Mathematical Finance

| ORIGINAL ARTICLE @ETEEED

MATHEMATICAL  an it
FINANCE o

Equilibrium Reward for Liquidity Providers in Automated

Market Makers

Alif Agsha? | Philippe Bergault® |

Leandro Sanchez-Betancourt!?

!Mathematical Institute, University of Oxford, Oxford, UK | 2Oxford-Man Institute of Quantitative Finance, Oxford, UK | 3Ceremade, Université Paris

Dauphine-PSL, Paris, France

Correspondence: Philippe Bergault (bergault@ceremade.dauphine.fr)

Received: 4 June 2025 | Revised: 4 April 2026 | Accepted: 22 April 2026

Keywords: arbitrageurs | automated market makers | design | fees | leader-follower games | noise trading | optimal contract | principal agent | Stackelberg

equilibrium

ABSTRACT

We find the equilibrium contract that an automated market maker (AMM) offers to their strategic liquidity providers (LPs) in
order to maximize the order flow that gets processed by the venue. Our model is formulated as a leader-follower stochastic game,
where the venue is the leader and a representative LP is the follower. We derive approximate closed-form equilibrium solutions

to the stochastic game and analyze the reward structure. The equilibrium strategies we find characterize the scenarios when LPs

have incentives to add liquidity to the pool. The equilibrium contract depends on the external price, the pool reference price, and

the pool reserves. Our framework offers insights into AMM design for maximizing order flow while ensuring LP profitability.

1 | Introduction

Automated market makers (AMMs) are one of the latest devel-
opments in financial technology. An AMM is a venue with
predefined trading rules where liquidity takers (LTs) and lig-
uidity providers (LPs) trade. These venues became popular after
Uniswap V2 was released in May 2020. As of 2025, the fourth
version of the protocol has already been announced; see Adams
et al. (2021, 2023).

The academic literature on AMMs is still young but already quite
rich. The first papers studying the mechanisms of AMMs are
in Chiu and Koeppl (2019), Angeris and Chitra (2020), Angeris
et al. (2021), Capponi and Jia (2021), Lipton and Treccani (2021),
the arbitrage between AMMs and external centralized venues
is studied in Cartea et al. (2023a, 2023b), and price formation
in AMMs is studied in Capponi et al. (2026). It is now well-
known that, in the absence of fees, an agent providing liquidity
in a standard constant function market (CFM)—where prices are
only determined as a function of the reserves—are exposed to a

concave payoff that is inferior to that of holding coins outside of
the pool, a phenomenon called impermanent loss (IL). In fact,
empirical studies such as Loesch et al. (2021) show that currently,
even in the presence of fees, LPs are on average incurring a loss.
Recently, Fukasawa et al. (2023) study the hedging of this IL,
and Milionis et al. (2022) introduce the notion of loss-versus-
rebalancing —see also Milionis et al. (2023). Lastly, Cartea et al.
(2024) consider a more general notion of predictable loss and
derive optimal liquidity provision strategies.

In order to tackle the IL issue, another active area of research
is that of AMM design. Bergault et al. (2024) propose an alter-
native mechanism in which the pricing function uses external
information about the current market exchange rates, allowing
the AMM to update its bid and offer prices not only after a
trade but also after a price oracle has fired an update.! Cartea
et al. (2024) introduce a new family of AMMs that they call
decentralized liquidity pools (DLPs). In their paper, they optimize
a range of performance criteria involving the profitability of LPs.
The optimal policy of a given performance criterion gives rise to
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a new DLP design. Depending on the model, the resulting DLP
could monitor external prices or even filter arrivals in search
of fundamental values.’Recently, Cao et al. (2025) studied the
problem of computing dynamic optimal fees in AMMs adjusting
for instantaneous volatility. Lastly, Adams et al. (2024) introduce
the so-called “auction-managed AMM,” that reduces losses to
informed order flow, and maximizes revenue from uninformed
order flow. With the exception of Adams et al. (2024), these
designs do not aim to maximize the trading activity in the venue.

In this paper, we find the optimal contract that a CFM should
offer to their strategic LPs in order to attract the maximum
amount of order flow to the CFM. We formulate the design as the
solution to a leader—follower stochastic game in which the venue
is the leader and the representative LP is the follower.> Closest
to our paper is El Euch et al. (2021) who work in a centralized
limit order book (LOB) and find the optimal make-take fees in
such a setting;* see also Baldacci et al. (2021) for a multiplayer
version of the model, and Baldacci and Bergault (2024) for a
different approach to make-take fees. In our paper, the entity
designing the contract is the CFM. Although the derivation of
the contract follows what is done in El Euch et al. (2021), there
are additional steps that we need to take to make the derivations
work; see, for example, Lemma 2, which we use to prove that
the value function of the representative LP is strictly negative.
Furthermore, in El Euch et al. (2021), the agent only controls
the intensity of the jump processes, whereas in this work, the
agent also controls the drift of the Brownian motion which they
use to add or subtract liquidity from the pool. Here, we establish
the viscosity properties of the value function associated with
our problem. Another contribution of our work is that we find
approximate closed-form solutions to the stochastic game, and
we obtain insights into the reward structure that attracts, in
equilibrium, the highest possible order flow to the venue. For
this approximation, we establish the existence and uniqueness
of the matrix Riccati differential equation that characterizes the
closed-form solutions.

To the best of our knowledge, this is the first article to propose
AMM designs as the solution to a leader—follower stochastic
game. In our framework, LPs aim to maximize exponential utility
of wealth and the venue wishes to maximize trading activity. As
customary in leader—follower games, for a given reward structure,
we compute the optimal liquidity providing strategy from the
representative LP (follower), and using this, we compute the
optimal reward structure to be provided by the venue (leader).
The new design comes in the form of a “contract” that encodes the
reward structure obtained in the second optimization. With the
optimal reward structure, the venue compensates LPs for external
price movements and adverse liquidity taking activity. We find
that, even under the equilibrium contract, if higher liquidity (in
the pool) does not attract noise trading, then LPs do not have
incentives to add liquidity to the pool. This underlines the fact
that the venue on its own cannot fully compensate LPs for the
losses to arbitrageurs. On the other hand, if higher liquidity
attracts noise trading, then, the optimal contract incentivises LPs
to add liquidity to the pool in order to benefit from the noise
order flow. In such a scenario, the transaction costs in the external
market scale the amount that the representative LP adds to the
pool. In equilibrium, the optimal contract depends on the external
price, the pool’s reference price, and the reserves in the pool. Our

equilibrium solutions provide insights into the design of these
emerging venues.

The remainder of the paper proceeds as follows. Section 2 intro-
duces the probabilistic framework of the model. In particular,
Section 2.3 introduces the problem of the representative LP and
Section 2.4 introduces the problem of the venue. The solutions to
these two problems are derived in Sections 3 and 4, respectively.
Finally, Section 5 presents the numerical results and we collect
proofs in the appendix.

2 | The Model

2.1 | Probabilistic Framework

Let T > 0 be a trading horizon (e.g., one day), Q. the set of
continuous functions from ¥ = [0, T] into R, Q, the set of piece-
wise constant cadlag functions from € into N, and Q = (QC)2 X
Q)" with the corresponding Borel algebra F. The observable
state is the canonical process (x,),cx = (W, B, N/, N7),, ofthe
measurable space (Q, F), with

W) :=w(t), B(w) :=b(t), N (w) := Aa*t), N; (w)

= A (), forallt € ,
where w := (w,b,A",A") € Q.

We introduce a probability measure P such that W and B
are Brownian motions and N-, N* are Poisson processes with
intensity a, > 0. In this probability measure, W, B, N-, and N*
are independent.’

We study trading in a pair of assets X and Y (e.g., USDC and
ETH) that takes place in a CFM.° In addition to the CFM, there
is an external limit order book (LOB) venue where trading in
X and Y occurs. We let S = (S,),cqs be the external midprice of
asset Y in terms of asset X. Within the CFM, we let X, and Y, be
the quantities of assets X and Y in the pool at time ¢t € . The
CFM has trading function f(x,y) = x y; this is the most popular
choice of f and is known as the constant product market (CPM).
We let the function ¢, (y) be the level function of f such that
@ (Y,) = X, with

a=fX_Y )=X_Y,_.

More precisely, we have that

= () = <
®.(») >’ (@) ) 3
The external midprice satisfies
ds, = odw,, S, € RY,

where o > 0 is the volatility parameter. We think of the external
price as that of a venue where price formation takes place (e.g.,
Binance, Kraken).

In the CFM, LTs arrive according to the counting processes
N~ (LT buys) and N* (LT sells) that model the number of
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trades of size £ > 0 through time. We denote Z = (Z,),c as the
marginal price of Y in terms of X in the venue. We follow the
characterization of CFMs in Cartea et al. (2024) that describes the
mechanics of the reserves (X,),ca, (Y;)cx, and the instantaneous
rate (Z,),cx, according to the arrival of orders N~ and N*, and
extend it to include stochastic pool depths (given by c,) due to the
activity of LPs. In our model, we write

dX, = Z;ndB, *[?’c,(yt—) - qu(Y[— + 5)} dN:r + [qoq(Y[, -&)- qoq(Y[,)] dNy,

activity from LPs

activity from LTs

dy,= »ndB, +&dN/ —&dN;,
activity from LPs  activity from LTs

dZ; = [~(9e ) (Vie + O + (2e, Y (Y] AN + [~(e ) (Yie = ©) + (@, ) (Y, ) AT,

activity from LTs

dN; =1Ty_5,: dN],

AN = Ty,_ag AN,

with 7 > 0 representing the volatility in liquidity provision, Ny =
N; =0, X, eR*, Y, € (§,), and Z, = X, /Y,. The constraint
Ty, >2z s to guarantee that there is a strong solution to the
above dynamics; in practical applications, this indicator is always
equal to one. The interpretation of the above equations is as
follows, given a liquidity taking buy order (resp. sell order), the
quantity Y, goes down (resp. up) by &, the quantity in X, increases
(resp. decreases) to its new level ¢, (Y,_ — £) (resp. ¢, (Y, + £)),
and the instantaneous rate moves to its new level ¢ (Y,_ — &)
(resp. ¢;, (Y, +§)).

Finally, we endow the space (Q,F) with the [P-augmented

canonical filtration F := (F,),., generated by (),);cx-

2.2 | The Weak Formulation

We introduce (L,),cs as the Doléans—-Dade exponential

t i
L,:exp{Z/10g<;1—';>dNL—(/1f‘—ao)du},
i=+,— 70

where
=22, Y,.,S),
with
A*(Z,Y,S) = max{ay,a, + 0, Y + a5 (Z - S)}, a, > 0,
a;,a,,a; >0. 21)

The linear model for the intensities (inspired by Stoikov and
Saglam 2009) tries to capture three stylized facts: (i) a, is the
baseline intensity of order arrivals of liquidity motivated trades,
(ii) a, models the relationship between arrivals and depth (locally,
all else being the same, higher depth may imply more arrivals),’
and (iii) a; captures the impact of trading by the arbitrageurs
that align the quotes between the external LOB venue and the
CFM. The effect of S — Z in the intensities is asymmetric, this is

because when S > Z (resp. S < Z), all else being equal, we expect
a higher (resp. lower) buying intensity and a lower (resp. higher)
selling intensity given that the instantaneous rate in the pool is
underpriced (resp. overpriced). The minimum intensity a, > 0
is a technical condition to keep the intensity away from zero.
This is nonrestrictive and in practice we expect both intensities
to be bounded away from zero. Another way to understand
these intensities is to think of them as linear approximations to
the exponential trading intensities introduced in Avellaneda and
Stoikov (2008). In their paper, the exponential form is derived
from empirical evidence of the distribution of the sizes of market
orders and price impact. To the best of our knowledge, there is
no analogous empirical study for AMMs; in Subsection 4.3, we
carry out experiments with market data using our linear modeling
choices; the coefficients we obtain are all statistically significant.

Let v, > 0 be a bound for the speed at which the representative
LP adds or subtracts liquidity from the pool. The set of admissible
strategies of the representative LP is as follows:

A== :

v is F-progressively measurable and |v,| < v, P ® dt a.e.},

and for each v € A we introduce the Radon-Nikodym derivative
(K}), given by the following:

rv 1 rv 2
K’ :=exp /—SdBA——/ (—s>ds.
oo [ 1 [ (3

Given that v € A, the process (K/),cx is a martingale (by
Novikov’s condition using that v is bounded) and we define the
probability measure P” given by the following:

5 =KiLr.

Given that all the probability measures (P”),c , are equivalent, we
use the notation a.s. for almost surely without ambiguity.

In summary, under P”, the processes N+ and N~ have respective

intensities () _, and (4;),_,, the process

t
B;:Bt-/ﬁds
0 7

is a standard Brownian motion, and W is a standard Brownian
motion with (W, B”) = 0. Thus, under P”, we write the following:

ds, =odw,,

dX, = zovdt +Z9dB; —[p, (Y, ) =@, (Vi + H]AN} + [, (Yo = ) =@, (Y, )] dN;
RGN .

representative LP other LPs activity from LTs

dy, = v, dt
representative P other LPs

+ndB}  +&dN{ —EdN],

activity from LTs

4Z; = [~(@e) (Vee + ) + (9o Y VO] AN] + [~ (Yie = §) + (9, ) (Y, AN

activity from LTs
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2.3 | The Problem of the Follower: The
Representative LP

The representative LP finances her stake in the pool by trading in
the external market. That is, to add (resp. subtract) v, dt units of Y
in (resp. from) the pool at time ¢, the representative LP purchases
(resp. sells) v, dt units in the external market at price (S, +
av,)v, dt, where a is the temporary price impact in the external
venue. Thus, for 0 < s <t < T, the performance criterion of the
representative LP is defined as follows:

Z,t = (Zz Y, +Y, Sz) - (Zs Y +Y, Ss)

(X +Y; Sp)—(Xs+Ys S5)

t

t
- / Zu_vu_du—/(Su+avu_)vu_du.

