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In addition to bremsstrahlung, we account for two novel production channels: resonant
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1 Introduction

The idea that the Universe might contain relatively large extra dimensions with the Standard
Model (SM) fields confined to a brane was originally motivated by the Electroweak hierarchy
problem [1-3]. In this context, the fundamental higher-dimensional Planck scale Mp, which
is the UV cutoff of the theory, is assumed to be close to the TeV scale. The radius R
of the extra dimensions must be such that the 4-dimensional Planck scale Mp; takes its

measured value, with
M3, ~ (27rR)" M3+, (1.1)

where n is the number of large extra dimensions (throughout, we assume that these are
approximately toroidally compactified with a common radius R, but our results can easily
be adapted to other setups, e.g. [4]). Although theoretically appealing, strong lower bounds
on Mp from collider searches, e.g. for signals of KK gravitons, have tempered the viability
of this as a solution to the hierarchy problem.



The possibility of large extra dimensions has recently been revived in ref. [5] motivated
by the value of the cosmological constant and string theory “swampland” conjectures [6].
In this proposal, known as the dark dimension, R is assumed to be of order eV~!. For
n =1 and 2, the corresponding Mp are around 10'° GeV and 10° GeV respectively, which are
allowed by high energy particle collider constraints, while larger n are already excluded [7].
Crucial open questions remain concerning whether a full string theory construction of a
dark dimension can be consistent with existing observational and cosmological constraints,
for example on light scalar moduli fields that might typically accompany it. Moreover,
further theoretical study of the swampland arguments that led to the proposal is essential [8].
Nevertheless, given the scarcity of ideas to understand the value of the cosmological constant,
it is worthwhile to analyse current constraints on dark dimensions and the prospects for
future improvements or discovery.

Among the possible signals of large extra dimension scenarios, the experimental and
observational implications of KK gravitons are especially interesting because these particles
are unavoidable. For n = 1, 2, with Mp well above collider scales, the laboratory bounds come
from searches for deviations from Newtonian gravity at short distances [9] due to the lightest
KK gravitons in the tower. These constrain mgg 2 5meV, with a mild dependence on n [10].
Meanwhile, astrophysical constraints on KK gravitons have been studied extensively since
the original proposal of large extra dimensions [3, 11-17] and give the strongest bounds
for n = 2 and 3.

The most model-independent astrophysical bounds are due to “cooling”, in which KK
gravitons produced in a hot stellar core escape, carrying away energy and thereby altering
the evolution of a star (see e.g. [18, 19] for comprehensive reviews). The strongest known
cooling limits on large extra dimensions arise from the neutrino burst observed from the
(presumed) protoneutron star in SN 1987A. These are weaker than the laboratory bounds for
n = 1, while for n > 2 they are stronger due to the larger number of energetically accessible
KK states. Existing SN 1987A cooling constraints allow either one or two extra dimensions
of the size suggested in the dark dimension scenario [17].

Even stronger constraints arise in specific theories; for example, if the KK gravitons decay
only to SM particles then observations of the heating of neutron stars lead to mxx = 3eV
for n = 2 (the bounds for n = 1 are again weaker than laboratory constraints) [15-17, 20].
However, as noted in the original work [15], and further analysed in [21, 22], these limits do
not apply if the KK gravitons dominantly decay to lighter KK gravitons due to a violation
of KK number.

In this paper, we revisit the cooling constraints on KK gravitons from a wide range of
astrophysical objects. In addition to the well-studied bremsstrahlung emission, we consider
two new production processes. The first is resonant mixing of the in-medium photon (plasmon)
with KK gravitons, which occurs when the dispersion relations of the two coincide. Similar
production has previously led to strong limits on new light scalars from red giants and
horizontal branch stars, and it is also relevant in supernovae [23, 24] (it may also play a role
for white dwarfs, although we leave these to future work). The second is the production of KK
gravitons in supernovae from pions, specifically 7~p — nh, where h is the KK graviton. For
axions, a similar process has been found to be slightly more important than bremsstrahlung



in supernova [25], although there are uncertainties on the abundance and properties of pions
in protoneutron stars.

Finally, we quantify the impact of the KK graviton decays to other KK gravitons on the
model-dependent limits from decays to SM particles. This sets an upper bound on the KK
number violation if cooling limits are to be dominant. Our work is complementary to the
recent detailed study of ref. [22], which analysed collider and cosmological constraints on dark
dimension scenarios (we note that this reference also considered the impact of intra-tower
KK graviton decays; our result for the decay rate differs from theirs, although we reach
similar conclusions) and ref. [26], which considers constraints from the decays of dark matter
KK gravitons to the SM (focusing on the n = 1 case). Other recent works studying the
phenomenology of the dark dimension scenario include refs. [26-49].

Conventions: we define k = /327Gy, where Gy is Newton’s constant, R is the radius
of the extra dimension such that the mass of the lightest KK mode mgg = 1/R, and our
spin-2 polarization vectors are normalised such that e*#¥ ef;,f = o5 (which matches ref. [50]
and differs from version 4 of ref. [51] by some factors of 2 at intermediate steps).

The structure of this paper is as follows. In section 2 we calculate the rate of resonant
KK graviton production. In section 3, we analyse the limits from globular clusters, and in
section 4 we obtain the bounds from old neutron stars. In section 5 we study the bounds
from SN 1987A, and in section 6 we analyse the impact of decays within the KK graviton
tower. We conclude and discuss possible future improvements in section 7. Additional
technical details are given in appendices.

2 Thermal production and KK graviton mixing

The production rate of a weakly coupled boson z in a thermal medium can be shown to
be [24, 52]

(L)

—m2
Iy —mg

dN / &’k fp(w) OO, (2.1)

ey Im |11, —
dvdt (27)3 o [

where I, (IL;;) denotes the photon’s (weakly coupled boson’s) thermal self-energy [52, 53],
and IL,; is the 1PI mixing between them. All Lorentz indices have been contracted with
appropriate polarization vectors and ¢ is the number of states for each polarization.! The
(assumed small) coupling between the boson and the SM is denoted A, and w = \/k? + m2.

If the mass of the new boson, m,, exceeds the plasma frequency, w,, which is the typical
scale of IL,,, the second term in the square bracket in eq. (2.1) can be neglected. The first
term contains all of the typical contributions; depending on the interactions of z, these
include electron annihilation, Compton-like emission, and bremsstrahlung. This can be
evaluated in various ways, for example a full finite-temperature field theory calculation using
cutting rules [54-56], or by other systematic methods [57]. However, we will employ the
simple and commonly used approach of thermally averaging the vacuum interaction rates
for these processes (although this may miss interesting thermal effects such as the effective
nucleon mass in supernovae).

Later, a superscript L/T will be used to indicate what polarization vectors the self-energies have been
contracted with. g = 1 for longitudinal mixing and g = 2 for transverse mixing.



For light beyond Standard Model (BSM) particles, the second term in eq. (2.1) may be
significant if the BSM particle has quantum numbers such that IL,, can be non-zero. For
new particles with interactions such that II, is related to Il,, (e.g. dark photons for which
I, = M, = /\QHW) cancellations between the two terms can be important. However,
this does not typically occur for more general new particle interactions (including for KK
gravitons) and each term can be considered separately. Then, expanding the self-energies into
real and imaginary parts, and assuming that Re[Il,;] > Im[IL,;], the second term becomes

o 2 —Im[Hw]
P w el Rl T n2)? i,

AN / Bk fpw) 22)

avdr

Provided that the lifetime of the photon in the medium is long, such that Im[II,,] is small,
this contribution has a sharp resonance when m2 = Re[ll,,], which might dominate the
total production rate.

In the narrow resonance regime, we may make a delta function approximation to give

dN g k 9 )
dvdt — 2m /dwew/T 1 Re[Ily.] 0 (Re[IL,,] — mZ), (2.3)

which can be evaluated to give the energy production rate

dQ g kew, -1
= o= ———— Re[ll,, (w.)]?

_9 dRe[Ily, (w)]
dvdt 2mews/T —1

- : (2.4)

W=Wx

where w, and k, are the particle’s energy and momentum evaluated on-resonance.? Using
the standard expressions for Re[Il,,] [58], we have

dRe[IT% 2 2 (w2 — k2vg) — 3w}
e[ty (w)] _ M (g ma (W k) ) (2.5)
dw s k2 w? w? — k2u§
dRe[TL 2 (m2  3w?—2m?2
11 (w)] L L 7m; 7 (2.6)
dw o k2 \w?2  w?— k3¢

where v is the typical velocity of electrons that contribute to the photon dispersion, equal
to the Fermi velocity for degenerate plasmas.?

Inside a star, w, typically decreases with increasing radial distance r. For longitudinal
photons, a resonance always occurs if m, < w,,, corresponding to all 7 up to some maximum
radius where wy(r) = m,. For transverse photons there is only a resonance if m, is in some
narrow window above w;, meaning that, if m, lies roughly between the smallest and largest
values of wy, in the star, there is a spatially thin shell where the resonance can occur. The
width of this shell depends on the typical velocity of the electrons in the medium, and in the

non-relativistic limit it can be treated as a delta function. This is illustrated in figures 1 and 2,

2The self-energies have been written as a function of w only, since the dependence on k is fixed from the
beginning by the boson’s on-shell condition w? = k? 4+ m2.

