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Abstract

This thesis scrutinizes the condensed matter physics phenomenon known as the frac-
tional quantum Hall effect (FQHE), in particular fractional quantum Hall effects
occurring in multicomponent systems. Broadly speaking, the FQHE can be defined
as a many-electron quantum phenomenon, driven by strong interactions, that oc-
curs in two-dimensional electron gasses in the presence of a perpendicular external
magnetic field (and it is also predicted to occur for any two-dimensional particles,
such as confined cold atoms, in an external gauge field). Multicomponent systems
are systems where the constituent particles (such as electrons or cold atoms) pos-
sess internal degrees of freedom, for instance a spin or valley index. These internal
degrees of freedom are often overlooked when modeling the FQHE.

Taking into account the multicomponent degree of freedom yields an abundance
of possibilities for the intellection of new types of so-called “topological phases of
matter”, which are ubiquitously associated with the FQHE. In this thesis several
different cases are considered. The first topic discussed herein is a study of phase
transitions that can take place between FQHE phases with different net values of
their multicomponent degrees of freedom. Examples are phase transitions between
phases of different uniform net spin polarization, tunable as a function of certain
system parameters. Some significant technical refinements are made to a previous
model and comparisons are made with a variety of different experiments. The
results are relevant for multicomponent FQHESs occurring in GaAs,AlAs and SiGe
semiconductor systems where the electronic structure is confined to two dimensions,
as well as in two-dimensional materials such as graphene.

The second topic discussed herein is the introduction of the multiparticle multi-
component pseudopotential formalism. This methodology is oriented towards con-
siderably expanding an existing framework for the construction of exactly solvable
FQHE models by parameterizing multicomponent interactions. The final topic is
the first example application of this new formalism to the construction of an exactly

solvable FQHE model.
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CHAPTER 1

Introduction

1.1 An Overview

This thesis concerns itself with the physics of the fractional quantum Hall effect (FQHE), a
particularly striking and spectacular example of many-body quantum mechanical phenomena
that exhibit themselves in the physical world. At the time of writing, it is now more than
30 years since the experimental discovery of the FQHE in 1982.' The study of the effect has,
since then, spawned many entirely new physical concepts and ways of thinking that have been
gainfully applied to numerous other problems in condensed matter physics. Examples include
the inception of a new paradigm of so-called topological phases of matter and topological phase
transitions between such phases, concepts that lie beyond the Landau paradigm of classifying
phases by their local symmetries; > and the introduction of quasiparticle excitations that pos-
sess anyonic and even non-abelian exchange statistics, greatly expanding on the notion that
quasiparticles can be either bosons or fermions.?® Such ideas have since been applied to study
physical problems not only in semiconducting materials where electrons can exhibit the FQHE,

but also, for instance, to exotic classes of superconductors (known as p wave superconductors),®

8-10

to (fractional) topological insulators,” to “flat band” models with strong interactions, and

to the highly controlled environment of cold atomic gasses. !

Even in the well-established field of the FQHE, new experimental results and trends of
thinking often come to the fore that lead theorists to expand upon previous ideas. One topic
that has received renewed attention is the multicomponent nature of the FQHE: for exam-

ple the fact that electrons have a spin degree of freedom.'? ' Such multicomponent degrees

of freedom are often overlooked, and taking these into account yields an abundance of possi-

6,17,18 19-22

bilities for developing previous theories, and discovering novel experimental results.
Interest in multicomponent FQHEs has been driven, in part, by experimental studies of mul-
ticomponent condensed matter systems such as graphene, and in part, by the ongoing process
of FQHE model building, that is, the process of constructing exactly solvable theoretical mod-

els that describe topological phases of mater, which it is hoped occur in physically realizable

systems.”!” The research presented in this thesis touches on both of these driving factors: we
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shall present contributions to the understanding of some fascinating aspects of experimentally
observed properties of multicomponent FQHE systems, and contributions that extend some
of the foundations for FQHE model building in the context of multicomponent systems. An
ultimate goal of this model building is to construct phases that admit quasiparticles possessing
non-abelian statistics, which might, in principle, be used in the application of so-called topo-
logical quantum computation.® Along the way, we learn about the fascinating manner in which
quantum mechanics manifests itself in condensed matter physics.

The purpose of this introductory chapter will be to provide relevant and, we hope, insight-
ful background material on the quantum Hall problem, and to decode some of the associated
jargon. Major breakthroughs and significant improvements in the understanding of the effect
are reflected in the many excellent books on the subject that have been written in the inter-
vening years since its discovery.?* ?® Undoubtedly, it is impossible to cover in depth all of the
developments of the past decades, and as such we have been highly selective in what we review
here.

Broadly speaking, the FQHE can be defined as a many-electron quantum phenomenon,
driven by strong interactions, that occurs in two-dimensional electron gasses in the presence of
a perpendicular external magnetic field (and it is also predicted to occur for any two-dimensional
particles, such as confined cold atoms, in an external gauge field). To start with, let us break
down this statement and consider each piece in some detail: what do we mean by a two-
dimensional electron gas? What is a Hall effect? How does it become quantized? What is
fractional? The aim will be to define the quantum Hall problem itself, and in the process
introduce the nomenclature and summarize the fundamental concepts that will be called on
again later on. After this preliminary background, we shall turn to motivations for the research
presented in the remainder of this thesis, on the multicomponent nature of the fractional

quantum Hall effect.

1.2 Preliminary Background

1.2.1 The Two-Dimensional Electron Gas

Archetypal physical systems where an effective two-dimensional electron gas (2DEG) can be
accomplished are metal-oxide—semiconductor field-effect transistors (MOSFETSs) and semicon-
ductor heterostructures; that is either heterojunctions, occurring at the planar interface of two

semiconductor materials with different band gaps, or quantum wells, occurring where a planar
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layer of one type of semiconductor is embedded into another semiconductor with a larger band
gap. Typical constituent materials are Ga (gallium), Al (aluminum), Si (silicon) and Ge (ger-
manium), and these are alloyed into semiconductor materials such as GaAs, or Al,Ga;_,As,
with an alloy proportion 0 < x <1 (typically x ~ 0.3). Typical experiments to study the frac-
tional quantum Hall effect use the highest mobility semiconductor technology available, most
notably Si MOSFETs and GaAs—AlGaAs modulation doped heterojunctions. Such structures
are routinely engineered using the techniques of ultrahigh-vacuum chemical-vapor-deposition
(UHV/CVD),? and molecular beam epitaxy (MBE),?" respectively. With MBE, the desired
semiconductor structure is deposited onto a substrate one layer at a time, providing the abso-
lute control over the composition of the crystal structure necessary for engineering ultra-high
mobility systems. T With UHV/CVD the semiconductor structure is chemically deposited onto
a substrate, leading to somewhat lower quality samples compared with MBE. Nevertheless, suf-
ficiently high mobility samples can be constructed for the observation of the FQHE (see, e.g.,
ref. [32]).

Certain classes of semiconductors, such as the GaAs and AlGaAs, have remarkably similar
crystal structures and similar, but not quite identical band gaps. In a heterojunction containing
both materials the first of these properties makes it possible to engineer an extremely sharp
boundary between them (which greatly reduces the presence of structural defects, hence, leads
to very high electron mobility). With appropriate tuning, the band gap centres of the two
materials can be roughly lined up as shown in fig. 1.1a. In order to engineer a 2DEG, donor
impurities such as Si are added to a layer in AlGaAs, separated from the junction by a spacer
layer of undoped AlGaAs (see fig. 1.1b). These donor electrons are inclined to move to the GaAs
conduction band, which results in an electric polarization across the spacer layer. Consequently
the band structure is modified such that close to the interface the conduction band exhibits
a potential barrier on the side of the larger band gap material and a corresponding potential
well in the smaller band gap material, as shown schematically in fig. 1.1b. The affected regions
are microscopic in scale (typically on the order of a few 10s of nm) and, consequently, motion
of electrons in the well is strongly quantized in the direction normal to the interface (the
quantum mechanical problem is approximately equivalent to that of free electrons occupying
bound states in a triangular potential well).?? Since the degree of freedom perpendicular to the

plane of the heterojunction is effectively restricted, these conditions result in the formation of

fThe minimum mobility, 1, for the effect to be observed is around p ~ ].OSCIH2/VS,23 and indeed the record
for the highest mobility GaAs semiconductor, y = 37.8 x 10°cm? / Vs, is associated with crystal growth techniques
specifically developed to study the FQHE.?! Electron mobility is a rough metric for electronic disorder.
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Figure 1.1: A schematic diagram of the band structure at the planar interface of two semicon-
ductors with different band gaps (not to scale). &g denotes the unit vector out of the plane of
the two-dimensional interface. If donor impurities such as Si are placed on the AlGaAs side
then, rather than a sharp step in the band structure at the interface (left), the donor electrons
rearrange themselves to form a potential barrier in the larger band gap material, and a corre-
sponding potential well in the smaller band gap material (right). Electrons in the well occupy
bound states due to the approximately triangular potential. The degree of freedom normal to
the interface becomes quantized and a two-dimensional electron gas (2DEG) is formed in the
well. The chemical potential can be set with a top gate voltage (see fig. 1.3).

a 2DEG close to the interface. The electron density in the well can be varied by changing the
chemical potential, which is achieved by the addition of a metallic layer to the structure with
a tunable potential (such a structure is often called a “top gate”, see fig. 1.3). Similar features
occur in quantum well heterostructures, where a layer of, e.g., GaAs is sandwiched between
two layers of, e.g., AlGaAs. In that case the potential well is roughly square in shape (rather
than roughly triangular).

Other substances that exhibit 2DEG behaviour are materials that are, by their very nature,
two-dimensional conductors. The most famous example of such a material is graphene.?*
The case of graphene is somewhat distinct compared with semiconductor systems, principally
because the band dispersion close to the K and K’ points in the Brillouin Zone of graphene
is linear, which can be pictured as a pair of structures known as “Dirac cones” (see fig. 1.2).

The fact that the dispersion is linear leads to relativistic electron dynamics when the chemical

potential is tuned close to the centre of these Dirac cones.
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Figure 1.2: A sketch of the remarkable band structure of graphene: Dirac cones occur at the
K and K’ points in the Brillouin zone.

1.2.2 The Classical Hall Effect

The electronic transport properties associated with 2DEGs placed in magnetic fields are known
as Hall effects. The transport properties of interest are the longitudinal (p,,) and transverse
(pay) resistivity measured in a 2DEG, such as that formed in a GaAs-AlGaAs heterojunction.
A schematic of a typical experimental apparatus is shown in fig. 1.3. The key tunable quantity
is the ratio of electron density to magnetic flux number density, which is known as the filling

factor, denoted by v.
v=p.Py/B = N/Ng,

where p, is the number density of electrons in the 2DEG, B is the magnetic flux density, N is
the number of electrons in the 2DEG, Ng is the number of magnetic flux quanta, and ®y = hc/e
is a magnetic flux quantum.

The classical expectation for the observed p,, and p,, in an experiment such as that shown
in fig. 1.3 was determined in 1879 by Edwin Hall, after whom the effect is named.3> Classically,
the mobile electrons constituting the current I, are deviated in their trajectory by the presence
of the perpendicular magnetic field B, in such a way as to result in a charge imbalance in the
transverse direction. This, in turn, gives rise to a so-called Hall voltage along the transverse
direction (measured by V,, in fig. 1.3) that acts to rebalance the deviated path of the current.

After attaining equilibrium, and assuming a uniformly flowing current along the longitudinal
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Terminal ~._

~ao,

" Aly3Gag sAs
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Substrate

Figure 1.3: An apparatus with which to perform measurements of the electronic transport
properties exhibited in Hall effects. A current is passed through the 2DEG region formed at the
interface of GaAs and Alp3Gag7As (see fig. 1.1), and the region is exposed to a perpendicular
magnetic field, B. The longitudinal (V,,) and transverse (V,)) voltages are measured as a function
of the current I and magnetic field B and the longitudinal (p,;) and transverse (ps,) resistivity
are deduced from these measurements. The electron density in the 2DEG is tuned via an applied
top gate voltage. The apparatus is often known as a “Hall bar”.

(x) direction, the transverse and longitudinal conductivity are given by |

Vv _V L
Ozy = 7 h ) Ua:m—I W’

where L and W are the length and width of the Hall bar (see fig. 1.3). In other words, the

classical prediction for the Hall effect is that o,, will be proportional to the filling factor and

that oy, will be fixed. *

1.2.3 Experimental Observations of the Quantum Hall Effect

The most striking features of the integer quantum Hall effect (IQHE) and the FQHE can be
observed in electronic transport measurements of the longitudinal and transverse resistivity
in ultra-high mobility samples measured at very low temperatures (typically less than ~ 0.5
Kelvin is required to see the FQHE). Plots of the famous “skyline” of longitudinal resistivity
peaks and the simultaneous plateaux in the transverse resistivity are shown in fig. 1.4.

In the low temperature, high mobility regime, the classical interpretation of the Hall ef-

fect evidently spectacularly breaks down. The key experimental observations are as follows:

TNote that the transverse and longitudinal conductance are defined by I, = —G,V, and I, = GV, whilst
the and transverse and longitudinal conductivity are defined by j, = —o.yEy and jz = 040 FEy, for transverse
and longitudinal electric field —F, and E, and longitudinal 2D current density j,. The relations ogz = GzoL/W
and o5y = Gy assume a uniform current density along the z direction.

#The resistivity tensor is given by inverting the conductivity tensor. For simplicity we assume a homogeneous,
isotropic substance, which means that o,y = —o0y, and oz, = oyy, and it follows that, py. = U?E:ﬁ, and

— Tzy
Pey = 757 4a3,
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Figure 1.4: An overview of the observed fractions in electronic transport measurements of the
IQHE and FQHE: the famous “skyline”. Longitudinal (p,,) and transverse (ps,) resistivity
measurements are shown on the same plot. The right panel zooms in on the area labeled a)
on the left panel, showing in more detail the FQHE structure in the second Landau level. The
filling factor v is defined in the text. Reprinted figures with permission from ref. [37], R. Willett
et al., Phys. Rev. Lett. 59, 1776 (1987). Copyright (1987) by the American Physical Society.

as the filling factor is tuned, for instance, by keeping the electron density fixed and vary-
ing the magnetic field strength, throughout a relatively wide region close to an integer value
(v =1,2,3,...) or certain rational fractional value (e.g. v = 1/3,2/5... 1), the longitudinal
resistivity, pr», drops to zero and the transverse resistivity becomes fixed at a value given
precisely by poy = h/ (Vexact€?), Where Voyact is an exact integer or special rational fraction
closest to the actual value of v. Far away from these exact values, the resistivity follows the
classically expected result. The key signatures associated with the FQHE are the exceptionally
stable states that appear to form at these special rational fractional values of the filling factor
v, distinct from plateaux at integer values of v, which are associated instead with the IQHE.
It is enlightening to note that the distinction between a longitudinal and transverse re-
sistance is really a topological property. A four terminal resistance measurement gives pg, if
current and voltage contacts alternate along the boundary of the conductor, and p,, otherwise
(see fig. 1.3; the current contacts are the points where the current labelled I enters and leaves
the system, the voltage contacts are at the terminals where the leads labelled with V,, and V,,

are connected).?0

TNote that the v = 1/3 plateau cannot be seen in fig. 1.4, but it was one of the first to be discovered
experimentally. *
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1.3 The Origin of the Integer Quantum Hall Effect

We can begin to understand many aspects of both the integer and fractional quantum Hall

effects by studying a quantum mechanical treatment of the problem.

1.3.1 The Quantum Problem of Band Electrons in a Magnetic Field

Presently, we consider the very general quantum mechanical problem of electrons in a con-
ducting solid exposed to an uniformly applied magnetic field.?**? Electrons in a conducting
solid reside in a crystalline structure, which at first sight one might think would complicate
the situation significantly compared to a free electron problem. However, in the absence of
strong interactions and strong disorder, we can absorb all of the impact of the crystalline po-
tential into a band structure defined by effective masses m; along the jth cartesian direction
with j = 1,2,3, and treat the electrons as if they were free particles. In the anisotropic case

the effective masses m], m3 and m3 differ. For simplicity, we shall assume an isotropic, non

*

relativistic band structure with effective masses m;

m* for 5 = 1,2,3, and we shall ignore
the physical edges of the system and the electron spin for this calculation.

Due to the Lorentz force, moving electrons will perform cyclotron orbits in an orientation
normal to the direction of any applied field magnetic field. Let us denote the magnetic field
by B =V x A, with a magnetic vector potential A. The problem can be solved in a gauge-
independent way, with any convenient gauge choice. Without loss of generality therefore, we

chose B = (0,0,B) and A = —1r x B (the symmetric gauge) with r = (r1,72,73) denoting

the position of the electron in three dimensions. The Hamiltonian describing the quantum

mechanical behaviour of each single electron can be expressed as, "
1 ~ eBry\ . ~ o eBry\ . .2
Hy = Py — e+ (P + L)ey+ ey p (1.1)
2m* 2c 2c
where r; and ]5] = —ihd/0r; are, respectively, the position and momentum operators along the

Jjth cartesian direction (j = 1,2,3), &; are cartesian unit vectors, e is the fundamental electron
charge, c is the speed of light in vacuo, and A is Planck’s constant divided by 27w. Multiplying

out the brackets, we arrive at

P2 p2 p2 eB A N B2e?
Hy= -1 2 3 ( Py — P) 2 (2 42
0~ omx + 2m* + 2m* + 2m*c Tz T2 ) 8m*c2 (Tl ek

).



1.3.1. The Quantum Problem of Band Electrons in a Magnetic Field

The corresponding Schrodinger equation, HyW(r) = EW(r), can be written in the form:

hwe {—l§ [;; + 57’2%] + % [7*28(21 - 7'18(22} + 8;(2) (r? +73) —1—} Q(r)%—;;%q/(r) = EY(r),
(1.2)
where we have introduced the cyclotron frequency we = eB/m*c, and the magnetic length
=/t 1
The Schrodinger equation can be recast in a more enlightening form with the following
three steps. First we change the co-ordinate system: introducing the complex co-ordinates
2z = (r1 +1ir2)/lp and z = (r1 — irg)/ly, such that lpd/0r1 = 8/0z + 0/0z and 1pd/dry =
i0/0z —i0/0Z, eq. (1.2) is equivalent to

1 02 17 0 _0 1, K2 02
oo {5 [t5232] + 5 |72 72+ 69 Y0 g ete) = Be

Second, the part associated with motion parallel to the applied magnetic field (along the é;s
direction), can clearly be separated with ¥(r) = ¢(z, Z)¢(r3). With no additional constraints,
the solutions for ¢(r3) are simply plane waves ¢y, (r3) o< exp(iksrs) with momentum k3. Finally,

we introduce the following set of raising and lowering operators: *

1 (2 _0 1 (z _0
fo L (2,59 st L (2,09
a \/§<2+262>’ ) \/§<2 28z>, (1.3)

which satisfy the commutation relation [d, &T] = 1. Combining these steps, eq. (1.2) can be

written in the following simplified form:

{hwo (aﬂa n 1) MG }w<z,z>¢k3<r3> — Bz, 2)n, (rs). (1.4)

2) " 2m* or?
The energy eigenvalues are effectively those of a quantum harmonic oscillator, labelled by a

quantum number n with n =0,1, ...,

1\  h2k3
E = = 3 1.
(k) = s (n+ 3 ) + 503 (15)

We note at this point that if we had instead considered relativistic electrons then the energy
eigenvalues would be of the form E(n,k3 = 0) ~ sgn(n)/|n| with n now any positive or
negative integer, with sign sgn(n). This case applies to materials such as graphene, which we
shall discuss later.3*

Another good quantum number is the angular momentum, hm, parallel to the applied

magnetic field (along the &3 direction), which corresponds to the operator Ls (we shall shortly

"Note that throughout this thesis we shall use g.c.s (or Gaussian) units and not SI units.

Note that (%)Jr = —Z, which follows from [, u*(z,2) (Z)v(z, 2)dzdz = — [ v(2,2) (£)" u(z,2)dzdz

for square-integrable complex functions v and v such that the boundary term vanishes.
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show that m takes the integer values m = —n, —n+1,...). It will be insightful to try to express
ﬁg in terms of raising and lowering operators such as G and a' written above. To that end we

now introduce an alternative set of commuting operators, given by:

. 1 [z 0 N 1 [z 0
= (2422 = — (222
’ \/§<2+ az>’ b \/§<2 82)’

which satisfy the commutation relation [l;, BT} =1. L3 can then be expressed in terms of both
sets of & and b operators as

A d 0 0 0 e
= — _— _ = [ — = T — ATA
Ls ih (7“1 e 9 8r1> h <Z8z zaz> R(b'b —a'a).

The orbitals ¥(z, z) that satisfy eq. (1.4) and form a basis of its Hilbert space will be labeled
by the quantum numbers n and m that we introduced above. To define the Hilbert space, we

start with the vacuum state,

1 1
[ 4
Vor

|2l

wn:O,mzo (Z, 2) =

which is clearly annihilated by both the a and b operators, and, hence, Ly also. Acting on the
vacuum with bf increases m by one unit while preserving n, whereas acting on the vacuum with
' increases n by one unit and also decreases m by one unit. Therefore m takes the integer
values m = —n,—n + 1,.... The orbitals that compose the Hilbert space are, thus, generated

by

()™ @) 1y [ Eag
Ynm(2,2) = '1/1070(2,2) = 2L <> el , (1.6)

V(m+n)!/(n) V2r \l 2m(m + n)!
where L)' are associated Laguerre polynomials.

In the special case where n = 0, the single particle orbitals are given by

1 1
Yom(2,2) = o (1.7)

with m = 0,1,.... The special property of these n = 0 orbitals is that, excluding the Gaussian
factor, they are analytic functions of z (by virtue of the fact that they are holomorphic complex
functions). More generally, a solution to the Schrédinger equation is any linear combination of

the above orbitals, thus taking the form (in the n = 0 case):
b=f()e i

where f(z) is any analytic function of z.

We conclude this discussion with the following observations. Looking at eq. (1.5), it is

10



1.3.2. Why Two Dimensions is Important

apparent that the energy of the electron’s motion in the plane perpendicular to the applied
field becomes completely quantized into a set of bands separated in energy by an amount Awc
(for fixed k3). These bands, labelled by the quantum number n, are known as Landau levels
(LLs). The case n = 0 is known as the lowest Landau level (LLL), n = 1 will be called the
second Landau level (2nd LL), and so on. Finally, the motion parallel to the applied field B is
unaffected. In fact, these conclusions remain true no matter the shape of the band structure;
the only difference compared to the isotropic case calculated here will be that the shape of the
orbitals y,m(2,Z) will be altered accordingly.*!

We also comment here that if the particle has an additional degree of freedom, such as spin,
which we discuss below, we will need to specify the state of this spin as well. For example, we

might write the following wave function:
= f(z)e il ).

For an electron with spin S, there would be an addition Zeeman term in the Hamiltonian,
gupB - S, where g is the g-factor of the host material and pp is the Bohr magneton. Taking
the electron spin-1/2 degree of freedom into account, each LL is further split into a spin-up
and spin-down copy, separated in energy by a Zeeman energy per electron EF; = gugpB. Each

pair of spin-up/spin-down LLs is then separated from the next pair by the cyclotron energy.

1.3.2 Why Two Dimensions is Important

Having seen in sec. 1.2.1 under what circumstances conduction electrons can be considered to
inhabit a two-dimensional system, we now pose the question, what happens if a magnetic field
is applied normal to the two-dimensional interface in a heterojunction, for instance?

In that case the ¢(r3) wave functions representing the electron motion parallel to the mag-
netic field (and perpendicular to the plane of the 2DEG in our heterojunction) are roughly
those of a triangular potential well defined by a confining potential V' (r3) = oo for r3 < 0 and

V(rs) = Ers otherwise. The solutions to the Schrédinger equation for ¢(rs) in this example

are Airy functions ¢4 (r3) oc Ai [(%)1/3 {Ers — E(q)}}, distinguished by quantum number ¢
1/3
with ¢ = 0,1,.... The corresponding eigenvalues are E(q) = — (giff) Ai[0],, where Ai[0],

is the gth zero of the Airy function.
The case of particular relevance to the quantum Hall regime occurs when the degree of

freedom parallel to the magnetic field does not play a significant role. If we assume that

TNote that we chose a convention to label the Airy functions zeros starting from ¢ = 0, i.e., Ail0]o =
—2.33811..., Ai[0]; = —4.08795... etc.

11



CHAPTER 1. Introduction

the confining potential is steep enough such that the corresponding E(q) eigenvalues are well

separated, that is, hwe < — (22752 )1/3 Ai[0]; + (22752 )1/3 Ai[0]o, then the system will lie in
the lowest (¢ = 0) subband of the confining potential well. The only remaining degrees of
freedom then are the Landau levels. Within the Hilbert space of the remaining n and m
degrees of freedom, those states with the same n quantum number are then degenerate, but
distinguishable by their m quantum number. Due to Pauli exclusion, electrons must singly
occupy eigenstates ¥nm (2, z), such that no two electrons have the same quantum numbers n
and m. It can be shown that the degeneracy per unit area is given by the number of magnetic
flux quanta Ng per unit area, Np = B/®(, where ®y = hc/e.

The key feature of this particular two-dimensional band structure is that the energy spec-
trum is completely discrete: once a LL has been filled, then there will be a large energy gap (i.e.
hw. or gupB) to the next available LL. This feature was not present in the three-dimensional
case because the k3 momentum was (effectively) a continuous parameter, whereas now that
degree of freedom has been restricted.

The existence of these energy gaps in the two dimensional LL band structure is essential to
explain the integer plateaux observed in transport experiments (corresponding to the IQHE).
Due to the degeneracy, B/®, of quantum Hall orbitals in a given LL, an integer filling factor
corresponds to a completely filled spinless LL: v = 1 corresponds to a filled spin-down LLL,
v = 2 corresponds to a completely filled LLL (both spin-up and spin-down), and so on. When
the electron density is such that a LL is completely filled then, just as in ordinary band
insulators, there is an energy gap to reach the next unoccupied electron state, leading to
insulating behaviour, i.e. a minimum in the longitudinal conductivity and, hence, resistivity.
The fact that these minima are broadened (in the sense that the resistivity minima occur over
quite a wide region around each precise integer value of v) can be understood by taking into
account disorder (for more details, see, e.g., refs. [23, 26, 27]). The relatively small cyclotron
energy gap also explains why these phenomena are only seen at low temperatures: the quantum
mechanical regime is accessed when the thermal energy is less than the LL energy scale, i.e.
when Awc > kpT, where kg is Boltzmann’s constant.

One way to understand the quantized transverse resistivity is to take into account the
physical boundary, or edge of the system in the plane perpendicular to the applied magnetic
field, and to distinguish it from the bulk of the system contained within that boundary.*36
The quantized resistance plateaux can be understood as the condition that there are a certain

number of extended, conducting edge modes that can be accessed: precisely one for each filled

12



1.4. The Origin of the Fractional Quantum Hall Effect

LL (for more details, see, e.g., refs. [23, 26, 27]). Alternatively, the quantized Hall conductivity

can be thought of as a “topological invariant” of the LL band structure.*?

1.4 The Origin of the Fractional Quantum Hall Effect

1.4.1 Experimental Considerations

The FQHE case encompasses all the additional quantum Hall plateaux that are not explained
by the integer effect, i.e. those plateaux occurring at special rational fractional filling factors.
The fact that the density becomes pinned to particular values of v implies that there should be
a corresponding cusp in an energy vs. density curve at that fraction. That, in turn, implies a

1.15 According to the single particle picture, which so

discontinuity, A, in the chemical potentia,
well explained the integer quantum Hall effect, there should be no energy gap for a fractionally
filled LL—the cyclotron energy gap only applies to filled LLs. It must be the case, therefore,
that this new energy gap emerges from many-particle interactions between electrons within
the LLs. One concludes that the FQHE is an interaction-driven phenomenon that prominently
demonstrates a complex substructure to the Landau levels, determined by the energy scale A,
which is much less than the cyclotron energy scale separating the Landau levels.

Recall that the somewhat delicate transport properties associated with the quantum Hall
effect are observed only at very low temperatures and are almost always only clearly visible
in the purest (highest mobility) semiconductor samples. The low temperature regime can be
understood as the condition that the temperature scale must be less than the energy gap, A,
presumed to be associated with the effect. The condition for high mobility can be understood
as the condition that the fluctuation in the disorder potential is not too large compared to
A.?3 The fact that the fractional quantum Hall energy scale is much smaller than the cyclotron
energy scale confirms the finding that to observe the fractional case the temperature and
mobility constraints are much more stringent than for the integer case.

A crucial piece of observational evidence, in addition to the resistivity plateaux, is the
direct measurement of such energy gaps, A.?3 The evidence can be found most readily in
measurements of transport activation energy, which is determined by measuring the longitudinal
resistivity, pyz, as a function of temperature at a particular fixed filling factor, e.g., v = 2/3.
The temperature dependence is fitted to an Arrhenius equation, py, o exp(—A/2kpT), and
the energy gap A is extracted from data fitting. The fact that there is a finite energy gap

for excitations above the ground state underlines a prominent property of the FQHE: that it

13
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Figure 1.5: Local compressibility measurements performed in suspended graphene samples un-
der high magnetic field. The red colour indicates incompressibility, and the blue color indicates
compressibility. Local surface measurements of the electrostatic capacitance are made using
a single-electron transistor (SET) placed above the graphene layer. The response of the ca-
pacitance measurement to electrostatic potential modulations from below the layer provides a
local probe of the compressibility. Note that the band dispersion in graphene is relativistic,
and that these data correspond to filling factors between the n = 0 and n = —1 Landau levels,
which is denoted by filling factors —2 < v < 0 (including two spin species). Reprinted figures
with permission from ref. [22], B. E. Feldman et al., Phys. Rev. Lett. 111, 076802 (2013).
Copyright (2013) by the American Physical Society.

can be thought of as an incompressible quantum fluid. It is incompressible in the sense that
changing the area by JA at constant filling factor requires an energy 0E = v|5A|A/27i3.
More direct and particularly striking evidence for the incompressible nature of the FQHE
can be seen in measurements of the local compressibility in suspended graphene, shown in
fig. 1.5. Suspended graphene is a naturally two-dimensional material, but, unlike semiconductor
heterostructures, it has an exposed two-dimensional surface, and therefore the 2DEG be directly
probed with, for instance, a single-electron transistor (SET). The local compressibility can be
deduced by modulating an electrical potential beneath the graphene layer and measuring the
corresponding local capacitance signal with the SET above the layer. The compressibility data
convincingly demonstrate that for filling factors corresponding to certain rational fractions,
the electronic structure is indeed highly incompressible. The results also demonstrate that for
filling factors away from those particular rational fractions, the electronic structure remains
compressible (i.e., away from the special rational fractional filling factors, the energy gap A

closes).
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1.4.2. The FQHE Hamiltonian

1.4.2 The FQHE Hamiltonian

The FQHE can be described by a model Hamiltonian of the form

HpQup = ) (Ho)j + Y V(r; —ril) +g9un ) _S;- B, (1.8)
J Jj<k J

where Hj is the Hamiltonian for the noninteracting single-particle problem given in eq. (1.1),
V is a two-body electrostatic interaction between particles at positions r; and ry, and indices
Jyk =0,..., N label the electrons, with IV being the number of electrons in the system. The
last term takes into account the combined Zeeman energy of the electrons due to their spin S;.
The simplest form for the interaction potential would be to assume that the electrons are

point charges and that they interact via a (three-dimensional) Coulomb interaction,

e2

V(|r; —rl) = H,
J

where € is the relative permittivity of the material. More realistically, the electron wave func-
tions have some finite extent out of the plane of the 2DEG. The electrostatic interaction between
electrons will then depend on the shape of the wave functions normal to the 2DEG plane (for
instance, the Airy function wave functions corresponding to a triangular potential well). Such
corrections to the potential are known as finite-thickness corrections.>**44> For simplicity, finite
thickness corrections are often neglected, as a first approximation.

For simplicity too, we also often neglect inter-Landau level effects, as a first approximation,
and project the Hamiltonian onto a single LL (which can be justified by the large energy
gap between LLs). Inter-Landau interactions can subsequently be added perturbatively. Such
corrections are referred to as Landau level mizing. 051

Let us now discuss how one can go about trying to solve the Hamiltonian eq. (1.8) ignoring
the complication of Landau level mixing. A particularly interesting case will be the lowest
Landau level (which corresponds to the quantum number n = 0), because in that case the
many body wave functions are analytic polynomials in the electron co-ordinates z; (excluding
the Gaussian exponential factors). Also, given a solution in the LLL, corresponding solutions in
higher LLs can be simply obtained using the LL raising operator defined in eq. (1.3). Projected
to the LLL, the Hamiltonian is composed only of the interaction terms:

Hypp =Y V(rj—rel)+9upY S, B. (1.9)
I<k J
Determining the solutions to this Hamiltonian, eq. (1.9), is particularly difficult because

the of the interaction-driven nature of the FQHE, but this is one reason why studying the
15
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problem has yielded such a wealth of interesting physics. The main stumbling block is that
it is not possible consider the interactions as small perturbations to a non-interacting single-
particle problem—the Hamiltonian contains only one scale of strong interactions. Instead we
must solve the interacting problem from scratch.

The first step in the solution will be to construct the Fock space in which to describe the
eigenfunctions of the Hamiltonian, eq. (1.8) in general [and eq. (1.9) in particular|. This Fock
space is constructed from the Hilbert space of the single particle Hamiltonian, eq. (1.1) and
is, therefore, expressed as set of occupation numbers for the single-particle orbitals defined in
eq. (1.6), labelled by the quantum numbers m and n. If we project onto a the n = 0 LL then the
states in the Fock space can be written as ¢ = |[Np—o, Njm=1, . ..), where > N, = N and Ny,
counts the number of electrons in the mth orbital, with m = 0,1,..., Ng and N,, € {0, 1} for
fermions. The LLL Fock space is therefore spanned by monomials in the coordinates 21, ..., 2N
(excluding the Gaussian factor). Ignore the spin degree of freedom for now, the general solutions

to eq. (1.9) can then be expressed as
N 2
W(z1,..,2n) = f (21,5 2N) e 1257 ,

where f (z1,...,2n) is general linear combination of monomials, i.e. an analytic polynomial in
the complex electron co-ordinates. Also, since this is a many-body wave function describing
(spinless) fermions, f (z1,...,2y) must be a fully antisymmetric function.

In order for the Hamiltonian in eq. (1.9) to correctly reproduce experimental observations
of the FQHE, the solutions must satisfy the following fundamental condition: there must be a
cusp in the density vs. energy profile at precisely the filling factors corresponding to rational
fractions, e.g. v = 1/3, that have been observed. There must be a corresponding energy gap,
A, in the thermodynamic limit for neutral excitations above each ground state. This energy
gap is to be understood as the gap for quasiparticle excitations occurring at exactly the filling
factor at the density cusp, e.g., at v = 1/3. (Strictly speaking, since A is an activation energy,
it is given by the sum of the excitation energies to create a quasielectron-quasihole pair in the
thermodynamic limit.)

