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Abstract. For numerical approximations to stochastic differential equations using the Euler-4
Maruyama scheme, we propose incorporating approximate random variables computed using low5
precisions, such as single and half precision. We propose and justify a model for the rounding error6
incurred, and produce an average case error bound for two and four way differences, appropriate7
for regular and nested multilevel Monte Carlo estimations. Our rounding error model recovers and8
extends the statistical model by Arciniega and Allen [1], while bounding the size systematic and9
biased rounding errors are permitted to be. By considering the variance structure of multilevel Monte10
Carlo correction terms in various precisions with and without a Kahan compensated summation, we11
compute the potential speed ups offered from the various precisions. We find single precision offers12
the potential for approximate speed improvements by a factor of 7 across a wide span of discretisation13
levels. Half precision offers comparable improvements for several levels of coarse simulations, and14
even offers improvements by a factor of 10–12 for the very coarsest few levels, which are likely to15
dominate higher order methods such as the Milstein scheme.16
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1. Introduction. Rounding error has long been a source of scientific interest and23

frustration. For a large fraction of the scientific community, the effects of rounding24

error are usually negligible and of little or no consequence. However, for an appreciable25

portion of the community, especially those pushing computer hardwares and numerical26

algorithms to the fastest speeds achievable, rounding error can present a considerable27

hurdle to the achievable fidelity and speed.28

The example par excellence of rounding error in scientific computing is in sum-29

mation operations, frequent in linear algebra applications and to a lesser extent some30

statistical applications. Calculating the scalar product between two vectors, and thus31

also calculating vector and matrix multiplications, involves (among other things) sum-32

ming a list of numbers. Being able to accurately sum a list of numbers has long been33

under the attention of mathematicians and computer scientists [21, 29, 33, 50], and its34

importance in scientific computing cannot be understated. When the numbers being35

summed are ill conditioned, the impact of rounding error grows with the problem’s36

size, and can quickly nullify even the simplest of calculations, and thus high accu-37

racy summation algorithms are frequently required. Outside of linear algebra, the38

accuracy of gradients and sensitivity estimates from finite difference methods and nu-39

merical differentiation is capped by the maximum available precision due to rounding40

error. Lastly, for the numerical solution of differential equations by simulation meth-41

ods (deterministic or stochastic), iterative methods such as the Euler scheme incur42

rounding errors which get worse as the simulation’s discretisation becomes finer.43

To combat the effects of rounding error, there are two particularly common ap-44

proaches. The first is to try and bypass the issue by simply working in a higher pre-45

cision, typically at the cost of computational speed. Historically this has motivated46
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the introduction of double precision, extended double precision, and even quadruple47

precision data types. Similarly, several software libraries offer arbitrary levels of pre-48

cision, such as: the mpmath [28] Python library, the GNU multiple precision (GMP)49

arithmetic C/C++ library [20], and the GNU multiple precision binary floating point50

with correct rounding (MPFR) C library [12]. In a similar vein, hardware providers51

have also focussed efforts on improved floating point accuracy and reproducibility [6].52

The second approach to reduce the influence of rounding error is to try and53

compensate and correct against it. For summations, the best known approach is the54

Kahan compensated summation [29], although other compensation procedures have55

also been introduced and well explored [2, 10, 31, 33, 34, 38, 40, 41]. These proceed by56

inferring an estimate for the rounding error introduced at each stage of the summation,57

and then discount for this in the subsequent summations, thus compensating for the58

rounding error.59

There is a third means of circumventing rounding error, which is more mathemat-60

ical in its nature, which looks to extrapolate accurate answers from less accurate ap-61

proximations. The best example of this is Richardson extrapolation [35, 44]. Without62

this technique, approximation schemes would need to go to such fine discretisations63

that rounding error would be significant, whereas using Richardson extrapolation is64

one possible technique to avoid encountering rounding error. However, the use of65

Richardson extrapolation is very problem specific, and whilst it is a very powerful66

mathematical technique, it does not readily present itself as a general purpose com-67

putational tool for avoiding rounding error in most circumstances.68

Both high precision libraries and rounding error compensation schemes have his-69

torically been reserved for specialised applications seeking extraordinarily high accu-70

racy, and closer to the edges of most scientific computing applications. However, in71

more recent years there has been an increased demand for ever lower precisions and72

data types, such as the IEEE half precision float [26], and the more recent “brain73

float” [7, 30]. The large driving force behind these is the increasingly popular demand74

in machine learning applications, where the underlying data are very noisy and impre-75

cise, and smaller data types are preferable for faster access, storage, and computation76

on the latest CPU, GPU, and TPU hardwares. Furthermore, with the greater desire77

for increased parallelisation on vector hardware and reduced precision calculations,78

lower precision data types are gaining considerable momentum and traction.79

To understand the nature of the nett rounding error arising in calculations, there80

have been two fronts of development. The first has been defining the precise rounding81

modes and data types used in scientific calculations. To ensure floating point calcula-82

tions were standardised, the famous IEEE 754 standard for floating point arithmetic83

was introduced [25], and is now the de facto industry standard. This entails addi-84

tion, subtraction, multiplication, division, and square roots all producing exact results85

with respect to the appropriate rounding mode [51, page 15]. Similarly, the rounding86

modes a computer uses to round floating point values are standardised, with “round87

to nearest even” typically being the default mode. Of course, while floating point88

arithmetic may be well defined, there are several difficulties and nuances, as discussed89

by Goldberg [19].90

The second front has been with the mathematical modelling of rounding errors.91

While the IEEE 754 standard specifies the hardware’s behaviour, this does not readily92

give insight into the behaviour of the emergent nett rounding error. Describing the93

nett effect that results during calculations has received much mathematical attention94

[22, 24, 53, 54, 55], and one of the best overviews is by Higham [22], who analyses95

the standard model for deterministic rounding error [22, 2.2, (2.4)]. Furthermore,96
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in recent years there has been a piqued interest in stochastic rounding modes and97

associated error models, with prominent recent work by Higham and Mary [23] and98

Ipsen and Zhou [27] performing probabilistic error analyses, which frequently give99

tighter and more realistic error bounds than the worst case deterministic scenarios.100

In the setting of analysing partial differential equations using stochastic rounding101

there is the recent work by Croci and Giles [9].102

With this wealth of attention from academia and industry, the work we present103

produces a rigorous model for the rounding error incurred during the numerical simula-104

tion of stochastic differential equations. Typical treatments of numerical methods for105

such stochastic differential equations assume no rounding error occurs or is otherwise106

negligible [32, 9.3, page 316] [18]. The earliest work to compensate for rounding error107

in simulations for ordinary differential equations appears to be by Vitasek [52]. In the108

setting of stochastic differential equations, the most relevant works are by Arciniega109

and Allen [1] and Omland [42]. Arciniega and Allen [1] present an ad hoc statistically110

motivated model for the rounding error which occurs in the Euler-Maruyama scheme,111

giving an average case bound for the overall rounding error. Omland [42] takes a more112

rigorous approach, closer to a first principles model, starting with the floating point113

rounding modes and standard error model by Higham [22], and produces a worst case114

bound for the error in the Euler-Maruyama scheme [42, theorem 4.8]. Related to115

modelling rounding error within stochastic simulations is work by Delattre and Jacod116

[11] and Rosenbaum [45], statistically modelling the effects of simple rounding mod-117

els on statistical inference problems driven by underlying stochastic processes. They118

analyse the convergence of empirical statistical estimators for functionals of certain119

stochastic processes typical in finance, estimating parameters occurring in diffusion120

coefficients using empirical samples.121

The contribution of this work will be to produce a heuristic model for the rounding122

error in a similar manner to Arciniega and Allen [1]. However, our model will be much123

more rigorously justified by a detailed inspection of the dominant rounding errors124

arising in the Euler-Maruyama scheme. Furthermore, we will show that there are two125

primary sources of error which contribute to the nett error. The first is a zero mean126

process, similar to that described by Arciniega and Allen [1], and any deviation from127

being zero mean is comprehensively analysed, quantified, and shown to be negligible128

compared to the other error processes occurring. The second is a possibly non zero129

mean systematic error term omitted by Arciniega and Allen [1]. This second process130

is of a much smaller size than the first, but due to its non zero mean nature, we show131

that its nett contribution will grow at the same rate as that arising from the zero132

mean process.133

The significance of this new model is that it both rigorously grounds the leading134

order error process as being zero mean and now additionally quantifies the permis-135

sible size of lower order systematic rounding errors in the Euler-Maruyama scheme.136