3For vy = 1, this reproduces the result shown in ref. [24]. For vo — 0 the transverse case has m, — wp
on resonance, and so eq. (2.6) goes to zero, which causes the production rate per unit volume to diverge.
Physically, this is because in the classical limit the transverse resonance occurs in an infinitesimally thin
spatial region.
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Figure 1. The energy-momentum relation of a KK graviton of mass mj, = 5MeV (dashed
black). mj, determines the plasma frequencies wp, and hence the locations in a star, where resonant
production occurs. For the longitudinal mode, there is a resonance whenever w, > my. For

transverse modes, there is a resonance when w, € {\/2 /3mp, mh}. The regions spanned by all such

longitudinal (transverse) photon dispersions in a typical protoneutron star are shown in shaded
red (blue) (specifically the 20M, progenitor model discussed in section 5, which has maximum
wp =~ 14 MeV). Representative dispersion curves are plotted in bold red (blue), and the resonance
points where they intersect the KK graviton curve are marked with solid dots.
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Figure 2. The regions within a protoneutron star core where the different resonances can occur
for a KK graviton of mass 5 MeV, using the same model of the star as in figure 1. A longitudinal
resonance occurs whenever m, < w,(r), and therefore throughout the region 0 < r < r; where
wp(r1) = my (shaded red). In the limit that the electrons are relativistic, a transverse resonance
only occurs if w,(r) < m, < /3/2w,(r). This therefore takes place in some shell 7; < r < r5 where
wp(ra) = 1/2/3m, (shaded blue). Here r; ~ 16 km and 5 &~ 18km.

which show the dispersion relations crossing and the relevant spatial regions. The situation
is more complicated in the case of KK gravitons, because there is an almost continuous
spectrum of massive spin-2 bosons with both longitudinal and transverse polarization states.
Both can be produced resonantly, and the range of masses means that resonant production
can occur anywhere within the star.
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s and u channel t channel scattering Four-point contact

scattering (only the s diagram

channel is shown)

Table 1. The Feynman diagrams contributing to the photon-KK graviton mixing II,;, and the cut
diagrams showing the correspondence with various scattering channels. Single wavy lines are photons,
and double wavy lines are gravitons. The fermion loops contain contributions from all species present
in the plasma.

To determine the resonant production rate we need to evaluate Re[IL;(wy)]. In the case
of KK gravitons, h, the diagrams contributing to this are shown in table 1, together with the
corresponding forward scattering processes (for the connection see, e.g., ref. [58]).

We calculate the photon-KK graviton plasma mixing in various regimes in appendix A.
Due to charge-conjugation (C) symmetry violation being required for the mixing, this vanishes
if the plasma has equal numbers of particles and antiparticles, as in the case of scalar-photon
mixing [23]. However, unlike in previously studied cases, the non-relativistic mixing is
suppressed by a factor of T//my, where my is the mass of the fermion in the medium, so it
vanishes in the 7" — 0 limit. The physical justification for this can be seen from the classical
equations of motion, in the limit where both the electrons and ions of the medium begin at
rest. An incoming electromagnetic wave displaces the electrons and ions in opposite directions.
Usually, the motion of the ions is neglected [23, 59] because their displacement is suppressed
by a factor of m./m;. However in our case, the coupling to gravity is larger for the ions
by a factor m;/m.. The two contributions to the source term for the gravitons then cancel
out, leading to no mixing. The mixing is also suppressed in the limit where all particles are
ultra-relativistic; this time by a factor m% /T?, and vanishes in the limit of massless fermions.*

Resonant production may therefore play a role in astrophysical plasmas with a mixture
of non-relativistic and relativistic particle species, provided w, is not much larger than the
temperature, otherwise the Boltzmann suppression in eq. (2.4) is substantial. Such systems

4This cannot be seen directly in the final results of appendix A, as the function H has to be expanded to a
higher order to get a non-zero result.



include red giants, white dwarfs, and the cores of supernovae. For older neutron stars w, > T,
while in horizontal branch stars and in main sequence stars such as the Sun the medium
is close to non-relativistic, so resonant production is negligible in these environments. For
dark photons, resonant conversion is also active in the early-Universe plasma, which has
been thought to play a role in cosmological constraints, although this has recently been
reconsidered [60]. For KK gravitons, however, the near C-symmetry of this environment
suppresses such processes, rendering them irrelevant.

In addition to resonant production, various processes including bremsstrahlung radiation
and Compton-like emission can produce KK gravitons through the first term in eq. (2.1).
Their relative importance depends on the particular astrophysical system, so we defer an
analysis to later sections.

3 Globular clusters

As a red giant (RG) uses up its hydrogen fuel, the mass of its degenerate helium core and
hence its luminosity increases until the core becomes hot and dense enough to begin to fuse
helium into carbon. Due to the degeneracy of the core, the associated increase in temperature
leads to a runaway helium fusion via the triple-alpha process (the so-called helium flash),
which liberates a vast amount of energy in a short period of time and ultimately causes the
core to expand. The luminosity of the star then decreases, meaning that the moment of
helium ignition sets the maximum luminosity of a red giant star, which is known as the tip of
the red giant branch (TRGB). In the presence of any additional cooling the core would grow
heavier and more luminous before the helium flash can occur, making the resulting TRGB
brighter. Since the triple-alpha process has a strong dependence on the properties of the
core, the TRGB brightness is a sensitive probe of new hypothetical particles that could be
produced in the core and carry energy away [18]. The main SM cooling mechanism for the
core is plasmon decay to neutrinos, with an average energy loss rate just before the helium
ignition of ¢, ~ 4erg g~ ! sec™! [61]. Recent investigations of the TRGB in Globular Clusters
(GCs) indicate that the average novel energy loss can be constrained by data at the level
ez < (1071 = 1) ¢, [19, 61-65]. Here, we assume a conservative constraint e, < €,.

To estimate the rate of emission of KK gravitons from the RG core at helium ignition, we
generate profiles of thermodynamic characteristics inside the core for different possible values
of initial star metallicities Zj,; = {10*4, 1073, 6 x 10*3}7 with the initial helium abundance
Yini = 0.25 and the age at the TRGB ~ 13 Gyr. These particular choices of parameters
correspond to a recent detailed analysis of the relevant GCs in ref. [61]. Specifically, we
evolve the one-dimensional stellar models with the MESA code [66] starting from the zero-age
main sequence model with the chemical composition prescribed above and the initial mass
corresponding to the above TRGB age, until the moment when helium-burning luminosity
reaches Lye > 102Lg. The resulting temperature, density and plasma frequency profiles
are shown in figure 6 in appendix B.

In the past, continuum production channels of the KK gravitons inside a RG core
have been considered. The most important of these are plasmon annihilation, gravi-
Compton-Primakoff scattering and electron-ion gravi-bremsstrahlung. In ref. [11] the gravi-
bremsstrahlung process was found to dominate over the other two. However, in this calculation



the plasma was assumed to be non-degenerate, which is not a good approximation inside
the highly degenerate RG core at the time of helium ignition.

The effect of plasma degeneracy on the gravi-bremsstrahlung rate can be estimated by
noticing that only an electron state lying within the narrow energy shell |E — Er| < T around
the Fermi surface can be scattered into an outgoing state that is not Pauli-blocked. Ref. [67]
assumes that this results into 7'/ Er suppression of the rate compared to the expression in
ref. [11]; this reduces the rate by several orders of magnitude. We find a similar suppression
factor by explicitly performing the integration over the Fermi-Dirac factors for the incoming
and outgoing electrons, given the matrix element squared provided in ref. [11]. Both the
gravi-Compton-Primakoff and the plasmon annihilation processes remain subdominant; the
former gets suppressed due to electron degeneracy as well.

Our calculations show that longitudinal resonant emission surpasses the transverse one
only for lower KK masses, and that the full emission from the tower is dominated by the
transverse resonance. With the resonant condition applied, the main contribution to the
mixing self-energy for transverse polarizations is (see eq. (A.21) in appendix A.1, which holds
for ultradegenerate electrons of arbitrary velocity):

2

qgfex g3 Mp my
n?, =4 1— 3.1
vh, f 3\/§7T2pFU*W* < wg) ) ( )

where f denotes the fermion that leads to the mixing (with gy its electric charge and pp
its Fermi momentum), my, is the mass of a particular KK graviton mode, w, is the energy
at resonance, and v, = k,/w, is the KK graviton velocity where k, is the KK graviton
momentum at resonance. In a RG, the mixing is dominated by degenerate electrons, which
have Fermi momentum of about 0.25 MeV. Because the electrons are only mildly relativistic,
the resonance occurs only for mj, ~ wy, as follows from the functional form of the self-energy
of a transverse plasmon in degenerate plasma [18, 58]. Consequently, the factor in the
brackets in the right-hand side of eq. (3.1) is small (1 —m3/ wg) ~ 1072, which suppresses
the rate of KK graviton emission.

Both expressions for the mixing self-energy eq. (3.1) and the resonant rate of emission
eq. (2.4) depend implicitly on the resonant condition; as such, the scaling of the rate with the
relevant physical quantities characterizing the plasma is not obvious. Still, one can obtain a
good polynomial approximation to the resonant condition by expanding it in the variable
x = kvp/w given that the Fermi velocity vg is non-relativistic. The integral over KK graviton
masses can then be expressed as an integral over x € [0, vp|, and assuming w, ~ T so that
there is no Boltzmann suppression, one obtains the rate to the leading order in v% < 1:

dQ — n n
(dth>res ~ 5x 107 % ax®plot T R"Q,, (3.2)

where n is the number of extra dimensions, Q, = 27/%T(n/2), note also p$. = 9r*n2.
This can be compared to the scaling of the rates of continuum processes, specifically to

the previously discussed gravi-bremsstrahlung and gravi-Compton-Primakoff rates [11, 67]



metallicity n=1 n=2 n=3
1074 1.0 x 10* | 2.1 x 1074 | 6.5 x 1077
1073 1.0x10* | 21 x 1074 | 6.8 x 1077

6x1072 | 1.1 x10* | 22x107% | 7.0 x 1077

Table 2. Limits on the compactification radius (in meters) for n =1, 2,3 extra dimensions for the
three considered red giant profiles, labelled by the zero-age main sequence metallicity.

(n < 3 is assumed):

dQ —1 2 2 2Tn+2

= ~ (1= 1 e T R"Q,, .
(dth)GB (1+3)x 107" nneZ%a’k By R (3.3)

dQ 1 5 TTH6
b 2 ~ (1+5)x10 L R"Q 3.4
<dth>GCP (1+5) x 107 nc moEp (3-4)

where n; = npe = ne/2 and Z = 2 since the core is composed of 4He. Numerical evaluation
of the rates shows that the resonant emission dominates over the continuum one, which
happens due to the degeneracy suppression of the most relevant continuum process, i.e.
gravi-bremsstrahlung.

