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SHARP ERROR BOUNDS FOR APPROXIMATE EIGENVALUES
AND SINGULAR VALUES FROM SUBSPACE METHODS *

IRINA-BEATRICE HAAST AND YUJI NAKATSUKASAT

Abstract. Subspace methods are commonly used for finding approximate eigenvalues and
singular values of large-scale matrices. Once a subspace is found, the Rayleigh-Ritz method (for
symmetric eigenvalue problems) and Petrov-Galerkin projection (for singular values) are the de
facto method for extraction of eigenvalues and singular values. In this work we derive quadratic
error bounds for approximate eigenvalues of symmetric matrices obtained via the Rayleigh-Ritz
process. Our bounds take advantage of the fact that extremal eigenpairs tend to converge faster than
the rest, hence having smaller residuals ||AZ; — 0,%;||2, where (0;,%;) is a Ritz pair (approximate
eigenpair). The proof uses the structure of the perturbation matrix underlying the Rayleigh-Ritz
method to bound the components of its eigenvectors. In this way, we obtain a bound of the form

w, where Gap, is roughly the gap between the ith Ritz value and the eigenvalues that are
not appréximated by the Ritz process, and ¢ > 1 is a modest scalar. Our bound is adapted to each
Ritz value and is robust to clustered Ritz values, which is a key improvement over existing results. We
further show that the bound is asymptotically sharp, and generalize it to singular values of arbitrary
real matrices. Finally, we apply these bounds to several methods for computing eigenvalues and
singular values, and illustrate the sharpness of our bounds in a number of computational settings,
including Krylov methods and randomized algorithms.

Key words. Matrix perturbation theory, Ritz values, Rayleigh-Ritz process, singular values,
Petrov-Galerkin process

MSC codes. 65F15, 15A18, 15A42, 68W20

1. Introduction. The symmetric eigenvalue problem and the Singular value
decomposition (SVD) are key computational tasks in many numerical methods for
engineering and data analysis applications. Classical algorithms perform these de-
compositions in polynomial time (cubic in the dimension, for an e-accurate solution),
but the matrices that are considered nowadays are often of very large scale, some-
times even too large to fit into memory. Subspace methods (including Krylov sub-
space methods [20] and randomized algorithms [5]) form a leading class of methods
that allow us to tackle such problems. Once a subspace Span(Q) is identified, where
Q € C™* is a matrix with orthonormal columns, the most common approach to
extracting eigenvalues is the Rayleigh-Ritz (RR) process [20, Ch. 11], which outputs
the eigenvalues of Q7 AQ as approximations to those of A. The quality of the Ritz
eigenpairs as an approximation to the actual eigenpairs of the original matrix has been
extensively studied in the literature: for the eigenvectors, a bound on the canonical
(or principal) angle between the subspace spanned by the Ritz vectors and the actual
eigenspace is provided in the classical Davis-Kahan sin 6 theorem [3][20, Chap.11]
and was improved in [16]. For the Ritz values, error bounds have been derived in
[7, 12, 20][6, Cor.7.3.5][22, Cor.1.4.31]. A similar process is applicable to approxi-
mate the (usually leading) singular values of A € C™*" from subspace(s) spanned
by Q € C™*k1 Qy € C"*¥2 as the singular values of the projected matrix QT AQs;
this is called a Petrov-Galerkin (PG) projection method. More recently, randomized
algorithms such as randomized SVD by Halko, Martinson and Tropp (HMT) [5] and
(Generalized) Nystrom [2, 17, 24] have been receiving significant attention, as they
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2 I. B. HAAS AND Y. NAKATSUKASA

provide an efficient way of computing a low-rank approximation of the original matrix
that is nearly optimal in the Frobenius norm [5]. Similarly to RR and PG, randomized
SVD is also based on (one-sided) projection, A ~ QQT A, where Span(Q) = Span(AQ)
for a random (sketch) matrix Q. Error bounds on the resulting singular values for
these methods are derived in [4, 11, 21].

In this paper we first examine the accuracy of the output approximate eigenvalues
from the RR process. Our work is primarily motivated by the fact that existing
error bounds for the Ritz eigenvalues can be improved greatly, assuming that the
norms of the residuals corresponding to each eigenvalue differ significantly, which is
common in practice. That is why we derive sharp upper bounds on the difference
between the Ritz values and the exact eigenvalues by exploiting the perturbation
structure underlying the Rayleigh-Ritz process. We then generalize the result for
singular values of arbitrary matrices, and compare the bound to the approximate
singular values obtained from HMT in our numerical experiments, along with other
approximation methods including subspace iteration and Krylov methods.

To make the problem precise, let us fix the notation and consider the structure
afforded by the RR and PG processes.

Notation : We use MATLAB notation for matrix indexing, in which X(:,1)
denotes the ith column of X and X (:,4: j) is the matrix consisting of the ith to the
jth columns of X. If not stated otherwise, we also note X; the ith column of the
matrix X. We let || X||2 denote the spectral norm of a matrix X, which reduces to the
Fuclidean norm when X is a vector. For simplicity we focus on the real symmetric case
(for the eigenvalue problem). Our analysis holds more generally verbatim for complex
Hermitian matrices; in this case, one replaces 7 with the Hermitian transpose * in
what follows. Finally, the error bounds presented below often involve spectral gaps
that we denote Gap,,gap, or I';. By definition Gap, and I'; will involve the part of
the spectrum that is not approximated and the eigenvalue whose error is bounded,
while gap, will involve (roughly) the approximated eigenvalue and the next closest
exact eigenvalue. Therefore typically Gap, > gap,, and we emphasize the case where
Gap, > gap,. We also use the letter ¢ to denote available lower bounds on the spectral
gaps.

Perturbed matriz and available information from the Rayleigh-Ritz process. Sup-
pose that k eigenpairs of an n X n symmetric matrix A are sought (typically the
smallest or largest eigenpairs), and we have a k-dimensional! trial subspace spanned
by an n X k matrix Q; with orthonormal columns that approximates the correspond-
ing eigenspace. To extract an approximation to the desired eigenpairs from )1 with
RR one computes the k x k symmetric eigendecomposition Qf AQ; = YAYT where
A= diag(fy,...,0;) is the matrix of Ritz values and Y is unitary (see e.g., [20,
Ch. 11]). The matrix of Ritz vectors X = [Z1,...,Tk] is defined as X = Q1Y . Then
let X 1 be such that [)? X 1] is a unitary matrix, and form the perturbation matriz

~ ~ ~ ~ n T
(1.1) A=[X X)TAR %] = {g 32]
where £ = XIA)A( = [E1,Es,...,E;]. The matrix A is similar to A so it has the
same eigenvalues as A. Throughout the paper we let A; (resp. o;) denote the ith
eigenvalue (resp. singular value) of the matrix A. The overarching goal is to bound
|6; — Ai|, the error in the Ritz values as approximations to the exact eigenvalues \;.

n practice one often uses a subspace whose dimension is larger than the desired number of
eigenpairs k, but this does not affect what follows.
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 3

In practice, the information available after RR are the Ritz pairs (6;,%;) for
i = 1,...,k and the norms of the columns of E, because they are equal to the
norm of the residual: ||E;|l2 = ||AZ; — 6;7;|]2- In addition, since @)1 is designed to
approximate a k-dimensional eigenspace, a rough estimate of the eigenvalues of A,
is usually available. For example, when (1 approximates the smallest eigenspace we
can reasonably expect A\(As) = max; 6; (this must hold in the limit £ — 0), where
A(A2) denotes the spectrum of As. Another option is to use oversampling, i.e. to
approximate k + ¢ eigenvalues (or singular values) so that the ¢ additional Ritz values
provide a good approximation of Gap; := min; |[6; — \;(A2)| & ming<j<iis[0; — 0.
More generally to obtain an error bound on ¢; we only need to assume the knowledge
of a lower bound d; on Gap,.

