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Abstract

In probabilistic inference, many implicit and explicit assumptions are

taken about the nature of input noise and the function fit to either sim-

plify the mathematics, improve the time complexity or optimise for space.

It is often assumed that the inputs are noiseless or that the noise is drawn

from the same distribution for all inputs, that all the variables used during

training will be present during prediction and with the same degrees of un-

certainties, and that the confidence about the prediction is uniform across

the input space. This thesis presents a more generalised sparse Gaussian

process model that relaxes these assumptions to inputs with variable de-

grees of uncertainty, or completeness in the input, and produces variable

uncertainty estimation over the output. The capabilities of sparse Gaus-

sian processes are further enhanced to allow for non-stationarity which

minimises the number of required basis functions, a prior mean function

for better extrapolation performance and cost-sensitive learning for non-

uniform weighting of samples. The results are demonstrated on an astro-

physical problem of estimating galactic redshifts from their photometry.

This problem, by its nature, can capitalise on the features of the proposed

model as the noise on the photometry can vary across different galaxies

or catalogues, not all photometry might be available during prediction or

shared amongst different surveys, and the input-dependent uncertainty

estimation gives astrophysicists the ability to trade off completeness for



accuracy to answer a range of different questions related to astronomy

and cosmology.
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Notations

1n A column vector of length n with all ones.

In The identity matrix of size n× n.

x A scalar.

x A column vector.

X A matrix.

X A random variable.

Indexing

xi The i-th element of vector x, i might be a set of indices.

x[i] The i-th element of vector x, i might be a set of indices.

x[i : j] Elements i to j of vector x.

xi The i-th column of matrix X, i might be a set of indices.

Xi The i-th X matrix.

X[i, :] The i-th row of matrix X, i might be a set of indices.

X[:, j] The j-th column of matrix X, j might be a set of indices.
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X[i : j, :] The sub-matrix of X containing the rows from i to j.

X[:, i : j] The sub-matrix of X containing the columns from i to j.

X[i, j] The sub-matrix of X indexed by i and j, i and j might be

sets of indices.

X[i, j]−1 The inverse of the sub-matrix of X indexed by i and j, i and

j might be sets of indices.

X−1[i, j] The sub-matrix of X−1 indexed by i and j, i and j might be

sets of indices.

Operations

xp Each element of x raised to the power p, i.e. xp = {xpi }
n
i=1 for

any vector x of length n.

||x|| The L-2 norm of vector x, i.e. ||x|| = (
∑m

i=1 x
2
i )

1
2 .

|X| The determinant of matrix X.

tr (X) The trace of matrix X, i.e. tr (X) =
∑n

i=1 X[i, i] for any

matrix X of size n× n.

diag [x] A diagonal matrix where the elements in the diagonal are the

corresponding elements in vector x.

diag [X] A matrix containing only the diagonal elements of X and zeros

elsewhere.

A⊕ b Broadcast addition, i.e. adding the vector b to each column

in A, and similarly for b⊕A. If b is a scalar, the operation

is applied to all elements of the matrix A.
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A	 b Broadcast subtraction, i.e. subtracting the vector b from each

column in A, and vice versa for b 	A. If b is a scalar, the

operation is applied to all elements of the matrix A.

A� b Broadcast division, i.e. an element-wise division of each col-

umn in matrix A by the vector b, and vice versa for b �A.

If b is a scalar, the operation is applied to all elements of the

matrix A.

A� b Broadcast multiplication, i.e. an element-wise multiplication

between the vector b and each column in A, and similarly for

b�A. If b is a scalar, the operation is applied to all elements

of the matrix A.

A�B Element-wise multiplication between each element in matrix

A and its corresponding location in matrix B.

Number Sets

Z The set of integers.

N The set of natural numbers.

R The set of real numbers.

Probability and Statistics

E [X] The expected value of the random variable X.

V [X] The variance of the random variable X.

C [X, Y ] The covariance between the two random variables X and Y .

N (x|µ,Σ) A multivariate Gaussian probability density function over x,

with mean µ and covariance Σ.
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Gamma (X|α, β) A gamma probability density function over X, with shape

parameter α and rate parameter β.



Chapter 1

Introduction

Gaussian Processes (Rasmussen and Williams, 2006) are powerful probabilistic models

for regression and classification that are easy to implement, but the squared storage

cost and the cubic computational complexity to train them makes them impractical

for many applications where scalability is a major concern. This complexity thus

created a demand for more efficient approximations. One approach to approximate a

GP is to reduce the computational cost required to invert the n×n covariance matrix

which gives GPs their computational complexity, where n is the number of samples

in the training set. One can take advantage of the structure of the covariance matrix,

if the recordings are evenly spread in a time series problem for example, then the

covariance matrix will have a Toeplitz structure which can be inverted much faster

(Zhang et al., 2005). Another approach is to decompose the covariance matrix as a

sum of Kronecker products to simplify the computation of the inverse (Tsiligkaridis

and Hero, 2013). These properties do not always hold; however, the covariance ma-

trix will always be positive semi-definite matrix which one can exploit to compute

a good approximation of the inverse by treating the problem as a system of linear

equations and using the Conjugate Gradient (CG) method to solve it (Gibbs and

MacKay, 1997). However, the inverse needs to be computed several times during the

optimisation process, providing an approximate inverse to the optimiser will cause it

to be unstable.

5
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A second class of approaches avoids the complexity of inverting a large matrix

by reducing the size of the covariance matrix by means of sparse approximations, or

replacing the n samples with a smaller set of m data, and using the m� n samples

to construct the covariance matrix. The samples can be pre-selected either randomly

or in an unsupervised fashion such as in Foster et al. (2009) where the active set is

selected to increase the stability of the computation. Alternatively, one may search for

“inducing” points, not necessarily present in the training set, and not necessarily even

lying within the data range, to use as the active set such that the probability of the

original data being generated from the model is maximised (Snelson and Ghahramani,

2006). A comprehensive overview of sparse approximation methods is detailed in

Candela and Rasmussen (2005) and in Chapter 2 we show the relationship between

them as well as discussing the linkage between GPs, artificial neural networks and

sparse auto-encoders.

In addition to the computational and storage concerns, GPs typically lack some

desired modelling capabilities such as input-dependent noise prediction and handling

noisy or incomplete data. Generating an input-dependent predictive variance, which

models heteroscedastic noise, is vital for applications where there is a bound on the

acceptable error or in order to identify where the data needs to be improved in terms of

quality or quantity during the data acquisition phase. Although classical GPs provide

a posterior variance estimate as a function of the input, it is important to note that

this variance reflects our uncertainty about the mean function, not the output; which

is sensitive to variable data density and input-dependent intrinsic noise in the data.

We note that, the variance at a specific input location will always decrease with the

number of samples observed during training at some location, regardless of the actual

noise present in the data. The intrinsic noise variance is typically assumed to be a

constant Normally distributed process in GP models. Except for the work detailed in

Snelson and Ghahramani (2006), none of the previously discussed methods account
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for variable noise, This is achieved in Snelson and Ghahramani (2006) by use of richer

covariance that is a function of the input. However, the covariance function takes a

fixed form, similar to the form of the posterior variance estimate, which in effect

forces the model to increase the uncertainty about the function in noisy regions of

the input space even if that region is dense. This has the undesirable effect that,

the uncertainty about the function might be high even in densely populated regions

of the space. We regard this property as counter intuitive, our certainty about the

mean function should always increase as we observe more data. Ideally, we would

like to model these two sources of uncertainties separately to identify regions where

data is sparse versus areas where more precise measurements, or more features, are

needed. One can fit a GP model, then regress on the log of the its errors; however,

this approach approximates the expected value of the log variance of the residuals,

which is problematic. As we will show in Section 3.3, the exponential of the expected

log variance is the median not the mean variance. To obtain a more accurate estimate

of the mean variance one needs to account for the uncertainty about the log variance;

thus, this approach itself requires a heteroscedastic variance estimation. One can

separate the posterior mean and variance and consider a dual estimation, using for

example, an augmented output from a GP, or pair of GPs. This is achieved by first

holding the noise fixed and optimising with respect to the mean, then holding the

mean fixed and optimising with respect to the noise and repeating until convergence

(Kersting et al., 2007), this can be viewed as a group-coordinate ascent optimisation.

We provide in Chapter 3 a more formal analysis, specifically in Sections 3.2 and 3.3.

We also introduce extra features for custom sample weighting and prior mean function

co-optimisation in Sections 3.4 and 3.5 respectively.

In addition to the numerical aspects of GPs, other modelling decisions can also

affect the computational cost and the accuracy of the model. For example, one kernel

type might require a greater number of inducing points to reach the same accuracy
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that can be achieved by a different kernel function, some kernels have more expensive

gradients to compute and not all kernels guarantee universality, i.e. the ability to

approximate any arbitrary continuous function. We explore these modelling decisions

in Chapter 4 and provide an efficient way to optimise much richer kernels to use the

minimal number of inducing points while maximising the accuracy of the model.

In real world problems, we would also expect to be uncertain about the input as

well as the output. There is always some degree of uncertainty associated with any

measurement. Moreover, this degree of uncertainty might vary if the measurement

process during deployment is different from that used during training, e.g. different

sensors. If inputs are associated with uncertainty, or precision, one might exclude very

uncertain inputs during training and use the associated variance to generate random

samples and compute an expected value of the function during testing. However,

excluding uncertain data during training might result in an insufficient sample size

for training for small datasets or in a biased sample if the noise is correlated with the

input, e.g. removing all night photos from the data set. One can use the associated

uncertainty to sample from a Normal distribution and generate an average prediction

during training, this however comes with an extra computational cost. Training with

input noise can be shown to be equivalent to Tikhonov regularisation (Bishop, 1995),

hence learning a smoother version of the function compared to training without input

noise. Furthermore, it can be shown that the expected value of the output given a

noisy input is not equal to the expected value of the output given the hidden noiseless

input, and that the expected variance will have an added term that depends on the

input uncertainty (Wright, 1999). In the context of neural networks, by treating

the unobserved noiseless input as hidden variables and using Markov Chain Monte

Carlo (MCMC) to sample jointly the network weights, one can obtain a more accurate

inference from the noiseless input (Wright, 1999). In the context of GPs, the approach

proposed in Mchutchon and Rasmussen (2011) uses Taylor series expansion to express
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the model as a function of the noisy input plus a function of its gradient and the input

variance; hence, learning heteroscedastic noise. The intuition is that, in areas of the

input space where the output function is relatively flat, i.e. the gradient is zero, the

input noise has less effect on the mapping as compared to areas where the input

changes rapidly or has a high gradient.

A more difficult scenario that must be considered, is when a variable is completely

missing. This is also a common problem in real world applications especially during

deployment, as some data is not available during testing. Many machine learning

models do not address this problem in a principled way, but rather use techniques to

approximate the missing variables or build separate models targeting reduced subsets

of the variables to reduce the chance of observing a sample with a missing input. An

example of such a method is the random forest model (Breiman, 2001), which trains

many decision trees on random subsets of the features using random samples from

the data with replacement. Decision trees sub-divide the data based on a series of

decisions, learned during training, then reports the average of the samples satisfying

these constraints as the predictive mean and its standard deviation as the predictive

variance. During prediction, a missing variable is considered a decision branch of the

tree. An example of a model that fits data with missing values in a probabilistic way,

but prone to overfitting, is Expectation Maximisation (EM) for Gaussian Mixture

Models (GMM) (Murphy, 2012, p. 372). We address these challenges more formally

in Chapter 5, where we propose an analytical approach to produce inferences from

missing and uncertain inputs in the context of GPs with radial basis functions (RBF)

and provide comparisons with other methods and techniques.

Finally, we apply the proposed methods to a problem in astrophysics that utilises

these features, namely to predict galactic redshifts (distances) from their photometry

(light intensities at different ranges) in order to study the geometry and evolution of

the Universe. Importantly, the goals of current and future cosmology projects’ suc-
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cess rely on having accurate photometric redshift estimation models. The datasets

involved are noisy and non-random, e.g. faint sources (which tend to be distant galax-

ies) tend to have more intrinsic uncertainty; thus, removing noisy input will exclude

certain types of galaxies from being modelled. The proposed approach outperforms

the state of the art methods in photometric redshift estimation, including artificial

neural networks and random forests. Results on simulated as well as real datasets are

presented, discussed and analysed in Chapter 6.



Chapter 2

Gaussian Processes for Regression

In this chapter, we introduce the basis function methodology by starting with a

description of full GPs in Section 2.1 followed by a discussion of reducing the compu-

tational complexity through numerical approximation using a subset of the training

data as an “active set” in Section 2.2 or an “inducing set” through sparse approxima-

tions in Section 2.3. In Section 2.4 we show how linear combinations of basis functions

are equivalent to a sparse GP but with a different prior on the latent variable. We

conclude in Section 2.5 by highlighting the relations between basis function models,

artificial neural networks and sparse auto-encoders. The content of this chapter is a

review of related work, except for the last subsection which is a new contribution.

2.1 Full Gaussian Processes

A GP is a supervised non-linear function modelling lying within the class of Bayesian

non-parametric models due to the few explicit parametric assumptions that it makes

about the nature of the function fit. We consider a dataset D = {X,y} consisting

of input X = {xi}ni=1 ∈ Rd×n and target outputs y = {yi}ni=1 ∈ Rn, where n is the

number of samples in the data set and d is the dimensionality of the input. The

underlying assumption of regression is that the observed target yi is generated by a

function of the input xi plus additive noise εi:

yi = f (xi) + εi, (2.1)

11
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as in the norm, we take εi ∼ N (0, σ2)∀i ∈ {1, . . . , n}, then we have a Gaussian

likelihood. It is assumed that y has a zero mean (this can readily be achieved without

loss of generality) and is univariate, although the derivation can be readily extended

to the multivariable case. The likelihood, the probability of observing the targets,

given the function, is hence distributed as follows:

p
(
y|fx, σ2

)
= N

(
y|fx, σ2In

)
, (2.2)

where fx = [f (x1) , . . . , f (xn)]T . A GP then proceeds by applying Bayes’ theorem to

infer the distribution of the function fx given the observations:

p
(
fx|y,X, σ2

)
=
p (y|fx, σ2) p (fx|X)

p (y|X, σ2)
. (2.3)

This requires us to define a prior, p (fx|X), over our space of functions. Most widely

used priors assume local similarity in the data, i.e. closeby inputs are mapped to

similar outputs. More formally, we assume a normally distributed prior with a mean

of zero, to match the mean of the normalised target y, with a covariance function K

to capture our prior belief of data locality, i.e. p (fx|X) = N (0,K). The covariance

K is modelled as a function of the input, K = κ (X,X). Each element at the i-th

row and the j-th column of K is set equal to κ (xi,xj), where κ is the covariance

(kernel) function. The function κ cannot be any arbitrary mapping, as it has to

guarantee that K is a valid covariance matrix, i.e. symmetric and positive semi-

definite. A class of functions referred to as Mercer kernels guarantees these structural

constraints (Mercer, 1909). The following are examples of valid Mercer kernels:

Radial Basis Function : κ (xi,xj) = h2 exp

(
− 1

2λ2
‖xi − xj‖2

)
, (2.4)

Polynomial : κ (xi,xj) =
(
xTi xj + b

)p
, (2.5)

Sigmoidal : κ (xi,xj) =
(
1 + exp

(
−λxTi xj

))−1
. (2.6)

The kernel choice is largely a domain-dependant modelling decision that captures

the concept of similarity between inputs. The reader is referred to Rasmussen and
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Williams (2006) or Roberts et al. (2013) for in-depth discussion of covariance func-

tions and kernels. With a likelihood p (y|fx,θ) and a prior p (fx|X,θ), the marginal

likelihood p (y|X,θ) can be computed from Equations (A.6) and (A.14) as follows:

p (y|X,θ) =

∫
p (y|fx,θ) p (fx|X,θ) dfx, (2.7)

= N
(
y|0,K + σ2In

)
. (2.8)

The parameters of the kernel, ϕ and the noise variance σ2, are collectively referred

to as the hyper-parameters of the model, which we denote here by θ = {ϕ, σ2}. For

example, for the RBF kernel ϕ = {h, λ}.

The probability distribution of the function f∗ for future test cases X∗ given the

training set, can be inferred from the joint distribution of f∗ and the observed targets

y. If we assume that the joint distribution is a multivariate Gaussian, then the joint

probability is distributed as follows:

p (y, f∗|X,X∗,θ) = N
([

y
f∗

] ∣∣∣∣0, [Kxx + σ2In Kx∗
K∗x K∗∗

])
, (2.9)

where Kxx = κ (X,X), Kx∗ = κ (X,X∗), K∗x = κ (X∗,X) and K∗∗ = κ (X∗,X∗).

Therefore, the conditional probability p (f∗|X∗,D,θ), from Equation (A.11), is dis-

tributed as follows:

p (f∗|X∗,D,θ) = N (f∗|E [f∗] ,V [f∗]) , (2.10)

E [f∗] = K∗x
(
Kxx + σ2In

)−1
y, (2.11)

V [f∗] = K∗∗ −K∗x
(
Kxx + σ2In

)−1
Kx∗. (2.12)

Finally, the predictive distribution of future observations y∗ given the dataset can be

derived from Equations (A.6) and (A.14) as follows:

p (y∗|X∗,D,θ) =

∫
p (y∗|f∗,θ) p (f∗|X∗,D,θ) df∗, (2.13)

= N (y∗|E [y∗] ,V [y∗]) , (2.14)

E [y∗] = E [f∗] , (2.15)

V [y∗] = V [f∗] + σ2In∗ , (2.16)
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where n∗ is the number of test cases. The hyper-parameters of the model are then

optimised by maximising the log of the marginal likelihood in Equation (2.8):

ln p (y|X,θ) = −1

2
yT
(
K + σ2In

)−1
y − 1

2
ln
∣∣K + σ2In

∣∣− n

2
ln (2π) . (2.17)

Figure 2.1 illustrates the effect of changing the hyper-parameters on the function and

the marginal likelihood using an RBF kernel on a synthetic univariate example. The

input training set consists of 1000 samples that are linearly spaced from -10 to 10

and yi ∼ N (sinc (xi) , 0.01). Note that the set of parameters which visually fits the

data best has the maximum marginal likelihood value. We used the gpml toolbox

implementation (Rasmussen and Nickisch, 2010) to generate the plots in Figure 2.1

and the optimisation procedure is discussed in more length in Chapter 4.

2.2 Numerical Approximation

2.2.1 Low Rank Approximation

The time complexity cost for training a full GP is O (n3) which comes from inverting

the n×n covariance matrix. Therefore, one must be selective about the quality of the

samples in the training set not just the quantity. Even though the quality of the fit will

improve as we observe more data, but do the benefits outweigh the costs of training?

For example, increasing the amount of data by 10 folds might only improve the

accuracy of the model by a small percentage but will increase the cost of training by

1000. Furthermore, in case of repeated identical examples, the covariance matrix will

be rank deficient and therefore not invertible under any covariance function mapping.

Therefore, we would like to be selective about the training samples contributing to the

covariance matrix without discarding the remaining data points. This can be achieved

through numerical approximation of the covariance matrix using Nyström’s method

(Kumar et al., 2012). Consider that we have a representative set of m � n points

P = {pj}mj=1 ∈ Rd×m, where pj = xi for some i ∈ {1, . . . , n} and pj 6= pk∀j 6= k,
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then the covariance matrix can be approximated as follows:

Kxx ≈ K̃xx = KxpK−1
ppKpx, (2.18)

where Kxp = KT
px is a n×m matrix such that Kxp[i, j] = κ (xi,pj) and Kpp is a m×m

matrix such that Kpp[i, j] = κ (pi,pj). More generally, let K̃ab = KapK−1
ppKpb, then

the approximate covariance matrix can now be used to approximate the mean and

variance functions in Equations (2.11) and (2.12), respectively, as follows:

E [f∗] ≈ Ẽ [f∗] = K̃∗x

(
K̃xx + σ2In

)−1

y, (2.19)

V [f∗] ≈ Ṽ [f∗] = K̃∗∗ − K̃∗x

(
K̃xx + σ2In

)−1

K̃x∗. (2.20)

We can compute Equations (2.19) and (2.20) more efficiently by using the matrix

inversion lemma (Equation (A.21)) as follows:

Ẽ [f∗] = σ−1K∗pΣ−1
p Kpxy, (2.21)

Ṽ [f∗] = K∗pΣ−1
p Kp∗, (2.22)

Σp = σ−2KpxKxp + Kpp. (2.23)

Note that since the computational cost of inversion is now O (m3), the overall com-

putational cost has now been reduced to O (nm2) since m < n, the approximation

performance however depends on the selection of the representative points in P, also

known as the active set. The active set can be chosen either randomly for speed, best

approximation (Seeger et al., 2003; Smola and Bartlett, 2000) or numerical stability

(Foster et al., 2009).

2.2.2 The Conjugate Gradient Method

Another numerical approximation method approximates the solution of the linear

system (Kxx + σ2In) w = y, making the approximate expected value E [f∗] = K∗xw.

Since the matrix Kxx + σ2In is positive-semidefinite, one can use the iterative conju-

gate gradient (CG) method to solve for w (Gibbs and MacKay, 1997). The conjugate
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gradient method is an iterative algorithm to solve for x in a system of linear equations

Ax = b and has a time complexity of O (n2t), where t is the number of iterations.

If A is positive-semidefinite, then it is guaranteed that t ≤ n. Since (Kxx + σ2I)

satisfies this condition, the maximum time complexity for the conjugate gradient

method is no worse than that of a full GP; however, we can always terminate the

algorithm early when a satisfactory approximation is achieved. The relationship be-

tween the number of iterations and the approximation performance, the convergence

rate, highly depends on the structure of the matrix A, specifically its condition num-

ber. The condition number of a matrix, formally the ratio between its largest and

smallest magnitude eigenvalues, indicates the rate of change in the approximation as

we change the solution. For example, if the condition number of matrix A is high,

then a very small change in x will result in a very large change in the matrix-vector

multiplication Ax. In the context of CG, the higher the condition number, the higher

the minimum number of iterations t required to reach a specific accuracy, say ε. The

condition of the matrix will increase, for example, if the training set contains data

points that are very close to each other or, in the worst case, will be infinite if two

or more data points are identical; because, in theory, the matrix will have a min-

imum magnitude eigenvalue of zero. We can achieve a better convergence rate by

pre-conditioning the matrix, i.e. instead of solving the original system Ax = b, we

solve for x in M−1Ax = M−1b such that the condition of M−1A is less than that of

A. The matrix M should approximate A but be easier to invert. A simple choice is

the Jacobian pre-conditioner M = diag [A]; and if A is sparse, then the incomplete

Cholesky factorisation M = LLT is suitable. There is a trade-off between enhanc-

ing the rate of convergence of CG and the extra computational cost for computing

M, an extreme case for example is M = A. For large values of n, pre-conditioning

is expected to be applied in most applications and, in the context of GPs, CG can

be combined with low-rank approximation to reduce the time complexity further to
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O (nmt) (Davies, 2014).

