w. Then

A is said to admit an m-bounded H∞-calculus on Ru if f (m)(A) ∈ B(X) for every

f ∈ H∞(Ru) and there exists a constant C such that for every such f ,

‖f (m)(A)‖ ≤ C‖f‖H∞(Ru) . (5.2.1)
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Our first aim is to obtain an appropriate version of Theorem 4.3.2 for half-plane

operators. We saw in the previous section that not every C0-semigroup generator on

Hilbert space admits a half-plane bounded H∞-calculus. Thus we expect to replace

this with a (strictly) weaker condition. It turns out that 1-boundedness of the H∞-

calculus is necessary and sufficient, provided we have control on the constant C in

(5.2.1) and on the integral estimates involved.

Theorem 5.2.2. Let A be a densely defined half-plane operator of type v ∈ R on a

Banach space X. Consider the following conditions.

(i) There exists C such that for every x ∈ X and y ∈ X∗ and every w < v,

(v − w)

∫
R
‖R(w + it, A)x‖2 dt ≤ C‖x‖2,

(v − w)

∫
R
‖R(w + it, A∗)y‖2 dt ≤ C‖y‖2.

(ii) There exists C such that for every x ∈ X and y ∈ X∗ and every w < v,∫
R
|〈R(w + it, A)2x, y〉| dt ≤ C

v − w
‖x‖ ‖y‖ .

(iii) A admits a 1-bounded H∞-calculus of type v and there exists C such that for

every w < v and f ∈ H∞(Rw),

‖f ′(A)‖ ≤ C

v − w
‖f‖H∞(Rw) .

(iv) −A generates a C0-semigroup (T (t))t≥0 for which there exists a constant C

such that for every t ≥ 0, ‖T (t)‖ ≤ Ce−vt.

Then (i)⇒ (ii)⇒ (iii)⇒ (iv). If X is a Hilbert space then (iv)⇒ (i) also holds.

Proof. We will show (ii) ⇒ (iii) ⇒ (iv). The other implications follow using the

Cauchy-Schwarz inequality and Plancherel’s theorem, in much the same way as in

the Gomilko-Shi-Feng Theorem (Theorem 2.1.10). Without loss of generality we set

v = 0. Assume (ii) holds, let w < u < 0 and consider the class

H∞1 (Rw) = {f ∈ H∞(Rw) : ∃ ε > 0 such that |f(z)| ≤ 1

|z|1+ε
for large |z|, z ∈ Rw}.

For such f and w < w′ < 0, |f ′(z)| ≤ Cw′
|z|1+ε , z ∈ Rw′ , and so f ′(A) is defined via the
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natural functional calculus for A with

f ′(A) =
1

2πi

∫ u+i∞

u−i∞
f ′(λ)R(λ,A) dλ.

Integrating by parts gives

f ′(A) = lim
n→∞

{
1

2πi

[
f(λ)R(λ,A)

]u+in

u−in +
1

2πi

∫ u+in

u−in
f(λ)R(λ,A)2 dλ

}
.

The resolvent of A is uniformly bounded along vertical lines, so the norm of the first

term can be estimated by Cu(|f(u+ in)|+ |f(u− in)|), which converges to zero as

n→∞ by the assumption on f . Denote the integral in the second term by Tn. We

already have that Tn is bounded. Moreover, for any x ∈ X and y ∈ X∗ we have

|〈Tnx, y〉| ≤ C‖f‖H∞(Rw)

∫ u+in

u−in
|〈R(λ,A)2x, y〉| |dλ|

≤ C

|u|
‖f‖H∞(Rw)‖x‖ ‖y‖ .

Thus ‖Tn‖ ≤ C
|u|‖f‖H∞(Rw). Letting n→∞, we deduce that ‖f ′(A)‖ ≤ C

|u|‖f‖H∞(Rw) =
C′

|w|‖f‖H∞(Rw) for the choice u = w
2 . For general f ∈ H∞(Rw), consider the approx-

imating sequence (fφn), where φn(z) = ( n
n−w+z )2. Then we have

1. (fφn)′ → f ′ pointwise as n→∞,

2. fφn ∈ H∞∗ (Rw) for all n,

3. ‖fφn‖H∞(Rw) ≤ ‖f‖H∞(Rw) for each n > 0.

The result follows from the Convergence Lemma for half-plane operators (Proposi-

tion 3.3.5).

Now assume (iii) holds. For w < 0 and t > 0 define ft,w on Rw by ft,w(z) = e−tz.

Then ft,w ∈ H∞(Rw) with f ′t,w(z) = −te−tz. Thus for any t > 0 we have

t‖e−tA‖ = ‖f ′t,w(A)‖ ≤ C

|w|
‖ft,w‖H∞(Rw) =

C

|w|
e−tw.

In particular, choosing w = −1
t we see ‖e−tA‖ ≤ C for t ∈ [0,∞). Thus −A

generates a bounded C0-semigroup by Proposition 3.2.7, as required.

Observe that Theorem 5.2.2, along with Example 5.1.1, shows that 1-boundedness

of the H∞-calculus is strictly weaker than the usual boundedness for half-plane
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operators. We can also obtain a version of Theorem 5.2.2 for higher orders, as

already indicated by Theorem 4.3.4.

Theorem 5.2.3. Let A be a densely defined half-plane operator of type v ∈ R on a

Banach space X. For m ∈ N, consider the following conditions.

(i) There exists Cm such that for every x ∈ X and y ∈ X∗ and every w < v,∫
R
|〈R(w + it, A)m+1x, y〉| dt ≤ Cm

(v − w)m
‖x‖ ‖y‖ . (5.2.2)

(ii) A admits an m-bounded H∞-calculus of type v and there exists Cm such that

for every w < v and f ∈ H∞(Rw),

‖f (m)(A)‖ ≤ Cm
(v − w)m

‖f‖H∞(Rw) .

(iii) −A generates a C0-semigroup (T (t))t≥0 for which there exists a constant C

such that for every t ≥ 0, ‖T (t)‖ ≤ Ce−vt.

Then conditions (i) and (ii) are independent of m ≥ 1. Furthermore we have (i)⇔
(ii)⇒ (iii). When X is a Hilbert space we have (i)⇔ (ii)⇔ (iii).

Proof. Without loss of generality, set v = 0. First we show that for a fixed m ≥ 1,

(i) implies (ii). The proof is similar to the m = 1 case from Theorem 5.2.2. Let

w < u < 0. This time we write

f (m)(A) =
m!

2πi

∫ u+i∞

u−i∞
f(λ)R(λ,A)m+1 dλ,

for f ∈ H∞1 (Rw). Then using the assumption (i) we similarly arrive at

‖f (m)(A)‖ ≤ Cm
(v − w)m

‖f‖H∞(Rw)

for this choice of f . The estimate for general f ∈ H∞(Rw) follows using a similar

approximation argument with fn = fφn, φn as in the proof of Theorem 5.2.2.

To show (ii)⇒ (iii), we proceed as in Theorem 5.2.2 and define, for w < 0 and

t > 0 the function ft,w on Rw by ft,w(z) = e−tz. Then for t > 0 we obtain

tm‖e−tA‖ = ‖f (m)
t,w (A)‖ ≤ Cm

|w|m
‖ft,w‖H∞(Rw) =

Cm
|w|m

e−tw.

Again we choose w = −1
t to get ‖e−tA‖ ≤ Cm for t ∈ [0,∞) so that −A generates a

bounded C0-semigroup, by Proposition 3.2.7 .
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Now suppose (ii) holds for some m. We will show that (i) holds for m+ 1, using

a similar argument to the proof of Proposition 4.2.6. Fix x ∈ X and y ∈ X∗. For a

suitable measurable sign function ε, we can write∫
R
|〈R(w + it, A)m+2x, y〉| dt =

∫
R
〈R(w + it, A)m+2x, y〉ε(t, x, y) dt

= 〈f (m)(A)x, y〉,

where f(z) = 1
m!

∫
R(w + it− z)−2ε(t, x, y) dt. Then for z ∈ Rw

2
we have

|f(z)| ≤
∫
R

dt

(Re z − w)2 + t2
≤ C

m!|w|
.

Thus f ∈ H∞(Rw
2

) and so by (ii),
∫
R |〈R(w + it, A)m+2x, y〉| dt ≤ ‖f (m)(A)‖ ‖x‖ ‖y‖ ≤

Cm
|w|m ‖f‖H∞(Hw

2
)‖x‖ ‖y‖ ≤ Cm

|w|m+1 ‖x‖ ‖y‖.
Now suppose (i) holds for some m > 1. We claim that (i) holds for for m − 1.

We have already shown that −A generates a bounded C0-semigroup, so that A is

actually a strong half-plane operator with s0(A) ≥ 0. Thus for any x ∈ D(A) and

fixed s ∈ R,

lim
u→−∞

R(u+ is, A)x = 0 .

SinceA is a densely defined half-plane operator we deduce limu→−∞R(u+is, A)mx =

0 for every x ∈ X. Thus the following identity holds for any w < 0:

R(w + is, A)m = −m
∫ w

−∞
R(u+ is, A)m+1 du .

We can then invoke Fubini to obtain for any x ∈ X, y ∈ X∗,∫
R
|〈R(w + it, A)mx, y〉| dt =

∫
R

∣∣〈∫ w

−∞
R(u+ it, A)m+1x du, y

〉∣∣ dt

≤
∫
R

∫ w

−∞
|〈R(u+ it, A)m+1x, y〉| du dt

=

∫ w

−∞

∫
R
|〈R(u+ it, A)m+1x, y〉| du dt

≤ C
(∫ w

−∞

du

|u|m

)
‖x‖ ‖y‖

=
C

|w|m−1
‖x‖ ‖y‖ .

Thus we obtain (i) for m− 1.

Putting all this together, we have shown that (i) and (ii) are independent of m

and equivalent to each other. When X is a Hilbert space, by Theorem 5.2.2 we have
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(iii)⇒ (i) for m = 1. Thus the final claim holds.

Remark 5.2.4. Suppose A is a closed operator with σ(A) ⊆ Σπ
2

which satisfies

(5.2.2) with v = 0 for some m > 1. By Theorem 4.3.4, −A generates a bounded

C0-semigroup so that A is a half-plane operator with s0(A) ≥ 0. Thus by Theorem

5.2.3 we deduce that A satisfies (5.2.2) with v = 0 for every m ≥ 1. In fact slightly

more is true. In [30] it is remarked that if for every x ∈ X, y ∈ X∗ there exists

m = m(x, y) ≥ 1 for which

sup
w<0
|w|m

∫
R
|〈R(w + it, A)m+1x, y〉| dt <∞ ,

then (5.2.2), with v = 0, holds for m = 1. Since we do not need this version of the

condition, we omit the details.

From the proof of (i)⇒ (ii) in Theorem 5.2.3, we see that if for every u < 0∫
R
|〈R(u+ it, A)m+1x, y〉| dt ≤ Cm,u‖x‖ ‖y‖ ∀x ∈ X ∀y ∈ X∗, (5.2.3)

then for w < u < 0 and suitable f ∈ H∞1 (Rw),

f (m)(A) =
m!

