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We present a systematic framework for computing frequency-domain gravitational waveforms from
relativistic binary scattering in different asymptotic regimes. The method yields a controlled series
expansion that can in principle be extended to arbitrary order in the relevant kinematic parameter.
By combining differential-equation techniques with restriction theory and algebraic-geometry methods
for impact-parameter-space Fourier integrals, we derive recursion relations that generate the leading-
order (tree-level) waveform in both the soft-emission and post-Newtonian regimes, establishing
a proof of principle for extending the approach to higher-loop computations. Finally, following
constraints from rapid-decay homology, we show that the Fourier integrals underlying the waveform
satisfy ε-form differential equations mixing Bessel- and exponential-type kernels, marking a first step
toward uncovering the analytic structure of the exact solution.

I. INTRODUCTION

Gravitational-wave physics is entering an era in which precision measurements are becoming possible. In the ongoing
fourth LIGO-Virgo-KAGRA observing run, roughly two hundred candidate gravitational-wave events have been
reported cumulatively [1].

Accurate waveform models (used to predict the amplitude and phase evolution of the radiation emitted by coalescing
compact binaries such as black holes or neutron stars) play an increasingly central role in both the detection and
interpretation of these signals. As detector sensitivities continue to improve, and especially with the advent of future
observatories such as LISA [2], the Einstein Telescope [3], and Cosmic Explorer [4], one naturally anticipates that
gravitational-wave astronomy will progressively rely on waveform models of correspondingly higher accuracy.

Framing the relativistic massive binary (two-body) problem within quantum field theory has led to significant advances
in recent years. In this framework, the compact objects responsible for the observed signals are modeled as heavy,
point-like particles (with or without spin) interacting through graviton exchange; an approximation that can be
justified by a certain hierarchy between the mass and the characteristic size of each body as well as their orbital
separation or impact parameter.

Different setups based on effective field theories (EFTs), scattering amplitudes, and worldline approaches have
enabled progress both in the weak-field, slow-motion post-Newtonian (PN) regime and in the weak-field, relativistic
post-Minkowskian (PM) regime, corresponding respectively to expansions in v/c and in Newton’s constant G.

In the PN regime, the synergy between EFT frameworks [5–8] and multi-loop Feynman calculus [9] enabled the
computation of conservative Hamiltonians at 4PN [10–12] and 5PN [13–15] orders. Similarly, in the PM regime,
scattering-amplitude and worldline methods [16, 17] have led to the computation of relativistic dynamics at 2PM [18, 19],
3PM [20–26], 4PM [27–32], and, more recently, 5PM at first self-force order [33–37].
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Merely all these developments are underpinned by major conceptual and technical progress in the computation of
multi-loop Feynman integrals, notably through integration-by-parts (IBP) identities [38–46] as well as intersection
theory [47–56] for integral reduction and the differential-equation (DE) method [57–61] for their evaluation. Among
these, the reformulation of DEs into an ε-factorized form [62] stands out as a way to expose the analytic structure
of the integral family by organizing the solutions as uniform-weight iterated integrals [63, 64], and provides in an
increasing number of cases a systematic path to analytic or high-precision numerical evaluation (see, e.g., [65, 66] for
recent applications to five- and six-gluon two-loop amplitudes).

These impressive developments have extended the reach of perturbative methods well beyond particle physics, notably
into gravitational-wave physics, where direct comparisons with numerical relativity now show agreement even in regions
approaching the merger [67].

While these comparisons validate perturbation theory deeper and deeper into the strong-field regime, a complementary
line of research has pursued a first-principles derivation of gravitational waveforms from scattering-amplitude building
blocks. In this formulation, the classical waveform is extracted not from the late-time dynamics of the binary source
(as would be the case in an exclusive or “in-out” scattering process) but from its inclusive (“in-in”) on-shell scattering
data.

In this way, the leading-order (tree-level) time-domain waveform, originally derived by Kovacs and Thorne [68], has
since been reproduced within the observable-based Kosower–Maybee–O’Connell (KMOC) formalism [69, 70] and
through analytic continuations of the five-point S-matrix [71]. Related derivations using worldline methods can be
found in [72–75].

The evaluation of the time- and frequency-domain gravitational waveforms has since been extended to next-to-leading
order (one-loop) in momentum space [76–80], including both linear [80] and quadratic spin effects [81]. These results
have recently been cross-checked against the multipolar post-Minkowskian (PM) formalism [82–84] after a suitable
reorganization of the amplitude-based expressions [85–87].

To streamline the extraction of classical physics that we are interested in, it is common to Fourier-transform with
respect to the momentum transfer q, trading q for the impact parameter b; the closest relative transverse separation of
the incoming bodies. This yields a mixed (ω, b) representation, which we will hereafter refer to as the “frequency-domain
waveform in impact-parameter space” or simply the frequency-domain waveform.

Carrying out this Fourier transform is, however, highly non-trivial (even at the lowest order in perturbation theory)
and motivates the analytic and asymptotic methods developed in this work to compute the of the frequency-domain
waveform.

Previous amplitude-based computations [72–74, 76–80] have typically treated the Fourier transform as a step separate
from the reduction of the amplitude to momentum-space master integrals. This separation leads to a proliferation
of Fourier integrals with non-trivial special-function kernels, obscuring the underlying structure and making the
integration challenging even numerically.

A different strategy was proposed in [88, 89], building on the algebraic properties of the Fourier transform [90]. In this
approach, the frequency-domain waveform is interpreted as a twisted period integral, and IBP identities are derived
directly for the Fourier integrals. In practice, a minimal joint basis of such integrals is obtained via Fourier integrals
IBPs and then evaluated using a hybrid method: the loop-momentum (i.e., phase independent) sector is solved through
differential equations, while the residual Fourier integrals are computed “brute force” by contour deformation and
direct integration.

While this approach provides analytic next-to-leading-order results [89], its systematic extension to higher loops is
expected to be considerably more challenging. The Fourier kernels become increasingly intricate, and no general-purpose
evaluation algorithm is currently available. Moreover, extracting high-order asymptotics in specific kinematic limits
(e.g., soft or PN) from fully relativistic expressions requires delicate region analyses and nested series expansions under
the integral, whose complexity grows rapidly with loop order. Nonetheless, results from the soft and PN regimes
indicate a remarkably simple underlying function space at next-to-next-to-leading order [91, 92].

Motivated by these considerations, we develop a systematic method for computing the integrals that enter the
frequency-domain waveform. The method combines analytic studies of the differential equations satisfied by the
master integrals with the powerful framework of restriction theory [93], enabling asymptotic expansions (e.g., soft
and post-Newtonian) to be extracted directly at the level of the differential system. A differential system in a given
kinematic limit z1 → 0 can be studied following three steps:

1. Splitting into regions : The system’s residue matrix encodes the behavior at z1 → 0. Eigenvalues denote different
kinematic regions of the solution. For each region, the dimension of each eigenspace denotes the number of
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master integrals (eigenvectors) that contribute to the leading behavior in that region.

2. Leading order solution: The solution in the limit is obtained by solving simpler DE systems, the restrictions of
the original one to the eigenspaces of the various eigenvalue.

3. Higher order recursion: Once the leading behavior is known, the full solution can be obtained recursively by
matrix multiplication through algebraic relations arising from the z1 differential system.

This approach nicely minimizes the proliferation of complicated (and unnecessary!) Fourier kernels and is expected to
generalize naturally to higher loops. At tree-level, we apply the method to obtain the PN expansion up to O(v30),
confirming agreement with lower-order results in the literature [86]. A similar result is obtained in the soft graviton
regime, where agreement with the literature has also been verified [86, 94].

To achieve these results, we additionally rely on several technical tools from algebraic geometry. First, we use a
companion-matrix reformulation of the differential equations [56], which enables fully algebraic recursive solutions.
We further simplify square-root structures using Gröbner bases, as implemented in the package SPQR [95], and make
extensive use of finite-field reconstruction techniques [44, 96, 97].

Complementarily, we derive the ε-form satisfied by the Fourier master integrals. Guided by constraints from rapid-
decay homology [98, 99], we identify Bessel functions and exponentials (along with integrals of thereof) in the ε-form
integration kernels. This suggests that the tree-level impact-parameter waveform can be expressed as an iterated
integral over this class of functions, whose mathematical structure remains to be fully understood. To the best of our
knowledge, this is the first appearance of such functions in the context of an ε-factorized differential equation, setting
them apart from their polylogarithmic, elliptic, and Calabi–Yau counterparts observed in Feynman integrals.
a. Organization of the paper. We begin in Section II with a review of the KMOC framework for computing
gravitational waveforms from scattering amplitudes. In Section III, we construct the leading-order frequency-domain
waveform in terms of Fourier master integrals and derive the corresponding system of differential equations. The
restriction method introduced in Section IV is then used to solve this system in specific kinematic limits. Its application
to the soft limit is presented in Section V, where we find agreement with existing results, and to the post-Newtonian
regime in Section VI, where the expansion is pushed to orders far beyond the state-of-the art. In Section VII investigates
the existence of an ε-form for the differential system and identifies Bessel functions and exponentials in its solution’s
integration kernels. Finally, we collect complementary technical details in the various Appendices. The results obtained
in this paper are also provided in a computer-readable format on the GitHub repository [100].
b. Conventions. We use the mostly-minus metric (+,−,−,−). The dimension of spacetime is denoted by D = 4−2ε,
with ε being the usual dimensional regulator. Finally, we use “hat” notation as follows to collect powers of 2π in the
integration measure and delta-functions as:

d̂Dq ≡ dDq

(2π)D
, δ̂n(q) ≡ (2π)nδn(q) . (1)

We also distinguish between the spacetime dimension D = 4− 2ε of the integration (loop) variables and the spin (or
polarization) dimension Ds. Using the dimensional-reduction scheme [101], we keep all external kinematics strictly
four-dimensional while contracting spin indices in a Ds-dimensional metric; throughout, we take Ds = 4 (see [102] for
a review).

II. GRAVITATIONAL WAVEFORMS FROM SCATTERING AMPLITUDES

In this section we review the necessary background on the gravitation waveform and some of its relations to scattering
amplitudes. We also spell out our kinematic conventions.

A. Background review

The gravitational waveform emitted by a binary system (e.g., of scattering black holes) can be computed from scattering
amplitude techniques using the Kosower–Maybee–O’Connell (KMOC) formalism [69, 70]. In this framework, physical

observables can be defined as the difference of the expectation values of a quantum operator Ô between the asymptotic
final state |ψ⟩out and initial state |ψ⟩in of the process:

⟨∆Ô⟩ ≡ out⟨ψ|Ô|ψ⟩out − in⟨ψ|Ô|ψ⟩in . (2)
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The initial state

|ψ⟩in ≡
ˆ 2∏

i=1

dΦ(pi)ϕi(pi)e
ibi·pi |p1, p2⟩in , (3)

is defined as the usual superposition of two-particle momentum eigenstates |p1, p2⟩in ≡ a†(p2)a
†(p1) |0⟩, weighted by

the single-particle Lorentz-invariant on-shell phase-space measures

dΦ(pi) ≡ θ(p0i ) δ̂(p
2
i −m2

i ) d̂
Dpi (i = 1, 2) . (4)

The wavepackets ϕi(pi) are chosen so that the state |ψ⟩in is normalizable and represents two well-separated particles
at past infinity. In particular, ϕi(pi) is peaked around some classical momentum pi → Pi (i.e., have support only close
to the physical mass shell P 2

i = m2
i ).

1 The vectors bµi specify the spatial separation of the individual wavepackets, and
their difference

bµ ≡ bµ1 − bµ2 , (5)

parametrizes the (spacelike) impact parameter of the collision. To get the final state, we then let the system evolve via
the (unitary) S-matrix operator

|ψ⟩out ≡ S |ψ⟩in . (6)

The difference (2) in the operator expectation value can then be expressed as:

⟨∆Ô⟩ = in⟨ψ|S†[Ô, S]|ψ⟩in (since SS† = 1) . (7)

Inserting the explicit expression for the initial states we finally get:

⟨∆Ô⟩ =
ˆ 2∏

i=1

[
dΦ(pi)dΦ(p

′
i) ϕi(pi)ϕ

∗
i (p

′
i) e

ibi·(pi−p′
i)
]
⟨p′1, p′2|S†[Ô, S]|p1, p2⟩ . (8)

a. Hierarchy in length scales and the classical limit of (8). Our main assumption is that the observer’s distance r
from the binary system is the largest length scale in the problem. Accordingly, we assume the hierarchy

1

mi
≪ Gmi ≪ |b| ≪ r , (9)

which organizes the characteristic length scales that control the scattering. The first inequality, 1/mi ≪ Gmi, ensures
that each body is much heavier than the Planck mass,

mi ≫MPl ≡
1√
G

= ℓ−1
Pl , (10)

so that its Compton wavelength is negligible compared with the Planck length, 1/mi ≪ ℓPl.
2 The inequality

1/mi ≪ Gmi therefore selects macroscopic bodies, such as neutron stars or astrophysical black holes, that can be
consistently described as classical sources of gravity (even though they may exhibit semiclassical effects like Hawking
radiation [105, 106]).

The second inequality, rs,i ∼ Gmi ≪ |b|, places the interaction firmly in the large-impact-parameter regime, ensuring
that no common strong-field region or apparent horizon forms. Indeed, in this regime, the metric can be expressed as
a small perturbation hµν around flat spacetime,

gµν = ηµν + κhµν , (κ =
√
32πG) (11)

1 For the formal/axiomatic details on the construction of such
multi-particle Fock space, see [103, 104].

2 For contrast, in the rest-mass dominated regime, there are two
opposite limits. If m ≪ MPl (as for an electron), the Compton
wavelength greatly exceeds the Schwarzschild radius rs ∼ Gm:
the region where the particle’s gravity would matter is far smaller
than its intrinsic quantum uncertainty, so gravity is negligible.
Conversely, if m ∼ MPl, then 1/m ∼ rs ∼ ℓPl and quantum fluc-

tuations of both the source and spacetime become comparable.
We note, however, that since gravity couples to energy rather than
mass, the condition m ≫ MPl is sufficient but not strictly neces-
sary for a classical description. Light particles (m → 0) can still
generate classical gravitational fields if the center-of-mass energy
is trans-Planckian, as in the scattering of gravitational shock-
waves. The hierarchy adopted here specifically selects macroscopic
massive bodies.
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and even near the point of closest approach it remains small: hµν = O
(
G(m1+m2)/|b|

)
. The associated curvature-scale

consistently behaves as

R ∼ ∂2h = O

(
G(m1 +m2)

|b|3

)
⇒ R ℓ2Pl ∼

G(m1 +m2)

|b|

(
ℓPl

|b|

)2
≪ 1 . (12)

As a consequence of (9), the source wavepackets ϕi(pi) in (8) thus behave as extended, coherent lumps whose internal
phases remain aligned, each moving as a single classical body of spatial width ∆xi ≫ 1/mi (as will be discussed below),
without spreading due to quantum uncertainty. In momentum space, each lump is sharply peaked around its classical
momentum ≃ miui, where ui is the corresponding four-velocity.

