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Following the financial crisis of 2008, the need for more robust techniques to
quantify the capital charge for risk management has become a pressing problem. Un-
der Basel II/III, banks are allowed to calculate the capital charge using internally
developed models subject to regulatory approval. An interesting problem for the reg-
ulator is to compare the resulting figures against the required capital under worst
case scenarios. The existing literature on the latter problem, which is based on the
marginal problem, assumes that no a-priori information is known about the depen-
dencies of contributing risks. These problems are linear optimisation problems over
a constrained set of probability measures, discretisation of which leads to large scale
LPs. But this approach is very conservative and cannot be implemented robustly
in practice, due to the scarcity of historical data. In our approach, we take a less
conservative strategy by incorporating dependence information contained in the data
in a form that still leads to LPs, an important feature of such problems due to their
high dimensionality. Conceptually, our model is the discretisation of an infinite di-
mensional linear optimisation problem over a set of probability measures. For some
specific cases we can prove strong duality, opening up the approach of discretising the
dual instead of the primal. This approach is preferable, as it yields better numerical
results. In this work we also apply our model to model-free path-dependent option
pricing. Use of delayed column generation techniques allows us to solve problems
several orders of magnitude larger than via the standard simplex algorithm. For
high-dimensional LPs we also implement Nesterov’s smoothing technique to solve the

problems.
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Chapter 1

Introduction

In recent years considerable interest has developed in the academic and finance com-
munities in model-free finance, both in risk management and in option pricing.
Under the Basel II and later the Basel III regulatory frameworks the financial in-
stitutions are allowed to use their own internal methods to calculate the regulatory
capital. However, the financial crisis of 2008 raised doubts concerning the modelling
aspects of the financial risk. The well known models, though well calibrated to the
empirical and the market data, proved to be unreliable. This led to regulators seeking
more robust risk management techniques so that banks would hold enough capital to
be able to sustain extreme situations, in order to avoid financial catastrophes. The
regulator’s aim is therefore to find the worst case distribution function for the aggre-
gate loss consistent with the collected data. Banks, on the other hand, want to use a
model according to which the calculated capital charge is as small as possible, so as
to maximise their profitability.

Under the above-mentioned Basel II and Basel III regulatory frameworks, the capital
charge is defined as the Value-at-Risk (VaR) at some probability level (which varies
for different types of risks). Though the VaR has been both criticised (see, e.g., [47])
and favoured over CVAR (Expected Shortfall) risk measure (see, e.g., [3]), it still
remains a key metric for the calculation of regulatory capital. Let L be a random
variable representing the aggregate loss. Then VaR calculated at a probability level
« is defined as

VaR, (L) = F;'(a) = inf{z € R: Fi(x) > a},

where Fp(x) is the distribution function of L.
In Chapter 3 we introduce optimisation approaches that are consistent with the regu-

lators’ pessimistic point of view. Assuming the availability of only partial information



on the distribution functions of different risk cells, these approaches take the pessi-
mal compound distribution, i.e. maximise the probability that a given threshold
is exceeded, given this partial information on the loss distribution. The marginal
and moment problems are typical examples of such a framework. In the case of
the marginal problem, for example, it is assumed that only marginal distributions
of a joint cumulative distribution function are known. This may not be the obvious
approach when data about joint events is available, but in other cases it can be ap-
propriate. Although in a more generalised framework P. Embrechts and G. Puccetti,
[23] consider a problem in which more information is given in the form of inequalities
on the copula function of the joint distribution function, it is not clear how to find
the required lower and upper bounds on the copula function.

One obstacle to the wide spread acceptance of the marginal approach to computing
the capital charge amongst banks is that the pessimal distributions look unnatural.
The industry therefore criticises this approach as being too pessimistic and the capital
charge as being too large.

In this work we aim to find models that are acceptable to both sides, to banks and
to the financial regulators. Our approach is a generalisation of both marginal and
moment problems. In our model we do not assume exact knowledge of the marginal
distributions or of the moments, since their calibration itself contains model uncer-
tainty. We formulate the problem of finding the pessimal distribution in a form that
allows us to use the available data about the joint distributions, as well as to take
into consideration model parameter estimation errors in calibrating the marginal dis-
tributions.

In [31], Hauser, Shahverdyan and Embrechts formulate a linear optimisation problem
over an infinite dimensional measure space with an infinite number of constraints.
The dual problem is then introduced and weak duality follows trivially. In several
important special cases the dual is easier to solve, and allows one to derive upper
bounds on the worst-case risk exposure that is consistent with the constraints im-
posed on the distribution.

The basic idea of the general duality result described in the above mentioned work
was developed by Hauser, R. and Embrechts, P.. My main contribution to their orig-
inal work is presented in Section 4, [31], where the model with bounds on integrals is
presented for robust risk aggregation. The delayed column generation algorithm for
solving the large scale optimisation problems obtained by the model has been devel-
oped by me and Hauser, R. In this work, Section 8, we also present application of the

above mentioned method to the model-free path-dependent option pricing problem.



We also present an application of Nesterov’s algorithm to solve the linear optimisation
problem, Section 6.5.

In Chaper 4 we introduce the results of the general duality, [31] and also describe how
model-free path-dependent option pricing can be formulated in this framework. This
allows us to generalise the model-free option pricing problem again by considering
more constraints in the optimisation problem.

In Chapter 5 we present a special case of the general duality problem, in which we
consider the optimisation problem not over the set of all signed measures with finite
variations, but over the set of measures which have densities belonging to LP(R™) for
some p > 1, where LP(R") is the space of functions over R" for which the p-th power
of the absolute value is Lebesgue integrable on R™. We prove that in this particular
case strong duality holds, hence solving the dual problem will not only give an upper
bound but also will provide an exact solution to the original problem. We also gener-
alise a strong duality result of semi-infinite optimisation problems. Since our model
described in Section 4.4 is a particular case of a semi-infinite programming problem,
we need strong duality. Shapiro [66] proves strong duality for continuous functions,
whereas we generalise this to piecewise continuous functions.

A particular application of the general duality framework of [31] is the model with
constraints by integrals of piecewise concave functions described in Section 4.4. We
also prove strong duality for this model by generalising the strong duality result of
semi-infinite optimisation problems, presented in [66].

Although the optimisation problem discussed in Section 4.4 is an infinite dimensional
optimisation problem, in Chapter 6 we describe how the dual of these problems can
be relaxed to finite dimensional linear programming problems. The resulting LPs
are very large scale and impractical to solve numerically for high dimensions with
standard methods such as the simplex or interior point methods. In Sections 6.1.1
and 6.5 we introduce techniques to solve these LPs. Of particular interest is the ap-
plication of the delayed column generation technique for the simplex method to our
model (described in Section 6.1.1), which allows us to increase the dimension of the
problem considerably.

Chapter 7 describes applications of the model with constraints by integrals of piece-
wise constant functions in risk management. We explain in detail how to construct
the constraints in our model in order to make good use of available historical data. In
Chapter 8 we discuss application of our model in model-free path-dependent option
pricing. In the standard approach to the problem of model-free derivative pricing, one

assumes to have marginal distributions for different time horizons, which are provided



by the market values of vanilla options, such as European call options with different
strikes. In practice, we do not have European call option market prices for every
strike, hence one has to make an interpolation to obtain the whole curve. This itself
introduces some numerical errors into the problem. In this work we do not assume the
availability of marginal distribution functions, but use only market-provided option
prices. By doing so, we obtain an optimisation problem which has an infinite number
of constraints, hence we need to make a finite discretisation. Discretised problems
become particular cases of our model with piecewise linear test functions discussed
in Section 4.4. Moreover, we see that for some derivatives, e.g. barrier options, we
can choose a discretisation which produces an exact solution to the original infinite
dimensional problem, if we assume that the optimal solutions of the discretised prob-
lems converge to the optimal value of the infinite dimensional problem.

In Chapter 9 we present three algorithms for solving the optimisation problem de-
scribed in Section 4.4. This discussion is largely theoretical and is offered as a moti-

vation for further research.



Chapter 2

Mathematical Background

2.1 Copula Functions

A copula is used as a general way of formulating a multivariate distribution in a way
that represents various general types of dependencies. The approach to formulating
a multivariate distribution using a copula is based on the idea that a simple transfor-
mation can be made of each marginal variable in such a way that each transformed
marginal variable has a uniform distribution. Once this is done, the dependence
structure can be expressed as a multivariate distribution that has uniform marginals,
a so called copula. The actual multivariate distribution is obtained as the pullback of
the copula. Copula functions facilitate a bottom-up approach to multivariate model

building.

Definition 2.1.1 (Copula) An n-dimensional copula is a distribution function on

0, 1]™ with standard uniform marginal distributions.
The following three properties must thus hold.

1. C' is non-decreasing in each argument.
2. C(1,....,Lu;, 1,...,1) = w; for all u; € [0,1],i =1,...,n.

3. C is n-increasing, i.e. for all a = (ay,...a,),b = (b, ...,b,) € [0,1]" with a; <

b;,1 =1,...,n, we have

2
Z 1)+ Oy, ooy g, ) > 0, (2.1)

IIM“

where u;1 = a;,u;pp = b; for all i =1, ..., n.



The third property in the above definition is the so-called rectangular inequality,
which ensures that if the random vector (Uy,...,Uy) has distribution function C,
then P(a; < Uy < by,...,aq < Uy < by) is non-negative. It is a special case of the
inclusion-exclusion formula, as is easy to see in the two-dimensional case.

The following theorem states the two-way connection between copulas and multivari-
ate distribution functions: each multivariate distribution function defines a copula,
and given a copula function and the marginal distributions, one can reconstruct the

multivariate distribution function.

Theorem 2.1.2 (Sklar 1959, [50] p. 18) Let F' be a joint distribution function
with marginal distributions Fy, ..., F,,. Then there ezists a copula C : [0,1]™ — [0, 1]

such that for all x1,...,x, in R = [~o0, +0o0]
1, ) = O(Fy(21), o Ful2,)). (22)

If the marginal distributions are continuous, then C' is unique. Conversely, if C is a
copula and Fi, ..., F,, are univariate distribution functions, then the function F' defined

in (2.2) is a joint distribution function with marginal distributions Fi, ..., F,,.

In the following we define the copula for a distribution with continuous marginal

distributions.

Definition 2.1.3 (Copula of F', Definition 5.4, [47]) If the random vector X has
joint distribution function F with continuous marginal distributions Fi, ..., F,,, then

the copula of F' (or X ) is the distribution function C' of (F1(X1), ..., Fn(Xn)).

Here we present a theorem that provides bounds for every copula. These bounds are
called Fréchet bounds.

Theorem 2.1.4 (Fréchet bounds, Theorem 5.7, [47]) For every copula

C(uy, ..., un) we have

max{zn:ui—%l—n,()} < C(u) < min{uy, ..., u,} (2.3)

i=1

While the right hand side of (2.3) is always a copula (representing the copula of
comonotonic random variables, i.e. perfectly positively dependent), the left hand
side of the equation (we denote this function by W) is a copula only for n < 2, which

represents countermonotonic random variables.



2.2 Extreme Value Theory

In this section we introduce Extreme Value Theory. The section is based on two
main types of modelling extreme values: the block maxima model and the threshold

exceedances model, which will be discussed in detail below.

2.2.1 Maxima

Consider i.i.d. random variables (X;);en representing financial losses. Denote their
distribution function by F. By the Central Limit Theory, the normalised sums of
i.i.d. random variables with finite variance converge in distribution to the standard
normal distribution. A similar situation occurs in the case for normalised maxima
M, = max(Xy,...,X,), for which the only limiting distribution can be in the GEV
family.

Definition 2.2.1 (GEV distribution, Definition 7.1, [47]) The distribution func-
tion of the (standard) generalised extreme value (GEV) distribution is given by

o [ (=1 €)1, € £0,
£~ —x —
exp(—e™), £=0,
where 1+ &x > 0. A three-parameter family is obtained by defining He , , == He((x —

w)/o) for a location parameter p € R and a scale parameter o > 0.

The parameter £ is known as the shape parameter of the GEV distribution. When
¢ > 0, the GEV is known as the Fréchet distribution, when £ = 0 it is known as
the Gumbel distribution, and when ¢ < 0 as the Weibull distribution. Note that
the parametrisation is continuous in ¢ and that for the Weibull distribution one can
observe a finite endpoint, which is not true for the other two cases.

Suppose that M, converges to some probability distribution function under some
normalisation, i.e there exist some ¢, d,, such that

lim P((M, —c,)/d, <x)= lim F"(x) = H(x) (2.4)

n—o0 n—oo

for some non-degenerate distribution function H(z). We have the following theorem.

Definition 2.2.2 (Maximum domain of attraction, Definition 7.2, [47]) If
(2.4) holds for some nondegenerate distribution function H, then F' is said to be in
the maximum domain of attraction of H. We use notation F' € MDA(H) to describe

this situation.



Theorem 2.2.3 (FisherTippett, Gnedenko, Theorem 7.3, [47]) If
F € MDA(H) for some non-degenerate distribution function H then H must be a
GEV distribution.

If this convergence takes place, the parameter £ is defined uniquely, but the scaling
and location parameters can vary depending on the choice of normalising parameters,
[47], and also these parameters can be chosen such that the limiting distribution is in

standard form.

2.2.2 Maximum Domains of Attraction

In practice most of the probability distribution functions belong to maximum domain
of attraction for some value of £. Here we consider the Fréchet and the Gumbell distri-

butions since distributions of the Weinbull typ eare rarely used in financial modelling.

e The Fréchet case.

Definition 2.2.4 (Slowly varying and regularly varying functions)

(i) A positive, Lebesgue-measurable function L on (0,00) is slowly varying at
: tx

(ii) A positive, Lebesque-measurable function h on (0,00) is reqularly varying

at oo with index p € R if

=1, Vt>0, (2.5)

lim hlta)
5% h()

=t’, Vt>0. (2.6)

Theorem 2.2.5 (Fréchet MDA, Gnedenko, Theorem 7.8, [47]) For¢ >
0,
F € MDA(H,) & F(z) = 2 ¢ L() (2.7)

for some function L slowly varying at co.

Fréchet type distributions are used in financial applications because they intro-
duce heavy-tailed distributions with infinite higher moments. Examples include

Pareto, inverse gamma and Student-t distributions.

e The Gumbel Case.
Normal and lognormal distributions are typical cases of these distributions. All
the distribution functions that belong to this class have finite moments of any

positive order.



2.2.3 Threshold Exceedances

One of the practical weaknesses of the block maxima approach is that most of the
available data are not used. In this section we introduce the threshold exceedance

method, in which one uses the data that exceeds some particular level.

2.2.4 Generalised Pareto Distribution

Definition 2.2.6 (GPD, Definition 7.16, [47]) The distribution function of the
GPD 1is given by

o [ esp(=(1+ Ex/B)E), €40,
&0 =\ exp(—e ), =0,

where >0, and x > 0 when £ > 0 and 0 < x < —5/€ when £ < 0. The parameters

& and B are the shape and scale parameters respectively.

Definition 2.2.7 (Excess distribution over threshold u, Definition 7.17, [47])

Let X be a random variable with distribution function F'. The excess distribution over

the threshold u has distribution function

F(x 4+ u) — F(u)
1 — F(u)

Fuz)=P(X —u<z|X >u) = (2.8)

for 0 <z < xp —u, where xp < 00 is the right endpoint of F.

The following theorem allows one to model the heavy tails of a probability distribution

function by extremal events.

Theorem 2.2.8 (Pickands Balkema de Haan, Theorem 7.20, [47]) One can
find a (positive-measurable function) f(u) = 8 + &u such that

lim  sup |Fu(x) — Gepw (@) =0, (2.9)

UTF 0<zg<zp—u

if and only if F'€ MDA(H¢), where £ € R.

This theorem implies convergence in distribution of F, to G¢ g(,) when the threshold
u goes to infinity. One can thus approximate the distribution function by choosing a

suitable threshold u, followed by two steps:

e Use an empirical distribution to model the losses below the threshold.

9



e use the GDP to model the losses above the threshold.

The approximation will thus be as follows,

F(x) x < u,

ZWTWWWﬂ:{GwW@_@ﬂ_FW»+FM)xZu

(2.10)

It is important to note that the convergence in distribution does not lead to con-
vergence in mean or convergence in quantiles: Makarov [46] gives a wide class of
distributions when EVT does not lead to uniform quantile convergence and further,

when it does not lead to mean convergence. We will describe these distributions below.

Definition 2.2.9 The EVT approzimation leads to uniform relative quantile (URQ)
convergence if, for any € > 0, there exists a threshold ug such that for any u > ug and

any quantile q,
where by Q(F,q) we denote the quantile of F' at level q.

Since for any cumulative distribution function G we have

1
mean(G) :/ Quantile(G, q) d g,
0
it follows that URQ convergence implies convergence in mean.

Theorem 2.2.10 (Proposition 3.4, [46]) For a reqularly varying distribution func-
tion F, the EVT approximation leads to UR(Q) convergence only if

0 < lim F(z)z"€ < oo, (2.11)

T—00

where F(z) =1 — F(x).

Now we introduce two examples of EV'T approximation, the first one without URQ
convergence and the second one without mean convergence from the referred paper.
Consider a distribution function

log*(x)
.Z‘b

Fmb(:r) =1-

: (2.12)
where b > 0 and a # 0.

10



Lemma 2.2.11 (Lemma 5.1, [46]) The following holds:

1. F,p is reqularly varying with parameter 1/b.

2. EVT approzimation does not lead to UR(Q) convergence for F,.

For the second example Makarov constructs the following cumulative distribution

function,
1

Fioa)=1— ——
1,-2(7) :clogz(:c)

T >e. (2.13)

This distribution has finite mean, but EVT approximates it with a distribution with
an infinite mean and does not approximate its mean, shortfalls or high quantiles. For

more details and proofs of the results see [46].

2.3 The g-and-h, GB2 and GCD Distributions

These three four-parameter distributions are used in risk management as alternatives
to EVT. Here we briefly introduce each of them.

A random variable X is said to have g-and-h distribution if
Y)—1
Xz pSRW) 2L v, (2.14)
g

where Y is a standard normal random variable and (a, b, g, h) are parameters. In [20]
it is shown that for this distribution, convergence of the excess distribution to the
GPD is very slow.

The density function of GB2 (the generalised Beta distribution of the second kind)

is defined as
|a‘xap—1

~brB(p, )L+ (a/b)
where B(p, q) is the Beta function and (a, b, p, q) are the parameters.

/()

(z > 0), (2.15)

Finally, the density function of Generalized Champernowne distribution (GCD) is

defined as
a(@ +c)* (M +0)* =)

x) = ,

M= @ rar T v ) 2y

Applications of the first two distributions in operational risk management are studied
in [21] and the GCD is studied in [29].

(z > 0), (2.16)

11



Chapter 3

The Regulator’s Approach

In Introduction we discussed the differences in how financial institutions and their
regulators differ in their approaches in calculating the capital charge required for risk
management purposes. The main problem for the banks is to find a model which
represents the existing data plausibly. Once they have such a model, they compute
the Value-at-Risk of the compound distribution at the specified level.

From the regulators’ point of view, however, finding one model is not sufficient. Due
to the lack of sufficient data on extreme events from the industry, particular model will
be able to cover all of the possible scenarios. Real life experience shows that unprece-
dented extremes lead to the collapse of large financial institutions, as we witnessed
for example with Lehman Brothers in the 2008 financial crisis. The above described
approaches to computing the capital charge of a portfolio of risks strongly depend
on historical data which may inadequately reflect future extreme events. Notably,
the dependence structure may be totally wrong. Regulators thus wish to convince
themselves that the capital charge is set at a level that provides protection under a
more robust set of assumptions about future losses.

In the most general framework regulators need to find the solution to the following

optimisation problem :

sup /n h(z)dF(z) (3.1)

.7'—6(//[3: R
s.t. F is consistent with the observed data

for some measurable function h : R" — R. .#; is the set of all probability measures,
and where ”s.t. JF is consistent with the observed data” is defined in some meaningful
way. Thus they pessimise the risk over a set of possible distributions.

Problem (3.1) is an infinite-dimensional optimisation problem, and in most practical

12



cases the number of constraints is also infinite. In the following sections we will intro-
duce some results for problem (3.1) for some particular cases - the marginal problem,
where it is assumed that we have knowledge of the marginal distributions of F; the
moment problem, where a few of the moments of F are known; and the marginal
problem with bounds on the copula, where some information is known about the cop-
ula function of joint distributions in the form of lower and upper bounds, in addition
to the marginal distributions.

The above-mentioned marginal and moment problems are very conservative in risk
management, since in practice we have much more information for joint events than
just marginal distributions or moments. Although we discuss also a generalisation of
the marginal problem in which we assume some dependency structure, it is not clear
how to use information about joint events by imposing lower and upper bounds on
the copula function.

In later sections we introduce more generalised optimisation problems that allow us
to resolve this drawback.

There are no known analytical solutions to the above mentioned problems in general
form. If we try to discretize the joint and marginal distributions, we end up with
linear programming problems, where the number of constraints will be so large that
no efficient algorithms are known. This is primarily due to the high dimensionality
of the problem. For example, for operational risk the dimensionality is 56 (though it
can be grouped into 8 business lines).

Another approach to problem (3.1) is duality theory. From standard linear program-

ming techniques we know that any LP problem

max ¢’z
s.t. Az < b, (3.2)
x>0
is associated with a dual problem
min b’y
y
st. ATy > ¢, (3.3)
y =0,

where ¢ € R", b € R™ and A is a matrix of size m x n.
The weak duality theorem states that for any feasible x for (3.2) and for any feasible
y for (3.3),

'z < bly, (3.4)
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while the strong duality theorem states that if any of the problems has a finite optimal

solution then so does the other, and optimal values of both problems coincide, i.e.,
cla* = by, (3.5)

where 2* and y* are optimal solutions to the problems (3.2) and (3.3) respectively.
Strong duality is a very useful tool when it is difficult to find the optimal solution
to the primal problem, since finding any (3.3)-feasible solution will provide us with
an upper bound for (3.2) and, by improving these dual feasible solutions, we can get
close to the optimal solution with any accuracy. It is important to note in this con-
text that for the purpose of calculating the capital charge, only the optimal objective
value c¢’z* is required, and the optimising values x* of the decision variable play a
secondary role.

In this chapter we introduce the marginal and moment problems. Both problems are
so far impossible to solve analytically or numerically, and in both cases it turns out to
be easier to solve or to find a good feasible solution for their dual formulations. For
the marginal problem, strong duality was proved by Ramachadran and Riischendorf
in [60]. Embrechts and Puccetti [24] constructed explicit dual solutions to get an
upper bound on the primal problem.

For the moment problem, strong duality was proved by Shapiro [66]. The problem of
finding an optimal dual solution can be solved via semidefinite programming problem,
see [5]. The latter work does not solve the moment problem exactly, but produces

increasingly stronger, asymptotically exact upper bounds.

3.1 The Marginal Problem

In this section we consider the following problem, discussed by Ramachadran and
Riischendorf [60]:

sup / h(@)dF (), (3.6)

FeMp, .
where h : R®™ — R is some measurable function and Mg, p, is the set of probability
measures on R” whose marginals have cumulative distribution functions Fi, ..., F,.
This problem is of particular interest in the risk management framework because
setting h(x) = l{y()>s}, the problem becomes that of finding the supremum of the
probability of the event that a function 1 of a random vector X exceeds some thresh-

old s, given the marginal distribution functions of X. When ¢(z) = """ | x;, problem
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(3.6) corresponds to a subproblem in maximising the VaR,, via Algorithm 7.3.3 dis-
cussed in Chapter 7. Similarly, by choosing ¢ (z) = > 1" ;1 (50 mizs) problem
(3.6) allows us to maximise the CVaR at a given quantile a.

Note that in the case of Value-at-Risk risk measure, the primal problem (3.6) is

equivalent to
My(s) :==sup{P[(X1,....X,) > s : X;~F;,1<i<n}, seR (3.7)

One way to solve problem (3.6) numerically is to discretize the marginal distributions
and solve a linear programming problem, but the number of decision variables quickly
becomes too large to be handled by known algorithms.

In [60] a dual to problem (3.6) is proposed as follows:

h1 }g}éLl(R) ; /R hi(2)dE(z) (38)

s.t Zhi(xi) > h(z), (z€RM).

Denote V; and V3 the optimal solutions to problems (3.6) and (3.8) respectively. The
strong duality result proved in [60] provides the equality V; = V5. Hence, solving the
dual problem will give us a solution to the primal problem.

There has been considerable development in solutions of the marginal problem, see
25, 59, 58, 68]. In [59] authors derive sharp bounds for the case of homogenous
marginals, i.e. when F} = ... F,. For more general case, i.e. not-identically dis-
tributed risks, a powerful numerical algorithm called rearrangement algorithm has
been developed in [58] and later modified for more efficiency in [59]. With the rear-
rangment algorithm, the marginal problem can be numerically solved for up to several
hundred dimensions.

Duality provides us with a useful method for finding upper bounds on Vj: by the
weak duality we have Vi < V3, so that >.", [. hi(2)dF;(z) provides us an upper
bound on V; for every (3.8)-feasible hy, ..., h,. In some cases it is easier to find a good
(3.8)-feasible solution than good primal solutions, see [24]. In a risk management
framework, upper bounds on the maximum loss that a financial institution can suffer

at a certain confidence level may be all that is required.
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3.2 The Marginal Problem with Bounds on Cop-
ulas

In problem (3.6) we considered the case where only marginal distributions are known.
In this section, which is based on [23], we discuss the problem where the dependence
structure is known to some extent. Dependence is modelled by using copula functions
and restrictions are expressed by imposing lower and upper bounds on copulas.

As before, suppose we have random variables X1, ..., X,, on some probability space
(Q, F,P), and that their distribution functions Fi, ..., F;, are known. Consider prob-
lem (3.7). Let C be the copula of this random vector, denote by uc the corresponding
probability measure on R™ and define

ocw(F1y o Fo)(s) == pe[p(X) < s] = / dC(Fi(z1), ..., F(X0)), (3.9)

P<s

Tow(FLy .y F)(s) == sup  C(Fy(x1), .., Fooy(@n_), F (0e_,(5)),  (3.10)

where ¢, (s) := sup{z, € R: ¢(z_,,x,) < s} for fixed z_, € R* and for z =
(21, ..., 2,) € R™ we denote z_; := (1, ..., Tj_1, Tit1, .-, Tp). For a random variable Z
we denote it’s left-continuous version of probability distribution function by F~(z),
le. F7(2):=P[Z < z].

Problem (3.7) is equivalent to

my(s) :==1— My(s) = inf {ocy(F1, ..., F,)(s) : C € Cp}, (3.11)

where C,, denotes the set of all n-dimensional copulas. Moreover, since copula func-
tions represent the dependency of random variables, having some lower bound on it
can be regarded as having some partial information about the dependency of random
variables. We say Cy > Cy if Cy(u) > Cy(u) for all u € [0,1])". Let us denote Fréchet
lower and upper bounds by W and M respectively.

Theorem 3.2.1 (Theorem 5, [22]) Let X = (Xi,...,X,,) be a random vector in
R™ (n > 1) having marginal distribution functions F, ..., F,, and copula C. Assume
that there exists a copula Cp such that C > Cp. If ¢ : R® — R is non-decreasing in

each coordinate, then for every real s we have
oo (Fiy o, o) (8) > oy 0(Fr, o F)(S). (3.12)
So we also have
VaRa(Y(X1, ..., X)) < 700 (Fiy ooy F) 7 Ha), (3.13)

for every a € [0, 1].
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Remark 3.2.2 Though the function W (defined in (2.3)) is not a copula for n > 2,
the bound (3.12) is valid even when Cy, is replaced by W.

Williamson and Down [69] state that when n = 2 and % is continuous, there will al-
ways be a copula C,, attaining the bound (3.12), i.e., this bound can not be tightened.

In [22] the corresponding copula C,, is constructed as follows,

Co(u) = méx {o, Cpr(u)} ifu= ('ul,ug) € [a, 1]2, (3.14)
min {u, us} otherwise,
where o = 7¢, 4 (F1, ..., F)(s), L.e.,
oc,w(F1, ... F)(s) = a. (3.15)

Hence, for n > 2 the function C,(u) is not a copula.

3.3 The Moment Problem

In this section we analyse the problem of finding optimal bounds of a probability of
a random vector having its moments up to some order k.

As in the case of the marginal problem, when we try to solve the moment problem
numerically, the number of unknowns is very large and in practice it is impossible to
solve the problem. For this problem Bertsimas and Popescu [5] also use an approach
based on strong duality results, and they introduce a technique to solve the dual prob-
lem numerically (in semidefinite programming context) with an efficient algorithm for
some particular cases.

Let © = (ki,....,k,) € Z7 where Z, is the set of non negative integers. Denote
O = Ok a0 Jy ={k = (k1, ..., k)1 + ...+ Kk, < k,k; €Zy,5=1,...,n}.

n

Definition 3.3.1 A sequence ¢ = (0, k € Ji) is a feasible (n, k,Q)-moment vector
if there exists a random vector X = (X1, ..., X,,)T defined on Q C R™ endowed with its
Borel sigma algebra of events, whose moments are given by &, i.e. 0, = E[Xfl...XT’f"]
for all k € J. We say that any such random variable X has a o-feasible distribution

and denote this as X ~ &.
Denote M = M(n, k, ) the set of feasible (n, k, Q)-moment vectors.

Definition 3.3.2 We say that vy is a tight upper bound on P(X € S) ify = supy... P(X €
S).
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The (n, k, 2)-bound problem is to find supy, . P(X € S) for a given 6 = (04, k € Ji)
and a measurable set S.

Results in this section are from the paper by Bertsimas and Popescu [5] in which
they propose a dual problem to the optimization problem that we want to solve and
also investigate in detail the univariate case (n = 1) for Q2 = R, R,. In these cases
the problem can be solved by semidefinite optimization methods. For more general
(n, k, 2)-moment problems, for semialgebraic Q2 and S, they propose a sequence of
increasingly stronger, asymptotically exact upper bounds by solving semidefinite opti-
mization problems.They also show that the (n, k, R’} ) and (n, k,R")-bound problems
are NP-hard for £ > 2 and k£ > 4 respectively.

Denote 2% = 2.2k where z = (2...2z,)7. The (n, k,Q)-upper bound problem can

be formulated as the following optimization problem over measures pu:

I

Zp = max/ ldp (3.16)
s
s.t. / Zdp =0, VK € Jg.
0

If problem (3.16) is feasible, then & is a feasible moment sequence and any feasible
distribution p is a o-feasible distribution.
The dual problem of (3.16) is

Zp = min Z YrOw

yERk

KEJk
st.og(z)= Y g >1 V€S, (3.17)
KEJk
9(7)= D >0 Vzeq,
KEJk

Note that in the primal problem we optimise in infinite dimensional space, but the
number of constraints is finite. In contrast, in the dual problem we optimise over a
finite-dimensional space R”* but the number of constraints is infinite. Later we will
see that the constraint of the dual problem for n = 1 can be formulated as a linear
matrix inequality, allowing us to implement efficient methods known from semidefinite

programming to solve the problem.

Theorem 3.3.3 (Weak duality, Theorem 2.1, [5])

Zp < Zp. (3.18)
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Hence by solving the dual problem we obtain an upper bound for primal problem.

Theorem 3.3.4 (Strong duality, Theorem 2.2, [5]) If the moment vector & is

an interior point of the set M of feasible moment vectors, then Zp = Zp.

In [39] Isii proves that in the univariate case, if & is a boundary point of M, then
exactly one g-feasible distribution exists. Kemperman [41] proves that for almost
every ¢ (with respect to the Lebesgue measure) such that the dual is finite, the dual

solution is unique.

In the following subsection we introduce a technique to formulate problem (3.17)

in the semidefinite optimization framework when n = 1.

3.3.1 The (1,k,9Q)-Bound Problem

Consider a (n, k,2)-bound problem for n = 1, i.e. given a random variable X on
) C R and its first & moments M, ..., M}, we want to find tight upper and lower
bounds on P(X € S). In this section we will introduce how Bertsimas and Popescu
[5] formulate this problem as a semidefinite programming problem.

The dual problem (3.17) becomes

k
m]'g% E yr M,
ye r=0

k
st. Y ga">1 VreSs, (3.19)

r=0

k
Zyrxr >0 Vel
r=0

Proposition 3.1, [5] shows how to express the polynomial inequalities in (3.19) as

semidefinite programming constraints when S and €2 are intervals on the real line.

Theorem 3.3.5 (Theorem 3.2, [5]) Let X be a random variable on Q and My, ..., M,
its first k moments. Then the following holds true:

1. If Q = R, the tight upper bound on P(X > a) is given as the solution of the

19



following semidefinite optimization problem

k
in Zoerr
s.t. Z Tij = 07 = ]., ceey ]{Z,
i jiitj=2l—1
k
Z%GT + (yo — 1) = oo,
r=1
i r
S, ( l ) T S S
r=l i,jri+j=21
Z Zij :0, = 1,...,[,
i.jiitj=21—1
!
k—r ,
S () )= X w10k
r=0 1,5:1+7=21

If Q =R then the last equation in (3.20) should be replaced by

k
(—1)12% ( Z )a’"l = Z Zij, 1=0,...k,
r=I

i,jritj=2l

2. Similar results are derived for Q@ = R, R and P(a < X <b), see [5] for all

results and a proof of the theorem.

3.3.2 The (n,k,Q)-Bound Problem

For general (n, k, 2)-bound problems, Bertsimas and Popescu [5] propose a sequence
of increasingly stronger, asymptotically exact upper bounds by solving semidefinite
optimization problems when the sets S and () are given as intersections of inequalities
involving polynomials. Although the method is guaranteed to find the exact solution,
the size of the semidefinite programming problems in the sequence is not bounded
by a polynomial in n even for fixed k. This is natural because in the same paper
the authors prove that the (n,k,R") and (n, k, R")-bound problems are NP-hard for
k > 2 and k > 4 respectively.
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Chapter 4

A General Duality Theorem for
Optimisation Problems over
Measure Spaces

In Sections 3.1 and 3.2 we were dealing with infinite dimensional optimisation prob-
lems with infinitely many constraints. In this chapter we introduce a general duality
theory proposed by Hauser, Shahverdyan and Embrechts, [31], which covers moment
and marginal problems from the previous chapter as special cases and also gives a new
duality formulation for the marginal problem with bounds on copulas. In Section 4.5
we formulate the problem of model-free path-dependent option pricing in our general
duality result and construct the dual. We also consider the model with constraints
by integrals of piecewise concave functions, which serves us as a main tool in our
numerical applications in risk management and model-free option pricing.

In [31] authors propose the following problem with its dual formulation.

Let (@,F), (I',®) and (3, &) be complete measure spaces, and let A: I' x & — R,
a: ' >R B: XYXx® >R b: ¥ — R, and ¢c: & - R be bounded measurable
functions on these spaces and the corresponding product spaces. Let .#%, .#s and
Mg be the set of signed measures with finite variation on (®,§), (I, ®) and (2, &)
respectively. We now consider the following pair of optimisation problems over .#;
and g X Mg respectively, which authors show to be duals of each other,

(P)  sup [pc(w) d F(zx)

]:E%g

t. / Aly,2)d F(z) < ay), (yeT),

[I)B(z,x)d}—(w):b(z), (z €3),
F >0,
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and

s.t. /FA(y,x)dg(y)—I—/B(z,m)dS(z) >c(z), (zed),

Theorem 4.0.6 (Weak Duality) For every (P)-feasible measure F and every (D)-
feasible pair (G,S) we have

/q)c(x)d]-"(:p) < /a(y)dg(y)+/b(z)d8(z).

T %

Proof. Using Fubini’s Theorem, we have

/I)c(x)d]:(:zc)g/F @A(y,x)d(gx]:)(y,x)—l—/ B(z,z)d(S x F)(z,x)

XX

< [atagw + [ w)asc)

O

We are interested in finding conditions on measures that imply strong duality between
the primal and dual problems. Such particular cases are discussed in the next chapter,
where we assume measures to have densities that belong to LP(R™) for some p > 1.
First we will describe how to formulate the problems from the previous chapter in

this framework and we will see that we get exactly the same duality results as we had
in Chapter 3.

4.1 The Marginal Problem
Consider the problem discussed in Section 3.1

sup /n h(z)d F(z), (4.1)

.FE//[FI ,,,,,
where #p, . r, is the set of probability measures on R" whose marginals have the
cumulative distribution functions F; (i =1,...,n).

To formulate problem (4.1) in our framework we set ¢(z) = h(z), ® = R", T' = 0,
¥ = N, x R (where we write N, = {1,...,n}), B(i,2,2) = l{zq<:(2,2), and
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bi(z) = Fi(2) (1 €N, z € R),

sup / h(a)d F(z)

_F

s.t. /Rl{l‘iSZ}(Z?x)d‘F(x) = Fz(Z), (Z eR,;1 € Nn) (4'2)

F>0.

Taking the dual, we find

n

ginfo Z /R Fi(2)dS;(z)

""" = (4.3)
s.t. Z/l{xz<z}zxd8()>h() (x € R").

The signed measures S; being of finite variation, the functions S;(z) = S((—o0, z])
and the limits s; = lim, o S;(2) = S;((—00, +00)) are well defined and finite. Fur-

thermore, using lim, ,_, F;(z) = 0 and lim,_,, o, F;(z) = 1, we have

g/RFi(z)dS(z) Zl( (2)[F — /s VA Fy(z )

:Zsi_Z/RS 2)d Fy(z
:gé(si—si(z))dﬂ(z),

and likewise,

2/1@ o (z2) dSi(z Z/mms Z( ~ Si().

Writing h;(2) = s; — Si(2), (4.3) is therefore equivalent to

.....

s.t. Z hi(z;) > h(z), (z€R").

This is the dual identified in Section 3.1.
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4.2 The Marginal Problems with Bounds on Cop-
ulas

Now consider the problem from Section 3.2,

w [ nw)duto)

HEMFy

,,,,,

Again formulating this in our framework we get

Sup/ h(z)d F(z)
F n
st [ Lottty (0:5) AF(2) < Copla), (1 € 0]
n 4.5
4n_1{z§(Ff1(ul) _____ rot oy (1 2) A F(2) < ~Cio(w), (e [0.a]7), D)
| eean)dF @) = FG). (GeN, zeR)
F >0
The dual of this problem is given by
inf Cup(u) d Gyp(u) — Cio(u) d Gio(
Gup G150 /[071]71 p(1) dGup(u) A)l 1 Gio(u) + Z/
8.t / Lo (P )i () (U @) d G (1)
[0,1]™
—/ Vo (F ) (2 2)  Gio (0)
[0,1]"
+3 [l dSE) 2 ba), (2R,
i=1 YR
glm gup Z 0.
(4.6)
Using the notation s;, S; introduced in the previous section, this problem can be
written as
inf / w)dGyp(u) — Cio(u) d Gio(u) + / Fi(z
Gup,G10:51,---n J [0 1]n p( ) p( ) [0,1]™ l 1 Z ( )
s.t. Gup(B(2)) — Gio(£ +Z > h(z), (zeR"),

gupa glo Z 07
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where B(x) = {u € [0,1]": u > (Fi(z1),..., Fn(zn))}-

Due to the high dimensionality of the space of variables and constraints both in the
primal and the dual, the copula constrained marginal problem is difficult to solve
numerically, even for very coarse discrete approximations.

Note that although the primal problem was formulated and discussed in [23], the dual
formulation (4.6) is a new result and is a direct implementation of our general duality

theory.

4.3 The Moment Problem

Consider the moment problem from Section 3.3
sup Plr(X) = 0]
B[ X XM = b, (kelJ), (4.7)
X a random vector taking values in R",

where r : R” — R is a multivariate polynomial and J C N" is a finite set of multi-
indices. In other words, a few of the moments of X are known. By choosing & = R",
r=0,%=Ju{0},

and c(x) = 14z ,(2)>0y, where 1 denotes the indicator function, problem (4.7) becomes

a special case of the primal problem (3.16) considered in Chapter 3,

sup/ Lig:r(zyz0y(z) d F(z)
7 Jre

s.t. / ek d Fe) =b, (ke ),
/1d.7-"(x):1,
F>0.

Our dual

inf Z z1b + 2o

|J]+1
(2,20)€R Py

s.t. Z a2 > 1pws (), (2 €R™)
keJ
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is easily seen to be identical with the dual (3.17) identified by Bertsimas and Popescu,

inf Z Zkbk + 29

(2,20)ERIJI+1
st. Ve e R" r(x 202>sza:’f1...xﬁ"+z0—120,
keJ

VreR" szxl ...xﬁ"+2020.
keJ

4.4 Constraints by Integrals of Piecewise Concave
Functions

In quantitative risk management, distributions are often estimated within a paramet-
ric family from the available data. For example, the tails of marginal distributions
may be estimated via extreme value theory, or a Gaussian copula may be fitted to
the multivariate distribution of all risks under consideration, to model their depen-
dencies. The choice of a parametric family introduces model uncertainty, while fitting
a distribution from this family via statistical estimation introduces parameter uncer-
tainty. In both cases, a more robust alternative would be to study models in which
the available data is only used to estimate upper and lower bounds on finitely many

integrals of the form
[ o) a7 (18)
o

where ¢(x) is a suitable test function. A suitable way of estimating upper and lower
bounds on such integrals from sample data x; (i € Ng) is to estimate confidence

bounds via bootstrapping.

4.4.1 General Setup and Duality

Let ® be decomposed into a partition ¢ = Ule =; of polyhedra =; with nonempty
interior, chosen as regions in which a reasonable number of data points are available

to estimate integrals of the form (4.8).
Each polyhedron has a primal description in terms of generators,

Z; = conv(qi, ... ,qi”) + cone(rl, ..., rl)

? 004

where conv(qgi, ..., ¢/ ) is the polytope with vertices ¢}, € R", and

CODQ(T;, c 01 {Z émr gm > 0 (m S Noi)}
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is the polyhedral cone with recession directions 7! € R™. Each polyhedron also has
a dual description in terms of linear inequalities,

ki

=({zeR": (fj,x) > 1i}

J=1

[1]

for some vectors f; € R™ and bounds E;- € R. The main case of interest is where =,
is either a finite or infinite box in R™ with faces parallel to the coordinate axes, or
an intersection of such a box with a linear half space, in which case it is easy to pass
between the primal and dual descriptions. Note however that the dual description
is preferrable, as the description of a box in R™ requires only 2n linear inequalities,

while the primal description requires 2" extreme vertices.

Let us now consider the problem

(P)  sup /{)h(:c) d F(x)

.7:6./[3

s.t. [I,gbs(a:)d}"(x)gas, (s=1,...,M),
st Awt(a:)df(x):bt, (t=1.....N),

[pld]—“(m):

F >0,

where the test functions v, are piecewise linear on the partition & = Ule =;, and
where —h(x) and the test functions ¢, are piecewise linear on the infinite polyhedra
of the partition, and either jointly linear, concave, or convex on the finite polyhedra

(i.e., polytopes) of the partition. The dual of (P) is

() (y,2) e%l£+w+1 Z asYs + Z b2 + 20,

s.t. Zys¢s +Zzt¢t + 29 1o(x) — h(z) >0, (z € ®), (4.9)
s=1
y=0.
We remark that (P) is a semi-infinite programming problem with infinitely many

variables and finitely many constraints, while (D) is a semi-infinite programming

problem with finitely many variables and infinitely many constraints. However, the
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constraint (4.9) of (D) can be rewritten as copositivity requirements over the polyhe-

dra Eia

D yaba(x) + ) () + 20 le(x) — h(x) 20, (x€E;), (i=1,....k).

Later in Chapter 6 we will see how these copositivity constraints can be handled
numerically, often by relaxing all but finitely many constraints. Nesterov’s first order

method can be adapted to solve the resulting problems, see [51, 52].

4.5 Model-Free Option Pricing

Consider an exotic path-dependent option that depends on the value of a stock price at
some discrete times t] < to < .-+ < t,. Let X = (X3,..., X,,) be a n-dimensional ran-
dom variable denoting stock prices at times (t1, . .., t,) respectively and h(Xy, ..., X,)
be the payoff of the given option. We assume 0 interest rate, since the generalisation
to non-zero rates is straightforward.

In practice, in a no-arbitrage framework, one assumes that the stock price follows
some specific model, calibrates this model to market data and finds the fair price of
an option, i.e., find a risk neutral probability measure () on R™ and calculate the price

as

Eolh] = /nh(xl,...,xn)dQ(azl,...,a:n). (4.10)

Under @ the stock price process (X;)i—1. » is assumed to be a discrete martingale.
In this section we aim to find bounds on the prices of the option without assuming
any particular model for the stock price process, i.e., find maximum and minimum
values over all models that are consistent with the observed market data. Assuming
knowledge of market call option prices, one can recover a distribution function F; of
X, forevery i =1,...,n (see [49] e.g.), which will represent the marginal distributions
of a risk neutral equivalent probability measure of X. In this framework, denoting
by M(Fi,...,F,) the set of martingale measures with marginals Fi,...,F,, the
problem becomes

inf h o) dF (T, .. x). 4.11
fGM(l.;ll,...,]:n) /]Rn (1'17 , L ) (;pl T ) ( )

Note that this is the marginal problem from Section 3.1, with the difference that the
decision variable F is not from all the probability measures with given marginals but

from a set of probability measures which are martingales. Now we will formulate the
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condition of being a martingale in our framework.
F is a martingale measure if and only if for every k = 1,...,n — 1 and every Borel

measurable set B C RF
/ 1g(x1, ..., xp)(@pr — xp) dF (21, ..., ) =0, (4.12)
which is equivalent to ([2], Lemma 2.3): for every 2,y € R such that z <y

/ Li<apo<y(@1, .. 2p) (@1 — x) d F (21, .., 2) = 0, (4.13)

where by x|, we denote the first & coordinates of x and the comparison of the vectors
is component-wise.
Now we are ready to formulate the problem (8.2) in the new framework.

We aim to find the dual problem of the following optimisation problem.

ir}f o(x)d F(x)

Rn

s.t. / Liz,<py(t,z)d F(x) = Fi(t), (te€R,ieN,)
R”

/ 12|k§£|k§y|k<z7@/7 x>($k+1 - mk) dF(:C) = 07 (ya S Rn, k< n)
Rn

F > 0.
Denote ® = R™ and ¥ = {1,...,2n — 1} x R x R" x R".

We construct the function b(k,t, z,y) = Fi(t) if K <n, and b(k,t,z,y) =0 for k > n.
Further, for £ < n we have B(k,t,z,y,2) = 1,,<. For k=1,...,n — 1 we have

B(k+mn,t,2,y,2) = L <aly<yl (Trs1 — T)

Now we construct the dual problem.

As an objective function we have

X RxR™ xR™

k=1

For k£ = 1,...,n define the measures S; on Borel sigma-algebra B(R) such that
Si(D) = Si(D x R" x R") for every D € B(R) . As for the marginal problem, the
signed measures Sy, being of finite variation, the functions Si(t) = S((—o0, t]) and the

limits s = limy_,00 Sk(t) = S((—00,+00)) are well defined and finite. Furthermore,
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using limy_, o, F(t) = 0 and lim;_,, o Fr(t) = 1, we have

n

> [mwaso =3 (Aosors - [ soan)

:Zsk—Z/RSk(t)dFk(t)

_ Z/R(sk — S(t)) d Fi (1),

and likewise for constraints. Writing hy(t) = s — Sk(t), (k =1,...,n), the objective

Z/th(t)dFk(t),

and the left hand side of the constraints become

function becomes

n

/B(k,t,z,y,x)dS(k:,t,z,y) :Z/ Lo, <t dSk(t, 2, )
by k—1 Y RXR"xR"

n—1
+Z/ Lop<ale<ols (@1 — 21) dSupi(t, 2,7)
k—1 Y RXR"xR"?

n n—1
- Z hk([Ek) + ng(xh S 7Ik)(‘rk+1 - xk)a
k=1 k=1
where gp(21,...,%k) = Jan, mn Lele<alo<yls (@rr1 — T) ASkin(2,y), k= 1,...,n — 1.

Measures S, , k = 1,...,n — 1 are defined such that Sy, (D) = Spyn(R x D) for
every D € B(R" x R").
We obviously have that the functions g, k = 1,...,n — 1 are bounded. So we get

the following dual formulation of our primal problem.

n

sup Z/th(7'>dFk(T)

Bt yeeshn S
. et (4.14)
st Y he(we) + > gelan, . a) (e — a) < h(z), (z €R").
k=0 k=1
Since the decision variables g1, ..., g,—1 have a zero coefficient in the objective func-
tion, we get that the dual problem (4.14) is equivalent to
sup {Z Er, [Pe] : 391, gno1 5t Wiy g < ¢} , (4.15)
k=1
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where

‘I’(hk),(gj)(iﬂla e Tp) = Z (z +ng T1, - Tk) (Tt — Tp)

and Eg, (hy(t)) = [5 h(t) d Fi(t
Note that (4.15) is exactly the same dual as presented in Theorem 8.1.1.
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Chapter 5

Strong Duality

In the previous chapter we considered a general duality theory for linear problems.
It is easy to prove a weak duality result, as was done in Theorem 4.0.6. In many
applications, numerical solutions of the dual problems are much easier to find. This
makes it important to have strong duality between primal and dual problems, so that
by solving the dual problem we also find the optimal value of the primal problem.
In the previous chapter we also discussed some particular cases of the duality results
that have already been investigated by researchers and where strong duality is proved
under some conditions.

The duality theory of linear infinite dimensional optimisation problems has been un-
der research for a long time. [42] studies the problem when the integration functions
are continuous functions and the optimisation is over the space of bounded regular
Borel measures on compact Hausdorff spaces. In the later work strong duality is
proven and the authors also prove that the optimal solution is reached at some ex-
ternal point of the feasible region. [40] presents a numerical approach to the same
optimisation problem over L! spaces, in the case when the objective function in the
integration is non-negative. [27] studies the problem over metric spaces when the
integrand functions are all non-negative. To our knowledge, strong duality between
the primal and the dual problems has not been studied for more general cases, except
of [66], which will be discussed in this chapter.

In this chapter we will introduce two more particular cases where there is no duality
gap between the pairs of problems. The first case is where the optimisation is over
measures that have L” density functions. The second case is for semi-infinite optimisa-
tion problems and is an extension of a similar problem studied in [66], where integrand
functions are considered to be continuous. We extend this result to piecewise contin-

uous integrand functions, which is of our interest since we use these problems for our
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model discussed in Section 4.4.

Our work is based on Shapiro’s paper on conic linear optimisation problems, [66], so
first we introduce these results, and then formulate our problems and complete their
proofs.

Note that we do not provide proofs of the theorems discussed in the next subsection;

refer to [66] for more details.

5.1 General Results for Conic Optimisation Prob-
lems

As mentioned above, in this section we introduce results on conic linear optimisation
problems from [66].

Consider a conic linear optimisation problem of the following form
Bcni(rjl(c, f) subject to Af+he€ K, (5.1)
S

where X and Y are linear spaces, C' C X, K C Y are convex cones, h € Y and
A: X — Y is alinear map. Assume that X and Y are paired with some linear spaces
X' and Y’ respectively, so bilinear forms (-,-,) : X’ x X — Rand (-,-,) : Y'xY - R
are defined. We call the problem (5.1) the primal problem.

Shapiro’s results are based on conjugate duality first introduced by Rockefellar [62],
[63].

Define the positive dual cone of C' as

Cr={freX :(ff) >0, VfeC}, (5.2)
and similarly for the cone K

K*:={g"€Y":{¢",9) >0, Vg€ K}, (5.3)

We also need an assumption for X’ so that the adjoint mapping of A exists.

Assumption 5.1.1 Forany g* € Y’ there exists a unique f* € X' such that (g%, Af) =
(f*, f) forall f € X.

Based on this assumption we can define the adjoint mapping A* : Y’ — X’ by the
equation

(g5 Af) = (A'g". f), VfeX (5.4)
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Now consider the Lagrangian function of the primal problem (5.1)

L(f.9") == (e, /) + (g, Af + h) (5.5)

and the following optimisation problem
min { o) = max (207,97} (5.6)

By changing the min and max operators we get the dual Lagrangian problem

g* c—K*

max {¢(g*) :=min {L(f, g*)}} (5.7)
fec
which is equivalent to the following optimisation problem

ggﬁlﬁ*(g*, h) subject to A*g*+c € C*, (5.8)
which we call the dual problem.
The aim of this section is to find conditions under which Val(D) = Val(P), where
by Val(D) and Val(P) we denote the objective values of the dual (5.8) and primal
(5.1) problems respectively.
Note that the dual problem is also a conic linear problem, and that it is easy to show
the weak duality, i.e., Val(D) < Val(P).

Further, we associate with the primal problem the optimal value function

v(g) =inf{(c,f): fe C,Af +g € K}. (5.9)
We define v(g) to be 400 if the set {f € C: Af + g€ K} is empty. We have
Val(P) = v(h).
From [63] we know that the extended optimal value function v(g) is convex and pos-

itively homogeneous of degree 1, i.e., V& > 0 and g € Y v(tg) = tv(g).
The conjugate of v(g) is defined as

v*(g") :==sup{(g”,9) —v(g9)}. (5.10)

gey

Evaluating the formulae above we get

v*(g") =sup{(g",9) — (¢, f) : (f,g") e X xY", fe C,Af+g € K}
=sup sup {(g9,9) — (¢, f)}

feC Af+geK

=supsup {(g*,g — Af) — (¢, )}
feC geK

= supsup {(g*,9) — (A"g" + ¢, f)}
feC gekK
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It is easy to show that v*(g*) is the indicator function of the feasible set of the dual
problem, since from ¢* € —K* and A*g* + ¢ € C* it follows that v*(¢*) = 0, and
v*(g*) = 400 otherwise. So we can write the dual problem as

max {{(g*, h) —v*(g")}. (5.11)

g*EY*

Taking the biconjugate of v(y)

v™(g) == sup {{g",9) —v*(9")}, (5.12)

Q*EY*

we see that Val(D) = v**(h), hence we get, that if v(h) = v*™*(h), then there is no
duality gap between Lagrangian primal and dual problems.

Now we aim to find conditions such that v(h) = v**(h).

We have described the main approach to the proof of the strong duality in this
framework, and now, without going into details, we will introduce the results given
by Shapiro. More interested reader can refer to [66] for more details.

We make an assumption which will be considered to hold throughout this section.

Assumption 5.1.2 The spaces Y and Y’ are paired locally convex topological vector

spaces.

Denote by Iscv the lower semicontinous hull of the function v, i.e.

Iscv(g) = min {v(g), lim infv(z)} : (5.13)

zZ—g

and by clv the closure of the function v:

(5.14)

Lo(.) Isco(-), if Iscv(g) > —oo for all g €Y,
clo() :==
—00, if Iscv(g) = —oo for at least one g € Y.

We say that the problem (P) is sub-consistent if Iscv(h) < +oo (if problem (P) is
consistent, i.e. its feasible set is nonempty, then it is also sub-consistent). Moreover,
the Fenchel-Moreau theorem implies that v** = clv. Taking into account the fact

that if Iscv(h) < +o0 then clv(h) = Iscv(h), we get the following proposition:
Proposition 5.1.3 (Proposition 2.2, [66]) The following holds:

1. Val(D) = clv(h).

2. If (P) is sub-consistent, then Val(D) = lscuv(h).
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The above proposition shows that if (P) is sub-consistent then strong duality holds,
ie. Val(D) = Val(P) iff v(h) is lower semicontinous at ¢ = h. But it may be
difficult to verify the semicontinuity directly, so we seek more tractable conditions in
the subsequent analysis.

Define the sub-differential of the function v at a point g (where v is finite) as
ov(g) ={g €Y :v(z)—v(g) >(¢",2—g), VzeY}. (5.15)

We say that v is sub-differentiable at a point ¢ if v(g) is finite and dv(g) is nonempty.
Further, we know that if v is sub-differentiable at ¢ = h, then v** = v(h), and
conversely, if v(b) is finite and v** = v(h), then dv(h) = dv**(h), [63].

We now get the following proposition.

Proposition 5.1.4 (Proposition 2.5, [66]) If the optimal value function v(g) is
sub-differentiable at the point g = h, then Val(P) = Val(D) and the set of opti-
mal solutions of (D) is dv(h). Conversely, if Val(P) = Val(D) and is finite, then
Sol(D) = dv(h). By Sol(D) we denote the set of solutions of the problem (D).

However, checking the sub-differentiability for the optimal value function may still be

difficult.
Consider the set

M:={(g,a) e Y xR:g=k—Af,a>(c,f),f € Cke K}. (5.16)

It is easy to show that the optimal value of the problem (P) is equal to the optimal

value of the following problem

min o

s.t. (h,a) € M.

Proposition 5.1.5 (Proposition 2.6, [66]) Suppose that Val(P) is finite and the
cone M is closed in the product topology of Y x R. Then Val(P) = Val(D) and the

primal problem (P) has an optimal solution.

From convex analysis we know that if Y is a Banach space and Y* is its standard
dual, then dv(h) is closed and bounded in the dual topology of Y* ([38], p. 84). We

get the following proposition.