A key observation here is that the residuals || E;||2 typically vary with ¢ by several
orders of magnitude. For example, if the smallest k eigenpairs are sought and the Ritz
values 0; are arranged in increasing order, then we typically have a graded structure
lE1]l2 S [|E2ll2 S --- S || Ekll2, with ||E1]l2 < ||Ek||2, because extremal eigenvalues
tend to converge faster than interior ones by widely used methods such as Krylov
subspace methods (like Lanczos) and LOBPCG [1, 9] (and HMT for singular values);
this is related to the convergence of the power method. In this situation we observe
that the error |6; — \;| is O(||E;||3). Our goal is to derive bounds that accurately
reflect this for each eigenpair.

Turning to the general case, to approximate k singular values of a general matrix
A € R™*" using the PG method, assume we have a left trial subspace spanned
by @1 € R™** and a right trial subspace spanned by Qy € R™*2 with Qq, Q-
orthogonal, and ks > k without loss of generality. Take the SVD decomposition of
QTAQ, = XXYT with ¥ = diag(61,60a,...,0;) containing the approximate singular
values, then multiply A by the appropriate orthogonal matrices on both sides as
follows to obtain

(1.2) A:[XT Im_THQ%T ]A[Qz Q2] [Y Iﬂ_J:[g Z]

1L

Note that when ks > k, the first ks — k columns of ET are zero; indeed ke = n is
allowed (as will be in HMT as we will see), in which case E = 0. The perturbation
matrix A is equivalent to A up to orthogonal multiplication, so it has the same singular
values as A. Similarly to the symmetric case, we assume that the available information
is the residual norms ||EZ||2 = ||ATIAL1 - sz)ZHQ and ||E||2 = ||A’LA),L - 92’&1”2, where FZ
and F; are the columns of F' and E respectively, and some gap information on the
approximate singular values 6; and the singular values of As.

Below we review existing results that use similar information, namely the residuals
and some (approximate) gap information, to derive error bounds for singular values
or eigenvalues.

Literature review. Fundamentally, the problem set out in Equation (1.1) is that

of eigenvalue perturbation: how do the eigenvalues of {A A } change by the off-
2

diagonal perturbation E7? A number of results are available in this direction, which
we review here. A similar problem was considered in [13], which investigates the
special case of a multiple Ritz value, ie. when A= Iy, but the problem considered
in this paper is for a general set of Ritz values.

The simplest and most general (i.e. making no use of the perturbation structure)
symmetric eigenvalue or singular value perturbation bound is provided by Weyl’s

This manuscript is for review purposes only.
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4 I. B. HAAS AND Y. NAKATSUKASA

theorem [6, Cor.7.3.5][22, Cor.1.4.31], which states that
(1.3) 10; — Ail < |1Ei2,

in the symmetric case, and in the general case

(1.4) |0; — o] < max{[|Eil2, || Fill2}-

However this only gives a linear bound (with respect to the residual | E;||2) although
usually in practice the accuracy of 6; is much higher. An extensive line of work
such as [26] and the references therein offer improved linear bounds. Other authors
[11, 12, 15] have derived quadratic bounds that depend on the spectral norm of the
error blocks from the perturbation matrix. Improving the bound from Mathias [14],
C.-K. Li and R.-C. Li [12] derive an error bound for the case where the perturbation
matrix is as in Equations (1.1) and (1.2). For symmetric matrices, using again Gap; =
min; |6; — A\;(Asz)| as above, they prove the bound:

2| El3

Gap; +1/Gap; + 4| E|3

and similarly, for singular values of general matrices:

(1.5) A —0;] <

2 E .12
(1.6) o — 0] < max{[| £z, || F||2} |
Gap; + \/Gap? + 4dmax{||E||2, || F|l2}?

with Gap; = min; |0, — 0;(A42)].

Alternatively, [11, 15] give more general bounds since their perturbation matrix
also potentially has nonzero components in the diagonal blocks. In [11] the authors
apply such bound to the structure afforded from Generalized Nystrom, HMT and
RR and compare the accuracy of these methods for singular value estimation. With
our notation and considering only off diagonal perturbations, the bound from [11,
Theorem 4.1] is :

2max{||E|2, | F|l2}?

1.7 o; — 0;] < — .
(L.7) ot = b o — () — 2max ([ 1], 1)

Equations (1.5)—(1.7) are relevant in cases where the individual residuals are not
available, and [12] showed that their bound is asymptotically sharp as ||E|lz — 0
when Gap; and ||E||2 are the only available information.

Recalling from above that we expect |0; — \;| to be O(|| E;||3), the above bounds
clearly overestimate the error for the extremal Ritz values.

Other existing quadratic bounds on the accuracy of Ritz values that make use of
the individual residuals include the bounds in [7], which uses the angle between Q1
and an exact eigenspace, and the classical result

2

(1.8) 0; — A\i| < @

gap;
from [20, Thm. 11.7.1], where gap, is the gap between 6; and the eigenvalues of
A excluding the one closest to ;. When the Ritz values are well separated, the
bound Equation (1.8) is much sharper than the previous ones, especially assuming we
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 5

have graded residuals, but this bound is not usable for clustered singular values and,
similarly to [16], we will show in this paper that the denominator in Equation (1.8)
can be made larger.

One can also use Equation (1.5) from [12] (or alternatively the bound from [15])
with a 1-by-1 block partitioning as follows: the perturbation matrix A can be re-
arranged as

6, B 0; | Oy BT
(1.9) A Bl =] O-1)x1 B ;

where \¢ indicates that we removed only the elements corresponding to the i-th Ritz
value from the blocks F and A. This gives the bound

| E; 13
gap; + v/gap? + 4| ;|3

(1.10) 0; — A <

where the denominator gap, is the gap between 6; and the eigenvalues of the (n —
1) x (n — 1) matrix B defined above. The drawback of this approach is that it
puts the remaining Ritz values in the second diagonal block, and thus it reduces
Gap; in Equations (1.5) and (1.6) to approximately the same denominator as in
Equation (1.8). Hence, another way of looking at the contribution made in this paper
is that we improve the spectral gap in the error bounds of Ritz values from (roughly)
gap, = min,z; |; — A\;j(A)| to Gap,, while keeping the denominator as small as || E;||3.

