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A B S T R A C T

We consider the stability of a hyperelastic substrate coated by a liquid crystal elastomer film and subjected to
compressive forces. In this problem, the liquid crystal elastomer directors are free to evolve and this possible
variation needs to be included in the stability analysis. We consider the case where the initial directors are
aligned either in the horizontal or in the vertical direction and obtain an exact bifurcation condition for surface
wrinkling. We show that director reorientation increases both the critical compressive strain and the critical
wavenumber, hence stabilizing the material. In the small wavenumber limit we carry out an asymptotic analysis
and obtain analytical solutions for the critical stretch and the critical wavenumber, which can be useful in
applications.
1. Introduction

Liquid crystal elastomers (LCEs) combine the elasticity of rubber-
like materials with the control features of liquid crystals (Warner
and Terentjev, 2007). Depending on the arrangement of liquid crystal
molecules, LCEs are classified as being in a nematic phase, smectic
phase, or cholesteric phase. The nematic phase is the simplest since the
director can be encoded by a single unit vector 𝐧. Due to their fast and
controllable reactions in response to various stimuli, such as mechani-
cal loads (Conti et al., 2002; Ware et al., 2016), light (Sonnet and Virga,
2022; Liu et al., 2022), magnetic and electric fields (Urayama et al.,
2005, 2006; Xu et al., 2020; Liu et al., 2020b), and heating (Agrawal
et al., 2014; Wang et al., 2017b), LCEs have been suggested as promis-
ing materials in many applications such as artificial muscles (de Gennes
et al., 1997; Tian et al., 2018), soft robotics (Zeng et al., 2018; DeSi-
mone et al., 2015; Zhao et al., 2022), soft brakes (Wang et al., 2019b;
Pang et al., 2019), and 4D printing (Wang et al., 2022a; Chen et al.,
2023). An excellent starting point for the interested reader is the
monograph by Warner and Terentjev (2007).

Many interesting features of LCEs were unraveled through experi-
ments (see White and Broer (2015) and Xiao et al. (2023) for back-
ground). Mitchell et al. (1993) observed that the director of an LCE
sample rotates in the loading direction. Kundler and Finkelmann (1995)
discovered the ‘‘striping phenomenon’’ in a uniaxial stretching experi-
ment of LCEs which Fried and Sellers (2006) showed to be fundamental
and independent of the material softness. Under light or tempera-
ture stimuli, bending, curling and rolling of LCE specimens can be
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induced (Potekhin and Wang, 2021; Zhai et al., 2021). Further, an
indentation on flat LCE samples will create an elastic bulging (Mihai
et al., 2023a).

In order to theoretically describe the deformation behavior of LCEs,
a constitutive model is needed (Ball and Bedford, 2015). Accordingly,
various strain–energy functions for LCEs have been suggested. Warner
et al. (1988) extended the classical Gaussian theory of rubber elastic-
ity to obtain the neo-classical strain–energy function that describes the
deformation of LCEs under mechanical loads. Anderson et al. (1999) de-
veloped a continuum theory of LCEs where the strain–energy function is
dependent on the deformation gradient, the director, and the gradient
of director. Zhang et al. (2019) proposed a general theory applicable
to the dynamics of LCEs with large deformations, director rotations
and an order parameter that depends on temperature and light. Mihai
et al. (2022) extended the classical Ogden model for rubber to study the
auxetic responses of stretch deformation of LCEs. Recently, Wang et al.
(2022c) developed a constitutive model to characterize viscoelastic
behaviors of LCEs. Wu et al. (2023) presented a model to include
the effect of loading-history dependence. Lee et al. (2023) proposed
a macroscopic constitutive relation for polydomain LCEs. Since LCE
samples are usually thin, there are many instances where they can be
adequately modeled as plates. Indeed, the LCE samples made by Yan
et al. (2012), Wang et al. (2017a, 2019a), Qing et al. (2019) are a
few hundred microns in thickness. For this geometry, Krieger and Dias
(2019) derived a von Kármán-type plate theory for LCEs and Mihai
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and Goriely (2020b) developed a new plate theory by decomposing
the deformation gradient into elastic and natural deformations, which
allows for the consideration of both optical and mechanical loads. Liu
et al. (2020a) proposed a consistent plate model for LCEs subjected
to mechanical loads suitable for finite deformations and without spe-
cific restriction on the applied load. Lately, Goriely et al. (2023)
derived an LCE rod model suitable to describe illumination-induced
deformations.

In general, the existence of directors and their deformations poses
great challenges in solving the boundary value problems for such
system. A way to bypass this problem is to carry out numerical
simulations by modeling LCEs as a thermally sensitive material with
anisotropic thermal expansions. Therefore, many commercial softwares
can be directly used to study the mechanical behavior of LCEs (Mbanga
et al., 2010; Zhao et al., 2023; Peng et al., 2023). More recently,
the effect of director was also included in such codes (Chen et al.,
2022). Further, Mahardika et al. (2024) performed a molecular dy-
namics simulation of deformations of LCEs under temperature ef-
fect.

As LCEs are typically thin, it is usual to support an LCE film by
an elastic substrate, which creates a film–substrate bilayer. The surface
wrinkling of bilayers has been of great interest in the last decades
as it represents a fundamental instability in soft matter mechanics
with a myriad of applications (Li et al., 2012; Goriely, 2017). An
effective way to investigate such instabilities is to use the theory of
incremental deformations, referred to as the small-on-large theory or
incremental theory (Biot, 1965; Ogden, 1984). Within the framework
of finite elasticity, Cai and Fu (1999) obtained a critical condition for
the onset of surface wrinkling as well as the evolution of post-buckling
of film/substrate structures. Since then, the effect of curvature (Jia
et al., 2018), pre-stretch (Cao and Hutchinson, 2012), growth (Budday
et al., 2015; Alawiye et al., 2019; Jin et al., 2019; Liu et al., 2021a),
fibers (Stewart et al., 2016) were studied using theoretical, numerical,
and experimental techniques. For LCE structures, Agrawal et al. (2012)
prepared a bilayer system where a thin polystyrene film was attached to
an LCE substrate and observed its wrinkling under temperature change
using optical microscopy while Soni et al. (2016) studied theoretically
surface wrinkling in an elastic film bonded to an LCE substrate. Fu et al.
(2018) explored the surface instability of LCE film/substrate systems
under light loading and applied Fourier spectral methods to investi-
gate the post-buckling evolution. Krieger and Dias (2019) investigated
surface wrinkling of a substrate coated by an LCE film using a plate
model. Zhao et al. (2019) completed a finite element simulation for
controllable surface patterns on LCE film–substrate structures by laser
illumination. Xu and Zhao (2020) performed a finite element simula-
tion on thermal wrinkling of LCE shell/core systems and studied the
influence of director alignment on pattern selection. Starting from finite
elasticity, Goriely and Mihai (2021) carried out a bifurcation analysis
of a bilayer under biaxial compression where either the film or the
substrate can be composed of LCEs. In particular, asymptotic solutions
of the critical stretch triggering surface wrinkling as well as the critical
wavenumber were deduced. In this model the director is assumed to be
anchored. Barnes et al. (2023) conducted a systematic exploration on
surface instabilities of LCE film–substrate structure generated in heating
or cooling processes, and both experiments and numerical simulations
were performed. In general, rotations of the director are possible which
motivates the current study.

Here, we consider the coupling effect of director rotation of LCEs
and the mechanical deformation induced by external loads. We develop
a general incremental theory for LCEs within the framework of finite
elasticity. Then, we conduct a standard bifurcation analysis to study
the influence of various parameters on the onset and pattern obtained
2

during wrinkling.
2. Problem formulation

We consider an LCE film bonded to a hyperelastic incompressible
half-space. The thickness of the film in the initial configuration 𝐵0 is
enoted by 𝐻 . We assume that the bilayer undergoes a plane-strain
eformation generated by a uniform compression, and as a result the
hickness of the film becomes ℎ in the current configuration 𝐵1. As the
ompressive stress reaches a critical value, an instability takes place
esulting in surface wrinkling (see Fig. 1).

We model the LCE film as an incompressible materials with a
irector field (Warner et al., 1988; Bladon et al., 1993; Anderson et al.,
999). Therefore, our problem is the generalization of the classical
lastic incompressible bilayer problem under compression to the case
here the film also includes directors. To distinguish between the
CE film and the substrate, we refer to any quantities related to the
ubstrate by a hat ‘‘ ̂ ’’, and without a hat for the LCE film. For example,
he strain–energy function of the LCE layer is written as 𝑊 and the
ounterpart of the substrate is represented by 𝑊̂ .

For our problem, it is convenient to use a Cartesian coordinate sys-
em in both the reference and the current configurations. Accordingly,
he position vectors of a material point in 𝐵0 and 𝐵1 are denoted by
𝐗 = (𝑋1, 𝑋2) and 𝐱 = (𝑥1, 𝑥2), respectively. The same orthonormal basis
𝐄1,𝐄2} in all configurations will be used.

