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Abstract. In the present work we examine multi-hump solutions of the nonlinear Schrödinger equation in6
the blowup regime of the one-dimensional model with power law nonlinearity, bearing a suitable7
exponent of σ > 2. We find that families of such solutions exist for arbitrary pulse numbers,8
with all of them bifurcating from the critical case of σ = 2. Remarkably, all of them involve9
“bifurcations from infinity”, i.e., the pulses come inward from an infinite distance as the exponent10
σ increases past the critical point. The position of the pulses is quantified and the stability of11
the waveforms is also systematically examined in the so-called “co-exploding frame”. Both the12
equilibrium distance between the pulse peaks and the point spectrum eigenvalues associated with13
the multi-hump configurations are obtained as a function of the blowup rateG theoretically, and these14
findings are supported by detailed numerical computations. Finally, some prototypical dynamical15
scenarios are explored, and an outlook towards such multi-hump solutions in higher dimensions is16
provided.17
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1. Introduction. The nonlinear Schrödinger (NLS) model is undoubtedly one of the quin-21

tessential ones within the realm of dispersive nonlinear partial differential equations [3, 1, 36,22

2]. It arises as a canonical or as an envelope model description in a diverse range of physical23

settings ranging from the evolution of optical beams in fibers and lasers [20, 24] to the de-24

scription of atomic wavefunctions in ultracold Bose-Einstein condensates (BECs) [31, 30, 23],25

and from plasmas [25] to water waves [1].26

While the focus of a large number of studies on the NLS model concerns the dynamics27

of its solitary wave solutions (either bright [24] or dark [23, 19]), the presence of collapse is28
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another key feature of the equation when nonlinear effects overcome dispersive ones. In this29

case, the relevant ground state solution to the NLS becomes (orbitally) unstable leading to30

the formation of singular solutions [36, 16]. From a physical perspective, the focusing nature31

of the problem induces self-similar collapse when the nonlinearity becomes “too strong” (e.g.,32

considering a power nonlinearity |u|2σu for a sufficiently large σ) [34, 12, 11], or when the33

dimensionality of the problem increases for fixed nonlinearity (e.g., considering a radially34

symmetric problem where the Laplacian reads ∆u = urr + (d − 1)ur/r for sufficiently large35

d [36, 27, 16, 9, 4]).36

There has been a series of classic experiments that address relevant collapse features in37

NLS-type models, such as ones in nonlinear optics [28] observing the famous Townes soliton38

and its collapse, or more recent ones examining the collapse of structures with topological39

charge [39]. Intriguingly, after numerous years, experiments in other fields such as ultracold40

atomic systems have also been catching up, and have enabled alternative BEC realizations of41

Townes solitons in two separate recent experiments [5, 13]. Indeed, additional directions re-42

lated to collapse have also been recently explored. These include the collapse of co-propagating43

beams with different wavelengths in the so-called two-color systems [35], as well as the con-44

sideration of vortical beams quenched from repulsive to attractive interactions in BECs and45

thus accordingly led to collapse [7].46

It is some aspects of this very recent experimental endeavor of [7] that have motivated47

the present work. Indeed, in that work it was found that the original ring of atomic mass,48

prevented by the vortical structure from collapsing in the center of the condensate system,49

broke into a necklace structure consisting of individual (Townes-like) blobs which subsequently50

collapsed in the periphery of the ring pattern. This is also reminiscent of a scenario proposed51

earlier in the context of azimuthal modulational instability of a vortex solitary wave, e.g.,52

in [10]. This scenario produces multiple concurrently collapsing structures, a setting that53

has, indeed, been theoretically considered earlier in the work of [29]. Arguably, the simplest54

setup enabling the study of such multi-bump states potentially leading to multiple concurrent55

blowups arises in one spatial dimension, i.e., d = 1. Indeed, the earlier work of [9] has par-56

tially examined such states in the realm of variable dimension d (i.e., used as a bifurcation57

parameter), which is rather unphysical (albeit interesting from a bifurcation perspective).58

Here, motivated from our earlier studies which have considered the mathematically equiv-59

alent, yet more tractable setting of a variable nonlinear exponent σ, we revisit the examination60

of multi-pulse self-similarly exploding solutions. Firstly, we provide the mathematical setup61

(in section 2) that facilitates the numerical computation of these solutions, as a systematic62

bifurcation problem from the critical point of σd = 2. 1 Varying the nonlinear exponent σ63

away from this critical point with fixed d = 1, we construct the full bifurcation diagrams64

of such multi-pulse collapsing states, observing all of them emerging from infinity at the re-65

spective bifurcation point. As part of our analytical considerations, we derive the asymptotic66

distance of the pulses as a function of the deviation from the critical point. Moreover, follow-67

ing up on the analysis of the stability of the single-bump collapsing branch that appeared in68

1 We remind the reader that at that critical point, it is well-known [36, 18] that the problem is conformally
invariant and the collapsing solutions possess a blowup rate G that tends to 0 (in the model dynamics), in line
with the findings reported below.
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our earlier works [12, 11], here we provide a systematic spectral analysis of the multi-bump69

branches, examining how the number of unstable modes of the solutions grows as a function70

of the blowup rate G. The summary of our theoretical and numerical results is provided in71

section 3. Section 4 focuses on the details of the theoretical analysis for the steady problem;72

the corresponding stability analysis is considered in section 5. Indeed, we have identified some73

unexpected dependencies of the relevant eigenvalues and explain the systematics of how the74

relevant power laws on G emerge. Both the eigenvalues and the eigenvectors of the resulting75

instabilities are provided together with a number of direct numerical computations performed76

on the half domain. The latter showcase the destabilization of the relevant multi-humped so-77

lutions towards the single-humped one. Finally, we summarize our findings and conclusions in78

section 6, and discuss exciting avenues of future research emanating from the present work. A79

number of technical details concerning the numerical computations (involving, e.g., the com-80

parison with alternative numerical approaches, as well as the dynamics in the full domain),81

and the analysis (such as the consideration of higher order terms in the bifurcation diagram)82

are presented in the Supplementary Material.83

2. Theoretical and Numerical Setup. Our starting point for the examination of the84

multi-pulse collapse solutions will be the one-dimensional, nonlinear Schrödinger (NLS) equa-85

tion with a power-law nonlinearity [12, 11] given by:86

i
∂ψ

∂z
+
∂2ψ

∂x2
+ |ψ|2σψ = 0,(2.1)87

where ψ := ψ(x, z) is the complex-valued wavefunction, and σ, the strength of the (power-law)88

nonlinearity. The Hamiltonian associated with the NLS reads:89

H =

∫ ∞

−∞

(∣∣∣∣∂ψ∂x
∣∣∣∣2 − 1

σ + 1
|ψ|2σ+2

)
dx,(2.2)90

and satisfies:91

i
∂ψ

∂z
=
δH

δψ∗ , i
∂ψ∗

∂z
= −δH

δψ
,92

where ∗ stands for complex conjugation. It should be noted that H is finite for the Cauchy93

problem of the NLS.94

The study of self-similar blowup solutions to the NLS necessitates the introduction of the95

so-called stretched variables:96

ξ :=
x

L
, τ :=

∫ z

0

dz′

L2(z′)
, ψ(x, z) := L−1/σv(ξ, τ),97

whose substitution to the NLS and Hamiltonian [cf. (2.1) and (2.2)] gives respectively98

i
∂v

∂τ
+
∂2v

∂ξ2
+ |v|2σv − iξLLz

∂v

∂ξ
− iLLz

σ
v = 0,(2.3)99

and100

H = L−2/σ−2

∫ ∞

−∞

(∣∣∣∣∂v∂ξ
∣∣∣∣2 − 1

σ + 1
|v|2σ+2

)
dx.101
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We will refer to (2.3) as the NLS in the co-exploding frame hereafter, and define G(τ) := −LLz102

corresponding to the blowup rate. This way, (2.3) is conveniently written as:103

(2.4) i
∂v

∂τ
+
∂2v

∂ξ2
+ |v|2σv + iG(τ)

(
ξ
∂v

∂ξ
+

1

σ
v

)
= 0.104

Finally, we factor out phase rotations via the transformation of the (complex-valued) field105

v 7→ exp (iΛτ)v, and without loss of generality set Λ = 1 ; this can be done because a rescaling106

of independent and dependent variables, as well as a linear scaling of G by Λ can be used to107

scale out this parameter, as shown, e.g., in pp. 120–121 of [36]. Accordingly, we get:108

(2.5) i
∂v

∂τ
+
∂2v

∂ξ2
+ |v|2σv − v + iG(τ)

(
ξ
∂v

∂ξ
+

1

σ
v

)
= 0.109

Self-similar blowup solutions to (2.5) are identified as stationary solutions therein, that110

is, v(ξ, τ) 7→ v(ξ) when σ > 2 corresponding to the supercritical case for the one-dimensional111

NLS.112

Indeed, we are able to numerically identify self-similar solutions by posing (2.5) on a com-113

putational yet finite spatial domain [−K,K] ∋ ξ supplemented with homogeneous Neumann114

boundary conditions, i.e., vξ|ξ=±K = 0, ∀τ . We consider a uniform spatial discretization with115

resolution (or nodal distance) ∆ξ, and replace the spatial derivatives with respect to ξ in116

(2.5) with a centered, fourth-order accurate finite difference scheme. We further validated our117

numerical findings in this work by employing the finite element method as implemented in the118

open-source software FreeFem++ [21] (see also section SM1 in the Supplementary Material).119

Then, the identification of stationary solutions, i.e., self-similar ones to (2.5) involves the120

following twofold process. At first, we perform time-stepping using the BDF1 (i.e., back-121

ward Euler) scheme in order the self-similar dynamics to approach a stationary solution, i.e.,122

v(ξ, τ) 7→ v(ξ). We note that we corroborated our simulations here by using MATLAB’s123

ode23t ODE solver (employing the trapezoidal method). Since the blowup rate G is an extra124

unknown to the problem, we close the system [i.e., select a unique among the one-parameter125

infinity of degenerate solutions] by imposing a pointwise, i.e., pinning condition of the form:126

Im [v(ξ = 0, τ)] = C ≡ const. stemming from the phase condition:127 ∫ K

−K
Im [v(ξ, τ)]T (ξ)dξ = C,(2.6)128

where T (ξ) is the so-called template function [32]. The pointwise condition we discussed above129

is obtained by Eq. (2.6) if we choose T (ξ) = δ(ξ). In most of our numerical computations,130

we set C = 0, thus seeking for a self-similar profile v satisfying: Im[v(0, τ)] = 0. We would131

like to note at this point that our numerical experimentation has suggested that pointwise132

conditions may be a bit restrictive (especially during parametric continuations), and thus as133

an alternative, we have also employed alternative phase conditions obtaining the same results134

in terms of the amplitude |v| (and density |v|2) of the solution although the real and imaginary135

parts of v may be different. This is not surprising as each approach respectively “pins down”136

a solution out of the group orbit of self-similar transformations.137
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Once the self-similar dynamics approaches a stationary profile v(ξ) (and fixed blowup rate138

G, i.e., G(τ) 7→ G ≡ const.), the second step “corrects” the solution by seeking to identify139

it as a numerically exact solution using Newton’s method. The waveform obtained from the140

self-similar dynamics is fed as an initial guess to the Newton solver, and it converges typically,141

within 2-3 iterations with very high accuracy. The resulting numerically exact solution (up142

to a prescribed accuracy) enables us subsequently to perform its spectral stability analysis in143

the co-exploding frame. For our stability computations and the results shown next, we use144

MATLAB’s eigs (sparse matrix) eigenvalue solver. Our stability results are corroborated145

using also the FreeFEM’s eigenvalue solver [21] (see also section SM1 in the Supplementary146