Key contributions. Motivated by the above discussion, in this paper we derive
bounds of the form

(22

1.11 0; — \;| < ,
(1.11) = M < e

where ¢ is a modest constant such that ¢ —+ 1 as £ — 0. Our proposed bounds
are particularly good in the case where the extremal eigenvalues are sought and the
residuals are graded (but these conditions are not required for the bounds to be
applicable). In this context, we show that our bounds are significantly sharper than
those in the literature, including [12, 20], accurately reflecting the error observed in
practice. Moreover, contrarily to Equation (1.8), our bound Equation (1.11) is also
suitable for clustered eigenvalues, as Gap, is much larger than the denominator gap;
in Equation (1.8).
Since the constant ¢ above converges to 1 as ' — 0, we have

—_

16— | )
1 B = =
E—0 HEl”% - min, |(91 — )\](A2>| )

3
and we show that this asymptotic bound is sharp, that is, it cannot be improved
without more information about the eigenvalues of A,.

The main message of this work is that when FE is sufficiently small, the error in a
Ritz value 6; is bounded by the square of the corresponding residual divided by the
gap between #; and the eigenvalues of Ay, which are roughly the eigenvalues that are
not sought; they converge when F — 0. A practical implication is that in large-scale
symmetric eigenvalue problems, working with a subspace of dimension larger than &
(which is often done for the purpose of avoiding missing eigenvalues) helps improve
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6 I. B. HAAS AND Y. NAKATSUKASA

the accuracy of the desired ones, because doing so increases the denominator in the
error bound Equation (1.11), which implies that a larger tolerance becomes acceptable
for the residual || F;||s = ||AZ; — 0;7;]|2 to ensure a given required accuracy of 6;.

The paper is organized as follows: in Section 2 we describe the method that we
use to obtain our theoretical error bounds for the eigenvalues of symmetric matrices in
Section 3 and for singular values of arbitrary matrices in Section 4. We then illustrate
our theoretical bounds with numerical experiments in Section 5 and apply them for
estimates obtained via RR, HMT, PG and Lanczos.

2. Basic approach. In this section we explain the main ideas that we use to
derive the theorems in Section 3. We first recall a well-known result on the derivative
of simple eigenvalues [23].

LEMMA 2.1. Let Ag and F be symmetric matrices. Denote by A;(t) the ith eigen-
value of Ag + tF such that (Ag + tF)x(t) = \i(t)x(t) where ||z(t)|2 =1 fort € [0,1].
If \i(t) is simple, then

di(t)

(2.1) -

= z(t)* Fz(t).

In our analysis below we will have F' of the form F = [ }2. %‘T], where F; =

[0(n—k)x(i-1) Ei Otn—k)x(n—s)] has just one (ith) nonzero column. Then with the
partitioning x(t) = x;éftgt)] (where for a vector z, we denote by x; its jth entry and
by z .0 with £ > j the vector [}, x;1,...,2¢]T), if A;(t) is simple for 0 < ¢ < 1 then
by the above lemma we get

(2.2) 1A (0) = X\i(1)] = /le(t)TFx(t)dt’
<2 /Oly(t)TFixl:k(t)dt’
=2 /Oly(t)TEixi(t)dt‘
23) <2Ele | [ @] (1<)

Note that in the setting of (1.1), we have A\;(0) = 6; and X;(1) is an eigenvalue of A,
so (2.3) provides an error bound for the Ritz value ;. The key observation here is
that (2.3) is small if |y(t)]]2 is small for all 0 < ¢ < 1. In view of this, our approach
below is to obtain sharp bounds for ||y(¢)||2, from which we get sharp bounds for
A0) = Ai(1)] by (2.3)

The idea of obtaining eigenvalue perturbation bounds via bounding eigenvector
components was introduced in [15]. Moreover, it is shown there that (2.3) holds even
in the presence of multiple eigenvalues, in which case x(t) can be taken as any of the
(many possible) eigenvectors associated with A;(¢), and the bounds hold as long as
the bound on ||y(¢)||2 holds for any eigenvector corresponding to the eigenvalue, which
is the case in the forthcoming analysis. Hence in what follows we are not concerned
with whether \;(¢) is simple or not.

3. Error bounds for Ritz values. We are now ready to derive error bounds on
the Ritz values of symmetric matrices. First we derive an error bound for a single Ritz

This manuscript is for review purposes only.
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 7

value that depends on the corresponding residual norm || F;||2, then we use the same
approach to derive a bound for a set of clustered eigenvalues based on the spectral
norm of the corresponding submatrix of F.

3.1. Error bound for well separated Ritz values. In this subsection we
prove the following theorem, which is the main result of this paper.

_[A E*
A_[E AQ]

THEOREM 1. Let

be a symmetric matriz where A = diag(1,...,0r) and E = [E1,Es,...,Eg]. For
i=1,2,...,k, suppose that

(3.1) 6 = mjin 0; — \j(A2)| — [|Eill2 (= Gap; — [|Eil[2) >0
(3.2) 8i; =10 —0;| — ||Eill2 >0, for 1<j<k, j#i

and further that

1
. di=——— >0
- -y BET
1<i<k
J#i

Then there exists an eigenvalue \; of A satisfying
(3.4) IAi — 0:] < dil| Eq3.

The Ritz values 0; and eigenvalues A\; have a one-to-one correspondence. Moreover,
let 2(t), \i(t) be continuous functions of t € [0,1] defined by

K(lii—l) Efi_y
0, tET

A(i+1:k:) E;'Ijklzk
Eii1 tE; Eiag | A

and X\;(0) = 6;, where we note K(a:b) = Ala : bya : b). Then the bound (3.4)
holds for any 6;,0;; such that 0 < ¢; < minjo<i<1 [Ai(t) — Aj(A2)] and 0 < §;; <
minogtgl ‘)\z(t) - 9]|

Proof. Let ¢ < k be an integer. First, we decompose the matrix A from the
theorem as

(3.5) A= [A AQ] + {E ET] = Ay +E.

As above let F' = [0 Fo ], where F; = [0,— B)x(=1) E; O(n k)x (n—i)] 15 the matrix

obtained by taking the ith row and column of E. Let E be a matrix such that
E = F + E, so that A = Ay + E = Ag + E + F. Note that 0; is an eigenvalue
of Ay + E. Suppose that (Ag + E + tF)xz(t) = Xi(t)z(t) for 0 < t < 1, and define
y(t) = Tg41.(t) where A;(¢) is a continuous function of ¢ satisfying )\i(O) = 6;. Our
goal is to bound |A; — ;| = |\;(1) — A;(0)] using (2.3), so we aim to derive a bound
for [ly(t)]l2-

This manuscript is for review purposes only.
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8 I. B. HAAS AND Y. NAKATSUKASA

To achieve this, we next exploit the structure of the perturbation matrix Ag +E+
tF as follows. For any j such that j < k and ¢ # j, the jth row of (A+ E+tF)x(t) =

Ai(t)x(t) is
0;2;(t) + Ejy(t) = Ni(t)z;(t),

hence
EFy@1 1B l20ly(@)l2
(3.6) z;(t) = =2 < = .
O o301 = 8- nth)
The last n — k rows of (Ag + E + tF)z(t) = Ai(t)z(t) give

Agy(t) <Z Eja(t) + tExi(t) = \i(t)y(t).
Hence -
tEwi(t) = (N(t)] — A2)y(t) — %; Ejx(t),
tIEillafai ()] = [[(X: ()T — Az)y Z Eja;i(t)ll2
> [N ()] = A2)y(t) ]2 —12 1Ej25 (£)]]2
z(M@ﬂ—AﬁMﬂh—-%iEH%Mﬂm

