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Abstract. Subspace methods are commonly used for finding approximate eigenvalues and4
singular values of large-scale matrices. Once a subspace is found, the Rayleigh-Ritz method (for5
symmetric eigenvalue problems) and Petrov-Galerkin projection (for singular values) are the de6
facto method for extraction of eigenvalues and singular values. In this work we derive quadratic7
error bounds for approximate eigenvalues of symmetric matrices obtained via the Rayleigh-Ritz8
process. Our bounds take advantage of the fact that extremal eigenpairs tend to converge faster than9
the rest, hence having smaller residuals ∥Ax̂i − θix̂i∥2, where (θi, x̂i) is a Ritz pair (approximate10
eigenpair). The proof uses the structure of the perturbation matrix underlying the Rayleigh-Ritz11
method to bound the components of its eigenvectors. In this way, we obtain a bound of the form12

c
∥Ax̂i−θix̂i∥22

Gapi
, where Gapi is roughly the gap between the ith Ritz value and the eigenvalues that are13

not approximated by the Ritz process, and c > 1 is a modest scalar. Our bound is adapted to each14
Ritz value and is robust to clustered Ritz values, which is a key improvement over existing results. We15
further show that the bound is asymptotically sharp, and generalize it to singular values of arbitrary16
real matrices. Finally, we apply these bounds to several methods for computing eigenvalues and17
singular values, and illustrate the sharpness of our bounds in a number of computational settings,18
including Krylov methods and randomized algorithms.19
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1. Introduction. The symmetric eigenvalue problem and the Singular value23

decomposition (SVD) are key computational tasks in many numerical methods for24

engineering and data analysis applications. Classical algorithms perform these de-25

compositions in polynomial time (cubic in the dimension, for an ϵ-accurate solution),26

but the matrices that are considered nowadays are often of very large scale, some-27

times even too large to fit into memory. Subspace methods (including Krylov sub-28

space methods [20] and randomized algorithms [5]) form a leading class of methods29

that allow us to tackle such problems. Once a subspace Span(Q) is identified, where30

Q ∈ Cn×k is a matrix with orthonormal columns, the most common approach to31

extracting eigenvalues is the Rayleigh-Ritz (RR) process [20, Ch. 11], which outputs32

the eigenvalues of QTAQ as approximations to those of A. The quality of the Ritz33

eigenpairs as an approximation to the actual eigenpairs of the original matrix has been34

extensively studied in the literature: for the eigenvectors, a bound on the canonical35

(or principal) angle between the subspace spanned by the Ritz vectors and the actual36

eigenspace is provided in the classical Davis-Kahan sin θ theorem [3][20, Chap.11]37

and was improved in [16]. For the Ritz values, error bounds have been derived in38

[7, 12, 20][6, Cor.7.3.5][22, Cor.1.4.31]. A similar process is applicable to approxi-39

mate the (usually leading) singular values of A ∈ Cm×n from subspace(s) spanned40

by Q1 ∈ Cm×k1 , Q2 ∈ Cn×k2 , as the singular values of the projected matrix QT
1 AQ2;41

this is called a Petrov-Galerkin (PG) projection method. More recently, randomized42

algorithms such as randomized SVD by Halko, Martinson and Tropp (HMT) [5] and43

(Generalized) Nyström [2, 17, 24] have been receiving significant attention, as they44
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2 I. B. HAAS AND Y. NAKATSUKASA

provide an efficient way of computing a low-rank approximation of the original matrix45

that is nearly optimal in the Frobenius norm [5]. Similarly to RR and PG, randomized46

SVD is also based on (one-sided) projection, A ≈ QQTA, where Span(Q) = Span(AΩ)47

for a random (sketch) matrix Ω. Error bounds on the resulting singular values for48

these methods are derived in [4, 11, 21].49

In this paper we first examine the accuracy of the output approximate eigenvalues50

from the RR process. Our work is primarily motivated by the fact that existing51

error bounds for the Ritz eigenvalues can be improved greatly, assuming that the52

norms of the residuals corresponding to each eigenvalue differ significantly, which is53

common in practice. That is why we derive sharp upper bounds on the difference54

between the Ritz values and the exact eigenvalues by exploiting the perturbation55

structure underlying the Rayleigh-Ritz process. We then generalize the result for56

singular values of arbitrary matrices, and compare the bound to the approximate57

singular values obtained from HMT in our numerical experiments, along with other58

approximation methods including subspace iteration and Krylov methods.59

To make the problem precise, let us fix the notation and consider the structure60

afforded by the RR and PG processes.61

Notation : We use MATLAB notation for matrix indexing, in which X(:, i)62

denotes the ith column of X and X(:, i : j) is the matrix consisting of the ith to the63

jth columns of X. If not stated otherwise, we also note Xi the ith column of the64

matrix X. We let ∥X∥2 denote the spectral norm of a matrix X, which reduces to the65

Euclidean norm whenX is a vector. For simplicity we focus on the real symmetric case66

(for the eigenvalue problem). Our analysis holds more generally verbatim for complex67

Hermitian matrices; in this case, one replaces T with the Hermitian transpose ∗ in68

what follows. Finally, the error bounds presented below often involve spectral gaps69

that we denote Gapi, gapi or Γi. By definition Gapi and Γi will involve the part of70

the spectrum that is not approximated and the eigenvalue whose error is bounded,71

while gapi will involve (roughly) the approximated eigenvalue and the next closest72

exact eigenvalue. Therefore typically Gapi > gapi, and we emphasize the case where73

Gapi ≫ gapi. We also use the letter δ to denote available lower bounds on the spectral74

gaps.75

Perturbed matrix and available information from the Rayleigh-Ritz process. Sup-76

pose that k eigenpairs of an n × n symmetric matrix A are sought (typically the77

smallest or largest eigenpairs), and we have a k-dimensional1 trial subspace spanned78

by an n× k matrix Q1 with orthonormal columns that approximates the correspond-79

ing eigenspace. To extract an approximation to the desired eigenpairs from Q1 with80

RR one computes the k × k symmetric eigendecomposition QT
1 AQ1 = Y Λ̂Y T where81

Λ̂ = diag(θ1, . . . , θk) is the matrix of Ritz values and Y is unitary (see e.g., [20,82

Ch. 11]). The matrix of Ritz vectors X̂ = [x̂1, . . . , x̂k] is defined as X̂ = Q1Y . Then83

let X̂⊥ be such that [X̂ X̂⊥] is a unitary matrix, and form the perturbation matrix84

(1.1) Ā = [X̂ X̂⊥]
TA[X̂ X̂⊥] =

[
Λ̂ ET

E A2

]
85

where E = X̂T
⊥AX̂ = [E1, E2, . . . , Ek]. The matrix Ā is similar to A so it has the86

same eigenvalues as A. Throughout the paper we let λi (resp. σi) denote the ith87

eigenvalue (resp. singular value) of the matrix A. The overarching goal is to bound88

|θi − λi|, the error in the Ritz values as approximations to the exact eigenvalues λi.89

1In practice one often uses a subspace whose dimension is larger than the desired number of
eigenpairs k, but this does not affect what follows.
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 3

In practice, the information available after RR are the Ritz pairs (θi, x̂i) for90

i = 1, . . . , k and the norms of the columns of E, because they are equal to the91

norm of the residual: ∥Ei∥2 = ∥Ax̂i − θix̂i∥2. In addition, since Q1 is designed to92

approximate a k-dimensional eigenspace, a rough estimate of the eigenvalues of A293

is usually available. For example, when Q1 approximates the smallest eigenspace we94

can reasonably expect λ(A2) ≳ maxi θi (this must hold in the limit E → 0), where95

λ(A2) denotes the spectrum of A2. Another option is to use oversampling, i.e. to96

approximate k+ ℓ eigenvalues (or singular values) so that the ℓ additional Ritz values97

provide a good approximation of Gapi := minj |θi − λj(A2)| ≈ mink<j≤k+ℓ |θi − θj |.98