Material). The spectral stability results we obtained using both eigensolvers match precisely147

with each other. The above described process works very well for the fundamental (single148

hump) self-similar solution of (2.5).149

Our primary focus, however, in this work is on multi-humped, self-similar solutions of the150

NLS for σ > 2. Since these solutions are dynamically unstable, an alternative approach is151

required, as self-similar dynamics will not (typically) converge to a stable stationary profile.152

To identify suitable profiles that can serve as initial guesses for Newton’s method in solving153

the stationary two-point boundary-value problem (BVP), we adopt the approach (known as154

zero-Hamiltonian solutions method) introduced in [9] (see, also [16]). In brief, we consider the155

radially symmetric case (for d = 1 in [9]) that renders (2.5) now defined on the half-line, i.e.,156

[0,∞) ∋ ξ with v+ being the symmetric solution. For computational purposes, we truncate the157

semi-infinite domain to a finite one [0,K] with K typically being 200 to 1000. The stationary158

problem that we aim to solve is:159

(2.7) v′′+ − v+ + iG

(
1

σ
v+ + ξv′+

)
+ |v+|2σv+ = 0,160

supplemented with boundary conditions:161

(2.8) v′+(0) = 0, Im[v+(0)] = 0,
∣∣∣Kv′+(K) + (1 + i/G) v+(K)

∣∣∣ = 0,162

where primes stand for (total) differentiation with respect to ξ.163

The above BVP is solved by a combination of a shooting method and a (gradient-free)164

minimization technique that ultimately determines the unknown parameters (Re[v+(0)], G),165

and thus the profile of interest. Indeed, starting from an initial guess (Re[v
(0)
+ (0)], G(0)), the166

latter is treated as an initial condition to (2.7) which itself is viewed as an initial-value prob-167

lem. Upon performing a forward integration in ξ up to ξ = K, we treat the boundary condition168

at ξ = K in (2.8) as our objective function we want to minimize. For our purposes, we used169

MATLAB’s fminsearch function (combined with the ode23t integrator), and corroborated170

our results using NAG’s e04jyf minimization routine (and dop853 integrator). Upon conver-171

gence, we determine (Re[v+(0)], G) and the profile v+(ξ) of interest. Then, the solution v(ξ)172

on [−K,K] is constructed via symmetrization:173

(2.9) v(ξ) =

{
v+(ξ), for 0 ≤ ξ ≤ K
v+(−ξ), for −K ≤ ξ < 0,

174
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0 10 20 30 40 50
0

0.5

1

Figure 1: The amplitude |v+| of a double-humped solution to the BVP of (2.7)-(2.8) for
σ = 2.01 and K = 200. The blowup rate for this solution is G ≈ 0.276, and the bump, i.e.,
the highest in-amplitude peak appears at ξ ≈ 2.05. To ease visualization, the amplitude |v+|
is shown on [0, 50]. The inset displays a mangification of |v+| near the origin confirming the
vanishing derivative of the amplitude.

and fed to our Newton solver in order to obtain the numerically exact solution. We performed175

a systematic scan of different initial guesses (Re[v
(0)
+ (0)], G(0)) taken from the (Re[v+(0)], G)-176

plane, that gave us a plethora of multi-bump solutions to the NLS. Then, those were continued177

over σ parametrically by using pseudo-arclength continuation [26], thus obtaining branches of178

self-similar, multi-humped solutions, and constructing the respective bifurcation diagrams, i.e.,179

G vs σ. For illustration purposes, Figure 1 displays an example of a double-humped solution180

to the boundary-value problem of (2.7)-(2.8) obtained on [0, 200], where its amplitude |v+| is181

depicted as a function of ξ. The localized bump is located around ξ ≈ 2.05. For this particular182

solution, the determined parameters are: Re[v+(0)] = 0.4836 and G = 0.275549.183

3. Multihumped 1d self-similar solutions: Principal Existence and Stability Results.184

3.1. Existence Results. Our prototypical results in terms of the existence of multi-pulse185

collapse states are presented in Figure 2 and Figure 3. More specifically, Figure 2 presents186

the spatial profiles of self-similar solutions with n = 1, 2, 3 and 4 humps, and blowup rate187

G = 0.01 (σ > 2). These profiles are stationary solutions of (2.5) obtained by setting ∂v
∂τ = 0.188

Indeed, we have identified even higher order states (not shown here), always coming in two189

sets of families (see also the relevant discussion of [9]), namely ones with odd numbers of190

peaks (featuring a peak at the center of symmetry of the configuration), as well as ones with191

an even number of peaks, which are symmetric around a local minimum of the profile density.192

The variation of hump positions with blowup rate, G is displayed in Figure 3. This is193
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Figure 2: Comparison of self-similar blowup solutions with n = 1, 2, 3 and 4 humps for
G = 0.01 and K = 50.

a point of contact and indeed of excellent agreement with our theoretical analysis that we194

now summarize (the analysis is presented in full detail in section 4). For the n = 2 case, the195

theoretical prediction for the equilibrium positions of the two-pulse configurations is given196

(symmetrically around 0) by the G-dependent expressions:197

X1 = − 32

πG2
e−X2+X1 , X2 =

32

πG2
e−X2+X1 ,198

so that X2 = −X1 = X, say, with199

X =
32

πG2
e−2X .200

The case of n = 3 equations leads our general expression detailed in section 4 to result in the201

predictions of:202

X1 = − 32

πG2
e−X2+X1 , X2 =

32

πG2

(
e−X2+X1 − e−X3+X2

)
, X3 =

32

πG2
e−X3+X2 ,203

so that X3 = −X1 = X, say, X2 = 0, with204

X =
32

πG2
e−X .205
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Figure 3: Variation of hump positions, X, with blowup rate, G for two (n = 2), three (n = 3)
and four-humped (n = 4) self-similar solutions. The dash-dotted lines with open circles
correspond to numerical solutions with K = 50. The solid lines represent the asymptotic
prediction of the humps’ positions.

Finally, among the cases shown in Figure 3, for n = 4, our theoretical predictions yield:206

X1 = − 32

πG2
e−X2+X1 , X2 =

32

πG2

(
e−X2+X1 − e−X3+X2

)
,207

X3 =
32

πG2

(
e−X3+X2 − e−X4+X3

)
, X4 =

32

πG2
e−X4+X3 ,208

so that, with X3 = −X2 = Y1, X4 = −X1 = Y2, say, with209

Y1 =
32

πG2

(
e−2Y1 − e−Y2+Y1

)
, Y2 =

32

πG2
e−Y2+Y1 .210

We can observe that Figure 3 presents excellent agreement with the observed numerical211

results throughout the interval of consideration for the values of G. Similar predictions can212

be made for arbitrary values of n, as will be seen in section 4.213
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Moreover, having the positions of the pulses, we also derive in section 4 a systematic214

expression that provides the corresponding branch’s bifurcation diagram, i.e., connects the215

blowup rate G with the nonlinearity power σ in line with our earlier calculation in [12]. More216

specifically:217

(3.1) σ − 2 =
8σ

nπ
(e2Xn + e−2X1)

e−π/G

G
.218

Note that with n = 1 and X1 = Xn = 0 this reduces to the formula in [12], and also that we219

anticipate the solutions of (3.1) to satisfy X1 = −Xn so that220

(3.2) σ − 2 =
16σ

nπ

e2Xn−π/G

G
.221

Figure 4 illustrates the dependence of G with the parameter σ for self-similar solutions of222

different numbers of humps, as obtained through our numerical computations. Among all223

self-similar profiles, only the single-humped (n = 1) solution with G > 0 is found to be224

stable (as will be discussed below). However, importantly for all the branches considered, we225

find again excellent agreement between the theoretical bifurcation curve prediction and the226

numerically obtained one. Only in the case of n = 4 can we detect a nearly imperceptible227

discrepancy at the level of the figure (at least with the eyeball metric) between theory and228

computation. While this discrepancy is modestly amplified as n becomes higher, it is clear229

that all the relevant branches are accurately captured by our asymptotics. Moreover, and230

quite importantly, this bifurcation analysis definitively shows that all of the relevant solutions231

emerge concurrently at the blowup threshold of σd = 2. Indeed, as our position diagrams232

clearly indicate, the relevant waveforms constitute an example of “bifurcation from infinity”,233

with the relevant pulses being “summoned back” (from an infinite) to a finite distance from234

each other as the blowup rate G increases.235

3.2. Spectral Properties. We now turn to the examination of the stability features of236

each one of the branches that are identified herein. Before we do so, it is instructive to237

remind ourselves of the findings for the single-hump n = 1 branch as obtained earlier in [11].238

In the relevant case, as the destabilization of the relevant solitonic branch proceeds (for the239

G = 0 solution), we have identified 6 point spectrum eigenvalues, i.e., 3-pairs near the origin.240

When we move to the co-exploding frame to obtain the self-similarly collapsing solution as a241

stationary state, it was argued in [11] that two exact eigenvalues can be computed (λ = 2G242

and λ = G) associated with the symmetries of rescaling and of translation, respectively, in the243

case of the infinite domain. One more eigenvalue was found to stay at λ = 0, while 3 negative244

real eigenvalues slightly deviating from the opposites of the above values (as the system is no245

longer Hamiltonian) were also identified.246

To consider the stability problem in further mathematical detail, we first perform a trans-247

formation: v(ξ, τ) = V (ξ, τ)eiτ−iG(τ)ξ2/4 to turn our PDE problem to:248

i
∂V

∂τ
+
G′ξ2

4
V +

∂2V

∂ξ2
+ |V |2σV − V − i(σ − 2)G

2σ
V +

G2ξ2

4
V = 0,249

where G′ = dG/dτ .250
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Figure 4: Variation of the blowup rate G as a function of σ for domain size, K = 50. The
gray lines represent the blowup rate of soliton solutions (G = 0). Specifically, the solid gray
line for σ < 2 corresponds to stable soliton solutions, while the dot-dashed gray line for σ ≥ 2
indicates unstable soliton solutions. The blue line displays the blowup rate of n = 1-humped
self-similar solutions. The blowup rates of self-similar solutions with n = 2, 3, 4 humps are
depicted with red, green, and cyan lines, respectively. The dot-dashed lines with open circles
represent the numerical computations, and the solid lines show the asymptotic prediction for
the blowup rate G.