For the LCE film, we adopt the neo-classical constitutive model
proposed by Warner et al. (1988) with an equivalent strain–energy
function for isothermal deformation (Bladon et al., 1993; Fried and
Korchagin, 2002):

𝑊 =
𝜇
2

(

tr
(

𝐅𝐅T) − 𝑠 − 1
𝑠

𝐅T𝐧 ⋅ 𝐅T𝐧

+ (𝑠 − 1)𝐅𝐧0 ⋅ 𝐅𝐧0 −
(𝑠 − 1)2

𝑠
(

𝐅T𝐧 ⋅ 𝐧0
)2 − 3

)

, (2.1)

here 𝜇 denotes the ground-state shear modulus, 𝐅 is the deformation
radient, 𝐧0 and 𝐧 are the directors in the reference and the de-

formed configurations, respectively, 𝑠 is a positive parameter measuring
anisotropy, and the superscript ‘T’ stands for transpose. When 𝑠 = 1,
2.1) reduces to the energy density of the neo-Hookean model. The
iquid crystal molecules are oblate if 𝑠 < 1 and prolate if 𝑠 > 1. We
urther assume that the directors 𝐧0 and 𝐧 are both unit vectors that
re in the (𝑋1, 𝑋2)-plane.

For the substrate, we use the incompressible neo-Hookean model:

̂ =
𝜇̂
2

(

tr
(

𝐅̂𝐅̂T
)

− 3
)

, (2.2)

here 𝜇̂ represents the ground-state shear modulus of the substrate.
The nominal stress tensors of the LCE film and of the substrate are

iven by

=
𝜕𝑊 (𝐅,𝐧)

𝜕𝐅
− 𝑝𝐅−1, 𝐒̂ =

𝜕𝑊̂ (𝐅̂)
𝜕𝐅̂

− 𝑝̂𝐅̂−1, (2.3)

here the pressures 𝑝 and 𝑝̂ arise from the incompressibility constraints
det 𝐅 = 1 and det 𝐅̂ = 1. An important difference with a typical elastic
theory is the appearance of internal orientational body-force density for
the LCE film given by

𝜫 = −
𝜕𝑊 (𝐅,𝐧)

𝜕𝐧
− 𝑝1𝐧, (2.4)

where 𝑝1 is the Lagrange multiplier enforcing the constraint 𝐧 ⋅ 𝐧 = 1.

2.1. Homogeneous deformation

We first study the homogeneous deformation and characterize the
current finite-deformation state 𝐵1. All physical quantities associated
with 𝐵1 will be added on an overbar ‘‘−’’, except for the position vector
𝐱. In view of the fact that both layers are incompressible, i.e. det 𝐅̄ = 1,
the deformation gradient valid for both the LCE film and the half-space
reads

𝐅̄ =
(

𝜆 0
)

, (2.5)

0 1∕𝜆
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Fig. 1. Illustration of an LCE-substrate structure. (a) Initial state, where no force is applied to the structure; (b) Wrinkled state, where surface wrinkling is created by applied
axial compression.
where 𝜆 is a constant principal stretch in the 𝑋1-direction. The coun-
terpart in the 𝑋2-direction is then 1∕𝜆. We immediately find that the
deformed thickness ℎ = 𝐻∕𝜆. Whenever a quantity in the substrate and
in the film take the same value, we will discard the upper hat to denote
both.

For the director, we have

𝐧0 = cos 𝜃0𝐄1 + sin 𝜃0𝐄2, 𝐧̄ = cos 𝜃̄𝐄1 + sin 𝜃̄𝐄2, (2.6)

where 𝜃0 and 𝜃̄ denote the angles between the director and the hor-
izontal direction 𝐄1 in the initial configuration 𝐵0 and the reference
configuration 𝐵1, respectively.

The nominal stresses 𝐒̄ and ̂̄𝐒 are also constant tensors. Hence for a
static problem, the two equilibrium equations

Div 𝐒̄ = 𝟎, Div ̂̄𝐒 = 𝟎 (2.7)

are trivially satisfied. Note that ‘‘Div’’ is the divergence operator with
respect to the coordinates in 𝐵0. We further study the orientational
momentum balance which results in the equation 𝜫̄ = 𝟎 for the
material constitutive model (2.1) (Anderson et al., 1999). Further,
we emphasize that the multiplier arising from the constraint of the
director is negligible as shown in Anderson et al. (1999) and Chen and
Fried (2006). To eliminate 𝑝1 in (2.4), we apply a projection operator
(𝐈 − 𝐧̄⊗ 𝐧̄) on 𝜫̄ = 𝟎 to find (Liu et al., 2020a)

(𝐈 − 𝐧̄⊗ 𝐧̄) 𝜕𝑊 (𝐅̄, 𝐧̄)
𝜕𝐧̄

= 𝟎. (2.8)

In the light of (2.1), (2.5), and (2.6), Eq. (2.8) gives rise to the
following scalar equation

(𝑠 − 1) cos 2𝜃̄ sin 2𝜃0 −
sin 2𝜃̄

(

(

𝜆4 + 1
)

(𝑠 − 1) cos 2𝜃0 +
(

𝜆4 − 1
)

(𝑠 + 1)
)

2𝜆2
= 0.

(2.9)

We then immediately obtain

tan 2𝜃̄ =
2(𝑠 − 1)𝜆2 sin 2𝜃0

(1 + 𝑠)
(

𝜆4 − 1
)

+ (𝑠 − 1)
(

𝜆4 + 1
)

cos 2𝜃0
. (2.10)

It can be seen from (2.10) that if 𝜃0 = 0 or 𝜃0 = 𝜋∕2 the only
possible solution is 𝜃̄ = 0 or 𝜃̄ = 𝜋∕2 (as we are only concerned with
0 ⩽ 𝜃̄ ⩽ 𝜋∕2). It implies that a director reorientation may be triggered
whenever the initial director is either parallel or perpendicular to the
𝑋1-axis. We emphasize that such phenomenon was also discovered
in compressed bilayers (Mihai and Goriely, 2021; Goriely and Mihai,
2021), in inflated LCE tubes (Chen and Fried, 2006), and in the bending
of LCEs (Liu et al., 2021b). We refer to Mihai and Goriely (2021) for a
detailed discussion on the parameter selections needed to avoid director
reorientation.

In the following analysis, we focus on the special case where the
initial angle is 𝜃 = 0 (𝐧 = 𝐄 ) or 𝜃 = 𝜋∕2 (𝐧 = 𝐄 ). Consequently,
3

0 0 1 0 0 2
there are four homogeneous solutions characterized by: {𝜃0 = 0, 𝜃̄ = 0},
{𝜃0 = 0, 𝜃̄ = 𝜋∕2}, {𝜃0 = 𝜋∕2, 𝜃̄ = 0}, and {𝜃0 = 𝜋∕2, 𝜃̄ = 𝜋∕2}.

For these solutions, Eq. (2.3)1 yields

𝐒̄ =
⎛

⎜

⎜

⎝

𝜆𝜇 −
𝑝̄
𝜆

0

0
𝜇
𝜆
− 𝜆𝑝̄

⎞

⎟

⎟

⎠

, for {𝜃0 = 0, 𝜃̄ = 0} or {𝜃0 = 𝜋∕2, 𝜃̄ = 𝜋∕2},

𝐒̄ =
⎛

⎜

⎜

⎝

𝑠𝜆𝜇 −
𝑝̄
𝜆

0

0
𝜇
𝑠𝜆

− 𝜆𝑝̄

⎞

⎟

⎟

⎠

, for {𝜃0 = 0, 𝜃̄ = 𝜋∕2},

𝐒̄ =
⎛

⎜

⎜

⎝

𝜆𝜇
𝑠

−
𝑝̄
𝜆

0

0
𝑠𝜇
𝜆

− 𝜆𝑝̄

⎞

⎟

⎟

⎠

, for {𝜃0 = 𝜋∕2, 𝜃̄ = 0}.

(2.11)

Accordingly, the nominal stress for the substrate is

̂̄𝐒 =
(

𝜆𝜇̂ − ̂̄𝑝∕𝜆 0
0 𝜇̂∕𝜆 − 𝜆 ̂̄𝑝

)

. (2.12)

Next, we consider the boundary and interface conditions. We as-
sume that the upper surface is traction-free and the interface remains
bonded which implies that continuity conditions are imposed at the
interface. For the homogeneous deformation, we have

𝑆̄22
|

|

|𝑋2=𝐻
= 0,

(

𝑆̄22 − ̂̄𝑆22

)

|

|

|𝑋2=0
= 0, (2.13)

from which we obtain

̂̄𝑝 =
𝜇̂
𝜆2

, 𝑝̄ =
𝜇
𝜆2

({𝜃0 = 0, 𝜃̄ = 0} or {𝜃0 = 𝜋∕2, 𝜃̄ = 𝜋∕2}),

𝑝̄ =
𝜇
𝑠𝜆2

, ({𝜃0 = 0, 𝜃̄ = 𝜋∕2}), 𝑝̄ =
𝑠𝜇
𝜆2

, ({𝜃0 = 𝜋∕2, 𝜃̄ = 0}). (2.14)

As there are two solutions 𝜃̄ = 0 and 𝜃̄ = 𝜋∕2, it is necessary to
identify which is the favorable one by computing the total energy of
each solution. We select a representative block area from the original
structure with [−𝐿,𝐿] × [0,𝐻] ∪ [−𝐿,𝐿] × [−50𝐻, 0]. The equivalence to
the prototypical problem can be attained by applying periodic condi-
tions at the two lateral sides. For a displacement-control problem, the
dimensionless two-dimensional energy is

𝛹 = 𝛹∗

𝐿𝐻𝜇̂

= 1
𝐿𝐻𝜇̂

(

∫

𝐿

−𝐿 ∫

𝐻

0
𝑊 d𝑋1d𝑋2 + ∫

𝐿

−𝐿 ∫

0

−50𝐻
𝑊̂ d𝑋1d𝑋2

)

. (2.15)

When the director 𝐧0 is initially aligned in the 𝐄1-direction, with the
use of (2.1) and (2.2), the corresponding energy for the two solutions
𝜃̄ = 0 and 𝜃̄ = 𝜋∕2 read

𝛹 0
0 =

(𝛽 + 50)
(

𝜆2 − 1
)2

𝜆2
, 𝛹 0

𝜋∕2 =
50

(

𝜆2 − 1
)2

𝜆2
+ 𝛽

(

𝜆2𝑠 + 1
𝜆2𝑠

− 2
)

,

(2.16)
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where the superscript and subscript correspond to the initial and de-
formed directors, respectively, and 𝛽 = 𝜇∕𝜇̂ is the modulus ratio
between two layers, an important parameter in the wrinkling problem.

