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1. Introduction. Low-rank structures are ubiquitous in the computational sci-14

ences. They appear frequently as matrices having low numerical rank [35]. A low-rank15

approximation to a matrix provides an efficient way to store and process the matrix16

when the dimension is large. The Nyström method [14, 24, 38] has been a popular17

choice for finding low-rank approximations to symmetric positive semi-definite (SPSD)18

matrices, especially in the machine learning community for kernel-based methods.19

Let A ∈ Rn×n be a SPSD matrix and let the positive integer r be the target rank.20

Then the Nyström method is given by A
(s)
nys = CW †CT where C := AX ∈ Rn×s and21

W := XTAX ∈ Rs×s with r ≤ s < n and X ∈ Rn×s is a sketching matrix. The22

positive integer s is called the sketch size, and typically r < s ≪ n. Traditionally, X23

is chosen to be a column sampling matrix, which has exactly one non-zero entry equal24

to 1 in each column [14, 38]. In this case, C is a subset of s columns of A and W is25

an s × s principal submatrix of A. There are different sampling schemes for column26

sampling, including uniform sampling, leverage score sampling [14, 19, 38, 39, 21]27

and k-means++ sampling [25]. In recent years, other choices for X have been shown28

to be practical, including Gaussian matrices, subsampled randomized trigonometric29

transforms (SRTTs) and sparse maps [15, 20]. These are random embeddings, which30

are the focus of this paper, and unlike column sampling, they mix up the coordinates31

of a vector when applied [20].32

In this paper, we investigate the effect of using A
(s)
nys and its rank-restricted vari-33

ants for symmetric matrices that are possibly indefinite. Low-rank approximation of34

symmetric indefinite matrices arises in many applications, such as learning in repro-35

ducing kernel Krĕin spaces [26], natural language processing [8, 27] and non-metric36

proximity transformations [12], which has applications in bioinformatics and social37

networks. The original matrix A does not have to be SPSD for one to form the38

Nyström approximation A
(s)
nys. However, the theory does not translate directly to39

symmetric indefinite matrices because it uses the fact that the original matrix is40

SPSD [13, 14, 36]. Indeed, the Nyström approximation can be very poor for indefi-41

nite A, as we illustrate below. In this work, we show that a judiciously constructed42
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2 YUJI NAKATSUKASA AND TAEJUN PARK

rank-restricted variant of the Nyström approximation, when used with random em-43

beddings, is robust even for symmetric indefinite matrices, which often outperforms44

other existing methods as we show for synthetic datasets (Figure 5) and real datasets45

(Figure 6) in Section 4. We also show in Section 3 that there exists a projection46

for the core matrix W such that the Nyström approximation gives a good low-rank47

approximation to any symmetric matrix when the singular values decay sufficiently48

fast.49

1.1. Nyström methods and related work. There are several variants of the50

Nyström method for SPSD matrices. There are two rank-restricted versions that51

give a rank-r approximation to A
(s)
nys where r < s. The first version, which is more52

traditional, is defined by A
(s,r)
nys = CJW K†rCT [9, 14, 18] where JW Kr denotes the best53

rank-r approximation to the matrix W using the truncated SVD. The second version54

is given by JA(s)
nysKr = JCW †CT Kr [28, 32, 36], which was suggested more recently. The55

difference between the two methods is that A
(s,r)
nys performs rank-truncation in the core56

matrix, W , which makes this method cheaper to compute, while JA(s)
nysKr performs57

rank-truncation in the Nyström approximation A
(s)
nys, which makes this method take58

advantage of the full Nyström approximation, C and W , when performing the rank-59

truncation. There are also other variants of the Nyström method, including one for60

rectangular matrices [22, 33] and one that guarantees numerical stability [22]. This61

paper will mostly focus on A
(s,r)
nys .62

It is known that for SPSD matrices, A
(s)
nys [14] and JA(s)

nysKr [36] satisfy relative-63

error bounds in the nuclear norm. This means that if Â is a low-rank approximation64

to A (in this case, A
(s)
nys or JA(s)

nysKr) and ϵ > 0 then65

(1.1)
∥∥∥A− Â

∥∥∥
∗
≤ (1 + ϵ) ∥A− JAKr∥∗66

holds with high probability under some conditions on the sketch X and the sketch67

size s > r where ∥·∥∗ is the nuclear norm (the sum of the singular values). The details68

are in the relevant papers [14, 36]. On the other hand, it is not known whether A
(s,r)
nys69

satisfies a relative-error norm bound mentioned above [36]. In [28], an example of a 3×370

SPSD matrix is given, showing the downside of using A
(s,r)
nys for kernel approximations71

which commonly uses a column sampling matrix. The authors propose JA(s)
nysKr1 as an72

alternative, for which later Wang, Gittens and Mahoney derived a relative-error norm73

bound [36]. For this example, the problem persists even if we use random embeddings.74

However, this is a small example that can yield results with high variability, and75

random embeddings do give a smaller expected relative-error in the nuclear norm76

and a smaller variance result than column sampling, especially when the dimension77

of the matrix is large. This hints that random embeddings can be more robust and78

reliable than column sampling. This type of phenomena have been discussed before,79

for example in [20] where the authors point out that column sampling is less reliable80

than random embeddings due to their relatively high variance results.81

For symmetric indefinite matrices, which are the focus of this paper, not much82

has been shown. It is however known that the problem is rather difficult. We can83

easily see that the plain Nyström approximation, A
(s)
nys can behave poorly for sym-84

1As in [28], for SPSD matrices, it should be noted that
∥∥∥A− JA(s)

nysKr
∥∥∥ ≤ ∥∥∥A−A

(s,r)
nys

∥∥∥ will hold

in the spectral norm and the Frobenius norm.
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INDEFINITE NYSTRÖM APPROXIMATION 3

metric indefinite matrices.2 In Figure 1, the two plots were generated using 100×10085

symmetric indefinite matrices with Haar distributed eigenvectors. In the left plot, the86

eigenvalues decay geometrically from 1 to 10−8 with random signs, and in the right87

plot, the first 20 eigenvalues are equal to ±1 and the other 80 eigenvalues are equal88

to ±10−10 where the signs were applied randomly with equal probability. We apply89

the plain Nyström approximation A
(r)
nys using the Gaussian sketch to A. We can see90

that the plain Nyström approximation can be unstable. This type of issue has also
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Fig. 1. Plain Nyström approximation A
(r)
nys using the Gaussian sketch to 100× 100 symmetric

indefinite matrices. We can see that A
(r)
nys can be unstable.

