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SUPPLEMENTARY MATERIALS: Multi-hump Collapsing Solutions in the
Nonlinear Schrodinger Problem: Existence, Stability and Dynamics *

S. Jon ChapmanT, M. Kavousanakist, E.G. Charalampidis§, I.G. KevrekidisY and P.G.
Kevrekidis!

SM1. Comparison with finite element computations. In this section, we compare nu-
merical computations presented in the main text of our manuscript with those obtained using
the open-source, finite-element software, FreeFEM [SM3]. Figure SM1 shows a comparison of
two-humped solutions computed numerically with finite differences and P3 finite elements.
The blow-up rate is G = 0.01 and the computational domain: £ € [-300,300]. Both solu-
tions appear visually indistinguishable. For the finite-difference computation, the domain is
discretized using equidistant nodes with a nodal spacing of A¢ = 0.06 (i.e., 10,000 points)
whereas for the finite-element, 10,000 nodes were considered on [—300, 300]. In addition to the
solution comparison, we also present the spectra computed using MATLAB’s eigs function
and FreeFEM's eigensolver (ARPACK). This comparison demonstrates that both eigensolvers
yield nearly identical eigenvalues.

SM2. Full domain dynamical simulations. In this section, we present dynamical simu-
lations performed on the full domain, i.e., £ € [-K, K|. When simulations are performed on
[ K, K|, convergence of an unstable multi-hump state to a steady-state corresponding to a
single-humped solution is not observed. The initial data evolves toward the corresponding
single-humped self-similar state; however the A = G associated eigenmode drives the solu-
tion away from this final state. Figure SM2 illustrates the & — 7 spatiotemporal evolution of
an initial two-humped self-similar solution computed at ¢ = 2.01, slightly perturbed along
the symmetric eigenmode corresponding to the second largest eigenvalue. After an initial 7
period spanning approximately [0, 6], where the solution visibly restructures toward a single-
humped state, then at 7 =~ 40, v starts shifting from the origin to positive £ values. This
shift is attributed to the A = G eigenvalue of the single-humped self-similar solution. In Fig-
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(a) (b)

Figure SM1: (a) Finite-difference (black line with open circles) and finite-element (red line)
two-humped solutions with a blow-up rate of G = 0.01. The two solutions are visually
indistinguishable. The computational domain £ € [—300, 300] is discretized using equidistant
nodes with a spacing of A¢ = 0.06 (10,000 nodes). (b) Spectra comparison between the
finite-difference discretization and MATLAB’s eigs function (black circles) and FreeFEM’s
ARPACK eigensolver (red crosses).

ure SM3(a)-(b), we compare the numerically approximated value of % at 7 = 48 with the
A = G-associated eigenmode of the single-humped self-similar solution ((a) real part and (b)
imaginary part). The comparison shows good agreement, indicating that v shifts in the di-
rection of the A = G-associated eigenmode. The blow-up rate for a single-humped solution at
o =2.01is G = 0.403. In Figure SM3(c), we plot the evolution of the deviation ||v(&,T)—v*||,
with v* the single-humped self-similar solution at ¢ = 2.01. Our starting point for measuring
the deviation is 79 = 40. This deviation is expected to grow exponentially in rescaled time,
following: [|v(£,7) — v*|| ~ e7=™) where a ~ G. Indeed, fitting yields a ~ 0.4085 which
is close to the expected value of the blow-up rate for a single-humped solution at ¢ = 2.01
(which, as mentioned above, is G = 0.403).
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——7 =40
——7 =48
—————————— single-humped / o = 2.01

0.6

0.4

-15

Figure SM2: (a) Dynamics in the renormalized/rescaled spatio-temporal framework & — 7:
Starting from a two-humped solution at ¢ = 2.01 and perturbing along the eigenfunction that
corresponds to the second largest real eigenvalue the solution evolves toward the corresponding
single-humped solution after an initial “restructuring” 7-period. Convergence is lost at around
7 = 50. The inset illustrates the evolution of blow-up rate, G. (b) To enhance visualization
of the shift from the origin at later stages of the simulation, we plot two snapshots: one at
7 = 40 (solid line with open circles), where the solution is visually indistinguishable from the
single-humped self-similar solution (red dashed line), and one at 7 = 48, where the solution
has visibly shifted from the origin. £ € [—50, 50], nodal distance: Az = 0.001, and A7 = 0.01.
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Figure SM3: Comparison of solution’s (a) real part and (b) imaginary part, partial 7 deriva-
tive (computed at 7 = 42) with the real and imaginary part of the G-eigenvector indicating
that the instability presented in Figure SM2 leads to growth along the direction of the G-
eigenvector. (c¢) Exponential evolution of solution’s v deviation from the single-humped solu-
tion, v*, |[v(&, 7) — v*||. The starting time to measure deviation is 79 = 40. Here, a =~ 0.4085,
which is close to the blow-up rate of the single-humped solution: G = 0.403.

In Figure SM4(a), we present a second simulation initialized with the two-humped so-
lution for ¢ = 2.01. This time, no perturbation is directly applied to the initial condition,
and we perform a direct numerical simulation with the roundoff error providing the initial
perturbation. The unstable self-similar solution retains its initial shape for a time interval
7 € [0, 18] before gradually losing its symmetry in the later stages of the simulation. At this
point, we observe an asymmetric shape for v and the blow-up rate that trends toward large
negative values. The solution begins to deviate in the direction of the largest real eigenvalue
of the two-humped solution. This behavior is illustrated in Figure SM4(b)-(c), where we plot
the time-derivative of v (real and imaginary part) computed at 7 = 18 and compare against
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the eigenmode which is associated with the largest real eigenvalue of the two-humped solu-
tion. If we fit the exponential growth of the deviation from the two-humped solution v3,,
E = |lv(&T — vl ~ e®7=70) then a is expected to be close to A\;. This fitting is shown
in Figure SM4(d), where a = 1.2606 close enough to A\; = 1.245. We start measuring the
deviation at 79 = 18.

SM3. Higher order terms in the bifurcation diagram. To get a good quantitative analysis
in Figure 4of the main manuscript when G is not so small we need to include higher-order terms
in Eq. (4.23).We can do so by following a similar procedure to that by which we determined the
higher-order terms for the one-hump solution in [SM2]. Many of the algebraic manipulations
in this and the following sections were aided by Wolfram Mathematica.

SM3.1. Higher-order terms in the far field. We proceed to calculate more terms in the
expansion (4.16) of subsection 4.4. The calculation is similar to that in [SM2]. The equation
for A is

240 + A+ Al =0,

i.e.,
d Al ao(8 + 3p?
Al( ¢/)1/2 0 o p”)

dp T2 Al

Thus,
__app(24 —p?) n 2!/2a,
L= 22 (4 — p2)T/4 T (4— p2)UE

Matching the near field gives a; = 0. At the next order

245¢" + A7 + Az¢" =0,

ie.,

d N1/2 Al app(3648 + 640p2 — 3p?)

A=) = 172 — 2 1

dp 2(—¢/)V 192(p2 — 4)
Thus

ap(2320 — 996 + 9p*) 21/24,
2 576v/2 (4 — p2)13/4 (4 — p2)l/4°
As p— 0,
145&0
. A .

(SM3 1) 9 — 1608 + a9

SM3.2. Higher-order terms in outer limit of the inner. From section SM5 as x — oo,
the asymptotic behaviour of V; =V, + V is given by

X
(SM3.2) V, ~ 31/417;\/5(3—75 (222 + 2z — 2log2 + 1),
X2
(SM3.3) V. ~ 12Y%(ag 4+ a1z + aga? + aza®)e ™ — 1—&31/4\/5(1 —2z)e™",
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Figure SM4: (a) Dynamics in the renormalized/rescaled spatio-temporal framework & — 7:
Starting from a two-humped solution at ¢ = 2.01, we observe that the dynamics for the
time interval [0, 18] are slow. The accumulation of numerical errors drives the solution to
asymmetric profiles for 7 > 20, while the blow-up rate, G (shown in the inset) shifts towards
large negative values, and convergence is lost at around 7 & 23 [in line with the blow-up of such
solutions also reported in [SM1]]. (b)-(c) Comparison of solution’s (rescaled-7) time derivative
((b) real part and (c) imaginary part) computed at 7 = 18 with the real and imaginary part
of the eigenvector associated with the largest real eigenvalue of the two-humped solution,
A1 = 1.245. The agreement indicates that the deviation grows along the direction of the A\;
eigenvector. (d) Exponential evolution of solution’s v deviation from the two-humped solution,
vy, ||v(&, 7) —v3,||. The starting time to measure deviation is 79 = 18. Here, a =~ 1.26, which
is close to the largest real eigenvalue, A1 of the two-humped solution.
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with oy, 1

=0,1,2,3 given by (SM5.9). With x = ¢ — X;, The coefficient of e~¢ is

XA
(31/41(;\/5 (2X2 — 2X; — 2log 2 + 1) + 124 (g — a1 Xi + X2 — a3 X?)