It follows from (2.16) that 𝛹 0
0 is lower than 𝛹 0

𝜋∕2 as 𝜆 > 𝑠−1∕4, and
the only positive real solution to 𝛹 0

0 = 𝛹 0
𝜋∕2 is 𝜆 = 𝑠−1∕4. Therefore, we

onclude that a director reorientation (director jumps from 𝐄1 to 𝐄2) is
ossible only if 𝑠 > 1. Furthermore, if the director 𝐧0 is initially aligned

in the 𝐄2-direction, we find that

𝛹𝜋∕2
0 =

50
(

𝜆2 − 1
)2

𝜆2
+ 𝛽

(

𝜆2

𝑠
+ 𝑠

𝜆2
− 2

)

, 𝛹𝜋∕2
𝜋∕2 =

(𝛽 + 50)
(

𝜆2 − 1
)2

𝜆2
.

(2.17)

In this scenario (𝐧0 = 𝐄2), we find that a director reorientation (with
a jump from 𝐄2 to 𝐄1) can only be initiated if 𝑠 < 1 and the critical
compressive stretch is 𝜆 = 𝑠1∕4.

2.2. Incremental theory

The incremental theory for hyperelastic material is now well es-
tablished and we refer the reader to the excellent description found
in (Ogden, 1984; Fu and Ogden, 1999). Therefore, we shall not repeat
all the steps here but, instead, we will follow the standard procedure
to obtain the required equations and boundary conditions. Here we
need to extend the fundamental theory to the case of LCE film for
which we have the added complication introduced by the director field.
Therefore, we will only include this novel aspect for the film while the
counterpart for the substrate will be given without derivation.

We expect that a wrinkling instability will be triggered as the
applied deformation increases. To characterize the onset of instability,
we superimpose an incremental displacement 𝐮 = [𝑢1, 𝑢2]T and an
incremental director 𝐦 = [𝑚1, 𝑚2]T on 𝐵1. The resulting configuration
is called 𝐵2. The position vector for a representative material particle
in 𝐵2 is represented by 𝐱̃ and the associated director by 𝐧. We have

𝐮(𝑥1, 𝑥2) = 𝐱̃(𝑥1, 𝑥2) − 𝐱, 𝐦(𝑥1, 𝑥2) = 𝐧(𝑥1, 𝑥2) − 𝐧̄. (2.18)

It then follows that the deformation gradient 𝐅 arising from 𝐵0 ⟶ 𝐵2
is

𝐅 = (𝐈 + 𝜼)𝐅̄, (2.19)

where 𝐈 is the second-order identity tensor and 𝜼 the displacement
gradient tensor with components 𝜂𝑖𝑗 = 𝑢𝑖,𝑗 . Here, the comma denotes
derivative with respect to the implied coordinates. Based on (2.18)2,
the internal orientational body-force density in 𝐵2 (2.4) can be replaced
by

𝜫 = −
𝜕𝑊 (𝐅,𝐧)

𝜕𝐧
− 𝑝1(𝐦 + 𝐧̄). (2.20)

To obtain the incremental equations applicable to the LCE film, we
irst define the incremental nominal stress

̇ = 𝐽−1𝐅̄(𝐒 − 𝐒̄), (2.21)

where 𝐽 = det 𝐅̄, which is one in this problem but is still kept so that
the formula can be easily generalized. Similarly, we define the internal
orientational body-force density increment by

𝜫̇ = 𝐽−1(𝜫 − 𝜫̄) = 𝐽−1
(

− 𝜕𝑊
𝜕𝐧

+ 𝜕𝑊
𝜕𝐧̄

− 𝑝∗1𝐧̄ − 𝑝1𝐦
)

. (2.22)

Note that we have used 𝑝∗1 = 𝑝1 − 𝑝̄1 in the above equation.
To eliminate the Lagrange multipliers generated by the constraint

of director, we use the constraint 𝐧 ⋅ 𝐧 = 1 which gives

𝐦 ⋅ (2𝐧̄ +𝐦) = 0. (2.23)

Next, applying the two tensors 𝐈 − 𝐚⊗ 𝐚∕(𝐚 ⋅ 𝐚) and 𝐈 −𝐦⊗𝐦∕(𝐦 ⋅𝐦)
with 𝐚 = 𝐧̄ + 𝐦∕2 (Liu et al., 2020a) and using (2.23) we obtain the
4

incremental equations:

div 𝐒̇ = 𝟎,
(

𝐈 − 𝐚⊗ 𝐚
𝐚 ⋅ 𝐚

)(

𝐈 −𝐦⊗ 𝐦
𝐦 ⋅𝐦

)

̃̇𝜫 = 𝟎, with ̃̇𝜫 ≡ − 𝜕𝑊
𝜕𝐧

+ 𝜕𝑊
𝜕𝐧̄

,

(2.24)

here ‘‘div’’ denotes the divergence operator with respect to the coor-
inates in 𝐵1.

We denote by 𝑝∗ the incremental pressure for the LCE film such that
= 𝑝̄ + 𝑝∗ in 𝐵2 and taking the series expansions of 𝐒̇ and ̃̇𝜫 in terms
f (𝐅̄, 𝐧̄) to first order, we obtain (Ogden, 1984; Fu and Ogden, 1999):

̇ 𝑗𝑖 = 𝒜𝑗𝑖𝑙𝑘𝑢𝑘,𝑙 + 𝑝̄𝑢𝑗,𝑖 − 𝑝∗𝛿𝑗𝑖 +ℬ𝑗𝑖𝑘𝑚𝑘,
̃̇𝛱𝑘 = −ℬ𝑙𝑗𝑘𝑢𝑗,𝑙 − 𝒞𝑘𝑗𝑚𝑗 ,

(2.25)

here 𝛿𝑗𝑖 is the Kronecker delta, and 𝒜𝑗𝑖𝑙𝑘, ℬ𝑗𝑖𝑘, 𝒞𝑗𝑖 are the first-order
nstantaneous elastic moduli defined by

𝑗𝑖𝑙𝑘 = 𝐽−1𝐹𝑗𝐴𝐹𝑙𝐵
𝜕2𝑊

𝜕𝐹𝑖𝐴𝜕𝐹𝑘𝐵

|

|

|

|𝐅=𝐅̄,𝐧=𝐧̄
,

ℬ𝑗𝑖𝑘 = 𝐽−1𝐹𝑗𝐴
𝜕2𝑊

𝜕𝐹𝑖𝐴𝜕𝑛𝑘

|

|

|

|𝐅=𝐅̄,𝐧=𝐧̄
, 𝒞𝑗𝑖 = 𝐽−1 𝜕2𝑊

𝜕𝑛𝑗𝜕𝑛𝑖

|

|

|

|𝐅=𝐅̄,𝐧=𝐧̄
. (2.26)

ccordingly, the incremental equations (2.24) transform into

𝑗𝑖𝑙𝑘𝑢𝑘,𝑙𝑗 − 𝑝∗𝑖 +ℬ𝑗𝑖𝑘𝑚𝑘,𝑗 = 0,

(𝛿𝑖𝑘 − 𝑛̄𝑖 ⊗ 𝑛̄𝑘)(−ℬ𝑙𝑗𝑘𝑢𝑗,𝑙 − 𝒞𝑘𝑙𝑚𝑙) = 0.
(2.27)

he linearized incompressibility condition and the unit director con-
traint are prescribed by

𝑖,𝑖 = 0, 𝑚𝑖 ⋅ 𝑛̄𝑖 = 0. (2.28)

he incremental boundary conditions at the upper surface and conti-
uity conditions at the interface lead to
|

|

|𝑥2=ℎ
= 𝟎, (𝐓 − 𝐓̂)||

|𝑥2=0
= 𝟎, (𝐮 − 𝐮̂) ||

|𝑥2=0
= 0, (2.29)

here 𝐓 = 𝐒̇T𝐄2 is the traction vector and 𝐓̂ the counterpart for the
ubstrate with components given by

