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SM1. Comparison with finite element computations. In this section, we compare nu-6

merical computations presented in the main text of our manuscript with those obtained using7

the open-source, finite-element software, FreeFEM [SM3]. Figure SM1 shows a comparison of8

two-humped solutions computed numerically with finite differences and P3 finite elements.9

The blow-up rate is G = 0.01 and the computational domain: ξ ∈ [−300, 300]. Both solu-10

tions appear visually indistinguishable. For the finite-difference computation, the domain is11

discretized using equidistant nodes with a nodal spacing of ∆ξ = 0.06 (i.e., 10, 000 points)12

whereas for the finite-element, 10, 000 nodes were considered on [−300, 300]. In addition to the13

solution comparison, we also present the spectra computed using MATLAB’s eigs function14

and FreeFEM’s eigensolver (ARPACK). This comparison demonstrates that both eigensolvers15

yield nearly identical eigenvalues.16

SM2. Full domain dynamical simulations. In this section, we present dynamical simu-17

lations performed on the full domain, i.e., ξ ∈ [−K,K]. When simulations are performed on18

[−K,K], convergence of an unstable multi-hump state to a steady-state corresponding to a19

single-humped solution is not observed. The initial data evolves toward the corresponding20

single-humped self-similar state; however the λ = G associated eigenmode drives the solu-21

tion away from this final state. Figure SM2 illustrates the ξ − τ spatiotemporal evolution of22

an initial two-humped self-similar solution computed at σ = 2.01, slightly perturbed along23

the symmetric eigenmode corresponding to the second largest eigenvalue. After an initial τ24

period spanning approximately [0, 6], where the solution visibly restructures toward a single-25

humped state, then at τ ≈ 40, v starts shifting from the origin to positive ξ values. This26

shift is attributed to the λ = G eigenvalue of the single-humped self-similar solution. In Fig-27
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Figure SM1: (a) Finite-difference (black line with open circles) and finite-element (red line)
two-humped solutions with a blow-up rate of G = 0.01. The two solutions are visually
indistinguishable. The computational domain ξ ∈ [−300, 300] is discretized using equidistant
nodes with a spacing of ∆ξ = 0.06 (10,000 nodes). (b) Spectra comparison between the
finite-difference discretization and MATLAB’s eigs function (black circles) and FreeFEM’s
ARPACK eigensolver (red crosses).

ure SM3(a)-(b), we compare the numerically approximated value of ∂v
∂τ at τ = 48 with the28

λ = G-associated eigenmode of the single-humped self-similar solution ((a) real part and (b)29

imaginary part). The comparison shows good agreement, indicating that v shifts in the di-30

rection of the λ = G-associated eigenmode. The blow-up rate for a single-humped solution at31

σ = 2.01 is G = 0.403. In Figure SM3(c), we plot the evolution of the deviation ||v(ξ, τ)−v∗||,32

with v∗ the single-humped self-similar solution at σ = 2.01. Our starting point for measuring33

the deviation is τ0 = 40. This deviation is expected to grow exponentially in rescaled time,34

following: ||v(ξ, τ) − v∗|| ∼ ea(τ−τ0), where a ≈ G. Indeed, fitting yields a ≈ 0.4085 which35

is close to the expected value of the blow-up rate for a single-humped solution at σ = 2.0136

(which, as mentioned above, is G = 0.403).37
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Figure SM2: (a) Dynamics in the renormalized/rescaled spatio-temporal framework ξ − τ :
Starting from a two-humped solution at σ = 2.01 and perturbing along the eigenfunction that
corresponds to the second largest real eigenvalue the solution evolves toward the corresponding
single-humped solution after an initial “restructuring” τ -period. Convergence is lost at around
τ = 50. The inset illustrates the evolution of blow-up rate, G. (b) To enhance visualization
of the shift from the origin at later stages of the simulation, we plot two snapshots: one at
τ = 40 (solid line with open circles), where the solution is visually indistinguishable from the
single-humped self-similar solution (red dashed line), and one at τ = 48, where the solution
has visibly shifted from the origin. ξ ∈ [−50, 50], nodal distance: ∆x = 0.001, and ∆τ = 0.01.
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Figure SM3: Comparison of solution’s (a) real part and (b) imaginary part, partial τ deriva-
tive (computed at τ = 42) with the real and imaginary part of the G-eigenvector indicating
that the instability presented in Figure SM2 leads to growth along the direction of the G-
eigenvector. (c) Exponential evolution of solution’s v deviation from the single-humped solu-
tion, v∗, ||v(ξ, τ)− v∗||. The starting time to measure deviation is τ0 = 40. Here, a ≈ 0.4085,
which is close to the blow-up rate of the single-humped solution: G = 0.403.

In Figure SM4(a), we present a second simulation initialized with the two-humped so-38

lution for σ = 2.01. This time, no perturbation is directly applied to the initial condition,39

and we perform a direct numerical simulation with the roundoff error providing the initial40

perturbation. The unstable self-similar solution retains its initial shape for a time interval41

τ ∈ [0, 18] before gradually losing its symmetry in the later stages of the simulation. At this42

point, we observe an asymmetric shape for v and the blow-up rate that trends toward large43

negative values. The solution begins to deviate in the direction of the largest real eigenvalue44

of the two-humped solution. This behavior is illustrated in Figure SM4(b)-(c), where we plot45

the time-derivative of v (real and imaginary part) computed at τ = 18 and compare against46
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the eigenmode which is associated with the largest real eigenvalue of the two-humped solu-47

tion. If we fit the exponential growth of the deviation from the two-humped solution v∗2h,48

E ≡ ||v(ξ, τ − v∗2h|| ∼ ea(τ−τ0), then a is expected to be close to λ1. This fitting is shown49

in Figure SM4(d), where a = 1.2606 close enough to λ1 = 1.245. We start measuring the50

deviation at τ0 = 18.51

SM3. Higher order terms in the bifurcation diagram. To get a good quantitative analysis52

in Figure 4of the main manuscript whenG is not so small we need to include higher-order terms53

in Eq. (4.23).We can do so by following a similar procedure to that by which we determined the54

higher-order terms for the one-hump solution in [SM2]. Many of the algebraic manipulations55

in this and the following sections were aided by Wolfram Mathematica.56

SM3.1. Higher-order terms in the far field. We proceed to calculate more terms in the57

expansion (4.16) of subsection 4.4. The calculation is similar to that in [SM2]. The equation58

for A1 is59

2A′
1ϕ

′ +A′′
0 +A1ϕ

′′ = 0,60

i.e.,61

d

dρ
A1(−ϕ′)1/2 =

A′′
0

2(−ϕ′)1/2
=

a0(8 + 3ρ2)

4(4− ρ2)5/2
.62

Thus,63

A1 =
a0ρ(24− ρ2)

24
√
2 (4− ρ2)7/4

+
21/2a1

(4− ρ2)1/4
.64

Matching the near field gives a1 = 0. At the next order65

2A′
2ϕ

′ +A′′
1 +A2ϕ

′′ = 0,66

i.e.,67

d

dρ
A2(−ϕ′)1/2 =

A′′
1

2(−ϕ′)1/2
=

a0ρ(3648 + 640ρ2 − 3ρ4)

192(ρ2 − 4)4
.68

Thus69

A2 =
a0(2320− 996ρ2 + 9ρ4)

576
√
2 (4− ρ2)13/4

+
21/2a2

(4− ρ2)1/4
.70

As ρ → 0,71

(SM3.1) A2 →
145a0
4608

+ a2.72

SM3.2. Higher-order terms in outer limit of the inner. From section SM5 as x → ∞,73

the asymptotic behaviour of V1 = Vo + Ve is given by74

Vo ∼ 31/4
Xi

16

√
2 e−x

(
2x2 + 2x− 2 log 2 + 1

)
,(SM3.2)75

Ve ∼ 121/4(α0 + α1x+ α2x
2 + α3x

3)e−x − X2
i

16
31/4

√
2 (1− 2x) e−x,(SM3.3)76
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Figure SM4: (a) Dynamics in the renormalized/rescaled spatio-temporal framework ξ − τ :
Starting from a two-humped solution at σ = 2.01, we observe that the dynamics for the
time interval [0, 18] are slow. The accumulation of numerical errors drives the solution to
asymmetric profiles for τ > 20, while the blow-up rate, G (shown in the inset) shifts towards
large negative values, and convergence is lost at around τ ≈ 23 [in line with the blow-up of such
solutions also reported in [SM1]]. (b)-(c) Comparison of solution’s (rescaled-τ) time derivative
((b) real part and (c) imaginary part) computed at τ = 18 with the real and imaginary part
of the eigenvector associated with the largest real eigenvalue of the two-humped solution,
λ1 = 1.245. The agreement indicates that the deviation grows along the direction of the λ1

eigenvector. (d) Exponential evolution of solution’s v deviation from the two-humped solution,
v∗2h, ||v(ξ, τ)− v∗2h||. The starting time to measure deviation is τ0 = 18. Here, a ≈ 1.26, which
is close to the largest real eigenvalue, λ1 of the two-humped solution.
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with αi, i = 0, 1, 2, 3 given by (SM5.9). With x = ξ −Xi, The coefficient of e−ξ is77 (
31/4

Xi

16

√
2 (2X2

i − 2Xi − 2 log 2 + 1) + 121/4(α0 − α1Xi + α2X
2
i − α3X

3
i )78

− X2
i

16
31/4

√
2(1 + 2Xi)

)
eXi .79

Matching with (SM3.1) gives80

a2 =

(
31/4

Xi

16

√
2 (2X2

i − 2Xi − 2 log 2 + 1) + 121/4(α0 − α1Xi + α2X
2
i − α3X

3
i )81

−X2
i

16
31/4

√
2(1 + 2Xi)

)
eXi − 145a0

4608
.82

SM3.3. Higher-order terms in the integral of V 2
s . The final step in finding higher-order83

terms in (4.21) is to get a better approximation to the right-hand side, for which we need the84

integral of V 2
s . If we split the integral we have85 ∫ ∞

−∞
=

∫ X1−R

−∞
+

∫ X1+R

X1−R
+

∫ X2−R

X1+R
+ · · ·+

∫ ∞

Xn+R
.86

Now, using the inner expansion,87 ∫ Xi+R

Xi−R
V 2
s dξ =

∫ R

−R
(V 2

0 + 2G2V0V1 + · · · ) dx88

∼
√
3π

2
+ 2G2

∫ R

−R
VevenV0 dx89

∼
√
3π

2
+ 2G2

∫ R

−R

(
31/4

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
v2(x)90

+ V̂1(x)−
X2

i

4

(
V0

4
+

x

2

dV0

dx

))
V0 dx91

=

√
3π

2
+ 2G2

√
3π3

256
+ 31/4

(
eXi−Xi+1 + eXi−1−Xi

) ∫ R

−R
v2V0 dx92

=

√
3π

2
+ 2G2

√
3π3

256
+ 31/4

(
eXi−Xi+1 + eXi−1−Xi

) [
2× 31/4(x− tanh 2x)