Furthermore, our model is amenable to incorporation within the nested multilevel137

Monte Carlo scheme utilising approximate random variables developed by Giles and138

Sheridan-Methven [15, 46, 47, 49]. Although work has been done by Brugger et al. [5]139

and Omland et al. [43] on constructing multilevel Monte Carlo schemes in the pres-140

ence of rounding error, our model directly facilitates a treatment jointly allowing for141

approximate random variables and low precision calculations, only correctly handled142

by a nested multilevel Monte Carlo scheme.143

A secondary contribution of this work will also be to demonstrate the applicability144

of a Kahan compensated summation within the Euler-Maruyama scheme, an extension145

of the similar idea by Vitasek [52] in the setting of ordinary differential equations. The146
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inclusion of Kahan compensated summation we show considerably increases the range147

of applicability of half precision to many more discretisation levels beyond just the148

coarsest few.149

The combination of these two contributions should provide considerable interest150

to both theoreticians, but crucially also practitioners working in high performance151

scientific computing. Presenting concrete mathematical underpinnings for modelling152

the effect of rounding errors, our work newly describes the impact of both leading153

order zero mean and second order systematic error processes on the nett rounding154

error that arises. Being able to bound the permissible size of systematic processes is155

a novel result now available to those wishing to model or construct further numerical156

schemes building off this work. Additionally, integrating these results in the nested157

multilevel Monte Carlo framework and demonstrating the utility of half precision and158

Kahan compensated summation opens up our work to practitioners. The empirical159

results demonstrate the substantial benefits to be had by adopting our framework160

and heavily engaging with low precision floating point formats such as half precision,161

whilst our analytic result give the necessary reassurance and confidence that accuracy162

can be all the while maintained, and need not be sacrificed.163

Section 2 overviews the numerical solution of stochastic differential equations,164

providing the primary context and setting of our work, presenting our model for the165

leading order error process arising in the Euler-Maruyama scheme. Section 3 will166

showcase how our model can be incorporated into a multilevel Monte Carlo frame-167

work, demonstrating practical applications of the model and highlighting the temporal168

savings that can be expected using low precisions. Section 4 presents the conclusions169

from this work.170

2. Numerical solutions to stochastic differential equations. There are171

various settings appropriate for analysing the effects of rounding error, and the nu-172

merical solutions of stochastic differential equations is one particularly important173

setting. Frequently the terminal solution XT of the stochastic differential equation174

dXt = a(t,Xt) dt+b(t,Xt) dWt needs to be approximated for given drift and diffusion175

processes a and b. To achieve this, whole path approximations X̂t ≈ Xt for t ∈ [0, T ]176

are produced, where the most popular methods are the Euler-Maruyama and Milstein177

schemes. For a thorough detailing see Kloeden and Platen [32] and Glasserman [18].178

The approximations simulate the process overN time steps of size ∆t ≡ δ := T
N , where179

the update at the n-th iteration at time tn := nδ requires a Wiener process increment180

∆W . The usual numerical schemes use a standard Gaussian random variable Zn to181

simulate from this process, where ∆Wn :=
√
δZn, and these Zn are independently182

and identically distributed.183

To ensure the stochastic process has a unique strong solution and the Euler-184

Maruyama scheme converges, we assume the standard assumptions from Kloeden and185

Platen [32, 4.5, 10.2], which are that: a and b are jointly Lebesgue measurable, spa-186

tially Lipschitz continuous, have linear spatial growth, 1
2 -Hölder temporal continuity187

with linear spatial growth, and that X has a measurable initial condition.188

The rounding error model we will later introduce will be applicable to the original189

Euler-Maruyama scheme, but also to a modified version utilising high speed and low190

fidelity “approximate random variables”. Consequently, we will now review approx-191

imate random variables and detail the associated requirements needed for our error192

model.193

2.1. Approximate random variables. Unfortunately, sampling from the Gauss-194

ian distribution is expensive, and so there have been several approaches to bypass this195
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cost. Most of these look to substitute the exact Gaussian increment Zn with another196

random variable Z̃n with similar statistics. For clarity and consistency with Giles197

and Sheridan-Methven [15, 16, 46], we call these substitutes approximate random198

variables, and the originals as exact random variables. The most well known is to use199

Rademacher random variables, producing what’s known as the weak Euler-Maruyama200

scheme [32, page XXXII], where the Rademacher random variables have the desired201

mean. More advanced methods include more generalised moment matching proce-202

dures, as discussed by Muller [39], and piecewise polynomial approximations and203

generalised approximate random variables by Giles and Sheridan-Methven [15, 46].204

We briefly pause to remark that the aforementioned methods for generating205

Gaussian random variables can all be viewed as utilising approximations to the Gauss-206

ian distribution’s inverse cumulative distribution function in the inverse transform207

method [15, 18]. However, there are alternative methods for generating Gaussian208

random variables, including the Ziggurat [37], Box-Muller [4], and Marsaglia [36]209

methods, each being extensively used by practitioners. For our purposes, we will210

be assuming the exact random variables are produced using the inverse transform211

method, and that the approximate random variables are generated using the piece-212

wise polynomial approximations by Giles and Sheridan-Methven [16]. There are two213

main reasons for this. The first is that we will be able to utilise the body of analytic214

results derived by Giles and Sheridan-Methven [15, 16] concerning both the approx-215

imate random variables, and their subsequent use in nested multilevel Monte Carlo216

schemes. The second is that using the approximate random variables produced us-217

ing [16] have been demonstrated to be substantially faster than their exact random218

variable counterparts on modern vectorised hardware [16]. This speed improvement219

is by design, and scales to smaller data types and wider vector lengths, whereas the220

alternatives methods do not, and their limitations are discussed extensively in [16,221

section 3.1.1], which we don’t repeat here.222

The Euler-Maruyama schemes using the exact Gaussian random variables Zn give223

rise to the approximation X̂, and the approximate random variables Z̃n produce X̃,224

where the schemes are respectively225

X̂n+1 = X̂n + a(tn, X̂n)δ + b(tn, X̂n)
√
δZn226227

and228

X̃n+1 = X̃n + a(tn, X̃n)δ + b(tn, X̃n)
√
δZ̃n.229230

One of the approximations we will utilise later is the piecewise linear approxi-231

mation by Giles and Sheridan-Methven [16]. This generates approximate Gaussian232

random variables by the inverse transform method [18] using a piecewise linear approx-233

imation Φ̃−1 to the Gaussian distribution’s inverse cumulative distribution function234

Φ−1. The exact construction is detailed by Giles and Sheridan-Methven [16], although235

an example approximation is demonstrated in Figure 2.1. A piecewise linear approx-236

imation using 8 intervals is shown in Figure 2.1(a), and the resultant probability237

density function of the approximation ρ is shown in Figure 2.1(b). The piecewise lin-238

ear approximation is non-monotonic with small discontinuities at the interval bound-239

aries. Consequently, the resulting probability density function has compact support,240

although there are a few resulting tiny non-obvious inaccessible domain intervals with241

zero measure, as indicated. The rounding error model we will later propose will hold242

for both exact Gaussian random variables, and also certain classes of approximate243

Gaussian random variables, for which we require that they satisfy Assumption 2.1.244
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Φ̃−1(x)

(a) A piecewise linear approximation using 8
intervals.
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x

ρ(x) = 0

ρ(x)

φ(x)

(b) The resultant probability density func-
tion with non-obvious intervals of zero
measure indicated.

Fig. 2.1. A piecewise linear approximation of the Gaussian distribution’s inverse cumulative
distribution function, and the resultant probability density function.