Even though numerical approximations might reduce the time complexity of GPs,

these approximations most often are not suitable to be used in conjunction with

hyper-parameter optimisation, as this makes the optimisation procedure unstable.

Furthermore, the choice of the “active set” is a combinatorial problem and is re-

stricted to the samples in the training set. In the next section, we will see how sparse

approximation GPs address these issues by replacing the active set with an “inducing

set”, which treats the issue of finding the samples as a search problem rather than a

subset selection problem.

2.3 Sparse Gaussian Processes

2.3.1 Subset of Regressors

Sparse GP approximation methods introduce m� n latent variables, fp, referred to

as the inducing variables, which are the values of a Gaussian Process corresponding to

a set of inducing points P = [p1, . . . ,pm] ∈ Rd×m, where d is the dimensionality of the

input. Due to the probabilistic treatment of GPs, the joint probability distribution

p (fx, f∗) can be written as:

p (fx, f∗) =

∫
p (fx, f∗, fp) dfp =

∫
p (fx, f∗|fp) p (fp) dfp, (2.24)

where we set the distribution of the prior over the latent variable fp as per the distribu-

tion of the prior over fx, or p (fp) = N (fp|0,Kpp). The expression in Equation (2.24)

is exact, the approximation that gives rise to a group of sparse GP methods assumes

that the conditional distributions of fx and f∗ are independent given fp. The marginal

distribution in Equation (2.24) can then be approximated as follows:

p (fx, f∗) ≈ q (fx, f∗) =

∫
q (fx|fp) q (f∗|fp) p (fp) dfp. (2.25)
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The exact expressions for the training conditional p (fx|fp) and the test conditional

p (f∗|fp) can be derived by treating the problem as a noise free Gaussian Process on

the noiseless latent observations fp.

p (fx|fp) = N
(
KxpK−1

ppfp,Kxx −KxpK−1
ppKpx

)
, (2.26)

p (f∗|fp) = N
(
K∗pK−1

ppfp,K∗∗ −K∗pK−1
ppKp∗

)
. (2.27)

Different assumptions about the training and test conditionals produce different ap-

proximate distributions q (fx|fp) ≈ p (fx|fp) and q (f∗|fp) ≈ p (f∗|fp) that give rise to

a group of different sparse GPs used in the literature (Schwaighofer and Tresp, 2002;

Seeger et al., 2003; Smola and Bartlett, 2000). For an in-depth analysis of differ-

ent sparse approximations for Gaussian Processes the reader is referred to Candela

and Rasmussen (2005). Under the assumption that both the training and the test

conditionals are deterministic

q (fx|fp) = N
(
KxpK−1

ppfp, 0
)
, (2.28)

q (f∗|fp) = N
(
K∗pK−1

ppfp, 0
)
. (2.29)

The effective prior q (fx, f∗) in Equation (2.25) is distributed as follows:

q (fx, f∗) = N
([

fx
f∗

] ∣∣∣∣0, [Qxx Qx∗
Q∗x Q∗∗

])
, (2.30)

where Qab = KapK−1
ppKpb. The problem now transforms to a full GP but with the

equivalent covariance function Qab replacing the original covariance function Kab.

However, since Qxx = KxpK−1
ppKpx, one can exploit the matrix inversion lemma

(Equation (A.21)) to bring the computational cost from O (n3) to O (m3).

(
Qxx + σ2In

)−1
=
(
KxpK−1

ppKpx + σ2In
)−1

, (2.31)

= σ−2In − σ−2KxpΣ−1
p Kpxσ

−2, (2.32)

Σp = σ−2KpxKxp + Kpp. (2.33)
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The predictive mean and variance can be expressed more efficiently in terms of K as

follows:

E [f∗] = σ−2K∗pΣ−1
p Kpxy, (2.34)

V [f∗] = K∗pΣ−1
p Kp∗. (2.35)

This is referred to as the subset of regressors (SoR) sparse Gaussian process

(Candela and Rasmussen, 2005), which is identical to the low rank approximation

method except that the set of inducing points are now optimised as part of the hyper-

parameter set. Thus, the low rank approximation method is a sparse GP where both

the training and test conditionals are deterministic and the set of inducing points are

held fixed.

2.3.2 Fully Independent Training Conditional

The state of the art sparse approximation GP is the Fully Independent Training Con-

ditional (FITC) (Snelson and Ghahramani, 2006), also known as Sparse Pseudo-input

Gaussian Processes (SPGP), assumes the following training and test conditionals:

q (fx|fp) = N
(
KxpK−1

ppfp, diag
[
Kxx −KxpK−1

ppKpx

])
, (2.36)

q (f∗|fp) = p (f∗|fp) . (2.37)

Moreover, an additional assumption is made about the likelihood to give it a richer

covariance and to allow for input-dependent noise prediction:

p (y|fx) ≈ q (y|fx) = N (fx,Λ) , (2.38)

where Λ = diag [Kxx −Qxx] + σ2In. The effective prior in this case is distributed as

follows:

q (fx, f∗) = N
([

fx
f∗

] ∣∣∣∣0, [Qxx + diag [Kxx −Qxx] Qx∗
Q∗x K∗∗

])
, (2.39)
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Using the new effective prior, the approximate marginal likelihood q (y|X,θ) is there-

fore

ln q (y|X,θ) = −1

2
yT (Qxx + Λ)−1 y − 1

2
ln |Qxx + Λ| − n

2
ln (2π) . (2.40)

In addition to optimising with respect to the kernel and noise parameters, the inducing

points’ positions P can be treated as part of the hyper-parameters θ when maximising

the log marginal likelihood. Once the parameters have been optimised, the predictive

distribution of the function for future test cases is distributed as follows:

q (f∗|X∗,D,θ) = N (E [f∗] ,V [f∗]) , (2.41)

E [f∗] = Q∗x (Qxx + Λ)−1 y, (2.42)

V [f∗] = K∗∗ −Q∗x (Qxx + Λ)−1 Qx∗, (2.43)

and more efficiently in terms of K as:

E [f∗] = K∗pΣ−1
p KpxΛ−1y, (2.44)

V [f∗] = K∗∗ −Q∗∗ + K∗pΣ−1
p Kp∗. (2.45)

Figure 2.2 shows the effects of using different numbers of pseudo-points on the distri-

bution of the function and on the marginal likelihood using the same synthetic exam-

ple from Figure 2.1. Note that the marginal likelihood does not necessary increase as

the number of pseudo-points increases and that they tend to spread unevenly. This

is an undesired effect, ideally, we would like the pseudo-points to be as spread out

as possible to avoid any redundant information. We will see latter how this can be

achieved by using automatic relevance determination, which we will discuss later in

Section 3.1. Even though the computational cost is reduced significantly, sparse GP

approximations are still restricted to a single kernel function which assumes a global

relation between input and output across the input space. Moreover, the covariance

function has to be a valid kernel function which further restricts our modelling ca-

pabilities. The work presented in Walder et al. (2008) extended FITC to allow for
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non-stationarity, the kernels however are restricted to be Gaussian kernels with diag-

onal covariances. In the next section, we discuss how basis function models can be

used to address these limitations.

2.4 Basis Function Models

In this section, we describe sparse Gaussian processes as basis function models (BFM),

whose semi-parametric form is defined via a set of parameters. The underlying as-

sumption in a BFM is that, given the inputs X and the target outputs y, that the

observed target yi is generated by a linear combination of m non-linear functions

φ (xi) = [φ1 (xi) , . . . , φm (xi)]
T ∈ Rm of the input plus additive noise εi ∼ N (0, σ2):

yi = φ (xi)
T w + εi, (2.46)

where w is a vector of length m of real-valued coefficients, or weights of the basis

functions. Note that the mean of the predictive distribution derived from a GP is a

linear combination of n kernel functions. The BFM approach is to assume the form

of the function to be a linear combination of m� n basis functions and integrate out

its parameters. We assume, for now, that our observations are noisy with a constant

noise variance σ2 and a mean of zero. Note that these assumptions are made to

simplify our illustration and we relax these later in the thesis. The likelihood is hence

defined as follows:

p (y|X,θ,w) =

∫
p (y|fx,θ) p (fx|X,θ,w) dfx, (2.47)

=

∫
N
(
y|fx, σ2In

)
N
(
fx|Φx

Tw, 0
)

dfx, (2.48)

= N
(
y|Φx

Tw, σ2In
)
, (2.49)

where

Φx =

φ1 (x1) . . . φ1 (xn)
...

. . .
...

φm (x1) . . . φm (xn)

 . (2.50)
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We now need to define a prior on w in order to proceed. We use a prior that promotes

a smooth function, hence preferring the simplest explanation that fits the data. The

smoothness assumption also transforms the objective from an ill-posed problem to a

well-posed one, as there are an infinite number of functions that would fit the data.

Thus, in addition to the function fit, we also require the function to be as simple as

possible, or more precisely have small derivatives. This can be achieved by requiring

the norm of the weights in w to be as small as possible, so that a small change in

the input space does not correspond to a large change in the output space, which can

be formulated probabilistically by taking p (w|α) = N (w|0,A−1), where A = αIm is

the prior precision of the parameters w and is included as part of the parameter set

θ = {ϕ, σ2, α}. Using such prior in effect will apply a Tikhonov regularisation on the

weights in the log space of p (y|X,θ,w) p (w|α) that favours functions with smaller

derivatives, i.e. smooth, and best fit the data (Murphy, 2012, p. 124). We can now

derive the effective prior of the function by integrating out w

p (fx, f∗|X,θ) =

∫
p (fx, f∗|X,θ,w) p (w|α) dw, (2.51)

=

∫
N
([

fx
f∗

] ∣∣∣∣ [Φx,Φ∗
]T

w, 0

)
N
(
w|0,A−1

)
dw. (2.52)

From Equations (A.6) and (A.17) in the appendix, this can be shown to have the

following normal distribution:

p (fx, f∗|X,θ) = N
([

fx
f∗

] ∣∣∣∣0, [Φx,Φ∗
]T

A−1
[
Φx,Φ∗

])
, (2.53)

= N
([

fx
f∗

] ∣∣∣∣0, [Φx
TA−1Φx Φx

TA−1Φ∗
Φ∗

TA−1Φx Φ∗
TA−1Φ∗

])
. (2.54)

We have thus turned the problem again into a full GP with an equivalent covariance

function Qab = Φa
TA−1Φb. The marginal likelihood, can be derived by integrating

out fx:

p (y|X,θ) =

∫
p (y|fx,θ) p (fx|X,θ) dfx, (2.55)

= N
(
y|0,Φx

TA−1Φx + σ2In
)
. (2.56)
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The posterior distribution of the parameters w can be derived using Bayes’ theorem:

p (w|y,X,θ) =
p (y|X,θ,w) p (w|α)

p (y|X,θ)
. (2.57)

Substituting Equation (2.56) into Equation (2.57) and using Equation (A.17) again

on the numerator, the posterior probability can be shown to have the following dis-

tribution:

p (w|D,θ) = N
(
w|w̄,Σ−1

w

)
, (2.58)

w̄ = βΣ−1
w Φxy, (2.59)

Σw = βΦxΦx
T + A, (2.60)

where β = σ−2. The marginal likelihood can also be expressed as:

p (y|X,θ) =
p (y|X,θ,w) p (w|α)

p (w|D,θ)
, (2.61)

=
N
(
y|Φx

Tw, β−1In
)
N (w|0,A−1)

N (w|w̄,Σ−1
w )

, (2.62)

substituting w = w̄ we get,

p (y|X,θ) = N
(
y|Φx

T w̄, β−1I
)
N
(
w̄|0,A−1

)
(2π)

m
2 |Σw|−

1
2 , (2.63)

thus, the log marginal likelihood can be expressed more efficiently in terms of the

mean w̄ and the covariance Σw of the posterior distribution:

ln p (y|X,θ) = −β
2
‖Φxw̄ − y‖2 +

n

2
ln β − n

2
ln (2π)− α

2
w̄T w̄ +

m

2
lnα− 1

2
ln |Σw|.

(2.64)

The hyper-parameters of the basis functions, the precision β and the weight precision

α can now be optimised with respect to the log marginal likelihood defined in Equa-

tion (2.64). Once the parameters have been inferred, the predictive distribution of f∗

can be found using the same approach used in the full GP case and is distributed as
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follows:

p (f∗|X∗,D,θ) = N (E [f∗] ,V [f∗]) , (2.65)

E [f∗] = Q∗x
(
Qxx + σ2In

)−1
, (2.66)

V [f∗] = Q∗∗ −Q∗x
(
Qxx + σ2In

)−1
Qx∗. (2.67)

The same tools used in the sparse GP case can be used to re-formulate the predictive

distribution more efficiently in terms of Φ as:

E [f∗] = Φ∗w̄, (2.68)

V [f∗] = Φ∗
TΣ−1

w Φ∗, (2.69)

and for the target output y∗

p (y∗|X∗,D,θ) = N (y∗|E [y∗] ,V [y∗]) , (2.70)

E [y∗] = E [f∗] , (2.71)

V [y∗] = V [f∗] + σ2In∗ . (2.72)

Basis function models are equivalent to the subset-of-regressors sparse GP, that is

deterministic training and test conditionals, but with a different prior on the latent

variables fp

q (fx|fp,X,θ) = N
(
fx|ΦxA−1fp, 0

)
, (2.73)

q (f∗|fp,X∗,θ) = N
(
f∗|Φ∗A−1fp, 0

)
, (2.74)

q (fp|θ) = N (fp|0,A) . (2.75)

Similarly, the SoR sparse GP can be viewed as a basis function model with a prior

on the weights p(w|θ) = N
(
w|0,K−1

pp

)
. Note that we are no longer restricted to

Mercer kernels or a single basis function definition. The basis functions can therefore

be modelled using variable length-scales and variable covariances, to capture different

kinds of patterns that can arise in different regions of the input space.
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2.5 Relations to other Methods

2.5.1 Relations to Artificial Neural Networks

If we define φj (xi) = sigmoid
(
hTj xi + bj

)
, then Φx can be thought of as the acti-

vations of the m hidden units in a single-layer ANN, where hj plays the role of the

weights or connections of hidden unit j. In an ANN regressor, the output weights

connecting the hidden layer to the output layer are equivalent to the parameter w.

To incorporate the biases of the output layer, the basis functions can be augmented

with an additional function with a constant output of 1, such that the additional

corresponding weight will act as a bias term. Thus, a single layer ANN with m hid-

den units is a BFM with m basis functions, defined as the sigmoid function, and an

additional basis function with a constant output of 1. However, a main distinction

between ANNs and BFMs, is that the weights in the output layer in ANNs are treated

as parameters of the models to be optimised and are not integrated out. Moreover,

the objective to be optimised is different. In ANNs the objective is to minimise the

regularised sum of squares:

L (D|θ) =
1

2
‖y −Φxw‖2 +

λ

2
wTw +

λ

2

m∑
j=1

hTj hj, (2.76)

where θ = {w,h1, . . .hm, b1, . . . , bm} is the set of free parameters to be optimised.

We recognise the first two terms as the negative of the first two terms in the log

marginal likelihood defined in Equation (3.1) divided by β; thus, λ = α/β. However,

λ is typically not treated as a hyper-parameter of the model but rather as a tuning-

parameter optimised using cross validation methods. Another distinction is that

ANNs also minimise the norm of the weights in the hidden layer as well as the output

layer with no penalty on the bias terms. Moreover, the ln |Σw| term is missing from

the regularised sum of squares. This term is crucial as it drives the model towards

reducing the uncertainty on the parameter w, therefore producing more confident

models with more accurate variance prediction.
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2.5.2 Relations to Stacked Auto-encoders

Artificial Neural Networks with many hidden layers, deep neural networks, have been

around since the invention of ANNs. Training them however proved to be more

difficult because the gradient of the objective function with respect to the hyper-

parameters diminishes quickly in back-propagation. This is a consequence of the

objective function being highly non-convex with many local minima. Moreover, there

is no need to go beyond a single layer to give ANN any additional approximation

power, as stated in the Universal Approximation Theorem (Cybenko, 1989). One

advantage of deep architectures is the ability to post analyse the learned features and

learn interesting patterns. The problem with training a deep ANN has been solved

through the use of greedy layer-wise unsupervised training followed by supervised

fine-tuning (Bengio et al., 2006; Hinton and Salakhutdinov, 2006; Ranzato et al.,

2006). An additional sparsity cost was added to the objective, inspired from research

in neuroscience (Olshausen and Field, 1996), to favour models that produce a sparse

feature representation by penalising models with high average activation per neurone,

or in other words an input to the network should activate the minimum number of

neurones possible. The objective in Equation (2.76) is modified as follows:

L (D|θ) =
d∑

k=1

(
‖X[k, :]−Φxwk‖2 + λwT

k wk

)
+

m∑
j=1

(
λhTj hj + βKL (ε‖µj)

)
, (2.77)

µj =
1

n

n∑
i=1

Φx[i, j], (2.78)

KL (ε‖µj) = ε ln
ε

µj
+ (1− ε) ln

1− ε
1− µj

(2.79)

where β is the sparsity cost, ε is the desired average activation, both are inputs to

the model and are tuned using cross validation, and KL (ε‖µj) is the Kullback-Leibler

divergence. Note that the desired output is the input itself; hence, the name sparse

auto-encoders. Once the parameters of a layer are learned, the same processes is

repeated but using the activations of the previous layer as the new input. After
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the parameters of all layers have been learned, they are used as an initialisation for

a supervised multilayer ANN, also known as the fine-tuning phase. This approach

has proven very effective in many areas of machine learning such as computer vision

(Krizhevsky and Hinton, 2011), speech recognition (Hinton et al., 2012) and natural

language processing (Socher, 2014). The reasons for its success have been studied

in Erhan et al. (2010), in which it suggests that unsupervised pre-training has the

characteristics of a regulariser, or acts as a better prior. In this review, we note,

from Equation (A.28) in the appendix, that the sparsity constraint actually mimics

the role of minimising the determinant of the covariance of w, or the ln |Σw| term in

Equation (2.64):

ln |Σw| ≤
m∑
j=1

ln (Σw[j, j]) ,

≤
m∑
j=1

ln

(
β

n∑
i=1

Φx[j, i]2 + α

)
. (2.80)

Another way to understand this part of the objective, is to minimise the sum of

squared activations per hidden unit. Thus, the sparsity constraint can be viewed as

filling the role of the missing term in the marginal likelihood objective, although with

a different penalty function.

2.6 Summary

We have shown in this chapter that basis function models are sparse Gaussian pro-

cesses of type SoR, but with a different prior on the latent variables. Basis function

models are related to artificial neural networks and stacked auto-encoders, i.e. ANNs

are BFMs with basis functions defined as the sigmoid activation function and the

weights are not integrated out, but rather included to the set of parameters to be op-

timised. A main distinction between the way ANNs are traditionally optimised and

how BFMs are trained, is that the former performs a regularised maximum likelihood
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estimation, or maximum a posterior (MAP), while the latter maximises the marginal

likelihood. Maximising the marginal likelihood is less prone to overfitting, due to the

additional cost term that minimises the variance on the weight vector w, which we

have shown is related to the sparsity constraint in sparse auto-encoders. In the next

chapter, we show how we can use this view of sparse GPs to extend their modelling

capabilities.



Chapter 3

Extending Sparse Gaussian
Processes

In the previous chapter, we focused mainly on reducing the computational cost of GPs.

We now turn our attention to altering the modelling capabilities of GPs. Particularly

we minimise the number of basis functions through automatic relevance determina-

tion, introduce input-dependent variance estimation (heteroscedastic noise), model

strictly positive outputs, develop cost-sensitive learning and introduce prior mean

function co-optimisation for better extrapolation performance. In Chapter 4 we will

also introduce non-stationarity to the model and the ability to handle noisy and miss-

ing data in Chapter 5. Although some of these issues have been previously addressed

in the context of GPs, each previous model has some, but not all these capabilities.

We will show how all these features can be unified in a single generalised framework

without sacrificing performance. Automatic relevance determination (ARD) was first

addressed in the context of basis function models in Tipping (2001), but used the

entire training set as fixed basis. The remaining sections, unifying ARD with the

other features as a single sparse GP framework, are new contributions by this thesis.

3.1 Automatic Relevance Determination

In addition to achieving accurate predictions, we also wish to minimise the number

of basis functions to produce a sparse model representation. Instead of adding an

31
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additional prior over the number of basis functions, we can achieve this goal by

incorporating a sparsity-inducing prior on w. We use a diagonal precision matrix

A = diag [α] for the prior, where α = {αi}mi=1, or a precision parameter per weight.

The log marginal likelihood is simply extended as follows:

ln p (y|X,θ) = −β
2
‖y −Φxw̄‖2 +

n

2
ln β − n

2
ln (2π)

− 1

2
w̄TAw̄ +

1

2
ln |A| − 1

2
ln |Σw|. (3.1)

By modelling each weight with its associated precision, we enable a natural shrinkage

(or regularisation). Take, for example, a specific precision αi; note that maximising

1
2

lnαi will minimise −1
2
w̄2
iαi, unless w̄i = 0. The optimisation routine will therefore

drive as many of the weights as possible to zero; thus, maintaining the least number

of basis functions relevant to model the data. A similar approach was proposed by

Tipping (2001), coined as the relevance vector machine (RVM), where the set of basis

function locations P was set equal to the locations of the training samples X and held

fixed. Only the precision parameter β and the α values are optimised to determine

the relevant set of vectors from the training set. This approach is still computationally

expensive and the work discussed in Tipping (2001) proposed an iterative workaround

to add and remove vectors incrementally.

To illustrate the effect of automatic relevance determination, consider the plots

in Figure 3.1 comparing basis function models (BFMs), BFMs with ARD, the fully

independent training conditional (FITC) and RVMs all using 100 RBF kernels on the

same example from Figure 2.1. For BFMs and FITC, the optimal length-scale of the

RBF is found by optimising the marginal likelihood using a gradient descent approach

whereas in RVM it is found using a line search. Note that without ARD, basis function

models learned a group of overlapping pseudo-points and their respective weights are

almost distributed evenly amongst each group. On the other hand, BFMs with ARD

resulted in a dominant basis in each group of overlapping pseudo-points with the
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most share of the total weight. The worst performing method, in terms of sparseness,

is FITC, where the basis vectors were spread almost evenly across the range of the

data. To determine the number of relevant basis, we choose the minimum k such that∑k
j=1 |w̄j|∑m
i=1 |w̄i|

≥ 0.99, (3.2)

where |w̄| is sorted in descendant order. Using this metric, the number of relevant

vectors for BFMs without ARD, BFMs with ARD, FITC and RVM are 94, 27, 86 and

23 respectively. BFMs with ARD also achieved the maximum marginal likelihood.