𝑖 =𝒜2𝑖𝑙𝑘𝑢𝑘,𝑙 + 𝑝̄𝑢2,𝑖 − 𝑝∗𝛿2𝑖 +ℬ2𝑖𝑘𝑚𝑘,
̂𝑖 =𝒜2𝑖𝑙𝑘𝑢̂𝑘,𝑙 + ̂̄𝑝𝑢̂2,𝑖 − 𝑝̂∗𝛿2𝑖.

inally, we write the incremental equations for the substrate and the
ssociated decaying condition at infinity as

𝑢̂𝑖,𝑖 = 0, 𝒜𝑗𝑖𝑙𝑘𝑢̂𝑘,𝑙𝑗 − 𝑝̂∗,𝑖 = 0,

𝑢̂𝑖 → 0, as 𝑥2 → −∞.
(2.30)

. Bifurcation analysis

We are now in a position to carry out a bifurcation analysis based
n the incremental governing system (2.27)–(2.30). We will take 𝜃0 = 0
s an example. In this case, if there is no director reorientation (𝜃̄ = 0),
2.28)2 gives rise to 𝑚1 = 0. As a result, we look for a solution of the
orm

1 = ei𝑘𝑥1𝑘𝑈 ′ (𝑘𝑥2
)

, 𝑢2 = −i𝑘ei𝑘𝑥1𝑈
(

𝑘𝑥2
)

,

𝑢̂1 = ei𝑘𝑥1𝑘𝑈̂ ′ (𝑘𝑥2
)

, 𝑢̂2 = −i𝑘ei𝑘𝑥1 𝑈̂
(

𝑘𝑥2
)

,

𝑚2 = ei𝑘𝑥1𝑉
(

𝑥2
)

,

(3.1)

here ‘i’ is the imaginary unit, primes denote derivative with respect
o the implied variable, 𝑘 stands for the wavenumber, 𝑈 , 𝑈̂ and 𝑉

are unknown functions. A direct computation would show that the
incompressibility condition is automatically satisfied by (3.1).

Substituting (3.1) into (2.27), (2.30)2 and eliminating 𝑝∗, 𝑝̂∗ through

cross differentiation result in
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𝑘4𝑠2𝜆4𝑈 − 𝑘2(𝑠 − 1)𝑠𝜆4𝑉 − 𝑘4𝑠(𝜆4 + 1)𝑈 ′′ + 𝑘2(1 − 𝑠)𝑉 ′′ + 𝑘4𝑈 ′′′′ = 0,

(𝑠 − 1)(𝑘2𝑠𝜆4𝑈 + 𝑉 + 𝑘2𝑈 ′′) = 0,

𝜆4𝑈̂ −
(

𝜆4 + 1
)

𝑈̂ ′′ + 𝑈̂ ′′′′ = 0.

(3.2)

We eliminate 𝑉 in (3.2)1 by using (3.2)2. As a result, the general
solutions of 𝑈 and 𝑈̂ can be formulated by solving the associated
eigenvalue problems of (3.2)1 and (3.2)3:

𝑈 (𝑘𝑥2) = 𝐶1e−𝛾1𝑘𝑥2 + 𝐶2e𝛾1𝑘𝑥2 + 𝐶3e−𝛾2𝑘𝑥2 + 𝐶4e𝛾2𝑘𝑥2 ,

𝑈̂ (𝑘𝑥2) = 𝐶5e𝑘𝑥2 + 𝐶6e𝜆
2𝑘𝑥2 + 𝐶7e−𝑘𝑥2 + 𝐶8e−𝑘𝜆

2𝑥2 ,
(3.3)

where 𝐶𝑖 (𝑖 = 1, 2⋯ , 8) are constants and the eigenvalues 𝛾1 and 𝛾2 are
given by

𝛾1 =

(

1 + (3 − 2𝑠)𝜆4 −
√

1 + (6 − 8𝑠)𝜆4 + (9 − 8𝑠)𝜆8

2

)1∕2

,

2 =

(

1 + (3 − 2𝑠)𝜆4 +
√

1 + (6 − 8𝑠)𝜆4 + (9 − 8𝑠)𝜆8

2

)1∕2

.

he decaying condition (2.30)3 leads to 𝐶7 = 𝐶8 = 0.
Subsequently, we substitute (3.3) into the boundary conditions

nd continuity conditions (2.29) to obtain an algebraic system of the
eneral form

1 ⋅ 𝐂 = 0 (3.4)

where 𝐂 = [𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐶5, 𝐶6]T and the coefficient matrix 𝐌1 is
given in (A.1). In order to find a non-trivial solution of the incremental
displacements, the determinant of this matrix must vanish, resulting in
the following bifurcation condition:

det𝐌1 ≡ 𝑓1(𝜆, 𝑘ℎ, 𝛽, 𝑠) = 0. (3.5)

Since the bifurcation condition depends on 𝑘 and ℎ only via 𝑘ℎ, we
henceforth take 𝑘ℎ as a single parameter.

From the previous section, we know that for some values of 𝑠 > 1,
the director will rotate from 𝐄1 to 𝐄2 at 𝜆 = 𝑠−1∕4. If this value is more
than the critical stretch triggering surface wrinkling, we may expect a
director rotation first and then a secondary instability. For this special
case, (2.28)2 yields 𝑚2 = 0 and therefore we shall seek a new increment
𝑚1 = ei𝑘𝑥1𝑉

(

𝑥2
)

. Accordingly, the general solution of the LCE film is
replaced by

𝑈 (𝑘𝑥2) = 𝐶1e−𝛾3𝑘𝑥2 + 𝐶2e𝛾3𝑘𝑥2 + 𝐶3e−𝛾4𝑘𝑥2 + 𝐶4e𝛾4𝑘𝑥2 , (3.6)

where 𝛾3 and 𝛾4 are eigenvalues defined by

𝛾3 =

(

𝑠2𝜆4 + 3 − 2𝑠 −
(

𝜆8𝑠4 − 8𝜆4𝑠3 + 6𝜆4𝑠2 − 8𝑠 + 9
)1∕2

2(𝑠2𝜆4 + 𝑠 − 1)

)1∕2

𝜆2𝑠1∕2,

4 =

(

𝑠2𝜆4 + 3 − 2𝑠 +
(

𝜆8𝑠4 − 8𝜆4𝑠3 + 6𝜆4𝑠2 − 8𝑠 + 9
)1∕2

2(𝑠2𝜆4 + 𝑠 − 1)

)1∕2

𝜆2𝑠1∕2.

nalogously, the bifurcation condition where surface instability occurs
an be obtained from (2.29):

et𝐌2 ≡ 𝑓2(𝜆, 𝑘ℎ, 𝛽, 𝑠) = 0, (3.7)

where 𝐌2 is shown in (A.2).
For the case 𝜃0 = 𝜋∕2, there are also two possible situations, i.e. 𝜃̄ =

𝜋∕2 and 𝜃̄ = 0. The associated bifurcation conditions can be deduced by
the same procedures and hence the details will be omitted. We directly
write them as

det𝐌3 ≡ 𝑓3(𝜆, 𝑘ℎ, 𝛽, 𝑠) = 0, 𝜃̄ = 𝜋
2
, (3.8)

det𝐌4 ≡ 𝑓4(𝜆, 𝑘ℎ, 𝛽, 𝑠) = 0, 𝜃̄ = 0, (3.9)

where 𝐌3 and 𝐌4 can be found in (A.3) and (A.4), respectively.
Using the bifurcation conditions (3.5) and (3.7)–(3.9), we can graph

he bifurcation curves with varying 𝑘ℎ as shown in Fig. 2. We see
5

that a director reorientation takes place before surface wrinkling when
𝜃0 = 0, 𝑠 = 2 and 𝜃0 = 𝜋∕2, 𝑠 = 0.8 in Fig. 2(a) and when 𝜃0 = 𝜋∕2, 𝑠 = 0.8
in Fig. 2(b). In the first case (𝛽 = 1), the LCE film and the substrate
have the same modulus. When 𝑠 = 1, the problem further reduces to
a homogeneous half-space for which surface wrinkling occurs at the
classical Biot value 𝜆 ≈ 0.5437 (Biot, 1963). Therefore, we refer to the
critical stretch for surface instability when 𝛽 = 1 as 𝜆Biot. It can be seen
from Fig. 2(a) that all bifurcation curves intersect when 𝑘ℎ → 0 and the
corresponding stretch is exactly at the Biot value 0.5437 (marked by a
black point). In addition, if 𝑠 < 1 and 𝜃0 = 0 the principal stretch 𝜆 will
converge to a limiting value as 𝑘ℎ → ∞, which is higher than 0.5437.
Besides, the limit values as 𝑘ℎ → ∞ are lower than 0.5437 for the rest
of bifurcation curves, and hence the critical stretch is 𝜆Biot = 0.5437.
Correspondingly, the associated critical wavenumber is zero. A zero
wavenumber will typically cause a localized instability, such as ridge
formation in a film bonded to a pre-compressed substrate (Fu et al.,
2023) and localized necking/bulging in circular cylinders (Fu et al.,
2021; Liu and Dorfmann, 2023). We further show 𝜆Biot as a function
of 𝑠 in Fig. 3. The blue curve is monotonically decreasing with 𝑠 until
he Biot value is reached at 𝑠 = 1 while the red one is a horizontal
ine. Moreover, the blue curve is always higher, indicating that the LCE-
ubstrate bilayer is more stable when the director is initially along the
2-direction. Note that the director will reorientate if 𝜃0 = 𝜋∕2 and
< 1. This further demonstrates that director reorientation stabilizes

he material.
When the LCE film is stiffer than the substrate, as shown in Fig. 2(b)

he 𝜆 − 𝑘ℎ curve has a local maximum. We refer to this point as
𝜆cr, (𝑘ℎ)cr) with critical stretch 𝜆cr and critical wavenumber (𝑘ℎ)cr.
ext, we shall focus on the effect of parameters on this critical pattern.

