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SHENG-XIN ZHU†

Abstract. The use of radial basis functions have attracted increasing attention in recent years
as an elegant scheme for high-dimensional scattered data approximation, an accepted method for
machine learning, one of the foundations of mesh-free methods, an alternative way to construct
higher order methods for solving partial differential equations (PDEs), an emerging method for solv-
ing PDEs on surfaces, a novel method for mesh repair and so on. All these applications share one
mathematical foundation: high dimensional approximation/interpolation. This paper explains why
radial basis functions are preferred to multi-variate polynomials for scattered data approximation in
high-dimensional space; and gives a brief description on how to construct the most commonly used
compactly supported radial basis functions. Without sophisticated mathematics, one can construct
a compactly supported (radial) basis function with required smoothness according to procedures de-
scribed here. Short programs and tables for compactly supported radial basis functions are supplied.
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tered data approximation, Wendland functions, missing Wendland functions.
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1. Introduction. Radial basis functions (RBFs) have emerged as one powerful1

tool for scattered data approximation in high dimensional space. They have been2

successfully applied in various applications including3

· geography and digital terrain modelling [23][24][25];4

· data assimilation in geodesy and metrology [39][17];5

· engineering design and mesh generation [28][29] [35];6

· neural networks and artificial intelligence [15][38][43];7

· expensive function optimization and finding resource [11][21];8

· kinds of mesh-free methods [12][13][14][30][31][56][59][61][48];9

· solving partial differential equations(PDEs) on surfaces [42][16];10

· post-processing of simulation and 3D surface reconstruction [6][40];11

· sampling, signal processing and machine learning [44][1][41][18][26][45];12

· · · · · · ·13

Although these applications arise from different backgrounds, they share the same mathemat-14

ical foundation: multivariate approximation/interpolation—finding a function s(x) which15

can approximate/interpolate observations f1, f2, . . . , fn on the corresponding data points16

x1,x2, . . . ,xn ∈ R
d, d > 1 i.e. s(xi)

≈
= fi, for i = 1, 2, . . . , n. It is noted that this problem in17

high-dimensional space is clearly non-trivial.18

In the basis function framework, s(x) consists of a linear combination of simple basis19

functions, say, s(x) =
∑n

j=1 αjφj(x). For a given set of basis functions, the weights αj for20

each basis function are determined by solving the following linear system:21











φ1(x1) φ2(x1) · · · φn(x1)
φ1(x2) φ2(x2) · · · φn(x2)

...
...

. . .
...

φ1(xn) φ2(xn) · · · φn(xn)





















α1

α2

...
αn











≈
=











f1
f2
...
fn











. (1.1)22

∗The research is supported by Award No KUK-C1-013-04, made by King Abdullah University of
Science and Technology.

†Oxford Centre for Collaborative and Applied Mathematics & Numerical Analysis Group, Math-
ematical Institute, 24-29 St Giles, OX1 3LB, Oxford, UK (shengxin.zhu@maths.ox.ac.uk).

1



2 Sheng-xin Zhu

One may ask the following questions: what kind of basis functions shall we choose from?23

does the linear system (1.1) have a unique solution? is the linear systems easy to solve? We24

shall answer these questions step by step.25

2. Why radial basis functions in R
d ?. In one dimensional space, commonly-26

used basis functions come from the polynomial space of degree at most n − 1. We can, for27

example, chose φj(x) = xj−1, x ∈ R, j = 1, . . . , n. If the n interpolation points are distinct,28

then the linear system (1.1) has an unique solution, since it is a non-singular Vandermonde29

linear system. While, as illustrated in the Mairhuber-Curitis theorem [60, p.19][33][34],30

uniqueness of solution to the linear system (1.1) with multi-variate polynomial basis can not31

always be guaranteed. Such uncertainty was possibly first noted and proved by Haar [22][33,32

p.610]. He pointed out that the linear system (1.1) can be singular even for distinct points33

in R
d, d > 2.34

His arguments are based on the following basic facts of linear algebra: (a) uniqueness of35

