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Abstract

Various biological and chemical processes lead to the nucleation and growth of
non-wetting fluid ‘bubbles’ within the pore space of a soft porous medium. The
non-wetting nature of these bubbles makes it energetically costly for them to in-
vade the narrow pore throats between solid. If the solid skeleton is sufficiently soft
and/or the confining stress is sufficiently low, non-wetting bubbles can instead
displace the solid to form macroscopic cavities that are much larger than the pore
size. An increase in the confining stress can suppress the formation of cavities
and even drive the collapse of existing cavities, forcing the non-wetting fluid into
the pore space. A quantitative understanding of the total volume of non-wetting
cavities, their size distribution, and their formation and collapse are important for
the macroscopic mechanics of this three-phase system and its interactions with
the surrounding environment. Here, we consider this process through the lens
of phase separation, where thermomechanics govern the separation of the non-
wetting phase from a fluid—fluid—solid mixture. We construct a novel phase-field
model informed by large-deformation poromechanics, in which two immiscible flu-
ids interact with a poroelastic solid skeleton. To develop physical insight, we focus
on two test problems: (1) the spontaneous formation of multiple cavities from an
initial distribution of non-wetting fluid in the pore space and (2) the deformation-
driven collapse of cavities due to compression via a fluid-permeable piston. We
study these problems in 1D using numerical simulation, linear stability analysis,
and analytical solutions of a reduced model. We identify the key parameters that
control cavity formation and the characteristic size of resulting cavities. We also
investigate the confining stress required to trigger cavity collapse, and explore the
reversibility of cavity formation and collapse under fluctuating confining stress.
We complement our theory with a series of simple experiments, using a packing

of hydrogel beads as an example soft porous medium.
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Chapter 1

Introduction

Multiphase fluid flow through deformable porous media occurs in a wide range
of biological and geophysical systems. Examples include methane venting from
seabed sediments [Skarke et al., [2014], the formation of liquid-like condensates
in biological cells [Hyman et al., |2014], meltwater flow through compacting snow
[Meyer and Hewitt} [2017], transport processes within plants |[Jensen and Forterre),
2022, the trapping of insulating air pockets in animal fur [Nasto et all [2016], and
degassing-driven eruptions of volcanic systems [Suckale et al., 2016]. Understand-
ing such flows is important for quantifying the rate of greenhouse gas emissions to
the atmosphere, predicting sea level rise resulting from glacier melt, and answering
fundamental questions about how vital intracellular functions occur within living

organismes.

Although flows through porous media that are rigid or stiff (i.e., weakly de-
formable) have been studied extensively [Coussy, 2004, [Blunt, 2017], multiphase
flow through soft (i.e., highly deformable) porous media remains poorly under-
stood |Juanes et al., 2020]. A key reason for this lack of understanding is the
strong two-way coupling between flow and deformation in a highly deformable
system: flow can deform the pore structure, which in turn affects the flow. The
physical and conceptual complexity of such systems makes them challenging to in-

vestigate, both theoretically and experimentally. Recent experimental works have
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explored the coupling between deformation and multiphase flow from a variety
of different perspectives, including pattern formation in frictional flows [Sandnes
et al., 2011, Dumazer et al., 2016], fracturing processes in cohesive porous media
[Meng et al., 2023], droplet formation in synthetic gels [Style et al.,[2018], Rosowski
et al., 2020a,b|, and gas migration through soft granular packings [Lee et al., 2020].
There remains, however, a need for a systematic investigation of multiphase flow
in highly deformable porous systems, and for the development of comprehensive

theories to describe experimental and field-based observations.

Theories of single-phase flow through weakly deformable porous media are well
established [Wang), 2001]. Linear poroelasticity, as developed by Biot| [1941], 1956,
1962}, |1972], describes the response of an elastic porous medium to flow and in-
finitesimal deformation. This theory combines Terzaghi’s principle of overall stress
balance [von Terzaghi, 1936] with Darcy’s law for fluid flow [Darcy, 1856 and the
theory of linear elasticity, within a linearised kinematic framework. Large de-
formations, which are characterised by substantial changes in the pore structure,
occur when driving forces (e.g., viscous pressure gradients or capillary interactions)
become comparable to the strength of the solid skeleton. While a linearised de-
scription is clearly inappropriate in the presence of large deformations, the theory
of large-deformation poroelasticity |Coussy}, 2004, [MacMinn et al., 2016] allows
for such deformations by considering both non-linear kinematics and fully non-
linear constitutive relations [e.g., [Auton and MacMinn, 2017, 2018, [Fiori et al.,
2023]. Other poromechanical responses, such as plastic deformations of the solid
skeleton, can be captured in a similar framework via appropriate constitutive laws
[e.g., Auton and MacMinn, [2019| Paterson et al. 2022]. The generalisation of
linear poroelasticity to account for multiple fluid phases remains the subject of
ongoing study, but the general principles are by now relatively well established
[Coussy, [2004]. In contrast, the generalisation of large-deformation poroelasticity
for multiphase flow has attracted much less attention and remains at the frontier

of modelling capabilities.
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Figure 1.1: Examples of non-wetting cavities in deformable porous media. (a) SEM

image of a gas cavity in marine clay [Hong et al.,|2017]. (b) Fluorinated oil droplets

in a silicone gel [Style et al., 2018]. (c) ‘Stick-slip’ bubbles in a confined, frictional

packing [Sandnes et al., 2011]. (d) Gas bubbles in an estuarine sediment |[Gonzalez

and Sills, |2001]. (e) Compression-driven collapse of a gas cavity in a soft, granular

packing (image courtesy of Jian Hui Guan). Images reproduced with permission
where required.

One major challenge in modelling multiphase flow in highly deformable systems is
that deformation enables the emergence of completely new flow phenomena that
do not have an analogue in the rigid case, the most striking of which is the ability of
the non-wetting fluid to form open (solid-free) pathways and cavities (Figure [L.)).
For a porous medium containing two fluids with different wettabilities relative
to the solid, these ‘non-wetting cavities’ may form due to capillary interactions,
which make it energetically costly for the non-wetting phase to invade narrow pore
throats within the solid skeleton. If the solid skeleton is sufficiently deformable, it
may be energetically favourable for the non-wetting phase to instead displace the
solid and form macroscopic cavities that are many times larger than the pore size.
Cavity formation is resisted by various physical mechanisms, such as elasticity,
inter-grain cohesion, and friction — depending on the mechanical properties of
the porous medium being considered. Here, we focus on porous media in which
the elasticity of the solid skeleton provides the principal resistance to deformation.
In these soft porous media, a competition between capillarity and elasticity thus

determines whether or not cavities are able to form in any given setting.
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Many naturally occurring soft porous media experience spatially and/or tempo-
rally varying stresses resulting from, for example, changing atmospheric conditions
above marine sediments [Scandella et al., 2011] or active biological processes in
cells [Heidemann and Wirtz, [2004, Kothari and Cohenl, [2023]. Compressing a par-
ticular porous medium can alter the balance between capillary and elastic forces,
and can thus trigger the collapse of existing non-wetting cavities, forcing the non-
wetting fluid into the pore space. Similarly, reducing the compressive stress may
trigger the spontaneous formation of non-wetting cavities from a distribution of
non-wetting fluid within the pore space. A quantitative understanding of the
continuum-scale physics of cavity formation and collapse has direct application to
a variety of natural and industrial problems, including predicting the structural
stability of so-called ‘gassy soils’” [Kaminski et al., 2019, Liu et al., 2022], inform-
ing the fabrication of novel micro-structured materials [Bartlett and Style, [2020),
Fernandez-Rico et al., 2023|, and characterising gas transport in peatlands [Chen

and Slater, 2015] and nuclear waste repositories [Nuske et al., 2010].

The pore-scale physics of cavity formation are relatively well understood (see
below). However, no satisfactory continuum-scale model for the behaviour of non-
wetting cavities currently exists. The framework of large-deformation poromechan-
ics provides a natural starting point for developing such a theory. It is unlikely,
however, that a multiphase generalisation of large-deformation poroelasticity in the
ad hoc manner of multiphase linear poroelasticity will be appropriate for modelling
the behaviour of non-wetting cavities. In particular, cavity formation results in
the non-wetting fluid leaving the pore space, and so the traditional formulation of
Darcy’s law is no longer relevant for describing fluid flow. Further, it is not clear
how to define a stress balance which applies generally in both cavities and the rest

of the porous medium.

Recent works have attempted to bridge this modelling gap via a variety of dif-
ferent approaches. The work of |Carrillo and Bourg| [2019] [2021b] uses a Darcy—

Brinkmann formulation to couple, and transition smoothly between, Darcy-like
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flow within the pore space of a visco-plastic solid skeleton and Stokes flow within
open pathways and cavities. This approach has been been used to study the for-
mation of cavities via direct injection of the non-wetting fluid |Carrillo and Bourgj,
2021a], but it is unclear how such an approach would generalise to other scenarios.
There is a rapidly growing literature concerning the formation of non-wetting cav-
ities within the context of synthetic gels and biological cells (as discussed further
in . Although existing continuum models of this process are able to faithfully
describe the formation and growth of non-wetting cavities, they typically ignore
fluid flow and focus on specific experimental examples, and so are not applicable

to more general flow problems.

In this thesis, we conceptualise the formation of non-wetting cavities as a process
of thermodynamic phase separation, with the non-wetting fluid spontaneously
separating from a fluid—fluid-solid mixture under appropriate conditions. This
conceptualisation allows us to draw on the broad literature that already exists for
studying phase-separation problems (see below). By considering the forma-
tion of non-wetting cavities as phase separation within the framework of large-
deformation poromechanics, we construct a continuum theory that captures the
formation, collapse and dynamical behaviour of cavities. We focus on two test
problems: (1) the spontaneous formation of cavities from a distribution of pore
fluid and (2) the compression-driven collapse of a single cavity. We complement
our continuum theory with a corresponding toy model and the results of table-top

experiments.

1.1 Non-Wetting Cavities

Non-wetting fluid can exist in one of three distinct states in a soft porous medium:
in micro-bubbles, in the pore space, and in open cavities (Figure [1.2)). Micro-
bubbles are individual blobs of non-wetting fluid that are smaller than the pore

size of the surrounding porous medium (Figure ) As the size of micro-bubbles
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a) b) c)

Micro-bubbles Pore invasion Cavity opening

Figure 1.2: The different states of non—wetting-phase occupancy within a soft
porous medium with a granular microstructure: (a) the non-wetting phase (white)
can form disconnected ‘micro-bubbles’ smaller than the pore size, (b) the non-
wetting phase and the wetting phase (blue) can coexist within the pore space, with
the non-wetting phase forming a connected domain over many pores, or (c) the
non-wetting phase can displace the solid grains (grey) to form an open cavity.

increases towards the pore size, their growth will necessarily be restricted by the
presence of the solid skeleton. For a particular blob of non-wetting fluid to grow
larger than a single pore, it must either invade narrow pore throats (Figure [I.2b)
or form an open cavity by displacing solid (Figure ) Which of these two states
is most likely depends on the degree to which capillary forces are strong enough

to deform the porous medium.

To understand the physical mechanisms that control cavity formation and pore
invasion, we consider a pore-scale description of non-wetting fluid advancing into
a narrow pore throat (Figure [l.3). When both non-wetting and wetting fluid
are in contact with the solid grains, the equilibrium contact angle 9. (i.e., the
angle at which the fluid—fluid interface meets the solid surfaces) is set by the
associated interfacial energies between each phase, as expressed by the Young

equation [Young), 1805,

Yws T Vns T Yawn COS 19(: = 07 (11)

where 7,5, Tns and 7., are the interfacial energies of the wetting—solid, non-
wetting—solid and wetting—non-wetting interfaces, respectively. These interfacial
energies, and thus the contact angle, are fixed material properties of a given fluid—

fluid—solid system. As non-wetting fluid advances into a pore throat, the curvature
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Pc increasing

Figure 1.3: The advance of a fluid—fluid interface into a pore throat. As non-

wetting fluid advances toward the narrowest point, the curvature of the fluid—fluid

interface increases, corresponding to an increase in capillary pressure, p.. When

the interface reaches the narrowest point (rightmost panel), p. is maximum, and is
known as the capillary entry pressure, p¢.

of the fluid—fluid meniscus must increase to preserve the contact angle as the pore
throat narrows. This increase in curvature leads to an increase in the difference
between the pressure in the non-wetting fluid, p,, and the pressure in the wetting

fluid, p,. This pressure difference is known as the capillary pressure, p. = Puw — Pw,

and is determined by the Young-Laplace law [Young, [1805, de Laplace, |1808, Blunt),

2017,

2Ywn €08V,
Pe=—"T—, (1.2)

Tp
where r, is the radius of the pore throat at the fluid-fluid interface (taking the
throat to be cylindrical). For the non-wetting fluid to fully invade the pore throat
and pass into the next pore, p. must exceed the capillary entry pressure, p¢, which
is the capillary pressure at the narrowest point in the pore throat. The capillary
pressure also leads to a corresponding force on the solid grains. In a soft porous
medium, this force is resisted by the elasticity of the solid skeleton. If the solid
skeleton is soft enough to admit large deformations before p. exceeds p¢, then
cavity formation will occur and the non-wetting fluid will not invade the pore
space. Conversely, if p. reaches p¢ before substantial deformation of the solid

skeleton is possible, then pore invasion will take place.

Non-wetting cavities are found in a wide range of soft porous media (e.g., sedi-

ments [Boudreau et al., 2005, Hong et al.;[2017], peatlands [Chen and Slater}, 2015],
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gels [Style et al, 2018| Rosowski et al.| 2020a,bl [Ferndndez-Rico et al., [2023], bi-
ological tissues [Walsh) 2017, [Zhang et al., 2021, and food products [Pugh et al.,
2023]). The two most well-studied examples are gas bubbles in soft sediments and
liquid droplets in synthetic gels. Many sea-bed sediments contain large amounts
of gas (usually methane or carbon dioxide) as a result of biogenic and thermogenic
decomposition of organic matter. Unlithified sediments are able to support large
deformations, and can display either elastic (muddy sediments; grain size < 10 um)
or plastic (sandy sediments; grain size 2 10 um) properties [Boudreau et al.; 2005].
The presence of gas within such sediments strongly affects these mechanical prop-
erties, which are important for assessing the stability of offshore foundations and
the likelihood of submarine landslides, which are a widespread geohazard [Liu
et al., 2022]. As such, ‘gassy sediments’ have been studied extensively from the
perspective of geotechnical engineering. In addition to conducting traditional ge-
omechanical tests, previous works have studied the conditions under which cavities
form, the typical size and shape of cavities, and the effect of grain size on cavity
formation [Gonzalez and Sills, 2001, Boudreau, 2012, Terzariol et al., 2021]. As
well as affecting the mechanical properties of the sediment, cavities also affect
the migration of gas through the sediment itself. The rate and frequency of gas
venting depend strongly on the dominant migration mechanism within the sedi-
ment (i.e., whether gas migrates through the pore space or via open cavities and
pathways) [Lee et al., 2020]. In turn, the nature of venting events and the typ-
ical size of vented bubbles have important consequences for marine ecosystems,
as well as affecting the amount of (typically greenhouse) gas that eventually rises
through the overlying ocean into the atmosphere [McGinnis et al., [2006]. Kamin-
ski et al. [2019] and Liu et al.| [2022] provide recent and comprehensive overviews

on previous research into gassy sediments.

The work of Sills and Wheeler in the 1980s and 90s provided early mathematical
models for cavity formation in soft sediments [Wheeler} 1986, (1988alb, 1990, [Sills

et al.,|1991} Sills and Wheeler, |1992]. These authors conceptualise cavities as large
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spherical voids embedded within an otherwise liquid-saturated medium, referred
to as the ‘large bubble model’. In the large bubble model, cavities are fixed in
position, but can change in size due to diffusion of dissolved gases through the
pore liquid. The dissolution or exsolution of gas is determined by the pressure of
the gas phase, which is in turn coupled to the pore pressure via surface tension
at the gas—liquid interface. The rest of the porous medium is considered to be
a fully saturated soil surrounding, but not including, the cavities. This model
is used to predict elastic moduli and consolidation behaviour of gassy sediments
to compare to geomechanical testing. This model accounts for cavity collapse via
‘bubble flooding’ when gas pressure is no longer large enough to prevent liquid from
entering the cavity, but the possibility of cavity collapse via pore invasion (with

gas pressure large enough for the gas to invade the pore space) is not considered.

The formation of liquid droplets in synthetic gels (commonly referred to as liquid—
liquid phase separation) has attracted significant recent attention, driven by appli-
cations to the self-organisation of biomolecular condensates [Hyman et al.,|2014]. A
series of recent experiments [Style et al., 2018, Rosowski et al., [2020alb, [Fernandez-
Rico et al., |2023] demonstrate how fluorinated oil droplets can separate from a
polymer gel to form ‘network-excluding’ cavities and channels throughout the ex-
perimental medium (see Figure[L.1p). Results of these experiments have focused on
investigating the rate of cavity formation following a change in external conditions
(in this case, a sudden change in temperature), characterising typical cavity sizes,
and studying the localisation of cavities due to gradients in material properties.
Modelling attempts to explain such phenomena have typically utilised an energy-
based approach [Kothari and Cohen, 2020, 2023, |Wei et al., 2020} [Vidal-Henriquez
and Zwicker, 2020, [2021} Ronceray et al., 2022, |Qiang et al., 2023], with particular
emphasis on the chemical interactions between different phases and the specific
form of the elasticity law required to reproduce experimental results. Models of
liquid-liquid phase separation in polymer gels typically neglect the poromechan-

ical response of the elastic network, and so are unlikely to capture the effects of
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fluid flow or elastic interactions through the solid matrix. Unlike work on gassy
sediments, they also typically ignore any impact of cavities on the macroscopic
mechanical properties of the composite material. Whilst this is a reasonable ap-
proximation for studying the parameter regime relevant to synthetic gels, such an
approximation is inappropriate for studying non-wetting cavities in other physical
settings. Further, gels have a fibrillar, rather than granular, microstructure. As
such, studies of liquid-liquid phase separation in gels typically utilise mechanical

models that do not readily generalise to broader classes of material microstructure.

Studies of liquid-liquid phase separation in elastic networks have focused almost
exclusively on the formation of droplets that completely exclude the elastic network
from the separated phase. The recent work of Ronceray et al. [2022] is (to the best
of our knowledge) the first to hypothesise the possibility of other phase-separated
states occurring in these systems. The authors refer to three possible outcomes
of liquid-liquid phase separation: microdroplets, network permeation, and cavita-
tion. These possibilities are directly analogous to the micro-bubble, pore-invasive
and cavity-forming regimes previously identified in geotechnical studies of gassy
sediments, as highlighted in the work of [Wheeler| [1988a] and illustrated above in
Figure [1.2] Until very recently, cavity formation has been the only state observed
in experiments in either synthetic gels or biological organisms, primarily due to the
extremely small pore size which is typical of these systems (~ 10nm). The recent
work of [Liu et al.|[2023], however, has demonstrated the formation of pore-invasive
liquid droplets in biopolymer networks, and investigated their possible transition

to the network-excluding state.

1.2 Phase Separation

Phase separation is the separation of a homogeneous, but out of equilibrium, mix-

ture into various distinct phases, each rich in one of the components of the original
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t

Figure 1.4: A schematic showing the separation and coarsening of a two-component

mixture via spinodal decomposition (top panels) and via nucleation and growth

(bottom panels). Blue and red colours indicate the two different components of the
mixture as it separates from an initially homogeneous state.

mixture. The separation of immiscible fluids, such as water and oil, into segre-
gated oil-rich and water-rich domains is an everyday example of such a process.
Phase separation is fundamentally a thermodynamic process, in which the system
is driven towards an equilibrium state of minimum energy. There are two distinct
modes by which the phase separation of a binary (two-component) mixture can
occur: spinodal decomposition, and nucleation and growth. Spinodal decomposi-
tion occurs when there is no energy barrier to the formation of each phase, and
is characterised by spontaneous separation throughout the mixture (Figure [1.4]
top). Nucleation and growth occurs when spontaneous separation is inhibited by
an energy barrier. In this case, phase-separated domains will form at particu-
lar nucleation sites of large concentration, and then grow from these (Figure ,
bottom). In both cases, it is energetically favourable for different domains of the
same phase to merge over time to form larger regions, until, eventually, each phase
exists within a single, connected region of space. This process of thermodynamic

coarsening is known as Ostwald ripening |Ostwald, 1897, Voorhees|, [1992].

Theories of phase separation were first developed in the 1950s and 60s to describe

the solidification of metal alloys. The pioneering work of Cahn and coworkers

[Cahn and Hilliard, |1958|, (1959, (Cahn, 1959, 1961} |Allen and Cahn, (1979| [Larché
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and Cahn, 1992] borrows ideas from the theory of phase transitions in ferromag-
netic systems to introduce a free energy functional that governs the separation
of binary mixtures. Cahn’s approach relies on the use of an ‘order parameter’,
which can be any continuous property of the mixture that has a distinct value in
each of the phase-separated states; the concentration of one of the components is
a common choice. For a binary fluid mixture such as oil and water, for example,
the concentration of oil molecules would be very close to one in oil droplets, and

very close to zero in water.

The free energy functional of |(Cahn and Hilliard| [1958] for a binary system depends
on both the order parameter and its spatial gradients. A typical Cahn—Hilliard-

style free energy for an order parameter c is
F = /w(c) + K|Vc[*aV. (1.3)

Here, w(c) is the energy of a state of uniform concentration ¢, K represents the
strength of interfacial tension, and the integral is taken over the whole volume of
the system. The form of @(c) depends on the specific details of the problem being
considered, but is often taken to be a double-well with minima centred on the
equilibrium concentration of each phase. Whether or not phase separation occurs
depends on the particular shape of w(c). The shape of w(c) may also depend on
an external parameter, such as temperature or pressure. As this parameter varies,
w(c) may change such that it no longer takes the form of a double-well. Figure
illustrates such behaviour for an arbitrary external parameter P. For the example
of oil and water, P could represent the amount of surfactant present. For small P
(light orange line), w(c) is a symmetric double-well with minima at ¢ ~ 0.1 and
¢~ 0.9. In this case, an initially mixed state (¢ = 0.5) will reduce its total energy
by separating into distinct regions corresponding to concentrations of ¢ ~ 0.1 and
¢~ 0.9. As P increases, w(c) transitions from a double-well to a single well with

a minimum at ¢ = 0.5. An initially homogeneous mixture will therefore not phase
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Figure 1.5: (a) A plot of w(c) for a typical Cahn—Hilliard free energy for an

oil-water emulsion. As the parameter P increases (light to dark orange), w(c)

transitions from a double-well to a single, central minimum. In this example, we

have taken @(c) = 2 (¢ — %)2 <02 —c+ 1_723_1> + 12_533_1. (b) Typical shape of

an interface between phases for a Cahn—Hilliard free energy. Concentration smoothly

interpolates from ¢ ~ 0.1 to ¢ ~ 0.9 across a diffuse interface. As K increases (light
to dark green), the interface becomes less steep.

separate in this case; it is energetically favourable for the system to remain mixed.

The interface between two phase-separated regions manifests as a steep, but smooth,
change in the value of the order parameter over a finite spatial width. Figure [1.5b
shows representative interfaces for several values of L. We see that in the bulk
of each phase (away from the interface), ¢ is uniform and equal to the values of
¢ at which @(c) is minimum. Across the interface between the two phases, ¢ in-
terpolates smoothly from ¢ ~ 0.1 to ¢ ~ 0.9. For the standard Cahn—Hilliard free
energy (Equation , the shape of the interface is given by a hyperbolic tangent.
The value of IC controls the width of this diffuse interface. As K decreases, the
interface becomes steeper; in the asymptotic limit IO — 0, we recover a classical

sharp interface.

The dynamical behaviour of a binary mixture as it undergoes phase separation is
governed by either the Cahn—Hilliard or Allen—Cahn equation. The Cahn—Hilliard
equation is used when the order parameter corresponds to a conserved physical
quantity, such as component concentration for immiscible fluids. The Allen—Cahn

equation is used when the order parameter corresponds to an unconserved quantity,



Chapter 1. Introduction 14

such as when chemical reactions allow one component to transform into another.
Generalisations of the Cahn—Hilliard and Allen—-Cahn equations have been used

to describe a wide range of problems in fluid dynamics and soft matter [Anderson|

et al, [1998| [Doi, [2013], including viscous fingering instabilities [Cueto-Felguerosol

and Juanes, 2014, Fu et al. 2016, 2017], pattern formation in active nematics

[Mueller and Doostmohammadi, 2021], crust formation in methane-hydrate sys-

tems [Fu et al 2018, |2020], bubble nucleation in magma |Gardner et al. 2023],

and multiphase flow in rigid porous media [Cueto-Felgueroso and Juanes, 2008,

Schreyer and Hilliard|, 2021]. Although many Cahn-Hilliard-style models focus

on two phases, these models can be generalised to an arbitrary number of phases

[Kim and Lowengrub, 2005].