The first two terms account for the mark-to-market of the stake
in the pool, with the quantity Y, valued at the external price S,.
The term — fs ' Z,_v,_du is the financing of the units added or
subtracted in asset X.® Lastly, the term — fs t(Su +av, )y, duis
the financing of the units added or subtracted in asset Y—the
representative LP pays the costs of trading (e.g., walking the LOB
and spread) through the quadratic term a v?2.

The above can be written as follows:

t t
;t=—/ avﬁ,du+n/(Su_+Zu_)dB,’j

t t t
+a/ Yu,qu+/ A;dN,;+/ A dN;,
N N N

for s < t where

.. Z, Y,
A =+¢ S“_Yu_—i& Ty, s2¢-

Thus, the control problem that the representative LP wishes to
solve is given by the following:

V,(R) = sup E/[-exp {-y (R+Q/)}].

where R € L*(Q, Fr, P”) is the reward offered by the venue to
the representative LP, y > 0 is the risk aversion parameter of the
representative LP, and E} represents the conditional expectation
with respect to the sigma-algebra 7, under the probability
measure P”. To ensure that the above expectation is well-defined,
we need the following technical condition.

Condition 1. There exists ' > y such that

sup E”[exp{—y'R}] < +o0.

vEA

In Section 3, for each reward R, we prove that there exists a
unique optimal response v*(R).

2.4 | The Problem of the Leader: The Venue

The venue provides a contract R to the representative LP and
wishes to attract as much order flow as possible to the venue
(i.e., N; + N;). Thus, the venue wishes to maximize the following
performance criterion:

£V —exp {~¢ (V7 +ND) - )}

where ¢ > 0 is the venue’s risk aversion parameter and ¢ > O is a
constant transaction fee paid by LTs to the venue. For the above
expectation to be well-defined, we need the following technical
condition.

Condition 2. There exists {’ > ¢ such that

sup E’[exp{{’ R}] < +0.
vEA

The set of admissible contracts is given by the following:
AR = {R, F; — measurable, such that V,(R) > R and Conditions land 2are satisfied} ,

where R < 0 is the reservation level of the LP, that is, the smallest
acceptable utility level, in the sense that the LP refuses the
contract if it doesn’t allow them to reach this utility level; see
Remark 1 below for a more detailed discussion.

Next, we characterize the solution to the leader—follower game
between the venue and the representative LP. Section 3 studies
the optimal response of the follower »*(R), and Section 4 finds
the optimal contract R*.

3 | Solving the Problem of the LP

In this section, we look for the optimal response of an LP facing a
given contract. We start by introducing a contract representation
that allows us to simplify the LP’s problem.

For any (v, A) € [V, V] X R*, with A = (A%, A%, A*, A7), we
define

1
h(v,A) = —av? + EABV'

It is easy to see that for any A € R*, the maximizer of h(-, A) is
reached at

B
7(A) = <;T’7 \% —vw> AV -

We then define the following:

H(A) = sup h(v,A) = h(¥(A), A).

V|<ve

For any constant P, € R and predictable process (A;)ce =
(A, A2 AT, AT, satisfying that

vEA

T
sup E” [/ (Af)2 + (A:V)Zdt] < oo,
0
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and

% [(AEV +oY, )+ (AP +9(S, +Zx_))2]

r

AL (1 = 7))

y - H(As)

ds < o0 P-a.s.,

ief{+,~}
we introduce the process

t t t
D /Angis+/A§”dWS+/AEdBS
0 0 0

ief+,-}

P =Py +

o {g (4 +av, )+ (4 +065, +2,)]

/1i 1— —y(A§+A§)
% - H(Ax)} ds,

ie{+,—}

and we denote by A the set of all processes (A4;);cx such that
Conditions 1 and 2 are satisfied with reward R = P%A and

supsup E” [exp {—y' P/ }] < o

vEA teT

for somey’ > y.

We denote by P the set
P= { PP such that P, € R, A € A, and V, (P’T’O’A) > R}.

It is clear that P C AR. The next two theorems are proved in
Appendix A.

Theorem 1. Forany R € AR, there exists a unique (Py, A) € R x
AsuchthatR = P;"’A. In particular, AR = P.

Theorem 2. For any reward structure R = P?”A as stated in
Theorem 1, the LP’s value function is as follows:

Vo <P;O’A) =—exp(-y Py),

with optimal liquidity providing speed

s A7
v =9(A4,) = Vv, | Avy.

Remark 1. Theorem 2 shows that P, is the certainty equivalent
of an LP that faces contract P;’O’A and trades optimally; it also
shows that any admissible contract must satisfy — exp(—yP,) > R.
In papers such as El Euch et al. (2021), the reservation level R
is chosen to be the utility level of the agent in the absence of a
contract. This is reasonable in their framework since an agent
behaving in an optimal way is already profitable even without
a contract. This is not the case in our paper: it is well-known
that, in the absence of fees, an agent providing liquidity for a
CPM is exposed to a concave and negative payoff. Therefore, if
the venue wants to attract LPs, it should redistribute some of
the fees. More precisely, since the LP can simply choose not to
participate in the pool, if the venue wants to retain them it should
at least offer a contract that will allow the LP to have a non-
negative certainty equivalent, that is, P, should be non-negative.

It is therefore reasonable to consider —1 < R < 0. Competition
between venues in order to attract LPs should tend to increase
this value. In the numerical examples below, we choose R so that
the representative LP and the venue share the profits collected
from fees.

4 | Solving the Problem of the Venue

Here, we formulate the control problem of the venue. First,
we discuss the risk-neutral case in Subsection 4.1 and then the
exponential utility case in Subsection 4.2.

4.1 | Risk-Neutral Venue
We first consider the case where ¢ | 0, in which case the venue’s
optimization problem amounts to the following:

sup BV [r (N7 + Nj) - R].
ReAR

In view of Theorem 2, this is equivalent to the following:

wrnP0A b
sup sup 7 ) [« (N7 + Np) - P

PPy AEA

where P, = —1/y log(—R). For any A € A, the supremum over P,
of the objective function is reached at P, = P,,. The problem of the
venue is therefore equivalent to the following:

AL (1 = g7+

T
sup EV ™) [/ {7% [(Af" 4oV, )+ (AF (S, + ZA,))Z] + Y S
JO

AeA i€f+-}

T T
(/ (:—A;)dN;—/ A;n,,\iggdzv;)].
0 0

AP y*
H(A) - B }ds+ 3
n i€}

We define

(PP

(t,2,y,5) =sup,) B, % [/[T {—g [(Afv + crYY,)2 + (AB + (S, + ZS,))Z]

AL (1—e 7580

a4
+Z[E{+‘7} + H(Ag) — . s

+ Doy (S - ADANT = [T A1y, )]
4.1
We derive the Hamilton-Jacobi-Bellman (HJB) equation and
substitute H(A) = h(#(A), A) to obtain the following:

0=A"[t+0(t,Z7,Y =&,8) = v(t, Z,Y, ) Tyspe + AT [t +0(6,Z7, Y + £,8) - v(t,2,Y, S)]
+§[—27‘r)252 —4yn*SZ -2ynP 22 =2y 0? Y2 +20% G50 + 21 Oyy U + 4,0)
+sup,, { [—g A%y —YyaAW]

+[7§ (APY? + h(3(A), A) — @

—(S+Z)yyAP +6yu17(A)]

1oer(A™+AT) 1—e7A”

+@.Y,5)[-a+ - [ 1yoas +4- [-am +

Loer (A% est)
Y

B ]“ysz&

+2*(Z,Y,5) [—A+ + Tysae + A+ [_m + l’y ] Tyar }
(4.2)
whereZ- =ZY?/(Y - £)*,Z* = ZY?/(Y + £)*. We define a new

function

XY _2(S+2)yn
alt,Z,Y,8) =2
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Then the supremum in the HIB equation is attained at the
following:

Ay =-vo, 4.3)
a(t,z,Y,S) ifa(t,Z,Y,S)€[-2anvy,2anv.],
(ABY ={(=(S+2)n) v 2anv, ifa(t,Z,Y,S)>2anv,, (4.4)
(=(S+2)n) A (—2anvy) ifa(t,Z,Y,S)<-2anv,,
(A7) =-A" Ty, 4.5)
(A) = =A% Tysye . (4.6)

Observe that with this optimal reward structure, the venue
compensates for any risk that the LPs face from the external price
movement and liquidity taking. The PDE obtained from the HJB
equation (4.2) and substituting (A~, A*, AW, AP) as in Equations
(4.3)-(4.6) is difficult to solve, and we propose in Section 4.3 an
approximation technique. However, we proved in Equation (B.2)
that the value function v as defined in Equation (4.1) is the
viscosity solution to the HIB equation (4.2).

4.2 | Risk-Averse Venue

Observe that under P”, we have the following:

P, =Py+ /ﬂt { g [(ASW oY, )+ (AF (s, +Zs,))2]

A e AP 94,
A=) . Avn( J}ds

i€{+-}

t t t t
+ Y </ AidN§+/Aiﬂykgzgdﬁi>+/A§"de+/Ade;f“
0 0 0 0

ief+,~}

We let V' be the value function of the risk-averse venue, given by
the following:

V(.2 Y,, 80 Ny NEND NG PO = supE) ™ [ exp {~¢ (r(N7 +N7) - R) ]
AeA
4.7)
The full HIB equation for the above control problem is

0= swp (v +@naa +@n{L[(a¥ +ov) + (AP (s +z>)2]

A=A+ AW AB

1(z,v,5)(1 = er@+ady

14

B 3 2
He) + LI 1) L @ypvy Aty
ief+,~} K

(AW)Z +(AB)2
airrar, s

2
+@ssV) G +@spV) AV o +(@ppV)
[SEXS

Az,y,s) v —V]],

with

Vo=V(ZY? /(Y =y’ Y = Elyon, S,N™ + LNF, N + Ty, NV, P+ A7),

VE=VEZY? /(Y +Elyy e’ Y + 1y, S N7 N+ 1L,NT,NT + 1y, P+ AT).
By taking the ansatz

V(t, Z,Y, S,N_,N+,N_,N+,P) — _e—é’[t(N‘+N+)—P+U(I,Z,Y,S)]

and dividing the HIB
¢v(t,2z,Y,5,N-,N+*,N-,N*, P), we obtain

equation by

0= %ianB {(y+§)(AB)2 +2a9(A)? +2[yn(S+2) - {ydyv] AB *2(5yv)77(A)}

+3infqw {z(y+;)(AW)2+4a(yy—gasu>AW

N _e—S (VT —v+r-AT) _eSAT
—sup,— {l‘(Z,Y,S(% y>2¢ + ! L; Ty<e

~ _ ¢ (vt —v+r-at) AT
—sup 4+ {1+(Z,Yw5)(l al 7 Tysag + ! ei

+%VUZSZ+VUZSZ+%;/7;2Z2+%yUZYZ

_e V(ATHAT)

4 1-e V! )}
Y
1_e—v(AT+AT)

Tycr+ -

(4.8)

+3 02 @5v)? - 5 0% 3550+ 5 { % @y v - 3 7 dyyv - 4o,
with
v =u(t,ZY?/(Y - g“bzg)z, Y- §1]Y>2§,S) )
vt =u(t, ZY? /(Y + §HY>2§)2’ Y +&Tysse. )
and terminal condition v(T,Z,Y,S) = 0.

We define the following:

a7

(l +2§n>6yv—2yn(5+z)
a(t,2,Y,S) = .

207+ + —
an
The optimal values for A%, A", A~, and A* are as follows:

o (t,2,,Y,_,S,) ifay(t,2,_,Y,_,S) €[-2anvy,2anv,],

* Byv—yn(S+Z)
(ABy = {yoyv-yn
7+

$yoyv—yn(S+2)
7+

V2anvy ifae(t,Z,_,Y,_,S) > 2an v,

A(=2anvy) ifae(t,Z,,Y,.,S) < -2anv,,

Wy _ g(§dsv—yY)
W=7

. YA+ —v+r)
(A, )= T ‘HY‘,>2§
Ah = w Ty, sa¢-

r+<

The proof that the value function (4.7) is the viscosity solution
to the HJB equation (4.8) is similar to the risk-neutral case and
therefore omitted.