X2
- 1—é?,l/‘*\/iu + 2XZ-)) X

Matching with (SM3.1) gives

X.
= (31/41é\f2(2X§ —2X; —2log2+1) + 124 (ap — a1 X; + o X? — a3 X})

X2 14
_Té31/4f2(1 + 2XZ-)> o _ 14500,

4608

SM3.3. Higher-order terms in the integral of V2. The final step in finding higher-order
terms in (4.21) is to get a better approximation to the right-hand side, for which we need the
integral of V2. If we split the integral we have

/Oo /Xl /X1+R / /OO
—o0 - X1+R Xn+R

Now, using the inner expansion,

X;+R R
/ Vfdf:/ (VE +2G*VoVi +---) da

Xi:—R

J”+mﬂ/ VevenVo dzz

1/4 Xi—Xit1 Xi1—X;
\fﬂ+2G2/ (3 (e + 2 >vz(x)
“R

2 G? G2
N \% dV{
+ Vi(x )—4( 0+323d0))V0d:v

= ‘g +2G2\[7é + 34 (X Xz+1+eXi—1Xi)/ Vo da
-R

R
\f + 2G? viar? + 31/ (eX"_X’“r1 + eXi‘l_Xi) [2 x 3Y4(z — tanh 2x)

2 256

3 ) . . )
— \/;ﬂ 4 G2 \1;7; 4 4\/§ (eX1*X7,+1 + eXzflez) (R — ]_) .

Using the outer (between humps) expansion,

/Xi+1—R
X;+R

VZide =

Xi+1—R
(Vg +2G°ViVp + -+ ) d¢
X;+R

Xit1—-R

X;+R
N _8\/§ReXi*Xi+1 + 4\/§( i+l — X) Xi—Xit1 4.
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Thus, together
) V3 G272 n
V3de ~ 1 4 eXi—Xit1 Xi—1—X;
/_ Ve~ 5 < + =51 ) +4V3(R ; +e )

—SWRZeX X”1+4\[Z i+l — )X ~Xi

\/g'ﬂ' G27T2 X;—X
~ 1 4 -1 i+
5 ( + 6 ) n+4v3(R Z e

+4V3(R-1 ZeX ~Xir1 _ SWRZeX —Xin

+ 4\/§Z +1 — ) Xi=Xit1

\/gﬂ' G27T2 nol X.— X
~ 5 1+ o1 n+4\/§;(XH_1 _Xi — 2)6 +1,

SM3.4. Normal form. With X; = —X,, (4.21) now becomes

(SM3.4) 4/3e?Xne=m/¢ (1 + G? (‘i% (2X? - 2X; —2log2 + 1)

16 4608

n—1
- (O’ - 2)G \/gﬂ' G27T2 ) . o Xi—Xit1
= 5 1+ T 43 ;:1 (Xiy1 — Xi —2)e .

This is what is plotted in Figure 4.

X? 14567
—{—(ozo—ole —{—OéQX —O[3X3)—7(1—|—2X )> g )

SM4. Detailed asymptotic analysis of the eigenvalues A = O(G). With the expansions
(5.34)-(5.38), equating coefficients at O(G) we have

£ =aPuy + 0w,

where

2w

. — 2V 3V W — W = M V.
The solvability conditions on Wy are satisfied automatically, and

Vo zdW
W1—/\1< O+2dxo>

Equating coefficients at O(G?) we have

fo = alVUy + 6P Wy + VW,
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120 where

d2 d
dUl +2VIUE + 3V — Uy = —i dVo

d2W. Vo axdV
122 = —— 2 VWS + 3Ws) — WF—M%( 0+§do) + AV —1i

121

MVO —41V1V0

123  The solvability conditions on U; are automatically satisfied, while those on W5 are

124 (SM4.1) Im |:dV(] — Wy Az di‘/o - Ao

2
Re [dedVo WdVo] _ o
R

dWWs dVO] [dv1 dVO]
R R ’

125 (SM4.2)

dr dz 2 qz2 _
126 The solutions are

i\ X222V Vi
127 (SM4.3) U= leb, W2=—llzo+1V1+A2< 0 4 =

acho
2 dz

128 Note that Wy grows at infinity, as does V7, so that to evaluate (SM4.1) we need to match with
129 the region between humps. In preparation for matching we list the limiting behaviour of the
130 near-hump solutions as x — +o0:

131 Uy ~ $121/4e¢$ as x — too, Wy ~ 1247 asz — +o0,

121/4 1
132 U~ — e as g — +o00, Wy ~ 121/4 <4 T g) et  asx — Foo.
133 Thus,

1
134 for~ 121/41171(-0)(5“ as & — 400, fi~ 121/4b§0) <4 T ;) et? 121/4a§1)e¥m as x — Foo.

135 SM4.1. In between the humps. As usual, away from the humps,
2 252

136 A+ d§2 —f+ f= O(G8 log G4f)

137 Consider the gap between X; and X;11. At leading order

138 (if; — fo=0.

139  Matching requires

140 fore 12Y400 8Kt as e o Xy, fo~ 12400 6N a6 o X,
141 Thus,

142 fo = 12147, o8 Xit1 1214084 X,
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143 In terms of € = X; 1 + « this is

144 fo = 124000 e 4 12145V et Xi Xiws
145 giving the matching condition (translating to i +1 — 1)

146 (SM4.4) G2 fy ~ 121430 et X=X gy o
147 on the local solution near the ¢ th hump. Similarly we find

148 (SM4.5) G fy ~ 121/411)1(931e"”"’JrXi_X"+1 as r — 00
149 on the local solution near the ¢ th hump. Since

150 fo= aEI)Ul + b§2)W0 + bEO)WQ,

151 and the local hump solutions for U; and W decay at infinity, matching gives

430 430
2 (SMa6)  Tm [0 W2y bW, =2 )" _ 3D xox " @exm—xi,
o dx dz | 5 G? G2
153
154 (SM4.7) Re b()%%—b( w, % ’ =0
’ ' i dr dz 2" 922 7R_ '

155 Using (SM4.6), (SM4.7) and (5.17) in (SM4.1)-(SM4.2) gives

(0)
156 (SM4.8) b. 4\[ —Xit1+X; @Q—Xﬁ—)ﬂ;—l 4\sz+1 oXi—Xit1
(0)
157 4fbl 1 Xl 1— X
\ G2

158 This is equation (5.39) from the main text. Equation (SM4.8) fixes bl(.o) =50 for all i.

159 SM4.2. The outer limit of f5. We will need to know the outer limit of fs, for which we
160 need to know the behaviour of Wy as © — +o0o. We have just evaluated the exponentially
161 growing component by matching, but we will find that unfortunately we need also the expo-
162 nentially decaying component. This requires the asumptotic behaviour of V;. Note that there
163 are also higher-order terms arising from the expansion of fy and f; as x — 00, but these
164 don’t contribute until O(e=>*) = O(G'?) so we will ignore them.

