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1 Introduction

A generic interacting QFT is expected to thermalise. One of the key steps in a typical
thermalising system is the emergence of dissipative hydrodynamics at late times. This occurs
when the system has equilibrated locally, and the subsequent relaxation back to global
equilibrium is described by an effective theory for a fluid-like state. An important question in
understanding thermalisation is therefore to determine how exactly hydrodynamics emerges
from the microscopic dynamics of a given QFT. In particular, answering this would tell us how
the properties of the macroscopic fluid that forms are related to the underlying microscopic
constituents and their interactions. This is challenging, even in weakly coupled QFTs [1, 2].

Restricting to (141) dimensions provides a simplified setting for addressing this topic.
In (1+1)d CFTs, conformal symmetry prevents the emergence of dissipative hydrodynamics.
Therefore its emergence in generic (1+1)d QFTs is tied to the breaking of this symmetry. We
consider (1+1)d QFTs obtained by deforming CFTs with a relevant scalar primary operator
O with dimension 0 < A < 2

S = Scpr + \/E)\/dtdx o, (1.1)



where c is the central charge of the CFT. Conformal symmetry is weakly broken at high
temperatures as the dimensionless coupling in units of temperature A = A/ T%-4 is small
in this limit. Conformal perturbation theory (i.e. a small A expansion) then provides a
theoretical tool with the potential to address the emergence of hydrodynamics for QFTs
at high temperature.

A small symmetry-breaking parameter A < 1 is expected to lead to dissipative hydrody-
namics emerging at late times teq ~ A"2/T [3]. However, this emergence is reflected in the
breakdown of conformal perturbation theory for thermal correlators near the lightcone at
late times t ~ toq [4]. In other words, accessing the hydrodynamic regime requires resumming
conformal perturbation theory, even when A < 1.1

Nevertheless, a proposal was recently made for the stress tensor thermal two-point function
in the hydrodynamic limit for theories with large ¢ and A < 1 [4]. The fluid-like state that
emerges at late times is characterised by transport coefficients (speed of sound, viscosity, etc.)
and infinitely many of these appear in the stress tensor thermal two-point function. The
proposal of [4] provides an explicit relation for every one of these transport coefficients, to order
A2, in terms of the microscopic action (1.1). In fact, these relations are universal: they depend
only on the dimension A and are otherwise completely independent of the original CFT.

A complementary approach to understanding thermalisation in (1+1)d QFTs is to
examine specific theories where direct calculations are possible. Holographic theories provide
an excellent arena for this: in the large ¢ limit their thermal correlators can in principle
be calculated numerically for any \, avoiding the issues described above that plague real-
time perturbation theory. Even better, there are certain non-equilibrium QFT observables
that are naturally geometrised in holographic theories such that a controlled perturbative
expansion in A can be easily implemented. Specifically, these are quantities that can be
expressed directly in terms of the spacetime geometry characterising the equilibrium state.?
For these, the expansion in A can be implemented directly on the equilibrium geometry:
being time-independent, it does not suffer from the late time breakdown described above.
In [4] this approach was used to show that the bulk viscosity of holographic theories at small
A [6] agrees with the proposed universal expression.

In this paper we extend the study of non-equilibrium properties of these holographic
theories in the high temperature limit A < 1. Specifically, we investigate pole skipping in the
retarded thermal two-point functions of the stress tensor in momentum space G(w, k). Pole
skipping refers to the phenomenon where, at an isolated set of points (w, k) in (complexified)
momentum space, G(w, k) is undefined due to the intersection of a pole and a zero. While a
seemingly abstract feature of the correlator, the location of pole skipping points explicitly
contains information about fundamental thermalisation properties of the state [7-9]. Fur-
thermore, in holographic theories the locations of these points can be related directly to the
equilibrium geometry [9, 10] and therefore computed relatively easily at small . This makes
them an excellent testing ground for the universal hydrodynamics proposed in [4].

While this is unfortunate, it is still better than the situation in higher dimensions where for a generic
QFT the emergence of hydrodynamics is not related to any small parameter at all.

2A well-known example in higher dimensions is the shear viscosity: while fundamentally a non-equilibrium
observable, in holographic theories it is directly related to the entropy density of the equilibrium state [5].



In holographic theories, pole skipping points exist when the corresponding graviton modes
exhibit an extra solution that is ingoing at the black hole horizon.? In holographic QFTs
in (241) (and higher) dimensions this happens generally [9] for the frequency w = w, and
wavenumbers k? = k2 where?

wy = +i27T, and kf = — ( (1.2)

21T\ ?
)
The butterfly velocity vp is a fundamental speed that characterises out-of-time-ordered
correlations of local operators in the thermal state [26], and its appearance in k, is evidence
that these correlations are governed by a simple effective theory for scrambling [8, 27] (see
also [28] for further connections between this effective theory for scrambling and gravity).
In holographic theories, vg is also the speed characterising operator growth in the thermal
state, as measured by the bulk entanglement wedge [29-32] (see also [33-35]). There are also
generically pole skipping points for w = w, = —i27Tn (n = 0,1,2,...) and appropriately
chosen k? = k2 [10] (see also [36-41]).

We show that these general results continue to hold for holographic theories dual to QFTs
with actions of the form (1.1). By determining the equilibrium spacetime to quadratic order
in small )\, we obtain explicit, closed-form expressions for vg, ks, and ki, (up to n = 2) to
this order in a high temperature expansion. The expressions for k, (and therefore vp) and
one of the k; are universal in that they depend only on the value of A. When A = 3/2
and A = 1,2 our expression for vg reduces to that in [42] and [43], and for general A it
agrees with the recent numerical results in [43]. The expressions for the other k; as well as
k. for n > 2 are non-universal in that they are sensitive to OPE coefficients of the operator
O, as well as its dimension.

More importantly, we explain how these results can also be obtained directly from the
proposed universal hydrodynamics of [4]. This is a little subtle. The hydrodynamic theory
provides dispersion relations w(k) of poles and zeroes that are expressed as series in k, with
each coefficient determined to order A2. However, the locations of the pole skipping points lie
outside the radius of convergence of these series: they are sensitive to what happens prior
to the emergence of hydrodynamics. To access this regime, we take the high temperature,
near-lightcone limit

wtk~XN <1, (1.3)

of the proposed universal hydrodynamics of [4] and then resum in k the stress tensor thermal-
two point function (see the closed-form expression (2.11) and (2.13) below). By extending
the regime of validity of universal hydrodynamics near the lightcone to early times in this
way, we find an expression for k. (and therefore vp) and one of the k; that agree with
those found holographically.

This is very non-trivial evidence that the universal hydrodynamics proposed in [4] is
indeed what emerges at late times in holographic theories. In fact it suggests that, after

3 Although in pure AdS; gravity all solutions are (large) gauge transformations, when \ # 0 there are also
non-trivial solutions due to the coupling of the graviton to a scalar field. This is the gravitational origin of the
emergence of dissipative hydrodynamics.

“See [11-25] for generalisations of [9] to other spacetimes.



the resummation just described, the proposed universal hydrodynamics provides a good
description of the dynamics near the lightcone at all times. Due to this, it directly contains
information about early time scrambling such as vg. The locations of the other ki as well
as k, for n > 2 cannot be obtained from hydrodynamics in this way as they are far from
the lightcone.

We present our results in the opposite order from that described above. In section 2
we briefly review the origin and structure of the hydrodynamic theory proposed in [4] and
explain how to resum it in the high temperature, near-lightcone limit to obtain expressions
for pole skipping locations and the butterfly velocity. In section 3 we switch to holographic
QFTs, perturbatively construct the equilibrium states at high temperature, and show that
vp agrees with that just predicted. In section 4 we determine the locations of pole skipping
points in holographic theories dual to (1+1)d QFTs. We show that in the high temperature
limit, those near the lightcone are consistent with resummed universal hydrodynamics, while
those away from the lightcone are non-universal. We close in section 5 with a discussion
of the significance of the resummed two-point function.

As this work was nearing completion the paper [43] appeared, in which the location of
one of the pole-skipping points (wx, k) was extracted directly from first order conformal
perturbation theory for the cases A = 1,2. Our expressions for this point in these cases agree.
In appendix A we make a more detailed comparison. Our high temperature, near-lightcone
resummation has consistency with first order conformal perturbation theory built-in, and
we believe this is the appropriate way to understand this result.

2 Butterfly velocity and pole skipping from hydrodynamics

In this section we will first briefly review the hydrodynamic theory of [4]. This is proposed
to apply to (1+1)d QFTs in the limit ¢ — oo and at high temperatures A\ < 1, with all
transport coeflicients that appear in the thermal two-point function of the stress tensor
dependent only on A. We then show how to extend this theory to shorter scales by taking
the near-lightcone limit w + k ~ A2 of the hydrodynamic two-point function and subsequently
resumming in k. This yields predictions for the locations of pole skipping points, and the
butterfly velocity, of holographic theories of this kind.

2.1 Review of universal (1+1)d hydrodynamics

In a 2D CFT, the thermal two-point functions of the stress tensor G are fixed entirely
by conformal symmetry. When conformal symmetry is weakly broken, we can compute
corrections perturbatively in the dimensionless coupling A

G = GCFT+5\2G2+ (2.1)

In this conformal perturbation theory, Go and subsequent corrections can in principle be
computed from CF'T correlators. The explicit results for G2 are reviewed in appendix A. This
expansion would seem to be useful for small A (i.e. sufficiently high temperatures). However,
even when ) is very small this expansion is expected to break down at late times Tt ~ A ™2
due to the emergence of dissipative hydrodynamics.