91

been observed in a different context for CUR approximations of rectangular matrices92

[6]. Essentially, the issue arises from the possible presence of an eigenvalue of XTAX93

much smaller than σr(A) or even σmin(A)—a phenomenon that is absent when A is94

SPSD. This blows up the norm of the core matrix (XTAX)†, causing instability.95

Contributions. Our first contribution is to identify the main challenges in finding96

a good Nyström approximation to symmetric indefinite matrices. We find that the97

accuracy of the Nyström method is related to controlling the singular values of the98

core matrix W = XTAX, and show that the accuracy can be lost even if the singular99

values of W are sufficiently larger than the unit roundoff if W severely underestimates100

the leading eigenvalues of A. We then perform an analysis in Section 3 that overcomes101

the challenges. The analysis shows that a certain truncation in the core matrix can102

give a reliable Nyström approximation that guarantees (1.1) to symmetric indefinite103

matrices when the singular values decay sufficiently quickly. To our knowledge, this104

is the first relative-error norm bound for the Nyström method concerning general105

symmetric matrices that are possibly indefinite.106

Our second contribution is providing a practical algorithm (Algorithm 2.1) that107

gives a Nyström approximation to symmetric indefinite matrices. We show its robust-108

ness by comparing the algorithm to some of the existing methods in Section 4 and109

show that the algorithm performs robustly for symmetric indefinite matrices even in110

the presence of small singular values in the core matrix, whereas the other algorithms111

can fail. This algorithm is not new in the context of the Nyström method for SPSD112

matrices. However, to our knowledge, it has not been suggested or studied before for113

symmetric indefinite matrices.114

2For a contrived 2× 2 example, where the plain Nyström approximation fails to succeed because
the matrix is indefinite, see the arXiv version https://arxiv.org/abs/2212.01127.
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Existing methods. We review three existing ideas for using the Nyström method115

for indefinite matrices, among others. Cai, Nagy and Xi [3] derive an error bound for116

the Nyström method, A
(s)
nys for symmetric indefinite matrices that arise from a sym-117

metric function. This bound depends on how close the function values of the sampled118

points are, which is not an attractive dependence and may not be very useful in more119

general or practical situations. They suggest the plain Nyström method A
(r)
nys, which120

can be unstable. They also suggest AX(XTAX)†ϵ(AX)T for the Nyström approxima-121

tion motivated by [22] with the aim of improving the stability. This version truncates122

the core matrix W = XTAX so that σmin((X
TAX)ϵ) > ϵ where ϵ is of the order of123

the unit roundoff. However, this version can give worse approximations than A
(s)
nys124

[3] and does not always improve the stability of the Nyström approximation. Second,125

Ray et al. [29] suggest submatrix-shifted (SMS) Nyström to provide an efficient al-126

gorithm that deals with symmetric matrices that have only few negative eigenvalues.127

This method uses an eigenvalue shift based on the minimum eigenvalue of a small128

principal submatrix before applying the plain Nyström method A
(r)
nys. The downside129

of this method is that the eigenvalue shift can have serious negative impact on the130

approximation quality. Lastly, the authors in [12, 26] devise strategies to form the131

Nyström approximation to symmetric indefinite matrices. However, these methods132

use eigenvalue information of the original matrix, which is expensive to compute. The133

three existing methods described above use column sampling matrices for X, which134

is different from random embeddings. In the final section (Section 5), we will revisit135

their differences in relation to our method and discuss the implications.136

Non-Nyström approaches. In [15], a low-rank approximation for symmetric ma-137

trices in the form of the randomized SVD is given. This approximation is given by138

QQTAQQT where Q ∈ Rn×s is the orthonormal matrix in the thin QR decomposi-139

tion of AX and is known to satisfy a relative-error norm bound. The dominant cost140

is O(n2s) flops for forming QTA (assuming A is dense), which becomes prohibitive141

when n, s are large. Wang, Luo and Zhang derived in [37] a relative-error norm bound142

to any symmetric matrices (possibly indefinite) for the prototype model. This model143

computes the low-rank approximation by first forming the sketch C = AX and then144

approximating A by CXCT where X = C†A(C†)T . The authors show that if C145

contains s = O(k/ϵ) columns of A chosen by adaptive sampling then the prototype146

model has relative-error of at most (1 + ϵ). The dominant costs for the algorithm in147

[37] are O(n2r log r) for computing C and O(n2r) for computing C†A, which becomes148

very costly with large n.149

Non-symmetric approaches. We can use non-symmetric low-rank approximation150

to symmetric indefinite matrices. Examples are the randomized SVD [15], which is151

given by QQTA using the notation in the previous paragraph and the generalized152

Nyström method [4, 22, 33] given by AX(Y TAX)†Y TA where X and Y are indepen-153

dent random embeddings of different dimensions. The details can be found in the154

relevant papers. For both methods, since their representation is not symmetric, if we155

want to force symmetry in their representations (e.g. by taking the symmetric part156

(MT +M)/2), we may risk doubling the rank in the approximation. In addition, as157

mentioned in the previous paragraph, the randomized SVD has the cost of comput-158

ing QTA, which becomes prohibitive when n, s are large. For generalized Nyström,159

we approximately double the number of matrix-vector multiplications needed as A160

needs to be multiplied by two independent random embeddings X and Y and this,161

in turn doubles the storage requirement (in fact, more than double because Y (or X)162

is recommended to be larger [22]). In this paper, we focus on symmetric low-rank163
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INDEFINITE NYSTRÖM APPROXIMATION 5

approximations.164

Notation. Throughout, we use ∥·∥2 for the spectral norm or the vector-ℓ2 norm,165

∥·∥∗ for the nuclear norm (sum of singular values) and ∥·∥F for the Frobenius norm. We166

use dagger † to denote the pseudoinverse of a matrix and JAKr to denote the best rank-167

r approximation to A in any unitarily invariant norm, i.e., the approximation derived168

from truncated SVD [16]. Unless specified otherwise, σi(A) denotes the ith largest169

singular value of the matrix A and λi(A) the ith largest eigenvalue in magnitude.170

Lastly, we use MATLAB style notation for matrices and vectors. For example, for171

the kth to (k + j)th columns of a matrix A we write A(:, k : k + j).172

2. Proposed method. When we use the Nyström method on symmetric in-173

definite matrices, it can lead to problems. The main concern is in the core matrix174

W = XTAX because the positive and negative eigenvalues of A can ‘cancel’ each175

other out when forming W , making the eigenvalues of W much smaller than σr(A).176

This causes inaccuracies and instabilities when computing the pseudo-inverse of W .177

More specifically, if we use column sampling then W would be a principal submatrix178

of A. By Cauchy’s interlacing theorem, the spectrum of W is contained in the interval179

[λmin(A), λmax(A)] which contains both positive and negative values since A is indefi-180

nite. Therefore the magnitude of the eigenvalues of W can be significantly smaller in181

magnitude from those of A, resulting in the matrix W † blowing up. In addition, the182

computation of the pseudo-inverse of W can be numerically unstable if σmin(W ) < u183

where u is the unit roundoff. Thus, the main challenge is to ensure that W † does not184

ruin the Nyström approximation quality. One approach is to introduce a potentially185

large shift to make A SPSD, but this can severely affect the approximation quality186

unless A is nearly definite, that is, the negative eigenvalues of A are very small in187

magnitude, for example, on the order of machine precision. This idea is used for188

SPSD matrices where a small shift is introduced to gain numerical stability, however189

the shift here needs to be small enough to ensure that accuracy is still high [17, 32].190

In light of these observations, we propose191

A
(c,r)
indef = AXJXTAXK†r(AX)T192

for symmetric indefinite matrices A ∈ Rn×n whereX ∈ Rn×cr is a random embedding,193

c > 1 is a modest constant, say c = 1.5 or c = 2, and r is the target rank. When A is194

SPSD and the sketch size s is proportional to the target rank, A
(c,r)
indef is equivalent to195

A
(cr,r)
nys . This rank-restricted version truncates the bottom (c− 1)r singular values of196

W ∈ Rcr×cr, which can potentially be harmful even if they are sufficiently larger than197

the unit roundoff. This is different to the truncation used in [3] as they use truncation198

based on the magnitudes of the singular values of W , whereas for our method, the199

number of bottom singular values we truncate is proportional to the target rank. This200

intuition is justified by Andoni and Nguyên [1], who prove that the largest eigenvalues201

