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Abstract

System identification is an important technique in reconstructing and es-
timating dynamic states, unknown parameters and unmeasured inputs of
dynamical systems using measured input-output signals, and in minimiz-
ing the gaps between real engineering systems and their mathematical
models. Whether a system for a given setup of sensors can be, in theory,

successfully identified is associated with its observability properties.

This thesis is overall devoted to two research directions: 1) developing ef-
ficient observability algorithms for handling large and complex dynamical
systems and 2) incorporating unmeasured or unknown inputs into robust
observability computation and tool. The research is motivated by the need
to relax the computational limitation of the existing observability meth-
ods that is associated with their high physical memory requirements when
used for large and complex real systems, as for example large civil infras-
tructures encountered in Structural Health Monitoring (SHM). Moreover
robust observability computation with the consideration of unmeasured
inputs is needed to account for joint state-parameter-input identification

problems which have gained increasing attention in recent years.

In particular, two efficient and robust algorithms are proposed to test

observability properties in Chapter 2 and Chapter 3. The first algo-



rithm applies to large linear systems with unknown parameters, based on
the efficient implementation of the Observability Rank Condition (ORC)
method. The second algorithm applies to rational nonlinear systems with
unmeasured inputs, based on the extended use of the extended Observabil-
ity Rank Condition (EORC-DF) and a power series-based computational

framework.

In Chapter 4, computational frameworks are developed for Lie symme-
tries of nonlinear systems with unmeasured inputs. The obtained Lie
symmetries can provide an alternative path to approach the observability
properties of a system for a given setup of sensors. More importantly, Lie
symmetries imply the mathematical relationship between the true solu-
tions of the system’s states, parameters and unmeasured inputs and their

other possible solutions.

Finally in Chapter 5, the application of observability and Lie symmetry
analyses is illustrated through a complex, nonlinear and non-smooth me-
chanical model. The model is successfully reduced and identified using

suitably chosen identification methods.
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Chapter 1

Introduction

1.1 Background and motivations

All engineering structures, including not only civil infrastructures such as buildings,
bridges, energy plants, wind turbines, roads and rails, but also ships, airplanes, trains
and other mechanical systems, are constantly subject to various internal and exter-
nal factors during their lifetime which adversely affect their health condition. These
factors can include, for example, ageing or fatigue during long-term operation, ma-
terial or geometry deterioration due to environmental impacts, errors and defects
induced during construction or manufacturing processes, material imperfections, ex-
treme events or hazards such as an earthquake, strong wind or an explosion, etc [21].
Once damage occurs within a structure, it is important to detect it in an early stage
and enable maintenance and strengthening in a proper way. Damage herein can be
generally defined as any changes introduced to a system making the system unable to
operate in its optimal manner [38]. If such forms of damage are not observed in time,
they would accumulate, propagate and eventually lead to a total loss of structural
functionality. Catastrophic consequences may be caused by the failure of a structure
to the society, including tremendous human life and economic losses.

The process of implementing a damage detection strategy for engineering struc-
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Figure 1.1: Structural Health Monitoring (Sydney Harbour Bridge, modified from
source: Arcadis [4])

tures is referred to as Structural Health Monitoring (SHM) [34, 41]. The process
usually involves the stages of 1) obtaining the measurements of dynamic response
of a structure using suitable installations of sensors, 2) extracting damage-related
features from the obtained measurements, and 3) statistically analysing these fea-
tures to detect, locate and quantify the appeared damage or to determine the current
health condition of the structure in a global point of view [38]. Among the three
stages of SHM process the second stage is normally viewed as the most important
and challenging one. One of the means to achieve the goal of accurately ‘extracting
damage-related features from measured data’ is through the use of system identi-
fication techniques. The dynamic behaviour of a structure is often described by a
physically parameterised model which gives a mathematical relationship between the
external excitations applied to the structure (inputs) and the structural response
(outputs). A system identification technique can be used to determine the values of
the model parameters, which are often direct representations of the current physical

properties of the structure, based on the measurements of input-output signals [64].



Those damage-related or damage-sensitive parameters can then be used to proceed
to the next stage of SHM. The mathematical model with the determined parameters
from system identification, i.e. an updated model of the structure, also plays im-
portant roles in performance, vibration control, serviceability and safety analyses of
the structure as well as providing predictions of the structural behaviour within for
example a future extreme event [114].

Whether a system identification or SHM campaign would be successful depends
on various factors, including the model adopted for the structural system, the type,
location and quantity of the setup of sensors installed, the quality of measurements,
the system identification algorithm used, etc. In theory, this problem is closely related
to the observability properties of a structural dynamical system: if a system described
by a given mathematical model is observable for a specific sensor setup, the unknown
parameters, dynamic states and unmeasured inputs of the system can theoretically
be inferred from the input-output measurements; if not, it is then impossible to
correctly estimate the values of those quantities which are deemed as unobservable
using any system identification algorithm [26]. It has recently been discovered that a
system being unobservable implies the existence of Lie symmetries within its model
and vice versa [2, 86]. For the unobservable system, an identification algorithm could
obtain any of the incorrect sets of values which are admitted by Lie symmetries, and
these values may be mistakenly adopted by engineers in practice for the parameters,
dynamic states and unmeasured inputs of interest. To avoid such erroneous situations,
it is therefore important to conduct a priori observability testing when proposing a
system identification campaign. Effective observability and symmetry analyses can

provide engineers with guidance on how to design the pattern of sensor installations,



reduce the mathematical model of the system or make suitable model assumptions in
order to yield an observable system.

In the following Section 1.2.1, a brief literature review is provided for various
system identification methods and algorithms especially those have been widely em-
ployed for the purpose of SHM. A special concentration is placed on the recent devel-
opments of novel filters and observers which allow for reliable joint state-parameter-
unmeasured input estimation. The occurrence and usefulness of these filters and
observers are the direct motivation of extending the regular observability testing
methods to account for unmeasured inputs.

Section 1.2.2 clarifies the concept of observability this thesis is focused on, and
provides a detailed review of the existing methods for testing the observability of
nonlinear systems with or without unmeasured inputs. Civil structural systems are
typically large and also many of them are complex models used to describe sophisti-
cated physical phenomena or materials with special properties. A common weakness
of the existing observability testing methods is that they are often not capable of han-
dling large and complex engineering systems due to their significantly high computa-
tional expense, which substantially limits the practical applicability of these methods.
Although a considerable number of efficient observability algorithms have been de-
veloped for the case of all inputs being measured to alleviate this computational
limitation to some extent, those algorithms are still unable to meet the requirements
of serving for SHM. Moreover, there is a lack of robust implementations of the observ-
ability methods to test systems in the presence of unmeasured or unknown inputs.
These drawbacks of the existing observability methods bring the primary motivation

of this thesis, that is to develop efficient and robust observability algorithms to tackle



large and complex problems with or without the existence of unmeasured inputs.
Section 1.2.3 gives a literature review of Lie symmetries and their computations
of nonlinear systems with fully measured inputs. The secondary motivation of the
thesis arises from the need to extend the Lie symmetry computational methods for
systems with unmeasured inputs.
The end of this chapter aims at describing the main objectives and contributions

as well as demonstrating the organisation of this thesis.

1.2 Literature review

1.2.1 System identification

The process of determining the mathematical model of a dynamical system or the
parameters of the model based on input-output or output-only signal measurements
is known as system identification [63, 64].

During SHM campaigns dynamic tests of structures can be mainly categorized into
three types: free, forced and ambient vibration tests [114]. In a free vibration test, the
structure remains oscillating after some initial excitations and the measured struc-
tural response signals lying within the free vibration phase are selected for processing
[5]. Many identification methods and algorithms are developed based on such free
vibration output-only measurements. Least square methods were developed to iden-
tify model parameters based on least-square minimisation of the discrepancy between
measured and theoretical model outputs [5, 28, 111]. Using continuous and discrete
wavelet transform analyses of the measured response of structural systems allows for
proper estimation of the modal parameters of the systems, i.e. natural frequencies,

viscous damping ratios and mode shapes [60, 61, 84]. Other widely used methods



include the Ibrahim time domain method [49], the complex exponential method [20],
the Bayesian modal identification using free vibration data [113], etc.

In a forced vibration test, the structure is continuously subject to some artificially
applied dynamic excitations, and both the excitation and the structural response
signals need to be measured for system identification [32]. Kalman filtering [45, 53,
54, 92] has long been viewed as the optimal state estimator based on input-output
measurements. For dynamical systems mathematically described by linear state-
space models, Subspace State-Space Identification (N4SID) techniques were proposed
to determine the model matrices by deducing state sequences from the projection
of input-output measurements which were proved to be the outputs of non-steady
state Kalman filter banks [105, 106, 107]. Other methods based on input-output
measurements include the circle fitting method [58], the Ewins-Gleeson method [37],
the orthogonal polynomial method [104], etc.

In either the free vibration tests or the forced vibration tests, the structures must
not be affected by any human-induced loads, and the environmental loads exerted on
the structures must be small enough and can hence be properly neglected. Moreover,
it is often difficult to control the artificial excitations in practice, as if they are too
small the structure can not be sufficiently excited and if they are too large perma-
nent damage may be caused to the structure. In comparison, an ambient vibration
test is allowed to be performed during the regular operation of the structure. Any
environmental and human-induced excitations applied to the structure are assumed
to be statistically random, and only the structural response is measured for system
identification. Modal identification based on ambient vibration data is also known

as Operational Modal Analysis (OMA) [17]. A typical OMA method is the Fre-



quency Domain Decomposition (FDD) which serves as a simple and robust extension
of the Peak Picking method to extract the modal properties of structural systems
based on the singular value decomposition of the Power Spectral Density (PSD) ma-
trix [18, 19, 51]. Other OMA methods include the least square complex frequency
method [108], the auto-regression moving model [1], the Bayesian OMA methods [6],
etc.

One major drawback of the ambient vibration tests is that simply treating those
ambient excitations to be statistically random may bring a significant level of errors
and uncertainties on the system identification results. On the other hand, accurately
measuring the environmental and human-induced loads on the structures are often
too difficult, expensive or even impossible in most of practical cases. To further ex-
tend the applicability of the existing methods which require precise knowledge or
assumptions on inputs, a number of identification algorithms have been recently de-
veloped for estimating the states and parameters of nonlinear systems in the presence
of unmeasured inputs. These developed algorithms are also possessed of the ability
to track those unmeasured inputs or excitations over time. Gillijns and De Moor [43]
proposed a filter for joint input-state estimation for systems with direct transmission,
which was shown to be globally optimal in the minimum-variance unbiased sense.
Based on the preliminary study in Azam et al. [36], Dertimanis et al. [33] introduced
a successive Bayesian observer which recombined the dual and Unscented Kalman
filters for addressing the joint state-parameter-input identification problem. Other
input estimation methods include the augmented Kalman filter [66], the smoothing
algorithm [68], the algebraic unknown input observer [8], etc.

Each of the above reviewed identification methods has its own advantage and



strength under a specific SHM scenario, but it should be noted that none of these
methods can succeed in correctly estimating the states, parameters and/or unmea-
sured inputs of a structural system if the system is unobservable for a given sensor
setup. It is therefore of crucial importance to perform observability analyses when
proposing a vibration test and the identification campaign to check whether the sen-
sor setup used and the structural model assumed could lead to a fully observable

system.
1.2.2 Observability

This section aims to clarify the concept of observability this thesis is focused on,
and provides a literature review of the existing methods for testing whether a given

nonlinear system with a measurement scheme is observable or not.

1.2.2.1 The observability concepts

Strictly speaking, the concepts of observability can be categorized into theoretical or
practical, and the concepts of theoretical observability can be further classified into
global, local and local weak as first defined by Hermann and Krener [44]. Theoretical
observability is an inherent property of a dynamical system depending solely on the
mathematical model of the system and the given input-output measurements which
are assumed to be noise-free. A theoretically observable system might be detected
practically observable or unobservable if more complicated practical factors are taken
into consideration, such as how noisy the measurements are, whether the system is
modelled accurately, what identification technique is used, etc. A theoretically un-
observable system, however, is guaranteed to be practically unobservable [74]. The

theoretical observability is basically a global concept, which is based on the assump-



tion that the input-output signals can be measured over an infinitely long time. For
a globally observable system in practice, an identification algorithm may need to
travel a substantial distance or a very long time in order to determine its unknown
parameters, dynamic states and unmeasured inputs. To alleviate this limitation, a
stronger concept is introduced as the local observability which ensures that a system,
if detected locally observable, can be identified instantaneously using a small period
of measurements. Furthermore, in practice it often suffices to be able to identify the
unknown quantities of a system from the neighbours of their values, and the concept
of local weak observability is therefore introduced. Intuitively, a system is said to be
locally weakly observable if one can instantaneously identify the parameters, dynamic
states and unmeasured inputs of a system from their neighbours. An additional ben-
efit of using the local weak observability over the other concepts is that it lends itself
to a systematic testing method requiring relatively simpler mathematical tools [44].
The contributions of this thesis, if not specifically explained, are focused on the
concept of theoretical local weak observability, and for the sake of brevity the re-
mainder of the thesis will keep referring to ‘theoretical local weak observability’, ‘the-
oretically locally weakly observable’ and ‘theoretically locally weakly unobservable’
simply as ‘observability’, ‘observable’” and ‘unobservable’ respectively. Moreover, it is
worth mentioning that the terminology of identifiability is a subcase of observability
specifically used for time-invariant parameters, that is, a parameter being observable

or unobservable can also be called identifiable or unidentifiable.

1.2.2.2 Observability testing methods

Starting with the linear observability defined by Kalman [55], a large amount of works

have been devoted to investigating the observability properties of nonlinear systems



with fully measured inputs. Hermann and Krener [44] introduced the well-known
Observability Rank Condition (ORC) to analyze the local weak observability of an-
alytic nonlinear systems whose equations are smooth and infinitely differentiable.
Implementation of the ORC is through rank evaluation of the observability matrix
constructed from successive Lie derivative computations. A fast convergence algo-
rithm was suggested by Isidori [50] to implement the ORC for analytic systems which
are affine in inputs, and Sontag [93] further generalized the ORC algorithm for non-
linear systems analytic in inputs. The theory and implementation of the ORC will
be reviewed for more details in Section 2.1 of Chapter 2, as this is the basic frame-
work for the development in Chapter 2. As a counterpart of the ORC, an approach
of algebraic observability was given by Diop and Fliess [35] based on exploring the
existence of algebraic relations between the state variables of a system and the time
derivatives of its measured inputs and outputs. There also exists a differential algebra
approach based on calculating the characteristic set and Grobner basis associated to
rational dynamic equations. The approach allows for detecting whether there is a
globally unique set of parameters fitting the input-output information of a rational
nonlinear system, leading to the development of an identifiability (global) testing soft-
ware DAISY [10]. Other observability approaches may be found in [81] relying on the
power series method, in [103] relying on the local state variable isomorphism method,
in [65] relying on the characteristic set or standard bases computations, in [15] relying
on the elimination method in differential algebra, etc. The above described observ-
ability approaches enable the developments of corresponding automatic algorithms
where any arbitrary system belonging to a specified class (e.g. the classes of linear,

analytic nonlinear, rational nonlinear systems etc.) can be tested without requiring

10



in-depth understanding of the mathematical tools from the user.

Many works are also devoted to studying the observability of particular types
of systems for engineering applications. Udwadia and Sharma [100], Udwadia et al.
[101] and Franco et al. [40] placed concentrations on the global identifiability of
structural systems; the works discussed the existence of unique solutions for the un-
known physical properties of shear-type structures based on a minimum amount of
excitation-sensor instruments. Based on incomplete instrumentation, Mukhopadhyay
et al. [75] studied the identifiability requirements of stiffness and mass parameters
of shear-type structures under base excitation. Non-smooth systems are often en-
countered in the physical phenomena associated with damage, sliding, impact etc.
Chatzis et al. [26] extended the use of the existing observability methods to inves-
tigate non-smooth systems which have varying observability properties throughout
their dynamics. Liu et al. [62] adopted a graphical approach derived from the dy-
namical laws that govern a system to determine the sensors that are necessary to
reconstruct the full internal state of a biological system.

It is also worth reviewing several of the practical observability analysis meth-
ods which use real measured data, although practical observability is not the focus
of this thesis. It should be noted that observability testing provides a theoretical
ground for practical observability analysis. A theoretically unobservable system would
not become practically observable by changing the identification method used, using
sensors of better quality, or repeating the dynamic tests. Katafygiotis and Beck
[57] discussed the practical identifiability of structural systems through searching for
output-equivalent optimal models. Many practical observability analysis methods

are proposed based on the use of Fisher Information Matrix [42] for examining the
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correlations between model parameters [39]. Raue et al. [83] introduced a novel ap-
proach through exploiting the profile likelihood, which is able to detect practically
unidentifiable parameters of nonlinear systems and simultaneously calculate confi-
dence intervals.

As has been mentioned in the previous section, developing and improving iden-
tification methods for systems driven by unmeasured inputs has gained increasing
attention in the past years. However, the aforementioned observability approaches
are all based on the assumption of all inputs applied to a system being measured,
and therefore they are not applicable to serve for the joint state-parameter-input es-
timation problems. It was not until very recently that the extensions of the existing
observability approaches for systems where some or potentially all of their inputs are
unmeasured drew attention. Martinelli [70] introduced the extended ORC or EORC
to gain an insight into the observability of input-affine nonlinear systems with un-
known (unmeasured) inputs. Maes et al. [67] provided a further extension, namely
the EORC-DF, where the existence of direct feedthrough in output measurements was
taken into consideration. The situation of output measurements affected by direct
feedthrough is often encountered in practice, as for example the case of acceleration
measurement in structural dynamics. The proved effectiveness and usefulness of both
the EORC(DF) approaches have been demonstrated using a number of classical me-
chanical and civil engineering models of modest size in the works. A more detailed
review of the EORC-DF will be provided in Section 3.1 of Chapter 3 as this is the
basic framework of the development in Chapter 3.

From an application point of view, however, the standard implementations of

the ORC and EORC(DF) as well as the other aforementioned automatic observabil-
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ity approaches are computationally expensive mainly due to their symbolic nature.
When these approaches are implemented for real-world engineering systems, often
with a large number of states and complicated equations, the complexity of symbolic
computations rapidly becomes overwhelming, resulting in significant growth of the
physical memory requirements that are hard to be met in a standard computer and
increase of the computational cost [31]. In structural engineering applications, for
example, a finite element model of a structure may have up to thousands of degrees
of freedom and contain equally many dynamic states and parameters to be identified.
Those observability approaches are far from being able to handle systems of such
size. Computationally efficient observability algorithms have been explored in several
works for the case of all inputs being measured [7, 59, 83, 86, 109]. A semi-numerical
algorithm was developed by Sedoglavic [86] for robust testing of rational and poly-
nomial nonlinear systems by making use of a numerical realised variational system
and the method of Newton’s iteration. Villaverde et al. [109] achieved observability
testing of a large nonlinear biological system by decomposing it into tractable subsys-
tems which is performed with a combinatorial optimization metaheuristic. However
these algorithms are still unable to meet the computational requirements for large
civil infrastructures in SHM or systems with equivalent size. Moreover, to the best
of author’s knowledge, so far no efficient algorithms have been proposed for the cases
of unmeasured inputs. Motivated by these drawbacks of the existing observability
algorithms, the major objective of this thesis is to develop efficient and robust al-
gorithms to test the observability of large and complex nonlinear systems with or

without unmeasured inputs.
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1.2.3 Lie symmetries of nonlinear systems

The concept of Lie symmetry was introduced by the Norwegian mathematician So-
phus Lie [22, 76] to define a way of variable transformations that leaves differential
equations invariant. Lie symmetry analysis of differential equations provides a power-
ful and fundamental framework to the exploitation of systematic procedures leading
to the integration by quadrature of ordinary differential equations, to the determina-
tion of invariant solutions of initial and boundary value problems, to the derivation of
conservation laws, to the construction of links between different differential equations
that turn out to be equivalent, etc. [9, 72, 78, 95]

Sedoglavic [86] introduced the use of Lie symmetries to nonlinear dynamical sys-
tems which are mathematically described by state-space and measurement equations.
In this context, Lie symmetries of a nonlinear system can be defined as groups of state
transformations which fulfil the state-space and measurement equations of the system
leaving its inputs and outputs invariant. The existence of such Lie transformations
implies the observability properties of the system: there are infinitely many sets of
values of states, i.e. parameters and dynamic states, that are admitted by the Lie
transformations fulfilling the mathematical model, i.e. state-space and measurement
equations, of the system, and an identification algorithm would not be able to find
the true values of the states among them based on the given input-output measure-
ments. The system is therefore unobservable according the definition of observability;
on the contrary, an observable system would not contain any Lie symmetry within
its mathematical model.

In [86], computation of a group of Lie symmetries for a given nonlinear system is

achieved through finding the kernel of the observability matrix which is obtained from
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an ORC algorithm. The kernel is then used to analytically solve a set of ordinary
differential equations with known initial conditions. The set of ordinary differential
equations is suggested by the Lie’s First Fundamental Theorem to describe the orbits
of Lie symmetries with respect to a free parameter. This method however is compu-
tationally cumbersome mainly due to the symbolic computation of the observability
matrix; analytically solving the differential equations with the aim of obtaining gen-
eral forms of Lie symmetries is often computationally intractable or mathematically
impossible.

Urguplu [102] and Anguelova [3] presented a more computationally efficient frame-
work to calculate Lie symmetries. In the framework, a system of differential equations
is derived by applying the Lie’s Invariant Function Theorem to state-space and mea-
surement equations, and using a priori assumptions on the form of Lie symmetries, the
system of differential equations can be converted to a linear system and solved system-
atically. Urguplu [102] and Merkt et al. [73] successfully implemented the framework
or a similar version to investigate the translation, scaling, affine, quadratic, Mobius,
etc. types of symmetries of biological and engineering nonlinear systems. The limita-
tion of this method however is associated with its inability to deal with general forms
of Lie symmetries. In addition, both of the aforementioned computational methods
are not capable of handling the situations where parts or potentially all of the inputs
are unmeasured for a nonlinear system. To relax this limitation, the secondary ob-
jective of this thesis is to extend the existing Lie symmetry computational methods
for analytic nonlinear systems with unmeasured inputs.

The exploration of Lie symmetries provides an alternative path to assess the ob-

servability of nonlinear dynamical systems [3, 86]. Applications of translation and
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scaling symmetries to model reduction and non-dimensionalisation problems are also

discussed in [46].
1.3 Objectives and outline

Motivated by the need to address the significant computational complexity prob-
lem associated with the implementations of the existing observability approaches, as
described in the literature review, this thesis develops two efficient and robust al-
gorithms to test the observability of linear and rational nonlinear systems with or
without unmeasured inputs. The developments of the suggested algorithms aim at
extending and maximising the applicabilities of the ORC and EORC-DF approaches
in particular, to real-world engineering systems that are often large and complex. The
secondary contribution of the thesis is devoted to investigating Lie symmetries of an-
alytic nonlinear systems with unmeasured inputs. Robust algorithms are proposed
to compute the analytic and power series forms of Lie symmetries for such type of
dynamical systems. This research also provides a pioneer study on the applications
of the computed Lie symmetries to the problems of observability assessment, model
reduction, system identification improvement, etc. In the final research presented in
this thesis, the previously proposed observability and Lie symmetry algorithms are
applied to the damage-healing hysteretic model, which is a complex, highly nonlinear
and non-smooth mechanical model recently introduced to account for the behaviour
of self-healing materials. After the processes of ‘observability analysis’ and ‘model
reduction’, the Unscented Kalman filter (UKF) and the discontinuous Unscented
Kalman filter (DUKF) are successfully implemented to identify the model parame-

ters using contaminated earthquake record and simulated output data. Specifically,
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this thesis is organised as follows:

e In Chapter 2, a robust algorithm to test the observability of large linear sys-
tems with unknown parameters is developed. The mathematical derivation of
the algorithm is presented in detail. Applications and superior performance of
the algorithm are demonstrated using several examples of large linear dynam-
ical models of engineering systems containing up to thousands of parameters
and dynamic states. The main content of this chapter refers to the paper en-
titled ‘A robust algorithm to test the observability of large linear systems with
unknown parameters’, which has been submitted to the Journal of Mechanical
Systems and Signal Processing, and the paper entitled ‘Robust computation of
the observability of large linear systems with unknown parameters’ [89], which
has been published in the Proceedings of the Sixth International Symposium
on Life-Cycle Civil Engineering. The author of this thesis is the first author of

both the papers.

e In Chapter 3, an efficient algorithm to test the observability of rational nonlin-
ear systems with unmeasured inputs is proposed. The mathematical derivation
of the algorithm is presented in detail. Applications and superior performance
of the algorithm are demonstrated using several examples of large and complex
dynamical models of engineering systems. The main content of this chapter
refers to the author’s paper entitled ‘An efficient algorithm to test the observ-
ability of rational nonlinear systems with unmeasured inputs’, which is to be

submitted to the Journal of Mechanical Systems and Signal Processing.

e In Chapter 4, Lie symmetries of nonlinear systems with unmeasured inputs are
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studied. Frameworks for computing the analytic and power series forms of Lie
symmetries are established. This chapter also explores the potential applica-
tions of symmetries to various problems encountered in system identification
campaigns. The main content of this chapter refers to the paper entitled ‘Lie
symmetries, observability and model transformation of nonlinear systems with
unknown inputs’ [87], which has been published in the Proceedings of the XI In-
ternational Conference on Structural Dynamics, and the journal paper entitled
‘Lie symmetries of nonlinear systems with unmeasured inputs’ which is under

preparation. The author of this thesis is the first author of both the papers.

In Chapter 5, observability analysis and model reduction using symmetries are
performed on the Damage-Healing Hysteretic Model. Accurate identification of
the model is achieved through the use of UKF and DUKF techniques. The main
content of this chapter refers to the author’s paper entitled ‘ Observability and
identification of damage-healing hysteretic model’ [88], which has been published
in the Proceedings of the Seventh World Conference on Structural Control and

Health Monitoring.

In Chapter 6, the thesis is concluded with suggestions and foresight for future

work.
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Chapter 2

A Robust Algorithm to Test the
Observability of Large Linear
Systems with Unknown
Parameters

The objective of this chapter is to propose an efficient algorithmic implementation
of the Observability Rank Condition (ORC) to examine the observability of linear
systems whose dynamic states and unknown parameters are to be identified. This
category of systems covers a wide range of civil and mechanical systems. The chap-
ter derives an explicit expression of the observability matrix of linear systems with
unknown parameters. It shows the viability of computing the observability matrix
recursively by introducing a product rule involving three-dimensional matrices. The
computationally expensive symbolic differentiations are replaced by matrix additions
and multiplications. This further allows for numerical realization of the algorithm,
and in addition the application of modular operations makes it possible to use floating-
point integers which substantially enhances the computation efficiency. Applications
and superior performance of the algorithm are demonstrated through several illustra-

tive engineering examples.
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2.1 The Observability Rank Condition (ORC)

The first section of this chapter provides a brief review of the mathematical derivation
and implementation of the ORC, while the details of the theory can be found in

[44, 50, 2].
2.1.1 Theory

Consider a nonlinear system with affine inputs written as the following state-space

representation:

dft = F(:nt, 0) + Z Gi(wt, O)UZ

i=1

(2.1)
y = h(x, 0)

where x; € R™ denotes the time-variant dynamic states, @ € R the time-invariant
parameters, uy, us, ..., 4, the measured independent inputs and y € RP the output
measurement vector. F', Gy, G, ..., G,, and h are vectors of nonlinear smooth func-
tions. If the time-invariant parameters of the system are unknown, they can be
treated as additional states with zero dynamics, i.e. 0 = 0,,x1. This leads to a state
augmentation by including both the dynamic states and the parameters in a common
state vector € R™:

x = [Czt} , n = ng + ng (2.2)

and the system in equation (2.1) may be rewritten with respect to the state vector

= f(x)+ Zgi(fv)ui 2.3)
y = h(zx)
where
f(z) = {Féft 9)] o giT) = {Gi)(ii’le)} (2.4)
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The observability of the above system defined in equations (2.3) and (2.4) can be
examined by the ORC. To derive the observability testing approach, it is first neces-

sary to introduce the Lie derivative operation. The Lie derivative of a vector of scalar

functions, XA = [A(z) ... )\p(ac)]T, along a vector field, v = [vi(z) ... vn(x)]T, is
defined as:
oA
where % is a Jacobian matrix:
oM M (225
ox1 Oxo e Oxn
Oda O OAz
a_A _ ox1 Oxo U Oxp (2 6)
O S '
My Oy My
dxy Oz T
Consider a piecewise-constant input function for ¢ =1, ...,m:
ui(t) =y, for te[0,t))
(2.7)
wi(t) =uf, for t €ty + ... +tp 1, b+ ty), k>2
Define the vector field:
Vi=f+> g} (2.8)
i=1

and let ®% denote the corresponding flow. The flow ®;(z) of a vector field V' is by

definition the solution of:

0P (x) .
L) .
Py(x) =x

Then, the state vector reached at time t; + ... 4 t; starting from an initial condition

2% under the piecewise-constant inputs may be expressed as:

oty + ...+ 1) = Bf o..o®; (z°) (2.10)

73
and the corresponding output vector y can be expressed as:

y(ty + ...+ tg) = h(x(ty + ... +tx)) (2.11)
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It should be noted herein that this output may be regarded as the value of a mapping;:

F* (=, e)F 5> R
(2.12)
(t1,...,tx) > ho <I>fk o..o®, (x°)

In the following, let indistinguishable states be defined as a pair of initial conditions,
x® and x®, producing two identical outputs for any possible piecewise-constant inputs.