3.2 Heteroscedastic Noise

The predictive variance in Equation (2.72) has two components; the first term, V [f∗],

is the model variance and the second term, σ2, is the noise uncertainty. The model

variance thus depends on the data density of the training sample at x∗. Theoretically,

this component of the model variance will go to zero as the size of the data set in-

creases. This term hence models our underlying uncertainty about the mean function.

The model becomes very confident about the posterior mean when presented with a

large number of samples at x∗, at which point the predictive variance reduces to the

intrinsic noise variance. The latter, at this point, is assumed to be white Gaussian

noise with a fixed precision β.

In this section, we enhance the model’s predictive variance estimation by modelling

the noise variance as a function of input to account for variable and input-dependent

noise, i.e. heteroscedastic noise. We model the function as a linear combination of

basis functions via β (x) = exp
(
φ (x)T v + b

)
, where we choose the exponential form

to ensure positivity of β (x). Note that if v = 0 and b = ln β, the model reduces

to the original assumption of a fixed precision β. We thus redefine the likelihood as

follows:

p (y|X,θ,w) = N
(
y|Φxw,B−1

)
, (3.3)
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where B is a n× n diagonal matrix where each element across the diagonal B [i, i] =

β (xi) and the hyper-parameter set is now expanded to θ = {ϕ,α,v, b}. Following

the same procedure, the posterior distribution is expressed as follows:

p (w|D,θ) = N
(
w|w̄,Σ−1

w

)
, (3.4)

w̄ = Σ−1
w ΦxBy, (3.5)

Σw = ΦxBΦT
x + A, (3.6)

and the updated log marginal likelihood becomes:

ln p (y|X,θ) = −1

2
δTBδ +

1

2
ln |B| − n

2
ln (2π)

− 1

2
w̄TAw̄ +

1

2
ln |A| − 1

2
ln |Σw|, (3.7)

where δ = y−ΦT
xw̄. In addition, we also add a prior on the set of weights v to favour

the simplest precision function, namely that v is normally distributed with a mean

of 0 and a diagonal precision matrix T = diag [τ ], or p(v|τ ) = N (v|0,T−1), where

τ = {τi}mi=1 and is added to the parameter set θ. The final objective function to be

optimised is thus the log marginal likelihood plus the log of the prior on v, which we

refer to here as L(D,θ),

L(D,θ) = ln (p (y|X,θ) p (v|τ )) , (3.8)

= −1

2
δTBδ +

1

2
ln |B| − n

2
ln (2π)− 1

2
w̄TAw̄ +

1

2
ln |A| − 1

2
ln |Σw|

− 1

2
vTTv +

1

2
ln |T| − m

2
ln (2π) . (3.9)

The parameter τ hence acts as an automatic relevance determination cost for the

noise process, allowing the objective to dynamically select different sets of relevant

basis functions for both the posterior mean and variance estimation. For unseen test
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cases, the predictive distribution is normally distributed as follows:

p (y∗|x∗,D,θ) = N (y∗|E [y∗] ,V [y∗]) , (3.10)

E [y∗] = φ (x∗)
T w̄, (3.11)

V [y∗] = φ (x∗)
T Σ−1

w φ (x∗) + σ2 (x∗) , (3.12)

where σ2 (x∗) = β (x∗)
−1 is the input-dependent noise uncertainty. Note that even

though we use the same set of m basis functions for the mean and variance functions,

the weight parameters for each (w and v) can be optimised such that the relevant

basis functions for each are assigned non-zero values independently. For example,

each can use different subsets of the m basis functions and/or share a subset of the

basis functions with different weights. It is worth mentioning that in the parameter

space, w, the problem is convex; and thus, can be modelled using a single Gaussian

distribution. In the hyper-parameter space, however, the problem can be highly non-

convex with many local minima. This adds an extra source of uncertainty about the

model due to training that is dependent on the initial condition and the optimisation

procedure. This can be addressed using a committee of models, where each model is

initialised differently, to fit a mixture of Gaussian distributions instead of a single one

to better fit the true model distribution (Penny and Roberts, 1997; Roberts et al.,

1996).

Figure 3.2 shows the effect of modelling the noise variance as a function of the input

σ2 (x) compared to the full GP and FITC, modelled and optimised using GPML,

all using an RBF kernel. The training set consists of 4000 samples drawn from the

distribution p (y|x) = N (sinc (x) , σ2 (x)), where σ (x) = 0.01 + 0.2(1+sin(2x))
1+exp(−0.2x)

. Note

that the BFM with heteroscedastic noise prediction fits the data best with the largest

log marginal likelihood. Moreover, it enables us to distinguish between areas where

the uncertainty is high due to the lack of data versus areas where the overwhelming

contribution of the uncertainty is due to the lack of features. For example, adding
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more data in areas where the intrinsic noise is high will not improve the model, e.g.

7 < x < 8, this area needs more precise, or extra, features. On the other hand,

adding more features will not benefit the region where −5 < x < −4, as this region

requires more data to reduce the uncertainty about the function. Note that in FITC

the variance about the function is high even in regions of high data density. Note

that in the top panel of Figure 3.2 that the predictive variance over estimates in some

regions and under estimates in others. In other words, taking two standard deviations

from the mean in the homooscedastic model does not reflect the 95% range, of the

observed outputs given the input, as we would expect if the errors are Gaussians.

This is due to the assumption of a fixed noise variance, the other model’s predictive

distributions on the other hand better fit the data.

3.3 Strictly Positive Outputs

Assume that our target values yi ∈ R+∀i ∈ {1, . . . , n}, an appropriate likelihood in

this case is the log-normal probability density function:

p (y|X,θ,w) =
n∏
i=1

lnN
(
yi|φ (xi)

T w, σ2 (xi)
)
,

=
n∏
i=1

1

yi
N
(

ln yi|φ (xi)
T w, σ2 (xi)

)
,

=

(
n∏
i=1

1

yi

)
N
(
ln y|ΦT

xw,B−1
)
., (3.13)

since the first term on the RHS of Equation (3.13) is independent of the parameters

θ or w, we can repeat the same procedure with ln y as the target outputs and arrive

at the following predictive distribution for the test input x∗:

p (ln y∗|x∗,D,θ) = N (ln y∗|E [ln y∗] ,V [ln y∗]) , (3.14)

E [ln y∗] = φ (x∗)
T w̄, (3.15)

V [ln y∗] = φ (x∗)
T Σ−1

w φ (x∗) + σ2 (x∗) , (3.16)
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95% f∗ Training Samples

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

x

-1.5

-1

-0.5

0

0.5

1

1.5

y

L(D,θ) = 1520.7247

(a) Full GP

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

x

-1.5

-1

-0.5

0

0.5

1

1.5

y

L(D,θ) = 2964.9884

(b) FITC

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

x

-1.5

-1

-0.5

0

0.5

1

1.5

y

L(D,θ) = 3657.423

(c) BFM

Figure 3.2: A comparison between (a) a full GP with a constant noise variance, (b)
FITC using 100 pseudo-points and (c) a BFM using 100 basis functions with variable
uncertainty prediction, all using the RBF kernel. The plots show the mean of the
function (red), the 95% confidence range (grey), i.e. plus or minus two standard
deviations from the mean, and samples from the distribution p (f∗|X∗,D,θ). The log
marginal likelihood is shown above each plot.
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However, the expected value of the output E [y∗] 6= exp (E [ln y∗]), but rather it is

distributed log-normally as follows:

p (y∗|x∗,D,θ) = lnN (y∗|E [ln y∗] ,V [ln y∗]) , (3.17)

E [y∗] = exp

(
E [ln y∗] +

1

2
V [ln y∗]

)
, (3.18)

V [y∗] = (exp (V [ln y∗])− 1)E [y∗]
2 . (3.19)

Note that E [y∗] = exp (E [ln y∗]) if and only if the variance in the log space is zero,

which is most likely not the case. This can be viewed as a special case of the Warped

Gaussian Processes (WGP) (Snelson et al., 2004), where the link function f(y) =

ln(y), and it can be generalised to any monotonic function of y. As is evident from

Equations (3.18) and (3.19), input-dependent noise prediction is now necessary to

model in the context of WGPs as the expected value of the output is dependent on

it. This also demonstrates an additional disadvantage of modelling the uncertainty

prediction as a separate function mapping the input to the log of the error of the

mean function. Because, as demonstrated, the expected value of the error is not the

exponential of the expected value of the function in the log space, it is the median of

the distribution in Equation (3.17). Figure 3.3 is an example of fitting a model for

strictly positive outputs with non-Gaussian noise showing the mean, median and the

95% area. Note how the median deviates from the mean as the variance increases.

The root-mean-square error (RMSE) score on the test set is 2.73 when the median

was used as a predictor, whereas using the mean as a predictor results in an RMSE

score of 2.62.

3.4 Cost-sensitive Learning

Thus far, our objective has been to find the simplest function that maximises the

probability of observing the target output given the input. However, this is intrin-

sically biased by uneven distributions of training data, sacrificing accuracy in less
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Figure 3.3: The mean (red), median (green) and 95% area (grey), i.e. plus or minus
two standard deviations from the mean, of the predictive distribution of a basis
function model with 200 radial basis functions for strictly positive outputs with non-
Gaussian noise.

represented regions of the space in order to achieve a simpler model. Ideally we

would like to train a model with a balanced data distribution to avoid such bias.

This however, is a luxury that we often do not have. A common technique is to

either over-sample or under-sample the data to achieve balance (Weiss et al., 2007).

In under-sampling, samples are removed from highly represented regions to achieve

balance, over-sampling on the other hand duplicates under represented samples. Both

approaches come with a cost; in the former good data are wasted and in the latter

more computation is introduced due to the data size increase. The same effect can

be achieved by modifying the likelihood as follows:

p (y|fx,ω,θ) =
n∏
i=1

N
(
yi|f (xi) , β (xi)

−1)ωi
, (3.20)

where ω = {ωi}ni=1 is a per sample weight used to mimic over-sampling or under-

sampling, now included as part of the dataset D = {y,X,ω}. For example, instead

of duplicating the sample i, ωi can be set to 2 to achieve the same effect. From
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Equation (A.20), Equation (3.20) can be rewritten as:

p (y|fx,ω,θ) =
n∏
i=1

N
(
yi|f (xi) , ω

−1
i β (xi)

−1) (2πβ (xi)
−1) 1−ωi

2 ω
− 1

2
i ,

= N
(
y|fx,B−1Ω−1

)
|Cω|,

where Ω is a diagonal matrix with elements Ω[i, i] = ωi and Cω is a diagonal ma-

trix with
(
2πβ (xi)

−1)(1−ωi)/2
ω
−1/2
i along its diagonal. This in effect multiplies the

likelihood with the constant |Cω| and changes the precision matrix to ΩB. We can

now repeat the procedure with the updated likelihood to get the following updated

posterior mean and posterior covariance of w:

p (w|D,θ) = N
(
w|w̄,Σ−1

w

)
, (3.21)

w̄ = Σ−1
w ΦxΩBy, (3.22)

Σw = ΦxΩBΦT
x + A, (3.23)

and the updated marginal likelihood:

p (y|X,ω,θ) = |Cω|N
(
y|ΦT

xw̄,B−1Ω−1
)
N
(
w̄|0,A−1

)
(2π)

m
2 |Σw|−

1
2 , (3.24)

=
n∏
i=1

N
(
yi|φ (xi)

T w̄, β (xi)
−1
)ωi

N
(
w̄|0,A−1

)
(2π)

m
2 |Σw|−

1
2 . (3.25)

The final objective, the log marginal likelihood plus the log of the prior on v, can be

expressed as follows:

L(D,θ) = −1

2
δTΩBδ +

1

2
tr (Ω� ln B)− 1

2
tr (Ω ln (2π))

− 1

2
w̄TAw̄ +

1

2
ln |A| − 1

2
ln |Σw|

− 1

2
vTTv +

1

2
ln |T| − m

2
ln (2π) . (3.26)

3.5 Prior Mean Function

In the absence of observations, all Bayesian models, GPs included, rely on their priors

to provide function estimation. For the case of BFMs, the effective function prior in
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Equation (2.54) is a constant zero. Instead, we may consider a mean function that

is itself a simple linear regression from the independent to the dependent variable so

that in the absence of data, e.g. in extrapolative regions, the GP will fall back to the

linear regression prediction (Roberts et al., 2013) instead of a simple constant. The

effective prior is thus distributed as follows:

p(fx|X,θ) = N

(
fx

∣∣∣∣ [X
1Tn

]T
a,ΦT

xA−1Φx

)
, (3.27)

where a = {ai}d+1
i=1 are the coefficients of a linear regression model. By introducing

the following design matrices and vectors:

Φ̂x =

Φx

X
1Tn

 , α̂ = {αi}m+d+1
i=1 , Â = diag [α̂] , â = {ai}m+d+1

i=1 , θ̂ = {ϕ, α̂, â, τ ,v, b} ,

(3.28)

if we set {ai}mi=1 = 0, then Equation (3.27) can be expressed as:

p(fx|X, θ̂) = N
(
fx|Φ̂T

x â, Φ̂T
xÂ−1Φ̂x

)
. (3.29)

This has the effect of introducing a new parameter vector ŵ ∈ Rm+d+1 that has the

following prior distribution:

p(ŵ|α̂) = N
(
ŵ|â, Â−1

)
. (3.30)

This can be shown by integrating out ŵ from the likelihood using the new prior in

Equation (3.30):

p(fx|X, θ̂) =

∫
p(fx|X, θ̂, ŵ)p(ŵ|α̂)dŵ,

=

∫
N (fx|Φ̂T

xŵ, 0)N
(
ŵ|â, Â−1

)
dŵ, (3.31)

using Equation (A.17) of the appendix, we can show that Equations (3.29) and (3.31)

are equivalent. The posterior distribution of ŵ has to be updated as follows:

p
(
ŵ|D, θ̂

)
= N

(
ŵ| ˆ̄w, Σ̂−1

w

)
, (3.32)

ˆ̄w = Σ̂−1
w

(
Ââ + Φ̂xΩBy

)
, (3.33)

Σ̂w = Φ̂xΩBΦ̂T
x + Â. (3.34)
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Using the new prior and posterior, the same procedure can be repeated to arrive at

the following general marginal likelihood:

p
(
y|X,ω, θ̂

)
= |Cω|N

(
y|Φ̂T

x
ˆ̄w,B−1Ω−1

)
N
(

ˆ̄w|â, Â−1
)

(2π)
m
2 |Σ̂w|−

1
2 , (3.35)

and the final objective as:

L(D, θ̂) = −1

2
δ̂TΩBδ̂ +

1

2
tr (Ω� ln B)− 1

2
tr (Ω ln (2π))

− 1

2

(
ˆ̄w − â

)T
Â
(

ˆ̄w − â
)

+
1

2
ln |Â| − 1

2
ln |Σ̂w|

− 1

2
vTTv +

1

2
ln |T| − m

2
ln (2π) , (3.36)

where δ̂ = y − Φ̂T
x

ˆ̄w. An appropriate prior mean a, of the linear projection part of

â, can be set to the parameters of a linear regression fit, or they can be optimised as

part of the set θ̂. In practice however, we would like to use the minimum amount of

information from the linear function as well, so we set the prior mean â = 0 after we

decorrelate the input X and output y. The final objective function to be maximised

in Equation (3.36) can then be computed more efficiently as follows:

L(D, θ̂) = −1

2
(β � ω)T δ̂2 +

1

2
ωT lnβ − 1

2
ln (2π) 1Tnω

− 1

2
α̂T
(

ˆ̄w − â
)2

+
1

2
1Tn ln α̂− 1

2
ln |Σ̂w|

− 1

2
τ Tv2 +

1

2
1Tm ln τ − m

2
ln (2π) , (3.37)

β = {β (xi)}ni=1 . (3.38)

We illustrate the advantage of this approach in Figure 3.4, where we compare two

basis function models with the same number of basis functions of the same form but

with two different mean functions. Both performed equally well within the bounds

of the dataset; however, the approach with a prior mean function had a better ex-

trapolation performance as it continued the general linear trend of the data instead

of falling back to a constant value.
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95% f∗ Training Samples
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(a) Zero mean function
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(b) Linear mean function

Figure 3.4: A comparison between two basis function models, the first (a) using
a constant prior mean of 0 and the second (b) using a prior linear mean function
showing the mean of the function (red), the 95% confidence range (grey) and the log
marginal likelihood. Both models were trained using 100 RBFs.

3.6 Summary

We showed in this chapter how the most relevant basis functions can be discovered by

modelling each weight with a different precision scale. We allow for heteroscedastic
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noise estimation by modelling the variance of the likelihood distribution as a function

of the input. We improve the modelling performance in the log-space of the, strictly

positive, output using heteroscedasticity, and show how the per-sample weights can

be incorporated into the objective as added variances to the likelihood. We detail

how a prior linear mean-function can be integrated into the formulation and how it

changes the effective prior on the function. In the next chapter we will describe how

we optimise the objective function using gradient-based search.
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Chapter 4

Optimisation

In this chapter, we discuss the basis functions we use and detail the optimisation

procedure, generically and, for two specific basis functions; the broad class of radial

basis functions and sigmoid-like activation functions. The first section of the chapter

offers an overview of the quasi-Newton optimisation method and details the gradient

calculations.

4.1 Gradient-based Optimisation

Gradient-based optimisation is a local search method, in that it makes moves from a

location in the parameter space to a local optimum. Consider a function f (x) to be

optimised and consider starting from a random location x∗. We consider a move ∆x

and expend using the multivariate Taylor series expansion of f (x∗ + ∆x) as follows:

f (x∗ + ∆x) = f (x∗) + ∆xTg +
1

2
∆xTH∆x + . . . , (4.1)

where g is the gradient vector, i.e. g[i] = ∂f (x∗ + ∆x) /∂∆xi, and H is the hes-

sian matrix, i.e. H[i, j] = ∂f (x∗ + ∆x) /∂∆xi∂∆xj. The first three terms in Equa-

tion (4.1) describe the best quadratic approximation of f (x∗ + ∆x) about x∗, namely

f (x∗ + ∆x) ≈ f (x∗) + ∆xTg +
1

2
∆xTH∆x. (4.2)

47
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To find ∆x such that f (x∗ + ∆x) is maximised/minimised, we take the derivative of

Equation (4.2) with respect to ∆x and set it equal to zero, solving for ∆x yields

∆x = −H−1g. (4.3)

Note that if the function is truly quadratic, then the solution in Equation (4.3) is

exact. However, typically the curvature of the function around x∗ is not quadratic,

thus an iterative procedure is used where we start from an initial location x0 then

update using

xk+1 = xk − ηH−1
k gk, (4.4)

where xk, gk, Hk are the location, the gradient and the hessian at iteration k, re-

spectively, and η is a positive scalar referred to as the step size, that is typically

found using a line-search method. This is known as Newton’s method and has a

time complexity of O (n3) at each iteration, where n is the dimensionality of x. This

complexity is not an issue in univariate problems, but in the multivariate case an

approximation method is often used to ease computation. One approximation ex-

treme is to set H = In, which also can be arrived at by taking the first two terms in

the Taylor expansion, i.e. the best linear approximation around x∗. This is known

as the gradient descent method. Newton’s method has a quadratic convergence rate

but is more costly to compute at each step. To resolve this, instead of requiring the

inverse of the hessian at each step, we approximate it using a quasi-update function

at each step from the change in position and gradient. Such class of methods are

referred to as Quasi-Newton methods. The most widely used member of this family

of algorithms is the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm (Broyden,

1970; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970). The BFGS method updates

the inverse of the hessian at each iteration. The updated hessian inverse is required

to be as close as possible to the previous matrix, to be symmetric and satisfy the

secant condition H−1
k+1 (gk+1 − gk) ≈ xk+1− xk, note that if the function is quadratic



4.2. The General Case 49

then this is no longer an approximation. This formulation yields the following unique

update equation for BFGS

H−1
k+1 =

(
In −

yks
T
k

yTk sk

)
H−1
k

(
In −

sky
T
k

yTk sk

)
+

sks
T
k

yTk sk
, (4.5)

where sk = xk − xk−1 and yk = gk − gk−1. The update equation in Equation (4.5)

only requires the gradients at each iteration, has a O (n2) computational cost at each

step and a super-linear convergence rate. The updated hessian inverse is guaranteed

to be positive semi-definite as long as the hessian in the previous iteration is also

positive semi-definite. If one starts with an initial H0 = In, making the first step

equivalent to a gradient descent direction, then the subsequent updated hessians will

be positive semi-definite and improve over time. We use L-BFGS (Nocedal, 1980),

which is a variant of BFGS that uses the last ` gradient and position differences to

improve the storage performance of BFGS. In the following sections, we provide the

gradient calculations in general for any basis function as well as for the special cases

of the radial basis functions and sigmoid-like activation functions.

4.2 The General Case

The gradient of the objective function in Equation (3.36) with respect to each hyper-

parameter θ̂i, using the properties of matrix derivatives (Petersen and Pedersen, 2012),
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can be computed by calculating the following in order:

∂Σ̂w

∂θ̂i
= Φ̂xΩ

(
∂B

∂θ̂i
Φ̂T

x + 2B
∂Φ̂T

x

∂θ̂i

)
+
∂Â

∂θ̂i
, (4.6)

∂ ˆ̄w

∂θ̂i
= Σ̂−1

w

(
∂Â

∂θ̂i
â + Â

∂â

∂θ̂i
+ Φ̂xΩ

∂B

∂θ̂i
y +

∂Φ̂x

∂θ̂i
ΩBy − ∂Σ̂w

∂θ̂i
ˆ̄w

)
, (4.7)

∂δ̂

∂θ̂i
= −∂Φ̂T

x

∂θ̂i
ˆ̄w − Φ̂T

x

∂ ˆ̄w

∂θ̂i
, (4.8)

∂L(D,θ)

∂θ̂i
= −1

2
δ̂TΩ

(
∂B

∂θ̂i
δ̂ + 2B

∂δ̂

∂θ̂i

)
+

1

2
tr

(
ΩB−1∂B

∂θ̂i

)

− 1

2

(
ˆ̄w − â

)T (∂Â

∂θ̂i

(
ˆ̄w − â

)
+ 2Â

(
∂ ˆ̄w

∂θ̂i
− ∂â

∂θ̂i

))
+

1

2
tr

(
Â−1∂Â

∂θ̂i

)

− 1

2
tr

(
Σ̂−1

w

∂Σ̂w

∂θ̂i

)
− 1

2
vT
(
∂T

∂θ̂i
v + 2T

∂v

∂θ̂i

)
+

1

2
tr

(
T−1∂T

∂θ̂i

)
, (4.9)

where recall that

Σ̂w = Φ̂xΩBΦ̂T
x + Â, (4.10)

ˆ̄w = Σ̂−1
w

(
Ââ + Φ̂xΩBy

)
, (4.11)

δ̂ = y − Φ̂T
x

ˆ̄w. (4.12)

More compactly, the gradients with respect to the different subsets of θ̂, i.e. ln α̂, â,

ln τ , v and b are:

∂L(D,θ)

∂ ln α̂
= −

(
Φ̂x

(
ω � β � δ̂

)
− α̂�

(
ˆ̄w − â

))
�
(
Σ̂−1

w

(
α̂�

(
ˆ̄w − â

)))
− 1

2
α̂�

(
ˆ̄w − â

)2 − 1

2
diag

[
Σ̂−1

w

]
α̂+

1

2
, (4.13)

∂L(D,θ)

∂ ln τ
= −1

2
τ � v2 +

1

2
, (4.14)

∂L(D,θ)

∂â
=
(
Φ̂x

(
ω � β � δ̂

)
− α̂�

(
ˆ̄w − â

))
�
(
Σ̂−1

w α̂
)

+ α̂�
(

ˆ̄w − â
)
, (4.15)

∂L(D,θ)

∂v
= Φx

∂L(D,θ)

∂ lnβ
− τ � v, (4.16)

∂L(D,θ)

∂b
= 1Tn

∂L(D,θ)

∂ lnβ
, (4.17)

where

∂L(D,θ)

∂ lnβ
= −1

2
ω � β �

(
δ̂2 +

((
Φ̂T

xΣ̂−1
w

)
� Φ̂T

x

)
1m

)
+

1

2
ω. (4.18)
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Note that we optimise with respect to the logarithm of the precision parameters τ

and β in order to guarantee their positivity. The computation of the gradient with

respect to the parameters ϕ of any basis function can be computed using the chain

rule as follows:

∂L(D,θ)

∂ϕ
=
∂L(D,θ)

∂Φx

∂Φx

∂ϕ
, (4.19)

the first term in the right-hand-side of Equation (4.19) can be computed irrespective

of the basis function definition as follows:

∂L(D,θ)

∂Φx

= v

(
∂L(D,θ)

∂ lnβ

)T
+
(

ˆ̄w[1 : m]δ̂T − Σ̂−1
w [1 : m, :] Φ̂x

)
� ω � β. (4.20)

The above calculations are shared for any choice of basis function, the only remaining

term to be computed is the partial derivative of the basis function with respect to

its parameters ∂Φx

∂ϕ
. In the next sections, we will provide the partial derivatives with

respect to the parameters of two popular basis functions and show a comparison

between them.

