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Abstract

We prove pointwise and L?-gradient comparison results for solutions to elliptic Dirichlet
problems defined on open subsets of a (possibly non-smooth) space with positive Ricci
curvature (more precisely of an RCD(K, N) metric measure space, with K > 0 and N €
(1, 00)). The obtained Talenti-type comparison is sharp, rigid and stable with respect to
L?/measured-Gromov—Hausdorff topology; moreover, several aspects seem new even for
smooth Riemannian manifolds. As applications of such Talenti-type comparison, we prove
a series of improved Sobolev-type inequalities, and an RCD version of the St. Venant-Pélya
torsional rigidity comparison theorem (with associated rigidity and stability statements).
Finally, we give a probabilistic interpretation (in the setting of smooth Riemannian manifolds)
of the aforementioned comparison results, in terms of exit time from an open subset for the
Brownian motion.
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1 Introduction

In the study of geometric and variational problems in Euclidean spaces, a tool which often
proves useful is the technique of symmetrization: one can frequently simplify a complex
problem by reducing it to the study of spherically symmetric objects. Specifically, the clas-
sical notion of Schwarz symmetrization of a function plays a notable role in proving results
such as the Rayleigh—Faber—Krahn Inequality, as well as several variational inequalities for
differential boundary problems. The rough idea is the following: for any bounded measurable
domain 2 C R”", one considers the unique ball * C R” centered at the origin and having
the same volume of €2; then, given a measurable function u : 2 — [0, 00), one constructs a
“symmetrized” function u* : Q* — [0, co) which is radial, decreases in the radial variable,
and its super-level sets {u* > ¢} have the same Lebesgue measure as the corresponding
super-level sets {u > t} of u.

The idea of using symmetrizations to infer comparison results for elliptic boundary value
problems goes back (at least) to the proofs by Faber [24] and Krahn [35] of Lord Rayleigh’s
conjecture about the principal frequency for an elastic membrane, and to the work of Szegd
[47,48] on the clamped and buckling plate problems. Estimates on solutions to differential
boundary value problems via Schwarz symmetrization have been then obtained by several
mathematicians, let us mention Weinberger [51], Bandle [11], Talenti [49], P. L. Lions [36],
Alvino-Lions-Trombetti [9]. The corresponding paradigmatic result is now well known in
the literature as “Talenti comparison theorem”, and we keep such terminology.

The basic idea is to compare the outcomes of the following two procedures:

(a) Solve a Poisson problem of the type

—Au=f imQCR' "
u=0 ondQ ’
with f € L*(R); then consider the Schwarz symmetrization u* of u.
(b) Solve the symmetrized Poisson problem
—AU:f* in Q* c R”
x (2)
v=0 onadR

Talenti [49], sharpening the aforementioned [11,51], proved that the pointwise inequality
u* < v holds £"-almost everywhere in Q*; moreover, if u* = v holds almost everywhere
in Q*, then  itself was already a ball. We refer the reader to [10,12,34,36,43] for different
proofs and related topics.

The aim of the present work is to generalize such a comparison result to a curved, possibly
non-smooth, setting.
The framework of the paper is the one of metric measure spaces with Ricci curvature bounded
below (by a constant K > 0) and dimension bounded above (by N € (1, 00)) in a synthetic
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sense, via optimal transport. Recall that a metric measure space is a triplet (X, d, m) where
(X, d) is a complete separable metric space, and m is a non-negative Borel measure finite on
bounded sets.

More precisely, the paper will be in the framework of RCD(K, N) spaces, with K > 0
and N € (1, o0). We refer the reader to Sect. 2.2 for more details about the definition and
the relevant literature; for the sake of this introduction, we only mention that the class of
RCD(K, N) spaces includes as remarkable examples:

e Riemannian manifolds with Ricci curvature > K and dimension < N, as well as their
measured-Gromov—Haudorff limits;
e Alexandrov spaces with Hausdorff dimension < N and curvature > K /(N — 1).

Moreover, if K > 0, a generalized version of the Bonnet-Myers theorem implies that spt(m)
is compact and thus m(X) < oo. Up to a constant normalization of the measure, we can thus
assume that m(X) = 1 (see Remark 2.7).

Let us stress that several results of the paper seems new even for smooth Riemannian mani-
folds with Ricci curvature bounded below by a positive constant.

It is worth to mention that, while in the Euclidean setting the Schwarz symmetrization is
defined on balls in the very same Euclidean space, for the curved setting of an RCD(K, N)
space the symmetrization is defined on a “model space” depending only on K > 0 and
N € (1, 00). Such a model space is given by an interval Jg n of the real line, endowed
with the Euclidean distance and a measure which is absolutely continuous with respect to
the Lebesgue measure:

Jk.N = [0, b4 NT_I], hg N(@) = ﬁ sinV ! (t %) . mgy=hg N,
3)

where ¢k n is a normalizing constant. Observe that, when N > 2 is an integer, such a model
space naturally corresponds to a round sphere of dimension N and constant Ricci curvature
K (see Remark 2.9).

The main result of the paper is a Talenti-type comparison theorem where we compare the
weak solution to a Poisson problem as in (1) defined on an open set 2 of an RCD(K, N)
space (K > 0, N € (1, 00)) with the solution of an analogous Poisson problem defined on the
model space (3) (see Theorem 3.10). Actually, we consider more generally any second order
elliptic operator arising as infinitesimal generator of any strongly local, uniformly elliptic
bilinear form (see Sect. 3). The comparison is (trivially) sharp as equality is attained in the
model space (3), which is RCD(K, N).

We will also establish:

e A rigidity result (Theorem 4.4) roughly stating that if equality in the Talenti-type com-
parison Theorem 3.10 is achieved, then the space is a spherical suspension;

e A stability result (Theorem 4.15) roughly stating that equality in the Talenti-type compar-
ison Theorem 3.10 is almost achieved (in L>-sense) if and only if the space is mGH-close
to a spherical suspension.

Finally, as applications of the Talenti-type comparison Theorem 3.10, we will establish:

e A series of Sobolev-type inequalities that to best of our knowledge are new in the frame-
work of RCD(K, N) spaces (Corollary 5.2);

e An RCD(K, N) version of the St. Venant-Pdlya torsional rigidity comparison theorem,
with associated rigidity and stability statements (Theorem 5.3).
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e A probabilistic interpretation (in the setting of smooth Riemannian manifolds) of the
comparison results obtained in the paper, in terms of exit time from an open subset for
the Brownian motion (Corollary 6.3).

For the reader’s convenience, the Appendix gives a self-contained presentation of the state-
ments of the main results for a smooth Riemannian manifold with positive Ricci curvature
(as several aspects seem to be new even in this setting).

2 Preliminaries
2.1 Perimeters, isoperimetric profiles and Sobolev spaces

Throughout the paper, (X, d, m) is a metric measure space with (X, d) a complete and sep-
arable metric space (actually, as a consequence of the assumptions of our main theorems,
(X, d) will be compact) and m is a Borel probability measure on X with spt(m) = X (see
Remark 2.7 below for a justification of such standing working assumptions). We start by
recalling the notion of slope of a real-valued function.

Definition 2.1 (Slope). Let (X, d) be a metric space and u : X — R be a real valued function.

We define the slope of u at the point x € X as

Ju(x)—u(y)|
d(x,y)

0 otherwise.

limsup,_, , if x is not isolated

(ipu)(x) = {

From now on Lip(X) = Lip(X, d) will denote the space of Lipschitz maps on (X, d), while
Lip.(X) = Lip,.(X, d) will be the subspace of compactly supported Lipschitz maps.

Given a metric measure space (X, d, m), one can introduce a notion of perimeter which
extends the classical one on R”. The following definition was first introduced in [40] and
further explored in [5,6]:

Definition 2.2 (Perimeter). Let E € %(X), where 2(X) denotes the class of Borel sets of
(X, d), and let A C X be open. We define the perimeter of E relative to A as:

Per(E; A) = inf{liminf/ lipu, dm | u, € Lip(A), u, — xp in LI(A,m)},
n—oo A

where (lip u,,)(x) is the slope of u at the point x.
If Per(E; X) < oo, we say that E is a set of finite perimeter.

When E is a fixed set of finite perimeter, the map A + Per(E; A) is the restriction to
open sets of a finite Borel measure on X, defined as

Per(E; B) = inf {Per(E; A) | A open, A D B} .

Definition 2.3 (Isoperimetric profile). Let (X, d, m) be a metric measure space with m(X) =
L. The isoperimetric profile T = Z(x d,m) : [0, 1] = [0, +00) is defined as

Z(x,d,m)(v) = inf {Per(E) | E € Z(X), m(E) =v}, vel0,1]. “
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Finally, we recall the notion of Cheeger energy of an L” function, which will be used
to define Sobolev spaces on metric measure spaces. For a review of this theory, we refer
the reader to [2,7], as well as the pioneering work [16]. As shown in those references, the
definition of W!-? through the Cheeger energy is not the only approach available, but one
can prove that other relevant strategies (e.g. Newtonian spaces) turn out to be equivalent in
the framework of this paper.

Definition 2.4 (Cheeger energy). Let (X, d, m) be a metric measure space, let p € (1, +00)
and let f € L? (X, m). The p-Cheeger energy of f is defined as

(&)

; P
Ch,(f) = inf [liminf 1 / (lip £,)? dm ’ fn € Lip(X) N LP(X, m)} 7
n—0o0 p

Ifo = fliLy =0
where (lip f,)(x) is the slope of f;, at the point x.

Definition 2.5 (Sobolev spaces). Given (X, d, m) metric measure space, p € (1, +00), and
an open subset Q2 C X, we define:

1. The space WwLr (X, d, m) as the space of functions f € LP (X, m) with finite p-Cheeger
energy, endowed with the norm

<=

1 e ocdm = Loy + P Chp(F)

which makes W17 (X, d, m) a Banach space.
2. The space W(} P () as the closure of Lip,.(€2) with respect to the norm of whp (X, d, m).

Forany f € W!P(X, d, m), one can single out a distinguished object IV fly, € L7 (X, m),
which plays the role of the modulus of the gradient and provides the integral representation

1
Chy(f) = ;/ IV FIE d;

this function is called the minimal p-weak upper gradient of f and can be obtained through
an optimal approximation in Eq. (5); in order to keep the notation clearer, from now on we
will omit the subscript w and simply denote the minimal weak upper gradient of f as |V f]|.
We refer the reader to [2,13,16,31] for details. A priori the minimal p-weak upper gradient
may depend on p; however in locally doubling and Poincaré spaces (and RCD(K, N) spaces
are so, see [44,46]) it is independent of p by the deep work of Cheeger [16].

We now introduce a local notion of Sobolev space, which will be needed in Sect. 4.2, and
relies on the definition given in [4, Definition 2.14]. We specialize to the case p = 2, which
is the only one we will use.

Definition 2.6 (Local Sobolev space). Let (X, d, m) be a metric measure space and let 2 C X
be an open subset. We say that f € L%(2, m) belongs to W!2(2, d, m) if

(a) for any ¢ € Lip.(X,d) with spt(¢) C £, it holds ¢ f € WL2(X, d, m) (where
W1*2(X, d, m) is the global Sobolev space defined in Definition 2.5);
(b) IVf]l e L*(Q, m).

Notice that the property (a), together with the locality properties of the minimal weak
upper gradient, guarantees that the condition in (b) is well posed (see again [4]).
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2.2 Curvature-dimension bounds and infinitesimal Hilbertianity

All the results in the paper will be in the framework of RCD(K, N) spaces. We recall here
very briefly and schematically the main definitions involved (for more details see the original
papers [1,3,8,18,22,27,38,45,46], or [ 7] for a survey on the subject). In what follows, (X, d, m)
will be a complete and separable metric measure space, and K, N will be real numbers with
N € (1, 00).

e For any metric space (Y, dy), we denote by Z2(Y) the space of Borel probability measures
on Y, and by & (Y) the space of Borel probability measures with finite second moment.
o The Wasserstein distance Wy on 22, (X) is defined as

Walpo, 1)
. Lo v d DX xX). 7O, — M., _
infy [ 4@y v,y |y € Z2XxX), 1,y = o7y y = pa g
(6)

for any pg, n1 € »(X), where 7O is the projection on the first component, 7D is the
projection on the second component, and the subscript f indicates the pushforward of
the measure.

e The space Geo(X) is the space of constant speed geodesics on X:

Geo(X)
= |y €C(0. 11,X) | d(y (), y (1)) = Is — 1] d(y (0), y (1)) for any s, 1 € [0, 11} .
For any ¢ € [0, 1], the evaluation map e, is defined on Geo(X) as
e;(y) = y(t) foranyy € Geo(X).

e For any pair of measures (g, ;1 in % (X), the set of dynamical optimal plans are defined
as

OptGeo(wo, (1)
= {v e Z(Geo(X)) | (ep, e1)yV realizes the minimum in Eq. (6)} .
e Forany @ > Oand ¢ € [0, 1], the distortion coefficients are defined as
Ty @) =o',
where

o0 if K62 > Nx2

sint0V/K/N) 5 5

a(’) ®) = sin(0/K/N) if0 < K6 < Nm |
K.,N t if K62 <0and N = 0,0rif K62 =0

sinh(t0/K/N) - 2
W if KO §0andN>0
e The Rényi entropy functional £y : Z(X) — [0, oo] is defined as
En(n) = / pl_% dm, where u = pm+ u® and u® L m.
X

e CD condition: we say that (X, d, m) verifies the CD(K, N) condition for some K € R,
N € (1, 00) if: for any pair of probability measures pgp, u; € Z(X) with bounded
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support and with g, 1 < m, there exists v € OptGeo(ug, £1) and an optimal plan
m e Z(X x X) such that u; = (e;)yv < m and

1

1

Env () = / [r}({;j? A y)pg V4 7y oy N’} dz(x, y)
forany N' > N, € [0, 1].

e We say that (X, d, m) is infinitesimally Hilbertian if the Cheeger energy Ch; defined in
(5) is a quadratic form on WL2(X, d, m). In that case, we still denote by Ch the symmetric
bilinear form associated to Ch = Chj.

e We say that (X, d, m) satisfies the RCD(K, N) condition if it satisfies the CD(K, N)
condition and it is infinitesimally Hilbertian.