The indistinguishable states must satisfy:
F (ty, o ty) = F (1, ..., t) (2.13)

for all possible (4, ..., t) with 0 <¢; < e. From this it can be deduced that:

OF _ _OF (2.14)
Oty Ot |y — g OOt |, _ g
A straightforward calculation shows that:
% = DveLuhia) (2.15)
and therefore,
Ly,...Ly, h(x®) = Ly,...Ly, h(x?) (2.16)

Now recall that V; (j = 1, ..., k) depends on (), ...,u! ) and that the above equality
must hold for all possible choices of (u{, ..,ul ) € R™. By appropriately selecting

these (u!,...,ul,) one easily arrives at an equality of the form:
L,,..L, h(z*) = L,,...L, h(z") (2.17)

where vy, ..., vg are the vector fields belonging to the set {f,g1,...,gm}- Let 7o =

Ly,...Ly, h, and from the equality Ly,~v2(x®) = Ly;~v2(x®) it can be obtained that:
Lyva(a®) + ) Lgva(@)uf = Lyya(a®) + Y Lg,ya(a®)u} (2.18)
i=1 i=1
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1
m

This, due to the arbitrariness of the (u},...,u! ), implies that:

L,y (z?) = Lv’)’z(wb) (2.19)

where v is any vector in the set {f, g1, ...,gm}. This procedure can be iterated, by
setting 43 = Ly;...Ly, h. From the above equality one gets:
L,Lvs(x®) + Z Ly Lg,ys(x)ui = Lva'Y3(wb) + Z Lngi'73(wb)u12 (2.20)
i=1 i=1
and therefore,

LUILU2'73(SBG) = Lv1Lv273<$b) (221>

for all vy, vs belonging to {f,g1,...,gm}- Finally one is able to arrive at equation
(2.17).

Equation (2.17) implies that all the possible Lie derivatives Ly,,...L,, h for any
k =1,2,... are evaluated equal at indistinguishable states. This derived Lie derivative
property allows to establish the following rank testing approach to identify whether
such pairs of indistinguishable states (locally) exist. Successively arrange those Lie

derivatives, i.e. h, Lyh, Lg.h, LyL¢h, Ly, L¢h, etc. in a column vector A:
o
Lsh
Ly, h
A= L;Lh (2.22)
Ly, L:h

and define the observability matrix 2 as the gradient of A with respect to @:

)

(o s
ox

(2.23)

Note that it has been shown in [2, 70] that the Lie derivatives of k = 1,...,n—1, where

n is the dimension of the state vector, are sufficient to explore the observability.
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If © is a full-rank matrix at = 2%, i.e. rank(Q(x?)) = n, the Inverse Function
Theorem [94] ensures that the only indistinguishable state of °, i.e. the one resulting
in equal Lie derivatives as x°, within its closed neighbourhood is x° itself. This
consequently means that it is possible to distinguish and observe x° and hence the
trajectory x(t, %) from its neighbours using the given input-output measurements.
Following the above fact, the observability testing criterion can thus be concluded: the
system in equations (2.3) and (2.4) is said to satisfy the Observability Rank Condition
(ORC) at x° such that its state vector (¢, °) is (locally weakly) observable, if and
only if rank(Q(x°)) = n; the system satisfies the ORC if rank(Q(x)) = n for all
possible & € R"™ (normally except for some singular points where the ranks of €2

would be reduced).
2.1.2 Implementation

To implement the ORC for a given nonlinear system with state-space and output
equations, a simple algorithm described in [26, 50] can be used to compute the Lie
derivatives in a recursive way and successively arrange the gradients of these Lie
derivatives to output the observability matrix. The algorithm is presented in the

following;:

Algorithm 2.1
Input to the algorithm: the system functions f,gq,ga2, ..., gm, the output func-
tions h and the system states
Output from the algorithm: the observability matrix €2
Initialization: Let k = 0, Ag = h, Qg = 20

1. Compute the Lie derivatives Agy1 = [(LpAr)T (Lgy k)" (LgyAr)™ ... (Lgm)\k)T]T
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2. Compute the rows of the gradient of the Lie derivatives, and arrange them into

OApt1

the observability matrix Qg1 = Qp U =52

3. Compute the rank, if rank(Qgy1) = rank(Qg), or rank(Qgy1) =n, or k =n —2,
end and output 2 = Q14

4. Let k =k + 1 and go to step 1

It should be noted that the computations involved in Algorithm 2.1 are symbolic as
the gradient operations are analytic and thus must be implemented by differentiating
symbolically the associated expressions. Once the observability matrix is obtained,
the observability of the system in equations (2.3) and (2.4) is analyzed through rank
testing. The system satisfies the Observability Rank Condition so that it is observable
if 2 has a rank equal to the dimension of &, n. The observability of the [""(I = 1,...,n)
state of & can be detected by removing the [ column of €: if the rank of the resulting

matrix is smaller than the rank of €2, then the [*

state is observable; otherwise it is
unobservable. If that state is further a parameter it will be correspondingly be deemed
as identifiable or unidentifiable. If and only if all of the dynamic states are observable
and all of the parameters are identifiable, then the system is said to be observable.
Furthermore, the transcendence degree of the system, that is calculated as the rank
deficiency n —rank(€2), can be used to account for the number of unobservable states

for which a modelling assumption needs to be made in order to reduce an unobservable

system to become observable [26, 2|.
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2.2 The observability matrix of linear systems with
unknown parameters

It is worth mentioning that the observability matrix of linear systems with known pa-
rameters has been well-explored [55]. This work focuses on linear underlying systems

with unknown parameters @ which are described by:

iy = A()x; + ; Bi(@)u;, 0=0,,. 2.24)
y=C(0)x;

where A(0), B;(0) and C(0) are the matrices with elements functions of the un-

known parameters. Strictly speaking, the system in equation (2.24) is linear with

respect to the dynamic states and the inputs, but overall nonlinear due to the terms

of the products between A(0), B;(0), C(0) and x, u;. Following the state aug-

. T . . .
mentation x = [ath OT} for the purpose of parameter estimation, the system is

rewritten as the form of (2.3), and the corresponding f and g; can be obtained as:

i [A(O)a:t} gl [Bi(e)] 0.95)

07 x1 07 x1

Algorithm 2.1 is applicable to test the observability of the system in equations
(2.24) and (2.25). However, as noted in the literature review, the symbolic computa-
tions involved in the algorithm are cumbersome especially when the augmented state
vector @ is of large size and the system functions f and g; are complicated, which
appears as a substantial limitation to real-life engineering applications. In order to
develop a more computationally efficient algorithm, this section aims to derive an ex-
plicit expression of the observability matrix of the system. The key idea is to separate

all the Lie derivatives of the system into three subsets:

{Lih:k=0,1,..,n—1} (2.26)
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{Lg,Lih:k=0,1,..,n -2} (2.27)

{Ly,..Loy Ly, L%h - k=0,1,...n = 3,r=1,2,..,n — k — 2} (2.28)

where v, is any of the vector fields belonging to the set {f,g91,92,...,9m}- L’Jih is

the k' order Lie derivative, i.e. L¢...L¢ h, and this can be calculated recursively by

~——
k

L’;h =1L fL';_lh with L‘}h = h. The expression of each subset of the Lie derivatives
is derived as follows.

In (2.26), the k™ order Lie derivative of h along f is expressed as:
L%h = CA'z, (2.29)

A proof by induction for equation (2.29) follows: for & = 0, L(}h = h = Cuxy,
which indeed satisfies (2.29). If one assumes that equation (2.29) holds for k — 1, i.e.

L';c_lh = C A" 'x,, the equality will be shown to hold for k. Using equation (2.5)

_ o oL  'h -
to compute L’;h = LfLﬂ;c 'h, it is necessary to compute gw = BC’%I; ‘2t The

gradient with respect to the state vector, &, can be separated into a sub-gradient with

respect to the dynamic states, x;, and a sub-gradient with respect to the parameters,

oCA 1y _ |9CA* 'y OCAFay

6, giving oz = ozt 90

]. Since C A*™! is a matrix depending on

OCAF—1g, — CAk—l

0 but not on ay, o

. Thus taking the expression of f in equation

(2.25) and substituting it into (2.5), Lh is computed as:

- - Az
k k—1 - h=lg t| _ k
Lth =LyLy  h = CAF! %} {OWXJ =CA"x; (2.30)

which coincides with equation (2.29) for k, and therefore concludes the proof by

induction of (2.29).
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Having obtained the expression of L’;h, it proceeds to derive the Lie derivative of

L’J‘ih along g; using equations (2.25) and (2.5) in (2.27):

. B;
Ly,Lih = [cAk’ m} [0 } — CA"B; (2.31)

00 ngx1

To evaluate the remaining Lie derivatives L,,T...L,,ngiL’;h appearing in (2.28),

LvngiL"}’h corresponding to either LngiL’;h or ngLgiL’}’h (7 =1,..,m) is first

. . OLg, L% . .
computed using equations (2.25) and (2.5). ngwa b 80’8“:3’ based on equation

. . OLg,L%h kR, kB, . .
(2.31) is written as —2—-— = [acéa;th ‘90‘5‘0 Bl] Since CA*B; is a vector of pa-

rameters but not of dynamic states, %ﬂi&- is a p X ny zero matrix. Therefore,
kp _ ocatp,; ] | ATt | _

(2.32)

ngLgiL’;h - |:0p><nt 8CAkBi} [ b ] = 0px1

The zero Lie derivatives LvngiL’Jih lead to zero higher order Lie derivatives, i.e.
Lvr...LvngiL'}’h = 0,1, which can be ignored when construting the observability
matrix since they do not deliver any observability information of the system.
Thanks to equations (2.29) and (2.31), where all the nonzero Lie derivatives have
been expressed in terms of the system matrices A, B;, C and the dynamic states ax,
the expression of the observability matrix can be readily obtained by evaluating the

gradients of the Lie derivatives. At the k' iteration of the algorithm, one obtains:

K
OLzh _ [CAk 8CAkmt]
ox 90
T (2.33)
M _ dCAF1B,
am - Opxnt 90

Then for k = 0, ...,n—1 the full observability matrix of the system in equations (2.24)
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and (2.25) attains the following form:

B 0Cxt
C 0
CA 0C Axy
0 88%1
PXNg 80
0CBnm,
Opxnt 00
CAk 6034;:1:15
BCAk*1B1
Q= Opxns 90 (2.34)
0 dCA* B,
PXNg 00
n—1 OCA" gy
CA gt
0 0CA"™2B;
PXMNg o0
0 0CA" 2B,
L “PpXnt 00 _

2.3 Recursive computation

This section aims to compute the observability matrix of equation (2.34) in a recursive
way. A key objective of the recursive formulation is to avoid the use of symbolic
differentiations and instead compute the submatrices involved in €2 by the operations
of matrix addition and multiplication. While it is straightforward to compute the
: k : k—1 : : oCAFz
submatrix C A" recursively as CA" " A, the recursive computations of “=55* and
dCAF1B; . . . . .
55— are realized by introducing a product rule to expand the gradient of matrix

multiplication, which is analogous to the well known product rule for the derivative

of product of two scalar functions: (fg)' = f'g+ f¢'.
2.3.1 A product rule for the gradient of matrix multiplication

Let U be a 2-dimensional matrix with its (i;,i2)" element denoted by U;,s,, and z

be a vector with its [/ element z. The gradient of U with respect to z, V = %—lzj, is a
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3-dimensional matrix where the (i1, 7o, [ )th element of V' is calculated by V;,;,; = Wiy

0z;
Let U and M be matrices with dimensions a x # and [ X ~ respectively, and

z be a vector with dimension v x 1. A product rule for the gradient of the matrix

multiplication U M with respect to z is introduced as follows:

UM ,oU" oM
=(— M +U— 2.35
0z (8z Jr 0z ( )
where agiv[ is a a X v X v matrix, %—[z]isaaxﬁxumatrixand%—]‘z/fisaﬁxvxy

matrix. The notation ‘T}’ over a 3-dimensional matrix is used to denote the transpose
between the second dimension and the third dimension of the matrix. For example, V'
under the transpose, V¥, is a 3-dimensional matrix with its (i1, [,45)"" element equal
to the (iy,1i,1)" element of V', i.e. (VT); 1, = Vijiyi. The multi-dimensional matrix
multiplication follows the rule of single contraction between the last dimension of the
first matrix and the first dimension of the second matrix. For example, if W = Uaa—]\z/l,

then W is a a x v X v matrix with its (iy, j, )" element calculated by:

B
oM
VViljzl = Z Uiﬂ'z(E)mél (236)

i9=1

Similarly, if M is a § x 1 vector, the product rule is given as:

oUM oU™ oM
=— M+U— 2.37
0z 0z * 0z (2:37)
where majiv[ is a a X v Jacobian matrix and %—J‘Z/I is a # X v Jacobian matrix.

Proof: Equation (2.35) is proved in the following relying on the concept of tensors.
Referring to the Chapter 1 of [29], a matrix of any number of dimensions has a
corresponding tensor form of the same number of orders. The matrix U may be
written as a second order tensor using the Einstein summation notation: U;,;,e;, ®
e, (i1 =1,...,a,iy = 1, ..., B), where U, ;, is the (i1, i5)"" element of the tensor, e;, and
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e;, are directional unit vectors, ® is the tensor product. Similarly, M and z can be
written as M, j,ej, ® e, (1 =1,...,5,j2 =1,...,7) and ze,(l =1, ...,v) respectively.
The correspondence of the matrix multiplication, e.g. UM, in the tensor field is

namely the dot product following the rule of tensor single contraction:
(Ui1ize’i1 ® eiz) ’ (Mj1j2ej1 ® ejz) = UilizMizjéeil ® €j, (238)

The gradient of the resulting tensor (2.38), which is the tensor form of the left hand

UM

5. » can then be written as:

side of equation (2.35) i.e.

an1i2Mi2j26i1 ® €j2 ® o 8Ui1i2Mi2j2
e = —F———
aZl 8,21

€, & €j2 X € (239)

Applying the standard product rule for the derivative of product between scalars

yields:

anliz MZ

azl

272

8Ui1i2 M

OM,,;,
8Zl igja T Ui1i2 g’ )eil X ej, X e (240)

8zl

ei1®ej2®el:(

Next, it aims to follow the above tensor operations to calculate the tensor form of the

right hand side of equation (2.35):

U, T, oM. .
(( 8211 e e @er) My jej ®ep,) Ui, Qe aé;p e ©epBer (241)
The earlier defined transpose ‘T}’ is used as:
( 8,211 ey, We, ®e)t = 8211 ‘e, R e @ e, (2.42)

Thus continuing from expression (2.41), the tensor form of the right hand side of

(2.35) can be simplified as:

aUz 7 Tt
( 8211 ‘e, ®ey® ey My e @ ejz) +
M. .
Ui1i2e’i1 X €4y - 83112 €j, ® €j, ® e
o (2.43)

_( Ui”’?MH e ® .)Tt_i_U‘.aMigjz Se. ®
- 821 i2§2 €1 € € 112 (92; €4 €j, €1
:( azl : M’i2j2 + Ui1i2 8Zl2]2 )e'il ® €5, ® e
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which coincides with expression (2.40). Therefore the tensor forms of the L.H.S and

R.H.S of equation (2.35) are equal and thus (2.35) is proved. Following the same

way, equation (2.37) when M is a 8 x 1 vector can also be proved to hold. The tensor

form of the left hand side of (2.37) is written as:

6Ui1i2 Mi2 '
82[ "

OU,, i, oM,
8zl ? + u e 8zl

®e = ( Jei, ® e

While the tensor form of the right hand side of (2.37) becomes:

anliz

( oM,
821

T
€;, (029 €;, (029 el) t. Mjlejl + Uiligeil (024 €;, - —Ejl & €

8,21

Expression (2.45) can be simplified as:

8UZ‘”’2
821
= 8,21; M, e, ® e+ U, 8—2126i1 ® €
Ui.i oM,
=(THEM,, + Uy, 52 e
( azl 2+ 112 8zl )61®el

M
J1
€i; Ve e, - Mjlejl + Ui1i26'i1 X €4, - €51 ® e

8zl

(2.44)

(2.45)

(2.46)

which coincides with expression (2.44). Therefore the tensor forms of the L.H.S and

R.H.S of equation (2.37) are equal and thus (2.37) is proved.

2.3.2 Recursive computation of the observability matrix

k k—1
80:940 Tt and 0CA B

Consider the submatrices 56

ACAFxy

i since C A is a 2-dimensional matrix,

x; is a vector and @ is a vector, =55t is expanded according to equation (2.37):

OC Arx, OC A* T ox
= t AR 2.4
g0~ op ) Tt OA G (2.47)
% is a zero matrix due to the dynamic states and the parameters being independent,

and therefore equation (2.47) becomes:

oCA'z, _ oCA"
06 06

)i,
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Expressing CA* as CA" A, aca'gx’f is expanded based on equation (2.35):

aocA*  9CAF!

0A
00 = (( 00

LA\ L cARIEE 2.4
JHA) +C 20 (2.49)

Taking the transpose I} of the both sides of equation (2.49) gives:

OCA* .  OCA*' . r_10A 1,
( 50 )it = (0—0) A+ (CA 8—0) (2.50)
Similarly, % is expanded using (2.37):
OCA*'B; ocA*' . w1 0B;
50 = ( 90 )''B; + CA 50 (2.51)

Equations (2.48), (2.50) and (2.51) can then be used to recursively update the sub-

dCAFz, 9CA-1B
5o - and 90

OCA*x

matrices 50

PR k
Loie. 9CAINT: ot

at step k is computed from (%55

step k based on equation (2.48); (%)Tf at step k and % at step k — 1 are

computed from (%‘:_I)Tf at step k — 1 and CA*! at step k — 1 based on equations

. . . . . aA
(2.50) and (2.51) respectively. The constant terms during the recursion, including 5z

0B;
00 7’

and can be pre-computed at the initialization step.

For clarity of the presentation, the symbols ag, bx, cx_1 and dj are introduced

to denote C A, 805‘;“, aCA;; "Bi and (8%—f)Tt respectively. At step k, the matrices

in equation (2.33) are computed by:

OLEh
LY
k—if (2.52)
OLg, Ly "h
T o = [Opxnt ck—l}
where ay, is computed by:
ap = ak_lA (253)
by, is computed by equation (2.48):
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dy, is computed by equation (2.50):

0A
di =dp_1 A+ (ap_1—)" (2.55)
00
and cg_1 is computed by equation (2.51):
0B;

(2.56)

Ch—1 =dp_1B; +ar_1 50

with ag = C and dy = (%)Tt at the initial step. A flowchart diagram is presented in

Figure 2.1 showing the recursive formulation can be used as an algorithm to output

the observability matrix of the system in equations (2.24) and (2.25).

a():C

d0=(6C/ae)Tt

A system characterized | Pre-computation Initialization

0A OB, oC
by A, B;and C /60 }/60 /(?9

Recursive computation

0B;
Cr=di Bitay /@9

Successive arrange Ay bk Submatrix at k d,=d,_A+(a,. 10A/,3 0 )Tt

Output: Q

0 Ck-1 b, =d, x;

a=a A

Figure 2.1: Recursive computation of the observability matrix

2.4 Robust algorithm

2.4.1 Numerical realization

The previously derived algorithm can be implemented symbolically using symbolic

computing tools such as MATLAB symbolic toolbox [71], Mathematica [110] and
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Maple [69]. On the other hand, an advantage of avoiding symbolic differentiations,
with the exception of the pre-computation in Figure 2.1, is that numerical realization
of the algorithm becomes possible. This can be achieved by specializing the dynamic

states and the parameters on some randomly chosen values: x; = Ty, 0 = 0. As a

result, A(8), B;(0), C(6), 2 5o 4(9), 2Bi(9) and 80(49) at the initialization are all nu-

20
merical matrices, the following matrix operations are all numerical, and consequently
the algorithm is expected to output a numerical observability matrix €2(Z, 0~)

For observability problems, one is interested in the generic rank rather than re-
duced ranks of the observability matrix that might occur at certain realizations of the
states corresponding to singular points. Such singular points are more relevant for
applications involving controllers [67]. Given that it is highly unlikely to pick those
singular points in a random process, the rank of Q(Z;, é) is expected to be the same
as the generic rank of the corresponding symbolic matrix Q(x;, 8). A similar discus-
sion can be found in [86] for development of a semi-numerical algorithm to test the
observability of nonlinear algebraic systems, where the initial conditions of dynamic
states and parameters of the systems are specialized on random integers. To summa-
rize, a complete description of the proposed algorithm with numerical realizations is
presented in the following as Algorithm 2.2.

Algorithm 2.2
Input to the algorithm: the matrices A, By, ..., B,, and C, the dynamic states x;
and the parameters € of the system in equation (2.24)

Output from the algorithm: the observability matrix €2

0A 0B; O0Bm and 8C

591 5o op symbolically

Preprocessing: Compute

Initialization: Set £ = 0. Choose random numerical realizations for x; = &4, @ = 0
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where &;,0 € R. Let ag = C, do = (25)™, by = dozs, Qo = [ao bo)

1. From Eq. (2.56), compute ¢ = di By + aka(%, cevy Clym = A B + ak%
2. From Eq. (2.55), compute djp41 = dip A + (ap22)"

3. From Eq. (2.54), compute bgy1 = dg112¢

4. From Eq. (2.53), compute ag+1 = apA

5. Arrange the submatrices from steps 1, 2, 3 and 4 in the observability matrix
ar+1 brya

0 c
PX 1Nt k,1
Q1 = Qe U ) )

Opxnt Ck,m
6. Compute the rank, if rank(Qg41) = rank(), or rank(Qgr1) =n, or k =n— 2,

end and output €2 = Q44

7. Let k =k + 1 and go to step 1

2.4.2 Symbolic numbers vs. Floating-point numbers

In terms of the type of numerical operations in a computing system, using floating-
point numbers is the most efficient way to process the algorithm. However, a drawback
is that floating-points are of limited precision to represent real numbers. The errors
brought by the lost precision would propagate and accumulate through the recursive
computation and can eventually exert a significant impact on the numerical rank
of the observability matrix. Moreover, floating-point numbers have to be limited
within a range defined by the maximum and minimum representable numbers. When
the algorithm is implemented for large systems, the occurring numbers during the
recursion can easily exceed those limits.

Symbolic numbers: A considerable alternative is to use symbolic numbers in-

stead of floating-point numbers as symbolic numbers are not only always exact but
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also infinitely representable. Operations between symbolic numbers are substantially
cheaper than operations between symbols. Nevertheless, processing of symbolic num-
bers is less efficient than that of floating point numbers especially for large systems.

Floating-point integers with application of modular operations: The
drawbacks of using floating-point numbers, related to the issues of limited precision
and number growth, can be effectively alleviated by using integers, i.e. g, R
with application of modular operations. The modular operation of a rational number
a, i.e. an integer or a fraction two integers, using a positive prime number p is de-
noted by amod p. The rule of modular arithmetic can be simply described as follows
[90]: assuming a is an integer, amodp takes the remainder of a divided by p, and
the result is a positive integer between 0 and p — 1; if the greatest common divisor
of @ and p is 1, then based on the rule of modular multiplicative inverse, a=!mod p
is a positive integer b between 1 and p — 1 such that abmodp = 1. To perform the
modular operations on the algorithm, a large prime number p is selected and a set of
integers between 1 and p — 1 are randomly chosen for ¢ and 6. Then all the involved
computations in the algorithm are operated by modp. Let agp, b p, crp and diyp
denote the recursive terms after applying the modular operations to equations (2.56),

(2.55), (2.54) and (2.53),

OB;
cr-1p = ((di—1pBi) modp + (ax—1,p=5") modp) modp
A
dip = ((dr—1,pA) modp + (ak—l,p%)Tt mod p) mod p
(2.57)

br.p = (dgpxs) modp

akp = (ax—1,pA) modp
where the modulo operations are applied to the matrices elementwise.

The following distributive law [90] is used to account for the usefulness of the
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modular operations on the algorithm:

(Emodp + Fmodp)modp = (E + F)modp
(2.58)
(Emodp)(F modp) modp = EF modp

where the law holds either when F and F' are rational numbers or matrices with

rational elements. Based on equation (2.58), equation (2.57) is equivalent to:

0B;
Ck—1,p = (dk—1,pBi + ak—l,pa—B) mod p

" 00 (2.59)
brp = (dgpxs) modp

akp = (ak—1,pA) modp
and consequently, it can be deduced that the occurring observability matrix from the

algorithm using modular operations, denoted by €2, satisfies the following property:

Q, =Q modp (2.60)

The observability of a tested system is then determined by evaluating the rank of €2,
over a finite field IF, through applying modular operations to Gaussian elimination
186, 90, 14, 91]. As discussed in [86], if €2, is a full-rank matrix, £ must also be full-
rank, both observability matrices agreeing to imply the tested system is observable. If
2, is not of full-rank, it is highly likely that €2 is not of full-rank either. An exception
where 2 would be of full-rank despite €2, not being of full-rank may occur when the
nonzero determinant of the largest square submatrix of € vanishes modulo p (if €2 is
a square matrix, for example, the case would be det(£2) modp = 0). [86] suggested
an approach to estimate the upper bound of the probability of this case where €2,
and € deliver different rank information, and it was shown that the likelihood of this

occurring becomes practically negligible if the prime number p is selected to be large.
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Therefore, €2, is capable of accurately describing the observability of a tested system
with a very high probability of success.

The usefulness of the modular operations allows for proposing Algorithm 2.3 which
makes use of floating-point integers for numerical realizations.

Algorithm 2.3
Input to the algorithm: the matrices A, By, ..., B,, and C, the dynamic states x;
and the parameters @ of the system in equation (2.24)

Output from the algorithm: the observability matrix €2,

0A 0B O0Bm

94 9B, oc
96 090 > 00 90

and ¢

Preprocessing: Compute symbolically

Initialization: Set k = 0. Select a large positive prime number p. Choose random
numerical realizations for @; = @, 0 = 0 where &, 0 € {1,...,p — 1} in a floating-
point format. Let agp = C, dop = (%)Ti, bo,p = dopxt, Qop = [ag,p bo,p}. All

the matrices modp

1. Based on Eq.(2.57), compute

Chpi = ((dk,pBi) mod p + (ak,p%) modp) modp (i =1,...,m)

2. diy1,p = ((diepA)modp + (arp%s )™ mod p) modp

3. brt1p = (drt1,pTt) modp
4. agy1,p = (@ pA)modp

5. Arrange the submatrices from steps 1, 2, 3 and 4 in the observability matrix
art1p brt1,p

0 c
DXt k,p,1
Qpt1p = Qi p U : : mod p

Opxnt ck’pam
6. Compute the rank over F,, if rank(Qg41,p) = rank(Qyp), or rank(Qgi1,p) = n,

or k =n — 2, end and output 2, = Qp41,p

7. Let k =k + 1 and go to step 1
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Note that Algorithm 2.2 through the use of symbolic numbers is more computa-
tionally expensive than Algorithm 2.3, although the latter comes at the price of a
very small probability of predicting a wrong rank for the observability matrix. This
issue can be alleviated by repeating the numerical realizations using different values
of #; and 6 and the selection of p. A second limitation of Algorithm 2.3 is that the
elements of the matrices A, B; and C must be rational functions of € i.e. polynomial
functions or fractions of polynomial functions, while for Algorithm 2.2 those functions

can be analytic with respect to 6.

