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Abstract

Spin-Selective Chemical Reactions in Radical Pair Magnetoreception
Jason C. S. Lau

A thesis submitted for the degree of Doctor of Philosophy
Trinity Term 2013
Physical & Theoretical Chemistry Laboratory and Worcester College

Many animals on earth need to navigate in their own environments for breeding and foraging.
The ability to determine a correct heading and the current location for a migratory bird is critical
for its survival. Animals that are sensitive to the Earth’s magnetic field can use it to obtain their
direction of travel.

In 2000, a paper suggested that radical pair reaction could form the basis for magneto-
reception in migratory birds and a flavoprotein, cryptochrome, was proposed as the candidate
for the radical pair precursor. Recent in vivo experimental results strongly support the hypoth-
esis that radical pairs formed in the eyes of migratory birds are responsible for their magnetic
compass sense. Cryptochrome has also been located in the UV-cones in the retinas of two dif-
ferent species of bird.

Radical pairs in living cells are influenced mainly by Zeeman interaction, hyperfine interac-
tion, rotational modulation, etc., and together they influence the recombination reactions of the
radical pairs. This thesis considers the possible role of radical pairs in avian magnetoreception,
using computer simulations of the quantum mechanical evolution of a radical pair under a variety
of conditions.

Chapter 1 contains the introductions to spin chemistry, avian magnetoreception, and the math-
ematical description of the quantum evolution of a radical pair.

Chapter 2 describes the four different theoretical models for a general non-diffusion-controlled
radical pair reaction and the product yields of a radical pair reaction predicted by these
four models are analysed and compared.

Chapter 3 introduces a model for avian magnetoreception that integrates photoselection with
the radical pair reaction and the model is used to predict the retinal patterns that a bird may
be able to use for magnetoreception. The anisotropic singlet product yields of a radical pair
comprises the flavin chromophore and the tryptophan of a cryptochrome are also presented
in this chapter. A paper based on some parts of this chapter is published' in the Journal of
The Royal Society Interface.

Chapter 4 describes a modified version of an algorithm that is used to calculate the prod-
uct yields detected in a reaction yield detected magnetic resonance (RYDMR) experi-
ment. The new algorithm is used to analyse the results of two sets of RYDMR experi-
ments in which two radical pair systems, pyrene/1,3-dicyanobenzene and chrysene/1,4-
dicyanobenzene, were used. The modulated detection technique used in the RYDMR ex-
periments is also discussed in this chapter. A section of this chapter is published” in a
paper in the journal Physical Chemistry Chemical Physics.

"Lau, J.C.S.; Rodgers, C.T.; Hore, P.J., J. R. Soc. Interface, 9 (77): 3329-3337, 2012
2Wedge, C.J.; Lau, J.C.S.; Ferguson, K.-A.; Norman, S.A.; Hore, P.J.; Timmel, C.R. Phys. Chem. Chem. Phys., 15
(38): 16043-16053, 2013
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Chapter 1

Introduction

The two fundamental properties of an electron are its charge and its spin. The electronic charge
was integral in the discovery of the electron in the late 19" century. After J. J. Thomson’s cathode
ray experiments [1] in 1897 tested the ‘electrified-particle’ theory, Robert Millikan performed
his famous oil drop experiment [2] to measure the elementary charge of an electron in 1911.
However, the discovery of the electron spin would take longer.

In 1922, the Stern-Gerlach experiment [3], by Otto Stern and Walther Gerlach, demonstrated
that a beam of silver atoms could be deflected by an inhomogeneous magnetic field and the beam
was split into two discrete parts. Later scientists experimented with other atoms with one electron
in their outer shell and also found that the beam would be split into two [4].

Pieter Zeeman discovered the Zeeman effect [5], which is the splitting of the atomic spec-
tral lines by magnetic fields, in 1897 but nobody had an explanation. Various ideas were put
forward but none was adequate. In 1925, George Uhlenbeck and Samuel Goudsmit published
their explanation for the Zeeman effect [6]. In their paper, the authors wrote that the electron has
one half unit of intrinsic angular momentum and the interaction between this angular momentum
and the external magnetic field caused the Zeeman effect. This is the first time that the idea of
a ‘spinning’ electron was suggested. Similarly, the spin angular momentum of the silver atoms
also caused the beam to split in the Stern-Gerlach experiment.

Wolfgang Pauli further developed the idea of electron spin and incorporated his ‘exclusion

principle’ into quantum mechanics [7]. He stated that any electron in an atom can be described
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using four quantum numbers and no two electrons can be described by the same set of quantum
numbers. Finally Paul Dirac proved the existence of the electron spin with his Dirac-equations

in 1928 [8,9] and provided the mathematics for spin quantum mechanics.

1.1 Spin

Two quantum numbers are needed to describe the interaction between an electron and a magnetic
field, if there is no spin-orbit coupling. For an electron, the spin quantum number, s, is 1/2 and the
magnetic spin quantum number, m_, is £1/2. Since an electron has a half-integer spin number,
it is a fermion. The m_ = +1/2 is known as the a-state and m, = —1/2 is known as the f-state.

The spin angular momentum, S, is related to the spin quantum number by
S'2|s,ms> :s(s+1)h2{s,ms> (1.1)

where 57 is the square of the spin angular momentum operator. The projection of the spin angular

momentum in an arbitrary z-direction, S, is given by

SZ

s,ms>:msh|s,ms>. (1.2)

1.2 Radical Pair

Stern continued with the Stern-Gerlach experiment with molecules instead of atoms in the years
after the first paper in 1922. He published results of the experiment with molecular hydrogen [10]
in 1933 and he observed that the beam of hydrogen molecules was deflected by the magnetic
field. Since there are no unpaired electrons, there is no contribution from the electron to the total
spin angular momentum of the molecule. In fact, the deflection was due to the spin angular mo-
mentum of the nuclei in molecular hydrogen. In the paper, he calculated the magnetic moments
of ortho-hydrogen and para-hydrogen from the results and this would lead to measurements of
the magnetic moments of the proton, neutron, and other nuclei by other scientists.

Stern noted that it was difficult to improve the measurement of the magnetic moment of
hydrogen from the deflection experiment more than several per cent [11] and other scientists

then started to use other methods for the magnetic moment measurement. In 1939, Isidor Rabi
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used electromagnetic radiation, oscillating at radio frequency (RF), that is in resonance with the
energy gap of the nuclear spin of hydrogen in a magnetic field. This resonant frequency is known
as the Larmor frequency. Rabi measured the Larmor frequencies at different field strengths and
from the results he obtained the magnetic moment of the proton [12]. This was the beginning of
nuclear magnetic resonance (NMR) spectroscopy, one of the most widely used spectroscopies

by modern scientists to investigate molecular properties.

Rabi’s experiments only applied to species that can be made into a molecular beam but the
introduction of a new technique in 1946 expanded the scope of NMR. Edward Purcell reported the
observed NMR signal of hydrogen in a solid, paraffin wax, [13] and Felix Bloch also observed
the NMR signal of hydrogen in various liquids, such as water [14]. The two papers showed
that NMR is applicable to both liquids and solids and provided a way to investigate molecular

properties without destroying the sample.

By 1960’s, NMR spectroscopy was becoming more widely used and in the second half of
the decade, scientists published NMR spectra that showed enhanced absorption and emission in-
volving radicals [15—-17]. The effect was called chemically induced dynamic nuclear polarisation
(CIDNP) as it was first thought the polarisation effect was purely due to radical chemistry. How-
ever it became clear later that the electron spins in the radicals are also involved. The CIDNP
effect is due to the evolution of two correlated radicals, known as a radical pair, between the
singlet and triplet states [18]. Depending on the precursor spin state, radical pair properties and
the reaction scheme, the NMR signals of the products will be either absorptive or emissive [19].
A similar polarisation effect was also observed in the electron spin resonance (ESR) spectra of
alkyl radicals measured by Fessenden and Schuler [20] in 1963. The electron polarisation effect
is known as chemically induced dynamic electron polarisation (CIDEP) and it also arises from

radical pairs [21].

1.2.1 Singlet and triplet radical pair

A radical is a molecule that has a single unpaired electron. A radical pair (RP) is two radicals

that were created simultaneously with correlated spins. The correlated spins evolve coherently,
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‘T+l> |TO> ‘T—l> |S>

Figure 1.1: The vector model of a RP in triplet (’T+l> ,|T3) . |T_,)) and singlet (|S)) states.
The red arrows denote the spin of radical 1 and the blue arrows denote the spin of radical 2. The
spins that have a positive z-component are known as the a-state and the spins that have a negative
z-component are known as the f-state. The spin vectors in the figure have z-projections of 7/2,
however in the coupled angular momenta scheme of the singlet and triplet RPs, the z-projections

of individual radical spins are not defined.

under the influence of other magnetic interactions, between the singlet and triplet states which

are non-stationary states of the spin Hamiltonian.

In the vector model, a singlet RP has anti-parallel spins and a triplet RP has parallel spins
(fig. 1.1). There are four spin wavefunctions in total; one wavefunction is the singlet and three

wavefunctions are the triplets.

Triplet (S = 1) 3 1) = 2 () + ras)) (M =0)

T_,) = |B,52) (Mg = —1).

S'is the total spin quantum number and M g is the total magnetic spin quantum number. The spins
in |S) and ‘T0> precess around the arbitrary z-direction coherently; the spins are in phase in ’T 0>
and the spins are out of phase by 7z in |S) (fig. 1.1). On the other hand, the coherence between
the spins in both ‘T +1> and ‘T—1> is not fixed. When an external magnetic field is present, the
energies of |S) and ‘T0> remain unchanged, the energy of ‘T+1> increases, and the energy of

|T_,) decreases.
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1.2.2 Radical pair reaction

In a general radical pair reaction (RPR), the first step is the generation of a spin-correlated RP
from a precursor. There are a number of ways to generate the RP, all of which are described in
an excellent review by Steiner and Ulrich [22]. The RPRs described in the later chapters are in

liquid solution therefore this section will describe RPs formed in liquid solution (fig 1.2).

One convenient way of generating RPs is photoexcitation. The electron donor, D, is excited
by a laser to an excited singlet state. This is followed by the rapid electron transfer from the

donor to the electron acceptor, A.

Soon after the electron transfer, the radicals that have not recombine immediately are still
within the same solvent cage and the distance between the radicals is governed by Brownian
motion. The exchange energy between the radicals decreases as the distance increases. When
the radicals diffuse apart sufficiently, the exchange energy becomes insignificant. Then the RP
spin-state starts to evolve coherently under the influence of other magnetic interactions because

the singlet and triplet states are non-stationary states of the spin Hamiltonian.

When the re-encounter of the radicals occurs, the RP undergoes a spin-selective reaction.
If the RP is in the singlet state, the radicals recombine to form the cage products. However, if
the RP is in a triplet state, no reaction occurs. If no reaction occurs within the solvent cage, the
radicals may separate and react with scavengers in the solution to form the escape products. The

re-encounter has to compete with the final separation of the radical pair.

The ratio of cage and escape products depends on the spin evolution of the RP therefore it
depends on magnetic interactions, such as that with the external field. So the radical pair reaction

is sensitive to a magnetic field.

The electron donor and acceptor are usually separate molecules, and their RPR is usually
controlled by the rate of diffusion. In the special case that both the donor and acceptor are in
the same molecule, a biradical is formed after photoexcitation. An example of a biradical is the
carotenoid-porphyrin-fullerene (CPF) triad [23]. The porphyrin in the CPF triad adsorbs green
light and is excited to a higher singlet state. Then two sequential electron transfers occur, from

the porphyrin to the fullerene and from the carotenoid to the porphyrin. The spins centred at
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| electron
DA
A transfer
D A
hv k
e€sc
Y
Dt A*
X
Y
DA DX AX
precursor / escape products
ground state
Figure 1.2: A generic radical pair reaction scheme. (D'Jr e A“) isa species formed imme-

diately after the electron transfer and it forms the singlet RP after the radicals diffuse apart such
that the distance between them is large and the exchange energy is negligible. The blue arrows
represent the singlet-triplet evolution of the RP. X is a scavenger molecule in the solution that

reacts with the escaped free radical. k, is the cage recombination rate and kg, is the escape rate.

the carotenoid and the fullerene are correlated and form the biradical. The biradical will undergo
singlet-triplet interconversion, and the singlet and triplet product ratio will depend on its magnetic

interactions.

1.3 Magnetoreception

All animals on earth need to navigate in their own environments for breeding and foraging.
Female loggerhead sea turtles in the Atlantic ocean swim back to the same beach every year to
lay their eggs [24]. A species of migratory bird, the bar-tailed godwit, holds the record for the
longest non-stop flight of any bird; it took a journey of over 10000 km from Alaska in the northern
hemisphere to New Zealand in the southern hemisphere during the autumn migratory season [25].
Monarch butterflies make an annual migration from North America to Central America during

the autumn and then make the reverse journey in the spring [26].

Two important pieces of information needed in navigation are the direction of travel and
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the current position. Animals can identify their current location by either visual identification,
olfactory cues or geomagnetic information. Natural landmarks and man-made structures can also
help in identifying the current location. The intensity of the earth’s magnetic field depends on
the global position; the strength decreases from 65 puT at the poles to 25 uT at the equator, and

there are local anomalies in the range of nT.

Animals can obtain their direction of travel from any of the three compasses: the sun com-
pass, the celestial compass and the magnetic compass. The position of the sun in the sky changes
during the year for locations away from the equator and the animals using the sun compass need
to compensate for this effect [27]. The celestial compass can only be use for animals that are
active at night and these animals navigate by looking at distant stars in the sky. The geomagnetic
field can provide a magnetic compass sense and animals can obtain the direction relative to the

magnetic north [28].

1.3.1 European robin and cryptochrome

The European robin (Erithacus rubecula) is a small, night-migrating passerine and the birds
migrate from the north of Europe to the south of Europe during the autumn. The robin was one
of the first avian species that was shown to have magnetoreception under laboratory conditions.
In 1970, Wolfgang and Roswitha Wiltschko showed that the robins responded to both directional
and intensity changes in the external magnetic field [29]. They also concluded that the biological
magnetic compass is an inclination compass [30]; the robins cannot perceive the polarity of the

magnetic field but can only perceive the angle of the field with respect to the horizontal.

The behavioural studies of robins coincided with the discovery of the RP in the CIDEP
and CIDNP experiments, and a short time later, Klaus Schulten et al. made the link between
magnetoreception and RP. In 1978, they published a paper describing a magnetic sensor based
onaRP [31]. They showed that the product yield of a RPR depends on the direction and intensity
of the external magnetic field, provided that there is an anisotropic magnetic interaction between
the electron spins and their environment. Therefore in theory a RP can act as a magnetic compass

for birds.
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Schulten’s paper was overlooked for more than 20 years because there was no suitable bio-
molecule as the RP precursor. The radical pair mechanism (RPM) was revived in a paper in
2000 that was co-authored by Schulten [32]. The authors again argued that the RP is the magnetic
sensor in biology and the argument this time was stronger. Experiments on robins and Australian
silvereyes in the 1990’s showed that their magnetoreception is dependent on the wavelength of
the ambient light [33,34] and this corresponded to the photoexcitation of the RP precursor in the
RPM. The best evidence for the RPM is that the robins were disoriented when they were exposed
to RF oscillating magnetic fields [35]. Out of all the potential mechanisms for magnetoreception,
the RPM is the only one that is affected by RF fields. Specifically, the robins were disoriented
by a RF field at 1.315 MHz, which is the Larmor frequency of the free electron spin at 47 uT.
The strong and sharp resonance at the Larmor frequency suggests that the underlying RP may

contain a radical that has no or very small hyperfine interactions.

In the 2000 Ritz et al. paper, the authors also suggested that a recently discovered class of
photoreceptors, cryptochromes [36—38] could be the RP precursor. Cryptochrome (CRY) is a
flavoprotein and its evolutionary predecessor is another flavoprotein, photolyase [38]. CRY's are
found in most types of organisms, such as bacteria [39], plants [40], insects [41], mammals [42]
and humans [43], and they show a variety of functions in different organisms. CRY'1 was found
to regulate plant growth in Arabidopsis thaliana, a small flowering plant [44]. CRY was also

shown to have a role in circadian rhythms in mice [45] and fruitflies [41].

Fruitflies (Drosophila melanogaster) were also shown to be sensitive to a magnetic field
in a paper by Gegear ef al. in 2008 [46]. They trained wild-type and CRY-deficient fruitflies
to respond to a magnetic field associated with a reward, and showed that only the wild-type,
the flies that had CRY, would respond to a magnetic field. This was the first experiment that

demonstrated the association between CRY and magnetoreception in any organism.

Efforts to locate CRY in avian species yielded some results during the past decade. CRY was
found in the retina in chicken [47] and garden warbler [48], another migratory passerine. Further
experiments on chicken and robin retinas found that there is co-localisation of CRY proteins and

ultraviolet/violet cones [49] and the authors of the paper also suggested that CRY's are anchored
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along the membrane-discs in the cones. This immobilisation may be important in preserving the
anisotropic response of a CRY-RP in a magnetic field.

CRY has two cofactors, flavin adenine dinucleotide (FAD) and 5,10-methenyltetrahydro-
folate (MTHF), buried inside the protein. After blue light photoexcitation of the FAD cofactor, a
RP is formed between FAD and a surface tryptophan (Trp), and this RP was shown to have a life-
time of milliseconds in vitro [50]. The RP is formed via three sequential electron transfers along
a chain of three Trps, leading to the surface of the protein [51,52]. A H' abstraction may occur
during the RP formation by FAD*™ to form the neutral FADH®. Although in vitro experiments
showed that FADH"®’s counter radical is TrpH**, analysis of the in vivo experiments in robins
shows that the counter radical appears to have no hyperfine interactions [53] and the superoxide
radical was suggested as the counter radical [54,55]. However, it will be shown in chapter §3 that
the identity of the counter radical does not affect the suitability of CRY as a magneto-directional
Sensor.

The Earth’s magnetic field is only around 50 uT, which is very weak compared to the ~ 10T
fields that are routinely used in NMR. In this thesis, only RPR at low fields will be discussed
because biological magnetoreception occurs at low fields. After the preliminary introduction to
spin, RPs, and magnetoreception, the next sections contain details of the properties and interac-

tions of a RPR, and the mathematics needed to calculate the product yields of a RPR.

1.4 Magnetic characteristics in radical pair reactions

There are a number of interactions that affect the singlet-triplet coherent evolution in a RPR. In
this section some of these interactions are described but the RPR calculations in later chapters
will only include the Zeeman and the hyperfine interactions, as other interactions are insignificant

at low field and in biological conditions.

1.4.1 Zeeman interaction

The Zeeman interaction is named after Pieter Zeeman who discovered the effects of magnetic

fields on atomic spectra in the late 19 century. In classical physics, the energy of a magnetic
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Energy

Figure 1.3: The energies of the a- and f-states in a magnetic field, B,,.

dipole in a magnetic field is

E=—ji-B (1.3)

where /i is the magnetic moment and B is the magnetic flux density (commonly know as the
magnetic field) which is measured in Tesla. The magnetic moment is directly proportional to the
angular momentum, S, and it should not be confused with the magnetic quantum number, s (eq.
1.1).

i=7.5 (1.4)

where y_ is the electron gyromagnetic ratio. When B points in the z-direction with strength, B,,,

By =75, =y g, (1.5)

E = —y ,hmB,. (1.6)
7. 1s negative. Usually the energy is expressed in terms of the Bohr magneton, u 5;
E=ppgmBy, pig=9274x 1072117 [56], (1.7)

where g, is the electron g-factor and g, = 2.002 [56] for a free electron. In contrast to nuclear
spins, the electronic fS-state is lower in energy than the a-state in a magnetic field. The energy

difference (fig. 1.3) between the a-state and the fS-state is
AFE = ugg B,. (1.8)

10
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The spin Hamiltonian for the Zeeman interaction is similar to equation 1.7;

u

"BS.o. B 1.9
508 (1.9)

S1R

H=

where § is now a spin operator and will be defined in a later section. g is a tensor that describes the
anisotropy in the g-factor. This anisotropy occurs because molecular orbitals are not spherically
symmetric and spin-orbit coupling of electron angular momenta in molecular orbitals is complex.
The g-factor anisotropy can be observed frequently in solid state ESR experiments but for the low
fields and organic molecules that are considered in the later chapters, it is reasonable to assume
that g is isotropic and to use the free electron g-factor, g.. Therefore the Zeeman Hamiltonian

for a B, field that points along the z-direction is

A lu A
H= ?BgeBOSZ (1.10)

where S’Z is the spin operator in the z-direction. The characteristic resonance frequency of the

electron in a magnetic field is know as the Larmor frequency, o, and

=1.761 x 10" rads~! 771 (1.11)

HpY
o Jy,| = Ll

Magnetic nuclei also have Zeeman interactions in a magnetic field but their gyromagnetic
ratios are small compared to the electron. Hydrogen has one of the largest nuclear gyromagnetic
ratios (yiy = 2.675 x 10°rads~' T™') and it is ~600 times smaller than |7.|. Therefore the

nuclear Zeeman interaction can be omitted in low field RPR calculations.

1.4.2 Hyperfine interaction

The hyperfine interaction (HFI) is the magnetic interaction between the electron spin and the

nuclear spins in a radical. The Hamiltonian for the HFI is

~i

H=5-A- (1.12)

where A is the HFI tensor. Usually A is quoted in its eigenframe, and equation 1.12 becomes
I (1.13)

where A, A A, are the eigenvalues of A.

zx Cyyo
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1.4. Magnetic characteristics in radical pair reactions

There are two main contributions to the HFI; one of the contributions is the Fermi contact
interaction [57], which is

Aiso Tyeyn’ql(r = O)‘z‘ (1.14)

The Fermi contact interaction depends on the orbital wavefunction of the unpaired electron, the
magnetic moment of the electron, and the magnetic moment of the nucleus. For a non-zero a;,
the spin density function at the nuclear position, |¥,(r = 0) \2, should be non-zero. This means
that the wavefunction should have some atomic s-orbital character. The Fermi contact interaction

remains constant during molecular rotation and it is the isotropic part of the HFI. The isotropic

part of the HFI Hamiltonian is

A~

5o 1
H, =a, S I, wherea, = gTr[A]. (1.15)

180

The other contribution to the HFI is the electron-nucleus dipolar coupling. The Hamiltonian
at 7 is similar to the classical dipolar coupling [57],

Lt i (8 (17)

0 =\ 12
dipolar(r T Arx VeVn ‘7:»]3 - |7;»|5 |‘II(T)| : (1.16)

The dipolar coupling depends on the magnetic moment of the electron and the nucleus, the dis-
tance, the orientation, and the spin density. The anisotropic part of the HFI Hamiltonian is found

by integrating equation 1.16 over all space;

Haniso = /Hdipolar(F) dv. (117)
v
H, ., 1s usually expressed as
~ = z 3cos’ 0 — 1
Haniso =5 Aaniso I, Aaniso X r3 ’ (1'18)
A, iso 18 traceless and is the anisotropic part of A. The dipolar interaction averages to zero when

the molecule is tumbling rapidly so anisotropic HFI usually is not considered in liquid phase
RPR.
The unpaired electron in an aromatic radical, such as the pyrene radical (which will be de-

scribed in section §4.1.1), is usually located in the excited conjugated 7" -orbital above and below

12



1.4. Magnetic characteristics in radical pair reactions

Figure 1.4: Schematic representation of the spin polarisation of the C-H bond in the plane of an
aromatic molecule. The unpaired electron (1) is localised in the z*-orbital (black). The exchange
interaction causes the electron localised in the sp, hybrid orbital (red) to have parallel spin and
hence the electron (]) localised in the s-orbital (green) has anti-parallel spin. The HFI between
the unpaired electron and the hydrogen nucleus is mediated through the spin polarisation of the

C-H bond, despite the fact that the unpaired electron is in an orthogonal orbital to the C-H bond.

the carbon ring. This z-orbital can be described by a linearly combination of the individual car-
bon p_-orbitals in the aromatic ring. Although there is zero spin density at the hydrogen nucleus
that lies in the plane of the aromatic ring, the electron still experiences a HFI with the hydrogen

in solution (see section §4.1.1).

The isotropic HFI in aromatic radical arises from a mechanism called spin polarisation (fig.
1.4) [58]. The unpaired electron in the 7*-orbital can polarise the pair of electrons in the bonding
molecular orbital of the C-H bond through the exchange interaction. The two electrons localised
at the carbon atom, one in the p_-orbital and one in the sp2 hybrid orbital, have parallel spins
due to the exchange interaction. Due to Pauli’s exclusion principle, the electron localised at the
hydrogen atom has anti-parallel spin and this electron interacts with the hydrogen nuclear spin via
the Fermi contact interaction. Therefore the unpaired electron that is localised in the 7*-orbital

is able to interact with the hydrogen nuclei in the plane of the aromatic ring.

13



1.4. Magnetic characteristics in radical pair reactions

1.4.3 Other magnetic characteristics

The Zeeman interaction and the HFI are the only two interactions under consideration in this
thesis but the product yields of a RPR are under the influences of other interactions and processes.
The effects of these interactions and processes are assumed to be negligible under the conditions
that are considered in this thesis. In this subsection, these effects are discussed briefly before a

detail description of the calculation of product yields in the next section.

Ag mechanism

As described in section §1.4.1, g depends on the orbital environment and the variation is small for
organic molecules. However this small difference is important at high fields, ~ 1T (eq. 1.10),
as the Zeeman interaction dominates the HFI. The small difference in g between the two radicals,
known as the Ag mechanism, can drive singlet-triplet interconversion in a RPR. This is because
the two electron spins are precessing at significantly different rates around the strong external
field. Since the RPR considered in this thesis will be in the low field region, the difference in g

values can be ignored and the Ag mechanism will not be considered.

Exchange interaction

When there is significant orbital overlap between the two unpaired electrons in the RP, the elec-
trons experience an exchange interaction. The exchange interaction is a quantum mechanical
energy and it is the non-classical part of the Coulomb interaction between the electrons that de-

pends on their spins. The exchange interaction Hamiltonian is

~

o, =-2J§, -5, (1.19)

X

J is the exchange integral and the energy gap between the singlet state and the triplet state of
the RP is 2.J. The distance dependence of .J in a RP can be approximated by a pair of hydrogen
atoms approaching from infinite distance (fig. 1.5a). As the separation distance decreases, the
atoms form a bonding orbital (S) and an anti-bonding orbital (7). This distance dependence is

approximated by an exponential [59],
J(r)=Jye "7, (1.20)
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1.4. Magnetic characteristics in radical pair reactions

Energy

~lnm
r

(a). The energies of the four RP states as a
function of distance, as deduced from a simple
model of the hydrogen atoms approaching from
infinite radical separation. The energies of the
three 7-states are split by the Zeeman interac-
tion with the external field. S is separated from
T}, by 2.J(r) and this exchange energy depends

Energy
H

2J

2J

(b). The energies of the four RP states as a func-
tion of the external field. T . and T are de-
pendent on the external field due to the Zeeman
interaction. S is separated from T, by the ex-
change energy, 2.J. In the drawing, J is nega-
tive and therefore S is lower in energy. S and

T, become degenerate at B, ;.

on the separation, r, between the radicals. At
distances larger than 1 nm, the exchange energy
becomes negligible compared to other interac-
tions.

Figure 1.5: Two drawings of the energies of different RP states as a function of radical distance,

r and as a function of external field, B,,.

where 7 is the radical separation. Typical values for J, and the range parameter, r ;> are 1.7 x
10" rads™! and 0.049 nm respectively [60]. For a RPR in a weak field (~ 100 uT), J is of the
same order of magnitude as the Larmor frequency when r ~ 1.1 nm. When the radical distance
exceeds 1.1nm (fig. 1.5a), the geminate RP is formed and spin mixing is allowed. However,
when the radical distance decreases during re-encounter, the exchange energy dominates other

interactions and spin mixing is blocked.

T

', and T"_, states have non-zero magnetic spin angular momentum therefore their energies

depend on the external magnetic field due to the Zeeman interaction. Depending on the sign
of the exchange interaction, either 7', ; or T"_; becomes degenerate with S at the field strength

By, =2J/g_u,, (indicated as B, ; in fig. 1.5b) and singlet-triplet interconversion occurs.
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1.4. Magnetic characteristics in radical pair reactions

Dipolar interaction

In addition to the dipolar interaction between the electron and the nuclei in a radical (§1.4.2),
there is also a dipolar interaction between the two electrons in a RP. The Hamiltonian for this
electron-electron dipolar interaction is similar to equation 1.16 (substitute the nuclear variables

with electron variables) and its strength also decreases with increasing distance,

(1.21)

The separation between the two radicals (~ 1 nm) is bigger than intra-molecular electron-nucleus
distance. Although the electron gyromagnetic ratio is bigger, the electron-electron dipolar in-
teraction is usually negligible at typical inter-radical distances. This dipolar interaction is also

averaged to zero by molecular rotational diffusion.

Relaxation

A RP is not an isolated system and in addition to the interactions described in the previous sec-
tions, it also interacts with its environment. This interaction between the electron spins in the
RP and the environment causes the spin system to return to thermal equilibrium. This is called
relaxation.