]R
−R

93

=

√
3π

2
+G2

√
3π3

128
+ 4

√
3
(
eXi−Xi+1 + eXi−1−Xi

)
(R− 1) .94

Using the outer (between humps) expansion,95 ∫ Xi+1−R

Xi+R
V 2
s dξ =

∫ Xi+1−R

Xi+R
(V 2

0 + 2G2V1V0 + · · · ) dξ96

=

∫ Xi+1−R

Xi+R
2
√
3(e−ξ+Xi + eξ−Xi+1)2 + 2G2121/4V1(e

−ξ+Xi + eξ−Xi+1) + · · · ) dξ97

∼ −8
√
3ReXi−Xi+1 + 4

√
3(Xi+1 −Xi)e

Xi−Xi+1 + · · · .98
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Thus, together99 ∫ ∞

−∞
V 2
s dx ∼

√
3π

2

(
1 +

G2π2

64

)
n+ 4

√
3(R− 1)

n∑
i=1

(
eXi−Xi+1 + eXi−1−Xi

)
100

− 8
√
3R

n−1∑
i=1

eXi−Xi+1 + 4
√
3
n−1∑
i=1

(Xi+1 −Xi)e
Xi−Xi+1101

∼
√
3π

2

(
1 +

G2π2

64

)
n+ 4

√
3(R− 1)

n−1∑
i=1

eXi−Xi+1102

+ 4
√
3(R− 1)

n−1∑
i=1

eXi−Xi+1 − 8
√
3R

n−1∑
i=1

eXi−Xi+1103

+ 4
√
3
n−1∑
i=1

(Xi+1 −Xi)e
Xi−Xi+1104

∼
√
3π

2

(
1 +

G2π2

64

)
n+ 4

√
3
n−1∑
i=1

(Xi+1 −Xi − 2)eXi−Xi+1 .105

SM3.4. Normal form. With X1 = −Xn (4.21) now becomes106

(SM3.4) 4
√
3e2Xne−π/G

(
1 +G2

(
Xi

16
(2X2

i − 2Xi − 2 log 2 + 1)107

+(α0 − α1Xi + α2X
2
i − α3X

3
i )−

X2
i

16
(1 + 2Xi)

)
eXi − 145G2

4608

)2

108

=
(σ − 2)G

2σ

(√
3π

2

(
1 +

G2π2

64

)
n+ 4

√
3
n−1∑
i=1

(Xi+1 −Xi − 2)eXi−Xi+1

)
.109

This is what is plotted in Figure 4.110

SM4. Detailed asymptotic analysis of the eigenvalues λ = O(G). With the expansions111

(5.34)-(5.38), equating coefficients at O(G) we have112

f1 = a
(1)
i U0 + b

(0)
i W1,113

where114

d2W1

dx2
+ 2V 4

0 W
∗
1 + 3V 4

0 W1 −W1 = λ1V0.115

The solvability conditions on W1 are satisfied automatically, and116

W1 = λ1

(
V0

4
+

x

2

dV0

dx

)
.117

Equating coefficients at O(G2) we have118

f2 = a
(1)
i U1 + b

(2)
i W0 + b

(0)
i W2,119
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where120

d2U1

dx2
+ 2V 4

0 U
∗
1 + 3V 4

0 U1 − U1 = −iλ1
dV0

dx
,121

d2W2

dx2
+ V 4

0 (2W
∗
2 + 3W2)−W2 = −iλ2

1

(
V0

4
+

x

2

dV0

dx

)
+ λ2V0 − i

(x+Xi)
2

4
V0 − 4iV1V

4
0 .122

The solvability conditions on U1 are automatically satisfied, while those on W2 are123

Im

[
dW2

dx
V0 −W2

dV0

dx

]R
−R

=

[
dV1

dx
V0 − V1

dV0

dx

]R
−R

,(SM4.1)124

Re

[
dW2

dx

dV0

dx
−W2

d2V0

dx2

]R
−R

= 0.(SM4.2)125

The solutions are126

(SM4.3) U1 = − iλ1x

2
V0, W2 = − iλ2

1x
2V0

8
+ iV1 + λ2

(
V0

4
+

x

2

dV0

dx

)
.127

Note that W2 grows at infinity, as does V1, so that to evaluate (SM4.1) we need to match with128

the region between humps. In preparation for matching we list the limiting behaviour of the129

near-hump solutions as x → ±∞:130

U0 ∼ ∓121/4e∓x as x → ±∞, W0 ∼ 121/4ie∓x as x → ±∞,131

U1 ∼ −121/4i

2
xe∓x as x → ±∞, W1 ∼ 121/4

(
1

4
∓ x

2

)
e∓x as x → ∓∞.132

Thus,133

f0 ∼ 121/4ib
(0)
i e∓x as x → ±∞, f1 ∼ 121/4b

(0)
i

(
1

4
∓ x

2

)
e∓x ∓ 121/4a

(1)
i e∓x as x → ±∞.134

SM4.1. In between the humps. As usual, away from the humps,135

iλf +
d2f

dξ2
− f +

G2ξ2

4
f = O(G8 logG4f).136

Consider the gap between Xi and Xi+1. At leading order137

d2f0
dξ2

− f0 = 0.138

Matching requires139

f0 ∼ 121/4ib
(0)
i+1e

ξ−Xi+1 as ξ → Xi+1, f0 ∼ 121/4ib
(0)
i e−ξ+Xi as ξ → Xi.140

Thus,141

f0 = 121/4ib
(0)
i+1e

ξ−Xi+1 + 121/4ib
(0)
i e−ξ+Xi .142
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In terms of ξ = Xi+1 + x this is143

f0 = 121/4ib
(0)
i+1e

x + 121/4ib
(0)
i e−x+Xi−Xi+1 ,144

giving the matching condition (translating to i+ 1 → i)145

(SM4.4) G2f2 ∼ 121/4ib
(0)
i−1e

−x+Xi−1−Xi as x → −∞146

on the local solution near the i th hump. Similarly we find147

(SM4.5) G2f2 ∼ 121/4ib
(0)
i+1e

x+Xi−Xi+1 as x → ∞148

on the local solution near the i th hump. Since149

f2 = a
(1)
i U1 + b

(2)
i W0 + b

(0)
i W2,150

and the local hump solutions for U1 and W0 decay at infinity, matching gives151

Im

[
b
(0)
i

dW2

dx
V0 − b

(0)
i W2

dV0

dx

]R
−R

=
4
√
3 b

(0)
i+1

G2
eXi−Xi+1 +

4
√
3 b

(0)
i−1

G2
eXi−1−Xi ,(SM4.6)152

153

Re

[
b
(0)
i

dW2

dx

dV0

dx
− b

(0)
i W2

d2V0

dx2

]R
−R

= 0.(SM4.7)154

Using (SM4.6), (SM4.7) and (5.17) in (SM4.1)-(SM4.2) gives155

b
(0)
i

(
4
√
3

G2
e−Xi+1+Xi +

4
√
3

G2
e−Xi+Xi−1

)
=

4
√
3 b

(0)
i+1

G2
eXi−Xi+1(SM4.8)156

+
4
√
3 b

(0)
i−1

G2
eXi−1−Xi .157

This is equation (5.39) from the main text. Equation (SM4.8) fixes b
(0)
i = b(0) for all i.158

SM4.2. The outer limit of f2. We will need to know the outer limit of f2, for which we159

need to know the behaviour of W2 as x → ±∞. We have just evaluated the exponentially160

growing component by matching, but we will find that unfortunately we need also the expo-161

nentially decaying component. This requires the asumptotic behaviour of V1. Note that there162

are also higher-order terms arising from the expansion of f0 and f1 as x → ±∞, but these163

don’t contribute until O(e−5x) = O(G10) so we will ignore them.164

We show in section SM5 that, as x → −∞,165

(SM4.9) V1 ∼ 31/4
Xi

16

√
2 ex

(
−2x2 + 2x+ 2 log 2− 1

)
+ 31/4

eXi−1−Xi

G2

√
2 e−x

166

+ 121/4(α0 − α1x+ α2x
2 − α3x

3)ex − X2
i

16
31/4

√
2 (1 + 2x) ex,167
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while, as x → ∞,168

(SM4.10) V1 ∼ 31/4
Xi

16

√
2 e−x

(
2x2 + 2x− 2 log 2 + 1

)
+ 31/4

√
2
eXi−Xi+1

G2
ex169

+ 121/4(α0 + α1x+ α2x
2 + α3x

3)e−x − X2
i

16
31/4

√
2 (1− 2x) e−x.170

Thus171

W2 ∼ − iλ2
1x

2

8
121/4e−x + 121/4i

Xi

16
e−x

(
2x2 + 2x− 2 log 2 + 1

)
+ 121/4i

eXi−Xi+1

G2
ex172

+ 121/4i(α0 + α1x+ α2x
2 + α3x

3)e−x
173

− i
X2

i

16
121/4 (1− 2x) e−x +

λ2

4
121/4 (1− 2x) e−x as x → ∞,174

W2 ∼ − iλ2
1x

2

8
121/4ex + 121/4i

Xi

16
ex
(
−2x2 + 2x+ 2 log 2− 1

)
+ 121/4i

eXi−1−Xi

G2
e−x

175

+ 121/4i(α0 − α1x+ α2x
2 − α3x

3)ex176

− i
X2

i

16
121/4 (1 + 2x) ex +

λ2

4
121/4 (1 + 2x) ex as x → −∞.177

Thus178

f2 ∼ 121/4b
(2)
i ie−x − 121/4a

(1)
i

iλ1x

2
e−x − b(0)

iλ2
1x

2

8
121/4e−x(SM4.11)179

+ 121/4ib(0)
Xi

16
e−x

(
2x2 + 2x− 2 log 2 + 1

)
180

+ 121/4ib(0)
eXi−Xi+1

G2
ex + 121/4ib(0)(α0 + α1x+ α2x

2 + α3x
3)e−x

181

− i
X2

i

16
121/4b(0) (1− 2x) e−x +

λ2

4
121/4b(0) (1− 2x) e−x as x → ∞,182

183

f2 ∼ 121/4b
(2)
i iex − 121/4a

(1)
i

iλ1x

2
ex − iλ2

1x
2

8
121/4b(0)ex(SM4.12)184

+ 121/4b(0)i
Xi

16
ex
(
−2x2 + 2x+ 2 log 2− 1

)
185

+ 121/4b(0)i
eXi−1−Xi

G2
e−x + 121/4b(0)i(α0 − α1x+ α2x

2 − α3x
3)ex186

− b(0)i
X2

i

16
121/4 (1 + 2x) ex +

λ2

4
121/4b(0) (1 + 2x) ex as x → −∞.187

SM4.3. O(G3) terms in the inner expansion. At O(G3) we find188

f3 = a
(3)
i U0 + a

(1)
i U2 + b

(2)
i W1 + b

(0)
i W3,189
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where190

d2U2

dx2
+ V 4

0 (2U
∗
2 + 3U2)− U2 = −λ2

1x

2
V0 − iλ2

dV0

dx
− (x+Xi)