To obtain the correct late-time dynamics in the non-conformal theory, the naive conformal
perturbation theory expansion in A (2.1) must be resummed. This can be seen very explicitly
by working in momentum space. For definiteness we will take G to be the thermal retarded
two-point function of the energy density®

c ,2rT)?2+k* mc <

Glw, k)= ——k* 2+ T2 4 NGy (w, k) + ..., 2.2
(Wa ) 121 W02 _ k2 + 6 + 2((“) )+ ( )
where the first two terms on the right hand side are the thermal CFT result and Ga(w, k)
is given explicitly in equation (A.5) below. Hydrodynamics is an effective theory which
fixes the structure of this two-point function once it has emerged. Specifically, when the

CFT central charge c is large

(e + P) + 15-k?K(w, k?)

ro(w, k) = _kQ ’ :
Ghyd (W ) w? — Czk?Q — ikaQ(w, kz) e ( 3)

where £(A\) and P()\) are the thermal expectation values of the stress tensor components 7%
and T%%, 2 = P/dz—: and Q(w, k?) and k(w, k?) are infinite series of the form

Qw, k) = Q1 (X)) — iwQa(N) — E2Q3(X) + iwk?Qu(N) + o4

/i(w, k‘2) = /43270(5\) — iwlﬁ370(;\) — w2/<c4’0(5\) — ]{32:%471(/_\) + ... ( . )
The transport coefficients ,(\) and ky,,(\) play the role of the coupling constants of the
effective theory: in principle they depend on the details of the underlying CFT and the choice
of symmetry-breaking operator . Conceptually hydrodynamics is expected to be valid when
w and k are sufficiently small: this is reflected in the series expansions (2.4) which follow
from a derivative expansion in the real space formulation of the effective theory. The precise
range of validity depends on the values of the transport coefficients in the series (2.4) and
therefore on the details of the underlying CFT and choice of O.

It is clear that to obtain the hydrodynamic result (2.3) from conformal perturbation
theory (2.2), resummation in X is required. In particular, this is necessary to generate the
crucial A-dependent contributions ,, to the denominator of the two-point function. In a
thermal CF'T the energy density propagates freely at the speed of light, and it is these
contributions that result in the energy density instead spreading and decaying as it is carried
by dissipative hydrodynamic sound waves through the fluid.

The above results are fixed on general grounds by symmetries. A proposal was made in [4]
for how to also explicitly obtain the leading A\* dependence of all transport coefficients €,,(\)
and /@nvm(j\). Rather than directly resumming conformal perturbation theory, this argument
relied on assuming commutation of the small A and hydrodynamic (small w, k) limits in the
two-point function of the trace of the stress tensor. Taking first the hydrodynamic limit,
the effective theory fixes the structure of this object in terms of the transport coefficients,
analogously to (2.3). On the other hand, by taking first the small X limit, we can evaluate this
object explicitly using conformal perturbation theory. Comparing these in their overlapping

5All other two-points of the stress tensor are related directly to this by Ward identities: see appendix A for
explicit expressions.



regime of validity then gives explicit expressions for all transport coefficients at leading
order in A2. Specifically,

(27T)? + k2)(1 = & — iwh(w, k?)) = (@* = k) (x(w, k?) = 1)

= 127022 — A)? (GCFT( k) — ® _AA)GCFT( )) ,

(2.5)
where GCFT(w k) is the thermal retarded two-point function of O in the CFT, and the
right hand side should be interpreted as a series in w, k. GCFT (w, k) appears on the right
hand side of this expression as, due to the dilatation Ward identity, it controls the first
correction to the two-point function of the trace of the stress tensor in conformal perturbation
theory. Not only is the form of GCFT (w, k) universal — it depends only on the dimension
A — but it is known explicitly [44]

M (3 - S)r (4 - )

F(A)F(l - Z<;’7jT’f>)r(1 %—i(f{f))'

GO (w, k) = 7 (27T) A~ (2.6)

As a consequence, equation (2.5) yields explicit expressions for all transport coefficients at
leading order in A2 that depend only on A and are otherwise independent of the details
of the QFT. In this sense the hydrodynamics is universal at high temperatures. There is
a conceptual way to understand the simplicity of this result. At all times the CFT stress
tensor is governed by a trivial, non-dissipative hydrodynamics where almost all transport
coefficients are zero. Weakly breaking conformal symmetry then generates small values
of all transport coefficients which, at leading order, are governed by the correlator of the
symmetry-breaking operator O in the symmetric state.

The explicit expressions for the transport coefficients at small X allow us to answer more
precisely the question of when the hydrodynamic expression (2.3) for the two-point function
is valid. A natural way to identify this is through the dispersion relations w4 (k) of its poles,
which characterise the fundamental excitations of the thermal state. The hydrodynamic
theory yields w4 (k) as Taylor series in k, and the radius of convergence of these series defines
a length scale below which the effective theory breaks down [36, 45-47]. After extracting the
transport coefficients from (2.5), the high temperature hydrodynamic dispersion relations
may be written

A

5 6m(2 — A)? <GCFT(ik’k) 5 A)GCFT( ))_1_.“)’ (2.7)

wi(k:) = +k (1—)\ m

where ... denotes corrections that are higher order in A. As it is a prediction of the
hydrodynamic theory, the right hand side of this should be understood as a series in k.
However, in the form written this expansion has been resummed.® The resummation makes it
easy to identify the radius of convergence as keq = AnT’: this is set by a pole in GCF P (K, k)
and corresponds physically to the wavevector at which non-hydrodynamic thermal excitations
of O in the CF'T have a lifetime equal to that of the hydrodynamic sound waves. This pole

5This resummation in k is different than the resummation of conformal perturbation theory in X discussed
around equation (2.2) above.



is expected to be resolved into a branch point singularity when the full A\ dependence of
the dispersion relations is taken into account.”

2.2 Near-lightcone resummation and pole skipping locations

We are now going to use this hydrodynamic theory to predict the locations of the pole
skipping points in momentum space, and the butterfly velocity vg, for holographic QFTs
of this type. This will ultimately require taking a near-lightcone limit and then resumming
the hydrodynamic derivative expansion.

We begin by reviewing pole skipping in a CFT (A = 0). The stress tensor two-point
function in this case is given by the first two terms in (2.2). The pole skipping points are the
(w, k) for which there is an intersection of a pole and a zero of this correlator. Setting both
the numerator and the denominator in the first term to zero separately® yields solutions at
three different frequencies: one in the upper half-plane at w, = +i27T, k2 = —(277T)2, one at
the origin wy = 0, ko = 0, and one in the lower half-plane at wy = —i27T, k¥ = —(27T)? [48].
The upper half-plane pole skipping point w, is particularly important: in maximally chaotic
theories, it is conjectured [8] (and proven for many theories with gravitational duals [9]) that
there is always a pole skipping point at this frequency and k2 = — (27T /vp)?, where vp is
the butterfly velocity that characterises the propagation of out-of-time-ordered correlations
in the state. For a maximally chaotic (1+1)d CFT this therefore predicts vg = 1, which
agrees with an explicit computation of the out-of-time-ordered correlator [49]. See [50, 51]
for generalisations to (1+1)d CFTs on other manifolds.

When conformal symmetry is broken, the dispersion relations of the poles and zeroes
will now depend on X and thus so will the locations of the pole skipping points. Even when
A < 1, conformal perturbation theory (2.2) is no use on its own: without resummation in
it contains no information on how pole locations depend on A. Hydrodynamics provides a
resummation (2.3) that is valid at sufficiently small w and k, and its structure guarantees
that the pole skipping point at wg = 0, kg = 0 survives at any non-zero . The locations of
other pole skipping points depend on the values of the transport coefficients.

Anticipating that QFTs with a gravitational dual always have a pole skipping point at
wy = 1271, we can first try to use the universal hydrodynamic dispersion relation to determine
the wavenumber at which the hydrodynamic poles have this frequency. Practically, this is most
easily done using equation (2.7) where the resummation in £ has been performed, and yields

TA(A — 2) cot (%)
4(A—1)

k2= —(2nT)% | 1+ 20 1) 22+, (2.8)

where ... denote higher-order corrections in A and

2A-D(9 _ IN%
n 3(2r) (2 : AT (2) | 29)
r(1-4) 1)

"We emphasise that here we are referring to a pole in the dispersion relation rather than a pole in the
correlator.
8The second term does not affect the locations of pole skipping points as it is analytic in w, k.



However this wavenumber lies outside the radius of convergence koq = A7T of the high
temperature hydrodynamic dispersion relation, since any relevant deformation has A < 2.
A sketch of this is shown in figure 1 below. The result that a pole passes through the
location (wy, k) therefore relies on analytically continuing this dispersion relation outside
of its radius of convergence using (2.7).

