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SUMMARY

This paper introduces sequential limit analysis (SLA) as a method for modelling large plastic deformations

of purely cohesive materials such as undrained clay. The method involves solving a series of consecutive

small-deformation plastic collapse problems using finite element limit analysis, thus ensuring high levels of

accuracy, efficiency and robustness. The techniques needed to develop an SLA implementation for 2D (plane

strain) problems are described in detail, including model geometry updating routines, treatment of rigid

bodies, interfaces and boundaries, and periodic remeshing and interpolation of field variables. A simple

total stress-based constitutive model is employed to account for strain softening and strain rate effects.

Extensive verifications and validations are performed using analytical solutions and physical model test

results, comparing both collapse loads and failure mechanisms, to demonstrate the effectiveness of the SLA

approach. Additional solution quality checks on the bracketing discrepancy between lower bound and upper

bound limit analysis solutions, and on the incompressibility of the rigid–plastic material, are also presented.
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2 D. KONG ET AL.

1. INTRODUCTION

1.1. Background to sequential limit analysis1

The foundations of limit analysis for perfectly plastic structures are the lower bound (LB) and2

upper bound (UB) theorems of plasticity [1, 2]. Together these theorems allow the exact collapse3

load for the structure to be bracketed in a rigorous manner. When limit analysis is applied to 2D4

or 3D continua, exact solutions can only be obtained for certain simple problems. In general it is5

necessary to obtain non-coincident LB and UB solutions numerically, either using bespoke stress6

and velocity fields (e.g. [3, 4, 5, 6]) or via finite element limit analysis (FELA). Most of the early7

implementations of FELA relied on linear programming optimisation techniques, which required8

the yield function to be linearised (e.g. [7, 8, 9, 10, 11]). More recent FELA implementations have9

tended to employ non-linear programming (e.g. [12, 13, 14, 15, 16, 17]) or conic programming (e.g.10

[18, 19, 20, 21, 22, 23]) optimisation techniques. These allow a range of smooth and non-smooth11

yield functions to be treated natively, without linearisation.12

The instantaneous velocity field (or failure mechanism) of a skeletal structure or continuum region13

undergoing plastic deformation can be obtained from a UB solution for a given configuration of14

the model. The velocities can be integrated over a small time increment to yield a displacement15

increment, which in turn can be used to update the configuration of the deforming structure. A16

subsequent UB problem is then solved for the updated configuration. By repeating this process17

numerous times, a large-deformation problem can be solved by performing a sequence of small-18

deformation UB limit analyses. This is the so-called sequential limit analysis (SLA) method, first19

introduced for large plastic deformations of planar truss and frame structures by Yang [24]. Recent20

progress in computational limit analysis using FELA has opened up the possibility of applying21

the SLA technique to more complex problems involving large plastic deformations. For problems22

involving a plastically deforming continuum region, remeshing of the deforming domain can be23

performed as often as necessary to preserve the FELA solution accuracy and to avoid mesh24

distortion. Softening or hardening behaviour of the material, as well as viscous rate effects, can25
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MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS3

be accounted for by updating the distribution of local material strengths used for each incremental1

UB analysis.2

It was shown in [24] that SLA can achieve reliable geometric updating even with much larger time3

increments than those typically used in large-deformation finite element (FE) analysis, significantly4

improving the computational efficiency. Moreover, as will be shown in this paper, SLA has an5

advantage over large-deformation FE analysis of being highly stable under material and geometrical6

nonlinearities, since no updating or interpolation of the stress field is required during the simulation.7

It is important to note that successful application of the SLA approach has previously been confined8

to relatively simple structural problems such as frames and plates, where contact and interface9

conditions are not relevant [24, 25, 26]. To extend this method for the study of continuum problems,10

the interfaces and external boundaries of the model have to be treated carefully. In addition, practical11

applications involving continua frequently require consideration of the effects of strain softening and12

strain rate on the material strength.13

The SLA approach described here uses the in-house FELA code OxLim [18, 19, 21, 27],14

with Triangle [28] for 2D unstructured mesh generation and ParaView [29] for visualisation.15

In an OxLim analysis, the application of the LB and UB theorems to a continuum region16

(discretised into triangular finite elements) leads to two separate second-order cone programming17

problems that are optimised using the commercial software MOSEK [30]. In the LB/UB analyses,18

statically/kinematically admissible discontinuities are incorporated between elements to yield19

more satisfactory solutions than those obtainable from fully continuous stress/velocity fields. In20

principle, only UB analyses are needed for SLA modelling because each analysis increment21

involves geometric updating using just the computed velocity field. However, LB analyses can also22

be performed simultaneously in order to assess the accuracy of the computed UB solutions, by23

monitoring the gap between the bounds. A schematic overview of the SLA method employed here24

is shown in Figure 1. The whole process is automatically controlled by code written in Python.25
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4 D. KONG ET AL.

1.2. Application to geotechnical problems1

When applying SLA to geotechnical problems involving large plastic deformations of cohesive soils2

such as undrained clay, certain behaviours of the soil such as elastic response and consolidation3

cannot be considered directly. Additionally, the velocity field obtained from a UB analysis using4

FELA is not exact; instead a numerical optimisation problem is solved approximately, to a finite5

tolerance, for a particular mesh discretisation. Over a sequence of such analyses, particularly6

when there is remeshing at regular intervals, it is inevitable that some numerical error will7

accumulate. Nevertheless, SLA can provide the most important information (collapse load and8

failure mechanism) at a fraction of the cost of conventional incremental FE methods, making it9

very attractive for large-deformation problems [24, 25]. To use SLA for practical applications it is10

of course necessary that the deforming material can be reasonably idealised as rigid–plastic and11

obeying an associated flow rule, as required by the theorems of limit analysis.12

A number of other advanced numerical approaches are available for the analysis of geotechnical13

problems involving large plastic deformations. These include the material point method [31, 32,14

33, 34], smoothed particle hydrodynamics [35, 36, 37, 38] and the distinct element method15

[39, 40, 41, 42, 43, 44], though at present the most widely used approaches are FE-based16

methods such as the arbitrary Lagrangian-Eulerian (ALE) [45, 46], remeshing and interpolation17

technique with small strain (RITSS) [47, 48, 49, 50] and coupled Eulerian-Lagrangian (CEL)18

[51, 52, 53, 54, 55, 56, 57, 58] techniques. The RITSS method originally developed in [47] is19

an improved ALE approach which divides a large-deformation problem into a series of small-20

deformation FE analyses. It can be seen that in this respect, the SLA method introduced here is21

similar to the RITSS method, but each SLA increment involves solving one or two computational22

limit analysis problems (UB and optionally LB) rather than performing an increment of conventional23

elastic-plastic FE analysis.24

Where large plastic deformations of cohesive soil are caused by an indenter, penetrometer or25

foundation element that can be treated as a rigid body, and where the elastic deformation of26

the soil is of little importance to the solution, the proposed SLA method could potentially be27

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2016)