Historically, most Cahn—Hilliard-style models are derived via a relatively ad hoc

variational approach. Gurtin and Fried [Gurtin| 1989, 1996, Fried and Gurtin,

1993, 1994} |Gurtin et al.l [1995] later developed a thermodynamically consistent

framework for these models by introducing the concept of subscale ‘microforces’
associated with changes in local composition. This framework also allows for the
natural inclusion of a deformable solid phase via conservative (elastic) and/or

dissipative (plastic) contributions to the free energy |[Gurtin, |1996], which are

otherwise challenging to capture consistently in a traditional Cahn-Hilliard model.

In this thesis, we study the formation of non-wetting cavities in a poroelastic
medium, which we conceptualise as a phase separation process. The effect of an
elastically deformable solid phase on phase-separation processes has been studied
from several different perspectives. In particular (and as discussed in , the
problem of liquid-liquid phase separation within an elastic network has attracted
substantial recent attention due to extensive applications in biology and materials

science. Similarly, elastically modulated phase separation has been well studied

within the context of hydrogel systems [Onuki and Puri, 1999, |Zhou et al., |2010,

Hennessy et all 2020, Celora et al. [2022, 2023]. It is by now well understood

that the presence of an elastic network fundamentally alters the phase-separation
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process by introducing an energetic cost to the rearrangements that are needed
for phase separation to occur. This energetic cost limits the final size of phase-
separated domains |[Wei et al., 2020], decreases the rate of post-separation coars-
ening [Onuki and Puri, [1999], and in some cases can suppress phase separation

entirely |Wei et al., 2020, [Kothari and Cohen) 2020].

1.3 Thesis Outline

In this thesis, we investigate the formation and collapse of non-wetting cavities in
soft (elastic) porous media. We focus on non-cohesive, frictionless granular media,
but generalisation to other similar systems would be relatively straightforward
and would not change the core physical processes investigated here. The primary
achievement of this thesis is the development and analysis of a novel continuum
model that captures the dynamics of non-wetting cavities in a thermodynamically
consistent manner. We analyse the predictions of our model for two relevant test
problems. We also develop a simple toy model that complements our continuum
approach and informs some of our modelling choices. Finally, we test the predic-

tions of these theories via a series of representative experiments.

The structure of the thesis is as follows. In Chapter [2, we develop our continuum
model and benchmark it against a series of well-studied limiting cases. In Chap-
ter [3| we apply our model to the first test problem: the spontaneous formation of
non-wetting cavities from a distribution of fluids in the pore space. We consider
the parameter regimes under which cavity formation occurs, and investigate the
characteristic size of cavities that result, via both numerical simulations and linear
stability analysis. Further, we construct a reduced, equilibrium formulation of our
full model that elucidates the different physical effects that control cavity forma-
tion. In Chapter [d] we study our second test problem: the deformation-driven
collapse of cavities under increasing compression. We conduct numerical simula-

tions to investigate the compressive stress at which a cavity begins to collapse, and
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the parameters that control this process. We couple this analysis with a simple
toy model that provides a link between the phenomenological parameters of our
continuum model and concrete physical quantities. In Chapter [0, we investigate
compression-driven cavity collapse experimentally by compressing a packing of
hydrogel beads with a permeable piston. We study the phenomenology of cavity
collapse and compare to the predictions of our theory. We also investigate the re-
versibility of cavity collapse under fluctuating confinement, as well as the impact of
additional physical effects not considered in our full model. Finally, in Chapter [0]

we summarise our findings and highlight promising directions for future work.
The model development, numerical simulation, and linear stability analysis pre-

sented in Chapters [2 and |3| are published in a recent journal article:

Fluid—flurd phase separation in a soft porous medium, O. W. Paulin,
L. C. Morrow, M. G. Hennessy, and C. W. MacMinn; Journal of the
Mechanics and Physics of Solids 164:104892 (2022)

The rest of this thesis is as yet unpublished.


https://doi.org/10.1016/j.jmps.2022.104892
https://doi.org/10.1016/j.jmps.2022.104892
https://doi.org/10.1016/j.jmps.2022.104892

Chapter 2

Model Development

The model derivation and benchmarking presented in this chapter con-

stitute a minor extension to the work published in|Paulin et al.| [2022).

Cahn—Hilliard-style models (commonly referred to as phase-field models) provide
a powerful framework for modelling phase-separation processes [e.g., Provatas and
Elder] 2010]. Phase-field modelling is a diffuse-interface method, in which classi-
cal free boundaries and associated interfacial jump conditions are replaced by an
auxiliary field known as an order parameter that interpolates smoothly between
different phases across the diffuse interface, and indicates phase identity. Phase-
field models reduce to an associated sharp-interface model in the limit of zero
interfacial width |[Caginalp, (1989, Elder et al., 2001], although this reduction is
not always straightforward. The physical meaning of a sharp-interface limit is un-
clear in porous media, which are naturally represented as diffuse-interface systems

at the continuum (Darcy) scale.

Phase-field models for single-phase flow through deformable porous media have
previously been developed within the context of hydraulic fracturing [Santillan
et al. 2018]. In such models, the phase-field is primarily used to facilitate the
numerical representation of a moving boundary, rather than as a means of captur-

ing transitions between different phases. Similarly, the very recent work of |Guével

17



Chapter 2. Model Development 18

et al.| [2023] utilises a phase-field approach to describe the multiphase fracturing of
cohesive poroelastic media, neglecting the effect of capillary interactions. Sciarra
and coworkers recently developed a phase-field theory of multiphase flow in de-
formable porous media [Sciarra, 2016, (Ommi et al., [2022alb], including capillary
effects, to study drainage and imbibition in soils, however this model does not
incorporate the ability of the non-wetting fluid to separate from the pore space

and form cavities.

In this chapter, we develop a continuum model for the formation of non-wetting
cavities within a soft porous medium. By conceptualising the transition between
pore invasion and cavity formation as a phase-separation process, our phase-field
model captures the competing physical processes in a thermodynamically consis-
tent manner. In §2.1, we derive our model by extending the work of |Hennessy
et al.|[2020] to include an additional fluid phase and to allow for elastic degrada-
tion of the solid skeleton via a damage model |[Miehe et al., 2010b|, Tang et al.,
2019]. Our derivation follows the approach of Gurtin [1996], using balance laws to
set out an energy inequality that imposes restrictions on the allowable constitu-

tive behaviours. In we study the predictions of our model in various limiting

cases, benchmarking against previous results.

2.1 Model Derivation

We begin by considering a mixture of three phases, of which two are fluids and one
is a solid. At the pore scale, these phases exist within separate domains separated
by sharp interfaces. At the continuum (Darcy) scale, however, these phases are
mixed and the proportion of each at a particular point in space and time is mea-
sured by its volume fraction. The volume fractions thus serve as natural phase-field
order parameters that can be used to distinguish the physical characteristics of
different regions, and to smoothly interpolate between them. The interactions of

these phases are governed by balance laws, and by a thermodynamic framework
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Figure 2.1: An illustration of the expected phase-field representations of (a) micro-

bubbles, (b) pore invasion, and (c) cavity formation, showing how gas volume

fraction ¢4 (red) and solid volume fraction ¢, (blue) vary across the centre-line of
each inset schematic.

that drives the system toward minima of its total free energy, as described in detail

below.

We take the solid phase to be a porous skeleton comprising non-cohesive, incom-
pressible solid ‘grains’. The pore space between the grains is occupied by two
immiscible, incompressible fluid phases. For clarity and without loss of generality,
we refer to these fluids as ‘liquid’ and ‘gas’, where the gas is the non-wetting phase.
The key feature of our model is that, under certain conditions, it is energetically
favourable for the gas to separate from the other two phases by forming open
cavities. The phase-field representation corresponding to each possible state of
gas occupancy (micro-bubbles; pore invasion and cavity formation) is illustrated

in Figure [2.1

To formulate our model, we begin with the kinematics of the mixture (§2.1.1)).
We then formulate balance laws for mass and momentum (§2.1.2) and consider
the thermodynamics of the mixture (§2.1.3). We formulate a free energy that
captures the energetic characteristics of our system (elasticity, damage, and gas—
liquid—solid interactions; . We close the model by using thermodynamic
arguments to determine constitutive relationships that link the free energy to the
various quantities in our balance laws (§2.1.5). Finally, we simplify our model to

the case of a one-dimensional (1D) system (§2.1.6]).
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2.1.1 Kinematics

Fluid-flow problems are typically posed in an Eulerian reference frame (fixed in
space), whereas solid-mechanics problems are typically posed in a Lagrangian ref-
erence frame (fixed to the solid material). For a poromechanical system, however,
the fluids and the solid co-exist and must be considered in the same reference
frame. To do so, it is convenient to begin by defining both frames and the rela-

tionship between them.

The deformation of the solid skeleton is defined by comparing its current (de-
formed) state to an undeformed (relaxed) reference state. The Lagrangian coor-
dinate X refers to the reference state and the Eulerian coordinate x refers to the
current state. We denote spatial gradients with respect to the Lagrangian and
Eulerian coordinates by Vi and V, respectively. The Lagrangian displacement
of the solid is then U, (X,t) = x(X,¢) — X and the Eulerian displacement is
u, (x,t) = x — X (x,t). The deformation gradient tensor, F, describes the defor-

mation of the solid skeleton relative to its reference state,
F= VOX. (21)

Note that we use the convention (VA),; = % for a general vector field A =
J

A;g; and (V-B), = aa%j for a general tensor field B = B;;&;€&;, where &; and &

are Cartesian unit vectors and where we have adopted the Einstein summation

convention. Using the definitions above, [ is related to U, and u, via
F=T1+V,U,=[l-Vu] ", (2.2)

where I is the identity tensor.

The volume fraction of each phase can be measured relative to either the relaxed or
deformed configurations. The nominal volume fractions, ¢,, measure the volume

of phase a per unit reference bulk volume, whereas the true volume fractions, ¢,,
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measure the volume of phase a per unit current bulk volume, where o = s, [, ¢
indicates the solid, liquid, and gas phases, respectively. These volume fractions
are related by ¢, = ¢J, where the Jacobian determinant, J = det(IF), measures
the ratio of current (deformed) bulk volume to reference (relaxed) bulk volume
and is thus equal to one in the reference state. The no-void condition can thus be

expressed in two ways,

Yo =J and 0o = 1. (2.3)
2 2.

A result of the no-void condition is that any two of the three volume fractions

fully determine the local composition.

The incompressibility of the solid grains requires that the nominal volume fraction

0

ER

of solid must remain unchanged during deformation, such that ¢, = ¢? =
where ¢ = ¢? is the solid fraction in the reference state, which we take to be
uniform for simplicity. As a result,

s

J ==
s

(2.4)

It is also convenient to define the true porosity, ¢ = ¢, + ¢ = 1 — ¢,, and the
relaxed porosity, ¢g = 1 — ¢2. Below, we develop evolution equations for ¢, and ¢

and then evaluate ¢, = ¢ — ¢, and ¢; = 1 — ¢ as needed.

2.1.2 Balance Laws

We formulate evolution equations for ¢, and ¢ by first considering conservation of

mass for each phase. In the Eulerian frame, conservation of mass can be written

0
a (paqboa) + V- (paqboava) = 07 (25)
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where p, and v, are the density and local velocity of phase «, respectively. We
assume for simplicity that all three phases are incompressible, meaning that p, is

a constant. The true volume flux, w,, of phase « relative to the solid skeleton is

Wo = 0o (Vo — Vs) . (2.6)

Note that w, is commonly referred to as the Darcy flux in hydrological literature.

We reduce Equations (2.5 to two evolution equations, one each for ¢, and ¢, and

an elliptic equation for the total mixture flux, q = ) ¢ove = vs + W, + Wy, by
[0

eliminating the phase velocities in favour of the relative fluxes. The result of these

manipulations is

O 19 (60) + V- (1~ ) wy — Gy =0 (27a)
% +V - (¢q) + V- [(1 = ¢) (wy +wi)] =0, (2.7b)
V-q=0. (2.7¢)

We derive thermodynamically consistent constitutive expressions for the fluxes w,
in §2.1.5. We express mass conservation in Lagrangian form by using the Reynolds

transport theorem to rewrite Equation (2.5 as

0
E (pa(pa) + V0 ' (pawa) = 07 (28)

where the nominal volume flux, W, is related to the true flux via W, = JF~!-w,

(Nanson’s formula).

Further restrictions can be imposed on our system by considering conservation
of momentum. The true (Cauchy) total stress, T, measures the total internal
force per unit current area within the mixture. In the absence of body forces and

neglecting inertia, mechanical equilibrium requires that T must be divergence free,

V-T=0. (2.9)
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In the Lagrangian frame, momentum balance is most naturally expressed in terms

of the first Piola-Kirchhoff stress, P,

Vo P =0, (2.10)

where P = JT-F~T measures the total internal force per unit reference area within

the mixture.

2.1.3 Thermodynamics

The first law of thermodynamics requires that the rate of change of free energy
in a particular control volume, via mass flux into the volume or working due to
internal compositional changes, cannot exceed the rate of work done by external
forces. Following |Gurtin/ [1996], we formalise this restriction by considering the
change in the total Helmholtz free energy of a bulk material element V, in the
Lagrangian frame. We denote the local Helmholtz free energy per unit reference
volume by . The rate of change of free energy per unit mass of phase a due
to a net flux of phase « is measured by the chemical potential, p,. The key
ingredient in Gurtin’s approach is that changes in energy resulting from changes
in composition, as measured by changes in ¢,, can be represented by the action of a
nominal vector ‘microstress’, &, acting on the boundary of the material element.
This microstress is intended to capture the net work done by subscale physical
mechanisms such as capillary forces that would otherwise not be resolved at the
continuum scale. Mechanical damage to the solid skeleton can be captured in the
same way by introducing a damage parameter, d, and an associated microstress,
&, (see below). The working of external forces is represented by the action
of the total stress, P, on the boundary 9V, of the material element. Summing

these different contributions leads to a dissipation inequality,
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d
de < — / pgqug~f1dA—/ Py Wi - ndA+/ gdA
dt Vo Vo Vo
+/ (éz )SOZdA+/ (& - n) JdA+/ (&4 ddA+/ ) - u,dA,
A% 2% 2% Vo
(2.11)

where 1 is the unit vector normal to 8V, and [ is a partial derivative with respect
to time in the Lagrangian frame. Grouping the surface integrals in Equation ([2.11))

and then using the divergence theorem leads to a local form of this inequality,

¥+ Vo - <pg:ugwg + oW — Go&y — i€y — J& — d€g — P ils> <0. (2.12)

We must also ensure that the no-void condition (Equation is satisfied. This
constraint can be incorporated into the above thermodynamic restriction through
the use of a Lagrange multiplier, p, which is the thermodynamic mixture pres-
sure. To make this constraint compatible with the dimensions of the dissipation
inequality, we differentiate Equation with respect to time and use Jacobi’s

formula to evaluate the derivative of J, arriving at
J=JFT.F=¢,+ ¢ (2.13)

We combine the dissipation inequality (Equation [2.12)) with the incompressibility

constraint (Equation [2.13]) by multiplying the latter by p and summing the two.

Finally, we elucidate the consequences of this inequality by asserting that 1 can,
in general, be a function of composition via ¢,, ¢;, d, and their gradients, and of
deformation via F and VyJ, so that ¢v = ¥ (pg, 1, d,F, Vop,, Vo, Vod, V).
Note that we could equivalently write 1 as a function of true volume fractions
and their Eulerian gradients, but it is convenient to use nominal quantities as the

independent variables here. We then use the chain rule as well as conservation of
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mass (Equation [2.8]) and conservation of momentum (Equation [2.10)) to arrive at

o . oY )
(a% Paltg + D — Vo 59) ©g + (8@1 pip +p— Vo fz) Y1

o . oY . o ;
+ (—0V0gog - §g> -Vogy + <3V0901 - 51) Vo + (% - Vo - Sd) d o1

0 . 0 :
+ (8V¢0d_£d) - Vod + (a—g—P—me—J(vo-gs)FT> 0

9 :
+ (6V1/;J _£s) -Vod + Wy - Vo (pgtig) + Wi - Vo (pru) < 0.

Due to the mutual independence of the arguments of 1, this inequality is only
satisfied for all possible configurations if each of the bracketed terms vanishes
independently (this reasoning is commonly referred to as the Coleman-Noll pro-

cedure). This requirement then leads to a set of thermodynamic constraints,

Pgltg =P+ S—Z - Vo - 8Vaziog’ (2.15a)
pip =p + S_Z — Vo - 335901’ (2.15b)
g_“ﬁ v, a@id 0, (2.15¢)
P=—pJF T+ g—g —J (VO : (‘)gqu) FT, (2.15d)
and the additional requirement that
W, - Vo (pgtig) + Wi - Vo (piu) < 0. (2.16)

The latter expression can be satisfied by choosing an appropriate form for the
fluxes W, and Wy, as discussed in below. Note that Equations do
not represent a unique choice of constraints that satisfy Equation (2.14]). Here,
we choose the simplest possible set of constraints that are compatible with the

assumption of a local thermodynamic equilibrium.
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2.1.4 Free Energy

The evolution equations derived in §2.1.2| drive the system toward an equilibrium
state defined by the minima of ¥. We must next construct a function v that
captures the different physical processes at play in our system. We assume that

is, in general, an additive function of each physical contribution,

¢ = wbulk + wmix + welastic + wdamage + winterfacea (217)

where Yoy, Vmix, Velastic; Vdamage aNd Vinterface are the energetic contributions
from changing the mass of gas or liquid in the material element, gas-liquid-solid
interactions within the material element, elasticity of the solid skeleton, mechanical
damage to the solid skeleton, and interfacial effects, respectively. We write these
contributions in terms of the true volume fractions and their Eulerian gradients
in order to provide greater physical insight; conversion to nominal quantities is
straightforward. Recall that 1) has units of energy per reference volume; as such,

the free energy functions below are weighted by J where appropriate.

The bulk free energy, Yy, is the free energy associated with the amount of gas

and liquid in the material element and is given by

wbulk (Qbou J) = (M?PleZ + Mgpg¢g) J7 (218)

where the reference chemical potential p2 is the energy associated with adding
one unit mass of fluid « to the material element, neglecting interactions between
phases, and is constant with respect to composition. Note that for partially mis-

cible and/or compressible systems, the form of ¢y, is much more complex [e.g.,

Fu et al., [2017].

The mixing (interaction) energy, ¥mix, depends on the pore-scale arrangement of
the phases and on the wetting characteristics of the fluid—fluid—solid system. To

construct a free energy that gives the desired phenomenological behaviour for our
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system, we draw inspiration from Flory—Huggins theory used in polymer physics
[Flory and Rehner; [1943]. In a polymer solution, the Flory—Huggins energy, gy,

for a multiphase mixture is

Yrn = ksTJ | Y Qatalog o+ > Rapdads| (2.19)
as ot

where kp is the Boltzmann constant, T is temperature, €, is inversely proportional
to the characteristic volume of particles of phase «, and X, characterises the
strength of unfavourable interactions between phases o and §. The first sum in
Equation represents the entropy of mixing of the different phases. Due to the
large size of solid grains compared to fluid molecules, it is assumed that Q, < {2y,
where the subscript s indicates a general solid phase and f a general fluid phase,
and so the contribution of solid to the entropy term is neglected. The entropy
term promotes the mixing of different phases, and also constrains the relevant
volume fractions to remain between zero and one. The second sum in Equation
represents the enthalpy of interactions between different phases, and results
in the formation of the double-well potentials that promote phase separation. The
Flory—Huggins free energy thus captures the key features we expect from gas—
liquid—solid interactions in a granular system, namely a double-well structure in
which volume fractions are constrained to remain between zero and one. As such,

we use Ypy as motivation for constructing an appropriate form for ¥y,;y.

In our system, the most important interaction is that the gas is non-wetting to
the solid relative to the liquid. We enforce this requirement by assuming that
gas—liquid and gas—solid interactions are much more energetically expensive than
liquid-solid interactions, meaning that X;s < Xgs,g- We therefore neglect the
liquid-solid interaction. In general, the remaining coefficients, x4s and x,;, depend
on physical quantities such as surface energies and pore structure; we take them
to be constant material properties here. For simplicity, we further assume that

Q, = O = Q. For reasons that will become clear later (see , we additionally
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Figure 2.2: An example ternary plot of % (Equation 2.20|) with local minima at
¢4 = 1 (gas cavities) and along ¢4 = 0 (liquid-saturated porous medium). For this
figure, we set xg4s = 5, xg1 = 7 and x5 = 6.

include a ternary interaction term that represents the energetic cost of all three

phases interacting with each other. The mixing energy is then given by

Vmix (Pas ) = Emix (Bg 108 @ + 91108 @1 + XgsPgPs + Xg1PgPt + XgsiPg®sP1) J,

(2.20)
where x.5 = %, Xgsi 18 the strength of the three-phase interaction, and &y is a
characteristic energy density associated with mixing, which we treat as a material
property, and into which we have absorbed ). Figure [2.2| shows a ternary plot of
this interaction energy. The key feature of the energetic landscape is the presence
of local minima near ¢, = 1 and along ¢, = 0, corresponding to open gas cavities
and to a liquid-saturated porous matrix, respectively. The specific values of xs,
Xg and x4« control the relative depths of these two minima, but not the overall

structure of the energy landscape.

The elastic energy of the solid matrix due to deformation is given by %gjastic, and

can be expressed in terms of a traditional strain-energy density function, W (F).
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For simplicity, we use a standard neo-Hookean strain-energy density,
1 1 9
Wel = EG [tr (FT-F) — 3 —2log J] + §A (log J)~, (2.21)

where G and A are the ‘drained’ shear modulus and first Lamé parameter of the

solid skeleton, respectively. Note that the derivation that follows is valid for any

choice of W,.

A notable characteristic of a solid skeleton with a non-cohseive granular mi-
crostructure is that tension does not result in the storage of elastic energy, since
grains only interact when in contact. To incorporate this feature of the mechanics,
we define an additional order parameter, d (x,t), which we identify as a Bourdin-
style damage parameter [Bourdin et al.| |2008]. The damage parameter represents
a phase-field approximation of the fractures to the solid skeleton that are caused
by the opening of gas cavities. Locally, a value of d = 0 corresponds to an un-
damaged solid skeleton, in which the solid grains are in contact and hence provide
a standard elastic response to compression. In contrast, a value of d = 1 cor-
responds to a fully damaged solid skeleton that provides no elastic resistance to
further deformation. The use of a phase-field damage parameter ensures a smooth

transition between open cavities and the rest of the porous medium

To implement damage, we assume that the strain-energy density can be decom-
posed into distinct tensile and compressive parts, denoted W' and W™, respec-
tively [Miehe et al) 2010b, [Tang et all 2019]. We demonstrate a suitable de-
composition of W, into tensile and compressive parts for a non-linear material in
Appendix [A.]] following the approach of Tang et al][2019]. We can then assume
that the tensile part of the elastic energy is degraded by d [Miehe et al., [2010b],
such that,

Velastic (A, F, J) = g ()W + W™, (2.22a)

g(d)=(1-0)(1-d?>+e, (2.22b)
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where © < 1 is a numerical smoothing parameter. In the undamaged limit (d = 0),

this formulation reduces to Vgastic = W + W™ = Wy, as expected.

According to Griffith’s theory of fracture, the energy required to create a fracture
in a material is given by the critical fracture energy, G., integrated over the area
of the fracture [Griffith, |1921], in the reference frame. In a granular medium, the
‘fracture’ energy is associated with the energy required to cause the decohesion
of neighbouring solid grains. We approximate the energy required to form such
fractures by a bulk energy, ¥'gamage, of the form [Bourdin et al., 2008, Miehe et al.|

2010D),
2

d
2ﬂdaumage <d7 VOd) = gc (4_ld + ld’v0d|2> ) (223>

where [; controls the width of the transition between damaged and undamaged
material. We expect G. to be very small for a non-cohesive solid skeleton, where
the only resistance to fracture comes from wetting liquid bridges between solid
grains. Note also that damage of a non-cohesive solid skeleton is reversible: if a
cavity closes, d will return to zero and the skeleton will return to standard elastic

behaviour.

Finally, ¥ipterace measures the energy of diffuse interfaces between different phases.
In a phase-field formulation, interfaces are represented implicitly as regions with
large gradients in composition or density. The interfacial energy for our system
thus depends on gradients in volume fraction [Cahn and Hilliard} 1958, Hong and
Wang, 2013] and the total interfacial energy is the sum of the energy of each of
the possible types of interface |[Kim and Lowengrubj 2005]. The simplest such

dependence can be written

T = %’”\V%PJ, (2.24)
where ~, are the associated interfacial coefficients. For a two-phase system (say,
liquid and gas), the no-void condition allows elimination of one of the volume

fractions (say, ¢,4) such that Yy, = Z|V¢|*J, where v = 7, + v,, and 7 can
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be directly related to the surface energy of the sharp interface formed between
these two phases |Caginalp| [1989]. For our three-phase system, we use the no-void
condition to eliminate ¢s and write the total interfacial energy solely in terms of

the gas and liquid fractions,
_n 2 2 2 V3
77Z}i1r1terface (Ja V¢a) — E|v¢g| J + ?|V¢l| J + ? (V¢g ' vgbl) J7 (225)

where v1 = 75 + 75, 72 = 7 + s and 13 = 27,. Unlike for a two-phase system,
the relationship between these quantities and the associated surface energies is not

clear.