(whose proportional to the sketch size) of symmetric matrices with rapidly decaying202

singular values are approximately preserved under conjugation by a Gaussian sketch203

with an appropriate normalization factor.204

Now, let us define a quantity that will measure how well the singular values are205

preserved in the core matrix W of the Nyström method. For a symmetric matrix206

A ∈ Rn×n, a target rank r and a sketch size s ≥ r, define207

(2.1) κW (A, r, s) :=

max
1≤i≤r

σi(X
TAX)/σi(A)

min
1≤j≤r

σj(XTAX)/σj(A)
= max

1≤i≤r
max
1≤j≤r

σi(X
TAX)

σj(XTAX)

σj(A)

σi(A)
208
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where X ∈ Rn×s is a Gaussian embedding matrix. This quantity measures the ratio209

between the worst over-approximation and the worst under-approximation of the lead-210

ing singular values of A using the singular values in the core matrix W . κW (A, r, s)211

will help us see how much the singular values of W have deviated from the leading212

singular values of A, which directly affects the Nyström approximation quality as we213

illustrate below.214

In Figure 2, we show how important it is to ensure that the spectrum of W215

does not ruin the approximation quality. In this experiment3, A ∈ R1000×1000 is a216

symmetric indefinite matrix constructed as in the left plot of Figure 1. The smallest217

singular value in the core matrix was larger than 10−7 throughout this experiment.218

For the truncated cases, A
(1.5,r)
indef and A

(r+5,r)
nys , the approximation is robust as seen219

in Figure 2a. This robustness we see is illustrated in Figure 2b where the singular220

values of W = XTAX behaves well in the sense that there is no wild fluctuations in221

κW (A, r, r+5) and κW (A, r, 1.5r). However, when the sketch size is not proportional222

to the target rank (s = r + 5), the relative approximation error for A
(r+5,r)
nys (when223

compared with the truncated SVD) and κW (A, r, r+5) grow as we increase the target224

rank. This problem can become worse and the approximation can become unstable225

when we use SRTT matrices for efficiency with the sketch size s = r + 5 (See Figure226

3 and Subsection 2.1). When the sketch size is proportional to the target rank,227

κW (A, r, 1.5r) and the relative approximation error for A
(1.5,r)
indef are approximately a228

constant, which motivates us to choose the oversample size to be proportional to229

the target rank. On the other hand, without the truncation in the core matrix we230

see that κW (A, r, r) behaves wildly. This indicates that the singular values of W231

inaccurately approximates the leading singular values of A. As a result, the Nyström232

approximations A
(1.5r)
nys and JA(1.5r)

nys Kr can yield unstable results. Empirically, this233

provides a reason to favour A
(c,r)
indef over other variants of the Nyström method for234

symmetric indefinite matrices.235

2.1. Random embeddings. A subspace embedding [30] is a linear map which236

preserves the 2-norm of every vector in a given subspace, that is, S ∈ Rs×n is a237

subspace embedding for the span of A ∈ Rn×n with distortion ϵ ∈ (0, 1) if238

(2.2) (1− ϵ) ∥Ax∥2 ≤ ∥SAx∥2 ≤ (1 + ϵ) ∥Ax∥2239

for every x ∈ Rn. A random embedding is a subspace embedding drawn at random240

that satisfy Equation (2.2) with high probability.241

Random embeddings have more attractive properties than column sampling ma-242

trices [11, 20], one of which is that the results obtained using random embeddings243

generally have smaller variance than the results obtained using column sampling.244

Below are few important examples of random embeddings.245

2.1.1. Gaussian matrices. A Gaussian embedding is a random matrix G ∈246

Rs×n with i.i.d. entries Gij ∼ N(0, 1/s). The scaling ensures that E[∥Gx∥22] = ∥x∥22247

for every x ∈ Rn. Gaussian embedding is the most widely used random embedding for248

theoretical analysis4 and often has optimal guarantees [15, 20]. The cost of applying249

a Gaussian embedding to an n × n matrix is O(n2s). This becomes prohibitive for250

large n, so a more structured random embeddings are often used in practice.251

3All experiments were performed in MATLAB version 2021a using double precision arithmetic.
4Other random embeddings often lack strong theoretical guarantees, however they behave simi-

larly to a Gaussian embedding in practice. For this reason, Gaussian theory is often used to provide
a rule of thumb for the general behavior [20].
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Fig. 2. Accuracy of the Nyström approximations A
(1.5,r)
indef , A

(r)
nys, A

(r+5,r)
nys and JA(1.5r)

nys Kr to

a symmetric indefinite matrix A ∈ R1000×1000. Figure 2a shows the Nyström error in the nuclear
norm and Figure 2b shows the accuracy of the singular values of W = XTAX when compared with
the singular values of A. We observe that the truncation in the core matrix W can significantly
increase the robustness and the accuracy of the Nyström approximation.

2.1.2. SRTTs. A subsampled randomized trigonometric transform (SRTT) ma-252

trix is an n× s matrix with n ≥ s of the form253

(2.3) S =

√
n

s
DFRT

254

where D ∈ Rn×n is a random diagonal matrix whose entries are independent and255

take ±1 with equal probability, F ∈ Cn×n is a unitary trigonometric transform and256

R ∈ Rs×n is a random restriction. In the complex case, F is the unitary discrete257

Fourier transform (DFT) and in the real case, F is commonly the discrete cosine258

transform (DCT). The sketch size needs to be s = O(r log r) for theoretical guarantees259

[31], but in practice s = O(r) often suffices5 [15, 20]. The cost of applying SRTT to260

an n× n matrix is O(n2 log r) [2] using the subsampled FFT algorithm [40].261

2.1.3. Sparse maps. Sparse maps are sparse matrices with nonzero entries that262

are random signs [4, 20, 23, 39]. They are particularly useful for sparse data and they263

take the form264

(2.4) S =
1√
s
[s1, ..., sn] ∈ Rs×n

265

where the columns of S, the si’s are statistically independent and has exactly ξ266

nonzero entries that take ±1 with equal probability, placed uniformly at random267

coordinates. We need the sketch size to be s = O(r log r) and the sparsity parameter to268

be ξ = O(log r) for theoretical guarantees [5]. In [34], ξ = min{s, 8} was recommended269

in practice. The cost of applying sparse maps to a matrix A is O(ξ · nnz(A)) where270

nnz(A) is the number of nonzero entries of A if sparse data structures and arithmetic271

are available.272

5For difficult examples, say a coherent example, the log r factor is necessary. (See Figure 3)
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2.2. Suggested algorithm. For a general symmetric matrix A ∈ Rn×n with273

the target rank r, we suggest274

(2.5) A
(c,r)
indef = AXJXTAXK†r(AX)T = CJW K†rC

T
275

where X ∈ Rn×s is a random embedding with the sketch size s = cr where c > 1 is a276

modest constant. The algorithm is given in Algorithm 2.1. For the choice of random277

embeddings, if A is sparse then we suggest sparse maps with sparsity ξ = min{cr, 8}278

and when A is dense we suggest SRTT matrices. The recommended sketch size is279

s = 1.5r for efficiency, but if one wants a better approximation quality guarantee280

then the sketch size can be increased to, for example, s = 2r or s = 4r. Note that281

the truncation is performed irrespectively of the singular values of W (unlike previous282

studies, e.g. [3]); our analysis in Section 3 suggests that it is important that the283

number of singular values to be truncated (s− r) = (c− 1)r is proportional to r.284