More generally to obtain an error bound on θi we only need to assume the knowledge99

of a lower bound δ̂i on Gapi.100

A key observation here is that the residuals ∥Ei∥2 typically vary with i by several101

orders of magnitude. For example, if the smallest k eigenpairs are sought and the Ritz102

values θi are arranged in increasing order, then we typically have a graded structure103

∥E1∥2 ≲ ∥E2∥2 ≲ . . . ≲ ∥Ek∥2, with ∥E1∥2 ≪ ∥Ek∥2, because extremal eigenvalues104

tend to converge faster than interior ones by widely used methods such as Krylov105

subspace methods (like Lanczos) and LOBPCG [1, 9] (and HMT for singular values);106

this is related to the convergence of the power method. In this situation we observe107

that the error |θi − λi| is O(∥Ei∥22). Our goal is to derive bounds that accurately108

reflect this for each eigenpair.109

Turning to the general case, to approximate k singular values of a general matrix110

A ∈ Rm×n, using the PG method, assume we have a left trial subspace spanned111

by Q1 ∈ Rm×k and a right trial subspace spanned by Q2 ∈ Rn×k2 , with Q1, Q2112

orthogonal, and k2 ≥ k without loss of generality. Take the SVD decomposition of113

QT
1 AQ2 = XΣ̂Y T with Σ̂ = diag(θ1, θ2, . . . , θk) containing the approximate singular114

values, then multiply A by the appropriate orthogonal matrices on both sides as115

follows to obtain116

(1.2) Ā =

[
XT

Im−r

] [
QT

1

QT
1⊥

]
A
[
Q2 Q2⊥

] [Y
In−r

]
=

[
Σ̂ ET

F A2

]
.117

Note that when k2 > k, the first k2 − k columns of ET are zero; indeed k2 = n is118

allowed (as will be in HMT as we will see), in which case E = 0. The perturbation119

matrix Ā is equivalent to A up to orthogonal multiplication, so it has the same singular120

values as A. Similarly to the symmetric case, we assume that the available information121

is the residual norms ∥Ei∥2 = ∥AT ûi − θiv̂i∥2 and ∥Fi∥2 = ∥Av̂i − θiûi∥2, where Fi122

and Ei are the columns of F and E respectively, and some gap information on the123

approximate singular values θi and the singular values of A2.124

Below we review existing results that use similar information, namely the residuals125

and some (approximate) gap information, to derive error bounds for singular values126

or eigenvalues.127

Literature review. Fundamentally, the problem set out in Equation (1.1) is that128

of eigenvalue perturbation: how do the eigenvalues of

[
Λ̂

A2

]
change by the off-129

diagonal perturbation E? A number of results are available in this direction, which130

we review here. A similar problem was considered in [13], which investigates the131

special case of a multiple Ritz value, ie. when Λ̂ = µIk, but the problem considered132

in this paper is for a general set of Ritz values.133

The simplest and most general (i.e. making no use of the perturbation structure)134

symmetric eigenvalue or singular value perturbation bound is provided by Weyl’s135
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4 I. B. HAAS AND Y. NAKATSUKASA

theorem [6, Cor.7.3.5][22, Cor.I.4.31], which states that136

(1.3) |θi − λi| ≤ ∥Ei∥2,137

in the symmetric case, and in the general case138

(1.4) |θi − σi| ≤ max{∥Ei∥2, ∥Fi∥2}.139

However this only gives a linear bound (with respect to the residual ∥Ei∥2) although140

usually in practice the accuracy of θi is much higher. An extensive line of work141

such as [26] and the references therein offer improved linear bounds. Other authors142

[11, 12, 15] have derived quadratic bounds that depend on the spectral norm of the143

error blocks from the perturbation matrix. Improving the bound from Mathias [14],144

C.-K. Li and R.-C. Li [12] derive an error bound for the case where the perturbation145

matrix is as in Equations (1.1) and (1.2). For symmetric matrices, using again Gapi =146

minj |θi − λj(A2)| as above, they prove the bound:147

(1.5) |λi − θi| ≤
2∥E∥22

Gapi +
√
Gap2i + 4∥E∥22

148

and similarly, for singular values of general matrices:149

(1.6) |σi − θi| ≤
2max{∥E∥2, ∥F∥2}2

Gapi +
√
Gap2i + 4max{∥E∥2, ∥F∥2}2

,150

with Gapi = minj |θi − σj(A2)|.151

Alternatively, [11, 15] give more general bounds since their perturbation matrix152

also potentially has nonzero components in the diagonal blocks. In [11] the authors153

apply such bound to the structure afforded from Generalized Nyström, HMT and154

RR and compare the accuracy of these methods for singular value estimation. With155

our notation and considering only off diagonal perturbations, the bound from [11,156

Theorem 4.1] is :157

(1.7) |σi − θi| ≤
2max{∥E∥2, ∥F∥2}2

mink |σi − σk(A2)| − 2max{∥E∥2, ∥F∥2}
.158

Equations (1.5)–(1.7) are relevant in cases where the individual residuals are not159

available, and [12] showed that their bound is asymptotically sharp as ∥E∥2 −→ 0160

when Gapi and ∥E∥2 are the only available information.161

Recalling from above that we expect |θi − λi| to be O(∥Ei∥22), the above bounds162

clearly overestimate the error for the extremal Ritz values.163

Other existing quadratic bounds on the accuracy of Ritz values that make use of164

the individual residuals include the bounds in [7], which uses the angle between Q1165

and an exact eigenspace, and the classical result166

(1.8) |θi − λi| ≤
∥Ei∥22
g̃api

167

from [20, Thm. 11.7.1], where g̃api is the gap between θi and the eigenvalues of168

A excluding the one closest to θi. When the Ritz values are well separated, the169

bound Equation (1.8) is much sharper than the previous ones, especially assuming we170
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 5

have graded residuals, but this bound is not usable for clustered singular values and,171

similarly to [16], we will show in this paper that the denominator in Equation (1.8)172

can be made larger.173

One can also use Equation (1.5) from [12] (or alternatively the bound from [15])174

with a 1-by-1 block partitioning as follows: the perturbation matrix Ā can be re-175

arranged as176

(1.9)

θi ET
i

Λ̂\i ET
\i

Ei E\i A2

 =:

 θi 01×(k−1) ET
i

0(k−1)×1

Ei
B

,177

where \i indicates that we removed only the elements corresponding to the i-th Ritz178

value from the blocks E and Λ̂. This gives the bound179

(1.10) |θi − λi| ≤
∥Ei∥22

gapi +
√
gap2i + 4∥Ei∥22

180

where the denominator gapi is the gap between θi and the eigenvalues of the (n −181

1) × (n − 1) matrix B defined above. The drawback of this approach is that it182

puts the remaining Ritz values in the second diagonal block, and thus it reduces183

Gapi in Equations (1.5) and (1.6) to approximately the same denominator as in184

Equation (1.8). Hence, another way of looking at the contribution made in this paper185

is that we improve the spectral gap in the error bounds of Ritz values from (roughly)186

gapi = minj ̸=i |θi−λj(A)| to Gapi, while keeping the denominator as small as ∥Ei∥22.187

Key contributions. Motivated by the above discussion, in this paper we derive188

bounds of the form189

(1.11) |θi − λi| ≤ c
∥Ei∥22
Gapi

,190

where c is a modest constant such that c → 1 as E → 0. Our proposed bounds191

are particularly good in the case where the extremal eigenvalues are sought and the192

residuals are graded (but these conditions are not required for the bounds to be193

applicable). In this context, we show that our bounds are significantly sharper than194

those in the literature, including [12, 20], accurately reflecting the error observed in195

practice. Moreover, contrarily to Equation (1.8), our bound Equation (1.11) is also196

suitable for clustered eigenvalues, as Gapi is much larger than the denominator g̃api197

in Equation (1.8).198

Since the constant c above converges to 1 as E → 0, we have199

lim
E→0

|θi − λi|
∥Ei∥22

≤ 1

minj |θi − λj(A2)|
≤ 1

δ̂i
,200

and we show that this asymptotic bound is sharp, that is, it cannot be improved201

without more information about the eigenvalues of A2.202

The main message of this work is that when E is sufficiently small, the error in a203