What, then, is the limit in which the resummed dispersion relation (2.7) can be trusted
if it is not just the hydrodynamic limit k < keq? As weakly breaking conformal symmetry
shifts the poles slightly away from the lightcone wi = £k, the natural guess is that it is valid
at leading order in the high temperature, near-lightcone expansion

wTk~A2 M <. (2.10)

Taking the limit (2.10) in the full hydrodynamic two-point function (2.3) amounts to replacing
£+ P and k with their CFT values mcT?/3 and 1 respectively, and replacing wQ(w, k) —
+kQ(£k, k?). This gives

ok (@2rT)P+k*+. ..
24t w F k(1 +Tx(k)+...

G(w, k) = F (2.11)

where

Ty (k) = —% (1— e FikQ(+k, k2)) . (2.12)

This is the high temperature, near-lightcone limit of the universal hydrodynamic correlator,
in which I'y (k) should be understood as a series expansion in k& — with the finite radius
of convergence keq — whose coefficients can be obtained by determining the expansion of
Q) from equation (2.5).

To continue the result (2.11) to shorter scales prior to the emergence of hydrodynamics
(i.e. to k > keq) we simply resum the series for I'y (k) by evaluating equation (2.5) at
w = £k. This yields

6mAZ(2 — A)? A
ra(h) =SB =20 (685 (k) - G55 (0.0)).

(2nT)? + k2 2-A)
_ _5\2A(2 - A) an r (2 - %) r (% F 2;’“T> B (2.13)
NS e ) P ) (-5 ) )
CFT

where on the second line we used the explicit expression for G, (w, k) in equation (2.6).
We now analytically continue this meromorphic function to all k away from the isolated poles
k=g, =FirT(A+2n) (n=0,1,2,...). While this analytic continuation is straightforward,
the original series expansion proposed in [4] is far from proven. This is why we are testing (2.11)
in holographic theories.

The proposal is that (2.11), with I'y given by equation (2.13), is the two-point function
at leading order in the high temperature, near-lightcone limit (2.10). By construction,
expanding this at small k yields the universal hydrodynamic correlator near the lightcone,



while expanding at small X\ yields

ck (2nT)% + k?
e TR 2.14
Glw, k) = F 5 wET" (2.14)

+7TcT2l<:2 N A(2—A)aa F(Q_%)F(%:infkT) —1] +
12 (@Fh)? 1-4) \r(1+2)r(1-572)

which agrees with the near-lightcone limit of the conformal perturbation theory result (2.2)
to quadratic order in . Indeed, one can obtain (2.11) without using [4] by noting that the
O(M?) conformal perturbation theory correction in (2.14) diverges faster than the leading
term near the lightcone, and naively resumming it to (2.11).

The resummed high temperature, near-lightcone expansion of the correlator breaks down
for k within a distance ~ A2 of a ¢,. There is a clear physical interpretation of this: at
these wavenumbers there are additional thermal excitations of the QFT that approach
the lightcone. As can be seen from the explicit expression (2.6) for GSEL (w, k), there are
thermal excitations of O that cross the lightcone at exactly k = ¢, when A = 0, and we
expect this to happen at k = g, + O(\?) for A < 1. When conformal symmetry is broken,
operator mixing (see e.g. (A.2) and (A.4) in appendix A) requires these excitations to also
appear as poles of the stress tensor correlator. Qur proposal breaks down near g, because
it does not include these additional poles. Note that these poles approach the lightcone for
imaginary k: we should not think of them physically as propagating along the lightcone, but
nevertheless they lead to a breakdown of the high-temperature, near-lightcone expansion
in complexified momentum space.

Notice that since g = keq, our resummed expression for the stress tensor correlator breaks
down for k parametrically close to where the derivative expansion of universal hydrodynamics
breaks down. This is not a coincidence: as explained above we expect that the breakdown of
hydrodynamics is caused by a branch point singularity in the dispersion relation near the
lightcone, where the hydrodynamic pole ‘collides’ with a pole representing a thermal excitation
of ©. This branch point would only be visible at higher order in the high temperature,
near-lightcone expansion (2.10): as it arises from operator mixing, the residue of the latter
pole in the stress tensor correlator is suppressed by a factor of A2. Our proposal says that
once we increase k past keq there should still be a pole with dispersion relation given by (2.7).
We expect further branch point singularities when k approaches each g,, due to collisions
near the lightcone with poles representing the successively shorter-lived thermal excitations of
O, but with a pole with dispersion relation (2.7) surviving for all k£ away from these isolated
points. Although this sounds exotic and perhaps unlikely, it is very similar to what happens
in the nearly-conformal, low temperature limit of large-N SYK chains [52] and AdS;xR¢
black holes [53, 54] (see also [55-60]).

Finally, we will now use the resummed two-point function to predict locations of pole
skipping points in holographic QFTs of this kind. In general these are expected at w = +i277T,
0, —i2nT, —i4nT, ..., but the near-lightcone limit of the two-point function (2.11) will only
capture the subset of pole skipping points for which k£ = +w + 0(5\2). From the numerator
of (2.11) we see that in fact the only two wavenumbers for which this happens (besides



the trivial pole skipping point at wy = 0, kg = 0) are k> = —(27T)% + O(A\?). From the
denominator, we can explicitly obtain the correction.

First, there is the pole skipping point in the upper half plane at w, = +i277T and the
wavenumber k., identified earlier in (2.8). Using the expected relation (1.2) between k, and
vp in holographic theories, this predicts

TA(A — 2) cot (%)
4(A—1)

vg=1—ax — 1| A2+, (2.15)
in these theories. For any relevant deformation this is subluminal and supersonic ¢; < vp < 1
where the speed of sound is ¢; =1 — (2 — A)OJAS\2 + ... [3]. Second, there is a pole skipping
point in the lower half plane at w = —i27T and the wavenumber k; where

TA(A — 2) cot (%)

2 _ 2 o
k2 =—2rT)% [ 1-2aa TN

1A+ (2.16)

See figure 1 below for a sketch of this. These are specific and non-trivial predictions for
holographic theories, and in the remainder of the paper we will verify that they are true.
Note that we assumed, rather than derived, the locations of the pole skipping frequencies
based on holographic expectations. Essentially, after doing this we used the denominator
of (2.11) to obtain the wavenumber at which a pole passes through this frequency, and
used the numerator as a non-trivial check that — to the order to which (2.11) is valid —
it is consistent that a zero also passes through this point. To go beyond this and truly
prove that a zero passes through this point would require knowing the first correction to
the numerator of (2.11) (at least in the vicinity of the pole skipping points). Equivalently,
knowing this correction would allow us to derive — rather than assume — the locations of
the pole skipping frequencies. Obtaining these corrections from a resummation of universal
hydrodynamics is beyond the scope of this work.

The near-lightcone pole skipping wavenumbers we have just identified agree with those
of the CFT stress tensor two point function, with small A2 corrections. The © two-point
function in a CFT (2.6) also exhibits pole skipping at infinitely many frequencies in the
lower half-plane [10, 36]

wy, = —i277T, and kn,g = £i2nT(n — 2q + A), (2.17)

where n =1,2,3,...and ¢ =1,2,...,n. Due to operator mixing, we expect the stress tensor
two-point function to inherit a similar family of pole skipping points when conformal symmetry
is weakly broken A < 1. However, since it is not the hydrodynamic mode that passes through
them, we cannot access them from hydrodynamics or its near-lightcone resummation. We will
derive expressions for the first few such pole skipping wavenumbers directly in holographic
theories later, and see that they are sensitive to OPE coefficients of the operator O as well as
its dimension. A sketch of the locations of these pole skipping points is shown in figure 1.

3 Butterfly velocity of holographic theories

We are now going to consider (1+41)-dimensional holographic QFTs. We will determine
the spacetime corresponding to the thermal equilibrium state to quadratic order in the
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Figure 1. A sketch of the pole skipping points (black dots) on the imaginary (w, k) plane for A\ < 1
and A = 3/2. The near-lightcone region is shaded in light blue, the red lines show the radius of
convergence keq of the hydrodynamic dispersion relation and the white circles show the wavenumbers ¢,
where the high temperature near-lightcone expansion breaks down. The only pole-skipping points near
the lightcone are those at w = 0, £i277T. Those at w = +i27T lie outside the radius of convergence of

the hydrodynamic dispersion relation but can be captured by an analytic continuation. The remaining

pole skipping points are inherited from Gg%T due to operator mixing.

high temperature expansion A < 1 and then use this to compute the butterfly velocity
in the same limit.