2

4

dV0

dx
− 20V1V

3
0

dV0

dx
,191

d2W3

dx2
+ V 4

0 (2W
∗
3 + 3W3)−W3 = −λ3

1x
2V0

8
+ λ1V1 − 2iλ2λ1

(
V0

4
+

x

2

dV0

dx

)
+ λ3V0192

− (x+Xi)
2

4
λ1

(
V0

4
+

x

2

dV0

dx

)
− 20V1V

3
0 λ1

(
V0

4
+

x

2

dV0

dx

)
.193

The solvability conditions are194

Im

[
dU2

dx
V0 − U2

dV0

dx

]R
−R

= 0,(SM4.13)195

196

Re

[
dU2

dx

dV0

dx
− U2

d2V0

dx2

]R
−R

=

√
3π(λ2

1 − 1)

8
+

[
d2V1

dx2
dV0

dx
− dV1

dx

d2V0

dx2

]R
−R

,(SM4.14)197

198

Im

[
dW3

dx
V0 −W3

dV0

dx

]R
−R

= 0,(SM4.15)199

200

Re

[
dW3

dx

dV0

dx
−W3

d2V0

dx2

]R
−R

=(SM4.16)201

= λ1

∫ R

−R

(
V1

dV0

dx
−
(
xXi

2
+ 20V1V

3
0

)(
V0

4
+

x

2

dV0

dx

)
dV0

dx

)
dx,202

where we have taken advantage of the evenness of V0 to simplify. The terms forced by λ2 and203

λ3 can be evaluated, so that we can write204

U2 = UR
2 − iλ2x

2
V0,205

W3 = WR
3 − iλ2λ1

x2V0

4
+ λ3

(
V0

4
+

x

2

dV0

dx

)
,206

where207

d2UR
2

dx2
+ 5V 4

0 U
R
2 − UR

2 = −λ2
1x

2
V0 −

(x+Xi)
2

4

dV0

dx
− 20V1V

3
0

dV0

dx
,(SM4.17)208

209

d2WR
3

dx2
+ 5V 4

0 W
R
3 −WR

3 = −λ3
1x

2V0

8
(SM4.18)210

+ λ1V1 −
(x+Xi)

2

4
λ1

(
V0

4
+

x

2

dV0

dx

)
211

− 20V1V
3
0 λ1

(
V0

4
+

x

2

dV0

dx

)
.212
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SM4.4. O(G) terms in the outer expansion. At O(G) in the outer we find213

iλ1f0 +
d2f1
dξ2

− f1 = 0,214

with215

f0 = 121/4ib(0)eξ−Xi+1 + 121/4ib(0)e−ξ+Xi .216

Matching requires217

f1 ∼ 121/4a
(1)
i+1e

ξ−Xi+1 + 121/4b(0)
(
λ1(ξ −Xi+1)

2
+

λ1

4

)
eξ−Xi+1 as ξ → Xi+1,218

f1 ∼ −121/4a
(1)
i e−ξ+Xi + 121/4b(0)

(
−λ1(ξ −Xi)

2
+

λ1

4

)
e−ξ+Xi as ξ → Xi.219

Thus220

f1 = 121/4

(
a
(1)
i+1 +

λ1b
(0)(ξ −Xi+1)

2
+

λ1b
(0)

4

)
eξ−Xi+1221

+ 121/4

(
−a

(1)
i − λ1b

(0)(ξ −Xi)

2
+

λ1b
(0)

4

)
e−ξ+Xi .222

In terms of ξ = Xi+1 + x this is223

f1 = 121/4
(
a
(1)
i+1 +

λ1x

2
b(0) +

λ1

4
b(0)
)
ex224

+ 121/4
(
−a

(1)
i − λ1(x+Xi+1 −Xi)

2
b(0) +

λ1

4
b(0)
)
e−x−Xi+1+Xi ,225

giving the matching condition226

(SM4.19) f3G
2 ∼ 121/4

(
−a

(1)
i−1 −

λ1(x+Xi −Xi−1)

2
b(0) +

λ1

4
b(0)
)
e−x−Xi+Xi−1 ,227

as x → −∞ on the inner solution. In terms of ξ = Xi + x we have228

f1 = 121/4
(
a
(1)
i+1 +

λ1(x+Xi −Xi+1)

2
b(0) +

λ1

4
b(0)
)
ex+Xi−Xi+1229

+ 121/4
(
−a

(1)
i − λ1x

2
b(0) +

λ1

4
b(0)
)
e−x,230

giving the matching condition231

(SM4.20) f3G
2 ∼ 121/4

(
a
(1)
i+1 +

λ1(x+Xi −Xi+1)

2
b(0) +

λ1

4
b(0)
)
ex+Xi−Xi+1 ,232

as x → ∞ on the inner solution.233
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SM4.5. Solvability condition on f3. The matching conditions (SM4.19), (SM4.20) give234

G2

[
df3
dx

V0 − f3
dV0

dx

]R
−R

= 2
√
3
(
2a

(1)
i+1 + λ1(1 +R+Xi −Xi+1)b

(0)
)
eXi−Xi+1235

− 2
√
3
(
2a

(1)
i−1 + λ1(−1−R+Xi −Xi−1)b

(0)
)
e−Xi+Xi−1 ,236

G2

[
df3
dx

dV0

dx
− f3

d2V0

dx2

]R
−R

= −2
√
3
(
2a

(1)
i+1 + λ1(1 +R+Xi −Xi+1)b

(0)
)
eXi−Xi+1237

− 2
√
3
(
2a

(1)
i−1 + λ1(−1−R+Xi −Xi−1)b

(0)
)
e−Xi+Xi−1 .238

The solvability conditions (SM4.13), (SM4.14), (SM4.15), (SM4.16) then give239

√
3πa

(1)
i (λ2

1 − 1)

8
+ a

(1)
i

[
d2V1

dx2
dV0

dx
− dV1

dx

d2V0

dx2

]R
−R

240

+ λ1b
(0)

∫ R

−R

(
V1

dV0

dx
−
(
xXi

2
+ 20V1V

3
0

)(
V0

4
+

x

2

dV0

dx

)
dV0

dx

)
dx241

= −2
√
3
(
2a

(1)
i+1 + λ1(1 +R+Xi −Xi+1)b

(0)
) eXi−Xi+1

G2
242

− 2
√
3
(
2a

(1)
i−1 + λ1(−1−R+Xi −Xi−1)b

(0)
) e−Xi+Xi−1

G2
.(SM4.21)243

We show in section SM7 that the terms proportional to R vanish as they should, and (SM4.21)244

simplifies to245

(SM4.22)
πa

(1)
i (λ2

1 − 1)

32
+ (a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
+ (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2
246

=
3π

64
λ1b

(0)Xi −
λ1b

(0)

2
(Xi −Xi+1)

eXi−Xi+1

G2
− λ1b

(0)

2
(Xi −Xi−1)

e−Xi+Xi−1

G2
.247

Equation (SM4.22) is (5.40) from the main text. When b(0) is non-zero it gives a
(1)
i in terms248

of b(0), with no restriction on λ1. To determine λ1 we need to go to one more order.249

SM4.6. O(G4) terms in the inner expansion. At O(G4) in the inner expansion near250

hump i we find251

f4 = a
(3)
i U1 + a

(1)
i U3 + b

(4)
i W0 + b

(2)
i W2 + b

(0)
i W4,252

where253

d2U3

dx2
+ V 4

0 (2U
∗
3 + 3U3)− U3 = −iλ1U

R
2 − λ1λ2xV0 − iλ3V

′
0 +

iλ1x(x+Xi)
2

8
V0 + 2iλ1xV1V

4
0 ,254

This manuscript is for review purposes only.



SUPPLEMENTARY MATERIALS: MULTI-HUMP COLLAPSING SOLUTIONS IN THE NLS PROBLEM
SM15

255

d2W4

dx2
+ V 4

0 (2W
∗
4 + 3W4)−W4 = −iλ1

(
WR

3 − iλ1λ2
x2V0

4

)
256

− iλ2

(
− iλ2

1x
2V0

8
+ iV1 + λ2

(
V0

4
+

x

2

dV0

dx

))
257

− iλ3λ1

(
V0

4
+

x

2

dV0

dx

)
+ λ4V0258

− (x+Xi)
2

4

(
− iλ2

1x
2V0

8
+ iV1 + λ2

(
V0

4
+

x

2

dV0

dx

))
259

− 4V1V
3
0

(
− iλ2

1x
2V0

8
+ iV1 + 5λ2

(
V0

4
+

x

2

dV0

dx

))
260

− 2V 2
0 (3V

2
1 + 2V0V2)iV0.261

The relevant solvability conditions are262

Im

[
dU3

dx
V0 − U3

dV0

dx

]R
−R

=

∫ R

−R

(
−λ1U

R
2 V0 +

λ1

4
x2XiV

2
0 + 2λ1xV1V

5
0

)
dx,(SM4.23)263

264

Im

[
dW4

dx
V0 −W4

dV0

dx

]R
−R

= −
∫ R

−R

(
λ1W

R
3 V0 +

(
(x+Xi)

2V0

4
+ 4V1V

4
0

)(
V1 −

λ2
1x

2V0

8

)
265

+ 2V 4
0 (3V

2
1 + 2V0V2)