2 18 -]
%
where we used (3.6) to get the last inequality. Defining I';(t) =
(note that T';(¢) is closely related to Gap;; in particular T';(0
(X = A2)y(t)ll2 = Ts(t)[|ly(t)||2, so it follows that

min; |A;(t) — A;(As)]|
) = Gap,) we have

1513
(3.7) Li(t) - ly@ll2 <t Eill2|zi(t)].
20 A0
i#
Suppose that there exist positive scalars d;,0; ; (¢ # j) such that

< i . < i R .
6 < min Tu(t), .5 < min [0 = Ai(0)

For example, by Weyl’s theorem we can take 6i =T5(0)— || Ei||]2 = min; |§; — A; (A2)|—

|1 E;l|2 and &; ; = |6; — Xi(0)] — HE ll2 = |6; — 6i| — || Ei]|2, provided that they are both
positive. Thus T';(t) — 21<J<k 7, j\H(Qt > —ZK;@C I JHQ for 0 <t <1, and if the
right-hand side is positive then defining
(3.8) d; : ! (> 0)
' v 5 _ o LE4IZ ’
Z1j¢fk 50,

from (3.7) we have
ly(®)ll2 < tdil|Eill2|z:(t)] < tdil| B2,

This manuscript is for review purposes only.
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where we used |z;(t)| < ||z(t)||]2 = 1. Thus we have a bound for ||y(t)||2. Plugging
this into (2.3) we obtain
1
| e taat

1
[tz
0

[Ai(1) = Xi(0)] < 2[|E|2

< 2||Eill2

< di|| Eif3.

Moreover the bound (3.4) holds for any d;,d; ; such that 0 < §; < min; o<<1 |Ai(t) —
)\](AQ)‘ and 0 < 57;7]' < min0§t§1 |)\,(t) — 93| 0

The fact that 6; and A; have a one-to-one correspondence was not explicitly
stated nor necessary in our derivation of Theorem 1, but this can be verified by
noting that A;(¢) can be taken as the ith eigenvalue of Ay + E+tF and by defining an
appropriate ordering, e.g. by keeping the non-increasing order. Moreover this question
is irrelevant when the residuals are small enough as (for well separated Ritz values)
the error intervals become disjoint. The possible presence of multiple eigenvalues does
not affect these arguments for the reason discussed at the end of Section 2.

From Theorem 1 we see that our bound is of the form (1.11), as announced in the
introduction. In a typical application where the extremal eigenvalues are sought, in
the limit £ — 0 we have ; — \; for i = 1,...,k, where \; is arranged in appropriate
(increasing or decreasing) order. Furthermore min(A(A4z)) = A1, hence we have
Gap; — |A\i — Ag+1], and d; in (3.4) approaches 1/(Ag41 — A;). It follows that (3.4)
gives the asymptotic bound

- 1
3.9 lim .
(3.9) E=0 [|Eil3 T [ Ak — A

This asymptotic bound is tighter than any of the known bounds; for example the

bound in [12] is limpg_,¢ |)|\\33_|Eil < |)‘k+3_)‘i| (the left-hand side is smaller than in (3.9)),

[Ai—0i]
NE:3 —

m (the right-hand side is larger than in (3.9)). The lower bounds §;,d; ; of
min; [A; () —Aj(As2)|, ming<s<1 |Ai (t) —0;] as defined in (3.1), (3.2) use Weyl’s theorem
and so are crude bounds. However, as confirmed in our numerical experiments, this
does not affect the asymptotic sharpness of the theorem in the limit £ — 0, because
we still have d; —

and the classical bound on a single Ritz value [20, Thm. 11.7.1] gives limg_,¢

1

Finally, the asymptotic bound (3.9) is sharp, provided that no further information
on As is available. In order to prove this we can show that for the specific case where
As =cl with ¢ > 0; for all i =1,...,k, in the limit £ — 0 we have

22415 4

3.10 i — 0] = —2 +0O(|E;
(3.10) | | Gap, (I1E:ll2)
To see this, take a fixed 7 and rearrange the columns and rows of A — 6;1, with A
from Theorem 1, such that the (1,1) coefficient is zero. This leads to the matrix

%

0 0 - 0 ET

0 | 6,—6 ET
B=| : :

0 O —0; | ET

Ei E1 cee Ek (C — 91)_[
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Define Ay = B(2:n,2:n). Then [13, Thm. 3.1] states that the smallest eigenvalue
of the above matrix is [A; —0;| = |[01x(—1) E}] Ayt {O(kEll)Xl} ‘ +O(| Eill3/Gap?).
Assuming that the residuals Ej,k # i, are small enough the leading terms arising
from this expression (e.g. by Neumann series) yields Equation (3.10).

3.2. Error bound for a cluster of Ritz values. The bound derived above is
sharp in the limit £ — 0, but for finite ' we might not have §; — z:1<1<;c LB ‘2 > 0 or

03,5 > 0 for some j, in which case Theorem 1 is not applicable. Assumlng E is not too
large, one sees that this can happen only if ; ; < ming<;<1 |6 — Ai(t)| = 0 for some
j. This means there is a cluster of Ritz values and 6; belongs to it. In Theorem 2 we
give a bound that is applicable in such situations. Much of the analysis is the same
as above.

THEOREM 2. Let R
_|A EF
a=[3 5]

be a symmetric matriz where A= diag(01,...,0r) and E = [Ey, Ea,...,Ey], and
suppose that £ Ritz values 0;,...,0;10-1 all lie in the interval [Ag — A, Ao + A]. Define
ZT={iyi+1,...,i4+£—1} and let Bz = E;;;1¢—1 and suppose also that

o = mjin|>\0 = Aj(A2)] = A — [|Ez]|2 (= Gapr — A — || Ezl[2) >0
675 =105 — Xol = A —[|Ezl2 >0, for 1<j<k, j¢T

and further that

Then there exist { eigenvalues \;, ..., \ir¢—1 of A satisfying
(3.11) Nixj — 0y < dz|Ezll3, §=0,1,2,...,0—1.

Moreover, for j =0,1,...,0 —1 ,let 2(t), \i+;(t) be continuous functions of t € [0,1]
defined by

Aoy Efi
Az tET

Aiter) | Bl
Eiio1 tE; Eijex | A

2(t) = Mg (Da(t).

and Aiy;(0) = 6;1;, where we note /A\(a:b) =
holds for any 61,0z ; such that 0 < 67z <
0< 6I,j < miniez minogtgl |)\z(t) — 9]|

K( :b). Then the bound (3.11)
mi nzeI] m1n0<t<1 |>\ ( ) — )\](Ag)| and

Proof. Suppose that ¢ Ritz values form a cluster and assume without loss of
generality that their indices are also clustered in Z = {¢,i 4+ 1,...,i+ £ — 1}, so the
cluster consists of 6;,...,0;1¢—1 all lying in the interval [Ag — A, Ao + A] (if not, then
we can apply a permutation to cluster the indices).

As before define y(t) = zx41.,(t) and let Bz = E;iq0-1.