3.1 The thermal state

The simplest holographic versions of high temperature (14-1)d QFTs are captured by the action

1 1
5= m /d3x\/jg (R o §8M¢8M¢ + V(Cb)) + Sboundaryy (3.1)

where the boundary terms Spoundary are discussed in [61] and the scalar potential is chosen
such that at small ¢

V(ip—0)=2— %A(A —2)p? + V3P + Vit + ..., (3.2)

where 0 < A < 2. When ¢ = 0 this action has AdSs as a classical solution, corresponding to
a CFT with central charge ¢ = 3/(2G). We have set the AdS radius to L = 1.
We parameterise the thermal states of these QFTs by planar black hole solutions of the form

ds? = —D(r)dt* + C(r)da® + B(r)dr?, ¢ =d(r). (3.3)

We assume that ®'(r) # 0, which corresponds to the breaking of conformal symmetry. The
classical equations of motion for this ansatz can be written

C’ 1 C(I)/2 03/2(D/C)/ / c'D’ 9
1 —_— = — =0 =’ 2BV (® 3.4
(o (7e5)) =~ ( VBD Cop ST V@B
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where primes denote derivatives with respect to r. Notice that there are only three equations
for the four fields B, C', D and ®. We will shortly choose a useful radial coordinate to
remove this redundancy. The above equations of motion can be combined to obtain the
following relations between the fields

cD _, /7 dv D /7
(’/B@) _—\/BCD%(ﬁ:(D, ( Bcc) =2V BCDV (®). (3.5)

These relations will be useful soon.
We are interested in solutions with a planar horizon at r = rg > 0, near which the
solution can be written

b 2
B(r%ro)%mjk.., C(r—rg) — (4Gs)* + ..., 56
D(r —rg) = 4nTb(rg—1r)+ ..., O(r) = Po+...,

where b > 0, ®g, s and T > 0 are constants. From the Bekenstein-Hawking formula, and
regularity of the Euclidean solution, the latter two constants are the entropy density and
temperature of the thermal state. We also demand that the solutions are asymptotically AdSs
and correspond to CFTs deformed by a scalar operator of dimension A as in (1.1). In practice
this means that as one approaches the asymptotic boundary r — 0 the metric functions are

1 1 1
B(r—0)—> —+... Clr—=0) — —+... Dir—0)— —+... 3.7
(r—=0)—= 5+..., (r—=0) = 5+..., (r=0) = 5+.... (7

while the asymptotics of the scalar field depend upon the value of A. For 1 < A < 2,
the leading term is

d(r —0) — fiw—ﬁ +..., (3.8)

where A is the constant source for O. For 0 < A < 1, the leading term in the near-boundary
expansion is ~ 2, but the appropriate boundary condition is still (3.8). For A =1 the
leading term has a logarithmic divergence [62] and we will not consider this case explicitly.

To find the black hole solutions dual to thermal states of these deformed CFTs, the
equations of motion (3.4) should be solved subject to the above boundary conditions. This
results in relations between the constants in the near-horizon and near-boundary solutions,
such as s(T,A). In general the equations can only be solved numerically (see [42, 63-65]
for studies of such numerical solutions).

3.2 High temperature solution and thermodynamics

Although exact solutions for the thermal state can only be obtained numerically, we can
make progress analytically by working perturbatively in the high temperature limit A < 1.
Since we are concerned with the equilibrium solution, we do not need to worry here about the
late-time breakdown of high temperature perturbation theory. When A # 0, the scalar field
®(r) has a non-trivial profile that backreacts on the BTZ metric and diverges logarithmically
in the interior [65]. In the high temperature limit A < 1, the horizon cloaks this region
such that ® is small everywhere outside it.
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We first fix the gauge by choosing the radial coordinate such that

1
:r—2’

C(r) (3.9)

and then expand the remaining fields B, D and ® as series in A. At leading order in this
expansion the metric functions are those of the BTZ black brane

2
BBTZ(T) = 7"2](1‘(7“)’ DBTZ("") = ']22)7 f(’l“) =1- :(2)?

while ® satisfies the first equation in (3.5) in the BTZ metric. The solution for ® obeying

(3.10)

the boundary conditions described above is

A A 7
O(r)=P g1 [1——,—, 1;1— —= A1
(r) 021( 550 L T2>, (3.11)
where
L(3)?, 2a
by = —V 127 Arg . (3.12)

I'(A)

As the temperature of the BTZ solution is T = 1/(27rg), we see that the A expansion is
just an expansion in the amplitude of the scalar field ®g.

The scalar field (3.11) backreacts and gives corrections to the metric at O(\2). We
now compute these explicitly in a series of steps. First take the first equation in (3.4) and
integrate to obtain

1 1
VBD = (1 top— 5/ drrCI)’2> , (3.13)
r 0

at the required order, where c¢; is an integration constant. The integrand is regular at the
horizon. This is not enough to determine the corrections to B and D individually. To
obtain those we now take the second equation in (3.5) which, in our gauge and to quadratic
order in ®, can be written

4 <D> _ 28D+ " VBDa? (3.14)
dr \r2/BD/) r 22 ’ ’
This can be integrated to give an expression for D in terms of integrals of ®. After a
non-trivial integration by parts, and using properties of the solution (3.11) for ®, this gives
f(r)

1
p=1"
7r2 +T2 2

1 7’2 r 2 1 r 2
2 —cor? —/d @’——/di”@’ , 3.15
c1 + —cor® + 27“8 ; rr 27’(2) ; rr ( )

where ¢y is an integration constant.

We have now determined both metric functions B and D individually and are ready to
impose boundary conditions to fix the integration constants. Keeping the boundary field
theory metric fixed requires ¢; = 0. To fix ¢co, we choose the location of the horizon to remain
at r = rg, even after backreacting the scalar. This fixes

1 fro(r?
e = = / (7“2 - 1) rd'dr. (3.16)
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2
Substituting in the explicit solution (3.11) for ® and changing variables to z = :—3 — 1 gives

2
(I)%AQ(l—%) o] A A 2
= — dzoFy |2 — —, 1+ —,2;— d
C2 27’% /O ) 1( 27 +2a ) Z) zaz

(A —1)tan (%)

2
T

(3.17)
= o2

9

where the definite integral was evaluated using Mathematica 12.

We have now computed the equilibrium state to quadratic order in . As a consistency
check, we extract from this the entropy density s, for which the corresponding result can also
be computed directly from the field theory action (1.1) using traditional Euclidean conformal
perturbation theory on the cylinder (see e.g. [3]). To do this, we first obtain the entropy
density as a function of the horizon radius from the Bekenstein-Hawking formula

11 c

-t _° 3.18
5 4G ro 67"0 ( )

This expression is fixed by our choice of gauge (3.9) and so is not on its own physical. The

physical information comes from computing the temperature T'(rg, A?) in this gauge as

(A —1)tan (2
4wT:—<$\/g> :7?0(1_¢g - (2)) (3.19)

T=T0

and then inverting this to obtain

L+ aad?), (3.20)

1
Tozﬁ(

to the order we are working at. Substituting this into the Bekenstein-Hawking formula yields

wcT

s(T,\?) = — (- aal? +..). (3.21)

This agrees with the result obtained from Euclidean conformal perturbation theory (see
e.g. equation (16) of [3]).

3.3 The butterfly velocity

Using this equilibrium solution we can now determine the butterfly velocity vp characterising
the spread of out-of-time-ordered correlations. In holographic theories vp is related to the
scattering of two particles near the black hole horizon, and can be calculated from the form of
the shockwave geometry sourced by one such particle [26, 66-70]. Ultimately this is controlled
by the near-horizon metric, with a general expression for vp given in [71, 72]. In coordinates
where the equilibrium metric is of the form (3.6) near the horizon

/
v% = lim (g) (3.22)

r—T0

Before evaluating this explicitly for the high temperature equilibrium solution, we first
perform a sanity check by proving that vp is subluminal for any sensible black hole solution.
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With the asymptotically AdS boundary conditions (3.7), D'/C" — 1 near the boundary r — 0.
In general, this quantity runs as we move inwards from the boundary to the horizon and thus
v% defined in (3.22) is not 1. The running is controlled by the equation

(2 - (27 (3

which follows from the classical equations of motion for the equilibrium solution (3.4).

Furthermore, the second equation in (3.4) is a radial conservation equation which when
evaluated on the horizon (3.6) gives

DY’ vBD

Assuming that B, C' and D are all positive outside the horizon then we deduce from
equation (3.23) that (D’/C")" < 0 everywhere outside the horizon and therefore the running
is such that v} < 1 with equality in the conformal limit & = 0. See [73] for related bounds
on vp in general dimensions from the null energy condition.

We can similarly check that any sensible black hole solutions will also have v > 0.
From the expression (3.22), and the near-horizon form of the metric (3.6), this requires
C’(rp) < 0. From integrating the first field equation in (3.4) and imposing the asymptotically
AdS3 conditions in (3.7) we find that

el

C' = -2VBCDexp (— Cldr) : (3.25)
0

Since the exponent is real, C’'(rg) will be negative for the near-horizon solutions in (3.6).

We now explicitly evaluate v% to quadratic order in \, using the equilibrium solution
constructed above. Substituting into the expression (3.22) and keeping terms to the relevant

AN? A2 [oo A A 2
TA(A — 2) cot (%) - (3.26)
=1-2aa 1A 1) -1 X+...,

where the integral was evaluated using Mathematica 12. This expression agrees exactly

order gives

with that found in (2.15) above from the near-lightcone resummation of the universal
hydrodynamics of [4]. It agrees with the holographic calculation of [42] when A = 3/2 and
the numerical holographic results for general A in [43].

Recall that to obtain this result from hydrodynamics we assumed that we could read off
vp from the location of a pole skipping point — we will verify this for (141)d holographic
QFTs shortly.