Then, the steady state solutions satisfy:251

(3.3)
d2Vs
dξ2

+ |Vs|2σVs − Vs −
i(σ − 2)G

2σ
Vs +

G2ξ2

4
Vs = 0,252

with G constant equal to G(σ). We linearize about the steady state by writing253

V (ξ, τ) = Vs(ξ) + ϵ
(
f(ξ)eλτ + g∗(ξ)eλ

∗τ
)
,(3.4)254

and accordingly obtain the eigenvalue problem255

iλf +
d2f

dξ2
+ σ|Vs|2σ−2V 2

s g + (σ + 1)|Vs|2σf − f − i(σ − 2)G

2σ
f +

G2ξ2

4
f = 0,(3.5)256

−iλg +
d2g

dξ2
+ σ|Vs|2σ−2(V ∗

s )
2f + (σ + 1)|Vs|2σg − g +

i(σ − 2)G

2σ
g +

G2ξ2

4
g = 0.(3.6)257
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Then, the two exact eigenvalues and their corresponding eigenvectors —for the infinite258

domain case— can be explicitly written as: λ = 2G,259

(3.7) f = iVs +G

(
Vs
σ

+ ξ
dVs
dξ

− iGξ2Vs
2

)
, g = −iV ∗

s +G

(
V ∗
s

σ
+ ξ

dV ∗
s

dξ
+

iGξ2V ∗
s

2

)
,260

and λ = G,261

(3.8) f =
dVs
dξ

− iGξVs
2

, g =
dV ∗

s

dξ
+

iGξV ∗
s

2
.262

What we find in the case of the multi-bump collapse solutions is that the number of263

eigenvalues is effectively doubled when we consider two-pulse solutions instead of one. I.e.,264

in the case of n = 2 we need to account for 12 point spectrum eigenvalues instead of 6. In265

the case of 3-pulse solutions this number rises to 18 and for n = 4 to 24. Remarkably (for266

us!) we have been able to fully categorize the eigenvalues of each one of these scenarios.267

Indeed, what we find in each case of n-pulse states is the following: the configuration ends up268

possessing exactly n− 1 real eigenvalues that, to leading order, depend on the blowup rate in269

a predominantly square root form, i.e., λ ∝ G1/2. These eigenvalues, as will be shown below270

(through their eigenvectors), will be generally responsible for the breaking of the symmetry271

of the (n ≥ 2) peaks, eventually leading to one peak dominating the blowup dynamics.272

There are similarly n + 1 real eigenvalues that end up with a dependence λ ∝ G. Then,273

there exist n− 1 pairs that end up being purely imaginary for an n-pulse state. Finally, one274

pair ends up near the origin. Given that, for each of the real eigenvalues, nearly the opposite275

λ is also (very close) to an eigenvalue, this accounts for (n − 1) + (n + 1) + (n − 1) + 1 i.e.,276

3n (approximate) pairs, i.e., 6n eigenvalues in total, which is what we observe for solutions277

consisting of n-copies of the original pulse. The spectra of the multi-humped self-similar278

solutions are illustrated in Figure 5 for G = 0.01. In all cases, one can observe that a vertical279

part of each spectrum aligns at −G, and the existence of real positive eigenvalues, the number280

of which changes with the number of humps, n. In particular, single-humped solutions have281

two dominant real eigenvalues, n = 2 solutions have four, n = 3 have six, and n = 4 have eight282

dominant real eigenvalues. All multi-humped self-similar solutions have two real eigenvalues283

λ1 ≈ G, and λ2 ≈ 2G [rather than equal to G or 2G as our computations are affected by the284

finiteness of the computational domain]. The relevant count is fully in line with our qualitative285

discussion above.286

Importantly, our methodology does not only provide the qualitative theoretical backdrop287

for the eigenvalue dependence on G. It provides, as will be evident in section 5, detailed288

quantitative estimates for the relevant eigenvalues. Moreover, it provides explicit predictions289

for the corresponding eigenfunctions. These can be seen in comparison to the numerically290

obtained eigenvectors in Figure 6 and to the corresponding numerical eigenvalues in Figure 7.291

The former are in excellent agreement with the numerical computations. For the latter, the292

G1/2 dependence of n − 1 real eigenvalues, and the G dependence of another n + 1 ones is293

evident, and we see that for most of them the agreement is also quantitatively very accurate.294

For some of the eigenvalues, we observe a slight disparity (e.g., for λ3 (green) one for the n = 2295

case, λ4 and λ6 (black and red) for n = 3 and perhaps most notably λ5 and λ8 (purple and296
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Figure 5: Single (n = 1) and multi-humped (n = 2, 3, 4) self-similar solution spectra for
G = 0.01. The vertical part of the spectra align at −G = −0.01 for all cases (black dash-
dotted lines). The insets illustrate real eigenvalues λ ≈ G, λ ≈ 2G, and eigenvalues with zero
real part. One can observe the existence of a single conjugate pair of eigenvalues with zero
real part for self-similar solutions with n = 2 humps, two pairs for n = 3, and three pairs for
n = 4. For single-humped self-similar solutions there is only an eigenvalue at the origin.

pink ones) for n = 4). This is, however, chiefly true when the eigenvalues are sufficiently large297

and takes place due to higher order corrections not accounted for in our theory. Interestingly,298

for some other eigenvalues, these higher order corrections appear to be negligible, and the299

prediction remains highly accurate throughout the interval of considered values of G. At the300

moment, we do not have an explanation about why this takes place for some of the eigenvalues301

but not for others, other than to allude to reasons of symmetry. However, this is a potential302

interesting topic for further exploration.303

3.3. Dynamics in the Self-similar Frame. Our methodology captures the associated dy-304

namics in the rescaled ξ − τ spatio-temporal domain. In particular, we aim to validate the305
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Figure 6: Eigenfunctions for 4-humped solutions and G = 5×10−4. Blue depicts the real parts
and green corresponds to the imaginary parts. The numerical eigenfunctions are displayed
with dash-dotted lines with open circles and asymptotic predictions (from section 5, truncated
at O(G)) are displayed with solid lines. The two are practically indistinguishable from one
another.

instability of multi-humped self-similar NLS solutions –discussed in the previous sections– in306

contrast to the stable single-humped self-similar solutions. For this purpose, we solve (2.5)307

in ξ ∈ [0,K] with zero flux boundary conditions at both ends of the domain. The blowup308

rate, G, is computed by imposing a pinning condition, which “freezes” the imaginary part of309

v at ξ = 0 to a constant value, C, i.e.: Im [v(0, τ)] = C, in line with the above discussion.310

Time-stepping is performed by applying the backward Euler scheme, as also discussed above.311

Figure 8(a)-(b) illustrates the evolution of unstable two-humped and three-humped self-312

similar solutions toward a stable single-humped self-similar state. The insets display the313

evolution of the blowup rate, G, with both cases achieving convergence after τ ≈ 40. For the314

two-humped case (Figure 8(a)), the initial condition is the self-similar solution at σ = 2.011315

which is perturbed by decreasing σ by 10−4, i.e., setting σ = 2.0109. For the three-humped316
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Figure 7: Variation of dominant real eigenvalues with blowup rate, G for (a) two (n = 2), (b)
three (n = 3), and (c) four (n = 4) humped self-similar solutions. All multi-humped solutions
share the λ ≈ G and λ ≈ 2G eigenvalues (λ4 and λ3 for n = 2, λ6 and λ5 for n = 3, and λ8
and λ7 for n = 4, respectively). Numerical computations for each eigenvalue are displayed
with dash-dotted lines with open circles and asymptotic predictions are depicted with solid
lines of the same color for each eigenvalue.

case (Figure 8(b)), we start with the self-similar solution computed at σ = 2.011 and perturb317

it by increasing σ by 10−4, i.e., using σ = 2.0111 in the dynamical integration. In both cases,318

it is clear that asymptotically once some of the system’s “mass” is ejected outward, the profiles319

can converge to the single-hump state.320

However, it is important to note that convergence to the stable single-humped self-similar321

solution is not always guaranteed, and depends on the nature of the initial perturbation. For322

instance, reversing the sign of the σ perturbation in the two previous simulations prevents the323

dynamics from converging to a stable single-humped solution, as shown in Figure 9(a)-(b).324

Specifically, Figure 9(a) illustrates the evolution of the two-humped solution computed at325
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(a) (b)

Figure 8: Long time stability of single-humped self-similar solutions in dynamical simulations.
(a) A two-humped self-similar solution, initially computed at σ = 2.011, evolves toward a
stable single-humped self-similar solution after a slight decrease to σ = 2.0109. (b) A three-
humped self-similar solution (σ = 2.011) transitions to a stable single-humped self-similar
state when σ in increased to σ = 2.0111. The insets display the corresponding evolution of
the blowup rate G. Simulations are performed in the domain ξ ∈ [0, 50], with a nodal distance
of ∆ξ = 0.002.

σ = 2.011 and perturbed by increasing σ by 10−4 (i.e., σ = 2.011). Similarly, Figure 9(b)326

depicts the evolution of the three-humped solution, also computed at σ = 2.011, this time327

perturbed by decreasing σ to 2.0109. In both cases, the rescaled dynamics fail to reach a stable328

single-humped self-similar state. The relevant dynamics is also partially reminiscent of the329

work of [9] where the 3-hump solution [denoted as (1,2) therein] was found to be unstable,330

without signs of convergence to single-hump solution in its dynamics.331

To further reinforce our statement we perform additional simulations, where the initial332

multi-humped state is perturbed along an unstable eigenvector associated with one of the333

dominant real eigenmodes. Here, we apply perturbations along the eigenmode corresponding334

to the largest real eigenvalue. In Figure 10(a)-(b), we present the spatio-temporal evolution335

of v starting from perturbed (a) two-humped, and (b) three-humped self-similar solutions336

computed at σ = 2.001. All different multi-modal self-similar states are expected to evolve337

toward the same stable single-humped self-similar solution. This is illustrated in Figure 10(c),338

where we show the initial state for each simulation (2-humped and 3-humped at τ = 0)339

alongside the final, stable single-humped self-similar state at τ = 200 for σ = 2.001. The340

converged blow-up rate (G(τ = 200) ≈ 0.302) is identical across all three simulations.341

4. Detailed Asymptotic Analysis of the multi-hump steady state. We suppose that σ342

is exponentially close to 2 as G → 0 (i.e. that σ − 2 = o(Gk) for all k > 0; we will find that343
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(a) (b)

Figure 9: (a) Dynamical simulation starting from a two-humped self-similar solution at σ =
2.011; the σ value is now slightly increased to σ = 2.0111, and dynamics evolve away from the
stable single-humped self-similar solution. (b) An initial three-humped self-similar solution
computed at σ = 2.011 is now perturbed setting σ = 2.0109. Again, one observes that rescaled
dynamics fail to converge to a stable self-similar state. The insets display the corresponding
evolution of the blowup rate G. Simulations are performed in the domain ξ ∈ [0, 50], with a
nodal distance of ∆ξ = 0.002.

σ − 2 = O(e−π/G/G)) so that, in steady state,344

d2Vs
dξ2

+ |Vs|4Vs − Vs +
G2ξ2

4
Vs +T.S.T. = 0.345

Here T.S.T. represents transcendentally small terms, that is, terms which are o(Gk) as G→ 0346

for all k > 0. We look for a general multi-hump solution, with humps located at ξ = Xi(G)347

with |Xi| ≫ 1, i = 1, . . . , n, where we label such that Xi < Xi+1. We aim to determine the Xi348

along with the dependence of G on σ. We will find that each Xi = O(logG). By symmetry349

we expect to find Xi = −Xn+1−i, though we will not assume it. We use the pinning condition350

Im(Vs(0)) = 0, for which we will find Vs is real to all algebraic orders in G.351

For the single hump we found in [12] that the solution comprised a near field in the vicinity352

of the hump and a far field away from the hump. The far field contained a turning point, so353

there was also an inner region in the vicinity of the turning point which gave an exponentially-354

small reflection back towards the near field. This exponentially small component ultimately355

led to the relationship between σ and G describing the bifurcation. In the multi-hump case we356

will find that there is again a near field in the vicinity of each hump, along with new regions357

between adjacent humps. The far field, including the turning point, remains largely the same358

as in the single-hump case. We will detail the asymptotic solution in each region in turn,359

matching them to obtain the positions of the humps and the relationship between σ and G.360
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Figure 10: Dynamical simulations starting from (a) two-humped, and (b) three-humped self-
similar solutions at σ = 2.001. By perturbing the initial condition along an unstable eigendi-
rection (the one associated with the second largest real eigenvalue), the self-similar dynam-
ics converged to the corresponding stable single-humped solution at large τ . The inset of
each figure shows the corresponding evolution of the blow-up rate G. (c) The two different
multi-humped states (2-humped and 3-humped) ultimately converge to the same stable single-
humped self-similar profile (dashed line).

