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Abstract

System identification is an important technique in reconstructing and es-

timating dynamic states, unknown parameters and unmeasured inputs of

dynamical systems using measured input-output signals, and in minimiz-

ing the gaps between real engineering systems and their mathematical

models. Whether a system for a given setup of sensors can be, in theory,

successfully identified is associated with its observability properties.

This thesis is overall devoted to two research directions: 1) developing ef-

ficient observability algorithms for handling large and complex dynamical

systems and 2) incorporating unmeasured or unknown inputs into robust

observability computation and tool. The research is motivated by the need

to relax the computational limitation of the existing observability meth-

ods that is associated with their high physical memory requirements when

used for large and complex real systems, as for example large civil infras-

tructures encountered in Structural Health Monitoring (SHM). Moreover

robust observability computation with the consideration of unmeasured

inputs is needed to account for joint state-parameter-input identification

problems which have gained increasing attention in recent years.

In particular, two efficient and robust algorithms are proposed to test

observability properties in Chapter 2 and Chapter 3. The first algo-



rithm applies to large linear systems with unknown parameters, based on

the efficient implementation of the Observability Rank Condition (ORC)

method. The second algorithm applies to rational nonlinear systems with

unmeasured inputs, based on the extended use of the extended Observabil-

ity Rank Condition (EORC-DF) and a power series-based computational

framework.

In Chapter 4, computational frameworks are developed for Lie symme-

tries of nonlinear systems with unmeasured inputs. The obtained Lie

symmetries can provide an alternative path to approach the observability

properties of a system for a given setup of sensors. More importantly, Lie

symmetries imply the mathematical relationship between the true solu-

tions of the system’s states, parameters and unmeasured inputs and their

other possible solutions.

Finally in Chapter 5, the application of observability and Lie symmetry

analyses is illustrated through a complex, nonlinear and non-smooth me-

chanical model. The model is successfully reduced and identified using

suitably chosen identification methods.
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Chapter 1

Introduction

1.1 Background and motivations

All engineering structures, including not only civil infrastructures such as buildings,

bridges, energy plants, wind turbines, roads and rails, but also ships, airplanes, trains

and other mechanical systems, are constantly subject to various internal and exter-

nal factors during their lifetime which adversely affect their health condition. These

factors can include, for example, ageing or fatigue during long-term operation, ma-

terial or geometry deterioration due to environmental impacts, errors and defects

induced during construction or manufacturing processes, material imperfections, ex-

treme events or hazards such as an earthquake, strong wind or an explosion, etc [21].

Once damage occurs within a structure, it is important to detect it in an early stage

and enable maintenance and strengthening in a proper way. Damage herein can be

generally defined as any changes introduced to a system making the system unable to

operate in its optimal manner [38]. If such forms of damage are not observed in time,

they would accumulate, propagate and eventually lead to a total loss of structural

functionality. Catastrophic consequences may be caused by the failure of a structure

to the society, including tremendous human life and economic losses.

The process of implementing a damage detection strategy for engineering struc-
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Figure 1.1: Structural Health Monitoring (Sydney Harbour Bridge, modified from
source: Arcadis [4])

tures is referred to as Structural Health Monitoring (SHM) [34, 41]. The process

usually involves the stages of 1) obtaining the measurements of dynamic response

of a structure using suitable installations of sensors, 2) extracting damage-related

features from the obtained measurements, and 3) statistically analysing these fea-

tures to detect, locate and quantify the appeared damage or to determine the current

health condition of the structure in a global point of view [38]. Among the three

stages of SHM process the second stage is normally viewed as the most important

and challenging one. One of the means to achieve the goal of accurately ‘extracting

damage-related features from measured data’ is through the use of system identi-

fication techniques. The dynamic behaviour of a structure is often described by a

physically parameterised model which gives a mathematical relationship between the

external excitations applied to the structure (inputs) and the structural response

(outputs). A system identification technique can be used to determine the values of

the model parameters, which are often direct representations of the current physical

properties of the structure, based on the measurements of input-output signals [64].
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Those damage-related or damage-sensitive parameters can then be used to proceed

to the next stage of SHM. The mathematical model with the determined parameters

from system identification, i.e. an updated model of the structure, also plays im-

portant roles in performance, vibration control, serviceability and safety analyses of

the structure as well as providing predictions of the structural behaviour within for

example a future extreme event [114].

Whether a system identification or SHM campaign would be successful depends

on various factors, including the model adopted for the structural system, the type,

location and quantity of the setup of sensors installed, the quality of measurements,

the system identification algorithm used, etc. In theory, this problem is closely related

to the observability properties of a structural dynamical system: if a system described

by a given mathematical model is observable for a specific sensor setup, the unknown

parameters, dynamic states and unmeasured inputs of the system can theoretically

be inferred from the input-output measurements; if not, it is then impossible to

correctly estimate the values of those quantities which are deemed as unobservable

using any system identification algorithm [26]. It has recently been discovered that a

system being unobservable implies the existence of Lie symmetries within its model

and vice versa [2, 86]. For the unobservable system, an identification algorithm could

obtain any of the incorrect sets of values which are admitted by Lie symmetries, and

these values may be mistakenly adopted by engineers in practice for the parameters,

dynamic states and unmeasured inputs of interest. To avoid such erroneous situations,

it is therefore important to conduct a priori observability testing when proposing a

system identification campaign. Effective observability and symmetry analyses can

provide engineers with guidance on how to design the pattern of sensor installations,
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reduce the mathematical model of the system or make suitable model assumptions in

order to yield an observable system.

In the following Section 1.2.1, a brief literature review is provided for various

system identification methods and algorithms especially those have been widely em-

ployed for the purpose of SHM. A special concentration is placed on the recent devel-

opments of novel filters and observers which allow for reliable joint state-parameter-

unmeasured input estimation. The occurrence and usefulness of these filters and

observers are the direct motivation of extending the regular observability testing

methods to account for unmeasured inputs.

Section 1.2.2 clarifies the concept of observability this thesis is focused on, and

provides a detailed review of the existing methods for testing the observability of

nonlinear systems with or without unmeasured inputs. Civil structural systems are

typically large and also many of them are complex models used to describe sophisti-

cated physical phenomena or materials with special properties. A common weakness

of the existing observability testing methods is that they are often not capable of han-

dling large and complex engineering systems due to their significantly high computa-

tional expense, which substantially limits the practical applicability of these methods.

Although a considerable number of efficient observability algorithms have been de-

veloped for the case of all inputs being measured to alleviate this computational

limitation to some extent, those algorithms are still unable to meet the requirements

of serving for SHM. Moreover, there is a lack of robust implementations of the observ-

ability methods to test systems in the presence of unmeasured or unknown inputs.

These drawbacks of the existing observability methods bring the primary motivation

of this thesis, that is to develop efficient and robust observability algorithms to tackle
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large and complex problems with or without the existence of unmeasured inputs.

Section 1.2.3 gives a literature review of Lie symmetries and their computations

of nonlinear systems with fully measured inputs. The secondary motivation of the

thesis arises from the need to extend the Lie symmetry computational methods for

systems with unmeasured inputs.

The end of this chapter aims at describing the main objectives and contributions

as well as demonstrating the organisation of this thesis.

1.2 Literature review

1.2.1 System identification

The process of determining the mathematical model of a dynamical system or the

parameters of the model based on input-output or output-only signal measurements

is known as system identification [63, 64].

During SHM campaigns dynamic tests of structures can be mainly categorized into

three types: free, forced and ambient vibration tests [114]. In a free vibration test, the

structure remains oscillating after some initial excitations and the measured struc-

tural response signals lying within the free vibration phase are selected for processing

[5]. Many identification methods and algorithms are developed based on such free

vibration output-only measurements. Least square methods were developed to iden-

tify model parameters based on least-square minimisation of the discrepancy between

measured and theoretical model outputs [5, 28, 111]. Using continuous and discrete

wavelet transform analyses of the measured response of structural systems allows for

proper estimation of the modal parameters of the systems, i.e. natural frequencies,

viscous damping ratios and mode shapes [60, 61, 84]. Other widely used methods
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include the Ibrahim time domain method [49], the complex exponential method [20],

the Bayesian modal identification using free vibration data [113], etc.

In a forced vibration test, the structure is continuously subject to some artificially

applied dynamic excitations, and both the excitation and the structural response

signals need to be measured for system identification [32]. Kalman filtering [45, 53,

54, 92] has long been viewed as the optimal state estimator based on input-output

measurements. For dynamical systems mathematically described by linear state-

space models, Subspace State-Space Identification (N4SID) techniques were proposed

to determine the model matrices by deducing state sequences from the projection

of input-output measurements which were proved to be the outputs of non-steady

state Kalman filter banks [105, 106, 107]. Other methods based on input-output

measurements include the circle fitting method [58], the Ewins-Gleeson method [37],

the orthogonal polynomial method [104], etc.

In either the free vibration tests or the forced vibration tests, the structures must

not be affected by any human-induced loads, and the environmental loads exerted on

the structures must be small enough and can hence be properly neglected. Moreover,

it is often difficult to control the artificial excitations in practice, as if they are too

small the structure can not be sufficiently excited and if they are too large perma-

nent damage may be caused to the structure. In comparison, an ambient vibration

test is allowed to be performed during the regular operation of the structure. Any

environmental and human-induced excitations applied to the structure are assumed

to be statistically random, and only the structural response is measured for system

identification. Modal identification based on ambient vibration data is also known

as Operational Modal Analysis (OMA) [17]. A typical OMA method is the Fre-
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quency Domain Decomposition (FDD) which serves as a simple and robust extension

of the Peak Picking method to extract the modal properties of structural systems

based on the singular value decomposition of the Power Spectral Density (PSD) ma-

trix [18, 19, 51]. Other OMA methods include the least square complex frequency

method [108], the auto-regression moving model [1], the Bayesian OMA methods [6],

etc.

One major drawback of the ambient vibration tests is that simply treating those

ambient excitations to be statistically random may bring a significant level of errors

and uncertainties on the system identification results. On the other hand, accurately

measuring the environmental and human-induced loads on the structures are often

too difficult, expensive or even impossible in most of practical cases. To further ex-

tend the applicability of the existing methods which require precise knowledge or

assumptions on inputs, a number of identification algorithms have been recently de-

veloped for estimating the states and parameters of nonlinear systems in the presence

of unmeasured inputs. These developed algorithms are also possessed of the ability

to track those unmeasured inputs or excitations over time. Gillijns and De Moor [43]

proposed a filter for joint input-state estimation for systems with direct transmission,

which was shown to be globally optimal in the minimum-variance unbiased sense.

Based on the preliminary study in Azam et al. [36], Dertimanis et al. [33] introduced

a successive Bayesian observer which recombined the dual and Unscented Kalman

filters for addressing the joint state-parameter-input identification problem. Other

input estimation methods include the augmented Kalman filter [66], the smoothing

algorithm [68], the algebraic unknown input observer [8], etc.

Each of the above reviewed identification methods has its own advantage and
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strength under a specific SHM scenario, but it should be noted that none of these

methods can succeed in correctly estimating the states, parameters and/or unmea-

sured inputs of a structural system if the system is unobservable for a given sensor

setup. It is therefore of crucial importance to perform observability analyses when

proposing a vibration test and the identification campaign to check whether the sen-

sor setup used and the structural model assumed could lead to a fully observable

system.

1.2.2 Observability

This section aims to clarify the concept of observability this thesis is focused on,

and provides a literature review of the existing methods for testing whether a given

nonlinear system with a measurement scheme is observable or not.

1.2.2.1 The observability concepts

Strictly speaking, the concepts of observability can be categorized into theoretical or

practical, and the concepts of theoretical observability can be further classified into

global, local and local weak as first defined by Hermann and Krener [44]. Theoretical

observability is an inherent property of a dynamical system depending solely on the

mathematical model of the system and the given input-output measurements which

are assumed to be noise-free. A theoretically observable system might be detected

practically observable or unobservable if more complicated practical factors are taken

into consideration, such as how noisy the measurements are, whether the system is

modelled accurately, what identification technique is used, etc. A theoretically un-

observable system, however, is guaranteed to be practically unobservable [74]. The

theoretical observability is basically a global concept, which is based on the assump-
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tion that the input-output signals can be measured over an infinitely long time. For

a globally observable system in practice, an identification algorithm may need to

travel a substantial distance or a very long time in order to determine its unknown

parameters, dynamic states and unmeasured inputs. To alleviate this limitation, a

stronger concept is introduced as the local observability which ensures that a system,

if detected locally observable, can be identified instantaneously using a small period

of measurements. Furthermore, in practice it often suffices to be able to identify the

unknown quantities of a system from the neighbours of their values, and the concept

of local weak observability is therefore introduced. Intuitively, a system is said to be

locally weakly observable if one can instantaneously identify the parameters, dynamic

states and unmeasured inputs of a system from their neighbours. An additional ben-

efit of using the local weak observability over the other concepts is that it lends itself

to a systematic testing method requiring relatively simpler mathematical tools [44].

The contributions of this thesis, if not specifically explained, are focused on the

concept of theoretical local weak observability, and for the sake of brevity the re-

mainder of the thesis will keep referring to ‘theoretical local weak observability’, ‘the-

oretically locally weakly observable’ and ‘theoretically locally weakly unobservable’

simply as ‘observability’, ‘observable’ and ‘unobservable’ respectively. Moreover, it is

worth mentioning that the terminology of identifiability is a subcase of observability

specifically used for time-invariant parameters, that is, a parameter being observable

or unobservable can also be called identifiable or unidentifiable.

1.2.2.2 Observability testing methods

Starting with the linear observability defined by Kalman [55], a large amount of works

have been devoted to investigating the observability properties of nonlinear systems
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with fully measured inputs. Hermann and Krener [44] introduced the well-known

Observability Rank Condition (ORC) to analyze the local weak observability of an-

alytic nonlinear systems whose equations are smooth and infinitely differentiable.

Implementation of the ORC is through rank evaluation of the observability matrix

constructed from successive Lie derivative computations. A fast convergence algo-

rithm was suggested by Isidori [50] to implement the ORC for analytic systems which

are affine in inputs, and Sontag [93] further generalized the ORC algorithm for non-

linear systems analytic in inputs. The theory and implementation of the ORC will

be reviewed for more details in Section 2.1 of Chapter 2, as this is the basic frame-

work for the development in Chapter 2. As a counterpart of the ORC, an approach

of algebraic observability was given by Diop and Fliess [35] based on exploring the

existence of algebraic relations between the state variables of a system and the time

derivatives of its measured inputs and outputs. There also exists a differential algebra

approach based on calculating the characteristic set and Grobner basis associated to

rational dynamic equations. The approach allows for detecting whether there is a

globally unique set of parameters fitting the input-output information of a rational

nonlinear system, leading to the development of an identifiability (global) testing soft-

ware DAISY [10]. Other observability approaches may be found in [81] relying on the

power series method, in [103] relying on the local state variable isomorphism method,

in [65] relying on the characteristic set or standard bases computations, in [15] relying

on the elimination method in differential algebra, etc. The above described observ-

ability approaches enable the developments of corresponding automatic algorithms

where any arbitrary system belonging to a specified class (e.g. the classes of linear,

analytic nonlinear, rational nonlinear systems etc.) can be tested without requiring
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in-depth understanding of the mathematical tools from the user.

Many works are also devoted to studying the observability of particular types

of systems for engineering applications. Udwadia and Sharma [100], Udwadia et al.

[101] and Franco et al. [40] placed concentrations on the global identifiability of

structural systems; the works discussed the existence of unique solutions for the un-

known physical properties of shear-type structures based on a minimum amount of

excitation-sensor instruments. Based on incomplete instrumentation, Mukhopadhyay

et al. [75] studied the identifiability requirements of stiffness and mass parameters

of shear-type structures under base excitation. Non-smooth systems are often en-

countered in the physical phenomena associated with damage, sliding, impact etc.

Chatzis et al. [26] extended the use of the existing observability methods to inves-

tigate non-smooth systems which have varying observability properties throughout

their dynamics. Liu et al. [62] adopted a graphical approach derived from the dy-

namical laws that govern a system to determine the sensors that are necessary to

reconstruct the full internal state of a biological system.

It is also worth reviewing several of the practical observability analysis meth-

ods which use real measured data, although practical observability is not the focus

of this thesis. It should be noted that observability testing provides a theoretical

ground for practical observability analysis. A theoretically unobservable system would

not become practically observable by changing the identification method used, using

sensors of better quality, or repeating the dynamic tests. Katafygiotis and Beck

[57] discussed the practical identifiability of structural systems through searching for

output-equivalent optimal models. Many practical observability analysis methods

are proposed based on the use of Fisher Information Matrix [42] for examining the
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correlations between model parameters [39]. Raue et al. [83] introduced a novel ap-

proach through exploiting the profile likelihood, which is able to detect practically

unidentifiable parameters of nonlinear systems and simultaneously calculate confi-

dence intervals.

As has been mentioned in the previous section, developing and improving iden-

tification methods for systems driven by unmeasured inputs has gained increasing

attention in the past years. However, the aforementioned observability approaches

are all based on the assumption of all inputs applied to a system being measured,

and therefore they are not applicable to serve for the joint state-parameter-input es-

timation problems. It was not until very recently that the extensions of the existing

observability approaches for systems where some or potentially all of their inputs are

unmeasured drew attention. Martinelli [70] introduced the extended ORC or EORC

to gain an insight into the observability of input-affine nonlinear systems with un-

known (unmeasured) inputs. Maes et al. [67] provided a further extension, namely

the EORC-DF, where the existence of direct feedthrough in output measurements was

taken into consideration. The situation of output measurements affected by direct

feedthrough is often encountered in practice, as for example the case of acceleration

measurement in structural dynamics. The proved effectiveness and usefulness of both

the EORC(DF) approaches have been demonstrated using a number of classical me-

chanical and civil engineering models of modest size in the works. A more detailed

review of the EORC-DF will be provided in Section 3.1 of Chapter 3 as this is the

basic framework of the development in Chapter 3.

From an application point of view, however, the standard implementations of

the ORC and EORC(DF) as well as the other aforementioned automatic observabil-
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ity approaches are computationally expensive mainly due to their symbolic nature.

When these approaches are implemented for real-world engineering systems, often

with a large number of states and complicated equations, the complexity of symbolic

computations rapidly becomes overwhelming, resulting in significant growth of the

physical memory requirements that are hard to be met in a standard computer and

increase of the computational cost [31]. In structural engineering applications, for

example, a finite element model of a structure may have up to thousands of degrees

of freedom and contain equally many dynamic states and parameters to be identified.

Those observability approaches are far from being able to handle systems of such

size. Computationally efficient observability algorithms have been explored in several

works for the case of all inputs being measured [7, 59, 83, 86, 109]. A semi-numerical

algorithm was developed by Sedoglavic [86] for robust testing of rational and poly-

nomial nonlinear systems by making use of a numerical realised variational system

and the method of Newton’s iteration. Villaverde et al. [109] achieved observability

testing of a large nonlinear biological system by decomposing it into tractable subsys-

tems which is performed with a combinatorial optimization metaheuristic. However

these algorithms are still unable to meet the computational requirements for large

civil infrastructures in SHM or systems with equivalent size. Moreover, to the best

of author’s knowledge, so far no efficient algorithms have been proposed for the cases

of unmeasured inputs. Motivated by these drawbacks of the existing observability

algorithms, the major objective of this thesis is to develop efficient and robust al-

gorithms to test the observability of large and complex nonlinear systems with or

without unmeasured inputs.
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1.2.3 Lie symmetries of nonlinear systems

The concept of Lie symmetry was introduced by the Norwegian mathematician So-

phus Lie [22, 76] to define a way of variable transformations that leaves differential

equations invariant. Lie symmetry analysis of differential equations provides a power-

ful and fundamental framework to the exploitation of systematic procedures leading

to the integration by quadrature of ordinary differential equations, to the determina-

tion of invariant solutions of initial and boundary value problems, to the derivation of

conservation laws, to the construction of links between different differential equations

that turn out to be equivalent, etc. [9, 72, 78, 95]

Sedoglavic [86] introduced the use of Lie symmetries to nonlinear dynamical sys-

tems which are mathematically described by state-space and measurement equations.

In this context, Lie symmetries of a nonlinear system can be defined as groups of state

transformations which fulfil the state-space and measurement equations of the system

leaving its inputs and outputs invariant. The existence of such Lie transformations

implies the observability properties of the system: there are infinitely many sets of

values of states, i.e. parameters and dynamic states, that are admitted by the Lie

transformations fulfilling the mathematical model, i.e. state-space and measurement

equations, of the system, and an identification algorithm would not be able to find

the true values of the states among them based on the given input-output measure-

ments. The system is therefore unobservable according the definition of observability;

on the contrary, an observable system would not contain any Lie symmetry within

its mathematical model.

In [86], computation of a group of Lie symmetries for a given nonlinear system is

achieved through finding the kernel of the observability matrix which is obtained from
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an ORC algorithm. The kernel is then used to analytically solve a set of ordinary

differential equations with known initial conditions. The set of ordinary differential

equations is suggested by the Lie’s First Fundamental Theorem to describe the orbits

of Lie symmetries with respect to a free parameter. This method however is compu-

tationally cumbersome mainly due to the symbolic computation of the observability

matrix; analytically solving the differential equations with the aim of obtaining gen-

eral forms of Lie symmetries is often computationally intractable or mathematically

impossible.

Urguplu [102] and Anguelova [3] presented a more computationally efficient frame-

work to calculate Lie symmetries. In the framework, a system of differential equations

is derived by applying the Lie’s Invariant Function Theorem to state-space and mea-

surement equations, and using a priori assumptions on the form of Lie symmetries, the

system of differential equations can be converted to a linear system and solved system-

atically. Urguplu [102] and Merkt et al. [73] successfully implemented the framework

or a similar version to investigate the translation, scaling, affine, quadratic, Mobius,

etc. types of symmetries of biological and engineering nonlinear systems. The limita-

tion of this method however is associated with its inability to deal with general forms

of Lie symmetries. In addition, both of the aforementioned computational methods

are not capable of handling the situations where parts or potentially all of the inputs

are unmeasured for a nonlinear system. To relax this limitation, the secondary ob-

jective of this thesis is to extend the existing Lie symmetry computational methods

for analytic nonlinear systems with unmeasured inputs.

The exploration of Lie symmetries provides an alternative path to assess the ob-

servability of nonlinear dynamical systems [3, 86]. Applications of translation and
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scaling symmetries to model reduction and non-dimensionalisation problems are also

discussed in [46].

1.3 Objectives and outline

Motivated by the need to address the significant computational complexity prob-

lem associated with the implementations of the existing observability approaches, as

described in the literature review, this thesis develops two efficient and robust al-

gorithms to test the observability of linear and rational nonlinear systems with or

without unmeasured inputs. The developments of the suggested algorithms aim at

extending and maximising the applicabilities of the ORC and EORC-DF approaches

in particular, to real-world engineering systems that are often large and complex. The

secondary contribution of the thesis is devoted to investigating Lie symmetries of an-

alytic nonlinear systems with unmeasured inputs. Robust algorithms are proposed

to compute the analytic and power series forms of Lie symmetries for such type of

dynamical systems. This research also provides a pioneer study on the applications

of the computed Lie symmetries to the problems of observability assessment, model

reduction, system identification improvement, etc. In the final research presented in

this thesis, the previously proposed observability and Lie symmetry algorithms are

applied to the damage-healing hysteretic model, which is a complex, highly nonlinear

and non-smooth mechanical model recently introduced to account for the behaviour

of self-healing materials. After the processes of ‘observability analysis’ and ‘model

reduction’, the Unscented Kalman filter (UKF) and the discontinuous Unscented

Kalman filter (DUKF) are successfully implemented to identify the model parame-

ters using contaminated earthquake record and simulated output data. Specifically,
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this thesis is organised as follows:

• In Chapter 2, a robust algorithm to test the observability of large linear sys-

tems with unknown parameters is developed. The mathematical derivation of

the algorithm is presented in detail. Applications and superior performance of

the algorithm are demonstrated using several examples of large linear dynam-

ical models of engineering systems containing up to thousands of parameters

and dynamic states. The main content of this chapter refers to the paper en-

titled ‘A robust algorithm to test the observability of large linear systems with

unknown parameters ’, which has been submitted to the Journal of Mechanical

Systems and Signal Processing, and the paper entitled ‘Robust computation of

the observability of large linear systems with unknown parameters ’ [89], which

has been published in the Proceedings of the Sixth International Symposium

on Life-Cycle Civil Engineering. The author of this thesis is the first author of

both the papers.

• In Chapter 3, an efficient algorithm to test the observability of rational nonlin-

ear systems with unmeasured inputs is proposed. The mathematical derivation

of the algorithm is presented in detail. Applications and superior performance

of the algorithm are demonstrated using several examples of large and complex

dynamical models of engineering systems. The main content of this chapter

refers to the author’s paper entitled ‘An efficient algorithm to test the observ-

ability of rational nonlinear systems with unmeasured inputs ’, which is to be

submitted to the Journal of Mechanical Systems and Signal Processing.

• In Chapter 4, Lie symmetries of nonlinear systems with unmeasured inputs are
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studied. Frameworks for computing the analytic and power series forms of Lie

symmetries are established. This chapter also explores the potential applica-

tions of symmetries to various problems encountered in system identification

campaigns. The main content of this chapter refers to the paper entitled ‘Lie

symmetries, observability and model transformation of nonlinear systems with

unknown inputs ’ [87], which has been published in the Proceedings of the XI In-

ternational Conference on Structural Dynamics, and the journal paper entitled

‘Lie symmetries of nonlinear systems with unmeasured inputs ’ which is under

preparation. The author of this thesis is the first author of both the papers.

• In Chapter 5, observability analysis and model reduction using symmetries are

performed on the Damage-Healing Hysteretic Model. Accurate identification of

the model is achieved through the use of UKF and DUKF techniques. The main

content of this chapter refers to the author’s paper entitled ‘Observability and

identification of damage-healing hysteretic model ’ [88], which has been published

in the Proceedings of the Seventh World Conference on Structural Control and

Health Monitoring.

• In Chapter 6, the thesis is concluded with suggestions and foresight for future

work.
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Chapter 2

A Robust Algorithm to Test the
Observability of Large Linear
Systems with Unknown
Parameters

The objective of this chapter is to propose an efficient algorithmic implementation

of the Observability Rank Condition (ORC) to examine the observability of linear

systems whose dynamic states and unknown parameters are to be identified. This

category of systems covers a wide range of civil and mechanical systems. The chap-

ter derives an explicit expression of the observability matrix of linear systems with

unknown parameters. It shows the viability of computing the observability matrix

recursively by introducing a product rule involving three-dimensional matrices. The

computationally expensive symbolic differentiations are replaced by matrix additions

and multiplications. This further allows for numerical realization of the algorithm,

and in addition the application of modular operations makes it possible to use floating-

point integers which substantially enhances the computation efficiency. Applications

and superior performance of the algorithm are demonstrated through several illustra-

tive engineering examples.
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2.1 The Observability Rank Condition (ORC)

The first section of this chapter provides a brief review of the mathematical derivation

and implementation of the ORC, while the details of the theory can be found in

[44, 50, 2].

2.1.1 Theory

Consider a nonlinear system with affine inputs written as the following state-space

representation:

ẋt = F (xt, θ)+
m!

i=1

Gi(xt, θ)ui

y = h(xt, θ)

(2.1)

where xt ∈ Rnt denotes the time-variant dynamic states, θ ∈ Rnθ the time-invariant

parameters, u1, u2, ..., um the measured independent inputs and y ∈ Rp the output

measurement vector. F ,G1,G2, ...,Gm and h are vectors of nonlinear smooth func-

tions. If the time-invariant parameters of the system are unknown, they can be

treated as additional states with zero dynamics, i.e. θ̇ = 0nθ×1. This leads to a state

augmentation by including both the dynamic states and the parameters in a common

state vector x ∈ Rn:

x =

"
xt

θ

#
, n = nt + nθ (2.2)

and the system in equation (2.1) may be rewritten with respect to the state vector

as:

ẋ = f(x)+
m!

i=1

gi(x)ui

y = h(x)

(2.3)

where

f(x) =

"
F (xt, θ)
0nθ×1

#
, gi(x) =

"
Gi(xt, θ)
0nθ×1

#
(2.4)

20



The observability of the above system defined in equations (2.3) and (2.4) can be

examined by the ORC. To derive the observability testing approach, it is first neces-

sary to introduce the Lie derivative operation. The Lie derivative of a vector of scalar

functions, λ =
$
λ1(x) ... λp(x)

%T
, along a vector field, v =

$
v1(x) ... vn(x)

%T
, is

defined as:

Lvλ =
∂λ

∂x
v (2.5)

where ∂λ
∂x

is a Jacobian matrix:

∂λ

∂x
=

&

'''(

∂λ1

∂x1

∂λ1

∂x2
. . . ∂λ1

∂xn
∂λ2

∂x1

∂λ2

∂x2
. . . ∂λ2

∂xn
...

...
. . .

...
∂λp

∂x1

∂λp

∂x2
. . . ∂λp

∂xn

)

***+
(2.6)

Consider a piecewise-constant input function for i = 1, ...,m:

ui(t) = u1
i , for t ∈ [0, t1)

ui(t) = uk
i , for t ∈ [t1 + ...+ tk−1, t1 + ...+ tk), k ≥ 2

(2.7)

Define the vector field:

Vk = f +
m!

i=1

giu
k
i (2.8)

and let Φk
t denote the corresponding flow. The flow Φt(x) of a vector field V is by

definition the solution of:
∂Φt(x)

∂t
= V (Φt(x))

Φ0(x) = x

(2.9)

Then, the state vector reached at time t1 + ...+ tk starting from an initial condition

x0 under the piecewise-constant inputs may be expressed as:

x(t1 + ...+ tk) = Φk
tk
◦ ... ◦Φ1

t1
(x0) (2.10)

and the corresponding output vector y can be expressed as:

y(t1 + ...+ tk) = h(x(t1 + ...+ tk)) (2.11)
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It should be noted herein that this output may be regarded as the value of a mapping:

Fx0

: (−ε, ε)k → R

(t1, ..., tk) → h ◦Φk
tk
◦ ... ◦Φ1

t1
(x0)

(2.12)

In the following, let indistinguishable states be defined as a pair of initial conditions,

xa and xb, producing two identical outputs for any possible piecewise-constant inputs.

The indistinguishable states must satisfy:

Fxa

(t1, ..., tk) = Fxb

(t1, ..., tk) (2.13)

for all possible (t1, ..., tk) with 0 ≤ ti < ε. From this it can be deduced that:

∂kFxa

∂t1...∂tk

,,,,
t1=...=tk=0

=
∂kFxb

∂t1...∂tk

,,,,
t1=...=tk=0

(2.14)

A straightforward calculation shows that:

∂kFx0

∂t1...∂tk

,,,,
t1=...=tk=0

= LV1 ...LVk
h(x0) (2.15)

and therefore,

LV1 ...LVk
h(xa) = LV1 ...LVk

h(xb) (2.16)

Now recall that Vj (j = 1, ..., k) depends on (uj
1, ..., u

j
m) and that the above equality

must hold for all possible choices of (uj
1, ..., u

j
m) ∈ Rm. By appropriately selecting

these (uj
1, ..., u

j
m) one easily arrives at an equality of the form:

Lv1 ...Lvk
h(xa) = Lv1 ...Lvk

h(xb) (2.17)

where v1, ...,vk are the vector fields belonging to the set {f , g1, ..., gm}. Let γ2 =

LV2 ...LVk
h, and from the equality LV1γ2(x

a) = LV1γ2(x
b) it can be obtained that:

Lfγ2(x
a) +

m!

i=1

Lgiγ2(x
a)u1

i = Lfγ2(x
b) +

m!

i=1

Lgiγ2(x
b)u1

i (2.18)
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This, due to the arbitrariness of the (u1
1, ..., u

1
m), implies that:

Lvγ2(x
a) = Lvγ2(x

b) (2.19)

where v is any vector in the set {f , g1, ..., gm}. This procedure can be iterated, by

setting γ3 = LV3 ...LVk
h. From the above equality one gets:

LvLfγ3(x
a) +

m!

i=1

LvLgiγ3(x
a)u2

i = LvLfγ3(x
b) +

m!

i=1

LvLgiγ3(x
b)u2

i (2.20)

and therefore,

Lv1Lv2γ3(x
a) = Lv1Lv2γ3(x

b) (2.21)

for all v1,v2 belonging to {f , g1, ..., gm}. Finally one is able to arrive at equation

(2.17).