4 Pole skipping in holographic theories

In this section we are going to identify the locations of pole skipping points in the thermal two-
point function of the stress tensor in the equilibrium states of theories with the gravitational
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action (3.1). These are the set of isolated points in momentum space (w, k) at which the
dispersion relation of a pole wy(k) and of a zero w.(k) of the retarded two-point function
intersect. We will first confirm that — as expected — there is a pole skipping point located
in the upper half frequency plane at

w, = 21T, K2 = <2WT>2, (4.1)
UB

where vp is given by equation (3.22). Combined with the small A expression obtained for
UZB in (3.26), this confirms that the pole skipping point in the upper half-plane agrees with
that predicted by the near-lightcone resummation of universal hydrodynamics. We will then
investigate the wavenumbers of the pole skipping points in the lower half frequency plane.’
For small A\ we confirm that one of these (at w = —i27T) agrees with the other predicted
pole skipping point of the near-lightcone resummation of universal hydrodynamics (2.16).
We find explicit expressions for the next few pole skipping points closest to w = 0. These
are qualitatively different to those accessible from resummed hydrodynamics: they are far
from the lightcone at high temperatures, and their wavenumbers are non-universal in that
they depend on OPE coefficients of the operator O as well as its dimension.

4.1 Pole skipping in upper half-plane

In the gravitational description of a QFT, the origin of pole skipping at isolated points (w, k)
in momentum space is the existence of an additional ingoing solution to the equations of
motion for small amplitude perturbations of bulk fields with these (w, k). This extra solution
means that the correlator is undefined at this point in momentum space. More precisely, it
means the correlator is infinitely multi-valued around this point and so it can be understood
as the location where a line of poles in the correlator intersects with a line of zeroes [9, 10].

The locations of pole skipping points are aspects of the non-equilibrium response that
can be determined without having to solve for the propagation of fields from the spacetime’s
boundary to its horizon. For this reason they are theoretically attractive, requiring only local
solutions of the equations of motion near the horizon. Furthermore, the locations are directly
related to the equilibrium spacetime near the horizon and so can easily be evaluated in a
high temperature expansion A\ < 1 using the results of section 3.

For the case of pole skipping in stress tensor thermal two-point functions, the relevant
equations are the Einstein equations for small perturbations of the metric. After transforming
from the coordinate ¢ to the ingoing coordinate

_ T | B()
v—t—/o dr D)’ (4.2)

we denote the small amplitude perturbations of the metric as dgasn.

In the conformal limit, the general solutions to these equations are simply linearised
gauge transformations. When conformal symmetry is broken (®'(r) # 0), perturbations
of the metric couple to those of the scalar field d¢ such that the general solution now also

9 As the basic structure of large ¢ hydrodynamics guarantees there will be a pole skipping point at w =k =0
(see equation (2.3)) we will not attempt to re-derive this holographically.
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contains a gauge-invariant propagating degree of freedom. The complete set of equations
for the perturbations is given in appendix B.

Working in radial gauge dga- = 0, we call an ingoing solution one for which both dg,,
and 0¢ have Taylor series expansions in (rg — 7). These solutions can be constructed locally
by similarly expanding the equations of motion and then solving order-by-order. A generic
such solution is parameterised by four independent functions of (v,z). These encode the
perturbations of the three components of the QFT metric plus the perturbation of the source
for the scalar operator O.

The existence of an additional ingoing solution can be identified by examining the
equations of motion in the vicinity of the horizon. In higher-dimensional cases, the generic
pole skipping point in the upper half plane at (4.1) is most easily seen by directly examining
the vv component of the Einstein equation on the horizon [9]. The analysis of [9] follows
through in a straightforward manner for the (241)-dimensional gravitational theory (3.1)
as we now briefly summarise. In radial gauge, the vv component of the Einstein equation
evaluated on the horizon is

(w—1i27T) (WdGgza(r0) + 2kdgus(r0)) + <k2 — zw2:2T> 0Gwu(ro) =0, (4.3)
B
where vp is given by equation (3.22) and we have assumed that the solution is ingoing.
For a generic (w, k), equation (4.3) provides a condition relating the values of dgy,(ro) and
w0Gzz(r0) + 2kdgyz(r0) in any ingoing solution. However, at the special point (ws, k) this
Einstein equation vanishes identically: there is one less condition to satisfy, and therefore
one extra ingoing solution, at this point.

4.2 Master field formalism

In principle, the infinitely many pole skipping points expected in a holographic theory can be
determined by carrying out the analysis above systematically. At each successively higher
order in the near-horizon expansion of the equations of motion, one can identify successively
lower frequencies in the complex plane for which one of the equations is identically satisfied
for specific choices of wavenumbers [10]. However, implementing this in practice when the
Einstein equations are involved can be cumbersome simply because there are so many of
them (see [20, 74, 75] for other approaches to this).

To streamline this calculation we will work with a carefully chosen ‘master field’, rather
than with the fundamental perturbations of the metric and scalar field themselves. We
define the master field as follows

1 C/ D/
H("”) - 774 (CUQ(ng:E + 2&)]{691)1 + k‘Q(ng} - a (w2 — Cﬂk‘Q) (5¢) . (44)

The key property of H is that it is invariant under the linearised gauge transformations

dgmN — 0gmuN + Vén + Vnér, 5p — 56 + Moy ®. (4.5)

Of the four independent functions of (v, x) that parameterise the general ingoing solution to
the equations of motion in radial gauge, three are simply the residual gauge transformations,
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for which the exact solutions are

g =~ D'+aa)<f (“ij /mVﬁDg@ﬂ>m&>

VBD C?
- 2D8U£T7
/2 2 x /2
Sgue =2 (€ [YBRCYT [ VBDCRT 1) o 0ues — 0ty — COLES
cr c?
- Da:):grv

' VBDC29"
0Gze = \/C;gv — 200, — 2 <C - / C; d?") N

12
(x/BDC _c / \/ngfb dr) o2%..

P’ (5 B <\/BDC \/BD02<I>’2 ) 5 g)

°=BD

for any {pr(v, ). In this sense, there is only generically one non-trivial ingoing solution to
the equations of motion and this is what H captures. To explicitly obtain the solutions for
the fundamental metric perturbations, one should first solve equation (4.4) for §¢ and then
substitute this into the three Einstein equations in radial gauge that are first order in radial
derivatives (B.4). These should then be solved for dg,, (where we use the Greek indices
W, v, ... to denote the field theory coordinates v and x).

To determine the non-trivial solution, we must solve H’s equation of motion. After using
the equilibrium equations of motion, in momentum space this equation may be written

20@/2
d /B bcy i  [BY H
0= + iw | =t = | ==
dr D <w2 —kQ%) dr D) \/D/C
w? — k22 2 DCP”?
+ ( é) oo g LA ) B (4.7)
(w2_k2%) C’ (wQ—kQ%) dr D) \/D/C

LB (s D, 1 (cDjcy 2\ Losr H_
D C C 2v/BD <w2_k2%)\/D/C

This is a second order equation, and at the horizon there is generically one solution that
is ingoing and one that is outgoing. It is the contribution of H to dg,, that is responsible
for dissipation in the QFT: in the conformal limit ®'(r) = 0 it is clear from (4.4) that
H decouples from dg,,,, whose general solutions are then just given by the residual gauge
transformations in (4.5). Analogues of H have been used for many years to simplify the
study of stress tensor dynamics in higher-dimensional holographic theories [76]. The subtlety
in (2+1) bulk dimensions is that its existence requires the equilibrium solution to have a
matter field that breaks the conformal symmetry.

Having introduced H, we are first going to revisit the pole skipping point at w, = +i2xT
and check that we can also identify this from the equation of motion for H. At a generic

,18,



(w, k), the two independent solutions of (4.7) near the horizon are of the form

W

Hiy ~ (ro — ’I”)O, Hoyt ~ (ro —7)2T. (4.8)

The first is ingoing at the horizon and the second is outgoing. At the expected pole skipping
frequency w, = +i27T, Hyy naively diverges near the horizon. However this generic result
does not hold when the wavenumber k. is simultaneously tuned to the expected pole skipping
value (4.1). In this case the factor w? — kz% present in the equation of motion of H vanishes
on the horizon, changing the structure of the solutions there. After first setting w = w, and
k = k., one finds that the general solution for H near the horizon is actually

H = =40 (Hy o Hy(rg = 7) + Ha(ro —1)* + .., (4.9)

where the higher order terms in the near-horizon expansion are fixed uniquely in terms of the
arbitrary Hy and Hj. In other words, at (ws, k.) we find that both solutions for H — rather
than just one — have a Taylor series expansion in ingoing coordinates at the horizon.
This is the intuitive demonstration that there is an extra ingoing solution in H for modes
with (wy, k). To truly confirm this, we have to check that regularity of these modes of the
master field H at the horizon indeed corresponds to the fundamental perturbations dg,, and
d¢ with frequency w, and wavenumber k, being ingoing there. To verify this explicitly, we first
construct the general ingoing solution for fundamental perturbations in radial gauge at w = wx
and k = k, by solving the fundamental equations of motion order-by-order near the horizon
for the Taylor series coefficients of these perturbations. This general ingoing solution is then
substituted into the definition of H (4.4) where it corresponds to the solution (4.9) with

122nT 27T
Hy =+—— 12 x*0Jvz x0(xx | —5— Y )
N VTeRE ( ki0guz (10) + Wil gz (ro) + 1 o2 dg (7“0)>

b( 1 27T V! (®g)2 (4.10)

“a e g T et 59%““0))'

This shows that indeed the two Taylor series solutions for H at (wy, k) correspond to two
different ingoing solutions for the fundamental perturbations dg,, and d¢. Furthermore,
the specific expressions for Hy and Hj in (4.10) are instructive. Recall from the Einstein
equation (4.3) that, at a generic point in momentum space, the combinations 2kd gy, (ro) +
wdgzz (o) and 0y, (7o) are not linearly independent. Therefore we see that the fact that
this equation vanishes identically at (ws,ks) — such that 2k.0¢y:(r0) + wWs0gze(ro) and
dgw (1) are linearly independent — is crucial. Otherwise Hy and H; in (4.10) would not be
linearly independent and there would be no extra ingoing solution for H at this frequency
and wavenumber.