There are variety of approaches used to study its solutions in a number of special cases; in
particular, it can be exactly solved numerically for very small system sizes, and also there are
several approaches to approximate certain sets of solutions both numerically and analytically.

In the following sections we shall provide a brief overview of some selected methodology.
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1.5 Exact Solution for Finite-Sized Systems

1.5.1 Introduction to Pseudopotentials

In analyzing fractional quantum Hall physics an important tool is the Haldane pseudopoten-
tial.®?> The language of pseudopotentials not only provides a convenient parametrization of the
problem but also makes it easy to write down certain model Hamiltonians that are solvable,
thus providing a key piece of our understanding of the FQHE. The formalism is particularly
useful in applications to exact numerical methods. We shall discuss the connection to exactly
solvable cases later on, but for now we shall simply describe how the pseudopotentials are
defined and how they can be used to parameterize the problem.

In the simple case where the interaction is two-body and there is a single species of spin-
polarized electrons, the pseudopotential, V7, is defined as the energy cost for two electrons
to have a given relative angular momentum L. These pseudopotentials give a complete (and
minimal) description of any rotationally and translationally invariant two-body interaction
within a single LL.

Very generally, a wave function for two particles can be decomposed into relative and centre-
of-mass components. For two-body wave functions within the LLL, we can write a complete

basis:
Yri(z,2) =|L,1) = |L) @ |])

where [ is the centre-of-mass angular momentum and L is the relative angular momentum
(i.e., the relative angular momentum about the common centre-of-mass of the N particles).

Explicitly we mean the centre-of-mass wave function is given by

1 1 2
1) = ——— (21 + 29)' " 511122

V2orll2!

and the relative wave function is

1
V2rLi2l (21 = 22)

It is important that these wave functions form a complete set. Physically we deal with particles

1
L) = Le-gla—zl (1.10)

that are either fermions or bosons and so in fact the space of two particle eigenstates exists

only for odd L for fermions (or even L for bosons) in order to obey the correct symmetry.
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To decompose a two-body interaction, such as that written in eq. (1.9) [ignoring the Zeeman

term for now| into a basis of pseudopotentials, we define
Vi =(L| V(|r1 —r2|) |L). (1.11)

Since the interaction is translationally invariant, it is independent of the centre of mass degree
of freedom of the two particles. T We can then rewrite the Hamiltonian given as

H=> V(rj—r) =Y Y |LD VL (I, L], (1.12)

j<k Ll i<j

where it is implied that in each term of the sum, the two-particle ket |L,[) involves particles
7 and j. Again, since the interaction is translationally invariant, interaction between particles
1 and j never changes their common centre of mass, so we may work with only the relative
wave functions. Further, the interaction eq. (1.11) and, hence, the Hamiltonian eq. (1.12) is
diagonal in L on account of the fact that the interaction potential is rotationally invariant and,
therefore, conserves relative angular momentum. The intuition behind this rewriting of the
Hamiltonian is that any two particles with relative angular momentum L incur an energy cost
V1. Pseudopotentials in higher LLs are defined in terms of the LLL pseudopotentials using the

LL raising operator given in eq. (1.3).

1.5.2 Numerical Exact Diagonilzation

For small systems of electrons, eq. (1.9) can be solved exactly. In other words, it is possible,
with sufficient computation resources, to determine the exact set of orbital occupation numbers
and, hence, monomials, providing the exact ground state and quasiparticle excitation spectrum
of eq. (1.9) for a given number of electrons N and for a given number of flux quanta Ng.

The first exact diagonalization study was undertaken by in ref. [53]. Following ref. [11],
a Hamiltonian, such as that written in eq. (1.9), can be written in second-quantized form in
terms of the fermion or boson creation and annihilation operators ¢é,, and éin, labelled by the
angular momentum quantum number m (and, in general, the LL quantum number n, but let
us only consider n = 0 here, and let us consider the spinless case).

1
_ stetae
H=3 > Vassthésiyés,

,B,7,6

"We can define translationally invariant to mean that the wave function, excluding the Gaussian factor, is
invariant under z; — z; + a, applied for all s = 1,..., N, with the same arbitrary complex number a.
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where «, 3,7, d label the orbitals m and

Vo sins = (B H|S7) = / 02 / P a2 2) (2, )V (2 — Yy (2, E0(2, ), (113)

where 1, (z, Z) are the single-particle LLL orbitals defined in eq. (1.7), and V (z—2") represents a
generic two-body interaction, such as Coulomb. Assuming a rotationally invariant interaction
and inserting the definition of the pseudopotentials into eq. (1.13) results in a particularly
simple expression for the matrix elements:
Voo = Y Vi (aB|L, 1) (1, L|67) .
Ll
In this expression the integrals (afS|L,l) and (I, L|d7) will be the same regardless of the in-
teraction V(z — 2’). This interaction is entirely encoded in the values of the pseudopotentials
Vi it could be the Coulomb interaction, a modification of that to take into account e.g. finite
thickness corrections, or any other two body interaction altogether, depending on the model in
question.
To determine the exact energy spectrum for a given number of particles N and a given

number of flux Ng one writes a matrix with elements

Mij = (i H1py)

where the wave functions ¢; = |Ny—0, Nm=1,...) for m = 0,..., Np are a complete set of all
the possible basis states in the Fock space for that given N and Ng. The size of the Fock space
is given by (N ‘?\,H) for fermions and (N J]rVN ‘I>) for bosons, so we see that the size of the matrix
to be diagonalized grows exponentially with the system size. If we also take into account a
spin-1/2 degree of freedom, then the Fock space grows larger still. Despite this limitation, the
resulting matrices are very sparse, and there are a number of intrinsic symmetries that can be
exploited in order to divide up the task into block diagonalizations.'!** Practically speaking,
one is limited to at the very most N ~ 20 particles using even the very latest supercomputing
s.ystems.‘r’4

Using the convenient parameterization in terms of two-body pseudopotentials it is possible
to determine the exact energy eigenvalues and exact eigenstates (polynomials) of any two-
body interaction for small finite sized systems, in particular for the Coulomb interaction. Such
results form one of the cornerstones of any argument proposing any solution to the quantum

Hall Hamiltonian. A typical study of a FQHE model compares the ground-state energy and

eigenvector overlaps between the exact numerical solution and a proposed trial solution for
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accessible finite-sized systems. Let us now turn to methods used to determine appropriate trial

solutions.

1.6 Single Component Trial Wave Functions

1.6.1 The Hartree—Fock Approach

The Hartree-Fock method has been extensively used to study the FQHE problem and was one
of the first methods applied to it (see e.g. refs. [23, 24, 26]). The method amounts to the
assumption that the many-body wave functions describing a system of electrons can be written
as a single Slater determinant, and that the electron distribution can be determined iteratively,
approximating the many-body interaction as a self-consistent mean field.?%%

In the FQHE context, the prediction of Hartree—Fock theory in the LLL is for Wigner crystal
or charge density wave behaviour.®” Physically, the Wigner crystal result can be understood
simply as the electrons minimizing their mutual interaction energy by sitting as far apart as
possible and with uniform density, in a crystal-like arrangement. Although this picture is
physically very simple, it does not provide an explanation for the quantization of the Hall
conductivity. In addition, comparisons of the Hartree-Fock predictions for the ground-state
energy are found to be roughly 10% above the exact results for finite sized systems with
a Coulomb interaction and for a range of LLL filling factors.?® Although the HartreeFock

approach does not provide an accurate explanation for the FQHE in the LLL, for higher LLs

on the other hand, the predictions are expected to become much more accurate.®®

1.6.2 The Variational Approach

The technique of variational wave functions has been very successfully applied to the study of
the FQHE. In this specialized context, one typically postulates certain special analytical trial
wave functions, although there is no true variational parameter in principle: the approach is
variational only in the sense that a different trial wave function might give a better or worse
bound on the energy eigenvalues of the exact solutions. Concurrently, the model wave function
should be able to reproduce all the experimental observations, so just because it provides a
better bound on the energy does not necessarily mean that the wave function is correct.?’
For a given trial wave function, one can use the technique of variational quantum Monte
Carlo to calculate, for instance, the associated density distribution or pair distribution func-

tions. That information can then be used to calculate the associated energetic properties, such
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as the Coulomb energy.?® % Some technical aspects of how the variational quantum Monte
Carlo algorithm is applied to the study of FQHE trial wave functions are given in appendix A.

Shortly we shall discuss some of the most well studied trial wave functions that have been
proposed for the FQHE. In almost all cases where the calculation is possible, properties such
as the Coulomb energy have been found to be in extremely close agreement with the exact

numerical solution for for finite-sized systems (to within fractions of 1%).

1.6.3 The Laughlin Wave Function

Laughlin’s wave function is a trial ground-state wave function that was originally introduced
to explain the v = 1/3 effect.%* The insight of Laughlin was to propose the following wave
function as a possible approximate solution to eq. (1.9):
_ m 1 2
YLaughlin = | [ (21 — %)™ exp ~2 >zl
i<j i
This wave function is a (translationally invariant) analytic polynomial that resides in the Fock
space of the LLL. Notably, it is also the unique exact highest density zero energy eigenstate of

a special model interaction of a derivative of delta function form 3. _. V2(m=2)§(2)(z; — z;) for

1<j
integers m > 2 (where V2 = 40,0;).%

The filling factor of this wave function can be deduced as follows: consider calculating the
electron density distribution, given by p(z1) = [ [¢(z1,...,2n5)|?d?22 ... d*2zy. To roughly see
the solution to this integral, consider substituting in the Laughlin wave function and expanding

2D exp (— F?),

out the brackets. In the integrand, one would find terms such as |z;
but no larger power of |z1|. The maximum value of this one parameter function occurs at
|z1] = /m(N — 1) and, due to the Gaussian factor, the value of the wave function drops
sharply as a function of |z;| immediately after its maximum. ! Terms with lower powers of |21 |
have maxima occurring at smaller values of |z1|; indeed one can picture adding up all of the
possible terms and finding that the electron density distribution lies on a uniform disc of radius

lo\/2m(N —1). * The area of the disc is given by 2rm(N — 1)I2. Since the disc is exposed to

a magnetic flux density B the number of flux quanta is given by

_ 27BIZm(N —1)

N.
@ D,

=m(N —1).

TTo make the correspondence between the highest degree of z in the wave function and the number of flux
enclosed more concrete one can work in the sphere geometry (see appendix B for the definition of the sphere
geometry).

#Once can perform the density integral, e.g. by a numerical Monte Carlo method, to confirm this.
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In the thermodynamic limit, the filling factor is given by v = N/Ng = 1/m e.g. v = 1/3 for
m = 3.

A key feature of Laughlin’s theory is that the addition of magnetic fluxes such that the
filling factor becomes slightly less than v = 1/3, is described by a quasiparticle wave function
of the following form, e.g., for one quasihole at position zy one would write the wave function:

o =[5 — 20) [[ (2 — )™ exp (iZw?). (1.14)

i i<j i

Intriguingly, the quasihole thus described has fractional charge e/m, and obeys fractional, or
anyonic, exchange statistics, meaning that the exchange of two such quasiholes is associated
with a phase exp(2miv).*% Contrast that with the case of boson wave functions, which pick
up a factor of 1 when two bosons are exchanged, or fermions, which correspond to a factor
of —1. Ome can also write quasielectron wave functions for the case where flux is removed:
one way that these can be written is by replacing the z; with the operator 20/0z; in the first
factor written in eq. (1.14), where it is to be understood that such devatives do not act on the
Gaussian exponential factor.%*

Laughlin argued that the combination of one quasihole and one quasi electron excitation
leads to an excited state occurring at the same filling factor as the ground state (i.e. exactly
v = 1/m), and further that there is a finite energy gap for both types of excitation in the
thermodynamic limit. Thus, such a combined excitation would give rise to the energy gap,
A, in the thermodynamic limit. Drawing the energy vs. density profile of the Laughlin state,
one finds, therefore, that there is a cusp occurring precisely for the v = 1/3 ground-state wave
function. We see that Laughlin’s model describes “an incompressible fluid with fractionally
charged excitations”. %4

Laughlin’s model evidently reproduces the experimentally observed features required and
so provides a convincing explanation for stable ground states of the residual electrostatic in-
teraction occurring at filling factors v = 1/m. We note that the special interaction for which
Laughlin’s wave function is the exact ground state is hardly reminiscent of the physical Coulomb
interaction, but nevertheless the wave function itself turns out to be very close to the exact
solution to the Coulomb Hamiltonian: it agrees with the exact ground-state energy and exci-
tation energy to within a fraction of 1% for small finite-sized systems where comparisons can
be made. ?”

A slight modification to Laughlin’s theory, first proposed in refs. [67, 68], is to perform

a particle-hole conjugation operation. This is in the sense of the standard band electrons
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and band holes. In other words, a particle-hole conjugation operation restricted to a single
LL, including both electron spin species, applied to a wave function describing filling factor v
results in an identical wave function for band holes occurring at filling factor v p_y =2 —v. In
the Laughlin case, this describes filling factors 2 — 1/m. |

Generalizations of the Laughlin wave function that can describe filling factors with numer-
ators other than 1 (see fig. 1.4) were proposed in refs. [4, 52, 67]. The “hierarchy” construction
proposes that the quasiparticles associated with a Laughlin state of electrons, themselves con-
dense into a Laughlin state of quasiparticles. This procedure can be iterated as many times
as required, and the resulting filling factors that can be described in this model are written as
continued fractions with odd denominators, leading to trial wave functions for filling factors

2/5,2/17, etc.

1.6.4 The Composite Fermion Model

An alternative method to generate trial wave functions that describe the same set of fractions
as the hierarchy construction is given by the composite fermion (CF) model. Extensive reviews
of the composite fermion model and its applications to the description of the FQHE can be
found in refs. [27] and [28]. To summarize the main concepts, briefly: the key notion of CF
theory is that the problem of strongly interacting two-dimensional electrons in a magnetic field
can be roughly approximated by non-interacting fermions in an effective magnetic field. The
direction of the effective magnetic field can be either parallel or antiparallel to the physical
magnetic field. These non-interacting composite fermions (CFs) can be pictured as electrons
bound to a certain number, 2p, of magnetic flux quanta, which acts to reduce the effective
magnetic field. In the effective magnetic field, there exist effective LLs. These are analogous
to the LLs that occur for noninteracting electrons in the presence of a magnetic field. The
FQHE of electrons is then interpreted as an integer quantum Hall effect of CFs with 2p fluxes
attached and occupying a certain number n of the effective LLs.

The major successes of the CF model are a set of trial wave functions, constructed with the
above picture in mind, that provide an extremely accurate description of the stable plateaux
associated with the FQHE. ¥ Quantities, such as the energy gaps, calculated with CF trial

wave functions are typically in excellent agreement with experiment. The principal filling

TWe might also consider particle-hole conjugation within a LL of a single spin species only, and in that case
vpu=1—v.

#We note that the hierarchy construction leads to wave functions with the same topological characteristics as
the CF wave functions, for instance the same quasiparticle statistics, however the CF wave functions are much
more quantitatively accurate compared to experiments and to exact numerical results. %°
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factors encompassed by the CF model are given by
Ver =n/(2pn + 1)

for positive integer values of p and n (cf. fig. 1.4). The sign in the denominator corresponds
to the direction of the effective magnetic field. The Laughlin wave function is built into the
model, being the case of a + sign in the denominator and setting n = 1 and p = 1. Particle-hole
conjugate CF states occur at filling factors 2 — v. We shall discuss the forms of the CF trial
wave functions in more detail during the course of presenting chapter 2 and so we shall omit
further description at this stage.

One drawback of the CF model is that the trial wave functions it postulates represent an
uncontrolled approximation to the exact solution to the Coulomb Hamiltonian, eq. (1.9), albeit
they are extremely close to being exact for the LLL. Evidence of the exactness of the trial
wave functions comes from comparison with numerical calculations of the exact solutions of
the Coulomb Hamiltonian. Collected numerical evidence assessing the accuracy of CF trial
wave functions is collected here in appendix D (see also ref. [27]). It is worth noting also that
the FQHE in higher LLs (i.e., fractions with v > 2) is not thought to be so well described by
the CF model.?" "0 Also, it is not yet known if the CF wave functions correspond to a particular
exactly solvable model Hamiltonians (such as a derivative of delta function type), except for

special cases such as the Laughlin wave function.?”

1.6.5 Conformal Field Theory and the Moore-Read Wave Function

A clear omission from the set of filling factors encompassed by either the hierarchy model or
the CF model is the even denominator FQHE observed, for instance, at v = 5/2, as can be
seen in fig. 1.4. Although there has been some progress to understand the observation in terms
of CF theory, """ the 5/2 case can be much more satisfyingly understood using the approach
of conformal field theory.

To describe in detail the connection between certain (rational) conformal field theories and
the FQHE here would be somewhat tangential—and is not completely necessary for understand-
ing the research topics presented in this thesis—nevertheless the connection will be referred to
in chapter 4 and is relevant also to chapter 3. To put the research presented in this thesis into
context, it is highly insightful to briefly summarize the approach.

Conformal field theory (CFT) itself is a quantum field theory of systems with symmetry

under conformal transformations, that is, angle-preserving co-ordinate mappings. ™ Often, but
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not exclusively, it is studied in two dimensional systems where the infinite dimensional group
of conformal transformations is described by analytic functions (since any analytic function
describes a conformal mapping). There are many factors that motivate the approach to describe
aspects of the FQHE using the machinery of conformal field theory. Chief amongst these factors
is that it provides a remarkable theory to describe the even-denominator effect at v = 5/2.
Conformal field theory is a powerful mathematical framework with which to construct trial
FQHE wave functions that are analytic polynomials satisfying certain vanishing rules, and
with which to make predictions about the properties of the quasiparticles associated with these
theories. The CFT approach is also closely related to other field theoretical approaches to
describe the FQHE, which we shall not review here (see, e.g., refs. [74-77]).

An important breakthrough in the understanding of the v = 5/2 FQHE was the inception,
in ref. [5], of trial wave functions constructed using a CFT argument. The ground-state Moore—
Read or Pfaffian wave function can be written in the form

1 1
UMoore Read = H(zz — zj)"Pf {(z—z)} exp <_4 Z Zi‘2> )
i<j v i
where m is a positive integer and Pf[M;;] denotes the Pfaffian of a matrix M;; whose elements
in this case are given by M;; = 1/(z; — z;) if i # j and 0 otherwise. T This wave function can
also be understood as the exact highest density zero energy eigenstate of a three-body contact
interaction (added to a two-body interaction }_; VAM=252) (2, — 2;) if m > 2).™8

With m = 2, the Moore-Read wave function describes filling factor v = 1/2 (where no
FQHE plateaux occurs). The 2nd LL version of this wave function [obtained by applying a LL
raising operator, defined in eq. (1.3)] describes v = 5/2. *

Quasiparticle excitations above this ground state possesses an energy gap and, crucially,
exhibit non-Abelian statistics. What that means is that the exchange statistics associated
with these quasiparticles are encoded in a non-commuting matrix. Contrast this with bosonic
statistics, which is simply a factor of 1 when two particles are exchanged, or fermionic statistics,
which corresponds to a factor of —1 [Laughlin or composite fermion quasiparticles pick up a
phase angle of exp(2mir) when two quasiparticles are exchanged]. 27,606,582
The concept of non-Abelian statistics has led to proposals for manipulation of quantum in-

formation, which would be encoded in non-Abelian exchanges, or braids, of such quasiparticles.

TUp to a sign, the Pfaffian is given by the square root of the determinant of the matrix M.

tAn alternative wave function to describe v = 5/2, known as the anti-Pfaffian, can be constructed from a
(spinless) particle-hole conjugate of the Moore—Read wave function. 79,80 The particle-hole conjugation operation
within a single LL will not, in principle, result in a different energy. However, when multiple LLs are taken into
account, the particle-hole symmetry can be broken by terms that mix different LLs. 492181
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These proposals are associated with the term “topological quantum computation”.?

Finally, we note here that CF'T is often associated with the study of two-dimensional critical
phenomena. We stress that the FQHE plateaux are not critical phenomena, although transi-
tions between different plateaux certainly are (see, e.g., ref. [83]). The connection with CFT is

purely at the mathematical level of constructing analytic functions obeying certain symmetries

and having certain vanishing properties.

1.7 The Multicomponent Nature of the FQHE

So far in our review of the FQHE we have almost completely ignored the spin of the electrons.
In fact, there are many cases where we may want to consider a more complex model where
electrons are endowed with additional degrees of freedom, such as a spin or valley index, and
the FQH wave functions may not be fully polarized. In these situations we say that the wave
function is multicomponent, meaning that it involves an important contribution from electrons
having different values of these additional internal degrees of freedom. The multicomponent

nature of the FQHE is the focus of the research presented in this thesis.

1.7.1 Examples of Multicomponent Systems

The simplest example of a multicomponent quantum Hall system is one with spin. In conven-
tional GaAs systems, due to the small g-factor, even in fairly high fields, spin unpolarized or spin
partially polarized quantum Hall states may occur. > ' The favorability of spin non-polarized
states is generally determined by the ratio of the Zeeman energy per electron, £z = gupB the
energy associated with flipping a spin in magnetic field strength B, to the Coulomb energy per
electron, the energy associated with the spatial configuration of electrons in the quantum Hall
system. For many quantum Hall states (particularly composite fermion states), the Coulomb
energy can be lower if spins are not fully polarized.?” As a result, if the Zeeman energy is
not too large, the most energetically favorable ground states may not be fully spin polarized.
Furthermore, there are experimental methods to engineer an even smaller g-factor, making
multicomponent models even more relevant. 5*

Valley degrees of freedom are another way which quantum Hall systems may be multicom-

22,8688 the band structure

ponent. For example, in both AlAs quantum wells,® and graphene,
is such that each electron has a spin and valley degree of freedom. Analogous to the electron

spin, in these cases, the valley index may take one of two possible values, so we think of the
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valley as a “pseudospin” or “isospin”. Silicon MOSFETSs may be even more complicated: de-
pending on the crystal orientation with respect the 2DEG layer, the electrons will have a valley
index which takes one of two, four, or even six values.? 2 Another important case where elec-
trons have an additional degree of freedom is in quantum Hall bilayers, where the layer index

9395 Two further applications are to systems where multiple

plays the role of a pseudospin.
Landau levels can be occupied where the internal degree of freedom would be the Landau level
index, and systems such as wide quantum wells where multiple subbands play a role.”S All of
these multicomponent quantum Hall systems have been the subjects of intense theoretical and
experimental study.

A number of promising techniques have been proposed that aim to mimic the physics of
band electrons in a magnetic field with systems of finely tuned ultra cold atomic gasses. One
method is to artificially place a gas of cold bosons in a rotating frame of reference, since doing
so is mathematically identical to a system of charged particles in a magnetic field.'' Another
technique is to carefully engineer an artificial gauge field, which can be thought of as a tuned
momentum shift applied in a spatially dependent manner.”” At the time of writing, technical
limitations prevent experiments from reaching the quantum Hall regime with such techniques,
although it is anticipated that experimental realizations will eventually be possible. Bosons in
cold atomic gas realizations of the quantum Hall regime, as compared to electrons, must have
integer spin. One could easily imagine a quantum Hall effect of spin-1 bosons which would have
three internal states rather than the two of an electron. Other possibilities for multi-component
Bose systems exploit multiple hyperfine states of an atom, or multiple subbands that occur for

bosons in a magnetic field on an optical lattice. %%

1.7.2 Multicomponent Trial Wave Functions

The earliest theoretical model of a multicomponent quantum Hall wave function was proposed
in ref. [15]. Halperin’s wave function to describe a two-component system with N/2 spin-up

electrons and N/2 spin-down electrons is written as

N/2 N/2 N/2 1 N/2
UHalperin = [[ (& = 2™ [T = 2™ [T = 2pmiven [ =3 D0 D171 |
i<j 1<j i,J o=1] i=1

where mq, my, and mq are positive integers. This wave function is clearly a generalization of
the Laughlin wave function to the multicomponent case, where now the Fock space is labelled

by a spin degree of freedom 71 or | in addition to the degree, m, of the z variables.
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Multicomponent wave functions are also very neatly encompassed by the CF model, where
the effective LLs can be labelled by the multicomponent degree of freedom and the CFs can
occupy a certain number of such multicomponent effective LLs: for instance a spin-singlet
state can be written by having one effective LL occupied with spin-up CFs and one effective
LL occupied with spin-down CFs. We shall discuss these multicomponent CF wave functions
in considerable detail in chapter 2.

The Moore-Read wave function too has been generalized to a spin-singlet form, known as
the non-abelian spin-singlet (NASS) state.!” There is a whole host of other multicomponent

d 6,18,100-104

wave functions that have been propose In addition to these various ground-state

trial wave functions, there has been considerable interest in multicomponent excitations, such

59,105,106 107-113

as reversed-spin excitations, and spin textures known as Skyrmions, and also in

valley nematic phases that are anticipated in quantum Hall systems. 14115

In chapter 2, we discuss the topic of phase transitions that occur between different mul-
ticomponent states as a function of certain system parameters. These transitions have been
observed in a wide variety of different systems exhibiting the FQHE. In particular we use the
two-component CF model to investigate the properties of transitions between quantum Hall
ground states that occur at the same filling factor but have different uniform net degrees of
spin or valley polarization. Motivation for this chapter comes from experimental work: there is
an astonishingly rich selection of experimental measurements where such phase transitions are
observed. In prior theoretical work studying these phase transitions, the CF model has proven
highly successful. We shall discuss the prior experimental and theoretical work in detail in the
chapter. Our work makes some important refinements and some significant extensions to the

earlier theoretical work, including drawing several new conclusions that have been relevant to

subsequent experimental work.

1.8 Fractional Quantum Hall Model Building

Let us now elaborate on the connection between pseudopotentials and exactly solvable model
interactions in the case where interactions are of the conventional two-body form. Consider a
model interaction potential V2§ (2)(z), which is equivalent to the value of the V; pseudopotential
being positive, but Vz = 0 for L > 1. In this case, we are imposing an energy cost for any two
particles to have relative angular momentum of L = 1: the exact highest density zero energy

state for N electrons (the highest density state for N electrons where no two electrons have
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relative angular momentum of 1) is precisely the v = 1/3 Laughlin wave function.’*% T Because
of this exact solvability for arbitrary N, much can be established in detail about this type of
model Hamiltonian. While the model Hamiltonian may not be too similar to any particular
physical Hamiltonian (such as the Coulomb Hamiltonian), nonetheless, the ground state may
be very close to the physical one. More importantly, the ground state of the model gives an
easily studied representative of an entire phase of matter.

The connection between exactly solvable model interactions written in terms of a small set
of non-zero pseudopotentials and more physical interactions such as the Coulomb interaction
can in principle be made more precise using arguments based on exact numerical studies. A
fundamental argument that is often used in the validation of FQHE trial wave functions is
the adiabatic connection between the contrived interaction that has, for instance, the Laughlin
wave function as its exact ground state, and a physical interaction, such as the Coulomb inter-
action:®L116 If the spectrum of the contrived Hamiltonian and the physical Hamiltonian can be
adiabatically connected without closing the thermodynamic energy gap between the ground state
and the first excited state, then the properties of the phase of the contrived Hamiltonian (such
as fractional charges and statistics) also occur in the physical system. Practically, this argu-
ment could be implemented by interpolating the pseudopotentials between those of a contrived
interaction (such as V; > 0 only) and those of a Coulomb interaction (which has all odd L Vf,
fixed for spinless fermions) and determining whether or not the energy gap closes. This task
is non-trivial because it is often difficult to extrapolate to the thermodynamic limit using such
small finite sized systems. Also, it is not possible to apply this approach to CF model wave
functions, where exactly solvable Hamiltonians corresponding to the wave functions have not
been constructed. ?’

Due to a large extent to interest in more exotic non-Abelian FQH states,? interest has turned
from two body interactions (such as Coulomb) to N-body interactions with N > 2. While,
in principle, such N-body interactions occur as a result of integrating out higher LLs,!'" and
could, in principle, be engineered to exist in certain cold-atom systems,''® the main interest
in multi-body interactions is, again, due to the fact that certain interesting many-body wave
functions are the exact highest density zero energy state of certain N-body interactions. The
Moore-Read Pfaffian wave function is the exact highest density zero energy ground state of

a model three-body interaction,”® and, more generally, the Z;, Read-Rezayi wave function is

TMore generally, for V4k_26(2)(z) type interactions with positive integer kK = 1,. .., the equivalent two-body
pseudopotential representation contains non-zero contributions from all Vi, pseudopotentials for L = 2k —1, 2k —
3,...,1 (for spinless fermions). Nevertheless, a Laughlin wave function that is a zero energy eigenstate of, say
V6(5(2)(z)7 is also a zero energy eigenstate of Vi—3.%%% Similar arguments hold for other cases.
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the highest density zero energy ground state of a (k+ 1)-body interaction.''? Other interesting

2! wave functions, which, like the Pfaffian, are

examples include the gaffnian'?’ and Haffnian'
(highest density zero energy) ground states of special three-body interactions.

As with the simple case of two-body interactions, when studying FQH Hamiltonians with N-
body interactions, it is quite useful to work with a generalization of Haldane’s pseudopotential
formalism to encompass multi particle interactions first proposed in ref. [122]. While this
formalism is similar to that discussed by Haldane in that it decomposes the interaction into
angular momentum components, it is somewhat more complicated because specifying the total
relative angular momentum of N particles does not completely specify the relative wave function
of the N particles as it does in the case of two particles. This complication is explained in detail
in ref. [122]. Accounting for this complication, the multiparticle pseudopotentials can simply
describe all of the special model Hamiltonians pointed out above (Moore—Read, Read—Rezayi
etc.). In fact, in each of the above discussed cases, the Hamiltonian can always be described
as simply forbidding any NN particles from having relative angular less than some L.

All of the FQH states mentioned in this section so far describe spin-polarized or spinless
system, i.e., the only degree of freedom for each electron is its orbital position. The added rich-
ness of multicomponent systems has made them a prime place to search for new FQH physics.
In the search for novel non-Abelian FQH systems, several multicomponent candidates have
been proposed, % 1718101104 including the so-called non-abelian spin-singlet (NASS) states'”
and the spin-charge separated states'?? for the two component case, as well as generalizations
of these constructions to higher numbers of components. !°319 Analogous to the situation with
single component wave functions, many of these novel multicomponent wave functions are ex-
act ground states of special N-body interactions. Here, however, interactions may be more
complicated, depending on the spin-state as well as the position of the particles. While the
concept of two-body Haldane pseudopotentials was generalized to the multicomponent case in
refs. [106, 123-126], the multiparticle pseudopotential formalism introduced in ref. [122] did
not consider multicomponent interactions. As such, it seems natural to try to generalize the
pseudopotential formalism to the case of multicomponent N-body interactions. This goal will
be the focus of chapter 3.

As in the single component case, the motivation for developing the pseudopotential formal-
ism for multicomponent many-body-interactions is severalfold. On the one hand, pseudopo-
tentials provide a complete parametrization of the problem for such systems. The usefulness of

this is evidenced by recent works which have introduced pseudopotentials for multicomponent
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many-body interactions for important special cases. "' More importantly, the pseudopoten-
tial structure hints at what sorts of simple Hamiltonians may be written such that interesting
quantum Hall states might be found as the highest density zero energy state of a particular set
of pseudopotential coefficients.

In chapter 4, we present some of the details of a novel exactly solvable model, the first
example of a model constructed in the framework of the generalized pseudopotentials presented
in the preceding chapter. This spin-singlet trial wave function describes a thermodynamiclly

gapless compressible quantum fluid occurring at v = 4/9 for fermions, or v = 4/5 for bosons.
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CHAPTER 2

Spin and Valley Transitions

In this chapter,’ we study phase transitions between fractional quantum Hall (FQH) states
of different uniform net degrees of spin or valley polarization, occurring for principle filling
factors v = 2/3, 3/5, and 4/7 and their particle-hole conjugates at v = 4/3, 7/5, and 10/7. We
describe how many aspects of these ‘spin transitions’ or ‘valley transitions’ can be understood
in the context of a composite fermion (CF) model with spin-1/2 or two-valley degree of freedom,
previously used to study spin transitions at filling factors v = 2/5, 3/7 and 4/9. At each of these
fractions, there are several possible CF model wave functions that can be written down, with
different spin polarizations depending on how many spin-up or spin-down CF Landau levels
(LLs) are occupied. For the v = 2/3, 3/5, and 4/7 cases, we calculate the ground-state energy
of the possible composite fermion wave functions and we predict transitions between ground
states of different net spin polarization as the ratio of Zeeman energy to Coulomb energy is
varied (or, equivalently, transitions between ground states of different net valley polarization
as the ratio of valley splitting energy to Coulomb energy is varied).

Several experiments have observed such transitions and have made measurements of the
critical Zeeman energy or critical valley splitting energy at which transitions occur, and we
make direct comparison of CF theory predictions with these measurements. For more detailed
comparison between theory and experiment, we include finite-thickness effects in our calcu-
lations for v = 2/3, 3/5, and 4/7 and we also implement finite thickness corrections for the
v =2/5,3/7 and 4/9 cases where the effect was not previously taken into account. We find
that the finite thickness correction in some cases partly accounts for the particle-hole asymme-
try observed in spin transition measurements. For the lowest Landau level (LLL) case we find
reasonable qualitative agreement between the experiments and CF theory. Finally, we consider
CF states at filling factors v = 2+42/3,2+3/5,2+4/7,2+2/5,243/7, 2+ 4/9 in the second
Landau level (2nd LL), the 2nd LL being the next LL above the LLL. CF theory predicts a spin
transition for v = 24 2/3 but not for any other fraction in the 2nd LL. This is consistent with
experimental evidence of a spin transition at v = 2 + 2/3, but inconsistent with experimental

evidence of a spin transition at v = 2 + 2/5.

TThe material presented in this chapter is based, in part, on the publication S. C. Davenport and S. H. Simon,
Phys. Rev. B 85, 245303 (see ref. [128]).
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The structure of this chapter is as follows: first, in sec. 2.1 we shall briefly review selected
experimental studies of spin and valley transitions; in sec. 2.2 we shall summarize the qualitative
predictions of CF theory and then we shall write down the explicit forms of the CF wave
functions that we are interested in. In sec. 2.3 we shall present the results for the Coulomb
energy of the various ground-state trial wave functions in the LLL and 2nd LL, the critical
Zeeman energy predicted by CF theory for the LLL and 2nd LL and the results of the finite
thickness correction. We shall also compare our results to the experimentally measured values
of the critical Zeeman energy in the LLL and in the 2nd LL. Finally, we shall make some

remarks on our findings in sec. 2.4.

2.1 Observations of Spin and Valley Transitions

The degree of spin polarization of quantum Hall fluid has been explicitly measured as a function
of the ratio of Zeeman to Coulomb energy for a variety of filling factors and in a number of

different experiments in GaAs systems. 12 14:20,21,129-131

In this chapter we will principally focus
on refs. [14] and [12] for the LLL case and refs. [21] and [20] for the 2nd LL case, where detailed
comparison to our theoretical work is possible.