2πi

∫ u+i∞

u−i∞
f(λ)R(λ,A)m+1 dλ , (5.2.4)

where we note that the right hand integral is absolutely convergent in operator

norm. We can establish a weaker form of this identity for general f ∈ H∞(Rw), by

an approximation argument. More precisely, with φn(z) = ( n
n−w+z )2, consider the

approximating sequence (fn) defined by fn = fφn. Then fn satisfies (5.2.4), fn → f

pointwise on Rw, f
(m)
n → f (m) pointwise on Rw and ‖f (m)

n (A)‖ ≤ Cm,u‖f‖H∞(Rw),

so by the Convergence Lemma we have f (m)(A) ∈ B(X) and for every x ∈ X,

y ∈ X∗,

〈f (m)(A)x, y〉 = lim
n→∞

〈f (m)
n (A)x, y〉 = lim

n→∞

m!

2πi

∫ u+i∞

u−i∞
〈fn(λ)R(λ,A)m+1x, y〉 dλ

=
m!

2πi

∫ u+i∞

u−i∞
〈f(λ)R(λ,A)m+1x, y〉 dλ ,

where this last term exists by the assumption (5.2.3).

Finally in this section we derive a known result due to Eisner [27] (see also her

expanded work [25]) on the generation of polynomially bounded C0-semigroups.
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Definition 5.2.5. A C0-semigroup (T (t))t≥0 is said to be polynomially bounded if

there exist constants C, d ≥ 0 such that

‖T (t)‖ ≤ C(1 + td), t ≥ 0.

The following result is adapted from [27].

Proposition 5.2.6. Let A be a densely defined operator with σ(A) ⊆ {z : Re z ≥ 0}
and suppose that for some C, d ≥ 0 and every w < 0, A satisfies∫

R
|〈R(w + it, A)2x, y〉| dt ≤ C

|w|
(1 + |w|−d)‖x‖ ‖y‖ . (5.2.5)

Then A is a half-plane operator with s0(A) ≥ 0.

Proof. Since d
dzR(z,A) = −R(z,A)2 we have for every w < 0, x ∈ X, y ∈ X∗, r < s,

〈R(w + is, A)x, y〉 = 〈R(w + ir, A)x, y〉 − i
∫ s

r
〈R(w + it, A)2x, y〉 dt . (5.2.6)

By our assumption (5.2.5) this shows that ‖R(w + is, A)‖ is uniformly bounded, by

Cw say, on w + iR. Let z = w + iτ , τ ∈ R. Then for any x ∈ D(A), y ∈ X∗,

|〈R(z,A)x, y〉| = 1

|z|
|〈x+R(z,A)Ax, y〉| ≤ 1

|w + iτ |
(‖x‖+ Cw‖Ax‖)‖y‖ .

Thus 〈R(w + iτ, A)x, y〉 → 0 as τ → ±∞. By (5.2.5), (5.2.6) and the fact that A is

densely defined, it follows that

‖R(w + is, A)‖ ≤ C

|w|
(1 + |w|−d) .

As an immediate consequence, we see that in the case d = 0, the combined impli-

cations (ii) ⇒ (iii) ⇒ (iv) in Theorem 5.2.2 provide an alternative proof of the

Gomilko-Shi-Feng Theorem (Theorem 2.1.10). For more general d, we can also es-

tablish an alternative proof of the following known result for polynomially bounded

semigroups [27, Theorem 2.4].

Theorem 5.2.7. Let A satisfy the assumptions of Proposition 5.2.6. Then −A is

the generator of a C0-semigroup (T (t))t≥0 satisfying

‖T (t)‖ ≤ C(1 + td), t ≥ 0.
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Proof. By Proposition 5.2.6 we know that A is a half-plane operator with type at

least zero. Following the proof of (ii)⇒ (iii) in Theorem 5.2.2, there exists C such

that for every w < 0 and f ∈ H∞(Rw),

‖f ′(A)‖ ≤ C

|w|
(1 + |w|−d) ‖f‖H∞(Rw) .

The result now follows in exactly the same way as (iii)⇒ (iv) in Theorem 5.2.2.

The (relative) simplicity of our proof, when compared with [27, Theorem 2.4], is

in the employment of the functional calculus to derive the semigroup, rather than

defining the semigroup explicitly. In fact, one can arrive at a weak form of this

explicit representation of the semigroup via the discussion following Theorem 5.2.3.

By the following result due to Malejki [52], we obtain a converse to Theorem 5.2.7

on Hilbert space. The proof is similar to the case d = 0, in that Plancherel’s theorem

is used in conjuction with the Laplace Transform representation of the resolvent of

the generator (Lemma 2.1.8).

Theorem 5.2.8. Let −A be the generator of a C0-semigroup on a Hilbert space

satisfying

‖T (t)‖ ≤ C(1 + td), t ≥ 0 ,

for some d ≥ 0. Then there exists a constant C such that for every x ∈ X, y ∈ X∗,∫
R
‖R(w + it, A)x‖2 dt ≤ C

|w|
(
1 +

1

|w|2d
)
‖x‖2,∫

R
‖R(w + it, A∗)y‖2 dt ≤ C

|w|
(
1 +

1

|w|2d
)
‖y‖2.

By the Cauchy-Schwarz inequality it follows that A satisfies (5.2.5) with 2d in place

of d.

We now present a counterexample from [52] to highlight the failure of Theorems

5.2.2 and 5.2.8 on general Banach space. Let X = C0(R), equipped with the supre-

mum norm. Let A denote the operator of multiplication by the identity function on

R. Then iA generates a group of isometries. Suppose there exist constants C, s ≥ 0

such that for every x ∈ X and w < 0,∫
R
‖R(w + it, A)x‖2 dt ≤ C

|w|
(
1 +

1

|w|s
)
‖x‖2 .

For N ∈ N, choose xN ∈ X such that xN (s) = 1 for s ∈ [−N,N ] and ‖xN‖∞ ≤ 1.
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Then

C

|w|
(
1 +

1

|w|s
)
‖xN‖2 ≥

∫
R
‖R(w + it, A)−1xN‖2 dt ≥

∫ N

−N
‖R(w + it, A)−1xN‖2 dt

=

∫ N

−N
sup
s∈R

|xN (s)|2

(t− s)2 + w2
dt

=

∫ N

−N

dt

w2
=

2N

w2
‖xN‖2 .

This yields

C|w|
(
1 +

1

|w|s
)
≥ 2N,

which can not hold for every N ∈ N, w < 0. Thus A does not satisfy the estimates

in Theorem 5.2.8. One can even find a bounded operator on a reflexive Banach

space which is the generator of a bounded C0-semigroup, but violates condition (ii)

in Theorem 5.2.2. For more on this, we refer to the final paragraph of [30].

On general Banach space, one can also obtain the following version of the Hille-

Yosida theorem for polynomially bounded semigroups. This was done by Malejki

[52], but an alternative (and more simple) proof can be obtained by adapting Haase’s

proof of the Hille-Yosida theorem [35, Theorem 3.2]. The main difficulty here is in

showing that A is a half-plane operator, which requires estimates on sums of the

form
∞∑
n=0

nsan, s > 0, a ∈ (0, 1).

Theorem 5.2.9. Let (A,D(A)) be a closed, densely defined operator on a Banach

space X, d ≥ 0. Suppose that for some M1 ≥ 0 and d ≥ 0 and every n ∈ N,

‖R(λ,A)n‖ ≤ M1

λn

(
1 +

(
n

λ

)d)
, λ > 0 .

Then A generates a C0-semigroup (T (t))t≥0 for which there exists M2 ≥ 0 such that

‖T (t)‖ ≤M2(1 + td), t ≥ 0 .

5.3 The Cayley transform

The well known Cayley transform

δ : z 7→ z − 1

1 + z
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is a conformal mapping from the right half plane Σπ
2

into the closed unit disk D(0, 1).

Thus, to a closed, densely defined operator A with σ(A) ⊆ Σπ
2

we can associate the

bounded operator

δ(A) = (A− I)(A+ I)−1 = I − 2(A+ I)−1

which satisfies σ(δ(A)) ⊆ D(0, 1), by the spectral mapping theorem applied to (I +

A)−1. We call δ(A) the Cayley transform of A.

Conversely, given a bounded operator T for which σ(T ) ⊆ D(0, 1) and I − T is

injective with dense range, we can define the operator

A = (I + T )(I − T )−1

which is closed, densely defined and satisfies σ(A) ⊆ Σπ
2
. Moreover A is injective if

−1 /∈ σp(T ). We call A the inverse Cayley transform of T .

Our aim is to establish a correspondence, by means of the Cayley transform,

between the half-plane operators we are interested in and bounded operators with

spectrum in the closed unit disk. In particular, we will find an equivalence between

boundedness of the H∞-calculus for half-plane operators (although in a slightly

stronger sense) and the so-called polynomial boundedness of their Cayley transform.

This in turn will lead us to a solution of the similarity problem for semigroups

(Theorem 5.5.12).

5.4 Polynomial boundedness

In this section we restrict our attention to bounded operators acting on Hilbert

space with spectrum in the closed unit disk. Unless otherwise stated, throughout

this section T will denote such an operator acting on a Hilbert space X. We begin

with a classical result due to von Neumann, which characterises contractive operators

acting on Hilbert space.

Theorem 5.4.1. T is a contraction operator if and only if for all polynomials p

‖p(T )‖ ≤ ‖p‖H∞(D(0,1))
.

Since for an invertible operator S and polynomial p we have p(S−1TS) = S−1p(T )S,

it follows that when T is similar to a contraction operator, T is polynomially bounded

in the following sense:

103



Definition 5.4.2. T is said to be polynomially bounded if there exists a constant

C ≥ 0 such that for all polynomials p

‖p(T )‖ ≤ C‖p‖H∞(D(0,1))
. (5.4.1)

Note that this is equivalent to having (5.4.1) hold for all rational functions with poles

outside D(0, 1), since the polynomials are dense in the disk algebra of continuous

functions on D(0, 1) which are holomorphic in D(0, 1), equipped with the supremum

norm.

The similarity problem deals with the question of whether or not every polyno-

mially bounded operator is similar to a contraction. The question was first posed for

power bounded operators (T is power bounded if there exists C such that ‖Tn‖ ≤ C
for all n) after Sz.-Nagy [70] proved the following.

Theorem 5.4.3. Let T be power bounded and compact. Then T is similar to a

contraction.

Foguel [29] showed by means of a counterexample that power boundedness alone

is not sufficient for an operator to be similar to a contraction. A refinement of his

construction was yielded by Halmos [37] and is now outlined.

Example 5.4.4. Let H0 be a Hilbert space with orthonormal basis {e0, e1, e2, · · · }
and let S denote the unilateral shift on this space, i.e.

Sen = en+1 n ≥ 0 .

Now let Q be the projection of H0 on Sp{ej : j ∈ J}, where J = {3k : k ∈ N}
(in fact, any set J such that 2i < j whenever i, j ∈ J with i < j, will do). Set

H = H0 ⊕H0 and define the operator A on H by(
S∗ Q

0 S

)
.