Assumption 2.1. Let any approximate Gaussian random variables Z̃ be zero245

mean, uniformly bounded, and have finite variance V(Z̃) = O(1), and also have all246

higher order moments be finite. Furthermore, let there exist a corresponding proba-247

bility density function ρ such that P(Z̃ ∈ [z, z + dz]) = ρ(z) dz. Let ρ be bounded by248

K such that ρ ≤ K <∞ and be smooth almost everywhere such that ρ ∈ C∞(R\M),249

whereM is a finite set of M points where ρ is discontinuous. Lastly, let ρ decay suffi-250

ciently fast such that for any finite constant α we have
∑∞

k=−∞ 22k maxy′∈[2k,2k+1] ρ(y
′−251

α) <∞.252

Lemma 2.1. The exact Gaussian distribution satisfies Assumption 2.1.253

Proof. We immediately have that the Gaussian distribution is zero mean and has254

unit variance, and is uniformly bounded [3, appendix C.2]. The probability density255

function for the Gaussian distribution is ρ ≡ ϕ where ϕ(z) := 1√
2π

exp(− 1
2z

2), which is256

C∞(R) and maximal at zero where ρ ≤ ϕ(0) = 1√
2π

. To show
∑∞

k=−∞ 22k maxy′∈[2k,2k+1] ρ(y
′−257

α) <∞ we consider separately the cases when α > 0 and α ≤ 0. When α > 0, we note258

that the summand is increasing as k increases from −∞, and ρ will be maximal for259

the one index k∗ where α ∈ [2k
∗
, 2k

∗+1]. The maximal value will therein be obtained260

for y′ = α, and thereafter for indices k > k∗ the ρ term will be decreasing. Thus we261

can approximate the possibly divergent part of the summation by the integral262

∞∑
k=k∗+1

22k max
y′∈[2k,2k+1]

ρ(y′ − α) =

∞∑
k=k∗+1

22kρ(2k − α)263

≈
∫ ∞

2k∗+1

x2ρ(x− α) dx264

≤
∫ ∞

−∞
x2ρ(x− α) dx265

<∞.266267

The summation can be strictly bounded from above by using similar integrals, and268
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thus is not divergent. The partial summation from k = −∞ up to k = k∗ is immedi-269

ately finite as ρ is bounded.270

For the case α ≤ 0, in each [2k, 2k+1] interval the ρ is maximal at y′ = 2k, and271

decreases as k increases. The relevant summation in this case can also be bounded272

identically and shown to be non divergent.273

Lemma 2.2. The approximate Gaussian distribution resulting from the piecewise274

linear approximation by Giles and Sheridan-Methven [16] satisfies Assumption 2.1.275

Proof. For a finite number of approximation intervals, the probability density276

function is symmetric, uniformly bounded, and has compact support and thus finite277

variance. The number of discontinuities is finite, and as ρ has compact support it278

immediately satisfies the summation bound from Assumption 2.1.279

Lemma 2.3. The approximate Gaussian distribution resulting from the piecewise280

cubic approximation by Giles and Sheridan-Methven [16] satisfies Assumption 2.1.281

Proof. The proof follows identically to the proof of Lemma 2.2.282

The motivation for introducing these approximate random variables was to in-283

crease simulation speed. However, for the ultimate speed improvements, it is desir-284

able to both switch to approximate random variables, and simultaneously decrease285

the arithmetic precision used, giving a twofold speed improvement. Reducing the286

precision alone has been explored with applications to field programmable gate ar-287

rays [5, 8, 42, 43], as have multilevel Monte Carlo schemes using varying fidelities288

of approximate random variables [39]. However, performing both simultaneously is289

touched upon by Giles et al. [17], although using a quite restrictive truncated uniform290

random bit Monte Carlo algorithm, and extensions to more general approximation291

schemes without varying the precision is done by Giles and Sheridan-Methven [15].292

However, the work by Giles et al. [17] is primarily a cost most, and does not model293

the effect of rounding error. Thus, while our contribution is an extension of these294

works, it is an important and novel demonstration and vindication of the utility of295

low precisions with approximate random variables.296

In order to describe the effect of rounding error resulting from the Euler-Maruyama297

scheme, the two most prominent works are by Arciniega and Allen [1] and Omland298

[42], which are models for the average and worst case errors respectively. Arcin-299

iega and Allen [1] provide an ad hoc statistical model and analysis for the round-300

ing error arising from finite precision floating point calculations within the Euler-301

Maruyama scheme. Denoting the estimate produced when working in finite precision302

as X, they propose that at the n-th iteration, all of the composite floating point303

arithmetic in the Euler-Maruyama update culminates in an additive error εn where304

Xn+1 = Xn + a(tn, Xn)δ + b(tn, Xn)
√
δZn + εn. This error is assumed to follow a305

Gaussian distribution, be zero mean, and have a variance V(ε) ≤ Cϱ2, where ϱ is306

the unit roundoff and C is some constant. The main result from their analysis [1,307

theorem 2.2] is E(|X̂N −XN |2) ≤ CNϱ2. The model from Omland [42] uses a more308

rigorous finite precision framework. For brevity, letting ⊕ and ⊗ represent floating309

point addition and multiplication respectively, then the model by Omland [42] in ef-310

fect considers Xn+1 = Xn⊕ ((a(tn, Xn)⊗ δ)⊕ ((b(tn, Xn)⊗
√
δ)⊗Zn)) and produces311

the worst case bound E(|X̂N − XN |2) ≤ CN2ϱ2 [42, theorem 4.8]. The model we312

will present will take the model from Omland [42] as its starting point, but under313

assumptions appropriate for the Euler-Maruyama scheme, will ultimately reduce to314

a model closer resembling that by Arciniega and Allen [1]. Our model will also allow315

for systematic rounding effects, and bounds how large these are permitted to be and316
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have the model still be applicable.317

2.2. A leading order error model. Starting with the more fundamentally318

rooted model from Omland [42], we expect to recover, under appropriate assumptions,319

the more statistically motivated model from Arciniega and Allen [1]. To this end we320

look to expand the model from Omland [42] and see the effects of arithmetic roundoff321

within the Euler-Maruyama update. Before presenting the analysis, we will briefly322

introduce a small amount of floating point notation.323

Numbers used in calculations must be stored in finite precision, where we denote324

the set of representable numbers as R ⊂ R, where we introduce the rounding operator325

R : R→ R which implements the desired rounding mode, which we assume is round to326

nearest even. For finite precision binary arithmetic operations ⊛ (such as ⊕, ⊗, etc.),327

then for two floating point numbers x, y ∈ R, we assume the standard rounding model328

by Higham [22, 2.2, (2.4)] [50, page 99, (13.7)] that x⊛ y = R(x ∗ y) = (x ∗ y)(1 + ε)329

where |ε| ≤ ϱ.330

For further notational convenience, when we talk about a random variable or331

process g being of a typical size h, we usually mean in the sense of absolute size and332

strong expectation, where we are really discussing the size of E(|g|). However, such333

explicit notation is overly verbose, so instead we will make regular use of O-notation.334

For brevity, we will write statements such as E(|g|) = O(h) instead as |g| = O(h)335

or even g = O(h), where the underlying meaning of such statements should be clear336

from context.337

We begin by expressing the finite precision Euler-Maruyama update as Xn+1 =338

Xn⊕ (An⊕Bn), where An := a(tn, Xn)⊗ δ and Bn := (b(tn, Xn)⊗
√
δ)⊗ Z̃n. For an339

appropriately non dimensionalised stochastic process, such that T = 1, X0 = O(1),340

a = O(1), b = O(1), then we anticipate Xn = O(1), Z̃n = O(1), An = O(δ), and341

Bn = O(
√
δ). Similarly, for the precision levels and discretisations we have ϱ≪ 1 and342

δ ≪
√
δ ≪ 1. This then gives us the size ordering E(|An|)≪ E(|Bn|)≪ E(|Xn|).343

The first addition An ⊕ Bn will produce an absolute error η′n where An ⊕ Bn =344

An+Bn+η′n, and η′n will be of a size comparable with the unit roundoff and the larger345

of An and Bn, which is Bn. As b is assumed to have linear growth we obtain |η′n| ∼346

|Bnϱ| = O(
√
δϱ(1 + |Xn|)), and after performing this first floating point addition we347

will be left with Xn+1 = Xn ⊕ (Bn +An + η′n), where we have written Bn +An + η′n348

in order of decreasing magnitudes.349

For the remaining addition operation Xn ⊕ · · · , as we have Xn = O(1) and350

E(|Xn|) ≫ E(|Bn|), the nett result from the remaining floating point addition then351

is that this will produce a second absolute arithmetic error ηn where |ηn| ∼ |Xnϱ| =352