165 We show in section SM5 that, as x — —oo,

X, Xi—1—X;
166 (SMA9) Vi~ 3VATIVEe" (<207 + 20 4+ 2log 2 — 1) + 34— v2e
X2
167 +12Y% g — anz 4 aga® — azxd)e” — 1—&31/4\/5 (1+2z)e”,
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168 while, as x — oo,

7.+1

X‘ ’L
160 (SM4.10) Vi~ 34 T0VEe " (207 + 20 — 2log2 + 1) + 3V 1V2T——

170 +12Y% (g + nz 4 agz? + azad)e ™™ — Té31/4\/§(1 —2z)e .
171 Thus
iN2 2 Xi—Xit1
172 Wy~ T g1ty g1/ e (207 + 20— 2log2+ 1) + 121/4C o
173 + 12Y% (g + oqx + aoz? + agz’)e ™
X2 A
174 - il—é121/4 (1—2z)e ™+ 22121/4 (1-2x)e™®  asz — oo,
)2 X Xi—l_Xi
175 Wy ~ =92 g /age g1/ T (-20% 4+ 20+ 2log2 — 1) + 121/41eTe—w
176 + 121/4i(a0 -z + agx? — 043563)6”3
Xz2 1/4 T A2 1/4 T
177 —1ﬁ12 (142x)e —1—112 (14 2x)e as & — —o0.
178 Thus
. -)\2 2

179 (SM411) f2 ~ 121/4b(2)ie—$ _ 121/4@51) I)\Tlxe—l‘ _ b(o)%121/46_x
180 1ot/ 6 e " (227 + 22 — 2log2 + 1)

eXi—Xin1
181 + 121/416(0>Tex + 12400 (ag + onw + aga® + aga®)e ™™

X2 o1 4 M2 q91/

182 - il—é121/ b (1 —2z) e + 221240 (1 — 22) e as r — 0o,
183
, 1/4;(2): e mih N 0) o
184 (SM4.12) fa ~ 127771 — 12"/ %q, — ¢ = Tl2 be

X
185 - 121/4b(0)il—é e” (—22% + 2z + 2log2 — 1)

eXi-1=Xi
186 + 121/41)(0)1?67” + 121/46(0)1(04() — a1z + agr? — a3$3)ex

A2

187 — b0 é 1244 (1 4+ 22)e® + 22 1 12140 (1 + 2z) €® as r — —oo.

188 SM4.3. O(G?) terms in the inner expansion. At O(G3) we find

189 I3 = DU + aUs + b7 W1 + bW,
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where
d A2 d X;)2d d
dU; +VAQUS +3U) — Us = —%VO - AQd—‘;” - (x+4) d‘f 2017 V3 dVo
d2W. A2V, Vo  xdV
dr 23+V0(2W3 +3W3) — W3 = — i O+>\1V12i)\2)\1< 0+;do>+)\3%
(x+ X;)? Vo z dVp Vo z dVp
A —2 .
1 A1 + = 2 da 0V1V0 Al + = 5 do
The solvability conditions are
AU v
(SM4.13) Im [2% — Uy 0] =0,
d dr |_p,
AU, dVp 2% VBr(A2—1)  [dVidV,  dvi 42T
SM4.14)  Re|—2=-2_U. = -0 A0
( ) ¢ [ dz dx * da? R 8 dz? dz  dz d2? |_p’
(SM4.15) Im [dW?’V W dvo] ! 0
. — Vo~ W3— =0,
dx d R
dWs dVj a2y 1"
SM4.16 Re — W =
( ) [ dz dz % da? R

dVy zX; 3 Vo zdVy\ dVy
=A —_— = 2 — d
L (0 - (55 vt (4532) )

where we have taken advantage of the evenness of Vj to simplify. The terms forced by As and
A3 can be evaluated, so that we can write

iA
Uz = U = = Vh,
22 d
Wa = WE — oA~ VO + s (VO +‘72c d‘;o)
where
AUl R R Mz (z+ X;)2 dVy 3dVO
(SM4.17) o HOVEUS U = =TV - e 20W VY
2WE A322V,
(SM4.18) dx;” + VW — Wit = — 5 21 70

AV (z 4+ X;)? N <Vo a:dV0>

4 2 dx
deg>

)
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SM4.4. O(G) terms in the outer expansion. At O(G) in the outer we find
. d?
with
fO = 121/411)(0)65*)@#1 + 121/4ib(0)ef§+Xi.
Matching requires

- X; _x.
fi~ 121/4ag_)le€*Xi+1 + 121/4p(0) <)‘1(€2+1) + );11> oS Xiv1 as € = X4,
fi ~ 121D emEF X0 4 191/4(0) (_ /\1(52— Xi) | );11) e as 5 X,
Thus
by AOE = X)) A0\ o
fi = 121/4 <al(-+)1 + 5 +— e~ Xt

L 191/ <—a§1) B Alb(o)(g - X;) N )\12(0)) X

In terms of £ = X;11 + « this is

fr=12 (‘%@1 + %b(o) + )Zb(o)) e”

1 10l/4 (_agl) Mz + X2i+1 - Xi)b(o) I ):bm)) e Xin1+Xi,

giving the matching condition

(SM4.19) F3G2 ~ 121/4 <_a§1>1 _ Ml X2 — X0 Zlbm)) Xk Xy

as r — —oo on the inner solution. In terms of £ = X; + x we have

i+

f1 = 191/4 (a(l)1 4 Az + X, — Xi+1)b(0) + >‘1b(0)) T+ Xi=Xit1
2 4

+ 121/4 (—agl) — %b(o) + ):b(o)> e

giving the matching condition

X, — X
(SM4.20) £2G2 ~ 121/4 <a§21 L et ; i+1) 0 | Zlbm)) XX,

as x — oo on the inner solution.
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SM4.5. Solvability condition on f3;. The matching conditions (SM4.19), (SM4.20) give

7Vo—f3

a2 [df:a dVo

d

dfsd
G[f:'aVo

dx dz

] =2v3 (2(11(_121 +MA+R+X; — Xi+1)b(0)) eXi—Xit1
—R

—2V3 (2%@1 FM(-1-R+ X, — X,;_l)b(o)) e~ XitXi-1,

R
] —2V/3 <2a +M1+R+ X, — Xi—i—l)b(o)) eXi—Xit1
-R

~2V3 (2%@1 F (-1 - R+ X, — Xi_l)b(o)) e~ XitXim1,

The solvability conditions (SM4.13), (SM4.14), (SM4.15), (SM4.16) then give

V3ma

(SMA4.

8 7

dz? dz dr daz?

1(1)()\% -1 +a [d2V1 dVp dW1n dZVo] R
R

R
dv; J:X Vo xdVp) dV,
b<o>/ o Vo , zdVoy dVoy
T _R Vld Ve 4 +2 dr ) dz )

21)

23 (2a M+ R+ X — XiH)b(O))

—2V3 (2a§1_)1 FA(-1-R+ X — Xi,l)b(0)>

eXi—Xit1

G2
e~ XitXi

G2

We show in section SM7 that the terms proportional to R vanish as they should, and (SM4.21)
simplifies to

(SMA4.

Equation (SM4.22) is (5.40) from the main text. When () is non-zero it gives a;

(,1) A1 Xi—Xit1 Xi+Xi1
) T ) - o) - o)
3 0 )\16(0) eXi—Xit1 Alb(o) e~ Xit+Xi1
— GZAlb( )Xz — (Xz - Xi-l—l) G2 - 9 (XZ — Xi—l) G2

(1)

in terms

of b(o), with no restriction on A;. To determine A1 we need to go to one more order.

SM4.6. O(G*) terms in the inner expansion. At O(G?) in the inner expansion near

hump

where

d2U;
dz?

7 we find

fa= aEB) U + al(-l)Ug + bl(-4)W() + bl(-Z)WQ + bz(-O)W4,

+ VU + 3U3) —

Us = —iMUE — MozVp —iXsV] +

iNz(r + X;)?

8
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255
256 W +W (2W4 + 3W4) — Wy = —i\ W3 — 1)\1)\27
iA222V Vi AV
- . Vo  xdW
258 A3\ < 1 + 5 dl’> + MW
. (z+X3)? [ iN2®W Vo zdVy
o 4 g TRl
1 2,.2
_anyp (SR Yo  zdV
260 WiV < . +1V1+5)\2(4 + 22
261 — 2VE(3VE 4 2V Va)iVh.