)
dx.(SM4.24)266

SM4.7. O(G2) terms in the outer expansion. At O(G2) in the outer267

iλ1f1 + iλ2f0 +
d2f2
dξ2

− f2 = −ξ2f0
4

.268

Matching with (SM4.11), (SM4.12) gives the solution as269
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(SM4.25)

f2 = 121/4b
(2)
i ie−ξ+Xi − 121/4a

(1)
i

iλ1(ξ −Xi)

2
e−ξ+Xi − b(0)

iλ2
1(ξ −Xi)

2

8
121/4e−ξ+Xi270

+ 121/4ib(0)
Xi

16
e−ξ+Xi

(
2(ξ −Xi)

2 + 2(ξ −Xi)− 2 log 2 + 1
)
+ 121/4ib(0)

eXi−Xi+1

G2
eξ−Xi271

+ 121/4ib(0)(α0 + α1(ξ −Xi) + α2(ξ −Xi)
2 + α3(ξ −Xi)

3)e−ξ+Xi272

− i
X2

i

16
121/4b(0) (1− 2(ξ −Xi)) e

−ξ+Xi +
λ2

4
121/4b(0) (1− 2(ξ −Xi)) e

−ξ+Xi273

+ 121/4b
(2)
i+1ie

ξ−Xi+1 − 121/4a
(1)
i+1

iλ1(ξ −Xi+1)

2
eξ−Xi+1 − iλ2

1(ξ −Xi+1)
2

8
121/4b(0)eξ−Xi+1274

+ 121/4b(0)i
Xi+1

16
eξ−Xi+1

(
−2(ξ −Xi+1)

2 + 2(ξ −Xi+1) + 2 log 2− 1
)

275

+ 121/4b(0)i
eXi−1−Xi

G2
e−ξ+Xi+1276

+ 121/4b(0)i(α0 − α1(ξ −Xi+1) + α2(ξ −Xi+1)
2 − α3(ξ −Xi+1)

3)eξ−Xi+1277

− b(0)i
X2

i+1

16
121/4 (1 + 2(ξ −Xi+1)) e

ξ−Xi+1 +
λ2

4
121/4b(0) (1 + 2(ξ −Xi+1)) e

ξ−Xi+1 .278

This then gives the matching conditions279

(SM4.26) G2f4 ∼ 121/4b
(2)
i−1ie

−x−Xi+Xi−1 − 121/4a
(1)
i−1

iλ1(x+Xi −Xi−1)

2
e−x−Xi+Xi−1280

− b(0)
iλ2

1(x+Xi −Xi−1)
2

8
121/4e−x−Xi+Xi−1281

+ 121/4ib(0)
Xi−1

16
e−x−Xi+Xi−1

(
2(x+Xi −Xi−1)

2 + 2(x+Xi −Xi−1)− 2 log 2 + 1
)

282

+121/4ib(0)(α0 +α1(x+Xi −Xi−1) +α2(x+Xi −Xi−1)
2 +α3(x+Xi −Xi−1)

3)e−x−Xi+Xi−1283

− i
X2

i−1

16
121/4b(0) (1− 2(x+Xi −Xi−1)) e

−x−Xi+Xi−1284

+
λ2

4
121/4b(0) (1− 2(x+Xi −Xi−1)) e

−x−Xi+Xi−1 as x → −∞,285

286
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(SM4.27) G2f4 ∼ 121/4b
(2)
i+1ie

x+Xi−Xi+1 − 121/4a
(1)
i+1

iλ1(x+Xi −Xi+1)

2
ex+Xi−Xi+1287

− iλ2
1(x+Xi −Xi+1)

2

8
121/4b(0)ex+Xi−Xi+1288

+ 121/4b(0)i
Xi+1

16
ex+Xi−Xi+1

(
−2(x+Xi −Xi+1)

2 + 2(x+Xi −Xi+1) + 2 log 2− 1
)

289

+ 121/4b(0)i(α0 − α1(x+Xi −Xi+1) + α2(x+Xi −Xi+1)
2 − α3(x+Xi −Xi+1)

3)ex+Xi−Xi+1290

− b(0)i
X2

i+1

16
121/4 (1 + 2(x+Xi −Xi+1)) e

x+Xi−Xi+1291

+
λ2

4
121/4b(0) (1 + 2(x+Xi −Xi+1)) e

x+Xi−Xi+1 as x → ∞292

on the inner solution near hump i.293

SM4.8. Final solvability condition. We have, from (SM4.23), (SM4.24)294

Im

[
df4
dx

V0 − f4
dV0

dx

]R
−R

= a
(1)
i

∫ R

−R

(
−λ1U

R
2 V0 +

λ1

4
x2XiV

2
0 + 2λ1xV1V

5
0

)
dx295

− b(0)
∫ R

−R

(
λ1W

R
3 V0 +

(
(x+Xi)

2V0

4
+ 4V1V

4
0

)(
V1 −

λ2
1x

2V0

8

)
+ 2V 4

0 (3V
2
1 + 2V0V2)

)
dx296

+ b
(2)
i

(
4
√
3

G2
e−Xi+1+Xi +

4
√
3

G2
e−Xi+Xi−1

)
.

(SM4.28)

297

Evaluating the LHS by matching using (SM4.26), (SM4.27) gives298

Im

[
df4
dx

V0 − f4
dV0

dx

]R
−R

=
4
√
3

G2
eXi−Xi+1b

(2)
i+1 −

√
3

G2
eXi−Xi+1λ1a

(1)
i+1(1 + 2R+ 2Xi − 2Xi+1)299

− b(0)

32
√
3G2

eXi−Xi+1
(
π2 + 48λ2

1R+ 48λ2R2 + 16R3 + 48(λ2
1 +R)X2

i300

+16X3
i − 48(λ2

1 + 2λ2
1R+ log 2)Xi+1 + 48(1 + λ2

1)X
2
i+1 − 16X3

i+1301

+48Xi(λ
2
1 + 2λ2

1R+R2 − 2λ2
1Xi+1)

)
302

+
4
√
3

G2
eXi−1−Xib

(2)
i−1 −

√
3

G2
eXi−1−Xiλ1a

(1)
i−1(−1− 2R− 2Xi−1 + 2Xi)303

− b(0)

32
√
3G2

eXi−1−Xi
(
π2 + 48λ2

1R+ 48λ2
1R

2 + 16R3 + 48(1 + λ2
1)X

2
i−1304

+16X3
i−1 − 48(R2 + λ2

1(1 + 2R))Xi + 48(λ2
1 +R)X2

i − 16X3
i305

−48Xi−1(λ
2
1(−1− 2R)− log 2 + 2λ2

1Xi)
)
.306

We show in section SM8 that all the terms in R cancel as they should, and (SM4.28) simplifies307

to308
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(SM4.29)
b(0)λ2

1(λ
2
1 − 4)π3

512
+

3πλ1Xi

64
(b(0)λ1Xi − 2a

(1)
i )309

+ 4(b
(2)
i+1 − b

(2)
i )

eXi−Xi+1

G2
+ 4(b

(2)
i−1 − b

(2)
i )

eXi−1−Xi

G2
310

+ 2a
(1)
i+1(Xi+1 −Xi)λ1

eXi−Xi+1

G2
+ 2a

(1)
i−1(Xi−1 −Xi)λ1

eXi−1−Xi

G2
311

− 3a
(1)
i+1λ1

eXi−Xi+1

G2
+ 3a

(1)
i−1λ1

eXi−1−Xi

G2
312

+
λ2
1

2
b(0)

eXi−Xi+1

G2

(
−X2

i + 3Xi+1 + 2XiXi+1 −X2
i+1

)
313

+
λ2
1

2
b(0)

eXi−1−Xi

G2

(
−X2

i − 3Xi−1 + 2XiXi−1 −X2
i−1

)
= 0.314

Equation (SM4.29) is (5.41) from the main text. The sum over i is the equation which315

determines λ1.316

SM5. Analysis of V1. We have (4.11), which we restate for convenience317

(SM5.1)
d2V1

dx2
+ 5V 4

0 V1 − V1 = −(x+Xi)
2V0

4
.318

The exponential growth of V1 at infinity arises due to the term proportional to xV0 on the319

RHS, which is not orthogonal to dV0/dx. We divide V1 into terms forced by the odd and even320

components on the RHS by setting321

V1 = Vo + Ve,322

where323

d2Vo

dx2
+ 5V 4

0 Vo − Vo = −xXiV0

2
,(SM5.2)324

d2Ve

dx2
+ 5V 4

0 Ve − Ve = −(x2 +X2
i )V0

4
,(SM5.3)325

and Ve → 0 as x → ±∞. Note that Ve is even but this last boundary condition means that326

Vo is not odd but has an even component (which satisfies the homogeneous equation).327

Since the homogeneous version of (SM5.1) has linearly independent solutions328

(SM5.4) v1 =
sinh(2ξ)

cosh3/2(2ξ)
, v2 =

cosh(4ξ)− 3

cosh3/2(2ξ)
,329

the general solution of (SM5.2) may be written as330

Vo =
Xi

2

v1(x)

4

∫ x

a
v2(x̄)x̄V0(x̄) dx̄− Xi

2

v2(x)

4

∫ x

b
v1(x̄)x̄V0(x̄) dx̄,331

for some constants a and b. Varying the constant a corresponds to translating the position332

of the inner region. To fix it we need to be more specific about how the Xi are defined. If333

we define Xi to be the position of the local maximum of the modulus of V , then we have334
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dV/dξ = 0 at ξ = Xi, so that in the inner coordinate dV/dx = 0 at x = 0. This fixes a = 0.335

To determine b we use the matching conditions (SM4.9), (SM4.10), which give336

Vo ∼ 121/4
ex+Xi−Xi+1

G2
as x → ∞, Vo ∼ 121/4

e−x+Xi−1−Xi

G2
as x → −∞.337

We can set b = −∞ if we add on the multiple of v′2(x) we expect there. This gives338

Vo =
Xi

2

v1(x)

4

∫ x

0
v2(x̄)x̄V0(x̄) dx̄− Xi

2

v2(x)

4

∫ x

−∞
v1(x̄)x̄V0(x̄) dx̄+ 31/4

eXi−1−Xi

G2
v2(x)339

= 31/4
Xi

2

v1(x)

4

(
log(1 + e4x) + x2 − 2x− 2x tanh 2x− log 2

)
340

+
31/4

4

Xi

2

v2(x)

4

(
2x sech 2x− sin−1 sech 2x

)
+ 31/4

eXi−1−Xi

G2
v2(x).