Proposition 5.1.6 (Proposition 2.7, [66]) If the optimal value function v(g) is
continuous at g = h and if Y is a Banach space paired with its standard dual Y™,

then the set of optimal solutions of (D) is bounded in the dual norm topology of Y*.
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From [61] we know that if X and Y are Banach spaces equipped with strong topologies,
the cones C' and K are closed and (c,-) and A : X — Y are continuous, then v(g) is

continuous at g = h if and only if
h € int(domv). (5.17)
Since domv = —A(C) + K, we can write the condition (5.17) as
—h € int(A(C) — K). (5.18)

Hence we get the final component of the framework we need to prove our strong

duality.

Proposition 5.1.7 (Proposition 2.9, [66]) Suppose that X andY are Banach spaces,
the cones C' and K are closed, (c,-) and A: X — Y are continuous, and that condi-
tion (5.18) holds. Then Val(P) = Val(D) and Sol(D) is nonempty and bounded.

If the cone K has a non-empty interior, then condition (5.18) is equivalent to ([6],
Proposition 2.106)
3f € C such that Af + h € int(K). (5.19)

If the later condition holds, then it is said that the generalized Slater condition is
satisfied for problem (5.1) ([66], p. 9).

In many applications we have equality type constraints for optimisation problems of
the form (5.1). In this case the cone K has obviously a single element 0, and hence,
the interior is empty.

If the constraint in the problem (5.1) is given by the equality
Af +h =0,
then the regularity condition (5.18) is equivalent to ([6], section 2.3.4)
A(X) =Y,
3f € int(C) s. t. Af +h =0.

Having introduced the mathematical framework for general conic linear optimisation
problems, we are now ready to use these results to get strong duality results for two
particular cases of our general duality theory. First we discuss a case in which we op-
timise on measures with L? densities and then strong duality for the model discussed

in Section 4.4.
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5.2 Strong Duality for Measures with L” Densities

Consider a special case of the primal problem (P) from Chapter 4, where the opti-
misation is over measures that have a density function that belongs to LP(®), p > 1,
where LP(®) is the space of functions over ® for which the p-th power of the absolute
value is Lebesgue integrable on ®. In this section we introduce some conditions under
which the strong duality holds for the primal and the dual problems. Although here
we only consider the p > 1 case, we do expect the strong duality to hold for p =1
case, though for some stricter regulatory conditions.

Let ® CR*, ' C R™ and ¥ C R¥,

(PY) sup / () f(z)da

feLr(®)

AA(y,:v)f(:v)dx <a(y), ae. yel

/I)B(z,x)f(x)dx =0b(z), ae. z€X
f=>o.

Let ¢ € L9Y(P) and a € LP(V) for some 1 < p < oo and n,m, k.
Assume A: ' x ® -+ R and B : X x & — R are such that

Aly,) € L1(®)
A(-,x) € L(T)
B(z,) € Li(®)
B(z) € L’(%)

Vere & Vy el and Vz € 3.
Hence the functions 74(x) = [[A(-, 2)lp, 75(x) = [|B(, z)l[, and pa(y) = [|A(y, )lle;
pe(2) = ||B(z, )|, are well defined.

We also make the following assumption.

Assumption 5.2.1 Functions A and B are such, that

[I)A(y,ﬁ)f(x)dﬁ e LP(T), ae.yel

/q)B(z,x)f(:c)daz € LP(Y), ae z€X
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Later we will prove a lemma which, under some conditions, guarantees that the above

assumptions are true, but for now we consider them as given.
Denote

= LP(D),

= I2(®)

= LP(T") x LP(X),

= L”(T') x {0}.

= o<Q X
|

In this case, since 1 < p < 400 we have

X* = LY(®),
Cr = LE(9)
Y* o= LI x LY(Y),
K* = LL(T) x LI(%).

and X* =X, Y*=Y, C*=C, K*=K.

With these notations we can write the problem (PL) as

rfnig(—c, f) subject to Af+heK,
S

where the linear operator A : X — Y is defined as

_ ( Jo Aly,2)f (x)d
Afly,2) = ( Jo B(z,2) f(x)dx )

= (S5

Construct the Lagrangian of the problem (PF)

and h is defined as

L(fv A*) = _<C> f> + <)‘*7~A.f + h>7

where \* € Y, i.e. it has the following form

A = ( I, ) . gt e LYl), s*elLi(D).

L(f,g%,s") = —/@c(x)f(x)dx
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The Lagrangian primal problem is

min sup L(f, %) (5.23)

fEC M e—K*

Interchanging the min and max operators, we obtain the dual Lagrangian problem

L(f.\* 5.24
s rfnelg (f, \"). (5.24)

In order to evaluate (5.24) we change the order of integration in (5.22). We have

L(f’ g*u S*) = _<avg*> - <b7 S*> + <¢7 f>7 (525)
where
ow) = [ Al 0g" @ dy+ [ Blaos () dz - (o (5.26)
Thus,
—(a,g*) — (b,s*), if ¢p(x)>0,(ae € ),
IJpGlgL(f g7 = {—oo, otherwise (5:27)

This leads to the equivalence of the Lagrangian dual problem to

(DY) ot / a(v)9(y)dy + / b(z)s(z)d 2

geL4(T),seL1(S) 5

/FA(y,x)g(y)dy + / B(z,x)s(z)dz > ¢(z), ae. x € P

2
g=0.

Definition 5.2.2 We say that Slater condition holds for the problem (PF) if 3f €
LP(®) such that

/ Ay x)dx < aly), ae yeTl
®
/Bzxf =0b(2), ae z€X

and the function B is such that B(X) = LP(X), where

We are now ready to use the results from the previous section to prove strong duality
in our case. Note that all the assumption in Section 5.1 are satisfied, hence we get

the following theorem.
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Theorem 5.2.3 (Strong Duality for L” Problems) Let the linear operators A
and (c,-) be continuous. Suppose that Assumption (5.2.1) holds. Then, if the Slater
condition holds for problem (PT), we have Val(PY) = Val(D*) and Sol(D¥) is
bounded.

Now we prove a lemma which ensures that Assumption 5.2.1 holds and also ensures

the required continuity of the linear operators under some conditions:

Lemma 5.2.4 Suppose A : T' x & — R is such that A(y,-) € LY(P) a.e. y and
A(-,z) € LP(I') a.e. x and for some 1 < p,q < oo such, that 1/p+ 1/q = 1. Further
suppose that the functions T(z) := ||A(-, z)||, and p(y) := || A(y, )|l are in LI(P) and
LP(T') respectively, and finally, that p(y) is uniformly bounded, i.e. IM such that
ply) <M ae yel.

Then the linear operator A defined below is continuous, and its image is in LP(T'):

A(f) = /@ Aly, 2)f (2)da. (5.28)

Proof. We have

p

dy

L1 Ao)fa) da
< [([1wa |f(fv>|dx)pdy (5.29)

p

< < / ( 1w |f(x)|”dy) Updx) (5.30)

_ </®|f(x)! (/ !A(y,xwdy)l/pdx)p
_ (/q)|f(:c)|7(x)d:c)p§007

where (5.30) follows from (5.29) by Minkowski’s inequality.

Now we prove continuity of A.

For any ¢ > 0 take § = ¢/M. Then for any two functions fi, fo € LP(®) such that
| f1 — fall, < & we have

‘/(DA(y’x)fl(x)dm_/RA(Q,Hf)fz(a:)dx
| [ 40 (560) = e as

Ifi = fall, p(y) < e

The last step follows from Holder’s inequality. O

p

<

p
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5.3 Strong Duality for Semi-Infinite Problems

In this section we discuss the strong duality of semi-infinite programming problems,
where the integrand functions are piecewise continuous functions.

Consider the following optimisation problem over spaces of measures:

(P) fseu% /q)h(:v) d F(z)

s.t. [b(bs(x)d]:(x)gas, (s=1,...,M),

St. /wt(x)df(x):bt, (t=1,....N),
[
F>o0.

and its dual problem

M N
) (y:Z)e%”f“NH ; GsYs + Z bizt,

M N

s.t. Zysgbs + Zzg/zt () >0, (zed), (5.31)
s=1 t=1
y =0,

where (@, F) is a complete measure space. Let .45 be the set of signed measures with
finite variation on (@, F).

Shapiro, [66], proves that strong duality holds (i.e., Val(P) = Val(D)) when & is
compact and the functions h(z), ¢s(z) and 1;(x) are continuous. In this section we
extend this result to the case where these functions are piecewise continuous on the
partitioning of ® into boxes ® = UfZIIB%Z-, NE_B; = 0. Each box B; C R has the
following form :

]B%i:{xER":léng<u§-}.

Suppose that each of the functions h(z), ¢s(z) and ¢4 () is continuous on By, Vk < K.
We take a similar approach as in [66].

Note that each box in R™ can be linearly transformed into a unit box in R", so that
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with the new transformed variables the optimisation problem becomes

K

(P’)  sup Z/}Bhl(x)d}"’(x)

.7'-6(%3 i=1

K
s.t. Z/B¢g(x)dﬂ<x) <a, (s=1,...,M),
=1

K

sto 3 [ i@ d @) =be (=18,
i=1 /B
F>0, i=1,.. K

with the new dual (which, obviously, is equivalent to the original dual problem)

M N
D’ inf <Us b
LIRS SRS 3U%

M N
s.t. Zysd;(x) + Zztwi(m) —hi(z) >0, (z€B, i=1,...,K),
s=1 t=1

(5.32)
y =0,

where ¢} (z) = ¢;
(T;” being it’s inverse map).
Let X := RM™N and YV := xX C(B), where C(B) is the set of continuous functions

on B. Then the problem (D’) can be written as

g, (T, (x)) and T; : B; — B is the linear map of the transformation

M N
inf asYs + bz
(y,2)ERY xRN ; Y tz—; e
st. A-(y,2) +be K, (5.33)
where A : X — Y is defined as
A-(y,2) = (n(y,z,x),...,7x(y, z,x)), (5.34)

iy, z,x) = oM yed () + 0N, i) and b is defined as vector
b= (h'(z),....,h"(2)). (5.35)

For cone K we have K = xX,C, (B), where C (B) is the set of non-negative continuous
functions on B.

The dual space Y* of Y is x &, M, where M is the set of finite signed Borel measures
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on B. By equipping Y and Y* with strong and weak topologies and defining the

scalar product between Y and Y* as

TAEDS /B bulx) d (), (5.36)

we obtain a pair of locally convex topological vector spaces.
It is easy to see that the Lagrangian dual of problem (5.33) coincides with problem
(P'). The following proposition is a direct result of Proposition 5.1.7.

Proposition 5.3.1 Suppose that the optimal value of the problem (D) is finite. If
there exists (7, 2) € RM x RN such that

M N
D Guba(x) + Y Fi(z) — h(x) >0, Vred, (5.37)
s=1 t=1

then Val(P) = Val(D) and the set of optimal solution of the problem (P) is bounded.

The Slater condition described in (5.37) is of particular interest for us since we use
the model with piecewise linear test functions in our application for robust risk aggre-
gation and for option pricing in later chapters. Given a particular problem, one can
confirm the existence of such (7, z) € RM x RY by solving the optimisation problem
with a objective integrand h + € for some small €. This has been the case for both

the risk management and the option pricing problems.
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Chapter 6

Numerical Methods for Solving the
Model

Recall the model introduced in Section 4.4. Let ® be decomposed into a partition
¢ = Uf;l =; of polyhedra =Z; with nonempty interior. Each polyhedron has a primal
description in terms of generators

Z; = conv(qy, ..., q,,) + cone(ry, ..., 7h)

» 004

where conv(qj, ..., q, ) is the polytope with vertices ¢, € R", and

cone(rt, ... ,r;) = {merfn 1 & >0 (m € NOi)}
m=1

is the polyhedral cone with recession directions r!, € R™. Each polyhedron also has

a dual description in terms of linear inequalities,
ki
Ei=(){zerR": (fj2) >0},
j=1
for some vectors f; € R® and bounds ¢} € R. Consider the problem

sup /<1> h(z)d F(x)

.7:6%3

s.t. /q)gbs(x)d]:(x)gas, (s=1,..., M),

s.t. /q)wt(l“)d}"(:c):bt, (t=1,...,N), (6.1)

/1d.7:(x) =1,
®
F >0,
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where the test functions v; are piecewise linear on the partition ® = Uf:

124, and
where —h(x) and the test functions ¢, are piecewise linear on the infinite polyhedra
of the partition, and either jointly linear, concave, or convex on the finite polyhedra
(i.e., polytopes) of the partition. As described in Section 4.4, the dual problem to

(6.1) is

M N
(%Z)E%lg\g-‘rl\f-&-l ; asYs + ; biz + 2o,
N
s.t. Zys¢s + Z 2hi(x) + 20 lo(z) — h(z) >0, (6.2)
o t=1
(xer—z) (’L:l,...,/{})
y > 0.

Note that the constraint in the dual problem (6.2) is an infinite dimensional constraint.
In this section we present how these constraints can be relaxed to finitely many
constraints for different types of integrand functions ¢4, and h, s = 1,..., M,
t=1,...,N.

6.1 Piecewise Linear Test Functions

The first case we discuss is when ¢,|=

=, are jointly linear. Since we furthermore

assumed that the functions 1|z, are linear, there exist vectors v € R", w! € R",

’_‘7,

g" € R™ and constants ¢ € R, di € R and €' € R such that
(2) = (v}, 7) +

= (z) = (wj, ) + dj,
hlz,(z) = {¢", ) + €.

8

[1

The copositivity condition

M N
D yeta(x) + ) zahi(r) + 20 le(z) — h(z) > 0, (z € E))
s=1 t=1

can then be written as

(flxy>0, (j=1,... k)=

M N M N
E YsU, + E qwp—¢g', v ) >e — E YsCy — E zidy — 2.
s=1 t=1 s=1 t=1
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By Farkas’ Lemma, this is equivalent to the constraints
M N ki
D yh 4> mwp—g =Y Nifl,
s=1 t=1 j=1
M N ki
O EES SRR PV
s=1 t=1 Jj=1

N >0, (J=1,...,k),

(6.3)

where )\;'- are additional auxiliary decision variables.

Thus, if all test functions are linear on all polyhedral pieces =;, then the dual (6.3)
can be solved as a linear programming problem with M + N + 1 + Zle k; variables
and K (n + 1) linear constraints, plus bound constraints on y and the )\; K is the
number of polyhedra in the model. More generally, if some but not all polyhedra cor-
respond to jointly linear test function pieces, then jointly linear pieces can be treated
as discussed above, while other pieces can be treated as discussed below.

Note that although in the general setup the number of variables )\f increases expo-
nentially, the constraint matrix is very sparse and optimisation techniques on sparse
linear problems can be efficient for this problem.

As will be described later in Chapters 7 and 8, in all our applications we have poly-

hedrons of the following form

ﬁ{a}ER"‘ <w]<£’}

i.e. Z; is a cube in R™. In this case k; = 2n. For j =1,...,n, f;'j,l is a vector of zeros
with anionly 1 at the coordinate j and f3;, = —f3;, ;. Forj=1,....n,l5; | = g and
5 = —&;-

Hence we get the following constraints for the polyhedron =;

M N
D I N
J
M N n B
¢ =y = adi =20 < Y0 (M€ - 24,8 (6.5)
s=1 t=1 Jj=1

Xo>0, (j=1,...,2n),

where the notation in the left hand side of (6.4) is used to indicate the jth coordinate

of the vector. Denoting 7'; = (Zi\il ysvl + Zi\;l Zyw! — gi> ~we have
j

i oyi i
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Now the right hand side of (6.5) reads as

(©
O
=3 (Monte ) +76) .
“EZT%W+§:A%I .

So we get the following constraint for =;

e —Zys Zztd
SZ(ZysvéﬁLZthi > §Z+Z)‘2j 15 - &)
—Zysts]£’+ZZtZwt]§’ Zgﬁ%LZ)\QJ ) j—f;).

‘;‘.) (6.6)

We get

N

M n n
e — Z ys(ch+ Y 0l8) = Y aldi+ Y wiEl) — 2
— =1 j=1

t=1
< - Zg]wZAzj (€~ &),

Now we can eliminate the decision variables

(6.4) to

2], j =1,...,n by changing constraint

which is implied by the positivity constraints )\gj >0,7=1,...,n.
Hence we get the following optimisation problem

M

inf g asys + g bizi + 2o,
(y,2,\) ERM+N+nK+1 - -
i) 5= t—

M N
s.t. Zysvi—l—Zztwi—)\iggi, (xez), (=1,...,K).
-1 -1

M N n

B T SRt RS P P
s=1 t=1 j=1

y 2 O? )\2 Z O? Z = 17 AR K7
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where fort=1,..., K

1]

n
i i i i _
s'_cs+E v s=1,.... M
=1

W =di+ Y whEl, t=1,...,N
g" = —e' — Zg;g;
j=1

6.1.1 The Delayed Column Generation Method

In the previous section we considered piecewise linear integrand functions and illus-
trated that the infinite dimensional optimisation problem (6.2) is equivalent to the
standard linear programming problem (6.9). In many applications, particularly in
risk management (Chapter 7), we use piecewise constant test functions in our model.
For these particular examples, the delayed column generation algorithm for the sim-
plex method is very useful. In this section we will describe the algorithm in detail.

Suppose the test functions that we consider are piecewise constant. In this setup we
have v! =0, w! =0and ¢ =0, fori =1,...,K,s=1,...,M,t=1,...,N. Then

the dual optimisation problem (6.9) becomes

M N
E a g bz + 2
(12 )\)GRM+N+nK+1 sYs + t<t + 05

t=1

N (6.10)

—Zysci—z,ztd—zo —e—z:)\Z Z
s=1

t=1
y>0, XN>0, i=1,...,K,

Since §; < g‘; and the decision variables )\j- have zero coefficient in the objective
function, we need to make the right hand side of the constraint of (6.10) as large as

possible, hence the optimal values of )\é are zeros. The optimisation problem becomes

M

N
(y,z)ellélj\£+N+1 Z asYs + Z bz + %o,

s=1 t=1

M N
—Zysci—Zztdi—zo <—e, (i=1,...,K)
s=1 t=1

y > 0.

(6.11)
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Writing the dual to the problem (6.11) we get

K
sup g xe’,
zeRK 7

K
s.t. lec’s <as, (s=1,...,M)
i=1

LS (6.12)
Y wdi=0b, (t=1,....N)
i=1

K

Zl’i = 1,
i=1
x> 0.

Note that the optimisation problem above has K decision variables, which, in many
applications, is very large (Chapters 7 and 8). For this reason we implement the
delayed column generation algorithm for simplex methods. The idea behind this
method is that one doesn’t need to construct the whole constraint matrix and start
simplex algorithm iterations, but can add columns to it during the run.

First we will briefly describe the simplex algorithm and then the delayed column
generation methodology. For a more detailed discussion of the simplex method and
the delayed column generation algorithm, see [12].

We consider the linear optimisation problem to be in the standard form for the sake
of simplicity in describing the algorithm. In the end of this section we will comment
on how to bring the original problem to the standard form (Remark 6.1.3).

Suppose we aim to solve the following linear optimisation problem

max(c, )
T

s.t. Ax < b,

where ¢ € R™, b € R™ and A is a m X n matrix. Since we assumed to have the
problem in standard form, b > 0. This means that x = 0 is a feasible solution. The

following algorithm describes the simplex method

Algorithm 6.1.1 (The Simplex Method)

1. Initialise C* = 0.
2. While 3i s.t. ¢; > 0 do

20



e Find a pivoting column i*, i.e. find i s.t. ¢; > 0. There are different
methods of choosing a pivoting column, for example i* = min{i : ¢; > 0}
(this guarantees final number of iterations) or i* = arg max,{c;}.

e Find the pivoting row, i.e. find j* := arg minj{% : Aji» > 0}, If the set
{bj/Aji : Aji» > 0} is empty, then the problem is unbounded.

e Update the optimal value C* = C* 4 ¢+ * A’?:Z '

e Divide bj« and the row j* of A on Ajj-.
e For each row j # j* assign A; == A; — Aji» Ajs.

o Assign ¢ :=c — ci=Ajx.
3. Return C*.

Note that in the standard simplex method one doesn’t need to keep all the columns
of the constraint matrix all the time. In particular, we can add new columns to the
matrix when there are no more positive entries in the objective. This method is
known as the delayed column generation algorithm and is described in the following

algorithm.

Algorithm 6.1.2 (The Delayed Column Generation Algorithm)

1. Initialise a set C* := 0, V := 0 (set of columns to consider later). Also set

A =0 and k := 1. Initialise a Boolean parameter columnsAdded := true.
2. While k <n or (V # 0 and columnsAdded)
(a) If k < n then set | :== k and increment k. Otherwise, if V # 0 and and

k=n+1 setl:=V, and remove l from V.

(b) Find the column A; and ¢, that correspond to A. These are calculated from

the column A; and ¢; given the current tableau A and c.

(c) If ¢ <0, add the index | to the set V', set columnsAdded := true and go
to point (a). Otherwise, add A; to A and ¢ to ¢.

(d) Run simplex iterations on the problem
max(¢, )
s.t. Ax < 5,

with the standard simplex method and add its optimal value to C*. b is b
modified with respect to A.
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3. Return C*.

Note that the columns of the constraint matrix correspond to the boxes of model,
i.e. every time we want to add a column we consider a new box. In the following
experiments, computations were performed on a 2.5 GHz Macintosh computer with
4Gb DDR memory.

We compare the performance of the standard and delayed column generation simplex
methods on the marginal problem described in Section 4.1. Tables 6.1, 6.2 and 6.3
illustrate the performance of the DCG algorithm compared to the standard method.
One can observe huge memory advantage in the DCG method, though we gain in
calculation time as well. As matrix size we report the number of columns in the
constraint matrix.

Note that for discretisation size 8 and dimensions higher than 6 the standard method
requires large memory and hence starts using the HDD drive. The later makes the
performance very poor and impractical, so we don’t report any numbers for the stan-
dard method. In Table 6.4 we report numbers for dimensions from 2 to 9 for the
marginal problem (8 discretisation points) calculated with the delayed column gen-

eration algorithm. The memory advantage is huge, especially in high dimensions.

Remark 6.1.3 Recall that before describing the simplex method we assumed to have
the linear programming problem in standard form, i.e. b > 0. This ensures that 0 is
a feasible solution. In general setup, we need to find an initial feasible tableau. In

order to get an initial feasible solution and a tableau we solve the following problem

max — Iy
X

st Alw —xg <b;, i=1,...,m,

where A is the i row of the constraint matriz. Pivot the last column n+1 at the first
iteration and the row i with the smallest negative value b; and continue the standard
simplex iterations. If the optimal solution xj; = 0, then we have a feasible initial
tableau. Otherwise, the original problem has no feasible solution. This procedure
1s the phase 1 of the two-phased simplex method. In the second stage we solve the
original problem with the feasible dictionary obtained at phase 1. See [12] for more

details.
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Standard DCG Relative Difference

Dimension | Matrix Size Time | Matrix Size | Time | Matrix Size | Time
2 80 0.006 28 | 0.01 0.3500 | 1.0900

3 536 0.045 48 | 0.03 0.0900 | 0.7530

4 4128 0.861 129 | 0.30 0.0310 | 0.3500

5 32808 | 14.031 292 | 3.13 0.0090 | 0.2230

6 262192 | 159.596 469 | 21.07 0.0020 | 0.1320

Table 6.1: Comparison of DCG algorithm with standard simplex method for different

dimensions and 8 discretisation points.

Standard DCG Relative Difference

Dimension | Matrix Size Time | Matrix Size | Time | Matrix Size | Time
2 288 | 0.014619 52 0.02 0.1810 | 1.3970

3 4144 | 0.256135 73 0.40 0.0180 | 1.5760

4 65600 | 11.9915 264 8.99 0.0040 | 0.7500

5 1048656 | 444.168 601 | 124.98 0.0010 | 0.2810

Table 6.2: Comparison of DCG algorithm with standard simplex method for different
dimensions and 16 discretisation points.

Standard DCG Relative Difference

Dimension | Matrix Size Time | Matrix Size | Time | Matrix Size | Time
2 1088 | 0.055871 100 0.13 0.0920 | 2.2940

3 32864 | 3.22363 142 5.49 0.0040 | 1.7020

4 1048704 | 299.166 544 | 177.81 0.0010 | 0.5940

Table 6.3: Comparison of DCG algorithm with standard simplex method for different
dimensions and 32 discretisation points.

Dimension

DCG Matrix Size

Standard Matrix Size

Time (seconds)

© 00 ~J O T W

28
20
146
342
465
1023
941
3574

64

512

4,096
32,768
262,144
2,097,152
16,777,216
134,217,728

0.01

0.03

0.30

3.13
21.07
211.38
1895.56
21323.50

Table 6.4: DCG Algorithm for different dimensions and 8 discretisation points for the

marginal problem.
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6.1.2 The Delayed Column Generation Algorithm for the
Marginal Problem

Here we describe how the delayed column generation algorithm can be developed
further to solve the marginal problem. Recall step (b) of the Algorithm 6.1.2. Given
the current tableau A and the objective ¢ we need to find new columns A; and ¢,
which correspond to the current tableau as though they had been included in the
constraint matrix from the start of the algorithm but never used as pivot columns.

It is straightforward to see that the new entry of the objective ¢; has this form

m
G =cq+ Z EijAlj;
j=1
for some iy, ...,4,, which are known at the beginning of the algorithm (these are
usually the indices of the slack variables if we had only inequalities in the constraint).

Without loss of generality we can suppose i; = j so we get

m
a=ca+Y GAy (6.13)
j=1
For the general problems we have to potentially consider all the unchecked boxes
before we find one with ¢, > 0. In our implementation we took the overly conservative
approach of scanning all the boxes whose corresponding columns were not included
in the tableau and continue taking simplex pivots. Checking the non-included boxes
consumes the majority of the computation time when most of the boxes do not
produce a new column to add. To speed up the algorithm further, we need an efficient
way to find a box which will produce a positive objective entry. This can be done for
the marginal problem.
Suppose we want to solve the marginal problem in n dimensions and d discretisation
points. Then we have nd test functions. In this setup each box is uniquely represented
with n indices iy,...,%, such that 1 < i; < d, j = 1,...,n. The column of the
constraint matrix representing this box will consist of n blocks with d entries each.
Block j will contain all Os except of the entry i; (which is 1). Hence, for the additional

objective entry we have
a=ca+y e, (6.14)

_2‘ =
where Ci, = Cli-1)d+i; and

a=lsr & >s (6.15)



where Ef] is the discretisation point of the box 7; of the dimension 7 as defined earlier
in this Section. S is the risk threshold.
Now we need to solve the following integer programming problem every time we need

to find an additional column to add to the current tableau:

1<, in<d

max_ Iy g s+ > (6.16)
j=1

Note that for the boxes where the objective function is 0 the problem becomes

m

max E c (6.17)
1<, in <d £
]:

which is straightforward to solve by taking the maximum value from each block ¢,
i =1,...,n. Hence, even if solving the problem (6.16) is time-expensive, with this
method we don’t have to go through all the boxes that have objective value 0. This
saves a considerable amount of computation time, especially if we need to find VaR
for very large thresholds (i.e. the number of boxes that have non-zero objective is a
small fraction of the overall number of boxes). Moreover, it can be seen from Table
6.4 that upon increasing the dimension of the problem by 1, the computation time
grows by a factor roughly equal to the discretisation size. This suggests that the
algorithm spends most of the time considering all the boxes and not on the iterations
of the simplex method itself. Therefore, solving the subproblem (6.16) instead, even
if only approximately, offers a considerable time saving potential.

Note that this method can also be applied to more general cases of our model, i.e.
when we have additional constraints to the marginal problem. For example, if we have
a constraint that at some box the probability is fixed at some level or a constraint
on tail probabilities of joint events (as described in Section 7.2), then we will have
additional indicator function over a rectangular in (6.16), which itself does not lead

to more numerical complexity.

6.2 Piecewise Convex Test Functions

When ¢4z, and —h

constraint

=, are jointly convex, then ¢, .(z) is convex. The copositivity

=

Zys¢s<x) + Z tht<x) + 20 1@(3:) - h(l‘) Z O’ (ZU € El)
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can then be written as

( ix>2€§-, (G=1,....k) = ¢,.(z) >0,

7

and by Farkas’ Theorem (Theorem 2.1, [57]), this condition is equivalent to

ki
Py()+ Y X (= (fi,2)) >0, (zeR), (6.18)
7=1
)\;20, (jzl,,k'l),

where )\é are once again auxiliary decision variables. While (6.18) does not reduce to
finitely many constraints, the validity of this condition can be checked numerically
by globally minimizing the convex function ¢, ,(z) + 2?:1 Ao (6 —(fi,x)). The
constraint (6.18) can then be enforced explicitly if a line-search method is used to
solve the dual (D).

6.3 Piecewise Concave Test Functions

When ¢;|z, and —hlz, are jointly concave but not linear, then ¢, .(x) is concave and

Z; = conv(q!, . .. ,qf%) is a polytope. The copositivity constraint

D ysda(x) + Y 2he(x) + 20 la(z) — h(z) 2 0, (v € E)) (6.19)

can then be written as
@y,z(q;) ZOa (]Zlaanl)
Thus, (6.19) can be replaced by n; linear inequality constraints on the decision vari-

ables y and z;.

6.4 Piecewise Polynomial Test Functions

Another case that can be treated via finitely many constraints is when ¢g|z,, 1|z,
and hlz, are jointly polynomial. The approach of Lasserre [43] and Parrilo [54] can

be applied to turn the copositivity constraint

( i:c>2€§-, (G=1,...,k) = ¢,.(x) >0

7
into finitely many linear matrix inequalities. However, this approach is generally lim-

ited to low-dimensional applications.
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6.5 Nesterov’s Smoothing Technique for Solving
High-Dimensional Linear Programming Prob-
lems

In the previous chapters we came across large scale optimisation problems. Although
for piecewise constant test functions the delayed column generation algorithm works
efficiently, for the piecewise concave case we have to use simplex or interior point
methods to solve these problems. As we discussed, the size of the linear program-
ming problems increases exponentially with the dimension of the original problems.

Let n be the dimension of the linear programming problem that we want to solve.
Although interior point methods usually make a small number of iterations, they
require O(n?) memory and O(n®) operations on each iteration, which makes them
practically useless on large scales.

For general non-smooth optimisation problems, the number of iterations required to
achieve a tolerance level € is of order }2, whereas for smooth problems there are well

known schemes with complexity %

In [52] Nesterov describes an algorithm for non-smooth optimisation for class of func-
tions which takes % iterations. Note that this number can be significantly larger
compared to interior point methods, but on each iteration the algorithm makes only
O(nlog(n)) operations and requires O(n) computer memory. Thus, for large scale
problems, the large number of iterations but the small number of operations in them
outperforms interior point methods.

In this chapter we first describe Nesterov’s algorithm, then show how we can use it

for our problems.

6.5.1 Smooth Approximation of Non-Smooth Functions

In this section we describe a method for smooth approximation of a non-smooth
function which has a specific form.

Suppose we aim to solve the following problem

ngn {f(z) 12z € @}, (6.20)

where @) is a bounded closed convex set in a finite-dimensional real vector space E}
and f(x) is a continuous convex function on );. f is not necessarily differentiable.

By smoothening we mean to find a function f such that for any prior chosen € > 0

flz) < f(x) < f(x) +€, V. (6.21)
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If we are able to find such function f, then, by minimising f (we aim to construct an
approximation which is easier to optimise), we will get an approximate minimiser for
the original function f.

Suppose f has the following structure

A~

f() = f() + ma {(Ax, ) — du) :u € QQ} , (6.22)

where f(z) is a differentiable function, ¢(u) is a continuous convex function on Q,
and A : Ey — EJ is a linear operator.
Let dy(u) be a prox-function of the set Q9, i.e. dy(u) is continuous and strongly convex

on () with some convexity parameter o > 0. Let
uy = arg muin {da(u) : u € @3} . (6.23)
Without loss of generality we can assume that ds(ug) = 0. Hence we have
do(u) > Josllu — | (6.24)
For a given parameter p > 0 consider the following function
Julz) = max {(Ax,u) — (u) — pdy(u) s u € Qg} . (6.25)

Denote u,(x) the optimal solution of (6.25), which is unique due to strong convexity
of d2 (u)

Theorem 6.5.1 (Theorem 1, [52]) The function f,(x) is well defined and contin-

uwously differentiable at any x € Ey. Moreover, this function is convexr and its gradient
Vfu(z) = A"u,(2) (6.26)
18 Lipschitz continuous with constant

1
L,=—IA|* (6.27)

m =
Ho2

Proof of the theorem can be found in [52].
Let Dy := max, {da(u) : u € Q2}. Then, for every z € E; we have

ful@) < fo(w) < fula) + pDs, (6.28)
hence
f(@) + fulw) < fl@) < fl@) + ful@) + uDs, (6.29)
which means f(z) 4 f,(z) is a smooth approximation of our original objective func-
tion f(x).

In the following sections we will describe an optimal method for optimising a differ-

entiable function and then implement it for our problems of interest.
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6.5.2 An Optimal Scheme for Optimisation of Differentiable
Functions

Let E be a finite-dimensional real vector space and () C E be a closed convex set.

Suppose f(x) is a differentiable function on @ with Lipschitz continuous gradient

1f(y) = f)l < Llly —«ll,  Ve,y €@ (6.30)

From Lipschitz continuity it follows that

F(w) < F@)+ (7 5(x)y— ) + Sy ] (6:31)

Let T(x) be the optimal solution of the following problem

min{<vf<x>,y—x> T Q}. (6.52)

Y

If the problem doesn’t have a unique optimal solution (when the norm is not strictly
convex function), we take as Ty (z) any of the optimal solutions.

For each z € ) we have

(Tl < o)+ win { (94 @by =) + Sl ol sye @} (639

As in the previous section, we suppose to have a prox-function of the set () with
convexity parameter o.

In order to solve the optimization problem
min {f(z):z € Q}, (6.34)

we recursively construct two sequences of points {z;},~, C @ and {yx},~, C @ such
that

A < mmin {éd(x) + Zai [f(x) + (v f(x),z —x)] cx € Q} : (6.35)

o
=0

. k
where {o;},-, are positive and A, =7 a;.

Denote

k
2 = argmzin {éd(l‘) + Zozi [f(z) + (v f(x),x —x)] -z € Q} : (6.36)

g -
=0
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Lemma 1 from [52] states that if ag € (0,1] and o < Ay, k > 0, then, constructing

points y, and x; as

(073 Q.
= —Zi_ 1— —)y._
Ty, Akzk 1+ ( Ak)yk 1
Y = TQ<xk)7

we are guaranteed to satisfy the inequality 6.35. This can be proved by induction.

One way to satisfy the condition a2 < Ay is to choose aj, = %, since
k+1)? kE+1)(k+2
ar = (k+1) < (k+ Dk +2) = Ayg. (6.37)

4 4
Now consider the following algorithm

Algorithm 6.5.2 (Minimisation of a Smooth Function)

e Set k=0 and a starting point xy.

o While not converged
1. Compute f(zx) and <7 f(z1).
2. Find yp = To (k).
3. Find z, = arg min, {%d(w) + Zf:o o [f(x) + (v f(x), 2 —a)] cx € Q}
4. Set xpi1 = Fzk + k-

5. Increase k by 1.

Theorem 6.5.3 (Theorem 2, [52]) Sequence {yi},>, generated by the Algorithm
6.5.2 satisfy

) ALd(z*)
Flye) = f27) < ok + D)k +2)

where x* is the optimal solution of the original problem (6.34).

(6.38)

The later inequality shows that the number of required iterations of the algorithm to

achieve € precision is

L
N~y /=, (6.39)

€
This rate of convergence is optimal since it represents the lower complexity bound for

this problem.
We will analyse the algorithm step-by-step in the following section, in which it is

implemented for linear programming problems resulting within our models.
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6.5.3 Application to Linear Programming Problems

In this section we will discuss a special type of linear programming problem which
can be solved with Nesterov’s smoothing technique. Particularly, we are interested in
problems where optimisation is required on a simplex, i.e. on the convex and closed
set A, == {zeR":Y " x;=1,2;,>0,i=1,...,n}. This type of problem arises
for optimisation problems over probability measures.

Suppose we have the following linear optimisation problem

min (¢, x)
€A
s.t. Az <b, (6.40)

where b € R™ for some m and A is a linear map A : R® — R™. Note that in
the case where we have equality constraints, they can be transformed into inequality
constraints by adding additional variables. In the remainder of the section we assume
this problem has an optimal solution.

The constraint (6.40) is equivalent to
(aj,x) —b; <0, j=1,...,m, (6.41)

where b; is the j-th element of b and a; is the j-th row vector of the matrix A.

Consider the following function
f(t;z) = max {{c,z) — t; {a;,z) = bj,j=1,....m}, teR ze€A,. (6.42)

Denote
f*(t) = min f(t; ). (6.43)

TEA,
Since the original LP problem has a solution, the problem above also has an optimal

solution.

Lemma 6.5.4 Let t* be an optimal value of problem (6.40). Then

@) < 0, forallt >t
f5@t) > 0, forallt <t

Proof. Let x* be a solution to (6.40) (if the optimal solution of the problem is not
unique, then we take any of them). If t > ¢* then

fft) < f(t;2") =max{(c,z") —t;(a;,2") —b;,j=1,...,m}
< max{t" —t;(a;,z") —b;,j=1,...,m} <O.
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Further, suppose ¢ < t* and f*(¢) < 0. Then, there exists y € A, such that
(c,y)y <t<t', (aj,y)—b;<0, j=1,....,m,

hence, t* cannot be an optimal value of (6.40). O

Lemma 6.5.4 implies that the smallest root of the function f*(¢) will be the optimal
value of the original linear programming problem. Although there are many algo-
rithms for finding the root of the function f*(¢), in many applications we require only
the information of whether the optimal value is larger or smaller than a given thresh-
old. For this purpose, solving the problem (6.43) for a fixed threshold is the only task
required, since the sign of the optimal value will provide the required information.
Following the discussions above, we are interested in solving the following optimisa-
tion problem

miAn max {(c,z) —t;(aj,x) —b;,j=1,...,m}, (6.44)
TEAR

for a given t € R.
Note that if we add the vector ¢ as a new row vector into matrix A, and the scalar
t as a new entry into b (at the same position where ¢ was inserted into A), then the

problem becomes

min max {(a;,z) —b;}, (6.45)

zeA, 0<j<m
where ag = ¢,a; = a;,j7 =1,...m and Z_)Ozt,l_)j =b;,j=1,...,m.
Note that the problem maxg< <, {<C_Lj, x) — l_)j} is equivalent to

max {Az,u) — (b,u)}. (6.46)

uGAerl

So that we get the following optimisation problem

min max {Az,u) — (b,u)}. (6.47)

TEAL UEA 41

Note that the problem (6.48) has a structure (6.22), so we implement the smoothing
technique described above.

After smoothing with parameter p we obtain the following problem,

min max {Az,u) — (b,u) — pds(u)}, (6.48)

€A, UEAm+1
where as a prox-function for the set A, we take
= ]

dy(u) = §||u — u||%, (6.49)
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with prox-center u, = (; —— ) €At

m+17 " m41
Similarly, we take z. = (,...,1) € A, and
1
di(z) = §||:L‘ — z.|]? (6.50)
So we have 01 = 09 = 1, Dlzl—%,DQZ —mLH.
Since in our case f(z) = 0, we have
1. -
L= 24 (6.51)

Theorem 6.5.5 For a given € > 0, number of iterations in Algorithm 6.5.2 with

smoothness parameter | = 30, to generate an e-solution does not exceed

T

Proof. Proof follows directly from Theorem 3, [52]. O

6.5.4 Numerical Results

In this section we implement Nesterov’s algorithm to compare it with interior point
methods.

As was described in the beginning of this chapter, interior point methods perform
only a very small number of iterations compared to Nesterov’s algorithm, but the
advantage of Nesterov’s algorithm lies in the complexity of its iterations.

Suppose we are given a linear optimisation problem:

(LP) miAn (¢, ) (6.53)
TEA™
s.t. Az < b, (6.54)

where ¢ € R", b € R™ and A is a n X m matrix. As before, we denote by A, the
simplex in R™. For a given p, we are interested in comparing Val(LP) with p.
Note that, for high-dimensional problems, Nesterov’s algorithm has two significant

advantages:

1. Memory: Interior point methods use Hessian matrix in their calculations,
which requires O(n?) memory. Compared to this, Nesterov’s algorithm works
with a gradient and hence requires only O(n) memory. When the required mem-
ory is larger than the computer’s primary memory (RAM), reading and writing
from a secondary memory (such as hard drives) may take more computational

time than a floating point operation.
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2. Number of operations per iterations: As described at the beginning of this
chapter, Interior point methods perform O((n + m)?) floating point operations
per iteration. Compared to this, Nesterov’s algorithm for linear optimisation
problems of the form (LP) performs only O(nlogn) operations (sorting of an

array as described in Appendix A).

To illustrate the advantage of the Nesterov’s method mentioned above, we solve the
model-free option pricing problem for plain vanilla variance swap option described in
Chapter 8.4.2 for dimension 4 and strike step 4 (for the notations of the dimension
and the strike step see Section 8). The size of the resulting optimisation problem is
1152 x 160000 with matrix norm 4.33e + 05. For this particular problem, the SDPT3
solver fails to solve the problem, whereas the Nesterov’s method, described earlier,
solves it in 190, 000 iterations and 4 hours and 37 minutes.

Similar situation is observed for dimension 5 and strike step 8. The dimension of
the optimisation problem is 1586 x 248832 and the norm of the matrix is 7.04e + 05.
Nesterov’s method solves the optimisation problem in 360, 000 iterations and 12 hours

and 46 minutes.
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Chapter 7

Applications in Risk Management

In this chapter we describe how we can use the framework proposed in Section 4.4 in
risk management. We first present a general approach to the problem and then, in

the beginning of Section 7.3 we describe in detail how our experiments has been set

up.
Let X := (X3,...,X,) be a random variable representing the loss vector.

Recall our model from Section 4.4:

sup /q) h(z)d F(z)

]:E(//g

s.t. /q)(bs(x)d}"(x)gas, (s=1,..., M),

s.t. /q)¢t($)df($):bt, (t=1,...,N),

/ld]-"(w):l,
[
F>o.

Similarly to the problem discussed in Chapter 3, we are interested in finding worst
case distributions for different risk measures (i.e. distributions that maximise these
risk measures). For example, for a given threshold S, when the risk measure is Value
at Risk, we take

h($) = 1{2?:1 xiZS} (72)

and when the risk measure is Expected Shortfall, i.e., CVaR, we take

hz) =Lisn o8} Z ;. (7.3)

Note that in numerical applications we can restrict ourselves to the case of a finite
domain ® = [Ly, U] x [La, Us] x [Ly,U,]. We do this for the sake of simplicity in
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implementing the numerical models, but the model works for infinite domains as well
(as discussed in Section 4.4). A particular way of constructing the domain will be
presented later in this chapter.

In this case, when @ is finite, it will be a union of polytopes ® = (Ufil I1;). Each
polytope II; is the convex hull of finitely many points p! € R" (the vertices of II;)

IT; = conv(p}, . .., py,) {Zégpj & >0(j €Ny, ng—l}

In our numerical applications we take the polytopes to be boxes in R". Figure 7.1

350
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Figure 7.1: Simulated Losses for two Risk Cells.

demonstrates a typical domain ®, its partitioning into boxes (each a rectangular cell)
and the threshold line. For a given data set as pictured in the figure, we are interested
in finding the maximum probability mass that the region above the threshold line can
have.

Note that the objective function is not continuous on the boxes that are crossed by
the threshold line (Figure 7.1), since it is 1 above the threshold and 0 below it. One
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way of overcoming this issue is of course to divide the box into two smaller polytopes
(triangles in the two-dimensional case). But in our numerical implementation we take
another approach.

Suppose a box B is divided into two parts By and By, and

) n(x), ifxe B
@)= {72@;), if ¢ € By, (7.4)

In such a case we approximate the function 7(x) on the whole box B = By U By by
the function
T(x) = wim (x) + were(x), for x € B, (7.5)

‘\//((%))- We denote the volume of a polytope II by V/(II).

Note that the same procedure can be applied if a box is divided into more than one

where w; =

polytope. Also note that, although this approach leads to an approximate solution
of the optimisation problem, when the number of boxes increases, the error decreases
and we can get closer to the optimal value with any accuracy. This procedure also
renders the optimal value of problem (7.1) continuous with respect to the threshold.
In the following sections we will describe different methods for constructing constraint
functions and analyse numerical results. We will provide different ways to impose re-
strictions on the joint distribution function, and one can choose to implement only
part of the constraints or add new constraints with regard to his/her additional in-
formation about losses or his/her bias to a more or less conservative approach.
Throughout this chapter we use the bootstrapping method to get bounds on different
quantities given the historical realisation of the random losses. Here we describe the
bootstrapping method.

Suppose for a given empirical data 7 := (z',z%,...,2™), ' € R", we want to find
bounds on some function g : R™ x R® — R that depends on . Given an integer

numbers K and ¢t we do the following :

1. Fori=1to K do

e Generate t integer random numbers ji,..., 5, 1 <5 <m,l=1,... ¢t
e Construct new data g; := {z7',..., 7 }.

e Calculate g; = g(7;).

2. Return g, and g,, the mean and the standard deviation of ¢1,..., gk respec-

tively.
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Now we can choose the bounds on the function g for our original empirical data = to
be [Gm — aJo, Gm + gy] for some a > 0.

Note that the parameters ¢ and K can be chosen depending on one’s preference on
how robust the model should be. In particular, one can chose these parameters such

that, for a given «, the empirical probability

P(g(Z) € [gm — aFo, Gin + a30))
is around p for a specific probability p.
As it is described later in this chapter, while estimating bounds on the tail indices
for marginal distributions calibrated with Extreme Value Theory, the function g rep-
resents the tail index calculated with Hill’s method on empirical data. In the case
of joint moment constraints, again described below, the function ¢ is the empirical

probability of joint loses exceeding a given threshold.

7.1 Marginal Constraints

One of the commonly occurring problems in risk management is the insufficient
amount of historical data, which makes it very difficult to model joint distribution. In
the previous chapters we considered problems (such as marginal problem), in which
the knowledge of marginal distributions is assumed to be given. In this section we
make the model more robust by including the uncertainty of the distribution function
in the tails into our model.

In the following two parts of this section we will first introduce the estimation of the
marginal distributions and then the construction of the constraints for our model.
We use Extreme Value Theory (Section 2.2) to model the distributions, with some

modifications.

7.1.1 Modelling Marginal Distributions

Suppose we are given a set of observed data points {Z;},_, ,,, Z € R and want to
find its cumulative distribution function F,.

Recall from Section 2.2 that Extreme Value Theory can be used to model F}:

_ F.(2) z < u,
)= BV = { Gt - B + ) 30 9

68



where u is the threshold, G¢ () is a Generalised Pareto Distribution, and F, is the

empirical distribution function, i.e.

_ 1 M
Fy(z) = 5V Z [ (7.7)
i=1

In this work we implement the Hill’s estimator, i.e. instead of G¢ g (2 — u) we use
He (%) (Section 7.2.4, [47]), where

1

Holo) = [ fatde= [ Se0bar—1- (1) s2u 09

z

and He,(z) =0, for z < u.

Given the empirical data, the parameter ¢ can be estimated by the Hill’s method,
Section 7.2.4, [47]. As we know, the estimation of the tail parameter ¢ is unstable, see
e.g. [48, 53]. In order to add more robustness in the model, we don’t restrict ourselves
in assuming a fixed tail parameter, rather, we find lower and upper bounds on this
parameter, with some confidence interval (the use of this will be described later). To
do this we apply the bootstrapping method to find the lower and upper bounds of
the tail index § := &, — 20¢ and E=E6n+ 20¢. In this particular case, the function
g in the bootstrapping method is the function that returns the Hill’s estimator given
the empirical data.

In the following sections we will show how these bounds can be used to increase ro-

bustness in our model.

7.1.2 Construction of Marginal Constraints

In this subsection we describe in detail how to construct marginal constraints for our
model.

We assume that we have already found marginal distribution functions Fy(z1), ..., F,(x,)
and constructed the finite domain ® = [Ly, Uy] X [Lg, Us] X [Ly, U,]. We choose an
integer number N and divide each of the segments [L;,U;] into N small segments
[Li = 2% 2 ) U [z}, o) U--- U [2) ! 2 .= U] (note that we could choose different

N for each dimension, but we chose to have a fixed number for simplicity). Now we
implement the marginal constraints for this construction of boxes.

If one is confident that the estimated marginal distribution is good enough (depend-

ing on one’s sensitivity to errors), then for each dimension i = 1,...,n one has N
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marginal constraints of the form fq) wf (x)d F(z) = b{, j=1,..., N, where

; 1, ifa ezl a))
J _ ) % [t} 79
vi(@) {O, otherwise (7.9)

and
b = Fi(x)) — Fy(al™). (7.10)

1 (2

Thus, there are n/N marginal constraints overall.

We assume F;(z)¥) = 1 since we have a finite domain.

Now we go back again to the two dimensional case (Figure 7.1) for simplicity of
graphical illustration. For each row and for each column we will have a constraint,
for which the constraint functions are indicator functions that take value one when
the point is in the respective row/column.

More in detail discussion how we construct the marginal constraints in our numerical

experiments will be presented in the beginning of Section 7.3.

Remark 7.1.1 Taking into account the instability of the EVT, one can make the
model more robust by using the lower and upper bounds on the tail index described in
Section 7.1.1.

Suppose for a given marginal distribution function F(z) we want to find P(Z € [l, h]),
where uw < 1 < h and u is the threshold in (7.6). For a given tail parameter & we can

find this probability analytically:

Peu(Z € [z,h]):/lhfg,u(t)dt:/lh%t—“%)dt: (%)é— (%)5 (7.11)

which is an increasing function with respect to £&. Hence, when we have lower and
upper bounds on the tail parameter §,€ we can write the constraint in the following
form :

Peu(Z €[l,n)) < P(Z € [l,h]) < Pg, (Z €I, 1)), (7.12)

i.e. we have two inequality constraints instead of one equality constraint.

7.2 Constraints for Joint Probabilities

The next type of constraint that we implement for our model is for joint probabilities.

As with the previous constraints, we assign bounds to probabilities rather than fixed
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values.

The second type of constraint is to assign joint probability bounds in the tails of the
data. Let i1,...,4 € {1,...,n} be the set of indices for which we aim to implement
joint probability constraints. For every [ = 1,...,m — 1 we calculate bounds on
probabilities obtained by empirical data, i.e. we aim to find bounds on the following

integrals :

/ 196ij2§ij7 df(l‘) (713)

J=1,0k
In order to get bounds on the integral (7.13) we again use the method of bootstrap-

ping.

7.3 Numerical Results

In this section we perform numerical experiments on simulated data for different di-
mensions. For a given dimension we present the results of the marginal problem
described in Section 3.1 and for our model with additional constraints, i.e. marginal
constraints and the constraints for joint tail probabilities. We call the latter model
MPCF (model with piecewise constant test functions).

We will thus produce one graph for each of the problems (for a fixed number of dis-
cretisation points) showing the sparsity pattern of the worst case distributions, in
order to see the effect of the joint moment constraint of the model.

In this section we implement our model for three different types of simulated data.
In the first two cases the marginal distributions are chosen as g-and-h distributions.
These distributions are used as marginal distributions for operational losses in prac-
tice. In the last case we use one factor Gaussian Copula model. In the first part
we introduce results for simulated data which has larger correlations for large losses
and small correlations (in absolute value) for small losses. Motivation in constructing
the input data in this way is presented at the beginning of the next subsection. In
this subsection we will also present sparsity patterns of the worst case distribution
obtained under out model or the marginal problem.

In our numerical experiments for finding the worst case probabilities of exceeding a
given threshold S we construct a model described below. As before, let n be the
dimension of the loss vector and N be the discretisation size. Suppose we are given

empirical loss data z := (z!,72,...,2™), ' € R", i =1,...,m.

e (Calibrate the marginal distributions. For the heavy-tailed distributions, we use
the Extreme Value Theory, as described in 7.1.1, i.e. we find the thresholds u;
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and estimated mains and standard deviations of tail indices & and ¢! respec-
tively for ¢ = 1,...,n. For the Gaussian Copula case the marginal distributions

are standard normal distribution functions.

Construct the domain ® = [Ly,U;] X [La, Us] X [Ly,U,] of the problem and
it’s discretisation. For the heavy-tailed distributions, the lower bounds of the
domain Ly,..., L, are chosen as 0.9min;_; _,, ff Note that optimal solution
of the optimisation problem is not sensitive to the choice of the lower bounds as
long as they are smaller than the minimal value of the realised losses. For the
upper bounds, we set U; = F[l(l — q) for a given ¢, where F; is the calibrated
marginal distribution for dimension 7. In our experiments we used ¢ = 0.0001.
Since we suppose the have finite domain and set F;(U;) = 1, i = 1,...,n, the
particular choice of ¢ also does not matter as long as it is significantly smaller
than the worst case probability we aim to find. For the Gaussian Copula case,
we set L; = F, *(q/2),U; = F, ' (1 — q/2).

The discretisation points {L; =: 2? < 2} <2? <--- <zl :=U,} for a dimen-

sion 7 are calculated as

Construct the marginal constraints. For heavy-tailed distributions, approxi-
mated by Extreme Value Theory, for each dimension ¢ we create

k; := min {j:foui}—lequahties
Lo o dF(a) =
. xggxigxfrl r) = N’
i=1,....,n; 7=0,....k—1

and 2(N — k;) inequalities

V<[ TecandF@) <4l
Rn T ="t ="q
2217,77,, j:k“N—17

where



He, is defined as in (7.8) and &' := &, — 207, & ==&, + 207 .

For the Gaussian Copula case we have N equalities for each dimension 7

1
/n 195{96636341 d]:(a;) = N’
j=0,...,N—1.

Construct the joint probability constraints for all pairs of losses (X;, X;), 1 <
i < j < n as described in Section 7.2. For each pair (i,7) of losses we first
estimate the probabilities P(X; > zF X; > a:f), k = NJ/2,...,N — 1 with
bootstrapping method described in the beginning of this section (we start with
k = N/2 in our experiments, but the particular choice of this number also can
vary since we are not interested in the lower part of the domain). Let pfj and
afj be estimated probability and it’s standard deviation. Then, we have the

following inequalities
k k k k
Pi; — 3Uij < /R” 1xi2x§,szx§ d]:(x) < Pij + 301’;‘7
k=N/2,...,N—1.

Construct the joint probability constraints for the full vector of losses. This is

similar to the previous step and the resulting inequalities are as the following
p’lk): - 30—5 S / 1m12x’f,.‘.,xnzzﬁ d‘/t‘(x) S pz]f + 30—1’;

where p¥ and oF are estimated means and the standard deviations (again by
bootstrapping method) of the probabilities P(X; > a%,..., X, > 2F), k =
N/2,...,N —1.

7.3.1 ’Onion’-Shaped Distributions

The financial crisis of 2008 showed that the widely used Gaussian Copula models for

financial losses do no capture the realised losses. Also for heavy-tailed distributions,

that can produce rare but extreme losses, the correlation between them becomes

stronger as the losses grow larger. For example, this is observed in operational losses

and can be explained by the chain of losses that one business cell can trigger in an

unprecedented event. A similar argument holds for credit default events as were ob-

served during the financial crisis of 2008. Taking this into account, in this subsection

we consider synthetically constructed data which has an ’onion’-shape, i.e. it has a
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small correlation for small losses, and a large correlation for big ones.

We say that a random variable X has g-and-h distribution if

exp(9Z) — 1

X=a+b exp(hZ?/2), (7.14)

where Z is a standard normal random variable.

To simulate the n-dimensional loss vector we do the following:

e Simulate g-and-h distributed Y, which we call the common factor.
e Simulate n independent g-and-h distributed Y7,...,Y,,.

o Set X; =F(Y)Y+(1-F(Y))Y;, where F' : R — [0, 1] is an increasing function.

We simulate losses of size 1000 for different dimensions. The parameters of the g-
and-h distributions are A = 60, B = 10,h = 0.2 and g = 1.2. The input data used in
the numerical experiments in this subsection is presented in Appendix B.

Given these simulated losses, we calibrate the EV'T distribution to this data. A

typical calibrated tail index mean and standard deviations are

& = 0.39,
oe = 0.055.

Note that the estimated parameters are inline with the numerical estimations in [47],
Section 7.2.

To illustrate an example of means and the standard deviations (StdDev) of joint
tail probabilities, consider the two-dimensional case. The domain of the discretised
problem is [46.3,1472.0] x [44.4,1715.8]. In Table 7.1 we present the average values
and the standard deviations (p}, and o%, as defined above) of the probabilities for
joint losses obtained by bootstrapping for two loss variables. Note that the standard
deviation as a percentage of the mean increases as we go farther into the tails, as we
expected. The discretisation size N is equal 16.