This manuscript is for review purposes only.
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374 Let F = [ 0 FOI ] where Fr = [0(n—k)x (i—1) ET O(n—k)x (n—i—¢+1)] has £ nonzero

375 columns, and let E be a matrix such that E = F + E. Let i be an arbitrary index
376 inZ={i,i+1,...,i+¢—1}. For any j such that j < k and j ¢ Z, the jth row of
317 (A+ E+tF)x(t) = A (t)x(t) is

378 0;2;(t) + Ejy(t) = A;(H)x;(t),

379  hence

Efy(®)  _ 1Bl lly(®)l2

380 (3.12) |z ()] = 0, = N:(8)] = 10, — N0

351 Now, writing 27 = #.i4¢—1, from the last n — k rows of (A + E + tF)z(t) = X (t)x(t)
382 we get

383 tEzar(t)+ Y Ejx(t) + Asy(t) = X(H)y(t).
1<j<k
iz
384 Hence
385 tEzxz(t) = (N (1)1 — A2)y Z Ejz;(t
1<j<k
IET
386 SO
387 tEzllallez(®)ll2 > [0 - A)y(t) = 3 By @)z
1<j<k
iz
12511311y (2)l2
388 > [(A() I — A t — —_—— =
388 = ”( 7,( ) Q)y( )HQ Z |9] — )\A(t)| ’
sa

380 where we used (3.12) to get the last inequality.
390 Defining I'z(¢) = min;ez ; [Ai(t)—A; (A2)| we have || (X (¢8)I—A2)y(t)||2 > Tz(t)[Jy(t)] 2.
391 so it follows that

. 125115

392 Tz = 30 5 Sy | WOl < tBzlllez )]
1<j<k 17J i
J¢T

393 Suppose that there exist positive scalars dz, 7 ; for j ¢ Z such that

394 07 < min T'z(t), 6z; < min min |6; — X\ (¢)].

0<t<1 i€Z 0<t<L1

395 For example, by Weyl’s theorem we can take
396 5I:min\)\0 —)\J(Ag)| A HEIHQ,
J

397 oz,5 =105 = % (0)| = [ Ezll2 = [6; — Aol = A — [|Ex2.

398  Thus I'z(t) — Zl<]<k ﬁ > 67 — 21<]<;c 53 for 0 <t < 1, and if the right-

51,5
399 hand side is posmve then defining

1

E”2
o1 — <j<k 12512
z leéz 51,]‘

100 (3.13) dr =

(>0),
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we have
ly@)ll2 < tdz||Exllz|lzzll2 < tdz]|Exll2-
Plugging this into (2.2) yields

0 =0 < 2| [ s Entoya

< 22 / t||y<t>2dt‘ (lzri®)ll2 < 1)

1
< 2Bz, / tdI||EI||2dt’
0

< dz| Ezlf3-

The same argument holds for any ¢ € Z, which proves the bound (3.4). Moreover,
the bound (3.4) holds for any dz,dz ; such that 0 < 07 < ming<i<1 |Ai(¢) — A;(A42)]

and 0 < d7; < min;ez ming<i<1 |Ai(t) — 0;], where X;(£), Aiy1(f), ..., Aigre—1(t) are
continuous functions of ¢ such that \;1;(¢) is an eigenvalue of A + E + ¢F with
>‘i+j(0):0i+j forj:O,l,...,Efl. 0

Conceptually, in the definition of 6z = min; [Ag — A;(A2)| — A — ||Ez||2, the term
min; |[Ag — Aj(Az2)| corresponds to the big Gaps in previous discussions.

4. Error bound for singular values. In this section, recalling the setup of
Equation (1.2), we generalize Theorem 1 to the singular values of arbitrary matrices
of size m by n. To do this, we use the Jordan-Wielandt theorem from [23, Thm.
1.4.2] [6, Thm. 7.3.3], which allows us to apply the bound from the symmetric case
to obtain results on the singular values. This theorem states that if M is an m by n
matrix with m > n and singular values o1 > 09 > ... > 0, then the eigenvalues of the

symmetric matrix aregy > 09> ...20, 20> —0, > —09>...> —01,

0 M
MT 0 ]
where the eigenvalue 0 has multiplicity m — n. This classical result was also used in
[11, 12] for a similar purpose.

This leads to the following theorem.

[E ET
a=r 4

be an m-by-n matriz (m # n) where & = diag(0y,...,0y), E = [E1, Es, ..., E}] and
F=[|F,F,,...,F]. Fori=1,2,...,k, suppose that

THEOREM 3. Let

0 = min(|;|, min |6; — o;(A2)]) — \/(IIEz'H% +IFil3)/2 >0

51y = 10— 0, —JUBIZ + IFIB)/2> 0, Jor 1<j<k j#i

85 =100+ 0, — (I BN + IF3)/2>0, Jor 1<j<k

and that
1
d; = > 0.
' -y IE; 13+ 11F513 3 1115 + 1155113
20; 4 5’
1<j<k 1<;<k
i#i
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134 Then there exists a singular value o; of A such that

E. |2 F.l|2
435 o — 0] < diw_
2
436 Proof. We consider the following matrix whose eigenvalues are {0y, —0;}i=1,...n

137 and 0, according to the Jordan-Wielandt theorem:

S ET
138 ~ F Ay
> FT
E AT

439 As in [11, 12], by permuting the second and third block columns then the second and
440 third block rows we obtain

5 ET
- 5 T y T
141 A= | = F =: > FPror .
F Ay Eior Az
B | AT
Iy -1 M 0
. . . . . _ 1 |1k k —
442 Finally, using the unitary matrices M = 7 |:Ik I } and P = [0 Im+n—2k:| we
443 have R
1L T 1T
- ?F 7%15
~ b Lpr _LET
444 PAPT = I I V2 V2
?F T%F ; Ay
ﬁE b | A3
o . . A ET) - r 1 [F F
445  which is symmetric and of the form B = [E AJ ,with £ = Byt M+ = Ele _pl
446 Then the Theorem 1 is directly applicable to B, which proves Theorem 3. The

147 slight change in the coefficient J; (compared to Theorem 1) comes from the fact that
148 in addition to the +0;(A2) the matrix A, also has the eigenvalue 0, and the additional

449 terms (527]- appear from the block —3 from A. O

S

0 To compare our bound with Equation (1.6) from [12], notice that the numerator in
Equation (1.6) is always larger than the one from our bound since max{||E||2, || F|l2}? >}
(EJ3Z + 1FI13)/2 > (||E:||2 + || F;||3)/2 for i = 1,...,k, while the denominator tend
to Gap; in both bounds, which shows that asymptotically our bound is sharper, as
announced in the introduction.

The bound from [11] with the structure considered in our Theorem 3 gives Equa-
tion (1.7) which is asymptotically looser than Equation (1.6) since we can assume
miny |o; — ok (Az)| = Gap; = min, |¢; — 0;(A2)| as E — 0. However we believe that
158 [11] would provide a better tool to analyze the error when the algorithm used for the
459 approximate SVD has perturbation terms also in the diagonal blocks. This was shown
460 to be the case for the generalized Nystrom approach in [11, Sec.3].