2.1.5 Constitutive Behaviour

The free energy constructed in can now be combined with the thermody-
namic constraints resulting from the energy inequality (Equations to find
expressions for the constitutive behaviour of the system in terms of the different
driving mechanisms. We use Equations and to decompose the
chemical potential for the gas and liquid phases into the sum of the pressure and

a capillary potential, ¥,

Patta = p+ U, (2.26a)
oY oy 0

v, =— — . = ) 2.26b

89004 VO (aVOSOOz) &pa ( )

The capillary potentials represent the thermodynamic forcing on the gas and liquid
phases due to the interactions between them. Note that ¥, can be viewed as the

variational derivative of v with respect to .

Equation ([2.15¢) leads to an elliptic equation for d as a function of the tensile

elastic energy. For our specified free energy, the result is

4g(1—-0) (1 —d)W +4G15Vid = G.d. (2.27)
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In the limit G. — 0 (no energetic resistance to decohesion), Equation (2.27)) reduces
to WT (1 —d) = 0, such that any non-zero tension results in immediate fracture
of the solid skeleton. This case essentially reproduces the sharp-interface limit of

open cavities within a poroelastic continuum.
Equation (2.15dJ) allows the total stress to be decomposed into three distinct parts,
converting from the first Piola-Kirchhoff stress to the Cauchy stress to arrive at

T=-pl+o +K (2.28)

The effective (elastic) stress, o”, is

/ 1 aQ/Jelaustic 1 8W+ Io) 4%
=3 BT = - BT+ ——— - FT 2.2
7 =7 oF 955 T+ T (2.29)

where we have used Ypastic from §2.1.4/and g (d) is the degradation function defined
in Equation (2.22b]). The Korteweg stress is

_ 1 877Z)interface

K
J OF

(2.30)

.FT — <VO . 87»binterface> I

OV
The Korteweg stress is the bulk representation of interfacial tension at diffuse,
internal interfaces and thus resists gradients in composition. The stress balance
derived in Equation (2.9)) allows us to link the effective and Korteweg stresses with

gradients in the chemical potential via the pressure field.

Recall that Equation (2.16) constrains the relationship between fluid chemical
potentials and fluxes. The simplest way to satisfy this constraint is for the fluxes

to be proportional to gradients in chemical potential, such that,

Wa = _Mavo (paﬂa) ) (231>
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where M, (p,,F) is a positive-definite mobility tensor. The associated Eulerian

volume fluxes are given by

Wy = =MLV (patia) s (2.32)

where M, (¢,) is the Eulerian mobility of fluid «. In the Eulerian frame, the
pore space of granular packings is typically fairly isotropic, so we assume a scalar
mobility for simplicity. At the least, M, must be a linear function of the fluid
volume fraction, so that if there is no fluid present, then there will be no associated
flux. In the interest of developing a relatively simple model that captures the

leading-order behaviour of the system, we choose M, = ¢, M2, where MY is a

a
constant for fluid o within a particular porous medium; however, more complicated
mobility laws could also be used. For example, M, could be decomposed into a
product of viscosity, absolute permeability, and relative permeability, so as to
resemble Darcy’s law for multiphase porous media flow neglecting the effect of

gravity. These relations between the fluid fluxes and their respective chemical

potentials complete our model.

Explicit expressions for the effective stress, the capillary potential and the Ko-

rteweg stress for the particular form of the free energy specified in are given

in Appendices [A.1] [A.2 and |A.3| respectively. A full set of governing equations is
presented in Appendix [A.4]

2.1.6 Reduction to 1D

For uniaxial flow and deformation, the model derived above can be reduced to one
dimension. Although uniaxial behaviour is a strong constraint, studying such a
system is significantly easier, both conceptually and computationally, and allows

us to gain substantial insight into what is ultimately a complex model. Uniaxial
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Figure 2.3: A schematic showing the uniaxial (1D) set up for each of the three

test problems considered below: (a) the phase separation of gas and liquid in the

absence of a solid skeleton in a periodic domain, (b) the deformation of a saturated

porous medium via an applied liquid through-flow in the absence of gas, and (c)

forced imbibition of liquid into a rigid porous medium, displacing gas. All flow and
deformation take place in the z-direction.

behaviour implies that

Vo = Vo (2, 1) &5, (2.33a)
u, = u, (,1) &, (2.33b)
$a = ¢a (2,1), (2.33¢)
d=d(z,t), (2.33d)

as illustrated in Figure 2.3

At this point, it is convenient to non-dimensionalise our model. We do so using
the following scalings: = LZ, ¢ = qog, and t = Te,pt, where L is a characteristic

length scale, gy is the mixture flux at the boundary, and 7c.p, = is the

L2
Mlogmix
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time scale associated with the transport of liquid across a distance L by capillary
effects. This scaling motivates us to introduce the following dimensionless groups,
which characterise the relative strengths of the different physical processes at play:

— Mg gmix Vi gc l?l

= — D: F,L:—’ C:—7 E:—.
MO’ G Enl? T Endy YT L2

The strength of background fluid flow relative to capillary forces is measured by )y,
while M, is the ratio of gas mobility to liquid mobility, D is the characteristic ‘de-
formability’ of the solid, I'; (i = 1,2, 3) are the rescaled interfacial coefficients, .
is the strength of cohesion between solid grains, and L, characterises the sharpness
of the transition between damaged and undamaged material. We work exclusively

with dimensionless quantities going forward, dropping the tildes for convenience.

In 1D, Equation ([2.7¢c|), which enforces the incompressibility of the mixture, sim-

plifies to

% _ (2.34)

or '
For the scalings defined above, the non-dimensional boundary condition for the
flux is ¢ (0,t) = Qo and the solution to Equation ([2.34)) is therefore ¢ = @o. For
uniaxial flow and deformation, the deformation gradient tensor, IF, is diagonal,
which greatly simplifies the stresses: only the zz-components of o’ and K, denoted
ol . and K., respectively, appear explicitly in the 1D model. We use momentum
conservation (Equation and the stress decomposition (Equation [2.28) to link
p with o), and K,,:

dp 0

We now replace the fluid fluxes in the 1D evolution equation for ¢,, given by Equa-

tion ([2.7al), with the constitutive behaviour outlined above in Equations ([2.26)
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and (2.32). The gas fraction then evolves according to
9%, %

0
ot =~

0 [ 0
ag; v (2.36)

APty ]

where W, is now the dimensionless capillary potential, which is specified below.
Similarly, we combine the 1D evolution equation for ¢ (Equation [2.7b]) with the

relevant constitutive behaviour to arrive at

o 0
0_(f = _Q0—¢ + M, — {(1 - 9) ¢ga_ (g + 05, + Km)}
0

+%k ~0) (6= 0) o (W4 0t K.

(2.37)

We close our model with the 1D version of Equation ([2.27), which describes the

distribution of damage,

2

9%d
4(1-0) (L= W' +4reLas

= Red, (2.38)

where W is the dimensionless tensile energy, which in 1D is solely a function of
¢. The model is thus reduced to two non-linear evolution equations (for ¢, and

for ¢) and one elliptic equation (for d).

By non-dimensionalising the capillary potentials (Equation[2.26b]) and undertaking
the required differentiation (Appendix [A.2)), we find that

0’¢y T3 0*¢

Uy =TI, — T2 = o (2.39a)
P Ts30%¢

U =T =Ty — o (2.39b)

where the interaction potentials, II, and II;, are

Hg - 1Og ng + ¢5 + (1 - ¢g) (Xgl¢l + ng¢s) + ngl¢s¢l(1 - 2¢g) (2.40&)
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and

1—Il = 1Og §bl + gbs + ¢g [Xgl(l - ¢l) - ng¢s] + ngl¢g¢s(1 - 2¢l) (24Ob)

The interaction potentials result from the thermodynamic interactions between

the phases, as described by ¥, and are the drivers for phase separation.

For uniaxial deformation, tension can be defined solely volumetrically: the material
is in tension if J > 1 and in compression if J < 1. The non-dimensional effective

stress (Equation [2.29)) thus reduces to

ol = B (2.41)

where o}, is the undamaged neo-Hookean stress given by

1 11
08 ‘]] : (2.42)

/:_ -
of) D[J J+§ 7

ana ¢ = -=. € derivation o 1S elrective stress 1s provided 111 Appendix (A1}
d A. The derivation of this effective stress i ided in Appendix [A.1

Similarly, the tensile energy used in Equation ([2.38)) is given by,

0 for J <1,
Wt = (2.43)

WY for J > 1,

where WY = % [J 2-1-2logJ +¢(logJ )2} The incompressibility condition

(Equation links J to ¢:
1 — o

J=1-4

. (2.44)
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Finally, K, is derived in Appendix and is given by

Rp, 1 [(06,\° P 1 (0h\’
Har =T [‘bga_gi_ﬁ <ai> ] e [%7?—5 (ai) ]

82 ¢g 8¢l agbg} '

; (2.45)
Cnfo 28 oo oo

0x? ox? Ooxr Ox

Equations f comprise a complete model for our system in 1D, and can
be solved numerically given appropriate initial and boundary conditions. In the
results below, we do so by discretising in space using finite differences on a uniform
staggered grid, with fluxes evaluated on cell edges, and order parameters on cell
centres. We use central first-order and second-order finite difference schemes for
first-order and second-order spatial derivatives, respectively. We typically use
N = 500 grid points. We integrate in time using MATLAB’s in-built solver for

stiff differential equations, ode15s.

2.2 Model Simplifications

Our full three-phase model captures several different physical effects, and ulti-
mately consists of modelling fluid-fluid phase separation within the framework of
large-deformation poroelasticity. To gain insight into the behaviour of our model,
we begin by considering two limiting cases involving two-phase mixtures: a gas—
liquid system (no solid) and a liquid—solid system (no gas). In addition, we consider
the limiting case of a rigid solid skeleton (no deformation). These limiting cases
are comparatively well understood, allowing us to benchmark the predictions of

our model against previous results.

2.2.1 Gas—Liquid System (no solid)

In the no-solid limit, ¢ = ¢9 = 1, our model reduces to a gas-liquid system in

which the two phases interact in an unconstrained domain (no porous medium),
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as illustrated in Figure [2.3a. This scenario is typically described by the Cahn-—
Hilliard equation for binary mixtures [Cahn and Hilliard, [1958]. In this limit,
the evolution equation for the porosity (Equation and the elliptic equation
for damage (Equation are degenerate. The evolution equation for the gas
fraction (Equation simplifies greatly, most notably due to disappearance of

the elastic terms, becoming

99,

0 g | _
o Mo {%—] =0, (246)

where the chemical potential of the gas is now given by

1 (06, 0?
o =108 6, + Xo <1—¢g>2—r[5 (52) +a-a a‘b] (2.47)

with I' = I'y + Ty — I's = I'; + I'; the characteristic interfacial coefficient between

the fluid phases. Equations (2.46)) and ([2.47)) resemble the standard Cahn—Hilliard

equation for fluid—fluid phase separation [e.g., Fu et al.,[2016] but, in our case, also

account for the mechanical stress generated across diffuse interfaces.

We now consider a test problem with periodic boundary conditions. For the initial
condition, we use a homogeneous gas fraction superimposed with small, random
perturbations. The subsequent evolution is standard fluid—fluid phase separation
via spinodal decomposition, in which the mixture separates spontaneously into dis-
tinct gas-rich and liquid-rich domains separated by diffuse interfaces (Figure .
Over time, these domains coarsen as smaller gas ‘bubbles’ merge with larger gas
‘bubbles’. Coarsening is driven by the evolution of the system towards minimum
global energy (the smaller the number of bubbles, the smaller the total interfacial
energy). In 1D, coarsening is very slow [Sun and Ward} [2000]; as such, we stop

our simulations before reaching the eventual equilibrium of a single bubble.
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Figure 2.4: Gas-liquid phase separation via the numerical solution of Equations

and subject to periodic boundary conditions. An initially nearly ho-

mogeneous mixture undergoes the classical spinodal decomposition and subsequent

coarsening characteristic of Cahn—Hilliard-type problems. Parameter values are

M, =50, xgq = 3.5, and I' = 0.0002. The initial gas fraction is 0.55 with a

random perturbation of size 0.01. The simulations were stopped before reaching
the final equilibrium due to the slow rate of coarsening in 1D.

2.2.2 Liquid—Solid System (no gas)

In the no-gas limit, our model reduces to a diffuse-interface formulation of the well-

known theory of single-phase large-deformation poroelasticity [Biot, 1972} |Coussy),

. In this case, there will be no thermodynamically driven phase separation
because there is minimal energetic cost to liquid remaining within the pore space of
the solid skeleton. However, flow can still drive phase separation, as demonstrated
below. Setting ¢, = 0, Equation for the evolution of the gas fraction
degenerates and Equation for the evolution of the porosity simplifies to

0¢ d¢ 0 9 _
g g |- OME@ ] =0 )
with
0? 06\’
voori-oonfu-a 28 ()] e

and a dimensionless mobility given by M (¢) = ¢. This equation is reminiscent of

standard sharp-interface poroelasticity [e.g., MacMinn et al., 2016], but with the

addition of a potential, ¥, that allows the formation of internal diffuse interfaces,

such as those resulting from the fluid-driven opening of solid-free cavities within the
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porous skeleton. The effective stress here also depends on d via Equation ([2.3§]).

For a quantitative comparison of our model with sharp-interface poroelasticity,
we consider the uniaxial deformation of a packing of soft grains due to net liquid
through-flow from left to right (Figure ) We impose a constant liquid influx at
the left boundary of non-dimensional flow rate ()g. We take the right boundary to
be permeable, allowing free outflow of the liquid but not of the solid. The result is
that the packing will be compressed in the direction of the flow, with the left edge
acting as an internal free boundary that moves downstream away from its initial
position. Traditionally, this problem would be approached by solving the equations
of large-deformation poroelasticity within the packing while explicitly tracking the
position of the left edge of the packing as a moving boundary, assuming that the
effective stress vanishes there. In our model, the left edge of the packing is an

internal diffuse interface between a solid-free cavity (¢ ~ 1) and a porous domain

(0<op<1).

For this problem, the traditional sharp-interface formulation can be solved ana-
lytically at steady state, thus allowing for direct comparison with our phase-field
approach. Following [MacMinn et al.| [2016], we define the left edge of the packing
to have a position § (), with a fluid-filled domain for z < 6. The porosity in the

domain z € [d(t), 1] then evolves according to

99
ot

)
F Qo — 5 [(1= ) M(9)

/
Joy,

ox

= 0. (2.50)

Conservation of mass requires that the influx of liquid at the left boundary, x = 9,
must match the outflux at the right boundary, z = 1. We use this fact, along
with the requirement that the solid velocity vanishes at x = 1, to enforce that

the relative liquid flux at the right boundary is equal to the total mixture flux,

w; = — % = Qo. We also assume that the solid is relaxed at its left edge, so that

the effective stress vanishes at z = §. The boundary conditions for Equation ({2.50))
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Figure 2.5: Fluid-driven deformation of a poroelastic medium at steady state from
the traditional sharp-interface model (analytical solution, Equation and from
our phase-field formulation (numerical solutions to Equation for I'y = 1075,
1075, 10~* and 1072 (blue to green). The phase-field results approach the sharp-
interface result as I's decreases. Here, we take ¢g = 0.5, Q9 = 0.2, D =2, ¢ =0.1,
ke = 1078 and L4 = 0.1T5. The inset shows the variation of root-mean-square
(RMS) difference, €5, between the sharp-interface and phase-field solutions with
Is.

are then given by

o(x=109)=0 and qbaaé =—-Q (2.51)
Golt=0)= O la=1 0 ’
As noted above, the steady-state porosity is piecewise:
1 x <0,
6 () = (2.52)

f(x) 6<z<I1.

Solving Equation ([2.50]) subject to the boundary conditions above (Equations[2.51))
gives f(x). An analytical solution for f(x) is derived in Appendix [B| and plotted
in Figure 2.5l We anticipate that our phase-field model would reduce to this

formulation in the sharp-interface limit I'y — 0.
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To compare our phase-field model to this sharp-interface result, we solve Equa-
tions and Equation (2.48)) numerically until reaching steady state. With
regard to boundary conditions for these equations, we assume that the solid veloc-
ity vanishes at both ends of the domain, so that the relative liquid flux, w;, is equal
to Qo at x = 0 and x = 1. To enforce the fact that the solution should not depend
on anything exterior to the domain, we also impose that the gradients of porosity
and damage vanish at both ends. The boundary conditions for Equation ([2.48)
are thus

(0] ad

=0 and

wz($:0a1):Q0, %1201 %

= 0. (2.53)

x=0,1
With these boundary conditions, we solve Equations (2.38)) and ([2.48) numerically

with initial condition ¢ (x,0) = ¢y.

Figure [2.5| compares the steady state of the phase-field simulations for various
values of T'y (solid lines) with the analytical solution to the sharp-interface model
given in Appendix [B| (orange dashed line). In both cases, the solution comprises a
solid-free region at the left and a compressed porous packing at the right. Within
the latter, the porosity is non-linear with position. Away from the interface, the
two solutions are in excellent qualitative and quantitative agreement. Near the
interface, the discontinuity in the sharp-interface solution is approximated by a
smooth interpolation in the phase-field model, the width of which is controlled by
I's. As 'y decreases, the phase-field solution converges towards the sharp-interface

solution (Figure [2.5] inset).

2.2.3 Rigid System (no deformation)

In the limit of a rigid solid skeleton, our model describes two-phase flow through
a rigid porous medium, a process which is commonly described by the Buckley—
Leverett equation [Buckley and Leverett], [1942]. In this case, there is no deforma-
tion and the porosity is fixed such that ¢ = ¢g. As a result, there is no longer a

distinction between the current and reference coordinate systems. It is convenient
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to rewrite our evolution equations in terms of gas and liquid saturation, denoted

Sy = %’ and S; = % =1-—95,, respectively. Equation ([2.36]) is then an evolution

equation for S,

a5,

o T

a8, 0

where w, and w; are the respective gas and liquid fluxes, given by

9 , 825,
and
B S

We define IV = ¢I' = ¢ (T'y + I'}) and X' = ¢ [xg + Xgs1 (1 — ¢)] as a rescaled in-
terfacial coefficient and interaction parameter, respectively. Equations and
for the porosity and damage degenerate in the rigid limit and liquid satura-
tion is determined by the no-void condition, S; 4 S; = 1. Although the degeneracy
of the evolution equation for porosity is not obvious from Equation , this
result is made clear by setting ¢; = 1 — ¢ and vy, = 0 in Equation (2.5). In
this limit, our model equations have the same structure as the phase-field for-
mulation of unsaturated flow previously derived by |Cueto-Felgueroso and Juanes
[2008, 2009]. To relate our approach to classical models of two-phase flow through
a rigid porous medium, the fluid mobility, M, can be decomposed into a product
of absolute permeability F,, relative permeability P,,. and fluid viscosity 7,, such
that M = %. The specific form of mobility used here is equivalent to setting
Py = (;Sﬁo and P,, = Sapm, where f’o and par are dimensionless constants which

are subsumed into M,..

To test this limit of our model, we consider the injection of liquid into an otherwise
dry (gas-saturated) porous medium (imbibition). We impose a liquid flux @, at

the left boundary (Figure [2.3c), and additionally enforce that % = 0 at both
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Figure 2.6: Numerical simulation showing liquid injection into a rigid, gas-saturated

porous medium. Light to dark colours show simulation results at times ¢ = 0.05,

0.15, 0.35, 0.55, 0.75 and 0.95. Parameter values are ¢ = 0.5, Qg = 0.5, M, = 2,

I = 0.0001 and x’ = 5. Simulation results for later times show the liquid front

continue to propagate to the right until the entire domain is completely liquid-
saturated.

928,

Oz2

the left and right boundaries (z = 0,1), and that at © = 1. We then solve
Equation numerically with initial condition Sj(z,0) = 107 to simulate
an initially dry porous medium. Figure [2.6| shows the result of this simulation.
We find that the injected liquid propagates from left to right in the form of a
travelling wave, with a diffuse interface connecting the liquid-saturated and gas-
saturated regions. The width of the diffuse interface is determined by the size
of I'V. Eventually, the liquid front reaches the right side of the domain, resulting
in a completely liquid-saturated system. In the simulation shown here, the liquid
saturation in the invaded region is very close to one. We find that the value of .S; in
this region can be tuned by varying x’. We obtain similar results for the injection

of gas into an otherwise liquid-saturated porous medium (drainage), with x’ now

controlling the amount of residual liquid left by this displacement process.
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2.3 Summary

In this chapter, we derive a thermodynamically consistent phase-field model that
describes the formation of non-wetting cavities within a soft porous medium as
a result of phase separation. A key component of this model is the development
of a phenomenological free energy that captures the competing effects of gas—
liquid—solid (capillary) interactions, non-linear elasticity and fracture resistance of
the solid skeleton, and interfacial stresses between different phases. We assumed
simple constitutive relations, including a Darcy-like relationship for fluid fluxes
and linear fluid mobilities, but our model generalises readily to other constitutive

choices.

We have explored the behaviour of our model in various simplified forms in 1D. In
the limiting cases of no-solid, no-gas and no-deformation, our model reproduces the
expected behaviour for these well-studied systems. When no solid is present, we
reproduce the fluid—fluid phase separation and coarsening behaviour characteristic
of the Cahn—Hilliard equation. When no gas is present, our model matches well
with analytic solutions to traditional sharp-interface Biot poroelasticity. Finally,
when there is no deformation of the solid skeleton, our model displays the expected

behaviour for two-phase flow in a rigid porous medium.
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Cavity Formation

The numerical simulations and linear stability analysis presented in
this chapter constitute an extension to and reformatting of the work

published in |Paulin et al.| [2022)].

We now turn to the full three-phase behaviour of our model by considering a rele-
vant test problem: the spontaneous formation of open gas cavities in a soft porous
medium. We consider the evolution of an initially global (and homogeneous) gas
distribution within the pore space, and identify the conditions under which cavity
formation occurs. This scenario mimics various natural systems, such as a sea bed
or peatland, in which biological and/or chemical processes produce gas bubbles
throughout the otherwise undeformed and liquid-saturated pore space. A similar
situation can be achieved experimentally by saturating a porous packing with a
fluid containing dissolved gas. Triggering gas exsolution via either thermal quench
[Style et al., 2018] or sudden depressurisation [Terzariol et al., 2021] then leads
to the formation and growth of gas bubbles. As bubbles grow, they may col-
lect together within the pore space, forming a phase-separated pore-invasive state
(Figure ), which we refer to as a ‘pore-bubble’, or they may separate from the

pore space entirely by opening gas-rich, solid-free cavities (Figure )

47
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In §3.1} we conduct numerical simulations of our three-phase model to investigate
the dynamics of cavity formation. In §3.2] we conduct a linear stability analysis
to help identify the key parameters controlling the onset of phase separation and
the conditions under which cavity formation can occur. We use both numerical
simulation and linear stability analysis to characterise the typical size of cavities.
Finally, in we study a reduced version of our model, informed by the results

of our numerical simulations. We use this reduced model to find the equilibrium

states of our system and to construct corresponding regime diagrams.

3.1 Numerical Simulations

We begin by conducting numerical simulations of Equations (2.36)—([2.45)) to study
spontaneous cavity formation. To focus on a porous medium that is sufficiently
large that boundary effects are negligible in the bulk of the system, we impose
periodic boundary conditions at x = 0 and x = 1. We also set Qg = 0 without loss
of generality; a non-zero value of )y corresponds to bulk translation. For initial

conditions, we set

¢q(x,0) = Sogo + v(), (3.1)
¢("E7 O) = ¢o — |¢*|7 (32)

where Sy is the initial gas saturation, v is a field of small, random fluctuations,
and ¢* < 1 ensures an initial state of slight compression so that the material is
initially undamaged. A perfectly homogeneous initial state (v = 0) is an unstable
equilibrium solution to our equations. Setting v to be non-zero provides a small
amount of noise so that instabilities are able to grow. We set v by constructing a
sum of a large number of sinusoids, whose relative phase and amplitude are chosen

from a uniform distribution of random numbers.
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Figure |3.1| shows an example simulation of cavity formation. Evolving the system
from the initial state, we see that perturbations in the gas fraction grow over time,
deforming the solid skeleton. As gas bubbles outgrow the available pore space,
they expand to form cavities in the solid by displacing solid grains. As the cavities
form and then grow, the rest of the solid skeleton is increasingly compressed into
a smaller region. A local equilibrium is reached once elastic stresses balance the
thermodynamic forcing that drives phase separation. In this equilibrium state, a
negligible amount of solid remains within the cavities and the solid outside the
cavities is uniformly compressed, with the same volume fraction throughout the
domain. The formation of cavities damages the solid skeleton such that there
is negligible elastic stress within the cavities. Although we may expect further
coarsening to a global minimum of a single cavity over sufficiently long timescales
(see discussion below), the results shown in Figure are steady with respect to
the length of our simulation. Different realisations of the initial noise v give rise
to qualitatively similar results, but with the exact position and size of the cavities

varying.