.1. Critical wrinkled state if the initial director is aligned in the horizontal
irection

We first specify 𝜃0 = 0 and use Eqs. (3.5) and (3.7) to study the
ritical pattern. The pair {𝜆cr, (𝑘ℎ)cr} can be determined from

𝑖(𝜆, 𝑘ℎ, 𝛽, 𝑠) = 0,
𝜕𝑓𝑖(𝜆, 𝑘ℎ, 𝛽, 𝑠)

𝜕(𝑘ℎ)
= 0, 𝑖 = 1, 2. (3.10)

We can solve these equations numerically for the critical stretch
cr and the critical wavenumber (𝑘ℎ)cr. From (2.16) we know that a
irector jump from 𝜃̄ = 0 to 𝜃̄ = 𝜋∕2 may take place at 𝜆 = 𝑠−1∕4 when
> 1. Therefore, we study separately the cases 𝑠 < 1 and 𝑠 > 1.

.1.1. The case of 𝑠 < 1
First, we assume 𝑠 < 1 when the director remains in its initial

irection before surface wrinkling. In that case, the critical stretch and
he critical wavenumber are shown in Fig. 4 based on Eqs. (3.10) (with
= 1). As can be appreciated from Fig. 4(a), when the LCE film is stiffer
han the substrate, the critical stretch 𝜆cr increases with 𝛽 regardless
f the value of 𝑠, implying that the bilayer becomes more unstable
s the modulus ratio 𝛽 increases. This is a well-known property of
ilm-substrate structures (Cai and Fu, 1999; Andres et al., 2018; Wang
t al., 2023) which remains valid when a substrate is coated by an LCE
ilm (Krieger and Dias, 2019; Goriely and Mihai, 2021). Meanwhile,
he value of 𝑠 has a weak influence on 𝜆cr provided that 𝛽 is large

enough, which has also been observed by Goriely and Mihai (2021). As
𝛽 decreases, the curve will intersect with the horizontal line 𝜆 = 𝜆Biot
and as a result the critical stretch will be replaced by 𝜆Biot.

We see from Fig. 4(b) that the critical wavenumber is a monotoni-
cally decreasing function of the modulus ratio 𝛽, regardless of the value
of the anisotropy parameter 𝑠. This feature is also consistent with the
results in Goriely and Mihai (2021). In particular, as 𝛽 goes to one, the
critical wavenumber (𝑘ℎ)cr tends to infinity.
3.1.2. The case of 𝑠 > 1

Next, we consider 𝑠 > 1. In this case, from (2.16), we know that
a director reorientation can take place at 𝜆 = 𝑠−1∕4. Hence, director



International Journal of Solids and Structures 299 (2024) 112895Y. Liu et al.

𝑠

r
s

Fig. 2. Bifurcation curves for 𝜆 as a function of 𝑘ℎ.
3

d
t
s
F
a
a
s

i
t
T
w

Fig. 3. The 𝜆Biot curves for 𝐧0 = 𝐄1 (the blue curve) and 𝐧0 = 𝐄2 (the red line) when
⩽ 1.

eorientation will occur first before surface wrinkling if the critical
tretch obtained from (3.10) (with 𝑖 = 1) is lower than 𝑠−1∕4. Since 𝜆cr

is dependent on 𝛽, we need to identify the transition where a director
reorientation is induced first instead of surface wrinkling. This can be
achieved by substituting 𝜆 = 𝑠−1∕4 into (3.10) (with 𝑖 = 1).

Fig. 5 shows that the critical modulus ratio 𝛽cr depends monotoni-
cally on the anisotropy parameter 𝑠. We recall that there is no director
reorientation provided 𝛽 > 𝛽cr. In practice, it provides a guidance to
avoid or to trigger a director reorientation before surface wrinkling in
the sample preparation process. For 𝛽 < 𝛽cr, the director will first rotate
𝜋∕2 at 𝜆 = 𝑠−1∕4, changing its alignment from 𝐄1 to 𝐄2. In this case,
we can use (3.10) (with 𝑖 = 2) to find 𝜆cr and (𝑘ℎ)cr. Subsequently,
we plot in Fig. 6 the curves of the critical stretch 𝜆cr and the critical
wavenumber (𝑘ℎ)cr against the modulus ratio 𝛽 when 𝑠 > 1. Due to the
presence of director reorientation, all curves exhibit a discontinuity at
6

𝛽cr and as a consequence a discontinuity in both 𝜆cr and (𝑘ℎ)cr. f
We see from Fig. 6(a) that director reorientation significantly de-
lays wrinkling initiation. Moreover, as 𝑠 increases, the magnitude of
this delay effect also increases. When 𝛽 > 𝛽𝑐𝑟, the critical stretch is
almost identical for different values of 𝑠. Notwithstanding, a careful
observation reveals that 𝜆cr is an increasing function of 𝑠. If 𝛽 < 𝛽𝑐𝑟,
the critical stretch decreases towards 𝜆Biot. Specifically, the blue curve,
corresponding to 𝑠 = 2, will reach 𝜆Biot after 𝛽 crosses 𝛽cr. Fig. 6(b)
shows that the director reorientation prominently amplifies the critical
wavenumber (𝑘ℎ)cr. Also, the critical wavenumber (𝑘ℎ)cr decreases in 𝑠
until the termination of each curve. Referring to Fig. 2(a), it is expected
that (𝑘ℎ)cr = 0 when 𝛽 is approaching unity. This explains why these
curves terminate as 𝛽 is getting small. Especially, for the blue curve in
Fig. 6(b), (𝑘ℎ)cr will jump from a finite value to 0 immediately after 𝛽
passes 𝛽cr .

3.2. Critical wrinkled state if the initial director is aligned in the vertical
direction

Next, we study the bifurcations for 𝜃0 = 𝜋∕2. From (2.17), we see
that the director may rotate from 𝐄2 to 𝐄1 at 𝜆 = 𝑠1∕4 if 𝑠 < 1. Similarly,
we will distinguish the cases 𝑠 < 1 and 𝑠 > 1. As before, the pair
{𝜆cr, (𝑘ℎ)cr} can be identified by

𝑓𝑖(𝜆, 𝑘ℎ, 𝛽, 𝑠) = 0,
𝜕𝑓𝑖(𝜆, 𝑘ℎ, 𝛽, 𝑠)

𝜕(𝑘ℎ)
= 0, 𝑖 = 3, 4. (3.11)

.2.1. The case of 𝑠 < 1
In the case 𝑠 < 1, we refer to the previous subsection and first

etermine the critical transition value 𝛽cr where surface wrinkling will
ake place following a director reorientation. To this end, we directly
ubstitute 𝜆 = 𝑠1∕4 into Eqs. (3.11) (with 𝑖 = 3). The result is shown in
ig. 7, indicating that 𝛽cr is a decreasing function of 𝑠. In particular,
s 𝑠 ≈ 1∕2, we find that 𝛽cr is approaching zero, indicating that
further lower 𝑠 fails to generate any director reorientation before

urface wrinkling.
We show the curves of 𝜆cr and (𝑘ℎ)cr in Fig. 8 for varying 𝛽. Fig. 8(a)

llustrates that 𝜆cr slowly decreases with decreasing 𝛽 until it passes
he transition value 𝛽cr where an obvious drop in 𝜆cr is observed.
his again implies that director reorientation indeed retards surface
rinkling. After that point, the 𝜆cr-curve descends fast to 𝜆Biot as 𝛽

urther reduces. Fig. 8(b) shows that the critical wavenumber (𝑘ℎ)
cr
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Fig. 5. Dependence of the critical modulus ratio 𝛽cr on the anisotropy parameter 𝑠 if
0 = 0 and 𝑠 > 1.

epends marginally on the modulus ratio if 𝛽 > 𝛽cr. Once more, the
𝑘ℎ)cr curve stops at a special value of 𝛽 < 𝛽cr and therefore we
ave (𝑘ℎ)cr = 0 since then. When director reorientation happens, all
urves display a remarkable upper jump, leading to a great increase
n the value of (𝑘ℎ)cr. Combining the facts shown in Figs. 6 and 8,
e conclude that a director reorientation actually significantly delays

urface wrinkling while producing more wrinkles.