461 In practice the residuals E and F may differ significantly (e.g. F = 0 in HMT).
462  However, our numerical experiments suggest that this does not affect the quality of
163 the bound very much (see Subsection 5.2). Additionally, we derived another bound
164 specifically for the HMT perturbation structure where £ = 0, by starting from a

N
S

iy

N

N

,._;
ot Ot Ot Ov Ot Ot Ot Ot
T = W N

=
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14 I. B. HAAS AND Y. NAKATSUKASA

singular value perturbation result similar to Lemma 2.1 and bounding the components
of the singular vectors. We obtained a bound that is theoretically slightly looser than
Theorem 3, so we omit this extension.

5. Numerical experiments. In this section we present several experiments
to illustrate the validity and the sharpness of our theoretical bounds compared to
previous existing bounds. We first test our error bounds for the eigenvalues of a
(synthetic) symmetric matrix, then for singular values of arbitrary matrices. The
latter subsection also discusses the application of our bound to the singular values
obtained from the randomized SVD algorithm by Halko, Martinson and Tropp [5],
which is so far the most widely used randomized method for low-rank approximation
of large scale matrices.

5.1. Numerical experiments on the eigenvalues of symmetric matrices.
We generate a symmetric matrix A = VDV of size n = 2000 where V € R™*" ig
orthogonal and D is a diagonal matrix of eigenvalues. Suppose that we are looking for
k = 100 eigenpairs, and we run 40 steps of LOBPCG [8] (for Locally Optimal Block
Preconditioned Conjugate Gradient method) without preconditioning? to obtain k sets
of Ritz pairs (0;,%;) fori = 1,..., k. By default LOBPCG approximates the smallest
eigenvalues. We next evaluate the errors in the Ritz values |6; — ;| and compare their
bounds both in the context of well separated eigenvalues and for a matrix D that has
a cluster of eigenvalues. For the initial guess Xy we used a randomly generated n x k
Haar distributed matrix using MATLAB’s orth(randn(n,k)).

Well-separated Ritz values. We let the eigenvalues be uniformly distributed with
D = diag(1,2,...,n). To illustrate the sharpness of our theoretical bound we first
use the exact value of Gap,, that is, taking (the usually unknown quantity) A;(Asz)
as known. The resulting bound is shown as “Thm. 1 exact”. However in practice
this distance is usually unknown, so to invoke Theorem 1 using only information that
is usually available, we use the estimate Gap, > maxy, |0; — 0|, hence we let §; =
maxy, [0; — 0| — || E;||2 instead of (3.2). This assumption is valid when the eigensolver
approximates the extreme eigenvalues and the approximation is high quality. The
resulting bound corresponds to “Thm. 1 approximate” in Figure 1. We compare our
bound to the exact error |0; — A;|, the bound (1.5) from [12] (shown as “Li-Li (large
gap)”), the bound (1.10) which is (1.5) applied to the partitioning 1.9 (“Li-Li (1-
1 block)”), the “classical” bound (1.8), and ||E;||2 which is the crude bound using
Weyl’s theorem. Notice from Weyl’s bound that |E1ll2 < || E2ll2 S ... S || Ekll2 with
IE1||l2 < || Ek||l2, which is a typical graded behavior as mentioned in the introduction.

In Figure 1 we observe that Theorem 1 gives the sharpest error bound for the
Ritz values (whether or not A(Az) is known or estimated), especially for small i.
The bounds Classical and Li-Li (1-1 block) are also of good quality and are nearly
identical in this experiment. The latter and our theorem reflect the O(||E;||3) trend
of the actual errors, unlike Weyl’s theorem. For interior eigenvalues, our Theorem 1
gives results close to Li-Li and Classical (because the spectral gaps in all three bounds
are about the same); but as we move to extreme eigenvalues, the term Gap, in the
denominator in Theorem 1 increases (and the residual || E;||2 decreases), which leads to
significantly higher accuracy (here, about a factor 100 improvement). This illustrates
the key idea that our bounds are asymptotically sharp as £ — 0.

The bound “Li-Li (large gap)” mainly serves to illustrate that, if the residual in

2An effective preconditioner can speed up the convergence of any eigenvalue, but it is usually
still true that the extremal Ritz values converge first.
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e Actual error
—6— Thm.1 exact
Thm.1 approximate
- = =Li-Li (large gap)
—g—Li-Li (1-1 block)
————— Classical bound
Weyl

Error |\; — 6;]

10715
0

20 40 60 80 100

Fig. 1: Error in Ritz values |6; — A;| and error bounds for uniformly distributed
eigenvalues: \; = i, Vi € [1,n].

the numerator is ||E||2 the accuracy of the bound is significantly lower, even if the
gap in the denominator is Gap,. This is intuitive when the residuals are graded, like
in this example.

Note that the two versions of our bounds (exact and approximate) are nearly
identical, resulting in the two bounds being nearly superimposed in Figure 1 (as well
as in the other experiments below). In color print the exact bound (blue line) and
the approximate bound (orange dots) are distinguishable but in black-and-white they
might appear as the same line. Hence we argue that Theorem 1 can give tight bounds
using information that is usually available in practice. By contrast we note that the
Classical result (1.8) uses a bound on the gap between 6; and the eigenvalues of an
(n — 1) x (n — 1) matrix, so it is generally not a practical bound to use (although
reasonable estimates of the gap can often be obtained).

Another note of caution when using the bound || F;||2 (and possibly Classical) is
that the Ritz values and eigenvalues of A may not have a one-to-one correspondence,
as noted in [20, Sec. 11.5]. Our results and Li-Li overcome this difficulty as it explicitly
specifies a one-to-one correspondence between 6; and \;.

Clustered Ritz values. To illustrate the effectiveness of Theorem 2 in the presence
of a clustered eigenvalue, we run the same experiment as above but now we replace
the 20th to 29th eigenvalues of A by 20 + randn(1, 10) * 1e — 10 so that there are 10
eigenvalues clustered around 20. Since the clustered Ritz values lied in 20 4+ 10719,
we set Z = {20,...,29} with A\g = 20, A = 1071Y when invoking Theorem 2 to bound
the errors in 6; for ¢ = 20,...,29, and for the rest we let Z = {i} with § = 0, which
reduces to Theorem 1. We also performed the same experiment where 10 eigenvalues
of A are clustered around Ay = 100 with A = 10719, such that the Ritz values near
i = k, ie. near \(As), are clustered. For both values of Ag, in ”"Li-Li (1-1 block)”
we used a partitioning similar to (1.9) that puts the clustered Ritz values in the 1-1
block and gives the residual |[Ez||3 in the numerator of the bound. The results are
presented in Figure 2.

For the uniformly distributed eigenvalues, the same comments as in the previous
experiment apply, therefore we focus our attention on the clustered eigenvalues. In
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o Actual error

5 5 |
10 10° M —¢— Thm.2 exact
Thm.2 approximate
- - -Li-Li (large gap) ;
, o |—8—Li-Li (1-1 block) i
10°r 10°r Classical bound i
————— ssica ~
5y 5y
| |
= 10°% = 10°®
- -
g 2
- -
3] 3]
1070 1070
1015 L . . . 10715
0 20 40 60 80 100 0 20 40 60 80 100

(a) Cluster: \; = 20+10"*% x randn(1), Vi € (b) Cluster: \; = 100+10"'®xrandn(1),Vi €

[20, 29]. [96,105]. Note that our bounds are inappli-
cable for i > 96, as the assumptions dz > 0
and dz > 0 do not hold.