Three key parameters with regard to the formation of gas cavities are the deforma-
bility of the solid matrix, D, the strength of the interaction between the gas and
solid phases, x4s, and the initial gas saturation, Sy. Recall that D measures the
ratio of mixing energy to elastic energy, whereas y,, measures the energetic cost
of gas—solid interactions. Typically, x5 is a function of physical properties such as
the size and wetting characteristics of the solid particles. If the grains are smaller
or if the gas phase is more strongly non-wetting to the solid, then the energetic
cost of gas invading the pore space will be larger, resulting in a larger value of xs.
We further discuss the interpretation of x,s in terms of concrete physical variables
in §4.3. The initial gas saturation Sy measures how much gas is present in the
system. If there is insufficient gas present, then capillary effects will not be strong

enough to open macroscopic cavities and phase separation will not occur. We

next investigate the impact of varying D and x,4s on phase separation by running
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Figure 3.1: Numerical solution of our model illustrates how an initially homoge-
neous mixture will spontaneously separate into gas-rich cavities surrounded by a
compressed, gas-poor porous domain. We show the distribution of ¢4, ¢, d and
ol at times t = 0, 0.004, 0.006, 0.008 and 1 (light to dark colours). Note that the
distributions of d at ¢ = 0.008 and ¢t = 1 overlap such that they are indistinguish-
able at this scale. We use parameter values of ¢g = 0.5, ¢* = 0.02, Sy = 0.55,
=104 M, =50, D=2, ¢=0.1, xg = 3.5, Xgs =3, Xgst = 0, I; = 1074,
ke = 107* and L4 = 1078, These parameter values give results which are repre-
sentative of simulations for the full range of parameter values considered in the rest
of this chapter, and for different realisations of the initial noise.
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Figure 3.2: Steady-state distribution of ¢, (red) and ¢, (blue) from numerical
simulations for a range of different characteristic deformabilities D and gas—solid
interaction strengths x 5. Cavity formation is suppressed for low deformability and
low interaction strengths (top left corner) and promoted for high deformability and
high interaction strengths (bottom right corner). Note that due to the periodic
boundary conditions imposed, the average elastic stress in each simulation varies
across the phase diagram. Coloured symbols identify each parameter combination
for comparison with the reduced model in We set Sp = 0.6, M, =1, ¢ =0,
Xgt = 3.5 and xgs = 3.5. Other parameters are the same as in Figure .

numerical simulations for a range of parameter values. We discuss the effect of

varying Sp in §3.2] below.

Our simulations show three distinct regimes at steady-state (Figure . One of
these is the spontaneous formation of macroscopic gas cavities, as illustrated in
Figure (3.1, However, cavities do not form in all cases. When cavity formation
is suppressed, there are then two possibilities for the gas distribution within the
pore space: spontaneous separation into gas-rich and gas-poor domains within

the pore space or remaining uniformly distributed. Physically, phase separation
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within the pore space is a result of individual micro-bubbles coalescing to form
macroscopic pore-invasive regions, but being unable to deform the solid sufficiently
to form cavities. For clarity and conciseness, we refer to this phase-separated state
as ‘pore-bubbles’. Note that the formation of pore-bubbles still results in slight
deformation of the solid skeleton. A uniform gas distribution results when phase

separation is suppressed entirely.

Figure [3.2] shows that, typically, cavity formation occurs for large values of D
and xgs, pore-space phase-separation occurs for intermediate values of D and xs,
and phase separation is completely suppressed for low values of D and x,s. We
rationalise these trends by considering fixed x,s = 1. For a stiff porous medium
(D < 0.1), the elasticity of the solid skeleton is too strong for capillarity to deform
it. Gas thus remains homogeneously distributed within the pore space and all
phase separation is suppressed. As D increases, the gas is able to deform the solid
skeleton such that it can more easily rearrange into a series of pore-bubbles, sep-
arated by liquid-saturated regions of the pore space. For a sufficiently soft porous
medium (D 2 1), gas is then able to open macroscopic cavities within the packing
through large deformations to the solid skeleton. The parameter x,, is a measure
of the strength of capillary effects. For larger x,s it is more energetically costly for
gas and solid to remain mixed, so cavity formation is promoted. Conversely, for
lower x4, gas-solid interaction is less energetically costly, and so phase separation

occurs less readily.

Note that although the simulations shown here have reached an apparent steady
solution, they do not represent the global equilibrium state. For a non-cohesive
granular medium, in which damage of the solid skeleton is reversible, the global
equilibrium is given by a single cavity or pore-bubble, minimising total interfacial
energy. Indeed, we see coarsening behaviour in many of our simulations, with a
larger number of cavities initially forming. Some of these cavities spontaneously
collapse, forcing gas back into the pore space. Gas then diffuses through the

pore space and re-separates from the solid skeleton by entering remaining cavities,
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resulting in fewer, larger cavities. This is the same behaviour as seen in
for a gas-liquid system. We very rarely see the final equilibrium configuration
of a single phase-separated region in our simulations. This is a result of the
exponentially slow rate of coarsening in 1D, and a further suppression of coarsening
resulting from the extremely slow rate of gas diffusion through the pore space. For
porous media which have a cohesive or fibrillar microstructure, cavity formation
necessarily results in irreversible damage to the solid skeleton. In this case, the
global equilibrium may instead consist of several equally-sized cavities or pore-
bubbles |Qiang et al. |2023]. The effect of irreversible mechanical damage could
be included in our model through the use of a history-dependent damage function

[Miehe et al., [2010a].

3.2 Linear Stability Analysis

For parameter regimes in which phase separation is possible, the initial state of a
homogeneous distribution of gas within the pore space is an unstable equilibrium.
Local perturbations about this state may lead to a thermodynamic instability
that results in the formation of either cavities or pore-bubbles. To help identify
the parameters that control the onset of this instability, we now perform a linear
stability analysis of our model. To simplify the analysis, we focus on a region of
the parameter space in which cavity formation is the dominant instability. We do
so by neglecting the effect of ternary interactions between phases, setting x5 = 0.
Ternary interactions are vital for capturing the desired phenomenological response
during compression-driven cavity collapse (as discussed in detailed in Chapter [4)),
but do not qualitatively affect the dynamics of spontaneous phase separation. The
main result of setting x4 = 0 is that the formation of pore-bubbles only occurs
in a very narrow parameter range. Outside of this parameter range, the possible
outcomes of our model are the formation of cavities or gas remaining uniformly

distributed within the pore space.
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We linearise the system about a base state that represents an undamaged, pre-
compressed porous matrix of porosity ¢ = ¢9 — |¢*|, the pore space of which
is occupied by a homogeneous distribution of gas with saturation Sy and volume
fraction ¢g0 = So¢o. We assume that perturbations of size e < 1 about this base
state take the form of normal modes with growth rate s and wavenumber £, such

that the perturbed gas fraction and porosity are given by

bg = Pgo + e$g exp (st + ikz) + O (), (3.3a)

b= ¢y + €b exp (st +ikz) + O (€%) , (3.3b)

where (Eg and (E characterise the O(e) contributions to ¢, and ¢, respectively.

Substituting this ansatz (Equations into our model (Equations [2.36{{2.45])
and linearising in € leads to a set of equations that describe the evolution of
small perturbations. To O(e), our model thus reduces to the following algebraic

equations for 59 and 5,

3959 =-M, (1 - ¢90) ¢90 [(Hgng + Nggk4) (Eg + (Hgka + Ngfk4) QA&]

(8 — b00) b0 [ (High® + Nigh') Gy + (Hugh? + Nigh') 3], (3.4a)

b= —M, (1— ) by0 [(Hgng + Nygh') by + (Hork? + Nysk?) 5]

— (1= ) (¢ — dg0) [(Hzgk2 + Nigk?) &g + (Hugk® + Nigk?) 5} . (3.4b)

In the above, we have introduced the functions H.p = ‘?ngl%,%o, where H, =
I1, + o, is the homogeneous part of the chemical potential of phase «, and the
parameters N, which are different combinations of interfacial coefficients. In
general, H,s and N,5 depend on the dimensionless groups defined in and
the base states ¢4 and ¢y, but they are constant with respect to k and s. Explicit

expressions for H,s and N,z are presented in Appendix @ Collecting like terms
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and finding the eigenvalues of Equations (3.4) leads to the dispersion relation

s+ G (k) ks + G (k) k* =0, (3.5)

where (; (k) = a1 + agk? and ( (k) = by + bok? + bsk*. Explicit forms of a; and b,

are given in Appendix [C]

As noted above, s is the growth rate of small perturbations to the homogeneous
system described by Equations . The dispersion relation allows us to calculate
s as a function of the wavenumber, k, of a particular perturbation. If R(s) < 0
for all values of k£ (where R(s) is the real part of s), then perturbations will
decay and the system is stable — gas will remain in the pore space of the solid
skeleton. If R(s) > 0 for any value of k, then perturbations with this particular
wavenumber (or range of wavenumbers) will grow exponentially, and the system

will be unstable — phase separation will lead to macroscopic gas cavities. The

solution of Equation ({3.5) is

Clkz k2
with small-k limit
a k?  k?
5~ — 12 + 5 aj — 4by, (3.7)

which shows that R(s) > 0 at small k& whenever either a; < 0 or b; < 0. In these
cases, all perturbations with wavenumbers between zero and some cut-off value
k. will be unstable and lead to phase separation. The cut-off value k. is defined
by the non-zero roots of (5 (k). Our system also has the unusual characteristic of
instead forming an unstable band of wavenumbers k € [k,, k.|, such that k, > 0
under certain circumstances. This characteristic occurs when a; > 0 and b; > 0,
and (y (k) has two distinct non-zero roots, which requires that both by < 0 and

4b1bs < b2. The condition for stability is thus that

a; >0 and b; >0 and (b2 >0 or 4bb; > bg) ) (3.8)
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As a;, b; are complicated functions of many different parameters, we further ex-
plore the consequence of these stability conditions via a phase plane. Specifically,
we plot the spinodal (or neutral stability) curves, for which R(s) = 0, which

separate stable and unstable regions of the parameter space.

Equation also reveals the possibility of oscillatory modes of instability, for
which s is complex, under certain parameter combinations. For the parameter
space investigated below, these oscillatory modes occur so close to the spinodal
curves that they are not observed in the simulations, and, as such, we do not

explore them any further here.

3.2.1 Onset of Phase Separation

The stability condition defined in Equation allows us to predict the regions
of the parameter space in which phase separation occurs and the regions in which
it does not. In Figure , we plot the spinodal curve for various values of x4
in the D — Sy plane. This phase plane shows the physically intuitive behaviour
described above. For a particular value of x,,, phase separation occurs in the
top-right corner of the phase plane and is suppressed in the bottom-left corner.
Phase separation is promoted as x,s increases, because if the interaction energy
between the gas and solid phases is larger, then the energetic cost of their mixing
is larger. For a given value of xgs, there exists a value of Sy below which phase

separation will not occur.

The deformability of the solid skeleton has a strong influence on the onset of phase
separation. At low D, the solid matrix is too stiff to be deformed by capillary forces
and the gas will remain within the pore space. For larger values of D, however, the
solid skeleton is more easily deformed, and capillary forces may be able to overcome
elastic resistance and open macroscopic cavities, provided that Sy is large enough
(i.e., that enough gas is present). For a given value of xgs, there exists a value of

D below which phase separation will not occur, regardless of Sy. Note also that
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Figure 3.3: A phase plane showing the regions of stability (no phase separation)

and instability (cavity formation) from the linear stability analysis of the full 1D

system. Spinodal curves are plotted for a range of values of the gas—solid interaction

parameter, x4s. An increase in )45 corresponds to an increase in capillary potential

due to, for example, a smaller grain size, making it more energetically costly for

gas to remain within the pore space and therefore promoting phase separation. All
other parameters are the same as in Figure @

phase separation is suppressed for Sy ~ 1. This region of the parameter space
corresponds to an almost completely gas-saturated porous medium, and so the

total energy of interaction between gas and liquid will be small.

3.2.2 Characteristic Cavity Size

In addition to the parameters that control the onset of phase separation, we also
investigate the characteristic size of the gas cavities, A,. The characteristic cavity
size can be estimated from the linear stability analysis by finding the wavenumber
of the most unstable mode at each point in the parameter space, k*, and estimating

Ay = #z. Doing so for a range of D then allows us to predict cavity size as
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Figure 3.4: Characteristic size of gas cavities, A, as a function of deformability,

D, from numerical simulations (black) and linear stability analysis (orange). The

numerical results are the mean (black) and standard deviation (grey band) of 50

slightly different initial conditions at each value of D. Cavity size is calculated from

numerical simulations before any thermodynamic coarsening takes place. All other
parameters are the same as in Figure @

a function of deformability. We compare this prediction with the mean cavity
size at steady state from numerical simulations (Figure [3.4]). Note that A, is a
non-dimensional length scale. In dimensional variables, A, corresponds to the

proportion of the domain which is taken up by a cavity.

As D increases, A, decreases. However, the total amount of gas within cavities
increases with D, so this decrease in A, is offset by an increase in the total number
of cavities. This behaviour can also be seen qualitatively in Figure [3.2} for a
fixed value of s, there are more, smaller cavities for large D than for small D.
Intuitively, we might expect larger cavities to form in a softer material since the
solid skeleton can undergo larger deformations. Indeed, the total ‘cavity volume’ is
larger for softer materials, but these cavities are smaller and more numerous. We
attribute this observation to the fact that, in a softer material, a smaller amount of
gas is needed locally to open a cavity. For a stiff porous material, a large amount

of gas will need to accumulate in order to force open a cavity, and so when the
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Figure 3.5: A schematic to show the assumed form of the solution used to construct
a reduced, equilibrium model. The solution has two distinct regions; we define these
as the ‘bubble’ and ‘wet’ regions, which have size R and 1 — R, respectively.

cavity is formed, it will be correspondingly larger.

Our numerical simulations show remarkably good qualitative and quantitative
agreement with the linear stability analysis for the value of Ay, which is surprising
given the strongly nonlinear nature of this process. Figure [3.4] also shows that, as
expected, there exists a certain critical deformability below which phase separation
does not occur. The linear stability analysis and numerical simulations show this

transition occurring at around the same value of D.

3.3 Reduced Model

We now use the results of our numerical simulations to inform the construction of
a reduced, equilibrium form of our model. Such a model allows further exploration
of the parameter space in an efficient manner. A simplified model also allows us

to elucidate the different energetic effects that control cavity formation.

To construct a reduced model that represents the global equilibrium state, we as-
sume that the solution takes the form of a single phase-separated gas region (cavity
or pore-bubble) surrounded by compressed, liquid-saturated porous medium. A
representation of this solution is shown in Figure 3.5l We assume that there ex-
ists a gas-rich region of non-dimensional size R € [0, 1] surrounded by a gas-poor

region of size 1 —R. This construction can capture all possible equilibrium states
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(cavity, pore-bubble or homogeneous). For conciseness, we refer to the gas-rich re-
gion of the solution as the ‘bubble’ region, and the gas-poor region of the solution
as the ‘wet’ region, regardless of the state. Within the bubble region, composition
is uniform, and volume fractions are denoted ¢?. Similarly, within the wet region,
composition is also uniform, and volume fractions are denoted ¢¥. A bubble gas
fraction of (bg ~ 1 and solid fraction of ¢” ~ 0 represent a cavity. For the homo-
geneous state, R = 0, ¢* = ¢,,, where ¢, is the average volume fraction of each
phase in our domain, and ¢? is undefined. A pore-bubble corresponds to volume
fractions of (bg > g_ﬁg and ¢? ~ ¢,. In theory, it is also possible to find equilibrium
states that are between cavities and pore-bubbles, with 0 < ¢° < ¢,; in practice
(both in numerical simulations of the full model and equilibrium solutions of the

reduced model), these states are never found.

For systems in which ¢,, are fixed, conservation of gas and solid constrain possible
solutions such that

RoL+ (1 =R)pY = o, (3.9)

and

R, + (1= R)¢, = o, (3.10)

We note that ¢ can be calculated from the no-void condition, >, v = 1.
Equations and reduce our system to just three degrees of freedom.
We choose R, gbg and ¢! as free variables, calculating all other volume fractions
from these when required. Following the free energy developed in §2.1.4] the total

energy for a bubble of size R is then

St =REu(8),0)) + (1 —R) [Far (67, 01) + T (6)] (3.11)

with the mixing energy of each region, §,/, given by

Sm <¢ga le) = ¢g log Cbg + ¢rlog ¢ + ng(bg(bs + Xglﬁbg@ + ngl¢g¢s¢la (3'12>
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and the elastic energy, §g, given by

1
82 = 357 [J2 —1—2log J, + (log J.,)] , (3.13)
where J,, = 1(;550' Note that there is no elastic energy in the bubble region due to

the inability of the solid skeleton to support tension. We neglect both the damage
and interfacial energies in this formulation. Results of our numerical simulations
in §3.1] show that the total damage energy is typically very small compared to
the mixing and elastic energies. Similarly, whilst the interfacial energy is the key
driver of thermodynamic coarsening, and is in fact relatively large in the vicinity

of diffuse interfaces, it is globally very small compared to the other energetic

contributions.

To find equilibrium states of the reduced model, we seek to minimise Equa-
tion over the variables R, gzﬁg and ¢?. To simplify this minimisation, we
note that for a fixed combination of parameters, the equilibrium value of ¢? (the
amount of residual liquid in a gas bubble), is relatively insensitive to R and ¢2.
This feature is unsurprising, as the ternary energy diagram shown in Figure
displays a notable invariance along the ¢; = 0 axis; that is, the mixing energy does
not depend strongly on ¢, and ¢ when ¢; is small. The equilibrium value of ¢?
does depend more strongly on x, and x,«, but we keep these parameters fixed
for simplicity in the analysis that follows. Equilibrium states can thus be found
by fixing ¢! to a value informed by our numerical simulations of the full model
and then minimising Equation over R and ¢Z by numerically finding the

minimal value of F[R, ¢}] for the corresponding matrix [R, ¢}].

3.3.1 Energy of Cavity Formation

To understand the energetics of cavity formation, we first investigate a region of

the parameter space in which pore-bubbles do not form, so that we expect either
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Figure 3.6: Solutions of the reduced model (Equations showing mixing

energy (red), elastic energy (yellow), and total energy (turquoise) as functions of

cavity size for D =1, 0.3 and 0.05, and qﬁg = 1. The dotted line corresponds to the

value of R for which §7 is minimum in each case. The dashed grey line indicates

§ = 0. Note that § is plotted on a different vertical scale for each value of D, hence

axis labels are not displayed. We set ¢, = 1 — ¢ = 0.5, ag = 0.3, gf)é’ = 0.0001,
¢ =0, xgs =4, Xg = 3.5 and x4 = 3.5.

the formation of open cavities or that the mixture remains homogeneous. We can
then further simplify our reduced model by setting qﬁg =1 and ¢’ = 0 (pure gas
cavity), such that the size of the cavity, R, is the only free variable. Figure
shows the mixing energy, elastic energy and total energy as functions of R, for
three different values of D. For all values of D, we see that §); has a minimum
at Req ~ 0.3, which corresponds to all of the gas entering the cavity (since we

have taken ¢, = 0.3). This result is as expected: neglecting elastic effects, it is

g
always energetically favourable for the gas to completely de-mix from the solid
and liquid. On the other hand, §g increases monotonically with R. This result
is also as expected: as R increases, the solid skeleton is increasingly compressed,

resulting in a larger elastic cost. Note that §g is always positive, but that §»; and

St may be positive or negative.

For D = 1, the solid skeleton is very soft, and changes in §); dominate changes
in §g. As a result, §r has a minimum at Req ~ 0.3 (black dotted line), which
corresponds to the equilibrium cavity size. As D decreases, the solid is less de-
formable and changes in §g becomes large enough to compete with changes in
Sy. For D = 0.3, the equilibrium cavity size is then smaller, resulting from a

balance between capillary and elastic effects. For D = 0.05, the elastic cost of
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cavity formation dominates and Req ~ 0. In practice, the diffuse interfaces of our
phase-field model impose a minimum possible size for cavities, set by the width of
the diffuse interface. As such, cavities will most likely not form for D = 0.05, and

gas will remain in the pore space.

3.3.2 Equilibrium Regime Diagram

We now allow qbg to vary such that our reduced model captures both pore-bubbles
and cavities. Which of these two states is the global equilibrium depends on
which has the lower total energy. Figure shows how the minimum energy and
corresponding equilibrium bubble size vary for a given value of ¢2 = 1. Extending
this analysis to all possible values of (bz, we then identify the value of gzﬁg that
results in the lowest minimum energy. We find that the minimum energy is always
given by either qﬁg ~ 1 (cavity), or qbg ~ ¢o (pore-bubble). Figure shows a
regime diagram highlighting the different regions of the parameter space for which
cavities and pore-bubbles are energetically favoured, separated by the purple line.
We find that, in general, large values of D and xg s result in open cavities as
the equilibrium state, and small values of D and xgs give pore-bubbles, which is
consistent with the results of our full model. The coloured symbols in Figure (3.7
represent the different simulations presented in Figure[3.2] The crossover between
the formation of cavities and the formation of pore-bubbles is well predicted by

our reduced model.

The above analysis focuses on the global equilibrium. Regardless of the global
equilibrium state, it is possible for either cavities or pore-bubbles to represent
a local equilibrium state; indeed, for much of the ‘cavity region’ in Figure |3.7]
there also exists a local energetic minimum corresponding to a pore-bubble. This
result raises the possibility of ‘meta-stable’ states, in which the system may arrive

(and remain) at a local equilibrium despite the existence of a separate, global
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Figure 3.7: Regime diagram showing different equilibrium states from the reduced
model, separated by the purple line. For large D and xg4s, the equilibrium state
is an open cavity. For small D and x4, the equilibrium state is a pore-bubble.
The coloured symbols represent the parameter combinations corresponding to the
simulations of the full model in Figure 3.2l Open symbols indicate simulations
where cavities form, and filled symbols represent simulations where they do not.
To generate the purple line, we set ¢, = 0.52, ¢, = 0.288 and ¢! = 0.01. These
parameter values are equivalent to the initial conditions used to generate Figure (3.2
All other parameters are the same as in Figure .

equilibrium. We consider these meta-stable states in more detail in the context of

cavity collapse in §4.2]

In Figure 3.8, we plot the equilibrium bubble size from our reduced model, Req,
for a fixed value of x4s = 2. The dependence of Req on D shows two qualitatively
different behaviours depending on whether the equilibrium state is a pore-bubble
or a cavity. For D < 0.45, pore-bubbles are the equilibrium state and R, decreases
with D. As D passes the crossover point between pore-bubbles and cavities, Req
drops suddenly. For D 2 0.45, cavities are the equilibrium state and R, increases
with D. The sudden drop in Req across the transition between pore-bubbles and
cavities is expected: gas in pore-bubbles is limited to a maximum volume fraction

" ~ ¢, whereas in cavities ¢” ~ 1. A given amount of gas will therefore occupy
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Figure 3.8: Equilibrium bubble size as a function of D calculated from the reduced
model with x4 = 2. Req decreases with D for pore-bubbles (D < 0.45), but
increases with D for cavities (D 2 0.45). All other parameters are the same as in

Figure
a larger region as a pore-bubble than as a cavity. We explain the dependence
of Req on D in the pore-bubble regime in the same manner: as D increases, the
pore-bubble is able to more easily deform the local pore space, such that ¢’ is
larger, and the bubble occupies a smaller region. For the cavity regime, larger D
means that it is easier for the cavity to compress the solid skeleton, and so larger
cavities are able to form (as also demonstrated in Figure [3.6). This is in contrast
with the characteristic cavity size predicted by numerical simulations and linear
stability analysis in §3.2.2] We emphasise that Figure 3.4 shows the size of cavities
which initially separate from a homogeneous state, rather than the total amount
of ‘cavity volume’. Over time, we expect cavities to coarsen until eventually they

reach the global equilibrium of a single cavity, whose size is predicted by Figure[3.8]

3.4 Summary

In this chapter, we have investigated the spontaneous formation of gas cavities

from a gas—liquid-solid mixture. Numerical simulations of the phase-field model
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developed in Chapter [2| demonstrate the formation of open cavities, in which gas
separates from the pore space by displacing both liquid and solid. We find that
phase separation is inhibited by elastic resistance from the solid, which imposes
limits on the conditions under which cavities form: if the solid skeleton is too stiff,
gas will remain within the pore space, either as phase-separated ‘pore-bubbles’ or

in a homogeneous state.

We have shown how the onset of phase separation depends on different parameters,
including the deformability of the solid matrix and the strength of fluid—solid
interactions, via both linear stability analysis and numerical simulation. We have
found the surprising result that, for a softer porous material, we expect smaller, but
more numerous, cavities to spontaneously form than for a stiffer porous material.
This fact is a result of a smaller amount of gas needing to accumulate within the
pore space in order to open a cavity in the softer case. In the equilibrium state
however, we expect a single cavity, the size of which increases with increasing
deformability. Finally, we have also constructed a reduced, equilibrium version of

our full model and used it to rationalise our numerical results.