To show A is power bounded, first note that (by induction)

An =

(
S∗n Qn

0 Sn

)
,

where Qn+1 =
∑n

i=0 S
∗n−iQSi, n ≥ 0. Then it is sufficient to prove that the Qn are

uniformly bounded (in fact, they are partial isometries). To show A is not similar
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to a contraction, an argument of Foguel [29] is employed and it is sufficient to show

that

Z(A) ∩ (Z(A∗))⊥ 6= {0} ,

where Z(A) = {x ∈ X : Anx→ 0 weakly}.

It was later shown by Lebow [51] that the operator A is not polynomially

bounded, giving rise to the similarity problem described after Definition 5.4.2 (first

posed by Halmos in [38]). The problem was solved in two parts. First, Paulsen

5.4.6 provided a characterisation of operators similar to a contraction in terms of

the extended notion of complete polynomial boundedness.

Definition 5.4.5. T is said to be completely polynomially bounded if there exists a

constant C ≥ 0 such that for any n ≥ 1 and all polynomials (Pij)1≤i,j≤n

‖[Pij(T )]‖ ≤ C sup
{
‖[Pij(z)]‖Mn : |z| ≤ 1

}
.

In this context Mn denotes the space of n× n complex matrices acting as operators

on the n-dimensional Hilbert space Cn and [Pij(T )] is an n× n matrix of operators

acting on Xn in the usual way. For n = 1, the condition is that of polynomial

boundedness.

Paulsen’s result can be stated as follows.

Theorem 5.4.6. T is similar to a contraction if and only if T is completely poly-

nomially bounded.

The question remained as to whether or not complete polynomial boundedness and

polynomial boundedness are equivalent. A counterexample due to Pisier [61] an-

swered this, and consequently the similarity problem, in the negative.

5.5 Bounded and completely bounded functional calculus for half-

plane operators

We now return to half-plane operators on general Banach space, though many of the

results in this section will be in the Hilbert space setting. In this subsection half-

plane operators will be assumed to have dense domain. As a first step, we establish

a result that corresponds to Theorem 5.4.1 for bounded operators.

Theorem 5.5.1. Let A be a half-plane operator on a Hilbert space. Then −A
generates a contraction semigroup if and only if s0(A) ≥ 0 and for every w < 0, A

admits a bounded H∞-calculus on Rw with H∞-constant 1.
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Proof. First assume −A generates a contraction semigroup. Then A is Σπ
2
-accretive

(meaning that its numerical range and spectrum are contained in Σπ
2
). We can

therefore invoke von Neumann’s result that half-planes are spectral sets for these

operators [75] (see also the more general result of Crouzeix and Délyon [17, Theorem

1]) to obtain that for any w < 0 and f ∈ H∞(Rw), we have ‖f(A)‖ ≤ ‖f‖H∞(Σπ
2

) ≤
‖f‖H∞(Rw).

The converse direction is standard; we give the details for completeness. For

each t > 0 consider the function ft defined on Rw, w < 0, by ft(z) = e−tz. Then

ft ∈ H∞(Rw) and ‖e−tA‖ = ‖ft(A)‖ ≤ ‖ft‖H∞(Rw) = e−tw. Letting w → 0, the

result follows from Proposition 3.2.7.

Before we consider more general semigroup generators, we employ the following

useful approximation result for half-plane operators. Here R∞(Σπ
2
) denotes the

space of all rational functions p(z)
q(z) for which deg p ≤ deg q and the zeroes of q lie

outside Σπ
2
. Let A be a half-plane operator with s0(A) ≥ 0. Observe that for

r ∈ R∞(Σπ
2
) we have r(A) ∈ B(X). We will say that A admits a uniformly bounded

H∞-calculus of type 0 if it admits a bounded H∞-calculus on Rw for each w < 0

and the H∞(Rw)-constant is independent of w, i.e. there exists a constant C such

that for every w < 0 and f ∈ H∞(Rw), f(A) ∈ B(X) with

‖f(A)‖ ≤ C‖f‖H∞(Rw) .

Using the known approximation result for sectorial operators (Proposition 3.3.7),

we can obtain the following characterisation for half-plane operators.

Proposition 5.5.2. Let A be a half-plane operator on a Banach space with s0(A) ≥
0. Then the following are equivalent.

(i) There exists a constant C ≥ 0 such that for all r ∈ R∞(Σπ
2
)

‖r(A)‖ ≤ C‖r‖H∞(Σπ
2

).

(ii) A admits a uniformly bounded H∞-calculus of type 0.

Proof. The implication (ii) ⇒ (i) is clear since, given r ∈ R∞(Σπ
2
), we have for w

sufficiently close to 0 that r ∈ H∞(Rw). Then for some constant C independent of

w and r, we have

‖r(A)‖ ≤ C‖r‖H∞(Rw) .

We arrive at (i) by letting w → 0, using the continuity of r.
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Now assume (i) holds. Given w < 0, consider the operator A − w, which has

spectrum in the closed right half-plane R−w. Let r ∈ R∞(Σπ
2
) and define the

function q by q(z) = r(z − w), so that q ∈ R∞(Σπ
2
). By the assumption on A we

obtain that there exists a constant C independent of r such that

‖r(A− w)‖ = ‖q(A)‖ ≤ C‖q‖H∞(Σπ
2

) ≤ C‖r‖H∞(Σπ
2

).

We note that (v)⇒ (ii) in Proposition 3.3.7 holds for the operator A− w since we

can now use the Convergence Lemma for half-plane operators. Thus

‖f(A− w)‖ ≤ C‖f‖H∞(Σπ
2

)

for all f ∈ H∞(Σπ
2
) (in particular, each such f(A − w) is bounded). Then, given

g ∈ H∞(Rw) we consider the function f ∈ H∞(Σπ
2
) defined by f(z) = g(z +w). So

g(A) is bounded and we arrive at

‖g(A)‖ = ‖f(A− w)‖ ≤ C‖f‖H∞(Σπ
2

) = C‖g‖H∞(Rw),

as required.

We can now proceed to formulate the similarity problem for semigroups, starting

with the following definition.

Definition 5.5.3. A semigroup (T (t))t≥0 is said to be similar to a contractive

semigroup if there exists an invertible operator S such that

‖S−1T (t)S‖ ≤ 1 ∀t ≥ 0.

For ease of terminology, we will henceforth call such semigroups semi -contractive.

Note that this is stronger than the condition that each operator T (t) is similar to a

contraction. Furthermore, (S−1T (t)S) is a semigroup with generator S−1AS. From

Theorem 5.5.1 and Proposition 5.5.2 we immediately obtain the following result.

Theorem 5.5.4. Let A be the generator of a semigroup on a Hilbert space which is

similar to a contractive semigroup. Then A admits a uniformly bounded H∞-calculus

of type 0.

Analogously to the single operator case, it is of interest then to characterise those

semigroups on Hilbert space which are similar to a contractive semigroup. In view of

Theorem 5.4.6 we will seek to develop a notion of completely bounded H∞-calculus
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and show that it is equivalent to the semigroup being semi-contractive. Indeed, the

following definition is a natural analogue of the discrete case.

Definition 5.5.5. An operator A on a Hilbert space X is said to have a completely

bounded H∞-calculus on the appropriate domain Ω (sector, strip or half plane) if

f(A) ∈ B(X) for all f ∈ H∞(Ω) and there exists a constant C such that for any

n ≥ 1 and all bounded, holomorphic functions (Fij)1≤i,j≤n

‖[Fij(A)]‖B(Xn) ≤ C sup
{
‖[Fij(z)]‖Mn : z ∈ Ω

}
. (5.5.1)

Note that we endow Xn with the canonical norm here. This property is clearly

stronger than having bounded H∞-calculus on Ω, since this is the condition for

n = 1. Note that for each n the inequality (5.5.1) is automatic once A is known

to have a bounded H∞-calculus on Ω, but the constant C may depend on n. If

A admits a completely bounded H∞(Rw)-calculus for w < 0, with the constant C

in (5.5.1) independent of w, then A is said to admit a uniform completely bounded

H∞-calculus of type 0.

When A is a half-plane operator with s0(A) ≥ 0, we can relate this property to

that of complete polynomial boundedness for its Cayley transform. Before doing so,

we establish the following analogue of Proposition 5.5.2.

Proposition 5.5.6. Let A be a half-plane operator on a Hilbert space with s0(A) ≥
0. Then the following are equivalent.

(i) There exists a constant C ≥ 0 such that for all n ≥ 1 and all families {Ri,j} ∈
R∞(Σπ

2
)

‖[Rij(A)]‖B(Xn) ≤ C sup
{
‖[Rij(z)]‖Mn : z ∈ Σπ

2

}
.

(ii) A admits a uniform completely bounded H∞-calculus of type 0.

Proof. Assume (ii) holds. Then for a fixed n ≥ 1 and family {Ri,j} ∈ R∞(Σπ
2
), there

exists v < 0 such that for all w ∈ (v, 0) and every pair {i, j} we have Ri,j ∈ H∞(Rw).

Thus

‖[Rij(A)]‖ ≤ C sup
{
‖[Rij(z)]‖Mn : z ∈ Rw

}
,

for some constant C independent of w and Ri,j . As in Proposition 5.5.2, we let

w → 0 and employ the continuity of [Rij(z)] to arrive at (i).

Now assume (i) holds. Given w < 0 and f ∈ H∞(Rw), the case n = 1 and
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Proposition 5.5.2 yield the boundedness of f(A) and the estimate

‖f(A)‖ ≤ C‖f‖H∞(Rw) .

Given n > 1, consider a family of functions fi,j ⊆ H∞(Rw). As in the proof of

Proposition 5.5.2, without loss of generality we can set w = 0 and suppose A has

spectrum in some strict right half-plane. We then observe that for each pair {i, j}
there exists a sequence (ri,j,k)k of rational functions with poles outside Σπ

2
converging

uniformly to fi,j on Σπ
2

[34, Proposition F.3]. Then the matrix [ri,j,k(z)] converges

to [fi,j(z)] in Mn, uniformly for z ∈ Σπ
2
. Moreover, [ri,j,n(A)] converges in the strong

operator topology to [fi,j(A)]. The result now follows.

We will also require the following approximation result for complete polynomial

boundedness (see [57, Section 3]).

Proposition 5.5.7. The operator T is completely polynomially bounded if and only

if for every n ≥ 1 and all families of rational functions {Ri,j} with poles outside

D(0, 1),

‖[Rij(T )]‖ ≤ C sup
{
‖[Rij(z)]‖Mn : |z| ≤ 1

}
.

We can now obtain the desired link in one direction almost immediately.

Theorem 5.5.8. Let A be a half-plane operator on a Banach space with s0(A) ≥ 0

and let T = (A− I)(A+ I)−1 denote its Cayley transform. If A admits a uniformly

bounded H∞-calculus of type 0, then T is polynomially bounded. If X is a Hilbert

space and A admits a uniformly completely bounded H∞-calculus of type 0, then T

is completely polynomially bounded.

Proof. By the definitions we have

T is polynomially bounded⇔ ‖p(T )‖ ≤ C ‖p‖H∞(D(0,1))
for all polynomials p

⇔ ‖p((A− I)(A+ I)−1)‖ ≤ C ‖p‖H∞(D(0,1))

for all polynomials p.

