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ABSTRACT. We propose a three-dimensional field theory construction that realizes
the vertex algebras associated with the intermediate Lie algebras and the related
Cy-cofinite minimal W-algebras of the Deligne-Cvitanovié¢ (DC) series as bound-
ary algebras. The construction is based on the minimal three-dimensional N = 4
superconformal field theory coupled to a topological field theory. For a Neumann-
type boundary condition compatible with the topological A-twist, the algebra of
boundary local operators realizes the minimal W-algebra W_jv /6(g, fmin). While

this boundary condition is not deformable to the B-twist, we argue that a holomorphic-

topological (HT®) twist instead realizes the level-one affine algebras of the inter-
mediate Lie algebras, providing a uniform three-dimensional origin for these ver-
tex algebra structures.
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1. INTRODUCTION

The Deligne-Cvitanovi¢ (DC) exceptional series [Del96]
(1.1) AL C A, C G C Dy C Fy, C Eg C E; C Eg,

10
15
20
25
27

is a distinguished sequence of simple Lie algebras that appears repeatedly across
mathematics and physics, most notably in conformal field theory, where algebraic
structures and modularity impose strong constraints. A concrete instance arises
in the classification of two-character rational conformal field theories by Mukhi,
Mathur and Sen (MMS) [MMS88], where solutions to modular linear differential



equations (MLDE) are naturally realized by the characters of level-one affine alge-
bras associated with Lie algebras in the DC series.

Interestingly, the MMS classification has a "missing hole", an additional solution
beyond the DC level-one affine algebras, which has been proposed to correspond to
the character of the affine algebra (E, 1 )1. The Lie algebra E, 1 is the intermediate Lie
algebra between E7 and Eg, introduced in [LM06] as a non-reductive Lie subalgebra
of Eg. More generally, let g be a simple Lie algebra equipped with the grading by
the highest root,

(1.2) 0=0290- 19000 Do
The intermediate algebra of g is then defined as
(1.3) g0 Do Doz,

where g is the semi-simple subalgebra of gy. The study of the corresponding ver-
tex algebras was initiated in the work of Kawasetsu [Kaw14], although much of
their present structural understanding remains guided by character-level consis-
tency checks [LSW24b, LSW24a].

In this paper, we realize the vertex algebras associated with the intermediate Lie
algebras of the DC series as boundary vertex algebras of a twisted three-dimensional
N = 4 superconformal field theory (SCFT). The theory that plays a central role
is the so-called minimal N = 4 SCFT, denoted T, first discussed in [GY18] as
the simplest example of the rank-zero SCFT, i.e. one whose Coulomb and Higgs
branches are both zero-dimensional. Boundary vertex algebras for the topological
A- and B-twists of Tin with various boundary conditions have been extensively
studied recently [GKL"21, GKS24, FGK24, CGK25], particularly in the context of
the 4d SCFT/VOA correspondence [Ded23, GK25, KS24, AAGRS25, AADGL26].
As we shall see, the intermediate vertex algebras do not arise from a topological
twist, instead appearing in the holomorphic-topological (HT) or minimal twist
studied in e.g. [CDG23].

To realize the vertex algebras associated with the intermediate Lie algebras, we
consider the minimal SCFT coupled to a topological field theory

(1-4) jﬂmin X Ty,

where Tin denotes the orientation reversal of Tpn, and T, is the level-one pure
Chern-Simons theory whose boundary supports the simple affine vertex operator
algebra L1(g). The two theories are coupled via a mixed CS term between the R-
symmetry of Tmin and a U(1) gauge symmetry of T,. This coupling cancels the
boundary gauge anomaly and ensures that the supersymmetric Neumann bound-
ary condition for T min is well defined.

We propose that the coupled system admits a Neumann-type boundary condi-
tion deformable to the topological A-twist in the sense of [CG19, BLS21]. Due to
the nontrivial coupling between T, and T min, the conformal vector of Li(g) in the
twisted theory is modified from its standard form and becomes the so-called Urod-
shifted conformal vector [BFL16, ACF22]. We argue that the resulting algebra of
boundary local operators realizes the minimal W-algebra

(1-5) W—hv/é(g/fmin) ’



where 11V denotes the dual Coxeter number of g. For g in the DC series, these coin-
cide with the Cy-cofinite and rational W-algebras studied by Kawasetsu [Kaw18].
We compute the half-index [GGP16, YS20, DGP18] of the twisted theory, which
counts BPS local operators on the boundary, and propose a family of novel Nahm
sum formulas for their characters. In the case g = ¢g, the characters of the twisted
modules coincide with the modular invariant characters of (E, 1 )1 appearing in the

MMS classification.

On the other hand, we conjecture that the standard Neumann boundary condi-
tion does not admit a deformation compatible with the topological B-twist. One
may instead consider the HT twist defined using Rc, the Cartan of S uQ)c, ie.,
part of the R-symmetry used to define the twisting homomorphism in the topo-
logical B-twist. We refer to this as the H TB-twist, cf. [Gar24]. In this setting, the
algebra of boundary local operators can be computed explicitly, and we argue that
it realizes the level-one affine algebras associated with the intermediate Lie alge-
bras, including (E, 1 )1. The corresponding half-indices reproduce their conjectural

character formulas discussed in [Kaw14, LSW24al].

The rest of the paper is organized as follows. In Section 2, we briefly review the
basic properties of the minimal SCFT Tp,in and its boundary conditions, leading to
the construction of the coupled system Tpin X Ty. In Section 3, we analyze the sim-
plest example with g = sl,, where the boundary algebra realizes W_1 /3(sl2, fmin),
which in this case reduces to the Virasoro minimal model M(5,3). In Section 4,
we examine the distinguished example g = ¢, for which the boundary degrees of
freedom L (eg) form a holomorphic conformal field theory; this analysis leads to a
novel level-rank duality between M(5,2) and the minimal W algebra W_s(eg, fmin)-
In Section 5, we consider a related construction involving the next simplest rank-
zero theory T, coupled to L;(eg), which is associated with an exotic intermediate
algebra (Xj)1. In Section 6, we treat the general case with g in the DC series. Finally
in Section 7, we propose a mirror dual description Ty, whose Dirichlet boundary
conditions realize these boundary algebras, and discuss the deformability of the
corresponding boundary conditions.
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2. THE MINIMAL N = 4 SCFT ON HALF-SPACE

In this section, we review some basic aspects of the minimal N = 4 SCFT, Tpyin,
which was first introduced in [GY18]. Although the theory does not admit a La-
grangian description with manifest N = 4 symmetry, it is conjectured to admit
an ultraviolet N' = 2 realization in terms of a simple abelian Chern-Simons-matter
theory. We then discuss its topological twists and various boundary conditions.



2.1. N = 2 Lagrangian description. Let us consider a U(1) Chern-Simons theory
with the level k = 3/2, coupled to a chiral multiplet ® of charge 1. It is argued in
[GY18] that this theory flows in the infrared to the so-called minimal superconfor-
mal theory, Tin, with zero-dimensional Higgs and Coulomb branch.