Remark 2.7 (Scaling properties and standard normalizations) One can define the RCD (K, N)
condition for a complete and separable metric space endowed with a non-negative Borel
measure which is finite on bounded subsets. From the very definitions, it is not difficult to
check that for any A and ¢ > 0 the following implication holds
(X,d, m) is an RCD(K, N) space — (X, Ad, cm) is an RCD (A_ZK, N) space.
(N
If K > 0, the Bonnet-Myers Theorem (proved for CD(K, N) spaces in [46]) implies that

(X, d) is compact with m(X) € (0, co). Thanks to the scaling property (7), up to constant
scalings, it is not restrictive to assume m(X) =l and K = N — 1.

2.3 1-dimensional model spaces

In this Section we recall the 1-dimensional “model” metric measure spaces with Ricci cur-
vature bounded below by K > 0 and dimension bounded above by N € (1, 0co) singled out
in [30, Appendix C] and [39] on which we will construct the needed symmetrizations. Let
K > 0and N € (1, 00). Let Jk y be the interval

- N—-1
Jk.n = |:0,7T T] >

and define the following probability density function on Jx n:

I N
sinV 1 (¢ % ,
CK,N

where ck n is the normalizing constant

. S N—1 K 1
CK.N = sin t v | 4L (1).
[y (w5)

Definition 2.8 (Model spaces). Let K > 0 and N € (1, co). We define the one dimensional
model space with curvature parameter K and dimension parameter N as (Jg n, dey, Mg ),
where mg vy = hx N2 Ly k.n and dg, is the standard euclidean distance.

hg N(t) =

Remark2.9 When N € N, mg y([0, x]) represents the measure of the geodesic ball of radius
x on the N-dimensional sphere of Ricci curvature K, endowed with the canonical metric.
Notice however that Definition 2.8 makes sense when N is not a natural number as well.
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Notation 2.10 For the sake of convenience, we will also denote by Hg n the cumulative
distribution function of mg y, i.e.:

Hg n(x) =mg n([0, x]) = /0 hg n(t)de.

The following Lemma is an elementary consequence of the definitions of hx v and Hg v:

Lemma2.11 Let K > O and N € (1, o) be fixed. Then:
N—1

1. Ifyi(K,N) = - (%)T,then

CK.,N
h t
tim 25N (V) and b @) < K N e g .
=0t 1T

Moreover, for any ry € (0, 7./ NT_1> there exists C = C(r1, K, N) > 0 such that

hgn@) = CtN7L Ve e 0,r).

2. Hg n isinvertible on Jk n; moreover, if y2(K, N) = W
Hy n(t
tim KN _ ok ONY, and Hin @) < (K, NeY Ve € Ty
t—0t t
Hz' (1) 1 1
lim N . and Hgl,(t)> ————t¥ Ve (0,1).
=0t W (K, N)~ ' (K, N)~

For the model space Jx n defined before, we can find an almost explicit expression for
the isoperimetric profile.

Lemma 2.12 (Isoperimetric profile of Jx n). The isoperimetric profile Zx n of the model
space

(Jk, N, dew, MK )
is given by the following formula:
Tg.n(W) = hg N (Hg 'y (), v elo,1].
Moreover, the inf in Eq. (4) is attained at the intervals
0, Hg'y () and (Hg'y(1—v), Dk n). (®)

where Dg y =T %

In other words: Zk  y (v) coincides with the density function computed at the point x such

that mg_y ([0, x]) = v.

Proof The proof is a slight modification of [14], we include it here for the reader’s conve-
nience. Thanks to [20, Proposition 3.1], we know that if E has finite perimeter in Jx v,
then it is mg y-equivalent to a countable union of closed disjoint intervals, i.e. there exists
a sequence of pairwise disjoint intervals {[a;, b;]};cn such that [a;, b;] C Jx n and

mg. N (EA Ula, bi]> =0, ©

ieN
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thus it suffices to consider such unions. Moreover, by the same result, if Eq. (9) holds then
one has:

o0

Per(E) =Y (hk n(ai) + hi n (b)) .
i=0

Step 1 We claim that the intervals in Eq. (8) are minimal among the class of closed intervals.
Letv € (0, 1); notice that the problem trivializes at 0 and 1. We denote by f, : (0, Hy _IN (1—
v)) — Jk n the function defined by

folx) = Hgly (Hg v () +v)

thatis: f, (x) is the unique element of Jx » such that the interval (x, f;(x)) has measure v.

Notice that Hg n(fy(x)) — Hg N (x) = v, thus hg n(fuy (X)) fy(x) = hg n(x).
Moreover, we denote by p, : (0, H E,IN(I —v)) — (0, +00) the function

pv(x) = Per ((x, fu(x))) = hk n @) +hi n(fu(X).

By differentiating with respect to x, one finds:

h/K'N(X) h/KN(fv(x))
hgn(x)  hgn(fu(x) ]

L) = Wy () + Ry (o) fo(0) = hg () <

n, .. .
KN coincides with
hg N(2)

z+> VK(N — 1) cot (,/%z) ,

thus it is always decreasing; on the other hand, f, (-) is strictly increasing. As a consequence,
Py ()
hk N (x)
it tends to —oo when x 1 H,;lN(l — v). This means there exists a value x, such that

By easy computations, one can see that the map z +—

the map x — is strictly decreasing; moreover, it tends to +0o when x | 0, while

pl, > 0on (0, x,) and p,, < 0 on (xv, HIZIN(I - v)); noting that by symmetry p,(0) =

pv(Hg IN(I — v)), we conclude that the sets in Eq. (8) are minimal for the perimeter among
intervals.
We also notice that

Dk n Dk N

Xy < and f(xy) > (10)

must hold. Indeed, by exploiting the symmetry of i g y (i.e., the factthat hx v (Dg y —X) =

hg n(x)forany x € Jg n),itis easy to see that for any x € (0, HI;’IN(I — v)) the identity
mg N([Dg N — fo(x), Dk N —x]D) =v

holds, so that f,(Dg .y — fu(x)) = Dk n — x. As a consequence,

po(x) =hg N(Dg N —X) +hg N(Dg. N — fu(x))
=hxg N(Dk,N — fu(x) +hg N(fu(Dg.n — fu(x) = po(Dg N — fo(X)).

Since p, attains its maximum uniquely at x,, it must hold that Dg y — f,(xy) = x,. This,
combined with the fact that f(x,) > x,, proves Eq. (10).
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Step 2 We claim that the intervals in Eq. (8) are also minimal among finite unions of closed
intervals. Let now

n
E=|Jlai,bil, n>2,
i=1
with a; > 0, b, < Dk n,and bj_1 < a; < b; < a;4+1. Denote by v; the measure
mg v ([ai, bil).
We will move each interval to the left or to the right, keeping the measure constant and
lowering the perimeter. Notice that at least one of the following conditions holds true:

ap < xy, Of  ay > Xy,;

indeed, if a; > xy,, then a, > by > f(xy) > D’;N > Xy, (here Eq. (10) has been used).
Up to a reflection, we can assume without loss of generality that a; < x,,. Then we define
Ep as

n
Eo =10, fo, O1U | Jlai, bi1.
i=2
E( now has the same measure as E and smaller perimeter. If n = 2, we skip to the end of
the procedure; if otherwise n > 2, we proceed inductively in the following way: at each step
1 < j <n—2,theset E;_; will be the union of n + 1 — j closed intervals:

ntl—j ) L
Ei= U el o =i (1a].0)1).

i=1
with a{ = 0. We consider the second of those intervals:

o ifa] < x,- then we replace [0, b{1and [a], b}] with [0, TIO)}
° ifa% > xvé-, then we replace [a%, bé] and [ag, bg] with [fv;iv{ (bé), bé]

The new set E; is aunion of n — j closed intervals, having the same mg y-measure of E; |
and smaller or equal perimeter.

At the end of the procedure, we are left with the union of two intervals; applying the same
argument once again, the final set E is either the interval [0, fv(0)] (in which case the claim
is proven), or a union of type [0, l;] U [a, Dk n]. In the latter case, however, we can repeat
the above argument for the interval [5, a] and the measure 1 — v: we move it to the left or to
the right applying the same criterion as before, and take the complementary in Jg_y. This is
an interval of the same type as Eq. (8), with the same measure of E but lower perimeter.
Step 3 Finally, we show that the intervals in Eq. (8) are also minimal among countable
unions of disjoint intervals. Assume E = [, enlai, bil. Since E has finite perimeter, the
only accumulation points for the a;’s can be 0 and Dk y. Assume 0 is an accumulation
point; fix 7 such that b; < 6% andlet I = {i € N| b; < b;}. Let E = ;o la;, bi] and
v = mg y(E). The set

iel

[0, 51U | lai, bi]

ieN\7

has the same measure and lower perimeter than E. Repeating, if necessary, the procedure at
Dk n, we find a set which is a finite union of closed intervals and lowers the perimeter of
E, so we can recover the result from Step 2. O
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2.4 Rearrangements and symmetrizations

Throughout the section (X, d, m) will be a metric measure space with m(X) = 1 and Q C X
an open subset.

Definition 2.13 (Distribution function). Let u : Q — R be a measurable function. We define
its distribution function = p,, : [0, +00) — [0, m(£2)] as

p(@) = m({lul > 1}).

Remark 2.14 Our definition of distribution function differs from the one adopted in [34], but
coincides instead with the one used in the original paper by Talenti [50]: indeed, [34] defines
w(t) as the measure of the superlevel {# > ¢} for any 7 € R.

Definition 2.15 (Decreasing rearrangement u®). Let u : Q@ — R be a measurable function.
We define u” : [0, m(Q)] — [0, oo] as

ess sup |u| ifs =0

Bre) =
O = Vint {1 € 10, 400) | a(0) <5} ifs >0

(an

The decreasing rearrangement u” plays the role of a generalized inverse of the distribution
function p = py:

e if 1 is continuous at 7 with (7) = §, and w is not constant in any interval of the type
[£,7+ &) with § > 0, then u*(5) =1;

e if ;1 is continuous at 7 with ;u(7) = 5, and [7, 7 + §) is the largest interval of this type on
which p is constant, then u?(35) =7 + §;

e if u has a jump discontinuity at 7, with lim,_, 7+ u(t) = §*, then u®(s) = 7 for any
se ™, 5.

As the name itself suggests, u? can be easily shown to be non-increasing; moreover, it is by
definition left-continuous.

Finally, we define the Schwarz symmetrization of a function u defined on a RCD(K, N)
space. Notice that the condition CD(K, N) on curvature and dimension, together with the
assumption that (X, d, m) is essentially non-branching, would be enough to ensure a Pélya—
Szeg6 inequality, as shown in [41].

Definition 2.16 ((K, N)-Schwarz symmetrization). Let (X, d, m) be a metric measure space
satisfying the RCD(K, N) condition for some K > O and N € (1, 00). Let 2 C Xbe a Borel
subset with measure m(2) = v € [0, 1] and u : 2 — R be a Borel measurable function.
Let R = Rk n,» > 0 be such that mg n ([0, R]) = v. We define the (K, N)-Schwarz
symmetrization u},N =u*:[0,R] — [0,00] as u* = u?o Hg n; explicitly:

w*(x) = uf(mg ([0, x1)). (12)

Remark 2.17 Being the composition of Hg n, which is increasing, and u®, which is non-
increasing, u* is still a non-increasing function.