But for a polynomial p, p((A−I)(A+I)−1) = q(A), where q(z) = p( z−1
z+1) ∈ R∞(Σπ

2
).

Thus by Proposition 5.5.2,

‖p(T )‖ = ‖q(A)‖ ≤ C‖q‖H∞(Σπ
2

) = C‖p‖H∞(D(0,1))
,

as required.
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The completely bounded case on Hilbert space is similar. Given n ≥ 1 and a

family of polynomials {Pi,j} we have for each pair {i, j}, Pi,j(T ) = Qi,j(A), where

Qi,j(z) = Pi,j(
z−1
z+1) ∈ R∞(Σπ

2
). Then by Proposition 5.5.6 we have

‖[Pij(T )]‖ = ‖[Qij(A)]‖ ≤ C sup
{
‖[Qij(z)]‖Mn : z ∈ Σπ

2

}
= C sup

{
‖[Pij(z)]‖Mn : z ∈ D(0, 1)

}
.

We can approach the converse result via the work of Le Merdy [50]. In that

paper, he solved the similarity problem for bounded, analytic semigroups via the

following result. Note that under the assumptions of the following theorem, A is

sectorial of angle less than π
2 .

Theorem 5.5.9. Let (T (t))t≥0 be a bounded analytic semigroup on a Hilbert space

with generator −A and assume A is injective. Then the following are equivalent.

(i) A admits bounded imaginary powers.

(ii) (T (t))t≥0 is semi-contractive.

Furthermore, Le Merdy demonstrated that the analyticity assumption cannot be

dropped. By taking the inverse Cayley transform of Pisier’s counter-example to

the similarity problem for single operators (which he showed to be well-defined), he

found a generator of a bounded C0-semigroup which has BIP but is not similar to

a contraction semigroup. Using the methods of [50], which involves a fine-tuning

of McIntosh’s work on the functional calculus of A [53], we can offer the following

converse to Theorem 5.5.8.

Theorem 5.5.10. Let A be a half-plane operator on a Banach space with s0(A) ≥ 0

and let T = (A − I)(A + I)−1 denote its Cayley transform. If T is polynomially

bounded then A admits a uniformly bounded H∞-calculus of type 0. If X is a Hilbert

space and T is completely polynomially bounded then A admits a uniformly com-

pletely bounded H∞-calculus of type 0.

Proof. By Proposition 5.5.2, it is sufficient to prove that there exists a constant C

such that for all r ∈ R∞(Σπ
2
)

‖r(A)‖ ≤ C‖r‖H∞(Σπ
2

). (5.5.2)

110



Given r ∈ R∞(Σπ
2
), let φ : D(0, 1) → C be defined by φ(z) = r(1+z

1−z ). Then φ has

analytic continuation in a neighbourhood of D(0, 1) (this can be verified first for r of

the form 1
z−a with a outside of Σπ

2
and then by observing that these simple rational

functions generate the algebra R∞(Σπ
2
)).

Clearly we have φ(T ) = r(A) so that by the assumption that T is polynomially

bounded we arrive at (5.5.2). The complete version on Hilbert space follows similarly

from Propositions 5.5.6 and 5.5.7.

We employ the following well known result from [69].

Theorem 5.5.11. Let X be a Hilbert space, T ∈ B(X). Then T is the Cayley

transform of the (negative) generator of a contractive C0-semigroup if and only if T

is contractive and T − I is injective.

We then arrive at our desired result for semigroups.

Theorem 5.5.12. Let A be a half-plane operator on a Hilbert space with s0(A) ≥ 0.

Then A admits a uniform completely bounded H∞-calculus of type 0 if and only if

−A is the generator of a semi-contractive semigroup.

Proof. Denoting by T the Cayley Transform of A, we have by Theorems 5.5.8, 5.5.10,

5.4.6 and 5.5.11 that

A admits a uniform completely bounded H∞ − calculus of type 0⇐⇒

T is completely polynomially bounded⇐⇒

T is similar to a contraction⇐⇒

−A generates a semi-contractive semigroup.

Moreover, by Theorems 5.5.8 and 5.5.10 we can reduce the problem of uniformly

bounded H∞-calculus of a semigroup generator to that of polynomial boundedness

of its Cayley Transform:

Corollary 5.5.13. Let A be a half-plane operator on a Banach space with s0(A) ≥ 0.

Then A admits a uniformly bounded H∞-calculus of type 0 if and only if its Cayley

Transform T is polynomially bounded.

We note that by combining Theorem 5.4.1 and 5.5.13, we obtain an alternative

proof of the Crouzeix-Délyon result (Theorem 5.5.1).
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Finally in this section we observe that by Theorem 5.5.12 and Corollary 5.5.13,

Le Merdy’s counterexample from [50] (see comment following Theorem 5.5.9) admits

a uniformly bounded H∞-calculus of type 0 but not a uniform completely bounded

H∞-calculus of type 0, so that the complete boundedness assumption cannot be

removed in Theorem 5.5.12.

5.6 Properties of δ(A)

The results of the previous section lead one to ask when the Cayley Transform of the

generator of a bounded C0-semigroup on a Hilbert space is polynomially bounded.

So far, it is unknown if such an operator is always power bounded, although there

are many results in this direction. We now survey these results. In what follows, −A
generates a bounded C0-semigroup (T (t)) and T = δ(A) is the Cayley transform of

A (often referred to in the literature as the cogenerator of (T (t)).

The first result shows that we cannot hope for power boundedness of T in general

Banach space.

Theorem 5.6.1. There exists a constant C such that for every n,

‖Tn‖ ≤ C(1 +
√
n) . (5.6.1)

Moreover, this estimate is optimal.

The inequality (5.6.1) was proven by Brenner and Thomée [9], whereas optimal-

ity was established by Piskarev and Zwart [62] (in fact, even the weaker estimate

‖Tn(T − I)‖ ≤ C(1 +
√
n) was shown to be optimal). On Hilbert space, it is known

that (T (t)) is contractive, normal, unitary, self-adjoint, isometric, completely non-

unitary or strongly stable if and only if T is (see [69], [71]). Moreover, we have the

following sufficient conditions for T to be power bounded.

Theorem 5.6.2. Let (T (t)) and T be as above, X a Hilbert space. Then T is power

bounded if one of the following holds:

(i) (T (t)) is analytic.

(Gomilko [31])

(ii) A is injective and −A−1 also generates a bounded C0-semigroup.

(Guo, Zwart [32], Azizov et al. [6])

(iii)

sup
ρ>1

(ρ− 1)

∫
|λ|=ρ

|〈R2(λ, T )x, y〉| |dλ| <∞ ∀x ∈ X ∀y ∈ X∗ . (5.6.2)
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(van Casteren [72])

(iv) A is bounded.

(Gomilko [31], Azizov et al. [6])

The following partial results have been established for general bounded semigroups

on Hilbert space.

Theorem 5.6.3. For a general bounded C0-semigroup (T (t)) on Hilbert space we

have

(i) ‖Tn(T − I)‖ ≤ C .

(Guo, Zwart [32])

(ii) ‖Tn‖ ≤ C(1 + log n) .

(Gomilko [31])

It remains unknown if the estimate (ii) is optimal.

On the other hand, it is of interest to consider cogenerators which are not polyno-

mially bounded, since then by Corollary 5.5.13 this will give rise to operators which

do not admit a uniformly bounded H∞-calculus of type 0. We have examples of op-

erators which are power bounded but not polynomially bounded, such as Example

5.4.4, but we do not yet have conditions to determine whether or not these operators

arise as cogenerators. Given an operator T for which I − T is injective with dense

range, we seek conditions for which (I + T )(I − T )−1 is the generator of a bounded

C0-semigroup. We can apply the well known generation theorems to obtain such

conditions on T . This was first done by Eisner and Zwart [26] on general Banach

space via the Hille-Yosida theorem. Since the method is simple but instructive, we

include the proof.

Theorem 5.6.4. Let X be a Banach space, T ∈ B(X), M ≥ 1. The following are

equivalent.

(i) T is the cogenerator of a C0-semigroup (T (t)) on X satisfying ‖T (t)‖ ≤M for

all t ≥ 0.

(ii) T − I is injective with dense range, (1,∞) ⊆ ρ(T ) and

‖[(I − T )R(λ, T )]n‖ ≤ 2nM

(λ+ 1)n
for all λ > 1, n ∈ N.
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(iii) T − I is injective with dense range, (1, λ0) ⊆ ρ(T ) for some λ0 > 1 and

‖[(I − T )R(λ, T )]n‖ ≤ 2nM

(λ+ 1)n
for all λ ∈ (1, λ0), n ∈ N.

Proof. We consider the case M = 1; the rest follows similarly. First note that for

every cogenerator T , the operator T − I is injective with dense range. Now suppose

T−I is injective with dense range. Then the operator A = (T+I)(I−T )−1 is densely

defined and by the Hille-Yosida theorem −A generates a contractive semigroup if

and only if there exists λ0 ≥ 0 such that for all λ ∈ (λ0,∞) , ‖R(λ,−A)‖ ≤ 1
λ . Set

µ = λ+1
λ−1 . Then λ > λ0 > 1 if and only if 1 < µ < µ0 for µo = λ0+1

λ0−1 . Furthermore,

by [26, Lemma 2.1] we have

ρ(−A)\{1} =

{
µ+ 1

µ− 1
: 1 6= µ ∈ ρ(T )

}
and for λ ∈ ρ(−A)\{1},

R(λ,−A) =
1

λ− 1
(I − T )R

(
λ+ 1

λ− 1
, T

)
.

Thus for 1 < µ ∈ ρ(T ) we have 1 < λ = µ+1
µ−1 ∈ ρ(−A) and

λR(λ,−A) =
λ

λ− 1
(I − T )R(µ, T ) =

µ+ 1

2
(I − T )R(µ, T ).

This shows the equivalence of (i) and (iii). Similarly we can show (i)⇔ (ii).

For applications it is desirable to have a cogeneration theorem for bounded semi-

groups involving a condition on a single resolvent power. In Hilbert space, we now

obtain such a condition by employing the result of Gomilko-Shi-Feng (Theorem

2.1.10).

Theorem 5.6.5. Let X be a Hilbert space, T ∈ B(X) such that σ(T ) ⊆ D(0, 1).

Suppose further that T − I is injective with dense range. Then T is the cogenerator

of a bounded C0-semigroup if and only if for every x, y ∈ X,

sup
w>0,w 6=1

w

|1− w|

∫ 2π

0

∣∣〈[(I − T )R
( eiθ

|1− w|
+

w

w − 1
, T
)]2

x, y
〉∣∣ dθ <∞ .

Proof. The operator A = (T + I)(T − I)−1 is closed and satisfies σ(A) ⊆ {z ∈
C : Re z ≤ 0}. Thus by the Gomilko-Shi-Feng theorem, T is the cogenerator of a
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bounded semigroup if and only if

sup
w>0,w 6=1

w

∫ w+i∞

w−i∞
|〈R
(
λ,A

)2
x, y〉| |dλ| <∞ ∀x, y ∈ X . (5.6.3)

By [26, Lemma 2.1] we have for λ ∈ ρ(A)\{1},

R(λ,A) =
µ− 1

2
(I − T )R(µ, T ), µ =

λ+ 1

λ− 1
.