Algorithm 2.1 Judiciously truncated Nyström approximation for indefinite matrices

Require: Symmetric matrix A ∈ Rn×n, target rank r < n, sketch size r < s < n (rec. s = 1.5r)

Ensure: C ∈ Rn×s and W †
r ∈ Rs×s with rank(W ) ≤ r as in (2.5)

1: Draw a random embedding X ∈ Rn×s ▷ Sparsity ξ = min{s, 8} for sparse maps
2: C ← AX
3: W ← XTC
4: [V,Λ] = eig(W ), eigendecomposition of W

5: W †
r = V (:, 1 : r)Λ(1 : r, 1 : r)†V (:, 1 : r)T , pseudoinverse of the best rank-r approximation of W

6: Output C ∈ Rn×s and W †
r ∈ Rs×s

Complexity. When a sparse map is used, the cost of Algorithm 2.1 isO(ξ·nnz(A)+285

r3) which consists of O(ξ ·nnz(A)) flops for forming the sketch and O(r3) flops for the286

eigendecomposition. With an SRTT sketch, the total cost is O(n2 log r + r3), where287

O(n2 log r) is needed for forming the sketch and O(r3) for computing the eigendecom-288

position.6289

Eigendecomposition of A
(c,r)
indef . Algorithm 2.1 as presented does not output the290

eigendecomposition of A
(c,r)
indef . To do this, we require an extra O(nr2 + r3) flops. We291

need O(nr2) flops to compute the thin QR decomposition of C = QR, O(r3) flops to292

form and compute the eigendecomposition of RJW K†rRT = UΣUT and O(nr2) flops293

to form U1 = QU giving us the eigendecomposition, A
(c,r)
indef = U1ΣU

T
1 .294

In Figure 3, we illustrate Algorithm 2.1 for the SRFT sketch and the sparse295

map. The experiment was conducted with synthetic 2000×2000 symmetric indefinite296

matrices. The top two plots have eigenvalues that decay geometrically from 1 to297

10−12 each assigned a random sign with equal probability and the eigenvectors are298

in a 2 × 2 block diagonal form, diag(I200, U) where I200 is the 200 × 200 identity299

matrix and U ∈ R1800×1800 is a Haar distributed orthogonal matrix. This eigenvector300

matrix is a more coherent example than our previous examples and is known to be a301

difficult example for SRTT matrices [2] (when the eigenvectors are Haar distributed,302

SRTT (or essentially any sketch) behaves the same as a Gaussian sketch, giving good303

results). The bottom two plots were generated using the same eigenvector matrix, but304

with eigenvalues equal to ±1 for the first 100, ±10−4 for the next 100, ±10−8 for the305

100 eigenvalues after that and ±10−16 for the last 1700 eigenvalues each assigned a306

6Since we are using random embeddings for robustness, Algorithm 2.1 is strictly more expensive
than classical Nyström methods (column subsampling) if the columns can be sampled quickly.

This manuscript is for review purposes only.



INDEFINITE NYSTRÖM APPROXIMATION 9

random sign with equal probability. In the two left plots, we see that the SRFT sketch307

can fail if the sketch size is not large enough. This instability in the approximation308

can be fixed by enlarging the sketch size. We see that s = r + 5 does not do well,309

but when s = 4r the approximation becomes more accurate and robust. In the right310

plot, we see that the SRFT sketch with the sketch size s = r log r, which comes with311

theoretical guarantees has excellent approximation quality. Finally, we see that the312

sparse map with sparsity ξ = 8 gives a robust approximation throughout, which can313

be improved by enlarging the sketch size.314
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Fig. 3. Algorithm 2.1: A difficult (coherent) example for the SRFT sketch. The approximation
can be unstable if the sketch size is too small for the SRFT sketch (left plots). This problem can
be fixed by enlarging the sketch size. The right plots show that sparse maps have no issue with this
example and the approximation is robust.

3. Analysis. For a general symmetric matrix A ∈ Rn×n, there are no known315

relative-error norm bounds for the Nyström method. Here we show that for general316

symmetric matrices, the Nyström method when used with a Gaussian sketch satisfies317

in expectation a relative-error nuclear norm bound under some orthogonal projection318

in the core matrix, when the singular values decay sufficiently fast. The analysis that319

follows establishes the accuracy not of Algorithm 2.1, but of a closely related variant320

of the Nyström method. The last paragraph of this section discusses this in more321

detail.322

Let A ∈ Rn×n be a symmetric matrix and let the eigendecomposition of A be323

(3.1) A = V ΛV T = [V1, V2, V3]

Λ1 0 0
0 Λ2 0
0 0 Λ3

 [V1, V2, V3]
T

324

where V ∈ Rn×n is the orthogonal eigenvector matrix of A and Λ ∈ Rn×n is a diagonal325

matrix containing the eigenvalues of A. The matrices with subscript 1 have r columns,326
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10 YUJI NAKATSUKASA AND TAEJUN PARK

those with subscript 2 have (c1− 1)r columns and subscript 3 have (n− c1r) columns327

where r < c1r < n and c1 > 1 is a constant such that c1r is a positive integer. The328

eigenvalues are ordered in non-increasing order with respect to their magnitude, so329

we have σi(A) = |λi(A)| for all i.330

Now we state our main theorem, and discuss the three key facts that will accom-331

pany our proof before getting to the proof immediately.332

Theorem 3.1. Let A ∈ Rn×n be a symmetric matrix as in (3.1) and assume that333

λr(A) ̸= 0. Let c1 and c2 be constants with 1 < c1 < c2 < n
r − 1 such that c1r334

and c2r are positive integers. Define Xi := V T
i X for i = 1, 2, 3 where X ∈ Rn×c2r335

is a Gaussian matrix, and set B = X3Q⊥(X1Q⊥)
† ∈ R(n−c1r)×r where Q⊥ ∈336

Rc2r×(c2−c1+1)r is an orthogonal complement of XT
2 ∈ Rc2r×(c1−1)r. Let (X1Q⊥)

† =337

Q̂R̂ be the thin QR decomposition of (X1Q⊥)
† and set U := Q⊥Q̂ ∈ Rc2r×r. Then338

the orthogonal projector P = UUT ∈ Rc2r×c2r satisfies339

(3.2) E [∥E∥∗ |ΩF ] ≤ (1 + ϵr,A) ∥A− JAKr∥∗340

where341

(3.3) E := A−AX(PXTAXP )†XTA342

is the associated Nyström error, ΩF is an event defined as343

(3.4) ΩF :=

{∥∥∥|Λ3|1/2B
∥∥∥2
F
≤ 0.5|λr(A)|

}
344

where |Λ3| is defined element-wise and345

(3.5) ϵr,A := 2b
√
r

(
1 +

|λc1r+1(A)|
|λr(A)|

+
2√
b

)
∥Λ3∥∗

∥Λ2∥∗ + ∥Λ3∥∗
346

where b = r
(c2−c1)r−1 .347

In the above theorem, c1 and c2 are oversampling factors which are of modest size,348

say c1 = 1.5 and c2 = 2. We need two factors because we need X1Q⊥ ∈ Rr×(c2−c1+1)r349

and X3Q⊥ ∈ R(n−c1r)×(c2−c1+1)r to be rectangular Gaussian matrices, which makes350

them well-conditioned with high probability [7]. We can view c1 as c in Algorithm 2.1351

and c2 to be the oversampling factor introduced to make the analysis possible. By352

making c1, c2 and (c2 − c1) larger, we can improve the bound in the above Theorem.353