There are two main types of relaxation. Longitudinal relaxation (also known as spin-lattice
relaxation) causes the spin populations to return to their thermal equilibrium values according
to the Boltzmann distribution and this is characterised by the time constant, 77. In NMR spec-
troscopy, this is the increase of the z-magnetisation after the initial RF pulse. However, in a
low field RPR, the eigenaxis of the spin system does not coincide with the external field, and
T, processes can be viewed as returning the populations of the eigenstates to equilibrium. Since
longitudinal relaxation involves the redistribution of populations, energy is exchanged with the
environment.

The second type of relaxation is transverse relaxation (also know as spin-spin relaxation) and
it is characterised by the time constant, T’,. In NMR spectroscopy, after the initial RF pulse, all
the spins are in phase and the resultant magnetisation precesses around the z-direction at a fre-

quency dependent on the external field strength. Transverse relaxation decreases the precessing
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1.4. Magnetic characteristics in radical pair reactions

magnetisation - causing the spins to ‘fan-out’ in the xy-plane - and randomises the phases of the
spins. In a RPR, the same type of relaxation causes the dephasing of coherences between differ-
ent eigenstates of the system. Therefore some time after the creation of the RP, all coherences
will be lost and no more singlet-triplet interconversion will occur.

The main relaxation mechanism is the interaction of the spin system with random field fluc-
tuations generated by the thermal motion of the surrounding molecules. Therefore the relaxation
time scale of solids is longer than liquids and gases. The spin system interacts with the ran-
dom fields via any anisotropic interaction, such as the dipole-dipole interaction. Although the
tumbling motion of the molecules averages the anisotropic interaction to zero, the instantaneous
field that the spin system experiences is non-zero. A detail description of various relaxation
mechanisms can be found in various NMR textbooks, such as Levitt [61] and Slichter [62].

The most frequently used theoretical description of relaxation is Redfield theory. It treats the
time-dependent field fluctuations as perturbations on the time-independent Hamiltonian. A detail
derivation of Redfield theory can be found in the excellent review by Goldman [63]. Another
frequently used formalism is the Lindblad equation [64] and it is a general Markovian master
equation that describes non-coherent evolution of the density matrix. It is widely used to describe
relaxation in open quantum systems.

Relaxation processes are assumed to be negligible in the RPR calculations in this thesis. For
a RP to function as a magnetoreceptor, biological conditions may have evolved to suppress relax-
ation. A protein that is attached to a rigid structure within a cell would have limited motion thus
the biradical created from such a protein would have a long relaxation time. It is also conceivable
that the reaction kinetics of a RP is faster than relaxation. Magnetic field effects are routinely
observed in RP systems in the liquid state and this shows that relaxation has minor effects on

some RPRs.

1.44 Summary

In this thesis, RPRs in low fields in solution are considered. In solution, most of the magnetic
interactions are averaged to zero or are negligible except the Zeeman interaction and the HFI.

Relaxation is assumed to be operating at a slower rate than the recombination reaction and to
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low field effect

/

~ 10mT ~1T

Amount of singlet-
triplet mixing

Ag mecha-

HFI dominates . .
nism dominates

Figure 1.6: A drawing of the amount of singlet-triplet mixing as a function of the field strength,
B,. Adapted from McLauchlan & Steiner [60].

have no effect on the spin dynamics. At low fields, the Zeeman interaction and the HFI are the
same order of magnitude and both affect the singlet-triplet interconversion. The HFI promotes

interconversion at low fields and the Ag mechanism dominates at very high fields (fig. 1.6).

1.5 Spin operators

Quantum mechanical observables can be calculated using matrix representations. Spin operators
corresponding to observables are represented by matrices and spin states are represented by vec-
tors. The Pauli matrices are a set of three 2 x 2 complex matrices and they are the spin operators
for a spin-1/2 particle. The matrices are Hermitian and unitary, and this implies that the eigen-
values of the Pauli matrices are real. Wolfgang Pauli used these matrices in his formulation of

the Pauli-equation in 1927 hence the matrices are named after him. The spin-1/2 Pauli matrices

0 1 0 i 1 0
ax:< >, ay:<_ ), aZ:< ) (1.22)
10 -1 0 0 —1

The zyz spin operators are given by

arc

A 1
S, = 5% where ¢ =z,y, 2 (1.23)

which are the normalised Pauli spin matrices. As it is customary in spin chemistry, the spin

operators are expressed in units of rad s ! therefore h is omitted. The eigenvectors for S . are

1 0
‘OC> = (0) > ’:B> = (1) ) (1.24)

18



1.6. Theoretical description

with eigenvalues of +1/2 and —1/2 respectively. Usually the eigenvectors in equation 1.24 are
used as the orthogonal basis for a spin-1/2 particle, hence the a, f designation. It is easy to see

that S ., |a) and | ) satisfy the relationship in equation 1.2;

S.0a)=gla) . 8.8 =518 (129)

Product spin operators, such as S, I, in equation 1.13 for the HFI, are constructed using
Kronecker products. The order of the Kronecker products needs to be consistent for all spin

operators. For example, the z-spin operator for a RP coupled to a proton is

Sl =801 @1, (1.26)

z

where 1 is a 2 x 2 identity matrix and ® denotes a Kronecker product. fz is the z-spin operator
for the nuclear spin, and in the case of a proton, I L= S .- Any particle that is not coupled in the
spin operator, such as the electron B in equation 1.26, an identity matrix with the same dimension
as the particle’s spin space, 1 5, is used. The spin operators of a RP that has couplings to two or
more nuclei can be constructed by adding more identity matrices to equation 1.26 in the correct

places. For the j-th nucleus coupled to electron A in a RP with n nuclei, the spin operator is

Jj—1 n—j
SAijq:Sp®®ﬂ®Iq®®]l®]lB, where p,q = x,y, 2. (1.27)
1 1

Matrix representations of the angular momentum operator of larger spin quantum numbers
can be calculated from the z-operator (eq. 1.2), the raising and lowering operators (6, = o, &

iay). For convenience, the matrix representations for a spin-1 particle are listed below:

1
0. = —

0
0
x \ﬁ

(1.28)

o~ o
o — o
|
|
|
_
“Q
I
c o ~

1
0
1

1.6 Theoretical description

In the next few sections, all the necessary mathematics to calculate the singlet product yield (SY)
of a RPR is described. Usually, the matrix representation of quantum mechanics is used. First, the
density matrix formalism in Hilbert space is described, then the transformation to Liouville space,

which is necessary when complex kinetic and relaxation mechanism are involved, is described.
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1.6. Theoretical description

Dirac’s bra-ket notation is used in this section; the ket, | ), represents a state vector and the
bra, (y/| is the Hermitian conjugate (the complex conjugate transpose) of the ket. The superscript
dagger, AT, denotes the Hermitian conjugate of a matrix and the superscript asterisk, A* denotes

the complex conjugate.

1.6.1 State vectors - representation of a wavefunction

A quantum system can be described by a wavefunction. Consider a system with n orthogonal

basis states,

1//1> e ‘wn>, the wavefunction, |¥), can be written as a linear combination (also

know as superposition) of the basis states;

|\I]>:cl}l/ll>+“'+cn’v/n>zzci‘wi>' (1‘29)
i=1

The coefficients ¢, describe the contributions of the |l//l> states to the wavefunction. The coef-
ficients can be complex numbers therefore they also describe the relative phase of the states in
the superposition. It is convenient to write the wavefunction ket as a column vector, with the

coefficients in equation 1.29 as the vector elements;
) =1:1. (1.30)

The scalar product of the bra, (V| and the ket, | V'), is given by
<\I/|\I/>:Zcic; <1//j’z//i>. (1.31)
0,

Since all the states are orthonormal, <l// f ’ 1//i> =7, = All elements in equation 1.31 are zero

except when ¢ = j and the scalar product simplifies to:
n
(T]0) = e, (132)
i

The wavefunction is normalised so that equation 1.32 equals one. |c, \2 represents the probability
of the system being in state ‘ z//i>. This scalar product can also be found by vector multiplication

of (¥| and |¥) using equation 1.30.
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1.6. Theoretical description

1.6.2 Operators

An operator, A, acts on a wavefunction to give a new wavefunction. If the basis states are the

eigenstates of the operator, then the action of an operator on a given state, z//i>, is
Aly;) = a;ly;), (133)
ie. A simply scales ‘1//1> The effect of the operator on a wavefunction is
n
A1) =Y a,e |y, (1.34)
i

For an experimental measurement, there is an operator, fl, that corresponds to the observable.

The mean value of the observable is given by the expectation value of A,
<A> - <¢:‘A‘\y> (1.35)
Substituting results in equations 1.32 and 1.34 into equation 1.35, the expectation value simplifies

to

n
(A) =3 alel (1.36)
i
The observable is the weighted averaged of all the eigenvalues, a,. Any single experimental

measurement will result in obtaining one of the eigenvalues, with the probability of |c, \2.

In general, the basis states are not the eigenstates of the operator and the expectation value is

</l> = zn:cic;Aﬁ , where A = <l//j ‘ A ‘ l//i>. (1.37)

1,
1.6.3 Density matrix

The density matrix, p, comprises the product coefficients, cz.c;, in equation 1.37, and the density

matrix elements are

Pij = Cz’c; = <V’z’

p ) V/j> . (1.38)
The indices, ¢ and j, correspond to the rows and columns of the density matrix. The density

matrix is given by

* * *
¢ G GG o GG
. ) e ;
p= 00 = | (5{ & - c;;): 2°1 L (1.39)
‘n chT CnCn
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1.6. Theoretical description

The diagonal elements, p., in the density matrix represent the populations of the states,

W@'>,

and the off-diagonal elements, p, ;» represent the coherences between two states,

y,;) and |Wj>-
Substituting equation 1.38 into equation 1.37, the expectation value becomes

(A) =Y pd, =3 (54) =T [pd] =10 [ 43]. (140
ij i

(22

Therefore the expectation value of an operator, A, is simply the trace of the product of the density
matrix, p, and the operator. The density matrix formalism allows the evaluation of the ensemble
average and also allows the combination of coherent spin evolution and incoherent processes,

such as reaction kinetics and spin relaxation, in the calculations.

1.6.4 Liouville-von Neumann equation

The time dependence of the density matrix under a given Hamiltonian is deduced from the time-
dependent Schrodinger equation,
d

i 1) =H|T). (1.41)

his omitted in equation 1.41 because the equation is expressed in units of rad s~!. The differential

of equation 1.39 with respect to time is

d. d d - RN
Sp =3 ) (O] +0) £ (W] = —if |9) (@] +|0) (<A W) (142)

Using the Hermiticity of the Hamiltonian, equation 1.42 simplifies to

d N . ~ N

&f): —iH |U) (V| +i|V) (V| H = —iHp +ipH (1.43)
d. A .
&p =—i [H,p} (1.44)

where the square bracket denotes a commutator. Equation 1.44 is the Liouville-von Neumann
equation which describes the time dependence of the density matrix and the Schrodinger equation
(eq. 1.41) describes the time dependence of the wavefunction.
If the Hamiltonian is time-independent, the solution of the Liouville-von Neumann equation
is given by
plt) = e p(0) 1! (1.45)

where 5(0) is the initial density matrix and e is a matrix exponential.
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1.6. Theoretical description

However, if the Hamiltonian is time-dependent, equation 1.45 does not hold. In this case,
one way to solve the Liouville-von Neumann equation is to use a time-discretised Hamiltonian.
Now if the Hamiltonian is approximately piece-wise constant, then the density matrix at ¢ can be
found by propagating the initial density matrix, p(0), via a series of small time-steps. This will
be explained in detail in chapter §4.

Equation 1.44 only contains the coherent spin evolution and other incoherent processes, such
as reaction kinetics and relaxation, are represented by other operators which are added to the
time-dependence equation. The reaction kinetics operators will be the main focus of the chapter

§2 where more details on incoherent processes will be presented.
1.6.5 Singlet yield in Hilbert space
To calculate the SY, the singlet projection operator, P , 1s needed,;
Py =|8)(S|=-1-5,-55. (1.46)

The components of S 4, and S > which are the electron spin operators for A and B, are constructed

from the Pauli spin matrices (eq. 1.22) using Kronecker products;

n
S'Ai:5'i®®]1®113 where i = z,y, 2 (1.47)
1
m
Sp=1,85 21 (1.48)

Substituting PS as the operator in equation 1.40, the singlet probability is
(Ps(t)) = Tr [p(0)Pg] . (1.49)
For a singlet born RP, the initial density matrix is
p(0) = =5 1.50
p(0) = 7 (1.50)

where M is the nuclear spin multiplicity. If a RP is coupled to one spin-12 proton, then M = 2.

Substituting equation 1.45 and 1.50 into equation 1.49 gives
A 1 SR oA ST A
(Pslt)) = = Tr [ g™ By (1.51)
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The triplet projection operator, P, is

pT = ’T+1> <T+1’ + }T0> <T0| + ‘T—1> <T—1‘

N 3 55
=1 —Pg=71+5,5p (1.52)

]5T includes all three triplet states. Both projection operators, ]55 and PT, have the property that

A

P?=P

[ [

Dynamic probability factor

If the recombination rates of the singlet state and the triplet state are the same, it can be assumed
that the spin evolution and radical recombination are two independent processes. At the creation
of the RP, the radicals in the geminate RP are close together and the exchange energy between the
two electrons is large, therefore the RP is locked in the initial precursor spin state. A short time
later, the radicals diffuse apart to about 1 nm where the HFI and Zeeman interactions become
dominant and the external field affects the singlet-triplet interconversion. The radicals will re-
encounter some time later - the encounter rate is governed by the diffusion rate - and react to form
the spin-selective products. A RP is assumed to re-encounter only once; RPs that re-encounter
in the singlet state will recombine to form the ground state product and RPs that re-encounter in
the triplet state will separate permanently to form the escape products.

The rate of RP recombination is

SIRpg) = (Py(t) 1) (153

The function, f(¢), is similar to a ‘constant of proportionality” of the singlet recombination rate.
f(t) was termed the dynamic probability factor by Deutch [65] in 1972. This function includes
several factors that affect the RPR: the diffusion rate, re-encounter statistics of the RPs, distance
dependence of the recombination and separation rate of RPs, and the rate of competing radical

reactions. The SY of the RPR then is the integral of equation 1.53 from¢ = 0 to ¢t = oo,

[e.9]

o, :/<Ps(t)> (1) dt. (1.54)

0

There are several mathematical forms of f(¢) and a short summary of the two most popular

functions, the exponential model and the Noyes probability distribution of first re-encounter, can
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1.6. Theoretical description

be found in Steiner and Ulrich’s review [22]. In the early RPR development, the exponential

function was widely used. The exponential model is
ft)=ke™ (1.55)

where k£ is the rate constant. The model assumes that the RPs decay exponentially and the average
re-encounter time, or the lifetime of the RP, is 1/x. The exponential model is probably unrealistic
but it is the simplest and the easiest to use compared to other models.

Using the exponential model, equation 1.54 can be simplified to [66]

4M 4AM

1 s 2
Og=2: D > IPnl0(0,,) (1.56)
m=1n=1
kz S NS
9(33):@: O, = Oy = Oy Pmn:<n‘P ‘m> (1.57)

o, is the m-th eigenvalue of the Hamiltonian and |m) is the corresponding m-th eigenvector.
The SY depends on the singlet character of the eigenstates of the Hamiltonian and the function
g(w,, ). For significant singlet-triplet interconversion, the exponential rate, k£, must be smaller

than some of the frequencies, w so that there is time for the coherences to evolve [66].

mn’

1.6.6 Singlet yield in Liouville space

The SY can be calculated in Liouville space. The Hilbert space density operator, p(t), is trans-
formed to the Liouville density ket, [p(t)), by ‘flattening’ the Hilbert space n x n indices, (3, j),

into a single Liouville n* x 1 index, k; the new index counts through all (4, j) sequentially as

(i,7) = {(1,1),(1,2),--- ,(1,n),(2,1), -+, (n, 1), , (n,n)} <=k ={1,2,--- ,n?}.

The elements in the density operator correspond to the elements in the Liouville density ket,

P11
P12
P11 Pz " Pin
p(t) = |p(t)) = p?l ' _ =] P (1.58)
pnl o« o e o o e pnn pnl
pnn
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The row-wise flattening of p(t), described in equation 1.58, is not the only way of trans-
forming Hilbert space operators to Liouville space vectors but it gives an easy way to form the
Liouville space superoperators by calculating the Kronecker products of Hilbert space operators.
In general, two Hilbert space operators, which operate on the Hilbert space density operator as

A p(t) B, have an equivalent Liouville space superoperator, Q;

Ap(t) B <= Q|p(t)) where Q= A BT (1.59)

The time-dependence of the Liouville density ket is given by the stochastic Liouville equation

[67-70],

S~

d . .
S1p) = L1p() (1.60)
where L is the Liouvillian superoperator. Equation 1.60 is analogous to the Hilbert space equa-

tion (eq. 1.44). The Liouvillian includes both coherent and incoherent processes;

~

L=—iH+K+W+T (1.61)

where H is the Hamiltonian superoperator, K is the kinetic superoperator, W is the relaxation
superoperator, and I is the stochastic superoperator which describes the random translational

and rotational diffusion of the RP. léI describes the coherent spin evolution of the RP and
H-—Hel-1ed’. (1.62)
If i is time-independent, the solution to the differential equation 1.60 is
(1)) = M 15(0)) (163

where |p(0)) is the initial Liouville density ket.
Any Hilbert space operator can be written as a Liouville ket using equation 1.58 and the

Liouville bra is the Hermitian conjugate of the ket:

, (1.64)
A = (i

To find the expectation value of an operator in Liouville space, I can replace the Hilbert space

. (1.65)

indices, (i,7), in equation 1.40 with Liouville space index, k, in the same way as in equation
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1.58;

= (AT)kpk. (1.66)

Then I can transform equation 1.66 to a Liouville bra and ket, using equations 1.58 and 1.65 and

the expectation value in Liouville space is

(3)= (i

Therefore the expectation value is simply an inner product of a Liouville bra and a Liouville ket.

,;> . (1.67)

Using the exponential model (eq. 1.55), the SY in Liouville space is

Oy = k;7<155 p(t)) e . (1.68)
0

Substituting equation 1.63 into equation 1.68 gives

@Szk/<ﬁs el ,2)(0)>e_ktdt. (1.69)
0
The integral in equation 1.69 simplifies to
5| —(=itk)e] .
@S:k/<PS e ( ) p(0)> dt

|
e

|- (<Lew) [

k

Z
<

)

P
]55 - <—i + k‘]l) - [e_<_i+kﬂ>'oo — e_<_i+kﬂ>0]
- p(0)> . (1.70)

—h (P| (-L+a1)”

Both equations 1.69 and 1.70 can be used to calculate the SY. The propagator, eit, in equa-

tion 1.69 is calculated for a small time-step and it is used to propagate the density ket, [5(¢)),
successively for a sufficient number of time-steps. Then the SY is calculated using numerical
integration. The matrix inverse in equation 1.70 is either calculated explicitly or calculated as
a left-division problem (i.e. solving for |b) in A|b) = |c)). The matrix size of the Liouvillian,
which depends on the RP system, determines which equation, 1.69 or 1.70, is more efficient in

computing the SY.
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1.6. Theoretical description

Although calculating the SY in Liouville space is generally slower than in Hilbert space, as
the Liouville spin-space dimension is the square of the Hilbert spin-space dimension, complex
incoherent processes, such as kinetics and relaxation, can be included in Liouville space. A
recent paper by Hogben et al. [71] showed that the size of the Liouville spin-space can be reduced

significantly, therefore computation of the SY in Liouville space can be dramatically improved.
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Chapter 2

Spin-selective radical pair

recombination reactions

The exponential model was described in section §1.6.5 and it is widely used to account for the
radical recombination of the RPR. However, this model is only suitable when the reaction is
diffusion-controlled and the rates of the spin-selective reactions are the same. Another theoret-
ical description is needed to describe a RPR that has different rates of escape and recombina-
tion product formations or a general, non-diffusion-controlled RPR that has different singlet and
triplet recombination rates.

The standard model for calculating the product yields of RPRs with different singlet and
triplet rate constants is based on the phenomenological equations described by Haberkorn in
1976 [72]. Haberkorn’s kinetic operator is widely used, however Haberkorn acknowledged that
it is phenomenological. A question was raised in the 2009 Spin Chemistry conference and pre-
viously in two papers [73, 74] submitted to the e-archive, arXiv, about the validity of the phe-
nomenological equations. At the conference, Kominis [75] stated that Haberkorn’s equations
could not describe all the quantum mechanical effects of the radical recombination reactions and
a new approach based on quantum measurement theory was needed.

Kominis has published two papers [76,77] on a new kinetic operator in 2009 and in 2011.
The model published in the 2011 paper is a modified version of the one published in 2009. The

modified model may have been prompted by email correspondence in 2009 between Kominis
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2.1. Haberkorn model

and Hore, in which it was conveyed to Kominis that the original model generated incorrect results
if mixed initial states were used (this will be discussed in more detail in section §2.6). However,
the assertion made in the 2011 paper implied that Kominis considered that the original and the
modified models are both valid, and Kominis has never stated, either in print or in person, that
the modified model should replace the original model. Therefore the original and the modified
models will both be examined and compared to the Haberkorn model in this chapter.

Jones and Hore [78] have also published a different kinetic operator in 2010. Although the
two papers by Kominis and the paper by Jones-Hore all suggested that a new RPR model is
needed, the Haberkorn model has been used successfully to analyse experimental results ever
since its publication in 1976. There was no experimental evidence to challenge the validity and
the applicability of the Haberkorn model in 2009, thus the current debate on the RPR model is a
theoretical one.

In this chapter, the different kinetic operators are described first, and the differences in the
calculated SY's between the four RPR models are compared in the later sections, using a simple
RP system. In the next four sections, a minimal basis will be used for simplicity. Only the
singlet S state and the triplet 7|, state will be considered, and the 7', | states will be omitted. The

characters .S and 7" represent the .S and the T}, states respectively.

2.1 Haberkorn model

The kinetic operator in the Haberkorn model [72] is based on four phenomenological equations:

d

drPss = —kspss alrr = —kpprr 2.1
d kg +kp d kg +kp
Qs =7 5 Pst > gPrsT T 5 Prs o (2.2)

where p , 5 = (A[p|B).

The singlet population, p ¢, and the triplet population, p.-,., decay with first order rate con-
stants, kg and k. respectively. As a result of the recombination (or escape) of the radicals, the
coherences between the singlet and triplet states also decrease and the coherences decay with the

average of the singlet and triplet rate constants, 1/2(k¢ + k).
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2.2. Kominis model

In Hilbert space, the time-dependence of the density operator is

4y ifi]-

A k N
(PSp +p PS) _r (PTp +p PT) 2.3)
where PS and PT are the singlet and triplet projection operators, which are defined in §1.6.5.
The first term in equation 2.3 is the commutator in the Liouville-von Neumann equation (c.f. eq.

1.44). The second and third terms are the operators that account for the recombination kinetics.

In Liouville space, the Liouvillian is
2 LA 1 a1 Ay
L =—iH — EkSPS — EkTPT 2.4)

where the commutator and anti-commutator superoperators are defined as

AA—Aiol+1eAT 2.5)

The time dependence of the density operator can be solved either numerically in Hilbert

space, or analytically in Liouville space (using eq. 1.61, if the spin Hamiltonian is time inde-

pendent), when kinetic operators are included. The relative speed of SY computations in Hilbert
space and Liouville space depends on the size of the spin system and the rate constants used.

The SY, with the Haberkorn kinetic terms, is the integral of the singlet probability and the

singlet rate constant over all time;
o0
Oy = ks/<ﬁs(t)> dt. 2.6)
0

Similarly, the triplet product yield is calculated by replacing k¢ and (PS) in equation 2.6 with

kp and (Pp).

2.2 Kominis model

Old Kominis model

In his original 2009 paper [76,79], Kominis stated that the phenomenological equations used in
the Haberkorn model do not fully describe the quantum mechanical evolution of the radical pair

recombination reaction. His reasoning was that the trace of the density matrix is not conserved
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2.2. Kominis model

during the evolution in the Haberkorn model. This argument will be examined further in section
§2.4.2.
Using quantum measurement theory to describe the recombination, Kominis formulated a

new equation of motion for the density matrix,

d.  ra. .
=i H.p| = ST P+ Py jp— 2P P). @.7)

In Liouville space, the Liouvillian for equation 2.7 is

2 2 k k- 2 2
L=—iH— %p; + (kg + kp)Pyg (2.8)
where Pab = Aa ® Ab.

The terms in the second bracket of equation 2.7 have the form of a Lindblad master equation
[80], using the singlet projection operator as the Lindblad operator. Kominis’s interpretation of
equation 2.7 is that both singlet and triplet recombination channels essentially measure the same
observable, ]55, with a total measurement rate !/2(kg + k). The trace of the density matrix in

equation 2.7 is conserved at all times, i.e.

Te[p(t)] = <Ps(t)> n <15T(t)> — 1. 2.9)

The population of RPs in p stays constant at all times and separate ‘quantum jump’ equations
are needed to account for the disappearance of RPs through singlet and triplet reaction channels.
The equations1 are given by the probabilities of a RP disappearing via the singlet channel, p,

and the triplet channel, p,., in the time interval (¢t — ¢ + dt):

dpg = ks (Ps(t) ) dt. (2.10)
dpy = ky { Pp(t) ) dt. @.11)

The amount of RPs left, n(t), in the time interval (¢ — ¢ + dt) is related to the quantum jump

equations (eq. 2.10 and 2.11) by2

dn = —n(t) [dpg + dpy]

'Equations 2.10 and 2.11 are adapted from equation (7) in Kominis’s paper [76].
2Equation 2.12 is adapted from equation (9) in Kominis’s paper [76].

32



2.2. Kominis model

dn = —n(t) [ks (Pg) + ky <15T>} dt

3 = Olkg = kp) (Pg) + . @12)

Integrating equation 2.12 gives the RP population at time ¢:
t

n(t) = exp | —(kg — k) / <PS(1)> dr — kgt | . (2.13)
0
The singlet yield is the integral over all time of the RPs in the singlet state multiplied by the

singlet rate constant,

- ks/<ﬁs(t)>n(t) dt. (2.14)
0

New Kominis model

In 2011, Kominis published a modified version [77] of his original model and the new model
retains the same trace-preserving equation of motion (eq. 2.7) that describes the density matrix
until recombination occurs. However the description of the recombination is changed signifi-
cantly. The recombination is no longer accounted for by the quantum jump equations but it is

described by extra terms in the equation of motion of the density matrix:

9, —1i
at’ ~

— (1 = poy) (kg Py p Py + kpPrp Py

[HP} z(k‘ +kp)(p P+ Pgp —2Pg p Pg)

— pogy(k Tr[ }+kTTr [PT,;]) (2.15)

P
Tr[p]
Peon 18 @ function that provides a measure of the coherence between the singlet and the triplet

states, and it is defined as

(2.16)

where M is the nuclear spin multiplicity. According to Kominis’s paper, a state that can be
written as

p=19) ¥, V) =a|S) +B[T) (2.17)
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2.3. Jones-Hore model

that is maximally coherent in the {S, 7'} basis if a, f # 0, and p_, = 1 for this state. Such a

state is also a pure state. On the other hand, the state
p = ig|S) (S| + ip|T) (T| (2.18)

is minimally coherent in the {,5, T'} basis and p_, = 0 for this state. Therefore p_; is also zero
for pure singlet and triplet states. If 1 > 0 or A, > 0, the resultant density matrix describes a
mixed state.

There are four main terms in Kominis’s new equation of motion (eq. 2.15). The first term
is the spin Hamiltonian commutator that describes the coherent evolution of the density matrix
due to the magnetic interactions of the RP. The second term is the Lindblad term that decreases
the coherence of the density matrix due to the ‘quantum measurements’ of the unsuccessful RP
recombinations. The third and fourth terms decrease both the singlet-triplet coherence and the
RP population of the density matrix, both of which are dependent on the coherence function,
DPeon-

The time dependence of the density matrix in Kominis’s new model can only be solved nu-
merically in either Hilbert space or Liouville space. This is because equation 2.15 involves the
expectation values of the singlet and triplet projections, the total population of the density matrix,
and the coherence function, all of which are time-dependent. From the numerically calculated
singlet projection, the SY can be found by numerically integrating equation 2.6.

For the rest of this chapter, equations 2.7, 2.13, and 2.14 are referred as the old Kominis
model and equations 2.15, and 2.16 are referred as the new Kominis model. The new Kominis
model is a modified version of the old Kominis model and it will be shown in a later section that

the RPR product yields calculated using the two models are significantly different.