solution to (1.1) is equivalent to the determinant of the interpolation matrix in (1.1) being36

non-zero; (b) the determinant of a matrix is a continuous function of its elements; and (c)37

switching two rows of a matrix will change the sign of its determinant. Based on these facts,38

one can find two points, say, x1 and x2 and construct two distinct curves ξ1(t) and ξ2(t)39

connecting these two points such that ξ1(0) = x1, ξ1(1) = x2, ξ2(0) = x2, ξ2(1) = x1, where40

the two curves have no other common points and do not intersect with the remaining n− 241

interpolation points. When x1 goes along ξ1(t) to x2 and x2 goes along ξ2(t) to x1, the42

first two rows in (1.1) change continuously, and finally when t = 1, x1 and x2 get switched.43

Therefore, the determinant of the matrix continuously changes and finally changes sign, and44

thus there must be some t ∈ [0, 1] which makes the determinant zero.45

Such a essential difference between multi-variate and uni-variate polynomial interpola-46

tion on uniqueness of solution to linear system (1.1) can be another myth of polynomial47

interpolation [54], which motivates us to find non-polynomial basis functions.48

If we choose φj(x) = φ(x − xj), where φ : Rd 7→ R, then when two rows in the in-49

terpolation matrix are switched, two columns (two basis functions) will also be switched.50

Therefore, the sign of the determinant is thus unchanged. Such basis functions have the51

potential to avoid a singularity of the linear system (1.1) and thus are good candidates for52

high-dimensional approximation . One of the simplest such basis functions is φ(x) = ‖x‖2 =53
√

x2
1 + x2

2 + · · ·+ x2
d which has radial symmetry. In this case, φj(x) = ‖x − xj‖2, and the54

interpolation matrix is a distance matrix in R
d, which is always invertible provided the n55

points are distinct.1 Precisely, if the n points are distinct, a distance matrix has one positive56

eigenvalue and n− 1 negative eigenvalues, [51, p.792]. Therefore a distance matrix is almost57

negative definite (only one positive eigenvalue). It seems that Schoenberg’s results did not58

receive much attention until Micchelli [37] proved that a class of radial basis functions can59

always guarantee invertible interpolation matrices. This provides a sound foundation for60

scattered data approximation with RBFs 2. (Otherwise on the regular tensor like mesh, one61

may choose, for example, a Fourier basis.)62

Our next problem is whether the linear system (1.1) is easy to solve. In higher-63

dimensional space R
d , d ≥ 2, the linear system (1.1) often involves many unknowns, for64

example, when reconstructing a 3D surface from point clouds. Therefore, the sparsity of65

interpolation matrices is important and thus compactly supported radial basis functions66

(CSRBFs) are attractive for large number of data. Moreover, the linear system is expected67

1This results is proved by Schoenberg who was motivated by proving what given n numbers in
R
d can serve as the length of edges of a simplex(in R

2 a simplex is a triangle) [50].
2Micchelli’s work is motivated by a conjecture. The conjecture can be interpreted as the inter-

polation matrix in (1.1) with φj(x) =
√

1 + ‖x− xj‖2 as basis functions is invertible. His proof
is based on some results of distance geometry, conditionally positive definite functions and special
functions that go beyond our discussion. But his results are encouraging: provided that the n points
are distinct, interpolation matrices with some radial basis functions are invertible regardless the
distribution of the interpolation points.
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to be (symmetric) positive definite. A basis function is said to be positive definite if it can68

guarantee a positive linear system in (1.1) (Positive definiteness can be guaranteed provided69

the Fourier transform of the radial basis function is non-negative, see Appendix A). Positive70

definite linear system are relatively easy to solve, while indefinite matrices more likely lead71

to the failure of linear solvers. Therefore, those positive definite RBFs are the ones of our72

most interest. Those positive definite RBFs are thus the ones of our most interest.73