2.5 Illustrative examples

2.5.1 Example 1: N degrees of freedom mass-spring system

_>F

k, k,

O O O

Figure 2.2: N degrees of freedom mass-spring system

The purpose of this example is to illustrate the use of the proposed Algorithm 2.2
and Algorithm 2.3, and compare their efficiency versus the standard implementation
of the ORC i.e. Algorithm 2.1. The dynamical system shown in Figure 2.2 is a N
degrees of freedom mass-spring system with the i** mass and spring stiffness denoted
by m; and k; respectively. The displacement and velocity of m; are denoted by
x; and ; respectively. The dynamical system is subject to a measured force F

applied on the first mass. Suppose all of the masses and stiffness are to be identified,
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and the displacements and velocities of the system are to be tracked using a set of

measurements. @ is then written as:

0 = [k)l k’g ]{?N myi My mN]T (261)
and x; is:
xo=[r1 Ty .. TN E1 By . @N] (2.62)
The system matrix A is of the form:
| Onxny  Ingn
A= MK Oyon (2.63)
where M is the diagonal mass matrix and K is the stiffness matrix:
(k1 + ko —ko 0 0 7]
my 0 ... 0 —ky kot ks —ks 0
M = . . . . 7K = 0 _k?)
6 0 my : : kn-1+kn —kn
L0 0 —kn kn
(2.64)

Taking into account there is only a single force applied on m;, the input matrix B;

with 7 = 1 is obtained as:

mi

B = [01xn le(Nfl)]T (2.65)

The form of the output matrix C' depends on what the output measurements are. For
example, if the measurement is the displacement of m;, i.e. z;, then C is expressed
as:

C = [01xi-1) 1 Oixen—p] (2.66)

Three degrees of freedom system

First, the observability of a three degrees of freedom system, i.e. N = 3, is tested.

This system has already been studied in [26] using Algorithm 2.1 and the results
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are used for comparison herein. The observability of the system is investigated for
three different measurement scenarios where in each the displacement of a single
mass is measured, i.e. x1, o and x3. The output results from Algorithm 2.2 and
Algorithm 2.3 are presented in Table 2.1 where the observability and identifiability of
the individual state is detected through rank testing after obtaining the observability
matrix, as described in Section 2.1.2. The results from Algorithm 2.1, Algorithm 2.2
and Algorithm 2.3 are in full agreement and hence provide users with exactly the

same observability information of the system.

Algorithm 2.2 Algorithm 2.3
Measurements T To T3 T To T3
Rank(92) 12 11 10 12 11 10
L1, T2, T3, Ty, T2, T3,
Observable i’l, .’fg, j737 ZTo, I3, j?g, Ta. e k i‘l, j?g, i/’g, T, I3, .J'S'Q, o i k
states kh k’g, k’37 j73, kl 378 M kl, kg, k?g, fg, k’l 3 s M
my, Mo, M3 my, Mo, M3
Unobservable ;1, T1, ko, 1, Tz, Ty, Ty, 11, ko, T1, Ty, Z1,
states - 3, M, Ma, T2, ko, ks, - ks, my, ma,  Zo, ko, k3,
ms my, Mo, M3 ms my, Mo, M3

Table 2.1: The observability of the 3 DOFs mass-spring system using Algorithm 2.2
and Algorithm 2.3

Large systems

Having built the confidence in the proposed algorithms, the observability tests are
performed on the system in Figure 2.2 with an increasing number of masses: N =
10, 20, 40, 60, 80, 100, 200, 500, in order to compare the capability and efficiency of
Algorithm 2.1, Algorithm 2.2 and Algorithm 2.3. All the algorithms are implemented
in MATLAB R2016a on a desktop computer with Core i7-6700 CPU (3.40GHz) and
16GB RAM. The elapsed time of implementation is recorded in seconds for each test,
as shown in Table 2.2. The elapsed time does not count the time of preprocessing

A 9By

. . . aC
since the symbolic computations of 5z, g and g are common for the proposed
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N | Algorithm 2.1 | Algorithm 2.2 | Algorithm 2.3
7 5698.73 0.46 0.02
20 - 6.57 0.09
40 - 45.84 1.18
60 - 154.49 6.19
80 - 393.71 19.11
100 - 884.04 46.74
200 - 16888.09 733.56
500 - - 23014.22

Table 2.2:  The elapsed time of observability testing (seconds) for large systems

algorithms. If a test is not completed within 48 hours or the computer runs out of
memory, the result is indicated by the notation ‘-’.

The displacement x; is used as the measurement for all the systems and the force
is always assumed to be applied on the first mass. It is worth mentioning that Franco
et al. [40] have theoretically proved that a mass-spring system with any number of
DOFs is observable when i) the excitation is located at the first mass m; and the
measurement is the displacement z1, ii) the excitation is located at the last mass my
and the measurement is the displacement xy or iii) the excitation is located at any
mass m; and the measurements are the displacements x; and z;_;. The scenarios
considered herein fall within case i).

The observability results of all successful implementations are that the system
is observable as expected for this case. As can be seen in Table 2.2, Algorithm 2.1
successfully tests a system of 7 DOF's, but it is unable to give any results of observabil-
ity for the systems with 20 and hence more DOFs within 48 hours. In comparison,
the proposed algorithm either using symbolic numbers or floating-point integers is
capable of dealing with a large system with several hundreds of DOF's within an ac-

ceptable period of time. When implementing Algorithm 2.2 using symbolic numbers,
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the elapsed time grows significantly with the size of the system. Algorithm 2.3 is
more efficient due to fast processing of floating-points in a computer, and therefore
it is applicable to larger systems.

The reported efficiency of implementations might be further improved e.g. by
parallelizing the algorithms, but the focus of this study is on the relative differences
between the algorithms. It should be mentioned that the main limitation with Al-
gorithm 2.1 is its high RAM requirements. The implementations of Algorithm 2.2
and Algorithm 2.3 are efficient in the usage of RAM and thus can avoid problems
with exceeding the RAM available to MATLAB. This then allows Algorithm 2.2 and
Algorithm 2.3 to improve their efficiency by making use of more cores in parallel
in the computer. However, it is difficult for Algorithm 2.1 to improve if the RAM

requirements are the critical limiting factor.
Viscously damped system

In this part, the existence of rate-proportional viscous damping forces associated
with a corresponding damping matrix Cy is considered for the system in Figure 2.2.

A matrix of such a mass-spring-damper system becomes:

| Onxn Inyn
A= | 3% ke, (2.67)

Algorithm 2.2 and Algorithm 2.3 are applied to examine the observability of the
system with different forms of the damping matrix, including i) a full symmetric Clg,
ii) Cq4 corresponding to having viscous dashpots between successive masses and iii)

a Rayleigh, mass and stiffness proportional damping matrix. In case i), the damping
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matrix can be generally written as:

C11

Cy=

sSYym.

CIN

CNN

(2.68)

where ¢q1, ...,cyny are the damping parameters to be identified and thus included in

the vector of parameters 8. Case ii) results in:

-Cl + Co —C9 0 0 ]
—C9 Co + C3 —C3 0
Cd = 0 —C3 (269)
: : CN—1tCN —CN
L 0 0 Ce —CN CN |

where the coefficients of the viscous dashpots ¢y, .., cy are the parameters to be iden-

tified. The last case focuses on the form:

Cy=aM + BK (2.70)

where o and (3 are scalar parameters to be identified.

If the system has 100 masses, i.e. N = 100, the occurring 100 DOFs sys-
tem can be viewed as the model of a 100-floor shear building. For simplicity, it
is still assumed that a single force is applied on the first floor. Note that be-
cause of the inclusion of a damping matrix whose parameters are to be identi-
fied, the conclusions on the observability of the system in [40] are not applicable
anymore. Suppose ten sensors are installed at the floors following two different
sensor configurations where in each five displacements and five accelerations are
measured: configuration 1) the sensors are installed at the top ten floors measur-
ing 100, To9, Tos, Lo7, Log, L95, Lo, To3, Lo, Tg91 and configuration 2) the sensors are in-
stalled at every ten floors measuring x199, Z90, T80, £70, T60, L50, L405 L30, T20, L10- Using

the two sensor setups the observability of the system is examined under the three dif-

ferent considerations of damping. As is often the case in practice, there is also a
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consideration of whether the masses of the system are deemed as known or unknown.
The observability results of all the scenarios are presented in Table 2.3, where a cell
gives the observability property of the system under one of the sensor configurations,
one of the assumed damping matrices and either the masses being considered as
known or unknown.

As shown in Table 2.3, the system with case i) a full symmetric damping matrix
is highly unobservable regardless of whether the masses are assumed to be known or
unknown and under any of the two sensor setups. It implies that a method that aims
to identify the general matrices of mass, stiffness and damping, as for example the
subspace identification method would attempt to do [106], would not succeed under
certain sensor setups and applied measured force(s). On the contrary, case ii) the
damping matrix makes the system observable for all the scenarios. Interestingly, this
is typically the form of damping that one would assume when using for example the
methods of nonlinear Kalman filters [25]. The system with case iii) the Rayleigh
damping matrix is observable when the masses are known but unobservable when the
masses are unknown given the sensor configuration 1. A further observability analysis

of this case shows that, when the mass parameters are unknown, both the Rayleigh

damping coefficients a and  are identifiable but the stiffness and the masses are

Sensor configuration 1 Sensor configuration 2

Damping matrix | Mass parameters | Observability | Mass parameters | Observability
Case i) known unobservable known unobservable
unknown unobservable unknown unobservable

Case ii) known observable known observable

unknown observable unknown observable

Case i) known observable known observable

unknown unobservable unknown observable

Table 2.3: The observability of a 100 DOFs mass-spring-damper system
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not separately identifiable. This is an indication that while one would not able to
identify those parameters, the combined M ~! K and hence the frequencies of the sys-
tem might be identified successfully. Unlike the sensor configuration 1, the Rayleigh
damped system is observable for both mass scenarios under the sensor configuration
2 where the locations of sensors are distributed evenly along the building.

This example demonstrates that for a given sensor setup the assumptions on
the form of damping used may have significant effects on the observability of the
system. Interestingly, the most general assumption of case i) would lead to inability
of identifying the system for the examined sensor setups. While using a specific
damping as in cases ii) and iii) improves the observability of the system, one should
also realize that the results obtained are possible only as a consequence of introducing
those assumptions. Moreover, using a different sensor configuration or introducing
more sensors would also help improve observability. The observability tools proposed
in this work allow users to achieve such investigations without concerning about the

limitations associated with Algorithm 2.1.

2.5.2 Example 2: 3D finite element model of a truss-beam
bridge
Application of Algorithm 2.2 and Algorithm 2.3 to a 3D finite element (FE) model of a
truss-beam bridge whose geometry is inspired by Tokyo Gate Bridge is demonstrated
in this example. The model under investigation contains more than two thousand
states, and its size does not allow for using Algorithm 2.1 in practice due to the
associated physical memory requirements. Tokyo Gate Bridge is a recently built
(2011) steel bridge located across the Tokyo Bay in Tokyo. The main bridge is a

three-span composite structure of trusses and a steel girder. A schematic diagram to
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show the geometry of the bridge model under investigation is in Figure 2.3, while the
detailed information about the construction of Tokyo Gate Bridge can be found in
[112]. This example is chosen to illustrate that the proposed observability algorithms
can be implemented in a realistic scenario where a researcher would be investigating
the viability of various sensor patterns for estimating the properties of the bridge.
The bridge is modelled using linear frame-type macro-elements. The vector of
dynamic states x; of the model includes the displacements and the corresponding
velocities at the nodes of the discretization shown in Figure 2.4. The system matrix
A is of the form (2.63), where M and K are now the mass and stiffness matrices of the
model that are obtained from assembling the elemental stiffness and mass matrices.
The steel deck of the bridge is modelled using beam elements, while the other pin-
jointed members are modelled as truss elements. For truss elements, each truss node
has 3 DOFs, i.e. the translational motions along z, y and z axes. Each truss element
between nodes 7 and j would contribute to the translational components of the mass
matrix at the nodes. In the following the nodal mass from all truss elements lumped
at the node 7 is defined as m;. The axial stiflness of the truss element between nodes
¢ and j is k;;, and given its rotation relative to horizon, the stiffness matrix of the
element can thus be derived in a global coordinate system. The deck is treated as
a geometrically uniform Euler-Bernoulli beam. The 792m long beam is discretized
into 49 segments including 47 segments of 16m and 2 segments of 20m as illustrated
in Figures 2.3 and 2.4. Each beam node has 5 DOFs, as shown in Figure 2.5(a),

assuming the axial deformations are neglected. The consistent mass matrix and the
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Z L=16m (or 20m)
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Ay,

(b)

Az =Azy=u
Ay, =v+0.5WO,

Ay,~v-0.5WO,

Figure 2.5: (a) Beam segment with 2 nodes having 10 DOFs (b) The translational
and rotational motions of a rigid beam cross-section with truss elements connected

at two sides

stiffness matrix of a beam segment are given as:
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where A is the cross section area and L is the length of the beam segment. [, and I,

are the second moments of area of the cross section about y and z axes respectively,

I, = I,+ I, is the polar moment of inertia and J is the torsion constant. E and G are

the Young’s modulus and the shear modulus respectively of the beam segment, and

p is the density. Assume the Young’s modulus and the shear modulus of the beam
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segment between nodes ¢ and j are E;; and Gj; respectively, and all the segments
share the common density p. As beam cross section remains plane after deformation,
at the nodes of contact between the truss elements and the deck, a rigid element
transformation relates the truss nodal DOF's to the beam nodal DOFs as shown in
Figure 2.5(b). The rigidity transformations are applied on the elemental mass and
stiffness matrices to express the corresponding truss DOF's at those nodes in terms
of the beam nodal DOFs. The assembly of the elemental matrices can be found in
[30]. The truss elements are connected with moment-free joints to the deck and the
piers; the ends of the deck are assumed fixed. The following properties are considered
unknown: 508 axial stiffness of the truss elements k;;, 148 lumped masses of the truss
nodes m;, 49 Young’s modulus £;; and 49 shear modulus G; of the beam segments
and the density of the deck p; the model totally contains 755 unknown parameters to
be identified and 1340 dynamic states corresponding to 670 DOF's.

Figure 2.4 gives an overview of the 3D FE model of the bridge with the proposed
excitation-sensor setups. The bridge is excited by a load applied vertically at one side
of the deck. In practice, such a load may be provided by a hammer or an actuator.
Three displacement sensors and three accelerometers are installed on the sides of the
deck to record its vertical and transversal displacement and acceleration responses.
The observability results obtained from the implementations using Algorithm 2.2 and
Algorithm 2.3 are in absolute agreement: there are 36 unidentifiable parameters and
240 unobservable dynamic states. The detailed results are schematically presented in
Figure 2.6 with the unobservable dynamic states and the unidentifiable parameters
highlighted. Interestingly, the observability of the states related to the left half of

the bridge is the same as that of the right half, while it should be noted that the
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geometry of the bridge is symmetric but the locations of the excitation and sensors
are not. As can be seen, the axial stiffness of the lateral truss elements on the
top of the bridge are unidentifiable, and their motions (displacement and velocity)
toward z direction are unobservable. A further test shows that if extra sensors are
installed on the top to measure the lateral vibrations of the truss nodes under e.g.
wind load, those dynamic states and parameters become observable. Despite the
observability of the truss elements, the parameters and dynamic states related to the
beam segments are all observable, and therefore it can be concluded that, under the
proposed excitation-measurement scheme, it is feasible to estimate the properties of
the deck and simultaneously track its vibrations using system identification methods.
In practice, more sensors are often needed to install in order to minimize the influence
of measurement noises on the identification quality, that is, to enhance the so called
practical observability. The optimal number and locations of additional sensors can
be determined by using e.g. information theory based methods, as in [80], which are
based on finding the largest norm (determinant or trace) of the Fisher information
matrix (FIM). However, the lack of observability of the truss elements might affect the
ability to properly identify some of the overall structural modes without introducing

further assumptions.

2.6 Conclusions

In this chapter, a robust algorithm is developed to implement the Observability Rank
Condition (ORC) for the observability of the dynamic states and the identifiability
of the parameters of linear systems. To derive the framework of the algorithm, an

explicit expression of the observability matrix of linear systems with unknown pa-
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rameters is obtained, and a product rule for the gradient of matrix multiplication is
introduced to expand the elements involved in the matrix. This allows for obtaining
a recursive evaluation of those elements removing the need to use symbolic differenti-
ations after the initialization of the algorithm. Additionally, it opens up the route of
efficient numerical implementations, and the introduction of modular operations al-
lows for obtaining a floating-point implementation that can handle robustly very large
linear systems. Applications and superior performance of the algorithm are shown
by successfully testing several examples of large engineering systems, including the
100-floor high-rise shear building and the 3D FE model of a large truss-beam bridge.
To the best of author’s knowledge, none of the existing observability methods have
the ability to deal with the problems of such sizes and complexities. The observability
results provided by the algorithm are practically useful to give guidance for engineers

on sensor placement and model adjustment in system identification campaigns.
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Chapter 3

An Efficient Algorithm to Test the
Observability of Rational
Nonlinear Systems with
Unmeasured Inputs

This chapter proposes a computationally efficient algorithm to test the observability
of rational nonlinear systems in the presence of unmeasured inputs. The underlying
theory behind the algorithm is based on an extension of the extended Observabil-
ity Rank Condition EORC-DF [67]. Extending the initial work in Sedoglavic [86]
to account for unmeasured inputs, the computational framework of the algorithm is
developed by making use of an auxiliary variational system of differential equations
and the method of Newton’s iteration to construct the observability matrix. This
framework allows for the use of random numerical realizations of variables and mod-
ular operations, resulting in a power series-based, semi-numerical implementation.
The algorithm also possesses the functionality to test the observability of rational
nonlinear systems with fully measured inputs and without direct feedthrough, which
are the subcases of the systems considered in this work. Superior performance and
applications of the proposed algorithm are illustrated using several suitably chosen

examples of engineering models.
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3.1 The extended Observability Rank Condition

In practice, it is often too difficult or expensive, or even impossible, to measure
loads, extensions or inputs applied to a structural system. The Observability Rank
Condition algorithm (ORC) described in Section 2.1, however, is not able to handle
such situations where parts or potentially all of the inputs of a system are unmeasured
or unknown. To alleviate this constraint, Martinelli [70] extended the ORC to assess
the observability of input-affine nonlinear systems with unknown inputs. Maes et al.
[67] provided a further extension, namely the EORC-DF, where the existence of direct
feedthrough in output measurements was taken into consideration. The situation of
output measurements affected by direct feedthrough is often encountered in practice,
as for example the case of acceleration measurement in structural dynamics. This
section gives a brief review of the EORC-DF, while the mathematical derivation of
the approach can be found in [67] for details.
Consider input-affine nonlinear dynamical systems with unmeasured inputs and
direct feedthrough, which are written in the following state-space representation:
m r
&= f(2,0)+ > gui(x,0)ui+ Y _ gui(x,0)w;, 6=0
i=1 i=1

m ) (3.1)
y=h(z,0)+ > hyi(@,0)u+ Y hyi(z,0)w

i=1 i=1
where & € R” is the vector of dynamic states, @ € R! is the vector of unknown time-
invariant parameters, u = [uy, ..., u,|T is the vector of measured and hence known
inputs, w = [wy, ..., w,]? is the vector of unmeasured and hence unknown inputs and
Yy = [y1,...,yp)" is the output measurement vector. f and h are vectors of analytic
functions that are infinitely differentiable. Generally speaking, the EORC-DF is used

to determine whether it is theoretically feasible to estimate the unknown parameters
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0, and track the dynamic states  and the unmeasured inputs w over time given the
input-output u — ¥y measurements.

To derive the EORC-DF approach, the system in equation (3.1) is first augmented
by including the dynamic states, the parameters, the unmeasured inputs and their
time derivatives up to a chosen order k in a common state vector. It is then proven
that the Lie derivatives up to order k of the output functions along the augmented sys-
tem vector and affine-in-input vectors are equal when evaluated for indistinguishable
states. Indistinguishable states are a pair of initial conditions producing identical
system outputs for any measured inputs under in general two different vectors of
unknown inputs. The procedure of proof is similar but an extension of what was
described in Section 2.1.1. This property of Lie derivatives allows for construction
of a matrix which consists of the gradients of those Lie derivatives up to order k. If
there exists an order k such that the matrix is full rank, then the indistinguishable
states that can produce identical outputs do not exist within a closed neighborhood.
This implies that the augmented state vector, which includes the dynamic states,
parameters and the unmeasured inputs, is (locally weakly) observable based on the
input-output measurements.

The following procedure summarizes the steps of the EORC-DF to examine the
observability of the system in equation (3.1)

T]T.

I

1. Starting point: k=0, 2° = [z7, 07, w
2. Compose AQy = [(h+ Y_i_, hwiwi)T, i’y B )T and Q¢ = AQy;

3. Calculate d°Q)y = %o

ox°’

4. k=k+1;

5. Set f* = [(f + X1 guwiwi)", 0,0", .. w®T|T, g = [gui", 0]

ut
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6. Calculate AQy = [Lpr(AQ_1)", Lye (AQp_1)", ..., Lgr (AQ_1)"]";

7. Compose ¥ = [:c’“—lT,w(k)T]T;

8. Calculate d*AQYy, = 288

8mk )

9. Calculate d*Q, = [d* 1 _1,0] U d*AQy;

10. Optional step: eliminate dependent rows from d*§y;
11. If rank(d*Qg) =n+1+ (k+ 1)r, end. x, @ and w are observable.
12. Investigate the partial observability for the j* component of x*:
a. Starting point: 7 = 1;
b. If the j* component is (k — 1)-row observable, it is also k-row observable. Go
to step f;
c. Compose d*Q by removing the j* column from d*Q;
d. The 5 component is observable if and only if rank(d*Q) < rank(d*);
e. lf j=n+1+(k+1)r end.
f. 7 =7+ 1 and go to step b;
13. If &, @ and w are observable, end.

14. Go to step 4;

3.2 The extended Observability Rank Condition
for rational nonlinear systems with unmeasured
inputs and direct feedthrough

This section provides an extension of the EORC-DF to examine the observability of
rational nonlinear systems with unmeasured inputs and direct feedthrough. Without

loss of generality, the considered systems herein can be written in the following state-
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space representation:
z = f(x,0,u,w), =0
(3.2)
y=h(z,0,u,w)

where & = [x1, ..., 2,]T is the vector of dynamic states, @ = [0, ...,6;]T is the vector
of unknown time-invariant parameters, w = [u, ..., u;]|? is the vector of measured

T is the vector of unmeasured and hence

and hence known inputs, w = [wy, ..., w,]
unknown inputs and y = [y1, ..., y,|” is the output measurement vector. The output
measurements can be affected by direct feedthrough, that is, they are functions of
both the measured and unmeasured inputs. f and h are vectors of rational nonlin-
ear functions, where a rational function is any function defined by a fraction such
that both its numerator and denominator are polynomial functions. In the system
described by equation (3.2) it is of interest to determine whether it is theoretically
feasible to estimate the unknown parameters 8, and track the dynamic states  and
the unmeasured inputs w over time given the input-output «u — y measurements.
The basic idea for achieving the derivation of the observability criterion is to aug-
ment the considered system by treating the unmeasured inputs and their time deriva-
tives as additional states [67], which then allows for discussion of the Lie derivative
property of the augmented system leading to the use of the rank condition from [44].
Following what was done in [67], the system in equation (3.2) can be augmented by
including the dynamic states @, the parameters 8, the unmeasured inputs w and

their time derivatives up to order k in a common state vector, x*:

x* = [z7, 07w, W, ... w®T]T (3.3)

Y

such that the state-space and measurement equations of the system with respect to
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x* become:

f(wv 0, u, w) [ 0,x1 |
0l><1 0l><1
w 0,
a'::k _ : n :><1 _ Fk(:vk,u w(k-‘rl)) (3 4)
w(k) 07‘><1
0,1 w(k+1)

y= f;(zc, 0,u,w)
where w®) = dtk . It should be noted that the augmented system in equation (3.4)
still contains r unmeasured inputs which now coincide with the (k + 1) order time
derivatives of the original unmeasured inputs, i.e. w®+b.
To proceed with the derivation, it is necessary to introduce the Lie derivatives,
also referred to as the extended Lie derivatives as in [56], of the output function of
the augmented system using the following formulation:

, 8L’ 1h, oL 1h OL'h .
4 ) )
Lih = § j e +§ L ul (3.5)

where L%h is defined as the i order (extended) Lie derivative of h associated with
the vector field f, which can be calculated recursively from the previous order using
equation (3.5) given the zero-order L(f’h = h. Throughout this chapter, the operation
ovi

F17 for a column vector V; = [0171,1)172...,?)17”V1]T with respect to a column or row

vector Vo = [v21,U22..., vg,nVQ] refers to the Jacobian:

r 8’01’1 61)1,1 3’111 1 ]
Ova,1 v 2 Tt Ovg vy
Ov1 2 Ovi 2 Ov1 2
8V1 Ova 1 Ova 2 T Ovg vy (3 6)
oVa :
8'Ul,nvl a'Ul,nvl 8vl,nvl
| Ov21 Ova 2 T av2,nV2 |

Unlike the Lie derivative operation used in [67] for piecewise-constant assumption of
the measured inputs u, the Lie derivatives herein are introduced for smooth u and

thus involve the time derivatives of w within their expressions. It should be noted that
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the relationship and equivalence between using the piecewise constant and smooth
assumptions of w have been discussed in [93] and reviewed in [2], indicating that the
assumptions would lead to different forms of computation but eventually the same
observability result. A proof for the equivalence of smooth inputs and piecewise-
constant inputs, based on the uniform convergence property and the fact that the
outputs depend continuously on the inputs, was provided in [96].