The resulting constraints on the size of extra dimensions are given in table 2; evidently
the assumed metallicity makes no appreciable difference. We stress that the bound on the

extra energy loss that we impose, €, < 4ergg™!sec™!

, is quite conservative. For instance,
a detailed analysis for the case of axions [61], in which axions are included in the stellar
evolution, suggests €, < 0.9 ergg~tsec™! [19, 68]. Moreover, a recent re-analysis [65] using
data on GCs from the Data Release 3 from the Gaia mission [69, 70] yields a further factor of
2 improvement in the constraints on the axion coupling, meaning that the energy loss bound

1

is €q < sec™!. If naively rescaled to the case of extra dimensions, this would imply

~

0.2 ergg™
an improvement to the bounds in table 2 of a factor of 20%/", where n is the number of
extra dimensions. Such a translation may be well-justified, since degenerate electrons in the
RG core are good heat conductors, and so one can expect that the constraint is determined
primarily by the total energy loss rather than by a detailed emission profile. Furthermore, we
expect that even this constraint might be improved in the near future given the abundance
of recent observational data on GCs, e.g. from the Gaia mission [69, 71].

Besides TRGB, GCs provide another powerful method to probe extra energy loss from
stars, which is based on tracking the relative time that the stars spend on the horizontal branch
(HB) of the color-magnitude diagram [18]. We derive the resulting constraints on the sizes of
extra dimensions by following the description of this method in section 2.5.1 of ref. [18], in
particular assuming that the core-averaged powers of normalized temperature Ty = 7/(10% K)
satisfy <T§> ~ 0.4 for large powers k and that the core density is p ~ 7 x 103 gcm™3.
The constraint is obtained by demanding that the power emitted in KK gravitons satisfies

lsec™!. Compared to the above-discussed case of red giants at the moment of

€z S 10 ergg™
helium ignition, the cores of the HB stars have much smaller density and are non-degenerate;
thus, emission processes that depend on large powers of temperature dominate. Specifically,

we find that the relevant processes are the gravi-Compton-Primakoff emission and most



n=1 n=2 n=3

1.3x10* [ 1.3x107% | 28 x 1077

Table 3. Limits on the compactification radius (in meters) for n = 1,2, 3 extra dimensions from HB
lifetime reduction.

importantly, the photon-photon annihilation [11]:

-15 Tgl” 10 B\" —1 1
€y~ T7x 107N\, —— (4.4 x 10" — | ergg "sec -, (3.5)
P4 m

where py = p/(10*gem™3) and A, = {3, 55, 7.7 x 10%} for n = {1,2,3}, respectively.
Although eq. (3.5) does not take into account in-medium effects, we expect them to be
relatively unimportant due to the small densities (w, < T'). Likewise, estimates suggest that
the resonant emission is suppressed. The resulting constraints are basically determined by
the rate eq. (3.5), and are presented in table 3.

4 Neutron stars

Observations of the luminosities of five old neutron stars, whose ages can be inferred from
kinematical data and are of order 10° years, lead to constraints on light BSM particles when
compared to predicted cooling curves. The bounds on axions are comparable to those from
SN 1987A [72]. Given that the temperature of a neutron star is far lower than that of
a newly formed PNS, many fewer KK graviton modes are kinematically accessible in the
former environment (especially for n > 2 extra dimensions) and a natural expectation is
that the bounds would not be competitive with SN 1987A. However, a recent analysis of
the constraints on new scalars found that the bound from old neutron stars can be up to
four orders of magnitude stronger in the coupling (rather than coupling squared) than from
SN 1987A in ref. [73] (a physical explanation for this can be found in the Introduction of that
paper). This raises hope that old neutron stars could lead to constraints on KK gravitons
that are competitive with supernovae, despite their lower temperature. In this section, we
show that the resulting limits are actually somewhat weaker than from SN 1987A, although
they may still provide a useful complement.

Our analysis follows that for axions of ref. [72] and for scalars of ref. [73] closely, so
we provide only the essential inputs; further details and discussion can be found in those
references. We use five neutron stars, which have observed ages t,ps and photon luminosities
at infinity Lops given in table 4 (as discussed in detail in ref. [72], the luminosity measurements
are more robust than surface temperature measurements that could have alternatively been
used). The ages are inferred from the neutron stars’ distances from the assumed position
of the supernova events.

A cooling neutron star satisfies an energy balance equation

dT,
Cch =-LF - Ly’ - Ly + H, (4.1)
where L2, Lp® and Lj° are the photon, neutrino and graviton luminosities respectively, T is

the temperature of the core of the neutron star (assumed uniform throughout the core), C

,10,



Neutron Star | tops/10°yr | Lobs/ (1032 ergs1)
J1856 4.2+0.8 0.65 £+ 0.15
J1308 55+2.5 3.2+0.6
J0720 85+1.5 22+1.2
J1605 4.440.7 4.04+1.0
J0659 3.5+04 28+1.4

Table 4. The ages tons and photon luminosities Lops of the five old neutron stars used in our analysis.

is its heat capacity and H encodes possible heating e.g. from the star’s magnetic field. In
the SM, the cooling at early times is dominated by emission of neutrinos, which occurs at a
rate proportional to TS. Subsequently, surface photon emission takes over, usually when the
neutron star is about 10° years old. KK gravitons provide a new cooling channel, resulting
in neutron stars that are colder than expected for their ages.

In the absence of superfluidity, the production of KK gravitons in a neutron star’s interior
is expected to be dominated by bremsstrahlung (processes involving plasmons are strongly
Boltzmann suppressed, except for at very early times). The emissivity of neutrino anti-
neutrino pairs from neutron-proton and neutron-neutron bremsstrahlung are approximately
equal in typical neutron star environments [74, 75|, and it is reasonable to expect the same is
true for KK graviton production by bremsstrahlung. Given that (as discussed subsequently)
there are uncertainties of about a factor of two on the neutrino emissivity, for our present
purposes it is sufficient to make the conservative approximation of only considering KK
graviton production from neutron-neutron bremsstrahlung.

We evaluate the neutron-neutron bremsstrahlung rate using the soft-radiation approxi-
mation for a degenerate neutron environment calculated in ref. [13]. We further approximate
the neutron-neutron scattering cross section, oy ~ 25 mb, to be independent of energy and
scattering angle. The total rate of energy emission per unit time and volume, summed over
all KK graviton modes, is then given by

aQ 71021 (n + 4)
avdt 270

where pr is the neutron Fermi momentum, and

hnYnk?(RT:) oo Tp%, (4.2)

3n2+18n+19 1
n= (n+5)(n+3) T'(23)’ (43)
_ _(n+2)
Y, = ((n+4) + 472 1213 (4.4)

with ¢ the Riemann Zeta function.” Although the degenerate and non-relativistic approx-
imations are accurate in neutron stars, we note that eq. (4.2) misses in-medium effects
that, e.g., modify the neutron dispersion relation, which might be relevant (these could be
interesting to analyse in the future).

5If a more detailed analysis was desired, one could repeat the calculation of ref. [13] for proton-neutron
scattering, with the neutrons in the degenerate limit and protons non-degenerate.
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We study the cooling of neutron stars using the code NSCool [76], which is publicly
available and can be straightforwardly modified to include KK graviton emission. This code
evolves a spherically symmetric model of a neutron star from early times, soon after formation,
until the late times relevant for the observations of the stars that we use.

There are various nuisance parameters that complicate a comparison between theoretically
predicted cooling curves and data. The most important nuisance parameters are the neutron
star mass Mg, the abundance of light elements in its envelope AM, and the equation of
state in the core. An additional uncertainty is whether the neutron star’s core is superfluid,
and if so what its properties are. We adopt the simple approach of assuming that there is
no superfluidity and we also neglect any additional heating parametrised by H in eq. (4.1).
These two assumptions are reasonable since they are consistent with current theoretical
understanding and lead to a good fit to data in the absence of KK gravitons (as one test of
this, we have checked that reversing the sign of the energy emission to KK gravitons, such
that they act as a fake energy source, does not substantially improve the fit). If superfluidity
was included there would be additional KK graviton production channels involving breaking
and formation of Cooper pairs; these however could not lead to constraints unless it was
conclusively established that superfluidity was present.

We obtain limits by evaluating the neutron star cooling curves for different values of
mggk for 6 neutron star masses linearly spaced between Mg and 2Mg,, and 8 light element
abundances logarithmically spaced between 1072°M and 1075M,. We then construct a
likelihood function for the measured data for each of the observed neutron stars, indexed
1 below, where we assume the errors on the neutron star data are Gaussian,

Ei(Lgbsv tébs? Uia UﬂmKK’ 9) = N (L(mKK7 0) - Lf)bsv O-ZL) N (t - ébs) 0';) ’ (45)

where N (z,0) denotes the normal distribution with mean z and standard deviation o, and
0 = (t, Mns, AM) are the nuisance parameters. For this purpose, the age of the neutron star ¢’
at which the predicted luminosity is evaluated is a nuisance parameter. Given a value of mgg
and set of nuisance parameters for each neutron star (which we collectively denote ® = (6%))
the total likelihood Lot (mkK, ®) is the product of the likelihoods for each neutron star.

The best fit value of mgyk (or equivalently R), which we call kg is obtained by
maximising the total likelihood, and we denote the associated values of the nuisance parameters
®. We obtain a lower bound on mkk from the test statistic

q¢(mkk) = —2In (ﬁtOt(mKK, q)maX(mKK))>
Lot (KK, P)

where ®ax (KK ) are the nuisance parameters that maximise the likelihood for a given mkxk.

(4.6)

By Wilks’ theorem, the 95% confidence lower bound on mkyg is given by ¢(mgk) = 2.7 (the
non-applicability of Wilks’ theorem might lead to an order-one error in our limits, which
is not a concern for our present purposes [72]).