Moreover, for w > 0 the function z : z → z+1
z−1 maps the line w + iR to the circle

Γw = {reiθ + β : θ ∈ [0, 2π]}, where

r =
1

|1− w|
and β =

w

w − 1
.

Hence with µ = λ+1
λ−1 we have

∫ w+i∞

w−i∞
|〈R(λ,A)2x, y〉| |dλ| = 2

∫
Γw

∣∣〈[µ− 1

2
(I − T )R(µ, T )

]2
x, y
〉∣∣ |dµ|
|µ− 1|2

= c

∫
Γw

∣∣〈[(I − T )R(µ, T )
]2
x, y
〉∣∣ |dµ|

= c

∫ 2π

0
r
∣∣〈[(I − T )R(reiθ + β, T )

]2
x, y
〉∣∣ dθ

=
c

|1− w|

∫ 2π

0

∣∣〈[(I − T )R
( eiθ

|1− w|
+

w

w − 1
, T
)]2

x, y
〉∣∣ dθ .

Thus the result follows from (5.6.3).

5.7 More general results

Let us now consider the usual notion of bounded H∞-calculus for a (bounded)

semigroup generator −A. For ε > 0, A admits a bounded H∞(R−ε)-calculus if and

only if A+ε admits a bounded H∞-calculus on Σπ
2
. By our considerations in Section

5.5, we can show that this is equivalent to the operator δ(A+ ε) being polynomially

bounded.

Theorem 5.7.1. Let −A be the generator of a bounded C0-semigroup, ε > 0. Then

A admits a bounded H∞-calculus on R−ε if and only if δ(A + ε) is polynomially

bounded.

Proof. By Theorems 5.5.8 and 5.5.10, δ(A+ ε) is polynomially bounded if and only
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if there exists a constant C such that for every δ > 0 and f ∈ H∞(R−δ),

‖f(A+ ε)‖ ≤ C‖f‖H∞(R−δ) . (5.7.1)

Clearly this holds if A+ ε admits a bounded H∞-calculus on Σπ
2
.

Conversely, suppose (5.7.1) holds and let f ∈ H∞(Σπ
2
). For δ > 0 define fδ ∈

H∞(R−δ) by fδ(z) = f(z + δ). Then by the Convergence Lemma, letting δ → 0

gives f(A+ ε) ∈ B(X) with

‖f(A+ ε) ≤ C‖f‖H∞(Σπ
2

) .

Thus A+ ε has bounded H∞-calculus on Σπ
2
, as required.

The operator −(A+ ε) generates an exponentially stable semigroup, so σ(δ(A+

ε)) ∩ T = {1}, where T is the closed unit circle. Thus we can refine van Casteren’s

condition (5.6.2) from Theorem 5.6.2 to obtain the following sufficient condition for

power boundedness of δ(A+ ε).

Theorem 5.7.2. Let −A be the generator of a bounded C0-semigroup (T (t))t≥0 on

a Hilbert space, T = δ(A+ ε). Then T is power bounded if for some θ > 0,

sup
ρ>1

(ρ− 1)

∫
Γρ,θ

|〈R2(λ, T )x, y〉| |dλ| <∞ ∀x ∈ X ∀y ∈ X∗ ,

where Γρ,θ = {ρeiψ : | argψ| ≤ θ}.
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6 Sums and perturbations

In this chapter we consider sums and perturbations of strip-type operators in relation

to the functional calculus.

6.1 Maximal regularity via sums

The theory of the functional calculus for sectorial operators bears fruitful applica-

tions to the problem of maximal regularity for evolution equations. Let us consider

the following problem in a Banach space X:

u′(t) +Au(t) = f(t), 0 ≤ t ≤ T, (6.1.1)

u(0) = 0,

where f ∈ Lp([0, T ], X), p ∈ (1,∞) and A is sectorial.

Definition 6.1.1. A is said to have maximal Lp-regularity if for every f ∈ Lp([0, T ], X),

(6.1.1) has a unique solution u ∈W 1,p([0, T ], X) ∩ Lp([0, T ], D(A)) such that

‖u′‖Lp([0,T ],X) + ‖Au‖Lp([0,T ],X) ≤ C‖f‖Lp([0,T ],X),

for some constant C > 0.

This property is known to be independent of p ∈ (1,∞) and T < ∞ (see [22]),

so we refer to maximal Lp-regularity simply as maximal regularity. Let us now tie

this notion with operator sums. We define operators A and B on Lp([0, T ], X) as

follows:

(Au)(t) = A(u(t)) (Bu)(t) = u′(t),

for t ∈ [0, T ], with domains

D(A) =

{
u ∈ Lp([0, T ], X) : u(t) ∈ D(A) for almost all t, A(u(·)) ∈ Lp([0, T ], X)

}
,

D(B) = {u ∈W 1,p([0, T ], X) : u(0) = 0}.

It is then clear that the abstract Cauchy problem (6.1.1) is equivalent to the operator

equation

Au+ Bu = f

in the space Lp([0, T ], X). Thus maximal regularity is reduced to the problem of

finding conditions under which A+B is a well-defined, closed operator. In their sem-

inal paper from 1987, Dore and Venni [23] were the first to provide such conditions
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when X is a UMD space.

Theorem 6.1.2. Let X be a UMD space. Suppose that A and B are invertible

sectorial operators whose resolvents commute and that they both have BIP. Suppose

further that θA + θB < π. Then the sum (A + B,D(A) ∩ D(B)) is closed and

invertible.

We note that the strong parabolicity condition θA+θB < π is fundamental to results

on operator sums of this kind. For example, trivial cases such as B = −A (whence

A + B is just the zero operator) are avoided as a result. Soon after, Prüss and

Sohr [64] removed the invertibility assumptions on A and B. As the theory of R-

boundedness became more widely understood, Kalton and Weis [44] were able to

derive the following conditions in connection with the functional calculus.

Theorem 6.1.3. Let A and B be a pair of commuting sectorial operators. Suppose

A admits a bounded H∞-calculus and B is R-sectorial with φHA + φRB < π. Then

(A+B,D(A) ∩D(B)) is closed and there exists a constant C such that

‖Ax‖+ ‖Bx‖ ≤ C‖Ax+Bx‖ ∀x ∈ D(A) ∩D(B) .

Furthermore, A+B is invertible if A or B is invertible.

Note that on a UMD space, BIP is weaker than bounded H∞-calculus but stronger

than R-sectoriality [13]. Lp-spaces have UMD for p > 1 [10] and many classes

of differential operators are known to have bounded H∞-calculus on these spaces,

making this result more useful in applications than the Dore-Venni theorem.

In fact, these considerations can be extended to the non-commuting case, under

appropriate assumptions. Let A be an invertible sectorial operator, and 0 ≤ α <

β < 1. Consider the following condition on a sectorial operator B:
There exist constants c = cA,α,β(B) > 0, ψA > φA, ψB > φB,

such that ψA + ψB < π and for all λ ∈ Σπ−ψA , µ ∈ Σπ−ψB

‖A(λ+A)−1[A−1(µ+B)−1 − (µ+B)−1A−1]‖ ≤ c
(1+|λ|)1−α|µ|1+β .

(6.1.2)

The following result is due to Prüss and Simonett [63].

Theorem 6.1.4. Let A be an invertible sectorial operator with bounded H∞-calculus,

and 0 ≤ α < β < 1. Consider R-sectorial operators B such that φHA + φRB < π and

(6.1.2) holds for some ψA > φHA , ψB > φRB satisfying ψA + ψB < π. Then there

exists c0 = c0(A,α, β) > 0 such that the sum (A+B,D(A)∩D(B)) is invertible and

sectorial with φA+B ≤ max{ψA, ψB} whenever cA,α,β(B) < c0.
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We remark that the smallness assumption on cA,α,β(B) can be dropped at the

expense of a shift. More precisely, suppose that (6.1.2) holds for an arbitrary

cA,α,β(B) > 0. For v > 0 we can then replace the operator B by v + B and es-

timate for α < β′ < β,

‖A(λ+A)−1[A−1(µ+ v +B)−1 − (µ+ v +B)−1A−1]‖ ≤ c

(1 + |λ|)1−α|µ+ v|1+β

=
c

(1 + |λ|)1−α|µ|1+β′

(
|µ|1+β′

|µ+ v|1+β

)
.

Since sup{ |µ|
1+β′

|µ+v|1+β : µ ∈ Σπ−ψB} → 0 as v → ∞, we can choose v > 0 such that

the constant in (6.1.2) corresponding to the pair of operators {A, v+B} is less than

c0(A,α, β). Thus the conclusions of Theorem 6.1.4 apply to (v+A+B,D(A)∩D(B)).

In Chapter 4 we noted that having absolute functional calculus is stronger than

bounded H∞-calculus in general, by considering minimal angles. Here we highlight

the relative strength of absolute calculus by showing that under this assumption,

we can remove the R-boundedness assumptions on the second operator in the re-

sults above. The commuting case is taken care of by the following result due to

Kucherenko [46, Theorem 4.6.7], under her definition of K-absolute calculus (see

Definition 4.1.5).

Theorem 6.1.5. Suppose that A and B are a pair of commuting sectorial operators

on a Banach space such that A has K-absolute calculus with φA + φB < π. Then

the conclusions of Theorem 6.1.3 hold.

The proof calls upon the following modification of a result from [44, Chapter 6],

which can be found in [46, Chapter 4].

Proposition 6.1.6. Let A be a sectorial operator of type φA with absolute calculus

on Σφ for some/all φ > φA. Then A has a bounded H∞(Σφ, EA)-calculus (in the

sense of 3.6.1).

Remark 6.1.7. Fix τ > 0 and 1 < p < ∞. The derivative operator Aτ = d
dt on

Lp((0, τ), X), with domain W 1,p((0, τ), X), is sectorial of angle π
2 and −Aτ is a C0-

semigroup generator [34, Lemma 8.4.1]. Furthermore Aτ has bounded H∞-calculus

on Lp((0, τ), X) if and only if X is UMD [34, Theorem 8.5.8]. In particular, when

p = 2 and X is a Hilbert space, Lp((0, τ), X) is also a Hilbert space and so Aτ has

absolute calculus, since this is then equivalent to having a bounded H∞-calculus.

Furthermore if Aτ has absolute calculus on Lp((0, τ), X) then by Theorem 6.1.5 the

(negative) generator of any analytic semigroup must have maximal regularity (since
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it is sectorial of angle less than π
2 ). Assume that X has an unconditional basis.

Then by a result due to Kalton and Lancien [43] this implies that X is isomorphic

to a Hilbert space. Thus Aτ does not have absolute calculus on Lp((0, τ), X) when

X has an unconditional basis but is not a Hilbert space.

We can also adapt Theorem 6.1.4 to these assumptions to obtain the following

new result, where now A is assumed to have absolute calculus in our usual sense.

Theorem 6.1.8. Suppose that A and B are sectorial operators on a Banach space

such that A has absolute calculus and φA +φB < π. Let ψA > φA, ψB > φB be such

that ψA + ψB < π and (6.1.2) holds. Then the conclusions of Theorem 6.1.4 hold.