Now we compare the results of the marginal problem described in Section 4.1 and of
our model MPCF'. The results are presented in Tables 7.2 and 7.3. In separate columns
we present the running times and the sizes of the memory used in computations. We
can see that the maximum probability of the marginal problem is larger than the
probability for MPCF. In Table 7.4 we also report probabilities obtained from Monte

Carlo simulations, which, obviously, produce the smallest probabilities.
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k| af z5 | Mean | StdDev | StdDev/Mean (%)
9 | 779 | 77.4 | 0.047 | 0.00649 14%
10 | 81.7 | 81.7 | 0.034 | 0.00530 16%
11| 88.3 | 89.6 | 0.036 | 0.00528 15%
121 96.9 | 99.4 | 0.028 | 0.00440 15%
13 | 112.6 | 121.1 | 0.023 | 0.00478 20%
14 |1 126.0 | 138.4 | 0.011 | 0.00342 30%
15 | 147.6 | 165.0 | 0.005 | 0.00265 51%
16 | 193.4 | 222.7 | 0.002 | 0.00134 67%

Table 7.1: Average values and the standard deviations of the probabilities for joint
losses obtained by bootstrapping for two-dimensional loss data simulated as 'onion’-

shaped. The discretisation size is 16.

The Marginal Problem
Dimension | Optimal Value | Memory Size Time
2 0.0750 28 0.01
3 0.1042 50 0.03
4 0.1292 146 0.30
5 0.1315 342 3.13
6 0.1062 465 21.07
7 0.1216 1023 211.38
8 0.0902 941 | 1895.56
9 0.1352 3574 | 21323.50

Table 7.2: Worst case probabilities for the marginal problem for ’onion’-shaped syn-

thetic data for different dimensions. The threshold for dimension & is

MPCF
Dimension | Optimal Value | Memory Size Time
2 0.0580 72 0.22
3 0.0740 160 0.90
4 0.0919 508 10.01
5 0.0847 960 60.11
6 0.0619 2092 | 494.64
7 0.0898 4144 | 5833.77

Table 7.3: Worst case probabilities for MPCF for two-dimensional

150k.

‘onion’-shaped

synthetic data for different dimensions. The threshold for dimension k is 150k.
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Monte Carlo
Dimension | Optimal Value
2 0.0359
3 0.0311
4 0.0289
5 0.0268
6 0.0274
7 0.0215

Table 7.4: Monte Carlo probabilities of exceeding a given threshold for ’onion’-shaped
synthetic data for different dimensions. The threshold for dimension k is 150k.

Remark 7.3.1 Note that one of the concerns of practitioners to use the marginal
problem for calculating the capital charge required by the requlators is that the joint
distributions obtained by marginal problem do not have a realistic form. Figure 7.2
represents sparsity pattern of the marginal problem. One can see that the whole prob-
ability of exceeding the threshold is concentrated on the threshold line. Compared to
the marginal problem, the model with additional constraints distributes the probability
of exceeding the threshold more evenly. The sparsity pattern of an optimal solution to
this model is presented in Figure 7.53. Note that the probabilities below the threshold
can be redistributed over the rectangular in an evenly way and do not have to be on
the diagonal line as presented in Figures 7.2 and 7.3. The discretisation size is 64

and the dimension is 2.

Figure 7.2: Sparsity pattern of the solution of the marginal problem for dimension 2.
The discretisation size is 64.
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Figure 7.3: Sparsity pattern of the solution of MPCF model for dimension 2. The
discretisation size is 64.

7.3.2 Heavy-Tailed Distributions with Constant Correlations

In this subsection we introduce numerical results for data which has been simulated
similarly to the previous examples but with constant correlations. The n-dimensional

loss vector with a constant correlation p is simulated with the following model:

e Simulate g-and-h distributed Y, which we call the common factor.

e Simulate n independent g-and-h distributed Yi,...,Y,,.
e Set X; = /pY +/1—pY,.

We simulate marginal distributions with g-and-h distribution with parameters A =
60,8 = 10,h = 0.2 and g = 1.2. We use the same correlation for all losses and
consider three cases : independent losses, 20% correlation and 40% correlation. We
also consider different discretisation sizes, which is denoted by N in the tables below.
We also report the probabilities obtained by Monte Carlo algorithm (10000 simulation
size).

Tables 7.5-7.8 represent the worst case probabilities for MPCF and the marginal
problem for 2 to 5 dimensional loss vectors respectively simulated with a constant
correlation 0.

Tables 7.9-7.12 represent the worst case probabilities for MPCF and the marginal
problem for 2 to 5 dimensional loss vectors respectively simulated with a constant
correlation 20%.

Tables 7.13-7.16 represent the worst case probabilities for MPCF and the marginal
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problem for 2 to 5 dimensional loss vectors respectively simulated with a constant

correlation 40%.

In Table 7.17 we report probabilities for dimension 6 for all 3 correlations 0,20% and

40%.
N s 160 200 240 280 320
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.400 0.400 0.242 0.250 0.097 0.100 0.059 0.075 0.029 0.050
16 0.312 0.314 0.145 0.151 0.085 0.100 0.044 0.075 0.030 0.050
32 0.303 0.314 0.141 0.179 0.084 0.100 0.041 0.075 0.030 0.050
64 0.324 0.335 0.144 0.178 0.085 0.100 0.044 0.075 0.030 0.050
128 0.333 0.347 0.141 0.176 0.084 0.100 0.040 0.075 0.030 0.050
256 0.341 0.353 0.141 0.175 0.084 0.100 0.040 0.075 0.030 0.050
512 0.343 0.354 0.141 0.175 0.084 0.100 0.045 0.075 0.029 0.050
Monte Carlo 0.179 0.086 0.0519 0.0334 0.023

Table 7.5: Worst case probabilities for MPCF and the marginal problem for a 2-dimensional loss vector simulated with a constant
correlation 0. S is the threshold and N is the discretisation size.

N S 240 300 360 420 480
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.400 0.400 0.188 0.188 0.091 0.122 0.055 0.088 0.046 0.056
16 0.382 0.403 0.174 0.202 0.094 0.132 0.051 0.088 0.041 0.056
32 0.377 0.424 0.168 0.219 0.090 0.138 0.050 0.075 0.040 0.056
64 0.396 0.450 0.169 0.228 0.090 0.141 0.048 0.075 0.039 0.056
Monte Carlo 0.1861 0.0844 0.0461 0.0293 0.0204

Table 7.6: Worst case probabilities for MPCF and the marginal problem for a 3-dimensional loss vector simulated with a constant
correlation 0. S is the threshold and N is the discretisation size.

N s 320 400 480 560 640
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.487 0.488 0.200 0.200 0.114 0.138 0.072 0.088 0.057 0.075
16 0.427 0.454 0.190 0.236 0.096 0.141 0.070 0.088 0.056 0.075
32 0.426 0.482 0.194 0.244 0.094 0.142 0.069 0.088 0.057 0.075
Monte Carlo 0.1914 0.0813 0.0425 0.0268 0.0173

Table 7.7: Worst case probabilities for MPCF and the marginal problem for a 4-dimensional loss vector simulated with a constant
correlation 0. S is the threshold and N is the discretisation size.

7.3.3 One Factor Gaussian Copula Model

In this section we present numerical results for data simulated with one factor Gaus-
sian copula model with a single correlation.
Xi,. ..

For a given correlation p, the data

, X,, is simulated as

e Simulate standard normal distributed Y, which, as before, we call the common

factor.
e Simulate n independent standard normal distributed Yy, ...,Y,,.
e Set X; = /pY +/1—pY,.
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N S 400 500 600 700 800
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.498 0.500 0.250 0.250 0.128 0.135 0.087 0.104 0.072 0.083
16 0.458 0.482 0.199 0.241 0.107 0.136 0.081 0.104 0.068 0.083
Monte Carlo 0.1906 0.0749 0.0387 0.0233 0.016

Table 7.8: Worst case probabilities for MPCF and the marginal problem for a 5-dimensional loss vector simulated with a constant

correlation 0. S is the threshold and N is the discretisation size.

N S 160 200 240 280 320
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal

8 0.858 0.875 0.409 0.425 0.272 0.275 0.125 0.125 0.099 0.100

16 0.998 1.000 0.386 0.426 0.227 0.250 0.143 0.151 0.099 0.100

32 0.965 1.000 0.405 0.458 0.227 0.237 0.147 0.150 0.098 0.100

64 0.944 1.000 0.416 0.478 0.228 0.253 0.148 0.150 0.097 0.100

128 0.941 1.000 0.418 0.488 0.236 0.263 0.147 0.154 0.099 0.100

256 0.938 1.000 0.418 0.490 0.240 0.265 0.148 0.156 0.099 0.100

512 0.940 1.000 0.421 0.492 0.240 0.269 0.147 0.155 0.098 0.100

Monte Carlo 0.7046 0.2534 0.1248 0.0728 0.0473

Table 7.9: Worst case probabilities for MPCF and the marginal problem for a 2-dimensional loss vector simulated with a constant
correlation 20%. S is the threshold and N is the discretisation size.

N s 240 300 360 420 480
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 1.000 1.000 0.584 0.600 0.305 0.313 0.154 0.156 0.108 0.117
16 1.000 1.000 0.480 0.527 0.276 0.288 0.171 0.170 0.117 0.125
32 1.000 1.000 0.519 0.603 0.282 0.309 0.173 0.187 0.115 0.126
64 1.000 1.000 0.545 0.640 0.297 0.328 0.177 0.193 0.114 0.127
Monte Carlo 0.7556 0.2622 0.122 0.068 0.0444

Table 7.10: Worst case probabilities for MPCF and the marginal problem for a 3-dimensional loss vector simulated with a constant
correlation 20%. S is the threshold and N is the discretisation size.

N s 320 400 480 560 640
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 1.000 1.000 0.624 0.641 0.361 0.363 0.169 0.175 0.116 0.117
16 1.000 1.000 0.559 0.629 0.306 0.328 0.181 0.196 0.115 0.125
32 1.000 1.000 0.603 0.685 0.316 0.349 0.186 0.208 0.114 0.127
Monte Carlo 0.7847 0.2697 0.1189 0.0663 0.0413

Table 7.11: Worst case probabilities for MPCF and the marginal problem for a 4-dimensional loss vector simulated with a constant
correlation 20%. S is the threshold and N is the discretisation size.

N s 400 500 600 700 800
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 1.000 1.000 0.662 0.684 0.357 0.367 0.201 0.204 0.130 0.131
16 1.000 1.000 0.619 0.682 0.322 0.349 0.182 0.201 0.125 0.132
Monte Carlo 0.81 0.2705 0.1158 0.0648 0.0388

Table 7.12: Worst case probabilities for MPCF and the marginal problem for a 5-dimensional loss vector simulated with a constant
correlation 20%. S is the threshold and N is the discretisation size.

N s 160 200 240 280 320
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.924 0.938 0.398 0.425 0.272 0.288 0.242 0.250 0.114 0.125
16 1.000 1.000 0.445 0.501 0.235 0.276 0.147 0.151 0.115 0.125
32 1.000 1.000 0.478 0.570 0.252 0.281 0.162 0.179 0.111 0.125
64 1.000 1.000 0.476 0.575 0.258 0.298 0.161 0.178 0.110 0.120
128 1.000 1.000 0.479 0.589 0.264 0.307 0.158 0.176 0.109 0.120
256 1.000 1.000 0.481 0.593 0.266 0.311 0.156 0.174 0.108 0.120
512 1.000 1.000 0.480 0.595 0.265 0.312 0.155 0.174 0.105 0.118
Monte Carlo 0.8415 0.3087 0.1482 0.0849 0.056

Table 7.13: Worst case probabilities for MPCF and the marginal problem for a 2-dimensional loss vector simulated with a constant
correlation 40%. S is the threshold and N is the discretisation size.
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N s 240 300 360 420 480
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 1.000 1.000 0.584 0.638 0.362 0.375 0.173 0.188 0.126 0.129
16 1.000 1.000 0.573 0.680 0.305 0.355 0.175 0.189 0.134 0.132
32 1.000 1.000 0.601 0.749 0.316 0.368 0.199 0.220 0.136 0.146
64 1.000 1.000 0.620 0.781 0.333 0.391 0.203 0.227 0.134 0.142
Monte Carlo 0.8822 0.3208 0.1454 0.0807 0.0534

Table 7.14: Worst case probabilities for MPCF and the marginal problem for a 3-dimensional loss vector simulated with a constant
correlation 40%. S is the threshold and N is the discretisation size.

N S 320 400 480 560 640
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 1.000 1.000 0.658 0.700 0.375 0.400 0.176 0.200 0.136 0.142
16 1.000 1.000 0.645 0.771 0.349 0.391 0.210 0.232 0.137 0.150
32 1.000 1.000 0.695 0.839 0.364 0.417 0.222 0.245 0.140 0.152
Monte Carlo 0.905 0.332 0.1448 0.0798 0.0516

Table 7.15: Worst case probabilities for MPCF and the marginal problem for a 4-dimensional loss vector simulated with a constant
correlation 40%. S is the threshold and N is the discretisation size.

N S 400 500 600 700 800
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 1.000 1.000 0.694 0.750 0.415 0.446 0.218 0.247 0.140 0.146
16 1.000 1.000 0.714 0.835 0.374 0.414 0.215 0.235 0.139 0.147
Monte Carlo 0.9209 0.334 0.1423 0.0764 0.0486

Table 7.16: Worst case probabilities for MPCF and the marginal problem for a 5-dimensional loss vector simulated with a constant
correlation 40%. S is the threshold and N is the discretisation size.

o S 600 720 840 960
MPCF Marginal MC MPCF Marginal MC MPCF Marginal MC MPCF Marginal MC
0 0.256 0.256 0.070 0.133 0.150 0.035 0.099 0.116 0.035 0.083 0.100 0.013
0.2 0.681 0.697 0.272 0.355 0.360 0.113 0.213 0.225 0.113 0.139 0.141 0.037
0.4 0.729 0.793 0.335 0.417 0.444 0.138 0.253 0.264 0.138 0.152 0.163 0.047

Table 7.17: Worst case probabilities for MPCF and the marginal problem for a 6-dimensional loss vector simulated with correlations
0,20% and 40%. We denote the threshold by S and the correlation by p.
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Tables 7.18-7.21 represent the worst case probabilities for MPCF and the marginal

problem for 2 to 5 dimensional loss vectors respectively simulated with a constant

correlation 0.
Tables 7.22-7.25 represent the worst case probabilities for MPCF and the marginal

problem for 2 to 5 dimensional loss vectors respectively simulated with a constant

correlation 20%.
Tables 7.26-7.29 represent the worst case probabilities for MPCF and the marginal

problem for 2 to 5 dimensional loss vectors respectively simulated with a constant

correlation 40%.

In Table 7.30 we report probabilities for dimension 6 for all 3 correlation 0,20% and

40%.
N S 2 3 4 5 6
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal

8 0.523 0.525 0.311 0.333 0.161 0.165 0.047 0.096 0.023 0.026

16 0.525 0.559 0.286 0.314 0.143 0.165 0.047 0.072 0.013 0.026

32 0.517 0.553 0.299 0.315 0.142 0.166 0.047 0.072 0.013 0.026

64 0.523 0.537 0.304 0.317 0.141 0.166 0.048 0.072 0.013 0.026

128 0.52 0.53 0.303 0.318 0.139 0.166 0.042 0.068 0.012 0.024

256 0.518 0.526 0.304 0.319 0.136 0.163 0.041 0.068 0.011 0.023

512 0.516 0.524 0.302 0.316 0.133 0.161 0.04 0.067 0.011 0.023

Monte Carlo 7.90E-02 1.70E-02 2.30E-03 2.30E-04 1.50E-05

Table 7.18: Worst case probabilities for MPCF and the marginal problem for a 2-dimensional loss vector simulated with Gaussian
Copula with correlation 0. S is the threshold and N is the discretisation size.

N 3 4.5 6 7.5 9
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.453 0.458 0.316 0.346 0.097 0.143 0.044 0.096 0.008 0.021
16 0.44 0.44 0.223 0.271 0.08 0.132 0.022 0.053 0.008 0.018
32 0.434 0.434 0.21 0.257 0.068 0.126 0.02 0.049 0.008 0.016
64 0.437 0.438 0.204 0.251 0.064 0.121 0.016 0.044 0.005 0.014
Monte Carlo 4.20E-02 4.70E-03 2.60E-04 1.20E-05 0.00E400

Table 7.19: Worst case probabilities for MPCF and the marginal problem for a 3-dimensional loss vector simulated with Gaussian
Copula with correlation 0. S is the threshold and N is the discretisation size.

N s 4 6 8 10 12
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.44 0.44 0.213 0.277 0.069 0.129 0.029 0.052 0.005 0.018
16 0.396 0.4 0.172 0.234 0.053 0.109 0.015 0.043 0.005 0.014
32 0.373 0.391 0.156 0.216 0.043 0.099 0.012 0.038 0.004 0.009
Monte Carlo 2.30E-02 1.30E-03 4.00E-05 1.00E-06 0.00E+00

Table 7.20: Worst case probabilities for MPCF and the marginal problem for a 4-dimensional loss vector simulated with Gaussian
Copula with correlation 0. S is the threshold and N is the discretisation size.

Remark 7.3.2 Note that up to now we have been considering the problem of finding

maximum probabilities given some constraints. In practice, financial institutions are

required to calculate the VaR or CVaR levels given the quantile.

Algorithm 7.3.3

describes how to calculate the risk levels for a given quantile. Note that the constraint
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N 5 7.5 10 12.5 15
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.426 0.426 0.239 0.289 0.057 0.121 0.033 0.065 0.007 0.017
16 0.363 0.378 0.14 0.209 0.042 0.098 0.014 0.038 0.006 0.012
Monte Carlo 1.30E-02 3.70E-04 3.00E-06 0.00E+-00 0.00E+00

Table 7.21:

Copula with correlation 0. S is the threshold and N is the discretisation size.

Worst case probabilities for MPCF and the marginal problem for a 5-dimensional loss vector simulated with Gaussian

N S 2 3 4 5 6
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal

8 0.525 0.525 0.318 0.333 0.154 0.165 0.059 0.096 0.026 0.026

16 0.517 0.559 0.276 0.314 0.156 0.165 0.059 0.072 0.016 0.026

32 0.511 0.553 0.293 0.315 0.156 0.166 0.061 0.072 0.016 0.026

64 0.514 0.537 0.304 0.317 0.157 0.166 0.06 0.072 0.017 0.026

128 0.518 0.53 0.304 0.318 0.156 0.166 0.055 0.068 0.014 0.024

256 0.515 0.526 0.309 0.319 0.153 0.163 0.055 0.068 0.014 0.023

512 0.513 0.524 0.307 0.316 0.148 0.161 0.054 0.067 0.013 0.023

Monte Carlo 9.80E-02 2.60E-02 5.10E-03 6.20E-04 6.40E-05

Table 7.22: Worst case probabilities for MPCF and the marginal problem for a 2-dimensional loss vector simulated with Gaussian

Copula with correlation 20%. S is the threshold and N is the discretisation size.

N s 3 4.5 6 7.5 9
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.449 0.458 0.329 0.346 0.123 0.143 0.051 0.096 0.014 0.021
16 0.439 0.44 0.24 0.271 0.097 0.132 0.031 0.053 0.01 0.018
32 0.434 0.434 0.226 0.257 0.09 0.126 0.029 0.049 0.009 0.016
64 0.438 0.438 0.223 0.251 0.086 0.121 0.025 0.044 0.008 0.014
Monte Carlo 7.20E-02 1.40E-02 1.70E-03 1.30E-04 6.00E-06

Table 7.23: Worst case probabilities for MPCF and the marginal problem for a 3-dimensional loss vector simulated with Gaussian

Copula with correlation 20%. S is the threshold and N is the discretisation size.

N s 4 6 8 10 12
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.434 0.44 0.226 0.277 0.09 0.129 0.031 0.052 0.008 0.018
16 0.4 0.4 0.19 0.234 0.072 0.109 0.022 0.043 0.008 0.014
32 0.386 0.391 0.175 0.216 0.062 0.099 0.019 0.038 0.005 0.009
Monte Carlo 5.70E-02 8.90E-03 8.00E-04 4.90E-05 1.00E-06

Table 7.24:

Copula with correlation 20%. S is the threshold and N is the discretisation size.

Worst case probabilities for MPCF and the marginal problem for a 4-dimensional loss vector simulated with Gaussian

N s 5 7.5 10 12.5 15
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.424 0.426 0.255 0.289 0.075 0.121 0.037 0.065 0.007 0.017
16 0.376 0.378 0.167 0.209 0.058 0.098 0.018 0.038 0.006 0.012
Monte Carlo 4.80E-02 6.20E-03 4.60E-04 2.00E-05 1.00E-06

Table 7.25: Worst case probabilities for MPCF and the marginal problem for a 5-dimensional loss vector simulated with Gaussian

Copula with correlation 20%. S is the threshold and N is the discretisation size.

N s 2 3 4 5 6
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal

8 0.525 0.525 0.32 0.333 0.148 0.165 0.067 0.096 0.026 0.026

16 0.505 0.559 0.27 0.314 0.153 0.165 0.068 0.072 0.024 0.026

32 0.495 0.553 0.288 0.315 0.158 0.166 0.068 0.072 0.022 0.026

64 0.49 0.537 0.301 0.317 0.161 0.166 0.069 0.072 0.022 0.026

128 0.489 0.53 0.302 0.318 0.16 0.166 0.065 0.068 0.019 0.024

256 0.486 0.526 0.304 0.319 0.157 0.163 0.063 0.068 0.019 0.023

512 0.486 0.524 0.304 0.316 0.155 0.161 0.062 0.067 0.018 0.023

Monte Carlo 1.20E-01 3.70E-02 8.60E-03 1.40E-03 1.70E-04

Table 7.26: Worst case probabilities for MPCF and the marginal problem for a 2-dimensional loss vector simulated with Gaussian

Copula with correlation 40%. S is the threshold and N is the discretisation size.
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N s 3 4.5 6 7.5 9
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.439 0.458 0.332 0.346 0.14 0.143 0.062 0.096 0.021 0.021
16 0.437 0.44 0.248 0.271 0.11 0.132 0.04 0.053 0.012 0.018
32 0.433 0.434 0.235 0.257 0.103 0.126 0.037 0.049 0.012 0.016
64 0.437 0.438 0.231 0.251 0.1 0.121 0.033 0.044 0.01 0.014
Monte Carlo 9.80E-02 2.70E-02 5.00E-03 6.10E-04 4.60E-05

Table 7.27: Worst case probabilities for MPCF and the marginal problem for a 3-dimensional loss vector simulated with Gaussian
Copula with correlation 40%. S is the threshold and N is the discretisation size.

N S 4 6 8 10 12
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.42 0.44 0.235 0.277 0.114 0.129 0.035 0.052 0.013 0.018
16 0.4 0.4 0.205 0.234 0.085 0.109 0.029 0.043 0.009 0.014
32 0.389 0.391 0.191 0.216 0.076 0.099 0.025 0.038 0.006 0.009
Monte Carlo 8.90E-02 2.20E-02 3.50E-03 3.90E-04 2.00E-05

Table 7.28: Worst case probabilities for MPCF and the marginal problem for a 4-dimensional loss vector simulated with Gaussian
Copula with correlation 40%. S is the threshold and N is the discretisation size.

N S 5 7.5 10 12.5 15
MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal MPCF Marginal
8 0.417 0.426 0.266 0.289 0.099 0.121 0.04 0.065 0.011 0.017
16 0.378 0.378 0.182 0.209 0.073 0.098 0.025 0.038 0.007 0.012
Monte Carlo 8.30E-02 1.90E-02 2.80E-03 2.70E-04 1.50E-05

Table 7.29: Worst case probabilities for MPCF and the marginal problem for a 5-dimensional loss vector simulated with Gaussian
Copula with correlation 40%. S is the threshold and N is the discretisation size.

p 2 6 9 12 15
MPCF Marginal MC MPCF Marginal MC MPCF Marginal MC MPCF Marginal MC
0 0.416 0.416 0.007 0.175 0.26 0 0.051 0.116 0 0.019 0.041 0
0.2 0.412 0.416 0.042 0.206 0.26 0.005 0.069 0.116 0 0.022 0.041 0
0.4 0.404 0.416 0.078 0.219 0.26 0.017 0.09 0.116 0.002 0.03 0.041 0

Table 7.30: Worst case probabilities for MPCF and the marginal problem for a 6-dimensional loss vector simulated with Gaussian
Copula with correlations 0,20% and 40%. We denote the threshold by S and the correlation by p.
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of the optimisation problem stays the same and only the objective changes, hence we
warm-start the optimisation problems from the solutions of the previous iterations.

This significantly reduces the running time of the algorithm.

Algorithm 7.3.3 (Finding Worst Case Scenario Risk Measures)

1. Choose S; and S, such that S; < S* < .S,.

2. Do

o S 3(Si+Su),

o If (Val(P(S)) < q), set S, < S, else Sy < S,

While (|Val(P(S)) — q| > €).

3. Return S.
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Chapter 8

Model-Free Bounds on
Path-Dependent Options

In Section 4.5 we presented a duality result for calculating model-free bounds on prices
of path-dependent options. In the problem setting discussed thus far, it is assumed
that we know risk free probability measures of the stock price at different time inter-
vals (which we considered as marginal distributions for our multidimensional random
variable). It is well known that these marginal distributions can be extracted from
the market data of call/put European option prices. The whole motivation for trying
to find the model-free bounds on option prices is to provide an estimate of their val-
ues without any additional assumptions about the stock price process (except for the
martingale property of discounted stock prices). In Section 4.5 we showed how the
problem can be formulated in the framework of our general duality theory. We will
now show that the problem of solving the infinite dimensional optimisation problem
can be solved via the method presented in Section 4.4. In order to get the distribution
function of the stock prices at some time in the future we need to interpolate option
prices with respect to the strikes. In this chapter we make the model-free pricing of
derivatives more robust by using only the information provided by the market.

The problem of finding model-free bounds on prices of vanilla type options, i.e. where
the payoff depends on the value of a stock price at maturity, has been under research
for a long time. Some of the earlier works include [16, 30, 64]. Obtaining bounds on
European options is studied in [44] for the given mean and the variance of the un-
derlying stock price and in [28], where the knowledge of the first £k moments is given.
The latter work uses semidefinite optimisation approach to calculate lower and upper
bounds. More general cases are considered in [4], where the partial knowledge of the

market information includes the first two moments of the stock price and also prices
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of other European call options. [4] also uses semidefinite optimisation approach to
obtain the bounds and also calculates bounds on the variance of the stock given Fu-
ropean call option prices for different strikes. The latter also considers the problem
in multi dimensions.

In the case of multiple stocks, the options in interest are the basket options, the payoff
of which depends on the prices of the basket of stocks. In the case of basket options,
the problems of obtaining the lower or the upper bounds differ in complexity. [36]
studies the calculation of upper bounds of basket options. The paper considers both
cases, where European call option prices for all strikes are provided and when only a fi-
nite number of option prices are given. In the first case the cheapest super-replicating
strategy includes trading only a single European option for each underlying. In the
second case, it consists of trading two options for each underlying stock. Note that
although the replicating portfolios contain only one or two call options per stock,
in both cases the full knowledge of option prices is required to determine the corre-
sponding strikes. A similar work can be found in [17].

The calculation of lower bounds on basket options is considered, e.g. [35] or [55]. Com-
pared to the super-replicating strategies, the sub-replicating strategies considered in
the above mentioned articles consists of long and short positions in call options.

In all above mentioned works it is assumed that the market given FEuropean options
can be bought and sold at the same price, i.e. with no bid-ask spreads. [56] studies
the problem of the upper bound calculation in presence of bid-ask spreads. More-
over, the size of the dual problem (in all the above mentioned works the bounds are
obtained via duality) resulting from the infinite-dimensional optimisation problem is
linear in the input data size. In [18] the authors also consider basket options and
present the so-called "Feasible discretization method’ (Algorithm 2, [18]) for numeri-
cal calculation of the upper bounds.

The model-free pricing of financial derivatives is more complicated for path-dependent
options, where the payoff depends not only on the stock price at maturity, but also
its intermediate values. The latter problem has been under extensive research in re-
cent years for non-American type options, which includes Asian, barrier, lookback,
variance swap options and etc. The model-free option pricing of American put op-
tions is studied in [65], where the author obtains an upper and lower bounds on an
American put option with fixed strike from given American put options with the same
maturity, but different strikes. In this work and all the articles mentioned below only
non-American type options are considered.

Although there are numerical methods for solving model-free option pricing for generic
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path-dependent options, [2, 32], to our knowledge, theoretical results in the literature
consider only specific options. In the recent work [33], the authors consider the prob-
lem of option pricing where the payoff of the option depends on the terminal value
and the maximum of the underlying stock price. They obtain sharp bounds on the
distribution of a continuous martingale with fixed marginal distributions at finitely
many intermediate times. This particularly allows one to obtain upper bounds on the
lookback options. The above mentioned article in general provides good overview of
the existing literature and is an extension of an earlier work [9], where the authors
consider only one intermediate time. The case of only one intermediate time is also
considered in [37] in pricing forward start options.

Robust pricing of barrier options is studied in [14, 13, 10]. Model-free options pricing
of Asian options can be found for example in [67]. [19, 15, 7, 34, 11] discuss robust
pricing of variance swap options.

Throughout this chapter we assume that the interest rate is zero.

8.1 Duality Theory for Model-Free Bounds on Op-
tion Prices

Consider an exotic path-dependent option that depends on the value of a stock
price at some discrete times t; < t < -+ < t,. Let X = (Xy,...,X,) be an n-
dimensional random variable denoting stock prices at times (t1,...,t,) respectively
and h(Xy,...,X,) be the payoff of the given option.

In practice, in a no-arbitrage framework, one assumes that the stock price follows
some specific model, calibrates this model to market data and finds the fair price of
an option, i.e. finds a risk neutral probability measure ) on R™ and calculates the

price as

Eolh] = /nh(xl,...,xn)dQ(xl,...,xn). (8.1)

Under @ the stock price process (X;)i—1. » is assumed to be a discrete martingale.

In this section we aim to find bounds on the prices of the option without assuming
any particular model for the stock price process, i.e. find maximum and minimum
values over all models that are consistent with the observed market data. Assuming
knowledge of market call option prices, one can recover a distribution function F; of
X; for every i = 1,...,n (see for example [49]), which will represent the marginal

distributions of a risk neutral equivalent probability measure of X. In this framework,
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denoting by M(Fi, ..., F,) the set of martingale measures with marginals Fi, ..., F,,

the problem becomes

inf )/ Mz, ... xn) dF (21, ..., 20). (8.2)

We call the above problem the primal problem.

For any ¢ = 1,...,n define the set of F; integrable functions from R — R by H; and
for any j = 1,...,n — 1 the set of bounded measurable functions from R’ — R by
T;. For any h; € H;,i=1,...,nand g; € 7;, j = 1,...,n — 1 consider the function
Y in)g) (@1, - Tn) - R" — R defined by

i) (g) (@1, -0 @ Z hi(x;) + Z gj(x1, ..., i) (@i — xj). (8.3)

Consider the following optimisation problem:

n

sup Z/ha(33z)d«7:z($z)

(hi€Ma)},(95€T5)T " =1
st Wy g) (@1, oy xn) < (21, ., 24).

We have the following theorem :

Theorem 8.1.1 (Theorem 1, [2]) Assume Fi,...,F, are Borel probability mea-
sures on R so that M(Fy,...,F,) is non-empty. Let h : R" — (—o00, 00| be a lower

semi-continuous function so that

on R"™ for some constant K. Then there is no duality gap between primal (8.2) and
dual (8.4) problems. Moreover, the primal optimal value is obtained, i.e. there exists
a martingale measure F € M(F,...,F,) such that the optimal value of (8.2) is
equal to Ex[h].

A proof of the theorem can be found in [2].

In order to solve the dual problem numerically, we need to make some discretisation
of this infinite dimensional problem. One way of doing so (as is described in [32]) is to
decompose the functions (h;)? and (g;)7~" over a finite dimensional basis. Since the
functions (gj)?’l are assumed to be continuous, we can choose a polynomial basis,
ie.

gj xla"w E g]jxla"w ])7
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where eé‘? are functions of the basis, and gé? are the coordinates of g; in that basis.

For functions (h;)} we can choose call option payoffs as basis
hi(a;) =Y hf(z; — k)T
k

With this approximation, the dual problem reduces to a linear programming problem,
so that one can solve them with interior point or simplex methods.

Note that in the cited above papers [32, 2|, authors consider given marginal dis-
tributions in the primal problem. Moreover, as is described above, in [2] authors
decompose the functions (h;)} and (g;)7~" over a finite dimensional basis, thus mak-
ing the dual problem a finite linear optimisation problem. In [32] a specific payoff is
considered (forward start option) and authors make a good guess for the functions

n—1

(9)7
only in a finite number of points. Compared to these results, in this work we take a

and use the linearity of the dual problem to check the inequality constraints

different approach to the numerical solution of the problem of arbitrage-free pricing.
Our approach is based on the model described in Section 4.4, in which we use only
market given European option prices (and not the marginal distributions) and also
discretise the martingale constraints in the primal problem. The rest of this section

presents our model.

8.2 Application of the General Duality Theory in
Model-Free Option Pricing

In practice, we are not given European option prices for every strike, hence we cannot
have an exact knowledge of marginal distributions. Moreover, for some time steps
the number of traded liquid products can be so small that any interpolation of option
prices will contain additional errors. To avoid inducing additional estimation errors in
the model and to use only the information given by the market, we replace constraints
for marginal distributions by constraints which represent the calculation of vanilla

option values.
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Taking into consideration the above observations, we construct the following problem:

sup / h(a)dF(a)

F

L.
/Rn ¢i(r)dF(z) <&, i=1,...,N, (8.5)
/Rn i=1,.. N, (8.6)

/ Licolizy(%,9,2) (@1 — ) dF(2) =0, (y,z €R%k<n)  (87)

/ 1dF(z) =1,
F >0,

where (k7 )iZ, are the strikes of the European call options available in the market,
(C7)71, and (C7)j%, are their respective market bounds of prices (bid-ask prices) and
m; is the number of such options.

Note that in addition to call or put options, we might observe other options in the mar-
ket. Let them have payoff functions ¢;(z) and bid-ask prices §; and &;, i = 1,..., N.
For each of these additional observed options we added 2 more inequality constraints
to the model ((8.5)-(8.6)).

The constraints representing call option prices fit our model (the functions are piece-
wise linear). To render the martingale constraints compatible with our model, we
approximate them by requiring that (8.7) hold for only finitely many boxes in R™ of
our choosing.

It is natural to impose lower and upper bounds on stock price X; for each t;, ¢ =
1,...,n. 0 will represent a natural lower limit, and for the upper limit, we can take a
large enough value that the stock price is statistically unlikely to exceed it. We also
insure that the strikes are included in the set of points in our discretisation.

Let 0 = df < d? < --- < d} be the set of discretisation points for X;. Denote
O:={s:d <z; <d" (i=1,...,n)}

The martingale constraint for £k = 1 is then:

/Rn 1{$€Rn:dziSmgd?’(i:l,_”’k)}(x)(ka —zp)dF(x) =0, (1<yj; <t <mny,Vi).
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For each k we thus have M; := [[i,(n; — 1) equality constraints, which are all
represented as integral inequalities or equalities with piecewise linear test functions.
We saw that, after discretisation, all of our constraints fit the model described in
Section 4.4. Furthermore, if the payoff functions h(z) and ¢;(z), i=1,..., N, are
piecewise linear (put/call or binary barrier options, Asian options, lookback options
etc.), then we can solve the dual problem as described in Section 6.1. If the payoff
function h(x) is concave, we can find the upper bound with method described in
Section 6.3, and if it is convex, we can find the lower bound. For all other cases we
have to make approximations, for example, first order Taylor approximation.

Now we can write the dual problem as follows:

n M¢
PO — i E =5 _
IZIlzfth Z y O glgz) + (zz(sz gzél) +w
i=1 j=1 i=1

My

5.t ZZ — KDY (5 - z)di(s)+ (8.8)

=1 j=1 =1

n—1
Z Z Ly <slp<prin (8)(@hg1 — ) +w > h(s), Vse .
k=1 7€}
The arbitrage-free pricing is usually used not to find lower and upper model-free
bounds for options, but rather for finding arbitrage opportunities. Suppose some
path-dependent option with payoff h(z) is traded in the market with price hM.
By implementing our model for this option we find no-arbitrage bounds [L,U]. If
hM ¢ [L,U], then there is an arbitrage in the market (the dual problem also provides
with a strategy to make risk-free money in this case, but we will not go into details in
this work, interested reader can refer to [2]). Hence, more often we are interested in
comparing the optimal value of problem (8.8) with the given market price h™. In this

case Nesterov’s smoothening technique can be implemented as described in Section
6.5.

8.3 Payoffs as Piecewise Linear Functions

In this section we describe different payoffs that are piecewise functions. Obviously,

call and put options fit to this category.
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8.3.1 Barrier Options

For given lower and upper barriers B; < B, (if the option is defined for one barrier
only, e.g. down and out, up and in, then we assume that the other barrier is —oo or

oo depending on the context), barrier options have the payoff

h(x) = H(I) H 131§$iSBz7 (89)

where H (z) is the final payoff. For digital barrier options we have H(z) =1, Vz €
R™ and for call and put barrier options with strike K we have H(z) = (z, — K)" and
H(z) = (K — x,)" respectively.

It is obvious that these options have piecewise linear payoffs.

8.3.2 Lookback and Asian Options

Lookback options have payoffs that are dependent on the X,,,, = max{Xy,..., X, }
and/or X, = min{Xy,..., X, }. Asian options are defined as having payoff func-
tions at maturity which are dependent on the average value X, = %Z?:l X; of
the stock price over the path. Table 8.1 describes payoffs for different lookback and

Asian options. The following lemma proves that all payoffs described in Table 8.1 are

Table 8.1: Lookback and Asian Option Pyaoffs

Call Put
Lookback Fixed | max(Xa — K,0) | max(K — X, 0)
Lookback Floating X, — Xoin Xomaz — Xn
Asian Fixed max(X,4 — K,0) | max(K — X4,0)
Asian Floating X, — X4 Xi—X,

piecewise linear functions on ®.

Lemma 8.3.1 Let ® be a polytope in R™ and be further divided into finitely many
polytopes & = (Uf\il I1;). Let function f: ® — R and g : & — R be piecewise linear
on these polytopes. Then, the functions max{f(z),g(x)} and min{f(x),g(z)} are

also piecewise linear on some finite partitioning of ® = (Uf\il I1;).
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8.4 Numerical Experiments

In this section we present our numerical results for barrier and variance swap options
on simulated market data, i.e. we compute call option prices with Black-Scholes
formulae for different time horizons.

First we present how the linear optimisation problem corresponding ti model-free
option pricing problem is constructed for a particular barrier option with lower and
upper barriers By and B, respectively. We suppose that the number of European Call
option prices and their strikes are the same for each maturity, though this restriction
is not necessary and the construction of the linear programming problem follows the
same procedure.

Consider that we are given call option prices (with bid-ask spreads) for n maturities
t1,...,t, and N strikes K,,..., Ky strikes. For a maturity ¢; and a strike K; let
CI(ty, K;) and C(t;, K;) be the bid and ask prices of a European call option with
maturity ¢; and strike K respectively.

As for the risk aggregation problem described in Section 7.3, we first need to construct
the domain of the problem and it’s discretisation. For the lower bounds of the domain
a natural choice is Ly = Ly = --- = L, = 0. As upper bounds we chose U; = U, =
-+- = U, such that the option prices C(t;,U;) < € for e =0.00001,i=1,...,n.

In this setup, the payoff of the double no-touch digital barrier option is

M) = 1B, <uy,..2a<Bs (8.10)
and the payoff of the double no-touch barrier call option is
h(ﬂf) = 131§x17...,xn§B2 (ajn - K)+ 3 (811)

where K is the strike of the call option.

For each dimension ¢ we have 2N inequality constraints for European Call options in

the form
fR’l(Ii - ki)—'— df(S) < 7z'j<t17Kj)7 J=1 N
fRn(CL’Z—ki)er.F(S) ZQ¥<tZ’Kj)7 J=1 N
For the martingale constraints, for each i = 1,...,n — 1 we have

/ Lty atcimny (@) (s — ) A F() = 0,
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for each m < m, k-dimensional vectors of integer numbers from [0, N +1]. For a given

index vector m we have

U itm=N+1

The inequality for index vectors is defined as component-wise.

Combining all of the above, we get the following linear optimisation problem

Sup / 1Blg$1 ----- zn<Bg df(m)
f n

s.t. \/(l‘z—k])+d,/—"(8)§ _Z-j(ti,Kj), izl...,n, ]:1,,N
/(xi—kfﬁd]-"(x)zgf(ti,[(j), i=1...n j=1,..N

/ 1K(ﬂl)§x|k§K(7ru)($)(CL’k+1 — C(]k) d]:(l‘) = 0, k? = 1, ceey N — 1,
m < m, €0, N +1]F,

/ 1dF(z) =1,
F >0.

In the rest of this section we first introduce results for double no-touch barrier call
and digital options and then for the variance swap options.
We use the simulated market data presented in Table 8.2 as input to our model. The

prices of the European Call option prices are calculated by Black-Scholes formula:

C(S.t;K) = N(di)S— N(dp)Ke ™, 2
= (3 (5]
= ol (D)%)

where S is the spot price and K is the strike. Table 8.2 is calculated with » = 0 and
o= 30%.

8.4.1 Double No-Touch Barrier Options

In this section we introduce results for double no-touch barrier call and digital options,

which have payoffs as described in (8.11). We did two types of numerical experiments.
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Striko Maturity 3M aM 6M 8M oM 1Y  1Y6M 2Y  2Y6M
30 16.00 16.01 16.06 16.15 16.20 16.38 16.82 17.28 17.74
31 15.01 15.03 15.10 15.21 15.27 15.50 15.99 16.50 17.00
32 | 14.01  14.04 14.14 14.29 14.37 14.63  15.19  15.75 16.29
33 | 13.03 13.07 13.21 13.38  13.48 13.79  14.41  15.02 15.60
34 | 12,05  12.11  12.29 12,50  12.62 12,97  13.66  14.32  14.93
35 | 11.08 11.17 11.40 11.65 11.78 12.18  12.94 13.64  14.29
36 | 10.13  10.25  10.53  10.83  10.97  11.41 12.24  12.98  13.67
37 9.20 9.36 9.69 10.03 10.20 10.68  11.56 12.35  13.07
38 8.30 8.49 8.89 9.27 9.45 9.98  10.92 11.75  12.49
39 7.43 7.67 8.12 8.54 8.74 9.31 10.30  11.16  11.94
40 6.61 6.88 7.39 7.85 8.07 8.67 9.71  10.61  11.40
11 5.83 6.14 6.70 7.20 7.43 8.06 9.15  10.07  10.89
42 5.10 5.44 6.05 6.58 6.82 7.48 8.61 9.56  10.40
43 4.42 4.80 5.45 6.00 6.25 6.94 8.09 9.07 9.93
44 3.81 4.21 4.88 5.46 5.72 6.42 7.61 8.60 9.47
45 3.25 3.67 4.36 4.95 5.22 5.94 7.14 8.15 9.04
46 2.75 3.17 3.89 4.48 4.75 5.48 6.70 7.73 8.62
47 2.31 2.73 3.45 4.05 4.32 5.06 6.29 7.32 8.23
48 1.92 2.34 3.05 3.65 3.92 4.66 5.90 6.93 7.85
49 1.59 1.99 2.69 3.28 3.55 4.29 5.52 6.57 7.48
50 1.30 1.69 2.36 2.95 3.21 3.94 5.17 6.22 7.13
51 1.06 1.42 2.07 2.64 2.90 3.62 4.84 5.88 6.80
52 0.85 1.19 1.81 2.36 2.61 3.32 4.53 5.57 6.49
53 0.68 0.99 1.58 2.10 2.35 3.04 4.24 5.27 6.18
54 0.54 0.82 1.37 1.87 2.11 2.79 3.96 4.98 5.89
55 0.43 0.68 1.19 1.67 1.90 2.55 3.70 4.71 5.62
56 0.34 0.56 1.02 1.48 1.70 2.33 3.46 4.46 5.35
57 0.26 0.46 0.88 1.31 1.52 2.13 3.23 4.21 5.10
58 0.20 0.37 0.76 1.16 1.36 1.94 3.02 3.98 4.86
59 0.16 0.30 0.65 1.03 1.21 1.77 2.81 3.76 4.63
60 0.12 0.25 0.56 0.91 1.08 1.61 2.63 3.56 4.42
61 0.09 0.20 0.48 0.80 0.96 1.47 2.45 3.36 4.21
62 0.07 0.16 0.41 0.70 0.86 1.34 2.28 3.18 4.01

Table 8.2: European Call option prices for different maturities and strikes, which is used as input to our model. The prices are calculated
with Black-Scholes formula. M and Y denote month and year respectively.

First, where we solve the model-free option pricing for the barrier options for fixed
barriers but different market data as input. Then we solve the problem for a give set
of market data but for different options (different lower and upper barriers).

The market data that is used in a specific problem is specified by 3 parameters: dimen-
sion, strike step and the bid-ask spread. The dimension is the number of maturities
that we consider prices of call options are given for. In this section the maturities are
with 6 months frequencies. The strike step is the parameter specifying the frequency
of the strikes. The bid-ask spread is the bid-ask of the option prices as percentage
points. Hence, for a given set of parameters n,dK and p, the following set of the

options is used as market input:

C? = C(S,0.5i; 30 + jdK)(1 + p),
€Y = C(8,0.5i;30 + jdK)(1 — p),

Tables 8.3 and 8.4 represent the model-free upper bounds of a barrier no-touch call
option prices for dimensions 2 and 3 respectively for different strike steps and bid-ask
spreads. The lower and upper barriers are 38 and 54 respectively. The strike of the
barrier option is equal to the spot price 46.

Tables 8.5 and 8.6 represent the model-free upper bounds of a barrier no-touch digital
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option prices for dimensions 2 and 3 respectively for different strike steps and bid-
ask spreads. As in the previous table, the lower and upper barriers are 38 and 54
respectively.

Now we introduce results for different barrier options, i.e. for different sets of lower
and upper barriers. Bid-ask spreads are considered to be 0. Tables 8.7 and 8.8
represent the model-free upper bounds of barrier call options for strike steps 2 and
4 respectively for different lower and upper barriers. Similarly, Tables 8.9 and 8.10
present results for dimension 3.

Tables 8.11 and 8.12 represent the model-free upper bounds of barrier digital options
for strike steps 2 and 4 respectively for different lower and upper barriers. Similarly,
Tables 8.13 and 8.14 present results for dimension 3.

Table 8.15 presents results for dimension 4, bid-ask spread 0 and strike step 4. The

lower and upper barrier are 40 and 50 respectively.

Bid-Ask | ) 00s 95%  5.0%
0.018 0.036 0.043
0.021 0.038 0.044
0.028 0.040 0.047
0.043 0.049 0.053

Strike Step

Q0 =~ DN

Table 8.3: Upper bounds of the barrier no-touch call option price for dimension 2
and different strike steps and bid-ask spreads. The strike of the call option is equal
to the spot price 46.

Bid-Ask | ) 0or 95%  5.0%
0.035 0.055 0.061
0.046 0.061 0.067
81 0.068 0.077 0.082

Strike Step

= DN

Table 8.4: Upper bounds of the barrier no-touch call option price for dimension 3
and different strike steps and bid-ask spreads. The strike of the call option is equal
to the spot price 46.

After carrying out some numerical experiments, we observe that as long as we
have call option prices for the strikes that coincide with the barriers of our options,
any finer discretisation than the one described above does not lead to any improve-

ment, i.e. the optimal value of the optimisation problem remains the same. This
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Bid-Ask | ) 00, 959 5.0%
0.032 0.044 0.049
0.035 0.046 0.051
0.044 0.051 0.056
0.060 0.068 0.073

Strike Step

Q0 = DN

Table 8.5: Upper bounds of the barrier no-touch digital option price for dimension 2
and different strike steps and bid-ask spreads.

Bid-Ask | o o0 25%  5.0%
210049 0.066 0.071
0.063 0.074 0.080
81 0.087 0.097 0.104

Strike Step

=~

Table 8.6: Upper bounds of the barrier no-touch digital option price for dimension 3
and different strike steps and bid-ask spreads.

Upper Barrier 50 54 53 62
30 1 0.019 0.030 0.044 0.073
341 0.015 0.026 0.040 0.069
38 1 0.010 0.021 0.035 0.065
421 0.007 0.017 0.030 0.060
46 | 0.007 0.016 0.028 0.054

Lower Barrier

Table 8.7: Upper bounds of the barrier no-touch call option price for dimension 2
and strike step 2 for different lower and upper barriers. The strike of the call option
is equal to the spot price 46.

Upper Barrier 50 54 53 62
301 0.025 0.038 0.053 0.081
341 0.021 0.034 0.049 0.076
38 1 0.014 0.028 0.043 0.070
421 0.010 0.022 0.036 0.064
46 | 0.010 0.021 0.034 0.058

Lower Barrier

Table 8.8: Upper bounds of the barrier no-touch call option price for dimension 2
and strike step 4 for different lower and upper barriers. The strike of the call option
is equal to the spot price 46.
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' Upper Barrier 50 54 58 69
Lower Barrier

30 0.038 0.052 0.066 0.101
341 0.030 0.045 0.059 0.094
38 1 0.019 0.035 0.050 0.085
421 0.010 0.024 0.040 0.076
46 | 0.007 0.017 0.031 0.063

Table 8.9: Upper bounds of the barrier no-touch call option price for dimension 3
and strike step 2 for different lower and upper barriers. The strike of the call option
is equal to the spot price 46.

' Upper Barrier 50 54 58 62
Lower Barrier

30 |1 0.050 0.067 0.082 0.116
341 0.040 0.057 0.073 0.106
38 1 0.027 0.046 0.062 0.095
421 0.015 0.032 0.051 0.083
46 | 0.010 0.023 0.039 0.070

Table 8.10: Upper bounds of the barrier no-touch call option price for dimension 3
and strike step 4 for different lower and upper barriers. The strike of the call option
is equal to the spot price 46.

Upper Barrier 50 54 53 62
30 | 0.047 0.059 0.071 0.098
341 0.033 0.045 0.057 0.083
38 10.021 0.035 0.047 0.073
42 1 0.012 0.024 0.038 0.065
46 | 0.007 0.016 0.028 0.054

Lower Barrier

Table 8.11: Upper bounds of the barrier no-touch digital option price for dimension
2 and strike step 2 for different lower and upper barriers.
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Upper Barrier
Lower Barrier

20

54

58

62

30
34
38
42
46

0.056
0.042
0.029
0.016
0.010

0.071
0.056
0.044
0.031
0.021

0.083
0.069
0.057
0.045
0.034

0.108
0.093
0.081
0.069
0.058

Table 8.12: Upper bounds of the barrier no-touch digital option price for dimension
2 and strike step 4 for different lower and upper barriers.

Upper Barrier
Lower Barrier

20

54

58

62

30
34
38
42

0.075
0.050
0.031
0.014

0.092
0.067
0.049
0.030

0.107
0.082
0.065
0.048

0.139
0.114
0.097
0.081

Table 8.13: Upper bounds of the barrier no-touch digital option price for dimension
3 and strike step 2 for different lower and upper barriers.

Upper Barrier
Lower Barrier

20

54

58

62

30
34
38
42
46

0.091
0.065
0.043
0.020
0.010

0.110
0.084
0.063
0.040
0.023

0.126
0.101
0.080
0.059
0.039

0.156
0.131
0.109
0.089
0.070

Table 8.14: Upper bounds of the barrier no-touch digital option price for dimension
3 and strike step 4 for different lower and upper barriers.

Option Type

Upper Bound

Call
Digital

0.055
0.067

Table 8.15: Upper bounds of the barrier no-touch call and digital option prices for
dimension 4 and strike step 4 for lower barrier 40 and upper barrier 50. The strike of
the call option is equal to the spot price 46.
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observation might be of interest for future research. If the latter statement is proved
to be true, this means that with our method we get the best bounds (denote the lower
and upper bounds obtained by our method by L and U respectively) for the given
market data, i.e. for any other bound [ > L and v < U we can construct a martingale
measure for stock prices such that under this measure we get prices for the barrier
option that are out of these new bounds [ and wu.

Taking into consideration the above observation, in cases where we don’t have barriers
as strikes in our market data, we should perform some interpolation at the beginning
to find approximate call option prices for the barriers as strikes and then construct
our model. This approach is preferable to solving the problem by making a finer

approximation.

8.4.2 Variance Swap Options

In this section we introduce numerical results for plain vanilla variance swap options.
If (S;,t € [0,7]) denotes the price of a financial asset, the weighted realised variance

is defined as

n 2
RV = " h(S,,) (log SS“ ) : (8.12)
ti—1

i=1
where t; is a pre-specified sequence of times 0 =ty < t; < --- < t, =T and h is a
given weight function. A weighted variance swap is a forward contract in which cash
amounts equal to A x RVy and A x PEV are exchanged at time T', where A is the
dollar value of one variance swap and PF" is the variance swap "price’, agreed at time
0. In this section we consider only plain vanilla variance swap h(s) = 1. The reader
can find more in detail discussion of variance swap options in [19] and the references
there.

The problem of finding the price (or lower and upper bounds in model-free context)
of a variance swap option becomes the problem of finding 8.12.

Note that the variance swap option has neither a piecewise linear nor a piecewise
concave payoff. In this case we make a linear approximation in each of the polytopes.
In this section we consider 0 bid-ask spread and as before, the spot price is 46. In
Table 8.16 we present numerical results for a variance swap for different dimensions
and strike steps. We use a fixed time step of 6 months to produce results, i.e. the
prices of European call options with maturities i x6M,7 = 1,...,n are used as market

input, where n is the dimension.
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Compared to Table 8.16, where we consider a fixed time steps, in Table 8.17 we
present results for variance swap options with a fixed maturity of 1 year. Hence,
for dimension 2 the prices of call options with maturities 6/ and 1Y are used. For
dimension 3, we use the prices of call options with maturities 4M, 8 M and 1Y.
Similarly, for dimension 4 prices of call options with maturities 3M, 6 M, 9M and
1Y are used as input. The last column of the table represents the upper bound of
the plain vanilla variance swap option that is calculated with the method described
in [19]. The oo sign in the table means that the payoff of the option is calculated in

the limit for n — oo.

Remark 8.4.1 In this section we used interior-point method for solving the linear
optimisation problems. The missing optimal values in Tables 8.16 and 8.17 are due
to the large size of the problems. Though the Nesterov’s method described in Section
6.5 can solve some of these problems, a single run of the algorithm only states if the
optimal value of the problem s larger or smaller than a given value. One can to use

a bisection algorithm to find the upper or lower bounds of the option price.

Dimension
dK 2 3 4
Lower Upper | Lower Upper | Lower Upper
21 0.0352 0.1151 | 0.0390 0.0635 - -
41 0.0354 0.1676 | 0.0364 0.0729 | 0.0365 0.2432

Table 8.16: Lower and upper bounds of plain vanilla variance swap option for different
dimensions and strike steps with fixed time steps.

Dimension

dK 2 3 4 00

Lower Upper | Lower Upper | Lower Upper | Upper

21 0.0510 0.1297 | 0.0426 0.1550 - - 0.199
0.0506 0.1399 | 0.0425 0.1727 | 0.0383 - 0.279
8 10.0509 0.1697 | 0.0430 0.2267 | 0.0397 0.2790 | 0.498

W

Table 8.17: Lower and upper bounds of plain vanilla variance swap option for different
dimensions and strike steps with fixed maturity of 1 year. The Monte Carlo value of
the option is 0.09.
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Chapter 9

Additional Algorithms

In this chapter we present three algorithms for solving the optimisation problem
described in Section 4.4. Although we haven’t implemented these algorithms, they

may be of interest for future research and development.

9.1 Models with Rank Minimisation

Recall the marginal problem from Section 3.1:

sup / h(z)dF(zx), (9.1)

]:E./\/lpl

yeeny

One way to solve this problem numerically is to discretize the distribution and solve
it as a linear programming problem.

Suppose h(x) = Iy» 4 >4(7) for some threshold s and denote

7'; = Pr[X; € (xﬁ,xzﬂ]},j =1,2,...,m;

W(ironnin) o= PT° [Xl € (x%l,xlllﬂ], o X € (x?n,x?nﬂ]],

so 7 is the discretisation of marginal distributions and p is the discretisation of the
joint distribution. The problem of maximising the probability of exceeding the thresh-

old then becomes

maxy, Z{(i1,in):x%+x%>s} Hiy,...in
s.t. Z(il,---,ik_1,ik+1 ..... in) M(i17---7’i7L) = Ti]i, Zk = ]_7 ey ME S k= ]_7 N (92)
Wiy.in = 0
The number of variables increases significantly with the increase of the number of
variables or the accuracy of discretisation. Even for the four-dimensional case, dis-

cretising marginal distributions in 100 grid points makes the number of variables 100
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million, which cannot be solved efficiently with known LP solvers. This is where the
duality result introduced earlier becomes useful.