We carry out the procedure above for three different choices of equation of state, given
the uncertainty on this: the models APR [77], BSk22, and BSk26 [78]. We find that the
BSk22 equation of state leads to slightly weaker limits on mkg than the others (by a factor
of about 1.5 for n = 2 extra dimensions), and it fits the data slightly better in the absence
of KK gravitons, so we use this for the limits that we quote.
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n=1 n=2 n=3
1.5x10% | 7.5 x107° | 2.7 x 1077

Table 5. Limits on the compactification radius (in meters) for n = 1,2, 3 extra dimensions from the
five old neutron stars that we analyse.
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Figure 3. Left: the observed photon luminosity and age of the neutron star J1605 with uncertainties
(red), and the best fit cooling curves assuming only Standard Model energy loss (blue, “SM”) and
including also energy loss to KK gravitons with 2 extra dimensions of radius 2 x 10~ m (dashed
purple). Combining the likelihoods over all 5 neutron stars, the latter theory is excluded. Right:
the energy loss to photons (L5°), neutrinos (L;°), and KK gravitons (L;°) in the same large extra
dimensional theory as plotted in the left panel.

The 95% confidence level bounds obtained this way are given in table 5. As an indication
of the impact of KK gravitons on the evolution of a neutron star, in figure 3 we plot the best fit
cooling curves for the neutron star J1605 in the absence of KK gravitons and for n = 2 extra
dimensions with R = 2 x 104 m (i.e. mxx = 1073 eV, slightly excluded by our constraint). In
both these cases, the best fit curve has a neutron star mass of Mg and light element abundance
of 1072 M. We also show the energy emission to photons, neutrinos and KK gravitons as a
function of time. KK graviton emission dominates between approximately 10* and 10° years,
around when the dominant SM emission changes from neutrinos to surface photons.

We note that it might be interesting to calculate the production rate in the one-pion-
exchange approximation [12] with in-medium corrections. This would be fully consistent with
the way that neutrino production from bremsstrahlung is treated in NSCool, which builds
on the expressions obtained in ref. [74] (refs. [72] and [73] carry out analyses along these
lines for axions and scalars). As mentioned, it would also be useful to include KK graviton
production by neutron-proton bremsstrahlung. Given the uncertainties on the equation of
state, the fact that the neutrino emission rate likely differs from that implemented in NSCool
by factors of about two [75], and that the limits we obtain are somewhat weaker than those
from SN 1987A, we do not regard these improvements as essential for our present work.

Constraints on the couplings of axions have also been obtained from observations of
young neutron stars, such as Cassiopeia A (Cas A) [79-83], which turn out to be similar
to the bounds from old neutron stars. Since the rate of energy emission to axions scales as
TS, from eq. (4.2) we expect that for n = 1 and 2 the limits on KK gravitons from young
neutron stars will be comparable to those we have obtained from old stars. For larger n the
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limits from young neutron stars might be somewhat stronger. However, since the bounds
from supernova are much more important for large n, we do not consider young neutron
stars here (there are presently also uncertainties on the Cas A observational data due to
instrumentation issues with the Chandra telescope [72, 84]).

5 SN 1987A

During a core-collapse supernova, neutrinos are produced abundantly over a cooling period
lasting approximately ten seconds. The high temperatures (up to roughly 50MeV) and
densities (of order 10 gecm™3) of the protoneutron star during this time make it an ideal
environment for the production of low-mass BSM particles. Such particles would lead to
additional cooling, shortening the duration of the neutrino cooling era. Despite limited
observational data and relatively imprecise theoretical understanding of the dynamics of
the explosion, the efficiency of BSM particle production means that supernova constraints
are often competitive with other astrophysical bounds, and moreover provide the only
cooling limits at higher masses. Even though the relevant values of mgk are small, the
high supernova temperatures provide a significant advantage in constraining the large-extra-
dimension scenario, because many KK modes are kinematically accessible.

The key observational data comes from SN 1987A, which, to date, is the only core-collapse
supernova for which a neutrino burst was detected and can hence be compared to theoretical
predictions. Raffelt proposed an analytic constraint that the new energy loss should not
exceed 10 ergg~!sec™! [85, 86]. This criterion has since been widely applied, including
to various theories of new scalars [24, 87, 88], axions (see [19] and references therein), dark
photons (e.g. in [89]), as well as KK gravitons [12-14, 17].

However, significant uncertainties remain. The explosion mechanism of SN 1987A has
not yet been confirmed; although observations are consistent with a remnant neutron star
(as expected following core-collapse), other possibilities are not robustly excluded, and in
such cases the cooling bound may not apply [90]. Further work is needed in this direction if
alternatives to the standard mechanism are to be shown to be viable. In particular, simulations
which extend multiple seconds post-bounce into the neutrino cooling phase are needed to
ensure compatibility with observations. Even if SN 1987A was a standard core-collapse event,
the physics of the explosion is complex and numerical simulations still do not fully capture all
processes. As a result, the energy-loss criterion that we use is only reliable to within factors
of order-one (indeed slightly different versions of it are used in the literature).

We calculate KK graviton production using supernova profiles from three representative
spherically symmetric numerical simulations [91-93] available from the Garching Core-Collapse
Supernova Archive [94], labelled by their progenitor mass (further discussion of these can be
found in ref. [24]). These simulations implement the Lattimer-Swesty equation of state [95]
with a symmetry energy of 29.3 MeV for nuclear matter, and a bulk incompressibility modulus
of 180 MeV. We take the profiles immediately prior to when the shock revival is expected
to occur and consider energy loss out to the neutrino sphere, at a radius of about 30 km, as
identified in the simulations,® imposing the Raffelt criteria in the form above over this volume.

SWhile we take the neutrino sphere radius directly from the simulations, the final results are relatively
insensitive to this choice, since the KK graviton production is dominated by the hottest region around 10 km.
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n=1 n=2 n=3
17.8 Mg, Brem. | 3.0 x 10?2 | 5.7 x 1077 | 6.6 x 10710
Res. | 9.6 x 10* | 23 x 1075 | 1.6 x 1078
7 (a) | 3.6 x 102 | 3.8 x 1077 | 4.1 x 10710
7= (b) | 2.3 x10% | 2.7 x 1077 | 2.6 x 10710
20M, Brem. | 5.3 x 10?2 | 8.0 x 1077 | 8.5 x 10710
Res. | 1.3 x 10° | 27 x 1075 | 1.8 x 1078
7~ (a) | 7.8 x10% | 5.8 x 1077 | 5.5 x 10710
7= (b) | 5.4 x10% | 4.6 x 1077 | 4.2 x 10710
25 M, Brem. | 8.3 x 10! | 2.7 x 1077 | 3.7 x 10710
Res. | 4.6 x 10* | 1.6 x 1075 | 1.2 x 1078
7 (a) | 5.6 x 101 | 1.4 x 1077 | 2.0 x 10710
7~ (b) | 3.8 x 10" | 1.2 x 1077 | 1.8 x 10710
Hannestad & Raffelt [17] | 4.9 x 10? | 1.0 x 1076 | 1.1 x 107
Hanhart et al. [14] 71x 1077 | 8.5 x 10710

Table 6. The limits on the compactification radius (in meters) for n = 1,2, 3 extra dimensions
for three example supernova models, labelled by their progenitor mass 17.8 Mg, 20Ms and 25Mg

b2

(corresponding to protoneutron star masses of 1.59Mg, 1.50M and 1.86 M, respectively). “Brem.
indicates the limit using only nucleon-nucleon bremsstrahlung emission, and “Res.” indicates the
limit using only resonant emission. 7~ (a) and (b) refer to limits considering only the pion process
7~ p — nh with the two sets of approximations described in the main text.

The typical core temperatures and densities in the profiles used are consistent with those
found in modern three-dimensional simulations during the first few seconds after bounce [96],
however the range of final bounds obtained is indicative of the sizeable uncertainties on the
conditions within SN 1987A, and of the difficulty in simulating such complex systems.

We consider three production mechanisms: the well-studied bremsstrahlung channel, as
well as the new resonant production and pion-induced processes. The resulting upper bounds
on the compactification radius, R, are summarised in table 67 (the assumptions underlying
the two quoted 7w~ process limits are discussed below). In this table, we also show the
previous constraints of refs. [17] and [13], which consider bremsstrahlung production using a
constant temperature and density supernova model. Ref. [13] uses the same expression for
bremsstrahlung emission as us, and so can be directly compared with our work; in particular,
the differences between their bounds and our bremsstrahlung bounds arise solely due to
the supernova profiles that we take.

In order to further facilitate comparison with previous work, we provide the constraints
which would arise from our expression for the pion production mechanism, using the constant
temperature and density model of ref. [13] with temperature 30 MeV and density of 0.16 fm 3.

"When comparing to other results in the literature, the letter R is sometimes used for the circumference of
the extra dimension in order to match ref. [51].
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We further assume a proton fraction of 1/4, which is typical of the values this takes in
simulations in regions of similar temperatures and densities. However, we do not give results
from this model for the resonant rate due to the complicated spatial dependence of the
resonance regions which is not captured by the constant profile.

With the constant profile, the pion process leads to bounds that are weaker than (for
n = 1) or comparable to (for n = 2, 3) those from bremsstrahlung in ref. [13]. Conversely,
with the simulation profiles the pion process is more important than bremsstrahlung for
n > 2. This is because the pion process is Boltzmann suppressed, and the simulation
profiles reach temperatures of around 50 MeV, which is where the majority of the production
from the pion process occurs. While it seems plausible that the simulation profiles might
better characterise the highest temperatures reached than a simple assumption of a uniform
temperature, we stress that these results indicate the significant uncertainties that arise from
the properties of SN 1987A. For the simulation profiles resonant production leads to much
weaker limits than those from both bremsstrahlung and the pion process, and, at least for
cooling bounds, this process is negligible.