In ref. [14] a non-trivial net spin polarization is observed in GaAs heterojunctions at the
following filling factors in the LLL: v = 2/3, 3/5, 4/7, 2/5, 3/7 and 4/9. In these experiments
the aim is to keep the filling factor fixed while varying the ratio of the Zeeman to the Coulomb
energy. This is achieved by varying both the applied field strength and the density of electrons
in the sample, keeping their ratio (hence v) fixed. For each filling factor, plotting the net spin
polarization as the field strength is varied, the experiments report a set of plateau with constant
spin polarization, punctuated by a series of relatively sharp transitions (see fig. 2.1). Similar
conclusions can be inferred from data presented in ref. [12] at filling factors v = 4/3, 7/5,
10/7, 8/5, 11/7 and 14/9, also from GaAs heterojunctions. For high field and high electron
density, the spin is polarized, but as the field strength and electron density are reduced, there
are transitions to FQH states of successively smaller net spin polarization until, finally, some
lowest value of net spin polarization is reached, with the particular lowest value depending
on the filling factor. These transitions are observed to occur at some critical values of the
applied field, B, and there is, therefore, a corresponding critical Zeeman energy per electron,
Egt = gupB™ (note that the g factor is material dependent, but the Bohr magneton is a
constant). In refs. [21] and [20] similar spin transitions have been reported in GaAs systems

at filling factors 8/3 (24 2/3) and 12/5 (2 + 2/5) respectively. In ref. [13] the Zeeman energy
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2.1. Observations of Spin and Valley Transitions
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Figure 2.1: Measurements of the degree of spin polarization, v, =

is tuned by exploiting the hydrostatic pressure dependence of the g-factor in GaAs,'?? rather
than by changing the magnetic field; in this experiment, features associated with spin transions
are measured at filling factors 2/5, 4/7 and 4/9.

The fractional quantum Hall effect present in systems such as AlAs, Si or graphene, possesses
a valley degree of freedom, in addition to a spin degree of freedom. This valley degree of freedom

89-92

corresponds to the presence of multiple conduction band minima (up to six for Si and up

to three for AlAs,'?%> depending on the crystal plane and the design of the heterostructure or

86-88) Under certain conditions, for instance

quantum well) or Dirac cones (two for graphene
AlAs placed under axial strain, the multiple conduction band minima (valleys) can be non-
degenerate and the splitting energy, Ey, between the valleys can be tuned by varying an
external parameter, in this case the applied strain. In such situations the ratio of the valley
splitting energy to Coulomb energy plays an analogous role to the ratio of Zeeman to Coulomb
energy in the spin case.

In refs. [19] and [133] analogous valley transitions between the two lowest lying conduction
band minima are reported in AlAs systems placed under axial strain, at the following filling
factors in the LLL: v = 4/3, 7/5, 10/7, 13/9, 8/5, 11/7 and 14/9. In ref. [134] a valley
transition was also measured in AlAs at filling factor 2/3. These measurements are achieved

by varying the axial strain (hence valley splitting energy) and keeping the ratio of magnetic

field to electron density (hence v) fixed (since the magnetic field is fixed, spin transitions are
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not expected to occur, and we assume that the spin is always fully polarized). For each filling
factor, as the strain is varied, the experiments report a valley polarized state for high values of
strain, with a single transition to a partially valley polarized state below a critical value of the
valley splitting energy E{i*.

Concerning Si systems, ref. [92] reports that valley transitions occur between the two lowest
lying band minima (valleys) as a function of the relative anisotropy of the valleys, tuned via
the applied magnetic field. Valley transitions are indicated at the following filling factors in
the LLL: v = 8/5, 14/9, 20/13, 22/15, 16/11, 10/7, 4/3, 6/5, and 14/11. Due to the more
complicated nature of these transitions, we shall not make any direct comparisons of our results
with these experiments.

Finally, in ref. [22] a limited series of phase transitions, reminiscent of either spin or valley
transitions have been identified in FQH measurements in suspended graphene systems at LLL
filling factors —2/3, —3/5, —4/7, —5/9, —2/5, —=3/7, —4/9 and —5/11 (see also fig. 1.5).
Concurrent theoretical work argues that these are expected to be signatures of spin transitions

and not of valley transitions.!?°

2.2 Theory of Composite Fermions with a Spin or Valley De-

gree of Freedom

2.2.1 Qualitative predictions of CF theory

From a theoretical perspective, an insightful phenomenological understanding of the fractional
quantum Hall effect (FQHE) has been acquired via the concept of the composite fermion
(CF).?" (See also chapter 1 for a brief summary). The principal set of filling factors encompassed

by CF theory are given by
v=n/(2pn+1) (2.1)

where the sign here indicates the direction of the effective field relative to the real magnetic
field, p is an integer such that 2p is number of ‘attached fluxes’, and there n is a positive
integer denoting the number of filled effective LLs. Taking into account the two spin species,
particle-hole conjugate versions of these states occur at filling factors 2 — v.

In CF theory, trial quantum Hall states with a spin or valley degree of freedom can be
constructed by simply associating that degree of freedom with the CFs themselves. 627 CFs of

each spin or valley species can independently occupy a non-negative integer number n4 and n| of
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2.2.1. Qualitative predictions of CF theory

effective LLs; the filling factor remains as in eq. (2.1), but now with n = n4 4+n. Consequently
a whole series of CF wave functions is possible at each filling factor (a visualization of such a
series of states can be found in refs. [27] and [16] and a modified version is presented here in
fig. 2.2).

The experiments of refs. [14, 22] examined the p = 1 series for n = 2, 3,4 with both positive
and negative effective magnetic fields: v = 2/5,3/7 and 4/9 in the positive effective magnetic
field case and v = 2/3,3/5 and 4/7 for the negative effective field case. refs. [12, 133] examined
the particle-hole conjugates of these states at filling factors 2 — v. For each filling factor the set
of possible spin-dependent states is deduced by considering all possible non-negative integer
values of n4 and nj satisfying n = n4 + n). For a system of N4 spin-up electrons and N

N+—N,
NT+N¢

spin-down electrons, we shall define the “degree of spin polarization” by v, = and in
the thermodynamic limit, where each effective LL contains the same number of electrons, it

follows that

nT — 7”L¢
= — 7. 2.2
Ve nr+ny (2.2)

A description of the possible CF theory ground-states is summarized in fig. 2.2. (These
definitions would equally well apply to a two-valley system by relabeling the spin up and down
by a valley index.) Let us consider the interpretation in the spin case: if the Zeeman energy
is sufficiently large, then it is expected that the spin will be fully polarized, and so in high
magnetic fields the system is pictured by the rightmost diagrams in fig. 2.2. We then reduce
the applied field, keeping the filling factor fixed by lowering the electron density at the same
rate. When the critical field B is reached, then it is energetically favorable for a transition
to one of the states with lower net spin polarization, pictured in the diagrams successively to
the left in fig. 2.2. This is energetically favorable as long as the difference in Coulomb energy
between the two ground-state configurations compensates for the increase in Zeeman energy
due to the spin depolarization.

At this juncture we reiterate the point introduced in chapter 1 that, ideally, the exact
eigenstates associated with a quantum Hall system would be calculated by diagonalizing the
Coulomb interaction within a given LL. As this calculation is intractable, except for very small
systems, we rely instead on evidence that, for small finite-sized systems, CF trial wave functions
provide strict upper bounds on, and very good approximations to, the ground-state energy, and
have very high overlaps with the exact ground-state wave functions. Such is the case for both

spinless and spinful quantum Hall systems (detailed evidence is collected here in appendix D;
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Figure 2.2: A Summary of the qualitative predictions of CF theory (modified from a similar
figure in ref. [16]). The figure shows the filling of effective LLs with spin-up and spin-down
composite fermions. Different cases are labelled by their quantum numbers ny and n}, the
number of filled spin-up and spin-down LLs, e.g., (1:1) denotes ny = 1 and ny = 1. The degree
of spin polarization 7, is calculated using eq. (2.2).

see also ref. [27] and references therein). Therefore, we expect CF trial wave functions to
provide an accurate description of the physics of spin transitions for finite-sized systems and
also in the thermodynamic limit.

Comparing these qualitative predictions to the experimental results presented in ref. [14], we
find that the predictions for the number of transitions and for the degrees of spin polarizations
are broadly correct as a first approximation (assuming, for the time being, that all possible
transitions are energetically favorable and so always occur). In practice, the transitions are
somewhat broadened and it is apparent that there are some small second-order plateaux oc-
curring between the main transitions (see fig. 2.1). These effects are not well understood (see,
e.g., ref. [27]) and so presently we shall only focus on the leading-order effects. Further, we

shall assume that the experiment is an observation of ground-state quantum Hall behavior.

2.2.2 Quantitative predictions of CF theory

Transitions between quantum Hall ground-states with different spin/valley polarizations occur
when the difference in Coulomb energy per electron between the two ground-state configurations

compensates for the increase in Zeeman energy or valley splitting energy per electron due to
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2.2.2. Quantitative predictions of CF theory

the spin/valley depolarization. The differences in the Coulomb energies per electron of various
ground states at the same filling factor thus can be related to the critical Zeeman energy (or
critical valley splitting energy) per electron for transitions between the various polarizations of
the quantum Hall fluid.

By calculating the Coulomb energy per electron for composite fermion trial wave functions,
Park and Jain were able to obtain theoretical predictions of the critical Zeeman energies per
electron for filling factors v = 2/5,3/7 and 4/9 (the positive effective field case). !¢ Their results
for the predicted values of the critical Zeeman energy per electron for these three filling factors,
for the most part, agree well with the values measured in both refs. [12] and [14]. For a technical
reason, which we shall shortly allude to, these authors did not perform the same calculation
and comparison for filling factors v = 2/3,3/5 and 4/7 (the negative effective field case).

CFs have been the subject of a great deal of theoretical analysis and there are well-
developed techniques which have been established for calculating the associated Coulomb
energy with trial ground-state wave functions using the Metropolis Monte Carlo procedure
(see, e.g., refs. [16, 62, 63]). Nevertheless, for sufficiently large numbers of particles, the nu-
merical evaluation of the trial wave functions with negative effective field turns out to be highly
non-trivial—and much more complex than the positive effective field case—and, as such, prior
to this work the associated Coulomb energies had not yet been accurately calculated in the
thermodynamic limit for all the relevant cases (the spin polarized negative effective field case
was first studied in ref. [63], but only for systems up to size N = 16-28, which is not sufficiently
large to obtain accurate results for our calculation of the critical Zeeman energy). For the
series of states of interest here, it proved necessary to design a new algorithm to perform the
required calculations. The details of the algorithm are discussed in appendix C.

In this chapter we will present the results of our calculations of the Coulomb energy for
the negative effective field case, we shall evaluate the critical Zeeman energies (or equivalently
critical valley splitting energies) for transitions between different spin/valley states and then
we shall compare our results to the relevant experimental measurements. As a first approxi-
mation, we calculate the interaction energy associated with the CF trial wave functions using
a simple Coulomb interaction potential. Such an interaction would apply to a perfectly 2D
geometry; however, a laboratory quantum Hall system cannot be considered perfectly 2D and
more realistic model interactions must take into account the finite extent of the system in the
direction perpendicular to the 2D plane. To study the effect of such a modification to the

theory, we implement an interaction which takes into account finite-thickness effects for the
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appropriate material (see, e.g., ref. [45]). Finally, we calculate the Coulomb energy appropriate
for the 2nd LL analogies of the LLL CF trial wave functions discussed previously (i.e., filling
factors v = vy + 2). As neither the finite-thickness correction nor the 2nd LL potential
was considered in the positive effective field study in ref. [16], we present our results for both

positive and negative effective field filling factors.

2.2.3 LLL Composite Fermion Wave Functions in the Sphere Geometry

In order to study the bulk properties of a quantum Hall ground state we must choose a geometry
that eliminates boundary effects. We have chosen to use the spherical geometry for this purpose,
i.e., we shall study various finite-sized FQH states existing on the surface of a sphere.®? To effect
a magnetic field perpendicular to the surface of a sphere we must place a magnetic monopole at
its centre such that the electrons see Ng flux quanta. As we increase the system size the total
flux increases, but to fix the flux density at the surface of the sphere, the radius of the sphere
must also increase. On extrapolation to the thermodynamic limit, therefore, a flat geometry is
recovered and the edge effects are eliminated.

We shall now describe how CF states can be expressed as co-ordinate wave functions in the
sphere geometry, in terms of the spinor co-ordinates w; and v;. (See appendix B for a more

detailed discussion of the sphere geometry.)

Spin polarized CFs

The CF wave function describing interacting electrons in magnetic field B can be succinctly

expressed as

Yo = PLLL [‘ng ‘I’n] : (2.3)

where
dy = H (uwivj — ujv;)
1<j
and where pLLL denotes projection onto the lowest Landau level (LLL). ®,, is a Slater deter-
minant of non-interacting single-fermion wave functions with an effective magnetic flux which
we denote by 2@ (i.e., the noninteracting fermions see 2Q) flux quanta). The quantity @ is
known as the effective monopole strength: it can take positive or negative integer or half-

integer values.?” The corresponding effective magnetic field thus can be aligned either parallel
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or antiparallel to the real magnetic field. The intuition is that ®,, represents an integer quan-
tum Hall wave function for composite fermions in an effective magnetic field and with effective
filling n = limy_00 N/(2Q), i.e., the number of occupied effective LLs is an integer n. For a
finite sized system, N/(2Q) may be slightly shifted from its thermodynamic value. CF wave
functions are often simply denoted as 2?CF,, or ??CF _,, where the sign corresponds to the sign
of the effective field and n is now a positive integer.?” We shall adopt this nomenclature for
the remainder of our discussion. The CF states occur at filling factors given in eq. (2.1). We
shall always consider non-interacting CF's.

Practically, the CF states are constructed as follows: for a system of N spin polarized
electrons in the spherical geometry filling n CF LLs, the effective monopole strength is given

by

(2.4)

with the sign depending on the sign of the effective magnetic field, B.;. The magnetic flux
experienced by the electrons due to the magnetic field B is then given by Ng = 2p(N —1)+2Q
[from eq. (2.3)]. In the sphere geometry, the single-particle CF eigenfunctions are the set
of what are called monopole harmonics.>” These monopole harmonics are eigenfunctions of
the effective LL with eigenvalue n’ = 0,...,n — 1, of the orbital angular momentum with
eigenvalue [ = |Q|, |Q| + 1,...,|Q| + n/, and of the z component of orbital angular momentum
with eigenvalue m = —I, —I+1,...,1. It is simple to check that given eq. (2.4) the total number
of single particle states is Z?:_ol (2(|Q| + 1) +1) = N. For Q < 0, the monopole harmonics are

of the following form 2703

m 7 7

n’ s n/ 2|Q|+n/ N 'n/_s
X ;(1) (5> (’Q| +m+s> (uju;)®(vivg) ’

where 7 indicates the particle number and will run from 1 to the total number of particles V.

Y250 iy vi) = (—1)" M (uf) =@ (07) =07

Here Mg,/ is an unimportant normalization factor. We can then write the Slater determinant

as
Y glunv) o Yl o (anen)
Q Q
®, =det |YY (us,v;)| = Yoqi(un ) s Yoo (un, vN)
n (S n’,m(u“ Uz) Q 0
}/1’7‘@'71(“171)1) e Yl,f‘Q|71<U’N7'UN)
Q Q
Yn—1,|Q|+n—1(u1’vl) Yn—1,|QH-n—1(uN’vN)
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In order to implement the LLL projection required by eq. (2.3), we follow the method
introduced by Jain and Kamilla,%? and then extended for the case of a negative effective field
by Méller and Simon.% From a computational perspective, for large system sizes, the LLL
projection of the Slater determinant is completely impractical (see ref. [27] for details of the
LLL projection). The issue can be circumvented by moving the Jastrow factor inside the
determinant and then applying PLLL to each of the resulting matrix elements first, before

calculating the determinant:

G ~ det | Ppry, (Y2, (w0 7) |, (2.5)

where
J; = H (uwivj — ujv;) .
i
Although the result of this procedure is not mathematically identical to eq. (2.3), the
resulting trial wave function would nevertheless describe fermions in the LLL, and the two
prescriptions have been found to be extremely similar in cases where they can be compared to

exact diagonalization of the Coulomb interaction.?’ An expression for
V3 (i v) I = Py, (YnQ’,m(ui7Ui)sz)

in negative effective field was derived in ref. [63] and is given by

' |Ql+m-+s |Q|—m~+n'—s
0 . s (MY [ 21Q1 40 s (0 0
Yi? o (uiyv) o< Y (—1) <5><|Q|+m+s uv) . Fo, .

s=0

Using this result, eq. (2.5) for the CF wave function can then be rewritten as
PCF_,, = Py ~ det [YnQ/’m(ul, Ui)Jip] , (2.6)

In appendix C we discuss an efficient technique for numerically evaluating such wave functions.

CF's with spin

If the CF's have a spin degree of freedom, then we must associate a spin degree of freedom with
the single-particle monopole harmonic wave functions (the valley case is constructed identically,
so we shall revert to the spin language for the present discussion). Let us say we have N CFs
with one of two possible spin polarizations, that is, N} spin-up CFs and N| spin-down CFs.
These CFs can then independently occupy a number ny and n| of spin-up or spin-down effective

LLs. The value of p is independent of the spin degree of freedom, since it is not involved in the
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single particle monopole harmonic functions. The spin CF wave functions are of the general

form:

> 2
wl’v(”?:ni) = PLLL [(I)Opq)nT(I)Tu] y (27)

where the Slater determinants @, and &, are formed from monopole harmonics with the

n

following structures:

Y3 (i v) @ [1) Y (ui0) @ [1).

n4,m n

The effective monopole strength is now given by:

NT—n% :iNi—nf‘

=+ 2.8

@ 2ny 2ny (2:8)

The possible eigenvalues of the monopole harmonics are now n’T =0,....n1, 1 =Q],...,|Q|+
n’T and mqy = —ly,...,l;, and similarly for the spin-down versions. Once we construct a Slater

determinant of such states we can factor out the antisymmetric spin part of the wave function,
and we only need to specify the spatial part.?’

In accordance with the notation of ref. [27], we denote the series of spin un-polarized CF
wave functions by *’CF (

or by 2pCF( if the effective field is antiparallel to the

nyny) —ny,—ny)

magnetic field, with ny and n| being positive integers (it is not possible to have positive B.g
for one spin species and negative B.g for the other). The filling factor of the spin-dependent
CF states is again given by eq. (2.1) but now with n = ny +ny.

The final step is to project the wave functions onto the LLL; the final form of the spatial

part of the spin-dependent CF wave function is, thus,

? = ~ det [79
pCF(f’nT,fn\L) = ’l/}p,(n:r,ni) =~ det Yn,

EN

mT(ui’”i)Jﬂ det [}76,2 mi(ui,vi)Jip] , (2.9)

n,

where the ¢ index runs from 1 to Ny in the first determinant and from Ny + 1 to NN in the
second.” Note that the J; function is exactly as in eq. (2.6) (i.e., it is a product over all spin-up
and spin-down particles) and so in eq. (2.9) each matrix element in each determinant depends

on the co-ordinates of all of the particles.

TNote that the wave function of the form ) (u:,v;) given in eq. (2.9) is not quite complete: in fact wave
functions ® (ui,v;) describing N fermions must be fully antisymmetric under any exchange of particle labels,
but v (u;,v;) in eq. (2.9) is only antisymmetric under exchange of labels 1 to N4 and in labels Ny + 1 to
N,;. The correct expression for the full wave function would be obtained by including a spin part to the
wave function, X = |1 ... }}), and then fully antisymmetrizing by applying the antisymmetrizing operator A,
i.e., we must construct ® (u;,v;) = Ay (ui,v;)X. In practice, when calculating matrix elements of the form
J T OPdQ, . .. dQn, as long as the operator O does not depend on the spin state the matrix element reduces to
a value proportional to f wTOw because the spin wave functions are orthonormal. Thus the version of the wave
function given in eq. (2.9) is sufficient.
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In order to describe a system with a two-valley degree of freedom rather than a spin-1/2
degree of freedom, the CF theory wave functions are identical, only we replace the spin up/down

label by a valley index.

2.3 Results of Monte Carlo Calculations

In this section we shall present the results of our calculations of the Coulomb energy per
electron associated with the principal spin CF trial ground-state wave functions in negative
effective field: 2CF_y, 2CF(_3’_1), QCF(_Z_Q), 2CF_3, 2CF(_2,_1), 2CF_y, and QCF(_L_I). For
comparison we shall also present some results of our calculations for the positive effective field
cases : 2CFy, QCF(&I), 2CF(2’2), 2CF3, 2CF(2’1), 2CF,, and 2CF(171), which were previously
studied in ref. [16]. Using these results we shall deduce some quantitative predictions of CF
theory for the critical Zeeman energy per electron at which transitions between different spin

states occur.

2.3.1 Coulomb Energy

Our first calculation is the Coulomb energy per electron, E¢, of the CF trial ground-state wave
functions. In general, the Coulomb energy associated with a state described by a wave function

1) is calculated using

WYV ) = /drl...drNW\QV(rl,...,rN), (2.10)

where V is the Coulomb potential (in units of €2/el):

V=> &+ Ve
i<j Y

Here R;j is the distance between pairs of particles in the sphere geometry. We use the chord
distance convention, Rfj“‘”d = 2Rg |u;v; — vju;|, where Rg is the radius of the sphere. Vg is
the potential due to a uniformly changed positive background (this is required so the overall
system is electrically neutral), and it is given by the self-energy of a uniformly charged sphere
of charge +Ne plus the electrostatic energy between the electrons and the uniformly charged
sphere. Using the chord distance measure, Vg = —% (see ref. [60]).

One can numerically evaluate integrals of the form given in eq. (2.10) using a Metropolis
Monte Carlo procedure (see appendix A for a brief description of how we implemented the
Metropolis algorithm). The detailed results of our calculation of the Coulomb energy per

electron of the seven negative effective field CF wave functions are presented in ref. [128]; plots
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2.3.2. 2nd Landau Level Coulomb Interaction
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Figure 2.3: Extrapolations to the thermodynamic limit for the Coulomb energies per electron
of various negative effective field CF wave functions in the LLL (left panel) and the 2nd LL
(right panel). Linear extrapolations in 1/N are indicated by the solid lines, but quadratic
extrapolations were also considered. Error bars are smaller than the data markers and so are
not plotted. According to CF theory, spin transitions are energetically favorable in the LLL
case, but not typically in the 2nd LL case [with the exception of 2CF_5 — QCF(_L_I)].

of the extrapolations to the thermodynamic limit are presented here in fig. 2.3 for the negative
effective field case. In table D.1 of appendix D we also include some comparisons with exact

diagonalization results for small systems.

2.3.2 2nd Landau Level Coulomb Interaction

An interesting consideration is to model equivalent CF wave functions in the 2nd LL, that is,
the analogous CF states occurring at filling factor v = vy, + 2. These results are relevant to
experimental studies of spin transitions at v = 8/3 and at v = 12/5.2%2! We note that there is
some theoretical evidence that ground-state wave functions in the 2nd LL may not necessarily
be of the CF type (see ref. [70]), however our calculation nevertheless provides a useful starting
point to try to understand experimental observations.

One approach would be to construct explicit wave functions at this new filling factor,
however, the CF wave functions in anything other than the LLL are difficult to evaluate. A
more efficient alternative is possible, however: the problem of electrons interacting via the
Coulomb interaction in a higher Landau level is mathematically equivalent to the problem of
electrons in the LLL interacting via an effective potential V°*(r). An appropriate form for the
effective potential is derived in ref. [136], although, strictly speaking, this result was derived

only for the disc geometry (the wave functions we use for our calculations are written in the
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sphere geometry). However, since we will take the thermodynamic limit at the end of the
calculation, we can still use the same potential in the sphere geometry since the disc and the

sphere geometries are the same in the thermodynamic limit. The effective potential is given by
1 6

V() = — 4+ Z; cir'e”™, (2.11)
i

with = in units of the magnetic length.
The values of the coefficients ¢; appearing here are deduced by equating the two-body

Haldane pseudopotential coefficients, V&%, of the effective potential in the LLL, namely

1 = 2
eff ‘)’eﬂr 2 — 4
Vin 922m+1mp| /0 rdr (7')7’ e ’

to the pseudopotential coefficients of the Coulomb interaction in the 2nd LL, namely

V= /OOO qdqV (q) <L1 (f))QLm (%) e,

where

Vig) = /OOO rdrV (r)Jo(qr).

In these expressions, L,, are Laguerre polynomials and Jy are Bessel functions. It is sufficient
to work with only the first seven coefficients and we have checked that the addition of more

coefficients does not change the result significantly. In order to determine the coefficients ¢y to

c6 in eq. (2.11) we must equate Ve to V.1 for m = 1,3,5,...,13 (since the pseudopotentials for
m =0,2,4,... etc. do not enter the Hamiltonian in the case of spinless fermions). Appropriate

values of ¢; are given in ref. [128].7
The effective Coulomb energies due to the modified interaction potential for the 2nd LL are
given alongside the LLL values in ref. [128]; plots of the extrapolations to the thermodynamic

limit are presented in fig. 2.3.

2.3.3 Comparison with Experiments

At this point we are now ready to calculate the predicted values for the critical Zeeman energy

per electron Eg* for spin transitions (or equivalently the critical valley splitting energy E{*

tThe differences between the disc geometry case and the sphere geometry case are the values of the coefficients
¢; ineq. (2.11): in the disc geometry version of the potential the coeflicients are derived using the disc geometry
versions of the Haldane pseudopotentials, whereas in the sphere geometry the coefficients are derived using the
sphere geometry versions of the pseudopotentials (see, for example, ref. [137]). In the disc geometry the values of
the coefficients are independent of the flux; however, this is no longer true in the sphere geometry and a different
set of coefficients (and therefore a different effective potential) must be calculated for each value of the flux. We
have checked that in the thermodynamic limit the values of the sphere geometry coefficients tend toward the
same fixed values given in ref. [128], and thus it is sufficient to only consider the simpler disc geometry version
of the potential.
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for valley transitions) and to make some comparisons with the experimental studies. To study

each transition, e.g., at filling v = % T Ye=1— % [for which the CF theory prediction comes
from the transition 2CF_; — 2CF(,37,1)], we need to compare the two energies: first, there is
the difference in Coulomb energy per electron, A E¢, between the two participant ground-state
trial wave functions; second, for the spin case, there is the difference in Zeeman energy per
electron, AEz, which is due to the difference in the net spin polarization of the two participant
ground-state trial wave functions. The condition for a transition is that AEc = AEy at the
point of transition.

The difference in Coulomb energy per electron, AFE¢, is calculated directly from our results
for the Coulomb energy per electron associated with each trial ground-state wave function—
these differences are listed in table 2.1. The difference in Zeeman energy per electron as we go
through a transition is equal to the energy E%™ to flip a single spin in a magnetic field B
multiplied by the proportion of spins which need to be flipped as we go through that transition.
In the thermodynamic limit, where the effective CF LLs are equally occupied, the proportion
of flipped spins is simply 1/n, where n is the total number of filled effective LLs of the CF wave

functions partaking in the transition. Thus, at the transition we have AEc = AEz = ES"/n

and this leads to the relation
E$" = nAE¢. (2.12)

(For the valley case the equivalent relation for the critical valley splitting energy is simply E{/* =
nAFEq.) Using eq. (2.12) we have calculated predicted values for the critical Zeeman energy
and critical valley splitting energy, and for the negative effective field case these predictions are

listed in table 2.1.

For the LLL case, values of E%" can also be deduced from the experimental results presented
in refs. [12, 14, 22] as we shall explain below. Values of E{** for AlAs systems under axial strain
are given in ref. [133]. We crudely estimate error bars of £0.001, in units of Coulomb energy,
on all experimental measurements. For the negative effective field case, we list experimentally
measured values of %™ and Ej/'* alongside the theoretical predictions in table 2.1. In fig. 2.4
we have plotted the predicted and measured values of F%"™ and Ej/* given in table 2.1 as a
function of the parameter n for negative and positive effective field cases.

In ref. [14] values of E* are derived from the measurements of the degree of spin polarization
ve as a function of magnetic field strength at fixed filling factor (see fig. 2.1). Accompanying

each transition is a broadened step in the degree of spin polarization. We take the critical field
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Fraction % (or 170, —%) % (or %7 —%) % (or %7 _%) % (or %7 —%)
Transition Ye=1—1 Ye=4% — 0 7621%% Ye=1-20
CF Theory 2CF_y — 2CF(_g ;) 2CF( g 1) — CF(_y 5 2CF_g — 2CF(_, ;) 2CF_y — 2CF(_;
AEc 0.0027(2) 0.0003(1) 0.0025(1) 0.00364(6)
No. CF LLs (n) 4 4 3 2

Eg* =nAEc | 0.0108(7) 0.0010(5) 0.0075(3) 0.0073(1)
Experiment

Eg" (ref. [14]) | 0.013(1) 0.007(1) 0.012(1) 0.0088(10)
Eg® (ref. [12]) | 0.018(1) 0.010(1) 0.017(1) 0.015(1)
Eg* (vef. [22]) | 0.012(1) N/A 0.010(1) 0.0086(10)
Egt (ref. [133])|  0.019(1) N/A 0.017(1) 0.013(1)

Table 2.1: For each filling factor in the negative effective field case, the table shows the possible
spin-transitions labelled by their degree of spin polarization v, [defined in eq. (2.2)]. We list
the difference in Coulomb energy per electron, A E¢, between the two possible ground-state CF
configurations, and the corresponding prediction for the critical Zeeman energy per electron,
Eg*, calculated using eq. (2.12) (or, equivalently, the critical valley splitting energy per electron,
Efi*). To obtain AE¢ we use a linear extrapolation scheme, weighted by the statistical errors
on each finite-sized system data point. The relevant experimental values for EZ" are taken
from Kukushkin et al. (GaAs systems in ref. [14]), from Du et al. (GaAs systems in ref. [12])
and from Feldman et al. (suspended graphene systems in ref. [22]). The relevant experimental
values for E{}"* are taken from Padmanabhan et al. (AlAs systems in ref. [133]). We explain
in the text how the experimental data and error bars are determined. All values are given in
units of the Coulomb energy, e?/elj.

B to occur at the centre of the step, and we take the experimental error to be roughly the
half-width of the broadening (which corresponds approximately to an error of + 0.001 in the
Zeeman energy, in units of Coulomb energy).

For ref. [12] we infer Eg" at filling factors v = 2/3,3/5, 4/7, 2/5,3/7 and 4/9 from the
critical fields for spin transitions observed in particle-hole conjugate states occurring at filling
factors v = 4/3, 7/5,10/7, 8/5, 11/7 and 14/9. Particle-hole conjugation does not, in principle,
affect the Coulomb or Zeeman energy associated with the trial CF wave functions and so the
predictions for the critical Zeeman energy are identical in principle, to the extent that Landau
level mixing can be neglected. The aim of the experiments described in ref. [12] is to vary
the ratio of Zeeman to Coulomb energy keeping the filling factor fixed. In order to achieve
this the electron density is kept constant and the applied field B*" is tilted by an angle 6
from the vertical and increased in magnitude simultaneously, thus fixing the component of the

field perpendicular to the plane, B| = B'*cosf.! The signature for transitions between states

'In principle, tilting the magnetic field can alter the effective interaction between the electrons by modifying
the form of the wave function in the direction perpendicular to the electron layer. We have not accounted for
this effect (see e.g., ref. [138]). However, we note that the magnetic length due to the in-plane field is never
much less than the heterojunction width so this effect is not expected to be substantial (see table 2.2).
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Figure 2.4: Predicted and measured values of the critical Zeeman energy per electron plotted
against the reciprocal number of filled effective LLs, 1/n, for the negative effective field case
[left panel] and, for comparison, for the positive effective field case [right panel] (see also
ref. [16], we present our own results here). Transitions are labelled by their degree of spin
polarization 7. [defined in eq. (2.2)] and data points corresponding to the same transition are
circled. Data for the negative effective field figure are given in table 2.1. We found that a linear
extrapolation scheme provided the most accurate results (the smallest standard deviation for
the thermodynamic value of the Coulomb energy) for the negative effective field case, whereas
a quadratic extrapolation scheme provided the most accurate results for the positive effective
field case. (Note that each set of points in the plots occur at an integer value of n and we have
added in left /right shifts for clarity of presentation only.)

of different spin polarization is a peak in the ratio of the longitudinal resistivity at a given
filling factor to the longitudinal resistivity at filling v = 3/2. We take the critical field B to
occur at the centre of the peaks and we take the experimental error to be the half~-width of the
peaks (which corresponds approximately to an error of £0.001 in the Zeeman energy, in units
of Coulomb energy). Using these values for B we calculate the experimentally measured
value of the critical Zeeman energy via E%" = gupB“*, and then convert to units of e? /ely for
comparison with our theoretically derived values in table 2.1 (for this calculation we take the
g-factor of GaAs to be g = —0.44 and the relative permittivity to be e = 12.6).

In ref. [13] spin transitions are measured as a function of applied hydrostatic pressure at
filling factors 2/5, 4/7, and 4/9. We calculate experimental estimates of the critical Zeeman
energy from the values of hydrostatic pressure and magnetic field strength where the spin-
transitions are reported. The g-factor dependence on the hydrostatic pressure can be read off
from refs. [139] or [140], depending on whether the system is a heterojunction or quantum well
(both were used in ref. [13]). We also take into account that the dielectric constant in GaAs

has a moderate pressure dependence (see ref. [141]). For v = 2/5 we obtain E¢* = 0.00391,
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for v = 4/7 we obtain Eg" = 0.00364 and for v = 4/9 we obtain Eg"* = 0.00390 (all in units
of €2/ely). These values appear to be significantly lower than both the CF theory predictions
and other experimental measurements conducted in GaAs systems (c.f. fig. 2.4). The reason
for this discrepancy is unclear.

In ref. [22] spin transition signatures were recognized in local compressibility measurements
of the conduction electrons in suspended graphene samples at filling factors —2/3, —3/5, —4/7,
-5/9, —2/5, —=3/7, —4/9 and —5/11 (which are equivalent to 2/3, 3/5 etc. in conventional
systems). The characteristic of a quantum Hall plateau in such measurements is a region
of incompressibility at a fixed value of the filling factor. Compressibility measurements are
plotted as a function of filling factor and magnetic field strength (with the electron density
tuned accordingly to keep the ratio of magnetic field to number density fixed for a given
filling factor). Spin transitions are identified as stripes of negative compressibility crossing the
incompressible regions (see fig. 1.5). The critical magnetic field for the spin transition is simply
the magnetic field at the point where the negative compressibility stripes occur. To obtain
an estimate for E%™, as a first approximation, we make the assumption that the g-factor of
suspended graphene is 2, and the relative permitivity is taken from theoretical estimates in
ref. [142] to be €, ~ 1.8.7 We estimate error bars of +0.001, in units of Coulomb energy.

Concerning the 2nd LL case, we have calculated the thermodynamic extrapolations for both
positive and negative effective field (the negative effective field extrapolations are presented in
fig. 2.3 but the positive effective field results are not shown). The CF theory predictions are
somewhat striking: as can be seen from fig. 2.3 for the negative effective field case, the values
of AE¢c are now negative, with the single exception of the v = 2 + 2/3. For the positive
effective field case we find that AFE¢ is always negative. In other words, with the possible
exception of ¥ = 2 + 2/3, according to the CF theory description of the 2nd LL it is never
energetically favorable to have a non—polarized ground state. For the v = 2 4+ 2/3 our most
accurate prediction for the critical Zeeman energy is EZ" = 0.0028(8). In ref. [21] a spin
transition is indicated at v = 2 4+ 2/3 with a value of E%™ ~ 0.005. Notably, in ref. [20] a spin

transition is indicated at v = 2 + 2/5 which is not predicted by CF theory.