4.1. Near field of the ith hump. We write ξ = Xi + x to give361

(4.1)
d2Vs
dx2

+ |Vs|4Vs − Vs +
G2(x+Xi)

2

4
Vs = 0.362

Now expand363

(4.2) Vs =

∞∑
n=0

G2nVn364
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to give the leading-order equation365

(4.3)
d2V0
dx2

+ |V0|4V0 − V0 = 0,366

where we have assumed (and will verify a posteriori) that G2X2
i ≪ 1. The relevant solution367

is the soliton,368

(4.4) V0 = 31/4 sech1/2 (2x) = 31/4 sech1/2 [2(ξ −Xi)] .369

4.2. Solution in between the humps. Consider the gap between Xi and Xi+1. In this370

region Vs is (algebraically) small, so we can neglect the nonlinear terms at leading order.371

Then, expanding again as in (4.2) gives372

(4.5)
d2V0
dξ2

− V0 = 0.373

The inner solution (4.4) near Xi+1 written in terms of ξ is374

V0 = 31/4 sech1/2 [2(ξ −Xi+1)] .375

For large Xi+1 with ξ ≪ Xi+1 this is376

(4.6) V0 ∼ 121/4eξ−Xi+1 .377

Similarly the inner solution near Xi written in terms of ξ is378

V0 = 31/4 sech1/2 [2(ξ −Xi)] .379

For large Xi with Xi ≪ ξ this is380

(4.7) V0 ∼ 121/4e−ξ+Xi .381

Imposing these two matching conditions the solution of (4.5) for Xi ≪ ξ ≪ Xi+1 yields382

(4.8) V0 = 121/4e−ξ+Xi + 121/4eξ−Xi+1 .383

There is an exponentially small (in Xi−Xi+1) interaction term from each hump on the other.384

We will see that this term will match with the next term in the inner expansion, which is385

O(G2), so that Xi − Xi+1 will be logarithmically large in G. Writing (4.8) in terms of the386

inner variable x = ξ −Xi+1 gives387

(4.9) V0 = 121/4ex + 121/4e−x+Xi−Xi+1 ;388

thus the extra interaction term corresponds to an exponentially growing term leaving the389

inner region near Xi+1. Similarly, in terms of the inner variable x = ξ −Xi we have390

(4.10) V0 = 121/4e−x + 121/4ex+Xi−Xi+1 ,391

again corresponding to an exponentially growing term leaving the inner region near Xi.392

In the regions ξ > Xn and ξ < X1 there is no additional interaction term—the solution to393

(4.5) is a single exponential which decays at ±∞ respectively. We may include these regions394

in the general framework by adopting the convention that X0 = −∞, Xn+1 = ∞, in which395

case (4.8) holds in these regions also.396
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4.3. Next order in the near field. Equating coefficients of G2 in (4.1) gives397

(4.11)
d2V1
dx2

+ 5V 4
0 V1 − V1 = −(x+Xi)

2

4
V0.398

The homogeneous version of (4.11) is satisfied by V ′
0 , so that there is a solvability condition.399

Multiplying by V ′
0 and integrating gives, on the LHS,400

∫ R

−R

dV0
dx

(
d2V1
dx2

+ 5V 4
0 V1 − V1

)
dx =

[
dV0
dx

dV1
dx

− d2V0
dx2

V1

]R
−R

401

+

∫ R

−R

(
∂3V0
∂x3

+ 5V 4
0

dV0
dx

− dV0
dx

)
V1 dx,402

so that the solvability condition is (when accounting for the vanishing of the integral term403

upon differentiation of the expression for V0 in (4.3))404

(4.12) −
∫ R

−R

dV0
dx

(x+Xi)
2

4
V0 dx =

[
dV0
dx

dV1
dx

− d2V0
dx2

V1

]R
−R

.405

Since V0 is even the LHS may be simplified to406

−Xi

∫ R

−R

dV0
dx

x

2
V0 dx = Xi

∫ R

−R

V 2
0

4
dx→

√
3πXi

8
as R→ ∞.407

For the RHS we evaluate the boundary terms by matching with (4.9) and (4.10). As x→ ∞,408

(4.13) G2V1 ∼ 121/4e−Xi+1+Xiex, V0 ∼ 121/4e−x,409

so that410
dV0
dx

dV1
dx

− d2V0
dx2

V1 ∼ −4
√
3
e−Xi+1+Xi

G2
.411

Similarly, as x→ −∞,412

(4.14) G2V1 ∼ 121/4e−Xi+Xi−1e−x, V0 ∼ 121/4ex,413

so that414
dV0
dx

dV1
dx

− d2V0
dx2

V1 ∼ −4
√
3
e−Xi+Xi−1

G2
.415

Thus the solvability condition (4.12) is, as R→ ∞,416

(4.15) Xi =
32

πG2

(
e−Xi+Xi−1 − e−Xi+1+Xi

)
.417

Equation (4.15) form a closed system of n equations for the n unknowns X1, . . . , Xn. It is418

relevant to note here that this set of equations (that is sometimes referred to as the —steady419

state form of— Toda lattice with nonzero masses) has appeared in other settings recently,420

such as, e.g., the case of N dark solitary waves in the presence of a parabolic confinement421
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applicable to atomic Bose-Einstein condensates [14]. In the latter case, the exponential tail-422

tail interaction of the solitary waves is balanced by the presence of the parabolic trap (onsite)423

effect on each of the solitary waves. On the other hand, here the linear effective potential stems424

from the role of the phase of the complex wavefunction past the critical point of collapse. It is425

especially relevant to mention in that context Lemma 5 of [14] which identifies the asymptotic426

form of the equilibrium solutions of (a rescaled form) Eq. (4.15). In the rescaling used therein,427

there exists a small parameter ε, which is proportional to G in the present notation. The428

lemma identifies the pairwise separation between the peaks as being logarithmic in ε with a429

doubly logarithmic correction. For the present case, we still need to identify σ, and to do so430

we need to consider the regions ξ > Xn and ξ < X1 more carefully.431

4.4. Far field. Consider first the region ξ > Xn. When ξ is large the term G2ξ2Vs/4432

can no longer be neglected. Thus there is a different balance in the eqution in the far field.433

The solution is almost exactly the same as for the single-hump soliton reported in [12], so we434

merely sketch the analysis here.435

We rescale ξ = ρ/G to give436

G2∂
2Vs
∂ρ2

+ |Vs|4Vs − Vs +
ρ2

4
Vs = 0.437

Since Vs is exponentially small in the far field we can neglect the nonlinear term. We look for438

a WKB solution in the form439

(4.16) Vs ∼ eϕ(ρ)/G
∞∑
n=0

An(ρ)G
n.440

At leading order this gives441

(ϕ′)2 = 1− ρ2

4
.442

Note the turning point at ρ = 2. For ρ < 2 the relevant solution is443

ϕ′ = −
(
1− ρ2

4

)1/2

,444

so that ϕ is decreasing (and V is exponentially decaying) as ρ increases. Let us fix the constant445

by writing446

ϕ = −
∫ ρ

0

(
1− ρ̄2

4

)1/2

dρ̄.447

The leading-order amplitude equation is448

2ϕ′A′
0 + ϕ′′A0 = 0,449

so that450

A0 =
a0

(−ϕ′)1/2
=

21/2 a0

(4− ρ2)1/4
.451
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The constant a0 is determined by matching with the near field solution in the vicinity of Xi.452

As ρ→ 0453

(4.17) eϕ(ρ)/GA0 ∼ a0e
−ρ/G.454

Since the right-most soliton is not positioned at the origin, the matching condition is slightly455

different to that in [12]. Writing (4.4) (or indeed (4.8)) in terms of ρ and expanding for small456

G gives457

V0 ∼ 121/4e−ρ/G+Xn .458

Matching with (4.17) gives459

a0 = 121/4eXn .460

Beyond the turning point, as ρ→ ∞ only the solution in which461

ϕ′ = i

(
ρ2

4
− 1

)1/2

462

has a finite Hamiltonian. Thus for ρ > 2, the WKB solution is463

Vs = αeiϕ2(ρ)/G
∞∑
n=0

An(ρ)(iG)
n,464

for some constant α, where465

ϕ2 =

∫ ρ

2

(
ρ̄2

4
− 1

)1/2

dρ̄, A0(ρ) =
21/2a0

(ρ2 − 4)1/4
.466

The turning point causes an exponentially small reflection back into the near field. The467

solution in the turning point region is exactly the same as in [12], with the result that α = eiπ/4468

and the WKB solution in ρ < 2 is modified to469

Vs = eϕ(ρ)/G
∞∑
n=0

An(ρ)G
n + γe−ϕ(ρ)/G

∞∑
n=0

An(ρ)(−G)n, ρ < 2,470

where, for an infinite domain,471

γ =
i

2
e2ϕ(2)/G =

i

2
e−π/G.472

4.5. Matching back into the near field. We have found that the exponentially small473

correction to the far field in 0 < ρ < 2 is474

Vexp = γe−ϕ(ρ)/G
∞∑
n=0

An(ρ)(−G)n.475

As ρ→ 0476

(4.18) Vexp ∼ a0γe
ρ/G.477
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Writing Vs = VG + Vexp where VG is the original (multi-hump) algebraic expansion, and478

neglecting quadratic terms in Vexp but keeping now the term involving σ−2 gives, noting that479

VG is real, we obtain480

d2Vexp
dξ2

+ V 4
G(2V

∗
exp + 3Vexp)− Vexp +

G2ξ2

4
Vexp = −2(σ − 2)V 5

G log VG +
i(σ − 2)G

2σ
VG.481

We separate into real and imaginary parts. Writing Vexp = Uexp + iWexp gives482

d2Uexp

dξ2
+ 5V 4

GUexp − Uexp +
G2ξ2

4
Uexp = −2(σ − 2)V 5

G log VG,(4.19)483

d2Wexp

dξ2
+ V 4

GWexp −Wexp +
G2ξ2

4
Wexp =

(σ − 2)G

2σ
VG.(4.20)484

Note that VG satisfies the homogeneous version of (4.20). The resulting solvability condition485

will determine σ. Unlike subsection 4.1-subsection 4.3, it is easiest now to consider this486

equation throughout the whole near-field region, rather than considering each hump separately.487

Multiplying (4.20) by VG and integrating from −R to R, while also using the equation satisfied488

by VG, gives489 ∫ R

−R

(
VG

d2Wexp

dξ2
+ V 5

GWexp − VGWexp +
G2ξ2

4
VGWexp

)
dξ490

=

[
VG

dWexp

dξ
−Wexp

dVG
dξ

]R
−R

+

∫ R

−R

(
Wexp

d2VG
dξ2

+ V 5
GWexp − VGWexp +

G2ξ2

4
VGWexp

)
dξ491

492

=

[
VG

dWexp

dξ
−Wexp

dVG
dξ

]R
−R

=
(σ − 2)G

2σ

∫ R

−R
V 2
G dx.(4.21)493

As R→ ∞ we evaluate the boundary terms by matching using (4.18). We find494

VG(R)
dWexp

dx
(R)−Wexp(R)

dVG
dx

(R) = 2
√
3 e2Xne−π/G as R→ ∞.495

A similar calculation in ξ < X1 shows that496

VG(−R)
dWexp

dx
(−R)−Wexp(−R)

dVG
dx

(−R) = −2
√
3 e−2X1e−π/G as R→ ∞.497

The dominant contribution to the RHS of (4.21) comes from each of the humps, since VG is498

O(G2) in between the humps. Since499 ∫ ∞

−∞
V0(x)