We state here a collection of useful facts concerning the decreasing rearrangement of a
function: these are quite standard and can be found for instance in [34, Chapter 1] in the context
of Euclidean spaces (grounding on a slightly different definition of u,,, see our Remark 2.14);
the proofs contained there still work with very few straightforward modifications.
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Proposition 2.18 Let (X, d, m) be an RCD(K , N) metric measure space for some K > 0 and
N € (1, 00), with m(X) = 1, let 2 C X be a Borel subset with measure m(2) = v € [0, 1]
and let u : Q@ — R be a measurable function; let u? : [0, v] = [0, oo] be its decreasing
rearrangement and u* : [0, H E}N ()] — [0, o] be its (K, N)-Schwarz symmetrization.

Denote R = Rg Ny = HE,IN(U).
(a) u, u® and u* are equimeasurable, in the sense that
m{|ul > t}) = 7! ({utI > t}) =mg N ({u* > t})

forallt > 0. The same identities hold true with the symbols >, <, < instead of >.
(b) If u € LP(Q, m) for some 1 < p < oo, then u® € LP([0,v], &) and u* €
LP([0, Rk N.v], mg n). The converse implications also hold. In that case, moreover,

lullLr(@m = H”ﬁ”u([o,v],zl) = ””* ”Lp([o,RK_N_,,],mK,N)'

(c) Ifu,v e LP(Q2, m) for some 1 < p < 00, then
* * — ﬁ ﬁ
”” —-v ”Lp([o,RK,N,U],mK,N) = ““ —-v ”Lp([o,v],fl) < llu =vliLr@m-

Lemma 2.19 Let Q C X have finite measure; let f : Q2 — R be integrable and let E C Q

be measurable. Then:
m(E)
/ fdm 5/ fF(s)ds.
E 0

Moreover, if f is non-negative, equality holds if and only if(f‘E)ﬁ = (fﬁ)|[0 mE)

Proof The proof is analogous to the one proposed in [34, Chap. 1] in Euclidean setting, we
report it briefly for the reader’s convenience. Preliminarily, we observe that

/fdms/ |fldm and f%=|fF,
E E

thus we can assume without loss of generality that f is non-negative.
First notice that, by equimeasurability,

m(E)
/fdmz/ (f | ) (s) ds. (13)
E 0

Moreover, for any ¢ € R, we have:
[xeE|fl,>t}=En{xeq|f>t}ci{xeq] f>1},
thus whenever s < m (E):
[r>0|m(sl,>1) <5} fr>0|m(s>n<s].

As a consequence, taking the infimum of the two sets in the previous inclusion, we get the
inequality

(f|pF ) = f2),
which gives, together with Eq. (13), the desired result. O

Finally, we give a (necessary and) sufficient condition for a function to coincide with its
(K, N)-Schwarz symmetrization.
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Lemma2.20 Let¢ : Jx v — [0, +00) be a non-increasing and non-negative function. Then
@*(x) = ¢ (x) forallx € Jx n \ L, where L is a countable set.

Proof The claim is equivalent to showing that ¢* = ¢ o H X lN except on a countable set, that
is:

inf {t | mg v ({p > 1) <s} =¢poHg'y(s). sel0,1] (14)

out of a countable set. Let L C Jk n be the set of points where ¢ is not left continuous
(which is countable since ¢ is nonincreasing), and fix any s € [0, 1]\ Hx v (L).
Ifmg v ({¢ > t}) < s for some ¢, then mg y ({¢ > t}) < mg N ([0, HE’IN (s)]) and thus

{6 > 1} S 10, Hg 'y ()],
We infer that ¢ (H 'y (s)) < ¢, and thus

¢poHy'ly(s) <inf{r|mgn (¢ >t} <s}. Vsel0, 1]\ Hg n(L). (15)

Assume by contradiction that the inequality in (15) is strict for some 5o € (0, 1]\ Hx n(L).
Then there exists ¢ > 0 such that

¢ o Hyg'y(so) +e <inf{t | mgn ({¢p > 1) <s0}. (16)
Since by assumption ¢ is left-continuous at H E,IN (sp), we can find o < sg such that
6 (Hly@) < (Hgly(0) +e. a7
since {9 > ¢ (Hily(@)] < [0 Hyly @)1, we infer that
mew({o > ¢ (Hely@)h =0 <. (1)
The combination of (16), (17) and (18) yields the contradiction
¢ (H,;}N(a)) <inf{t | mgy (¢ > 1) <s0} <o (H,;}N(a)) .

This concludes the proof. O

2.5 Poisson problem on the model space

As already mentioned, the main content of this note is a comparison between the symmetriza-
tion of the solution of an elliptic problem on (X, d, m) and the solution of a symmetrized
problem on the model space. We define here the “model problem” on the unidimensional
space Jx n (see for example [7, Sect. 3] for more details about Laplacians on weighted
spaces).

Notation 2.21 (Sobolev space on Jk n). For a subinterval I C Jk y, we define
W21, dew, mg v) = {v € L2(I, mg n) | v € L2(T, mg n)}

where v’ is the distributional derivative defined by

/vqs/dzl = —/v’q&défl Vo € C(1).
1 1
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We will also endow such space with the norm
. I
I lw2z,depmg ) = 1002 mg + 10 120 g -

Remark 2.22 The Sobolev space in Notation 2.21 coincides with the local Sobolev space
already defined in Definition 2.6, specializing the latter to the metric measure space

(1, dey, mg N).

Definition 2.23 (Laplacian on the model space). Let K > 0 and N € (1, 00). We define the
weighted Laplacian Ak : C*(Jg n)NC' (Jx .n) — C°(Jk ) on the interval Jg y as:
I

- ’/ " hK,N ’
Ag.vn =n"+ (loglhg w)'n" = 1"+ === (19)
K,N

Notice that, forany ne C2(Jx n) N C!(Jg.n) and any function pe C! (Jx n) N CO(Jg n).
using that hx y = 0 on dJk y, one has

/ n'¢' dmg n = —/ (on"hk N + 0l y) de' = —/ $Ag Nndmg N,
Jk N Jk.N Jk.N

consistently with Definition 2.23.

h/
Remark 2.24 The coefficient 722 = (loghg ) appearing in Eq. (19) can be computed

hg N
explicitly: indeed, for any x € J k.~ we have:

h/
e N T ot <,/%x) :

hgn(x)

Accordingly with Definition 2.23, given an interval / C Jx y and f € L2(I , MK N), We
say that a function w is a weak solution to —Ag yw = f in I (with appropriate boundary
conditions) if it solves

/
" hK N

—w' — ——w' =f inl
hg N

in a distributional sense. In particular, we will be interested in the following Dirichlet problem:

Definition 2.25 Let I = [0,r;) with0 < r; < n,/% and let f € L2, mg, ). We say
that w € WI’Z(I, deu, Mg ) is a weak solution to

i—AK,Nwzf inl=10,r) 0)
w(r) =0

if:

) w'¢’ dmg y = f¢ dmg y forany ¢ € C2°([0, r1));

[0,r1] [0,r1]
(i) Boundary condition: w € Wol’z([O, r1), deu, Mg n), Where the latter space is the closure
of C°([0, r1)) in the topology of W21, dey, Mg N)-
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Remark 2.26 The intuition behind this choice of boundary conditions is the following. When
N is an integer, we think of (Jx n,dey, Mg n) as the sphere S = S% of dimension N
and Ricci curvature K. Consider a geodesic ball B,, (p) C S; we look for radial solutions
w(x) = w(d(x, p)) of the Dirichlet problem

—Asw(x) = f(d(x, p)) on By (p)
W=0 on 3B, (p)

Then the condition w(r1) = 0 comes from the Dirichlet condition on d B, (p).

In the next proposition, we give an explicit solution to the problem in (20).

Proposition 2.27 Let I = [0,r) with 0 < r; < m/%Z Let f € L*(I,mg y). The

problem in Eq. (20) admits a unique weak solution w € WL2(1, dey, mg . n), which can be
represented as

"
wip) = [ [ o ancnwar, vo e e
o Ik, N(V)
or equivalently as
Hg n(r1) o
w(p) = / 27/ fo HEIN(I) dtdo, VYp €10, r]. (22)
Hg N (p) ~(@) Jo '

Proof As a preliminary fact, notice that the two expressions are actually equivalent, since

r r
/ hkN(r) / f(s) dmg N(S)dr—/ W (/ Jf($)hk, N(S)ds> hg n(r)dr
P P K,N

Hg n(r1)
=/ —/ foHg'y(t)dtdo

Hg N (p) KN(HK N(U))

and by Lemma 2.12itholds that Zx y = hxg yo H I;,IN' We have used the change of variables
t = Hg n(s) in the internal integral and the change of variables o = Hg n(r) in the external
integral.

We first show that a weak solution must coincide with the function in Eq. (21), and then
we prove that such function is actually a solution to Eq. (20).
Step I Letw € WL2(I, dey, mg n) be a weak solution to Eq. (20). We prove that the weak
derivative of w coincides mg  y-a.e. with the function

. 1 o
gx) = —7/ f(s) dmg n(s).
hk n(x) Jo
Indeed, for any test function ¢ € C2°([0, r1)) one has, by the Fubini-Tonelli Theorem:

r r
/(—g(x))¢/(x) dmg n(x) :/ (/ Ox](s)f(s) ') de,N(S)> dmg ny(x)
I 0 0 N(x)

r
/0 f(S)(/ ¢’(x)dzl<x>) dmg n(s) =

r
—/0 F($)¢(s) dmg n(s). (23)

@ Springer



157 Page 16 of 43 A. Mondino, M. Vedovato

Thus, since w is a weak solution to Eq. (20), for any ¢ € C2°([0, r))

/I [600) = w' )] hie v ()¢ (1) AL (x) = 0. 24)

By a classical result (see for example [15, Lemma 8.1]), there exists a constant C € R such
that w’'(x)hg v (x) = g(x)hg n(x) 4+ C for mg y-a.e. x € I. This however implies that for
any ¢ € C°([0, 1))

0=c / "o d e () = Co0),
0

hence C = 0.

Now wisa W1’2(I, deu, mg, n) function, thus in particular it belongs to lez((s, 1), deu, 21
for any ¢ > 0; moreover, w satisfies w’ = g a.e. and w(r;) = 0. Thus, by well known results

about Sobolev functions on intervals (see [15, Theorem 8.2], w coincides with the function

in Eq. (21) for mg y-a.e. p € I.

Step 2 Let now w be defined as in Eq. (21). Since the integrand is continuous on (0, 1], w

isa C! function on (0, r{] (with w(r;) = 0). By straightforward computations, we show that

w and w’ are L2(1 , mg n) functions. Indeed, by Holder inequality we have that

)
1
fo O dmg n ) = 1120 mg ) Hen ) (25)
thus, by Lemma 2.11,

n HK.N(”)%
hg N(r)

N

ry r2 2_% 27&
ECI ||f||L2 mdr:CQ ”f”LZ | —p 2 |,
p

w(p)| < ||f||Lz/
o

where C; and C, are constants depending only on r; € <O, ./ NT_1>, K >0and N €
(1, 00). Consequently,

n n
[ amey < G [T (A + ) o) ap,

which is finite, again by Lemma 2.11. Moreover, exploiting again Eq. (25),

N

" Hy () "oy
dr§C4||f|I2L2/0 S,

ry
712 2
w'|"dmg y < | fl —
/o [l iy hi N ()

which is finite.

By the fact that C2°((—e¢, 1)) is dense in Wol’z((—e, r1), deu, Zl) for any fixed ¢ > 0,
and noticing that convergence in WLZ((=g, 1), de, £1) is stronger than convergence in
Wol‘z((—a, r1), deu, Mg ), we can conclude that the boundary condition in Definition 2.25
is satisfied.

Finally, by tracing back the identity in Eq. (23), the very same argument shows that w is
a weak solution to Eq. (20). ]
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Remark 2.28 Notice that the derivation of the solution still works in the case r; = 7 %,

provided that the following compatibility condition on f holds true:

/ f de,N =0.
Jk.N

However, this case will not be treated in this article.

3 A Talenti-type comparison theorem for RCD(K, N) spaces

In this Section, we prove a version of Talenti’s comparison theorem in the RCD setting.
The proof is along the lines of (and generalises to the RCD setting) the approach in the
Euclidean framework, e.g. [34, Sect. 3.1]. Apart from the technical difficulties of working in
a non-smooth setting, the key point is to replace the Euclidean isoperimetric inequality by
the Lévy—Gromov isoperimetric inequality.

Let (X, d, m) be a metric measure space verifying the RCD(K, N) condition for some
K >0and N € (1, 00). Let Q C X be an open domain.