By solving LP (9.2) for n = 2 and plotting the support of the measure pu we get
Figure 9.1. From Figure 9.1 or using MATLAB function rank(), one can see that

Figure 9.1: Suport of the probability measure in worst case scenario

the matrix has a full rank when probability of exceeding the threshold is maximum.
On the other hand, the probability is at a minimum when the two random variables
are independent, i.e. the matrix has rank 1. In general, if the rank of the matrix
corresponding to the joint distribution is large, then the covariance between them is
small. Therefore, by controlling the rank of the matrix corresponding to the joint
distribution, we can control the dependence between them, since we want to analyse
all of the possible distributions that are consistent with the given partial information,
and not only extreme cases calculated by practitioners and regulators. This leads us
to investigate the following model:

max,  risks(p) — ARank(u)
s.t.  p is consistent with observed data

(M1)
where riskg(u) is the risk measure at level s.
The constraint on p to be consistent with the observed data can be different; for
instance, it can be an equality constraint for marginals or moments, or have the
structure discussed in Section 4.4.
The rank minimisation problem arises in many areas such as machine learning, signal
processing, statistics and combinatorial optimization, and it is well known to be an
NP-hard problem. A common approach to the rank minimisation problem is to
minimise the convex envelope, which in this case turns out to be the nuclear norm of

the matrix.
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Definition 9.1.1 The convex envelope of f : C — R 1is the largest convex function g
such that g(x) < f(z) for all x € C.

Definition 9.1.2 [|X|], = S""™™ 5,(X) is called nuclear norm of X, where X is

an m x n matriz and o;(X) are the non-zero singular values of X.

Theorem 9.1.3 (Theorem 1, [26]) On the set S = {X € R™*"|||X||]» < 1}, the
min(m,n)

convez envelope of the function rank(X) is || X||« = > 0] 0:(X), where || X2 is

the operator norm of X, i.e. the largest singular value of X.

This means that, if we assume that the feasible set is bounded by some number M, i.e.
|| X|| < M for all feasible X, then the convex envelope of Rank(X) will be || X||..
Theorem 9.1.3 provides evidence that the minimisation of the nuclear norm can be a
good approximation for the matrix rank minimisation problem. In this framework,

our problem becomes

max,  risks(p) = Al|pl].

s.t.  p is consistent with observed data. (9-3)

In the following subsection we will introduce some existing approaches for the nuclear
norm minimisation problem, following which we will adopt one of these approaches,
the semidefinite programming approach, to perform some numerical experiments for

our model.

9.1.1 Semidefinite Programming Formulation

In her PhD thesis, Fazel M. [26] provides a method for solving the nuclear norm
minimisation problem by formulating the problem in a semidefinite programming
context. Here we reproduce the main theorem from her work, which provides this

framework.
Theorem 9.1.4 (Lemma 2, [26]) For X € R™" and t € R, we have || X||« <t if
and only if there exist matrices Y € R™™ and Z € R™" such that

[YX

> <
T Z] >0, TrY +TrZ < 2t. (9.4)
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Hence our optimization problem can be formulated in the following framework

max,yz  risks(p) — NTrY +TrZ)

Y
S.t. [MT g] >0,

1 is consistent with observed data.

Here, however, the number of variables is (m + n)(m + n + 1)/2, which makes the
method impractical, because semidefinite programming solvers such as SeDuMi or

SDPT3 cannot solve the problem when m and n are larger then 100.

9.1.2 The Fixed Point and Bregman Iterative Methods

In this section we introduce the Fixed Point and Bregman Iterative methods to solve

the rank minimisation problem (for more details see [45])

max, || X][.

st AX)=b, (9:5)

where, as before, X € R™*" and A : R™*" — RP is a linear map, and b € R? is a
given vector.

Consider the following optimisation problem:

1
i X, + = A(X) — b||2. 9.6
Jmin VXL S IJAC) = ol (9.6)

Instead of solving problem (9.5), we will solve problem (9.6) for a decreasing sequence

of v, since when v — 0 the solution set of (9.6) converges to the solution set of (9.5).

9.1.2.1 The Fixed Point Method

We denote a subdifferential of a function f by df and denote the gradient of 3 || A(X)—
b||2 at the point X by g(X) = A*(A(X) — b).
Since the objective function in (9.6) is convex, X* is the optimal solution to (9.6) if

and only if
0 € vI|| X™||« + g(X™). (9.7)

If the Singular Value Decomposition (SVD) of a matrix X € R™" is X = UXVT,
where U € R™*" ¥ = Diag(c) € R™", V € R™", then by [1]

ONX* e ={UVT+ W UTW =0,WV =0, |[|W]]2 < 1}. (9.8)
This provides us with the following theorem for the optimality condition:
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Theorem 9.1.5 (Theorem 2, [45]) The matriz X € R"™*" with a singular value
decomposition X = UXVT, U € R™", ¥ = Diag(c) € R™*", V € R™™", is optimal
for the problem (9.6) if and only if there exists a matrix W € R™*™ such that

v(UVT + W)+ G(X) =0,
U'W =0,WV =0,||W|, < 1.

Let
Y*=X"—719(X"),

then (9.7) is equivalent to
0€Tvi|| X*|| + X*—=Y™, (9.9)
i.e. X* is the optimal solution to

1
i X, + =X =Y % ||~ 9.10
min 7v|| XL, + 5| « |3 (9.10)

In the following definition we will define the matrix shrinkage operator and introduce
a theorem which states that the matrix shrinkage operator applied to Y* provides the

optimal solution to (9.10).

Definition 9.1.6 (Matrix Shrinkage Operator) Assume X € R™ "™ with SVD
X = UDiag(o)V?, U € R™", 0 € R, V € R™". For any v > 0, the matriz
shrinkage operator S,(-) is defined as

S,(X) := UDiag(a)V", with & = s,(0), (9.11)

where s, (o) is defined as

(9.12)

s,(0) :=a, with 6; =

{ai—y, ifo;,—v >0

0, otherwise

and 1s called nonnegative vector shrinkage operator.

Theorem 9.1.7 (Theorem 3, [45]) Assume a matriz Y € R™" and a scalar v >
0. X :=8,(Y) is then an optimal solution of the problem

1
i X, + =|IX = Y|~ 9.13
min 7v|[X][. + 5| 13 (9.13)
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The following corollary provides us with a framework for the iterative algorithm for

solving the problem (9.6).

Corollary 9.1.8 (Corollary 1, [45]) X* is an optimal solution to problem (9.6) if
and only if X* = S;,(h(X*)), where h(-) = I(-) — Tg().

This gives us the following theorem:

Theorem 9.1.9 The sequence X* generated by the following algorithm.:

{Yk ~ X=X (9.14)

Xk—i—l — STV(Yk)

converges to the optimal solution of (9.6) if 7 € (0,2/Amae(ATA)), where matriz A
is defined so that A(X) = Avec(X).

Proof of this result is based on the fact that operators S;,(-) and I(-) — 7g(-) are
nonexpansive, i.e.

|[S70(X1) = Sr (X2)||F < [ X1 — Xol|F, (9.15)
||X1 - Tg(X1) - X9+ Tg(Xz)”F < ||X1 - X2||F7 (9-16)
for VX, Xy € R™*™,

To solve the original problem (9.5), we need to choose a small v and implement the
above-described algorithm to (9.6). As described in [45], however, by taking a larger
v and decreasing its value in a homotopy we can increase rate of convergence of the

algorithm. This is called a fixed point continuation.
Algorithm 9.1.10 (Fixed Point Continuation)

e Initialise: Given Xo,v > 0. Select vy > vy > ... >np =0 > 0. Set X = X,
e Forv=uw,1s,..,v, do

— while NOT converged, do

o select 7 >0
o compute Y = X — 7 A*(A(X) —b), and SVD of Y, Y = UDiag(c)VT
e compute X = UDiag(s,,(0))VT

— end while

e end for
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Sequence v can be decreased by 1.1 = nug, and as a stopping criteria in the

inner loop we can choose either

UV + g" vl = 1 < gtol, (9.17)
o || k+1 k||
XL X |
< ztol, 9.18
max{L, [[XH|p} = (9.18)

where gtol and xtol are small positive parameters representing the tolerance level.

9.1.2.2 Bregman’s Iterative Algorithm

As mentioned above, the Fixed Point Continuation algorithm (FPC) solves the un-
constrained minimisation problem (9.6) for a fixed v. In order to solve the constrained
problem (9.5), we need to implement a homotopy variant of the FPC algorithm for a
decreasing values v, — 0. However, by incorporating FPC into Bregman’s iterative
technique, we can solve (9.5) by solving a limited number of instances (9.6) for dif-
ferent b’s. The method is described below.
Given a convex function J(-), the Bregman distance [8] of the point u from the point
v is defined as

D (a,v) == J(u) — J(v)— < p,u —v >, (9.19)

where p € 0J(v) is some subgradient in the subdifferential of J at point v, i.e.
peIJ():={r:J(u)—J) ><ru—v>Vu}.
The iterative scheme proposed in [45] is the following

XE e ming DY (X, X*) + LJA(X) = b||2 (9.20)
pk+1 = pk - A*(A(Xk+1> - b),

which is equivalent to the following scheme

VP b+ (BF — A(XF)) (9.21)
X1« argminy v|| X, + %||A(X) — bEFHL)2.

So the algorithm is the following
Algorithm 9.1.11 (Bregman’s Iterative Algorithm) o 10+ 0,X"« 0,
o fork=0,1,--- do
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o V= b+ (0F — A(XF))

o X!« argminy v||X|, + || A(X) — bF 3.

The last step of the algorithm can be solved with FPC.

Note that Fixed Point and Bregman’s iterative methods are efficient only for low
rank matrices, whereas the two dimensional example of worst case VaR scenarios
introduces a full rank matrix. However, this issue can be easily overcome, since in
our model we want to maximise the tail events, which leaves room for flexibility at
the beginning of the distribution function, and we can construct this part of the
distribution to get a low rank submatrix. In the following subsection we introduce

some numerical results, following which these arguments will become clearer.

9.1.3 Numerical Experiments

In this section we introduce some numerical experiments for rank minimisation mod-
els. Assume we are given a marginal distribution for two risks, which are simulated
as a Generalized Champernowne distribution (2.3).

We use semidefinite programming formulation to find the optimal solution for (9.3)
for A € [0,7]. The probability for exceeding the given threshold doesn’t increase for
A > 7 which is the probability when one maximises it without minimising the rank.
Figure 9.2 shows the dependency of the maximal probability from parameter .

One of the issues between regulators’ and practitioners’ approaches is that theoret-
ical worst case distributions for the marginal problem are very artificial and are very
unlikely to occur in practice. Figure 9.3 shows a two dimensional distribution func-
tion for the worst case scenario (log scale), from which one can see the non-smooth
behaviour of the function.

But from Figure 9.4 we can see that, when A = 2, the maximal probability (0.0048)
is sufficiently close to the worst case scenario probability, but has a smoother shape,

as shown in Figure 9.4.
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Figure 9.2: Dependence of the maximal probability from .

From these experiments we conclude that, although worst case scenarios do not
represent a typical distribution in practice, using the rank minimisation technique
we can get smoother distribution functions closer to reality which produce similar
probabilities of extreme losses. This leads us to a new topic of research for higher

dimensional problems.

9.2 Grouping of Partitions

In many practical applications we have cases in which we can choose subsets of the
constraint functions ¢; and 1; (model in Chapter 7), such that the supports of these
functions do not intersect (or intersect only on a hyperline). This is the case, for
example, with marginal constraints, where we can choose n + 1 (where n is the
dimension of the problem) subsets, each of the subsets containing constraint functions
for the particular dimension. We will also choose one more set for the objective
function h.

In this section we will describe an algorithm for making use of this information in a
way that avoids a large number of constraints in the resulting linear programming
problem.

To render the underlying of the algorithm more readable, we will only treat the

illustrative two-dimensional case with equality constraints.
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Figure 9.3: Distribution function for the worst case scenario, probability for exceeding
the threshold is 0.0064, log scale plot

Assume the partitioning {II;,i = 1,..., K}, and the objective function h, and the
constraints are of such a form that the original problem can be written in the following
form:

(P) sup /Hh(:t)d]-"(m)

.7:6///3

s.t. ds(x)dF(z) =as, (s=1,...,M),
Dy

., Yi(r)dF(z) =by, (t=1,...,N),

/1df(x):1,
[
F>o,

where U, NV, =0, &;NP; =0,i+# 7.

This is true, for example, in the case of marginal problems, where each of the ®; will
be the column representing the segment at one direction and each of the ¥; will be
the row representing the other dimension.

In the standard form of our numerical algorithm described in 4.4, we had to deal with
all the intersections of all the partitions. We now show how this can be avoided, since

having many partitions introduces a large number of constraints in the dual problem.
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Figure 9.4: Distribution function for A = 2, probability for exceeding the threshold

is 0.0048, log scale plot

Note that problem (P) is equivalent to

(P?) sup /H h(x)d Fs(z)

F1,F2,F3€ My

s.t. os(x)dFi(z) =as, (s=1,...,M),
D,

Yu(r)d Fo(z) =b, (t=1,...,N),
'

/1d]:3(x):1,
d
Fi=F=F>0.

As before, let {II;},i = 1,... K be the set of all the original partitions.

T1 = 1I; and construct T}, = Ty_1 U II,.
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Consider the following problem:

(PE) sup / h(z)d F3(x)
F1,F2, F3edMy JH

s.t. /q>1d]:3(x):17
, S@dAaE) =a, (s=1....M),
U@ dFof@) =bi (L= 1. N),
/Ti[dfl(‘”)—dfz(w)]:o, i=1,.. K,
/Ti[dfl(gc)_d}—?’(ﬂf)]—o, i=1,... K,
Fi, Fa, F3 > 0.

Note that the last two equality constraints above do not guarantee that 7, = F» = F3,
so (PF) is a relaxation of (P3). As we will see after constructing the dual form of
(P?), however, problems (P) and (P¥) are equivalent.

To do this we again use the general duality framework from Chapter 4.

Let ® := {1,2,3} x ® and

Y={0,1,...,.M,.... M+ N,...,M+ N +2K}.

Construct the objective and the constraint functions as

, h(z), ifi=3,z€ H
c(i,x) = )
0, otherwise.
(1, itz=0,2e€®
¢, (x), ifz=1,... M,z e,
B(z,1,2) =<1, fM4+N<z<M+N+K,zel,_py_n

]_, ifM+N+K<Z§M+N+2K,$€Tz_M_N_K
W otherwise.

Voy(x), fz=M+1,... M+ N,zxe¥,

B(z,2,x) =< —1, fM+N<z<M+N+K,xzeT,_y_n
0, otherwise.
-1, 1fM—|—N+K<ZSM—f-N—f—QK,IETz_M_N_K
B(z,3,z) = )
0, otherwise.
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1, if2z=0
a., ifz=1,..., M,
b, np, fz=M+1,...,M+ N,

0, otherwise.

b(z) =

With this construction, it is easy to show that in our framework the dual problem

becomes

M

N

inf E S;a; + E tzbz + So
s€RM+1 teRN 7 5ecRK £ T —
1= 1=

M K K
s.t. Z s,gbl(:v) + ZTZ' + Z 52 > 0, Vx € (I),
z;l z[:(l i=1
Ztﬂﬂi(m) - Zﬂ' >0, Vred,
i=1 p i=1
S0 —Z&; > h(z) Vred.
=1

Denoting 7 = Zfil 7; and § = Zfil 0; we get a much simpler linear programming

problem:

M N

(DE) inf E S;a; + E tlbl + So
SERM+1 tcRN 7 §€R 4 1 —1
1= 1=

M
s.t. Zsigéi(:c) +7+5>0, Vzed,
i=1

N

thwz(x) -7 > 0, Vz € q),
=1
so—0 > h(zx) Vre d.

Note that the dual problem is not dependent on the choice of T}, so we would get the
same linear programming problem for any finite set of 7T;. From the latter fact we
conclude that, by solving (D), we will obtain the optimal value of (PF), since we
can choose any large number of partitions 7;.

When ¢;, 1; and h are chosen as linear functions, and ® is a box, this scheme
produces a problem with M + N + 3 variables and 2" (M + N + 1) constraints. Note
that in the standard form we would have many more constraints, for example, for two
the dimensional marginal problem we would have M + N + 1 variables and 2" M N

constraints.
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9.3 The Polynomial Optimisation Approach

Consider again the problem from Section 4.4 with piecewise linear functions ¢, 1y, h,

s=1,....M,t=1,...,N.

(P)  sup /(I’h(:v) d F(x)

fe.//g

smté¢4@df@)§%,(s_L”wAD
meﬁdﬂﬂzﬁu (=1, . N),

‘lef@):

F >0,
where we discuss the problem for & = UIl, C R", where for k = (k1,...,k,) We
denote IT, == [I} ¢, L ] x [I2 2] x - x [I2 00 ].

In this section we assume that we know in advance that some groups of risks are
mutually independent from each other. This information can be obtained either from
an expert opinion or, in the case of stock prices, from the independence of different
industries.

Without loss of generality, assume that these groups are Y} := (Xy,...,X,,), Y :=
(Xngats s Xng)s ooy Yoo = (X415 -+ -5 X))

Denote the restriction of function ¢, on a box II, by ¢%, which is linear by the

definition of functions ¢,. We can then write

¢:<I17 s ,ZEn) = ¢§,1(y1) + ¢§,2(y2) +oet ng,m(ym)? (922)

since linear functions decouple.

Further, the independence of Y7, ...,Y,, implies
dF(z1,...,2,) =dFi(y1) - - dFn(Ym)-

For each integral in the constraints we therefore have

Z / () +oo ¢sm<ym>) F ) e A () =

(/ Poi(y) dFi(yr) -+ - dFm(ym) + - +

/ Osn(Um dfl(yl)'---dfm(ym))
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Denote zf; 1= [;- |y () dFjly;) and 77 = [ ‘y Fi(y;) for j =1,...,m. We

obtain

/ os(x)d F(z) = Z (Z;lT; Tt 2T 7‘7’;_1) (9.23)
?

K

Extending this notation, the original problem (P) becomes

sup E (Ri75 ..o 4+ R T )
z,w,h,m,F

where

B = / WSy A Fy(yy) Viw
11

cly;

wi; = Vi) d Filyy), Vg, k

ey,

With this procedure we have constructed a polynomial optimisation problem
which, in the worst case, has more decision variables than the dual formulation of the
original problem. As we observe in many practical applications and, in particular, in
our model for risk management, however, this leads to a smaller sized problem.
Note that this method also works when, instead of having linear functions in the

constraints, we have functions that can be introduced in the following form:

l

G, Ym) = D D (yr) S (Um),

=1

which is particularly practical for piecewise quadratic functions.

9.4 Dimension Reduction Technique

We have already seen that, for higher dimensions, direct implementation of the stan-
dard numerical techniques is not reasonable in practice because of the size of the
linear programming problem. In this section we introduce an algorithm which yields

comparatively simpler problem.
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As in Chapter 7, we assume ® to be a box in R” and the partition II;, i = 1,...

to be such that UIl; = ®, NII; = (.

Recall that we require a numerical solution to problem (P) from Section 4.4.

(P) sup /q)h(x) d F(x)

.7:6(//[3:

t. /q)@(@df(x)gas, (s=1,.... M),

s.t. /b@/)t(x)d}"(a:):bt, (t=1,...,N),

/1d]—"(x)—1,
[
F>o,

Here we consider a case in which the functions h, ¢, and v; are piecewise linear on

the partition II;, : =1,..., K.
Define the linear functions h', ¢%, ¢ : II; — R as
h'(x) = h(z), ifx €Il
P (x) = ¢pg(x), if z €1,
Vi(z) = Yy(x), if 2 €11,
1=1,...,.K,s=1,.... M, t=1,...,N.

(9.24)
(9.25)
(9.26)

Taking into consideration that the polytops II; do not intersect, problem (P) is equiv-

alent to
K

) s 3 [ hta)dF @)

]'—6//3 i=1

5t z/nigzﬁi(x)d}“(x)gas, (s=1,.... M),
s.t. E;/Hi@z)t(@df(x):bt, (t=1,...,N),

K

Z/ 1d F(z) =1,
i=1 71l

F > 0.

Furthermore, for any linear function ¢ : R® — R we have

9(x) =(a,7) + 8 =
a1T1 + ago + -+ apr, + B =

r1(ar — ag) + ao(xr + 22) + - - + g, + B
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If we use the notation ¢! = (o', x) + 3¢ we obtain

K K K
PL(x)d F(z) =) (abt —al®)m; + ¢l () d F(x)
where m; = in d F and
Pi(x) = di(x) — (ab — af?)zy.

Moreover, since ¢%(z) is a function of # = (z; + 29, 73, ..., ,), we relax problem (P')

to the following:

K

() gl,...?élf%;/n,h""”)dg"(x)
s.t. Z/ ¢L(2)d Gi(y
s.t. Z/ U(2) d Gi(z

Z/ﬁimgi(q—;)ﬂ,

G >0 m € [min{lLi[,, } max{Tl,, }].

‘MN

(hi = hi)m

=1

‘MW

( ai’Q)migas, (s=1,...,M),

=1

Mw

(it = my =b, (t=1,...,N),

=1

where 7! are the same for 1 as o' for ¢, and

I = {(z1 + 22,23, ..., xy) ¢ (21,29, 23,...,2,) € I;}

Note that y is now in n — 1 dimensional space. Moreover, most of the coefficients
(o' — a®?) and (77" — ~p?) are zero in most of the practical applications, or the
quantities m; are known for many boxes (we have many observed points in these
boxes in order to approximate the average and the probability of being there), so
that the new optimisation problem becomes easier to solve.

The same approach can now be applied iteratively to other pairs of variables that
haven’t been contracted yet, e.g., (r3,x4), (5, z6) etc..

Let us now find the dual of problem (P”) again using our framework for general

duality theory from Chapter 4.
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We use the following notation:

d={1,...,2K} x®

I'={1,... M}
¥ =4{0,...N}
hz<i’>, lflzl,K,i‘EﬁZ
c(i,Z) = h}_, —h?  fi=K+1,...2K
0, otherwise.
¢ (Z), ifi=1,...K, zell
A(s,i,z) = qai Bl — =82 if = K+1,..2K , s=1,...M
0, otherwise.
Vi(T), ifi=1,...K, z¢cll
B(t,i,7) = A7 B =42 it =K +1,...2K. , t=1,...N
0, otherwise.
B(0,i,z) = 1.

This gives us the following dual problem:
M N

(D") inf Z asgs + Z bsz + 20

M N+1
gERY zERN+ =1

M N
st GUE)gs+ > Ui(@)a+ 20 > hi(x), (VEell,i=1,...K)
s=1 t=1

M N
D (@t =l ) g+ (T =)z + 20 = - R,
s=1 t=1

1=1,... K,

gs>0, (s=1,...,M).

As mentioned above, Z is now in n — 1 dimensional space, which provides us with a
linear programming problem with the same number of variables but with a smaller
number of inequality constraints. To illustrate this point, take for example a case
in which of all the II; are boxes in R™. In the original dual problem we would have
2"K + M inequality constraints, whereas in the reduced problem we have 2" 'K +
K + M inequalities.

Applying the maximum number of contractions of pairs of variables, we obtain a

relaxation with 22 K + 5K + M inequality constraints.
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Appendix A

Finding the Closest Point on a
Simplex

We can see that on each iteration of Algorithm 6.5.2 we solve an optimisation problem

of the following type:

1
min —||z — z||%, (A1)
z€A, 2

where z € R™.
In this Appendix we will describe how to solve this problem.
Writing Karush-Kuhn-Tucker conditions for problem (A.1), we get the following sys-

tem of equations:

ri—2zi+A—pu;, = 0, i=1,....n
r, > 0, 1=1,...,n
Hisi = 07 L= ]-7 , TV
M Z 07 1= 1a y TV
i=1
which is equivalent to
(KKT) zi(x; — 2z +A) = 0, i=1,...,n

l‘i—ZZ‘—i‘)\

[V
“CD
Il
\'H
=

(V4
\.O
Il
\'H
=

X

i=1
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Let (z*, A*) be the optimal solution of (KKT). Denote N :={1,...,n} and

A = {ieN:zf >0},
B = {ieN:z;=0}.
Then, for each k € A,
xp — 2, + A" =0. (A.2)
Which implies

A = ZAZl_l
m
xy = zp—A" >0,

Y

where m = ||A||, for each k € B, z, < A\*. We therefore have the following algorithm

for finding the optimal solution z*.

Algorithm A.0.1

Sort z in ascending order (order x with respect to sorted z).

Set S =0.

Loop k=1,...,n

1. S+ S+ Zn—k+1-

2. If (zp—ps1 > % AND 2z, < %), terminate.

3. k+k+1.

Output

S—1

A= —
l{/’ )

. 0, ifi<n—k
Zzi— N afi>n—k,

where g(i) is the original index of z; before sorting.
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Appendix B

Simulated ’Onion’-Shaped Loss

Data for Risk Management

Table B.1: Simulated ’Onion’-Shaped Loss Data for Dimension 2

85.4
70.0
88.4
160.9
92.3
64.5
112.6
63.9
90.1
73.5
60.7
103.0
83.0
74.3
73.5
71.8
102.9
83.9
102.4
69.9
77.3
58.4
62.4
72.9
77.8
66.2
106.0
58.1
64.4
86.1
65.6
65.0
67.8
84.4
81.6
133.0
63.5
72.2
95.0
107.3
65.4
88.8
63.7
77.1
88.8
65.4
61.7
108.6
76.5
69.9
66.4
96.9
93.2
808.2
73.8
82.1

63.4
65.7
66.8
67.0
66.5
67.2
115.5
70.7
89.5
107.8
69.6
74.1
74.9
66.0
66.4
68.4
65.5
101.7
93.3
62.4
78.6
78.3
108.4
75.2
77.1
59.5
80.5
64.2
65.5
70.2
128.1
76.0
78.7
61.3
76.3
73.5
57.4
73.9
70.6
79.4
62.9
87.3
71.8
168.0
94.6
89.7
69.3
66.4
68.8
67.4
64.8
269.5
70.8
67.7
83.5
87.1

92.4
89.8
76.5
101.8
73.9
63.1
79.5
84.8
128.1
71.1
68.9
421.0
67.5
62.8
72.2
81.5
64.5
67.5
95.6
77.1
62.9
71.5
121.8
90.5
89.3
74.4
63.7
111.9
71.3
1.7
70.1
68.3
210.8
68.1
79.3
76.0
88.9
52.5
171.9
81.1
75.1
64.8
84.3
83.8
64.5
82.9
67.0
70.0
93.1
60.5
70.6
155.1
1338.2
78.4
64.6
68.0

59.4
86.0
77.5
72.3
67.6
132.1
99.1
63.3
134.9
72.4
107.1
80.1
69.9
67.5
76.7
69.6
66.5
117.7
99.2
82.8
67.0
123.3
71.4
69.6
103.8
75.3
68.6
120.2
73.8
66.9
79.4
61.3
72.5
76.9
72.3
67.6
68.2
105.8
73.6
88.5
81.2
64.0
107.3
69.8
72.3
88.8
66.4
80.9
77.3
116.3
104.5
147.1
91.4
96.2
67.0
70.9

124.2
75.0
66.2
78.7
75.3
68.6
76.4
68.2
66.5
132.9
66.7
64.2
84.8
64.6
67.2
76.3
66.2
117.8
80.6
130.4
58.7
279.3
76.2
82.6
102.6
67.0
76.9
107.1
90.5
84.6
75.8
82.5
73.2
112.4
73.4
73.6
63.7
93.0
95.2
64.6
66.9
121.2
115.3
70.7
64.5
63.5
61.3
111.2
105.8
84.0
139.1
115.5
149.1
72.7
236.5
69.5

184.1
67.5
79.0
68.7
76.4
68.8

123.9
55.1

127.3

136.6
79.4
69.1
86.1
73.7
92.6
69.4
7.2
7.2
66.6
65.7
86.5
74.7
66.7
80.8
69.2
64.9
77.8
63.5

114.0
89.1

148.2
69.0
69.2
99.1
63.2
7.2

168.5

101.7

100.9
62.6
80.8
81.2

161.9

135.7
63.7
70.2

268.6
84.1
66.3
74.2

111.7
73.1
65.0
99.1
86.6
69.0

81.4
82.7
70.0
65.8
66.7
86.9
67.3
73.6
63.5
84.3
244.0
66.3
65.3
68.2
90.5
67.4
69.9
65.2
68.2
73.6
123.1
64.5
64.9
107.5
92.3
79.0
58.2
66.2
104.1
69.4
95.1
81.3
78.8
74.6
66.5
66.2
67.9
64.7
93.8
79.9
64.9
87.7
75.5
60.9
117.3
63.6
65.4
66.9
73.3
68.7
71.6
63.4
61.1
81.7
123.0
108.0

75.1
81.2
62.6
65.4
448.9
77.1
64.7
82.7
69.2
458.4
65.9
62.6
74.1
90.6
75.3
115.1
72.4
73.1
82.6
67.9
76.2
67.4
72.7
105.5
109.1
60.0
64.3
78.6
89.6
69.5
67.3
69.1
132.4
79.0
75.5
73.8
62.2
53.3
90.7
72.7
74.8
69.1
76.6
80.3
112.5
64.8
76.2
65.9
75.6
69.2
65.8
139.2
64.1
156.9
87.7
70.2

73.1
68.9
74.7
75.7
70.1
67.8
101.1
63.5
81.9
64.9
93.5
67.2
85.6
77.4
68.8
63.8
87.9
64.8
76.4
111.7
70.4
78.7
111.9
71.5
91.4
81.9
79.5
65.3
88.7
128.5
90.7
65.5
1196.2
73.2
66.8
70.5
62.6
63.7
66.8
197.7
110.5
85.3
87.0
78.2
61.0
95.2
67.1
422.0
74.4
78.6
187.7
60.7
67.7
67.2
65.4
75.0

87.1
61.1
98.6
68.3
72.6
69.8
82.4
82.5
72.3
63.5
105.2
66.1
87.5
72.4
70.0
74.6
81.2
65.7
59.3
70.8
83.2
71.0
115.1
70.1
106.1
102.5
81.1
66.1
86.1
61.0
71.1
60.9
1202.4
101.1
65.5
71.4
59.7
69.1
64.6
82.3
68.8
468.9
116.1
111.6
86.2
61.8
66.8
460.9
75.8
74.5
74.5
70.2
66.0
81.9
66.9
68.3

60.7
120.8
76.6
74.4
81.7
64.6
64.7
79.7
172.5
71.1
114.8
126.3
70.5
64.3
65.7
70.3
96.3
69.6
65.7
65.9
67.8
161.7
168.5
245.4
74.2
65.7
79.2
79.0
65.8
71.7
69.6
82.5
63.7
64.1
62.9
71.9
82.6
69.3
73.0
95.1
54.0
78.8
69.4
96.5
63.6
90.0
82.9
84.4
127.5
84.8
67.6
152.1
75.5
84.8
64.3
71.6

86.4
172.1
70.5
70.7
66.0
99.4
123.8
79.8
69.4
95.7
82.0
91.5
65.8
61.7
64.3
71.0
64.9
59.3
67.5
97.2
69.4
68.5
151.4
77.5
72.8
74.9
73.2
58.6
286.3
85.4
130.7
155.3
82.5
68.5
67.8
69.6
62.1
76.5
49.3
100.4
75.3
63.0
63.3
74.6
63.5
74.3
139.5
63.9
69.5
67.3
83.5
148.1
60.3
72.1
98.1
75.0

89.8
131.4
98.2
73.1
66.1
74.4
77.1
66.3
101.6
68.1
65.3
67.1
81.3
89.3
83.7
74.8
71.0
85.5
74.0
492.4
63.1
69.2
70.4
75.1
75.6
60.9
73.3
92.1
75.7
57.9
91.8
71.0
81.4
65.5
66.3
123.7
78.7
91.3
187.3
78.7
68.4
61.1
69.9
276.4
64.3
63.3
75.9
119.3
81.8
71.8
104.1
74.9
65.4
64.0
73.4
63.3

66.4
71.3
656.9
93.0
65.8
104.3
62.5
69.5
78.0
81.6
88.1
67.5
67.1
159.8
89.7
80.2
74.3
61.9
76.7
81.6
60.7
65.2
68.6
72.7
87.3
68.8
70.6
59.4
59.2
63.1
66.5
91.1
68.4
131.9
72.2
55.9
106.0
80.7
268.7
7.7
71.8
75.7
67.4
66.0
80.4
62.0
70.9
1190.6
67.9
62.7
73.8
69.6
61.8
75.8
70.1
106.2
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Table B.1 — Continued from

TEVIOUS page

64.1
72.2
64.1
73.9
72.1
70.9
116.0
62.9
67.3
67.6
82.8
74.7
82.7
63.5
72.7
70.6
68.0
93.4
82.0
72.3
92.1
65.9
63.9
65.8
85.6
65.6
71.4
67.5
115.4
106.8
55.9
68.7
74.4
73.8
68.5
154.5
160.1
61.6
80.6
67.1
79.2
78.9
70.6
131.9
210.8
117.0
67.3
71.5
70.6
64.8
64.8
86.0
66.8
78.9
90.2
70.1
74.9
87.1
70.7
62.5
70.8
69.6
61.6
67.0
75.1
72.1
59.1
77.9
66.8
67.0
63.5
145.8
71.0
121.4
84.7
67.0
81.7
74.3
72.9
83.2
64.7
72.4
69.9
70.4
81.1
137.8
76.2
68.4

103.7
83.0
257.3
78.0
65.5
68.9
69.6
71.7
74.6
65.2
69.4
69.9
63.1
109.9
123.1
71.4
72.9
75.6
64.7
93.4
67.4
65.2
92.4
59.3
77.0
72.4
69.3
173.6
74.8
69.3
78.4
159.9
52.3
72.8
59.2
124.5
119.9
58.0
68.9
67.9
188.9
78.6
65.8
103.8
203.7
117.6
90.8
169.8
84.6
61.0
73.2
85.8
94.3
94.8
171.8
140.9
146.0
82.1
90.9
92.7
115.5
77.5
111.6
69.7
68.0
67.4
68.9
70.8
65.7
75.7
82.3
67.8
128.7
72.6
123.7
65.2
74.6
67.4
73.5
73.1
101.3
67.3
76.2
59.0
79.4
142.8
183.6
71.8

95.0
67.5
94.9
69.3
83.5
66.2
67.5
65.3
104.2
74.4
71.4
86.0
94.6
73.9
136.4
114.4
59.2
103.0
80.4
74.5
79.1
62.8
83.1
67.1
65.0
73.0
85.4
69.5
440.7
91.7
61.4
65.5
68.5
98.6
59.8
74.9
96.5
83.0
75.7
65.8
94.5
161.4
67.3
67.5
64.8
76.7
69.6
128.4
96.1
71.4
75.2
68.2
57.1
74.3
51.4
157.6
68.2
65.0
70.2
88.8
82.0
94.0
85.0
132.3
81.6
64.3
60.8
67.7
65.8
136.5
81.5
72.1
65.7
78.0
71.5
65.6
67.3
81.6
91.8
72.9
85.9
59.4
91.1
70.6
75.4
72.0
71.9
111.6

169.9
75.1
72.8
87.4

103.1
65.3
57.8
79.7
67.3
86.4
75.0
77.0
76.0
77.6

137.5
98.9
53.1

103.7
71.2
95.2
80.3
69.7
70.2
74.8
62.2
72.6
69.9

104.1
67.9
62.6
64.2
79.3
62.5
68.6

118.6
93.6
85.8
67.1
89.4
66.1
83.9

160.3
73.8
73.4
73.4
65.2
92.9
74.8
71.4

193.8
76.3
69.4
66.7
72.9
67.1
62.7
72.6
62.0
65.3
61.0
61.6
74.2
88.9
80.7
78.8
74.1

107.6

164.1
58.8

209.4
76.2

271.8
65.6
74.7
65.9

102.5
64.2
65.8
71.9
69.5

116.6
92.9
93.4
69.4

143.2
95.2
72.0
68.0

66.1
62.5
97.7
63.5
61.4
69.7
75.6
110.2
296.4
604.0
134.8
69.0
120.5
61.7
66.2
70.9
97.8
71.3
61.8
75.9
78.4
124.5
63.0
80.2
163.8
67.4
65.0
76.2
64.9
61.0
65.4
65.0
63.2
105.6
63.3
92.7
118.4
75.9
71.5
74.3
72.7
66.7
73.1
104.4
90.7
95.3
60.2
127.0
80.5
99.2
65.6
63.2
53.0
107.1
66.4
99.3
66.0
68.7
85.1
69.9
72.0
126.8
70.2
63.1
73.2
66.4
84.3
61.2
63.2
73.1
70.8
72.4
99.1
59.3
65.6
120.4
58.8
70.7
73.9
57.4
62.9
68.1
75.9
74.6
68.6
78.3
150.7
72.2

62.3
69.3
76.7
91.5
62.0
67.3
66.3
70.8
65.1
98.4
73.9
123.2
101.6
70.5
65.1
68.3
66.2
66.4
70.9
76.3
87.5
124.9
73.9
74.6
63.6
83.1
63.0
66.1
66.3
71.0
69.8
67.7
79.7
73.0
71.8
93.4
83.5
86.5
69.7
80.3
66.5
80.0
70.1
100.4
96.7
82.5
142.3
116.9
65.1
87.4
82.2
73.7
63.2
116.0
70.8
126.0
68.8
63.2
91.3
55.7
64.9
99.1
55.5
65.0
91.5
67.6
76.8
64.6
69.0
72.9
63.3
80.5
180.4
65.0
70.7
66.8
57.3
60.1
74.5
116.3
82.9
66.9
70.5
65.4
68.6
81.8
81.5
67.9

65.5
81.4
68.1
69.2
74.2
70.1
100.9
77.3
102.4
64.8
70.9
71.4
67.5
71.3
99.2
172.7
60.6
64.2
102.7
68.3
137.0
103.1
86.1
83.1
70.8
82.7
73.6
128.8
73.6
60.9
77.6
67.2
68.8
116.1
65.0
71.0
70.6
72.4
57.6
82.9
78.0
70.3
70.7
67.6
91.4
65.0
260.1
75.3
114.8
65.2
164.5
64.2
70.1
107.1
71.5
69.5
90.3
86.9
354.3
134.1
62.4
70.4
63.9
64.2
97.0
73.6
66.3
141.6
117.7
57.9
78.1
63.9
94.4
112.3
115.1
81.2
79.7
66.8
65.8
76.3
65.1
67.0
92.5
78.5
68.1
75.4
64.6
61.6

95.6
97.8
69.5
70.5
71.4
82.2
69.4
73.4
60.9
81.8
69.5
109.5
67.7
72.1
132.4
175.3
68.7
68.3
99.3
79.3
75.2
99.4
58.6
71.4
67.8
89.8
141.6
86.1
71.2
64.0
61.0
66.0
73.7
78.2
147.8
69.1
67.9
67.5
157.1
67.2
66.5
90.4
68.8
62.0
66.1
71.4
68.6
102.7
69.7
574.6
63.1
74.8
60.9
97.3
70.1
353.9
73.1
113.7
75.6
135.3
116.7
75.6
77.3
82.0
73.1
73.6
71.4
81.4
73.2
96.7
72.8
74.8
96.7
72.7
73.8
73.4
61.4
82.2
219.5
60.9
77.9
93.2
70.4
70.2
63.4
58.7
78.1
69.7

62.5
63.3
94.9
67.0
111.3
87.8
67.5
61.7
68.4
99.1
63.5
111.4
129.8
69.3
151.6
66.2
68.5
102.9
67.1
68.7
61.0
97.2
78.8
80.4
101.4
73.2
97.9
74.3
82.4
86.9
67.8
64.6
68.6
102.8
126.2
86.0
86.3
71.6
67.9
86.0
84.2
66.5
78.5
70.7
68.3
72.5
72.1
68.8
69.4
104.0
74.9
240.7
107.0
66.6
96.4
61.8
79.9
74.3
89.9
66.0
66.0
93.0
69.7
74.7
73.4
70.9
91.4
58.7
69.2
63.3
93.0
75.6
73.6
108.3
125.6
69.6
88.9
89.5
69.9
69.3
63.3
70.0
105.0
64.6
64.6
129.4
102.0
97.2

300.9
85.1
69.7
67.5

301.0

340.1
64.2
62.7
64.8
84.6
71.8

100.6
89.3
76.3
76.1
63.8
7.7
94.8
63.2
64.7

251.4
82.6
98.2
82.2
77.4
79.6
66.4
65.9
65.8
81.8

132.6

140.7

112.3
98.9
68.4

117.3
64.7
73.3
68.2
67.3
90.3

108.0
75.2
75.9
74.1
74.4
64.4

201.4
61.0
78.4
85.1
76.0

322.1
92.1
70.4
61.9
77.4
72.5
71.2
65.7
69.1
92.8
65.4
71.1
75.0
72.6
83.7
63.9
83.4
63.2

114.2
62.8
63.8
78.9
62.2
96.8

115.7
71.0

147.8
63.9
66.1
59.7
61.8

115.5
71.8

140.5
59.5
94.1

77.8
64.3
61.0
68.8
83.3
112.6
62.9
171.1
100.0
91.9
64.7
72.4
54.8
76.7
72.7
93.5
58.9
66.7
104.3
68.8
88.7
105.4
71.8
69.5
70.0
69.6
124.9
67.9
73.7
79.6
63.7
84.2
61.9
158.5
74.5
96.7
82.8
63.3
80.9
62.9
77.2
78.4
68.6
87.6
63.4
68.1
61.9
75.8
102.2
80.3
76.6
68.5
90.1
104.5
69.1
68.0
71.6
74.2
73.7
80.2
87.4
70.4
98.1
69.3
69.9
98.3
68.4
71.2
65.4
75.1
84.0
73.6
81.2
66.1
63.9
87.9
77.9
72.9
97.8
59.6
147.8
126.5
71.6
69.6
78.4
105.1
64.9
78.8

70.5
69.9
68.4
66.6
62.6
102.8
72.6
64.2
74.7
101.8
167.7
67.4
88.9
70.5
81.4
104.5
70.9
75.9
65.4
72.5
89.9
113.6
96.8
66.4
112.2
61.4
61.9
62.6
92.6
91.6
71.9
57.4
82.4
73.2
66.8
67.4
118.0
66.6
63.5
66.2
65.9
98.9
131.0
94.6
83.5
74.3
74.0
71.1
385.6
91.5
76.3
64.4
104.4
122.2
60.5
157.1
70.0
271.6
70.8
236.3
71.1
69.9
94.0
67.6
71.2
121.1
74.0
72.4
72.9
87.5
80.7
88.9
56.4
77.8
71.6
62.3
73.0
63.6
73.0
71.7
74.8
67.3
75.7
65.3
65.0
105.3
58.1
61.9

72.1
67.5
65.0
84.3
64.3
64.9
65.1
73.8
96.9
79.8
68.0
62.2
72.1
100.2
70.2
80.8
67.8
92.1
70.8
66.1
70.9
75.0
58.6
79.1
67.5
197.5
65.9
79.1
78.4
71.2
76.1
64.8
62.9
81.2
62.2
64.8
63.1
80.4
79.2
91.2
72.2
72.4
83.4
90.1
95.6
65.9
69.0
63.9
78.9
85.7
100.3
67.2
108.6
67.8
77.0
67.1
65.5
93.9
75.8
97.0
68.6
63.0
78.4
62.8
69.2
78.7
81.8
75.9
65.5
119.2
70.6
79.2
68.9
73.2
88.3
69.6
66.8
73.9
74.8
74.5

129.5
268.0
73.3
95.3
74.4
78.8
139.2
66.2
74.0
77.9
72.4
66.4
61.0
106.6
73.5
168.7
63.5
83.7
159.6
68.4
60.8
67.9
64.2
62.0
77.1
102.1
76.2
86.1
75.1
80.3
73.2
61.3
68.3
166.7
66.4
79.2
70.4
93.8
412.0
63.6
67.3
70.3
81.7
80.1
76.7
84.1
66.6
64.6
64.1
105.4
72.2
78.0
67.6
90.6
72.8
80.6
70.1
64.7
88.0
65.2
65.4
91.6
76.1
67.5
93.3
80.3
70.9
129.5
81.3
135.7
64.0
69.1
75.5
79.2
79.7
80.5
70.0
91.0
80.9
98.1
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Table B.2: Simulated 'Onion’-Shaped Loss Data for Dimension 3

102.1 66.9 67.3 75.7 79.9 7.2 80.6 80.6 70.1 88.3 82.9 90.7 81.7 110.9 71.2
91.8 79.6 77.6 119.9 118.8 110.9 87.9 173.9 81.0 81.0 83.9 67.8 83.2 67.3 70.7
60.4 69.8 69.4 67.6 76.4 68.5 65.5 71.3 121.7 78.3 78.0 70.8 123.1 131.1 111.8
67.6 71.5 67.0 82.9 106.1 91.1 70.3 74.7 95.6 86.8 70.8 69.6 81.0 75.7 82.7
71.9 89.7 73.9 76.0 73.4 64.6 97.5 725.1 94.0 167.2 67.3 134.5 77.1 65.5 96.2
72.6 69.6 68.9 103.9 70.1 65.0 73.8 84.3 69.3 117.6 155.4 69.7 69.5 68.7 103.6
108.4 123.1 108.6 82.1 74.8 73.3 72.1 75.2 78.1 92.8 84.0 67.3 125.8 71.4 83.9
134.7 99.2 112.6 82.5 77.2 70.8 69.7 72.4 132.5 71.9 99.5 69.7 231.1 247.8 230.6
112.9 101.6 74.8 77.2 74.0 88.7 69.2 80.3 64.7 127.9 64.3 92.8 70.1 70.0 74.7
91.1 69.9 717 84.6 81.6 70.0 85.6 81.8 87.0 76.6 72.3 119.6 80.6 82.8 120.0
76.5 99.0 86.5 103.3 107.2 104.8 100.6 93.9 85.7 77.5 79.2 90.6 76.6 77.8 97.0
70.2 75.8 239.3 67.4 69.9 73.9 86.0 96.8 72.6 183.3 147.8 111.9 68.3 61.9 70.1
91.9 71.0 67.5 92.5 100.6 93.0 89.1 85.9 83.7 204.7 116.0 119.2 74.4 98.8 68.3
78.4 92.7 78.7 70.0 100.4 76.3 84.2 76.0 87.5 114.9 103.4 77.9 73.2 82.6 80.2
161.4 157.0 154.2 97.9 105.1 78.5 92.1 83.0 83.3 76.3 80.3 75.3 87.1 87.8 88.7
108.2 72.1 76.5 111.3 74.9 78.8 71.5 122.2 65.5 73.3 71.0 82.3 73.1 85.2 73.3
64.2 67.3 69.9 69.7 65.6 T2.7 67.6 73.6 83.3 72.2 63.8 67.4 75.6 101.9 89.1
77.6 82.9 86.5 74.8 79.2 79.7 83.5 69.2 77.2 74.0 75.7 95.7 88.1 83.3 81.5
1.7 75.5 236.9 89.0 87.3 89.9 75.0 70.1 67.2 64.8 70.3 101.1 132.0 72.4 70.9
83.0 82.0 98.0 116.2 67.8 75.2 107.0 104.6 109.5 68.0 62.9 77.5 86.9 81.4 81.3
77.0 64.6 70.2 73.1 79.8 75.0 91.9 72.7 75.1 66.1 67.4 74.8 83.0 66.1 71.4
101.1 86.8 90.9 78.3 86.3 77.6 84.1 73.9 72.9 70.5 75.4 71.7 75.2 68.3 74.4
81.7 85.9 86.6 68.3 68.1 61.1 94.5 67.1 75.1 116.1 66.4 71.5 83.3 126.3 90.8
71.5 123.8 91.4 96.1 126.1 134.1 91.7 90.4 83.8 64.8 63.6 81.5 102.5 98.7 98.6
92.7 104.0 98.6 145.0 137.1 146.1 74.7 79.7 82.2 78.0 75.0 83.0 75.3 65.6 86.0
65.6 69.1 83.1 115.8 75.2 88.7 71.9 78.6 69.2 67.1 113.5 69.7 71.3 121.5 66.4
83.4 107.7 95.8 64.2 69.3 69.7 97.5 124.9 77.1 71.3 60.4 64.4 128.8 112.5 104.3
63.0 66.9 63.3 82.8 79.4 69.5 108.0 75.8 78.6 91.9 82.2 77.9 67.3 85.3 242.6
123.3 121.4 129.0 62.1 71.1 81.3 69.3 68.7 75.9 70.7 70.5 66.3 68.4 76.1 96.8
70.6 86.8 69.1 75.2 89.8 108.0 67.7 66.7 102.8 76.4 7.7 79.5 75.4 75.8 74.1
96.3 71.9 69.2 65.5 66.5 68.9 65.8 72.4 68.8 67.5 199.1 71.0 105.0 86.4 77.9
89.9 82.4 86.1 82.1 66.2 79.5 165.4 135.6 166.5 86.1 83.2 121.1 92.0 118.5 148.9
100.4 217.2 73.5 76.6 68.6 70.5 71.1 72.8 70.0 91.9 79.7 87.3 72.4 69.8 79.3
108.8 104.2 99.7 71.2 71.3 78.5 70.6 63.6 71.0 92.3 85.4 62.2 82.2 66.2 67.7
69.4 59.7 66.5 88.2 89.7 92.2 66.9 77.8 73.1 74.9 73.8 86.5 125.2 68.6 118.2
78.5 81.1 86.2 70.5 83.9 74.8 151.4 83.9 103.5 78.7 173.9 93.9 81.3 86.0 482.2
91.4 90.7 110.7 72.0 143.3 69.1 90.8 65.8 92.1 73.8 67.3 113.0 67.6 68.0 84.1
71.9 73.5 330.6 97.0 112.0 90.0 64.7 75.8 75.9 69.3 113.5 92.0 87.2 84.9 83.8
72.0 424.1 72.1 81.0 85.9 91.1 72.6 89.1 100.0 88.9 67.5 96.3 69.4 77.1 105.3
74.4 65.0 76.4 69.0 103.9 83.8 69.2 73.8 64.5 71.7 76.7 70.1 74.9 78.4 77.3
70.3 70.0 74.0 114.9 82.0 86.6 101.4 64.5 69.8 69.5 62.9 76.6 81.0 69.2 75.3
85.8 92.9 92.5 71.9 68.3 90.8 64.0 76.4 65.6 127.0 80.2 68.6 81.3 71.6 70.1
64.0 91.5 104.4 66.2 67.6 69.7 88.2 89.2 65.0 104.9 117.5 124.1 99.5 78.8 69.9
183.3 166.2 69.8 141.1 76.6 75.8 90.5 75.4 241.4 72.3 265.9 71.6 67.7 72.7 73.9
82.4 70.1 73.4 64.7 75.3 64.2 77.6 67.2 72.0 111.6 127.7 117.8 115.4 103.9 103.9
83.8 103.5 67.2 79.6 76.6 77.6 80.8 179.4 178.5 93.1 69.9 124.2 71.6 87.2 71.7
74.0 68.6 68.8 73.6 69.3 64.7 77.2 71.8 76.0 79.3 83.0 70.3 69.1 65.8 83.3
84.3 68.0 70.1 64.1 59.6 55.5 165.6 86.5 86.2 81.5 126.7 72.9 76.4 69.9 76.5
73.2 77.6 94.5 75.4 73.4 74.2 71.6 76.1 177.9 70.7 103.0 69.8 92.0 72.1 77.8
114.8 68.9 65.5 80.1 72.6 64.0 79.3 71.0 75.6 123.8 90.2 116.2 201.7 106.9 113.2
219.9 1279.3 102.5 68.6 78.6 63.9 92.2 99.0 91.7 79.9 86.9 115.9 67.3 75.4 109.3
76.6 76.1 77.5 79.0 74.0 102.0 68.3 66.0 157.6 66.1 66.6 45.6 76.7 72.2 70.0
69.5 347.9 76.3 94.5 81.3 77.0 86.4 116.2 92.4 73.9 80.0 70.9 232.2 234.7 226.6
74.9 75.7 69.4 65.6 72.0 72.4 75.1 72.7 98.6 107.2 74.6 299.8 80.5 110.9 79.7
60.7 71.0 74.5 87.4 130.3 92.0 118.6 114.3 98.5 73.6 94.6 451.5 68.2 83.0 72.2
123.6 95.1 94.1 82.6 67.8 95.4 69.5 77.1 100.4 68.4 75.7 76.4 71.0 126.4 79.2
71.3 72.4 82.3 91.5 97.3 117.1 74.5 64.5 67.7 66.7 64.1 73.9 93.7 105.9 92.5
89.7 95.9 78.8 75.8 68.4 98.2 92.9 118.8 91.2 73.7 70.7 77.9 68.0 80.7 76.8
151.4 66.0 117.9 74.2 69.5 69.0 78.8 96.1 65.3 96.2 83.2 77.8 82.3 76.7 88.8
75.1 85.1 70.5 72.2 92.9 103.3 72.4 94.9 96.2 75.8 69.2 79.1 212.6 230.3 200.8
68.9 119.1 66.8 65.1 72.3 69.2 85.4 109.0 86.3 73.8 90.8 75.3 67.3 74.8 68.4
72.2 76.4 75.5 77.3 70.2 82.5 80.3 77.8 76.7 77.2 103.1 67.9 71.8 252.6 66.8
89.8 127.9 103.5 77.0 67.3 92.0 79.1 95.1 69.0 74.7 62.3 68.4 64.9 67.4 61.7
68.1 77.0 69.0 93.4 76.3 73.3 104.2 90.4 63.9 67.6 83.7 81.9 65.0 71.1 79.7
90.7 96.8 113.8 69.1 81.5 90.1 64.6 102.8 95.4 71.8 86.2 76.8 72.8 74.7 79.9
92.8 64.0 64.3 75.4 76.8 69.8 74.8 73.1 78.7 99.7 101.9 90.7 104.3 78.8 71.9
74.0 72.4 68.3 80.1 65.9 72.2 103.7 82.3 77.4 69.2 94.8 73.5 69.1 75.0 65.6
73.7 73.3 78.1 69.6 64.8 63.2 89.1 71.9 72.9 417.2 424.7 415.5 73.7 74.8 71.6
244.0 95.7 89.4 66.9 70.8 65.8 86.8 76.6 60.9 73.4 66.6 75.7 94.5 77.5 95.4
73.6 189.2 77.8 78.8 81.9 65.6 98.8 63.9 73.3 64.9 99.5 68.9 67.1 83.3 74.8
73.3 68.5 76.8 74.3 74.2 79.9 242.6 164.5 188.2 95.2 77.8 70.8 86.7 79.9 94.6
76.2 139.8 70.5 300.7 293.5 294.3 90.9 80.5 81.6 72.9 94.3 80.5 67.7 66.6 69.0
84.5 99.7 75.6 68.0 61.6 92.3 70.7 69.4 70.2 68.1 67.7 82.9 52.9 73.2 351.0
81.7 79.0 69.7 114.8 98.2 83.0 117.1 83.3 76.3 88.9 72.2 209.1 118.1 184.5 113.4
241.1 72.2 74.9 374.5 382.3 376.8 94.9 60.9 70.2 72.2 121.8 81.4 72.0 93.6 T
68.0 106.9 79.9 76.1 79.0 72.9 72.8 75.0 68.2 85.9 67.7 83.1 96.8 81.3 75.0
74.5 135.7 78.5 81.9 73.4 62.8 74.4 75.8 78.6 246.7 235.1 230.2 102.6 71.5 65.7
89.7 89.1 95.9 118.9 89.5 89.3 65.7 66.4 67.8 81.5 69.1 69.5 83.1 79.6 69.3
158.8 250.8 155.2 85.7 64.8 85.4 82.2 72.4 84.6 71.9 73.6 70.1 88.1 157.2 73.7
124.7 123.6 121.5 68.2 87.9 67.7 72.3 70.4 75.2 94.2 63.2 89.5 74.5 84.4 68.9
76.7 106.8 88.5 71.9 79.8 72.7 75.1 93.8 113.2 68.2 88.5 72.5 72.2 74.6 88.8
69.3 107.6 68.3 74.8 87.2 74.8 354.0 85.2 94.0 64.7 68.7 117.2 238.5 225.4 248.7
88.2 88.6 75.5 102.7 127.9 81.3 76.1 74.8 78.9 73.4 93.4 79.7 74.5 117.0 68.2
89.4 76.5 71.1 71.3 67.5 78.5 70.5 67.6 105.4 79.8 71.9 79.1 70.5 82.1 68.2
93.7 65.0 95.0 70.2 66.2 130.2 64.4 91.1 66.9 70.8 66.9 276.8 74.7 87.5 70.2
63.8 68.5 69.3 105.8 70.6 68.7 74.1 79.5 75.1 140.9 203.9 140.3 71.1 75.7 99.2
96.8 80.1 76.1 71.5 73.4 73.1 77.4 79.1 70.3 64.9 72.1 78.4 62.1 73.4 67.5
68.6 69.9 83.6 119.6 71.5 71.5 88.1 84.1 94.5 82.4 108.8 80.3 132.7 122.0 126.9
99.2 75.3 74.9 66.0 83.3 87.2 101.2 99.9 357.2 76.6 66.8 85.4 93.0 91.3 86.4
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Table B.2 — Continued from previous page