4.3 | Approximate Closed-Form Solutions

The HJIB equations above are difficult to solve as they stand.
Next, we carry out approximations that make the equations more
tractable. The first set of approximations are minimal. For
example, for the model parameters we calibrate from data, the
probability that Ty, is equal to zero is negligible. Similarly, for
the model parameters, we obtain from data we have that £ /Y is of
order 1073 so that ignoring higher orders (order 10~° or smaller)
of the quotient seems reasonable in exchange for tractability.
We refer the reader to Bergault et al. (2021) and Boyce et al.
(2025) for examples that approximate the HIB equation charac-
terizing the value function to obtain a closed-form solution, as
opposed to approximating the solution via numerical methods.
See Figures 8-11 in Bergault et al. (2021) or right panel of Figure 5
in Boyce et al. (2025) for a direct comparison between these two
approaches in market making problems.
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4.3.1 | Risk-Neutral Venue

First, we ignore the boundary imposed on the control, that is, we
take v, 1 oo so that (A®)* = a(t, Z,,Y,, S,). Furthermore, we only
consider the case where Y > 2£. Substituting this, we obtain

0= Y AM[t+h(t,Z,Y +8¢E8) - h(t,Z,Y,S)]

i€{+-}

+ % [2yn*S?—4yn?SZ -2y n* Z* + 202 8ssh + 21* dyyh + 48, k]

2

ayh
1 (E_Z(SJrZ)”) . ' zZy
+Z{—+4 > A(Z,Y,S)[5§<S—7Y+5i§>] ,

1
27+ — ief+-}
ar

with §~ = —1, and §* = 1. Next, we remove the indicator Ty .,
from the stochastic intensities to obtain the following:

A mmax{ag,a, + a, Y, + a5 (S, — Z,)}, AF mmax{ag,a, +a, Y, + a3 (Z, — S)}.
We have four possibilities as follows: (i) 17,4" > q,, (ii) A~ =
ay, At > a,, (iii) A~ > a4, A = q,, and (iv) 17,4" = a,. In what
follows, we work under the assumption that model parameters
are such that one is always in scenario (i), which helps us to
obtain approximate closed-form solutions. First, we justify (with

market data) that the above assumption is a good proxy for
reality.

We employ market data from Uniswap V2 and from Binance for
the pair ETH-USDC between January 1, 2022 and April 30, 2022.
During these 4 months, we monitor the exchange rate in Binance
(the midprice S;), the instantaneous exchange rate in the Uniswap
pool (Z,), and the trading activity (liquidity taking orders) in the
pool. We split the data into 10-min buckets, and within a given
10-min window, we compute the aggregate of the buy-initiated
trades and sell-initiated trades.® We think of these aggregates as a
rough estimate for the intensities A;". Finally, we perform a linear
regression that explains A7 in terms of the average differences
+(S, — Z,); for now, we set a, = 0 for simplicity.!® We use the
estimates d,,d; to compute the boundaries +d such that 0 =
4, +a,d. IfS,—Z, <dor S, —Z,>—d, then A, =0or 4] =0,
respectively. Figure 1 shows the boundaries +d (in red dotted
vertical lines) together with market data on S, — Z,.

We find that of the 17,131 data points in the histogram above, the
boundaries are breached 30 times to the left and 34 times to the
right. Thus, 0.37% of the data points violate the assumption that

in our model 4, + 4, (S, — Z,) > 0.

Next, we use Laurent series to approximate the following terms:
Y e (T of €
vieE -2V (T) -1+0<y)v

Y S (e
rrsr =t 2 (5

§+o(i;>,
(+)

Y3 B > . 5% "_ . gz
m_;Y@H—I)(—I) ( % > =Y-26 §+o<7>.

>=y—5t
) =1+0

y? < L[ 6E
(Y +otiy 7;)(“1)(—1) (T

ure

T h T
1 [} . .
! i I violations
15001 | b market data
i i i
i | i
- ! i :
= 1000 1 I I
= 1 I 1
[} 1 M 1
) | I 1
1 (l [}
i Al i
5001 ! T !
1 (l [}
1 I I q I
1 [l . [}
1 I [l 1
0 3 ...]m\“ ; “ln*-“ i
—10 0 10
price difference
FIGURE 1 | Histogram of price differences between Binance and

Uniswap V2 for ETH-USDC between January 1, 2022 and April 30, 2022.
The red shaded area represents the region in which a; + a3(S; — Z;)
becomes negative. We take a, = 0 for simplicity so that the violation
boundary is fixed and does not depend on the number of ETH units in
the pool. [Color figure can be viewed at wileyonlinelibrary.com]

Given that Z* = Z Y? /(Y + 6* £)?, and using the above approxi-
mations, we have that

h(t,Z',Y +6*&,S) = h(t,Z,Y + 6* §,S)+Z< O7h(t,Z,Y + 6* §,S)+O<§—22)

Y2
PR '1>
~h(t,Z,Y +6*¢,5),

2
Y h(t,Z,Y + 8% £,8) = Y h(t,Z,Y + 8* g,s)+z< azh<:,z,Y+5t§,s)+o(§—)

Yl
Freor Y) v

NYh(t,Z,Y + 8% E,S) - 285 EZ3,h(t,Z,Y + 6% E,S).
Thus, the approximated HIB equation becomes the following:

0rOh+Y x4+ h(t,Z,Y + 8 £,8) = h(t,Z,Y,S)]

ie{+,~}
+§[—2yn252 —4yn?SZ—2yn*Z*+20%dssh + 21 dyyh|

+§ { (22-265+2)77) LI A 525 2) } (4.9

1
2t

+ iy {52 Z-268E738,8(t,2,Y +8E, s)} :

€, 9

Let & be the approximation of & such that sign “~” in Equation
(4.9) turns into an equality. By taking the ansatz

h(t,Z,Y,S) = hy(t,Y) + hy(t,Y) Z + hy(t,Y) S + hs3(£) Z* + hy(t) Z S + hs(t) S%,
where
h(t,Y)=hot)+h(0)Y, i=0,1,2,
we obtain the following:

Avh(t,Z,Y,8) = hy () + hyy(DZ + hy()S =2a, v (T —1).

Substituting this into (A®)*, we obtain the following:

APy ~ 1 (Zazt(T—t)

an —2(S+Z)yn>.

2y + —
an?
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Let 7* be the approximation of v* (where we replace h with A);
we obtain that

- 1 2a,t(T—1t)
v, = 707)

2a,t(T—t)-2(S+2Z)yan?
= - .
dnay+ =

n

—2(S+Z);/7)>= 4n?a2y+2a

Remark 2. For a risk-neutral venue, if the noise in the liquidity
provision is small (3 | 0), we have that

- ar(T—1)
V- —F.

a
That is, the provision of liquidity is inversely proportional to
the transaction costs in the external venue a, and directly
proportional to (i) the fees collected by the venue r and (ii) the
sensitivity of order flow to the depth of the pool a,. In particular,
if a, = 0, the LP does not add nor remove liquidity from the pool
in equilibrium.

4.3.2 | Risk-Averse Venue

Here we work out the approximate solution when the venue is
risk-averse. We take v 1T oo such that v*(4,) = A?/(za 7). We
also employ the approximation e™ ~ 1 — x and we only consider
the case where Y,_ > 2 £. We obtain that

. [($+2§7y)6yv—2}’77(5+z)]2 1 0% (¢ dsv—yY)?

o~ ——
* 20+ + SR A
. . . zY
- A‘(Z,Y,S)(v’—v+r+5‘§<5— - ))
ie;_} Y +6i¢

1 1 1
+5y77252+y77252+Eyr)222+§yazY2
+1§62(6 u)Z—lcha U+l§1]2(5 u)Z—lr;Za v-20,v
3 s 50 Ossv+ 5 Y 27 Oy U,
where v* = v(t,Z,Y + 6% ¢&,S).

We focus on the regime where 1%(¢t,Z,_,Y,_,S,) > a,. Further-
more, we make the following approximations:

e (5 =off).

TN AU
TM—Y+;(_1) ( vl )—Y—5 §+O<?>,

y2 ~ S e n_ :
Frm = e () =1eo(5)

y3 L . 5i§ n_ X %‘2
—(Y+6t§)2 =;)Y(n+1)(—1) ( v ) —Y—25—§+o<7>’

which implies that

V(L ZY?J(Y + 85 £, Y + 8 £,S)

YZ

=u(t,Z,Y +6*&£,8)+Z (m

- l) a,u(t,Z,Y + 6% §,S)+O<é)

~u(t,Z,Y +6%E,S),

and
Yo(t, Z*,Y + 6% &,5)

:Yv(t,Z,Y+61'§,S)+Z<

Y3
Vi by Y)

a,u(t,Z,Y +6* §,S)+O<§>

~YU(t,Z,Y + 6% E,8) =265 £ Z3,0(t,Z,Y + 6 £,S).

We obtain that

(5 +2¢n) =277 +2)] 1 Eov-yYY

Ow—% T
2(}’+§)+;

2 r+<

- Z (+aY+a;8(Z-9) (V' —v)-2a,t—2a,tY

ie{+,-}

20,8 Z+20,6(S- 2P +a, Y, [287§Z3,0(1,2,Y +6'E,5)]

i€{+-}

1 1 1
+5YPS YN SZH sy 2+ 5y o’ Y?

2

+ % ¢ o2 (850)% — % 02 sV + % ¢n? (Byv)? — %nzdwu—dlw

We let U be the approximation of v such that the sign ~ above
turns into an equality, and employ the ansatz

0(t,Z,Y,8) =gu() +2y" G,(1) + 9" G,()y,

where ) = (ZY S)T and

G,(t) = (glz(t)

8x(t)
G,(t) = | g2(D)
824(8)

g g14(t))T,
83(0)  g()

gD ga|,
834(0)  gaa(t)

with terminal conditions g;;(T) = 0 for i, j € {1,2,3,4}.

We obtain the following system of differential equations:
0=-G/'O)+GOUGH+VTG{t)+G,{t)V +R,
0=G/(t)+C(G, T +E(®),

(1+2aln*—4a’y{n*) gty

0=g,'(t)+2 +
g’ (0) ar cd+2a+072

_2y8a’gu()

v+ e +(2a; 8+ 12 g(t) + 0% gu(®),

where for the first equation, U, V, and R are given by

0 0 0
_1+2c:g”772—4¢12;/§714 0
U= a(L2a(r+0)72) ;
0 0 2y¢a?
r+¢
0 0 0
2a,E+ r2agn’) g 5 £+ yn? (1+2a¢n?)
V= 3 1+2a(y+$)n? s 3 1+2a(+Hn? |
0 ree 0
7+
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2 2 2 2
2a; + 2 (1+2a¢n") 0 —2a, yn~(+2a¢n")
2+4a(y+)n? 2+4a(y+)n?
R= 0 ree 0
rzaery 2T eraer ’
_2a3+7n(+a§n) 0 2a3+yn(+a§n)
2+4a(y+$)n? 2+4a(y+$)n?

and for the second equation, C(t) and E(t) are as follows:

0 = y?(A+2a{n)+2a; a b (420 r+O 0 H+A+2al P-4’y Eng() 27¢{agu()
a(l+2a(y+$)n?) r+¢
cwt)=|o A+2aln’~4a*y{n') g () _ 180’ (428,(1) )
a(1+2a(y+$)n?) 7+
0 o a+2alnhi2a; EQ+2a@H)7)+A+2aln ety g 2740 gu(®)
a(1+2a(y+$)n?) 7+

T

B0 = (0,20 -4ga(0) a@+Egu0) 0) -

The equation for G, is a matrix Riccati equation. Let us introduce
the matrices C = I; and D = 0, where I; denotes the identity
matrix in R3** and 0 denotes the zero matrix in the same space.
The terminal condition of the equation is G,(T) =0, and it
is therefore clear that C + DG,(T) + G,(T)D = C > 0. We now
introduce the matrix © given by the following:

o= —-CV —-CU-V'D+DVT
Lo -U™D

After some calculations, we see that ® + ®" is equal to the
following:

7rQare)

0 2a, - 0 0 0 0
5T e+
2q.8 - TrGertn) 0 Z2ayE - PrQardd) oyt _ datntyb-2ani¢-1
35T et T Dapgeon o a(an (r+43+1)
0 P 7C T o o o e
2an?(y+{)+1 r+¢ 4t
0 0 0 0 0 0
0 0 0 0 0
0 0 -z 0 0 0.

7+

It is then clear that all the leading principal minors of the above
matrix are nonpositive; in particular, they are all equal to zero,
except for the determinant of

2y(2an2¢+1
0 2a3§_ny(an§+)
) . 2an2(y+¢)+1
2 1
20,6 — 772}'(2077 {+1) 0
anZ(y+{)+1

which is given by the following:

ny(2an¢ +1)\
_<2a3§_2an2(7+§’)+1> =

Therefore, the matrix ® + ®" is negative semi-definite, and
Theorem 3.6.6 in Abou-Kandil et al. (2012) implies that there
exists a well-defined solution of the Riccati equation on (—oo, T].