To make this picture more quantitative, first note that a stationary-phase analysis of (8) shows that the integral is
dominated by momentum differences of order

qi ≡ pi − p′i ∼
1

|b|
. (13)

The stationary-phase condition fixes the region of qi that contributes dominantly through the oscillatory factor eib·qi ,
but it does not constrain how rapidly the prefactors ϕi(pi)ϕ

∗
i (p

′
i) vary across that region. Whether one can neglect the

qi-dependence of the wavepacket therefore depends on how “smooth” ϕi is on the scale |qi|∼1/|b|, or equivalently on
the comparison between this stationary-phase scale and the intrinsic momentum width σi of the i

th wavepacket, which
controls the rate of variation of ϕi(pi) in momentum space. To ensure that the wavepacket is well localized in both
position and momentum space relative to the stationary-phase scale (13), we choose σi to lie within the parametric
window

1

|b|
≪ σi ≪ mi . (14)

The upper bound in (14) ensures that the energy spread of ϕi(pi) remains small compared to its rest mass, so that its
spatial width ∆xi ∼ 1/σi is much larger than its Compton wavelength 1/mi, and the packet behaves as a classical
lump of size ∆xi throughout the scattering process.

The lower bound in (14) ensures that the wavepacket remains nearly the same over the stationary-phase region
|qi| ∼ 1/|b| dominating the integral (8). In other words, its relative variation there is small, and heuristically scales as
∆ϕi/ϕi ∼ |qi|/σi ∼ 1/(|b|σi) ≪ 1. By contrast, ϕi(pi) changes appreciably only when pi is displaced from its central
value Pi by an amount of order σi. In particular, over the characteristic interval ∆pµi ∼ σi, the wavepacket changes
by an amount comparable to its value, ∆ϕi ∼ ϕi.

3 This implies that each Lorentz component of the momentum
derivatives scale parametrically as

∂pµ
i
ϕi ∼

ϕi
σi
, ∂pµ

i
∂pν

i
ϕi ∼

ϕi
σ2
i

, (15)

and so on and up to O(1) factors. Expanding ϕi(p
′
i) in powers of qi thus gives

ϕi(p
′
i) = ϕi(pi − qi) = ϕi(pi)− qµi ∂µϕi(pi) +

1
2q

µ
i q

ν
i ∂µ∂νϕi(pi) + . . . , (16)

so that the relative correction between ϕi(p
′
i) and ϕi(pi) is parametrically small:

ϕi(p
′
i)− ϕi(pi)

ϕi(pi)
= O

(
|qi|
σi

)
+O

(
|qi|2

σ2
i

)
+ . . . = O

(
1

|b|σi

)
, (17)

given that (13) and (14) imply |qi|/σi ∼ (|b|σi)−1 ≪ 1. Therefore, it is consistent, at leading order in (|b|σi)−1, to
neglect the qi-dependence of the wavepacket in (8) and set ϕi(p

′
i) ≃ ϕi(pi).

3 A prototypical example of ϕi(pi) changing too rapidly for the
regime defined in (14) is the one-dimensional Gaußian wavepacket

centered at P with width σ: ϕ(p) = exp
[
−i

(p−P )2

2σ2

]
. Its deriva-

tive is ∂pϕ(p) = −i p−P
σ2 ϕ(p) and so a small momentum displace-

ment ∆p induces a change ∆ϕ ≈ ∂pϕ∆p = −i
(p−P )∆p

σ2 ϕ(p).

If the displacement is of the characteristic size |∆p| ∼ σ and we
evaluate near the peak where |p− P | ∼ σ, we find |∆ϕ| ∼ ϕ(p),
that is, the wavepacket changes by an amount comparable to its
value.
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The expectation value in the classical limit of (8) can thus be written as:

⟨∆Ô⟩cl. ≡
ˆ 2∏

i=1

[
d̂Dqi θ(p

0
i − q0i ) δ̂(2pi · qi − q2i ) e

ibi·qi
]
pi

⟨p1−q1, p2−q2|S†[Ô, S]|p1, p2⟩ , (18)

where we used the shorthand [X]pi
≡ [dΦ(pi)|ϕ(pi)|2X]. A priori, (18) is a valid formula for any well-defined operator

in quantum field theory. In what follows, we focus on the particular case where it represents the gravitational radiation
measured, out of the classical scattering of a massive binary system, at null infinity.
b. Gravitational waveform. The gravitational waveform is obtained from (18) by considering the operator

ÔW ≡ lim
x→I +

κ εµνh hµν , (19)

where hµν is the linearized metric field from (11), and εµνh is the polarization tensor of helicity h associated to emitted
graviton. Since it is ultimately measured at future null infinity I +, this object is best viewed as a function of the
retarded time u = t− r as well as the angles on the celestial sphere. The contraction with εµνh isolates the physical,
radiative polarization components of the gravitational field and defines a manifestly gauge-invariant observable (at
least under small gauge transformations that vanish at infinity [107, 108]).

In a quantum field theory, observables can always be expressed in terms of creation and annihilation operators,
which act as the building blocks of the Fock-space operator algebra. Assuming the polarization to be normalised as
εh(−k) = ε−h(k) = ε∗h(k) and εh(k)·ε∗h′(k) = −δhh′ , the waveform operator of (19) can be thus written as a linear

combination of a single creation and annihilation operator at future null infinity (b̂ ≡ âout):

ÔW =

ˆ
dΦ(k)

[
e−ik·xb̂−h(k) + e+ik·xb̂†h(k)

]
, (20)

with dΦ(k) denoting the graviton massless version of the LIPS measure in (4). At null infinity, where x0 = t→ ∞ and
|x| ≡ r → ∞ while the retarded time u is kept fixed, the Fourier transform from kµ = ω(1, n̂′) to xµ = (t, rn̂) over this
Lorentz-invariant measure simplifies considerably:

ˆ
d̂D−1k

2|k|
e−ik·xf(k) =

ˆ ∞

0

d̂ω |ω|D−3 e−iωu

ˆ
d̂D−2n̂′

2
e−iωr(1−n̂·n̂′)f(ωn̂′)

≃ −i
2(2π)

D−2
2 r

D−2
2

ˆ ∞

0

d̂ω (−iω)
D−4

2 e−iωu f(ωn̂) . (21)

Here, the second line follows from the fact that, due to rapid oscillations, the Fourier transform is dominated by the
stationary phase where the graviton three momenta points in the radial spatial direction of xµ, i.e., n̂′ = n̂. The

overall factors arise from the Gaußian integral
´
dD−2 n̂ e−iωrn̂2/2 = e−iπ(D−2)/4

(
2π
ωr

)D−2
2 .

Keeping the spacetime dimension D generic in (21) serves as a way to regularize potential infrared divergences in
the graviton frequency while consistently retaining any ε/ε effects, which should include those generating the BMS
transformations described in [86].

Using (19), (20) as well as (21), the expansion of (18) near null infinity reduces to

⟨∆ÔW⟩cl. ≃
−i

2(2π)
D−2

2 r
D−2

2

∞̂

0

d̂ω(−iω)
D−4

2

ˆ 2∏
i=1

[
d̂Dqi θ(p

0
i−q0i ) δ̂(2pi·qi−q2i ) eibi·qi

]
pi

×
(
e−iωu⟨p′1, p′2|S†[b̂−h(k), S]|p1, p2⟩ − e+iωu⟨p′1, p′2|S†[b̂†+h(k), S]|p1, p2⟩

)
.

(22)

Accordingly, for a fixed kinematic configuration of the initial states, the quantity of interest is W̃(u, n̂), given by (22)
with the pi subscript in the square brackets omitted.

W̃(u, n̂) can be related to scattering amplitudes by rewriting the S-matrix operator in terms of the matrix elements of
transfer matrix T :

S = 1+ i T , ⟨f |T |i⟩ = δ̂D(pf − pi)M(i→ f) + . . . , (23)

where “+ . . .” accounts for (possibly) disconnected/spectator terms (see [79, (3.9)] for example) and the delta-function
accounts for overall momentum conservation.
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p1 = p̄1 +
q1
2p′1 = p̄1 − q1

2

p2 = p̄2 +
q2
2p′2 = p̄2 − q2

2

k = q1 + q2

FIG. 1: Kinematics of the five-point process. Following the same conventions as in (28), the particles on the right are
incoming and those on the left are outgoing.

Using this relation, the time-domain waveform can be rewritten as:

W̃h(u, n̂) =
1

2(2π)
D−2

2 r
D−2

2

ˆ ∞

0

d̂ω(−iω)
D−4

2

[
e−iωu Wh(ω, n̂) + c.c.

]
, (24)

where the waveform in the frequency domain (what we compute below) reads as:

Wh(ω, n̂) = κ

ˆ
dµ
[
M(p1p2 → p′1p

′
2k−h) +

∑̂
X

M
(
p1p2 → Xk−h

)
M∗(p′1p′2 → X

)]
. (25)

For space consideration, we introduced in (25) the overall on-shell measure dµ:

dµ =

2∏
i=1

[
d̂Dqi δ̂(2pi · qi − q2i ) e

ibi·qi
]
δ̂(D)(q1 + q2 − k) , (26)

as well as the sum over all possible intermediate on-shell states X∑̂
X

≡
∑
X

∏
i∈X

ˆ
d̂Dℓi θ(ℓ

0
i )δ̂(ℓ

2
i +M2

i ) . (27)

Both terms in the integrand of (25) can be graphically represented as:

⟨p′1, p′2|S†[b̂−h(k), S]|p1, p2⟩ =
1′

2′

1

2

k

iM

time

+

1′

2′

1

2

k

X−iM∗

time

iM

time

. (28)

The first term on the right-hand side of (28) is a standard (i.e., time-ordered or “in-out”) five-point scattering amplitude
with an on-shel graviton emitted in the final state. The second term, sometimes referred to as the “cut term,” is of a
different nature as it is quadratic in the amplitude (i.e., out-of-time-ordered or “in-in”).

Mathematically, the role of the “cut term” is to restore the proper iε prescription by converting the relevant Feynman
propagators in the amplitude into their retarded counterparts [79]. Physically, it thus enforces the correct notion of
causality in the observable, removes the spurious classically singular, or “superclassical,” contributions that would
otherwise appear in the classical limit (9), and it ensures the infrared divergences in the waveform exponentiate as
required [79, 109, 110].

Now that the observable we wish to compute has been identified, let us explicitly specify the kinematic variables on
which it depends.

B. Kinematic invariants

The five-point process in Figure 1 depends on four momenta: those of two incoming massive particles p1 and p2, and
the two mismatch momenta q1 and q2. The latter are related to the momentum of the emitted graviton k and the
integration momentum q as:

q = q1 k = q1 + q2 . (29)
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The massive momenta satisfy the on-shell conditions p2i = m2
i and are parametrised as

pi = miui , u2i = 1 , (30)

with ui the corresponding four-velocities. In the classical limit described in (9), it is useful to introduce the shifted
momenta

p̄i = pi +
qi
2

= miūi = miui +
qi
2
, (31)

where the momentum transfer qi is of order 1/|b|. Since

ūi − ui =
qi
2mi

∼ 1

mi|b|
≪ 1 , (32)

for mi|b| ≫ 1, their difference is subleading in the classical expansion, and we will drop the bar notation henceforth.
In momentum space, the independent kinematic invariants of the process are thus defined as:

u1·u2 = γ , ui·qi = 0 , u1·q2 = w1 , u2·q1 = w2 , u2i = 1 , q1·q2 =
−(q21+q

2
2)

2
. (33)

The physical region for the scattering process in momentum space is specified by

γ > 1 , wi > 0 , −q2i > 0 . (34)

After performing the Fourier transform to impact-parameter space, the dependence on the momentum transfer q is
replaced by the impact parameter b, and the independent kinematic invariants of the process are then:

u1 · u2 = γ , ui · k = wi , u2i = 1 , ui · b = 0 , k2 = 0 . (35)

The physical region for the scattering process in the frequency domain is specified by

γ > 1 , wi > 0 , −b2 > 0 , b · k ∈ R . (36)

III. TREE-LEVEL FREQUENCY-DOMAIN GRAVITATIONAL WAVEFORM

As a proof-of-principle example for the computational methods developed in the next sections, we will now focus on
the tree-level (leading-order) gravitational waveform. In this case, the cut term (the rightmost term in (28)) vanishes,

and (25) becomes the Fourier transform of the classical tree-level five-point amplitude M(0)
5

(
p̄1 +

q1
2 , p̄2 +

q2
2 →

p̄1 − q1
2 , p̄2 −

q2
2 ; k

)
. After integrating the overall momentum-conserving delta-function in (26), we find, using (5),4

W(0)
h (ω, n̂) =

eiω(1,n̂)·b2

4

ˆ
d̂Dq δ̂(u1 · q)δ̂(u2 · (k − q)) eiq·b

[
M(0)

5 (p̄1, p̄2; k) + 0
]
. (37)

To lighten the above notation, we used the shorthand M(L)
2n+m(p̄1, . . . , p̄n; k1, . . . , km) to denote the classical amplitude

with massive legs {p̄1, . . . , p̄n} and external gravitons {k1, . . . , km}.

Following the method developed in [88, 89], the tree-level integrand is constructed using generalized unitarity [111–114].
Considering generalized cuts corresponding to a single on-shell graviton exchange between the two massive legs, with
poles at q2i=1,2 = 0, the amplitude can be written as

M(0)
5 (p̄1, p̄2; k) =

∑̂
q2,h

M(0)
4h(p̄1;−q2, k)M

(0)
3,−h(p̄2; q2) ∪

∑̂
q1,h

M(0)
3h(p̄1; q1)M

(0)
4,−h(p̄2;−q1, k)

=

k

k

M(0)
4h

M(0)
3−h

M(0)
3−h

M(0)
4h

p2

p1p1

p2 p′2

p′1p′1

p′2

q1q2
∪

(38)

4 The additional numerical factor 1/4 comes from the on-shell
measure (26).
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where
∑́

qi,h
≡
∑

h

´
d̂Dqi δ̂(q

2
i ) denotes the helicity sum-integral over each internal cut graviton. The operation “A∪B”

merges the two cuts A and B by adding them while subtracting the double counting of the common poles at q2i=1,2 = 0
(see [115] for a detailed treatment).

In this case, the merging procedure described above is straightforward once the amplitude is expressed in terms of the
following tensor structures:

T =
(
(u1 ·Fk ·u2)2, (u1 ·Fk ·u2)(b·Fk ·u1), (b·Fk ·u1)2

)
. (39)

where Fµν
k = k[µε

ν]
k is the linearized graviton field-strength tensor.