67.6
78.0
106.9
74.3
78.9
76.2
71.9
72.3
94.2
86.0
69.7
72.5
85.0
85.5
69.9
71.2
93.9
81.8
79.6
98.8
79.5
77.3
70.8
69.0
66.4
94.6
72.9
71.0
67.1
81.0
79.9
83.6
87.4
87.7
122.7
79.5
72.0
68.3
128.7
65.6
82.7
81.1
73.0
72.0
83.9
84.0
67.3
112.1
71.4
68.6
88.9
86.9
77.4
79.6
86.0
93.2
100.4
86.4
84.5
81.0
73.3
64.0
78.0
134.0
114.0
71.9
76.4
75.3
172.6
73.9
61.7
71.2
66.4
75.0
225.9
261.6
73.8
74.2
70.6
78.6
67.7
72.6
77.1
74.5
584.9
100.2
207.2
103.2
89.4
82.1

101.6
70.0
86.2
62.0
87.4
76.2
76.1

144.8
80.2
84.2
83.7
69.8
67.0
74.3
67.4
69.6
85.6
95.4

216.2
89.3
77.1
71.3
77.5
65.4

466.7
89.5
73.4
61.3
74.3
81.7
73.0
97.2
90.2

112.3
89.0
72.4
69.5
72.0
98.2
77.1
87.9
64.5
81.9
68.9
83.4
87.7
69.8
71.5
70.6
73.0
65.2
76.2
75.1
73.6
77.4
64.4
59.1
83.9
72.4
90.7
69.4
68.4
65.2

144.1
71.2
129.3
106.9
66.4
73.2
75.5
75.3

157.5
71.5
99.7

270.3
69.3

100.2
79.5
70.5
72.4
64.6
68.7
105.2
77.7
76.3
98.6
69.1
83.3
78.6
87.7

68.4
74.6
142.2
85.9
66.1
78.7
103.5
77.6
95.9
66.8
128.7
94.2
87.1
74.0
158.1
73.4
91.9
75.8
103.2
95.9
68.6
79.6
65.7
65.0
86.0
81.6
67.0
65.9
69.9
83.3
66.3
68.5
93.2
73.2
80.3
122.7
85.5
65.0
154.6
71.3
86.3
67.0
69.8
57.9
70.9
106.0
66.5
109.8
78.6
72.2
88.0
126.4
72.7
166.6
78.3
178.1
75.2
81.0
54.9
73.2
82.4
75.0
73.4
194.4
78.5
70.3
72.6
85.8
84.4
65.6
65.6
76.1
68.7
69.1
231.2
73.6
89.5
87.5
87.6
68.1
73.8
69.5
80.0
85.9
82.1
105.4
66.2
70.7
64.3
84.1

118.8
61.6
84.0
65.0
80.0
77.8
78.5
73.9
69.8
76.2
64.8
71.7
85.9
84.7
98.0
78.0
76.4
87.1

122.1
96.6
67.0
73.4

126.0

188.8
68.9
94.1
72.7

114.9
84.8
82.1
73.3
87.7
80.3
77.2
73.4
73.0
71.5
79.1

119.5
76.2
71.1
71.3
69.7
77.2

121.4
75.1
66.4
88.9
84.8

256.0

112.2
76.8
90.9
68.7
1.7
75.9
68.4
92.5

141.9
77.1
71.6
78.9
97.9

215.9

138.8

168.5
75.7
72.1

107.2
74.5

168.4
68.3
67.7

168.6
65.7
75.1
70.2
70.5
86.3
79.6
78.3
80.7

153.4
79.2
69.0
68.4
96.8
76.3
74.6

120.9

75.0
68.2
158.3
73.5
79.7
86.0
510.4
85.8
78.1
75.9
135.8
64.3
105.2
84.1
88.3
72.1
126.5
98.1
126.4
214.4
68.5
68.7
92.0
185.8
105.6
68.2
80.7
91.8
87.6
72.1
80.5
76.7
73.0
83.9
77.3
71.2
71.2
228.4
79.6
78.4
77.4
71.0
67.6
68.4
98.2
79.8
78.5
83.9
70.7
191.1
75.8
78.4
202.4
79.6
139.3
116.9
65.1
101.0
133.3
113.3
81.8
75.1
118.4
214.5
81.8
117.8
67.8
82.3
73.6
91.6
174.4
102.0
7.7
93.9
70.7
117.7
70.0
72.7
81.0
93.2
59.6
78.7
165.0
80.5
72.6
78.2
99.4
79.6
102.0
69.1

T
67.3
114.4
70.9
90.2
76.2
78.7
88.2
64.4
88.3
72.9
113.5
78.4
197.3
79.9
117.3
105.2
80.2
119.6
72.1
75.2
108.8
69.7
181.2
71.4
73.5
76.4
96.2
69.1
77.4
82.0
90.5
85.5
69.7
82.4
72.2
96.6
68.4
83.0
217.4
85.9
71.4
76.8
71.9
236.3
75.6
84.3
89.7
85.0
230.8
95.3
75.2
74.0
74.8
104.5
87.4
70.4
97.8
156.7
59.3
67.0
63.4
72.7
222.0
84.2
74.9
394.3
69.2
70.5
66.5
175.8
75.4
80.2
135.7
70.2
101.1
82.2
66.8
66.7
74.0
66.7
84.0
168.5
127.9
76.9
62.7
110.0
72.2
77.9
64.1

69.8
74.2
118.4
84.4
106.8
85.3
82.8
82.9
184.1
67.2
116.5
80.1
62.2
77.2
76.3
66.2
97.2
69.3
87.3
86.3
74.9
359.2
649.4
121.3
79.5
1.7
68.4
89.8
116.4
82.1
107.8
70.1
87.1
72.8
78.1
70.0
69.3
87.0
143.6
76.8
99.4
93.8
73.0
72.1
65.5
111.7
76.2
87.5
72.7
114.5
80.6
98.8
80.1
69.9
97.3
94.1
73.3
103.0
75.4
69.2
148.5
85.1
77.5
71.5
77.1
67.7
65.7
82.7
66.9
78.4
135.0
75.5
157.7
87.5
73.3
79.5
114.4
72.7
71.1
70.7
70.2
88.9
71.8
86.7
66.7
84.1
64.7
75.8
78.0
144.0

72.8
95.1
126.4
70.6
113.7
86.4
64.3
92.8
77.9
94.7
75.5
80.9
144.6
69.8
115.7
68.8
69.3
72.4
82.8
82.1
71.5
80.1
80.6
108.8
89.1
65.9
81.4
82.9
113.9
65.2
91.1
77.6
89.2
82.7
88.2
82.3
76.0
77.4
76.8
75.6
95.3
71.5
80.4
71.7
69.1
82.7
192.1
68.8
111.8
216.9
134.2
74.4
142.2
74.0
97.5
200.0
93.1
81.5
92.6
69.5
82.4
81.7
115.1
81.3
75.4
75.7
68.8
66.0
77.1
76.5
110.2
66.3
85.3
74.7
65.9
97.2
80.1
68.3
78.1
93.6
62.1
83.7
65.6
.7
71.3
93.0
72.6
89.8
69.7
98.5

84.2
69.3
137.5
79.2
71.3
79.4
65.9
66.5
74.6
67.0
76.6
73.3
92.0
71.6
77.2
68.3
7.7
80.8
82.6
86.6
73.8
76.2
73.5
116.1
81.1
92.7
82.2
80.5
81.2
76.3
75.2
73.2
90.7
69.5
123.3
77.9
68.4
68.2
68.5
83.2
91.4
109.7
133.5
188.6
68.4
118.4
89.8
135.2
68.5
67.6
72.4
74.2
64.3
69.9
120.7
105.4
164.3
66.8
67.5
71.2
98.7
81.6
76.7
67.9
74.6
68.0
98.0
71.8
88.3
70.3
98.7
76.8
93.8
66.3
81.8
75.0
83.4
66.6
65.0
101.3
79.3
128.5
67.0
96.6
52.6
103.0
65.1
70.4
66.5
74.4

68.1
79.1
79.8
120.3
67.3
91.8
90.3
78.4
64.2
169.0
118.7
89.9
83.2
83.0
215.4
70.8
74.3
72.2
69.7
90.2
97.8
68.0
74.1
68.7
75.6
70.5
81.5
87.8
123.0
154.1
67.5
68.0
82.2
74.8
73.4
78.2
86.7
217.2
111.6
95.4
66.9
67.6
162.2
80.4
163.1
91.6
219.0
187.2
70.0
64.4
96.6
76.6
72.6
73.2
78.6
82.2
75.1
98.7
96.2
73.0
83.5
70.6
67.6
101.0
98.2
66.9
75.9
77.2
100.1
53.4
73.2
72.3
91.3
65.8
327.1
63.2
79.2
67.2
92.0
103.8
69.6
77.5
92.5
69.8
112.7
69.6
71.3
93.0
68.6

70.3
146.4
77.9
100.3
64.9
79.0
88.3
86.2
57.0
158.6
181.0
101.6
62.3
69.7
70.1
73.5
113.6
65.0
71.2
105.4
103.9
106.8
73.5
73.4
69.1
143.1
76.0
78.5
73.3
67.8
154.2
107.4
69.0
76.6
84.1
70.6
78.8
110.7
193.1
101.6
95.8
57.4
124.3
96.7
113.2
86.1
76.0
73.3
106.5
82.0
457.2
102.2
116.8
77.0
89.9
70.2
74.1
107.4
59.2
77.6
75.1
130.2
69.7
65.1
70.7
107.8
73.2
93.2
125.0
85.1
76.5
61.3
166.7
76.8
68.7
130.6
71.2
85.5
88.3
87.3
75.1
75.4
75.1
92.1
81.0
91.1
67.2
68.0
90.2
75.2

92.8
75.5
98.5
194.7
69.2
72.5
88.4
80.1
177.6
161.1
107.3
73.1
57.2
158.6
84.4
69.4
82.3
68.6
73.5
95.2
88.3
70.1
99.5
64.8
74.1
81.3
79.2
72.3
67.0
76.2
162.5
72.4
70.3
71.9
77.5
222.1
87.2
75.8
194.9
165.0
90.7
99.8
68.7
79.1
79.1
91.9
100.8
81.0
103.5
102.9
73.1
87.8
79.5
83.6
68.9
68.4
107.9
75.4
81.6
83.7
81.5
75.8
66.0
69.2
79.9
107.5
111.4
78.4
101.8
89.9
70.6
107.8
82.1
118.1
70.3
76.5
87.5
138.1
70.3
96.3
71.0
102.8
72.5
84.8
74.7
95.7
66.9
144.7
97.1
81.9

68.6
113.8
147.9

73.1

99.8

84.4

73.4

69.3

66.7

82.5

68.3

74.3

93.1
174.6

71.1

68.6

75.5
192.5

80.6

68.2

65.2

70.7

70.0

69.8

73.3
113.7

74.7

85.3
158.8
125.8

75.0

79.1

63.3
144.9

76.1

95.6

75.7

73.3

97.2

7.7

96.1

73.6

62.2

69.5

77.4

88.6

69.6

69.5

79.2

70.8

58.6

82.2

68.1

69.5
124.4

80.4

71.0

69.1
125.6
147.5

70.6

98.3

68.8

78.8

72.6

92.9

78.4
125.2

71.9

65.9

75.5

80.1

74.8

78.0

69.2

70.2

7.7
113.7

97.7
105.3

70.6

83.8

82.6

84.6
139.5

93.1

89.3

69.9

75.8

74.1

67.9
156.5
77.8
77.3
100.0
79.8
66.5
72.7
72.7
65.4
83.7
185.9
87.3
97.6
88.6
68.0
71.9
64.9
65.2
75.8
86.0
81.7
71.2
103.3
75.6
120.9
67.9
71.8
98.9
79.8
88.9
92.1
78.4
70.2
93.1
110.2
69.4
151.8
80.7
69.0
108.8
75.5
64.7
82.2
173.6
76.0
57.7
69.6
68.3
67.5
66.6
82.6
220.1
63.1
77.4
70.6
180.2
72.1
130.9
91.2
73.6
82.7
66.0
78.0
71.5
76.3
73.0
96.0
67.2
69.6
72.7
100.1
76.3
68.0
78.0
102.4
66.2
118.3
68.6
80.3
71.2
73.5
71.8
75.1
90.1
67.6
112.5
68.5
82.5
74.0

66.3
115.5
78.3
81.9
163.1
92.4
72.3
120.2
73.5
81.2
76.6
107.3
117.5
104.2
84.5
69.2
71.5
159.8
89.5
106.1
75.4
79.5
78.1
84.8
75.1
104.8
89.2
112.9
113.9
68.8
77.3
66.1
75.3
89.0
76.5
119.7
86.2
76.9
79.7
72.8
139.3
70.3
81.9
126.9
72.4
70.0
77.9
70.2
86.0
69.4
66.6
105.1
70.2
96.6
77.3
89.3
65.6
155.3
122.8
85.3
76.7
88.7
78.0
105.2
80.6
183.2
73.4
80.7
81.5
78.8
74.8
132.7
66.9
65.8
65.9
90.7
91.1
121.9
100.2
68.1
75.7
73.4
128.7
81.1
99.4
74.8
79.3
94.1
80.2
106.6
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Table B.2 — Continued from previous page

77.9 78.2 75.7 82.6 80.3 73.1 73.2 63.1 92.5 61.4 77.8 88.4 66.7 70.3 80.4
2275.1 79.0 79.9 77.0 86.7 68.8 69.3 81.0 83.9 99.8 69.7 67.9 129.7 454.9 106.5
241.1 150.6 149.8 77.3 94.5 76.2 69.2 77.5 70.8 67.8 67.9 78.1 70.3 73.9 67.4
73.7 66.1 168.3 69.5 79.8 75.2 76.0 307.2 92.7 72.5 78.8 72.1 91.9 74.0 108.1
67.7 74.7 113.1 1.7 103.6 213.9 77.1 75.6 85.6 68.2 82.0 138.4 68.1 62.2 68.3
77.0 72.3 74.2 284.3 66.2 73.3 68.2 63.0 72.4 143.8 85.2 93.0 70.7 115.1 121.8
74.9 84.8 68.3 87.4 178.7 84.5 78.3 71.3 182.5 78.4 93.3 79.5 82.6 92.0 83.8
67.6 71.9 67.3 75.8 73.3 131.2 83.5 71.1 113.3 73.2 74.5 92.4 72.7 66.1 80.4
82.0 72.4 75.2 97.5 82.0 67.8 83.0 73.3 82.2 107.3 69.3 69.9 280.8 83.9 65.6
84.0 68.0 71.1 87.5 101.9 88.6 150.0 140.0 131.5 69.4 7.7 91.1 68.9 69.3 69.7
69.2 153.2 172.6 98.1 80.0 72.4 76.5 67.6 83.4 71.3 61.1 81.0 71.0 68.8 64.3
97.5 68.4 69.6 80.5 77.1 78.3 108.7 71.4 77.9 91.6 102.1 92.3 70.3 149.8 63.6
77.9 68.3 69.3 72.5 64.9 79.8 67.5 66.7 152.8 71.5 74.1 82.7 76.2 77.8 73.9
72.2 85.5 83.3 91.1 93.3 92.1 74.6 72.9 173.9 66.8 81.2 124.9 136.2 71.5 74.2
71.3 64.1 77.0 91.7 75.8 76.7 73.6 70.1 76.6 123.4 77.3 85.6 572.7 579.0 573.1
70.8 70.2 72.6 90.6 76.1 107.3 200.9 72.4 82.2 84.3 85.7 83.5 71.6 70.9 68.5
102.7 94.1 75.0 95.4 108.4 223.0 99.8 78.5 80.7 386.7 76.3 86.6 76.7 106.8 82.4
63.4 82.6 79.5 91.1 68.5 85.2 69.2 80.9 78.0 74.7 169.3 63.8 72.7 93.0 71.8
62.3 69.1 121.2 80.3 80.8 105.0 69.4 71.9 69.5 91.0 106.3 69.1 74.1 82.4 225.9
65.3 86.1 74.8 88.9 84.3 79.7 90.6 89.0 69.8 130.7 133.4 159.2 70.1 128.2 70.9
78.8 71.7 64.3 105.7 87.1 121.2 66.7 64.8 80.7 72.5 94.7 65.5 99.2 115.0 73.9
Table B.3: Simulated 'Onion’-Shaped Loss Data for Dimension 4

70.7 71.9 75.8 70.0 82.9 68.1 65.8 73.4 78.0 78.4 69.7 72.4

81.9 67.3 74.0 89.8 116.1 100.2 104.3 154.1 68.8 75.7 72.9 109.6

75.8 76.2 76.2 73.2 73.7 71.8 97.8 71.1 141.2 65.2 79.0 64.7

65.1 71.5 70.7 107.6 63.5 72.2 67.5 71.6 76.5 69.9 79.2 72.0

66.7 71.7 69.2 89.4 120.2 63.7 78.0 83.8 96.0 76.3 89.9 83.6

83.2 90.7 84.6 86.9 183.0 100.6 97.5 72.7 78.0 122.0 73.6 61.2

379.4 63.7 68.0 84.2 89.4 98.3 68.6 78.6 63.8 78.8 79.1 70.8

92.3 95.0 78.8 75.2 64.4 72.8 134.7 89.3 84.3 129.2 90.5 87.0

82.1 91.0 89.5 85.3 65.8 78.9 71.1 76.9 102.1 105.3 125.5 120.6

76.2 63.6 62.8 63.1 68.2 101.8 71.9 168.7 77.9 87.7 94.8 85.6

149.0 109.1 103.1 107.3 76.5 81.2 68.1 81.2 77.2 94.3 71.7 81.4

79.5 67.5 68.0 79.5 75.5 67.1 74.6 71.2 108.1 104.6 89.8 86.9

79.6 70.9 80.9 71.3 173.4 172.8 185.2 176.1 83.8 86.3 81.9 81.8

73.0 97.6 74.1 158.7 70.1 69.9 98.8 74.0 69.3 80.5 65.6 116.2

100.5 102.5 225.5 86.5 105.5 120.7 114.8 105.3 78.7 77.1 81.5 7.7

67.0 115.7 61.0 83.7 144.3 68.2 53.8 58.5 82.8 95.7 97.1 86.1

89.2 85.1 126.8 84.1 92.9 241.6 68.0 79.4 64.7 66.3 74.0 68.7

71.9 90.2 80.5 80.9 70.4 79.1 74.3 299.7 128.7 126.9 207.8 115.7

89.1 85.3 72.4 82.5 86.9 141.3 82.4 83.2 62.7 95.6 90.6 109.6

99.2 100.4 102.5 107.7 74.1 81.8 76.7 139.8 65.9 83.4 73.8 172.0

104.9 69.4 66.0 66.4 74.8 102.0 76.9 76.2 74.1 78.2 76.1 78.9

141.6 115.0 126.2 121.8 70.8 84.4 83.4 79.3 69.9 71.2 73.2 68.0

76.3 70.0 141.7 71.5 64.9 64.0 74.2 100.6 145.9 102.5 124.1 96.0

86.3 94.7 68.1 79.2 71.6 75.0 74.0 68.8 70.8 73.7 63.6 83.4

177.5 173.9 185.1 167.6 98.8 141.0 119.8 319.7 79.1 95.7 75.1 70.7

110.9 67.5 66.1 64.5 82.1 80.7 78.7 79.6 71.9 72.6 100.3 88.1

77.0 138.4 65.9 63.4 74.5 286.9 67.2 79.9 71.7 372.3 71.5 71.2

108.1 206.2 98.1 105.0 67.8 75.5 70.1 69.2 99.8 72.4 76.1 122.9

70.1 75.4 71.3 66.9 62.3 67.8 134.9 82.8 330.4 168.7 80.3 78.4

86.4 83.8 83.4 80.6 67.4 74.4 71.6 67.9 64.2 93.1 68.9 78.9

83.6 71.8 94.4 71.7 75.6 65.1 101.6 68.1 181.5 84.7 79.7 78.7

779.0 140.5 121.6 67.7 69.7 79.2 69.6 73.7 76.6 72.1 70.0 94.8

79.7 96.6 111.1 71.0 76.8 79.8 86.6 67.1 92.0 87.1 87.0 84.1

58.5 73.4 70.4 69.5 114.2 118.2 118.0 119.2 88.4 89.3 87.9 186.4

89.2 88.1 108.8 104.7 96.0 74.9 74.7 65.7 93.9 71.5 68.4 82.1

81.3 87.2 72.8 70.0 252.9 69.1 67.1 261.4 141.7 124.8 116.6 131.0

74.0 72.9 86.5 75.5 122.2 114.6 170.1 112.2 84.9 83.7 79.4 107.2

94.8 90.0 79.3 75.1 75.2 83.2 78.3 141.4 71.8 100.7 70.2 79.4

220.4 96.3 74.1 177.3 71.9 110.9 73.6 73.1 113.6 115.9 115.1 115.8

95.9 69.9 66.2 73.7 71.4 75.3 64.8 62.7 80.8 75.9 76.4 83.8

71.1 69.5 68.7 235.4 74.0 80.8 82.7 79.6 68.7 77.1 80.4 80.5

72.5 85.0 86.3 94.2 89.2 124.7 61.4 67.4 350.8 83.5 78.1 74.6

140.7 72.6 71.8 76.1 73.1 97.7 97.0 74.1 75.6 78.5 67.9 71.0

93.4 68.7 74.2 69.3 75.0 79.8 121.7 72.7 71.8 69.6 74.7 77.2

82.8 72.1 84.0 160.1 69.4 62.8 67.3 59.6 81.9 72.9 90.0 70.3

76.7 76.4 77.5 75.7 82.2 94.1 77.0 82.7 73.3 80.7 79.9 104.8

62.9 66.1 87.6 65.4 76.8 75.6 87.1 96.5 82.7 67.6 117.6 70.0

86.0 84.3 68.4 78.8 82.3 105.8 68.9 77.1 79.9 72.2 74.9 91.1

79.5 81.1 92.2 95.1 76.3 85.7 72.4 67.9 79.5 113.2 82.7 90.9

87.0 73.5 66.6 100.4 74.8 85.9 97.1 96.0 59.7 56.3 56.9 57.0

87.2 88.1 91.4 66.2 70.9 73.3 65.7 66.5 72.3 81.6 70.3 69.8

78.4 65.0 71.5 108.1 69.7 78.2 91.1 69.8 90.3 68.7 65.7 70.2

72.8 98.7 103.2 89.7 72.3 71.8 73.4 65.6 87.5 92.4 97.2 94.7

80.2 90.8 83.0 89.9 73.9 73.1 72.6 82.4 99.1 84.3 71.8 95.7

101.5 72.8 67.8 84.6 100.6 86.1 7.7 73.0 85.0 96.8 71.9 81.8

70.6 75.1 74.1 69.3 91.5 79.0 78.4 82.5 77.3 71.5 110.1 151.7

76.3 105.9 71.3 133.2 70.3 73.5 77.6 72.3 75.6 65.3 68.2 257.9

71.0 72.3 99.7 75.6 96.4 79.5 75.5 67.6 75.8 133.4 69.5 118.4

58.5 77.4 80.2 87.3 60.2 75.4 103.9 81.9 74.7 73.8 98.4 81.0

102.4 105.2 96.1 154.4 78.6 76.4 68.1 65.9 83.2 81.2 87.5 106.1
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Table B.3 — Continued from previous page

77.0 68.5 76.6 104.3 92.9 80.3 95.8 85.3 89.3 70.9 71.9 151.9
87.4 75.4 71.2 80.6 364.1 T 70.9 86.7 82.5 71.5 107.7 139.2
67.6 126.9 211.0 69.5 70.6 81.5 65.3 82.9 78.3 166.5 83.0 88.4
74.3 87.9 81.5 65.2 90.3 171.7 102.9 81.1 70.9 92.8 71.7 80.7
87.9 99.2 95.5 99.6 99.6 82.4 75.3 66.8 81.3 106.1 86.1 79.0
82.1 108.3 71.6 197.2 83.7 69.2 65.6 146.6 112.8 119.2 111.8 113.5
66.9 187.1 71.3 68.0 66.3 86.7 420.0 73.7 78.7 71.0 67.0 70.9
79.5 83.6 72.5 84.5 81.3 76.9 95.9 75.0 66.8 124.7 74.9 69.7
7.7 82.1 75.5 85.9 155.6 72.6 114.7 71.4 125.3 74.5 71.8 68.0
75.5 67.9 82.8 70.0 67.0 70.9 71.2 80.2 69.3 99.7 86.4 85.9
92.1 71.5 68.4 70.3 86.0 81.0 78.7 79.0 75.1 74.4 67.9 66.1
157.5 144.5 81.4 83.4 89.8 87.5 101.0 98.3 73.0 75.8 68.4 87.7
76.2 73.2 95.8 84.5 257.7 231.0 235.5 234.9 83.2 78.2 440.0 385.5
108.3 90.9 110.0 88.8 150.9 73.5 72.0 70.5 98.3 77.4 74.5 73.6
85.3 81.2 323.2 95.7 100.6 141.6 82.1 205.8 84.6 88.9 91.3 76.6
165.8 68.6 137.5 65.7 106.3 69.6 66.2 67.3 76.5 84.0 80.2 78.7
76.0 598.6 73.1 71.0 68.1 83.6 67.5 65.6 133.1 160.0 146.6 149.9
66.3 68.8 72.6 72.8 82.9 66.5 72.7 99.7 67.4 80.6 79.0 68.4
88.9 78.6 139.2 86.3 66.3 73.5 84.6 75.3 76.0 80.0 101.0 66.0
80.6 66.6 95.9 91.0 65.5 63.2 65.3 67.3 76.7 72.3 74.6 73.3
67.2 79.5 71.6 102.9 81.9 70.7 68.0 68.5 75.9 78.0 94.6 78.9
70.0 74.6 75.6 74.3 93.3 68.0 73.0 81.3 80.4 73.4 95.4 71.3
61.9 70.0 101.3 65.9 77.4 80.0 74.5 77.8 77.0 78.1 105.2 77.5
111.2 81.1 92.1 94.3 72.6 72.5 90.5 74.9 92.0 102.4 88.4 100.8
62.7 74.4 79.4 106.5 71.0 73.6 72.9 84.7 90.4 95.6 74.9 67.6
162.6 147.4 141.3 148.1 75.5 96.4 76.7 66.9 68.8 74.0 69.7 89.5
76.1 73.9 67.4 71.6 75.1 73.3 71.6 72.3 141.6 77.2 76.9 75.5
66.6 75.9 93.9 69.6 75.9 97.7 74.9 74.1 81.0 82.0 101.2 79.2
68.8 77.8 93.0 70.1 69.4 70.6 82.7 63.9 86.8 79.8 138.6 87.4
74.8 72.0 75.3 76.9 78.9 74.4 73.4 73.1 86.8 79.9 80.3 77.3
1.7 144.8 423.4 77.1 65.6 72.9 68.3 65.0 70.6 75.2 83.5 83.4
66.8 67.8 67.6 100.4 79.6 74.1 67.8 73.8 2427.3 101.1 96.8 111.6
71.0 99.2 65.1 81.8 242.4 72.0 59.2 76.5 106.5 130.6 124.4 117.0
76.1 95.2 83.2 80.9 76.3 66.4 99.6 70.7 72.0 74.6 67.1 87.9
77.1 75.6 87.2 76.8 77.9 79.2 81.7 79.0 81.9 92.5 68.9 59.3
68.7 168.9 63.0 66.7 78.3 65.6 70.2 67.2 116.2 74.2 61.2 74.9
74.3 81.0 72.2 66.1 75.0 94.7 78.4 71.2 70.3 71.9 72.3 102.9
71.3 74.3 74.9 153.7 72.6 127.7 82.1 205.7 77.6 73.4 67.2 95.1
76.3 72.9 73.2 100.1 80.0 117.9 7.7 97.1 66.7 64.8 104.4 69.7
75.8 67.2 96.4 73.6 73.6 67.8 69.5 182.2 76.9 73.5 75.5 73.2
77.3 75.2 126.5 70.3 59.8 78.8 67.2 80.0 81.6 69.0 73.9 75.9
72.6 63.0 65.0 62.5 65.9 91.1 75.7 93.5 93.2 66.6 78.2 69.9
69.8 85.2 78.1 71.9 94.6 61.5 72.8 74.8 67.6 71.5 70.5 116.3
103.3 102.4 208.6 106.8 81.4 66.8 89.0 68.4 61.7 59.3 112.3 102.5
101.4 88.5 91.4 243.4 69.2 66.0 69.9 79.9 74.8 90.0 104.1 68.6
135.5 97.6 110.1 95.7 83.8 73.7 74.7 88.4 69.7 68.3 76.9 75.8
80.0 71.8 63.1 67.9 96.0 86.5 133.0 78.7 63.7 72.5 77.0 72.6
80.3 97.8 151.9 69.2 95.2 155.1 84.4 199.4 78.6 85.5 146.6 78.0
72.3 74.8 75.9 74.8 79.7 97.3 62.0 74.1 92.1 74.1 72.6 102.8
66.6 71.7 74.8 80.6 91.6 72.8 75.8 76.9 72.5 69.8 84.4 73.4
105.7 81.5 82.1 86.6 122.2 95.9 110.6 109.0 97.6 77.9 72.3 74.8
97.0 90.9 128.3 140.8 73.9 72.5 75.7 69.7 76.7 86.6 125.5 66.4
241.1 220.3 245.8 222.7 141.3 65.6 69.4 58.8 92.8 69.8 71.9 93.6
60.3 74.6 72.8 67.8 77.8 102.2 75.1 92.4 71.4 99.9 69.1 68.5
65.9 60.2 70.6 65.9 86.3 81.6 76.8 87.5 67.3 84.6 67.5 72.0
63.0 139.9 73.0 70.8 111.5 112.2 116.0 123.9 69.9 105.9 78.1 71.3
91.8 74.2 72.2 83.6 84.5 81.5 126.2 82.4 251.8 133.3 67.6 68.5
454.2 165.6 168.8 166.5 83.5 391.9 92.0 69.7 90.1 101.9 77.5 76.6
117.6 84.3 103.6 97.3 73.1 75.8 114.0 145.6 76.0 72.3 90.9 68.4
101.4 90.6 110.3 90.3 66.6 69.5 72.2 61.9 70.1 68.1 132.4 69.6
69.7 51.4 73.7 7.7 95.2 67.9 90.0 95.4 116.4 76.0 91.0 99.4
87.8 93.6 112.6 83.8 108.7 75.8 77.8 73.0 88.7 82.1 116.7 67.5
63.7 69.5 79.6 77.9 69.3 69.1 73.4 76.4 74.8 83.2 71.7 82.7
63.7 82.2 92.8 77.5 65.3 160.8 69.5 98.6 63.7 157.0 75.8 88.3
67.4 74.0 286.4 73.3 79.5 78.1 85.2 81.1 76.2 103.6 70.1 124.2
69.0 84.8 56.8 68.9 110.7 89.2 113.6 85.2 75.0 333.0 76.2 93.4
113.8 110.8 74.2 74.3 79.9 74.5 69.5 77.3 111.6 84.7 73.5 137.6
69.4 97.6 121.7 101.9 68.3 74.7 76.0 77.5 141.8 75.1 86.6 91.4
77.6 154.3 75.6 100.8 70.8 110.7 67.6 112.5 238.6 243.4 290.9 240.4
79.6 76.2 80.7 71.7 191.1 203.5 194.3 186.4 74.4 68.7 234.5 69.5
104.6 74.1 115.3 135.3 71.5 66.0 92.7 69.1 80.3 131.5 88.2 82.6
72.7 82.8 71.6 61.5 70.2 70.4 67.3 73.2 85.7 81.9 78.4 75.2
70.3 100.5 90.6 73.8 104.2 119.8 78.2 69.9 69.5 95.8 70.6 75.0
101.9 147.6 78.5 96.5 80.0 85.4 91.1 95.9 74.3 94.9 87.9 66.0
70.4 71.9 76.5 78.8 90.3 66.3 71.2 146.8 68.4 75.2 80.6 86.3
128.8 127.4 117.3 135.0 65.4 66.4 66.3 75.8 65.6 73.7 109.2 62.5
74.6 70.9 66.8 64.0 71.0 78.5 67.8 77.5 58.2 198.0 92.8 70.0
103.9 116.9 69.8 77.8 102.3 333.4 76.4 72.8 86.9 75.5 97.4 75.7
68.6 66.6 78.6 117.0 70.4 236.3 61.2 61.4 91.2 77.5 77.1 101.0
63.2 717 130.4 66.4 81.8 83.7 93.1 85.7 68.9 68.4 80.9 79.7
67.4 128.5 85.8 7T 69.9 92.9 98.3 176.4 75.3 75.0 80.6 88.5
85.2 142.6 74.9 72.0 158.9 92.5 106.2 98.1 97.0 93.2 97.2 139.8
106.0 100.9 105.4 104.5 86.0 119.7 81.2 69.3 70.7 69.4 76.9 64.7
69.6 73.7 102.0 67.5 268.5 151.4 126.8 129.0 76.5 81.8 7.7 75.6
81.3 76.1 72.6 144.4 .7 73.1 76.7 73.0 93.0 76.8 80.1 161.8
271.6 108.0 92.1 90.0 141.4 81.6 90.5 83.6 69.6 73.6 70.8 88.3
66.6 70.2 70.7 62.6 73.4 88.8 96.4 87.8 103.5 105.3 89.5 98.1
78.6 70.2 80.7 70.6 90.0 215.7 74.9 70.1 85.6 80.3 94.4 82.3
69.9 65.9 68.3 118.9 84.6 136.9 80.1 153.0 7.7 82.4 86.0 82.0
70.9 76.9 153.6 95.9 341.5 365.6 352.5 341.8 126.4 112.9 124.1 136.9
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61.1
106.7
64.3
81.7
77.0
93.3
90.2
94.5
108.1
97.9
109.9
100.8
103.1
68.1
150.3
109.9
67.3
115.9
105.3
71.5
89.7
75.9
128.9
77.0
74.2
84.0
83.1
55.9
212.8
67.2
67.7
75.7
69.2
84.5
97.1
73.4
129.6
135.1
100.7
91.0
65.7
88.2
98.7
84.8
72.2
106.1
90.5
154.2
94.3
100.0
80.8
77.8
71.4
68.5
79.3
115.6
86.4
70.9
80.0
65.7
104.3
91.7
72.9
75.6
76.2
79.3
69.6
95.1
101.6
73.4
66.9
94.8
86.9
72.8
72.0
86.5
90.5
64.6
70.6
71.4
167.5
69.4
85.8
83.7
69.8
75.7
75.1
69.0
71.2
121.3

177.6
78.2
89.0

109.9
70.4
77.3
88.2
72.7

101.3
76.3
74.3

101.6
68.0

118.4

120.4
64.0
72.6

103.9

100.9
82.7
97.8
88.6
69.9
77.9
82.6
89.1
82.0
79.0
69.0

107.0
74.5
85.9
67.7
78.9
87.3
81.0
72.2
68.8

107.9
89.0
68.1
74.5

123.9
83.2
75.5
83.6

102.3

156.7

133.3
81.3
70.1

111.1
78.1
75.0
75.9
86.3
69.0
74.9
72.6
79.2
77.9

207.1
76.9

338.4
79.8
82.1
70.5
74.6
75.1
78.6

162.8

100.9

138.9

121.3

123.4

413.8
81.8
69.7
69.3
96.8

159.6
67.6
67.5
67.5

118.3
95.3
68.4
70.8
81.9
83.3

82.5
77.3
74.7
125.7
98.3
66.3
96.9
77.3
108.0
75.4
79.8
180.6
80.3
75.4
197.1
81.0
68.1
129.1
111.0
166.4
90.4
65.9
76.7
83.8
73.1
79.7
67.2
128.2
76.7
69.8
71.1
106.5
65.6
113.4
208.1
117.4
106.0
74.8
98.9
88.5
122.9
79.8
93.8
103.6
70.5
298.1
74.5
161.0
100.5
3013.6
75.2
82.3
565.6
70.8
70.7
75.1
79.0
66.6
66.2
78.2
85.8
80.7
70.9
99.2
74.5
85.1
103.6
77.8
126.1
84.3
80.6
97.4
70.4
80.8
77.2
77.6
79.8
67.5
66.5
70.9
160.9
311.5
95.1
88.1
67.6
86.6
82.5
68.5
80.1
75.8

63.8
65.9
65.6
81.8
112.2
69.2
103.3
90.0
136.3
86.0
77.1
104.7
131.5
92.5
122.7
91.1
65.4
110.6
107.7
67.7
102.6
73.4
175.4
90.2
68.1
76.6
137.5
117.8
94.2
66.6
72.6
89.8
64.9
91.9
80.0
76.5
207.1
67.5
87.6
100.8
73.0
132.7
89.7
136.5
69.5
75.9
75.8
158.6
97.1
70.7
71.6
137.4
67.8
69.6
7.7
69.9
64.6
112.0
95.1
71.8
70.9
146.0
67.4
72.8
73.5
68.8
66.8
68.7
56.8
98.4
80.3
97.1
74.4
110.8
67.7
75.5
81.3
67.3
66.2
68.4
160.7
96.5
81.9
72.7
74.2
89.3
95.8
72.1
73.2
87.6

87.3
68.2
74.1
73.9
79.6
74.4
80.5
85.6
110.3
72.0
127.6
70.1
86.8
76.7
80.1
66.2
72.7
335.6
81.4
66.3
67.1
81.7
72.7
91.7
87.2
85.7
76.4
71.5
68.9
72.5
74.5
69.4
111.9
85.1
82.0
83.9
76.6
67.9
80.4
89.5
115.5
66.5
111.5
68.7
116.7
77.8
86.7
92.6
103.7
111.5
87.8
69.7
176.0
79.5
128.9
e
104.9
72.4
112.5
74.0
81.5
65.6
80.7
267.8
77.3
80.2
.7
68.8
80.3
68.3
70.7
70.6
73.6
65.9
95.0
72.0
78.4
214.3
70.6
114.1
90.1
76.4
66.8
67.9
210.5
88.5
71.4
76.4
1.7
76.2

71.3
71.0
87.0
77.9
75.7
100.3
172.1
98.7
128.6
68.4
86.7
87.3
88.6
88.6
68.8
65.1
83.2
335.2
110.9
66.5
92.5
95.8
71.0
75.0
86.5
83.7
115.6
78.2
72.3
74.0
87.6
73.9
77.4
87.9
290.5
80.7
164.7
92.1
74.5
82.6
66.0
68.0
99.7
90.9
87.6
75.9
77.5
1.7
104.2
86.2
80.3
82.5
98.6
72.4
93.3
67.8
101.3
75.9
82.3
79.6
126.3
85.3
77.9
266.6
82.3
71.9
72.9
1361.9
98.7
59.6
80.0
72.8
73.8
71.2
70.7
127.3
179.6
80.3
63.0
106.0
64.4
68.9
74.9
82.6
213.9
91.8
89.4
114.3
82.4
77.2

73.0
82.3
78.9
72.5
85.6
82.8
68.6
203.2
112.9
81.1
77.0
74.1
68.7
74.3
93.9
76.3
70.5
342.9
72.7
75.8
92.7
85.6
70.1
80.8
98.6
68.4
68.1
114.5
71.9
129.2
68.6
72.8
111.6
74.8
90.8
110.7
113.4
68.0
70.5
88.1
148.6
95.9
61.7
64.6
71.5
79.6
66.1
97.8
127.4
79.3
79.0
69.7
78.4
70.5
84.5
81.7
78.0
76.8
98.9
147.1
84.4
688.2
83.5
280.0
90.4
89.0
82.4
102.4
87.6
67.5
74.7
69.5
64.8
70.2
70.2
75.1
100.8
75.2
67.7
76.7
73.8
102.7
73.6
73.6
197.8
88.4
69.9
77.0
83.6
79.2

95.6
75.0
75.8
87.0
66.6
74.7
62.5
78.7
117.8
78.0
85.5
74.8
105.8
80.2
64.2
71.8
71.5
334.9
82.0
64.4
203.1
76.2
72.4
83.8
80.0
94.2
61.5
86.7
79.6
141.1
74.6
75.3
97.7
72.2
130.5
81.1
82.9
115.8
70.1
83.1
73.0
92.4
73.4
144.2
79.9
84.2
71.6
73.1
134.8
85.6
75.7
63.6
73.2
67.8
79.0
79.7
83.1
77.6
71.1
72.0
86.7
72.5
90.0
276.7
75.8
80.8
78.6
71.9
91.0
330.4
135.0
86.5
72.5
107.3
112.2
102.9
73.5
78.4
75.0
74.2
94.8
71.9
75.5
92.0
193.4
96.8
162.0
75.9
78.1
87.5

76.7
75.1
79.7
107.6
70.3
167.2
67.2
177.4
94.1
71.9
116.4
102.9
71.6
70.9
70.8
78.6
74.2
99.9
71.5
71.2
71.1
68.8
72.4
80.2
198.7
67.3
99.9
82.6
108.3
75.2
96.4
89.6
118.3
82.3
56.2
170.2
73.5
64.9
80.2
63.8
70.2
75.1
78.7
75.8
77.1
94.1
69.6
73.7
112.8
85.3
70.5
67.8
80.0
101.2
103.0
94.8
80.0
76.8
83.8
80.1
88.2
210.2
79.0
95.1
248.1
110.7
77.9
75.7
100.7
65.4
71.2
73.4
74.4
88.2
68.4
224.5
79.3
76.2
717
137.4
88.3
178.7
92.5
59.1
106.6
73.4
60.1
65.8
188.9
77.5

84.4
72.8
71.4
129.1
106.0
74.7
72.7
131.8
66.9
65.9
106.4
102.0
73.4
90.3
94.5
87.5
66.0
71.0
65.4
73.9
165.9
60.4
71.6
137.4
197.6
68.3
70.6
148.9
86.7
74.7
77.8
116.8
72.3
73.4
124.9
122.2
89.2
204.2
162.1
86.0
68.7
70.2
83.7
62.9
82.9
96.9
79.1
138.8
89.9
78.5
64.7
102.2
73.6
76.2
132.5
78.9
64.1
65.4
66.0
86.7
68.3
223.7
73.2
75.7
79.3
97.5
71.2
85.2
70.9
65.5
70.9
72.1
70.0
68.5
130.3
74.7
85.1
75.3
74.9
87.5
79.8
179.6
73.9
80.4
99.0
71.2
66.6
68.9
153.7
75.4

90.8
58.2
180.1
112.6
66.7
104.5
126.0
141.5
75.4
76.2
100.1
95.2
76.9
255.4
66.5
73.4
84.1
85.0
85.5
74.0
71.5
63.7
67.0
75.5
197.8
83.7
69.0
75.3
86.0
717
74.1
76.5
70.6
81.2
80.2
123.4
83.6
69.2
103.5
69.6
68.9
78.0
86.3
75.8
62.9
91.7
60.3
80.6
66.0
88.1
69.1
63.6
75.5
72.8
136.0
71.0
116.9
67.3
72.6
72.1
67.6
224.9
72.7
68.5
71.1
90.3
71.4
80.0
87.8
74.5
65.9
72.3
71.0
67.9
80.7
83.1
80.9
81.6
96.8
69.3
68.2
176.9
85.8
135.3
237.6
75.0
67.0
66.8
165.8
197.7

82.4
69.5
81.6
126.0
80.3
90.2
73.1
144.4
60.8
129.4
100.5
100.7
69.0
75.6
70.6
74.0
70.2
76.5
91.0
64.9
88.2
102.6
70.7
109.1
203.1
61.7
73.3
78.3
84.3
76.0
79.8
70.9
76.2
71.9
69.4
73.9
68.6
69.1
78.6
71.0
65.4
64.8
69.2
156.1
69.0
99.2
81.6
77.8
78.0
88.1
75.0
320.6
92.8
74.2
120.1
121.0
72.7
75.4
74.2
80.8
69.8
214.3
70.5
73.8
87.6
94.1
75.9
74.7
129.4
75.3
76.6
92.2
69.4
85.9
77.0
7.7
69.8
1337.0
84.3
68.0
73.3
204.9
71.7
70.8
103.1
79.8
71.6
75.5
177.3
70.1
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70.1 69.0 78.1 72.6 76.5 114.6 69.2 69.1 71.7 125.5 75.7 83.0
73.2 77.2 100.6 162.5 70.5 71.7 134.2 66.7 66.9 86.6 71.3 70.6
71.8 68.6 82.9 71.4 85.8 85.4 80.4 85.5 103.1 110.0 101.5 104.8
69.7 146.0 75.2 69.2 67.1 68.0 73.6 91.3 83.5 418.6 70.5 67.8
77.9 72.7 91.7 80.3 102.1 83.8 141.1 80.6 77.4 78.1 68.2 77.2
171.2 180.1 176.5 181.3 89.4 111.6 100.6 117.3 79.6 69.2 77.1 73.2
84.0 94.8 89.8 178.3 77.3 128.3 66.3 76.0 77.9 77.6 83.1 88.7
73.7 68.6 71.5 85.0 74.1 75.5 71.9 71.2 362.6 70.7 92.7 80.9
83.6 73.0 75.9 67.9 67.3 76.5 70.1 79.8 100.0 72.2 76.4 74.7
85.3 78.4 78.4 78.4 119.6 75.5 92.1 98.9 96.6 83.1 83.0 89.8
74.9 717 67.5 74.9 77.9 90.5 83.8 190.3 87.4 72.2 80.7 72.7
61.6 68.9 67.8 74.6 T2.7 80.1 75.8 120.4 94.6 77.4 92.4 86.4
94.9 81.8 85.7 85.4 108.1 66.8 75.3 117.9 65.7 128.9 67.4 112.6
125.7 154.7 125.2 129.1 81.0 79.8 80.4 95.0 89.9 74.7 81.3 79.7
85.4 67.7 265.2 72.5 81.5 159.7 96.1 227.7 179.1 70.5 85.9 72.1
65.4 72.8 66.3 68.0 80.3 83.7 93.7 176.6 64.5 76.4 72.6 125.9
114.6 56.6 61.2 62.3 73.4 73.0 90.3 76.6 473.2 70.4 71.0 66.5
74.6 67.5 70.8 94.4 73.7 69.3 71.1 82.5 81.6 117.5 72.4 88.4
81.8 119.6 97.5 83.1 81.6 87.1 109.6 103.8 71.8 73.7 85.9 72.9
76.1 74.3 210.0 65.5 73.9 83.8 73.7 78.4 74.1 75.9 122.6 62.8
147.0 71.6 68.3 73.3 73.0 73.0 101.2 70.6 77.6 78.4 82.3 91.5
65.9 87.6 68.6 73.2 149.4 7.7 191.2 80.9 82.3 90.6 371.0 122.7
67.5 128.7 717 79.0 78.0 71.7 70.1 83.0 70.9 68.4 70.0 70.9
74.2 71.3 72.4 76.3 62.9 75.0 72.6 63.5 71.8 70.0 85.2 88.4
90.1 87.4 74.1 75.1 187.4 174.1 185.6 171.5 68.5 113.8 112.5 72.2
68.4 69.7 74.2 177.9 77.1 67.9 62.3 67.1 103.5 74.1 99.0 77.5
65.1 60.3 63.7 78.1 78.6 361.7 7T 86.4 194.1 173.4 170.5 181.7
70.2 72.9 114.6 68.5 88.8 69.2 91.3 69.7 68.0 77.8 71.4 65.9
112.4 69.3 88.6 71.9 75.6 70.2 75.7 72.4 156.9 68.0 72.3 69.2
71.2 69.4 71.6 75.7 70.1 74.2 65.0 74.2 96.1 80.5 67.7 123.7
92.4 96.2 95.0 106.7 81.0 128.3 85.1 138.8 108.0 93.2 105.2 104.0
82.2 86.7 89.3 86.3 64.0 72.8 71.0 87.9 73.8 235.0 82.6 205.8
69.6 75.9 94.1 80.1 69.5 75.5 70.6 68.2 64.8 72.2 111.6 85.9
109.4 92.3 138.1 165.7 106.6 75.5 68.6 67.9 76.6 88.3 74.4 191.0
68.5 53.0 85.1 71.4 70.3 66.1 71.3 75.7 72.3 90.6 74.2 72.1
75.1 113.0 67.4 94.9 92.8 131.8 98.1 101.8 71.3 78.4 136.4 77.4
99.8 82.3 110.0 75.0 80.7 80.7 83.4 78.9 70.0 86.7 74.5 100.1
128.1 77.8 69.6 96.5 69.9 86.7 70.1 66.0 80.8 69.3 67.3 77.4
129.7 158.7 76.6 80.5 68.8 76.0 78.8 70.3 65.9 72.5 201.1 67.5
134.7 91.9 84.9 100.3 73.3 77.1 77.4 65.4 73.7 76.0 101.6 62.9
406.9 78.7 85.9 62.8 130.7 83.3 78.8 84.1 91.0 82.8 78.1 85.5
207.4 202.4 206.8 206.4 74.2 88.9 76.5 83.7 78.8 76.2 77.2 98.9
77.8 90.2 87.6 72.5 406.5 66.2 85.4 91.4 150.5 69.6 79.5 93.8
72.2 78.4 104.1 77.6 69.7 73.1 73.7 75.4 74.6 127.4 135.1 67.4
108.0 105.1 102.4 98.4 72.8 73.5 64.0 72.0 82.6 97.3 73.1 66.5
82.0 81.6 65.4 66.8 66.6 69.2 68.4 71.5 80.8 85.5 99.1 282.3
63.5 55.2 221.0 71.3 93.0 72.5 91.1 73.0 179.8 238.8 188.3 185.4
91.4 101.3 171.6 98.1 67.7 74.0 72.7 74.2 79.2 68.0 67.0 76.2
93.1 74.7 171.6 73.9 106.7 78.7 76.0 81.2 73.9 69.2 74.0 72.9
88.9 70.7 94.4 67.5 82.4 75.2 72.9 61.9 67.9 92.0 76.7 75.7
100.9 67.3 79.0 67.3 76.4 105.9 70.6 71.2 131.2 75.7 78.5 82.5
133.4 59.6 163.4 64.4 269.6 140.3 172.4 121.5 98.8 100.7 98.2 93.4
66.6 73.8 69.4 74.8 94.1 87.8 85.6 90.8 73.0 63.7 76.4 71.6
90.0 93.1 112.3 92.4 76.1 69.5 67.9 75.3 71.8 68.8 74.7 68.6
67.1 72.3 63.9 99.5 226.4 73.4 84.9 74.3 161.6 79.6 72.7 74.8
67.7 65.1 86.4 70.7 119.9 111.1 71.7 66.1 73.9 71.5 122.3 72.8
78.6 74.5 73.1 71.6 73.3 65.7 66.3 78.7 286.1 199.2 208.7 196.0
115.9 92.2 84.7 105.8 82.8 95.6 78.0 90.4 74.9 75.2 76.9 77.5
81.2 64.5 100.6 92.4 69.1 69.3 99.9 73.6 77.0 94.5 69.6 178.7
70.3 68.6 71.2 79.4 70.9 69.2 80.9 152.9 68.1 104.6 63.7 120.7
145.8 77.0 78.4 85.3 60.4 71.8 78.5 84.6 77.5 68.5 70.2 76.0
75.4 67.2 73.2 75.6 78.8 68.7 69.1 74.0 123.0 72.3 75.8 144.9
540.3 555.3 550.7 537.5 71.2 90.1 71.3 72.5 90.7 74.8 116.8 87.0
75.3 83.0 114.1 71.2 85.5 78.0 70.0 98.2 70.6 74.0 212.6 95.2
117.5 71.0 76.5 97.9 95.0 79.1 74.6 78.2 108.8 102.9 73.3 96.1
112.2 86.9 92.3 76.5 71.4 120.5 68.2 67.6 81.0 83.9 72.0 83.1
78.6 111.5 75.1 66.4 72.5 72.0 74.1 96.5 81.3 72.3 156.4 70.8
143.8 162.7 80.2 66.4 65.4 91.0 70.7 74.2 73.6 125.6 75.5 76.7
69.0 86.1 64.9 75.2 .7 93.3 66.9 73.9 86.9 84.8 104.1 87.9
79.3 72.4 82.9 68.5 73.5 85.1 74.8 76.0 100.1 77.1 305.9 71.3
426.4 104.9 197.6 66.7 75.1 66.5 69.3 73.9 83.6 69.5 75.3 106.4
76.2 104.6 75.5 72.7 64.6 67.7 65.8 106.3 78.2 69.9 101.5 63.0
100.3 68.9 65.8 78.3 68.7 90.4 106.3 69.0 75.5 71.2 966.4 83.3
133.7 111.2 127.1 95.7 76.6 68.1 77.9 71.6 148.5 79.0 83.2 223.8
71.0 84.3 125.1 83.7 77.1 75.3 71.3 263.6 101.4 64.5 68.9 65.6
75.2 85.5 74.0 78.2 118.9 90.7 90.0 83.0 207.8 77.2 79.3 84.5
74.2 111.2 79.8 77.0 79.4 78.5 74.2 79.8 118.0 96.8 98.9 107.6
95.2 70.1 69.5 75.5 96.5 116.5 91.4 96.2 66.0 73.8 64.6 105.9
81.2 66.2 83.3 79.4 72.3 73.4 88.5 72.3 70.4 63.0 77.3 106.3
71.2 71.3 77.1 75.8 85.3 83.4 76.2 354.1 143.1 92.9 94.1 93.4
e 76.8 68.1 166.0 90.4 84.0 102.5 78.1 154.4 135.0 145.4 125.7
72.2 80.6 68.9 74.2 119.5 71.9 77.5 76.2 91.7 77.8 286.4 128.0
76.8 78.5 88.2 189.3 91.1 75.9 70.1 77.4 194.3 75.7 69.7 84.0
90.4 69.2 118.4 64.3 70.9 80.6 84.5 67.6 82.4 140.3 79.1 82.6
65.2 71.9 76.7 77.5 62.5 151.0 107.2 68.1 70.9 111.0 157.6 82.0
98.8 88.8 88.5 116.2 92.8 181.2 100.7 69.7 149.4 116.1 116.6 131.5
79.3 107.2 7.7 70.6 106.3 111.7 119.0 137.7 67.5 63.5 84.5 101.5
68.2 65.2 68.9 68.2 83.1 72.6 77.1 206.2 78.6 73.4 74.9 202.7
116.0 144.0 94.4 104.8 81.4 97.3 70.2 81.5 77.9 72.7 93.6 72.3
89.4 84.7 76.0 74.0 70.7 72.7 70.1 70.0 134.3 192.9 102.5 106.2
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66.2
73.3
84.1
76.7

68.5
77.5
80.9
85.0

69.8
74.9
89.8
83.1

81.3

65.4

83.1
138.1

74.8
75.5
83.9
71.0

74.8
7.4
84.3
79.9

75.0
97.7
85.3
71.2

71.5
116.8

86.9

76.9

89.3
88.0

82.0
69.4

92.7
69.0

233.1
75.6

Table B.4: Simulated 'Onion’-Shaped Loss Data for Dimension 5

78.9
73.1
67.9
79.2
80.9
136.3
72.9
83.9
78.8
114.8
82.0
74.8
87.9
72.3
132.8
70.3
69.3
295.6
84.4
68.4
212.4
83.5
88.8
73.5
179.2
156.2
65.2
73.4
68.2
76.7
89.3
77.5
170.5
107.1
90.7
85.4
68.1
91.5
95.4
75.5
67.8
79.2
102.7
80.8
76.6
72.1
84.1
73.1
84.4
70.1
73.3
166.8
80.8
80.5
84.8
71.2
148.8
82.5
86.8
112.1
65.1
77.9
189.8
78.1
79.5
85.8
78.2
76.7
86.6
76.2
100.8
79.2
72.2
67.2
81.5
66.8
79.3

84.2
74.5
73.4
75.0
78.3
196.3
73.2
81.2
61.6
106.9
77.2
72.4
81.1
88.3
121.0
76.1
75.8
67.9
93.2
63.6
103.0
68.3
118.3
64.0
79.1
151.4
113.2
84.2
83.4
78.5
90.3
98.8
85.3
76.4
79.3
79.5
126.4
92.5
68.5
286.1
68.3
79.6
69.5
78.3
134.0
75.0
96.6
134.1
71.4
74.8
86.0
194.8
83.3
91.9
117.5
74.4
158.1
70.8
73.9
91.3
93.3
67.0
188.3
84.4
70.6
67.2
93.3
86.0
84.3
106.6
88.6
69.7
70.0
88.8
7.7
79.6
75.3

170.1
109.4
77.8
73.9
84.0
120.4
75.0
72.4
74.9
78.4
91.7
70.3
92.9
69.7
120.0
138.1
65.2
87.8
88.6
72.7
89.7
104.7
119.2
54.7
77.4
178.2
76.8
63.0
77.3
68.8
82.4
85.5
89.7
65.0
84.0
94.2
65.9
85.3
138.9
74.9
70.9
164.2
75.8
74.0
70.4
75.0
76.6
69.9
76.8
70.9
71.5
236.9
105.9
71.2
98.3
67.2
156.2
101.7
70.8
62.4
70.8
68.9
204.8
87.6
70.8
66.0
65.4
72.7
83.8
73.1
66.9
77.6
68.4
80.8
74.6
71.6
77.6