.2.2. The case of 𝑠 > 1
Next, we consider the case 𝑠 > 1 which excludes the possibility of

irector reorientation. In this case, we can directly obtain the exact
olutions for 𝜆cr and (𝑘ℎ)cr based on (3.11) (with 𝑖 = 4) and the results
re displayed in Fig. 9. We find that 𝜆cr monotonically decreases to the
iot value 0.5437 (the horizontal line) as 𝛽 decreases. However, the
ritical wavenumber (𝑘ℎ) increases monotonically with reducing 𝛽.
7

cr p
.3. The effect of the anisotropy parameter 𝑠

From Figs. 4, 6, 8 and 9, we find that the LCE film makes a great
ifference in affecting the critical state, especially when there is a
irector reorientation. As the anisotropy parameter 𝑠 is critical for dis-
inguishing LCEs and isotropic materials, we investigate the influence of
on 𝜆cr and (𝑘ℎ)cr and present the results in Fig. 10. The discontinuities

n all curves are caused by director reorientation. From the blue curve
orresponding to 𝜃0 = 0, we conclude that an LCE film always creates
more stable bilayer compared to its isotropic counterpart if 𝑠 < 1.
hen 1 < 𝑠 < 1.3768 (here the value 1.3768 can be found based on

ig. 5 by taking 𝛽 = 15), a sudden drop in 𝜆cr is observed and 𝜆cr
educes dramatically for increasing 𝑠. When 𝑠 > 1.3768, 𝜆cr is always
igher than the critical stretch with 𝑠 = 1 and a greater 𝑠 will make
he bilayer unstable earlier. Meanwhile, the critical wavenumber (𝑘ℎ)cr
xperiences a non-monotonic behavior due to director reorientation
s 𝑠 increases. When the initial director is aligned in the 𝐄2-direction
𝜃0 = 𝜋∕2), the red curves imply that for 0 < 𝑠 < 0.7433 (the value
.7433 is identified based on Fig. 7 by taking 𝛽 = 15) we have an
nstable bilayer compared to its isotropic counterpart (𝑠 = 1). For
.7433 < 𝑠 < 1, a director reorientation takes place and it retards the
nset of surface wrinkling. When 𝑠 > 1, the 𝜆cr-curve is monotonically
ecreasing in 𝑠, indicating that the bilayer is more stable.

In summary: A director reorientation will drastically delays surface
rinkling only if the anisotropy parameter 𝑠 falls into a specific region,

or example (0.7433, 1) ∪ (1, 1.3768) in Fig. 10. Furthermore, if director
eorientation is not granted, when 𝑠 < 0.7433, the bilayer with 𝜃0 = 0
s always more stable than its counterpart with 𝜃0 = 𝜋∕2. However,
f 𝑠 > 1.3768 the bilayer with 𝜃0 = 𝜋∕2 is more stable. Recalling that
rolate liquid crystal molecules imply 𝑠 > 1 while oblate molecules give
< 1, we conclude that when the major-axis of molecules coincides
ith the alignment of the director, a stable bilayer can be designed,
nd the associated wrinkled pattern is more wrinkled.

. Asymptotic analysis

The exact bifurcation conditions (3.5) and (3.8) derived from the
revious section are valid for all values of the geometric and material

arameters. In practical applications, we are often in a regime with a
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Fig. 6. The critical stretch 𝜆cr and the critical wavenumber (𝑘ℎ)cr as functions of the modulus ratio 𝛽 when 𝜃0 = 0 and 𝑠 > 1.
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Fig. 7. Dependence of the critical modulus ratio 𝛽cr on the anisotropy parameter 𝑠 if
0 = 𝜋∕2 and 𝑠 < 1.

hick soft substrate coated by a stiff thin film (Cai and Fu, 1999; Li et al.,
012; Goriely, 2017; Holland et al., 2018). Hence, it is of importance
o study the case 𝛽 ≫ 1 in detail. In this regime an asymptotic analysis
an also be performed. To this end, we further assume that 𝑘ℎ → 0 and
∕𝛽 ∼ 

(

(𝑘ℎ)3
)

(Cai and Fu, 1999; Liu and Dai, 2014; Alawiye et al.,
019; Goriely and Mihai, 2021).

From the analysis in Section 3 it is expected that, in the large 𝛽 limit,
urface wrinkling will take place when 𝜆 is close to 1. Further, it has
lso been shown in Sections 3.1 and 3.2 that a director reorientation
ill retard the onset of surface wrinkling and create more wrinkles. We
mphasize that both effects violate the assumption of small 𝑘ℎ. Thus,
e restrict our analysis to the case where no director reorientation is
llowed. Replacing 𝛽 by 𝜔∕(𝑘ℎ)3 with 𝜔 a constant of (1), we look for
solution to (3.5) and (3.8) depending only on the even orders of 𝑘ℎ
8

t

as follows (Goriely et al., 2008; De Pascalis et al., 2011; Liu, 2023)

𝜆 = 1 + 𝜁1(𝑘ℎ)2 + 𝜁2(𝑘ℎ)4 + 
(

(𝑘ℎ)6
)

, (4.1)

where 𝜁𝑖 (𝑖 = 1, 2) are constants related to 𝑠 and 𝜔 to be determined. In
the following, we will again study separately the two cases 𝜃0 = 0 and
𝜃0 = 𝜋∕2.

4.1. The initial director is aligned in the horizontal direction

We first look for solutions when 𝜃0 = 0. To avoid director reorienta-
tion, we impose 𝑠 < 1. In addition, it can be concluded from Fig. 10(b)
that 𝑘ℎ is finite for small values of 𝑠. Therefore, we only consider 𝑠 < 1
and 𝑠 ∼ (1). Using (4.1) and replacing 𝛽 by 𝜔∕(𝑘ℎ)3, the bifurcation
condition (3.5) depends on the small parameter 𝑘ℎ. We expand (3.5)
at each order in 𝑘ℎ to find:

𝜁1 = −6 + 𝑠2𝜔
12𝑠𝜔

,

2 =
31𝑠5𝜔2 + 4𝑠4𝜔(2𝜔 − 45) + 180𝑠3𝜔 − 900𝑠 + 1440

1440𝑠3𝜔2
.

(4.2)

ubstituting 𝜔 = 𝛽(𝑘ℎ)3 back into (4.2) gives rise to an expression for
that solves the bifurcation condition (3.5):

= 1 − 1
2(𝑘ℎ)𝑠𝛽

−
(𝑘ℎ)2𝑠
12

+
(𝑘ℎ)4𝑠(31𝑠 + 8)

1440
−

(5𝑠 − 8)
8(𝑘ℎ)2𝑠3𝛽2

− 1
8𝛽

(𝑘ℎ)(𝑠 − 1) + 
(

(𝑘ℎ)6
)

. (4.3)

With the aid of (3.10)2 with 𝑖 = 1 we obtain the asymptotic solutions
for 𝜆cr and (𝑘ℎ)cr:

𝜆cr = 1 − 32∕3

4𝑠1∕3𝛽2∕3
−

31∕3(4𝑠 + 7)(5𝑠 − 8)
160𝑠5∕3𝛽4∕3

− 32∕3

8𝑠1∕3𝛽5∕3
+ 

(

𝛽−2
)

, (4.4)

(𝑘ℎ)cr =
31∕3

𝑠2∕3𝛽1∕3
−

(

24 − 32𝑠 + 5𝑠2
)

20𝑠2𝛽
+ 

(

𝛽−5∕3
)

. (4.5)

t can be seen from (4.4) and (4.5) that, in addition to 𝛽, the anisotropy
arameter 𝑠 also appears at the leading-order, which explains both the
elay to the bifurcation and the increase in wrinkles when 𝑠 < 1.

As a check for this analysis, we set 𝑠 = 1 in (4.4) and (4.5) to recover
he solutions for surface wrinkling of a neo-Hookean film bonded to a
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Fig. 8. The critical stretch 𝜆cr and the critical wavenumber (𝑘ℎ)cr as functions of the modulus ratio 𝛽 when 𝜃0 = 𝜋∕2 and 𝑠 < 1.
Fig. 9. The critical stretch 𝜆cr and the critical wavenumber (𝑘ℎ)cr as functions of the modulus ratio 𝛽 when 𝜃0 = 𝜋∕2 and 𝑠 > 1.
𝜆

(

eo-Hookean substrate up to the truncated order (Cai and Fu, 1999;
lawiye et al., 2019; Wang et al., 2023).

In Fig. 11, a comparison between the exact solution and the asymp-
otic solution is given by specifying 𝑠 = 0.8. A good agreement is found
or both the critical stretch 𝜆cr and the critical wavenumber (𝑘ℎ)cr,
specially when 𝛽 is large enough.

.2. The initial director is aligned in the vertical direction

Next, we consider the case 𝜃0 = 𝜋∕2. With a similar manner as
efore, we only consider 𝑠 > 1 and 𝑠 ∼ (1). Applying the same solution
rocedure, we find 𝜁1 and 𝜁2 in (4.1):

1 = −6𝑠2 + 𝜔
12𝜔𝑠

,

= 180𝑠3𝜔 − 180𝑠2𝜔 − 900𝑠5 + 1440𝑠4 + 31𝑠𝜔2 + 8𝜔2
.

(4.6)
9

2 1440𝑠3𝜔2
Inserting 𝜔 = 𝛽(𝑘ℎ)3 back into (4.6), the asymptotic solution satisfying
the bifurcation condition (3.8) is found:

𝜆 = 1− 𝑠
2(𝑘ℎ)𝛽

−
(𝑘ℎ)2

12𝑠
+
(𝑘ℎ)4(31𝑠 + 8)

1440𝑠3
+
𝑠(8 − 5𝑠)
8(𝑘ℎ)2𝛽2

+
(𝑠 − 1)(𝑘ℎ)

8𝑠𝛽
+((𝑘ℎ)6).