Prepared using nagauth.cls DOI: 10.1002/nag



MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS5

more attractive than the other numerical approaches described above, considering the computing1

efficiency. However, the focus of this paper is on demonstrating that the use of SLA for such2

problems is satisfactorily accurate and efficient in its own right, rather than attempting to present3

detailed comparisons between SLA and other methods. In any case, objective comparisons are4

extremely difficult and impractical to achieve, as will be discussed in Section 4.2.5

The techniques introduced in this paper for the treatment of rigid bodies can in principle be6

applied to any convex polygon, although, for the sake of simplicity, these polygons are represented7

by circles when schematic diagrams are provided. All of the examples studied here (plate, wedge,8

strip footing, pipe segment, etc.) are plane strain problems involving interactions between rigid9

bodies and undrained soil, which undergoes plastic deformation at constant volume. Although10

similar SLA simulations could readily be undertaken with cohesive-frictional or purely frictional11

materials, the assumption of associated flow (a requirement for any method based on classical limit12

analysis) leads to unrealistically high levels of dilation in such materials (see e.g. [19, 21, 22]), such13

that large deformations computed using SLA are unlikely to be of great practical value.14

By employing an axisymmetric FELA solver, the present SLA approach could readily be adapted15

to analyse the vertical loading behaviour of rigid objects such as ball penetrometers or spudcan16

footings in cohesive soils. Moreover, gravity-driven problems without rigid bodies, such as slope17

stability (e.g. [19, 21, 27]) and tunnel face collapse (e.g. [59, 60]) could also potentially be solved18

using SLA to model progressive large plastic deformations. These problems are, however, not19

investigated here since the emphasis is on soil–structure interactions.20

2. DEVELOPMENT OF MODELLING APPROACH

2.1. Updating of model geometry21

At a given increment in an SLA simulation, the coordinates of an individual node are updated by22

X⃗ = x⃗+ v⃗ ·∆t (1)
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6 D. KONG ET AL.

where x⃗ and X⃗ are the coordinates at the beginning and end of the increment, v⃗ is the nodal velocity1

from the UB velocity field, and ∆t is the incremental time step.2

Because of the kinematically admissible velocity discontinuities employed in the UB analysis3

using OxLim, nodes on the external boundary of the model, see Figure 2, may require velocity4

averaging. This is illustrated in Figure 3, where an arbitrary node Q on the external boundary has5

several evaluation points sharing the same coordinates, but having different velocity vectors. Three6

types of external boundary node are recognised in Figure 2. Those on the free surface and not7

in contact with the rigid body are termed surface nodes; those in contact with the rigid body but8

adjacent to a surface node are termed margin nodes; and those between the two margin nodes are9

termed interface nodes. The velocity of a surface node is simply determined as the average of the10

velocity vectors corresponding to all of its evaluation points, and the nodal displacement is updated11

accordingly using Equation 1. The positions of the interface nodes can be conveniently reconstructed12

at each increment using the coordinates of the rigid body vertices, based on the assumption that13

no separation occurs within the contact domain between the two margin nodes. The incremental14

evolution of the contact domain can be achieved by tracking the positions of the margin nodes15

relative to the rigid body; this procedure is explained below.16

2.1.1. Velocity of a margin node After the UB velocity field has been obtained, each margin node17

is checked to see whether it moves tangentially along the rigid body segment to which it is currently18

adjacent, hereafter referred to as a margin segment. If it does not (this is possible when a no-tension19

interface condition has been prescribed) then the node breaks away from the rigid body. In the20

present SLA implementation, the criterion used to check whether a node moves along a rigid body21

segment requires at least one evaluation point satisfying22

cosθ =
∥(⃗v(i)− v⃗r) · s⃗∥
∥⃗v(i)− v⃗r∥ · ∥⃗s∥

≥ cosθcri (2)

where ∥ · ∥ denotes the Euclidean norm of a vector, v⃗(i) is the velocity of the ith evaluation point,23

v⃗r is the velocity of the rigid body and s⃗ is the vector of the rigid body segment determined by the24
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MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS7

coordinates of its two endpoints. θ is the angle between (⃗v(i)− v⃗r) and s⃗, and θcri is the tolerance of1

θ with a default value of 10−4 rad.2

If Equation 2 is not satisfied for any evaluation point associated with the margin node, the node3

is concluded to have broken away from the rigid body, and other nodes in the contact domain near4

it are checked consecutively as illustrated in Figure 4a, until an end node n(e) satisfying Equation 25

is found. After that, the nodes n(0) to n(e−1) are released from the contact boundary and updated as6

surface nodes, while node n(e) is updated as the new margin node (see Figure 4b) and its velocity7

v⃗mar is determined as8

v⃗mar =
∑∥(⃗v(i)− v⃗r) · s⃗∥

l · ∥⃗s∥
· s⃗
∥⃗s∥

+ v⃗r (3)

where l is the total number of evaluation points associated with the margin node, which depends on9

the local connectivity. This determination of v⃗mar ensures that the direction of (⃗vmar − v⃗r) coincides10

with that of s⃗, and that all the components of (⃗v(i)− v⃗r) along s⃗ are averaged.11

2.1.2. Coordinate update of a margin node In an OxLim analysis, the kinematical constraints12

associated with rigid body motion are only applied where a rigid body is in contact with the material13

of the rigid–plastic continuum. Therefore, any segments of a rigid body that are not currently in14

contact with the material are not included in the analysis. Consequently, the OxLim UB results15

can provide information on whether a margin node moves tangentially along the current margin16

segment, but not on whether a new rigid body segment will be involved in subsequent increments.17

In the SLA modelling performed here, a rigid body is assumed to be a convex polygon with18

N segments/vertices, each of which is assigned an index j (varying from 0 to N − 1) denoting its19

position in the segment/vertex list of the body. An arbitrary segment S( j) is formed by two vertices20

P( j) and P( j+1). Since the rigid body is closed, j+1 should be replaced by 0 if j = N −1. After the21

velocity of the margin node, v⃗mar, has been determined as described above, the vertex that the node22

moves towards is deduced to be P(m+k), where m is the index of the margin segment S(m), and k is23

given by24

k = max(0, sign[(⃗vmar − v⃗r) · s⃗(m)]) = 0 or 1 (4)
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8 D. KONG ET AL.

where s⃗(m) is the vector of the margin segment S(m) (vertices P(m) → P(m+1)). The time dt that would1

be required for the margin node to move to reach and coincide with P(m+k) is calculated as2

dt =
∥⃗x(m+k)− x⃗mar∥
∥⃗vmar − v⃗r∥

(5)

where x⃗(m+k) and x⃗mar are the coordinates of P(m+k) and the margin node respectively. The time step3

∆t used to update the model geometry is then determined as4

∆t = min(dt, ∆tlim) (6)

where ∆tlim is a limiting incremental time step set by the user. If ∆tlim is chosen to update the nodal5

coordinates, the margin node will remain on S(m), though at a different intermediate position. If dt6

is chosen, the node will move to coincide with P(m+k), which is exactly at the corner formed by7

segments S(m) and S(m+h), where S(m+h) is the potential segment that the node moves towards, with8

h given by9

h = sign[(⃗vmar − v⃗r) · s⃗(m)] =±1 (7)