The orthogonal projector P = UUT truncates the core matrix W = XTAX by remov-354

ing the largest ‘unwanted’ eigenvalues of A, i.e. the eigenvalues in Λ2, using X⊥ factor355

in U . This helps the core matrix to not be corrupted by the interaction between the356

target and the large ‘unwanted’ singular values and singular vectors of A, which can357

happen when forming XTAX. Lastly, the ϵr,A in the theorem plays a similar role to358

the distortion ϵ in Equation (1.1) and ΩF is roughly the event that the eigenvalues of359

A decay rapidly enough. If we assume that A has a low-rank structure, for example,360

|λr(A)| ≫ |λc1r+1(A)|, then ΩF would hold with high probability and ϵr,A would be a361

moderately-sized constant, which tells us that the relative-error nuclear norm bound362

in (3.2) is good.363

We now introduce three key facts that will be useful for our proof. The first fact364

follows closely the analysis in [22]. Let P := ΛV TX(PXTAXP )†XTV be an oblique365

projector. Then we can rewrite the associated Nyström error as366

(3.6) E = V (I − P)ΛV T .367
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As shown in [22], it is straightforward to see that we can rewrite the associated368

Nyström error as369

(3.7) V TEV = (I − P)Λ = (I − P)Λ(I − V TXUM)370

for any M ∈ Rr×n. Let Vr = [Ir, 0]
T ∈ Rn×r and set M = (V T

r V TXU)†V T
r then we371

get372

(3.8) V TEV = (I − P)Λ(I − VrV
T
r )(I − V TXU(V T

r V TXU)†V T
r ).373

This modification of the associated Nyström error will be important for our proof.374

The second fact is the following. Let f(x) be convex in the interval [x1, x2] with375

x1 < x2. Define g(x) on [x1, x2] to be the linear function joining the endpoints of f on376

[x1, x2], that is, g(x) =
f(x2)−f(x1)

x2−x1
x+ f(x1)x2−f(x2)x1

x2−x1
. Then f(x) ≤ g(x) on [x1, x2].377

Let Y be a random variable with Y ∈ [x1, x2] almost surely. Then f(Y ) ≤ g(Y ) almost378

surely. Furthermore, if Y ∈ [x1, x2] conditional on an event Ω, then conditional on Ω379

we get380

(3.9) f(Y ) ≤ g(Y ).381

The last fact is based on expected norm bounds for Gaussian matrices from [15,382

App. A]. We can deduce the following lemma.383

Lemma 3.2. Let B be the matrix as in Theorem 3.1 and let S be a fixed real384

matrix such that SB is defined. Then385

(3.10) E ∥SB∥2F = b ∥S∥2F386

where b = r
(c2−c1)r−1 as in Theorem 3.1.387

Proof. Since conditional on X2, X3Q⊥ and X1Q⊥ are two independent Gaussian388

matrices, we have389

EX1,Q⊥,X3
∥SB∥2F = EX1,Q⊥

[
EX3

[∥∥SX3Q⊥(X1Q⊥)
†∥∥2

F

∣∣∣∣X1, X2

]]
390

= ∥S∥2F EX1,Q⊥

∥∥(X1Q⊥)
†∥∥2

F
391

=
r

(c2 − c1)r − 1
∥S∥2F392

393

using the tower property and the propositions in [15, App. A].394

Now using these three key facts we are ready to prove Theorem 3.1.395

Proof of Theorem 3.1. Since U is an orthonormal matrix we have396

AX(PXTAXP )†XTA = AX(UUTXTAXUUT )†XTA397

= AXU(UTXTAXU)†UTXTA.398399

Now since X1Q⊥ ∈ Rr×(c2−c1+1)r is a fat rectangular Gaussian matrix, hence full400

rank with probability 1, we have X1Q⊥(X1Q⊥)
† = Ir. Therefore401

(3.11) X1Q⊥Q̂ = R̂−1
402
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12 YUJI NAKATSUKASA AND TAEJUN PARK

and we get403

(3.12) V TXU =

X1

X2

X3

Q⊥Q̂ =

X1Q⊥Q̂
0

X3Q⊥Q̂

 =

 R̂−1

0

BR̂−1

404

where B = X3Q⊥(X1Q⊥)
† ∈ R(n−c1r)×r.405

Now we use the first key fact (Equation (3.8)) and get406

(3.13) V TEV = (I − P)Λ(I − VrV
T
r )(I − V TXU(V T

r V TXU)†V T
r )407

where P = ΛV TX(PXTAXP )†XTV and Vr is as below. Using408

(3.14) V TXU =

 R̂−1

0

BR̂−1

 ,Λ =

Λ1 0 0
0 Λ2 0
0 0 Λ3

 , Vr =

[
Ir
0

]
409

we get410

V TEV = (I − P)Λ

[
0

In−r

]
[0, In−r]

I −

 R̂−1

0

BR̂−1

(R̂−1
)†

[Ir, 0]

411

= (I − P)

 0 0 0
0 Λ2 0

−Λ3B 0 Λ3

 .412

413

We also get414

P =

Λ1R̂
−1

0

BR̂−1



 R̂−1

0

BR̂−1

T  Λ1R̂
−1

0

Λ3BR̂−1




†  R̂−1

0

BR̂−1

T

415

=

 Λ1R̂
−1

0

Λ3BR̂−1

(R̂−T
(
Λ1 +BTΛ3B

)
R̂−1

)†  R̂−1

0

BR̂−1

T

416

=

 Λ1

0
Λ3B

(Λ1 +BTΛ3B
)†

[Ir, 0, B
T ]417

418

by taking out a factor of R̂−1 and R̂−T from the pseudo-inverse. This is possible419

because if we condition on ΩF then (Λ1 + BTΛ3B) is a non-singular r × r matrix.420

Now for shorthand let S := Λ1 +BTΛ3B. Then421

I − P =

Ir − Λ1S
† 0 −Λ1S

†BT

0 I(c1−1)r 0
−Λ3BS† 0 In−c1r − Λ3BS†BT

 .422

423
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Therefore424

V TEV = (I − P)

 0 0 0
0 Λ2 0

−Λ3B 0 Λ3

425

=

 Λ1S
†BTΛ3B 0 −Λ1S

†BTΛ3

0 Λ2 0
−Λ3B + Λ3BS†BTΛ3B 0 Λ3 − Λ3BS†BTΛ3

426

=

Λ1S
†BTΛ3B 0 −Λ1S

†BTΛ3

0 Λ2 0
−Λ3BS†Λ1 0 Λ3 − Λ3BS†BTΛ3

 .427

428

We now bound E in the nuclear norm. For shorthand, define the following429

a1 = Λ1S
†BTΛ3B430

a2 = Λ1S
†BTΛ3431

a3 = Λ3 − Λ3BS†BTΛ3.432433

We then have434

∥E∥∗ ≤ ∥Λ2∥∗ + ∥a1∥∗ + 2 ∥a2∥∗ + ∥a3∥∗ .435436

Let us note437

(3.15) Λ1S
† = Λ1

(
Λ1 +BTΛ3B

)†
=
(
Ir +BTΛ3BΛ−1

1

)†
438

conditional on ΩF since λr(A) ̸= 0 and439

(3.16)
∥∥BTΛ3B

∥∥
F
=
∥∥∥BT |Λ3|1/2 sgn (Λ3)|Λ3|1/2B

∥∥∥
F
≤
∥∥∥|Λ3|1/2B

∥∥∥2
F

440

where |Λ3| and sgn(Λ3) are defined element-wise.441

We now bound E[∥a1∥∗ |ΩF ], E[∥a2∥∗ |ΩF ] and E[∥a3∥∗ |ΩF ] using the second442

(Equation (3.9)) and the third (Lemma 3.2) key fact. We start with a1. Conditional443