3. Construction of compactly supported radial basis functions. There74

are several noticeable CSRBFs [4][5][20][62]. Due to the limited length of this paper, we only75

focus on those CSRBFs which make this paper more consistent. It is not difficult to construct76

compactly supported functions if constraints such as smoothness and positive definiteness77

are not required. For example, the truncated power function, which is also called Askey’s78

power function [2], given by79

φℓ(r) = (1− r)ℓ+, where r = ‖x‖2, a+ = max{a, 0}, (3.1)80

have a compact support in the ball ‖x‖2 ≤ 1. Furthermore, it can be shown that [7][32][60,81

p.80]:82

Proposition 3.1. Askey’s truncated power function is positive definite on R
d if ℓ is an83

integer and ℓ ≥ ⌊d/2⌋+ 1, where ⌊·⌋ is the floor function.84

However, Askey’s power functions do not have continuous derivatives at ‖x‖2 = 0 and85

‖x‖2 = 1, even when ℓ is large, i.e. φℓ ∈ C0. (See FIG. 3.2(a)).86

3.1. Increasing smoothness. Smoother CSRBFs can be constructed by convolu-87

tion. The well-know cardinal B-splines [52] and the Euclidean’s hat functions [8, p.81][19][57]88

in R
d are constructed in this way (see FIG. 3.1). The Euclidean’s hat function is the self-89

convolution of an Enclidean ball with diameter 1 in R
d. Smoother CSRBFs than the Eu-90

clidean’s hat can be constructed recursively like the cardinal B-splines. However it turns out91

that computing convolution in R
d is not so easy. FIG 3.1(f) shows a compactly supported92

function obtained by convolution, Wolfram Mathematicar shows that it is a 17-piece-wise93

polynomial in R
2. Simpler methods than recursive convolution is needed.94

Another way to obtain smoother functions is integration. Suppose ϕ(t) ∈ C0, continuous95

function without continuous derivatives on R, then
∫ x

a
ϕ(t) dt ∈ C1 and

∫ x

a

∫ s

a
ϕ(t) dtds ∈ C2.96

It can be shown that [9, p.6]97

∫ x

a

∫ s

a

ϕ(t) dtds =

∫ x

a

xϕ(t) dt−
∫ x

a

tϕ(t) dt. (3.2)98

Both
∫ x

a
xϕ(t) dt and

∫ x

a
tϕ(t) dt are smoother than ϕ(t). It turns out that a similar in-99

tegral operator to
∫ x

a
tϕ(t) dt simplifies computations of constructing CSRBFs in higher-100

dimensional space.101

3.2. Dimension walk and Wu’s construction. The following integral operators
were first introduced by Wu in the context of constructing CSRBFs [62][49]:

(Iφ)(r) :=
∫ ∞

r

tφ(t)dt, for r ≥ 0 and φ(t)t ∈ L1[0,∞); (3.3)

(Dφ)(r) :=− 1

r
φ′(r), for r ≥ 0 and φ ∈ C2(R). (3.4)

Similar to the integral transform
∫ x

a
ϕ(t) dt, Iφ is a smoother function than φ. While φ is102

smoother than Dφ. Furthermore, if φ is compactly supported on [0, 1], so are Iφ and Dφ;103

DIφ = φ for tφ ∈ L1[0,∞ and IDφ = φ for φ ∈ C2(R). The most attractive property of the104

two operators is the dimension walk property[60, p.121][49], which can reduce computations105

(Fourier transform of a radial function) in R
d to computations in the one dimensional space106

R.107

Proposition 3.2. Let φ be continuous function satisfying (3.3) and (3.4) respectively,108

then the radial function φ(r) with r = ‖x‖2 is positive definite on R
d if and only if109
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Fig. 3.1. Constructing smoother function by self-convolution. (a) shows the first 3 cardinal
B-spline Bk, k = 0, 1, 2. B0 is the indicator function of [− 1

2
, 1
2
], which is discontinuous. Bk are

defined recursively as the convolution product Bk := B0 ⋆ Bk−1, k = 1, 2, . . .. Bk has a compact

support on [− k+1
2

, k+1
2

] and Bk ∈ Ck. (b) and (d) are indicator functions. (c) and (e) are the
self-convolutions of the indicator functions in (b) and (d) respectively. (f) is the convolution of the
functions in (d) and (e).