Ritz value θi is bounded by the square of the corresponding residual divided by the204

gap between θi and the eigenvalues of A2, which are roughly the eigenvalues that are205

not sought; they converge when E → 0. A practical implication is that in large-scale206

symmetric eigenvalue problems, working with a subspace of dimension larger than k207

(which is often done for the purpose of avoiding missing eigenvalues) helps improve208
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6 I. B. HAAS AND Y. NAKATSUKASA

the accuracy of the desired ones, because doing so increases the denominator in the209

error bound Equation (1.11), which implies that a larger tolerance becomes acceptable210

for the residual ∥Ei∥2 = ∥Ax̂i − θix̂i∥2 to ensure a given required accuracy of θi.211

The paper is organized as follows: in Section 2 we describe the method that we212

use to obtain our theoretical error bounds for the eigenvalues of symmetric matrices in213

Section 3 and for singular values of arbitrary matrices in Section 4. We then illustrate214

our theoretical bounds with numerical experiments in Section 5 and apply them for215

estimates obtained via RR, HMT, PG and Lanczos.216

2. Basic approach. In this section we explain the main ideas that we use to217

derive the theorems in Section 3. We first recall a well-known result on the derivative218

of simple eigenvalues [23].219

Lemma 2.1. Let A0 and F be symmetric matrices. Denote by λi(t) the ith eigen-220

value of A0 + tF such that (A0 + tF )x(t) = λi(t)x(t) where ∥x(t)∥2 = 1 for t ∈ [0, 1].221

If λi(t) is simple, then222

(2.1)
dλi(t)

dt
= x(t)∗Fx(t).223

In our analysis below we will have F of the form F =
[

0 FT
i

Fi 0

]
, where Fi =224

[0(n−k)×(i−1) Ei 0(n−k)×(n−i)] has just one (ith) nonzero column. Then with the225

partitioning x(t) =

[
x1:k(t)
y(t)

]
(where for a vector x, we denote by xj its jth entry and226

by xj:ℓ with ℓ ≥ j the vector [xj , xj+1, . . . , xℓ]
T ), if λi(t) is simple for 0 ≤ t ≤ 1 then227

by the above lemma we get228

|λi(0)− λi(1)| =
∣∣∣∣∫ 1

0

x(t)TFx(t)dt

∣∣∣∣(2.2)229

≤ 2

∣∣∣∣∫ 1

0

y(t)TFix1:k(t)dt

∣∣∣∣230

= 2

∣∣∣∣∫ 1

0

y(t)TEixi(t)dt

∣∣∣∣231

≤ 2∥Ei∥2
∣∣∣∣∫ 1

0

∥y(t)∥2dt
∣∣∣∣ . (∥xi(t)∥2 ≤ 1)(2.3)232

Note that in the setting of (1.1), we have λi(0) = θi and λi(1) is an eigenvalue of A,233

so (2.3) provides an error bound for the Ritz value θi. The key observation here is234

that (2.3) is small if ∥y(t)∥2 is small for all 0 ≤ t ≤ 1. In view of this, our approach235

below is to obtain sharp bounds for ∥y(t)∥2, from which we get sharp bounds for236

|λi(0)− λi(1)| by (2.3).237

The idea of obtaining eigenvalue perturbation bounds via bounding eigenvector238

components was introduced in [15]. Moreover, it is shown there that (2.3) holds even239

in the presence of multiple eigenvalues, in which case x(t) can be taken as any of the240

(many possible) eigenvectors associated with λi(t), and the bounds hold as long as241

the bound on ∥y(t)∥2 holds for any eigenvector corresponding to the eigenvalue, which242

is the case in the forthcoming analysis. Hence in what follows we are not concerned243

with whether λi(t) is simple or not.244

3. Error bounds for Ritz values. We are now ready to derive error bounds on245

the Ritz values of symmetric matrices. First we derive an error bound for a single Ritz246
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 7

value that depends on the corresponding residual norm ∥Ei∥2, then we use the same247

approach to derive a bound for a set of clustered eigenvalues based on the spectral248

norm of the corresponding submatrix of E.249

3.1. Error bound for well separated Ritz values. In this subsection we250

prove the following theorem, which is the main result of this paper.251

Theorem 1. Let252

A =

[
Λ̂ E∗

E A2

]
253

be a symmetric matrix where Λ̂ = diag(θ1, . . . , θk) and E = [E1, E2, . . . , Ek]. For254

i = 1, 2, . . . , k, suppose that255

δi = min
j

|θi − λj(A2)| − ∥Ei∥2 (= Gapi − ∥Ei∥2) > 0,(3.1)256

δi,j = |θi − θj | − ∥Ei∥2 > 0, for 1 ≤ j ≤ k, j ̸= i(3.2)257

and further that258

(3.3) di =
1

δi −
∑

1≤j≤k
j ̸=i

∥Ej∥2
2

δi,j

> 0.259

Then there exists an eigenvalue λi of A satisfying260

(3.4) |λi − θi| ≤ di∥Ei∥22.261

The Ritz values θi and eigenvalues λi have a one-to-one correspondence. Moreover,262

let x(t), λi(t) be continuous functions of t ∈ [0, 1] defined by263 
Λ̂(1:i−1) ET

1:i−1

θi tET
i

Λ̂(i+1:k) ET
i+1:k

E1:i−1 tEi Ei+1:k A2

x(t) = λi(t)x(t)264

and λi(0) = θi, where we note Λ̂(a:b) = Λ̂(a : b, a : b). Then the bound (3.4)265

holds for any δi, δi,j such that 0 < δi ≤ minj,0≤t≤1 |λi(t) − λj(A2)| and 0 < δi,j ≤266

min0≤t≤1 |λi(t)− θj |.267

Proof. Let i ≤ k be an integer. First, we decompose the matrix A from the268

theorem as269

(3.5) A =

[
Λ̂

A2

]
+

[
ET

E

]
=: A0 + Ê.270

As above let F =
[

0 FT
i

Fi 0

]
, where Fi = [0(n−k)×(i−1) Ei 0(n−k)×(n−i)] is the matrix271

obtained by taking the ith row and column of Ê. Let Ẽ be a matrix such that272

Ê = F + Ẽ, so that A = A0 + Ê = A0 + Ẽ + F . Note that θi is an eigenvalue273

of A0 + Ẽ. Suppose that (A0 + Ẽ + tF )x(t) = λi(t)x(t) for 0 ≤ t ≤ 1, and define274

y(t) = xk+1:n(t) where λi(t) is a continuous function of t satisfying λi(0) = θi. Our275

goal is to bound |λi − θi| = |λi(1) − λi(0)| using (2.3), so we aim to derive a bound276

for ∥y(t)∥2.277
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8 I. B. HAAS AND Y. NAKATSUKASA

To achieve this, we next exploit the structure of the perturbation matrix A0+Ẽ+278

tF as follows. For any j such that j ≤ k and i ̸= j, the jth row of (A+ Ẽ+ tF )x(t) =279