2.3 Jones-Hore model

After Kominis’s 2009 paper, Jones and Hore published a separate model that describes that RP
recombination reaction [78]. The Jones-Hore model is based on similar principles to the Haber-
korn model; the singlet population, the triplet population and the singlet-triplet coherences decay

at different rates, and the kinetic operator is found using four rate equations.
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2.3. Jones-Hore model

In a singlet recombination reaction that occurs at a rate of kg, the wavefunction of a portion
of the ensemble collapses to singlet during the time interval (¢ — ¢ + dt). Due to the wave-
function collapse, the reaction removes a portion, k¢ dt, of the singlet population, p g, and also
removes the same portion, k¢ dt, of all singlet coherences (i.e. p ¢ and pg). Similarly, when
the wavefunction collapses to triplet during a triplet reaction, pp.p, ppg and p o all decrease by

a fraction k., dt. Therefore the four rate equations of the density matrix elements are:

d d

atlss = ~kspss alrr = ~krprr (2.19)
d d
aPsr = —(ks +kp)psr alrs = —(kg + kp)prs - (2.20)

Comparing equations 2.2 and 2.20, the rate of singlet-triplet decoherence in the Jones-Hore
model is twice as much as in the Haberkorn model.
The density matrix elements in equations 2.19 and 2.20 need to be converted to Hilbert space

operators. Remember Pa = |a) (al, the operator O is defined as

O =P,pPy=la)(alpb) (b]. (2.21)
Any element in the operator O can be found by:
O, = (mla) (alp[b) (bln) = 9,,,0,, (alp|b) (2.22)

Therefore O is an operator with O , as the only non-zero element and O, equals to p_,. Using

operators with the same form as equation 2.21, the equation of motion in Hilbert space is

d. rp
&p:—l[H,p}—kS(PSpPS+PSpPT+PTpPS>

—ky (Ppp P+ Prp Py + Pgp Pr). (2.23)

h =i 5] = ks (= Prp Pr) = ky (b= Psp Py (2.24)
The equivalent Liouvillian is

L = =i — (kg + k)1 + kg Py + kP (2.25)
The SY is calculated in the same way as the Haberkorn model using equation 2.6.
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2.4. Theoretical differences

2.4 Theoretical differences

2.4.1 Haberkorn and Jones-Hore models

Fundamentally the Haberkorn model and the Jones-Hore model are based on the same type of
first order rate equations and the only difference between them is the rate of the decoherence due
to the recombination reactions. Comparing equations 2.2 and 2.20, it is clear that the coherence
between singlet and triplet decays at twice the rate in the Jones-Hore model compared to the
Haberkorn model. This means that the singlet-triplet interconversion is depressed in the Jones-
Hore model.

Quantum measurement theory is discussed in both papers by Kominis and Jones-Hore. A
measurement of the observable, O, causes the wavefunction of a quantum system to collapse into
one of the eigenstates of 0, corresponding to n-eigenvalues, 0,,0,,...,0,. The observable O
is not the same as the spin Hamiltonian of the system, therefore 0,, 0,, ..., 0, are not the same
as the eigenstates of the spin Hamiltonian.

The RP recombination reaction can be interpreted as a hypothetical two-step process. The
first step is a quantum measurement that causes a coherent RP to collapse to either an incoherent
pure singlet state or triplet state and it removes all singlet-triplet coherences (fig. 2.1). After the
measurement, the pure singlet and triplet decay from the excited state to the ground state and
form the singlet and triplet products at different rates, k¢ and k. [81].

The rate of decoherence is the same as the rate of measurement, k, , and the general rate

equation of the coherence is

d
&pST =k, por- (2.26)

The same equation applies to p;g.

All eigenvalues of the density matrix are non-negative; the density operator is positive semi-
definite [82]. One of the properties of a positive semi-definite matrix is that the determinant is
also non-negative. This constraint gives a lower bound for the rate of decoherence. Given a

density matrix in the {S, T} basis,

= Pss Pst
Prs Prr
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k PR
/b - > Pnppn = @Pss + ﬂpTT
measurement n=5,T
in S, T basis Singlet Triplet
Product
S| formation T
(I)S (I)T

Figure 2.1: Quantum measurement in RPR. p is the density matrix for the ensemble. p ¢ and
ppp are the singlet and triplet populations respectively. The RP recombination reaction is sepa-
rated hypothetically into two steps, measurement and decay. A fraction, k,  dt, of the ensemble is
measured and the observable, 15”, projects the density matrix onto the singlet or triplet subspace.
Then the excited singlet and triplet states decay at rates kg and k> respectively. After a mea-
surement, the singlet-triplet coherences are removed from the measured portion of the ensemble.
o : B is the ratio of the singlet population to the triplet population which is dependent on the state
of the density matrix.

its determinant is

bl = pssPrr — PsrPrs =0

= PssPrr Z PsTPrs: (2.27)

During the RP recombination, all elements in the density matrix decay with first order rate
constants (eq. 2.1 and 2.26). Effectively, the matrix elements of p decay exponentially and p has

to satisfy the inequality equation (eq. 2.27) for all time. Therefore equation 2.27 becomes [83]

— 2
Pss(t) ppr(t) - e (s thp)t > ‘pST(tH st (2.28)

m

1
= ky, > (kg + k) (2.29)

where p_, (t) is the element ab of p evaluated at time ¢. Equation 2.28 is true for all time and all
initial conditions. The Haberkorn model uses the average of the singlet and triplet recombination
rates, which is the lower limit of the decoherence rate. It appears that, mathematically speaking,
the decoherence rate can be higher than 1/2(kg + k).

Recent papers have argued theoretically that the decoherence that accompanies the recombi-
nation of RPs should occur at a rate of 1/2(kg + k) [81,83]. Higher rates of decoherence can be

found in more complex recombination schemes. The recombination of RPs in the liquid phase
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SC
singlet contact state

TC
triplet contact state

~
~

A1 pt
L=—iH, — 1ksP;

s 2 L, Ax
L=—iH,— Yk P}

TG SG
triplet ground state singlet ground state

Figure 2.2: Reaction scheme for a two-site RP recombination. The quasi-free state and the
contact state evolve under different spin Hamiltonians, H ¢ and H . respectively. Only H . contains

the exchange interaction.

can be viewed as a two-step process (fig. 2.2). The radicals are under the influence of the spin
Hamiltonian when they are quasi-free, which means the radicals are well separated but within
the same solvent cage. When the radicals diffuse close to each other in the contact state, then the
RP evolves under a different spin Hamiltonian, with a large exchange interaction, and the kinetic
superoperator.

This two-site model was proposed in a paper by Shushin in 1991 [84] and the Liouvillian for
the contact state should include the exchange interaction. The contact state is formed reversibly
from the quasi-free state and the RP will recombine irreversibly from the contact state to form
the ground state product.

The rate equations for the singlet populations of the quasi-free, contact and singlet product

states are:

d

ai’ss = ~k}pgs+ Ky s (2.30)
d sc s s sc

qiPss = kpss — (ky +kg)pgs (2.31)
d s

sc
qPss = kepds. (2.32)

D, ﬁSC, ﬁSG, /}TC, and ,bTG are the density matrices of the quasi free state, the singlet contact state,

the singlet ground state, the triplet contact state, and the triplet ground state.
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The contact state can be assumed to be a short-lived intermediate with a low concentration.

One can apply the steady state approximation (SSA) to the contact state (eq. 2.31), hence

s
ng::‘ﬁ§ﬁt‘*Pss- (2.33)
kp + kg

Substituting equation 2.33 into equations 2.30 and 2.32 gives

S
d kfk:S
- S S 2.34
dtpSS k1§+k’5p537 ( )
S
d s _ Fihs (2.35)

Pss = 15 Pss:
dt kp + kg
The rate of singlet ground state formation is the same as the singlet population decay in the RP.

Similarly, the triplet population in the RP decays as

T
d K ko
—Ppp = ——F———Ppp- (2.36)
dt ki 4k
The rate equations of the coherences between singlet and triplet are
d s T S sC T _TC
d sc s s | ks sc
aPST = kfpST — (ky + 7)pST’ (2.38)
d 1¢c 7 AL e
GPsT = kipsr — (ky + j)pST' (2.39)

The decoherence rates due to radical recombination in equations 2.38 and 2.39 are 1/2 k¢ and
1/2 k. per equation 2.2. Similarly, equations 2.37, 2.38, and 2.39 also apply to p;., pg%, and

p;% The SSA can be applied to equations 2.38 and 2.39, hence

S

ky
ky +kg/2

T

ki

TC
Pop = ——— Pop- (2.41)
ST kbl kT/Z ST

P = Pt (2.40)

Substituting equations 2.40 and 2.41 into equation 2.37 gives the rate equation for p ;- and pg;

d kg kfky

el - _ 2.42
S T

d Kk K ky

el - _ . 2.43

dtpTS (2 (ki)g_i_ks/z) +2 (kg+kT/2) Prs ( )
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When kf > kg, k;{ >k, the rate equations resemble the Haberkorn model [85]:

s
d kiks fF
alss = _WPSS = kg pgs: (2.44)
T
d kf kr eff
QP =" Prr = —kp prrs (2:45)
b
d  (Kkg  kikg R R 2o
a7 T\ ks Tkl )P T Ty e ‘
When kbs < kg, k:bT <k, the rate equations resemble the Jones-Hore model [85]:
d s
alss = —kipgs: (2.48)
d T
aPrr = =k prr, (2:49)
d S | T
s =— (kf + kf) P (2.50)
d
—prs = — (K] + K} ) prs. (2.51)

Therefore the Haberkorn and Jones-Hore models are the limits of the two-site model. Depending
on the RP system, the decoherence rate, 7 (k gt k), can be in the range of 1/2 < n < 1in this

two-site model.

2.4.2 Old and new Kominis models

The old Kominis model is the only model that preserves the trace of the density operator. Ko-
minis’s original argument against the decay of the trace of the density operator is that this decay
“eliminates the actual presence of quantum coherence effects” [76]. However the density opera-
tor can be easily expanded to include the product space and any decaying RP population can be
added to the product space [83, 86].

In practice, the product space is omitted because it is assumed that there is no coherence be-
tween the RP states and product states, as any coherence between two different chemical species
decays rapidly, and the product states are not involved in any coherent evolution. A smaller den-

sity operator, which does not have the unnecessary product space, is easier to use in calculations.
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2.4. Theoretical differences

AsTr[p(t)] = 1 atall times for the old Kominis model, ‘quantum jump’ equations are needed
to account for the recombination of the RP. These equations (eq. 2.10 and 2.11) are unique to
this model and imply that the recombination has no effects on the density operator.

Expanding the kinetic terms in the old Kominis model, equation 2.7 becomes

4= [

" (kg + kp)(Pgp Pp+ Ppp Py). (2.52)

_1

2
Compared to the Haberkorn model, the old Kominis model has the same rate of singlet-triplet
decoherence, and the terms for the decay of singlet and triplet populations are omitted in order
to preserve the trace of the density operator.

The new Kominis model has the same basic decoherence rate as the Haberkorn and old Ko-
minis models (second term in eq. 2.15). However the trace of the density matrix is no longer
conserved in the new Kominis model. The third and fourth terms in equation 2.15 reduce the
diagonal elements of the density matrix as the RP evolves.

A new function, p_, (eq. 2.16), is introduced in the new Kominis model and it is an attempt
to describe the fraction of the RP population that is coherent. It is debatable whether equation
2.16 is an accurate description of the singlet-triplet coherence. The function has never been used
before or tested experimentally in a Spin Chemistry context.

Peon 18 used to account for the recombination of the coherent and incoherent parts of the
population separately. The third term accounts for the incoherent part and it only reduces the
singlet and triplet populations (diagonal elements of the density matrix). The fourth term reduces
the whole density matrix (populations and coherences) that is proportional to the singlet and
triplet probabilities, and it accounts for the recombination of the coherent part.

Therefore the new model has two separate sources of decoherence: the measurements of
the RP (second term in eq. 2.15), and the recombination of the RP (fourth term in eq. 2.15).
Close examination of p_;, shows that the sum of the separate dynamics of two pure states will be
different from the dynamics of a mixed state of the same pure states. This point will be discussed
further in section §2.6.

The two Kominis models are fundamentally different from the Haberkorn and Jones-Hore

models in the description of the RP recombination reaction in the equation of motion of the
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density matrix. All four models have their own theoretical underpinnings and it is difficult to
ascertain which one is correct. In the next section, the calculated singlet yields of a simple RP
system using all four models are presented. Different external fields and reaction rates will be
used in order to find the conditions under which it may be possible to distinguish the four models

in an experiment.

2.5 Differences in simulation

It is useful to compare the simulations of the time evolution and the SY of a simple spin-1/2
RP system using the four models. Different singlet and triplet rate constants are used in the
simulations and the rate constants that produce the biggest distinction between the four models
can be found. The simulations can be used to devise a suitable experiment that will distinguish
the four models and assess the validity of each model.

The RP system used in the simulations in this section is coupled to one spin-1/2 nucleus with
an isotropic hyperfine coupling constant. No spin-relaxation is included in the simulations so
that the only source of singlet-triplet decoherence is the RP recombination reaction. The lack
of spin-relaxation will demonstrate the differences in the simulations due to the different kinetic

operators used in the four RPR models. All four RP states, S, T ,, T, and T, ,, are included in

+1> 40 +1°

the simulations in this section.

2.5.1 Time evolution simulation

The singlet population of a singlet-born RP is calculated at 1 mT using the four models (fig. 2.3a).
The singlet populations of the first 5 s are different for the four models. Aftert = 5 ps, the time
evolutions of the Haberkorn and new Kominis models become very similar, and separately, the
Jones-Hore and the old Kominis models are also very similar.

The oscillation in the time evolution of the singlet population is caused by the singlet-triplet
interconversion which is driven by the spin Hamiltonian. Therefore the amplitude of the oscilla-
tion is an indication of the amount of singlet-triplet coherence in the system. From the amplitude
of the oscillations, the rates of singlet-triplet decoherence can be ranked in descending order:

Jones-Hore, Old Kominis, New Kominis, Haberkorn. The order of decoherence rates is con-
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2.5. Differences in simulation

sistent with the differences of the decoherence operators in the four models. After ¢t = 5 s,
the oscillations have disappeared in the Jones-Hore and the old Kominis models, whereas the
Haberkorn and the new Kominis models still have significant oscillations.

The triplet population of a triplet-born RP is calculated at 1T using the four models (fig.
2.3b). 1T is a high field compared to the hyperfine coupling used in the simulations, therefore
the T' " and T, states are not accessible from the 7, state. Although the Jones-Hore model has a
smaller oscillation amplitude, which is a result of the higher decoherence rate, the overall triplet
population decay is similar to the Haberkorn and new Kominis models. The triplet populations
of the three models all decay to around 2/3 because of the high field and the slow triplet reaction
rate. The triplet population decay rate of the old Kominis model is significantly higher than the
other models. It appears that the 7', | and T"_, states in the old Kominis model react at a faster

rate compared to the other three models.

2.5.2 Quantum Zeno effect

The quantum Zeno effect is an effect in which the decay of an unstable particle is hindered by
continuously observing the quantum state of the particle [87]. Effectively, the evolution of the
particle is stopped by the frequent measurement of the particle’s quantum state and the particle re-
mains in its initial state. In Kominis’s 2009 paper, he argued that Haberkorn’s phenomenological
equations are inadequate to describe all quantum mechanical effects, and that the quantum Zeno
effect, which is shown to its full extent using the Kominis model, is fundamental and essential
to the RPR.

It was discussed in section §2.4.1 that the singlet reaction and the triplet reaction can be
interpreted as quantum measurements of the RP system. The quantum Zeno effect occurs when
the triplet rate constant is sufficiently larger than the singlet rate constant for a singlet-born RP
and vice versa for a triplet-born RP.

Under the condition k > a > kg, the singlet-triplet coherence decays at a faster rate
than the hyperfine coupling frequency. Although the HFI induces coherent evolution between
Pgg < pgp and pgg <+ prp, any coherence (pgp) accumulated from the singlet population

(pgg) 1s quickly removed before it evolves into the triplet population (o). Therefore the RP
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Figure 2.3: Time evolution of a RP which contains a spin-1/2 nucleus is calculated using the

four different models. (a) is the singlet population and (b) is the triplet population as a function

of time. The conditions of the simulation are as follows: (a) B, = 1mT, kg = 0.01 us_l

B

kp = 1us™', the initial state is singlet and (b) By = 1T, kg = Ips™ ', ky = 0.01 ps™, the
initial state is triplet. The hyperfine coupling of the single nucleus is isotropic, @ = 0.05mT, in

both simulations.
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is effectively ‘locked’ in the initial singlet state and no triplet product is produced under the

quantum Zeno condition.

Singlet-born RP

The time evolution of a singlet-born RP with a single spin-1/2 nucleus with k¢ = 0 is calculated
for a range of k. values in a 1 mT external field (fig. 2.4). The quantum Zeno effect can be
seen for the Haberkorn, the Jones-Hore, and the new Kominis models at k£, > 10 ;,tsf1 and the
singlet population decay rates of the three models in this quantum Zeno region are different:
when k, = 100 ps_l , the Jones-Hore model has the slowest decay rate and the new Kominis
model has the fastest decay rate. However, the old Kominis model lacks any quantum Zeno
effect at the same region; the whole RP population is predicted to react very quickly via the

triplet channel for &, > 1 psfl.

Triplet-born RP

The time evolution of a triplet-born RP with one spin-1/2 nucleus and k. = 0 is also calculated
for a range of kg values in a 1T field (fig. 2.5). As discussed in the previous subsection, at
such a high field, only interconversion between T, <+ .S occurs. Since the triplet channel is
non-reactive, only 1/3 of the RP population will decay via the singlet channel and 2/3 of the RP

population will remain in the 7', states.

The triplet populations calculated using the Haberkorn and the Jones-Hore models of a triplet-
born RP are very similar and there are minor differences in the population decay rate in the
quantum Zeno region, kg > 10 us_l. These two models both correctly predict that the triplet

population does not decay below 2/3 at any time.

Contrary to the other three models, the old Kominis model predicts that the whole RP pop-
ulation will react via the singlet channel and no quantum Zeno effect is shown (fig. 2.5¢ and
2.6). The old Kominis model fails to account for the unreactive 7', states and the reason for this
failure will be discussed in the next section. The new Kominis model simulation may appear to

be similar to the Haberkorn and the Jones-Hore model, however closer examination of the triplet
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Haberkorn Jones-Hore

© (d)

Figure 2.4: Time evolution of the singlet population of a RP which contains a spin-1/2 nucleus
is calculated using the four different models for a range of %, values. The conditions of the
simulation are as follows: B, = 1mT, kg = 0, a = 0.05mT, the RP is singlet-born. The model
used is stated at the top of each subfigure. In (c), the old Kominis predicts no quantum Zeno

effect for k,, > 100 s~ ', contrary to the other three models.

population calculated using the new Kominis model at long time shows that the terminal triplet

population is less than 2/3 (fig. 2.6).

2.5.3 Singlet yield simulation

SYs are calculated using the four different models with different values of kg, k,, and B,
(fig. 2.7). The RP used has a single spin-1/2 nucleus (¢ = 1 mT) and is singlet-born. The plots
in figure 2.7 can be divided into five sections, as shown in figure 2.8.

Section (i) is a region where the SY is varying from 0 to 1 as the reaction rates are similar

in magnitude (kg ~ k; < a) and products are formed via the completing singlet and triplet
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Figure 2.5: Time evolution of the triplet population of a RP which contains a spin-1/2 nucleus
is calculated using the four different models for a range of k, values. The conditions of the
simulation are as follows: By = 1T, k = 0, a = 0.05mT, the RP is triplet-born. The model
used is stated at the top of each subfigure. In (c), the old Kominis model predicts that all of the
RP population would decay for &, > 1 us_1 , which is unexpected.

channels. In section (ii), g = 1 because kg > k. and all RPs recombine via the singlet
channel before any singlet-triplet interconversion occurs.

In section (iil), kb > kg but kg < a, so alarge proportion of RPs evolved into the triplet state
and reacts via the triplet channel, hence ® 4 ~ 0. Section (iv) is the quantum Zeno region where
the triplet rate constant is significantly faster than the rate of singlet-triplet interconversion. Any
coherences built up by the coherent evolution is quickly removed due to k,, > a and only singlet
product is formed. Section (V) is the boundary between section (iii) and (iv), and the parameters
used are in-between those in section (iii) and (iv), therefore 0 < & < 1.

The SY dependence on kg, k., and B, is very similar for the Haberkorn, the Jones-Hore, and
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Figure 2.6: Time evolution of the triplet population of a RP which contains a spin-1/2 nucleus
is calculated using the four different models. The conditions of the simulation are as follows:
By =1T, kg =1 usfl, k; = 0, the initial state is triplet. The hyperfine coupling constant of
the single nucleus is isotropic, a = 0.05 mT. The triplet populations for the old Kominis and the
new Kominis models at t = 20 ps are less than 2/3.

the new Kominis models. However, the old Kominis model predicts very different SY depen-

dence compared to the other three models, especially in the quantum Zeno region (k, > 10° us_l

1

and 1 us_l <kg< 10 us~ , i.e. section (iv) in fig. 2.8). This is due to the absence of the quan-

tum Zeno effect in the old Kominis model (see fig. 2.4).

Singlet yield difference

The root mean squared difference of the SYs calculated over 9 field strengths, with a particular

set of kg and k. rate constants, between any two models is

9
ADPTP(X,Y) = 1 . (X,B,.)—®.,(Y,B ’
S( ) )_ 92 S( ’ ()71‘) 5(7 071')
i=1
H (Haberkorn), JH (Jones-Hore)
OK (Old Kominis), NK (New Kominis) ’

(2.53)

where X, Y = and

B, , ={0.01,0.02,0.05,0.1,0.2,0.5,1,2,5} mT.
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Figure 2.7: Four different RPR models, Haberkorn, Jones-Hore, old Kominis, and new Kominis,
are used to calculate the SYs of a singlet-born RP with one spin-1/2 nucleus, a = 1 mT. The
colour of the plot represents the SY, blue = 0 and red = 1. Four different B, field strengths,
0.01mT, 0.1 mT, 1 mT, and 5mT, are used. The values of the singlet rate constant, kg, and the
triplet rate constant, k., vary between 0.1 us_1 and 10, 000 us_l
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Figure 2.8: The SY plots in figure 2.7 is simplified into five sections as indicated. The descrip-

tion of the five sections is in the main text.

The largest difference (fig. 2.9) between the Haberkorn, the Jones-Hore, and the new Ko-
minis models occurs in the quantum Zeno region where the different amount of singlet-triplet
decoherence has the largest influence on the SY. The difference outside of the Zeno region is
very small; for a large range of k¢ and k. values, A®'g™ is smaller than 0.04 which may not be
experimentally measurable. The difference between the old Kominis and the other three models
is significantly bigger in the Zeno region because the old Kominis model incorrectly predicts a
larger proportion of RPs will react via the singlet channel.

In a typical experiment on RPs, the signal detected depends on the experimental conditions
and the sensitivity of the detectors, and usually a multiple of the absolute value of the SY is

detected. It is therefore difficult to examine the validity of the four models using the SY alone.

Difference in the low field effect

A widely used RP experiment is magnetic field modulation of reaction yields (MARY) spectra,
in which the RP product yield is recorded at different 5, fields. The experiment is usually carried
out under a sinusoidally modulated B, field and the output signal equates to the first derivative

of the SY function, ®(B,)).
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Figure 2.9: Root mean squared difference in the calculated SYs between the four RPR
models, the Haberkorn (H), the Jones-Hore (JH), the old Kominis (OK), and the new Ko-
minis (NK) models. The colour of the plot represents the magnitude of A®E™(X,Y’) and
the colour axis for each plot is different. The difference is averaged over 9 B, strengths,
{0.01,0.02,0.05,0.1,0.2,0.5,1,2,5} mT.
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Figure 2.10: The MARY curve of a RP with one spin-1/2 nucleus (¢ = 1 mT) for two sets of
singlet and triplet rate constants. In (a) and (b), the crosses are the calculated SY's at specific field
strengths and the lines are the cubic spline interpolation to those points. The low field effects,
A(I)IéFE, in (b) for the four models are, Haberkorn: 0.23, Jones-Hore: 0.18, old Kominis: 0.17

and new Kominis: 0.20.

! and kp = 10* psfl. At these rate

The largest SY difference is found at kg = 3.98 ps™
constants, the predicted SYs are different in magnitude for each model but the shape of the SY
functions against B,, are the same for each of the four models(fig. 2.10a). Therefore it is difficult

to assign a model to the experimental MARY data if the first derivative of ®(B,)) is similar for

the four models.

When the rate constants are similar in magnitude to the HFI, the low field effect (LFE) ap-
pears [66]. The LFE, A<I>I§FE, is the decrease in the SY when a weak field is applied compared

to the zero field SY;

ADLT = @ (B = 0) — min [®4(B,)] - (2.54)

A(I)}qFE is one of the empirical quantities that can be obtained from a MARY spectrum. The size
of the LFE is dependent on the singlet-triplet coherence, therefore the four RPR models predict

different LFEs (fig. 2.10b) and A¢I§FE can be used to distinguish the four models.

From the SY's previously calculated (fig. 2.9) at the nine B field strengths (eq. 2.53), the

A(IJEFE for each RPR model is calculated from a cubic spline interpolation to the nine points.
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The square-rooted, averaged sum of the difference of the LFE is defined as

[ 1 N
AARYT = | > [APLE(X) — APLE(Y)] (2.55)
XY
where X, Y = H, JH, OK, NK.

The factor 1/12 is used to average the 12 possible combinations of choosing a pair of RPR models
out of 4.
When the singlet and triplet rate constants are significantly larger than the hyperfine coupling

constant (kg, k; > 100 us_l

in fig. 2.11), the singlet-triplet coherence decays quickly and no
LFE is observed. In this case, there is no difference in the LFE predictions of the four models.
Differences in the LFE are found when k. is slightly larger than kg and both rate constants

1

are smaller than the hyperfine coupling constant (1 psfl < kg <3 usfl and3ps < kp <

10 us™! in fig. 2.11).

2.6 Kominis models and mixed states

It was shown in section §2.5.2 that the old Kominis model fails to account the unreactive 7',
states in a high field (fig. 2.5¢ and 2.6) and this failure is caused by the mixed initial state. First,
it is necessary to define a pure quantum state and a mixed quantum state.

A pure quantum state is a state that can be described by a ket vector |0, ), i.e. p = |¥,) (U,

2

>

and a mixed quantum state is a state that cannot be described by a single ket vector in any basis
set, ie. p =) . ¢ ‘\IJZ> <\IJZ| A mixed quantum state can be written as an ensemble of pure

states;

p= b (2.56)

)

where p, is the fraction of the mixed state, p, that contains the pure state, p,. The triplet RP is a

mixed state; the triplet contains three equal proportion of pure states, ', |, T\, and T"_,. A pure

state satisfies the following relation:

Tr [ﬁz] — 1. (2.57)
If the initial state of a two-level quantum system is a simple mixed state, i.e.
:2)(0) = Clﬁl + Czlbza
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Figure 2.11: AACIDEFE of a singlet-born RP with one spin-1/2 nucleus (¢ = 1mT) calculated
using the four RPR models. A MARY curve is calculated at each combination of singlet rate
constant, kg, and triplet rate constant, k. from the SY simulations at the 9 B, strengths (pre-
viously calculated for fig. 2.9). A®L™ is the LFE of each of the MARY curves and AADLFE
is the average difference of the LFE of the four RPR models. The colour of the plot represents
the magnitude of the average LFE. The maximum is 0.054 and is found at kg = 1.58 us_],

kpy=3.98us™ .

the time dependence of the density matrix is (eq. 1.45)

p(t) = e M (c1py + ¢yP,) et
_ Clefilflt[)l eifit 4 czefim by eth (2.58)
and the expectation value is (eq. 1.49)
<]55> =Tr {Ps(clﬁl + czﬁz)}
=, Tr [PS[)I} +c,Tr [155[)2} = ¢ <PS>1 +c, <PS>2 . (2.59)

Therefore the quantum evolution of a mixed state is the weighted sum of the independent evolu-
tion of its constituent pure states. The SY or time evolution of an initially mixed state, calculated
using any RPR model, should also be the weighted sum of the SY or time evolution of its con-

stituent pure states.
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Old Kominis model

If the initial state is a mixed state, the quantum jump equations in the old Kominis model are

substituted by equation 2.59 and become

pg = kgc, <135>1 dt + kge, <PS>2 dt (2.60)
pr = kpey <15T>1 dt + kpe, <PT>2 dz. (2.61)

The time dependence of the RP population is

n(t +dt) = n(t)[l — pg — vy

n(lt)((ll?; = —kgc, <PS>1 — kpc, <PT L kgc, <ps>2 — kpc, <PT>2

—

n(t) = exp [—(kzs — k) /Otc
- exp [—(ks — k) /Ot c, <]55>2 dr] - exp[—kpt]. (2.62)

Equation 2.62 can be analysed using an exemplary mixed state,

p=rc,|S) (S| +¢, )TH> <T+1‘ .

If this mixed state is subjected to a high B, field spin Hamiltonian and k, = 0, there is no
singlet-triplet interconversion and the mixed state will only decay via the singlet reaction channel.
Therefore <]5T(t)>2 = ¢, and <Ps(t) >2 = 0 at all times and the population is expected to decay
to ¢,. However, although the second term in equation 2.62 remains equal to one, the first term
decays to zero. Therefore the total population according to equation 2.62, which is the product
of the first and second terms, decays to zero irrespective of the unreactive T', | state. So the old
Kominis model fails to calculate the decay of the RP population correctly when the initial state

is a mixed state (see fig. 2.5¢ and 2.6).