4.3 The Sigmoidal Function

We are now left with basis function selection. We require the basis function to hold

certain properties. For example, it is well defined over its input domain, continuously

differentiable and that there exists a linear combination of the basis functions that can

model the desired function to within some error. Since in most cases we have no prior

knowledge about the function space, we also require our model to be malleable enough

that it can fit any possible function to within some error. This concept is referred to

as the universality of the function which for certain types of basis functions, under

some mild conditions, can be guaranteed. One such function is the sigmoid activation

function:

φj (xi) =
1

1 + e−(hT
j xi+bj)

, (4.21)
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Table 4.1: Different valid activation functions.

Function Equation Derivative with respect to v Range
Sigmoid φ (v) = 1

1+e−v φ′ (v) = (1− φ (v))φ (v) (0, 1)

Hyperbolic Tangent φ (v) = ev−e−v

ev+e−v φ′ (v) = 1− φ (v)2 (−1, 1)

Inverse Tangent φ (v) = tan−1(v) φ′ (v) = 1
1+v2

(
−π

2
, π

2

)
Soft-sign φ (v) = v

1+|v| φ′ (v) = 1
(1+|v|)2 (−1, 1)

It is proven in Cybenko (1989), that a function of the form

F (x) =
m∑
j=1

ajκ(hTj x + bj), (4.22)

is a universal approximator. More formally, let κ(.) be a non-constant, bounded and

continuous function, Hd be a compact subspace of Rd and S
(
Hd
)

be the space of

continuous functions on Hd. Then for any f ∈ S
(
Hd
)

and ε > 0, there exist m ∈ Z,

hj ∈ Rd and aj, bj ∈ R, where j ∈ {1, . . . ,m}, such that:

|F (x)− f (x)| < ε,∀x ∈ Hd, (4.23)

this is formally known as the Universal Approximation Theorem (Cybenko, 1989).

This basis function choice guarantees the existence of a solution; however, there is no

guarantee regarding the number of basis functions required. The theorem also shows

universality for any non-constant, monotonic, continuous and bounded functions such

as the ones shown in Table 4.1.

4.3.1 Gradients

Let ϕ = {H,b}, where H = [h1, . . . ,hm], b = [b1, . . . , bm]T and V = HTX ⊕ b, so

that V[j, i] = hTj xi + bj, then the partial derivative of L(D,θ) with respect to these

parameters is:

∂L(D,θ)

∂ϕ
=
∂L(D,θ)

∂Φx

∂Φx

∂V

∂V

∂ϕ
, (4.24)
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where

∂V

∂ϕ
= X if ϕ = H, (4.25)

∂V

∂ϕ
= 1m if ϕ = b, (4.26)

and ∂Φx

∂V
is computed as follows for each type of activation function:

∂Φx

∂V
= (1m 	Φx)�Φx, for the sigmoid, (4.27)

= 1m 	 (Φx �Φx) , for the hyperbolic tangent, (4.28)

= 1m � (1m ⊕V �V) , for the inverse tangent, (4.29)

= 1m � (1m ⊕ |V|)� (1m ⊕ |V|) , for the soft-sign, (4.30)

where |V| here denotes the absolute value of each element in V, not its determinant.

Finally, from Equations (4.20) and (4.25) to (4.30), we obtain

∂L(D,θ)

∂V
=
∂L(D,θ)

∂Φx

� ∂Φx

∂V
, (4.31)

∂L(D,θ)

∂H
= X

∂L(D,θ)

∂V

T

, (4.32)

∂L(D,θ)

∂b
=
∂L(D,θ)

∂V
1n. (4.33)

4.3.2 Illustrative Examples

The parameters of the basis functions describe a set of hyperplanes ∈ Rd. These

hyperplanes are soft decision boundaries which collectively define areas in the input

space that map to certain values in the output space. Thus, the more boundaries

available, the more the approximation of the original function can be granular. Let

vTj =

[
hTj bj

]
∥∥∥[hTj bj

]∥∥∥ and λj =
∥∥[hTj bj

]∥∥, so that vj uniquely determines the direction

of the hyperplane and λj describes the rate of change, then the hyperbolic tangent

activation function for example can be rewritten as:

φj (xi) = tanh

(
λjv

T
j

[
xi
1

])
. (4.34)
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Figure 4.1: A 2D toy example described in Equation (4.35)

We use the two-dimensional artificial dataset in Figure 4.1 to illustrate the effects

of sigmoid-like basis functions, specifically the hyperbolic tangent. The target value

z is a function of x and y, which is a linear combination of three Gaussian PDFs, one

with a full covariance, the second with a diagonal covariance and the third with an

isotropic covariance plus Gaussian noise with a standard deviation of σ = 0.01:

f(x, y) = −9N
([
x
y

] ∣∣∣∣ [10
0

]
,

[
10 0
0 1

])
+ 6N

([
x
y

] ∣∣∣∣ [10
10

]
,

[
5 −3
−3 3

])
+ 3N

([
x
y

] ∣∣∣∣ [55
]
,

[
2 0
0 2

])
, (4.35)

zi ∼ N
(
zi|f(xi, yi), σ

2
)
. (4.36)

We sample 1000 training points from each distribution in Equation (4.35), for a total

of 3000, then sample the target outputs from Equation (4.36). Figure 4.2 shows the

results of training a hyperbolic tangent based BFM on the example in Figure 4.1

using different number of basis functions. The parameters of the basis functions are

visualised as lines on the xy-plane where the transparency of each line is proportional
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(a) m = 2 (b) m = 4 (c) m = 8

(d) m = 16 (e) m = 32 (f) m = 64

Figure 4.2: The results of training a hyperbolic tangent based model with different
numbers of basis functions (m), from (a) to (f) in multiples of 2. The lines plotted
on the xy-plane represent the learned parameters of the basis functions, where the
degree of transparency is proportional to the relevance of the basis as determined by
Equation (4.37). The log marginal likelihood is shown above each plot.

to its relevance score rj, where

rj =
|w̄j|∑m
k=1 |w̄k|

. (4.37)

Note that as the number of basis functions increases, the fitness improves. However,

adding too many basis functions creates a complex web of hyperplanes that is dif-

ficult to optimise, especially for regression tasks. Since the basis function’s decision

boundary extends to infinity in both directions, it has a global effect and cannot be

adjusted without affecting the other basis functions that will most likely intersect

with. There is no ideal basis function that is suitable for every situation, and in this
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case the hyperbolic tangent might not be ideal. Without further knowledge about

the function, one cannot definitely determine which basis function will result in the

least number of them being used. In the next section we will discuss another basis

function that can also guarantee universality, can be adjusted with very little effect

on other basis functions and, as detalied in Chapter 5, can be utilised to handle noisy

and missing data very effectively.

4.4 Radial Basis Functions

As mentioned in Section 4.3, the most important criterion when choosing a basis

function is its universality. Another basis function that satisfies this condition is the

radial basis function (Park and Sandberg, 1991), defined as follows:

φj (xi) = exp

(
−1

2
(xi − µj)T ΓT

j Γj (xi − µj)
)
, (4.38)

i.e. an un-normalised Gaussian PDF. The basis function is parameterised by its centre

µj ∈ Rd and its precision Σ−1
j = ΓT

j Γj, where Γj ∈ Rd×d. We refer to the model

with such basis functions as sparse Gaussian processes with variable covariances, or

GPVC. The framework also allows for other types of covariance structures, such as:

1. GPVC: variable covariances, or a bespoke Γj, for each basis function j.

2. GPGC: a global covariance, or a shared Γ, for all basis functions.

3. GPVD: variable diagonal covariances, or a bespoke diagonal Γj, for each basis

function j.

4. GPGD: a global diagonal covariance, or a shared diagonal Γ, for all basis func-

tions.

5. GPVL: variable length-scales, or a bespoke isotropic covariance for each basis

function j, i.e. Γj = γjId, where γj is a scalar.
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6. GPGL: a global length-scale, or a shared isotropic covariance for all basis func-

tions Γ = γId, where γ is a scalar.

Basis function models with global shared length-scales are broad enough for universal

approximation (Park and Sandberg, 1991). Since the function space of GPGL for

any given number of basis m is a subspace of the other types, then all of the above-

mentioned types are universal approximators. Moreover, for a fixed set of centres,

the potential accuracy that can be achieved by GPVC will always be greater than, or

equal to, any of the other methods. Since we can always use the parameters of the

best fit model, say for GPVL, to initialise GPVC, optimising the covariances while

fixing the centres can only improve the objective.

4.4.1 Gradients

We now consider the gradients with respect to the RBF’s parameters, i.e. ϕ =

{µ1, . . . ,µm,Γ1, . . . ,Γm}. Since the RBF is an exponential function, it is easier to

compute the gradient as follows

∂Φx

∂ϕ
=

∂Φx

∂ ln Φx

∂ ln Φx

∂ϕ
,

= Φx �
∂ ln Φx

∂ϕ
, (4.39)

requiring only the partial derivatives with respect to the exponent. Thus, the partial

derivatives of the parameters of a specific basis function j for a specific input i with

respect to the exponent are as follows:

∂ ln Φx[j, i]

∂µj
= ΓT

j Γj (xi − µj) , (4.40)

∂ ln Φx[j, i]

∂Γj

= −Γj (xi − µj) (xi − µj)T . (4.41)
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For the entire dataset, the gradient of L(D,θ) with respect to the parameters can be

computed more efficiently by predefining ∆j = X	µj then computing the following:

∂L(D,θ)

∂ ln Φx

=
∂L(D,θ)

∂Φx

�Φx, (4.42)

∂L(D,θ)

∂µj
= ΓT

j Γj∆j
∂L(D,θ)

∂ ln Φx

[
j, :

]T
, (4.43)

∂L(D,θ)

∂Γj

= −Γj∆j

(
∆T

j �
∂L(D,θ)

∂ ln Φx

[
j, :

]T)
. (4.44)

We can now compute the gradient with respect to the special cases of Γj as follows:

∂L(D,θ)

∂Γ
=

m∑
j=1

∂L(D,θ)

∂Γj

, (4.45)

∂L(D,θ)

∂diag [Γj]
= diag

[
∂L(D,θ)

∂Γj

]
, (4.46)

∂L(D,θ)

∂diag [Γ]
=

m∑
j=1

diag

[
∂L(D,θ)

∂Γj

]
, (4.47)

∂L(D,θ)

∂γj
= tr

(
∂L(D,θ)

∂Γj

)
, (4.48)

∂L(D,θ)

∂γ
=

m∑
j=1

tr

(
∂L(D,θ)

∂Γj

)
, (4.49)

4.4.2 Illustrative Examples

We use the same data from Figure 4.1 to demonstrate the effects of using RBFs with

different types of covariances. Figure 4.3 shows the results of training such sparse

GPs with differing covariances and increasing number of basis functions from 2 to 64;

namely the fully independent training conditional (FITC), BFM with variable length

scales (GPVL), a BFM with variable diagonal covariances (GPVD) and a BFM with

variable full covariances (GPVC). The transparency of the lines is proportional to

the relevance of the basis, as determined by Equation (4.37). Note that as we make

the covariances more rich, and variable, the better the model fit is as measured by

the log marginal likelihood, and the sparser the solution is. The BFM with variable

covariances performed the best, we note it also learned to ignore extra basis functions
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Table 4.2: The time complexity of each approach.

Method Time complexity
ANN (l-layers) O (nmd+ (l − 1)(nm2))
FITC O (nmd+ nm2)
GPVL O (nmd+ nm2)
GPVD O (nmd+ nm2)
GPVC O (nmd2 + nm2)
Full GP O (n3)

that are not needed due to the use of automatic relevance determination. It is worth

mentioning that this comes with extra cost in time complexity that is proportional

to the dimensionality of the input d. Table 4.2 shows the time complexities for the

different methods discussed in this chapter. Note that if m ≥ d, the dominant factor

will be the term nm2 for FITC, GPVL and GPVD; thus, the upper bound for these

models is O(nm2). On the other hand, GPVC has complexity O(nmd2 +nm2); thus,

the time complexity will be O(nm2) if m ≥ d2 and O(nmd2) otherwise. Note that

the time complexity will not differ between a variable versus a global covariance of

the same type. One can achieve an intermediate time complexity of O(nmdq + nm2)

for GPVC if one sets Γj ∈ Rq×d, where q ≤ d. This can be viewed as finding a low

rank approximation of the precision matrix Σ−1
j = ΓT

j Γj and it is referred to as factor

analysis distance (Rasmussen and Williams, 2006, p. 107).

4.5 Summary

This chapter has outlined the optimisation procedure for the hyper-parameters of any

basis function definition using a gradient-based optimisation procedure and provided

the gradient calculations for several varieties of sigmoid-like activation functions and

radial basis functions. We have shown that both types of basis functions have uni-

versal approximation capabilities, although some types of basis functions might be

more suitable for certain types of functions more than others. In addition, we have
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shown that using radial basis functions with more flexible covariances can potentially

enhance the performance and reduce the required number of basis functions to reach

the same accuracy compared to a shared global length-scale.
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Chapter 5

Noisy or Missing Variables

Thus, far in our discussion, we made the implicit assumption that there is absolute

certainty regarding the values of the input (observed) variables and, further, that

these variables will continue to be fully observed in any future analysis. In many

applications this is unlikely. For example, a model trained using data obtained via

one set of equipment might be presented with future observations collected from a

different set of equipment which may have less precise measurement capabilities. Also,

we might not be able to observe all the variables that were used to train the model

for every test sample. Ideally, we require methods that provide the best estimation

possible using observed data without resorting to retraining models on the limited

data available. In addition to the inevitable increase in computational cost, this will

require transporting the data along with the model; which might not be feasible for

security, privacy or technical concerns. In the following sections, we will discuss how

we can predict and train with missing and/or noisy variables in the context of basis

function models with radial basis functions; which, as we have discussed, we may

treat as sparse Gaussian Processes. We will first address how to predict with known

input noise in Section 5.1.1, since this can be addressed independently of the training

data, then in Section 5.1.2 we will show how predicting with missing variables is a

special case of noisy input prediction and how can we construct from the learned

RBFs a probability density model to convert the missing input problem into a noisy

63
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input problem. Cases where some of the inputs are noisy or missing is considered in

Section 5.1.3. In Section 5.2.1, we consider the case in which training data inputs are

uncertain by approximating the expected value of the marginal likelihood. We then

compare to other techniques for training with noisy inputs. Finally, in Section 5.2.2

we propose a method for training with noisy and/or missing variables that is effective

for high percentages of missing data. This chapter is a novel contribution in the

thesis.

5.1 Prediction

5.1.1 Predicting with Noisy Variables

Without loss of generality, and for the purposes of simplifying the derivations, we

formulate the predictive distribution in this chapter as follows:

p (y|x) = N
(
y|f (x) , ν2 (x) + σ2 (x)

)
, (5.1)

where

f (x) = φ (x)T w̄ =
m∑
i=1

w̄iziN (x|µi,Σi) , (5.2)

σ2 (x)= exp
(
φ (x)T v + b

)
= exp

(
m∑
i=1

viziN (x|µi,Σi) + b

)
, (5.3)

ν2 (x)= φ (x)T Σ−1
w φ (x) =

m∑
i=1

m∑
j=1

Σ−1
w [i, j]zizjN (x|µi,Σi)N (x|µj,Σj) , (5.4)

and

zi =

√
(2π)d |Σi|, (5.5)

Σi =
(
ΓT
i Γi

)−1
. (5.6)

In case the input is uncertain with probability p(x), the expected value of f (x), from

Equation (A.7), is as follows:

E [f (x)] =

∫
f (x) p (x) dx. (5.7)
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If the input x ∈ Rd, it is reasonable to assume that p(x) is Gaussian, or can be approxi-

mated using a mixture of Gaussians for any other non-standard distribution (Murphy,

2012, p. 341). In this section, we will consider the case where x ∼ N (x|x̄,Ψ), then

in the next section we will show how this can be trivially extended to a Gaussian

mixture model (GMM). The expected value of f (x), if p (x) is Normal, is as follows:

E [f (x)] =
m∑
i=1

w̄izi

∫
N (x|µi,Σi)N (x|x̄,Ψ) dx,

=
m∑
i=1

w̄iziN (x̄|µi,Σi + Ψ) . (5.8)

This induces a variance on f (x), as follows:

V [f (x)] = E
[
f (x)2]− E [f (x)]2 , (5.9)

E
[
f (x)2] =

∫ ( m∑
i=1

w̄iziN (x|µi,Σi)

)2

p (x) dx,

=

∫ m∑
i=1

m∑
j=1

w̄iw̄jzizjN (x|µi,Σi)N (x|µj,Σj)N (x|x̄,Ψ) dx,

=
m∑
i=1

m∑
j=1

w̄iw̄jzizjN (µi|µj,Σi + Σj)N (x̄|cij,Cij + Ψ) , (5.10)

where

Cij =
(
Σ−1
i + Σ−1

j

)−1
, (5.11)

cij = Cij

(
Σ−1
i µi + Σ−1

j µj
)
. (5.12)

Similarly, the expected value of the model variance is as follows

E
[
ν2 (x)

]
=

m∑
i=1

m∑
j=1

Σ−1
w [i, j]zizjN (µi|µj,Σi + Σj)N (x̄|cij,Cij + Ψ) , (5.13)

The expected value of the noise variance, E [σ2 (x)], cannot be computed directly.

Hence, we use a Taylor series expansion to approximate it, noting that for any function
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g (x):

E [g (x)] = E
[
g
(
E [x] + (x− E [x])

)]
,

≈ E
[
g (E [x]) + g′ (E [x]) (x− E [x]) +

1

2
g′′ (E [x]) (x− E [x])2

]
,

≈ g (E [x]) +
1

2
g′′ (E [x])V [x] . (5.14)

Therefore, we can compute the variance and the expectation of the logarithm of

σ2 (x), then approximate E [σ2 (x)] using Equation (5.14):

E
[
lnσ2 (x)

]
=

m∑
i=1

viziN (x̄|µi,Σi + Ψ) + b, (5.15)

V
[
lnσ2 (x)

]
=

m∑
i=1

m∑
j=1

vivjzizjN (µi|µj,Σi + Σj)N (x̄|cij,Cij + Ψ)

−
(
E
[
lnσ2 (x)

]
− b
)2
. (5.16)

Substituting Equations (5.15) and (5.16) into Equation (5.14), and letting g (x) =

exp (x), we obtain

E
[
σ2 (x)

]
≈ exp

(
E
[
lnσ2 (x)

])(
1 +

1

2
V
[
lnσ2 (x)

])
. (5.17)

It is worth noting that in the case g(x) = x2, the Taylor series expansion is no

longer an approximation but rather an exact solution. However, in practice, using

the exponential as the link function has a better and more stable performance during

optimisation. Finally, we arrive at the predictive distribution, in the presence of noise,

as follows:

p (y|x̄,Ψ) =

∫
p (y|f (x)) p (f (x) |x̄,Ψ) df (x) , (5.18)

= N
(
y|E [f (x)] |V [f (x)] + E

[
ν2 (x)

]
+ E

[
σ2 (x)

])
, (5.19)

where for the noise and model variance functions, we have simply replaced them with

their expected values.

To test this approach, consider the artificial dataset from Figure 3.2. The esti-

mated values for E [f(x)], E [f(x)2], E [ν2(x)] and E [σ2(x)] were computed for 4000
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Table 5.1: The mean z-scores, plus or minus one standard deviation, for E [f(x)],
E [f(x)2], E [ν2(x)] and E [σ2(x)] based on the analytical method described in this
section for noisy input prediction and their estimated values based on a sampling
method.

Mean ± 1 Standard Deviation
E [f(x)] 7.9× 10−3±6.0× 10−3

E [f(x)2] 7.8× 10−3±6.0× 10−3

E [ν2(x)] 8.0× 10−3±6.1× 10−3

E
[
σ2(x) = (φ (x)T v + b)2

]
7.9× 10−3±6.0× 10−3

E
[
σ2(x) = exp(φ (x)T v + b)

]
1.5× 10−1±1.3× 10−1

uniformly spaced points from x = −12 to x = 12. Each input xi was associated

with a random variance ψi ∼ Gamma (ψi|α = 1, β = 2), such that ψi has a mean of

0.5 and a variance of 0.25. As a baseline comparison, we sampled 1000 points from

the distribution N (xi, ψi), for each sample i, in order to compare the sample statis-

tics with the analytical computation described above. We report in Table 5.1 the

mean and the variance of the z-scores, the absolute difference between the predicted

values obtained from the analytical method and the mean of the sample divided by

the standard deviation of the sample. We note that the deviations in the results are

very small, on average less than 0.01. The area between -0.01 and 0.01 z-scores in

a Normal distribution is less than 1%. The results when g(x) = exp(x) are slightly

worse, ∼ 0.15, but within acceptable range of z-score values, i.e. ∼ 12% of the area

is between -0.15 and 0.15 z-scores.