The proof is mostly the same as [63, Theorem 3.1]. We give here the argument

which replaces the step where the R-sectoriality of B was used in [63]. Let ψ >

max{ψA, ψB} and let θ satisfy ψA < θ < min{ψ, π − ψB}. For N ∈ N define the

contour

ΓN = {teiθ : 2−N ≤ t ≤ 2N} ∪ {te−iθ : 2−N ≤ t ≤ 2N} .

The R-sectoriality assumption in [63] was employed to estimate the operator norm

of the integral

Iδ,λ =
1

2πi

∫
ΓN

[Aγ(z −A)−1]aB(λ+ z +B)−1(1 + δB)−1[Aγ(z −A)−1]1−a
dz

zγ

uniformly in 0 < δ < 1 and λ ∈ Σπ−ψ where a, γ ∈ (0, 1) are fixed. Using the

assumptions of Theorem 6.1.8, we have for any x ∈ X and x ∈ X∗,

|〈Iδ,λx, x∗〉| ≤

C
∑
±

∫ 2N

2−N
|〈[Aγ(te±iθ −A)−1]aB(λ+ te±iθ +B)−1(1 + δB)−1[Aγ(te±iθ −A)−1]1−ax, x∗〉| dt

tγ

≤ C
∑
±

∫ ∞
0
|〈[Aγ(te±iθ −A)−1]aB(λ+ te±iθ +B)−1(1 + δB)−1[Aγ(te±iθ −A)−1]1−ax, x∗〉| dt

tγ

= C
∑
±

∫ ∞
0
|〈[(A

t
)γ(e±iθ − A

t
)−1]aB(λ+ te±iθ +B)−1(1 + δB)−1[(

A

t
)γ(e±iθ − A

t
)−1]1−ax, x∗〉| dt

t

≤ C
∑
±

∫ ∞
0
|〈ψ1,±(

A

t
)x, [B(λ+ te±iθ +B)−1(1 + δB)−1]∗ψ2,±(

A∗

t
)x∗〉| dt

t

≤ C
∑
±

(∫ ∞
0
‖ψ1,±(

A

t
)x‖2 dt

t

) 1
2
(∫ ∞

0
‖[B(λ+ te±iθ +B)−1(1 + δB)−1]∗ψ2,±(

A∗

t
)x∗‖2 dt

t

) 1
2

= C
∑
±

(∫ ∞
0
‖ψ1,±(tA)x‖2 dt

t

) 1
2
(∫ ∞

0
‖[B(λ+

1

t
e±iθ +B)−1(1 + δB)−1]∗ψ2,±(tA∗)x∗‖2 dt

t

) 1
2

,
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where ψ1,±(z) =
(

zγ

e±iθ−z
)1−a

and ψ2,±(z) =
(

zγ

e±iθ−z
)a

. By the sectoriality assump-

tion on B and the fact that A has absolute calculus, we can estimate this final term

by C‖x‖‖x∗‖, with C independent of δ and λ. This gives the desired estimate.

In a similar manner we can adapt the proof in [36] for products of sectorial operators

under these assumptions. Since the argument is essentially as above, we omit the

details.

Theorem 6.1.9. Let A and B be sectorial operators such that A has absolute cal-

culus and φA + φB < π. Suppose further that the following set of conditions hold:

0 ∈ ρ(A). There exist constants c = c(A,B) ≥ 0, α, β ≥ 0, α+ β < 1,

ψA > θA, ψB > θB, ψA + ψB < π,

such that for all λ ∈ Σπ−ψA , µ ∈ Σπ−ψB

(µ+B)−1D(A) ⊆ D(A) and

‖[A(µ+B)−1 − (µ+B)−1A](λ+A)−1‖ ≤ c
(1+|λ|)1−α|µ|1+β

.

(6.1.3)

Then there exists v ≥ 0 such that (v + AB,D(AB)) is sectorial with φv+AB ≤
ψA + ψB.

We now turn our attention to sums of strip-type operators. Heuristically, for a

pair of commuting injective sectorial operators A and B we may expect the identity

logA+ logB = logAB

to hold. However, we must impose suitable conditions to ensure that the operators

logA and logB don’t ’cancel’ and that the product AB is sectorial. Clark [11]

adopted Kalton-Weis type assumptions to achieve this with so called half strip-type

operators. To formulate his result precisely, we employ the following notation. For

θ ∈ (0, π) and r > 0 we say A ∈ Sect(θ, r) if A ∈ Sect(θ) and σ(A) ⊆ Σθ,r where

Σθ,r = Σθ ∩ {λ ∈ C : |λ| > r} .

Furthermore for w ≥ 0 and ρ ∈ R let

Lw,ρ = Hw ∩ {Reλ < ρ},

Rw,ρ = Hw ∩ {Reλ > ρ}.

We say B is a half strip-type operator, B ∈ Strip(w, ρ), if B ∈ Strip(w) and
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(i) σ(B) ⊆ Rw,ρ,

(ii) sup{‖R(λ,B)‖ : Reλ ≤ ρ′} <∞ for each ρ′ < ρ .

Clark’s result can then be stated as follows.

Theorem 6.1.10. Let A ∈ Sect(w,r), B ∈ Sect(w′, r′) be resolvent commuting with

dense domain and range. Suppose A has a bounded H∞(Σθ)-calculus for some θ ∈
(w, π) and that B is R-sectorial. Suppose also that AB is sectorial (e.g. if φHA +φRB <

π). Then logA+ logB is closed and

logA+ logB = logAB .

Our aim is to drop the R-boundedness assumption on B by assuming that A has ab-

solute calculus. A key step is to observe that the following appropriate modification

of [11, Theorem 3.3.5] holds.

Theorem 6.1.11. Let A ∈ Sect(w,r), B ∈ Sect(w′, r′) be resolvent commuting with

dense domain and range. Suppose A has absolute calculus. Let α < log r, ψ ∈
(θ, π), β < log r′ and ψ′ ∈ (w′, π). Suppose f ∈ H∞(Rψ,α × Rψ′,β) is such that

f(w, logB) is bounded for every w ∈ Rψ,α and that the set {f(w, logB) : w ∈ Rψ,α}
is uniformly bounded. Then f(logA, logB) is a bounded operator.

The proof is very similar to that in [11, Theorem 3.3.5] and thus omitted. We observe

the connection between the uniform boundedness assumption of {f(w, logB) : w ∈
Rψ,α} and Proposition 6.1.6 (which extends to operators in Sect(w, r)); whereas in

[11, Theorem 3.3.5] it was R-boundedness that was needed. We will also need the

following result for products.

Theorem 6.1.12. Let A and B be commuting sectorial operators with dense domain

and range of types φA and φB with φA+φB < π and suppose A has absolute calculus.

Then AB is sectorial with φAB ≤ φA + φB.

Proof. Fix φ ∈ (φA + φB, π) and for λ ∈ Σφ define Fλ on Σφ by

Fλ(z) = λ(λ− zB)−1 =
λ

z
(
λ

z
−B)−1 .

Then Fλ satisfies the conditions in Proposition 6.1.6 and so, employing the sectorial-

ity assumption on B, there is a constant C independent of λ such that Fλ(A) ∈ B(X)

with

‖Fλ(A)‖ ≤ C .

122



But Fλ(A) = λR(λ,AB) and so the result follows.

We can now state our desired result.

Theorem 6.1.13. Let A ∈ Sect(w,r), B ∈ Sect(w′, r′) be resolvent commuting with

dense domain and range. Suppose A has absolute calculus and that AB is sectorial

(e.g. if φA + φB < π). Then logA+ logB is closed and

logA+ logB = logAB .

Proof. As in [11], we can restrict our attention to the case log r+ log r′ > 0 and it is

sufficient to prove closedness of logA+ logB; the identity is then immediate under

the additional assumption that AB is sectorial. In fact, we will show that logA +

logB is invertible. Observe that logA ∈ Strip(w, log r) and logB ∈ Strip(w′, log r′)

(see [11, Proposition 3.2.3]). For ψ ∈ (θ, π), ρ ∈ (− log r′, log r), ψ′ ∈ (w′, π) and

ρ′ < log r′ define f ∈ H∞(Rψ,ρ ×Rψ′,ρ′)→ C by

f(w, z) = (w + z)−1 .

Then {f(w, logB) : w ∈ Rψ,ρ} = {(w + logB)−1 : w ∈ Rψ,ρ} ⊆ B(X) and is

uniformly bounded. By Theorem 6.1.11, (logA + logB)−1 = f(logA, logB) is a

bounded operator. This completes the proof.

We remark that there is a second proof of Theorem 6.1.10 also due to Clark [12]

where Theorem 6.1.3 is applied to the operators logA and logB, which can be shown

to be sectorial of angle less than π
2 and satisfy the appropriate conditions. It seems

unclear if one can adapt this argument to obtain an alternative proof of Theorem

6.1.13 since it is not obvious that logA has absolute calculus (in the sectorial sense).

6.2 H∞-calculus for bounded perturbations

Given a strip-type operator A and a closed operator B, we will frequently make use

of the following identity, whenever it makes sense:

R(λ,A+B) = R(λ,A)

∞∑
n=0

(BR(λ,A))n =

∞∑
n=0

(R(λ,A)B)nR(λ,A) . (6.2.1)

In particular, this expression is valid when ‖BR(λ,A)‖ < 1 or ‖R(λ,A)B‖ < 1.

Proposition 6.2.1. If A is of strong strip-type and B ∈ B(X), then A+B is also

of strong strip-type. If A is only strip-type, then A+B is strip-type for any closed,
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linear operator B satisfying D(A) ⊆ D(B) and ‖BR(λ,A)‖ < 1 for | Imλ| large

enough (e.g. if B is bounded with sufficiently small norm).

Proof. First suppose A is of strong strip-type, then for some w > 0 there exists a

constant C such that

‖R(λ,A)‖ ≤ C

| Imλ| − w
(| Imλ| ≥ 2C‖B‖+ w)

and so for such λ we have ‖BR(λ,A)‖ < 1
2 with

‖R(λ,A+B)‖ ≤ ‖2R(λ,A)‖ ≤ 2C

| Imλ| − w
≤ C ′

| Imλ| − (2C‖B‖+ w)
.

The second claim follows similarly.

Our characterisation of the bounded H∞-calculus for strip-type operators (Theorem

4.3.7) renders it sufficient to obtain estimates involving resolvent powers only. We

may thus seek to exploit the identity (6.2.1) to establish perturbation results for the

bounded H∞-calculus. In the case where B is of finite rank or triangular, Vörös [76,

Chapter 4] achieved this by computing weak integral estimates involving squares of

resolvents. We refer to that thesis for details.

We seek to employ (6.2.1) with a view to deriving further sufficient conditions

on A and B to ensure stability of the bounded H∞-calculus. As a first step, we

establish an easy perturbation result.

Proposition 6.2.2. Let A ∈ Strip(w). Suppose A admits a bounded H∞-calculus

on Hu, u > w. Suppose further that B is a linear operator satisfying for some

w′ ∈ (w, u),

(i) D(A) ⊆ D(B);

(ii) supλ∈∂Hw′ ‖BR(λ,A)‖ < 1;

(iii) ‖R(λ,A)BR(λ,A)‖L1(∂Hw′ )
<∞.