The UV gauge theory enjoys the global symmetry U(1)g x U(1)s, where U(1)g
can be identified with the topological symmetry associated with the U(1) gauge
group. In the infrared, the R-symmetry may mix with the topological symmetry;
this mixing is parametrized by v € R, and we denote

2.1) R, =Ry +vS,

where we have chosen Ry to be the superconformal R-charge at the fixed point,
which is determined by F-maximization [Jaf12]. This global symmetry is expected
to enhance to the full R-symmetry group in the IRN = 4 SCFT, SO(4) ~ SU(2)¢ X
SU(2)y/Z,, with the embedding

(2.2) Ro=Rc+Ry, S=Rc—Ry,

where Rc py are Cartan generators of SU(2)c y. To support this claim, one can
perform a semiclassical analysis to argue that there exists two quarter-BPS, gauge
invariant monopole operators that sit in the extra-supercurrent multiplets. They
are

(2.3) PV, Vi,
whose superconformal R-charge and spin are both 1, with axial charge S = —1 and
1, respectively. We denote the orientation reversal of Tpin by T min-

The N = 4 SCFT Tnin can be topologically twisted to produce a pair of TFTs,
which we denote by T4. ‘and 2. . For the A- and B-twist, the twisted spins are
givenby J4 = J3 + Ry and Jp = J3 + R respectively, corresponding to the choices
v = —1 and v = 1. Although the boundary algebras of such non-Lagrangian TFTs
are generally difficult to access, the existence of an N = 2 Lagrangian description
allows one to first pass to the holomorphic-topological (HT) twist and then study
its deformation to a fully topological theory. This deformation is implemented by
adding a proper superpotential term ® 4,5 to the twisted theory; the chiral opera-
tors appearing in this superpotential are precisely the local operators that are given
in (2.3). See e.g. [FGK24] for more details.

2.2. Boundary conditions. The N = 2 Lagrangian theory can be placed on a half-
space C x R<p with a choice of half-BPS (0,2) boundary condition. For such a
boundary condition to be compatible with the topological A- or B-twist of the IR
SCFT, it must be deformable to either A- or B-twist in the sense of [CG19, BLS21].

In [GKS24], it was argued that a deformation of a supersymmetric Dirichlet
boundary condition is deformable to the A-twist, and the algebra of boundary
local operators realizes the Virasoro minimal model M(5,2). Similarly, an unde-
formed Dirichlet boundary condition was argued to be deformable to the B-twist
in [FGK24] and realizes the simple affine VOA L1(05p1‘2). In a similar fashion,

the orientation reversed theory T, was argued in [FGK24, CGK25] to admit a
supersymmetric Neumann boundary condition deformable to the A-twist and an
appropriate (though its explicit form is unknown) deformation thereof deformable
to the B-twist.



The precise Neumann boundary condition is constrained by the absence of gauge
anomalies. Let f, r and fi,, be the field strength for the gauge, R, and topological
symmetries, respectively. The perturbative boundary anomaly of the (orientation
reversed) UV gauge theory is then [DGP18, FGK24]

(2.4) —2f% — 2(fiop — 1)f,

which must be canceled by adding appropriate (0,2) degrees of freedom T, at the
boundary. Notice that the mixed anomaly between the gauge-global symmetry
above must cancel as well for the deformation to the A-twist, otherwise the global
symmetry Ry, which we need for the topological twisting, is broken.

A natural choice of T,; is the algebra of two complex Majorana fermions, each
comprising a (0,2) Fermi multiplet. As discussed in [FGK24, CGK25], one may
assign gauge charge 1 to one Fermi multiplet, and gauge charge —1, topological
charge —1, and R-charge 1 to the second Fermi multiplet, to completely cancel the
gauge anomalies (2.4).

The half-index counting boundary local operators is defined by
(2.5) Ihalf(q;x) = trops(_l)qu]3+Rv/2xF ,

where F is generator of the boundary flavor symmetry and g = ¢?™*. The Neu-
mann half-index of T, with the above Fermi multiplets reads

dz FF(zx)FF((—q'/?)""1ygzx1)

(2.6) Inatt (4 %,v, 1) = (@)oo P 5 (2, 9)o0
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where FF(z) = (z,9)e(9271; ) is the elliptic genus of a boundary N = (0,2)
Fermi multiplet. Here x is the fugacity for the U(1) global symmetry under which
the two fermions have charge 1, and 7 counts the charges under the global symme-
try S. The A-twist specialization (v = —1, # = 1) reproduces the vacuum character
of L1(05p1|2), while the B-twist specialization (v = 1, 7 = 1) together with x = 1
reproduces the vacuum character of M(5,2).

The perturbative anomalies of 2d N = (0,2) boundary degrees of freedom are
encoded in the transformation of the elliptic genus under large gauge transforma-
tions [AGMVS86] (see also [CDPK19]). Suppose that the 2d degrees of freedom
have G = U(1)N global symmetry with corresponding fugacities x, = 2™,
a=1,---,N. Then under a large gauge transformation, u — u + mt for m € ZN,
the elliptic genus transforms as

2.7) IZd(q? {xu}) N e—m’/{“b(maub-&-uamm-mambr)IZd(q, {xa}) ,

where A%f,f, is the anomaly polynomial of the G-symmetry. Indeed one can check
that the contribution from the boundary fermions,

(2.8) La(q;z) = FF(2)FF((—q"?)" 'nqz)
transforms as
(2.9) La(g;29) = 9~ (—4"*)' 2 2 ha(g;2) ,

which is consistent with (2.7).



Alternatively, the gauge anomalies (2.4) can also be canceled by taking the bound-
ary degrees of freedom to be a level-one chiral WZW model, giving rise to the sim-
ple affine vertex algebra Li(g). In general, this does not define a 2d holomorphic
CFT, i.e. they are not genuinely 2d degrees of freedom.' Instead, they are most nat-
urally interpreted as edge modes for a 3d Chern-Simons theory with gauge group
G at level 1, taken to be the simply connected group with Lie algebra g, together
with Dirichlet boundary conditions. This leads us to consider the boundary alge-

=A . .
bra of the coupled system T,;, x T, or, equivalently, an interface between T4. and
T,.

Let us consider the u(1) subalgebra of g generated by hy = 6", which induces
the grading

(2.10) 0=92D9g- 1D Do1 D9,

and let g, be the semisimple part of go. The two bulk theories ﬁ'ﬁm and T are
coupled at the boundary by identifying the subalgebra generated by hy with the

boundary u(1) gauge symmetry of ?fﬁn. Then the corresponding current J,, has
level 2,

2
(211) ]]’le(z)]hg(w) ~ m/
providing exactly the contribution needed to cancel the pure gauge anomaly from
ﬁmin-

In order to generate the desired mixed gauge-global anomalies, we introduce a
coupling between the bulk QFTs in the form of a mixed CS term

1
2.12) S /(Atop —AR)AdA,

where Atop and A are background gauge fields for the topological and R-symmetries
of Tmin respectively, while A is the hy-gauge field in T;. At the interface, the latter
is identified with that of the U(1) gauge field on the Tpyin side.

After taking the topological A-twist, the presence of the mixed CS term (2.12)
induces an effective shift of the topological spins of the Wilson lines in T, propor-
tional to their charges under /. To see this, consider a Wilson line of charge n in the
level-2 U(1) CS theory associated with the g gauge field. The expectation value of
the Wilson line can be computed by the path integral

(2.13) (W) = /[dA]A/g p2e [ AdA+ L [wydAtin §, A )

where wy, is the Cartan component of the spin connection w, associated with the
rotation in the holomorphic plane in the HT-twist of the UV theory. The second
term in the action originates from the mixed CS term (2.12) after the twist, under
which the spin connection w is identified with the connection wg,, on the principal
SU(2) bundle for the Ry-symmetry in the infrared. The classical value for the
gauge field solves the equation of motion

1
(2.14) dA = _Edwh — N,

1An interesting exception occurs for g = e¢g, which we discuss separately in Section 4



where 4, is a Poincaré dual of the curve <. Plugging it back, we find that the path
integral reduces to

intn? in
(2.15) (W) = exp [—Z/Dcs7 -2 deh] 7z,

with 0D = v, where Z is a n-independent factor. The first factor in the exponent
is proportional to the self-linking number of the line, which is responsible for the
framing anomaly. If we change the framing of the line by an integer N, the expec-
tation value of the Wilson loop picks up a factor

; 7”2 n
(2.16) (W) — 2N ()
which implies that the topological spin of Wj, is

(n* n
(2.17) 0, = exp 27ti <4 + 2> .

The additional shift of n/2 in the exponent is due to the coupling (2.12).