To carry on the analysis, the margin node is now forced to ‘jump’ by a very short distance onto10

S(m+h) to reflect the existence of this new segment in the subsequent OxLim analysis. The final11

coordinates of the margin node, denoted by X⃗mar, are determined as12

X⃗mar = X⃗(m+k)+ζ ·h · (X⃗(m+1+h)− X⃗(m+h)) (8)

where X⃗(m+1+h) and X⃗(m+h) are the coordinates of P(m+1+h) and P(m+h) at the end of the increment,13

and ζ is a fraction parameter, which should be small (relative to 1) to avoid spurious modification14

of the model configuration; for this paper a value of 0.05 is used.15

Figure 5 shows a schematic of how this operation is performed, where h = +1 is assumed. This16

operation is performed to notify OxLim that a new margin segment will be involved in the next17

increment, however it does not necessarily force the margin node to move along this segment in the18

next increment (it may break away).19

2.1.3. Inter-penetration of material into a rigid body After the nodal coordinates have been20

updated, it is possible that some nodes on the free surface(s) near a rigid body encroach into it.21
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MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS9

To check whether an arbitrary node, n, is within a convex domain, all N vertices, from P(0) to1

P(N−1), of this domain are sorted in counterclockwise order, as illustrated in Figure 6. For each2

vertex, a vector v⃗( j) is then defined as the cross product of the vectors n → P( j) and P( j) → P( j+1),3

which are illustrated in Figure 6. The index j+1 should be replaced by 0 when j = N −1. Node n4

is determined to be within the convex domain if5

sign [⃗v( j)]> 0 ∀ j ∈ {0, ...,N −1} (9)

The surface nodes need to be checked for inter-penetration consecutively in the order from the6

margin node working towards the free surface (see Figure 7a). Of all the nodes that have encroached,7

the one at the end of the search is recognised as n(e), where e is an index denoting its position in8

the list. The nodes from n(1) to n(e) are then projected perpendicularly onto the nearest rigid body9

segment, and additional contact is thus enforced (see Figure 7b). Node n(e) is then updated as the10

new margin node nmar, while nodes n(0) to n(e−1) are updated as interface nodes.11

2.1.4. Self-contact behaviour Possible self-contact of a free surface, where surface nodes encroach12

into the boundary formed by the surface itself, as illustrated in Figure 8a, must also be addressed. As13

described above, a free surface in the present SLA implementation comprises a list of nodes (and14

segments), sorted in consecutive order from the margin node working outwards. Each node (and15

segment) has an index representing its position in the corresponding list.16

After the model geometry has been updated in an SLA increment, free surface segments are17

checked to ensure that preceding segments do not intersect them, e.g. in Figure 8a, segments S(0) to18

S(p−1) are checked to find any that intersect with segment S(p) (end points n(p) and n(p+1)). If several19

segments are found to intersect with S(p), the one with the smallest index number is recognised as20

S(q) (see Figure 8a). A new node ns (see Figure 8b) is then generated at the intersection point, after21

which all the nodes from n(q+1) to n(p) are removed from the free surface node list, while ns is22

inserted in the new node list immediately after n(q). A new segment list is then generated and the23

surface is reconstructed accordingly, as shown in Figure 8b. A similar operation is performed on the24

reconstructed surface, and this is repeated until all self-intersections have been handled.25
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10 D. KONG ET AL.

2.2. Strain softening and strain rate1

A modified Tresca soil model proposed by Einav and Randolph [61] is employed in the SLA2

simulations to account for the effects of strain softening and strain rate:3

su = su0 × [δrem +(1−δrem)e−3ξ/ξ95 ]× [1+µlog10(
max(γ̇, γ̇re f )

γ̇re f
)] (10)

where su0 denotes the intact undrained shear strength of the soil, the first bracketed term accounts4

for softening behaviour as a function of the accumulated plastic shear strain, ξ , while the second5

bracketed term accounts for viscous rate effects as a function of the current maximum shear strain6

rate, γ̇ , at the material point in question. The softening parameter δrem is the ratio of the fully7

remoulded shear strength to the initial shear strength of the soil (i.e. the inverse of the sensitivity, St).8

The ductility parameter ξ95 corresponds to the plastic shear strain at which the soil has undergone9

95% of the reduction in strength due to remoulding. For typical soft marine clays, St ranges from10

2 to 5 and ξ95 ranges from 10 to 50 [62]. The reference shear strain rate γ̇re f is usually taken as11

3× 10−6/s, approximately 0.01/h [42]. The viscosity parameter µ represents the rate of strength12

increase per decade of strain rate increase, and is typically in the range 0.05 to 0.2 for cohesive soils13

[63, 64]. The maximum shear strain rate γ̇ is defined as the difference between the major and minor14

principal strain rates.15

In Equation 10, the parameters δrem, ξ95, µ and γ̇re f are considered to be constant soil properties16

and are not updated during the analysis. The parameters su0 and ξ serve as history variables at17

material points, and interpolations are conducted to obtain their values at the beginning of each18

increment if remeshing is performed. The values of the maximum shear strain rate γ̇ calculated19

from the UB velocity field are discontinuous between elements. Therefore, γ̇ at a node is obtained20

using an inverse distance weighting function [47], as21

γ̇ =
∑γ̇(i) ·d(i)−a

∑d(i)
−a (11)

in which γ̇(i) is the maximum shear strain rate at the centroid of the ith element connected to the node,22

di is the distance between the node and the centroid of the ith element, and a is an exponent taken23

to be 3.5 as suggested by Hu and Randoloh [47] and TECPLOT [65]. At the end of an increment,24
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MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS11

the accumulated plastic shear strain at each node is updated as1

ξ(t+∆t) = ξ(t)+ γ̇ ·∆t (12)

With the variables described above, the operative shear strength at each node of the SLA model2

can be calculated. A linear variation of strength within each triangular element is obtained by3

prescribing separate strengths at each vertex. Although second-order triangular elements are used4

for interpolation of field variables, as described below, the information carried by the mid-side nodes5

is not used for determining the operative strength distribution, as a quadratic variation of strength6

within each element is not currently handled by OxLim.7

2.3. Remeshing and interpolation8

After the model configuration has been updated in each increment, the mesh is checked to see if any9

triangular element has an angle smaller than 20◦. If so, remeshing is performed to avoid excessive10

mesh distortion. Remeshing is also required if there is a breakaway of interface nodes from a rigid11

body, a margin node ‘jump’, or encroachment of surface nodes into a rigid body. Apart from the12

localised corrections described in Sections 2.1.2 to 2.1.4, the model at the beginning of the (n+1)th13

increment has the same configuration as that at the end of the nth increment. Thus the new meshed14

domain and the old one overlap, and are here referred to as the target plane and the reference plane,15

respectively, for interpolation of field variables. In the mapping step, all nodes of the target plane16

are first located in the elements of the reference plane, then the field variables are interpolated17

quadratically. To determine if a given node is located inside a particular element, the same strategy18

introduced in Section 2.1.3 is used (see Figure 6 and Equation 9).19

Before conducting the nth analysis increment, a temporary coarse mesh CM(n) is generated. This20

mesh is then refined to ensure reliability of the field variable interpolation, as well as accuracy of the21

FELA solutions (LB and UB), for the particular increment. Two key field variables, the accumulated22

shear strain ξ and the maximum shear strain rate γ̇ , are interpolated from the refined mesh of the23

last increment, RM(n−1), to the coarse mesh of the current increment, CM(n). To ensure that the24

region of mesh refinement is large enough, these attributes at RM(n−2) are also mapped to CM(n).25
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12 D. KONG ET AL.