Taking the 17.8 M progenitor, which yields the weakest bounds, and combining emission
from bremsstrahlung and pions with the more conservative assumptions (a), leads to limits
of mgk 2 0.6eV for n = 2 and mgk = 500eV for n = 3. These are somewhat stronger than
those of refs. [14] and [17], but, given the substantial uncertainties, the differences are not
dramatic. The stronger limits arising from the 25M¢ progenitor, which is particularly (but
not inconceivably) hot, suggest that improved theoretical understanding of the explosion, and
better understanding of the properties of pions in supernovae, might allow stronger limits
to be placed. Should we be lucky enough to witness a supernova in our Galaxy or a nearby
dwarf galaxy corresponding to a particularly hot protoneutron star, various bounds may be
improved. Even if the future supernova is not particularly hot, the resulting high-precision
neutrino observations would certainly also be valuable.

5.1 Bremsstrahlung

We evaluate the bremsstrahlung production rate following refs. [13, 97] (see also [17]) using
the soft-radiation approximation, which is an expansion in the parameter y = wmy/p?,
where w is the energy of the emitted KK graviton and p?/my is the energy of the nucleon-
nucleon system (with p the centre of mass momentum and my the nucleon mass).® This
approximation amounts to considering only the emission from the external nucleon legs, which
dominates at small y (with rate scaling as x~2). In general there will be many contributions
at order ", which we neglect. We also note that this approach misses multi-body and
in-medium correlation effects.

We further assume that the nucleon-nucleon scattering cross section is energy independent
and has no dependence on the scattering angle, and that nucleons in the protoneutron star
can be approximated as non-degenerate and consist solely of neutrons. We expect these
approximations to lead to at most corrections of order unity to the rate. The rate of energy

8As shown in [13], the best choice is to take p®/mn to be the average of the nucleon energies before and
after scattering, since this cancels the next to leading order, ~ x ™!, contribution.
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emission to KK gravitons by bremsstrahlung is then given by [13]

dQ  k* |T7 ns o5 o T(n+1)T(n+5) n®+9n+23
2 = = (RD)"1 2 hyniol" ; 5.1
dvdt 18 mN( J'm 7 hanyog T(n+3) (2n+7)(2n+5) (5:1)

where hy, is defined in eq. (4.3), n, is the neutron number density, o™ ~ 25mb, and we
approximate my by its vacuum value.

As shown in [13], at a temperature of 30 MeV the expansion parameter x ~ 3/4, so in the
hottest regions of protoneutron stars (with temperatures around 40 MeV) the soft approxima-
tion is not fully reliable. This is especially the case because the most massive KK modes are
the most numerous for n > 1. Nevertheless, we regard it as a more reliable and conservative
approach than a simple one-pion-exchange calculation, since detailed studies indicate that the
latter overestimates the emission rate of axions by up to about an order of magnitude [98, 99]
(because, e.g., the corrections from multi-pion exchange are substantial). For the case of KK
graviton emission, the one-pion-exchange result also leads to an energy emission rate almost
ten times larger than the soft-approximation result [13]. A future detailed analysis of the ac-
curacy of the soft approximation would be useful, but is beyond the scope of our present work.

5.2 Resonant production

The rate of KK graviton production by resonant mixing is calculated as described in sections 2
and appendix A. For the profiles that we consider, the plasma frequency takes values up to
roughly 16 MeV, which hence sets the maximum KK graviton mass that can be produced
by this process. We find that, as for the case of red giants, the longitudinal resonance only
dominates for lighter KK modes, and, when summed over the full tower, the transverse
resonance is responsible for almost all of the energy production. This effect is more pronounced
at larger n since the heavier KK modes have a larger multiplicity.

As can be seen from table 6, the total rate of energy emission by resonant production is
small compared to bremsstrahlung, in contrast to what is found for, e.g., dark photons. We
attribute this to the combination of several factors. First, the number of KK modes that are
accessible for bremsstrahlung goes as (RT')", whereas in the resonant process the number
scales as (Rwp)", which suppresses the total emission in the regions where w, < T. In a
supernova core, there are regions where w, ~ T" due to the large electron chemical potential;
however, due to the shape of the photon dispersion, the resonant frequency w, is always
greater than w, and hence 1" by a potentially large factor, unless the graviton mass my ~ w.
This incurs a large Boltzmann suppression factor e=“+/7. Additionally, even focussing on a
specific KK mode with mj, ~ w, the expression for the transverse mixing contains a factor of
(1—-m2/ wg) which suppresses the production, and similarly the longitudinal production is
suppressed (see eqs. (A.22) and (A.23) in appendix A.1). Numerically we find that removing
the Boltzmann suppression factor as well as the factor that suppresses the mixing increases
the production rate from transverse resonance by a factor of roughly 300 for n = 2, explaining
most of the observed difference between the resonant and bremsstrahlung limits."

9While the mixing does not have the extra suppression factor for the case of dark photons and scalars,
the comparison to KK gravitons is complicated by the fact that we must integrate over a range of particle
masses, and in the case of dark photons by the cancellations which occur between the resonant and continuum
production, as discussed in section 2.
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We also note that an interesting related process is the annihilation of two plasmons into
a KK graviton. Previous calculations rely on a phenomenological photon mass term [100],
which violates a Ward identity that we would expect in a consistent thermal field theory
calculation, or neglect the plasma mass of the photon [11]. The resulting SN 1987A bounds
are somewhat weaker than those arising from bremsstrahlung, but are free from nuclear
physics uncertainties. It would be beneficial to revisit this by evaluating the yvh vertex
consistently within thermal field theory.

5.3 Production from pions

In a cooling protoneutron star, the number density of negatively charged pions n - is typically
a few percent of that of nucleons [101]. Such a pion number density is present, even though
the temperature is well below the pion mass, because there is a substantial isospin asymmetry.
This leads to a chemical potential of negative pions fi,- = p, — p1p (enforced by n < pr~
equilibrium) that is typically well above 50 MeV and may even approach m . In contrast,
the number density of positive and neutral pions is negligible. It has recently been shown
that the number density of negative pions can be further enhanced by attractive interactions
with nucleons in the medium, which reduce the effective pion energy [101].

The negative 7~ abundance in supernovae can lead to axion emission that is comparable
to that from bremsstrahlung through pm~ — na; see [102-104] for early work of this process
and [25] for a recent study demonstrating its significance (similar production of dark photons
has been considered in ref. [105]). Here we analyse the analogous channel pr~ — nh. It
is plausible that such a process might be relatively more important for KK gravitons than
axions. This is because the emission spectrum is expected to be harder than bremsstrahlung
due to the pion energy, which opens up additional channels in the case of KK gravitons (a
recent update to the classic paper [17] highlighted the pion-induced process as potentially
relevant for this reason).

At leading order in chiral perturbation theory, the vacuum matrix element for pm=— — nh
is given by the sum of four terms M,z = M3+ Mgz + M(i,é’ + MG 53 where Mg is the 4-point
npm—h interaction, corresponding to the Feynman diagrams in figure 4. The Feynman rules
required to evaluate these are given in ref. [51], except for the 4-point vertex, which can be
derived from the chiral perturbation theory Lagrangian (see eq. (C.4) in appendix C).

The expression for the matrix element is given in appendix C. The total matrix element
obeys a Ward identity ps M,z = pg M,z = 0, which guarantees that terms which diverge as
myp, — 0 cancel (this requires that the internal nucleons are not approximated as on-shell).
The fermion spin sum can then be performed, as well as sums over graviton polarizations
as described in ref. [51]. The resulting full expression is long,'!’ and so we take the large
my limit to give

2,2

HJQ m
oM = ﬁM(Gy —2(62” — 6zy +y(y +4) +10)) — 41—z +y)*  (5.2)

— 2(523 + 22(13 — 8y) + x(y* + 12y — 9) + 2y> — 13y + 12y — 9)],

19A Mathematica notebook deriving the full expression using the Feyn Calc package [106-108] is available
on request.
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(a) s channel (M?®) (b) u channel (M™) (c) t channel (M?) (d) contact interaction
(M°)

Figure 4. The four Feynman diagrams contributing to the pion process pm~ — nh.

where

T (5.3)

S0

t = (pg — p2)? is the usual Mandelstam variable, with the conventions for the momenta as
in figure 4, and E; is the pion energy (the unusual variables z, y and z are introduced for
compactness). Numerically, this large my approximation reproduces the full spin summed
matrix element up to at worst O(1) differences.

The production rate of a single KK graviton mode per unit volume and energy w is given by

(27‘()4(54(]71 +p2 — D3 _p4)’M‘2fpf7r(1 - fn) )
(5.4)
where f; are the Fermi-Dirac and Bose-Einstein distributions as appropriate, and |M|? is

dn / d®py d*p d*py dmw?
dw J (2m)32my (2m)32E, (271)32my (27)32w

spin summed rather than averaged. Eq. (5.4) can be partially evaluated (analogously to
the calculation in ref. [25]), such that the total energy emission rate to a single KK mode
per unit time and volume m = dww is given by

dQ Tz “p* e x o0 r2e
dth (271-)5\/7 (Zn + 1) / xp 65612, —|— Zp Zmin L 667" Yr — cos ‘ |
(5.5)

where the fugacities z; = exp((u; — m;)/T); the dimensionless variables z, = pa/v/2mnT,
Tr =p1/T, Yo = my /T, €z = Ex/T; and Ty, is set by the minimum pion momentum such

that the process is kinematically allowed. 6 denotes the angle between the incoming pion
and outgoing graviton in the centre-of-momentum frame, and the kinematics are expanded
in small m;/my, so t is a function only of E, and the masses. A sum over KK modes
leads to the total energy emission.

The most robust approach to obtain limits would be to either incorporate KK graviton
production directly into a simulation that includes pions, or to evaluate eq. (5.5) using a
profile from a simulation that include pions, adopting the same pion and nucleon equations of
state and dispersion relations as used in the simulation. The matrix element should likewise
be evaluated including consistent in-medium corrections.

Unfortunately, this ideal is currently unachievable for several reasons. First, calculating in-
medium corrections to the matrix element presents a major challenge. Even for axion emission
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via bremsstrahlung this is difficult, and KK graviton emission from pions is likely to be even
more challenging. Since O(1) corrections to the leading-order chiral-perturbation-theory
result are likely, this limits the accuracy that can realistically be reached.'’ Additionally,
even state-of-the-art simulations do not yet include pions.