5 | Numerical Results

For the experiments below, we discretize [0,T] in 10,000
timesteps with T =1 (one day). We employ market data from
Binance and Uniswap V2 in the pair ETH-USDC between January
1, 2022 and April 30, 2022 to calibrate model parameters. The
initial exchange rateis S, = Z, = 2820 in the ETH-USDC pair and
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1.00 : ; :
] i violations
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1 il 1
0.751 : I ;
1 i [ [ I
+ i Ml | i
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] { ]
] [ I 1
1 I 1 1
0.251 i f i 1 i
| ‘ : [ |
] p i 1 I
0.00 : . »;1'11' : “lr . :
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price difference
FIGURE 2 | Histogram of simulated price differences between

Binance and Uniswap V2 for ETH-USDC using 1000 simulations and
the model parameters at the start of the section. The red shaded area
represents the region in which a; + a3(S; — Z;) becomes negative. We
take a, = 0 for simplicity so that the violation boundary is fixed and does
not depend on the number of ETH units in the pool. [Color figure can be
viewed at wileyonlinelibrary.com|

the daily volatility in Binance is o = 0.0569 X S,."! The average
traded quantity in a 10-min window is & = 300, and the fee
collected by the venue per transaction is approximated by the
constant fee r = 0.01 x £ X Z,. Here, each jump in N* captures
the aggregate trading that happened in a 10-min window. The
initial position in the pool is Y,, = 50,000 ETH," and the depth
of the pool is ¢, =Y, X (Y, X Z,). We use =107 ETH as
the volatility of the Brownian motion used in the provision of
liquidity. For t € ¥, we estimate 17 using data from the previous
10 min. We then fit a linear regression to calibrate a,,a; in
Equation (2.1); for now, we set a, = 0. We obtain the estimates
a, =142.7 and a; = 13.6. These values were scaled so that a
jump corresponds to the activity in a 10-min window in line
with &. Below, we study the strategies for the risk-averse case.
The LP’s risk aversion parameter is y = 107'® and the venue’s
risk aversion is ¢ = 107°. Lastly, for the figures below, we let
the temporary price impact parameter in Binance be a = 107
(negligible walking the book costs in the external venue). Below,
we show that as we increase the value of this parameter, the
strategy collapses around zero and the representative LP does not
add liquidity to the pool.

Figure 2 shows the violations to the approximation assumption
within the simulation. That is, the violations to the assumption
that both 1=,1* > 0. We observe that there are no violations to
the non-negative assumption in the simulations.

Figure 3 shows a sample path for the inventory Y,, together with
the prices S, (external) and Z, (pool).

As expected, arbitrageurs keep the prices in the pool aligned to
those outside of the pool. For these parameters, with a, = 0, the
changes in Y are relatively small and seem to be driven mostly
by the liquidity taking activity; we confirm this below. Figure 4
shows the speed v, at which the LP adds or subtracts liquidity
from the pool, and the cumulative liquidity provided (given by

fot v, ds).
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Sample path (with 90% bands across time) for the inventory of ETH in the pool (left panel), and the instantaneous exchange rate in the

pool and outside (right panel). [Color figure can be viewed at wileyonlinelibrary.com]
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Sample path (with 90% bands across time) for the speed at which the LP adds/removes liquidity from the pool (left panel), and the

cumulative change in liquidity provided (right panels), given by /0[ vy ds. [Color figure can be viewed at wileyonlinelibrary.com]
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Next, we study the optimal strategy v, of the LP in more detail.
Figure 5 shows a sample path of the optimal strategy as we stress
the values of model parameters (the randomness is the same for
all simulations).

As expected, the higher the volatility, the higher the variabil-
ity of the strategy of the representative LP. The smaller the
temporary price impact in the external venue a, the more
trading activity the representative LP can afford. When we
increase the transaction cost parameter for trading in the
external venue to a € {107'3,10712}, we obtain that the strategy
of the representative LP collapses around zero, as shown in
Figure 6.

ox0.5
5000 7*2
By 0
—5000

000 025 050 075 100

Sample path of the optimal strategy of the LP as model parameters a and o change. [Color figure can be viewed at

5.1 | Distributing the Fees Collected

The starting point of the contract representation, that is, P,
shifts the profitability of the LP to the right (the higher P, the
more profitable), and it shifts the profitability of the venue to
the left (the higher P, the less profitable). Here, we take P, such
that both the venue and the representative LP have the same
average wealth.

Figure 7 shows 10,000 Monte-Carlo simulations of the equi-
librium of the model. We report the distribution of the final
reward R and the venue’s PnL. The red line is the mean of the
distribution. On both sides, the mean is positive. The higher the

10
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FIGURE 6 | Sample path (with 90% bands across time) for the cumulative change in liquidity provided given by /Ot v ds. The first plot is for a =
10713 and the second plots is for a = 10712, [Color figure can be viewed at wileyonlinelibrary.com|
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FIGURE 7 | Histograms for the reward R paid to the representative LP (left panel) and the performance of the venue ¢ (N; + N}' ) — R (right panel).
The mean values are in vertical dotted lines. [Color figure can be viewed at wileyonlinelibrary.com]
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paid to the external venue, given by /Ot a (v)? du (bottom right panel). [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 10 | Histograms for the reward R paid to the representative LP (left panel) and the performance of the venue t (Ny + N; ) — R (right
panel). The mean values are in vertical dotted lines. [Color figure can be viewed at wileyonlinelibrary.com]

right aversion of the venue, the more concentrated these profits
would be.

The optimal contract benefits both the LPs and the venue. This
can be seen in the positive values of the means of both histograms.

5.2 | Attracting Noise Trading

In the analysis, we carried out so far, the intensity of order arrivals
does not react to the quantity of asset Y in the pool, that is,
a, = 0. As shown above, this implies that the strategy of the
representative LP collapses around zero for meaningful values of
the transaction cost parameter for trading in the external venue.
Here, we show that this is no longer the case if a, > 0. In what
follows, we use a, = 107> and a = 5 x 107°. Note that this value
of a, only represents around 0.5 ETH/10-min of added intensity
(given that the amount of ETH in the pool is around 50,000).

Figure 8 shows a trajectory with their confidence bands of the
quantity of ETH in the pool, the optimal speed at which the rep-
resentative LP adds liquidity to the pool, the cumulative liquidity
provided, and the cumulative fees paid to the external venue.

With these model parameters, the representative LP adds roughly
8000 ETH to the pool for which she pays 500 USDT in fees; for
comparison, the spread in Binance for ETH-USDT is typically
0.01, which implies that the trading costs in Binance are in
the correct order of magnitude. Unlike the case in the previous
section, to the naked eye, there is no variability in the trading
speed. The confidence bands in the amount of ETH in the pool
is due to the trading activity of LTs. Next, we study the effect of ¢

and a in the optimal trading strategy of the representative LP in
Figure 9.

As expected, all else being equal, the higher the fee charged
to LTs, the more the venue collects and the better the contract
that the venue offers the representative LP, which translates in
more liquidity added to the pool. The effect of the transaction
cost parameter is similar to that in the previous section. Higher
transaction costs in the external venue diminish the activity in
the pool.

Finally, we repeat the analysis in Figure 7 for this new set of model
parameters in Figure 10.

We see that the performance of both players is still positive in
line with the results in Figure 7. All else being equal, when a, >
0, both buy order arrivals and sell order arrivals increase with
the liquidity in the pool, and this additional order flow is not
directional (noise trading). The representative LP exploits this by
adding liquidity to the pool and attracting more of these type of
trades, which in turn allows the venue to offer a higher reward
to the representative LP. We remark that for the above histogram,
the transaction cost parameter for trading in the external venue is
much higher than the one used in Figure 7.

6 | Extension to the Multi-Asset Setup

In classical LOB settings, multi-asset market making have been
extensively studied; see, for example, Guéant (2016), Bergault
et al. (2021), and Rosenbaum and Zhang (2022). In this section,
we study how to extend our AMM framework to a market with

12
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d assets with X! being the reference currency (e.g., USDC). As
in the one-dimensional model, in addition to the CFM, let there
be an external LOB venue where trading in X?,..., X 4 occurs. We
let S' = (S!),co denote the external mid-price of asset X in terms
of asset X!, with S} =1 for all ¢t € T. Within the CFM, we let
X!,...,X? be the quantities of assets X', ..., X%, respectively, in
the pool at time t € .

The simplest and most widely adopted multi-asset formulation
is the geometric mean market maker (G3M), whose trading
function is defined by

d

fe o xd) = e,

i=1
. d
for weights w',...,w? > O such that ) _ w; = 1.

For a given vector x = (x!,...,x%) € R¢, we denote by x~ the
vector in R9! obtained by removing the ith coordinate of x:

X xd).
We let ¢l (x~) be the level function of f such that ¢} (X;) = X
with

d
o=fxt,...xH=]] (xi )"
i=1

It follows that
Cl/wi

oo™

J#

p(x) =

At any time ¢t € &, the marginal price Zi‘j of asset X in terms of
asset X/ is given by the following:

Zti’j = —6xigo£t (Xt_J>
The external mid-prices follow

ds! =g, aw!, S eR",

where o; > 0 is the volatility parameter of asset i (with o, = 0),
and (W', ...,W9)is a d-dimensional Brownian motion satisfying
d(W',W/), = p, ;dt. We denote by I the covariance matrix of S =
(S4,..., S, that is,

% = p;,jOi0-

In the CFM, LTs arrive according to counting processes N/
(an LT sells X! and buys X/) that model the number of trades
over time. In this multi-asset framework, it is convenient to
assume that trades are of constant size for the currency being
bought, that is, when an LT buys currency X', they buy a
constant amount &’ > 0. Alternative conventions such as random
sizes or constant sizes in a reference currency can also be
handled at the expense of higher complexity. For the sake of
simplicity, for x = (x!,...,x", x™*!, ..., x%), we denote x~' &/
E =0t X =&, XL x* L oxYif j<iorxielél =

Ot xEh X xd = &0 x?) if j > i. The operator @' is
defined similarly. With these conventions, the resulting dynamics
can be written as follows:

axi= zM'na, + Y ([¢ 061 € &) - gl (D] Ny - 1 aN),
—_ J#
activity from LPs

activity from LTs
dz,’ = [_ax‘ 7 (Xf Te ol (x o) ) - g, (X;_")]) +0.u9] (X; ’)] dNt
(e e (o

dN;’ = T o Tyl oo dN,’,

with 7 >0 representing the volatility in liquidity provision
(expressed in the reference currency), N:,’J =0,and X, € (R*)".

At this stage, one is able to write the performance criterion
to be optimized. As expected, these dynamics lead to a highly
coupled and high-dimensional system that cannot be solved
(even approximately) by the analytical methods employed in
the present work. Fortunately, there are a number of methods
tailored to solve high-dimensional PDEs such as those proposed
by Sirignano and Spiliopoulos (2018), Han et al. (2018), Lu et al.
(2025), Cohen et al. (2025), and the references therein.

7 | Conclusion

We characterized the Stackelberg equilibrium of a venue and
the representative LP. Trading took place in an AMM and while
the representative LP aims to maximize profitability, the venue
wishes to collect as much fees and order flow as possible. We
find that even when the venue employs the optimal contract, if
higher liquidity does not attract noise trading, the representative
LP does not have incentives to add liquidity to the pool. On
the other hand, if higher liquidity in the AMM attracts noise
trading and the venue employs the optimal contract, then the
representative LP adds as much liquidity as the transaction costs
in the external venue allow. Using data from January 1, 2022
to April 30, 2022, we find a positive correlation of 11% between
the daily average depth in Y for the ETH-USDC pool and the
daily order flow, furthermore, the slope of the linear regression
is positive but there is no evidence to reject the hypothesis that
the slope is equal to zero (the p value is 0.232). Our work provides
insights into the optimal design of these venues going forward and
the testable conditions for the well functioning of these venues.
The extension of our results to the case of competing LPs is a
promising direction for future research. Informed by the results
in Baldacci et al. (2021), one might expect that there will be new
phenomena appearing concerning the optimal number of market
makers or changes to the conditions under which LPs decide to
add liquidity to the pool.
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Endnotes

IModels with more complex price dynamics have been considered in
Bergault et al. (2024b); recently, Bergault et al. (2024a) study the
dynamics of stablecoins.

2Cartea et al. (2023) is an earlier version of this paper where arithmetic
liquidity pools were introduced.

3Similar to Fukasawa et al. (2025), we study an aggregate of LPs as a
representative provider.

4In their paper, the regulator is the leader and the LPs are the followers.
>The independence assumption between W and B can be relaxed.

6More general multi-asset pool specifications could be considered, at
the cost of significant additional mathematical complexity. Focusing
on two-asset CFMs remains both realistic and practically relevant:
The largest AMM by traded volume and total value locked (TVL),
Uniswap, supports only two-asset pools (with a TVL of about $5 billion
as of November 2025, according to DefiLlama). By contrast, multi-asset
AMMs such as Balancer, allowing up to eight tokens per pool, remain
much smaller in scale (with a TVL of roughly $315 million in November
2025).

"The rationale for this is that more depth implies less slippage for any
liquidity taking trade executed in the pool. Thus, all else being the same,
itis more desirable to trade in a pool with more depth. For mathematical
tractability, we employ the quantity a, Y, as a proxy for the depth. This
is a reasonable approximation over a short time horizon, during which
large moves in Y, are mainly driven by LPs activity.

8The calculations below can be carried out if one also includes a running

penalty of the form — /s ' p(u,Z,,Y,,S,)du. For simplicity of formulae,
we do not include such running penalty.

9Using a 5- or 15-min window yields similar results.

19The coefficients @, d; are both statistically significant with a p value
p < 0.01.

' We obtained the volatility estimate from market-milk daily volatility.

2This value is motivated by those in Uniswap’s ETH-USDC pool
—accessed February 20, 2025.

13Note that even though the jump processes included in Q. are N~ and
not N, we have Qp, =Qp,_ and A7 =0 on the event {N; = N__ +
LY, <&

4We assume q, to be sufficiently small so that a; — ay > 0.
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Appendix A: Proof of Theorems 1 and 2

The following proofs for Theorems 1 and 2 follow the arguments of El Euch et al. (2021); however, we have to introduce Lemma 2 to prove the strict
negativity of the LP’s value function (V,), which is necessary to derive the contract representation.