Although the reference plane of RM(n−2) does not necessarily overlap completely with the target1

plane of CM(n), it still provides useful information for most of the nodes. For each field variable, the2

larger of the two values obtained from RM(n−2) and RM(n−1) is chosen. At this stage the values of3

these attributes for each node do not have to be accurate since they are only providing information4

for refining the coarse mesh, rather than the actual update of material properties.5

For an arbitrary triangular element in the coarse mesh, the target area Are f used to refine this6

element when generating the new mesh is determined by a heuristic7

Are f = f (ξ , γ̇,δrem,ξ95,D,Amin) (13)

where f is a function that varies with the problem investigated and D is a characteristic length such8

as footing width or pipe diameter. The definition of f ensures that Are f decreases with ξ as well as9

with γ̇ , so regions that are severely remoulded or experiencing intense shearing are discretised with a10

finer mesh. Here an example formulation of f is given, which was established based on preliminary11

analyses. For each triangle in CM(n), if the accumulated shear strain ξ is larger than 0.05, or if the12

corresponding softening factor (i.e. the first bracketed term in Equation 10) is smaller than 0.9, Are f13

of this region is set to be no larger than 0.01D2. Concerning the effect of strain rate, another limiting14

value for Are f is determined as15

Are f = Amin ·
γ̇0

max(γ̇, 0.1s−1)
(14)

in which γ̇0 is the maximum value of γ̇ for all the triangles in CM(n), and Amin is a minimum target16

element area set by the user. After the coarse mesh CM(n) has been refined to generate RM(n)17

based on the distribution of Are f throughout the model, the field variables are finally mapped from18

RM(n−1) to RM(n) using quadratic interpolation (six-noded triangles). Full details of the remeshing19

and interpolation procedure are given in [66].20

3. NUMERICAL EXAMPLES

This section presents a benchmarking study of the SLA approach. Seven problems with gradually21

increasing complexity are analysed, as summarised in Table I. These problems are divided into22
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MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS13

two categories. The first category (verification) involves four widely studied plane strain plasticity1

problems that have analytical solutions. These problems are examined to confirm the correct2

functioning of the SLA method and its implementation, as well as to provide guidance for choosing3

key parameters (e.g. minimum element size Amin and incremental displacement δd) in readiness for4

the study of more complex and realistic problems. The other category (validation) involves three5

transverse pipe–soil interaction problems with increasingly complicated geometry evolution and6

non-linear material behaviour, where physical modelling results are available for comparison.7

In addition to comparisons with available analytical solutions and model test results, the8

normalised bracketing discrepancy between the LB and UB solutions during the SLA simulations,9

defined as (UB−LB)/(UB+LB), is presented to further demonstrate the high quality of the results.10

For all problems that involve the evolution of plastically deforming free surfaces, the total volume11

of the deforming material is also monitored to check for incompressibility.12

A detailed comparison of the SLA approach with the CEL analysis capability available in Abaqus13

[67] has been performed as part of the more extensive verification and validation programme in [66].14

Selected CEL results are provided here for comparison, but the numerical details of the CEL models15

are omitted for the sake of brevity. The reader is referred to [66] for this information.16

3.1. General features of SLA modelling17

For all analyses in this paper concerning the vertical loading behaviour of a rigid body (wedge, strip18

footing or pipe) penetrating into undrained soil, the dimensions and boundary conditions of the SLA19

model are as illustrated in Figure 9. Symmetry is exploited, with only the right-hand half of the soil20

domain modelled. The half-width and depth of the domain are denoted by B/2 and h respectively.21

The bottom and right sides of the domain are fixed, while the left side is assigned a symmetric22

boundary condition. The top side of the domain is set as a free surface. The soil is modelled as a23

rigid–plastic Tresca material with initial undrained shear strength defined as su0 = sum +ρz, where24

sum is the shear strength at the mudline (original free surface), ρ is the strength gradient and z25

is the depth below the mudline. When applicable, Equation 10 is used to consider the effects of26
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strain softening and strain rate on the operative shear strength at a material point. For the modelling1

of ideal (i.e. perfectly plastic, rate-independent) soil in the first four examples, the sensitivity and2

viscosity parameters are set to St = 1 and µ = 0.3

The various rigid bodies used in the analyses are composed of straight-line segments (60 segments4

for the circular pipe). The rigid bodies are free to move in the vertical direction only, except in the5

final example where there is freedom in both the vertical and horizontal directions. In all cases6

rotation is prevented. At the interface between a rigid body and the soil, tension is not permitted to7

develop, and the limiting shear stress is defined as τint = αsu, where α is the roughness coefficient8

for the interface and su is the operative shear strength of the adjacent soil. For the examples involving9

continuous penetration from the soil surface, the invert (lowest point) of the rigid body is initially10

positioned at a depth of 0.001D. The vertical resistance experienced by the rigid body during11

penetration is denoted by Vc, and the vertical displacement is denoted by d. For the SLA results12

presented later, the resistances are taken as the average of the LB and UB solutions, while the13

failure mechanisms are only from the UB solution.14

In all examples, the minimum target element size in the mesh is denoted by Amin, and the rigid15

body displacement used for each incremental analysis of the SLA process is denoted by δd.16

3.2. Vertical loading of a buried plate17

The undrained bearing capacity of a deeply buried rough thin plate, assuming conditions of plane18

strain, was studied analytically by Rowe and Davis [68] using slip-line theory. In the SLA analyses19

the plate (of half-width D/2) was modelled with a thickness of 0.02D, and was initially embedded at20

a depth of 2D below a fixed surface. The dimensions B/2 and h of the soil domain were 3D and 5D21

respectively. The plate was displaced vertically downwards by 1D using increments of δd = 0.005D.22

Four values of the minimum element size, Amin, were considered: 0.001, 0.002, 0.005 and 0.01 times23

D2.24

Figure 10a shows the vertical load–displacement response of the plate. For the finest mesh, with25

Amin = 0.001D2, a normalised resistance Vc/Dsu of about 11.46 can be observed throughout the26
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large displacement of the plate. This value is only slightly higher than the analytical solution of1