λi(t)x(t) is280

θjxj(t) + E∗
j y(t) = λi(t)xj(t),281

hence282

(3.6) |xj(t)| =
|E∗

j y(t)|
|θj − λi(t)|

≤ ∥Ej∥2∥y(t)∥2
|θj − λi(t)|

.283

The last n− k rows of (A0 + Ẽ + tF )x(t) = λi(t)x(t) give284

A2y(t) +
∑

1≤j≤k
j ̸=i

Ejxj(t) + tEixi(t) = λi(t)y(t).285

Hence286

tEixi(t) = (λi(t)I −A2)y(t)−
∑

1≤j≤k
j ̸=i

Ejxj(t),287

so288

t∥Ei∥2|xi(t)| ≥ ∥(λi(t)I −A2)y(t)−
∑

1≤j≤k
j ̸=i

Ejxj(t)∥2289

≥ ∥(λi(t)I −A2)y(t)∥2 −
∑

1≤j≤k
j ̸=i

∥Ejxj(t)∥2290

≥ ∥(λi(t)I −A2)y(t)∥2 −
∑

1≤j≤k
j ̸=i

∥Ej∥22∥y(t)∥2
|θj − λi(t)|

,291

where we used (3.6) to get the last inequality. Defining Γi(t) = minj |λi(t)− λj(A2)|292

(note that Γi(t) is closely related to Gapi; in particular Γi(0) = Gapi) we have293

∥(λi(t)I −A2)y(t)∥2 ≥ Γi(t)∥y(t)∥2, so it follows that294 Γi(t)−
∑

1≤j≤k
j ̸=i

∥Ej∥22
|θj − λi(t)|

 ∥y(t)∥2 ≤ t∥Ei∥2|xi(t)|.(3.7)295

Suppose that there exist positive scalars δi, δi,j (i ̸= j) such that296

δi ≤ min
0≤t≤1

Γi(t), δi,j ≤ min
0≤t≤1

|θj − λi(t)|.297

For example, by Weyl’s theorem we can take δi = Γi(0)−∥Ei∥2 = minj |θi−λj(A2)|−298

∥Ei∥2 and δi,j = |θj − λi(0)| − ∥Ei∥2 = |θj − θi| − ∥Ei∥2, provided that they are both299

positive. Thus Γi(t)−
∑

1≤j≤k
j ̸=i

∥Ej∥2
2

|θj−λi(t)| ≥ δi−
∑

1≤j≤k
j ̸=i

∥Ej∥2
2

δi,j
for 0 ≤ t ≤ 1, and if the300

right-hand side is positive then defining301

(3.8) di :=
1

δi −
∑

1≤j≤k
j ̸=i

∥Ej∥2
2

δi,j

(> 0),302

from (3.7) we have303

∥y(t)∥2 ≤ tdi∥Ei∥2|xi(t)| ≤ tdi∥Ei∥2,304

This manuscript is for review purposes only.



ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 9

where we used |xi(t)| ≤ ∥x(t)∥2 = 1. Thus we have a bound for ∥y(t)∥2. Plugging305

this into (2.3) we obtain306

|λi(1)− λi(0)| ≤ 2∥Ei∥2
∣∣∣∣∫ 1

0

∥y(t)∥2dt
∣∣∣∣307

≤ 2∥Ei∥2
∣∣∣∣∫ 1

0

tdi∥Ei∥2dt
∣∣∣∣308

≤ di∥Ei∥22.309

Moreover the bound (3.4) holds for any δi, δi,j such that 0 < δi ≤ minj,0≤t≤1 |λi(t)−310

λj(A2)| and 0 < δi,j ≤ min0≤t≤1 |λi(t)− θj |.311

The fact that θi and λi have a one-to-one correspondence was not explicitly312

stated nor necessary in our derivation of Theorem 1, but this can be verified by313

noting that λi(t) can be taken as the ith eigenvalue of A0+ Ẽ+ tF and by defining an314

appropriate ordering, e.g. by keeping the non-increasing order. Moreover this question315

is irrelevant when the residuals are small enough as (for well separated Ritz values)316

the error intervals become disjoint. The possible presence of multiple eigenvalues does317

not affect these arguments for the reason discussed at the end of Section 2.318

From Theorem 1 we see that our bound is of the form (1.11), as announced in the319

introduction. In a typical application where the extremal eigenvalues are sought, in320

the limit E → 0 we have θi → λi for i = 1, . . . , k, where λi is arranged in appropriate321

(increasing or decreasing) order. Furthermore min(λ(A2)) = λk+1, hence we have322

Gapi → |λi − λk+1|, and di in (3.4) approaches 1/(λk+1 − λi). It follows that (3.4)323

gives the asymptotic bound324

(3.9) lim
E→0

|λi − θi|
∥Ei∥22

≤ 1

|λk+1 − λi|
.325

This asymptotic bound is tighter than any of the known bounds; for example the326

bound in [12] is limE→0
|λi−θi|
∥E∥2

2
≤ 1

|λk+1−λi| (the left-hand side is smaller than in (3.9)),327

and the classical bound on a single Ritz value [20, Thm. 11.7.1] gives limE→0
|λi−θi|
∥Ei∥2

2
≤328

1
minj |λj−λi| (the right-hand side is larger than in (3.9)). The lower bounds δi, δi,j of329

minj |λi(t)−λj(A2)|,min0≤t≤1 |λi(t)−θj | as defined in (3.1), (3.2) use Weyl’s theorem330

and so are crude bounds. However, as confirmed in our numerical experiments, this331

does not affect the asymptotic sharpness of the theorem in the limit E → 0, because332

we still have di → 1
minj |θi−λj(A2)| .333

Finally, the asymptotic bound (3.9) is sharp, provided that no further information334

on A2 is available. In order to prove this we can show that for the specific case where335

A2 = cI with c > θi for all i = 1, . . . , k, in the limit E −→ 0 we have336

(3.10) |λi − θi| =
∥Ei∥22
Gapi

+O(∥Ei∥42)337

To see this, take a fixed i and rearrange the columns and rows of A − θiI, with A338

from Theorem 1, such that the (1,1) coefficient is zero. This leads to the matrix339

B =


0 0 · · · 0 ET

i

0 θ1 − θi ET
1

...
. . .

...
0 θk − θi ET

k

Ei E1 · · · Ek (c− θi)I

 .340
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Define Ã2 = B(2 : n, 2 : n). Then [13, Thm. 3.1] states that the smallest eigenvalue341

of the above matrix is |λi−θi| =
∣∣∣∣[01×(k−1) ET

i

]
Ã−1

2

[
0(k−1)×1

Ei

]∣∣∣∣+O(∥Ei∥42/Gap2i ).342

Assuming that the residuals Ek, k ̸= i, are small enough the leading terms arising343

from this expression (e.g. by Neumann series) yields Equation (3.10).344

3.2. Error bound for a cluster of Ritz values. The bound derived above is345

sharp in the limit E → 0, but for finite E we might not have δi−
∑

1≤j≤k
j ̸=i

∥Ej∥2
2

δi,j
> 0 or346

δi,j > 0 for some j, in which case Theorem 1 is not applicable. Assuming E is not too347

large, one sees that this can happen only if δi,j ≲ min0≤t≤1 |θj − λi(t)| ≈ 0 for some348

j. This means there is a cluster of Ritz values and θi belongs to it. In Theorem 2 we349

give a bound that is applicable in such situations. Much of the analysis is the same350

as above.351

Theorem 2. Let352

A =

[
Λ̂ E∗

E A2

]
353

be a symmetric matrix where Λ̂ = diag(θ1, . . . , θk) and E = [E1, E2, . . . , Ek], and354

suppose that ℓ Ritz values θi, . . . , θi+ℓ−1 all lie in the interval [λ0−∆, λ0+∆]. Define355