Given this situation, we adopt an approach expected to provide a reasonable approxima-
tion to a full analysis. We use the proton and neutron number-density and temperature profiles
from the spherically symmetric simulations discussed above, and we take the pion chemical
potential to be p,- = p, — pp, using the neutron and proton chemical potentials determined in
the simulations. For simplicity we evaluate eq. (5.5) using the free-particle dispersion relations
for the protons and neutrons. We fix the proton and neutron fugacities z,, to reproduce
their number densities as extracted from the simulations with this dispersion relation.

Given the previously discussed medium-induced enhancement of the pion number density,
we present results using two approaches to the pion abundance, both using u, as extracted
above, labelled (a) and (b) in table 6. In the first, we use the vacuum pion dispersion relation.
In the second, following ref. [101], we take the pion to have a modified dispersion relation

Er(p) = p* +m2 + 3. (p), (5.6)

where the self-energy is dominated by interactions with neutrons and is estimated from
the one-loop expression

3
B 0) = [ Gy o Bl Vs () 6.7

with E, (k) the energy of a neutron of momentum k, and pey, is the centre-of-mass momentum
Pem = M (p?/m2 + k*/m3, — 2p.k/(7”n777m\7))1/2 with 72 the pion-neutron reduced mass.'?
The pion-neutron potential is obtained from experimentally measured scattering phase
shifts d;, as

270y,

Vi (Pem) = —a>_ (20 + 1>W : (5.8)
ll/ cm

where [ and v are, respectively, the angular momentum and nucleon spin projection. The
factor a ~ 0.16 is phenomenological and is chosen such that, in the limit of small fugacities,
the pion number density matches that obtained from a virial expansion. Further details can
be found in ref. [101]. 3, - reduces the pion energy, especially at momenta around 300 MeV,
which enhances the pion abundance for a given pi.

Additionally, we exclude the central regions of the supernova profiles where the pion
chemical potential exceeds 120 MeV because the pions are close to condensation in these
regions, and both the vacuum dispersion relation and eq. (5.6) are expected to be unreliable.

The first of these two approaches is expected to be conservative, whereas the second is an
uncontrolled extrapolation, although it appears to agree well with data in the regimes where

HRef. [25] accounts for one such correction for axion emission, finite nucleon-spin lifetime, by modifying the
matrix element with a phenomenological factor [103], though this effect is relatively minor.

12We follow [101] in using the non-relativistic centre of mass momentum; we have checked that using the
relativistic version does not make a significant difference.
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Figure 5. The energy emission spectrum d@/(dwdVdt) to a KK graviton of mass 50 MeV (with
energy w) at a typical point in a protoneutron star (see main text). We show the spectra from
bremsstrahlung emission (“Brem.”) and the pion process. For the latter, we plot the spectra obtained
with the two sets of assumptions described in the main text (labelled “7—(a)” and “7m~(b)”).

comparisons are possible. In combination, they are expected to offer a reasonable estimate of
the uncertainties and of the range in which the result from a full analysis would likely lie.
Given the uncertainties, the limits we quote in the abstract and the start of this section are
obtained from the first approach (see appendix F of ref. [109] for a detailed useful discussion,
and for ref. [110] recent related work). As a further cross-check, we have taken the total baryon
density and temperature profiles from simulations and computed the neutron, proton, and
pion abundances predicted by the virial-inspired model (imposing charge neutrality and beta
equilibrium), as in ref. [101]. This yields limits that are consistent with the second approach.

The results in table 6 show that the corrected pion dispersion relation leads to a moderate
strengthening of the bounds. However, the difference between the profiles is more important,
primarily due to the higher temperature of the 25Mg progenitor. Consequently, in the
future it may be useful to revisit our approach of evaluating the emission only at a single
moment rather than through the first few seconds of cooling. This would require making
use of profiles from three-dimensional simulations, since the spherically symmetric ones we
utilise do not successfully produce explosions.

As anticipated, the energy spectrum of KK gravitons produced by the pion process is
harder than that from bremsstrahlung. To illustrate this, in figure 5 we plot the energy
emission spectrum by bremsstrahlung and the pion process for a single KK mode of mass
50 MeV at a typical point in the protoneutron star. In particular, we set the temperature
to 40 MeV, the baryon number density to 0.1 fm ™3, the proton fraction to 0.3, and the pion
chemical potential to 80 MeV. The spectrum from the pion process has support only for
KK graviton energies greater than the pion mass, because the majority of the incoming
pion’s energy goes to the KK graviton. For the single KK mode shown, the emissivity from
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bremsstrahlung and the pion process are similar, but the total energy from the latter is
greater because its harder spectrum allows more KK modes to be accessed. Relatedly, the
pion process produces, on average, heavier KK gravitons than bremsstrahlung.

6 Signals from decays

In addition to the minimal cooling bounds discussed so far, constraints can arise if some of
the KK gravitons produced in an astrophysical object decay to SM particles. The decay rate
of a KK graviton of mass mj, to approximately massless SM particles is typically
3 3

rsM — AQJ\TZE’; ~ (104 yr)~1)2 (&g) , (6.1)
where the parameter \ encodes SM coupling constants and loop factors, so is not much
smaller than one. Given eq. (6.1), only the relatively heavy KK gravitons that are produced
in supernovae have decay rates fast enough to yield observable signals, while the lighter
modes from other types of stars decay far too slowly to be detectable.

Constraints from KK graviton decays to SM particles are strongest when no other decay
channels are available. For this to be the case, decays into lighter KK gravitons must be
forbidden; whether this is the case is model-dependent. In the limit of an exactly toroidal
compactification, such decays are prevented by KK number conservation, the discrete remnant
of momentum in the extra dimensions (there is one KK number associated with each extra
dimension). In this scenario, constraints arise from various observations associated with
supernovae [17]: searches for the products of decays of KK gravitons gravitationally retained
by neutron stars (such as RX J185635-3754); searches for the products of decays from the
vicinity of the recent supernova remnant Cas A; searches for the products of decays from all
past supernovae; and from bounds on the heating of old neutron stars by the products of
gravitationally bound KK graviton decays. For n = 2, these different signals lead to limits on
mkk that are a factor of a few to ten stronger than that from the cooling of SN 1987A [17].

However, as discussed in [26, 111], the details of the compactification may induce a small
explicit breaking of KK number in the low-energy effective theory. In this case, some of the
heavy KK gravitons produced in a supernova would decay to lighter KK gravitons. These
lighter particles can still decay to SM particles, but at a much slower rate due to the m;’l
dependence in eq. (6.1), resulting in weaker constraints. It is therefore interesting to ask
whether, with the magnitude of KK number breaking usually assumed in the dark dimension
scenario [111], constraints from decays into SM particles are relevant.'?

We follow ref. [111] in supposing that the details of the compactification allow decays
to violate KK number by up to an amount that we call dn. This is assumed to be much
smaller than the KK numbers of typical gravitons produced in a supernova, which is of order
10 MeV /mxk. We label the gravitons with KK numbers ({1, ls,...), (m1, ma,...), (n1,n2,...),
where the indices correspond to the extra dimensions and [;, m;,n; € Z. In the absence of
KK number violation, the three-point vertex involving KK, is non-zero only if

Y3Previously, ref. [22] has studied this question. We similarly conclude that limits from decays to SM
particles are easily evaded, although our formula for the n = 2 decay rate differs substantially from theirs.
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(in the alternative convention of considering only positive KK numbers the corresponding
condition is [; = |m; £ n;|). We therefore assume that a KK graviton (I;) can decay to
modes (m;), (n;) provided

li—on<n;+m; <lj+dén foralli. (6.3)

Again following [111], we suppose that the typical rate for such a decay of a KK graviton
of mass m is

(6.4)

where 3 is an unknown numerical parameter expected to be O(1). The factor \/mgkdn/my
in eq. (6.4), which is the typical velocity of the products of the decays, arises from the phase
space since the decays are near threshold.

We focus on the case of two extra dimensions, because for a single extra dimension the
astrophysical bounds are much weaker than laboratory constraints, even if KK gravitons
decay exclusively to SM particles [17]. We assume that equal KK number violation is possible
in all internal directions, as in eq. (6.3).!* In appendix D, we show that for n = 2 the number
of decay channels for a KK mode of mass m is approximately

3/2
( 1t > on®/? . (6.5)

MKK

Consequently, the total decay rate to KK gravitons is

453
9 myon

't (m) ~ 3 (6.6)

2 )
Mg mkk

which corresponds to a typical lifetime of

1 10\2 /10\? /10 MeV \* / mkk
=0 () () () () 67

To calculate precise limits and predictions, one must account for the distribution of KK

graviton energies and masses, as well as time-dilation, but for our present purposes a rougher
analysis is sufficient. For n > 2 most of the KK gravitons produced have masses not too
much smaller than their energies, because the number of KK modes increases with mass,
so we neglect the effect of time-dilation. We also approximate the mass distribution of KK
gravitons from a supernova as a delta-function peaked at my(t). Moreover, we assume that
each KK graviton decays into two products of equal mass, each of mass my,/2 (as shown
in appendix D, this is a reasonable approximation for the majority of decays). The typical
graviton mass as a function of time then satisfies

dmp(t)

ma(t)
dt '

~ —I"*%(my,) 5

(6.8)

1411 the case of two extra dimensions, but with KK number violation only in one of the directions, the
decay rate is a factor of dn smaller than eq. (6.6). However, our broad conclusions hold also in this case.
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Hence, given an initial population of KK gravitons of mass mg, we have
—1/4
mp(t) ~ mo (1 + FtOt(mo)t/Q) / : (6.9)

and the corresponding comoving number density of KK gravitons is n(t) ~ ngmqg/mp(t),
where ng is the initial number density.