2+3π = 11.42 derived in [68] for a plate with zero thickness. A rough-sided plate with a thickness2

of 0.02D, as used here, would be expected to yield an additional normalised resistance component3

of 0.04, so that the calculated result is very close to the analytical value. The normalised bracketing4

discrepancy between the LB and UB solutions decreases with mesh refinement as shown in Figure5

10b, and is limited to about 1.5% for the mesh with Amin = 0.001D2.6

Figure 11 shows the soil failure mechanisms at the initial and final stages of loading. The7

shear strain rates γ̇ are normalised using the plate width D and plate velocity vp. The failure8

mechanisms are found to be identical at the different stages of loading, with the region of intense9

shearing contained entirely within the finely meshed area throughout the analysis. This confirms the10

effectiveness of the remeshing strategy described in Section 2.3.11

3.3. Vertical loading of a buried pipe12

Large vertical displacement of a deeply buried pipe is studied in this section. Analytical solutions for13

this problem are derived in [3] and [4], giving normalised resistance values of 9.20 (upper bound) for14

a smooth pipe and 11.94 (exact) for a rough pipe. In the SLA modelling, a rigid pipe cross-section15

of diameter D was pre-embedded with its invert at a depth of 3D below a fixed surface, and then16

displaced downwards by 1D. The displacement increment δd and minimum element size Amin were17

chosen to be 0.005D and 0.001D2 respectively. Both smooth (α = 0) and rough (α = 1) interfaces18

were considered in the analyses.19

Figure 12a shows the vertical penetration resistance from the SLA modelling, with both results20

remaining very nearly constant throughout the large imposed displacement. The average normalised21

resistances for smooth and rough pipes are 9.31 and 11.98 respectively, only slightly above the22

respective theoretical solutions. The bracketing discrepancy throughout each analysis is shown in23

Figure 12b, and is within 1.5% after the pipe has been displaced by 0.2D.24

Figure 13 presents failure mechanisms for different stages of the analysis. The pipe with the rough25

interface is found to develop a more extensive mechanism, but the surrounding soil experiences less26
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intense shearing. Small rigid wedges of soil above and below the pipe are found to move with the1

rough pipe, which is consistent with the theoretical solution of [3]. The results again indicate that2

the remeshing algorithm is performing satisfactorily.3

3.4. Indentation of a smooth wedge4

In this section, continuous indentation of a smooth wedge into weightless rigid–plastic Tresca5

material is studied. The analytical solution for this problem, derived by Hill et al. [69] using slip-line6

theory, is shown on the left of Figure 14. The initial surface of the indented material is OC, and the7

face of the wedge is AB. During continuous penetration of the wedge, the free surface at the edge8

of the plastic region remains straight, denoted by line AC. The region ABD moves as a rigid block9

parallel to BD, which is at 45◦ to the wedge face. ADE is a region of diffuse shear, with material10

moving on circular paths parallel to arc DE and centred at A. AEC moves as a rigid block parallel11

to EC, which is at 45◦ to AC. The relationship between the angles in Figure 14 is12

cos(β −ψ) =
cosψ

1+ sinψ
(15)

Three wedges with apex angles, β , of 30◦, 60◦ and 90◦ were pushed to a final depth, D, of 0.5 m.13

The dimensions B/2 and h of the SLA model (see Figure 9) were 2 m and 1.5 m respectively.14

The shear strength of the soil was taken as 1 kPa. The adopted values of δd and Amin were 0.01D15

and 0.001d2, the latter meaning that the mesh density varied during the indentation process as the16

penetration d increased. Adoption of a constant mesh density would have yielded less satisfactory17

results at very shallow indentation depths, where only a small region of soil is undergoing plastic18

deformation. A brief parametric study was performed to investigate the influence of δd and Amin on19

the solutions.20

Figure 15 shows the SLA load–displacement responses for wedges with different apex angles,21

together with the theoretical solutions from [69]. There is excellent agreement between the22

numerical and analytical results. The right side of Figure 14 illustrates the adaptively refined mesh23

and the distribution of normalised shear strain rate γ̇D/vp for the wedge with β = 60◦ at an24

indentation of 0.4 m. The SLA results show a rigid block adjacent to the wedge and another at25
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the surface, as well as a fan region of diffuse shear between the two rigid blocks, which is consistent1

with the mechanism in [69]. Most importantly, the free surface remains straight throughout the2

simulation, as predicted by the theoretical solution.3

Figure 16a shows the influence of mesh density on the load–displacement response of a wedge4

with β = 60◦, showing that the UB solution for this problem is relatively insensitive to the5

mesh density. Figure 16b illustrates the bracketing discrepancy between the LB and UB solutions6

throughout the indentation. The discrepancy is found to decrease with mesh density, and can be7

limited to 2% by taking Amin below 0.005d2.8

Figure 17a shows the influence of the displacement increment δd on the load–displacement9

response of a wedge with β = 60◦. For all the values of δd considered here, very good agreement10

between the SLA calculation and the theoretical solution is achieved. Figure 17b shows the overall11

volume change of the rigid–plastic material during the indentation, normalised as ∆Vol/D2, where12

∆Vol is the difference between the current and initial material volume in the entire model. For all13

of the analyses, ∆Vol/D2 is limited to 6× 10−4, demonstrating that numerically-induced volume14

change in the SLA procedure is extremely limited.15

3.5. Indentation of a strip footing16

For an infinitesimal vertical displacement, the classical strip footing bearing capacity problem17

has been solved analytically using slip-line theory [70]. The normalised capacity is given by18

Vc/Dsu = 2+ π , where D is the footing width and su is the undrained shear strength. There is,19

however, no analytical solution for the case of further continuous indentation. Therefore for this20

example, the resistance, soil mechanism and surface configuration obtained from SLA modelling21

are compared with those obtained from CEL modelling using Abaqus.22

The dimensions B/2 and h of the soil domain (see Figure 9) were 4D and 3D respectively. The23

strip footing was modelled as a rigid body comprised of four segments. The base was made fully24

rough (α = 1) and the sides fully smooth (α = 0). The soil was modelled as a weightless Tresca25

material with homogeneous shear strength, and the footing was pushed vertically to a depth of 0.5D.26
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The values of Amin and δd were chosen to be 0.00025D2 and 0.001D following preliminary analyses1

studying the effect of these parameters on the results. In these preliminary analyses, the footing was2

penetrated to a final depth of 0.25D instead of 0.5D. Note that in the CEL model, the shear strength3

of each interface was controlled by setting the maximum interface shear stress to be a fraction (equal4

to α as used in the SLA model) of the shear strength of the adjacent soil.5

Figure 18a shows the influence of mesh density on the load–displacement response. Even6

the coarsest mesh, with Amin = 0.00125D2, generates stable results with minimal fluctuations,7

demonstrating the stability of SLA in dealing with deep penetration problems. In all cases, the8

normalised bearing capacity calculated at the initial stage of loading, where the footing is just below9

the soil surface, is very close to the theoretical value of 2+π . The capacity increases approximately10

linearly with further indentation. Since the soil was modelled as weightless, it is clear that this11

increase in resistance is attributable to the enlargement of the plastically deforming soil region with12

depth, and the longer slip lines caused by soil heave. The bracketing discrepancy between the LB13

and UB results (Figure 18b) is limited to 1.5% in all cases, and only 0.8% for the finest mesh case,14

which was used for the main analyses described below.15

Figure 19a shows the influence of the displacement increment δd on the load–displacement16

response. The result obtained from Abaqus CEL modelling [66] is provided for comparison. In17

the CEL model the footing was pushed to the desired depth of 0.5D at a quasi-static rate, to ensure18

that inertial effects were limited. As expected, the SLA loading curves agree very well with the19

theoretical solution at the start of loading, and then increase approximately linearly. Even with the20

largest incremental displacement (δd/D = 0.005) the results appear to be stable and reliable. In21

the initial stages of loading, the capacity obtained from the CEL analysis is lower than both the22

analytical value and the SLA curves. This is reasonable because in the CEL model, which uses23

elastic–plastic soil, the footing needs to be pushed further to develop a global failure mechanism.24