A straightforward calculation based on the chain rule shows that the i order Lie

derivative is equivalent to:

. dL*h  diR
Lih— & — _ 2" .
7P dt dt (37)

T k)T]

Now let :vlg = [zo?, 07wl g, ..., wo™T)T denote the initial condition of the
augmented state vector ¥ at ¢t = 0, where & and we™® are respectively the initial
conditions of  and w®. The flow ®(t, zf u, w1 of the vector field F* is used
to describe the trajectory of x* over time, which satisfies:

dP
i F*(®,u,w*™) &0, zF u,w*™) = 2k (3.8)
D, (t, zf, u, w 1)) and ®,,(t, zf u, w**1)) are the components of ® defined respec-
tively as the flows of  and w with ®,,(0, ¥, u, w**V) = g and ®,,(0, 2k, u, w*HY) =

wyp. Then,  and w reached at time ¢ starting from the initial condition may be ex-

pressed as:

2(t;25) = ult, g, u, wH)

(3.9)

w(t;ag) = Pult, x5, u, wY)

Considering the time interval ¢t € [0,¢; + t2 + ... + t;] which consists of ¢ small time
intervals 0 < t; < ¢, the system outputs at ¢t = t; + 5 + ... + ¢; can thus be expressed

as:

y(tl + ...+ tz) = h(CL‘(tl + ...+ ti;$§),0,u(t1 + ...+ ti),’lU(tl + ...+ ti;az’g)) (310)
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Indistinguishable states in the presence of unknown inputs are defined in [70] as

k

a pair of initial conditions, xg,

and w’g’b, producing identical system outputs for any
measured inputs u, under in general two different vectors of unknown inputs. For

any 7, the indistinguishable states must satisty:

h(w(t1 + ...+ tl, .’B’S,a), Ha,U(tl + ...+ tl), w(t1 + ...+ tz, :I;’&a))
(3.11)
=h(x(t, + ... + t;; m’g,b), Op, w(ty + ... +1;), w(ty + ... + ti; g )

for all possible t,...,t;. From this, the following equality can be shown to hold:

dlh(di(tl + ...+ tz, Q}lg,a), 00,7 'U,(tl + ...+ tl),’lU(tl 4+ ...+ tz, w’g,a))

dtldtgdtl t1,...,t;—0 (3 12)
_d"h(az(tl + ot mg,b), O, u(ty + ... + ;) w(ty + ... + 1;; mﬁ,b)) '
- dtldthtZ t1,...,t;—0

Through successive applications of the chain rule, the following equation is obtained
fori=0,..., k:

dtqdt,...dt;

t1,...,t;—0 (313)
=L%h

zh=zk u,.. . uF)=ug,..,ug®

where uo® is the initial condition of u® at ¢t = 0. It should be noted that the Lie

derivatives up to order k are independent of the unmeasured inputs of the augmented

k+1

system i.e. w1 and their higher order time derivatives, as can be easily deduced

from equation (3.5). Equation (3.12) therefore becomes:

L%h

a:"’:m’&a,u,...,u<k):uo,...,uo<k)

(3.14)
=Lh

wk:wg’b,u,...,u(’“):ug,...,u()(’“)
fori =0,..., k. For the sake of brevity, equation (3.14) may be written as L}h(az’g’a) =

Lifh(w’g »)» Which implies that the Lie derivatives of the augmented system up to order

k are equal when evaluated for indistinguishable states.
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Similar as in [67], the afore-shown Lie derivative property allows for applying
the rank condition from [44] (see Theorem 3.1 and Lemma 3.2) to establish the
observability criterion for the augmented system in equation (3.4). Arrange the Lie

derivatives for ¢ = 0, ..., k in a column vector:

Lih(wp)

Ok — th(il?g)

| (3.15)
L%h(zf)

The Jacobian of QF with respect to a;’g results in the so called k-row observability

matrix dQ¥:
k o> k k E E
dQ® = e = [dﬂm,dﬂe,dﬁwl,...,dﬁw] (3.16)
0
where
aL‘}h aL(;h 8L(}h aL‘;h
k Ox10 7 Oznpo k 001 Tt 0,
dﬂ’;:ggz Do ,dﬂ’;z—agé— S
Lo oL%h oL%h oL%h oLkh
8$17() e O%n,0 001 e 00,
rOLOh q
S 0 .0 (3.17)
OLth  9Lsh 0
ow; ow;
k 3,0 3,0 .
ds, G=1..7)
aL’;h aL’;h aL’;h
[ Qwjo Ouwjo 7T ) |

If dQF is a full-rank matrix, i.e. rank(dQ*) = n+ 1+ (k + 1)r, the Inverse Func-

tion Theorem [94] ensures that the only indistinguishable state of :13'5, i.e. the one

k
0’

k

within its closed neighborhood is g

resulting in the same Lie derivatives as @
itself. This consequently means that it is possible to distinguish and observe a:’g
from its neighbors using the given input-output measurements. Following the above
fact, the observability criterion can be concluded: the augmented system in equation

(3.4), or equivalently the original considered system in (3.2), is said to satisfy the

extended Observability Rank Condition EORC-DF such that the augmented state
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vector xk

, or equivalently =, @ and w as the components of ¥, are (locally weakly)
observable, if and only if there exists a k such that dQF is full-ranked for all possible
xk € RrHHEDT (normally except for those singular realizations of ¥ where rank
of the matrix would be reduced). If the considered system in (3.2) satisfies the ex-
tended Observability Rank Condition EORC-DF| it is then theoretically feasible to
distinguish and observe the initial conditions of &, 8 and w and their trajectories
over time from their neighbors using the given input-output measurements. From a
practical standpoint and for the purposes of this work, further distinctions between
the concepts of locally weakly observable, locally observable, weakly observable and
globally observable, as in [44], are not considered herein.

If the k-row observability matrix for a chosen k = kg is not a full-rank matrix, i.e.
rank(dQ*) < n + 1+ (k + 1)r, it is then important to detect the observability prop-
erty of each individual component of *. This can be achieved by removing the i‘"
(i =1,...,n+l+(k+1)r) column of d2¥: if the rank of the occurring matrix is smaller
than the rank of d2¥, then the i*" state (dynamic state/parameter /unmeasured input)
of ¥ is observable; otherwise, the state is so-called k-row unobservable as defined in
[67]. It should be noted that a k-row unobservable state might be detected observable
or remain k-row unobservable for a larger k > ko, while an (k-row) observable state
can be concluded immediately. For this reason, the suggested implementation of the
EORC-DF involves iterative increment of k starting from ko (kg = 0 in [67]) with
repeated rank evaluation and observability detection of the corresponding observabil-
ity matrix at each increment of k. In theory, such increment is continued until the
detected observability properties of all the components of ¥ remain invariant, i.e.

converge, for any larger k£ and thus conclude the observability results.
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The following algorithm summarizes the procedure of observability testing for the
rational nonlinear system in equation (3.2).

Algorithm 3.1
Input to the algorithm: the state-space and measurement equations of the system
Output from the algorithm: the observability of the system

Initialization: Set k = 0, zF = [xo7, 0", wo"]7, L’Jih(a:’g) = h(xo, 0, ug, wy),

k_ OL%h(zf)
833’5

1. Set k=k+1;

Q2

2. Set xk = [mlg_lT,wo(k)T]T;

oLk 'h L oL 'mn . koL 'm .
3. Compute Lph = —f2—f + Zj:llfwfﬁwm + X gt
A1 0
4. Compute and arrange dQ* = OLkh(xk) ] ;
8:8’3

5. Compute the rank of dQF, and if rank(dQ*) < n + 1+ (k + 1)r, detect the
observability of @, 8 and w;

6. End if rank(dQ*) = n+ 1+ (k+ 1)r, or , @ and w are observable, or the
observability of @, @ and w has been convergent;

7. Go to step 1;

The above algorithm should be implemented symbolically, i.e. symbols are used as
generic representations of the involved variables in the algorithm. To compute d2¥,
the involved variables can include at most xo, 8, wo, ..., we'™ and wug, ..., ue™.
From an application point of view, however, such a symbolic implementation is com-
putationally cumbersome and suffers from the issues related to high physical memory
requirements and low processing speed, especially when used for large systems. Even
if a tested system is of modest size, the size of the augmented form of the system for

a large k£ might still result in an intractable computation problem on a standard com-
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puter. Therefore in order to maximise the applicability of the observability testing
approach to real-world engineering systems that are often large and complex, a more
computationally efficient framework for implementing the approach, more specifically
for calculating the observability matrix, is developed and presented in the following

section.

3.3 Efficient algorithm

The computation and rank evaluation of the k-row observability matrix d2* could
be implemented numerically by using random values as the generic representations of
the involved variables, which would significantly save computational resources. This

can be done by making:

ro = i?(), 0= 9, Wo, ..., 'lUO(k) = ’lI)(), ...,’lI)O(k)7 U, ---, 'U,O(k) = ’&07 ciey {Lo(k) (318)

where the variables with 7 stand for a set of positive integers. These integers are
randomly chosen in order to avoid the aforementioned singular realizations of w’g.
This section presents a power series-based framework which allows for using such
random numerical realizations to calculate the elements of d2* without the need to
perform the repeated gradient and Jacobian operations.

d'h

Making use of equation (3.7) that L’}h = o7, consider the following power series

expansion of the output function truncated at order k:

tk
h = LYh(xg) + Lyh(xg)t + .. + Lih(xg ot O(tF+h) (3.19)

k

; ™1 and taking

Let w;.“o denote the initial condition of the vector wf = [wj, ey Wy

derivatives of both sides of equation (3.19) with respect to xq, 6 and w;.“,o respectively
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yields:

dh  OL$h(xf) N 8th,(m’g)t N OL%h(xf) t*

Ny 2t el 24 k+1
= o o e +O@t")
OLSh(xk)  OL sh(zk OLGh(xg) ¢+
% _ fao( 0) N f80($0)t+"' %())%Jro(tkﬂ) (3.20)
OLSh(xX)  OL h(x OLGh(zg) ¢+
dfl); _ f ,E 0) 0 f ;EwO)t+"' #24_0(%“)
dwjy Owj, Owj, Qwjo K

It should be noted that the three power series in equation (3.20) can also be viewed

dh  dh dh

dwc 40 t = 0 up to order k. Comparing

as the Taylor series expansions of 3 and -
equation (3.20) to equations (3.16) and (3.17), it is immediately observed that the

coefficients of the power series correspond to the elements of d©2*. In particular, the

coefficients of the power series of correspond to the elements of dﬂk those of
correspond to the elements of dQ’; and those of ‘”,2 correspond to the elements of
g 0

dﬂfuj. This leads directly to the idea that the computations can be turned toward
calculating the power series in equation (3.20), and consequently their coefficients can
be extracted to build the observability matrix. For the sake of brevity, in the rest
of the chapter the power series expansion of any variable z, with respect to t and

truncated at order k, will be denoted by the notation z[t, k], i.e
Z[t, k] = 2o+ 21t 4 ...+ zt" + O (3.21)

where 2, ..., 21, are constant coefficients, and zp, z1t, ..., zxt* are the terms of the power

series.
Applying the chain rule to the power series expansions of C”t) , % and - —dh_ i1 equa-
J,O
tion (3.20), which are now denoted by -4 <[t k], dhit, k) and - dh [t k], the following

68



equation is obtained:
dh _ Oh Oz

dzg M = (g 550 1 K]
gh[t k] 5 B 1] (mod oty
%[t’k] = (g_hg_;g + gZ)[t K]
gh £, ] ZO [t, k] + g—’;[t K (mod #+1) (3.22)
%[t,k] = (g—zai}io ;Z ai}io)[t, k]
g:[t k]aai it K]+ gsj t, k]ai?o[t’ ] (mod )

where mod t*+! indicates the truncation of the corresponding power series at order k.

Equation (3.22) can then be used to calculate 42 [t k), [, k] and 5 dh [t k] through

obtaining g—’;[t,k], gZ[t k], gg [t, k], g; [t, k], g[t,k], (ﬁ—"ﬁ[t,k] and B“’J [t k). gg,
3,0

g—z and 8"_ are generally expressions of , 8, u and w and can be calculated sym-
Ow;

bolically given the expression of h. Their power series expansions g—’;[t, k|, g’; [t, k]

and %[t, k], under the random numerical realizations as described at the beginning,
J

can be obtained by substituting @ = x[t, k], @ = 6, u = ult,k] and w = wlt, k]

and truncating at order k. It should be noted that if g—h g’; nd {ZZ are polyno-

mial expressions, such substitution results directly in 22[t, k], 2%[¢, k] and 2% [t k.

If they are rational expressions, obtaining 2%[t, k], 2&[t, k] and 22 [t k] may require
additional Taylor series expansion operations or the use of Newton’s iteration, which

will be introduced later, after the substitution. Amongst all the power series needed

to calculate - [t k], 9h1t, k] and h_[t,k] in equation (3.22), wl[t, k], wlt, k] and
;) 0
0?7 [t, k] are readily obtained as:
k tk
k! k!
Yt k] = [t ]
aw;?’o ) ) ) k!
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S oz oz oz
The remaining unknowns [t, k], 5=[t, k], 5glt, k] and Bk

[t, k] can be calculated

indirectly by making use of an auxiliary system of ordinary differential equations.
3.3.1 Variational system

This subsection describes an auxiliary system of ordinary differential equations whose

power series expansions of the solutions give x[t, k], 2 [t, k], %2[t, k] and aaﬁ t, k.
o) 'wj’o

The system of ODEs, so-called the variational system, is an extension of the equations

derived in [86] for rational nonlinear systems with fully measured inputs, i.e. the

number of unmeasured inputs » = 0. Similar to what was done in [86], express

the rational system functions f as fractions with their numerators and denominators

polynomial functions:

Fnua 1
fde faen 7 0 fnu,l
flz,0,u,w)=1| : | =| 1 - : (3.24)
el L0 ] W
where fou1, ooy faun and feen, .., fden are all polynomial functions of x, 8, u and

w. The state-space equations of the system in (3.2) can then be written as a set of

polynomial ordinary differential equations, denoted by P = 0, in the following form:

fde,l 0 i'l fnu,l
P(m,sb,H,u,w): : - :

0 cee fde,n xn fnu,n

Taking derivatives of P = 0 with respect to g, 8 and 'w;.“’ o Tespectively yields:

=0, (3.25)

dP QP 9i 0P Ox

dro 0% Oxg = Ox Oxg "
P _0POE 0POz 0P
0 0500 o0zo0 o0 (3.26)
P 0P 0& 0P dz 0P Ouw,

k - . k k ] k = nxk
dwi, 0T dwj, Jxdw;, OJw;ow;,
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Using equations (3.25) and (3.26), the variational system, VP, is defined as the
following set of differential equations:

P(x,z,0,u,w) =0,

ox Ox Ox 88_1?(98_¢+(39_P§_a::0nxn
VP(x, o—, =5, o0, u,w) : § opos’ | oPow ., oP (3.27)
0o’ 00" Ow, 9506 + oz o6 + ag = Onxi

oP _0& 4 OP Ox +8_Pawj

9k owk, T O dwk T Owj dwk = Opnxk

oP 9P OP oP : .
where 35—, 5-, 55 and u, are generally expressions of x, &, 8, u and w and can

be calculated symbolically after obtaining the expression of P. VP is a system

of first order polynomial ODEs with dependent variables «, 8‘%, g—g and 63?’0 and
independent variable ¢. The associated initial conditions are:
ox ox ox
513|t:0 = Zo, 5~ = dnxns 59 = Oty Tk = Onxk (3.28)
Lo [¢=0 t=0 Wy olt=0

Using the random numerical realizations and letting 8 = 0, w = w[t, k], w = wlt, k]

ow; _ Ow; . . . . oz Oz Oz
and ks = Buky [t, k], the occurring polynomial differential system V P (x, Do’ 907 Buk

,0,ult, k|, w(t, k]) then allows for the use of Newton’s iteration method to obtain the

power series solutions of its dependent variables up to order k, i.e. x[t, k], ;Two[t, k],

ox ox
S lt, k] and Bk [t, k].

3.3.2 Newton’s iteration
The details about the use of Newton’s iteration for finding power series solutions of

polynomial ordinary differential equations up to an order of interest can be seen in

Chapter 4 of [82], Section 5 of [16] and Section 3 of [86].

This subsection, first of all, places the attention on the first equation of V. P(x, 3‘%,
gz, 63—?’0,0,&[15, k], wlt, k]), i.e.
P(x, &, 0, ult, k], w(t, k]) = 0, (3.29)
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The objective of the Newton’s iteration is to solve equation (3.29) for the power series
expansion of & up to order k, i.e. x[t, k|, through a number of iterative computations.
The iterations start from the initial condition o which is the first term of x[t, k].
At each iteration, the power series expansion of x is computed up to a certain order
smaller than k, and it is then used for the next iteration to compute the power
series up to a higher order closer to k. The iterations are terminated when order k£ is
reached. Let z, denote the power series computed at the ¢ iteration of the Newton’s
method. The formula of Newton’s iteration for equation (3.29) is obtained by means

of linearization of the equation around the point © = x,_1, yielding:

oP . . oP
5 (g — Tg—1) + Dz (Tg — Tq-1) + P = 051

T=TLgq—1 LT=Lqg—1,L=TLq—1 LT=Lqg—1,L=TLq—1

(3.30)

where g—’;, %—1; and P are matrices with power series elements after evaluating at

x = x4—1. Equation (3.30) is thus a first order linear ODE of the form:
Ci(t)v + Cy(t)v+ Cs(t) =0 (3.31)

Equation (3.31) can be solved analytically using the method of integrating factor,

giving the solution:
’U(t) — _6—f017102dt / Gf C17102dt(017103)dt + C4e—f01*102dt (332)

where (' is an invertible matrix, and C} is a matrix of constants which is determined
by knowing the initial condition v(0). Following equation (3.32), the correction term
E,(t) defined as

Eq(t) =g —xq-1, Eq(0) =0 (3.33)
is determined as an analytical solution to equation (3.30), and x, can then be ex-
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pressed in terms of ;1 as &, = xq—1 + E4(t):

1
Ty =Tq1— e—f<%—’£>1%—idt/ef<%’°> vra 0P py gy (3.34)

ox
Within equation (3.34), the formal integrations and differentiations are allowed to
perform over power series, and the power series of the matrix exponentials and inverses

involved can be computed efficiently by using a nested Newton’s iteration (see details

in [86] and [16]). For example, if A, and By represent respectively the power series

—-19P -19P 1

expansions of e~/ (3&) @ and its inverse e/ (5%) computed at the ¢'* iteration

of the Newton’s iteration, the formula for recursively updating A, and By is given
by:

) ) :
Ag1— By 1A, qdt

A Ag 1+Ag I/Bgl (6’:1:) (9:c> (335)

Bg - QBg_l - Bg—lAng—l

with the initial conditions Ag = Bg = I,,«,,- Equation (3.34) therefore becomes:
aP !
=xq1—Ag [ Byl P)dt (3.36)

Starting from ¢ = &¢ under the numerical realizations, equation (3.34) can read-
ily be used to update x4 from x,_1, where x4, is the power series expansion of x
containing more correct terms than x4_1, i.e. is correct up to a higher order than
Tq—1. It has been proven that the convergence of Newton’s iteration is quadratic,
which means the number of additional correct terms computed doubles at each itera-
tion [16]. At the ¢'* iteration, the first 27 terms of @, are correct, and it is therefore
truncated at order 279 —1, i.e. &, = x[t,2?—1], to remove the incorrect terms of larger
orders. The iterative process is continued until the ¢¥* iteration when the maximum
order of correct terms 2% — 1 > k. The computed power series x4, = @[t,2% — 1] is

then truncated at order k leading to the result of x[t, k].
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Having obtained x[t, k] from the first equation of VP (x, 2%, 22 92 g [t k] w[t, k]),

’ Bz’ 837@7

it proceeds to compute %[t, k], g—z[t, k] and 83}”}@ [t, k] based on the later three equa-
tions, i.e.
a_P(.)a_“b + 8_P(')8_a3 _
ox ' 0xyg Ox Oxg "
oxr " ’"00 Ox 00 00
oP, 0t OP, Oz OP , Ow;
el O Wl Rl ) t k] =0,
8¢()8w§”0+Om()awf’ojL@wj() [t k] = Onx

= Op (3.37)

k
dwgy
where () denotes (x, &, 8, @[t, k], wl[t, k]) for brevity. Since the power series solutions
of equation (3.37) up to the accuracy of order k are only considered, substitute x[t, k|

into the equations,

oP or OP ox 0
O x=x[tk] dxg  Ox w=x[t k] d=2[t,k] ) e
oP or OP ox OP
Pry 20 A a1t Aa = 0nx
ox c=x[tk] 00 Oz — | 06~ 06 -
OP ox OP ox OP ow; B
9 k Dz % G [t k] = Opnx
T | p=alt k] awj,o T | p—aft k] &=d[t,k] 8'“’3',0 Wi | e[t k] &=ds[t, k] 3“’1',0
(3.38)

All the three equations in (3.38) are first order linear ODEs with given initial condi-
tions in equation (3.28), and are thus solvable using equation (3.32). The following
solutions are obtained:

(9:13 dP\—19P
— o J(55) Gt

8:80
ox _ [/0P\_10P op\_10p ., OP1OP
8_0 = —¢ f(da:) 18a:dt/6f(8;'c) 18wdt(£ a—0>dt (339)
B _ P lopP :
aai - 1%—’:dt/ef<%—’;> 1%—§dt(% % O 11 k)
wk T w; 8wj’0

With the power series manipulations of integration, differentiation, matrix exponen-

tial and inverse as previously described, the power series forms of 22 9 apnd 92
) Oxo’ 00 ow 70

can be obtained from equation (3.39). These power series contain correct terms up to

order k, leading to the results of 8‘97“’0[15, k), %2[t, k] and 82“2 [t, k] through truncation.
7,0
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3.3.3 The algorithm and modular operations

It is now sufficient to summarize the procedure of computing the k-row observability
matrix in equations (3.16) and (3.17) based on the power series methods described in

the previous subsections. The algorithm is presented in the following:

Algorithm 3.2
Input to the algorithm: the state-space and measurement equations of the system
in equation (3.2), and the choice of the maximum order of derivatives of the unmea-
sured inputs taken into account k = kg

Output from the algorithm: the k-row observability matrix

Preprocessing: Compute g—;‘, ‘g—’g and % (j = 1,...,r) symbolically. Convert the
J
state-space equations to P = 0 using equation (3.25), and compute ‘3—1;, %—1;, %—1; and

g—;; symbolically

Initialization: Choose the sets of positive integers randomly &q, 8, Wy, ..., wo'® and

Mt and evaluate

@, ..., o™, Let wlt, k] = g+ ... + o™, wlt, k] = o+ ... + o™ L,

g—z, g—z, a%’j, P, %—1;, %—1;, %—103 and gTPj at 0 =0, u = ult, k], w = wlt, k|. Set xog = &g
and ¢ =0
1. Compute x[t, k] through Newton’s iteration:
a. Set g =q+ 1;
b. Evaluate P, 2 and %€ at & = d#4_1, © = @q_1, truncated at order
21— 1;
c. Set g =0 and Ay = By = I,,«,,, and compute A, and By:
i. Set g =g+ 1;
ii. Compute Ay = Ag_1+ Ay f Bg_l(—(a—P)_la—P)Ag_l — Bg_lAg_ldt

o ox
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truncated at order 29 — 1;
iii. Compute By = 2By_1 — By_1A4,B,_; truncated at order 29 — 1;
iv. Go to step d if g = ¢. Otherwise go to step i;
d. Compute @4 = xq_1 — Aq [ Be(25~ 'P)dt truncated at order 27 — 1;
e. If 21— 1>k, x[t, k| = x4 truncated at order k and go to step 2.
Otherwise go to step a;
2. Evaluate 65, %1;, %—g and 22 Do P at & = &t k|, x = x[t, k], truncated at order k;
3. Set g =0 and Ag = By = I,,xp, and compute A, and By:
a. Set g=g+1;
b. Compute A; = A;_1+ Ay fBg_l(—(g—g)_l%—i)Ag_l — Bg_lAg_ldt
truncated at order 29 — 1;
c. Compute By = 2B,_1 — B,_1AgB,_; truncated at order 29 — 1;
d. If g = ¢, truncate A, and B, at order k and go to step 4. Otherwise
go to step a;
4. Compute 687“0[25, k] = A4 truncated at order k;

5. Compute 22[t, k] = — A, [ Bo(22~ laP &5 )dt truncated at order k;

6. Set aﬁgo[t,k]:[u,.. ) 5ot k] = —Aq [ Bo(57 Lop w1y k)

oa aw 8’w0

truncated at order k;

7. Compute 92[t, k], 2]t k] and 2 [t k] by evaluating 2%, 9% and 2 - at @ = x[t, k],

oh

truncated at order k. Take Taylor series expansions at ¢ = 0 up to order k if 8’;, 50

and are rational expressions;
8. Compute %[t, k) = oh[t, k}aa—zz)[t, k| truncated at order k;

9. Compute %[t, k] = S0t k| 22[t, k] + S2[t, k] truncated at order k;

il k] = Gl

83?0[25,/{] [t ko aw] [t k] truncated at order k;
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11. Extract the coefficients of %[t, k], 221t, k] and %[t, k] to respectively construct
dQ¥k, dQk and dﬂfuj based on the expressions in equations (3.17) and (3.20);

12. Arrange the observability matrix d2¥ = [dQF dQk, dQZl, ey dﬂﬁ)r].

Similarly to what was discussed in [86] for the case of all inputs being measured,
in Algorithm 3.2 all the computations between power series can be done with the
application of modular operations so as to further improve the efficiency. The means
of achieving so is through selecting a large positive prime number p at the initialization
step and choosing the random integers within the range 1 to p — 1 for numerical
realizations; all the occurring power series throughout the algorithm are then treated
with their coefficients modulo p. The arithmetic of modular operations can be simply
described as follows [90]: a positive integer a modulo p calculates the remainder
of a divided by p, resulting in an integer between 0 and p — 1; a fraction of two
positive integers b/c modulo p, based on the rule of modular multiplicative inverse,
also gives an integer between 0 and p — 1. As a consequence of applying the modular
operations, all the occurring coefficients of power series throughout the algorithm
are restricted within the range 1 to p — 1. The problem of number growth is thus
effectively controlled to prevent expensive computations between very large numbers.

Taking into account the modular operations, the output from the proposed algo-

rithm is equivalent to the following matrix:
dQ¥* modulo p (3.40)

where the modulo operations are used elementwise. The observability of the tested
system is then determined by evaluating the rank of the matrix over a finite field [,

through applying the modular operations to Gaussian elimination [86, 90, 14, 91].
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As discussed in [86], d2¥ and the matrix in (3.40) contain almost identical rank
information over the corresponding fields and can hence deliver agreed observability
results with a very high probability of success. The probability of disagreement,
when the observability results obtained with and without the modular operations do
not coincide, is vanishingly small if p is selected to be large as shown in [86]. This
probability can even become practically negligible if the algorithm is repeated using
different choices of p and numerical realizations.

A proper choice of k = kg such that Algorithm 3.2 computes the corresponding
dQ* from which the user can extract convergent observability information might not
be straightforward for some large systems. In the following, a recursive version of
Algorithm 3.2, termed as Algorithm 3.3, is presented. In the algorithm, £ is incre-
mentally changed to match the order of the leading term of the power series produced
from Newton’s iteration, i.e. k = 29 — 1. At each increment of k, the corresponding
d2* is computed and the (k-row) observability properties of the components of ¥
are detected following the procedure described in Section 3.2. In the case of encoun-
tering observable systems, the iterations terminate when it reaches a k such that

rank(dQ*) =n+1+ (k+ 1)r or x, @ and w are found to be observable.

Algorithm 3.3
Input to the algorithm: the state-space and measurement equations of the system
in equation (3.2)

Output from the algorithm: the (k-row) observability of the tested system

Preprocessing: Compute g—;‘, g—g and % (7 = 1,...,r) symbolically. Convert the
J
state-space equations to P = 0 using equation (3.25), and compute g—’;, %—1;, %_1; and

g—f; symbolically
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Initialization: Choose the sets of positive integers randomly &y, é, Wy, ..., wo'® and
g, ..., ™. Let ult, k] = dg+ ... +’&0(k)%, wlt, k] = wo+ ... +1I)0(k)%, and evaluate
g—;‘, g—g, 8%;, P, %—1;, %—1;, %—193 and aaTPj at @ = 0, u = ult, k], w = wt, k]. Set xo = &g
and ¢ =0
1. Set ¢ =q+ 1;
2. Evaluate P, %—1; and %—I; at & = Tq_1, T = Tq_1, truncated at order
2 1.
3. Set g =0 and Ag = By = I,,xp, and compute A, and By:
a. Set g=g+1;
b. Compute A; = A;_1+ Ay fBg_l(—(g—g)_l%—i)Ag_l — Bg_lAg_ldt
truncated at order 29 — 1;
c. Compute By = 2B,_1 — B,_1AgB,_; truncated at order 29 — 1;
d. Go to step 4 if g = gq. Otherwise go to step a;
4. Compute g = €q—1 — Aq [ Bq(%—gflP)dt truncated at order 27 — 1;
5. Set x[t, k] = x4;
6. Evaluate %—1;, ‘Z—I;, %_1; and gTPj at & = x[t, k], x = x[t, k], truncated at order k;
7. Set g =0 and Ag = By = I,,«», and compute A, and By:
a. Set g=g+1;
b. Compute A; = Ay_1 + Ay fBg_l(—(aa—g)*lg—I;)Ag_l — Bg_lAg_ldt
truncated at order 29 — 1;
c. Compute By, = 2B,_1 — B;_1A;B,_; truncated at order 29 — 1;
d. If g = ¢, truncate A, and By at order k and go to step 8. Otherwise
go to step a;

8. Compute 8‘%[25, k] = A4 truncated at order k;
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9. Compute 22[t, k] = —Aq [ Bq(22~ laP &5 )dt truncated at order k;

Eo[t k] = —Aq [ By(3F Lop 0wy ry gyt

oa Bw 8’w0

ow;
10. Set aw;j,o [t k] =[1,t,... k]
truncated at order k;

11. Compute 28[¢, k], 22¢, k] and 22 [t k] by evaluating 2%, 9% and 2t at x = x[t, k],

truncated at order k. Take Taylor series expansions at ¢ = 0 up to order k if 8;‘, g—z

and % are rational expressions;
J
12. Compute 4~ c[t k] = Shlf k)22 =[t, k] truncated at order k;
13. Compute %[t, k] = Oh[t, k| %%[t, k] + S[t, k] truncated at order k;

B[t k] = SE[t, k] 52 [t,k] [t k|5 Ou [t k] truncated at order k;

14. Compute -

J

15. Extract the coefficients of %[t, k] [t, k] and -2 [t k| to respectively construct
.7

o

d¥k, dQk and dQ’ij based on the expressions in equations (3.17) and (3.20);

16. Arrange the observability matrix dQ¥ = [dQF, dQk, dQF

wi? Y

9%,
17. End if rank(dQ*) = n + 1+ (k + 1)r, and x, 8 and w are detected observable;
18. Set i = 0. Detect the (k-row) observability properties of the components of x*:

a. Seti=1+1;

b. Remove the i"* column of dQ2¥;

c. If the rank of the occurring matrix< rank(dQ2¥), the i*" state is

observable. Otherwise the state is k-row unobservable;

d. Go to step 19 if i = n+ [+ (k + 1)r. Otherwise go to step a;

19. End if &, 8 and w are detected observable. Otherwise go to step 1;

Algorithm 3.3 succeeds in identifying an observable system or the observable quan-
tities (dynamic states, parameters or unmeasured inputs) of an unobservable system.
Concluding the observability of those k-row unobservable quantities in a rigorous

mathematical manner, or in other words proving the convergence of the k-row un-

80



observable quantities, however, has not yet been feasible. In the examples of this
chapter, a practical guideline is provided on how to conclude the unobservable quan-
tities with sufficient confidence by making use of the submatrices of the observability
matrix of a large k obtained from Algorithm 3.2 or 3.3. Theoretically addressing this

convergence problem will be the focus of future extensions of this work.
3.3.4 Remarks

The proposed algorithm in this work, the version of Algorithm 3.2 or 3.3, can be im-
plemented efficiently in a variety of software with symbolic computing tools, such as
MATLAB with symbolic toolbox [71], Maple [69] and Mathematica [110]. Compared
to the purely symbolic implementation of Algorithm 3.1 presented in Section 3.2, sev-
eral advantages of using the proposed algorithm for observability testing are remarked
in the following. Firstly, the algorithm uses numerical realizations of the involved
variables and the technique of modular operations to control number growth. With
the exception of the preprocessing step, gradients and differentiations of symbolic
expressions are completely avoided; the arithmetics of power series with numerical
coefficients throughout the algorithm are substantially cheaper than those computa-
tions between symbolic expressions. The second advantage is due to the utilization
of the Newton’s iteration method. Newton’s iteration allows to compute a number of
terms of power series at each iteration twice as many as the previous iteration, and
the number of terms of power series is in fact equivalent to the number of the Lie
derivatives of corresponding orders. Due to this quadratic convergence property of
Newton’s iteration, a large number of the Lie derivatives can therefore be computed
through only a small number of iterations. In comparison, Algorithm 3.1 uses formu-

lation (3.5) to compute one order of Lie derivative only each time. Benefiting from
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the above advantages, Algorithm 3.2 allows to efficiently compute the observability
matrix of a large and complicated system for the choice of a very large k, where it
should be noted that the observability matrix of a large k is more likely to contain
convergent observability information than the matrix of a smaller k. Similarly in
Algorithm 3.3, it is able to operate up to a very large k for a system of large size and

high complexity.