Equation (2.17) implies that all the possible Lie derivatives Lv1 ...Lvk
h for any

k = 1, 2, ... are evaluated equal at indistinguishable states. This derived Lie derivative

property allows to establish the following rank testing approach to identify whether

such pairs of indistinguishable states (locally) exist. Successively arrange those Lie

derivatives, i.e. h, Lfh, Lgih, LfLfh, LgiLfh, etc. in a column vector λ:

λ =

&

'''''''(

h
Lfh
Lgih

LfLfh
LgiLfh

...

)

*******+

(2.22)

and define the observability matrix Ω as the gradient of λ with respect to x:

Ω =
∂λ

∂x
(2.23)

Note that it has been shown in [2, 70] that the Lie derivatives of k = 1, ..., n−1, where

n is the dimension of the state vector, are sufficient to explore the observability.
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If Ω is a full-rank matrix at x = x0, i.e. rank(Ω(x0)) = n, the Inverse Function

Theorem [94] ensures that the only indistinguishable state of x0, i.e. the one resulting

in equal Lie derivatives as x0, within its closed neighbourhood is x0 itself. This

consequently means that it is possible to distinguish and observe x0 and hence the

trajectory x(t,x0) from its neighbours using the given input-output measurements.

Following the above fact, the observability testing criterion can thus be concluded: the

system in equations (2.3) and (2.4) is said to satisfy the Observability Rank Condition

(ORC) at x0 such that its state vector x(t,x0) is (locally weakly) observable, if and

only if rank(Ω(x0)) = n; the system satisfies the ORC if rank(Ω(x)) = n for all

possible x ∈ Rn (normally except for some singular points where the ranks of Ω

would be reduced).

2.1.2 Implementation

To implement the ORC for a given nonlinear system with state-space and output

equations, a simple algorithm described in [26, 50] can be used to compute the Lie

derivatives in a recursive way and successively arrange the gradients of these Lie

derivatives to output the observability matrix. The algorithm is presented in the

following:

Algorithm 2.1

Input to the algorithm: the system functions f , g1, g2, ..., gm, the output func-

tions h and the system states x

Output from the algorithm: the observability matrix Ω

Initialization: Let k = 0, λ0 = h, Ω0 = ∂λ0

∂x

1. Compute the Lie derivatives λk+1 =
$
(Lfλk)

T (Lg1λk)
T (Lg2λk)

T . . . (Lgmλk)
T
%T
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2. Compute the rows of the gradient of the Lie derivatives, and arrange them into

the observability matrix Ωk+1 = Ωk ∪ ∂λk+1

∂x

3. Compute the rank, if rank(Ωk+1) = rank(Ωk), or rank(Ωk+1) = n, or k = n− 2,

end and output Ω = Ωk+1

4. Let k = k + 1 and go to step 1

It should be noted that the computations involved in Algorithm 2.1 are symbolic as

the gradient operations are analytic and thus must be implemented by differentiating

symbolically the associated expressions. Once the observability matrix is obtained,

the observability of the system in equations (2.3) and (2.4) is analyzed through rank

testing. The system satisfies the Observability Rank Condition so that it is observable

if Ω has a rank equal to the dimension of x, n. The observability of the lth(l = 1, ..., n)

state of x can be detected by removing the lth column ofΩ: if the rank of the resulting

matrix is smaller than the rank of Ω, then the lth state is observable; otherwise it is

unobservable. If that state is further a parameter it will be correspondingly be deemed

as identifiable or unidentifiable. If and only if all of the dynamic states are observable

and all of the parameters are identifiable, then the system is said to be observable.

Furthermore, the transcendence degree of the system, that is calculated as the rank

deficiency n−rank(Ω), can be used to account for the number of unobservable states

for which a modelling assumption needs to be made in order to reduce an unobservable

system to become observable [26, 2].
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2.2 The observability matrix of linear systems with

unknown parameters

It is worth mentioning that the observability matrix of linear systems with known pa-

rameters has been well-explored [55]. This work focuses on linear underlying systems

with unknown parameters θ which are described by:

ẋt = A(θ)xt +
m!

i=1

Bi(θ)ui, θ̇ = 0nθ×1

y = C(θ)xt

(2.24)

where A(θ), Bi(θ) and C(θ) are the matrices with elements functions of the un-

known parameters. Strictly speaking, the system in equation (2.24) is linear with

respect to the dynamic states and the inputs, but overall nonlinear due to the terms

of the products between A(θ), Bi(θ), C(θ) and xt, ui. Following the state aug-

mentation x =
$
xt

T θT
%T

for the purpose of parameter estimation, the system is

rewritten as the form of (2.3), and the corresponding f and gi can be obtained as:

f =

"
A(θ)xt

0nθ×1

#
, gi =

"
Bi(θ)
0nθ×1

#
(2.25)

Algorithm 2.1 is applicable to test the observability of the system in equations

(2.24) and (2.25). However, as noted in the literature review, the symbolic computa-

tions involved in the algorithm are cumbersome especially when the augmented state

vector x is of large size and the system functions f and gi are complicated, which

appears as a substantial limitation to real-life engineering applications. In order to

develop a more computationally efficient algorithm, this section aims to derive an ex-

plicit expression of the observability matrix of the system. The key idea is to separate

all the Lie derivatives of the system into three subsets:

{Lk
fh : k = 0, 1, ..., n− 1} (2.26)
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{LgiL
k
fh : k = 0, 1, ..., n− 2} (2.27)

{Lvr ...Lv1LgiL
k
fh : k = 0, 1, ..., n− 3, r = 1, 2, ..., n− k − 2} (2.28)

where vr is any of the vector fields belonging to the set {f , g1, g2, ..., gm}. Lk
fh is

the kth order Lie derivative, i.e. Lf ...Lf- ./ 0
k

h, and this can be calculated recursively by

Lk
fh = LfL

k−1
f h with L0

fh = h. The expression of each subset of the Lie derivatives

is derived as follows.

In (2.26), the kth order Lie derivative of h along f is expressed as:

Lk
fh = CAkxt (2.29)

A proof by induction for equation (2.29) follows: for k = 0, L0
fh = h = Cxt,

which indeed satisfies (2.29). If one assumes that equation (2.29) holds for k− 1, i.e.

Lk−1
f h = CAk−1xt, the equality will be shown to hold for k. Using equation (2.5)

to compute Lk
fh = LfL

k−1
f h, it is necessary to compute

∂L
k−1
f h

∂x
= ∂CAk−1xt

∂x
. The

gradient with respect to the state vector, x, can be separated into a sub-gradient with

respect to the dynamic states, xt, and a sub-gradient with respect to the parameters,

θ, giving ∂CAk−1xt

∂x
=

1
∂CAk−1xt

∂xt

∂CAk−1xt

∂θ

2
. Since CAk−1 is a matrix depending on

θ but not on xt,
∂CAk−1xt

∂xt
= CAk−1. Thus taking the expression of f in equation

(2.25) and substituting it into (2.5), Lk
fh is computed as:

Lk
fh = LfL

k−1
f h =

1
CAk−1 ∂CAk−1xt

∂θ

2 "Axt

0nθ×1

#
= CAkxt (2.30)

which coincides with equation (2.29) for k, and therefore concludes the proof by

induction of (2.29).
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Having obtained the expression of Lk
fh, it proceeds to derive the Lie derivative of

Lk
fh along gi using equations (2.25) and (2.5) in (2.27):

LgiL
k
fh =

1
CAk ∂CAkxt

∂θ

2 " Bi

0nθ×1

#
= CAkBi (2.31)

To evaluate the remaining Lie derivatives Lvr ...Lv1LgiL
k
fh appearing in (2.28),

Lv1LgiL
k
fh corresponding to either LfLgiL

k
fh or LgjLgiL

k
fh (j = 1, ...,m) is first

computed using equations (2.25) and (2.5).
∂Lgi

Lk
fh

∂x
= ∂CAkBi

∂x
based on equation

(2.31) is written as
∂Lgi

Lk
fh

∂x
=

1
∂CAkBi

∂xt

∂CAkBi

∂θ

2
. Since CAkBi is a vector of pa-

rameters but not of dynamic states, ∂CAkBi

∂xt
is a p× nt zero matrix. Therefore,

LfLgiL
k
fh =

1
0p×nt

∂CAkBi

∂θ

2 "Axt

0nθ×1

#
= 0p×1

LgjLgiL
k
fh =

1
0p×nt

∂CAkBi

∂θ

2 " Bj

0nθ×1

#
= 0p×1

(2.32)

The zero Lie derivatives Lv1LgiL
k
fh lead to zero higher order Lie derivatives, i.e.

Lvr ...Lv1LgiL
k
fh = 0p×1, which can be ignored when construting the observability

matrix since they do not deliver any observability information of the system.

Thanks to equations (2.29) and (2.31), where all the nonzero Lie derivatives have

been expressed in terms of the system matrices A, Bi, C and the dynamic states xt,

the expression of the observability matrix can be readily obtained by evaluating the

gradients of the Lie derivatives. At the kth iteration of the algorithm, one obtains:

∂Lk
fh

∂x
=

1
CAk ∂CAkxt

∂θ

2

∂LgiL
k−1
f h

∂x
=

1
0p×nt

∂CAk−1Bi

∂θ

2 (2.33)

Then for k = 0, ..., n−1 the full observability matrix of the system in equations (2.24)
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and (2.25) attains the following form:

Ω =

&

'''''''''''''''''''''''''''''(

C ∂Cxt

∂θ

CA ∂CAxt

∂θ

0p×nt

∂CB1

∂θ
...

...
0p×nt

∂CBm

∂θ
...

...

CAk ∂CAkxt

∂θ

0p×nt

∂CAk−1B1

∂θ
...

...

0p×nt

∂CAk−1Bm

∂θ
...

...

CAn−1 ∂CAn−1xt

∂θ

0p×nt

∂CAn−2B1

∂θ
...

...

0p×nt

∂CAn−2Bm

∂θ

)

*****************************+

(2.34)

2.3 Recursive computation

This section aims to compute the observability matrix of equation (2.34) in a recursive

way. A key objective of the recursive formulation is to avoid the use of symbolic

differentiations and instead compute the submatrices involved in Ω by the operations

of matrix addition and multiplication. While it is straightforward to compute the

submatrix CAk recursively as CAk−1A, the recursive computations of ∂CAkxt

∂θ
and

∂CAk−1Bi

∂θ
are realized by introducing a product rule to expand the gradient of matrix

multiplication, which is analogous to the well known product rule for the derivative

of product of two scalar functions: (fg)′ = f ′g + fg′.

2.3.1 A product rule for the gradient of matrix multiplication

Let U be a 2-dimensional matrix with its (i1, i2)
th element denoted by Ui1i2 , and z

be a vector with its lth element zl. The gradient of U with respect to z, V = ∂U
∂z

, is a
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3-dimensional matrix where the (i1, i2, l)
th element of V is calculated by Vi1i2l =

∂Ui1i2

∂zl
.

Let U and M be matrices with dimensions α × β and β × γ respectively, and

z be a vector with dimension ν × 1. A product rule for the gradient of the matrix

multiplication UM with respect to z is introduced as follows:

∂UM

∂z
= (

∂U

∂z

Tt

M )Tt +U
∂M

∂z
(2.35)

where ∂UM
∂z

is a α × γ × ν matrix, ∂U
∂z

is a α × β × ν matrix and ∂M
∂z

is a β × γ × ν

matrix. The notation ‘Tt’ over a 3-dimensional matrix is used to denote the transpose

between the second dimension and the third dimension of the matrix. For example, V

under the transpose, V Tt , is a 3-dimensional matrix with its (i1, l, i2)
th element equal

to the (i1, i2, l)
th element of V , i.e. (V Tt)i1li2 = Vi1i2l. The multi-dimensional matrix

multiplication follows the rule of single contraction between the last dimension of the

first matrix and the first dimension of the second matrix. For example, if W = U ∂M
∂z

,

then W is a α× γ × ν matrix with its (i1, j2, l)
th element calculated by:

Wi1j2l =

β!

i2=1

Ui1i2(
∂M

∂z
)i2j2l (2.36)

Similarly, if M is a β × 1 vector, the product rule is given as:

∂UM

∂z
=

∂U

∂z

Tt

M +U
∂M

∂z
(2.37)

where ∂UM
∂z

is a α× ν Jacobian matrix and ∂M
∂z

is a β × ν Jacobian matrix.

Proof : Equation (2.35) is proved in the following relying on the concept of tensors.

Referring to the Chapter 1 of [29], a matrix of any number of dimensions has a

corresponding tensor form of the same number of orders. The matrix U may be

written as a second order tensor using the Einstein summation notation: Ui1i2ei1 ⊗

ei2(i1 = 1, ...,α, i2 = 1, ..., β), where Ui1i2 is the (i1, i2)
th element of the tensor, ei1 and
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ei2 are directional unit vectors, ⊗ is the tensor product. Similarly, M and z can be

written as Mj1j2ej1 ⊗ ej2(j1 = 1, ..., β, j2 = 1, ..., γ) and zlel(l = 1, ..., ν) respectively.

The correspondence of the matrix multiplication, e.g. UM , in the tensor field is

namely the dot product following the rule of tensor single contraction:

(Ui1i2ei1 ⊗ ei2) · (Mj1j2ej1 ⊗ ej2) = Ui1i2Mi2j2ei1 ⊗ ej2 (2.38)

The gradient of the resulting tensor (2.38), which is the tensor form of the left hand

side of equation (2.35) i.e. ∂UM
∂z

, can then be written as:

∂Ui1i2Mi2j2ei1 ⊗ ej2

∂zl
⊗ el =

∂Ui1i2Mi2j2

∂zl
ei1 ⊗ ej2 ⊗ el (2.39)

Applying the standard product rule for the derivative of product between scalars

yields:

∂Ui1i2Mi2j2

∂zl
ei1 ⊗ ej2 ⊗ el = (

∂Ui1i2

∂zl
Mi2j2 + Ui1i2

∂Mi2j2

∂zl
)ei1 ⊗ ej2 ⊗ el (2.40)

Next, it aims to follow the above tensor operations to calculate the tensor form of the

right hand side of equation (2.35):

3
(
∂Ui1i2

∂zl
ei1⊗ei2⊗el)

Tt ·Mj1j2ej1⊗ej2

4Tt
+Ui1i2ei1⊗ei2 ·

∂Mj1j2

∂zl
ej1⊗ej2⊗el (2.41)

The earlier defined transpose ‘Tt’ is used as:

(
∂Ui1i2

∂zl
ei1 ⊗ ei2 ⊗ el)

Tt =
∂Ui1i2

∂zl
ei1 ⊗ el ⊗ ei2 (2.42)

Thus continuing from expression (2.41), the tensor form of the right hand side of

(2.35) can be simplified as:

3∂Ui1i2

∂zl
ei1 ⊗ el ⊗ ei2 ·Mj1j2ej1 ⊗ ej2

4Tt
+

Ui1i2ei1 ⊗ ei2 ·
∂Mj1j2

∂zl
ej1 ⊗ ej2 ⊗ el

=(
∂Ui1i2

∂zl
Mi2j2ei1 ⊗ el ⊗ ej2)

Tt + Ui1i2

∂Mi2j2

∂zl
ei1 ⊗ ej2 ⊗ el

=(
∂Ui1i2

∂zl
Mi2j2 + Ui1i2

∂Mi2j2

∂zl
)ei1 ⊗ ej2 ⊗ el

(2.43)
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which coincides with expression (2.40). Therefore the tensor forms of the L.H.S and

R.H.S of equation (2.35) are equal and thus (2.35) is proved. Following the same

way, equation (2.37) when M is a β×1 vector can also be proved to hold. The tensor

form of the left hand side of (2.37) is written as:

∂Ui1i2Mi2

∂zl
ei1 ⊗ el = (

∂Ui1i2

∂zl
Mi2 + Ui1i2

∂Mi2

∂zl
)ei1 ⊗ el (2.44)

While the tensor form of the right hand side of (2.37) becomes:

(
∂Ui1i2

∂zl
ei1 ⊗ ei2 ⊗ el)

Tt ·Mj1ej1 + Ui1i2ei1 ⊗ ei2 ·
∂Mj1

∂zl
ej1 ⊗ el (2.45)

Expression (2.45) can be simplified as:

∂Ui1i2

∂zl
ei1 ⊗ el ⊗ ei2 ·Mj1ej1 + Ui1i2ei1 ⊗ ei2 ·

∂Mj1

∂zl
ej1 ⊗ el

=
∂Ui1i2

∂zl
Mi2ei1 ⊗ el + Ui1i2

∂Mi2

∂zl
ei1 ⊗ el

=(
∂Ui1i2

∂zl
Mi2 + Ui1i2

∂Mi2

∂zl
)ei1 ⊗ el

(2.46)

which coincides with expression (2.44). Therefore the tensor forms of the L.H.S and

R.H.S of equation (2.37) are equal and thus (2.37) is proved.

2.3.2 Recursive computation of the observability matrix

Consider the submatrices ∂CAkxt

∂θ
and ∂CAk−1Bi

∂θ
, since CAk is a 2-dimensional matrix,

xt is a vector and θ is a vector, ∂CAkxt

∂θ
is expanded according to equation (2.37):

∂CAkxt

∂θ
= (

∂CAk

∂θ
)Ttxt +CAk ∂xt

∂θ
(2.47)

∂xt

∂θ
is a zero matrix due to the dynamic states and the parameters being independent,

and therefore equation (2.47) becomes:

∂CAkxt

∂θ
= (

∂CAk

∂θ
)Ttxt (2.48)
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Expressing CAk as CAk−1A, ∂CAk

∂θ
is expanded based on equation (2.35):

∂CAk

∂θ
=

3
(
∂CAk−1

∂θ
)TtA

4Tt
+CAk−1∂A

∂θ
(2.49)

Taking the transpose ‘Tt’ of the both sides of equation (2.49) gives:

(
∂CAk

∂θ
)Tt = (

∂CAk−1

∂θ
)TtA+ (CAk−1∂A

∂θ
)Tt (2.50)

Similarly, ∂CAk−1Bi

∂θ
is expanded using (2.37):

∂CAk−1Bi

∂θ
= (

∂CAk−1

∂θ
)TtBi +CAk−1∂Bi

∂θ
(2.51)

Equations (2.48), (2.50) and (2.51) can then be used to recursively update the sub-

matrices ∂CAkxt

∂θ
and ∂CAk−1Bi

∂θ
, i.e. ∂CAkxt

∂θ
at step k is computed from (∂CAk

∂θ
)Tt at

step k based on equation (2.48); (∂CAk

∂θ
)Tt at step k and ∂CAk−1Bi

∂θ
at step k − 1 are

computed from (∂CAk−1

∂θ
)Tt at step k − 1 and CAk−1 at step k − 1 based on equations

(2.50) and (2.51) respectively. The constant terms during the recursion, including ∂A
∂θ

and ∂Bi

∂θ
, can be pre-computed at the initialization step.

For clarity of the presentation, the symbols ak, bk, ck−1 and dk are introduced

to denote CAk, ∂CAkxt

∂θ
, ∂CAk−1Bi

∂θ
and (∂CAk

∂θ
)Tt respectively. At step k, the matrices

in equation (2.33) are computed by:

∂Lk
fh

∂x
=

$
ak bk

%

∂LgiL
k−1
f h

∂x
=

$
0p×nt ck−1

%
(2.52)

where ak is computed by:

ak = ak−1A (2.53)

bk is computed by equation (2.48):

bk = dkxt (2.54)
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dk is computed by equation (2.50):

dk = dk−1A+ (ak−1
∂A

∂θ
)Tt (2.55)

and ck−1 is computed by equation (2.51):

ck−1 = dk−1Bi + ak−1
∂Bi

∂θ
(2.56)

with a0 = C and d0 = (∂C
∂θ

)Tt at the initial step. A flowchart diagram is presented in

Figure 2.1 showing the recursive formulation can be used as an algorithm to output

the observability matrix of the system in equations (2.24) and (2.25).

Figure 2.1: Recursive computation of the observability matrix

2.4 Robust algorithm

2.4.1 Numerical realization

The previously derived algorithm can be implemented symbolically using symbolic

computing tools such as MATLAB symbolic toolbox [71], Mathematica [110] and
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Maple [69]. On the other hand, an advantage of avoiding symbolic differentiations,

with the exception of the pre-computation in Figure 2.1, is that numerical realization

of the algorithm becomes possible. This can be achieved by specializing the dynamic

states and the parameters on some randomly chosen values: xt = x̃t, θ = θ̃. As a

result, A(θ̃), Bi(θ̃), C(θ̃), ∂A
∂θ

(θ̃), ∂Bi

∂θ
(θ̃) and ∂C

∂θ
(θ̃) at the initialization are all nu-

merical matrices, the following matrix operations are all numerical, and consequently

the algorithm is expected to output a numerical observability matrix Ω(x̃t, θ̃).

For observability problems, one is interested in the generic rank rather than re-

duced ranks of the observability matrix that might occur at certain realizations of the

states corresponding to singular points. Such singular points are more relevant for

applications involving controllers [67]. Given that it is highly unlikely to pick those

singular points in a random process, the rank of Ω(x̃t, θ̃) is expected to be the same

as the generic rank of the corresponding symbolic matrix Ω(xt, θ). A similar discus-

sion can be found in [86] for development of a semi-numerical algorithm to test the

observability of nonlinear algebraic systems, where the initial conditions of dynamic

states and parameters of the systems are specialized on random integers. To summa-

rize, a complete description of the proposed algorithm with numerical realizations is

presented in the following as Algorithm 2.2.

Algorithm 2.2

Input to the algorithm: the matrices A,B1, ...,Bm and C, the dynamic states xt

and the parameters θ of the system in equation (2.24)

Output from the algorithm: the observability matrix Ω

Preprocessing: Compute ∂A
∂θ

, ∂B1

∂θ
, ..., ∂Bm

∂θ
and ∂C

∂θ
symbolically

Initialization: Set k = 0. Choose random numerical realizations for xt = x̃t, θ = θ̃
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where x̃t, θ̃ ∈ R. Let a0 = C, d0 = (∂C
∂θ

)Tt , b0 = d0xt, Ω0 =
$
a0 b0

%

1. From Eq. (2.56), compute ck,1 = dkB1 + ak
∂B1

∂θ
, ..., ck,m = dkBm + ak

∂Bm

∂θ

2. From Eq. (2.55), compute dk+1 = dkA+ (ak
∂A
∂θ

)Tt

3. From Eq. (2.54), compute bk+1 = dk+1xt

4. From Eq. (2.53), compute ak+1 = akA

5. Arrange the submatrices from steps 1, 2, 3 and 4 in the observability matrix

Ωk+1 = Ωk ∪

&

'''(

ak+1 bk+1

0p×nt ck,1
...

...
0p×nt ck,m

)

***+

6. Compute the rank, if rank(Ωk+1) = rank(Ωk), or rank(Ωk+1) = n, or k = n− 2,

end and output Ω = Ωk+1

7. Let k = k + 1 and go to step 1

2.4.2 Symbolic numbers vs. Floating-point numbers

In terms of the type of numerical operations in a computing system, using floating-

point numbers is the most efficient way to process the algorithm. However, a drawback

is that floating-points are of limited precision to represent real numbers. The errors

brought by the lost precision would propagate and accumulate through the recursive

computation and can eventually exert a significant impact on the numerical rank

of the observability matrix. Moreover, floating-point numbers have to be limited

within a range defined by the maximum and minimum representable numbers. When

the algorithm is implemented for large systems, the occurring numbers during the

recursion can easily exceed those limits.

Symbolic numbers: A considerable alternative is to use symbolic numbers in-

stead of floating-point numbers as symbolic numbers are not only always exact but
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also infinitely representable. Operations between symbolic numbers are substantially

cheaper than operations between symbols. Nevertheless, processing of symbolic num-

bers is less efficient than that of floating point numbers especially for large systems.

Floating-point integers with application of modular operations: The

drawbacks of using floating-point numbers, related to the issues of limited precision

and number growth, can be effectively alleviated by using integers, i.e. x̃t, θ̃ ∈ Z,

with application of modular operations. The modular operation of a rational number

a, i.e. an integer or a fraction two integers, using a positive prime number p is de-

noted by amod p. The rule of modular arithmetic can be simply described as follows

[90]: assuming a is an integer, amod p takes the remainder of a divided by p, and

the result is a positive integer between 0 and p − 1; if the greatest common divisor

of a and p is 1, then based on the rule of modular multiplicative inverse, a−1 mod p

is a positive integer b between 1 and p − 1 such that abmod p = 1. To perform the

modular operations on the algorithm, a large prime number p is selected and a set of

integers between 1 and p−1 are randomly chosen for x̃t and θ̃. Then all the involved

computations in the algorithm are operated by mod p. Let ak,p, bk,p, ck,p and dk,p

denote the recursive terms after applying the modular operations to equations (2.56),

(2.55), (2.54) and (2.53),

ck−1,p =
3
(dk−1,pBi)mod p+ (ak−1,p

∂Bi

∂θ
)mod p

4
mod p

dk,p =
3
(dk−1,pA)mod p+ (ak−1,p

∂A

∂θ
)Tt mod p

4
mod p

bk,p = (dk,pxt)mod p

ak,p = (ak−1,pA)mod p

(2.57)

where the modulo operations are applied to the matrices elementwise.

The following distributive law [90] is used to account for the usefulness of the
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modular operations on the algorithm:

(Emod p+ F mod p)mod p = (E + F )mod p

(Emod p)(F mod p)mod p = EF mod p
(2.58)

where the law holds either when E and F are rational numbers or matrices with

rational elements. Based on equation (2.58), equation (2.57) is equivalent to:

ck−1,p = (dk−1,pBi + ak−1,p
∂Bi

∂θ
) mod p

dk,p = (dk−1,pA+ (ak−1,p
∂A

∂θ
)Tt) mod p

bk,p = (dk,pxt) mod p

ak,p = (ak−1,pA) mod p

(2.59)

and consequently, it can be deduced that the occurring observability matrix from the

algorithm using modular operations, denoted by Ωp, satisfies the following property:

Ωp = Ω mod p (2.60)

The observability of a tested system is then determined by evaluating the rank of Ωp

over a finite field Fp through applying modular operations to Gaussian elimination

[86, 90, 14, 91]. As discussed in [86], if Ωp is a full-rank matrix, Ω must also be full-

rank, both observability matrices agreeing to imply the tested system is observable. If

Ωp is not of full-rank, it is highly likely that Ω is not of full-rank either. An exception

where Ω would be of full-rank despite Ωp not being of full-rank may occur when the

nonzero determinant of the largest square submatrix of Ω vanishes modulo p (if Ω is

a square matrix, for example, the case would be det(Ω)mod p = 0). [86] suggested

an approach to estimate the upper bound of the probability of this case where Ωp

and Ω deliver different rank information, and it was shown that the likelihood of this

occurring becomes practically negligible if the prime number p is selected to be large.
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Therefore, Ωp is capable of accurately describing the observability of a tested system

with a very high probability of success.

The usefulness of the modular operations allows for proposing Algorithm 2.3 which

makes use of floating-point integers for numerical realizations.

Algorithm 2.3

Input to the algorithm: the matrices A,B1, ...,Bm and C, the dynamic states xt

and the parameters θ of the system in equation (2.24)

Output from the algorithm: the observability matrix Ωp

Preprocessing: Compute ∂A
∂θ

, ∂B1

∂θ
, ..., ∂Bm

∂θ
and ∂C

∂θ
symbolically

Initialization: Set k = 0. Select a large positive prime number p. Choose random

numerical realizations for xt = x̃t, θ = θ̃ where x̃t, θ̃ ∈ {1, ..., p − 1} in a floating-

point format. Let a0,p = C, d0,p = (∂C
∂θ

)Tt , b0,p = d0,pxt, Ω0,p =
$
a0,p b0,p

%
. All

the matrices mod p

1. Based on Eq.(2.57), compute

ck,p,i =
3
(dk,pBi)mod p+ (ak,p

∂Bi

∂θ
)mod p

4
mod p (i = 1, ...,m)

2. dk+1,p =
3
(dk,pA)mod p+ (ak,p

∂A
∂θ

)Tt mod p
4
mod p

3. bk+1,p = (dk+1,pxt)mod p

4. ak+1,p = (ak,pA)mod p

5. Arrange the submatrices from steps 1, 2, 3 and 4 in the observability matrix

Ωk+1,p = Ωk,p ∪

&

'''(

ak+1,p bk+1,p

0p×nt ck,p,1
...

...
0p×nt ck,p,m

)

***+
mod p

6. Compute the rank over Fp, if rank(Ωk+1,p) = rank(Ωk,p), or rank(Ωk+1,p) = n,

or k = n− 2, end and output Ωp = Ωk+1,p

7. Let k = k + 1 and go to step 1
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Note that Algorithm 2.2 through the use of symbolic numbers is more computa-

tionally expensive than Algorithm 2.3, although the latter comes at the price of a

very small probability of predicting a wrong rank for the observability matrix. This

issue can be alleviated by repeating the numerical realizations using different values

of x̃t and θ̃ and the selection of p. A second limitation of Algorithm 2.3 is that the

elements of the matrices A, Bi and C must be rational functions of θ i.e. polynomial

functions or fractions of polynomial functions, while for Algorithm 2.2 those functions

can be analytic with respect to θ.

2.5 Illustrative examples

2.5.1 Example 1: N degrees of freedom mass-spring system

Figure 2.2: N degrees of freedom mass-spring system

The purpose of this example is to illustrate the use of the proposed Algorithm 2.2

and Algorithm 2.3, and compare their efficiency versus the standard implementation

of the ORC i.e. Algorithm 2.1. The dynamical system shown in Figure 2.2 is a N

degrees of freedom mass-spring system with the ith mass and spring stiffness denoted

by mi and ki respectively. The displacement and velocity of mi are denoted by

xi and ẋi respectively. The dynamical system is subject to a measured force F

applied on the first mass. Suppose all of the masses and stiffness are to be identified,
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and the displacements and velocities of the system are to be tracked using a set of

measurements. θ is then written as:

θ =
$
k1 k2 ... kN m1 m2 ... mN

%T
(2.61)

and xt is:

xt =
$
x1 x2 ... xN ẋ1 ẋ2 ... ẋN

%T
(2.62)

The system matrix A is of the form:

A =

"
0N×N IN×N

−M−1K 0N×N

#
(2.63)

where M is the diagonal mass matrix and K is the stiffness matrix:

M =

&

'''(

m1 0 . . . 0
0 m2 . . . 0
...

...
. . .

...
0 0 . . . mN

)

***+
,K =

&

'''''(

k1 + k2 −k2 0 . . . 0
−k2 k2 + k3 −k3 . . . 0

0 −k3
. . . . . .

...
...

...
. . . kN−1 + kN −kN

0 0 . . . −kN kN

)

*****+

(2.64)

Taking into account there is only a single force applied on m1, the input matrix Bi

with i = 1 is obtained as:

B1 =
$
01×N

1
m1

01×(N−1)

%T
(2.65)

The form of the output matrix C depends on what the output measurements are. For

example, if the measurement is the displacement of mi, i.e. xi, then C is expressed

as:

C =
$
01×(i−1) 1 01×(2N−i)

%
(2.66)

Three degrees of freedom system

First, the observability of a three degrees of freedom system, i.e. N = 3, is tested.