In the SLA model, which uses rigid–plastic soil, a global mechanism develops immediately (see25

Figures 20a and 20b). After the CEL curve reaches yield, indicating the development of a global26

failure mechanism, the capacity at a given penetration depth is higher than that obtained from27
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SLA. The observed stronger response for CEL is consistent with the failure mechanisms shown1

in Figure 20c, as the plastic region in the CEL analysis is found to be slightly larger than that2

in the SLA simulation. The reason why the CEL analysis develops a larger mechanism could3

possibly be attributed to the incorporation of elastic response, which cannot be captured in SLA.4

The discretisation error in the relatively coarse CEL mesh could also contribute to this difference.5

Figure 19b shows the normalised change in material volume (∆Vol/D2) during the SLA6

simulations. The volume change is found to increase with the number of incremental analyses in7

the sequence. This reveals that the remeshing involved in SLA modelling does inevitably introduce8

some degree of non-physical volume change. However, even for the case with the largest number9

of increments (and deepest embedment), the normalised volume change is limited to an extremely10

small value of 4.2×10−4.11

Figure 20 shows the soil failure mechanisms at different stages of the footing penetration. CEL12

results (left) are provided for comparison with the SLA results (right). Very good agreement is found13

throughout the loading process, except for the initial stage where a global failure mechanism is not14

yet fully developed in the CEL model (Figure 20a). A fan region, two rigid blocks and a perimeter15

slip line embracing the whole mechanism are visible, particularly in the SLA plots, revealing a16

classical Prandtl-like mechanism. Figure 20 confirms that throughout the loading process, highly17

refined meshes cover the areas of intense shearing in the SLA model.18

3.6. Deep indentation of a pipe in rate-independent softening soil19

Physical modelling of the deep penetration behaviour of a pipe segment in kaolin clay has been20

reported by Lee [71]. Small-scale model tests at unit gravity were completed, with the pipe21

penetrated vertically to a depth of more than 7D. A mechanism transition from global to localised22

failure was observed during the penetration. Parameters related to the model test given by [71] are23

listed in Table II. For the SLA modelling, B/2 and h (see Figure 9) were both set to be 7D, and the24

pipe was penetrated to an embedment of 4D. The pipe displacement increment δd was chosen to be25

0.005D and the minimum element size Amin was 0.00025D2.26
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Figure 21 shows the experimental load–penetration curve compared with the results from various1

simulations. The experimental curve is the average of several model tests, rather than data from2

a specific test; this averaged curve was the one used in [71] for comparisons with numerical3

modelling. SLA with non-softening soil moderately overestimates the penetration resistance by4

about 12%. SLA with softening soil can reasonably predict the loading response, especially at deep5

embedment, but underestimates the resistance at depths less than 2.5D. A close match with the6

experimental curve over the whole depth of penetration cannot be achieved by the SLA simulations7

presented here. Also shown in Figure 21 is the bracketing discrepancy corresponding to the SLA8

simulation with softening soil. The discrepancy is within about 1.5% beyond an embedment of 0.5D,9

which represents a high standard of computing accuracy considering that the material has a non-10

homogeneous initial strength profile and also undergoes significant strain softening. The normalised11

volume change of the material, ∆Vol/D2, is 2.4×10−3 at the end of the SLA simulation, indicating12

a very good approximation of constant-volume deformation.13

Considering the uncertainty in quantifying the soil strength in small-scale model tests, in14

Figure 21 some alternative numerical results from Abaqus CEL modelling [66] are presented for15

comparison with the SLA data, and very good agreement between the two is observed. Whilst the16

SLA simulation was performed on a 4-core desktop computer with 4 GB RAM, the CEL analysis17

was completed on a 32-core cluster with 64 GB RAM. The SLA and CEL computing times for18

the softening soil case are 13661 s and 61520 s respectively, indicating a considerable advantage of19

SLA in computing efficiency. A fully objective comparison (same computer, similar mesh density,20

etc.) of computing times between SLA and CEL is very difficult to make, and this issue will be21

discussed further in Section 4.2.22

Figure 22 provides comparisons of the soil failure mechanisms in the SLA and CEL simulations23

at different embedments. The deformation patterns of the two numerical analyses align very well,24

particularly given that different algorithms and element types were used. Since the model test was25

conducted at 1g at a very small scale, the effect of the soil weight was not as significant as it would26

be for a full-scale pipe in the field. As a result, backfilling of the soil over the pipe is absent in both27
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the physical modelling and the numerical simulations. Figure 23 shows the softening factor of the1

soil (the first bracketed term in Equation 10) at the end of loading, and there is good agreement2

between SLA and CEL. Note that the CEL analyses were performed with a user-defined material3

subroutine implementing Equation 10. In this subroutine the accumulated plastic shear strain, ξ ,4

was updated using the difference between the major and minor principal strain increments. This is5

to be consistent with the definition used in the SLA formulation (see Section 2.2).6

3.7. Shallow indentation of a pipe in rate-dependent softening soil7

In this section, the SLA method is used to simulate a centrifuge model test reported by Dingle et al.8

[72], where a model pipe segment was penetrated vertically to a depth of 0.45D. Key parameters9

from [72] are given in Table III. SLA modelling parameters concerning the effects of strain softening10

and strain rate were chosen according to the numerical studies reported in [73] and [49], as given in11

Table IV. An Abaqus CEL simulation was also conducted for comparison with the SLA simulation.12

For this validation study, B/2 and h (see Figure 9) were set as 5D and 4D respectively, whilst Amin13

was 0.00025D2 and δd was 0.002D. The interface roughness factor α was set as 0.5 [73].14

Figure 24 shows the experimental load–penetration curve compared with the results of the various15

numerical simulations. The resistance from the SLA prediction with ideal soil is significantly lower16

than the result of the model test. Even less resistance is predicted when the effect of strain softening17

is included. When the effects of both strain softening and strain rate are taken into account, a18

reasonable match with the model test can be achieved (see the curve corresponding to µ = 0.1).19