2.3.4 Finite Thickness Correction

In the experimental investigations of the FQHE discussed in refs. [14] and [12], the 2D geometry

is realized in a GaAs—Al,Gaj_,As heterojunction setup. Due to the finite width of the potential

tThe authors of ref. [22] anticipate from experimental evidence that the assumption of g = 2 is accurate,
and it is expected that €, > 1 due to a combination of screening from the substrate and from graphene itself.
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well in heterojunctions, the geometry cannot be considered perfectly 2D and realistic wave
functions must have some finite extent in the direction perpendicular to the 2D plane. The
impact of the finite thickness correction can be calculated simply by modifying the interaction
potential with which we evaluate the ground-state energy. Appropriate modified potentials are
discussed, for example, in ref. [45]. Here we implement the following potential, known as the
Fang—Howard potential, which is applicable to GaAs—Al,Ga;_,As heterojunctions. Note that
this result was derived only for the disc geometry, however in the thermodynamic limit, the

result will be correct for the sphere geometry also.

Vew(r,d) = Vo + / A Vow (e, d) Jo (), (2.13)
0

with

*lo 9 24 + 9kd + (kd)*
¢ 8k  (3+kad)’®

The potential is a function of a thickness parameter d/ly, which characterizes the extent of the
wave function in the dimension perpendicular to the plane; d = 0 corresponds to a perfect 2D
geometry. Note that the value of the background contribution to the potential, Vi, will depend
on this new potential and will not be the same as for the Coulomb potential case. Using this
modified interaction potential we have calculated the ground-state energy in the thermodynamic
limit for a number of different values of d. Graphs showing the thermodynamic extrapolation
of the ground-state energy as a function of the thickness parameter are presented in fig. 2.5.
The value of d for a particular GaAs—Al,Gaj_,As heterojunction can be estimated using

known data about the system (see ref. [33]):

L
d:3<33mzepe> , (2.14)

Wl

2eh?

where m, is the electron effective mass in the GaAs in the direction perpendicular to the
plane of the heterojunction, which is 0.067m.;'* and p, is the areal density of electrons in the
inversion layer. The value must then be expressed in units of the magnetic length ly. Eq. 2.14
applies to systems where there is no magnetic field and where the density of charge carries in
depletion region due to dopants is much less than the density of electrons in the inversion layer.
However, the presence of a magnetic field is not expected to have a significant impact on the
£,33

resul and in the experimental studies we discuss here, the heterojunctions are not strongly

doped, so eq. (2.14) is expected to apply. We will now describe how we estimate a value of d
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Figure 2.5: Theoretical predictions for the critical Zeeman energy per electron due to a finite-
thickness potential Vi (7, d) given in eq. (2.13), plotted as a continuous function of the thickness
parameter d for selected CF states. The negative effective field case is shown in the left panel
and the positive effective case is shown in the right panel. To obtain these curves, we calculate
the energy due to Viy(r,d) for finite sized systems with multiple values of the finite thick-
ness parameter d between 0 and 5 and then perform an extrapolation to the thermodynamic
limit weighted by statistical errors on each data point in each case. We found that a linear
extrapolation scheme provided the most accurate results (the smallest standard deviation for
the thermodynamic value of the Coulomb energy) for the negative effective field case, whereas
a quadratic extrapolation scheme provided the most accurate thermodynamic results for the
positive effective field case. The critical Zeeman energy is calculated using eq. (2.12). The
resulting thermodynamic values are interpolated to obtain the plotted curve. Representative
error bars for a selected data points are drawn at intervals on the plot. Note that the data have
been smoothed between d = 0.2 and 0.3 in order to remove a numerical artifact. The energy is
given in units of €2 /ely and the thickness parameter is given in units of ly.

appropriate for the parameters of each spin transition observed in both the Kukushkin et al.
and Du et al. experiments.

In the experiments of Kukushkin et al. (ref. [14]) the system is set up such that the ratio of p,
to B is fixed by the filling factor, i.e., po = vB™"/¢q (here ¢ is the flux quantum ¢g = hc/e),
and, thus, in eq. (2.14) the value of d is a function of B“". An additional dependence of d
on B enters through the magnetic length. Theoretical predictions for B can be derived
from the values of the critical Zeeman energy given in table 2.1 or, if we consider a system
with non-zero d, from the results presented in fig. 2.5. Clearly, then, the theoretical prediction
for B itself depends on the chosen value of d, estimated from eq. (2.14). For each spin
transition observed in the Kukushkin et al. experiments we determine a theoretical prediction
for the value of d by requiring that the above conditions are self-consistently satisfied. We have

tabulated these self-consistent estimates in table 2.2.

In the experiments of Du et al. (ref. [12]) there are two slight modifications to our estimation
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Fraction Transition CF prediction Kukushkin.et al Du et al ‘
d Eerit d Eerit

2 Ye=1—= % zer, - er_, 1.41  0.0072(7) 0.595  0.0098(7)

2 Ye=12 =0 20r 4 ) o 20F s _n| 0.852  0.0016(5) 1.17  0.0014(5)

3 Ye=1—= 3% 2or, o 2cr , 1.31  0.0060(3) 0.636  0.0076(3)

2 Ye=1—=0 Z2cr_, > 2cr_, 1.30  0.0066(1) 0.776  0.0079(1)

3 Ye=1— 1 2cp, o 20r, 1.45  0.0078(8) 0.646  0.0109(8)

3 Ye=1 =0 zcrg,, - 2cru,, 1.25  0.00050(8) 0.861  0.0057(8)

3 Ye=1—= % zcr, o 2crp,, 1.32  0.0063(4) 0.717  0.0083(4)

3 ve=1 0 2cr - 0k, 133 0.0071(2) 101 0.0079(2)

Table 2.2: The table presents estimates for the finite thickness parameter d in units of [y for
different spin or valley transitions at various filling factors. Transitions are labelled by their
degree of spin polarization 7. [defined in eq. (2.2)]. The estimates are calculated using eq. (2.14)
and experimental data taken from Kukushkin et al. (ref. [14]) or from Du et al. (ref. [12]), as
described in the text. The table also presents modified theoretical predictions for the critical
Zeeman energy per electron in units of e2/elg calculated by using the estimates for d with the
modified potential given in eq. (2.13).

of d. First, in these tilted field experiments the value of p. is fixed at 1.13 x 10! cm™2.
Second, the effective magnetic length due to the in-plane field B** places an additional limit
on the extent of the wave function perpendicular to the plane (since we assume that the wave
function’s extent out of the plane is never wider than its in-plane magnetic length). The
in-plane field can be determined by the requirement that the filling factor is fixed and the
number density of electrons is known, i.e., we require that B = pe¢o/v; the value of the

total field is derived from the prediction of the critical Zeeman energy; the in-plane field B

is given by B| = V/(B*)2 — (B1)2. In fact, since our predictions for the critical Zeeman
energy are relatively small compared to the values observed in Du’s experiment, we find that
our predicted values for B<* are smaller than the values B, consistent with the experimental
electron density and filling factor. It is, therefore, not possible in this case to construct a self-
consistent value for B for any of the spin transitions observed in Du et al.. We can, however,
use the experimentally observed values of the critical field to make an estimate of the value of
d in units of [y for each transition using eq. (2.14). For each spin transition observed in the
Du et al. experiments we determine a theoretical prediction for the value of d either from the
experimentally observed values of the critical magnetic field, or from the magnetic length due
to the in-plane field (whichever is smallest). In practice we find that the magnetic length due
to the in-plane field is typically smaller than the values of d given by eq. (2.14).

In table 2.2 we present our estimates of d appropriate for each experimental setup described
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Figure 2.6: Predicted values for the critical Zeeman per electron modified by the inclusion of
finite thickness effects and measured values for the critical Zeeman energy per electron from
fig. 2.4 plotted against the reciprocal number of filled effective LLs, 1/n. Transitions are labelled
by their degree of spin polarization 7, [defined in eq. (2.2)] and circled sets of points correspond
to the same transition. In the text we explain how the theoretical predictions of the critical
Zeeman energy per electron are calculated, taking into account a finite thickness correction to
the potential appropriate to the conditions of the different experimental systems considered
(all theoretical results presented in the figure are given in table 2.2). Experimental values are
taken from Kukushkin et al. (ref. [14]) and from Du et al. (ref. [12]). We explain in the text
how the experimental values are deduced. (Note that each set of points in the plots occur at
an integer value of n and we have added in left /right shifts for clarity of presentation only.)

in the preceding two paragraphs and we also present the corresponding theoretical predictions
for the critical Zeeman energy per electron calculated using the potential described in eq. (2.13).
In fig. 2.6 we plot the modified results for the critical Zeeman energy per electron given in

table 2.2 as a function of n as in fig. 2.4.

2.4 Conclusions

Comparing measurements from the different experiments (see fig. 2.4 and table 2.1), we con-
clude, firstly, that the Du et al. and Padmanabhan et al. data are in extremely good agreement
with each other, as are the Kukushkin et al. and Feldman et al. data, although the two groups
of experiments measure somewhat different values for the critical Zeeman energy (or critical
valley splitting energy). Each study focused on a very different type of system (spin transi-
tions in GaAs, valley transitions in AlAs and spin transitions in suspended graphene) and the
excellent agreement between different the groups of experiments suggests that spin or valley
transitions may not be very sensitive to the precise details of the system. The Du et al. /
Padmanabhan et al. experiments studied particle-hole conjugate fractions of the Kukushkin et
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al. / Feldman et al. experiments (e.g., 2/3 for Kukuhskin et al. we have assumed is equivalent
to 4/3 for Du et al.). The apparent discrepancy in E%™ between the two groups of experi-
ments suggests that particle-hole symmetry is being broken. Further evidence for particle-hole
asymmetry is indicated in measurements of AlAs valley transitions in ref. [134] (where the
critical valley splitting energy for the 2/3 fraction in AlAs is measured to be ~ 0.004 compared
to 0.013(1) for the 4/3 case). We notice a trend in all sets of experimental data for ES" to
increase with increasing n (excluding the v, = % — 0 transition). The CF theory results tend
to underestimate most experimental measurements, especially for the negative effective field
case and for the v, = 3 — 0 transition at v = 4/7 and 4/9. Furthermore, the trend for Eg"
to increase with increasing n is somewhat weaker in the CF theory predictions than in the
experimental data.

The potential impact of the finite thickness correction, for small values of the thickness
parameter (d < 0.5) and for the negative effective field case, is to increase the differences in the
predicted critical Zeeman energy per particle between the adjacent states typically by 20-30%.
For larger values of the thickness parameter (d > 0.5 ) in the negative effective field case and
for all values of d in the positive effective field case, the predicted critical Zeeman energy per
particle decreases. Based on our estimates of the value of d, given in table 2.2, we conclude
that the finite thickness correction typically lowers the predicted values for the critical Zeeman
energy per electron. We correctly predict that the critical Zeeman energy should be greater
under the experimental conditions of Du et al. compared to the conditions of Kukushkin et al.,
with the exception of the v, = £ — 0 transition at v = 4/7 (see fig. 2.6) and therefore the finite
thickness correction could partly explain the apparent particle-hole asymmetry. Nevertheless,
the finite thickness correction clearly does not account for the discrepancy between the CF
theory predictions and the experimental measurements. In particular it does not apply at all
to spin transitions in graphene, where the Fang—Howard potential does not apply.

Other factors which have been neglected are LL mixing (which could also explain the
apparent breaking of particle-hole symmetry seen in the experimental data), finite temperature
effects, the effect of sample impurities and disorder. We note that in AlAs systems, the effective
mass is known to be anisotropic and, further, it is differently anisotropic in the two lowest
lying conduction band minima (in other words, the cyclotron orbitals in the two valleys are
oval in shape, as opposed to the usual circular orbitals, such that the principle axis of the
oval in one valley is perpendicular to the principle axis of the oval in the second valley).®"

We have completely neglected the band mass anisotropy in our study. For the v = 1/3 case,
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it has been demonstrated that anisotropy has a significant impact on the form ground-state
wave function and ground-state energy compared to a completely isotropic case. 4145 These
conclusions are also expected to hold in principle for the CF theory series of filling factors and
for multicomponent systems, although detailed calculations have not yet been performed.'**
Similar modifications to the wave function are also anticipated for GaAs systems in the presence
of tilted magnetic fields. '?® It is noteworthy that these anisotropy-related effects are anticipated
for both the Du et al. and Padmanabhan et al. experiments, but not for the Kukushkin et
al. and Feldman et al. experiments. Plainly, anisotropy constitutes a potential reason why the
two groups of experiments are not quite in agreement and it merits further investigation.

Another potential source of error is that the precise value for the Coulomb energy in the
thermodynamic limit depends on how one does the extrapolation: linear and quadratic regres-
sion, or regression taking into account the relative errors on each data point, or not. This issue
is particularly acute for the n = 4 case because, according to eq. (2.12), we must multiply
the differences in Coulomb energy by a factor of four to obtain the prediction for the critical
Zeeman energy. We note that our results for the Coulomb energy in the positive effective field
case differ marginally from those found in a previous study (ref. [16]), and the discrepancy
appears to be down to a different extrapolation method used in in that work.

Perhaps the most prominent source of error is the use of CF theory to provide an approxima-
tion to the exact ground-state energy. In appendix D we present some comparisons between CF
theory results for the Coulomb energy and exact results from numerical exact diagonalization
for a number of finite-sized systems. The evidence suggests that CF wave functions calculated
using the approximate LLL projection method outlined in sec. 2.2.3 provide a marginally better
approximation to the exact ground-state when the spin is polarized, compared to when it is
non-polarized. Therefore, the Coulomb energy differences, and hence the CF theory predic-
tion for the critical Zeeman energy, are typically underestimates. This conclusion is consistent
with what we find in our comparison of CF theory results against experimental measurements
(fig. 2.4).

Turning to the results for the analogous states occurring in the 2nd LL, we can deduce an
interesting prediction: it would appear that for n = 4 and n = 3 for both positive and negative
effective field the fully polarized states (?CFi4 and 2CF .3, respectively) lie lower in energy
that any of the non spin-polarized states with the same filling factor. When n = 2, only the
negative effective field case can favor a non spin-polarized ground state. Thus, for states at

filling factors 2+2/5, 2+3/5,2+3/7, 24 4/7 and 2+ 4/9, the prediction of CF theory is that
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2.4. Conclusions

it would not be energetically favorable to depolarize the spin as the field strength is reduced
from its highest value and we would expect to observe no spin transitions at all in these cases.
For the 2 + 2/3 case, where a spin transition has been observed, the CF theory prediction for
the critical Zeeman energy lies close to the experimentally measured value.?! It is notable that
a spin transition has been indicated at filling factor 2 + 2/5, which is inconsistent with the CF
theory prediction.?? In other words, there may be an as yet unknown alternative ground-state
wave function which provides a better approximation to the exact ground state in this case.
An experimental observation of extensive non-polarized behavior at other 2nd LL CF filling
factors might also suggest the existence of wave functions not encompased by CF theory.
Several experimental studies of the spin polarization of FQHE states have focused on the
question of the spin polarization of the v = 5/2 state. 414" From the perspective of CF theory,
the 5/2 state is described by CFs with zero effective magnetic field. Given our above conclusion
that 2nd LL states described by CF theory would tend to favor a spin-polarized configuration,
we speculate that a spin-polarized configuration may also be favorable at 5/2. T This would

be in agreement with exact diagonalizations of smaller systems. '16:148

TThe limiting CF state is a gapless Fermi liquid type state, which is not thought to accurately describe the
quantum Hall plateau at v = 5/2. On the other hand, the Moore-Read state, which is thought to describe
v = 5/2, can be interpreted as BCS pairing of spin-polarized CFs.?7 This is consistent with our conclusion that,
according to CF theory, v = 5/2 is a spin-polarized Fermi liquid.
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CHAPTER 3

Multicomponent Multiparticle

Pseudopotentials

The Haldane pseudopotential construction has been an extremely powerful concept in quantum
Hall physics—it not only gives a minimal description of the space of Hamiltonians but also
suggests special model Hamiltonians (those where certain pseudopotentials are set to zero)
that may have exactly solvable ground states with interesting properties. In most discussions
of fractional quantum Hall effect, one typically assumes that the interaction between particles is
a pair-wise potential V(|r; — rz|) and that the electrons have no additional degrees of freedom
such as a spin or valley index. These two assumptions are ones we would like relax here. In
this chapter,’ we study multicomponent systems interacting via very general N-body potentials
V(r1,s1;r2,82;...rN, sy) where here s; represents the additional quantum number of the Gth
particle. The purpose of this chapter is to generalize the pseudopotential construction to
encompass such situations. Assuming a (spatially) rotationally invariant Hamiltonian, the
essence of the problem is to obtain a full basis of wave functions for N particles with fixed
relative angular momentum L. This basis decomposes into representations of SU(n) with n
the number of internal degrees of freedom. We give special attention to the case where the
internal degree of freedom has n = 2 states, which encompasses the important cases such as
spin-1/2 particles and quantum Hall bilayers.

In sec. 3.1 we review the idea of multiparticle pseudopotentials and we define our problem
in more detail. Our main results for the multi particle multicomponent pseudopotentials are
summarized in sec. 3.2. While our methods are generally applicable to any number of internal
degrees of freedom per particle, we emphasize in particular the most experimentally relevant
multicomponent cases, which are the cases where particles (fermions or bosons) have two,
three, or four possible internal states for interactions between small numbers (2—4) particles.
We present tables for these simple cases indicating the number p of linearly independent wave

functions that exist for N particles having total relative angular momentum L. This specifies

fThe material presented in this chapter is based on the publication S. C. Davenport and S. H. Simon, Phys.
Rev. B 85, 075430 (see ref. [149]).
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CHAPTER 3. Multicomponent Multiparticle Pseudopotentials

a p X p Hermitian matrix of pseudopotential parameters that can be defined for that value of
angular momentum. In this same section we further give the explicit form of these linearly
independent wave functions. Sec. 3.2.2 provides a brief primer on symmetry types and Young
tableaux that is necessary for the description of the extension of this work to higher number
of components, which we give in sec. 3.2.3. In sec. 3.2.4 we also briefly mention some special-
izations of our results to describe systems where the multicomponent degree of freedom arises
from a spin-J particle, or from a combination of spin-1/2 and two-valley components present
in systems such as graphene. Following the results section we give a brief discussion in sec. 3.3
of applications of our results as well as some simple examples.

The main mathematical formalism that derives the results presented here is relegated to

the appendices.

3.1 Review of Multiparticle Pseudopotentials

The concept of two-body, single-component Haldane pseudopotentials is reviewed in chapter 1.
It is worth pointing out again here that, as explained in chapter 1, pseudopotentials in higher
LLs can always be defined directly in terms of the lowest Landau level (LLL) pseudopotentials
using a LL raising operator.'?? This is the case for both Haldane’s original two-body, single-
component pseudopotentials and any multiparticle and multicomponent generalizations. Thus,
by exclusively focusing on the LLL case we will always be able to construct pseudopotentials
describing any higher LL also. Before we introduce multicomponent multiparticle pseudopoten-
tials, it will be insightful to first consider the less general case of single component multiparticle
pseudopotentials, first introduced in ref. [122].

In order to extend two-body pseudopotentials to multiparticle pseudopotentials, we extend
the two-body interaction V(Jr; — rz|) discussed in chapter 1 to a general many body inter-
action potential V' (ry,...,ry), and, for simplicity, we retain the restriction to a rotationally
and translationally invariant system. Analogously to eq. (1.9) the interaction part of LLL
Hamiltonian is written in terms of the N-particle potential as

H= Z V(ry,...,rn).

11 <i2<...<tN

By analogy with Haldane’s original pseudopotential construction, we decompose the wave func-
tion of the N particles into a centre-of-mass and a relative motion (see chapter 1). Further we
would like to write a complete basis for the possible relative wave functions of the IV particles

which we will use for our pseudopotential construction.
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3.1. Review of Multiparticle Pseudopotentials

Determining this complete basis turns out to be the tricky part of the N-body pseudopoten-
tial construction. As in the two-particle case we can use the total relative angular momentum
L of the cluster of N particles as a useful parameter. Again by rotational invariance of the
interaction, L will not be changed by the interaction V between the particles of the cluster.
However, here the parameter L is not sufficient to fully describe the N-particle wave function as
it is in the two-body case [see eq. (1.10)]. We must, therefore, instead write an orthonormal set
of possible relative wave functions |L, g) all having the same total relative angular momentum
between the N-particles. Here the index ¢ runs from 1 to the number of states p(N, L) in the
basis for that given L and N. We will elaborate more on the structure of these wave functions
below.

Given this basis of relative wave functions, we define N-particle pseudopotentials by:
V[(?:EIV: <LaQIV(r1a"'7rN)|Laq/>' (31)

As in the two-body case, by translational invariance of the interaction, we need not specify the
centre-of-mass wave function, |I) in the definition of the pseudopotential. Again, by rotational
invariance of the interaction, the relative angular momentum L must be conserved (the matrix
element is diagonal in this variable). However, there is no need for the matrix element to be
diagonal among the states ¢ with the same angular momentum. Hence for each N and L we
define a p(N, L)-dimensional Hermitian pseudopotential matrix with indices ¢ and ¢'.

The Hamiltonian can be written in terms of these new pseudopotentials via a resolution of
the identity (and making use of the fact that the interaction potential is rotationally invariant
by construction):

H= Y > Lo VEg a(L.q]. (3.2)
i1<...<in L,Lq,q’
where the sum over iy, ..., iy indicates which N particles are considered in a particular term of
the sum and it is implied that |L, ¢) is the relative wave function for that given set of particles
(and |l) is the corresponding centre-of-mass wave function).

We now turn to the issue of determining the basis | L, ¢). These wave functions must be made
of LLL variables and must be overall symmetric for boson wave functions or antisymmetric for
fermion wave functions. Further, the basis states represent relative motion so they should be
translationally invariant (i.e., the centre-of-mass coordinate should not appear).

To be more specific, let us factor out the Gaussian exponential factors throughout the

119,122

discussion (indeed, these factors are geometry dependent anyway . The remaining wave
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function must be a homogenous analytic polynomial of degree L in the variables z; analogous to
eq. (1.10). Translational invariance of the wave function implies that the polynomial must be
invariant under any global shift in all of the coordinates z; — z; +a for any complex number a.
Finally, the wave function must be overall symmetric or antisymmetric for bosons or fermions
respectively.

The enumeration of such polynomials is a task that turns out to be fairly straightfor-
ward. ?21°0 First, we note that the problem of enumerating the antisymmetric wave functions
is essentially equivalent to that of enumerating the symmetric wave functions. To see this
we note that any antisymmetric polynomial in N variables can be written as a symmetric

polynomial in N variables times a Jastrow factor (or Vandermonde determinant) as follows:

N

Ji.n = H (2 — %), (3.3)

i,j=1:i<j
Thus, there is a precise isomorphism between homogeneous symmetric polynomials of overall
degree L and homogeneous antisymmetric polynomials of degree L + N(N — 1)/2.
To establish a complete basis of translationally invariant symmetric polynomials we use the

basis of the elementary symmetric polynomials, which are defined in the following way:

Tiy .- T m< N

m

emn (T1,...,xn) = { 0<i1<iz<..<im<N (3.4)
0 otherwise.
All possible symmetric polynomials in N variables can be written as sums and products of
these generators (i.e., these generate the ring of symmetric polynomials).
To impose the condition that the polynomials are translationally invariant we shift each

variable by the overall centre-of-mass coordinate to give

1 N
21' = Z; — N Z Zj. (3.5)
7=1

By writing elementary symmetric polynomials of the relative coordinates Z;, we then obtain
generators for the ring of translationally invariant symmetric polynomials.'?*!%0 It is easy to

check that
€1,N (21,22...21\1) =0. (3.6)

therefore there is one generator fewer once we impose translational invariance. It can be shown
that the remaining generators e, y (21,22...2n) for 1 < m < N do not vanish and are still

linearly independent. 122150
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Given that we know the generators, with some combinatorics, we can calculate the dimen-
sion dsym (L, N) of the space of translationally invariant symmetric polynomials in N variables
and of degree L. The values of dsym (L, N) are listed in ref. [122]. The analytic formula for
dsym (L, N) is reproduced here in eq. (H.2) in appendix H, and these values are identical to the
spin polarized cases presented here in table 3.1 (see rows with the maximum Sy, value, i.e.,
the top row, for each value of N).

As an example, consider a translationally invariant symmetric polynomial of degree L = 4
in N = 4 variables. From our allowed generators, the only basis states we can construct of
degree L = 4 are given by [e2 4 (21, 22, 23, Z4)]? and ea 4 (21,22, Z3, Z1). Hence, dsym (4,4) = 2 (cf.
table 3.1).

Our objective was to determine a basis for the states |L,q). For bosonic wave functions,
using combinations of these generators, we have found an appropriate basis of translationally
invariant symmetric polynomial wave functions. The basis states given here are not orthonor-
mal, but can easily be orthonormalized. For fermionic wave functions, we simply multiply
these symmetric functions of degree L by a Jastrow factor Jj.  to give a basis for the space of
translationally invariant antisymmetric polynomials of degree L+ [N(N —1)]/2 in N variables.

Having determined our basis of states |L, ¢) it is then a straightforward matter to construct

our pseudopotential representation of any given Hamiltonian using Eqs. 3.1 and 3.2.

3.2 Results for the Multicomponent Case

In this section, we present our main results for the multicomponent case. The essence of
our objective in this section is, analogously to the single component case, to determine how
many different linearly independent N-particle wave functions might exist with a fixed angular
momentum L, and to form a complete basis for these states. For the multicomponent case,
we may be able to classify these states by some additional quantum numbers (such as overall
spin in the case where we are considering the multiple components to be multiple spin states).
While some amount of formalism is necessary in this section, it will be minimized. The more
detailed, and more formal, derivations are left to the appendices.

Very generally, we will consider an N-body interaction Hamiltonian that may depend on
an internal degree of freedom s; (such as spin) of each particle,

H = Z V(r1,s15...5N, SN) - (3.7)

11<12<...<IN
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CHAPTER 3. Multicomponent Multiparticle Pseudopotentials

We will assume that the interaction V is translationally invariant, and rotationally invariant
in positional space (i.e., under rotation of the r variables), but we do not necessarily assume
the interaction is invariant under any particular symmetry of the internal degree of freedom s;
(for example, if we are considering particles with spin, we do not assume rotational symmetry
in spin space).

Analogously to the approach in the spinless case, to decompose this interaction into pseu-
dopotentials, we need to construct a complete set of states for an N-particle cluster. Again
factoring out the centre-of-mass degree of freedom of the cluster, let us write a complete set of

relative wave functions as

|L,q), (3.8)

where L is the relative orbital angular momentum of the cluster and q enumerates all basis
states with this value of L (note that the index q indicates not only different spatial wave
functions but also the different possible configurations of the internal degree of freedom, e.g.,
spin). Given such a complete basis, we can always define the corresponding pseudopotentials

as the matrix elements of the form:
VI = (Lq| V (r1, 1551w, 8) | L) (3.9)

Note that due to the rotational invariance of the potential, pseudopotentials are always diagonal
in L and, due to the translational invariance of the potential, the centre-of-mass degree of
freedom does not appear. This expression is analogous to eq. (3.1) above.

We can now use a resolution of the identity to rewrite the Hamiltonian, eq. (3.7), in the
following general form:

H= > S [Laonviia(L.d

11<...<in L,,q,q

, (3.10)

analogously to eq. (3.2).
Thus, our task in this section is simply to determine the complete linearly independent
basis |L, q) when the particles have an internal degree of freedom.

3.2.1 Two Component Case: Spin 1/2, Bilayers, etc.

We begin with the simplest and most important multicomponent case: the two-component case.

This case applies, for example, to spin-1/2 fermions, such as (unpolarized) electrons where each
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3.2.1. Two Component Case: Spin 1/2, Bilayers, etc.

fermion has two possible internal states (spin-up and spin-down). This case also applies to (spin-
polarized) bilayers, where the layer index (or isospin) corresponds to the two-state system. We
may also consider bosons with two internal states that are frequently referred to “spin-1/2
bosons” (although this nomenclature is not strictly correct). These two internal states could
be two available hyperfine states or two possible layers or any other orbital index. Whatever
the origin of the two possible states, we will use the nomenclature of spin for simplicity. (Note
that in the case of more than two components which we discuss in sec. 3.2.3 below, the language
of spins becomes somewhat less useful.)

In order to describe wave functions that depend on a spin degree of freedom, it is convenient
to work with a basis of states that are eigenstates of spin angular momentum. These eigenstates
are characterized by the spin quantum numbers S and S,, which are the eigenvalues of the
combined total spin angular-momentum operator for N particles, S?, and of the combined
z-component of spin angular-momentum operator for N particles, S, respectively.

Thus, we propose to write a complete basis of states for N spin-1/2 particles with total
orbital relative angular momentum L, total spin angular momentum S?, and z-component of

spin angular momentum S,. We denote this basis as
1L, S, Sz,q) (3.11)

where ¢ runs from 1 to the number of states in the basis (i.e., the total number of states of
N particles having L, S?, and S,). In the language of eq. (3.8), the index q here represents
{S,S.,4q}.

Our first goal will be to determine the dimension of the space of the wave function basis
(the number of ¢ values for a given set of spin eigenvalues and a given N, L, S, and S,), as
has been documented for the spinless case (see eq. (H.2) below or ref. [122]). The results of
our calculation of these parameters for fermionic and bosonic cases are shown in table 3.1. For
each S, there are always 25 + 1 different possible values of S,. The table presents the number
of states for all possible values of S,. (Note that some rows of the table are not labeled with a

spin quantum number Sy son for the bosonic or fermionic case, which means that

Or Stermion:
the corresponding states cannot occur for a two-component system.)

Our second goal is to describe the forms of the basis wave functions. We shall now sum-
marize our results, leaving the details of the derivation of the forms these wave functions take

to Appendices F, G, and H. As in the spinless case, the basis wave functions, of the form

|L,S,S.,q), are equivalent to wave functions describing a small number of spin-1/2 particles.
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L

N A Sfermion  Sboson | (1 55 4567 8 9 10 11 12 13 14 15
[2] 0 1 1 01010101 0 1 010 1 0
[1,1] 1 0 0 10101010 1 0 1 0 1 0 1
3] - 3/2 1 601111212 2 2 2 3 2 3 3
3 [2,1] 1/2 1/2 0 11122233 3 4 4 4 5 5 )
[1,1,1] 3/2 - o 00101111 2 1 2 2 2 2 3
[4] - 2 1 01121324 3 5 475 8 7
(3,1] - 1 0 1122446 6 9 9 12 12 16 16 20
4 , 0 0 0 01021325 3 7 5 9 712 9
[2,1,1] 1 - 0 00112244 6 6 9 9 12 12 16
[1,1,1,1] 2 - 0 00000101 1 2 1 2 4 3
[5] - 5/2 1 01122335 5 7 7 1010 13 14
[4,1] - 3/2 0 11234681013 16 20 24 29 34 40
[3,2] - 1/2 0 0112356 9 11 15 18 23 27 34 39
(3,1,1] 1/2 - 0 0011336 7 11 13 18 21 28 32 41
[2,1,1,1] 3/2 - 0O 0oo0011 2 3 4 6 8 10 13 16
[1,1,1,1,1] 5/2 - O oooooooo0 o0 1 01 1 2 2

Table 3.1: Dimensions of the polynomial spaces: the number of independent parameters oc-
curring in the spatial part of the wave function at degree L for quantum Hall states containing
N particles and with symmetry type A. Where applicable to the two-component case, which
is described in terms of spin eigenfunctions, we list the spin eigenvalues S corresponding to
either a fermionic (Sgepmion) OF @ bosonic (Speon) Wave function. For each S listed there will
be 25 + 1 possible values of S,. The symmetry types labeled by A are introduced in sec. 3.2.2.
We explain in the text that not all symmetry types A correspond to a spin eigenvalue Stormion
or St osons and we indicate these cases by a dash in the table.

Compared to the spin-polarized case, these basis wave functions are now composed of both a
spin part and a spatial part.

Once we have our complete basis, the set of spin pseudopotentials can be defined as in

eq. (3.9):
Vo 05 = (0, 8,8,V (r1, 815 5vw, 58) |L, S, S5, ')

Using these spin pseudopotentials we can now write down an expression for the Hamiltonian
eq. (3.7) in the general form described by eq. (3.10).

As always, rotational invariance in the plane ensures that the Hamiltonian is diagonal in
L. If the system is spin-rotationally invariant then the Hamiltonian is also diagonal in the
eigenvalues S and S,. For a more general interaction however, the Hamiltonian might not be
spin-rotationally invariant, but, nonetheless, it is still convenient to decompose the interaction
using the spin basis.
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3.2.1. Two Component Case: Spin 1/2, Bilayers, etc.

We now turn to the explicit construction of our complete set |L, S, S,,q). A wave function
for fermions must be overall antisymmetric, whereas a wave function for bosons must be overall
symmetric. However, the wave functions we consider are a combination of both a spin and a
spatial part, and only the combination of the two parts needs to have the overall fermionic or
bosonic symmetry. The spatial and spin parts of the wave function can have more complicated
symmetry as long as the two parts are appropriately sewn together and the combination has
the correct overall symmetry. In fact, there is a direct correspondence between the type of
symmetry and the spin quantum number S. The mathematical structure of forming this
combination is discussed in detail in appendix F below. Here, however, we shall simply present
the results of this procedure.

The presentation of our results is divided into two parts: first we shall introduce primitive
polynomials, which are the lowest-degree polynomials corresponding to a particular type of
spatial symmetry type for a set of N particles; second we shall describe how to use these
primitive polynomials to construct a spatial function of arbitrary degree that still corresponds
to a particular symmetry type. Each allowed spatial symmetry corresponds to a particular spin
eigenvalue for the N particles. Merging a spatial wave function of a given symmetry type (a
given spin quantum number) with a corresponding spin wave function will give an overall wave
function with the appropriate fermionic or bosonic symmetry. In a moment we shall discuss
how the spatial and spin wave functions are merged.