5.1.2 Predicting with Missing Variables

Let o and u be the sets indicating the locations of the observed and unobserved

variables in x respectively. For simplicity of notation, let o = x[o] and u = x[u].

A common way to address such a problem interpolates the regions of missing values

using the expectations under a model, i.e. u = E [u]. This process can be as simple
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as assigning a constant value, e.g. zero, or the mean of the missing variable, or as

complicated as building a separate model to compute the expected value of the missing

given the observed, i.e. u = E [u|o]. However, building a separate model for every

possible combination of missing variables is impractical. For the sake of demonstration

in this section, we use the artificial dataset from the example in Figure 4.1 and

consider every possible input combination, i.e. p(z|x, y), p(z|x), p(z|y), where p(z|x)

and p(z|y) are used as reference models to evaluate how well can we derive them from

the original model, p(z|x, y), without re-optimisation; where the target output in this

case is the variable z, whereas x and y are the input variables.

Consider the approximation approach of using the expected value of the miss-

ing variable given the observed one, i.e. p(z|x) ≈ p (z|x,E [y|x]) and p(z|y) ≈

p (z|E [x|y] , y). Thus, we require access to two additional models, p(x|y) and p(y|x),

so that in case of a missing variable, say y, we can use the appropriate model to

interpolate missing data using the observations, i.e. E [y|x]. Even though this would

incur additional cost in training, we consider it here to study the performance under

the ideal scenario of having access to the optimal E [x|y] and E [y|x] values. Figure 5.1

shows the result of applying this method to the toy example from Figure 4.1. It is evi-

dent from the plots that even with our best attempt of estimating the missing variable,

the performance is very poor compared to the reference models for both cases. This

is because the underlying assumption in this approach is that E [f(x)] = f (E [x]),

which is not universally true. To demonstrate this, consider again the Taylor se-

ries expansion in Equation (5.14). Note that, for the second order approximation,

E [f(x)] = f (E [x]) is true only if the variance or the second derivative of the function

at x is zero. Thus, once uncertainty is introduced, this approximation no longer holds

for any twice differentiable functions. In this example, the basis function is infinitely

differentiable and there is always a degree of uncertainty associated with E [y|x], we

therefore need to take the variance V [y|x] into account. We argue that we should use
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p(y|x) as a prior and marginalise out y from f(x, y). For a basis function model with

a Radial Basis Function (RBF) kernel,

E [f(x, y)] =

∫ m∑
i=1

w̄iziN
([
x
y

] ∣∣∣∣µi,Σi

)
N (y|E [y|x] ,V [y|x]) dy,

=

∫ m∑
i=1

w̄iziN (x|µi[o],Σi[o, o])

×N (y|E [y|x, i] ,V [y|x, i])N (y|E [y|x] ,V [y|x]) dy,

=
m∑
i=1

w̄iziN (x|µi[o],Σi[o, o])N (E [y|x] |E [y|x, i] ,V [y|x, i] + V [y|x]) ,

=
m∑
i=1

w̄iziN
([

x
E [y|x]

] ∣∣∣∣ [µi[o]µi[u]

]
,

[
Σi[o, o] Σi[o, u]
Σi[u, o] Σi[u, u] + V [y|x]

])
,

=
m∑
i=1

w̄iziN
([

x
E [y|x]

] ∣∣∣∣µi,Σi +

[
0 0
0 V [y|x]

])
. (5.20)

Thus, predicting with a missing variable can be treated as a noisy input problem

where the input is drawn from the following distribution:

p (x|o) = N (x|x̄,Ψ) , (5.21)

x̄ =

[
o

E [u|o]

]
,Ψ =

[
0 0
0 V [u|o]

]
.

Figure 5.2 shows the effect of applying this approach to the example of Figure 4.1,

the results now are much closer to the ground truth. However, it requires us to

have a probabilistic model for each possible set of missing variables, which grows

exponentially large as the dimensionality of the input increases. Moreover, we make

the tacit assumption that the probability density of the missing variable is unimodal

and Normal, which may not be the case. For example, the probability of y given

x = 10 has two peaks, and the overall expected value does not even pass through

the training samples, hence the model is far from the ground truth in this region.

Providing a richer density function should provide more accurate estimation. In order

to achieve these goals in an efficient manner, we use the parameters of the trained
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p(z|x, y) model as parameters of a Gaussian mixture model (GMM), hence producing

the conditional probability of any subset of the input given any other subset. If x is

distributed as a GMM,

p (x) =
m∑
i=1

p(x|i)p (i) ,

=
m∑
i=1

N (x|µi,Σi) p (i) , (5.22)

we can use the means {µi}mi=1 and the covariances {Σi}mi=1 learned from fitting

p(z|x, y) and learn the mixture weights {p(i)}mi=1 using Expectation Maximisation

(EM) (Murphy, 2012, p. 352) while holding the other parameters fixed. The proba-

bility of u given o is hence found as follows:

p (o,u) =
m∑
i=1

p (o,u|i) p (i) ,

p (u|o) p(o) =
m∑
i=1

p (u|o, i) p(o|i)p (i) ,

p (u|o) =
m∑
i=1

p (u|o, i) p(o|i)p (i)

p(o)
,

=
m∑
i=1

p (u|o, i) p(o|i)p (i)∑m
j=1 p(o|j)p(j)

,

=
m∑
i=1

p (u|o, i) p(i|o), (5.23)

where, from Equations (A.10) to (A.13), we obtain

p (o|i) = N (o|µi [o] ,Σi[o, o]) , (5.24)

p (u|o, i) = N (u|E [u|o, i] ,V [u|o, i]) , (5.25)

E [u|o, i] = µi [u] + Σi [u, o] Σi [o, o]
−1 (o− µi [o]) , (5.26)

V [u|o, i] = Σi [u, u]−Σi [u, o] Σi [o, o]
−1 Σi [o, u] . (5.27)

We can also express Equation (5.23) jointly with o, or in terms of x, as

p (x|o) =
m∑
i=1

p (x|o, i) p (i|o) , (5.28)
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such that

p (x|o, i) = N (x|x̄i,Ψi) , (5.29)

x̄i =

[
o

E [u|o, i]

]
, (5.30)

Ψi =

[
0 0
0 V [u|o, i]

]
, (5.31)

Further, if we approximate Equation (5.28) as a single Normal distribution, p (x|o) ≈

N (x|E [x|o] ,V [x|o]), then the overall expected value of the mixture can be computed

as follows

E [x|o] =
m∑
i=1

x̄ip(i|o), (5.32)

and the overall covariance, from Equation (A.8), follows,

V [x|o] = E
[
xxT |o

]
− E [x|o]E [x|o]T , (5.33)

E
[
xxT |o

]
=

m∑
i=1

(
Ψi + x̄ix̄

T
i

)
p (i|o) . (5.34)

However, we can use the rich probability density function of Equation (5.28) to com-

pute a more accurate estimate

E [f(x)] =

∫ m∑
i=1

w̄iziN (x|µi,Σi) p(x|o)dx,

=
m∑
i=1

w̄iziE [N (x|µi,Σi) |o] , (5.35)

where

E [N (x|µ,Σ) |o] =

∫ m∑
j=1

N (x|µ,Σ)N (x|x̄j,Ψj) p(j|o)dx,

=
m∑
j=1

N (x̄j|µ,Σ + Ψj) p(j|o) (5.36)
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Similarly, we can apply the same principle to obtain:

E
[
f (x)2] =

m∑
i=1

m∑
j=1

w̄iw̄jzizjN (µi|µj,Σi + Σj)E [N (x|cij,Cij) |o] , (5.37)

E
[
ν2 (x)

]
=

m∑
i=1

m∑
j=1

Σ−1
w [i, j]zizjN (µi|µj,Σi + Σj)E [N (x|cij,Cij) |o] , (5.38)

E
[
lnσ2 (x)

]
=

m∑
i=1

viziE [N (x|µi,Σi) |o] ,+b, (5.39)

V
[
lnσ2 (x)

]
=

m∑
i=1

m∑
j=1

vivjzizjN (µi|µj,Σi + Σj)E [N (x|cij,Cij) |o]

−
(
E
[
lnσ2 (x)

]
− b
)2
. (5.40)

We compare the proposed approach with the following methods:

1. Reference Model: A heteroscedastic basis function model trained only on the

observed variable.

2. Random Forest: An ensemble learning method based on aggregating the

results of many learners, decision trees, trained on random sub-selection of the

features and different subsamples of the data with replacement (Breiman, 2001).

The subdivision of the data is referred to as bagging (Breiman, 1996), where

the final prediction is computed by averaging the results of all learners, e.g. for

m learners

f(x) =
1

m

m∑
i=1

fi(x) (5.41)

Using bagging alone might result in finding correlated learners, restricting each

learner to a sub-selection of the features helps de-correlate the learners and avoid

high variance, or overfitting (Caruana and Niculescu-Mizil, 2006). The learners

can be any machine learning algorithm; however, decision trees are often used

due to their speed. A decision tree generates predictions by subdividing the data

based on its features until a termination leaf is reached, determined using an
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information gain metric that measures the information quality of each feature

and its ability to predict the desired output. In case of missing variables, the

subtrees that were trained on the observed variables will not be affected; if a

subtree expect one of the missing variables, one option is to a make a decision

based on the average of that variable, or some other imputation technique. An

alternative method is to report the average outputs of the training samples that

satisfy the conditions traversed so far.

3. Gaussian Mixture Model: We also use a Gaussian mixture model (GMM) to

fit a joint distribution of the input and output. This method is a generalisation

of the single Normal Gaussian distribution as follows:

p(x,y) =
m∑
i=1

p(x,y|i)p(i), (5.42)

where each p(x,y|i) = N (x,y|µi,Σi), is a joint distribution of both the input

x and the output y, and {p(i)}mi=1 are the mixture weights that are multino-

mial distributed such that p(i) ≥ 0 ∀i ∈ {1, . . . ,m} and
∑m

i=1 p(i) = 1. The

parameters of the models, the m means, covariances and mixture weights, are

found via the EM algorithm, which maximises the likelihood in Equation (5.42)

(Murphy, 2012, p. 352). This is a maximum likelihood estimation procedure

(MLE) which is prone to overfitting because it sets no prior probabilities on

the parameters. The conditional probability of any missing subset of the vari-

ables given the observed set can be found in the same way described earlier in

Equation (5.23).

We split the data into three sets of 1000 samples each for training, validation and

testing. The training set used to optimise the models, the validation set for model

selection and the testing set to report the results. To determine the number of

basis functions, trees and mixtures, we train each model on the training set, with no

missing variables, and select the model that best performed on the validation set as
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(a) Basis Function Model
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(d) Random Forest

Figure 5.3: The result of (a) treating the missing variable y as a noisy input, dis-
tributed as in Equation (5.23), on the 2D artificial example from Figure 4.1 compared
to (b) the reference model trained only on the observed variable, (c) a Gaussian mix-
ture model optimised using Expectation Maximisation and (d) a random forest model.

determined by the log likelihood. The validation set is also used to keep track of the

best performing parameterisation of the model during the optimisation procedure.

All the methods performed best around 50 basis functions/trees/mixtures. We hence

fix the number to 50 for all methods and test their performance on the test set using

only one observed variable. Figure 5.3 and Figure 5.4 show the results of all methods

for both cases of missing variables, y and x respectively.

To evaluate the performance of the methods in recovering the reference models,
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(d) Random Forest

Figure 5.4: The result of (a) treating the missing variable x as a noisy input, dis-
tributed as in Equation (5.23), on the 2D artificial example from Figure 4.1 compared
to (b) the reference model trained only on the observed variable, (c) a Gaussian mix-
ture model optimised using Expectation Maximisation and (d) a random forest model.

p(z|x) and p(z|y), from p(z|x, y), we compute the average log-likelihood of the pre-

dictive distributions on the held-out test set. Each model provides a single Normal

predictive distribution of the output for each sample, e.g. if y is missing p(zi|xi) =

N (f (xi) , σ
2 (xi)). We report in Table 5.2 the mean and the standard deviation of

the log-likelihood on the held-out test set for each method. The Basis Function Model

(BFM) using the full mixture is the closest to the ground truth, random forest on the

other hand is significantly worse than the rest. Note that in the missing y variable
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Table 5.2: The mean log likelihood, plus or minus one standard deviation, of the
predictive distribution for each method in handling missing values compared to the
reference model on the held-out test set.

p(z|x) p(z|y)
Reference Model 0.4316±0.8591 1.2716±0.7648
BFM-Full 0.4312±0.7980 1.2664±0.7064
BFM-Single 0.1448±1.2755 1.1994±0.6694
EM-GMM 0.4179±0.8952 1.2591±0.7730
Random Forest -20.3906±33.9660 0.4307±1.3319

case, BFM-Single is significantly worse than BFM-Full and EM-GMM compared to

when x is missing. This indicates that the ability to model more complex and mul-

timodal distributions significantly affects the performance of missing value inference.

The results indicate that the proposed approach recovers the reference model accu-

rately. Note that the EM-GMM has a higher model variance, and overfitted more,

even with the use of a validation set. In the next section, we extend this approach to

handle a mixture of missing and noisy variables during prediction.

5.1.3 Predicting with Missing and Noisy Variables

In the previous section, we addressed estimating the expected value in the presence

of unobserved variables u given a noiseless set of observed inputs o. The solution

obtained leads to a noisy input problem where x ∼ p(x|o) (Equation (5.28)). For a

noisy input o ∼ N (o|ō,O), we find p(x|ō,O) as follows:

p(x|ō,O) =

∫
p(x|o)p(o|ō,O)do,

=
m∑
i=1

∫
p(x|o, i)p(i|o)p(o|ō,O)do. (5.43)
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However, the integration in Equation (5.43) is intractable. We therefore approximate

it as follows:

p(x|ō,O) =
m∑
i=1

∫
p(x|o, i)p(i|o)p(o|ō,O)do,

=
m∑
i=1

E [p(x|o, i)p(i|o)] ,

≈
m∑
i=1

E [p(x|o, i)]E [p(i|o)] ,

=
m∑
i=1

p(x|ō,O, i)p(i|ō,O), (5.44)

i.e. we approximate the expectation of the product with the product of the expecta-

tions. For p(i|ō,O) we get

p(i|ō,O) =

∫
p(i|o)p(o|ō,O)do,

=

∫
p(o|i)p(i)∑m
j=1 p(o|j)p(j)

p(o|ō,O)do. (5.45)

This is also intractable; however, we can use multivariate Taylor series expansion

to estimate a good approximation (Seltman, 2012). Let X = p(o|i)p(i) and Y =∑m
j=1 p(o|j)p(j) be two random variables

p(i|ō,O) =

∫
p(o|i)p(i)∑m
j=1 p(o|j)p(j)

p(o|ō,O)do,

= E
[
X

Y

]
,

≈ E [X]

E [Y ]
− C [X, Y ]

E [Y ]2
+

E [X]

E [Y ]3
V [Y ] , (5.46)
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where E [X], E [Y ], V [Y ] and C [X, Y ] are computed as follows:

E [X] = N (ō|µi[o],Σi[o, o] + O) p(i), (5.47)

E [Y ] =
m∑
j=1

N (ō|µj[o],Σj[o, o] + O) p(j), (5.48)

E
[
Y 2
]

=
m∑
i=1

m∑
j=1

p(i)p(j)N (µi[o]|µj[o],Σi[o, o] + Σj[o, o])N (ō|mij,Mij + O) ,

(5.49)

E [XY ] =
m∑
j=1

p(i)p(j)N (µi[o]|µj[o],Σi[o, o] + Σj[o, o])N (ō|mij,Mij + O) ,

(5.50)

C [X, Y ] = E [XY ]− E [X]E [Y ] , (5.51)

V [Y ] = E
[
Y 2
]
− E [Y ]2 , (5.52)

Mij =
(
Σi[o, o]

−1 + Σj[o, o]
−1
)−1

, (5.53)

mij = Mij

(
Σi[o, o]

−1µi[o] + Σj[o, o]
−1µj[o]

)
. (5.54)

For the product of two random variables, the Taylor series expansion to the second

order of E [XY ] is exact, and also exact to the first order if X and Y are independent.

We now turn to the second term p(x|ō,O, i):

p(x|ō,O, i) =

∫
p(x|o, i)p(o|ō,O)do. (5.55)

We solve for this by first computing the expected value, then from it derive the

covariance as follows:

E [x|o,O, i] =

∫∫
xp(x|o, i)p(o|ō,O)dxdo,

=

∫ [
o

E [u|o, i]

]
N (o|ō,O) do,

=

[ ∫
oN (o|ō,O) do∫

(µi [u] + R[u, o|i] (o− µi [o]))N (o|ō,O) do

]
,

=

[
ō

µi [u] + R[u, o|i] (ō− µi [o])

]
,

=

[
ō

E [u|ō, i]

]
. (5.56)
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where R[u, o|i] is a short hand notation for Σi[u, o]Σi[o, o]
−1. We can now find the

covariance of x as follows

V [x|ō,O, i] = E
[
xxT |ō,O, i

]
− E [x|ō,O, i]E [x|ō,O, i]T ,

=

∫∫
xxTp(x|o, i)N (o|ō,O) dxdo− E [x|ō,O, i]E [x|ō,O, i]T ,

=

∫ (
Ψi + x̄ix̄

T
i

)
N (o|ō,O) do− E [x|ō,O, i]E [x|ō,O, i]T ,

= Ψi +

∫ (
x̄ix̄

T
i − E [x|ō,O, i]E [x|ō,O, i]T

)
N (o|ō,O) do,

= Ψi +

∫
(x̄i − E [x|ō,O, i]) (x̄i + E [x|ō,O, i])T N (o|ō,O) do,

= Ψi +

∫ [
(o− ō)

R[u, o|i] (o− ō)

] [
(o + ō)

R[u, o|i] (o + ō)

]T
N (o|ō,O) do,

= Ψi +

∫ [
Ido

R[u, o|i]

]
(o− ō) (o + ō)T

[
Ido

R[u, o|i]

]T
N (o|ō,O) do,

= Ψi +

∫ [
Ido

R[u, o|i]

](
(o− ō) (o− ō)T + 2oōT − 2ōōT

)[ Ido
R[u, o|i]

]T
×N (o|ō,O) do,

= Ψi +

[
Ido

R[u, o|i]

]
O

[
Ido

R[u, o|i]

]T
,

= Ψi +

[
O OR[u, o|i]T

R[u, o|i]O R[u, o|i]OR[u, o|i]T
]
, (5.57)

where do is the number of observed variables. Therefore, the probability of the input

x, with partially missing and partially noisy variables, with respect to a specific

mixture i, is distributed as follows:

p (x|ō,O, i) = N
(
x|ˆ̄xi, Ψ̂i

)
, (5.58)

where

ˆ̄xi = E [x|ō,O, i] , (5.59)

Ψ̂i = V [x|ō,O, i] , (5.60)

hence,

E
[
xxT |ō,O, i

]
= Ψ̂i + ˆ̄xi ˆ̄x

T
i . (5.61)
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Putting everything together, we obtain:

p (x|ō,O) =
m∑
i=1

p (x|ō,O, i) p(i|ō,O). (5.62)

We can now treat the problem as one of noisy input inference where x ∼ p (x|ō,O).

We can either approximate Equation (5.62) with a single Normal distribution p (x|ō,O) ≈

N (x|E [x|ō,O] ,V [x|ō,O]), where

V [x|ō,O] = E
[
xxT |ō,O

]
− E [x|ō,O]E [x|ō,O] ,T (5.63)

E [x|ō,O] =
m∑
i=1

ˆ̄xip(i|ō,O), (5.64)

E
[
xxT |ō,O

]
=

m∑
i=1

(
Ψ̂i + ˆ̄xi ˆ̄x

T
i

)
p(i|ō,O), (5.65)

or use the full mixture. This will result in updating E [f(x)], E [f(x)2], E [ν2(x)],

E [lnσ2(x)] and V [lnσ2(x)] by replacing the term E [N (x|µi,Σi) |o] in Equation (5.36)

with

E [N (x|µ,Σ) |ō,O] =
m∑
i=1

N
(

ˆ̄xi|µ,Σ + Ψ̂i

)
p(i|ō,O). (5.66)

We demonstrate the effectiveness of this approximation on the same data from

Figure 4.1. A model is trained to fit p(z|x, y), then during prediction is used to

estimate p(z|x), where x ∼ N (x, ψ). The number of test samples is 100, uniformly

spaced from -5 to 18, and we apply the same degree of input noise variance, ψ, to all

test cases. We use as a reference model a sampling technique, where the distribution

p(z|x) is estimated by averaging 5000 estimates using inputs sampled from N (x, ψ)

for each test case; each one of which is treated as a missing variable problem with

noiseless observed inputs. The values of E [f (x)], V [f (x)], E [σ2 (x)] and E [ν2 (x)]

are then estimated from the 5000 generated predictions of f (x), σ2 (x) and ν2 (x)

respectively. The comparison between the proposed approximation and the sampling

method is shown in Figure 5.5 with different values of ψ.
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Table 5.3: The mean z-scores, plus or minus one standard deviation, for E [f(x, y)],
E [f(x, y)2], E [ν2(x, y)] and E [σ2(x, y)] based on the analytical method described
in this section for noisy and missing input and their estimated values based on a
sampling method.

x is missing y is missing
E [f(x, y)] 0.21±0.25 0.0088±0.11
E [f(x, y)2] 0.26±0.25 0.11±0.15
E [ν2(x, y)] 0.29±0.30 0.18±0.17

E
[
σ2(x, y) = (φ (x, y)T v + b)2

]
0.21±0.22 0.19±0.34

E
[
σ2(x, y) = exp(φ (x, y)T v + b)

]
0.26±0.28 0.14±0.21

To evaluate the performance of this approximation, we use the same models

from the previous section, optimised on the full noiseless training set, then we

add random noise, εi ∼ N (0, ψi), to each sample in the test set, where ψi ∼

Gamma (ψi|α = 1, β = 2), so that ψi has a mean of 0.5 and a variance of 0.25. As a

baseline comparison, we sampled 1000 points from the distributionN (xi, ψi), for each

sample i, in order to compare the sample statistics with the analytical computation

described in this section. The average z-scores, plus or minus one standard deviation,

of the proposed method compared to the sampling technique are shown in Table 5.3.

The results indicate that this approach achieves an acceptable approximation to the

sampling method with an average z-score deviation of ∼ 0.25 when x is missing and

∼ 0.13 when y is missing. The area between -0.25 and 0.25 z-scores in a Normal

distribution is less than 20%.