We have now shown how to identify the pole skipping point with frequency in the upper
half-plane by studying the dynamics of the master field H. For this particular pole skipping
point, it is more complicated than just looking at the Einstein equations for the fundamental
fields directly as we did before. The real advantage of the master field formalism is that it
simplifies the identification of the pole skipping points with frequency in the lower half-plane,
which is what we now turn to.
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Since the basic structure of large ¢ hydrodynamics guarantees there to be pole skipping
at w =0 and k£ = 0 we will not investigate this case holographically. This case would have
to be analysed carefully using the fundamental perturbations, as the master field H itself
is identically zero for these modes.

4.3 Pole skipping in the lower half-plane

Just like above, we will now identify pole skipping points with frequencies in the lower half-
plane by identifying points in momentum space where there are additional regular solutions
for H. However, we will now be considering the case where w? # v%k?: this removes the
subtleties in the near-horizon expansion that we dealt with carefully above and we essentially
can treat H as a scalar field following [10], which we now briefly review.

As the two independent solutions for H are of the form (4.8) near the horizon, it is
clear that in order for both solutions to be ingoing we require w = w, = —i27Tn where
n =1,2,3,.... However this condition on its own is not sufficient, as we will now see. To
find a Taylor series solution for H at the horizon we make the ansatz

H = e~ (Ho 4 Hy(rg — ) + Ha(ro — )2 +...) (4.11)

and substitute this into the equation of motion (4.7). Expanding this equation order-by-order
near the horizon gives recursion relations for the coefficients H,,, which can be written as
a matrix equation of the form

M11 (27TT*Z'UJ) 0 0 H[)
May My (4T —i | =
M, ) g = | Mo M (T i) 0 N B I YRT)

M31 M32 M33 (67rT—iw) H2

where M;; = M;;(w, k?). At a generic frequency we can solve for all coefficients H,, iteratively
in terms of Hy: there is a single ingoing solution. At the frequencies w,, this is not the case:
the first (n — 1) coefficients of H form a closed system of equations

Hy
Mo (wn, K2) - AN (4.13)
Hn—l

where M, (wy, k?) is the n x n matrix obtained by keeping the first n rows and columns
of M(wy,k?). At generic values of k, equation (4.13) has the unique solution where all
coefficients up to and including H,,_1 vanish. In this case, there is still one ingoing solution:
H,, # 0 and all higher coefficients can be solved uniquely in terms of H,. Finally we turn
to the special case of interest to us: for specific choices of k, the matrix M, (wy, k?) is not
invertible and so the equation (4.13) has a non-trivial solution. Therefore in this case there
are in total two regular solutions: one parameterised by Hy and one by H,,. In other words,
there is an extra ingoing solution for the modes w = w,, = —i27Tn and k = k,, where

det M, (wn, k2) = 0. (4.14)

— 20 —



Solving these polynomial equations for n =, 1,2, 3, ... yields the locations of the pole skipping
points (wp, ky).

To identify the wavenumber for the pole skipping points with frequency w; we need
only the first entry of the matrix

My = =323k 4 4w (4Gs)* T (27T + iw) (2nTV" (®g) — iwV (Bg)) k*

+ (4Gs)*w? ((27TT + iw) (V’(cI>o)2 — V(@O)V”(cpo)) 4 Z‘wv(q)o)Q) 7 (4.15)

where the primes on V denote derivatives with respect to ¢. Setting w = w; gives the
following quadratic equation for the pole skipping wavevectors k? at this frequency

1 1
(kg + (G V() - v"(cpo))) +(4Gs)" (2V/(®0)? = V"(®0)?) 0. (4.16)

The two solutions are

/ 2
ke = —%(4G8)2V”(%) <“//,,(((};)0)) —1+4/1- 2‘;((;)5))2 ) . (4.17)

In the high temperature limit A < 1, V/(®g)/V"(®g) ~ A and so we can expand the square
root to obtain the two pole skipping wavenumbers

/ 2
ki, = —%(46‘3)2 <V(c1>0) — m> + ...,
k2 = —1(4G V(@) — 2V (Do) + V(%o)” + e
_ = 9 S 0 0 V”(‘I)Q) ey

where ... denotes terms of O(A) and higher.

Both solutions (4.18) depend on the scalar potential near the horizon. But there is an
important qualitative difference between them. Keeping only terms up to 0(5\2), k‘% L is
sensitive only to the quadratic term in V' (¢) i.e. to the scaling dimension A of the operator
O. In contrast, k?_ is also sensitive to the coefficients V3 and Vj in the scalar potential (3.2)
i.e. to more detailed properties of the operator O. In other words, the location of one of the
pole skipping points at w = —i27T" is universal while the other is not.

Using the explicit expression (3.12) for the horizon value of the scalar field ®; and (3.21)
for the entropy density s, we find that the wavenumber of the universal pole skipping point
at w = —27T is

T — 2)co T4
ki, = —(2nT)? (1—2% ( A(A4<A2)_ 13( 2 ) +1) )\2) +.... (4.19)

This is close to the lightcone and agrees exactly with the prediction (2.16) of the resummation
of universal hydrodynamics. As we are about to see, the simplicity of this answer is in contrast
to generic pole skipping wavenumbers. It would be very interesting to see if it can be identified
directly from one of the horizon Einstein equations for the fundamental metric perturbations,
in the same way as the pole skipping point in the upper half frequency plane was in section 4.1.
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The wavenumber of the non-universal pole skipping point at this frequency is

G5 A_T( ) 1%9)
(a-er (551) 7

o (1 - 3(16Vi + A(A —2)) cot (gﬁ)) Aﬂ .

1+

k2 = —(2nT)* (A —1)?

(4.20)

A(A—1)3

This is not close to the lightcone and so we cannot compare it to our resummation of
hydrodynamics. In the conformal limit A = 0 it reduces to the first pole skipping point (2.17)
of the O two-point function in the CFT. This is what we anticipated below equation (2.17): at
small A the stress tensor mixes with @ and so we expect the stress tensor two-point function
to inherit the pole skipping points of the form (2.17) up to small corrections.'® The small
corrections are due to the expected small changes to the dispersion relations of these modes
caused by conformal symmetry breaking. The main message of equation (4.20) is that these
changes are sensitive to more complicated details of the operator O than just its dimension.

We can repeat this procedure for frequencies wo, ws, etc. that are successively lower in the
complex plane. The expressions for the matrix elements M;;, and even M,,, are very lengthy
and unilluminating and so we will not show them explicitly. For n > 2, the equation (4.14)
that determines the pole skipping wavenumbers is a polynomial equation for k2 of order
n. Solving it explicitly at w = ws we obtain

6\/§WA_%F (% + 2) - T cot (TA)
(A —1)AT (A£1) VoA =204 (1 16(A — 1)1AZ (4.21)

k3 = —(27T)%A% |1 +

X (9((A =222+ 8) Vi +2(A — 1)2A% (347 - 8A + 4 + 48%1))) P} ,
and

)Vg)\ — 20 (4.22)

3\/377 (
A+l

2 _ T 2 _ 2 _
k2 = —(2nT)3(A — 2) l1 4(A or (

\_/ M\l>

7 (9 ((A = 2)2A2 4 8) VF + 2(A - 2)(A — 1)2(A(3A — 4) +48V3)) cot () _,
< (14 32
( 16(A —2)2(A —1)4 ) ]

In these equations we have neglected terms of O(\?) and higher.

In principle this procedure can be continued to arbitrarily high order, although for n > 5
the polynomial cannot be solved exactly: the small A expansion must be performed first. The
specific expressions for n > 2 are not very revealing and so we instead describe the pattern of
results, which is as anticipated below in the discussion below equation (2.17). For n > 2, the
pole skipping points of the stress tensor two-point function are perturbatively close to those
of the O two-point function in the CFT. These are far from the lightcone and so cannot be

10Holographically, this mixing is reflected in the coupling between the linearised gravitational and matter
perturbations when ®'(r) # 0.
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accessed by our resummation of hydrodynamics. Furthermore, the corrections are sensitive
to the scalar potential coefficients V3 and V4 and so depend on more detailed properties
of the operator O than just its dimension. They do not depend on higher coefficients V,:
the equations of motion for the field perturbations depend on V only up to its second
derivative, and so when expanded to quadratic order in A they depend only on terms up
to quartic order in V.

The pole skipping locations provide constraints on the dispersion relations of poles of
the two-point function, and so in principle our results for k? | k3 etc. give quantitative
information on how the breaking of conformal symmetry affects non-hydrodynamic poles
(see [77] for related work on reconstructing dispersion relations from pole skipping points).
However, given the sensitivity of these results to the details of the potential it seems unlikely
that in practice they could be used to extract useful information regarding this.