I = {i, i+ 1, . . . , i+ ℓ− 1} and let EI = Ei:i+ℓ−1 and suppose also that356

δI = min
j

|λ0 − λj(A2)| −∆− ∥EI∥2 (≈ GapI −∆− ∥EI∥2) > 0,357

δI,j = |θj − λ0| −∆− ∥EI∥2 > 0, for 1 ≤ j ≤ k, j /∈ I358

and further that359

dI =
1

δI −
∑

1≤j≤k
j/∈I

∥Ej∥2
2

δI,j

> 0.360

Then there exist ℓ eigenvalues λi, . . . , λi+ℓ−1 of A satisfying361

(3.11) |λi+j − θi+j | ≤ dI∥EI∥22, j = 0, 1, 2, . . . , ℓ− 1.362

Moreover, for j = 0, 1, . . . , ℓ− 1 ,let x(t), λi+j(t) be continuous functions of t ∈ [0, 1]363

defined by364 
Λ̂(1:i−1) ET

1:i−1

Λ̂I tET
I

Λ̂(i+ℓ:k) ET
i+ℓ:k

E1:i−1 tEI Ei+ℓ:k A2

x(t) = λi+j(t)x(t).365

and λi+j(0) = θi+j, where we note Λ̂(a:b) = Λ̂(a : b, a : b). Then the bound (3.11)366

holds for any δI , δI,j such that 0 < δI ≤ mini∈I,j min0≤t≤1 |λi(t) − λj(A2)| and367

0 < δI,j ≤ mini∈I min0≤t≤1 |λi(t)− θj |.368

Proof. Suppose that ℓ Ritz values form a cluster and assume without loss of369

generality that their indices are also clustered in I = {i, i + 1, . . . , i + ℓ − 1}, so the370

cluster consists of θi, . . . , θi+ℓ−1 all lying in the interval [λ0 −∆, λ0 +∆] (if not, then371

we can apply a permutation to cluster the indices).372

As before define y(t) = xk+1:n(t) and let EI = Ei:i+ℓ−1.373
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Let F =
[

0 FT
I

FI 0

]
, where FI = [0(n−k)×(i−1) EI 0(n−k)×(n−i−ℓ+1)] has ℓ nonzero374

columns, and let Ẽ be a matrix such that E = F + Ẽ. Let î be an arbitrary index375

in I = {i, i + 1, . . . , i + ℓ − 1}. For any j such that j ≤ k and j /∈ I, the jth row of376

(A+ Ẽ + tF )x(t) = λî(t)x(t) is377

θjxj(t) + E∗
j y(t) = λî(t)xj(t),378

hence379

(3.12) |xj(t)| =
E∗

j y(t)

|θj − λî(t)|
≤ ∥Ej∥2∥y(t)∥2

|θj − λî(t)|
.380

Now, writing xI = xi:i+ℓ−1, from the last n− k rows of (A+ Ẽ + tF )x(t) = λî(t)x(t)381

we get382

tEIxI(t) +
∑

1≤j≤k
j/∈I

Ejxj(t) +A2y(t) = λî(t)y(t).383

Hence384

tEIxI(t) = (λî(t)I −A2)y(t)−
∑

1≤j≤k
j/∈I

Ejxj(t),385

so386

t∥EI∥2∥xI(t)∥2 ≥ ∥(λî(t)I −A2)y(t)−
∑

1≤j≤k
j/∈I

Ejxj(t)∥2387

≥ ∥(λî(t)I −A2)y(t)∥2 −
∑

1≤j≤k
j/∈I

∥Ej∥22∥y(t)∥2
|θj − λî(t)|

,388

where we used (3.12) to get the last inequality.389

Defining ΓI(t) = mini∈I,j |λi(t)−λj(A2)| we have ∥(λî(t)I−A2)y(t)∥2 ≥ ΓI(t)∥y(t)∥2,390

so it follows that391 ΓI(t)−
∑

1≤j≤k
j/∈I

∥Ej∥22
|θj − λî(t)|

 ∥y(t)∥2 ≤ t∥EI∥2∥xI(t)∥2,392

Suppose that there exist positive scalars δI , δI,j for j /∈ I such that393

δI ≤ min
0≤t≤1

ΓI(t), δI,j ≤ min
i∈I

min
0≤t≤1

|θj − λi(t)|.394

For example, by Weyl’s theorem we can take395

δI = min
j

|λ0 − λj(A2)| −∆− ∥EI∥2,396

δI,j = |θj − λî(0)| − ∥EI∥2 ≥ |θj − λ0| −∆− ∥EI∥2.397

Thus ΓI(t) −
∑

1≤j≤k
j/∈I

∥Ej∥2
2

|θj−λî(t)|
≥ δI −

∑
1≤j≤k
j/∈I

∥Ej∥2
2

δI,j
for 0 ≤ t ≤ 1, and if the right-398

hand side is positive then defining399

(3.13) dI :=
1

δI −
∑

1≤j≤k
j/∈I

∥Ej∥2
2

δI,j

(> 0),400
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12 I. B. HAAS AND Y. NAKATSUKASA

we have401

∥y(t)∥2 ≤ tdI∥EI∥2∥xI∥2 ≤ tdI∥EI∥2.402

Plugging this into (2.2) yields403

|λî(1)− θî| ≤ 2

∣∣∣∣∫ 1

0

x1:k(t)
TEIy(t)dt

∣∣∣∣404

≤ 2∥EI∥2
∣∣∣∣∫ 1

0

t∥y(t)∥2dt
∣∣∣∣ (∥x1:k(t)∥2 ≤ 1)405

≤ 2∥EI∥2
∣∣∣∣∫ 1

0

tdI∥EI∥2dt
∣∣∣∣406

≤ dI∥EI∥22.407

The same argument holds for any î ∈ I, which proves the bound (3.4). Moreover,408

the bound (3.4) holds for any δI , δI,j such that 0 < δI ≤ min0≤t≤1 |λi(t) − λj(A2)|409

and 0 < δI,j ≤ mini∈I min0≤t≤1 |λi(t) − θj |, where λi(t), λi+1(t), . . . , λi+ℓ−1(t) are410

continuous functions of t such that λi+j(t) is an eigenvalue of A + Ẽ + tF with411

λi+j(0) = θi+j for j = 0, 1, . . . , ℓ− 1.412

Conceptually, in the definition of δI = minj |λ0 − λj(A2)| − ∆ − ∥EI∥2, the term413

minj |λ0 − λj(A2)| corresponds to the big GapI in previous discussions.414

4. Error bound for singular values. In this section, recalling the setup of415

Equation (1.2), we generalize Theorem 1 to the singular values of arbitrary matrices416

of size m by n. To do this, we use the Jordan-Wielandt theorem from [23, Thm.417

I.4.2] [6, Thm. 7.3.3], which allows us to apply the bound from the symmetric case418

to obtain results on the singular values. This theorem states that if M is an m by n419

matrix withm > n and singular values σ1 ≥ σ2 ≥ . . . ≥ σn, then the eigenvalues of the420

symmetric matrix

[
0 M

MT 0

]
are σ1 ≥ σ2 ≥ . . . ≥ σn ≥ 0 ≥ −σn ≥ −σ2 ≥ . . . ≥ −σ1,421

where the eigenvalue 0 has multiplicity m − n. This classical result was also used in422

[11, 12] for a similar purpose.423

This leads to the following theorem.424

Theorem 3. Let425

A =

[
Σ̂ ET

F A2

]
426

be an m-by-n matrix (m ̸= n) where Σ̂ = diag(θ1, . . . , θk), E = [E1, E2, . . . , Ek] and427