This system has already been studied in [26] using Algorithm 2.1 and the results
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are used for comparison herein. The observability of the system is investigated for

three different measurement scenarios where in each the displacement of a single

mass is measured, i.e. x1, x2 and x3. The output results from Algorithm 2.2 and

Algorithm 2.3 are presented in Table 2.1 where the observability and identifiability of

the individual state is detected through rank testing after obtaining the observability

matrix, as described in Section 2.1.2. The results from Algorithm 2.1, Algorithm 2.2

and Algorithm 2.3 are in full agreement and hence provide users with exactly the

same observability information of the system.

Algorithm 2.2 Algorithm 2.3
Measurements x1 x2 x3 x1 x2 x3

Rank(Ω) 12 11 10 12 11 10

Observable
states

x1, x2, x3,
ẋ1, ẋ2, ẋ3,
k1, k2, k3,
m1, m2, m3

x2, x3, ẋ2,
ẋ3, k1

x3, ẋ3, k1

x1, x2, x3,
ẋ1, ẋ2, ẋ3,
k1, k2, k3,
m1, m2, m3

x2, x3, ẋ2,
ẋ3, k1

x3, ẋ3, k1

Unobservable
states

-
x1, ẋ1, k2,
k3, m1, m2,

m3

x1, x2, ẋ1,
ẋ2, k2, k3,
m1, m2, m3

-
x1, ẋ1, k2,
k3, m1, m2,

m3

x1, x2, ẋ1,
ẋ2, k2, k3,
m1, m2, m3

Table 2.1: The observability of the 3 DOFs mass-spring system using Algorithm 2.2
and Algorithm 2.3

Large systems

Having built the confidence in the proposed algorithms, the observability tests are

performed on the system in Figure 2.2 with an increasing number of masses: N =

10, 20, 40, 60, 80, 100, 200, 500, in order to compare the capability and efficiency of

Algorithm 2.1, Algorithm 2.2 and Algorithm 2.3. All the algorithms are implemented

in MATLAB R2016a on a desktop computer with Core i7-6700 CPU (3.40GHz) and

16GB RAM. The elapsed time of implementation is recorded in seconds for each test,

as shown in Table 2.2. The elapsed time does not count the time of preprocessing

since the symbolic computations of ∂A
∂θ

, ∂B1

∂θ
and ∂C

∂θ
are common for the proposed
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N Algorithm 2.1 Algorithm 2.2 Algorithm 2.3
7 5698.73 0.46 0.02
20 - 6.57 0.09
40 - 45.84 1.18
60 - 154.49 6.19
80 - 393.71 19.11
100 - 884.04 46.74
200 - 16888.09 733.56
500 - - 23014.22

Table 2.2: The elapsed time of observability testing (seconds) for large systems

algorithms. If a test is not completed within 48 hours or the computer runs out of

memory, the result is indicated by the notation ‘-’.

The displacement x1 is used as the measurement for all the systems and the force

is always assumed to be applied on the first mass. It is worth mentioning that Franco

et al. [40] have theoretically proved that a mass-spring system with any number of

DOFs is observable when i) the excitation is located at the first mass m1 and the

measurement is the displacement x1, ii) the excitation is located at the last mass mN

and the measurement is the displacement xN or iii) the excitation is located at any

mass mi and the measurements are the displacements xi and xi−1. The scenarios

considered herein fall within case i).

The observability results of all successful implementations are that the system

is observable as expected for this case. As can be seen in Table 2.2, Algorithm 2.1

successfully tests a system of 7 DOFs, but it is unable to give any results of observabil-

ity for the systems with 20 and hence more DOFs within 48 hours. In comparison,

the proposed algorithm either using symbolic numbers or floating-point integers is

capable of dealing with a large system with several hundreds of DOFs within an ac-

ceptable period of time. When implementing Algorithm 2.2 using symbolic numbers,
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the elapsed time grows significantly with the size of the system. Algorithm 2.3 is

more efficient due to fast processing of floating-points in a computer, and therefore

it is applicable to larger systems.

The reported efficiency of implementations might be further improved e.g. by

parallelizing the algorithms, but the focus of this study is on the relative differences

between the algorithms. It should be mentioned that the main limitation with Al-

gorithm 2.1 is its high RAM requirements. The implementations of Algorithm 2.2

and Algorithm 2.3 are efficient in the usage of RAM and thus can avoid problems

with exceeding the RAM available to MATLAB. This then allows Algorithm 2.2 and

Algorithm 2.3 to improve their efficiency by making use of more cores in parallel

in the computer. However, it is difficult for Algorithm 2.1 to improve if the RAM

requirements are the critical limiting factor.

Viscously damped system

In this part, the existence of rate-proportional viscous damping forces associated

with a corresponding damping matrix Cd is considered for the system in Figure 2.2.

A matrix of such a mass-spring-damper system becomes:

A =

"
0N×N IN×N

−M−1K −M−1Cd

#
(2.67)

Algorithm 2.2 and Algorithm 2.3 are applied to examine the observability of the

system with different forms of the damping matrix, including i) a full symmetric Cd,

ii) Cd corresponding to having viscous dashpots between successive masses and iii)

a Rayleigh, mass and stiffness proportional damping matrix. In case i), the damping
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matrix can be generally written as:

Cd =

&

'(
c11 . . . c1N

. . .
...

sym. cNN

)

*+ (2.68)

where c11, ..., cNN are the damping parameters to be identified and thus included in

the vector of parameters θ. Case ii) results in:

Cd =

&

'''''(

c1 + c2 −c2 0 . . . 0
−c2 c2 + c3 −c3 . . . 0

0 −c3
. . . . . .

...
...

...
. . . cN−1 + cN −cN

0 0 . . . −cN cN

)

*****+
(2.69)

where the coefficients of the viscous dashpots c1, .., cN are the parameters to be iden-

tified. The last case focuses on the form:

Cd = αM + βK (2.70)

where α and β are scalar parameters to be identified.

If the system has 100 masses, i.e. N = 100, the occurring 100 DOFs sys-

tem can be viewed as the model of a 100-floor shear building. For simplicity, it

is still assumed that a single force is applied on the first floor. Note that be-

cause of the inclusion of a damping matrix whose parameters are to be identi-

fied, the conclusions on the observability of the system in [40] are not applicable

anymore. Suppose ten sensors are installed at the floors following two different

sensor configurations where in each five displacements and five accelerations are

measured: configuration 1) the sensors are installed at the top ten floors measur-

ing x100, x99, x98, x97, x96, ẍ95, ẍ94, ẍ93, ẍ92, ẍ91 and configuration 2) the sensors are in-

stalled at every ten floors measuring x100, ẍ90, x80, ẍ70, x60, ẍ50, x40, ẍ30, x20, ẍ10. Using

the two sensor setups the observability of the system is examined under the three dif-

ferent considerations of damping. As is often the case in practice, there is also a
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consideration of whether the masses of the system are deemed as known or unknown.

The observability results of all the scenarios are presented in Table 2.3, where a cell

gives the observability property of the system under one of the sensor configurations,

one of the assumed damping matrices and either the masses being considered as

known or unknown.

As shown in Table 2.3, the system with case i) a full symmetric damping matrix

is highly unobservable regardless of whether the masses are assumed to be known or

unknown and under any of the two sensor setups. It implies that a method that aims

to identify the general matrices of mass, stiffness and damping, as for example the

subspace identification method would attempt to do [106], would not succeed under

certain sensor setups and applied measured force(s). On the contrary, case ii) the

damping matrix makes the system observable for all the scenarios. Interestingly, this

is typically the form of damping that one would assume when using for example the

methods of nonlinear Kalman filters [25]. The system with case iii) the Rayleigh

damping matrix is observable when the masses are known but unobservable when the

masses are unknown given the sensor configuration 1. A further observability analysis

of this case shows that, when the mass parameters are unknown, both the Rayleigh

damping coefficients α and β are identifiable but the stiffness and the masses are

Sensor configuration 1 Sensor configuration 2
Damping matrix Mass parameters Observability Mass parameters Observability

Case i)
known unobservable known unobservable

unknown unobservable unknown unobservable

Case ii)
known observable known observable

unknown observable unknown observable

Case iii)
known observable known observable

unknown unobservable unknown observable

Table 2.3: The observability of a 100 DOFs mass-spring-damper system
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not separately identifiable. This is an indication that while one would not able to

identify those parameters, the combined M−1K and hence the frequencies of the sys-

tem might be identified successfully. Unlike the sensor configuration 1, the Rayleigh

damped system is observable for both mass scenarios under the sensor configuration

2 where the locations of sensors are distributed evenly along the building.

This example demonstrates that for a given sensor setup the assumptions on

the form of damping used may have significant effects on the observability of the

system. Interestingly, the most general assumption of case i) would lead to inability

of identifying the system for the examined sensor setups. While using a specific

damping as in cases ii) and iii) improves the observability of the system, one should

also realize that the results obtained are possible only as a consequence of introducing

those assumptions. Moreover, using a different sensor configuration or introducing

more sensors would also help improve observability. The observability tools proposed

in this work allow users to achieve such investigations without concerning about the

limitations associated with Algorithm 2.1.

2.5.2 Example 2: 3D finite element model of a truss-beam
bridge

Application of Algorithm 2.2 and Algorithm 2.3 to a 3D finite element (FE) model of a

truss-beam bridge whose geometry is inspired by Tokyo Gate Bridge is demonstrated

in this example. The model under investigation contains more than two thousand

states, and its size does not allow for using Algorithm 2.1 in practice due to the

associated physical memory requirements. Tokyo Gate Bridge is a recently built

(2011) steel bridge located across the Tokyo Bay in Tokyo. The main bridge is a

three-span composite structure of trusses and a steel girder. A schematic diagram to
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show the geometry of the bridge model under investigation is in Figure 2.3, while the

detailed information about the construction of Tokyo Gate Bridge can be found in

[112]. This example is chosen to illustrate that the proposed observability algorithms

can be implemented in a realistic scenario where a researcher would be investigating

the viability of various sensor patterns for estimating the properties of the bridge.

The bridge is modelled using linear frame-type macro-elements. The vector of

dynamic states xt of the model includes the displacements and the corresponding

velocities at the nodes of the discretization shown in Figure 2.4. The system matrix

A is of the form (2.63), whereM andK are now the mass and stiffness matrices of the

model that are obtained from assembling the elemental stiffness and mass matrices.

The steel deck of the bridge is modelled using beam elements, while the other pin-

jointed members are modelled as truss elements. For truss elements, each truss node

has 3 DOFs, i.e. the translational motions along x, y and z axes. Each truss element

between nodes i and j would contribute to the translational components of the mass

matrix at the nodes. In the following the nodal mass from all truss elements lumped

at the node i is defined as mi. The axial stiffness of the truss element between nodes

i and j is kij, and given its rotation relative to horizon, the stiffness matrix of the

element can thus be derived in a global coordinate system. The deck is treated as

a geometrically uniform Euler-Bernoulli beam. The 792m long beam is discretized

into 49 segments including 47 segments of 16m and 2 segments of 20m as illustrated

in Figures 2.3 and 2.4. Each beam node has 5 DOFs, as shown in Figure 2.5(a),

assuming the axial deformations are neglected. The consistent mass matrix and the
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Figure 2.5: (a) Beam segment with 2 nodes having 10 DOFs (b) The translational
and rotational motions of a rigid beam cross-section with truss elements connected
at two sides

stiffness matrix of a beam segment are given as:

M beam =
ρAL

420

&

'''''(

156 0 0 0 22L 54 0 0 0 −13L
0 156 0 −22L 0 0 54 0 13L 0

0 0 140Ix
A

0 0 0 0 70Ix
A

0 0

0 −22L 0 4L2 0 0 −13L 0 −3L2 0

22L 0 0 0 4L2 13L 0 0 0 −3L2

54 0 0 0 13L 156 0 0 0 −22L
0 54 0 −13L 0 0 156 0 22L 0

0 0 70Ix
A

0 0 0 0 140Ix
A

0 0

0 13L 0 −3L2 0 0 22L 0 4L2 0

−13L 0 0 0 −3L2 −22L 0 0 0 4L2

)

*****+

Kbeam =

&

''''''''(

12EIz
L3 0 0 0 6EIz

L2
−12EIz

L3 0 0 0 6EIz
L2

0
12EIy

L3 0
−6EIy

L2 0 0
−12EIy

L3 0
−6EIy

L2 0

0 0 GJ
L

0 0 0 0 −GJ
L

0 0

0
−6EIy

L2 0
4EIy

L
0 0

6EIy

L2 0
2EIy

L
0

6EIz
L2 0 0 0 4EIz

L
−6EIz

L2 0 0 0 2EIz
L

−12EIz
L3 0 0 0 −6EIz

L2
12EIz

L3 0 0 0 −6EIz
L2

0
−12EIy

L3 0
6EIy

L2 0 0
12EIy

L3 0
6EIy

L2 0

0 0 −GJ
L

0 0 0 0 GJ
L

0 0

0
−6EIy

L2 0
2EIy

L
0 0

6EIy

L2 0
4EIy

L
0

6EIz
L2 0 0 0 2EIz

L
−6EIz

L2 0 0 0 4EIz
L

)

********+

(2.71)

where A is the cross section area and L is the length of the beam segment. Iy and Iz

are the second moments of area of the cross section about y and z axes respectively,

Ix = Iy+Iz is the polar moment of inertia and J is the torsion constant. E and G are

the Young’s modulus and the shear modulus respectively of the beam segment, and

ρ is the density. Assume the Young’s modulus and the shear modulus of the beam
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segment between nodes i and j are Eij and Gij respectively, and all the segments

share the common density ρ. As beam cross section remains plane after deformation,

at the nodes of contact between the truss elements and the deck, a rigid element

transformation relates the truss nodal DOFs to the beam nodal DOFs as shown in

Figure 2.5(b). The rigidity transformations are applied on the elemental mass and

stiffness matrices to express the corresponding truss DOFs at those nodes in terms

of the beam nodal DOFs. The assembly of the elemental matrices can be found in

[30]. The truss elements are connected with moment-free joints to the deck and the

piers; the ends of the deck are assumed fixed. The following properties are considered

unknown: 508 axial stiffness of the truss elements kij, 148 lumped masses of the truss

nodes mi, 49 Young’s modulus Eij and 49 shear modulus Gij of the beam segments

and the density of the deck ρ; the model totally contains 755 unknown parameters to

be identified and 1340 dynamic states corresponding to 670 DOFs.

Figure 2.4 gives an overview of the 3D FE model of the bridge with the proposed

excitation-sensor setups. The bridge is excited by a load applied vertically at one side

of the deck. In practice, such a load may be provided by a hammer or an actuator.

Three displacement sensors and three accelerometers are installed on the sides of the

deck to record its vertical and transversal displacement and acceleration responses.

The observability results obtained from the implementations using Algorithm 2.2 and

Algorithm 2.3 are in absolute agreement: there are 36 unidentifiable parameters and

240 unobservable dynamic states. The detailed results are schematically presented in

Figure 2.6 with the unobservable dynamic states and the unidentifiable parameters

highlighted. Interestingly, the observability of the states related to the left half of

the bridge is the same as that of the right half, while it should be noted that the
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geometry of the bridge is symmetric but the locations of the excitation and sensors

are not. As can be seen, the axial stiffness of the lateral truss elements on the

top of the bridge are unidentifiable, and their motions (displacement and velocity)

toward z direction are unobservable. A further test shows that if extra sensors are

installed on the top to measure the lateral vibrations of the truss nodes under e.g.

wind load, those dynamic states and parameters become observable. Despite the

observability of the truss elements, the parameters and dynamic states related to the

beam segments are all observable, and therefore it can be concluded that, under the

proposed excitation-measurement scheme, it is feasible to estimate the properties of

the deck and simultaneously track its vibrations using system identification methods.

In practice, more sensors are often needed to install in order to minimize the influence

of measurement noises on the identification quality, that is, to enhance the so called

practical observability. The optimal number and locations of additional sensors can

be determined by using e.g. information theory based methods, as in [80], which are

based on finding the largest norm (determinant or trace) of the Fisher information

matrix (FIM). However, the lack of observability of the truss elements might affect the

ability to properly identify some of the overall structural modes without introducing

further assumptions.

2.6 Conclusions

In this chapter, a robust algorithm is developed to implement the Observability Rank

Condition (ORC) for the observability of the dynamic states and the identifiability

of the parameters of linear systems. To derive the framework of the algorithm, an

explicit expression of the observability matrix of linear systems with unknown pa-
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rameters is obtained, and a product rule for the gradient of matrix multiplication is

introduced to expand the elements involved in the matrix. This allows for obtaining

a recursive evaluation of those elements removing the need to use symbolic differenti-

ations after the initialization of the algorithm. Additionally, it opens up the route of

efficient numerical implementations, and the introduction of modular operations al-

lows for obtaining a floating-point implementation that can handle robustly very large

linear systems. Applications and superior performance of the algorithm are shown

by successfully testing several examples of large engineering systems, including the

100-floor high-rise shear building and the 3D FE model of a large truss-beam bridge.

To the best of author’s knowledge, none of the existing observability methods have

the ability to deal with the problems of such sizes and complexities. The observability

results provided by the algorithm are practically useful to give guidance for engineers

on sensor placement and model adjustment in system identification campaigns.
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Chapter 3

An Efficient Algorithm to Test the
Observability of Rational
Nonlinear Systems with
Unmeasured Inputs

This chapter proposes a computationally efficient algorithm to test the observability

of rational nonlinear systems in the presence of unmeasured inputs. The underlying

theory behind the algorithm is based on an extension of the extended Observabil-

ity Rank Condition EORC-DF [67]. Extending the initial work in Sedoglavic [86]

to account for unmeasured inputs, the computational framework of the algorithm is

developed by making use of an auxiliary variational system of differential equations

and the method of Newton’s iteration to construct the observability matrix. This

framework allows for the use of random numerical realizations of variables and mod-

ular operations, resulting in a power series-based, semi-numerical implementation.

The algorithm also possesses the functionality to test the observability of rational

nonlinear systems with fully measured inputs and without direct feedthrough, which

are the subcases of the systems considered in this work. Superior performance and

applications of the proposed algorithm are illustrated using several suitably chosen

examples of engineering models.
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3.1 The extended Observability Rank Condition

In practice, it is often too difficult or expensive, or even impossible, to measure

loads, extensions or inputs applied to a structural system. The Observability Rank

Condition algorithm (ORC) described in Section 2.1, however, is not able to handle

such situations where parts or potentially all of the inputs of a system are unmeasured

or unknown. To alleviate this constraint, Martinelli [70] extended the ORC to assess

the observability of input-affine nonlinear systems with unknown inputs. Maes et al.

[67] provided a further extension, namely the EORC-DF, where the existence of direct

feedthrough in output measurements was taken into consideration. The situation of

output measurements affected by direct feedthrough is often encountered in practice,

as for example the case of acceleration measurement in structural dynamics. This

section gives a brief review of the EORC-DF, while the mathematical derivation of

the approach can be found in [67] for details.

Consider input-affine nonlinear dynamical systems with unmeasured inputs and

direct feedthrough, which are written in the following state-space representation:

ẋ = f(x, θ)+
m!

i=1

gui(x, θ)ui +
r!

i=1

gwi(x, θ)wi, θ̇ = 0

y = h(x, θ)+
m!

i=1

hui(x, θ)ui +
r!

i=1

hwi(x, θ)wi

(3.1)

where x ∈ Rn is the vector of dynamic states, θ ∈ Rl is the vector of unknown time-

invariant parameters, u = [u1, ..., um]
T is the vector of measured and hence known

inputs, w = [w1, ..., wr]
T is the vector of unmeasured and hence unknown inputs and

y = [y1, ..., yp]
T is the output measurement vector. f and h are vectors of analytic

functions that are infinitely differentiable. Generally speaking, the EORC-DF is used

to determine whether it is theoretically feasible to estimate the unknown parameters
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θ, and track the dynamic states x and the unmeasured inputs w over time given the

input-output u− y measurements.

To derive the EORC-DF approach, the system in equation (3.1) is first augmented

by including the dynamic states, the parameters, the unmeasured inputs and their

time derivatives up to a chosen order k in a common state vector. It is then proven

that the Lie derivatives up to order k of the output functions along the augmented sys-

tem vector and affine-in-input vectors are equal when evaluated for indistinguishable

states. Indistinguishable states are a pair of initial conditions producing identical

system outputs for any measured inputs under in general two different vectors of

unknown inputs. The procedure of proof is similar but an extension of what was

described in Section 2.1.1. This property of Lie derivatives allows for construction

of a matrix which consists of the gradients of those Lie derivatives up to order k. If

there exists an order k such that the matrix is full rank, then the indistinguishable

states that can produce identical outputs do not exist within a closed neighborhood.

This implies that the augmented state vector, which includes the dynamic states,

parameters and the unmeasured inputs, is (locally weakly) observable based on the

input-output measurements.

The following procedure summarizes the steps of the EORC-DF to examine the

observability of the system in equation (3.1)

1. Starting point: k = 0, x0 = [xT ,θT ,wT ]T ;

2. Compose ∆Ω0 = [(h+
5r

i=1 hwiwi)
T ,hu1

T , ...,hum
T ]T and Ω0 = ∆Ω0;

3. Calculate d0Ω0 = ∂Ω0

∂xo ;

4. k = k + 1;

5. Set fk = [(f +
5r

i=1 gwiwi)
T ,0, ẇT , ...,w(k)T ]T , gk

ui = [gui
T ,0]T ;
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6. Calculate ∆Ωk = [Lfk(∆Ωk−1)
T ,Lgk

u1
(∆Ωk−1)

T , ...,Lgk
um

(∆Ωk−1)
T ]T ;

7. Compose xk = [xk−1T ,w(k)T ]T ;

8. Calculate dk∆Ωk = ∂∆Ωk

∂xk ;

9. Calculate dkΩk = [dk−1Ωk−1,0] ∪ dk∆Ωk;

10. Optional step: eliminate dependent rows from dkΩk;

11. If rank(dkΩk) = n+ l + (k + 1)r, end. x, θ and w are observable.

12. Investigate the partial observability for the jth component of xk:

a. Starting point: j = 1;

b. If the jth component is (k− 1)-row observable, it is also k-row observable. Go

to step f;

c. Compose dkΩj
k by removing the jth column from dkΩk;

d. The jth component is observable if and only if rank(dkΩj
k) < rank(dkΩk);

e. If j = n+ l + (k + 1)r, end.

f. j = j + 1 and go to step b;

13. If x, θ and w are observable, end.

14. Go to step 4;

3.2 The extended Observability Rank Condition

for rational nonlinear systems with unmeasured

inputs and direct feedthrough

This section provides an extension of the EORC-DF to examine the observability of

rational nonlinear systems with unmeasured inputs and direct feedthrough. Without

loss of generality, the considered systems herein can be written in the following state-
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space representation:
ẋ = f(x, θ, u, w), θ̇ = 0

y = h(x, θ, u, w)

(3.2)

where x = [x1, ..., xn]
T is the vector of dynamic states, θ = [θ1, ..., θl]

T is the vector

of unknown time-invariant parameters, u = [u1, ..., um]
T is the vector of measured

and hence known inputs, w = [w1, ..., wr]
T is the vector of unmeasured and hence

unknown inputs and y = [y1, ..., yp]
T is the output measurement vector. The output

measurements can be affected by direct feedthrough, that is, they are functions of

both the measured and unmeasured inputs. f and h are vectors of rational nonlin-

ear functions, where a rational function is any function defined by a fraction such

that both its numerator and denominator are polynomial functions. In the system

described by equation (3.2) it is of interest to determine whether it is theoretically

feasible to estimate the unknown parameters θ, and track the dynamic states x and

the unmeasured inputs w over time given the input-output u− y measurements.

The basic idea for achieving the derivation of the observability criterion is to aug-

ment the considered system by treating the unmeasured inputs and their time deriva-

tives as additional states [67], which then allows for discussion of the Lie derivative

property of the augmented system leading to the use of the rank condition from [44].

Following what was done in [67], the system in equation (3.2) can be augmented by

including the dynamic states x, the parameters θ, the unmeasured inputs w and

their time derivatives up to order k in a common state vector, xk:

xk = [xT ,θT ,wT , ẇT , ...,w(k)T ]T (3.3)

such that the state-space and measurement equations of the system with respect to
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xk become:

ẋk =

&

'''''''(

f(x, θ, u, w)
0l×1

ẇ
...

w(k)

0r×1

)

*******+

+

&

'''''''(

0n×1

0l×1

0r×1
...

0r×1

w(k+1)

)

*******+

= F k(xk,u,w(k+1))

y = h(x, θ, u, w)

(3.4)

where w(k) = dkw
dtk

. It should be noted that the augmented system in equation (3.4)

still contains r unmeasured inputs which now coincide with the (k + 1)th order time

derivatives of the original unmeasured inputs, i.e. w(k+1).

To proceed with the derivation, it is necessary to introduce the Lie derivatives,

also referred to as the extended Lie derivatives as in [56], of the output function of

the augmented system using the following formulation:

Li
fh =

∂Li−1
f h

∂x
f +

i!

j=1

∂Li−1
f h

∂w(j−1)
w(j) +

i!

j=1

∂Li−1
f h

∂u(j−1)
u(j) (3.5)

where Li
fh is defined as the ith order (extended) Lie derivative of h associated with

the vector field f , which can be calculated recursively from the previous order using

equation (3.5) given the zero-order L0
fh = h. Throughout this chapter, the operation

∂V1

∂V2
for a column vector V1 = [v1,1, v1,2..., v1,nV1

]T with respect to a column or row

vector V2 = [v2,1, v2,2..., v2,nV2
] refers to the Jacobian:

∂V1

∂V2

=

&

'''''(

∂v1,1
∂v2,1

∂v1,1
∂v2,2

. . . ∂v1,1
∂v2,nV2

∂v1,2
∂v2,1

∂v1,2
∂v2,2

. . . ∂v1,2
∂v2,nV2

...
...

. . .
...

∂v1,nV1

∂v2,1

∂v1,nV1

∂v2,2
. . .

∂v1,nV1

∂v2,nV2

)

*****+
(3.6)

Unlike the Lie derivative operation used in [67] for piecewise-constant assumption of

the measured inputs u, the Lie derivatives herein are introduced for smooth u and

thus involve the time derivatives of u within their expressions. It should be noted that
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the relationship and equivalence between using the piecewise constant and smooth

assumptions of u have been discussed in [93] and reviewed in [2], indicating that the

assumptions would lead to different forms of computation but eventually the same

observability result. A proof for the equivalence of smooth inputs and piecewise-

constant inputs, based on the uniform convergence property and the fact that the

outputs depend continuously on the inputs, was provided in [96].

A straightforward calculation based on the chain rule shows that the ith order Lie

derivative is equivalent to:

Li
fh =

dLi−1
f h

dt
=

dih

dti
(3.7)

Now let xk
0 = [x0

T ,θT ,w0
T , ẇ0

T , ...,w0
(k)T ]T denote the initial condition of the

augmented state vector xk at t = 0, where x0 and w0
(k) are respectively the initial

conditions of x and w(k). The flow Φ(t,xk
0,u,w

(k+1)) of the vector field F k is used

to describe the trajectory of xk over time, which satisfies:

dΦ

dt
= F k(Φ,u,w(k+1)), Φ(0,xk

0,u,w
(k+1)) = xk

0 (3.8)

Φx(t,x
k
0,u,w

(k+1)) and Φw(t,x
k
0,u,w

(k+1)) are the components of Φ defined respec-

tively as the flows of x andw withΦx(0,x
k
0,u,w

(k+1)) = x0 andΦw(0,x
k
0,u,w

(k+1)) =

w0. Then, x and w reached at time t starting from the initial condition may be ex-

pressed as:
x(t;xk

0) = Φx(t,x
k
0,u,w

(k+1))

w(t;xk
0) = Φw(t,x

k
0,u,w

(k+1))

(3.9)

Considering the time interval t ∈ [0, t1 + t2 + ... + ti] which consists of i small time

intervals 0 ≤ ti ≤ ε, the system outputs at t = t1 + t2 + ...+ ti can thus be expressed

as:

y(t1 + ...+ ti) = h(x(t1 + ...+ ti;x
k
0),θ,u(t1 + ...+ ti),w(t1 + ...+ ti;x

k
0)) (3.10)
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Indistinguishable states in the presence of unknown inputs are defined in [70] as

a pair of initial conditions, xk
0,a and xk

0,b, producing identical system outputs for any

measured inputs u, under in general two different vectors of unknown inputs. For

any i, the indistinguishable states must satisfy:

h
3
x(t1 + ...+ ti;x

k
0,a),θa,u(t1 + ...+ ti),w(t1 + ...+ ti;x

k
0,a)

4

=h(x
3
t1 + ...+ ti;x

k
0,b),θb,u(t1 + ...+ ti),w(t1 + ...+ ti;x

k
0,b)

4 (3.11)

for all possible t1, ..., ti. From this, the following equality can be shown to hold:

dih
3
x(t1 + ...+ ti;x

k
0,a),θa,u(t1 + ...+ ti),w(t1 + ...+ ti;x

k
0,a)

4

dt1dt2...dti

,,,,
t1,...,ti→0

=
dih

3
x(t1 + ...+ ti;x

k
0,b),θb,u(t1 + ...+ ti),w(t1 + ...+ ti;x

k
0,b)

4

dt1dt2...dti

,,,,
t1,...,ti→0

(3.12)

Through successive applications of the chain rule, the following equation is obtained

for i = 0, ..., k:

dih
3
x(t1 + ...+ ti;x

k
0),θ,u(t1 + ...+ ti),w(t1 + ...+ ti;x

k
0)
4

dt1dt2...dti

,,,,
t1,...,ti→0

=Li
fh

,,,,
xk=xk

0 ,u,...,u
(k)=u0,...,u0

(k)

(3.13)

where u0
(k) is the initial condition of u(k) at t = 0. It should be noted that the Lie

derivatives up to order k are independent of the unmeasured inputs of the augmented

system i.e. w(k+1) and their higher order time derivatives, as can be easily deduced

from equation (3.5). Equation (3.12) therefore becomes:

Li
fh

,,,,
xk=xk

0,a,u,...,u
(k)=u0,...,u0

(k)

=Li
fh

,,,,
xk=xk

0,b,u,...,u
(k)=u0,...,u0

(k)

(3.14)

for i = 0, ..., k. For the sake of brevity, equation (3.14) may be written as Li
fh(x

k
0,a) =

Li
fh(x

k
0,b), which implies that the Lie derivatives of the augmented system up to order

k are equal when evaluated for indistinguishable states.

63



Similar as in [67], the afore-shown Lie derivative property allows for applying

the rank condition from [44] (see Theorem 3.1 and Lemma 3.2) to establish the

observability criterion for the augmented system in equation (3.4). Arrange the Lie

derivatives for i = 0, ..., k in a column vector:

Ωk =

&

'''(

L0
fh(x

k
0)

Lfh(x
k
0)

...
Lk

fh(x
k
0)

)

***+
(3.15)

The Jacobian of Ωk with respect to xk
0 results in the so called k-row observability

matrix dΩk:

dΩk =
∂Ωk

∂xk
0

= [dΩk
x, dΩ

k
θ , dΩ

k
w1

, ..., dΩk
wr

] (3.16)

where

dΩk
x =

∂Ωk

∂x0

=

&

''(

∂L0
fh

∂x1,0
. . .

∂L0
fh

∂xn,0

...
. . .

...
∂Lk

fh

∂x1,0
. . .

∂Lk
fh

∂xn,0

)

**+ , dΩk
θ =

∂Ωk

∂θ
=

&

''(

∂L0
fh

∂θ1
. . .

∂L0
fh

∂θl
...

. . .
...

∂Lk
fh

∂θ1
. . .