Quantitative predictions of the characteristic size, and corresponding size distribu-
tion, of non-wetting fluid bubbles are important for understanding the macroscopic
mechanical properties of a range of deformable porous media, such as gassy soils
[Wheeler, |1986] and soft composite materials [Style et al., 2015| Bartlett and Style),
2020]. Our results indicate that it is vital to not only assess the size and number of
bubbles, but also their state of pore occupancy, when characterising non-wetting
fluid distributions. Whether or not non-wetting fluid invades the pore space or
forms open cavities significantly affects the expected bubble size, as well as the

qualitative dependence of bubble size on relevant material properties (Figure .
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Cavity Collapse: Theory

As a second test problem, we consider the deformation-driven collapse of cavi-
ties due to increasing confining stress. At equilibrium, the characteristic size and
number of cavities in a given soft porous medium depends primarily on a balance
between capillary forces and elastic stresses. Increasing the confinement will shift
this balance by increasing the elastic stress in the solid skeleton. Sufficiently large
confining stress may trigger either partial or complete cavity collapse, with gas
invading the pore space, as capillary forces are no longer sufficient to deform the
solid skeleton. The role of confining stress in determining whether a non-wetting
fluid (e.g., gas) forms open cavities or remains within the pore space is widely ac-
knowledged [Wheeler| [1988al, [Lee et al., [2020], but the dynamic transition between
these two states due to changing confining stress has received little attention, and

remains poorly understood.

In this chapter, we study the collapse of a gas cavity due to compression via a fluid-
permeable piston. Although unlikely to be directly relevant to natural physical

systems, this simple scenario is helpful for understanding the physics of cavity

q]

collapse. In §4.1] we conduct numerical simulations of our phase-field model to

explore the phenomenology of cavity collapse, identifying the confining stress at
which cavities collapse and the key parameters that control this process. Next,
Q)

in §4.2] we investigate the reversibility of cavity formation and collapse under

67
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Figure 4.1: Deformation-driven collapse of a pre-existing cavity in 1D. We study
the case of a single gas cavity (right side) subject to increasing compression via a
fluid-permeable piston (left side), the position of which is denoted 4.

sequentially increasing and then decreasing confinement via numerical simulations
complemented by further analysis of the reduced model derived in Finally, in
we compare the results of our numerical simulations with predictions from a
simple toy model of cavity collapse, allowing us to connect the phenomenological

free-energy parameters of our phase-field model with concrete physical properties.

4.1 Phase-Field Simulations

To study deformation-driven cavity collapse, we first conduct numerical simula-
tions of the phase-field model developed in Chapter 2l A schematic of the arrange-
ment investigated here is shown in Figure For simplicity, we focus on the case
of a single gas cavity within an otherwise relaxed, liquid-saturated porous medium.
The cavity is initially situated at the far right side of the domain, and has initial
size Ag. Confinement increases via the motion of a fluid-permeable piston at the
left side. The piston is freely permeable to liquid and gas, but not to solid. We
take the right side of the domain to be fixed and impermeable (or equivalently, a
line of symmetry). We study displacement-controlled deformation, in which the
(non-dimensional) position of the piston, d(t), is imposed. We choose §(t) to be a
linear function of time up to a maximum displacement §*, so that piston speed &

1s constant.
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We focus exclusively on the slow-piston limit. In this case, the response of our
system can be assumed to be quasi-static; the state of the system will pass continu-
ously through a series of local equilibria. The quasi-static limit can be formalised
as requiring sufficiently slow piston motion that rate effects are not important.
In our system, this constraint requires that viscous pressure gradients resulting
from both poromechanical and capillary effects are able to dissipate sufficiently
fast compared to the motion of the piston. For this constraint to be satisfied, we
require that

Teapy Tpe < 071

where Teap is the characteristic time scale associated with liquid trans-

L2
N M?gmix

port by capillary effects, as defined in §2.1.6] and 7T, = ML—jG = TeapD is the
l

classical poroelastic timescale.

4.1.1 Numerical Method

We solve the model equations outlined in on the domain z € [§ (¢), 1], for
times ¢ € [0,t]. We take 6 (t) = 0t, such that § (0) = 0 and t; = %, where §* is
the maximum displacement. For the impermeable boundary at the right side, we
impose no-flux conditions for the two fluids, and a no-displacement condition for

the solid:

Us|z:1: wg’:v:lz wl|z:1: 0. (41)

Recall that the total mixture flux ¢ = vs+w, +w; must be a function of time only.
Evaluating this expression at x = 1 suggests that ¢ = 0. At the left boundary,
we enforce that the piston is impermeable to solid by setting vg|,—s= 5. To find

boundary conditions for the fluid flux at the piston, we evaluate ¢ at z = ¢§ to give

q = 5+ wg|x:5—|—wl|m:5: 0. (42)



Chapter 4. Cavity Collapse: Theory 70

We also assume that transport of gas and liquid through the piston are purely ad-
vective, implying that there are no capillary effects resulting from the composition
of the mixture exterior to the domain. This assumption is enforced by requiring

that gradients in capillary potential vanish,

85;& =5 % 2=5 (4:3)
Combining Equations and then implies that
§= Mty 00| (4.4
Explicit boundary conditions for gas and liquid flux at the piston are then
Wylogm Mo 01§ (4.52)
(Mygg + &) la=s
and
Wy |ps= —Wﬁmé . (4.5b)

Finally, we also impose that gradients in order parameter vanish at each boundary;,
such that % = % = % =0 at x =6 and x = 1. The choice of these boundary
conditions is justified by assuming that the boundary at z = ¢ (i.e., the piston)

is inert with respect to interactions with the gas—liquid—solid mixture, and by

interpreting the boundary at x = 1 as a symmetry line.

The above system of equations is a moving-boundary problem. To solve it, it is

convenient to re-scale to a static domain z, € [0, 1] via the transformation

z—0

.= . 4.6
T =1 (4.6)
Using the chain rule, we see that for some variable h(z (., 1),
oh 1 0Oh
= — (4.7a)

Or 1—060x,
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oh 0h  (1—=,)0 Oh
ot ot 1—0 Ox,

(4.7b)

Using this transformation in our governing equations and dropping the stars results
in an additional factor 1/L* in front of every spatial derivative, where L* =1 —§
is the rescaled domain length, as well as a new advective-like term in the evolution

equations for gas fraction and porosity:

0 6 0 1 0

% (1-z) L* ad;g - L*ox (1= ¢g) wy = Ggu] (48)
and

) 50 19

o= 1) Loy~ gy (1= 9w+ (o) o

where we have also set (g equal to zero.

To represent a cavity of size Ag at the right side of the domain, we initialise

simulations with ¢, and ¢ given by

0 forz<1—AJ, ¢o forz <1—A),
1 forle—Ag, 1 forle—Ag.

We take the initial damage profile to be equal to the initial porosity profile,
d(xz,0) = ¢(x,0). We enforce this set of initial conditions in a smooth manner
via hyperbolic tangent functions. This initial condition closely approximates that
of the equilibrium state at 0 = 0, so the solution very rapidly adjusts to that equi-
librium at the beginning of each simulation. The motion of the piston is negligible
during this brief adjustment period. This equilibrium state is then the effective
initial condition for the simulation, and is shown in the top panel of Figure [4.2]
We solve our equations as described in but use a first-order upwinding finite

difference scheme for the advective terms.
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4.1.2 Phenomenology of Cavity Collapse

Figure [4.2] shows the results of an example simulation of deformation-driven cav-
ity collapse. The top panel shows the effective initial state, with the piston (grey
dashed line) at x = 0 and an open cavity of size Ag = 0.18 at the right side of the
domain. As the piston advances, liquid leaves the domain at the left side (through
the piston). Initially, cavity size remains approximately constant while the solid
skeleton becomes increasingly compressed. As solid deformation increases, the
elastic energy stored in the porous medium also increases. Eventually, it becomes
energetically favourable for gas to invade the pore space rather than further com-
press the solid (third panel). As gas invades the pore space, it remains compact in
space, forming a phase-separated state that corresponds to an almost-completely
gas-saturated pore-invaded region (pore-bubble). In this pore-invaded region, the
solid skeleton is relaxed compared to the liquid-saturated region at the left of the
domain. We denote piston position at initial pore invasion by d;. As the piston
further advances, gas continues to enter the pore space from the cavity until the
cavity vanishes (bottom panel). We denote the piston position at which cavity col-
lapse is complete by d5. Further displacement of the piston beyond d, corresponds

to compression of a partially saturated porous medium.

Figure shows cavity size A, and confining stress & as functions of ¢ (black
dashed lines). Confining stress is determined by evaluating the effective stress,
cr;x, at the piston, * = 0. This figure highlights the three distinct regimes of
cavity collapse described above. We refer to these regimes as ‘pre-invasion’ (Fig-
ure [4.2] panels 1 and 2), ‘post-invasion’ (panels 3 and 4) and ‘post-collapse’ (panel
5). During the pre-invasion regime (§ < d7), cavity size remains approximately
constant and confining stress increases in line with the constitutive response of the
solid skeleton (fairly linearly, here). Once gas invades the pore space (6 > ¢;), cav-
ity size then decreases linearly with § and confining stress remains constant. We

denote the value of & during this stress plateau by pja;. During the post-invasion
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Figure 4.2: Snapshots of a numerical simulation of deformation-driven cavity col-
lapse, showing the distribution of ¢, (red) and ¢, (blue), at times ¢ = 10, 445,
1045, 1640, and 2240 (top to bottom). As the piston (grey dashed line) advances,
solid is increasingly compressed, eventually leading to gas invading the pore space
and the cavity collapsing. Note that the small bump in ¢ is a numerical artefact
that decreases in size for decreasing I';, and which does not otherwise influence
simulation results. The initial cavity size is Ag = (.18 and the piston speed is

§ = 0.0001. We use parameter values of ¢y = 0.5, © = 1074, M, =1, D = 0.5,
¢=0, Xg =95, Xgs = 1.5, xgst =5, I'i = 107%, k. =10"* and Lg= 1078,
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Figure 4.3: Cavity size (top row) and confining stress (bottom row) as functions of

piston position computed from numerical simulations of deformation-driven cavity

collapse for a range of D and x4,. The dashed black lines show the results for the

simulation shown in Figure For the left panels, x4s = 1.5 and D is 0.2, 0.35,

0.5, 0.65 and 0.8 (light to dark colours). For the right panels, D = 0.5 and x5 is

1, 1.25, 1.5, 1.75 and 2 (light to dark colours). All other parameters are the same
as in Figure . Compare the second row with Figure .

regime, the porous medium is effectively being ‘shunted’ along by the piston, with
gas entering from the cavity at right, and liquid exiting through the piston at the
left. Once the cavity has completely collapsed (§ > d3), cavity size remains equal
to zero and confining stress resumes increasing as the solid skeleton is compressed
against the impermeable right boundary. Note that the magnitude of the slope
of the stress-displacement curve in the post-collapse regime is larger than in the
pre-invasion regime. We attribute the different constitutive responses in these two
regimes to the presence of the ‘relaxed’ solid in the pore-invaded region. Note also
that the cavity size A, does not decrease smoothly to zero, but rather vanishes
relatively suddenly once it reaches a small but nonzero critical size. This feature
is a result of our phase-field approach, which effectively imposes a minimum pos-

sible cavity size corresponding to the width of the diffuse interface. This drop in
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cavity size also leads to a drop in confining stress at the end of the plateau region,
before & begins increasing again. Reducing the size of the interfacial parameters

I'; reduces the size of these drops.

We now investigate the effect of various model parameters on cavity collapse.
Figure shows the result of numerical simulations for a range of values of D and
Xgs, keeping all other parameters fixed. First, we vary D and fix x4 (left panels).
As D increases, the slope of the stress-displacement curve in the pre-invasion and
post-collapse regions decreases, but op,1,c does not change. In general, pore invasion
occurs because it is energetically unfavourable to further increase elastic energy
beyond some critical value. Increasing the deformability of the solid skeleton (i.e.,
larger D; a softer porous medium) implies that more deformation will be needed
to reach this critical value of elastic energy (i.e., pore invasion begins later), but

does not change the critical value itself.

Next, we vary x4s and fix D (right panels). The evolution of cavity size as a
function of ¢ varies with x,4s in much the same way as it varies with D: as y,s
increases, pore invasion is delayed. As x5 increases, however, o1 also increases.
Increasing x,s increases the energy penalty of gas and solid mixing, and so pore
invasion is more energetically costly for large x4s than for small y4s. The confining
stress required to trigger pore invasion is thus correspondingly larger. However,
the stiffness of the material (i.e., the rate at which @ increases with J) is essentially
independent of x4s. Thus, although increasing D and increasing x4 lead to delayed
pore invasion, the reasons behind this delay are different. Increasing D decreases
the rate at which o approaches o, without changing the value of 7., Whereas
increasing s increases the value of ¢ without changing the rate at which @

increases.



Chapter 4. Cavity Collapse: Theory 76

4.1.3 Three-State Coexistence

A striking feature of the simulation shown in Figure is the fact that gas remains
compact in space once it enters the pore space, resulting in the ‘staircase state’
seen in the third and fourth panels. We find that the existence of the staircase state
depends strongly on the value of the ternary interaction parameter x 5. When x4
is sufficiently small (or equal to zero), the gas does not remain compact, but instead
spreads rapidly throughout the entire pore space. The diffusive-like transport of
gas for low y,q results in a fundamentally different phenomenology for cavity
collapse; in particular, a stress plateau is no longer observed. For intermediate
values of x,44, the result is somewhere between the two extremes, with gas initially
spreading throughout the pore space as the cavity collapses, before a staircase
state then forms later in the cavity collapse process. Which of these different
phenomenologies is appropriate depends on the specific nature of the system being
studied. For the remainder of this thesis, we focus on the large x,4 case, in which
the staircase state forms, as we expect this to be the right physical behaviour for
the class of systems which we are interested in. We note that the ability of a
ternary interaction term to stabilise three-state coexistence has previously been

studied in the context of multi-component lipid mixtures |[Idema et al., |2009].

4.2 Meta-Stability of Cavity Collapse

Many natural soft porous media experience fluctuating confinement. Thus, it is
natural to ask whether collapsed cavities will re-form as confinement decreases.
We investigate this possibility by studying what happens when the piston retracts
to its initial position once it has reached its maximum displacement. We focus on
a single compression-relaxation cycle, but we expect similar behaviour to occur

for additional cycles. Using the final state of cavity collapse (e.g., bottom panel
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Figure 4.4: Cavity size, A, and confining stress, 7, as functions of J from nu-
merical simulation of cavity collapse and re-formation for D = 0.5 and xg4s = 3.
Solid lines indicate an advancing piston (compression) and dashed lines indicate a
retracting piston (relaxation). All other parameters are the same as in Figure .

of Figure [4.2)) as the new initial state, we now conduct numerical simulations in

which 6(t) = §* — 0t from ¢t = 0 to t = t;.

As a starting point, we first consider what happens when confinement is decreased
before the cavity has fully collapsed (e.g., using the penultimate panel of Fig-
ure as the initial condition). We find that, in this case, cavity collapse is fully
reversible. As the piston retracts, gas re-enters the cavity from the pore space,
the cavity fully reforms, and the solid skeleton fully relaxes. Simulations of this
process are well represented by considering the snapshots in Figure in reverse
order (i.e., from penultimate panel to top panel). Cavity size and confining stress

again follow the paths plotted in Figure but in reverse.

When confinement is decreased after complete cavity collapse, however, we find
that cavity collapse is not a fully reversible process. Figure [.4] shows cavity size
and confining stress for an example simulation demonstrating this behaviour. The
key feature of this simulation is that cavity re-formation is delayed compared to
cavity collapse: cavity re-formation occurs at smaller 6 and lower & than those
at which the cavity originally collapsed (6 = ds), resulting in hysteresis in both
cavity size and confining stress. We find that cavity re-formation happens suddenly

and completely, with A, abruptly jumping up to A, ~ Ag at some § < 0s.
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Unlike during cavity collapse, there is no staircase state: all of the gas in the pore
space emerges into the cavity at once. Similarly, the confining stress continues
to decrease linearly until the point of cavity re-formation, where it then jumps
up to op1ac and decreases along the same path as during cavity collapse, which is
controlled by the stiffness of the (now once again) liquid-saturated porous medium.
We interpret this phenomenon as the persistence of meta-stable states beyond the
point of global equilibrium and discuss the energetics of this process further in
below. We also note that in, general, the cavity does not re-form in its

initial position.

4.2.1 Local Equilibrium States

In order to elucidate the behaviour observed in Figure 4.4 we use the reduced
form of our model from to construct the energy landscape for different values
of 4. Setting the mean gas and solid fractions in the reduced model, 59 and ¢,,
equal to the corresponding values in our numerical simulation, we then plot the
total energy, §r, as a function of the gas fraction in the bubble, qbg (Figure , top
panels). Each point on this plot represents the global minimum value of §7 for

each value of qﬁg. The corresponding value of R that minimises §r is also shown

(Figure bottom panels).

To understand these plots, we start by considering a small amount of compression
(0 = 0.12; left column). In this case, §7 has a single minimum at <bg ~ 1 (black
dot). That is, the equilibrium state is a cavity. The size of this cavity is given
by the dot on the lower panel. For a moderate amount of compression (§ = 0.24;
middle column), Fr has two local minima: at ¢! ~ 1 (as before) and now also
at gbg ~ 0.5. The latter is a pore-bubble. This pore-bubble is a local minimum
in the energetic landscape, but it is clearly not the global minimum and so we
refer to it as a meta-stable state. For large compression (6 = 0.28; right column),

St still has two local minima: at qﬁg ~ 1 and at gbg ~ 0.4. However, the latter
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Figure 4.5: Results from our reduced model, highlighting how the structure of the
energetic landscape changes with piston position. Top panels show the minimum
achievable value of total energy §r (turquoise curve) at each value of qbg. Black
dots show the position of local energy minima. Note that the vertical scale varies
from left to right in order to highlight the shape of §; the quantitative values of
ST are unimportant and hence axis labels are not displayed. Bottom panels show
the corresponding bubble size (i.e., the value that minimises §r) for each value of
qﬁg (pink curve). Dashed black lines show the values of R that correspond to all gas

existing in a cavity. At each value of §, we set ¢ and ag to equal the corresponding
values from the simulation shown in Figure [4.4] All other parameters are the same

as in Figure

is now the global minimum. Thus, it is now energetically favourable to form
a pore-bubble rather than a cavity. This transition makes intuitive sense: as
increases, the solid skeleton is increasingly compressed. Correspondingly, it is
more energetically costly for the gas to deform the solid and form a cavity. Pore-
bubbles deform the solid skeleton significantly less than cavities, so it eventually
becomes less energetically costly for gas to form a pore-bubble than a cavity. Note,
however, that cavities remain meta-stable, representing a local minimum in the

energy landscape.

In the simulation illustrated in Figure the initial cavity size is Ag = (.18 and
the system is initially very near to its equilibrium state. The gas remains in this

cavity as ¢ increases. As 0 increases further, past d;, gas begins to invade the
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pore space and form the staircase state discussed in §4.1.3] due to the emergence
of a meta-stable pore-bubble state. This may seem counter-intuitive since cavity
formation is still energetically more favourable than pore invasion. The middle
panels of Figure show an example energy landscape at a point where a staircase
state occurs. For this value of §, the equilibrium cavity size (lower panel, black
dot) is lower than the initial cavity size (A, black dashed line). It is therefore
not an energetic minimum for all of the gas that originally formed the cavity to
remain within the cavity. Gas can thus either all remain as a cavity (but at a
greater energetic cost), or it can invade the pore space, and also occupy the meta-
stable equilibrium at gzﬁz ~ 0.4. We find that the latter is typically less energetically
costly. As 0 continues to increase, the energy of pore invasion relative to cavity
formation decreases, and so more gas invades the pore space until, eventually,
pore-invasion is the global minimum, and all of the gas exists within the pore

space (A, = 0).

As the piston retracts, the energetic landscape of the system changes in a reversible
manner. At first, pore-bubbles are the equilibrium state and cavities are meta-
stable, then cavities become the equilibrium state and pore-bubbles become meta-
stable, and eventually the meta-stable pore-bubble state disappears altogether.
In Figure 4.4 we see that as ¢ decreases, the staircase state never re-forms as
decreases, despite the existence of a meta-stable cavity state. We rationalise this by
noting that the formation of the staircase state was triggered by the equilibrium
cavity size becoming less than the initial cavity size. Such a process does not
happen for the pore-bubble state. Therefore, a pore-bubble is able to persist as
a meta-stable equilibrium, rather than re-forming a partial cavity. As 0 decreases
further, the meta-stable pore-bubble state eventually ceases to exist (Figure ,
left panels), at which point the gas suddenly and spontaneously transitions into a

cavity.
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Figure 4.6: A bifurcation diagram constructed from our reduced model for the
simulation shown in Figure [£.4] Solid lines correspond to equilibrium states and
dashed lines correspond to meta-stable states. Green lines represent the cavity
branch and yellow lines represent the pore-bubble branch. Blue dots indicate the
value of § below which the pore-bubble branch does not exist. All parameters are

the same as in Figure

4.2.2 Bifurcation Structure

We quantify how the different global and local equilibrium states vary over the
course of a compression-relaxation cycle by constructing a bifurcation diagram
(Figure . Here, we show the values of ¢, that correspond to equilibrium states
as solid lines, and those which correspond to meta-stable states as dashed lines.
The cavity branch is coloured green and the pore-bubble branch is coloured yellow.
Note also that there always exists an additional equilibrium further to those dis-
cussed in Figure that corresponds to the gas fraction in the wet region (outside
of the bubble), and which is given by ¢y When there are two branches in ¢2,

there are two corresponding branches in ¢

As expected, we see that a cavity (gbg ~ 1) always represents a local energetic
minimum, which transitions from the (global) equilibrium state to a meta-stable
state for sufficiently large 6. In contrast, pore-bubbles only exist as local min-
ima for § = 0.23. The bifurcation diagram is helpful for explaining some of the
behaviour discussed above. Decreasing confinement prior to complete cavity col-

lapse corresponds to following the cavity branch (qbg ~ 1), but then retracting the
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piston before reaching the transition to meta-stability. As such, this process is
reversible. For the complete cavity collapse shown in Figure [4.4] the system even-
tually transitions to the pore-bubble branch, and then remains on this branch as §
subsequently decreases. Once the pore-bubble branch ceases to exist, the system

jumps suddenly onto the cavity branch.

4.3 Identification of Phase-Field Parameters

The free energy developed in Chapter [2 involves a number of phenomenological
parameters that together determine the shape of the energy landscape, among
them x4s, X and xg4q. For our model to be applied to real-world systems, it is
important to relate these parameters to concrete material properties. Deformation-
driven cavity collapse is a convenient setting in which to examine the impact of

these parameters on identifiable physical effects.

We start by considering the strength of gas—solid interactions, x,4s. As discussed
in §4.1.2] the value of x4, controls the plateau stress, Gpl.. Figure quantifies
the impact of x4 on T s across a series of simulations at different values of D and
Xgsi- Clearly, D and x4s do not strongly influence the value of ope. The black
line is a power-law fit to the simulation results,

Tptat = 0.3 g5 (4.11)

For x4s < 0.5 (shaded region), cavities are unable to form and 7, is undefined.

~

Next, we consider the strength of gas-liquid interactions, x,. We find that the
primary role of x, is to control the saturation at which gas invades the pore
space during the staircase state (i.e., during the stress plateau). We denote this

saturation gg, and plot §g as a function of x, in Figure . We fit a power law
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Figure 4.7: (a) Simulation results exploring the impact of x4s on Tpat. Coloured
crosses correspond to simulations with parameter values of D = 0.35, 0.5 and 0.65
and x4s = 1, 3 and 5. The black line shows the power-law fit described in Equa-

tion (4.11). All other parameters are the same as in Figure (b) Simulation

results exploring the impact of x4 on §g. Coloured crosses correspond to simula-

tions with parameter values of D = 0.35, 0.5 and 0.65 and x,4s = 1.5, 2 and 2.5.
The black line shows the power-law fit described in Equation (4.12)).

to the liquid saturation 1 — S, finding that
Sy =1-0.86x,"". (4.12)

Increasing y,; increases S, by increasing the energetic cost of gas-liquid interac-
tions, increasingly penalising the presence of liquid in the invaded region. For

Xg < 2 (shaded region), cavities are unable to form and S, is undefined.

4.3.1 Simple Toy Model

To link @p1a¢ to physically meaningful material properties, we now consider a simple
toy model of cavity collapse. Informed by our numerical simulations, we assume
that, for a given piston position, there may exist three distinct regions: the un-
invaded region, which consists of a liquid-saturated porous medium; the invaded

region, where gas has entered the pore space to displace liquid; and the cavity,
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Figure 4.8: A schematic of the toy model, showing three distinct regions: the

uninvaded region, the invaded region, and the gas cavity. At the left side of the

porous medium, a fluid-permeable piston compresses the system. At the right side,
there exists an impermeable boundary.

which consists only of gas (Figure . We denote the gas saturation in the in-
vaded region by S;. In our numerical simulations above, we primarily consider
the limit of large x4, in which gg ~ 1. Correspondingly, and for simplicity, we
then assume that gas completely displaces pore-liquid such that S;:L We denote
the porosity in the invaded region by ¢’ and in the uninvaded region by ¢*. We
denote the liquid and gas pressures by p; and p,, respectively. In the quasi-static
limit, we assume that ¢, ¢“, p; and p, are all uniform in space, allowing us to
construct a zero-dimensional model. The sizes of each region are denoted A, B
and Ay, for the uninvaded, invaded and cavity regions, respectively. At the left,
there exists a fluid-permeable piston with displacement ¢ from its initial position,
dp. At the right, there is an impermeable wall a distance L from dy. Without loss
of generality, we set o =0 and L =1, such that 6 + A+ B+ A, = 1.