on ΩF , we have444

∥a1∥∗ ≤
√
r
∥∥Λ1S

†BTΛ3B
∥∥
F

445

≤
√
r
∥∥∥(Ir +BTΛ3BΛ−1

1

)†∥∥∥
2

∥∥BTΛ3B
∥∥
F

446

≤
√
r

∥∥BTΛ3B
∥∥
F

1− ∥BTΛ3B∥F
∥∥Λ−1

1

∥∥
2

447

≤
√
r∥∥Λ−1

1

∥∥
2

∥∥|Λ3|1/2B
∥∥2
F

∥∥Λ−1
1

∥∥
2

1−
∥∥|Λ3|1/2B

∥∥2
F

∥∥Λ−1
1

∥∥
2

448

≤
√
r∥∥Λ−1

1

∥∥
2

(
2
∥∥∥|Λ3|1/2B

∥∥∥2
F

∥∥Λ−1
1

∥∥
2

)
449

450

where the last inequality was obtained using the second fact with Y =451 ∥∥|Λ3|1/2B
∥∥2
F

∥∥Λ−1
1

∥∥
2
, the event ΩF , the interval [0, 0.5], f(x) = x

1−x which is con-452

vex on [0, 0.5] and g(x) = 2x. Now taking conditional expectation and using the third453
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14 YUJI NAKATSUKASA AND TAEJUN PARK

fact (Lemma 3.2) we get454

E [∥a1∥∗ |ΩF ] ≤ 2
√
rE
[∥∥∥|Λ3|1/2B

∥∥∥2
F

∣∣∣∣ΩF

]
455

= 2
√
rb
∥∥∥|Λ3|1/2

∥∥∥2
F

456

= 2
√
rb ∥Λ3∥∗ .457458

For a2, it is similar to a1. Conditional on ΩF we have459

∥a2∥∗ ≤
√
r
∥∥Λ1(Λ1 +BTΛ3B)†BTΛ3

∥∥
F

460

≤
√
r
∥∥(Ir +BTΛ3BΛ−1

1 )†
∥∥
2

∥∥∥|Λ3|1/2B
∥∥∥
F

∥∥∥|Λ3|1/2
∥∥∥
F

461

≤
√
r
√
∥Λ3∥∗√∥∥Λ−1
1

∥∥
2

∥∥|Λ3|1/2B
∥∥
F

√∥∥Λ−1
1

∥∥
2

1−
∥∥|Λ3|1/2B

∥∥2
F

∥∥Λ−1
1

∥∥
2

462

≤
√
r
√
∥Λ3∥∗√∥∥Λ−1
1

∥∥
2

2
∥∥∥|Λ3|1/2B

∥∥∥
F

√∥∥Λ−1
1

∥∥
2

463

464

where we used the second fact for the last inequality with Y =
∥∥|Λ3|1/2B

∥∥
F

√∥∥Λ−1
1

∥∥
2
,465

the interval [0,
√
0.5], f(x) = x

1−x2 and g(x) = 2x. Therefore we get466

E[∥a2∥∗ |ΩF ] ≤ 2
√
r
√
∥Λ3∥∗E

[∥∥∥|Λ3|1/2B
∥∥∥
F

∣∣∣ΩF

]
467

≤ 2
√
r
√
∥Λ3∥∗

√
E
[∥∥|Λ3|1/2B

∥∥2
F

∣∣∣ΩF

]
468

≤ 2
√
rb ∥Λ3∥∗469470

using Lemma 3.2.471

Finally for a3, we get472

∥a3∥∗ ≤ ∥Λ3∥∗ +
√
r
∥∥∥|Λ3|1/2

∥∥∥2
2

∥∥∥|Λ3|1/2B
∥∥∥2
F

∥∥(Λ1 +BTΛ3B)†
∥∥
2

473

in a similar manner, and conditional on ΩF we have474 ∥∥∥|Λ3|1/2B
∥∥∥2
F

∥∥(Λ1 +BTΛ3B)†
∥∥
2
≤
∥∥∥|Λ3|1/2B

∥∥∥2
F

∥∥Λ−1
1

∥∥
2

∥∥Λ1(Λ1 +BTΛ3B)†
∥∥
2

475

≤
∥∥|Λ3|1/2B

∥∥2
F

∥∥Λ−1
1

∥∥
2

1−
∥∥|Λ3|1/2B

∥∥2
F

∥∥Λ−1
1

∥∥
2

476

≤ 2
∥∥∥|Λ3|1/2B

∥∥∥2
F

∥∥Λ−1
1

∥∥
2

477
478

using the second fact with the same values as the a1 case. Therefore479

E[∥a3∥∗ |Ω2] ≤ ∥Λ3∥∗ + 2
√
r ∥Λ3∥2

∥∥Λ−1
1

∥∥
2
E
[∥∥∥|Λ3|1/2B

∥∥∥2
F

∣∣∣∣ΩF

]
480

≤ ∥Λ3∥∗ + 2
√
rb ∥Λ3∥2

∥∥Λ−1
1

∥∥
2
∥Λ3∥∗ .481482
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Finally, combining everything together we get483

(3.17) E [∥E∥∗ |ΩF ] ≤ ∥Λ2∥∗ + ∥Λ3∥∗ + 2b
√
r

(
1 +

|λc1r+1(A)|
|λr(A)|

+
2√
b

)
∥Λ3∥∗ .484

Therefore485

(3.18) E [∥E∥∗ |ΩF ] ≤ (1 + ϵr,A) (∥Λ2∥∗ + ∥Λ3∥∗) = (1 + ϵr,A) ∥A− JAKr∥∗486

with487

(3.19) ϵr,A = 2b
√
r

(
1 +

|λc1r+1(A)|
|λr(A)|

+
2√
b

)
∥Λ3∥∗

∥Λ2∥∗ + ∥Λ3∥∗
.488

Remark 3.3.489

1. The relative-error nuclear norm bound is informative if ϵr,A is small. Now490

since b ≈ (c2 − c1)
−1 = O(1), we have491

(3.20) ϵr,A = O

( √
r ∥Λ3∥∗

∥Λ2∥∗ + ∥Λ3∥∗

)
.492

Therefore the relative-error nuclear norm bound is good if493

(3.21)
√
r

n∑
j=c1r+1

|λj(A)| =
√
r ∥Λ3∥∗ ≲ ∥Λ2∥∗ =

c1r∑
j=r+1

|λj(A)|.494

2. Using a similar proof technique we can obtain mixed norm bounds. The495

2-norm version of Theorem 3.1 would give496

(3.22) E [∥E∥2 |ΩF ] ≤ ∥A− JAKr∥2 +
ϵr,A√
r
∥A− JAKr∥∗497

and the Frobenius norm version would give498

(3.23) E [∥E∥F |ΩF ] ≤ ∥A− JAKr∥F +
ϵr,A√
r
∥A− JAKr∥∗499

where ϵr,A is as in Theorem 3.1. Therefore the constant in front of the best500

rank-r nuclear norm error improves to ϵr,A/
√
r = O(1) using the second501

remark (3.20). This type of mixed norm bounds along with the relative-error502

nuclear norm bound in Theorem 3.1 are fairly consistent with the SPSD503

versions in Table 1 of [14].504

3. We can relax the condition ΩF to Ω2 :=
{∥∥|Λ3|1/2B

∥∥2
2
≤ 0.5|λr(A)|

}
at the505

cost of a slightly worse bound in Equation (3.2). It is easy to show that the506

bound in Equation (3.2) then changes to507

(3.24) E [∥E∥∗ |Ω2] ≤ (1 +
√
rϵr,A) ∥A− JAKr∥∗ .508

Probability of ΩF . The probability of the event ΩF happening can be computed509

by following the proof of Theorem 10.8 in [15] using k = r and p = (c2 − c1)r and510