Then A+B admits a bounded H∞-calculus on Hu.

Proof. By (ii) we can rewrite (6.2.1) for | Imλ| = w′ as

R(λ,A+B) = R(λ,A) + S(λ),
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where S(λ) = R(λ,A)BR(λ,A)[1 − BR(λ,A)]−1. Then for f ∈ H∞1 (Hu) and Γ =

∂Hw′ , positively oriented, we have

f(A+B) =
1

2πi

∫
Γ
f(λ)R(λ,A+B) dλ

=
1

2πi

∫
Γ
f(λ)R(λ,A) dλ+

1

2πi

∫
Γ
f(λ)S(λ) dλ .

Since A has bounded H∞-calculus and by assumption (iii), we can then estimate

‖f(A+B)‖ ≤ C‖f‖H∞(Hu) ,

with C independent of f ∈ H∞1 (Hu). We deduce by Proposition 3.3.7 (see remark

thereafter) that A+B has bounded H∞-calculus on Hu.

We now apply a more delicate argument in order to replace assumption (iii) in the

theorem above with a commutator condition. The following perturbation result was

formulated for BIP in [65].

Theorem 6.2.3. Let A be a sectorial operator with bounded H∞-calculus. Let B be

a linear operator such that

(i) D(A) ⊆ D(B) and there exists β > 0 such that ‖Bx‖ ≤ β‖Ax‖ for all x ∈
D(A);

(ii) For some θ ∈ (φHA , π) and ψ ∈ L1(R+),

‖R(λ,A)Bx−BR(λ,A)x‖ ≤ ψ(|λ|)‖Ax‖, x ∈ D(A), λ /∈ Σθ;

(iii) 1
β > supλ/∈Σθ

‖AR(λ,A)‖ .

Then (A+B,D(A)∩D(B)) is closed, sectorial and admits a bounded H∞-calculus.

The proof is a refinement of the one given for BIP in [65]. We present this refined

argument in the next result, which provides an analogue on strips. Note that a strip-

type operator with bounded H∞-calculus is actually a strong strip-type operator.

Theorem 6.2.4. Let A be a strip-type operator with bounded H∞-calculus. Suppose

B is a bounded operator, so A+B is strip-type by Proposition 6.2.1. Suppose further

that

‖[R(λ,A), B]‖L1(∂Hw) <∞ ,
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for some w > max{wHA , wA+B}. Then for B of sufficiently small norm, A + B

admits a bounded H∞-calculus on some strip.

Proof. For λ ∈ ρ(A), set Rλ = R(λ,A) and Tλ = [B,Rλ]. We show by induction

that for any n,

(BRλ)n =
n∑
l=1

l−1∑
j=0

(BRλ)n−lRjλTλR
l−1−j
λ Bl−1 +RnλB

n . (6.2.2)

For n = 1 this is just the definition of Tλ. Given that (6.2.2) holds for n, we have

(BRλ)n+1 =
n∑
l=1

l−1∑
j=0

(BRλ)n+1−lRjλTλR
l−1−j
λ Bl−1 +BRn+1

λ Bn,

with

BRn+1
λ Bn =

n∑
j=0

RjλTλR
n−j
λ Bn +Rn+1

λ Bn+1 ,

so that (6.2.2) holds for n+ 1. Let u > w. For ‖B‖ sufficiently small and λ ∈ ∂Hw,

we can rewrite (6.2.1) as

R(λ,A+B) = R(λ,A)
∞∑
n=0

(BR(λ,A))n

= S(λ) +
∞∑
n=0

Rn+1
λ Bn ,

where

S(λ) = Rλ

∞∑
n=1

n∑
l=1

l−1∑
j=0

(BRλ)n−lRjλTλR
l−1−j
λ Bl−1 .

Fix u > w + ‖B‖ and let f ∈ H∞1 (Hu). Then we can write, with Γ = ∂Hw,

f(A+B) =
1

2πi

∫
Γ
f(λ)S(λ) dλ+

1

2πi

∫
Γ
f(λ)

∞∑
n=0

R(λ,A)n+1Bn dλ

= I1 + I2 .

By our commutator assumption and the fact that A is strip-type, we can estimate
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for λ ∈ ∂Hw,

‖S(λ)‖ ≤ C
∞∑
n=1

n∑
l=1

l−1∑
j=0

‖B‖n−1‖Rλ‖n−1‖Tλ‖

≤ C‖Tλ‖
∞∑
n=1

Mn−1n(n+ 1)

2

≤ C‖Tλ‖ ,

where M = ‖B‖ sup{‖R(λ,A)‖ : λ ∈ ∂Hw} < 1 for B of sufficiently small norm.

This in turn gives the estimate ‖I1‖ ≤ C‖f‖H∞(Hu), by our commutator assumption.

Turning our attention to the second term, we write for Γ′ = ∂Hu′ , w + ‖B‖ <
u′ < u,

I2 =

∞∑
n=0

(
1

2πi

∫
Γ
f(λ)R(λ,A)n+1 dλ

)
Bn

= f(A) +
∞∑
n=1

[
1

2πi

∫
Γ
f(λ)

(
1

2πi

∫
Γ′

1

(λ− z)n+1
R(z,A) dz

)
dλ

]
Bn

= f(A) +
∞∑
n=1

[
1

2πi

∫
Γ′

(
1

2πi

∫
Γ
f(λ)

1

(λ− z)n+1
dλ

)
R(z,A) dz

]
Bn

= f(A) +

∞∑
n=1

(
1

2πin!

∫
Γ′
f (n)(z)R(z,A) dz

)
Bn

=
∞∑
n=0

f (n)(A)

n!
Bn .

Since A has bounded H∞-calculus, we can estimate

‖f (n)(A)‖ ≤ C‖f (n)‖H∞(Hw) .

Furthermore, we have for any z ∈ Hw,

|f (n)(z)| =
∣∣∣∣ n!

2πi

∫
Γ′

f(λ)

(λ− z)n+1
dλ

∣∣∣∣ ≤ n!‖f‖H∞(Hu)

2π

∫
Γ′

1

|λ− z|n+1
|dλ|

≤ C n!

(u′ − w)n
‖f‖H∞(Hu) ,

so that

‖I2‖ ≤ C‖f‖H∞(Hu)

∞∑
n=0

(
‖B‖
u′ − w

)n
≤ C‖f‖H∞(Hu) .
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Putting together our estimates for I1 and I2 gives, for every f ∈ H∞1 (Hu),

‖f(A+B)‖ ≤ C‖f‖H∞(Hu) .

Thus A+B has bounded H∞-calculus by (the remark following) Proposition 3.3.7.

An alternative proof of Theorem 6.2.4, which uses weak integral estimate character-

isations, can be found in [76, Theorem 4.53], in which a smallness requirement on

the L1-norm of the commutator is also required.

Next we employ Theorem 4.3.7 to derive a perturbation result with a commutator

condition involving Rademacher norms.

Theorem 6.2.5. Let A be an R-strip-type operator which admits a bounded H∞-

calculus. Suppose also that A∗ is R-strip-type. Let B be a bounded operator with

sufficiently small norm and suppose that for some w > max{wA+B, w
H
A , w

R
A} there

exists C such that for every x ∈ X,

sup
t∈R

∥∥∑
k∈Z

rk[B,R(±iw + t− k,A)]x
∥∥
L2(X)

≤ C‖x‖ ,

with the corresponding dual condition

sup
t∈R

∥∥∑
k∈Z

rk[B
∗, R(±iw + t− k,A∗)]x

∥∥
L2(X∗)

≤ C‖x∗‖ .

Then A+B admits a bounded H∞-calculus with wHA+B ≤ w.

Proof. By Theorem 4.3.7 it is sufficient to show the estimate

sup
t∈R

∥∥∑
k∈Z

rkψ(t+ k − (A+B))x
∥∥
L2(X)

≤ C‖x‖ ,

along with the corresponding dual condition, where ψ(z) = 1
(±iw−z)2 . For | Imλ| = w
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and ‖B‖ < R
(
{R(λ,A) : | Imλ| = w}

)−1
we have

R(λ,A+B)2 = R(λ,A)2 +R(λ,A)B[I −R(λ,A)B]−1R(λ,A)2

+R(λ,A)[I −R(λ,A)B]−1R(λ,A)BR(λ,A)

+R(λ,A)B[I −R(λ,A)B]−1R(λ,A)[I −R(λ,A)B]−1R(λ,A)BR(λ,A)

= R(λ,A)2 +R(λ,A)B[I −R(λ,A)B]−1R(λ,A)2

+R(λ,A)[I −R(λ,A)B]−1R(λ,A)[B,R(λ,A)] +R(λ,A)[I −R(λ,A)B]−1R(λ,A)2B

+R(λ,A)B[I −R(λ,A)B]−1R(λ,A)[I −R(λ,A)B]−1R(λ,A)[B,R(λ,A)]

+R(λ,A)B[I −R(λ,A)B]−1R(λ,A)[I −R(λ,A)B]−1R(λ,A)2B . (6.2.3)

Furthermore, since

[I −R(λ,A)B]−1 =
∞∑
n=0

(R(λ,A)B)n,

we have by Propositions 3.7.4 and 3.7.5 that each of these terms is of the form

Tλ[B,R(λ,A)], TλR(λ,A)2 or TλR(λ,A)2B, with {Tλ : | Imλ| = w} R-bounded

in each case. Furthermore, since A has bounded H∞-calculus we can estimate by

Theorem 4.3.7

sup
t∈R
‖
∑
k∈Z

rkψ(t+ k −A)Bix‖L2(X) ≤ C‖Bix‖ ,

where i ∈ {0, 1}. Thus we can estimate

sup
t∈R
‖
∑
k∈Z

rkT±iw−t−kR(±iw − t− k,−A)Bix‖L2(X)

≤ R{Tλ : | Imλ| = w} sup
t∈R
‖
∑
k∈Z

rkR(±iw − t− k,−A)Bix‖L2(X)

≤ C‖x‖ .

Similarly, using our commutator assumption we can estimate

sup
t∈R
‖
∑
k∈Z

rkT±iw−t−k[B,R(±iw − t− k,−A)]x‖L2(X)

≤ C‖x‖ .

The triangle inequality for the L2-norm now gives us the required estimates. We

can similarly establish the required dual condition.
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We remark that A∗ is necessarily R-strip-type if A is R-strip-type and X has

non-trivial type - see Section 6.3 for a definition - by Proposition 3.7.4. Note that, by

a similar argument, the same conclusion of Theorem 6.2.5 holds (on the appropriate

strip) if B is any bounded operator and A (along with A∗) is strong R-strip-type in

the sense that

R{R(λ,A) : | Imλ| > w} ≤ C

| Imλ| − w
.

Finally we observe that, by exploiting the identity (6.2.3) in the proof of Theorem

6.2.5 once more, we can establish a stability criterion for the absolute calculus.