Assumption 3.1 From now on we will assume & : L2(X, m) x L%(X, m) — [—00, 00] to be
a non-negative definite bilinear form satisfying the following properties:

(a) Strong locality: £(u, v) = 0 whenever u(x)(v(x) + ¢) = 0 for m-a.e. x € X, for some
constant ¢ € R.
(b) «-uniform ellipticity: there exists & > 0 such that for any u € L2(X, m)

E(w,u) > aCh(u,u). (26)

(c) & is of order 1: there exists B > 0 such that E(u,u) < B IIMII%‘,LZ(Q dom) for every
uewh2(Q,d, m.

Definition 3.2 (Domain of Lg). Let € be a uniformly elliptic bilinear form as in Assump-
tion 3.1. We define the domain of L¢ as the set

Dq(Lg)
= {u e W (Q,d,m) | 3f € L*(Q, m) such that & (u, v) :/ fvdmforallv € wo"z(sz)}.
’ (27)
Ifu € Dq(Le) and f satisfies the condition in Eq. (27), we write —L¢g (1) = f.

Definition 3.3 (Dirichlet problem on (2, d, m)). Let £ be a uniformly elliptic bilinear form
as in Assumption 3.1; let Q C X be an open domain and let f € L?(2, m). We say that a
function u € W! ’Z(X, d, m) is a weak solution to the Dirichlet problem

—Lew)=f inQ
u=>0 on 082

ifu € Wy (%) and

Eu, v) :/ fvdm,  forany v e W, 3 (Q). (28)
Q
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Remark 3.4 An alternative (but slightly less general) approach would be to adopt the language
of differential calculus on metric measure spaces, as introduced for example in [28]. In
particular, let A be an element of the L2 (X)-normed L% (X)-module L2(T*X) ® L(T*X) and
assume it is concentrated on €2. Assume there exists « > 0 such that for any X € L3(TX) | Q

AX,X) = AX @ X) > a|X|?,

where we have denoted by |-| the pointwise norm of X, andby L2(T'X) | o the sub-module of the
tangent module whose elements are concentrated on 2. Recall now that for an infinitesimally
Hilbertian metric measure space X and a function u € Wl'z(X, d, m) we can define the
gradient Vu € L2(TX) as the image of the differential du € L2(T*X) through the canonical
isomorphism between the two L°°-modules. If we denote by €4 : WOI’Z(Q) X W(}‘Z(Q) —- R
the bilinear form defined by

Ealu,v) = / A(Vu, Vv)dm,
Q

then for any f € L*($2, m), we say that u is a weak solution to the equation —Lg ) =f
if

SA(u,v)zf A(Vu,Vv)dm:f fodm, Vve W, ().
Q Q

Before passing to the proof of the main comparison theorem, we establish few auxiliary
results. We begin with a simple Lemma which only requires (X, m) to be a measure space
and 2 C X to be measurable with finite measure.

Lemma3.5 Let f,u € LZ(Q, m), with Q C X measurable domain with finite measure.
Define

F(t)i/ (u—t) fdm, VieR.
{u>t}
Then F is differentiable out of a countable set C C R, and

F’(r):—/ fdm, VteR\C.
{u>t}

Proof The proof is quite standard, however we recall it for the reader’s convenience.
First of all notice that m({u = ¢}) > 0O for an at most countable set C € R. Lett € R\ C and
h > 0. Then

F(t+h) — F() / (u—t)fdm—h/ f dm
{u>t+h} {u>t+h}

—[/ (u—t)fdm—l—f (u—t)fdm]
{u>t+h} {t<u<t+h}

—h/ fdm— (u—1t) f dm,
{u>t-+h) {t<u<t+h)

which implies

‘F(t-i-h)—F(t)_’_/‘ fdm
h {u>t-+h)

< / [f] dm.
{t<u<t+h}
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The right hand side converges to 0 by Holder inequality and continuity of the measure,
recalling that m({# = t}) = 0. An analogous procedure works for F(t —h) — F(t): we find
F({t—h)—F(t
( ) (1) N

/ fdm| < f 1] dm;
—h (u>1—h) {t—h<u<t)

taking the limit as 27 — O, this gives the claimed identity. O

Lemma 3.6 Let Q C X be an open domain with finite measure, £ be as in Assumption 3.1
and f € L3(Q, m). Letu € WOI’Z(Q) be a weak solution to —Lg(u) = f. Then for ZLlae.
t > 0 it holds:

d 2 1
(—*/ [Vu| dm) < —*M/(f)/ [ f] dm, (29)
dt Jjui=1) o {lul>1}

where i = |, is the distribution function of u and |Vu| denotes the minimal 2-weak upper
gradient of u.

Proof Lett > 0 be fixed, and consider the following test function:
u—t=I\u|l—t ifu >t
uw=w-Dt—w+n" =140 if Jul <t . (30)
u+t=—(ul—1) ifu<—t

Itis easy to see that v, still belongs to the space W&’z (2), thus it can be used as a test function
in Eq. (28) to obtain

E(u,vt):ffv,dm: (u—t)fdm—/ (—u —1t) f dm.
Q {u>t {—u>t}

}

By applying Lemma 3.5 we obtain that, for #'-a.e. t > 0, ¢ > £(u, v;) is differentiable
with

d
_*5('/1,1)[):/ fdm—/ fde/ | /] dm. €1y}
dt (1) (u<—t) (lul>1)
For fixed t > 0 and & > 0, by bilinearity of £ it holds that
E(u, Vo) — E, ve) = E(, Ve — vp). (32)

Moreover, we can explicitly write

Urph — vp = —sgn(u) [(|“| = D X<ful<r+n) T hX[|u|>t+h]]

h ifu<—t—nh
—(wu+1t) if —t—h<u<-—t
=10 if lul <t . (33)
—(u—1) ift<u<t+h
—h ifu>t+h

Notice that, by strong locality and bilinearity of £, for any B € Z(X)

O=g(”XB’XB)+g(MXx\B’XB)=5(“7XB)- (34)
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In particular, it follows from Eqs. (32)—(34) that

E(u, vigp) — E(u, vy) 1
t+h : ! — _Z I:g (u’ (u + I)X{—t—h§u<—t}) + & (M, (u — I)X{t<u§t+h}>]

1
= 7 [8 (”X{—t—h§u<—t}’ uX{—t—h§u<—t}) +& (uX{t<u§t+h}’ uX{t<u§t+h})] .
By «o-uniform ellipticity, then, the following estimate holds true:

1 Eu, —Eu, 1
L) =& 1 / |Vul dm. (35)
o h h i <qu)<t+h)

Consequently, the following chain of inequalities holds for all # € R and & > 0:

1 2 1 t <t+h
<*/ [Vul dm) (*/ |Vul? dm) (m({ <lul=r+ }))
h S <jui=<i-+hy b i <jui<i+hy h

! (_S(u, vn) = £, v,>> (_u(l +h) - M(t))

o h h

IA

(36)

Hence, if ¢ is a differentiability point for  — £(u, v;), letting & — 0 and using Eq. (31) we
get exactly the desired result. O

‘We now state a suitable version of the coarea formula which can be found in [40, Remark
4.3] for a general version in metric measure spaces, and in [41, Theorem 2.12] for a con-
textualization in RCD spaces (the identity in the form we state follows from the latter by a
monotone convergence argument).

Proposition 3.7 (Coarea formula). Let (X, d, m) be an RCD(K, N) space for some K € R,
N € (1, 00). Let Q C X be an open domain and u : Q — R be a non-negative function in
WOI’Q(Q). Then for any t > 0

/ [Vu| dm = /ooPer({u > r})dr. 37
{u>1} t

More generally, for any Borel function f : Q2 — R and for any t > 0, it holds that

/ f|vu|dm=/OO <ffdPer({u>r})>dr.
{u>t} t

Notice that the most general theorem works for functions of bounded variation (see again
[40]). Proposition 3.7 follows from such a BV version combined with [25, Remark 3.5], and
by the fact that the CD(K, N) condition with N € (1, co) implies properness of the space
(implies local doubling, thus properness [46]).

Next, we recall the Lévy—Gromov isoperimetric inequality in RCD spaces, as obtained by
Cavalletti and Mondino in [19] (for the Minkowski content) and in [20] (for the perimeter).

Proposition 3.8 (Lévy—Gromov inequality). Let (X, d, m) be an RCD(K, N) metric measure
space with K > 0 and N € (1, 00). Then for any E € %(X)

Per(E) = Zg ny(m(E)). (3%)

In particular, the isoperimetric profile of (X, d, m) is bounded from below by Tk .
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By differentiating the coarea formula (37) and exploiting the Lévy—Gromov inequality
(38) we get:

Corollary 3.9 Let (X,d, m) be an RCD(K, N) space for some K > 0, N € (1,00). Let
Q C X be an open domain and u : 2 — R be a function in W(;’Z(Q). Then the map

t [Vu| dm
{lul>1}

is absolutely continuous and

d

- (/ [Vul dm) >Zg v m{lul > 1)) =ZTg N (n@)).
dt \Jjjuj=n)

We have now the tools needed to prove our first main result.

Theorem 3.10 (A Talenti-type comparison for RCD(K, N) spaces). Let (X,d, m) be an
RCD(K, N) space for some K > 0, N € (1,00), with m(X) = 1, and let Q C X be an
open domain with measure m(2) = v € (0, 1). Let f € L2(Q, m). Let € be a o-uniformly
elliptic bilinear form as in Assumption 3.1 and assume that u € WOI’Z(Q) is a weak solution
to the equation —Lg(u) = f. Let also w € WL2(I, dey, mg . n) be a weak solution (as in
Definition 2.25) to the problem

—aA w=f*inl
[“ eyw=J"inl (39)

w(r) =0

where 1 = [0,ry), ry > 0 is such that mg n([0,r,)) = m(Q), and f* is the Schwarz
symmetrization of f. Then

1. u*(x) < w(x), forevery x € [0, ry].
2. Forany 1 < q <2, the following L1-gradient estimate holds:

v
/ [Vul? dm 5/ [w'(p)|* dmg n(p). (40)
Q 0
Remark 3.11 The Dirichlet problem in Eq. (39) can be explicitly rewritten as

n, 1
o KN = 2 ind
hK,N o N
w(Hg !y (m(2))) =0
by the definition of Ak n and Hk .

Proof Proof of 1. By combining Lemmas 2.19, 3.6 and Corollary 3.9, we obtain the following
chain of inequalities:

d 2 1
Tk N(u()? < (_7/ [Vul dm) < —fu/(t)f |f1 dm
dt J{ju|>1) o {ul>1}

1 () “D)
L / FE(s) ds
o 0

IA

for almost every ¢ > 0, which can be rewritten as

40 o
S A “
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for almost every ¢t € (0, M), where M = esssupu. For & > 0 let

§
F@) = /O fHs)ds. (43)
Letnow 0 < 7/ < 7 < M. Integrating Eq. (42) from 7’ to T we get
1 [T F(u(t
‘L'—‘L'/<7/ %(— "andt, 0<tv <t<M.
Tk N (1))

Using the change of variables £ = p(f) on the intervals where p is absolutely continuous,
and observing that the integrand is non negative, we obtain

;1 /W” F(£)
T—17 < — —
o Ik.N(E)?

Letus fix s € (0, #(0)) and let n > 0 be a small enough parameter (that will eventually tend
to 0); consider 7/ = 0 and T = u®(s) — 7. Notice that, since u*(s) is the infimum of the 7
such that u(7) < s, we have that u(7) > 5. Using again the non-negativity of the integrand,
for any n > 0 we obtain that

d¢, 0<tv <t<M.

1(0)

f
ui(s)—n=<—
a Tk .n(E)?
Letting | 0 and enlarging the integration interval, we get:

m(2)
u*(s) < é/s IKN(s)Z/ A deds, Vs e (0, m()). (44)

Notice that on (;(0), m(£2)) the function u* vanishes. Finally, by the definition of the sym-
metrized function u* = u” o Hg y, we obtain

| @
M(X)<7/HKN()¢)W/ f(HKN(t))dtdE Vx € Jg.N.