New Kominis model

In the new Kominis model, a function that accounts for the singlet-triplet coherence of the RP
population, p_, (eq. 2.16) is used. When the density matrix is in a mixed state, p_, is not sepa-

rable into the constituent parts of the mixed state. The equation of motion of the density matrix
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in the new Kominis model also cannot be separated into the parts of a mixed state. Therefore
the new Kominis model produces incorrect results, in a similar way to the old Kominis model,

when the initial state is a mixed state (fig. 2.6).

2.7 Conclusion

In this chapter, the theoretical approaches and the predicted SYs of the four RPR models are
compared. The only difference between the Haberkorn and the Jones-Hore model is the rate of
the singlet-triplet decoherence: the singlet-triplet coherence in the Jones-Hore model decays at
twice the rate in the Haberkorn model. The two Kominis models are different from the Haber-
korn and the Jones-Hore models. The old Kominis model has a different description of the RP
recombination - quantum jump equations are used - unlike the other models. On the other hand,
the new Kominis model does not have the quantum jump equations, instead the singlet-triplet
decoherence is dependent on a new function, p_,, and the rates of decoherence are different for

the reactive and the unreactive RPs.

There is no significant difference in the predicted SY of the four models except if the singlet
and triplet rate constants are in the quantum Zeno regime. The LFE, obtained from a MARY
spectrum, can also be used to compare the four models. However the difference in A@I:QFE is
small and the largest difference is ~ 0.05 a.u., when the singlet and triplet rate constants are

smaller than the hyperfine coupling constant.

The difference in the predicted SYs and the LFEs are mainly due to the different singlet-
triplet decoherence terms used in the four RPR models. In a real RP system, the rate of spin
relaxation is not known precisely as it is caused by stochastic magnetic field interactions. So
spin relaxation is likely to influence the rate of decoherence and mask any difference in SY's or

LFEs of the four models in a real RP system.

Since the differences between the models are small in a MARY-type experiment, it may be
better to measure some other experimental quantities, for example, the T, relaxation time in an

electron spin resonance experiment. This would provide some information about the rate of the
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singlet-triplet decoherence but a simple RP system with no significant HFIs and low temperatures
would be desirable as this would reduce the spin relaxation caused by random fields.

The two Kominis models produce incorrect results if a mixed initial state is used. Any pure
state will evolve into a mixed-state over time, therefore the Kominis models are likely to produce
incorrect results irrespective of the initial state used. There is only one published article [83]
that directly argues against the old Kominis model and the general view in the Spin Chemistry
community is that Kominis’s arguments in his papers are fundamentally flawed [88—90]. In his
2009 paper, he stated that the quantum Zeno effect in RPR is ‘masked by the phenomenological
description’ of the Haberkorn model. Contrary to this statement, the Haberkorn model is shown
in this chapter to exhibit the quantum Zeno effect (fig. 2.4a) and the old Kominis model does
not produce any quantum Zeno effect (fig. 2.4c). Due to these deficiencies, the two Kominis
models should not be used to calculate product yields of a RPR.

Recently, experiments have been proposed [91,92] that are designed to distinguish the Haber-
korn and the Jones-Hore models. However the experiments involve complex RP systems and
complicated measurements, and they are beyond the scope of this chapter. So there is currently
no experimental evidence that suggests new RPR models are needed or that the Haberkorn model
is incorrect in any way.

The Haberkorn model is the established theoretical model that has been used to calculate
SYs of RPRs in the past 40 years. The widely used exponential model is basically the Haberkorn
model with equal singlet and triplet rate constants. There may be rare cases where the use of the
faster rate of decoherence in the Jone-Hore model is justified, for instance a RP system that has
the appropriate rate limits of the two-site model (fig. 2.2). However, in the majority of cases, the
Haberkorn model would be suitable for the simulations and any difference from the Jones-Hore

model would not be detectable.
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Chapter 3

Photoselection and the radical pair

mechanism in magnetoreception

Cryptochromes (CRY) are a newly discovered class of photoreceptors (§1.3.1) and hitherto the
only molecules suggested as the magnetoreceptor in migratory birds [32,53,93]. The radical pair
(RP) is formed initially by blue-light photoexcitation [50,94] of the fully oxidised flavin adenine
dinucleotide (FAD), which is one of CRY’s cofactors, to FAD™. Three successive electron trans-
fers occur along a chain of three tryptophans (Trp) from the protein surface to FAD*; Protonation

of FAD®*™ may occur, and a RP comprised of FADH® and TrpH® is formed [50, 52, 95].

In vivo radio frequency (RF) radiation experiments performed on European robins strongly
indicate that the underlying magnetoreception mechanism involves a radical pair reaction (RPR).
These experiments also indicate that the lifetime of the radicals is of the order of pus and the
counter radical to FADH® has no HFIs [53]. However, the identity of this nuclear-spin-free
radical, which will be called Z*, is not clear and there are some plausible suggestions, namely
superoxide [54, 55]. Although the identity of the RP is unknown, the evidence from in vivo

experiments points to CRY as the RP-forming magnetoreceptor.

Other experiments also indicate that the magnetoreception of robins is wavelength dependent
and vision is involved in some way during the process. Robins are disoriented under red or yellow

ambient light and they can only find their migratory direction under blue, green or white light
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[96]. This result is consistent with the hypothesis that a RPR is involved in magnetoreception
and CRY, a blue light sensitive protein, is the magnetoreceptor.

The current model for avian magnetoreception is described by Ritz et al. [32]. The authors
suggest that magnetoreceptor cells are located in the retina in the eye of a bird and each cell
contains identical receptor molecules. The sensory transduction pathway can be influenced by
the response of the cell to the external magnetic field which is dependent on the direction and
the strength of the external field. Therefore, in this model, the receptor cells should be ordered
in some way so that cells at different locations would have correlated responses to the external
field and directional information can be obtained.

The receptor cell response is the sum of the responses of all the receptor molecules within
the cell and the response of an individual molecule depends on its orientation with respect to the
external magnetic field. As a consequence, all molecules in the cell should be aligned; otherwise,
the responses of randomly oriented molecules would average to zero. Under these conditions, a
RPR would only function as an avian compass if both cells and molecules are immobile [32,97].

Photoreceptor cells in the avian retina are highly ordered [98,99]. Rods and cones, which are
the main photoreceptor cells in the retina, are cylindrical and they are aligned along their long
axes, perpendicular to the retina tangent. Other retinal cells, such as retinal ganglion cells, are
also ordered to some extent. Therefore most cells in the retina have the necessary alignment to
be magnetoreceptor cells potentially.

Rhodopsin and photopsins are the receptor proteins for visible light and they are found in the
stacked membrane discs in the outer segments of the rods and cones. However, CRY is a small
water-soluble protein and it is insoluble in membranes, so CRY is likely to be mobile within a
cell. There are suggestions that CRY could be immobilised between membrane discs in the outer
segments of rods and cones by attachment to the ordered membrane [49,100]. Another possibility
is that CRY could be attached to cytoskeletal filaments in retinal ganglion cells [48]. There is
so far no evidence to prove that CRY is immobile or aligned inside a cell. The lack of evidence
for molecular alignment leads to objections to the plausibility of the cryptochrome-based RPR
operating in avian magnetoreception [97].

One implied assumption of Ritz ef al.’s model is that the formation of RPs is caused by
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light. The absorption of light, the photoexcitation of the magnetoreceptor molecules, and the
subsequent formation of RPs are assumed to be isotropic; the direction and the polarisation of
the incoming light are not considered in the model. All magnetoreceptor molecules, at different
positions in the retina and with different orientations, are assumed to absorb photons with the
same probability. However, elementary photochemistry states that the absorption of a photon by
any molecule depends on the relative orientation of the transition dipole moment of the molecule
and the electric vector of the photon [101]. Therefore the formation of a RP, that precedes the

RPR, is anisotropic, contrary to the assumption of Ritz et al.’s model.

It is possible that cells containing a collection of static, disordered magnetoreceptor mole-
cules can give correlated responses that depends on the location of the cell and the direction of
the external magnetic field. This is because the incoming light can only be absorbed by a subset
of the disordered molecules which is determined by the direction of the electric vector of the pho-
ton. This anisotropic photoexcitation is know as photoselection [101]. In the next section, the
model of photoselection in a RPR is described, then the theoretical retinal responses to magnetic

fields including photoselection effects are presented.

3.1 Eye model

The avian eye is a globose ellipsoid and it has a marked asymmetry in the nasal-temporal plane
[98]. This asymmetry contributes to the bird’s static accommodation (the adjustment of the shape
of the lens of the eye); some part of the visual field is emmetropic (long sighted) and the other
part is myopic (short sighted). This allows the bird to keep both distant objects on the horizon
and objects on the ground in focus simultaneously. The retina is asymmetrical with respect to

the optical axis, so that the temporal visual field is always bigger than the nasal visual field.

The eye is assumed to be a sphere to simplify the mathematics and the retina covers the
inner surface of a hemispherical section (fig. 3.1), similar to Ritz et al.’s model [32], which is
a simplification of the asymmetric layout of the avian retina. This gives an optical visual field
of 90°, however in reality the optical visual field is much greater than 90° in birds (~ 128°

in pigeon [98]). The eye is approximated to function as a pinhole camera and the pupil is the
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3.2. Singlet yield as spherical harmonics

(b)

Figure 3.1: The model of the eye. (a) shows a vertical cross section through the centre, O, of the
eye in the xz-plane and (b) shows a three-dimensional representation of the eye with a cut-out
front-left quarter. O is also the origin of the retina axis system and the polar coordinates (6, ¢)
locate each cell in the retina. The retina (red) is on the left hemisphere and the magnetoreceptor
cells (green) are distributed uniformly in the retina (0 < 0 < 7/2, 0 < ¢ < 2x). A light ray
(orange) enters the eye through the pupil, P, at an angle ¢/2 with respect to the z-axis and strikes
the retina at point R. A two-dimensional image of the retinal response is formed by projecting the
retina onto a screen at S and the response at R is projected at I on the screen along the direction
PR. The yellow arrows represent the different orientations of the polarisation of the incoming
light.

pinhole on the optical axis, opposite to the retina. The magnetoreceptor cells are assumed to have
cylindrical symmetry and align with their long axis normal to the retina. The magnetoreceptor
molecules are contained in the magnetoreceptor cells and the cells are assumed to be distributed

uniformly in the retina.

3.2 Singlet yield as spherical harmonics

3.2.1 Spherical harmonics

Spherical harmonics are functions that describe the angular part of the solutions to Laplace’s
equation, Ve =0 A spherical harmonic, Ylm(ﬁ, #), is a single-valued, continuous, bounded,
and complex function of spherical coordinates, (6, ¢), with (0 < 6 < z) and (0 < ¢ < 27). It

is characterised by degree, [, which takes non-negative integer values (0, 1,2, - - - ) and order, m,
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3.2. Singlet yield as spherical harmonics

which takes integer values (—I,—{ + 1,--- ,0,--- ,l—1,1). The normalised spherical harmonic

is defined as [102]

%Wam=¢mﬁwglgﬁwwwwﬁw (3.1)

where P/ (x) are the associated Legendre polynomials [103]. The associated Legendre polyno-

mial for a spherical harmonic with a negative order —m is related to that with positive +m;

P a) = (1" e B 62)

The factor (—1)™ is a phase factor, known as the Condon-Shortley phase [103]. This factor

alternates the phase of the spherical harmonic of successive order m and gives the following

identity:
" = (-)"y ™ 3.3)
Equation 3.1 is normalised, so that
2r W
/ / [Y"]* v sin6d6dg = 6,6, .. (3.4)
0 0

Spherical harmonics are important in quantum mechanics as they are the eigenfunctions of
the orbital angular momentum operator. They describe the angular distribution of particles mov-
ing in a spherical field, for example, electrons moving around the nucleus. The degree, /, de-
scribes the orbital angular momentum (c.f. eq. 1.1) and order, m, is the projection of the orbital

angular momentum on the quantisation axis (c.f. eq. 1.2).

3.2.2 Spherical harmonics expansion

Spherical harmonics are orthogonal functions and form an orthonormal basis set for any square-
integrable function. Therefore any square-integrable function, f(6, ¢), can be expressed as a

linear combination of spherical harmonics,

0o l
FO,0)=>" " ["Y"(0,9). (3.5)

=0 m=—1

f;" is the expansion coefficient that corresponds to ¥;™. The coefficients can be found by using

the orthonormal property of the spherical harmonics (eq. 3.4),

2t w

f;”://f(e,qs) [Y,"]" sin 0 d6 dg. (3.6)
0 0
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3.2. Singlet yield as spherical harmonics

In reality, the coefficients are calculated more efficiently by discrete spherical harmonic trans-
form, which is the discrete version of the continuous equation 3.6. Driscoll and Healy [104, 105]
showed that the discrete spherical harmonic transform is similar to a Fourier transform. This is
implemented in a C routine library, called S2kit [106], and this library is used in the following

sections to find the spherical harmonic expansion of the singlet yield (SY).

3.2.3 Rotations

The rotation of a coordinate system is described by the Euler angles, (a, 8, y). The Euler rotation,

in the z-y-z convention, is

R(a,p,y) = R.(y) R, () R_(a). (3.7)

R, is a rotation around the y-axis and R, is a rotation around the z-axis. The matrix representa-

tions of the two rotations are as follows:

cosd 0 sinf cos¢g —sing 0
R, (0) = 0 1 0 , R (¢)=|sing cosg O0]. (3.8)
—sinf 0 cosf 0 0 1

Both the coordinate system and the rotations are right-handed, which means that a positive rota-
tion is clockwise along the positive axis direction. There are a number of ways to interpret Euler
angles and Euler rotations [102]. In this thesis, the active transformation and extrinsic rotation,
which is a rotation defined with respect to a global axes system, are used. One reason for this
interpretation is that the rotation matrices used in this chapter are all defined extrinsically. An

Euler rotation (fig. 3.2) transforms the coordinate axes (X, Y, Z) to the new positions (', 7/, 2’)

by:

(i) rotating around the Z-axis by a (0 < a < 27);
(ii) rotating around the Y-axis by f (0 < § < x);

(iii) rotating around the Z-axis by y (0 <y < 2x).

An Euler rotation of the coordinate system transforms a spherical harmonic as [102]

l
R(a, B,7) V,"(0,¢) = > D . (. 8.0) Y['(0,9). (3.9)

n=—1
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3.2. Singlet yield as spherical harmonics

(b)

/
x

Figure 3.2: The z-y-z, extrinsic Euler rotation consists of three successive rotations around the
global axes, (X, Y, Z): (a) a rotation around Z by a; (b) a rotation around Y by f; (c) a rotation
around Z by y. All rotations are right-handed. The axes in black are the global axes and the axes

in red are the axes after each rotation.

Therefore the rotation of a spherical harmonic is the weighted sum of different orders of spherical

harmonics with the same degree. .@fl m 1 the Wigner-D function and is defined as follows [102]:

Dy, Br0) =€ dl, () e, (3.10)

d., . (8) =/ [+ )1 = n)I(l + m)!(T — m)!

(cosf2)* ~2PH = (sinffa)*P
XZp:(_l)pp!(l+n—p)!(l—m—p)!(m—n—kp)!' (-11)

p runs over all integer values for all factorial arguments which are non-negative, therefore

max(0,n —m) < p < min(l + n,l —m).

3.2.4 Axis system

Different physical properties needed in the photoselection calculations are defined in different
axis systems. The external magnetic field and the direction of the linear polarisation are defined
in the retina frame. On the other hand, the HFIs and the transition dipole moment of the magneto-
receptor molecule are defined in the molecular frame. All these different properties need to be
defined in one common axis system and the molecular frame is chosen for this purpose.

The orientation of the molecule is defined with respect to the cell and the orientation of the
cell is defined with respect to the retina. The axis systems of the retina, the cell, and the molecule

are named as S, S, and S, respectively (fig. 3.3). S, is the global frame and the Euler angles
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3.2. Singlet yield as spherical harmonics

Figure 3.3: There are three axes system: retina (red), cell (green) and molecule (dark blue). An
individual cell can be located by the spherical angles, (6, ¢). The Euler angles between the retina
frame and the cell frame are (7, 6, ¢). The Euler angles between the cell frame and the molecule

frame are (a, f,y).

of S_ with respect to S, are (#, 6, ¢). The angles (6, ¢) define the location of the cell in the
retina and the angle # defines rotational orientation of the cell around the long axis, normal to
the retina. (a, f8,y) define the Euler angles between S_ and S . The compositions of extrinsic

rotations of the three axes systems are as follows:

S.=R(1.6.9)S,. (3.12)

S, =R(n,0,¢) R(a,p,y)S,. (3.13)

3.2.5 Singlet yield in the retina frame

In the retina frame, the external magnetic field vector, B , s defined by the spherical coordinates

(¢, 0),

sin{ cos o
B=|sin¢sind | B (3.14)
cos(
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3.2. Singlet yield as spherical harmonics

where B is the magnetic flux density. When the molecular frame coincides with the retina frame,
the SY of a RPR can be described using (B, ¢, d). The SY can be expanded in terms of spherical
harmonics using equation 3.5,
!
O4(B) = 4(B,(,6) > aM(B) Y& D). (3.15)
1=0,2,4, m=—1
The coefficients, a;" (B), can be found using equation 3.6. The SY is a real function, and using

equation 3.3, the following identity is true:
<I>S = <I>*S
leZa;” Y = ZZ '] V"]
= ;Z [a]* (~1)" Y
= ;Z [0, ™" (=) Y
=a = (=)™ [a;™]". (3.16)

Inversion symmetry

The spin Hamiltonian that is used later includes only the Zeeman interaction and the HFI. The
Zeeman operator depends on the direction of the external magnetic field and the inversion of the

field is equivalent to inversion of the axis system.

i, (-B)=P M, (B) (3.17)

where ]5T is the inversion operator. Because the hyperfine tensor is symmetric, the HFI operator,

Hyg, 1s invariant under inversion:

P Hyp = Hyy. (3.18)

When the external field is inverted, the spin Hamiltonian changes to

A~

H(-B)=H

Zee

(=B) + Hyg

Il
R

M, (B) + P. Hyy,

I
o

 H(B). (3.19)
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3.3. Probability of photoexcitation — photoselection

SYs are scalar values and they are invariant under any rotation of the axis system, therefore

= & (-B). (3.20)

The spherical harmonic transforms under inversion as [102]

PY™ = (=)™ (3.21)

r

Only even values of [ are needed for the SY spherical harmonic expansion in equation 3.15, since

SY is invariant under the inversion of the external magnetic field.

Singlet yield rotation

The external field is defined in the retina frame with angles (£, d) but the HFIs of the molecules
are defined in the molecule frame. Using equation 3.9, the Euler rotations can be applied to the

SY spherical harmonic expansion (eq. 3.15) to transform from the retina frame to the molecular

frame;
Pg= ), Z a;"(B) R(1,0,¢) R(a, ,7) ;" (,9)
l=even m=—1
l
dg= > > a( Z (B a) Z J(8.0,7) YP(E,9). (3.22)
l=even m=-—1 n=-—I p=—1

In equation 3.22, the R(a., 8, y) Euler rotation is applied first and R(#, 0, ¢) second (c.f. eq. 3.13).
Now equation 3.22 can be used to calculate the SY of a magnetoreceptor molecule with orienta-
tion (a, B, y), in a cell at (6, ¢) in the retina with cylindrical orientation (7), and the direction of

the external magnetic field defined by ({ 9).

3.3 Probability of photoexcitation — photoselection

The orientation of the incoming light, ¥/ , that strikes at retina position (0, ¢) is given by (fig. 3.1)

0 sin(g) cos(¢)
7. =R,($)R, <9> 0| = | sin(%)sin(¢) | . (3.23)
2 1 cos(g)
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3.3. Probability of photoexcitation — photoselection

@, is currently defined in the retina frame. The polarisation angle, ¢, of the linearly polarised
light is defined on the plane perpendicular to the direction of propagation. The ¢ = 0 polarisation

vector, é'f , is defined as the vector that is perpendicular to both the retina y-axis and 7.,

0
el=|1]|xa. (3.24)
0

7., e) e’ (3.25)

where R, (i@, ¢) is the matrix for the right-handed rotation around the unit vector @ = (u,, u, u,)

by an angle of ¢ and it is defined as

cosq)—|—ui(1 —cos @) uzuy(l —cosg) —u_sing u u_ (1 —cosgo)—l—uysin(/)
R, (i,p)= uyuz(l —cos @) +u_sing cos ¢ + uz(l —cos @) uyuz(l —cosgp) —u_sing|. (3.26)
uzuz(l—COS¢)—uySin(p uzuy(l—cosqa)—i—uzsin(p cos¢—|—ui(1—cosgp)

The electric vector is transformed from the retina frame, € , to the molecule frame, €, , by

€,, = R(=y,—p,—a)R(—¢,—0,-1n) €, (3.27)

which is the inverse of the frame rotations (eq. 3.13).

The electric transition dipole moment (TDM), /i, ., of the magnetoreceptor molecule is de-
fined in the molecule frame. If the angle between the TDM of the molecule and the electric vector
of the incoming light is 4, the absorption probability, p, of the photoexcitation is proportional to

cos’ A [101], i.e. it is the square of the dot product of i, and € ,

p(aaﬂv%rlae)¢58) = [ﬁmgm]z (328)

i, is the unit vector along the direction of the TDM of the molecule. It is clear that if the
TDM is perpendicular to the electric vector of the incoming light, the absorption probability is
zero. Therefore molecules with TDMs that are aligned in the plane perpendicular to the linear
polarisation vector do not absorb a photon (fig. 3.4a).

The absorption probability for unpolarised light, (p)., is the average of p over all values of

&, 2,]" de. (3.29)
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S Py

(a) p for linear polarised light (b) (p), for unpolarised light

0 01 02 03 04 05 06 07 0.8 09 1

Figure 3.4: Surface plots of the absorption probabilities: (a) p for linear, y-axis polarised light,
and (b) (p), for unpolarised light. The vector from the centre to the surface represents the di-
rection of the TDM of the molecule and the colour indicates the magnitude of the probability.
The red arrows represent the direction of travel of the incoming light and the green arrows rep-
resent the oscillating planes of the electric field. The electric field is confined in the xy-plane.
The maximum probability is 1 in polarised light when the TDM is parallel to the direction of
the polarisation and 0 when the TDM lies in the xz-plane. The maximum probability is 0.5 in
unpolarised light when the TDM lies in the xy-plane and 0 only when the TDM is parallel to
the z-axis. Photoexcitation of the RP precursor by polarised and unpolarised light is anisotropic,

hence photoselection occurs for the RP formation.

If the incoming light is unpolarised, only molecules with TDMs that are parallel to the direction
of light propagation have zero absorption probability. The absorption probabilities for unpo-
larised light are significantly different to polarised light (fig. 3.4b). Some molecular orientations
are unresponsive to polarised light but molecules with these same orientations can absorb unpo-
larised light. The probability of RP formation is assumed to be proportional to the absorption

probability, p or (p)..

The FAD cofactor in CRY absorbs light at 450 nm and subsequently forms a RP. It is reported,
from experimental and theoretical studies [107, 108], that the TDM for the 450 nm band lies in

the plane of the isoalloxazine ring system (fig. 3.5).
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Flavin species Angle of TDM ‘ N8
Isoalloxazine [107] 75°
; N17
Flavin
mononucleotide 75°
[108]

T

Figure 3.5: The angle of the transition dipole moment (TDM) of flavin species of the 450 nm
band. The angle is measured with respect to the short molecular axis, N8 - N17. The purple
double arrow represents the direction of the TDM of FAD at 450 nm.

3.4 Skylight polarisation

Radiation from the sun arrives at the Earth and it is scattered by particles in the atmosphere.
This elastic scattering depends on the ratio of the size of the particle to the wavelength of the
radiation. The wavelength of visible light is greater than the size of the atmospheric particles,
therefore Rayleigh scattering applies.

The amount of Rayleigh scattering of a light beam depends on the wavelength 4; the scattered
intensity is proportional to 1/4* [109]. Therefore blue light, which is shorter in wavelength, is
scattered more than red light and this leads to the blue colour of the sky during the day. There
would be no scattering of sunlight or diffuse skylight without an atmosphere, and the sky would
be black during the day. The sunlight has to travel through a larger volume of atmosphere at
twilight and most of the blue light is scattered, hence the sun and the sky appear red.

The sunlight arriving at the Earth is unpolarised and the absorption by the scattering parti-
cles is confined in the plane perpendicular to the direction of propagation (c.f. fig. 3.4b). The
polarisation of the scattered photons is also confined in this plane. Photons scattered forward
and backward will remain unpolarised but photons scattered 90° to the direction of propagation
will be linearly polarised. Consequently, Rayleigh scattering of sunlight produces a polarisation
pattern in the sky [110, 111].

The polarisation pattern is described by the Rayleigh sky model. The observed direction of

the polarisation depends on the celestial position of the sun and the observation point. When
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Figure 3.6: The skylight polarisation using the Rayleigh sky model when the sun is : (a) at the
zenith at midday, (b) in the west at dusk. The blue dot in the middle represents the position of the
observer and the orange dot represents the position of the sun. The blue surface represents the
observable celestial hemisphere. The red double arrows represent the direction of the skylight
polarisation relative to the horizon and the size of the arrows represents the degree of polarisation.
The maximum degree of polarisation is found at an angular distance of 90° from the sun. The

same polarisation pattern as (b) is produced when the sun is in the east at dawn.

the sun is at the zenith at midday, the maximum polarisation is on the horizon and the light
is horizontally polarised (fig. 3.6a). When the sun is setting in the west at dusk, the maximum
polarisation is on the south-zenith-north vertical circle and light is vertically polarised (fig. 3.6b).
There are three detectable neutral points in the sky that have zero polarisation and they all lie on
the circle going through the sun and the observer [112].

The Rayleigh sky model predicts that the degree of sky polarisation, J_, depends on the
angular distance, y,, which is the angle between the observation direction and the sun direction
on the scattering plane [113,114],

sin’ Vs
(1+cos?y,)

5 — 51’118,){

(3.30)

The degree of polarisation is maximum when y, = 90° (fig. 3.6), i.e. right-angle to the sun. The
maximum degree of polarisation, d; ", depends on the albedo of the surrounding environment.
For an unreflective environment, 07 of blue light can be 72% [112] to 100% [113] under a clear
sky.

The direction of polarisation predicted by the Rayleigh sky model is perpendicular to the
scattering plane which is the plane that goes through the observer on the ground, the observation

point in the sky, and the sun. Therefore the direction of the electric vector, é’sky, of the incoming
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3.5. Singlet yield anisotropy of CRY RPs

—

skylight from a celestial point, v ., is

—

esky = _»obs x ﬁsun (331)

where /i is the position vector relative to the observer.

The skylight polarisation pattern was measured in a number of experiments and it was found
that a large proportion, ~70% [114,115], of the sky is in agreement with the Rayleigh sky model
under clear conditions. When the clouds are sparsely distributed in the sky, the polarisation
pattern continues underneath the clouds and ~ 25% of the sky follows the Rayleigh sky model
[114,115]. Under heavily overcast conditions, 03 drops to 5%, however the polarisation pattern
was still detectable [116]. During the night, the moonlight also produces a polarisation pattern
that is the same as a sun-lit sky [117].

Cue-conflict and cue-calibration experiments in the past 20 years have shown that migratory
birds use the polarisation patterns near the horizon at sunrise and sunset to calibrate the magnetic
compass [27,118-121]. The polarisation patterns at sunrise and sunset persist for a relatively
long time [122] and the directional information within the pattern at sunrise and sunset is easier
to interpret than during day (fig. 3.6). This might explain why some migratory birds prefer to
migrate during sunrise and sunset. There is also evidence indicating that migratory birds use the

polarisation pattern as a backup compass [123].

3.5 Singlet yield anisotropy of CRY RPs

As discussed in this chapter’s introduction, a flavin-containing protein, CRY, is the current can-
didate for the magnetoreception molecule. The flavin cofactor in CRY absorbs blue light, subse-
quent electron transfers occur and a RP is formed with flavin as one of the radicals. It is not clear
whether the RP contains the protonated flavin radical, FADH® or the negatively charged radical,
FAD®". Some types of cryptochrome do not have a proton close to the flavin for the protonation
to occur and those that have suitable protons may not protonate FAD*™ fast enough for FADH®
to be magnetically sensitive. However, FAD®™ is expected to behave in a similar way to FADH*

in a RP.

73



3.5. Singlet yield anisotropy of CRY RPs

Table 3.1: The list of nuclei included in the SY calculations of the two RPs. The positions of
the nuclei can be found in figure 3.7.

Radical Radical
Radical Pair | Acceptor Nuclei Donor Nuclei
N1, N8, N17, H28
RPl (] 2 2 2 2 L]
FADH™ 119 130, H31, H38 z None
N§, N17, H30, H31 N9, H22, H23, H24
RPZ . 5 s 5 5 o+ s s s s
FADH H37, H38, H39 TrpH H25, H26, H27

It has been suggested that the counter radical has no or very small HFIs [124] and a RP that has
all significant HFIs concentrated in one radical has a bigger SY anisotropy [53]. However, tran-
sient absorption experiments [125] and electron spin resonance (ESR) spectroscopy [95] showed
that CRY forms a RP that comprises FADH® and TrpH*" after blue light illumination. The Trp
involved in the CRY RP is the furthermost from FAD in the structurally conserved Trp triad.