262 The relevant solvability conditions are

R
263 (SM4.23) Im [dU?’ dVO]
R

2V — Us——

R
A
R 1 2y 12 5
_/ ( MU Vo + 437 XV +2/\1xV1[/0) dz,

—-R

264

d avp1* R X;)2 2242
-R

dx dz _R 4 8
266 (SM4.24) +2VABVE 4 2%1/2)) da.
267 SM4.7. O(G?) terms in the outer expansion. At O(G?) in the outer
. : : d*fo & fo
268 1>\1f1+1)\2f0+d—62— ==

269 Matching with (SM4.11), (SM4.12) gives the solution as
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(SM4.25)
. ) \2 N2
270 fo = 121/4b§2)ie—5+Xi - 121/4%(1)Me—5+x¢ _ b(O)M12I/4e_E+Xi
2 8
X; eXi—Xip1
271 + 121/411)@E e STXi (206 — X)) +2(¢ — X;) — 2log 2 + 1) + 12M4p0) = et~ i
272 + 1240 (g + a1 (€ — X;) + (€ — X% + az(€ — X;))e ¢
X2
273 - 11—5121/%@) (1—2(6— X;))e sFXi 4 %121/%(0) (1—2(6— X;))e T
i\ (€ —X; iIA2(€ — X;41)?
274 + 121742 et~ Xern _ 11/4(1) IS = il 1€ 5 +1) 6oy _ (6= Xir1) < 1) 91/45(0) 6~ Xt
X.
275 + 121/‘%)(‘))11’—6*1 S X (=2(€ — Xi41)? + 2(€ — Xit1) +2log2 — 1)
eXi—1—Xi
276 + 121/4(7(0)176*2 et Xin
277 + 12V — 01 (€ = Xig1) + aa(€ — Xis1)® — a3(§ — Xiga)?)etNim
X2
278 - b<°>ifT“121/4 (142(6 — Xi4q)) 8 Xir1 4 %121/%“)) (14 2(6 — Xipp)) 8 X1,

279  This then gives the matching conditions

20 (SMA26) G2 fy ~ 1242 e Xt Xin o1/ () XK= Xiot) iy

i— 9 €
981 _ b X (z + Xg - X;1)? 9L /Ag—a— X+ X,y
282 4+ 121430 Xzl o XX (2(x+Xi — X;—1)? +2(z + X; — Xi-1) — 2log 2 + 1)
285+ 12400 (0 + on (@ + Xi = Xi1) + oz + X — Xi1)? Fag(a + X — Xpy)P)e " Xt
284 — 1%121/45(0) (1—2(x+X; — X;_1)) e = XitXiz
285 + %121/417(0) (1—2(z+X; — X;_1)) e & XitXiz as r — —oo,
286
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i\ X, —X;
287 (SM4.27) G2f4 ~ 121/4bz(i)liex+Xi—Xi+1 _ 121/4@1(}%)11 1(% + 21 Z+1)em+Xi—Xi+1

22 2
988 _ IN(z+Xi — Xiy) 191/4p(0) g2 +Xi=Xi11

8

289 + 121/46(0)1% TN (2(x + X — Xip1)? + 22+ Xi — Xi1) +2log2 — 1)
200+ 1245 (g — ar (@ 4+ X; — Xig1) + ooz + Xi — Xi1)? — as(z + X; — Xjpp)P)etHXi—Xim
291 - b(0>i%121/4 (1+2(x 4 X; — Xiy1)) @ TXi7Xin

292 + %121/46(0) (14 2(x + X; — Xjyq)) ¥ Ki7Xin as r — 00

293 on the inner solution near hump .
294 SM4.8. Final solvability condition. We have, from (SM4.23), (SM4.24)

d avp ¥ R
b5 T | Hhy, -, T 0 / CMURVY + M2 X,V2 4 202V ) da
dx dz | _p ¢ R 4

R 2 9 9

+ X;)*V 222V

296 ~ b(o)/ <)\1 WitVo + (W + 4V, V04> (V1 - 13;% O) + 2V 3V + 2V0V2)) d
-R

(SM4.28)

4+/3 4+/3
297 +bz(‘2) (ge—xi+l+xi + gge—Xi+Xi_1> ‘

208  Evaluating the LHS by matching using (SM4.26), (SM4.27) gives

y dfs A1 _4V3 xxi@ V3 xixen . (1)
299 Im |:d:1;‘/0 - f4dx:| k = ?e +1bi+1 — @e +1)\1ai+1(1 + 2R + 2XZ — 2Xz+1)
5(0) XX
300 — ———eNi X1 (72 L A8NIR + 4802 R? + 16 R® + 48(\ + R) X?
301 +16X7 — 48(A] + 20\ TR +log 2) Xi41 +48(1 + N X2, — 16X7,,
302 +48X;(A\] + 201 R + R* — 2A1X;41))
4
303 + (\fexi—l—Xibﬁ)l - *éfexi—l—mlag?l(_l — 2R —2X;_1 +2X;)
b(o) X X 2
304 — ——— %17 X (72 L A8NZR + 4802 R? 4 16R3 4 48(1 + X)) X2
32/3G2 ( 1 1 ( 1) 1
305 +16X7 | —48(R* 4+ A\2(14 2R))X; + 48(\2 + R)X? — 16X}
306 —48X;_1(A\}(—1 — 2R) —log 2 + 2)1X;)) .

307 We show in section SM8 that all the terms in R cancel as they should, and (SM4.28) simplifies
308  to
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bONN —Hr® 3w X

(SM4.29) 512 64 (BN X; — 2a(")
Xi—X; X
2 9), e i il 2 2), e
SN
X X1+1 XiiliXi
+ 201, (Xig1 — Xi))‘leT + 208 (X - Xi))\leT
Xi—Xip Xim1=Xi
A WO B
_ 3al+1)\1 G2 =+ 3ai—1)\1 G2
)\2 eXi=Xit1 9 2
SO T (= X7 + 81 + 2XiXin — XDy
)\2 Xi—1—X; 2 2
O (XP = 8Xi1 42X Xy — X7 ) = 0.

Equation (SM4.29) is (5.41) from the main text. The sum over i is the equation which
determines \j.

SMS5. Analysis of V. We have (4.11), which we restate for convenience

d?v; (z + X;)*Vo

(SM5.1) Ty PV - i=

The exponential growth of V; at infinity arises due to the term proportional to xVy on the
RHS, which is not orthogonal to dVj/dz. We divide V; into terms forced by the odd and even
components on the RHS by setting

‘/1 - VO + Vé:

where

d2v, zX;Vo
(SM5.2) T2 + 5V, -V, = ——

d? 2+ XAV,
(SM5.3) Ve | suy, —v, = @ XX

dx? 4
and Ve — 0 as x — +o0o. Note that V, is even but this last boundary condition means that

V, is not odd but has an even component (which satisfies the homogeneous equation).
Since the homogeneous version of (SM5.1) has linearly independent solutions

sinh(2¢) _ cosh(4§) —3

SM5.4 = SmUAS) = ,
( ) cosh?/2(2¢) 27 cosh?/? (2¢)
the general solution of (SM5.2) may be written as

V, = )éi”lf) /a "o (@)aVo() dz ?”251‘%) /b Con(@)2Vh () da.

for some constants a and b. Varying the constant a corresponds to translating the position
of the inner region. To fix it we need to be more specific about how the X; are defined. If
we define X; to be the position of the local maximum of the modulus of V', then we have
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dV/d¢ = 0 at £ = Xj, so that in the inner coordinate dV/dx = 0 at = 0. This fixes a = 0.
To determine b we use the matching conditions (SM4.9), (SM4.10), which give

Vo~121/4e e as r — 00, VON121/4€T as r — —oo.
We can set b = —oo if we add on the multiple of v}(x) we expect there. This gives
B Xi v ((E) /a: N o Xi 1)2(3:') /x o N 1/4 eX¢71in
V, = > 1 ), vo(Z)ZVo(Z) dZ > 1 ) v1(2)zVo(z)dz + 3 re? va(x)
X.
= 31/42“}14(5;) (log(1 + ) + 2 — 22 — 2z tanh 22 — log 2)
(SM5.5)
31/4 x. Xi—1—X;
T?Z Uin) (2z sech 2z — sin~! sech 2) + 31/46T02 (x).
Note the branch of sin~! is such that
sin~! sech 2z z <0,

sin~! sech 22 = .1
T —sin” “sech2x x > 0.