∂Lk
fh

∂θl

)

**+

dΩk
wj

=

&

'''''(

∂L0
fh

∂wj,0
0 . . . 0

∂Lfh

∂wj,0

∂Lfh

∂ẇj,0
. . . 0

...
...

. . .
...

∂Lk
fh

∂wj,0

∂Lk
fh

∂ẇj,0
. . .

∂Lk
fh

∂w
(k)
j,0

)

*****+
(j = 1, ..., r)

(3.17)

If dΩk is a full-rank matrix, i.e. rank(dΩk) = n + l + (k + 1)r, the Inverse Func-

tion Theorem [94] ensures that the only indistinguishable state of xk
0, i.e. the one

resulting in the same Lie derivatives as xk
0, within its closed neighborhood is xk

0

itself. This consequently means that it is possible to distinguish and observe xk
0

from its neighbors using the given input-output measurements. Following the above

fact, the observability criterion can be concluded: the augmented system in equation

(3.4), or equivalently the original considered system in (3.2), is said to satisfy the

extended Observability Rank Condition EORC-DF such that the augmented state
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vector xk, or equivalently x, θ and w as the components of xk, are (locally weakly)

observable, if and only if there exists a k such that dΩk is full-ranked for all possible

xk
0 ∈ Rn+l+(k+1)r (normally except for those singular realizations of xk

0 where rank

of the matrix would be reduced). If the considered system in (3.2) satisfies the ex-

tended Observability Rank Condition EORC-DF, it is then theoretically feasible to

distinguish and observe the initial conditions of x, θ and w and their trajectories

over time from their neighbors using the given input-output measurements. From a

practical standpoint and for the purposes of this work, further distinctions between

the concepts of locally weakly observable, locally observable, weakly observable and

globally observable, as in [44], are not considered herein.

If the k-row observability matrix for a chosen k = k0 is not a full-rank matrix, i.e.

rank(dΩk) < n+ l + (k + 1)r, it is then important to detect the observability prop-

erty of each individual component of xk. This can be achieved by removing the ith

(i = 1, ..., n+l+(k+1)r) column of dΩk: if the rank of the occurring matrix is smaller

than the rank of dΩk, then the ith state (dynamic state/parameter/unmeasured input)

of xk is observable; otherwise, the state is so-called k-row unobservable as defined in

[67]. It should be noted that a k-row unobservable state might be detected observable

or remain k-row unobservable for a larger k > k0, while an (k-row) observable state

can be concluded immediately. For this reason, the suggested implementation of the

EORC-DF involves iterative increment of k starting from k0 (k0 = 0 in [67]) with

repeated rank evaluation and observability detection of the corresponding observabil-

ity matrix at each increment of k. In theory, such increment is continued until the

detected observability properties of all the components of xk remain invariant, i.e.

converge, for any larger k and thus conclude the observability results.
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The following algorithm summarizes the procedure of observability testing for the

rational nonlinear system in equation (3.2).

Algorithm 3.1

Input to the algorithm: the state-space and measurement equations of the system

Output from the algorithm: the observability of the system

Initialization: Set k = 0, xk
0 = [x0

T ,θT ,w0
T ]T , Lk

fh(x
k
0) = h(x0, θ, u0, w0),

dΩk =
∂Lk

fh(x
k
0)

∂xk
0

1. Set k = k + 1;

2. Set xk
0 = [xk−1

0

T
,w0

(k)T ]T ;

3. Compute Lk
fh =

∂L
k−1
f h

∂x
f +

5k
j=1

∂L
k−1
f h

∂w(j−1) w
(j) +

5k
j=1

∂L
k−1
f h

∂u(j−1) u
(j);

4. Compute and arrange dΩk =

6
dΩk−1 0
∂Lk

fh(x
k
0)

∂xk
0

7
;

5. Compute the rank of dΩk, and if rank(dΩk) < n + l + (k + 1)r, detect the

observability of x, θ and w;

6. End if rank(dΩk) = n + l + (k + 1)r, or x, θ and w are observable, or the

observability of x, θ and w has been convergent;

7. Go to step 1;

The above algorithm should be implemented symbolically, i.e. symbols are used as

generic representations of the involved variables in the algorithm. To compute dΩk,

the involved variables can include at most x0, θ, w0, ..., w0
(k) and u0, ..., u0

(k).

From an application point of view, however, such a symbolic implementation is com-

putationally cumbersome and suffers from the issues related to high physical memory

requirements and low processing speed, especially when used for large systems. Even

if a tested system is of modest size, the size of the augmented form of the system for

a large k might still result in an intractable computation problem on a standard com-
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puter. Therefore in order to maximise the applicability of the observability testing

approach to real-world engineering systems that are often large and complex, a more

computationally efficient framework for implementing the approach, more specifically

for calculating the observability matrix, is developed and presented in the following

section.

3.3 Efficient algorithm

The computation and rank evaluation of the k-row observability matrix dΩk could

be implemented numerically by using random values as the generic representations of

the involved variables, which would significantly save computational resources. This

can be done by making:

x0 = x̃0, θ = θ̃, w0, ...,w0
(k) = w̃0, ..., w̃0

(k), u0, ...,u0
(k) = ũ0, ..., ũ0

(k) (3.18)

where the variables with .̃ stand for a set of positive integers. These integers are

randomly chosen in order to avoid the aforementioned singular realizations of xk
0.

This section presents a power series-based framework which allows for using such

random numerical realizations to calculate the elements of dΩk without the need to

perform the repeated gradient and Jacobian operations.

Making use of equation (3.7) that Li
fh = dih

dti
, consider the following power series

expansion of the output function truncated at order k:

h = L0
fh(x

k
0)+Lfh(x

k
0)t+ ...+Lk

fh(x
k
0)

tk

k!
+O(tk+1) (3.19)

Let wk
j,0 denote the initial condition of the vector wk

j = [wj, ..., w
(k)
j ], and taking

derivatives of both sides of equation (3.19) with respect to x0, θ and wk
j,0 respectively
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yields:

dh

dx0

=
∂L0

fh(x
k
0)

∂x0

+
∂Lfh(x

k
0)

∂x0

t+ ...+
∂Lk

fh(x
k
0)

∂x0

tk

k!
+O(tk+1)

dh

dθ
=

∂L0
fh(x

k
0)

∂θ
+

∂Lfh(x
k
0)

∂θ
t+ ...+

∂Lk
fh(x

k
0)

∂θ

tk

k!
+O(tk+1)

dh

dwk
j,0

=
∂L0

fh(x
k
0)

∂wk
j,0

+
∂Lfh(x

k
0)

∂wk
j,0

t+ ...+
∂Lk

fh(x
k
0)

∂wk
j,0

tk

k!
+O(tk+1)

(3.20)

It should be noted that the three power series in equation (3.20) can also be viewed

as the Taylor series expansions of dh
dx0

, dh
dθ

and dh
dwk

j,0
at t = 0 up to order k. Comparing

equation (3.20) to equations (3.16) and (3.17), it is immediately observed that the

coefficients of the power series correspond to the elements of dΩk. In particular, the

coefficients of the power series of dh
dx0

correspond to the elements of dΩk
x, those of dh

dθ

correspond to the elements of dΩk
θ and those of dh

dwk
j,0

correspond to the elements of

dΩk
wj
. This leads directly to the idea that the computations can be turned toward

calculating the power series in equation (3.20), and consequently their coefficients can

be extracted to build the observability matrix. For the sake of brevity, in the rest

of the chapter the power series expansion of any variable z, with respect to t and

truncated at order k, will be denoted by the notation z[t, k], i.e.

z[t, k] = z0 + z1t+ ...+ zkt
k +O(tk+1) (3.21)

where z0, ..., zk are constant coefficients, and z0, z1t, ..., zkt
k are the terms of the power

series.

Applying the chain rule to the power series expansions of dh
dx0

, dh
dθ

and dh
dwk

j,0
in equa-

tion (3.20), which are now denoted by dh
dx0

[t, k], dh
dθ
[t, k] and dh

dwk
j,0
[t, k], the following
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equation is obtained:

dh

dx0

[t, k] = (
∂h

∂x

∂x

∂x0

)[t, k]

=
∂h

∂x
[t, k]

∂x

∂x0

[t, k] (mod tk+1)

dh

dθ
[t, k] = (

∂h

∂x

∂x

∂θ
+

∂h

∂θ
)[t, k]

=
∂h

∂x
[t, k]

∂x

∂θ
[t, k] +

∂h

∂θ
[t, k] (mod tk+1)

dh

dwk
j,0

[t, k] = (
∂h

∂x

∂x

∂wk
j,0

+
∂h

∂wj

∂wj

∂wk
j,0

)[t, k]

=
∂h

∂x
[t, k]

∂x

∂wk
j,0

[t, k] +
∂h

∂wj

[t, k]
∂wj

∂wk
j,0

[t, k] (mod tk+1)

(3.22)

where mod tk+1 indicates the truncation of the corresponding power series at order k.

Equation (3.22) can then be used to calculate dh
dx0

[t, k], dh
dθ
[t, k] and dh

dwk
j,0
[t, k] through

obtaining ∂h
∂x
[t, k], ∂h

∂θ
[t, k], ∂h

∂wj
[t, k], ∂x

∂x0
[t, k], ∂x

∂θ
[t, k], ∂x

∂wk
j,0
[t, k] and

∂wj

∂wk
j,0
[t, k]. ∂h

∂x
,

∂h
∂θ

and ∂h
∂wj

are generally expressions of x, θ, u and w and can be calculated sym-

bolically given the expression of h. Their power series expansions ∂h
∂x
[t, k], ∂h

∂θ
[t, k]

and ∂h
∂wj

[t, k], under the random numerical realizations as described at the beginning,

can be obtained by substituting x = x[t, k], θ = θ̃, u = u[t, k] and w = w[t, k]

and truncating at order k. It should be noted that if ∂h
∂x
, ∂h

∂θ
and ∂h

∂wj
are polyno-

mial expressions, such substitution results directly in ∂h
∂x
[t, k], ∂h

∂θ
[t, k] and ∂h

∂wj
[t, k].

If they are rational expressions, obtaining ∂h
∂x
[t, k], ∂h

∂θ
[t, k] and ∂h

∂wj
[t, k] may require

additional Taylor series expansion operations or the use of Newton’s iteration, which

will be introduced later, after the substitution. Amongst all the power series needed

to calculate dh
dx0

[t, k], dh
dθ
[t, k] and dh

dwk
j,0
[t, k] in equation (3.22), u[t, k], w[t, k] and

∂wj

∂wk
j,0
[t, k] are readily obtained as:

u[t, k] = ũ0 + ...+ ũ0
(k) t

k

k!
, w[t, k] = w̃0 + ...+ w̃0

(k) t
k

k!
∂wj

∂wk
j,0

[t, k] = [1, t, ...,
tk

k!
]

(3.23)

69



The remaining unknowns x[t, k], ∂x
∂x0

[t, k], ∂x
∂θ
[t, k] and ∂x

∂wk
j,0
[t, k] can be calculated

indirectly by making use of an auxiliary system of ordinary differential equations.

3.3.1 Variational system

This subsection describes an auxiliary system of ordinary differential equations whose

power series expansions of the solutions give x[t, k], ∂x
∂x0

[t, k], ∂x
∂θ
[t, k] and ∂x

∂wk
j,0
[t, k].

The system of ODEs, so-called the variational system, is an extension of the equations

derived in [86] for rational nonlinear systems with fully measured inputs, i.e. the

number of unmeasured inputs r = 0. Similar to what was done in [86], express

the rational system functions f as fractions with their numerators and denominators

polynomial functions:

f(x, θ, u, w) =

&

''(

fnu,1

fde,1
...

fnu,n

fde,n

)

**+ =

&

'(

1
fde,1

. . . 0
...

. . .
...

0 . . . 1
fde,n

)

*+

&

'(
fnu,1
...

fnu,n

)

*+ (3.24)

where fnu,1, ..., fnu,n and fde,1, ..., fde,n are all polynomial functions of x, θ, u and

w. The state-space equations of the system in (3.2) can then be written as a set of

polynomial ordinary differential equations, denoted by P = 0, in the following form:

P (x, ẋ, θ, u, w) =

&

'(
fde,1 . . . 0
...

. . .
...

0 . . . fde,n

)

*+

&

'(
ẋ1
...
ẋn

)

*+−

&

'(
fnu,1
...

fnu,n

)

*+ = 0n×1 (3.25)

Taking derivatives of P = 0 with respect to x0, θ and wk
j,0 respectively yields:

dP

dx0

=
∂P

∂ẋ

∂ẋ

∂x0

+
∂P

∂x

∂x

∂x0

= 0n×n

dP

dθ
=

∂P

∂ẋ

∂ẋ

∂θ
+

∂P

∂x

∂x

∂θ
+

∂P

∂θ
= 0n×l

dP

dwk
j,0

=
∂P

∂ẋ

∂ẋ

∂wk
j,0

+
∂P

∂x

∂x

∂wk
j,0

+
∂P

∂wj

∂wj

∂wk
j,0

= 0n×k

(3.26)

70



Using equations (3.25) and (3.26), the variational system, ∇P , is defined as the

following set of differential equations:

∇P (x,
∂x

∂x0

,
∂x

∂θ
,

∂x

∂wk
j,0

,θ,u,w) :

8
9999:

9999;

P (x, ẋ, θ, u, w) = 0n×1

∂P
∂ẋ

∂ẋ
∂x0

+ ∂P
∂x

∂x
∂x0

= 0n×n

∂P
∂ẋ

∂ẋ
∂θ

+ ∂P
∂x

∂x
∂θ

+ ∂P
∂θ

= 0n×l

∂P
∂ẋ

∂ẋ
∂wk

j,0
+ ∂P

∂x
∂x

∂wk
j,0

+ ∂P
∂wj

∂wj

∂wk
j,0

= 0n×k

(3.27)

where ∂P
∂ẋ

, ∂P
∂x

, ∂P
∂θ

and ∂P
∂wj

are generally expressions of x, ẋ, θ, u and w and can

be calculated symbolically after obtaining the expression of P . ∇P is a system

of first order polynomial ODEs with dependent variables x, ∂x
∂x0

, ∂x
∂θ

and ∂x
∂wk

j,0
and

independent variable t. The associated initial conditions are:

x
,,
t=0

= x0,
∂x

∂x0

,,,,
t=0

= In×n,
∂x

∂θ

,,,,
t=0

= 0n×l,
∂x

∂wk
j,0

,,,,
t=0

= 0n×k (3.28)

Using the random numerical realizations and letting θ = θ̃, u = u[t, k], w = w[t, k]

and
∂wj

∂wk
j,0

=
∂wj

∂wk
j,0
[t, k], the occurring polynomial differential system∇P (x, ∂x

∂x0
, ∂x
∂θ
, ∂x
∂wk

j,0

, θ̃,u[t, k],w[t, k]) then allows for the use of Newton’s iteration method to obtain the

power series solutions of its dependent variables up to order k, i.e. x[t, k], ∂x
∂x0

[t, k],

∂x
∂θ
[t, k] and ∂x

∂wk
j,0
[t, k].

3.3.2 Newton’s iteration

The details about the use of Newton’s iteration for finding power series solutions of

polynomial ordinary differential equations up to an order of interest can be seen in

Chapter 4 of [82], Section 5 of [16] and Section 3 of [86].

This subsection, first of all, places the attention on the first equation of∇P (x, ∂x
∂x0

,

∂x
∂θ
, ∂x
∂wk

j,0
, θ̃, ũ[t, k], w̃[t, k]), i.e.

P (x, ẋ, θ̃,u[t, k],w[t, k]) = 0n×1 (3.29)
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The objective of the Newton’s iteration is to solve equation (3.29) for the power series

expansion of x up to order k, i.e. x[t, k], through a number of iterative computations.

The iterations start from the initial condition x0 which is the first term of x[t, k].

At each iteration, the power series expansion of x is computed up to a certain order

smaller than k, and it is then used for the next iteration to compute the power

series up to a higher order closer to k. The iterations are terminated when order k is

reached. Let xq denote the power series computed at the qth iteration of the Newton’s

method. The formula of Newton’s iteration for equation (3.29) is obtained by means

of linearization of the equation around the point x = xq−1, yielding:

∂P

∂ẋ

,,,,
x=xq−1

(ẋq − ẋq−1) +
∂P

∂x

,,,,
ẋ=ẋq−1,x=xq−1

(xq − xq−1) + P

,,,,
ẋ=ẋq−1,x=xq−1

= 0n×1

(3.30)

where ∂P
∂ẋ

, ∂P
∂x

and P are matrices with power series elements after evaluating at

x = xq−1. Equation (3.30) is thus a first order linear ODE of the form:

C1(t)v̇ +C2(t)v +C3(t) = 0 (3.31)

Equation (3.31) can be solved analytically using the method of integrating factor,

giving the solution:

v(t) = −e−
!
C1

−1C2dt

<
e
!
C1

−1C2dt(C1
−1C3)dt+C4e

−
!
C1

−1C2dt (3.32)

where C1 is an invertible matrix, and C4 is a matrix of constants which is determined

by knowing the initial condition v(0). Following equation (3.32), the correction term

Eq(t) defined as

Eq(t) = xq − xq−1, Eq(0) = 0 (3.33)

is determined as an analytical solution to equation (3.30), and xq can then be ex-
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pressed in terms of xq−1 as xq = xq−1 +Eq(t):

xq = xq−1 − e−
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt

<
e
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt(
∂P

∂ẋ

−1

P )dt (3.34)

Within equation (3.34), the formal integrations and differentiations are allowed to

perform over power series, and the power series of the matrix exponentials and inverses

involved can be computed efficiently by using a nested Newton’s iteration (see details

in [86] and [16]). For example, if Ag and Bg represent respectively the power series

expansions of e−
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt and its inverse e
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt computed at the gth iteration

of the Newton’s iteration, the formula for recursively updating Ag and Bg is given

by:

Ag = Ag−1 +Ag−1

<
Bg−1(−(

∂P

∂ẋ
)−1∂P

∂x
)Ag−1 −Bg−1Ȧg−1dt

Bg = 2Bg−1 −Bg−1AgBg−1

(3.35)

with the initial conditions A0 = B0 = In×n. Equation (3.34) therefore becomes:

xq = xq−1 −Aq

<
Bq(

∂P

∂ẋ

−1

P )dt (3.36)

Starting from x0 = x̃0 under the numerical realizations, equation (3.34) can read-

ily be used to update xq from xq−1, where xq is the power series expansion of x

containing more correct terms than xq−1, i.e. is correct up to a higher order than

xq−1. It has been proven that the convergence of Newton’s iteration is quadratic,

which means the number of additional correct terms computed doubles at each itera-

tion [16]. At the qth iteration, the first 2q terms of xq are correct, and it is therefore

truncated at order 2q−1, i.e. xq = x[t, 2q−1], to remove the incorrect terms of larger

orders. The iterative process is continued until the qth0 iteration when the maximum

order of correct terms 2q0 − 1 ≥ k. The computed power series xq0 = x[t, 2q0 − 1] is

then truncated at order k leading to the result of x[t, k].
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Having obtained x[t, k] from the first equation of∇P (x, ∂x
∂x0

, ∂x
∂θ
, ∂x
∂wk

j,0
, θ̃, ũ[t, k], w̃[t, k]),

it proceeds to compute ∂x
∂x0

[t, k], ∂x
∂θ
[t, k] and ∂x

∂wk
j,0
[t, k] based on the later three equa-

tions, i.e.

∂P

∂ẋ
(·) ∂ẋ

∂x0

+
∂P

∂x
(·) ∂x

∂x0

= 0n×n

∂P

∂ẋ
(·)∂ẋ

∂θ
+

∂P

∂x
(·)∂x

∂θ
+

∂P

∂θ
(·) = 0n×l

∂P

∂ẋ
(·) ∂ẋ

∂wk
j,0

+
∂P

∂x
(·) ∂x

∂wk
j,0

+
∂P

∂wj

(·) ∂wj

∂wk
j,0

[t, k] = 0n×k

(3.37)

where (·) denotes (x, ẋ, θ̃, ũ[t, k], w̃[t, k]) for brevity. Since the power series solutions

of equation (3.37) up to the accuracy of order k are only considered, substitute x[t, k]

into the equations,

∂P

∂ẋ

,,,,
x=x[t,k]

∂ẋ

∂x0

+
∂P

∂x

,,,,
x=x[t,k],ẋ=ẋ[t,k]

∂x

∂x0

= 0n×n

∂P

∂ẋ

,,,,
x=x[t,k]

∂ẋ

∂θ
+

∂P

∂x

,,,,
x=x[t,k],ẋ=ẋ[t,k]

∂x

∂θ
+

∂P

∂θ

,,,,
x=x[t,k],ẋ=ẋ[t,k]

= 0n×l

∂P

∂ẋ

,,,,
x=x[t,k]

∂ẋ

∂wk
j,0

+
∂P

∂x

,,,,
x=x[t,k],ẋ=ẋ[t,k]

∂x

∂wk
j,0

+
∂P

∂wj

,,,,
x=x[t,k],ẋ=ẋ[t,k]

∂wj

∂wk
j,0

[t, k] = 0n×k

(3.38)

All the three equations in (3.38) are first order linear ODEs with given initial condi-

tions in equation (3.28), and are thus solvable using equation (3.32). The following

solutions are obtained:

∂x

∂x0

= e−
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt

∂x

∂θ
= −e−

!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt

<
e
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt(
∂P

∂ẋ

−1∂P

∂θ
)dt

∂x

∂wk
j,0

= −e−
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt

<
e
!
( ∂P
∂ẋ

)−1 ∂P
∂x

dt(
∂P

∂ẋ

−1 ∂P

∂wj

∂wj

∂wk
j,0

[t, k])dt

(3.39)

With the power series manipulations of integration, differentiation, matrix exponen-

tial and inverse as previously described, the power series forms of ∂x
∂x0

, ∂x
∂θ

and ∂x
∂wk

j,0

can be obtained from equation (3.39). These power series contain correct terms up to

order k, leading to the results of ∂x
∂x0

[t, k], ∂x
∂θ
[t, k] and ∂x

∂wk
j,0
[t, k] through truncation.
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3.3.3 The algorithm and modular operations

It is now sufficient to summarize the procedure of computing the k-row observability

matrix in equations (3.16) and (3.17) based on the power series methods described in

the previous subsections. The algorithm is presented in the following:

Algorithm 3.2

Input to the algorithm: the state-space and measurement equations of the system

in equation (3.2), and the choice of the maximum order of derivatives of the unmea-

sured inputs taken into account k = k0

Output from the algorithm: the k-row observability matrix

Preprocessing: Compute ∂h
∂x
, ∂h

∂θ
and ∂h

∂wj
(j = 1, ..., r) symbolically. Convert the

state-space equations to P = 0 using equation (3.25), and compute ∂P
∂ẋ

, ∂P
∂x

, ∂P
∂θ

and

∂P
∂wj

symbolically

Initialization: Choose the sets of positive integers randomly x̃0, θ̃, w̃0, ..., w̃0
(k) and

ũ0, ..., ũ0
(k). Let u[t, k] = ũ0+ ...+ ũ0

(k) tk

k!
, w[t, k] = w̃0+ ...+ w̃0

(k) tk

k!
, and evaluate

∂h
∂x
, ∂h

∂θ
, ∂h

∂wj
, P , ∂P

∂ẋ
, ∂P

∂x
, ∂P

∂θ
and ∂P

∂wj
at θ = θ̃,u = u[t, k],w = w[t, k]. Set x0 = x̃0

and q = 0

1. Compute x[t, k] through Newton’s iteration:

a. Set q = q + 1;

b. Evaluate P , ∂P
∂ẋ

and ∂P
∂x

at ẋ = ẋq−1, x = xq−1, truncated at order

2q − 1;

c. Set g = 0 and A0 = B0 = In×n, and compute Aq and Bq:

i. Set g = g + 1;

ii. Compute Ag = Ag−1 +Ag−1

=
Bg−1(−(∂P

∂ẋ
)−1 ∂P

∂x
)Ag−1 −Bg−1Ȧg−1dt
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truncated at order 2g − 1;

iii. Compute Bg = 2Bg−1 −Bg−1AgBg−1 truncated at order 2g − 1;

iv. Go to step d if g = q. Otherwise go to step i;

d. Compute xq = xq−1 −Aq

=
Bq(

∂P
∂ẋ

−1
P )dt truncated at order 2q − 1;

e. If 2q − 1 ≥ k, x[t, k] = xq truncated at order k and go to step 2.

Otherwise go to step a;

2. Evaluate ∂P
∂ẋ

, ∂P
∂x

, ∂P
∂θ

and ∂P
∂wj

at ẋ = ẋ[t, k],x = x[t, k], truncated at order k;

3. Set g = 0 and A0 = B0 = In×n, and compute Aq and Bq:

a. Set g = g + 1;

b. Compute Ag = Ag−1 +Ag−1

=
Bg−1(−(∂P

∂ẋ
)−1 ∂P

∂x
)Ag−1 −Bg−1Ȧg−1dt

truncated at order 2g − 1;

c. Compute Bg = 2Bg−1 −Bg−1AgBg−1 truncated at order 2g − 1;

d. If g = q, truncate Aq and Bq at order k and go to step 4. Otherwise

go to step a;

4. Compute ∂x
∂x0

[t, k] = Aq truncated at order k;

5. Compute ∂x
∂θ
[t, k] = −Aq

=
Bq(

∂P
∂ẋ

−1 ∂P
∂θ

)dt truncated at order k;

6. Set
∂wj

∂wk
j,0
[t, k] = [1, t, ..., t

k

k!
], and compute ∂x

∂wk
j,0
[t, k] = −Aq

=
Bq(

∂P
∂ẋ

−1 ∂P
∂wj

∂wj

∂wk
j,0
[t, k])dt

truncated at order k;

7. Compute ∂h
∂x
[t, k], ∂h

∂θ
[t, k] and ∂h

∂wj
[t, k] by evaluating ∂h

∂x
, ∂h

∂θ
and ∂h

∂wj
at x = x[t, k],

truncated at order k. Take Taylor series expansions at t = 0 up to order k if ∂h
∂x
, ∂h

∂θ

and ∂h
∂wj

are rational expressions;

8. Compute dh
dx0

[t, k] = ∂h
∂x
[t, k] ∂x

∂x0
[t, k] truncated at order k;

9. Compute dh
dθ
[t, k] = ∂h

∂x
[t, k]∂x

∂θ
[t, k] + ∂h

∂θ
[t, k] truncated at order k;

10. Compute dh
dwk

j,0
[t, k] = ∂h

∂x
[t, k] ∂x

∂wk
j,0
[t, k] + ∂h

∂wj
[t, k]

∂wj

∂wk
j,0
[t, k] truncated at order k;
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11. Extract the coefficients of dh
dx0

[t, k], dh
dθ
[t, k] and dh

dwk
j,0
[t, k] to respectively construct

dΩk
x, dΩ

k
θ and dΩk

wj
based on the expressions in equations (3.17) and (3.20);

12. Arrange the observability matrix dΩk = [dΩk
x, dΩ

k
θ , dΩ

k
w1

, ..., dΩk
wr

].

Similarly to what was discussed in [86] for the case of all inputs being measured,

in Algorithm 3.2 all the computations between power series can be done with the

application of modular operations so as to further improve the efficiency. The means

of achieving so is through selecting a large positive prime number p at the initialization

step and choosing the random integers within the range 1 to p − 1 for numerical

realizations; all the occurring power series throughout the algorithm are then treated

with their coefficients modulo p. The arithmetic of modular operations can be simply

described as follows [90]: a positive integer a modulo p calculates the remainder

of a divided by p, resulting in an integer between 0 and p − 1; a fraction of two

positive integers b/c modulo p, based on the rule of modular multiplicative inverse,

also gives an integer between 0 and p− 1. As a consequence of applying the modular

operations, all the occurring coefficients of power series throughout the algorithm

are restricted within the range 1 to p − 1. The problem of number growth is thus

effectively controlled to prevent expensive computations between very large numbers.

Taking into account the modular operations, the output from the proposed algo-

rithm is equivalent to the following matrix:

dΩk modulo p (3.40)

where the modulo operations are used elementwise. The observability of the tested

system is then determined by evaluating the rank of the matrix over a finite field Fp

through applying the modular operations to Gaussian elimination [86, 90, 14, 91].
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As discussed in [86], dΩk and the matrix in (3.40) contain almost identical rank

information over the corresponding fields and can hence deliver agreed observability

results with a very high probability of success. The probability of disagreement,

when the observability results obtained with and without the modular operations do

not coincide, is vanishingly small if p is selected to be large as shown in [86]. This

probability can even become practically negligible if the algorithm is repeated using

different choices of p and numerical realizations.

A proper choice of k = k0 such that Algorithm 3.2 computes the corresponding

dΩk from which the user can extract convergent observability information might not

be straightforward for some large systems. In the following, a recursive version of

Algorithm 3.2, termed as Algorithm 3.3, is presented. In the algorithm, k is incre-

mentally changed to match the order of the leading term of the power series produced

from Newton’s iteration, i.e. k = 2q − 1. At each increment of k, the corresponding

dΩk is computed and the (k-row) observability properties of the components of xk

are detected following the procedure described in Section 3.2. In the case of encoun-

tering observable systems, the iterations terminate when it reaches a k such that

rank(dΩk) = n+ l + (k + 1)r or x, θ and w are found to be observable.