1. Iφ(r) is positive definite on R
d−2 for d > 3 ;110

2. Dφ(r) is positive definite on R
d+2.111

Wu constructs CSRBFs by using the dimension walk property of the operator D. He112

starts with a very smooth positive CSRBF wℓ(r) := φℓ(r
2) ⋆ φℓ(r

2), where φℓ(·) is Askey’s113

power function defined in (3.1) and ⋆ denotes for the convolution operator. According to114

Proposition 3.2, Dkwℓ(2r) is a positive definite CSRBFs on R
2k+1. However, Dkwℓ(2r) in115

R
2k+1 is less smooth than wℓ in R. To get a smooth CSRBFs in R

2k+1, one has to start116

with much smoother CSRBFs in R which correspond higher degree of polynomials wℓ(r).117

Thus, at the end the paper of [62], Wu proposes the question: what is the lowest degree of118

a positive definite CSRBF with a given smoothness in R
d?119

Wendland answers Wu’s question by constructing his CSRBFs of minimal degree[58].120

3.3. Construction of the Wendland’s functions. Wendland functions are con-121

structed via the integral operator I in (3.3). By repeatedly applying I to Askey’s truncated122

power functions φℓ(r) = (1− r)ℓ+, Wendland obtains the following functions123

φd,k(r) = Ikφℓ, where ℓ = ⌊d/2⌋+ k + 1, and φℓ = (1− r)ℓ+. (3.5)124

Because ⌊d/2⌋ + k + 1 ≥ ⌊(d + 2k)/2⌋ + 1, according to the property of Askey’s power125

function in (3.1), φℓ with ℓ = ⌊d/2⌋ + k + 1 is positive definite on R
d+2k for non-negative126

integer k. According to Proposition 3.2, φd,k is positive definite on R
d. Since ℓ defined in127

(3.5) is the smallest integer such that φℓ is positive definite on R
d+2k, and thus ℓ is also the128

smallest integer such that φd,k is positive definite on R
d. In this sense Wendland’s functions129

are also called CSRBFs of minimal degree.130

φd,k(r) can be easily computed with the help of mathematical software. Table 4.1 is131

computed by a short Maple program provided in the appendix. As in Table 4.1, Wendland132



Compactly Supported Radial Basis Functions: How and Why? 5

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.2

0

0.2

0.4

0.6

0.8

 

 

(1−|r|)
+

(1−|r|)
+
2

(1−|r|)
+
3

(a) φℓ, ℓ = 1, 2, 3.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.2

0

0.2

0.4

0.6

0.8

 

 

∫
r
∞t(1−t)

+
dt

∫
r
∞t(1−t)

+
2 dt

∫
r
∞t(1−t)

+
3dt

(b) I(φℓ), ℓ = 1, 2, 3.
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(c) scaled I(φℓ), ℓ = 1, 2, 3.

Fig. 3.2. Smoothing functions using the operator I. Functions in (b) and (c) are even exten-
sions of I(φℓ).

functions can be represented as follows:133

φd,k(r) = Ikφℓ = φℓ+kpk,ℓ(r) = (1− r)
(⌊d/2⌋+k+1)+k
+ pk,ℓ(r), (3.6)134

where pk,ℓ(r) is a polynomial of degree k whose coefficients depend on ℓ, and p0,ℓ := 1.135

It can be shown that Wendland’s functions φd,k(r), r = ‖x‖2 defined in (3.5) are poly-136

nomials of polynomials of degree ⌊d/2⌋+3k+1 on R
d with respect to r and positive definite137

on R
d with compact support in ‖x‖2 ≤ 1r. For each k, φd,k(r) it possesses 2k continuous138

derivatives around zeros and k+ ℓ− 1 = 2k+ ⌊d/2⌋ continuous derivatives around ‖x‖2 = 1.139