At the level of the boundary algebra, the coupling (2.12) effectively assigns the
topological and R-charge of the boundary monopole operators in T, to be equal to
n and —n respectively, where n € Z is their magnetic flux under the U(1) gauge
symmetry. In the A-twist, this induces a shift of the twisted spins of the corre-
sponding modules by n/2, which is essential for identifying the boundary edge
modes for the Chern-Simons fields as an Urod-shifted simple affine Lie algebra, as
we discuss in more detail in Section 3.

In the following sections, we discuss a class of vertex algebras obtained in this
way, when g belongs to Deligne-Cvitanovi¢ exceptional series, and argue that this
construction naturally leads to a physical realization of a class of Urod shifted W-
algebras associated to g.

3. THE UROD PHENOMENON FOR sl

As a warm-up, we begin with the simplest case, g = sl,. We study the bound-
ary algebra of the coupled system i’fﬁn X Tq,, where Ty, is the pure SU(2) Chern-

Simons theory at level 1. By imposing a Neumann boundary condition for ﬁm
and a Dirichlet boundary condition for Ty, coupled in an appropriate way, we
find strong evidence that the resulting algebra of boundary local operators corre-
sponds to the Virasoro minimal model M(5,3). This construction may be viewed as
an instance of the Urod phenomenon for L (sl;)[BFL16], which we review briefly

in Section 3.2.

3.1. Coupling L;(sly) to iﬁin- Let A denote the abelian gauge fields in Ty, ob-
tained by projecting the su(2) connection onto its Cartan subalgebra. We couple
this theory to Tpin at the boundary by identifying the boundary value of A with
the dynamical gauge field of Tin. Taking into account the mixed CS term (2.12),
the contribution from Ty, is given by its Dirichlet half-index [DGP18],

(31) I[Te)(9:2,v,) = (ql)oo qu”z (=2 =ty] "2,



where z is the fugacity/Jacobi variable for the Cartan. One can check that this
expression has the desired transformation properties with respect to large gauge
transformations:

(32) I[Too)(g:92,v,m) =97 (—q n 'z 2 ha(g;2,v,17) -

It therefore completely cancels the anomaly inflow (2.4) from Tmin. In the A-twist
specialization, the index simplifies to

1/2)171/

1 2
(33) [ 5[2](‘1/ /_ /1) = W qun +7ZZ—271 .
*® ne

Calculating the half-index of the coupled system, we find
dz 1[Ty)(g:2,~1,1)

Ihaie(9,—1,1) = (9)eo

27tz (Z9) e
dz 1 n?+n_—2n
(3-4) 27tiz (z q)eo ng
- Lo

This coincides with the vacuum character of M(5, 3), which supports the proposal
that the corresponding boundary vertex operator algebra is M(5,3).

The bulk TFT admits simple lines Wi, ;) with a,b = 0,1, which can be identified
as Wilson lines of charge (a,b) under U(1)5  x U(1)r, gauge symmetry in the UV
description. We find that insertion of these lines reproduces the character of the
four simple modules of M(5,3),

dz 1

n24n_—2n_—
Thaie(q, =1, 1) [Wi1,0)] = AET) Y g2l
7170 ne7
(3.5)
= qn2+n :q_9/4och(M5’3)
nez (‘7>2n+1 31
dz 1 2ol o
Ihaie(9, =1, 1) [Wo1y] = T ACT) Y a2y
7M)® nez
e q(nH)Z 9/40 53
= T =q ch(MAM) ,
nez q)2n+1
and
dz 1 ) o
Ihalf(q/ _1, 1)[W(1,1)] = EW Z qﬂ +2n+1z ZnZ 2
nez
(3.7)
— Z 1/40 h(Mg?)
nGZ

3.2. Decomposition of L;(sly). The appearance of M(5,3) can be understood from
the Urod-phenomenon for sl;, which says that the simple affine vertex algebra of
slp at level one is a conformal extension of two Virasoro minimal models. [BFL16,
ACF22]



For this let L;(s(,) be the simple affine vertex algebra of sl, at level one and let
L, (w) be the simple module whose top level is the standard representation of sl;.
Let M(u,v) be the simple Virasoro algebra at central charge

(3.8) c=1-6(u—0v)/uv.

It is strongly rational for u,v € Z-.; coprime. Its simple modules are M, for
1<r<u-11<s<ov-T1and MY = M,”,, ;. Then the Urod phenomenon
says, that

Li(sl,) = M(5,2) ® M(5,3) & M37 ® M7,

3.9
o Li(w) = M3 @ M3 & M2 @ M33
The stress tensor/conformal vector in this identification is not the standard one
coming from the Sugawara construction, witnessed by the fact that the central
charge of the right-hand side is —5. Instead, it is a different stress tensor coming
from the Urod conformal vector. We denote characters with respect to the confor-
mal weight grading for the Urod conformal vector by a superscript U. The relation
to usual characters is

ch”[Li(sk)](g:2) = ch[Li(w)](g;2),  ch"[Li(w)](g;2) = ch[L(sk2)](g;2) -

Indeed we find that the contribution of Ty, in the A-twisted limit agrees with the
Urod-shifted character, up to a modular anomaly pre-factor:

I[Ta)(952,~1,1) = ch[L1(sk)] (g:2) -

The decomposition (3.9) admits a natural interpretation in terms of the vertex
algebra living at the interface between T4. and T,,. Consider 7. on an interval
x3 € [0, L], with a Dirichlet boundary condition at the right endpoint x3 = L realiz-
ing M(5,2) as in [GKS24], and a Neumann boundary condition at the left endpoint
x3 = 0. The left boundary is then glued to Ty, defined on the half-space x3 < 0 with
Dirichlet boundary condition, in the manner described in Section 3.1. The interval
reduction of 77, identifies the extension of M(5,2) ® M(5,3) with the boundary

algebra of Ty, at x3 = 0, which is precisely the Urod-shifted L;(sly).

3.3. HTB-twist. As discussed in [FGK24, CGK25], the standard Neumann bound-

ary condition for T, is not deformable to the B-twist, since the superpotential
term ¢$?V_; implementing the deformation does not vanish at the boundary. In-
stead, one may consider the HT-twisted theory, namely the holomorphic-topologically
twisted theory with respect to the N = 2 R-charge given by R = Rc, cf. [Gar24].
The Neumann half-index coupled to L (sl;) in the limit v = # = 1 becomes

dz ITs }Z,l,l
(3, 1,1) = ()e 27'(1'2[ [2(]z(-2)oo :

dz 1 o
(3.10) 27iz (z; 7)o Z T =

X neZ

neZ



where the contribution from L, (sl;) is now given by that with the standard con-
formal vector. In the absence of the superpotential term implementing the defor-
mation to the B-twist, one can explicitly calculate the boundary operator algebra.
Let ]+, J3 be the generators for L1 (sly). The boundary algebra is generated by the
gauge invariant combinations of ¢(z), J,(z), and derivatives of c(z), together with
the BRST differential Q which acts as

(3.11) Q= f;; c(z)]3(z) .

This gives

(3.12) Qp=cp, Qc=0, QJr==xc]s,

and importantly

(313)  QJs(w) = 2”’;, ¢(2)J5(2) Jo(w) = 2‘7’; W — 29c(w) .

Therefore both J3 and dc are not in Q-cohomology. The only gauge invariant oper-
ator that survives is

(3.14) s IS

which has the twisted spin 1, and a trivial OPE with itself. This operator can be
identified with the boundary value of the bulk monopole operator ¢?V_. The con-
formal dimension 1 space of the algebra may be viewed as the simplest example of
an intermediate Lie algebra (1.3) with g = sl [LMO06].

In the topological A-twist, the operator (3.14) has twisted spin 2, and it is rea-
sonable to expect that it corresponds (or at least contributes) to the stress-tensor of
M(5,3).