In Tables 3.2 and 3.3 we list what we have termed primitive polynomials, 8y, of degree L.
These polynomials are written in terms of symmetric polynomials of the form of eq. (3.4) in
terms of the relative coordinates as in eq. (3.5). Now, however, we frequently need to write
symmetric polynomials in fewer than all N of the Z variables. For compactness, we shall use

the following short-hand notation:
em,i1i2i3...ip =E€m,p (2“ ) 2i27 2’537 ) 221)) . (312)

Note that we will always take Z; to have the centre of mass of all N particles subtracted off [as

in eq. (3.5)] independent of the value of p. So, for example,
2,245 = €2,3(%2, 24, Z5) = ZoZ4 + ZoZs + Z47Z5.
We also use the short-hand notation for Jastow factors,

iy iy = H (Zx — 1), (3.13)

klef{ir...ip k<l
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A Sfermion | Primitive Polynomials
A Stermion | Primitive Polynomials 3] _ 1
[ } [27 1] 1/2 ﬂl J12
[1,1] 1 Ji2 B2 = Jiz(e1,12)
(a) N = [1,1,1] 3/2 J123
(b) N =3
A Stermion Primitive Polynomials
[4] - 1
B = Jiz
3,1] - B2 = Jiz(e112)
Bs = Ji2 (3Z3e1,12 + €1 19 — €212 + 373)
= J1oJ.
[2’ 2] 0 52 12434 )
Ba = JiaJ34(€] 12)
B3 = Ji23
2,1,1] 1 Ba = Jias(e1,123)
Bs = Ji2s(e2,123)
(1,1,1,1] 2 J1234
(c) N=4

Table 3.2: Primitive polynomials 7, of degree L for construction of fermion wave functions,
listed by their symmetry type A. Note that for compactness we use the notation e i4,..,
defined in eq. (3.12) to be the elementary symmetric polynomial of degree m in the p vari-
ables z;,, ..., z;,, and we similarly write Jastrow factors on p variables as J;, ;, as defined in
eq. (3.13). The column labeled Sgeppion is in reference to the case of spin-1/2 (two component)
particles only; entries labeled with a dash do not occur for the spin-1/2 case. The symmetry
type A pertains more generally.

so, for example,
Jiza = (21 — 23) (21 — 24)(%3 — Z).

Multiplying an N-particle spatial wave function by any fully symmetric translationally
invariant polynomial does not change its symmetry type. Omne can, thus, construct spatial
wave functions with a given symmetry type and relative angular momentum L by multiplying
a primitive polynomial by any fully symmetric (in all N variables) translationally invariant
polynomial such that the combined polynomial degree of the resultant product is L. Thus, the
most general spatial wave function of a particular symmetry and a particular relative angular
momentum L is a linear combination of these products of translationally invariant polynomials
times primitive polynomials giving a homogeneous polynomial of degree L.

We shall now demonstrate how to use the primitive polynomials via a simple example.

Consider a three-particle electron wave function with total spin eigenvalue S = 1/2. For
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A Shoson | Primitive Polynomials
A Syoson | Primitive Polynomials 3] 3/2 1
2] 1 1 2,1] 1/2 B = e1,12
[1,1] 0 Jio ' Bo=e€3 15+ 2212
(a) N — L1, | Jues
(b) N =3
A Shoson Primitive Polynomials
[4] 2 1
B1 = e1,123
[37 1] 1 B2 = (6%7123 + 62,123)
B3 = (e1,123€2,123 + 3€3.123)
2,2] 0 B2 = (6%’12 +2e3,12 + 262,34)
Ba = (ef 1o +4dea10e] 15 + dea 34€] 15 — 2€3 15 — 2€3 34 — 12€5,12€234)
Bs = 3Z3e1,12 — Zgei 15 + 2Z3€2,12 — €5 15 + €1,12€212 + 275
21,1 - By = %g’el,lz - 3%%6%12 — égie‘rf,lg + 62;161’1262,12 + 33 122,12
Bs = Zse] 1o + 325€3 15 + 225€F 1y — 4Zze010€7
—623eg,10€1,12 — 473€5 15 — 425€2,12 — €2,12€7 15 — 2€3 15€1,12
(1,1,1,1] - J1234

(c) N =4

Table 3.3: Primitive polynomials 8y, of degree L for construction of boson wave functions, listed
by their symmetry type A. As in table 3.2, the symbol e i,4,...5, is defined in eq. (3.12) and
Ji,...i, is defined in eq. (3.13). The column labeled Sy),qyy, is in reference to the case of spin-1/2
(two component) particles only; entries labeled with a dash do not occur for the spin-1/2 case.
The symmetry type A\ pertains more generally.

relative angular-momentum eigenvalue L = 1 we construct from the relevant entry in table 3.2

the only possible degree 1 polynomial conforming to this type of symmetry, namely
B =Jiz = (21 — Z2). (3.14)

For L = 2 we can use the information in table 3.2 to construct the valid degree 2 polynomials
conforming to this type of symmetry. Note that, due to eq. (3.6), e1,123 = 0, and so we cannot
construct an degree 2 polynomial from Jio (which is degree 1) multiplied by any degree 1
translationally invariant fully symmetric polynomial. The only possibility according to table 3.2

is the second primitive polynomial:

B2 = Jise112 = Ji2 (21 + Z2) .
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For L = 3 we can have only the polynomial given by multiplying the L = 1 result by a fully

symmetric translationally invariant polynomial of degree 2
(21 — %2) e2,123.

For L = 4 we can have either the L = 1 primitive polynomial multiplied by a translationally
invariant fully symmetric polynomial of degree 3 or the L = 2 primitive polynomial multiplied
by a translationally invariant fully symmetric polynomial of degree 2. The most general result

is a linear combination,

(21 — Z2) [Ares,123 + A2 (21 + Z2) e2.123] ,

with two arbitrary coefficients, A; and As. Equivalently, we have two linearly independent
basis states in the space of spatial wave functions. At each polynomial degree the number of
linearly independent basis vectors appearing in these polynomials is precisely the dimension
appearing in table 3.1: in this case 0,1,1,1,2,..., for polynomial degrees L = 0,1,2,3,4,...,
and so on. Since all fully symmetric translationally invariant polynomials are generated by
e2,123 and e3 123, the most general spatial wave function with relative angular momentum L is,

thus,

= = l m ~ ~ ! I m’
(21— Z2) { E Aimes 193€5103+ (21 + 22) E Alm€2123€5123 (5
2[+3m=L—1 ' +3m/=L—2

where the total number of coefficients A;,,, and A}, , appearing in the wave function takes the
value given in table 3.1.

To generate the complete basis wave functions we must combine the spatial wave function
with a spin wave function. In this procedure, we follow ref. [151]. We shall define a primitive
spin wave function 9; of a many-particle system to be an eigenfunction of the S, operator
of every particle in the system. For example, |1{171]) is a primitive spin wave function for
five particles. We imagine ordering all of the primitive spin wave functions in lexicographical
order (an alphabetical, or last letter sequence ordering scheme), so the first primitive spin wave

function (first in the sense of this ordering scheme) is given by

91 (N, 5.) = [t ... L), (3.15)

where the number of spin-up particles minus the number of spin-down particles times 1/2 is
equal to the total S, eigenvalue:
1

70



3.2.2. Introduction to Symmetry Types

To combine our spatial wave function with a spin wave function, we take a spatial wave
function corresponding to the spin eigenvalue S (i.e., a primitive polynomial in table 3.2 or
table 3.3 times any translationally invariant symmetric polynomial) and then multiply this by
the first primitive spin wave function with any valid S, eigenvalue for that particular S eigen-
value. To recover the complete basis wave function we simply antisymmetrize (for fermions) or
symmetrize (for bosons) the resulting combination in all of the coordinates.

Continuing with our example, let us consider the case of N = 3 where the spin eigenvalue
is S, = 1/2. At degree 1, for example, we multiply the spatial wave function eq. (3.14) with

the first primitive spin wave function [11]) to construct
) (21 — Z2) . (3.16)
By antisymmetrizing in all the particle coordinates, we then find the three-body wave function,
IL=1,85=1/2,8.=1/2) < 2[11]) (21 — Z2) = 2|N1) (&1 — Z3) + 2[{11) (22 — Z3) . (3.17)

Note that we do not write an additional ¢ index here [as in eq. (3.11)] since there is a unique
wave function with this value of NV, L, .S, S,. Note also that this wave function is not normalized
(and normalization depends on an inner product that depends on whether the geometry is on
the sphere, plane, or torus ). We can obtain a similar wave function with S, = —1/2 by simply
following the same procedure with the primitive spin wave function |1]J). An identical result
is obtained by instead applying the spin lowering operator S~ = > S‘; to eq. (3.17).

To give another example briefly, to create a bosonic wave function of four particles with
angular momentum S = S, = 1 we look at table 3.3 under N = 4,5 = 1. The listed spatial
polynomials (such as ey 123 = Z1+22+23) can be multiplied by any overall symmetric polynomial
(which does not change their symmetry). The spatial wave function must be then multiplied by
the appropriate first primitive spin wave function |111]), and, finally, the entire wave function
should be fully symmetrized over all particles.

The prescription laid out here so far is sufficient to construct a complete basis of states of
a two-component system of N particles having overall relative (orbital) angular momentum L

and spin quantum numbers S and S, .

3.2.2 Introduction to Symmetry Types

In the above section we explained briefly how we take spatial and spin wave functions of

certain symmetry types and sew them together to make a wave function with overall bosonic
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or fermionic symmetry. In this section we briefly explain in more detail precisely what we
mean by a symmetry type. While it is not essential to understand this material in order to
follow the construction of the previous section, in the more complicated cases of the next two
sections where there are more than two components to the wave function (e.g., spin-1, spin-
3/2, graphene with spin and valley, etc.) it becomes more crucial to understand the concept of
symmetry type. The information contained in this section is standard mathematics, reviewed
here briefly for convenience. See, for example, ref. [152] for a more detailed discussion.

A key intellection we use to describe our basis wave functions is the concept of a symmetry
type or antisymmetry type of a wave function (the original method was introduced in ref. [153]).
These symmetry types are intimately related to irreducible representations of the symmetric
group (the group of permutations of NV objects). Such irreducible representations are visualized
by Young frames (closely related to Young tableaux), a series of N boxes arranged in left-
justified rows and columns (a more detailed description of the representation theory of the
symmetric group and of Young tableaux is provided here in appendix E). We shall denote the
shape of a frame containing IN; boxes in the ith row by A = [Ny, No,...] with N; > N; > 0
if i < jand N =), N; . Thus, the shape of each frame represents a unique partition of the
integer N into pieces [N, No,. . .].

We will use the term conjugate to refer to Young frames related by a reflection along the

diagonal, for example, the following frame of shape A = [3, 1],

is conjugate to the following frame of shape A = [2,1,1],

Representations of the symmetric group associated with conjugate Young frames are called
contragradient representations. We will use the notation A to denote the conjugate Young
frames (or integer partition) to .

We now explain how Young frames can be used to describe the permutation symmetry of
a function. Given a Young frame A = [Ny, No,...], being an integer partition of N, we say
a function has normal form with symmetry X if (a) it is symmetric in the first N variables,
symmetric in the next Ns variables, symmetric in the next N3 variables, and so forth, and
(b) we cannot use permutation and linear combinations to construct a nonvanishing function

that is symmetric in greater than N; variables, we cannot use permutation of the variables

72



3.2.2. Introduction to Symmetry Types

Ni+1,..., N and linear combination to construct a nonvanishing function which is symmetric in
greater than N of these variables, we cannot use permutation of the variables Ny+No+1,... N
to construct a nonvanishing function symmetric in greater than N3 of these variables, and so
forth. In other words, permutations and linear combinations cannot make the function any
more symmetric than it already is. By permutation and linear combination any function can
be brought to normal form to clearly show its symmetry type (a detailed method of reduction
to normal form is given in ref. [152]). Antisymmetry type is entirely analogous except that one
should replace the word symmetric with antisymmetric in the above definition. A nontrivial
theorem is that any function that has symmetry type A\ also has the conjugate antisymmetry
type, denoted by \.152

One can check that the polynomials given in table 3.2 and table 3.3 are listed by symmetry
type. For example, in table 3.3, the N = 4 primitive polynomials of symmetry type [2,2]
are clearly symmetric in the first two variables [which are z; and z3, bearing in mind the
definitions given in eq. (3.5) and eq. (3.6)] and then also symmetric in second two variables (z3
and z4). Further, any attempt to symmetrize in four variables (z1,...,z24) will vanish [using
eq. (3.5)]. Thus these entries are in normal form. For table 3.2 the symmetry type is sometimes
less obvious (it is not in symmetric normal form), but the antisymmetry type is evident (the
polynomials are listed in antisymmetric normal form). For example, symmetry type A = [2,1, 1]
must be equivalent to antisymmetry type A = [3,1]. The polynomials labeled by A = [2,1,1]
in table 3.2 are indeed antisymmetric in the first three variables (z1,...,23) and attempts to
antisymmetrize in four variables (z1, ..., z4) will fail.

Having defined symmetry type, the general procedure to create a wave function with bosonic
symmetry involves sewing together a spin and a spatial wave function of the same symmetry
type. Similarly to create wave functions of fermionic symmetry one must sew together spin and
spatial wave functions with conjugate symmetries. The details of this procedure are presented
in appendix F (see also ref. [151]). Here we shall simply state a few key results derived in that
appendix. The first result is that, for a two-component system, the spin wave functions of a
particular symmetry type are in one-to-one correspondence with spin eigenfunctions, that is,
such functions are eigenfunctions of the 52 operator. For example, the following function is an

eigenfunction of $2 with eigenvalue S = S, = 1 /2:

75 21114 = [141) = [111) -

This can be shown by explicitly applying an 52 operator. One can also check that this function
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has symmetry type [2, 1], since it is symmetric in the first two arguments. In order to generate
a fully antisymmetric combined spin and spatial wave function, the procedure is to combine the
above spin wave function with a spatial wave function of conjugate symmetry type and then
antisymmerize the resulting construction. To generate a symmetric combined function, we
associate that spin eigenfunction with a spatial function of the same symmetry type and then
symmetrize that construction. If, for example, we wanted to generate a three-electron wave
function then the corresponding spatial part would be a polynomial of conjugate symmetry
type [2,1] (note that [2,1] is self-conjugate).

The second key result shown in appendix G and in ref. [151] is that, for a two-component
system, the result of the construction procedure described in the previous paragraph can be
obtained by using just the first primitive spin wave function [defined in eq. (3.15)] instead
of the full spin eigenfunction. The simplest construction procedure is then to associate a
spatial function of a given symmetry type with a first primitive spin wave function only, and
then to (anti-) symmetrize or symmetrize that result to obtain an overall (anti-) symmetric
combined spin and spatial wave function. The reason for this simplification lies with the (anti-)
symmetrization operation: as long as the spatial part corresponds to a particular symmetry
type, the (anti-) symmetrization procedure will automatically impose the correct symmetry
type on the spin part.

Once we have more than two components in the wave function (higher spin, or multiple
spins and valley degrees of freedom) this simplification no longer fully holds, nevertheless our
guiding principle is to try to specify a (generalized) spin wave function of the simplest possible
form, which can be associated with a spatial wave function of a particular symmetry such that
the result of (anti-)symmetrizing that construction is an appropriate basis wave function.

A system built from N particles with n multiple components is described mathematically by
the irreducible representations of the Lie algebra of the group SU(n). For example, we refer to
spin-1/2 particles as being described by representations of the Lie algebra of SU(2). Irreducible
representations of SU(n) are in correspondence with a subset of irreducible representations of

152 and, hence, the symmetry types. The simplest way to

the symmetric group of N objects
visualize this correspondence is via Young frames associated with these irreducible representa-
tions. The set of Young frames describing the irreducible representations of SU(n) corresponds
precisely to the subset of symmetric group Young frames containing no more than n rows; the

corresponding set of conjugate Young frames contain no more than n columns. There is a

corresponding restriction on the possible symmetry types that can be used, for example, in the
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case of a two-component system the possible symmetries of the spin and spatial wave function
are restricted to being symmetric or antisymmetric in two subsets of particle indices. Hence, in
table 3.3 where bosons are considered the only allowed symmetry type for the two-component
case (spin-1/2 case) are those where there are only two columns of the frame A, whereas in
table 3.2 where fermions are considered the only allowed symmetry type for the two-component
case (spin-1/2 case) are those where there are only two rows of the frame A (or two columns of

the conjugate frames).

3.2.3 Extension to Systems with n Components

Having described the general properties of symmetry types, we shall now turn our attention to
systems containing n components. In this case the possible symmetries of the spin and spatial
wave functions are symmetric or antisymmetric in up to n subsets of particle indices. The cor-
responding symmetry types are A = [Ny, Na, ..., N,| (for bosons) or conjugate symmetry types
A (for fermions). In order to generate a complete basis for interactions with multicomponent
symmetry, we have chosen to decompose the interparticle interaction into a basis of all the
possible combinations of symmetry types that the spatial and spin wave functions can have.
The forms of the spatial wave functions remain translationally invariant analytic polynomials.
In table 3.1 we have listed the dimensions of the space of polynomials for an n-component
system (n possible values of the internal degree of freedom) for N < 5 particles. The dimensions
are labeled by the symmetry type A of the corresponding pseudopotential basis functions.
Additionally, primitive polynomials for all symmetry types with N < 4 are listed in table 3.2 and
table 3.3. We stress that not all symmetry types are available to a given n-component system—
such a system can only be classified into symmetry types of the form A = [Ny, Na, ..., N,] (for
bosons) or conjugate symmetry types A (for fermions). In particular, for the two-component
case, one can see that only certain symmetry types are allowed depending on whether the system
is bosonic or fermionic (e.g., the fully symmetric [3] type is not allowed for three fermions).
In order to construct complete basis wave functions, we also require a modified spin eigen-
function to describe the multiple internal degrees of freedom. We shall refer to this wave
function as a generalized spin wave function. When a particle has an internal degree of free-
dom s, let us notate the different possible values of this degree of freedom by «, S, v, and so on.
The notation can be interpreted, for example, in the two-component case of spins as, a = [1)
and # = ||); but now there n possible values that our parameter can take. For a multiparticle

system with multiple internal degrees of freedom, we similarly define primitive generalized spin
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wave functions such as

¥ = |alpPa) . (3.18)

It is useful to define the index A, which represents the list { Ny, Ng, ..., N¢} of how many times
each type each component (a,f,...) occurs in the primitive generalized spin wave function.
So, for example, in the primitive generalized spin wave function |aary) for three particles we
have the index A, = {2,0,1}.

A consequence of the increased number of component degrees of freedom is that the complete
wave function can no longer be generated solely by using a so-called first primitive generalized
spin wave function [first in the sense of a lexicographic ordering scheme, in analogy with
eq. (3.15) for the two-component case]. Instead, we consult a list of the primitive components
that occur for each symmetry type in order to generate a complete basis. These results are
presented for the case of three-component and four-component systems in table 3.4.

As an example, consider the three-component N = 3, A = [2,1], and A\, = {1,1, 1} state.
From table 3.4 we see that there is a choice of two possible primitive generalized spin wave
functions, |af7) or |ay53). Using these functions to construct a complete basis wave function
will generate two orthogonal wave functions. (An interesting aside is that the three-component,
N = 3, generalized spin wave functions are identical to the colour wave functions describing
baryons in the SU(3) quark model; see, for example, ref. [154].)

The problem of constructing n-component N-particle wave functions with prescribed sym-
metry is equivalent to the problem of constructing tensor products of N fundamental irreducible
representations of the Lie algebra of SU(n). We shall explain the mathematical details of that
procedure in appendix E. Our general aim is to decompose our parameter space of wave func-
tions into a basis of wave functions labeled by irreducible representations of the Lie algebra of
SU(n). We shall describe the general method for selecting the appropriate primitive generalized
spin wave functions in appendix G. Due to symmetry arguments, note that it is not possible
to construct linear combinations of certain types of primitive generalized spin wave function
corresponding to certain symmetry types. For example, it is clearly not possible to generate a
fully antisymmetric generalized spin wave function from |«... ).

The method to construct a full basis wave function is similar to the two-component case:
first we choose a primitive generalized spin wave function from table 3.4, corresponding to
a given symmetry type A and having a given A\,. For a boson wave function we construct

a polynomial corresponding to a symmetry A and at a given degree L using the primitive
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polynomials in table 3.3. The full basis wave function is generated by putting these two parts
together and then fully symmetrizing. To obtain a fermion wave function, we would instead
construct a polynomial corresponding to a symmetry type A using the primitive polynomials
given in table 3.2, and the complete basis function is given by fully antisymmetrizing. We shall
explain how these results were derived in Appendices F, G, and H.

To obtain the total size p(IV, L) of the space of pseudopotentials, |L, q), for a given L, we
need to include both the number of polynomials p(N, L, A) with a given symmetry type A and
the number of generalized spin wave functions for that same A but with different values of A,
(for example, in the two-component case the spin wave functions have 25 + 1 values of S,).
For clarity, let us discuss an example: a system of N = 4 bosons with n = 3 components. Say
that we want to construct the basis space of wave functions for an interaction at L = 4. The
general form of the basis wave functions is |L = 4, q). In this case, the possible symmetry types
that the wave function can have are A = [4], [3,1],[2,2], and [2,1,1]. Looking at table 3.1, the
wave functions with these symmetry types have the respective polynomial space dimensions
of p(4,4,[4]) = 2, p(4,4,[3,1]) = 2, p(4,4,[2,2]) = 2, and p(4,4,[2,1,1]) = 1. Further, the
corresponding dimensions of the space of generalized spin wave functions are given by counting
all of the primitive generalized spin wave functions in table 3.4, which are respectively 15, 15,
6, and 3. The total dimension of the space of L = 4 pseudopotentials, that is, the total number,
p(N, L), of possible values of q, is, thus, 15 x 2+ 15 x 2+ 6 x 2+ 3 x 1 = 75. Each of these
basis wave functions is obtained by multiplying the spatial part of the wave function by the
generalized spin wave function and symmetrizing (for bosons in this case). The pseudopotential
matrix at L = 4 would then be a 75-dimensional Hermitian matrix!

In a system with n components, if the Hamiltonian has full SU(n) symmetry, then the

pseudopotential Hamiltonian, eq. (3.10), will be diagonal in both A and A, variables.

3.2.4 Further Specializations: Spin-J and Spin+Valley in Graphene

Often when we consider particles with n internal states (components), these multiple states may
have arisen from particles that had spin J = (n — 1)/2. If the Hamiltonian is spin-rotationally
invariant, then it is very useful to consider a set of basis wave functions that are eigenfunctions of
S? and S, such that the Hamiltonian, eq. (3.10), is diagonal in these variables. More generally,
a particle may have several different internal degrees of freedom. A particularly important
example of this is graphene which has two spin states and two valley states resulting in four

possible internal states. The Hamiltonian may have full SU(4) symmetry or, for example, it
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could be symmetric only under the SU(2) rotations of the spin.'%*"1°7 In the case where the
system has an SU(2) spin rotational symmetry in each valley [but not the full SU(4) symmetry]
it is useful to decompose these states into their S? eigenstates to exploit the symmetries of the
problem as much as possible. Specializations of multicomponent pseudopotentials to both such

systems are discussed in detail in ref. [149].

3.2.5 Tables

All of the results presented in the tables here have been generated using a MATHEMATICA-
based computer program.'®® The program is capable of producing spatial and generalized spin
wave functions for systems of up to N = 6 and for an arbitrary number of components, although

we only have space to give a selection of results for the most relevant cases here.

3.3 Conclusions

The main result of this chapter is the enumeration of the space of N-particle wave functions for
bosons or fermions with internal degrees of freedom such as spin (i.e., multiple components).
These wave functions can be used as a basis for writing pseudopotential coefficients to param-
eterize physical problems, as, for example in refs. [117, 127, 159]. The formalism developed
in this chapter has subsequently proved particularly useful in the development of analytical
and, to some extent, numerical methods for determining Landau level mixing corrections to

49-51 where it is found that pseu-

the pseudopotential coefficients in the LLL and second LL,
dopotentials for two-body and three-body interactions in each spin channel (i.e., S = 0,1 for
two-body and S = 1/2,3/2 for three-body) need to be taken into account (see chapter 1 for a
brief definition of LL mixing). Most importantly, however, determining such a complete basis of
pseudopotentials strongly suggests much of the physics of wave functions that can be generated
with model interactions.

To elaborate on this last point, let us return to the spinless (single component) case for
a moment, and for simplicity, let us consider bosons. In the case of N = 3 body interaction,
there are three-body wave functions with L = 0,2,3,4, ... (this can be read off from the table
in ref. [122], which is identical to the N = 3 fully symmetric A\ = [3] case of table 3.1 here).
One can consider a family of model Hamiltonians that successively gives each of these terms

some positive energy. %0 For example, if L = 0 is given positive energy (i.e., there is a nonzero

pseudopotential coefficient Vz—o y—3) and no other potential energy term is in the Hamiltonian,
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then it can be demonstrated that the highest density zero-energy ground state is the Moore—
Read Pfaffian wave function, which has the property that when three particles approach each
other, the wave function vanishes as L = 2 powers (since L = 1 is forbidden).? One can then
consider adding a positive energy for L = 2 as well (a positive pseudopotential Vi—2 y=3),
which results in the gaffnian as its ground-state wave function,?’ where the wave function
vanishes as L = 3 powers when three particles approach each other. One can continue by
adding positive energy for L = 3, resulting in the Haffnian, ! which then vanishes as L = 4
powers when three particles approach each other. |

For higher L the situation becomes somewhat more complicated for several reasons (see
refs. [160] and [162]). First, there can be several wave functions with the same value of L (e.g.,
two such N = 3 wave functions at L = 6), so specifying L alone does not fully characterize the
wave function. Second, it is possible that a Hamiltonian that forbids all L < Ly for clusters
of N particles can have a ground-state wave function where L > Lg for clusters of N particles
rather than L = Ly (see, for example, the discussion in ref. [160]). Nonetheless, the general
idea that one can dictate the vanishing properties of a wave function by appropriately choosing
nonzero pseudopotentials remains a powerful approach both to understanding the properties
of quantum Hall wave functions and to generating new and interesting trial states.

To generalize this approach to the multicomponent case, if one is interested in two com-
ponent (spin-1/2) quantum Hall states, for, say, bosons, we can look at table 3.1 and quickly
see what kind of pseudopotentials are possible, which then also suggests what kind of wave
functions might occur. In the simplest case we might consider two-body interactions. Trivially,
in this case (looking in the N = 2 rows of the table), we see that even L occurs in the triplet
channel (S} ogon = 1), whereas odd L occurs in the singlet channel (S},og0, = 0). Choosing to
give positive energy (positive pseudopotential coefficient) to all L < m (triplet) even and all
L < n (singlet) odd generates the Halperin ground state (ref. [15] and see also chapter 1).

Let us now move on to three-body interactions and, for simplicity, let us still consider spin-
1/2 bosons. In the spin polarized (S} ugon = 3/2) channel we see exactly the same structure
we did for spinless bosons; wave functions occurring at L = 0,2,3,4,... (N = 3,5 = 3/2
line of table 3.1). In the Spugon = 1/2 channel, on the other hand, we see wave functions at

L=1,23,.... Asimple example of a three-body Hamiltonian is one that forbids L = 0 in the

fThe nomenclature for these wave functions has an interesting history. While Paffian is named after a person
(Johann Friedrich Pfaff), and Haffnian (a misspelling with two fs) is named after the latin name, “Hafnia”, for
Copenhagen, a name given to it in ref. [161] (the same origin as the element Hafnium), the word gaffnian is
an alphabetical interpolation between these according to the wave function’s vanishing power, i.e., Pfaffian,
gaflnian, Haffnian (see ref. [122]).
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polarized (Spogon = 3/2) channel (a positive V]f::ogf\?:g only); such a Hamiltonian generates the

k = 2 NASS state as its ground state.'”'°! As one might suspect, this wave function vanishes
as L = 2 powers when three particles come together in the S} g0, = 3/2 channel and vanishes
as L = 1 power in the Sy o, = 1/2 channel. These are the lowest powers on the table that
are not explicitly forbidden by the Hamiltonian.

By similarly examining the tables we can easily propose new wave functions that generalize
those already discussed, and we may even be able to guess at the model Hamiltonians that
generate these wave functions as their ground states. For example, generalizing the k = 2
NASS state we might propose to forbid the lowest powers that are not forbidden by the NASS
Hamiltonian, i.e., we choose to forbid N =3,5 =3/2, L =2 and the N =3,S=1/2,L =1 1in
addition to the N = 3,5 = 3/2, L = 0 of the NASS wave function. We might guess that the
resulting wave function should vanish L = 3 powers when three particles come together in the
S = 3/2 channel and as L = 2 powers when three come together in the S = 1/2 channel. Such
a wave function, a spin-singlet generalisation of the gaffnian, will be the subject of chapter 4
(see also refs. [163] and [159]). Another possible direction is the generation of wave functions
that mix N and N’ body multicomponent interactions; for example, the double Pfaffian wave
function discussed in ref. [99] is the ground state of the sum of a three body interaction and a
two body interaction.

The examples discussed here are only a fraction of the model Hamiltonians that have
been discussed in the literature.?!79%101-104,119-121,125 Qince the language of multicomponent
pseudopotentials is arbitrarily general, all of these model Hamiltonians can be rephrased into
this language. In many cases it is quite obvious from looking at our tables what vanishing
behaviors for N-particle cluster are being forbidden and what the resulting properties of the
corresponding ground-state wave functions should, therefore, be (albeit rigorous proofs of these
correspondences may be more tricky). Because of the added richness of the multicomponent
case over the single component case there are certainly a far wider variety of possible model
Hamiltonians and model wave functions to be explored. Potentially we may even find some
new physically realizable multicomponent wave functions with interesting braiding properties

that can be exploited for quantum information processing.?
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A | Set of Primitive Generalized Spin Wave Functions | Counting
2] laa) , |af),|av),188),167) 1) 6
[1,1] laf),lav),[By) 3

(a) Three-component N = 2

A Set of Primitive Generalized Spin Wave Functions Counting
B8] | laaa),|aaB),|acy),|eBB) . |aBy),layy),[BBB) 1867),1Bv) ) 10
[2,1] laap), laay), [aBB), aBy) , lavB) , lavy) ,1887) , |Bvy) 16 =8 x 2
[1,1,1] laB) 1
(b) Three-component N = 3
A Set of Primitive Generalized Spin Wave Functions Counting
oy | leean) Jacad) Jaaas) Jaads) [aady) Jaars)  [adBn). -
[aBBY) laBy) s levyy)  1BBBB) ;1BBBY) + 1B8vY) - 1By} s lvy)
a1 | 1008 Jaaas) faadB) aa) JacyB). Jaar) JaBRR) Jasi) . | o o o
’ BB By s levyB) s layyy) , 1BBBY) , 1BBYY) « 1Byv)

[2,2] laa3B) , laafy) , laayy) , laBBy) , laByy) , |BBY7) 12=6x2
2,1,1] laafy) , laBBy) , lapyy) 9=3x3
(¢) Three-component N = 4

A Set of Primitive Generalized Spin Wave Functions | Counting
2] | lac),|aB),|av),|ad),|88),187),18d) vv), V) ,|66) 10
[1,1] laB),lay) s |ad),[B7) ,1B80) [v6) 6
(d) Four-component N = 2
A Set of Primitive Generalized Spin Wave Functions Counting
3 laaa) , |aaf) , laay) , laad) , |afB), |aBy) ,|afBd) , layy) ,|ayd) , |add) 20
1BB8) ,1887) 5 1888) ,16v7) 5 1676) ,1896)  [vvy) s [v6) , [786) ,1666)
o1 | 1008 Ja0%) aad) [ad5) Jaf) [} oy 3] Jar) Jrd) JadB) |
’ ladv) ,[add) , [BB7) ,|BBS)  |Byy),1BY) ,1B67) ,1BdS) , |yyd) . |v6)
[1,1,1] laBy) ,|aBd) ,|ayd) , |3v6) 4

(e) Four-component N = 3

Table 3.4: The minimal set of primitive generalized spin wave functions specifying a complete
basis, classified by symmetry type A. In order to count the number of states, we count the
number of primitive generalized spin wave functions in each symmetry type, multiplied by the
dimension of the corresponding symmetric group representation (see appendix G for details).
The total number should be equal to n¥ for an n component system of N particles.
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CHAPTER 4

Putting a Spin on the (GGaffnian

In this chapter,’ we characterize in detail a wave function conceivable in fractional quantum
Hall systems where a spin or equivalent degree of freedom is present. This wave function
combines the properties of two previously proposed quantum Hall wave functions, namely
the non-Abelian spin-singlet (NASS) state and the nonunitary gaffnian wave function. This
is a spin-singlet generalization of the spin-polarized gaffnian, which we call the “spin-singlet
gaffnian” (SSG). ¥ Most notably, we argue that the wave function can be written as a special
polynomial and that it corresponds to the highest density zero energy state of a certain local
Hamiltonian.

In sec. 4.1 we shall explain how the proposed SSG Hamiltonian can be written in terms of
the generalized Haldane pseudopotentials discussed in chapter 3. In sec. 4.2 we shall present the
results of numerical exact diagonalization of the SSG Hamiltonian in the sphere geometry (see
appendix B for a definition of the sphere geometry). We have determined that the proposed
SSG wave function is the unique, highest density zero energy ground state of that model
Hamiltonian at v = 4/5 (for bosons) and shift 6 = 3 (the shift is defined in appendix B such
that the flux Ng for a given number of particles N is given by Ng = N/v—¢). We shall discuss

an explicit form of the wave function in sec. 4.3.

4.1 Pseudopotential Construction of the SSG Hamiltonian

In previous investigations, most notably for the Laughlin and Moore-Read wave functions,

it has been determined that trial quantum Hall wave functions correspond to unique, zero

52,164

energy ground states of certain model Hamiltonians. Often, these model Hamiltonians are

most simply expressible in terms of Haldane pseudopotentials®? and their generalizations. 22149
Given a system with a certain N-body interaction potential V(ry, s1;re, $2;...;rN, SN), where,

in general, s; represents any additional quantum number of the 4% particle (if present), the

action of a pseudopotential is to project out a particular component of that interaction. Those

TThis chapter is based on my contribution to the publication S. C. Davenport, E. Ardonne, N. Regnault,
and S.H Simon, PRB 87, 045310 (see ref. [159]).

#Throughout the chapter, we shall describe how the wave function corresponds to a spin degree of freedom,
however, note that all of what follows applies equally well to any other type of multicomponent degree of freedom
such as valley or layer index.
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CHAPTER 4. Putting a Spin on the Gaffnian

components are labelled by a convenient set of quantum numbers, which describe all possible
few-particle interactions. The vector space of few-particle interactions is spanned by specifying
both the relative angular momentum L and, if we consider a spin degree of freedom as well, the
spin quantum number S also. In general it is necessary to further distinguish between distinct
interaction components with the same L, S. In other words, there exists in general a subvector
space of dimension dy, g for each L and S sector (see chapter 3). In this chapter, however, we
shall only be concerned with subspaces of dimension dj, =1 or 0, and so, for clarity, we omit
any additional notation.