In summary, we have shown that generic pole skipping points with frequencies in the
lower half-plane are far from the lightcone and are located at wavevectors that are sensitive to
details of the scalar potential V' (¢). However, there is one special case of a pole skipping point
at w = —i27T that is located close to the lightcone at high temperatures. The wavevector of
this pole skipping point is universal — it depends only on the dimension of the operator O —
and agrees with the prediction (2.16) of the near-lightcone resummation of hydrodynamics.

5 Discussion

We have computed the locations of the pole skipping points in the stress tensor retarded
two-point function of holographic (1+1)d QFTs governed by the action (3.1). As anticipated,
we have shown that there is always a pole skipping point at w, = +:27T and wavenumber
k2 = —(2nT)?/v%, where vp is the butterfly velocity. We have provided an explicit expression
for vp (2.15) to quadratic order in the high temperature expansion \ < 1, where it depends
only on A and no other details of the QFT. In this high temperature limit we have identified
a second pole skipping point whose location depends only on A. This lies near the lightcone
at w; = —i27T and at a wavenumber k7 given in equation (2.16). We have identified
additional pole skipping points far from the lightcone, whose locations depend on more
details of the CFT than just A.

We also explained how to explain the universal results near the lightcone from a QFT
calculation, finding exact agreement with the holographic expressions. This is subtle: near the
lightcone, naive conformal perturbation theory in A for the stress tensor two-point function
breaks down and needs to be resummed. Our results follow from the proposal, building on [4],
that at leading order in the near-lightcone, high temperature limit

wtk~ N <1, (5.1)

it should be resummed to

ck  (2rT)? +k%+ ...

Glwsk) = T A T2 T

(5.2)
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where

Fi(k):_/—\zA(Q—A) an F(2_%)p(%;2%>
2(1—-A) 1+(2NLT)2 F<1+%)P<1_%:F2irk:r)

~1]. (5.3

This resummed expression captures the emergence of hydrodynamics from the microscopic
CFT: expanding it for small X reproduces the first order conformal perturbation theory
result near the lightcone, while expanding it for small k£ yields the near-lightcone limit of
the universal hydrodynamics of [4].

The very non-trivial agreement between these two calculations suggests that the high
temperature, near-lightcone limit of stress tensor dynamics in (141)d QFTs is indeed universal,
at least in holographic theories. It would certainly be worthwhile to verify the full result (5.2)
directly for such theories. In higher-dimensional holographic CFTs, the study of thermal
correlators near the lightcone has been very fruitful [78-86]. The limit (5.1) is particularly
physically interesting in (1+1)d for kinematical reasons. Since in (1+1)d the early time CFT
excitations and the late time hydrodynamic excitations propagate close to the lightcone, and
the butterfly velocity is close to 1, this limit directly probes features of operator scrambling and
the emergence of hydrodynamics: in addition to correctly predicting vp, the expression (5.2)
predicts the dispersion relations of hydrodynamic modes to all orders in the derivative
expansion.'! Indeed, (5.2) essentially says that at high temperatures there is a long-lived
excitation near the lightcone at all times. An effective theory for this degree of freedom would
be an example of the quantum hydrodynamical effective theory of scrambling proposed in [8].

It would even be beneficial to determine the stress tensor thermal two-point function
beyond leading order in the high temperature, near-lightcone expansion. First, evaluating
the correction to the numerator of (5.2) would allow us to explicitly determine the pole
skipping frequencies as well as the wavenumbers. Second, evaluating such corrections at
small wavenumbers would give access to the remaining hydrodynamic transport coeflicients
Kn,m that enter only in the numerator of the stress tensor two-point function. Third, we
expect higher order corrections to resolve the unphysical poles in the dispersion relations
of the leading order result (5.2). As discussed in section 2, we expect that these apparent
poles in fact indicate there are other excitations of the two-point function which approach
the lightcone at these isolated (imaginary) wavenumbers, and that the corrections will resolve
the apparent poles into branch points.

It would also be worthwhile to extend our analysis to holographic QFTs theories in which
an IR CFT is deformed by an irrelevant scalar with dimension 2 < A < 3. The universal
hydrodynamics of [4] is proposed to emerge at low temperatures in these cases and so it
seems likely that the stress tensor two point function of these theories in the near-lightcone,
low-temperature limit is also given by (5.2), at times beyond those where the IR, CFT controls
the dynamics. For A > 3 the effects of the T'T deformation are more important at low
temperatures [3] and it would be interesting to determine if there is still a simplification in
the near-lightcone, low-temperature limit in such cases.

1Tn terms of transport coefficients, it predicts the high temperature limit of all €, to be the universal
expressions of [4].
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A more challenging question is whether (5.2) is valid even for non-holographic QFTs
with large c. In [4] it was argued that, when viewed from conformal perturbation theory, the
universality of the hydrodynamics that emerges at late times and high temperatures can be
traced back to the dominance of stress tensor exchange near the lightcone and an explicit
resummation of these effects may be possible. An alternative approach to deriving (5.2) would
be to use the memory matrix formalism of QFT [87, 88] to naturally isolate and compute
the slow relaxation rate I' of near-lightcone modes at high temperatures. Hamiltonian
truncation methods are capable of numerically accessing thermalisation and chaotic dynamics
in (1+1)d QFTs [89] and so it is plausible that they could also be used to answer this question.

A technically simpler task that could shed light on this question is to determine the O(\?)
correction to the butterfly velocity by computing out-of-time-ordered correlators directly
in conformal perturbation theory. In a (1+1)d CFT the butterfly velocity can be obtained
from the identity block contribution to the four-point function [49] (see also [90]) and the
corresponding contributions to the six-point function are also known [91]. Note though
that this is not necessarily a direct test of the general validity of the expression (5.2) for
the stress tensor correlator. Firstly, it is not clear if the relation between vy and the pole
skipping wavenumber k, of this correlator will be true for non-holographic theories. Second,
recall that the leading order result (5.2) does not, on its own, predict the pole skipping
wavenumbers. To obtain these without going to the next order, we supplemented (5.2) with
the assumption that the pole skipping frequencies lie at integer multiples of 277", but this
is only known to be true in general in holographic theories. Doing this calculation would
help to resolve these two important questions (see [52] for a study of pole skipping in a
non-holographic SYK-like model).

More generally, there has recently been numerous advances in constraining the thermal
correlators of CFTs in (241)d and higher using conformal symmetry (see e.g. [92-100]). It
would be very interesting to see if such methods could be adapted to (1+1)d QFTs at high
temperature. In these cases the breaking of conformal symmetry ensures that the QFT shares
important physical features with higher dimensional CFTs (e.g. the emergence of dissipative
hydrodynamics) while in some respects remaining simpler, as our results demonstrate.
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A Review of conformal perturbation theory results

In this appendix we first briefly review the conformal perturbation theory results for the
thermal stress tensor two-point function derived in [4]. Consistency with these was one of
the conditions used to derive the universal hydrodynamics at high temperatures, and so
they underpin our results in section 2 above. We then take the limits A = 1,2 of these
results for general A and compare them with the recent analysis of conformal perturbation
theory and pole skipping in [43].

A.1 Leading correction for general A

In the traditional approach to conformal perturbation theory, the first correction to the
stress tensor-two point function is proportional to the integrated CF'T four-point function
[ dzdy(TTO(x)O(y)). However, if one is ultimately interested in the momentum space
two-point function then there is a slicker way to obtain the correction than evaluating this
integral and then Fourier transforming it. We now briefly review this. Further details, and
our conventions for retarded two-point functions, can be found in [4].

After coupling to a metric g,, (¢, ) and scalar source J(t,x), the diffeomorphism Ward
identity is

Y, (TH) = \/c(O)V" J. (A.1)

Taking further variations of this with respect to g,,, and then restricting to the flat metric
and a constant J, gives relations between the stress tensor two-point functions we study. In
(14+1)d we find that upon solving these there is actually only one independent two-point
function. For example all stress tensor two-point functions in momentum space are related in
a simple algebraic way to the two-point function of the trace 1%,

Gut(w, k) = (T™) — (<Ttt>w _; ﬁz;::” 2 + o ﬁ4k2)2Gtrace(w,k),

Guaslo ) = (1% - WELEEENS Gt )

Gruta(w, k) = _«Tﬂ)c; (_TI::>)wk . (wZW_’f;)2Gtrace(w,k), -
Grzaalio) = (%) - (LN | o Gon),
G (w0, k) = _(<Tﬁ>w+2— <_T]:>)wk (w;_?vz - .5,

Guaslio ) = (o) — (ELE T (wfi“;)gc;m(w, k).

where we denote the thermal retarded two-point function of T*” with T%° as G . Fur-
thermore, varying (A.1) with respect to J gives relations between G, and the thermal
two point functions of T*” with O.
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In addition, there is the Weyl invariance Ward identity!?
(T%) = V/e(2 = 2)J(0) + 5 R, (A.3)
247

where R is the Ricci scalar of g,,,,. Varying (A.3) with respect to J relates the scalar two-point
function Gpo to the mixed two-point function of 7%, with 0. Combining these with the
relations mentioned after equation (A.2) gives the algebraic momentum space relation

Grescot0,) = = 1o = K¥) + X2(2 = A2 Goolue. ) - 5 = 5 %) L (A9
Combining (A.2) with (A.4) gives algebraic relations for any thermal stress tensor retarded
two-point function in terms of Gop(w, k).