The tree-level building blocks entering the cuts in (38) can be systematically expanded in the classical limit using
the heavy-mass expansion [25], before summing over the graviton polarizations. Explicitly, they are given by the
three-point amplitude,

M(0)
3 (p̄i; k) = κm2

i (εk · ui)2 , (40)

and the gravitational Compton amplitude,

M(0)
4 (p̄i; k1, k2) = κ2

[
iπ m3

i δ(ui · k1) (εk1
· ui)2(εk2

· ui)2 −m2
i

(ui · F1 · F2 · ui)2

(k1 · ui)2q2

]
. (41)

We notice that this contribution has two terms with different mass scalings. In this case, we select only the non-
factorizable term proportional tom2

i when summing over graviton helicities. For completeness, note that the factorizable
(in (40)) piece is proportional to m3

i δ(ui ·k1). Since ui is timelike (see (35)), the simultaneous constraints k21 = 0 and
ui ·k1 = 0 admit only the trivial solution kµ1 = 0 (e.g., in the rest frame ui = (1,0) one has ui ·k1 = k01 = |k1| = 0).
Physically, this term thus corresponds to a configuration with vanishing radiated momentum and does not contribute
to the emission of finite-energy gravitons observed at future null infinity.

Combining these ingredients, the tree-level five-point amplitude appearing in (37) takes the following form in the
classical limit [89] (see also [116, 117])

M(0)
5 (p̄1, p̄2; k) =

m2
1m

2
2κ

3

q21q
2
2w

2
1

[
(q1 · Fk · u1)2

(
y2 − 1

Ds − 2

)
+

(q1 · Fk · u1)(u1 · Fk · u2)
w2

(
−y(q22 + 2w1w2) +

q22
Ds − 2

)
+

(u1 · Fk · u2)2

4w2
2

(
(q22y + 2w1w2)

2 − q42
Ds − 2

)]
,

(42)

where the factors of 1
Ds−2 arise from the trace subtraction in the graviton polarization sum

∑́
qi,h

that builds the

propagator numerator Πµν,ρσ; for instance, in de Donder gauge, Πµν,ρσ ∝ ηµρηνσ + ηµσηνρ − 2
Ds−2ηµνηρσ. (This tensor

structure is completely fixed, up to an overall factor and terms ∝ qµi , by Lorentz symmetry [118], as the physical
helicities transform in the symmetric-traceless rank-2 representation of the (massless) little group SO(Ds − 2), the
subgroup of SO(Ds − 1, 1) that leaves a null momentum qµi invariant.

A. Master integral decomposition

Starting from the amplitude in (42), we perform a tensor-to-scalar decomposition [119] in four-dimensional external
kinematics [120, 121], expressing the waveform in (III) as a linear combination of tensor structures T multiplied by
scalar form factors W(0):

W(0)
h (ω, n̂) = T·W(0) , (43)

with T as defined in (39). The scalar integrals appearing in the form factors W(0) belong to the following Fourier
integral family:

I(n1, n2, n3) =
ˆ

d̂Dq
(iq · b)−n3

(q2)n1((q − k)2)n2
δ̂(u1 · q)δ̂(u2 · (q − k)) eiq·b . (44)
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We first make the integral dimensionless by rescaling all Lorentz vectors with suitable powers of
√
−b2. Next, we

decompose each vector into components parallel and orthogonal to the plane defined by the incoming four-velocities
{u1, u2}:

qµ =
qµ∥ + qµ⊥√

−b2
, kµ =

kµ∥ + kµ⊥√
−b2

, bµ =
√
−b2 b̂µ . (45)

By definition, the impact parameter bµ (and therefore b̂µ) is orthogonal to both particle velocities (see (35)). Hence it
lies entirely within the two-dimensional subspace transverse to the plane spanned by {u1, u2}. The momentum qµ can
thus be decomposed into a longitudinal component along this plane and a transverse component orthogonal to it. It is
convenient to parametrize the longitudinal part as

qµ∥ = x1u
µ
1 + x2u

µ
2 . (46)

The delta-functions in (44) fix the longitudinal variables xi, allowing us to express the integral family in the compact
form

I(n1, n2, n3) =
(−b2)n1+n2+1−D

2√
γ2 − 1

I(n1, n2, n3) , (47a)

I(n1, n2, n3) =

ˆ
(iq⊥ ·b̂)−n3eiq⊥·b̂ d̂D−2q⊥

(q2⊥ − ŵ2
2)

n1((q⊥ − k⊥)2 − ŵ2
1)

n2
∋ FT

[
m2 = ŵ2

m1 = ŵ1

k⊥
]
. (47b)

The relevant kinematic variables are

ŵi =
wi

√
−b2√

γ2 − 1
, k2⊥ = ŵ2

1 + ŵ2
2 − 2γŵ1ŵ2, b̂2 = −1 . (48)

This representation makes it manifest that the new integral family (47b) has the form of a scalar one-loop two-point
Feynman integral with unequal propagator “masses” {ŵ1, ŵ2} and external momentum kµ⊥, multiplied by a Fourier
exponential in the integration measure. Let us notice that the transverse momentum qµ⊥ is spacelike, so we can
effectively write:

q2⊥ = −q2
⊥ . (49)

The integral family in (47b) can be analyzed as a twisted period integral [90]. In particular, one can derive a set of
IBP identities for it [88, 89], which, in dimensional regularization, are generated by the familiar expression

0 =

ˆ
d̂D−2q⊥

∂

∂qµ⊥

[
vµ(iq⊥ ·b̂)−n3

(q2⊥ − ŵ2
2)

n1((q⊥ − k⊥)2 − ŵ2
1)

n2
eiq⊥·b̂

]
, (50)

where vµ∈{b̂µ, kµ⊥}. For brevity, when no ambiguity arises, we omit the “⊥” subscripts in what follows.

Varying the seed indices (n1, n2, n3) generates a linear system relating the integrals I(n1, n2, n3). Restricting to n3 ⩽ 0,
the system closes on a basis of six independent (master) integrals, which we choose as

J =
(
I(1, 0, 0), I(1, 0,−1), I(0, 1, 0), I(0, 1,−1), I(1, 1, 0), I(1, 1,−1)

)⊤
. (51)

The leading-order waveform can then be written compactly as

W(0)
h (ω, n̂) = T · C · J , (52)

where C is a 3× 6 matrix of IBP coefficients. The entries of C are rational functions of the kinematic variables and are
provided in the ancillary file IBP coefficients.m in the repository [100].



13

B. Differential equations for the master Fourier integrals

We now evaluate the master integrals defined in (51) using the method of differential equations [57–61] (see also [90]
for an introduction in the context of Fourier integrals). To this end, we differentiate all master integrals with respect

to the external invariants {ŵ1, ŵ2, γ, b̂·k} and express the resulting derivatives as linear combinations of the same basis
using the IBP relations mentioned above. This procedure yields a coupled system of differential equations for the
master integrals,

∂aJ = Ωa · J , a ∈ {ŵ1, ŵ2, γ, b̂·k} , Ωa = Ωa,0 + εΩa,1 . (53)

The matrices Ωa exhibit a triangular structure with 2× 2 blocks along the diagonal, as illustrated schematically below,
and depend linearly on ε:

Ωa =


• • · · · ·
• • · · · ·
· · • • · ·
· · • • · ·
• • • • • •
• • • • • •

 . (54)

The explicit form of the matrices Ωa is provided in the ancillary file DE waveform tree.m in the repository [100].

Without further manipulation (see Section VII), the differential system in (53) cannot, in general, be solved throughout
the entire kinematic space. Fortunately, for most phenomenological applications, a complete analytic solution is
unnecessary. Instead, it is often sufficient to analyze the behavior of the system in specific physically relevant regimes.
In the following, we develop a systematic framework for studying these differential equations in distinct kinematic
limits and apply it to the soft and post-Newtonian expansions of the gravitational waveform.
a. Basis properties. For later convenience, it is useful to record here some of the relations between the basis elements
J in (51). In fact, we can find that there are relations between the first two blocks in (54) (J1,2 and J3,4)

J3 = eib̂·k⊥J1
∣∣
ŵ2→ŵ1

, J4 = b̂µ
∂

∂b̂µ
J3 =

[
ib̂ · k⊥ eib̂·k⊥J1 + eib̂·k⊥J2

] ∣∣∣
ŵ2→ŵ1

, (55)

such that [
J3
J4

]
= eib̂·k⊥

[
1 0

ib̂ · k⊥ 1

]
·
[
J1
J2

] ∣∣∣∣
ŵ2→ŵ1

. (56)

Next, we discuss how the solutions of (54) can be obtained in specific kinematic limits, making use of restriction theory
and companion-matrix techniques.

IV. KINEMATIC LIMITS FROM DIFFERENTIAL EQUATIONS

In this section we present a systematic procedure to construct series expansions of gravitational waveforms in the
kinematic limits of interest (e.g. soft and post-Newtonian). The method relies on restriction theory for Pfaffian systems
of (not necessarily ε-factorized) differential equations [93, 122]. In a given limit, the solution of a differential equation
splits into different regions, which appear as eigenvalues of the residue matrix. The full system can be restricted to
lower-dimensional subsystems corresponding to each region. The leading behavior can be obtained by solving these
subsystems. Higher-order terms follow from a linear recursion implemented by simple matrix multiplications. We
review only the ingredients needed for this work; for a comprehensive treatment see [93].5

For the reader’s convenience, we illustrate the procedure in detail on a simple univariate example at the end of this
section.

5 See [123–125] for examples from Feynman integral calculus that motivated the development of restriction theory.
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A. Restriction theory for differential equations

Let us consider a system of differential equations (53), referred to as a Pfaffian (or, in a loose way, a Gauß–Manin)
system, for a set of integrals J1, . . . , Jν in the variables z1, . . . , zn,

∂aJ = Ωa · J . (57)

We are interested in finding the solution J as a series expansion in the limit z1 → 0. A Pfaffian system is said to be in
normal form, if the matrices expand as

Ω1 =

∞∑
m=−1

Ω
(m)
1 zm1 , (58a)

Ωi =

∞∑
m=0

Ω
(m)
i zm1 , i = 2, . . . , n . (58b)

That is, in the limit z1 → 0, the differential equation matrix Ω1 has only a simple pole singularity, and all the other
matrices are finite. For the purposes of this work, we will assume that our Pfaffian system is already in normal form,
or can be put into normal form by a suitable gauge transformation J = G · J′. In this case, the solution vector J can
be written as a generic asymptotic expansion of the form:

J =
∑
λ∈S

zλ1

rλ−1∑
l=0

logl(z1) J
(λ,l)(z1, . . . , zn) , (59)

where S is a finite list of ε-dependent polynomials, and the coefficients J(λ,l) are holomorphic functions of the expansion
variable z1. The different polynomial powers λ correspond to different regions in the asymptotic expansion, while

the logarithmic powers l arise when the residue matrix Ω
(−1)
1 has Jordan blocks of size rλ larger than 1× 1. For the

Pfaffian systems arising in this work, the series expansions of the solution vector J will be free of the logarithmic
terms6 (meaning rλ = 1 for every λ ∈ S), so to simplify notation we drop the corresponding index and write

J =
∑
λ∈S

zλ1 J(λ)(z1, . . . , zn) =
∑
λ∈S

∞∑
k=0

zλ+k
1 J

(λ)
k (z2, . . . , zn) . (60)

Next, our goal is to understand how to determine the J
(λ)
k coefficients order-by-order in the z1-expansion.

1. Splitting into regions

The absence of logarithmic factors in the expansion (59) is equivalent to the property of the residue matrix Ω
(−1)
1

being diagonalizable. This means that the Jordan decomposition of the matrix contains only blocks of 1× 1 size:7

JordanDecomposition
(
Ω

(−1)
1

)
= diag(λ1, . . . , λ1

Nλ1

, λ2, . . . , λ2
Nλ2

, . . .) . (61)

The set of unique eigenvalues8 corresponds to different regions in the asymptotic expansion of the solution vector J

S = Eigenvalues
(
Ω

(−1)
1

)
= {λ1, λ2, . . . , λ|S|} , (62)

and thus completely characterizes the structure of the solution vector (60) at the leading order in z1-expansion.

The multiplicity Nλ of each eigenvalue λ gives the number of independent solutions associated with that region.

For each eigenvalue λ ∈ S, the multiplicity Nλ denotes the dimension of the corresponding eigenspace, and we can
restrict the full Pfaffian system to a smaller subsystem of size Nλ ×Nλ that describes only the corresponding region of
the solution.

6 Additional logarithmic terms can appear after further expanding
in the dimensional regulator ε, as we see later in eq. (117).

7 In other words, the geometric and algebraic multiplicity of each
eigenvalue λ coincide.

8 The eigenvalues of Ω
(−1)
1 are the roots of its characteristic poly-

nomial, so their explicit determination may be impractical in

general. However, the normal form of the Pfaffian system can be
constructed without evaluating the full Jordan decomposition [93,
Appendix B.3]. In our case, the eigenvalues turn out to be simple
linear functions of the dimensional regulator ε.
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2. Leading order solution

To showcase this mechanism, let us consider the leading-order terms in the z1 → 0 limit of the differential equation (58a):∑
λ∈S

zλ1

( λ
z1

J
(λ)
0 − 1

z1
Ω

(−1)
1 · J(λ)

0 +O(z01)
)
= 0 . (63)

This leads to linear constraint on the solution vector J
(λ)
0 for each eigenvalue λ ∈ S:(

λ1ν − Ω
(−1)
1

)
· J(λ)

0 = 0 , (64)

Hence, for each eigenvalue λ ∈ S we need to solve the differential equation system:

∂iJ
(λ)
0 = Ω

(0)
i · J(λ)

0 , i = 2, . . . , n , (65)

restricted to the nullspace of the
(
λ1ν −Ω

(−1)
1

)
matrix. Such linear constraint can be encoded in terms of a (ν−Nλ)×ν

matrix R(λ), whose rows form a basis of the aforementioned nullspace:

R(λ) · J(λ)
0 = 0 . (66)

In practice R(λ) can be constructed by extracting independent rows of
(
λ1ν − Ω

(−1)
1

)
. This restriction effectively

reduces the size of the system from ν × ν to Nλ ×Nλ.

To implement this reduction, we perform a basis transformation. In practice, this can be done with a change of basis
tailored for each eigenvalue:

F(λ) =

∞∑
k=0

F
(λ)
k zk1 =M (λ) · J(λ) , with M (λ) =

[
B(λ)

R(λ)

]
. (67)

where B(λ) can be any Nλ × ν full-rank rectangular matrix, such that the full M (λ) matrix is invertible. The new
solution vector F(λ) satisfies (

F
(λ)
0

)
i
= 0 , i > Nλ . (68)

This effectively restricts the remaining degrees of freedom to a Nλ × Nλ subsystem. The differential equations in

directions i = 2, . . . , n for F
(λ)
0 will take the following block-triangular form:

∂iF
(λ)
0 =

(
∂iM

(λ) +M (λ) · Ω(0)
i

)
·
(
M (λ)

)−1 · F(λ)
0 =


∗

Ω̃
(0)
i

∗

0

Nλ

Nλ

· F(λ)
0 , (69)

where we should only solve the new Nλ ×Nλ subsystem described by the top left Ω̃
(0)
i matrix block. Once this has

been achieved, we use the inversion formula:

J
(λ)
0 =

(
M (λ)

)−1 · F(λ)
0 , (70)

to determine the leading order contribution to the full solution for the given eigenvalue λ.