Fig. 2: Error in Ritz values |6; — A;| and error bounds for uniformly distributed
eigenvalues (A\; = i) and a cluster of 10 eigenvalues at Ao = 20 (left) and Ay = 100
(right).

both experiments the classical bound is highly inaccurate to bound the errors on the
cluster (because gap; in the denominator of Equation (1.8) is approximately 10710).
Remarkably, Li-Li (1-1 block) gives accurate results both when Ag = 20 and Ag = 100.
Our Theorem 2 is more accurate than Li-Li when the cluster is well inside the set of
approximated eigenvalues (see Figure 2a), but it is inapplicable in Figure 2b, where
the Ritz values cluster together with some eigenvalues of As. On the other hand,
the bound from [12] is still applicable, so in this situation it may be necessary to use
(1.10) instead of our Theorem 2.

In practice, the main assumption that we need to check in order to decide if
our bounds apply is | E;||3 < Gap?,Vi = 1,...,k. The small gaps |0; — ;| between
neighboring Ritz values are less of a limitation since we can decide to consider certain
Ritz values as clustered to ensure that d; ; > 0,Vj # 4, as long as no cluster is not
confounded with a part of o(Az). Therefore, for fixed residual norms, our bounds are
particularly efficient when the distribution of the eigenvalues of A (especially for the
eigenvalues that we seek to approximate) is steep. Nonetheless, when E is sufficiently
1313
Gap

)

small relative to the gaps, our bound will give ¢ with ¢ ~ 1, which is tight as

shown in (3.10).

Numerical experiments with the Lanczos algorithm. In this experiment, we apply
the Lanczos algorithm [10, 19] (with re-orthogonalization) instead of LOBPCG to
obtain a trial matrix of eigenvectors ()1. By construction of )7 from the Lanczos
iteration we have

AQr = 1Ty + qr41[0, ..., 0, tq1 1]

with Tj, € R¥** a tridiagonal matrix, qx; € R™ a vector which is orthogonal to the
columns of @ and with t41, = |[vo—vTQ1(:, k) —vT Q1(:, k—1)||2 where v = AQ1 (:, k).
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ERROR BOUNDS FOR APPROXIMATE EIGENVALUES 17

565 Then noting @, the complement of [Ql qu] we have

0 0
. ., Ty :
566 A=[Q1 a1 QL A[Q1 @1 QL] = 0
tey1e O
0. 0 terin
0 0 * |

567 and using the eigendecomposition of the tridiagonal block Ty, = U AUT we obtain the
568 perturbation matrix

IR
J0: =
I I
o | 42
0 withe=UT0,...,0,tk+1%]" = thr1.UT (:, k). Therefore we have a particular struc-

1 ture where each residual vector F; only has one nonzero component, namely their
2 first component.

3 As in LOBPCG, with the Lanczos algorithm usually the extreme eigenvalues
4 converge faster than the interior eigenvalues. Note that ¢;; 5 can be relatively large,
5 leading to large residuals || E;|| for some i, therefore we have to take a relatively large
6 number of Lanczos iterations to ensure that a sufficient number of Ritz values have
7 small residuals.

8 In our experiment, we take n = 2000 and we use Lanczos with full reorthogo-
9 nalization to compute the trial subspace Q1. We set the size of the Krylov subspace
80 to k = 400. Some 6; have relatively large residuals therefore, to test our bound, we
581 rearranged the structured matrix such that only the 20 smallest approximated eigen-
582 values are in the (1,1) diagonal block and the other ones are included in the lower
583 diagonal block. Note that adding the larger Ritz values in the block (2,2) should not
584 change the gap Gap,, as those eigenvalues are far from the ones approximated in the
585  block (1,1). The results are shown in Figure 3. Again our bounds are the sharpest
586 for the smallest eigenvalues as ||E;||2 — 0, and the approximate bound is close to the
587 exact one.

588 5.2. Numerical experiments for singular values obtained via the Rayleigh-li
589 Ritz and HMT method. We now illustrate the quality of the error bound derived
590 in Section 4 for singular values of a m-by-n matrix. We defined a matrix A of size
591 m = 5000 by n = 1000 with geometrically decaying singular values using MAT-
592 LAB’s command gallery(’randsvd’, [m,n],1e20). To find approximate singular
593 subspaces Q; € R™** Q, € R™* we used both the simple and the double power
594 iteration. For instance for a single power iteration, we start from random normal
505 matrices 1,y and take Q1 = orth(AQ;) and Q2 = orth(Q22'A). For a double power
596 iteration, instead of applying A one applies AAT A. We approximated the k = 200
597 largest singular values with several methods.

598 To apply the error bounds from Theorem 3 for the PG method we used the
599  structure (1.2) detailed in Section 1. We also applied this theorem to the case where
600 the HMT algorithm is used to approximate the singular values. Let us derive the
601 perturbation matrix associated to HMT. The main difference from PG in HMT is
602 that only the left trial subspace @1 of A is used (i.e., one can think @ = I, in
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« Actual error
——Thm.1 exact
1/ Thm.1 approx.

E;'i - = =Li-Li
/8 —&—Li-Li (1-1 block)| 1
/4 Classical bound

/ ;

Error |\ — 6,

1075 F

1020+

Fig. 3: Error |#; — )\;| and bounds for approximate eigenvalues obtained with the
Lanczos algorithm. The eigenvalues of A that were approximated here are \; € [1,20].
Some data points are above the bounds but only because of the limited machine
precision used in the experiment.

HMT). We kept the same trial subspace to plot the RR and the HMT results (in
left and right plots of Figures 4 and 5) to make sure that the results are comparable.
Then let Q1 QT A be the HMT approximation of A. Taking the full SVD of the matrix

T
QTA=U, [Eo O} P;OTJ and noting Q:or = [Q1  Q1.], we see that the perturbation
0

matrix underlying the HMT approximation can be written as

uro0 ] s, 0
[0 ImJ QA Vo Vorl = o7 vy @7, Avi,

which is a particular case of the structured matrix from (3), with one of the error
blocks being zero. Both in the PG method and HMT, the residual norms can be
computed with the available information.

For both approximation methods, we compare our bounds (exact and approxi-
mate, as in the symmetric case) to the bound (1.6) given in [12], to (1.7) from [11]
and to Weyl’s theorem [6, Cor. 7.3.5] [22, Cor. 1.4.31]. The results are shown in
Figures 4 and 5.

Looking at the results with both single and double power iteration allows us to
compare the effect of a graded and ungraded residual structure on the bounds. With
single power iteration we observe that the residuals are all around 10~*. Therefore the
bound Li-Li (large gap) is almost as accurate as Li-Li (1-1 block), because || E;||2 &
[|E|l2, Vi. In this situation the trend of the bounds is controlled by the spectral gap
in the denominator.

With the double power iteration, the residuals have an exponential decay as we
move towards the extreme eigenvalues, so naturally the bound Li-Li (1-1 block) and
our bounds perform much better than the bounds based on || E||2. Once again our
bounds are sharper than Li-Li (1-1 block) by a factor of about 100.