A.l1 | Lemmas

For any stopping time 7 valued in [0, T], we define the following:
J(t,v) :=EX [— exp {—y <2R + Q;T) }] ,

where v is in A; 7 (the restriction of .4 on time horizon [z, T]) and Q is the running wealth

L t
;’,t = —/ {a 1/12‘,} du+n / (Sy_+2,_)dB;,
s s

! g Zy_ Yy, ;
1 — — 1
+O'./S Yu_qu+ E {5§<Su—m>}(ﬂvu

ST R
Recall that the value function V is defined as follows:

V. =esssupJ(z,v).
VEAL T

Lemma 1. Let T be a stopping time valued in [t, T]. Then,

V, =esssupE} [exp{—y QL Ve,

VEA ¢

Proof. By tower property and the definition of the value function V,, we have that

V; =esssupE! [exp {—y QZT} EY [— exp {—}’ (ER + QZ,T) }”

VEA ¢

<esssupE} [exp {—}’ Q7. } Vr] :

veALr

For the other direction, by Proposition VI-1-1in Neveu (1972), there exists (7)en © Aqrsuch thatJ(z, ) 1 V.. By defining vé‘ =V licger + ok Tr<s<ts
we obtain the following:

sk

K K
T T k 5k
e - K> and  Q7p=Qcp-
T T

Thus, it follows that

k

e [row{ (et )] - | e (vt}

T T

k
_E, [i 2 o (- (n+0) }]
=J(z,7%).
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We then obtain the following:

- Kvk L Kvk L
J(t,v6) = E, |- Tk T rk T exp{_yQ;’i} exp {—)/ (m + Q:kT)}
| K& L KLy ’ '

ok Kk

KV L k KY Ly k
=F KZ"LT exp{—yQ}”T}[E, [_KikL exp{—y (§R+QZT)}]]
L it

-

T T
e [BE o [z e o ()]
=E Ig}z exp{—yQKT}J(f,ﬁk)] .

Note that K7, Ly /K7 L; has mean of unity and is independent of 7. Thus,

K'L i
E, [KZ’L: exp {—}/QKT}](T,‘V’C)] = [Et[

; Ke Lo exp{—yQ;”T}](f,ﬁk)] [E,[

K) Ly ]
K'L

K'L,

=E [I;{?ii exp {—y QKT}](T,ﬁk)]
=F [exp {—y QKT } J(z, ﬂk)]

Due to Condition 1, the expression E} [exp { -7 Qy, } J(z, 771)] is finite and we can use monotone convergence theorem to obtain the following:

}{i&lcj(t, vk =Y [exp {—y Q. } ]{ILH;J(‘:, ﬂk)]

=F [exp {—y Q}’J } VT] .

Thus, we obtain the following:
V> IlciTrgJ(t’ k)

=E [eXp {—y Q,”,T} VT] ,
which concludes the proof. O
Lemma 2. Let T’ € F such that P(T') > 0. Then there exists € > 0 such that

PY(T)>e¢ Y e A.

Proof. We will prove this by contradiction. Assume there exists (vk) ren @ Sequence in A such thatlim,,_, PY"(T') = 0. Thus,

0= lim EY"[1p]

n—oo

= lim E
n—oo

Ky LTﬂpH .

Then we can take a subsequence (1 )xen € (M),en such that limy_, K;"k Ly 1y = 0 P-almost surely. Because I' has P-positive probability and Ly > 0,
then P(limy_, K%nk =0) > 0, or equivalently,

. T vk T (k2
[F"(hmk_,oofo VLTdB[_é-/O (1/;72) dt:—oo) >0,

T v”k
o I}3><limk_,(,Q J, —dB = —oo) >0.
7

(A1)

However, by Ito isometry,

2
T _ ng T (),N\2
E / VLdBu =E / @du
o 7 o M
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T (vs)?
772

<

>

"k
because v"* is bounded by v, dP° ® dt a.e. given that vt" k€ A. Thus, the collection of random variables { fOT % dB, } is bounded in L*(Q, Fr, P).
keN

From Equation (A.1), we have the following:

T nk 2

.. Vt

P|lim inf / — dB;
o N

—00

=o0|>0

T M 2
:[Enminf/ - dB,| |= .
k—o0 0 n
However, by Fatou’s lemma,
T K
. . v[
oo:[Ehmlnf/ — dB;
k—o0 0 yi
T Nk
. . Vt
<liminf E / — dB;
k—o0 0 n
L TOLP
<=2
which is a contradiction. O

Lemma 3. Forallt € E, we have V; < 0 P-almost surely.

Proof. Let T’ = {V, = 0}. By Neveu (1972), there exists (vk)keN a sequence in A, r such that J (t,v%) 1 0 on I'. From monotone convergence theorem,
E [ﬂrj(t, Vk)] — 0. Then, there is a subsequence ky, k, ... such that

K;k'" Ly exp{—y(%+le;")} -0 P-as.onT.

k,

As Ly > 0 almost surely and does not depend on v“m, we have the following:

K;km exp{—y (§R+ngTm)} -0 P-as.onT.

This implies the following:

T  km

T T k,
" (Su +Z,_
/ deBu_,_/ —Vﬂ(su_+Zu_)dBu+/ Mds
0 7 0 0 n

T T . 7y .
- yoY,_dw, — / y{6‘§<S —“_—“,_>}dN‘—>—oo
'/0 u u ie;,} o u Y, +0i¢E u

P-almost surely on I'. However,

supY, <Y, + & (N +N;)+su£B,, and supZz, < Zo4Nr i
teT

tex teT

Moreover, given that ykm is bounded and using the above inequalities, we conclude that the last four terms in the above expression are finite a.s.,
therefore, it has to be the case that

T km
VM
/ dB, - — P—-as.onT.
o 7

From Lemma 2, we should have P(T") = 0. Thus, we have V, < 0 P-almost surely. O
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A.2 | Contract Representation

Proof of Theorem 1. By the DPP in Lemma 1, one can show that for any ¢ > s
V, = sup [E’S’[exp {—yQ;’t} V,] .
veA ’
Then, U” defined as
vy =exp{-rQ;, | Vi
is a P¥-supermartingale. By Doob-Meyer decomposition, we can write U” as
dU? = dM? - dA’¢ —dAM,

where M? is a (F,P”)-martingale, A* is a continuous nondecreasing process, A”? is a pure-jump nondecreasing process, and Ag’c = A;‘d =0. By
Martingale Representation Theorem, there exists a F-predictable process (4»%, A»-B, A”~, A”*) such that

dmy = APV aw, + AP dBY + ) AY'dNT,
ie{+,-}

where
dANE = dNE — 2% dt
By Ito’s formula, we have that
dv, = U} d(exp {y Qo }) + exp {y Qo } auy

+ ) Wy U?_)<exp {VQ&,} - exp {yog,t_ }) N

+de,exp {7 @y b
where U”* and Q) are the continuous parts of U” and Q} respectively. As (N, A”) = 0, we have the following:
7 = Uz (exp {5, - exp {0y, ) aNi = A7 (exp {Qf } ~exp {rQf ) o
afexn {703, }) =7 (exn {0z, })aeis + 5 (exo ey, acgz

+ 3 v }-ew{ros, JJat.x

13 ief+,-}
and finally,

du,exp {rQy o =rexp{r@y,_ | (eV &Y 40 +2) A% )de

- (crYt_ AV (S, +Z[_)A}’B>dt.

Thus, we are able to rewrite dV/, as follows:

U (exn {r s )) @i

+ Y urleo{ra, | -exn {rQy, }|an

ie{+,—-}

dv, =y Uy (exp {y Qg,t_ }) ngf +

+ exp {y Qi } A;”W dW, + exp {y Qi } A;”B dB} + Z exp {y Qi } i\f’i (AN — 26 dr)

ief+,—}
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—exp {y Q- } dA}‘ — exp {y Qi } dA[V'd + Z Al"i (exp {}’ Q. } —exp {}’ Qb }) dN?

ie{+,—}

(th AV (S + 2, )A”B)

2
Vi
= Vi dQys + T 4@,

+ 2 V. (exp{yAi}—l)de

ie{+,—-}
v AW A .
+ U—v dw, + dBv + Z - /1; dt)
t— ie{+,—} t—
Vt— dAuc Vio dAv‘d = Avvi Al 4N
T o ¢ + Z U—v_(eXP{V () —1)aNg
ief+,—} t
YV

LetP, = —i log(=V;). Then, by Ito’s formula,

1 1 1 d
AP, = ———dVi+ ——d(V), -~ Y o dNi; — lo >dAv
Py v T a2 KV g("z—) y AA™Y g<Vt

t— ief{+,—} t
AV
log <1 + V—t> dA;)'d s

t—

1 1 1 Ain> - 1
= dVE ——— V), — = lo <1+ dNi, —
YVt 2yvE =y 2, log v "y aavd

ie{+,-} = t

with V¢ is the continuous part of V and Y1 = R. We calculate the following:

2 _ 2
d(VC>, Vt A'I/W Vt— A'VB
= +yVi_oY,_ | + —+th n(S;+2,_) 1 ,

d U Uy

.d
Vo AAY

U

i A?’i i d
AV, = 1+ o Vi exp{yAl} -V,_, AV, = —
L

2V Ve
ave =y v dQpe + L3t v+ L (oY A (s + 2 AP ) a

t—

v,_ A v, A" v, A 1%
S aw e am - Y T dr - T dae
U’ U U’ Uy
i€+ t t
‘We may rewrite dP; as follows:
V,W v,B V.0
Y v,c At! A A A 1 e
dP, = —dQp — S d(Q)€), — —— dW, — ——dB! + dr + da;
t QO,t 2 <Q0,4 >t 7 U;}_ t y Uy le{; ) y Uv y U;’_ t

LA > /B 2
+37 <U” +cht_> +(Ut” +yn(St+Zt_)> dt
v

(aYt_A +0(Se_ +Z,_ )A”B>

\S)

—

4

A . , aar
_L log 1+ = ) +yAl »dN! - ! log( 1- —— }da?
v U’ t t A U’ t
ief+,~} = Y A4, =

~ ~ 2
“daz+ L Ar’W+ oY, + AV)B+ (S; +Z;2)
= -t 3y U;: Y - U;: VA t—
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i AV,
A A

1

dA;¢

- g [(U Yo+ (S, +Zt—)2] + Z

4
ief+,-} s

v
t—

d
1 AA”
- log{ 1- : dar
y AA?’ U_

AV,W
- {ayt_ + y;}v }dW, - {n(s,_ +Z, )+
T

2

(a Yo A (S, + Zt,)A;’B> } -2

i av,i
A A

YUy

>

ie{+,—-}

1

dt

A~7/,i
{log <1 + Utv

*V,B
A} ,
v dBt
YU
2 L A‘V’W Y, A‘V’B S, +2Z,_)
=< av; +— +yoY,_ | + +yn(Si+Zi-
= 2y Uy Uy

2

v,c
d4,

- g [(U Y2+ (S +Zt—)2] + Z

4
ie{+,—} 4 Ul*

YUy

dt

~V,B

t—

W B Ve
o7 (o' Yo A (S +Z,) A ) (St 20 - T
1 A?‘i . .
- > {10g(1+ o | Hrapdl
ie{+,-} =
d
1 AA”
- - log| 1- L )aard
Y AAY U
Av,W A'II,B
L oY+ —— 3dW, =< n(Si_ + Z,_) + — dB, .
{ t y U;’_ } t { t t y U}’_ t
Simplifying the above equations, we get the following:
- 2 - 2
dP 2 42 A + A
=< av —
‘ |\ U Uz
AAT 1 dA)* AP,
+ z : 1t1 + v - + v (S +Z )+ d i
e vul rul dt nU;_

AV . "
21 Z {log<1+U[V >+yA;}dN:
14 ie{+,~} =

AAT¢
! log( 1- — }da’
t Ui

y AAYS

>+yA§}d.I\7f

}dt

}dt

A'I/,W AV,B
t t
_ {aY,_ + yU% } dw, — {n(st_ +Z, )+ YU }dB,.

If we rewrite

1 A~v,i
Al=——(log| 1+ =~
t y< g< i
A‘V,W

AV =—oY,_+ -1
yU.L_

AP = —(n Sie+2Z,)+

)

“v,B
A
YU
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where i € {+, —}, we have the following:

dp, = {avf + LA 4oy )+ (AP 4 (s +20)]

A1 —e7AHD)  dA”e APy,
-y 3 dr
i€(r-} 14 yu. dt U
o AA
+ ) A;dN;-;vdlog<1- . )dA;”d
ief+,-} yAA» Ui~

+AY aw, + AF dB, .