4. BOUNDARY VERTEX ALGEBRAS FOR Ty COUPLED TO Lq(eg)

We now consider the case where we take the boundary degrees of freedom to
be L (es), which is distinguished by the fact it defines a holomorphic CFT. By cou-

pling it appropriately to Tﬁin, we will argue that the algebra of boundary operators
realizes the minimal W-algebra W_s(¢g, fmin ), leading to a new level-rank type du-
ality between M(5,2) and W_s(es, fmin). In Section 4.4, we discuss the boundary
algebra of the HTB-twisted theory, and argue that it is naturally identified with an
intermediate vertex algebra, commonly denoted (E7% )1, which fills the “missing

hole" in the Deligne—Cvitanovi¢ exceptional series.

4.1. Coupling L;(eg) to i’iin. Let us consider the u(1) subalgebra of eg generated
by hy = 6V (with 6 the highest root), which defines the grading

(4.1) g=g 2Dg_ 1P D1 D2,

where gy = g( ® Chy with g, = ¢7. As a representation of go, we can can decompose
the adjoint representation of eg as

(4.2) 248 =1 5 +56_1 4 (133 + 1) + 561 + 15,
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where the subscript on each ¢; representation is its weight with respect to hy. We
denote the corresponding generators of Li(eg) by

(4.3) Je@), @), Ty, Jey(@).

These boundary degrees of freedom are coupled to T, with the Neumann
boundary condition by identifying the subalgebra generated by hy with the cur-
rent for the boundary u(1) gauge symmetry. Since the corresponding current Jj,
has level 2, its contribution precisely cancels the pure gauge anomaly of Tyin. The
mixed gauge-global anomaly can likewise be canceled by assigning to the L;(eg)
currents an R, charge equal to their charge under 3 (1 — v)hy. The contribution of
the currents to the Neumann half-index is

1 Int n.,—n v=1,1-n
(4.4) La(g;z,v,m) = o0 Y g2 CEeng—m[(_gl/2)v=1p-m/2
® ncz8

where Cg is the Cartan matrix of e¢g. Our convention is

2 -1 0 0 0 0O 0 0
-1 2 -1.0 0 0 0 0
0 -1 2 -1 0 0 0 ©
0 0 -1 2 -1 0 0 ©0

(4.5) G={o 0o 0 -1 2 -1 0 -1
0o 0 0 0 -1 2 -1 0
0o 0 0 0 0 -1 2 0
2

o o0 0 0 -1 0 O

One can check that the index transforms as desired under the large gauge transfor-
mations:

(4.6) La(g:9z,v,m) = 4 (—q"*) ' 2 2 La(g;2,v,77) -

For the topological A-twist, the half-index of coupled system is

dz 1
hat(;—1,1) = () 2711z (%)

=L L L

0 11>0 (1y,-- 1g) €27 (@),

La(g;2z,—1,1)

(47) q%nthn(_ql/Z)nl

4.2. Decomposition of Li(eg). Let W¥(g, fmin) be the universal minimal W-algebra
of the Lie algebra g at level k and denote by Wi (g, fmin) its simple quotient. The
Urod Theorem says that there is a vertex algebra homomorphism

¢ Wk+n (g/fmin) — Wk(Q/fmin) ® Ly (g)

for any positive integer n. Here, the conformal vector of L, (g) has to be replaced by
the Urod conformal vector (which in particular shifts the central charge by —6n).
Often this homomorphism factors through the simple quotient. This happens espe-
cially if the image of ¢ is the coset Com(V, Wi(g, fmin) ® Ln(g)) for some strongly
rational vertex operator algebra V. We will only consider that instance.

If we take g = egand k = —6 and use W_¢(¢s, fmin) = C [AKMF 18] then there is
a vertex algebra homomorphism W (es, fmin) — L1(¢s). Its image contains L; (¢7)
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as well as fields of conformal weight 3/2 in the standard representation p, of e7.
We decompose

Ll(eg) = L1(€7) X Ll(E[Z) D L](wl) X Ll(w)
= Li(er) ® (M(5,2) © M(5,3) © M33 © M3} @
4.8) Li(wn) ® (M3} @ M37 © M3 @ M37)
~ M(5,2) ® (Ll(ey) ® M(5,3) @ Ly (w1) @ Miﬁ) @
M37 @ (La(e7) @ M3 @ Ly (wn) @ M3 ) -
We see that
(4.9) Com (M(5,2), Ly (es)) = L1 (e7) ® M(5,3) @ Ly (w1) ® M;7,

which is exactly the simple minimal W-algebra W_s(es, fmin) [Kaw18]. As it is a
simple current extension of L (¢7) ® M(5,3) and the simple current L; (w;) ® MZ’?
has no fixed points its modules can be all obtained via induction. One gets two
local modules

(4.10)

Mo = Li(e7) ® M(5,3) © Li(wi) @ M7, My = Li(e7) @ My & Li(w1) @ My3

and two Ramond twisted modules
(4.11)

My = Li(e7) @ M35 @ Li(w1) @ M3y, Ms = Li(e7) @ My3 & Ly(wr) ® M(5,3).

The Urod conformal vector has zero mode Ly + hy where h is the element of the
Cartan subalgebra that belongs to the same slp-triple as fmin. In this case it belongs
to the weight w; + w for the ey @ sly-subalgebra.

The relation (4.8) is realized via the interval reduction of ‘.T;;‘lm with two distinct
boundary conditions. On the right boundary, we impose the Dirichlet boundary
condition which supports M(5,2), while on the left boundary, we impose the Neu-
mann boundary condition coupled to L (es), albeit with reversed braidings, as de-
scribed in Section 4.1. This picture leads to the claim that the left boundary sup-
ports the simple minimal W-algebra W_5(es, fmin). Since the module categories
of the VOAs on the left and right boundaries are both realized as categories of
bulk line operators, the two VOAs are naturally expected to have equivalent cat-
egories of modules, consistent with (4.8) [CKM24a, CKM22]. The claim is further
supported below by an explicit calculation of the (super)characters of its modules,
which can be shown to agree with the Neumann half-index (4.7).

4.3. Characters and supercharcters. The relation between the characters with re-
spect to the Urod conformal vector and the usual characters are

chY[L(sl,)] (1, T) = ch[Ly(w)](u, T), chY[Li(w)](u, T) = ch[L;(sL,)](u, T).
and

chY[L1(e7)](u, T) = ch[Ly(w1)] (1, T), chY[Li(w1)](u,T) = ch[Li(e7)] (1, 7).
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Thus
chY[My](u, T) = ch[Ms](u, T), chY[M;](u, T) = ch[My](u, T),

(4.12) Chu[Mz] (1, 7) = ch[M] (1, 7), Chu[M3] (u,7) = ch[Mp](u, 7).

The characters of My and M; don’t close under the modular S-transformation, but
their supercharacters

sch[My] = ch(L; (e7)]ch[M(5,3)] — ch[Li (cwr)]ch[M33],

(4.13) sch[M] = ch|[Li(w1)]ch[M37] — ch[Ly (e7)]ch[M37]

do, namely the corresponding S-matrix is

i ( () sin() )
5\sin(%) —sin (25”)
and the Verlinde formula computes the superdimension of the fusion rules as re-

quired [CKM24b], especially
sch[Mj] x sch[M;] = sch[Mj] — sch[M;] = sch[M; X M].