Hence both for single and double power iterations, our bound is the sharpest, to
the point where it even has the same fluctuations as the actual error as the index 7 is
varied. Moreover the approximation Gap; = |0; — 0| leads to a bound that is very
close to the theoretical result from Theorem 3 and uses only available information, so
this bound is computable in practice.
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« Actual error

e Actual error

19

10° Thm.3 exact 10° | —— Thm.3 exact
Thm.3 approx. Thm.3 approx.
- - -Li-Li (large gap) - - -Li-Li (large gap)
102 F|——Li-Li (1-1 block) ; 102 | ——Li-Li (1-1 block) ;
————— Lazzarino et al. / ~-—-=Lazzarino et al. 7
Weyl B Weyl /

150

200

Error |o; — 6;]

(a) Petrov-Galerkin approximation (b) Randomized SVD

Fig. 4: Error |o; — 6;| and bounds for geometrically distributed singular values where
the trial subspaces were found with a single power iteration. Left: estimation with

Petrov-Galerkin approximation ; right: estimation with randomized SVD.

10° 10°
,_/" ] J
5 memzEE T =G Nl S O R S =
° __-—-=-=-=‘='='=—=~=—_ S " memmeEtETEE T
< 10 < 10 =
| 10 | 10701
< S
. e Actual error o Actual error
2 1018 Thm.3 exact 2 105 Thm.3 exact
LE Thm.3 approx. LE Thm.3 approx.
- - =Li-Li (large gap) - = =Li-Li (large gap)
1020 ——Li-Li (1-1 block) s ——Li-Li (1-1 block)
————— Lazzarino et al. v ~-=-=Lazzarino et al.
! Weyl 4 Weyl
A i :
1025 . [ ] 1025 [ [ ]
50 100 150 200 0 50 100 150 200
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Fig. 5: Error |o; — 6;| and bounds for geometrically distributed singular values where
the trial subspaces were found with double power iteration. Left: estimation with
Petrov-Galerkin approximation ; right: estimation with randomized SVD. In some
cases the bounds lie below the actual error; this is due to roundoff errors (which our
bounds do not account for). Indeed, the effect of round-off errors was not accounted for
in the perturbation matrix A (from (1.2)) considered in our analysis. The operations
(e.g. orthogonal multiplication) involved in both methods above are backward stable,
so in finite precision arithmetic, we can consider that o; is actually the exact singular
value of A + E,, with ||E,|l2 = O(u|/Al|2). Therefore, Weyl’s theorem implies that
the contribution of round-off errors in |o; — 6;] is fortunately bounded by O(u||4||2).
That is, even in finite precision arithmetic, the bounds can be trusted up to working
precision.

This manuscript is for review purposes only.



20 I. B. HAAS AND Y. NAKATSUKASA

=

Error |o; — 6]

:gﬁ E e Actual error PG
[gﬁ & Thm.3 exact PG
[ Actual error HMT
----- Thm.3 exact HMT
I I I I I I
10 20 30 40 50 60 70

Fig. 6: Error |0; — o;| and theoretical bound Theorem 3 for the Petrov-Galerkin and
randomized SVD methods, computed based on the same left trial subspace @1 (with
()1 obtained from a single power iteration).

Also as mentioned for the asymptotic case at the end of Section 4, the bound
(1.6) (which is Li-Li (large gap)) is sharper than (1.7). However, one must keep in
mind that our bounds use stronger assumptions and information: while the bounds
(1.6) and (1.7) only use the spectral norm of the full error blocks E, F, we assume
that all the norms of each column (|| E;||2, ||Fi]l2) are known. We repeat that these
are indeed typically available or computable.

Finally, we briefly compare the results from HMT and PG. In theory, for the same
left trial subspace @1, HMT gives more accurate singular values than PG, as HMT
is based on an orthogonal projection. Experimentally we obtained nearly the same
values of the residual norms || F;||2 with both methods (especially for small ), so our
Theorem 3 suggests that the error bound for HMT is better than the bound for PG
by about a factor 2. This is confirmed in Figure 6. In all cases our bounds reflect the
actual errors, and the PG estimates give accuracy comparable to that of HMT.

6. Discussion and future directions. One might wonder if the graded struc-
ture of the residuals could be exploited further in the derivation of our bounds. We
discuss this below by looking at two cases.

To analyze the behavior of our bound when the residuals have a graded struc-
ture we look closer at the denominator of our bound, especially at the term s; :=
Zlg;ﬁ_k | Eil|3/6: ;. We discuss the symmetric case for simplicity but the ideas also

o

apply to the singular value case. The idea is to examine which conditions s; is small,

as it corresponds to getting close to the asymptotic case. Take ¢ such that 1 <7 < k

so that 6; is somewhere in the middle of the approximated eigenvalues. Then in terms
of s; we consider a j that is far from ¢ and distinguish roughly two cases :

(i) if j > 4, then |6; — ;| is large and || E}||2 > ||E;l|2, therefore the fact that the
denominator |§; — 6,| is large compensates for the large residual ;

(ii) if j < ¢, then |8; — 6;] is large and || Ej||2 < || E;||2, which is the best case as
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it gives a small contribution to s;.
Therefore for small ¢ most j are larger so we are in the less favorable situation (i), but
then it is compensated by the fact that the numerator ||FE;||3 of the bound is small.
Conversely as ¢ — k the numerator gets larger but the terms in s; become smaller so
d; decreases.

On the other hand, taking the 6; to be uniformly distributed and the structure
not graded we can assume || E;||o &~ € = constant, Vi, which leads to s; ~ €2 > il —
6;] — €)' being almost independent of 4. This implies that the bound is virtually only
determined by Gap; = min; |6; — \;(A2)| and the residual || E;||3 (weak dependence
on other terms j # ).

One way of looking at this is that our bounds have enough parameters to account
for a more structured error matrix than the previous bounds from the literature. Note
that it also takes into account the other Ritz values 6;, although their influence is
quite limited, so all the available information is used in the bound.

One might suspect that there is room for improvement in finding a more precise
definition of d;,d;; in order to make the bound sharper. However in practice the gap
Gap, is the dominant term in the denominator of our bound: in our experiments from
Subsection 5.1 Gap, = O(1) while ||E;|l2 ~ 107> and s; < 107% Removing these
terms and keeping only Gap, in the denominator kept our bound valid and did not
change them much.

Hence our theoretical work implies that, if the gap Gap, is known to be very large
compared to the residual norms, one could even use the bound (1.11) with ¢ = 1 as an
approximation to the error. Our result echoes the improved bounds for the accuracy of
Ritz vectors that was derived in [16], as it also improves a classical bound by showing
that a bigger gap in the denominator can govern the perturbation of eigenvectors.

We believe that the most interesting extension of this work would be to derive a
similar bound that is still applicable when the error matrix also has diagonal terms, or
to find a trick that would put the error matrix in the right form in order to apply our
bound. This could notably allow us to derive sharp error bounds for the approximate
singular values computed from the (Generalized) Nystrom method, which is often
seen to be more accurate than Petrov-Galerkin and the randomized SVD methods. A
somewhat related problem is to derive error bounds for eigenvalues computed by the
sketched Rayleigh-Ritz method [18], which is also not based on orthogonal projection.
Another idea could be finding block-wise bounds inspired by our Thm.1 that would
be adapted to specific eigensolvers. One can notably think of Krylov methods with
restarting (see for example the recent bounds from [25]), which could lead to a more
complex structured perturbation matrix, but this idea is out of the scope of this paper.
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