3.4 Illustrative examples

3.4.1 A 2 degrees of freedom (DOFs) nonlinear system

— U —> W

L R ol
@) @

Figure 3.1: A 2 DOFs nonlinear system driven by measured and unmeasured inputs

This example demonstrates the use of the proposed algorithm to examine the
observability of a 2 DOFs nonlinear system driven by both measured and unmeasured
inputs as shown in Figure 3.1. Let x1, x5, v1, v and ¥1, v9 denote the displacements,
velocities and accelerations of the two masses of the system respectively. A measured
input u is applied at the first mass and an unmeasured input w is applied at the
second mass. The stiffness of the nonlinear spring that connects the first mass to
the fixed support is displacement-proportional and given by ki + Akjx;. The linear

spring connecting the two masses has the stiffness of k3. The dynamic states of the
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system are w1, T9, v; and vy, and the unknown parameters to be identified are kq,

Aky, ko and m. The state-space equations of the dynamical system can therefore be

written as:
1 (%1 kl
€T = % Uf - *(k1+Aklml)m;1+k2(xzf:v1)+u 5 0= % k; - 04><1 (341)
Vo ko(xz1—x2)4w m

Two sensor setups are considered with the measurements taken denoted as y; and

T T
yl = 1')2 = k2($1—$2)+w

Yy respectively:

01 —(ki+Akiz1)z1+ko(z2—21)+u (3-42)
Y2 = |:'U2:| = kg(mﬁcg)—i—w

where y; consists of the displacement of the first mass and the acceleration of the
second, while in ys, the displacement is replaced by the acceleration of the first mass.

Using the measurement of the first sensor setup y;, Algorithm 3.3 terminates at
k = 7 reporting that the dynamical system is fully observable. The observability
result is in agreement with those reported from the symbolic Algorithm 3.1 and the
EORC-DF algorithm presented in [67]. It can hence be concluded that it is theoret-
ically possible to track x1, zo, v1 and vy over time and in the meantime identify the
values of ki, Aky, ks and m based on the u — y; measurements. With respect to
the measurement of the second sensor setup y2, however, the system is not detected
observable. To analyse the (k-row) observability properties of @, @ and u and their
convergence, Algorithm 3.2 is used to calculate the observability matrix d2* with a
choice of & = 15. The resulting d2'® then allows for obtaining dQ°, ..., dQ'* by
making use of its submatrices. For example, one may obtain dQ'* from dQ'® by

(15

removing the column corresponding to w® and the rows corresponding to L}5h.

Figure 3.2 plots the ranks of df2* in (a) and the k-row observability properties de-
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Figure 3.2: (a) The ranks of dQ2* for the case of y; measurement (blue
line) and the case of y, measurement (red-dashed line), with comparison to
the rank condition n 4+ [ + (k 4+ 1)r (black-dashed line) (b) the observable
quantities (circles) and k-row unobservable quantities (z-marks) for the case
of y; measurement (blue) and the cagi of y2 measurement (red)



tected from dQ* in (b) for k = 0,...,15. As can be seen for the measurement yy,
rank(d2¥) = n + 1+ (k + 1)r occurs and all the &, @ and u correspondingly become
observable at k = 7. In the case of measuring ys, vy, v9, Aky, ko and m become
observable at k& = 6, but x1, 22, k; and w remain k-row unobservable throughout
all the k considered. From k = 6 to 15, rank(dQ2¥) (red-dashed line) and the rank
condition n 4+ [ + (k 4+ 1)r (black-dashed line) increase at the same rate, leading to
two parallel lines. The occurrence of the parallel lines is in indication that it is highly
likely that z1, z9, k1 and w would remain k-row unobservable for larger £ — oo,
which implies that these quantities are in fact unobservable. An advantage of using
the proposed algorithm is that d©2* of a larger k (e.g. k = 100) can be calculated to
further investigate the ranks and the k-row observability properties (for e.g. k = 16
to 100), such that the observability of those k-row unobservable quantities can be
concluded with more sufficient confidence.

The afore-described graphical method for determining unobservable quantities
with a high level of confidence is suggested in [67]. This example illustrates an
alternative way to conclude that z1, x5, k1 and w are indeed unobservable with respect
to the measurement y,. Assuming w®*+Y is known, the corresponding augmented
form (3.4) of the considered system can be treated as a system with fully known
or measured inputs. For such a system, Algorithm 3.3 can be used as the regular
ORC algorithm to examine its observability. When the algorithm operates up to a
convergent point where the number of the Lie derivatives calculated equals to the
number of quantities to be identified, the k-row unobservable quantities detected can
be immediately concluded to be unobservable (see [26, 44, 86] for the details of the

ORC). Figure 3.3 summarizes the results of observability with assuming w®**!) known
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Figure 3.3: The observability of the augmented form of the system with w®**1) as-
sumed known for the case of y, measurement

for k+1=0,...,8. As shown in the figure, x1, z2, k; and w are detected unobservable
at k + 1 = 1 and remain unobservable further. If a quantity is unobservable for a
known w(, it is guaranteed to be unobservable for an unknown w® which is the case
of this example. Therefore it can be concluded that x1, x5, k1 and w are certainly
unobservable, while the remaining quantities are observable as detected in Figure
3.2. It is not possible to properly estimate xy, xo, k; and w based on the u — y;

measurements using any system identification method.
3.4.2 A 101 DOFs nonlinear system with a tuned mass damper

The proposed algorithm is now applied to test the observability of a large dynamical
system. Increasing the number of masses of the system in Example 3.4.1 to 101,
the occurring 101 DOFs nonlinear system can be viewed as the model of a 101-

storey shear building. In this example, the effects of damping on the dynamics of the
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shear building are taken into consideration. As shown in Figure 3.4(a), linear viscous

dampers are connected successively between the floors of the model; a pendulum

tuned mass damper (TMD), with its mass, stiffness and damping parameters mgy, kq

and ¢4 respectively, is suspended from the top floor. The modelling of this example

is inspired by the design of the well-known Taipei 101 skyscraper in Taiwan. It is

further assumed that unmeasured wind load with linearly increased magnitude is

applied along the building. The maximum magnitude of the wind, w, appears at the

level of top floor.
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Let x; and v; denote the displacement and velocity of the mass m; respectively.
0 and vy denote respectively the sway angle and angular velocity of the pendulum

TMD. The dynamic states of the considered system are therefore:
x = [T1,..., 2101, 0,01, ..., Vio1, Vo] (3.43)
The unknown parameters to be identified are:
0 = [k, ..., kio1, Ak, c1, .., Cro1, Ma, ka, ca] - (3.44)

where k; and ¢; are respectively the coefficients of the linear spring and damper
between m;_; and m;. The stiffness of the nonlinear spring at the bottom is again
given by k; + Akyx;. The equations used to describe the dynamics of the pendulum

TMD are given by:

0 —Vg
2 k’101($101 - 117100) C101(17101 - U100) mip1 + My (k; mdg)e (3 45)
0 = - dT 5 .
myo1 L myo1 L mip1mgq L
mio1 -+ my w
mMi1011M4q myo1 L

The following equations describe the dynamics of mg;:

Z101 =V101

k101(9€101 - 33100) C101 (U101 - Uloo) i (/de + md9)9

?'1101 - - - 346
miol miol mio ( )

cqLvg w

mio1 mio1

while the state-space equations of the remaining parts of the system can be writ-
ten referring to the standard modelling of shear buildings [30]. For the purpose of
comparison, the same shear building with a translational TMD, as shown in Figure
3.4(b), is also tested. In this case, the displacement and velocity of the TMD are

denoted by x4 and v, respectively, and the dynamical equations of x4, v4, 101 and
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V1091 are written as:
i’d =Uq

. ka(wa—xi01)  ca(va — vio1)
Vd — — -

mq mq
T101 =V101 (3.47)
P F101(z101 — T100)  C101(vio1 — Vi0o) 1 (ka1 + kao)(zq4 — 7101)

101 = — -
mio1 mio1 mio1
Ca1 + Ca2)(Vg — v w
i (car 2)(va 101) i
mio1 mio1

where kg1, kg2, cq1 and cgo are the unknown TMD stiffness and damping parameters
to be identified.

For both the cases of pendulum TMD and translational TMD, ten sensors are
installed at every ten floors along the building to measure 5 displacements and 5

accelerations. Specifically, the measured outputs are:

. . . . . T
Y = [V101, To1, Us1, 71, V61, T51, Va1, T31, V21, T11] (3.48)

Algorithm 3.3 concludes that the shear building with the pendulum TMD is fully
observable. All of its dynamic states, unknown parameters and the unmeasured
wind load are observable based on the y measurement. The shear building with the
translational TMD is however detected unobservable. An analysis of the observability
matrix dQ2°!! obtained from Algorithm 3.2 shows that the parameters kq1, kgo, cg1 and
cqo are not individually identifiable, while the remaining dynamic states, parameters
and unmeasured input of the system are detected observable.

It should be noted that the symbolic Algorithm 3.1 and the EORC-DF algorithm
presented in [67] are not capable of handling the large shear building systems tested in
this example due to their limitation of high memory requirements. In comparison, the

proposed algorithm is efficient in the usage of physical memory and is implemented
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relatively fast to test these large systems which contains more than a total of 410
dynamic states and unknown parameters. The efficiency of the algorithm could be
further improved through implementing in a high-performance computer and making
use of more computer cores. This allows for applications of the proposed algorithm to
systems of large size and high complexity that are often encountered in engineering

practice.

3.4.3 A 2D finite element (FE) model of wind turbine

wind (a) (b)
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Figure 3.5: (a) A 2D FE model of wind turbine and (b) a substructural model of
the wind turbine

In this example, the observability of a wind turbine model as shown in Figure
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3.5 is examined using the proposed algorithm. Figure 5(a) demonstrates a simplified
2D FE model of the wind turbine, where the rotor blades and nacelle are lumped
at the top of the tower as a mass. The lumped mass m is assumed to be known,
and its moment of inertia, denoted by I,,,, is an unknown parameter to be identified.
The mass is subject to a thrust force w which is unmeasured. It is assumed that the
torsional stiffness of the wind turbine is infinitely large and the torsional vibration
is not taken into consideration in the modelling. The tower is discretized into 40
uniform Euler-Bernoulli beam elements. The stiffness and mass matrices of the 7"

element between the nodes ¢ and 7 + 1 are given by:

12 6L —12 6L
FEI, | 6L 41> —6L 2L?
3 |-12 —6L 12 —6L
6L 212 —6L 4L2
156 220 54 —13L
_ pAL | 220 4L* 13L —3L2
€~ 420 | 54 13L 156 —22L
—13L —3L2 —22L 4I>2

K, =

(3.49)

where EI; is the unknown stiffness parameter of the element, and p, A; and L are
the known density, cross-section area and length respectively. The foundation of the

wind turbine is modelled as the following macro-element:

)= ) 5] 650
where Fy,. and Mj,, are the resistant force and moment of the springs respectively,
and x; and #; are respectively the displacement and rotation of node 1. The stiffness
matrix is assumed to be generally symmetric with the unknown coefficients kqq, kio
and ks to be identified.

Let z; and 6; denote the displacement and rotation of node i respectively, and

v; and vg; the translational and rotational velocities respectively. The dynamic state
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vector of the model is a collection of all the nodal displacements, rotations and the

corresponding velocities:
x = [11,01, ..., 241, 041, V1, Vo1, .., Va1, Vgu1] " (3.51)
The unknown parameter vector is:
0 = [I,,,ELL, ..., ELy, k11, k12, koo (3.52)

The state-space equations of the model are written in the following form:

& =Ax+ Bw, 6=0 (3.53)
where
Os2x1
| Ogaxsz  Tgoxso . Osox1
A = MK Ogu| B = e 1 (3.54)
0

where K and M are respectively the model stiffness and mass matrices constructed
from the assembly [30] of the element stiffness and mass matrices of the lumped mass,
the beam elements of the tower and the springs of the foundation.

Figure 3.5(b) shows a substructural model of the wind turbine which consists of a
lower part of the tower and the foundation. A shear force w; and a bending moment
wy, which are unmeasured, are applied at node 41 to account for the dynamic effects of
the upper-structure (the lumped mass and the upper part of the tower) on the model.
This model is used to investigate whether it is theoretically possible to identify the
substructure of interest using only measurements obtained from it. The feasibility
of substructural identification would lead to significant reduction of identification
problem size and more efficient usage of available sensors, and hence more accurate

identification results. In this case, the state-space equations of the substructural
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model are written as:

T =Ax + B1w1 + B2w2

o . (3.55)
0 — % |:E.[17 ...,EI40, k117 kl2,k22:| - O
where
Os2x1 Os2x1
B, — B Osox1 B, — B Osox1 (3.56)
M 1 ’ M 0
0 1

For both the models in Figure 3.5(a) and Figure 3.5(b), 4 sensors are installed
at every 10 nodes along the tower. 4 sensor setups are examined with the output

measurements:

Y1 = [Ua1, V31, Vo1, V11), Y2 = [0a1, V31, Va1, D11
(3.57)
Ys = (041,031,021, 011), Ya = [0a0, 031, Vo1, 011

In the first setup y;, all the sensors are accelerometers measuring lateral accelerations,
while in the second setup ys an accelerometer at the top of the tower is replaced by
an inclinometer. 2 inclinometers are used in y3. In y4 a sensor is moved from the top
to the node below.

The observability results obtained from the proposed algorithm are summarized
in Table 3.1. When all the 4 sensors are accelerometers as in the setup y;, both the
full and substructural models are detected unobservable: neither their dynamic states
nor the unmeasured forces applied are observable, but all the unknown parameters
are identifiable. If inclinometers are used as in the setups y2 and ys, it then becomes
possible to track those dynamic states and unmeasured forces given the measurements;
the more unmeasured forces exist the more inclinometers are needed to achieve so.
Using the measurement y4 for the substructural model, 4 dynamic states, 1 parameter
and the 2 unmeasured forces are found highly likely unobservable by means of the

graphical method described in Example 3.4.1. A comparison between the setups ys

93



Measurements Y1 Yo Y3 Ya
(a) Observable (7] x, 6 and w x, 6 and w x, 8 and w
Unobservable x and w - - -
Observable 0 0, 041 and vgy1 x, 60, wy and wo the remaining
(b) Unobservable | @, w; and wy  the remaining - -
nghly hkely E[40, T41, V41, 941
unobservable ) ) ) Vga1, wy and woy

Table 3.1: The observability of the full model in Figure 3.5(a) and the substructural
model in Figure 3.5(b) with respect to the measurement scenarios y1, Y=, Y3z and yq4

and y4 implies that, a sensor should be considered to be placed at where the structure
is ‘split” and the unmeasured forces are applied i.e. node 41 in this example, in order

to achieve feasible substructural identification.
3.4.4 A 2D FE model of a truss-beam bridge

Application of the proposed algorithm to a 2D FE model of a truss-beam bridge
whose geometry is inspired by the design of Tokyo Gate Bridge [112] is demonstrated
in this example. The bridge is a three-span composite structure of steel bars in
the arrangements of trusses and a steel box girder as shown in Figure 3.6(a). The
investigated model is a substructure of the bridge, as shown in Figure 3.6(b), which
consists of the left 320m part of the girder, including the left span and half of the
central span, and the associated trusses. An unmeasured shear force w; and an
unmeasured bending moment wy are applied at the right end of the girder to account
for the dynamic effects of the remaining bridge structure on the model. A measured
excitation u is applied vertically at the marked position on the deck, which in practice
could be provided by a hammer or an actuator.

The substructure of the bridge is modelled using linear frame-type macro-elements:
the steel girder is discretized into 20 uniform Euler-Bernoulli beam elements, and the

other pin-jointed members are treated as truss elements. Each of the truss nodes
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1-11 and 32-43 has 2 DOFs i.e. translational motions along horizontal and vertical
axes. The axial stiffness of the truss element between nodes ¢ and j is k;;, which is
an unknown parameter to be identified. The mass matrix of each truss element is
obtained by assuming the element mass is lumped as point masses along the trans-
lational DOF's at the ends. The point mass from all the jointed members lumped
at each truss node is assumed to be known. Each of the beam nodes 12-31 has 2
DOFs i.e. vertical motion and rotation with neglect of axial motion. The stiffness
and mass matrices of the beam element between nodes ¢ and j are given in equation
(3.49), where the corresponding stiffness parameter E1;; is unknown. At the nodes of
contact between the truss elements and girder, a rigid element transformation relates
the truss nodal DOFs to the beam nodal DOFs. The left end of the girder is assumed
to be fixed and the bottom truss is connected with pin-joints to the piers, as shown
in the figure.

The state-space equations of the model are written in the following form:
T =Ax + Blwl + B2U}2 + B3U, 0 =0 (358)

where the dynamic state vector & contains all the nodal displacements, rotations
and the corresponding velocities. The parameter vector 8 includes all the unknown
stiffness parameters of the truss and beam elements. The form of the system matrix
A is given in equation (3.54), where K and M are respectively the model stiffness
and mass matrices constructed from the assembly of all the element stiffness and mass
matrices of the truss and beam elements. By, By and Bjy are the affine-input vectors
for the measured and unmeasured inputs to the model. 4 sensors are installed on the
deck at the positions shown in Figure 3.6(b), where 2 vertical displacements and 2

vertical accelerations are measured to record the response of the bridge to the applied
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excitation wu.

The proposed algorithm reports that the substructural model of the bridge is
fully observable in the presence of unmeasured inputs. Based on the measurements
obtained from the given sensor setup, it is theoretically feasible to estimate the un-
known properties of the substructure and in the meantime track its dynamics using
some suitably chosen system identification methods. Similar as in Example 3.4.3,
the result of this example suggests the theoretical possibility of an alternative strat-
egy that can be used to identify or perform health monitoring on a large structure
(e.g. as for the bridge), especially when there is a lack of sensors. A substructure
of the large structure, whose properties and dynamics are of interest, could be prop-
erly selected, modelled and identified while neglecting the remaining elements of the
structure which are not of interest. Such strategy of substructural identification would
help in tackling problems related to dimensionality and in using the available sensors
more efficiently, leading to an improvement of identification accuracy. In the cases of
substructural identification and many other realistic scenarios, the observability algo-
rithm proposed in this work would allow researchers to freely investigate the viability
of various structural models of interest and sensor patterns without concerning about

the computational constrains of the original observability method.

3.5 Conclusions

In this chapter, an efficient algorithm is developed to examine the observability and
identifiability of rational nonlinear systems with unmeasured inputs. The underlying
theory behind the algorithm is based on the extension of the extended Observabil-

ity Rank Condition (EORC-DF) to relax the requirement of systems being affine in
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inputs. A power series-based computational framework of the observability matrix
is established by making use of a variational system of differential equations. In
the framework, expensive symbolic computations of Lie derivatives are replaced by
cheaper calculations between power series with numerical coefficients. The use of
Newton’s iteration allows for obtaining a large number of Lie derivatives within a
small number of iterations, without the need to perform symbolic differentiations or
gradients. Additionally, the introduction of modular operations further improves the
efficiency of the algorithm through controlling the growth of numbers. A high-rise
shear building, the 2D FE model of a wind turbine and the 2D FE model of a large
bridge are successfully tested as examples to demonstrate the usefulness, robustness
and efficiency of the proposed algorithm. The obtained observability results of the
wind turbine and bridge models also suggest the possibility of performing substruc-
tural identification in order for more efficient system identification or structural health

monitoring.
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Chapter 4

Lie Symmetries of Nonlinear
Systems with Unmeasured Inputs

The main objective of this chapter is to propose two computational methods for find-
ing Lie symmetries of nonlinear dynamical systems with unmeasured inputs. The
developments are based on extensions of the existing computational methods sug-
gested in [102, 3, 86] for nonlinear systems with fully measured inputs and outputs.
Each of the proposed methods has its own advantages and disadvantages in terms of
applicability and computation efficiency. The resulting Lie symmetries found from
the methods can provide an alternative standpoint to understand the observability
and identifiability properties of dynamical systems. They are able to theoretically
predict what results could be obtained when identifying a dynamical system with a
given setup of sensors, what mathematical relationship would be between the identi-
fication results and true solutions, whether the system states and unmeasured inputs
could be under-estimated, over-estimated or correctly estimated, etc. In addition,
the chapter performs pioneer investigations on the utilization of Lie symmetries for
model reduction, sensor re-placement, etc. in order to improve system identification

results.
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4.1 Lie symmetries of nonlinear systems with fully
measured inputs

4.1.1 Lie transformations

This section first briefly sketches some basic elements of Lie symmetry analysis of
differential equations; a more detailed exposition can be found in [76, 79, 12, 13].
Let € = [z1,T,...,7,])T denote a vector of variables in a domain D C R", and

consider a subset S C R. The set of transformations
¢(x,e):DxS—D (4.1)

depending on the parameter €, forms a one-parameter group of transformations on D
if:

1. For each value of the parameter € € S the transformations are one-to-one onto D;
2. S with the law of composition pu is a group with identity zero;

3. ¢(x,0) =z, Vx € D;

4. d(Pp(x,€e1),62) = Pz, puler, €2)), Yo € D, Vey, e € S;

This group of transformations defines a one-parameter Lie group of transformations
if in addition to satisfying the axioms of the previous definition:

5. € is a continuous parameter, i.e. S is an interval in R;

6. ¢ is C'"™ with respect to  in D and an analytic function of € in S;

7. (e, €) is an analytic function of €; and €, Vej, e € S.

It is indicated by the Lie’s First Fundamental Theorem [11, 48, 47, 77| that the

Lie group of transformation is equivalent to the solution of the initial value problem
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for the system of first-order differential equations:

o6 _
De

£(@), ¢(x,0)=x (4.2)
where £ is an analytic tangent vector field, and &(x) is defined as the infinitesimals
of the group of transformations. Lie’s First Fundamental Theorem ensures that the

infinitesimals contain the essential information for characterizing a one-parameter Lie

group of transformations.
4.1.2 Lie symmetries

A one-parameter Lie group of transformations admitted by a set of differential equa-
tions is called a one-parameter group of Lie (point) symmetries of the differential
equations. Consider nonlinear dynamical systems that are written in the following

state-space representation:

z = f(z,u) (4.3)

y = h(z,u)

where © = |11, 9, ..., 7,,]7 denotes the augmented state vector [26] containing both the
dynamic states and the time-invariant parameters of the underlying system, u € R
the vector of measured and hence known inputs, and y € RP the vector of output
measurements. A one-parameter group of Lie symmetries of the system described in

equation (4.3) is given by:

b(x,€) = [p1, 02, ..., O] (4.4)

where the i"(1 < i < n) component of ¢(x,¢), i.e. ¢;, is a Lie symmetry of the

i'" component of @, i.e. x;, and it is in general an analytic function of  and the
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real constant parameter e. A fundamental property of Lie symmetries is that such a
group of transformations of @ and e satisfies the state-space and output equations of

the considered system, leaving the measured inputs and outputs invariant, i.e.

d) = f(d)au) (4.5)

Yy = h(¢, u)

where the vectors of functions f and h between equation (4.3) and equation (4.5)
remain the same.
To illustrate the property of Lie symmetries, the following simple dynamical sys-

tem [86] is used as an example:

1 = 0127 + Oyriy +u (4.6)
By = 307 + 041170

6, = 0, 05=0, =0, 6, =0

Yy = &

The state vector of the system is & = |11, 2,01, 0, 03,047, and the one-parameter

group of Lie symmetries is found to be:

¢(m76) = [x1766$2791a % 6693794]T (47)

e’

¢(x, €) satisfies equation (4.6), that is, if one-to-one substitutions of ¢ for x are
performed in equation (4.6) the equations still hold. In other words, for the solution
of equation (4.6) x* and each value of €, the group of transformations ¢(x*,e) is
also a solution of the equations, where it should be noted that ¢(x*, €) has included
the case of ¢(x*,€) = * when € = 0. Since € can be any value, if one attempts to

identify the system based on u — y measurements, it would not be able to find the
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true solution of &, but rather one of the infinitely many incorrect solutions implied
by ¢(x,€). According to the definition of observability, the system is said to be
unobservable, and more specifically, x5, # and 5 are unobservable. z;, #; and 6,
however are observable because their symmetries, i.e. the corresponding components
of ¢(x,¢), are not affected by the parameter e. This brings an implication that a
system can be said to be observable if its Lie symmetries ¢(x,€) = x for all possible

€.
4.1.3 Computational methods

Two existing methods can be used to compute the groups of Lie symmetries of a
given nonlinear system with fully measured inputs and outputs. This section gives a
brief review of the computation procedure of the methods, while their mathematical
derivations can found in [86, 2, 102, 3] for details.

The first method was proposed by Sedoglavic [86], which is based on computing

the following observability matrix of the system in equation (4.3) symbolically:

L9k
o0 Lih

i=-", Q= d (4.8)
L7h

where L}h refers to the i order extended Lie derivative which is calculated recur-

sively by:

i u
Lih=—{— Z T (4.9)

The expressions of the infinitesimals of the Lie transformations can then be deter-

mined by calculating the kernel of the observability matrix:

&€ = ker(dS2) (4.10)
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Once the functions & are given, the differential equation in (4.2) can be solved, if
mathematically possible, to obtain the solution of ¢(x,¢).

The second computational method and the corresponding algorithm were devel-
oped by Urguplu [102] and Anguelova [3]. The method is implemented based on
solving the following set of differential equations:

e f — Le(z) =0

Ghe(w) =0 (4.11)

2 =8e) dx0)=2
In order to guarantee an analytic solution form equation (4.11), an assumption must
be made on the form of ¢(x, €) in advance. Typical forms of Lie symmetries include
translation, scaling, affine, Mobius, quadratic, etc. Substituting the expression of
¢(x, €) into equation (4.11), the equations can then be solved analytically to deter-
mine the unknown coefficients in ¢(x, €).