The normalised bracketing discrepancy between the LB and UB results in the SLA simulation is20

shown for the case of µ = 0.1. It is clear that satisfactory computing accuracy was achieved, with21

the discrepancy generally being kept within a range of 1 to 2%. The normalised volume change22

∆Vol/D2 in this case (SLA with µ = 0.1) was less than 1.3×10−3 at the end of loading. The CEL23

modelling results from [66] are also shown, and despite a greater degree of fluctuation, the trend24

of the CEL curves is found to compare well with the SLA results. The corresponding computing25
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times for these simulations were 780 s for SLA (4-core desktop, 4 GB RAM) and 7935 s for CEL1

(16-core cluster, 64 GB RAM).2

Figure 25 shows a comparison of soil deformations between SLA and the centrifuge model test3

at the end of penetration (d/D = 0.45). There is very satisfactory agreement in both the shape and4

size of the deformed soil region. Since the softening factor of the soil (the first bracketed term in5

Equation 10) is not available for the centrifuge test, the results obtained from the CEL modelling are6

presented for comparison in Figure 26. In this example the SLA and CEL results differ considerably.7

Most noticeably, the displaced soil surface from the CEL analysis has a steeper slope compared with8

both the SLA simulation and the centrifuge model test. Also, the plastically deforming region is9

smaller in CEL than in SLA, and there is a more severe and localised softening effect. The moderate10

discrepancy between the two analyses could arise from their differing treatments of soil elasticity11

(present in CEL but absent in SLA). The elastic response must to some degree influence the soil12

failure mechanism, and subsequently the distribution of shear strength of the strain-softening soil.13

The resulting difference could accumulate and be exacerbated due to the complex deformations14

involved in this problem. It is hard to decide which analysis is closer to the physical reality, but15

comparison with the soil surface profile observed in the model test (see Figure 25) suggests that16

SLA exhibits more realistic behaviour in this instance. Another possible reason for the discrepancy17

is that the fixed-size CEL mesh is effectively very coarse during the early stages of pipe penetration,18

whereas the SLA modelling benefits from adaptive mesh refinement throughout the process.19

3.8. Lateral loading behaviour of a pipe20

A centrifuge model test investigating the monotonic lateral loading behaviour of a pipe segment21

was reported by Dingle et al. [72]. The pipe and soil parameters adopted for the SLA simulation of22

this test are as given in Table III and Table IV. The general arrangement and boundary conditions23

for the SLA model are illustrated in Figure 27. Fixed boundary conditions were applied to the two24

sides and the bottom of the soil domain, while the top was set as a free surface. The dimensions25

B1, B2 and h were chosen to be 3D, 7D and 3D whilst the minimum element size Amin was set as26
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0.00025D2. The pipe displacement increment δd was set to 0.0025D and 0.005D for the vertical1

and lateral loading stages respectively. Tension was not allowed at the interface by default, but one2

case with unlimited tension was also modelled to study its effect on the initial break-out phase of3

the lateral loading stage. The interface roughness factor α was set as 0.5. The pipe was first pushed4

vertically into the soil to a depth of 0.45D, after which it was displaced horizontally for a distance5

of 3D under a constant vertical load of 3.3 kN/m (see Table III).6

Figure 28 shows the centrifuge model test results as well as the numerical results, in terms of the7

pipe invert trajectory and the lateral load–displacement response. It is observed that when the effects8

of both strain rate and softening are considered in the SLA modelling, there is good agreement9

between the experimental and numerical results. The computing time for this SLA simulation was10

11094 s. The analysis with ideal soil (rate-independent, no softening) largely overestimates the11

lateral resistance. The analysis with rate-independent softening soil moderately underestimates the12

resistance at the start of the lateral loading phase, but yields the most satisfactory results near the13

end. During the initial lateral break-out, a sharp increase in resistance is observed in the centrifuge14

model test results (Figure 28b). This can be attributed to tensile stresses mobilised at the rear of the15

pipe, sustained by transient pore water suctions. This behaviour is absent in the numerical results16

where tensile normal stress was not permitted at the pipe–soil interface. Figure 28b also shows the17

results of an SLA simulation of the initial lateral break-out phase with unlimited tension allowed18

at the interface. Here the experimental break-out resistance is moderately overestimated. The peak19

resistance measured in the centrifuge test is found to be between the two extremes of no tension and20

full tension at the interface. Though not shown in Figure 28, the largest normalised volume change,21

∆Vol/D2, at the end of lateral loading for all of the SLA simulations was about 5×10−3.22

Figure 29 shows the soil failure mechanisms at various points during the SLA simulation of the23

lateral loading stage, with observations from the centrifuge model test [72] also presented (inset) for24

comparison. It can be seen that the soil deformations obtained from SLA agree very well with those25

from the model test throughout the lateral loading process. Moderate differences can be found at26

the end of loading, where SLA produces a steeper slope in the active berm. This could be attributed27
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to the fact that the soil strength at very shallow depth is likely to be overestimated in the SLA1

simulation, as a result of using a linear fit to approximate the experimentally measured strength2

profile. This means that when the surficial soil is scraped by the pipe to form the active berm, the3

berm will be stronger in the SLA simulation than in the centrifuge test.4

Figures 30a and 30b show the strength reduction factor due to softening (the first bracketed term5

in Equation 10) at different stages of lateral loading. It can be seen that the soil within the active6

berm has become severely softened by the end of loading. Of most importance is that, with six-7

noded triangular elements being used to perform quadratic interpolation of field variables when8

the model is remeshed, there is no significant numerically-induced ‘pollution’ of the field variables.9

This can be checked by comparison of the softening factor distribution in the left-hand berm, behind10

the pipe, between Figures 30a and 30b.11

Figure 30c shows the strength enhancement factor due to strain rate (the second bracketed term12

in Equation 10) at the end of loading. The area influenced by the strain rate effect is very localised,13

though the soil strength within the deforming region is enhanced by about 50%. Figure 30d shows14

the combined strength modification factor of the soil, with both strain softening and strain rate15

effects being taken into account. It can be observed in Figures 30b and 30c that the regions being16

softened and those being enhanced hardly coincide. Therefore the combined strength modification17

factor in Figure 30d varies over a very wide range, suggesting that in complex problems such as18

this, the influences of strain softening and strain rate do not counterbalance, and must be accounted19

for as separate effects.20

4. DISCUSSION

4.1. Treatment of numerical difficulties21

Minor numerical fluctuations in an SLA solution are inevitable because the model configuration is22

updated using a finite time step ∆t, regular remeshing is performed, and small errors are introduced23

by the interpolation of field variables. However, more serious difficulties can arise occasionally.24
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For instance, in modelling the lateral movement of a rigid body under a constant vertical load (as1

described in Section 3.8), the vertical load may be close to the vertical bearing capacity. In moving2

from one increment to the next, the new vertical bearing capacity may be lower than the vertical load,3

so that the model collapses without the opportunity for further lateral loading. Such a situation can4

be detected when the nodal velocities obtained from the UB analysis are unrealistically large (e.g.5

over 106 times the rigid body velocity). Similarly, there may be slope instability issues encountered6