The SY anisotropy of two RPs are calculated; RP1 consists of FADH® and Z* (no HFIs) and
RP2 consists of FADH*® and TrpH*". The strength of the external magnetic field, B,, is taken
to be 50 uT, which is roughly the strength of the Earth’s magnetic field in northern Europe. The
exponential model (eq. 1.54 and 1.55) is used to account for the RP recombination kinetics and
the exponential rate constant, k, is 1 ps_l , which is consistent with the estimated lifetime of the
RP [93]. The initial state of the RP is taken to be singlet [S1]. The relative orientation between
FADH® and Z° in RP1 is inconsequential as Z* contains no HFIs. However, the SY of RP2
depends on the relative orientation between FADH® and TrpH®*.

The SY anisotropy of RP2 was previously calculated by Cintolesi et. al. [126] and the authors
used the relative radical orientation from the X-ray crystal structure of E. coli DNA photolyase
(PDB code: 1DNP [127]). In their calculation, four magnetic nuclei each for FADH® and TrpH**
were included. In this section’s calculation of the RP2 SY anisotropy, the relative orientation be-
tween FADH® and TrpH®" is taken from the first animal CRY X-ray crystal structure, Drosophila
CRY (dCRY, PDB code: 3TVS [128]). It is assumed that the relative orientation between FAD
and Trp remains the same as the normal protein after RP formation. More magnetic nuclei will
be included here and this would be an improvement compared to the previous calculation.

In RP1, eight nuclei are included (table 3.1) and these are chosen due to their large isotropic
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hyperfine coupling constants. In RP2, seven nuclei each in FADH® and TrpH®" are included
(table 3.1). No magnetic nuclei in the ribityl and amino acid side chains are included in RP2
because the geometry optimised positions that were used to calculate their hyperfine coupling
constants do not match the positions in the dCRY crystal structure.

The HFI tensors of the nitrogen nuclei are highly axial, and their axes of symmetry are per-
pendicular to the isoalloxazine ring in FADH® and the indole ring in TrpH**. All HFI tensors of

FADH® (fig. 3.7a) and TrpH*" (fig. 3.7b) used in the calculations are listed in appendix A.

3.5.1 SY anisotropy

The anisotropic part of the SY provides the relative directional information between the external
field and the molecular frame. The anisotropic SY, <I>g?is°, is the difference between the SY (eq.

1.54) and its spherical average, <<I) S>;

U0, 4) = B (0, ¢) — (D4(0,9)) . (3.32)

The spherical average of a function is the integral over all space;

ST [T D (0,4) sinfdodg

0,4)) =
(®s(6,9) 2T [T sin 6 O dg

(3.33)

The anisotropic SY of RP1 (fig. 3.8a) has a high degree of rotational symmetry and the axis
of symmetry is perpendicular to the isoalloxazine ring, which is the z-direction. The axis of
symmetry also coincides with the axiality of the nitrogen HFIs on FADH® (N1, N8, N17).

However, the shape of the anisotropic SY of RP2 (fig. 3.8b) is more complex and it has
less rotational symmetry compared to RP1 because the HFIs of the two radicals are not aligned.
There are two rough rotational symmetry axes; one axis corresponds to the nitrogen HFIs on
FADH?* and the other axis corresponds to the single nitrogen HFI on TrpH*". The anisotropy of

RP2 is 100 times smaller than RP1 due to the presence of HFIs in both radicals.

3.5.2 Spherical harmonic expansion of the SY

One property of Wigner-D rotation of spherical harmonics (eq. 3.9) is that the quantity,

!
>

m=—|

2

: (3.34)
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(b)

Figure 3.7: The three dimensional structure of (a) FADH® and (b) TrpH**. The mesh plots
(appendix D) represent the magnitude and direction of the HFIs of the nuclei at the centre of the
mesh plots. The colour codes for different atoms are: carbon, oxygen, hydrogen and nitrogen.
Details of the geometries and HFIs can be found in appendix A. FADH® and TrpH*" are plotted
in the same axis system and the relative orientation between the two molecules is taken from the
X-ray crystal structure of dCRY (PDB code: 3TVS [128)]).
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(a) (b)
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Figure 3.8: Anisotropic SY of (a) RP1 and (b) RP2. The nuclei included in the calculation can
be found in table 3.1. The calculation is performed with exponential rate constant, k = 1 us_l,
B, = 50 uT and the initial state of the RP is singlet. The axis systems in (a) and (b) are the
same as in figure 3.7. Given a position vector on the surface of the plot, the length of the vector
(represented by the colour scale) is the anisotropic SY and the direction of the external magnetic

field is parallel to the position vector.

remains unchanged under rotation for a given degree [. Therefore, the quantity,

l
20+ 1 m
A== m§:_:l|al ? (3.35)

is a measure of the contribution of a particular degree to the spherical harmonic expansion, (I)ZHE,

of the SY.

The error of <I>EHE is measured by the root mean square (RMS) of the difference between the

spherical harmonic expansion and the actual SY,

1 n
RMS (error) = | ~ > d? where d; =4 3", (3.36)

i=1

YOO is a constant, therefore ag is just the isotropic SY. The isotropic SYs of RP1 and RP2
are similar and RP2 has a lower directional sensitivity compared to RP1 because of the smaller
anisotropic SY.

The | = 2 expansion gives less than 1% RMS error (fig. 3.9a) and the anisotropy of RP1 can
be described by Y20 with good agreement (fig. 3.10a). The spherical harmonic expansion with
[ > 2 gives no significant improvement and the spherical harmonic coefficients for [ > 2 are

small compared to the coefficients for [ = 2.
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Figure 3.9: The error analysis of the spherical harmonic expansion of (a) RP1 and (b) RP2. The
red line is the RMS(error) of (I%HE up to degree [. The blue line is A, of the expansion coefficients

of degree [.

The shape of the anisotropy of RP2 is more complex and higher degree spherical harmonics
are needed for an accurate expansion. Spherical harmonic expansion up to [ = 16 is needed to
give 1% RMS error (fig. 3.9b). The biggest contribution to the spherical harmonic expansion
of the RP2 anisotropy is the [ = 4 spherical harmonics. The nine Y,™ contribute to the complex
shape of the RP2 anisotropy (fig. 3.10b).

The expansion coefficients for RP1 are in general bigger than for RP2 because the anisotropy
of RP2 is smaller in magnitude. The spherical harmonic expansion coefficients of the SY of RP1

and RP2 are listed in appendix B.

3.6 Field dependence of magnetoreceptor signal

In this section, the field dependence of magnetoreceptor cells is investigated at five locations in
the retina: centre, top, right, bottom, and left (fig. 3.11). These five points are representative of

the overall retina response to the changing of the external field direction.

The direction of the Earth’s magnetic field found in northern Europe is 66° downwards with
a strength very close to 50 pT [129]. This is equivalent to { = —114° and § = 0° when the eye
is looking towards the horizon towards north. The field is then rotated around the z-axis of the
retina frame in the right-handed direction by an angle, A, so that a rotation of A = 7/2 is the same

as pointing the eye from the north to the east.
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Figure 3.10: Spherical harmonic functions, (a) Y20 and (b) =1 b,"Y,", where b," are

m=—4

the scaled spherical harmonic coefficients of the RP2 anisotropy. The anisotropic SY of RP1

(fig. 3.8a) is almost identical to Y20 and a;" coefficients have the biggest contribution to the
spherical harmonic expansion of @f‘gms". (b) has some of the complex shape of the anisotropic
SY of RP2 (fig. 3.8b) and ay" coefficients are the biggest contributors to the spherical harmonic
expansion of RP2 anisotropy.

The retina signal, .S, produced by magnetoreceptor cells, is the product of the absorption

probability (eq. 3.28) and the SY of the photo-excited RPs (eq. 3.22). The assumption here is

that the signalling state is the singlet and the signal transduction is linear;

S :p(%ﬁa%’?a@a¢78) X (I)S(aaﬁa %77a97¢7C7 5) (337)

Only the anisotropic part of the SY is considered as it is the part that provides directional
information and YO0 is omitted. @ in equation 3.37 is taken to be YZO, which is the approximate

shape of the anisotropic SY of RP1 (fig. 3.8a), such that
2,0
o™ ~ oY = R(n, 6,4) R(a, B,7) Y5 (,0) (338)

where Yzo(C, o) = i \/i (3 cos® & — 1) .

The retina signal becomes

S' = p(a, B, 7,1, 0, ,6) x 25 (a, B, 7,7, 0,6, 6) (3.39)

The TDM of the magnetoreceptor molecule is taken to be (1 0 0) in the molecular frame; the
exact direction in the xy-plane is not important since Y2O is cylindrically symmetric around the

z-axis. This is similar to FAD in which the TDM is also in the zy-plane.
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2
Position number (0,9)
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2 5,0
5 3 (71'2 371')
3 (7, 7)
4 (5, 7)
5 (3,%)
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3D view
7 2
5 3 !
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Figure 3.11: The locations of the five magnetoreceptor cells (blue dots) under investigation are
numbered 1 to 5. The spherical polar angles, (6, ¢), with respect to the retina frame of the five
positions can be found in the table. The direction of the external field, E, is rotated around the

x-axis and the z-rotation is defined by 4.

3.6.1 Unpolarised light

The retina signal is averaged over all 27 polarisation angles if the incoming light is unpolarised.
Only the absorption probability of the retinal signal depends on ¢, so the averaged absorption

probability (eq. 3.29) is used for unpolarised light. The retinal signal for unpolarised light is

(S"), = (p), (@, B,7.:1,0,8) x D5V (o, B, 7,1, 0.8, ). (3.40)
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Figure 3.12: Averaged magnetoreceptor cell signal at five retina positions, 1 to 5. The incoming
light is unpolarised and the molecules are randomly oriented. The signal is averaged over a, £,
y and . The angle /1 is the z-rotation of the external magnetic field in the retina frame; A = 0
is north, A = 7/2 is east, A = x is south and A = 37/2 is west. The external field angles are
{=—-114°and 6 = 0°.

Randomly oriented molecules

Currently, there is no evidence to prove that CRYs are immobilised and in this sub-section, the
effects of randomly oriented magnetoreceptors are investigated. Molecules that are randomly
oriented give rise to a signal that is averaged over a, f, and y;

2r © 2xw

/ 1 / .
(g 0.6:60) = [ [ [ (), sinpaacse. Ga)
0 0 0

7 can be effectively ignored after averaging over y because # is a sequential z-axis rotation after
7.

The absorption probability of randomly oriented molecules averages to a constant value in-
dependent of the position of the cell. The SY also averages to the isotropic value for all cell
positions and all external field directions if the molecules are randomly oriented. However, the
averaged retina signal, <S />, which combines the absorption probability and the SY, is dependent
on the cell position and the direction of the external field.

The cells at positions 1, 3 and 5 are in the same two-dimensional plane as the angle A of
the external field. The signals from these three positions are out of phase by 7/4 to each other,

however the angular distance between each position is 7/2 (fig. 3.12). The smaller phase shift is
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Figure 3.13: Averaged magnetoreceptor cell signal at five retina positions, 1 to 5. The incoming
light is unpolarised and the molecules are partially oriented, @ = 0; in (a) § = 0 and in (b)
B = 7/2. The signal is averaged over y. The angle 4 is the z-rotation of the external magnetic

field in the retina frame. The external field angles are { = —114° and § = 0°.

because the plane of light-propagation only rotates by 7/4 between positions 1 and 3. The signals
at positions 2 and 4 are out of phase by 7 and this is due to the inversion symmetry of the SY.
The signals’ variations at the five positions with respect to the field direction are distinct.
Therefore it is possible that randomly oriented molecules can provide directional information
even if the incoming light is unpolarised. Potentially, the signals can also provide the angular

distance between the current direction and the desired direction.

Partially oriented molecules

If the magnetoreceptor molecule is attached to the cell at two opposite points at the edge of the
molecule, the molecule would be partially immobilised. The molecules would be aligned along
the axis joining the two points and there would be no preferred orientation around this axis. In

this case, o = 0 and the retina signal is averaged over y;

27

/ 1 ,
(5),, (@ =0,5,0,4,6,0) = 5 / (5" dy. (3.42)

0
When f = 0, the TDM lies tangential to the retina. The signals at positions 2 and 4 are now
independent of the direction of the external field (fig. 3.13a) because the axis of symmetry for

Y20 at these two positions coincides with the rotation axis of the field. The signals at positions 1,
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3.6. Field dependence of magnetoreceptor signal

3 and 5 remain dependent on the direction of the field and the magnitude of the signal variation

is about 20 times bigger than the signal given by randomly oriented molecules (fig. 3.12).

When f = 7/2, the TDM lies perpendicular to the retina. The signal at position 1 is zero in
this case because the plane of polarisation is perpendicular to the TDM. The signals at positions
2 and 4 are again independent of the external field (fig. 3.13b). At these two positions, the z-
axis of the y rotation coincides with the rotation plane of the external field and the signals are
averaged to the same value for all . The magnitudes of the signal variation at position 3 and 5
are only 4 times bigger compared to the signal produced by randomly oriented molecules (fig.

3.12).

In general, partially oriented molecules produce a bigger variation in the signals when the
eye sweeps across the horizon in the Earth’s magnetic field. However the advantage is dependent
on the orientation of the TDM with respect to the retina. When the TDMs of the molecules are

aligned tangentially to the retina, the maximum variation is produced.

3.6.2 Polarised light

Although 100% polarised light rarely occurs in nature, light with different linear polarisation
angles may be useful for in vivo orientation experiments. The absorption probability can be
calculated for a particular polarisation angle (eq. 3.28) and the averaged signal, <S’>a 5., Can be

calculated using equation 3.41.

The polarisation vector points in the retina z-direction for ¢ = 0. The signals at positions 1,
3 and 5 are independent of the external field direction (fig. 3.14a) and this is because €, , is in the
same direction as the rotation axis of the field. The signals are the same magnitude because €,
at each position is the same. The magnitude of the signal at positions 2 and 4 are 2 times bigger

than the signals produced by unpolarised light (fig. 3.12).

When ¢ = 7/2, the polarisation vector points in the retina y-direction. The signal variations
at positions 1, 2 and 4 are the same (fig. 3.14b) because the polarisation vectors at these three
positions are the same. The signals are out of phase by 7/4 at positions 1 and 3 and similarly at

positions 1 and 5. The angular distances between positions 1-3 and 1-5 are only 7/2, however the
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Figure 3.14: Averaged magnetoreceptor cell signal at five retina positions, 1 to 5. The incoming
light is polarised; in (a) ¢ = 0 and in (b) ¢ = 7/2. The signal is averaged over a, § and y. The
angle 4 is the x-rotation of the external magnetic field in the retina frame. The external field
angles are { = —114° and § = 0°.

polarisation vector rotates by 7/4 between 1-3 and 1-5. The magnitudes of the signal are also 2

times bigger (fig. 3.14a) compared to the signals produced by unpolarised light (fig. 3.12).

Using polarised light improves the signal magnitudes compared to unpolarised light. Com-
paring figures 3.14a and 3.14b, the field direction dependence and signal magnitude at each
position depends significantly on the direction of the polarisation vector. Potentially, a bird can
recognise different polarisation angles because different retina patterns are produced when the

angle of polarisation changes.

3.7 Retina patterns

The magnetoreceptor cells in the retina collectively produce a pattern of signal because each
cell has a different orientation relative to the external field. An effective retinal compass should
produce visual patterns that are different for different compass directions. As the bird scans
across the horizon in the Earth’s magnetic field, the pattern changes according to the direction
of the line of vision. If the patterns vary gradually, it may be possible to determine the angular
distance of the desired heading from the current direction. Since different directions produce

different patterns, the bird can associate a particular pattern with a migration direction.
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3.7. Retina patterns

The signals from cells at each (0, ¢) location in the retina are projected onto a screen in order
to represent the 3-dimensional pattern in 2-dimensions (fig. 3.1a and for projection details see
appendix E). In this section, the retina patterns under unpolarised light and sky-polarised light
are presented using the TDM of FAD (fig. 3.5), and the anisotropic SY of RP1 and RP2 (fig.

3.8). The CRYs are assumed to be randomly oriented.

3.7.1 Unpolarised light

The patterns for the eight compass directions are different (fig. 3.15) and the variation in the
pattern is gradual. The north to southeast patterns are the inverted image of the south to northwest
patterns. This is a result of the inversion symmetry of the SY. However, when there is no vertical
component in the magnetic field in places near the equator, the patterns are identical when the
retinal direction is inverted (such that north and south patterns are the same, east and west patterns
are the same). In this case, other directional cues are needed to distinguish north-south and east-
west.

The patterns of RP1 (fig. 3.15a) is very similar to the patterns of RP2 (fig. 3.15b), except
that the positive and negative areas are interchanged. This is the result of the different signs
of the RP1 and RP2 anisotropic SYs for the angles 27/3 < { < 4r/3 (fig. 3.8). Although the
anisotropic SY of RP1 is 100 times stronger than RP2, the retina patterns of RP1 are 860 times
stronger than RP2 in magnitude. This is because the number of phase changes in the xz-plane
of the anisotropic SY of the two RPs. The RP1 anisotropy has two phase changes and the RP2
anisotropy has four phase changes. The increased number of phase changes leads to a more

effective spherical averaging of the retina signal.

3.7.2 Sky-polarised light

The patterns produced under sky-polarised light (fig. 3.16) are similar to the unpolarised patterns.
The magnitudes of sky-polarised north and south patterns have increased by about 2 times com-
pared to the unpolarised case but the east and west patterns remain the same. The improvements
are only found in the north and south direction because the maximum degree of polarisation is

found 90° away from the sun at the west.
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Figure 3.15: The visual patterns of randomly oriented (a): RP1 and (b): RP2. The eye is pointing
at eight compass directions horizontally, indicated in the middle of each circle. The anisotropic
SYs used are plotted in figure 3.8 and spherical harmonics up to [ = 16 are used. The incoming
light is unpolarised. The signals are averaged over a, f and y. The external field angles are
{ = —114° and § = 0°, which describe the direction of the Earth’s magnetic field in northern
Europe.
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Figure 3.16: The visual patterns of randomly oriented (a): RP1 and (b): RP2. The eye is pointing
at eight compass directions horizontally, indicated in the middle of each circle. The anisotropic
SYs used are plotted in figure 3.8 and spherical harmonics up to [ = 16 are used. The incoming
light is polarised according to the Rayleigh sky model (eq. 3.31) and J5"* = 0.7. The sun is
due west of the eye, i.e. along the positive y-axis. The same patterns are applicable when is the
sun is due east as the polarisation pattern is the same during sunrise and sunset. The signals are
averaged over a, 8 and y. The external field angles are { = —114° and 6 = 0°, which describe

the direction of the Earth’s magnetic field in northern Europe.



3.8. Conclusion

Experiments show that some species of birds prefer to calibrate their compass during sunrise
or sunset under a clear sky [119, 120]. If the RPR is the underlining mechanism for magneto-
reception in birds, it may be easier to acquire north and south during sunset and sunrise because

of the improved contrast of the retina patterns produced by sky-polarised light.

3.8 Conclusion

Randomly oriented molecules in magnetoreceptor cells in the retina can give a signal that depends
on both the location of the cell in the retina and the direction of the external magnetic field. The
geometry of the eye creates the variation of the polarisation vector at the retina and photoselection
produces the anisotropic absorption probabilities. Photoselection is enhanced by polarised light
or sky-polarised light but the presence of polarised light is not essential to the function of the
magnetoreceptors.

The absorption probability and the SY combine to give the signal of a molecule in a particular
orientation and in the case of randomly oriented molecules within a cell, the averaging over all
molecular orientations gives a resultant cell signal that depends on the location of the cell with
respect to the retina. Hence a collection of magnetoreceptor cells, ordered in a similar way to the
rods and cones, on the retina can provide directional information even if the cells contain only
randomly oriented molecules.

A previously assumed requirement of the RPR magnetoreception is the immobilisation and
alignment of the magnetoreceptor molecules. In this chapter, this requirement is shown to be
unnecessary for RPR magnetoreception, however the rotational motion of the molecules should
still be slow in order to increase spin relaxation times [130].

The bird’s eye is assumed to be spherical in this chapter but in reality it is ellipsoidal. This
geometry creates a greater angular variation of the polarisation vector from the equator to the
poles of the eye. Potentially this may lead to more distinguishable retina patterns because of the
change in the absorption probabilities.

Since there is no evidence on the transduction mechanism, there are only speculations on the

sensitivities of magnetoreceptor cells. The magnitude of the RP2 retina patterns are relatively
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3.8. Conclusion

small but it can be increased by using a higher number of proteins in the cell. The distribution of
the magnetoreceptor cells may not be uniform and a higher concentration of cells may be present
at advantageous locations in the retina, similar to the fovea which is a region of enhanced visual

acuity.
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Chapter 4

Reaction yield detected magnetic

resonance and y—COMPUTE

Reaction yield detected magnetic resonance (RYDMR) is the study of the effects of the absorption
of resonant electromagnetic radiation, under a static magnetic field, on the reaction kinetics of a
RPR [22]. The term RYDMR was first used by Frankevich ez al. in 1977 [131]. RYDMR can
be viewed as a type of electron spin resonance (ESR) in which electromagnetic radiation at the
characteristic resonant frequency is used to change the spin state of an electron. In RYDMR,
the unpaired electron in a radical absorbs the radiation and this leads to the change of the spin
multiplicity of the RP.

RYDMR is used when the direct detection, either via a free induction decay or transient ab-
sorption, of radical intermediates is difficult due to the short radical lifetimes and the low radical
concentration. The resonant effects are observed indirectly via the detection of the products of the
RPR. Usually the fluorescence of the singlet exciplex, formed from the singlet RP, is monitored
and the amount of fluorescence represents the singlet product yield of the RPR.

Traditional RYDMR involves a strong magnetic field of around 0.3 T, and microwaves at
9.5GHz and 0.1 mT [131]. At this static field strength, the dominant magnetic interaction is
the Zeeman interaction, and 7' and T"_; states are split in energy from the S and T|, states

(fig. 1.5b). Microwave radiation that matches the energy splitting reconnects the 7', and T"_,

91



states to the S and 7|, states. Therefore more singlet-triplet interconversion occurs and the SY
decreases, for a singlet-born RP, at the resonant frequency.

Recently RYDMR was observed in weak magnetic fields (< 4mT) [132-134] and radio
frequency (RF) radiation was used instead in these experiments. HFIs and Zeeman interactions
are similar in magnitude when the external field strength is less than 4 mT. The oscillating radi-
ation now reconnects states with different singlet and triplet character that are split by HFIs and
Zeeman interaction [135]. The result of the application of oscillating radiation to the RP system
is qualitatively the same as in high field; at the resonant frequency, the SY decreases.

Off-resonant excitations can occur because generally there are multiple hyperfine transitions
in a radical with several nuclei and there is also the lifetime-broadening of the radical energy
levels [135]. The strength of the magnetic component of the radiation, B, determines the rate
of singlet-triplet interconversion, and the lifetime of the RP should be longer than the reciprocal
of the frequency of the oscillating field to observe a significant RYDMR effect.

RYDMR is an important diagnostic test for the RPR. Details of the radicals involved in the
reaction can be found via RYDMR. Recent experiments on birds showed that they are disoriented
by RF magnetic fields [35]. These experimental results support the involvement of RPs in avian
magnetoreception. However, in vitro RYDMR experiments of relatively simple RP systems
are still needed. Analysis of in vitro experiments with computed simulations can provide more
information on the effects of RYDMR and perhaps better direct further in vivo experiments to
discover more details about the RP involved in magnetoreception.

In this chapter, the algorithm that is used to calculate product yields in RYDMR experiments,
y—COMPUTE, is introduced and the modulation technique used in the RYDMR experiments is
discussed. The RYDMR experimental data presented in sections §4.6 and §4.7 is collected by
Dr. C.J. Wedge of the Timmel group in the University of Oxford. In section §4.8, the algorithm is
used to analyse some Rotary-RYDMR experimental data collected by Ms Kelly-Anne Ferguson,
also of the Timmel group. The same group conducted RYDMR experiments previously [136,

137] using a similar setup.
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4.1. Experimental methods

Table 4.1: Viscosities and dielectric constants of the solvents used in the RYDMR experiments
[138].

cyclohexanol acetonitrile
viscosity, 7
(mPa s @ 298K) 57.5 0.369
dielectric constant, &
(@ 293.2K) 16.4 36.64

4.1 Experimental methods

The reagents were dissolved in a mixture of acetonitrile and cyclohexanol in a ratio of 1 : 9.
The solution was continuously circulated in a loop through a quartz cuvette to reduce sample
degradation. The cuvette is kept at room temperature. The RPs were generated in the cuvette by
continuous ultraviolet (~350nm) irradiation from a xenon arc lamp. The fluorescence signal
from the exciplex is passed through an interference filter (100 nm bandwidth, centred at 548 nm)
and is detected by a photomultiplier tube (PMT) perpendicular to the irradiation source. The
recording was started after the lamp was switched on and after the fluorescence signals had
reached a stable value.

Acetonitrile has a high dielectric constant (table 4.1); if only acetonitrile is used, it will in-
crease the polarity of the solvent and stabilise the RP, hence there is no RP recombination and
no fluorescence is observed. However, cyclohexanol has a high viscosity (table 4.1); if only
cyclohexanol is used, the RP recombination rate will increase, because the radicals will separate
slowly, and no significant RP concentration will be detected. The ratio 1 : 9 of acetonitrile to
cyclohexanol solvent mixture was found to have the optimal RP formation and exciplex fluores-
cence, and have the largest magnetic field effect.

The static magnetic field of up to 4 mT was generated by two pairs of Helmholtz coils posi-
tioned at right angles to each other. The direction of the field was changed by varying the phase
between the two sinusoidal voltages in each pairs of coils. The RF oscillating radiation is linearly
polarised and fixed at 36 MHz. During the experiment, fluorescence signals were collected at
various RF field strengths, and at different angles between the static field and RF field.

The effect of the RF field is weak compared to the background fluorescence. A modulation
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technique was used to improve the signal-to-noise ratio. The full details of the modulation will be
described in a later section. Phase-sensitive detection and a low-pass filter were used to select a
component of the signal that oscillates at the modulation frequency, and any noise that oscillates

at different frequencies was filtered. Therefore only the RF field effect was recorded.

4.1.1 Radical pair systems

The RYDMR experiments were conducted with four molecules (fig.4.1):
(i) pyrene (Py),
(i1) chrysene (Chr),
(iii) 1,3-dicyanobenzene (1,3-DCB), and
(iv) 1,4-dicyanobenzene (1,4-DCB).
Three separate RP systems were used in the experiments:
(a) Py-h,,/1,3-DCB,
(b) Chr-d,,/1,4-DCB, and
(c) Py-d,,/1,3-DCB.
Py and Chr are the electron donors, and 1,3-DCB and 1,4-DCB are the electron acceptors. The re-
actants were dissolved in a 1 : 9 of acetonitrile:cyclohexanol solvent mixture. The solution used
in Wedge’s experiments contained 1 mM of Py and 20 mM DCB, and in Ferguson’s experiments
the solutions contained 0.4 mM of Py or Chr and 40 mM DCB.

Py absorbs ultraviolet light (350 nm) and is excited from the ground state to the first singlet
excited state. Py”* reacts with 1,3-DCB in the solution to form an exciplex. The exciplex flu-
oresces at ~ 548 nm and relaxes back to the ground state Py. The singlet RP is formed via an
electron transfer within the exciplex. Singlet-triplet interconversion occurs in the RP and it is
governed by all the magnetic interactions. The triplet RP forms the escape products, then the
products return to the ground state. The intensity of the fluorescence is directly proportional to
the SY of the RP. Other sources of luminescence, such as TPy, are omitted for simplicity (TPy
phosphoresces at different wavelength to the exciplex). The reaction between Chr and 1,4-DCB
is assumed to be similar to Py/1,3-DCB and the exciplex, S {‘5+ Chr --- DCB’~ }, also fluoresces

at ~ 548 nm. A summary of the Py/1,3-DCB reaction scheme is shown in figure 4.2.
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H
H
q  NC H
H CN
H
Chrysene 1,4-dicyanobenzene

Figure 4.1: Chemical structure of the molecules used in the RYDMR experiments. Equivalent

nuclei are labelled with the same colour.

Although these molecules and RPs have different properties to FAD and Trp, they are readily
available and well understood. The isotropic hyperfine coupling constants of Py—h;g, Chr-h{7,
1,3-DCB*", and 1,4-DCB*™ have been measured by ESR (table 4.2). The hyperfine coupling
constants of the deuterated Chr-d}; are estimated from the protonated version using the ratio of

their gyromagnetic ratios 7p/y,,. It is assumed that there is no change in the molecular geometry

and the electronic structure of Chr after deuteration.