2 dx =

√
3π

2
,500

we find, finally501

(4.22) σ − 2 =
8σ

nπ
(e2Xn + e−2X1)

e−π/G

G
.502

Note that with n = 1 and X1 = Xn = 0 this reduces to the formula in [12], and also that we503

anticipate the solutions of (4.22) to satisfy X1 = −Xn so that504

(4.23) σ − 2 =
16σ

nπ

e2Xn−π/G

G
.505
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5. Detailed Asymptotic Analysis of the multi-hump eigenvalues. Since Vs is real to all506

orders, and σ is exponentially close to 2, we may write the linearization problem of (3.5)-(3.6)507

as508

iλf +
d2f

dξ2
+ 2V 4

s g + 3V 4
s f − f +

G2ξ2

4
f = T.S.T.,(5.1)509

−iλg +
d2g

dξ2
+ 2V 4

s f + 3V 4
s g − g +

G2ξ2

4
g = T.S.T..(5.2)510

We aim to find asymptotic approximations to the real eigenvalues found numerically in sec-511

tion 3. Since Vs is real to all orders, when λ is real we may write g = f∗ + T.S.T., so that512

513

(5.3) iλf +
d2f

dξ2
+ 2V 4

s f
∗ + 3V 4

s f − f +
G2ξ2

4
f = T.S.T..514

Anticipating that λ is small when G is small, the leading-order eigenfunctions satisfy515

(5.4)
d2f0
dξ2

+ 2V 4
0 f

∗
0 + 3V 4

0 f0 − f0 = 0.516

There are two solutions to this equation, namely517

f0 =
dV0
dξ

, f0 = iV0.518

For a multi-hump steady state we may take a different multiple of dV0/dξ or iV0 at each hump.519

We begin in subsection 5.1 by analysing the eigenfunctions which are proportional to iV0 near520

each hump, which give the dominant eigenvalues. We then, in subsection 5.2, analyse those521

eigenfunctions which are proportional to dV0/dξ, which are much more difficult to find.522

Throughout the analysis we will encounter inhomogeneous versions of (5.4) in the form523

(5.5)
d2f

dx2
+ 2V 4

0 f
∗ + 3V 4

0 f − f = ρ.524

Since the imaginary part of the homogeneous equation has the nontrivial solution V0, and525

the real part of the homogeneous equation has the nontrivial solution dV0/dx, there are two526

solvability conditions on (5.5), namely,527

Im

[
df

dx
V0 − f

dV0
dx

]R
−R

=

∫ R

−R
Im(ρ)V0 dx,(5.6)528

Re

[
df

dx

dV0
dx

− f
d2V0
dx2

]R
−R

=

∫ R

−R
Re(ρ)

dV0
dx

dx,(5.7)529

for all R. We will of course be interested in the limit R→ ∞.530

5.1. Perturbation of f = iV0: eigenvalues of O(G1/2). Guided by our numerical results531

let us anticipate that λ = O(G1/2) and write λ = G1/2λ1. We will perturb in powers of G1/2.532

The expansion has a similar structure to that of section 4—there are inner regions in the533

vicinity of each hump, and outer regions between humps, which much be matched together534

to give λ.535
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5.1.1. Inner expansion near the ith hump. With ξ = Xi + x, we expand536

f = bi

∞∑
k=0

Gk/2fk,537

with f0 = iV0. Here bi is the amplitude of the eigenfunction near the i th hump. As mentioned538

above, for a single hump this would scale out of the problem, but for multiple humps the539

coefficient of iV0 may be different at different humps. We must determine bi as part of the540

problem, but this will only happen once we consider the interaction between humps in §5.1.2.541

In the end we will find a homogeneous linear system (5.18) for the bi, which will determine542

the eigenvalue λ1, along with bi as the components of the corresponding eigenvector.543

At O(G1/2) we have544

d2f1
dx2

+ V 4
0 (2f

∗
1 + 3f1)− f1 = λ1V0.545

The solvability conditions (5.6), (5.7) are automatically satisfied, so that λ1 is undetermined,546

and547

f1 = λ1

(
V0
4

+
x

2

dV0
dx

)
.548

At O(G) we find 2549

d2f2
dx2

+ V 4
0 (2f

∗
2 + 3f2)− f2 = −iλ21

(
V0
4

+
x

2

dV0
dx

)
.550

Again the solvability conditions (5.6), (5.7) are automatically satisfied, so that λ1 is still551

undetermined, and the solution is552

f2 = − iλ21
8
x2V0.553

At O(G3/2) we find554

d2f3
dx2

+ V 4
0 (2f

∗
3 + 3f3)− f3 = −λ

3
1x

2

8
V0.555

As before, the solvability conditions are automatically satisfied, and the solution is556

f3 =
λ31
2
V̂1, g3 =

λ31
2
V̂1,557

where V̂1 satisfies558

d2V̂1
dx2

+ 5V 4
0 V̂1 − V̂1 = −x

2V0
4

, V̂1 → 0 as x→ ±∞,559

that is, V̂1 is the next term in the expansion of the standard single hump solution [12] (i.e.560

not accounting for the shift in origin). At O(G2) we find561

(5.8)
d2f4
dx2

+ V 4
0 (2f

∗
4 + 3f4)− f4 = − iλ41

2
V̂1 −

i(x+Xi)
2

4
V0 − 4iV1V

4
0 .562

2Really we should expand λ (and bi) in powers of G, so that there would be additional terms on the RHS
due to λ2. However, these terms will simply mirror the terms involving λ1 at the previous order, and we can
ignore them if we are only interested in the leading approximation of the eigenvalue.
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Here at last the solvability condition (5.6) is not automatically satisfied, and will determine563

λ1. Note that V1 grows exponentially as x → ±∞ (in contrast to V̂1)—see (4.13), (4.14)—so564

that we must be careful in evaluating the solvability condition. Multiplying (4.11) by V0 and565

integrating gives566

−
∫ R

−R

(x+Xi)
2

4
V 2
0 dx =

∫ R

−R

(
d2V1
dx2

+ 5V 4
0 V1 − V1

)
V0 dx567

=

∫ R

−R

(
d2V0
dx2

+ 5V 5
0 − V0

)
V1 dx+

[
dV1
dx

V0 − V1
dV0
dx

]R
−R

568

=

∫ R

−R
4V 5

0 V1 dx+

[
dV1
dx

V0 − V1
dV0
dx

]R
−R

.569

Thus the solvability conditions on (5.8) may be written as570

Im

[
df4
dx

V0 − f4
dV0
dx

]R
−R

= −λ
4
1

2

∫ R

−R
V̂1V0 dx+

[
dV1
dx

V0 − V1
dV0
dx

]R
−R

(5.9)571

Re

[
df4
dx

dV0
dx

− f4
d2V0
dx2

]R
−R

= 0.(5.10)572

The boundary terms on the RHS can be evaluated using (4.13), (4.14). To evaluate the573

boundary terms on the LHS we need to consider f in the region between humps.574

5.1.2. In between the humps. Consider the gap between Xi and Xi+1. In this region575

Vs = O(G2 logG) so that we can neglect the nonlinear term. Thus576

(5.11) iG1/2λ1f +
d2f

dξ2
− f +

G2ξ2

4
f = O(fG8 log4G).577

Expanding578

f =

∞∑
k=0

Gk/2fk,579

gives580

(5.12)
d2f0
dξ2

− f0 = 0,581

at leading order. Matching requires582

f0 ∼ 121/4ibi+1e
ξ−Xi+1 as ξ → Xi+1, f0 ∼ 121/4ibie

−ξ+Xi as ξ → Xi.583

Thus584

f0 = 121/4ibi+1e
ξ−Xi+1 + 121/4ibie

−ξ+Xi .585

In terms of ξ = Xi+1 + x this is586

f0 = 121/4ibi+1e
x + 121/4ibie

−x+Xi−Xi+1 .587
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Since eXi−Xi+1 = O(G2) the additional term must match with G2f4 from the (i+ 1)th hump588

solution, giving589

(5.13) bi+1f4G
2 ∼ 121/4ibie

−x+Xi−Xi+1 ,590

as x→ −∞. Similarly, in terms of ξ = Xi + x,591

f0 = 121/4ibi+1e
x+Xi−Xi+1 + 121/4ibie

−x,592

giving the matching condition on the i th hump solution593

(5.14) bif4G
2 ∼ 121/4ibi+1e

x+Xi−Xi+1 ,594

as x → ∞. Under our convention that X0 = −∞, Xn+1 = ∞ equations (5.13), (5.14) can be595

extended to include i = 0 and i = n, respectively.596

5.1.3. Solvability condition. We now have enough information to evaluate the solvability597

conditions (5.9), (5.10). Using (5.13), (5.14), (4.13) and (4.14) gives598

lim
R→∞

Re

[
df4
dx

dV0
dx

− f4
d2V0
dx2

]R
−R

= 0,(5.15)599

lim
R→∞

Im

[
bi
df4
dx

V0 − bif4
dV0
dx

]R
−R

= 4
√
3 ibi+1

eXi−Xi+1

G2
+ 4

√
3 ibi−1

eXi−1−Xi

G2
,(5.16)600

lim
R→∞

[
dV1
dx

V0 − V1
dV0
dx

]R
−R

= 4
√
3
eXi−Xi+1

G2
+ 4

√
3
eXi−1−Xi

G2
.(5.17)601

Thus, letting R→ ∞, (5.10) is satisfied, and, since602 ∫ ∞

−∞
V̂1V0 dx =

√
3π3

256
,603

the remaining condition (5.9) is604

(5.18)
biλ

4
1π

3

2048
= (bi − bi+1)

eXi−Xi+1

G2
+ (bi − bi−1)

eXi−1−Xi

G2
, i = 1, . . . , n.605

Equation (5.18) is a set of n homogeneous linear equations for the n coefficients bi, i = 1, . . . , n.606

For a nontrivial solution the determinant must vanish, and it is this condition that determines607

the eigenvalue λ1: λ41π
3/2048 is an eigenvalue of this system, with bi the components of the608

corresponding eigenvector. Note that bi = b for all i, λ1 = 0 is a solution of (5.18) for any609

n. This corresponds to global phase invariance, with corresponding eigenvalue λ = 2G (we610

would need to include λ2 and proceed to higher orders to see that through this expansion, but611

fortunately we have an exact eigenfunction for λ = 2G in (3.7)). Thus we expect that there612

are n− 1 remaining eigenvalues which are O(G1/2). Note also that the eigenvalues appear in613

pairs—for each positive eigenvalue there is a corresponding negative eigenvalue with the same614

(leading order) weights bi.615
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5.1.4. Examples.616

Two humps:. With −X1 = X2 = X, (5.18) is617

λ41 =
2048

π3G2

(
1− b2

b1

)
e−2X =

2048

π3G2

(
1− b1

b2

)
e−2X .618

Thus b22 = b21 so that b2 = ±b1. The additional solution b2 = −b1 has positive eigenvalue619

λ =
8e−X/2

π3/4
=

27/4X1/4

π1/2
G1/2.620

Three humps:. With X2 = 0, −X1 = X3 = X, (5.18) is621

π3G2λ41
2048

=

(
1− b2

b1

)
e−X =

(
1− b3

b2

)
e−X +

(
1− b1

b2

)
e−X =

(
1− b2

b3

)
e−X ,622

with solution (b1, b2, b3) = (1, 1, 1) as expected along with the additional solutions623

(b1, b2, b3) = (1,−2, 1), (1, 0,−1),624

which have corresponding positive eigenvalues625

λ =
23/231/4X1/4

π1/2
G1/2, λ =

23/2X1/4

π1/2
G1/2.626

Four humps:. With −X1 = X4 = Y2, −X2 = X3 = Y1, in addition to b = (b1, b2, b3, b4) =627