76.9
148.5
75.0
70.7
74.8
130.0
78.8
69.6
77.2
105.3
81.6
78.0
79.7
73.5
128.9
73.2
67.3
79.3
200.0
78.6
71.1
94.4
94.7
72.6
82.2
169.7
85.8
74.8
73.3
92.4
94.1
106.8
101.6
86.0
85.4
108.1
66.9
79.8
60.7
181.8
71.5
172.9
71.4
65.8
81.3
133.8
158.0
84.5
90.1
144.8
147.7
157.9
91.1
85.3
84.8
72.2
153.1
68.7
77.0
73.2
64.7
130.8
194.3
112.2
78.4
97.9
73.3
67.3
86.7
109.7
61.4
162.1
87.1
68.9
90.2
70.5
86.2

72.0
91.5
78.2
73.3
87.8
114.6
97.8
76.4
74.3
70.4
89.8
82.7
79.6
69.1
124.6
64.7
7.7
68.7
73.1
119.4
98.8
66.6
90.6
80.8
76.9
160.3
74.0
59.8
91.2
69.3
7.7
85.1
89.4
88.2
87.0
71.5
71.9
72.2
68.8
75.1
85.6
67.4
78.5
98.5
69.6
81.5
78.7
87.1
74.5
77.9
77.8
164.0
127.8
129.8
88.8
81.6
154.6
63.0
82.7
68.7
307.1
67.3
196.6
83.4
71.9
78.2
105.6
72.6
79.3
93.9
70.4
79.8
71.6
68.0
77.1
103.1
76.5

78.6
86.2
63.2
89.9
115.2
71.0
136.9
65.4
94.8
73.5
81.8
74.6
71.8
82.4
86.7
87.2
84.2
79.5
78.1
77.1
70.8
164.2
115.3
79.7
78.1
84.0
74.8
82.1
119.7
72.3
73.4
72.6
83.8
70.9
104.4
77.6
71.9
84.6
73.6
75.0
80.2
84.7
86.1
73.1
120.2
99.5
270.9
71.7
87.3
79.8
72.9
66.3
63.2
66.3
69.2
72.5
105.1
85.0
73.1
91.7
75.7
83.9
70.5
67.3
68.1
129.6
85.0
90.0
152.8
71.5
184.0
80.5
68.7
94.8
90.0
67.8
72.6

79.6
90.1
66.2
79.1
92.0
88.3
146.7
72.0
99.4
68.0
71.8
70.8
91.9
70.8
133.4
66.3
66.5
89.7
84.5
71.8
64.8
62.7
73.6
245.9
72.6
98.5
106.9
98.9
137.9
79.5
75.3
71.9
122.4
68.8
83.8
88.2
90.2
171.1
96.5
93.7
84.2
88.5
70.9
87.4
74.2
88.5
290.4
76.2
85.7
79.6
66.7
76.1
81.0
101.8
125.3
110.6
164.9
65.9
90.9
74.0
163.3
78.6
94.4
63.1
69.1
130.4
66.9
73.0
149.7
152.1
72.8
89.3
94.9
71.6
83.8
66.7
72.4

83.9
105.2
74.3
86.9
93.9
70.4
87.6
81.0
88.0
127.2
81.0
75.0
69.3
78.5
60.1
76.0
94.6
74.6
61.1
102.0
102.9
64.4
72.9
66.8
69.1
87.4
73.0
347.5
191.2
68.2
70.3
85.2
72.9
70.8
75.2
97.6
100.3
75.7
72.5
91.9
102.5
80.4
79.8
78.5
97.6
86.7
264.7
409.2
87.3
86.4
78.6
66.4
84.3
71.1
78.4
74.8
104.1
79.6
83.1
77.5
77.3
73.4
86.8
78.2
69.5
142.9
94.4
70.7
148.2
70.1
100.9
63.9
112.0
377.0
101.2
100.5
68.4

78.2
92.7
98.3
86.0
92.4
158.8
88.6
77.1
98.0
86.1
78.2
182.0
71.9
82.4
68.1
201.9
75.3
66.7
71.9
64.7
89.3
67.5
82.2
69.2
84.0
79.5
66.1
80.0
141.6
68.7
72.9
103.1
67.5
78.8
85.5
74.4
81.7
73.1
86.3
71.0
77.5
65.1
71.6
68.8
91.3
116.6
259.9
68.9
92.0
80.6
88.8
66.7
111.7
68.0
69.6
83.4
106.7
144.9
72.7
126.1
79.1
64.9
70.1
223.6
71.9
142.0
81.7
86.2
164.7
68.0
82.6
72.1
64.5
68.7
88.4
84.5
93.2

103.4
86.8
68.4
77.1
90.8

109.3
88.3
75.9

107.3
75.2
78.7

221.9
74.6
76.1
71.2
78.4
71.9
73.8
68.2
67.0
70.8
59.5
75.1
72.8

113.6
77.8
67.5

102.9

127.8
70.6
70.5
65.7

104.4
72.7
79.8
75.0
717
93.8
74.0
94.0
78.2

131.6
62.1
71.6
70.8

118.9

280.5
76.4

177.9
71.5
74.0
97.4

126.5
68.6
65.2
71.1

113.4
88.5
66.1
87.6
88.4
79.7
72.5
89.0
81.0

143.7
93.6
93.8

154.5

232.4
71.1
65.3
717
72.9
83.7
73.0
78.9

190.4
97.2
74.9
69.3
88.3
72.2

111.4
68.5

104.4
89.5
81.6
75.5
90.7
80.3
84.4
67.9
72.1

222.5
87.0
73.2
77.6
67.7
73.9
81.6
83.1
78.2

151.2
82.5
86.7
91.6
76.7

192.0
73.4
72.7

167.2
70.0
76.1
75.1

160.4

118.8
70.6

131.1

136.8

110.2
89.3
61.3
76.5
65.9

106.5

135.5
72.5
73.9
67.8
75.9
79.5

113.4

115.5
70.2
66.1
71.9
80.1
89.1
80.5
64.7
67.9
79.8
86.7
72.6
88.9
90.5

155.6
66.4
71.3

119.2
75.6
78.0
87.2

68.4
70.1
88.8
73.8
185.9
69.5
159.3
90.7
69.9
81.3
71.9
73.9
72.0
99.1
82.0
7.7
78.6
78.7
74.2
117.9
83.9
85.7
68.4
66.6
78.6
76.6
66.2
75.7
92.3
90.0
79.6
76.3
70.1
71.8
59.8
69.2
70.6
96.8
139.1
97.3
67.4
72.9
98.6
87.9
72.2
100.3
86.6
117.2
97.9
136.2
82.1
73.2
81.5
82.3
77.6
70.0
79.7
87.4
73.9
70.8
81.8
88.8
89.9
66.3
69.9
66.7
77.8
67.4
80.4
76.4
99.8
68.2
68.0
68.2
255.1
94.7
87.7

74.5
162.4
81.7
179.2
70.5
71.5
64.3
78.7
68.3
192.5
74.4
104.4
71.1
73.5
80.7
65.7
81.2
77.4
67.8
74.9
88.1
71.9
67.3
76.0
81.9
77.1
108.3
78.7
165.1
69.8
68.1
69.1
78.3
82.8
70.2
67.2
70.8
71.1
112.0
86.1
67.4
73.0
98.8
310.6
72.0
77.4
72.8
68.5
101.5
135.7
78.5
75.7
63.4
76.9
89.7
62.2
78.4
81.1
70.7
75.0
108.0
113.3
110.0
71.8
66.5
117.2
84.0
100.1
72.5
96.8
98.3
56.4
63.7
74.7
106.3
81.9
93.0

71.2
77.2
187.9
69.8
67.0
76.0
74.0
66.7
69.8
101.6
80.0
69.6
87.8
74.3
73.1
69.9
75.2
87.9
78.6
122.1
69.0
78.6
72.0
73.0
68.5
82.2
69.2
80.3
82.8
72.2
98.7
76.2
83.1
115.3
69.4
71.1
155.3
72.9
70.1
91.0
79.1
118.0
99.5
100.3
64.9
94.5
92.9
72.1
100.2
474.3
79.9
80.8
61.6
83.6
103.8
142.2
74.7
91.1
84.2
72.0
76.9
77.2
85.8
62.3
92.8
87.5
91.8
73.2
86.5
72.6
92.9
72.1
70.3
226.3
111.8
81.8
85.0

73.0
70.0
70.8
222.9
74.0
73.1
69.9
70.3
105.7
62.0
71.1
72.5
118.9
72.6
79.9
74.2
69.0
79.2
122.9
74.9
117.2
68.9
70.5
90.1
71.1
357.2
71.8
68.0
75.4
63.7
72.4
70.2
78.2
80.0
302.8
86.5
69.5
69.3
70.2
96.2
71.6
80.9
187.8
102.8
86.4
68.5
73.8
68.9
98.5
158.4
79.2
81.5
75.4
86.7
70.9
62.0
94.0
71.0
83.9
89.1
79.3
75.8
81.0
65.1
78.1
109.5
83.2
84.2
74.0
74.4
91.8
70.9
87.7
75.1
70.7
1116.1
103.0
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76.6 68.1 71.6 89.9 77.9 645.2 122.7 123.6 133.2 120.2 73.4 213.1 70.4 84.3 76.1
75.0 74.8 70.9 82.0 73.9 128.0 122.3 126.3 161.7 142.7 149.6 113.5 85.8 85.1 74.4
71.9 127.3 82.3 64.0 77.1 65.9 225.5 72.0 7.4 76.4 426.8 72.7 72.7 59.3 78.0
67.5 74.9 132.6 177.5 66.7 66.3 71.2 86.4 77.3 85.4 88.7 67.9 95.3 92.8 78.3
82.6 79.3 83.2 86.3 81.2 78.8 85.0 192.5 77.5 70.5 80.4 91.1 70.9 68.5 68.1
78.4 72.7 97.1 105.2 91.1 131.7 80.8 88.3 92.8 75.6 86.2 97.0 79.0 73.5 77.1
69.7 82.7 88.5 71.6 87.0 83.3 68.0 77.2 77.3 72.8 72.4 91.3 68.1 93.1 73.0
79.3 81.2 75.4 83.9 75.0 144.3 128.8 84.8 71.8 73.5 91.6 316.1 72.5 87.4 63.7
121.0 82.8 91.0 82.1 69.6 72.0 86.4 64.2 73.8 59.7 75.6 83.1 89.6 111.5 68.0
70.5 71.5 71.2 72.0 69.0 82.5 111.5 85.9 69.5 147.9 112.5 84.7 171.3 69.9 74.6
99.7 322.0 80.2 84.4 81.6 66.2 90.3 74.0 219.2 68.1 82.5 104.0 96.2 79.3 185.2
936.3 97.2 83.0 86.1 73.9 68.3 70.9 72.2 67.9 65.8 111.0 90.6 66.5 189.0 124.5
79.7 110.0 79.2 70.7 103.9 185.0 122.7 77.6 81.1 75.4 67.2 114.1 68.6 92.2 69.0
121.7 70.4 65.5 66.4 68.1 130.8 84.6 108.4 76.6 70.6 115.5 95.8 96.2 111.2 98.3
73.6 137.4 79.4 109.1 66.4 78.0 77.0 67.0 72.0 71.8 75.4 69.7 68.8 302.2 86.4
103.8 104.0 114.3 97.0 216.5 69.8 71.4 73.4 113.7 78.9 130.7 114.7 110.1 143.6 115.5
76.1 69.7 74.8 77.5 65.9 107.6 122.3 111.2 194.6 104.3 91.3 72.0 82.2 7.7 75.2
85.9 83.9 125.6 70.5 67.3 92.0 98.9 98.0 202.8 106.7 93.2 74.2 137.2 68.2 133.6
83.8 74.2 91.4 69.8 106.5 80.6 82.8 70.7 69.4 87.8 71.1 266.9 73.9 76.3 88.7
67.8 78.5 69.9 78.0 68.8 96.6 95.4 94.8 92.4 413.9 66.1 73.7 83.4 75.2 30.8
90.6 204.9 84.6 96.5 77.4 115.2 122.0 114.4 111.3 161.4 80.2 69.7 77.8 72.0 81.8
99.2 94.2 99.3 99.1 95.3 447.2 70.3 84.8 70.8 72.7 73.2 62.2 133.5 66.0 64.8
65.0 118.3 71.5 84.1 65.4 102.2 59.7 99.6 80.7 209.2 71.9 67.5 58.7 61.8 79.2
118.5 78.4 80.9 88.2 81.0 107.8 221.7 103.2 102.0 107.2 75.5 78.2 77.0 93.6 74.2
72.7 74.8 115.0 81.9 75.0 78.4 70.0 72.5 71.1 71.5 78.1 139.9 79.9 80.7 81.2
81.0 63.8 85.6 112.7 65.6 74.0 71.5 66.8 78.7 71.0 73.6 72.7 60.7 72.5 190.5
68.9 74.8 61.4 91.1 74.4 78.7 107.0 72.6 79.6 71.5 80.1 82.0 86.3 84.8 81.1
96.2 82.1 86.3 80.9 100.1 92.4 120.4 68.9 68.3 70.2 83.8 81.2 103.5 88.1 86.1
115.8 70.6 107.2 82.9 72.5 70.1 72.8 69.5 70.9 69.8 69.7 174.0 72.3 73.4 169.9
155.0 100.1 75.0 834.0 79.2 127.8 71.2 75.1 67.4 69.6 79.9 69.5 66.6 96.1 69.9
98.1 127.8 48.8 87.9 70.0 90.5 95.1 125.8 100.6 105.5 89.6 82.5 87.6 94.9 84.4
93.0 69.7 69.5 71.9 80.3 303.5 150.7 105.4 88.8 83.8 67.3 77.5 77.9 62.1 88.9
103.4 97.4 90.8 123.0 88.2 62.7 93.2 133.0 79.5 72.7 153.3 79.1 95.0 71.0 70.5
109.2 88.3 142.8 77.1 136.1 78.6 65.0 81.1 176.6 75.2 77.2 70.8 79.5 63.6 75.6
71.4 65.3 92.7 83.2 67.1 66.8 67.4 67.0 213.3 68.5 82.2 92.8 56.3 127.5 73.2
111.9 76.9 126.2 100.7 68.4 81.1 71.6 85.1 88.1 77.2 74.3 108.9 74.1 83.1 68.9
87.3 81.4 94.2 78.3 84.9 48.9 68.1 100.1 102.0 74.1 96.4 119.1 73.9 91.4 82.4
75.1 77.9 83.6 79.1 82.9 73.3 73.0 88.2 98.1 103.0 67.8 68.4 80.9 65.7 76.5
110.1 85.7 89.6 87.1 88.2 88.3 83.8 84.8 84.1 80.3 145.9 74.6 68.5 82.8 73.5
72.7 90.8 297.3 108.8 84.3 81.5 79.4 85.7 76.3 131.8 520.5 91.1 89.7 101.6 130.8
86.1 66.6 72.2 74.0 76.0 91.4 76.4 78.7 79.2 85.1 93.3 74.5 67.9 100.2 90.8
104.8 170.1 67.1 66.8 67.2 85.8 303.1 84.3 88.6 85.7 73.1 95.6 86.0 81.1 98.8
73.8 75.4 73.2 80.1 84.9 76.6 65.6 67.7 70.7 85.5 71.3 76.1 81.7 72.1 72.5
78.9 72.4 73.5 72.9 78.7 226.3 96.6 108.7 113.8 112.9 76.3 65.8 103.6 80.3 113.5
88.8 71.0 66.1 100.3 63.6 80.0 91.3 78.2 87.5 84.8 106.8 107.0 99.3 86.3 83.7
67.7 74.0 78.9 94.6 64.2 68.7 84.0 102.9 117.1 80.5 68.3 70.6 68.9 69.9 72.0
108.9 97.9 199.0 95.6 102.1 153.6 129.8 136.0 121.5 130.2 88.5 82.0 70.9 83.1 77.8
104.2 86.7 70.7 1.7 79.3 69.3 77.6 79.1 67.4 70.5 77.8 74.8 86.0 81.9 85.7
70.2 81.1 79.6 73.1 77.2 105.4 90.3 88.7 161.8 102.0 62.7 160.8 68.6 71.4 120.9
324.1 83.6 81.6 97.7 73.8 83.1 69.1 74.8 .7 72.9 90.1 65.6 76.4 170.2 87.8
78.5 118.2 97.9 96.1 110.2 196.4 70.6 86.4 77.9 102.3 77.1 240.6 65.1 69.6 69.6
81.8 99.0 114.5 117.1 87.3 90.7 65.1 68.3 79.2 70.6 76.5 85.0 85.6 109.1 73.3
71.5 77.0 79.2 76.0 73.9 88.0 78.6 74.1 138.9 83.2 86.6 65.4 85.6 81.2 66.1
73.6 267.0 66.9 71.0 82.1 80.2 82.9 71.0 65.6 67.8 131.6 68.5 69.7 87.5 71.1
163.9 115.3 76.1 75.7 79.7 81.1 79.8 95.5 493.0 73.4 131.4 80.3 85.7 93.1 78.9
73.6 122.2 102.7 66.5 103.0 7.7 72.0 75.3 206.0 90.4 78.1 213.5 71.1 88.9 76.7
82.8 76.4 80.0 134.0 69.0 448.5 446.0 452.5 446.4 448.9 76.8 71.0 80.1 79.8 105.7
68.3 75.7 73.3 79.0 73.2 79.0 94.2 114.7 65.7 73.4 78.6 86.2 101.4 104.5 75.3
84.0 76.5 85.9 81.1 90.9 75.0 79.7 76.7 106.7 78.9 131.0 69.2 94.3 76.7 89.6
69.6 139.9 137.7 67.5 72.0 70.7 82.6 68.0 69.0 169.7 93.4 124.6 73.0 78.2 76.5
70.8 85.8 62.7 71.6 54.0 77.3 98.4 76.0 72.7 72.7 82.1 80.6 150.6 74.3 91.2
82.9 110.3 87.0 69.8 70.5 69.0 68.9 65.2 68.5 75.2 75.9 71.1 80.7 342.4 68.7
91.2 85.3 76.0 77.1 83.5 79.9 69.3 74.6 70.9 84.4 116.7 86.5 98.7 72.5 72.2
90.3 70.2 73.1 67.8 77.6 106.9 75.2 76.6 78.3 78.1 88.3 112.9 86.8 106.7 75.5
70.6 71.6 72.5 72.0 95.3 65.3 74.8 64.9 72.4 73.2 76.8 78.9 83.0 72.0 72.1
83.5 132.5 67.4 95.3 73.7 159.9 81.8 7.7 72.1 80.0 73.2 71.3 70.8 133.4 109.9
65.2 72.9 71.8 80.8 84.7 68.2 81.4 80.1 87.2 91.9 125.1 83.7 97.0 73.4 75.0
96.3 93.8 104.4 95.4 164.8 86.6 74.8 75.2 90.4 73.2 96.9 74.3 96.2 71.6 71.2
88.9 84.5 68.1 70.6 71.8 75.3 69.2 74.3 63.9 64.3 73.7 68.7 83.8 118.1 69.7
119.9 71.8 130.1 66.0 80.9 98.6 74.0 62.0 68.1 63.5 93.0 117.4 98.6 228.1 99.4
72.0 72.9 84.4 89.8 69.9 79.6 75.0 73.0 68.7 87.9 74.6 80.5 75.2 70.3 78.1
78.0 68.9 70.7 68.7 73.3 249.1 86.7 78.7 7.1 111.4 80.9 77.4 67.2 107.9 86.6
62.9 77.2 72.9 69.3 80.8 199.7 68.8 87.9 71.4 69.3 77.2 74.0 64.8 76.5 82.6
83.6 76.7 72.9 67.9 70.4 91.8 74.4 70.3 74.8 75.7 82.9 92.0 77.2 76.6 79.7
186.9 71.5 89.2 79.8 77.4 83.3 80.5 110.6 76.8 78.0 86.7 72.9 65.4 75.7 72.8
84.3 94.2 77.9 69.3 73.6 185.1 118.9 121.5 120.1 122.0 82.5 69.2 62.0 95.8 69.5
74.4 79.3 83.4 136.8 76.7 80.2 71.2 75.2 67.7 66.0 62.4 115.8 76.2 65.0 63.2
142.5 157.2 132.2 131.3 130.7 72.0 62.9 64.0 70.4 64.2 77.9 80.9 73.1 72.8 146.1
104.4 138.8 99.9 108.6 104.2 78.2 89.5 70.1 76.1 279.8 106.4 104.3 92.1 85.8 82.3
74.9 68.9 72.3 100.3 73.0 67.6 79.4 67.2 79.1 72.4 81.4 95.4 71.8 152.8 71.0
82.0 80.1 75.5 80.1 78.5 77.3 77.6 72.5 72.1 75.2 75.6 70.6 247.7 111.7 66.0
155.5 127.0 150.9 166.7 138.2 216.4 219.4 220.5 223.6 219.4 85.7 141.1 88.6 89.4 100.3
81.4 72.9 80.9 79.6 106.1 107.3 98.0 260.3 107.6 100.3 77.8 67.6 70.4 1927.4 66.7
75.0 207.7 64.8 102.0 91.0 72.2 87.9 64.1 67.2 66.9 81.5 84.1 77.2 85.5 69.9
74.2 67.8 78.9 67.1 77.9 124.8 67.3 7.7 74.1 68.1 107.3 131.5 103.0 119.1 101.5
84.0 85.9 70.4 66.3 83.1 76.5 176.9 76.1 89.0 98.7 74.0 79.8 97.5 73.2 75.9
80.5 85.0 76.6 70.5 77.5 70.1 85.2 64.2 168.0 66.1 77.1 89.6 79.1 85.4 83.2
114.6 64.6 72.2 83.6 71.0 71.3 71.5 92.7 69.8 66.2 90.0 120.9 84.7 77.4 97.3
108.3 69.1 69.2 637.4 86.3 115.8 68.8 74.5 66.9 85.3 73.6 75.3 129.5 67.5 84.3
72.6 75.0 79.4 103.4 69.4 69.6 88.8 73.8 65.7 80.1 66.3 85.6 69.0 107.5 110.7
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118.4 113.0 138.0 113.7 121.8 69.6 76.4 66.8 87.1 63.5 68.8 84.8 125.0 87.8 80.2
78.5 76.7 112.6 141.6 68.8 254.2 72.5 100.2 81.8 83.8 71.3 67.0 86.3 67.2 67.0
72.7 68.4 81.0 76.3 67.2 71.0 76.8 74.8 82.3 80.8 72.5 178.2 82.2 75.4 75.0
71.7 67.1 81.1 122.6 72.4 106.3 104.3 117.1 110.8 109.4 78.1 84.8 99.1 90.5 82.7
74.1 95.2 68.9 72.6 74.9 80.7 79.5 95.1 81.4 95.3 91.8 81.7 442.3 81.4 95.7
96.5 101.1 95.7 96.8 117.2 70.5 84.5 72.2 97.6 109.9 77.6 73.4 92.2 71.5 149.6
86.0 108.4 99.3 90.0 93.4 98.7 105.6 115.3 127.3 108.8 79.3 98.9 82.3 61.1 87.9
81.7 88.7 93.6 83.1 91.4 106.1 113.8 97.1 102.8 110.2 74.3 75.5 65.7 102.3 63.8
98.9 77.3 142.1 103.2 76.4 73.7 74.9 71.3 75.9 76.8 103.2 69.4 75.5 63.8 66.9
70.9 73.6 71.0 78.9 70.1 71.1 69.6 88.6 69.9 128.5 117.3 119.6 135.7 119.2 114.7
80.1 72.0 65.9 76.1 67.7 73.4 113.1 63.5 67.5 65.4 73.1 86.5 86.1 114.6 76.9
74.5 65.2 69.9 74.1 7.7 74.1 78.1 77.6 75.6 727 75.8 73.9 92.8 71.3 63.7
75.8 102.3 83.6 147.4 113.5 152.4 198.0 146.9 146.2 151.1 71.6 64.7 73.0 71.7 108.6
103.1 179.9 91.4 72.8 71.6 73.1 72.9 97.0 81.9 70.7 79.6 203.3 76.1 77.3 76.2
81.5 71.8 97.3 69.0 75.4 111.1 110.0 103.0 107.3 105.8 83.0 78.2 78.6 131.0 77.4
80.6 57.1 90.3 109.2 75.3 341.1 343.6 332.9 336.0 347.6 94.3 114.6 102.4 80.8 117.9
125.4 66.2 75.7 101.7 70.4 81.8 74.4 81.2 64.1 83.8 76.5 112.3 89.2 66.7 145.9
89.7 80.7 75.5 79.5 69.6 69.1 68.1 68.7 91.7 75.2 67.6 74.9 111.1 70.9 73.9
75.1 81.8 91.8 77.2 78.4 236.6 107.7 105.6 116.6 102.1 72.9 81.5 104.9 135.8 70.2
81.4 69.0 74.3 74.6 57.8 145.9 71.6 69.1 116.7 125.4 69.5 67.7 64.0 75.5 193.5
68.8 110.4 122.5 69.9 64.5 97.7 138.4 108.8 100.2 107.2 178.1 92.5 101.4 95.1 86.7
70.1 75.8 70.4 76.2 72.8 66.0 199.4 68.4 71.8 69.2 73.7 73.0 211.0 104.6 86.6
77.1 102.1 96.8 73.8 74.9 69.5 75.5 69.7 83.2 155.1 102.1 121.9 137.5 117.2 118.2
124.3 125.8 150.7 149.0 120.6 66.7 62.1 67.9 79.6 74.1 83.9 85.6 91.3 144.6 86.9
91.6 69.1 73.8 59.3 77.0 65.1 71.2 71.4 75.2 73.2 108.0 76.2 68.3 82.9 70.4
98.6 93.5 99.6 93.2 111.9 72.3 76.1 101.3 94.9 69.6 78.9 69.1 269.5 75.1 80.2
65.6 66.5 82.9 60.7 73.3 69.1 80.5 84.1 71.0 94.4 68.0 73.9 71.2 72.6 79.7
81.9 392.5 79.5 82.7 88.5 66.4 86.2 64.3 82.0 117.2 84.0 79.6 71.6 135.6 68.7
83.6 85.4 76.3 78.2 169.0 92.7 75.1 75.9 76.0 70.8 98.4 80.1 69.4 120.2 80.5
251.2 127.8 110.0 138.4 107.3 97.4 84.6 81.0 90.1 79.1 74.8 69.9 69.8 76.0 66.3
81.1 67.0 64.0 82.4 77.8 64.4 68.4 96.5 145.5 66.9 93.9 88.4 79.3 95.0 216.7
70.6 71.1 69.6 309.0 72.1 69.5 78.6 66.0 90.7 70.4 68.2 72.1 72.8 72.1 180.8
72.8 78.7 107.7 65.5 78.8 71.2 84.3 72.1 64.0 70.8 96.2 111.3 76.4 93.8 74.5
65.9 101.2 86.7 65.3 78.5 67.2 59.7 74.4 82.7 64.8 746.3 88.0 136.8 70.9 74.0
68.0 74.1 73.2 66.6 104.2 96.8 70.9 68.9 72.8 99.6 71.2 74.8 92.5 109.8 77.6
62.8 183.9 83.3 85.0 76.5 95.4 94.6 88.5 105.4 101.2 81.2 63.0 63.8 79.6 66.5
81.7 98.3 76.6 87.4 96.6 176.7 87.0 82.4 70.5 100.2 69.7 59.2 74.5 72.2 69.0
79.4 73.3 73.8 131.5 76.5 69.6 88.1 71.1 73.4 80.9 118.8 96.4 87.7 98.5 88.8
67.4 79.5 78.5 72.2 73.3 80.9 95.1 76.4 507.4 100.0 67.4 200.6 95.1 69.2 73.5
112.8 107.5 96.8 96.7 94.0 97.6 77.0 87.1 121.8 71.0 72.9 78.6 135.3 277.5 80.6
61.4 71.8 68.8 71.9 75.5 83.8 86.3 81.7 88.4 86.7 80.3 87.8 75.3 72.9 127.9
67.5 114.9 78.5 80.5 462.7 71.7 75.3 95.4 66.7 97.2 91.2 64.1 70.6 73.4 86.1
75.6 63.6 72.0 150.8 77.6 73.2 85.4 93.5 72.2 83.3 68.2 78.4 73.2 71.0 70.8
179.5 98.3 85.0 90.7 105.6 70.9 90.9 68.0 97.6 68.1 72.6 82.0 75.8 94.4 86.3
92.5 272.7 87.5 74.0 74.8 93.1 185.6 75.1 130.0 81.8 111.6 82.3 73.2 77.0 128.8
88.3 75.8 72.9 73.5 75.6 79.9 71.4 73.0 100.5 172.0 69.5 89.4 70.7 72.2 69.2
122.9 107.7 69.1 64.5 131.5 73.1 66.0 67.0 90.4 87.6 80.9 75.5 108.3 79.5 196.3
97.0 146.6 81.1 83.2 91.6 78.5 79.2 85.3 77.2 69.5 68.5 66.1 71.8 70.7 74.5
85.7 100.8 89.6 76.6 86.1 82.6 115.9 62.2 401.7 68.8 84.7 86.4 69.8 83.2 105.5
68.6 83.0 80.0 83.9 134.9 70.1 82.4 71.8 73.8 73.0 71.8 113.5 69.6 67.9 70.1
68.7 131.4 72.2 75.8 91.6 104.6 70.7 68.8 76.7 202.9 90.0 76.6 73.6 82.8 71.5
67.8 157.8 77.1 82.4 71.9 139.7 79.9 90.5 146.2 96.3 79.9 129.7 74.7 90.5 71.6
110.9 73.0 76.1 81.0 76.2 75.3 84.2 77.3 79.7 73.8 95.1 87.2 115.4 83.7 95.0
89.6 129.6 79.2 86.0 77.5 121.3 185.3 129.1 103.1 99.6 113.6 142.3 128.3 77.4 90.7
77.1 76.7 104.8 161.7 71.5 82.7 91.4 71.8 79.6 76.1 87.2 61.3 76.1 72.2 86.0
69.5 142.2 83.7 87.7 131.4 67.9 126.9 69.3 159.1 77.6 81.4 78.3 127.3 75.2 81.3
107.1 70.9 64.2 75.2 93.5 80.6 65.7 75.8 117.5 71.0 67.8 66.0 81.2 87.4 69.0
73.0 98.0 80.2 75.6 73.2 65.7 76.5 73.4 112.6 85.7 133.3 139.8 67.8 72.1 71.0
85.4 80.2 88.8 81.3 88.1 65.3 70.7 139.3 415.1 74.7 68.6 62.0 69.0 78.4 86.9
60.9 68.8 71.4 77.0 65.3 88.4 176.6 66.0 67.7 114.7 86.0 83.9 84.2 75.3 74.8
109.8 76.9 109.6 70.0 74.4 110.5 121.8 74.1 79.1 72.4 82.6 75.7 75.6 77.8 86.9
121.9 97.5 94.3 86.3 88.4 137.1 77.4 63.2 67.6 70.4 150.6 134.2 70.4 72.2 91.2
122.4 109.4 113.6 113.4 172.3 84.1 97.2 74.5 83.6 75.9 81.4 71.5 75.6 69.3 75.8
67.8 76.0 77.2 77.1 72.6 72.6 73.2 73.6 65.5 133.9 240.6 69.2 66.2 81.6 71.0
165.7 137.4 64.3 75.5 70.6 87.1 88.6 87.8 88.7 86.2 86.6 82.0 114.5 78.5 89.3
84.1 68.0 70.5 84.6 61.9 80.5 187.8 76.1 126.9 75.5 118.9 101.7 130.0 99.5 104.4
82.8 81.9 92.6 112.2 84.2 73.6 69.0 67.9 72.0 70.6 209.8 70.1 70.4 68.8 79.8
69.3 88.4 76.8 66.3 59.7 76.2 90.5 70.7 74.1 74.5 73.6 67.4 74.4 64.9 68.9
114.2 75.2 81.9 81.5 77.2 95.3 89.8 79.3 79.1 79.2 75.0 74.0 79.5 72.3 70.3
60.4 69.6 80.9 91.5 77.2 74.1 78.8 79.9 69.2 79.2 80.7 76.7 75.0 92.3 76.6
78.0 76.7 85.7 73.5 118.8 67.8 99.0 176.7 84.1 64.4 78.1 123.2 77.1 86.3 92.7
87.5 79.6 81.9 77.1 84.3 70.4 68.4 68.2 72.1 75.2 77.8 223.8 102.2 85.2 84.9
92.3 79.3 150.0 78.1 85.0 66.1 65.9 82.7 122.1 71.2 76.4 63.9 68.4 136.1 72.7
80.5 70.7 69.9 68.2 86.0 80.4 89.2 79.1 99.9 81.7 80.8 84.9 110.8 85.5 77.5
68.6 70.5 79.0 102.6 76.1 70.6 78.4 74.8 69.7 71.7 98.5 88.0 90.6 99.2 85.6
75.5 82.6 74.1 87.9 70.4 70.2 117.1 71.0 93.5 72.1 75.2 73.2 83.0 69.5 71.7
87.5 83.7 99.7 93.1 92.7 80.4 89.2 86.0 71.9 223.4 95.3 89.5 82.0 84.8 87.4
62.8 72.5 79.3 77.1 69.8 101.2 129.4 149.3 102.2 106.7 208.8 246.8 209.1 237.0 208.2
72.5 84.9 86.4 67.7 72.8 100.4 74.1 89.2 72.5 70.6 70.6 72.2 7.7 76.1 94.7
89.9 79.0 88.3 73.3 82.3 82.3 83.4 87.1 93.3 78.6 70.2 153.1 70.0 78.6 106.7
97.8 80.1 71.1 82.1 84.2 80.2 78.0 81.0 131.7 122.6 104.1 70.3 68.1 66.6 68.2
86.9 99.5 92.8 110.9 96.4 93.9 93.0 125.4 157.4 165.7 73.2 92.1 162.1 84.8 101.9
77.6 187.6 72.4 77.1 73.5 75.2 78.3 73.0 78.4 78.7 72.9 116.6 88.0 71.3 84.0
100.9 81.5 81.4 79.8 85.5 90.6 101.2 161.2 101.5 103.2 69.5 71.6 66.4 77.0 68.8
782.8 71.1 70.9 83.0 67.6 79.1 75.5 77.1 73.8 76.5 98.4 84.9 74.6 73.7 76.2
84.4 157.0 72.3 78.1 89.5 150.0 74.7 358.6 82.4 79.6 77.3 74.5 135.5 332.0 76.2
72.9 87.0 69.0 74.8 72.1 151.7 74.8 74.9 83.9 70.2 108.8 153.4 65.5 72.7 81.3
62.7 68.7 96.2 63.7 67.5 65.9 83.0 120.7 82.5 119.0 67.7 74.5 115.5 81.1 200.9
79.0 82.9 79.5 75.6 76.6 71.3 67.3 85.7 82.6 68.9 81.4 79.2 76.5 75.2 147.2
77.0 75.7 77.8 80.0 89.9 281.4 285.5 281.1 275.0 283.3 67.5 82.1 79.7 68.2 73.3
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201.1 118.3 146.3 132.3 200.2 72.0 88.8 67.2 86.8 231.7 120.1 96.5 97.8 96.2 116.7
72.0 71.9 84.3 94.5 72.1 94.4 104.2 96.5 465.7 95.4 92.6 70.1 69.6 76.3 70.4
79.2 87.9 73.5 107.6 75.9 112.4 126.5 141.7 111.6 176.8 81.6 83.0 72.3 73.0 66.8
79.1 122.1 176.3 82.2 130.8 77.3 74.9 80.1 70.8 78.8 .7 78.5 79.5 91.3 77.8
82.6 77.8 99.0 73.0 83.2 105.5 88.9 100.5 180.5 85.4 109.3 100.7 73.2 72.7 95.9
78.5 70.6 89.9 71.5 77.0 66.4 81.9 75.0 1.7 70.3 96.0 68.6 71.0 74.3 73.9
75.9 71.2 119.7 98.6 92.4 94.1 143.9 86.6 87.4 402.6 81.1 79.4 73.7 67.9 170.8
193.6 141.4 72.9 100.8 82.1 81.1 89.2 78.4 82.1 83.0 73.7 78.6 129.0 73.3 83.1
101.4 97.6 101.1 99.3 101.0 80.8 84.5 73.4 73.9 76.5 68.6 72.3 64.8 68.3 68.6
59.9 78.2 73.0 140.5 74.1 66.6 69.7 78.0 72.8 66.3 67.7 65.1 89.5 66.3 68.3
107.3 112.3 104.6 106.2 106.3 89.0 101.9 77.6 91.5 84.5 77.5 88.9 96.1 73.9 70.0
78.2 83.5 80.5 69.1 74.5 71.1 91.9 72.3 66.2 123.9 74.2 68.5 80.3 92.0 72.5
75.5 187.4 72.7 80.6 84.2 76.9 68.7 70.6 106.2 137.0 75.4 80.3 94.5 76.2 74.8
88.4 89.9 78.6 86.7 77.1 67.1 73.6 67.1 69.8 67.4 75.0 152.3 65.4 170.4 108.0
96.1 103.4 104.9 99.2 91.1 84.7 81.2 84.3 85.3 79.9 75.3 99.2 83.5 77.8 68.4
94.3 91.8 80.0 72.3 153.2 82.2 69.3 147.3 101.0 72.7 84.6 79.1 74.7 105.1 79.2
58.9 74.8 80.6 188.0 66.4 68.4 89.0 71.8 76.8 211.0 75.8 71.9 75.3 276.2 61.5
75.5 77.2 77.5 82.1 71.4 89.2 78.2 90.3 78.9 121.0 .7 69.3 76.1 71.5 73.8
74.9 74.1 76.6 84.0 104.4 81.0 74.3 92.6 71.3 106.7 68.2 67.9 67.9 78.6 67.6
108.3 72.6 70.8 78.5 74.4 70.3 166.9 67.1 62.5 115.6 107.9 107.2 113.3 107.6 147.7
68.9 65.4 69.0 67.5 104.3 81.3 80.1 174.1 122.3 159.6 69.7 107.5 67.9 87.8 67.4
64.6 72.9 64.1 80.4 67.8 79.6 79.5 81.3 82.8 83.2 78.4 138.5 96.5 103.6 78.5
148.2 94.1 91.1 273.4 87.5 76.4 70.4 391.6 81.9 82.9 71.1 106.1 75.9 76.2 79.4
85.6 77.5 86.5 137.4 78.9 68.1 87.1 414.1 68.2 71.3 72.1 92.9 72.1 74.2 71.1
296.2 75.6 75.6 75.6 86.7 162.0 152.6 153.0 158.8 192.0 91.5 285.9 72.2 78.0 73.0
62.8 83.5 75.8 75.4 74.8 90.0 74.0 78.6 89.1 140.8 70.1 75.6 77.2 76.7 71.2
83.6 69.7 72.3 84.2 71.7 65.9 T1.7 74.3 73.4 67.6 84.3 89.5 75.5 99.0 82.3
142.2 89.1 87.0 112.7 167.9 68.6 67.5 72.4 103.3 64.7 117.8 87.0 72.4 73.1 86.1
96.9 83.7 118.7 128.8 84.5 83.9 120.5 82.1 90.0 T1.7 88.2 84.5 98.1 117.5 82.1
68.2 62.4 164.4 109.1 69.0 68.8 90.8 74.6 78.2 97.9 83.8 73.8 71.8 72.4 67.3
85.6 82.0 76.9 66.4 169.4 99.4 84.0 64.0 164.1 68.7 75.7 86.6 89.8 79.6 135.5
78.0 80.4 84.0 71.8 74.7 76.1 62.6 73.7 76.8 98.6 214.0 93.8 69.2 63.8 67.9
73.5 66.5 73.5 78.3 85.7 65.5 70.1 82.3 97.9 84.1 94.9 95.9 94.6 110.9 96.0
65.4 72.2 66.1 69.6 65.5 74.9 73.4 72.2 189.8 72.9 76.2 124.2 77.9 80.1 77.9
67.8 115.5 73.6 92.0 68.7 69.8 75.4 79.3 129.8 74.7 66.0 82.1 78.6 72.0 111.3
92.6 86.7 83.2 82.4 89.0 94.2 81.0 87.8 81.8 98.6 69.4 94.7 82.9 70.5 125.9
75.5 75.0 69.8 79.5 105.6 70.7 172.8 65.1 78.8 68.1 204.3 107.0 114.3 113.3 118.2
81.9 73.6 87.2 71.9 71.2 67.1 71.8 115.3 70.7 69.7 62.3 109.5 69.1 98.6 64.9
.7 115.5 88.7 124.4 84.9 74.2 71.1 314.4 68.5 56.8 71.2 70.5 67.6 73.6 98.4
68.4 77.4 72.2 128.7 74.4 77.4 81.4 193.5 84.1 74.0 78.2 80.4 78.5 70.8 78.3
102.0 77.0 89.8 69.1 69.8 87.5 65.6 80.2 82.7 72.8 71.7 75.4 74.3 89.0 85.7
80.4 299.6 72.6 80.9 67.5 85.9 87.0 89.1 86.1 87.1 77.6 70.9 68.2 89.6 80.1
80.3 78.9 95.4 77.0 73.7 206.9 120.1 131.5 128.6 129.4 73.7 67.0 66.9 86.4 784.3
94.4 89.2 90.9 84.7 85.3 100.5 92.0 91.5 98.9 97.4 288.5 77.6 69.3 80.8 67.2
74.8 72.2 86.3 84.1 84.1 71.6 70.3 68.3 73.8 70.0 185.6 240.6 215.3 228.2 185.0
71.0 70.2 80.8 94.8 77.3 76.3 110.7 83.2 92.1 69.6 84.9 83.2 96.7 92.2 80.2
174.3 185.5 179.2 175.8 171.1 68.5 69.9 69.9 73.0 83.3 68.6 76.0 73.7 85.4 225.8
7.7 69.8 81.8 71.1 92.2 101.2 110.7 101.9 110.8 95.1 207.8 77.9 71.5 247.9 75.3
519.2 516.7 515.5 516.2 515.3 73.9 84.1 69.3 69.1 90.6 74.1 65.5 69.2 75.2 71.5
100.7 95.3 160.4 98.2 92.8 69.2 71.6 100.5 71.1 75.7 109.3 87.7 80.8 82.5 89.0
245.1 73.9 67.8 81.6 108.6 74.8 77.5 78.5 76.2 107.7 109.4 80.0 78.5 77.1 79.1
69.8 85.9 129.3 60.6 76.6 67.5 68.1 66.3 155.0 73.2 506.5 70.9 110.4 73.3 71.8
70.6 80.8 105.6 82.9 142.6 69.7 107.6 93.9 65.3 89.3 66.2 68.9 88.5 135.2 111.8
127.2 106.1 103.9 105.0 108.9 228.0 61.3 72.2 66.2 64.9 89.0 74.1 77.8 108.8 79.1
76.2 92.8 83.7 101.5 89.2 98.2 107.1 90.2 109.0 88.6 75.3 143.6 102.4 82.4 88.2
72.5 67.1 68.5 72.2 65.9 69.7 74.1 73.5 81.4 70.3 75.3 74.4 218.3 77.8 76.2
68.8 78.8 87.2 78.8 78.3 69.8 73.1 73.2 106.3 61.9 85.3 74.6 189.7 80.1 69.6
111.4 109.7 68.3 65.3 79.3 74.0 80.5 71.6 103.9 67.1 83.8 116.4 86.9 90.9 70.8
168.6 65.1 69.0 77.1 72.8 91.6 112.2 77.5 87.4 84.3 80.3 77.9 86.5 90.0 89.6
72.1 77.4 74.0 71.3 75.3 91.3 70.6 81.0 91.2 69.9 493.7 71.5 66.7 73.2 72.1
103.9 168.3 97.8 96.7 131.1 84.5 81.4 76.5 68.6 75.7 73.1 120.1 68.6 76.8 145.3
83.4 72.4 68.0 98.6 73.1 93.6 110.0 94.0 387.9 91.3 80.1 69.0 72.0 123.0 7.7
76.7 82.0 79.8 89.3 89.5 69.7 74.3 65.6 70.1 72.7 134.3 85.7 90.7 91.5 94.6
68.6 75.9 66.9 153.0 91.3 72.8 70.9 88.4 70.4 94.5 121.2 171.6 113.9 112.2 111.7
69.4 78.1 74.8 1112.9 79.7 90.2 73.2 68.5 70.6 84.4 84.0 69.4 78.4 86.2 4.7
372.9 400.4 374.3 372.4 367.5 79.2 64.8 66.8 125.2 93.2 154.2 68.6 79.6 74.0 70.9
79.7 83.3 78.4 81.8 94.9 73.3 79.2 80.1 96.4 1537.3 181.4 208.9 134.6 149.4 138.5
78.6 80.1 68.6 75.3 94.3 73.9 106.5 105.8 95.4 82.2 66.3 71.5 77.6 68.7 202.7
66.2 125.6 214.9 86.9 124.1 74.7 93.4 89.7 79.8 73.0 85.2 105.7 86.4 90.2 82.0
76.5 199.8 86.8 96.4 82.4 91.4 82.1 78.5 7.7 139.8 73.8 81.3 82.0 119.9 86.4
69.1 73.2 77.5 107.8 76.6 150.6 228.4 202.7 143.4 146.8 109.4 124.5 107.2 115.3 108.1
73.9 75.0 80.5 77.4 81.0 69.3 85.9 120.5 83.0 66.7 79.5 64.3 82.6 68.4 113.9
64.3 84.3 77.3 88.2 66.5 82.0 81.3 77.1 249.7 66.2 70.2 73.2 81.4 82.8 70.8
68.5 66.3 72.1 71.9 7.7 137.4 141.3 136.5 129.6 141.6 64.1 78.2 86.8 75.1 80.3
86.3 88.1 102.6 92.2 78.1 76.2 81.6 101.2 75.0 79.9 84.5 67.7 67.4 65.3 69.6
74.9 102.9 82.8 78.8 75.8 102.4 65.4 65.2 83.1 67.2
80.7 77.0 81.8 81.6 76.3 80.3 221.5 71.4 102.1 92.7
Table B.5: Simulated ’Onion’-Shaped Loss Data for Dimension 6

72.5 59.3 75.6 264.0 77.0 100.3 369.3 74.0 79.6 84.3 73.6 85.7

65.6 65.6 145.3 117.9 107.1 70.9 61.8 63.3 105.9 70.2 114.5 71.6

72.7 69.8 59.9 64.8 67.2 63.2 65.8 88.2 71.9 83.3 69.4 78.3

87.1 60.6 69.8 65.6 85.0 98.5 94.7 67.6 71.6 65.8 69.3 68.6
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78.4 58.2 94.2 75.1 102.5 59.1 71.8 59.7 60.9 75.5 63.0 119.7
74.0 70.2 73.8 182.9 63.0 88.3 85.2 60.8 75.9 67.0 95.8 77.4
75.2 66.7 68.8 80.4 64.5 61.6 65.3 120.0 67.2 67.5 62.7 70.2
72.9 73.2 62.0 57.2 113.3 67.2 145.9 101.6 71.4 69.3 72.3 144.4
85.0 66.0 77.3 88.4 66.0 62.4 82.9 84.6 68.4 178.7 68.0 72.5
68.6 73.3 74.6 62.4 80.3 64.4 107.5 133.2 105.7 110.1 108.7 131.1
85.5 61.6 134.7 67.9 70.3 76.2 65.1 70.1 63.6 139.6 65.7 65.5
77.5 68.5 69.0 75.4 78.0 70.2 73.6 70.0 74.2 76.2 82.2 131.2
62.1 66.6 62.5 65.2 83.8 68.3 70.9 61.4 63.0 65.9 69.5 52.0
102.3 169.7 67.8 68.4 62.6 80.2 57.8 64.6 83.2 64.9 50.4 59.9
63.2 67.5 69.1 63.6 7.7 65.9 168.7 81.4 122.8 75.0 65.9 71.0
76.6 79.6 98.3 128.4 81.5 76.9 80.0 86.1 111.5 84.3 88.9 78.2
77.7 87.0 74.4 136.5 72.2 67.4 152.8 68.7 104.5 104.6 69.6 63.7
65.9 62.3 68.6 51.4 63.2 74.8 85.0 104.0 80.1 82.5 86.4 108.0
64.6 57.2 74.2 82.6 76.5 74.9 70.5 68.4 139.8 104.6 84.1 72.8
60.6 69.0 75.8 68.5 94.8 112.6 74.1 60.1 216.3 63.4 64.4 80.7
112.1 106.9 141.0 110.2 106.3 106.6 64.2 104.1 61.9 66.9 68.6 75.9
210.8 63.6 65.2 62.3 66.1 85.7 63.7 62.0 66.7 65.0 58.2 63.9
74.7 59.0 56.5 65.9 73.0 61.7 73.1 70.4 65.7 71.8 65.5 75.7
63.1 155.2 56.1 106.6 65.2 98.3 66.0 59.4 62.3 86.9 56.6 60.8
160.7 64.2 76.6 103.4 64.3 107.1 63.0 58.8 66.3 69.2 64.6 78.3
74.7 70.2 64.9 89.6 139.3 68.0 115.9 61.5 76.4 81.4 59.0 69.2
79.9 79.3 .7 75.8 83.2 68.9 66.5 87.2 68.1 65.6 131.2 94.3
75.4 75.1 64.9 429.4 64.4 71.1 65.7 54.7 68.8 62.4 70.7 93.2
59.9 58.6 67.4 134.8 64.3 65.6 97.1 62.5 66.0 62.5 67.7 63.4
80.4 67.0 100.5 74.1 111.3 67.1 76.0 65.7 69.0 85.1 62.9 79.1
60.6 55.2 69.0 77.6 199.9 68.6 149.3 78.0 89.5 61.1 162.8 62.9
72.6 64.1 66.4 79.8 257.4 .7 68.8 89.7 71.3 75.5 68.2 99.4
83.0 381.3 72.6 74.2 59.0 72.4 98.0 98.1 77.2 80.9 164.0 81.5
88.0 123.0 60.9 63.1 115.1 61.0 73.4 64.3 70.8 67.0 65.3 63.0
59.3 65.4 76.5 66.4 61.8 125.8 63.3 65.5 66.7 63.5 60.9 69.2
84.9 216.6 107.4 74.3 75.1 131.7 99.0 86.1 102.0 68.0 78.7 67.6
83.5 71.0 70.7 80.7 80.0 78.0 93.1 72.8 69.6 66.6 71.7 65.7
81.4 67.8 60.3 60.0 62.8 63.9 94.6 80.7 102.9 88.7 75.1 73.8
137.4 70.6 96.0 62.2 71.3 83.0 68.3 76.4 77.8 252.9 76.8 64.8
136.9 73.4 61.8 63.6 60.6 65.7 64.3 64.5 58.9 74.2 97.6 104.1
68.8 71.7 77.5 68.5 66.8 69.2 87.4 67.0 57.3 110.3 64.0 83.9
168.4 95.5 72.0 60.8 67.7 62.9 78.5 66.9 66.2 75.3 69.5 82.1
61.6 58.8 67.4 71.5 140.1 53.1 64.7 66.8 79.0 69.1 72.4 63.3
64.2 72.0 84.4 66.0 112.1 71.3 197.5 66.6 82.9 66.5 76.0 58.6
272.7 93.3 63.2 81.2 77.0 130.2 63.0 73.4 61.6 68.5 160.2 70.1
70.7 65.4 66.8 77.5 64.6 74.8 69.7 64.6 70.7 62.6 93.2 69.7
64.4 65.0 116.7 75.9 86.2 65.3 71.6 76.6 100.6 63.1 109.2 61.3
80.6 61.9 62.2 87.6 68.2 69.6 158.3 130.7 72.8 59.6 111.3 58.6
77.5 81.9 67.1 74.0 67.8 64.3 130.2 66.1 72.2 55.2 67.3 70.1
82.6 72.5 74.8 76.2 69.2 79.2 69.2 125.9 180.8 68.7 64.7 65.3
64.5 95.1 59.4 137.3 113.3 63.9 73.1 75.6 82.7 66.1 73.4 76.0
56.0 65.8 78.0 62.3 63.4 74.5 80.1 88.6 82.5 75.0 98.7 88.8
69.9 70.7 112.6 71.1 68.3 64.1 61.0 67.9 65.8 60.9 61.7 65.7
204.7 77.0 81.4 71.2 216.0 79.2 63.0 71.8 65.6 56.4 66.8 66.0
69.7 71.3 65.9 67.6 69.5 82.5 301.5 73.8 65.5 63.5 134.2 95.6
59.3 68.3 79.0 110.9 66.9 63.2 70.7 92.3 68.9 64.4 68.8 75.0
71.1 68.2 69.5 303.2 61.7 227.6 66.1 77.1 66.4 75.1 72.4 68.8
65.6 58.6 67.9 65.6 79.8 64.7 69.7 59.2 99.0 62.6 70.8 115.1
70.7 62.0 74.1 127.4 59.3 87.0 98.9 101.2 92.6 94.7 95.4 96.7
59.3 68.7 58.7 56.7 66.7 60.2 91.4 70.8 178.9 68.0 62.7 71.2
71.8 81.9 64.9 55.8 72.6 76.8 81.3 150.3 65.4 88.1 68.9 68.0
76.6 73.5 84.8 77.4 73.7 80.5 154.0 120.7 166.9 76.5 83.7 88.8
65.6 67.9 82.3 62.6 58.0 59.2 65.9 67.7 63.8 77.9 66.3 68.3
76.7 64.8 61.4 67.0 124.4 105.4 152.0 68.6 103.5 65.1 68.5 61.8
60.5 65.6 64.8 54.1 69.9 93.7 66.1 63.8 72.7 63.1 127.3 66.5
61.4 117.2 82.7 67.9 61.4 111.4 196.4 58.4 74.0 70.2 80.2 78.7
64.5 62.2 75.7 100.1 59.7 110.1 54.3 87.7 60.0 61.4 65.8 69.2
65.4 64.8 291.9 65.3 74.8 62.4 74.0 66.7 65.2 75.5 59.2 79.2
85.3 63.1 69.5 76.4 66.6 83.1 61.5 112.9 120.1 62.0 61.8 66.3
73.7 79.6 61.1 553.1 96.8 62.3 74.6 87.3 76.1 74.6 106.1 72.1
67.3 65.2 80.1 62.2 105.0 89.0 73.4 63.4 65.5 65.9 76.4 75.9
77.0 78.2 94.6 95.9 83.9 78.1 89.3 62.9 63.7 72.0 82.3 63.2
64.0 73.2 63.3 83.2 216.2 59.2 68.5 67.4 79.4 70.0 78.1 90.3
101.2 125.3 69.8 67.4 73.7 73.4 68.8 79.3 85.3 74.9 58.0 66.8
62.9 100.9 68.8 159.6 62.8 62.7 106.1 92.6 109.6 96.2 97.8 91.7
71.7 73.5 82.6 63.8 79.0 83.5 70.0 81.0 70.3 72.2 71.8 66.9
65.5 62.7 62.8 71.5 69.5 59.9 69.0 62.6 70.4 67.8 64.2 62.3
58.5 61.7 61.3 186.0 65.6 75.8 64.5 69.9 68.7 63.5 57.8 62.0
121.2 96.7 74.0 450.0 113.2 71.3 98.7 87.0 69.1 70.9 69.3 81.4
189.2 67.2 82.8 82.8 64.9 68.6 66.1 75.7 106.7 70.2 92.1 57.6
73.8 123.5 69.3 82.5 114.6 49.1 38.5 77.3 66.5 72.4 100.2 66.5
66.6 86.5 66.8 296.8 96.6 64.1 72.3 85.0 67.8 74.3 72.9 64.5
66.0 130.2 62.8 67.4 60.7 72.5 129.0 138.9 131.4 140.7 127.0 135.8
73.2 68.0 72.9 67.8 158.1 159.6 66.8 79.6 76.5 94.9 90.9 59.3
92.8 262.4 66.5 57.8 90.8 66.8 64.4 68.6 66.3 63.9 196.5 64.5
65.6 63.2 68.9 73.4 93.6 64.5 68.7 68.7 101.2 182.1 59.9 69.8
68.3 60.9 118.4 72.3 72.6 85.9 63.4 73.1 72.8 53.8 69.8 97.9
66.7 75.9 72.7 60.1 62.9 70.1 104.5 92.5 105.2 77.5 85.6 77.6
196.6 71.9 57.3 84.3 73.2 121.3 70.2 111.3 111.1 86.2 63.4 160.9
92.0 88.4 68.3 301.3 74.3 64.8 56.9 89.9 72.6 64.5 56.4 66.0
73.9 72.6 67.7 62.1 61.6 103.5 64.6 60.2 62.8 61.6 61.0 85.6
99.4 89.2 95.1 85.3 77.1 99.2 64.9 90.1 62.2 57.1 63.6 61.8
63.1 67.2 64.6 67.8 60.6 92.1 67.3 98.6 286.2 62.8 67.1 64.5
70.0 63.8 75.2 60.6 65.2 72.0 68.5 149.8 63.0 56.9 64.3 62.8
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74.1
64.6
59.2
220.0
101.4
80.8
82.0
61.6
87.6
58.1
126.7
81.8
66.7
63.4
98.7
74.1
67.1
67.8
149.1
70.8
74.3
101.9
84.1
98.3
60.2
63.7
76.5
107.2
66.1
55.5
87.8
110.6
74.5
82.4
63.4
121.1
57.6
69.9
75.6
66.6
64.1
64.2
100.8
74.8
99.0
146.8
56.0
92.7
64.4
64.8
66.8
64.4
72.1
87.9
88.6
70.0
69.3
68.8
76.2
72.1
95.7
258.5
96.8
64.3
66.5
72.0
63.3
94.1
62.9
124.9
65.9
69.0
103.5
62.0
133.4
61.3
70.6
66.2
75.0
76.8
108.3
60.6
71.9
65.3
55.3
64.1
86.5
63.7
54.2
66.6