Algorithm 3.3

Input to the algorithm: the state-space and measurement equations of the system

in equation (3.2)

Output from the algorithm: the (k-row) observability of the tested system

Preprocessing: Compute ∂h
∂x
, ∂h

∂θ
and ∂h

∂wj
(j = 1, ..., r) symbolically. Convert the

state-space equations to P = 0 using equation (3.25), and compute ∂P
∂ẋ

, ∂P
∂x

, ∂P
∂θ

and

∂P
∂wj

symbolically
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Initialization: Choose the sets of positive integers randomly x̃0, θ̃, w̃0, ..., w̃0
(k) and

ũ0, ..., ũ0
(k). Let u[t, k] = ũ0+ ...+ ũ0

(k) tk

k!
, w[t, k] = w̃0+ ...+ w̃0

(k) tk

k!
, and evaluate

∂h
∂x
, ∂h

∂θ
, ∂h

∂wj
, P , ∂P

∂ẋ
, ∂P

∂x
, ∂P

∂θ
and ∂P

∂wj
at θ = θ̃,u = u[t, k],w = w[t, k]. Set x0 = x̃0

and q = 0

1. Set q = q + 1;

2. Evaluate P , ∂P
∂ẋ

and ∂P
∂x

at ẋ = ẋq−1, x = xq−1, truncated at order

2q − 1;

3. Set g = 0 and A0 = B0 = In×n, and compute Aq and Bq:

a. Set g = g + 1;

b. Compute Ag = Ag−1 +Ag−1

=
Bg−1(−(∂P

∂ẋ
)−1 ∂P

∂x
)Ag−1 −Bg−1Ȧg−1dt

truncated at order 2g − 1;

c. Compute Bg = 2Bg−1 −Bg−1AgBg−1 truncated at order 2g − 1;

d. Go to step 4 if g = q. Otherwise go to step a;

4. Compute xq = xq−1 −Aq

=
Bq(

∂P
∂ẋ

−1
P )dt truncated at order 2q − 1;

5. Set x[t, k] = xq;

6. Evaluate ∂P
∂ẋ

, ∂P
∂x

, ∂P
∂θ

and ∂P
∂wj

at ẋ = ẋ[t, k],x = x[t, k], truncated at order k;

7. Set g = 0 and A0 = B0 = In×n, and compute Aq and Bq:

a. Set g = g + 1;

b. Compute Ag = Ag−1 +Ag−1

=
Bg−1(−(∂P

∂ẋ
)−1 ∂P

∂x
)Ag−1 −Bg−1Ȧg−1dt

truncated at order 2g − 1;

c. Compute Bg = 2Bg−1 −Bg−1AgBg−1 truncated at order 2g − 1;

d. If g = q, truncate Aq and Bq at order k and go to step 8. Otherwise

go to step a;

8. Compute ∂x
∂x0

[t, k] = Aq truncated at order k;
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9. Compute ∂x
∂θ
[t, k] = −Aq

=
Bq(

∂P
∂ẋ

−1 ∂P
∂θ

)dt truncated at order k;

10. Set
∂wj

∂wk
j,0
[t, k] = [1, t, ..., t

k

k!
], and compute ∂x

∂wk
j,0
[t, k] = −Aq

=
Bq(

∂P
∂ẋ

−1 ∂P
∂wj

∂wj

∂wk
j,0
[t, k])dt

truncated at order k;

11. Compute ∂h
∂x
[t, k], ∂h

∂θ
[t, k] and ∂h

∂wj
[t, k] by evaluating ∂h

∂x
, ∂h
∂θ

and ∂h
∂wj

at x = x[t, k],

truncated at order k. Take Taylor series expansions at t = 0 up to order k if ∂h
∂x
, ∂h

∂θ

and ∂h
∂wj

are rational expressions;

12. Compute dh
dx0

[t, k] = ∂h
∂x
[t, k] ∂x

∂x0
[t, k] truncated at order k;

13. Compute dh
dθ
[t, k] = ∂h

∂x
[t, k]∂x

∂θ
[t, k] + ∂h

∂θ
[t, k] truncated at order k;

14. Compute dh
dwk

j,0
[t, k] = ∂h

∂x
[t, k] ∂x

∂wk
j,0
[t, k] + ∂h

∂wj
[t, k]

∂wj

∂wk
j,0
[t, k] truncated at order k;

15. Extract the coefficients of dh
dx0

[t, k], dh
dθ
[t, k] and dh

dwk
j,0
[t, k] to respectively construct

dΩk
x, dΩ

k
θ and dΩk

wj
based on the expressions in equations (3.17) and (3.20);

16. Arrange the observability matrix dΩk = [dΩk
x, dΩ

k
θ , dΩ

k
w1

, ..., dΩk
wr

];

17. End if rank(dΩk) = n + l + (k + 1)r, and x, θ and w are detected observable;

18. Set i = 0. Detect the (k-row) observability properties of the components of xk:

a. Set i = i+ 1;

b. Remove the ith column of dΩk;

c. If the rank of the occurring matrix< rank(dΩk), the ith state is

observable. Otherwise the state is k-row unobservable;

d. Go to step 19 if i = n+ l + (k + 1)r. Otherwise go to step a;

19. End if x, θ and w are detected observable. Otherwise go to step 1;

Algorithm 3.3 succeeds in identifying an observable system or the observable quan-

tities (dynamic states, parameters or unmeasured inputs) of an unobservable system.

Concluding the observability of those k-row unobservable quantities in a rigorous

mathematical manner, or in other words proving the convergence of the k-row un-
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observable quantities, however, has not yet been feasible. In the examples of this

chapter, a practical guideline is provided on how to conclude the unobservable quan-

tities with sufficient confidence by making use of the submatrices of the observability

matrix of a large k obtained from Algorithm 3.2 or 3.3. Theoretically addressing this

convergence problem will be the focus of future extensions of this work.

3.3.4 Remarks

The proposed algorithm in this work, the version of Algorithm 3.2 or 3.3, can be im-

plemented efficiently in a variety of software with symbolic computing tools, such as

MATLAB with symbolic toolbox [71], Maple [69] and Mathematica [110]. Compared

to the purely symbolic implementation of Algorithm 3.1 presented in Section 3.2, sev-

eral advantages of using the proposed algorithm for observability testing are remarked

in the following. Firstly, the algorithm uses numerical realizations of the involved

variables and the technique of modular operations to control number growth. With

the exception of the preprocessing step, gradients and differentiations of symbolic

expressions are completely avoided; the arithmetics of power series with numerical

coefficients throughout the algorithm are substantially cheaper than those computa-

tions between symbolic expressions. The second advantage is due to the utilization

of the Newton’s iteration method. Newton’s iteration allows to compute a number of

terms of power series at each iteration twice as many as the previous iteration, and

the number of terms of power series is in fact equivalent to the number of the Lie

derivatives of corresponding orders. Due to this quadratic convergence property of

Newton’s iteration, a large number of the Lie derivatives can therefore be computed

through only a small number of iterations. In comparison, Algorithm 3.1 uses formu-

lation (3.5) to compute one order of Lie derivative only each time. Benefiting from
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the above advantages, Algorithm 3.2 allows to efficiently compute the observability

matrix of a large and complicated system for the choice of a very large k, where it

should be noted that the observability matrix of a large k is more likely to contain

convergent observability information than the matrix of a smaller k. Similarly in

Algorithm 3.3, it is able to operate up to a very large k for a system of large size and

high complexity.

3.4 Illustrative examples

3.4.1 A 2 degrees of freedom (DOFs) nonlinear system

Figure 3.1: A 2 DOFs nonlinear system driven by measured and unmeasured inputs

This example demonstrates the use of the proposed algorithm to examine the

observability of a 2 DOFs nonlinear system driven by both measured and unmeasured

inputs as shown in Figure 3.1. Let x1, x2, v1, v2 and v̇1, v̇2 denote the displacements,

velocities and accelerations of the two masses of the system respectively. A measured

input u is applied at the first mass and an unmeasured input w is applied at the

second mass. The stiffness of the nonlinear spring that connects the first mass to

the fixed support is displacement-proportional and given by k1 +∆k1x1. The linear

spring connecting the two masses has the stiffness of k2. The dynamic states of the
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system are x1, x2, v1 and v2, and the unknown parameters to be identified are k1,

∆k1, k2 and m. The state-space equations of the dynamical system can therefore be

written as:

ẋ =
d

dt

&

''(

x1

x2

v1
v2

)

**+ =

&

''(

v1
v2

−(k1+∆k1x1)x1+k2(x2−x1)+u
m

k2(x1−x2)+w
m

)

**+ , θ̇ =
d

dt

&

''(

k1
∆k1
k2
m

)

**+ = 04×1 (3.41)

Two sensor setups are considered with the measurements taken denoted as y1 and

y2 respectively:

y1 =

"
x1

v̇2

#
=

"
x1

k2(x1−x2)+w
m

#

y2 =

"
v̇1
v̇2

#
=

6
−(k1+∆k1x1)x1+k2(x2−x1)+u

m
k2(x1−x2)+w

m

7 (3.42)

where y1 consists of the displacement of the first mass and the acceleration of the

second, while in y2, the displacement is replaced by the acceleration of the first mass.

Using the measurement of the first sensor setup y1, Algorithm 3.3 terminates at

k = 7 reporting that the dynamical system is fully observable. The observability

result is in agreement with those reported from the symbolic Algorithm 3.1 and the

EORC-DF algorithm presented in [67]. It can hence be concluded that it is theoret-

ically possible to track x1, x2, v1 and v2 over time and in the meantime identify the

values of k1, ∆k1, k2 and m based on the u − y1 measurements. With respect to

the measurement of the second sensor setup y2, however, the system is not detected

observable. To analyse the (k-row) observability properties of x, θ and u and their

convergence, Algorithm 3.2 is used to calculate the observability matrix dΩk with a

choice of k = 15. The resulting dΩ15 then allows for obtaining dΩ0, ..., dΩ14 by

making use of its submatrices. For example, one may obtain dΩ14 from dΩ15 by

removing the column corresponding to w(15) and the rows corresponding to L15
f h.

Figure 3.2 plots the ranks of dΩk in (a) and the k-row observability properties de-
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Figure 3.2: (a) The ranks of dΩk for the case of y1 measurement (blue
line) and the case of y2 measurement (red-dashed line), with comparison to
the rank condition n + l + (k + 1)r (black-dashed line) (b) the observable
quantities (circles) and k-row unobservable quantities (x-marks) for the case
of y1 measurement (blue) and the case of y2 measurement (red)
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tected from dΩk in (b) for k = 0, ..., 15. As can be seen for the measurement y1,

rank(dΩk) = n+ l + (k + 1)r occurs and all the x, θ and u correspondingly become

observable at k = 7. In the case of measuring y2, v1, v2, ∆k1, k2 and m become

observable at k = 6, but x1, x2, k1 and w remain k-row unobservable throughout

all the k considered. From k = 6 to 15, rank(dΩk) (red-dashed line) and the rank

condition n + l + (k + 1)r (black-dashed line) increase at the same rate, leading to

two parallel lines. The occurrence of the parallel lines is in indication that it is highly

likely that x1, x2, k1 and w would remain k-row unobservable for larger k → ∞,

which implies that these quantities are in fact unobservable. An advantage of using

the proposed algorithm is that dΩk of a larger k (e.g. k = 100) can be calculated to

further investigate the ranks and the k-row observability properties (for e.g. k = 16

to 100), such that the observability of those k-row unobservable quantities can be

concluded with more sufficient confidence.

The afore-described graphical method for determining unobservable quantities

with a high level of confidence is suggested in [67]. This example illustrates an

alternative way to conclude that x1, x2, k1 and w are indeed unobservable with respect

to the measurement y2. Assuming w(k+1) is known, the corresponding augmented

form (3.4) of the considered system can be treated as a system with fully known

or measured inputs. For such a system, Algorithm 3.3 can be used as the regular

ORC algorithm to examine its observability. When the algorithm operates up to a

convergent point where the number of the Lie derivatives calculated equals to the

number of quantities to be identified, the k-row unobservable quantities detected can

be immediately concluded to be unobservable (see [26, 44, 86] for the details of the

ORC). Figure 3.3 summarizes the results of observability with assuming w(k+1) known
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Figure 3.3: The observability of the augmented form of the system with w(k+1) as-
sumed known for the case of y2 measurement

for k+1 = 0, ..., 8. As shown in the figure, x1, x2, k1 and w are detected unobservable

at k + 1 = 1 and remain unobservable further. If a quantity is unobservable for a

known w(1), it is guaranteed to be unobservable for an unknown w(1) which is the case

of this example. Therefore it can be concluded that x1, x2, k1 and w are certainly

unobservable, while the remaining quantities are observable as detected in Figure

3.2. It is not possible to properly estimate x1, x2, k1 and w based on the u − y1

measurements using any system identification method.

3.4.2 A 101 DOFs nonlinear system with a tuned mass damper

The proposed algorithm is now applied to test the observability of a large dynamical

system. Increasing the number of masses of the system in Example 3.4.1 to 101,

the occurring 101 DOFs nonlinear system can be viewed as the model of a 101-

storey shear building. In this example, the effects of damping on the dynamics of the
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shear building are taken into consideration. As shown in Figure 3.4(a), linear viscous

dampers are connected successively between the floors of the model; a pendulum

tuned mass damper (TMD), with its mass, stiffness and damping parameters md, kd

and cd respectively, is suspended from the top floor. The modelling of this example

is inspired by the design of the well-known Taipei 101 skyscraper in Taiwan. It is

further assumed that unmeasured wind load with linearly increased magnitude is

applied along the building. The maximum magnitude of the wind, w, appears at the

level of top floor.

Figure 3.4: (a) A 101-storey shear building with a pendulum TMD and (b) the same
shear building with a translational TMD
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Let xi and vi denote the displacement and velocity of the mass mi respectively.

θ and vθ denote respectively the sway angle and angular velocity of the pendulum

TMD. The dynamic states of the considered system are therefore:

x = [x1, ..., x101, θ, v1, ..., v101, vθ]
T (3.43)

The unknown parameters to be identified are:

θ = [k1, ..., k101,∆k1, c1, ..., c101,md, kd, cd]
T (3.44)

where ki and ci are respectively the coefficients of the linear spring and damper

between mi−1 and mi. The stiffness of the nonlinear spring at the bottom is again

given by k1 +∆k1x1. The equations used to describe the dynamics of the pendulum

TMD are given by:

θ̇ =vθ

v̇θ =
k101(x101 − x100)

m101L
+

c101(v101 − v100)

m101L
− m101 +md

m101md

(kd +
mdg

L
)θ

− m101 +md

m101md

cdvθ −
w

m101L

(3.45)

The following equations describe the dynamics of m101:

ẋ101 =v101

v̇101 =− k101(x101 − x100)

m101

− c101(v101 − v100)

m101

+
(kdL+mdg)θ

m101

+
cdLvθ
m101

+
w

m101

(3.46)

while the state-space equations of the remaining parts of the system can be writ-

ten referring to the standard modelling of shear buildings [30]. For the purpose of

comparison, the same shear building with a translational TMD, as shown in Figure

3.4(b), is also tested. In this case, the displacement and velocity of the TMD are

denoted by xd and vd respectively, and the dynamical equations of xd, vd, x101 and
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v101 are written as:

ẋd =vd

v̇d =− kd(xd − x101)

md

− cd(vd − v101)

md

ẋ101 =v101

v̇101 =− k101(x101 − x100)

m101

− c101(v101 − v100)

m101

+
(kd1 + kd2)(xd − x101)

m101

+
(cd1 + cd2)(vd − v101)

m101

+
w

m101

(3.47)

where kd1, kd2, cd1 and cd2 are the unknown TMD stiffness and damping parameters

to be identified.

For both the cases of pendulum TMD and translational TMD, ten sensors are

installed at every ten floors along the building to measure 5 displacements and 5

accelerations. Specifically, the measured outputs are:

y = [v̇101, x91, v̇81, x71, v̇61, x51, v̇41, x31, v̇21, x11]
T (3.48)

Algorithm 3.3 concludes that the shear building with the pendulum TMD is fully

observable. All of its dynamic states, unknown parameters and the unmeasured

wind load are observable based on the y measurement. The shear building with the

translational TMD is however detected unobservable. An analysis of the observability

matrix dΩ511 obtained from Algorithm 3.2 shows that the parameters kd1, kd2, cd1 and

cd2 are not individually identifiable, while the remaining dynamic states, parameters

and unmeasured input of the system are detected observable.

It should be noted that the symbolic Algorithm 3.1 and the EORC-DF algorithm

presented in [67] are not capable of handling the large shear building systems tested in

this example due to their limitation of high memory requirements. In comparison, the

proposed algorithm is efficient in the usage of physical memory and is implemented
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relatively fast to test these large systems which contains more than a total of 410

dynamic states and unknown parameters. The efficiency of the algorithm could be

further improved through implementing in a high-performance computer and making

use of more computer cores. This allows for applications of the proposed algorithm to

systems of large size and high complexity that are often encountered in engineering

practice.

3.4.3 A 2D finite element (FE) model of wind turbine

Figure 3.5: (a) A 2D FE model of wind turbine and (b) a substructural model of
the wind turbine

In this example, the observability of a wind turbine model as shown in Figure
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3.5 is examined using the proposed algorithm. Figure 5(a) demonstrates a simplified

2D FE model of the wind turbine, where the rotor blades and nacelle are lumped

at the top of the tower as a mass. The lumped mass m is assumed to be known,

and its moment of inertia, denoted by Im, is an unknown parameter to be identified.

The mass is subject to a thrust force w which is unmeasured. It is assumed that the

torsional stiffness of the wind turbine is infinitely large and the torsional vibration

is not taken into consideration in the modelling. The tower is discretized into 40

uniform Euler-Bernoulli beam elements. The stiffness and mass matrices of the ith

element between the nodes i and i+ 1 are given by:

Ke =
EIi
L3

&

''(

12 6L −12 6L
6L 4L2 −6L 2L2

−12 −6L 12 −6L
6L 2L2 −6L 4L2

)

**+

Me =
ρAiL

420

&

''(

156 22L 54 −13L
22L 4L2 13L −3L2

54 13L 156 −22L
−13L −3L2 −22L 4L2

)

**+

(3.49)

where EIi is the unknown stiffness parameter of the element, and ρ, Ai and L are

the known density, cross-section area and length respectively. The foundation of the

wind turbine is modelled as the following macro-element:

"
Fspr

Mspr

#
=

"
k11 k12
k12 k22

# "
x1

θ1

#
(3.50)

where Fspr and Mspr are the resistant force and moment of the springs respectively,

and x1 and θ1 are respectively the displacement and rotation of node 1. The stiffness

matrix is assumed to be generally symmetric with the unknown coefficients k11, k12

and k22 to be identified.

Let xi and θi denote the displacement and rotation of node i respectively, and

vi and vθi the translational and rotational velocities respectively. The dynamic state
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vector of the model is a collection of all the nodal displacements, rotations and the

corresponding velocities:

x = [x1, θ1, ..., x41, θ41, v1, vθ1, ..., v41, vθ41]
T (3.51)

The unknown parameter vector is:

θ = [Im, EI1, ..., EI40, k11, k12, k22]
T (3.52)

The state-space equations of the model are written in the following form:

ẋ = Ax+Bw, θ̇ = 0 (3.53)

where

A =

"
082×82 I82×82

−M−1K 082×82

#
, B =

&

''(

082×1

M−1

&

(
080×1

1
0

)

+

)

**+ (3.54)

where K and M are respectively the model stiffness and mass matrices constructed

from the assembly [30] of the element stiffness and mass matrices of the lumped mass,

the beam elements of the tower and the springs of the foundation.

Figure 3.5(b) shows a substructural model of the wind turbine which consists of a

lower part of the tower and the foundation. A shear force w1 and a bending moment

w2, which are unmeasured, are applied at node 41 to account for the dynamic effects of

the upper-structure (the lumped mass and the upper part of the tower) on the model.

This model is used to investigate whether it is theoretically possible to identify the

substructure of interest using only measurements obtained from it. The feasibility

of substructural identification would lead to significant reduction of identification

problem size and more efficient usage of available sensors, and hence more accurate

identification results. In this case, the state-space equations of the substructural
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model are written as:

ẋ = Ax+B1w1 +B2w2

θ̇ =
d

dt

$
EI1, ..., EI40, k11, k12, k22

%T
= 0

(3.55)

where

B1 =

&

''(

082×1

M−1

&

(
080×1

1
0

)

+

)

**+ , B2 =

&

''(

082×1

M−1

&

(
080×1

0
1

)

+

)

**+ (3.56)

For both the models in Figure 3.5(a) and Figure 3.5(b), 4 sensors are installed

at every 10 nodes along the tower. 4 sensor setups are examined with the output

measurements:

y1 = [v̇41, v̇31, v̇21, v̇11], y2 = [θ41, v̇31, v̇21, v̇11]

y3 = [θ41, θ31, v̇21, v̇11], y4 = [θ40, θ31, v̇21, v̇11]
(3.57)

In the first setup y1, all the sensors are accelerometers measuring lateral accelerations,

while in the second setup y2 an accelerometer at the top of the tower is replaced by

an inclinometer. 2 inclinometers are used in y3. In y4 a sensor is moved from the top

to the node below.

The observability results obtained from the proposed algorithm are summarized

in Table 3.1. When all the 4 sensors are accelerometers as in the setup y1, both the

full and substructural models are detected unobservable: neither their dynamic states

nor the unmeasured forces applied are observable, but all the unknown parameters

are identifiable. If inclinometers are used as in the setups y2 and y3, it then becomes

possible to track those dynamic states and unmeasured forces given the measurements;

the more unmeasured forces exist the more inclinometers are needed to achieve so.

Using the measurement y4 for the substructural model, 4 dynamic states, 1 parameter

and the 2 unmeasured forces are found highly likely unobservable by means of the

graphical method described in Example 3.4.1. A comparison between the setups y3
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Measurements y1 y2 y3 y4

(a)
Observable θ x, θ and w x, θ and w x, θ and w

Unobservable x and w - - -

(b)

Observable θ θ, θ41 and vθ41 x, θ, w1 and w2 the remaining
Unobservable x, w1 and w2 the remaining - -
Highly likely
unobservable

- - -
EI40, x41, v41, θ41
vθ41, w1 and w2

Table 3.1: The observability of the full model in Figure 3.5(a) and the substructural
model in Figure 3.5(b) with respect to the measurement scenarios y1, y2, y3 and y4

and y4 implies that, a sensor should be considered to be placed at where the structure

is ‘split’ and the unmeasured forces are applied i.e. node 41 in this example, in order

to achieve feasible substructural identification.

3.4.4 A 2D FE model of a truss-beam bridge

Application of the proposed algorithm to a 2D FE model of a truss-beam bridge

whose geometry is inspired by the design of Tokyo Gate Bridge [112] is demonstrated

in this example. The bridge is a three-span composite structure of steel bars in

the arrangements of trusses and a steel box girder as shown in Figure 3.6(a). The

investigated model is a substructure of the bridge, as shown in Figure 3.6(b), which

consists of the left 320m part of the girder, including the left span and half of the

central span, and the associated trusses. An unmeasured shear force w1 and an

unmeasured bending moment w2 are applied at the right end of the girder to account

for the dynamic effects of the remaining bridge structure on the model. A measured

excitation u is applied vertically at the marked position on the deck, which in practice

could be provided by a hammer or an actuator.

The substructure of the bridge is modelled using linear frame-type macro-elements:

the steel girder is discretized into 20 uniform Euler-Bernoulli beam elements, and the

other pin-jointed members are treated as truss elements. Each of the truss nodes
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1-11 and 32-43 has 2 DOFs i.e. translational motions along horizontal and vertical

axes. The axial stiffness of the truss element between nodes i and j is kij, which is

an unknown parameter to be identified. The mass matrix of each truss element is

obtained by assuming the element mass is lumped as point masses along the trans-

lational DOFs at the ends. The point mass from all the jointed members lumped

at each truss node is assumed to be known. Each of the beam nodes 12-31 has 2

DOFs i.e. vertical motion and rotation with neglect of axial motion. The stiffness

and mass matrices of the beam element between nodes i and j are given in equation

(3.49), where the corresponding stiffness parameter EIij is unknown. At the nodes of

contact between the truss elements and girder, a rigid element transformation relates

the truss nodal DOFs to the beam nodal DOFs. The left end of the girder is assumed

to be fixed and the bottom truss is connected with pin-joints to the piers, as shown

in the figure.

The state-space equations of the model are written in the following form:

ẋ = Ax+B1w1 +B2w2 +B3u, θ̇ = 0 (3.58)

where the dynamic state vector x contains all the nodal displacements, rotations

and the corresponding velocities. The parameter vector θ includes all the unknown

stiffness parameters of the truss and beam elements. The form of the system matrix

A is given in equation (3.54), where K and M are respectively the model stiffness

and mass matrices constructed from the assembly of all the element stiffness and mass

matrices of the truss and beam elements. B1, B2 and B3 are the affine-input vectors

for the measured and unmeasured inputs to the model. 4 sensors are installed on the

deck at the positions shown in Figure 3.6(b), where 2 vertical displacements and 2

vertical accelerations are measured to record the response of the bridge to the applied
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excitation u.

The proposed algorithm reports that the substructural model of the bridge is

fully observable in the presence of unmeasured inputs. Based on the measurements

obtained from the given sensor setup, it is theoretically feasible to estimate the un-

known properties of the substructure and in the meantime track its dynamics using

some suitably chosen system identification methods. Similar as in Example 3.4.3,

the result of this example suggests the theoretical possibility of an alternative strat-

egy that can be used to identify or perform health monitoring on a large structure

(e.g. as for the bridge), especially when there is a lack of sensors. A substructure

of the large structure, whose properties and dynamics are of interest, could be prop-

erly selected, modelled and identified while neglecting the remaining elements of the

structure which are not of interest. Such strategy of substructural identification would

help in tackling problems related to dimensionality and in using the available sensors

more efficiently, leading to an improvement of identification accuracy. In the cases of

substructural identification and many other realistic scenarios, the observability algo-

rithm proposed in this work would allow researchers to freely investigate the viability

of various structural models of interest and sensor patterns without concerning about

the computational constrains of the original observability method.

3.5 Conclusions

In this chapter, an efficient algorithm is developed to examine the observability and

identifiability of rational nonlinear systems with unmeasured inputs. The underlying

theory behind the algorithm is based on the extension of the extended Observabil-

ity Rank Condition (EORC-DF) to relax the requirement of systems being affine in
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inputs. A power series-based computational framework of the observability matrix

is established by making use of a variational system of differential equations. In

the framework, expensive symbolic computations of Lie derivatives are replaced by

cheaper calculations between power series with numerical coefficients. The use of

Newton’s iteration allows for obtaining a large number of Lie derivatives within a

small number of iterations, without the need to perform symbolic differentiations or

gradients. Additionally, the introduction of modular operations further improves the

efficiency of the algorithm through controlling the growth of numbers. A high-rise

shear building, the 2D FE model of a wind turbine and the 2D FE model of a large

bridge are successfully tested as examples to demonstrate the usefulness, robustness

and efficiency of the proposed algorithm. The obtained observability results of the

wind turbine and bridge models also suggest the possibility of performing substruc-

tural identification in order for more efficient system identification or structural health

monitoring.
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Chapter 4

Lie Symmetries of Nonlinear
Systems with Unmeasured Inputs

The main objective of this chapter is to propose two computational methods for find-

ing Lie symmetries of nonlinear dynamical systems with unmeasured inputs. The

developments are based on extensions of the existing computational methods sug-

gested in [102, 3, 86] for nonlinear systems with fully measured inputs and outputs.

Each of the proposed methods has its own advantages and disadvantages in terms of

applicability and computation efficiency. The resulting Lie symmetries found from

the methods can provide an alternative standpoint to understand the observability

and identifiability properties of dynamical systems. They are able to theoretically

predict what results could be obtained when identifying a dynamical system with a

given setup of sensors, what mathematical relationship would be between the identi-

fication results and true solutions, whether the system states and unmeasured inputs

could be under-estimated, over-estimated or correctly estimated, etc. In addition,

the chapter performs pioneer investigations on the utilization of Lie symmetries for

model reduction, sensor re-placement, etc. in order to improve system identification

results.

99



4.1 Lie symmetries of nonlinear systems with fully

measured inputs

4.1.1 Lie transformations

This section first briefly sketches some basic elements of Lie symmetry analysis of

differential equations; a more detailed exposition can be found in [76, 79, 12, 13].

Let x = [x1, x2, ..., xn]
T denote a vector of variables in a domain D ⊂ Rn, and

consider a subset S ⊆ R. The set of transformations

φ(x, ε) : D × S → D (4.1)

depending on the parameter ε, forms a one-parameter group of transformations on D

if:

1. For each value of the parameter ε ∈ S the transformations are one-to-one onto D;

2. S with the law of composition µ is a group with identity zero;

3. φ(x, 0) = x, ∀x ∈ D;

4. φ(φ(x, ε1), ε2) = φ(x, µ(ε1, ε2)), ∀x ∈ D, ∀ε1, ε2 ∈ S;

This group of transformations defines a one-parameter Lie group of transformations

if in addition to satisfying the axioms of the previous definition:

5. ε is a continuous parameter, i.e. S is an interval in R;

6. φ is C∞ with respect to x in D and an analytic function of ε in S;

7. µ(ε1, ε2) is an analytic function of ε1 and ε2, ∀ε1, ε2 ∈ S.

It is indicated by the Lie’s First Fundamental Theorem [11, 48, 47, 77] that the

Lie group of transformation is equivalent to the solution of the initial value problem
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for the system of first-order differential equations:

∂φ

∂ε
= ξ(φ), φ(x, 0) = x (4.2)

where ξ is an analytic tangent vector field, and ξ(x) is defined as the infinitesimals

of the group of transformations. Lie’s First Fundamental Theorem ensures that the

infinitesimals contain the essential information for characterizing a one-parameter Lie

group of transformations.

4.1.2 Lie symmetries

A one-parameter Lie group of transformations admitted by a set of differential equa-

tions is called a one-parameter group of Lie (point) symmetries of the differential

equations. Consider nonlinear dynamical systems that are written in the following

state-space representation:

ẋ = f(x, u) (4.3)

y = h(x, u)

where x = [x1, x2, ..., xn]
T denotes the augmented state vector [26] containing both the

dynamic states and the time-invariant parameters of the underlying system, u ∈ Rl

the vector of measured and hence known inputs, and y ∈ Rp the vector of output

measurements. A one-parameter group of Lie symmetries of the system described in

equation (4.3) is given by:

φ(x, ε) = [φ1,φ2, ...,φn]
T (4.4)

where the ith(1 ≤ i ≤ n) component of φ(x, ε), i.e. φi, is a Lie symmetry of the

ith component of x, i.e. xi, and it is in general an analytic function of x and the
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real constant parameter ε. A fundamental property of Lie symmetries is that such a

group of transformations of x and ε satisfies the state-space and output equations of

the considered system, leaving the measured inputs and outputs invariant, i.e.

φ̇ = f(φ, u) (4.5)

y = h(φ, u)

where the vectors of functions f and h between equation (4.3) and equation (4.5)

remain the same.

To illustrate the property of Lie symmetries, the following simple dynamical sys-

tem [86] is used as an example:

ẋ1 = θ1x
2
1 + θ2x1x2 + u (4.6)

ẋ2 = θ3x
2
1 + θ4x1x2

θ̇1 = 0, θ̇2 = 0, θ̇3 = 0, θ̇4 = 0

y = x1

The state vector of the system is x = [x1, x2, θ1, θ2, θ3, θ4]
T , and the one-parameter

group of Lie symmetries is found to be:

φ(x, ε) = [x1, e
εx2, θ1,

θ2
eε
, eεθ3, θ4]

T (4.7)

φ(x, ε) satisfies equation (4.6), that is, if one-to-one substitutions of φ for x are

performed in equation (4.6) the equations still hold. In other words, for the solution

of equation (4.6) x# and each value of ε, the group of transformations φ(x#, ε) is

also a solution of the equations, where it should be noted that φ(x#, ε) has included

the case of φ(x#, ε) = x# when ε = 0. Since ε can be any value, if one attempts to

identify the system based on u − y measurements, it would not be able to find the
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true solution of x, but rather one of the infinitely many incorrect solutions implied

by φ(x, ε). According to the definition of observability, the system is said to be

unobservable, and more specifically, x2, θ2 and θ3 are unobservable. x1, θ1 and θ4

however are observable because their symmetries, i.e. the corresponding components

of φ(x, ε), are not affected by the parameter ε. This brings an implication that a

system can be said to be observable if its Lie symmetries φ(x, ε) ≡ x for all possible

ε.

4.1.3 Computational methods

Two existing methods can be used to compute the groups of Lie symmetries of a

given nonlinear system with fully measured inputs and outputs. This section gives a

brief review of the computation procedure of the methods, while their mathematical

derivations can found in [86, 2, 102, 3] for details.

The first method was proposed by Sedoglavic [86], which is based on computing

the following observability matrix of the system in equation (4.3) symbolically:

dΩ =
∂Ω

∂x
, Ω =

&

'''(

L0
fh

L1
fh
...

Ln
fh

)

***+
(4.8)

where Li
fh refers to the ith order extended Lie derivative which is calculated recur-

sively by:

Li
fh =

∂Li−1
f h

∂x
f +

i!

j=1

∂Li−1
f h

∂u(j−1)
u(j) (4.9)

The expressions of the infinitesimals of the Lie transformations can then be deter-

mined by calculating the kernel of the observability matrix:

ξ = ker(dΩ) (4.10)
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Once the functions ξ are given, the differential equation in (4.2) can be solved, if

mathematically possible, to obtain the solution of φ(x, ε).

The second computational method and the corresponding algorithm were devel-

oped by Urguplu [102] and Anguelova [3]. The method is implemented based on

solving the following set of differential equations:

8
9:

9;

∂ξ(x)
∂x

f − ∂f
∂x
ξ(x) = 0

∂h
∂x
ξ(x) = 0

∂φ
∂ε

= ξ(φ), φ(x, 0) = x

(4.11)

In order to guarantee an analytic solution form equation (4.11), an assumption must

be made on the form of φ(x, ε) in advance. Typical forms of Lie symmetries include

translation, scaling, affine, Mobius, quadratic, etc. Substituting the expression of

φ(x, ε) into equation (4.11), the equations can then be solved analytically to deter-

mine the unknown coefficients in φ(x, ε).