(SM5.5)

341

Note the branch of sin−1 is such that342

sin−1 sech 2x =

{
sin−1 sech 2x x < 0,

π − sin−1 sech 2x x > 0.
343

The odd part of (SM5.5) is344

(SM5.6) Vodd = 31/4
Xi

2

v1(x)

4

(
log(1 + e4x) + x2 − 2x− 2x tanh 2x− log 2

)
345

+
31/4

4

Xi

2

v2(x)

4

(
2x sech 2x+

π

2
− sin−1 sech 2x

)
346

leaving an even multiple of v2,347

V e
o = 31/4

(
−Xiπ

64
+

eXi−1−Xi

G2

)
v2(x) =

31/4

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
v2(x).348

As x → −∞,349

Vo ∼ 31/4
Xi

16

√
2 ex

(
−2x2 + 2x+ 2 log 2− 1

)
+ 31/4

eXi−1−Xi

G2

√
2 e−x,(SM5.7)350

while as x → ∞,351

Vo ∼ 31/4
Xi

16

√
2 e−x

(
2x2 + 2x− 2 log 2 + 1

)
+ 31/4

√
2
eXi−Xi+1

G2
ex,(SM5.8)352

where we have used (4.15) to simplify. Let us now turn to (SM5.3). The solution may be353

written354

Ve = V̂1 −
X2

i

4

(
V0

4
+

x

2

dV0

dx

)
,355
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where356

V̂1(x) = v1(x)

∫ x

0

v2(x̄)x̄
2V0(x̄) dx̄

16
+ v2(x)

∫ ∞

x̄

v1(x̄)x̄
2V0(x̄) dx̄

16
,357

is the perturbation to the single hump solution (i.e., without the change of origin). As x → ∞,358

V̂1 ∼ 121/4(α0 + α1x+ α2x
2 + α3x

3)e−x,359

with360

(SM5.9) α0 =
1

32

(
1− π2

12

)
, α1 =

1

16
, α2 =

1

16
, α3 =

1

24
.361

Since V̂1 is even, as x → −∞,362

V̂1 ∼ 121/4(α0 − α1x+ α2x
2 − α3x

3)ex.363

Thus364

Ve ∼ 121/4(α0 + α1x+ α2x
2 + α3x

3)e−x − X2
i

16
31/4

√
2 (1− 2x) e−x as x → ∞,

(SM5.10)

365

366

Ve ∼ 121/4(α0 − α1x+ α2x
2 − α3x

3)ex − X2
i

16
31/4

√
2 (1 + 2x) ex as x → −∞.

(SM5.11)

367

Together (SM5.7), (SM5.8), (SM5.10), and (SM5.11) give (SM4.9) and (SM4.10).368

SM6. Analysis of V2. If we proceed to O(G4) in the local analysis of subsection 4.1,369

subsection 4.3 we find the equation for V2 is370

d2V2

dx2
+ 5V 4

0 V2 − V2 = −(x+Xi)
2V1

4
− 10V 3

0 V
2
1 .371

Multiplying by V0 and integrating gives372

−
∫ R

−R

(x+Xi)
2V1V0

4
+ 10V 4

0 V
2
1 dx =

∫ R

−R
V0

(
d2V2

dx2
+ 5V 4

0 V2 − V2

)
dx373

=

∫ R

−R

(
V2

d2V0

dx2
+ 5V 5

0 V2 − V0V2

)
dx374

+

[
V0

dV2

dx
− V2

dV0

dx

]R
−R

375

=

∫ R

−R
4V 5

0 V2 dx+

[
V0

dV2

dx
− V2

dV0

dx

]R
−R

.376
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Thus377 ∫ R

−R
4V 5

0 V2 + 10V 4
0 V

2
1 +

(x+Xi)
2V1V0

4
dx = −

[
V0

dV2

dx
− V2

dV0

dx

]R
−R

.(SM6.1)378

To evaluate the right-hand side we need to go to one more term in the outer region between379

humps than we did in subsection 4.2. Equating coefficients of G2 in the region between humps380

gives381

(SM6.2)
d2V1

dξ2
− V1 = −ξ2

4
V0 = −121/4ξ2

4

(
e−ξ+Xi + eξ−Xi+1

)
.382

Thus383

(SM6.3) V1 = 121/4
(
C1 −

ξ

16
+

ξ2

16
− ξ3

24

)
eξ−Xi+1 + 121/4

(
C2 +

ξ

16
+

ξ2

16
+

ξ3

24

)
e−ξ+Xi .384

The coefficients C1 and C2 are determined by matching with the subdominant exponentials385

in the inner solution V1. As x → −∞ in the inner solution, from (SM5.7), (SM5.11),386

V1 ∼ 31/4
Xi

16

√
2 ex

(
−2x2 + 2x+ 2 log 2− 1

)
+ 31/4

eXi−1−Xi

G2

√
2 e−x

387

+ 121/4(α0 − α1x+ α2x
2 − α3x

3)ex − X2
i

16
31/4

√
2 (1 + 2x) ex.388

With x = ξ −Xi+1 (and i → i+ 1) this is389

V1 ∼ 31/4
Xi+1

16

√
2 eξ−Xi+1

(
−2(ξ −Xi+1)

2 + 2(ξ −Xi+1) + 2 log 2− 1
)

390

+ 31/4
eXi−Xi+1

G2

√
2 e−(ξ−Xi+1)391

+ 121/4(α0 − α1(ξ −Xi+1) + α2(ξ −Xi+1)
2 − α3(ξ −Xi+1)

3)eξ−Xi+1392

−
X2

i+1

16
31/4

√
2 (1 + 2(ξ −Xi+1)) e

ξ−Xi+1 .393

Removing the terms which match with V0 in the outer leaves394

V1 ∼ 121/4eξ−Xi+1

(
Xi+1

16

(
−2(ξ −Xi+1)

2 + 2(ξ −Xi+1) + 2 log 2− 1
)

395

+(α0 − α1(ξ −Xi+1) + α2(ξ −Xi+1)
2 − α3(ξ −Xi+1)

3)−
X2

i+1

16
(1 + 2(ξ −Xi+1))

)
396

∼ 121/4eξ−Xi+1

(
1

32

(
1− π2

12

)
− ξ

16
+

ξ2

16
− ξ3

24
−

X2
i+1

8
+

X3
i+1

24
+

Xi+1 log 2

8

)
.397

Thus398

C1 =
1

32

(
1− π2

12

)
−

X2
i+1

8
+

X3
i+1

24
+

Xi+1 log 2

8
.399

This manuscript is for review purposes only.



SM22 S. J. CHAPMAN, M. KAVOUSANAKIS, E. G. CHARALAMPIDIS, I. G. KEVREKIDIS AND P. G.
KEVREKIDIS

As x → ∞ in the inner solution, from (SM5.8), (SM5.10),400

V1 ∼ 31/4
Xi

16

√
2 e−x

(
2x2 + 2x− 2 log 2 + 1

)
+ 31/4

√
2
eXi−Xi+1

G2
ex401

+ 121/4(α0 + α1x+ α2x
2 + α3x

3)e−x − X2
i

16
31/4

√
2 (1− 2x) e−x.402

With x = ξ −Xi this is403

V1 ∼ 31/4
Xi

16

√
2 e−(ξ−Xi)

(
2(ξ −Xi)

2 + 2(ξ −Xi)− 2 log 2 + 1
)

404

+ 31/4
√
2
eXi−Xi+1

G2
e(ξ−Xi)405

+ 121/4(α0 + α1(ξ −Xi) + α2(ξ −Xi)
2 + α3(ξ −Xi)

3)e−(ξ−Xi)406

− X2
i

16
31/4

√
2 (1− 2(ξ −Xi)) e

−(ξ−Xi).407

Removing the terms which match with V0 in the outer leaves408

V1 ∼ 121/4 e−(ξ−Xi)

(
Xi

16

(
2(ξ −Xi)

2 + 2(ξ −Xi)− 2 log 2 + 1
)

409

+ (α0 + α1(ξ −Xi) + α2(ξ −Xi)
2 + α3(ξ −Xi)

3)− X2
i

16
(1− 2(ξ −Xi))

)
410

∼ 121/4e−ξ+Xi

(
1

32

(
1− π2

12

)
+

ξ

16
+

ξ2

16
+

ξ3

24
− X2

i

8
− X3

i

24
− Xi log 2

8

)
.411

Thus412

C2 =
1

32

(
1− π2

12

)
− X2

i

8
− X3

i

24
− Xi log 2

8
.413

Thus the outer solution for V1 when Xi < ξ < Xi+1 is414

(SM6.4) V1 = 121/4e−ξ+Xi

(
1

32

(
1− π2

12

)
+

ξ

16
+

ξ2

16
+

ξ3

24
− X2

i

8
− X3

i

24
− Xi log 2

8

)
415

+ 121/4eξ−Xi+1

(
1

32

(
1− π2

12

)
− ξ

16
+

ξ2

16
− ξ3

24
−

X2
i+1

8
+

X3
i+1

24
+

Xi+1 log 2

8

)
.416

Thus the matching condition on V2 is417

G2V2 ∼ 121/4ex+Xi−Xi+1

(
1

32

(
1− π2

12

)
− x+Xi

16
+

(x+Xi)
2

16
− (x+Xi)

3

24
418

−
X2

i+1

8
+

X3
i+1

24
+

Xi+1 log 2

8

)
419

∼ 121/4ex+Xi−Xi+1

(
1

32

(
1− π2

12

)
+

x(−1 + 2Xi − 2X2
i )

16
+

x2(1− 2Xi)

16
− x3

24
420

−Xi

16
+

X2
i

16
− X3

i

24
−

X2
i+1

8
+

X3
i+1

24
+

Xi+1 log 2

8

)
,421
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as x → ∞, and422

G2V2 ∼ 121/4e−(x+Xi)+Xi−1

(
1

32

(
1− π2

12

)
+

(x+Xi)

16
+

(x+Xi)
2

16
423

+
(x+Xi)

3

24
−

X2
i−1

8
−

X3
i−1

24
− Xi−1 log 2

8

)
424

∼ 121/4e−x−Xi+Xi−1

(
1

32

(
1− π2

12

)
+

x(1 + 2Xi + 2X2
i )

16
+

x2(1 + 2Xi)