F = [F1, F2, . . . , Fk]. For i = 1, 2, . . . , k, suppose that428

δi = min(|θi|,min
j

|θi − σj(A2)|)−
√

(∥Ei∥22 + ∥Fi∥22)/2 > 0429

δi,j = |θi − θj | −
√
(∥Ei∥22 + ∥Fi∥22)/2 > 0, for 1 ≤ j ≤ k, j ̸= i430

δ′i,j = |θi + θj | −
√
(∥Ei∥22 + ∥Fi∥22)/2 > 0, for 1 ≤ j ≤ k431

and that432

di =
1

δi −
∑

1≤j≤k
j ̸=i

∥Ej∥22 + ∥Fj∥22
2δi,j

−
∑

1≤j≤k

∥Ej∥22 + ∥Fj∥22
2δ′i,j

> 0.433
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Then there exists a singular value σi of A such that434

|σi − θi| ≤ di
∥Ei∥22 + ∥Fi∥22

2
.435

Proof. We consider the following matrix whose eigenvalues are {σi,−σi}i=1,...,n436

and 0, according to the Jordan-Wielandt theorem:437 
Σ̂ ET

F A2

Σ̂ FT

E AT
2

 .438

As in [11, 12], by permuting the second and third block columns then the second and439

third block rows we obtain440

Ã =


Σ̂ ET

Σ̂ FT

F A2

E AT
2

 =:

[
Σ̃ ET

tot

Etot Ã2

]
.441

Finally, using the unitary matrices M = 1√
2

[
Ik −Ik
Ik Ik

]
and P =

[
M 0
0 Im+n−2k

]
we442

have443

PÃPT =


−Σ̂ 1√

2
FT 1√

2
ET

Σ̂ 1√
2
FT − 1√

2
ET

1√
2
F 1√

2
F A2

1√
2
E − 1√

2
E AT

2

444

which is symmetric and of the formB =

[
Λ̃ ẼT

Ẽ Ã2

]
, with Ẽ = EtotM

T = 1√
2

[
F F
E −E

]
.445

Then the Theorem 1 is directly applicable to B, which proves Theorem 3. The446

slight change in the coefficient δi (compared to Theorem 1) comes from the fact that447

in addition to the ±σj(A2) the matrix Ã2 also has the eigenvalue 0, and the additional448

terms δ′i,j appear from the block −Σ̂ from Λ̃.449

To compare our bound with Equation (1.6) from [12], notice that the numerator in450

Equation (1.6) is always larger than the one from our bound since max{∥E∥2, ∥F∥2}2 ≥451

(∥E∥22 + ∥F∥22)/2 ≥ (∥Ei∥22 + ∥Fi∥22)/2 for i = 1, . . . , k, while the denominator tend452

to Gapi in both bounds, which shows that asymptotically our bound is sharper, as453

announced in the introduction.454

The bound from [11] with the structure considered in our Theorem 3 gives Equa-455

tion (1.7) which is asymptotically looser than Equation (1.6) since we can assume456

mink |σi − σk(A2)| ≈ Gapi = minj |θi − σj(A2)| as E → 0. However we believe that457

[11] would provide a better tool to analyze the error when the algorithm used for the458

approximate SVD has perturbation terms also in the diagonal blocks. This was shown459

to be the case for the generalized Nyström approach in [11, Sec.3].460

In practice the residuals E and F may differ significantly (e.g. E = 0 in HMT).461

However, our numerical experiments suggest that this does not affect the quality of462

the bound very much (see Subsection 5.2). Additionally, we derived another bound463

specifically for the HMT perturbation structure where E = 0, by starting from a464
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14 I. B. HAAS AND Y. NAKATSUKASA

singular value perturbation result similar to Lemma 2.1 and bounding the components465

of the singular vectors. We obtained a bound that is theoretically slightly looser than466

Theorem 3, so we omit this extension.467

5. Numerical experiments. In this section we present several experiments468

to illustrate the validity and the sharpness of our theoretical bounds compared to469

previous existing bounds. We first test our error bounds for the eigenvalues of a470

(synthetic) symmetric matrix, then for singular values of arbitrary matrices. The471

latter subsection also discusses the application of our bound to the singular values472

obtained from the randomized SVD algorithm by Halko, Martinson and Tropp [5],473

which is so far the most widely used randomized method for low-rank approximation474

of large scale matrices.475

5.1. Numerical experiments on the eigenvalues of symmetric matrices.476

We generate a symmetric matrix A = V DV T of size n = 2000 where V ∈ Rn×n is477

orthogonal and D is a diagonal matrix of eigenvalues. Suppose that we are looking for478

k = 100 eigenpairs, and we run 40 steps of LOBPCG [8] (for Locally Optimal Block479

Preconditioned Conjugate Gradient method) without preconditioning2 to obtain k sets480

of Ritz pairs (θi, x̂i) for i = 1, . . . , k. By default LOBPCG approximates the smallest481

eigenvalues. We next evaluate the errors in the Ritz values |θi−λi| and compare their482

bounds both in the context of well separated eigenvalues and for a matrix D that has483

a cluster of eigenvalues. For the initial guess X0 we used a randomly generated n× k484

Haar distributed matrix using MATLAB’s orth(randn(n,k)).485

Well-separated Ritz values. We let the eigenvalues be uniformly distributed with486

D = diag(1, 2, . . . , n). To illustrate the sharpness of our theoretical bound we first487

use the exact value of Gapi, that is, taking (the usually unknown quantity) λj(A2)488

as known. The resulting bound is shown as “Thm. 1 exact”. However in practice489

this distance is usually unknown, so to invoke Theorem 1 using only information that490

is usually available, we use the estimate Gapi ≥ maxk |θi − θk|, hence we let δi =491

maxk |θi− θk|−∥Ei∥2 instead of (3.2). This assumption is valid when the eigensolver492

approximates the extreme eigenvalues and the approximation is high quality. The493

resulting bound corresponds to “Thm. 1 approximate” in Figure 1. We compare our494

bound to the exact error |θi − λi|, the bound (1.5) from [12] (shown as “Li-Li (large495

gap)”), the bound (1.10) which is (1.5) applied to the partitioning 1.9 (“Li-Li (1-496

1 block)”), the “classical” bound (1.8), and ∥Ei∥2 which is the crude bound using497

Weyl’s theorem. Notice from Weyl’s bound that ∥E1∥2 ≲ ∥E2∥2 ≲ . . . ≲ ∥Ek∥2 with498

∥E1∥2 ≪ ∥Ek∥2, which is a typical graded behavior as mentioned in the introduction.499

In Figure 1 we observe that Theorem 1 gives the sharpest error bound for the500

Ritz values (whether or not λ(A2) is known or estimated), especially for small i.501

The bounds Classical and Li-Li (1-1 block) are also of good quality and are nearly502

identical in this experiment. The latter and our theorem reflect the O(∥Ei∥22) trend503

of the actual errors, unlike Weyl’s theorem. For interior eigenvalues, our Theorem 1504

gives results close to Li-Li and Classical (because the spectral gaps in all three bounds505

are about the same); but as we move to extreme eigenvalues, the term Gapi in the506

denominator in Theorem 1 increases (and the residual ∥Ei∥2 decreases), which leads to507

significantly higher accuracy (here, about a factor 100 improvement). This illustrates508

the key idea that our bounds are asymptotically sharp as E → 0.509

The bound “Li-Li (large gap)” mainly serves to illustrate that, if the residual in510

2An effective preconditioner can speed up the convergence of any eigenvalue, but it is usually
still true that the extremal Ritz values converge first.
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Fig. 1: Error in Ritz values |θi − λi| and error bounds for uniformly distributed
eigenvalues: λi = i, ∀i ∈ [1, n].

the numerator is ∥E∥2 the accuracy of the bound is significantly lower, even if the511

gap in the denominator is Gapi. This is intuitive when the residuals are graded, like512

in this example.513

Note that the two versions of our bounds (exact and approximate) are nearly514

identical, resulting in the two bounds being nearly superimposed in Figure 1 (as well515

as in the other experiments below). In color print the exact bound (blue line) and516

the approximate bound (orange dots) are distinguishable but in black-and-white they517

might appear as the same line. Hence we argue that Theorem 1 can give tight bounds518

using information that is usually available in practice. By contrast we note that the519

Classical result (1.8) uses a bound on the gap between θi and the eigenvalues of an520