In comparison, the first method is computationally cumbersome mainly due to the

symbolic computation of the observability matrix; analytically solving the differential

equation in (4.2) with the aim of obtaining general forms of Lie symmetries is often

computationally intractable or mathematically impossible. The second method is

computationally efficient, but the limitation is associated with its inability to deal

with general forms of Lie symmetries. In addition, real structural systems in practice

are often subject to loads or excitations which are difficult or too expensive to measure;

both of the aforementioned computational methods are not capable of handling the

situations where parts or potentially all of the inputs are unmeasured for a nonlinear

system.

Using the above computational methods, one may obtain multiple one-parameter

groups of Lie symmetries denoted by 1φ(x, ε1),
2φ(x, ε2), .... These one-parameter
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groups can be combined as a multi-parameter group of Lie symmetries through ap-

plying the Lie transformations successively:

φ(x, ε) = 1φ(2φ(..., ε2), ε1) (4.12)

where ε is a set of parameters ε = [ε1, ε2, ...].

4.2 Lie symmetries of nonlinear systems with un-

measured inputs

This work considers nonlinear dynamical systems with unmeasured inputs that can

be generally written in the following state-space representation:

ẋ = f(x, u,w) (4.13)

y = h(x, u,w)

where x = [x1, x2, ..., xn]
T denotes the augmented state vector containing both the

dynamic states and the time-invariant parameters of the underlying system. w =

[w1, w2, ..., wm]
T denotes the unmeasured and hence unknown inputs, u ∈ Rl the

vector of measured inputs and y ∈ Rp the vector of output measurements. f and

h are vectors of nonlinear analytic functions. Assume the system in equation (4.13)

contains r one-parameter groups of Lie symmetries. The ith(1 ≤ i ≤ r) group of the

system is a one-parameter, εi ∈ R, group of transformations:

iφx(x,w, εi) = [iφx,1,
iφx,2, ...,

iφx,n]
T (4.14)

iφw(x,w, εi) = [iφw,1,
iφw,2, ...,

iφw,m]
T

where the jth(1 ≤ j ≤ n) component of iφx, i.e.
iφx,j, is a Lie symmetry of the

jth component of x, i.e. xj, and it is in general an analytic function of x, w and
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the real constant parameter εi. Similarly, iφw,j(1 ≤ j ≤ m) is a Lie symmetry of wj

and it is also an analytic function of x, w and εi. A fundamental property of Lie

symmetries is that such a group of transformations of x, w and εi fulfils the equations

of the considered system, leaving the measured inputs and the output measurements

unchanged, i.e.

˙iφx = f(iφx,u,
iφw) (4.15)

y = h(iφx,u,
iφw)

where it should be noted that the functions f and h between equations (4.13) and

(4.15) remain the same. Further based on the Lie’s First Fundamental Theorem, the

following differential equations hold with known initial conditions of iφx and iφw:

∂iφx

∂εi
= iξx(

iφx,
iφw),

iφx(x,w, 0) = x (4.16)

∂iφw

∂εi
= iξw(

iφx,
iφw),

iφw(x,w, 0) = w

where iξx and iξw are vectors of nonlinear analytic functions. ∂iφx

∂εi

,,
εi=0

= iξx(x,w)

and ∂iφw

∂εi

,,
εi=0

= iξw(x,w) are the infinitesimals of the Lie group of transformations.

4.3 Analytic computations of translation, scaling

and Mobius Lie symmetries

In this section, a computational method of Lie symmetries of the system in equation

(4.13) is derived by extending the works in [102, 3] to account for the existence of

the unmeasured inputs. The symmetry computation relies on setting up a system of

differential equations whose solution provides the information of iξx and iξw appear-

ing in equation (4.16). The first differential equation of the system is derived based

on the fact that the state-space equation in equation (4.15) remains invariant for all
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possible realizations of the parameter εi, and therefore:

d ˙iφx

dεi
=

df(iφx,u,
iφw)

dεi
(4.17)

Since d ˙iφx

dεi
= diξx

dt
, equation (4.17) becomes:

diξx
dt

=
df(iφx,u,

iφw)

dεi
(4.18)

Applying the chain rule to equation (4.18) yields:

∂iξx
∂iφx

f +
∂iξx
∂iφw

diφw

dt
=

∂f

∂iφx

iξx +
∂f

∂iφw

iξw (4.19)

Similarly, the second differential equation of the system is derived based on the fact

that the measurement equation in equation (4.15) remains invariant for all possible

εi, and therefore:

dy

dεi
= 0 =

dh(iφx,u,
iφw)

dεi
(4.20)

Applying the chain rule to equation (4.20) yields:

∂h

∂iφx

iξx +
∂h

∂iφw

iξw = 0 (4.21)

The obtained equations (4.19) and (4.21) are then evaluated at εi = 0, leading to the

following system of differential equations:

>
∂iξx(x,w)

∂x
f + ∂iξx(x,w)

∂w
dw
dt

− ∂f
∂x

iξx(x,w)− ∂f
∂w

iξw(x,w) = 0
∂h
∂x

iξx(x,w) + ∂h
∂w

iξw(x,w) = 0
(4.22)

where f and h correspond to the functions in equation (4.13). Analytically solving

the system of equations in (4.22) yields iξx(x,w) and iξw(x,w), and the Lie’s First

Fundamental Theorem ensures iξx(x,w) and iξw(x,w) contain the essential infor-

mation for characterizing iξx(
iφx,

iφw) and
iξw(

iφx,
iφw). Subsequently solving the

equations in (4.16) allow for obtaining the group of Lie symmetries iφx and iφw.
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In general, obtaining an analytical solution of the above system of differential equa-

tions is challenging if no assumptions are made for the symmetries [102]. However,

if iφx and iφw are assumed to be certain types of symmetries, such as translation,

scaling and Mobius, the system of differential equations can be solved automatically

and efficiently. Section 4.3.1, 4.3.2 and 4.3.3 discuss in detail the efficient computa-

tions of one-parameter translation, scaling and Mobius types of symmetries for the

system described in (4.13). It is further assumed in the following sections that all the

symmetries occurring in the system are related to translation, scaling and Mobius

symmetries and their combinations. This simplifying assumption is often satisfied for

a wide range of real world engineering systems. Other types of Lie transformations

not studied in this work include affine, quadratic and some more general higher-order

polynomial symmetries as investigated in [102] for systems with fully measured inputs.

Efficient computations of those types of symmetries in the presence of unmeasured

inputs are potentially also feasible using the framework derived herein and will be

the focus of future extensions of this work.

4.3.1 Translation symmetries

If the ith group of Lie symmetries are translation symmetries then:

iφx,1 = x1 + αi,1εi (4.23)

...

iφx,n = xn + αi,nεi

iφw,1 = w1 + αi,n+1εi

...

iφw,m = wm + αi,n+mεi
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where αi,1, ...,αi,n+m are constant coefficients to be determined. The corresponding

iξx and iξw to iφx and iφw can thus be expressed as:

iξx,1 =
∂iφx,1

∂εi
= αi,1 (4.24)

...

iξx,n =
∂iφx,n

∂εi
= αi,n

iξw,1 =
∂iφw,1

∂εi
= αi,n+1

...

iξw,m =
∂iφw,m

∂εi
= αi,n+m

If the expressions of iξx and iξw from equation (4.24) are used in equations (4.19)

and (4.21), consequently the system of equations in (4.22) can be simplified to:
8
999999999:

999999999;

&

'(

∂f1
∂x1

. . . ∂f1
∂xn

...
. . .

...
∂fn
∂x1

. . . ∂fn
∂xn

)

*+

&

'(
αi,1

...

αi,n

)

*++

&

'(

∂f1
∂w1

. . . ∂f1
∂wm

...
. . .

...
∂fn
∂w1

. . . ∂fn
∂wm

)

*+

&

'(
αi,n+1

...

αi,n+m

)

*+ = 0

&

'(

∂h1

∂x1
. . . ∂h1

∂xn
...

. . .
...

∂hp

∂x1
. . . ∂hp

∂xn

)

*+

&

'(
αi,1

...

αi,n

)

*++

&

'(

∂h1

∂w1
. . . ∂h1

∂wm
...

. . .
...

∂hp

∂w1
. . . ∂hp

∂wm

)

*+

&

'(
αi,n+1

...

αi,n+m

)

*+ = 0

(4.25)

4.3.2 Scaling symmetries

If the ith group of Lie symmetries are scaling symmetries then:

iφx,1 = eαi,1εix1 (4.26)

...

iφx,n = eαi,nεixn

iφw,1 = eαi,n+1εiw1

...

iφw,m = eαi,n+mεiwm
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where αi,1, ...,αi,n+m are constant coefficients to be determined. The corresponding

iξx and iξw to iφx and iφw can thus be expressed as:

iξx,1 =
∂iφx,1

∂εi
= αi,1

iφx,1 (4.27)

...

iξx,n =
∂iφx,n

∂εi
= αi,n

iφx,n

iξw,1 =
∂iφw,1

∂εi
= αi,n+1

iφw,1

...

iξw,m =
∂iφw,m

∂εi
= αi,n+m

iφw,m

If the expressions of iξx and iξw from equation (4.27) are used in equations (4.19)

and (4.21), consequently the system of equations in (4.22) can be simplified to:

8
99999999999999999:

99999999999999999;

&

'(
αi,1 . . . 0
...

. . .
...

0 . . . αi,n

)

*+

&

'(
f1
...

fn

)

*+−

&

'(

∂f1
∂x1

. . . ∂f1
∂xn

...
. . .

...
∂fn
∂x1

. . . ∂fn
∂xn

)

*+

&

'(
αi,1x1

...

αi,nxn

)

*+

−

&

'(

∂f1
∂w1

. . . ∂f1
∂wm

...
. . .

...
∂fn
∂w1

. . . ∂fn
∂wm

)

*+

&

'(
αi,n+1w1

...

αi,n+mwm

)

*+ = 0

&

'(

∂h1

∂x1
. . . ∂h1

∂xn
...

. . .
...

∂hp

∂x1
. . . ∂hp

∂xn

)

*+

&

'(
αi,1x1

...

αi,nxn

)

*++

&

'(

∂h1

∂w1
. . . ∂h1

∂wm
...

. . .
...

∂hp

∂w1
. . . ∂hp

∂wm

)

*+

&

'(
αi,n+1w1

...

αi,n+mwm

)

*+ = 0

(4.28)
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4.3.3 Mobius symmetries

If the ith group of Lie symmetries are Mobius symmetries then:

iφx,1 =
x1

1− εiαi,1x1

(4.29)

...

iφx,n =
xn

1− εiαi,nxn

iφw,1 =
w1

1− εiαi,n+1w1

...

iφw,m =
wm

1− εiαi,n+mwm

where αi,1, ...,αi,n+m are constant coefficients to be determined. The corresponding

iξx and iξw to iφx and iφw can thus be expressed as:

iξx,1 =
∂iφx,1

∂εi
= αi,1

iφ2
x,1 (4.30)

...

iξx,n =
∂iφx,n

∂εi
= αi,n

iφ2
x,n

iξw,1 =
∂iφw,1

∂εi
= αi,n+1

iφ2
w,1

...

iξw,m =
∂iφw,m

∂εi
= αi,n+m

iφ2
w,m
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If the expressions of iξx and iξw from equation (4.30) are used in equations (4.19)

and (4.21), consequently the system of equations in (4.22) can be simplified to:
8
99999999999999999:

99999999999999999;

&

'(
2αi,1x1 . . . 0

...
. . .

...

0 . . . 2αi,nx2

)

*+

&

'(
f1
...

fn

)

*+−

&

'(

∂f1
∂x1

. . . ∂f1
∂xn

...
. . .

...
∂fn
∂x1

. . . ∂fn
∂xn

)

*+

&

'(
αi,1x

2
1

...

αi,nx
2
n

)

*+

−

&

'(

∂f1
∂w1

. . . ∂f1
∂wm

...
. . .

...
∂fn
∂w1

. . . ∂fn
∂wm

)

*+

&

'(
αi,n+1w

2
1

...

αi,n+mw
2
m

)

*+ = 0

&

'(

∂h1

∂x1
. . . ∂h1

∂xn
...

. . .
...

∂hp

∂x1
. . . ∂hp

∂xn

)

*+

&

'(
αi,1x

2
1

...

αi,nx
2
n

)

*++

&

'(

∂h1

∂w1
. . . ∂h1

∂wm
...

. . .
...

∂hp

∂w1
. . . ∂hp

∂wm

)

*+

&

'(
αi,n+1w

2
1

...

αi,n+mw
2
m

)

*+ = 0

(4.31)

All the systems of equations (4.25), (4.28) and (4.31) can be converted to a linear

in the coefficients system:

Mαi = 0 (4.32)

where αi = [αi,1, ...,αi,n+m]
T and M is a matrix of functions of x, w and u. M can

be calculated symbolically by:

M =
∂P

∂αi

(4.33)

where P is a vector of the left hand side of equations (4.25), (4.28) or (4.31) that can

be commonly expressed as:

P =

"
∂iξx
∂x

f − ∂f
∂x

iξx − ∂f
∂w

iξw
∂h
∂x

iξx + ∂h
∂w

iξw

#
(4.34)

The vector of coefficients αi can then be determined by calculating the kernel of M

symbolically, i.e. αi = ker(M ) giving rise to different bases as groups of realizations

of αi. Each basis corresponds to a different parameter εi. An algorithm was presented

in [102] to calculate αi efficiently for rational nonlinear systems by specializing sym-

bolic variables in M to random values and performing computations over a finite

field.
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4.3.4 r-parameter group of Lie symmetries

It is often the case that a dynamical system contains multiple one-parameter groups of

Lie symmetries. Multiple translation, scaling and Mobius symmetries of the system in

equation (4.13) can be obtained by calculating the kernel of M for multiple solutions

of bases with each basis corresponding to the coefficients of an independent group

of translation, scaling or Mobius symmetries. These obtained groups of translations,

scalings and Mobius can be treated separately, or alternatively they can be combined

into a single multi-parameter group of Lie symmetries. The principle behind the way

of combination is based on the property that Lie transformations of iφx and iφw are

themselves Lie transformations of x and w that satisfy the equations of the original

system [76].

For example, it is assumed that there exists r one-parameter groups of symmetries

including rt groups of translations and rs groups of scalings without the consideration

of Mobius. If one successively applies the translations and scalings in spite of their

sequence to transform x and w iteratively, the result gives an r-parameter group of

Lie symmetries of the system. Suppose all the translation symmetries are combined

first. Let α1, ...,αrt be the coefficients of the translations, and the jth component of

the combination is given by:

xj + α1,jε1 + ...+ αrt,jεrt (4.35)

Next all the scaling symmetries are combined. Let αrt+1, ...,αr be the coefficients of

the scalings, and the jth component of the combination is given by:

eαrt+1,jεrt+1+...+αr,jεrxj (4.36)

Combining all the one-parameter groups of symmetries using equations (4.35) and
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(4.36) gives:

φx,j = eαrt+1,jεrt+1+...+αr,jεr(xj + α1,jε1 + ...+ αrt,jεrt) (4.37)

where φx,j is the j
th component of φx. φx(x,w, ε) is used to denote the r-parameter

group of Lie symmetries with ε = [ε1, ..., εr]. φw(x,w, ε) can be obtained in a similar

fashion.

4.3.5 From Lie symmetries to observability

Identical to their one-parameter sub-groups of Lie symmetries, φx and φw as the

transformations of x and w satisfy the equations of the considered system leaving u

and y unchanged, i.e.

φ̇x = f(φx,u,φw) (4.38)

y = h(φx,u,φw)

This fundamental property builds the relationship between the r-parameter group

of Lie symmetries and the observability of the system. If φx,j ∕≡ xj, then xj is

unobservable given the measurements of u and y. Similarly, if φw,j ∕≡ wj, then wj

is unobservable given the measurements of u and y. On the contrary, if [φx,φw] ≡

[x,w], then all the states and unmeasured inputs are observable resulting in a fully

observable underlying system.

4.3.6 Model reduction

The model of an unobservable system can be reduced to an equivalent model with a

minimum number of unobservable states and unmeasured inputs utilizing the results

of Lie symmetries. If the system in equation (4.13) is found to contain an r-parameter

group of Lie symmetries, then at least a total of r states and unmeasured inputs are
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unobservable whose symmetries are functions of ε. There exist however a set of

transformations of the states and unmeasured inputs, xT , with respect to which the

system model can be re-written or reduced such that the reduced model contains up

to n + m − r observable states and unmeasured inputs and a minimum number of

unobservable variables. In the case where all the unobservable variables could vanish,

the model reduction would lead to a fully observable model.

To obtain xT in the case of transforming an unobservable model to be observable,

if possible, a transformation S is first sought by combining the components of φx and

φw, i.e. S(φx,φw), where the goal is to eliminate all the parameters ε. xT is then

introduced to be identically equal to S(φx,φw). This process will be demonstrated

through the following example where some added properties of this transformation

allow for obtaining an observable reduced model.

4.3.7 Algorithm

An algorithm is presented in the following to summarize the procedure of computing

translation, scaling and Mobius symmetries of the system in equation (4.13). All the

computations involved are symbolic, and the resulting multi-parameter group of Lie

symmetries from the algorithm is a combination of all the translations, scalings and

Mobius computed using the methods described in Section 4.3.1-4.3.4.

Algorithm 4.1

Input: the state-space and measurement equations of the considered system

Output: an r-parameter group of Lie symmetries

1. Compute ∂f
∂x
, ∂f

∂w
, ∂h

∂x
and ∂h

∂w
;

2. First the translation symmetries are computed. Let 1α = [α1, ...,αn] and
2α =

[αn+1, ...,αn+m]. Compute P1 = ∂f
∂x
(1α)T + ∂f

∂w
(2α)T and P2 = ∂h

∂x
(1α)T + ∂h

∂w
(2α)T ;
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3. Let P = [P1
T ,P2

T ]T , and compute M = ∂P
∂α

;

4. Compute α = ker(M ) and obtain rt bases of α;

5. Substitute the coefficients into equation (4.23) to obtain the translations

[1φx,
1φw], ..., [

rtφx,
rtφw];

6. Now the scaling symmetries are computed. Compute P1 = diag(1α)f−∂f
∂x
diag(x)(1α)T−

∂f
∂w

diag(w)(2α)T and P2 = ∂h
∂x
diag(x)(1α)T + ∂h

∂w
diag(w)(2α)T ;

7. Let P = [P1
T ,P2

T ]T , and compute M = ∂P
∂α

8. Compute α = ker(M ) and obtain rs bases of α;

9. Substitute the coefficients into equation (4.26) to obtain the scalings

[rt+1φx,
rt+1φw], ..., [

rt+rsφx,
rt+rsφw];

10. Then the Mobius symmetries are computed. Compute P1 = 2diag(1α)diag(x)f−

∂f
∂x
diag(x)2(1α)T− ∂f

∂w
diag(w)2(2α)T and P2 = ∂h

∂x
diag(x)2(1α)T+ ∂h

∂w
diag(w)2(2α)T ;

11. Let P = [P1
T ,P2

T ]T , and compute M = ∂P
∂α

;

12. Compute α = ker(M ) and obtain rm bases of α;

13. Substitute the coefficients into equation (4.29) to obtain the Mobius

[rt+rs+1φx,
rt+rs+1φw], ..., [

rφx,
rφw];

14. Combine [1φx,
1φw], ..., [

rφx,
rφw] to obtain φx and φw.

4.3.8 Illustrative example 1: a 2 degrees of freedom (2DOFs)
mass-spring system

Consider a 2 DOFs mass-spring system as shown in Figure 4.1. The displacements

of the two masses m are denoted as x1 and x2 respectively, and the corresponding

velocities are denoted as v1 and v2. k1 and k2 are the effective stiffness of the springs.

The 2 DOFs system is driven by an unmeasured force F (t) applied at the second
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Figure 4.1: A 2 DOFs mass-spring system

mass. The state-space equations of the underlying system are given by:

d

dt

&

''''''''(

x1

x2

v1
v2
k1
k2
m

)

********+

=

&

''''''''(

v1
v23

− k1x1 + k2(x2 − x1)
4
/m3

k2(x1 − x2) + F
4
/m

0
0
0

)

********+

(4.39)

where k1, k2 and m are the unknown parameters to be identified. The displacements

x1 and x2 are measured, and therefore the measurement equations of the system are

given by:

y =

"
x1

x2

#
(4.40)

For the example system, Algorithm 4.1 gives a one-parameter group of scaling Lie

symmetries:

"
φx

φw

#
= [x1, x2, v1, v2, e

εk1, e
εk2, e

εm, eεF ]T (4.41)

As can be seen from the results of symmetries, the symmetries of x1, x2, v1 and v2

are identically equal to themselves, which indicates that those states are observable.

On the contrary, the parameters k1, k2 and m are unidentifiable and the unmeasured
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excitation F is unobservable. The observability results suggested by the symmetries

are in agreement with the results output from the observability algorithm EORC-DF.

4.3.9 Illustrative example 2: a 2 degrees of freedom (2DOFs)
mass-spring system with a Bouc-Wen element

Figure 4.2: A 2 DOFs mass-spring system with a Bouc-Wen element

Consider a 2 DOFs mass-spring system as shown in Figure 4.2. The displacements

of the two masses m are denoted as x1 and x2 respectively, and the corresponding

velocities are denoted as v1 and v2. k1 and k2 are the effective stiffness of the springs.

The first spring is assumed to be a Bouc-Wen element with the elastic displacement

r. The 2 DOFs system is driven by an unmeasured force F (t) applied at the second

mass. The state-space equations of the underlying system are given by:

d

dt

&

''''''''''''''(

x1

x2

v1
v2
r
k1
k2
m
β
γ

)

**************+

=

&

''''''''''''''(

v1
v23

− k1r + k2(x2 − x1)
4
/m3

k2(x1 − x2) + F
4
/m

v1 − β|v1||r|r − γv1|r|2
0
0
0
0
0

)

**************+

(4.42)

where β and γ are the Bouc-Wen hysteretic parameters. The parameters k1, k2, m,
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β and γ are unknown and thus are to be identified given measurements. It should be

noted that the exponent of the Bouc-Wen model is assumed to be known and equal

to 2. This is not due to the limitations of the method suggested in this work which

would allow for studying non-rational systems, but for presenting the results within

a more concise way. The displacements x1 and x2 are measured, and therefore the

measurement equations of the system are given by:

y =

"
x1

x2

#
(4.43)

The proposed method in this work cannot be applied directly to the underlying

system because the system is not smooth due to the existence of the absolute value op-

erators. However, as discussed in [26], it can be divided into several smooth branches

under different conditions of the states, and these smooth branches are then allowed

to be examined separately. The state-space equations to describe those branches are

given in the following, while the measurement equations remain the same:

(A) :
d

dt

&

''''''''''''''(

x1

x2

v1
v2
r
k1
k2
m
β
γ

)

**************+

=

&

''''''''''''''(

v1
v23

− k1r + k2(x2 − x1)
4
/m3

k2(x1 − x2) + F
4
/m

v1 − βv1r
2 − γv1r

2

0
0
0
0
0

)

**************+

, when v1 > 0 and r > 0(4.44)
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(B) :
d

dt

&

''''''''''''''(

x1

x2

v1
v2
r
k1
k2
m
β
γ

)

**************+

=

&

''''''''''''''(

v1
v23

− k1r + k2(x2 − x1)
4
/m3

k2(x1 − x2) + F
4
/m

v1 + βv1r
2 − γv1r

2

0
0
0
0
0

)

**************+

, when v1 < 0 and r > 0

(C) :
d

dt

&

''''''''''''''(

x1

x2

v1
v2
r
k1
k2
m
β
γ

)

**************+

=

&

''''''''''''''(

v1
v23

− k1r + k2(x2 − x1)
4
/m3

k2(x1 − x2) + F
4
/m

v1 + βv1r
2 − γv1r

2

0
0
0
0
0

)

**************+

, when v1 > 0 and r < 0

(D) :
d

dt

&

''''''''''''''(

x1

x2

v1
v2
r
k1
k2
m
β
γ

)

**************+

=

&

''''''''''''''(

v1
v23

− k1r + k2(x2 − x1)
4
/m3

k2(x1 − x2) + F
4
/m

v1 − βv1r
2 − γv1r

2

0
0
0
0
0

)

**************+

, when v1 < 0 and r < 0

For branches A and D, Algorithm 4.1 gives a 2-parameter group of Lie symmetries

that is a combination of a group of translations and a group of scalings:

"
φx

φw

#

AD

= [x1, x2, v1, v2, r, e
ε1k1, e

ε1k2, e
ε1m, β + ε2, γ − ε2, e

ε1F ]T (4.45)

while for branches B and C, the algorithm outputs the following 2-parameter group

of Lie symmetries:

"
φx

φw

#

BC

= [x1, x2, v1, v2, r, e
ε1k1, e

ε1k2, e
ε1m, β + ε3, γ + ε3, e

ε1F ]T (4.46)
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As can be seen from the results of symmetries, the symmetries of x1, x2, v1, v2 and

r are identically equal to themselves, which indicates that those states are observ-

able. On the contrary, the parameters k1, k2, m, β and γ are unidentifiable and the

unmeasured excitation F is unobservable within the corresponding branches. The

observability results suggested by the symmetries are in agreement with the results

output from the observability algorithm EORC-DF.

In the following, a transformation S is determined for combining the resulting Lie

symmetries so as to eliminate all ε1, ε2 and ε3:

S(φx,φw) =

&

''''''''''''''(

x1

x2

v1
v2
r

eε1k1
eε1m
eε1k2
eε1m

β + ε2 + γ − ε2
β + ε3 − (γ + ε3)

eε1F
eε1m

)

**************+

=

&

''''''''''''''(

x1

x2

v1
v2
r
k1
m
k2
m

β + γ
β − γ

F
m

)

**************+

(4.47)

A set of new dimensionless variables, f1, f2, δ1, δ2 and Fm, are then introduced such

that:

xT =

&

''''''''''''''(

x1

x2

v1
v2
r
f1
f2
δ1
δ2
Fm

)

**************+

≡

&

''''''''''''''(

x1

x2

v1
v2
r
k1
m
k2
m

β + γ
β − γ

F
m

)

**************+

(4.48)

and the models of the 4 branches A, B, C and D can be re-written with respect to
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xT as follows:

(A) :
d

dt

&

''''''''''(

x1

x2

v1
v2
r
f1
f2
δ1

)

**********+

=

&

''''''''''(

v1
v2

−f1r + f2(x2 − x1)
f2(x1 − x2) + Fm

v1 − δ1v1r
2

0
0
0

)

**********+

, when v1 > 0 and r > 0 (4.49)

(B) :
d

dt

&

''''''''''(

x1

x2

v1
v2
r
f1
f2
δ2

)

**********+

=

&

''''''''''(

v1
v2

−f1r + f2(x2 − x1)
f2(x1 − x2) + Fm

v1 + δ2v1r
2

0
0
0

)

**********+

, when v1 < 0 and r > 0

(C) :
d

dt

&

''''''''''(

x1

x2

v1
v2
r
f1
f2
δ2

)

**********+

=

&

''''''''''(

v1
v2

−f1r + f2(x2 − x1)
f2(x1 − x2) + Fm

v1 + δ2v1r
2

0
0
0

)

**********+

, when v1 > 0 and r < 0

(D) :
d

dt

&

''''''''''(

x1

x2

v1
v2
r
f1
f2
δ1

)

**********+

=

&

''''''''''(

v1
v2

−f1r + f2(x2 − x1)
f2(x1 − x2) + Fm

v1 − δ1v1r
2

0
0
0

)

**********+

, when v1 < 0 and r < 0

It should be noted that in the reduced models in equation (4.49), f1 =
k1
m

and f2 =
k2
m

are related to the natural frequencies of the system, δ1 and δ2 are the new Bouc-

Wen parameters and Fm = F
m

is a new unmeasured input to the system. Given the
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same measurements in equation (4.43), the reduced models are observable with all its

dynamic states and parameters as well as the unmeasured input observable, which

can be verified by the observability algorithm EORC-DF.

4.4 Analytic and power series solutions of general

Lie symmetries

Section 4.3 provides a method which allows for efficient computations of certain types

of Lie symmetries of the considered system in equation (4.13). Alternative to that,

this section proposes a different method with the aim of computing the analytic and

power series solutions of general Lie symmetries.

4.4.1 Lie symmetries of the augmented system

To derive the proposed framework, the system in equation (4.13) is augmented, simi-

larly as in Chapter 3 (see details in Section 3.2), by including the states x (containing

both dynamic states and unknown parameters in this chapter), the unmeasured inputs

w and their time derivatives up to order k in a common state vector, xk:

xk = [xT ,wT , ẇT , ...,w(k)T ]T (4.50)

such that the state-space and measurement equations of the system with respect to

xk become:

ẋk =

&

'''''(

f(x, u,w)
ẇ
...

w(k)

w(k+1)

)

*****+
= F k(xk,u,w(k+1)) (4.51)

y = h(x, u,w)

where w(k) = dkw
dtk

. It should be noted that the augmented system in equation (4.51)

still contains r unmeasured inputs which now coincide with the (k + 1)th order time
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derivatives of the original unmeasured inputs, i.e. w(k+1).

Recall that the (extended) Lie derivatives of the output function of the augmented

system are introduced using the following formulation:

Lj
fh =

∂Lj−1
f h

∂x
f +

j!

v=1

∂Lj−1
f h

∂w(v−1)
w(v) +

j!

v=1

∂Lj−1
f h

∂u(v−1)
u(v) (4.52)

where Lj
fh is defined as the jth order Lie derivative which can be calculated recur-

sively from the previous order using equation (4.52), given the zero-order L0
fh = h.

A straightforward calculation based on the chain rule shows that the jth order Lie

derivative is equivalent to:

Lj
fh =

dLj−1
f h

dt
=

djh

dtj
(4.53)

Now it is assumed the augmented system in equation (4.51) contains r one-

parameter groups of Lie symmetries, and its ith(1 ≤ i ≤ r) group is a one-parameter,

εi ∈ R, group of transformations:

iφxk(xk,w(k+1), εi) = [iφT
x ,

iφT
w,

iφT
ẇ, ...,

iφT
w(k) ]

T (4.54)

iφw(k+1)(xk,w(k+1), εi) = [iφw(k+1),1,
iφw(k+1),2, ...,

iφw(k+1),m]
T

where iφx and iφw are respectively the corresponding Lie symmetries of x and w,

and in general are both vectors of nonlinear analytic functions of xk, w(k+1) and

the real constant parameter εi. Obviously, such group of Lie transformations fulfils

the equations of the augmented system leaving the measured inputs and the output

measurements unchanged, i.e.

˙iφxk = F k(iφxk ,u, iφw(k+1)) (4.55)

y = h(iφx,u,
iφw)
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It should be noted that if the group of Lie symmetries could be determined, it ensures

that iφx and iφw would be determined as the components of iφxk which fulfils the

equations of the original system as in equation (4.15). Further based on the Lie’s First

Fundamental Theorem, the following differential equations hold with known initial

conditions of iφxk and iφw(k+1) :

∂iφxk

∂εi
= iξxk(iφxk , iφw(k+1)),

iφxk(xk,w(k+1), 0) = xk (4.56)

∂iφw(k+1)

∂εi
= iξw(k+1)(iφxk , iφw(k+1)), iφw(k+1)(xk,w(k+1), 0) = w(k+1)

where iξxk and iξw(k+1) are vectors of nonlinear analytic functions.
∂iφ

xk

∂εi

,,
εi=0

=

iξxk(xk,w(k+1)) and
∂iφ

w(k+1)

∂εi

,,
εi=0

= iξw(k+1)(xk,w(k+1)) are the infinitesimals of the

Lie group of transformations.