5.2 Training

5.2.1 Training with Noisy Variables

We now consider optimisation in the presence of known input noise. Let xi ∼

N (xi|x̄i,Ψi), X = {x̄i}ni=1 and Ψ = {Ψi}ni=1. The most direct approach is to use

X in place of X, i.e. to maximise the objective at the expected values of the inputs.
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However, this has proven ineffective during prediction. More precisely, approximating

E [f (X)] with f (E [X]) is equivalent to a first order approximation using a Taylor

series expansion. Ideally we would like to marginalise out the input

p
(
y|X,Ψ,θ

)
=

∫
p (y|X,θ) p

(
X|X,Ψ

)
dX, (5.67)

p
(
X|X,Ψ

)
=

n∏
i=1

N (xi|x̄i,Ψi) . (5.68)

This integration is intractable however, so we must again resort to approxima-

tions. The approach we use here is to use the expected value of the highest or-

der function. For example, if f(x) can be expressed as f(g(z(x))), one extreme is

to use E [f(g(z(x)))] (intractable), and the other extreme is to approximate it with

f(g(z(E [x]))) (inaccurate). We therefore aim for the highest function in the chain

that we can approximate. Consider again the form of the marginal likelihood in

Equation (2.56):

ln p (y|X,θ) = −1

2
yTS−1y − 1

2
|S| − n

2
ln (2π) , (5.69)

S = Φx
TA−1Φx + σ2In. (5.70)

We can express ln p (y|X,θ) as a function of S and parameterised by θ, i.e. f (S|θ),

then approximate it as follows f (S|θ) ≈ f (E [S] |θ), where

E [S[i, j]] =

∫∫
S[i, j]p (xi) p (xj) dxidxj,

=

∫∫ m∑
k=1

α−1
k φk (xi)φk (xj)N (xi|x̄i,Ψi)N (xj|x̄j,Ψj) dxidxj,

=
m∑
k=1

α−1
k φ̄k (x̄i,Ψi) φ̄k (x̄j,Ψj) , (5.71)

φ̄k (x̄i,Ψi) =

√
|Σk|

|Σk + Ψi|
exp

(
−1

2
(x̄i − µk)T (Σk + Ψi)

−1 (x̄i − µk)
)
. (5.72)

Therefore, we can express the full matrix E [S] as follows:

E [S] = Φ̄T
xA−1Φ̄x + σ2In, (5.73)

Φ̄x[j, i] = φ̄j (x̄i,Ψi) . (5.74)
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This has transformed the problem into a new basis function model with a new basis

function definition as described in Equation (5.72), where µj and Σj =
(
ΓT
j Γj

)−1
are

the centre and the covariance of the j-th basis function respectively. The new basis

function we refer to as the expected RBF or (ERBF), is equivalent to the RBF kernel

when Ψi = 0, i.e. φ̄j (x̄i,0) = φj (x̄i), which plays the role of down-weighting the

sample for large values of |Ψi|, approaching zero as |Ψi| → ∞; hence, its gradient will

approach zero which will eliminate its contribution to the learning process. The ratio

|Σj| / |Σj + Ψi| is bounded between zero and one (see Equation (A.29)) since both

Σj and Ψi are PSD matrices. This is a desirable effect so that it will not conflict with

our prior on the weights. Without priors on the hyper-parameters, the optimisation

will increase the magnitude of the basis function response in order to compensate for

any reduction in its corresponding weight. Having the basis function bounded helps

restrict such unwanted effect. Moreover, for a basis function model with a prior mean

function, the predictive mean approaches the prior mean as the magnitude of the

input noise increases. We see this as a desirable effect as the model falls back to its

prior as the uncertainty about the input increases.

The gradients now must be updated to account for the new input noise term. We

only need however to provide the gradient of the basis function with respect to its

logarithm. For a specific sample i and basis function j, we have

ln Φ̄x[j, i] =
1

2
ln |Σj| −

1

2
ln |Σj + Ψi|

− 1

2
(x̄i − µj)T (Σj + Ψi)

−1 (x̄i − µj) , (5.75)

∂ ln Φ̄x[j, i]

∂µj
= (Σj + Ψi)

−1 (x̄i − µj) , (5.76)

∂ ln Φ̄x[j, i]

∂Σj

=
1

2
Σ−1
j −

1

2
(Σj + Ψi)

−1

+
1

2
(Σj + Ψi)

−1 (x̄i − µj) (x̄i − µj)T (Σj + Ψi)
−1 , (5.77)

∂ ln Φ̄x[j, i]

∂Γj

= −2ΓjΣj
∂ ln Φ̄x[j, i]

∂Σj

Σj. (5.78)
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Alternatively, one can also optimise with respect to the covariance matrix Σj = ΛT
j Λj,

where

∂ ln Φ̄x[j, i]

∂Λj

= 2Λj
∂ ln Φ̄x[j, i]

∂Σj

. (5.79)

In order to evaluate the performance of this model we compare the proposed

approach with the following five models:

1. Deterministic: Treating the uncertain inputs as if they were exact.

2. Sampling: We create a new dataset by sampling 100 points from the distribu-

tion N (xi, ψi) for each input and assign them the same target yi.

3. Noise as input: The input noise is treated as an additional input dimension.

4. Noise as cost: We use case-sensitive learning where the input noise variance

is treated as cost, i.e. ωi = 1/
√
ψi.

5. Noisy input Gaussian process (NIGP): A Gaussian process framework to

deal with input noise (Mchutchon and Rasmussen, 2011). This assumes that

all inputs are corrupted by a random noise process drawn from a single shared

distribution which is not known a priori.

NIGP uses a Taylor series expansion to approximate the noisy input problem.

Consider for example that x = x̄+ε, where ε ∼ N (0|Ψ), then the expansion of f (x)

f (x) = f (x̄ + ε) ≈ f (x̄) + εT
∂f (x̄)

∂x̄
. (5.80)

This will result in changing the likelihood of the GP to

p (y|fx) = N
(
y|fx, σ2In + diag

[
∇T

xΨ∇x

])
, (5.81)

where ∇x =
[
∂f(x̄1)
∂x̄1

, . . . , ∂f(x̄n)
∂x̄n

]
∈ Rd×n. Similar to a heteroscedastic model, this

treatment adds an extra input-dependent variance in the likelihood, which is the
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Table 5.4: The RMSE between the tested models and the true underlying function
using both homoscedastic and heteroscedastic variance estimations. The results are
reported on 1000 test samples that are linearly spaced across the domain of the input.

Deterministic Sampling As Input As Cost ERBF NIGP
Homoscedastic 0.0830 0.1110 0.0547 0.0543 0.0299 0.0757
Heteroscedastic 0.0829 0.1109 0.0523 0.0516 0.0211 N/A

product of the input’s noise variance and its gradient. Thus, as the input noise

increases, extra uncertainty will be added to the total variance that is proportional to

the gradient of the function at that location. Therefore, in areas that are relatively

flat, the input noise will have little effect on the inference. The covariance Ψ in

NIGP is considered unknown, diagonal and shared for all inputs. In addition to using

homoscedastic models, we also fit heteroscedastic versions for all the methods, except

for NIGP, on the same dataset used in Section 5.1.1 and all using the RBF kernel.

The results are shown in Figures 5.6 and 5.7 respectively. Performances in terms of

the differences between the predictions and the true function, sinc(x), are reported in

Table 5.4. The results are reported on 1000 samples that are linearly spaced to cover

the domain of the training set. The results from Figure 5.6, Figure 5.6 and Table 5.4

indicate that the proposed approach significantly and consistently outperforms all the

tested methods.

5.2.2 Training with Missing and Noisy Variables

We can extend our process for noisy inputs to the missing variable case by treating

the missing variables as noisy inputs drawn from the conditional distribution of the

missing given the observed. We have shown that using a basis function model with a

RBF kernel has the advantage of utilising its learned parameters to model a distribu-

tion over inputs as a Gaussian mixture model. For the training case however, these

parameters, by definition, are yet to be inferred; thus, attempting to learn and use
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them simultaneously for missing value inference is not only computationally expensive

but extremely sensitive to initial conditions. In this section, we provide a method

that has proved effective and does not add to the complexity cost or the gradient

calculations. In the previous section we showed that, for a noisy input, the problem

transforms into a new basis function model definition. The new basis function is the

expected response value given a distribution over the input. For a partially complete

and noisy input x, where the observed variable o ∼ p(o|ō,O), we can replace that

prior with the distribution from Equation (5.62). The new expected RBF will be

updated as follows:

φ̄i (ō,O) = E [φi (x) |ō,O] ,

=

∫
ziN (x|µi,Σi) p(x|ō,O)dx,

=

∫
ziN (x|µi,Σi)

m∑
j=1

N
(
x|ˆ̄xj, Ψ̂j

)
p(j|ō,O)dx,

=
m∑
j=1

ziN
(

ˆ̄xj|µi,Σi + Ψ̂j

)
p(j|ō,O). (5.82)

However, the parameters of the model have not been optimised and the computational

cost has increased by a factor of m. The approximation we hence use replaces the

full mixture with its i-th component

φ̄i (ō,O) ≈ ziN
(

ˆ̄xi|µi,Σi + Ψ̂i

)
,

= ziN
(

ˆ̄xi[o]|µi[o],Σi[o, o] + Ψ̂i[o, o]
)

×N
(
ˆ̄xi[u]|E

[
ˆ̄xi[u]|ˆ̄xi[o]

]
,V
[
ˆ̄xi[u]|ˆ̄xi[o]

])
, (5.83)
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where, from Equations (5.59) and (5.60), we obtain

E
[
ˆ̄xi[u]|ˆ̄xi[o]

]
= µi[u] +

(
Σi[u, o] + Ψ̂i[u, o]

)(
Σi[o, o] + Ψ̂i[o, o]

)−1

(ō− µi[o]) ,

= µi[u] +
(
Σi[u, o] + Σi[u, o]Σi[o, o]

−1O
)

(Σi[o, o] + O)−1 (ō− µi[o]) ,

= µi[u] + Σi[u, o]Σi[o, o]
−1 (Σi[o, o] + O) (Σi[o, o] + O)−1 (ō− µi[o]) ,

= µi[u] + Σi[u, o]Σi[o, o]
−1 (ō− µi[o]) ,

= ˆ̄xi[u], (5.84)

and

V
[
ˆ̄xi[u]|ˆ̄xi[o]

]
= Σi[u, u] + Ψ̂i[u, u]

−
(
Σi[u, o] + Ψ̂i[u, o]

)(
Σi[o, o] + Ψ̂i[o, o]

)−1 (
Σi[o, u] + Ψ̂i[o, u]

)
,

= Σi[u, u] + Ψ̂i[u, u]−Σi[u, o]Σi[o, o]
−1
(
Σi[o, u] + Ψ̂i[o, u]

)
,

= Σi[u, u] + Ψ̂i[u, u]−R[u, o|i]Σi[o, u]−R[u, o|i]OR[u, o|i]T ,

= V [u|ō,O, i] + Ψ̂i[u, u]−R[u, o|i]OR[u, o|i]T ,

= 2V [u|ō,O, i] . (5.85)

We can thus ignore the exponent of the Gaussian PDF with respect to ˆ̄xi[u] in Equa-

tion (5.83) since E
[
ˆ̄xi[u]|ˆ̄xi[o]

]
− ˆ̄xi[u] is always zero. Using Equation (A.27) in the

appendix, we can further simplify Equation (5.83) to:

φ̄i (ō,O) ≈ ziN (o|µi[o],Σi[o, o] + O)√
(2π)du |2 (Σi[u, u]−Σi[u, o]Σi[o, o]−1Σi[o, u])|

,

=
ziN (o|µi[o],Σi[o, o] + O)√

(2π)du 2du |Σi[u, u]−Σi[u, o]Σi[o, o]−1Σi[o, u]|
,

=
ziN (o|µi[o],Σi[o, o] + O)√

(2π)du 2du |Σi| |Σi[o, o]|−1
,

=

√
|Σi[o, o]|

2du |Σi[o, o] + O|
exp

(
−1

2
(ō− µi[o]) (Σi[o, o] + O)−1 (ō− µi[o])T

)
.

(5.86)
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Using this approximation, the expected RBF can be computed by ignoring the missing

values and scaling by a factor of 2−
du
2 , where du is the number of missing variables.

When Σj is parameterised as ΛT
j Λj, the gradients are computed simply by considering

only the elements indexed by the set of observed values o.

∂ ln Φ̄x[j, i]

∂µj[o]
= (Σj[o, o] + O[o, o])−1 (x̄i[o]− µj[o]) , (5.87)

∂ ln Φ̄x[j, i]

∂Σj[o, o]
=

1

2
Σ−1
j [o, o]− 1

2
(Σj[o, o] + O)−1

+
1

2
(Σj[o, o] + O)−1 (x̄i[o]− µj[o]) (x̄i[o]− µj[o])T (Σj[o, o] + O)−1 ,

(5.88)

∂ ln Φ̄x[j, i]

∂Λj[:, o]
= 2Λj[:, o]

∂ ln Φ̄x[j, i]

∂Σj[o, o]
. (5.89)

When Σj =
(
ΓT
j Γj

)−1
the gradient is not as straight forward, as Σj[o, o] depends on

all the elements of Γj. Let Gj = ΓT
j Γj, then Σj[o, o]

−1 can be expressed in terms of

Gj, using Equation (A.23), as follows:

Σj[o, o]
−1 = Gj[o, o]−Gj[o, u]Gj[o, u]−1Gj[u, o]. (5.90)

Note that Gj[u, o] = Γj[:, u]TΓj[:, o]. Finally, using the chain rule and after simplifi-

cation we arrive at

∂ ln Φ̄x[j, i]

∂Σj[o, o]−1
= −Σj[o, o]

∂ ln Φ̄x[j, i]

∂Σj[o, o]
Σj[o, o], (5.91)

∂ ln Φ̄x[j, i]

∂Γj[:, o]
= 2

(
Γj[:, o]− Γj[:, u]Gj[u, u]−1Gj[u, o]

) ∂ ln Φ̄x[j, i]

∂Σj[o, o]−1
, (5.92)

∂ ln Φ̄x[j, i]

∂Γj[:, u]
= −∂ ln Φ̄x[j, i]

∂Γj[:, o]
Gj[o, u]Gj[u, u]−1. (5.93)

We compare this approach with a random forest model on the example from

Figure 4.1. The data is split into 2000 samples for training and 1000 for testing, we

then declare one of the two variables as missing, at random from each sample, from

a portion of the training set selected at random. We then vary this percentage from

0% to 100% by an increment of 1% and use the trained model to generate predictions



94 Chapter 5. Noisy or Missing Variables

Figure 5.8: A comparison between the proposed approach and a random forest im-
plementation, using 100 basis functions and 100 trees respectively, on the example
from Figure 4.1 trained on a varying percentage of observed data. The y-axis reports
the RMSE on the test set which has no missing variables.

for the held-out test set using the full data with no missing inputs. Figure 5.8 shows

a comparison between the proposed approach and a random forest implementation

using 100 basis functions and 100 trees respectively. The performance of our model

consistently outperformed the random forest, except in the worst case when none of

the samples in the training set observed both variables.

5.3 Summary

We have shown in this chapter how the capabilities of handling noisy and missing in-

puts can be added to sparse GPs from a BFM perspective during both prediction and

training. Incorporating known input noise during prediction translates into adding

the noise variance to the RBF’s covariances. During prediction this treatment is

exact, during training however this is an approximation. Nevertheless, this approx-
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imation proved very effective and outperformed other approaches such as sampling,

cost-sensitive learning and using the known variances as additional inputs. We have

shown that missing variables can be viewed as a special case of noisy data and took

advantage of the RBFs to construct a joint distribution of the input in order to obtain

the conditional probability distribution of the missing given the observed for any ar-

bitrary segmentation of the input. The proposed solution is exact for prediction and

empirically matches a reference model specifically trained using the observed values

only; and outperformes Gaussian mixture models and random forests. During train-

ing however, we have made some approximations to ease computational concerns.

The proposed training procedure is competitive with random forests for up to 50%

of missing data at random. In the following chapter, we move from demonstrating

the proposed approaches on artificial univariate and bivariate data to a real world

problem in astrophysics.
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Chapter 6

Photometric Redshift Estimation

6.1 Background

The nearest star to our solar system, Alpha Centauri A, is around 4.2 lightyears away

from Earth. To put this in perspective, the farthest human-made object, Voyager

1, was launched in 1977 is now about 20.65 billion kilometres, or 0.002 light-years,

away from Earth and has just ventured into interstellar space. Clearly, direct exper-

imentation is infeasible; hence, scientists have to rely only on the light emitted from

the stars and gas, or more precisely their electromagnetic radiation, in order to study

the Universe. Stars, galaxies and nebulae all emit radiation over a wide electromag-

netic spectrum, from radio waves to gamma rays. It is through the analysis of these

emissions that cosmologists and astrophysicists study the properties and evolution of

astrophysical objects. When studying the geometry and the evolution of the Universe,

two important measures are the distances between galaxies and their velocities rela-

tive to each other; which can be measured by their redshifts. The redshift of a light

source, e.g. star, galaxy or nebula, is a measure of the velocity of an object relative

to a frame of a reference, e.g. the Earth. Due to the expansion of the Universe, the

redshift of a galaxy is proportional to its distance for extragalactic objects (Hubble,

1929). The measure of redshift is largely analogous to the Doppler effect, which is the

change in the frequency of a signal that a moving object emits relative to an observer.

If an object is moving away, its frequency will decrease (shifted towards the red), and

97
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🌍
Rest Frame

🌍
Shifted towards the red

Moving

🌍
Shifted towards the blue

Moving
Towards

Away

Stationary

Figure 6.1: A demonstration of how the Doppler effect changes the frequency, and
consequently the position of the absorption line, of the light emitted from a galaxy
moving away from Earth (bottom) and a galaxy moving towards Earth (middle)
compared to the reference frequency at rest (top).

will increase if it is moving towards the Earth (shifted towards the blue), see Fig-

ure 6.1. In the case of cosmological distances, the redshifting of the light is due to the

expansion of space itself. The redshift of an object can be found through analysing

its spectrum and measuring the shift of the absorption, or emission, lines compared

to the signature of a known chemical element at a stationary point. For example,

hydrogen is the most abundant element in the universe and has known absorption

wavelengths to a high degree of accuracy. Comparing the shift in these absorption

lines, from the rest-frame, allows us to infer whether or not the light source is moving

towards or away from Earth, see for example Figure 6.2. The redshift is unit-less,

commonly denoted as z, and is calculated as follows:

z =
λobs − λrest

λrest
, (6.1)
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Figure 6.2: A comparison between the absorption lines of a supercluster of distant
galaxies (bottom) and that of the Sun (top) in the visible spectrum (Wikimedia
Commons, 2005).

also commonly expressed as

1 + z =
λobs
λrest

, (6.2)

where λobs is the observed wavelength of a feature in the spectrum from the source,

such as an absorption line, and λrest is the wavelength of the feature emitted from a

light source at rest, or the rest-frame. This is known as the spectroscopic redshift,

and provides the most accurate method for measuring redshift. However, this method

is time consuming for large scale surveys, because the light is split up into typical

spectral bin widths of ∼ 1 Å, and only relatively small area spectroscopic campaigns

can reach faint magnitudes (Le Fèvre et al., 2013, 2015; Lilly et al., 2009), or at the

other extreme, over larger areas for bright magnitudes (Alam et al., 2015; Colless

et al., 2003; Driver et al., 2011).

These limitations force cosmologists and astrophysicists to consider alternative

means that are cheaper and faster to achieve in order to cope with the demands of

current and future large scale surveys such as Euclid (Laureijs et al., 2011), the Sloan
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Digital Sky Survey (SDSS; Alam et al., 2015) and the Large Synoptic Survey Telescope

(LSST; Ivezic et al., 2008) aimed at understanding the reasons behind the accelerating

expansion rate of the Universe and the nature of the physical processes behind it, for

example dark energy and dark matter. Together, dark energy and dark matter make

up around 94% of the energy density of the Universe, but scientists currently have very

little understanding of their nature. The goal is to study their effects through their

gravitational effects on the clustering of galaxies in space and time, and through a

phenomenon called gravitational lensing. Gravitational lensing occurs when a source

of gravity bends the light passing near it due to the distortion it creates in the

space-time around it. The foreground source will change the apparent position and

shape of the background source when observed from Earth; which Einstein’s theory

of General Relativity predicted, and was confirmed during the solar eclipse of May 29,

1919 (Dyson et al., 1920). The positions of the stars near the edge of the Sun’s disk

shifted by the same amount predicted by the theory. Figure 6.3 illustrates the effect

of gravitational lensing when observing a distance galaxy behind a foreground source

of strong gravity. Using the same concept, one can invert the calculations to derive

the mass of the object between the observer and the background source from lensing.

When the source of gravity is massive, e.g. galaxy clusters or black holes, the lensing

effect is very noticeable from the formation of arcs, full arcs (also known as Einstein

rings, see Figure 6.4a) or multiple copies of the background source (quad-systems are

also known as Einstein’s cross, see Figure 6.4b).

Weak-lensing on the other hand, creates slight distortions to the background

source’s orientation and shape; which is not sufficient to determine with certainty

the mass of the foreground object from one or few background galaxies. Hence, de-

termining the mass of the foreground source of gravity using weak-lensing, a large

percentage of which is potentially dark matter, is in its essence a statistical prob-

lem that needs more data to obtain a more precise estimate of the foreground mass.
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Figure 6.3: A gravitational lensing illustration. A distant galaxy (red) behind a
foreground source (blue) where its light is bent due to gravity creating the effect
of observing two distinct sources (magenta) in the recorded image in the left panel
(NASA/JPL-Caltech, 2010).

Furthermore, the accuracy of the mass determination of the foreground lensing struc-

tures is greatly enhanced when accurate distances are available for both the galaxies

that trace the lensing mass and also the background galaxies that are being lensed.

However, as previously mentioned, spectroscopy is very time consuming and is less

accurate for dim sources (due to the dispersion of light). Alternatively, rather than

measuring individual spectra, the emission from an object is measured using broad

filters (typically ∼ 1000 Å) covering different ranges of wavelengths, which together

sample the spectral energy distribution (SED) of fainter sources, at the expense of

fine spectral resolution. Using this photometry to estimate redshifts, or photometric

redshifts (hereafter photo-z), is an essential component to the success of many cur-
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(a) Einstein’s Ring (b) Einstein’s Cross

Figure 6.4: An example of (a) an Einstein’s ring (LRG 3-757; ESA/Hubble & NASA,
2011) and (b) an Einstein’s cross (HE0435-1223; ESA/Hubble & NASA, 2017). The
gravity of the luminous red galaxy in (a) curved the light of the background blue
galaxy, creating the illusion of of ring-shaped galaxy. The foreground galaxy in (b)
creates four copies of a distant quasar.

rent and future missions. The advantage of using photo-z is to cover a larger redshift

range as well as the ability to collect sufficient amount of data in reasonable time.

Although photometric redshifts are less accurate than spectroscopy, as long as the

estimation performance satisfies some target thresholds set by the various missions,

they are sufficient enough to meet the science objectives.