Theorem 6.2.6. Let A be a strip-type operator with absolute calculus (so A is

actually strong strip-type) and let B be a bounded operator so that A + B is also

strip-type by Proposition 6.2.1. Suppose there exists a constant C such that for

every x ∈ X, ∫
R
‖[R(iw + t, A), B]x‖2dt ≤ C‖x‖2 ,

with the corresponding dual condition, for some w > wA+B. Then for B of suffi-

ciently small norm, A+B also has absolute calculus.

Proof. The proof unfolds as in Theorem 6.2.5, where we now observe that each

term in (6.2.3) is of the form Tλ[B,R(λ,A)], TλR(λ,A)2 or TλR(λ,A)2B, with {Tλ :

| Imλ| = w} uniformly bounded in each case. The required estimate, and the dual

estimate, again follow from the triangle inequality for the L2-norm.

We conclude this section with a basic perturbation result for shifts of sectorial

operators. The result also appears in [5] and [2].

Proposition 6.2.7. Let A be a sectorial operator.

(i) If A has bounded H∞-calculus on Σθ then for any c > 0 the operator A+ c has

bounded H∞-calculus on Σθ.

(ii) Suppose that for some c0 > 0 the operator A+ c0 has bounded H∞-calculus on

Σθ. Then A+ c has bounded H∞-calculus on Σθ for every c > 0.

Proof. To prove (i), given f ∈ H∞(Σθ) define g ∈ H∞(Σθ) by g(z) = f(z+c). Then

f(A+ c) = g(A) is bounded and the result follows.

Turning to (ii), we may assume without loss of generality that A is invertible

with A + c0 having bounded H∞-calculus on Σθ. We need to show that A has
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bounded H∞-calculus on Σθ. We have for f ∈ H∞0 (Σθ),

f(A)− f(A+ c0) =
1

2πi

∫
Γ
f(λ)R(λ,A) dλ− 1

2πi

∫
Γ
f(λ)R(λ,A+ c0) dλ

=
c0

2πi

∫
Γ
f(λ)R(λ,A)R(λ,A+ c0) dλ,

where Γ is a suitable contour avoiding zero. Thus for this choice of f we can estimate

‖f(A)‖ ≤ C‖f‖H∞(Σθ)

and so A has bounded H∞-calculus on Σθ, by Proposition 3.3.7.

Turning our attention to half-plane operators, we see that an identical argument

yields the corresponding version of (i) of Proposition 6.2.7. Namely, if A is a half-

plane operator which admits a bounded H∞-calculus on some half-plane Rw, then

for any c > 0 the half-plane operator A+ c also admits a bounded H∞-calculus on

Rw. However, the argument in Proposition 6.2.7 (ii) relies on the resolvent decay

and so does not extend naturally to half-plane operators. In fact, it is easy to

see that the corresponding version of Proposition 6.2.7 (ii) for half-plane operators

is equivalent to asking whether or not the H∞-type of the operator (that is, the

supremum of all w such that the operator has bounded H∞-calculus on Rw) is equal

to its half-plane type s0. It is unknown if this holds in general, although a partial

answer was presented in Proposition 5.1.4.

6.3 γ-norms on spaces of finite cotype

So far we have characterised the bounded H∞-calculus for sectorial and strip-type

operators on Hilbert space, through the absolute calculus, and on general Banach

space, through Rademacher square function estimates. In this section we present an

intermediate chacterisation due to Kalton and Weis and establish some immediate

consequences for perturbations. To formulate their result precisely, we need some

definitions.

We say a Banach space X has type p ∈ (1,∞) if there exists C such that for

every sequence n ∈ N and every x1, · · · , xn ∈ X,

(
E‖

n∑
i=1

rixi‖2
) 1

2

≤ C
( n∑
i=1

‖xi‖p
) 1
p

.

Furthermore, X is said to have cotype q ∈ (1,∞] if there exists C such that for every
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sequence n ∈ N and every x1, · · · , xn ∈ X,

(
E‖

n∑
i=1

rixi‖2
) 1

2

≥ C
( n∑
i=1

‖xi‖q
) 1
q

.

Every Banach space X has type 1 and cotype ∞. We say X has non-trivial type if

it has type p > 1 and finite cotype if it has cotype q < ∞. X is a Hilbert space if

and only if it has type 2 and cotype 2. For more on these concepts we refer to [20].

Let X be a Banach space and H a separable Hilbert space with orthonormal

basis (hn)n≥1. Let (γn)n≥1 be a sequence of independent standard Gaussian random

variables on a probability space (Ω,A,P). An operator R ∈ B(X,H) is said to be

γ-radonifying if
∑

n≥1 γnRhn converges to some ξ ∈ L2(Ω, X). Moreover we define

‖R‖γ(H,X) = ‖ξ‖L2(Ω,X). For an interval I in R, let φ : I → B(H,X) be strongly

measurable such that for every x∗ ∈ X∗, φ∗x∗ ∈ L2(I,H). Let Iφ : L2(I,H) → X

be the integral defined by

Iφf =

∫
I
φ(t)f(t) dt .

We say φ ∈ γ(I,H,X) if Iφ : L2(I,H) → X is γ-radonifying. We write γ(I,X) =

γ(I,R, X). In their elusive preprint, Kalton and Weis [45] were able to dualise this

notion and define the norm ‖φ‖γ∗(I,X∗) for suitable strongly measurable functions

φ : I → X∗. The details would require a prolonged detour and so are omitted.

However, we call upon the following characterisation from that unpublished paper.

Theorem 6.3.1. Let A be a strip-type operator on a Banach space X which has

finite cotype. For a, b > wA, consider the following conditions.

(i) iA generates a C0-group (T (t))t∈R and there exists C such that for every x ∈ X,

x∗ ∈ X∗,

‖e−a|t|T (t)x‖γ(R,X) ≤ C‖x‖,

‖e−a|t|T (t)∗x∗‖γ∗(R,X∗) ≤ C‖x∗‖;

(ii) There exists C such that for every x ∈ X, x∗ ∈ X∗,

‖R(· ± ia, A)x‖γ(R,X) ≤ C‖x‖,

‖R(· ± ia, A)∗x∗‖γ∗(R,X∗) ≤ C‖x∗‖;
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(iii) There exists C such that for every x ∈ X,

C−1‖x‖ ≤ ‖R(· ± ia, A)x‖γ(R,X) ≤ C‖x‖;

(iv) A admits a bounded H∞-calculus on Hb.

Then for b > a, (i)⇒ (ii)⇒ (iii)⇒ (iv). Moreover (iv)⇒ (i) for b < a.

When X is a Hilbert space, this reduces to our established characterisation Theorem

4.3.2, with the γ-norm now just the appropriate L2-norm. We note that in this case

the equivalence of condition (iii) and boundedH∞-calculus is shown in [45, Theorem

2.2].

Indeed, the proof of Theorem 6.3.1 is a generalisation of this characterisation on

Hilbert space. We wish not to repeat the details, except to note some fundamental

properties of the L2-norm that carry over to γ-norms. In particular, we have ap-

propriate versions of Hölder’s inequality and the Plancherel theorem. We state the

following useful estimation lemma. For the proofs of these results we again refer to

[45].

Lemma 6.3.2. Let X have finite cotype and suppose N : Ω → B(X) is strongly

continuous. If {N(t) : t ∈ Ω} is R-bounded then there exists C such that for every

f ∈ γ(Ω, X) and g ∈ γ(Ω, X∗),

‖N(·)[f(·)]‖γ(Ω,X) ≤ C‖f‖γ(Ω,X),

‖N(·)∗[g(·)]‖γ∗(Ω,X∗) ≤ C‖g‖γ∗(Ω,X∗) .

We remark that on spaces of finite cotype, R-boundedness is equivalent to γ-boundedness

(in which the Rademacher sequence (rk) is replaced with a Gaussian sequence (γk))

- see [21].

The strength of Theorem 6.3.1 in applications is that it only requires an estimate

on a single power of the resolvent. In particular, we can establish the following

perturbation result.

Theorem 6.3.3. Let A be an R-strip-type operator with bounded H∞-calculus on a

Banach space X of finite cotype. Let B be a bounded operator with sufficiently small

norm. Then A+B also has bounded H∞-calculus.

Proof. Note that for ‖B‖ sufficiently small, A + B is R-strip-type and for | Imλ|
large enough,

R(λ,A+B) =

∞∑
n=0

(R(λ,A)B)nR(λ,A),
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with {
∑∞

n=0(R(λ,A)B)n : | Imλ| > w} R-bounded for some w > wA by Proposition

3.7.5. The result is now immediate from Theorem 6.3.1 and Lemma 6.3.2.

We remark that, as with Theorem 6.2.5, the smallness assumption on ‖B‖ can

be dropped provided A is of strong R-strip-type. If we impose tighter geometric

restrictions on the underlying space, we can obtain a stronger characterisation in

which we do not require an R-boundedness assumption on A or a small norm on B.

A Banach space X is said to have property (α) if there is a constant C such that

(
E

∥∥∥∥∥
n∑
j=1

n∑
k=1

αjkrjr
′
kxjk

∥∥∥∥∥
2)1/2

≤ C max
j,k
|αjk|

(
E

∥∥∥∥∥
n∑
j=1

n∑
k=1

rjr
′
kxjk

∥∥∥∥∥
2)1/2

for any (xjk)
n
j,k=1 ⊆ X and (αjk)

n
j,k=1 ⊆ C. Every such space already has finite

cotype [60]. We will also need the following facts, from [47, Chapter 12] and [76,

Chapter 4] respectively.

Theorem 6.3.4. (i) Let A be a sectorial operator on a Banach space with property

(α) and suppose A admits a bounded H∞-calculus on some sector. Then A also

admits an R-bounded H∞-calculus on the same sector.

(ii) Suppose A is the generator of a semigroup (T (t))t≥0 which is R-exponentially

bounded in the sense that there exists a1 > 0 such that

R{e−|t|a1T (t)}t∈R <∞ .

Then for any bounded operator B, the operator A + B also generates an R-

exponentially bounded semigroup.

Theorem 6.3.5. Let A be a strip-type operator on a Banach space with property

(α) and suppose A has bounded H∞-calculus. Then for any bounded operator B,

A+B also has bounded H∞-calculus.

Proof. By Proposition 6.2.1, A+B is strip-type. Indeed, this is clear from the fact

that i(A+B) generates a C0-group. Since eA is sectorial, we have by Theorem 6.3.4

(i) that the C0-group generated by iA is R-exponentially bounded. By Theorem

6.3.4 (ii), the same is true of the C0-group (eit(A+B))t∈R, i.e. there exists a > 0 such

that R{e−|t|aeit(A+B)}t∈R < ∞. By Lemma 6.3.2 we then have for any ε > 0 and
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every x ∈ X, x∗ ∈ X∗,

‖e−(a+ε)|t|eit(A+B)x‖γ(R,X) ≤ C‖e−ε|t|‖L2(R)‖x‖,

‖e−(a+ε)|t|(eit(A+B))∗x∗‖γ∗(R,X∗) ≤ C‖e−ε|t|‖L2(R)‖x∗‖ .

The conclusion follows from Theorem 6.3.1.

We remark that a weaker form of this theorem, in which X is also assumed to be

UMD, can be found in [76, Chapter 4].
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