Suppose that an observational signal arises from energy injection into the SM at a time
tobs after a supernova. Then the corresponding rate of energy transfer to the SM, Eqy, is

: Ny, (t b 3
ESM(tobs) = n(tobs)mh(tobs)]l\}(;S) (6'10)
Pl
Relative to the rate in the absence of KK number violation, Fy, we have'®
Fam(t -3/4
Bsu(tobs) (14T (o) ot /2) " (6.11)
Ey

The typical timescale relevant to the heating of old neutron stars is roughly 10° years,
similar to that for direct searches for the decay products of gravitationally bound KK gravitons.
The corresponding timescale for all past supernovae is even longer. Since these observations
provide limits on mggk that are not dramatically stronger than those from SN 1987A cooling
even in the case of decays only to the SM, from egs. (6.7) and (6.11) it follows that for dn of
at least a few these constraints are much weaker than cooling bounds.

An interesting exception is the signal from Cas A, which has the shortest relevant
timescale tops ~ 300 yr. Although previous analyses give constraints only about as strong as
those from SN 1987A cooling, this could be improved by future observations. From eqs. (6.7)
and (6.11), for on ~ 10 decays to other KK gravitons render this signal irrelevant. However,
if on is only slightly larger than 1 it could still be important.

Additionally, previous limits considered only KK gravitons produced by bremsstrahlung.
However, the pion production process is likely to be particularly important for these
searches, since (as shown in figure 5) it yields a substantially harder energy spectrum
than bremsstrahlung. Consequently, the typical KK graviton mass is larger by roughly a
factor of three, leading to decay rates (both intra-tower and to SM particles) that are more
than an order of magnitude faster. The resulting SM decay products will also be more
energetic, and therefore easier to detect above the background. Together, these effects could
significantly enhance the sensitivity of future searches.

Meanwhile, for n > 2 the number of available decay channels for a given KK graviton
mass is even larger, and the signals from decays to the SM are correspondingly weaker than
those from cooling for dn non-zero.

We also note that an alternative realisation of KK number violation has been proposed
and studied in detail in ref. [21], in which the KK modes of a bulk scalar acquire expectation
values. This leads to a different pattern of allowed decays than we have assumed. It might
be interesting to explore the implications of this setup for the dark dimension scenario.

5For some signals, such as the background from all galactic supernovae or heating of old neutron stars, the
relevant quantity is the total energy injected into the SM up to tons. This too is strongly suppressed relative
to the case of purely SM decays for I'***(mq)tobs > 1.
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7 Discussion

In this paper we have revisited astrophysical cooling constraints on KK gravitons, moti-
vated by recent interest in the dark dimension scenario. After analysing a wide range of
astrophysical systems and considering two novel production mechanisms, we conclude that
the bound from SN 1987A remains the most stringent. In this environment, even with
conservative assumptions, the rate of production of KK gravitons from pions exceeds that
from bremsstrahlung by a factor of a few, provided the soft approximation is accurate for the
latter. As can be seen from table 6, uncertainty in the protoneutron star profile of SN 1987A
is a critical factor. Because of several partial cancellations, resonant production is relatively
unimportant in supernovae, and it leads to limits from red giants that are a few orders of
magnitude weaker than those from SN 1987A.'6 Cold neutron stars also lead to constraints
that are somewhat weaker than SN 1987A for 2 and 3 extra dimensions.

There are several ways that the robustness of the SN 1987A limit could be improved,
although these are likely to be technically involved. The calculation of the bremsstrahlung
rate using the soft approximation could be refined by analysing the impact of multi-body
interactions or evaluating corrections that are formally higher order in the expansion but
might be numerically significant. The rate could also be computed by evaluating the
matrix elements directly, modifying the one-pion-exchange approximation with corrections
or more sophisticated scattering potentials, building on work done in the context of axions,
e.g., in ref. [99]. It would be especially useful to compute corrections to the leading-order
chiral perturbation theory prediction for the pion process. On the simulation side, given
the importance of pions for both KK graviton and axion limits, the inclusion of these in
simulations would be valuable. Ultimately, full three-dimensional simulations including new
sources of energy loss would be ideal, as in e.g. [115]. However, significant progress is required
even in the purely SM case, and the relevant BSM microphysics must be reliably determined
before such extensions are worthwhile. The production of KK gravitons might also lead to
observable effects in the evolution of supernova, beyond conventional cooling [116].

We have also shown that if decays within the KK graviton tower proceed at the rate
typically assumed in the dark dimension scenario, searches for SM decay products lead to
limits that are weaker than those from cooling bounds (although they remain significant if
KK number violation is highly suppressed). Among the various proposed signals, the most
promising are searches for SM particles from around very young neutron stars, where the
population of heavy KK gravitons has had the least time to deplete. This is encouraging,
since future observations of Cas A might provide sensitivity to previously unconstrained
theories (the remnant of SN 1987A could also be observed, although it is further from Earth).
As discussed, the pion production process could be especially important in this context, and
a detailed study would be interesting.

For one extra dimension, cooling constraints from old neutron stars are comparable to
those from SN 1987A, but both are substantially weaker than laboratory bounds. In this case,
the best prospects for stronger future limits likely come from improved experiments searching

'61n passing, we note that the calculation of the in-medium mixing, and the cancellation of unphysical 1/mp
divergences, is somewhat delicate, see appendix A. However, this is guaranteed from a Ward identity (useful
related work can be found in refs. [112-114]).
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for deviations from Newtonian gravity (on the other hand, one can hope for a discovery in
specific non-minimal models that yield stronger signals, e.g. if there are neutrinos [47, 117, 118§]
or axions [119] propagating in the 5 dimensional bulk). It is interesting to note that improved
short-range gravity experiments could strengthen the lower bound on mgk by about an
order of magnitude, which would probe part of the dark dimension parameter space (see,
e.g., [120]). Meanwhile, for two extra dimensions, a possible future 100 TeV particle collider
might be sensitive to theories currently allowed by SN 1987A constraints.

A notable omission from our present work is constraints from white dwarfs. Such systems
lead to relatively strong bounds on axions, both from the luminosity function [121-124] and
from the observed periods of pulsating white dwarfs [125-128]. Limits on KK gravitons have
been obtained from pulsating white dwarfs in the past [129], and it would be interesting
to revisit these, although the previous limits were weaker than those from the cooling of
SN 1987A. The resonant production process that we have considered might play a role,
especially at high luminosities where neutrino cooling proceeds mainly due to plasmon
decay. A reliable limit from the luminosity function would require implementing KK graviton
emission in a white dwarf evolution model to capture the effects of feedback [123], as well
as careful analysis of the microphysics (e.g. ionic effects on bremsstrahlung emission [130]).
Given that observational surveys are providing new data on the luminosity function [131],
this would be worthwhile. Pulsating white dwarfs are especially promising for KK gravitons
since they can be relatively hot, and again new data is expected. It has also recently been
shown that magnetic fields, such as those around magnetic white dwarfs, can affect resonant
conversion of axions [132-134], and it might be interesting to investigate the consequences
of this for KK gravitons.

Finally, although not the focus of our present work, several aspects of the cosmology
of KK gravitons merit a brief mention. If KK gravitons produced from the SM thermal
bath in the early Universe are effectively stable, then for n = 2, a low reheating temperature
of order 5 MeV is required to avoid overclosing the Universe, close to the minimum that is
consistent with Big Bang Nucleosynthesis. If there are decays within the KK graviton tower
with small dn, the decay products are approximately non-relativistic, and this bound on
TRy is essentially unchanged. For larger dn, the decay products are too warm to constitute
all of dark matter. However, if dn is sufficiently large, the decays might be fast enough
that the KK graviton population remains relativistic after production, causing its energy
density to redshift like radiation. It would be interesting to explore whether such scenarios
can lead to viable cosmological histories with the KK gravitons as a warm, subdominant,
component of dark matter. This population may, for example, contribute to ANyg at a
level detectable with the forthcoming CMB-S4 experiment. It would also be interesting
to study the signals of decays of dark matter KK gravitons to the SM in the n = 2 case,
analogous to the n = 1 analysis of ref. [26].
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A Photon-KK graviton mixing

The photon-KK graviton mixing receives contributions from each species of charged fermion
in the plasma H’;}laﬁ(Q) =2y Hﬁha?(Q). Using the Feynman rules in ref. [51], and performing
a calculation in the framework of real-time thermal field theory as described in ref. [24],
we find that the mixing due to a fermion of charge ¢q; with energy-momentum relation

Eg = p? + mff is given by

o dp 1 op  BrP+Cr8

57 (Q) = aper [ (273';% (folEp) — folEp)) (A“ ’+ W) o (AD

where 90
AraB _ mgg(PaQB + PBQ™ — (P - Q)) — (PYghP 4 PBghey, (A.2)

A
Bred = 2Pt [0 (4P Q)* - Q') = 4(P- Q) (P*Q° + PPQ°) + Q*Q*Q°|  (A.3)
Q@ (P"‘QB PﬁQa) —8(P- Q)P P”] (a.4)
~Q*(P- Q) (Q¢" + Qg") (A.5)

and

C“aﬁ _ 4(P . Q)2 (Pag,uﬁ + Pﬁgﬂa) + 8Q2P“PQPB. (Aﬁ)

Here we have introduced a photon mass m 4 which is necessary to regulate the ¢ channel
diagram, and £ is the usual gauge fixing parameter appearing in the photon’s propagator.
The photon’s Lorentz index is p, and the KK graviton’s Lorentz indices are o3. The A#8
term comes from the ¢ channel and four-point contact diagrams shown in table 1, while the
BB and C**# terms both come from the s-channel and u-channel diagrams.

Eq. (A.1) will be contracted with physical photon and KK graviton polarization vectors,
which have the properties

GZLQ“ =0, egﬁQa = egﬁQﬁ =0, egﬁgaﬁ =0. (A.7)

Therefore it is easy to see that the B**? term will not contribute to the mixing. Furthermore,
the A8 term reduces to —(P*gH8 4 PPghe) so ¢ will not enter in any physical quantities,
and the remaining terms are proportional to

d>p P~
s [ g UeEe) — Sl Ey). (A8
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By rotational symmetry, only the & = 0 component can survive, however P* = E, which
cancels the term in the denominator and so the integral is simply proportional to gf(ny —n f).
When we sum over the different fermion species, this gives the total charge density in the
plasma, which must be zero as we have assumed that the plasma is in equilibrium. This
means that A**5 also does not contribute. Only the s-channel and u-channel contribute to
the mixing, and only the C**# term remains. We can see that this is due to the presence of
a tadpole in the thermal loop diagrams corresponding to the other channels.