4.2 Product yield of RYDMR experiments

Previously, simulations of RYDMR experiments have been done using an algorithm called y—
COMPUTE (Calculation Over one Modulation Period Using Time Evolution with y-averaging)
by Dr. C. T. Rodgers [124, 137, 143, 144]. The matrix dimensions of the operators increase
exponentially with the number of nuclei included in the simulations. The computation time

for square matrix multiplication is O(n3), where 7 is the matrix size. Therefore the number
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radical pair
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Figure 4.2: The reaction scheme of Py/1,3-DCB is adapted from Batchelor et al.’s paper [139].
The blue arrows represent the singlet-triplet interconversion in the RP. The Chr/1,4-DCB RP sys-
tem is assumed to react via the same pathways. The escape products, TPy and DCB, are formed
via a charge recombination and the free radicals, Py** and DCB*®~, are formed via diffusive

separation.

Table 4.2: Isotropic hyperfine coupling constants of the radicals involved in the RYDMR ex-
periments. The coupling constants of Chr-d}; are estimated using ap/a,, & 7p/y, = 0.1535. The

locations of the known nuclei can be found in figure 4.2.

Radical Nuclei a/mT
Pyrene—hIO+ 4 x H, 0.538
[140] 4 x H, 0.212

2 x H, 0.118

Chrysene-h], 2xH 0.556
[141] 2xH 0.265
2xH 0.181

2xH 0.140

2xH 0.070

Chrysene-d;, 2xD 0.085
2xD 0.041

2xD 0.028

2xD 0.022

2xD 0.011

1,3-DCB" 2 x H, 0.829
[142] 1 x H, 0.144
2xN 0.102

1 x H, 0.008

1,4-DCB" 4 x H 0.159
[142] 2xN 0.181
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4.2. Product yield of RYDMR experiments

of nuclei included in the simulations is limited by computer processing power and computer
memory; multi-nuclei simulation requires exponentially more computing power and memory.
It is necessary to keep the matrix dimensions as small as possible and this would enable the
simulations to be calculated efficiently.

In Wedge et al.’s paper [144], the RYDMR simulations of the Py/1,3-DCB RP system in-
cluded 8 hydrogens in Py and 3 hydrogens in 1,3-DCB. The simulations in Wedge et al.’s paper
were performed with a single spin-space that contains both radicals. However, based on the
assumptions that there are no dipolar or exchange interactions between the two electrons, the
spin-space can be separated into two individual radical spin-spaces. Spin Hamiltonians and ma-
trix operators can be constructed exclusively for each of the two radicals. A number of changes
to the original y—COMPUTE algorithm are needed to utilise the separate spin-spaces and these
changes will be presented in the next section.

The motivation for using separate radical spin-spaces is to reduce computer memory usage
and increase the computability of multi-nuclei simulations. The spin-space dimension of the
Py/1,3-DCB system is 2048 x 648 ~ 1.3 x 10® and the number of the non-zero matrix elements
of the spin Hamiltonian is 1.2 x 10. In contrast, the total dimension of the separate spin-spaces
of the RP system is only 2696, which is significantly smaller.

The separation of the spin-spaces is analogous to the block diagonalisation of the spin Hamil-
tonian. Although the result of the spin-space separation and block diagonalisation are the same,
the subsequent algorithms for the two types of spin Hamiltonian are different. The separate spin-
spaces enable the use of smaller matrices in the algorithm. Even when sparse-matrix algorithms
are used, the block diagonalised, single spin-space matrices require longer computational time

compared to the separate spin-spaces matrices.

4.2.1 Hamiltonian

The RPs in the RYDMR experiments are under the influence of three magnetic interactions:
(1) the isotropic Zeeman interaction with the static magnetic field, B,,, (ii) the isotropic HFIs
between the electron and the nuclei within the radical, and (iii) the linearly-polarised oscillating

RF field of maximum strength, B]™" and frequency, v ;. The spin Hamiltonian that governs the
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coherent evolution of the density matrix is
H(t,y) = Zai,N f;N : gN + By, (S”x cos 0 + SZ Sin@)
iN

+ B™y_S, sin (2zv ¢t +7) (4.1)

where N = A, B, i = integer index for each nucleus.

The first and second terms in equation 4.1 are the operators for the isotropic HFIs and isotropic
Zeeman interaction respectively. y, is the electron gyromagnetic ratio and € is the angle between
the static field and the RF field. When 8 = 0, the static field and the RF field are parallel. The
third term in equation 4.1 is the operator for the Zeeman interaction with the RF field. y is the
initial phase of the RF field at t = 0.

Separate spin-space spin Hamiltonians, H 4 and H ., ofradical A and B are constructed using
single-electron spin operators. The dimensions of each of the spin Hamiltonian are 2M ; x 2M ;,
where M ; is the nuclear spin multiplicity of the radical V. It is assumed that the inter-radical

separation is large enough such that dipolar and exchange interactions are negligible.

4.3 y—COMPUTE

The simulation of a RYDMR experiment is mathematically similar to calculating a spectrum for
magic angle spinning (MAS) NMR. MAS is used in solid state NMR and the sample is spun
rapidly around an axis that is 54.74° to the direction of the static magnetic field. The spinning at
this particular angle averages many of the anisotropic magnetic interactions to isotropic values.
Additionally, the sample is subjected to RF pulses, which induce magnetic resonances. The spin
systems are under the influence of a periodic spin Hamiltonian in both RYDMR and MAS NMR.

The powdered sample used in MAS contains crystals with random orientation and the mag-
netic resonance detected is the average of an ensemble of orientations. However, MAS only
averages two out of three Euler angles that describe the crystal orientation with respect to the
spinning axis. The third Euler angle, y, in combination with the spinning frequency, affects the

magnetic resonance frequency of the spin system [145].
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COMPUTE (the predecessor of )—COMPUTE) is an algorithm that calculates the dynamics of a
spin system evolving under a periodic spin Hamiltonian [146] and it was designed to calculate
NMR MAS spectra efficiently. It uses time-domain integration of the spin Hamiltonian over one
full modulation period but the y powder angle averaging is done separately.

y—COMPUTE [147] is an improvement upon the original algorithm and the y-averaging is inte-
grated in the algorithm. It accumulates the discretised propagators over a full sinusoidal period,
and using the symmetries of the periodic spin Hamiltonian, the y-averaged spin Hamiltonian is
calculated. This further reduces the computation time for MAS NMR spectra.

In the RYDMR experiments, RPs are created by continuous irradiation and they are exposed
to a continuous RF field. RPs are created at any point during the RF field cycle. The RP spin
evolution in a RYDMR simulation must be averaged over the full RF period (0 — 27). This

averaging of the y phase in continuous RYDMR is analogous to MAS NMR.

4.3.1 Symmetries

The spin Hamiltonian of the system is both time dependent and phase dependent due to the

oscillating RF field. However it has two very useful symmetries:

(i) periodicity, H(t,y) = H (t + vﬁ’ y) , m = integer, and 4.2)
rf

(i) time-shift, I (t,7) = A (t +5 U ,0) . (4.3)
TV ¢

The periodicity of the spin Hamiltonian means that the propagation of the spin system from
t = (0 — T,) can be divided into m full periods for ¢ = (0 — ™/v ) and a partial period for
t = (m/v, — T,). Therefore the full period propagator, U(0 — /v, ), and the partial period
propagator, U (0 — T, - m/y_.y), are needed to calculate the density matrix at any time. The
different initial phase is equivalent to a time-shift of the spin Hamiltonian and this allows the
y-averaging to be included in the calculation. Fourier transform of the periodic functions is used

at a later stage to improve the efficiency of the SY calculation.
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4.3.2 Discretisation

In general, the spin evolution propagator, U, with initial phase y for a time dependent spin Hamil-

tonian from 0 — ¢ is [146]
¢
U(0,t;9) = Texp | —i /ﬁ(t’, y) dt’ (4.4)
0

where 7" is an operator to order the infinitesimal propagators chronologically. The integral in
equation 4.4 cannot be evaluated analytically but an approximate solution can be found by dis-
cretisation.

The RF time period, 7' = 1/v_, is discretised into n-steps and the time ¢ j is discretised to

t=jr=j - =j—, (4.5)

where j is the time index. The integral in equation 4.4 is approximated to a series of exponential
functions,

U(0,t;y) ~ e*i‘[ﬂ(tjvy) ) e—irH(t]._,,y) R L () (4.6)
and the continuous spin Hamiltonian (eq. 4.1) is approximated to one that is piece-wise constant.

The RF phase, y, is also discretised into n-steps with index p;

2
n

A discretised propagator that has a time period of (0 — j7) and RF phase y = p - 27/n is

represented by
L(j,p) =U(0,j7; p-27/n) (4.8)
and the propagator at the start of the RF period (i.e. p = 0) is

I'(G) =T(,0).

For a sufficiently large n, H (t,y) varies negligibly with each time step 7 and the propagator,

I'(4, p), is approximated by

I'(j,p) = exp [—irf[(j — 1/2,p)} X -+ X exp [—irﬁ(l/z,p)} , 4.9)
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where the discretised spin Hamiltonian is represented by the indices j and p,

H(=)2p) = H((G =), p-27/n).

Att =0,1(0,p) = 1. The discretised H is evaluated at the mid-point of each time step in order
to reduce error. The order of the exponentials is essential to calculating the chronologically
correct propagator. The chronology of equation 4.9 is from right to left.

Propagators with different RF phases can be written as the product of zero RF phase propa-
gators, using the time-shift symmetry of the spin Hamiltonian (eq. 4.3). The propagator with a

starting RF phase y = p - 27/n is

L(j,p) =T(j +p)T(p)". (4.10)

As the time-shift has shifted the time duration of the propagator forward by p - 27/n, an inverse
propagator is needed to bring the propagator back to the correct time period. Since the spin
Hamiltonian is Hermitian and the propagator is unitary, the inverse propagator is the conjugate
transpose of the propagator, F(p)T.

Equation 4.10 can be expanded in terms of full period propagators and partial period propa-

gators;

I'(j,p) =L +pmodn) x T(n)™ x T(pmodn)l ,0<p<n—1, (4.11)
——— ———

extra RF phase full period n times  inverse extra RF phase
. | + .
where m = int (‘H) —int (8) . (4.12)
n n

The second term in equation 4.11 is the m full period propagators and the first term is the residue
partial period propagator. The three propagators are represented in figure 4.3.

Because of the periodic nature of the propagator, the n propagators only need to be evaluated
once, each one from ¢ = (0 — j7) for one full modulation period. From this set of propagators,

a propagator with initial RF phase y for any discretised time period can be evaluated.

4.3.3 Average spin Hamiltonian

The zero RF phase average spin Hamiltonian, /, is time independent and it summarises the time

dependent spin evolution over one RF period [148]; the propagator for one RF period can be
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I(n)™

1 L ____-_X

=1 0
!
|
|
|

B L)
N4
V)]
[e))

I'(p mod n)T I'(j + p mod n)

Figure 4.3: The sine curve represents the oscillating spin Hamiltonian. The black arrow repre-
sents a propagator I'(j, p). Blue, red, and green arrows represent the different time-discretised
propagators used to generate I'(j, p). The chronological order of the three propagators is: blue,
red, and green. The discretisation of the RF time period is n = 4 and the initial RF phase is

p=1.

written as

I'(n) =exp [-iHT]. (4.13)
It is useful to diagonalise H using eigenvalue decomposition, so
H=Xx0x"1 (4.14)

where X is a unitary matrix containing the eigenvectors of H and € is a diagonal matrix contain-
ing the eigenvalues of . The exact calculation of H is very difficult® as the spin Hamiltonian
is time dependent and the spin Hamiltonian at different times do not commute. However the
eigenvalues of H can be calculated from the discretised full period propagator, I'(n). The H

eigenvalue transformation can be applied to I'(n) and it becomes

X'T(n)X = XTexp [-iAT] X = exp(—iQT) = A. (4.15)

3H can be calculated using the Campbell-Baker-Hausdorff series [149].
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H shares the same eigenvectors with I'(n) and the eigenvalues matrix, A, is used to calculate

Q;

—io. T _ A
e Vit =4, , where 0, = Q,, ,

A=A (4.16)

1)

= o, =iv; Ind;, — 27y ;. (4.17)

The integer term, c;, is a correction factor due to the 2z cyclic symmetry of the complex expo-
nential, exp(z) = exp(x + 2xi). This integer factor can be omitted and the omission is valid if
nv,; is bigger than the Nyquist rate (which will be explained in a later section).

A full period propagator with arbitrary starting RF phase can be written as products of zero

phase propagators,

I'(n,p) =T(n+p)L(p)" =T (p)I(n)I(p)'

=T(p)XAX'T(p)" = X AX]. (4.18)

Since both I'(p) and X are unitary, X, = I'(p) X is also unitary. The eigenvalues for I'(n, p) are
the same as I'(n) and the transition frequencies, @,, of the zero RF phase average spin Hamilto-
nian is the same as an average spin Hamiltonian with any other phase.

The description of y—COMPUTE thus far in sections §4.3.1, §4.3.2, and §4.3.3 is essentially
adapted from Rodgers’s thesis [124] and the original y—COMPUTE papers [146, 147]. The math-
ematics described in the following subsections will be the steps for spin-space separation in

y—COMPUTE.

4.3.4 Singlet probability

The singlet probability in Hilbert space (eq. 1.49) can be found for t = jz and y = p - 27/ using

the discretised propagator (eq. 4.8);

(PS(ep-25/)) = 2T [0Gp) PO TGp)! PF] (4.19)

Currently, the spin-space in equation 4.19 contains both radicals A and B. Since it is assumed
that there are no interactions between the radicals (eq. 4.1), the spin-space can be separated

into two spin-spaces, each containing one radical. The singlet projection operator and the spin
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Hamiltonian can be written as Kronecker products of single-radical operators;

. 1
S
PP =1 - > S84y Spy (4.20)
q
where SAqSBq:SAq®SBq and g = z,v, 2, (4.21)
H(j,p) = H,(j,p) & Hy(j.p). (4.22)

@ denotes a Kronecker sum. There are two Kronecker product identities that are useful,

(A®B)- (C®D)=AC ® BD and (4.23)

AP = A g P, (4.24)

A propagator can expressed in terms of separate spin-space spin Hamiltonians and after simpli-

fying the Kronecker products (eq. 4.23 and 4.24), the propagator becomes

0Gp) = o [~ e [, 2p) @ By (5= 2] | =
<enp | it [, (12) @ 11, (120)] |
= exp [—ifﬁA (- 1/2719)] ® exp [—ifﬁg (- l/z,p)} X
x exp izl (1/2,p) | @ exp | ~icH 5 (1/2,p)]

=T40,p) ©Tg(:p) (4.25)

where I (4, p) is the propagator for radical N.

Equation 4.19 can be expanded using the singlet projection operator (eq. 4.20);

(PSG.) = 3y T PGP }+Z — i T [FGPTGP) S, 5]

=M 0
L e (DG, Sy S DU +—=Tr [TGop) Sy Sy TGip) S, S
_m I'|: (jap) Aq ® Bq (]7]9)] +M I‘{ (],p) 4q°Bg (]7p) A Bri|
=0
<]5 > 7+Z—Tr[ 3:9) Saq 9B, T p)! SATSBTi| (4.26)

where q,7r =2x,y, 2.
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Substituting equations 4.21 and 4.25 into equation 4.26 and simplifying the Kronecker products
gives
AS 1 1 . .
<P (J7p)> =3t > T [FA(]JU) ®Lp(4,p) - Sag ®Sp,

q,r
T, @ T p) 54 0 5, ]

1 1 . ;
- Z + MZTI" [FA(]7P) : SAq ) 1114(]’]))Jr ) SA?"
q77‘

®T'p(j,p) - SBq : FB(j,p)T ) SBT}

Js
— % + ﬁZTr [FA(j,p) -S4 Talp) SAT}

q?r

T [Tp05,0) Sy Tpin) - S, |- 4.27)

The singlet probability is calculated from the product of the matrix traces in the spin-spaces of
radical A and B. Now the radical A matrix trace, 74 (j, p), in equation 4.27 is expanded using

equations 4.11 and 4.18;
Ty(.p) = Tr [T4(p) - Sag - TaGiop)' - S,
=Tr [T, (j +pmodn) [[,(n)]" T 4(p)T- S,

T [ )]™ [0+ pmod )]t -5,

=Tr :FA(j—i—pmodn) > [AA}mXL-FA(p)T =
T4(p) Xy [, X] [0, (G + pmod )] 5, ]

= Tr[ SZ;q A ST (p+ j)] (4.28)
(

where S| (v) = X}, -Tj(zmodn)"- 5, T, (zmodn)- X ,. (4.29)

Sz;q(:z:) depends on the n propagators, therefore it is a function with period n. This periodic-
ity is very useful and the equation can be Fourier transformed. There are two transformations,
I' ,(x mod n) and X ,, in equation 4.29. T',(x mod n) is a similarity transform that shifts the
operators to the start of the RF cycle. X , is a matrix containing the eigenvectors of radical
A’s average Hamiltonian, H ,, and it transforms the operators into the eigenbasis of the zero RF

phase H A-
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The matrix trace in equation 4.28 can be written as a sum of the matrix elements, since A ,

is diagonal, and the matrix trace becomes

. imaA nr .
T\Gop) = o [sh,w)] [$5G+p)] (4:30)
a,b
where @fb = 6)2‘ — 6);‘ and &);4 = QZ‘ (4.31)

a and b are the matrix indices for the radical A operators and run from 1 to 2M ,, which is the
dimension of the spin-space of radical A.

The same factorisation (eq. 4.28) and expansion (eq. 4.30) are applicable to the radical B
matrix trace, T5(j,p). The p-averaging is now an average over the n-discretised RF periods,
p =0 — (n — 1), to account for the continuous formation of RPs and the singlet probability
simplifies to

(P0), =+ i S X T et (st [shua)],

p=0 q,r a,b

Yoo [SEm)] [ShG+)] o @32
c,d

4.3.5 Discrete cross-correlation

Equation 4.32 is similar to a cross-correlation of two functions with period n and such a cross-
correlation can be performed efficiently using Fourier transform. Now equation 4.32 is multi-
plied by a singular function, exp [i <&);4b + @Z) ( j+p—(0U+ p)) r} , and is substituted for the
function m (eq. 4.12):

<<Ps(j)>>y _ % N MLH nz_:z S exp [i (@;‘b n @z) (int (i+p/n) — int (p/n)) m}

|
o e
[s50)], [550-0)], [5500)], [sh0+91],
cexp i@ +al) (i+p—G+p)r]
1

ST X ewfi(a+08) (r-mema)] 501, [s)],

p=0 q,r a,b,c,d
- exp [—i (@g‘b + @ﬁ,) (j + p — int (5+7/n) n) r} [Sﬁr(j + p)} " [Sgr(j + p)] y

. ei(@fb+&)5i)jt

ab
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! = ) (oA 158 )
4 + Mn Z Z Z Iavea®)]” Iapeald +p) - (@ Ton)r (4.33)
Q7 a,b,c,d p=0
where gl (@) = ¢ (808N [T @) (ST ()]
a ab q cd

The function, g2, ,(x), has a period n and equation 4.33 contains the cross-correlation of the
g-function (eq. F.3). Discrete Fourier transform (DFT) is applied to the cross-correlation of the

g-functions (eq. F.4),

n—1
Z Iinea®)] Gapeai + 1) | = [Glyeq(8)]” Gry(6) (4.34)
p=0

where GI, (0) = F; {ggbcd(x)} ) (4.35)

The inverse DFT (eq. F.2) of equation 4.34 is substituted for the g-functions and equation 4.33
becomes
n—I1

(P6)) =1 L3 3 15 o G et o
q,r a,b,c,d k=0

4.3.6 Separate summation

In equation 4.36, the summation over (a, b, ¢, d) is serial and this method does not use the separate
spin-space matrices efficiently. It will improve computation time greatly if equation 4.36 is
rearranged so that the summation runs over (a, b) and (c, d) separately. Firstly, the G-functions

(eq. 4.35) are expanded, so that

n—1
_2mig
Gipea(0) = Zggbcd(a) e

n—1

_ Z e—i@fb(a mod n)z [SA:CT(“)}

a=0
= 73 {0l (@) - 95 (@) | (437)

where gfb’T(a) = e_i@fb(a mod n)t [SZ;T(OC)}

—i@B (e mod n)t | oT — 25
e Ped Sp.(a)] e

ab cd

ab
The convolution theorem (eq. F.6) can be used to separate the Fourier transform in equation 4.37

into two Fourier transforms (eq. F.7), one for each radical spin-space;
r | J— A B,r
Grpeal®) = ~F { FLF (g (@)} }- F{L Fgly (@)} ]

107



4.3. y—COMPUTE

n—1 .
= % Zf/e{ Flou' (@)} } "Fﬁ{ Flgey' (o)} } enP (438
£=0

Now equation 4.38 is substituted for the two G-functions in equation 4.36 and the terms for

the two sets of indices, (a, b) and (¢, d), are gathered to give

*

(P00, o 2 5 1 [ EE ) et
q,7 a,b,c, = —

1 n—1 i i - s _
o L F Al FAF ] e e el toc)
n
y=0

ey s 5 ) e

a7 a»bac»d (37/)’73}:0

: i i, i ;s
| {f 5 {Floli H F{ Flofry ) ot o W00 S o

e 2 5] 5 o

q,r ﬂ)y:() azb

* n—1 s
> [fﬂ {F {gqu}}} FAFGl ] el 3T B0 @39)
0=0

c,
The most computatively intensive step in calculating the singlet probability is the summation
over the matrix indices of the operators. Equation 4.39 takes advantage of the separate spin-
space operators and the summation is performed separately over two sets of matrix indices of
the two radical spin-spaces. Equation 4.39 offers significant reduction in computation time and

allows the product yield simulation of larger spin systems.

4.3.7 Trigonometric interpolation

The singlet probability is needed at all times to calculate the SY. The singlet probability for the
time in between the n-discretised points can be found using interpolation. The inverse DFT can
be replaced with a trigonometric interpolant. In trigonometric interpolation, the discretised time
index,

J=tr=nvd, (4.40)
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is replaced by the continuous time variable, . The summation of the DFT index, J, also changes
to —n/2 and 7/2 — 1 in the interpolation; therefore the continuous singlet probability is
PS(+ 1 1 n—1 = i A *}_ A o
<< ()>>y—1+mzzz ﬂ{ {gab}} y{ {gab}}e o

q,r B,y=0 a,b
n/2—1

' Z [}-ﬂ {}—{gqu}} } *fy {f{gz’r}} elPcat . Z o R (y—frnv gt) (4.41)
c,d S/

This interpolation does not produce more error as <PS (t)> is band-limited. If n is large enough

to satisfy the Nyquist rate (see section §4.3.10), the error is minimised.

4.3.8 Summary

These are the steps to calculate the singlet probability using y—~COMPUTE with separate radical

spin-spaces:

1. form the separate spin Hamiltonians for radical A, H 4(t,0), and radical B, H 5(t,0), using

the appropriate spin matrices at times (£, 3, - - (2";1)1),
2. calculate and store the two sets of propagators that correspond to times (z, 27, - - - , nt) for
radical A and B;

3. diagonalise the full RF period propagators, I' ,(n) and I" 5 (n), to obtain the average spin

Hamiltonians’ eigenvectors, X , and X 5, and eigenvalues, A , and A B

4. take the complex logarithm of A , and A ; to obtain @;4 and @ f , then calculate the energy

. _ A _B.
differences, @, and @_;

5. transform the spin operators S, and S, with X,,I'y1,---,n)and X5, T'5(1,--- ,n)
correspondingly;
6. use Siq(l, e ,n),qu(l, ceeum), cbfb, @gi to calculate gfl;q(l, -++,n)and
B7 .
gcdq(17“' ?n)’

7. apply DFT twice ongﬁ;q(l,--- ,n)and g1, n);

8. evaluate equation 4.41 using the Fourier transformed g-functions to calculate the singlet

probability.
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The modified algorithm (eq. 4.41), described from sections §4.3.4 to §4.3.7, was compared
to the original y—COMPUTE algorithm described in Rodgers’s thesis [124] and both algorithm

generated the same results under different input parameters.

4.3.9 Singlet product yield

It is assumed that the reaction is diffusion-controlled and the exponential model (eq. 1.53) is

used for the encounter distribution function. Therefore the SY is

o

(Dg) = k:/ <<P5(t)>>y ceH gt (4.42)

0

Equation 4.42 can be integrated analytically with y—COMPUTE [124] but the summation over
(a,b,c,d) would not be separable. Therefore equation 4.42 is solved numerically using sepa-
rate spin-space summation.

The numerical SY can be calculated efficiently using an ODE solver, which usually uses

1

adaptive time-steps. The number of adaptive time steps is about 150 for £k = 10us . Itis

more efficient to calculate the singlet probability at different time points (around 4500) when
carrying out data-fitting, and then iterate (least squares) to find the best-fit rate constant for the
experimental data.

4.3.10 Nyquist rate

nv, is the sampling rate of the periodic spin Hamiltonian and the propagator. It affects the

accuracy of the singlet probability calculation (eq. 4.41) in three areas:
(i) the weighted sum over n different initial RF phases,
(i1) the trigonometric interpolation of the discretised time 7 to continuous time ¢, and
(iii) the sampling rate of the g-function.

The weighted sum over the n initial RF phases in equation 4.32 is an approximation for the
integral, fOZE <]55(t, y)> dy. The error of the discretised summation decreases as n increases.
<153(t)> is band-limited and the minimum sampling rate of a band-limited signal should

exceed twice the maximum frequency [150]. This minimum sampling rate is know as the Nyquist
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~

rate. The oscillating terms in <Ps(t)> are exp[—i&)fb(a mod n)7] and exp[—i@g(ﬁ mod n)7]
(eq. 4.37), so the Nyquist rate for <PS(7§)> is

max (‘&)fﬂ)

n =2
27V,

(4.43)

where N = A, B and ij = ab, cd. In equation 4.43, the numerator accounts for the maximum
spin-evolution frequency of the average spin Hamiltonian and the denominator accounts for the

periodicity of the spin Hamiltonian. The optimal n can be found by increasing n gradually until

<]55(t)> converges.

4.3.11 Steady state fluorescence and y—COMPUTE

The RYDMR experiments were done under continuous irradiation and the signals were recorded
after the fluorescence had stabilised to a constant value. The ultraviolet lamp and the RF field
were switched on at different times, therefore the initial generation of RPs was not synchronised
with any particular point during the RF period and the initial RP population was generated under
a spin Hamiltonian with an arbitrary y-phase. In this subsection, it will be shown that the amount
of steady state fluorescence in the RYDMR experiment is related to the product yield calculated
by y—COMPUTE and it is necessary to consider the reaction scheme of the RP again.

The reaction scheme of Py/1,3-DCB (figure 4.2) can be approximated by using only the
essential species: exciplex (Ex), singlet RP (SRP), triplet RP (TRP), and ground state (GS)
(fig. 4.4). The Ex is formed from the GS with a rate constant of &, by absorbing a photon at the
excitation wavelength and the Ex forms the SRP with a rate constant of k,. The RP is assumed to
recombine in a diffusion-controlled manner with first order rate constant k. The SRP recombines
to form the exciplex and the TRP recombines to form the ground state via other intermediates.
The Ex fluoresces and relaxes to the GS with rate constant k f and this fluorescence is measured
by the PMT.

During the reaction cycle, SRPs are continuously formed from GS via the Ex, and at the same

time SRPs and ' RPs recombine to form their products. The time dependence of the Ex is

%[Ex] = k[GS] + k[RP] — (k, + k) [EX]. (4.44)
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k, ~ singlet-triplet _
Ex > SRP < ~ TRP

k interconversion

Figure 4.4: A simplified reaction scheme of Py/1,3-DCB (fig. 4.2): GS = ground state, Ex
= exciplex, SRp = singlet RP, TRp = triplet RP. The diffusion-controlled RP recombination is
coloured in blue.

When the fluorescence reaches steady state conditions, the amount of Ex is constant. There-

fore
d
= (k'z + kf)[EX}ss = kl [GS]SS + k[SRP]ss
1 s
Bxl, = 7, ([0Sl +(RP, ) (4.45)

where | ] denotes the steady state concentration of a species. Hence in a continuous irradiation

experiment, the amount of fluorescence, 1 P at steady state is

k;[Ex),, = i (ki [GS],, + kPRP],) . (4.46)

I =
ss kz + kf

f =
It is assumed that once the SRP reacts to form the Ex, it would immediately fluoresce and form
the GS. Therefore the rate of fluorescence is significant larger than the rate of SRP formation,

l.e. k; > k, and equation 4.46 becomes

I
ky+ kg
I, = k,[GS] + k[°RP]. (4.47)

The fluorescence is detected via a lock-in amplifier (LIA) and the workings of the LIA will be
described in a later section (§4.5.1). The main benefit of the LIA is that it only detects fluores-
cence that is oscillating at the lock-in frequency. Therefore the LIA only detects the magnetic
field sensitive part of the fluorescence, i.e. [SRP], and ignores other part of the fluorescence,

[GS]. As a result, equation 4.47 is further simplified to

1

;= k[°RP] . (4.48)
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4.3. y—COMPUTE

Next, the relationship between [*RP]_ and (® S>y is determined.