[58][60, p.128, Theorem 9.13, p.160, Theorem 10.35]. It also has the following so-called140

reproducing property.141

Proposition 3.3. For d ≥ 3, and k non-negative integer, φd,k is a reproducing kernel142

in Hilbert space, which is norm-equivalent to the Sobolev space Hd/2+k+1/2(Rd).143

Proposition 3.3 suggests that there must be some CSRBFs missing in perhaps the in-144

teresting case R
2.145

3.4. Construction of the missing Wendland functions. CSRBFs which re-146

produce the Sobolev space Hd/2+k+1/2(Rd) for even d and half-integer k, have only been147

found recently [47]. Such functions are called the missing Wendland functions. The miss-148

ing Wendland functions are constructed by using a more general integral operator Iα, as149

mentioned above:150

Iα(f)(t) :=

∫ ∞

t

f(s)
(s− t)α−1

Γ(α)
ds, (3.7)151

where α can be a half-integer and Γ(z) =
∫∞

0
tz−1e−t dt is the Gamma function. The152

operator Iα is a scaled integral operator which is closely related to fractional derivatives, and153

was used to simplify the multivariate Fourier transform for radial functions [49]. Applying154

this operator to a modified version of the truncated power function, aµ(s) := (1 −
√
2s)µ+,155

we get156

Iα(aµ)(t) =

∫ ∞

t

(1−
√
2s)µ+

(s− t)α−1

Γ(α)
ds. (3.8)157

Defining Ψµ,α(r) := Iα(aµ)(r
2/2), then we have158

Ψµ,α(r) =

∫ ∞

r2/2

(1−
√
2s)µ+

(s− r2/2)α−1

Γ(α)
ds =

∫ 1

r

t(1− t)µ
(t2 − r2)α−1

Γ(α)2α−1
dt. (3.9)159

In particular, when α = 1160

Ψµ,1 =

∫ 1

r

t(1− t)µdt =

∫ ∞

r

t(1− t)µ+dt = I(φµ)(r). (3.10)161

It turns out that Ψℓ,1(r) is simply the operator I defined in (3.3) acting on the truncated162

power functions φℓ(t). Furthermore, it can be shown that the following relationship between163
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(a) φ2,0 (b) φ2,1 (c) Ψ2,1/2 (d) Ψ2,3/2

Fig. 3.3. Scaled Wendland functions and missing Wendland functions in R
2.
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(b) Missing Wendland functions in R
2

Fig. 3.4. Comparison between Wendland functions and missing Wendland functions on R
2.

The missing Wendland function Ψ3,3/2 is very similar to and overlaps the Wendland function φ2,1.

Wendland’s function φd,k and the function defined in (3.9) holds for non-negative integer k164

(see Appendix D for details):165

φd,k = Ψ⌊d/2⌋+k+1,k. (3.11)166

The above relationship shows that Ψµ,α are a larger class of CSRBFs which includes Wend-167

land’s functions. It can also be shown that Ψµ,α is positive definite when µ and α satisfy168

some constraint [47][49].169

Proposition 3.4. For all non-negative integers µ ∈ N and all half-integer α = n +170

1/2, n ∈ N, the generalized Wendland function defined in (3.9) is positive definite on R
d, if171

µ ≥ ⌊d/2 + α⌋ + 1. Schaback also proves that the function Ψµ,α has similar reproducing172

property as Wendland’s function in Proposition 3.3 in even dimensional space R
d [47, p.75173

Collollary 1]:174

Proposition 3.5. For integers m ≥ 1, n ≥ 0, d = 2m, Ψµ,n+1/2 reproduce a Hilbert space175

which is isomorphic to Sobolev space Hm+n+1(Rd) = Hd/2+α+1/2(Rd), where α = n + 1/2176