One can verify that the A-twisted half-index (4.7) exactly reproduces the super-
character of the vacuum module M. To see this, we use

(@.14) h(Lifer) =g 72 Y g
( ® nez?
(4.15) ch(La () = 13— T gl
@)% 5
and
n 2
4.1 h 1/40 q h( M3 /40 q( +1)
(4.16) ch(M(5,3 Z , ch( 41) q p
n>0 n>0 (q)2n+1
>3) " 55y _ oo "
@17 ch(Mz) = , eh(M3]) =g .
n>0 n>0 (q)Zn—H

The A-twisted half-index (4.7) decomposes into even and odd 7; sectors:

1.t
1 q2" Csn(_ql/Z)nl
Lat(q;—1,1) = —=
a (q)ZO Vllzzlo (712/"',;8)627 (q)nl
gAn C(Er ' —2my 402
(4.18) —
Zo fg%n’e%7 (‘7)2(
0! C(E7)n' —(2041)ny+(20+1)2 4+
°° Zgon’e%7 (q)2€+1



Shifting n’ — n’ + 20w,

1 In"'C(E7)n' +02+¢

q
I ;—1,1) =
el L) = oy 4 L

1/2 q%n’tC(Ey)n’—nz—i-(Z-H)z

(4.19)

(q)Zo >0n'eZ’ (q)ZE—H
which indeed reproduces sch[ M|, up to a modular anomaly prefactor.

We can repeat the same analysis with W;, the Wilson line of gauge charge 1,
inserted. The half-index in the presence of W; reads

Tt W) (05 —1,1) = (@)es f -2 1) La(g;z,~1,1) - 2”1

2miz (z;q
(4.20) 1 2 2 q%nfC(Eg)n(_ql/Z)m
B (q)Zo m1>—1 (ny, - ng)€Z7 (q)n1+1
which can be decomposed into
q%n’fc(E7)an£nz+4€2+é
Inate[Wi(g; — ( )7 Z Z ()
(4 21) 0 {>0n'eZ? q)20+1
' 1 q%n'fc(z;y)nu(ze+1)n2+(2e+1)2+e+%
RO @arre
Shifting n’ — n’ + 20w,
1 In'C(E7)n/ +2+¢
Lhag(Wil(q; —1,1) = W Y 1 Dot
o0 ezo n'ez’
(4.22) AR C(Er -
LI

which again reproduces sch[M; ] up to a modular anomaly prefactor.

4.4. HTB-twist and (E, 711 )1. As in Section 3.3, one may consider the HT?-twisted
theory coupled to Li(eg). The Neumann half-index in the limit v = # = 1 becomes

dz 1
Ihai(9:1,1) = (7)o

27Tz (z q)oo bi(g:2,1,1)

1t
(4.23) 1 g2 oo

4

(1% 1120 (- 1g) €27 (@)m
=1+ 190q + 2831¢% + 223064° + - - - ,

where the contribution from L;(eg) is now taken with respect to the standard con-
formal vector, corresponding to the HTB-twisted spin. Notice that the resulting
g-series coincides precisely with the "missing hole" appearing in the MMS classifi-
cation of 2d rational conformal field theories with two characters [MMS88]. This
g-series is often associated with a putative vertex algebra denoted by (E, 1 )1, where

E, 1 is the intermediate Lie algebra (1.3) corresponding to g = eg [LM06, Kaw14].
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For the HTB-twisted theory with the standard Neumann boundary condition,
the boundary operator algebra can be calculated explicitly. The Q-cohomology
contains three classes of gauge-invariant boundary operators,

(4.24) &, 2Ny, ¢t
all of which have twisted spin one. They form an ¢y representation
(4.25) 190 =133 +56 +1,

which is isomorphic to e7 @ g1 @ go, the intermediate Lie algebra corresponding to
g=rcs Let Al = ¢]é—1) and B = cpzf(,z). The singular OPEs are

A w)

mmﬁwww

(4.26) z—w)? z—w
wi Aj ij
@A) ~ Y i) i) ~ 0B

and all the other OPEs are regular. Notice that B(z) have regular OPEs with all
the operators, which is consistent with the expectation that the operator B(z) is the
boundary value of the bulk monopole operator ¢V_.

5. BOUNDARY VERTEX ALGEBRAS FOR T, COUPLED TO Ll(eg)

The minimal SCFT Tpn is the simplest member of a one-parameter family of
rank-zero N = 4 SCFTs T,, with T = Tnin, whose topological A-twist admits a
boundary condition that supports the Virasoro minimal model M (2r + 3,2) [GKS24].
In this section, we consider coupling the 2d degrees of freedom V,; = Li(¢g) to the
next simplest theory in the family, T,. This theory is expected to have a UV real-
ization in terms of a N = 2 U(1)? CS-matter theory description, where each U(1)
gauge group couples to a single chiral multiplet of charge 1. The Chern-Simons
level matrix is «;; = 2min(i, j), with i,j = 1,2. Upon turning on the superpotential
deformation

5.1) W=V,

where V(,, .y denotes the bare monopole operator with fluxes (m,n) € 72, the the-

ory is expected to flow to the SCFT, 7, whose Coulomb and Higgs branches are

both zero-dimensional. The CS-matter theory has global symmetry U(1)g x U(1)s,
top

where U (1) can be identified with the unbroken global symmetry U(1):°P +2U/(1)5F,
where U(1)/ is the topological symmetry associated with the i-th gauge node.

This global slymmetry enhances to the full R-symmetry group SO(4) in the IR SCFT.
It is argued in [GKS24, FGK24] that the deformed Dirichlet boundary condition for

T4 realizes M(7,2).

We consider the topological A-twist of the parity reversed theory, T? , with a
Neumann boundary condition. The bulk theory induces a boundary gauge anom-
aly of the form

(5.2) —2f2 — 4f3 — 4ff, — 2(s — 1) (f; + 2f5),

where s is the background field strength for the U(1)s symmetry. We will show that
this anomaly can be completely canceled by coupling boundary degrees of freedom
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L1(eg) in a specific way and then argue that the algebra of boundary operators
realizes a rational and C;-cofinite VOA that is level-rank dual to M(7,2). In Section
5.4, we turn to the boundary algebra of the HTB-twisted theory and argue that it
can be identified with an intermediate algebra, denoted (X;);, which appears in
[Mkr16, LSW24a, KS24].

5.1. Coupling Li(¢g) to j’? Let us consider the u(1) @ u(1) subalgebra of eg gen-
erated by i1 = 6 = w{ and h, = w,, where w; denotes the i-th fundamental

weight.” The Lie algebra ¢ admits a decomposition according to the charges under
hl and ]’12 ’

(53) ¢ — @ gi,]' .

Here goo >~ so01p @ Chy @ Chy. The decomposition as a goo-representation is sum-
marized in Figure 5.1.

1

FIGURE 5.1. A decomposition of eg. The lattice points are labeled
by their so0, representations. We have U = ggo = 66 +1+ 1.

We denote the corresponding currents by

(54) ]?0121 ]hl/ ]hz/ Ii(O,Z) ];(1,0)/ ];(1/2)/ ]i((),])/ ]i(],])/ ]1(2,2) .
The two u(1) currents have the OPE

Kij ..
(55) ]hi(z)]hj(w) = m ’ Z/] = 1/2/

where x;; = 2min(i, j) is the CS level of the bulk gauge theory, and therefore it can-

cels the pure gauge anomalies from the bulk T,. As in the previous example, the
mixed gauge-global anomaly can be canceled by assigning appropriate R-charges

2In the simple root basis, w1 = (2,3,4,5,6,4,2,3) ,w; = (2,4,6,8,10,7,4,5).
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to the L;(eg) currents. We claim that this is achieved by assigning each current an
R,-charge equal to its charge under 1 (1 — v)h,. With this assignment, the contribu-
tion of the currents to the Neumann half-index is

1 Lnt n.—ni_—n v—1,1-n
(5.6) La(q;,21,22,v,1) = @8 ) q% C(Es) z, 'z, (=g %)ty /2
® nez8

Indeed, one can check that under the large gauge transformation z; — z;4 and
Zp — 224, it transforms as

1(g:219,22,v,17) = g~ [(—q"2)" ) 2222 1(g: 21, 22, v, 1),
1(g:21,220,v,17) = 9~ 2[(—q"/%)" "'y] 2z

Pzt gz, 22, v,m)
which implies that the contribution of these degrees of freedom exactly cancels the
gauge anomaly (5.2).