Note that

T
P =R —/ {avf_ + LAl +ov )+ (AB 06 +20)
u

A(1 = erAa) 1Ay Alw } M

+ v
i€f+,-} 4 ruL d

T ) ) T
-y / A;dN;—/ AthWt—/
u u u

ie{+,—-}

T T
Ade[+/ da?,
u

. 1 aa vd .
with dA4 = —— log (1 - ==~ ) dA”, that is,
t yA A;"d g < U,;’, > t

1 AA”e
Ad==Ylog(1- —— |
t b4 Z 0g ( uv

s<t t—

. . . —aard -
This shows in particular that Aa, = U”l > 0 is independent from v € A.
T

Therefore, we have Py = R and

_ 1 dAV* o
dp, = —{h(v,,A,,z,,Y,,st)— il d; di+ ) ALANI+AY dw, + AP dB, - dA!
= ie{+,-}

with

A(Z,Y,5) (1 — e+
Y

h(v,A,Z,Y,S) = h(v,A)+ Y
ie{+,—}

IR

[(AW + aY)2 +(AB+n(s +Z))2]

We introduce the process I given by the following:

t
It=/ h(vg, Ag, Zg, Y, S )ds — 1v dAy® .
0 yUs—

By the DPP, we have the following:

=}
|

T
= sup E” [UY] - V = sup E” [U} — M| = sup E” —dAY* —dAp?
sup E[U7] = Vo = sup E*[U7. - My] = sup [/0( f ,)]

T

_ d

= ysupE” [/ ur. <dIt — (v, A Z,, Y, S)dt + ﬂ)]
vEA 0 Y

-dA
where da, = U”t >0.
T

Moreover, by Lemma 3, we have the following:

U? =%y, <—B,V, <0,

22
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where we write

B

Therefore, we have the following:

vEA

T
) d
0 < sup E” [/ —ﬁtvt<d1t — R0, A Z,, Y, S)dt + %)]
0

vEA

T
) d
< sup EY [/ —5,Vt<dlt —H(A,Z,,Y,,S)dt + %)] .
0

Let us denote by © the random variable

T
_ d
@:/ —ﬁ,Vt<dI,—H(At,Z,,Yt,St)dt+%> <o.
0

We then have the following:

0 < sup E”[O].
veEA

Lete > 0. For all v € A, we have the following:

E’[0] = E”[01g<_. + OTgs| < —cP¥(O < —¢).
Therefore,

0 < sup —eP?(O < —¢),
veA

which implies that
7}2& P¥(© < —¢) = 0.
By Lemma 2, this implies that
P(© < —¢) =0.

This is true for all € > 0, therefore we have that

T
_ d
®=/ —ﬁtVt<dIt—H(At,Zt,Yt,St)dt+ %) =0 as
0

Since BV > 0,dI, — H(A,,Z,,Y,;,S;)dt > 0, and da, > 0, this finally implies that
dl, = H(A;, Z,,Y,,S,)dt and da, = dA¢ = 0.
It remains to prove that A € A, that is,

supsupE” [exp {~y’ P, }] < co forsomey’ >y.
vEA teT

Condition 1 together with Holder inequality guarantees that there exists » > 0 such that
sup E” [|UZ|™*] < co.
veEA

Therefore, as U” is a negative P”-supermartingale, we get

sup sup E”[|U7 "] = sup E” [|UL|™*!| < oo,
VEA teT veEA

which leads to the result by using again Holder inequality and the fact that e 7"t = U;’eyggvf.

' ' t tf Zu— Yu—
—y<+77/0 (Su+Zu-)ABy+ [ |Su+Zu-veoduto [ Yt,qu+i_§b/0 {5‘§ <S“_yz_+;i§
= —¢ =a,

)}o)
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Proof of Theorem 2. Let R = P,

04 By = P} + QY. Then,

) _ —y (Al+Al) _ )
de 7Pt = y o Pie {(H(At) —h(v, A))dt — AY dW, - ABdB + Y % A } .
ie{+,—}

We observe that H(A) > h(v, A). As A € A, the process (—e"”5 );eq is a P”-supermartingale. Thus,

Equality applies if and only if H(A,) = h(v, A;), dt ® dP a.s., that is, v, = V(A;).

EY [_e—VPT] < —e7Po,

Appendix B: Viscosity Properties of the Value Function

In this section, we study the viscosity properties of the value function. We start by showing the local boundedness properties.

B.1

The Boundedness of the Venue’s Value Function

Lemma 4. There exist constants Cy, C;, C, such that

ty ~ - -
sup E} 2ps [/ Z2_4+Y2_ du] <(ty— 1) e (32 4+ 22+ Co + Cy (Is1? + s> + Is1*)).

5t

Proof. Given that Z is a pure jump process, we have that

4

d(z,)? =72 { [(Y[Y:g) —1] dN; + [(Yty‘:§>4—1] dNt}.

Thus, for t1,t, € [0, T], t; < t,, we have the following:

o2

t1,2,y,8
t2
Y
— 2 u—
=z +E zys [/ﬁ Zy- {<(Yu—+§>
Y- ! T
H(725g) 1) Yaeso 1y oo
t % 4
u— -

= Z2 + |E}’1 S |:'/t<1 Zﬁ_ {<< Yu7 T §> - 1>A+(Zu—’Yu—’SM) ]]Yu—>2§ H|Zu—_su|5al_00::2 Yu—

- 1>/T+(Zu_,Yu_,Su)

4
Y,._ iy
+<<Yu—+§) _1>/l (Zu_’Yu_’Su)ﬂY“)Zfﬂa-—&p%
v 4
u +
+<<Yu +§> 1)1 o L N
Y, ;
+ —1 )2 @un Yurs S Yy 26 1, g | corasapva
Vi ¢ ey
YM
* ~ 1) (2 Y Si) Ty, 52 1, g a-eoraYu
Yu g u—""u a3

1) (Zu ,Yu ,S )T]Yu >2¢ HS _Zu_>a1—a0+u2Yu, }du:|

a3

24
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Observe that on the event {Y,,_ > 2 &}, the following expressions,

>

v, \* Y, ($AY] E46Y E+4Y, £ +EY
e << Yy §> 1> - (Y, + §)4

4

Y. > a
—1, and +a,,
<Yu— +§ Y

are all bounded by a deterministic constant C.

Observe that if |Z,_ — S, | < =% Y= 14 then 1%((Z,_,Y,_,S,) = a; + @, Y, + a3 (Z,_ — S,_). Thus,
asz

2 Yo \' B
/[l Zﬁ— (Yu— T g ) -1 l+(Zu—’ Yu—) Su) ]]Y,,_,>2§ 1]|Zu——su|5 ‘11—“0:;2 Yy—

4
Y, -
+ < u > -1 )L_(Zu_,Yu_,Su) ]]Yu—>2§ ﬂlz _s |<a1—a0+a2 Yy— du
Y- _g u="Pul= a3

t2
) [2h) az (Z,— — Sy)
< / Zu— {Cl (Yu_ +a; + Y—u_ ﬂyu_>2§ ‘ulzui_su‘sal—ugﬂ:az Yyu—

a a3 (Zy- = Sy)
+C, <Yu_ +a; — Y—u_ ﬂyu7>2§ ]]|Zu—*su|5al_a0+a2 Yy— du

a3
)
l
:/ 221217 {Cl <Y— +(12> “Yu—>2§ ]]\Z _s |<a1—a0+azYu, }du
3} U= v a3

5}
<2c? / Z2_du.

5}

IfZ,_ —S, > 70079 Yus hen
asz

ZJr(Zu—s Y. S)=a+aY, +a;(Z, —S,),

A (Zy,Yuo,S,) = aqp,

thus,

2 v, \" B
/ Zi <Y——§'> =1 ) A (Zy Yus, Su) Ty, 52 ﬂZu,—S,p a-agray vy o du
f u- a

y
<ayC / Z:_du.

151

aj—ap+ay Yu

Otherwise, if S, — Z,,_ > —, then

as

i+(Zu—’ Yo, Su) =4ap,

Z_(Zu,, Yy, Su) =aq+aY, —a; (Zu— - Su—) s

thus,

LR Yo \! .
/[1 Zy- < Y, +¢ ) =1 ) A"(Zy=s Youos Su) “Yu_>2§ ]]Su_Zu—> al‘”O::Z vy ¢ du

5]
<ayCy / Z2_du.

51

Moreover, we have the following:

12 Yo \' B}
'/[l Zﬁ— < Y, + § > -1 AJr(Zuf, YusSuw) 1]Yu,>2§ ]]Zu—_su> 01—00::2 Yy
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4
Yo _
+ <L> —1 ) (Zues Yo, S) My, 526 1y, a1magtarva- o du
Y- —¢§ woe a3

ty 4
Y,
— 2 u- — Y. —
= ‘/t Zu7 { <<Yu_ T %‘ ) 1> (al +a,Y, +a3 (Z - Su)) ﬂYu—>2§ ﬂzu—_su> al—aozsaz Yyu—

1

4
Y,
+ <<Y;_§> - 1) (al +a, Yu_ +as (Su_ —Zu))nyu7>2§ ]]Su_Zu_>a1—ao+a2 Yy— } du
u—

a3z

t t Y, 4
< 4C1 / Z%_ du + as / let— (Y—-{-§> -1 (Z — —Su)ﬂyu7>2§ ]]Zu_*Su> aj—ap+ay Yy—
t f u- a3

1
v, \*'
+ Y——§ -1 )(Su- —Z,) Hyu—>2§ ]]Su—Zu—> aj-ag+ay vy du.
u— az

aj—ap+ay Yy aj—ap+ay Yy .
402w 'we have Z,_ < S, — —2—2-%=_On this event, we

asz asz

4
Next, we have that ( qu:rg ) — 1is negative. Moreover, on the event that S, — Z,_ >
—

2
- —ap+ay Yy
cannot have Z,,_ < 0 as we are considering the case Y,,_ > 2¢&,s0 Z2_ < (Su - M) . Thus,
as

t % 4
ZZ_ <L> -1 (Z_—S)]]y a! ay—apg+ap Yy—
/rl ’ {< Yo +§ W Yu228 gy s, U
% 4
+ ((ﬁ) - 1> Sy —2Zy-) 1]Yu_>2§ HSM—ZM,>4“1’HOQ+:2Y14— } du
ty 4
Y, a;—ag+aY,_
</ 2 ) | ( 2T 2um g 1 ay=ag+ay Vi
o () ) (2
Y 4
+ <<ﬁ> - 1> (Su—2Zy-) 1IYM_>2§ HSM_ZM7>% } du
a, —a f2 a &
5( ! °>C1/ Zﬁ_du+<—2>cl/ Z2_du
as t a3 f
t 2 4
al—a0+a2Yu_> < Y, >
+ R R _— -1 (S —Z,)]]y,k st 1 ay-ap+ay Yy— du
/t1 < u @ Yu_—§ u u >2& Sy—Zy_ >4 0032
ty )
ar —
S( 1 a0>C1/ Zﬁ_du+<%>cl/ Zzzl_du
as H as t
2

1
t C,a i
s0 [P Stz i =2 [y, S+ 12, D

51 3 )

Cy(a; —ap)? 2 2C;(a; —a f2
+1(1—2°)/ |Su|+|Zu_|du+M/ S2 + S, Z,_| du
as f a3 f

2C,a f2 2C,a,(a; —a f2
+J/ S§+|SuZ_|du+M/ 1Su| + 1Z,_| du.
as 4 as A

Using that S is a scaled Brownian motion for any admissible measure v € 4, we have that

up [Efl,z,y,s[ sup |Su|P] <M, (IsI? +1)

S
veA u€lty,tr]

for a deterministic constant M,. By applying the inequality of arithmetic and geometric means, there exist constants Cs, C3, Cy4, Cs (which do not depend

on the measure P”) such that
f2 Y ¢
v 2 u—
Fusys [/11 Zu- { <<Yu_—+§> - 1> G- =S Tvo28 1y, s, e

4
Yo
+ < u _> 1) Su=Zu) Vyy e Ty, ey pdu
Y,-—¢§ wte a3
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ty 15}
<G+ Cy (I8P +IsP +IsI*) + C4EY 5 [/ zZ_ du] +CsE Ly, [/ Ya_ du] .