16
+

x3

24
425

+
Xi

16
+

X2
i

16
+

X3
i

24
−

X2
i−1

8
−

X3
i−1

24
− Xi−1 log 2

8

)
,426

as x → −∞. Thus, finally,427 [
V0

dV2

dx
− V2

dV0

dx

]R
−R

=(SM6.5)428

=

√
3

96
eXi−Xi+1

(
−π2 − 16R3 − 48XiR

2 − 48X2
i R− 16X3

i − 48X2
i+1 + 16X3

i+1 + 48 log 2Xi+1

)
429

+

√
3

96
e−Xi+Xi−1

(
−π2 − 16R3 + 48XiR

2 − 48X2
i R+ 16X3

i − 48X2
i−1 − 16X3

i−1 − 48 log 2Xi−1

)
.430

SM7. Derivation of (SM4.22). The solvability condition (SM4.21) involves the integral431

lim
R→∞

∫ R

−R

(
V1

dV0

dx
−
(
xXi

2
+ 20V1V

3
0

)(
V0

4
+

x

2

dV0

dx

)
dV0

dx

)
dx432

= −
√
3π3Xi

256
+ lim

R→∞

∫ R

−R
Vodd

(
dV0

dx
− 20V 3

0

(
V0

4
+

x

2

dV0

dx

)
dV0

dx

)
dx,433

where we have used the fact that434 ∫ ∞

−∞

x

2

(
V0

4
+

x

2

dV0

dx

)
dV0

dx
dx =

√
3π3

256
,435

and that only the odd part of V1 contributes to the integral. Using (SM5.6) we find numerically436

that437 ∫ ∞

−∞
20VoddV

3
0

(
V0

4
+

x

2

dV0

dx

)
dV0

dx
dx ≈ −0.0731175Xi.438

Thus we are left with evaluating439 ∫ R

−R
Vodd

dV0

dx
dx.440

Now441 ∫ x

v2(x̄)V
′
0(x̄) dx̄ = −31/4(log cosh 2x+ sech2 2x).442
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Thus, integrating by parts,443

lim
R→∞

∫ R

−R
v2(x̄)V

′
0(x̄)3

1/4Xi

32

(
2x̄ sech 2x̄+

π

2
− sin−1 sech 2x̄

)
dx̄444

=
√
3 lim
R→∞

[
−(log cosh 2x+ sech2 2x)

Xi

32

(
2x sech 2x+

π

2
− sin−1 sech 2x

)]R
−R

445

+

√
3Xi

32

∫ ∞

−∞
(log cosh 2x̄+ sech2 2x̄)(−4x̄ sech 2x̄ tanh 2x̄) dx̄446

=
√
3(2R− log 2)

Xiπ

32
− 0.31625Xi,447

where we have used the fact that448

√
3

32

∫ ∞

−∞
(log cosh 2x̄+ sech2 2x̄)(−4x̄ sech 2x̄ tanh 2x̄) dx̄ ≈ −0.31625.449

Since, numerically,450 ∫ ∞

−∞

31/4

8
V ′
0(x)v1(x)

(
log(1 + e4x) + x2 − 2x− 2x tanh 2x− log 2

)
dx ≈ −0.109394,451

we have452

lim
R→∞

∫ R

−R
Vodd

dV0

dx
dx =

√
3(2R− log 2)

Xiπ

32
− 0.425644Xi.(SM7.1)453

Thus, finally,454

lim
R→∞

∫ R

−R

(
V1

dV0

dx
−
(
xXi

2
+ 20V1V

3
0

)(
V0

4
+

x

2

dV0

dx

)
dV0

dx

)
dx455

= −
√
3π3Xi

256
+ 0.0731175Xi +

√
3(2R− log 2)

Xiπ

32
− 0.425644Xi456

=

√
3RπXi

16
− 0.680174Xi.(SM7.2)457

Using (SM7.2) and (5.25) in (SM4.21) gives458

√
3πa

(1)
i (λ2

1 − 1)

8
+ a

(1)
i

(
−4

√
3

G2
e−Xi+1+Xi − 4

√
3

G2
e−Xi+Xi−1

)
459

+ λ1b
(0)

(√
3RπXi

16
− 0.680174Xi

)
460

= −2
√
3
(
2a

(1)
i+1 + λ1(1 +R+Xi −Xi+1)b

(0)
) eXi−Xi+1

G2
461

− 2
√
3
(
2a

(1)
i−1 + λ1(−1−R+Xi −Xi−1)b

(0)
) e−Xi+Xi−1

G2
.462
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Using (4.15) the terms proportional to R cancel as they should, leaving463

√
3πa

(1)
i (λ2

1 − 1)

8
+ 4

√
3 (a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
+ 4

√
3 (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2
464

= 1.02026λ1b
(0)Xi − 2

√
3λ1b

(0)

(
(Xi −Xi+1)

eXi−Xi+1

G2
+ (Xi −Xi−1)

e−Xi+Xi−1

G2

)
.465

Dividing by 4
√
3 gives466

(SM7.3)
πa

(1)
i (λ2

1 − 1)

32
+ (a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
+ (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2
467

= 0.147262λ1b
(0)Xi −

λ1b
(0)

2

(
(Xi −Xi+1)

eXi−Xi+1

G2
+ (Xi −Xi−1)

e−Xi+Xi−1

G2

)
.468

We can check our analysis, and identify the constant 0.147262, by considering the exact469

eigenfunction corresponding to λ = 2G. For this eigenfunction470

f = iVs +G

(
Vs

2
+ ξ

dVs

dξ
− iGξVs

2

)
,471

so that with ξ = x+Xi,472

f = iV0 +G

(
V0

2
+ (x+Xi)

dV0

dξ

)
+ iG2

(
V1 −

(x+Xi)V0

2

)
+G3

(
V1

2
+ ξ

dV1

dξ

)
+ · · · .473

Comparing to our expansion, with b(0) = 1, and λ1 = 2,474

f = iV0 +G

(
a
(1)
i

dV0

dx
+

V0

2
+ x

dV0

dx

)
+ iG2

(
−a

(1)
i xV0 + b

(2)
i V0 −

x2V0

2
+ V1

)
+G3 (· · · ) ,475

we have476

a
(1)
i = Xi, b

(2)
i = −X2

i

2
.477

Substituting this into (SM7.3) gives478

(SM7.4)
3πXi

32
+ (Xi+1 −Xi)

eXi−Xi+1

G2
+ (Xi−1 −Xi)

e−Xi+Xi−1

G2
479

= 2× 0.147262Xi −
(
(Xi −Xi+1)

eXi−Xi+1

G2
+ (Xi −Xi−1)

e−Xi+Xi−1

G2

)
.480

This identifies the constant as481

(SM7.5) 0.147262 =
3π

64
,482

so that (SM7.3) becomes (SM4.22).483
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SM8. Derivation of (SM4.29). Let us evaluate the integrals on the right-hand side of484

(SM4.28), namely485

(SM8.1) I1 = lim
R→∞

∫ R

−R

(
−λ1U

R
2 V0 +

λ1

4
x2XiV

2
0 + 2λ1xV1V

5
0

)
dx,486

and487

(SM8.2)

I2 = − lim
R→∞

∫ R

−R
λ1W

R
3 V0+

(
(x+Xi)

2V0

4
+ 4V1V

4
0

)(
V1 −

λ2
1x

2V0

8

)
+2V 4

0 (3V
2
1 +2V0V2) dx.488

For (SM8.1) we require the odd part of V1. Using (SM5.6) gives, numerically489

(SM8.3)

∫ ∞

−∞

(
λ1

4
x2XiV

2
0 + 2λ1xV1V

5
0

)
dx ≈ 0.373466λ1Xi.490

From (SM6.1) we have491 ∫ R

−R
4V 5

0 V2 + 10V 4
0 V

2
1 +

(x+Xi)
2V1V0

4
dx = −

[
V0

dV2

dx
− V2

dV0

dx

]R
−R

.(SM8.4)492

so that (SM8.2) is493

(SM8.5)

I2 =

[
V0

dV2

dx
− V2

dV0

dx

]R
−R

−
∫ R

−R
λ1W

R
3 V0 +

(
(x+Xi)

2V0

4
+ 4V1V

4
0

)(
−λ2

1x
2V0

8

)
dx.494

Also495 ∫ ∞

−∞

(x+Xi)
2V0

4

(
−λ2

1x
2V0

8

)
dx = −λ2

1

√
3π3(5π2 + 16X2

i )

16384
,(SM8.6)496 ∫ ∞

−∞
4V1V

4
0

(
−λ2

1x
2V0

8

)
dx = −λ2

1

2

∫ ∞

−∞
x2VevenV

5
0 dx,(SM8.7)497

where498

(SM8.8) Veven =
31/4

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
v2(x) + V̂1(x)−

X2
i

4

(
V0

4
+

x

2

dV0

dx

)
.499

Since500 ∫ ∞

−∞
v2(x)x

2V0(x)
5 dx =

31/4(24− π2)

24
,501 ∫ ∞

−∞
V̂1(x)x

2V0(x)
5 dx ≈ 0.0227007,502 ∫ ∞

−∞

(
V0

4
+

x

2

dV0

dx

)
x2V0(x)

5 dx = 0,503
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504

−λ2
1

2

∫ ∞

−∞
x2VevenV

5
0 dx =(SM8.9)505

−λ2
1

(√
3(24− π2)

96

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
+ 0.0113504

)
.506

Collecting all this together gives507

I1 = −λ1 lim
R→∞

∫ R

−R
UR
2 V0 dx+ 0.373466λ1Xi,(SM8.10)508

I2 = −λ1

∫ R

−R
WR

3 V0 dx+

[
V0

dV2

dx
− V2

dV0

dx

]R
−R

+ λ2
1

√
3π3(5π2 + 16X2

i )

16384
509

+ λ2
1

(√
3(24− π2)

96

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
+ 0.0113504

)
.(SM8.11)510

The term in square brackets involving V0 and V2 is evaluated in section SM6 and given by511

(SM6.5). We are left with the integrals involving UR
2 and WR

3 .512

SM8.1. Analysis of UR
2 and WR

3 . Differentiating (4.11) gives513

d3V1

dx3
+ 5V 4

0

dV1

dx
− dV1

dx
= −20V 3

0 V1
dV0

dx
− (x+Xi)V0

2
− (x+Xi)

2

4

dV0

dx
.514

Thus, recalling (SM4.17), (SM4.18) we may write515

UR
2 =

dV1

dx
+ U,(SM8.12)516

WR
3 = λ1

(
V1

4
+

x

2

dV1

dx

)
+W,(SM8.13)517

where518

d2U

dx2
+ 5V 4

0 U − U =
(1− λ2

1)

2
xV0 +

Xi

2
V0,519

d2W

dx2
+ 5V 4

0 W −W =
λ1(2x

2 + 3xXi +X2
i )