In comparison, the first method is computationally cumbersome mainly due to the
symbolic computation of the observability matrix; analytically solving the differential
equation in (4.2) with the aim of obtaining general forms of Lie symmetries is often
computationally intractable or mathematically impossible. The second method is
computationally efficient, but the limitation is associated with its inability to deal
with general forms of Lie symmetries. In addition, real structural systems in practice
are often subject to loads or excitations which are difficult or too expensive to measure;
both of the aforementioned computational methods are not capable of handling the
situations where parts or potentially all of the inputs are unmeasured for a nonlinear
system.

Using the above computational methods, one may obtain multiple one-parameter

groups of Lie symmetries denoted by '¢(x,€1), 2¢(x, €2), .... These one-parameter
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groups can be combined as a multi-parameter group of Lie symmetries through ap-

plying the Lie transformations successively:

bz, €) = 'PCP(... e2), €1) (4.12)

where € is a set of parameters € = [e1, €2, ...].

4.2 Lie symmetries of nonlinear systems with un-
measured inputs

This work considers nonlinear dynamical systems with unmeasured inputs that can

be generally written in the following state-space representation:

z = f(z,u,w) (4.13)

Yy = h’(ma u, w)

where © = [x1, 29, ..., 2,]7 denotes the augmented state vector containing both the
dynamic states and the time-invariant parameters of the underlying system. w =
[wy, wa, ..., w,|T denotes the unmeasured and hence unknown inputs, u € R! the
vector of measured inputs and y € RP the vector of output measurements. f and
h are vectors of nonlinear analytic functions. Assume the system in equation (4.13)
contains 7 one-parameter groups of Lie symmetries. The (1 < i < r) group of the

system is a one-parameter, ¢; € R, group of transformations:

i(bm(wawaei) = [i¢x,1ai¢x,27 '-'7i¢z,n]T (414)
Z'QZ’)'l_L)(a".a’u}7€i> - [i¢w,17i¢w,27 “'7i¢w,m]T

where the j"(1 < j < n) component of ‘¢,, i.e. ¢, ;, is a Lie symmetry of the

J'™ component of x, i.e. x;, and it is in general an analytic function of @, w and

105



the real constant parameter ;. Similarly, ‘@, ;(1 < j < m) is a Lie symmetry of w;
and it is also an analytic function of @, w and ¢;. A fundamental property of Lie
symmetries is that such a group of transformations of @, w and ¢; fulfils the equations
of the considered system, leaving the measured inputs and the output measurements

unchanged, i.e.

s = f9au'du) (4.15)
Yy = h(z w?uaiqsw)
where it should be noted that the functions f and h between equations (4.13) and

(4.15) remain the same. Further based on the Lie’s First Fundamental Theorem, the

following differential equations hold with known initial conditions of ‘@, and ‘¢,,:

0 by ig (i i i
Je. = €a:( D ¢w)v ¢m($, w, 0) =T (416)
0'bu ie (i i
9 = Ew(¢w? ¢w>7 ¢w(w7wa0) =w
€
where ‘¢, and ‘€, are vectors of nonlinear analytic functions. 8;2’” ey = (W)

'y
O¢;

=€, (x,w) are the infinitesimals of the Lie group of transformations.

and (0 =

4.3 Analytic computations of translation, scaling
and Mobius Lie symmetries

In this section, a computational method of Lie symmetries of the system in equation
(4.13) is derived by extending the works in [102, 3] to account for the existence of
the unmeasured inputs. The symmetry computation relies on setting up a system of
differential equations whose solution provides the information of ‘¢, and ¢, appear-
ing in equation (4.16). The first differential equation of the system is derived based

on the fact that the state-space equation in equation (4.15) remains invariant for all
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possible realizations of the parameter ¢;, and therefore:

dig, df(dy,u,'ed,)

- 4.17
dEZ' dEi ( )
Since d;i“’ = dift , equation (4.17) becomes:
'€,  df (e, u,'dy)
= 4.1
Applying the chain rule to equation (4.18) yields:
%3 €, d'e of of
i €T i €T w — i 4‘19
oo, T og, dt ~og, o e, v (4.19)

Similarly, the second differential equation of the system is derived based on the fact
that the measurement equation in equation (4.15) remains invariant for all possible

€;, and therefore:

2 0= 4.20
dEi dEi ( )

Applying the chain rule to equation (4.20) yields:

Oh .  Oh
Do, ° 0y,

€,=0 (4.21)

The obtained equations (4.19) and (4.21) are then evaluated at ¢; = 0, leading to the

following system of differential equations:

o o’ w ‘ i
{ Pesfoas) p oy Deslowldw _ O ig (@, w) - SLI€, (2, w) = 0 (4.22)

ig (3,) + B, (w,) = 0
where f and h correspond to the functions in equation (4.13). Analytically solving
the system of equations in (4.22) yields ‘€, (x, w) and ‘¢, (x, w), and the Lie’s First
Fundamental Theorem ensures ‘¢ (x,w) and ‘€, (x,w) contain the essential infor-
mation for characterizing ‘¢, (‘¢,,, ‘¢,,) and €, (¢, ¢p,,). Subsequently solving the

equations in (4.16) allow for obtaining the group of Lie symmetries ‘¢, and ‘¢,,.
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In general, obtaining an analytical solution of the above system of differential equa-
tions is challenging if no assumptions are made for the symmetries [102]. However,
if ‘¢, and ‘¢, are assumed to be certain types of symmetries, such as translation,
scaling and Mobius, the system of differential equations can be solved automatically
and efficiently. Section 4.3.1, 4.3.2 and 4.3.3 discuss in detail the efficient computa-
tions of one-parameter translation, scaling and Mobius types of symmetries for the
system described in (4.13). It is further assumed in the following sections that all the
symmetries occurring in the system are related to translation, scaling and Mobius
symmetries and their combinations. This simplifying assumption is often satisfied for
a wide range of real world engineering systems. Other types of Lie transformations
not studied in this work include affine, quadratic and some more general higher-order
polynomial symmetries as investigated in [102] for systems with fully measured inputs.
Efficient computations of those types of symmetries in the presence of unmeasured
inputs are potentially also feasible using the framework derived herein and will be

the focus of future extensions of this work.
4.3.1 Translation symmetries

If the i group of Lie symmetries are translation symmetries then:

(Peg = 1+ Qe (4.23)
i¢x,n = Tnp+ ;€

‘w1 = W1+ Qi€
Z‘gbw,m = Wy + QG n4-m€i
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where o1, ..., % ntm are constant coefficients to be determined. The corresponding

¢, and ‘€, to ‘¢, and ‘¢, can thus be expressed as:

iga:,l

Com
ifw,l

'€
w,m

az¢x,1 .
— = =y
861‘ ‘
Vdun _
8€i 1,M
azgbw,l .
=
('3@- 1,1
O bwm
Tei = 04 nt+m

(4.24)

If the expressions of ‘¢, and ‘€, from equation (4.24) are used in equations (4.19)

and (4.21), consequently the system of equations in (4.22) can be simplified to:

( [9NL
ox1

Ofn
L Oxq
-ohy
oz

Ohp
\ Loz

9 T

Oxp

Ofn
0Ty -
Oh)
OTn

oy

0Ty -

+

4.3.2 Scaling symmetries

If the " group of Lie symmetries are

igbz,l

Ko
T,n

z‘(bw,l

roh oh T Te o]
ow1 o Owm i,n+1
Ot o | | g

Low, " Owmd L-intmd

el Oh1 7] -O[‘ T
owi " Owm i,n+1
Ohp Ohp v

Low, " Owm A LEentmd

scaling symmetries then:

= ¥,

—_ A n€;
= € "Iy

— eai,'rH—lei wy

— eai,n+m€i wm
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where o1, ..., % ntm are constant coefficients to be determined. The corresponding

¢, and ‘€, to ‘¢, and ‘¢, can thus be expressed as:

ifzp,l

ifm,n
wa,l

g3
w,m

ai¢$,1

De. = Oéi,li@c,l

1

' ,

8—:-771 = Qin' o
(3

0" w1 :

8:.]7 = Oéi:nﬂLll(wa

7

O bwm ;

T - ai,n+m (bw,m
(3

(4.27)

If the expressions of ‘€, and ‘¢, from equation (4.27) are used in equations (4.19)

and (4.21), consequently the system of equations in (4.22) can be simplified to:

;

of of
10775 BRI 0 f1 8_931 . ﬁ Q101
Ofn Ofn
0 e Qg fn 9z, " O Qi nTp
9 of
8_1ﬁ  Bwm QG n+1W1
— | : oo =0
O fn Ofn
61{11 . W Oél‘7n+mwm
Ohy Ohy ) Ohy Oh1 )
ozy " Oxn ;111 ow,  C Dwny O n4+1W1
Ohp Ohp ] Ohp Ohyp )
( Loz, - Bz, A nTn dw;  C Owy Qi n4mWm
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4.3.3 Mobius symmetries

If the i'" group of Lie symmetries are Mobius symmetries then:

iy = — L1 (4.29)

1-— €011

, T
A n
¢m,n -
1 — €2y,
. wl
1 i
¢w,1 -
1— €0 n+1W1
- w
7 o m
Pwm =

1— €; Oéi,n+mwm

where o1, ..., % nim are constant coefficients to be determined. The corresponding

i¢, and ‘¢, to ‘¢, and ‘¢, can thus be expressed as:

a%x,l i 42

‘ = = 4.30
513,1 an 2,1 z,1 ( )
x,m 862 ,n x,m
; al¢w 1 ;
i — L i 42
gw,l (%i i,n+1 ¢w,1
igwm - %:aimmi 2
) aei , w,m
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If the expressions of ‘€, and ‘¢, from equation (4.30) are used in equations (4.19)

and (4.21), consequently the system of equations in (4.22) can be simplified to:

of of 2
2041‘,1%'1 [N 0 f1 8_961 NN ﬁ Q17
Afn Ofn 2
0 ce 2Oél'7n$2 fn o1 ' Om, Q;nTy,
of1 of1 2
a’LUl oo awm Oél7n+1w1
=1 : =0 (4.31)
Ofn Ofn 2
ow, B Oél‘JH_mwm
% Ohq ) 2 Ohy Oh1 . 2
ozy " Omn ;117 ow;  C wy A n+1W7
: S s : =0
Ohp Ohp 2 Ohp Ohyp ) 2
( Loz, - Bz, A ny, dw; C Dwn O n4mWyy,

All the systems of equations (4.25), (4.28) and (4.31) can be converted to a linear

in the coefficients system:
Mao; =0 (4.32)

where a; = [ 1, ..., ai,ner]T and M is a matrix of functions of @, w and w. M can

be calculated symbolically by:

oP

M =
(90@

(4.33)

where P is a vector of the left hand side of equations (4.25), (4.28) or (4.31) that can

be commonly expressed as:
D& ¢ Ofig _ Ofi
P= | o g—ziéier E—Ziﬁiu w (4.34)
The vector of coefficients a; can then be determined by calculating the kernel of M
symbolically, i.e. a; = ker(M) giving rise to different bases as groups of realizations
of a;. Each basis corresponds to a different parameter ¢;. An algorithm was presented

in [102] to calculate «; efficiently for rational nonlinear systems by specializing sym-

bolic variables in M to random values and performing computations over a finite

field.
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4.3.4 r-parameter group of Lie symmetries

It is often the case that a dynamical system contains multiple one-parameter groups of
Lie symmetries. Multiple translation, scaling and Mobius symmetries of the system in
equation (4.13) can be obtained by calculating the kernel of M for multiple solutions
of bases with each basis corresponding to the coefficients of an independent group
of translation, scaling or Mobius symmetries. These obtained groups of translations,
scalings and Mobius can be treated separately, or alternatively they can be combined
into a single multi-parameter group of Lie symmetries. The principle behind the way
of combination is based on the property that Lie transformations of ‘¢, and ‘¢, are
themselves Lie transformations of & and w that satisfy the equations of the original
system [76].

For example, it is assumed that there exists r one-parameter groups of symmetries
including r; groups of translations and r, groups of scalings without the consideration
of Mobius. If one successively applies the translations and scalings in spite of their
sequence to transform x and w iteratively, the result gives an r-parameter group of
Lie symmetries of the system. Suppose all the translation symmetries are combined
first. Let ay, ..., , be the coefficients of the translations, and the j* component of

the combination is given by:
X + Qg €1 + ...+ Ay €ry (435)

Next all the scaling symmetries are combined. Let a1, ..., o, be the coefficients of

the scalings, and the j** component of the combination is given by:

oL ke (4.36)

Combining all the one-parameter groups of symmetries using equations (4.35) and
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(4.36) gives:
Gy = eOri L jerpt1 T Far jer (:Ej +ay jer + ..+ a”’jgm) (4.37)

where ¢, ; is the j component of ¢,. ¢, (x,w, €) is used to denote the r-parameter
group of Lie symmetries with € = [y, ..., €,]. @,,(x,w, €) can be obtained in a similar

fashion.
4.3.5 From Lie symmetries to observability

Identical to their one-parameter sub-groups of Lie symmetries, ¢, and ¢,, as the
transformations of « and w satisfy the equations of the considered system leaving u

and y unchanged, i.e.

bo = fdn . d,) (4.38)
y = h(¢m7u7¢w)

This fundamental property builds the relationship between the r-parameter group
of Lie symmetries and the observability of the system. If ¢,; # z;, then z; is
unobservable given the measurements of w and y. Similarly, if ¢, ; # w;, then w;
is unobservable given the measurements of w and y. On the contrary, if [¢,, @,,] =
[z, w], then all the states and unmeasured inputs are observable resulting in a fully

observable underlying system.
4.3.6 Model reduction

The model of an unobservable system can be reduced to an equivalent model with a
minimum number of unobservable states and unmeasured inputs utilizing the results
of Lie symmetries. If the system in equation (4.13) is found to contain an r-parameter

group of Lie symmetries, then at least a total of r states and unmeasured inputs are
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unobservable whose symmetries are functions of €. There exist however a set of
transformations of the states and unmeasured inputs, &, with respect to which the
system model can be re-written or reduced such that the reduced model contains up
to n 4+ m — r observable states and unmeasured inputs and a minimum number of
unobservable variables. In the case where all the unobservable variables could vanish,
the model reduction would lead to a fully observable model.

To obtain r in the case of transforming an unobservable model to be observable,
if possible, a transformation S is first sought by combining the components of ¢, and
G, 1. S(P,, P,,), Wwhere the goal is to eliminate all the parameters €. @t is then
introduced to be identically equal to S(¢,, @,,). This process will be demonstrated
through the following example where some added properties of this transformation

allow for obtaining an observable reduced model.
4.3.7 Algorithm

An algorithm is presented in the following to summarize the procedure of computing
translation, scaling and Mobius symmetries of the system in equation (4.13). All the
computations involved are symbolic, and the resulting multi-parameter group of Lie
symmetries from the algorithm is a combination of all the translations, scalings and
Mobius computed using the methods described in Section 4.3.1-4.3.4.

Algorithm 4.1
Input: the state-space and measurement equations of the considered system

Output: an r-parameter group of Lie symmetries

of Of oh and oh .

1. Compute 95’ 9w’ ox ow’
2. First the translation symmetries are computed. Let 'a = [a, ..., o] and 20 =

(1, vy Onim). Compute Pp = 2 (1a)T + 2L (2a)" and Py = 22 (*a)” + 22 (2)7;
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3. Let P = [P,", P,"]", and compute M = 2&;

4. Compute @ = ker(M) and obtain r; bases of «;

5. Substitute the coefficients into equation (4.23) to obtain the translations

T P (R E

6. Now the scaling symmetries are computed. Compute Py = diag(*a) f—5Ldiag(z)(*a)” -

9 diag(w)((a)” and P; = Ldiag(z)(*a)” + 2 diag(w)(*a)7;

7. Let P = [P,", P,"]", and compute M = 2E

8. Compute v = ker(M ) and obtain r, bases of «;

9. Substitute the coefficients into equation (4.26) to obtain the scalings

R B

10. Then the Mobius symmetries are computed. Compute P, = 2diag(*a)diag(x) f—

Y diag(z)* ()’ — 2L diag(w)?Ca)” and Py = P diag(z)? (') + 2L diag(w)* Cax)T;

11. Let P = [P,", P,"]", and compute M = &,

12. Compute a = ker(M) and obtain r,, bases of «;

13. Substitute the coefficients into equation (4.29) to obtain the Mobius

[ g, T D], s [ "B

14. Combine ['¢,, '@y, - [[Pms @) to obtain ¢, and ¢,,.

4.3.8 Illustrative example 1: a 2 degrees of freedom (2DOF's)
mass-spring system

Consider a 2 DOFs mass-spring system as shown in Figure 4.1. The displacements

of the two masses m are denoted as x; and xs respectively, and the corresponding

velocities are denoted as v; and v,. k7 and k5 are the effective stiffness of the springs.

The 2 DOFs system is driven by an unmeasured force F(t) applied at the second
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~ F(t)

0 T
@ @

Figure 4.1: A 2 DOFs mass-spring system

mass. The state-space equations of the underlying system are given by:

_$1_ _ . -
) Vo
d U1 (—k1$1+k2($2—$1))/m
E Vo | = (k’g([El — ZL’Q) + F) /m (439)
ky 0
ko 0
_m_ - O -

where k1, ko and m are the unknown parameters to be identified. The displacements
x1 and x5 are measured, and therefore the measurement equations of the system are

given by:

y = {“ﬂ (4.40)

T2
For the example system, Algorithm 4.1 gives a one-parameter group of scaling Lie
symmetries:

[cﬁm

= [z1, T2, V1, g, €ky, € ko, e“m, e F]T 4.41
(o)

As can be seen from the results of symmetries, the symmetries of xq, xo, v; and v,
are identically equal to themselves, which indicates that those states are observable.

On the contrary, the parameters ki, ko and m are unidentifiable and the unmeasured
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excitation F' is unobservable. The observability results suggested by the symmetries

are in agreement with the results output from the observability algorithm EORC-DF.

4.3.9 Illustrative example 2: a 2 degrees of freedom (2DOF's)
mass-spring system with a Bouc-Wen element

Bouc-Wen > F(t)

element

k, k,

RS TRENN T1S I
O O

Figure 4.2: A 2 DOFs mass-spring system with a Bouc-Wen element

Consider a 2 DOFs mass-spring system as shown in Figure 4.2. The displacements
of the two masses m are denoted as z; and x5 respectively, and the corresponding
velocities are denoted as v, and v,. k7 and k5 are the effective stiffness of the springs.
The first spring is assumed to be a Bouc-Wen element with the elastic displacement
r. The 2 DOF's system is driven by an unmeasured force F'(t) applied at the second

mass. The state-space equations of the underlying system are given by:

EN [ v ]
T2 V2
U1 (—k1T+k2($2—$1))/m
p (%) (k2($1 —x2)+F)/m2
| _ | v = Blullrlr =il
a k| = 0 (4.42)
ko 0
m 0
15} 0
v] L 0 1

where § and 7 are the Bouc-Wen hysteretic parameters. The parameters ky, ko, m,
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[ and ~ are unknown and thus are to be identified given measurements. It should be
noted that the exponent of the Bouc-Wen model is assumed to be known and equal
to 2. This is not due to the limitations of the method suggested in this work which
would allow for studying non-rational systems, but for presenting the results within
a more concise way. The displacements x; and x5 are measured, and therefore the

measurement equations of the system are given by:

y= ["”1} (4.43)

T2

The proposed method in this work cannot be applied directly to the underlying
system because the system is not smooth due to the existence of the absolute value op-
erators. However, as discussed in [26], it can be divided into several smooth branches
under different conditions of the states, and these smooth branches are then allowed
to be examined separately. The state-space equations to describe those branches are

given in the following, while the measurement equations remain the same:

il U1
) (%)
U1 (—k:17“+k:2(x2—:r1))/m
Vg (kg(xl —$2)+F)/m
_ 2 2
(A) :% ]: = 1 BUNE) o , when wv; >0 and r > 0(4.44)
1
ko 0
m 0
15} 0
7] L 0 i
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_l'l_ [ U1 i
T U2
V1 (—]ﬂlT’—i‘kQ(ﬂfg—l’l))/m
(%) (k2<$1—I2>+F)/m
d 2 2
B): — "= oLt for® —qurr , when v; <0 and r>0
dt | k1 0
ko 0
m 0
I} 0
7] L 0 i
_ZE1- [ U1 1
T2 V2
V1 (—k17"+k2(1:2—a:1))/m
(%) (]{32(1'1 —x2)+F)/m
d 2 2
(C):% l: = Ul+6v1% ver ., when v; >0 and r<0
1
ko 0
m 0
15} 0
7] L 0 1
_ZL'l_ [ U1 i
T %
V1 (—/{1T+k2<$2—1‘1))/m
(%) (kQ(I1—$2)+F)/m
d _ 2 2
(D) : 7 ]: = i 62}1% yr , when v; <0 and r <0
1
ko 0
m 0
I} 0
7] L 0 ]

For branches A and D, Algorithm 4.1 gives a 2-parameter group of Lie symmetries

that is a combination of a group of translations and a group of scalings:

{qbw
o

:| - [$17x27 V1, V2, T, €€1k.17 €€1k27 661Tn7 6 + €2,7 — €2, 661F]T (445)
AD

while for branches B and C', the algorithm outputs the following 2-parameter group

of Lie symmetries:

[g“’} = |21, T2, V1, V2, T, €€1I€1,6€1]€2,661m,5+63,7+€3,€€1F]T (4.46)
w] go
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As can be seen from the results of symmetries, the symmetries of zy, xs, v1, vo and
r are identically equal to themselves, which indicates that those states are observ-
able. On the contrary, the parameters ki, ks, m, § and v are unidentifiable and the
unmeasured excitation F' is unobservable within the corresponding branches. The
observability results suggested by the symmetries are in agreement with the results
output from the observability algorithm EORC-DF.

In the following, a transformation S is determined for combining the resulting Lie

symmetries so as to eliminate all €1, €5 and e3:

I s}
) i)
(%1 U1
(%) (%)
r r
S(¢a)? ¢’w) = elky = k1 (447)
i B
e‘lm m
B+e+y—e B+
B+es— (7 +es) B—n
el F F
L e‘lm - L m

A set of new dimensionless variables, fi, fa, 01, 03 and F},, are then introduced such

that:

-I‘l- [ T ]
Z2 X2

U1 U1

Vg o)

er=| .= . (4.48)

fi n
f2 =

01 B+
02 B—
F, E |

and the models of the 4 branches A, B, C' and D can be re-written with respect to
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xr as follows:

U1

U2
—fir + fo(xe — 1)
falxy —x2) + Fp,

v — or?

0

0

0

U1
V2
—fir + fo(xe — 21)
fo(xy — x9) + Fy,
vy + Sy r?

U1
V2
—fir + fa(xe — 1)
fa(wy — x2) + Fy,
V1 + o172

0
U2
—fir + fa(wy — x1)
fo(xy — 22) + F,
V1 — (512]17”2
0
0
0

, when vy >0 and r>0 (4.49)

, when v <0 and r>0

, when vy >0 and r <0

, when vy <0 and r<0

It should be noted that in the reduced models in equation (4.49), f; = ’:n—l and fo = %

are related to the natural frequencies of the system, d; and ds are the new Bouc-

F

Wen parameters and F,,, = — is a new unmeasured input to the system. Given the
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same measurements in equation (4.43), the reduced models are observable with all its

dynamic states and parameters as well as the unmeasured input observable, which

can be verified by the observability algorithm EORC-DF.

4.4 Analytic and power series solutions of general
Lie symmetries

Section 4.3 provides a method which allows for efficient computations of certain types
of Lie symmetries of the considered system in equation (4.13). Alternative to that,
this section proposes a different method with the aim of computing the analytic and

power series solutions of general Lie symmetries.
4.4.1 Lie symmetries of the augmented system

To derive the proposed framework, the system in equation (4.13) is augmented, simi-
larly as in Chapter 3 (see details in Section 3.2), by including the states & (containing
both dynamic states and unknown parameters in this chapter), the unmeasured inputs

w and their time derivatives up to order k in a common state vector, x*:

xF =[x w’ W’ ... w®T]" (4.50)

such that the state-space and measurement equations of the system with respect to

x® become:
-f(wa u, 'w)-
w
b = : = F*(x* u, w*) (4.51)
w®

w*+D)

y = h(z,u,w)
where w®) = CifT’,j’. It should be noted that the augmented system in equation (4.51)

still contains r unmeasured inputs which now coincide with the (k + 1) order time
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derivatives of the original unmeasured inputs, i.e. w®*+?.
Recall that the (extended) Lie derivatives of the output function of the augmented

system are introduced using the following formulation:

. 8L’ 'h OL%*h OL% *h
Lih = Z Ow®—D Z 8u<” 1) (4.52)

where chh is defined as the j** order Lie derivative which can be calculated recur-
sively from the previous order using equation (4.52), given the zero-order L(}h = h.
A straightforward calculation based on the chain rule shows that the j* order Lie

derivative is equivalent to:

dLi'h  dih
dt  dv

Lih = (4.53)

Now it is assumed the augmented system in equation (4.51) contains r one-
parameter groups of Lie symmetries, and its i*"(1 <4 < r) group is a one-parameter,

€; € R, group of transformations:

’Ld)a:k (wk7 w(k+1)7 6@) = [’Ld)z? Zd)ﬁa z¢£’ L3} id)ﬁ(k)]T (454>

i¢w(k+1) (mk7 w(k+1)’ Ei) = [i¢w(k+1),17 7;st(k+1),2> X igbw(kJrl),m]T

where ‘¢, and ‘¢,, are respectively the corresponding Lie symmetries of  and w,
and in general are both vectors of nonlinear analytic functions of &*, w®**!) and
the real constant parameter ¢;. Obviously, such group of Lie transformations fulfils
the equations of the augmented system leaving the measured inputs and the output

measurements unchanged, i.e.

l¢m"’ = Fk(i¢mkauvi¢w(k+1>) (455)

y = h(¢,u'd,)
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It should be noted that if the group of Lie symmetries could be determined, it ensures
that ‘¢, and ‘¢, would be determined as the components of ‘¢ which fulfils the
equations of the original system as in equation (4.15). Further based on the Lie’s First
Fundamental Theorem, the following differential equations hold with known initial

conditions of @k and ‘@, w+1):

bk S . ,
ae.m = mek (Zd)mku Z('bw(k—i-l))? Zd)azk (mk7 w(k+1)7 0) - mk (456)
3
T - gw(k+1)( ¢wk7 ¢w(k+1))7 ¢w<k+1) (iB , W ’0) =w
3
. . . . . 8¢
where ‘€. and '€,k are vectors of nonlinear analytic functions. ;Z zk (e =

. ot )
i€ (:ck, ,w(k+1)) and ¢’,§€(j+1)

(o = € e (2%, wF D) are the infinitesimals of the

Lie group of transformations.
4.4.2 Analytic computation of the ‘¢ functions

This section aims to compute the vector of functions ‘€« by solving a set of equations
analytically. This set of equations are derived based on the fact that the following
time derivatives of the measurement equation in equation (4.55) up to any order j > 0

remain invariant for all possible ¢;,

y = h(¢, u'e,) (4.57)
v = dt

dti
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and therefore,

dy dh(Z z W, Z¢w)
ay = 0= —d dt
dEi dEi
j Fh( ¢y 1, )
dy®) _ - d -
de; de;

Applying the chain rule to equation (4.58) yields:

ah<z m?uﬂid)w) ah'(Z a:?IU’?id)w)'

. €k + . ‘ =0 4.59
ald) & £mk 8Z¢w(k+1) Ew(k+1) ( )
§dhldyuidy) gdhldyuit,)

dt ngck + @t Zgw(k+1) = 0
Oy Ol i)
8d‘7h ¢:mu ¢w) ) adjh(iqsm:uvi‘i)w) )
a7 Zfazk + a7 wa(kﬂ) =0
8Z¢wk 6’(1) (k+1)

The obtained equations in (4.59) are then evaluated at ¢; = 0, leading to the following

set of equations:

oh oh
Dz Ean(@® ) + W%w(m)(iﬁk,w(kﬂ)) =0 (4.60)
0dh gdh
adicl mk(wk,w(k+1))+aw(ﬁrl)lﬁwmn(wk,w(k“)) =0
odih oLh
dti i (wk ,w(k:—i-l)) + awgllil)lsw(’““)(wk’w(kﬂ)) -0

where h corresponds to the measurement function in equation (4.13). From equation
(4.53) it is known that ‘f;t? L;h. Furthermore, it can be deduced from equation
(4.52) that the Lie derivatives of the augmented system up to order j are independent

: . . . o dL%h .
of wU*Y and its higher order time derivatives, and therefore suiry = 0 for j =
w
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0,...,k. For j = k equation (4.60) thus becomes:

OL%h .

aafk e n(xk w*) = 0 (4.61)
L .

aazszhzﬁmk(ka,w(k“)) =0

OL%h

It 0 = 0

Equation (4.61) can be expressed in the form of matrix multiplication:

8L(f’h
8%”fkh
8 gn (@, W) = dQME i (2, w*H)) = 0 (4.62)

K
Bth
oxk

It can be immediately observed that the structure of the matrix dQ2* is identical to
the k-row observability matrix introduced in Chapter 3 (see details in Section 3.2).
Using equation (4.62) at k = kg, ‘€ can be obtained analytically by computing the
kernel of d2* symbolically for multiple solutions of bases. €k = ker(dQ2*) results in
r bases of the kernel i.e. '€k, ...,"€  corresponding respectively to r groups of Lie
symmetries of the augmented system in equation (4.55). Taking into consideration
that different choices of k may lead to different ‘¢ k(i = 1,...,7), the results of "€ &
should be determined at a choice of k = kg for which ’€,, and ¢, as the components of
€ % remain invariant for any k > k. This is associated with the k-row observability
properties of & and w suggested from dQ* being convergent as discussed in Chapter
3. Furthermore, it should be noted that since the Lie derivatives up to order k are

(k+1)

independent of w , the matrix dQ¥ is independent of w®*+Y: consequently the

bases of the kernel of dQ¥* i.e. “€_x(i = 1,....r), are independent of w*+V). Tt is
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therefore possible to write equation (4.62) as:
BL‘}kh
Jth
28| (@) = dQME i (a) = 0 (4.63)

k
Bth
dxk

The following algorithm summarizes the procedure of symbolically computing the
i€ functions.