151 51

By adding the parts, there exists constants Cg, C7, C Cy (which do not depend on the measure P”) such that

ty 5]
B s Z2] < Cot Cr (15124 151+ 151%) + Co B [/ 72 du] +Co Bl [/ Y2 du] :
t t

1 1

Next, we bound [E}’,Z,y,S[Yf]. By Ito’s formula,

dY? =2Y,dYf + d(YS), + (Ve + )2 = Y2 ) AN/ + ((Y,— — §)* = Y2 ) N,

=2Y, v dt+29Y,_dB} +n?dt + Y, + &) AN/ + E(-2Y,_ + £)dN],

thus,

7]
/ 2Y,_ vy, du] + [E}’I)Z)y’s [
t

1

5]
/ 279 Y, dBZ] +7*(t — 1)

5]

2 — 4,2
[E?I \Z,Y,8 [Ytz] =y 4+ [Erl,z,y,s |:

5] 7]
+E s [ EQY,_+&dNy ] +E Ly [ E(=2Y,_+&) dN;]
51 51

2 15}
/ Y2_ du] +E s [/ v du] +1%(ty — 1)
t

1 151

2
<y + [E’,’l,z’yys [

5}
/ a+ay|Y,_|+as|Z,_ —S,| du] + 2§[E}’bzyygs [

51

)
/ Y2_ du]
t

1

2
+2¢& [Erl,z,y,s [

ty
/ (a0 403 V| + 3 1Z, —su|>2du]
t

1

+2¢& [E}’l,z,y,s [

5}
/ Yi_ d“:| +95 (- )+ 07 (- 1)

51

2 v
<y + |Et1,z,y,s |:

7]
/ Y2 du]
t

1

Iy
+2§2[E}’1‘Z,y,s [/ ay+ay Y, | +a3|Z,_ —S,| du] +2§[El'1,z,y,s [
5]

5]
/ @ +a3 |V, |*+a3|Z,_ —Sulzdu] .
¢

1

+6& [E’;bz’y’S [

Then, there exist deterministic constants Cy, C;, C, (independent of t;, t, and measure P”) such that

11,2,Y,Z 11,2,y,Z

[5)
E’ [Yfz +z§2] <y 422+ Co +Cy (IsP+IsP + Is]*) + Co E [/ Y2 422 du] .
5]

By Gronwall’s inequality, we have the following:

E} .yz [Yf2 +Zt22] < (2 +22+Co+Cy (Is) +Isl® + [s]4)) e =1
thus,
ty ~
su£3l E} 2ys [/ Zi +vY2 du] <ty —1) e (p2 + 22+ Co + Cy (Is1? + s + Is]*)), (B.1)
VE, t
which concludes the proof. O

Corollary 1. The function v : [0,T] X Rt X R X R — R U {+o0} as defined in Equation (4.1) is locally bounded. Moreover, there exists deterministic
constants Cy, C; such that

[0(t, 2,,5)| < (T — 1) eC1T=DE (1 + [y|% + |2]2 + |s]4). (B.2)
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Proof. Observe that for any A € A, we have the following:

,,(PPOA /11 (1 —y(A +AL ))
tzys |:/ Z / Al le
t

ie{+,—-} ie{+,—}
Po.A T _ i Al
oy : Loy
=E, " [ / PIIS Y <-A;+ ds
Uief+,-} 14
«pP0-A T —y AL
v¥(P,0) : L 1—e v
+ IE[,Z,y,TY [/ 2 Aé ]]Ys—52§ <—14‘lY + T) dS:|
Loief+,-}
poa [ T ) )
<’ e )[/ Z ﬂ,;‘ﬂyx>2§A§dS:|,
roief+,-}

. . . . «pP0A
where equality occurs if and only if Ay = A{ Ty, ;¢ = A;. Moreover, the choice of A' does not affect the measure P”" ®r") a5 the measure depends only
on AB. Thus, to maximize the venue’s performance criterion, they have to choose Aé = Ai Ty, sae.

By substituting this choice for A!, expanding the terms in Equation (4.1) and applying Lemma 4, we obtain that v is locally bounded. Moreover, the
bound in Equation (B.2) is obtained from Equation (B.1). O

B.2 | Viscosity Property of the Venue’s Value Function
Next, we define v, as the lower semicontinuous envelope of v (respectively v* as the upper semi continuous envelope), that is,
v,(t,2,9,8) := liminf )v(t’, z',y',5), (B.3)

2"y s")=(tz,y.s

v¥(t,z,y,8) i= lim sup o(t', 2,y s"). (B.4)
.2y s")—(tzy.s)

Letusdefine @O =R*xRxRand& : OXR - R,

:—; —-2(s+2)yn
&(z,y,8,py) i= —————, V(z,),9)€0,p, R,

2)/+m

and ] : [0,T] X Ox C*(R3) xR,

I(z,y,50:u) 1= D X(2,9,9) [1ys2¢ (p(, Y1, 8) = ) + Tycp (9(2,y,8) - ),
ie{+,—-}

where y* =y + & and z! = zy?/(3")?,i € {+,-}.
Let SN be the space of N x N symmetric matrices and F : [0,T] x O x R X R x R? x S> x R — R such that
F(t,2,y,8,u,q,(Pii=123 (Aij)i j=123 1)

=1+ 2 Az, 9,9) Tysp g (x + A)
ie{+,—-}

1
—(—Eynzsz—yn sz——rn z? ——ya y +—02A33+ 57 A22+Q>——U y?

~ 2
dan? > (@(z,y,s,p2))" 1 1&(2,9,5,02)1<2 a7 Voo

N Vo — 2(3 +z)ya772 Voo — avéo + D2 voc) ﬂ&(z,y,s,p2)>2anvw ﬂ|(s+z)n\§20nvm

)4
(5 (s+2)*n? nT—a VS + P2V ) ﬂlﬁc(z,y,s,pz)|>2a77v°° ]]—(s+z)r]>2ar]vm
( (S + Z)2 n—a Vgo — D2 Voo) ﬂ|ﬁ(z,y,s,p2)|>20nvm ]]—(s+z)n<—2myvm

—2ya’n? V +2(s+2)yan?vg _av — P2V )“a(z,y,s,p2)<—2anvmﬂl(s+z)77|§—20nvw-
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For ¢ € C?(T x O;R), we define the operator,

Flel(t, 2,y,5)

'=F(t,2,9,59(,2,,5),0,9(t,2,,5),Dp(t, 2,y,5), D*¢(t, 2,,5),1(z,, $;¢(t, ); (¢, 2,9, 5))) .
‘We observe that

(t,2,y,8,u,q,(Pi=1,23, (A1) j=123, 1) = F(t,2,¥,8,u,q, (Pi=1,2,3 (Ai j)i j=1,2,3: 1)
is continuous on the following boundary cases:

i =(s+2)n=2anv,and &z,y,s,p;) >2anVy,
ii. —(s+z)n=-2anv, and &(z,y,s,p,) < -2anVy,
iii. @&(z,y,s,py) =2anv,and —(s+2)n <2anvy,

iv. &z,y,s,p)=-2anv,and —(s+2z)n>-2anV.
However, F is not continuous on the following boundary cases:

i. y=2¢, and

ii. |&(z,y,5, p2)| =2anve and |(s + 2) 9| > 2 an v, (source of discontinuity: deciding (A%)* = &(z, y, s, dyv) or —(s + z) 7).

Thus, we are working with a possibly discontinuous viscosity solution. As such, we are going to use the definition of viscosity subsolution and
supersolution from Barles (2013) (Section 6.1) as follows.

Definition 1. A locally bounded upper semicontinuous function u* is a discontinuous viscosity subsolution of the HIB equation (4.2) if for any ¢ €
CPA(T x O;R) and 0 = (u* - @)(£, 2,9,5) = max( , y yexxoU* — @)t 2,y,s), we have the following:

F*[¢](t,2,)7,§)1=( lim inf )F[¢](!,z,y,S)S0-

4,2,y,8)= (2,9,

Similarly, a locally bounded lower semicontinuous function w, is a discontinuous viscosity supersolution of the HIB equation (4.2) if for any ¢ € C1(Z x
O;R)and 0 = (u, — )i, 2,9,8) = ming ; , gexxo(t. — )L, 2, ¥, s), we have the following:

F*[o](f,2,9,8) := limsup Fle](t,z,y,5) > 0.
(t,2,y,5)=(1,2,9.9)

‘We can rewrite our function F as follows:

F(t,2,y,5,u,q, (Pi=1,2,3 (Ai, )i j=1,2,3. 1)

=1+ 2 Az, 9,9 x+A) Tysne
ie{+,—-}

A S S ST S S S S S ST S S 1, Y 2
<2yns YNISZ— YN Z - Sy oty 50T Ayt ST Ay, tq) - 507y

~ 2

Y 2 (a*(Z,y,S,Pz))

- [—5(“*(2,}’,&172)) T T dap
Pza*(z’y’s’l)z)

—(s+2)yna(z,y,s pa) + a7

] 1 Is+z|n<2an vy

@(z,,5,py)’

Vs 2
- [—E(a(z,y,s,pz)) - dan?

—(S + 2)777 5‘(2, V.S, Pz) + 1 |s+z|n>2an vy 1 |&(z,y,5,p2)|<2 a1 Ve

2an

)4
- [5 (S + Z)z 7}2 —a Vgo + P2 Vco] ‘l]—(s+z)77>2c|77vo° 1 |&(z,y,5,p2)|>2an Ve

Y
- [5 (s +2)? 772 —av - P2 Veo] ﬂ—(s+z)77<—2anvm 1 1&(2,9,8,p2)1>2 a7 Vo *
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where
a*(z,¥,8,p3) :=(&(2,9,8,P) V2anV_)A2aNVy .
For ¢ € C*(T x O; R), we define the operator

FA[@](I,Z))’,S)
= —{1_(2,%3) [+ qO(t,Z_,y - g,S) - (O(t,Z,y,S)] ﬂy>2§

+A%(2,9,9) [t + 96,25,y + £,5) — 9(t,2,,9)]| 1)52¢
+ %[—Zynzsz —dyn?sz—-2yn*z? —2}/0'2)/2+202633§0+27]2(3yy¢+4a[¢]

+[-Lavy-yyoav|

AB5(A
+ [—g (AB)? + h(3(A), A) — % —(s+2)ynAB + 3y ﬁ(A)]
_ ) i A
+17(z,¥,5) [—A‘ 4 lze , ] Tysoe + 47 [—A‘+ 19_] Tyt

+1*(z,y,s) [—A’f + #M] Voo +47 [—A+ + #] ﬂygzg} .
Observe that
—Flol(t,z,y,s) = sup ~Falelt.2,y,5) = —inf Fylpl(t. 2, y.5). (B.S)
We will prove that v is the solution to the PDE (4.2) in the (discontinuous) viscosity sense.

Proposition 1. The function v* as defined in Equation (B.4) is a subsolution to Equation (4.2) in [0, T) X O with v*(T,-) < 0.

Proof. First, we will show that v*(T, -) < 0. Let us take (¢, Zp» Yims Sm)) g C [0, T) X O such that (£, Zpy, Vs Sm) = (T2, Y,5) and v(E s, Zigs Yo Sm) =
v*(T, z,y,s). Thus, from the bound of v in Equation (B.2)

v¥(T,z,y,s)= im v(ty, Zms Yim> Sm)
m-—oo
S lim (T - tm)eé1 (T_[M) éO (1 + |ym|2 + |Zm|2 + |sm|4)
m-—oo
=0.

Let ¢ € CY*(Z x O;R) such that 0 = maxq,o(v* — @) = (V* — p)({,2,9,8) with (£,2,9,5) € T x O is the unique maximizer of v* — ¢ and { < T. We
wish to prove that

F.lel(,2,9,9) <0.
‘We proceed by contradiction, that is, assume there exists p > 0 such that

F. ]l 2,9,8)>2p,

which implies

By the lower semicontinuity of F,, there exists an open neighborhood B, of (%, Z, y, §) such that

F.lolt,z,y,8) > p,

which implies

F(t,z,y,s,¢t,2,,s),8,0(t,2,9,5),Do(t, z,y,5), D*p(t, 2, y,5), I(z, y, 8, 0(t, ); 9(t, 2,9,5))) > p,
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such that v* — @ < —p; on 8By, that is, the boundary of By. Moreover, because of the uniqueness of the maximizer and the upper semicontinuity of
v* — @, there exists p, > 0 such that v* — ¢ < —p, in By \ By, where B is the translation of By 3 (t, z,y,s) — (t,z%,y*,s) € B,.

Next, we define L :={(T,z,y,s) : 3t € T such that (¢,z,y,s) € By}. Because f < T, there exists p; > 0 such that v* — ¢ < —p; in L. By the construction
of v*, there exists (£, Zps Yims Sm))ioey C Bo such that (¢, Zp, Yim» S) = (£, 2,9, 8) and v(t s Zps Yims Sm) — V* (£, 2,9, 5). We define

T = i0f{E 2 1, o (8,20 yeEmdmSn gimZmYmSny g By

Given that (Z,Y,S) is a right-continuous process and (B,)° is open, it follows that 7,, is a stopping time. Moreover, by the definition of 7,, and the
right-continuity of (Z, Y, S), we have the following:

(T, ZamoEm¥mssin oy | gimiZmYmmy & 3B U (B \ By),

implying that (v* — @)(t, Z[”‘ EmeYm:Sm Yt”' EmeYm:Sm S[’” Em¥mSmy < _p, with p, 1= min{p, p1, 02, p3}. By Ito’s formula and the fact that F[¢] satisfies
Equation (B.5), we have the following:

Y (PPOA)

bmsZmsYm»>Sm

I Zm Ym>Sm InsZmsYmsSm - glm»>ZmsYm»>Sm
O(T AT, Z7) YT/\Tm STM, )

< @tm> Zm> Ym> Sm)

Po.A

tnsZmsYm>Sm

v (P04 TATy,
/ F[qo](u, Z;mvzm-YMvsm , Y;mvzmd’mvgrn , SLMvzm-YMvsm ) du

m

[Ev*(Pio,A) TATy,
T T tmZmYmsSm )

m

N|‘<

[(AW +0Y, ) + (AB +7(s,- +Zu_))2]

/11 - —y(A‘ +A )) AB*
+ Y —+H(Au)—% ds

ie{+,—}

TAT ) ) TAT, ) )
+.Z (/{ (r—A;)dN;—/t A;ﬂyuszng}‘> ]

ie{+,—} m

Thus, we have the following:

@(tms Zm» Ym» Sm)

NIY

*(PFO,A) TAT, )
>E [/{ -2y +ov, )2+ (AB 49 (S +Z,0)) ]

m

A (1 = e 7 (A+AY) AB yx
+ ) =+ H(A- % ds

ie{+,~} 4
TATy . . TATy ) )
+ Y </ (r—A;)dN,;—/ A;ﬂyqudN,;)
ief+,-} \’im tm
t, o m 1 t, m
+(P(T/\Tm’ZT"/l\TZ Ym>S Y';l\:mym Sm STr;z\:m Ym»S ) ]
*(PPO A)

pE [T ATy —ty]-

tmsZmsYmsSm

By continuity, (£, Zp» Yims Sm) — @£, 2, 9,8) = v*(, 2, 9, §). However, 0(t, Zms Ym»> Sm) = @, 2,9,8) = v*(f, 2, 9, §) by construction. Thus, there exists
M e N such that |@(t, Zn, Yins Sm) — V(s Zims Yo Sm)| < p4/2 for all m > M. We obtain the following:

Pg,A TAT,
*(P 0~ ) m
U(tms Zms Ym»>Sm) = E [/
t

tmsZmsYm>Sm

{ - % [(AuW + aYu_)2 +(AB +79(S,- +Zu_))2]

m

/11 a- e—y(A +Al )) ABy*
+ Yy et - +H(A,) - = ds

ie{+,—}

NS ) ) TAT, ) _
+ ) (/ (r—A;)dN;—/ A;ﬂyuszngL>
i tm t

ie{+,—} m
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bm>ZmsYm»>Sm tmsZmsYm»Sm - lmsZm-Ym>Sm
+¢(T AT, ZT/\T YT/\r ST/\‘( ) ]

Po.A
P. v (")
——4+p[E m[TA‘:m—tm].