O(ϱ(1 + |Xn|)), and the Euler-Maruyama update will become Xn+1 ≈ Xn + Bn +353

An + ηn + η′n, where again we have written the contributions in order of decreasing354

magnitudes. We identify two dominant sources of error. The first is η′n, arising from355

the addition of the drift term to the diffusion term. The second is ηn, arising from the356

addition of this sum to the underlying process. We expect |η′n| = O(ϱ
√
δ(1 + |Xn|))357

and |ηn| = O(ϱ(1 + |Xn|)), and thus E(|ηn|) ≫ E(|η′n|). If we then allow for the358

inclusion of other higher order contributions η′′, we can then see that we expect to359

obtain Xn+1 = Xn +Bn +An + ηn + η′n + η′′n.360

The Arciniega and Allen [1] model assumes that only ηn is significant, and makes361

the assertion that this can be modelled as a zero mean Gaussian random variable362

with a variance only proportional ϱ2. In our model, we will more rigorously justify363

the zero mean nature, drop the requirement that this exactly follows a Gaussian364

distribution, and show that the smaller second order contributions from η′ are not365
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necessarily negligible, but can contribute to the nett rounding error at the same rate366

as the leading order η process. We propose Model 2.1 as an appropriate model for367

the rounding errors arising in the Euler-Maruyama scheme.368

Model 2.1. Let the Euler-Maruyama scheme use random variables Z̃ which sat-369

isfy Assumption 2.1. The composite effects of rounding error introduce two dominant370

sources of error, η and η′, where at each step we have371

Xn+1 = Xn + a(tn, Xn)δ + b(tn, Xn)
√
δZ̃n + ηn + η′n.372

The larger of these is ηn = O(ϱ(1 + |Xn|)), which is a martingale increment, and373

the smaller of these is η′n = O(ϱ
√
δ(1 + |Xn|)), which is a possibly non martingale374

increment.375

Inspecting Model 2.1, the key modelling assumption requiring justification is the376

martingale1 nature of ηn. We already justified in our discussions that η′n = O(ϱ
√
δ(1+377

|Xn|)), and so claiming this is a non martingale increment is no further restriction.378

It is straightforward to reason that E(|ηn|) = O(ϱ(1 + E(|Xn|))), which if we take379

E(|Xn|) = O(1) simplifies to E(|ηn|) = O(ϱ). Thus, to justify ηn being a martingale380

increment it is sufficient to reason that |E(ηn)| ≪ E(|ηn|), which we achieve through381

Lemma 2.4.382

Lemma 2.4. Assuming E(|Xn|) = O(1) and the random variables Z̃ satisfy As-383

sumption 2.1, then under the round to nearest even rounding mode, the leading order384

rounding error ηn has E(ηn) = O(ϱ2).385

Proof. The operation producing ηn is the floating point addition between Xn and386

(An ⊕ Bn). Dropping the subscripts for brevity, we denote this by α ⊕ R(β), where387

α := Xn = O(1) and β := An + Bn = O(
√
δ). The absolute rounding error η is then388

given by389

η :=(α⊕R(β))− (α+R(β))390

≡(R(α+ β)− (α+ β))− (R(β)− β) + (R(α+R(β))−R(α+ β)),391392

where we will bound the final three parenthesised differences in turn.393

Inspecting the first term, we can see this is the absolute error resulting from394

rounding the quantity α + β. Without much loss of generality, as we have assumed395

α = O(1), let us suppose α ∈ (1, 2). Using IEEE floating point representation, the set396

of representable numbers (1, 2) ∩ R will all be equally spaced. Defining the quantity397

z := α + β, this will fall inside some interval Iy := [y − ς, y + ς], where y ± ς are398

adjacent floating point numbers. Without loss of generality, we assume y − ς is odd399

and y + ς is even, where we either have z < y and we round down, or z ≥ y and we400

round up, as depicted in Figure 2.2(a).401

We can then evaluate the expectation E((R(z)− z)1{z∈Iy}) where we have402

E((R(z)− z)1{z∈Iy}) = E((R(z)− z)1{z∈[y−ς,y)}) + E((R(z)− z)1{z∈[y,y+ς]}).403

These expectations can be written as integrals, giving404

E((R(z)− z)1{z∈Iy}) =

∫ y

y−ς

((y − ς)− z)P(dz) +
∫ y+ς

y

((y + ς)− z)P(dz).405

1For readers unfamiliar with martingales (and stochastic processes), cf. [32, 2.3].
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yy − ς y + ς

z

(a) Possible values for z in Iy , denoting z
with “□”.

yy − 2ς y + 2ςy − ς y + ςς ′

ζz

(b) Possible values for ζ in I′y , demonstrat-
ing when the round to nearest even tie break
causes rounding error by shaded regions.
We denote ζ with “■”, and z with “□”.

Fig. 2.2. Rounding to the nearest even. We denote even representable values using “•” and
odd values using “⃝”. Arrows show the values rounded to.

At time tn, the variable Xn is Fn-measurable, but Z̃n is Fn+1-measurable, and thus z406

and β will have the same distribution as Z̃. Denoting the probability density function407

of β as ρ, which by extension satisfies Assumption 2.1, we obtain408

E((R(z)− z)1{z∈Iy}) =

∫ ς

0

(ς − z)(ρ(y − α+ z)− ρ(y − α− z)) dz .409

As ς ≪ 1, if ρ is smooth everywhere in the interval Iy, then we can approximate this410

using a Taylor series expansion, otherwise we use the bound from Assumption 2.1,411

obtaining412

|E((R(z)− z)1{z∈Iy})| ≤

{
Cς3|ρ′(y − α)|+O(ς5|ρ′′′(y − α)|) if Iy ∩M = ∅
Cς2K if Iy ∩M ≠ ∅,

413

for some constant C.414

Using this expectation in the law of total expectation, then in the limits Iy → dIy415

we obtain416

E(R(z)− z) = E(E(R(z)− z | z ∈ Iy))417

≈
∫
P(Iy)>0

E((R(z)− z)1{z∈Iy})

P(Iy)
P(dIy)418

≈
∫ E((R(z)− z)1{z∈Iy})

2ς
dy ,419

420

where in the last approximation we used P(Iy) ≈ ρ(y−α)2ς and P(dIy) ≈ ρ(y−α) dy.421

In the limit δ ≪ 1 then we can approximate our integration domain as y ∈ [0,∞),422

giving423

|E(R(z)− z)| ≤
∣∣∣∣∫ ∞

0

Cς2ρ′(y − α)1{Iy∩M=∅} dy

∣∣∣∣+ ∫ ∞

0

CςK1{Iy∩M≠∅} dy .424

In IEEE representation, ς is a constant between powers of two, and thus 2ς = ϱ2k for425

k ∈ Z. Consequently, the first integral is readily decomposed into sub intervals where426

ς is a constant. For the second integral we let I∗m denote the interval containing the427

discontinuity at position m ∈M. These discontinuities occur at the corresponding k428
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values km such that I∗m ⊂ [2km , 2km+1], and so we obtain429

|E(R(z)− z)| ≤ C

∣∣∣∣∣
∞∑

k=−∞

ϱ222k
∫ 2k+1

2k
ρ′(y − α)1{Iy∩M=∅} dy

∣∣∣∣∣+ CK
∑

m∈M
ς

∫
I∗
m

dy .430

The first integral can largely be evaluated exactly. The integration domain will contain431

at most M intervals containing singularities, and thus M +1 subintervals of the form432 ∫ b

a
ρ′(y−α) dy where ρ′ is continuous in the domain [a, b], and thus

∫ b

a
ρ′(y−α) dy =433

[ρ(y − α)|ba. We then use the bound |
∫ b

a
ρ′(y − α) dy| ≤ |ρ(a − α)| + |ρ(b − α)| ≤434

2maxy′∈[a,b] ρ(y
′ − α). For the second integral we use

∫
I∗
m
dy = ς to give435

|E(R(z)−z)| ≤ Cϱ2
∞∑

k=−∞

22k(M+1) max
y′∈[2k,2k+1]

ρ(y′−α)+CKϱ2
∑

m∈M
22km = O(ϱ2),436

where in the last equality we used Assumption 2.1. This shows the desired O(ϱ2) holds437

for the first parenthesised error constituting η. The same line of reasoning similarly438

holds the for R(β) − β term also constituting η (akin to taking α → 0), arriving at439

an identical limiting bound.440

It remains to bound the final R(α+R(β))−R(α+β) term constituting η. Unlike441

the previous two terms, we will see that this term only contributes a rounding error442

when the round to nearest even tie break rule is required, and in most scenarios443

α+R(β) and α+ β will round to the the same number. To tackle this final term we444

introduce the slightly larger interval I ′y := [y− 2ς, y+2ς], where y− 2ς, y, and y+2ς445

are all representable and adjacent. Without loss of generality we assume y is even and446

y± 2ς are odd. Given β = O(
√
δ) and α = O(1), we know that |β−R(β)| ≤ ς ′ where447

ς ′ ≪ ς, and thus β is rounded first on a much finer granularity than α + β. Keeping448

our definition z := α+β and introducing ζ := α+R(β), then the discrete set of values449