This procedure is repeated for each eigenvalue λ ∈ S, thus yielding the complete set of leading order solutions J
(λ)
0 .

3. Higher order recursion

Once the leading order solutions J
(λ)
0 are known, we return to the z1 differential equation, substituting the full

expansion (60):

∂1

(∑
λ∈S

zλ1

∞∑
k=0

J
(λ)
k zk1

)
=

∞∑
m=−1

Ω
(m)
1 zm1

(∑
λ∈S

zλ1

∞∑
k=0

J
(λ)
k zk1

)
, (71)
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to construct the subleading solutions J
(λ)
k for k ≥ 1. Extracting the coefficients of the zλ+k

1 monomial we get

(k + λ+ 1)J
(λ)
k+1 =

k∑
m=−1

Ω
(m)
1 · J(λ)

k−m . (72)

From eq. (72) we can obtain a recursive formula for the subleading corrections J
(λ)
k that reads

J
(λ)
k+1 =

(
(k + λ+ 1) 1ν − Ω

(−1)
1

)−1

·
k∑

m=0

Ω
(m)
1 · J(λ)

k−m . (73)

Therefore, starting from the solutions J
(λ)
0 at leading order in the expansion z1 → 0, we can obtain all orders in this

series using a simple matrix multiplication procedure.

4. Symmetry relations

In some cases (see Section 5.4 of [93]), we find that as z1 → 0, certain symmetry relations arise within our system. For
example, it may be clear that some of the elements of our solution vector J(0, z2, . . . , zn) are related or equal to each
other in the limit. We can characterize these relations using the nullspace of an r × ν matrix R, as in (66), where this
time r is the number of symmetry relations. Thus, we may once again write a suitable basis transformation to encode
this information

F =M · J with M =

[
B

R

]
r

ν

, (74)

where, as before, B is an arbitrary (ν − r)× ν matrix is chosen in such a way as to ensure that M is invertible. The
resulting vector will have zero components:(

F(0, z2, . . . , zn)
)
i
= 0 , i > (ν − r) . (75)

in the limit. Furthermore, by definition, B will extract the independent solutions modulo the symmetry relations, which
will correspond to the first (ν − r) entries of the F(0, z2, . . . , zn) solution vector. This restricts to a (ν − r)× (ν − r)
Pfaffian system, and we will show this in practice in Section VIB.

B. A “pen and paper” example: rediscovering the 2F1 hypergeometric function

In order to showcase the main features of the method presented above, we apply it to the simple univariate case of a

2F1 hypergeometric function, which satisfies a second-order differential equation. In this case the function depends on
a single kinematic variable z. The restriction of the differential system to a given kinematic limit does not depend on
any kinematic variable and it is just a constant. Univariate cases have already appeared in the context of Feynman
integrals to fix boundary conditions, see for example [123, 124].

Let us consider the Gauß hypergeometric function y(z) ≡ 2F1(a, b, c; z), which we take to be defined by the integral

y(z) ≡ Γ(c)

Γ(b)Γ(−b+ c)

ˆ 1

0

dt tb−1(1− t)−b+c−1(1− zt)−a ?
=

∞∑
k=0

(a)k (b)k
k! (c)k

zk , (76)

where (a)k = a (a+1) . . . (a+k−1) denotes the Pochhammer symbol. This function solves the celebrated hypergeometric
differential equation given by

z(1− z) ∂2zy +
(
c− (a+ b+ 1)z

)
∂zy − ab y = 0 . (77)

Below, we show how each step of the restriction procedure outlined in Section IVA can be applied to “rediscover” the
z → 0 series expansion in the last equality of (76). As before, we proceed in three steps:
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1. Splitting into regions : Let us introduce a vector of unknowns J to rewrite the second order differential equation (77)
as a Pfaffian system

J ≡
[

y
(1− z) ∂zy

]
, ∂zJ = Ωz · J , (78)

where the connection matrix is

Ωz =

[
0 0
ab −c

]
1

z
+

[
0 1
0 a+ b− c

]
1

1− z
. (79)

The matrix contains only simple poles in z variable, thanks to our choice of basis normalization in (78). The
z → 0 expansion of the connection matrix reveals that the Pfaffian system is already in normal form:

Ωz =

∞∑
m=−1

Ω(m)
z zm =

[
0 0
ab −c

]
z−1 +

[
0 1
0 a+ b− c+ 1

]
(1+z+z2+ . . .) . (80)

In particular, we see that there are two regions corresponding to the two eigenvalues of the residue matrix

S = Eigenvalues
(
Ω(−1)

z

)
= {0,−c} . (81)

Thus, in the case of system (78), the general form of the asymptotic expansion (60) reduces to

J =

∞∑
k=0

zk J
(0)
k +

∞∑
k=0

z−c+k J
(−c)
k . (82)

2. Leading order solution: To determine the exact form of the series expansion (82), we first impose linear
constraints (66) on the leading order coefficients

R(0) · J(0)
0 = 0 , and R(−c) · J(−c)

0 = 0 , (83)

where the matrices R(0) and R(λ) are derived from independent rows of the respective (shifted) residue matrices (64)

R(0) =
[
−ab c

]
, and R(−c) =

[
−c 0

]
, (84)

which essentially imply that the leading coefficients J
(0)
0 and J

(−c)
0 are the corresponding eigenvectors of the

residue matrix (80). These constraints fix the form of the leading order solutions up to overall constants to be

J
(0)
0 ∝

[
1

ab/c

]
, and J

(−c)
0 ∝

[
0
1

]
. (85)

We may fix these constants from the analysis of the integrand in the two regions. In the λ = 0 region we may
simply take z → 0 under the integral sign:

y|z→0 =
Γ(c)

Γ(b)Γ(−b+ c)

ˆ 1

0

dt tb−1(1− t)c−b−1 = 1 , (86)

and similarly ∂zy|z→0 = ab/c . The same analysis can be carried out for the λ = −c region upon the change of
integration variable t 7→ t/z, which shows that its contribution is vanishing for the integral (76) leaving only the
first region λ = 0 to contribute to the expansion (82):

J =

[
1

ab/c

]
+

∞∑
k=1

zk J
(0)
k . (87)

3. Higher order recursion: With the leading expansion order coefficients nailed down, we may directly apply the
general recursive formula (73)

J
(0)
k+1 =

 0 1
k+1

0 ab
c(k+1) −

(a−c)(b−c)
c(c+k+1)

 ·
k∑

m=0

J
(0)
k−m , (88)
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whose form is drastically simplified due to the special factorized form of the connection matrix coefficients (80).
A straightforward computation then reveals the first few orders in the expansion (87)

J =

[
1
ab
c

]
+

[ ab
c

ab
(
(a+1)(b+1)−(c+1)

)
c(c+1)

]
z+

 a(a+1)b(b+1)
2c(c+1)

a(a+1)b(b+1)
(
(a+2)(b+2)−2(c+2)

)
2c(c+1)(c+2)

z2+O(z3) , (89)

which can be resummed in terms of Pochhammer symbols and, at the next step, back in terms of the hypergeometric
function

J =

∞∑
k=0

[
(a)k (b)k
k! (c)k

ab
c

(a+1)k (b+1)k
k! (c+1)k

− (a)k (b)k
(k−1)! (c)k

]
zk =

[
2F1(a, b, c; z)

ab
c (1− z) 2F1(a+ 1, b+ 1, c+ 1; z)

]
=

[
2F1(a, b, c; z)

(1− z) ∂z
(
2F1(a, b, c; z)

)] ,
which agrees with our starting point in eq. (78).

This concludes our review of the restriction theory and its applications to the asymptotic expansion of solutions of
systems of differential equations. The same three main computational steps presented in Section IVA and showcased
in the example above can be applied to systems of partial differential equations, making restriction theory a valuable
tool for the study of gravitational waveforms in kinematic expansions, which we turn to next.

V. SOFT EXPANSION

The soft expansion of the waveform probes the regime in which the emitted-graviton frequency is much smaller than
all other dynamical scales,

kµ = ωnµ , ω → 0 , n2 = 0 . (90)

In this limit, amplitudes obey universal factorization formulas–soft theorems–first derived by Weinberg [126, 127].
These results have been revisited and extended for PM waveforms at LO [72, 73, 128], NLO [86, 94], and NNLO [92],
and they provide direct control of the infrared structure of radiation, including the gravitational memory effect. We
parametrize the kinematic invariants as:

z1 = ŵ1 , z2 =
ŵ2

ŵ1
, z3 = γ , z4 =

ib̂ · k
ŵ1

, (91)

allowing us to make the change of variables from (ŵ1, ŵ2, γ, b̂ · k) to (z1, z2, z3, z4), where we consider the limit:

z1 → 0 . (92)

Under this change of variables, the Pfaffian system (53) is pulled back to the z-variables via the chain rule, yielding

∂iJ = Ωi · J, i = 1, . . . , 4 . (93)

We study the Pfaffian system in the vicinity of z1 = 0, following the restriction-theory workflow of Section IVA: bring
the system to normal form by a gauge transformation, extract the residue matrix, decompose into regions, restrict,
and solve recursively. In the soft limit the master integrals and all kinematic coefficients remain finite as ε→ 0, so it
suffices to determine the solution through O(ε0).

A. Splitting into regions

We first perform a local Laurent expansion of the system of DEs near z1 = 0,

Ωi(z1, z) =

∞∑
k=−2

Ω
(k)
i (z) zk1 , i = 1, . . . , 4 , (94)
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which exhibits second-order poles in z1 and is therefore not in the normal form discussed in Section IVA. To enforce
normal form–i.e., to eliminate the z−2

1 terms and leave at most simple poles in z1–we perform a rational gauge
transformation

J = G · J′, G =



· · · · − 2(1+z2
2−2z2z3)
z4

·
· · 1 · · ·
· · · · · 1
· 1 · · · ·
1

z1(1+2ε) · · 1
z2
1

1
z1

·
1
z1

· · · 1
z1

·


. (95)

With this gauge choice the system is in normal form ((58a) and (58b)), with residue matrix

Ω
(−1)
1 =


· z4

2X
2εz2z4(z3−z2)

X · − εz4
X

· · · · · ·
· · · · · ·
· · · −2ε · ·
· · − z4

2X · −2ε ·
· 1 · · · −2ε

 , (96)

where we have the common denominator:

X = 1 + z22 − 2z2z3 . (97)

This matrix has Jordan form

JordanDecomposition
(
Ω

(−1)
1

)
= diag(0, 0, 0,−2ε,−2ε,−2ε) . (98)

This reveals that there are two distinct eigenvalues (each with multiplicity three):

S = {0×3, (−2ε)×3} , (99)

and hence the local Frobenius solution splits into the corresponding sectors:

J′ = J(0) + z−2ε
1 J(−2ε), J(λ) =

∞∑
k=0

J
(λ)
k zk1 . (100)

Accordingly, each eigenvalue sector is three-dimensional. In each sector the Pfaffian system can be restricted to an
independent 3× 3 subsystem by an appropriate rational rotation M (λ), whose upper block B(λ) spans the null space

of the relevant residue (Ω
(−1)
1 for λ = 0 and Ω

(−1)
1 + 2ε 16 for λ = −2ε).

Physically, the λ = 0 sector is the hard region, where the exchanged graviton is hard relative to the emitted soft
graviton, |q| ≫ |k|. The λ = −2ε sector is the soft region, where the exchanged graviton is comparable in energy to
the emission, |q| ∼ |k|. We analyze these two regions in turn.

B. Leading order solution

a. Hard region λ = 0. In the hard sector we restrict the Pfaffian system to a 3×3 subsystem by the rational rotation
F(0) =M (0) · J(0), where M (0) reads as:

M (0) =

[
B(0)

R(0)

]
=



· 2ε · · · 1
· · − 4εX

z4
· 1 ·

1 · · · · ·
· 1 · · · −2ε
· · 1 · 4εX

z4
·

· · · 1 · ·

 . (101)



20

The upper block B(0) spans the null space of Ω
(−1)
1 , while the lower block R(0) completesM (0) with linearly independent

rows of Ω
(−1)
1 . In the limit z1 → 0 one has (F

(0)
0 )4,5,6 = 0, so the dynamics reduces to a closed 3× 3 subsystem for the

first three components of F
(0)
0 :

∂iF
(0)
0 =


∗

Ω
(3×3)
i

∗

0

 · F(0)
0 . (102)

where

Ω
(3×3)
2 =


· · ·
· 2(z3−z2)(z

2
4−16ε2X2)

X(z2
4+16ε2X2)

·
(1+2ε)(z3−z2)z4
2(1+4ε2)X(X−z2

4)

2ε(z3−z2)z
2
4

X(z2
4+16ε2X2)

(z3−z2)(X−2(1+ε)z2
4)

X(X−z2
4)

 ,

Ω
(3×3)
3 =


· · ·
· 2z2(z

2
4−16ε2X2)

X(z2
4+16ε2X2)

·
(1+2ε)z2z4

2(1+4ε2)X(X−z2
4)

2εz2z
2
4

X(z2
4+16ε2X2)

z2(X−2(1+ε)z2
4)

X(X−z2
4)

 , (103)

Ω
(3×3)
4 =

 · · ·
· z2

4−16ε2X2

z4(z2
4+16ε2X2)

·
1+2ε

2(1+4ε2)(X−z2
4)

2εz4
z2
4+16ε2X2 − (1+2ε)z4

X−z2
4

 .
Restricting to the upper-left 3× 3 block, we find the system to admit an exact solution in ε. The boundary vector at
the reference point z∗ = (0, 1, 32 , 0), derived in Appendix A, is:

F
(0)
0

∣∣∣∣
z=z∗

= Chard
ε M (0) ·G−1 ·


1
2ε
1
2ε
1

4(1+ε)
1
2


∣∣∣∣
z=z∗

= Chard
ε


1
0
0
0
0
0

+O(ε) , (104)

where Chard
ε = i(−1)εΓ(−ε)

4π1−ε . Since the hard-region boundary constant Chard
ε carries a simple pole at ε = 0, we retain

the DE solution through O(ε) to extract the finite piece. The resulting expression is given by:

F
(0)
0 = Chard

ε


1

− z4
2X
z4
2X
0
0
0

+O(ε), =⇒ J
(0)
0 =


z4
2X
2ε
2ε
0

− z4
2X
1

 . (105)