Before we move on to perform the integration over momenta, we note some features
of H’;;LO‘B (Q). Firstly we have the following Ward identities, also identified in ref. [112],

corresponding to the electromagnetic U(1) symmetry and gravitational diffeomorphisms'”
Queasll (@) =0 (A.9)
GQaQsI;(Q) = 0. (A.10)

Naively, contracting every index with the external momentum appears to give a non-zero
value; however, once again after summing over all the fermion species in the plasma, charge
neutrality enforces the identity

QuQaQpI 7 (Q) = 0. (A.11)

These identities ensure that contributions at order 1/my, vanish. While we expect this to hold
to higher orders in perturbation theory, we have only checked the leading order case. It can
also be checked that mixing only occurs between modes with the same helicity. For example
the longitudinal polarization state of the photon does not mix with the helicity-1 states of the
H“’QB = 0. To evaluate the integral, we assume 4(P - Q)? — Q* ~ 4(P - Q)?,
originally argued for in ref. [58]. This means that the denominator cancels in the first term

graviton, € Me o

of CH8  leaving something of the same form as eq. (A.8), which vanishes. The only part
which contributes to the final mixing is therefore

dp 1 prpapB
(27_‘_)3 E (fe(Ep) - fé(Ep)) (P - Q)Q

After contracting with appropriate polarization vectors, the angular integration can be

H:}La?(Q)reduced = 2Q2Qf€/{/ (A.IQ)

performed explicitly, yielding expressions of the form
LT < 9 LT
W@ = agen [ 9P (felEy) = fel ) HET (Byp. k), (A13)

where Q = (w,k) and L, T denotes the mixing for the longitudinal and transverse modes
respectively. We are free to shift our definition of H” by any constant H%T — HT 4 f(w, k)
since this will change the mixing by an amount proportional to the charge density which
cancels out upon summing over species. We find that a convenient choice is to subtract
off the zero-momentum contribution and define

HYT(E, p,w, k) = HHT (B, p,w, k) — H-T (my,0,w, k). (A.14)

17 Additionally, due to the charge conjugation properties of the graviton and the photon, the mixing vanishes
if fe(Ep) = fz(Ep) since the plasma is invariant under C-symmetry meaning we may apply Furry’s theorem.
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This both removes the unphysical 1/my, divergence in the contribution from each individual
species, and makes it easier to keep track of which species are important, since now in the non-
relativistic limit A7 o p?/ m? +0O(p*/ m;%), meaning that the non-relativistic contribution
is proportional to the pressure, which is suppressed by 7'/my. Since the 1/my, terms only
cancel out when overall charge neutrality is assumed, it is interesting to ask if such terms
can exist out of equilibrium. These would lead to a large enhancement of the KK graviton
production rate, and therefore to interesting observational signatures. We expect that the
answer is no, and that the cancellation is enforced by Ward identities which rely only on
the gauge symmetries of the theory. For a detailed discussion of the Ward identities and
associated power counting see ref. [135].

A.1 Summary of mixing calculation

We now present the final results of the calculation of the photon-KK graviton mixing Hﬁ,’LTf
in various regimes. If the fermion, f, is non-degenerate and non-relativistic so that p/my <1
for typical momenta, we find

1 nel my,
H%h,f(w) = —%qfelimf—fjv(?w2 —2), (A.15)
1 T
7, = ——=qpen 2", (A.16)

where we have simplified the result using w? — k% = m%, and introduced the graviton velocity
k = vw. For the case where the fermions are ultra-degenerate, so that the distribution function
can be approximated as a step function at the Fermi momentum pg, the mixing is given by

qgfek 3 1Mp 2 2 2 2 2 2.2

mh, = 2 3 2 (3 — 202)H — 1+ H A.17

Vh.f 6\%W2PF oo (( v )H (v7vp) — v vp(l+ H(v ”F))a ( )
T qrek 3 mp G(v%%)

11 = _ A.18
vh, f 3\/§7T2pF ow 2 ’ ( )

where H(z) and G(z) are functions which commonly appear in photon self-energy calcu-
lations [18, 58] and are defined as

G(z) = % (1 - %‘” - 12\_/%” log G - g)) . H@) = GS”)_T” (A.19)

The Fermi velocity vg is defined as pp = vp Ep. Provided that the species in question also gives

the dominant contribution to the photon’s self energy, the logarithms appearing in H(z) and

G(z) can be eliminated by using the resonance condition H%T(w*, k) = w?l—k2 = m3 to give'®
T~ PR 3 2 (3 — 902y (1 ) _ 2,2 (A.20)
= —2v ——= | —vivp |, .
vh, f 6\/€7T2pF U*wg * wz *VF
2
qgrek 5 mp my
m, , = "= —— A21
vh, f 3\/§7r2pF’U*w* ( w%) ) ( )

where v, = k,/w,. In all cases studied here, the electrons dominate both the mixing and the
photon self-energy. However, one may imagine a situation in which one species is dominant

18The typical velocity vo appearing in II,, is taken to be vp.
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in the photon self-energy, and a different species is dominant in the mixing. In this case
egs. (A.20) and (A.21) would not apply. Notice that if the dominant species in the plasma
is non-relativistic, such that vp ~ 0, the longitudinal resonance satisfies w. ~ w, and the
transverse resonance satisfies mj, ~ wy. In this limit both expressions vanish, as expected to
match the non-relativistic case at lowest order in 7'/m;. Making no approximations about
degeneracy, but taking the fermions to be ultra-relativistic, we find after eliminating the
logarithms with the resonance condition (now taking vy = 1)

2
qrermn s Wxmy, w
1, ;= J;\/éf v*w2 ((3 — 20?) ( — wg) - uf) , (A.22)
* D *
2
chelinf mp mh
ul, . = 1——L, A.23
Yh.f V2 U, ( w}g) ( )

which agrees with taking the relativistic limit of the ultra-degenerate expression. We again
assume that the fermion, f, is the dominant contributor to the photon’s self energy.

If all particles are ultra-relativistic, then all contributions to the mixing are proportional
to ggny so the leading order result shown here once again cancels out due to charge neutrality.
Higher order terms are then suppressed by a factor of mfc /T?, which is small in the ultra-
relativistic limit.

B Red giant profiles

The profiles for the cores of stars at the tip of the red giant branch (with typical radius
1072Rg) that we make use of when calculating constraints in section 3 are shown in figure 6.

10°7 /R, 10°r /R,

Figure 6. The density p, temperature 7', and plasma frequency w, as a function of radial coordinate
r in the red giant cores for the 3 different metallicities, Zi,;, that we use.
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C DMatrix element for the pion process

Here we give expressions for the matrix elements for KK graviton production from pions,
corresponding to the Feynman diagrams in figure 4. With the conventions for the momenta
in that figure, we have

s i fpp 1 o
= +p2 + + —2 +4m
aff 4\@m7r (pl +p2)2 — m?\f [(pl P2 p4) (’Yanﬁa YBNao ")/07704&) Nnaﬁ]

X (ph + o+ ma )i (C.1)

u K,
e e Y

X [(2172 - Ps)ﬂ(%ﬂﬂa + V8Nac — 2fygnaﬂ) + 4mN77aB] (C.2)
ikf 1
Mt — pp _ 5 P _ o'C + m2 C3
b \/im7r (pl _p3)2 _ mTzr (19/1 93)7 [P1 (pl P3) afpo wNas ( )
Méﬁ = —ifffpp pcf(%mﬁa + YpNao — 27077@6)75’ (C4)
2v2m,

where C\, 0 is defined in ref. [51]. Here fp,, = gams/(2Fx) ~ 1 with g4 ~ 1.3 the axial-vector
coupling constant of pions and nucleons and F; ~ 93 MeV is the pion decay constant.

D Decay channels

In this appendix we count the number of channels by which a KK graviton of mass my, > mgg
can decay to two lighter KK gravitons, assuming that the total KK number can change by
up to dn during the decay, as described in section 6.

Consider first the case of one extra dimension. We label the KK number of an initial state
N = my/mgk (we take this to be positive without loss of generality), and those of the final
state, a and b. The number of decay channels is given by the number of integers a, b such that

N-dn<a+b<N, (D.1)

where the lower bound is from the maximum violation of KK number, and the upper bound
is from conservation of energy. Hence, the number of channels is of order

Noén = ﬂén, (D.2)
MKK
(we are not concerned with order-one numerical factors).

Next we consider the case of two equal radius extra dimensions, assuming violation
of up to dn is allowed for the KK numbers associated with both compactified directions.
Without loss of generality, we take the KK numbers of the initial state to be (N, 0), where
N = my/mkxk as before. Call the KK numbers of the final states a = (a1, a2) and b = (by, ba).
We must count the number of pairs of vectors over the integers (a,b) that satisfy

N-édn<ar+b<N+dén, and —on<as+by<on, (D.3)
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(from KK number) and
la| + |b| < N, (D.4)
from energy conservation. These conditions are equivalent to
la| +|f —a] < N, (D.5)

where f = (f1, f2) = a+ b is such that f; € (N — dén, N + dn) and fo € (=dn,on).

Consider a particular fixed f = (N — dny,0ns). Eq. (D.5) corresponds to points inside
an ellipse with foci at 0 and f and major axis of length N. The number of such points is
the area of the ellipse, which (dropping numerical factors) is

Ny/N2— [f]2 ~ N\/Nony, (D.6)

where we used dn; < én <« N.
Since the number of different f is of order dn?, the total number of open decay channels is

2 mpy \3/? 5/2

n“NVNIn = () on®/? (D.7)
MKK

where we neglect an overall numerical factor that is about 0.3. Eq. (D.7) is the expression

used in the main text.
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