73.4
64.1
96.6
76.8
98.8
61.7
81.3
60.7
7.7
71.0
64.4
59.1
7.7
1429.5
82.7
77.6
147.3
89.4
543.9
67.7
83.7
66.8
86.3
164.2
67.9
76.5
82.0
77.1
127.9
69.3
90.2
67.1
63.4
68.2
77.5
104.8
59.8
70.4
75.2
90.0
67.3
65.3
69.7
60.8
87.0
60.9
64.5
101.1
96.7
75.9
117.3
79.8
78.1
84.5
138.2
104.0
115.4
71.9
64.4
73.2
89.7
77.9
68.8
65.7
69.2
103.8
75.4
59.1
81.3
98.4
63.3
67.5
117.0
168.6
64.2
62.4
77.1
72.4
65.2
69.2
65.1
90.8
69.6
66.8
69.7
96.2
72.8
62.6
64.2
78.0

77.5
67.5
63.2
63.7
237.7
62.8
62.3
70.6
76.7
73.9
72.8
62.1
64.1
95.3
118.2
103.2
62.2
88.7
64.6
79.6
80.5
78.0
87.7
64.7
218.7
76.2
93.1
68.7
76.8
68.8
63.3
70.1
64.6
112.5
70.0
133.8
545.5
61.3
133.2
76.7
62.0
63.3
118.1
76.0
65.3
64.5
.7
91.9
77.5
61.5
62.2
57.9
68.9
92.2
69.0
65.5
75.0
83.5
67.9
69.0
86.2
58.3
68.7
66.5
64.8
84.3
77.6
68.4
61.4
62.8
73.1
65.0
65.3
91.7
60.0
66.3
61.7
65.3
75.6
59.2
82.6
134.6
66.2
66.8
66.3
77.4
72.5
66.8
77.3
68.3

70.7
87.9
65.6
60.8
93.2
4003.8
76.9
60.3
68.2
97.6
61.9
66.4
67.4
67.7
71.0
65.6
75.8
163.3
63.5
57.4
66.6
67.5
80.5
167.1
66.7
66.6
76.3
72.9
80.3
68.1
79.8
96.4
83.3
63.7
68.8
124.5
68.0
74.7
68.2
78.8
67.7
64.9
62.3
66.6
60.5
70.8
62.3
96.5
62.3
69.1
67.9
164.6
72.9
67.4
76.3
69.8
131.3
92.0
73.6
77.6
105.0
74.6
75.7
72.6
83.4
375.4
65.4
60.9
71.4
58.5
165.1
68.6
59.5
78.5
136.2
82.7
81.7
67.3
65.9
60.2
75.4
87.3
95.9
64.6
58.5
61.7
117.7
80.4
62.8
70.6

78.1
118.8
129.7
61.8
103.8
121.9
60.0
61.8
71.9
104.9
67.6
58.1
68.2
82.9
70.6
63.8
66.7
85.8
61.6
115.2
113.4
64.8
81.1
61.3
65.7
65.7
82.4
65.4
66.9
77.0
62.7
64.8
318.1
70.0
66.4
105.1
65.2
67.5
64.3
72.5
242.4
76.2
66.1
69.6
65.0
73.4
58.7
172.1
74.5
62.9
87.6
86.6
83.8
88.0
56.7
62.9
93.0
96.4
63.6
65.4
81.7
75.5
87.8
66.8
65.6
83.9
144.9
177.3
73.6
78.1
73.3
68.6
67.6
66.4
47.1
75.5
56.7
56.7
60.0
68.2
90.9
62.7
68.0
65.0
60.7
54.5
82.5
66.5
73.6
99.2

93.2
66.5
64.9
68.3
185.3
59.9
64.8
71.8
66.5
69.5
84.4
59.5
111.7
65.6
76.4
86.8
67.9
74.5
71.1
55.3
72.8
89.8
79.9
65.6
77.1
74.2
79.2
81.6
70.4
60.4
129.7
59.3
69.2
75.6
67.6
106.6
64.7
81.0
113.5
75.1
74.9
62.9
78.1
80.6
67.6
70.7
200.5
95.3
76.1
67.2
61.8
61.4
68.0
67.5
59.0
67.4
71.3
92.6
62.9
62.3
96.0
61.5
67.7
54.9
123.9
67.5
88.2
70.3
87.6
69.2
75.3
64.7
171.0
62.4
81.6
64.2
134.9
60.3
69.9
70.8
68.1
63.8
88.3
64.1
64.7
63.2
67.8
74.9
68.6
64.0

68.1
65.5
74.3
62.6
97.8
57.8
66.1
66.1
179.0
71.7
69.9
61.3
59.6
51.3
50.9
66.0
63.1
93.3
61.3
66.7
65.8
106.6
112.6
76.3
61.9
190.1
72.5
77.8
100.4
76.7
113.3
159.8
275.2
80.6
313.9
67.3
150.7
67.7
66.4
87.6
81.4
88.7
89.1
76.3
115.0
59.7
77.3
82.7
68.2
91.7
58.9
75.8
86.4
61.3
62.7
68.0
99.5
58.3
71.1
140.9
68.8
173.4
67.8
70.6
76.0
86.4
68.8
85.2
70.5
57.0
65.2
76.5
84.1
64.8
66.4
121.7
74.3
79.7
64.6
68.4
82.7
64.6
75.4
70.4
56.2
76.0
180.6
72.1
79.9
72.1

231.6
77.4
59.6
72.0
66.0
65.8
65.4

513.9

198.2
94.8
68.2
75.8
66.6
63.4
65.4
56.3
61.4
63.4

105.0
80.4

130.1

115.7

102.5

112.6
65.2

108.6

228.1
77.1
95.3
74.6
61.3
84.8
68.4
67.5
77.8
64.8
64.3
66.5
65.4
63.0
70.8
89.0
65.0
63.0

116.2

116.7
63.1
56.8
72.1
68.7
71.3
76.1
70.3
99.2
81.3
70.1

106.6
71.1
71.4
71.8
63.6
64.8

145.7
65.0

150.8
69.8
60.3
62.6
63.5

385.8
61.6

230.7

103.4
75.3
80.3
74.3

201.2
68.5
69.4

683.9
71.4
77.3
70.0
76.1
63.7
87.4

185.1
72.8
71.8
57.3

115.8
62.1
77.5
65.6
59.6
63.9
48.1
80.8

126.2
62.6
65.1
66.8
67.4
83.2
57.6
59.4
63.3
66.4
69.6
58.8
70.1
98.9

106.7

227.7
84.6

101.4
70.4

136.5
66.8
75.5
67.7
74.8
67.5
94.8
80.9

105.8
75.2
66.7
86.9
65.3
66.3
81.9
64.6

253.8

523.2
68.3
77.2
63.8
73.0
93.3
69.6

103.3
75.7
93.6
59.4
70.4

108.1
80.6
67.4
87.9
63.0

184.1
58.8
68.9
71.5
70.3
75.3

112.4
62.7

141.6
73.1
65.9
73.2
65.8
75.4
79.2
92.4
67.0
72.7
71.8
79.5
54.6
77.4
67.7
76.5

105.0

218.9
78.9
64.9
87.9

73.5
70.8
60.5
84.7
59.4
70.5
65.5
85.2
134.3
72.3
82.2
69.8
90.2
60.5
57.8
59.7
137.8
90.3
69.5
72.1
83.0
101.9
444.1
62.0
70.6
113.5
63.2
134.4
137.6
82.4
70.9
93.1
67.9
156.7
62.6
61.7
70.5
72.5
71.3
196.7
86.8
76.6
74.1
63.4
122.4
62.3
75.8
68.7
67.8
62.1
73.0
65.0
68.8
65.9
120.3
66.9
123.1
59.1
67.0
83.7
65.0
222.8
64.7
75.9
76.8
72.7
65.5
60.5
79.3
67.1
72.2
85.7
150.9
89.9
72.4
65.4
88.3
63.8
64.7
81.3
78.2
66.9
82.7
66.5
70.7
55.2
192.7
73.7
112.5
83.7

95.6
61.4
61.1
73.0
62.2
75.8
64.0
7.7
131.4
149.3
79.1
71.8
81.8
65.5
89.5
124.3
69.4
64.8
76.0
67.7
140.2
97.4
100.8
78.4
59.1
134.1
74.3
64.6
66.9
82.5
64.6
65.5
154.6
61.1
63.3
69.8
59.8
68.2
80.9
56.8
63.9
130.6
64.8
89.1
113.4
58.7
82.0
65.7
89.0
104.8
70.4
59.9
75.2
59.1
58.3
79.6
156.4
60.6
67.7
63.7
129.6
84.6
61.1
196.4
74.8
62.0
68.0
80.1
64.6
73.6
64.8
90.0
73.6
104.1
69.8
71.4
107.1
76.6
85.7
63.6
77.9
68.0
391.3
71.7
75.6
66.5
189.6
73.4
63.6
103.5

70.2
64.3
60.3
93.8
69.5
64.6
63.4
53.5
132.4
73.9
69.8
68.5
81.1
60.1
62.3
268.2
65.7
74.2
64.5
67.7
66.6
177.9
110.9
2539.1
92.0
105.4
73.1
81.3
62.6
84.6
81.6
71.0
75.9
72.5
72.0
196.4
75.2
125.6
71.2
60.6
67.1
240.8
61.5
62.3
122.7
59.5
121.4
182.5
75.1
65.4
74.6
65.5
71.2
70.4
67.6
347.2
115.1
56.9
136.4
58.1
69.2
69.0
72.6
64.4
111.3
78.5
61.6
64.3
103.0
71.3
177.9
64.8
63.0
72.9
64.2
67.0
82.5
68.9
63.1
99.8
75.1
57.4
66.4
78.9
69.2
59.5
178.5
75.1
65.6
112.3
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64.8 72.3 74.5 196.8 66.3 90.9 88.5 72.6 73.9 77.8 78.6 70.1
68.7 120.7 63.5 63.5 117.9 62.6 71.0 431.5 66.8 76.3 75.0 72.1
58.3 100.4 62.8 65.6 62.0 71.9 94.3 73.7 71.8 67.7 84.1 80.5
71.6 74.7 89.7 71.4 82.2 78.7 93.2 122.7 88.4 63.6 66.5 66.2
90.7 56.3 99.1 90.4 59.4 84.2 240.1 71.3 74.4 66.7 69.6 69.0
62.0 61.1 59.2 68.6 81.2 82.8 66.9 68.3 73.7 69.6 62.2 62.4
58.1 62.2 65.7 64.1 64.8 61.3 67.2 69.5 84.0 72.9 67.1 95.6
73.4 7.7 95.0 86.0 173.6 79.3 90.6 69.0 71.9 138.9 99.8 72.7
60.4 72.2 61.5 87.2 63.0 69.3 60.4 64.0 137.4 68.5 58.7 64.3
109.0 174.3 123.0 117.1 175.0 137.0 115.5 65.7 65.9 92.7 102.4 62.6
81.6 67.4 63.5 76.4 59.7 64.8 63.5 148.1 151.2 73.0 64.1 156.8
66.2 64.2 69.2 70.4 132.9 441.5 118.0 58.6 62.8 64.2 96.5 85.6
70.0 69.5 70.4 90.4 130.6 64.4 62.4 64.8 63.3 73.5 65.2 67.6
58.6 69.5 60.0 69.1 67.1 71.8 62.5 143.6 69.8 79.1 83.6 72.6
68.0 56.7 76.5 64.0 61.0 71.4 110.2 101.6 102.8 65.9 65.7 131.8
54.0 61.0 66.4 82.0 69.6 59.2 70.3 88.2 84.8 61.0 60.6 60.8
63.1 82.6 65.9 56.2 103.9 76.9 61.3 299.8 102.0 59.2 67.4 79.8
78.5 59.9 121.6 63.8 80.4 98.5 77.5 72.1 71.9 75.2 75.4 476.4
115.7 59.8 62.0 64.7 52.5 60.6 83.0 68.3 68.3 82.4 73.0 64.3
70.6 76.8 74.0 73.7 92.0 63.6 68.6 86.8 79.5 85.1 58.5 101.7
72.3 74.9 78.5 65.2 61.9 69.9 71.8 69.3 65.2 62.0 65.2 122.2
102.4 166.7 66.2 81.8 71.1 70.4 75.4 154.5 69.8 1107.9 70.6 80.3
75.6 99.3 70.2 143.7 76.4 78.5 63.6 82.1 69.4 112.3 66.4 117.7
240.4 249.7 267.6 254.6 243.7 258.2 60.8 65.2 137.6 89.7 68.4 59.1
829.2 76.4 76.2 108.9 79.1 74.0 83.3 55.7 72.3 61.6 62.3 66.8
73.2 122.2 66.8 63.6 83.9 82.5 72.2 64.0 60.6 100.9 59.0 69.9
63.0 60.6 62.9 75.1 64.5 63.2 52.3 60.2 64.9 66.7 66.0 75.2
95.1 110.9 91.7 95.6 113.4 106.0 113.5 68.2 89.5 63.1 67.8 70.2
98.0 63.5 54.9 92.1 61.8 175.5 73.4 84.0 67.3 82.1 79.1 66.2
80.4 66.5 62.6 98.3 99.2 80.7 99.9 62.1 86.2 75.3 63.5 71.8
57.8 59.7 75.0 109.1 70.0 68.4 59.7 64.1 62.2 66.3 85.7 237.9
74.2 131.4 71.9 67.8 64.6 74.8 64.1 353.4 67.9 63.8 72.8 194.9
70.9 66.2 67.0 63.6 49.7 67.6 68.6 72.5 88.1 66.8 66.8 92.4
74.6 68.9 79.8 71.2 72.5 84.9 65.9 71.2 63.0 64.7 68.5 74.1
67.5 199.0 62.8 75.8 68.9 165.4 64.1 82.0 65.5 62.6 93.1 81.8
73.0 66.6 72.1 73.0 65.7 105.2 61.8 68.5 70.6 75.6 81.2 60.4
61.0 73.1 65.5 57.8 61.3 76.7 60.9 213.5 64.1 63.2 67.4 85.2
93.1 67.6 65.1 61.3 66.9 61.4 62.0 64.1 84.2 68.7 63.8 64.2
87.0 71.4 63.3 70.1 73.4 66.7 60.7 63.2 62.4 69.7 269.5 66.1
60.3 92.6 63.3 58.5 60.1 62.3 85.7 91.4 92.4 105.9 80.5 80.8
66.8 81.3 94.2 70.2 100.9 83.8 582.5 61.8 63.9 199.8 60.4 62.3
65.4 63.3 62.4 61.6 78.2 81.4 61.1 80.6 66.3 74.5 98.8 61.3
85.6 71.3 111.1 68.1 96.4 78.8 64.1 62.8 60.9 65.1 62.8 73.4
57.1 76.5 73.9 83.7 59.7 67.0 68.1 89.9 122.9 79.2 72.0 78.8
85.7 72.6 89.2 124.3 86.3 76.9 81.7 92.4 76.1 65.9 61.4 66.9
63.5 62.3 65.9 73.5 66.1 81.3 94.9 96.7 78.7 72.1 79.6 79.2
74.5 81.4 70.9 77.6 86.0 75.8 67.6 64.2 82.3 60.5 57.7 60.0
82.2 70.2 58.5 54.4 63.9 94.0 64.3 66.7 71.3 65.4 61.1 81.1
76.5 60.9 60.5 63.3 59.9 65.8 67.6 61.7 63.1 58.0 66.0 78.3
74.6 67.5 165.7 76.9 63.1 127.8 64.8 60.2 80.5 68.8 283.5 70.4
54.3 80.5 67.1 78.1 61.2 103.0 66.2 63.4 69.5 66.6 79.5 61.1
82.8 90.3 92.5 82.1 88.1 103.5 73.1 75.3 97.2 75.6 71.2 70.8
66.1 92.7 84.8 71.9 223.0 73.1 65.3 62.5 86.7 110.7 64.0 62.8
69.1 77.0 63.1 298.2 71.4 66.4 109.7 66.7 68.0 75.6 57.0 71.1
61.5 61.8 70.3 103.5 93.8 72.9 78.3 98.0 85.4 81.9 97.8 79.3
66.8 63.6 72.5 182.1 74.0 65.5 88.4 145.4 68.6 134.6 66.8 73.2
76.0 59.8 58.5 61.9 72.9 109.6 62.9 67.5 172.9 64.4 77.2 73.2
100.1 59.6 80.8 66.7 79.2 99.5 62.7 72.2 70.7 79.8 65.1 92.0
65.0 82.8 68.6 85.6 64.3 63.9 63.5 63.6 106.8 58.4 67.7 63.0
71.2 71.1 76.6 114.9 69.4 80.1 68.5 65.8 67.8 75.8 371.9 69.3
72.8 74.6 88.6 75.9 71.2 201.7 170.5 88.1 86.4 103.3 82.6 102.7
120.2 70.5 56.2 66.2 60.0 65.1 81.9 85.1 93.2 72.8 103.2 114.0
63.1 84.9 65.9 57.0 68.2 74.5 66.2 67.0 75.2 64.0 63.2 73.1
62.6 57.8 67.5 112.3 96.3 61.5 70.4 63.9 71.3 65.5 68.3 157.2
61.3 63.7 63.0 82.5 63.7 212.7 86.5 76.1 72.7 75.3 68.2 87.1
107.6 74.8 58.1 76.0 70.7 69.5 83.3 83.9 76.4 61.7 72.0 61.2
69.5 73.6 66.9 61.9 74.7 88.8 71.4 76.1 74.2 73.1 61.3 73.1
68.2 115.3 74.7 67.4 63.6 75.0 68.6 71.7 67.1 61.3 65.9 196.1
106.7 70.4 83.2 66.8 87.2 66.5 100.0 66.7 328.1 86.4 76.0 97.4
70.1 68.3 65.1 93.4 64.4 69.2 .7 72.1 64.0 62.8 80.8 73.2
146.1 55.9 67.5 69.6 62.9 84.0 76.6 71.0 67.5 61.8 64.3 61.9
74.2 69.6 145.6 81.9 68.1 69.3 64.8 259.7 78.5 261.9 107.2 64.0
55.8 63.4 86.4 75.3 65.0 80.0 77.3 72.5 82.6 75.8 64.6 69.7
134.6 151.5 91.5 63.6 65.3 313.9 65.1 65.5 52.5 72.4 59.6 76.3
63.1 74.6 66.5 115.5 83.2 68.0 72.5 79.7 79.6 70.9 65.8 79.0
62.8 64.2 69.0 57.0 64.3 63.2 50.9 57.5 58.4 71.4 70.7 91.2
62.6 181.8 184.8 61.9 74.0 67.0 74.5 63.7 68.5 65.1 64.1 61.8
105.9 83.7 121.9 70.6 80.7 87.2 64.6 65.0 62.9 68.6 63.5 65.2
75.5 72.4 69.1 120.4 77.8 224.7 79.1 96.0 75.4 72.3 65.8 91.3
61.3 67.2 99.7 71.1 60.0 64.1 84.6 70.4 62.6 218.2 93.6 69.9
64.0 62.2 62.1 76.2 152.7 65.5 73.6 81.2 75.6 56.5 66.1 110.7
64.4 62.6 60.7 62.8 64.4 64.3 84.4 91.7 78.4 7.7 96.1 86.2
65.9 57.8 63.5 80.4 61.0 91.6 80.9 64.4 67.8 71.8 69.1 63.7
66.4 132.4 79.2 88.3 78.7 55.0 69.4 77.3 70.0 67.4 63.1 63.7
1954.6 1945.9 1948.1 1950.2 1945.5 1947.7 66.3 63.8 99.1 76.9 64.2 75.9
60.7 69.6 65.1 69.9 88.9 85.9 72.7 66.6 67.6 68.5 252.0 149.5
70.0 61.8 65.1 61.1 62.5 85.7 75.6 76.5 99.1 70.6 54.4 126.5
70.1 64.0 66.4 62.5 97.1 91.6 62.3 83.0 67.7 85.2 116.6 64.5
78.9 67.8 59.8 66.9 118.6 84.1 80.5 65.6 69.8 66.9 60.2 110.3
61.1 68.1 56.4 73.0 64.3 63.2 78.4 71.9 87.8 78.6 69.5 75.2
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78.2 65.0 74.1 67.4 69.2 63.4 64.0 109.0 76.8 68.5 67.3 68.4
125.0 103.5 80.2 71.4 66.1 250.4 87.5 97.1 96.9 101.1 90.5 106.0
62.8 71.2 57.5 105.6 68.6 81.3 119.8 64.6 64.5 64.2 100.6 111.7
67.5 71.4 65.2 80.5 62.6 60.4 75.4 81.1 60.9 85.5 69.2 66.2
63.9 125.3 185.0 63.9 63.9 182.8 68.3 126.7 71.6 92.4 84.7 70.6
80.9 117.3 73.4 80.1 69.5 73.4 75.4 61.9 65.6 67.1 79.9 67.2
81.2 88.5 570.2 74.8 75.9 123.3 382.3 402.3 179.3 130.7 130.8 164.6
74.1 64.3 118.4 78.6 66.1 105.8 72.2 69.5 66.6 76.5 77.4 78.8
65.4 63.5 62.5 61.8 66.9 60.8 72.4 67.9 73.7 104.4 85.1 72.8
73.7 69.8 135.1 342.4 75.0 80.0 52.0 58.1 59.0 61.6 63.4 65.2
68.5 52.9 68.9 65.2 61.0 70.8 68.8 67.2 61.9 64.7 82.0 67.9
63.0 61.1 63.7 61.5 58.9 72.8 83.2 70.1 133.3 66.5 60.5 63.6
66.8 62.4 64.6 88.2 327.0 75.4 103.5 89.6 186.0 86.2 87.2 107.1
60.9 69.5 69.9 84.4 74.2 63.1 87.7 64.0 77.0 70.7 217.2 66.8
61.9 73.5 102.4 87.0 71.6 63.8 62.8 63.4 92.5 71.2 62.0 68.7
67.9 94.4 67.2 199.7 59.6 72.6 72.7 64.7 67.0 79.7 70.8 68.9
63.9 56.4 63.1 51.0 67.6 98.0 65.9 69.2 90.6 61.0 67.8 81.0
80.9 102.8 67.0 140.2 75.8 85.5 60.8 62.7 63.8 65.4 72.6 72.3
109.9 79.0 79.1 71.0 89.4 74.0 86.0 101.6 107.2 72.2 86.4 78.6
70.2 78.3 83.0 59.8 63.0 75.7 138.7 71.6 79.8 66.9 72.0 67.5
80.3 63.6 106.2 145.6 66.6 86.6 121.8 247.8 117.2 116.1 116.6 319.9
71.9 62.2 58.8 65.4 62.3 61.4 74.1 61.3 84.1 64.3 121.3 64.9
62.5 64.9 78.0 65.2 72.5 67.9 106.4 213.1 98.9 66.3 65.7 66.3
73.9 61.9 72.2 72.1 61.6 322.1 67.8 96.5 72.6 116.9 61.5 63.1
66.3 89.4 72.9 100.9 74.8 68.6 73.6 75.1 68.2 63.9 63.9 68.6
67.8 7.7 114.2 65.9 83.9 65.3 76.3 60.1 67.2 64.3 74.9 87.1
77.4 70.5 72.4 74.3 73.3 77.1 74.1 95.0 61.9 74.4 101.3 119.2
83.0 77.0 54.4 61.7 65.6 63.8 72.9 82.1 68.0 71.4 67.8 70.1
68.5 70.4 65.1 64.6 66.3 73.0 69.1 82.4 162.8 70.6 71.8 69.6
62.9 60.6 78.2 59.8 67.4 61.5 68.6 70.4 101.5 62.0 70.4 101.9
333.2 342.3 356.6 333.3 337.1 322.7 124.2 153.6 125.6 128.2 126.6 130.6
66.7 72.0 69.6 158.9 79.3 64.8 62.9 72.4 60.1 66.1 69.0 62.7
71.2 61.3 87.7 75.2 61.8 64.7 391.5 391.3 429.7 391.0 394.8 391.0
182.7 59.6 180.5 63.9 64.4 73.9 85.3 75.7 105.6 71.0 75.3 94.9
72.8 66.2 116.8 163.9 65.5 69.0 86.6 71.4 77.4 105.5 78.1 79.7
80.7 67.1 62.2 70.9 60.7 66.3 72.2 56.2 152.6 93.7 62.3 59.3
71.5 99.6 193.9 73.5 186.0 66.3 246.3 78.2 114.7 70.4 86.0 70.4
63.7 74.0 60.8 64.0 65.6 76.9 79.3 120.8 84.7 79.6 79.9 78.5
74.4 92.1 73.8 70.3 66.1 66.3 68.8 84.1 67.6 62.7 85.9 75.3
81.1 64.4 93.0 64.7 71.5 67.9 70.9 80.2 68.8 94.0 78.0 173.4
75.9 59.2 71.2 97.9 63.7 63.9 95.8 88.5 117.8 83.0 89.6 80.0
67.7 74.0 74.0 59.4 64.9 82.1 75.8 65.0 62.7 66.1 62.4 112.6
72.4 75.2 81.2 71.8 77.0 75.4 78.8 62.3 61.8 86.6 63.3 65.5
65.4 125.1 62.8 64.6 63.9 94.3 62.5 66.5 61.6 76.0 151.6 150.5
63.3 58.9 75.4 143.0 65.6 102.9 69.0 113.1 64.7 64.8 97.3 60.6
60.4 66.7 63.5 62.3 58.6 70.4 65.5 77.3 65.7 69.2 87.1 99.0
303.4 57.5 62.1 66.0 78.5 77.6 58.4 68.1 68.3 67.2 75.3 63.3
78.1 61.8 71.6 70.5 76.4 63.9 91.8 72.9 90.6 66.7 64.8 75.5
65.3 60.6 63.2 61.7 93.8 79.6 72.7 161.6 114.5 77.1 81.5 87.9
75.1 98.9 66.1 64.0 95.2 60.5 69.8 94.8 75.1 212.1 84.0 72.0
73.8 78.8 79.0 82.4 104.9 75.0 129.5 131.8 131.1 133.9 139.9 127.1
68.9 60.2 68.4 89.2 69.6 66.1 66.4 64.3 73.5 79.3 74.6 77.1
73.9 140.6 87.7 75.6 49.3 86.8 71.1 98.3 70.4 82.3 135.0 273.7
71.0 55.9 61.3 70.9 106.5 107.9 68.4 80.9 82.1 86.6 87.6 78.5
87.2 151.8 63.0 70.5 65.8 62.8 63.1 67.8 59.4 74.9 66.2 68.8
59.2 59.7 78.3 65.2 60.4 77.8 59.3 64.4 96.0 61.6 65.2 181.1
78.9 92.4 72.0 736.4 64.4 66.9 60.3 75.6 76.8 58.8 60.0 95.3
64.0 67.7 58.9 65.1 83.9 58.8 81.2 .7 86.8 64.8 65.3 70.6
68.4 74.2 81.1 131.6 78.7 79.1 79.5 90.3 102.6 78.2 60.3 73.9
66.6 68.2 66.3 73.9 72.1 74.3 69.9 74.6 100.1 101.3 77.3 126.0
65.8 91.3 66.8 69.0 67.1 94.9 83.0 99.7 70.2 75.9 82.8 71.0
206.5 74.8 90.5 88.2 94.8 75.4 60.0 96.5 62.3 60.1 552.1 78.5
65.4 64.6 77.1 77.2 71.8 63.1 81.4 78.8 80.0 80.7 99.7 79.0
67.6 70.6 63.9 84.4 86.6 68.7 74.1 102.8 80.9 89.4 98.7 79.3
65.3 74.1 67.8 71.0 76.2 92.9 59.5 63.5 64.9 77.3 63.3 71.9
169.2 70.7 88.1 77.1 74.8 68.4 70.4 72.0 79.5 88.9 66.6 67.8
65.8 62.8 99.9 63.6 137.4 62.8 68.7 60.5 254.5 81.8 60.8 89.0
65.2 64.5 91.3 61.3 58.2 64.6 94.9 100.1 69.8 81.0 63.6 62.3
78.2 68.4 81.4 67.9 122.3 67.6 63.1 96.8 78.6 70.4 63.5 102.6
58.6 106.2 75.9 68.6 75.2 75.8 78.1 77.8 68.8 79.2 145.8 115.0
60.8 66.9 86.9 60.2 65.6 69.5 62.8 238.3 75.6 72.3 69.8 63.1
152.5 66.3 83.2 68.0 70.6 76.6 88.4 56.9 73.0 63.6 64.0 123.8
72.0 67.6 72.1 66.6 65.9 89.8 60.4 68.7 60.3 54.2 66.1 81.4
66.4 72.1 73.8 65.7 148.8 71.8 83.2 62.0 70.1 97.9 54.9 106.2
111.9 86.6 132.1 91.4 99.7 98.6 104.3 75.5 83.1 91.0 89.2 77.3
67.0 69.1 65.3 247.8 75.7 66.6 74.2 69.8 62.1 63.1 62.8 72.7
67.8 61.1 74.6 95.0 71.0 79.3 106.1 109.6 104.3 129.0 108.0 114.2
61.0 62.4 61.8 62.2 75.4 60.2 68.7 64.1 78.6 58.8 70.2 71.7
65.8 64.5 61.0 94.3 190.8 65.7 63.3 94.3 58.9 70.8 65.7 65.1
61.2 66.1 71.8 76.5 67.2 74.2 63.2 60.8 64.0 60.9 65.7 69.9
61.4 64.9 70.2 71.9 62.9 67.9 70.9 76.8 75.2 59.9 65.0 63.3
124.4 83.2 75.7 72.6 81.2 139.0 67.0 65.5 93.5 64.4 61.8 72.1
158.0 71.8 72.1 73.1 63.0 80.4 69.5 69.5 70.5 71.2 70.5 67.0
131.2 60.9 67.1 72.8 73.3 57.7 65.8 90.7 114.0 59.2 59.0 67.2
65.4 67.2 102.5 78.2 61.5 62.3 109.6 70.6 70.6 120.8 67.1 62.5
154.4 63.9 67.2 67.5 72.6 66.3 64.0 65.7 118.8 177.6 70.1 59.9
74.0 68.9 76.0 77.6 94.5 78.2 65.6 71.4 77.8 64.5 68.0 76.9
65.9 93.6 78.0 78.5 62.3 90.4 101.6 84.5 87.8 98.4 117.0 88.6
78.1 65.6 74.2 63.6 75.9 62.1 99.5 87.6 93.9 128.7 92.2 99.7
97.1 101.0 68.5 73.1 73.3 85.4 95.2 133.4 80.5 307.6 164.2 65.8
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76.1 89.8 62.1 150.2 75.4 68.4 59.6 134.3 70.8 56.6 70.3 60.2
66.5 64.8 69.3 62.4 80.6 60.9 110.3 61.2 62.9 73.7 61.2 125.0
59.4 62.1 60.3 67.7 61.1 76.4 96.5 72.7 67.8 58.7 64.2 89.2
60.9 63.5 64.9 71.5 77.0 94.5 94.3 101.4 92.1 170.3 96.0 89.9
74.9 62.9 72.9 64.8 59.8 55.6 108.2 60.3 73.1 66.0 70.1 65.3
75.6 67.9 73.6 156.6 102.7 70.8 64.2 64.3 63.5 73.8 56.9 77.2
69.5 83.5 68.2 106.4 68.0 64.2 74.4 66.7 62.6 86.7 65.3 67.8
74.5 65.6 103.4 74.7 71.8 71.1 78.7 95.1 60.8 541.9 63.1 67.4
64.7 73.9 76.1 101.8 85.6 101.9 103.8 59.6 71.4 63.4 121.6 62.9
74.5 100.0 64.1 70.0 224.8 74.2 337.5 82.3 60.9 74.3 69.1 93.9
77.4 75.1 74.7 78.0 70.2 75.6 86.6 112.5 86.2 83.7 96.4 88.4
90.2 963.1 91.1 67.3 69.9 73.6 64.6 65.0 136.0 54.6 62.9 71.7
60.1 64.5 59.6 67.7 71.1 72.2 61.6 75.3 65.0 59.0 54.3 57.0
86.1 72.1 68.9 109.7 73.6 63.2 .7 86.9 167.8 78.4 75.0 82.8
68.2 74.3 100.0 63.6 76.9 67.4 81.1 73.6 65.4 64.3 66.9 77.5
77.9 58.7 71.9 67.5 85.6 66.7 71.2 79.2 85.1 75.7 70.3 97.6
57.4 64.2 65.3 64.3 76.6 93.5 63.5 83.1 62.4 142.5 66.8 60.5
73.3 108.8 63.5 63.4 279.7 97.5 59.0 112.2 68.7 65.7 65.5 76.3
207.0 152.2 176.8 176.5 153.2 167.8 56.0 58.8 84.7 76.8 62.2 59.4
69.8 70.2 61.0 59.8 63.7 66.0 58.7 171.1 63.5 59.4 79.1 63.2
202.0 61.4 66.8 66.1 356.6 58.6 67.6 65.2 91.6 74.9 54.7 62.0
75.2 75.5 76.9 117.5 74.3 74.7 60.0 59.0 72.9 73.6 .7 61.7
63.6 58.4 61.4 57.2 62.7 76.4 61.9 69.8 72.0 68.5 72.0 69.0
68.6 64.8 70.9 62.9 84.7 87.0 72.8 65.1 59.1 76.9 62.6 76.9
66.8 126.8 88.9 93.1 63.5 64.5 66.5 62.6 78.9 67.6 63.9 113.7
56.1 141.1 81.8 64.1 67.3 61.0 72.3 58.1 99.8 64.2 62.8 120.7
64.7 65.9 61.8 69.2 73.4 158.2 73.5 201.3 79.9 67.7 69.7 73.0
58.5 64.6 72.1 64.0 68.0 76.6 83.7 73.9 75.5 70.2 67.1 75.6
77.1 67.2 61.5 134.3 186.3 71.6 67.1 68.7 67.8 65.2 68.6 69.0
63.4 64.4 100.0 122.5 62.8 80.2 78.2 70.2 76.5 85.9 117.9 111.5
68.9 62.6 199.1 61.1 67.4 61.0 74.6 69.7 66.6 97.0 238.8 67.1
105.0 72.7 70.0 69.6 64.1 74.9 60.9 56.4 57.2 72.4 97.6 71.2
84.2 75.9 59.1 65.1 70.0 997.1 70.2 67.8 61.7 90.3 56.5 59.4
70.3 105.8 66.7 75.5 75.0 158.9 59.4 72.6 73.6 79.5 67.1 60.0
63.4 66.1 78.2 75.0 73.3 82.1 62.2 65.6 79.4 94.7 59.8 89.5
66.1 64.2 63.2 74.0 89.4 70.3 227.6 70.0 86.2 122.4 67.9 87.7
69.6 85.1 73.0 65.4 74.0 72.7 64.5 62.5 70.0 148.0 61.2 73.5
68.4 78.8 68.3 90.0 104.6 60.8 81.6 61.2 69.0 114.3 61.1 63.6
131.8 69.6 71.4 75.0 102.2 68.7 71.5 73.8 66.2 60.7 71.5 61.8
59.4 152.4 69.3 66.4 77.9 120.0 80.9 64.8 56.9 64.6 85.3 99.6
219.5 66.8 63.3 65.3 76.5 68.9 67.7 74.7 100.9 71.5 61.7 59.9
64.1 64.5 59.5 65.3 65.6 70.6 65.2 136.6 66.9 65.9 186.9 119.2
100.1 73.7 116.3 114.6 68.9 69.1 62.3 69.9 63.8 69.9 71.2 104.3
78.3 92.1 80.3 107.3 78.0 65.6 70.7 62.8 63.6 85.8 62.9 58.5
63.4 65.3 82.3 73.5 70.8 63.9 67.0 63.7 72.2 82.9 65.6 201.4
90.9 101.6 63.8 70.9 63.9 82.3 70.0 74.3 111.2 71.7 77.9 106.6
93.0 99.0 92.4 86.4 109.7 92.2 62.9 71.1 68.9 66.4 90.1 97.6
67.2 122.3 67.6 77.4 67.9 73.4 73.9 61.4 106.2 73.4 60.8 69.7
68.3 73.2 69.7 60.8 82.7 76.7 73.1 67.4 82.0 79.5 89.5 72.3
62.9 66.2 78.2 84.0 67.3 71.0 73.3 66.1 192.1 65.6 87.4 67.9
64.0 71.5 72.2 66.5 69.9 69.3 65.9 75.0 68.2 77.9 66.5 80.7
67.7 73.8 89.1 58.4 67.9 70.0 68.6 97.4 66.5 109.4 186.9 81.6
65.3 69.8 71.3 65.6 71.3 113.4 78.8 465.1 62.1 72.8 62.2 64.4
70.3 64.2 94.1 70.2 68.3 67.5 67.8 69.1 73.5 63.3 86.3 62.4
60.0 64.2 61.3 80.5 75.5 64.4 69.7 63.7 83.1 76.7 97.7 72.7
84.0 63.8 64.7 95.7 79.7 59.0 70.7 55.3 53.9 64.0 64.6 63.5
60.3 76.1 95.1 65.8 65.0 61.0 85.0 72.6 72.6 62.4 84.8 88.6
64.1 73.3 61.4 91.4 70.1 76.8 56.0 65.8 80.7 88.6 63.7 63.1
60.6 65.3 63.9 70.9 60.8 66.2 80.4 69.8 72.7 .7 74.1 581.7
60.2 68.4 60.1 79.9 65.4 62.2 76.1 62.4 71.6 62.8 65.4 76.4
83.0 61.5 59.6 77.6 78.8 66.9 66.4 63.5 55.2 61.0 82.6 87.5
66.7 89.2 62.8 65.6 60.1 63.3 63.5 63.9 73.8 64.9 128.6 66.2
68.7 60.2 70.6 7.7 61.9 80.0 79.5 103.4 76.2 71.7 65.0 67.4
92.9 110.1 98.3 130.3 93.0 99.2 76.7 75.7 66.2 149.0 57.4 51.8
59.4 61.5 145.0 71.8 64.1 60.7 77.3 61.8 147.0 71.6 57.0 62.5
67.5 92.5 72.8 73.6 163.6 59.7 70.5 81.7 76.0 64.3 63.2 111.1
68.1 68.9 133.9 59.5 68.6 88.0 122.8 81.4 73.5 71.3 63.4 61.8
49.6 63.6 68.9 87.2 68.9 71.6 77.3 79.6 94.5 73.2 83.8 58.5
359.6 73.8 68.0 68.5 59.5 88.8 80.2 84.2 86.6 77.5 4789.9 67.9
94.3 64.4 65.5 69.7 89.5 64.3 60.3 77.0 88.9 65.5 89.7 62.4
73.9 61.8 772 100.5 71.9 63.6 64.6 64.6 66.6 61.6 60.3 71.0
64.5 62.2 81.0 59.2 66.3 62.6 65.7 69.5 103.6 198.0 63.8 85.7
132.1 67.6 76.6 72.7 85.2 68.9 61.1 64.5 72.8 61.1 83.3 68.6
87.4 192.3 89.1 74.4 117.8 117.5 69.8 62.8 67.3 98.0 65.5 64.9
81.5 63.4 85.1 64.8 57.3 64.4 64.7 63.8 67.2 76.5 61.8 67.3
76.3 71.5 117.6 61.0 65.2 96.6 136.7 125.3 122.7 129.8 143.9 119.1
73.6 64.9 65.3 65.8 67.0 60.0 68.3 73.0 61.4 69.1 56.3 98.0
60.6 78.3 87.4 67.8 62.7 95.7 63.6 64.2 69.9 70.1 54.9 76.5
347.2 68.0 96.8 60.8 71.0 74.6 57.9 78.8 72.6 73.0 61.7 53.3
54.1 72.7 116.9 59.5 60.6 85.7 59.4 56.7 64.1 69.3 63.9 67.8
64.8 78.2 72.0 66.8 74.0 76.4 57.7 77.0 149.2 62.6 64.7 73.3
61.1 83.3 100.0 66.8 62.7 59.3 77.8 117.4 66.5 66.0 62.1 64.7
75.4 83.9 86.6 106.2 76.6 83.9 83.1 72.7 86.7 154.6 72.5 113.8
59.7 92.0 64.1 60.4 67.1 87.1 79.1 82.6 76.3 89.6 86.7 76.4
74.5 68.5 72.3 78.0 62.7 63.9 70.1 83.5 88.7 63.2 77.3 74.6
66.2 72.4 66.6 71.0 88.1 63.9 73.9 96.2 69.4 125.6 64.2 59.1
70.6 74.4 65.6 65.5 68.9 67.1 69.1 62.5 65.0 114.9 70.6 78.5
76.1 78.4 76.3 71.7 79.8 77.0 66.5 63.2 71.8 82.2 81.5 103.3
108.3 105.3 88.3 75.8 83.0 118.8 69.0 87.0 70.4 76.6 64.7 75.1
88.7 64.3 65.5 74.2 107.0 81.0 621.7 612.0 617.3 620.6 611.0 612.3
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65.0 61.3 77.0 58.5 64.9 64.7 113.1 258.0 63.9 63.8 85.6 59.5
72.1 81.4 67.7 67.7 88.3 68.2 87.8 64.9 64.5 66.5 67.0 68.1
119.9 103.7 82.7 379.8 79.1 79.6 65.8 68.0 70.6 73.6 73.3 77.1
64.9 83.4 77.9 158.3 101.4 67.1 65.3 93.8 61.4 60.1 63.6 70.7
74.8 79.8 85.5 77.1 72.2 74.8 67.4 218.9 64.9 60.3 60.8 60.5
66.2 63.5 87.0 68.8 86.7 63.5 68.6 68.3 90.3 67.2 65.7 72.1
70.2 64.1 94.9 61.6 69.2 66.0 73.2 96.2 77.4 84.1 120.9 251.6
62.1 62.3 72.0 99.1 59.3 59.3 86.6 65.1 66.2 98.1 66.7 82.0
88.5 64.7 73.8 82.1 94.0 62.8 108.4 65.3 59.2 103.1 79.6 59.8
68.6 90.4 93.4 76.4 77.2 87.5 62.7 67.4 64.5 87.6 66.9 67.3
60.2 85.9 90.0 69.1 62.9 57.9 71.7 66.3 60.7 75.4 71.5 68.5
66.1 73.8 62.8 70.5 60.1 66.7 68.1 68.7 101.2 74.1 177.1 80.0
60.2 129.3 T2.7 68.4 64.3 75.0 67.0 70.3 65.2 62.7 62.7 58.6
69.8 61.4 78.2 99.7 76.0 64.7 62.2 74.5 65.4 63.4 66.5 74.9
67.8 131.0 118.5 66.8 67.7 90.5 63.1 71.8 78.8 64.8 64.8 69.5
68.8 72.5 60.5 75.8 66.8 68.2 80.1 73.7 71.6 70.7 75.8 100.6
92.3 70.1 67.2 74.8 60.1 62.2 63.2 61.7 60.9 68.5 82.4 81.6
84.6 71.1 61.2 58.0 66.2 92.5 86.1 99.9 81.4 84.9 124.5 81.6
180.9 63.4 64.9 71.4 109.2 67.5 67.1 69.6 65.5 70.2 70.3 69.6
64.6 86.6 65.2 79.8 73.9 223.8 71.6 66.9 88.6 70.0 64.5 110.0
104.4 147.8 113.8 120.0 117.3 108.2 86.0 86.6 72.3 114.8 72.6 72.1
66.3 68.5 77.3 58.8 92.9 71.4 67.2 63.2 63.4 101.6 91.4 63.8
93.1 81.8 77.4 78.6 74.9 75.1 72.5 74.8 69.4 76.6 62.0 66.7
60.7 59.2 60.7 59.0 67.9 62.5 65.2 61.4 65.0 63.8 70.4 74.6
73.5 91.0 78.5 84.6 78.8 78.9 65.9 84.0 63.2 60.1 53.7 53.6
69.9 92.9 62.0 91.1 59.0 61.7 69.4 175.8 65.4 72.8 66.6 66.6
77.0 75.9 64.3 66.2 68.1 73.2 61.0 63.4 65.5 68.5 78.6 58.9
154.1 123.1 90.0 64.1 64.1 74.7 80.2 80.1 67.0 99.5 83.3 70.0
717 74.9 70.9 73.7 72.2 81.6 72.4 64.4 55.6 62.9 65.5 62.8
65.6 64.9 75.5 86.2 95.4 67.1 70.8 61.9 84.9 68.7 69.3 67.1
70.4 62.0 98.5 64.3 298.0 86.5 271.8 59.8 50.2 61.2 70.0 59.8
64.2 65.9 71.9 65.6 64.6 69.9 63.2 86.8 64.4 81.8 63.0 61.4
70.7 75.7 74.7 85.2 69.9 79.9 92.6 67.9 69.9 70.5 125.4 61.6
68.1 61.3 71.2 66.0 83.0 82.0 75.2 64.6 126.2 121.3 64.6 71.2
70.7 66.9 74.3 62.7 59.7 65.8 57.2 90.5 64.1 78.8 103.5 81.4
146.5 69.4 70.3 69.1 62.8 63.1 83.0 74.3 62.3 63.4 64.4 60.6
70.7 124.5 96.5 74.0 74.6 85.9 74.5 72.1 115.3 92.6 63.5 69.3
77.6 65.5 61.1 100.4 66.7 70.1 64.8 66.0 67.7 92.4 76.7 80.5
94.1 69.0 72.4 71.7 65.5 71.9 67.6 63.9 60.9 65.5 72.8 65.2
70.0 126.0 61.8 64.4 83.8 89.0 92.8 62.7 87.6 68.7 91.1 63.0
72.7 64.2 79.5 61.0 64.1 67.9 85.0 77.4 108.4 72.4 76.1 66.9
68.8 223.6 76.8 69.1 61.4 70.2 71.7 131.6 59.6 68.2 74.6 70.2
64.7 46.8 91.0 70.4 154.3 67.0 76.1 66.9 61.7 61.2 62.0 70.2
64.0 94.2 68.2 69.4 89.8 66.9 113.8 123.3 157.1 115.7 127.9 166.0
63.9 72.5 76.6 77.5 68.6 73.8 71.6 91.9 69.1 74.6 75.8 133.8
86.8 63.9 89.2 67.6 749.1 83.7 80.8 85.1 83.4 82.0 81.4 99.1
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73.4 102.5 89.6 99.7 64.2 72.5 68.3 83.2 101.0 82.5 71.1 99.3 65.3 75.3
121.1 158.4 70.3 95.0 69.3 68.6 68.6 126.9 72.1 66.4 74.5 62.9 68.3 72.5
70.4 77.5 66.9 72.0 69.0 72.1 65.5 93.2 65.6 86.8 75.4 83.4 71.6 91.9
62.9 66.5 73.1 78.0 80.0 79.2 63.7 66.1 120.0 64.9 67.3 62.9 82.4 72.9
99.3 113.6 77.3 92.8 83.8 98.5 104.1 69.0 123.4 71.8 71.8 89.3 74.4 72.2
166.5 82.0 57.7 69.6 73.6 67.8 95.6 70.3 95.1 90.7 66.5 69.2 71.4 70.8
72.2 70.3 71.0 88.2 73.1 70.5 75.2 81.6 62.3 89.1 64.9 91.6 71.7 69.4
139.0 145.9 167.1 137.9 141.7 141.0 154.9 79.6 78.9 75.8 85.0 81.0 127.1 83.9
223.3 215.2 208.7 218.0 215.8 216.6 191.6 82.6 108.8 69.7 74.8 88.9 65.3 103.1
71.8 69.3 65.6 66.7 66.4 199.9 62.8 85.5 134.0 71.5 68.1 76.6 64.8 68.3
74.0 66.2 68.9 64.4 61.0 67.3 129.8 72.0 76.0 67.7 132.3 72.5 64.4 69.6
92.6 63.0 77.6 80.9 127.1 65.8 63.5 87.1 97.9 83.8 78.7 66.4 73.9 131.5
116.2 69.4 91.9 83.5 70.6 72.7 75.0 73.0 72.3 72.9 164.2 71.1 65.9 67.6
70.4 75.4 63.4 56.3 63.9 65.7 68.3 67.8 67.8 80.2 67.0 85.7 67.5 79.7
84.5 94.8 144.6 70.6 64.1 65.1 66.2 60.7 61.0 65.3 67.5 65.9 73.3 66.5
72.5 70.7 70.0 82.0 83.7 557.6 97.1 141.0 128.6 546.4 177.4 126.6 131.0 134.4
95.4 67.4 68.9 72.0 66.0 70.6 68.7 90.1 79.7 107.8 81.5 82.8 80.5 86.0
67.9 121.5 248.9 58.3 82.7 63.5 86.2 82.8 66.2 86.1 168.8 65.5 77.3 81.0
78.1 74.6 75.5 75.2 66.9 74.0 87.9 68.1 99.1 71.1 77.2 88.5 69.2 103.1
104.5 110.3 111.5 95.5 100.8 92.0 100.4 119.5 53.1 74.7 68.4 63.0 158.6 65.8
67.0 66.8 85.9 58.9 93.0 73.2 73.3 162.0 153.5 116.2 110.5 113.4 95.8 115.2
70.9 87.8 80.4 78.0 70.7 167.1 69.8 67.0 72.5 65.0 75.7 65.0 73.8 92.3
94.8 65.1 76.1 91.3 121.2 70.6 74.6 94.2 126.7 74.4 97.0 69.9 83.2 70.0
76.0 81.1 71.0 64.5 185.3 68.8 60.2 65.5 72.4 68.8 51.5 79.1 84.8 71.1
66.6 69.5 300.2 68.2 60.5 63.9 77.8 103.5 65.0 61.5 110.3 66.3 59.6 78.4
106.6 68.5 68.8 69.8 67.0 70.8 70.4 66.5 80.2 76.2 81.9 71.2 84.2 71.0
68.9 156.1 77.6 64.2 101.4 86.6 68.6 97.4 80.1 70.3 74.3 69.2 70.5 69.1
89.4 65.5 69.5 69.2 114.6 65.6 98.7 184.4 74.3 63.5 69.9 87.5 63.6 70.6
65.5 70.9 72.9 65.4 63.5 69.2 68.7 68.6 72.4 64.5 74.9 76.6 67.5 75.7
64.4 62.6 67.9 94.5 64.2 108.2 129.8 103.3 68.4 67.4 70.7 85.7 78.9 95.9
93.4 70.1 134.1 72.0 77.2 79.2 77.0 106.2 102.9 112.3 119.3 108.9 228.4 125.8
73.5 78.5 89.8 65.2 79.0 98.3 83.2 94.4 59.1 90.5 55.3 75.5 80.2 72.1
63.6 86.1 79.2 75.2 72.7 68.7 74.7 89.5 85.5 151.4 82.2 128.3 80.8 86.6
76.7 68.4 87.7 105.5 72.7 57.8 76.2 87.1 77.6 68.0 64.2 70.0 113.3 87.8
72.9 76.8 65.8 71.0 66.4 66.7 68.6 76.8 79.6 116.1 79.6 80.2 96.8 111.2
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78.4
68.3
75.6
76.1
69.7
73.4
61.5
64.9
72.9
68.4
76.1
112.0
100.0
79.8
80.9
75.2
84.7
106.6
71.9
82.0
161.7
71.0
87.0
810.3
64.7
143.4
61.2
154.5
73.3
67.5
70.0
73.6
69.2
75.3
68.5
127.5
65.8
73.0
75.2
82.0
65.4
107.4
82.3
81.3
76.8
129.2
101.0
67.4
79.2
64.8
76.0
73.9
82.6
92.2
101.5
88.8
71.4
61.1
74.6
98.2
101.3
74.5
273.5
67.8
70.9
89.1
93.7
67.0
89.0
82.8
98.5
93.4
147.7
67.1
118.8
65.2
67.9
80.2
63.4
62.6
70.1
70.6
82.8
85.4
198.0
65.6
89.5
91.0
343.8
62.2

68.7
98.9
65.9
72.5
67.0
81.6
70.4
65.4
68.9
77.9
71.5
70.3
70.8
62.5
120.2
89.8
104.7
314.2
163.6
371.1
69.7
82.2
158.6
302.2
69.0
61.5
70.6
73.6
70.4
76.3
79.0
79.5
65.9
92.3
238.4
103.5
67.2
71.5
68.6
78.9
74.5
78.8
86.6
63.1
69.3
69.1
291.5
67.0
84.3
70.5
74.4
76.0
66.8
110.0
75.0
96.1
63.2
74.0
68.8
86.9
73.1
73.0
267.6
69.0
90.0
90.6
65.5
67.5
91.4
79.1
71.1
79.9
114.1
65.2
104.8
85.0
75.6
87.3
65.9
62.0
85.5
97.7
142.9
69.8
77.3
60.4
96.2
91.1
102.4
95.4

76.5
62.9
73.8
70.7
64.4
80.9
79.0
90.8
72.1
71.1
75.2
271.3
59.2
65.7
266.0
83.7
74.9
67.7
79.1
75.2
81.3
129.9
110.0
74.0
113.2
68.0
84.6
85.8
68.1
65.5
78.9
70.2
62.7
75.9
115.4
199.4
80.6
81.2
66.2
70.6
65.5
74.1
72.8
59.6
81.7
68.5
111.1
65.6
77.6
133.8
78.5
78.8
72.9
105.3
82.7
74.3
70.1
295.0
67.6
84.6
74.6
89.3
264.0
110.1
77.8
78.1
70.6
71.3
67.2
75.8
72.2
85.1
100.9
62.9
145.7
80.5
74.6
67.2
50.7
114.4
97.2
66.6
80.7
78.0
80.0
88.1
86.9
89.9
96.9
64.9

155.8
76.1
70.0

119.9
91.8
75.8

154.7
61.8

122.2
69.1

106.3
69.8

113.6
87.2

120.0
67.1
70.3

135.7
78.8

622.9
83.1
72.7
84.7
65.4
74.0
67.0

132.8
80.1

294.3
97.0
75.6
72.2
57.8
73.3

130.8

105.3
68.0
84.1
7.7
80.9
63.8

100.3
73.9
79.2
74.5
63.1
96.9
86.6
81.3
74.7
64.9
84.6
64.4
97.8
72.7
79.6
86.2
60.7
66.7

136.7
85.7
71.8

261.3
79.0
66.3
76.1
63.2

155.4
80.7
80.3
93.9
85.8
94.3
80.9

100.9
69.4
72.2
67.9
84.8
63.1
78.7
73.3
77.9

115.4
83.8
63.5

133.3

100.2

158.6
68.3

63.1
104.0
78.3
84.3
64.7
71.0
72.8
69.7
359.4
70.5
60.9
77.3
68.9
80.0
67.4
62.4
151.1
74.6
66.6
84.4
147.3
85.1
350.2
74.2
73.9
63.6
66.4
67.6
114.3
68.6
57.3
103.2
72.3
70.7
77.5
108.8
70.7
69.5
101.6
71.0
64.2
79.7
88.3
70.2
69.3
64.5
107.5
68.7
85.8
73.8
94.4
73.2
95.7
280.5
73.1
71.8
71.1
64.0
66.5
83.6
85.7
74.8
264.2
68.4
89.6
76.5
65.5
81.0
76.9
87.7
62.7
67.6
87.7
71.4
115.7
67.0
81.8
73.8
71.4
107.9
68.1
64.2
128.9
73.9
139.7
69.8
103.6
88.6
98.4
62.4

79.8
167.3
80.1
76.3
65.5
71.4
74.2
66.4
75.2
70.9
114.1
71.9
61.5
93.1
60.8
64.0
68.8
64.2
60.2
79.9
66.6
124.0
78.1
64.4
76.7
67.8
73.0
65.8
62.5
71.8
78.0
68.6
64.2
70.1
83.1
100.5
74.9
80.8
76.2
61.0
67.5
75.3
75.1
66.0
96.1
123.6
96.6
69.1
68.1
75.6
64.1
83.1
95.8
88.8
103.5
71.9
74.2
70.2
67.0
109.7
73.8
86.8
266.3
72.7
70.0
88.7
67.3
68.1
76.9
87.2
72.0
65.0
90.7
68.3
105.8
62.1
69.2
73.7
70.4
85.2
109.9
228.5
177.8
72.4
69.3
66.5
95.9
95.9
96.7
61.7

67.2
79.9
78.9
70.3
62.9
75.2
95.3
58.2
82.8
112.0
86.3
66.8
62.3
91.3
72.1
70.7
68.0
69.7
100.1
82.5
63.0
71.5
95.5
57.9
79.7
63.9
56.5
74.2
64.7
61.2
101.8
76.8
74.9
87.5
75.1
97.3
88.2
55.4
70.1
74.0
71.0
80.3
130.3
83.4
67.8
74.1
100.6
66.9
78.0
67.5
86.3
67.7
65.2
84.3
112.3
75.5
67.0
68.2
78.6
83.6
99.5
80.1
261.4
81.7
72.7
85.6
142.6
101.7
71.3
75.2
74.8
134.3
233.1
68.9
104.0
91.2
82.8
70.2
77.4
62.9
62.1
91.3
76.1
72.8
84.3
60.3
88.9
93.9
101.4
67.0