(1, 1, 1, 1) the solutions of (5.18) are628

b = (−1, 1, 1,−1),629

b =
(
1 + r − (r2 + 2r + 2)1/2, 1,−1,−1− r + (r2 + 2r + 2)1/2

)
,630

b =
(
1 + r + (r2 + 2r + 2)1/2, 1,−1,−1− r − (r2 + 2r + 2)1/2

)
,631

where r = Y1/Y2, with corresponding positive eigenvalues632

λ =
27/4Y

1/4
2

π1/2
G1/2,633

λ =
23/2

π1/2

(
2Y2 + Y1 +

(
Y 2
1 + 2Y1Y2 + 2Y 2

2

)1/2)1/4
G1/2,634

λ =
23/2

π1/2

(
2Y2 + Y1 −

(
Y 2
1 + 2Y1Y2 + 2Y 2

2

)1/2)1/4
G1/2.635

5.2. Perturbation of f = V ′
0: eigenvalues of O(G). Let us anticipate that λ = O(G) and636

write λ = Gλ1. We will see that these eigenvalues are much more difficult to approximate, and637

that there is some subtlety in the calculation which is not immediately apparent. In order638

to motivate the rather detailed calculation which follows later, we first present a plausible639

analysis along the same lines as subsection 5.1, which will turn out to be incorrect.640
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5.2.1. Inner expansion near the ith hump. With ξ = Xi + x, we try an expansion near641

the ith hump of the form642

f = ai

∞∑
k=0

Gkfk,643

with f0 = dV0/dx. Here ai is the amplitude of the eigenfunction near the i th hump (playing644

the role of bi in §5.1.1). We must determine ai as part of the problem, which will happen when645

we consider the interaction between humps in §5.2.2. In the end we will find a homogeneous646

linear system (5.26) for the ai, which will determine the eigenvalue λ1, along with ai as the647

components of the corresponding eigenvector.648

At O(G) we have649

d2f1
dx2

+ V 4
0 (2f

∗
1 + 3f1)− f1 = −iλ1

dV0
dx

.650

The solvability conditions are automatically satisfied, λ1 is undetermined, and651

f1 = −λ1ix
2
V0.652

At O(G2)653

d2f2
dx2

+ V 4
0 (2f

∗
2 + 3f2)− f2 = −λ

2
1x

2
V0 −

(x+Xi)
2

4

dV0
dx

− 20V1V
3
0

dV0
dx

.(5.19)654

The solvability condition (5.7) is not automatic, and will determine λ1. We can simplify the655

right-hand side of (5.7) using (4.11). Differentiating (4.11) gives656

d3V1
dx3

+ 5V 4
0

dV1
dx

+ 20V 3
0 V1

dV0
dx

− dV1
dx

= −(x+Xi)

2
V0 −

(x+Xi)
2

4

dV0
dx

.657

Thus658 ∫ R

−R

(
(x+Xi)

2

4

dV0
dx

+ 20V1V
3
0

dV0
dx

)
dV0
dx

dx659

=

∫ R

−R

(
−(x+Xi)

2
V0 −

d3V1
dx3

− 5V 4
0

dV1
dx

+
dV1
dx

)
dV0
dx

dx660

=

∫ R

−R
−(x+Xi)

2
V0

dV0
dx

−
(
d3V0
dx3

+ 5V 4
0

dV0
dx

− dV0
dx

)
dV1
dx

dx−
[
d2V1
dx2

dV0
dx

− dV1
dx

d2V0
dx2

]R
−R

661

=

∫ R

−R

1

4
V 2
0 dx−

[
d2V1
dx2

dV0
dx

− dV1
dx

d2V0
dx2

]R
−R

.662

Thus the solvability conditions on (5.19) may be written663

Im

[
df2
dx

V0 − f2
dV0
dx

]R
−R

= 0,(5.20)664

Re

[
df2
dx

dV0
dx

− f2
d2V0
dx2

]R
−R

=
(λ21 − 1)

4

∫ R

−R
V 2
0 dx+

[
d2V1
dx2

dV0
dx

− dV1
dx

d2V0
dx2

]R
−R

.665

To evaluate the left-hand side we need to consider the region between the humps.666
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5.2.2. In between the humps. As usual consider the gap between Xi and Xi+1. In this667

region668

(5.21) iGλ1f +
d2f

dξ2
− f +

G2ξ2

4
f = O(fG8 log4G).669

Expanding670

f =

∞∑
k=0

Gkfk,671

gives672

(5.22)
d2f0
dξ2

− f0 = 0,673

at leading order. Matching requires674

f ∼ 121/4ai+1e
ξ−Xi+1 as ξ → Xi+1, f ∼ −121/4aie

−ξ+Xi as ξ → Xi.675

Thus676

f0 = 121/4ai+1e
ξ−Xi+1 − 121/4aie

−ξ+Xi .677

In terms of ξ = Xi+1 + x this is678

f0 = 121/4ai+1e
x − 121/4aie

−x+Xi−Xi+1 .679

Since eXi−Xi+1 = O(G2) the additional term matches with G2f2 from the (i + 1)th hump,680

giving the matching condition681

ai+1f2G
2 ∼ −121/4aie

−x+Xi−Xi+1 ,682

as x→ −∞ for the near-hump solution. In terms of ξ = Xi+x the between-hump solution is683

f0 = 121/4ai+1e
x+Xi−Xi+1 − 121/4aie

−x,684

giving the matching condition685

aif2G
2 ∼ 121/4ai+1e

x+Xi−Xi+1 ,686

as x→ ∞ for the near-hump solution. Thus687

lim
R→∞

Im

[
df2
dx

V0 − f2
dV0
dx

]R
−R

= 0,(5.23)688

lim
R→∞

Re

[
ai
df2
dx

dV0
dx

− aif2
d2V0
dx2

]R
−R

= −4
√
3ai+1

e−Xi+1+Xi

G2
− 4

√
3ai−1

e−Xi+Xi−1

G2
,(5.24)689

lim
R→∞

[
d2V1
dx2

dV0
dx

− dV1
dx

d2V0
dx2

]R
−R

= −4
√
3
e−Xi+1+Xi

G2
− 4

√
3
e−Xi+Xi−1

G2
.(5.25)690
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5.2.3. Solvability condition. Letting R→ ∞, the solvability condition (5.20) is satisfied,691

and, noting that692 ∫ ∞

−∞
V 2
0 dx =

√
3π

2
,693

subsection 5.2.1 becomes694

(5.26) (λ21 − 1)
π

32
ai = (ai − ai+1)

eXi−Xi+1

G2
+ (ai − ai−1)

eXi−1−Xi

G2
, i = 1, . . . , n.695

Equation (5.26) are a homogeneous set of linear equations for ai, i = 1, . . . , n. For a non-trivial696

solution the determinant must vanish, which determines the eigenvalue λ1: (λ21 − 1)π/32 is697

an eigenvalue of this system, with ai the components of the corresponding eigenvector. Note698

that λ1 = ±1, ai = a for all i, is always a solution, corresponding to a global translation.699

Note also that the eigenvalues again come in pairs—for every positive eigenvalue there is a700

negative eigenvalue of equal modulus.701

5.2.4. Examples.702

Two humps. With −X1 = X2 = X equation (5.26) gives703

λ21 = 1 +

(
1− a2

a1

)
X = 1 +

(
1− a1

a2

)
X.704

Thus a1 = ±a2, and it appears there are solutions705

(a1, a2) = (1, 1), (a1, a2) = (−1, 1),706

with corresponding positive eigenvalues707

λ = G, λ = (1 + 2X)1/2G.708

Three humps. For the three-bump case with −X1 = X3 = X, X2 = 0, (5.26) gives709

λ21 = 1 +

(
1− a2

a1

)
X = 1 +

(
1− a3

a2

)
X +

(
1− a1

a2

)
X = 1 +

(
1− a2

a3

)
X.710

Writing (a1, a2, a3) = a the solutions are711

a = (1, 1, 1), a = (1, 0,−1) and a = (1,−2, 1),712

with corresponding positive eigenvalues713

(5.27) λ = G, λ = (1 +X)1/2G, λ = (1 + 3X)1/2G.714

Four humps. With −X1 = X4 = Y2, −X2 = X3 = Y1, equation (5.26) gives715

λ21 = 1 +

(
1− a2

a1

)
Y2 = 1 +

(
1− a3

a2

)
(Y1 + Y2) +

(
1− a1

a2

)
Y2716

= 1 +

(
1− a4

a3

)
Y2 +

(
1− a2

a3

)
(Y1 + Y2) = 1 +

(
1− a3

a4

)
Y2.717
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With a = (a1, a2, a3, a4), there are solutions718

a = (1, 1, 1, 1),719

a = (−1, 1, 1,−1),720

a =
(
1 + r − (r2 + 2r + 2)1/2, 1,−1,−1− r + (r2 + 2r + 2)1/2

)
,721

a =
(
1 + r + (r2 + 2r + 2)1/2, 1,−1,−1− r − (r2 + 2r + 2)1/2

)
,722

where r = Y1/Y2, with corresponding positive eigenvalues723

λ = G,724

λ = (1 + 2Y2)
1/2G,725

λ =
(
1 + 2Y2 + Y1 +

(
Y 2
1 + 2Y1Y2 + 2Y 2

2

)1/2)1/2
G,726

λ =
(
1 + 2Y2 + Y1 −

(
Y 2
1 + 2Y1Y2 + 2Y 2

2

)1/2)1/2
G.727

In Figure 11 we show a comparison between the predictions of (5.26) and our numerical728

solutions.729
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0.15
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0

0.05

0.1

0.15
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0.1

0.15

(a) (b) (c)

Figure 11: Comparison of the eigenvalues proportional to G. The solid lines are the asymptotic
predictions of (5.26); the lines with circles correspond to the numerically calculated values.

We see that some of the eigenvalues are well approximated, but in each case there is a730

large eigenvalue that the asymptotic prediction misses, and there is a predicted eigenvalue731

which is not present numerically. To understand why this is the case we have to return to our732

assumptions about the form of the eigenfunctions.733

5.3. Why the naive asymptotic solution fails. Having determined that both iV0 and734

dV0/dx satisfy the leading-order problem when λ is small, we should really consider a leading735

order solution in the near-hump region of the form736

(5.28) f0 = ai
dV0
dx

+ biiV0,737

i.e., we should combine both solutions rather than considering them separately. For the single-738

hump solution these eigenfunctions can be considered independently, but for the multi-hump739
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solutions they interact with each other. Let us suppose that λ = λ1G and proceed using740

(5.28) as the first term in the expansion near the i th hump. Then we would find that there741

are solvability conditions at O(G2), which are of the form742 [
A(λ1) 0

0 B

] [
a
b

]
=

[
0
0

]
,743

where a and b are vectors with components ai and bi respectively, A is the matrix representing744

the linear (5.26), and B is the matrix representing the linear (5.18) but with λ1 set to zero,745

i.e.746

(5.29) (bi − bi+1)
eXi−Xi+1

G2
+ (bi − bi−1)

eXi−1−Xi

G2
= 0.747

In our analysis in subsection 5.2 we set det(A) = 0 to determine the eigenvalue λ1, and assumed748

that b = 0. However, as we observed when writing down (5.18), the matrix B is singular,749

with null vector (1, 1, . . . , 1). Thus there is still a degree of freedom which is undetermined at750

this order, which will be determined at the next order in the expansions. This means that we751

can no longer ignore the fact that a, b and λ should also be expanded in powers of G.752

If we do so, following the scheme above, then we find that the leading-order solvability753

condition is754 [
A(λ1) 0

0 B

] [
a(0)

b(0)

]
=

[
0
0

]
,755

so that λ1 is an eigenvalue of A, with a(0) the corresponding normalised eigenvector, and756

b(0) = b(0)(1, 1, . . . , 1) with b(0) still undetermined. Proceeding with the expansion we would757

find solvability conditions at the next order of the form758

(5.30)

[
A(λ1) 0

0 B

] [
a(1)

b(1)

]
=

[
λ2C1a

(0) + C2b
(0)

C3a
(0)