(n − 1) × (n − 1) matrix, so it is generally not a practical bound to use (although521

reasonable estimates of the gap can often be obtained).522

Another note of caution when using the bound ∥Ei∥2 (and possibly Classical) is523

that the Ritz values and eigenvalues of A may not have a one-to-one correspondence,524

as noted in [20, Sec. 11.5]. Our results and Li-Li overcome this difficulty as it explicitly525

specifies a one-to-one correspondence between θi and λi.526

Clustered Ritz values. To illustrate the effectiveness of Theorem 2 in the presence527

of a clustered eigenvalue, we run the same experiment as above but now we replace528

the 20th to 29th eigenvalues of A by 20 + randn(1, 10) ∗ 1e− 10 so that there are 10529

eigenvalues clustered around 20. Since the clustered Ritz values lied in 20 ± 10−10,530

we set I = {20, . . . , 29} with λ0 = 20,∆ = 10−10 when invoking Theorem 2 to bound531

the errors in θi for i = 20, . . . , 29, and for the rest we let I = {i} with δ = 0, which532

reduces to Theorem 1. We also performed the same experiment where 10 eigenvalues533

of A are clustered around λ0 = 100 with ∆ = 10−10, such that the Ritz values near534

i = k, ie. near λ(A2), are clustered. For both values of λ0, in ”Li-Li (1-1 block)”535

we used a partitioning similar to (1.9) that puts the clustered Ritz values in the 1-1536

block and gives the residual ∥EI∥22 in the numerator of the bound. The results are537

presented in Figure 2.538

For the uniformly distributed eigenvalues, the same comments as in the previous539

experiment apply, therefore we focus our attention on the clustered eigenvalues. In540
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(a) Cluster: λi = 20+10−10×randn(1), ∀i ∈
[20, 29].
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(b) Cluster: λi = 100+10−10×randn(1), ∀i ∈
[96, 105]. Note that our bounds are inappli-
cable for i ≥ 96, as the assumptions δI > 0
and dI > 0 do not hold.

Fig. 2: Error in Ritz values |θi − λi| and error bounds for uniformly distributed
eigenvalues (λi = i) and a cluster of 10 eigenvalues at λ0 = 20 (left) and λ0 = 100
(right).

both experiments the classical bound is highly inaccurate to bound the errors on the541

cluster (because g̃api in the denominator of Equation (1.8) is approximately 10−10).542

Remarkably, Li-Li (1-1 block) gives accurate results both when λ0 = 20 and λ0 = 100.543

Our Theorem 2 is more accurate than Li-Li when the cluster is well inside the set of544

approximated eigenvalues (see Figure 2a), but it is inapplicable in Figure 2b, where545

the Ritz values cluster together with some eigenvalues of A2. On the other hand,546

the bound from [12] is still applicable, so in this situation it may be necessary to use547

(1.10) instead of our Theorem 2.548

In practice, the main assumption that we need to check in order to decide if549

our bounds apply is ∥Ei∥22 < Gap2i ,∀i = 1, . . . , k. The small gaps |θi − θj | between550

neighboring Ritz values are less of a limitation since we can decide to consider certain551

Ritz values as clustered to ensure that δi,j > 0,∀j ̸= i, as long as no cluster is not552

confounded with a part of σ(A2). Therefore, for fixed residual norms, our bounds are553

particularly efficient when the distribution of the eigenvalues of A (especially for the554

eigenvalues that we seek to approximate) is steep. Nonetheless, when E is sufficiently555

small relative to the gaps, our bound will give c
∥Ei∥22
Gapi

with c ≈ 1, which is tight as556

shown in (3.10).557

Numerical experiments with the Lanczos algorithm. In this experiment, we apply558

the Lanczos algorithm [10, 19] (with re-orthogonalization) instead of LOBPCG to559

obtain a trial matrix of eigenvectors Q1. By construction of Q1 from the Lanczos560

iteration we have561

AQ1 = Q1Tk + qk+1[0, . . . , 0, tk+1,k]562

with Tk ∈ Rk×k a tridiagonal matrix, qk+1 ∈ Rn a vector which is orthogonal to the563

columns ofQ1 and with tk+1,k = ∥v−vTQ1(:, k)−vTQ1(:, k−1)∥2 where v = AQ1(:, k).564

This manuscript is for review purposes only.



ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 17

Then noting Q⊥ the complement of
[
Q1 qk+1

]
we have565

Ā =
[
Q1 qk+1 Q⊥

]T
A
[
Q1 qk+1 Q⊥

]
=



0 0
...

0
...

tk+1,k 0
0 0 tk+1,k

0 0

Tk

∗


566

and using the eigendecomposition of the tridiagonal block Tk = U Λ̂UT we obtain the567

perturbation matrix568

[
UT

I

]
Ā

[
U

I

]
=

 Λ̂ e 0
eT

0
A2

569

with e = UT [0, . . . , 0, tk+1,k]
T = tk+1,kU

T (:, k). Therefore we have a particular struc-570

ture where each residual vector Ei only has one nonzero component, namely their571

first component.572

As in LOBPCG, with the Lanczos algorithm usually the extreme eigenvalues573

converge faster than the interior eigenvalues. Note that tk+1,k can be relatively large,574

leading to large residuals ∥Ei∥ for some i, therefore we have to take a relatively large575

number of Lanczos iterations to ensure that a sufficient number of Ritz values have576

small residuals.577

In our experiment, we take n = 2000 and we use Lanczos with full reorthogo-578

nalization to compute the trial subspace Q1. We set the size of the Krylov subspace579

to k = 400. Some θi have relatively large residuals therefore, to test our bound, we580

rearranged the structured matrix such that only the 20 smallest approximated eigen-581

values are in the (1, 1) diagonal block and the other ones are included in the lower582

diagonal block. Note that adding the larger Ritz values in the block (2,2) should not583

change the gap Gapi, as those eigenvalues are far from the ones approximated in the584

block (1,1). The results are shown in Figure 3. Again our bounds are the sharpest585

for the smallest eigenvalues as ∥Ei∥2 → 0, and the approximate bound is close to the586

exact one.587

5.2. Numerical experiments for singular values obtained via the Rayleigh-588

Ritz and HMT method. We now illustrate the quality of the error bound derived589

in Section 4 for singular values of a m-by-n matrix. We defined a matrix A of size590

m = 5000 by n = 1000 with geometrically decaying singular values using MAT-591

LAB’s command gallery(’randsvd’,[m,n],1e20). To find approximate singular592

subspaces Q1 ∈ Rm×k, Q2 ∈ Rn×k we used both the simple and the double power593

iteration. For instance for a single power iteration, we start from random normal594

matrices Ω1,Ω2 and take Q1 = orth(AΩ1) and Q2 = orth(ΩT
2 A). For a double power595

iteration, instead of applying A one applies AATA. We approximated the k = 200596

largest singular values with several methods.597

To apply the error bounds from Theorem 3 for the PG method we used the598

structure (1.2) detailed in Section 1. We also applied this theorem to the case where599

the HMT algorithm is used to approximate the singular values. Let us derive the600

perturbation matrix associated to HMT. The main difference from PG in HMT is601

that only the left trial subspace Q1 of A is used (i.e., one can think Q2 = In in602
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Fig. 3: Error |θi − λi| and bounds for approximate eigenvalues obtained with the
Lanczos algorithm. The eigenvalues of A that were approximated here are λi ∈ [1, 20].
Some data points are above the bounds but only because of the limited machine
precision used in the experiment.