95.5
69.2
78.2
65.6
149.3
63.8
66.4
61.0
78.8
66.6
79.8
116.0
115.4
78.5
224.4
82.1
70.5
70.5
73.5
79.4
278.1
143.3
102.1
66.7
74.5
108.6
73.3
67.6
145.5
75.7
83.6
62.0
59.2
83.0
76.1
69.7
68.3
77.0
66.0
67.4
102.4
144.9
67.5
67.4
1075.1
72.1
65.4
60.2
75.5
70.8
193.0
85.6
75.6
69.1
72.1
77.2
67.4
72.7
64.3
81.5
82.1
72.6
71.8
62.1
90.5
93.8
121.7
75.0
73.6
73.0
84.9
68.5
84.8
69.6
81.2
69.0
67.0
80.4
76.8
129.0
76.3
157.9
86.3
73.4
69.9
84.6
86.5
70.1
67.3
73.7

65.3
68.2
80.1
66.8
68.2
69.4
89.1
524.6
77.3
64.7
136.0
77.5
65.8
69.8
74.2
83.8
72.1
64.1
165.9
72.1
188.7
85.1
100.7
66.5
72.3
74.7
66.0
64.1
80.6
75.9
182.3
77.0
116.7
78.1
78.5
107.4
71.3
73.5
68.2
68.4
65.9
80.5
84.5
72.8
1081.3
113.6
58.5
71.3
72.9
71.0
187.8
71.0
74.0
64.6
75.0
76.2
62.2
218.5
57.2
78.3
70.2
67.0
69.5
63.1
315.5
96.3
86.7
72.7
80.5
66.7
96.7
74.6
64.0
85.1
82.1
71.0
65.3
73.5
75.4
84.3
66.5
138.2
65.6
73.4
85.3
68.8
81.0
67.0
69.5
67.8

63.2
70.1
72.4
73.3
71.7
7.7
69.4
74.4
71.9
93.1
89.6
150.4
68.4
71.1
75.8
91.9
67.0
74.8
72.2
77.0
179.1
90.5
83.2
121.7
100.3
94.6
57.4
74.1
81.8
82.7
88.1
76.1
70.5
78.9
82.3
66.5
74.4
78.2
66.9
66.9
64.5
82.6
69.8
63.5
1083.1
76.7
65.8
59.8
63.3
225.5
249.8
74.8
80.6
79.3
69.3
64.8
108.0
84.3
78.0
138.6
78.3
68.4
67.1
76.1
318.3
59.6
69.9
83.4
92.1
73.7
79.0
79.3
124.4
70.2
119.9
72.6
77.4
67.5
69.9
82.1
63.4
179.1
63.5
70.7
70.9
67.6
105.9
72.4
62.9
73.0

60.6
69.3
85.3
133.5
84.0
66.1
85.9
63.7
153.5
68.8
67.1
63.0
101.7
72.1
67.9
129.9
68.5
77.1
62.6
79.0
181.6
87.0
107.4
71.4
65.9
72.4
75.7
67.8
122.8
76.0
109.0
98.1
80.6
120.2
79.8
72.0
66.2
127.6
63.6
111.5
60.4
63.5
67.5
65.7
1075.6
68.7
69.1
84.4
76.7
155.5
200.7
68.3
303.7
64.9
86.4
95.9
76.0
374.7
62.2
75.1
74.7
125.5
93.2
67.1
88.1
64.3
65.7
65.2
64.8
71.0
73.5
129.6
72.8
69.8
88.9
67.4
64.5
64.2
181.8
61.4
60.8
130.9
84.3
71.5
114.2
86.4
88.9
69.9
62.3
70.7

62.7
70.7
77.1
211.9
109.9
100.3
68.7
91.7
81.2
65.3
67.1
82.2
63.9
70.0
59.8
85.9
71.0
65.6
72.5
76.0
184.4
86.8
76.5
65.1
88.4
86.3
76.1
65.5
75.2
164.7
87.2
69.8
74.9
80.1
79.3
75.6
63.4
126.4
62.4
67.8
105.8
91.4
63.1
67.7
1075.0
78.2
67.4
90.8
84.7
74.2
190.3
83.5
107.7
71.6
73.5
62.3
70.0
67.2
63.7
75.0
76.0
65.6
69.4
74.7
88.6
140.1
71.6
71.5
73.6
69.2
73.5
69.6
65.3
72.3
66.3
95.1
105.0
193.0
65.4
78.3
65.5
220.3
140.7
73.9
72.4
84.0
79.8
73.0
65.9
158.1

60.9
84.6
80.7
69.2
114.0
64.0
99.1
61.3
95.1
82.5
78.9
81.3
64.5
76.0
66.1
143.9
70.9
62.4
82.4
79.0
216.3
88.3
66.7
76.0
71.8
80.4
113.2
64.8
71.1
89.3
68.6
72.9
68.1
105.2
75.9
138.1
67.7
88.1
70.5
77.9
62.6
65.1
75.1
67.0
1074.1
64.3
66.0
75.4
66.4
70.7
188.2
78.9
77.8
74.5
70.7
64.0
981.6
60.0
65.0
74.8
66.4
73.0
64.4
53.1
102.7
68.1
80.0
74.2
77.3
66.4
74.0
72.8
253.2
73.6
88.1
99.4
93.2
104.2
76.6
178.4
74.9
135.0
66.8
62.9
73.9
66.2
103.4
65.9
113.6
74.1

63.1
71.6
152.7
67.5
69.3
82.3
71.9
68.9
76.0
79.3
95.6
234.7
88.1
71.3
99.4
85.4
71.5
118.8
62.8
72.5
179.1
83.5
192.6
77.5
66.5
71.3
61.0
75.9
169.5
94.8
70.9
64.9
67.1
80.3
64.3
68.6
88.2
73.2
63.7
66.1
68.0
69.7
69.8
73.4
1074.3
68.0
101.3
65.5
66.9
80.4
206.7
113.5
72.5
68.3
78.7
71.2
66.3
59.4
83.8
76.9
81.0
72.1
72.3
88.7
199.6
106.3
77.2
70.2
122.2
94.4
67.8
68.4
74.3
80.1
78.0
72.2
57.0
71.9
69.3
65.5
68.4
133.7
387.3
86.0
107.7
68.6
418.7
69.7
100.3
59.8
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75.6 174.4 59.0 75.1 72.0 125.7 406.4 76.8 103.8 66.7 61.6 109.8 105.6 64.2
59.7 97.0 60.6 55.5 78.2 63.4 64.5 70.7 74.7 70.0 67.8 68.0 77.0 66.1
73.9 74.2 86.0 88.5 75.6 71.0 76.5 286.1 68.1 160.3 319.1 74.8 67.0 63.4
63.3 113.7 82.0 72.0 66.4 66.6 131.7 69.3 98.7 93.4 71.2 68.5 71.9 73.3
71.0 64.2 66.7 75.9 66.1 70.1 75.3 89.1 105.9 65.0 65.0 72.4 67.5 71.6
74.1 72.4 400.8 67.1 73.5 70.2 73.6 81.2 73.7 79.2 110.1 101.8 88.2 66.9
88.8 81.1 81.1 85.5 83.1 89.3 90.0 67.5 98.7 76.6 65.9 66.9 66.2 98.1
82.6 66.5 63.5 75.6 66.5 115.0 81.6 63.9 57.2 83.4 90.4 87.1 66.9 75.8
78.7 66.9 73.5 86.3 69.0 94.9 81.1 73.4 79.2 71.2 83.6 76.9 77.4 98.7
72.4 73.4 79.1 59.2 67.5 100.5 58.8 78.1 75.9 135.3 77.0 78.5 84.7 79.1
85.4 105.7 67.9 69.7 73.2 65.1 132.3 74.4 78.5 771 74.5 85.7 109.3 89.8
74.3 66.1 71.2 76.9 79.2 65.2 64.1 74.8 69.0 64.3 64.8 64.5 82.3 94.0
66.6 75.8 78.8 79.6 73.0 146.2 76.7 66.1 67.8 71.3 81.8 59.7 65.3 66.6
61.7 68.8 7.7 60.4 70.2 59.9 61.2 97.4 95.0 326.0 104.9 85.9 92.2 86.1
67.4 69.6 64.1 933.2 67.7 69.0 81.0 71.6 67.6 75.6 85.1 67.7 73.5 69.3
73.7 67.9 79.7 76.7 64.1 81.1 64.9 68.1 70.5 69.6 86.2 82.9 85.6 63.9
69.7 67.1 65.0 97.8 102.0 79.7 71.5 67.7 75.5 92.7 90.3 74.6 59.7 58.7
78.7 124.4 75.8 76.8 82.2 1169.2 70.6 102.6 102.2 201.8 120.8 103.0 113.5 97.1
100.6 72.3 75.6 270.0 68.6 74.3 76.3 85.4 71.5 72.5 78.1 92.8 88.5 89.3
108.0 175.7 136.6 107.8 69.6 69.1 78.3 68.4 65.3 88.9 62.7 66.2 75.5 60.7
65.0 78.8 90.0 70.9 68.0 64.6 70.4 112.0 66.1 91.3 119.5 67.3 70.2 133.0
73.5 69.5 65.0 67.1 74.0 62.4 61.4 91.8 64.2 61.2 68.6 71.1 64.8 81.3
64.2 72.7 70.0 71.2 72.9 70.9 65.1 75.8 79.8 75.1 75.1 79.0 97.6 75.5
75.6 81.5 62.4 64.3 65.1 65.2 71.4 73.9 69.6 67.8 68.1 70.7 75.7 77.4
188.7 64.8 72.4 69.1 64.0 68.2 85.9 81.2 65.3 84.0 88.5 75.6 67.2 74.6
74.6 82.5 71.3 75.0 66.5 70.6 83.8 61.8 78.3 84.7 64.9 89.3 67.8 70.1
128.1 95.6 62.4 66.9 81.8 77.0 90.3 68.7 79.9 62.2 64.7 66.0 63.3 74.0
67.4 79.3 66.5 65.7 75.7 68.4 67.3 76.3 84.7 86.1 107.6 71.4 76.8 66.9
92.2 97.5 104.7 93.1 136.1 117.7 89.4 75.0 68.2 78.3 66.0 68.5 64.4 60.2
107.1 104.3 88.9 98.6 112.4 104.1 90.3 87.3 64.8 122.6 87.8 80.6 63.6 59.8
130.4 140.2 128.9 187.2 163.9 147.1 136.1 108.0 72.7 68.5 94.8 74.6 69.7 71.1
65.2 67.8 73.0 63.3 65.9 65.6 61.8 89.5 93.6 94.9 100.0 117.7 99.7 87.9
92.7 119.0 132.0 142.0 84.0 79.7 90.2 66.9 79.9 74.0 63.9 75.6 65.1 60.3
78.6 84.9 67.5 72.5 65.5 82.6 110.1 72.5 74.8 81.3 70.2 76.8 73.8 7.7
104.7 99.9 71.8 74.6 65.9 73.6 83.6 82.9 66.2 65.9 83.5 245.9 66.7 145.6
78.0 75.1 74.6 73.1 78.6 142.8 73.0 82.1 71.1 74.7 98.7 64.6 64.7 70.1
293.5 301.1 317.4 292.9 298.8 295.8 292.3 87.6 86.0 72.6 62.3 71.9 68.5 80.5
71.2 66.7 79.7 1135.4 74.9 93.0 108.2 102.8 130.6 70.1 64.4 65.0 68.1 80.8
63.1 64.8 69.1 97.7 80.7 67.6 90.7 81.4 95.7 92.3 83.7 91.9 71.1 165.5
76.7 86.5 116.3 96.6 89.5 72.2 75.9 82.4 70.4 67.4 77.5 72.0 74.1 69.3
55.5 84.6 72.6 62.2 60.3 81.9 66.5 72.2 64.0 64.0 99.6 64.8 139.7 66.1
74.7 92.3 68.7 86.4 67.0 68.8 70.0 68.0 73.5 66.8 72.8 57.4 64.4 66.0
69.2 67.7 92.6 86.2 118.6 70.0 453.2 68.5 83.2 73.6 95.9 63.9 68.6 91.4
82.8 69.7 90.0 78.8 98.2 85.2 74.3 117.2 64.9 81.2 81.2 73.3 110.4 59.8
83.7 70.6 69.0 65.2 80.6 81.7 69.3 96.0 66.5 70.1 80.3 70.4 80.5 70.8
200.4 59.8 70.5 81.0 66.4 65.4 70.0 65.2 85.7 63.0 115.1 110.0 65.7 70.8
72.2 72.6 116.5 86.6 94.6 82.7 76.1 69.4 75.4 70.1 75.1 69.4 77.5 70.7
66.0 70.4 91.1 67.9 59.1 68.9 62.3 72.3 64.7 69.2 65.2 74.3 73.7 79.5
117.4 70.5 79.6 85.2 90.3 69.7 67.5 68.0 84.8 71.5 86.7 65.0 81.6 72.9
63.3 72.4 81.2 77.9 74.5 80.2 112.7 94.0 81.3 83.4 96.2 98.2 113.5 87.5
188.1 137.1 61.2 65.3 63.6 108.4 67.7 83.5 77.4 79.8 109.4 77.9 81.6 92.7
74.5 66.9 68.5 73.3 62.1 112.8 88.3 216.8 181.8 181.1 184.2 184.7 196.3 179.3
81.5 89.2 100.4 129.3 106.5 86.0 158.6 76.9 93.0 70.9 75.8 93.7 107.8 103.6
96.1 148.3 71.9 79.8 68.8 64.4 72.5 88.3 67.4 77.4 69.2 62.4 69.4 70.8
72.6 64.8 61.5 60.9 62.5 65.8 77.6 135.8 73.9 74.4 65.2 65.2 382.9 69.2
66.8 141.7 65.7 124.9 69.2 81.7 82.4 75.7 784.3 101.6 84.9 93.7 70.2 71.1
72.6 64.6 98.1 86.9 61.9 141.8 71.9 62.3 68.6 81.2 64.3 77.2 69.9 79.3
107.7 69.8 68.8 86.0 65.9 65.7 65.6 66.8 70.5 84.5 69.0 73.1 73.2 69.5
104.0 104.5 100.8 108.0 489.6 91.8 104.5 62.4 66.9 144.7 63.9 94.3 76.1 230.2
68.2 114.9 76.2 75.2 68.2 69.2 74.8 61.7 66.4 67.1 78.4 65.8 70.7 76.2
97.6 74.6 63.6 79.7 70.4 69.2 167.5 90.9 66.2 235.6 67.6 306.3 120.5 64.2
74.4 60.4 69.9 69.2 63.9 64.6 75.9 77.5 64.9 67.2 81.6 104.6 70.8 64.8
80.8 64.6 64.5 78.1 71.8 67.5 62.8 77.5 70.3 70.4 64.3 65.7 65.8 108.2
64.0 75.0 70.8 68.1 68.1 70.1 64.5 66.9 73.3 64.8 144.8 54.1 88.6 87.6
62.4 68.4 61.3 119.8 94.4 115.1 71.1 60.5 112.3 70.6 78.4 145.7 81.6 64.5
67.1 75.3 91.9 101.2 63.7 72.4 85.5 67.3 78.4 79.4 85.3 74.8 108.5 90.4
842.5 75.9 76.8 81.1 70.9 81.7 78.6 80.7 67.3 219.2 167.6 67.1 61.4 63.0
62.1 77.4 76.8 67.2 77.3 61.9 72.6 61.4 69.4 81.3 89.6 69.0 65.7 63.9
64.0 94.6 64.0 102.8 71.1 73.8 75.1 64.6 98.5 71.4 78.3 66.9 63.6 70.3
130.0 64.8 62.1 66.2 87.9 63.6 68.6 82.5 68.9 67.4 74.5 67.1 100.6 67.4
87.9 66.2 65.1 78.7 70.3 62.9 90.5 86.2 67.1 99.4 74.0 69.2 62.5 116.8
68.2 75.0 67.9 78.2 72.7 72.4 88.3 89.2 118.0 89.3 148.4 145.5 141.5 119.7
67.9 63.0 62.5 65.9 68.1 63.7 71.3 96.7 93.4 97.6 163.0 92.3 138.5 94.7
70.6 101.5 61.0 67.4 65.3 87.5 60.8 125.6 69.8 78.8 71.6 72.2 70.7 73.7
.7 93.4 77.5 74.2 87.6 79.3 73.5 .7 72.3 73.3 81.9 65.3 88.8 63.6
86.7 74.7 69.1 75.1 74.1 87.7 81.7 68.8 94.7 102.2 64.8 96.2 70.2 78.1
172.9 126.3 124.0 162.7 127.2 164.6 210.0 74.6 74.7 93.6 133.0 71.2 81.0 151.3
218.7 81.7 89.0 74.1 64.3 68.0 246.4 64.1 70.4 73.3 83.4 70.7 67.3 63.1
67.4 91.7 69.1 70.1 65.3 75.5 68.4 65.0 197.8 70.5 194.6 63.7 307.0 59.9
72.7 84.9 112.6 7T 71.0 72.8 63.4 68.3 66.0 67.6 68.2 78.3 65.7 70.7
209.7 87.9 110.7 94.9 124.8 91.0 89.0 65.0 66.2 62.2 85.0 60.5 63.9 66.3
77.4 66.7 72.6 85.4 68.0 82.4 84.1 80.7 70.5 71.9 66.6 77.4 69.8 79.0
63.0 72.0 68.1 98.4 95.5 77.0 61.3 81.2 74.0 249.0 64.8 69.3 85.8 63.1
74.6 73.7 69.4 65.9 106.8 156.6 73.7 65.2 61.7 90.7 113.6 84.0 66.2 72.3
63.2 65.7 61.7 90.5 68.2 69.0 59.1 398.3 85.3 74.0 91.0 82.8 83.1 95.9
75.5 104.6 89.4 62.2 192.7 98.3 75.4 162.3 68.5 92.7 69.6 73.1 64.3 59.8
78.7 80.4 78.5 78.2 70.4 72.3 83.5 72.7 88.1 73.1 77.5 136.5 68.9 68.4
77.9 79.2 82.1 122.3 97.4 153.8 66.7 71.3 101.6 73.5 69.3 70.2 80.3 72.8
80.6 67.0 72.1 67.2 185.6 70.6 66.8 65.8 77.2 99.2 73.1 68.2 66.8 69.0
76.4 64.2 69.2 70.4 74.6 72.1 107.3 74.8 81.1 74.9 66.6 84.4 102.6 68.2
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78.7 71.3 67.4 84.9 75.3 83.6 87.2 71.2 66.8 70.0 70.1 95.2 68.0 61.6
88.2 83.3 66.4 64.3 69.6 76.1 68.5 109.6 67.6 108.8 178.7 65.7 87.9 73.4
76.1 80.9 89.8 77.4 84.0 77.8 93.6 620.7 69.0 100.5 72.4 75.6 71.1 60.9
203.2 171.1 66.6 61.7 63.9 73.4 67.1 76.7 66.4 215.7 84.5 107.8 107.1 61.9
78.7 67.6 70.1 78.5 7T 69.9 83.5 86.6 80.1 81.8 89.9 87.8 160.5 70.4
66.6 75.1 78.0 133.3 74.3 70.9 65.8 66.1 76.7 75.8 70.8 76.0 89.3 110.9
176.0 166.9 164.6 194.9 196.5 183.9 186.5 62.3 105.4 73.3 128.7 66.6 64.3 75.4
73.5 93.4 67.1 69.9 71.8 108.0 87.9 66.4 68.3 103.0 65.9 72.5 62.2 59.0
145.0 152.5 139.4 191.4 555.7 156.2 156.5 90.3 157.6 71.4 216.2 91.1 74.1 50.8
78.0 72.3 69.5 72.6 75.5 72.6 98.7 76.9 75.2 83.6 70.3 69.5 74.6 78.9
150.2 157.9 96.1 97.2 95.5 93.6 91.1 77.1 64.5 86.8 117.5 118.1 75.6 73.5
79.1 90.8 73.8 183.0 98.1 72.5 81.4 70.0 68.2 69.6 93.1 876.0 78.8 66.2
78.9 68.0 70.4 89.3 111.2 74.3 67.7 70.1 71.2 69.7 78.7 64.2 79.2 75.5
72.4 112.1 90.0 75.0 68.1 96.8 90.5 75.2 84.3 71.5 70.8 72.8 108.2 77.2
107.5 79.4 102.7 75.0 70.9 67.2 99.8 131.9 174.5 142.5 164.3 132.2 133.9 135.5
70.1 95.7 72.8 73.1 69.3 73.5 100.6 70.9 75.0 75.6 76.3 94.0 76.3 102.7
72.1 73.6 112.8 87.3 67.3 202.6 70.2 58.6 74.9 68.7 71.7 113.1 74.3 72.5
76.8 76.9 74.2 81.8 140.0 81.4 102.4 107.3 83.6 90.0 113.5 85.0 82.4 92.5
68.4 62.1 180.1 78.7 65.8 75.6 89.4 68.2 126.9 62.8 777 76.1 67.2 66.2
67.4 70.3 76.2 63.9 163.4 135.0 171.6 67.9 146.3 67.9 78.7 64.7 63.2 73.1
84.3 78.3 68.9 70.0 69.6 72.5 120.3 180.3 98.4 95.5 85.1 84.9 88.4 87.7
138.4 68.1 67.9 63.2 68.5 63.7 79.2 85.0 63.1 61.5 88.3 66.7 84.9 91.3
94.0 81.1 90.6 81.9 79.2 74.1 91.3 80.2 72.0 64.9 64.3 66.5 72.3 62.0
66.0 59.9 63.4 69.4 76.1 73.7 72.5 97.2 100.9 112.0 381.9 95.0 113.7 103.0
83.5 86.6 66.5 71.9 295.7 175.6 90.6 73.9 82.0 91.1 72.6 87.7 224.1 91.8
93.6 90.4 58.9 63.9 80.1 89.3 61.5 73.3 60.7 94.5 83.6 60.7 79.7 66.6
70.2 65.1 93.5 81.7 68.5 117.0 90.5 71.5 65.8 112.9 88.8 65.4 75.0 67.0
74.2 69.1 64.8 65.1 64.2 68.8 60.5 64.8 65.5 68.9 75.7 69.9 65.8 66.6
63.9 70.1 70.4 63.0 64.0 66.7 68.5 61.9 75.9 75.8 92.4 82.5 72.0 76.2
124.7 150.4 112.0 100.4 212.2 106.3 109.4 72.8 520.2 69.8 101.8 106.5 84.1 63.2
141.3 137.6 137.0 215.4 138.7 144.8 160.1 114.9 453.5 124.1 137.7 131.1 207.9 126.6
94.7 105.7 92.8 89.6 87.7 96.8 92.0 67.1 110.7 71.0 75.2 136.9 62.0 92.1
67.6 72.5 60.2 72.7 67.7 71.1 108.0 83.7 70.3 59.1 66.9 67.6 97.3 66.3
56.5 68.6 76.1 182.5 70.9 64.9 89.4 70.8 65.5 100.4 291.3 64.3 67.7 121.9
65.9 72.4 95.5 70.0 71.0 72.1 77.5 74.4 62.5 72.5 90.8 69.9 71.2 71.5
62.7 64.1 79.2 66.6 86.7 66.0 83.9 63.2 58.8 66.7 275.2 74.8 55.8 262.9
72.0 62.0 66.7 78.1 512.1 64.9 65.0 72.3 72.2 64.8 73.1 71.2 60.0 72.4
75.7 136.8 69.0 92.9 123.7 69.2 71.7 66.8 160.5 90.1 60.3 69.6 71.3 93.8
84.3 82.6 81.2 85.7 94.3 84.5 84.7 76.6 68.5 72.1 80.3 106.3 67.7 66.6
68.8 69.4 155.6 88.1 170.8 66.5 72.1 82.9 62.8 68.1 84.2 66.3 226.1 62.4
76.1 87.4 75.8 159.3 69.7 70.9 73.2 387.2 373.6 370.9 373.4 374.0 453.7 371.5
216.7 74.8 76.4 72.7 187.0 124.8 75.5 68.6 72.0 80.8 148.1 79.7 65.5 137.8
80.8 64.4 86.2 87.6 70.2 86.5 75.6 75.4 115.1 84.1 74.6 68.9 68.4 65.2
70.9 57.2 64.5 77.4 69.1 120.5 78.2 348.4 365.9 357.3 346.9 347.5 356.0 354.8
82.1 80.7 114.4 65.3 76.8 133.3 79.7 67.2 76.9 76.9 75.7 66.5 67.2 95.6
148.0 163.3 148.3 154.4 145.5 144.9 147.0 73.8 147.6 78.3 121.5 73.7 71.8 77.0
68.0 65.5 81.6 72.5 80.0 68.4 79.5 67.2 67.3 65.6 64.9 73.1 97.9 80.0
307.6 69.3 66.0 83.1 75.0 64.2 90.7 65.4 64.4 69.6 70.4 76.3 64.8 84.0
69.8 84.8 73.5 76.1 75.3 68.5 68.4 94.5 80.6 80.5 88.5 86.1 83.3 87.5
389.2 77.3 68.3 145.8 69.9 68.8 67.9 66.3 73.0 61.3 68.2 80.0 74.8 62.5
63.6 70.2 86.3 64.9 74.7 76.9 60.5 73.7 82.0 82.8 67.5 109.4 70.1 73.7
100.3 110.3 99.1 100.8 98.5 107.7 104.3 68.2 70.3 87.2 80.1 88.8 72.3 73.8
71.4 68.3 68.2 88.4 85.9 64.7 78.3 76.2 64.0 67.2 73.7 64.2 64.1 75.1
71.5 70.0 78.4 76.1 104.5 168.8 89.9 235.7 65.2 65.3 70.9 63.0 70.4 93.7
88.8 69.4 70.5 113.8 82.4 92.3 66.7 79.0 96.0 97.8 72.2 67.3 68.9 74.4
138.6 68.5 73.8 82.6 74.4 74.3 70.2 84.5 85.2 86.3 85.1 79.9 101.1 164.0
108.2 161.1 66.9 78.0 76.0 71.6 67.5 78.8 225.3 62.1 59.9 61.9 52.6 61.2
63.8 112.2 68.8 64.3 74.3 68.5 154.0 77.0 68.7 124.3 93.9 61.6 68.7 80.1
64.0 66.7 69.2 145.6 65.7 58.1 59.4 80.1 86.7 70.4 73.2 68.4 69.0 66.8
73.7 76.6 110.4 106.3 73.9 69.9 70.8 83.8 69.5 73.5 80.9 72.6 107.8 68.5
63.5 84.2 94.4 66.2 64.1 139.1 92.2 110.8 68.0 73.0 64.8 85.9 64.3 64.0
274.2 101.0 92.9 87.5 118.0 120.4 86.7 122.1 65.1 63.8 70.9 78.2 109.7 101.8
63.7 96.3 65.5 84.8 216.2 118.8 62.0 67.8 155.9 77.0 69.8 69.3 63.7 71.9
92.0 76.5 73.8 74.8 73.9 85.3 67.4 77.8 80.6 100.6 169.6 93.0 80.4 77.5
108.0 80.1 67.0 108.0 61.0 69.8 124.7 72.9 86.0 65.1 74.4 70.9 85.4 77.2
78.3 76.7 75.6 76.3 64.7 73.0 94.0 75.3 66.9 87.0 63.3 64.3 75.2 78.9
97.7 95.7 79.9 79.1 80.8 91.1 78.4 73.9 104.6 69.4 85.0 68.3 81.6 72.5
71.5 74.7 82.0 110.2 94.1 73.1 88.1 63.8 63.0 63.3 57.8 72.0 74.2 63.3
67.1 70.2 72.0 116.0 91.7 67.5 57.6 191.9 155.4 154.8 169.0 157.1 154.1 171.6
68.4 66.0 112.7 69.1 152.0 69.1 68.0 233.6 241.5 229.5 218.7 213.5 215.8 212.5
68.7 75.3 269.7 65.2 116.7 347.3 71.2 102.9 67.7 68.1 69.9 64.1 67.7 84.9
65.6 218.4 67.2 59.4 64.8 59.6 66.1 92.5 82.0 83.7 83.6 80.6 112.9 78.7
90.2 62.4 61.0 63.4 80.7 94.4 62.3 150.5 66.3 66.8 66.8 119.7 78.4 212.9
65.3 73.5 180.8 104.5 66.9 80.3 162.7 68.2 71.8 66.6 69.5 76.6 117.0 86.6
420.7 101.9 78.8 89.1 80.8 79.8 86.9 80.7 69.2 102.5 69.8 69.8 89.4 87.4
70.6 82.4 80.7 81.1 93.3 175.3 61.5 74.0 67.8 68.3 71.2 100.6 149.4 109.4
70.5 114.2 64.6 65.2 72.5 69.9 119.9 68.0 76.7 95.5 65.7 69.9 67.4 71.1
145.1 145.4 144.5 135.5 133.4 141.6 137.2 71.5 87.4 185.5 68.9 97.8 66.7 75.8
93.1 65.7 63.1 234.1 78.6 62.8 75.5 61.4 73.6 67.0 71.5 235.3 80.0 100.0
69.4 77.1 151.5 92.4 66.3 83.2 75.2 71.3 67.7 62.0 84.5 81.7 72.2 87.0
71.0 67.2 79.3 71.5 70.8 70.3 71.8 182.3 82.1 152.6 94.7 90.9 91.3 87.6
80.6 70.8 90.5 86.1 90.7 69.2 74.8 109.3 63.7 63.9 71.0 59.4 71.9 65.4
69.2 79.6 72.8 69.6 119.4 71.9 121.0 81.1 96.9 147.2 74.5 164.0 90.2 129.6
64.2 74.3 73.9 65.0 67.6 89.3 134.8 107.8 63.1 64.6 68.1 128.0 68.4 74.8
83.0 65.5 93.1 74.1 69.9 66.1 102.4 81.1 76.9 73.7 86.7 72.4 72.8 72.9
63.0 192.4 70.6 61.8 70.8 62.7 68.5 79.2 136.0 82.8 94.5 76.9 109.5 7.7
70.1 68.2 85.9 64.8 73.3 104.5 70.4 70.9 85.5 72.5 97.2 69.3 87.4 116.0
67.3 73.6 65.1 81.1 71.0 62.7 59.2 64.8 65.1 104.1 84.2 73.2 66.5 68.5
69.7 105.8 80.7 94.9 72.5 159.4 73.7 98.9 96.8 91.5 95.5 95.5 131.5 87.9
69.7 97.6 70.5 63.3 76.4 80.7 67.3 123.0 76.1 69.7 70.1 71.3 57.8 68.3
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68.8 65.1 102.0 79.9 59.0 67.8 71.3 132.9 131.1 131.4 167.2 141.9 140.3 279.8
68.9 63.0 70.6 63.2 130.3 219.1 74.4 113.8 105.6 112.2 162.9 104.8 96.5 100.8
62.1 73.4 72.0 100.6 60.7 70.7 77.9 77.2 70.7 76.8 744.5 120.5 73.2 75.8
67.3 70.7 94.5 72.1 73.1 72.6 75.2 69.2 68.9 68.6 82.4 81.7 64.2 68.5
68.7 77.4 76.9 66.3 81.6 84.4 100.5 91.3 110.4 80.2 85.6 100.8 79.4 80.9
73.8 83.8 78.6 143.4 69.7 74.4 55.0 349.7 71.3 75.8 75.3 72.1 7.7 64.4
73.2 68.9 92.6 65.9 66.0 60.6 72.9 70.4 109.2 80.9 77.4 68.2 119.7 72.7
92.6 100.6 68.1 70.6 81.5 70.1 106.7 71.3 67.1 71.2 65.3 60.8 68.0 61.9
84.0 66.1 82.7 70.6 75.8 75.8 72.0 76.1 79.8 70.4 97.1 73.3 154.2 76.3
70.1 75.3 66.0 66.8 70.8 67.1 67.4 63.9 134.1 68.1 67.7 64.1 75.8 83.0
83.3 117.2 81.9 76.6 89.0 80.1 80.2 124.8 103.1 116.6 97.4 107.6 106.8 106.5
57.1 67.0 62.6 58.5 95.0 56.3 68.9 109.8 131.2 113.0 85.8 88.1 79.1 73.7
78.9 77.2 71.2 69.9 81.5 129.4 74.6 70.1 99.5 72.5 68.9 85.3 92.7 62.4
60.7 61.3 71.8 68.7 71.3 64.8 66.3 97.7 70.1 73.7 74.2 92.6 78.0 74.8
76.1 76.7 104.5 70.4 73.0 70.9 77.1 68.4 71.6 63.7 75.6 185.7 64.2 71.8
74.4 95.6 65.9 77.2 128.4 68.3 73.2 68.4 86.1 75.2 81.3 97.5 67.3 69.5
74.7 64.8 68.7 64.7 102.2 66.6 74.4 79.1 80.4 108.6 84.4 82.4 106.9 73.2
114.6 95.9 91.1 102.9 90.4 104.8 118.3 76.0 74.1 62.4 66.2 83.3 65.5 62.1
69.2 147.7 70.0 68.9 78.8 75.3 79.2 65.5 113.7 68.4 70.7 68.2 70.8 95.8
69.7 86.4 65.0 78.3 73.5 65.2 139.5 145.1 95.5 87.3 1629.9 73.6 68.8 65.8
68.9 71.2 129.5 89.0 65.6 73.9 74.6 175.0 97.0 72.5 68.7 73.4 69.1 69.8
63.2 79.4 69.7 115.6 66.1 77.5 75.5 93.7 63.4 78.2 63.7 70.0 68.7 65.8
66.5 67.5 60.5 66.0 66.1 64.9 63.9 70.8 59.8 7.7 68.2 209.2 70.7 80.3
102.6 80.7 71.9 73.1 70.1 81.3 79.8 74.2 74.2 66.1 71.4 58.6 95.4 158.1
73.8 127.0 69.8 79.5 60.8 64.5 53.6 72.4 113.8 81.5 73.8 78.8 83.8 68.1
67.9 61.4 73.5 68.7 101.4 79.4 68.6 89.1 61.1 80.1 66.8 124.8 74.4 100.1
115.6 71.9 75.2 95.8 77.4 90.6 103.8 200.0 73.0 61.5 161.6 108.7 91.0 75.3
67.1 91.1 71.4 63.4 66.4 112.4 64.9 105.9 128.4 111.3 111.2 113.4 107.2 102.9
74.7 69.2 79.0 65.1 69.4 66.7 72.1 67.8 69.0 72.3 68.8 76.0 93.7 68.4
71.9 85.6 92.7 71.7 74.0 77.8 77.8 61.5 67.1 100.2 68.1 101.2 60.8 69.1
94.7 79.8 83.5 74.8 69.8 121.8 70.5 77.2 63.2 68.8 66.9 113.5 70.6 65.0
72.8 66.7 82.2 233.4 85.8 65.8 72.7 65.9 79.0 69.4 122.2 69.9 68.0 68.4
74.3 80.1 69.8 70.0 76.5 128.9 67.8 112.4 91.2 88.6 71.8 80.1 85.5 78.1
83.4 69.3 65.7 94.7 65.7 92.2 64.2 78.5 74.8 99.4 58.2 87.2 83.7 126.4
75.6 59.2 68.9 78.1 60.6 68.1 119.3 109.8 71.0 80.3 102.3 66.9 153.2 85.1
72.2 76.6 78.1 65.6 68.8 70.3 102.6 82.4 69.1 73.1 76.6 88.5 77.6 75.8
66.5 77.8 64.1 92.9 65.9 75.0 72.0 66.3 151.4 74.3 71.5 96.0 72.3 70.3
90.0 68.9 56.7 76.4 68.3 73.7 70.7 133.8 74.1 77.0 85.2 71.4 7.4 78.7
71.5 94.3 309.4 90.5 67.3 65.3 75.6 79.9 109.1 83.6 98.7 1.7 83.3 78.5
66.9 78.4 72.1 69.2 78.3 73.5 76.8 95.8 128.7 95.9 63.8 84.1 89.0 108.8
72.0 75.9 67.7 170.2 68.5 81.8 66.7 68.2 64.5 83.3 64.2 81.7 79.7 68.6
79.0 65.1 98.7 123.6 84.2 69.8 71.4 67.6 84.4 68.1 99.5 91.8 79.5 69.0
71.9 143.2 67.6 70.5 65.9 95.9 66.6 67.0 67.8 68.7 66.3 87.9 92.5 81.5
112.7 102.7 102.8 335.9 98.8 99.4 97.0 488.0 61.7 71.4 64.6 64.4 64.1 87.2
73.1 135.8 71.3 64.9 98.1 70.5 131.1 61.3 66.6 64.8 69.3 67.8 71.2 64.6
155.1 70.0 86.8 80.0 68.2 137.0 64.4 64.2 68.3 98.7 84.3 71.5 63.8 73.2
71.1 77.9 60.6 74.9 73.2 78.2 67.2 84.0 99.0 86.9 108.3 128.8 90.8 79.7
74.9 80.6 90.3 71.0 85.4 73.7 164.8 77.9 88.1 279.9 85.2 74.6 101.1 102.3
61.3 72.2 101.5 69.6 61.6 72.4 670.4 113.2 94.8 102.7 108.4 92.4 96.0 98.3
74.2 128.1 76.5 76.8 99.8 73.8 68.5 88.5 73.5 78.8 80.9 83.5 76.5 74.0
78.8 75.5 76.2 72.7 75.7 70.4 84.0 68.7 73.7 75.8 65.7 76.2 67.9 64.8
63.7 64.1 73.8 60.1 138.7 84.7 109.1 64.3 73.7 69.1 64.2 67.0 63.9 77.2
67.3 57.1 68.9 70.2 65.8 70.2 94.7 65.8 63.1 70.3 58.2 59.8 58.8 115.7
83.3 437.0 98.0 141.7 83.4 82.0 101.0 64.8 72.8 63.0 66.3 66.5 85.4 67.3
64.5 66.5 75.3 65.3 62.6 69.3 68.0 94.6 83.4 74.2 71.7 75.4 65.4 135.1
73.7 67.4 67.5 80.1 76.2 114.6 73.0 63.7 63.0 65.1 64.0 86.9 65.7 62.6
78.5 104.3 78.1 61.9 61.7 73.4 69.2 64.5 89.0 82.5 101.0 60.8 176.1 70.8
80.5 79.7 79.1 122.0 117.4 93.2 94.9 83.1 7.7 82.8 77.4 124.4 110.9 83.1
63.5 71.7 68.9 706.9 70.5 211.9 69.6 69.8 60.3 85.3 67.9 65.4 76.1 63.7
64.6 123.1 68.2 72.3 76.6 83.9 72.7 68.1 84.8 64.5 71.7 74.3 171.2 63.5
70.5 83.5 67.9 97.0 71.3 111.4 70.5 98.3 73.2 72.0 79.7 69.4 73.0 96.4
71.1 64.7 67.2 58.6 115.4 62.6 58.6 85.4 91.0 97.0 72.7 82.8 66.8 83.5
62.9 115.1 67.9 62.5 88.6 66.3 59.5 130.7 127.3 123.4 134.2 128.0 147.3 124.7
64.7 78.1 71.1 92.1 60.1 78.0 121.4 93.9 84.5 67.0 115.3 77.9 78.3 86.5
76.0 135.3 97.3 75.9 98.9 248.9 74.1 72.4 97.8 90.7 78.3 85.2 75.0 78.0
84.6 74.4 136.2 68.8 69.5 69.3 73.0 68.1 68.3 71.9 77.3 69.9 68.3 66.0
95.7 65.5 68.3 64.2 78.4 74.1 68.5 67.6 69.6 111.9 65.8 88.9 75.0 67.6
70.5 84.3 64.3 72.9 67.4 90.6 68.4 73.9 94.4 93.5 68.0 63.9 73.4 72.4
187.5 125.5 88.9 87.5 102.1 292.6 94.4 79.5 85.9 80.8 106.6 84.5 115.0 84.8
66.6 77.6 76.6 431.6 59.2 145.2 69.3 76.2 76.5 84.4 85.0 70.5 78.8 168.0
231.6 95.4 68.1 93.7 72.0 68.9 53.6 72.4 70.5 85.5 79.6 59.6 85.3 78.8
70.4 87.5 94.1 74.4 73.3 84.8 95.1 79.5 82.7 72.9 68.0 64.6 65.2 61.7
189.6 74.6 70.5 91.0 84.4 69.2 69.6 101.8 66.4 88.0 68.4 61.3 76.8 72.5
69.1 77.1 73.2 83.1 717 84.2 57.5 81.1 69.1 73.0 82.8 63.9 104.1 82.9
74.0 72.2 99.9 195.6 79.7 73.7 76.6 457.2 72.0 65.0 79.6 66.4 113.9 65.4
69.8 64.6 67.9 59.3 83.8 137.1 206.3 67.6 64.2 62.0 61.7 63.8 85.2 94.4
114.1 67.0 72.0 82.7 79.4 67.8 59.6 65.1 65.7 78.3 70.8 61.3 78.9 63.0
76.1 84.3 71.4 78.6 76.2 84.1 76.3 86.3 78.6 72.8 73.1 81.5 65.4 68.2
76.7 166.0 72.6 96.4 66.5 69.0 69.6 78.0 73.8 76.1 80.9 64.9 74.2 67.4
67.7 70.8 68.7 88.6 72.3 67.6 66.3 71.1 70.6 74.4 128.4 72.8 79.4 132.8
98.2 80.5 103.3 75.6 119.1 103.5 72.0 81.8 80.6 68.7 65.7 66.9 253.8 76.1
111.6 89.5 107.0 91.3 105.3 93.9 95.1 134.7 117.5 114.3 111.4 112.0 111.8 127.3
97.8 82.9 102.5 81.5 96.6 71.8 84.7 67.8 69.1 85.2 111.1 79.8 62.9 68.7
76.9 83.3 81.5 85.3 88.0 88.7 84.5 71.6 70.5 65.5 86.2 69.7 63.7 67.8
68.9 56.0 71.9 67.6 64.6 75.0 74.5 89.7 107.0 74.0 95.4 73.2 70.6 72.3
67.7 65.6 84.0 63.6 69.9 67.9 64.7 66.1 68.9 65.6 65.0 63.5 67.8 71.5
67.3 68.5 67.5 63.5 181.2 77.5 94.2 183.1 199.2 216.8 201.0 191.8 189.5 184.4
88.6 84.8 78.6 66.3 65.4 67.5 77.6 66.9 78.5 84.3 74.3 107.9 70.2 65.5
66.2 75.5 69.5 63.1 67.9 78.6 61.7 71.2 91.3 47.0 80.1 66.5 91.2 73.2
63.0 72.7 229.5 86.2 89.4 75.3 68.3 64.5 80.1 124.4 121.9 74.2 61.9 68.6

Continued on next page
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153.9
62.3
69.2
71.9
70.1
78.8
61.4
97.1
70.1
79.5
67.1
74.7
65.2
81.7
73.4
65.2
66.1
63.8
74.0
72.0
66.0
81.0
59.5

423.6
69.2

112.3
63.9
74.8
77.2
86.7
74.1

131.9
59.0
71.3
66.3
66.6
78.0

104.3
95.2
63.8
78.8
73.6
65.4
71.8
72.1
73.2
66.0
72.0
62.5
65.8
78.0
68.1

104.2
69.3
76.8

103.9

125.9
64.7
69.3
84.1
70.1
67.4

132.3

283.0
66.1
76.4
82.4
65.4
78.8
64.8
61.3
78.8
72.5
73.2

148.8
63.1
99.5
71.4
71.5

184.8

176.2
65.1
61.7
98.8
73.4
75.0

133.3
68.2
66.8

111.5

64.9
68.0
78.5
70.2
70.5
88.8
64.9
80.9
136.0
67.4
64.8
74.7
76.1
69.6
79.6
297.0
69.1
70.1
97.1
65.2
64.2
86.7
67.7
428.7
78.2
63.1
75.7
67.1
63.2
69.1
61.6
69.6
66.6
65.5
65.2
344.7
.7
285.7
76.9
60.6
70.9
100.5
74.1
195.7
79.7
81.6
101.1
69.6
55.8
68.2
243.7
74.0
101.7
69.5
70.3
73.9
108.5
91.2
82.6
81.2
99.6
99.6
202.2
58.2
83.9
68.3
95.9
123.2
107.8
74.7
76.0
70.8
93.4
7.2
66.3
70.6
77.4
135.4
69.1
72.4
59.8
79.4
71.0
122.4
65.5
70.1
126.4
66.7
68.8
68.9

70.8
65.2
94.9
67.8
85.9
69.0
67.9
66.7
97.9
150.8
85.2
73.4
91.5
69.2
71.6
70.8
64.6
74.7
76.0
80.8
72.7
78.0
60.8
426.0
67.8
67.8
91.2
90.7
95.9
66.0
66.3
79.0
61.6
83.5
65.6
65.4
67.6
63.4
76.9
100.0
75.0
71.1
68.2
71.8
84.0
60.6
153.5
68.0
224.0
65.2
64.3
70.3
99.2
76.0
76.6
88.9
119.3
69.5
89.6
93.5
72.9
83.0
128.2
60.9
64.1
69.0
65.6
78.9
66.3
68.4
63.3
98.0
82.1
59.7
73.5
97.8
79.0
67.0
99.0
67.3
78.9
71.0
69.8
97.4
75.3
70.8
127.4
78.2
124.1
73.8

63.3
67.9
72.8
72.3
77.2
73.4
73.9
64.7
72.3
73.7
76.7
75.8
71.2
80.3
70.2
80.8
171.4
63.6
77.9
73.3
71.3
75.2
73.9
436.6
62.5
64.6
66.1
81.1
78.5
153.3
67.7
96.7
56.2
78.2
69.6
73.1
68.2
145.0
61.5
92.3
86.4
70.5
67.5
221.6
73.0
87.1
66.1
72.8
67.1
68.6
71.6
66.0
116.1
71.0
77.1
71.5
106.9
80.1
65.7
84.4
82.9
83.4
99.2
63.3
70.6
119.8
79.6
81.7
105.6
104.6
248.6
71.0
79.8
80.8
147.3
69.5
73.3
65.9
65.6
65.7
125.3
79.0
83.5
106.5
72.7
88.6
118.8
71.7
70.6
65.8

66.7
65.0
95.5
73.3
79.6
73.5
64.5
66.7
216.1
67.7
71.1
72.0
79.0
69.2
74.0
63.1
64.1
112.5
218.5
71.2
71.7
72.0
72.3
425.6
62.1
67.5
73.4
72.1
68.9
158.3
63.1
71.8
74.6
66.9
67.1
79.1
70.6
64.7
71.4
74.0
65.7
71.8
78.0
78.2
70.8
67.9
89.4
74.3
66.1
65.3
75.1
101.6
104.0
82.3
68.9
170.9
114.6
65.7
89.0
83.1
717
228.6
108.6
63.5
59.4
74.3
65.2
68.6
100.0
73.5
68.9
74.6
64.0
63.5
71.5
65.3
81.8
70.1
67.9
73.1
65.3
80.3
175.0
186.3
64.6
98.1
115.0
187.1
70.5
156.4

66.7
89.7
71.1
71.6
80.7
67.3
72.6
69.7
72.1
68.7
67.5
83.8
97.3
110.5
61.5
46.3
81.1
65.5
71.5
66.2
104.4
530.4
60.0
477.1
72.6
159.1
72.7
67.3
66.0
185.1
86.0
138.5
70.6
64.1
66.4
75.9
78.5
60.5
267.2
65.2
65.2
68.7
69.7
64.7
65.7
84.8
81.8
72.7
186.4
62.5
67.7
73.1
129.6
67.4
66.3
63.8
108.4
62.7
60.6
84.9
71.7
71.5
107.6
54.4
61.7
70.0
67.9
64.6
67.6
68.5
84.4
65.9
71.1
103.4
98.0
67.3
94.7
67.2
99.7
98.0
63.5
61.7
122.5
114.5
66.2
76.7
148.9
82.6
66.7
65.8

94.7
61.8
65.5
200.0
65.7
80.4
65.7
70.4
103.3
72.7
64.2
68.4
65.4
65.7
65.5
80.8
65.4
73.0
68.9
60.5
69.8
79.0
63.5
428.1
63.1
77.0
65.6
72.4
80.3
76.0
68.0
68.4
66.5
63.3
63.6
75.1
70.3
85.7
70.1
63.7
69.7
94.6
95.3
94.1
98.8
77.6
63.4
74.1
7.7
56.7
58.1
83.7
232.4
72.4
65.3
68.6
123.0
66.5
59.7
87.4
71.2
73.7
92.9
192.3
85.6
70.9
77.5
64.7
70.0
70.9
61.8
74.8
93.6
64.5
62.5
102.2
80.4
69.4
71.2
83.5
717
64.5
79.0
104.8
73.0
70.9
151.9
78.3
65.9
66.6

67.6
71.3
66.3
118.5
73.6
66.0
67.9
75.4
73.6
74.7
117.6
69.8
71.5
70.3
123.4
291.3
96.2
64.0
53.5
64.2
114.8
96.2
61.7
83.7
71.3
84.0
97.0
73.9
65.9
105.8
114.0
63.7
81.0
56.1
67.0
61.8
166.4
254.8
72.3
80.6
60.0
66.8
64.4
68.9
98.5
73.6
68.8
128.6
84.4
73.8
140.3
68.1
62.7
65.7
66.9
76.3
68.9
63.4
64.0
80.7
58.6
80.3
148.0
67.5
82.8
67.1
85.2
83.7
67.0
99.5
137.8
60.8
124.1
67.7
84.8
90.4
81.3
71.6
85.0
178.4
71.1
67.6
72.3
94.4
77.0
59.1
318.4
66.3
75.2
71.0

67.3
120.7
127.2
119.6

69.0

65.7

82.3

90.2

72.7

63.6

67.5

67.1

74.5

91.1

75.0

73.7

74.8

58.2

62.0

68.1

60.4

88.9

70.4

60.5

79.2

91.5
101.8

61.9

67.8

71.5

75.1
117.4

62.8

60.4

65.2

63.7

68.0

73.9

75.5

78.4

74.1

68.3

69.1

81.6
103.0
105.6

60.4

99.9

75.3

97.4

75.9

73.6

75.0

68.0

75.8

75.2

69.3

65.8

71.8

77.6

62.2

75.7

97.3

98.9

70.0

65.4

74.4

68.2
118.1

75.4

88.2

67.2
120.5
107.8

66.5
779.4

81.6

78.0

73.4

59.7

64.4
115.7

68.0
133.5

65.0

76.0

64.9

66.0

95.2

65.9

120.6
76.5
72.0
66.8
70.4

105.2
78.4
67.4

218.9
64.2
65.7
71.9
66.4
80.1
79.9
77.4
69.6
67.4
66.1
92.2
65.1
78.9
65.4
64.7
87.1
79.2
88.7
66.1
66.3
71.4
94.9

173.0
82.1

116.7
70.1
59.1
78.5
67.7
63.3
72.2
79.6
69.6
71.1
68.4
99.2
72.9
69.8

170.0
73.7
65.9
71.4
62.7

154.2
70.5
70.3
69.9
96.0

162.4
65.5

111.7
65.4
64.9
69.1
63.2
72.3
72.3

103.6
78.7
72.7
61.7
79.0
67.1
85.8
84.6
66.4
75.3
79.9
64.5
64.3
63.2
61.2
64.4
75.3
84.5
59.8
64.2
65.2
85.4
82.9
64.5

72.4
69.4
82.1
84.8
102.3
92.4
56.5
71.2
64.6
63.9
65.7
278.7
64.5
74.7
984.6
68.6
66.9
61.4
70.6
63.3
68.8
80.1
63.0
71.7
82.6
80.9
82.2
122.8
66.3
182.6
62.4
61.9
73.8
84.0
66.5
81.5
78.8
83.5
78.4
79.3
158.4
54.2
61.5
69.5
132.3
71.4
111.1
106.4
95.3
70.3
75.8
79.6
63.4
69.9
85.3
71.7
88.3
83.0
72.5
85.6
64.2
59.4
71.2
79.4
77.1
74.7
78.2
67.2
88.2
61.6
101.5
71.0
117.7
68.8
78.0
119.4
88.3
75.6
116.0
66.4
76.6
56.1
68.1
95.6
69.4
74.2
80.1
78.8
88.5
70.9

74.9
73.7
99.2
59.7
66.5
89.5
64.7
62.8
65.7
59.1
62.1
145.6
84.5
72.5
72.0
75.7
73.1
74.4
52.8
71.2
131.2
63.2
70.5
88.6
167.6
81.5
77.9
65.3
64.6
67.6
67.5
64.2
59.1
63.0
75.6
68.6
73.2
65.3
107.6
72.0
66.8
66.1
85.8
67.6
102.6
141.0
64.7
95.7
76.7
68.2
116.0
65.0
96.9
73.5
58.1
105.5
83.5
64.6
295.1
251.4
64.3
61.8
68.4
68.4
357.3
71.3
71.6
64.6
54.7
142.1
77.0
68.0
100.3
71.3
82.2
78.9
76.5
69.0
69.7
67.6
68.9
96.2
60.8
68.2
69.7
93.9
82.2
72.4
112.8
63.9

68.9
70.5
65.3
64.5
72.3
77.3
67.8
65.5
66.1
67.6
64.3
63.5
154.4
98.3
77.4
.7
66.7
61.0
67.9
65.2
68.3
64.2
67.3
121.8
101.4
111.4
82.2
89.0
99.8
65.2
82.6
68.9
193.1
125.3
69.3
111.3
80.6
68.4
67.6
70.5
65.0
93.8
62.9
62.3
111.0
75.2
196.0
106.8
107.1
70.4
116.1
102.2
86.0
179.1
85.6
108.5
72.4
74.8
67.4
86.1
73.4
73.6
73.2
77.2
66.7
107.4
76.9
113.3
70.1
106.3
81.8
78.8
110.5
71.8
66.0
74.0
67.4
170.5
63.2
66.8
68.3
78.3
115.3
70.3
65.1
56.9
64.6
169.9
73.6
59.8

63.2
69.4
64.7
59.2
114.2
150.8
244.6
118.9
65.3
69.1
61.3
69.7
64.8
72.2
63.1
97.5
66.6
63.6
63.1
74.7
63.7
89.0
.7
66.4
68.1
81.0
88.3
66.6
67.4
421.3
68.3
63.6
90.7
69.7
65.9
212.5
73.0
83.2
73.4
2427.5
71.0
67.6
68.0
68.3
219.1
72.9
68.4
102.8
84.9
68.4
85.6
79.7
81.0
70.8
72.7
70.7
68.4
62.7
62.6
134.3
72.5
90.1
70.1
71.1
70.1
76.3
120.1
73.4
72.3
78.4
84.0
63.5
93.7
75.1
72.4
123.1
74.6
71.0
71.3
65.8
82.5
67.8
146.0
74.3
61.5
77.8
70.1
73.5
88.4
66.1
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78.1 66.4 72.8 66.8 70.9 66.6 76.7 75.5 69.8 67.0 67.3 70.7 76.8 74.3
206.0 75.5 77.3 88.2 88.5 78.9 89.4 73.9 66.7 85.2 63.7 64.2 64.9 62.6
70.7 87.7 177.1 73.8 68.6 71.0 77.8 77.8 91.8 76.4 105.2 73.1 75.5 77.1
63.5 717 67.3 84.5 82.0 75.1 65.0 89.9 107.3 83.7 80.0 190.7 85.9 74.9
82.0 118.3 74.6 83.5 69.3 75.0 75.9 61.5 61.5 72.4 76.0 117.7 74.0 80.5
65.1 67.2 83.3 68.3 67.1 63.6 67.6 71.9 67.0 119.7 69.1 72.2 73.6 68.4
83.5 72.3 81.0 65.5 76.9 162.1 85.0 70.6 74.4 75.6 76.9 116.3 188.8 66.2
94.6 81.1 70.4 71.4 67.6 58.7 83.2 88.2 68.5 77.6 86.2 68.3 86.3 70.3
73.1 73.5 82.6 73.2 86.7 58.4 75.7 75.1 71.3 65.3 76.0 69.2 65.5 81.0
72.9 69.4 66.0 327.2 68.3 67.4 59.9 134.6 73.1 75.1 74.2 79.0 203.5 83.5
65.6 61.8 79.3 63.8 66.2 69.8 63.9 79.0 83.6 89.8 68.9 70.9 68.7 86.4
79.0 81.5 110.0 110.6 86.1 318.4 84.0 65.0 68.2 67.2 68.2 68.7 116.7 64.9
2529.0 79.5 65.2 70.4 79.1 52.3 231.0 78.5 77.5 78.2 85.8 75.5 75.7 80.8
75.1 66.0 65.2 61.4 73.4 74.8 88.4 106.3 70.8 78.7 82.1 74.7 65.3 65.7
95.9 69.9 90.2 71.4 70.5 64.7 70.5 71.8 71.9 68.8 67.7 100.1 63.8 68.6
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