(5.7)

For the topological A-twist, the Neumann half-index of the coupled system is

dzy dz 1
. — (2 1 2
hhaie(9; =1,1) = (4) 27tizy 271iz5 (215 9) 00 (22; ) 0o

q%ntC(Eg)n(_ql/Z)ny

Izd(q; Z1,22, _]-/ 1)

1
(5.8) BLEN

B (Q)go nlrn720 (an"' ’n()’ns)eZG (q)nl (q)l’l7
= 14787 — 644°/% + 8984 — 8964°/% + 6072¢° — - - - .

5.2. Decomposition of L;(eg). We consider the decomposition

(5.9) Li(es) = Li(e7) ® Ly (sk) & LY (w1) ® L]?(w)

followed by a further decomposition

L1(27) =14 (5012) ® L1 (5[2) b Liolz (wé) ® Lilz (w) ,

(5.10)
LY (w1) = L} (ws) ® L1 (sh) & L™ (w1) ® L? (w)

which gives

- Li(es) = [Ll (s012) ® Ly (sh) © L3 (wg) ® Lglzw)} ® Ly (sh)
| ® [Lj"u(wg,) ® La(sh) & L1 (w1) @ L‘{‘Z(w)] ® L% (w) .

If we choose the conformal vector of the two copies of L;(slp) and LilZ (w) above
to be the Urod conformal vector, the character of (5.11) precisely reproduces the
contribution of the the boundary degrees of freedom (5.6), in the A-twist limit v =
—1 = —1. Using the Urod-GKO coset decomposition for Virasoro

u+ov—1
u,0 u-+v,0 u-+o,u
MY @ Li(sl,) = @ M@ MY

s=1
s+r even

u+ov—1
u+ov,0 u+o,u
@ Ms,l ® MS,V ’
s=1
s+r odd

(5.12)

1%

M;,l,’lv ® Lq (w)
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we arrive at
3
(5.13) Li(es) = P M]T ®Ct,
t=1
where
_ 5,3 75
Ci = Li(s012) ® [M(5,3) ©M(7,5) & MP ® Mm]

& Ly (we) [M(5,3) @ M5 & M3 @ M73)]

(5:14) 5,3 7,5 53 7,5
@ LY (w1) @ [M2:1 ® My, &My ® M1f4]
& Ly (ws) [ M3} @ M[§ & M37 @ M(7,5)]
Co = Lisora) @ [M(5,3) @ MZ3 & M33 & MZ]|
® L7 (we) [M(5,3) @ M7 & M3; © M3
(5.15)
® LY (wn) © | M37 @ ME3 @& M3 © M|
D L™ (ws) [ M3} @ M5 @ Mid © M3
and
C3 = Li(s012) ® [M(5/3) ® Mgﬁ ©® Mgf ® Mgfg}
& Ly (we) [M(5,3) @ M7 & M3 © M{3)]
(5.16)

& LT (wy) ® [Mgﬁ © M5 & MP @ M;ﬂ
B L5 (ws) | M3 © M5 & M77 @ M) -
From this we have

(5.17) Com(M(7,2),Li(es)) = Cq .

As in the previous section, we consider the interval reduction of T4' with two
distinct boundary conditions. On the right boundary, we impose the exceptional
Dirichlet boundary conditions of [GKS24] which supports the VOA M(7,2), while
on the left boundary, we impose the Neumann boundary condition coupled to
Lq(es), as described in Section 5.1. The VOAs supported on the left and right
boundaries are expected to have (braid-reversed) equivalent categories of mod-
ules. In particular, it is natural to expect that the VOA on the left boundary of T3

(or, equivalently, the VOA on the right boundary of ﬁ) can be realized as the coset
of L1 (eg) by M(7, 2)

5.3. Characters and supercharacters. The above claim is strongly supported by a
comparison of characters. We find that the first few coefficients of (5.8) agree with
those of the supercharacter of C; defined in (5.14), at least up to g*.

The bulk TFT has three simple lines, 1, W(; 1), W1 2), where the latter two lines
correspond to the Wilson lines of charge (1,1) and (1,2) under the U(1)? gauge
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group [GKS24], respectively. Inserting these lines, the half-indices are
(5.18)

dz1 dz 1 1
IhatWa,)l (g5 =1,1) = (9)% 2 'z,

I I 7 /_1 1
27tiz1 27Tiz5 (215 9) 00 (225G ) 0o 24(9521,22 )Z1 2,

Z qzntC(Eg) ( ql/Z)I’W
a (‘7)20 n1,n7>—1 (ny, - g ng) EZ6 (q)nﬁ-l (‘1)7174-1

and
(5.19)

dz; dz 1 1
IhatWia o)l (3: —1,1) = (9)% ! 2 12,2

Ly(q;21,22,—1,1
27TiZl 27Ti22 (Zl;q) (ZQ;Q) Zd(q 21,2 )Zl Zy

B 1 Z Z qzntC Es) n( 1/2)n7
(q>go n1>—1 (ny, - ngng) €Z6 ﬂ1+1 <q>n7+2
n72—2

We check that the first few coefficients of these g-series agree with the supercharac-
ters of the modules C; and Cs respectively.

5.4. HTB-twist and (X;);. We now consider the HT?-twisted T, theory with a
Neumann boundary condition coupled to boundary degrees of freedom given by
L1 (eg). The above Neumann half-index in the limit v = # = 1 reads

dz1 dz 1

. _ 2 1 2 .

Ihalf(q/ 1/ 1) - (‘7)00 27TiZ1 27TiZ2 (Zl} 5])00(22, q)oo IZd(q/ 21,22, 1/ 1)
1 q%nfC(Eg)n

()&% 15750 (ny, - mycze (D (D
=1+ 1564 + 22364* + 170564° 4 - - -

This coincides with one of the modular invariant characters of the intermediate
algebra (X7)1, between Dy and Es.

The gauge invariant boundary operators that survive the Q-cohomology are
Joor a0yt P3N0 0yt t2ll )t
34’%4’2](”_1,_1) R (O R L1 1 [P

all of which have twisted spin one. They form an soq,-representation

(5.20)

(5.21) 156 = 66 +12+12+32+32+1+1,
which is isomorphic to a non-reductive Lie algebra
(5.22) so1D P g,

i+j>0

inside eg. The OPEs among them are directly inherited from L;(so012). In partic-
ular, the operator ¢3¢3] (—2,—2) has regular OPEs with everything. This operator
is identified with the boundary value of the quarter-BPS bulk monopole operator
¢? 4)2 _1,0), which is part of the extra supercurrent multiplet [GKS24].
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6. W-ALGEBRAS OF THE DELIGNE-CVITANOVIC EXCEPTIONAL SERIES
More generally, the boundary gauge anomalies of i’im can be canceled by taking
boundary degrees of freedom corresponding to L;(g), where g is a Lie algebra in
the Deligne—Cvitanovi¢ (DC) exceptional series. As discussed in Section 3.1, this

is realized by considering the boundary algebra of the coupled system fﬁﬁn x Ty,
where Tj is the level-1 Chern-Simons theory with gauge group G, taken to be the

simply connected group with Lie algebra g.