4
V0 −

λ3
1x

2

8
V0.520

Integrating by parts521

(SM8.14)

∫ R

−R

dV1

dx
V0 dx = [V1V0]

R
−R −

∫ R

−R
V1

dV0

dx
dx = [V1V0]

R
−R −

∫ R

−R
Vodd

dV0

dx
dx,522

where we evaluated the final integral already in (SM7.1). Note that523

[V1V0]
R
−R = 2

√
3
eXi−Xi+1

G2
− 2

√
3
e−Xi+Xi−1

G2
= −

√
3πXi

16
.(SM8.15)524
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Also525 ∫ R

−R

(
V1

4
+

x

2

dV1

dx

)
V0 dx =

∫ R

−R

(
Veven

4
+

x

2

dVeven

dx

)
V0 dx,526

where Veven is given by (SM8.8). Since527

lim
R→∞

∫ R

−R

(
v2
4

+
x

2

dv2
dx

)
V0 dx = 31/4

(
1

2
− π2

48
+R2 +R

)
,528 ∫ ∞

−∞

(
V̂1

4
+

x

2

dV̂1

dx

)
V0 dx ≈ 0.173106,529

∫ ∞

−∞
V0

(
1

4
+

x

2

d

dx

)2

V0 dx = −
√
3π3

256
,530

we find531

lim
R→∞

∫ R

−R

(
V1

4
+

x

2

dV1

dx

)
V0 dx =

√
3

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)(
1

2
− π2

48
+R2 +R

)
532

+ 0.173106 +

√
3π3

1024
X2

i .(SM8.16)533

This leaves us just with the integrals involving U and W . To determine U and W we will534

need to match with the solution in between the humps, which means we have to reintroduce535

the constant multipliers. The actual term in the integral (SM4.28) is536

(SM8.17) I3 = lim
R→∞

∫ R

−R
a
(1)
i U + b(0)W dx.537

The general solution to538

d2f

dx2
+ 5V 4

0 f − f = g539

is540

f = −v1(x)

4

∫ x

a
v2(x̄)g(x̄) dx̄+

v2(x)

4

∫ x

b
v1(x̄)g(x̄) dx̄,541

where v1 and v2 are the homogeneous solutions given by (SM5.4). With f = U , we have542

g = gU =
(1− λ2

1)

2
xV0 +

Xi

2
V0,543

while with f = W , we have544

g = gW =
λ1(2x

2 + 3xXi +X2
i )

4
V0 −

λ3
1x

2

8
V0.545

Note that546 ∫ x

V0(x̄)v1(x̄) dx̄ = − V0(x)
2

2× 31/4
,547 ∫ x

V0(x̄)v2(x̄) dx̄ = 2× 31/4(x− tanh 2x).548
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Then, integrating by parts,549

lim
R→∞

∫ R

−R
fV0 dx =

1

4× 31/4
lim

R→∞

∫ R

−R
V0(x)V

′
0(x)

∫ x

a
v2(x̄)g(x̄) dx̄ dx550

− 1

4× 31/4
lim

R→∞

∫ R

−R
V0(x)v2(x)

∫ x

b
V ′
0(x̄)g(x̄) dx̄ dx551

=
1

4× 31/4
lim

R→∞

[
V0(x)

2

2

∫ x

a
v2(x̄)g(x̄) dx̄

]R
−R

− 1

4× 31/4
lim

R→∞

∫ R

−R

V0(x)
2

2
v2(x)g(x) dx552

− 1

2
lim

R→∞

[
(x− tanh 2x)

∫ x

b
V ′
0(x̄)g(x̄) dx̄

]R
−R

+
1

2
lim

R→∞

∫ R

−R
(x− tanh 2x)V ′

0(x)g(x) dx553

= − 1

4× 31/4

∫ ∞

−∞

V0(x)
2

2
v2(x)g(x) dx− 1

2
(R− 1)

∫ ∞

b
V ′
0(x̄)g(x̄) dx̄554

− 1

2
(R− 1)

∫ −∞

b
V ′
0(x̄)g(x̄) dx̄+

1

2

∫ ∞

−∞
(x− tanh 2x)V ′

0(x)g(x) dx.555

Evaluating the full range integrals we find556

∫ ∞

−∞
V0(x)

2v2(x)gU (x) dx = 0,557 ∫ ∞

−∞
(x− tanh 2x)V ′

0(x)gU (x) dx = 0,558 ∫ ∞

−∞
V0(x)

2v2(x)gW (x) dx =
λ1(4− λ2

1)

8

33/4π

2
,559 ∫ ∞

−∞
(x− tanh 2x)V ′

0(x)gW (x) dx =
λ1(4− λ2

1)

8

√
3π(4− π2)

32
.560

Thus561

lim
R→∞

∫ R

−R
UV0 = −1

2
(R− 1)

∫ ∞

b
V ′
0(x̄)gU (x̄) dx̄(SM8.18)562

− 1

2
(R− 1)

∫ −∞

b
V ′
0(x̄)gU (x̄) dx̄,563

564

lim
R→∞

∫ R

−R
WV0 = −1

2
(R− 1)

∫ ∞

b
V ′
0(x̄)gW (x̄) dx̄565

− 1

2
(R− 1)

∫ −∞

b
V ′
0(x̄)gW (x̄) dx̄−

√
3π3λ1(4− λ2

1)

512
.(SM8.19)566
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To evaluate the remaining integrals we need to determine b using the matching conditions567

(SM4.19), (SM4.20) on f3, which give568

(a
(1)
i U2 + b(0)W3)G

2 ∼ 121/4
(
−a

(1)
i−1 −

λ1(x+Xi −Xi−1)

2
b(0) +

λ1

4
b(0)
)
e−x−Xi+Xi−1569

as x → −∞,570

(a
(1)
i U2 + b(0)W3)G

2 ∼ 121/4
(
a
(1)
i+1 +

λ1(x+Xi −Xi+1)

2
b(0) +

λ1

4
b(0)
)
ex+Xi−Xi+1571

as x → ∞.572

Using (SM4.10), (SM4.9), (SM8.12), (SM8.13), gives the matching conditions573

a
(1)
i U + b(0)W ∼ 121/4

(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−x−Xi+Xi−1

G2
as x → −∞,574

a
(1)
i U + b(0)W ∼ 121/4

(
−a

(1)
i + a

(1)
i+1 +

λ1(Xi −Xi+1)

2
b(0)
)

ex+Xi−Xi+1

G2
as x → ∞.575

We can satisfy the conditions at −∞ by setting b = −∞ in both U and W and adding an576

appropriate multiple of v2 corresponding to the matching condition. Since577

v2 ∼
√
2 e−x as x → −∞,578

this multiple is579

(SM8.20) 31/4
(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2
v2(x).580

As a check, at infinity then581

a
(1)
i U + b(0)W ∼ 31/4

(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2
v2(x)582

+
v2
4

∫ ∞

−∞
v1(x̄)

(
a
(1)
i gU + b(0)gW

)
dx̄583

= 31/4
(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2
v2(x)584

− v2

4× 31/4

(
a
(1)
i

(1− λ2
1)

2
+ b(0)

λ13Xi

4

)∫ ∞

−∞
V ′
0(x̄)x̄V0(x̄) dx̄585

= 121/4
(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2
ex586

+ 121/4π

(
a
(1)
i

(1− λ2
1)

32
+ b(0)

λ13Xi

64

)
ex587

= 121/4
(
a
(1)
i+1 − a

(1)
i +

λ1(Xi −Xi+1)

2
b(0)
)

ex+Xi−Xi+1

G2
,588
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as required, using (SM4.22) (which also provides proof of (SM7.5)). With b = −∞ we have589

two further integrals to evaluate. We have590

−1

2
(R− 1)

∫ ∞

−∞
V ′
0(a

(1)
i gU + b(0)gW ) dx = −1

2
(R− 1)

(
a
(1)
i

(1− λ2
1)

2
+ b(0)

3λ1Xi

4

)∫ ∞

−∞
V ′
0xV0 dx591

=
1

2
(R− 1)

(
a
(1)
i

(1− λ2
1)

2
+ b(0)

3λ1Xi

4

) √
3π

4
,(SM8.21)592

and we also need the integral of the extra term (SM8.20),593

(SM8.22) 31/4
(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2

∫ R

−R
v2V0 dx594

= 4
√
3

(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2
(R− 1).595

Collecting together the results of this section we have, using (SM8.12), (SM8.15), and (SM7.1),596

597

(SM8.23) lim
R→∞

∫ R

−R
UR
2 V0 dx = −

√
3RXiπ

16
+ 0.203422Xi + lim

R→∞

∫ R

−R
UV0 dx,598

since599

−
√
3
Xiπ

16
+

√
3π log 2

32
+ 0.425644 ≈ 0.203422.600

Using (SM8.13), (SM8.16),601

lim
R→∞

∫ R

−R
WR

3 V0 dx =

√
3λ1

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)(
1

2
− π2

48
+R2 +R

)
602

+ 0.173106λ1 +

√
3π3λ1

1024
X2

i + lim
R→∞

∫ R

−R
WV0 dx.(SM8.24)603

Using (SM8.18), (SM8.19), (SM8.21), (SM8.22),604 ∫ R

−R
(a

(1)
i U + b(0)W )V0 dx = −b(0)λ1(4− λ2

1)

√
3π3

512
605

+ (R− 1)

(
a
(1)
i

(1− λ2
1)

16
+ b(0)

3λ1Xi

32

)√
3π606

+ 4
√
3

(
a
(1)
i − a

(1)
i−1 −

λ1(Xi −Xi−1)

2
b(0)
)

e−Xi+Xi−1

G2
(R− 1)607

= −b(0)λ1(4− λ2
1)

√
3π3

512
608

+
√
3 (R− 1)

(
λ1b

(0)(Xi −Xi+1)
eXi−Xi+1

G2
609

−λ1b
(0)(Xi −Xi−1)

e−Xi+Xi−1

G2

)
610

+
√
3 (R− 1)

(
2(a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
− 2(a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2

)
,(SM8.25)611
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using (SM4.22).612

SM8.2. Putting it all together. Using (SM8.10), (SM8.11), (SM6.5), (SM8.23), (SM8.24)613

and (SM8.25) in (SM4.28) gives, after some simplification,614

Im

[
df4
dx

V0 − f4
dV0

dx

]R
−R

= 0.170044 a
(1)
i λ1Xi +

√
3 a

(1)
i Rλ1Xiπ

16
+ b(0)λ2

1(4− λ2
1)