Photo-z estimation appeared as early as 1962 (Baum, 1962) and the techniques

largely fall into two methodological classes, machine learning and template fitting.

Machine learning methods (MLM), such as artificial neural networks (Collister and

Lahav, 2004; Firth et al., 2003; Sadeh et al., 2015), nearest-neighbour (Ball et al.,

2008), genetic algorithms (Hogan et al., 2015), self-organised maps (Geach, 2012;

Masters et al., 2015), random forest (Carrasco Kind and Brunner, 2013) and Gaussian

Processes (Almosallam et al., 2016a,b; Bonfield et al., 2010; Foster et al., 2009; Way

et al., 2009), have all been applied to photo-z estimation. Artificial neural networks
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dominate the most commonly used MLM (Brescia et al., 2014; Firth et al., 2003; Sadeh

et al., 2015; Vanzella, E. et al., 2004). Some MLM for photo-z can also provide a

degree of uncertainty in their predictions, or a full multimodal probability distribution

(Bonnett et al., 2015; Carrasco Kind and Brunner, 2013; Rau et al., 2015).

Template fitting methods, on the other hand, do not learn a model from a train-

ing sample but rather use purely synthetic or empirical templates of galaxy SEDs

for different galaxy types that can be redshifted to fit the photometry. Some limi-

tations of template fitting methods are whether the templates are representative of

the galaxies observed at high redshift and how emission lines affect the photometry.

Some allow spectroscopic data to be used to adjust the zero-points on the photometry

to compensate for any slight mismatch between SED templates and the observations.

Examples of template fitting software include hyperz; (Bolzonella et al., 2000), ze-

bra; (Feldmann et al., 2006), eazy; (Brammer et al., 2008) and le phare (Ilbert

et al., 2006). There have been comprehensive evaluations and comparative studies in

(Abdalla et al., 2011; Bonnett et al., 2015; Hildebrandt et al., 2010; Sánchez et al.,

2014) of different photometric redshift estimation techniques, using both machine

learning and template fitting methods.

In the following sections, we present previously published results from Almosal-

lam et al. (2016b) and Almosallam et al. (2016a) applied to both simulated and real

astronomical datasets. In Section 6.2, we present comparisons between the proposed

approach and state of the art photo-z code (at the time of publishing Almosallam et al.

(2016b)) on a synthetic photometric dataset focusing on point estimation, extrapola-

tion and meeting the special requirements of the Euclid mission through cost-sensitive

learning. In Section 6.3, we present comparisons between the proposed approach and

newly published photo-z codes focusing on variable variance estimation using a real

photometric survey. Finally, recent results on handling missing photometry will be

presented and discussed in Section 6.4.
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6.2 Results on Simulated Data

In this section, we specifically address the photometric bands and depths planned

for Euclid (Laureijs et al., 2011). Euclid is a space-telescope mission, planned to

be launched in 2020, with the aim to provide imaging data in a broad RIZ band

(wavelength range 550-900 nm) and the more standard near-infrared Y (920-1146

nm), J (1146-1372 nm) and H (1372-2000 nm) bands. Supporting ground-based

photometry is expected in the optical g, r, i and z bands (non-overlapping covering

the wavelength range 420-930 nm). The total number of features is therefore 16, i.e.

the 8 g, r, i, z, RIZ, Y , J and H bands alongside their associated errors and the

target output is the spectroscopic redshift z.

6.2.1 Models and Performance Metrics

In this section, we compare the proposed GP models with variable length-scales

(GPVL), diagonals (GPVD) and covariances (GPVC), from Section 4.4, with the

following models:

ANNz: An artificial neural network based code for photo-z estimation (Collister

and Lahav, 2004). The code takes as input for training the magnitudes and their

associated errors as well as a validation set with the same set of inputs. The validation

set is used for model selection but not for training, i.e. to keep track of the best

performing model to avoid over fitting. The code allows for multi-layer architectures

to be specified and can merge (average the results of) different models with varying

architectures.

stableGP: A low rank approximation Gaussian process (Foster et al., 2009), where

the selection of the representative points in the “active set” is done using partial

Cholesky factorisation with pivoting, which selects the most linearly independent

columns of the covariance matrix. The motivation in this approach is to find a
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Table 6.1: Performance metrics used to evaluate the models, where n is the number of
samples, zi is the spectroscopic redshift of sample i and źi is its predicted photometric
redshift.

Metric Equation Description
δi zi − źi Error for the i-th sample

δ̂i δi/ (1 + zi) Normalised error for the i-th sample

∆z
√

1
n

∑n
i=1 δ

2
i Root mean squared error

∆̂z
√

1
n

∑n
i=1 δ̂

2
i Normalised root mean squared error

max max(|δ1|, . . . , |δn|) Maximum error

m̂ax max(|δ̂1|, . . . , |δ̂n|) Maximum normalised error
µ 1

n

∑n
i=1 δi Bias

µ̂ 1
n

∑n
i=1 δ̂i Normalised bias

σ
√

1
n

∑n
i=1(δi − µ)2 Standard deviation of the errors

σ̂
√

1
n

∑n
i=1(δ̂i − µ̂)2 Standard deviation of the normalised errors

subset of m samples from the training set such that the condition number of the

covariance function with respect to the active set is minimised for computational

stability. We therefore use the SR-VP version of the code published by the authors

(Ashok Srivastava, 2010) that shows the most stable performance.

SPGP: The sparse pseudo-input Gaussian process introduced by Snelson and

Ghahramani (2006). This is a fully independent training conditional sparse GP ap-

proximation previously described in Section 2.3.2, but learns a separate length-scale

per input dimension for the squared exponential kernel; this is close to the global di-

agonal version of the proposed approach (GPGD). We use the Matlab implementation

published by the authors (Edward Snelson, 2007).

In photometric redshift estimation, the aim is to minimise the normalised error

|z− ź|/(1+z), where z is the spectroscopic redshift and ź is the predicted photometric

redshift. We thus consider normalised versions of the standard metrics, shown in

Table 6.1.
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6.2.2 The Dataset

We consider the simulated survey from Jouvel et al. (2009), where we remove all

sources with RIZ > 25, to target magnitudes set for Euclid, and sources with any

missing measurements (only 15 sources). The total number of sources after the cuts

is 185,253. Further cuts are imposed in Section 6.2.4 to evaluate the extrapolation

performance of the models (RIZ < 23 and RIZ < 22). The spectroscopic redshift

distributions, with the RIZ cuts, are shown in Figure 6.5. The data is pre-processed

using Principal Component Analysis (PCA; Jolliffe, 1986) to de-correlate the features.

De-correlation improves the rate of convergence of the optimisation routine, which

is particularly important in this dataset as the magnitudes of the filters are strongly

correlated with each other. The uncertainties on the photometry in each band were

removed because, unlike real surveys, the log of the uncertainties are almost perfectly

correlated with their respective filter, especially in the target range, hence adding

no additional information. However, they were used as inputs to ANNz to satisfy

the input format of the code. In subsequent tests, we use m to refer to the number

of hidden units in ANNz, the rank in stableGP, the number of pseudo-points in

SPGP, and the number of basis functions in GPVL, GPVD and GPVC. We split

the data randomly into three sets; 80%, 10% and 10% for training, validation and

testing respectively. The entire redshift range is used to train the models, but the

performances are reported on the range 0 ≤ z ≤ 2 to target the parameter space set

out in Laureijs et al. (2011). Each model is trained for 500 iterations in each run

and the validation set is used for model selection and parameter tuning, the results

however are reported on the held-out test set, which is not used in either training,

pre-processing or parameter tuning.
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Figure 6.5: Histograms and gamma distribution fits of the spectroscopic sample using
(a) the full data set, (b) sources with RIZ magnitude<23 and (c) sources with RIZ
magnitude<22 from the simulated data.

6.2.3 Modelling Performance

In the first test, we cross-compare the models using m = 10. We set m deliber-

ately low at the beginning to highlight the sparse-limit modelling capabilities of each
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method and to make the differences between the models visually more clear, in latter

experiments we increase the value of m and compare the models in a more quantified

way. The models are optimised without cost-sensitive learning or a prior mean func-

tion to evaluate the models purely as different ways of fitting a linear combination

of basis functions to the data. The density scatter plots of the spectroscopic redshift

versus the photometric redshift are shown in Figure 6.6 and the performance metrics

for each method are reported in Table 6.2. It is clear from the plots and the metrics

the advantage of using inducing points over an active set, especially for small values

of m, when we compare the scatter plot of stableGP in Figure 6.6b with that of SPGP

in Figure 6.6c. The formulation of the two models are almost identical, the main dif-

ference is that the basis functions in SPGP are learned during the optimisation of the

hyper-parameters, whereas stableGP’s basis set is pre-selected from the training set

in an unsupervised fashion using partial Cholesky factorisation with pivoting. The

use of a bespoke covariance per basis function also provides an additional advantage,

as evident from the improvement of GPVD over SPGP, note that the former uses a

different diagonal covariance for each basis function whereas the latter uses a single

diagonal covariance for all basis functions. Moreover, richer covariances provide bet-

ter results, as evident from the consistent improvement of GPVC over GPVD and

GPVD over GPVL.

6.2.4 Prior Mean Function

We compare in this section the extrapolation performance of ANNz with GPVC using

different prior mean functions, namely a zero mean, a linear regression prior and a

joint optimisation approach. In the linear regression prior method, first we fit a

linear regression model to the data then subtract the predictions from the ground

truth before optimising the GP model. The joint linear optimisation on the other

hand, learns a linear model and the non-linear deviations from it jointly, as described
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Table 6.2: Performance metrics for each method (with m = 10). The best-performing
method is highlighted in bold font.

ANNz stableGP SPGP GPVL GPVD GPVC
∆z 0.0848 0.4399 0.1606 0.1280 0.1004 0.0378

∆̂z 0.0568 0.2836 0.1222 0.0890 0.0687 0.0260
max 1.0126 1.5906 1.4951 0.6632 0.6181 0.2199
m̂ax 0.4199 1.4441 0.7962 0.4411 0.3127 0.1595
µ -0.0025 -0.0085 -0.0230 -0.0071 -0.0050 -0.0007
µ̂ -0.0048 -0.0365 -0.0245 -0.0092 -0.0050 -0.0008
σ 0.0847 0.4399 0.1589 0.1278 0.1003 0.0377
σ̂ 0.0566 0.2812 0.1197 0.0885 0.0685 0.0260

in Section 3.5. In order to effectively evaluate the different approaches, we train

each model using different cuts on the RIZ band. First, we train using sources with

RIZ < 23 (29,024 samples in the training set), then evaluate the performance of

the model on the test set with RIZ < 23, RIZ ≥ 23, and the full test set. We

also perform a similar test using a split of RIZ < 22 (12,056 samples in the training

set). This is critical to such missions in order to evaluate the model’s performance in

scenarios where bright sources dominate the training set, as may well be the case in

reality. The density scatter plots for GPVC, using different prior mean methods, and

ANNz are shown in Figure 6.7 for the different RIZ cuts and the results on the metrics

are reported in Table 6.3. Jointly optimising the prior mean function outperformed

consistently the other methods in both extrapolation and interpolation. Furthermore,

the “Joint” optimisation method, as evident from the plots in Figure 6.7, results in

fewer catastrophic and systematic errors than the other methods with a factor of ∼ 2

improvement over ANNz when RIZ < 22 and ∼ 2.5 when RIZ < 23.

6.2.5 Size of the Basis Set

We investigate in this section the relationship between the models’ complexity and

their accuracy. The complexity of the models is determined by the parameter m, i.e.
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Table 6.3: The ∆z score for the GPVC model when trained using m = 10 basis
functions with different prior mean functions and RIZ splits. The results for ANNz
are shown for comparison.

Trained on RIZ < 22 RIZ < 23
Tested on < 22 ≥ 22 Full < 23 ≥ 23 Full
ANNz 0.0385 0.1383 0.1325 0.0537 0.1458 0.1315
Zero 0.0446 0.4081 0.3898 0.0640 0.1698 0.1533
Linear 0.0433 0.2573 0.2459 0.0578 0.1012 0.0936
Joint 0.0177 0.0688 0.0659 0.0266 0.0571 0.0521

the number of neurons, rank, pseudo-inputs and basis functions; which in practice is

only limited by the available computational resources and the need to avoid overfitting

for non-Bayesian methods such as ANNs. In this experiment, we vary m from 5 to

200 (in an increment of 5) to study its effect on the accuracy as measured by ∆z.

Figure 6.8 shows ∆z as a function of m for all the models. GPVC consistently

outperforms the other methods, most notably when m is small, whereas stableGP

shows the worst performance across the board. ANNz initially outperformed GPVL

and is comparable to GPVD, but it started to overfit by m = 30 and by m = 60 it

gave worse results than GPVL. The performance of SPGP is always poorer than the

proposed approaches and better than stableGP. Even though SPGP is more robust

against overfitting, the best performing SPGP model is not better than the best

ANNz model. The best GPVL model, on the other hand, is better than the best

ANNz model.

We also generated photometric redshifts from a committee of five neural networks

using a two-layer architecture, each layer with twice the number of hidden units as

the number of filters as recommended in Collister and Lahav (2004) and has become

a standard for most ANNz users. The results of the final models, with m = 200, are

summarised in Table 6.4 and the density scatter plots are shown in Figure 6.9. GPVC

outperforms all the methods on all the metrics, with a factor of ∼ 3 improvement in
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20 40 60 80 100 120 140 160 180 200

m

10−2

10−1

100

∆
z

ANNz stableGP SPGP GPVL GPVD GPVC

Figure 6.8: ∆z as a function of m for all the methods. The y-axis is shown on a log
scale to enhance the visualisation.

the accuracy of ∆z and ∆̂z over ANNz and a factor of ∼ 6 improvement over SPGP

for this simulated data set.

6.2.6 Cost-sensitive Learning

Most machine learning methods for photo-z analysis suffer from distribution bias,

i.e. the optimisation routine will sacrifice accuracy in order to avoid complicating

the model just to fit few examples in less represented regions of the space. Given

the nature of the problem, where the majority of the available data for training is in

the low redshift range, machine learning models will tend to find very good fits for

low redshifts, but poor fits for high redshifts. Moreover, the lack of strong emission

lines that are detectable with visible-wavelength spectrographs in the ‘redshift-desert’
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Table 6.4: Performance measures for the final ANNz model using a committee of
5 networks with 8:16:16:1 architectures and the final models using m = 200 basis
functions, with a jointly optimised linear function for GPVL, GPVD and GPVC, on
the simulated survey.

ANNz stableGP SPGP GPVL GPVD GPVC
∆z 0.0262 0.16377 0.04999 0.02690 0.01691 0.00846

∆̂z 0.0180 0.11379 0.03594 0.01863 0.01164 0.00568
max 0.3696 1.18522 1.18498 0.30934 0.20474 0.10847
m̂ax 0.3391 0.59559 0.40721 0.18748 0.12408 0.07280
µ -0.0004 -0.01584 -0.00011 -0.00025 -0.00019 -0.00004
µ̂ -0.0007 -0.01628 -0.00128 -0.00043 -0.00021 -0.00006
σ 0.0262 0.16301 0.04999 0.02690 0.01691 0.00846
σ̂ 0.0180 0.11262 0.03592 0.01862 0.01164 0.00568

at 1.2 < z < 1.8 means that this redshift range is often under-represented in the

spectroscopic sample. In addition to accounting for variable data densities, one of

the requirements for the Euclid mission is to minimise the normalised sum of errors,∑n
i=1 |zi−źi|/(1+zi), rather than the normal sum of squared errors. Thus, low redshift

samples are weighted more heavily by a specific scale. To address these issues, we

use cost-sensitive learning with two different weight configurations. The first is to

assign each sample i an error cost ωi = (1 + zi)
−2 , which we denote “Normalised”,

to target the objective of the mission, and the second configuration assigns each

sample a weight according to the frequency of their true redshift to ensure balanced

learning, denoted “Balanced”; in addition to the “Normal” weighting scheme, i.e.

ωi = 1 ∀i ∈ {1, . . . , n}. To mimic a balanced data set in our setup, the galaxies are

grouped by their spectroscopic redshift using non-overlapping bins of width δz = 0.1.

The weights are then assigned as follows for balanced training:

ωi =
max(f1, . . . , fnb

)

fj : i ∈ Sj
, (6.3)

where fj is the frequency of samples in bin number j, nb is the number of bins and Sj

is the set of samples in bin number j. Equation (6.3) assigns a weight to each training
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point which is the maximum bin frequency over the frequency of the bin where the

source belongs to, this ensures that the error cost of source i is inversely proportional

to its spectroscopic redshift frequency in the training set.

To compare the three weighting schemes, we train a GPVC model with m = 100

for each type of cost-sensitive learning. The models were trained such that they have

almost equal ∆z score, ∼ 0.05, to examine the differences between the other metrics

and the resulting error distributions. The box plots of the residual errors and the

density scatter plots for the “Normal”, “Normalised” and “Balanced” on the test set

are shown in Figures 6.10a to 6.10c respectively. In this experiment, we train and

test on the entire redshift range in order to create a larger distribution bias so that

the differences are highlighted more clearly. Using cost-sensitive learning to virtually

balance the distribution resulted in a more consistent and uniform error bias across

the redshift range, with considerably smaller error bars, as opposed to the “Normal”

method, especially at higher redshifts where data is more sparse. The “Normalised”

version of cost-sensitive learning results in a systematic bias, as expected, with higher

accuracy in lower redshifts. The performance metrics for the three types of cost-

sensitive learning are summarised in Table 6.5. The generalisation performance is

better when using “Balanced” training over “Normal”, when both have similar ∆z,

with lower maximum errors.

6.3 Results on Real Data

6.3.1 The Dataset

We use the Sloan Digital Sky Survey’s 12th Data Release (SDSS-DR12; Alam et al.,

2015) to train and test the models. Galaxies with available u,g,r,i and z magnitudes,

associated errors (the 10 input features) and spectroscopic redshifts (target output)

were retrieved from the database using the CasJobs service provided by SDSS1. The

1casjobs.sdss.org

casjobs.sdss.org
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Table 6.5: Performance measures of training a GPVC model with m = 100 and
different weighting schemes trained on the simulated survey.

Normal Normalised Balanced
∆z 0.04926 0.04938 0.04986

∆̂z 0.03124 0.02137 0.03340
max 0.56632 1.34341 0.43961
m̂ax 0.29225 0.19302 0.23272
µ 0.00003 0.00163 -0.00002
µ̂ -0.00066 0.00051 -0.00034
σ 0.04926 0.04936 0.04986
σ̂ 0.03123 0.02137 0.03340

following SQL statement is used to create the dataset:

SELECT

p.objid,

p.modelMag_u, p.modelMag_g,

p.modelMag_r, p.modelMag_i,

p.modelMag_z, p.modelMagerr_u,

p.modelMagerr_g, p.modelMagerr_r,

p.modelMagerr_i, p.modelMagerr_z,

s.z as zspec

INTO

mydb.modelmag_dataset

FROM

PhotoObjAll as p, SpecObj as s

WHERE

p.SpecObjID = s.SpecObjID AND

s.class = ’GALAXY’ AND s.zWarning = 0 AND p.mode = 1 AND

dbo.fPhotoFlags(’PEAKCENTER’) != 0 AND

dbo.fPhotoFlags(’NOTCHECKED’) != 0 AND
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dbo.fPhotoFlags(’DEBLEND_NOPEAK’) != 0 AND

dbo.fPhotoFlags(’PSF_FLUX_INTERP’) != 0 AND

dbo.fPhotoFlags(’BAD_COUNTS_ERROR’) != 0 AND

dbo.fPhotoFlags(’INTERP_CENTER’) != 0

We use the same quality flags from Brescia et al. (2014) to ensure a clean spectroscopic

sample and remove any samples with any missing magnitudes (only 54 sources). The

total number of sources after the cuts is 2,120,465, from which we randomly sample

300,000 sources and create three sets for training, validation, and testing consisting of

100,000 samples each. The associated photometric errors are replaced by their natural

log to transform their domain from R+ to R, which has the advantage of reducing the

skewness of these features and allows for a fully unconstrained optimisation. The data

is also de-correlated using PCA, but all the features are kept with no dimensionality

reduction.

6.3.2 Models and Metrics

We move the focus in this section to input-dependent noise prediction and evaluate

the models’ predictive distribution as a whole, i.e. both the predicted point estimate,

as well as the predicted uncertainty (typically reflects a predictive variance) for each

source given its photometry. We include additional metrics in this section, shown

in Table 6.6, to evaluate the models’ predictive distribution (mean and variance):

The thresholds of interest in photometric redshift estimation, used for missions’ re-

quirements and goals, are F0.15 and F0.05. The log likelihood has the advantage of

evaluating the predicted point estimate and variance at the same time. Even though

the first term improves with a large variance, it is compensated by subtracting the

log of the variance in the second term. The optimal variance for this metric is ex-

actly equal to the squared error, if everything else were to set fixed, which is the

desired objective. In this section, we only compare against models that also produce
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Table 6.6: Performance metrics used to evaluate the models, where n is the number
of samples, zi is the spectroscopic redshift of sample i, źi is the predicted photometric
redshift and σ́2

i is the predicted variance.

Metric Equation Description

L 1
n

∑n
i=1−

(zi−źi)2
2σ́2

i
− 1

2
ln σ́2

i − 1
2

ln 2π The mean log likelihood

Fε 100
n

∣∣∣{i :
∣∣∣ zi−źi1+zi

∣∣∣ < ε
}∣∣∣ Fraction of sources with normalised

error< ε

predictive variance estimation, we therefore replace the previously used ANNz and

stableGP models with the following models:

Artificial Neural Networks for Photo-z v2 (ANNz2): ANNz2 (Sadeh et al.,

2015) is an extension to ANNz that utilises many machine learning models such as

ANNs, decision trees and k-nearest neighbours. In addition to aggregating results

from different machine learning models, ANNz2 trains many versions of the same

model but with various configurations, initialisations and optimisation techniques.

For instance, the output of many ANNs with different number of layers, number of

hidden units and input pre-processing; or the number of trees and sampling methods

in random forests. We use the recommended randomised regression script provided

with the software release2, where we include ANNs and boosted decision trees as part

of the machine learning models to be trained. The ANNZ best score provided by the

output of the code is used as the predictive mean and the square of ANNZ best err

as the predictive variance.

Trees for Photo-z (TPZ): TPZ (Carrasco Kind and Brunner, 2013) is a random

forest implementation3, see Section 5.1.2 for a brief description of random forest

models, optimised for photometric datasets. The number of sub-features to randomly

2https://github.com/IftachSadeh/ANNZ
3https://github.com/mgckind/MLZ

https://github.com/IftachSadeh/ANNZ
https://github.com/mgckind/MLZ
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select for each tree is set to the suggested value of
√
d ' 4, where d is the number

of input features, and the remaining options are set to their default values since the

code is configured for SDSS-like surveys. We use zmean1 as the predictive mean and

the square of err1 as the predictive variance.