The odd part of (SM5.5) is

X.
(SM5.6) Voqq = 31/42“}1556) (log(l + &) 4+ 2% — 22 — 2z tanh 2z — log 2)
314 X;
+ 771 U2f) <2$ sech 2z + g — sin~ ! sech 233)

leaving an even multiple of v,

. X, eXi-1—X; 31/4 /e Xi—Xina eXi-1—X;
V; — 31/4 (_ ol + o2 )vg(x) = 3 ( el + 2 )UQ(ZC).

As v — —o0,

i-1—Xj

X; X
(SM5.7) Vo~ 8VITIV2E" (<207 4 20 + 2log2 — 1) + 31—

g Ve

while as x — oo,

eXi—Xit1

Xi /s
(SM5.8) %mﬁﬂﬁg¢&3x@ﬁ+ax—2bgz+n+3ﬂﬂﬁ—7ﬁ—mﬁ

where we have used (4.15) to simplify. Let us now turn to (SM5.3). The solution may be

written
(5

Y -’y
Ve="i 4 "9 de

4
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356 where

. T 09 (2) 22 Vo () dT v (2)z*Vy(z) dz
357 ‘/1(96‘):”1(90)/0 o) 1‘(;0( = +v2(x)/ = 1?( = ’

358 is the perturbation to the single hump solution (i.e., without the change of origin). As z — oo,

359 Vi ~ 121/4(040 + oz + oz + azz®)e?,

360  with

361 (SM5.9) ! 1 G ! ! !

36 . op=-—=(1—-— o] = — oy = — o3 = —.
’ 0~ 39 12)° TR 27 16’ 5704

362 Since Vj is even, as x — —o0,

363 Vi ~ 121/4(a0 — oz + gz — azz®)e”.
364 Thus
(SM5.10)
X2
365 Ve ~ 1214 (g + a1z + aa? + azad)e ™ — Té31/4\/§(1 —2z)e " as r — 00,
366
(SM5.11)
X?
367 V, ~ 12Y%(ag — aqx + ana® — aza®)e” — ZL3V4V/2 (1 + 22) € as r — —00.

16
368  Together (SM5.7), (SM5.8), (SM5.10), and (SM5.11) give (SM4.9) and (SM4.10).

369 SM6. Analysis of V5. If we proceed to O(G*) in the local analysis of subsection 4.1,
370 subsection 4.3 we find the equation for V5 is

d?V; (X)W

371 oz 5VgVa — Vo = 1 — 10V V2
372 Multiplying by Vy and integrating gives
R 2 2
X; d
373 —/ W’Ho%‘*m?dx:/ vo(dV; +5V0V2—V2) dz
—R —
d?V;
374 z/ <V2 oz TV —V0V2> de
dVs dVy
375 Vo— — V&
{ [ " de Pde ] -R
dVs dV
376 :/ 4V0V2da:+ Vo—2—Vg 0 .
_ dzx dz |,
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Thus
r 4o, @+ X)WV dVa avp1*
(SM6.1) / 4V05V2+10V0 % +fdx: — |:‘/0d—‘/2:| .
-R T dz | _p,

To evaluate the right-hand side we need to go to one more term in the outer region between
humps than we did in subsection 4.2. Equating coefficients of G? in the region between humps

gives
d?V;
M6.2 —_—
Thus

(SM6.3) Vi =124 (C

I ST b Sl SR TS S
Vi= Vo= (e e )
1716716 21)°¢ FI2E Gt et Tag)e ‘

The coefficients C1 and Cs are determined by matching with the subdominant exponentials
in the inner solution Vj. As z — —oo in the inner solution, from (SM5.7), (SM5.11),

X. X
Vi~ 34 TEVEeT (<207 + 20 + 210g2 — 1) + QA —

i—1—X;

Iz V2e®

X2
+ 12 g — anz 4 aga® — azz’)e” — Té31/4\f2 (1+2x)e".

With x =& — X4 (and ¢ — ¢ + 1) this is

X; Y
Vi~ 31/4%\/%5 Xit1 (22(6 — Xi41)? +2(6 — Xip1) +21log 2 — 1)

Xit1

+ 31/46)(;

a2
+ 124 (ag — 0 (€ = Xis1) + 2(€ — Xig1)? — as(§ — Xipq)?)etXinr

X?
— 1276“31/4\/5(1 +2(€ — Xipq)) 8 X1,

\@e—(f—xwl)

Removing the terms which match with Vj in the outer leaves

Vi~ 121/4e8—Xit1 (

+(ap — a1(€ — Xip1) + a2(€ — Xip1)? — a3(€ — Xig1)?) —

~ 191/4e8Xit <

Thus

Xiv1

16

1
32

C1

(1

T 32

7I'2

12

(1

)

§

16

7T2

12

>_

(=2(€ = Xig1)? +2(€ — Xiy1) +2log2 — 1)

2
2L (14206 - X))
&8 X XD | Xiplog?
16 24 8 24 8 )
X2 | X | Xiglog?2
8 24 8 '
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As x — oo in the inner solution, from (SM5.8), (SM5.10),

X. eXi Xz+1
Vi~ 3AZ0V2e70 (207 + 20— 2log2 +1) + s RAVF A —

X2
+ 12 ag + anz 4 aga® + a3x3)e*x - 1—631/4\/5(1 —2x)e "

With 2 = £ — X; this is
Vi~ 31/4&\fe_(§_Xi) (2(§ — X)? 4+ 2(6 - X;) — 2log2 + 1)
31/4\fe T e
+ 1244 (g + al(f — Xi) + o€ — X;)2 4 as(€ — X;)?)e X))
- )1(531/4\/5(1 —2(6 — X;)) e X,

Removing the terms which match with Vj in the outer leaves

Vi~ 1214 e (6 X0) (X (2(6 — Xi)? +2(€ — X;) — 2log 2 + 1)

16
2
+(an + on(€ — X + an(€ — X0 + agle - X)) - 2o (1 2(5—)@)))
~ 191/40—E+ X0 i _12 é ﬁ ﬁ_ﬁ_ﬁ_)(ilog2
127 (32 (1 12>+16+16+24 8 24 8 )

Thus

Co = —
Thus the outer solution for V3 when X; < & < X1 is

1 2 2 3X2 X2 X;log2
L), £,8,80 X X0 Xl
32 12 16 16 8 24 8

(SM6.4) Vi = 12Y/4e=¢+X (

32 12 16 ' 16 24 8 24 8

1 12468 Xin (1 <1 _ 772) £, ¢ & X12+1 n X n Xit1 log2> '

Thus the matching condition on V5 is

G2V ~ 12V 4o+ X=X (1 (1 _ ”2> Lt X (@ X)t (z4 X

32 12 16 16 24
X n X n Xit1log?2
8 24 8
ol Xin (L (T w1 42X - 2X7)  2?(1-2X) o
32 12 16 16 24

Xi X7 X} XP, X?+1+Xi+110g2

16 0 16 24 8 24 8
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422 as x — oo, and

2 2
1235 G2V ~ 1214 @ HX)+ X <312 <1 _ 7T> n (x + X;) T (z + X;)

12 16 16
424 +(x + Xz')3 _ Xi271 B X{zl _ X;_1log?2
24 8 24 8
425 ~ 121/4efm7X¢+Xi,1 i 1— 12 33(1 + 2Xz + 2X22) n $2(]_ + 2Xz) N 3373
‘ 32 12 16 16 o7
X X7 X3 Xi271 XP,  Xiilog?
426 i _ _
6 TR R T . . >

427 as x — —oo. Thus, finally,

dV, dVo
428 (SM6.5 1% -V =
( ) [ Oda *da ] _R
429 = ggeXiXiH (—m? — 16R® — 48X, R? — 48X} R — 16X} — 48X72 | + 16X7, | + 48log2 X, 1)
430 +;/§e—xi+xil (-7 — 16R® + 48X, R* — 48X7R + 16X} — 48X? | — 16X | — 48log2 X, 1) 1
431 SM7. Derivation of (SM4.22). The solvability condition (SM4.21) involves the integral
R
. dVp xX; Vo xdVpy) dVp
32 1 — — d
o Rivoo R<V1d:v ( 2 V0>< +2d$ )
V37X, R dvp Vo xdWp) dVp
43: =————+ i Vodd | =— —20Vy' [ — — | dz,
” 256 +RE>I;0 _R dd<dw 0( +2dzlc) dx .
434 where we have used the fact that
/ Vo zdVp ) dVo V33
435 - —dr = —,
0 2 2dz ) dzx 256