Pseudopotentials specify projection operators in the Hamiltonian and are thus labelled by
two distinct sets of such quantum numbers L, S and L', S’ in general. The pseudopotential
VE E,/ y is expressed in terms of the vector space |L,S) and the N-body interaction potential

as
V[‘/S;;LS;,N = <L, S‘ V(I‘l, 51,r2,82;...;rN, SN) ‘L/, Sl> y (41)

[cf. eq. (3.9)]. Such a basis of pseudopotentials is particularly convenient when the interaction
potential is rotationally and/or spin rotationally invariant, since in that case the pseudopoten-
tials then are diagonal in L, S, or both. In this chapter we will only need to consider situations

where the pseudopotentials are diagonal:
Ve n =ViEn = (L, S| V(r1,s13r2, 825 ..in, 5v) | L, S) . (4.2)

The most general form of the Hamiltonian, assuming both spatial and spin rotational invariance,

is then given by the following [cf. eq. (3.10)]:
H=> |L,S) )V (LS| (4.3)

LS

At our convenience, we can pick certain special many-body interactions (such as §-function-
type interactions) for which only a small set of pseudopotentials remain nonzero. The impact of
specifying a positive value of a given pseudopotential in a model Hamiltonian is to assign energy
to the corresponding component of the interaction, therefore, if such a component is present
in a given trial wave function, then that wave function will not be a zero energy state of our
Hamiltonian. Conversely, if a component is not present in a given trial wave function, then we
can include the corresponding pseudopotential in the Hamiltonian without introducing an extra
energy cost. In this way we can tailor the Hamiltonian to correspond to the desired properties

of a given trial ground-state wave function. These properties might come, for instance, from a
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4.1. Pseudopotential Construction of the SSG Hamiltonian

conformal field theory (CFT) description of the state; see, e.g., ref. [5].

To give an example, briefly, it is known that the Moore—Read wave function for bosons at
v = 1 is the unique, highest density zero energy ground state of a spin-polarized three-body
contact interaction. ' The space of pseudopotentials for spin-polarized three-body interactions
is spanned by a relative angular momentum L. S takes only its maximal value for a three-body
interaction, S = 3/2.1%2 T In the language of pseudopotentials, the Moore-Read state corre-
sponds to the spinless pseudopotential V;—o ny—3 being positive and all other pseudopotentials
being zero and, in addition, the corresponding Hilbert space is restricted to only spin-polarized
sectors. Along similar lines, the spin-polarized gaffnian wave function for bosons corresponds
to Vi—o,n=3 and V—o y—3 being positive and all other pseudopotentials being zero, and again
the Hilbert space is restricted to spin-polarized sectors (note that for L = 1, S = 3/2, and
N = 3, we have a 0-dimensional vector space of wave functions, so no corresponding L = 1,
S = 3/2, and N = 3 pseudopotential can occur; see table 3.1 in chapter 3). The (bosonic)
NASS state, like the (bosonic) Moore-Read state, corresponds to a spin-polarized three-body
contact interaction, however the Hilbert space now includes additional spin sectors (not just

the spin-polarized sector).'” In the language of pseudopotentials, the bosonic NASS state is the

highest density zero energy ground state of a Hamiltonian with the positive pseudopotential

5=3/2
Vi—o.N=3

Motivated by the generalization of the Moore-Read Hamiltonian to the gaffnian Hamil-
tonian, our proposal for the SSG Hamiltonian is to keep ij03§\?:3, Vi9::23§\]2:37 and VLS;%\?:?)
positive (for the bosonic case). The proposed Hamiltonian for the SSG wave function is thus

expressed as

S5=3/2 S=3/2 S=1/2
Hgga = 10,3/2) Vi oon 5 (0,3/21412,3/2) Vi A (2,3/2+[1,1/2) Vi, (1,1/2], (4.4)

[not writing the centre of mass part, |I), see eq. (4.3)]. To obtain a fermionic version, one simply
includes an additional two-body term ijoq N—9, Precisely as in the NASS case. 101

From this pseudopotential Hamiltonian, we can already infer some properties of its zero
energy eigenstates. Because the three-body interaction in the S = 3/2 channel is identical to
the Hamiltonian generating the (polarized) gaffnian, the zero energy eigenstates will vanish

as at least a third power when three particles with the same spin are brought to the same

point. In addition, when three particles have overall spin S = 1/2, the wave functions vanish

fNote a slight abuse of notation here: as in chapter 3, we are denoting bosons as if they are spin-1 /2 objects,
e.g., three bosons can have S = 3/2 and S = 1/2 interaction channels. In actual fact we are describing systems
such as cold atomic gasses for which bosons can be engineered to have internal two-state degrees of freedom,
and we have simply mapped that two-state degree of freedom onto a spin degree of freedom.
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CHAPTER 4. Putting a Spin on the Gaffnian

at least quadratically. These are indeed the vanishing properties consistent with the CFT
description of the SSG, as explained in refs. [163] and [159]. It is worth stating here that the
SSG wave function likely also corresponds to the ground state of other, more complicated, local

Hamiltonians involving N-body terms with N > 3, following the line of reasoning in ref. [122].

4.2 Energy Spectrum

The energy spectrum is determined by numerical exact diagonalization of the Hamiltonian for
finite-sized systems in the sphere geometry. This is done for a variety of system sizes, IV, and
for a variety of fluxes Ng. Eigenstates are labelled by the quantum numbers L, and S, and fall
into (L, S) multiplets. (Note that these quantum numbers are completely separate from the
N, L and S describing the pseudopotentials, unless one has only N particles with an N-body
interaction.) Given practical constraints due to the dimension of the spinful Hilbert space, we
were able to study systems of up to N = 12 bosons and Ng = 12 flux. An example of such
a spectrum is plotted in fig. 4.1. All the numerical results were calculated using the freely
available DiagHam package.’*

Our key observations are as follows: first, there is a unique zero energy state occurring only
in the L = 0, S = 0 sector for N = 4 at Ng = 2, for N = 8 at Ng = 7 (see fig. 4.1) and
for N = 12 at Ny = 12, which all correspond to v = 4/5 and shift 6 = 3 (see appendix B
for the definition of the shift). We have further determined for N = 4 and N = 8 that the
ground-state monomial expansion of the Hilbert space, that is, the eigenvector corresponding
to the zero-energy eigenstate, generated by exact diagonalization of eq. (4.4), precisely matches
that of the proposed analytic form of the ground-state SSG wave function (we shall discuss the
analytical form of the ground-state wave function in sec. 4.3).

With the evidence presented in this section in mind, we conclude that the proposed SSG
Hamiltonian in eq. (4.4) generates the correct zero energy Hilbert space for the SSG wave
function, at least for system sizes up to N = 12 bosons. Based on this evidence, and on
significant further evidence presented in ref. [159], we also expect our conclusion to hold for
any other system size.

An important question, left unanswered by our numerical calculations here, is what is
the size of the gap for quasiparticle excitations in the thermodynamic limit? For finite-sized
systems, looking at fig. 4.1, the gap is clearly finite (as it is in the gaffnian case). There is good

reason, however, to argue that the gap does in fact vanish in the thermodynamic limit, and
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Figure 4.1: The S = 0 sector of the energy spectrum of the Hamiltonian Hggcy, defined in
eq. (4.4), for N = 8 and Ng = 7, obtained by numerical exact diagonalization in the sphere
geometry. The inset zooms in on the bottom left corner of the spectrum and shows the unique
zero energy state located in the L = 0, S = 0 sector.
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hence the SSG corresponds to a compressible phase of matter. > That argument is based on

the fact that the CFT corresponding to the SSG is nonunitary. %163

4.3 Ground-State SSG Wave Function

In this section we shall present an explicit construction for the ground-state SSG wave function.
Our construction is conjectured with the view to satisfying the vanishing properties imposed by
the corresponding CFT (vanishing as at least a third power when three particles with the same
spin are brought to the same point, and vanishing at least quadratically when three particles
have overall spin S = 1/2; see refs. [163] and [159]) as well as the constraints of filling factor
v = 4/5 (and shift 6 = 3 when constructed in the sphere geometry). In addition, the wave
function must describe a spin-singlet state. That condition specifies the requirement to satisfy
the Fock cyclic symmetry conditions. %

Before we describe how to construct the SSG, it will be useful to motivate our methodology
by briefly reviewing the construction of the spin-polarized gaffnian wave function.'? For the
gaffnian, the required vanishing properties are that for any three particles coincident the wave
function must vanish as three powers and that the wave function must not vanish for any two
particles coincident [the CFT describing the gaffnian, which imposes these vanishing properties,
is the nonunitary minimal model M(3,5)]. Further, it was determined that in its bosonic form,

the gaffnian occurs at filling 2/3 and 0 = 3.
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CHAPTER 4. Putting a Spin on the Gaffnian

To give the expression of the gaffnian wave function that can be generalized to the SSG,
we divide the particles into two groups A and B of equal size. The gaffnian wave function can
then be written as

\Pgaﬂ:nian =9 H (zZA — :534)2 H (ZZB — Z;S)2 H (zlA — ZJB) Per (17;B> ,

i<jEA i<jeEB i€A,jEB ¢ J

where S represents a symmetrization operation over all N particle coordinates, and Per(M;,)
denotes the “permanent” of a matrix M whose elements are in this case given by M;; =
(28 — Z]-B )~Lif i # j and 0 otherwise. On its own, this permanent factor contains a certain
pattern of poles. When placed within the full construction, these poles conspire to ensure
that the overall wave function does not vanish as two particles become coincident. Thus the
polynomial vanishes only when three particles are coincident. The vanishing power can be
tuned, if desired, by adjusting the exponents of each Jastrow-type factor in the construction.
For example, Hi<j€A(zlA - 234)2 could be adjusted to, say, HK].GA(Z;A — 23-4)4 (and similar for
the particles in group B) to alter the vanishing power from 3 to 5 in this example. An entirely
nontrivial step is to determine whether or not these vanishing properties are retained once the
overall symmetrization operation has been completed. For the gaffnian, it was found that the
vanishing properties are retained.

Now let us turn to the construction of the ground-state SSG wave function. We have
determined that the following construction, written in eq. (4.5), gives a wave function at filling
factor v = 4/5 and § = 3 that satisfies the vanishing constraints for N = 4,8,12. We have
reason to believe that it will also work for all other values of N (i.e., 16, 20, etc.), although
an explicit check is not possible. In the construction, we have used a clustering principle: the
particle coordinates are first divided into equal sets of spin up and spin down, and then each
of these sets is further subdivided into two equal subsets labelled by either A or B, giving four
sets in total (A1, A |, BT, B ]). With the label A or B on its own, we refer to the two subsets

with either spin direction,

Ussa =Vs—o | [T § II G"=#0 II G =29 T @7 -#9

a=A,B | i<j€at 1<j€al i€at,j€al
A_ B 1
X H (Zi — Zj ) Per m s (45)
i€A,jEB i J

where and Per(M;;) denotes the “permanent” of a matrix M whose elements are in this case

given by M;; = (zlA — ZJ-B Y=l if i # j and 0 otherwise, and Yg_g is the Young operator for

a spin-singlet representation of the symmetric group—this operation is required in order to
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guarantee that the wave function satisfies the correct Fock cyclic symmetry conditions for a

spin-singlet state (see appendix I).

YS:OZS'ZT' T S’¢ 0 ATZ%H-AT 1 (4.6)

P P Zn/2%n)2
that is, the Young operator for a spin-singlet representation corresponds to the operation of
antisymmetrizing over ordered pairs of spin-up and spin-down coordinates, followed by sym-
metrizating over all spin-down and then all spin-up coordinates. Crucially, it is important
to note that the wave function does not completely vanish when Yoo is applied! To obtain
a fermionic version of this wave function, one can simply multiply the bosonic version by a
Jastrow factor [];_;(z; — 2;). The fermionic version occurs at v = 4/9 and ¢ = 4.

In sec. 4.2 we provided strong evidence showing that the spectrum of the Hamiltonian
for the SSG contains a unique zero energy state with L = 0 and S = 0 with an eigenvector
proportional to eq. (4.5), for precisely the values of particle number and flux corresponding to
filling v = 4/5 and § = 3. Therefore we conclude that this trial ground-state wave function
is unique, and further, it is precisely the highest density zero energy ground state of the SSG

Hamiltonian proposed in eq. (4.4).

4.4 Conclusions

We have presented evidence to demonstrate that the proposed SSG wave function satisfies many
of the ingredients of an ideal theory of a FQHE state: a local Hamiltonian and a relatively
simple analytic expression for the wave function, at least for the ground state. For the spin-
polarized gaffnian it is also possible to construct exact quasihole wave functions'?"; the main
stumbling block to achieving the same goal with the SSG is the additional complexity due to
the spin degree of freedom. Significant further evidence supporting the validity of the SSG
wave function construction is presented in ref. [159].

To briefly summarize that additional evidence: first, it has also been determined that a
certain nonunitary, rational conformal field theory provides an underlying description of the
SSG [the SSG wave function can be constructed from conformal blocks in a CFT associated
with the semidirect product of nonunitary minimal models expressible as M(3,5) x M(5,7)],
which indicates that the SSG possesses a vanishing energy gap in the thermodynamic limit.
Second, the wave function construction presented here can be compared to two independent
techniques for the analysis of fractional quantum Hall trial states: the “spin dressed squeezing

algorithm”, 165167 and the “generalized Pauli principle”.'%® One finds that the counting of zero
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CHAPTER 4. Putting a Spin on the Gaffnian

energy eigenstates in the energy spectrum precisely matches the counting predicted by the
squeezing algorithm. The counting of zero energy eigenstates is also found to be identical to
the result generated by the spinful version of the generalized Pauli principle. Finally, it can be
checked that the structure of quasihole eigenstates in the energy spectrum of the Hamiltonian
is identical to the structure of the entanglement eigenstates of a reduced density matrix given

by partitioning the system into two groups of particles (the so-called particle entanglement

1697172) 172

spectrum . Similar results have been determined for other exact FQH wave functions.

In sec. 4.1 we described how to generate the SSG wave functions by means of a local
Hamiltonian written in terms of spin-dependent pseudopotentials. An interesting question left
unaddressed is whether other states could be constructed with faster vanishing properties than
the SSG. For instance, in the spin-polarized case, adding the next highest L pseudopotential to
the gaffnian Hamiltonian is known to produce the Haffnian Hamiltonian.'?! Might we be able to

. . . . . .. o S=3/2 S5=3/2
generate a “spin-Haffnian” state with a Hamiltonian containing positive V;_; 5\,:3, Vi, 5\,:3,

VLS;%\?::; and now, in addition, Vig::;j{\?:g (and possibly VLS::;’?\?:Q? Wave functions of this
type were also considered in ref. [163].

Presently, we lack a corresponding CFT description with which to conduct the same checks
as for the SSG. For nonunitary coset constructions, such as the CFT corresponding to the SSG
and, perhaps, generalizations such as the “spin-Haffnian”, no general procedure exists to fully
determine the contents of the theory, and each CFT must be constructed on a case-by-case
basis (for unitary CFTs on the other hand, there is a standard procedure for constructing the

required so-called simple current extensions). 173174
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CHAPTER 5

Summary

One conclusion that we can draw from all of the topics studied in this thesis is that the
multicomponent degrees of freedom play an important role in determining several particularly
interesting properties of fractional quantum Hall systems.

On the topic of spin and valley transitions there is still much scope for further progress to
be made. Can we go beyond the mean field theory approach of the composite fermion model in
order to obtain even more accurate predictions for the critical Zeeman energy? Experimental
measurements in anisotropic AlAs systems have indicated the presence of particle-hole sym-
metry breaking. Some further modifications to the theory would be to take into account the
anisotropy and Landau level mixing corrections that could lead to these results. In systems
such as AlAs and graphene, where there are both spin and valley degrees of freedom, the in-
terplay between these degrees of freedom merits further investigation; for instance the question
over whether experiments observe a spin or valley transition, or some combination. We did
not even begin to study anything beyond the most basic aspects of these phase transitions,
for instance, the scaling behaviour in transport quantities. Other aspects that have not been
studied extensively are the edge modes that would be associated with these multicomponent
systems.

Much of this thesis has concentrated on the topic of methodology for constructing new and
interesting analytic models to describe potential fractional quantum Hall phases, continuing
in line with previous tradition. Although the generalization of the pseudopotentials to the
multicomponent case appears at first sight to be a rather academic issue, nevertheless it provides
a valuable toolbox with which to further the understanding of the quantum Hall problem.
The scope of its implications may well end up going beyond what was originally intended—
indeed the generalization to multicomponent pseudopotentials was not principally motivated
by applications to calculation of Landau level mixing perturbations, even though it has been a
useful tool forming part of the solution to that problem.

An ideal theoretical description of a FQHE state comprises at least the following three
ingredients: a local Hamiltonian that describes the ground state and excitation spectrum of

the Hilbert space; relatively simple analytic wave functions that are the highest density zero
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energy states corresponding to the Hilbert space of that Hamiltonian; and a (rational) two-
dimensional conformal field theory (CFT) that generates these wave functions. If a plasma
analogy is available, then a gapped state is associated with the analogous plasma being in a
screening phase.% In general, the quantum Hall Hilbert space is built from a basis of mono-
mials in the complex particle coordinates z;. In certain instances—the Laughlin series, % the
Read-Rezayi series, ' the gaffnian and Haffnian wave functions, 22! the Halperin wave func-
tions,'® and the non-Abelian spin-singlet (NASS) states,'"'9%192it has been possible to i)
determine simple analytical expressions for the polynomial wave functions, and ii) construct a
local Hamiltonian whose zero energy eigenstates are in one-to-one correspondence with those
polynomial wave functions. We have found that this is also possible for the spin-singlet gaffnian
wave function, at least for the ground state.

A key feature in each of these special cases is that the wave functions are uniquely defined
by their vanishing properties. A prime example is the wave function of the Moore-Read state
for spinless bosons, which vanishes quadratically when three of the constituent bosons are co-
incident. The gaffnian wave function is obtained by changing this behaviour, such that the
wave function vanishes as a third power, when three constituent particles are coincident.'?"
This simple change, however, results in a wave function corresponding to a nonunitary CFT,
for which the quasiparticle excitations are expected to be gapless (in the thermodynamic limit)
and which, therefore, does not describe a topological phase. Nevertheless wave functions such
as the gaffnian are still of interest as they are thought to correspond to critical points between
other, incompressible topological phases. This scenario is well understood in the case of the
Haldane Rezayi wave function, '?° which describes the phase transition between a d-wave spin-
singlet phase and a strongly paired state.%'?! Similar scenarios have been suggested for the
gaffnian. 2" It is noteworthy that the gaffnian wave function has large overlap with an incom-
pressible composite fermion state thus suggesting that the gaffnian is a critical point between
the composite fermion phase and some other phase. 120168175176 A gimilar overlap calculation
can be performed between the fermionic version of the SSG with the spin-singlet composite
fermion phase at v = 4/9. In this case, however, we have determined that the overlaps are
vanishingly small. An interesting question still to be addressed is whether or not the Hilbert
spaces associated with multiparticle pseudopotential Hamiltonians with the restriction L > 1
always correspond to nonunitary CFTs, as has been found so far for the gaffnian, Haffnian and

now the SSG.

Of the wave functions discussed above, the single-component ones turn out to be special
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cases of a very broad set of so-called Jack polynomial wave functions.'%%166 The Jack polyno-
mials provide a convenient basis in which to describe polynomial wave functions with precisely
defined vanishing properties. It has been further realized that special cases such as the Moore—
Read state are rather atypical: out of all the Jacks, there exist only a handful of special cases
where the polynomial wave function can be written in a relatively simple form and which
correspond to unitary CFTs. While there is a general belief that local N-body Hamiltonians
may exist for all of the Jacks, only limited further cases have actually been explored.!6%177
Such Hamiltonians, should they be constructed, can be phrased in the general language of
pseudopotentials. 22162

Where might we look to for further insights into multicomponent fractional quantum Hall
effects? Some interesting places to search for new physics are undoubtedly the 2nd LL, because
CF theory does not appear to describe well the 8/3 and particularly the v = 12/5 states. It
is noteworthy that the polarized v = 12/5 state might possibly be described by a certain wave
function construction of the Read—Rezayi type (raised to the 2nd LL), a state that is anticipated
to exhibit non-Abelian quasiparticles and that also corresponds to a Hamiltonian constructed
from multiparticle pseudopotentials.'? It seems that the most significant and exciting open
question to ask is about the nature of the spin-singlet state indicated at v = 12/5. Is it possible
write a exactly solvable model in terms of multicomponent pseudopotentials to describe it?
Unlike for the SSG this would require a gapped phase of matter (in the thermodynamic limit).
The corresponding wave function would also need to provide a lower energy bound than the
alternative CF wave function describing the v = 12/5 spin-singlet state. The methodology for

the investigation of such a new wave function will otherwise be along precisely the same lines

explored in this thesis.
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Appendices for Chapter 2

A Monte Carlo Algorithm for a Quantum Hall Fluid

In this work we apply the Metropolis Monte Carlo algorithm '™ to evaluate the ground-state
energy of various trial wave functions. We wish to evaluate expectation values of operators A

with respect to the co-ordinate wave functions ¢ (r1,...,ry):

<A> _ fdrl...der* (1‘1,...,1‘]\[)/11#(1‘1,...,1']\[)
fdrl...drN\w(rl,...,rN)\Q '

The Metropolis Monte Carlo procedure works by statistically sampling configurations of the

co-ordinates {ry,...,ry} drawn from the probability distribution

pN (r1,...,TN) = W(I"1,...,rN)|2 |
9 ’ fdrl"'drN‘w(rl,--.,rN)‘Q

The expectation value of the operator is then estimated using Ng sets of co-ordinate samples:
A 1 .
<A> = —Z¢(r1,...,rN) A (rq,...,rN).
1

It can be shown that the standard deviation behaves as o/ < A>~1 /v/Ns. In our simulations

we typically used Ng ~ O(107).

B The Sphere Geometry

The fractional quantum Hall effect (FQHE) occurs in two-dimensional (2D) systems in a per-
pendicular magnetic field. Real systems are, of course, finite in size and, thus will have edges;
however, for our investigation, we are concerned only with the bulk properties of the ground-
state and do not want to take into account edge effects. One method to eliminate edge effects,
from a theoretical perspective,” is to place the quantum Hall system on the surface of a hy-
pothetical sphere of radius Rg. The surface of a sphere is described by a spherical co-ordinate
system Q = (6, ¢) with a fixed radius Rg. Out of convenience we choose to write wave functions

in this geometry using a pair of complex spinor co-ordinates u, v such that
U = COS (g) ¢'/? , U =sin (g) e~10/2,

A magnetic field B perpendicular to the surface of the sphere can be realized by placing
a magnetic monopole at the centre of the sphere: the total magnetic flux is Negy = 47TR§B

(here ¢ is the flux quantum ¢y = hc/e). The radius of the sphere is then Rg = /Ng/2, in
95



APPENDIX C. Algorithm for Numerical Evaluation of Composite Fermion
States in Negative Effective Field

units of the magnetic length. The flux is related to the filling factor by No = N/v — §, where
N is the number of electrons and ¢ is called the shift.

For spin-polarized composite fermion (CF) states we derived (in sec. 2.2) the result Ng =

2p(N — 1) + 2Q, where Q = iNgn"Q. For the non spin-polarized CF states we use eq. (2.8),

along with the definition N = N} 4+ N, to find an expression for () in terms of IV,

N — n% — nf
=4—= (B.1)
2(ny +ny)

The total flux is then again given by Ng = 2p(N —1)+2@Q. In each case, in the thermodynamic
limit, the sphere radius tends to infinity and so we recover a 2D plane geometry but without
edge effects. The length scale set by the magnetic length [y is generally much smaller than the
sphere radius, and so we argue that the physics remains independent of the system size and,

therefore, taking the thermodynamic limit is valid.

C Algorithm for Numerical Evaluation of Composite Fermion

States in Negative Effective Field

The principal difficulty in using the Metropolis algorithm (appendix A) for our calculation of the
Coulomb energy associated with composite fermion (CF) wave functions is that the value of the
wave function must be re-calculated for many millions of different sample particle configurations
and, for CF trial wave functions, this process can be very computationally demanding. In order
to make the procedure viable we require an efficient algorithm with which to evaluate the wave
functions. A previously described algorithm to evaluate CF wave functions for the negative
effective field case is most computationally efficient for larger values of the effective Landau
level (LL) number n and very inefficient for the smallest values of n, e.gn =2 orny orny =1 or
2.63 For the purposes of studying the spin CF states we have seen that we often need to consider
small values of ny or n; and, consequently, until now, accurate calculation of energies for the
spin CF states has not been computationally feasible. We were able to design an alternative
algorithm that is most efficient for smallest n and less efficient for larger values of n.
Composite fermion wave functions have been intensely scrutinized using MC methods. 162,63
The principal difficulty for CF wave functions is the procedure for lowest Landau level (LLL)
projection. The method for doing this projection for CF states in negative effective field was
introduced in ref. [63], and the resulting form of the generalized spherical harmonics is re-

peated here in eq. (2.6). Once written in this form, the key difficulty lies in the evaluation of
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the multiple derivatives of the Jastrow factor,

o \lQltmts /g \ |QI-mtn—s ) |
(3%) (51%) /i with Ji = Jl;[l (uivj —ujvi) .

A procedure for evaluating these derivatives is given in ref. [179] (see also ref. [27]), and this
method is also used in ref. [63]. Briefly, the method is as follows: first, we pull the Jastrow

factor through the derivatives and write

Jp gty | here U = ;7 63Jf =g L

we then introduce

N Uk @ — U p
fila, B) = kz (uwk - Ui“k) (uwk - mw) 7

1

from which one can deduce the recursion relations

0 0

%fi(@75):_(a+5)fi(a+laﬂ) ; %fi(a,ﬁ):—(a+5)f¢(a,ﬁ+1)- (C.1)

Using these results, one can calculate a series of relations, for example,
Uil = pfi(1,0) , U1 =pfi(1,0)° = pfi(2,0) ...

For CF wave functions in negative effective field we must take up to 2|Q| +n = (%) —2n
derivatives with respect to both w; and v;. As we take more derivatives, the results of this
method become increasingly complicated, particularly for smaller values of n.

We have determined an alternative method to evaluate the derivatives, which is at its most
effective in precisely the regime where the current method runs into difficulties. We shall
present our result for the case of p = 1 only; however, higher p cases could be constructed along
the same lines.

Let us restate exactly what we need to evaluate, leaving out the unimportant constant

factors as they can be absorbed into the normalization. For each element of a N-by-N Slater

matrix we need to evaluate

}A/nq,{m(ui, ’Ui)JZ' X

S n\ [ 21Q[+n' , /9 \|QEmts /g N [QI=mtn/—s
—1)° S, —s i 0 — wn).
Z( ) <S> <|Q +m+s it ou; ov; H(u Uj ’LL]U)

5=0 J#i

It is insightful to expand out the J; product into a sum as follows:
N N N N-1
Ji=ovN ! Huj — w2 Z vj H ug | +...= Huj (Z (—1)teiva_1_tu§> ,
J#i JA N\ ki J#i t=0

97



APPENDIX C. Algorithm for Numerical Evaluation of Composite Fermion
States in Negative Effective Field

where e} denotes the degree t elementary symmetric polynomial in the N — 1 variables vj/uj

for j # 1,
ei = et’N_l(vl/ul,... ,’Uj/u]',.. .,’UN/U,N),

for j # i. The elementary symmetric polynomials are defined in eq. (3.4) in chapter 3. With

this form for J; we now evaluate all of the necessary derivatives, which leaves us with:

~

1.7 sy v Iy 0 S0 (<1 () (A (T ws)

N—1—(Ql=m+n'=s) i(_1ye  (N-1-) N-1—t—(Ql-m) & -~ (|Ql+m)
2ot (Qlrmts (=) =@ me = i =@l % :

(C.2)

The expression in eq. (C.2) appears complicated at first sight, but notice that the sum over
t contains at most N — 1 — (%) + 2n terms (note that we use the convention for binomial
coefficients that (‘;) = 0 if a < b). If the CF state only fills a small number of effective LLs
(i.e., n =1,2,...), then the number of terms in the sum is actually quite small.

A key result is that the elementary symmetric polynomials can be calculated recursively

using one of Newton’s identities, %
1 m
emn (1, an) = — > (DI py (@1, 2n) emry (21, 2)
m r=1
where p, n (21,...,2N) = Zfi L« are the power-sum polynomials. Also, note the following

recursive identity:

emN—1 (L1, Tjtis s TN) = €N (1, -, EN) — Ti€m—1,N—1 (L1, -, Tjtis .-, TN).

Wielding these two identities it is possible to build an efficient algorithm to generate the full
set of el for i = 1,..., N that is required to calculate the elements of the form fan/?m (ui,v;)J;
for the N x N Slater matrix. Once the Slater matrix is populated, the remainder of the work
is involved in calculating its determinant. The full algorithm evaluates the probability density
of a given CF state for a given set of co-ordinates. Based on the times recorded when running
the program, our full algorithm evaluation time scales roughly as N22-N275_ the better figure
occurring for n = 1 and the worse figure for n = 4, which confirms our assertion that our
algorithm is more efficient for smaller values of n.

We note that the evaluation of the CF wave functions tends to suffer from a numerical
precision issue, particularly for large V. To overcome the issue we simply store all numerical
values to a higher precision—although this slows down the algorithm considerably, we are able

to obtain accurate results up to around N = 40, which is high enough for our purposes.
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D Comparison of CF theory with Exact Diagonalization

In this appendix we compare lowest Landau level (LLL) Coulomb energies calculated using
spinful composite fermion (CF) wave functions and using numerical exact diagonalization (ED)
of the Coulomb interaction in the sphere geometry. The purpose of the comparison is to
demonstrate that CF trial wave functions represent a very good approximation to the ground-
state energy for each spin and flux sector we want to consider. The numerical EDs were
performed for the most computationally tractable cases using the freely available DiagHam
package.”® The CF calculations were performed using the LLL projection procedure outlined
in sec. 2.2.3 and the Monte Carlo procedure outline in appendix A. Note that most of the ED
results collected here are presented in ref. [27] and references therein.

The comparison of the results for the ground-state Coulomb energy is presented in ta-
ble D.1. We conclude that, although CF trial wave functions indubitably provide an excellent
approximation to the exact ground-state energies in the LLL, the energy bound is typically
marginally better for the spin polarized cases compared to the spin non-polarized cases. It is
also worth noting that with exactly projected CF wave functions, the bounds on the ground-
state energy are expected to be better than for the approximate projection method we have
used.?” However, as was pointed out in sec. 2.2.3, the exactly projected CF wave functions are
also numerically intractable for all but the smallest system sizes.

For the v = 2/3 case there are sufficient exact results available to perform a rough extrapo-
lation to the thermodynamic limit. Using linear or quadratic extrapolation the thermodynamic
limit, the critical Zeeman energy, E%™, obtained from the exact results is 0.0097(15) or 0.017(5)
respectively, in units of €2/elg. The wide range of results and large error bars are due to finite-
sized effects heavily influencing the extrapolation. These results can be compared to an E%™*
of 0.0073(1) obtained with CF theory for the v = 2/3 case, which suggests that CF theory
underestimates the critical Zeeman energy by roughly 25-60%. Since we cannot reliably ex-
trapolate the exact diagonalization results or exactly projected CF wave function results to the
thermodynamic limit in all cases, it is not possible to ascertain to what extent our conclusion
would hold for all filling factors considered in this work. From the evidence presented here, we
expect that CF theory does typically underestimate the critical Zeeman energy by a significant
amount. This conclusion is consistent with the theoretical predictions underestimating the

experimental measurements, as discussed in sec. 2.3.
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APPENDIX D. Comparison of CF theory with Exact Diagonalization

Fraction CF Wave Function N CF E¢ Exact ground state Ec  Difference
6  —0.53899(4) —0.539636.. . . 0.12%
8  —0.53376(8) —0.534148 . .. 0.07%
2/3 2R, (y=1) 10 —0.53047(3) —0.531017. .. 0.10%
12 —0.52819(7) —0.528878. .. 0.13%
14 —0.52675(3) —0.5273653 . ... 0.12%
16 —0.52556(6) —0.5262384 . .. 0.13%
—0.5975(1) —0.601017 . .. 0.59%
2/3 2CF .y (r=1/2) —0.57025(4) —0.574384 . .. 0.72%
—0.55748(4) —0.561821 ... 0.78%
10 —0.5498(1) —0.5544872. .. 0.85%
3/5 20F, (=) 12 —0.49843(3) —0.498718.. .. 0.06%
15 —0.49810(3) —0.498432. .. 0.07%
3/5 CF -1y (v=1/3) 8  —0.52139(5) —0.523037. .. 0.32%
6  —0.50040(4) —0.500400. . . < 0.008%
2/5 208, (y=1) 8  —0.48025(3) —0.480244 . . . 0.001%
10 —0.46941(2) —0.469450 . . . 0.009%
12 —0.46259(2) —0.462652 . . . 0.013%
—0.52656(3) —0.527243 . .. 0.13%
2/5 CFay (v=1/2) 6 —0.49198(3) —0.492544 . .. 0.11%
8  —0.47677(2) —0.477497 . .. 0.15%
37 208, (= 1) 12 —0.48259(2) —0.482639 . ... 0.01%
15 —0.47343(2) —0.473529. .. 0.02%
3/7 CFo1 (y=1/3) 8  —0.49581(2) —0.496249 . . . 0.09%

Table D.1: Collected values of the Coulomb energy per particle F¢o calculated for spin polar-
ized and spin non-polarized positive and negative effective field composite fermion trial wave
functions alongside equivalent results for the exact ground-state energy per particle for a numer-
ically diagonalized Coulomb interaction in the LLL. All values are given in units of the Coulomb
energy, e?/ely. CF wave functions are labeled using the notation introduced in sec. 2.2.3 and
by their degree of spin polarization, 7, introduced in eq. (2.2). We conclude that CF theory
provides an excellent approximation to the ground-state energy in all cases in the LLL, however
the energy bound is marginally better for the spin polarized cases (y = 1) compared to the
spin non-polarized cases (7 < 1).
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Appendices for Chapter 3

In this set of appendices we shall set out to provide a detailed exposition of the linear vector
space inhabited by (multicomponent) Haldane pseudopotentials, that is, the vector space de-
fined in eq. (3.8), |L, q). In doing so, the key realization is that vector space of multicomponent
pseudopotentials is identical to the vector space of coordinate wave functions describing a mul-
ticomponent quantum Hall system. We can, thus, map the problem of discovering a suitable
basis in which to describe pseudopotentials in the lowest Landau level (LLL) to a problem of
constructing multiparticle coordinate wave functions in the LLL with an internal degree of free-
dom. The properties required of these wave functions are that they should be homogeneous of
degree L, translationally invariant, and overall (anti-) symmetric for (fermions) bosons. These
conditions are equivalent to the statement that each wave function would be a rotationally
invariant state on an appropriately sized sphere.

In these appendices we shall provide a description of how to construct such wave functions
¥ = |L,q). Very generally, systems with n internal degrees of freedom are characterized by
irreducible representations of the special unitary group SU(n). The fundamental objective of
this work is, thus, to decompose the space of wave functions v in terms of a basis of wave
functions corresponding to irreducible representations of SU(n).

The layout of the appendices will be as follows: in appendix E we shall allude to some
important mathematical preliminaries, which are to be employed in the remaining appendices;
in appendix F we shall describe the general procedure for the construction of the basis of
wave functions from a combination of spatial functions and generalized spin wave functions;
in appendix G we shall concentrate on the details of the generalized spin wave functions and
we shall derive the results presented in table 3.4; in appendix H we shall concentrate on the
details of the spatial parts of the wave functions; in particular, we shall apply the procedure of
appendix F in the context of quantum Hall wave functions, and we shall derive the coordinate
wave functions listed in table 3.2 and table 3.3 and the dimensions of the vector space of
polynomials listed in table 3.1; finally, appendix I deals with some more advanced mathematical

underpinnings of these ideas.