In the experiments that follow, we use m to refer to the number of machine

learning models (MLMs) in ANNz2, the number of trees in TPZ and the number of

basis functions in SPGP, GPVL, GPVD and GPVC.

6.3.3 Model Complexity

In this subsection, we study the change in the performance metrics as functions of m.

The models were trained using m = {5, 10, 25, 50, 100, 250, 500}. The ANNz2 software

was not able to train (crashes) past m = 100 for this dataset, hence we only include

up to 100 machine learning models for ANNz2. The performance metrics on the test

set as m is increased are shown in Figure 6.11. GPVC consistently outperforms the

other methods in all metrics (reaching ∆z ∼ 0.0533, L ∼ 1.99, F0.05 ∼ 91.88 per

cent and F0.15 ∼ 98.8 per cent). TPZ on the other hand is significantly worse in all

metrics (∆z ∼ 0.0853, L ∼ 1.21, F0.05 ∼ 68.45 per cent and FR0.15 ∼ 98.67 per cent).

ANNz2 did not improve for m > 10 on all metrics.

6.3.4 Performance Analysis

In this experiment, we analyse the performance of the models when m = 100 (the

limit of ANNz2). The results are reported in Table 6.7 and the scatter plots for each

model are shown in Figure 6.12, where the scatter plots for each method are colour

coded by the predictive variance. We also show in Figure 6.13 the Fε score for all

the models using different values of ε. GPVC outperformed all the models on all

the metrics, and we also note that richer covariances provide better performances,

i.e. GPVL<GPVD<GPVC. SPGP outperformed GPVL on some metrics but not all,

whereas TPZ underperformed all the models on all metrics, apart from F0.15 where
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Figure 6.11: The performance metrics of each method on the test set using different
values of m.

it slightly outperformed SPGP. ANNz2 underperformed all the proposed GP models

(GPVL, GPVD and GPVC) on all performance metrics. For the general Fε metrics,

TPZ provides the poorest results by a significant margin for low values of ε, but

asymptotes towards the F0.15 values for the other methods at ε > 0.1.

6.3.5 Selection Performance

As indicated from previous experiments, on simulated and real photometric datasets,

the various sources of uncertainty (and noise) in measurements and subsequent cal-

culations of photometry and spectroscopy put a lower bound to the accuracy that

any model can hope to achieve. Hence, the only way going forward might have to
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Table 6.7: Performance measures for each algorithm trained using m = 100 for all
the models on the held-out test set. The best-performing method is highlighted in
bold font.

∆z L F0.05 F0.15

ANNz2 0.0583 1.6536 89.08% 98.77%
TPZ 0.0855 1.2096 68.47% 98.69%
SPGP 0.0575 1.9509 90.60% 98.67%
GPVL 0.0568 1.9021 90.09% 98.72%
GPVD 0.0547 1.9758 91.52% 98.80%
GPVC 0.0540 2.0024 91.97% 98.93%
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Figure 6.13: The Fε for different values of ε on the test set for each method with
m = 100.

rely on input-dependent noise estimation to trade off completeness for accuracy in

order to meet the goals of future cosmology experiments. In this section, we evaluate

the selection performance of the models as determined by their predictive variance.

We would expect, that each model will perform at its best on subsamples of the data

with higher confidence predictions and that as more unreliable sources are included

the performance should degrade monotonically. Figure 6.14 shows the performance



6.3. Results on Real Data 125

Table 6.8: The average relative improvement of GPVC over other tested methods on
all metrics on the test set using m = 100.

ANNz2 TPZ SPGP GPVL GPVD
∆z 27.617% 60.304% 5.566% 11.883% 3.550%
L 59.210% 87.028% 2.664% 6.578% 1.667%
F0.05 2.094% 35.443% 0.390% 0.929% 0.230%
F0.15 0.071% 0.044% 0.009% 0.015% 0.005%

metrics as functions of the percentage of data selected based on the predictive vari-

ance produced by each model using m = 100. TPZ performed significantly worse

than the other models, except for F0.15 where it outperformed ANNz2. On all other

metrics, ANNz2 performs better than TPZ but significantly behind the GP-based

models. GPVL is clearly the poorest performing model amongst the GP-based meth-

ods, whereas GPVC consistently outperformed all the other models. We also provide

in Figure 6.15 the relative improvement of GPVC over the other methods. There is

very minor and inconsistent advantage for using the other models over GPVC only

on the F0.15 score, which all models perform well on across the range (>99.8%), but

for all other metrics there is significant relative improvement when using GPVC over

the other models. GPVD generally outperforms SPGP for percentages higher than

30 per cent. The results are quantified by computing the average improvement of

GPVC relative to each model, over the entire range, and are reported in Table 6.8.

We note that the closest models relative to GPVC on average, in order, are GPVD,

SPGP, GPVL, ANNz2, then TPZ.

6.3.6 Uncertainty Analysis

One of the advantages of using GP models for uncertainty analysis over other variance

prediction methods, is the ability to separately quantify the amount of uncertainty

due to each source of noise; the uncertainty about the function due to data density

inhomogeneity (ν2(x) from Equation (5.4)) and the noise uncertainty due to lack of
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ANNz2 TPZ SPGP GPVL GPVD GPVC
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Figure 6.14: The performance metrics as functions of the percentage of data selected
based on the predictive variance generated by each method using m = 100 on the
test set.

information (σ2(x) from Equation (5.3)). The former, the model uncertainty, helps

in identifying regions where more data is needed, whereas the latter, the intrinsic

noise uncertainty, helps in identifying regions where better or more precise features

are needed. The ability to answer these two questions separately is essential to the

design of future photometric datasets, the equipment that would acquire that data

and the mapping area for future surveys and missions.

In this experiment, we use the GPVC model with m = 100 and analyse each

component of the variance as functions of redshift. Figure 6.16 shows the model

and noise uncertainties as functions of the spectroscopic redshift (z) using uniformly
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Figure 6.15: The percentage of difference between GPVC and the other methods,
computed as 100 × (Method−GPVC) / |Method| as a function of the percentage
of data selected based on the predictive variance generated by each method using
m = 100 on the test set. The values are plotted on a log-scaled y-axis to enhance
visibility.

spaced bins of width 0.1. In both cases, the uncertainty increases drastically beyond

z ∼ 0.5. This is an expected result given the distribution of the spectroscopic sample.

However, the results show that the overwhelming contribution to the overall uncer-

tainty for high redshifts is due to the noisy features rather than data density. This

indicates that the amount of data is sufficient for the model to be confident about its

mean function and we have precise enough features for redshifts < 0.5. For higher

redshifts, the results indicate that obtaining more precise, or additional, features (e.g.

near-infrared photometry) is a better investment than obtaining, or training on, more
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Figure 6.16: Box plots showing the square root of (a) the model uncertainty, ν(x),
and (b) the noise uncertainty, σ(x), as functions of the spectroscopic redshift showing
median (bar), inter-quartile range (box) and range (whiskers) on the test set using a
GPVC model with 100 basis functions.

samples. However, such a situation will not be the case for most cosmological ap-

plications that require photometric redshifts, and having such separable noise terms

will aid in determining the optimal approach to ensure that the requisite training

samples are in place to address particular scientific problems, from galaxy evolution

to various cosmology experiments.

6.4 Missing Photometry

We now evaluate the photometric redshift estimation performance of the GPVC model

under scenarios where some of the input photometry magnitudes are missing during

training and prediction. We use random forests as a baseline model for comparison

due to its ability to handle missing variables during both prediction and training.

Both GPVC and random forests are trained using m = 200 (number of basis func-

tions/trees) on the same training set used in the previous section.
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Figure 6.17: The performance metrics of the GPVC and random forests models, using
m = 200, when trained with the full data and tested on different numbers of missing
inputs from 1 to 4.

6.4.1 Predicting with Missing Photometry

In this test, the models are first trained using the full data. Subsequently we remove

1, 2, 3 and 4 filters at random (both the magnitude and the associated error) from all

sources. Performance metrics, as the number of missing inputs is increased, are shown

in Figure 6.17 and the scatter plots are provided in Figure 6.18. GPVC outperforms

random forests on all metrics and the gap increases significantly as the number of

missing inputs increase, most notably on the L metric. From Figure 6.18, random

forests appear to cluster sources into bins based on the number of missing inputs,

whereas GPVC has a more stable performance.
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0
.0

5

0
.1

0
.1

5

0
.2

0
.2

5

0
0.2

0.4
0.6

0.8
1

S
p
ectro

scop
ic

R
ed

sh
ift

(
z
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

Photometric Redshift (ź)
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6.4.2 Training with Missing Photometry

In this experiment, we test the photometric redshift estimation performance of GPVC

and random forests when trained with missing data andm = 200. We remove different

percentages of the data at random from 5% to 95% (in an increment of 5%) and

test the models using the full data. Different sources might have different numbers

of available magnitudes, but the associated error of a removed magnitude is also

removed. We remove any source that has all its magnitudes removed before training

(both models are trained using the same reduced training sets). Figure 6.19 shows

the performance metrics as the percentage of missing data is increased. We note that

GPVC maintains its advantage over random forests up to ∼ 60% of missing data on

all metrics, except for the F0.15 where they are almost equal up to ∼ 60%. Past the

60% threshold, the performance of GPVC drops significantly compared to random

forests; thus, for highly sparse datasets random forests still maintains its advantage.

This suggests that the proposed approximation, required for training with missing

inputs in our model, performs well when the fraction of missing data is not excessive.

This appears since the model assumes that the learned parameters may be used to

describe a density, against which missing values may be marginalised. To do this

sufficient data must be available for it to work robustly. This data percentage varies,

as evident from the conducted tests on the synthetic example from ?? and from the

experiment conducted here. However, the results suggest that the approach is more

accurate than competing approaches for percentages of missing data of up to 50%;

which is more than enough for photo-z estimation where the percentage of missing

photometry in the training set is often < 1%, but is expected to be much larger in

the test set.
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Figure 6.19: The performance metrics of the GPVC and random forests models, using
m = 200, on predicting with the full data as the percentage of missing data from the
training set is increased.

6.5 Summary

This chapter provided an application and testing of the techniques proposed in previ-

ous chapters. The methods developed were validated on the problem of photometric

redshift estimation and compared against several other methods specifically built for

this problem. The proposed model significantly outperforms all the methods in all

metrics, which are based on a number of machine learning model such as ANNs,

GPs and random forests; and in addition is able to estimate both uncertainty due

to density and uncertainty caused by imprecise measurements separately, which can

help scientists in the data acquisition process to determine where to collect more data
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versus where to collect better data. Moreover, the predictive uncertainty can be used

to trade off completeness against accuracy depending on the science objective. The

specific photo-z objective of minimising the normalised redshift and the effect of un-

balanced training distributions are addressed as a cost-sensitive learning problem and

provide significant improvement over minimising the sum of squared errors. The prior

mean-function co-optimisation resolved the extrapolation performance in GPs with

RBF kernels and now outperforms artificial neural networks. Finally, we introduced

the capability of handling missing photometry, not present in any other method apart

from random forests. This is particularly useful when using a model trained on one

survey to predict the photometric redshift on another survey that does not share the

same photometry but overlaps. The proposed approach is orders of magnitude more

accurate in recovering the true redshift with missing photometry when compared to

random forests. The proposed training procedure with missing variables outperforms

random forests for up to 50% of missing data. The implementation of the proposed

methods have been published in Python and Matlab packages4 for the community to

use with the ultimate goal of being part of the projects’ software pipelines.

4https://github.com/OxfordML/GPz

https://github.com/OxfordML/GPz
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Chapter 7

Summary and Future Work

We have introduced in this thesis a number of enhancements to sparse Gaussian

processes by recasting them in the context of basis function models to allow for

non-stationarity, relevance determination, heteroscedasticity, custom sample weight-

ing and prior mean function co-optimisation. The non-stationarity is achieved by

modelling each basis function with bespoke hyper-parameters. The richer covari-

ance function, along with automatic relevance determination, makes it possible to fit

more complex models with fewer basis functions which in turn reduces the time com-

plexity even further. By learning an input-dependent noise process jointly with the

mean function, the model can dynamically down-weight outliers locally to avoid over-

complicating the model unnecessarily and enables the user to dissect the predictive

variance into its generating components in order to pinpoint the major contributing

source of uncertainty; i.e. whether it is due to lack of data or lack of precision in

the data measurements. Furthermore, heteroscedasticity enables us to model strictly

positive outputs on the log space more accurately. As shown in Section 3.3, under

uncertainty, the best-point estimate of the output depends on both the mean and

the variance of its logarithm. Thus, learning variable variance estimation allows us

to use the log transform in order to fit functions with strictly positive outputs. The

extrapolation performance of sparse GPs is also improved by co-learning a linear

mean function that is directly incorporated into the model’s formulation rather than

135
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pre-processing the data. This also enables the model to also apply our prior assump-

tion of smoothness directly to the mean function as well during the optimisation

procedure and incorporate it into the variance estimate to produce more accurate

noise prediction compared to pre-processing the data through linear regression. The

cost-sensitive learning framework provides a way to virtually over-sample or under-

sample the training set through custom weights in order to apply emphasis to different

samples based on the modelling objective.

In addition to improving the model’s capabilities in handling output uncertainty,

we also provided a principled way to address the problem of noisy and missing inputs

by incorporating their uncertainties directly into the model’s formulation. Inference

from noisy and missing inputs in the context of basis function models with radial ba-

sis functions is derived analytically for prediction and, with some approximation, for

training. The effectiveness of the proposed treatment is compared against competing

models such as random forests, random sampling and Gaussian mixture models on

synthetic univariate and bivariate datasets. We also applied the proposed methods

to the real-world problem of predicting galactic redshifts from their photometry. The

proposed approach achieved state of the art results on both simulated and real photo-

metric redshift datasets across a variety of metrics offering a significant performance

advantage over competing methods. The software implementation of the proposed

work in this thesis has been published in Matlab and Python on GitHub1. The inter-

face can be used for any regression task and we also supplied a workflow for photo-z

estimation which we hope will form the basis for Euclid, LSST and future projects.

For future work, we plan to further improve the model’s ability to handle missing

variables during training. The approximation, although effective for small percentages

of missing data, is not effective for extremely sparse datasets. There is room for

enhancement in this area and we plan to study how to improve the approximation

1https://github.com/OxfordML/GPz

https://github.com/OxfordML/GPz
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further. We also plan to generalise the predictive variance by producing multimodal

outputs with more complex distributions. Furthermore, we plan to study how to fit

the joint distribution of the inputs and outputs with noisy and/or missing variables

so that the predictive distribution of any subset of variables can be inferred from any

other given subset instead of having a specific designated output.

Finally, we plan to further investigate other optimisation methods to push the

models to their full potential. The focus in this thesis has been on what model is best

to optimise rather than how to best optimise a specific model. A possible alternative

to optimisation is marginalisation, i.e. imposing a prior on the hyper-parameters and

integrating them out from the posterior; which is intractable in this case and, hence,

has to be estimated using approximate integration methods such as Markov Chain

Monte Carlo (MCMC), variational Bayes (VB) or Bayesian quadrature (BQ).
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Appendix A

Probability and Matrix Identities

A.1 Probability Identities

A.1.1 The Chain Rule of Probability

We may factor the joint distribution of n variables, p (x1, . . . , xn), as follows

p(x1, . . . , xn) = p(x1|x2, . . . , xn)p(x2|x3, . . . , xn) . . . p(xn−1|xn)p(xn). (A.1)

A.1.2 Bayes’ Theorem

From the chain rule of probability, the joint probability of x and y can be expressed

as:

p(x, y) = p(x|y)p(y), (A.2)

= p(y|x)p(x), (A.3)

from which we can derive Bayes’ theorem

p(y|x) =
p(x|y)p(y)

p(x)
. (A.4)

A.1.3 The Marginal Distribution

Given a joint distribution over two variables x and y, the marginal distribution p(x)

can be obtain by marginalising the variable y as follows (Rasmussen and Williams,
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2006, p. 199):

p(x) =

∫
p(x, y)dy, (A.5)

=

∫
p(x|y)p(y)dy. (A.6)

A.1.4 Expectation and Variance

The expected value of f(x) where x ∼ p(x) is (Papoulis, 1991, p. 105)

E [f(x)] =

∫
f(x)p(x)dx, (A.7)

and the variance is

V [f(x)] = E
[
(f(x)− E [f(x)]) (f(x)− E [f(x)])T

]
,

= E
[
f(x)f(x)T

]
− E [f(x)]E [f(x)]T . (A.8)

A.2 Gaussian Identities

A.2.1 The Marginal Distribution

Consider the following multivariate Gaussian probability density function over x ∈

Rd:

N (x|µ,Σ) =
1√

(2π)d |Σ|
exp

(
−1

2
(x− µ)T Σ−1 (x− µ)

)
, (A.9)

for any arbitrary segmentation of x =

[
x[i]
x[j]

]
, then the marginal probability distribu-

tion is as follows (Rasmussen and Williams, 2006, p. 200):

p (x[i]) =

∫
p (x[i],x[j]) dx[j],

=

∫
N
([

x[i]
x[j]

] ∣∣∣∣ [µ[i]
µ[j]

]
,

[
Σ[i, i] Σ[i, j]
Σ[j, i] Σ[j, j]

])
dx[j],

= N (x[i]|µ[i],Σ[i, i]) . (A.10)
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A.2.2 The Conditional Distribution

If the probability of x[i] and x[j] are jointly Gaussian, then the conditional proba-

bility distribution of x[i] given x[j] is distributed normal as follows (Rasmussen and

Williams, 2006, p. 200):

p (x[i]|x[j]) = N (x[i]|E [x[i]|x[j]] ,V [x[i]|x[j]]) , (A.11)

E [x[i]|x[j]] = µ[i] + Σ[i, j]Σ[j, j]−1 (x[j]− µ[j]) , (A.12)

V [x[i]|x[j]] = Σ[i, i]−Σ[i, j]Σ[j, j]−1Σ[j, i]. (A.13)

A.2.3 The Product of Two Gaussians

The product of two Gaussians with respect to x is an un-normalised Gaussian with

respect to x (Rasmussen and Williams, 2006, p. 200):

N (x|a,A)N (x|b,B) = N (a|b,A + B)N (x|c,C) , (A.14)

c = C
(
A−1a + B−1b

)
, (A.15)

C =
(
A−1 + B−1

)−1
. (A.16)

The product of a Gaussian, with respect to x, with a Gaussian with respect to a

linear projection, Px, is an un-normalised Gaussian with respect to x (Candela and

Rasmussen, 2005):

N (x|a,A)N (Px|b,B) = N
(
b|Pa,PAPT + B

)
N (x|c,C) , (A.17)

c = C
(
A−1a + PTB−1b

)
, (A.18)

C =
(
A−1 + PTB−1P

)−1
. (A.19)
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A.2.4 Gaussian Raised to a Power

A Gaussian with respect to x ∈ Rd raised to a power p is an un-normalised Gaussian

with respect to x.

N (x|µ,Σ)p = exp
(
−p

2
(x− µ)T Σ−1 (x− µ)

)
(2π)−

dp
2 |Σ|−

p
2 ,

= exp

(
−1

2
(x− µ)T

(
p−1Σ

)−1
(x− µ)

)
(2π)−

dp
2 |Σ|−

p
2 ,

= N
(
x|µ, p−1Σ

)
(2π)

d
2

∣∣p−1Σ
∣∣ 12 (2π)−

dp
2 |Σ|−

p
2 ,

= N
(
x|µ, p−1Σ

)
(2π)

d(1−p)
2

∣∣p−1Σ
∣∣ 12 |Σ|− p

2 ,

= N
(
x|µ, p−1Σ

)
(2π)

d(1−p)
2 p−

d
2 |Σ|

1
2 |Σ|−

p
2 ,

= N
(
x|µ, p−1Σ

)
(2π)

d(1−p)
2 p−

d
2 |Σ|

1−p
2 ,

= N
(
x|µ, p−1Σ

)√
(2π)d(1−p) |Σ|(1−p)p−d. (A.20)

A.3 Matrix Identities

A.3.1 Matrix Inversion Lemma

Let A, B, C and D be matrices of sizes n×n, n×m, m×m and m×n respectively,

if A and C are invertible, then the matrix inversion lemma states that (Rasmussen

and Williams, 2006, p. 201):

(A + BCD)−1 = A−1 −A−1B
(
C−1 + DA−1B

)−1
DA−1, (A.21)

and the determinant can be expressed as (Rasmussen and Williams, 2006, p. 201):

|A + BCD| = |A| |C|
∣∣C−1 + DA−1B

∣∣ . (A.22)

A.3.2 Inverse of a Partitioned Matrix

Let A be an invertible matrix of size n× n partitioned as follows:

A =

[
A[i, i] A[i, j]
A[j, i] A[j, j]

]
,
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where A[i, i] is of size ni × ni, A[i, j] is of size ni × nj, A[j, i] is of size nj × ni and

A[j, j] is of size nj×nj such that n = ni+nj. Then its inverse can also be partitioned

into (Rasmussen and Williams, 2006, p. 201):

A−1 = B =

[
B[i, i] B[i, j]
B[j, i] B[j, j]

]
,

where

B[i, i] =
(
A[i, i]−A[i, j]A[j, j]−1A[j, i]

)−1
, (A.23)

B[i, j] = −B[i, i]A[i, j]A[j, j]−1, (A.24)

B[j, i] = −B[j, j]A[j, i]A[i, i]−1, (A.25)

B[j, j] =
(
A[j, j]−A[j, i]A[i, i]−1A[i, j]

)−1
. (A.26)

A.3.3 Determinant of a Partitioned Matrix

The determinant of the partitioned matrix A can be expressed as (Silvester, 2000):

|A| = |A[i, i]||A[j, j]−A[j, i]A[i, i]−1A[i, j]|. (A.27)

A.3.4 Bounds of a Determinant

If matrix A is positive definite

A =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

 ,
then the determinant of A has the following lower and upper bounds

0 < |A| ≤
n∏
i=1

aii. (A.28)

This is known as the Hadamard’s inequality (Maz’ya and Shaposhnikova, 1999,

p. 385).
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A.3.5 The Determinant of the Sum of Positive Definite Ma-
trices

Let A and B be positive definite matrices of size n× n, then for any vector x ∈ Rn

xTAx + xTBx > xTAx,

xT (A + B) x > xTAx,

−1

2
xT (A + B) x < −1

2
xTAx,

exp

(
−1

2
xT (A + B) x

)
< exp

(
−1

2
xTAx

)
,

|A + B|−
1
2N
(
x|0, (A + B)−1) < |A|− 1

2N
(
x|0,A−1

)
,∫

|A + B|−
1
2N
(
x|0, (A + B)−1) dx <

∫
|A|−

1
2N
(
x|0,A−1

)
dx,

|A + B|−
1
2 < |A|−

1
2 ,

|A + B| > |A|. (A.29)
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