HMT). We kept the same trial subspace to plot the RR and the HMT results (in603

left and right plots of Figures 4 and 5) to make sure that the results are comparable.604

Then let Q1Q
T
1 A be the HMT approximation of A. Taking the full SVD of the matrix605

QT
1 A = U0

[
Σ0 0

] [V T
0

V T
0⊥

]
and noting Qtot = [Q1 Q1⊥], we see that the perturbation606

matrix underlying the HMT approximation can be written as607 [
UT
0 0
0 Im−r

]
QT

totA
[
V0 V0⊥

]
=

[
Σ0 0

QT
1⊥AV0 QT

1⊥AV0⊥

]
608

which is a particular case of the structured matrix from (3), with one of the error609

blocks being zero. Both in the PG method and HMT, the residual norms can be610

computed with the available information.611

For both approximation methods, we compare our bounds (exact and approxi-612

mate, as in the symmetric case) to the bound (1.6) given in [12], to (1.7) from [11]613

and to Weyl’s theorem [6, Cor. 7.3.5] [22, Cor. I.4.31]. The results are shown in614

Figures 4 and 5.615

Looking at the results with both single and double power iteration allows us to616

compare the effect of a graded and ungraded residual structure on the bounds. With617

single power iteration we observe that the residuals are all around 10−4. Therefore the618

bound Li-Li (large gap) is almost as accurate as Li-Li (1-1 block), because ∥Ei∥2 ≈619

∥E∥2, ∀i. In this situation the trend of the bounds is controlled by the spectral gap620

in the denominator.621

With the double power iteration, the residuals have an exponential decay as we622

move towards the extreme eigenvalues, so naturally the bound Li-Li (1-1 block) and623

our bounds perform much better than the bounds based on ∥E∥2. Once again our624

bounds are sharper than Li-Li (1-1 block) by a factor of about 100.625

Hence both for single and double power iterations, our bound is the sharpest, to626

the point where it even has the same fluctuations as the actual error as the index i is627

varied. Moreover the approximation Gapi = |θi − θk| leads to a bound that is very628

close to the theoretical result from Theorem 3 and uses only available information, so629

this bound is computable in practice.630
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(a) Petrov-Galerkin approximation
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(b) Randomized SVD

Fig. 4: Error |σi − θi| and bounds for geometrically distributed singular values where
the trial subspaces were found with a single power iteration. Left: estimation with
Petrov-Galerkin approximation ; right: estimation with randomized SVD.
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(a) Petrov-Galerkin approximation
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(b) Randomized SVD

Fig. 5: Error |σi − θi| and bounds for geometrically distributed singular values where
the trial subspaces were found with double power iteration. Left: estimation with
Petrov-Galerkin approximation ; right: estimation with randomized SVD. In some
cases the bounds lie below the actual error; this is due to roundoff errors (which our
bounds do not account for). Indeed, the effect of round-off errors was not accounted for
in the perturbation matrix Ā (from (1.2)) considered in our analysis. The operations
(e.g. orthogonal multiplication) involved in both methods above are backward stable,
so in finite precision arithmetic, we can consider that σi is actually the exact singular
value of Ā + Eu with ∥Eu∥2 = O(u∥A∥2). Therefore, Weyl’s theorem implies that
the contribution of round-off errors in |σi − θi| is fortunately bounded by O(u∥A∥2).
That is, even in finite precision arithmetic, the bounds can be trusted up to working
precision.
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Fig. 6: Error |θi − σi| and theoretical bound Theorem 3 for the Petrov-Galerkin and
randomized SVD methods, computed based on the same left trial subspace Q1 (with
Q1 obtained from a single power iteration).

Also as mentioned for the asymptotic case at the end of Section 4, the bound631

(1.6) (which is Li-Li (large gap)) is sharper than (1.7). However, one must keep in632

mind that our bounds use stronger assumptions and information: while the bounds633

(1.6) and (1.7) only use the spectral norm of the full error blocks E, F , we assume634

that all the norms of each column (∥Ei∥2, ∥Fi∥2) are known. We repeat that these635

are indeed typically available or computable.636

Finally, we briefly compare the results from HMT and PG. In theory, for the same637

left trial subspace Q1, HMT gives more accurate singular values than PG, as HMT638

is based on an orthogonal projection. Experimentally we obtained nearly the same639

values of the residual norms ∥Fi∥2 with both methods (especially for small i), so our640

Theorem 3 suggests that the error bound for HMT is better than the bound for PG641

by about a factor 2. This is confirmed in Figure 6. In all cases our bounds reflect the642

actual errors, and the PG estimates give accuracy comparable to that of HMT.643

6. Discussion and future directions. One might wonder if the graded struc-644

ture of the residuals could be exploited further in the derivation of our bounds. We645

discuss this below by looking at two cases.646

To analyze the behavior of our bound when the residuals have a graded struc-647

ture we look closer at the denominator of our bound, especially at the term si :=648 ∑
1≤j≤k

j ̸=i
∥Ei∥22/δi,j . We discuss the symmetric case for simplicity but the ideas also649

apply to the singular value case. The idea is to examine which conditions si is small,650

as it corresponds to getting close to the asymptotic case. Take i such that 1 < i < k651

so that θi is somewhere in the middle of the approximated eigenvalues. Then in terms652

of si we consider a j that is far from i and distinguish roughly two cases :653

(i) if j > i, then |θi− θj | is large and ∥Ej∥2 ≫ ∥Ei∥2, therefore the fact that the654

denominator |θi − θj | is large compensates for the large residual ;655

(ii) if j < i, then |θi − θj | is large and ∥Ej∥2 ≪ ∥Ei∥2, which is the best case as656
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it gives a small contribution to si.657

Therefore for small i most j are larger so we are in the less favorable situation (i), but658

then it is compensated by the fact that the numerator ∥Ei∥22 of the bound is small.659

Conversely as i → k the numerator gets larger but the terms in si become smaller so660

di decreases.661

On the other hand, taking the θi to be uniformly distributed and the structure662

not graded we can assume ∥Ei∥2 ≈ ϵ = constant,∀i, which leads to si ≈ ϵ2
∑

j ̸=i(|θi−663

θj |−ϵ)−1 being almost independent of i. This implies that the bound is virtually only664

determined by Gapi = minj |θi − λj(A2)| and the residual ∥Ei∥22 (weak dependence665

on other terms j ̸= i).666

One way of looking at this is that our bounds have enough parameters to account667

for a more structured error matrix than the previous bounds from the literature. Note668

that it also takes into account the other Ritz values θj , although their influence is669

quite limited, so all the available information is used in the bound.670

One might suspect that there is room for improvement in finding a more precise671

definition of δi, δij in order to make the bound sharper. However in practice the gap672

Gapi is the dominant term in the denominator of our bound: in our experiments from673

Subsection 5.1 Gapi = O(1) while ∥Ei∥2 ≈ 10−5 and si ≲ 10−6. Removing these674

terms and keeping only Gapi in the denominator kept our bound valid and did not675

change them much.676

Hence our theoretical work implies that, if the gap Gapi is known to be very large677

compared to the residual norms, one could even use the bound (1.11) with c = 1 as an678

approximation to the error. Our result echoes the improved bounds for the accuracy of679

Ritz vectors that was derived in [16], as it also improves a classical bound by showing680

that a bigger gap in the denominator can govern the perturbation of eigenvectors.681

We believe that the most interesting extension of this work would be to derive a682

similar bound that is still applicable when the error matrix also has diagonal terms, or683

to find a trick that would put the error matrix in the right form in order to apply our684

bound. This could notably allow us to derive sharp error bounds for the approximate685

singular values computed from the (Generalized) Nyström method, which is often686

seen to be more accurate than Petrov-Galerkin and the randomized SVD methods. A687

somewhat related problem is to derive error bounds for eigenvalues computed by the688

sketched Rayleigh-Ritz method [18], which is also not based on orthogonal projection.689

Another idea could be finding block-wise bounds inspired by our Thm.1 that would690

be adapted to specific eigensolvers. One can notably think of Krylov methods with691

restarting (see for example the recent bounds from [25]), which could lead to a more692

complex structured perturbation matrix, but this idea is out of the scope of this paper.693
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