2 bmsZmsYm»S
Observe that
tm zm ym Sm tm’zm ym Sm tm zmv}’m Sm
(D(T AT, ZT/\‘L’ YT/\T ST/\T )

_ LnsZmsYmsSm tmsZms>Ym>Sm LnsZmsYmsSm
= o(T, Zi Y S ) Trea,

t 1) Ym s tm-Zm-Ym >
Zv*(T,ZTm’z'" YmSm ,YvaZm YmSm ’STm Zm-Ym-Sm )+p4

tmsZm>YmsSm ImsZmsYmsSm  glm>Zm>Ym»Sm
+ (T, Ze, Y2 S ) Irse,,

tmZm-Ym-Sm vtm-Zm-Ym-Sm gtm-Zm-Yym-Sm
205 (T, ZE Yo s Y404

tnsZmsYmoSm yrtmsZm>YmSm  gtmsZm-Ym-Sm
> 0(T ATy, Z0 " Y S ) + P4 s

thus,

bmsZmsYm>Sm

*(PPOA TATy y 5 2
Ut Zns Yo Sm) = E / -3 [(AEV +0Y, ) + (AR +n(S- +2,0)) ]
t

m

A y(AlL+AL) AB
+ Z # +H(A,) - “nvu ds

ie{+,~}
(AT, (AT
+ ) (/ (x—Al)dN, —/ Al nyuszgdz\?;>
ie{+,-} tm tm
+U(T AT Z;n/t\fzm YmsSm Y;“';sz Ym>Sm S;w"/[\rzm Yms Sm) ]
Po.A
P4 v (")
+5 +pE, LT [T AT = tn].

Taking the supremum over all A € A, we have

U(tms Zms Yms Sm)

Po.A TATy
P4 VI
= 7 +:up [Etm Zm>Ym>Sm |:'/t {

m

NIY

[(AW +0Y, ) + (A + 7 (S, +Zu,))2]

/lt 1—e y(A +A‘) AB ¥
+ Z ( ) H(Au) - un_u ds

ie{+,—}

TAT, ) ) TATy ) .
+'Z <[ (r—A;)dN;—/t Aﬁlﬂyuszng,">

ie{+,—} m
tsZmsYm»S tmsZmsYm»S tsZmsYm»S
(T AT, Ziam o Y imomsn, ipZmdmsmy ],
contradicting the Dynamic Programming Principle. O

Proposition 2. The function v, as defined in Equation (B.3) is a supersolution to Equation (4.2) in [0,T) X O with v.(T,-) > 0.

Proof. First, we will show that v, (T,) > 0. Let us take ((tm> Zms Yms> Sm )y € [0,T) x O such that (¢, Zyms Vs Sm) = (T2, Y, 8) and V(L Zims Vs Sm) =
v.(T,z,y,s). Thus, from the bound of v in Equation (B.2),

U*(T, z,), S) = Wltl—IEO U([m’ Zms Ym>» Sm)
> lim (T = t,) €€ T Co (1 + [yl + (20 |? + I5l*)
m-—oo

=0.
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Letp € C1?(Z x O; R) such that 0 = ming,m(v* — @) = (V* — @)({, 2,9, §) with (£, 2,9, §) € T x O is the unique minimizer of v, — ¢ and < T. We wish
to prove that

We prove this by contradiction. Suppose that there exists p > 0 such that
Filol,2,9,8) < -2p,

which implies

By the upper semicontinuity of F*, there exists an open neighborhood By, of (£, 2, §, §) such that
Flol(t,z,y,5) < —p,
which implies

F(t,2,,5,9(t,2,,5),0,9(t, 2,,5), Dp(t, 2,,5), D*¢(t, 2,y,5), 1z, . 5 9(t, ) 9(t, 2, y,5)) < —p,
for all (t,z,y,s) € By. Let B, be the closure of By. Given that (£, 2, §, §) is an interior point of By and the unique minimizer of v, — ¢, there exists p; > 0
such that v, — @ > p; on dB,, that is, the boundary of B,. Moreover, by the uniqueness of the minimizer and the lower semicontinuity of v, — ¢, there
exists p, > Osuch thatv, — ¢ > p, in By \ By, where B is the translation of By 3 (t,z,y,s) = (f,z*,y*,s) € By. Next, we define L :={(T,z,y,s) : 3t €
% such that (¢, z,y,s) € By}. Because { < T, there exists p; > 0 such that v, — ¢ > p5 in L. By the construction of v, there exists (¢4, Zum» Yim» Sm))ooe, C
By such that (,,, Zys Ym» Sm) = (£, 2,9,8) and v(t,,, Zp, Yims Sm) — (£, 2,9, 5). As above, we define the following:

Ty = i0f{t > 1, o (8,20 msm yeZmdmSn  gimZmYmny g By

Since (Z,Y,S) is a right-continuous process and (B,)¢ is open, it follows that 7,, is a stopping time. Moreover, by the definition of 7,, and the right-
continuity of (Z, Y, S), we have

(Tm,ziyrnn,zm}’m,sm, Y;:n”vzm,)’mxsm’ Sir:l,zm,}’m,sm) = aBO U (BO \ By),
implying that (v, — @)(t, Z," 7 mim, y memdmin gmZmdminy 5 o, with p, := minfp, o1, 2, 3}

Using Ito’s formula, we have that
)

tmsZm>Ym-Sm

bsZms>Ym>Sm InsZmsYmsSm gtms>ZmsYm>Sm
[¢(T ATm; ZT/\rm i YT/\rm ’ ST/\rm )]

Po.A

TAT,
V*(P ) " [m- m»sym->m tmv m»sym->m [m- msym->m
=(P([mizmsym5sm)_|E r [/ FAu[qo](uaZu Fm¥mS 1Yu Fmo¥mS aSu Fm¥mS )du:|
t,

tmsZmsYmsSm

T.
[EV* (Pio,A) AT
T S tmZmYmsSm ;

m

m

y 2 2
{ -3 [(A,ZV +oY, ) +(AE+9 (S +2,)) ]
AL (1 — e7Auta)

14

3

i€{+,-}

TATy, ) ) TAT, ) )
+ ) (/ (r—A;)dN,;—/ A;uyuszgdm> ]
t

ie{+,—-} tm m

AB *
+H(A,) - “Tv“ } ds

thus,

@(tms Zms> Yms Sm)

Po.A TAT
(P 07 " 2 2
=E .7 [/ {—%[(A,ZV+UYM_) +(A’,f+n(Su_+Zu_))]
t,

T TtmeZmYmoSm
m

2L (1 = e—rtAl+AY) AB
+ Z %+H(Au)—% ds

ie{+,—}

TAT, ) ) TATm ) )
+ ) </ (x—A;)dN;—/ A;nyuszgdm)
tm t

ie{+,—} m
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bnsZmsYmoSm v tmsZm>YmSm  gtmsZm->Ym-Sm
+(P(T ATm, ZT/\T YT/\'[ ST/\T ) ]

tnsZmsYmsSm

*(PPO A TAT, . . .
+F / FAu [¢](u, Zurnvzm,J’me , Yum,zm,)’m,sm , Sumvzm,y”l:sm ) dul .
t

m

By continuity, ¢(t,,., Zms Yims Sm) = @£, 2,9,38) = v,.(, 2,9, 5). However, 0(t,,,, Zyms Y Sm) = @£, 2,9,38) = v.({, 2,9, §) by construction. Thus, there exists
M e N such that |@(t, Zn, Vi Sm) — V(s Zims Yo Sm)| < p4/2 for all m > M. We obtain the following:

o+ Py.A TAty,
P
ot zmemesm) <Err ) | [
Im

NI*<

-2l +ovi )+ (A0 +20)]

tms zm SYm>Sm

A (1 — e—7Al+AY) AB
Al Rl )+H(Au)——“ L Sds
ie{+,~} 4 K
TAT), ) ) TATy, ) )
+ Y </ (r—A:,)dN;—/ A;nyu_qum)
ie{+,~} tm tm
+(P(T A ‘L'm,Z;:;'\’Zm Ym>Sm Ytrr/t\’:m’)’rnvsm S;r;n\fm Ym’sm) ]

2 tmZm>YmSm
m

Po.A TAT,
y¥(P; 0 m
P e [ / Foy [l Zimemymsm sytmmImsm _glmsm IS du] )
Observe that
¢(T A Tm,Z[m sZmsYmsSm Y[m’zm SYmoSm S[m ZmsYm» Sm)

TAT, TAT, TAT,

_ b ZmsYmsSm - yrlmsZmoYmsSm  olmsZm>Ym-Sm
=o(T, Z; Y7 , Sy ) Ir<e,

tmsZm-YmSm ytm-Zm-Ym-Sm glm-Zm.ym-Sm
<v.(1.7] Xy Sy )=

tnsZmsYmsSm yrbmsZmsYmSm - glmsZm>Ym-Sm
+ @(Tma Zrm ’ Y‘rm ’Srm ) ]]T>rm

tmZm-Ym-Sm v tm-Zm-Ym-Sm ctm-Zm-ym-Sm
<Ot 2y, Yo St )—pa

bmsZmsYm»Sm bnsZmsYmsSm glmsZm>Ym»Sm
<u(T A Tm> ZT/\T YTA‘rm ST/\'[W, )= P4

thus,

U([m5zm7ym’sm)

“E *(PPO A) TAT,
= lmsZmsYmoSm .

m

{ - g [(AuW + chu_)2 + (AB + (S, +Zu_))2]

AL (1 — e Aty ABy
+ Y e+ H(A) - % ds

itr} v
TAT, TATy
+ ) (/ (r—A;)dN;—/ A;1Yu52§cu<r;>
ie{+,-} tm tm
+U(T A Tm7Z;"r1 Zm>Ym>Sm Y;n/l\rz':ln Ym> Sm’ S;wn/[\‘::' Ym> sm) ]

+(ploA
P4 P
- 7 + [Etm sZmsYm>Sm |:
Po.A TAT,
A " Y 2 2
< sup { I [/ { -3 [(A,EV +0Y, ) +(AB+n(Su- +2,0)) ]
t

AEA -
Al 1-— e—y(A +AL 4 AB P
Ly A ) 4 roay - A7 g
i€t} U

TATm ) ) TAT, ) )
+.Z </t (r—A;)dN;—[ A;uyuszgdw;>

ie{+,—} m

TAT,
tmsZm>Ym» tmsZm>Ym> tmsZm>Ym»
/ FAu[qo](u’ZumszmSm,YumZmymsm’sumszMsm)du
t

m
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tnsZmsYmoSm yrlmoZmYm>Sm - glmsZmsYm-Sm
+U(T ATm, ZT/\rm ’ YT/\‘rm ’ ST/\rm ) ] }

2 tmsZm>Ym-Sm
m

P4 V*(PﬁO’A) TATm tmsZ, s, tmsZ, S, L2, s,
- = 4 T / FAu [qo](u,Zu'"' m>Ym» m Yum» m>Ym» m’Squ m>Ym> m)du .
t

Given that inf 4 F4[¢] = F[¢p] < —p, we can choose A € A such that
Fyu, [ga](u,Z;’”’z'”’y’"’S’”, Y;""Z’"’ym’s’”,S;’”’Z'”’y’"’s’”) du<o
on [t,,, T A T,,]. Thus, we have the following:
V(b Zms Yo Sm)

4« pP0A TATm
P4 LG
< —o Tsup {lEtmsZr:»)’m-Sm [/ { -
AeA tm

[(Af," + aYu_)Z + (A +7(S,- +Zu_))2]

NI

A (1 = vl +al) AB p*
+ M +H(A,) - % ds

14

ie{+,—}

ATy ) ) AT, . .
+ Z (/ (t—AL)dNL—/ AHY,,_szg’dNL>
ief+,-} \71 £

m m

tsZmsYm>Sm s Zms>YmSm tsZmsYm>Sm
FOCT A Ty, ZygmImsm, yjemmsm, i Zmmsm ] }

contradicting the Dynamic Programming Principle.
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