Algorithm 4.2
Input: the state-space and measurement equations of the system in equation (4.13)

Output: the ‘¢ x(i = 1,...,7) functions

k
ath
oxk

Initialization: Set k = 0, =% = [T, wT]T, L’;h = h(x,u,w), dQF =
1. Set k=k+1;

2. Set ¥ = [gh—1" w®TT;

aL* h aL* n

oLk 'h
3. Compute L’;h = —I—f+ Zﬁ:l Ww(v) + Zﬁ:l 6u{v_1) u;
dQk—1 0
4. Compute and arrange dQ* = orkh |
oxk

5. Compute the rank of dQ¥, and if rank(dQ¥) < n+(k+1)m, detect the observability
of x and w;

6. Go to step 8 if rank(dQ¥) = n + (k + 1)m, or  and w are observable, or the
observability of & and w has been convergent;

7. Go to step 1;

8. Compute r bases of the kernel of dQ2¥, yielding '€, ..., "€ k.
4.4.3 Analytic and power series solutions of ‘¢, and ‘¢,

With the expressions of ‘€ (i = 1,...,r) obtained from Algorithm 4.2, it is now

sufficient to compute ‘¢, and ‘¢, (i = 1,...,7) i.e. the groups of Lie symmetries of
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the considered system in (4.13), using equation (4.56) i.e.

Oicp
861'

= U (bgr), ' Por(@®, Y, 0) = a* (4.64)
It should be noted that ‘€« in equation (4.64) is not a function of “¢,,x+1) because
iﬁmk‘eizo is not a function of w**Y as shown in the previous section. Analytically
solving equation (4.64) as an initial value problem allows for obtaining ‘@ (i =
1,...,7) and thus obtaining ‘¢, and ‘¢,, as the components of ‘@_». For certain types
of Lie symmetries, such as translation, scaling and Mobius symmetries as described
in Section 4.3, their analytic solutions are always computable.

In the general case of Lie symmetries, however, analytically solving equation (4.64)
can become an intractable problem or computationally cumbersome. To alleviate this
constraint, the main objective of this section is to explore methods for determining
the power series solutions or expansions of ‘¢, and ‘¢,,. Given the power series
expansions of ‘¢, and ‘¢, with the accuracy of a specific order, it is possible to
determine the full ‘¢, and ‘¢, based on, for example, the use of Hermite-Pade
approximation as in [86]. In addition, the relationships between the components
of ‘¢, and ‘¢, can be deduced from the relationships between their power series
expansions, such that the goal of model reduction can be achieved through combining
those components to eliminate ¢;. Numerical analyses of ‘¢,, and ‘¢,, are also feasible

using their power series approximations.

Consider the following power series expansion of ‘¢« with respect to €;:

. ' d2¢) & d21¢ I3 €2
Z . - i x ST 4.65
Bue = "bur] oy + 5 . e 2 + (4.65)

The coefficients of the power series can be calculated recursively by:

PP | _ i (4.66)
ng ;=0 dei €;=0 ‘




Applying the chain rule to equation (4.66) yields:

1 dj—1i¢ k
y Ik O0——
d”qbzk a degfl i de; ! ;=0 k
| T THen & T e @) (4.67)
with the initial coefficient:
| _, =" (4.68)

Again determining the power series expansion of ‘¢« (i = 1,...,r) using equations
(4.65), (4.67) and (4.68) would lead to determining the power series expansions of ‘¢,
and ‘¢, (i = 1,...,7) as its components. More efficiently, if € in equation (4.64)
is further a vector of rational or polynomial functions, the power series expansion of
‘¢, can be computed through solving equation (4.64) for a power series solution by
means of Newton’s iteration.

For the sake of simplicity, it is assumed that ‘€& is a vector of nonlinear poly-
nomial functions. Details about solving rational ordinary differential equations, in a
more general case, using Newton’s iteration can be seen in Section 3.3.1 and 3.3.2.
The objective of the use of Newton’s iteration is to solve equation (4.64) for the power
series expansion of ‘¢ up to an order of interest, say z, through a number of iter-
ative computations. The iterations start from the initial condition &* which is the
first term of the power series. At each iteration, the power series expansion of ‘¢
is computed up to a certain order smaller than z, and it is then used for the next
iteration to compute the power series up to a higher order closer to z. Such iterations
terminate when order z is reached. Let Z¢mk’q denote the power series computed at
the ¢'" iteration of the Newton’s method. Equation (4.64) can be expressed in the

form of P = 0 as in Section 3.3.1,

867; ’

Doy -
R LD (1.69)
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The formula of Newton’s iteration for equation (4.69) is obtained by means of lin-

earization of the equation around the point ‘¢« = i¢wk’q_1, yielding;:

a g ¢a ,q—1 —|— az (Z¢mk,q _ Z¢wk,q_1) + P :<@70>
€; €; d)mk i(bmk:i(bmk,q—l i¢zk:i¢'zk,q_1

oP
b _k

where and P are matrices with power series elements after evaluating at ‘¢ =

ok g—1- Dquation (4.70) is thus a first order linear ODE with a known initial

condition, and can be solved analytically using the method of integrating factor,

giving the solution:

. . —f Z_BP de; fiaipdei
" g ="Pgr g —e " /e Pk Pde; (4.71)

Within equation (4.71), the formal integrations and differentiations are allowed to
perform over power series, and the power series of the matrix exponentials and inverses
involved can be computed efficiently by using Newton’s iteration (see details in Section

3.3.2). If A, and By, respectively represent the power series expansions of e

oP d
a'L
¢mk

oP d

— E'L
By

d)mk‘

and its inverse e computed at the ¢*" iteration of the corresponding Newton’s

iteration applied, the formula for updating A, and By is given by:

oP 0A,_
Ag = Ag_]_ + Ag—l/Bg—l(_%)Ag—l — Bg_]_%dﬁi (472)

B, = 2B, — B, 1A,B,_,
with the initial conditions Ag = Bg = I. Equation (4.71) therefore becomes:

" Bopy = Puk g1 — Aqg / B, P, (4.73)

Starting from i(ﬁwk,o =z, equation (4.73) can readily be used to update id)mk’q

from ‘¢ x where ‘¢, , is the power series expansion of ‘¢« containing more

aq_17 'qd

correct terms than ‘¢« i.e. is correct up to a higher order than "¢,x ,_,. It has

,q—1>
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been proved that the convergence of Newton’s iteration is quadratic, which means
the number of additional correct terms computed doubles at each iteration. At the
q'" iteration, the obtained id)wk,q have the first 29 terms correct and should therefore
be truncated at order 29 — 1, in order to abandon the incorrect terms of larger orders.
The iterative process is continued until the ¢ iteration when the maximum order of
correct terms 2% — 1 > z. The computed power series is then truncated at order z
leading to the result of the power series expansion of ‘¢« of order 2.
The following algorithm summarizes the procedure of computing the power series
solutions of ‘@, and ‘¢,, up to a chosen order z given the polynomial functions ‘€ .
Algorithm 4.3
Input: the vector of polynomial functions ‘€ (i = 1,...,r), and the maximum order
of derivation taken into consideration z
Output: the power series solutions of ‘¢, and ‘¢, (i = 1,...,7) of order z

Preprocessing: Convert equation (4.64) to P = 0 using equation (4.69), and com-

pute 2F - symbolically

o,
Initialization: Set ‘¢ .o = * and ¢ = 0

1. Set g =q+ 1;

2. Evaluate P and

8?<£k at '@k = "¢k 44, truncated at order 27 — 1;
3. Set g =0 and Ag = By = I, and compute A, and By:
a. Set g=g+1;

b. Compute Ag = Ag_1+ Ag_1 [ By_1(—522-)Ag_1 — By_1 2522 de;

truncated at order 29 — 1;
c. Compute By = 2B,_1 — B;_1A;B,_1 truncated at order 29 — 1;

d. Go to step 4 if g = ¢. Otherwise go to step a;
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4. Compute ‘@i , ="

5. Go to step 6 if 27 — 1 > z. Otherwise go to step 1;

6. Truncate ‘¢, ,

components of ‘@ .

z*,q—1

A, [ ByPde; truncated at order 27 — 1;

at order z, and obtain the power series of ‘¢, and ‘¢, as the

It should be noted that, when using the power series solutions of ‘¢, and ‘¢,, for

numerical analysis, the obtained power series from Algorithm 4.3 may not always be

good numerical approximations of ‘¢, and ‘¢, for all possible €, even if the power

series are truncated at a sufficiently large order. Undertaking convergence analysis is

often required to determine whether the obtained power series are convergent to the

true Lie symmetries and what the interval of convergence is. According to Taylor’s

Theorem, such a convergence analysis is based on dealing with the Taylor remain-

der R,(e) = L [(e = 7)"€p " (7)dr such that lim, .. R,(e) = 0. The level of

truncation error can also be properly estimated by using the Taylor remainder.

4.4.4 Illustrative example 3: a 2 degrees of freedom (2DOF's)
mass-spring system with a nonlinear element

—— F(t)

00—

m

k,

=00

m

O

O

Figure 4.3: A 2 DOFs mass-spring system with a nonlinear element

Consider a 2 DOFs mass-spring system as shown in Figure 4.3. The displacements
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of the two masses m are denoted as x; and x5 respectively, and the corresponding
velocities are denoted as v; and ve. The stiffness of the nonlinear spring that connects
the first mass to the fixed support is displacement-proportional and given by k; +
Akyzy. The stiffness of the second spring is ko. The 2 DOFs system is driven by an
unmeasured force F'(t) applied at the second mass. The state-space equations of the

underlying system are given by:

I U1
T V2
41w (= (ki1 + Aki23) + ko(zo — 21)) /m
% (%) = (l{ig(l’l - 132) + F) /m (474)
]{?1 0
Akl 0
L kQ _ L 0 .

where ki, Ak, ko are unknown parameters to be identified based on output measure-
ments. The mass parameter m is assumed to be known. The accelerations #; and

Zo are measured, and therefore the output measurement equations of the system are

given by:
. ( — (klxl -+ Aklﬂf%) + k’g(l’g — .fl?l))/m
Algorithm 4.2 is used to compute the vector of functions ‘€ «(: = 1,...,r) for

the example system. The number of bases of the kernel of the observability matrix
occurring in the algorithm is 1, which implies that the system contains only r = 1
one-parameter group of Lie symmetries. The following results of &£, and &, as the
components of &_» contain non-zero terms, while the other components of §_x are all

zeros which can be ignored for symmetry computation:

£, = [1 B 0 0 —2AK 0 0] (4.76)

€w:k1
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Using the expressions of €, and €,, in equation (4.76), equation (4.64) for the example

system can be written as:

(o] | 1]
¢x2 ¢k1¢:jk2
9 9 ) |0 0
¢azk ¢ :| oy 0
- — |Fe| = 2 | = 4.77
O¢; O¢; wa o¢; | O —20Ak, (477)
¢Ak1 0
¢k2 0
2 D .
(o3 _ T
= [1'1 To V1 Vg lﬁ Ak’l ]{?2 F}
D] |.—o

Equation (4.77) can be solved analytically as an initial value problem to obtain ¢,

and ¢,,, i.e. the one-parameter group of Lie symmetries of the system in equations

(4.74) and (4.75). Alternatively, the power series solutions of ¢, and ¢, can be
computed by means of Newton’s iteration using Algorithm 4.3. The results of the

analytic and power series solutions of ¢, and ¢,, given from the algorithms are in

absolute agreement:

Tr1+ €
To + ]“%2’“26 — Ak—IZIEQ
U1
¢m _ V2
|:¢w N k‘l — 2Ak‘1€ <478)
Akq
ka
L F+I€1€— A/{?1€2 i

It should be noted that ¢, and ¢, are not translation, scaling or Mobius type
symmetries, but rather more general polynomial symmetries. Therefore Algorithm
4.1 presented in Section 4.3.7 is not capable of finding them. Linking the results
of symmetries to the observability properties of the system, the symmetries of vy,
v, Aky and ks are identically equal to themselves, which indicates that those states

are observable. On the contrary, x;, xs, k1 and the unmeasured excitation F' are
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unobservable.

In the following, a transformation S is determined for combining the resulting

Lie symmetries so as to eliminate € from as many elements of the vector in equation

(4.78) as possible, resulting in:

S(¢w’ ¢’w) =

Pury

Py

¢'U1

Do,
2¢Ak1 ¢11 + ¢k1

¢Ak1

Pk,

_¢k2(¢z1 - ¢12) + ¢w_

Tq + —]“,;Z]” €

T+ €

U1
V2

2Ak‘11’1 + ]{?1

Ak
k2

Two new variables, §; and 09, are then introduced such that:

_ o - _ - -
o) T2
U1 U1
] V2 | (]
T = 51 - 2A/€1$1 + k)l
Ak Akq
ko ko
L (52 ] _kQ(xl — .2172) + F_

Ak 2
ks €

L l{fg(xl —x2)+F i

(4.79)

(4.80)

and the state-space and measurement equations of the system can be re-written with

respect to xr as follows:

T
Ho)
d | "
— | vy
01
Akq
ko

Yy

U1
V2

(52/771/
2AI€1U1
0
0

52/7’)1

(= (G121 — Akya?) + ky(ay — 1)) /m

_( — (511‘1 — Ak’ll'%) + kg(l’g — I1>)/m

(4.81)

Note that in the reduced model in equation (4.81) of the example system, d; is a newly

introduced dynamic state, and d5 can be treated as an input to the system which is

now measured as it appears in the measurement equations. Given the input-output
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measurements, x; and x, are unobservable while the remaining dynamic states and
parameters of the model are all observable. This is the case of transforming an unob-
servable system to be an equivalent model with a minimum number of unobservable
states, as described in Section 4.3.6.

In addition to model reduction, the resulting group of Lie symmetries in equation
(4.78) is also an implication that if the sensor placement is changed to measure the

displacement(s), i.e. x1 or x5 or both of them, leading to the following measurement

scenarios:
_ | T1
Yy = _(k2<x1 . x2> + F)/m} or <482)
(= (kyxy + Akyx?) + ko(zg — m
y = ((11 11x)2 2(2 1))/]07“
_ [
Yy = B

the example system described by the state-space equations in (4.74) would become

fully observable.

4.5 Conclusions

This chapter proposes two novel methods for finding Lie symmetries of nonlinear dy-
namical systems with unmeasured inputs, one presented in Section 4.3 and the other
presented in Section 4.4. Both methods are obtained based on solving a set of dif-
ferential equations which are derived from 1) the First Fundamental Theorem of Lie,
and 2) a fundamental property that Lie symmetries fully satisfy the state-space and
output equations of the considered system. FEach method has its own advantages and
disadvantages in terms of applicability and computation efficiency. The first method

is more computationally efficient and is applicable to large engineering systems, such
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as a finite element model of a bridge or a skyscraper model. When using the method,
assumptions on the forms of Lie symmetries must be made in order to obtain analytic
solutions. For relatively simple systems, such as linear structural systems, transla-
tion, scaling, affine and Mobius symmetries are commonly encountered in practice,
and therefore these symmetries can be used as proper assumptions. For more compli-
cated nonlinear systems, which would not lead to symmetries of some known types,
the second method can be used to compute some arbitrary nonlinear Lie symme-
tries existed. The obtained solutions may be either power series or in analytic forms,
depending on whether the differential equations can be analytically solved. The lim-
itation of this method, however, is associated with its high computational cost. The
symbolic computation of the observability matrix requires significantly large physical
memory in a computer. So far, the second method is only applicable to systems with
relatively small size. Furthermore, the work discusses the basic ideas on the use of Lie
symmetries to perform model reduction and sensor re-placement for the purpose of
improving observability properties, although this has not readily led to a systematic,

standardized and automatic procedure.
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Chapter 5

Observability and Identification of
the Damage-Healing Hysteretic

Model

This chapter applies the proposed observability and Lie symmetry algorithms in
Chapter 3 and Chapter 4 to study a complex single degree of freedom mass-spring-
damper system subject to an earthquake excitation. The nonlinear behaviour of
the spring element of the system is described by the damage-healing hysteretic model
which is introduced to account for the mechanism of self-healing materials [97, 98, 99].
With the detection of observability properties and the computation of Lie symmetries,
the highly nonlinear, non-smooth and unobservable system under study is success-
fully transformed to become observable through the process of model reduction. The
technique of Unscented Kalman filter (UKF) [52] and the recently suggested discon-
tinuous Unscented Kalman filter [24] are used to identify the reduced system using
contaminated earthquake record and simulated output data. The performance of the
DUKEF over the UKF for non-smooth estimation problems is highlighted through the

results of identification.
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5.1 The damage-healing hysteretic model

Development of novel self-healing materials has gained increasing attention in recent
years, while a lot of research has been performed on the engineering materials with
self-healing property such as concrete, asphalt, mortar, etc. For better modelling
the self-healing mechanism, Triantafyllou et al. [97, 98, 99] extended the generalized
Bouc-Wen model to a damage-healing hysteretic model by introducing additional
operators to describe how the damage evolves based on the hysteretic energy accu-
mulation, and how the damage is recovered considering the property of self-healing

materials.
5.1.1 Constitutive formulation

The triaxial hysteretic formulation has been considered to characterize the elastic
and inelastic behaviour of the investigated model [97, 99]. The formulation mainly
consists of two evolution equations that are derived from the principles of the ad-
ditive decomposition of strain rates, the flow rule, the kinematic hardening law and
the consistency condition. They are the total stress evolution and the backstress

evolution:

{o} = [DI(lI] — HiH2[R]){é} (5.1)

{n} =HHG({n}, ®)[R{e}

where {o} is the stress tensor, {n} is the backstress tensor, {e} is the total strain
tensor, [D] is the elastic constitutive matrix, [/] is a 6 x 6 identity matrix and & is the

yield surface. [R] is the projection of the plastic strain tensor onto the total strain

140



tensor, defined as:

Rl = ol (5:2)
7] = (= (o) 6 ®) + G D) (D)

H, and H, are defined as continuous functions of the yield function and the stress

field:

(I)N

Hy = |—
=3

N>1, Hy= B+789n(( )T{ }) (5.3)

0{o}

where N, § and v are the Bouc-Wen hysteretic parameters, and @, is the maxi-
mum value of the yield function. G is the kinematic hardening function where the

Armstrong-Frederick (AF) model is used:

Gl{n}. ) = hge~ \/§<a?f}> ) (5.4)

where 2 - is the saturated value of the backstress.

In [98], damage evolution equations that are associated with stiffness degradation
and strength deterioration are introduced to the stress-strain relation. In this work,

only the stiffness degradation is taken into account:

(6} = S (DI(1] = HyHo[R){e}, vy = 1.0+ ¢, B (5.5)

n

where v, is a degradation parameter derived by assuming the degradation evolves lin-
early with the hysteretic energy with a unity initial value. ¢, is a material parameter,
and E, is the hysteretic energy of the i micro-element. In addition, the fundamental
property of self-healing material is formulated as h, to partially offset the effect of

the stiffness degradation:

(5} = Z—;[Dmn—mﬂz[m){é} (5.6)
he = 1+w(v, 1)1+59”((g{}>T{"})
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where wy, is the healing effectiveness parameter that is assumed to be time-independent.

5.1.2 A mass-spring-damper system

Ca
—
| N—

—> X
Figure 5.1: A mass-spring-damper system

In this work, the investigated model is a mass-spring-damper system as shown in
Figure 5.1. If the excitation applied to the mass is an earthquake, the equation of

motion of the dynamical system can be established as follows:
mi + cq® + fs = —Z,m, f,= Ao (5.7)

where x is the relative displacement of the mass with respect to the ground, m is the
mass parameter, cq is the damping coefficient and # is the ground acceleration. f; is
the restoring force of the uniaxial spring element, where A is the cross-section area
of the spring, and the ¢ is the stress whose dynamic evolution follows the damage-
healing hysteretic formulation (5.6). A von Mises type of yield criterion is considered,

leading the function of the yield surface and its critical value to be:

@:(0_77)27 @0205

(5.8)

where o, is the yield strength. The accumulated plastic dissipated energy Ej, is

regarded as a time-variant dynamic state, which can be evaluated by integrating the
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product of stress and plastic strain rate over time. Therefore, the increasing rate of

Eh is:
By = 0éy = o HyHyRé (5.9)

Combining all of the above equations gives the following complete state-space
representation of the dynamical system where the evolution equations of all dynamic
states, including the displacement of the mass x, the velocity denoted by v, the stress

o, the backstress n and the hysteretic energy Ej, have been established.

A Cdq
R = — g — 2y — 5.10
T v, 0~ U=l (5.10)
: 1+ whanh—HSQn(ég_n)v)
o = E
1 —+ Cr]Eh

oc—n E

(1 (3 + ysgn((o — o) (T

v sh— \/;cnsgn(a -n)+E

2 2

0_77)2N §h_ \/;07759"(0—77) EE
Ty 2h — \/gcnsgn(a —n)+FE L
g — 77)2N b v
Ty 2h — \/gcnsgn(a—n) +EL

)z

= (B+7ysgnl(o —nv))(

B, = o(8+ysgn((o —n)v))(

where in a one-dimensional uniaxial spring element the [D] is the Young’s modulus
E, and the total strain rate é can be calculated from dividing the velocity v by the
length of the spring L. It should be noted that in the function sgn((%)T{d}), %
can be calculated since the function of ® is known in equation (5.8). It is further

considered that the stiffness of the system is always positive so that the signs of & and

¢ are always consistent. Hence, implicit equations are avoided for the convenience of
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simulation, and the following relation holds:

san((G)(0)) = san(2(o =) (5.11)

()

= sgn(2(0 —n)7) = sgn((c —n)v)

5.2 Observability analysis

5.2.1 The observability of non-smooth systems

Recall that the state-space and measurement equations of nonlinear systems can be

generally written as:
&= f(@,u), y—h(z,u) (5.12)

where € R" is the state vector, w is the vector containing measured inputs and
y is the output measurement vector. f and h are nonlinear functions of & and
u. Many engineering systems are non-smooth due to the existence of discontinuous
functions in their equations. These non-smooth systems are often associated with
the physical phenomena of hysteresis, damage, sliding, impact etc. The dynamics
of such a system can be expressed in smooth branches where each of the branches
can be independently described by an analytic state-space representation which can
be regarded as a subsystem of the overall system. Following the idea, Chatzis et al.
[26] deduced the observability of a non-smooth system by separating it into a set of

smooth subsystems:

z = fi(x,u), when x € R} (5.13)

£ = filx,u), when x € R}
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where f;(x,u) is an analytic function within R?. One is then allowed to separately im-
plement the observability methods to analyze the observability of each of the smooth
subsystems.

The investigated dynamical system described by the state-space equations (5.10)
is a non-smooth system due to the existence of sgn((c — n)v) and sgn(o — n) in the
equations of ¢, 7 and E),. This system can be separated into 4 smooth branches: (a)
when (0 —n) >0 and v > 0, (b) when (¢ —7n) > 0 and v < 0, (¢) when (¢ —7n) <0

and v < 0, (d) when (¢ —n) <0 and v > 0:

(@) when (0 —n)>0 and v >0 (5.14)
: A cq
T = v, 0=——0— —v—d4
m m
5 = 1+thnEhE
1+C77Eh
(1- (B +m(E )
Ty 2h \/7077+E
_ 2h cn B
o= (B /i

Ty 2h— \/>c77+E L

v
Oy %h_\/g0n+EL

(b) when (6 —n) >0 and v <0

. A g
T = v, V=——0——v—I
m
. 1
7 = 1+c7]Eh
0 —"NoN b v
(1-B-n= )
Ty 2h—\/gcn%—E
2h cn
O'_
o= BN Vi

Y
Ty 2h— \/>c77—|—E L

Ty %h—\/gcn—i-E

e



when (0 —n) <0 and v <0

. A Cd ..
UV, V=—"0——U—Ty
m m
1+ thnEhE
1+ CnEh

— E
1— (B + 7)==y~
( ! Ty gh—l—\/gcn%—E

o—n 2N 2h+[cn U
Ty 2h+\/>077+E L

o—n E v
(B +7)(—)"~ - 17
Y §h+\/;c7]+E

B+

when (6 —n) <0 and v >0

=

A Cq
v, V=——0— —0— I
m m
1
1+077Eh
n FE
(1-@B-—)
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5.2.2 Unobservable dynamic states and parameters

Suppose the relative displacement is the measured output, i.e. y = z, and the earth-
quake is the measured input, i.e. w = #,. Given the input-output measurements,
it is expected to know whether the dynamic states of the investigated system are
observable and its parameters are identifiable. 5 dynamic states and all of the re-
maining time-invariant parameters in equation (5.10) are included in the augmented

state vector & such that:
T = [.’L’, v, 0,1, Eh7 Ama Cdm, L7 E7 Oy, cm Wh, C, h’a 67 Y, N]T (515)

where A,, and ¢y, are the normalized cross-area % and damping coefficient % re-

spectively. The corresponding function f can be expressed as:
f =[&,0,6,1, E,0,0,0,0,0,0,0,0,0,0,0,0]” (5.16)

Various observability methods can be used to examine the observability of the
subsystems (a), (b), (¢) and (d) with fully measured input-output, such as the ge-
ometric Observability Rank Condition (ORC) introduced by Hermann and Krener
[44] and Algorithm 3.3 proposed in Section 3.3.3 for the case of inputs being fully
measured, i.e. 7 = 0. As has been explained before, the ORC is capable of han-
dling general nonlinearities with analytic equations, while Algorithm 3.3 is a robust
algorithm applicable to systems with rational equations. The ORC algorithm is ex-
tremely inefficient to deal with the systems with complicated equations on a standard
computer because it requires significant amount of physical memory. For the reason
of computational feasibility, Algorithm 3.3 is used first. However due to the existence
of the exponent N in the equations, none of the subsystems (a), (b), (¢) and (d)

are rational nonlinear systems. An assumption must be made that N is known so
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as to apply the algorithm. It should be noted that a dynamic state or a parameter
found to be unobservable in a rational system with such an assumption will also be
unobservable in the original system, although this is not true for observable states
26].