With the leading solution in the λ = 0 sector fixed at z1 → 0, higher orders in the z1 expansion are generated recursively
by:

J
(0)
k+1 = ((k + 1)16 − Ω

(−1)
1 )−1 ·

k∑
m=0

Ω
(m)
1 · J(0)

k−m . (106)

b. Soft region λ = −2ε. Analogously to the hard sector, we restrict the Pfaffian system in the soft sector to a 3× 3
subsystem by the rational rotation F(−2ε) =M (−2ε) · J(−2ε), where M (−2ε) reads:

M (−2ε) =

[
B(−2ε)

R(−2ε)

]
=


1 · · · · 2X

z4
· · · 1 · 2z2(z3 − z2)
· · · · 1 ·
1 · · z2z4(z3−z2)

X · − z4
2X

· 1 · · · ·
· · 1 · · ·

 . (107)
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The upper block B(−2ε) spans the null space of the shifted residue (−2ε 16 − Ω
(−1)
1 ), while the lower block R(−2ε)

completes M (−2ε) with linearly independent rows of (−2ε 16 − Ω
(−1)
1 ). As in the hard sector, in the limit z1 → 0 one

has (F
(−2ε)
0 )4,5,6 = 0, so the dynamics closes on the first three components and reduces to a closed 3× 3 subsystem for

F
(−2ε)
0 :

∂iF
(−2ε)
0 =

 Ω
(3×3)
i ∗

0 ∗

 · F(−2ε)
0 . (108)

The soft boundary condition computed at the same boundary point z∗ (see Appendix A), reads as:

F
(−2ε)
0

∣∣∣∣
z=z∗

= Csoft
ε M (−2ε) ·G−1 ·

[
1 0 1 0 −4ε logφ√

5 z21
0

]⊤
, (109)

where Csoft
ε = i(−1)εΓ(ε)

(4π)1−ε and φ = 1+
√
5

2 = 1.618034... is the golden ratio. In contrast to the hard sector, the restricted

subsystem admits no closed-form solution in ε. We therefore work in an ε-expansion and retain terms up to order
O(ε), which is sufficient to capture the simple pole carried by the boundary constant Csoft

ε . To organize the series we

first bring the system to an ε-factorized form via a rotation matrix: F
(−2ε)
0 = P · f . The rotation (period) matrix P is

fixed by the ε = 0 solution of the subsystem, and reads as:

P =

 z4(z2−z3)
3κX −X

z4
− z4

4X ·
1

3z2κ
z2(z2 − z3) ·

· · z4
X

 , (110)

where κ =
√
z23 − 1. The rotated system is in dlog form:

df = εdΩf · f ,

Ωf =


log
(

X
z2
2κ

2

)
− 3

4 log
(

(z2−z3−κ)(−1+2z3(z3−κ))
z2−z3+κ

)
3 log

(
z2−z3−κ
z2−z3+κ

)
· · · ∗
· · −2 log(z2)

0 ∗

 . (111)

The solution up to O(ε) is thus given by

f = (16 + εΩf ) · f0 , (112)

where f0 is fixed from the boundary conditions above. Putting all of this together we find that the leading term in the
soft region is given by:

J
(−2ε)
0 = Csoft

ε



z2
4+4X2

2Xz4
+ ε(z2−z3)z4

2Xκ log(−1 + 2z3(z3 − κ))
2z2(z3 − z2) +

ε
2z2κ

log(−1 + 2z3(z3 − κ))
− z4

2X + εz4
X log(z2)
0
0
0

+O(ε2) . (113)

Higher orders in the z1 expansion are generated recursively by:

J
(−2ε)
k+1 = ((k + 1− 2ε)16 − Ω

(−1)
1 )−1 ·

k∑
m=0

Ω
(m)
1 · J(−2ε)

k−m . (114)

C. Tree-level waveform in the soft expansion

The full solution to the system of differential equations is then given by combining the two sectors:

J = G · (J(0) + z−2ε
1 J(−2ε)) . (115)
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where G is the gauge transformation defined in (95). In the final answer the pole in ε cancel and we get a finite result.

The tree-level waveform in the soft expansion is then given by combining the solution for the master integrals with the
IBP reduction matrix expanded in the soft limit C as:

W(0)
h,soft = T · C · J . (116)

a. Checks with literature. We expand the IBP reduction matrix C in the soft limit and combine it with the sector
solutions, reconstructing the tree-level waveform through O(ε0, ω2). This is sufficient to extract the non-analytic soft
behavior:

W(0)
h,soft = κ3m1m2

(
c1

1

ω
+ c2 log(ω) + c3ω log(ω)

)
, (117)

where:

c1 =
i
(
2γ2 − 1

)
(εk · u2w1 − εk · u1w2)

16πw2
1w

2
2

√
γ2 − 1

(−2εk · bw1w2 + εk · u1k · bw2 + εk · u2k · bw1) ,

c2 =
γ
(
2γ2 − 3

)
(εk · u2w1 − εk · u1w2)

2

16πw1w2 (γ2 − 1)
3/2

, (118)

c3 =
−iγ

(
2γ2−3

)
(εk·u2w1−εk·u1w2)

16πw1w2 (γ2 − 1)
3/2

[b2·k(εk·u2w1−εk·u1w2)+w2(εk·bw1−εk·u1k·b)] .

This result is in perfect agreement with previous results at leading order [72, 73, 86, 94, 128].

VI. POST-NEWTONIAN EXPANSION

The Post-Newtonian (PN) regime corresponds to the low-velocity, weak-field classical limit. In the center-of-mass
(CM) frame we organize all quantities in a Laurent expansion in a small, dimensionless parameter p∞ ≪ 1, with

γ =
√
1 + p2∞, kµ = ω nµ = p∞ ω∞ nµ, n2 = 0 . (119)

In this frame the single-particles CM energies are given by:

Ei =
√
m2

i + P 2
cm , (120)

where the total CM energy and momentum read

E =
√
m2

1 +m2
2 + 2γm1m2 , Pcm =

m1m2p∞
E

. (121)

where mi are the black hole masses. We fix the impact-parameter direction by a unit spacelike vector b̂µ and write

bµ1 =
E2

E
bµ , bµ2 = −E1

E
bµ , bµ =

√
−b2 b̂µ . (122)

In this frame, the scalar products between the four velocities and the emitted graviton momentum are given by:

w1 =
ω∞p∞
E

(m1 +m2(γ + p∞n · e)), w2 =
ω∞p∞
E

(m2 +m1(γ − p∞n · e)) . (123)

Specializing to four-dimensional external kinematics, the four-vectors take the form:

n = (1, sin θ cosϕ, sin θ sinϕ, cos θ), b̂ = (0, 1, 0, 0), e = (0, 0, 1, 0) . (124)

where θ and ϕ are the spherical angles of the emitted graviton.

At this stage, it is convenient to trade the dependence on spherical coordinates, with the complex conjugated variables9

z3 = i eiϕ tan θ/2, z4 = i e−iϕ tan θ/2 , (125)

9 Note that our normalization convention, which includes an extra
factor of i for z3 and z4, is non-standard; typically, this factor is

omitted.
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mapping the two-sphere to the Riemann sphere via “stereographic projection.” Note that (125) can be explicitly
inverted as:

cos θ =
1 + z3z4
1− z3z4

, cosϕ =
z3 + z4
2
√
z3z4

. (126)

We also introduce the mass ratio ν = m1

m2
and define:

z1 = p∞ , z2 = ω∞
√
−b2 . (127)

Next, we change variables from (ŵ1, ŵ2, γ, b̂ · k) to (z1, z2, z3, z4). We are interested in the limit:

z1 → 0 . (128)

After that, the four-velocities and helicity polarizations are explicitly given by

u1 =
1

E
(γ + ν, 0, p∞, 0), u2 =

1

E
(1 + γν, 0,−p∞ν, 0), ε± =

1√
2

(
∂θn± i

sin θ
∂ϕn

)
, (129)

allowing all tensor structures to be written explicitly in terms of z = (z1, . . . , z4). With these variables the tree-level
waveform takes the compact form

W(0)
h (ω, n̂) = C · J, C = T · C , (130)

and the basis J obeys first-order differential equations:

∂iJ = Ωi · J, i = 1, . . . , 4 . (131)

Since no ε-poles arise, we set ε = 0 henceforth.

A. Splitting into regions

Analogous to the soft expansion, we begin by analyzing the residue matrix. After applying the change of variables
described above, the z1-component of the Pfaffian system takes the form

Ω1 =

∞∑
k=−1

Ω
(k)
1 zk1 . (132)

The residue matrix Ω
(−1)
1 reads:

· · · · · ·
· · · · · ·
· · · · · ·
· · · · · ·
· 1

2(1+ν)z2
2

· ν
2(1+ν)z2

2
−1 ·

1+z2
3(z

2
4−ν)+2(ν−1)z3z4−νz2

4

2(1+ν)(z2
3−1)(z2

4−1)

(ν−1)(z2
3−z2

4)

2(1+ν)z2(z2
3−1)(z2

4−1)

(νz2
4−1)z2

3+ν−2(ν−1)z3z4−z2
4

2(1+ν)(z2
3−1)(z2

4−1)

(z2
4−z2

3)(ν−1)

2(1+ν)z2(z2
3−1)(z2

4−1)
0 −1


and has Jordan form:

JordanDecomposition
(
Ω

(−1)
1

)
= diag(−1,−1, 0, 0, 0, 0) . (133)

At first sight the two distinct eigenvalues of the Ω
(−1)
1 matrix, −1 and 0, suggest two regions. However, because they

differ only by integers, the system is resonant and these blocks do not correspond to independent asymptotic regions.
A single analytic sector suffices: we remove the apparent −1 exponents by the gauge transformation

J = G · J′, G = diag(1, 1, 1, 1, z−1
1 , z−1

1 ) , (134)

which shifts the two −1 eigenvalues to 0 and yields a Pfaffian system regular in z1

Ωi =

∞∑
k=0

Ω
(k)
i zk1 , J′ =

∞∑
k=0

Jkz
k
1 , (135)
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which is finite as z1 → 0. After the gauge transformation we have Ω
(−1)
1 = 0, so all eigenvalues are zero and there

is a single analytic sector: each component admits a regular Taylor expansion in z1 with no constraint of the form

Ω
(−1)
1 J0 = 0. To reduce the independent boundary data we instead exploit symmetry relations, as described in

Section IVA4. In the limit z1 → 0 (p∞ → 0) we have:

ω̂1 = ω̂2 , γ = 1 , b̂ · k = 0 , (136)

leading to:

J1

∣∣∣∣
z1=0

= J3

∣∣∣∣
z1=0

, J2

∣∣∣∣
z1=0

= J4

∣∣∣∣
z1=0

. (137)

These relations can be captured by the equations:

R · J0 = 0, R =

[
1 · −1 · · ·
· 1 · −1 · ·

]
, (138)

We now rotate to a basis where these two linear relations are imposed explicitly. In this basis the corresponding
difference components are isolated and, by construction, vanish in the z1 → 0 limit:

M =

[
B

R

]
=


1 · · · · ·
· 1 · · · ·
· · · · 1 ·
· · · · · 1
1 · −1 · · ·
· 1 · −1 · ·

 , (139)

The master integrals in this basis become:

F =M · J′ =
[
J1 J2 z1J5 z1J6 J1 − J3 J2 − J4

]⊤
=⇒ F0 =

[
∗ ∗ ∗ ∗ 0 0

]⊤
. (140)

and we can restrict our Pfaffian system to a 4× 4 one as z1 → 0.

B. Leading order solution

In the z1 → 0 limit the restricted Pfaffian system becomes:

∂iF0 =

 Ω
(4×4)
i ∗

0 ∗

 · F0 . (141)

The 4× 4 sub-system reads explicitly as:

Ω
(4×4)
2 =


· 1

z2
· ·

z2 · · ·
· · − 2

z2
1
z2

· · z2(z2
3+1)(z2

4+1)
(z2

3−1)(z2
4−1)

− 1
z2

+ 2
z2
3−1

+ 1
1−z4

+ 1
z4+1

 ,

Ω
(4×4)
3 =


· · · ·
· · · ·
· · − 2z2z3(z2

4+1)
(z2

3−1)(z2
3z

2
4−1)

− 2z3(z2
4−1)

(z2
3−1)(z2

3z
2
4−1)

· · − 2z2z3(z2
4+1)((z2+1)z2

3+z2−1)
(z2

3−1)
2
(z2

3z
2
4−1)

− 2z3(z2
4−1)((z2+1)z2

3+z2−1)
(z2

3−1)
2
(z2

3z
2
4−1)

 , (142)

Ω
(4×4)
4 =


· · · ·
· · · ·
· · 2z2(z2

3+1)z4
(z2

4−1)(z2
3z

2
4−1)

− 2(z2
3−1)z4

(z2
4−1)(z2

3z
2
4−1)

· · − 2z2(z2
3+1)z4((z2−1)z2

4+z2+1)
(z2

4−1)
2
(z2

3z
2
4−1)

2(z2
3−1)z4((z2−1)z2

4+z2+1)
(z2

4−1)
2
(z2

3z
2
4−1)

,


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and admits a closed-form solution in generic dimensions D. Specializing to D = 4 and imposing the boundary data of
Appendix A, the solution is:

F0 =
[
− 1

2πK0(z2)
z2
2πK1(z2) 0 0 0 0

]⊤
, (143)

where Kn(z) is the modified Bessel function of the second kind. The leading solution involves only the two modified
Bessel functions K0(z2) and K1(z2), and the z1-Taylor recursion relation has purely rational (in zi) coefficients. This
implies that no additional transcendental functions can appear. We thus factor out this minimal transcendental basis
and keep all remaining structure in a rational coefficient matrix.

F0 = F0 ·B, B =
1

2π

[
K0(z2)
K1(z2)

]
, F0 =

[
−1 · · · · ·
· z2 · · · ·

]⊤
. (144)

C. Tree-level waveform in the PN expansion

The waveform in the PN limit is given by:

W(0)
h = C · J = z−2

1 C′ ·G ·M−1 · F ·B = z−2
1 W(0) ·B , (145)

where we factor out (i) the Bessel basis from the form factors and (ii) the explicit second-order pole carried by the
IBP coefficient vector. Since we are interested in computing the expansion of W(0) to a very high order, we utilize
the framework of companion tensor algebra [56], together with FiniteFlow [44, 97], as detailed in Appendix B. This

allows us to obtain all PN coefficients of W(0)
h to arbitrary order by iterating a rational linear recursion with fixed

transcendental basis B. We derived the PN expansion of the tree-level waveform to order p30∞, and it is provided in the
ancillary file PN expansion 30.tar.gz in the repository [100]. For completeness, we are also attaching the expansion
up to p10∞, provided in the ancillary file PN expansion 10.m.
a. Checks with literature. The PN expansion of the tree-level waveform has been computed explicitly via Multipolar-
Post-Minkowskian methods [82–84], and have been recently rederived using scattering-amplitude methods [72, 73, 86, 94].
We checked explicitly that our PN expansion of the tree-level waveform agrees with the results of [86] up to the order
they have been computed, which is p4∞.