6.1. Coupling L;(g) to ﬁiin. Let x4(q; {vi}) be the character of L; (g) with the stan-
dard conformal vector. The contribution of the above boundary degrees of freedom
is then

(6.1) B(4:2,v.1) = xq (q; {Z“"v[(—ql/z)"_lﬂ]a"v/z}) ’

where a;’ are the comarks, defined by 6 = Y_; . The shift of the Jacobi variable

z is due to the mixed Chern-Simons coupling (2.12). When L;(g) is a lattice VOA,

namely, for g = Ay, Ay, Dy, Eg, E7, Eg, the contribution can be written in the form,

(62) Izgd(ql z, 1/,]7) = %k( Z q%”fc(g)”z—“yc(g)zj”j[(_ql/Z)V—ln]—a,VC(g)ijnj/Z ,
(‘7)00 g nezZrk(g)

where C(g) is the Cartan matrix of g. For these examples, the Neumann half-index
can be calculated explicitly. Let ngv = Y a’C( g)ijn j- Then

dz 1

L@ v,1) = (9)e mm@d(q;z,v,n)
(6.3) 1

1
- rk(g)—1 2

(q)oo nezrk(a) (Q)ﬂgv

q%nfc(g)n [(_ql/Z)v—lrl] —ngy /2 )

ngv >0
In the A-twist limit, we have
1 1 1t
(64) B4 -11) = —— g2 O (g1 12y
@R L W
ngv ZO

6.2. Decomposition of L1 (g). Letus recall some peculiarities of the Deligne-Cvitanovi¢
exceptional series. Let g be a Lie algebra of the DC series and let 1" be its dual Cox-
eter number. Then the dimension of g satisfies

2(hY +1)(5nY —6)
hY +6 '

This has a few combinatorical consequences for the associated vertex algebras. The
central charge of the minimal W-algebra of g at level k is [KW04]

dim(g) =

_ kdimg

_m—6k+hv—4.

(6.5) c(k)
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g Aq B,
A 1 1
A2 | Viza, | Visaan
G2 L3 (5[2) L3 (36())
D4 Ll (5[2)®3 Ll (w)®3
Fy | Li(spe) | Ly (w3)
Eo | Lu(sls) | Li*(ws)
E7 L1 (5012) Liolz (w(,)
Es | Li(E7) | Ly(w1)

TABLE 6.1. Decomposition of Li(g) for g in the DC series, L1(g) =
Ag® Lq(sl,) ® By ® Li(w). Here V1 is the Lattice VOA associated to
the lattice L.

Moreover in the case that g is in the DC-series the level of the affine vertex subal-
gebra V¥ (g*) of WH(g, fuin) is

Y
K =k+—+1
6
This level is zero for k = —% — 1 and one verifies that the central charge of

Wi(g, fmin) is also zero at this level. It then turns out that this is a collapsing level,
that is Wi (g, fmin) = C is trivial [AKMF 18, AAC"25].

The next coincidence appears when considering the coset Com(V*+1(g), V¥(g) ®
L1(g)). Computing the central charge of this coset when g is in the DC series gives
— % and indeed it turns out that [ACK25]

Com (Lf% (8), L i _4(8)® Ly (g)) ~ M(5,2).

In other words, L,%,l(@ ® L1(g) is a conformal extension of Lf% (g) ® M(5,2)
and thus the Urod Theorem [ACF22] implies that W - (g, fmin) ® L1(g) = L1(g)
is a conformal extension of M(5,2) @ W_,v (g, fmin)- For any g in the DC series, we
have a decomposition :

Li(g) & Ay ® Li(sl,) ® By © L{*(w)
= Ay ® (M(5,2) ® M(5,3) & M3 @ M3}) &
5.2 53 5.2 53

(6.6) By ® (M2,1 ®@ My &My ® M4,1)

= M(5,2) ® (4,2 M(5,3) ® By @ M3 ) @

52 53 53
My @ (Ag ® M37© By ® MZ,]) ’

where Ay and By for each g are summarized in the Table 6.1. We then have

(6.7) Com (M(5,2), L1(g)) = Ay ® M(5,3) @ By ® M3,
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which is naturally realized as a boundary vertex algebra of iﬁm x Ty. This class
of VOAs is identified with the Cy-cofinite and Z,-rational W-algebra Wi (g, fmin) at
level k = —hY /6 [Kaw18].

The representation theory of the affine vertex superalgebras of osp;,, behaves
in many respects like the one of vertex algebras associated to simple Lie algebras
[CGL24]. In particular Ly, (0spq)2,) is also rational for any positive integer level .
The dual Coxeter numberis hV = n + % and the superdimension is sdim (osp,,) =
n(2n —1). So that we see that

2(h +1)(5h" — 6)

sdim (ospq|p,) = s ,

if and only if n = 1. It turns out that also in this case Wi(g, fmin) = C is trivial
[AKMF 18, AAC"25]. The same proof as [ACK25] shows that

(6.8) Com (L_ (0sp1p), L_s (0sp1) @ L1(0spyp) ) = M(5,2)

as well and hence by the Urod Theorem [ACF22], which also holds for Lie super-
algebras, Ll(ospl‘z) is a conformal extension of M(5,2) ® W_% (05p1‘2, fmin)- The

decomposition of L; (05p1|2) is [CFK18]
(6.9) Li(ospyp) = M(5,3) @ Ly (sl,) & My; ® Li? (w)
so that if we set
Aﬁﬁpl\z = M(5/ 3)/ BUSPl\z = Mi:%’
then we get as before
L1<05P1\2) = A05p1|2 & L1 (5[2) D B°5p1\2 X Li[z ((,U)
= Aupyp ® (M(5,2) @ M(5,3) & M3 @ M3} @
5.2 5,3 5,2 5,3

(6.10) Bosp,, @ (MZ,l ® Myy © My; @ M4,1>

= M(5,2) © (Asspy, © M(5,3) & Bugy,, ® M}3) &

5,2 5,3 5,3
M3,1 ® (Aﬂspl\z ® M3,1 D BU5P1\2 ® MZ,l) :

The W-algebra of ospy), is realized as the boundary algebra of ﬁin X Tospy s
where the TFT Ty, , is identified with JB.  equipped with the standard Dirich-

let boundary condition [FGK24]. As discussed in loc. cit., the self-mirror property
of Tmin implies that this is mirror dual to

(6.11) g8 with (D,D) +— Tﬁﬁn with (N, N) coupled to (bc)®?,

where (bc)®? denotes two copies of the bc ghost system, i.e. (0,2) Fermi multiplet
for a certain choice of R-charge. The bulk theory can then be described as fﬁﬁn X
ﬁ'fﬁn with the Neumann boundary condition (N, N; N, N) coupled to (bc)®?2.
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6.3. Characters and supercharacters. For g = Dy, E¢, Ey, Eg, where ng is the flux
through the Dynkin node attached to the affine node, we can write the Neumann
half-index (6.3) as

(6.12)
1 1 1,
I? (I]'—l 1) = —_— Z 7112” C(g)n(_ql/Z)ngv
half\4s =1/ K(a)—
) (C])ol:(g) ! nezrk(e) (Q)ngv
ngv >0
— % Z anﬁv-ﬁ-nev Ljzev C(g)gvjmﬂr%mtc(gf,)m(_ql/z)nev .
(q)oo g men%vrkz(%)—l (q)ng\/
This expression can be decomposed into a sum of even and odd ngv:
(6.13)
(3 —1,1) = % Z ! q4k2+k+2k2ﬁéev Cla)avjmj+3m'Clgg)m
Q)zo(g)i mezrk(g)-1 (q)2k
k>0
ql/z 1 k+1)2+k+(2k C LntC(al
-~ — 70/(2 L)%kt (2k+1) Ly 2ov Cla)gvjmj+3m' Clgg)m
(q)crxa g me%rzkég)q (9)2k+1
Letu = —}.ov Cov jw}, where w]’. is the j-th fundamental weight of gj. Shifting

m — m + 2ku, we have

(6.14)
1 2 1 1 ,
Lge(g;—1,1) = (Z ( 7 +k> ) Z qszC(gO)m

(q)oo 0 mez™*(9)

|
Q»—l
S~
N
/\
N

1 q(k+1)2> # Z 3m'C (o) m+Y; v C(g)avjmj.
()

k !
k>0 (2)2x41 q ;(90) )

This is precisely the supercharacter of (6.7), up to a modular anomaly prefactor.