Now we can recognize that the right hand side coincides with the characterization of w we

obtained in Eq. (22) (Sect. 2.5), since r, was chosen so that Hx n(r,) = m(2). Note that,

since the integrand is non-negative, w is non-increasing, and takes the value zero at r,.
Proof of 2. We start by noticing that

f |Vu|? dm:/ [Vul? dm,
Q {lu|>0}

since |Vu| = 0 m-a.e. on {u = «} for any x € R. Let M := esssupQ |u| fix t > 0 and
0 < h < M —t. By using the Holder inequality (with exponents 2 and ) one gets

. -
1 1 2 t <r4n)) T
b i <jul<i+h) b St <jui=<i-+hy h

(45)

By the very same computations we already performed in Lemma 3.6, exploiting the test
functions v; € WOI’Z(Q) defined in Eq. (30) (see Egs. (31), (35) and (36)), we can let & tend
to zero in Eq. (45) and obtain that the map

t > / IVul? dm
{lu|>t}

@ Springer



A Talenti-type comparison theorem for RCD(K, N) spaces and applications Page 23 0f43 157

is absolutely continuous on (0, M) and thus

Moy
[Vul? dm = - [Vul? dmdr; (46)
d
Q 0 t Hul>1}

|Vul? dm < (l /u ‘ }f dm)7 (—' (1) 7"
u|>t

moreover

d
dt Jju|>1} o

Let us now adopt again the notation

3
F&) = /0 FE(s) ds,

as in Eq. (43). Exploiting again Lemma 2.19, we get:

_4 Vul? dm < (M) (i (1) @7)
dt Jjju=n o

for almost every 7. In order to obtain a clean term p/(¢) at the right hand side, we multiply
both sides of Eq. (47) with the respective sides of Eq. (42) raised at the power %. This gives,
for almost every ¢ € (0, M):

F(u(0)
aZg, N (u(t))

Inserting this last inequality in Eq. (46) and changing the variables as usual with & = pu(¢),
the following estimate holds:

m(2) F (&) >q
Vul? d _ dg&. 48
/g' v mi/o <aIK,N(s) s @)

Finally, we recall that w has an explicit expression we can differentiate: by differentiating
Eq. (21) (with datum %*), we find for all p € (0, ry)

q
[Vu|? dm < ( ) (= @®).

dt Jju|>1)

_ F(Hg N (p)

/ 1 Hg n(p) | . H_] d
w(p)__m/o af (Hyny®)dr = ahg n(p)

Thus, the following identity holds true:

" F(Hg n(0))\? m@ o FE) !
/ 9 4 :/ <7) h d =/ <7> dg,
[) [w'(o)|" dmk.n 0 ahg n(p) xn(0)dp 0 aZg N (&) y

(49)

where we have used the change of variables § = Hg ny(p) and the fact that Zx y(§) =
hg N(H I;,IN (&)). Comparing with Eq. (48), we obtain the claimed L9-gradient estimate. O

4 Rigidity and stability
4.1 Rigidity in the Talenti-type theorem

Letu € Wol’z(Q) andw € WE2([0, rp), deu, mg ) beasin Theorem 3.10. The next problem
we want to approach is the equality case, that is, what we can say about the original metric
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measure space when u* = w; in fact, we will prove that if the equality is attained at least at
one point, then the metric measure space is forced to have a particular structure, namely it is
a spherical suspension. We recall that, in the Euclidean case 2 C R”, the condition u* = w
forces €2 to be a ball and both « and f to be radial.

In order to tackle this question, we recall the definition of a spherical suspension, we
state the Rigidity Theorem for the Lévy—Gromov inequality (as proved in [20]) and the
Pélya—Szeg6 Theorem for RCD(K, N) spaces, which was proved in [41].

Definition 4.1 (Spherical suspensions). Let (B, dp, mp) and (F, dg, mp) be geodesic met-
ric measure spaces and f : B — [0, 00) be a Lipschitz function. Let d be the pseudo-distance
on B x F defined by

d((p, %), (g, ) =inf {L(y) | ¥(0) = (p,x), ¥ (1) = (¢, )},

where, for any absolutely continuous curve y = (yg, yr) : [0, 1] - B x F,

1 1
L) = [ (sl + oy i) ar.
0

Given N > 1, we define B xl}/ F to be the metric measure space
((Bx F)/~,d,m),

where ~ is the equivalence relation associated to the pseudo-distancedandm = f¥mp@mp.

We say thatan RCD(N — 1, N) space (X, d, m) is a spherical suspension if it is isomorphic
to [0, ] x?{;l Y for an RCD(N — 2, N — 1) space (Y, dy, my) with my(Y) = 1.

Just for simplicity, the following results are stated in the case of RCD(N — 1, N) spaces;
indeed when K > 0 it is not restrictive to assume K = N — 1 by (7). Notice, moreover, that
this assumption only affects the Rigidity statements, while the P6lya—Szeg6 inequality holds
in the very same form for general K > 0.

Theorem 4.2 (Rigidity for Lévy—Gromov, [20]). Let (X, d, m) be an RCD(N — 1, N) space
forsome N € [2, +00), withm(X) = 1. Assume there exists v € (0, 1) suchthat Zx ¢ ) (V) =
In—1,N (V). Then (X, d, m) is a spherical suspension: i.e., there exists an RCD(N —2, N — 1)
space (Y, dy, my) with my(Y) = 1 such that

N—1 Y.

(X, d, m) is isomorphic as a metric measure space to [0, 7] X gin

Theorem 4.3 (P6lya-Szeg6 for RCD(N — 1, N) spaces, [41]). Let (X, d, m) be an RCD(N —
1, N) space for some N € [2,+00), with m(X) = 1. Let Q C X be an open subset with
measure m(2) = v € (0, 1) and let r, € (0, ) such that my_1 n ([0, ry]) = v. Then, for
every p € (1, 00), the following hold:

(i) Pélya—Szeg6 comparison: for any u € W(;’p(Q), it holds that u*(ry) = 0 and
Ty
/ |Vur|? dmy_1 v 5/ |Vul? dm. (50)
0 Q

(ii) Rigidity: if there exists u € Wol’z(Q) with u # 0, achieving equality in Eq. (50), then
(X, d, m) is a spherical suspension.

(iii) Rigidity for Lipschitz functions: if there exists u € WO1 ’Z(Q) N Lip(2) with u # 0 and
Vu # 0 m-a.e. in spt(u), achieving equality in Eq. (50), then (X, d, m) is a spherical
suspension and u is radial: that is, u is of the formu = g(d(-, xg)), with xo being the tip
of a spherical suspension structure of X, and g : [0, m] — R satisfying |g| = u*.
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The following rigidity result for the Talenti-type comparison theorem will build on top of
the rigidity in the Lévy—Gromov and Pdélya—Szeg6 inequalities.

Theorem 4.4 (Rigidity for Talenti in RCD). Let (X, d, m) be an RCD(N — 1, N) space
for some N € [2,00), with m(X) = 1, and let Q@ C X be an open domain with measure
m(Q) =v e (0, 1). Let f € L*(Q, m), with f # 0. Let € be a a-uniformly elliptic bilinear
form as in Assumption 3.1 and assume that u € Wo‘z(Q) is a weak solution to the equation
—Lg(u) = f. Let alsow € Wl’z(l, deu, My—1,N) be a solution to the problem

—aAy_iNnw=f* inl
w(ry) =0

where I = [0, ry), ry € (0, ) is such that my_1 n([0,ry)) = v, and f* is the Schwarz
symmetrization of f. Assume that u*(x) = w(x) for a point x € [0, ry). Then:

1. u* = w in the whole interval [x, ry];

2. (X,d, m) is a spherical suspension, i.e. there exists an RCD(N — 2, N — 1) space
(Y, dy, my) with my(Y) = 1 such that (X, d, m) is isomorphic as a metric measure space
100, 7] xN-1y;

3. ifx =0, u € Lip(RQ) and |Vul| # 0 m-a.e. in spt(u), then u is radial: that is, u is of the
formu = g(d(-, x0)), with xo being the tip of a spherical suspension structure of X, and
g : [0, r] — R satisfying |g| = u*.

In order to establish Theorem 4.4, we first prove a preliminary lemma which will also be
useful in Sect. 4.2: in the same setting of the Talenti-type Theorem, the difference w — u* is
non-increasing.

Lemmad4.5 Let (X,d, m), 2, f, & u and w be as in Theorem 3.10. Then the map x +—
w(x) — u*(x) is non-increasing on [0, ry].

Proof of Lemma 4.5 Since w — u* = (w? — u?) o Hx y, with Hg y strictly increasing, it is
enough to show that w” — u?is non-increasing in [0, m($2)].
Recall that the function w?: [0, m(£2)] — R can be expressed as:

1/“‘(9) F &)

f — _ 7
=g ZING)

dé

where F(§) = fos fE(s)ds as usual. As a preliminary observation, notice that this explicit
representation gives some useful information on the regularity and behavior of w* itself:
indeed, w®isa continuously differentiable function on (0, m(£2)), and it is strictly decreasing
in[0, ] (since f # 0). Moreover, as a consequence of the P6lya—Szeg6 Theorem, u* belongs
to W(} ’2([0, ry), deu, Mg n) and it is thus locally absolutely continuous in the interior (0, r,);
the same conclusion thus holds for 1*. Hence the result is proved if we can show that

(w* — u*)’" < 0 almost everywhere in (0, m(Q)). (51)

By the continuity of u® and by the definition of symmetrization, we have that u® (i (r)) = ¢
forallt € (0, M) (i.e. i is the right inverse of u®), where M = sup u. In particular, (u? ow) =
1 in (0, M). On the other hand, (w® o )’ > 1 a.e. in (0, M) by Eq. (42). Hence,

[(wﬁ)/ opu— (uﬁ)/ o /j,] /,L/ >0 a.e.in (0, M).
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Moreover, ' is strictly negative a.e. in (0, M), again by the fact that [(u®) o u]pu' = 1
almost everywhere. This shows that in fact

(") (@) < (u®) (@) forae.r e 0, M). (52)

To be more precise, (52) holds at all points ¢ such that x is differentiable at t and u® is
differentiable at w(t).

Letso € (0, m(€2)) be a point where u" is differentiable. Since u? is monotone non-increasing
we have that either (%) (sg) = 0 or (u%)(sg) < 0.

If (") (s0) = 0, then (w? — u?)(s0) = (wh)’(s0) < 0 so the inequality (51) is proved.

If instead (u%)(sg) < O then, by monotonicity, u®(s) > u?(sg) for any s < so. In particular
so = pw(ub(s0)). Itis also easily seen that in this case w is differentiable at u®(s0). By Eq. (52),
we conclude that (w? — u®)’(sp) < 0 also in this case.

The proof of (51) is thus complete. O

Proof of Theorem 4.4 The first statement (* = w in [x, r,]) is a direct consequence of the
monotonicity of w — u* (Lemma 4.5), of the assumption w(x) = u*(x) and of the Talenti
inequality w — u* > 0in [0, r,].

This also implies that () = v(¢) for any t € (0, u*(x)), where v is the distribution
function of w. Hence, for any such 7, equality holds in Eq. (41). In particular, the super-
level set {|u| > t} satisfies Zy—1 y(m ({|u| > t})) = Per ({|u| > t}). By the rigidity in the
Lévy—Gromov inequality, this implies that (X, d, m) is a spherical suspension.

Assume now X = 0 (thus * = w in [0, r,]), u € Lip(2) and |Vu| # 0 m-almost
everywhere in spt(u). Putting together the gradient comparison inequality (40) (with g = 2)
and the P6lya—Szegd inequality (Eq. (50)), we find

n r
2
/ |Vu*| dmN,l,NS/ |Vul? dmg/ [Vw|? dmy_; x.
0 Q 0

The equality assumption, however, implies that the first and the last expressions coincide:
thus, equality in the Pélya—Szegd inequality is achieved. By rigidity in the Pélya—Szegd
inequality, then, u is radial. O

4.2 Stability

In this Section, we will prove a stable version of the rigidity result (Theorem 4.4); we only
consider the case where £ = Ch, so that L¢ is the Laplacian. We first need to recall some
results on the convergence of metric measure spaces and of functions defined therein.

Assumption 4.6 From now on, the following assumptions will be made:

Spaces: {Xi}ieny = {(Xi, di, xi, mj)}ieny and X = (X, d, x, m) will be pointed metric
measure spaces satisfying the RCD(N — 1, N) condition for some N > 2, with m; (X;) = 1,
m(X) = 1.

Convergence of spaces: we will assume that X; converge in the pmGH sense to X’; by
[29, Sect. 3.5], pmGH convergence coincides in our setting with pmG convergence; thus we
can assume that the following conditions hold:

(GH1) X; and X are all contained in a common metric space (Y, d), with d; = d|x- x> and
Xi —> X,
(GH2) sptm; = X; and sptm = X;
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(GH3) The measures m; narrowly converge to m:

lim ¢dmj=w/¢dm for all ¢ € Cp(Y),
Y Y

i—00
where Cp(Y) is the space of continuous and bounded functions on (Y, d).

Remark 4.7 (Compactness and stability of RCD(K, N) sequences). Fix K € Rand N €
(1, 00). Every sequence {X;};cy = {(Xi, d;i, x;, m;)};eny of pointed RCD(K, N) spaces
admits a subsequence which converges in the pmGH sense to a pointed metric measure
space X, and X itself satisfies an RCD(K, N) condition. Indeed:

e relative compactness follows (as in the classical Gromov’s precompactness Theorem)
from [30, Proposition 5.2] and the Bishop—Gromov inequality (see [46, Theorem 2.3]
and [38, Sect. 5.4]);

e the fact that the class of RCD(K, N) spaces is stable under mGH convergence fol-
lows from stability of the CD(K, N) class (see [38, Sect. 5.3]), from the stability of
the RCD(K, o) class under pmG convergence (see [29, Theorem 7.2]) and from the
equivalence of pmG and pmGH convergence for RCD(K, N) spaces [29, Sect. 3.5].