ζ can take has a much finer granularity than the three representable numbers in I ′y,450

namely ζ ∈ {y ± nς ′} ∩ I ′y for integers n ∈ N. We display the set of values ζ can take451

in I ′y in Figure 2.2(b), where we demonstrate several possible rounding scenarios.452

Inspecting Figure 2.2(b), we can see that in most situations ζ and z round to the453

same number. These only round to different numbers when ζ lies on a tie break value454

and z takes a different value that is rounded to an odd number, as indicated by the455

shaded regions in Figure 2.2(b). Thus, for the final term we have the expectation456

E((R(ζ)−R(z))1{z∈I′
y}) = E((R(ζ)−R(z))1{z∈[y−ς−ς′,y−ς)}1{ζ=y−ς})457

+ E((R(ζ)−R(z))1{z∈(y+ς,y+ς+ς′]}1{ζ=y+ς}).458459

The first expectation will round ζ → y and z → y − 2ς, giving a nett rounding error460

of 2ς, and the second expectation will round ζ → y and z → y+2ς giving a rounding461

error of −2ς. Thus, expressing these expectations as integrals we obtain462

E((R(ζ)−R(z))1{z∈I′
y}) =

∫ y−ς

y−ς−ς′
2ςP(dz) +

∫ y+ς+ς′

y+ς

−2ςP(dz)463

= 2ς

∫ ς′

0

(ρ(z + y − ς − ς ′ − a)− ρ(z + y + ς − a)) dz .464
465

For this final integral expression we can again either perform a Taylor series expansion466
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or use our bounds from Assumption 2.1 to obtain to leading order467

|E((R(ζ)−R(z))1{z∈I′
y})| ≤

{
Cς(ςς ′ + (ς ′)2)|ρ′(y − α)| if I ′y ∩M = ∅
Cςς ′K if I ′y ∩M ≠ ∅.

468

As ς ′ ≪ ς, we see that this bound is equivalent to that found earlier for the other two469

terms constituting η. Again, by using the law of total expectation and the same steps470

as before we obtain the same O(ϱ2) bound. Combining the three bounds completes471

the proof.472

While Model 2.1 is justified by Lemma 2.4, we can appreciate that the proof of473

Lemma 2.4 makes use of a few ad hoc approximations and limiting cases. However, our474

ultimate aim is only to justify our model, rather than derive it, so such conveniences475

are permissible. This serves to illustrate from first principles why the leading order476

error term η is effectively zero mean. Overall then, Lemma 2.4 provides a much more477

rigorous justification of the zero mean nature of the leading order error than was478

simply asserted in the Arciniega and Allen [1] model.479

We now have E(|ηn|) = O(ϱ), |E(ηn)| = O(ϱ2), and E(|η′n|) = O(ϱ
√
δ). Conse-480

quently, for any reasonable discretisation where
√
δ ≫ ϱ, any non-martingale behav-481

iour exhibited by the ηn process is negligible compared to the η′n process, and instead482

constitutes part of the η′′n process mentioned earlier.483

To illustrate how the bound for the final nett rounding error is produced from our484

model for the incremental rounding error, we recall a convenient lemma from Giles485

and Sheridan-Methven [15, lemma 4.3] [49, lemma 5.2.3], which we present without486

proof as Lemma 2.5.487

Lemma 2.5. Suppose for a process En we have En+1 = En + δAn +
√
δZ̃nBn +488

Ξn + Θn, using a discretisation interval δ. We assert E0 = 0 almost surely, Z̃n are489

i.i.d. zero mean random variables with all finite moments bounded, and An and Bn490

are Ftn-adapted with |An| ≤ LA|En| and |Bn| ≤ LB |En| for some strictly positive and491

finite constants LA and LB. The process Ξ is a martingale difference process where492

E(Ξn | Ftn) = 0, and for integers p ≥ 2 and a constant s ∈ R there are finite and493

strictly positive constants c1 and c2 such that E(|Ξn|p) ≤ c1δ
p(s+1/2). The process494

Θ similarly has E(|Θn|p) ≤ c2δ
p(s+1). Then there exists constants c3 and c4 which495

depends only on LA, LB, and p such that E(supn≤N |En|p) ≤ c3(c4c1 + c2)δ
ps, where496

c4 = 18p3/2(p− 1)−3/2.497

Proof. The proof is given by Giles and Sheridan-Methven [15, lemma 4.3] [49,498

lemma 5.2.3], and proceeds by a combination of Jensen’s inequality, the discrete499

Burkholder-Davis-Gundy inequality, and the discrete Grönwall inequalities.500

By considering the difference between the process Xn calculated in high and501

low precision, then the result E(|X̂N − XN |2) ≤ CNϱ2 from Arciniega and Allen502

[1, theorem 2.2] immediately follows from Lemma 2.5. Furthermore, we obtain an503

identical bound from Lemma 2.5 for the nett error that arises from Model 2.1.504

Lemma 2.6. Using Model 2.1 for the rounding errors, then E(|X̂N − XN |2) ≤505

CNϱ2.506

Proof. Defining En := X̂n−Xn and differencing the appropriate Euler-Maruyama507
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schemes for X̂n and Xn we obtain508

En+1 = En + δ (a(tn, X̂n)− a(tn, Xn))︸ ︷︷ ︸
An

+
√
δZ̃n (b(tn, X̂n)− b(tn, Xn))︸ ︷︷ ︸

Bn

509

+
√
δb(tn, X̂n)(Ẑn − Z̃n)− ηn︸ ︷︷ ︸

Ξn

− η′n︸︷︷︸
Θn

,510

511

where we have indicated the equivalent terms in Lemma 2.5. The bounds on An512

and Bn follow from the standard assumptions of a and b being spatially Lipschitz513

continuous. Furthermore, for the Ξn term this is zero mean and has E(|Ξn|p) ≤514

O(δp/2) + O(ϱp) ≤ O(ϱp), corresponding to s = − 1
2 in Lemma 2.5 and c1 ∝ ϱp.515

Similarly, from Model 2.1 we have E(|Θn|p) ≤ Cϱpδp/2, also corresponding to s = − 1
2516

and c2 ∝ ϱp. Thus from Lemma 2.5 we obtain E(|X̂N −XN |p) ≤ O(ϱpδ−p/2), which517

when we set p = 2 and note that δ ∝ 1
N obtains the desired bound.518

The significant insight provided by Lemma 2.6, which we saw in its proof when519

we applied Lemma 2.5, is that the nett contributions from the η and η′ processes grow520

at the same rate. Although the η′ process may be smaller than η by a factor of
√
δ in521

Model 2.1, because it is not zero mean, its contributions do not cancel, and thus can522

build up at a faster rate. Furthermore, this demonstrates that the updating process523

is permitted a systematic rounding error process, provided it is O(
√
δ).524

The variance predicted by Lemma 2.6 is shown in Figure 2.3(a). For the approx-525

imate random variables we have used the high fidelity piecewise cubic approximation526

from Giles and Sheridan-Methven [16]. This is to ensure that the ηn term within527

the Ξn process in the proof of Lemma 2.6 is the dominant term for moderately low528

precisions. Using the mpmath Python library [28] we adjust the number of bits used529

in the mantissa for the low precision approximate random variables. We use 7, 10,530

and 23 bits, corresponding to the precisions for bfloat16, half, and single precisions531

respectively. We also consider an artificial precision using 16 bits for the mantissa to532

represent an intermediate precision level between half and single precision. For the533

stochastic process we simulate a geometric Brownian motion where a(t,Xt) ≡ µXt534

and b(t,Xt) ≡ σXt for strictly positive constant µ and σ. Following the setup from535

Giles [13] we choose µ = 0.05, σ = 0.2, and X0 = 1.536

We can see from Figure 2.3(a) that we approximately observe the growth in537

the variance for half precision anticipated by Lemma 2.6. However, the brain float538

precision seems to exhibit a variance closer to the worst case bound from Omland539

[42]. Interestingly, we see that the higher precision intermediate and single precision540

results appear to exhibit an approximate O(1) variance. The reason for this is because541

at such high precisions, the η term within Ξn is the smaller of the two terms, with542

the approximation error Zn − Z̃n being the more dominant error. As shown by543

Giles and Sheridan-Methven [15] this produces a resultant error independent of the544

discretisation δ, and so appears O(1), as observed. Furthermore, the intermediate545

and single precision variances are approximately the same values, again indicating546

that this error is dominated by the approximate random variables’ fidelity rather547

than their floating point precision.548

2.3. Kahan compensated summation. The Euler-Maruyama scheme con-549

sists of performing a cumulative summation of a sequence of update terms. The550

problem of summing a sequence of floating point numbers and minimising the cu-551

mulative rounding error is well known, and there have been a variety of methods552

developed to overcome this, such as pair wise summation or compensated summation553
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(a) Without Kahan compensated summation.
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(b) With Kahan compensation summation.