The cases g = Ay, G, F4 require separate treatment. For g = A,

I}I:‘azlf(q; -1, 1) = L Z 1 "%+"§—”1”2(_q1/2)n1+n2
(q)oo (711,712)622 (q)nl—i-nz
ny+ny >0
@ Ty
(6.15) © n>0,neZ \1/1
= L L q4k2+k—6kn2+3n§
(@)oo > imez (@)
_ ﬁ # (2k+1)2+k—3(2k+1)np+3n3 ‘
Deo k>dmeez (@241



Shifting n, — np +k,

Il?azlf(q. 1,1) _ <Z ( 1 k2+k) ( E q3n2

q)Zk o0 HQEZ

s L k) 33
q (Z gty >(q)m Y. g

=0 (@2 mezZ+1

(6.16)

which coincides with the supercharacter of (6.7) for g = A, up to a modular anom-
aly prefactor. In this case, Ay is the lattice VOA V, 5, associated with the lattice

V3A; = AZ with (A,A) = 6, and By is the module V\/§A1+A/2.

Finally, for g = G, F4, we expand the first line of (6.3) as a g-series and check
that the first few coefficients match with the supercharacters of (6.7).

6.4. HTB-twist and intermediate vertex subalgebras. The Neumann half-index
for the HT2-twisted theory is

dz 1

(6.17) Ie(3:1,1) = (9)eo mmlgd(q;z,l,l) :
For simply-laced g, this is evaluated as
1 1 1t
(6.18) I (g1,1) = — g2l
i PRCE O

ngv >0

which coincides with the conjectural expressions for the characters of the interme-
diate vertex subalgebras computed in [LSW24a], as summarized in Table 6.2. For
non-simply-laced g, we compute the first few coefficients of (6.17) and verify that
they agree with the corresponding character expansions of the intermediate vertex
algebras (IVAs) in loc. cit.’

g | A Ay Go Dy I Ee E; Eg
IVA[IM UAi112 AGiyi2 ADsiiy2 Csyiz Asyiz Deyiz Erae

TABLE 6.2. Intermediate vertex subalgebras

The boundary operators survive the Q-cohomology are

(6.19) % : 4)”](,,1) : fora=1,2,

9’
where ], collectively denote the L;(g)-currents with hg-charge a. All of these op-
erators have twisted spin 1, forming an intermediate Lie algebra g, & g1 @ g, inside
g. The OPEs among them are directly inherited from those of Li(g;). The oper-
ator ¢? J(~2) has regular OPEs with all generators and can be identified with the
boundary 1mage of the bulk monopole operator ¢?V_.

3The remaining exotic case, denoted D1 /71,7 in [LSW24a] can be realized in a similar manner

by coupling two copies of ‘Tﬁlin with Lq(eg).
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TABLE 7.1. Charges of the chiral multiplet in T.

Q Q
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T T,
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(O o e St e SN o N = B o S

Ta,
FIGURE 7.1. Quiver diagrams for the N = 2 gauge theory descrip-
tion for T,. Circular nodes denote U(1) gauge groups, interacting
through the CS couplings with level matrix given by K = C(g),
represented by dotted lines. Solid lines together with square nodes
denote chiral multiplets of unit charge. In case of T,,, a double
solid line indicates a chiral multiplet of charge 2. These complete
the quivers to the g-affine Dynkin diagrams.

7. MIRROR DESCRIPTIONS

7.1. Dual descriptions. When g is simply-laced, we introduce another family of
N = 2 gauge theories, denoted by T, and conjecture that they flow in the infrared
to Tmin X Ty, the N = 4 minimal SCFT coupled to the TFT T,. Since Tmin is dual
to its orientation reversal under 3d N = 4 mirror symmetry [CGK25], this may be
viewed as a mirror-dual description of Tmin X Tg.

The theory Ty admits a N = 2 Lagrangian description as a G Chern-Simons the-
ory at level one, coupled to a single chiral multiplet charged under U (1) C G with
unit charge, specified by p € h*, as listed in Table 7.1. This theory is alternatively re-

alized as the N = 2 U( 1)?(9) Chern-Simons theory with the level matrix K = C(g),
coupled to a chiral multiplet with charge p € Z™(®* It can be represented as an
abelian quiver Chern-Simons theory, in which the chiral multiplet completes the
quiver to the g-affine Dynkin diagram, as in Figure 7.1.

Notice that the quiver diagram for T,, describes an N = 2 U(1), CS theory
coupled to a chiral multiplet of charge 2, a theory first considered in [GKW18]. In
Appendix B of loc. cit., the authors establish the duality between T,, and Tin X
U(1),°, which is consistent with our proposal. The quiver theory and its boundary

“Here the CS level K is the bare CS levels in "U(1)_,/, quantization", as defined in [CKW18]. The
UV effective level is k = K — % pr.

5In [GKW18], they adopt the UV effective CS level, where T,, and is described as U(1)y coupled
to a charge-2 chiral multiplet.
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algebra for T, appear in [KS24] as the vertex algebra associated with the fourth
power of the BPS monodromy operator of the (A;, Ay)-Argyres Douglas theory.

7.2. Supersymmetry enhancement. The gauge theory T, has a U(1)™(® topolog-
ical symmetry, but all of them decouple in the infrared except for a single U(1)
global symmetry. We conjecture that this symmetry is naturally identified with the
axial symmetry S in the infrared, which can be represented as

1
(7.1) S=-3 Y a/C(g)i;M;,
i

where M; is the U(1) topological symmetry associated with j-th gauge node. With
this identification, we find that the gauge theory T possesses two gauge invariant
1/4-BPS dressed monopole operators

(72) (PV—G ’ (PVQ s

with superconformal R-charge 1, spin 1 and axial charge S = =1, where 6 is
the highest-root vector in the simple root basis. This provides strong evidence
that these operators belong to the extra supercurrent multiplet associated with
N = 4 supersymmetry enhancement in the infrared SCFT sector. Performing F-
maximization and computing the superconformal indices and the partition func-
tions on Seifert manifolds for T, we find that they match those of T, X T, con-
sistent with the proposal.

7.3. Dual boundary conditions. In the previous sections, we analyzed the (N, N; D)
boundary condition for T min X Ty, i.e. a Neumann boundary condition for T min to-
gether with Dirichlet boundary conditions for T, coupled as described in Section
2.2. We propose that the dual boundary condition for Ty is a deformed Dirich-
let (with the non-zero boundary value for the chiral multiplet), so that 3d mirror
symmetry exchanges

(7.3) Tmin X Ty with (N,N;D) +— T4 with (D, D).

This claim is supported by a calculation of the half-index. The Dirichlet half-
index of T is

(7.4)
lnf n rk(g)_l
T 1 q2 C(g) 1/2\v4+1 ngv /2 —C(gh)in;
Ligv,,s) = ——— (=) s
half (q)gl;(g) 1 ne;@) (Q)ngv [ } ij=1

}’lg\/ 20

Comparing this expressions with (6.3) (with a straightforward refinement of the
Jacobi variables for g;), we find

T -
(7.5) I}gmf(q? v,1,8) = Iha%f(”/? —v,n 115) ’
which provides strong evidence for the proposal (7.3).

It is worth noting that the form of the 1/4-BPS monopole operators above is fur-
ther indication that this deformed Dirichlet boundary condition is compatible with
the B-twist, but not the A-twist. Namely, as indicated by the above index, a Dirich-
let boundary condition with ¢ # 0 will lift all monopole operators with ngv < 0 as
described in Section 5.1 of [FGK24] (see Footnote 9). In the HT twist, this implies
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the restriction of $V_y vanishes on the boundary, whereas ¢V} is nonzero. In other
words, this boundary condition is deformable to the B-twist [BLS21, FGK24]. In
light of the mirror symmetry proposed in Eq. (7.3), we conclude that the boundary
conditions studied in the previous sections are deformable to the A-twist, but not

the B-twist.
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