Remark 4.8 (L? functions). Assume that Bp, (x;) and Bg (x) are metric balls in X; and X
respectively. Let f; € L? (BR,, (xi), m,-) and f € L? (Bg (x), m) be L? functions on such
balls; by extending such functions to be 0 out of the balls on which they are defined, we can
equivalently assume f; € L? (X;, m;) and f € L? (X, m); by the assumption that the spaces
X; and X are contained in Y, up to a further extension we actually have f; € L? (Y, m;) and
f e L?(Y,m).

Definition 4.9 (Convergence of L* functions). Let f; € L> (BR,- (x;), mi) and f €
L? (Bg (x), m) as in Remark 4.8. Following [29, Definition 6.1], we say that:

(a) fi— f in the weak L? sense if

i—00

lim Yqbfi dm; = /Y¢fdm for all ¢ € Cp(Y)
Sl;p Il fi ||L2(BR,' (i),m;) < oQ.
(b) fi — f inthe strong L? sense if, in addition,
MLl ) = 1 250000

In order to obtain the stability result, we establish a series of auxiliary lemmas of indepen-
dent interest. We start by showing that L2-strong convergence of maps implies the pointwise
convergence of the distribution functions to the distribution function of the limit.

Lemma 4.10 (Convergence of distribution functions). Let X; pm—G>H X be pointed metric
measure spaces satisfying Assumption 4.6. Let Bg; (x;) and B (x) be metric balls in X; and
X respectively, and let f; € L? (BRI. (%), m,-) and f € L* (Bg (x), m). Assume pu; = Hr
and @ = s are the distribution functions of f; and f respectively. If fi — f L?-strongly,
then w;(t) converges to u(t) for everyt € (0, 400) \ C, where C is a countable set.

Proof Letus fix ¢ € (0, +00). We need to show that (except for a countable number of such

1)
Jim mi ({1fil > 1) =mAlf1 > 1h. (53)
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Notice that

[xeXi|1fil>t}={xeXi| @& i) eYx(t,+o0)}
[xeX|lf@l>1t}={xeX| @ If@)DeYx(t,+00)}.
Givenamap g : Y — R, wedenotebyi x g:Y — Y x Rthemapi x g(x) = (x, g(x));

by the argument above, it holds that
{reXi |1l >t} =G x[fiD7 (Y x (1, +00))
fxeX Il > 1} =G x 1fD7" (Y x (¢, +00)).

Define v; and v to be the following push-forward measures on Y x R

vi = (@ x |figmi, v =@ x[fDgm.
Our goal (Eq. (53)) is equivalent to show that
lim v; (Y x (f, +00)) = v(Y x (t, +00)).

1—>00

Notice that the topological boundary of Y x (¢, 4+00) is Y x {t}, which is v-negligible for all
but a countable set of # > 0 by the finiteness of m:

v (Y x {th) =m(@ x [ (Y x {th)) =mdlf] = 1.

Thus, it is sufficient to show that the measures v; converge narrowly to v in Y x R. To this
aim, notice that for every ¢ € Cp(YxR), one has

sy = [piiwham, [ saoaw= [ irwh
YxR Y YxR Y

Arguing as in [3, Theorem 5.4.4] (see also [29, Eq. (6.6)]), one can show that the items in
the left converge to the one in the right. This proves the statement. O

In [4, Theorem 4.2], a variant of the following Proposition was established. The proof
contained therein can be straightforwardly adapted to the present case.

Proposition 4.11 (Compactness of local Sobolev functions). Let A pm—Gl_I X be pointed
metric measure spaces satisfying Assumption 4.6. Let R; — R be a convergent sequence
of radii with R;, R > 0. Let f; € WI'Z(BR[ (x), d, m;) have bounded W'2-norm:
sup; || fillwi.2 < +00. Then there exists a function f € WL2(Bg (x), d, m) such that { fi};en
converges L?-strongly to f, up to a subsequence.

The next step is to prove that L2-strong convergence of functions with bounded W1-2-
norms implies L?-strong convergence of the symmetrizations.

Lemma4.12 Let X;, X, R;, R, f; satisfy the assumptions of Proposition 4.11, and let f;
converge in the strong L? sense to f € W“2(Bg (x) , d, m). Then, up to subsequences, the
fi* converge to f* in the strong LZ(JN,LN, my_1,N) Sense.

Proof By Proposition 2.18 and the P6lya-Szeg® inequality (50), the W% (Jy_1 v, deu, my—1.n)
norms of the functions f;* are bounded by C = sup; | fi ”WI’Z(BR,- (i).domy) < 00, Which
implies that the f;* also converge (up to subsequences) to a function g in the strong
LZ(JN,LN, mpy—1,n) sense. It remains to prove that f* = g (at least my_1, y-almost every-

where).
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By Lemma4.10, the distribution functions 1 s, converge pointwise to i ¢ out of a countable
set; similarly, 14 7« converge to 1, out of a countable set. By equi-measurability of f; and f7,
however, we have that 1. = £ thus iy = g out of a countable set. Since both 1 ¢ and

g are non-increasing and continuous, it follows that i = u, and thus %= g% which in
turn implies f* = g*. Now g was the L2-limit of a sequence of non-increasing functions,
thus it is non-increasing itself. By Lemma 2.20, we conclude that f* = g* = g out of a
countable set. O

In view of what we seek to achieve in Lemma 4.14, we need the next elementary conver-

gence result, which we shortly prove for the sake of completeness.

GH
Lemma4.13 Let X; P X be pointed metric measure spaces satisfying Assumption 4.6.
Let R; — R be such that m; (Bg, (x;)) =v € (0, 1) for all i € N. Then m(Bg (x)) = v.

Proof For any ¢ > 0, the inclusions Br—s (x) C Bpg, (x;) C Bge (x) hold for i large
enough. Thus, by weak convergence of the measures, we have for any ¢ > 0:

m (Br_e (x)) < liminfm; (Bg, (x))) =v, m(Bgse (x)) > limsupm; (Bg, (x;)) = v.

Moreover, the following holds (because the space is length):

| Br-e (¥) = Br (x) C BR(¥) =) Bree (1)

>0 >0

Combining these two facts, and the fact that m (0 Bg (x)) = 0 for every R > 0 (which is true
on RCD(K, N) spaces), implies the statement. m]

The next Lemma analyses the convergence of solutions to the Poisson problem.

GH
Lemma4.14 Let X; P X be pointed metric measure spaces satisfying Assumption 4.6.
Let Ri — R be such that w; (Bg, (xj)) = v € (0,1) for all i € N. Let f; €
w2 (BRl- (xi),d, mi) with

sup [l fillw12 (g, (xi).d,my) < 0
1

Assume that u; € W2 (BR[ (x;),d, mi) are weak solutions to

—Aui = fl in BR,. (x,-)
ui =0 on dBg, (x;)

and w; € WI’Z(JN,LN, deu, My_1,N) are weak solutions to

—An-1,Nw; = [ in[0,1y)
w; =0 atry
where ry = Hy; i 1 v (V). Then, up to extracting a subsequence:

(i) fi converges in L2-slr0ng to a function f € L2(Bg (x)) with m(Bg (x)) = v; f7
converges in L?-strong to f*;
(ii) u; converges in L*-strong to a weak solution u of
{—Au = f in Bg (x)

u=20 on dBpg (x) 4
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(iii) w; converges in L?-strong to a weak solution w of

{—ANLNU) =f* in0,r)

w=20 atry.

Proof Assertion (i) is granted by Lemmas 4.12 and 4.13. In Eq. (49), the following identity

was proved:
2
o2 v Fi(§)
(o) dmy_1, =/ § @,
/o i@l dmw-rx = (hN_l,N(HN‘_l,N@))) :

where as usual F;(§) = fog fitt (t)dt. Notice that for any & € (0, v)

£ 2
Fi(¢)* = (/0 l-ﬁmdr) < (||1||Lz<o.s>]

where C = sup; | f; ”WI’Z(BR,- (x1).d,m;) Thus we have:

] <Gy [
WillL2(,r)my—1x) = & EN-1LN 0 sinZN_z(HﬁllN(é)),

2
# 2 2
fl ) E S ”.fi”LZ(BRi (x1)) E C Sv

L%(0,6)

where cy—1,y > 0 is the constant appearing in the definition of Ax_; . Since Hy—1 n (&)
is of the same order as & — £" near 0, the integrand at the right hand side is asymptotic to
& [ é’H% when & — 0. In particular, the integral is finite and only depends on N

and v: the L?-norm of w} is thus uniformly bounded:

[l L2 s ) = €N K N 0.

By Poincaré inequality, [|w;[ly1.2(0,r,).dey,my_; y) @€ also uniformly bounded. Using the
Talenti-type Theorem 3.10 with the associated gradient comparison (40), we infer that
|lu; ||W‘~2(BR,- (xi),d,m;) are uniformly bounded as well. Thus, by Proposition 4.11 (and up
to subsequences), the u;’s converge in L2-strong to a function u and the w;’s converge in L>
strong to a function w; moreover, by Lemma 4.12, u* converges in L? strong to u*.

In order to prove point (ii) (and, analogously, point (iii)), we apply [4, Corollary 4.3].
To this aim, observe that (up to subsequences) we can assume that u; converges to u also
weakly in w2 by [4, Proposition 3.1]. Moreover, every ¥ € W(}’z (Bg (x),d, m) can be
recovered as the strong W52 limit of a sequence of functions ; € Wol’2 (BR,~ (x;),d, m,-)
by [4, Lemma 2.10]. Therefore we have:

o Ch(u;, ¥;) = fY fii dm; by the definition of u; as a weak solution of the Poisson
problem;

e lim;_, o Ch(u;, ;) = Ch(u, ) by [4, Corollary 4.3];

o limi o [y fii dm; = [{ f¥ dm by [29, Equation (6.7)].

In particular,

ffw dm = Ch(u, ¥).
Y

thus u is a weak solution of Eq. (54). An analogous argument proves statement (iii). O

We finally have the tools to prove a stability result, by considering a contradicting sequence,
applying a compactness argument, and exploiting the already proven rigidity result on the
limit space.
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Theorem 4.15 (Stability in the Talenti-type theorem). For every ¢ > 0, N € [2,00),v €
0,1),0 < ¢ < ¢, < o there exists § = 5(e, N, v, f—i) > 0 such that the following
statement holds. Assume:

(i) (X,d,m) is a RCD(N — 1, N) metric space with m(X) = 1 and Q2 = Bg (x) C Xis an
open ball with m(2) = v;
(i) feW'(Q.d m)withe; < || fll2@.dm < I lwi2@.dm) < Cus
(iii) u € Wol’z(Q, d, m) weakly solves —Au = f;
(iv) w € WL2([0, rp), deu, mpy_1,n) weakly solves —Ay_1 yw = f*, with w(r,) = 0 and
ry = H&fLN(v).
Iillu* — wlle((O,,v),mN_l,N) < &, then there exists a spherical suspension (Z, dz, mz) such
that

deH((X, dv m)s (Zs d27 mZ)) < €.

Proof We argue by contradiction: assume there exist &, N, 9, ¢ such that for any i € N we
can find an RCD(N — 1, N) space (X;, d;, m;), a ball Q; = Bpg, (x;) C X;, and functions
fi € Wl’z(Q,‘, d;,m;), u; € WOI’Z(Q,', d;,m;), w; € Wl’z([(), ry), deu, my—_1, n) such that
foranyi e N

—Au; = f; weakly, — Ay_j yw; = f7 weakly, with w; (r,) = 0,

_ 1

<Ml dm < I llwiz@dm < 1. ”M: — wj ”LZ((Ov"v)smel,N) < T
and moreover

inf {deH (X;, d;i, m;), (Z,dz, myp)) ‘ (Z, dz, mz) is a spherical suspension} > g.
(55)

Up to subsequences, we can assume that:

e (X;,d;, x;j, m;) converge to an RCD(N — 1, N) space (X, d, x, m), and Assumption 4.6
is satisfied (see Remark 4.7); moreover, m(Bg(x)) = v by Lemma 4.13;

e fi,u; and w; satisfy the conclusions of Lemma 4.14: thatis, f; converges in L2-strong toa
function f € L?(Bg (x)); f converges in L>-strong to f*; u; converges in L2-strong to
a weak solution u of —Au = f in Bg (x) (with zero boundary condition); w; converges
in L2-str0ng to a weak solution w of —Ay_; yw = f*in [0, ry) with w(r,) = 0.