Fig. 2.3. The variance of the difference X̂T −XT between the exact Euler-Maruyama estimate
X̂ and the estimate using low precision approximate random variables X from a piecewise cubic
approximation with different precisions, corresponding to Lemma 2.6. The precisions use differing
numbers of bits for the mantissa: (▼) 7, (♦) 10, (■) 16, and (•) 23 bits. Results are shown with
and without Kahan compensated summation, which is presented in Section 2.3.

[22, 4.1]. As the Euler-Maruyama scheme is a sequential and incremental procedure, a554

compensated summation is an appropriate technique. As our schemes are motivated555

by computational speed, then Kahan compensated summation [29], being the least556

numerically intensive, is the most suitable candidate for incorporating into the Euler-557

Maruyama scheme. The Kahan compensated summation adds a given increment, and558

then subtracts away the computed summation prior to that increment. The differ-559

ence of this inferred increment from the original provides an estimate for the incurred560

rounding error, which is then adjusted for when adding subsequent terms in the se-561

quence. The Kahan compensated summation procedure is outlined in Algorithm 2.1,562

and a C implementation appropriate for incorporating this into the Euler-Maruyama563

scheme in single precision is shown in Code 1. Interestingly, the related use of Kahan564

compensated summation in the numerical solution of ordinary differential equations565

was first proposed by Vitasek [52], and is demonstrated by Higham [21, pages 86–87].566

Algorithm 2.1 Kahan compensated summation.

Input: A sequence {x1, x2, . . . , xN} of N floating point numbers.

Output: A high accuracy estimate of the summation
∑N

i=1 xi.
1: Initialise both an accumulator a and compensation c to zero.
2: for all xi ∈ {x1, x2, . . . , xn} do
3: Calculate a compensated increment y ← xi − c.
4: Keep the original aoriginal ← a.
5: Add the compensated increment anew ← a+ y.
6: Update the compensation c← (anew − aoriginal)− y.
7: Update the accumulator a← anew.
8: end for
9: Use a to estimate

∑N
i=1 xi.

An error analysis of Kahan compensated summation is provided by Higham [21,567

page 791, (3.11)], Knuth [33, Excercise 19, pages 229 and 571–573], and Goldberg [19].568
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float compensated_EM_scheme(float X, float dX , float * comp)

{

float compensated_increment = dX - (*comp);

float accumulated_sum = X + compensated_increment;

(*comp) = (accumulated_sum - X) - compensated_increment;

return accumulated_sum;

}

Code 1
C implementation of the Euler-Maruyama scheme using the Kahan compensated summation,

implementing lines 3–7 from Algorithm 2.1.

The Kahan compensated summation shown in Algorithm 2.1 has the overall absolute569

and relative error bounds of570

(2ϱ+O(Nϱ2))

N∑
i=1

|xi| and (2ϱ+O(Nϱ2))

∑N
i=1|xi|∣∣∣∑N
i=1 xi

∣∣∣571

respectively. The ratio of
∑N

i=1 |xi| to |
∑N

i=1 xi| is known as the condition number,572

representing the sensitivity of the summation to rounding error [22, 50]. For a series573

of zero mean random variables, the condition number can be expected to be O(
√
N),574

but for several stochastic process (e.g. geometric Brownian motion) the drift term575

causes the increments to have a non zero mean, and hence the condition number576

approximately limits to a constant.577

Based on the usual error analysis of Kahan compensated summation, one might578

expect that the leading order error from a Kahan compensated Euler-Maruyama579

scheme should mostly have an O(1) error dependence on N , until eventually the580

higher order term takes effect for sufficiently large N . However, inspecting Model 2.1581

and Code 1 we see that the Kahan compensated summation is designed to tackle582

the leading order η term. However, in computing the Euler-Maruyama update, the583

smaller η′ error is not compensated for, and thus will persist. Thus, even with Kahan584

compensated summation, we see from Lemma 2.6 that we still expect a nett leading585

order rounding error O(
√
Nϱ). Overall then, we see that as we increase N , we ex-586

pect for small N an O(ϱ) error, for very large N an O(Nϱ2) error, and possibly an587

intermediate O(
√
Nϱ) error.588

The variances from the approximations obtained by incorporating a Kahan com-589

pensated summation into the modified Euler-Maruyama scheme are shown in Fig-590

ure 2.3(b). The first thing to notice from this is that all the variances appear to be591

O(1), in keeping with the leading order error anticipated. For the brain float and592

half precision variances, there is a separation between these which is approximately a593

factor of 2−6. As we expect the leading order error to be O(ϱ), then we expect a re-594

duction in the variance of approximately
ϱ2
10

ϱ2
7
≈ 2−6, where we have used the subscript595

to denote the number of mantissa bits. Hence we can see the reduction in variance596

is approximately as anticipated. As for the intermediate and single precisions, we see597

these cluster on top of each other, again indicating that the dominant error is from598

approximating the Gaussian distribution rather than from finite precision arithmetic.599

Our incorporation of the Kahan compensated summation scheme has been qual-600

ified by heuristics and our empirical results. An exact and detailed analysis of the601

errors remaining after incorporating Kahan compensated summation with Model 2.1602
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remains open for future analysis. The key point we highlight is its high level utility603

and interpretation, which we further utilise and explore when discussing multilevel604

Monte Carlo settings in Section 3, where it will considerably improve the capabilities605

of working with half precision floating point numbers.606

3. Multilevel Monte Carlo. We now have two possible types of simulation: an607

expensive but precise simulation using exact Gaussian random variables in a high float-608

ing point precision, and a cruder and cheaper simulation using approximate Gaussian609

random variables in low precision. The accuracy of the former can be combined with610

the speed of the latter by a multilevel Monte Carlo formulation [13, 14].611

As a brief review of multilevel Monte Carlo, and how our work fits within this,612

let us suppose we wish to compute the expectation of some functional P which acts613

on the terminal solution XT of the underlying stochastic process. The simulations614

can be performed using various levels of temporal discretisation, where we index the615

levels by l. We suppose there are L + 1 levels such that l ∈ {0, 1, 2, . . . , L}, where616

l = 0 corresponds to the coarsest possible discretisation, and l = L the finest. The617

approximation coming from the usual Euler-Maruyama scheme for a particular level618

l we denote by P̂l. Additionally, we denote those arising from the modified Euler-619

Maruyama scheme using high precision approximate random variables by P̃l, and low620

precision approximate random variables by P l. For notational simplicity we use the621

convention P̂−1 := P̃−1 := P−1 := 0. Giles and Sheridan-Methven [15, 16] suggest622

incorporating the approximate random variables using the nested multilevel Monte623

Carlo framework624

E(P ) ≈ E(P̂L) =

L∑
l=0

E(P̂l − P̂l−1)625

=

L∑
l=0

E(P̃l − P̃l−1) + E(P̂l − P̂l−1 − P̃l + P̃l−1)626

=

L∑
l=0

E(P l − P l−1) + E(P̂l − P̂l−1 − P l + P l−1),627

628

where the first approximation is the regular Monte Carlo procedure [18], the first629

equality is the usual multilevel Monte Carlo decomposition [13], the second equality630

is the nested multilevel Monte Carlo framework [15, 16], and the final equality is631

the same nested multilevel framework utilising low precision approximate random632

variables.633

Importantly, for a given level l, the fine path’s discretisation δf and the coarse634

path’s δc are given by δf = 2−l and δc = 2δf respectively. The coarse path’s Wiener635

increments are produced by the pairwise summation of the fine path’s Wiener in-636

crements. Furthermore, the Wiener increments ∆W are produced using Gaussian637

increments Z where ∆W :=
√
δZ, and the Gaussian increments are produced using638

the inverse transform method where Zn = Φ−1(Un). Crucially, the exact random vari-639

ables Zn and approximate random variables Z̃n are tightly coupled by ensuring they640

are both generated using the same underlying random variables, where Zn = Φ−1(Un)641

and Z̃n = Φ̃−1(Un), with Un being the same for both.642

Giles and Sheridan-Methven [16] consider the usual multilevel estimator θ̂ and643
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the nested multilevel estimator θ where644