(4.7)

Based on (3.11)2 with 𝑖 = 3, we obtain the asymptotic solutions:

cr = 1 − 32∕3𝑠1∕3

4𝛽2∕3
−

34∕3(𝑠 − 12)
160𝑠1∕3𝛽4∕3

− 32∕3𝑠1∕3

8𝛽5∕3
+ 

(

𝛽−2
)

, (4.8)

𝑘ℎ)cr =
31∕3𝑠2∕3

𝛽1∕3
+

(32𝑠 − 29)
20𝛽

+ 
(

𝛽−5∕3
)

. (4.9)

It can be seen that both the anisotropy parameter 𝑠 and the modulus
ratio 𝛽 appear at the leading-order terms. Unlike (4.4) and (4.5), the
anisotropy parameter 𝑠 is now in the numerator, but since 𝑠 > 1, the
effect on the bifurcation and the number of wrinkles is the same as the
previous case.
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For 𝑠 = 1, (4.8) and (4.9) reduce to the solutions for neo-Hookean
ilayers (Cai and Fu, 1999; Alawiye et al., 2019; Wang et al., 2023). We
llustrate a comparison between the exact solution and the asymptotic
ne in Fig. 12. Good agreement between them, especially for large 𝛽,
s a further validation for our asymptotic solutions.

. Conclusion

The compression-induced surface wrinkling of a neo-Hookean sub-
trate coated by an LCE film was studied within the framework of
inite elasticity. By adopting a neo-classical model of LCEs proposed
y Warner et al. (1988), we characterized the homogeneous solutions
enerated by axial compression before surface wrinkling. In particular,
e assumed that the initial director is aligned in either the horizontal
r the vertical direction. In this case, the deformed director is along
ither the horizontal or vertical direction (Mihai and Goriely, 2021).
o carry out a bifurcation analysis, we considered both an increment in
he displacement and an increment in the director, which required aug-
enting the classical incremental equations for the displacement with
10

a

he incremental equations for the directors. An exact bifurcation con-
ition for surface wrinkling was then obtained from which the critical
tretch 𝜆cr as well as the critical wavenumber (𝑘ℎ)cr were identified.

Our analysis revealed the effect of two key parameters, namely,
he modulus ratio between the LCE film and the substrate 𝛽 and the
nisotropy parameter 𝑠, on the critical wrinkled state. For the modulus
atio 𝛽, it is well known that a larger 𝛽 promotes surface wrinkling but
educes the number of wrinkles. However, with directors, the situation
hanges. If 𝜃0 = 0, the director is initially in the 𝐄1-direction, the crit-
cal stretch 𝜆cr increases as 𝑠 increases without director reorientation.
oreover, the critical wavenumber (𝑘ℎ)cr is a decreasing function of 𝑠.

f 𝜃0 = 𝜋∕2, a reserve trend is observed for both 𝜆cr and (𝑘ℎ)cr.
We point out that there are two effective ways to increase the

tability of LCE film–substrate bilayer. The first is to trigger director
eorientation if 𝑠 falls into some targeted regions. In this way, the onset
f surface wrinkling will be delayed and the associated wavenumber
ill be amplified, with more wrinkles created. Moreover, if 𝑠 is out
f the targeted region, i.e. director reorientation is not admitted, we
hall let the major-axis of liquid crystal molecules coincide with the
lignment of the director. Correspondingly, we select 𝑠 > 1 and 𝜃 =
0
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Fig. 12. Comparisons between the asymptotic solution (dashed line) and the exact solution (solid line) when 𝜃0 = 𝜋∕2 and 𝑠 = 2 where no director reorientation is allowed.
𝜋∕2 or 𝑠 < 1 and 𝜃0 = 0, then the bilayer is stabilized. Finally, we
obtain some asymptotic solutions for 𝜆cr and (𝑘ℎ)cr as 𝑘ℎ → 0 and
∕𝛽 ∼ 

(

(𝑘ℎ)3
)

, from which a clear picture on the combined effect
f 𝑠 and 𝛽 emerges. Our work shows the importance of including the
irector in this type of instability and paves the way to a general
ncremental theory for LCEs.

It is further mentioned that surface wrinkling of LCE film–substrate
ilayers can be complex due to a spacial distribution of the material
arameter, a non-uniform distribution of initial directors, and three-
imensional geometry, etc. In spite of this, the current work aims
o start from a simple setup and to further gain some fundamental
nowledge of LCE wrinkling. For the issues of material inhomogeneity
r stochastic properties, we refer to some recent papers (Mihai and
oriely, 2020a; Liu et al., 2024), and leave these for future studies.
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Appendix. The expressions of the coefficient matrices

The nonzero components of 𝐌1 are given by

𝑀11
1 = e−𝛾1𝑘ℎ

(

𝛾21 + 𝜆4(𝑠 − 1) + 1
)

, 𝑀12
1 = e𝛾1𝑘ℎ

(

𝛾21 + 𝜆4(𝑠 − 1) + 1
)

,

𝑀13
1 = e−𝛾2𝑘ℎ

(

𝛾22 + 𝜆4(𝑠 − 1) + 1
)

, 𝑀14
1 = e𝛾2𝑘ℎ

(

𝛾22 + 𝜆4(𝑠 − 1) + 1
)

,

𝑀21
1 = 𝛾1e−𝛾1𝑘ℎ

(

𝛾21 + 𝜆4(𝑠 − 2) − 2
)

, 𝑀22
1 = −𝛾1e𝛾1𝑘ℎ

(

𝛾21 + 𝜆4(𝑠 − 2) − 2
)

,

𝑀23
1 = 𝛾2e−𝛾2𝑘ℎ

(

𝛾22 + 𝜆4(𝑠 − 2) − 2
)

, 𝑀24
1 = −𝛾2e𝛾2𝑘ℎ

(

𝛾22 + 𝜆4(𝑠 − 2) − 2
)

,

𝑀31
1 = −𝛾1, 𝑀32

1 = 𝛾1, 𝑀33
1 = −𝛾2, 𝑀34

1 = 𝛾2, 𝑀35
1 = −1,

𝑀36
1 = −𝜆2,

𝑀41
1 = 1, 𝑀42

1 = 1, 𝑀43
1 = 1, 𝑀44

1 = 1, 𝑀45
1 = −1, 𝑀46

1 = −1,

𝑀51
1 = 𝛽

(

𝛾21 + 𝜆4(𝑠 − 1) + 1
)

, 𝑀52
1 = 𝛽

(

𝛾21 + 𝜆4(𝑠 − 1) + 1
)

,

𝑀53
1 = 𝛽

(

𝛾22 + 𝜆4(𝑠 − 1) + 1
)

, 𝑀54
1 = 𝛽

(

𝛾22 + 𝜆4(𝑠 − 1) + 1
)

,

𝑀55
1 = −2, 𝑀56

1 = −𝜆4 − 1,

𝑀61
1 = 𝛽𝛾1

(

𝛾21 + 𝜆4(𝑠 − 2) − 2
)

, 𝑀62
1 = −𝛽𝛾1

(

𝛾21 + 𝜆4(𝑠 − 2) − 2
)

,

𝑀63
1 = 𝛽𝛾2

(

𝛾22 + 𝜆4(𝑠 − 2) − 2
)

, 𝑀64
1 = −𝛽𝛾2

(

𝛾22 + 𝜆4(𝑠 − 2) − 2
)

,

𝑀65
1 = −𝜆4 − 1,𝑀66

1 = −2𝜆2.

(A.1)

The nonzero components of 𝐌2 are given by

𝑀11
2 =

e−𝛾3𝑘ℎ
(

𝛾23
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠2
)

𝑠2
,

𝑀12
2 =

e𝛾3𝑘ℎ
(

𝛾23
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠2
)

𝑠2
,

𝑀13
2 =

e−𝛾4𝑘ℎ
(

𝛾24
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠2
)

𝑠2
,

𝑀14 =
e𝛾4𝑘ℎ

(

𝛾24
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠2
)

,
2 𝑠2
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𝛾
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A

A

𝑀21
2 =

𝛾3e−𝛾3𝑘ℎ
(

𝛾23
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠
(

−𝜆4𝑠2 + 𝑠 − 3
))

𝑠2
,

𝑀22
2 = −

𝛾3e𝛾3𝑘ℎ
(

𝛾23
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠
(

−𝜆4𝑠2 + 𝑠 − 3
))

𝑠2
,

23
2 =

𝛾4e−𝛾4𝑘ℎ
(

𝛾24
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠
(

−𝜆4𝑠2 + 𝑠 − 3
))

𝑠2
,

𝑀24
2 = −

𝛾4e𝛾4𝑘ℎ
(

𝛾24
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠
(

−𝜆4𝑠2 + 𝑠 − 3
))

𝑠2
,

31
2 = −𝛾3, 𝑀32

2 = 𝛾3, 𝑀33
2 = −𝛾4, 𝑀34

2 = 𝛾4, 𝑀35
2 = −1,

36
2 = −𝜆2,
41
2 = 1, 𝑀42

2 = 1, 𝑀43
2 = 1, 𝑀44

2 = 1, 𝑀45
2 = −1, 𝑀46

2 = −1,

𝑀51
2 = 𝛽

(

𝜆4 +
𝛾23

(

𝜆4𝑠2 + 𝑠 − 1
)

𝑠2

)

,

𝑀52
2 = 𝛽

(

𝜆4 +
𝛾23

(

𝜆4𝑠2 + 𝑠 − 1
)