436 and that only the odd part of V; contributes to the integral. Using (SM5.6) we find numerically
437 that

& d d
438 / 20V, aq Vi3 (VO +2 VO) VO dx ~ —0.0731175X,.
o 2dz ) dz
439  Thus we are left with evaluating
[y,
440 Vodda— dz.
—-R dx
441 Now
x
442 v (Z)VI(z) dz = —3'/4 log cosh 2z + sech? 2z).
0
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443 Thus, integrating by parts,

R
X
444 lim vp(Z)Vy(2)3Y/41 22 (250 sech 27 + ~ — sin~! sech 29?:) dz
Roveo |_p 32 2
. 2 X ™ .1 R
445 = /3 lim |—(logcosh 2z + sech? 2z) — <2x sech 2z + — — sin™ " sech 21‘)
R—o0 32 2 _R

3X, [

446 + \[32 : (log cosh 2% + sech? 2% ) (—47 sech 27 tanh 27) dZ
—00

XZ'TF

447 = V/3(2R — log 2) 2

—0.31625.X;,

448 where we have used the fact that

\/goo

5 (log cosh 2% + sech? 2%)(—47 sech 2% tanh 2%) dZ ~ —0.31625.
—00

450  Since, numerically,

oo ql/4
/ %Vd(m)vl () (log(1 + €**) + 2? — 2z — 2z tanh 22 — log 2) dz ~ —0.109394,
452 we have

R
av; X;
153 (SM7.1) lim i Voddd—; dz = V3(2R — log 2) 32”

— 0.425644X;.

454  Thus, finally,

R X@

Rooo ) _p \| @ da 2 4 " 2dz ) dzx
3mX; X;
456 = —*/;75r6 +0.0731175X; + V3(2R — log 2) 32” — 0.425644X;
3RTX;

157 (SM7.2) - \flg — 0.680174X;.
458 Using (SM7.2) and (5.25) in (SM4.21) gives

1
459 \/gﬁa’( 0 -1 NS ——4\/§e_xi+1+X" — 74\/56_)(#&._1

8 i G2 G2

X.
460 + A0 <\/§,?67” - 0.680174Xi>
Xi—Xit1
461 = —2V3 (2a§i)1 + M+ R+ X, — Xi+1)b(0)> eT
1) e~ XitXi1

462 —2V3 (2(11-71 +M(-1-R+X; — Xi_l)b(0)> =
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Using (4.15) the terms proportional to R cancel as they should, leaving

\/gmgl;()\% - +4v3 (aj} z+1 @ ))ele = +4V3 (q; o -1 agl))e_X;X“
= 1.02026 A0 X; — 2v/3 A1b(©) ((Xz - Xz‘+1)eXi;‘);H + (X — Xz'—l)e_XiGJfH)
Dividing by 4v/3 gives
w03 -1 o s

+(afth —af) +(af%) —al!)"

(SM7.3) )

a2
eXi—Xit1 e~ XitXi1
((Xi - Xi—l—l)T + (Xi — Xi—l)GQ)

32
A5

=0.147262 \ b0 X; —

We can check our analysis, and identify the constant 0.147262, by considering the exact
eigenfunction corresponding to A = 2G. For this eigenfunction

e (el

dg 2

so that with &€ =z + X},

fZi‘/b—i-G(‘gO (+X)dd‘g>+1G2<V W’>+G3<%+§dd‘2>+m

Comparing to our expansion, with 5©) =1, and \; = 2,

dVop W dV 2V
F=iVo+G (a0 10 O) 4162 (—alVavh + v - T2 4 v ) + 6B (o),
tode 2 TV E ¢ 2
we have )
RUNEI o)
2
Substituting this into (SM7.3) gives
3rX; eXi—Xiy1 e~ XitXi1
(SM7.4) + (Xit1 — XJT + (X1 — XZ)T
eX,-—Xi.H e_Xi+Xi—1
=2 x0.147262 X; — ((XZ — XZ‘_H)T +(Xi — Xi—1) e >

This identifies the constant as

3
(SM7.5) 0.147262 = 671,

so that (SM7.3) becomes (SM4.22).
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SM8. Derivation of (SM4.29). Let us evaluate the integrals on the right-hand side of
(SM4.28), namely

R
A

(SM8.1) I} = lim <—)\1U2RV0 + 222X VE + 2/\190V1V05> dz,

R—oo R 4
and
(SM8.2)

f Xi)?V, A 2?V
L= lim [ AW+ <("’:+4)° +4V1V04> <V1 A °> + 2V BV + 2V Va) da.
— 00 —R

For (SM8.1) we require the odd part of V;. Using (SM5.6) gives, numerically

(
O\
(SM8.3) / (41952)(%2 + 2/\1xvlvo5> dz ~ 0.373466)\, X;.

From (SM6.1) we have

R X))V av; a1t
(SM8.4) / VPV, + 10VHVE + @ X)WV 4 [y &y a0 )T
—R 4 dx d R
so that (SM8.2) is
(SMS8.5)
av; avp1* R X))V, A222V
I = |Vo—2 — V=2 —/ MWV, + MH%VO‘* SRATRERL P
dx dr | _p _R 4 8
Also
(x4 X)WV [ N2V 5 V33 (512 + 16X2)
MS. _ _ i
(SM8.6) /_ . 4 s ) de=—A 16384 ’
[e%¢) 2,2 2 [e%¢)
(SM8.7) / 4NV <—M) dr = 2L 2 Veyen Vg dz,
oo 8 2 ) .
where

1/4 Xi—Xit1 Xi—1—X; . X2 d
(SM8.8)  Viwen = ° <e ¢ d (VO + 2 VO) .

>\ e T )“2@)*‘/1(”3)‘4 1T

Since

(3] /4094 _ 72
/ 02(1’)332‘/0(30)5 dr = 3(247T),

—0o0

/ Vi ()22 Vo (x)® dz =~ 0.0227007,

(Vo xdVo) 53, —
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504
)\2 e’}
505 (SMS.9) —21/ % Veyen Vg da =
24 — 72 Xi—Xit1 Xi-1—X;
506 Y <\/§( o ™) (e e + 2 et )+0.0113504 :
507 Collecting all this together gives
R
508 (SM8.10) I = =)\ lim vao dz 4 0.373466)\, X5,
R—o00
dVa dVp 5 V33 (5% + 16X2)

50¢ = - d — + A7
509 1/ WiV, x+[Vod ngx] . 16334

24 — Xi—Xit1 Xi—1—X;
510 (SMS.11) + A2 <\/§( — ) (e = + 2 = >+o.01135o4>.