For such functions Ψµ,α, where µ is an integer and α = n+1/2 is a half integer, they are the177

so-called missing Wendland functions.178

The generalized Wendland functions can be computed by a 6-line Maple program in Ap-179

pendix C. It turns out that the missing Wendland functions Ψµ,α involve two non-polynomial180

terms, and can be written as181

Ψµ,α(r) = Pµ,α log(
r

1 +
√
1− r2

) +Qµ,α

√

1− r2, (3.12)182

where Pµ,α and Qµ,α are polynomials in r2. For a detailed derivation and property of Pµ,α183

and Qµ,α, the reader is directed to [47]. For more details on the Wendland and the missing184

Wendland functions, one can refer to a recent paper [27]. Several missing Wendland functions185

of interest are listed in Table 4.2.186
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3.5. Construction by convolution and others. Provided some CSRBFs have187

been found, we can construct a class of CSRBFs by convolution. This is based on two facts:188

a function is positive definite if its Fourier transform is positive definite (see Appendix A );189

and the Fourier transform of the convolution of two functions is the product of the Fourier190

transforms of the two functions, namely, if h(x) =
∫∞

−∞
f(y)g(x − y) dy, then the following191

equation holds ĥ(ξ) = f̂(ξ)ĥ(ξ). Therefore, any two positive definite radial basis functions192

give another positive definite basis functions (which is not necessary radial symmetric); if193

one of them is compacted supported, then the resulting function is compactly supported.194

Furthermore, we can construct positive definite compactly supported basis functions on a195

square. For example, if φ1(x) and φ2(x) are positive definite with a compact support [−1, 1],196

then their tensor product φ(x, y) = φ1(x)φ2(y) is also positive definite with a compact197

support on [−1, 1] × [−1, 1], but φ not radial symmetric. For compactly supported basis198

functions on a general polygon, readers are referred to box-spline [10].199

As seen, Wendland functions and missing Wendland functions are finite smooth. A200

natural and interesting question is the existence of infinite smooth positive definite CSRBFs201

in R
d. Schaback points out this is a open problem [46]. If there is no positive definiteness202

constraint, the well-known mollifier given by203

φ(x) =

{

e
− 1

1−‖x‖2 if ‖x‖ ≤ 1;

0 if ‖x‖ ≥ 1,
(3.13)204

is infinitely differentiable with compact support. While the Mollifier may be positive definite205

on a lower dimensional space, it is likely not to be positive definite on some higher dimensional206

space, because it has been proven that a continuous CSRBF can not be positive definite on207

every R
d [60, p.120].208

4. Conclusion. In this paper we have considered high-dimensional approximation209

problems. These problems are challenging because on one hand, as seen, some well-accepted210

results in one-dimensional space may not be valid in higher-dimensional spaces; on the other211

hand, there are some challenging computational issues which go beyond our discussion. Ra-212

dial basis functions are good candidates for high-dimensional scattered data approximation213

because they can avoid a singular interpolation matrix and there are simple and efficient214

ways to construct compactly supported radial basis functions with given smoothness. We215

want to emphasize that “in almost every area of numerical analysis, sooner or later, the216

discussion comes down to approximation theory” [53, p.605]; and radial basis function is217

one “major newer topic ” in this fundamental area (compared with polynomial and rational218

minimax approximation) . Recent years have seen there are many advancement in this field,219

but further research is still needed to make these methods more effective and applicable to220

an even broader range of real-life applications.221
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Appendix .228

A. Suppose φj(x) = φ(x−xj), where φ(x) is radially symmetric and has an integrable229

Fourier transform φ̂. According to the inverse Fourier transform, we have230

φ(x) =
1

(2π)d/2

∫

Rd

φ̂(ω)eix
Tωdω. (4.1)231
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The positive definiteness of the linear systems (1.1) is equivalent to the positiveness of the232

following quadratic form:233

n
∑

k,j=1

αkᾱjφ(xk − xj) =
1

(2π)d/2

N
∑

j,k=1

αjᾱk

∫

Rd

φ̂(ω)eiω
T (xj−xk)dω (4.2)234

=
1

(2π)d/2

∫

Rd

φ̂(ω)