Algorithm 3.3 reports that based on the given input-output measurements, the

unobservable states of the subsystems (a) and (c¢) detected are:
Toe = (0,11, En, Am, L, B, 0y, ¢, ¢, b, 8, 9] (5.17)

with the transcendence degree of 4, and the unobservable states of the subsystems

(b) and (d) are:
wgd = [07777EhaATrwL>E70yacn>whac>h7ﬁ>7]T (518)

with the transcendence degree of 5. The number of unobservable states is different
and usually larger than the transcendence degree where the latter exhibits the num-
ber of unobservable states which if known would result in all the remaining states
being observable. It should be noted that the healing operator is activated only when
(o0 — m)v is positive, so the healing effectiveness parameter wj, appears in the corre-
sponding subsystems (a) and (¢) but does not exist in (b) and (d), and therefore wy,
is unobservable in (b) and (d). As can be seen from the results of Algorithm 3.3, the
investigated dynamical systems is a highly unobservable system with at least a total

of 12 unobservable dynamic states and parameters.
5.2.3 Lie symmetries

Algorithm 4.1 proposed in Section 4.3.7 is used to calculate the groups of Lie symme-
tries of the subsystems (a), (b), (¢) and (d). See details of the concept and computa-

tion of Lie symmetry in Chapter 4. For (a) and (c), the algorithm gives a 3-parameter
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group of Lie symmetries that is a combination of a group of translations and 2 groups

of scalings:

d)ac =
ec2 A, ecs

€2 () €3 €2 €3 €2 €3 €2 €3 T
[..'[',U,@ ag,e naeTSEfneTQacd’ﬂhe L7€ € E,@ UyaeTQCnawh7€ ¢, e e haﬁ_617’}/+61]

(5.19)

while for (b) and (d), the algorithm outputs the following 4-parameter group of Lie

symmetries that is a combination of a group of translations and 3 groups of scalings:

Pog =
ec2 A, ecs

€2 () €3 € €3 €2 €4 €3 €3 €3 T
[[L‘,'U,e g, e nngfneTQacd’ﬂhe L7€ € Eae O-yaeTQCnae Wh,€7C, 7€ h,/8+€1,’)/+€1]

(5.20)

As can be seen from the results of symmetries, the symmetries of =, v and cgp,
are identically equal to themselves, which indicates that those dynamic states and
parameter are observable. On the contrary, o, 1, Ey, Ay, L, E, 0y, ¢, wy, ¢, h,
£ and v are unobservable within the corresponding subsystems. The observability
results suggested by the symmetries are in absolute agreement with the results output

from Algorithm 3.3.

5.2.4 Model reduction

In the following, the state-space equations of the smooth subsystems are reduced by
combining the unobservable dynamic states and parameters to eliminate them. The
goal is to obtain 4 equivalent observable subsystems through model reduction. To

achieve so, o, n and o, at stress-level are first transformed to their corresponding
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quantities at displacement-level by submitting the following relations:

oL , nL oyL
e 5.21
g "T g vT R (5:21)

r =

where r is known as the elastic displacement. Thus L can be eliminated in the main

frames, and the second and third equations of (5.10) become:

. AFE .
v o= _RT — CamV — Iy (5.22)
hs !
Fo= “2(1— Hy(— LN Ry
Un Ty
where % is essentially the normalized stiffness k,, = % To eliminate L from the

fifth equation, FEj, is replaced by E} = %Eh. It is found that H; and H, always occur

together as a product in the equations, and they can be rearranged as:

B+ ysgn((r —n')v)
r%N

H H, = (r—n')*N (5.23)

A close inspection of the Bouc-Wen model indicates that identification of the combi-

%W is possible, but identification of the individual parameters except
Y

nation

N is not. To this end, two new parameters are introduced:

Bt B—n
Al - 7’2—N7 AQ - TQN (524)
Yy Yy

to represent the combinations of 3, «, r, and N. Furthermore, £/ can be completely
eliminated in the fraction of G and R by substituting A’ = % Finally, in order to

construct a new system which is mathematically equivalent to the original one, the

following combinations are introduced:

/ c / E
=T T

(5.25)

So far the unobservable parameters F, L and two of 3, v and 7, have been combined

to the other states. Now the state vector  of the system is reduced to:

LT = [l’, v, T, 77/7 E;L; km> Cdm, 0;77 Wh,, C/J h/7 Al; A27 N]T (526)
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The same model reduction strategy can also be achieved in a more systematic way
based the use of Lie symmetries following the procedure described in Section 4.3.6.
A transformation S is first determined for combining the groups of Lie symmetries

in equations (5.19) and (5.20) so as to eliminate all €;, €2 and e3:

X i €T ]
v v
e20e3L oL
e2e3 F E
e2ne 3L nL
e2e3 F E
6253L2 €2 L2
Ae2e3F AE
e2me3 L mL
Cdm Cdm
e?3L2 e2 1 26n
Wp, W,
e3¢ c
e3L T
e2e3h h
e2e3 F E
B—eit+y+er B+
e20ye3L 5N oyL\on
( e2e3 E ) ( E )
Btei—y—e B=x
eEQUye‘:SL oN (O’yL)2N
( e2e3 E ) E
N | N ]

A new reduced state vector &t is then introduced such that:

wr = [2,0,7,1, B}k, Cams Gy wn, € 1 Ay, Ay, NTT (5.28)
( oL nL L? AFE E c h B+4+~v pB—vn I
= T,V —/—=H = —5Cdm; 75Cn, Why 75 755 ) 3
R ETE ML 2 hLE(%yN (DL yan

With respect to @, the state-space equations of the subsystems (a), (b), (¢) and

(d) can be re-written respectively as:
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(4)

when (o —n") >0 and v >0

v, U= —kpnr — Cam¥ — I

1+ wac, B,
1+ /g/ (1_A1<T_T’I>2N
CpLop, %h’—\/gc’n’—l—l
271/ 2 I
A 2N 3 3
1(r =) 2/ .

1
rA(r — )N v

%h’ — \/gc’n’ +1

when (0 —n") >0 and v <0

v, U= —kpnT — Cam¥ — I

1
e (L= Do (r =)
1+, Ej, %h’—\/gcl’f]’-f—l
gh/ o \/50/77/
3 3
Ao(r — 77,)2N
%h’ — \/gc’?y’ +1

1
rAy(r — )N v

%h’ — \/gc’n’ +1

when (0 —n") <0 and v <0

v, U= =k — Cam¥ — I
1+ wye, B, 1
ﬁ(l — Ay (r =1 )N Jv
n*~h %h/_‘_\/gdn""l
21/ 2 /.
Ay(r = )?N R

v
%h’ + \/gc’n’ +1
)2N 1 v
gh/+\/§C/nx+1
3 3
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(D)  when (6 —1n') <0 and v >0

T = v, U= —k,r— canv — I,
1 1
Foo= e (L= A (r =) Jv
1+C;7E;L %h/+\/§c/n/+1
Qh/ + 26,17/

2h’—|—\/76n +1
2h’+\[c77 +1

An additional benefit of the model reduction is that the ORC with the assistance of

E = rA(r—1

model decomposition becomes more efficient to perform accurate observability testing
for the 4 reduced subsystems without requiring any assumption. For the subsystems

(A) and (C), the observable states and the unobservable parameter are respectively:
wAC - [.T v, T, 77 Eh,km,Cdm,C U}h,C h/ Ah ]7 wzc - [AZ] (530)

while for the subsystems (B) and (D), the observable states and the unobservable

parameters are respectively:
x%p = [2,0,7,7, Epy k), Cam, €, ¢ 1, Do, NI, ®pp = [wh, A (5.31)

All of the reduced subsystems (A), (B), (C) and (D) can be expressed only in terms
of the corresponding observable dynamic states and parameters. Finally, as explained
n [26], the overall non-smooth system is in fact fully observable since the union of the
observable states from different branches is the reduced state vector i.e. £%~-Ux%, =

rr.
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5.3 System identification methods

After obtaining the observable reduced subsystems in equation (5.29) which equiva-
lently describe the dynamics of the investigated system as the full state-space equa-
tions in (5.10), the investigated system can now readily be identified, i.e. the dy-
namic states can be tracked over time and the parameters can be estimated, using
suitably chosen system identification methods. This section provides a basic overview
of the Extended Kalman filter, the Unscented Kalman filter, the discontinuous Un-
scented Kalman filter and their algorithmic implementations, while the details of

these Kalman filtering techniques can be found in [92, 54, 53, 23, 25, 27, 24].

5.3.1 The Extended Kalman filter

The standard Kalman filter, appearing as a state estimator, was developed on linear
time-invariant state-space models of dynamical systems [54]. The Kalman filtering
algorithm succeeds by propagating the state vector mean and covariance, which can
be used to represent the approximated probability distribution of the state vector,
stepwise over time through a recursive two-stage process, time update and measure-
ment update. In the stage of time update, the state vector mean and covariance are
propagated from the previous time step to the current; the stage of measurement
update then takes into consideration the output measurement of the current step to
update the mean and covariance in a recursive least square sense (see [92] for the
details of Kalman filter derivation). The Extended Kalman filter (EKF) provides
a direct way to implement the standard filtering algorithm for nonlinear estimation
problems, where the system, input and output matrices processed in the algorithm

are all obtained by linearising the state transition and observation functions of the
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nonlinear system [92].
Assume a nonlinear dynamical system whose discrete state-space and measure-

ment equations are written as:

T = F(:ck_l, Uk—l) + Wg—1 (532)

yr = H(xg, ug)+ vk

where x, € R" is the state vector at time-step t;. wy is used to account for the

modelling error and vy, is associated with the measurement noise, both of which are

considered to be Gaussian white noise processes with covariance matrices @ and R

respectively. The steps of an EKF algorithm are then summarized in the following;:
The EKF Algorithm

1. Initialize the filter at time t:

To = FElxo

Py = E[(zo — &o)(xo — &0)"]

* For k = 1,2, ..., perform the time update:

2. Predicted mean and covariance:

Tee—1 = F(Zr—1jk—1,Uk—1)

Py = Fk—1Pk—1|k—1Fk—1T+Q

where

OF
Fo =
k=1 = o

Lr—1|k—1:Uk—1

* Perform the measurement update:
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3. Calculate the Kalman gain:

S = HkPk|k—1HkT+R

Ky = Pyp_1H"(Sk)™!

where

Brk—1,Uk

4. Improve the predictions of the mean and covariance using the latest measurement:

T = Trp—1 + Kie(ye — H(Brjp—1, Ur))

Py = (I— KpHy)Pyjp—1
5.3.2 The Unscented Kalman filter

To handle the identification of highly nonlinear systems, the Unscented Kalman filter
(UKF) was proposed by making use of the so-called ‘Unscented Transform (UT)’,
instead of linearisation, to achieve robust nonlinear transformations existing in the
filtering algorithm [53]. The UKF algorithm succeeds by approximating the state
vector as a Gaussian random variable (GRV) represented by a set of carefully chosen
deterministic points known as the Sigma Points, which usually results in a faster
convergence rate and a more accurate estimation compared to the EKF. Consider
the nonlinear dynamical system described in equation (5.32). The steps of an UKF
algorithm are then summarized in the following:
The UKF Algorithm

1. Initialize the filter at time t:

@0 = E[w()]

Py = E[(xo — &o)(xo — &0)"]



* For k= 1,2, ..., perform the time update:

2. Choose 2n Sigma Points :%,(:11:

Lr_1 — ik—1|k—1 + 53(1)7 L= 17 EE) 2n
~(i 1 .
w(z) f—y nPk:—]_“c—lZ 9 1= 17 t n
~ (i T .
g0t — —v/nPy_1k—1,, i=1,...,n

3. Predicted mean and covariance

551(:) = F(','%I(:lb Up—1)
2n
Trp—1 = Y Wiz
i=1
2n ) )
Puior = Y Wildr—1 — &) (@rp—r — 2))" +Q
i=1

where W, are properly determined weights of the Sigma points.
* Perform the measurement update:

4. Calculate the output mean:

9 = H@, w)
2n
G = Y WG

i=1

5. Calculate the Kalman gain:
K, = P,P,!
where
2n ] )
P, = > Wil — )k - 90) + R
i=1
2n ) )
Py = Y Wil@kp—1— )0 — 9)"
i=1
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6. Improve the predictions of the mean and covariance using the latest measurement:

Tre = Trk—1 + Ki(yr — Uk)

Py = Pyp—1 — K P K"
5.3.3 The discontinuous Unscented Kalman filter

For a non-smooth nonlinear system, however, when the UKF propagates its state
vector into a specific time interval, the mean of the state vector lies in one of the
subsystems of the full system. Within that time interval, some of the components
of the state vector are observable and they are therefore converging to their true
solutions, while the other components are unobservable. Taking the investigated
system of this work as an example, when the state vector xr lies in the subsystem
(A), the parameter A; is unidentifiable and the remaining components of xr are
observable as shown in equation (5.30). During such time intervals it is argued that
the optimal choice would be to update only the observable parts of the state vector and
purposely maintain the unobservable ones invariant to avoid their divergence. These
unobservable parts of the state vector would be updated when they become observable
in a different subsystem, e.g. the parameter A; becomes identifiable in the subsystems
(B) and (D). Following this idea, the discontinuous Unscented Kalman filter (DUKF')
[24] was developed as a modification of the UKF to improve the convergence rate and
estimation accuracy for non-smooth problems.

In the DUKF algorithm, a transformation vector T is introduced to separate the
state vector and covariance matrix into observable o, unobservable w and cross uo
components. The algorithm updates the observable components of the estimates of

the mean vector and covariance matrix during the Kalman updating step: Zgjx—1 —
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ik and Pyji—1 — Pk, using an appropriate Kalman gain matrix defined based on
the observable components. The unobservable parts are retained invariant, while the
cross terms of the covariance matrix are updated using the Schmidt-Kalman filter
[85]. The steps of an DUKF algorithm are summarized in the following:

The DUKF Algorithm
* Steps 1-5 are identical to the UKF’s steps 1-5.

6. Separate to unobservable and observable components:

Al _ A . A0 T AU T T
Ty = TEpp—1 = [wk|k—1 Lhik—1 ]
o uo
P/ o TP TT _ Pk|k—1 Pklk—l
klk—1 — klk—1 — | puo Pu
klk—1 Thjk—1

P = TP, = Py,
Ty Ty = | pu
Ty
7. Calculate the Kalman gain:
K; = PmoyPy_1
8. Update the observable components:

§72|k - 'r'%k|k:—1 + K (yx — Ur)

o o o oT
Pk|k = Pk|k—1 - K P K}

9. Retain the unobservable components invariant:

~u _ su

Lk — Tr_1k—1
u o u

P = Py

10. Update the cross terms:

uo __ puo _ 7o pu
Pk|k - Pk:|k—1 KkPwy
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11. Rearrange the terms:

~/ _ ~o0 T u T1T
Lrie — [wk|k Lk ]
[e] UuUo
P - |:Pk|k Pk|k:|
klk uo u
| Pk-|k: Pk:|k:
- 750
Lelk — T a:klk

Py = T'P,;lkT’T

5.4 Results

In this section, the mass-spring-damper dynamical system shown in Figure 5.1 sub-
ject to an earthquake is identified based on the displacement measurement. Recall
that the nonlinear dynamic behaviour of the spring element is formulated by the
damage-healing hysteretic model. The state-space equations of the system are those
corresponding to the state vector &z in equation (5.28), which can be separated into
4 smooth subsystems (A), (B), (C) and (D) in (5.29).

The earthquake acceleration signal with the sampling frequency of 100Hz and the
duration of 20s as shown in Figure 5.2(a) is obtained from the record of Northridge
earthquake (1994) [23]. It was filtered with a low-frequency cutoff of 0.13Hz and a
high-frequency cutoff of 30Hz. The dynamical system is first simulated forward to
calculate its displacement response x(t) to the earthquake as shown in Figure 5.2(b).
Both the earthquake and displacement signals are then contaminated with Gaussian
white noise with 1% noise-to-signal RMS ratio, and they are used backward as the
input-output measurements for this identification problem. The true values of the

parameters of the system used for simulation are listed in Table 5.1.
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Figure 5.2: (a) The earthquake acceleration signal (b) the simulated and estimated
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Figure 5.3: Parameter identification from (a) the UKF (b) the DUKF
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The UKF and DUKF algorithms are implemented to identify all the parameters
Ky Cams Cpyy wh, €5 By Ay, Ay and N (assume their values are unknown), and in the
meantime to track the dynamic states x, v, 7,  and Ej over time. As can be seen in
Figure 5.2(b), the UKF and the DUKF successfully track the displacement (¢). The
estimations of parameters from the UKF and the DUKF are shown in Figure 5.3(a)
and Figure 5.3(b) respectively. Plots of the ratio of identified value over true value
are presented such that the estimated values of parameters can be visibly compared
to their true values. The initial guesses of parameters used in implementations, the
estimated values and estimation errors of those parameters are listed in Table 5.1.

Overall performance of the DUKF is superior to that of the UKF through compar-
ing the results of estimation errors. For the UKF, local divergence of some parameters,
such as Ay, occurs; these parameters diverge from their true solutions when travelling
through the time intervals where they are unidentifiable in the corresponding subsys-
tems. It poses adverse effects on the overall convergence of not only themselves but
also the other parameters, such as ¢ and h’. This problem is effectively addressed
in the DUKF by retaining the parameters constant to avoid local divergence in the
corresponding branches. The parameters like wy, can still be accurately identified by
the UKF as long as they converge faster in identifiable branches than they diverge
in unidentifiable branches, as indicated in [27, 24]. For the DUKF, one of the main
identification errors is likely from the fact that at a given time instance the estimated
subsystem used may be different from the real subsystem because the condition of

subsystem is evaluated from the estimated states rather than the real states.
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5.5 Unknown restoring force

The previous sections show the mass-spring-damper system in Figure 5.1 can be suc-
cessfully reduced and identified when the behaviour of the spring element is assumed
to be described by the damage-healing hysteretic model. Moreover the restoring
force of the spring can be treated as an unknown input, and it is of interest to exam-
ine whether it is possible to identify the mass-spring-damper system based on some

suitably chosen measurements. Consider the following state-space equations of the

system:
d Xz v
dt
Cdm, 0

where fg, = fa is the scaled restoring force of the spring, which is treated as an

unmeasured (unknown) input to the system. The displacement and acceleration of

the system are assumed to be measured, and therefore:

T
—Cam?¥ — fsm — Ty

Y= (5.34)

Given the state-space and output measurement equations, the EORC-DF algorithm
reports that the investigated system is observable. This means that it is theoretically
feasible to identify the scaled damping parameter cg,,, the velocity v and the scaled
restoring force f,,,. It indicates that the system can be identified even if no model is
assumed for the restoring force as long as a proper input estimation method is used.
This is important because one can remove the bias introduced by a model and also

the problem with less unknown quantities becomes simpler to tackle.
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5.6 Conclusions

In this chapter, a complex single degree of freedom mass-spring-damper system under
an earthquake excitation is studied. The spring element of the system is described
by the damage-healing hysteretic model which is introduced to account for nonlinear
behaviour of self-healing materials. The algorithm proposed in Chapter 3 and the con-
cept of non-smooth observability are utilized to analyze the observability properties
of the model. The groups of Lie symmetries of the model are calculated using the al-
gorithm proposed in Chapter 4, and the investigated model, which is observed highly
nonlinear, non-smooth and unobservable, is reduced to a fully observable model given
the displacement measurement. The Unscented Kalman filter (UKF) and the discon-
tinuous Unscented Kalman filter (DUKF) are implemented respectively to identify
the unknown parameters of the reduced model, and the superior performance of the

DUKF for parametric identification of non-smooth systems is discussed.
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Chapter 6

Conclusions and Future Work

In this concluding chapter, the main contributions of this thesis are summarized and

some important directions of future work are discussed.

6.1 Summary and conclusions

The central contribution of the thesis is on the developments of robust and efficient
frameworks for computing observability and Lie symmetries of linear or nonlinear
dynamical systems with or without unmeasured inputs. These developed tools are
expected to play impactful roles in structural health monitoring and potentially in
any scientific or industrial field where system identification techniques are employed.
In a more detailed perspective, the contribution of each chapter is summarized in the
following:

In Chapter 2, a robust algorithm is developed to implement the Observability
Rank Condition (ORC) for the observability of the dynamic states and the identi-
fiability of the parameters of large linear systems. The category of linear systems
with unknown parameters covers a wide range of civil and mechanical systems that
are frequently encountered in practice. Applications and superior performance of

the algorithm are shown by successfully testing several examples of large engineering
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systems, including the 100-floor high-rise shear building and the 3D FE model of
a large truss-beam bridge. To the best of author’s knowledge, none of the existing
observability methods have the ability to deal with the problems of such sizes and
complexities. The occurrence of the algorithm allows researchers and engineers to
freely investigate the viability of various structural models and sensor patterns in
realistic system identification campaigns without concerning about the limitations of
the standard ORC implementation.

In Chapter 3, an efficient algorithm is developed to examine the observability and
identifiability of rational nonlinear systems with unmeasured inputs. The category of
systems of interest covers a broad range of civil, mechanical, biological, chemical and
electrical engineering systems, including those systems whose state-space equations
can be rationalized. The underlying theory behind the algorithm is based on the
extension of the extended Observability Rank Condition (EORC-DF) to relax the
requirement of systems being affine in inputs. A power series-based computational
framework enables the algorithm to be implemented robustly for large and complex
systems. A high-rise shear building, the 2D FE model of a wind turbine and the
2D FE model of a large bridge are successfully tested as examples to demonstrate
the usefulness, robustness and efficiency of the proposed algorithm. To the best of
author’s knowledge, none of the existing unknown-input observability methods have
the ability to deal with the problems of such sizes and complexities. The obtained
observability results of the wind turbine and bridge models also suggest the pos-
sibility of performing substructural identification in order for more efficient system
identification or structural health monitoring.

In Chapter 4, two computational methods are developed for Lie symmetries of
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nonlinear systems with unmeasured inputs. The first method allows for efficiently
computing the analytic solutions of translation, scaling, Mobius and some commonly
encountered Lie symmetries with known forms. The second method is able to find
the analytic or power series solutions of arbitrary nonlinear Lie symmetries although
in a more computationally expensive way. The resulting Lie symmetries found from
the methods can provide an alternative standpoint to understand the observability
and identifiability properties of dynamical systems. More importantly, Lie symmetries
imply the mathematical relationship between the true solutions of the system’s states,
parameters and unmeasured inputs and their other possible solutions. In addition, the
chapter performs pioneer investigations on the utilization of Lie symmetries for model
reduction, sensor re-placement, etc. for the purpose of improving system identification
results.

In Chapter 5, a single degree of freedom mass-spring-damper system subject to an
earthquake excitation is studied to demonstrate the applications of observability and
Lie symmetry analyses for system identification. The spring element of the system is
described by the damage-healing hysteretic model which is developed to account for
nonlinear behaviour of healing materials. With the detection of observability prop-
erties and the computation of Lie symmetries, the highly nonlinear, non-smooth and
unobservable system under study is successfully transformed to become observable
through the process of model reduction. The techniques of Unscented Kalman filter
(UKF) and discontinuous Unscented Kalman filter (DUKF) are used to identify the
reduced system using contaminated earthquake record and simulated output data.
The performance of the DUKF over the UKF for non-smooth estimation problems is

discussed through the results of identification.
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6.2 Future directions and open questions

Following the developments and studies on the observability and Lie symmetry prob-
lems in this thesis, this section provides a number of recommendations for future work
and highlight several open questions awaiting researchers to solve.

Comparing the algorithms introduced in Chapter 2 and Chapter 3, the algorithm
in Chapter 2 provides a more efficient means to assess observability properties, al-
though at the cost of narrower applicability. It will therefore be worth further ex-
tending the algorithm for linear systems with unmeasured inputs based on using the
theory of EORC-DF. A straightforward work that can be done in the near future is to
extend it for linear systems with unknown parameters, unmeasured inputs and direct

feedthrough, which are written in the following state-space representation:
&=A0)z+Y Bui(0)u+ Y Bui(@)w, 6=0
i=1 i=1

y=CO0)z+> Du(0)ui+ Y _ Dui(0)u;
=1 =1

where @ is the dynamic state vector, @ is the unknown parameter vector, u =
(U1, ..., u,]T is the vector of measured inputs and w = [wy,...,w,]T is the vector
of unmeasured inputs. y is the output measurement vector. This extended algo-
rithm would be remarkably useful at least in structural health monitoring, as tested
structures in practice are often large linear systems subject to loads and excitations
that are too difficult, expensive or impossible to measure. In addition, it would be
of interest to investigate transfer-function based methods, as in [40], for assessing the
global identifiability of linear systems.

The proposed observability algorithm in Chapter 3 can succeed in determining ob-

servable and k-row unobservable dynamic states, parameters and unmeasured inputs
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of a rational nonlinear system. Theoretically concluding those k-row unobservable
quantities to be unobservable, or maybe observable at a larger k£, is a challenge prob-
lem, although a practical guideline has been given to do so with sufficient confidence
in the examples. In a future extension of the work, a solid criterion will need to be
derived, for which the algorithm can be stopped at a k where all the quantities have
been determined as observable or unobservable.

All the observability and Lie symmetry studies in this thesis and most of the
relevant literature are devoted to investigating continuous-time systems. Discrete-
time systems, however, are also frequently encountered as in practice system outputs
are measured and processed in discrete time. It is therefore highly demanded to
develop robust algorithms for computing the observability and Lie symmetries of
discrete-time nonlinear systems. The considered systems may be in general written
in the following form:

T = f(Tr—1,O0k—1,Uk—1, Wr_1), O = Ok_1

Y = h(wk, 05 U, 'wk:)
where xg, O, ug, w, and y, are respectively the dynamic states, unknown param-
eters, measured inputs, unmeasured inputs and output measurements at time step
ti. In the case of all inputs being measured, i.e. wy, = (), the observability matrix of

discrete-time nonlinear systems are given by:

9yo 9yo
o] 00
Q=|

OYnti—1  OYnii—1
Oxo 009

It would be important to further investigate the structure of the observability matrix
of discrete-time systems with unmeasured inputs. The computations of both the ma-

trices with and without unmeasured inputs are expected to have similar complexities
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as those of continuous-time systems. Furthermore, it will be of interest to explore
what relationship would be between the observability and symmetry properties of the
continuous-time model and the discrete-time model of the same system.

Chapter 4 sketches basic ideas on the utilization of Lie symmetries for model
reduction and sensor re-placement to improve system observability and identifiability.
Developing a more systematic, standardized and automatic approach for applying Lie

symmetries to achieve the model reduction will be a future research direction.
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Appendix A

List of Publications

X. Shi, M.N. Chatzis and M.S. Williams. Robust computation of the observability of
large linear systems with unknown parameters. Proceedings of the Sixth International

Symposium on Life-Cycle Civil Engineering (IALCCE), Ghent, Belgium, 2018.

X. Shi, M.N. Chatzis, S.P. Triantafyllou and M.S. Williams. Observability and identi-
fication of damage-healing hysteretic model. Proceedings of the Seventh World Con-

ference on Structural Control and Monitoring (TWCSCM), Qingdao, China, 2018.

X. Shi and M.N. Chatzis. Lie symmetries, observability and model transformation of
nonlinear systems with unknown inputs. Proceedings of the XI International Confer-

ence on Structural Dynamics (Eurodyn), Athens, Greece, 2020.

X. Shi, M.N. Chatzis and M.S. Williams. A Robust Algorithm to Test the Observ-
ability of Large Linear Systems with Unknown Parameters. Mechanical Systems and

Signal Processing, 2020, under review.

X. Shi, K. Maes and M.N. Chatzis. An Efficient Algorithm to Test the Observability
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of Rational Nonlinear Systems with Unmeasured Inputs. Mechanical Systems and

Signal Processing, 2020, manuscript to be submitted.

X. Shi and M.N. Chatzis. Lie Symmetries of Nonlinear Systems with Unmeasured

Inputs. Mechanical Systems and Signal Processing, 2020, manuscript in preparation.
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Appendix B

Conference Presentations

A robust algorithm to compute the observability of large linear systems with un-
known parameters. Engineering Mechanics Institute Conference 2018, Massachusetts

Institute of Technology, USA, May 2018.

Observability and identification of damage-healing hysteretic model. World Confer-

ence on Structural Control and Monitoring, Qingdao, China, July 2018.

Robust computation of the observability of large linear systems with unknown param-
eters. The Sixth International Symposium on Life-Cycle Civil Engineering, Ghent,

Belgium, October 2018.

An efficient algorithm to test the observability of rational nonlinear systems with
unmeasured inputs. FEngineering Mechanics Institute Conference 2019, California

Institute of Technology, USA, June 2019.

Lie symmetries of nonlinear systems with unmeasured inputs. The XI International

Conference on Structural Dynamics, Athens, Greece, November 2020.
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