511 The term in square brackets involving Vj and V3 is evaluated in section SM6 and given by
512 (SM6.5). We are left with the integrals involving U and Wi

513 SMB8.1. Analysis of U and W{'. Differentiating (4.11) gives

Skava LAV dn Vo (@+X)Vo (z + X;)2dV,
+5Vi =L — = = 20V, — iy
o dz3 dr  dz 014 2 4 dz

515 Thus, recalling (SM4.17), (SM4.18) we may write

d
516 (SM8.12) Ul = d—‘;l +U,
V1 .CL' dV1

517 MS8.1 = A
518 where

d2U 11—\ X;
519 w2 +5VU - U = (21)1“/0 + *Vo,

d*w A1 (222 + 32X +X2) M2

520 d2+5VOW W = 1 Vo — g .-
521 Integrating by parts

d d R d
522 (SM8.14) / ﬂV() dx = [V1V0] / Vlﬁ dx = [V1V0] / Voddﬂ d(L‘

_p dz _ dx _R dz

523  where we evaluated the final integral already in (SM7.1). Note that

X —Xit1 e_Xi+Xi—1 \/gﬂ'X‘
524 (SMS8.15 ViV =2V3—— 23— _ !
524 ( ) [ 1 0] R \[ G2 \/> G2 16
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525  Also & "
\%1 xdVp Veven  dVeven
£96 R dz = — d
H26 /R<4+2dx>vox /R< 1 +2 dz )Vo x,
527  where Voyen is given by (SM8.8). Since
R 2
528 1 — 4+ ——" | Vodz =3 - ——+4+R+R
2 e _R<4+2dx>0x SREPTI &
o Vl a:dffl
52¢ — 4+ —— ~ 0.1731
529 /_oo<4+2dx>Vodx 0.173106,
0 1 2 d\? NEY
530 42— dr = —
) /OOVO<4+21;>VOx 256

531 we find

R X;—X; X 1—X; 2

. ‘/1 ﬂjd‘/]_ \/g evi i+1 eti-1 i 1 T 9
5: 1 —+ —— | Vydo = — - — — R
e e R(4+2dx) e\ T e T e ;T
\/§7r3 9

53: MS8.1 1731 X
33 (SM8.16) +0.173106 + 1024 Vi

534 This leaves us just with the integrals involving U and W. To determine U and W we will
535 mneed to match with the solution in between the humps, which means we have to reintroduce
536 the constant multipliers. The actual term in the integral (SM4.28) is

R
537 (SM8.17) L= 1lim [ a"U+bOWda.
R—o —-R
538 The general solution to
53C de 4 =
539 @+5V0f—f—g
540 is () [* () [7
vi(x vo(x
a1 == [ w@g@ s+ =2 [ @@
4 a 4 b
542 where v; and vy are the homogeneous solutions given by (SM5.4). With f = U, we have
1— ) X;

544  while with f = W, we have

A (222 4 3z X; + X? 322
545 g=gw = 17 430X+ X7) 0 M
4 8
546 Note that
- v (A A Vo(x)?
547 / ‘/E)(.’L')Ul(x) dz = —W,
548 / Vo(%)vs(7) dF = 2 x 34 (z — tanh 22).
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549 Then, integrating by parts,

o g [ pwae= i [ e [ i
551 4X31/4R1$1;O/ Vo(z)ve(z / Vi (Z)g(Z) dz dx

1 . [Vo(z)? /95 . _ 1 / Vo(z)?
55 = 1 —— i

’ 4 x 3171 R [ 5 ) @) dz n Ax3VARNs ) 2 va(w)g () da

1 z R 1 R
553 — — lim [(az — tanh 23:)/ Vi (2)g(%) dx] + - lim (z — tanh 22)Vj(z)g(x) dz

2 R—oo b R R—oo -R
== — 1 > %(x)z ]' o ]/ — _ _
554 = —4)(31/4/ vo(z)g(z) do — i(R - 1)/b Vo(Z)g(7) dx

1 oo
555 ——(R-1) / Vo (2)g(z)dz + = / (x — tanh 22)V{(z)g() d.
556 Evaluating the full range integrals we find
oo
557 / Vo(z)?ve(2) gy (z) dz = 0,
558 / (x — tanh 22)V{(z) gy (z) dz = 0,
oo A1 (4 — \2)33/4
559 / Vo(z)2va(z)gw (z) dz = i 5 D)3 5 W,
00 4 — 2 4 — 2
560 / (x — tanh 22)V{(z)gw (z) dz = M 8 A) \/gﬂ(32 T )
561 Thus
R 1 00
562 (SM8.18) lim / UVp=—=(R— 1)/ Vi (Z)gu (z) Az
R—oo J_p 2 b
1 —00
563 - §(R — 1)/ Vi (Z)gu (z) dz,
b
564
R 1 00
565 Jim / WV = —L(r—1) / VI (@) gw (7) dz
R—oc0 R 2 b
1 -0 PA1(4— AT
566 (SMS8.19) — 5(R - 1)/ Vo (z)gw (Z) dz — Vam 511(2 D,
b
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To evaluate the remaining integrals we need to determine b using the matching conditions
(SM4.19), (SM4.20) on f3, which give

(agl)Ug T b(O)Wg)G2 ~ 191/4 <_a7(i)1 B A+ X; — Xi—l)b(()) 4 );llb(o)> o= Xit+Xi 1

2

as x — —00,

(@ VU + 0O W5)G2 ~ 121/ <a§1+)1 L Ml X2 = Xir1) o) A41b<°>> X=Xt

as Tr — 00.

Using (SM4.10), (SM4.9), (SM8.12), (SM8.13), gives the matching conditions

as r — —o9,

—x—Xi Xi,
aEI)U i b(O)W - 121/4 <a(1) _ agl_)l B )\I(Xi - Xil)b(())) e +Xi-1

i 2 G?
Y. T+ Xi—Xit1
agl)U + b(O)W ~ 121/4 <_a§1) + a»g_l|_)1 + Wb(())) eT as r — o0.

We can satisfy the conditions at —oo by setting b = —oo in both U and W and adding an
appropriate multiple of vy corresponding to the matching condition. Since

vg ~ V2e " as x — —oo,

this multiple is

. _ X —Xi+Xi1
(SMS.20) 31/4 <a§” g, 2l . Xiz1) b<0>> c o (a).
As a check, at infinity then
. _ X —Xi+Xi1
az(l)U + 0 OW ~ 3l/4 <a§1) - al@l _ X 5 Xz_l)b(0)> © ez v ()
+ 1)2/ v1(T) (agl)gU + b(o)gw) dz
4 —00
M (X — Xi— e~ XitXi
i ()l A K
v 1— )2 M3Xi\ [
- ;1/4 <a§”( 5 ) +5© 14 > / Vo (z)zVo(z) dz
1 1 M (X — Xiq) e~ Xit X1
= 121/4 <a£ ) _ ag_)l — 5 b @ e
1-2}) A3X;
191/4 (1)( 1 (0)NM9AG ) g
+ 124/ %7 (az TR +b 6l e
o4 1) A(X — Xig1) o)) €7 N
=12 <ai+1—ai + 5 b©) e
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as required, using (SM4.22) (which also provides proof of (SM7.5)). With b = —oo we have
two further integrals to evaluate. We have

0o )2 . 00
3@ =1) [ Vi g + 609w do = ~5(R - 1) (”“2” " b<°>3A1le) | visvoda

2
)2
(SM8.21) :%(R_l) (az(l) (1 2>\1) O 3>\2X> \/;ﬁ’

and we also need the integral of the extra term (SM8.20),

X — X._ —Xi+Xi—1 R
(SM8.22) 31/4 (al() 51)1 A(Xi — Xi1) 1>b(0)> S / vaVp da

2 G? _R
o X - Xi) e MitXi
—4[( M) _ g1 — 5 b© G (R-1).
Collecting together the results of this section we have, using (SM8.12), (SM8.15), and (SM7.1),
R R
X :
(SM8.23) lim [ UfVyds = _V3RXim 0.203422X; + lim | UVpda,
R—o0 R 16 R—o0 -R
since
log 2
—xf \[22% +0.425644 ~ 0.203422.
Using (SMS.13), (SM8 16),
R B \/3)\1 eXi=Xit1 eXi—1=Xi 1_ w? )
A W?’Vodx 2 ( e ;g THTH
37N R
(SM8.24) +0.173106)\; + @)(2 + lim WV, de.
1024 ey
Using (SMS8.18), (SM8.19), (SM8.21), (SM8.22),

R 3
/ @MU + 0OW)Vyda = —bO N (4 — A3) *f’lg
-R

— )2 .
+(R-1) <a§1>(11A1) +b<0>m) V3

6 32
1 A - X e Xt
5 (49—t AT o) N
3
b0y, (4 - \2) V3T
b0 (4= )L
Xi—Xit1
+V3([R-1) <)\1b(0) (Xi — Xi+1)eT
0 _Xz"l‘Xz 1
b0 (X, — Xi_l)G2>
X—Xi1 —Xi+ X1
1 1 1 1
(SMS.25) +V3(R-1) (2(a§+)1 — ) 2 —a) ) 1
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612 using (SM4.22).