√
3π3

512
615

−
√
3 (R− 1)λ2

1

(
b(0)(Xi −Xi+1)

eXi−Xi+1

G2
616

−b(0)(Xi −Xi−1)
e−Xi+Xi−1

G2

)
617

− 2
√
3 (R− 1)λ1

(
(a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
− (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2

)
618

− b(0)λ2
1

√
3

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)(
R2 +R

)
619

+ b(0)
√
3

96
eXi−Xi+1

(
−π2 − 16R3 − 48XiR

2
620

−48X2
i R− 16X3

i − 48X2
i+1 + 16X3

i+1 + 48 log 2Xi+1

)
621

+ b(0)
√
3

96
e−Xi+Xi−1

(
−π2 − 16R3 + 48XiR

2 − 48X2
i R+ 16X3

i622

−48X2
i−1 − 16X3

i−1 − 48 log 2Xi−1

)
623

+ b
(2)
i

(
4
√
3

G2
e−Xi+1+Xi +

4
√
3

G2
e−Xi+Xi−1

)
,624

where we have set625

0.173106− 0.0113504 =
5
√
3π5

16384
.626

Thus the final solvability condition is627
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4
√
3

G2
eXi−Xi+1b

(2)
i+1 −

√
3

G2
eXi−Xi+1λ1a

(1)
i+1(1 + 2R+ 2Xi − 2Xi+1)628

− b(0)

32
√
3G2

eXi−Xi+1
(
π2 + 48λ2

1R+ 48λ2
1R

2 + 16R3 + 48(λ2
1 +R)X2

i + 16X3
i629

−48(λ2
1 + 2λ2

1R+ log 2)Xi+1 + 48(1 + λ2
1)X

2
i+1630

−16X3
i+1 + 48Xi(λ

2
1 + 2λ2

1R+R2 − 2λ2
1Xi+1)

)
631

+
4
√
3

G2
eXi−1−Xib

(2)
i−1 −

√
3

G2
eXi−1−Xiλ1a

(1)
i−1(−1− 2R− 2Xi−1 + 2Xi)632

− b(0)

32
√
3G2

eXi−1−Xi
(
π2 + 48λ2

1R+ 48λ2
1R

2 + 16R3 + 48(1 + λ2
1)X

2
i−1633

+16X3
i−1 − 48(R2 + λ2

1(1 + 2R))Xi + 48(λ2
1 +R)X2

i634

−16X3
i − 48Xi−1(λ

2
1(−1− 2R)− log 2 + 2λ2

1Xi)
)

635

= 0.170044 a
(1)
i λ1Xi +

√
3 a

(1)
i Rλ1Xiπ

16
+ b(0)λ2

1(4− λ2
1)

√
3π3

512
636

−
√
3 (R− 1)λ2

1

(
b(0)(Xi −Xi+1)

eXi−Xi+1

G2
− b(0)(Xi −Xi−1)

e−Xi+Xi−1

G2

)
637

− 2
√
3 (R− 1)λ1

(
(a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
− (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2

)
638

− b(0)λ2
1

√
3

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)(
R2 +R

)
639

+ b(0)
√
3

96
eXi−Xi+1

(
−π2 − 16R3 − 48XiR

2 − 48X2
i R− 16X3

i640

−48X2
i+1 + 16X3

i+1 + 48 log 2Xi+1

)
641

+ b(0)
√
3

96
e−Xi+Xi−1

(
−π2 − 16R3 + 48XiR

2 − 48X2
i R+ 16X3

i642

−48X2
i−1 − 16X3

i−1 − 48 log 2Xi−1

)
643

+ b
(2)
i

(
4
√
3

G2
e−Xi+1+Xi +

4
√
3

G2
e−Xi+Xi−1

)
.644

The terms proportional to R3 are645

− b(0)

32
√
3

eXi−Xi+1

G2
16R3 − b(0)

32
√
3

eXi−1−Xi

G2
16R3 = −b(0)

√
3

96

eXi−Xi+1

G2
16R3

646

− b(0)
√
3

96

eXi−1−Xi

G2
16R3.647

These cancel as they should. The terms proportional to R2 are648
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− b(0)

32
√
3

eXi−Xi+1

G2
(48λ2

1R
2 + 48XiR

2)− b(0)

32
√
3

eXi−1−Xi

G2
(48λ2

1R
2 − 48XiR

2)649

= −b(0)
√
3λ2

1

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
R2

650

+
b(0)

√
3

96

eXi−Xi+1

G2
(−48XiR

2) +
b(0)

√
3

96

eXi−1−Xi

G2
(48XiR

2).651

These cancel as they should. The terms proportional to R are652

−
√
3

G2
eXi−Xi+1λ1a

(1)
i+12R− b(0)

32
√
3

eXi−Xi+1

G2
(48λ2

1R+ 48X2
i R− 96λ2

1Xi+1R+ 96Xiλ
2
1R)653

−
√
3

G2
eXi−1−Xiλ1a

(1)
i−1(−2R)− b(0)

32
√
3

eXi−1−Xi

G2
(48λ2

1R− 96λ2
1XiR+ 48X2

i R+ 96Xi−1λ
2
1R)654

= λ1a
(1)
i

2
√
3RπXi

32
− b(0)

√
3λ2

1

2

(
eXi−Xi+1

G2
+

eXi−1−Xi

G2

)
R655

−
√
3Rλ2

1b
(0)

(
(Xi −Xi+1)

eXi−Xi+1

G2
− (Xi −Xi−1)

e−Xi+Xi−1

G2

)
656

− 2
√
3Rλ1

(
(a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
− (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2

)
657

+
b(0)

√
3

96

eXi−Xi+1

G2
(−48X2

i R) +
b(0)

√
3

96

eXi−1−Xi

G2
(−48X2

i R).658

These cancel as they should. Thus, finally,659
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4
√
3

G2
eXi−Xi+1b

(2)
i+1 −

√
3

G2
eXi−Xi+1λ1a

(1)
i+1(1 + 2Xi − 2Xi+1)660

− b(0)

32
√
3G2

eXi−Xi+1
(
π2 + 48λ2

1X
2
i + 16X3

i − 48(λ2
1 + log 2)Xi+1 + 48(1 + λ2

1)X
2
i+1661

−16X3
i+1 + 48Xi(λ

2
1 − 2λ2

1Xi+1)
)

662

+
4
√
3

G2
eXi−1−Xib

(2)
i−1 −

√
3

G2
eXi−1−Xiλ1a

(1)
i−1(−1− 2Xi−1 + 2Xi)663

− b(0)

32
√
3G2

eXi−1−Xi
(
π2 + 48(1 + λ2

1)X
2
i−1 + 16X3

i−1 − 48λ2
1Xi + 48λ2

1X
2
i664

−16X3
i − 48Xi−1(−λ2

1 − log 2 + 2λ2
1Xi)

)
665

= 0.170044 a
(1)
i λ1Xi + b(0)λ2

1(4− λ2
1)

√
3π3

512
666

+
√
3λ2

1

(
b(0)(Xi −Xi+1)

eXi−Xi+1

G2
− b(0)(Xi −Xi−1)

e−Xi+Xi−1

G2

)
667

+ 2
√
3λ1

(
(a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
− (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2

)
668

+ b(0)
√
3

96
eXi−Xi+1

(
−π2 − 16X3

i − 48X2
i+1 + 16X3

i+1 + 48 log 2Xi+1

)
669

+ b(0)
√
3

96
e−Xi+Xi−1

(
−π2 + 16X3

i − 48X2
i−1 − 16X3

i−1 − 48 log 2Xi−1

)
670

+ b
(2)
i

(
4
√
3

G2
e−Xi+1+Xi +

4
√
3

G2
e−Xi+Xi−1

)
.671

Simplifying gives672

− 0.170044a
(1)
i λ1Xi + b(0)λ2

1(λ
2
1 − 4)

√
3π3

512
673

+ 4
√
3(b

(2)
i+1 − b

(2)
i )

eXi−Xi+1

G2
+ 4

√
3(b

(2)
i−1 − b

(2)
i )

eXi−1−Xi

G2
674

+ 2
√
3a

(1)
i+1(Xi+1 −Xi)λ1

eXi−Xi+1

G2
+ 2

√
3a

(1)
i−1(Xi−1 −Xi)λ1

eXi−1−Xi

G2
675

+
√
3(2a

(1)
i − 3a

(1)
i+1)λ1

eXi−Xi+1

G2
+
√
3(−2a

(1)
i + 3a

(1)
i−1)λ1

eXi−1−Xi

G2
676

+

√
3

2
b(0)

eXi−Xi+1

G2

(
−3λ2

1Xi − λ2
1X

2
i + 3λ2

1Xi+1 + 2λ2
1XiXi+1 − λ2

1X
2
i+1

)
677

+

√
3

2
b(0)

eXi−1−Xi

G2

(
3λ2

1Xi − λ2
1X

2
i − 3λ2

1Xi−1 + 2λ2
1XiXi−1 − λ2

1X
2
i−1

)
= 0.678

We can check our analysis and identify the constant 0.170044 using the exact eigenvalue679

λ1 = 2, for which680

b(0) = 1, a
(1)
i = Xi, b

(2)
i = −X2

i

2
.681
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Substituting this in and simplifying using (4.15) gives682

−0.170044× 2X2
i +

√
3X2

i

π

16
= 0,683

so that684

0.170044 =

√
3π

32
.685

Thus, using (4.15) again to simplify, the final solvability condition is686

(SM8.26)
b(0)λ2

1(λ
2
1 − 4)π3

512
+

3πλ1Xi

64
(b(0)λ1Xi − 2a

(1)
i )687

+ 4(b
(2)
i+1 − b

(2)
i )

eXi−Xi+1

G2
+ 4(b

(2)
i−1 − b

(2)
i )

eXi−1−Xi

G2
688

+ 2a
(1)
i+1(Xi+1 −Xi)λ1

eXi−Xi+1

G2
+ 2a

(1)
i−1(Xi−1 −Xi)λ1

eXi−1−Xi

G2
689

− 3a
(1)
i+1λ1

eXi−Xi+1

G2
+ 3a

(1)
i−1λ1

eXi−1−Xi

G2
690

+
λ2
1

2
b(0)

eXi−Xi+1

G2

(
−X2

i + 3Xi+1 + 2XiXi+1 −X2
i+1

)
691

+
λ2
1

2
b(0)

eXi−1−Xi

G2

(
−X2

i − 3Xi−1 + 2XiXi−1 −X2
i−1

)
= 0.692

This is (SM4.29).693
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