Notice that
dmgH ((X,d, m), (Z,dz, mz)) > ¢ (56)

for any spherical suspension (Z, dz, mz), by Eq. (55). However, by the L2—str0ng convergence
of u} to u* (Lemma 4.12) and the L2-strong convergence of w; to w, one has
* : *
Jur - w“LZ([o,rv),mel,N) = am i — wi ”Lz([O,rv)»mN—l,N) =0,
which implies that u* = w. Moreover, since f is the L2—str0ng limit of the f;’s, it has
L?-norm bounded from below by ¢, thus it is different from 0 on a non-negligible set. By

the rigidity in the Talenti-type comparison (Theorem 4.4), (X, d, m) needs to be a spherical
suspension, contradicting (56). O
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Corollary 4.16 For everye > 0,N € [2,00),v € (0,1),0 < ¢ < ¢, < 00 there exists
81 =461(e, N, v, ) > 0 such that the following statement holds. Assume that the conditions
(i)-(iv) ofTheorem 4.15 hold. If w(0) — u*(0) < &1, then there exists a spherical suspension
(Z,dz, myz) such that

dmGu((X, d, m), (Z, dz, mz)) < &.
Proof By Lemma 4.5, w — u* is non-increasing (and non-negative) in [0, r,]. Thus
Hu* N w||L2((0 rp), MN_1.N) = (w(O) u (O)) V.

The result follows from Theorem 4.15 with §; =

o

5 Applications
5.1 Improved Sobolev embeddings

As a first application of the Talenti-type comparison Theorem 3.10, we deduce a series
of Sobolev-type inequalities that to best of our knowledge are new in the framework of
RCD(K, N) spaces (compare with [34, Sect. 3.3] for the Euclidean setting).

Theorem 5.1 Let (X, d, m) be an RCD(K, N) space for some K > 0, N € (1, 00), with
m(X) = 1. Let Q C X be an open domain with measure v =m(2) € (0, 1). Letu : @ — R
be a function in W(; 2 () and f € L*(2, m). Assume that u is a weak solution to the equation
—Le(u) = f, where € is an a-uniformly elliptic bilinear form as in Assumption 3.1. Then
the following statements hold:

L If f € LP(Q, m) with 5 < p < oo, thenu € L*(Q, m) and

c1(K,N,v, p)
||M||L°C(Q,m) = f ||f||Lﬁ(Q,m),
-1
ith (Kva)'/U § d& < oo (57)
with 1 , IV, U, = D T ,
0 hk.n(Hg'y(©)?

where we adopt the convention that % =0if p = oo

22.If f e LP(Q,m) with2 < p < %, and g > 1 is such thatq(%—%) < 1, then
ue L9(2, m) and

c2(K,N,v,p,q)

IA

||u||Lq(Q.m) ||f||Ln(Q,m) s

v v %-1*% 1 ql
/ / ——————dE ] ds| <o
0 N hK,N(HKJv(S))Z

Proof By Theorem 3.10, u® satisfies the following inequality (see Eq. (44)):

with ¢(K, N, v, p,q)

m(2)
0<uf(s) < é/ o N(S)Z / firydedg, Vs € (0, m(Q)).
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If f € L? (2, m) for some p € [2, oo], then by Holder inequality, by equimeasurability of f
and f* (Proposition 2.18), and by the characterization of the isoperimetric profile on Jx v
(Lemma 2.12),

£

——d¢, (58)
hi v (Hgly (6))2

n 1 m(Q)
u(s) < — ||f||Lp(§z,m)/
o s

with the convention that % = 01if p = oo. Now by the estimates on hx y (Lemma 2.11)
there exist constants Cyp > 0 and C; > 0 only depending on K > 0, N € (1, 00) and
v =m(2) € (0, 1) such that for all £ € [0, m(£2)]

—1 -1 N-1 Al
hg N(Hg y(8)) = Co(Hg y(§)) >Ci§N . (59)

We can thus draw the following conclusions:
CASE 1:If % < p < oo, then

mQ) £ @ .
/ —_ldgg—z/ EVTrldE = ————— <000, Vsel0,v].
s hi v (Hg y(6))? Ci Jo

By Eq. (58) and by equimeasurability of u and 1", this implies Eq. (57).
CASE 2:1f p = & and ¢ > 1, then

e —517% d T 1 log 5)4
< _
K hK,N(H,;lN(E))Z §1 < o (logv — log s)

1

and thus

1 q
”f”c]{p(g m) v v %‘1_;
el 0 .my = %17 S / /— dg ) ds
(@ L(©) arJo \Js hxngly )2

q
_ 1 gm
B Clzqa’i

1
/ (—logs)? ds < oo.
0

CASE 3:If2 < p < %andqz 1,withq(%—%) < 1, then

m(e) 517% ! 1 21 2 1\d4
f ) = g (VT )
5 hi N(Hg y(§)) c (% _;)

and thus

_1 q
q - ”f”ZP(Q,m) /v /U gl P d%‘
Ly = g o \Js hgn(Hg!y())?

1A% 0 Va1 2_1N\4
_2—("11),1/ (sN P —yN P) ds < oo.
q 1_2 0
Ci aq(p N)

”””%q(sz,m) = ””ﬁ|
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Letnow 2 < p < oo. If we define Dg ,(L¢) to be the space
Dq p(Le) = {u € Da(Le) | Le(u) € LP(Q,m)},

where Dq(L¢) is the space defined in Definition 3.2, then Theorem 5.1 can be restated as
follows:

Corollary 5.2 (Improved Sobolev embeddings). Let (X, d, m) be an RCD(K, N) space for
some K > 0, N € (1, 00), with m(X) = 1. Let Q@ C X be an open domain with measure
v=m(RQ) € (0,1)andu : Q@ — R be a function in W(}’Z(Q). Let £ be a bilinear form
satisfying Assumption 3.1 with uniform ellipticity parameter .

(@) If ¥ < p < oo, then Wy > (R) N Do p(Le) C L™(RQ) with

lull Lo (@, my < C(K, N, v, p, ) [Le@)lLr(@,m) -
—1
(b) If2<p<Yandi<q < (% - %) , then W2(Q) N D, (Le) C LI(R) with

lullpa(@,my < C(K,N,v,p,q,0) |Le@)llLr m) -

5.2 An RCD version of St. Venant-Pdlya’s torsional rigidity comparison theorem

Given an open domain Q C R”, it is well known (see e.g. [23]) that the Poisson boundary
value problem

60
u=0 onodf (©0)

{ —Au=2 inQ
has a unique weak solution u € WO1 ’2(9) which, by standard elliptic regularity, turns out to
be of class C*°(2) (classical solution of class C*°(2), provided 92 is C*°). Define also

T(2) ::/ u(x)dx.
Q

When n = 2 and 2 is simply connected, # and 7'(£2) are known in the literature as stress
function and torsional rigidity of 2, respectively (see [12, p. 63] or [43, Ch. 5.2] for more
details). For simplicity of notation we will keep using this terminology in general. St. Venant
in 1856 conjectured that, among simply connected domains of a given volume v € (0, c0),
the torsional rigidity is maximized by the round ball. Polya in 1948 [42] settled the St. Venant
conjecture by proving more generally that for every bounded open set 2 C R” of volume
v € (0, 00), it holds

T(Q) < T(By) (61)

where B, is a Euclidean ball of volume v. For alternative proofs and related results, the
interested reader may consult [43, Ch. 5], [12, p. 67],[34, Ch. 3.6],[10, Ch. 5.7]. Aninequality
in the spirit of (61) was recently proved for smooth compact Riemannian manifolds with Ricci
curvature bounded below in [26].

As an application of the techniques developed in this work, we establish the next far
reaching extension to RCD spaces of the torsional rigidity comparison (61). To this aim let
us introduce a bit of notation.

@ Springer



A Talenti-type comparison theorem for RCD(K, N) spaces and applications Page350f43 157

Givenv € (0,1), K > 0, N € (1, 00), let mg y be as before and r, € <0, T %) such

that mg n ([0, 7y]) = v. Let ug v, be the weak solution (in the sense of Definition 2.25) to
the Poisson problem

—A u =2 in[0,r
K,NUK Nv [0, ) 62)
ug Nw(ry) =0
and set
Tk, N,v ;:/ ug N, dmg n. (63)
[0,7y]

Theorem 5.3 (RCD version of St. Venant-Pdlya’s Theorem). Let (X, d, m) be anRCD(K , N)
space for some K > 0, N € (1, 00), with m(X) = 1, and let 2 C X be an open domain with
measure v =m(£2) € (0, 1).

Letu € WOI’Z(Q) be the weak solution to the Poisson problem (60) and set T (2) = fQ u dm.
Then

1. Comparison. u > 0 m-a.e. on Q and u* < ug n . Thus, in particular, T (2) < Tk N.p-

2. Rigidity. Assume N > 2and K = N — 1. Then T (2) = Tn—1,N.v ifand only if (X, d, m)
is isomorphic as a metric measure space to a spherical suspension, i.e. there exists an
RCD(N —2, N — 1) space (Y, dy, my) with my(Y) = 1 such that (X, d, m) is isomorphic
as a metric measure space to [0, ] xg{l Y.

3. Stability. Given N € [2,00),v € (0, 1), & > O there exists § = §(N, v, €) > 0 such that
if K =N —1and Q = Bg(x) is an open metric ball with m(Bg(x)) = v € (0, 1) satis-
fing T(R) > Ty—_1,N.»— 8 then (X, d, m) is e-mGH close to a spherical suspension, i.e.
there exists a spherical suspension (Z, dz, mz) such that dngu((X, d, m), (Z, dz, mz)) <
£.

Proof First of all, notice that the weak solution u € Wé’2(52, d, m) to the Poisson problem
(60) is the unique minimizer of the energy functional

1
J(w) = f/ |Vw|2dm—/ 2wdm, we Wy (Q).
2 Ja Q

Since J (1) > J(|ul), it follows that u > 0 m-a.e. on 2 and thus u* > 0.
The fact that u* < ug y,, mg y-a.e. on [0, r,] is a direct consequence of the Talenti-type
Theorem 3.10. Recalling Proposition 2.18, we infer that

T(Q) = / udm = u* de,N < f UK N, de,N = TK,N,v-
Q [0,ry) [0,ry)

Clearly, if T(2) = Tk, n.v then u* = ug y ., mg y-a.e. on [0, r,] and we can apply The-
orem 4.4 to infer that (X, d, m) is isomorphic as a metric measure space to a spherical
suspension (provided N € [2,00) and K = N — 1).

We prove the last claim by contradiction. Assume that there exist £, N, v such that for any
i € N we can find an RCD(N — 1, N) space (X;,d;, m;), a ball ; = Bg, (x;) C X;, and
u; € W&’Z(Qi, d;i, m;) such that for any i € N

1
—Aui =2 Weakly, TNfl,N,v — T(Ql‘) < -,
l
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and moreover
inf {deH (Xi, di, my), (Z,dz, mz)) | (Z, dz, mz) is a spherical suspension} > g,
(64)
Up to subsequences, we can assume that R; — R and that:

e (X;,d;, x;j, m;) converge to an RCD(N — 1, N) space (X, d, x, m), and Assumption 4.6
is satisfied (see Remark 4.7); moreover, m(Bg(x)) = v by Lemma 4.13;

e u; satisfy the conclusions of Lemma 4.14: that is, u; converges in L2-strong to a weak
solution u € W, >(Bg(x)) of —Au = 2 in Bg (x) (with zero boundary condition). In
particular, it follows that (see [29, Eq. (6.7)])

T(Q) = / udm = Alim u; dm,' = .lim T(Q,‘) = TN—I,N,v- (65)
Q i—o00 Jq, i—00
Notice that
dmgn (X, d, m), (Z,dz, mz)) > & (66)

for any spherical suspension (Z, dz, mz), by Eq. (64). However, combining (65) with the
rigidity proved above in part 2, we infer that (X, d, m) needs to be a spherical suspension,
contradicting (66). O

5.3 An alternative proof for the RCD version of
Rayleigh-Faber-Krahn-Bérard-Meyer comparison theorem

The next result was proved for the p-Laplacian by Mondino and Semola [41] in the more
general setting of essentially non-branching CD(K, N) spaces (for K > 0), as a consequence
of a Pélya—Szeg6 type inequality. We give below an alternative proof in case p = 2, based
instead on Talenti’s comparison theorem for RCD spaces.