4.4.2 Analytic computation of the iξxk functions

This section aims to compute the vector of functions iξxk by solving a set of equations

analytically. This set of equations are derived based on the fact that the following

time derivatives of the measurement equation in equation (4.55) up to any order j ≥ 0

remain invariant for all possible εi,

y = h(iφx,u,
iφw) (4.57)

ẏ =
dh(iφx,u,

iφw)

dt
...

y(j) =
djh(iφx,u,

iφw)

dtj
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and therefore,

dy

dεi
= 0 =

dh(iφx,u,
iφw)

dεi
(4.58)

dẏ

dεi
= 0 =

ddh(iφx,u,
iφw)

dt

dεi
...

dy(j)

dεi
= 0 =

ddjh(iφx,u,
iφw)

dtj

dεi

Applying the chain rule to equation (4.58) yields:

∂h(iφx,u,
iφw)

∂iφxk

iξxk +
∂h(iφx,u,

iφw)

∂iφw(k+1)

iξw(k+1) = 0 (4.59)

∂ dh(iφx,u,
iφw)

dt

∂iφxk

iξxk +
∂ dh(iφx,u,

iφw)
dt

∂iφw(k+1)

iξw(k+1) = 0

...

∂ djh(iφx,u,
iφw)

dtj

∂iφxk

iξxk +
∂ djh(iφx,u,

iφw)
dtj

∂iφw(k+1)

iξw(k+1) = 0

The obtained equations in (4.59) are then evaluated at εi = 0, leading to the following

set of equations:

∂h

∂xk
iξxk(xk,w(k+1)) +

∂h

∂w(k+1)
iξw(k+1)(xk,w(k+1)) = 0 (4.60)

∂ dh
dt

∂xk
iξxk(xk,w(k+1)) +

∂ dh
dt

∂w(k+1)
iξw(k+1)(xk,w(k+1)) = 0

...

∂ djh
dtj

∂xk
iξxk(xk,w(k+1)) +

∂ djh
dtj

∂w(k+1)
iξw(k+1)(xk,w(k+1)) = 0

where h corresponds to the measurement function in equation (4.13). From equation

(4.53) it is known that djh
dtj

= Lj
fh. Furthermore, it can be deduced from equation

(4.52) that the Lie derivatives of the augmented system up to order j are independent

of w(j+1) and its higher order time derivatives, and therefore
∂L

j
fh

∂w(k+1) = 0 for j =
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0, ..., k. For j = k equation (4.60) thus becomes:

∂L0
fh

∂xk
iξxk(xk,w(k+1)) = 0 (4.61)

∂Lfh

∂xk
iξxk(xk,w(k+1)) = 0

...

∂Lk
fh

∂xk
iξxk(xk,w(k+1)) = 0

Equation (4.61) can be expressed in the form of matrix multiplication:

&

''''(

∂L0
fh

∂xk

∂Lfh

∂xk

...
∂Lk

fh

∂xk

)

****+
iξxk(xk,w(k+1)) = dΩkiξxk(xk,w(k+1)) = 0 (4.62)

It can be immediately observed that the structure of the matrix dΩk is identical to

the k-row observability matrix introduced in Chapter 3 (see details in Section 3.2).

Using equation (4.62) at k = k0,
iξxk can be obtained analytically by computing the

kernel of dΩk symbolically for multiple solutions of bases. iξxk = ker(dΩk) results in

r bases of the kernel i.e. 1ξxk , ..., rξxk corresponding respectively to r groups of Lie

symmetries of the augmented system in equation (4.55). Taking into consideration

that different choices of k may lead to different iξxk(i = 1, ..., r), the results of iξxk

should be determined at a choice of k = k0 for which
iξx and iξw as the components of

iξxk remain invariant for any k > k0. This is associated with the k-row observability

properties of x and w suggested from dΩk being convergent as discussed in Chapter

3. Furthermore, it should be noted that since the Lie derivatives up to order k are

independent of w(k+1), the matrix dΩk is independent of w(k+1); consequently the

bases of the kernel of dΩk, i.e. iξxk(i = 1, ..., r), are independent of w(k+1). It is
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therefore possible to write equation (4.62) as:

&

''''(

∂L0
fh

∂xk

∂Lfh

∂xk

...
∂Lk

fh

∂xk

)

****+
iξxk(xk) = dΩkiξxk(xk) = 0 (4.63)

The following algorithm summarizes the procedure of symbolically computing the

iξxk functions.

Algorithm 4.2

Input: the state-space and measurement equations of the system in equation (4.13)

Output: the iξxk(i = 1, ..., r) functions

Initialization: Set k = 0, xk = [xT ,wT ]T , Lk
fh = h(x, u,w), dΩk =

∂Lk
fh

∂xk

1. Set k = k + 1;

2. Set xk = [xk−1T ,w(k)T ]T ;

3. Compute Lk
fh =

∂L
k−1
f h

∂x
f +

5k
v=1

∂L
k−1
f h

∂w(v−1)w
(v) +

5k
v=1

∂L
k−1
f h

∂u(v−1) u
(v);

4. Compute and arrange dΩk =

6
dΩk−1 0

∂Lk
fh

∂xk

7
;

5. Compute the rank of dΩk, and if rank(dΩk) < n+(k+1)m, detect the observability

of x and w;

6. Go to step 8 if rank(dΩk) = n + (k + 1)m, or x and w are observable, or the

observability of x and w has been convergent;

7. Go to step 1;

8. Compute r bases of the kernel of dΩk, yielding 1ξxk , ..., rξxk .

4.4.3 Analytic and power series solutions of iφx and iφw

With the expressions of iξxk(i = 1, ..., r) obtained from Algorithm 4.2, it is now

sufficient to compute iφx and iφw(i = 1, ..., r) i.e. the groups of Lie symmetries of
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the considered system in (4.13), using equation (4.56) i.e.

∂iφxk

∂εi
= iξxk(iφxk), iφxk(xk,w(k+1), 0) = xk (4.64)

It should be noted that iξxk in equation (4.64) is not a function of iφw(k+1) because

iξxk

,,
εi=0

is not a function of w(k+1) as shown in the previous section. Analytically

solving equation (4.64) as an initial value problem allows for obtaining iφxk(i =

1, ..., r) and thus obtaining iφx and iφw as the components of iφxk . For certain types

of Lie symmetries, such as translation, scaling and Mobius symmetries as described

in Section 4.3, their analytic solutions are always computable.

In the general case of Lie symmetries, however, analytically solving equation (4.64)

can become an intractable problem or computationally cumbersome. To alleviate this

constraint, the main objective of this section is to explore methods for determining

the power series solutions or expansions of iφx and iφw. Given the power series

expansions of iφx and iφw with the accuracy of a specific order, it is possible to

determine the full iφx and iφw based on, for example, the use of Hermite-Pade

approximation as in [86]. In addition, the relationships between the components

of iφx and iφw can be deduced from the relationships between their power series

expansions, such that the goal of model reduction can be achieved through combining

those components to eliminate εi. Numerical analyses of iφx and iφw are also feasible

using their power series approximations.

Consider the following power series expansion of iφxk with respect to εi:

iφxk = iφxk

,,
εi=0

+
diφxk

dεi

,,,,
εi=0

εi +
d2iφxk

dε2i

,,,,
εi=0

ε2i
2
+ ... (4.65)

The coefficients of the power series can be calculated recursively by:

dj iφxk

dεji

,,,,
εi=0

=
d
dj−1iφ

xk

dεj−1
i

dεi

,,,,
εi=0

(4.66)
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Applying the chain rule to equation (4.66) yields:

dj iφxk

dεji

,,,,
εi=0

=
∂

dj−1iφ
xk

dεj−1
i

∂iφxk

iξxk

,,,,
εi=0

=

∂
dj−1iφ

xk

dεj−1
i

,,,,
εi=0

∂xk
iξxk(xk) (4.67)

with the initial coefficient:

iφxk

,,
εi=0

= xk (4.68)

Again determining the power series expansion of iφxk(i = 1, ..., r) using equations

(4.65), (4.67) and (4.68) would lead to determining the power series expansions of iφx

and iφw(i = 1, ..., r) as its components. More efficiently, if iξxk in equation (4.64)

is further a vector of rational or polynomial functions, the power series expansion of

iφxk can be computed through solving equation (4.64) for a power series solution by

means of Newton’s iteration.

For the sake of simplicity, it is assumed that iξxk is a vector of nonlinear poly-

nomial functions. Details about solving rational ordinary differential equations, in a

more general case, using Newton’s iteration can be seen in Section 3.3.1 and 3.3.2.

The objective of the use of Newton’s iteration is to solve equation (4.64) for the power

series expansion of iφxk up to an order of interest, say z, through a number of iter-

ative computations. The iterations start from the initial condition xk which is the

first term of the power series. At each iteration, the power series expansion of iφxk

is computed up to a certain order smaller than z, and it is then used for the next

iteration to compute the power series up to a higher order closer to z. Such iterations

terminate when order z is reached. Let iφxk,q denote the power series computed at

the qth iteration of the Newton’s method. Equation (4.64) can be expressed in the

form of P = 0 as in Section 3.3.1,

P (
∂iφxk

∂εi
, iφxk) =

∂iφxk

∂εi
− iξxk(iφxk) = 0 (4.69)
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The formula of Newton’s iteration for equation (4.69) is obtained by means of lin-

earization of the equation around the point iφxk = iφxk,q−1, yielding:

∂iφxk,q

∂εi
−

∂iφxk,q−1

∂εi
+

∂P

∂iφxk

,,,,
iφ

xk=iφ
xk,q−1

(iφxk,q − iφxk,q−1) + P

,,,,
iφ

xk=iφ
xk,q−1

= 0(4.70)

where ∂P
∂iφ

xk
and P are matrices with power series elements after evaluating at iφxk =

iφxk,q−1. Equation (4.70) is thus a first order linear ODE with a known initial

condition, and can be solved analytically using the method of integrating factor,

giving the solution:

iφxk,q = iφxk,q−1 − e
−

!
∂P

∂iφ
xk

dεi
<

e

!
∂P

∂iφ
xk

dεi
P dεi (4.71)

Within equation (4.71), the formal integrations and differentiations are allowed to

perform over power series, and the power series of the matrix exponentials and inverses

involved can be computed efficiently by using Newton’s iteration (see details in Section

3.3.2). If Ag and Bg respectively represent the power series expansions of e
−

!
∂P

∂iφ
xk

dεi

and its inverse e

!
∂P

∂iφ
xk

dεi
computed at the gth iteration of the corresponding Newton’s

iteration applied, the formula for updating Ag and Bg is given by:

Ag = Ag−1 +Ag−1

<
Bg−1(−

∂P

∂iφxk

)Ag−1 −Bg−1
∂Ag−1

∂εi
dεi (4.72)

Bg = 2Bg−1 −Bg−1AgBg−1

with the initial conditions A0 = B0 = I. Equation (4.71) therefore becomes:

iφxk,q = iφxk,q−1 −Aq

<
BqP dεi (4.73)

Starting from iφxk,0 = xk, equation (4.73) can readily be used to update iφxk,q

from iφxk,q−1, where
iφxk,q is the power series expansion of iφxk containing more

correct terms than iφxk,q−1, i.e. is correct up to a higher order than iφxk,q−1. It has
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been proved that the convergence of Newton’s iteration is quadratic, which means

the number of additional correct terms computed doubles at each iteration. At the

qth iteration, the obtained iφxk,q have the first 2q terms correct and should therefore

be truncated at order 2q−1, in order to abandon the incorrect terms of larger orders.

The iterative process is continued until the qth0 iteration when the maximum order of

correct terms 2q0 − 1 ≥ z. The computed power series is then truncated at order z

leading to the result of the power series expansion of iφxk of order z.

The following algorithm summarizes the procedure of computing the power series

solutions of iφx and iφw up to a chosen order z given the polynomial functions iξxk .

Algorithm 4.3

Input: the vector of polynomial functions iξxk(i = 1, ..., r), and the maximum order

of derivation taken into consideration z

Output: the power series solutions of iφx and iφw(i = 1, ..., r) of order z

Preprocessing: Convert equation (4.64) to P = 0 using equation (4.69), and com-

pute ∂P
∂iφ

xk
symbolically

Initialization: Set iφxk,0 = xk and q = 0

1. Set q = q + 1;

2. Evaluate P and ∂P
∂iφ

xk
at iφxk = iφxk,q−1, truncated at order 2q − 1;

3. Set g = 0 and A0 = B0 = I, and compute Aq and Bq:

a. Set g = g + 1;

b. Compute Ag = Ag−1 +Ag−1

=
Bg−1(− ∂P

∂iφ
xk
)Ag−1 −Bg−1

∂Ag−1

∂εi
dεi

truncated at order 2g − 1;

c. Compute Bg = 2Bg−1 −Bg−1AgBg−1 truncated at order 2g − 1;

d. Go to step 4 if g = q. Otherwise go to step a;
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4. Compute iφxk,q = iφxk,q−1 −Aq

=
BqP dεi truncated at order 2q − 1;

5. Go to step 6 if 2q − 1 ≥ z. Otherwise go to step 1;

6. Truncate iφxk,q at order z, and obtain the power series of iφx and iφw as the

components of iφxk,q.

It should be noted that, when using the power series solutions of iφx and iφw for

numerical analysis, the obtained power series from Algorithm 4.3 may not always be

good numerical approximations of iφx and iφw for all possible ε, even if the power

series are truncated at a sufficiently large order. Undertaking convergence analysis is

often required to determine whether the obtained power series are convergent to the

true Lie symmetries and what the interval of convergence is. According to Taylor’s

Theorem, such a convergence analysis is based on dealing with the Taylor remain-

der Rn(ε) = 1
n!

= ε

0
(ε − τ)niξx,w

(n)
(τ)dτ such that limn→∞ Rn(ε) = 0. The level of

truncation error can also be properly estimated by using the Taylor remainder.

4.4.4 Illustrative example 3: a 2 degrees of freedom (2DOFs)
mass-spring system with a nonlinear element

Figure 4.3: A 2 DOFs mass-spring system with a nonlinear element

Consider a 2 DOFs mass-spring system as shown in Figure 4.3. The displacements
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of the two masses m are denoted as x1 and x2 respectively, and the corresponding

velocities are denoted as v1 and v2. The stiffness of the nonlinear spring that connects

the first mass to the fixed support is displacement-proportional and given by k1 +

∆k1x1. The stiffness of the second spring is k2. The 2 DOFs system is driven by an

unmeasured force F (t) applied at the second mass. The state-space equations of the

underlying system are given by:

d

dt

&

''''''''(

x1

x2

v1
v2
k1
∆k1
k2

)

********+

=

&

''''''''(

v1
v23

− (k1x1 +∆k1x
2
1) + k2(x2 − x1)

4
/m3

k2(x1 − x2) + F
4
/m

0
0
0

)

********+

(4.74)

where k1, ∆k1, k2 are unknown parameters to be identified based on output measure-

ments. The mass parameter m is assumed to be known. The accelerations ẍ1 and

ẍ2 are measured, and therefore the output measurement equations of the system are

given by:

y =

"3
− (k1x1 +∆k1x

2
1) + k2(x2 − x1)

4
/m3

k2(x1 − x2) + F
4
/m

#
(4.75)

Algorithm 4.2 is used to compute the vector of functions iξxk(i = 1, ..., r) for

the example system. The number of bases of the kernel of the observability matrix

occurring in the algorithm is 1, which implies that the system contains only r = 1

one-parameter group of Lie symmetries. The following results of ξx and ξw as the

components of ξxk contain non-zero terms, while the other components of ξxk are all

zeros which can be ignored for symmetry computation:

ξx =
$
1 k1+k2

k2
0 0 −2∆k1 0 0

%T
(4.76)

ξw = k1
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Using the expressions of ξx and ξw in equation (4.76), equation (4.64) for the example

system can be written as:

∂φxk

∂εi
=

∂

∂εi

"
φx

φw

#
=

∂

∂εi

&

''''''''''(

φx1

φx2

φv1

φv2

φk1

φ∆k1

φk2

φw

)

**********+

=

&

'''''''''''(

1
φk1

+φk2

φk2

0
0

−2φ∆k1

0
0
φk1

)

***********+

(4.77)

"
φx

φw

# ,,,,
ε=0

=
$
x1 x2 v1 v2 k1 ∆k1 k2 F

%T

Equation (4.77) can be solved analytically as an initial value problem to obtain φx

and φw, i.e. the one-parameter group of Lie symmetries of the system in equations

(4.74) and (4.75). Alternatively, the power series solutions of φx and φw can be

computed by means of Newton’s iteration using Algorithm 4.3. The results of the

analytic and power series solutions of φx and φw given from the algorithms are in

absolute agreement:

"
φx

φw

#
=

&

''''''''''(

x1 + ε
x2 +

k1+k2
k2

ε− ∆k1
k2

ε2

v1
v2

k1 − 2∆k1ε
∆k1
k2

F + k1ε−∆k1ε
2

)

**********+

(4.78)

It should be noted that φx and φw are not translation, scaling or Mobius type

symmetries, but rather more general polynomial symmetries. Therefore Algorithm

4.1 presented in Section 4.3.7 is not capable of finding them. Linking the results

of symmetries to the observability properties of the system, the symmetries of v1,

v2, ∆k1 and k2 are identically equal to themselves, which indicates that those states

are observable. On the contrary, x1, x2, k1 and the unmeasured excitation F are
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unobservable.

In the following, a transformation S is determined for combining the resulting

Lie symmetries so as to eliminate ε from as many elements of the vector in equation

(4.78) as possible, resulting in:

S(φx,φw) =

&

''''''''''(

φx1

φx2

φv1

φv2

2φ∆k1φx1 + φk1

φ∆k1

φk2

φk2(φx1 − φx2) + φw

)

**********+

=

&

''''''''''(

x1 + ε
x2 +

k1+k2
k2

ε− ∆k1
k2

ε2

v1
v2

2∆k1x1 + k1
∆k1
k2

k2(x1 − x2) + F

)

**********+

(4.79)

Two new variables, δ1 and δ2, are then introduced such that:

xT =

&

''''''''''(

x1

x2

v1
v2
δ1
∆k1
k2
δ2

)

**********+

≡

&

''''''''''(

x1

x2

v1
v2

2∆k1x1 + k1
∆k1
k2

k2(x1 − x2) + F

)

**********+

(4.80)

and the state-space and measurement equations of the system can be re-written with

respect to xT as follows:

d

dt

&

''''''''(

x1

x2

v1
v2
δ1
∆k1
k2

)

********+

=

&

''''''''(

v1
v23

− (δ1x1 −∆k1x
2
1) + k2(x2 − x1)

4
/m

δ2/m
2∆k1v1

0
0

)

********+

(4.81)

y =

"3
− (δ1x1 −∆k1x

2
1) + k2(x2 − x1)

4
/m

δ2/m

#

Note that in the reduced model in equation (4.81) of the example system, δ1 is a newly

introduced dynamic state, and δ2 can be treated as an input to the system which is

now measured as it appears in the measurement equations. Given the input-output

136



measurements, x1 and x2 are unobservable while the remaining dynamic states and

parameters of the model are all observable. This is the case of transforming an unob-

servable system to be an equivalent model with a minimum number of unobservable

states, as described in Section 4.3.6.

In addition to model reduction, the resulting group of Lie symmetries in equation

(4.78) is also an implication that if the sensor placement is changed to measure the

displacement(s), i.e. x1 or x2 or both of them, leading to the following measurement

scenarios:

y =

"
x13

k2(x1 − x2) + F
4
/m

#
or (4.82)

y =

"3
− (k1x1 +∆k1x

2
1) + k2(x2 − x1)

4
/m

x2

#
or

y =

"
x1

x2

#

the example system described by the state-space equations in (4.74) would become

fully observable.

4.5 Conclusions

This chapter proposes two novel methods for finding Lie symmetries of nonlinear dy-

namical systems with unmeasured inputs, one presented in Section 4.3 and the other

presented in Section 4.4. Both methods are obtained based on solving a set of dif-

ferential equations which are derived from 1) the First Fundamental Theorem of Lie,

and 2) a fundamental property that Lie symmetries fully satisfy the state-space and

output equations of the considered system. Each method has its own advantages and

disadvantages in terms of applicability and computation efficiency. The first method

is more computationally efficient and is applicable to large engineering systems, such
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as a finite element model of a bridge or a skyscraper model. When using the method,

assumptions on the forms of Lie symmetries must be made in order to obtain analytic

solutions. For relatively simple systems, such as linear structural systems, transla-

tion, scaling, affine and Mobius symmetries are commonly encountered in practice,

and therefore these symmetries can be used as proper assumptions. For more compli-

cated nonlinear systems, which would not lead to symmetries of some known types,

the second method can be used to compute some arbitrary nonlinear Lie symme-

tries existed. The obtained solutions may be either power series or in analytic forms,

depending on whether the differential equations can be analytically solved. The lim-

itation of this method, however, is associated with its high computational cost. The

symbolic computation of the observability matrix requires significantly large physical

memory in a computer. So far, the second method is only applicable to systems with

relatively small size. Furthermore, the work discusses the basic ideas on the use of Lie

symmetries to perform model reduction and sensor re-placement for the purpose of

improving observability properties, although this has not readily led to a systematic,

standardized and automatic procedure.
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Chapter 5

Observability and Identification of
the Damage-Healing Hysteretic
Model

This chapter applies the proposed observability and Lie symmetry algorithms in

Chapter 3 and Chapter 4 to study a complex single degree of freedom mass-spring-

damper system subject to an earthquake excitation. The nonlinear behaviour of

the spring element of the system is described by the damage-healing hysteretic model

which is introduced to account for the mechanism of self-healing materials [97, 98, 99].

With the detection of observability properties and the computation of Lie symmetries,

the highly nonlinear, non-smooth and unobservable system under study is success-

fully transformed to become observable through the process of model reduction. The

technique of Unscented Kalman filter (UKF) [52] and the recently suggested discon-

tinuous Unscented Kalman filter [24] are used to identify the reduced system using

contaminated earthquake record and simulated output data. The performance of the

DUKF over the UKF for non-smooth estimation problems is highlighted through the

results of identification.
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5.1 The damage-healing hysteretic model

Development of novel self-healing materials has gained increasing attention in recent

years, while a lot of research has been performed on the engineering materials with

self-healing property such as concrete, asphalt, mortar, etc. For better modelling

the self-healing mechanism, Triantafyllou et al. [97, 98, 99] extended the generalized

Bouc-Wen model to a damage-healing hysteretic model by introducing additional

operators to describe how the damage evolves based on the hysteretic energy accu-

mulation, and how the damage is recovered considering the property of self-healing

materials.

5.1.1 Constitutive formulation

The triaxial hysteretic formulation has been considered to characterize the elastic

and inelastic behaviour of the investigated model [97, 99]. The formulation mainly

consists of two evolution equations that are derived from the principles of the ad-

ditive decomposition of strain rates, the flow rule, the kinematic hardening law and

the consistency condition. They are the total stress evolution and the backstress

evolution:

{σ̇} = [D]([I]−H1H2[R]){ε̇} (5.1)

{η̇} = H1H2G({η},Φ)[R̃]{ε̇}

where {σ} is the stress tensor, {η} is the backstress tensor, {ε} is the total strain

tensor, [D] is the elastic constitutive matrix, [I] is a 6×6 identity matrix and Φ is the

yield surface. [R] is the projection of the plastic strain tensor onto the total strain
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tensor, defined as:

[R] =
∂Φ

∂{σ} [R̃] (5.2)

$
R̃
%

=
3
− (

∂Φ

∂{η})
TG({η},Φ) + (

∂Φ

∂{σ})
T [D]

∂Φ

∂{σ}
4−1

(
∂Φ

∂{σ})
T [D]

H1 and H2 are defined as continuous functions of the yield function and the stress

field:

H1 =

,,,,
Φ

Φ0

,,,,
N

, N ≥ 1, H2 = β + γsgn
3
(
∂Φ

∂{σ})
T{σ̇}

4
(5.3)

where N , β and γ are the Bouc-Wen hysteretic parameters, and Φ0 is the maxi-

mum value of the yield function. G is the kinematic hardening function where the

Armstrong-Frederick (AF) model is used:

G({η},Φ) = 2

3
h

∂Φ

∂{σ} − c

?
2

3
(
∂Φ

∂{σ})
T

∂Φ

∂{σ}{η} (5.4)

where h
c
is the saturated value of the backstress.

In [98], damage evolution equations that are associated with stiffness degradation

and strength deterioration are introduced to the stress-strain relation. In this work,

only the stiffness degradation is taken into account:

{σ̇} =
1

vη
[D]([I]−H1H2[R]){ε̇}, vη = 1.0 + cηEh (5.5)

where vη is a degradation parameter derived by assuming the degradation evolves lin-

early with the hysteretic energy with a unity initial value. cη is a material parameter,

and Eh is the hysteretic energy of the ith micro-element. In addition, the fundamental

property of self-healing material is formulated as hs to partially offset the effect of

the stiffness degradation:

{σ̇} =
hs

vη
[D]([I]−H1H2[R]){ε̇} (5.6)

hs = 1 + wh(vη − 1)
1 + sgn

3
( ∂Φ
∂{σ})

T{σ̇}
4

2
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where wh is the healing effectiveness parameter that is assumed to be time-independent.

5.1.2 A mass-spring-damper system

Figure 5.1: A mass-spring-damper system

In this work, the investigated model is a mass-spring-damper system as shown in

Figure 5.1. If the excitation applied to the mass is an earthquake, the equation of

motion of the dynamical system can be established as follows:

mẍ+ cdẋ+ fs = −ẍgm, fs = Aσ (5.7)

where x is the relative displacement of the mass with respect to the ground, m is the

mass parameter, cd is the damping coefficient and ẍ is the ground acceleration. fs is

the restoring force of the uniaxial spring element, where A is the cross-section area

of the spring, and the σ is the stress whose dynamic evolution follows the damage-

healing hysteretic formulation (5.6). A von Mises type of yield criterion is considered,

leading the function of the yield surface and its critical value to be:

Φ = (σ − η)2, Φ0 = σ2
y (5.8)

where σy is the yield strength. The accumulated plastic dissipated energy Eh is

regarded as a time-variant dynamic state, which can be evaluated by integrating the
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product of stress and plastic strain rate over time. Therefore, the increasing rate of

Eh is:

Ėh = σε̇pl = σH1H2Rε̇ (5.9)

Combining all of the above equations gives the following complete state-space

representation of the dynamical system where the evolution equations of all dynamic

states, including the displacement of the mass x, the velocity denoted by v, the stress

σ, the backstress η and the hysteretic energy Eh, have been established.

ẋ = v, v̇ = −A

m
σ − cd

m
v − ẍg (5.10)

σ̇ =
1 + whcηEh

1+sgn
3
(σ−η)v

4

2

1 + cηEh

E

3
1− (β + γsgn((σ − η)v))(

σ − η

σy

)2N
E

2
3
h−

@
2
3
cηsgn(σ − η) + E

4 v
L

η̇ = (β + γsgn((σ − η)v))(
σ − η

σy

)2N
2
3
h−

@
2
3
cηsgn(σ − η)

2
3
h−

@
2
3
cηsgn(σ − η) + E

E
v

L

Ėh = σ(β + γsgn((σ − η)v))(
σ − η

σy

)2N
E

2
3
h−

@
2
3
cηsgn(σ − η) + E

v

L

where in a one-dimensional uniaxial spring element the [D] is the Young’s modulus

E, and the total strain rate ε̇ can be calculated from dividing the velocity v by the

length of the spring L. It should be noted that in the function sgn
3
( ∂Φ
∂{σ})

T{σ̇}
4
, ∂Φ

∂{σ}

can be calculated since the function of Φ is known in equation (5.8). It is further

considered that the stiffness of the system is always positive so that the signs of σ̇ and

ε̇ are always consistent. Hence, implicit equations are avoided for the convenience of
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simulation, and the following relation holds:

sgn
3
(
∂Φ

∂{σ})
T{σ̇}

4
= sgn

3
2(σ − η)ε̇

4
(5.11)

= sgn
3
2(σ − η)

v

L

4
= sgn

3
(σ − η)v

4

5.2 Observability analysis

5.2.1 The observability of non-smooth systems

Recall that the state-space and measurement equations of nonlinear systems can be

generally written as:

ẋ = f(x,u), y = h(x,u) (5.12)

where x ∈ Rn is the state vector, u is the vector containing measured inputs and

y is the output measurement vector. f and h are nonlinear functions of x and

u. Many engineering systems are non-smooth due to the existence of discontinuous

functions in their equations. These non-smooth systems are often associated with

the physical phenomena of hysteresis, damage, sliding, impact etc. The dynamics

of such a system can be expressed in smooth branches where each of the branches

can be independently described by an analytic state-space representation which can

be regarded as a subsystem of the overall system. Following the idea, Chatzis et al.

[26] deduced the observability of a non-smooth system by separating it into a set of

smooth subsystems:

ẋ = f1(x, u), when x ∈ Rn
1 (5.13)

...

ẋ = fl(x, u), when x ∈ Rn
l
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where fi(x,u) is an analytic function within Rn
i . One is then allowed to separately im-

plement the observability methods to analyze the observability of each of the smooth

subsystems.

The investigated dynamical system described by the state-space equations (5.10)

is a non-smooth system due to the existence of sgn((σ − η)v) and sgn(σ − η) in the

equations of σ̇, η̇ and Ėh. This system can be separated into 4 smooth branches: (a)

when (σ − η) > 0 and v > 0, (b) when (σ − η) > 0 and v < 0, (c) when (σ − η) < 0

and v < 0, (d) when (σ − η) < 0 and v > 0:

(a) when (σ − η) > 0 and v > 0 (5.14)

ẋ = v, v̇ = −A

m
σ − cd

m
v − ẍg

σ̇ =
1 + whcηEh
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v
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(b) when (σ − η) > 0 and v < 0

ẋ = v, v̇ = −A

m
σ − cd

m
v − ẍg
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1

1 + cηEh
E

!
1− (β − γ)(

σ − η

σy
)2N

E

2
3h−

"
2
3cη + E

# v
L

η̇ = (β − γ)(
σ − η

σy
)2N

2
3h−

"
2
3cη

2
3h−

"
2
3cη + E

E
v

L
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E
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(c) when (σ − η) < 0 and v < 0

ẋ = v, v̇ = −A

m
σ − cd

m
v − ẍg
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(d) when (σ − η) < 0 and v > 0
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@
2
3
cη + E

E
v

L

Ėh = σ(β − γ)(
σ − η

σy

)2N
E

2
3
h+

@
2
3
cη + E

v

L
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5.2.2 Unobservable dynamic states and parameters

Suppose the relative displacement is the measured output, i.e. y = x, and the earth-

quake is the measured input, i.e. u = ẍg. Given the input-output measurements,

it is expected to know whether the dynamic states of the investigated system are

observable and its parameters are identifiable. 5 dynamic states and all of the re-

maining time-invariant parameters in equation (5.10) are included in the augmented

state vector x such that:

x = [x, v, σ, η, Eh, Am, cdm, L, E, σy, cη, wh, c, h, β, γ, N ]T (5.15)

where Am and cdm are the normalized cross-area A
m

and damping coefficient cd
m

re-

spectively. The corresponding function f can be expressed as:

f = [ẋ, v̇, σ̇, η̇, Ėh, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
T (5.16)

Various observability methods can be used to examine the observability of the

subsystems (a), (b), (c) and (d) with fully measured input-output, such as the ge-

ometric Observability Rank Condition (ORC) introduced by Hermann and Krener

[44] and Algorithm 3.3 proposed in Section 3.3.3 for the case of inputs being fully

measured, i.e. r = 0. As has been explained before, the ORC is capable of han-

dling general nonlinearities with analytic equations, while Algorithm 3.3 is a robust

algorithm applicable to systems with rational equations. The ORC algorithm is ex-

tremely inefficient to deal with the systems with complicated equations on a standard

computer because it requires significant amount of physical memory. For the reason

of computational feasibility, Algorithm 3.3 is used first. However due to the existence

of the exponent N in the equations, none of the subsystems (a), (b), (c) and (d)

are rational nonlinear systems. An assumption must be made that N is known so
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as to apply the algorithm. It should be noted that a dynamic state or a parameter

found to be unobservable in a rational system with such an assumption will also be

unobservable in the original system, although this is not true for observable states

[26].