∣

∣

∣

∣

∣

n
∑

j=1

αje
ixjω

∣

∣

∣

∣

∣

2

dω. (4.3)235

236

From (4.2) to (4.3), we need to write eiω
T (xj−xk) as eiω

T
xj e−iωT

xk and use the relationship237

∑n
k=1 ᾱke

−iωT
xk =

∑n
j=1 αjeiω

T
xj . According to (4.3), a function φ whose Fourier transform238

φ̂ is positive guarantees a positive definite linear system (1.1), and thus is said to be positive239

definite. Using Fourier transforms to characterize a positive definite function dates back to240

Mathias [36], Bochner [3][60, p.67], and followed by von Neumann, Schoenberg [55] among241

others; and it provides simple way to verify whether the linear system (1.1) is positive definite242

or not. Generally speaking, finding a multi-variate Fourier transforms is not easy, but finding243

Fourier transform for radial functions can be carried out in univariate operations as shown244

in Schaback’s and Wu’s work [49].245

B. Maple program for computing Wendland functions.246

wd := proc (d, k, r)247

local wd, kk;248

wd := (1-r)ˆ (floor((1/2)*d)+k+1);249

for kk form 1 by 1 to k do250

wd := int(t*subs(r = t, wd), t = r .. 1)251

end do;252

return factor(wd)253

end proc254

C . Maple program for computing missing Wendland functions . The255

following program is a revised version of that in [47]256

mswd := proc (mu, alpha, r)257

local mswd;258

mswd := t*(1-t)ˆ mu*(tˆ 2-rˆ 2)ˆ (alpha-1)/(GAMMA(alpha)*2ˆ (alpha-259

1));260

mswd := int(mswd, t = r ..1);261

return combine(simplify(mswd), ln)262

end proc263

It is noted that this program does not work when both µ and α are half-integer.264

D. First, It can be shown that the operator defined in 3.8 have the following property265

[47]:266

Proposition 4.1. Iα ◦ Iβ := Iα(Iβ(aµ)) = Iα+β and Ik
α = Ikα. Using Proposition267

4.1 and the construction process in the section 3.3, we can prove φd,k = Ψ⌊d/2⌋+k+1,k. Define268

φ̃d,k,α := Ik
α(aµ)(r

2/2), where µ = ⌊d/2⌋+ kα + 1, for k = 1, 2, 3, 4, ..., then by Proposition269

4.1, we see that270

φ̃d,1,α = Iα(aµ)(r
2/2) = Ψµ,α = Ψ⌊d/2⌋+α+1,α(r), (4.4)271

φ̃d,2,α = I2
α(aµ)(r

2/2) = I2α(aµ)(r
2/2) = Ψµ,2α = Ψ⌊d/2⌋+2α+1,2α(r), (4.5)272

φ̃d,k,α = Ik
α(aµ)(r

2/2) = Ikα(aµ)(r
2/2) = Ψµ,2α = Ψ⌊d/2⌋+kα+1,kα(r). (4.6)273

274

It is noted that Ψµ,1 (3.10) is equal to φd,0, which proves the result.275

More generally, we can apply different operator Iα in different steps, for example,276

IβIα(aµ)(r
2/2) = Ψµ,α+β .277
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Table 4.1