]
,759

for some matrices C1, C2, C3. Note in particular that terms involving b(0) appear on the right-760

hand side of the equation for a(1) while terms involving a(0) appear on the right-hand side of761

the equation for b(1). Now both the matrix A(λ1) and the matrix B are singular, so there762

are solvability conditions on the two right-hand sides. But both the degrees of freedom we763

have—λ2 and b(0)—appear on the RHS of the equation for a(1). The solvability condition for764

Bb(1) = C3a
(0) may or may not be satisfied; we have no parameter in the equation to adjust765

to ensure that it is. This explains why the naive asymptotic approximation in subsection 5.2766

predicted solutions which were not found numerically—if we had continued to the next order767

in the expansion we would have found a solvability condition that we could not satisfy.768

In order to solve the problem of both remaining degrees of freedom appearing in the same769

block of (5.30) we need to make b an order of G larger than a. Suppose, therefore, that770

a(0) = 0. Then the leading-order solvability conditions give771

(5.31) Bb(0) = 0,772
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so that b(0) = b(0)(1, 1, . . . , 1). At next order we will find773

(5.32)

[
A(λ1) 0

0 B

] [
a(1)

b(1)

]
=

[
C2b

(0)

0

]
.774

Since b(0) is non-zero there is a non-trivial solution a(1) = A−1C2b
(0) when A is non-singular.775

Thus λ1 is still undetermined, but the relative scaling of a(1) and b(0) is determined. Now, at776

next order, we will find777

(5.33)

[
A(λ1) 0

0 B

] [
a(2)

b(2)

]
=

[
λ2C1a

(1) + C2b
(1)

C3a
(1) + C4b

(0)

]
.778

Crucially, since a(0) is a function of λ1, the solvability condition on the second block can be779

satisfied and determines the eigenvalue λ1. Now that we know schematically the structure of780

the expansions, let us work through some of the details.781

5.4. More careful analysis of the eigenvalues λ = O(G). We suppose that782

(5.34) λ =
∞∑
k=1

λkG
k.783

Near the i th hump, with ξ = Xi + x, we set784

(5.35) f = aiU + biW,785

where786

(5.36) f =

∞∑
k=0

Gkfk, U =

∞∑
k=0

GkUk, W =

∞∑
k=0

GkWk,787

with788

(5.37) U0 =
dV0
dx

, W0 = iV0.789

We also expand ai and bi in powers of G, anticipating the interleaving expansions,790

(5.38) ai = Ga
(1)
i +G3a

(3)
i + · · · , bi = b

(0)
i +G2b

(2)
i + · · · .791

Since the analysis gets now very technical, and we need to match many orders of inner and792

outer expansions, we defer many of the details to the Supplementary Material, and here simply793

pick out some of the key equations. At O(G2) in the inner expansion near the i th hump we794

find the solvability condition (SM4.8),795

(5.39) b
(0)
i

(
4
√
3

G2
e−Xi+1+Xi +

4
√
3

G2
e−Xi+Xi−1

)
=

4
√
3 b

(0)
i+1

G2
eXi−Xi+1 +

4
√
3 b

(0)
i−1

G2
eXi−1−Xi .796
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As anticipated, this is (5.18) with λ1 set to zero, and is equation (5.31), Bb(0) = 0, from797

subsection 5.3. Equation (5.39)) fixes b
(0)
i = b(0) for all i.798

At O(G3) in the inner expansion near the i th hump we find the solvability condition799

(SM4.22),800

(5.40)
πa

(1)
i (λ21 − 1)

32
+ (a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
+ (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2
801

=
3π

64
λ1b

(0)Xi −
λ1b

(0)

2
(Xi −Xi+1)

eXi−Xi+1

G2
− λ1b

(0)

2
(Xi −Xi−1)

e−Xi+Xi−1

G2
.802

Equation (5.40) is (5.32), A(λ1)a
(1) = C2b

(0), from subsection 5.3. When b(0) is non-zero803

it gives a
(1)
i in terms of b(0), with no restriction on λ1. To determine λ1 we need to go to one804

more order. Note that there is still the possibility that b(0) = 0, in which case λ1 is determined805

by detA = 0 and a(1) is a null vector of A.806

At O(G4) in the inner expansion near the i th hump we find the solvability condition807

(SM4.29),808

(5.41)
b(0)λ21(λ

2
1 − 4)π3

512
+

3πλ1Xi

64
(b(0)λ1Xi − 2a

(1)
i ) + 4(b

(2)
i+1 − b

(2)
i )

eXi−Xi+1

G2
809

+ 4(b
(2)
i−1 − b

(2)
i )

eXi−1−Xi

G2
+ 2a

(1)
i+1(Xi+1 −Xi)λ1

eXi−Xi+1

G2
+ 2a

(1)
i−1(Xi−1 −Xi)λ1

eXi−1−Xi

G2
810

− 3a
(1)
i+1λ1

eXi−Xi+1

G2
+ 3a

(1)
i−1λ1

eXi−1−Xi

G2
+
λ21
2
b(0)

eXi−Xi+1

G2

(
−X2

i + 3Xi+1 + 2XiXi+1 −X2
i+1

)
811

+
λ21
2
b(0)

eXi−1−Xi

G2

(
−X2

i − 3Xi−1 + 2XiXi−1 −X2
i−1

)
= 0.812

This is (5.33), Bb(2) = C3a
(1) + C4b

(0), from subsection 5.3. Since B has the null vector813

(1, 1, . . . , 1) these equations for b
(2)
i have a solvability condition: if we sum over i then b

(2)
i814

vanishes. This sum over i is the equation which determines λ1.815

Let us first identify which of the eigenvalues of subsection 5.2 survive the new solvability816

condition (5.41).817

5.4.1. Eigenvalues which follow the old scheme of subsection 5.2. We found some818

numerically determined eigenvalues did match the predictions of subsection 5.2. If b(0) = 0819

then the eigenvalue is determined by requiring a non-trivial solution of (5.40),820

(5.42)
πa

(1)
i (λ21 − 1)

32
+ (a

(1)
i+1 − a

(1)
i )

eXi−Xi+1

G2
+ (a

(1)
i−1 − a

(1)
i )

e−Xi+Xi−1

G2
= 0,821

as in subsection 5.2, but the extra solvability condition given by (5.41) must also be satisfied,822

which is823

(5.43)

n∑
i=1

−3πλ1Xi

32
a
(1)
i + 2a

(1)
i+1(Xi+1 −Xi)λ1

eXi−Xi+1

G2
824

+ 2a
(1)
i−1(Xi−1 −Xi)λ1

eXi−1−Xi

G2
− 3a

(1)
i+1λ1

eXi−Xi+1

G2
+ 3a

(1)
i−1λ1

eXi−1−Xi

G2
= 0.825
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In general we would not expect this to be satisfied, but certain symmetries of the a
(1)
i may826

mean it is satisfied automatically. In particular, with some index relabelling, (5.43) is827

n∑
i=1

−3πXi

32
a
(1)
i + 2(a

(1)
i − a

(1)
i−1)Xi

eXi−1−Xi

G2
828

+ 2(a
(1)
i − a

(1)
i+1)Xi

eXi−Xi+1

G2
− 3a

(1)
i

eXi−1−Xi

G2
+ 3a

(1)
i

eXi−Xi+1

G2
= 0.829

Simplifying using (5.42) and (4.15) gives830

(5.44)
n∑

i=1

−3Xia
(1)
i + (λ21 − 1)a

(1)
i = 0.831

Since, by symmetry,
∑n

i=1Xi = 0 we find the eigenvalue λ1 = ±1 with eigenvector a
(1)
i = 1832

for i = 1, . . . , n always works as it should.833

Two humps. With −X1 = X2 = X we found834

a = (−1, 1), a = (1, 1),835

with corresponding positive eigenvalues836

λ = (1 + 2X)1/2G, λ = G.837

The second satisfies (5.44) but the first does not, in agreement with Figure 11(a).838

Three humps. For the three-bump case with −X1 = X3 = X, X2 = 0, we found839

a = (1,−2, 1), a = (1, 0,−1) and a = (1, 1, 1),840

with corresponding positive eigenvalues841

(5.45) λ = (1 + 3X)1/2G, λ = (1 +X)1/2G, λ = G.842

The first and third satisfy (5.44), but the second does not, in agreement with Figure 11(b).843

Four humps. With −X1 = X4 = Y2, −X2 = X3 = Y1, we found844

a =
(
1 + r − (r2 + 2r + 2)1/2, 1,−1,−1− r + (r2 + 2r + 2)1/2

)
,845

a = (−1, 1, 1,−1),846

a =
(
1 + r + (r2 + 2r + 2)1/2, 1,−1,−1− r − (r2 + 2r + 2)1/2

)
,847

a = (1, 1, 1, 1),848

where r = Y1/Y2, with corresponding positive eigenvalues849

λ =
(
1 + 2Y2 + Y1 +

(
Y 2
1 + 2Y1Y2 + 2Y 2

2

)1/2)1/2
G,850

λ = (1 + 2Y2)
1/2G,851

λ =
(
1 + 2Y2 + Y1 −

(
Y 2
1 + 2Y1Y2 + 2Y 2

2

)1/2)1/2
G,852

λ = G.853
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The second and fourth satisfy (5.44), but the first and third do not. It appears in Figure 11(c)854

that we correctly predicted the first eigenvalue also. However, this was merely a coincidence,855

and the first eigenfunction in fact follows the new scheme with nonzero b(0).856

5.4.2. Eigenvalues which follow the new scheme.857

Two humps. With −X1 = X2 = X the sum over i of (SM4.29) is858

(5.46)
λ21(λ

2
1 − 4)π(π2(λ21 − 1− 2X) + 8X2(3− 4X))

256(λ21 − 1− 2X)
= 0.859

We see the positive eigenvalue λ1 = 2, and also a singularity at the false eigenvalue λ1 =860

(1 + 2X)1/2 of subsection 5.2. There is one other positive eigenvalue given by861

(5.47) λ1 =

(
1 + 2X +

8X2(4X − 3)

π2

)1/2

.862

The corresponding eigenvector is863

b(0) = (1, 1), a(1) =
λ1X(2X − 3)

2(λ21 − 1− 2X)
(1,−1).864

Thus, together, the correct eigenvalues of O(G) are865

λ ∼ G, λ ∼ 2G, λ ∼ G

(
1 + 2X +

8X2(4X − 3)

π2

)1/2

.866

A comparison with numerical computations is shown in Fig. 7(a).867

Three humps. With −X1 = X3 = X, X2 = 0, the sum over i of (SM4.29) is868

(5.48)
λ21(λ

2
1 − 4)π(3π2(λ21 − 1−X) + 16X2(3− 2X))

512(λ21 − 1−X)
= 0.869

We see the positive eigenvalue λ1 = 2, and also a singularity at the false eigenvalue λ1 =870

(1 +X)1/2 of subsection 5.2. There is one other positive eigenvalue given by871

(5.49) λ1 =

(
1 +X +

16X2(2X − 3)

3π2

)1/2

.872

The corresponding eigenvector is873

b(0) = (1, 1, 1), a(1) =
λ1X(X − 3)

2(λ21 − 1−X)
(1, 0,−1).874

Thus, together, the correct eigenvalues of O(G) are875

λ ∼ G, λ ∼ (1 + 3X)1/2G, λ ∼ 2G, λ ∼ G

(
1 +X +

16X2(2X − 3)

3π2

)1/2

.876

A comparison with numerical computations is shown in Fig. 7(b).877
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Four humps. With −X1 = X4 = Y2, −X2 = X3 = Y1, the sum over i of (SM4.29) has two878

positive solutions in addition to λ1 = 2. These, together with879

λ ∼ G, λ ∼ (1 + 2Y2)
1/2G,880

are the correct eigenvalues of O(G). A comparison with numerical computations is shown in881