613 SM8.2. Putting it all together. Using (SM8.10), (SM8.11), (SM6.5), (SM8.23), (SM8.24)
614 and (SM8.25) in (SM4.28) gives, after some simplification,

dfy avp 1 ) V3a"RMXim o) 5 V33
515 Im | —Vy — fu— =0.170044 a; X; z 4 —
615 m |:d]j ‘/E] f4 d:[j :| h O 700 a/,L )\1 + 16 + b )\1( )\1) 512
eXi—Xin
o6 — VA= 13 (8006 - X)) S
e~ XitXi
617 5 (X; — Xil)T)
X;—X; —Xi+Xi
) 1 1 e i+1 1 1 e (3 i—1
618 —2V3(R—1))\ (<ag+>1 —a§ >>T_<ag_>1_ag ))T)
X;—X; X 1—X;
- 0 9 \/§ et i+1 et 1 [3 9
619 — b( )>\17 < G2 -+ G2 (R +R)
620 + b<0>£exi—xi+l (—72 — 16R® — 48X, R?
621 —48X7?R — 16X, — 48X2 | + 16X | + 48log2 X;41)
622 + b(o>\9/_§e—x¢+xi_1 (—7? — 16R® + 48X;R? — 48X?R + 16X}
623 —48X7 | — 16X | —48log2 X, 1)
4 4
625 where we have set
5
626 0.173106 — 0.0113504 — 2Y3™

16384

627 Thus the final solvability condition is
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4v3 QXi—Xir1p(2) _ \/geXfX
GQ i+1 G2
p©)

32362

1 al) (14 2R+ 2X; — 2X,41)

eXim Xt (2 + 4BATR + 48ATR® + 16R® + 48(\] + R) X} + 16X}

—48(A\] + 2MIR +1og 2) X1 + 48(1 + AP X7,
—16X7; +48X;(\] + 2M\iR + R* — 2A1X;41))

4
+ C\;/feXilXibg)l - geXilxiAlagl_)ﬁ_l —2R—-2X; 1 +2X;)
p(0)
- me&*xﬁ (7% + 48ATR + 48M\TR* + 16R® + 48(1 + A\}) X7,

+16X7 | —48(R% 4+ M3 (14 2R))X; + 48(\2 + R) X?
—16X7 — 48X, 1(A\} (=1 — 2R) — log 2 + 2)1X;))

W RALX; 3
= 0.170044 a! )\ X, + V3a, 112 LX) 3204 — A%)\/fl;r
Xi=Xip1 —Xi+Xi1
—V3(R—1)\? (b(o)(XiX”l)erb(o)(XiXil)eGQ)
eXi—Xit1 1 1 o= Xi+Xi1
~23(R-Dh <( D= @ - )

X —-X; Xi—1—X;
2 f i+1 et 1 7 9
2 ( G2 + G2 ) (R + R)

+ 022 ‘[ eNimXitt (—n? — 16R* — 48X, R* — 48X7R — 16X}
—48X7 ) +16X7, ) +48log2 X;41)

+ 19<0)\9/6§exi+xi1 (—7% — 16R® 4 48X;R? — 48X?R + 16X}
—48X7 | — 16X | —48log2 X, 1)

The terms proportional to R3 are

B p0) o Xi—Xit1 L6R p0) o Xio1—X; 16R3__b(0)\/§eXi—Xi+1 L6R?
323 G? 32v/3 G2 9 G2
b(O) Xl—l_Xl

- 96\/36 16,

These cancel as they should. The terms proportional to R? are
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b(o) Xi_Xi+l b(O) Xi—l_Xi

0 - \/g—e gz (USNIR? + 48X R?) — 2 \/g—e gz (USXIR? — 48X R?)

. 0 \/§>\% eXi—Xit1  oXic1=Xi 9

650 = —p® : ( ot R

b(o)\/g eXi_Xi+1 b(o)\/g eXi—l_Xi

—48X; R’ 48X, R?).
651 + 96 o (—48X,R%) + 96 o (48X, R?)

652 These cancel as they should. The terms proportional to R are

653 — gexz Xty M) 2R — 31;(33 eX(‘;# (48MIR + 48X7R — 96AT X, 11 R + 96X, \IR)
T \G/_gexil_XiAlaﬁ)l(—?R) - 31;(\0/% —eXi_Glz_Xi (48X3R — 96X X, R + 48X R + 96X;_1 A} R)
00 — V3RO ((Xi - Xz'Jrl)—eXi;;+1 —(Xi — Xi—l)—e_X;X“>

v * b((Zg/g eXi;;m (—48X?R) + b<0£;g/§ exi;_xi (—48X?R).

659 These cancel as they should. Thus, finally,
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4
660 C\}C XimXiwnp() \/Eexfxi“)qagfl(l +2X; — 2Xi41)
p(©) X
661 — e X (12 L ABNI X 4 16X7 — 48(N\? +1log2) X1 +48(1 + A X7
39./3G2 ( 1 (AT 82)Xit1 ( DXi
662 —16X7, | +48X;(\] — 2\ Xi41))
4
663 + ﬁ eXi= 1_Xibl(-z) g;; Xic1i=Xiy q (1) (=1 —2X; 1+ 2X;)
5(0) X1
664 — NN (72 1 48(1 + A XZ | + 16X — 480X, + 48A1X7
0 32\/§G2 ( ( ) 1 i—1 1 134
665 —16X7 — 48X, 1(—A] — log2 + 2A1X;))
3
666 = 0.170044 oV A X; + bONZ(4 — \2) \/551;
2 (0 LA e T
667 + \/gAl (b (Xz — XH_l)T —b (Xl — XZ_I)G2>
X —X; — X+ X
1 1 e i+1 1 1 e 7 1—1
668 +2v3 M (( a;y — E ))T - (al('—)l - az( ))G2>
. OV3 Xi-Xip (2 1ay 3 .
669 b T (-7 — 16X — 48X2 | + 16X, | + 48log2 X;41)
670 + b(o)ggexi+Xi1 (—7% + 16X} — 48X7 | — 16X} | — 48log2 X;_1)
4 4
671 +bz(‘2) (C\TY/Qge_Xi+l+Xi + C\TY/2§e_Xi+Xi_1> )
672 Simplifying gives
3
673 —0.170044alY M X, + bONZ(A2 — 4) ‘/531;
—-X Xi—1—X
i 2 e ’L i+1 2 2 e 1
674 +4V30E, - ) T — = +4v30%, — by =
(1) eXz X1+1 Xz 1— Xz
675 + 2\/§ai+1(Xi+1 — Xi))\l 2 + Q\TCLZ 1( i1 — ))\1 e
eXi—Xit1 Xi—1—X;
. 1 1 €
676 +V3(2af" — 3a{) )M T + V(20" + 30 )\ —;
3 Xi—Xi+1
677 + {bm)eGQ (=3ATX = ATX7 4 3A 1 Xi1 + 201X X1 — A X7)

Xi1- X
678 + égb(o)eG

679 We can check our analysis and identify the constant 0.170044 using the exact eigenvalue
680 A1 = 2, for which

(BATX: — ATX7 — 3ATX 1 + 20 XX, 1 — A X7 ) = 0.

681 p© — 1 oV — X, b2 — X2
i , : i ) o
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682 Substituting this in and simplifying using (4.15) gives

683 —0.170044 x 2X2 + vV/3Xx2 "~ =0
684 so that
685 0.170044 = %

686 Thus, using (4.15) again to simplify, the final solvability condition is

PON (N2 —4)r® B X

. (0) . _o9,(1)
687 (SM8.26) 713 + o (BN X, — 2a;)
eXi—Xin Xi—1—X;
2 2 2
688 +4(b2(+)1 — b( ))T (bg )1 b( )) ez
(1) eXi—Xit1 (1 ) eXi—1—Xi
689 + 20,H_1(XH_1 — XZ))\lG— + 2(L (Xi—l — XZ)AIT
X X1+1 Xi—1—X;
690 - 3a£_121)\1G— + Sa( ) A1 QT
)\ i Xin 2 2
691 b( )T (_Xz + 3X’i+1 + 2XZ'X7;+1 — Xi—i—l)
LM 02 X2 3%, 4 2X,X — X2) =0
692 T (— i i1+ A i—1 T i—l) - Y
693 This is (SM4.29).
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