We consider the deformation-driven collapse of the gas cavity in the same manner
as the numerical simulations described above. Initially, when § = 0, no gas has
invaded the pore space (B = 0) and the porous medium is relaxed (¢" = ¢' = ¢y).

Conservation of mass for gas and solid requires that
Ay +Bo' = A (4.13a)

and

(1—¢“)A+ (1 —¢")B=(1— o)A, (4.13b)
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where Ag and Ay are the initial size of the cavity and porous medium, respectively.
We note that Ay —|—A2 = 1. We denote the elastic stress in the uninvaded region by
o", and note that this must be equal to the negative of the confining stress applied
by the piston, o. Similarly, we denote the elastic stress in the invaded region by
o'. Force balance then requires that at the interface between the invaded and

uninvaded regions,

o' — o' =p, — P = pe, (4.14)

where p, is defined as the capillary pressure, and ¢, o, p,, p; and p, all represent
dimensional quantities here. For simplicity, we assume a linearly elastic response
for the elastic solid, such that

"' — ¢y

ot =MS = M—, 4.15
s (4.15)

where M is the p-wave (oedometric) modulus and S is the true strain.

As ¢ begins to increase, the porous medium is compressed, but gas does not yet
invade the pore space and B = 0 (i.e., this is the pre-invasion regime). Combin-
ing Equations (4.13|)—(4.15]) then reveals that the capillary pressure and confining

stress are equal and given by

Mé
e =0 =—"—. 4.16
P=0= 1" (4.16)
Eventually p. will reach p¢, the capillary entry pressure, defined as
2 e
o= ol TP (4.17)
Tp

where 74 is gas-liquid surface tension and 9. is the contact angle. Once p, =
pS, gas can freely invade the pore space (i.e., this is the post-invasion regime).
As the gas invades, we assume that the invaded region relaxes, such that ¢ =
¢o and therefore that & = p¢ is constant, and A, B and Ag are determined by
Equation . We note that the value of 6 = §; at the onset of pore invasion is
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given by

D A0
O = — ny- (1-A)). (4.18)

Cavity collapse is complete when A, = 0. This occurs at § = d2, where

M A

bp=1—|—+—r2
2 pe o (1—A0)

01 (4.19)

can be derived by setting A, = 0 in Equation (4.13a), and solving Equation (4.13b))

for 0, with ¢" determined by o = p¢.

Once the cavity has completely collapsed, the elastic solid is in contact with the
impermeable right boundary, which causes the invaded region to also compress,
such that ¢ < ¢y. From Equation (4.14)), the confining stress for § > , is then
given by @ = p¢ —o'. Recall that the stress in the invaded region, ¢*, is negative in
compression, and determined by Equation . Solving Equations with

A, =0 then gives

1= A - (L4 p)A

7=t —M|1
7= Pe 1—6— A, ’

(4.20)

0
where Ay =1 — 9y — % is the size of the uninvaded region at § = d,.

4.3.2 Comparison to Phase-Field Results

We now compare the predictions of our toy model with the numerical simulations
presented in §4.1} To directly compare the toy model with our phase-field results,

we non-dimensionalise such that p, = 2. Dropping the tilde for convenience,
mix

3
we then note that p. is equal to the confining stress, & (Equation 4.14t o = 0).

Figure shows @ as a function of ¢ via Equations (4.16])—(4.20)). Varying both

M and p¢, we find that the results compare well with the phase-field simulations

shown in Figure the stress in the plateau region is independent of M but
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Figure 4.9: Analytical solutions of Equations (4.13))—(4.15]) showing & as a function
of §. For the left plot, we fix p¢ = 1.5 and show results for M = 2, 2.6, 3.6, 6.2

and 20 (light to dark colours). For the right plot, we fix M = 3, and vary p& = 0.3,

0.425, 0.55, 0.675, 0.8 (light to dark colours). We also set ¢g = 0.5 and A) = 0.2.

The black dashed line corresponds to the same solution in each plot. Compare with
the second row of Figure 4.3

increases with p¢, whereas the stiffness of the material increases with M and is

independent of p¢.

Equation (4.11)) above describes how G, varies with x4s. In the toy model, the
plateau stress is exactly equal to the capillary entry pressure. We can thus write

Xgs in terms of natural physical quantities, using Equation (4.17)),

9 190 0.69
vz_} _ (4.21)

gmixrp

Xgs = 2.3 [

We also note that M = 2G + A, where G and A are the bulk modulus and Lamé’s
first parameter, respectively. We use these two expressions to choose parameter
values for Figure that match those used in Figure [4.3] Finally, we note that
although our toy model and phase-field formulation agree well for describing cavity
collapse, the former does not capture the meta-stability of cavities. We attribute
this to the fact that we have assumed that each phase exists in a ‘pure’ form in
the toy model: gas perfectly displaces pore liquid, and there is no residual gas in
the uninvaded region. Residual trapping of the non-wetting fluid is likely to occur
in real-world porous media, and thus we expect the non-reversible nature of cavity

collapse and re-formation to be an important physical phenomenon.
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4.4 Summary

In this chapter, we have investigated the deformation-driven collapse of a sin-
gle gas cavity via compression with a fluid-permeable piston. Simulations of our
phase-field model illustrate the phenomenology of this process. We find that, as
confinement increases, gas is forced from the cavity into the pore space, forming a
pore-bubble. The confinement required to trigger cavity collapse depends strongly
on the strength of the gas—solid interaction parameter, x4s. If confinement sub-
sequently decreases, the cavity can re-form, with gas separating from the pore
space. Note that although we have focused exclusively on the quasi-static limit,

our model is also able to capture transient effects.

We find that, in general, a cycle of cavity collapse and re-formation under com-
pression and then decompression is not reversible: the confining stress required
to trigger cavity collapse is larger than the confinement at which cavities re-form.
We attribute this behaviour to the existence of meta-stable states that allow cav-
ities to persist long after they cease to be the equilibrium state. Finally, we use a
simple toy model to connect key phenomenological parameters in our phase-field
model to concrete material properties. We find that x,, correlates strongly with
the capillary entry pressure, and that y, controls the saturation at which gas from

the cavity invades the pore space.

Note that we have focused on cavity collapse via displacement-controlled motion
of the confining piston. In this case, it is possible to sequentially advance the
piston during cavity collapse in a quasi-static manner. This is the key feature
which gives rise to the staircase state observed in The control afforded by
this procedure may have application to industrial processes which involve the ma-
nipulation and storage of hazardous fluids, such as in chemical waste ponds [Kam
et al., 2001]. Conversely, many geophysical scenarios are controlled by either an
overlying pressure or stress (e.g., for gas venting from marine sediments [Scandella,

et al., 2011]). We expect cavity collapse due to stress-controlled piston motion to
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show markedly different behaviour to that discussed in this chapter; specifically,
the long-term persistence of staircase states will not be possible, and cavities will
collapse abruptly once the confining stress is reached. A thorough investigation of

this process is thus a key direction for future work.






Chapter 5

Cavity Collapse: Experiments

To test the predictions of the theory developed in Chapter [4) we now investigate
deformation-driven collapse of cavities in soft porous media experimentally. To fo-
cus on the key physical processes that control cavity collapse, we seek an example
soft porous medium that has a simple pore geometry and relatively simple me-
chanical properties. For our example soft porous medium, we use a close packing
of hydrogel beads. Hydrogels consist of a cross-linked polymer network swollen
in water. The polymer chains which make up hydrogel are hydrophilic in nature,
and so it is energetically favourable for water to imbibe into the space between
polymers. As hydrogels swell, however, the polymer chains become increasingly
stretched, providing an elastic resistance to the further imbibition of water. An
equilibrium size is reached when the elastic energy penalty of stretching the poly-
mer network balances the energetic benefit of further water imbibition [Bertrand

et al., 2016].

Swollen hydrogel beads are extremely soft (Young’s modulus of ~ 10kPa) and
slippery. In water, hydrogels are essentially transparent and almost perfectly neu-
trally buoyant. As a result, hydrogels have been used as example soft porous media
in a range of recent work [e.g. Mukhopadhyay and Peixinho, 2011, [Hewitt et al.
2015] 2016, MacMinn et al., 2015 Sutherland and Balmforth, 2019, Dijksman

and Mullin|, [2022]. Fluid-saturated packings of hydrogel particles have also been

91
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shown to exhibit reproducible elastic behaviour under simple consolidation tests
[Mukhopadhyay and Peixinho|, 2011], which makes them an appropriate choice of

material for our experiments.

In this chapter, we undertake a series of experiments in a custom-built millifluidic
set up. We first inject a small amount of air (the non-wetting phase) into a
liquid-saturated packing of hydrogels, creating a gas cavity. We then increase or
decrease the confinement via a fluid-permeable piston controlled by an actuator.
In §5.1] we describe our experimental apparatus and discuss the calibration of
various experimental parameters. In §5.2] we undertake experiments to measure
the confinement required to trigger cavity collapse, characterise the mechanical
response of the porous packing during collapse, and investigate the reversibility of

cavity collapse under increasing and then decreasing confinement. Finally, in §5.3]

we examine an extended toy model to help explain the results of our experiments.

5.1 Experimental Setup

An overview of our experimental setup is shown in Figure 5.1, We use a close
packing of polyacrylamide hydrogel beads (JRM Chemical) as our solid phase. We
swell the polyacrylamide beads in a dilute solution of blue food dye (erioglaucine
disodium salt) in water. The beads partially exclude the dye, making them lighter
in colour than the surrounding water (beads swollen in pure water are colourless
and closely index-matched to the water, and thus essentially invisible). The fully
swollen beads are > 99.9% solvent by mass; as such, the solvent is essentially
perfectly wetting to the solid relative to almost any other fluid. We use air as the
non-wetting phase. Below, we refer to the solvent and the air as ‘liquid’ and ‘gas’,

respectively.

To constrain our system to uniaxial flow and deformation, we conduct experiments

in a long, thin tube (acrylic; length L = 120 mm and internal radius r, = 2.5 mm).
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Figure 5.1: The experimental setup, showing uniaxial deformation applied to a

model soft porous medium containing a single gas cavity. The experiment is confined

within a cylindrical tube of radius r; = 2.5 mm and length L = 120 mm. The porous

medium is a packing of hydrogel beads with mean radii ranging from r, = 0.40 mm

to r, = 0.63mm. The liquid is water and the gas is air. We measure the force on

the piston, the motion of the packing, and the pressure in the gas cavity via a load
cell, a camera, and a pressure transducer, respectively.

The internal diameter of our tube is less than the capillary length for an air—water
system by design, such that macroscopic cavities can span the cross-section of the
tube and will therefore be essentially one-dimensional. We fill the tube with a
mixture of hydrogel beads and water and then inject gas at the right end to form

a cavity between the saturated packing and the impermeable right boundary.

We control the confinement with a fluid-permeable piston at the left side of the
apparatus. The piston head and shaft are made of PTFE to minimise friction
between the piston and tube walls. Motion of the piston is driven by a syringe
pump (AL-1010; WPI), which we henceforth refer to as the ‘actuator’. We mea-
sure the pressure in the gas cavity relative to atmospheric pressure via a pressure
transducer (15 psi; 015PGAAS5; Honeywell), and the total confining stress via a
micro-load cell (100g; 3139.0; Phidgets) connected in series with the actuator.
We record the evolution of the packing and the gas visually with a digital camera
(ACA4096-3UM; Basler) at a spatial resolution of 30 pixels per mm and a tempo-
ral resolution of 0.5 frames per second. Readings from the load cell and pressure

transducer are collected via a LabJack U6 device.
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5.1.1 Experimental Protocol and Calibration

We focus on slow (quasi-static), displacement-controlled compression, analogous
to the test problem investigated theoretically in Chapter [4 Motion of the per-
meable piston is controlled by specifying its velocity as a function of time. The
piston advances at a uniform speed, ) , from an initial position dy until reaching
a maximum displacement 6*. As the piston advances, it compresses the porous
medium, with liquid exiting to the left, through the piston. The liquid reservoir
to the left of the piston is connected to a fixed hydrostatic head, so that constant
liquid pressure is maintained at the left boundary throughout an experiment. At
the end of a complete compression sequence, the piston is fully retracted and the

tube emptied.

We repeat experiments for different initial cavity size and bead radius. For each set
of hydrogel beads used, we first characterise the constitutive response of the solid
skeleton by conducting uniaxial compression tests on a liquid-saturated packing
(no gas cavity). We measure the effective stress in the packing via the load cell and
thereby calculate a corresponding stress-strain relation. Further details and the
results of this characterisation procedure are given in Appendix[D.I} We determine
the size distribution of the swollen hydrogel beads by photographing a monolayer

of beads and analysing the resulting images; details and results are provided in

Appendix [D.2

5.2 Mechanics of Cavity Collapse

We first consider a single representative experiment to explore the typical phe-
nomenology of cavity collapse. Figure [5.2] shows a series of snapshots from such
an experiment. Figure shows the associated evolution of the sizes of the cavity,
Ay, and the invaded region, B. We calculate A, and B via analysis of experimen-

tal images, as detailed in Appendix [E] Typically, the bead-liquid mixture initially
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Figure 5.2: A series of experimental snapshots showing the deformation-driven
collapse of a gas cavity via compression with a fluid-permeable piston. The hydrogel
beads used in this experiment have a mean radius of r, = 0.48 mm. The piston
speed isd=0.5 mm/min and the compression sequence shown here took ~ 1 hour.

injected into our experimental apparatus is sub-isostatic, meaning that there are
insufficient bead—bead contacts to support an applied force; this initial mixture
may be considered a dense suspension rather than a compact porous medium. As
a result, we shift our experimental results such that § = 0 corresponds to the point
at which the packing is first able to support force (when p,. first increases above

zero), at which point it can be considered to be a relaxed porous medium.

Initially, the gas cavity and liquid-saturated porous medium are separated by a
gas—liquid meniscus that spans the cross-section of the tube. As the piston ad-
vances and confinement increases, this interface begins to invade the narrow pore
throats between hydrogel beads. This results in the formation of many small
menisci between individual beads. As confinement increases further, gas is even-
tually able to invade the pore space, displacing liquid. Gas invasion continues as
the piston continues to advance, with the size of the gas cavity decreasing as a re-
sult. Eventually, the last of the gas invades the pore space and the cavity vanishes.
At this point, the solid packing is in direct physical contact with the impermeable

right boundary. Further motion of the piston is equivalent to uniaxial compression
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Figure 5.3: Top: non-dimensional cavity size, Ay, (purple) and size of the invaded
region, BB, (orange) as functions of non-dimensional piston position, §, during cavity
collapse for the experiment shown in Figure . Ay and B are calculated via
analysis of experimental images, as detailed in Appendix [El The vertical dashed
lines correspond to the snapshots shown in Figure 5.2} Bottom: capillary pressure,
Pe, as a function of § during one compression-relaxation cycle for the experiment
shown in Figures[5.2] (compression, dark blue) and (relaxation, light blue). The
dashed black lines highlight the values of § and p. at which pore invasion first occurs
during compression.

of an unsaturated, deformable porous medium (without cavities).

As demonstrated in Figure [5.3] gas invasion proceeds in a series of bursts in our
experiments, unlike the smooth, continuous invasion suggested by our model. The
size of each burst event is typically between one and five bead diameters. We
attribute this feature to inhomogeneity in the pore space of the porous medium.
Even for perfectly spherical, monodisperse solid grains, the solid skeleton will
consist of a random arrangement of pores and throats. As a result, the gas—liquid
menisci encounter local variations in pore size and throat size as they propagate

through the packing. In particular, the menisci will become ‘stuck’ at smaller pore
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throats until gas pressure increases sufficiently for the interface to burst through
to the next local constriction. This burst-like behaviour is a standard feature of
quasi-static drainage in a rigid porous medium [Blunt|, 2017]. Neither our phase-
field model derived in Chapter [2] nor our toy model derived in Chapter [ predict
this burst-like behaviour, as both assume a uniform pore structure. Burst-like
gas invasion could be introduced to these models by incorporating random spatial
variations to x4, and r,, respectively. Despite the burst-like invasion of the gas—
liquid interface within the pore space, the size of the cavity, A,, decreases relatively
smoothly. This result is due to gas displacing residual liquid within the invaded

region between burst events, increasing gas saturation in this region.

Figure [5.3| also shows the evolution of pressure in the gas cavity during cavity
collapse, as a function of piston position. The liquid phase is held at near-
atmospheric pressure throughout the experiment, so the measured gas pressure
is equal to the capillary pressure, p.. As confinement increases, the capillary pres-
sure increases as the porous medium is compressed. Prior to gas invasion, the
pressure-displacement profile is dictated by the elastic properties of the hydrogel
packing. Once p. reaches the capillary entry pressure, gas is able to invade the
pore space. Recall that the theory detailed in Chapter [ predicts a plateau in the
confining stress (and thus also capillary pressure) during pore invasion; however
our experimental measurements do not share this feature. Instead, the measured
capillary pressure increases steadily and monotonically with the amount of com-
pression. We attribute this behaviour to a combination of stress relaxation in the

hydrogel packing, and deformation-dependent pore closure, as discussed in detail

in below.

5.2.1 Stress Relaxation

Once a compression sequence is complete, we continue to record the experiment

whilst the piston remains stationary for a short period (approximately one tenth of
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Figure 5.4: A series of experimental snapshots showing the partial re-formation of

a cavity as confinement is reduced. These snapshots are from the same experiment

as those in Figure [5.4] with the piston held stationary for 10 minutes between the

final panel of Figure and the first panel of this figure. A small amount of

gas redistribution occurs in this waiting time as a result of stress relaxation in the
hydrogel packing.

the time taken for compression). During this time, both the capillary pressure and

the confining stress decrease by about 10%. Similar stress-relaxation behaviour

has been observed in previous studies with packings of hydrogel beads |[Dijksman|

and Mullin| 2022]. This behaviour is most likely caused by the partial de-swelling,

relaxation, and rearrangement of the hydrogel beads under applied confinement.
Stress relaxation results in a small amount of further gas motion, as the invaded
gas phase rearranges within the pore space to accommodate the new stress and

pressure.

5.2.2 Reversibility of Collapse

In addition to deformation-driven cavity collapse, we also investigate the reversibil-
ity of cavity collapse during decompression. Once the piston reaches its maximum
displacement, we pause for about 10 minutes and then retract it to its initial po-
sition at the same speed. As discussed in §4.2 we expect a reduction in confining
stress to result in cavities being able to re-form. Figure |5.4] shows snapshots of

an experiment as the piston retracts. Figure [5.3| shows the capillary pressure as
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a function of § during retraction, demonstrating that capillary pressure decreases

as the piston retracts.

As confinement decreases, gas initially remains fixed in place, with only minimal
rearrangement of its distribution in the pore space. As the piston retracts further,
however, gas starts to exit the pore space and form small cavities throughout the
porous medium (middle to bottom panels of Figure , eventually resulting in
a series of small cavities along the entire previously invaded region of the porous
medium. Note that these cavities are typically too small to span the cross-section
of the tube. The formation of several small cavities instead of one large cavity is a
result of individual pinch-off events during decompression. As the gas invades and
then occupies the tortuous pore space between hydrogel beads, individual blobs of
gas may pinch off from the previously connected gas domain, forming a series of
small, disconnected pore-bubbles. As confinement then decreases, many of these
individual pore-bubbles leave the pore space separately, forming a number of small
gas cavities. Note also that cavity re-formation occurs at a smaller confinement

than that required to trigger cavity collapse, as predicted in

5.2.3 Influence of Bead Size

We now investigate the influence of bead radius, 7,, on our experimental results.
Figure [5.5) shows the capillary pressure during cavity collapse for three different
sets of hydrogel beads. For each set of beads, the experiment was repeated at least
5 times. The solid black lines in Figure [5.5| show the mean capillary pressure from
these repeats. Coloured bands show a variation of one standard deviation from the
mean value. To account for small variations in the initial packing length between
experiments, we re-scale d by the length of the packing at 6 = 0. For different
experiments, the initial size of the cavity, Ag, varied slightly. This variation does
not notably affect the results shown in Figure , as variations in AS are much

smaller than typical variations due to other effects.
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Figure 5.5: Experimental results showing p. as a function of § for r, = 0.40 mm,
0.48 mm and 0.63mm (left to right). Bead size is calculated as detailed in Ap-
pendix[D.2] Each experiment was repeated at least 5 times for each bead size. The
black lines show the mean of each set of repeats, with the coloured bands indicating
one standard deviation around the mean. Horizontal red lines show the mean capil-
lary pressure at the onset of pore invasion, with grey bands indicating one standard
deviation around this mean. Note the different pressure scales for each value of 7.
For the smallest bead size (left panel), we do not observe pore invasion.

For r, = 0.95mm and 1.25 mm (middle and right panels of Figure , we observe
the dynamics shown in Figure [5.2] Initially, the hydrogel packing is increasingly
compressed and p. increases, until, eventually, gas invades the pore space and the
cavity collapses with further piston displacement. The value of p. at the point
of first pore invasion is denoted pS. The mean and standard deviation of p¢ are
shown by the red lines, and respective grey bands, in Figure [5.5] Our results
suggest that p¢ is higher for 7, = 0.48 mm than for r, = 0.63 mm, consistent with

the Young-Laplace law.

For r, = 0.40mm (left panel of Figure , we do not see pore invasion in the
vast majority of our experiments. Instead, p. continues to increase much past
the expected value of p¢ ~ 1.4kPa. Eventually, as p. becomes very large, the
cavity begins to shrink due to compression of the gas. We attribute this ‘clogging’
behaviour to deformation-driven pore closure. Entry pressure scales as 1, 1 where
rp is the characteristic size of a pore throat (Equation . As r, decreases due
to the compression of the packing, pS will increase. If r, decreases sufficiently

strongly with 0, it may be possible for p¢ to increase more quickly than p., making
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it impossible for the gas to invade the pore space. We discuss this phenomenon

further in §5.3.2in the context of an extended toy model.

5.3 Extended Toy Model

Motivated by our experimental observations, we now consider the effect of several
additional physical mechanisms not included in our previous theoretical work:
compressibility of the gas phase, deformation-driven pore closure, and frictional
drag at the domain walls. We investigate these phenomena by extending our
toy model (, and comparing the predictions of this model to experimental
results where appropriate. A full derivation of the extended toy model is presented

in Appendix [F] In §5.3.]] below, we highlight the key changes to the simple
toy model of §4.3.1| as a result of each additional physical effect.

5.3.1 Gas Compressibility

Throughout this thesis, we have assumed that both fluid phases are incompressible.
In the experiments presented above (and indeed in many natural systems) the
non-wetting fluid is gas, which in reality is highly compressible in many practical
scenarios. In general, the assumption of incompressibility is valid when typical
variations in gas pressure are small relative to the absolute gas pressure. For
quasi-static cavity collapse, we expect the size of pressure variations to be roughly
equal to the capillary entry pressure of the solid skeleton. Once the capillary
pressure exceeds the entry pressure, gas will invade the pore space rather than
further displacing solid grains. Thus, if the entry pressure is sufficiently small in
comparison to the ambient pressure of the liquid, pore invasion will occur before
any significant compression of the gas takes place. If capillary entry pressure is

sufficiently large on the other hand, gas compressibility may be significant.
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Figure 5.6: Results of the extended toy model demonstrating the effect of gas

compressibility on deformation-driven cavity collapse. We plot cavity size (blue)

and capillary pressure (green) as functions of piston position, d, for C = 0, 0.1, 0.2,

0.4, 0.8 (light to dark). The orange line shows the capillary entry pressure and the

dashed black lines show the incompressible limit (C = 0). Other parameter values
are p° = 0.5, M = 3 and Ag =0.2.

To account for compressibility, we assume that gas obeys Boyle’s law and that it
remains isothermal, such that p,V} is constant for a gas volume V;,. Assuming that

liquid pressure is fixed at atmospheric pressure, p; = Paim, and that p. = 0 when

d = 0, conservation of mass for gas (Equation [4.13a)) then becomes

AO
A, +Bpyp= ——9 5.1
0 H B0 = + Cpe/pe” o)
where C = ppio is a dimensionless ‘compressibility’ and p¢® = 2791:%“ is the
atm P

capillary entry pressure at 6 = 0 for an initial pore size rg. The rest of the model

is unchanged from §4.3.1]

Figure shows the effect of varying C on A, and p. during cavity collapse. We
use the same model set up as in §4.3.1] with a fluid-permeable piston advancing
from 6 = 0 to a maximum displacement ¢*. The incompressible limit is given
by C = 0 (dashed black lines). As C increases, we see that cavity size decreases
before p. reaches p (orange line) as the gas is increasingly compressed, increasingly
delaying pore invasion relative to the incompressible case. Once gas invades the
pore space, p. is constant and no further gas compression takes place; A, continues

to decrease, but now as a result of pore invasion rather than gas compression.
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5.3.2 Deformation-Dependent Pore Closure

For a porous medium comprising incompressible solid grains, compression results
in a decrease in the pore volume and, thus, the expulsion of a corresponding
volume of fluid. This effect is a key aspect of poroelasticity and is captured in all
theoretical models discussed in this thesis. As porosity decreases, the local spaces
between individual solid grains must clearly also decrease. The capillary pressure
is set by the size of these pore throats, so it reasonable to expect that compression
of the porous medium should correspond to an increase in the capillary entry
pressure. We have neglected this effect thus far for simplicity, but it appears
to be important in our particular experimental system. We model deformation-
dependent entry pressure by letting r,, the radius of a typical pore throat, be a
simple function of strain, §. We assume a linear dependence for simplicity, such
that

rp=ry(1+78), (5.2)

where 7 is a dimensionless constant. Recall that S is negative for compression. A
more complex form of r,(S) can be found by considering in detail the geometry
of a given porous medium as it changes under compression, but we expect this

simple model to capture the key features.