Algorithm 3.3 reports that based on the given input-output measurements, the

unobservable states of the subsystems (a) and (c) detected are:

xu
ac = [σ, η, Eh, Am, L, E, σy, cη, c, h, β, γ]

T (5.17)

with the transcendence degree of 4, and the unobservable states of the subsystems

(b) and (d) are:

xu
bd = [σ, η, Eh, Am, L, E, σy, cη, wh, c, h, β, γ]

T (5.18)

with the transcendence degree of 5. The number of unobservable states is different

and usually larger than the transcendence degree where the latter exhibits the num-

ber of unobservable states which if known would result in all the remaining states

being observable. It should be noted that the healing operator is activated only when

(σ − η)v is positive, so the healing effectiveness parameter wh appears in the corre-

sponding subsystems (a) and (c) but does not exist in (b) and (d), and therefore wh

is unobservable in (b) and (d). As can be seen from the results of Algorithm 3.3, the

investigated dynamical systems is a highly unobservable system with at least a total

of 12 unobservable dynamic states and parameters.

5.2.3 Lie symmetries

Algorithm 4.1 proposed in Section 4.3.7 is used to calculate the groups of Lie symme-

tries of the subsystems (a), (b), (c) and (d). See details of the concept and computa-

tion of Lie symmetry in Chapter 4. For (a) and (c), the algorithm gives a 3-parameter
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group of Lie symmetries that is a combination of a group of translations and 2 groups

of scalings:

φac =

[x, v, eε2σ, eε2η,
eε2

eε3
Eh,

Am

eε2
, cdm, e

ε3L, eε2eε3E, eε2σy,
eε3

eε2
cη, wh, e

ε3c, eε2eε3h, β − ε1, γ+ε1]
T

(5.19)

while for (b) and (d), the algorithm outputs the following 4-parameter group of Lie

symmetries that is a combination of a group of translations and 3 groups of scalings:

φbd =

[x, v, eε2σ, eε2η,
eε2

eε3
Eh,

Am

eε2
, cdm, e

ε3L, eε2eε3E, eε2σy,
eε3

eε2
cη, e

ε4wh, e
ε3c, eε2eε3h, β + ε1, γ+ε1]

T

(5.20)

As can be seen from the results of symmetries, the symmetries of x, v and cdm

are identically equal to themselves, which indicates that those dynamic states and

parameter are observable. On the contrary, σ, η, Eh, Am, L, E, σy, cη, wh, c, h,

β and γ are unobservable within the corresponding subsystems. The observability

results suggested by the symmetries are in absolute agreement with the results output

from Algorithm 3.3.

5.2.4 Model reduction

In the following, the state-space equations of the smooth subsystems are reduced by

combining the unobservable dynamic states and parameters to eliminate them. The

goal is to obtain 4 equivalent observable subsystems through model reduction. To

achieve so, σ, η and σy at stress-level are first transformed to their corresponding
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quantities at displacement-level by submitting the following relations:

r =
σL

E
, η′ =

ηL

E
, ry =

σyL

E
(5.21)

where r is known as the elastic displacement. Thus L can be eliminated in the main

frames, and the second and third equations of (5.10) become:

v̇ = −AE

mL
r − cdmv − ẍg (5.22)

ṙ =
hs

vη
(1−H2(

r − η′

ry
)2NR)v

where AE
mL

is essentially the normalized stiffness km = k
m
. To eliminate L from the

fifth equation, Eh is replaced by E ′
h = L2

E
Eh. It is found that H1 and H2 always occur

together as a product in the equations, and they can be rearranged as:

H1H2 =
β + γsgn((r − η′)v)

r2Ny
(r − η′)2N (5.23)

A close inspection of the Bouc-Wen model indicates that identification of the combi-

nation β+γsgn((r−η′)v)
r2Ny

is possible, but identification of the individual parameters except

N is not. To this end, two new parameters are introduced:

∆1 =
β + γ

r2Ny
, ∆2 =

β − γ

r2Ny
(5.24)

to represent the combinations of β, γ, ry and N . Furthermore, E can be completely

eliminated in the fraction of G and R by substituting h′ = h
E
. Finally, in order to

construct a new system which is mathematically equivalent to the original one, the

following combinations are introduced:

c′ =
c

L
, c′η =

E

L2
cη (5.25)

So far the unobservable parameters E, L and two of β, γ and ry have been combined

to the other states. Now the state vector x of the system is reduced to:

xT = [x, v, r, η′, E ′
h, km, cdm, c

′
η, wh, c

′, h′,∆1,∆2, N ]T (5.26)
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The same model reduction strategy can also be achieved in a more systematic way

based the use of Lie symmetries following the procedure described in Section 4.3.6.

A transformation S is first determined for combining the groups of Lie symmetries

in equations (5.19) and (5.20) so as to eliminate all ε1, ε2 and ε3:

S(φ) =

&

'''''''''''''''''''''''''''''''''''''''''''''''''''(

x

v

eε2σeε3L
eε2eε3E

eε2ηeε3L
eε2eε3E

e2ε3L2

eε2eε3E
eε2
eε3

Eh

Aeε2eε3E
eε2meε3L

cdm

eε2eε3E
e2ε3L2

eε3
eε2

cη

wh

eε3c
eε3L

eε2eε3h
eε2eε3E

β−ε1+γ+ε1

(
eε2σyeε3L

eε2eε3E
)2N

β+ε1−γ−ε1

(
eε2σyeε3L

eε2eε3E
)2N

N

)

***************************************************+

=

&

''''''''''''''''''''''''''''''''''''''''''''''''''(

x

v

σL
E

ηL
E

L2

E
Eh

AE
mL

cdm

E
L2 cη

wh

c
L

h
E

β+γ

(
σyL

E
)2N

β−γ

(
σyL

E
)2N

N

)

**************************************************+

(5.27)

A new reduced state vector xT is then introduced such that:

xT = [x, v, r, η′, E ′
h, km, cdm, c

′
η, wh, c

′, h′,∆1,∆2, N ]T (5.28)

≡ [x, v,
σL

E
,
ηL

E
,
L2

E
Eh,

AE

mL
, cdm,

E

L2
cη, wh,

c

L
,
h

E
,
β + γ

(σyL

E
)2N

,
β − γ

(σyL

E
)2N

, N ]T

With respect to xT , the state-space equations of the subsystems (a), (b), (c) and

(d) can be re-written respectively as:
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(A) when (σ − η′) > 0 and v > 0 (5.29)

ẋ = v, v̇ = −kmr − cdmv − ẍg

ṙ =
1 + whc

′
ηE

′
h

1 + c′ηE
′
h

(1−∆1(r − η′)2N
1

2
3
h′ −

@
2
3
c′η′ + 1

)v

η̇′ = ∆1(r − η′)2N
2
3
h′ −

@
2
3
c′η′

2
3
h′ −

@
2
3
c′η′ + 1

v

Ė ′
h = r∆1(r − η′)2N

1

2
3
h′ −

@
2
3
c′η′ + 1

v

(B) when (σ − η′) > 0 and v < 0

ẋ = v, v̇ = −kmr − cdmv − ẍg

ṙ =
1

1 + c′ηE
′
h

(1−∆2(r − η′)2N
1

2
3
h′ −

@
2
3
c′η′ + 1

)v

η̇′ = ∆2(r − η′)2N
2
3
h′ −

@
2
3
c′η′

2
3
h′ −

@
2
3
c′η′ + 1

v

Ė ′
h = r∆2(r − η′)2N

1

2
3
h′ −

@
2
3
c′η′ + 1

v

(C) when (σ − η′) < 0 and v < 0

ẋ = v, v̇ = −kmr − cdmv − ẍg

ṙ =
1 + whc

′
ηE

′
h

1 + c′ηE
′
h

(1−∆1(r − η′)2N
1

2
3
h′ +

@
2
3
c′η′ + 1

)v

η̇′ = ∆1(r − η′)2N
2
3
h′ +

@
2
3
c′η′

2
3
h′ +

@
2
3
c′η′ + 1

v

Ė ′
h = r∆1(r − η′)2N

1

2
3
h′ +

@
2
3
c′η′ + 1

v
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(D) when (σ − η′) < 0 and v > 0

ẋ = v, v̇ = −kmr − cdmv − ẍg

ṙ =
1

1 + c′ηE
′
h

(1−∆2(r − η′)2N
1

2
3
h′ +

@
2
3
c′η′ + 1

)v

η̇′ = ∆2(r − η′)2N
2
3
h′ +

@
2
3
c′η′

2
3
h′ +

@
2
3
c′η′ + 1

v

Ė ′
h = r∆2(r − η′)2N

1

2
3
h′ +

@
2
3
c′η′ + 1

v

An additional benefit of the model reduction is that the ORC with the assistance of

model decomposition becomes more efficient to perform accurate observability testing

for the 4 reduced subsystems without requiring any assumption. For the subsystems

(A) and (C), the observable states and the unobservable parameter are respectively:

xo
AC = [x, v, r, η′, E ′

h, km, cdm, c
′
η, wh, c

′, h′,∆1, N ], xu
AC = [∆2] (5.30)

while for the subsystems (B) and (D), the observable states and the unobservable

parameters are respectively:

xo
BD = [x, v, r, η′, E ′

h, km, cdm, c
′
η, c

′, h′,∆2, N ], xu
BD = [wh,∆1] (5.31)

All of the reduced subsystems (A), (B), (C) and (D) can be expressed only in terms

of the corresponding observable dynamic states and parameters. Finally, as explained

in [26], the overall non-smooth system is in fact fully observable since the union of the

observable states from different branches is the reduced state vector i.e. xo
AC∪xo

BD =

xT .
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5.3 System identification methods

After obtaining the observable reduced subsystems in equation (5.29) which equiva-

lently describe the dynamics of the investigated system as the full state-space equa-

tions in (5.10), the investigated system can now readily be identified, i.e. the dy-

namic states can be tracked over time and the parameters can be estimated, using

suitably chosen system identification methods. This section provides a basic overview

of the Extended Kalman filter, the Unscented Kalman filter, the discontinuous Un-

scented Kalman filter and their algorithmic implementations, while the details of

these Kalman filtering techniques can be found in [92, 54, 53, 23, 25, 27, 24].

5.3.1 The Extended Kalman filter

The standard Kalman filter, appearing as a state estimator, was developed on linear

time-invariant state-space models of dynamical systems [54]. The Kalman filtering

algorithm succeeds by propagating the state vector mean and covariance, which can

be used to represent the approximated probability distribution of the state vector,

stepwise over time through a recursive two-stage process, time update and measure-

ment update. In the stage of time update, the state vector mean and covariance are

propagated from the previous time step to the current; the stage of measurement

update then takes into consideration the output measurement of the current step to

update the mean and covariance in a recursive least square sense (see [92] for the

details of Kalman filter derivation). The Extended Kalman filter (EKF) provides

a direct way to implement the standard filtering algorithm for nonlinear estimation

problems, where the system, input and output matrices processed in the algorithm

are all obtained by linearising the state transition and observation functions of the
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nonlinear system [92].

Assume a nonlinear dynamical system whose discrete state-space and measure-

ment equations are written as:

xk = F (xk−1,uk−1) +wk−1 (5.32)

yk = H(xk,uk) + vk

where xk ∈ Rn is the state vector at time-step tk. wk is used to account for the

modelling error and vk is associated with the measurement noise, both of which are

considered to be Gaussian white noise processes with covariance matrices Q and R

respectively. The steps of an EKF algorithm are then summarized in the following:

The EKF Algorithm

1. Initialize the filter at time t0:

x̂0 = E[x0]

P0 = E[(x0 − x̂0)(x0 − x̂0)
T ]

0 For k = 1, 2, ..., perform the time update:

2. Predicted mean and covariance:

x̂k|k−1 = F (x̂k−1|k−1,uk−1)

Pk|k−1 = Fk−1Pk−1|k−1Fk−1
T +Q

where

Fk−1 =
∂F

∂x

,,,,
x̂k−1|k−1,uk−1

0 Perform the measurement update:
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3. Calculate the Kalman gain:

Sk = HkPk|k−1Hk
T +R

Kk = Pk|k−1Hk
T (Sk)

−1

where

Hk =
∂H

∂x

,,,,
x̂k|k−1,uk

4. Improve the predictions of the mean and covariance using the latest measurement:

x̂k|k = x̂k|k−1 +Kk(yk −H(x̂k|k−1,uk))

Pk|k = (I −KkHk)Pk|k−1

5.3.2 The Unscented Kalman filter

To handle the identification of highly nonlinear systems, the Unscented Kalman filter

(UKF) was proposed by making use of the so-called ‘Unscented Transform (UT)’,

instead of linearisation, to achieve robust nonlinear transformations existing in the

filtering algorithm [53]. The UKF algorithm succeeds by approximating the state

vector as a Gaussian random variable (GRV) represented by a set of carefully chosen

deterministic points known as the Sigma Points, which usually results in a faster

convergence rate and a more accurate estimation compared to the EKF. Consider

the nonlinear dynamical system described in equation (5.32). The steps of an UKF

algorithm are then summarized in the following:

The UKF Algorithm

1. Initialize the filter at time t0:

x̂0 = E[x0]

P0 = E[(x0 − x̂0)(x0 − x̂0)
T ]
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0 For k = 1, 2, ..., perform the time update:

2. Choose 2n Sigma Points x̂
(i)
k−1:

x̂
(i)
k−1 = x̂k−1|k−1 + x̃(i), i = 1, ..., 2n

x̃(i) =
A

nPk−1|k−1
T

i
, i = 1, ..., n

x̃(i+n) = −
A

nPk−1|k−1
T

i
, i = 1, ..., n

3. Predicted mean and covariance

x̂
(i)
k = F (x̂

(i)
k−1,uk−1)

x̂k|k−1 =
2n!

i=1

Wix̂
(i)
k

Pk|k−1 =
2n!

i=1

Wi(x̂k|k−1 − x̂
(i)
k )(x̂k|k−1 − x̂

(i)
k )T +Q

where Wi are properly determined weights of the Sigma points.

0 Perform the measurement update:

4. Calculate the output mean:

ŷ
(i)
k = H(x̂

(i)
k ,uk)

ŷk =
2n!

i=1

Wiŷ
(i)
k

5. Calculate the Kalman gain:

Kk = PxyPy
−1

where

Py =
2n!

i=1

Wi(ŷk − ŷ
(i)
k )(ŷk − ŷ

(i)
k )T +R

Pxy =
2n!

i=1

Wi(x̂k|k−1 − x̂
(i)
k )(ŷk − ŷ

(i)
k )T
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6. Improve the predictions of the mean and covariance using the latest measurement:

x̂k|k = x̂k|k−1 +Kk(yk − ŷk)

Pk|k = Pk|k−1 −KkPyKk
T

5.3.3 The discontinuous Unscented Kalman filter

For a non-smooth nonlinear system, however, when the UKF propagates its state

vector into a specific time interval, the mean of the state vector lies in one of the

subsystems of the full system. Within that time interval, some of the components

of the state vector are observable and they are therefore converging to their true

solutions, while the other components are unobservable. Taking the investigated

system of this work as an example, when the state vector xT lies in the subsystem

(A), the parameter ∆1 is unidentifiable and the remaining components of xT are

observable as shown in equation (5.30). During such time intervals it is argued that

the optimal choice would be to update only the observable parts of the state vector and

purposely maintain the unobservable ones invariant to avoid their divergence. These

unobservable parts of the state vector would be updated when they become observable

in a different subsystem, e.g. the parameter∆1 becomes identifiable in the subsystems

(B) and (D). Following this idea, the discontinuous Unscented Kalman filter (DUKF)

[24] was developed as a modification of the UKF to improve the convergence rate and

estimation accuracy for non-smooth problems.

In the DUKF algorithm, a transformation vector T is introduced to separate the

state vector and covariance matrix into observable o, unobservable u and cross uo

components. The algorithm updates the observable components of the estimates of

the mean vector and covariance matrix during the Kalman updating step: x̂k|k−1 →
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x̂k|k and Pk|k−1 → Pk|k, using an appropriate Kalman gain matrix defined based on

the observable components. The unobservable parts are retained invariant, while the

cross terms of the covariance matrix are updated using the Schmidt-Kalman filter

[85]. The steps of an DUKF algorithm are summarized in the following:

The DUKF Algorithm

0 Steps 1-5 are identical to the UKF’s steps 1-5.

6. Separate to unobservable and observable components:

x̂′
k|k−1 = T x̂k|k−1 = [x̂o

k|k−1
T x̂u

k|k−1
T ]T

P ′
k|k−1 = TPk|k−1T

T =

"
P o

k|k−1 P uo
k|k−1

P uo
k|k−1 P u

k|k−1

#

P ′
xy = TPxy =

"
P o

xy

P u
xy

#

7. Calculate the Kalman gain:

Ko
k = P o

xyPy
−1

8. Update the observable components:

x̂o
k|k = x̂o

k|k−1 +Ko
k(yk − ŷk)

P o
k|k = P o

k|k−1 −Ko
kPyK

o
k
T

9. Retain the unobservable components invariant:

x̂u
k|k = x̂u

k−1|k−1

P u
k|k = P u

k−1|k−1

10. Update the cross terms:

P uo
k|k = P uo

k|k−1 −Ko
kP

u
xy
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11. Rearrange the terms:

x̂′
k|k = [x̂o

k|k
T x̂u

k|k
T ]T

P ′
k|k =

"
P o

k|k P uo
k|k

P uo
k|k P u

k|k

#

x̂k|k = T ′x̂′
k|k

Pk|k = T ′P ′
k|kT

′T

5.4 Results

In this section, the mass-spring-damper dynamical system shown in Figure 5.1 sub-

ject to an earthquake is identified based on the displacement measurement. Recall

that the nonlinear dynamic behaviour of the spring element is formulated by the

damage-healing hysteretic model. The state-space equations of the system are those

corresponding to the state vector xT in equation (5.28), which can be separated into

4 smooth subsystems (A), (B), (C) and (D) in (5.29).

The earthquake acceleration signal with the sampling frequency of 100Hz and the

duration of 20s as shown in Figure 5.2(a) is obtained from the record of Northridge

earthquake (1994) [23]. It was filtered with a low-frequency cutoff of 0.13Hz and a

high-frequency cutoff of 30Hz. The dynamical system is first simulated forward to

calculate its displacement response x(t) to the earthquake as shown in Figure 5.2(b).

Both the earthquake and displacement signals are then contaminated with Gaussian

white noise with 1% noise-to-signal RMS ratio, and they are used backward as the

input-output measurements for this identification problem. The true values of the

parameters of the system used for simulation are listed in Table 5.1.
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Figure 5.2: (a) The earthquake acceleration signal (b) the simulated and estimated
displacements
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Figure 5.3: Parameter identification from (a) the UKF (b) the DUKF
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The UKF and DUKF algorithms are implemented to identify all the parameters

km, cdm, c
′
η, wh, c

′, h′, ∆1, ∆2 and N (assume their values are unknown), and in the

meantime to track the dynamic states x, v, r, η′ and E ′
h over time. As can be seen in

Figure 5.2(b), the UKF and the DUKF successfully track the displacement x(t). The

estimations of parameters from the UKF and the DUKF are shown in Figure 5.3(a)

and Figure 5.3(b) respectively. Plots of the ratio of identified value over true value

are presented such that the estimated values of parameters can be visibly compared

to their true values. The initial guesses of parameters used in implementations, the

estimated values and estimation errors of those parameters are listed in Table 5.1.

Overall performance of the DUKF is superior to that of the UKF through compar-

ing the results of estimation errors. For the UKF, local divergence of some parameters,

such as ∆2, occurs; these parameters diverge from their true solutions when travelling

through the time intervals where they are unidentifiable in the corresponding subsys-

tems. It poses adverse effects on the overall convergence of not only themselves but

also the other parameters, such as c′ and h′. This problem is effectively addressed

in the DUKF by retaining the parameters constant to avoid local divergence in the

corresponding branches. The parameters like wh can still be accurately identified by

the UKF as long as they converge faster in identifiable branches than they diverge

in unidentifiable branches, as indicated in [27, 24]. For the DUKF, one of the main

identification errors is likely from the fact that at a given time instance the estimated

subsystem used may be different from the real subsystem because the condition of

subsystem is evaluated from the estimated states rather than the real states.
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5.5 Unknown restoring force

The previous sections show the mass-spring-damper system in Figure 5.1 can be suc-

cessfully reduced and identified when the behaviour of the spring element is assumed

to be described by the damage-healing hysteretic model. Moreover the restoring

force of the spring can be treated as an unknown input, and it is of interest to exam-

ine whether it is possible to identify the mass-spring-damper system based on some

suitably chosen measurements. Consider the following state-space equations of the

system:

d

dt

&

(
x
v
cdm

)

+ =

&

(
v

−cdmv − fsm − ẍg

0

)

+ (5.33)

where fsm = fs
m

is the scaled restoring force of the spring, which is treated as an

unmeasured (unknown) input to the system. The displacement and acceleration of

the system are assumed to be measured, and therefore:

y =

"
x

−cdmv − fsm − ẍg

#
(5.34)

Given the state-space and output measurement equations, the EORC-DF algorithm

reports that the investigated system is observable. This means that it is theoretically

feasible to identify the scaled damping parameter cdm, the velocity v and the scaled

restoring force fsm. It indicates that the system can be identified even if no model is

assumed for the restoring force as long as a proper input estimation method is used.

This is important because one can remove the bias introduced by a model and also

the problem with less unknown quantities becomes simpler to tackle.
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5.6 Conclusions

In this chapter, a complex single degree of freedom mass-spring-damper system under

an earthquake excitation is studied. The spring element of the system is described

by the damage-healing hysteretic model which is introduced to account for nonlinear

behaviour of self-healing materials. The algorithm proposed in Chapter 3 and the con-

cept of non-smooth observability are utilized to analyze the observability properties

of the model. The groups of Lie symmetries of the model are calculated using the al-

gorithm proposed in Chapter 4, and the investigated model, which is observed highly

nonlinear, non-smooth and unobservable, is reduced to a fully observable model given

the displacement measurement. The Unscented Kalman filter (UKF) and the discon-

tinuous Unscented Kalman filter (DUKF) are implemented respectively to identify

the unknown parameters of the reduced model, and the superior performance of the

DUKF for parametric identification of non-smooth systems is discussed.
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Chapter 6

Conclusions and Future Work

In this concluding chapter, the main contributions of this thesis are summarized and

some important directions of future work are discussed.

6.1 Summary and conclusions

The central contribution of the thesis is on the developments of robust and efficient

frameworks for computing observability and Lie symmetries of linear or nonlinear

dynamical systems with or without unmeasured inputs. These developed tools are

expected to play impactful roles in structural health monitoring and potentially in

any scientific or industrial field where system identification techniques are employed.

In a more detailed perspective, the contribution of each chapter is summarized in the

following:

In Chapter 2, a robust algorithm is developed to implement the Observability

Rank Condition (ORC) for the observability of the dynamic states and the identi-

fiability of the parameters of large linear systems. The category of linear systems

with unknown parameters covers a wide range of civil and mechanical systems that

are frequently encountered in practice. Applications and superior performance of

the algorithm are shown by successfully testing several examples of large engineering
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systems, including the 100-floor high-rise shear building and the 3D FE model of

a large truss-beam bridge. To the best of author’s knowledge, none of the existing

observability methods have the ability to deal with the problems of such sizes and

complexities. The occurrence of the algorithm allows researchers and engineers to

freely investigate the viability of various structural models and sensor patterns in

realistic system identification campaigns without concerning about the limitations of

the standard ORC implementation.

In Chapter 3, an efficient algorithm is developed to examine the observability and

identifiability of rational nonlinear systems with unmeasured inputs. The category of

systems of interest covers a broad range of civil, mechanical, biological, chemical and

electrical engineering systems, including those systems whose state-space equations

can be rationalized. The underlying theory behind the algorithm is based on the

extension of the extended Observability Rank Condition (EORC-DF) to relax the

requirement of systems being affine in inputs. A power series-based computational

framework enables the algorithm to be implemented robustly for large and complex

systems. A high-rise shear building, the 2D FE model of a wind turbine and the

2D FE model of a large bridge are successfully tested as examples to demonstrate

the usefulness, robustness and efficiency of the proposed algorithm. To the best of

author’s knowledge, none of the existing unknown-input observability methods have

the ability to deal with the problems of such sizes and complexities. The obtained

observability results of the wind turbine and bridge models also suggest the pos-

sibility of performing substructural identification in order for more efficient system

identification or structural health monitoring.

In Chapter 4, two computational methods are developed for Lie symmetries of
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nonlinear systems with unmeasured inputs. The first method allows for efficiently

computing the analytic solutions of translation, scaling, Mobius and some commonly

encountered Lie symmetries with known forms. The second method is able to find

the analytic or power series solutions of arbitrary nonlinear Lie symmetries although

in a more computationally expensive way. The resulting Lie symmetries found from

the methods can provide an alternative standpoint to understand the observability

and identifiability properties of dynamical systems. More importantly, Lie symmetries

imply the mathematical relationship between the true solutions of the system’s states,

parameters and unmeasured inputs and their other possible solutions. In addition, the

chapter performs pioneer investigations on the utilization of Lie symmetries for model

reduction, sensor re-placement, etc. for the purpose of improving system identification

results.

In Chapter 5, a single degree of freedom mass-spring-damper system subject to an

earthquake excitation is studied to demonstrate the applications of observability and

Lie symmetry analyses for system identification. The spring element of the system is

described by the damage-healing hysteretic model which is developed to account for

nonlinear behaviour of healing materials. With the detection of observability prop-

erties and the computation of Lie symmetries, the highly nonlinear, non-smooth and

unobservable system under study is successfully transformed to become observable

through the process of model reduction. The techniques of Unscented Kalman filter

(UKF) and discontinuous Unscented Kalman filter (DUKF) are used to identify the

reduced system using contaminated earthquake record and simulated output data.

The performance of the DUKF over the UKF for non-smooth estimation problems is

discussed through the results of identification.
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6.2 Future directions and open questions

Following the developments and studies on the observability and Lie symmetry prob-

lems in this thesis, this section provides a number of recommendations for future work

and highlight several open questions awaiting researchers to solve.

Comparing the algorithms introduced in Chapter 2 and Chapter 3, the algorithm

in Chapter 2 provides a more efficient means to assess observability properties, al-

though at the cost of narrower applicability. It will therefore be worth further ex-

tending the algorithm for linear systems with unmeasured inputs based on using the

theory of EORC-DF. A straightforward work that can be done in the near future is to

extend it for linear systems with unknown parameters, unmeasured inputs and direct

feedthrough, which are written in the following state-space representation:

ẋ = A(θ)x+
m!

i=1

Bui(θ)ui +
r!

i=1

Bwi(θ)wi, θ̇ = 0

y = C(θ)x+
m!

i=1

Dui(θ)ui +
r!

i=1

Dwi(θ)wi

where x is the dynamic state vector, θ is the unknown parameter vector, u =

[u1, ..., um]
T is the vector of measured inputs and w = [w1, ..., wr]

T is the vector

of unmeasured inputs. y is the output measurement vector. This extended algo-

rithm would be remarkably useful at least in structural health monitoring, as tested

structures in practice are often large linear systems subject to loads and excitations

that are too difficult, expensive or impossible to measure. In addition, it would be

of interest to investigate transfer-function based methods, as in [40], for assessing the

global identifiability of linear systems.

The proposed observability algorithm in Chapter 3 can succeed in determining ob-

servable and k-row unobservable dynamic states, parameters and unmeasured inputs
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of a rational nonlinear system. Theoretically concluding those k-row unobservable

quantities to be unobservable, or maybe observable at a larger k, is a challenge prob-

lem, although a practical guideline has been given to do so with sufficient confidence

in the examples. In a future extension of the work, a solid criterion will need to be

derived, for which the algorithm can be stopped at a k where all the quantities have

been determined as observable or unobservable.

All the observability and Lie symmetry studies in this thesis and most of the

relevant literature are devoted to investigating continuous-time systems. Discrete-

time systems, however, are also frequently encountered as in practice system outputs

are measured and processed in discrete time. It is therefore highly demanded to

develop robust algorithms for computing the observability and Lie symmetries of

discrete-time nonlinear systems. The considered systems may be in general written

in the following form:

xk = f(xk−1, θk−1, uk−1, wk−1), θk = θk−1

yk = h(xk, θk, uk, wk)

where xk, θk, uk, wk and yk are respectively the dynamic states, unknown param-

eters, measured inputs, unmeasured inputs and output measurements at time step

tk. In the case of all inputs being measured, i.e. wk = ∅, the observability matrix of

discrete-time nonlinear systems are given by:

Ω =

&

'''(

∂y0

∂x0

∂y0

∂θ0
∂y1

∂x0

∂y1

∂θ0
...

...
∂yn+l−1

∂x0

∂yn+l−1

∂θ0

)

***+

It would be important to further investigate the structure of the observability matrix

of discrete-time systems with unmeasured inputs. The computations of both the ma-

trices with and without unmeasured inputs are expected to have similar complexities
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as those of continuous-time systems. Furthermore, it will be of interest to explore

what relationship would be between the observability and symmetry properties of the

continuous-time model and the discrete-time model of the same system.

Chapter 4 sketches basic ideas on the utilization of Lie symmetries for model

reduction and sensor re-placement to improve system observability and identifiability.

Developing a more systematic, standardized and automatic approach for applying Lie

symmetries to achieve the model reduction will be a future research direction.
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Appendix A

List of Publications

X. Shi, M.N. Chatzis and M.S. Williams. Robust computation of the observability of

large linear systems with unknown parameters. Proceedings of the Sixth International

Symposium on Life-Cycle Civil Engineering (IALCCE), Ghent, Belgium, 2018.

X. Shi, M.N. Chatzis, S.P. Triantafyllou and M.S. Williams. Observability and identi-

fication of damage-healing hysteretic model. Proceedings of the Seventh World Con-

ference on Structural Control and Monitoring (7WCSCM), Qingdao, China, 2018.

X. Shi and M.N. Chatzis. Lie symmetries, observability and model transformation of

nonlinear systems with unknown inputs. Proceedings of the XI International Confer-

ence on Structural Dynamics (Eurodyn), Athens, Greece, 2020.

X. Shi, M.N. Chatzis and M.S. Williams. A Robust Algorithm to Test the Observ-

ability of Large Linear Systems with Unknown Parameters. Mechanical Systems and

Signal Processing, 2020, under review.

X. Shi, K. Maes and M.N. Chatzis. An Efficient Algorithm to Test the Observability
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of Rational Nonlinear Systems with Unmeasured Inputs. Mechanical Systems and

Signal Processing, 2020, manuscript to be submitted.

X. Shi and M.N. Chatzis. Lie Symmetries of Nonlinear Systems with Unmeasured

Inputs. Mechanical Systems and Signal Processing, 2020, manuscript in preparation.
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Appendix B

Conference Presentations

A robust algorithm to compute the observability of large linear systems with un-

known parameters. Engineering Mechanics Institute Conference 2018, Massachusetts

Institute of Technology, USA, May 2018.

Observability and identification of damage-healing hysteretic model. World Confer-

ence on Structural Control and Monitoring, Qingdao, China, July 2018.

Robust computation of the observability of large linear systems with unknown param-

eters. The Sixth International Symposium on Life-Cycle Civil Engineering, Ghent,

Belgium, October 2018.

An efficient algorithm to test the observability of rational nonlinear systems with

unmeasured inputs. Engineering Mechanics Institute Conference 2019, California

Institute of Technology, USA, June 2019.

Lie symmetries of nonlinear systems with unmeasured inputs. The XI International

Conference on Structural Dynamics, Athens, Greece, November 2020.
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