Wendland’s compactly supported radial basis functions of minimal degree

d Wendland function φd,k(r),r = ‖x‖2 Smoothness

d = 1

φ1,0(r) = (1− r)+ C0

φ1,1(r) = (1− r)3+(1 + 3r)/12 C2

φ1,2(r) = (1− r)5+(3 + 15r + 24r2)/840 C4

φ1,3(r) = (1− r)7+(15 + 105r + 285r2 + 315r3)/151200 C6

φ1,4(r) = (1− r)9+(105 + 945r + 3555r2 + 6795r3 + 5760r4)/51891840 C8

d ≤ 3

φ3,0(r) = (1− r)2+ C0

φ3,1(r) = (1− r)4+(1 + 4r)/20 C2

φ3,2(r) = (1− r)6+(3 + 18r + 35r2)/1680 C4

φ3,3(r) = (1− r)8+(15 + 120r + 375r2 + 480r3)/332640 C6

φ3,4(r) = (1− r)10+ (105 + 1050r + 4410r2 + 9450r3 + 9009r4)/121080960 C8

d ≤ 5

φ5,0(r) = (1− r)3+ C0

φ5,1(r) = (1− r)5+(1 + 5r)/30 C2

φ5,2(r) = (1− r)7+(3 + 21r + 48r2)/3024 C4

φ5,3(r) = (1− r)9+(15 + 135r + 477r2 + 693r3)/665280 C6

φ5,4(r) = (1− r)11+ (105 + 1155r + 5355r2 + 12705r3 + 13440r4)/259459200 C8

d ≤ 7

φ7,0(r) = (1− r)4+ C0

φ7,1(r) = (1− r)6+(1 + 6r)/42 C2

φ7,2(r) = (1− r)8+(3 + 24r + 63r2)/5040 C4

φ7,3(r) = (1− r)10+ (15 + 150r + 591r2 + 960r3 + 591r2 + 960r3)/1235520 C6

φ7,4(r) = (1− r)12+ (105 + 1260r + 6390r2 + 16620r3 + 19305r4)/518918400 C8

Table 4.2

Missing Wendland functions

Ψµ,α Function

Ψ2,1/2

√
2

3Γ(1/2)

(

3r2L+ (2r2 + 1)S
)

Ψ3,3/2
−
√
2

480Γ(3/2)

(

(15r6 + 90r4)L+ (81r4 + 28r2 − 4)S
)

Ψ4,5/2

√
2

40320Γ(5/2)

(

(945r8 + 2520r6)L+ (256r8 + 2639r6 + 690r4 − 136r2 + 16)S
)

Ψ5,7/2
−
√
2

5677056Γ(7/2)

(

P5,7/2L+Q5,7/2S
)

P5,7/2 = 3465r12 + 83160r10 + 13860r8

Q5,7/2 = 37495r10 + 160290r8 + 33488r6 − 724r4 + 1344r2 − 128

L(r) = log( r
1+

√
1−r2

) S(r) :=
√
1− r2
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Math. Ann., 78 (1917), pp. 294–311.325

[23] R.L. Hardy, Multiquadric equations of topography and other irregular surfaces, J. Geophys.326

Res., 76 (1971), pp. 1905–1915.327

[24] , Geodetic applications of multiquadric analysis, AVN Allg. Vermess. Nachr., 79 (1972),328

pp. 389–406.329

[25] R.L. Hardy and S.A. Nelson, A multiquadric-biharmonic representation and approximation330

of disturbing potential, 13 (1986), pp. 18–21.331

[26] T. Hofmann, B. Schölkopf, and A. J. Smola, Kernel methods in machine learning, Ann.332

Statist., 36 (2008), pp. 1171–1220.333

[27] S. Hubbert, Closed form representations for a class of compactly supported radial basis func-334

tions, Adv. Comput. Math., (201X).335

[28] S. Jakobsson and O. Amoignon, Mesh deformation using radial basis functions for gradient-336

based aerodynamic shape optimization, Computers & Fluids, 36 (2007), pp. 1119 – 1136.337

[29] R. Jin, W. Chen, and A Sudjianto, On sequential sampling for global metamodeling in engi-338

neering design, ASME Conference Proceedings, 2002 (2002), pp. 539–548.339

[30] E.J. Kansa, Multiquadrics—a scattered data approximation scheme with applications to com-340

putational fluid-dynamics. I. Surface approximations and partial derivative estimates,341

Comput. Math. Appl., 19 (1990), pp. 127–145.342



Compactly Supported Radial Basis Functions: How and Why? 11

[31] , Multiquadrics—a scattered data approximation scheme with applications to computa-343

tional fluid-dynamics. II. Solutions to parabolic, hyperbolic and elliptic partial differential344

equations, Comput. Math. Appl., 19 (1990), pp. 147–161.345

[32] G. Letac and Q. I. Rahman, A factorisation of the Askey’s characteristic function (1 −346

‖t‖2n+1)
n+1
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