101



APPENDIX E. Mathematical Prelimaries

E Mathematical Prelimaries

Our goal in this appendix will be to deal with the underlying mathematical concepts and
theorems that are to be employed in later appendices. The underlying mathematics is that of
integer partitions, of Young tableaux and of the representation theory of the symmetric group

and special unitary group SU(n).

E.1 Integer Partitions

The concept of an integer partition is frequently used in this work. An integer partition A is
defined as follows '®!: for a positive integer N, an integer partition is a way of writing N as a
list of k positive integer summands A\ = [N, No, ..., Ni] for which Zle N; = N. The list of
summands is typically presented in weakly descending order (that is, Ny > No > N3... > Ng).
For example, the set of integer partitions for the integer 5 are [5], [4,1], [3,2], [3,1,1], [2,2,1],
2,1,1,1], [1,1,1,1,1].

When writing down a set of integer partitions such as that given in the above example, it is
clearly important to specify an ordering system. In this thesis we shall make use of lexicographic
ordering '®': when comparing two integer partitions A\ and p we say that A occurs before ,
denoted A\ > p, if A\; = p; for ¢ = 1,..., 5 for some integer j between 1 and k — 1, and then
Aj+1 > pj1. In the above example we have used lexicographic ordering, for instance, [3, 2]
occurs before [3,1,1]. In appendix I we shall discuss a more general ordering method known

as dominance ordering.

E.2 Young Tableaux

The concept of Young tableaux is an important tool for categorizing group representations,
which we shall need to do shortly. Before discussing specific group representations, let us, first,
explain how to construct Young tableaux in general.

To draw a Young tableau, one first draws a Young frame or diagram. A Young frame is
constructed as follows: given an integer partition A, we build a frame by placing a series of
empty boxes in rows and columns. There is one row for each of the k¥ summands in the integer
partition: the ith row contains A; boxes. We shall use the convention that a new row is started
beneath the previous row and that the rows are in the order specified by the integer partition;
hence, the length of a row will always be less than or equal to the length of the row above. In

addition, the rows are to be left justified (we conform to the English notation). For example,
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E.2. Young Tableaux

the Young frame corresponding to the integer partition A = [3,2, 1, 1] would be

A Young tableau can be constructed from a Young frame by placing a series of N integers
in the boxes. The set of integers can be chosen in several ways; of particular significance to our
work are the arrangements called standard tableaux and the arrangements called semistandard
tableauz.

In a standard tableau, the integers 1 to N are placed in the boxes of a Young frame of size
N, with each number occurring precisely once. Further, we place the numbers such that the
integer placed in any box is strictly less than both the integer placed in the box immediately to
the right and the integer placed in the box immediately below. For example, here is a possible

standard tableau constructed from the Young frame given above:

2[3]
5

BENE

There can, of course, be multiple ways to satisfy these conditions, in other words, if the
shape of a Young tableau is specified by an integer partition A\ then there is a corresponding
set of size f* of admissible standard tableaux. We introduce an index r, which runs from 1 to
f?, to distinguish between the possible standard tableaux 7 in the set.

In order to specify one particular standard tableau in the set of 7. we must first order
that set: to do so we shall again employ a kind of lexicographic ordering system. For a given
standard tableau we generate a list of numbers starting with the number in the top left box
(for the above tableau that would be 1), then working along each row from left to right taking
the numbers from these boxes and then adjoining the numbers from each subsequent row in the
same fashion. Doing so will generate a list of N numbers N; to Ny (in the above tableau that
would be [1,2,3,4,5,6,7]) and we then simply apply the procedure of lexicographic ordering
to these lists.

Let us demonstrate the definitions given in the last two paragraphs via the following ex-
ample: the integer partition A = [3,1] has f 31 = 3, and the lexicographically ordered set of

standard tableaux are

1[3[4] 1]2[4] 1[2]3]
2 3 4

A semistandard tableau is constructed along similar lines: in this case, however, one is
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allowed to place any of the numbers 1 to n in the boxes of a Young frame of size N, where N
does not have to equal to n. It is not necessary to include every number from 1 to n and the
numbers can also be repeated. Further, we place the numbers such that they are nondecreasing
from left to right and strictly increasing from top to bottom. For example, here is a possible

semistandard tableau of type n =4 and N = 8:

1]1]4]4]
2[2
33

The complete set of semistandard tableaux for a given X is enumerated by listing every possible
arrangement of subsets of the numbers 1 to n in the NV boxes and satisfying the conditions
described above. As with the standard tableaux, there are multiple ways to satisfy these
conditions and we, therefore, have a set of h* admissible semistandard tableaux. Semistandard
tableaux can also be ordered lexicographically, using the same procedure as for the standard
tableaux. For example, with A = [2,1] and with n = 3 we have hl*>! = 8 and the set of

lexicographically ordered semistandard tableaux are

L[] (]2 [a[3] [a]1] [1]2] [1]3] [2]2] [2]3]
2 2 2 3 3 3 3 3

Finally, we shall introduce the term conjugate to refer to any tableaux related by a reflection

along the diagonal, for example, the following tableau of shape A = [3,1]:

314

o=

is conjugate to the following tableau of shape A = [2,1, 1]:

2]

1
3
4]

E.3 Irreducible Representations of the Symmetric Group

The symmetric group Sy is the group of permutations on N objects, {m1,...,7n1} . A per-
mutation 7; of labels (123...N) to (ijiziz...iy) is denoted by (ijiziz...iy). A transposition
(pair interchange) of label i and label j with all other labels unchanged is denoted by (i;j).
The classification of multicomponent wave functions depends essentially on the properties of
Sy and, in particular, on the understanding of irreducible representations of Sy. Throughout
this appendix we shall assume that the reader is familiar with the fundamental concepts of

representation theory; a more detailed discussion can be found in ref. [152]. The correspondence
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E.3. Irreducible Representations of the Symmetric Group

between wave functions and representations of the symmetric group manifests itself in the
concept of a symmetry type, as described in sec. 3.2.2. T

In order to construct multicomponent wave functions, we will find that we need to construct
an appropriate symmetric group algebra. A well-known example of a symmetric group algebra
is the algebra of Young operators (for their definition, see appendix I). There is, very generally,
a direct correspondence between a representation of a group and a representation of the group

algebra 152

. For our purposes it will be convenient to construct the symmetric group algebra
corresponding to the orthogonal representation of the symmetric group (the reasoning behind
this choice is explained in appendix [; essentially it will give rise to multicomponent wave func-
tions with convenient orthogonality properties). We shall define the orthogonal representation
of the symmetric group shortly. In order to construct such an algebra we will then make use of
the matric basis of the symmetric group algebra, which is a very general method to construct

a basis directly from a group representation.'®!!82

E.3.1 Young’s Orthogonal Representation of the Symmetric Group

A fundamental principle of the representation theory of the symmetric group is that the ir-
reducible representations of the symmetric group are in one-to-one correspondence with the
standard tableaux. %2 Given the set of Young tableaux of shape A we can always construct some
kind of irreducible representation matrices U (ﬂ'i))\ of dimension f A for m; € Sy In order for the
representation to be an orthogonal representation, all that is required is that the representation

matrices are themselves orthogonal matrices, meaning that they satisfy U (’7’[’; 1) =U (),

rs

In fact, orthogonal representation matrices can be constructed directly from standard
tableaux using a measure called the azial distance.'®? Suppose that the number p appears
in the i,th row and the j,th column of a given standard tableau and that the number q ap-

pears in the iqth row and the jqth column. The axial distance from p to q in tableau 7; is

defined as
dg,q = (ip - jp) - (iq - jq) .

Using this definition one can construct orthogonal representation matrices U (m;) for m; € Sy as

follows: first, we define the elements of the representation matrix U [(k — 1; k)] of transpositions

TThe interpretation in terms of symmetry types is said to be the physicists’ interpretation of the mathematics
of the irreducible representations. '°
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(k—1;k) fork=1...N:

U [(k - 1,k)]rs = _]‘/dlt—l,k = Pr

0 if T, # (k — Lk) T,

1-p)” T =(k-1KT

.
We then note that every permutation can be expressed as a product of transpositions of the
form (k — 1;k); the proof is given in ref. [182], for example. Using this result we can generate the
representation matrices corresponding to every other element of the symmetric group by simple
matrix multiplication. This is Young’s orthogonal representation. Some of these orthogonal
matrices are tabulated in ref. [152].

Representations of the symmetric group corresponding to conjugate Young tableau shapes
are known as contragradient (or dual) representations (see ref. [151]). We can explicitly con-

struct contragradient orthogonal representation matrices V' (m))‘, which are related to the orig-

inal orthogonal representation matrices U (Tri)’\ by

V (m)p = sgn (m)U (mi);

rs "’

Here we have used the sign of a permutation, sgn (7;), which is defined as follows: writing a
permutation as a product of transpositions, if there are m transpositions in the product then

m

the sign of the permutation is sgn (m;) = (—1)

E.3.2 The Matric Basis of the Symmetric Group Algebra

For any given set of symmetric group representation matrices U (m))‘ of dimension f* we can,

in general, form the following elements of the corresponding symmetric group algebra, called

matric units ' or seminormal units %2
A N!
A / —1\A A
Crs = NI U(Wi )STm r,s=1,...,f" (E.1)
Ti=1

These elements are linearly independent (the proof of which is given in ref. [182]) and can be
chosen as a basis for the symmetric group algebra (see ref. [151]). They satisfy the orthogonality

condition (with no summation implied):

A A A
ErsChiy = Oxp0sulp, - (E.2)

The diagonal elements, é,.., are idempotent and mutually orthogonal. Some explicit forms of

these operators are tabulated in ref. [149].
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Using the matric units, we can also define a basis for the group algebra of a cotragradient
representation,

N!
f)\

S
€rs = N' —~ Vv (Wl) T - (E3)

and these elements satisfy the same condition as above, namely

AN Afl
erseuv - 5 587161”11

E.4 Irreducible Representations of SU(n)

The special unitary group, denoted SU(n), is the group of n x n unitary matrices with deter-
minant 1. SU(n) also describes the structure of multicomponent systems. Irreducible repre-
sentations of SU(n) are in one-to-one correspondence with certain subsets of the irreducible
representations of the symmetric group; specifically, those representations associated with the
set of standard Young tableaux restricted to having at most n rows (see ref. [152] for more

details).

E.5 The Lie algebra of SU(n)

In this work we describe wave functions with internal degrees of freedom such as spin. The
reader will likely be familiar with the fact that quantum states labeled by spins are classified
by the irreducible representations of the Lie algebra of SU(2), that is, the algebra of the
52 and S, operators. More generally, a generalized spin wave function will be classified by
representations of the Lie algebra of SU(n). Irreducible representations of the Lie algebra of
SU(n) are sometimes called multiplets and each multiplet contains a vector space of associated
functions or states.!'®® For example, for SU(2) the multiplets correspond to the values of the
quantum numbers S and the states within each multiplet are labeled by the possible values
of S,; for SU(3) the multiplets correspond to the classification of baryonic particles in the
quark model. ' The general form of the SU(n) multiplets is described in detail in ref. [183].
Since the multiplets correspond to the irreducible representations of SU(n), they are labeled in
accordance with the set of Young tableaux of shape A. In other words, a multiplet labeled by
A corresponds to a particular symmetry type A.

In order to label a particular state in a given multiplet, one must specify the component
content of that state: for example, in the two-component case, the number of spin-up and spin-
down particles (or, alternatively, the S, eigenvalue); in the three-component case, the quark

content of the state, and so on. We shall introduce the notation A,, which will specify the
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component content of a given state and, thus, distinguish between different states in the same
multiplet (the nomenclature is inspired by S,). In addition, there can be multiple states that
occur for the same value of \,; the number of such states is called the multiplicity M (A, A,).
There is a one-to-one correspondence between the states of a SU(n) multiplet and the set
of semistandard tableaux.'"? For a given A we construct the set of semistandard tableaux
containing up to n different numbers; these can be interpreted as the set of components A, for

that state. Recall our earlier example of the set of SU(3) semistandard tableaux:

1[1]
2

corresponds to A, = {2,1,0}, and since there is only one occurrence of this type of tableau we

have M([2,1],{2,1,0}) = 1. Similarly, we have

1[2] 1[3]
3 2

which both correspond to A\, = {1,1,1}. In this case we clearly have M([2,1],{1,1,1}) = 2
for SU(3). The total number of states in each multiplet, including the multiplicity, is the
SU(n) dimension of the representation; it is calculated by enumerating the complete set of
semistandard Young tableaux for a given A, for example, with A = [2,1] and n = 3, the
dimension is 8.

A more complete description of the Lie algebras of SU(n) and their representations can be

found in ref. [183].

E.6 Tensor Products of SU(n) Multiplets

The problem of constructing a vector space of all possible N-particle generalized spin wave
functions is equivalent to the mathematical problem of forming tensor products of N funda-
mental multiplets. A fundamental multiplet is the irreducible representation corresponding to
a Young tableau containing a single box—so for SU(n) the dimension of the fundamental mul-
tiplet is equal to n. Such tensor products can be decomposed into a direct sum of multiplets. '®3
An important feature is that in this direct sum it is possible to have multiple occurrences of
the same multiplet (we shall give an example shortly). In our general construction we shall
therefore introduce an index r which will distinguish between such repeated multiplets. This
decomposition enables us to determine the possible multiplets and multiplet states which fully

span our vector space.
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E.6. Tensor Products of SU(n) Multiplets

For illustrative purposes we shall go through the three-component case in detail here. A
three-component system can be decomposed into SU(3) multiplets. We can determine the al-
lowed set of generalized spin wave functions by forming tensor products of SU(3) representations
of a single-particle state.

We start with a single-particle state with three components, which corresponds to the
fundamental SU(3) multiplet. To deduce the vector space of two-particle generalized spin wave
functions we form a tensor product of two fundamental multiplets (here we label the multiplets

by the shapes of the corresponding young frames):

(e-[TJeH

This product is evaluated according to the Littlewood-Richardson rule (see, for example,
ref. [152]) to give a direct product of SU(3) multiplets. The [2] representation is six-dimensional,
while the [1,1] representation is three-dimensional (cf. the N = 2 case in table 3.4).

If we want to include a third particle then we construct

Oee-[T e e He

We see that there are two copies of the [2,1] multiplet, which has dimension 8. The two copies are
distinguished by the index r and the states within the two multiplets are mutually orthogonal
to each other (so in this example we can have r = 1 or r = 2). The [3] multiplet has dimension
10, and the [1,1,1] has dimension 1: so we see that the total dimension is 10+2x8+1 = 27 = 33
(cf. the N = 3 case in table 3.4). The total dimensions calculated in this way are consistent
with the counting of states listed in table 3.4.

We can also apply the Littlewood—Richardson rule to the construction of standard tableaux,

thus, we observe

1
113 12
n®m®mzmmm@5'@5'@m

We see that the two copies of the [2,1] multiplet can be distinguished by their association to

standard Young tableaux. This result comes about because of the underlying connection be-
tween tensor representations of groups and irreducible representations of the symmetric group:
specifically the symmetry property of the indices of the tensor itself forms a representation of
the symmetric group.

More generally, therefore, the number of repeated occurrences of a particular Young tableau

shape A simply corresponds to the dimension f* of the symmetric group representation that
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would also be denoted by a Young tableau of that shape (a proof of this result is given, for
example, in ref. [152]). For example, the symmetric group representation dimension of the [2,1]
tableau is 2 (recall that the symmetric group representation dimension is given by the number
of standard tableaux for a given tableau shape). Thus, one can associate a specific standard
Young tableau shape with each occurrence of an SU(n) multiplet in our decomposition.

To summarize, the tensor product of N fundamental multiplets will contain every admissible
irreducible representation of the Lie algebra of SU(n), that is, the irreducible representations
corresponding to every possible standard tableaux of shape A with size N and with no more

15

than n rows, '°2 and in such a decomposition the multiplet described by A will occur f* times,

with the occurrences being distinguished by an association to standard Young tableaux.

F Construction of Multicomponent Wave Functions

In this appendix we shall describe the solution to the very general problem of constructing wave
functions for multicomponent systems by decomposing into a basis of spatial wave functions
and generalized spin wave functions. In the following appendix, appendix G, we shall describe
the forms of the generalized spin wave functions in more detail. Finally, in appendix H, we
shall describe how to apply the general arguments for construction of spatial wave functions
presented in the current appendix to the special case of construction of translationally invariant
LLL quantum Hall wave functions with fixed relative angular momentum.

The vector space of wave functions describing a system of identical particles with internal
degrees of freedom can always be written as a tensor product of the spaces of spatial and

generalized spin wave functions:

W]> S |(I>s atial> ® |X sw>-
P g

Thus, the dimension of the Hilbert space (with no symmetry restriction) is equal to the product
of the dimensions of the space of spatial and generalized spin wave functions. Additionally,
such a wave function must conform to the symmetry condition required for a system of identical
fermions (bosons)—mamely the wave function must be antisymmetric (symmetric) under any
exchanges of the particle labels.

If we are trying to determine the dimension of the space of wave functions with NV particles
of some degree L that obeys the proper symmetry condition, we can, in principle, start with
the most general spatial function ®gpatia1 of this degree and the most general generalized spin

wave function X (where a “most general wave function” contains one arbitrary coefficient
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multiplying each of the basis functions in the space). The most general ®gpatial is given by
a linear combination of all possible arrangements of N particles into N, Single-particle
orbitals ¢ ...¢x (including multiple occupancy) with a fixed combined degree:

Norbitals

Cupatial = D ig,ie [0 (1) - i (7)) (F.1)

i1yein=1

where a;, .. ;, are arbitrary coefficients. Similarly the most general Xg, is given by

TLN
Xgsw = E :J:ﬂ?jv
j=1

where x; are arbitrary coefficients and where 9J; are the complete set of primitive generalized
spin wave functions of the form given in eq. (3.18), of which there are n'¥ for an N-particle,
n-component system. The most general combined wave function is given by the product of the
generalized spin wave function and spatial wave function: Xgesw Pspatial-

Next, we impose that the wave function 9 is overall antisymmetric (for fermions) by applying

an antisymmetrizer A to the most general construction,
¢ = A(I)spatiangSW7 (FQ)

where

N!
A 1
A= — sgn (7;)7;.
ﬁN!; gn (i)

For bosons we simply replace the antisymmetrizer by a symmetrizer S:

After applying one of these symmetry operators to the most general construction we will be
left with a wave function containing a certain number of linearly independent coefficients: the
total number of those coefficients is the size of the Hilbert space. One can always deduce by
brute force the number of linearly independent coefficients in ¢ by determining the linearly

independent combinations of the a;, . and x; coefficients remaining after the symmetry

win
operator is applied. In general, however, this method is extremely inefficient and becomes
essentially algebraically impossible for more than a very few particles and very low degrees.
A much cleaner approach is to fully exploit the symmetries of the problem, which is what we
shall do.

We explained in appendix E that generalized spin wave functions are classified by irreducible

representations of the Lie algebra of SU(n) given by forming tensor products of N fundamental
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APPENDIX F. Construction of Multicomponent Wave Functions

multiplets. Specifically, we can decompose the vector space of generalized spin wave functions
into subspaces labeled by Young tableaux of shape A and in such a decomposition the multiplet
labeled by X\ occurs f* times. We can, thus, write a basis of generalized spin wave functions
Xgsw (N, A, Az, 7) labeled in the same way as states within SU(n) multiplets, where N is the
number of particles, X is the symmetry type, and where 7 runs from 1 to f* and distinguishes
between SU(n) multiplets occurring in the tensor product with the same A\. We shall use the
convention that wave functions with different r values are mutually orthogonal. Recall from
sec. 3.2.3 (and see below in sec. F.1) that A, describes how many particles in the generalized
spin wave function are of each type «, 8, v,.... Note that it may or may not be possible to
construct a wave function in representation A given a particular N and A, as we will describe
further in sec. F.1 below.

Given the above decomposition of the generalized spin wave function into representations,
we can analogously decompose the combined wave function 1 based on the same irreducible
representation of SU(n) . This follows because the spatial function is independent of the
component values. Thus, without loss of generality, we may divide the space of possible V-
particle wave functions % into subspaces indexed by A and A,. In order to decompose our wave
functions into a basis of irreducible representations while remaining of the general form given
in eq. (F.2), we propose the following alternative general form for a basis for v, which loses no
generality:

f>\
U (N, AN =Y erAQgpatiar Xgew (N A, Az, 1) (F.3)
r=1
where ¢, are arbitrary coefficients. For bosons we simply use a symmetrization operator S
instead of an antisymmetrization operator A.

In this expression we are free to choose the most general possible ®gatia. However, here
not all different choices of ®gpatia1 Will correspond to different wave functions 1. In sec. F.1
we will first construct the generalized spin wave functions Xgew (N, A, Az, 7), then, in sec. F.2

we will (use group theory to) determine how to construct a complete (but not over-complete)

basis for the spatial wave functions ®gpatial-

F.1 Introduction to Generalized Spin Wave Functions

The generalized spin wave functions Xggy (IV, A, A, ) describing a system with n components
correspond to particular irreducible representations of SU(n): those given by forming tensor

products of N fundamental multiplets. Such representations are in correspondence with the
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F.1. Introduction to Generalized Spin Wave Functions

standard tableaux of shape A and, hence, with a subset of the symmetric group. We must
specify the tableau shape A, where A is a partition of the integer NV into at most n parts, the
standard tableau index 7, and the component composition of the function, which is denoted by
A.. In order to enforce that Xggw (IV, A, Az, ) are mutually orthogonal in A, X, and r, we shall
construct our SU(n) representations based on the orthogonal representation of the symmetric
group.

The generalized spin wave functions can be written as linear combinations of primitive
generalized spin wave functions: these are defined by specifying a list of the values that each
component can take; «, 3, v, and so on. For example, ¥; = |ayBfa) is a primitive generalized
spin wave function. One can order these wave functions according to a lexicographic ordering

scheme, so the first primitive generalized spin wave function would be

U1 (N, A,) = |aaa...B88...CC).

The index A, represents the list {No Ng,...,N¢} of N that corresponds to the number of
times each type of component value occurs in the primitive generalized spin wave function. In
general, we have wave functions ¥;, where j runs from 1 to the number of primitive generalized
spin wave functions d () of all possible orderings of the components and indexes the position
of ¥; within an ordered list of those wave functions.

The explicit forms of the generalized spin wave functions can be deduced as follows: first,

A corresponding to the subset

we write down the orthogonal representation matrices U (m;)
of standard tableaux of shape A; from this orthogonal representation we then construct a
corresponding group algebra using the matric basis, defined in eq. (E.1). As the elements of
the group algebra are expressed as a linear combination of permutation operators, one can apply
the matric unit operator é?s to any primitive generalized spin wave function to give either zero
or a linear combination of permuted primitive generalized spin wave functions. A key result of
this construction is that there is an irreducible representation of the symmetric group associated
with each \ and that representations associated with different A are inequivalent.'®? Thus, the

generalized spin wave functions constructed in this way are in one-to-one correspondence with

the irreducible representations of SU(n) and with the SU(n) multiplets occurring in the tensor

A

product of N fundamental multiplets. In other words, the operator e,

acts as a projector on
the primitive generalized spin wave functions to give a particular representation of SU(n).
A further key result is that the wave functions é;\819j (N, \,) are either zero or, independently

of the choice of r and s, they belong to the same symmetry type A. Due to the orthogonality
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APPENDIX F. Construction of Multicomponent Wave Functions

of the matric unit operators, defined in eq. (E.2), two such wave functions é)9;(N, ;) and

éi‘/ sU;(N, X;) are orthogonal if 7 # r/. The operators e}, act as shift operators in the sense that
é>\s [éisﬂj(Nv )‘Z)] = é;\sﬁj (N7 )‘Z)v

and so operating on the first projected function é U, yields a set of orthogonal functions
belonging to the same symmetry type and, further, by acting with all such possible shift
operators on all possible ¥;, we obtain a complete basis of states having the same X and A..

For the SU(2) case it is possible to prove further that S2eX19;(N, S.) = S(S+1)é9;(N, S.)
with A the representation corresponding to spin S (the proof is given in ref. [151]). In other
words, for the two-component case, the generalized spin wave functions are precisely spin
eigenfunctions.

Thus, we may decompose the complete space of generalized spin wave functions Xggy in

terms of the multiplet label A and r, and the multiplet state label \,. Most generally, we write

A d(Az)
Xgsw (N, M A, 1) Z Z s er 05 (N, L), (F.4)

where bs ; are arbitrary coefficients. Since these wave functions are constructed in correspon-
dence with the multiplets of SU(n), the number of linearly independent values of by ; is precisely
the multiplicity, M (A, \;), of the SU(n) multiplet state (this can be explicitly checked). It can
be shown that these wave functions are mutually orthogonal in A, A, and r due to the orthog-
onality relations satisfied by the matric unit operators (see ref. [151] for the proof in the SU(2)
case).

The mapping to representations of the symmetric group manifests itself in the permutation
symmetry of the wave function, for example, Xy (IV, A, A2, 1), independent of \,, must be
symmetric in labels 1 to Ny, in labels N7 + 1 to N and so on where NN, are the integers
describing the partition \. We shall describe the explicit forms of the generalized spin wave

functions in more detail in appendix G.

F.2 Combination of Generalized Spin and Spatial Wave Functions

In this section of the appendix we shall now describe the procedure for sewing together the
spatial and generalized spin wave functions to give a combined wave function with the correct
symmetry property. We shall then focus on the explicit form of the spatial part of the wave

function. We aim to determine the dimension of the vector space of spatial wave functions.
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F.2. Combination of Generalized Spin and Spatial Wave Functions

So far we have shown that the most general expression for the basis of combined generalized
spin wave functions is given in eq. (F.3). It is insightful to split up the antisymmetrization
operator into parts acting separately on either the spatial or spin functions—a permutation ;
is equivalent to identical permutations 7T;-I> acting on the spatial wave function and 7T;X acting

on the generalized spin wave function. Thus, eq. (F.3) can be written in the equivalent form:

P (N A, )\ Z Cr Z Sgn 77@ spatialﬂ-iXngw (Na Ay Az, T) .

Now, the most general expression for the generalized spin wave functions is given in eq. (F.4).

An important result, which follows from the definition of the matric unit operators, is that the

action of an arbitrary permutation operator 71'5( on a generalized spin wave function is
fk
T Xgow (N, A A7) = Xgow (N, Az, 8) U(m)), (F.5)
s=1

Using this result, we can write eq. (F.3) without the antisymmetrization operator in the form

¥ (N, M) ZXgSW (N, X\ A, 7 ch

where we have introduced the spatial wave function ®,.;, which is defined as

PR
D,y = (JV') S U hsem (7 Dpatian
: =1

Finally, using the definition of the contragradient matric unit operators, we can write the spatial

wave function in the form

NIN\12
D, = (]O\) €>\ (I)Spatial-

In the boson case, where we require the wave function to be fully symmetric [thus removing
the sgn (m;) factor], it clearly follows that ) is replaced by A. Note that Pgpatial 1s still given by
eq. (F.1).

Now, in order to simplify our presentation, we shall define the rth part of spatial wave
function to be the spatial wave function associated with the rth generalized spin wave function,

in other words,

N A 7” ch spatialv (FG)

or with A replaced with A for the boson case. These spatial wave functions are mutually

orthogonal in A and in r due to the othogonality relations satisfied by the matric unit operators.
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Note that the explicit form of ® (N, A, r) will be

Norbitals

P (N’ A, T) = Z a’;l,...,iN [¢Z1 (Tl) s ¢iN (TN)]' (F7)

i1yemyin=1
where now the coefficients a’ depend on the combinations of the a coefficients [from eq. (F.1)]
and the c¢ coefficients [introduced in eq. (F.3)] and, in particular, they must contain linear
dependencies.
Thus, the most general form of the basis wave functions is
P
BN AN Y Xgaw (N A A1) @ (N, A 7). (F.8)

r=1
Since both Xgew (N, A, Az, 7) and ¢ (N, A, r) are mutually orthogonal in A, A, and in r, the wave
function ¢ (IV, A\, A;) is itself othogonal to wave functions with different A and A, values. We

now propose to simplify this result using the following theorem.

Theorem 1: The wave function (N, A\, \;) in eq. (F.8) can be written in the form

Ad (N, A1) Xoow (N, X, Az, 1) for fermions or S (N, A1) Xgow (N, X, Az, 1) for bosons.

Proof: Let us demonstrate the proof in the fermion case only, since the boson case follows
along very similar lines. The proof uses the following additional results: first, from eq. (F.4),

using the orthogonality condition for the matric unit operators, we have:

£,d0) £ ()
Xeaw (N, Az,m) = D b 80, (NA) =€) D b 6305 (N, A2) = ) Xgaw (N, A A2, 1),
s=1,j=1 s=1,j=1

Thus, all coefficients in Xgew (N, A, Az, 7) are linearly dependent on the set of coefficients in
Kosw (N, A Az, 1),

Similarly, the second result is that

2 A
Z Cséi\gq)spatial = é7>~\1 Z Cséi\s <I>spatiala
s=1 s=1
or, alternatively,
(I)(N,A,’I") = éﬁlq) <N7 )‘7 1) ) (Fg)

and so the coefficients in ® (N, A, r) are linearly dependent on the coefficients in ® (N, A, 1).

Now consider the following construction

YN, A\ L) o< AD (N, A, 1) X e (N, N, A, 1), (F.10)
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Writing the sum over permutations in the antisymmetrization explicitly, this becomes

N!

(N, A A:) o Y sgn (m)mi {@ (N, A, 1) Xgaw (N, X, Az, 1)}
=1

Then we can use that the permutation 7; is equivalent to identical permutations 77? acting on

the spatial wave function and 7riX acting on the generalized spin wave function to write instead

N!
PN, A A) o Y sgn (m)mP @ (N, A, 1) 1 Xgew (N, A, Az, 1),
=1

Now, using eq. (F.5), we have, equivalently,

NI
DN, A) o Y D sgn (m)af @ (N, A, 1) U () Xesw (N, A, 8) -

s=1 i=1
Then, using the definition of the contragradient matric unit operator in eq. (E.3), we have
f)\
BN, A) o Y D En® (NN 1) Xgew (N, A A2, 8)
s=1
Finally, using eq. (F.9), we obtain
fA
BN, A A:) o > @ (N, A, 8) Xgow (N, X, Az, 5)
s=1
which is proportional to eq. (F.8), as required. Thus, we have proved theorem 1.
For the boson case, we should start with a symmetrizer S instead of the antisymmetrizer

in the expression for (N, A, A;) and we must, consequently, replace the contragradient repre-

sentations \ by A.

Corollary: We have expressed all of the linearly independent terms in the basis wave functions
P(N, A, Az) in terms of the product @ (N, A, 1) Xeow (IV, A, Az, 1); the entire basis wave function
can then be recovered from this single term by simply antisymmetrizing or symmetrizing in
all the particle coordinates, and, further, this antisymmetrization procedure does not reduce
the number of linearly independent terms. In other words, the dimension of the space of
multicomponent basis wave functions ¥ (N, A, A;) is given by the dimension of the space of
generalized spin wave functions Xggw (IV, A, A, 1) multiplied by the dimension of the space of
spatial wave functions ® (IV, A, 1). Our task now is to determine the dimensions of these vector
spaces. We shall discuss the generalized spin wave functions Xgew(N, A, A2, 1) in appendix G

and we shall discuss the spatial wave functions ® (N, A, 1) in appendix H.
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G Vector Space of Generalized Spin Wave Functions

In this appendix we shall explain how to derive the space of generalized spin wave functions
KXosw (N, A, Az, 7). First, we shall explain the simplifications that arise in the description of
the two-component case (spin-1/2 eigenfunctions); we shall then explain the most general n-
component case. In each case, we shall describe how the procedure described in appendix F is

applied to generate the vector space of generalized spin wave functions.

G.1 Two-Component Systems

An important observation is that any two-component multiparticle system can be mapped
onto a system with a spin-1/2 degree of freedom regardless of whether it contains fermionic or
bosonic particles. The procedure of decomposing into SU(2) representations is then identical
to the problem of the construction of spin eigenfunctions—a well studied problem in theoretical
chemistry. ®! Note that, in general, a wave function need only be an eigenfunction of spin if
the system is invariant under spin rotations. Nonetheless, since a decomposition in terms of
spin eigenfunctions is akin to a decomposition in terms of SU(2), the spin eigenfunctions will
always provide a complete basis in which to describe any two-component system.

Spin eigenfunctions for a multiparticle system are defined to be eigenfunctions of the total
spin operator 52 and total z-component of spin operator S,. Such functions can be expressed
as linear combinations of primitive spin wave functions: to repeat the definition given in
sec. 3.2.1, a primitive spin wave function 9J; of a many particle system is an eigenfunction of
the S, operator of every particle in the system. (They are effectively two-component generalized
spin wave functions where v = |1) and g = |]).)

Spin eigenfunctions X (N, S, S,,r) are constructed from linear combinations of these prim-
itive spin wave functions. For a system of N particles with spin eigenvalue S, there is a
one-to-one correspondence between the spin eigenfunctions and the subset of orthogonal ir-
reducible representations of the symmetric group denoted by Young tableaux of the shape
A=[IN+S 1IN — S]; see ref. [151].

The following results apply specifically to the two-component case. For any primitive spin

wave function 1J; it can be shown that

A A
eppj o< ey, or 0.
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A corollary is that one can generate the entire space of spin eigenfunctions from only the first
primitive spin wave function ;. The key expression for the construction of spin eigenfunctions

is then
X (N, S,8.,r) o< N0y (G.1)

Let us demonstrate these ideas with a simple example: the three particle state with eigen-

values S = 1/2 and S, = 1/2. The associated Young tableaux are of the shape A\ = [2,1] :

There are two possible arrangements of standard tableau:

1[3]
2

2]

‘w.—

and there are correspondingly two eigenfunctions with the same spin eigenvalue, each of which

is generated by one of the group algebra basis operators

X (3,3,5,1) = ey 1 (3,1/2) oc J5 (21114) — [141) — [441)
X (3,5, 5,2) = ey 01 (3,1/2) o« L5 (1141) = [111)) .

On inspection we see that X (3, ;, %, 1) is symmetric under exchange of indices 1 and 2 with
no particular symmetry conditions for index 3; moreover X (3, 55 2,2) is antisymmetric under
exchange of the same indices.