𝑠2

)

,

𝑀53
2 = 𝛽

(

𝜆4 +
𝛾24

(

𝜆4𝑠2 + 𝑠 − 1
)

𝑠2

)

,

𝑀54
2 = 𝛽

(

𝜆4 +
𝛾24

(

𝜆4𝑠2 + 𝑠 − 1
)

𝑠2

)

,

𝑀55
2 = −2𝜆4, 𝑀56

2 = −𝜆4
(

𝜆4 + 1
)

,

61
2 =

𝛽𝛾3
(

𝛾23
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠
(

−𝜆4𝑠2 + 𝑠 − 3
))

𝑠2
,

𝑀62
2 =

𝛽𝛾3
(

𝜆4𝑠
(

𝜆4𝑠2 − 𝑠 + 3
)

− 𝛾23
(

𝜆4𝑠2 + 𝑠 − 1
))

𝑠2
,

𝑀63
2 =

𝛽𝛾4
(

𝛾24
(

𝜆4𝑠2 + 𝑠 − 1
)

+ 𝜆4𝑠
(

−𝜆4𝑠2 + 𝑠 − 3
))

𝑠2
,

𝑀64
2 =

𝛽𝛾4
(

𝜆4𝑠
(

𝜆4𝑠2 − 𝑠 + 3
)

− 𝛾24
(

𝜆4𝑠2 + 𝑠 − 1
))

𝑠2
,

𝑀65
2 = −𝜆4

(

𝜆4 + 1
)

, 𝑀66
2 = −2𝜆6.

(A.2)

The nonzero components of 𝐌3 are given by

𝑀11
3 = 𝑠e−𝛾5𝑘ℎ

(

𝜆4 + 𝛾25
(

𝜆4 + 𝑠 − 1
))

,

𝑀12
3 = 𝑠e𝛾5𝑘ℎ

(

𝜆4 + 𝛾25
(

𝜆4 + 𝑠 − 1
))

,

𝑀13
3 = 𝑠e−𝛾6𝑘ℎ

(

𝜆4 + 𝛾26
(

𝜆4 + 𝑠 − 1
))

,

𝑀14
3 = 𝑠e𝛾6𝑘ℎ

(

𝜆4 + 𝛾26
(

𝜆4 + 𝑠 − 1
))

,

𝑀21
3 = 𝛾5e−𝛾5𝑘ℎ

(

𝛾25 𝑠
(

𝜆4 + 𝑠 − 1
)

+ 𝜆4
(

−𝜆4 + 𝑠 − 3
))

,
22
3 = −𝛾5e𝛾5𝑘ℎ

(

𝛾25 𝑠
(

𝜆4 + 𝑠 − 1
)

+ 𝜆4
(

−𝜆4 + 𝑠 − 3
))

,
23
3 = 𝛾4e−𝛾4𝑘ℎ

(

𝛾24 𝑠
(

𝜆4 + 𝑠 − 1
)

+ 𝜆4
(

−𝜆4 + 𝑠 − 3
))

,
24
3 = −𝛾6e𝛾6𝑘ℎ

(

𝛾26 𝑠
(

𝜆4 + 𝑠 − 1
)

+ 𝜆4
(

−𝜆4 + 𝑠 − 3
))

,
31
3 = −𝛾5, 𝑀32

3 = 𝛾5, 𝑀33
3 = −𝛾6, 𝑀34

3 = 𝛾6, 𝑀35
3 = −1,

36
3 = −𝜆2,
41
3 = 1, 𝑀42

3 = 1, 𝑀43
3 = 1, 𝑀44

3 = 1, 𝑀45
3 = −1, 𝑀46

3 = −1,
51
3 = 𝛽𝑠

(

𝜆4 + 𝛾25
(

𝜆4 + 𝑠 − 1
))

, 𝑀52
3 = 𝛽𝑠

(

𝜆4 + 𝛾25
(

𝜆4 + 𝑠 − 1
))

,
53
3 = 𝛽𝑠

(

𝜆4 + 𝛾26
(

𝜆4 + 𝑠 − 1
))

, 𝑀54
3 = 𝛽𝑠

(

𝜆4 + 𝛾24
(

𝜆4 + 𝑠 − 1
))

,
55
3 = −2𝜆4, 𝑀56

3 = −𝜆4
(

𝜆4 + 1
)

,
61
3 = 𝛽𝛾5

(

𝛾25 𝑠
(

𝜆4 + 𝑠 − 1
)

+ 𝜆4
(

−𝜆4 + 𝑠 − 3
))

,
62
3 = 𝛽𝛾5

(

𝜆4
(

𝜆4 − 𝑠 + 3
)

− 𝛾25 𝑠
(

𝜆4 + 𝑠 − 1
))

,
63
3 = 𝛽𝛾6

(

𝛾26 𝑠
(

𝜆4 + 𝑠 − 1
)

+ 𝜆4
(

−𝜆4 + 𝑠 − 3
))

,
64
3 = 𝛽𝛾6

(

𝜆4
(

𝜆4 − 𝑠 + 3
)

− 𝛾26 𝑠
(

𝜆4 + 𝑠 − 1
))

,
65
3 = −𝜆4

(

𝜆4 + 1
)

, 𝑀66
3 = −2𝜆6,
12

(A.3)
here the eigenvalues 𝛾5 and 𝛾6 read

5 =

⎛

⎜

⎜

⎜

⎝

𝜆4 + 3 − 2𝑠 −
√

(

𝜆4 + 3
)2 − 8

(

𝜆4 + 1
)

𝑠

2𝑠(𝜆4 + 𝑠 − 1)

⎞

⎟

⎟

⎟

⎠

1∕2

𝜆2,

6 =

⎛

⎜

⎜

⎜

⎝

𝜆4 + 3 − 2𝑠 +
√

(

𝜆4 + 3
)2 − 8

(

𝜆4 + 1
)

𝑠

2𝑠(𝜆4 + 𝑠 − 1)

⎞

⎟

⎟

⎟

⎠

1∕2

𝜆2.

The nonzero components of 𝐌4 are given by

11
4 =

e−𝛾7𝑘ℎ
(

−𝜆4 +
(

𝛾27 + 1
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀12
4 =

e𝛾7𝑘ℎ
(

−𝜆4 +
(

𝛾27 + 1
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀13
4 =

e−𝛾8𝑘ℎ
(

−𝜆4 +
(

𝛾28 + 1
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀14
4 =

e𝛾8𝑘ℎ
(

−𝜆4 +
(

𝛾28 + 1
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀21
4 =

𝛾7e−𝛾7𝑘ℎ
(

−2𝜆4 +
(

𝛾27 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀22
4 = −

𝛾7e𝛾7𝑘ℎ
(

−2𝜆4 +
(

𝛾27 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

23
4 =

𝛾8e−𝛾8𝑘ℎ
(

−2𝜆4 +
(

𝛾28 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀24
4 = −

𝛾8e𝛾8𝑘ℎ
(

−2𝜆4 +
(

𝛾28 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

31
4 = −𝛾7, 𝑀32

4 = 𝛾7, 𝑀33
4 = −𝛾8, 𝑀34

4 = 𝛾8, 𝑀35
4 = −1,

𝑀36
4 = −𝜆2,

𝑀41
4 = 1, 𝑀42

4 = 1, 𝑀43
4 = 1, 𝑀44

4 = 1, 𝑀45
4 = −1, 𝑀46

4 = −1,

𝑀51
4 = 𝛽

(

𝜆4 + 𝛾27 𝑠 −
𝜆4

𝑠
+ 𝑠

)

, 𝑀52
4 = 𝛽

(

𝜆4 + 𝛾27 𝑠 −
𝜆4

𝑠
+ 𝑠

)

,

𝑀53
4 = 𝛽

(

𝜆4 + 𝛾28 𝑠 −
𝜆4

𝑠
+ 𝑠

)

, 𝑀54
4 = 𝛽

(

𝜆4 + 𝛾28 𝑠 −
𝜆4

𝑠
+ 𝑠

)

,

𝑀55
2 = −2, 𝑀56

4 = −𝜆4 − 1,

𝑀61
4 =

𝛽𝛾7
(

−2𝜆4 +
(

𝛾27 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀62
4 = −

𝛽𝛾7
(

−2𝜆4 +
(

𝛾27 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀63
4 =

𝛽𝛾8
(

−2𝜆4 +
(

𝛾28 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀64
4 = −

𝛽𝛾8
(

−2𝜆4 +
(

𝛾28 − 2
)

𝑠2 + 𝜆4𝑠
)

𝑠
,

𝑀65
4 = −𝜆4 − 1, 𝑀66

4 = −2𝜆2,

(A.4)

where the eigenvalues 𝛾7 and 𝛾8 read

𝛾7 =

(

3𝜆4 + 𝑠2 − 2𝜆4𝑠 −
√

𝑠4 + 2𝜆4𝑠2(3 − 4𝑠) + 𝜆8(9 − 8𝑠)
2𝑠2

)1∕2

,

8 =

(

3𝜆4 + 𝑠2 − 2𝜆4𝑠 +
√

𝑠4 + 2𝜆4𝑠2(3 − 4𝑠) + 𝜆8(9 − 8𝑠)
2𝑠2

)1∕2

.
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