θ̂ :=

L∑
l=0

1

m̂l

m̂l∑
(P̂l − P̂l−1)645

646

and647

θ :=

L∑
l=0

(
1

ml

ml∑
(P l − P l−1) +

1

M l

M l∑
(P̂l − P̂l−1 − P l + P l−1)

)
,648

649

where m̂l, ml, and M l are the number of paths generated, each with a computational650

cost of ĉl, cl, and Cl, and variance v̂l, vl, and V l respectively. Letting T̂ denote the651

total computational time to achieve a mean squared error ε2 using the estimator θ̂,652

and similarly T using θ, then Giles and Sheridan-Methven [16] show653

T̂ = 2ε−2

(
L∑

l=0

√
v̂lĉl

)2

and T = 2ε−2

(
L∑

l=0

√
vlcl +

√
V lCl

)2

,654

and hence an overall temporal saving of655

T ≈ 2ε−2

 L∑
l=0

√
v̂lĉl

√vlcl
v̂lĉl

+

√
V lCl

v̂lĉl

2

≤ T̂ max
l≤L

vlcl
v̂lĉl

1 +

√
V lCl

vlcl

2
 .656

When the approximation’s fidelity is such that vl ≈ v̂l, the term vlcl
v̂lĉl
≈ cl

ĉl
measures657

the potential time savings, and the term (1 + (V lCl/vlcl)
1/2)2 assesses the efficiency658

at realising these savings. Achieving a balance between these two is required, where659

the approximation should be sufficiently fast so there is the potential for large savings,660

but of a sufficient fidelity so the variance of the more expensive four way difference661

P̂l− P̂l−1−P l +P l−1 is considerably lower than the variance of the cheaper two way662

difference P̂l − P̂l−1.663

Giles and Sheridan-Methven [15, 16] investigate the variance of this final four664

way difference when using approximate random variables assuming infinite precision665

arithmetic for a variety of functional types [15, lemmas 4.10 and 4.11] [49, corollar-666

ies 6.2.6.2 and 6.2.6.3]. They find that for Lipschitz continuous and differentiable667

functionals that668

(3.1) ∥P̂l − P̂l−1 − P̃l + P̃l−1∥p ≤ O(δ1/2∥Z − Z̃∥p′)669

for some p′ such that 2 ≤ p < p′ < ∞. For simplicity we will restrict our attention670

to functionals which are also Lipschitz continuous and differentiable, and we consider671

just the underlying process and take P (X) ≡ X.672

In an analogous manner to Lemma 2.6 we can consider the variance of this four673

way difference arising in the nested multilevel Monte Carlo framework when the pre-674

cision is simultaneously lowered when switching to approximate random variables,675

giving rise to Lemma 3.1.676

Lemma 3.1. For fine and coarse path simulations constructed using approximate677

random variables as described by Giles and Sheridan-Methven [15], then with rounding678

errors described by Model 2.1 we have679

E(|X̂l − X̂l−1 −X l +X l−1|2) ≈ O(δ E(|Z − Z̃|2+ϵ)) +O(δ−1ϱ2)680
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as the discretisation δ parameter decreases for some ϵ ∈ (0,∞).681

Proof. The initial O(δ E(|Z − Z̃|2+ϵ)) term comes from (3.1) [15, 16] taking682

P (X) ≡ X and p = 2. The second O(δ−1ϱ2) term comes from the η and η′ con-683

tributions from Model 2.1, and their final nett contributions arise using Lemma 2.5684

in an identical manner to the proof of Lemma 2.6.685

We can compare the realised variances predicted by Giles and Sheridan-Methven686

[15, 16] when using approximate random variables in infinite precision, with those687

predicted by Lemma 3.1. We use the piecewise linear approximation by Giles and688

Sheridan-Methven [16], and use half precision capable hardware (rather than emula-689

tion using the mpmath Python library). We use C code on a Nvidia Jetson AGX690

Xavier machine, containing a Nvidia 12 core Volta GPU and an 8 core Arm v8.2 64691

bit CPU. Both the CPU and the GPU support half precision floating point arithmetic692

in hardware, and so we run the code on the CPU using the Float16 data type for half693

precision, compiled with gcc and notably with the flags -O0 and -march=armv8.2-a+fp16.694

The first flag ensures no compiler optimisations are issued, guaranteeing the Kahan695

compensated summation is not removed by the compiler, and the second ensures696

half precision data types and operations are accessible and used. The results for the697

variances of the various multilevel Monte Carlo terms are shown in Figure 3.1.698
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• X̂l − X̂l−1 Double No

× Xl −Xl−1 Half No

▲ Xl −Xl−1 Half Yes

▼ X̂l − X̂l−1 −Xl +Xl−1 Single No

■ X̂l − X̂l−1 −Xl +Xl−1 Half No

♦ X̂l − X̂l−1 −Xl +Xl−1 Half Yes

Fig. 3.1. The variance reduction when switching to approximate random variables with a nested
multilevel Monte Carlo framework, showing the variances of various two and four way differences.
The key indicates the difference, precision, and whether Kahan compensated summation is used.

Inspecting Figure 3.1 we can make several observations. The first is that the usual699

two way difference (computed in double precision) exhibits the usual O(δ) variance700

decay rate, as is to be expected and is a standard result [18, 32].701

The next item of interest is the behaviour of the four way difference computed in702

single precision. Down to discretisations as fine as δ ≈ 2−13 we can see the variance703

decays at the same O(δ) rate, as already predicted and demonstrated by Giles and704

Sheridan-Methven [16, 4.1]. However, the novel feature predicted by Lemma 3.1 is705

the emergence of the O(δ−1) rate for very fine discretisation, arising from Model 2.1.706

We can see that the onset of rounding error is not immediately catastrophic, and that707

for δ ≈ 2−17 there is still a reduction in the variance between the two and four way708

differences which is still approximately 2−6. However, eventually, for discretisations as709

fine as δ ≈ 2−20 there is no reduction in variance. Ultimately, this demonstrates that710

double precision is typically superfluous for Monte Carlo path simulations (ignoring711
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sensitivity calculations for computing derivatives by finite differences), and single712

precision is sufficient.713

The main items of particular interest are the half precision variances. For sim-714

plicity we begin by inspecting the difference without Kahan compensated summation.715

The variance of the two way difference term decreases in line with the double preci-716

sion two way difference down to approximately δ ≈ 2−7, and thereafter the effects of717

rounding error become dominant. This immediately places a lower limit on an un-718

compensated half precision framework, which is valid for discretisations coarser than719

δ ≥ 2−7. Considering the four way difference, we see that at the very coarsest level720

there is an appreciable variance reduction by a factor of approximately 2−12, although721

rounding error has already started to become dominant. We see that as the discreti-722

sations become finer the rounding error increases, and at δ ≈ 2−7 coincides with the723

two way difference. However, for discretisations coarser than δ ≥ 2−4, there is still at724

least a variance drop by approximately a factor of 2−6. This suggests that while half725

precision calculations may be fast, if the rounding error is not compensated for, then726

they are only useful on the coarsest few levels.727

If we incorporate a Kahan compensated summation to the Euler-Maruyama scheme728

when using half precision approximate random variables, the picture improves. The729

first item to note is the variance of the two way difference, which mirrors the double730

precision’s two way variance down to approximately δ ≈ 2−11, placing a lower limit731

on the minimum possible discretisation with δ ≥ 2−11. For the four way difference,732

at the very coarsest level we see approximately the same variance as the uncompen-733

sated half precision four way difference, as might be expected. However, with the734

compensation, the error is an O(1) constant as the discretisation becomes ever finer735

down to δ ≈ 2−10. For discretisations δ < 2−10 a higher order error process appears736

to dominate, and for such fine discretisations the two way and four way variances737

coincide. This suggests that half precision simulations using Kahan compensated738

summation are applicable for much finer discretisation than equivalent simulations739

without the Kahan compensated summation. A variance reduction of approximately740

2−6 is achieved for discretisations δ ≥ 2−8. Thus Kahan compensated summation ap-741

proximately doubles the scope of practical applicability for half precision simulations.742

Table 3.1
Performance of various exact and approximate implementations of the inverse Gaussian cu-

mulative distribution function, and the possible speed ups offered.

(a) The time to generate exact and approximate Gaussian
random variables.

Description Precision Clock cycles Source
Intel (HA) Single 3.5± 0.2 [16]
Piecewise linear Single 0.5± 0.1 [16]
Piecewise linear Half 0.25 Speculated

(b) The maximum possible speed
ups.