Lemma 3.2. We get511

P

(∥∥∥|Λ3|1/2B
∥∥∥
F
≤
√
∥Λ3∥∗

√
3r

(c2 − c1)r + 1
t+

√
∥Λ3∥2

e
√
(c2 − c1 + 1)r

(c2 − c1)r + 1
tu

)
512

≥ 1− 2t−(c2−c1)r − e−u2/2
513514
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for u, t > 0. Now using (x+ y)2 ≤ 2(x2 + y2), we get515 (√
∥Λ3∥∗

√
3r

(c2 − c1)r + 1
t+

√
∥Λ3∥2

e
√
(c2 − c1 + 1)r

(c2 − c1)r + 1
tu

)2

516

≤ 2t2

(
∥Λ3∥∗

3r

(c2 − c1)r + 1
+ ∥Λ3∥2

e2(c2 − c1 + 1)r

((c2 − c1)r + 1)
2u

2

)
.517

518

Therefore519

(3.25) P (ΩF ) = P
(∥∥∥|Λ3|1/2B

∥∥∥2
F
≤ 0.5|λr(A)|

)
≥ 1− 2t−(c2−c1)r − e−u2/2

520

if521

(3.26) 0.5|λr(A)| ≥ 2t2

(
∥Λ3∥∗

3r

(c2 − c1)r + 1
+ ∥Λ3∥2

e2(c2 − c1 + 1)r

((c2 − c1)r + 1)
2u

2

)
,522

i.e., ΩF holds with high probability when the tail singular values of A decay rapidly.523

A similar result can also be derived for Ω2 by following the same results in [15].524

Mixed norm bounds. We can obtain mixed norm bounds for Theorem 3.1. The525

2-norm version of Theorem 3.1 would give526

(3.27) E [∥E∥2 |ΩF ] ≤ ∥A− JAKr∥2 +
ϵr,A√
r
∥A− JAKr∥∗527

and the Frobenius norm version would give528

(3.28) E [∥E∥F |ΩF ] ≤ ∥A− JAKr∥F +
ϵr,A√
r
∥A− JAKr∥∗529

where ϵr,A is as in Theorem 3.1. This improves the constant in front of the best rank-r530

nuclear norm error to ϵr,A/
√
r = O(1) using the first remark (3.20) in Remark 3.3.531

The proof for the two mixed norm bounds above can be obtained by following the532

proof of Theorem 3.1. More specifically, the proof for the mixed norm bounds stay533

the same until we bound a1, a2 and a3. To get the mixed norm bound, we use the534

appropriate norms to bound a1, a2 and a3. For example, to bound ∥a1∥F , we start535

similarly as in the nuclear norm case by conditioning on ΩF to obtain536

∥a1∥F ≤
∥∥∥(Ir +BTΛ3BΛ−1

1

)†∥∥∥
2

∥∥BTΛ3B
∥∥
F

537

≤
∥∥BTΛ3B

∥∥
F

1− ∥BTΛ3B∥F
∥∥Λ−1

1

∥∥
2

538

≤ 1∥∥Λ−1
1

∥∥
2

(
2
∥∥∥|Λ3|1/2B

∥∥∥2
F

∥∥Λ−1
1

∥∥
2

)
.539

540

We then get541

E [∥a1∥∗ |ΩF ] ≤ 2E
[∥∥∥|Λ3|1/2B

∥∥∥2
F

∣∣∣∣ΩF

]
= 2b ∥Λ3∥∗ .542

543

The bound for ∥a2∥F , ∥a3∥F , ∥a1∥2 , ∥a2∥2 and ∥a3∥2 follows similarly. The mixed544

norm bounds (3.27) and (3.28) along with the relative-error nuclear norm bound in545

Theorem 3.1 are fairly consistent with the SPSD versions in Table 1 of [14].546
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Theorem 3.1 and its proof cannot simply be translated into an algorithm because547

the proof relies on the eigendecomposition of A, which is too expensive to compute.548

However, the proof naturally suggests Algorithm 2.1. From the proof of Theorem549

3.1, under the condition that the matrix has a low-rank structure discussed in this550

section, for example in the paragraph after the statement of Theorem 3.1 or in the551

remark above, we have that a projection is desired in the core matrix. This projection552

gets rid of the large ‘unwanted’ eigenvalues of A, i.e. the eigenvalues in Λ2. In the553

Nyström method, a natural analogue is to truncate the smallest few singular values554

in the core matrix W = XTAX to achieve the target rank r, which is what has been555

done in Algorithm 2.1. The theorem also suggests that the sketch size should be556

proportional to the target rank r, which is what we suggest in Algorithm 2.1. Despite557

Algorithm 2.1 lacking complete theory (even for the SPSD case), we suggest it because558

the algorithm does seem to work well in practice as we illustrate below.559

4. Numerical illustration. We first illustrate Theorem 3.1 and Algorithm 2.1560

through experiments. In Figure 4, we show a priori and a posteriori error in Theorem561

3.1, and Algorithm 2.1 using 1000 × 1000 symmetric indefinite matrices. In the left562

plot, the matrix A has eigenvalues that decay geometrically from 1 to 10−12 each563

assigned a random sign with equal probability. In the right plot, A has eigenvalues564

equal to ±1 for the first 100 eigenvalues and ±10−10 for the other 900 eigenvalues565

each assigned a random sign with equal probability; this example illustrates the per-566

formance when there is a gap in the singular values. The eigenvectors for both plots567

are in a 2× 2 block diagonal form, diag(I100, U) where I100 is the 100× 100 identity568

matrix and U ∈ R900×900 is a Haar distributed orthogonal matrix. Both the algorithm569

and the theorem were constructed using the Gaussian sketch with the sketch size 1.5r570

for the algorithm and c1r = 1.5r and c2r = 2r for the theorem. We see that ΩF571

holds whenever there is a rapid decay of eigenvalues, i.e., when |λr| ≫ |λc1r+1|. But572

more importantly, we see that the bound holds when the event ΩF occurs (circles)573

and frequently holds even if the event ΩF did not occur (crosses). The theorem does574

extremely well when ΩF has occurred. We see that the algorithm gives a good robust575

approximation that is a modest factor worse than the best approximation given by576

the SVD. Although the theorem does better than the algorithm when ΩF holds, the577

theorem can give unstable approximation when ΩF does not hold. This illustrates578

that the algorithm, which arose from the theorem, works well in practice.579

In experiments not shown here, we compared Algorithm 2.1 with randomized580

SVD [15] and the generalized Nyström method [4, 22, 33, 40], which are applicable to581

nonsymmetric (and rectangular) matrices and do not preserve symmetry. We observe582

that Algorithm 2.1 tends to obtain a slightly better approximant for a fixed rank r.583