By expressing the stress tensor two-point functions in terms of Gpo(w, k), it is simple to
compute the O(A2) correction to the CFT result for G0 (w, k). Due to the A? prefactor
in (A.4), to this order we can simply evaluate Gop(w, k) in the CFT, where it is given
explicitly by (2.6). In other words, the leading correction to the stress tensor two-point
function in conformal perturbation theory is controlled just by the scalar two-point function
in the CFT. For example, in the notation used in (2.2) in the main text, this means that
the first correction to Gy (w, k) is

4
G, k) = (A - 2>2T“A’“)2G8%T<w, )

(* =& (A.5)

weapT? [ 2A -3 N AL -2) K '

3 2(1—-A)  w?— k2 (A—1) (w?— k2)2 ’
where we have used the expressions [4]
o wcT? ( 2A —3 o, > (0)  7cT?B7D ap

(1) = == (1t aa 72+ ), AT 3 T-at s

T? 1 '

(T*%) = 7”36 (1+%A_1A2+...),

that are straightforward to obtain using Euclidean conformal perturbation theory on the

cylinder [3, 4]. Using the expression (2.6) for GglgT(w, k), more explicitly this is

2 _ 2 4 _A)2
GQ(w’k):ﬂcT aA<2A 3 k k (2—A)

3 \20-2) "W o 2o g (1-4)
(A7)

X( r(i-4)r(3-S)r(3-148) 4 ))
r

(B r-3-R)ra-3-4) @Y

2 4T

Similarly, defining the holomorphic part of the stress tensor as T' = 27T, (where z = x — t),
its thermal retarded two-point function is

_me(w+k)
48 (w — k)

Grr(w, k) = (w+k)*+ (477)?) + XGrra(w, k) + .., (A.8)

2Depending on the value of A, there may be extra matter anomalies on the right hand side [101] and we
will return to these in the next section.
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where the first correction to the CFT result is

Grra(w, k) =

3T an 4w+k n <w+k>2 (2—A)?
12 w—k w—Fk/) (1-A)

(A)QF (1 _A_ z’(w+k>> r (1 A i(w—k)) (2-A4)

><< P(1-58)1 (5 - b)) (4 - dh) A )) (8-9)
I

2 2 AnT 2 47T

A.2 A = 1,2 and comparison with other work

We will now compare these results of [4], as well as our pole skipping results, to those of [43]
for the cases A — 1 and A — 2.

The result (A.9) for the correction to the holomorphic stress tensor two-point function
has a smooth limit as A — 2

i’cw—i—k
16 w—k

lim Grr(w, k) = ((w+8)?+ @rT)?) 2 - A) + 0((2 - A)?), (A.10)

where it vanishes as the operator becomes marginal. It also has a smooth non-vanishing
limit as A — 1

4 w-—k

( —2+410g16+ H | iwr

W—k 2 4T

+ H_1_i(w+k))>-
2 47T

However, the results in these particular limits should be taken with a degree of caution.

372 k k
lim Gyra(w, k) = — W ( vt
A—1

(A.11)

The Weyl invariance Ward identity (A.3), from which this result follows, can have extra
matter anomalies — terms proportional to powers of J — on the right hand side. Typically
these appear at higher order in the coupling and so do not affect the corrections that we
calculate. But when A = 1 and A = 2 there is an anomaly term .J? that should be taken
into account [61, 101] and so may alter the general result in these particular cases.

Nevertheless, we can compare the results in these limits to the recent computation of the
same object in [43], done by Fourier transforming an analytically continued CFT four-point
function integrated on the cylinder.'® In both cases our results are different. In the case
of A = 2, the difference (our (A.10) +(3.31) in [43]) is

7'['36

T T(k+11w)—3i k
AGPT3(w,k) = (33w2—33k2—36wk—167rT7T (k+11w) —3iw(w+k)

w—k

e (A.12)

+12(w+k)? (1og16+H_1_i<M> +H_1_i<w+k>)> (2—A)+0((2—A)%).
47T 47T

13In comparing our results with [43] we have taken into account an overall factor of —T2(~2), The minus
sign is from a difference in convention, and the overall scale is because our Grr,2 is the correction in units of
A% whereas that in [43] is in units of \2.
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In the case of A = 1, the difference (our (A.11) +7%x(3.23) in [43]) is

w3eT?

AG%’E%(W’ k) = —m

2 4T

(—Q(k +5w) 4+ 3(w + k:)( logl6 + H | iw-k
(A.13)

+ H1i(w+k))>~
2 47T

The first thing to note is that these differences are subleading in the high temperature,
near-lightcone limit (1.3) that we are mainly interested in. In particular, the most singular
(w— k)72 term in (A.11) agrees very non-trivially with that of [43].

It would be good to understand where the differences come from. One possibility is our
neglection of the matter anomalies mentioned above. There are other possibilities we can see
just by looking at the thermal CF'T two-point function. Ward identities fix this unambiguously
(including all contact terms) to the A = 0 limit of our expression (A.8). However, in [43]
a CFT result is quoted that comes from performing a position-space integral [48, 51] and
differs from ours by the contact term 7c(7w? + k2 4 4wk + (477T)?)/48. One possible origin of
this is simply a different definition of the two-point function: see footnote 2 of [4], and [102].
Another is that the position space integrals are being regularised in a way that is inconsistent
with the Ward identities: see [103] for some discussion of the subtleties of regularising such
integrals in conformal perturbation theory.

Putting these differences aside for now, we can also compare our results for the locations
of pole skipping points to those of [43]. First, we emphasise that a resummation of the A
expansion of conformal perturbation theory is necessary to extract the locations of pole-
skipping points. Otherwise, the structure of perturbation theory means that the locations of
poles are A-independent (e.g. see equation (2.2)). Although no resummation was explicitly
described there, [43] does indeed produce the correct k, for the cases A = 1,2. Therefore,
we believe that the method of [43] must be implicitly resumming first order conformal
perturbation theory in the way we have described near (wy, ks) in these cases. It would be
good to understand this more directly: the method of [43] also results in there being no 22
correction to w, = +i27T, which we instead had to simply assume due to its sensitivity to
higher order corrections in the high-temperature, near-lightcone expansion.

B Equations of motion for small amplitude perturbations

In this appendix we present the linearised field equations that we use in section 4 to determine
the locations of pole skipping points.

In terms of the ingoing null coordinate (4.2), the equilibrium solution (3.3) is

ds?* = —D(r)dv® — 2,/ B(r)D(r)dvdr + C(r)da?, ¢ =2(r). (B.1)

We denote the linearised perturbations of the metric around this state as dgarn (7, v, z) and
the linearised perturbations of the scalar field as d¢(r, v, z). We work in the gauge dgps = 0.
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The classical field equations of the action (3.1) are Ejyy = 0 and E4 = 0 where

1 1 1
Eyn = Ryn — §aM¢8N¢ — 39MN (R +V(p) — 23A¢3A¢> ,

(B.2)
B, = o (V=50") + mgg

We use 6 E)yn and 0E to denote each equation at linear order in amplitude of the perturba-
tions. To manipulate these into the forms presented explicitly below, we assume that B(r),
C(r), D(r) and ®(r) satisfy the equilibrium equations of motion (3.4).

In total there are seven equations for the small amplitude perturbations. Four of these
are second order in radial derivatives and we take them to be

/
SE., — _LBD {871 ( C o, (59951:)) n 2CP &5(15] ’
2C vB C vBD

1/ cC C 5gm,) /CD _, ,
0Frs = =] o= |Op | ——=0, | 2 | — | —5-®'6 VC®'0,00| ,
2\ BD (,ﬁBD («ﬁc R ¢
1 C3/2 5g
0Fy = ———= |0 | ——=0, [ =2 ) | + VC®'0,6
2\/0[ <\/BD ( c )) i

CD 5 gy c! P/
=0, ( = (3,»5(;5 - D)) —\Ca, (25» + 20) S — 2—&)59”

: (B.3)

oFE

<

Ve

oz
oy

For the remaining three equations, it is simpler to present the linear combinations that
are only first order in radial derivatives

P’ D - P’ 2
+ %& <59 > + —=020u: + VBCD (dv

c ) o 13?

¢=0

2D B o 31;59@1 1 036591;@ Do’
o (5Em \/;5%) = 8r< . >+@ar< \FC) o 0200,

/ 12
o (58, — | Bop, | = 1 8r<059””>+mD¢ 8, ,/3%
2/ C vVBCD B CD &
C Vo I\ O o/BD '\ C )’ (B.4)

B i 009z D’
2C (5Evr — \/;6Em,) = *\/587~ ( \/5 > + 0,010 Gvz + ﬁavéga:x

D’ c’ ,
- Baxégvx + ﬁav(sgvv - C(I) avfsd)

+ \/g (812}(591% + agégvv - 281)890591)30) .

These can be combined with the second order equations above to obtain explicit expressions
for 0F,;, 0E,, and 0E,,.

sy
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Our convention for Fourier transformations is

dwdk s
69MN(T’U7x) :/(271')26 ‘ U+Zk$6gMN(rvka)v (B5)

and similarly for the scalar field. We use the same symbol for the field in position and

momentum space as it should be clear from the context what is meant in any equation.
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