D. Radiative multipoles from PN waveforms

The PN-expanded waveform can be decomposed into spin-weighted spherical harmonics:

W(0)
h (ω, n̂) =

∑
ℓ≥2

∑
|m|≤ℓ

W(0)
ℓm(ω)−2Yℓm(n̂) , (146)

where mode coefficients are extracted by orthonormality,

W(0)
ℓm(ω) =

ˆ
dΩW(0)

h (ω, n̂)−2Y
∗
ℓm(n̂) . (147)

The multipole modes can be expressed in terms of the radiative multipoles Uℓm and Vℓm as [84]:

W(0)
ℓm(ω) = η ℓ−2 Uℓm(ω) + η ℓ−1 Vℓm(ω) , η ≡ 1

c
= 1 . (148)

Using the PN-expanded waveform, we extract Uℓm and Vℓm to high PN order, finding perfect agreement with [86] up
to the order currently available, p4∞. An proof-of-concept code to extract (ℓ,m) multipoles from the PN expanded
waveform is provided in the ancillary file PN multipoles.m in the repository [100]. We explain next how we efficiently
evaluate the integrals in (147) using Stokes’ theorem and Hermite reduction.
a. Efficient integration over the celestial sphere. The angular integration over the celestial sphere

ˆ
dΩ f(θ, ϕ) =

ˆ 2π

0

dϕ

ˆ 1

−1

d(cos θ) f(θ, ϕ) , (149)
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can be streamlined by introducing complex coordinates from (125): z = eiϕ tan θ
2 and z̄ = e−iϕ tan θ

2 , which map the
two-sphere to the Riemann sphere via stereographic projection. The Jacobian of this change of variables is

dΩ =
2i dz dz̄

(1 + zz̄)2
, (150)

so that ˆ
dΩ f(θ, ϕ) =

ˆ
dz dz̄

2i

(1 + zz̄)2
f(z, z̄) . (151)

When f(z, z̄) is a rational function, the integral can be evaluated using a complex analogue of Stokes’ theorem [129],
which effectively reduces the surface integral on the sphere to a sum of line integrals along contours in the complex z
plane. The idea is then to first integrate with respect to z, treating z̄ as a constant parameter, and to keep only the
rational part Frat(z, z̄) of the primitive function; this is the essence of the Hermite reduction algorithm [130, 131]. For
practical computations like ours, this reduction is efficiently implemented in Mathematica [132], where the algorithm
returns the rational part of the primitive automatically. The remaining one-dimensional contour integral over z4 is
then evaluated by summing the residues at the poles of the reduced integrand.

We schematically summarize the procedure as followsˆ
dΩ f(z, z̄) =

ˆ
dz dz̄

2i

(1 + zz̄)2
f(z, z̄)

=

ˆ
dz̄ Frat(z, z̄)

= 2πi
∑
p

Resz̄=p, z=p∗ Frat(z, z̄) .

(152)

From a geometric viewpoint, this procedure identifies the poles of f(z, z̄) as punctures on the Riemann sphere, and
the integral reduces to the sum of their local contributions. The Hermite reduction step corresponds to projecting
the integrand onto its cohomologically non-trivial part, much like the Griffiths–Dwork pole-reduction methods used
in multi-dimensional residue theory [133–135]. It would be interesting and useful to implement this multi-variate
generalization in the future.

VII. ON THE ε-FACTORIZED DIFFERENTIAL EQUATION

In the previous sections, we presented a method to obtain the tree-level waveform in impact-parameter space through
series expansions of intermediate Fourier integrals belonging to the family defined in (44). Although this approach is
remarkably effective in the physically relevant kinematic limits considered earlier, it is also of broader interest to seek
a representation valid for arbitrary configurations.

As in the case of Feynman integrals [62], obtaining an ε-factorized differential equation satisfied by the family of
Fourier integrals in (44) is one way to construct such solutions to all orders in the dimensional-regularisation parameter
ε. In this form, the analytic structure and underlying function space of the integral become manifest, and the solution
reduces to iterated integrations over the functions appearing in the differential equation.

A main challenge, therefore, lies in identifying the transformation that brings a given system into this ε-form. Over
the past few years, this strategy has been instrumental in the analytic evaluation of increasingly complicated Feynman
integrals, from polylogarithmic multi-scale processes [65, 66, 136–142] to genuinely elliptic and even Calabi–Yau
geometries [28, 143–159]. These developments have shown that finding such a transformation is a crucial step toward
the systematic computation of Feynman integrals and, ultimately, of the associated scattering amplitudes.

In this section, we provide the necessary background and tools to derive an ε-factorized differential equation for the class
of integrals in (44) contributing to the waveform. We will find that the associated function space is governed by Bessel
functions, introduced through the transformation that brings the system into ε-form via intermediate period matrices
of the maximal cut integrands paired with homology cycles chosen following the theory of rapid-decay homology.

A. Generalities: ε-form and rapid-decay homology

As we just advertised, the aim in this section is to find a transformation matrix U such that a given starting basis:

J = U · J′ , (153)
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satisfies an ε-factorized differential equation:

∂aJ
′ = εΩ′

a · J′ , (154)

where:

Ω′
a = U−1 · (Ωa · U − ∂aU) . (155)

Assuming the choice of initial basis in (51), whose differential equation depends linearly on ε (that is, Ωa = Ωa,0+εΩa,1

for all a), we explain how the period matrix P from the independent solutions of the maximal-cut integrals in D = 4
can be used to build U above.

Independent solutions can be expressed as twisted period integrals, written as the intersection number [47]

Ji ≡ ⟨φi|Γ] ≡
ˆ
Γ

u(z)φi(z) i ∈ {1, . . . , ν} , (156)

between the integration cycle Γ and the algebraic, dimension-independent n-form φ(z) in the Baikov variables
z = (z1, . . . , zn). All the multi-valuedness of the integrand is absorbed into the twist u(z). Note that any Feynman or
Fourier integral can be written in this form using the Baikov representation [160] (see also [161] for a recent derivation,
as well as [161, 162] for Mathematica implementations in the context of Feynman integrals).

An important distinction in (156) between Feynman and Fourier integrals arises because, for the latter, u(z) ∝ ez3

with z3 ≡ iq⊥ · b̂. When u(z) contains such exponential factors, the integral is generally not absolutely convergent
on the real domain. To define the pairing (156) unambiguously, one must complexify the integration variables and
view the integral as living on a complex manifold X ⊂ Cn obtained after removing the singular hypersurfaces of the
integrand. The admissible integration cycles are then required to extend to infinity only through directions in which
the exponential factor decays.

In mathematics, this refinement is naturally encoded in the rapid-decay homology group Hrd
n (X,u), whose elements

are precisely those chains along which u(z) tends to zero exponentially at infinity. Two such chains are considered
equivalent if they can be continuously deformed into one another without breaking the decaying property. In this way,
rapid-decay homology provides the correct framework to make the twisted intersection number well defined, ensuring
both convergence and deformation invariance of the resulting periods. We refer the interested reader to [98, 99, 163, 164]
for general properties of Hrd

n , and we will limit ourselves to discussing it explicitly in simple univariate tree-level
examples later in this section.

We anticipate this theory to play a much less trivial role for the impact-parameter space waveform at one loop and
beyond, for which the maximal cut contours discussed below become higher-dimensional and thus less tractable
intuitively.

The ν independent solutions of the maximal-cut integrals in D = 4 can thus be decomposed into ν independent periods
Ji|mc

D=4 =
∑ν

j=1 cjPij = [P · c]i, where cj ∈ C and

Pij ≡
ˆ
γj

u(z)
∣∣
D=4

φmc
i (z) , (157)

with {γj}νj=1 forming a basis of admissible cycles in Hrd
n (X,u). Each entry of the matrix P is thus an intersection

number between a chosen form and cycle, and the collection of all such pairings forms the period matrix itself.

For concreteness, we record explicitly the Baikov representations for the basis elements in J on their respective maximal
cuts. Thanks to (56), it is sufficient to do so for the basis elements Ji∈{1,2,5,6}

Ji∈{1,2}
∣∣mc

D=4
=

ˆ
u(z3)φ

mc
i∈{1,2} , where u(z3) =

ez3√
ŵ2

2 − z23
and φmc

i∈{1,2} = {1, z3}dz3 ,

ε−1Ji∈{5,6}
∣∣mc

D=4
=

ˆ
v(z3)φ

mc
i∈{1,2} , where v(z3) =

√
(b̂ · k⊥)2 + k2⊥ ez3

(z3 − z+)(z3 − z−)
, (158)

with

z± =
ŵ2

(
ib̂ · k⊥(ŵ2 − γŵ1)± iŵ1Λ

)
k2⊥

and Λ =

√
(γ2 − 1)

(
(b̂ · k⊥)2 + k2⊥

)
. (159)
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Note that we have included a pole in ε for J5 and J6 as these vanish in exactly D = 4.

We conclude this subsection with a few comments on the utility of (157) and the role it plays in various algorithms
aiming to reach an ε-form basis (see, e.g., [147, 148, 165]).

The most direct approach is to first take P as the period matrix itself, so that J′ = P−1 ·J. On the D = 4 maximal
cut, one then has J|mc

D=4 = P · c, so that J′|mc
D=4 = c is constant. Hence, the differential equation on the cut reduces to

∂aJ
′|mc
D=4−2ε = εΩ′

a,1|mc · J′|mc
D=4−2ε . (160)

This observation is useful because the differential equation obeyed by the cut integrals coincides with that of the
uncut ones, up to non-homogeneous terms arising from lower-sector integrals that have no support on the cut under
consideration (typically, but not necessarily, the maximal cut). Consequently, the uncut integrals also satisfy the
differential equation εΩ′|mc, modulo a possible lower -triangular O(ε0) non-homogeneous contribution. These residual
terms can typically be eliminated by a secondary transformation, J′ = V · J′′, where V is determined systematically by
direct integration (see, e.g., [147, 149]), leaving the uncut system in the desired form dJ′′ = εΩ′′ · J′′.

The drawback of this seemingly natural choice, U = P · V, lies in the fact that the (non-vanishing) strictly upper -
triangular part of P can generate spurious poles in the differential equation. Through this mechanism, for instance,
non-simple poles are introduced in the differential equation satisfied by the elliptic sunrise integral [147].

To avoid this unnecessary complication, we therefore adopt a refined variant of the above procedure [148], in which P
is first decomposed into an upper -triangular unipotent and lower -triangular semi-simple (i.e., diagonalizable) parts,
P = P(ss) · P(u), and the rotation is performed with the inverse of the semi-simple part, U = P(ss) · V.

B. Constructing the ε-form

Our starting point is the basis (defined in (51)) for the integral family in (44), which, as noted earlier, satisfies a
differential equation that is linear in ε and organizes itself into three independent 2× 2 diagonal-blocks (see (54)).
These blocks involve, respectively, the integrals subfamilies:

I(1, 0, n3) =

ˆ
M

d̂D−2q⊥
(iq⊥ · b̂)−n3

(q2⊥ − ŵ2
2)

eiq⊥·b̂ , (161a)

I(0, 1, n3) =

ˆ
M

d̂D−2q⊥
(iq⊥ · b̂)−n3

((q⊥ − k⊥)2 − ŵ2
1)
eiq⊥·b̂ , (161b)

I(1, 1, n3) =

ˆ
M

d̂D−2q⊥
(iq⊥ · b̂)−n3

(q2⊥ − ŵ2
2)((q⊥ − k⊥)2 − ŵ2

1)
eiq⊥·b̂ . (161c)

a. The transformation for the first block. The twist u(z3) in (158) has apparent branch points at z3 = ±ŵ2, joined
by a branch cut (see the wavy red line in Figure 2). Since |ez3 |→0 for Re (z3)→−∞ and diverges in the opposite
direction, we restrict our attention to admissible cycles approaching −∞. This guarantees convergence of the period
integrals

⟨φmc|Γ] =
ˆ
Γ

u(z3)φ
mc(z3), φmc ∈ span{φmc

1 , φmc
2 } . (162)

As hinted earlier, a convenient language for organizing these admissible contours is provided by the rapid-decay
homology group Hrd

1

(
X = C \ {±ŵ2}, u

)
, whose elements are one-chains whose ends (if any) lie at −∞ or at the

integrable singularities ±ŵ2. In this simple univariate case, the space is clearly two-dimensional, with spanning cycles

γ1 : a small positively oriented loop encircling the cut [−ŵ2,+ŵ2] , (163a)

γ2 : a ray from −∞ to −ŵ2 , (163b)

as illustrated in Figure 2 (left). Although γ2 is not closed in the usual sense (since it manifestly “escapes” to infinity and
never returns to close upon itself) it is nonetheless closed in rapid-decay homology. There are two complementary ways
to see this. First, by viewing the cut z3-plane as a two-sheeted sphere, one recognizes that γ2 effectively corresponds
to “twice” (see (172) for an analogous statement) the contour running from −∞ to −ŵ2, crossing the branch cut,
and returning to −∞. Alternatively, γ2 may be regarded as a relative one-cycle, which makes its closure property
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γ2

γ2

S1
∞

ŵ2

−ŵ2

γ1
γ′
1

z3

S1
+ŵ2

S1
−ŵ2

ϕ

θ+

FIG. 2: (Left) The twist u(z3) = ez3(ŵ2
2 − z23)

−1/2 has branch points at ±ŵ2, connected by a red wavy branch cut.
The exponential factor introduces an essential singularity at z3 = ∞, growing for Re (z3) → +∞ and decaying for

Re (z3) → −∞. The rapid-decay homology group Hrd
1 (X,u), with X = C \ {±ŵ2}, is two-dimensional and spanned by

γ1 (blue, a small loop encircling the cut) and γ2 (green, a ray extending from −∞ to −ŵ2). (Right) The

corresponding basis {γ′1, γ2} in the relative homology group Hrel
1 (X̃,Q). The dashed circles represent the boundary

components S1
p at the blow-up points p = ∞ (black) and p = ±ŵ2 (red) in the oriented blow-up X̃ ⊂ CP1. Their

union defines the boundary set Q, where cycles can ends while preserving closedness under the boundary map ∂rel.
The decaying directions for γ2 (π2 < ϕ < 3π

2 ) are indicated by the thick semicircle at complex infinity.

manifest on a single sheet at the price of introducing boundaries. This follows directly from the isomorphism that can
be deduced from Pham’s work [98]

Hrd
1 (X,u) ∼= Hrel

1

(
X̃,Q

)
, (164)

which identifies the rapid-decay homology group with a relative homology group with boundary Q (given in (167)) on
the oriented blow-up of CP1 at the points p ∈ {±ŵ2,∞},

X̃ =
{
(z3, θp) | z3 ∈ CP1, p ∈ {±ŵ2,∞}, arg(z3 − p) = θp

}
. (165)

Here, each θp parameterizes the circle of possible directions from which p can be approached while keeping (162) finite
(see Figure 2 (right)). Introducing the local coordinates

z3 − ŵ2 = r+e
iθ+ , z3 + ŵ2 = r−e

iθ− , w = 1
z3

= ρ eiϕ , (166)

these boundary circles are S1
+ŵ2

= {r+ = δ}, S1
−ŵ2

= {r− = δ}, and S1
∞ = {ρ = δ}, with δ → 0, and the corresponding

set of admissible endpoints is thus:

Q = {(ρ = δ, ϕ) | ϕ ∈ (π2 ,
3π
2 )}

decaying arcs at −∞

∪{(r+ = δ, θ+) | θ+ ∈ S1} ∪ {(r− = δ, θ−) | θ− ∈ S1}
blow-ups at integrable singularities ±ŵ2

. (167)

In this relative picture, “closedness” is simply the statement that the relative boundary of γ2 in Q vanishes, namely
that

∂relγ2 ≡ ∂γ2 mod Q = 0 ⇐⇒ its endpoints lie in Q . (168)

Hence, since the contour γ2 is a ray extending from −∞ (approached along a decaying direction) to −ŵ2, its boundary

in X̃ is

∂γ2 = (−ŵ2, θ−)− (∞, ϕ) , (169)

for some θ− ∈ S1 and ϕ ∈ (π2 ,
3π
2 ). Here, both endpoints are within Q by construction, so

∂relγ2 = 0 , (170)

and γ2 defines a closed class in Hrel
1 (X̃,Q), and hence in Hrd

1 (X,u).