4.1. Synthetic examples. We now compare some of the existing algorithms584

against Algorithm 2.1 using different kernel functions and synthetic dataset. We585

illustrate the following algorithms586

1. Algorithm 2.1 with the SRFT sketch and the sketch size s = 2r,587

2. Algorithm 2.1 with uniform column sampling and the sketch size s = 2r,588

3. Algorithm 2.1 with leverage score column sampling and the sketch size s = 2r,589

4. Submatrix-Shifted (SMS) Nyström [29] with uniform column sampling and590

s1 = r, s2 = 2r and α = 1.5,591

5. Submatrix-Shifted (SMS) Nyström [29] with the Gaussian sketch and s1 = r,592

s2 = 2r and α = 1.5,593

6. Stabilized Nyström [3] with the SRFT sketch, s = r and ϵ = 10−14594

where r is the target rank and the parameters for SMS Nyström and Stabilized595
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Fig. 4. Two plots showing the empirical results for Theorem 3.1 and Algorithm 2.1. Algorithm
2.1 is robust with the approximation being a modest factor worse than the best approximation.
Theorem 3.1 bound holds when ΩF has occurred (circles on Theorem 3.1) and also frequently holds
even it ΩF has not occurred (crosses on Theorem 3.1). Theorem 3.1 does extremely well when ΩF

has occurred.

Nyström are as recommended in their original papers.7 For SMS Nyström method,596

the Gaussian sketch was not used in the original paper [29]. We use the following597

kernel functions598

1. Epanechnikov kernel: k1(x, y) = max{1− ∥x− y∥2 , 0}599

2. Multiquadric kernel: k2(x, y) =

√
1 + ∥x− y∥2600

3. Thin plate spline: k3(x, y) = ∥x− y∥2 ln
(
∥x− y∥2

)
601

to generate the kernel matrices. The kernel matrices K(1),K(2) and K(3) correspond-602

ing to the kernel functions k1, k2 and k3 were generated by sampling 1000 random603

numbers {xi}1000i=1 from the standard normal distribution, i.e., K
(ℓ)
ij = kℓ(xi, xj). All604

the kernel matrices are symmetric indefinite.605

In Figure 5, we illustrate the results. The eigenvalue histogram is shown in the left606

plots. The right plots show the approximation. We see that SMS Nyström performs607

poorly in all 3 examples except the Gaussian case for the multiquadric kernel. This608

is possibly because the extreme eigenvalues are large in magnitude so the large shift609

is ruining the approximation quality. The stabilized Nyström works well for the610

multiquadric kernel and the thin plate spline, but the approximation is very unstable611

for the Epanechnikov kernel. This is possibly because the number of positive and the612

negative eigenvalues are about the same with similar magnitudes for the Epanechnikov613

kernel, which can increase the chance of instability in the core matrix.8 This also tells614

7For stabilized Nyström method, s = r was chosen to ensure that all approximations in the
experiment have rank at most r and ϵ = 10−14 as suggested in the original paper was chosen to try
diminish the error that might come from taking the pseudo-inverse of the core matrix W .

8To our knowledge, the numerical behavior of stabilized Nyström method is an open problem;
the stability analysis in [22] applies only to an algorithm where A is sketched from both sides using
independent sketches of different dimensions.
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us that the truncation in the core matrix should not depend on the magnitude of the615

singular values of W , but the truncation should always happen proportional to the616

target rank. Algorithm 2.1 using uniform column sampling and leverage score column617

sampling are both unstable for all 3 examples, which shows the unreliability of using618

column sampling matrices. On the other hand, Algorithm 2.1 using the SRFT sketch619

works well in all cases.620

4.2. Dataset examples. We now compare the three different methods using621

two different high-dimensional datasets, the Covertype and the Anuran Calls (MFCC)622

from the UC Irvine Machine Learning Repository [10]. We illustrate the following623

algorithms624

1. Algorithm 2.1 with the SRFT sketch and the sketch size s = 2r,625

2. Algorithm 2.1 with k-means++ samples and the sketch size s = 2r,626

3. Algorithm 2.1 with uniform column sampling and the sketch size s = 2r,627

4. Stabilized Nyström with k-means++ samples, the sketch size s = r and628

ϵ = 10−14629

where r is the target rank. We use the following kernel functions630

1. Thin plate spline kernel: ∥x− y∥2 log
(
∥x− y∥2

)
631

2. Sigmoid kernel: tanh
(
1 + ∥x− y∥2

)
632

3. Multiquadric kernel:

√
1 + ∥x− y∥2633

with the datasets634

1. Covertype (n = 581012) with dimension d = 54,635

2. Anuran Calls (MFCC) (n = 7195) with dimension d = 22.636

For each dataset, we sample n = 4000 data uniformly at random and then center the637

mean and normalize all features to have variance 1.638

The results are illustrated in Figure 6. We observe that the cause of instability in639

the Nyström approximation for symmetric indefinite matrices is not necessarily com-640

ing from the core matrix W having very small singular values as Stabilized Nyström641

can give unstable approximations as seen in Figure 6. Also, although Algorithm 2.1642

using k-means++ samples is more accurate than uniform column sampling, they both643

do not give robust low-rank approximations. This shows that it is difficult to find644

a column sampling scheme that guarantees stable Nyström approximation for sym-645

metric indefinite matrices. On the other hand, Algorithm 2.1 using the SRFT sketch646

gives robust approximation throughout the experiment and sometimes outperforms647

the other methods in this experiment such as in Figure 6a and 6e.648

5. Discussion. Much of the literature on approximating symmetric matrices us-649

ing any of the variants of the Nyström method is based on column sampling. In this650

work, we used random embeddings for our algorithm (Algorithm 2.1) and a special651

class of random embeddings for the analysis, namely Gaussian embeddings. Random652

embeddings were used as they are more robust than column sampling, and Gauss-653

ian embeddings were used for analysis because we can leverage their rich theoretical654

properties. The general behaviour when we use the Nyström method with column655

sampling matrices on symmetric indefinite matrices is unknown. In Figure 5, we656

see that the two frequently used column sampling schemes, uniform sampling and657

leverage score sampling can be unstable. It appears to be difficult to find a column658

sampling scheme that guarantees robust Nyström approximation for symmetric indef-659

inite matrices and, to our knowledge, is an open problem. We hope that our results660

would shed light on the development of a robust indefinite Nyström method based on661
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Fig. 5. Comparison of different methods for symmetric indefinite matrices: SMS-Nyström [29],
stabilized Nyström [3] and Algorithm 2.1. The first two methods and Algorithm 2.1 using uniform
column sampling and leverage score column sampling can fail on some kernels while Algorithm 2.1
using the SRFT sketch (random embedding) works well for all the kernels in the experiment.
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Fig. 6. Comparison of stabilized Nyström [3] and Algorithm 2.1 for symmetric indefinite ma-
trices using three different indefinite kernels and two different datasets. Stabilized Nyström method
and Algorithm 2.1 using k-means++ samples and uniform column sampling can give unstable low-
rank approximation while Algorithm 2.1 using the SRFT sketch (random embedding) gives robust
approximation throughout the experiment.
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column subsampling.662
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