Figure[5.7|shows the effect of a deformation-dependent entry pressure on deformation-
driven cavity collapse. For 7 = 0, the entry pressure (orange lines) remains con-
stant as d increases. For 7 > 0, however, p¢ increases with §. As a result, pore
invasion is delayed, as gas must be increasingly pressurised in order to reach the
entry pressure. Once gas invades the pore space, p. remains constant regardless of
T because the solid skeleton does not become further deformed, and strain remains

constant.

A key result of deformation-dependent entry pressure is that it is possible for p¢ to
increase sufficiently quickly that gas is never able to invade the pore space. This

‘self-clogging’ behaviour is seen for 7 = 1.6 in Figure 5.7 with p¢ diverging as
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Figure 5.7: Results of the extended toy model with deformation-dependent pore

closure, showing A, and p. as functions of § for 7 =0, 0.5, 1, 1.4, 1.6 (light to

dark). The orange line shows the capillary entry pressure, and the dashed black

lines highlight the limiting case 7 = 0. For 7 = 1.6, p. never reaches p¢ and gas

never invade the pore space. Other parameter values are p?o =05 M=3C=0
and Ag =0.2.

0 increases. As a result, p. is always less than p¢ and A, remains equal to Ag.

Equating Equations (4.14])), (4.17)) and (5.2)), we find that the p¢ is found by solving
M M

(p9)* — —pt+ —p° =0. (5.3)
T T

Self-clogging occurs when Equation ([5.3)) has complex solutions. A condition for
self-clogging is then given by
we > 1, (5.4)

e,0 . .
where w, = 4”;/IT is the ‘clogging number’. As noted above, we observe self-

clogging for experiments with bead radius r, = 0.40 mm, suggesting that w. > 1
for the parameters used in those experiments. In practice, even when self-clogging
occurs, cavity size will decrease, as p. becomes large enough that gas compression

is no longer negligible.

5.3.3 Wall Friction

Swollen hydrogel beads consist of 99.9% water by mass, and so are extremely

slippery. Despite this, frictional effects may still be important in highly confined
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systems such as the apparatus used here. The primary cause of this phenomenon
is the Janssen effect, in which normal stresses are redirected into a perpendicular
plane in granular materials [Janssen| 1895]. The result of this stress redirection is
that, as the porous medium is increasingly compressed, an increasingly large stress
will be redirected against the walls of the confining tube. According to Coloumb’s
friction law, the frictional drag between the porous medium and the walls is given
by

orp = —Cpo’ (5.5)

e’

where Cr is the coefficient of friction and o, is the effective normal stress in the
radial direction at the tube walls. Even for a very low coefficient of friction (small

Cr), frictional effects will therefore become important for large values of o,,.

The effect of friction in our toy model is that force balance (Equation4.14]) becomes

u DPe
=7 [1—exp(JA), (5.6)

where J = Cfﬂ tKJ is a dimensionless measure of the strength of friction, with K
the Janssen coefficient quantifying the amount of stress redirection, r; the radius
of the confining tube, and we recall that ¢ is the effective stress in the uninvaded
region. A full derivation of Equation , following the works of [Marks et al.
[2015] and Morrow et al.| [2023b], is provided in Appendix The key result
of this derivation is that frictional drag depends exponentially on the length of
the uninvaded region, A. We note that the invaded region of the porous medium
does not contribute to the total frictional stress because we have taken the porous
medium to be relaxed in this region. The effect of friction on the predictions of
our toy model are shown in Figure 5.8] As J increases, pore invasion is delayed
due to an increasing proportion of the confining stress being supported by wall
friction, rather than by gas pressure. As a result, gas is less pressurised relative

to the no-friction limit, and so a larger confinement is required for p. to reach p¢.

Once gas invades the pore space, p. remains constant throughout cavity collapse.
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Figure 5.8: Results of the extended toy model with friction, showing A, and p,.

as functions of ¢ for 7 = 0.001, 0.5, 1, 2, 3 (light to dark). The orange line shows

the capillary entry pressure, and the dashed black lines highlight the limiting case

J — 0. Other parameter values are p&° = 0.5, M =3, C =0, 7 = 0, and
A)=0.2.

5.3.4 Comparison to Experimental Results

To quantitatively compare the predictions of our toy model to experimental results,
we first calculate values of the relevant dimensionless constants from experimen-
tal parameters. Calculated values of M and r, for our experiments are given in

Appendix [D] We estimate the entry pressure at 6 = 0 by using the Young-Laplace

2741 cos Ve
0
Tp

law, p&0 = , assuming that 27‘2 ~ 1y (i.e., that the typical radius of a pore
throat is half the mean bead radius). Water—air surface tension at room temper-
ature is 7, = 72mN/m and we assume cos?, = 1 because the liquid phase is
almost perfectly wetting to the hydrogel beads in our experiments. To calculate
values of C and J, we use paym = 101kPa, Cr ~ 0.01 [Cuccia et al., 2020, K; ~ 1
[Ovarlez and Clément|, 2005, and r, = 2.5mm. These values suggest that J ~ 1,
and C ~ 0.005. Assuming that 7 is independent of bead size, we then estimate
T ~ 1, as this provides the best match with our experimental results. In the pa-
rameter regime considered in our experiments, we thus expect deformation-driven

pore closure and wall friction to be important, but gas compression to be negligible

unless the system clogs.
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Figure 5.9: (a) Comparison between predictions of our toy model (black curve)
and experimental results, showing p. as a function of § for r, = 0.48 mm. The
grey curve shows the mean value of p. over all experiments and the yellow band
shows one standard deviation either side of this mean. The horizontal red line
shows the mean capillary entry pressure from the experiments. In the toy model,
we set ¢9 = 0.37, C = 0.005, 7 =1, J =1 and Ag = 0.2. (b) Comparison
between solutions of Equation (blue curve) and experimental results (crosses),
showing entry pressure, pS, normalised by pﬁ’o as a function of clogging number,
we. The red crosses show experimental results for 7, = 0.63 mm (w. = 0.25) and
0.48 mm (w, = 0.96). The dashed vertical line shows w, = 1, which demarcates
the transition from pore invasion to self-clogging. The dotted horizontal line shows
pe = p&° (limit of 7 — 0). For r, = 0.40mm (w, = 1.37), pore invasion does not
occur, so pt is undefined. We use the same parameter values as for (a) in our toy
model.

Figure 5.9 shows a comparison between our experimental results and the predic-

tions of our toy model. In Figure [5.9h, we plot capillary pressure, p., as a function

of § for r, = 0.48 mm. As ¢ increases, p. also increases until it reaches the entry

pressure, p& ~ 1kPa, at which point gas invades the pore space. Our experimental

results and toy model show this threshold being reached at similar values of 9.

Similar comparisons can be made for the other bead sizes shown in Figure 5.5 In

Figure [5.9b, we plot p., normalised by p¢, as a function of the clogging number,

we. A value of 7 = 1 provides the best fit between predictions of this model and

our experiments. Note that, although the parameter value 7 = 1 and the ratio

=t = 2 have been chosen to give the best comparison between our model and ex-
p

perimental results, both values are consistent with order-of-magnitude estimates,

and that we have no physical reason to apply further constraints on their value.
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As w, increases, the normalised entry pressure also increases, as expected; w,. rep-
resents the degree to which the entry pressure is able to increase as a result of
deformation-dependent pore closure. As discussed in §5.3.2] self-clogging occurs
when w,. > 1. For our experiments with r, = 0.40 mm, we calculate w. = 1.37, and
so we expect the system to clog. This is indeed what happens, as demonstrated in
Figure . In the absence of pore closure, p¢ always equals p?. Our experimental
results clearly demonstrate that this is not the case, and so deformation-driven

pore closure must be important in this system.

The key difference between our theory and experiments is that for the toy model
(and indeed numerical simulations of our phase-field model), p. remains constant
once gas invasion begins. In our experiments, in contrast, p. increases steadily and
smoothly throughout cavity collapse. Although we sometimes see an inflection in
pe(0) at pore invasion, the measured capillary pressure continues to increase be-
yond this. We attribute this behaviour to stress relaxation in the hydrogel packing.
As highlighted in §5.2.1] hydrogel beads show stress relaxation under constant de-
formation, as a result of partial de-watering of the swollen polymer network. By
the same mechanism, constant stress leads to a creep response [Dijksman and
Mullin, [2022]. Once gas invades the pore space, the gas-liquid interface continues
to apply stress to the uninvaded region of the hydrogel packing. Even if this stress
remains constant (as might be expected from our toy model), the hydrogels in
the uninvaded region will begin to slowly de-water, and their mean bead size will
shrink. As a result, the beads will be able to pack more densely, and the relaxed
porosity of the packing, ¢, will decrease. As ¢ decreases, the size of the pore
throats will decrease and the capillary entry pressure will increase, as discussed in

30.3.2
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5.4 Summary

In this chapter, we have described a series of table-top experiments to investigate
the deformation-driven collapse of gas cavities. Using a packing of hydrogel beads
as an example soft porous medium, we study the basic evolution of cavity collapse.
As a cavity collapses, gas invades the pore space in a burst-like manner, but
remains within a compact region in the pore space. We find that the confining
stress required to trigger pore invasion increases with decreasing bead size. For
sufficiently small hydrogel beads, we find that gas is in fact unable to invade the
pore space due to the deformation-driven closure of pore throats. An extension
of our previous toy model indicates the existence of a critical ‘clogging number’,
the value of which determines whether gas is able to invade the pore space or
if the packing will instead ‘self-clog’. We also find the effect of frictional drag
between the hydrogel beads and the walls of the apparatus to be important in our

experimental system, delaying the onset of pore invasion.

Our experimental results also show that capillary pressure continues to increase
once pore invasion has occurred. This result is in contrast to the predictions of
our theories in Chapter [4] where we observed a stress plateau after initial pore
invasion. We hypothesise that this discrepancy is due to stress relaxation within
the packing, with a corresponding decrease in porosity at fixed stress, coupled
with the deformation-driven closure of pore throats. Stress relaxation could be
incorporated into our toy model by modelling a visco-elastic rheology for the solid.
Additional experiments could test our hypothesis by investigating faster piston
motion, so that the timescale of stress relaxation is much longer than the timescale
of the experiment. An associated challenge is that, as piston speed increases,
the quasi-static approximation may no longer be valid, and dynamic poroelastic
effects may become important. Many natural porous media are subject to periodic
loading conditions [e.g., [Scandella et al.l 2011, Fiori et all [2023], and so further

experiments could focus on repeated compression—decompression cycles, and the
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associated cavity collapse and re-formation. For these experiments, it will be
important to form cross—section-spanning cavities during decompression. Using
a confining tube with a smaller internal diameter could potentially achieve this

effect.
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Conclusions and Future Work

A key feature of two-phase flow in a deformable porous medium is the ability of
the non-wetting phase to form open cavities within the solid skeleton. In this
thesis, we have studied the formation and collapse of non-wetting cavities in soft
(elastically deformable) porous media. We have derived a thermodynamically
consistent phase-field model that describes the formation of cavities as a result of
fluid—fluid—solid phase separation, and have explored our model in the context of
two test problems in a one-dimensional setting. In addition, we have performed a
series of simple table-top experiments to test the predictions of our model. This

work lays the groundwork for various exciting future developments, as detailed in

below.

Our model, presented in Chapter [2| assumes incompressible, immiscible fluids,
which interact with a hyperelastic solid skeleton. The different interactions be-
tween phases are characterised by relevant free energy functions. Our model makes
use of a phenomenological free energy. Although such an approach is useful for
understanding the key physical processes that control this complex, multiphase
system, developing a rigorous free energy in terms of natural physical quantities
represents a key avenue for future study. Detailed upscaling of the pore-scale
thermodynamics of a fluid—fluid-solid mixture could provide this link. How to

formulate such a procedure, however, remains unclear.

111
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In the three well-studied limiting cases of no-solid, no-gas and no-deformation,
our model reproduces the expected behaviour. When no solid is present, we re-
produce the fluid—fluid phase separation and coarsening behaviour characteristic
of the Cahn—Hilliard equation. When no gas is present, our model gives a diffuse-
interface formulation of single-phase Biot poroelasticity, whose results match well
with analytical solutions to the traditional sharp-interface approach. Finally, when
the solid skeleton is rigid, our model reduces to previous phase-field descriptions

of two-phase flow in rigid porous media.

In the full three-phase system, non-wetting cavities are able to spontaneously
form from an initially homogeneous pore-space distribution of fluid, with the non-
wetting phase separating from the solid skeleton, as studied in Chapter [3] Relative
to fluid—fluid phase separation in an unconstrained domain, we find that phase
separation is inhibited by elastic resistance from the solid, which imposes limits
on the conditions under which cavities form: if the solid skeleton is too stiff, the
non-wetting fluid will remain within the pore space. We have shown how the onset
of phase separation depends on different parameters, including the deformability
of the solid matrix and the wetting characteristics of the two fluids, via numerical
simulation, linear stability analysis and analytical solution of a reduced model. We
have also shown that, for a softer porous material, we expect smaller, but more
numerous, cavities than for a stiffer porous material, owing to a smaller amount
of non-wetting fluid needing to accumulate within the pore space in order to open
a cavity in the former case. Despite this, we find that the total cavity volume is
larger for a softer porous medium, as the solid skeleton is more easily deformed

by the non-wetting phase.

Our work has been partially motivated by the venting of gas from non-cohesive
granular sediments, in which the compressibility of the gas phase can be neglected
when the capillary entry pressure of the granular skeleton is sufficiently small
compared to the ambient liquid pressure. Our model is also relevant for different

fluid pairs in other contexts, such as phase-separating liquid droplets in polymer
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networks [Style et all 2018, Rosowski et al 2020a, Ferndndez-Rico et al., 2023].
In polymer systems, the porous skeleton does not have a granular microstructure
and the energy required to fracture the polymer network when opening a cavity
has an important impact on the final size of droplets [Kim et al., 2020, [Vidal-
Henriquez and Zwicker, 2021, |Ronceray et al., 2022]. Our model can capture
fluid—fluid phase separation in 1D within such materials through an appropriate
choice of the Griffith fracture energy. We also note that while we have solved our
model assuming a neo-Hookean elastic response for the solid skeleton, our theory

allows for other elastic laws relevant to the system being studied.

Cavities are only able to form if the solid skeleton is sufficiently soft and/or if the
confining stress is sufficiently low. An increase in confining stress can thus trigger
the collapse of cavities, forcing the non-wetting fluid into the pore space. We have
studied cavity collapse via both numerical simulation of our phase-field model
(Chapter [4) and experiments with an example soft porous medium (Chapter [5)).
We find that the non-wetting fluid remains compact as it invades the pore space,
with constant saturation in the invaded region. As a result, we observe a ‘staircase’
state during cavity collapse, in which there is coexistence between three distinct
mixture compositions. We find that the stability of three-state coexistence depends
strongly on the presence of a ternary interaction term in our free energy. When
this ternary term is not included, the non-wetting phase instead spreads diffusively

through the porous medium during cavity collapse.

We have investigated how cavity collapse depends on different model parameters,
using a simple toy model to connect phenomenological phase-field parameters with
concrete material properties. We find that, as the capillary entry pressure of the
solid skeleton increases, the confining stress required to trigger cavity collapse
correspondingly increases. As the deformability of the solid skeleton increases,
the amount of deformation required to achieve this confining stress also increases.

We have demonstrated the possibility of cycles of successive cavity collapse and
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re-formation as a result of increasing and then decreasing confining stress. Typi-
cally, this process is not reversible: cavity re-formation is delayed relative to cavity
collapse due to the persistence of meta-stable states. Although we have focused ex-
clusively on quasi-static cavity collapse, our model is also able to capture transient
responses resulting from faster piston motion. Similarly, we have only considered
displacement-controlled deformation, in which the position of the confining piston
is specified for all times. We anticipate that a study of force-controlled cavity col-
lapse, in addition to an investigation of transient behaviour, will produce further

interesting results.

In our experiments, we use swollen hydrogel beads as a model system with which to
study the collapse of a gas cavity due to compression via a fluid-permeable piston.
We find the same underlying behaviour as in our theoretical work: once confining
stress reaches a threshold value, gas invades the pore space, remaining compact
as it does so. If confinement subsequently decreases, gas may leave the pore space
to form a series of smaller cavities, rather than the single large cavity that was
originally present. The confinement required to trigger cavity collapse increases
as the size of solid grains decreases. For sufficiently small solid grains, we also find
that gas may be unable to invade the pore space at all. We attribute this feature to
a deformation-dependent entry pressure that results from the progressive closure

of individual pore throats as the solid skeleton is increasingly deformed.

Our numerical simulations and toy model predict that confining stress remains
constant once the gas invades the pore space, but we do not see this stress plateau
in our experimental results. Instead, the confining stress in experiments increases
smoothly and steadily throughout cavity collapse. This discrepancy arises from
additional physical effects that are not included in our idealised continuum model;
namely, friction between solid grains and the walls of the apparatus, deformation-
driven pore-closure, and stress relaxation. Extending our phase-field formulation

to incorporate these effects is a clear avenue for future work.
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6.1 Future Work

In this thesis, we have studied the spontaneous formation and deformation-driven
collapse of non-wetting cavities in elastically deformable porous media, for in-
compressible, immiscible fluids in 1D. Even within this framework, there remains
significant scope for future work. Most notably, the development of a more repre-
sentative free energy which accurately captures the energetic landscape of a fluid—
fluid—solid mixture in terms of concrete physical quantities is a key step in being
able to apply our model to real-world scenarios. Our experimental results also
highlight the importance of additional physical effects, even in the most simple of
settings. Extending our phase-field model to capture the effects of frictional drag,
deformation-dependent entry pressure, stress relaxation, and heterogeneity of the
pore space represents a relatively straightforward, but nonetheless important, step

in being able to faithfully reproduce experimental observations.

Although considering a 1D system is useful for making physically meaningful pre-
dictions of real-world behaviours, the extra degree(s) of freedom arising from 2D
and 3D systems can allow for novel behaviour not possible in 1D. Developing 2D
(or 3D) simulations for comparison to complementary experiments would thus
dramatically increase the range of physical problems that could be studied, as
discussed further in While simplified constitutive behaviours, such as a
cohesion-less elastic solid and incompressible, immiscible fluids, are reasonable as-
sumptions in many settings, in reality most biological and geophysical systems are
more complex. The effects of inter-grain cohesion or an elasto-plastic solid rheol-
ogy could be captured naturally within our current framework through a history-
dependent damage function [Miche et al., 2010a] and an appropriate choice of free
energy |[Houlsby and Puzrin, 2010], respectively. On the other hand, incorporating

compressible and/or partially miscible fluids is likely to be more challenging, as

detailed in §6.1.2] below.
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6.1.1 2D Systems

Despite the additional conceptual and computational complexity, developing 2D
simulations represents a key step in building on the work undertaken in this the-
sis. Initial numerical simulations could be simplified by considering a linearised
version of our model. The reduction of our model to a linearly elastic constitutive
response for the solid skeleton is straightforward. The suitability of representing
open cavities (in which the solid fraction goes to zero) by a linearised kinematic

framework, however, is unclear.

A natural starting point for exploring our model in 2D is to consider the direct in-
jection of non-wetting fluid into a solid skeleton saturated with the wetting phase.
The single-phase equivalent of this problem has been widely studied [e.g., |Auton
and MacMinn, 2017, 2018] as a result of direct applications to industrial processes
such as hydraulic fracturing. Similarly, multiphase fluid injection into rigid and
inelastic porous media has been studied in a variety of different contexts. A key
feature of multiphase fluid injection in 2D is the range of complex displacement
patterns that are observed, resulting from viscous instability [Homsy, [1987], fric-
tional forces |[Sandnes et al. [2011], cohesive forces in the solid skeleton [Guével
et al., 2023], or combinations of these effects. We expect simulations of non-wetting
fluid injection into a soft porous medium to demonstrate many of these patterns,
as well as additional features specific to this system. Complementary experiments
for simulations of such a process could involve the radial injection of fluid into a
planar packing of hydrogel beads, as previously studied by MacMinn et al.| [2015]

for the single-phase case.

Studying spontaneous cavity formation in 2D is also an exciting direction for future
work. The key difference here relative to a 1D system is that cavities will have a
two-dimensional shape. As a result, the curvature of inter-phase boundaries will
control the size and shape of cavities that form through interfacial contributions to

the free energy. In 1D, the influence of interfacial energy is restricted to controlling
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the width of the diffuse interface between different phases. In 2D, however, the
energetic cost of forming curved interfaces will affect the final size of cavities,
and potentially suppress their formation altogether. Uniaxial compression tests
(both numerical and experimental) on a porous medium containing a distribution
of non-wetting cavities would inform predictions of the mechanical properties of
offshore foundations [Liu et al., 2022]. The mechanical response observed in a 2D
system may differ substantially from that observed in a 1D setting. In 2D, the
solid skeleton will be able to support force chains which bypass the non-wetting
cavities, thus reducing the impact of cavities on uniaxial deformations of the porous
medium. Conversely, we expect resistance to shear deformations to be significantly

reduced by the presence of cavities [Kaminski et al., [2019].

The effect of a background fluid flow on a porous medium containing a distribu-
tion of cavities also represents an exciting direction for future work. Flow-driven
deformation of a soft porous medium results in a non-uniform stress field along
the flow direction [MacMinn et al., 2016]. As demonstrated in Chapters [4] and ,
an increase in stress can trigger cavity collapse. A non-uniform stress field thus
raises the possibility of cavity collapse in some parts of the domain, but not in
others. The prospect of cavity localisation via flow-driven deformation has poten-
tial application to industrial process such as the storage of hazardous chemicals in

waste ponds [Kam et al., [2001].

Finally, 2D simulations could be used to reproduce the recent experiments of Lee
et al.[[2020]. In these experiments, buoyant bubbles of non-wetting gas are injected
into the base of a soft granular medium, highlighting how different gas migration
mechanisms are possible for different confining stresses. Relative buoyancy of the
fluid phases can be naturally included in our model through the addition of a
gravitational potential to the free energy, thus allowing further investigation of

this system.
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6.1.2 Model Extensions

In this thesis, we have focused on the formation and collapse of non-wetting cavities
when both fluid phases are incompressible. This assumption is reasonable when
the capillary entry pressure of the solid skeleton is sufficiently small compared
to the ambient fluid pressure. However, for many natural systems in which the
non-wetting phase is gas, this assumption may be inappropriate. For example, for
methane bubbles in mud and clay sediments, where grain sizes are on the order of
microns, compressibility will likely be important. Recent works have shown how
compressibility of an injected fluid can lead to dramatic changes in the observed
dynamics [Sandnes et al., 2011, |Cuttle and MacMinn| [2023] |Cuttle et all {2023,
Morrow et al.,|2023a]. Extending such an analysis to fluid injection in a deformable
porous medium would have direct relevance to industrial processes such as CO,

sequestration |Vilarrasa et al., 2010].

The framework used to derive our phase-field model in Chapter |2 requires local
phase densities to be constant, such that conservation laws are expressed in terms
of the volume fractions of each phase. To account for compressibility of one (or
both) of the fluid phases, the model will most likely need to be reformulated in
terms of mass fractions rather than volume fractions. Such a reformulation will
complicate the details of the derivation, but an outline for how to derive such a
model is given in the work of |Oden et al.| [2010]. The constitutive response of
the compressible fluid can be captured through the addition of an appropriate

contribution to the total free energy |Dai et al., 2022].

In practice, most fluids in natural biological and geophysical systems are not com-
pletely immiscible, but instead show partial miscibility. A key contributor to the
release of greenhouse gases in underwater sediments is the exsolution of these gases
from the saturating fluid. Similarly, extending our model to account for partial
miscibility of the fluid phases would more readily facilitate the study of fluid—fluid

phase separation in biological cells and synthetic gels [Hyman et al. 2014, Style
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et al.| |2018 [Ferndndez-Rico et al.| [2022]. Previous phase-field models of partially
miscible fluids have focused on fluid—fluid systems only [Fu et al., 2016} 2017]. In
these works, an additional phase-field order parameter, the concentration, must
be introduced to account for the dissolution and exsolution of species from one
phase to another. This behaviour is typically modelled by the Allen-Cahn equation
[Allen and Cahnl| |1979]. Successfully generalising this approach to a deformable
porous system within the rigorous thermodynamic framework of Gurtin| [1996],

represents a significant modelling challenge.