Steady state singlet RP population

The time dependence of [SRP] is defined as

SRPI(2,7) = (PO(t,)) - e ™. (4.49)

Equation 4.49 combines the singlet probability with the exponential part of the exponential model
(eq. 1.55). Itis clear that RPs generated at different y-phase have different time-dependence (fig.
4.5a) due to the time-dependent Hamiltonian (eq. 4.1).

The y—COMPUTE algorithm calculates the time evolution of the singlet probability averaged
over all y-phases (eq. 4.41). In other words, <[SRP] >y (t), plotted in figure 4.5b is the average

of the time-shifted curves in figure 4.5a over all y-phases;

<[SRP]>y (t) = % yzn[SRp] (t,y) = <<P5 (t)>> ekt (4.50)

Y

7

Under the continuous irradiation, RPs are generated continuously at different times within
the RF period. This is illustrated in figure 4.6a; each dash-dotted line represents SRPs generated
at different times after the ultraviolet lamp is switched on. Then the time evolution of the total
SrRp population during the experiment (black line in fig. 4.6a) is the average of the dash-dotted
lines at time ¢. This average-sum of an infinite number of dash-dotted lines is equivalent to
an integration over all times. The total SRp population reaches a steady state oscillation after
t = /vy~ This oscillation has the same frequency as vy and it is dependent on the y-phase at
t=0.

However the oscillation of the total SRP population (red line in fig. 4.6b) is averaged by the
LIA which only detects signals oscillating at the lock-in frequency. Therefore the LIA averages

the fluorescence signal over the y-phases (blue line in fig. 4.6b). Overall the steady state singlet

RP population, [*RP] <> detected by the LIA is

o0

SRP] [RP](t,y) dt = P5@))) e ™ dt. (4.51)
z / = [{(Pw)),

0

Comparing the SY in figure 4.5b (calculated using eq. 4.41) and the steady state singlet popula-

tion in figure 4.6b, it is clear that [SRP] « 1s proportional to the SY calculated using the y~COMPUTE
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(a). Each curve represents RPs that are generated at different times with
respect to the phase, y, of the RF field. The RF phase at t = 0 is 7/4. It is
clear that the time evolution of the singlet population is dependent on y.
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(b). The y-averaged time evolution of the singlet population is calculated
using y—COMPUTE. The singlet yield is indicated in the graph.

Figure 4.5: The time evolution of the singlet population of a RP containing one spin-!/2 nucleus.
The parameters of the simulation are as follows: B, = 35uT, B{™ = 4mT, vy = 1 MHz,
= /4, and the HFI tensor is A = 5mT, Ay = 5mT and A,, = 10mT. The exponential

model is used to account for the RP recombination and the rate constant is k = 1 ps_l.
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algorithm (eq. 4.42) and the steady state fluorescence is

I

;= kPRPI = (D), - (4.52)

4.4 Equivalent nuclei

The molecules used in the RYDMR experiments, Py, Chr, 1,3-DCB, and 1,4-DCB, all have
magnetically equivalent nuclei (fig. 4.1). The equivalence can be used to improve computation
times by using matrix block diagonalisation and by increasing the matrix sparsity of the spin
operators.

Firstly, a RP with two spin-1/2 nuclei, I, I,, coupled to electron A is considered. The nuclear

basis states, Il,mI i 1y, >,for the system are
1 +1. 1 +1 1 +1. 1 1
272727 2/72 272 2/
1 1 1 1 1 1 1 1
P B 77+7 s |37 T A Ay T A .
227202 272720 2
The HFI Hamiltonian (eq. 1.12) for this system is
Hyp=S5S4-A -1, +5,-A, - I, (4.53)

The spin operators in this basis generally are dense matrices.
Since the two nuclei are equivalent and A; = A, = A, equation 4.53 can be factorised into

A —

g =Sy A ([ +5) =S, A I, (4.54)

2,

I

tot is calculated using the

is the total coupled spin operator. The coupled spin number, I, ,

Clebsch-Gordan series [102, 151];

I

tot

= (L +0), (L +,-1),--,

I, - L, (4.55)

The fully coupled nuclear basis states,

1 tot’

>, for two spin-1/2 nuclei are

l\)\'—‘ l\)\'—‘
l\.)\'—‘ l\)\'—‘
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(a). The dash-dotted lines represent fractions of RP population generated at different times. The
rate of RP generation is assumed to be the same at all times. The ultraviolet lamp is switched

on at t = 0 and the RF phase at ¢t = 0 is y = 7/4. The black solid line represents the total RP
population calculated from the average of all the dash-dotted lines. This total RP population is

directly proportional to the amount of fluorescence. The period of the oscillating total population
is the same as the period of the RF field.

1
— ="
average y
t= 8/VRF
0.8 [SRP]_ = 0.53166
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(b). The red line and the blue line represent the total RP populations. The time evolution
of the red line has an initial RF-phase of 7/4 and the blue line is averaged over all initial
RF-phases. The oscillations of the red line are at v which is different to the frequency of
the lock-in amplifier’s phase-sensitive detection. Therefore the lock-in amplifier averages
the oscillations in the RP population (red line) to a smooth curve (blue line). The steady
state RP population is reached after ¢ = 7/v _and it is the same as the SY calculated using
y—COMPUTE (4.5b).

Figure 4.6: The time evolution of the singlet population of a RP containing one spin-1/2 nucleus.
The parameters of the simulation are as follows: B, = 35uT, B]™ = 4mT, vy = 1 MHz,

0 = 7/4, and the HFI tensor is A = 5mT, Ay = 5mT and A,, = 10mT. The exponential
model is used to account for the RP recombination and the rate constant is k = 1 us_l.



4.5. RYDMR and modulation

In the fully coupled basis, the spin operators have block diagonal structure because [, , = 1 and

1

ot = 0 do not interact with each other and do not have cross-terms in the matrix. The block

diagonal structure is preserved for all matrix operations: addition, multiplication, and matrix
exponential.
In a radical that has more than two equivalent nuclei, each equivalent nuclear spin is coupled

serially,

=

=1y, ), +

1>

= =

I +1 3 =15y, Lipy + 1y = )53, etc. (4.56)

[ ]
~

For example, the coupled spin numbers of a three spin-1/2 nuclei radical are

311
_[12 == {1,0}7 ItOt = {2,2,2} . (457)

When there are multiple equivalent [, , in the coupled basis, only one spin block is needed in
the spin operators and a suitable multiple is applied to the matrix trace of that particular 7, ; block
in the singlet probability calculation. This will prevent the redundant repeated computation of
the same I, , blocks.

The transformation from the uncoupled basis to the fully coupled basis is effectively an an-
alytical matrix block diagonalisation of the spin operators. Using spin operators in the fully
coupled basis has substantial advantages, specifically lower memory usage and faster computa-
tion time, both due to the reduction in matrix size. Further reduction in computation time is found
by removing zero elements in the g-functions and the corresponding elements in d)fb before the
matrix index summations in equation 4.41. This removes operations that result in zero which
do not contribute to the singlet probability. The matrix size reduction of the Py/1,3-DCB RP is

summarised in table 4.3.

4.5 RYDMR and modulation

The oscillating field effect in a RYDMR experiment is small in comparison to the background
noise, so the experiment was done with B, amplitude modulation. Phase-sensitive detection then
removed all signals that oscillated at frequencies other than that at the modulation frequency.
When B, field modulation was used, the PMT only recorded the changes in the fluorescence

signals due to the B, field effect and this improved the signal-to-noise ratio.
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4.5. RYDMR and modulation

Table 4.3: The matrix size of the g-functions for a pyrene radical and a 1,3-DCB radical. In
the programmed algorithm of the calculation of the singlet probability, the cross multiplication
for the indices, (¢,7) and (B, y) is also performed at the same time as the dot product of the
g-functions. So the actual number of matrix elements involved in the matrix multiplications of

one computation is 3n times the number stated in the table.

Pyrene 1,3-DCB
SI.) 1n-sp ?ce Matrix elements SI.) 1n-sp ?ce Matrix elements
dimension dimension
Original 2048 ~ 4.2 x10° 288 ~ 8.3 x 10*
Symmetq 648 ~42 %10 no reduction in size
factorisation
% reduction 90% but increases sparsity
Remove zero ~ 1.8 x 10° ~ 5.2 % 10*
elements
% reduction 96% 37.5%

4.5.1 Lock-in amplifier

The lock-in amplifier (LIA) generates a reference cosine signal at an audio frequency (AF) of
331 Hz. A purpose-built mixing box then combines the RF signal from a RF generator with the
AF signal from the LIA and the resultant signal generates the oscillating B, field in a set of small
Helmholtz coils, separate from the B field coils. The spin Hamiltonian (eq. 4.1) excludes the
AF B, field as the AF component oscillates on a time scale that is significantly slower than the
lifetime of the RP.

The fluorescence of the exciplex is detected by the PMT and the signal is fed to the LIA.
The LIA then mixes the PMT signal with a cosine function oscillating at the reference AF. Then
the mixed signal is passed through a low-pass filter, in which all oscillating components, except
the signal that oscillates at the reference AF, are removed. The amplitude of the filtered signal is

converted to a direct current and is recorded by a computer over the duration of the experiment.

4.5.2 Modulation pattern

The time dependence of the modulated B, field is

By(t) = BI™ sin (2mv,ct) (1= M,sin® (wv,t) ) (4.58)
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Figure 4.7: B, field strength over one AF cycle is generated by the Helmholtz coils according
to equation 4.58. M, is the fractional modulation depth and M ; = 0.79 in this figure. The root
mean square (rms) strength is often the quoted value of the B, field. The ratio v/v . is 40 in this

figure.

where v . is the RF, v is the AF, B;“ax is the peak strength of the B, field, and M, is the fractional
modulation depth (fig. 4.7).
The B, field strength is often quoted as the root mean square (rms) value, B|™", of the oscil-

lating field and it is

1/"rf
Bms — pmax |y, / B, (£ dr (4.59)
0
When y—COMPUTE is used to simulate RYDMR experiments, B} should be used, instead of

B{™. The rms value includes the amplitude change of the AF modulation which is only relevant
in the fluorescence detection and the modulation period is too long to cause any resonance effect.
4.5.3 Lock-in amplifier output

There is no reason to expect the SY to be exponential, trigonometric, or any other function, with
respect to B,. Therefore the SY, at a particular B, field, can be written as a polynomial in terms

of B,. The simplest polynomial is a linear equation;

(@g), (B (1) = ¢ By (1) + ¢y, (4.60)
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4.5. RYDMR and modulation

where ¢, = ®4(0) = <I>%. The time dependence of the B, field (eq. 4.58) can be simplified

because the RF component has negligible effect on the LIA, so
By (t) = BI™ (1= Mysin’(zv,t) ) (4.61)

The output signal, s, of the LIA is the integral of the product of equation 4.60 and the refer-

ence cosine function generated by the LIA over one modulation period;
1/Vaf
s(BI"™) =a / (B, (t)) cos(2mv,¢t) dt. (4.62)
0

o, is a constant that converts the exciplex fluorescence (eq. 4.52) to the output of the PMT. The
output signal is simplified by substituting equations 4.60 and 4.61, and evaluating the integral

gives

BmaxM
5= % . (4.63)
af

Equation 4.63 is substituted for ¢, in equation 4.60 and the output signal in terms of the SY is

M .
((@g), (BT™) - %) = 72 o4™(B™) (4.64)
af

6 aMd
4vaf

If the B, dependence of the SY is approximated by a linear function, the output signal is also
linear in B, .

However, it is clear from the experimental data (fig. 4.12) that the signal is not linear in B, .
Therefore the SY should be written as a higher order polynomial. For example, the SY can be

written as a 4™ order polynomial,
(®5), (Bi(1) = e,B} + &3B] + 0B + ¢, By + . (4.65)

The signal is calculated by evaluating the integral (eq 4.62) again with the 4™ order polynomial

(eq. 4.65), and the signal is

B (gt 15M) ) B (1503 )
s=a o — 6 + 2 —3M;+2M, ) +c 1 T —3M;+3M,
AN
+ Cz 3 <Md -+ 2) + Cl 4] . (466)

The constant & now contains a multiple of the factor I/v_. 1/v_ corresponds to a data collection

time of one modulation period. A multiple of /v is needed if the data collection period is a
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4.6. Interpolation of lock-in amplifier data

multiple of the modulation period. The signal should be recorded over a long period, relative to
the modulation frequency, so that the error of not integrating over a multiple of the full modulation
period is minimised.

The SY polynomial (eq. 4.65) and the signal function (eq. 4.66) have the same polynomial
order, and the output signal function goes through the origin. The output signal polynomial can
be written as

s = 1, BM™ 4 i, BT o B e B (4.67)

Polynomial interpolation is applied to the experimental data to calculate the signal polynomial

coefficients, {x,, - ,x,}. These coefficients, {x,, - ,x,}, are related to the SY polynomial
coefficients, {c,,--- ,c, }. For example, c, is related to x, by
ac, =k il
1™ Md.
Therefore {c,,--- ,c,} can be obtained from {x,,--- ,#,} and the demodulated output signal,

S4emod> 18 calculated by using

Sdemod = <C4B;1 + c3B? + czBf + clBl>

— o g (4.68)

4.6 Interpolation of lock-in amplifier data

The RYDMR-B,, spectrum of the Py-d,,/1,3-DCB system at various B, fields was recorded by
Dr. C. Wedge (fig. 4.8). The modulation depth, M ;, was 88.5% and the modulation AF, v, was
331 Hz. The data points were collected for 20 different B, strengths at different B strengths.
Polynomial interpolation is essentially solving a set of simultaneous equations and the num-
ber of equations depends on the order of the polynomial, the number of data points, and other
additional constraints. The polynomial coefficients can be found either directly using the inverse
of the Vandermonde matrix or by iteration using least squares. A Vandermonde matrix isam X n

matrix containing the terms of a geometric progression in each row,

2 -1
1z, ) T
W=|: Lo : . (4.69)
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Figure 4.8: (a) is the RYDMR-B spectrum of the Py-d,,/1,3-DCB system and the strength of
the RF field, B, is given in the legend. (b) is the RYDMR-B, spectrum of the Py-d,,/1,3-
DCB system and the strength of the B, field is given in the legend. This legend is truncated for
simplicity and the colour code varies gradually from red-yellow-cyan-blue. These are the raw
data collected from the PMT.

122



4.6. Interpolation of lock-in amplifier data

The least squares method is used to find the polynomial coefficients in this chapter and the math-
ematics of the least squares interpolation will be discussed in detail in the next section.

There are two constraints to solving for the polynomial coefficients of the data; the first
constraint is that the signal function has to go through the origin (0, 0), and the second constraint
is that the gradient at (0, 0) is zero which ensures that the function is well-behaved at the origin.
The second constraint implies that ¢, = 0.

The relative error (r.e.) of the polynomial interpolation of the data, s. ., is defined as the

int?

squared 2-norm error divided by the rms value of the signal, s, at a particular B,;

5™ — 5|3
re.= 112 (4.70)

Srms

There are 21 data points (including the origin) for each B, field and it is possible to use a 20
order polynomial. However, it is inappropriate to use the 20™ order Vandermonde matrix because
a polynomial interpolation of the maximum order is ill-conditioned. The resultant polynomial is
ill-behaved, particularly at the edges of the interval.

The data is fitted to a 14 order polynomial, si&t, to illustrate the unsuitability of a high order
polynomial interpolation. All the data points are reproduced accurately (as the relative error is
small, see fig. 4.9a) but the function is ill-behaved at the edges (fig. 4.9b). These oscillations at
the edges of the interval is known as the Runge’s phenomenon.

The higher order polynomial coefficients are larger than the original data by several orders
of magnitude (fig. 4.10a). The large coefficients and the oscillation at the edges are indicative
of an ill-conditioned problem. s, ., is dominated by the large coefficients and is meaningless
due to the numerical errors (fig. 4.10Db).

Generally, a lower order polynomial can be used to interpolate the data and then a well-
behaved s, 4 can be calculated. The problem is well-conditioned if the order 7 is chosen to be
n < 2y/m, where m is the number of data points [152]. The optimal order using this formula
is n < 9.17 for 21 data points, and the data can be interpolated with a 10™ order polynomial
with additional gradient constraints at the edges of the B, interval. The 10™ order polynomial
fit, silrg, and @gff (fig. 4.11a) are both well-behaved. However the coefficients, {cg, -+ , ¢y}

(fig. 4.11b), are still large relative to the original data.
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Figure 4.9: (a) is the relative error of siﬁf and (b) is si&t, which is the 14" order polynomial
interpolation of the original data (fig. 4.8a), plotted as a function of B,. Comparing the figures
4.8b and 4.9b, it is clear that the high order polynomial interpolation suffers from the Runge’s
phenomenon at the edges, left of B; = 0.1 and right of B, = 0.6. The legend is truncated for
simplicity and the colour code varies gradually from red-yellow-cyan-blue.
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Figure 4.10: (a) is the magnitude of the coefficient, x,,, of the 14™ order polynomial interpola-
tion si&t of the original data (fig. 4.8). The magnitude of the high order coefficients are signif-
icant bigger than the original data. (b) is the demodulated output signal, s, ,, for the various
B, field strengths, which is calculated from the coefficients {c,,- - - ,¢,,} and it is dominated by

numerical error.

125



4.6. Interpolation of lock-in amplifier data

(a)

x102

B /mT
——0.089
——0.139
——0.166
———0.188

0.226
0.262
0311
0.335
0.353
0.370
0.388
0.409
0.430
———0.465
———0.498
0527
———0.546
—— 0577
—— 0597
—— 0670

=
=)

EaWia Wita Wi Wi S
NIV RCRE-ORvo)

B,/mT

Figure 4.11: (a) is the demodulated output signal, s;. ., calculated from the 10" order poly-
nomial interpolation, sillg, coefficients of the original data (fig. 4.8). At the resonance field,
B, = 1.28 mT, the B, dependence is different to the experimental data in figure 4.8. (b) is the
magnitude of the coefficients, {r,, - ,x,}, of sifg. Their magnitudes are still large compared

to the original data.
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4.6.1 B and spin-locking

If the weak B RF field is on resonance, it reconnects the singlet and 7', | triplet states, which
are separated by the static B, field, and promotes singlet-triplet interconversion. Therefore the
RYDMR SY is reduced compared to the SY under a static field only. However, as the strength
of the B, field increases, the energy levels of T', | triplet states start to move out of resonance
with the S state. This effectively locks the RP in the singlet state (for a singlet-born RP) and this
is known as spin-locking [153].

B? is the B, field strength where @‘gff(B?) = 0, i.e. the RF field has no effect on the SY,
and it marks the point where the spin-locking effect starts to dominate the RYDMR effect. B?
can be found by calculating the roots to the q)cgff polynomial.

Different order polynomials give different B? values, all of which are different from the B(l)
obtained from the original data (fig. 4.12). Therefore obtaining B? from the raw, modulated
experimental data is sometimes erroneous because it assumes that the SY dependence on B, is

linear.

4.6.2 Improving polynomial interpolation

One way to minimise the error in high order polynomial interpolation is to collect data at specific
points in the interpolation interval, such as points near the roots of the signal function and the
zero gradients of the signal function.

More data points near the edge of the interval should minimise the Runge’s phenomenon.
Alternatively, the Chebyshev polynomial can be used to minimise the Runge’s phenomenon but
data have to be collected at the Chebyshev nodes.

It is difficult to control the power delivered to the small Helmholtz coils that generate the
B, field and produce the desired field strengths precisely. It is better to perform polynomial

interpolation with Tikhonov regularisation.
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Figure 4.12: s, of various orders of polynomial interpolation is displayed as a function of
B,. B? is obtained by finding the roots to the polynomial function. —— is the polynomial fit to
the original data (+), so s = s, 4 if ®4(B,) is assumed to be linear. The roots for the different
lines are: — 0, — 0.3747, — 0.3874, — 0.3795, —— 0.3438.

4.7 Polynomial interpolation with Tikhonov regularisation

When a small perturbation, such as experimental noise, is applied to an ill-posed problem, it
usually produces a meaningless answer with a large range in magnitude and a large number of
sign changes. The Runge’s phenomenon occurs when high order polynomial interpolation is
used because the Vandermonde matrix is ill-conditioned.

The condition of a high order polynomial interpolation can be improved by using Tikhonov
regularisation. First, one needs to understand the link between an ill-conditioned Vandermonde

matrix and an unreliable solution.
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4.7. Polynomial interpolation with Tikhonov regularisation

4.7.1 Ill-conditioned matrix

The coefficients of a polynomial that goes through or is near to multiple data points are calculated

by solving a linear least squares problem involving the Vandermonde matrix (eq. 4.69);
min||Wz — d|[3 (4.71)

where z is the column vector containing the polynomial coefficients and d is the column vector
containing the data points.

Equation 4.71 can be solved by the singular value decomposition (SVD) of W, which is
W =UxV. (4.72)

If W is a m X n matrix, then U is a m X m unitary matrix with m orthonormal column vectors,
> is a m x n diagonal matrix with real non-negative singular values on the main diagonal, and

V' is an X n unitary matrix with n orthonormal column vectors;

o 0 0
0 o, 0
U= lu, u, -~ u,|,X=]|": Lo L, V= vy, ey, | (A73)
0 0 g,
i ] L0 0 0
If m > n, the SVD can be written as
n
W=> uo,v]. (4.74)
i=1

The singular values are listed in X in descending order, such that

o, 20,220, 2>0. (4.75)

n

The condition number of W is ¢,/ . The condition number of an ill-conditioned matrix is large
and generally the elements in u, and v, that correspond to the smaller singular values have more
sign changes.

The pseudoinverse of W is

wt=vxtul (4.76)
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4.7. Polynomial interpolation with Tikhonov regularisation

where T denotes the pseudoinverse. £ is formed by replacing all non-zero elements with their
reciprocals and transposing the resulting matrix. The linear least squares problem of equation

4.71 can be solved by using the pseudoinverse, W™, such that the least squares solution is

n

T
u, d
Tig =Dy Vi (“.77)

i=1 v

In a well-posed problem, the discrete Picard condition

< 00 (4.78)

is satisfied and the dot product, uj d, in the numerator of the summation series decays to zero
faster than o, [154]. In an ill-posed problem, the dot product decays slower than the singular
value and Tygq is dominated by the smallest ¢, in the sum. Therefore the solution has many sign

changes and is large in magnitude.

4.7.2 Tikhonov regularisation

The condition of the Vandermonde matrix can be improved by incorporating more information
about the solution into the matrix, then a useful and stable solution can be calculated from the
improved problem. This is known as regularisation.

Different types of additional information of the solution can be included in the problem. The
most popular is the Tikhonov regularisation which minimises the 2-norm of some function of the

solution. When Tikhonov regularisation is added, the least squares problem becomes
min (||W:r —d|?+ ||/1Lx||§> (4.79)

where L is a suitably chosen Tikhonov matrix and 4 is the regularisation parameter. The second

term describes the prior knowledge of the solution. The explicit regularised solution is
—1
Treg = <WTW n ,12LTL> wTd. (4.80)

Usually L is chosen to be the identity matrix and in this case, the second term in equation 4.79
minimises the 2-norm of the solution and constraints the magnitude of the solution. A difference
operator for the first or second derivative can also be used as the Tikhonov matrix to ensure the

smoothness of the solution.
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4.7. Polynomial interpolation with Tikhonov regularisation

A controls the weight given to the minimisation of the second term in equation 4.79. A large
A biases the minimisation towards the second term but the solution may not be related to the data
as the regularised problem is shifted too far away from the original problem. However, a small
A may be too small to regularise the problem sufficiently and to improve the condition of the
problem. The optimal value of 4 can be found using the L-curve, which depends on the problem,

the data, and the Tikhonov matrix.

4.7.3 L-curve

The L-curve is a way of displaying information about the regularised solution as a function of
the regularisation parameter [155, 156]. The L-curve is a function of the regularisation norm,
HiLacH%, against the residual norm, ||Wx —d H% and it is named after the shape of the function in
a plot. The L-curve is used to determine the optimal compromise between the minimisation of
the two norms.

Different values of 4 give different values of the residual norm and regularisation norm (fig.
4.13). A small 4 equals to a small amount of regularisation. In this case, the residual norm is
small and the regularisation norm is big; this corresponds to the top of the L-curve. When 4 is
big and there is too much regularisation, the residual norm is big and the regularisation norm is
small. The large A values are located on the right of the L-curve.

In between of the two extremes, the optimal 4 can be found at the corner of the L-curve and
gives a reasonable balance between finding a solution that fits the data and a solution close to

the prior knowledge.

4.7.4 Maximum order polynomial interpolation

The original Py-d;,/1,3-DCB RYDMR data can be interpolated with a 20™ order polynomial
with Tikhonov regularisation. The value of the regularisation parameter is determined using a
L-curve for each B, field, because the L-curve of different B, fields are different. The @?ff 1S
reconstructed from the polynomial coefficients (fig. 4.14a).

The s4.04 calculated using regularisation and maximum order of polynomial (fig. 4.14a)

has more clearly defined peaks for strong B, fields at the resonance B, field (~1.28 mT) com-
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Figure 4.13: The L-curve of the 21™ order polynomial interpolation of the Py-d,,/1,3-DCB
system at B, = 3.03125mT. The large 4 values () are located on the right of the L-curve and
the small A values () are located at the top of the L-curve. The corner of the L-curve is indicated
with +, where 4 = 0.00955.

pared to the sy, calculated without regularisation and 10" order polynomial (fig. 4.11a).
Furthermore, the polynomial coefficients (fig. 4.14b) are significantly smaller and are similar in

magnitude to the original data.

4.7.5 Importance of demodulation

Using the demodulated signal (fig. 4.14a), the effect of the B,-amplitude-modulated detection
can be examined. ® (B, ) functions of different static fields are polynomials of different degrees.
® (B, ) near the Larmor resonance frequency (5B, = 1.28 mT) is approximately a cubic function
(fig. 4.15a) whereas ® (B, ) at higher static field strengths, B, > 3 mT, is more or less linear
(fig. 4.15Db).

The modulated signal detected at a particular B, field by the PMT can be calculated by
substituting the demodulated signal function, which is proportional to 4T into equation 4.62
and evaluating the subsequent integral numerically. The effects of different modulation depth
can be seen in figure 4.15. The shape of the output signal as a function of B, is dependent

on the modulation depth when B; < 2mT (fig. 4.15a). All the output signals of different
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Figure 4.14: 20™ order polynomial interpolation with Tikhonov regularisation of the Py-d,,/1,3-
DCB RYDMR data. (a) is s4,,,,,4 calculated from the 20 polynomial coefficients. 4 for each B,
field is different due to the different L-curve at each field. (b) gives the magnitudes of the poly-
nomial coefficients, {x,,, - - ,x,}. Compared to figure 4.11b, the coefficients are significantly

smaller and closer to the magnitude of the original data (fig. 4.8).
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Figure 4.15: Comparison of the modulated signals of different modulation depths, M, de-
tected by the PMT to the true @‘fqiff function. ---- in (a) and (b) are the demodulated signal,
S4emod (= a@cgff), of the RYDMR spectrum of Py-d,,/1,3-DCB at B, = 1.28125mT and
B, = 3.03125mT, taken from figure 4.14a.

modulation depths are different to the true CIDgiff function. However, when B; > 3mT, the
output signal function is a simpler near-linear function for all modulation depths (fig. 4.15b). As
the modulation depth is increased, only the gradient of s increases but the shape of the function
remains unchanged.

Therefore demodulation is essential in the analysis of B,-amplitude-modulated RYDMR
experiments. ®¢(B,) should not be approximated as linear, especially when B, is close to the
Larmor resonance field (~ 1.28 mT). Assuming equation 4.60 to be valid across the full range
of B, field strengths, and hence assuming the raw spectrum to be proportional to @‘gjff, will lead

to erroneous interpretations as the detected signal is dependent on the modulation depth.

4.8 Rotary-RYDMR simulation

Rotary-RYDMR investigates the effects of changing the angle, 6, between the static and oscil-
lating magnetic fields. The reactants are in solution and all anisotropic interactions are averaged,

therefore only the signals from 0° — 90° are unique as the fluorescence signals from the four

134



4.8. Rotary-RYDMR simulation

quadrants of a circle are mirror images of each other. The fluorescence signals of two systems,
Py-h,,/1,3-DCB and Chr-d ,/1,4-DCB, were recorded by K.-A. Ferguson.

Koptyug’s vector model [153] of spin-locking approximates the two electron spins in a RP as
vector quantities. In the rotating frame of one of the spins, the model predicts that an oscillating
magnetic field applied parallel to the static field does not produce a spin-locking effect. This is
because the precession axis of the second electron spin remains the same if the RF field is applied
parallel to the static field. The model also predicts that there is no RYDMR effect for a RF field
that is parallel to the static field. In reality, a RF field that is parallel to the static field produces
a weaker RYDMR effect than a perpendicular RF field of the same strength. The vector model

fails to describe the effect of a parallel RF field.

4.8.1 Data fitting

y—COMPUTE is used for the simulation and the number of discretised steps, n, of the RF period
is 32 for all simulations. The exponential model (eq. 1.53) is used for the simulation, and the
singlet and triplet reaction rates are the same.