Firstly, we recall the notions of first eigenfunction and first eigenvalue of the Laplacian:

Definition 5.4 Let 2 C X be an open domain. For any non-zero function w € Wl'z(Q, d, m)
we define the Rayleigh quotient to be

(67)

We say that:

(i) Aq =inf {Rg(w) ’ w e WOI’Z(Q), w #E 0} is the first eigenvalue of the Laplacian in 2
with Dirichlet homogeneous conditions;
(i) u e WJ’Z(Q) is a first eigenfunction of the Laplacian in Q (with Dirichlet homogeneous

conditions) if it minimizes Rg among functions w € Wg ’2(52), w # 0 (thatis, Ro(u) =
AQ)-

When (X,d, m) = (Jg,n, deu. mg n), v € (0,1), and 2 = [0, H,?}N(v)), we will denote
the first eigenvalue with Ax v .

Theorem 5.5 Let (X, d, m) be an RCD(K, N) space for some K > 0, N € (1, o0), and let
Q C X be an open domain with measure v =m(2) € (0, 1). Then:

(i) () > Ak N,
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(ii) There exists a unique first eigenfunction of the Laplacian in 2, up to multiplication by a
constant; such an eigenfunction can be chosen to be strictly positive and continuous in
Q;

(iii) If u is a positive first eigenfunction, then 0 < u* < w in [0, ry), where r, = HIZIN (v)
and w is a solution to —Ag yw = Aqu* in [0, ry) with w(r,) = 0.

Proof Step I A first eigenfunction exists. This is standard and was already proved for example
in [41, Theorem 4.3], but we recall here the argument: let {u, },, be a minimizing sequence for
Re with u, € Wy (), lunll2(q.m = 1 and [, [Vu|> dm N\ Aq. Since the embedding
WL2(X,d, m) ¢ L2(X, m) is compact for an RCD(K, N) space with K > 0, N € (1, c0)
(see [29, Proposition 6.7]), the sequence u,, converges to a function u € Wg ’Z(Q) in the
strong L2(€2, m) sense. Thus ||u|| 12(@.m = 1; moreover, from the very definition of 1 and
by the L2-lower semicontinuity of the Cheeger energy, it holds that

ra < / |Vu|? dm < liminf/ Vi |? dm = Aq. (68)
Q n—0o0 Q

Thus u is a first eigenfunction.
Step 2 Any first eigenfunction u € Wol’z(Q) is a weak solution of:

—Au = Aqu in Q
i (69)

u=2~0 on 082

This relies on a standard variational argument: for any w € W(;’Z(Q), we can explicitly
compute the derivative of ¢ > Rq(u + ew) ate = 0:

2Ch(u, w) — ho [o uwdm

d
—Raou + ew)
=0 [lu ||L2(Q)

i (70)

Since this derivative must vanish, the identity Ch(u, w) = Aq fQ uw dm needs to hold for

any w € WO]’Z(Q), which proves that u is a weak solution of (69).

Step 3 Since RCD(K, N) spaces are locally doubling and Poincaré (see [44,46]), the Harnack-
type results proved in [37] hold in these spaces: hence any first eigenfunction is continuous
(Theorem 5.1 therein), and is strictly positive in €2 up to multiplying by a constant (Corol-
lary 5.7 and Corollary 5.8 therein). The same results also imply the uniqueness of the first
eigenfunction up to a multiplicative constant: if 1 and u, are two first eigenfunctions with
% non-constant, then there exists y > 0 such that u; — yu; is a first eigenfunction that
changes sign in Q.

Step 4 Let now w be a solution to —Ag yw = Aqu* in [0, r,) with w(r,) = 0. By the
definition of w and by using w itself as a test function, it holds that f(; v IVwI2 dmg y =
rO for” w*w dmg y; by the Talenti-type theorem it holds that 0 < u* < w. Thus

5 - f(;”“ |Vw|2 de,N for“ urw de,N - f(;”“ w2 de,N
K,N,v =

=iq. (71)

= AQ = AQ
for“ wzde,N for" wzde,N 0 wzde,N

[}
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6 Appendix: the case of a smooth Riemannian manifold with positive
Ricci curvature

Since some of the results of the paper seem to be new even in the setting of smooth Riemannian
manifolds (compare with [17]), in this appendix we briefly give the corresponding smooth
statements without the technicalities of RCD(K, N) spaces. In this way, our aim is to make
the results accessible to a more general audience.

Let (M, g) be a complete N-dimensional Riemannian manifold, N > 2, with Ricci
curvature tensor satisfying Ric, > K g for some constant K > 0. By Bonnet-Myers the-
orem, M must be compact. Denote with vol, the Riemannian volume measure and with
mg = volg(M)_1 vol, the associated normalized measure. Let & € [peqs (T*MQT*M)
be a symmetric bilinear form on M with measurable coefficients and assume there exists
o, B > 0 such that

ag(X,X)<h(X,X)<BgX,X), ¥YXeTM. (72)

Notice that the upper bound in terms of g immediately yields that the coefficients of 4 in
local coordinates are in L°°. Let & C M be an open subset with m, (€2) € (0, 1) and consider

the bilinear form &, : Wy () x Wy*(2) — R defined by
Enu, v) = / h(Vu, Vv)dmg, Vu,v e Wy(Q). (73)
Q

Let Ay € Theas (T MQT* M) be the symmetric endomorphism associated to & (i.e. with local
representation A, = g’lh) and define the differential operator Ay, : W&’Z(Q) - w2

Apu = divg (AR Vi), Vu € Wy (), (74)

where div, is the divergence with respect to g. Of course, if 7 = g we have that A, is the
standard Laplace-Beltrami operator of g. Integration by parts gives

Enlu, v)i/ h(Vu, Vv) dm, :/(Ahu)vdmg, Vi, v e Wy (Q).
Q Q

Given f € L*(), we say that a function u € WOI‘Z(Q) is a weak solution to the Poisson
problem

—Apu=f inQ
au=f in (75)
u=20 on 92
if
Enu, v) =/ fvdvolg,  Yv e W, A(Q). (76)
Q

Let S]I\(/ be a sphere of dimension N > 2 and constant Ricci curvature K > 0. Denote with
mg y the normalized volume measure on S%. Fix p € SIKV once for all. For every measurable
subset 2 C M with volume m,(2) = v € (0, 1), letr, > Obesuchthatmg y (B, (p)) = v.
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For ameasurable functionu : 2 — R, define the Schwarz symmetrization u* : B (p) —
[0, oc] as

u*(x) = u*(mg n(Bdpo(p), Vx € Br(p),

where u* : [0, m(2)] — [0, oo] is the decreasing rearrangement of u defined in (11). Let
us stress that while u is defined on Q C M, the symmetrized function u* is defined on
B, (p) C SY.

Our Talenti-type comparison theorem compares the Schwarz symmetrization u* of a
weak solution u to the Poisson problem (75) with the weak solution w € Wol’z(Brv (p)) of
the following symmetrized Poisson problem on SII\(’:

_“Asfl}’w = f* in B, (p)

) (77)
w=20 on dB,, (p)

where AS% is the standard Laplace-Beltrami operator on S%. Notice that, by equi-

measurability, f* € L*(By,(p)) with || fll;2q) = I * W28, (p))- Moreover, since f*
depends only on the radial coordinate from p, (77) reduces to an ODE on the interval [0, r,],
corresponding to the model problem studied in Sect. 2.5.

We are now in position to state our main results (Theorems 3.10, 4.4 and 4.15 and Corol-
lary 5.2) in the smooth framework.

Theorem 6.1 (A Talenti-type comparison for Riemannian manifolds with positive Ricci cur-
vature). Let (M, g) be an N-dimensional compact Riemannian manifold without boundary
with Ricg > K g for some constant K > 0, N > 2. Let @ C M be an open subset with
me(R) =v e (0,1). Let f € L3(Q, m)and u € WOI’Z(Q) be a weak solution to the Poisson
problem (75), where the operator A, was defined in (74) (see also (72), (73), (76)).

Let w € Wol’z(B,U (p)) be a weak solution to the Poisson problem (77) on B, (p) C SII}’.
Then

e Pointwise comparison: u*(x) < w(x), for every x € B, (p).
e Gradient comparison: For any 1 < g < 2, the following L4-gradient estimate holds:

/ |Vul|? dmy 5/ [Vw|? dmg .
Q By, (p)

Rigidity: if u*(x) = w(x), for at least a point x € B, (p), then (M, g) is isometric to
sv.

Stability: see Theorem 4.15.

Improved Sobolev embeddings: Assume that u € WOI’Z(Q) satisfies Apu € LP(RQ);

~ If ¥ < p < o0, thenu € L>®(Q) with
lull poo() < C(K, N, v, p,a) [ Apull L) -
—1
~i2spsYadi=qg<(L-})  thenue L9 with
||u||L‘7(Q) E C(K, N: v, pv qv a) ”Ahu”Ll’(Q) .

We only comment the rigidity statement: from Theorem 4.4 we know that (M, g) is a
(K, N)-spherical suspension, in particular it has diameter r , / NT_I By the Cheng’s maximal

diameter theorem, it follows that (M, g) is isometric to the round sphere SII\{’ .
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6.1 A probabilistic interpretation in the smooth setting: the exit time of Brownian
motion

In this section we consider the smooth setting of a compact 2 < N-dimensional Riemannian
manifold (M, g) without boundary, with Ricci curvature tensor satisfying Ric, > K g for
some constant K > 0. Let & C M be an open subset, fix x € € and let (X;);>0 be the
Brownian motion starting from x (a good reference for the Brownian motion on Riemannian
manifolds is the monograph by Hsu [32]). The exit time from 2 is the Random variable tg
defined on the Brownian probability space as:

(X)) :=inf{r >0 : X; ¢ Q}. (78)

The connection between exit time and Poisson equations in the Euclidean setting is classical (it
goes back at least to Kakutani [33]), in the next proposition we give the natural generalization
to the Riemannian setting.

Proposition 6.2 Let (M, g) be a compact Riemannian manifold without boundary and let
Q C M be an open subset with smooth boundary. Let f € C°°(2) be a bounded smooth
Sunction. Suppose u € C*°(2) solves the Poisson problem

1
——Au=f inQ

2 ’ (79)

u=0 onoQ2
Then u can be written as
Q(X)
uo =5, ([T roear). (30)

0

where E, (Y) denotes the mean of the random variable Y on the Brownian probability space,
when the Brownian motion starts at x.

Proof The proofin the Riemannian setting goes along the same lines of the classical Euclidean

proof, thus we only sketch the main steps.
By 1to’s formula (see for instance [32, Proposition 3.2.1]), the quantity

1 !
u(Xy) —u(Xo) — 5/ Au(Xs)ds, Vi e [0, (X)),
0
defines a local Martingale. Since u € C %(L2) solves (79), it follows that also
t
M; = u(X;) +/ f(X5)ds
0
is a local Martingale on [0, tq(X)). Moreover, by the very definition (78) of exit time we
have that lim; . x) u(X;) = 0. Letting t 1 7o(X) and applying E, gives (80) (for more
details see for instance [21, pp. 251-252]). O

Specializing Proposition 6.2 to f = 1, the solution u to (79) is then the stress function of
2 and Eq. (80) gives that

ulx) =Ey(re(X)), Vx e Q.
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In other terms, the stress function u evaluated at x corresponds to the expected exit time of
the Brownian motion starting at x. In the same spirit,

.1 o
T(Q) = m/;zudVOlg = WAEX(TQ(X)) dVOlg,

can be interpreted as the average exit time of a Brownian motion starting at a random point
x € Q (with respect to the uniform probability vol g(Q)’1 volg). Notice that

T(2) T(€),

T Vol (Q)
where T (2) is the torsional rigidity of €2 defined in Sect. 5.2.

Hence, specializing Theorem 6.1 (see also Theorem 5.3) to f = 2 and h = g gives the
following:

Corollary 6.3 (Exit-time comparison). Let (M, g) be an N -dimensional compact Riemannian
manifold without boundary with Ric, > K g for some constant K > 0, N > 2. Let @ C M
be an open subset with mg(Q2) = v € (0,1) and let B,, C SII}/ be a metric ball with
mg y(By,) =v. Then

e Expected exit time comparison: (E((tg))" (x) < Ey (g, ), for all x € By,

e Average exit time comparison with rigidity: 7 (2) < 7 (B,,). Equality holds if and only
if (M, g) is isometric to S%.

e Stability: Given N > 2,v € (0,1),& > 0 there exists § = §(N,v, &) > 0 such that
if K =N — 1and Q = Bg(x) is an open metric ball with mg(Bg(x)) = v € (0, 1)
satisfying T (2) > T (B,,) — 8 then (M, g) is e-mGH close to a spherical suspension, i.e.
there exists a spherical suspension (Z, dz, mz) such that dngu((M, g), (Z, dz, mz)) < e.

Corollary 6.3 should be compared with [17] where also higher order average exit times
are estimated in a smooth Riemannian manifold with strictly positive Ricci curvature. The
novelty of Corollary 6.3 lies in particular in the stability statement.
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