The key distinction between immiscible and partially miscible fluids in the con-
text of non-wetting cavities is the ability of a non-wetting cavity to dissolve into
the surrounding wetting fluid. This promotes the possibility of thermodynamic
coarsening, which is otherwise suppressed. Dissolution of the non-wetting phase
may result in partial (or complete) cavity collapse, with the dissolved species then
exsolving into remaining cavities. Previous experimental and theoretical studies
have demonstrated that the presence of an elastic network can inhibit coarsen-
ing [Rosowski et al., 2020a, Kothari and Cohen) 2020], but an extended porome-
chanical model would allow the dynamics of this process to be more thoroughly

investigated.

6.2 Outlook

Overall, the work contained in this thesis provides a detailed investigation of the
behaviour of non-wetting cavities in soft porous media, focusing on incompress-
ible, immiscible fluids. As well as providing fundamental physical insight into
multiphase flow through soft porous media, the results of this work have direct
application to important real-world problems, such as the venting of greenhouse
gases from seabeds and peatlands [Skarke et al., 2014, Chen and Slater, 2015, [Lee
et al. 2020] and the formation of biomolecular condensates in the cellular ma-

trix [Hyman et all 2014} |Vidal-Henriquez and Zwicker, 2021]. In particular, we
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have highlighted the need to differentiate between non-wetting fluid which remains
within the pore space and that which forms open cavities, especially when assessing
macroscopic mechanical properties of a given material. Whilst our experimental
results highlight the need for further modelling efforts to be able to capture the full
complexity of any natural physical system, the theories developed in this thesis
provide a vital platform for doing so and represent a significant development on

previous work in this field.



Appendix A

Further Details of Model

Derivation

A.1 Solid Mechanics

As noted in §2.1.4] our system displays distinct mechanical behaviours depend-
ing on whether the material is in tension or compression. As such, we must
identify when each regime occurs. Following the approach of Tang et al. [2019],
we first rewrite the neo-Hookean strain-energy density in terms of the principal
stretches, \;,
1 < 2 1 2

W, = 50; (A2 —1—2log\,;) + A (log J)*, (A1)
where we have used that J = A\; A\ A3. The first part of this expression corresponds
to straining deformations and the second part to volumetric deformations. We
then decompose this strain-energy function into tensile and compressive parts,
given by W =Wy (A, J*) and W™ =W, (A7, J7), respectively. We define AF

and J* as piecewise functions, with

1 for A\, <1, 1 for J <1,
A= JT = (A.2)

A for A\ > 1, J forJ>1
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and

A for A\ < 1, J for J <1,
A= J = (A.3)

1 for \; > 1, 1 for J >1.

As per Equations (2.22)), the tensile part of the elastic energy, W is degraded by

an increase in the damage parameter.

The effective stress, o”, is found by taking the derivative of the elastic free energy

(Equation .29,
1 ow+ 1ow~
r_ CRT - T
o'=g(d)—= S AF FT + T OF -FT. (A.4)

Using the chain rule, we have that (following Tang et al.|[2019]),

Z OWTONL | OWF DT W oW 9N, LV
ONf 8FU aJ+ OFy;  OF; & 9N OF;  0J OFy

(A.5)
where
.
3/\; 0 for A\, <1, O, % for A\, < 1, (A6a)
— = K .6a
OF; %Z_ for A\, > 1, OF; 0 for A\, > 1,
\
(
oJ+ 0 for J <1, 0.J ;g_ for J <1, (A6D)
_ = K .6b
OF; % for J > 1, OF; 0 for J >1
ij \
and
oW+ 1 )4% 1
=G\ - = =G\ — — A7
N, (’“ A;:)’ N (’“ A;)’ e
ow+ log J* ow log J~
o A o A (A.7b)

This constitutive law reduces to a standard neo-Hookean behaviour in the case of

an undamaged system (d = 0).

The solid mechanics of our system greatly simplify in the uniaxial case, as described

in §2.1.6| In 1D, uy = u, (2, t) &,, and hence using Equation (2.2)), we see that the
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deformation gradient tensor is diagonal, with

1— % 0
F! = 0 1 0 : (A.8)

0 0 1
Noting that J = det (), we thus write that

J 00
F=|o010|. (A.9)
00 1

In this case, the principal stretches \; are the eigenvalues of the deformation
gradient, and so only one of these stretches A = A\ = J is non-constant in this
system. As such, the neo-Hookean strain-energy can be written solely in terms
of J, and we can identify tension as being when J > 1. The above constitutive
behaviour (Equation thus simplifies to

15) 4 VARNNNG) 2V

o7 +—6J ; (A.10)

Ope = g (d)

with the tensile and compressive components of the free energy defined as,

0 for J <1,
wt = (A.11)
WY for J > 1,
and
WY for J < 1,
W™ = (A.12)

0 for J > 1,
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respectively, where WY, = %G (J2—=1—2logJ) + %A (log J)*. Undertaking the

differentiation of the free energy with respect to J then gives
ol = B (A.13)

where o(, is the undamaged neo-Hookean stress, given by,

oh =G <J - %) + Aloij. (A.14)

To complete our description of the mechanics, we link J to the porosity, ¢, using

Equation ([2.4)).

A.2 Capillary Potential

To formulate explicit expressions for the capillary potentials, we start by substi-
tuting the free energy of the system into Equation (2.26bf). The liquid and gas

potentials contain three distinct parts,

(A.15)

a¢bulk a,lvbmix a@binterface
U, = — V- [ Shnterface )
Ipa - Ipa ° ( OVopq

each associated with different components of the free energy. The free energy
is written in as a function of Eulerian variables, ¢, and V, whereas the
capillary potential is defined in terms of derivatives with respect to Lagrangian
variables, ¢, and V. We thus use the relations ¢, = ¢,J, V = FT.V,, and

J =Y+ ¢, + ¢ to give
¥, = pgﬂg + 1, — ’71V2¢g - %V%ﬁl, (A.16a)

U= ol + T = 72V — SV, (A.16b)
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where we have further defined the interaction potentials, II,, as the component of
the capillary potential resulting from the differentiation of ;.. These are given

by:
Hg = gmix [log ¢g + Qbs + (1 - ¢g) (Xgl(bl + ng¢s) + ngl¢s¢l(1 - 2¢g)] ) (A17a>

I = Enix [log O+ ¢s + ¢g (Xgl<1 - ¢l) - ng¢s) + ngl¢g¢8(1 - 2@)] . (A-17b)

For incompressible, immiscible fluids, p,p is constant. In our model, the capillary
potential only appears as the argument of a gradient function, and so this constant
bulk term has no effect on the overall state of the system and can be ignored. The
spatial derivatives in the capillary potentials resist the formation of sharp gradients
in volume fraction, and serve to regularise the system by preventing the formation

of shocks in the gas fraction and porosity.

A.3 Korteweg Stress

In order to derive an explicit expression for the Korteweg stress, we first consider

the free energy of a general interface between two unspecified phases, o and [,

using the form given in Equation ([2.24)),
7
Vop = 5 (Voo - Vog) J. (A.18)

As derived in §2.1.5] the Korteweg stress has two distinct contributions, which we

denote K; and K5, where,

o l awinterface

K
'] OF

(A.19)

a interface
- FT, ng—(vo-&)ﬂ.

oVyJ

In order to carry out this differentiation, we write 1,5 in terms of Lagrangian

quantities. Using the conversions ¢, = ¢,J and V = F~T .V, we rewrite the
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interfacial free energy as,

¢045 - QLJ?’ [Jv()(pa - QOaVOJ] ' C_l ’ [JVO(Pﬁ - SOBVOJ} ) (A20)

where C = FTF is the right Cauchy-Green tensor. We can then differentiate
Equation (A.20) to find the Korteweg stress. Note that we carry out the derivative

of J with respect to F using Jacobi’s formula, % = JF~T. The result is

Ki = —2 [Véa © Vo5 + Vo3 © Voo + (Véa - Vos) (A.21)

and

Ky = 5 (2V@a - Vo3 + 62V + 65%60) L (A.22)

where ® is the tensor product, and we have converted back to Eulerian variables.
Combining these two expressions gives the total Korteweg stress resulting from an

o — (3 interface,

g
Kas = 5 (Vou - V3 + 62703 + 05V260) [ = 2 (Vu ® Vg + V3 © V).
(A.23)
The three types of interface in our system are gas—gas, liquid-liquid and gas—liquid.

The Korteweg stress is then the sum of the contributions from these interfaces,

1 1
K= 71 (§‘V¢g‘2+¢gv2¢g) H_71V¢g®v¢g+72 (§|V¢l‘2+¢lv2¢l> H_72v¢l®v¢l

+ (T8, Vot 6,920+ 69%0,) 1 2 (Vo, © Vo + Va0 Va,). (A24)

In 1D, only the zx-component of K is relevant, and is given by

02 1 /8¢,\° o2 9\ 2
oo g a (8o o5 13

T3 %2 TP~ r or

(A.25)
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This expression for the Korteweg stress is used in the uniaxial system described

in §2.1.6|

A.4 Model Summary

In this appendix we present a summary of the governing equations derived in
our model. We note that gas, liquid, and solid volume fractions are related by
¢g+ @1+ ¢s = 1. All quantities in this appendix are dimensional. Conservation of

mass can be written

99,

5 TV (009) + V- (1= &) wy — dgwi] =0, (A.26a)
f%*‘“@®+ku—@ﬁw+wm=o, (A.26b)
V.-q=0, (A.26¢)

where ¢ = ¢, + ¢; is the porosity. The relative fluid fluxes are given by
Wo = —PaMOV (p+ ¥,), (A.27)
where pressure gradients are balanced by a sum of elastic and Korteweg stresses,
Vp=V- (o' +K). (A.28)
For our specific choice of free energy, the capillary potentials are
W, = pyii) + 1, = 1 V26, — 2V, (A.292)

= ol + T = 72V — SV, (A.29D)

where the interaction potentials are

[y = Enix [log ¢y + ¢s + (1 = ¢g) (X1P1 + XgsPs) + Xgs1PsP1(1 — 2¢,)],  (A.30a)
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Hl - 5mix [log Qsl + Qbs + gbg (Xgl(l - ¢l) - ng¢s) + ngl¢g¢s(1 - 2¢l)] . (A?’Ob)

The effective stress is given by

1L ow+ 1ow~
I - L TRT L JRT
o —g(d)J oF F —i-J IF FT, (A.31)

with g (d) = [(1 - ©) (1 - d)* + ©] and where % for a neo-Hookean solid skele-
ton is given in Equations (A.5)—(A.7). The Korteweg stress is given by

1 1
K= 4! (§|v¢g‘2+¢gvz¢g) H_’Ylv¢g®v¢g+72 (§|V¢l|2+¢lv2¢l> H_72v¢l®v¢l

n % (Vg - Vor + 6,V + 6V 20,) T — % (Vo, @ Vi + Vi @ Vo). (A.32)
The damage parameter, d, evolves according to
[4ly (1 —0"YWr +G.] (1 —d) +4G.1;Ved = G, (A.33)

where W* are defined in Appendix [A.1l We link deformation to porosity via

F = (I-Vu,) ' and J = det(F) = % Finally, in Eulerian coordinates, the

. . . . _ o s
solid velocity is given by v, = F - S5,



Appendix B

Analytical Solution to

Sharp-Interface Poroelasticity

To find a steady-state solution to the sharp-interface model described in §2.2.2]

we first note that the porosity is described by a piecewise function,

6 (x) = (B.1)

To find an analytical solution for f (z), we solve Equation (2.50) over the domain
x € [6(t),1], subject to the boundary conditions o((d) = 0 and w; (1) = Q.

Following Appendix D of MacMinn et al. [2016], we start by defining two indefinite

integrals,
L{o) =D [ M) o (B.2)
7.{oh =D [ (=5 ) M) Fha. (B3

For the mobility law M = ¢ and the elasticity law defined in Equation ([2.42)),

these integrals can be evaluated exactly:
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Toh = (12 ) G+ o) | +loe1 - )
S

— 2 _ 942 1—¢
1(1—oy) {d) +2¢ + 2log (1 — ¢) — 2¢ log<1_¢0)}, (B.4)

Iz{qﬁ}:—(lf“d)o)ll{aﬁh ((11_%;@2) %3+ {¢+ﬁ+2log(1—¢)}
< ¢p — 1

- 2 3 3 .
T [6¢+3¢ +2¢° + 69 log<¢_1)+6log(1 ¢)]. (B.5)

Note that the constants of integration to do not contribute to the overall solution,
so can be neglected. Using Equation (2.50) and the definitions of Z; and Z,, it can

be shown that

L{o ()} —Li{o ()} + Ti{0(0)} — L {4 (0)} = QuD. (B.6)

The boundary condition that the packing is stress-free at the left boundary be-
comes ¢ (0) = ¢o, and Equation then becomes an implicit expression for

¢ (1). Tt can also be shown that

1

5=
QoD

[Za{¢ (1)} = 22 {co}], (B.7)

which gives an explicit expression for §. Finally,

Ti{f(2)} —Ti{po} = QD (0 — ) (B.8)

gives an implicit expression for f (z), which can be solved for numerically.



Appendix C

Linear Stability Coeflicients

In we introduce the functions H,s and the parameters N,z as coefficients in
our linearised evolution equations (Equations[3.4). To find explicit forms for these
coefficients, we first define H, as the homogeneous part of the chemical potential

of fluid «, given by

H, :10g¢9+1_¢+(1_¢g> [Xgl(¢_¢g)+X98(1_¢)]
+ Xgst (¢ — &) (1 = 8) (1 — 2¢9) + 07, (C.1)

and

H, :log(¢_¢g)+1_¢+¢gb<gl (1 _¢+¢g) _X98(1_¢)]
+ Xgsi®q (1-¢)[1—-2(¢~— ¢g)] + 0, (C2)

To derive H,g, we then differentiate these expressions with respect to ¢4 and ¢,

and evaluate them at ¢ = ¢ and ¢, = ¢g4o. This gives

Hgg = ¢igo —(1+ (156 - 2¢90) Xgl — (1- 9256) Xgs — (1- 4¢g0 + 2¢6)(1 - ¢6)ngl7

(C.3a)

131



Appendix C. Linear Stability Coefficients 132

Hyp = =1+ (1= dg0) [Xgt = Xgs] + (1 = 260 + dg0) (1 — 2690) Xgst

T Y
oD TN\ g T T 6o

) , (C.3b)

_ 1
¢6 - ¢90

Hig = +(1 - ¢6 +2¢g0) Xg—(1 — ¢6) ng+(1+4¢90_2¢6)(1_¢6)X98la

(C.3¢)

1

H pu—
" ¢6 - ¢g0

—1- ¢gOXgl + ¢g0ng - gbgOngl

1 1 1
+ﬁ(2+<)<1_¢6+1_¢0>. (C.3d)

To find explicit forms for NV, 5, we collect the coefficients of fourth-order derivatives

in Equations (3.4)) to give

Nog == (1= 6)T1 = (h = 0T~ 20— 6~ 1), (Cda)
Nop == (60 = ) T2 = (1= 9y0) (C.4b)

Nig = 6000 = (6 — 60~ DTs = (20— 6+ 1) 1 (Cdo)

Nig = = (60 = 65+ DT + 9y (C.4d)

The dispersion relation derived in §3.2| (Equation is written compactly in
terms of the functions (; (k) = a; + agk? and (s (k) = by + bok? + b3k*, where

ay = U Hgg +UsHig +UsH gp +UsHy, (C.5a)

a9 — —u1./\/;}g — Z/{QMQ — Z/{3Ngf — Z/{4Mf, (C.5b)

and

bl = (Z/{1U4 - Z/[Qu:),) (Hgngf - Hnglg) 5 (CGa)
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by = (Z/{1U4 — UQU3) (ngNgf + Hngg — Hgng - Hlf/\/gg) , (C.Gb)
bs = (Uhlhy — Uslhs) (NggNiy — NigNy) - (C.6¢)

We identify U;,

Uy = M, (1 = dy0) dg0, (C.7a)
Uy = = (¢ — Pg0) dgo; (C.7b)
Us = M, (1= ) G0, (C.7¢)
Uy = (1= ¢5) (% = g0) » (C.7d)

as linearised mobility coefficients.






Appendix D

Experimental Calibration

D.1 Constitutive Response of Packing

We characterise the elastic response of the solid skeleton in the absence of gas
cavities, by conducting uniaxial compression tests on a packing of liquid-saturated
hydrogel beads. Compression is sufficiently slow such that poroelastic effects re-
sulting from viscous drag can be neglected. The effective solid stress, o', is mea-
sured at the piston by a micro-load cell as it advances from 6 = 0 to 6 = ¢*.
Figure shows the results of compression tests for a bead size 7, = 0.95 mm.
We plot ¢ as a function of both piston position, §, and strain, S. We calcu-
late strain by assuming that at 0 = 0, the porous medium is relaxed such that
¢s = @Y. Direct measurement of ¢? is very challenging. Instead we assume that
a relaxed packing is well approximated by a random close pack of spheres, for
which ¢? ~ 0.63. Deviations from this value are likely to result in much smaller

errors than those introduced by the measurement of stress by the load cell. As
0

¢ .
15 Strain

increases, the total amount of solid must be conserved, and so ¢, =
is then calculated from Equation . We find that the stress-strain relation is
well approximated by a linear fit (shown in black in Figure . From the linear
fit, we find a p-wave modulus of M = 7.7 kPa, which is in line with previous results

[e.g., MacMinn et al., [2015 Hewitt et al. 2015, 2016].
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D.2 Measurement of Bead Size

To investigate the influence of varying the size of solid grains on our results, we
first sieve an assortment of dry hydrogel beads into three different sets. Once beads
have been fully swollen, we photograph a monolayer of each set of beads, and anal-
yse the resulting images with a custom MATLAB code (courtesy of Christopher
MacMinn). An outline of the procedure involved in this code is provided here.
First, we use an intensity threshold to binarise each image such that individual
beads are resolved. A circular profile is then fitted to each bead, and used to
produce a histogram of the bead diameter distribution for each set of beads, as
shown in Figure[D.2] Each histogram represents data for at least 1500 beads. The
mean and standard deviation of each distribution are then calculated. We find

mean bead diameters given by:

Set 1: r, = 0.40 £ 0.07 mm,
Set 2: r, = 0.48 £ 0.06 mm,

Set 3: r, = 0.63 £ 0.08 mm.
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Figure D.1: Constitutive response of a liquid-saturated packing of hydrogel beads
with 7, = 0.95mm. Grey lines show ¢ as a function of piston position, &, and
strain, S, for three different tests. Black lines show a linear fit to the stress-strain

data.
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Z
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Figure D.2: Histograms showing the distribution of bead diameters for three dif-

ferent sets of hydrogel beads. Left to right, we find mean bead radii (blue lines) of

rp = 0.40mm (1733 beads), 1, = 0.48 mm (5249 beads), and r, = 0.63 mm (3965
beads). Cyan lines show one standard deviation either side of the mean.






Appendix E

Image Analysis

We extract cavity size, Ay, and the size of the invaded region, B, from experimental
images via a custom interface tracking code in MATLAB. We outline the general
procedure of this code here for a representative example. Videos are first imported
as a series of greyscale image files and cropped appropriately. For each frame,
pixel intensity is then averaged across the vertical dimension of the image to
produce a one-dimensional intensity profile. Figure [E] shows the cropped image
and the resulting intensity profile for an example frame. Typically, we find that the
uninvaded region and the gas cavity have a higher mean intensity than the invaded
region, in which light is scattered by the many gas-liquid menisci. We can thus

detect the position of the piston, gas invasion front, and cavity by tracking when

Intensity
o o
~ >

e
(S

1 1 1 1 1 1 1

500 1000 1500 2000 2500 3000 3500
Pixel Number

[en)

Figure E.1: An example experimental image (top), and its mean intensity profile
(bottom). Green, blue, red and black lines show detected interfaces corresponding
to the positions of the piston, gas invasion front, cavity and tube end, respectively.
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the mean intensity passes through certain threshold values. The specific threshold
values used vary slightly between different experiments, owing to variations in
lighting conditions, but are typically around 0.5. Repeating this procedure for

each frame allows us to then plot A, and B as functions of ¢.



Appendix F

Extension of Toy Model

Motivated by our experimental results, we now develop an extension of the simple
toy model presented in §4.3.1 We incorporate compressibility of the gas phase,
deformation-dependent entry pressure and friction with the domain walls. We
assume that there exists separate ‘uninvaded’ and ‘invaded’ regions of the porous
medium, separated by a gas—liquid interface, which have non-dimensional size A
and B, respectively. We assume that invaded region is relaxed and completely

gas-saturated. The size of the gas cavity is denoted A,. We note that, as before,

S+ A+B+A, =1

We assume that the pressure in the gas phase obeys Boyle’s law, such that p,Vj is
fixed, where Vj is the total volume of gas. Assuming that liquid pressure is fixed
at atmospheric pressure, p; = pPatm, and that p. = 0 when § = 0, conservation of

mass for gas gives

pathg

Ay + By = . (F.1)

Py

We then use the definition p. = p; — p; to write

AO
A, + Bhp= — 9 (F.2)
’ L+ Cpe/pe"
e,0 o
where C = 22— is a dimensionless ‘compressibility’ and pe® = 20297 4g the
Patm ¢ Tp

capillary entry pressure at § = 0, with rg the typical radius of a pore throat at
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0 = 0. Conservation of solid is unchanged, such that

(1—=¢")A+ (1= ¢o)B= (1~ ¢o)Ao. (F.3)

The elastic stress in the uninvaded region is given by

9" — o

o'=MS =M ,
1 —¢o

(F.4)

where S is the true strain. Note that ¢ is negative in compression.

Accounting for friction between the beads and the walls, force balance at the

gas-liquid interface is given by

w Do
o' = AT [1—exp(JA), (F.5)

where J is a dimensionless parameter that characterises the strength of friction. A
detailed derivation of Equation , following recent models of frictional flow in
confined geometries [Knudsen et al.,|2008, Marks et al., 2015, Morrow et al., 2023b],
is provided in below. Prior to pore invasion, B = 0, and p. is determined by
Equation (F.5). Once p. reaches the capillary entry pressure, pt, B is free to vary,
and we additionally impose that p. = pS. We allow p¢ to depend on deformation

by assuming 7, to be a linear function of strain,
T :7"2 (1+7S8), (F.6)

where 7 is a dimensionless constant. The capillary entry pressure is then given by

€
Cc

_ 2741 cOS 190. (F.7)
Tp
Equations (F.2)—(F.7) give a complete system that can be solved by numerical

root-finding for a given value of §. In the limit C, J, 7 — 0, we recover the

simple toy model derived in §4.3.1]
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F.1 Frictional Stress

To characterise the effect of friction, we treat the uninvaded region as a liquid-
saturated porous medium within a cylindrical tube and allow variables to depend
on both the axial and radial coordinates, x and p, respectively. We follow the
approaches of Marks et al.| [2015] and Morrow et al. [2023b] to derive a relevant
friction law. By Terzaghi’s principle, the total stress in the uninvaded region is
given by

T=o —pl, (F.8)

where o is the effective stress and p; is the liquid pressure. Conservation of

momentum requires that

V.T=0. (F.9)

In the axial direction, this gives

/

aO—:flca: - % + 1890;9
ox Jdr o 0Op

= 0. (F.10)

Neglecting variations in p; in the z-direction (as we are considering a quasi-static

process), we can then integrate Equation ([F.10)) in the ¢ direction from o = 0 to

!

0 = ry, where r; is the radius of the tube. We assume that agf is constant along

the o-direction, such that

’
;T

ry agf = - [9%}0 . (F.11)

By symmetry, we set O';c , = 0at o =0. To evaluate a; o, at 0 =14, we use Coulomb

friction,
/

0o’

O-;C,Q|Q:7't: C(FO' (F12)
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where CF is the coefficient of friction, and O'IQQ is the effective normal stress in the

radial direction. Due to the Janssen effect |[Janssen, [1895],

/

0';@ = K,o,,, (F.13)

where K is the Janssen coefficient. Substituting into Equation (F.11]), we then

have

’

80m _ —OFKJO'/
or re

(F.14)

We note that we have ignored friction in the invaded region, having taken that

region to be relaxed.

Denoting J = CFT—f(J for conciseness, we then solve Equation to find o, ().
We integrate from x = = to + = A (along the length of the uninvaded region),
applying the boundary condition o,, = —p, at z = A. This boundary condition
results from enforcing stress balance at the interface between the invaded and

uninvaded regions. Recall that a;m is negative when in compression. Integrating

Equation (F.14) gives

!/

To connect this result with the rest of the toy model, we define o as the average

effective stress in the uninvaded region,

1 [
Uu::l/o 0,d. (F.16)

The effective stress is linked to the porosity in the uninvaded region by Equa-

tion ([F.4)), where now

u 1 A

To complete the model, we integrate Equation (F.15]) to link p. to ¢*. The result

of this integration is

u DPe
=7 1 —exp(JA). (F.18)
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Equation is then used with Equation to determine ¢“. Note that
the z-dependence of the effective stress is not important for determining p.. To
calculate the confining stress from p., Equation can be evaluated at the
piston, x = 0. In the limit 7 — 0 (no friction), we reproduce Equation (4.14])

from the simple toy model, with ¢ = —p,., and ¢ and a;m uniform along x.
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