The B, modulation depth used was 88% and 7 B{"" field strengths were used. With only 7
B, points, a large 4 is needed for the polynomial interpolation to obtain the 7™ order polynomial

t

interpolation, sm and the demodulated output signal, s, 4 (fig. 4.17 and 4.18).

5 4emoq 18 fitted to @‘éiff with two parameters, k, the first order reaction rate constant, and a,
the scaling factor. Both £ and a are assumed to be independent to the B, field strength, and the
two values are found via a global fit of all the data at the different B, and B, field strengths.
The signals recorded for the stronger B, fields are bigger in magnitude than the low field
signals, and this skews the global least squares search to a better fit at high B, fields. So an

averaged squared-difference, )(2 , is used in the least squares search; the difference, o, and the

average difference-squared, ){2, are defined as

ZZ [ (I)dlff 0, B , B ) ~ Sdemod ('9’ BO’BI)} ) (4.81)

-ix (]

1

(4.82)
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4.8. Rotary-RYDMR simulation

4.8.2 Py-h,/1,3-DCB

All 16 magnetic nuclei in Py and 1,3-DCB (table 4.2) are used in the simulation of the Py-h;/1,3-
DCB RYDMR-B,, spectra (fig. 4.18). The positions of the RYDMR troughs for both B, fields
that are parallel and perpendicular to the B, field occur at similar B, fields, around 1.28 mT, in
both the experimental data (fig. 4.16) and the simulations (fig. 4.18).

The RYDMR troughs gradually disappear due to the spin-locking effect as the 90° B, field
strength is increased. The RYDMR troughs for 0° B, fields gradually increase in magnitude and
shift to the right of the resonance field strength, B, = 1.28 mT, as the B, field strength increases.
No spin-locking effect is observed for any parallel B, fields.

The agreement between the y—~COMPUTE simulations and the s, 4 is poor. For the 0° B,
fields, the simulations (fig. 4.19¢) underestimate the signals at B, < 1mT and B; > 0.3mT
compared to the demodulated signal (fig. 4.19a) but the magnitude of the RYDMR effect around
the resonance field strength, B, ~ 1.8 mT, in the simulations is similar to the data.

For the 90° B, fields, the simulations (fig. 4.19d) also underestimate the signals at B, <
ImT and B, > 0.3mT compared to the data (fig. 4.19b) and the spin-locking effect, which
occurs at B; > 0.6 mT near the resonance field strength B, ~ 1 mT, in the simulation compares
very poorly to the data.

y—COMPUTE simulations of the Py-h,,/1,3-DCB system were calculated previously in Wedge’s
thesis [157]. The old simulations included four hydrogens on the Py and two hydrogens on the
1,3-DCB which is about 40% of the magnetic nuclei of the RP system. However, the old simula-
tions (fig. 4.19e and 4.19f) are very similar to the new simulations (fig. 4.19¢ and 4.19d), which
includes all the magnetic nuclei, and both set of simulations differ from the experimental data.

A different dynamic probability factor, the simplified Noyes probability distribution of first
re-encounter ¢~ /> [22], was trialled in an attempt to improve the y—COMPUTE simulations of this
system. The Noyes function describes the secondary solvent cage effect and is also widely used to
describe the diffusive reaction of the RPs. However, the change of the dynamic probability factor

gave no improvements. This RP system contains charged radicals in a fairly viscous solvent and
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Figure 4.16: The rotary-RYDMR experimental data of Py-h,,/1,3-DCB. The B field strength
is stated at the top of each plot.
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Figure 4.17: s, ., of the rotary-RYDMR experimental data of Py-h,,/1,3-DCB using 3i7m; A=
0.02. The B{™ field strength is stated at the top of each plot.
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Figure 4.18: U the simulation of the rotary-RYDMR experimental data of Py-h,,/1,3-DCB
using y~COMPUTE; n = 32, k = 90us ™', @ = 1.2 and y* = 0.564. The B"™ field strength is
stated at the top of each plot.
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Figure 4.19: RYDMR spectra of the Py-h,,/1,3-DCB system. (a) and (b) are s 4 4 (fig. 4.17)
of the rotary-RYDMR experimental data. (c) and (d) are <I>°513ff (fig. 4.18), the new simulation of

the RYDMR experimental data using a least difference-squared best-fit; n = 32, k = 90 us™ ',

1

o=1.2, ;(2 = 0.564, and all magnetic nuclei were included. (e) and (f) are the old y—COMPUTE
simulation, adapted from Wedge’s thesis [157, fig. 4.53]; n = 64, k = 40 us_l, o = 20. The
old simulation was only a calculation, not a best-fit, and it included the nuclei: Py** 0.538 mT
(4H) and 1,3-DCB*" 0.829 mT (2H). The angle, 6, between B, and B, is stated on the top of

each spectrum.
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the exponential model should be adequate to describe the re-encounter statistics of the radicals
[22].

Py is a polycyclic aromatic hydrocarbon with extensive z-bonds above and below the molec-
ular plane, and it is known to form an excimer under the right conditions [158]. The excimer,
Py, is formed from an excited pyrene, Py*, and a ground-state Py. However, two ground-state
Py molecules are not bound. The excimer was found to fluoresce at ~480 nm [159].

The excimer was shown to form a dimer radical cation, Py;’, after an electron transfer to
1,2-dicyanobenzene (1,2-DCB) [160]. The HFIs of the Py5" radical were measured via an ESR
spectrum [161, 162] and the hyperfine coupling constants of the dimer radical were found to be
half those of the monomer radical (Py5*: 0.2659mT (8H), 0.1096 mT (8H), 0.0575mT (4H)
[162]).

In Forster’s paper [159], he reported the relative amount of fluorescence of Py” and Py,
at different Py concentrations in benzene at 20°C. When the Py concentration was 1.2mM,
equal amounts of Py* and Py, fluorescence were measured. In comparison, the Py concentration
used in the RYDMR experiments presented in this chapter was 0.4 mM in a relatively viscous
solvent. At 0.4 mM Py, about 20% of the fluorescence was ascribed to Py; according to Férster’s
experiment [159].

Therefore it is very likely that a significant amount of Py, was formed in the RYDMR exper-
iment and the RYDMR data may contain the magnetic field effects of two RPs, Py**/1,3-DCB*~
and Py5*/1,3-DCB*", as the bandwidth of the PMT includes the wavelength of Py fluorescence.
Then the difference between the y—COMPUTE simulations and the RYDMR data may be due to

the difference between the HFIs of Py** and Py5".

4.83 Chr-d,,/14-DCB

In the Chr-d,,/1,4-DCB system, as the strength of the B, field increases, both the RYDMR
effect and the spin-locking effect increase. The magnitudes of the spectra increase as the B,
field increases. However, the data collected at B, = 0.802mT are smaller in magnitude than
expected by about 30% (fig. 4.20). It is not clear why this should be; perhaps a sample of

different concentration was used, or the duration of the data collection was different to the other
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B, fields but these are only conjectures [163]. Nevertheless, the Tikhonov regularisation in the
polynomial interpolation compensated for this error and the noise in s, 4 is reduced (fig. 4.21).

In the simulation (fig. 4.22), all 6 magnetic nuclei in 1,4-DCB and 6 nuclei with the biggest
hyperfine interactions (three pairs of deuteriums: 0.085 mT, 0.041 mT, 0.028 mT) in Chr were
included. Only 6 of the 10 deuteriums were included in the simulation because I = 1 for deu-
terium and the spin-space of the deuterated molecule is bigger.

The simulation is in good agreement with the experimental data over all the B, fields. The
positions and magnitudes of both the RYDMR effect and spin-locking effect in the simulation
agree with the experimental data.

The shift and broadening of the RYDMR troughs, in the parallel RF field spectra, occur
at a slower rate with respect to B, field strength, compared to the Py system. Also a smaller
RYDMR effect is observed for the perpendicular RF fields, compared to the Py system, because

of the smaller hyperfine coupling constants in Chr-d,,/1,4-DCB [157].

4.9 Conclusion

RYDMR experiments are usually performed with B, modulation to increase the signal-to-noise
ratio. The fluorescence signals collected by the PMT need to be demodulated to obtain the
true fluorescence produced by the exciplex. In previous reports on RYDMR experiments [143,
144], the raw output signals were interpreted as proportional to @giff and no demodulation was
implemented. However this interpretation assumes that the SY is a linear function of B, and the
assumption is not valid for the whole range of B, fields and it may lead to incorrect interpretations
of the RYDMR spectra.

Polynomial interpolation with Tikhonov regularisation is used in this chapter to calculate the
demodulated fluorescence signal, s, 4 = a@%iff. The regularisation parameter can be chosen
to coincide with the expected experimental error and to further reduce the noise present in the
spectrum.

1

The first order rate constants obtained from the data fitting of the Py and Chr systems, 90 pus™

and 69 usfl respectively, are similar to the rate constants found in other references [136, 144].
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Figure 4.20: The rotary-RYDMR experimental data of Chr-d,/1,4-DCB. The B|"* field
strength is stated at the top of each plot.
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Figure 4.21: s, ., of the rotary-RYDMR experimental data of Chr-d,,/1,4-DCB using si7m;
4 = 0.02. The B]™" field strength is stated at the top of each plot.
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Figure 4.22: U the simulation of the rotary-RYDMR experimental data of Chr-d,,/1,4-DCB
using y~COMPUTE; n = 32, k = 69 ps™', @ = 0.779 and y* = 0.0964. The B™ field strength
is stated at the top of each plot.
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The two rate constants are obtained using the exponential model and represent the rate of re-
encounter for each RP system. As Chr is a longer molecule than Py, it is expected to have a
slower rate of diffusion and smaller re-encounter frequency, which is consistent with the rate
constants obtained from the data fitting.

In the Chr system, there is good agreement between the experimental data and the simulation,
in which only 75% of the magnetic nuclei were used. However, there is poor agreement between
the experimental data and the simulation in the Py system, even though all magnetic nuclei are
included. It is very likely that there was a significant amount of the Py excimer formed during
the RYDMR experiments and this may explain the inconsistencies between the simulation and
the experimental data. Further experiments with varying Py concentrations combined with y—
COMPUTE simulations of the Py5*/1,3-DCB®~ RP would be desirable and the results would reveal
whether the Py, excimer was involved in the RYDMR experiments.

Previous y—COMPUTE simulations of the Py-h,,/1,3-DCB system were constrained by com-
puter hardware and only 40% of the magnetic nuclei were included. As described in the chapter,
the y—COMPUTE algorithm was modified and the new algorithm uses separate spin-space opera-
tors which requires less computer memory. Comparing the new simulations in this chapter and
the previous simulations in Wedge’s thesis [157], the inclusion of all the magnetic nuclei in the
Py-h,,/1,3-DCB simulations does not change the RYDMR spectra significantly. Furthermore,
only the biggest nuclei were needed to simulate the RYDMR spectra of the Chr system. There-
fore it appears that it is unnecessary to include all the small HFIs in the simulation. Nonetheless,
the new algorithm would be very useful for RP systems that have multiple nuclei with similar
hyperfine couplings and more nuclei can be included in the simulation.

The RYDMR experiments of two RP systems, analysed in this chapter, demonstrated the
effects of the application of the RF magnetic field at different direction relative to the static
magnetic field. In particular, the spin-locking phenomenon is shown to be a suitable test for
RP involvement in magnetoreception. As the strength of the RF field, applied near the Larmor
resonance frequency perpendicular to the static field, gradually increases from zero, the bird is
expected to be disoriented. This is because the product yields of the RP magnetoreceptors are

altered due to the RYDMR effect. However, the spin-locking effect will eventually nullify the
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4.9. Conclusion

RYDMR effect when the RF field strength reaches B?. The bird’s response is also expected
to be dependent on the relative direction of the RF field to the static field; if a B?-strength RF
field is applied parallel to the static field, the bird is again expected to be disoriented. These in
vivo RYDMR experiments can be analysed using the modified y—COMPUTE algorithm presented in
this chapter with a more realistic and complex RP system, such as a portion of the cryptochrome-

FAD-tryptophan RP.
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Appendix A

Hyperfine coupling tensors

A.l1 TrpH*"

Figure A.1: 3D structure of TrpH*" and the HFI representations. The colour codes for different
atoms are: carbon, oxygen, hydrogen and nitrogen. The mesh plots (eq. D.1) represent the
magnitudes and directions of the HFI (table A.1) of the nuclei, which are at the centre of the mesh
plots. The geometry and HFIs are calculated by 1. Kuprov using Gaussian03. The geometry

was optimised in vacuum.
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A. Hyperfine coupling tensors

260 H

27 H

Figure A.2: The chemical structure of TrpH*". The numbers in red are the Gaussian numbers

of the magnetic nuclei.

Table A.1: HFIs of TrpH*" calculated by I. Kuprov. The HFIs were calculated using UB3LYP
correlation functions with EPR-III basis set in Gaussian03. The positions of magnetic nuclei

can be found in figure A.2.

Classical Gaussian
A /T A T A /uT Principal axes
Number Number e vy =

-0.4074  0.6837 0.6055
Na N6 124.1 125.8 189.6 0.6015 0.6997  -0.3854
0.6872  -0.2072  0.6963
0.3223 0.9353  -0.1463
N1 N9 -63.6 -53 1081.2 09172 -0.3468  -0.1963
0.2343 0.0710 0.9696
0.2440 0.8599  -0.4483
HO Hl6 -100.1 -16.4 23 0.1105 0.4346 0.8938
0.9635  -0.2676  0.0110
-0.0934  0.5119 0.8540
Ha H17 -202.3 -53.7 233 0.9368 0.3357  -0.0988
-0.3372  0.7908  -0.5108
0.2968  -0.3935  0.8701
Hp HI8 1498.1 1559 1756.7 0.8180  0.5749  -0.0190
-0.4928  0.7174 0.4925
0.3333 0.0783 0.9396
Hp H19 -30.1 0.4 166.8 -0.2430  0.9700 0.0053
0.9110 0.2301  -0.3423
0.2188 0.9709  -0.0971
HaN H20 -88.8 -35.7 93.3 -0.6701  0.2219 0.7083
0.7093  -0.0899  0.6992
-0.4432  0.1417 0.8852
HaN H21 385 93 99.1 -0.2267 09376  -0.2636
0.8673 0.3175 0.3834
0.9190  -0.3028  -0.2525
H2 H22 -471.6 -369.9 7.5 0.2782 0.0442 0.9595
0.2793 0.9520  -0.1249
0.7540 0.6319  -0.2336
HI H23 -1082.6 -705.4 6.9 0.2344 0.0808 0.9688
-0.6136  0.7852 0.0830
0.5359 0.8279  -0.1653
H4 H24 -740 -536 -187.9 0.2657 0.0205 0.9638
0.8014  -0.5604  -0.2089
0.5779 0.7959  -0.1803
H7 H25 -558.2 -423.1 -109.7 0.2498 0.0378 0.9676
0.7769  -0.6042  0.1769
-0.6290  0.7659 0.1335
Hé6 H26 -356.8 -257.7 -10.4 0.2463 0.0335 0.9686
0.7374 0.6421  -0.2097
-0.5521 0.4130 0.7243
H5 H27 -103.2 -101.6 84.8 0.6964  -0.2493  0.6730
0.4585 0.8760  -0.1499
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A. Hyperfine coupling tensors

A.2 FADH®

Figure A.3: 3D structure of FADH® and the HFI representations. The colour codes for differ-
ent atoms are: carbon, oxygen, hydrogen and nitrogen. The mesh plots (eq. D.1) represent the
magnitudes and directions of the HFI (table A.2) of the nuclei, which are at the centre of the
mesh plots. The geometry and HFIs are calculated by Weber et. al. [164, model 2]. The starting
structure for the geometry optimisation is the X-ray crystal structure of FAD E. coli DNA pho-
tolyase (PDB code: 1DNP [127]). The optimisation was done at the semiempirical PM3 level.
The positions of isoalloxazine atoms were optimised and the position of the ribityl side chain

was kept unchanged.

H  oH
*H 40
OH
29H
36
H - 24
30-32 H H
H,C N N O
: 17 N 1 w/
. 4
N
8
H3C N \H 39
33-35 ‘
H 37 H 338 O

Figure A.4: The chemical structure of FADH®. The numbers in red are the Gaussian numbers

of the magnetic nuclei.
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A. Hyperfine coupling tensors

Table A.2: HFIs of FADH® calculated by Weber et. al. [164, model 2]. The HFIs were calculated
using UB3LYP correlation functions with EPR-II basis set in Gaussian98. The positions of

magnetic nuclei can be found in figure A.4.

Classical Gaussian
A /uT A1 /T A /uT Principal axes
Number Number v vy ==

0.7387 0.6586  -0.1437
N1 N1 33.2 37.8 300.4 -0.6699  0.6937  -0.2645
-0.0745  0.2916 0.9536
-0.2436  0.9036  -0.3523
N3 N4 725 -60.1 448 0.9398 0.3097 0.1445
-0.2397  0.2959 0.9246
0.4380 0.8655  -0.2432
N5 N8 -104.9 -99.6 1382.6 0.8981 -0.4097  0.1595
-0.0384  0.2883 0.9568
0.9703  -0.2207  0.0992
N10 N17 2305 222 687.2 0.2383 0.9426 -0.2340
-0.0419  0.2506 0.9672
02459  -0.3671 0.8971

H3°C H24 -18.3 -11.8 32.5 0.9146 0.3943  -0.0893
-0.3210  0.8424 0.4328
0.4675  -0.2610  0.8446
H3'C H25 49 35 73.4 0.7722 0.5856  -0.2465
-0.4302  0.7674 0.4754
0.9825 0.0100  -0.1862
H2’0 H26 427 31.8 36.5 0.1863 -0.0952  0.9779
0.0079 0.9954 0.0954
0.9767  -0.0650  0.2046
H2’C H27 -5.4 449 151.3 -0.1935  -0.6796 0.7076
-0.0930  0.7307 0.6763
-0.1902  0.3965 0.8981

HI’ H28 328.2 356.6 4849 0.9156 0.4017 0.0165
-0.3542  0.8255  -0.4395
0.2539 0.1826 0.9498
HI1’ H29 -14.0 93 119.0 0.9028  -0.3971  -0.1650
0.3470 0.8994  -0.2657
-0.0734  0.0830 0.9938
H8a H30 169.4 177.9 228.7 0.8302  -0.5471 0.1070
0.5526 0.8330  -0.0288
-0.5928  0.8047  -0.0314
H8a H31 457.4 465.2 522.5 0.3401 0.2856 0.8960
0.7300 0.5205  -0.4430
0.0600  -0.3224  0.9447
H8a H32 52.8 54.8 117.1 -0.3504  0.8794 0.3224
0.9347 0.3504 0.0602
-0.1364  0.4011 0.9058
H7a H33 -28.6 -21.8 23.1 0.3148 0.8845 -0.3442
0.9393  -0.2382  0.2469
0.1703  0.14889  0.9741

H7a H34 -68.7 -59.6 -20.2 0.2716 0.9431 -0.1916
0.9472  -0.2972  -0.1201
-0.1297 03522 0.9269
H7a H35 399 235.0 12.1 0.2057 0.9240 -0.3223
0.9700  -0.1488  0.1923
-0.0545  0.2631 0.9632
H9 H36 20.9 25.6 1214 -0.5012  0.8271 -0.2543
0.8636 0.4967  -0.0868
-0.0362  0.2937 0.9552
H6 H37 -218.0 -201.6 -54.4 0.7948 0.5879  -0.1507
-0.6059  0.7537  -0.2546
0.9819 0.1883  -0.0203
H5 H38 -1385 -937.2 14.3 -0.0348  0.2850 0.9579
-0.1861 0.9398  -0.2864
-0.0680  0.2708 0.9602
H3 H39 -75.5 447 46.0 -0.2088  0.9373  -0.2791
0.9756 0.2194 0.0072
-0.0859  -0.0037  0.9963
H3°0 H40 -38.2 -16.4 43.8 0.8553 0.5125 0.0757
-0.5109  0.8587  -0.0408

152



Appendix B

Singlet yield spherical harmonic

expansion

The spherical harmonic expansion of the singlet yield of RP1 and RP2 (for nuclei used, see
table 3.1) is done using S2kit [106] up to [ = 30 with a bandwidth of 32. The spherical harmonic
expansions of the SY of RP1 and RP2 are plotted in figure B.1. The expansion coefficients up
to [ = 12 are listed in tables B.1 and B.2. Only coefficients with m > 0 are listed because

a' = (=)™ [a;™] " for real functions. The RMS error of the spherical expansion for RP1 is

2.289 x 10~ and RP2 is 1.376 x 107",

(a) (b)
x 107 x 10
6.09 3.62
5.17 2.77
425 1.91
333 1.06
z
242 10.20
T
1.50 -0.65
0.58 -1.51 Y
-0.34 236
-1.26 3.22
218 -4.07
-3.10

-4.93

Figure B.1: The spherical harmonic expansions of the SY, (PgHE, of (a) RP1 and (b) RP2. The

SY is expanded up to [ = 30. The RMS(error) of the expansions (compared to @, fig. 3.7) are:
(2)2.29 x 1074, (b) 1.38 x 107 ".
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B. Singlet yield spherical harmonic expansion

Table B.1: Spherical harmonic expansion coefficients of RP1

(a) Real coefficients

™ 0 2 4 6 8 10 12
0 1.002 9.576 x 1072 3.397 x 1074 3.423 x 1074 2426 x 1074 | —3.396 x 107° | —5.415x 1073
1 —1.325 x 1073 2.380 x 10~° 2.982 x 10~° 3.181 x 1073 5.767 x 1073 4.990 x 10~°
2 —1.416 x 1073 | —3.241 x 1074 | —9.012 x 107> | —1.459 x 1073 3.725 x 1073 4.751 x 1073
3 6.812 x 1073 5.623 x 1073 3.352 x 1073 4136 x 107° | —1.779 x 10~°
4 1.061 x 104 5.302 x 1072 1.460 x 10~° 2.814 x 1073 1.096 x 1073
5 1,139 x 107¢ | —1.482 x 1073 —1.004 x 1073 1.096 x 1073
6 9.214 x 1077 4.046 x 107° | —6.110 x 107° | —2.794 x 10~3
7 2.351 x 10~° 1.102 x 1073 9.194 x 10~°
8 1.266 x 1075 | —5.585 x 107° | —5.383 x 107°
9 7.526 x 10~° 5.803 x 10~°
10 5.026 x 107¢ 6.471 x 107°
11 —4.894 % 10°
12 —8.237 x 1077

(b) Imaginary coefficients

o 0 2 4 6 3 10 12
0 0 0 0 0 0 0 0
1 —2.747 x 1073 1.308 x 10~% | —2.105 x 103 —5.565 x 1073 1.481 x 1073 3.600 x 1073
2 4.083 x 10~* 1.817 x 10~ 6.787 x 107> | —1.280 x 1075 | —1.876 x 10™¢ | —1.260 x 103
3 1.383 x 1074 7.715 x 1073 7.289 x 1073 2.085 x 107° | —5.705 x 10~
4 —3.961 x 1075 | —2.011 x 107° | —1.425x 107> | —2.394 x 10~° | —2.013 x 10~/
5 —1.464 x 107° | —1.644 x 107 | —1.507 x 10~° | —9.149 x 10~
6 —1.544 x 1073 —3.066 x 1077 | —1.002 x 1073 2.556 x 1072
7 6.099 x 10~° 7.405 x 10~° 7.734 x 107°
8 1.521 x 1073 2.570 x 10~° 1.075 x 1073
9 6.176 x 10~° | —7.485 x 10~/
10 —1.421 x 1077 9.633 x 107°
11 6.862 x 107°
12 2.591 x 107°
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B. Singlet yield spherical harmonic expansion

Table B.2: Spherical harmonic expansion coefficients of RP2
(a) Real coefficients

” 0 2 4 6 8 10 12
0 | 09890 | —1.961 x 10~* 5.177 x 10~ 2275 x 1074 | —1.984 x 104 6.388 x 107° 3.554 x 1073
1 —9.158 x 103 3.220 x 107 | —3.866 x 10~ 1.365 x 107¢ | —1.195 x 10~ 5.685 x 10~°
2 —6.633 x 1075 | —5.277 x 1073 1.211 x 1073 3.308 X 1077 | —1.365 x 1077 2.720 x 107
3 —3.789 x 107> 1.093 x 1075 | —1.348 x 107 4.938 x 10~° 3.514 x 1077
4 6.460 x 107> 1.108 x 107° | —1.628 x 1073 1352 x 107° | —7.529 x 107
5 —8.198 x 107° | —5.090 x 10~ 9.860 x 10~¢ | —1.009 x 10~
6 —7.191 x 107° | —1.047 x 10~° 4.031 x 107¢ | —5.819 x 10~%
7 2383 x 107° | —2.976 x 10~ 9.648 x 1077
8 2,027 x 107% | —2.905 x 10=7 | —3.353 x 10~7
9 —2.113 x 10~ 2.483 x 10~8
10 —5.773 x 1077 1.091 x 107°
11 —7.868 x 1077
12 8.108 x 107

(b) Imaginary coefficients

m 0 2 4 6 8 10 12
0 0 0 0 0 0 0 0
1 1.344 x 1073 2.991 x 1073 2255 x 1075 | —3.318 x 1077 7.681 x 1077 4.762 x 10~°
2 2.460 x 1073 3.660 X 107> | —7.111 x 10~ 2.231 x 1077 5.597 x 107° 1.176 x 10~°
3 1.817 x 1073 —3.991 x 10~° 7.888 x 107° 7.798 x 1077 2.133 x 1077
4 8.837 x 107° 3.067 x 10~° 7.615 x 107° | —1.109 x 1075 | —2.663 x 10~
5 —7.600 x 107 8.572 x 107° | —1.184 x 107° | —1.926 x 10~/
6 6.690 x 10~° 3.390 x 1077 | —4.553 x 1076 1.468 x 10~6
7 —1.035 x 107% | —2.918 x 107° | —5.424 x 10~/
8 —2.105 x 10~¢ 3.162 x 1077 | —3.579 x 10~¢
9 9.244 x 1077 | —8.538 x 1077
10 7.901 x 1077 | —3.367 x 10~/
11 —6.784 x 1077
12 —7.860 x 108
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Appendix C

Associated Legendre function

The spherical harmonics depend on the unnormalised associated Legendre function,

m/z dm

P@) = (1) (1= )

(£()) (C.1)
P,(x) is the Legendre function,
z ! L (1 l+k—1
Pz)=2"> (k> ( ? ) (C.2)
k=0
The functions with negative m are defined in terms of the functions with positive m;
—-m —-m (l — m)' m
P = (-1 — =P, C3
! (=1) (I+m) ! €3)

The factor (—1)~"™ is a phase factor, which is known as the Condon-Shortley phase factor.
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Appendix D

Hyperfine interaction representation

The hyperfine interaction of a nucleus is represented by a mesh plot centred on the nucleus. The
distance, 7, from the centre to the mesh at the spherical angles, (6, ¢), is calculated by
T, T, Tp; sin 6 cos ¢
r=a+ <sin fcos¢ sinfsing cos 8) T, T, Ty sin 0'sin ¢ (D.1)
Ty Ty, Ty cos

where a is the isotropic hyperfine coupling constant and 7, ; is the 7j-th element of the anisotropic

hyperfine coupling tensor, T.
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Appendix E

Retina projection

The retina response is viewed from the back of the retina, i.e. in the negative z direction. The
stereographic projection will be used. The projection transforms the three dimensional spherical
polar coordinates, (7, 0, ¢), to the two dimensional polar coordinates, (', &'). The eye is chosen

to be a unit sphere therefore r = 1.

=2 —tan = (E.1)

0 =¢ (E.2)
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Appendix F

Fourier transform

F.1 Forward discrete Fourier transform

=

—1
X(k) = Ffa} = 3 a(j)e W
J

Il
<)

F.2 Inverse discrete Fourier transform

#(j) = F ' {X) = Z X (ke N

F.3 Discrete cross-correlation

For two functions with period IV, their discrete cross-correlation is defined as

2

—1

(f*9)n) = ) f*Imlgln +m]

=0

3

This has a convenient Fourier transform;

F{fxg} = [F{f}]" Flg}

(F.1)

(F.2)

(F.3)

(F.4)
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F. Fourier transform

F.4 Convolution theorem

The discrete convolution of two functions is defined as

—1

(f+9)ln] = flmlgln —m) (F.5)

=0

This has a convenient Fourier transform;

F{f*g}=F{f} F{g} (F.6)

The reverse is also true;

F{f -9} = F{f}» F{g}
= P HUFFU+Flab})

= LFUF(FUY Y FUF9) ) (E)

F.5 Consecutive discrete Fourier transform

G(a) = F { F{g} } (F.8)

The consecutive discrete Fourier transform is equivalent to a rearrangement of the sequence of

the indices in the g-function.

Ng(N —a) for 0<a<(N-1)

g(a) for a=0
Proof :
1 N—1N-1 e
FCEN+a) =+ g(j) e 2NN
k=0 j=0
N—1N-1 )
_ 1 9(j) e—Zni%e—&-Zni%e—%zik
N k=0 j=0
1 Nil - ak /_i
_ N fk{g(j)}€+2nlw efzmk
k=0
1 N-1 .
_ N G(k)e—‘rzmw
k=0

164



F. Fourier transform

(F.10)
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