Precision Kahan Speed up
Single No 7
Half No 14
Half Yes 10

We take the timing results on Intel AVX-512 Skylake hardware from Giles and743

Sheridan-Methven [16]. For the exact Gaussian distribution, we take as our baseline744

the single precision Intel high accuracy (HA) function. In lieu of vectorised half745

precision capable hardware, we speculate that for the approximate random variables,746

that half precision input can be processed in half the time as single precision input.747

Overall then we have the times shown in Table 3.1(a). Furthermore, we make the748

idealised assumption that the cost of the simulations is entirely based on the cost of749

generating random numbers, and neglect the cost of all other arithmetic operations.750
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These give the maximum potential speed ups shown in Table 3.1(b). For the half751

precision approximation using Kahan compensated summation, we again speculate752

and suggest an intermediate value between the single and half precision offerings.753

For each possible discretisation level, the estimated speed ups predicted for each754

individual level from the nested multilevel Monte Carlo analysis are shown in Fig-755

ure 3.2. We can see from this that for the bulk of levels the single precision approxi-756

mation offers a good potential speed up by a factor of approximately 7. However, for757

the very coarsest few levels, the half precision approximations without Kahan com-758

pensated summation offer superior speed ups by a factor of 10–12. Dependent on the759

speed reduction that comes from incorporating the half precision Kahan compensated760

summation, there is the possibility of these offering a third intermediate regime where761

they are the optimal choice. For our speculated speed ups from Table 3.1(b) we see762

there appears to be such an intermediate region, although it is not overwhelmingly763

competitive compared to the two other alternatives.764
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Fig. 3.2. The potential savings from a nested multilevel Monte Carlo framework using approx-
imate random variables from a piecewise linear approximation for various discretisation levels. (▼)
Single precision. (■) Half precision without Kahan compensated summation. (♦) Half precision
with Kahan compensated summation.

It is worth remarking that when using the Euler-Maruyama scheme, as the scheme765

has a strong convergence order of 1
2 , the computational work load is approximately766

spread evenly over the various levels [13]. However, for numerical schemes with higher767

strong convergence orders, such as the Milstein scheme which has order 1 strong768

convergence [18, 32], the work load is predominantly concentrated on the coarsest769

levels [13]. The implication of this is that the potential half precision speed ups770

offered on the coarsest levels, even without Kahan compensated summation, may771

well dominate the multilevel savings. Hence, while half precision appears attractive772

even with multilevel Monte Carlo frameworks using the Euler-Maruyama scheme, this773

becomes even more so for the Milstein scheme and other higher order methods.774

Currently, the use of approximate random variables and their incorporation in775

stochastic simulations and nested multilevel Monte Carlo frameworks only has rigor-776

ous supporting analytic results for the Euler-Maruyama scheme [15, 16]. Extensions777

to higher order schemes, such as the Milstein scheme, have only been discussed and778

demonstrated empirically [15, 16]. Consequently, there is currently insufficient sup-779

porting analysis to attempt to marry low precision approximate random variables in780

a nested multilevel Monte Carlo framework with higher order numerical schemes at781

an analytic level, and such analysis remains open for further research.782
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Lastly, we can speculate about the utility of brain floats compared to regular half783

precision floats (taken to be the IEEE specification). Brain floats and half precision784

floats are both 16 bits in size, but differ in their trade off between precision and range.785

Brain floats have a much larger range and lower precision than regular half precision.786

Having a lower precision will likely mean that the initial impact of rounding error will787

be even more severe than for half precision. This means the variance reduction will788

be less favourable, and the nested multilevel Monte Carlo framework less efficient on789

each level, and useful over even fewer discretisations. Without cause to suspect brain790

floats will be any faster than regular half precision, this would suggest that while half791

precision is attractive for multilevel Monte Carlo applications, and brain floats may792

similarly be attractive for the same reasons, there is no reason to speculate that brain793

floats will be competitive over regular half precision floats.794

4. Conclusions. Performing calculations in high precisions may assuage worries795

about rounding errors, but makes several computations needlessly expensive. Consid-796

ering the numerical simulation of stochastic differential equations, based on previous797

work using computationally cheap approximate random variables, we couple their798

incorporation into the Euler-Maruyama scheme with low precision implementations.799

We develop a new model for the nett rounding error incurred which allows for both800

systematic and unsystematic errors, analysing how the two can be balanced under ap-801

propriate assumptions. Kahan compensated summation is also discussed as a means802

of removing the leading order rounding error. This rounding error model is incor-803

porated into a nested multilevel Monte Carlo scheme allowing for the speed of low804

precisions to be capitalised on without losing accuracy, finding that single precision805

is applicable for most discretisations and offers good potential speed ups, while half806

precision appears to offer superior speeds at only the coarsest few discretisation levels.807

Introducing finite precision calculations, we discuss the appeal of working in ever808

lower precisions, and the attraction of using half precision in various applications.809

Low precision offers improved speed by increasing bandwidth and decreasing floating810

point calculation times, and is rapidly gaining traction in software and hardware,811

primarily due to applications in machine learning. However, low precision comes812

with appreciable finite precision rounding error, whose effects are felt in applications813

including: linear algebra, machine learning, stochastic simulation, and various others.814

To mitigate against this there are high precision libraries, compensated summation815

schemes, and mathematical techniques such as Richardson extrapolation, although816

the problem of rounding error can be severe for 16 bit floating point formats such as817

half precision or brain floats.818

Considering the setting of stochastic simulations and approximating solutions819

of stochastic differential equations using the Euler-Maruyama scheme we introduce820

Model 2.1 as a novel description for the effects of rounding error. Similar previous821

models for rounding error in this setting are notably from Arciniega and Allen [1]822

and Omland [42], for the average and worst case scenarios respectively. The model823

we introduce is based on the framework by Omland [42] and recovers a similar model824

to the one by Arciniega and Allen [1]. However, comparing our model to that from825

Arciniega and Allen [1], ours has several benefits. Firstly, ours facilitates the incor-826

poration of approximate random variables, which Giles and Sheridan-Methven [16]827

showed offers considerable potential speed improvements. Our model now rigorously828

justifies a leading order zero mean contribution, and permits a smaller second order829

and possibly non zero mean contribution, thus also facilitating systematic errors. Us-830

ing Lemma 2.5 we show the nett contributions from these two terms grow at the same831
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rate for the Euler-Maruyama scheme, providing novel insight into the size permissible832

for systematic errors.833

Reviewing Kahan compensated summation, we discuss the leading order constant834

error this can be expected to produce. We numerically simulated geometric Brownian835

motion processes, finding the errors predicted by Lemma 2.6 are observed empirically,836

alongside the anticipated error resulting from incorporating Kahan compensated sum-837

mation. Furthermore, while Kahan compensated summation cancels the leading order838

rounding error, there is a balance between this and the error resulting from using ap-839

proximate random variables, which becomes the dominant source of error in higher840

fidelity simulations.841

Low precision implementations of approximate random variables are best utilised842

with a nested multilevel Monte Carlo framework, paralleling the setup by Giles and843

Sheridan-Methven [16]. Crucially, for practitioners working in high performance sci-844

entific computing, this integration both opens up the capabilities of realising the845

potential speed ups offered from low precision calculations and also gives analytic846

assurances that accuracy need not be lost. The nested multilevel Monte Carlo setup847

produces a four way difference, whose variance we predict in Lemma 3.1 and empiri-848

cally observe. As expected, we find the errors resulting from introducing approximate849

random variables and also from low precision calculations are orthogonal effects. Us-850

ing the nested multilevel Monte Carlo framework, we calculate that for a very wide851

range of possible discretisation levels that single precision simulations offer a speed852

up by a factor of approximately 7, as already shown by Giles and Sheridan-Methven853

[16]. However, for the very coarsest few levels, we demonstrated that half precision854

calculations, despite incurring significant rounding error from the very onset, can be855

successfully utilised within a multilevel Monte Carlo scheme. On these coarsest few856

levels, half precision can offer speed improvements by a factor of 10–12. For the857

Euler-Maruyama scheme the work load is usually evenly spread across the various858

levels, whereas for the higher order Milstein scheme the work load is dominated by859

the coarsest few levels. Thus we have been able to demonstrate the utility and ap-860

plicability of half precision approximate random variables for stochastic simulation861

applications. Lastly, dependent on the cost model for the added arithmetic required862

for Kahan compensated summation, we were also able to demonstrate that this may863

provide a further intermediate region, extending the range of half precision to even864

finer discretisation levels, compounding their benefits.865

All of the code to produce these figures is freely available and hosted by Sheridan-866

Methven [48].867
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