To summarize what we have learned so far, since the spanning relative cycles must have endpoints in Q, we chose
them as γ2 (in (163b)) and

γ′1 : a ray from [+ŵ2,−ŵ2] . (171)



30

Both cycles (as well as many of the objects discussed above) are illustrated in Figure 2 (right).

Of course, there is no loss of generality in choosing γ1 over γ′1 and vice versa: if u±(z3) ≡ ±u(z3) denote the values
above/below the branch cut, then

ˆ
γ1

uφmc
i =

ˆ ŵ2

−ŵ2

[u+ − u−]φ
mc
i =

ˆ ŵ2

−ŵ2

[u+ − (−u+)]φmc
i = 2

ˆ
γ′
1

uφmc
i , (172)

where, in the first equality, we drop the infinitesimal semicircles around ±ŵ2, whose contributions are bounded from
above by ∼

√
δ and thus vanish as the contour ‘kisses’ the branch cut.

Now that the homology cycles are understood, the period matrix for this 2× 2 block is given by

P|block 1 =

[
1
π

´
γ1
u(z3)dz3 i

´
γ2
u(z3)dz3

1
π

´
γ1
u(z3)z3dz3 i

´
γ2
u(z3)z3dz3

]
=

[
I0(ŵ2) K0(ŵ2)
ŵ2I1(ŵ2) −ŵ2K1(ŵ2)

]
, (173)

where we introduced additional constant normalizations to make our expressions nicer and where In(z) and Kn(z)
are modified Bessel functions of the first and second kind, respectively. For the reasons we discussed above, we next

extract the semi-simple part P|(ss)block 1, leaving behind a unipotent piece P|(u)block 1

P|block 1 = P|(ss)block 1 · P|(u)block 1, P|(ss)block 1 =

[
I0(ŵ2) 0
ŵ2I(ŵ2) − 1

I0(ŵ2)

]
. (174)

From there, we first rotate the basis with the semi-simple part transforming the differential equation matrices according
to 155. The only non-zero differential equation for this 2× 2 block is for ŵ2

Ω′
ŵ2

|block 1 =

[
− 2ε

ŵ2
− 1

ŵ2I0(ŵ2)2

−2εI0(ŵ2)I1(ŵ2) 0

]
. (175)

In order to eliminate the ε0 term, we combine an ε-scaling on the second integral with an ansatz that is chosen to
eliminate the resulting lower-triangular non-factorized piece. This ansatz takes the form

V|block 1 =

[
1 0

εG(ŵ2) ε

]
, (176)

and by direct integration of the vanishing condition

(V|block 1)
−1 · (Ωω̂2

|block 1 · V|block 1 − ∂ŵ2
V|block 1)|ε=0 = 0 =⇒ dG+ dI0(ŵ2)

2 = 0 , (177)

we find, up to an irrelevant integration constant, G(ŵ2) = −I0(ŵ2)
2. Combining everything together, we get

J′|block 1 =

(
U|block 1 ≡

[
I0(ŵ2) 0

ŵ2I1(ŵ2) + εI0(ŵ2) − ε
I0(ŵ2)

])−1

· J|block 1 , (178)

such that

dJ′|block 1 = −εd log(ŵ2)

[
1 1

I0(ŵ2)2

I0(ŵ2)
2 1

]
· J′|block 1 . (179)

b. The transformation for the second block. Next, we examine the second block corresponding to the integral
subfamily in (161b). Its transformation to ε-form can be directly derived from the first block thanks to (56).

With this in mind, it is clear that the transformation to ε-form basis takes the form

U|block 2 ≡ eib̂·k⊥

[
1 0

ib̂ · k⊥ 1

]
· U|block 1

∣∣∣∣
ŵ2→ŵ1

. (180)

where U|block 1 is given in (178).

The differential equation for the resulting basis, J′|block 2 = U|−1
block 2 · J|block 2, thus follows from (180) and (179), and

explicitly reads

dJ′|block 2 = −εd log(ŵ1)

[
1 1

I0(ŵ1)2

I0(ŵ1)
2 1

]
· J′|block 2 . (181)
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c. The transformation for the third block. Although the integral (161c) appears more complicated, its period matrix
is in fact easier to construct.

In this case, there are no branch points in the twist v(z3) defined in (158), so we may choose the independent contours
to encircle each of the two poles at z3 = z±. The integral associated with each contour is then obtained simply by
evaluating the residue at the corresponding pole. Note that, since it is equivalent to a linear combination of these
contours under contour deformation, one could alternatively (but less conveniently) choose an analogue of the relative
contour in (163b), as v(z3) ∝ ez3 .

Evaluating the residues, we obtain the transformation to ε-form

J′|block 3 =

(
U|block 3 ≡ 1

2iŵ1ŵ2

√
γ2 − 1

[
−ez− ez+

−z−ez− z+e
z+

])−1

· J|block 3 , (182)

where the differential equation matrices ∂aJ
′|block 3 = εΩ′

a|block 3 · J′|block 3 reads as:

Ω′
ŵ1

|block 3 =

 ŵ1−γŵ2

λ − 1
ŵ1

ez
(
(ŵ1−γŵ2)

(
1
λ − 2

k2
⊥

)
+ 1

ŵ1

)
e−z

(
(ŵ1−γŵ2)

(
1
λ−

2
k2
⊥

)
+ 1

ŵ1

)
ŵ1−γŵ2

λ − 1
ŵ1

 , (183a)

Ω′
ŵ2

|block 3 = (183a)|ŵ1↔ŵ2
, (183b)

Ω′
γ |block 3 =

 γ
1−γ2 − ŵ1ŵ2

λ ez
(

γ
γ2−1 − ŵ1ŵ2

(
1
λ − 2

k2
⊥

))
e−z

(
γ

γ2−1 − ŵ1ŵ2

(
1
λ − 2

k2
⊥

))
γ

1−γ2 − ŵ1ŵ2

λ

 , (183c)

Ω′
b̂·k⊥

|block 3 =
b̂ · k⊥
λ

[
1 ez

e−z 1

]
, (183d)

where we used the shorthands:

λ = (b̂ · k⊥)2 + k2⊥ and z =
2iŵ1ŵ2Λ

k2⊥
, (184)

as well as k2⊥ = ŵ2
1 + ŵ2

2 − 2γŵ1ŵ2 as in (48).
d. Full ε-transformation and anticipated practical value. At the level of the complete initial basis in (51), the
transformation we constructed above is summarized as

J′ =

U ≡

 U|block 1 · ·
· U|block 2 ·
· · U|block 3

−1

· J . (185)

As desired, this system of master integrals now satisfies a ε-factorized block-diagonal differential equation:

dJ′ = [Ω′
0 + εΩ′

1] · J′ , where Ω′
0 =


· · · · · ·
· · · · · ·
· · · · · ·
· · · · · ·
• · • · · ·
• · • · · ·

 , Ω′
1 =


• • · · · ·
• • · · · ·
· · • • · ·
· · • • · ·
• • • • • •
• • • • • •

 . (186)

The explicit form of Ω′
0 and Ω′

1 are given in the ancillary file DE linear eps.m in the repository [100]. To remove the
non-ε-factorized lower -triangular contribution Ω′

0, we further transform J′ = V · J′′, where

V ≡



1 · · · · ·
· 1 · · · ·
· · 1 · · ·
· · · 1 · ·

G1(ŵ1, ŵ2, γ, b̂ · k⊥) · G2(ŵ1, ŵ2, γ, b̂ · k⊥) · 1 ·
G3(ŵ1, ŵ2, γ, b̂ · k⊥) · G4(ŵ1, ŵ2, γ, b̂ · k⊥) · · 1

 , (187)

requiring

V−1 · (Ω0 · V − dV) = 0 or equivalently dJ′′ = ε[Ω′′
1 ≡ V−1 · Ω′

1 · V] · J′′ . (188)
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Using the shorthand x = b̂ · k⊥, a more explicit way to write the left constraint in (188) is as an integral over the
closed one-form

G1(p)−G1(p0) =

ˆ
C : p0→p

[Gŵ1 dŵ1 +Gŵ2 dŵ2 +Gγ dγ +Gx dx] , (189)

where the integration contour C runs from the base point p0 to the point p without crossing any branch cut and,
consequently, G1 is determined only up to an additive constant G1(p0). Explicitly, the functions in the integrand read

Gŵ1 =

e−z−

[ (
ŵ1ŵ

2
2λ(γ

2 − 1) + ix(ŵ1 − γŵ2)(k
2
⊥ − iŵ1ŵ2Λ)

)
I0(ŵ2)

+ŵ2λ (ix(ŵ1 − γŵ2) + iŵ2Λ) I1(ŵ1)

]
2k2⊥λ

3/2
, (190a)

Gŵ2
=

e−z−

 (
λ(ŵ3

2 − 3γŵ1ŵ
2
2 + (2 + γ2)ŵ2

1ŵ2 − γŵ3
1)

−ix(γŵ1 − ŵ2)(k
2
⊥ − iŵ1ŵ2Λ)

)
I0(ŵ2)

−ŵ1λ (ix(ŵ1 − γŵ2) + iŵ2Λ) I1(ŵ1)


2k2⊥λ

3/2
, (190b)

Gγ =

e−z−ŵ1ŵ2

[
(γ2 − 1)

(
ŵ1λ(ŵ1 − γŵ2) + ix(k2⊥ − iŵ1ŵ2Λ)

)
I0(ŵ2)

+λ(ix(γ2 − 1)ŵ2 + i(ŵ1 − γŵ2)Λ)I1(ŵ2)

]
2k2⊥λ

3/2(1− γ2)
, (190c)

Gx =
e−z−

[
(k2⊥ − iŵ1ŵ2Λ)I0(ŵ2) + ŵ2λI1(ŵ2)

]
2iλ3/2

, (190d)

with z± and Λ defined in (159), and λ in (184), all written in terms of the dimensionless variables introduced in (45).
The remaining entries of (187) satisfy differential equations related to G1 according to

∂aG2(ŵ1, ŵ2, γ, x) = ∂aG1(ŵ1, ŵ2, γ, x)|x→−x,ŵ1↔ŵ2
,

∂aG3(ŵ1, ŵ2, γ, x) = ∂aG1(ŵ1, ŵ2, γ, x)|Λ→−Λ ,

∂aG4(ŵ1, ŵ2, γ, x) = ∂aG1(ŵ1, ŵ2, γ, x)|x→−x,ŵ1↔ŵ2,Λ→−Λ .

(191)

From the way they are derived, the functions Gi are structurally similar to the so-called G-functions that appear
in elliptic and Calabi–Yau Feynman integrals (see, for example, [148]), which are notoriously difficult (and perhaps
sometime impossible) to express in closed form.

However, in practice, all that is truly required to evaluate the Gi’s is the differential equation they obey (e.g.,
dG1 = Gxdx+Gγdγ +Gŵ1

dŵ1 +Gŵ2
dŵ2). This relation determines all derivatives of Gi at a given point and thus

enables the systematic construction of its local power (i.e., Frobenius) series around regular or singular points through
recursive relations among the expansion coefficients (see, for example, [158] for a recent application in jet production
amplitudes).

The explicit form of the ε-factorized differential equations Ω′′
1 written in terms of the G-functions is given in the

ancillary file DE eps factorized.m in the repository [100]. Hence, the most direct way to render the results of this
section practical for numerical evaluation of the integrals is to expand the differential equation around a regular singular
point. We leave a detailed implementation of this procedure, together with the in-dept analytic characterization of the
underlying function space of iterated integrals for future work.

VIII. CONCLUSION AND OUTLOOK

In this paper, we present a systematic framework for computing frequency-domain gravitational waveforms in physically
relevant regimes, building on the KMOC formalism for classical observables. The method focuses on the impact-
parameter-space Fourier integrals that determine the waveform, whose differential equations are solved asymptotically
using restriction theory in combination with companion-matrix techniques and finite-field reconstruction methods. As
a proof of principle, we apply the framework to the tree-level waveform, obtaining explicit results in both the soft and
PN limits. The PN expansion is validated through an analytic series computed up to O(v30); a truncation chosen for
illustration rather than imposed by the method. The framework itself is general and readily extends to higher-order
corrections to the waveform.

Beyond systematizing the extraction of asymptotic solutions, we also outline a strategy, inspired by [148], to cast
the differential equations satisfied by the master Fourier integrals into an ε-factorized form. This is achieved by
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constructing an appropriate period matrix via rapid-decay homology, which organizes the integration contours in a way
analogous to the ε-factorized-basis construction for Feynman integrals. The resulting differential system is expressed
in terms of special functions involving Bessel and exponential kernels, which, to our knowledge, have not appeared
previously in this context, and thus introduces a new member to the family of (generalized) hypergeometric functions,
which already included polylogarithms, elliptic integrals, and (certain) Calabi–Yau periods showing up in perturbative
quantum field theory.

Several extensions follow naturally. On the precision side, extending the construction to higher orders in the PM
expansion is especially compelling: at next-to-leading order (NLO), the relevant families already involve two-loop
Fourier integrals [89], while at next-to-next-to-leading order (NNLO) new functions may emerge. Nevertheless, the
function space underlying the PM expansion within PN is highly constrained [85, 86] and, at NNLO in PM (within
PN), is already known [91], providing sharp benchmarks for our method. A natural further direction is to incorporate
spin effects, which leave the integral families unchanged but significantly complicate the associated IBP coefficients.