Recall the most general expression for the wave function given in eq. (F.10). In the two-
component case, since X(N,\, \,,1) = X(N,S,S,,1) = é,91(N, S.), we need only specify

the first primitive spin wave function in order to describe the full wave function. Thus, in the

two-component case the wave function (for fermions) can be succinctly expressed as

(N, S, S.) < A® (N, S,1)91(N, S,). (G.2)

G.2 Non Spin-Rotationally Invariant n-Component Systems

In the most general n-component case, the system may not be invariant under spin rotations,
or, if there is no spin degree of freedom present, rotations within the generalized spin space.
The most general set of generalized spin wave functions in this case are simply those specified by
the decomposition into tensor products of N fundamental SU(n) multiplets. The irreducible
representations occurring in the decomposition are labeled by A and r, with no additional

constraints—these are the functions described by eq. (F.4). We note that n-component systems
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APPENDIX G. Vector Space of Generalized Spin Wave Functions

of this type have previously been conceived in ref. [184]; however, the explicit wave functions
have not been calculated.
Since primitive generalized spin wave functions at different positions in the ordered set are

related by permutations, it is possible to write eq. (F.4) [i.e., Xgsw (N, A, A2, 7)] in the form:

fA,d(/\z) M(A,AZ)
D7 b (N ) = Y bpehdp(N, ), (G.3)
s=1,j=1 p=1

where p runs from 1 up to the multiplicity, M (A, A,), of the SU(n) multiplet state; recall that
this is given by the number of semistandard tableaux of shape A and component content ..
Note that since p can be greater than 1 but is always less than or equal to d()\.) (that is,
the total number of primitive generalized spin wave functions including, all possible orderings
of components), we include only a certain subset of the lexicographically ordered primitive
generalized spin wave functions in the basis; these correspond precisely to the semistandard

tableau shapes. For example, in the A = [3, 1] state of SU(3) the semistandard tableaux are

1[1]1] 1[1]1] 1[1]2] 1[1]2] 1[1]3]
2] 3] 2] 13 2]
1[1]3] 1[2]2] 1[2]2] 1[2]3] 1[2]3]
3] 2] 3] 2] 3]
113]3] 113]3] 2[2]2] 2[2]3] 2[3]3]
2] 3] 3] 3] 3]

The corresponding primitive generalized spin wave functions are given by interpreting the place-
ment of the numbers 1 to n in the semistandard tableau as the placement of the components
a, 3,7, ... in the primitive generalized spin wave functions. The corresponding set of primitive

generalized spin wave functions that can occur in this state are then:

laaap) , |aaay), laaBB), laaBy) , |aayp),
laaryy) s laBBB) , |aBBy) ,|aByB) , |afyy),
layyB) , laeyyy) L 18BBY) 5 1BBYY) , |1ByyY) -

The set of 9,(N, \;) for N up to 4 and for SU(3) and SU(4) are listed in table 3.4. The results
presented in table 3.4 have been checked by explicitly applying the matric unit operators to
all possible primitive generalized spin wave functions and then determining the linearly inde-
pendent combinations algebraically. The results of this brute-force approach for the numbers
of linearly independent state precisely match with the multiplicities and multiplet dimensions
deduced by the decomposition into irreducible representations of the Lie algebra of SU(n)

according to appendix E.
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Recall that in the tensor product of N fundamental SU(n) multiplets there are f* irreducible
representations associated with each symmetry type A, for example with A = [2,1] we have
fA =2, and, thus, there are f* generalized spin wave functions of the form Kosw (N, A Az, 7).
When we construct the fully symmetric or antisymmetric basis wave function by sewing together
spin and spatial parts [eq. (F.3)], any orthogonal generalized spin wave functions of the same
symmetry type and generated by the same root primitive generalized spin wave function will
appear in the same basis wave function. Thus, when counting the number of generalized spin
wave functions we include this degeneracy (see table 3.4), but when counting the size of the
vector space of generalized spin wave functions we do not .

Recalling eq. (F.10), we aim to determine the most general form for Xgew(N, A, A2, 1). We
can use eq. (G.3) to write the basis of Xgew(N, A, Az, 1) in terms of é7, applied to the set of
primitive generalized spin wave functions given in table 3.4. Thus, the minimal information to
reconstruct the wave function is contained within that set of primitive generalized spin wave
functions. In the multicomponent case the wave function (for fermions) can then be succinctly

expressed as
YN, N A, p) o< AD (N, X, 1) 9,(N, \,), (G.4)

where the set of functions 9,(N, \,) are taken from table 3.4.

H Spatial Wave Functions for Quantum Hall Systems

In this appendix we will apply the general techniques for the construction of spatial wave
functions derived in appendix F to the specific case of translationally invariant lowest Landau
level (LLL) wave functions of fixed degree L. Specifically, our task is to determine the functions
® (N, A\, 1) which will provide the minimal information required to reconstruct the complete
wave function. The enumeration of these functions will lead us to a derivation of the dimension
of the space of spatial wave functions. In sec. H.1 we shall describe how to construct appropriate
LLL wave functions in general, and we shall explain how the vector space of LLL spatial wave
functions can be enumerated algebraically using a set of projection operators. In sec. H.2 we
shall explain a more general procedure to calculate the dimensions of the vector space of LLL

spatial wave functions.

121



APPENDIX H. Spatial Wave Functions for Quantum Hall Systems

H.1 Procedure for Construction of Spatial Wave Functions in the LLL

Spatial wave functions describing multiparticle LLL states are built from sums of products of
single particle LLL wave functions and, as we argued in chapter 1, it follows that the spatial
wave functions must be (translationally invariant) analytic polynomials of a fixed degree in the
complex relative coordinates Z;. For a state with fixed relative angular-momentum eigenvalue
L the most general form of spatial wave function is given by
N
Dupatiol = D GipinZy - 20 with Y i = L.
i1y m=1
with arbitrary coefficients a;, ;, [cf. eq. (F.1)]. For example, for N = 3 and L = 2 the most

general spatial wave function is
=2 =2 ) o s = ~
Dpatial = A2002] + A02025 + @223 + a1102122 + ap112223 + A1012123.

Using this definition, we could, in principle, now use eq. (F.6) to produce an expression for
® (N, )\, 1) in the form given in eq. (F.7). In practice, we can employ a further short cut to
this procedure that reproduces exactly the same result. Recalling the proof of theorem 1, we

showed that

O (N, A1) =eNd (N, 1).
This result implies the following idempotency relation:

O (N, M\ 1) =éNd (N, M 1).

Thus, we see that if we start by writing ® (N, S, 1) as the most general form of spatial wave
function ®gpatia given above, then the action of applying é{‘l will automatically project out
the most general form of the first spatial wave function, given in eq. (F.7). We can interpret
this process of applying the symmetric group algebra basis operator as a process of introducing
many linear dependencies between the original set of linearly independent coefficients a;, . iy .
The result will be a polynomial of a particular symmetry imposed by the representation of the
symmetric group A, which may still contain some linearly independent coefficients a; ;. the
number of which is the dimension of the space of spatial wave functions.

We have now deduced that the vector space of LLL spatial wave functions can be projected
out from the space of most general LLL wave functions. In principle, this method can be

employed to determine the dimensions of the basis (listed in table 3.1) and the explicit forms of

the basis functions. However, due to the algebraic complexity of constructing the most general
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form of the spatial wave functions, and the fact that the number of terms in é3; grows as N!
with the number of particles IV, this brute-force approach is not viable in general. In the next
section we shall describe a method to calculate the dimensions of the space of LLL spatial wave

functions in general.

H.2 Calculating the Dimension of the Vector Space of Spatial Wave Func-

tions

In this section we shall explain the method used to calculate the values listed in table 3.1.
Using these results we shall then reinterpret the form of the spatial wave functions ® (N, A, 1)
and in doing so we shall complete our explanation of the results presented in table 3.2.

The spatial wave function ® (IV, A, 1) takes the form of a translationally invariant, analytic
polynomial in the coordinates z;, satisfying a particular set of permutation symmetries im-
posed by the underlying symmetric group representation. In general, it contains many linearly
independent coefficients, the number of which depends on the degree of the polynomial. This
is called the dimension of the polynomial space. In order to determine how many independent
parameters occur at a given degree we construct generating functions for the polynomial space
dimension, and to do this we first need to construct a linearly independent basis in which to
describe the polynomials.

Recall from sec. 3.1 that any antisymmetric polynomial in N variables can always be writ-
ten as a symmetric polynomial by factoring out a Jastrow factor, eq. (3.3). There are many
ways to construct a basis of symmetric polynomials; the one we utilize is the basis of elemen-
tary symmetric polynomials, which we defined in eq. (3.4). If we impose the condition that
the polynomials must be translationally invariant then we must write elementary symmetric
polynomials in terms of relative coordinates Z;, which we defined in eq. (3.5). Recall also that
translational invariance results in eq. (3.6). These modified elementary symmetric polynomials
form a basis of translationally invariant symmetric polynomials, in other words we can form
any translationally invariant symmetric polynomial from a sum of products of the modified
elementary symmetric polynomials. (More precisely, these polynomials form what is called a
ring of translationally invariant symmetric polynomials.) %"

The polynomials such as ® (N, \, 1) are not fully symmetric but, instead, they have sym-
metries in subsets of particle indices as dictated by the shape A\ of their associated Young
tableaux. As a starting point we shall try to use the basis of elementary symmetric polynomi-

als to span the space of polynomials with subsets of symmetries. We require, in addition that
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the polynomials are translationally invariant and this places a restriction on the basis,
e11..N = 0. (H.1)

The dimension dgym (L, N) of the space of translationally invariant symmetric polynomials

in N variables and of degree L is defined in terms of the generating function

N o)
1
Zn (@)= [1 v > q"dsym (L, N),
m=2 L=0

SO

dsym (La N) =

5@ =],

We can write down a generating function for the space of polynomials with subsets of
symmetries by multiplying the generating functions of the subsets (for proof, see appendix 1.2).
Our task now is to construct a basis of partially symmetric polynomials that reflects the
symmetric group representations. It happens that the two component case is the simplest to
explain, and so we shall discuss that case first before generalizing our result to the multicom-

ponent case.

H.2.1 Two-Component Case

The basis of two-component wave functions is identical to the basis of spin eigenfunctions. We
shall, thus, consider the spatial functions associated with an N-particle state of spin S.

For bosons the particular case of interest is a translationally invariant polynomial that is
symmetric in arguments 1 to %N—i— S and in the arguments %N—i— S+1to N. Due to eq. (H.1)
we must eliminate elementary symmetric polynomials of degree 1 from the generating function
of one subset. The generating function for translationally invariant, symmetric polynomials

with two symmetry subsets is then

D+ 1 N_s ,
s 11 i 11 m
m=1 n=2

For example, we might consider polynomials of degree L = 3 in N = 5 indices that are
symmetric in indices 1, 2, and 3 and separately symmetric in indices 4 and 5. In terms of
elementary symmetric polynomials we can construct: ey 123€2,123, €1,123€2,45, €3,123, 6?7123. This
number, 4, is precisely given by appropriately differentiating the generating function given in

eq. (H.3), for the case of N =5 and S = 1/2.
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For fermions we require that the polynomial is separately antisymmetric in the two symme-
try subsets instead of separately symmetric in the two subsets, and so the space of symmetric
polynomials only comes into play at polynomial degrees higher than the degree of the associated
Jastrow factor. To start the generating function at a particular degree, J, we must multiply by
q’ (for a proof, see appendix 1.2). In order to take into account the Jastrow factors associated

with each of the symmetry subsets we must have

1 /N N 1 (N N N2 N,
J_2(2—S><2—S—1>+2<2+S)<2+S—1>_4—2+S. (H.4)

The generating function for translationally invariant, antisymmetric polynomials with two

symmetry subsets is then

N N
7+S 1 775 1

f .

zgge @ =o' I 1 11 (1L5)
m=1 n=2

More precisely these generating functions actually account for polynomials with this type
of symmetry or greater symmetry. For example, a polynomial which is fully symmetric is also,
by definition, symmetric in any subset of its arguments. A polynomial that is symmetric in two
subsets of its arguments is also symmetric in any further subdivision of those subsets. What
we really require is a generating function for polynomials of one particular symmetry only,
which we shall denote by Z N,s, and we emphasize that Eqgs. H.3 and H.5 fail to do this. In
appendix [.3 we make the statement “greater symmetry” more precise; in particular, we show
that for tableaux containing the same number of boxes, a tableau A is of “greater symmetry”
than a tableau p if and only if S\ > S, where S is the corresponding spin eigenvalue of the
tableau.

What we call Z N.s is the generating function for polynomials that are eigenfunctions of S?
(note that this is independent of S eigenvalue). Below, Zy s (q) represents either Z]f\e,fglion (q)
defined in eq. (H.5) or Z]}i,(,’gon (¢) defined in eq. (H.3). Our derivation of the generating function

Z ~,s is as follows. First, it is easy to see that

which is simply the statement that for the state where S = N/2, the wave function is fully

symmetric (bosons) or fully antisymmetric (fermions). For the next highest state we have

Zyy (D=2 y@+Z ~ (@,

that is, the polynomial space whose dimension is generated by either eq. (H.3) or eq. (H.5)
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with S = N/2 — 1, is composed of both fully symmetric polynomials and polynomials that

are symmetric in N — 1 indices. We can rearrange this equation to give an expression for the
generating function that we want to get at

N1 (9) = ZN,%A () - ZN,% (a)
In general, we have
N
275
Ins@= Y27 n (a),
i=0 2
and so
Zns(q) =Zns (@) = Zn.s1(q) -

(H.6)
These generating functions are used to calculate the results displayed in table 3.1. A more
rigorous proof of this result is given in appendix 1.3

Although the generating functions provide us with a means to calculate the dimension of
the space of polynomials at a given degree, they shed no light on the explicit form of the

polynomials. An insight into the forms of the polynomials can be obtained by first rewriting

the generating function using the following result (see appendix 1.2)

kmax
Zns(q9) =q La”,

(IL.7)
k=0

where V'), are positive integer coefficients and

N

b = (3 5) (3 +5).

We interpret the expression for the generating function in eq. (H.7) as describing a poly-
nomial basis comprising primitive polynomials at degrees J up to J + kmax, each of which has
/ .

b'i linearly independent coefficients. In order to indicate the polynomial degrees at which the

primitive polynomials occur, we include the following functions, Yy g, in table H.1

R

max
N,S

qJZb/ k

Yns =

||:12

(HL.8)

Some examples of the b';, thus can be read off from table H.1

The conclusion of this section is the following key statement: the most general polynomial

of a given symmetry type is a linear combination of the primitive polynomials multiplied by

any valid translationally invariant fully symmetric polynomial
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A YN,S

2] 1 3 Yas
[1,1] q :

3] 1 i > : 5. 4
2,1] q+q° 4,1 2 q+3q +4q +5q 6
111 A (3, 2] cg+ci +q5+q6—l—q7

] N [3,1,1] q4+q5+2(i3 +q7 +q8
31 | gt td 2,2,1] | ¢ J;q +7q Zq J;q
2,2] 7+ ¢t SRR R
2,1,1] |F+¢*+¢ L1111 d

1,1,1,1] q°

Table H.1: These functions, Yy g, are calculated as in eq. (H.8), by taking the ratios of the
generating functions for polynomials of a particular symmetry type A in eq. (H.12) [or eq. (H.6)
for the two-component case], to the generating function of a fully symmetric polynomial for
the same number of particles. As explained in the text, the ¢ polynomial degree of each term
indicates the presence of a primitive polynomial at that degree in the spatial wave function and
the value of the coefficient in the ¢ polynomial indicates the number of linearly independent
parameters constituting the primitive polynomial at that degree (cf. Tables 3.2 and 3.3).

H.2.2 Generlization to the Multicomponent Case

In the multicomponent case, we have already shown that the full spatial wave function can be
reconstructed from just the first part, ®(N, A\, 1). In this section we aim to describe the form
of this first part of the spatial wave function, a translationally invariant analytic polynomial
of a particular symmetry, in terms of the elementary symmetric polynomials. We would like
to derive an expression for the dimensions of the spaces of such polynomials, as we did for the
two-component case, by constructing a set of generating functions.

We start by writing down a generating function for the space of polynomials with an ar-
bitrary number of symmetry subsets, and we do this by simply multiplying together the gen-
erating functions corresponding to each of the different subsets (previously we only needed to
consider two subsets). To take into account the translational invariance of the polynomial, we
use the relative coordinates also defined in sec. 3.1. This introduces the constraint given in
eq. (H.1). To enforce this constraint, we remove one of the sets of e; terms by starting one of
the generating functions from a lower bound of 2 rather than 1 (similar to the argument given

in for the two-component case),

Ny 1 Ny 1 Np 1
boson __
ZRoson — ]_[71_(1”11 Hil_qmz'nnil_qmn (H.9)
mi1=1 mao=1 Mp=

127



APPENDIX H. Spatial Wave Functions for Quantum Hall Systems

or for conjugate tableaux we would have to take out an appropriate Jastrow factor of degree
"1
J= z; 5 Ni (N; —1).
i—

The generating function in this case is

Nl 1 N2 1 N’n 1
fermion __ _J
A\ =q¢’ ] o 11 1—qm2“.H71—qmn. (H.10)
mi1=1 mo=1 Mp=2

In fact, the generating functions written down here describe a space of polynomials that has
a certain symmetry type or a greater symmetry. For example, the generating function Z}\’is[g?l]
gives the dimension of the vector space of polynomials of symmetry type A = [2,1] added to
the dimension of the vector space of polynomials of symmetry type A = [3]. More precisely,
we say that the vector space generated by Zkoson contains two subvector spaces, each of which
corresponds to a particular irreducible representation of the symmetric group. It follows that,
for our purposes, determining the vector spaces of polynomials associated with irreducible
representations of the symmetric group, we are looking for the dimensions of these subvector
spaces. If we wish to perform this decomposition of vector spaces for any arbitrary shape
of tableau then an important question to address is which subvector spaces are included, in
general, and how many times is each subvector space included (as there is no reason, in principle,
why a subvector space cannot be included multiple times in the decomposition). The answer
to this question can be found in the underlying mathematical structure of the construction of
polynomial spaces corresponding to representations of the symmetric group (objects known as
modules in the mathematical nomenclature); we shall simply state the result here, leaving the
details of the underlying mathematics to appendix [.3. In order to state the result we must,

.
7185, when

first, introduce a notation that makes precise the statement “greater symmetry
comparing two Young tableaux shapes u = [u1, po, . .. fn] and XA = [A1, A, ... \;], we say that

u dominates (has “greater symmetry” than) A, written g A if

prtpet .o >+ + N Vi1 with ist = Xisn = 0.

For example, [3,3]>[2,2, 1, 1]. Note that there are cases when tableaux are incomparable, such
as [3,3] and [4, 1, 1]. One way to avoid such incomparable tableau shapes by restricting possible
shapes to tableaux having no more than two rows, which is precisely the two-component case.
For proof of this result, see appendix 1.3. Below, Z) (q) represents either Z/f\ermion (q) defined
in eq. (H.10) or ZEOSOH (¢) defined in eq. (H.9). Using this notation, the general relation

between the Z) generating functions and the generating functions corresponding to irreducible
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A= [4 [31] [22] [21,1] [1,1,1,1]
A= [38] [21] [1,1.1] p= [4 1 -1 0 1 ~1
p= [ |1 -1 1 31 |0 1 -1 -1 2
21 |0 1 =2 221 |0 0 ~1
1,111/ 0 0 1 2,11 |0 0 1 —3
() (K),} for N =3 1,1,1,1] 0 0 0 0 1

(b) (K),» for N = 4

Table H.2: A list of inverse Kostka matrices for different Young tablaux sizes. Lists of the
Kostka matrices K,y up to N = 8 are given in ref. [186].

representations of the symmetric group, Z ), 1S
Zn=> Kz (H.11)
uB>A
In this equation the coefficients K\ are called Kostka numbers. '8¢ It is clear that eq. (H.11)
is a matrix equation. Since the matrix of Kostka numbers is nonsingular, the relation can be
inverted, which gives us our key result:
5 -1
Zn="> (K),\ Zy. (H.12)
p>A
A formal derivation of this result is given in appendix 1.3. In table H.2 we have listed selected

inverse matrices of Kostka numbers. Using these numbers, we can construct, for example,

Zboson boson __ Zboson _ Zboson + Zboson

(2,1,1] = [2,1,1] [3,1] (2,2] [2,1,1]

Notice that if we restrict the allowed tableau shapes to have no more than two, rows then we
recover the special case of the result given in eq. (H.6). An identical argument applies for the
description of conjugate tableaux Zﬁermion.

We have used these results to calculate the lists of the dimensions of vector spaces associated
with irreducible representations of the symmetric group listed in table 3.1 for the symmetry

types not already included in the SU(2) case.

H.2.3 Calculation of Primitive Polynomials

We shall conclude our argument by describing the procedure by which we have calculated the

primitive polynomials presented in Tables 3.2 and 3.3. We start with the most general fixed
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degree translationally invariant polynomial as the spatial wave function:
N
Dpatial = D GiyinZy .. 20 with > ipm = L.

i1 yeein m=1
We then apply the appropriately constructed symmetric group algebra projection operator:
d (N, \ 1) = é{‘1q>spatial (with A = [N1, Na, ..., N,]). This will leave a sum of terms that are
of the correct permutation symmetry, and, hence, they can be written in terms of a basis
of elementary symmetric polynomials (multiplied by an appropriate Jastrow factor, for the
fermion case):

; - - i - - IN, _ - -
O (N,\1) = Z bil...iNelﬁNl (zl,...,le)...ezv]?M (zl,...,le)...eL]’\}nﬁl (an71+1,...,an)

11, IN

Ny Np,
iNg (= - ) . .
ceN N (an71+1,...,an) with E My + ...+ E (m — Nyp) im = L.
m=1 m=Nn+1

This is equivalent to a basis involving primitive polynomials and fully symmetric polynomials
only. We start with linearly independent coefficients a;, ;,, but once we apply the projec-
tion operator we have a smaller set of coefficients, b;,. ;,. These coeflicients are not linearly
independent in general. We can express the b coefficients in terms of the a coefficients, and,
in principle, it is possible to solve these systems of equations to determine all possible linear
dependences between the b coefficients. Indeed, using this procedure, we have independently
verified the number of linearly independent coefficients predicted by the generating function
method up to polynomial degree ten.

If we perform this construction at a polynomial degree exactly corresponding to a primitive
polynomial, then we can be sure that one of the basis polynomials (i.e., the terms multiplying
one of the b;, ;, coefficients) can be considered as the primitive polynomial. We can therefore
extract the primitive polynomial by setting an appropriate number of the b;, ;, coeflicients to
zero, such that the remaining expression contains the correct number of linearly independent
coefficients required for the primitive polynomial. For N < 5, almost all of the primitive poly-
nomials contain only one arbitrary coefficient and so this procedure can be reduced to setting
all but one of the b;,. ;, coefficients to zero, such that different primitive polynomials are not
related to each other by multiplication by any translationally invariant fully symmetric poly-
nomial in NV variables. The polynomials given in table 3.2 are all derived using this technique.
We have elucidated the details of the technique here in order to point out that the primitive
polynomials listed in table 3.2 are defined in a somewhat arbitrary way. Despite this, once we

reconstruct the spatial wave functions from primitive polynomials multiplied by translationally
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invariant symmetric polynomials with a fixed combined degree, then these functions will fully
span the basis.

We began this construction procedure with the most general possible ®gpatia1. In practice,
we are free to choose a less general starting spatial wave function if we know what properties
to expect in the final spatial wave function after projection (in other words, we can effectively
pre-empt the linear dependencies that will be introduced between the coefficients and this
saves a great deal of computational time). The first part of the spatial wave function will be
associated with the first standard tableau of the shape A = [Ny, No, ..., N,]. The corresponding
polynomial will be translationally invariant and symmetric or antisymmetric in indices 1 to Ny,
in indices N1 + 1 to Ns, and so on. Using this information, we can choose the starting spatial
wave function to be the most general translationally invariant analytic polynomial with these
symmetries at a given degree, ®roquced- 1These symmetries are, in fact, uniquely associated with

the r = 1 standard tableau and, as a result, it follows that
P (N’ )‘a 1) = ei\l(I)reduced- (H.13)

We shall now discuss a simple example illustrating the whole construction procedure in the
case of a two-component system. For simplicity, there are no undetermined parameters in this
example. Let us consider the three-particle L =1, S =1/2, S, = 1/2 fermion wave function.
We begin by constructing the spatial wave function associated with the first spin eigenfunction.
To do this we, first, construct the » = 1 standard tableau associated with N =3 and S = 1/2.

We know that the spin eigenfunction X (N = 3,5 =1/2,5, =1/2,r = 1) is constructed from

1]2]
3

The fermion spatial wave function associated with the spin eigenfunction X (3,1/2,1/2,1) is

then constructed from the contragradient standard tableau, which is

1]3]
2

For bosons we instead construct the spatial wave function from the first tableau shown here.
We have already calculated X (3,1/2,1/2,1) in appendix G.1, and it is clearly symmetric
under exchange of the first two spins but has no other symmetry. If we require that the overall
wave function is antisymmetric (for fermions) then we know immediately that the spatial wave
function ®(N = 3,5 = 1/2,7 = 1) will at the very least be antisymmetric under exchange

of the first two coordinates. Using this information we can choose the primitive spatial wave
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function to be
(I)reduced = (21 - 22) .

We then apply a projection operator to generate ®(3,1/2,1) (see ref. [149] for tables listing the

explicit forms of such projection operators)

2,1 [2,1]

©(3,1/2,1) = élflo = el (51— 2) = (21 - 2).

’

As we have explained, this term is associated with the first primitive spin wave function and

we know that all of the physics is contained in the construction

IT1) (21 — 22) -

Given this information we can effectively determine the remainder of the wave function by
antisymmetrizing in all the particle indices [see eq. (3.17)].

Although simply antisymmetrizing does indeed give the correct result, it may be necessary
to write the result explicitly in terms of spin eigenfunctions. In this example we have f* = 2.

We associate ®(3,1/2,1) with the first spin eigenfunction:

X (3’ 1/27 1/27 1) = % (2 |TT¢> - |T~LT> - |\I/TT>) .

The second spin eigenfunction is

X (3,1/2,1/2,2) = & (114) — [111).

The associated spatial wave function is given by

(3,1/2,2) = e 10(3,1/2,1) = L (25— 51 - ).

The full wave function must be a the sum of these two terms: for L = 1 this is

1,1/2,1/2,1) oc (2[11) — [N = [J1) (B1 — 22) — (IN) + [U11)) (223 — 21 — 22) -

Comparing with eq. (3.17) we see that once the terms corresponding to each of the primitive
spin wave functions are collected up then the results do indeed agree.

To obtain the equivalent boson wave function in this case we can simply interchange the
associations between the spin and spatial parts. We can, of course, apply the same technique
described in this example to construct the wave function at any degree, starting from the first

part of the spatial wave function at that degree.
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I.1 Young Operators

The concept of Young operators may be familiar to many readers. The Young operators are
idempotent projection operators that generate minimal left ideals in the regular representation
of the symmetric group; in other words, the Young operators form a resolution of the identity
that generates the irreducible representations of the symmetric group algebra.'°? By definition
this means that they form a basis spanning the group algebra.

The Young operators are constructed as follows: with each standard tableau, 7)., we asso-

ciate an operator
}/r = QTPT7

where P, is product over all rows in the tableau of the sum of all permutations that permute
the numbers in the same row and @, is product over all columns in the tableau of the sum of
all permutations that permute the numbers in the same column multiplied by the sign of those
permutations. Essentially, P. symmetrizes in the row indices and @, antisymmetrizes in the
column indices. The Young operator is the product of these two operators.

The set of Young operators can be used to generate all of the results derived in appendix F;
however, the resulting projected functions do not form a fully orthogonal basis.'®! It is more
convenient, therefore, to use a set of operators that automatically project out an orthogonal
basis of generalized spin wave functions.

The advantage of the matric basis, defined in appendix E, is that it enables us to use the
representation matrices of any irreducible representation to construct a corresponding basis of
the group algebra, and, for convenience, we can choose the orthogonal representation to ensure

orthogonal basis functions.

I.2 Generating Functions for Symmetric Polynomials

The generating function for a translationally invariant symmetric polynomial in N variables is

given by '8:
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Consider a product of two generating functions for symmetric polynomials

Zn, (Q) ZN, (Q) :

The dimension of the space of polynomials at degree L is given by

(4 <q>] ,

q=0

d(L,Ni,Ny) =

but we can expand this expression out using the Leibniz rule as follows:

d L L . d L—k d k
(@) =3 ra(g) 2 (G) 2

So the dimension of the space of the combined symmetry is given by the sum of the dimensions
of the spaces of polynomials of the same symmetry but with all possible subdivisions of the
angular momentum, L. This is precisely the result we require for the generating function of
a polynomial with two combined symmetries. This result clearly generalizes to a product of
arbitrarily many generating functions.

Now consider a modified generating function given by multiplying by a factor of ¢’. The di-
mension of the space of polynomials arising from this modified generating function is effectively

a special case of the above result:

B (1 /7 d\% ; N 1
d(L,N) = 7 <dq) (q ngzlqm”qo
[ 1 d L-J N 1
- (L—J)'(dq) (H 1_qm>]q:0:dsym(L—J,N)

m=2

In appendix H we made use of the following results for the two-component case:

J+s N-s
% e §-S N+1—j
Zns(q) =2 s T H (1—¢q ) [ N
J17 1 A i (1—¢7) %_S '
q’ 11 Tqn [I T—qm =1 1
n=2 n=2

The final expression is a so-called g-binomial coefficient.'® We can, thus, simplify the

generating function to

N

Zn.s(q) =q’ H 1 —1q" Zbqu7

n=2 k

where by are positive integer coefficients. Using the definition of g-binomials we can show

Zk:bk = Ncg_s.
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Using the result from eq. (H.6) we have

Zn, s (q) - N o gitI+2s N

N _g F-s-1)’
11 s q q
n=2

with J given in eq. (H.4). It follows that

N k
- 1 max
Zvs(@=a" [ == D vhd",
n=2 q k=1

where b’y are positive integer coefficients, which can be derived from the previous formula above

in terms of the g-binomial coefficients, and
b = (3 = ) (X +9).

A similar result also holds in the multicomponent case for Zy defined in eq. (H.12).

I.3 Vector Spaces Associated with Representations of the Symmetric Group

In this final appendix we shall present an alternative derivation of the results presented in
appendix H. Our aim is to construct a basis of polynomials that are in a one-to-one corre-
spondence with irreducible representations of the symmetric group, and, hence, are labeled by
Young tableau shapes A = [Ny, Na, ..., N,]. The starting point of our derivation is the set of
symmetric polynomials that have subsets of symmetries. Such polynomials can also be enumer-
ated in terms of integer partitions and, hence, Young tableau shapes. The question is: how are
these polynomial constructions related? In this appendix we shall explain how this question
can be posed in a more precise mathematical sense, in terms of the representation theory of the
symmetric group. Having demonstrated an equivalence to a problem in mathematics, we shall
describe the solution and then finally explain how this solution can be applied in the context
of our problem.

To begin with, recall the simple argument given in appendix H, which applied to the case
of Young tableaux restricted to having no more than two rows. In that case we stated that the
basis of polynomials of a given symmetry type actually contains polynomials of that particular
symmetry type or of a greater symmetry type. We should make this statement more precise.
Mathematically speaking the term “greater symmetry” is equivalent to whether one tableau
shape dominates another.'®® When comparing two Young tableau shapes p = [p1, pio, - . . , fin]

and A = [A1, A2,..., ], we say that u dominates (has “greater symmetry” than) A, written
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u> A if
prtpe+ .o o>+t 4o+ N Vi1, with isi = Nisn = 0.

In the special case where the Young tableau A contains N boxes in two rows, with N/2 + Sy

boxes in the first row, this definition reduces to just

N N
1> A = 5-1-5,,,254-5,\ oM 2 > A+ A = N> N.

The second statement is clearly always satisfied, and the first statement is true for all spin
eigenvalues Sy < 5, where S} is the spin eigenvalues associated with symmetry type A. This
is precisely the way in which we defined “greater symmetry” in appendix H. An important
consequence of this result is that there are no possible cases of ambiguous dominance (that
is, where two tableaux shapes do satisfy some but not all of the conditions for dominance,
for example, [3,3] and [4,1,1]). We can represent the set of dominances diagrammatically in a
Hasse diagram.'®® For the case of Young tableaux containing N boxes in only two rows the
Hasse diagram is shown in fig. I.1 (a). The argument given in appendix H to derive eq. (H.6)
follows directly form the ordered structure of this set of dominaces.

More generally, if we want to consider arbitrary shapes of Young tableaux, the set of
dominances becomes more complicated. For example the Hasse diagram for all N =5 Young
tableaux is shown in fig. I.1 (b). In general we must be more careful take into account the
exact structure of the inclusions each of these symmetry subsets, and in particular we cannot
rule out that in general one subset may be included multiple times within a subset of greater
symmetry. At this juncture we shall introduce an equivalent mathematical formulation of this
problem.

In the mathematical theory of representations of the symmetric group the symbol M*
denotes the polynomial space spanned by objects that correspond to the set of all Young

tableaux of shape \.'8° For example, M3 has the basis

2[3]4] 1[3[4] 12[4] 1[2]3]
1 2 3 4

We say that M* forms a representation of the symmetric group called a permutation module
(a more strict definition is that a module over a ring is an algebraic structure generalizing the
notion of a vector space over a field). 8> In the context of polynomials, the permutation module
forms a “vector space” for the ring of polynomials associated with a particular symmetry type.

This is because the symmetry type of a polynomial should correspond to a Young tableau
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1.3. Vector Spaces Associated with Representations of the Symmetric Group

+ [5]
[N —1,1] S
¢ [4,1]
!
[N —2,2] o
¢ i
[N/2+ S#iN/Q —5,] /[3 1, 1]\
2,2,1] 2,1,1,1)
4 N
[1,1,1,.. ] [1,1,1,1,1]
(b) All N = 5.

(a) Only two rows.

Figure I.1: Examples of Hasse diagrams representing Young tableau shapes of “greater sym-

metryw ) 185

shape, as we have already explained, and because there should be no restriction on the order of
the indices in a symmetric polynomial, so we must take into account all possible ways to place
the numbers in a tableau of a given shape. The dimension of this polynomial vector space is,
thus, given by the generating functions that we have denoted by Z,.

Our aim is to construct the space of polynomials corresponding to irreducible representa-
tions of the symmetric group. In the mathematical theory of representations of the symmetric
group the symbol S* denotes the polynomial spaces that correspond to irreducible represen-
tations of the symmetric group (the notation is not to be confused with our Sy, which is the
spin eigenvalue associated with symmetry type \). These vector spaces are spanned by objects

that correspond to the standard Young tableaux of shape A. For example, S has the basis

1[3]4] 1[2]4] 1[2]3]
2

S are called Specht modules.'® In the context of polynomials, these Specht modules corre-
spond exactly to the space of polynomials that becomes associated with irreducible representa-
tions of the symmetric group, in other words, precisely the space of polynomials that we require
for our investigation. The dimensions of this space of polynomials are given by the generating
functions that we have denoted by Z.

A well-studied mathematical problem is to decompose the permutation module M? in
terms of irreducible representations of the symmetric group or, equivalently, in terms of Specht

modules. It turns out that it is possible to write M* as a direct sum of Specht modules, and
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APPENDIX I. Further Mathematical Details

the result is!'®°
M= @ K,\S"
ADp

The coefficients appearing here are precisely the Kostka numbers that we discussed in ap-
pendix H.2.186
Finally, since this relation involves a direct sum of irreducible representations, it follows
that the dimensions of these irreducible representations simply add together, and we find
dy» = ZKMAdsu.
A
It also follows that an equivalent relation must also be satisfied by the corresponding generating

functions, and, hence, we find eq. (H.11).
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