Fig. 7(c).882

6. Conclusions and Future Challenges. In the present work we have revisited the topic of883

multi-pulse collapsing solutions in the context of the one-dimensional nonlinear Schrödinger884

equation with a power-law nonlinearity. Returning to the results of [9] from a novel per-885

spective, we have showcased not only in a qualitative, but also in a quantitative way, how886

countably infinitely many branches of such solutions bifurcate from the critical point, along887

with their most well-known cousin, namely the stationary single collapse point waveform. We888

have shown that all of these solutions emerge from an infinite distance between the pulses889

in an example of “bifurcation from infinity” with the distance between the pulses shrinking890

as the growth rate of the collapse increases. We have provided quantitative characterizations891

both for the bifurcation curve of the relevant waveforms for the blowup rate G as a function of892

σ, as well as for the separation between their peaks as a function of G. Importantly, we have893

also tackled both qualitatively and quantitatively the spectral stability analysis of the relevant894

states. Indeed, we have found all of them to be unstable, bearing n− 1 pairs of eigenvalues of895

size approximately G1/2, another n+1 pairs of size practically proportional to G, while n− 1896

pairs emerge on the imaginary axis, and one remains in the vicinity of the origin. We have897

verified the relevant count for cases of n = 1 to n = 4 and indeed examined cases even up898

to n = 6. While some of the O(G1/2) eigenvalues were less accurately captured when G was899

large, generally our predictions were found to be in excellent qualitative and good quantitative900

agreement with the numerical observations. Finally, some select dynamical simulations gave901

us the opportunity to observe the symmetry breaking events leading to the instability of the902

multi-pulse configurations and the eventual predominance of a single pulse, in line with the903

expectations associated with stability based on our eigenvector analysis.904

Naturally, this study paves the way for a number of directions of future study. Arguably,905

the most canonical of these concerns whether such multi-bump collapsing solutions can be906

systematically found in higher dimensions. Our preliminary considerations along this vein907

suggest the existence of a wide range of possible higher-dimensional waveforms. For instance,908

in Figure 12, we illustrate a prototypical star-shaped self-similar waveform computed in the909

rescaled (ξ, η) ≡ (x/L, y/L) space for the 2D NLS equation. Generalizations of the analytical910

considerations herein enable the consideration of multiple collapse “spots” as an intriguing911

interacting particle system in the higher-dimensional setting meriting investigation (in terms912

of its equilibria) in its own right. These can then potentially be associated with the recent913

experiments of [7] and offer a systematic explanation for the observations therein. These can914

also potentially be connected to the stability analysis of the ring type solutions that have been915

discovered in the work of [17, 8]. It would be particularly interesting to explore the spectral916

stability of the ring in terms of its eigenvalues in the co-exploding frame and the conditions917

under which these may potentially give rise to multi-pulse configurations as the parameters of918

the system (such as the nonlinearity exponent) may vary. From a computational perspective,919
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Figure 12: Star-shaped self-similar profile, |v(ξ, η)|, for the 2D NLS equation. Here, σ = 1.002
and the computed blow-up rate is G = 0.1406.

and especially for such higher- dimensional PDEs, domain decomposition methods [15, 37]920

together with the parallelization features provided by the Portable, Extensible Toolkit for Sci-921

entific Computation (PETSc) [6] already embedded in FreeFEM [33] (and references therein)922

have provided us with the necessary computational environment to efficiently and reliably923

study these types of problems.924

It is also relevant to point out here that recent experimental developments in optics have925

enabled the realization of fractional derivatives (in the form of derivatives of the Riesz type)926

which, in turn, allow for the manipulation of dispersion [22]. Considering the fractional927

Laplacian operator (−∆)α/2, with the Lévy index 0 < α < 2, this experimental realization928

has made considerations in the vicinity of α = 1 possible. This constitutes (even for the cubic929

nonlinearity) a critical point for transition to collapse-type solutions and hence represents930

an additional area of possible future research for the waveforms and phenomena identified931

herein. Such studies are currently underway and the reporting of associated findings is deferred932

to future publications.933
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[10] R. Caplan, Q. Hoq, R. Carretero-González, and P. Kevrekidis, Azimuthal modula-970
tional instability of vortices in the nonlinear schrödinger equation, Optics Communications, 282971
(2009), pp. 1399–1405, https://doi.org/https://doi.org/10.1016/j.optcom.2008.11.075, https://www.972
sciencedirect.com/science/article/pii/S003040180801198X.973

[11] S. Chapman, M. Kavousanakis, E. Charalampidis, I. Kevrekidis, and P. Kevrekidis, A spec-974
tral analysis of the nonlinear schrödinger equation in the co-exploding frame, Physica D: Nonlin-975
ear Phenomena, 439 (2022), p. 133396, https://doi.org/https://doi.org/10.1016/j.physd.2022.133396,976
https://www.sciencedirect.com/science/article/pii/S016727892200149X.977

[12] S. J. Chapman, M. Kavousanakis, I. G. Kevrekidis, and P. G. Kevrekidis, Normal form for the978
onset of collapse: The prototypical example of the nonlinear schrödinger equation, Phys. Rev. E, 104979
(2021), p. 044202, https://doi.org/10.1103/PhysRevE.104.044202, https://link.aps.org/doi/10.1103/980
PhysRevE.104.044202.981

[13] C.-A. Chen and C.-L. Hung, Observation of universal quench dynamics and townes soliton982
formation from modulational instability in two-dimensional bose gases, Phys. Rev. Lett., 125983
(2020), p. 250401, https://doi.org/10.1103/PhysRevLett.125.250401, https://link.aps.org/doi/10.984
1103/PhysRevLett.125.250401.985

[14] M. P. Coles, D. E. Pelinovsky, and P. G. Kevrekidis, Excited states in the large density limit: a986
variational approach, Nonlinearity, 23 (2010), p. 1753, https://doi.org/10.1088/0951-7715/23/8/001,987
https://dx.doi.org/10.1088/0951-7715/23/8/001.988

[15] V. Dolean, P. Jolivet, and F. Nataf, An Introduction to Domain Decomposition Methods, So-989
ciety for Industrial and Applied Mathematics, Philadelphia, PA, 2015, https://doi.org/10.1137/990
1.9781611974065, https://epubs.siam.org/doi/abs/10.1137/1.9781611974065, https://arxiv.org/abs/991
https://epubs.siam.org/doi/pdf/10.1137/1.9781611974065.992

[16] G. Fibich, The Nonlinear Schrödinger Equation: Singular Solutions and Optical Collapse, vol. 192 of Ap-993
plied Mathematical Sciences, Springer, New York, 2015, https://doi.org/10.1007/978-3-319-12748-4.994

[17] G. Fibich, N. Gavish, and X.-P. Wang, Singular ring solutions of critical and supercriti-995
cal nonlinear schrödinger equations, Physica D: Nonlinear Phenomena, 231 (2007), pp. 55–996
86, https://doi.org/https://doi.org/10.1016/j.physd.2007.04.007, https://www.sciencedirect.com/997

This manuscript is for review purposes only.

https://doi.org/10.1017/cbo9780511998324
https://doi.org/https://doi.org/10.1016/j.physd.2019.132179
https://www.sciencedirect.com/science/article/pii/S0167278918306018
https://www.sciencedirect.com/science/article/pii/S0167278918306018
https://www.sciencedirect.com/science/article/pii/S0167278918306018
https://doi.org/10.1103/PhysRevLett.127.023603
https://doi.org/10.1103/PhysRevLett.127.023603
https://doi.org/10.1103/PhysRevLett.127.023603
https://link.aps.org/doi/10.1103/PhysRevLett.127.023603
https://petsc.org/release/docs/manual/manual.pdf
https://petsc.org/release/docs/manual/manual.pdf
https://petsc.org/release/docs/manual/manual.pdf
https://arxiv.org/abs/2406.00863
https://doi.org/https://doi.org/10.1016/j.physd.2010.07.009
https://www.sciencedirect.com/science/article/pii/S0167278910002198
https://www.sciencedirect.com/science/article/pii/S0167278910002198
https://www.sciencedirect.com/science/article/pii/S0167278910002198
https://doi.org/https://doi.org/10.1006/jcph.1999.6262
https://www.sciencedirect.com/science/article/pii/S0021999199962629
https://www.sciencedirect.com/science/article/pii/S0021999199962629
https://www.sciencedirect.com/science/article/pii/S0021999199962629
https://doi.org/https://doi.org/10.1016/j.optcom.2008.11.075
https://www.sciencedirect.com/science/article/pii/S003040180801198X
https://www.sciencedirect.com/science/article/pii/S003040180801198X
https://www.sciencedirect.com/science/article/pii/S003040180801198X
https://doi.org/https://doi.org/10.1016/j.physd.2022.133396
https://www.sciencedirect.com/science/article/pii/S016727892200149X
https://doi.org/10.1103/PhysRevE.104.044202
https://link.aps.org/doi/10.1103/PhysRevE.104.044202
https://link.aps.org/doi/10.1103/PhysRevE.104.044202
https://link.aps.org/doi/10.1103/PhysRevE.104.044202
https://doi.org/10.1103/PhysRevLett.125.250401
https://link.aps.org/doi/10.1103/PhysRevLett.125.250401
https://link.aps.org/doi/10.1103/PhysRevLett.125.250401
https://link.aps.org/doi/10.1103/PhysRevLett.125.250401
https://doi.org/10.1088/0951-7715/23/8/001
https://dx.doi.org/10.1088/0951-7715/23/8/001
https://doi.org/10.1137/1.9781611974065
https://doi.org/10.1137/1.9781611974065
https://doi.org/10.1137/1.9781611974065
https://epubs.siam.org/doi/abs/10.1137/1.9781611974065
https://arxiv.org/abs/https://epubs.siam.org/doi/pdf/10.1137/1.9781611974065
https://arxiv.org/abs/https://epubs.siam.org/doi/pdf/10.1137/1.9781611974065
https://arxiv.org/abs/https://epubs.siam.org/doi/pdf/10.1137/1.9781611974065
https://doi.org/10.1007/978-3-319-12748-4
https://doi.org/https://doi.org/10.1016/j.physd.2007.04.007
https://www.sciencedirect.com/science/article/pii/S0167278907001297
https://www.sciencedirect.com/science/article/pii/S0167278907001297
https://www.sciencedirect.com/science/article/pii/S0167278907001297


40 S. J. CHAPMAN, M. KAVOUSANAKIS, E. G. CHARALAMPIDIS, I. G. KEVREKIDIS AND P. G.
KEVREKIDIS

science/article/pii/S0167278907001297.998
[18] G. Fibich and G. Papanicolaou, Self-focusing in the perturbed and unperturbed nonlinear schrödinger999

equation in critical dimension, SIAM Journal on Applied Mathematics, 60 (1999), p. 183.1000
[19] D. J. Frantzeskakis, Dark solitons in atomic bose–einstein condensates: from theory to experiments,1001

Journal of Physics A: Mathematical and Theoretical, 43 (2010), p. 213001, https://doi.org/10.1088/1002
1751-8113/43/21/213001, https://dx.doi.org/10.1088/1751-8113/43/21/213001.1003

[20] A. Hasegawa and Y. Kodama, Solitons in Optical Communications, Clarendon Press, Oxford, 1995.1004
[21] F. Hecht, New development in freefem++, J. Numer. Math., 20 (2012), pp. 251–265, https://freefem.1005

org/.1006
[22] V. T. Hoang, J. Widjaja, Y. L. Qiang, M. Liu, T. J. Alexander, A. F. J. Runge, and C. M.1007

de Sterke, Observation of fractional evolution in nonlinear optics, 2024, https://arxiv.org/abs/2410.1008
23671, https://arxiv.org/abs/2410.23671.1009

[23] P. G. Kevrekidis, D. J. Frantzeskakis, and R. Carretero-González, The Defocusing Nonlinear1010
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