Regarding the ε-factorized differential equation obtained in this paper, it would be valuable to establish a systematic
understanding and develop dedicated tools to handle iterated integrals with Bessel and exponential kernels, as well
as to evaluate them efficiently by analytic or numerical means. Building on this foundation, a natural next step is
to construct and solve an ε-factorized form of the NLO waveform integrals [89]. This will likely require input from
rapid-decay homology to identify the relevant multi-dimensional cycles and construct the associated period matrix.

It would also be interesting to investigate how the results obtained here, in particular the ε-factorized differential
equation, could be generalized (perhaps through analytic continuations generalizing that discussed in [166, 167]) from
the waveform associated with unbound scattering to that describing bound orbits. Of course, achieving this will require
a deeper conceptual understanding of the analytic properties of the waveform; yet we expect that the practical tools
developed in this paper provide novel starting points for investigating such continuations explicitly, should they exist.

Our hope is that the future developments outlined above will ultimately enable the construction of high-precision,
phenomenological templates for gravitational waveforms and open a new window onto the properties of distant
astrophysical objects, potentially placing useful constraints on their internal structure, such as the equation of state of
neutron stars.

Applying the methods developed here to other, largely unexplored classes of observables in the context of the S-matrix
theory (see, e.g., [79]) would also be interesting.
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Appendix A: Boundary conditions for soft and PN expansions

a. Soft. In this section, we derive the boundary conditions used in Section V in both the soft and hard regions. For
this, we use the results [168] for the following Euclidean signature integrals:

ˆ
RD

d̂Dq
1

(q2 + Λ)n
=

Γ
(
2n−D

2

)
(4π)D/2Γ(n)

Λ
D−2n

2 ,

ˆ
RD

d̂Dq
eiq·b

(q2)n
=

Γ
(
D−2n

2

)
4nπD/2Γ(n)

(b2)
2n−D

2 . (A1)

For each master integral, we are interested in calculating their value at the boundary point z∗ = (0, 1, 32 , 0), in both
the soft region with |q⊥| ∼ ω and the hard region with |q⊥| ≫ ω. From (91), this corresponds to ω = 0, u2 · n = u1 · n,
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γ = 3
2 and b̂ · n = 0. Starting with the first master integral, we have, using (49),

J1 = I(1, 0, 0) =

ˆ
d̂2−2εq⊥

eiq⊥·b̂

q2⊥ − ŵ2
2

, (A2)

= −
ˆ

d̂2−2εq⊥
e−iq⊥·b̂

q2
⊥ + ŵ2

2

,

= −ω−2ε

(ˆ
d̂2−2εq⊥

q2
⊥ +

z2
1

ω2

+O(ω)

)
−

(ˆ
d̂2−2εq⊥

e−iq⊥·b̂

q2
⊥

+O(ω)

)
,

= z−2ε
1

(
Csoft

ε +O(z1)
)
+
(
Chard

ε (−b̂2)ε +O(z1)
)
,

where

Csoft
ε = − Γ(ε)

(4π)1−ε
and Chard

ε = −Γ(−ε)
4π1−ε

. (A3)

Note that the opposite signs in the Γ-functions are easy to understand physically: they lead to opposite 1/ε residues,
making the boundary value finite when the soft and hard regions are added. We see that, as predicted in Section V
from the eigenvalues, the master integrals separate into a finite part as z1 → 0 and a part proportional to z−2ε

1 . The
second master integral can be calculated from this observation and we find

J2 = I(1, 0,−1) = b̂µ
∂J1

∂b̂µ
= z−2ε

1 (O(z1)) +
(
2εChard

ε +O(z1)
)
. (A4)

The third and fourth master integrals can be similarly calculated from

J3

∣∣∣∣
z=z∗

= I(0, 1, 0)

∣∣∣∣
z=z∗

= eib̂·kJ1

∣∣∣∣
ŵ2→ŵ1,z=z∗

= J1 ,

J4

∣∣∣∣
z=z∗

= I(0, 1,−1)

∣∣∣∣
z=z∗

= b̂µ
∂J3

∂b̂µ

∣∣∣∣
z=z∗

= J2 ,

(A5)

where we have used the fact that at z = z∗ implies ŵ1 = ŵ2, and b̂ · k = 0. For the fifth master integral we have

J5

∣∣∣∣
z=z∗

= I(1, 1, 0)

∣∣∣∣
z=z∗

=

ˆ
d̂2−2εq⊥

e−iq⊥·b̂

(q2
⊥ + ŵ2

2)((q⊥ − k⊥)2 + ŵ2
1)

∣∣∣∣
z=z∗

,

= ω−2−2ε

ˆ d̂2−2εq⊥
1(

q2
⊥ +

z2
1

ω2

)(
(q⊥ − n⊥)2 +

z2
1

ω2

) +O(ω)

 (A6)

+

(ˆ
d̂2−2εq⊥

e−iq⊥·b̂

(q2
⊥)

2
+O(ω)

)
,

= z−2−2ε
1

(
εCsoft

ε

ˆ 1

0

dx (x2 − x− 1)−1−ε +O(z1)

)
+

(
Chard

ε

4(1 + ε)
(−b̂2)1+ε +O(z1)

)
,

where we have used Feynman parameters in the soft region. We can then find the solution for the soft region as a
series in ε, and we get

J5

∣∣∣∣
z=z∗

= z−2−2ε
1

−
4ε tanh−1

(
1√
5

)
√
5

Csoft
ε +O(ε, z1)

+

(
Chard

ε

4(1 + ε)
(−b̂2)1+ε +O(z1)

)
. (A7)

Finally, for the sixth master integral we have

J6

∣∣∣∣
z=z∗

= b̂µ
∂J5

∂b̂µ

∣∣∣∣
z=z∗

= z−2−2ε
1 (O(ε, z1)) +

(
Chard

ε

2
(−b̂2)1+ε +O(z1)

)
. (A8)
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b. PN. In this section, we derive the boundary conditions used in Section VI. In this case, there are no regions, so
we just need to evaluate our master integrals on some submanifold of the kinematic space in D = 4. For this we will
use Schwinger parameters

1

An
=

1

Γ(n)

ˆ ∞

0

dααn−1e−αA , (A9)

and evaluate the integrals in the PN limit, which corresponds to:

γ → 1, ŵi ≈ ω = z2, b̂ · k → 0 . (A10)

For the boundary conditions, we will consider the point z = z∗ = (0, 1, z3, z4). Starting with the first master integral,
we have, using (49),

J1

∣∣∣∣
z=z∗

= I(1, 0, 0)

∣∣∣∣
z=z∗

=

ˆ
d̂2q⊥

eiq⊥·b̂

q2⊥ − 1

= −
ˆ

d̂2q⊥
e−iq⊥·b̂

q2
⊥ + 1

= −
ˆ ∞

0

dα e−α

ˆ
d̂2q⊥ e−iq⊥·b̂−αq2

⊥

= −
ˆ ∞

0

dα e−α− b̂2

4α

ˆ
d̂2q⊥ e−αq2

⊥

= − 1

4π

ˆ ∞

0

dαα−1 e−α− b̂2

4α

= − 1

2π
K0

(√
−b̂2

)
,

(A11)

where here b̂2 = −b̂2.

The second master integral is then given by

J2

∣∣∣∣
z=z∗

= I(1, 0,−1)

∣∣∣∣
z=z∗

= b̂µ
∂J1

∂b̂µ
|z=z∗ =

1

2π

√
−b̂2K1

(√
−b̂2

)
. (A12)

We can then obtain the third and fourth master integrals from these

J3

∣∣∣∣
z=z∗

= I(0, 1, 0)

∣∣∣∣
z=z∗

= eib̂·kJ1

∣∣∣∣
ŵ2→ŵ1,z=z∗

= J1

∣∣∣∣
z=z∗

,

J4

∣∣∣∣
z=z∗

= I(0, 1,−1)

∣∣∣∣
z=z∗

= b̂µ
∂J3

∂b̂µ
= J2

∣∣∣∣
z=z∗

.

(A13)

The final two master integrals are also evaluated simply as

J5

∣∣∣∣
z=z∗

= I(1, 1, 0)

∣∣∣∣
z=z∗

=

ˆ
d̂2q⊥

eiq⊥·b̂

(q2⊥ − 1)2

=

ˆ
d̂2q⊥

e−iq⊥·b̂

(q2
⊥ + 1)2

=
1

4π

ˆ
dα e−α− b̂2

4α

=
1

4π

√
−b̂2K1

(√
−b̂2

)
,

J6

∣∣∣∣
z=z∗

= I(1, 1,−1)

∣∣∣∣
z=z∗

= b̂µ
∂J5

∂b̂µ

∣∣∣∣
z=z∗

=
1

4π
b̂2K0

(√
−b̂2

)
.

(A14)
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Appendix B: Computational implementation in the PN limit

In this section, we describe the computational techniques used to find the z1-expansion of the tree-level waveform in
the post-Newtonian limit, using companion tensor algebra [56]. In this case, we are interested in reconstructing the
expansion of the W(0) functions, which are given by

W(0) = A · F , (B1)

where A = C′ ·G ·M−1 and F satisfies the differential equation

∂1F − ΩF · F = 0 , ΩF =M ·G−1(Ω1 ·G ·M−1 − ∂1(G ·M−1)) , (B2)

with all these matrices defined in Section VI. Companion tensor algebra allows us to perform such series expansions
without symbolic processing. In this framework, one views the z1-expansion of the solution F as a (semi-infinite)
matrix

F =

∞∑
k=0

Fkz
k
1 =



−1

↓
0

↓
1

↓
2

↓

1→ 0 (F0)1 (F1)1 (F2)1

2→ 0 (F0)2 (F1)2 (F2)2

ν→ 0 (F0)ν (F1)ν (F2)ν

 ·



z−1
1

1
z1

z21


. (B3)

Here, (Fi)j is a 2-vector corresponding to the jth row of the ith term in the z1-expansion of F , making up the two
components of the Bessel function basis. In this matrix representation, the rows correspond to the ν-dimensional
vector space of master integrals, while the columns correspond to the space of Laurent monomials in the expansion
variable z1

L = Span
(
. . . , z−1

1 , 1, z1, z
2
1 , . . .

)
. (B4)

Series expansions of the solution, therefore, naturally belong to tensor products of these two vector spaces, complemented
by the 2-dimensional Bessel function space F ∈ Kν ⊗ L ⊗ B2. Within this framework, various algebraic operations
are replaced with companion matrix representations of the corresponding operators on this tensor space, essentially
reducing symbolic computations to matrix multiplication.
a. Companion matrices. Our building blocks are companion matrices for z1 and ∂1 in the L vector space

L[z1] =


−1→ 1 0
0→ 1 0
1→ 1 0
2→ 1 0


L[∂1] =


−1→ 0 0
0→ 0 1
1→ 0 2
2→ 0 3


, (B5)

where in both sketches the 0’s are along the diagonal. In practice L is an infinite-dimensional vector space, however we
can truncate it by defining a minimum and maximum value of z1 that we are considering. The minimum value is
determined by the start of the series expansion we are looking for, and in this case it is just 0. The maximum value is
determined by the order we are interested in finding our series expansion up to, we call this ord. Then we can truncate
this to a (ord + 1)-dimensional vector space

L[z1] =


0→ 0
1→ 1 0
2→ 1 0

0
ord→ 1 0

 ord + 1

ord + 1

L[∂1] =


0→ 0 1
1→ 0 2
2→ 0 3

0 ord− 1
ord→ 0

 ord + 1

ord + 1

(B6)
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From these we can write any rational function in its companion matrix form, through matrix multiplication. The only
caveat is the existence of poles, for example, consider the following rational function that contains a pth order pole

r(z1) =
f(z1)

g(z1)
=

∑∞
i=0 fi z

i
1

zp1
∑∞

j=0 gi zi
, (B7)

where g0 ̸= 0. Naively finding the companion matrix representation of this function would give us

L[r(z1)] =
∑∞

i=0 fi L[z1]i

L[z1]p
∑∞

j=0 gj L[z1]j
= L[z1]−p ·

∑∞
i=0 fi L[z1]i∑∞
j=0 gj L[z1]j

. (B8)

This raises a problem, as L[z1] is not invertible, so we cannot raise it to negative powers. Therefore we must define an
inverse companion matrix

L[z−1
1 ] =


0→ 0 1
1→ 0 1
2→ 0 1

0 1
ord→ 0

 . (B9)

Now we replace any poles of order p by p powers of this matrix, and so any rational function can be written in
companion matrix representation

L[r(z1)] = L[z−1
1 ]p ·

( ∞∑
j=0

gj L[z1]j
)−1

·
∞∑
i=0

fi L[z1]i , (B10)

and as long as g0 ̸= 0, the denominator will be invertible.
b. Waveform from companion tensors. We can now use this companion tensor formalism to extract the coefficients
in the expansion of W(0). This is given by the system of equations

W(0) −A · F = 0 ,

(∂11ν − ΩF ) · F = 0 ,
(B11)

Similarly to what is done in the framework of intersection theory [56], we can recast this as a system of linear equations
by converting these operations on F into companion matrix operators

W(0) − L[A] · F = 0 ,

(L[∂1]1ν − L[Ω1]) · F = 0 .
(B12)

We can then reformulate these conditions as
1

0

0

−L[A]

L[∂1] 1ν − L[Ω1]

 ·


W(0)

F

 = 0 . (B13)

The problem is then reduced to row reduction of this matrix. In practice we formulate this whole framework within
FiniteFlow [44], and the new package for polynomial reduction and elimination theory over finite fields, SPQR [95].
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[32] P. H. Damgaard, E. R. Hansen, L. Planté, and P. Vanhove, JHEP 09, 183, arXiv:2307.04746 [hep-th].
[33] Z. Bern, E. Herrmann, R. Roiban, M. S. Ruf, A. V. Smirnov, V. A. Smirnov, and M. Zeng, Phys. Rev. Lett. 132, 251601

(2024), arXiv:2305.08981 [hep-th].
[34] M. Driesse, G. U. Jakobsen, G. Mogull, J. Plefka, B. Sauer, and J. Usovitsch, Phys. Rev. Lett. 132, 241402 (2024),

arXiv:2403.07781 [hep-th].
[35] Z. Bern, E. Herrmann, R. Roiban, M. S. Ruf, A. V. Smirnov, V. A. Smirnov, and M. Zeng, JHEP 10, 023, arXiv:2406.01554

[hep-th].
[36] M. Driesse, G. U. Jakobsen, A. Klemm, G. Mogull, C. Nega, J. Plefka, B. Sauer, and J. Usovitsch, Nature 641, 603 (2025),

arXiv:2411.11846 [hep-th].
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