as a result of an ill-shaped gap or a steep slope (Figure 31), which need to be resolved in order for the7

analysis sequence to continue. These difficulties are particularly relevant to the large-displacement8

problems explored in Sections 3.6 and 3.8.9

The approach used in the present SLA simulations is that once a collapse situation is detected,10

the rigid body is temporarily forced to move under pure displacement control, if applicable. For11

example, in the lateral loading of a pipe under constant vertical load, the downward velocity can12

be temporarily set as some fraction (e.g. 20%) of the lateral velocity. If the instability cannot be13

resolved in this way, the controlling code then checks to see if there are stability problems caused14

by an ill-shaped gap or a steep slope.15

To deal with an ill-shaped gap (Figure 31a), a critical surface node must be found. The criterion16

to determine such a node n(p) is that its horizontal coordinate should be closer to the rigid body17

centre than two adjacent nodes, n(p−1) and n(p+1). The vertical coordinate of such a node should18

also be lower than the centre of the rigid body, otherwise, a node such as n(q) in Figure 31a will19

be mistakenly recognised to form a ‘gap’. Node n(p) is then removed from the list of free surface20

nodes. A new model is then generated based on the reconstructed surface. This process is repeated21

until the slope instability issue has been resolved or a critical surface node cannot be found.22

To handle collapse of a steep slope above the crown of a deeply penetrated rigid body (Figure23

31b), an auxiliary domain slightly larger than the rigid body but of exactly the same shape is24

established. All surface nodes are checked to see if they can be located within this domain. If such25

a node is found (see n(p−2), n(p−1) and n(p) in Figure 31b), it is projected perpendicularly onto the26

nearest rigid body segment in an attempt to restore the slope stability. Of all the nodes that meet the27
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criterion, the one with the largest index number (here n(p)) is recognised as the new margin node1

(Figure 2). The surface is then reconstructed and a new model is generated for a fresh attempt at the2

current increment. An iterative approach is adopted, with the auxiliary domain starting from a size3

of 1.005D and increasing at an interval of 0.005D, finishing when the collapse situation has been4

resolved or the auxiliary domain has reached a size of 1.05D. In some extreme cases such as deep5

penetration of a rigid body into highly softening soil (e.g. St ≥ 20, ξ95 = 10), a satisfactory solution6

cannot be found and the analysis must be terminated.7

The problem resolution strategies described here are clearly not theoretically robust or general,8

but they have proved to be very effective ad hoc solutions for the problems studied in this paper9

and others considered in [66]. For other problems new strategies may be necessary. For example,10

in an analysis involving very deep embedment of a rigid body, free surfaces from two directions11

may come into contact, with the nodes of the two surfaces penetrating into each other (or the nodes12

of a free surface penetrating into the symmetry boundary when only half the model is analysed).13

Since these situations are limited to very specific cases, the strategies used to handle them are not14

introduced here, but can be found in [66].15

4.2. Computation times16

The computing times required for the present SLA implementation to perform the different17

benchmark analyses are summarised in Table V. Only the time for the default case of each problem18

is provided. The computing efficiency of SLA is considered to be very attractive, as even the two19

cases with total displacements of more than three pipe diameters, and where severe variations of20

material strength are involved, take less than four hours to complete on a desktop computer.21

It is difficult to make a general assessment of the computing efficiency of SLA for large-22

deformation problems, as the number of elements in the model varies considerably during an23

individual analysis, due to the employment of the adaptive remeshing strategy described in Section24

2.3. This issue also makes it very hard to achieve an objective comparison of computing efficiency25

between SLA (drastically varying number of elements) and CEL analysis (constant number of26
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elements). Moreover, whilst the SLA analyses were performed on a desktop computer with 4 cores1

and 4 GB RAM, most of the CEL analyses could only be carried out on a cluster with 16 to 32 cores2

and 64 GB RAM. The different element types (2D second-order triangle for SLA and 3D first-order3

brick for CEL) also contribute to the difficulty of making such a comparison. However, the focus of4

Table V is to demonstrate that numerical modelling using SLA is very efficient in absolute terms,5

rather than more efficient by comparison with other particular methods such as CEL analysis.6

One reason for the efficiency of SLA lies in the fact that it avoids the need to keep track of7

stresses at integration points, for use in elastic-plastic constitutive equations [24]. As a consequence,8

SLA can generate reliable results using relatively coarse meshes for each individual FELA solution9

in the sequence, and for the interpolation of field variables. More importantly, as tested in the10

benchmark studies, reliable geometric updating can be achieved in SLA even when using large11

incremental displacements (0.002D to 0.005D). These are significantly greater than the incremental12

displacements used in the complementary CEL analyses (automatically chosen by Abaqus but13

typically of order 10−5D). This means that the same problem can be completed with fewer14

increments in SLA than in CEL or in other FE methods.15

5. CONCLUSIONS

This paper has described the development of a sequential limit analysis (SLA) method for solving16

large-deformation plane strain plasticity problems involving rigid bodies interacting with purely17

cohesive (undrained) soils. The treatments of interfaces, boundaries and material properties during18

large plastic deformations have been described in detail. A widely used total stress constitutive19

model [61] was adopted to take into account the strain-softening and rate-dependent behaviour of20

the soil strength.21

Mesh distortion was avoided by regular remeshing of the model. The meshing strategy developed22

for the SLA simulations proved to be highly reliable, with areas experiencing severe remoulding or23

intense shear strain rates being targeted with higher mesh densities. In the SLA method no mapping24
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of stresses is needed during the interpolation stage, which is beneficial for numerical stability and1

computing efficiency.2

The treatment of evolving interfaces and boundaries in SLA modelling inevitably introduces some3

spurious volume change for the (assumed) incompressible rigid–plastic material. However, for all of4

the problems investigated in this paper, the cumulative volume change was found to be very limited5

by comparison with the volume of the rigid body driving the process (ratio of order 10−3 or less),6

and therefore unlikely to influence the overall model response.7

A detailed verification and validation study has been presented, using both analytical plasticity8

solutions and physical model test results. Excellent agreement was found between SLA simulation9

results and theoretical solutions from slip-line theory, indicating that the approach is robust. When10

taking into account the effects of strain softening and strain rate on the undrained shear strength11

of the soil, the SLA approach was able to generate very satisfactory predictions of both 1g12

and centrifuge model tests on pipeline segments causing large plastic deformations of soft clay13

specimens.14

Possible areas for future work include extension of the present SLA approach to axially symmetric15

and three-dimensional problems, and to situations where collapse of the soil is driven by gravity16

rather than by a rigid body. The use of mesh-free methods to obtain (non-strict) upper bound limit17

analysis solutions (e.g. [74, 75]) could also be worth exploring in the context of SLA.18
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70. Prandtl L. Über die Eindringungsfestigkeit Plastischer Baustoffe und die Festigkeit von Schneiden. Z. Angew. Math.19

Mech 1921; 1:15–20.20

71. Lee YS. Physical and numerical modelling of pipe-soil interaction in clay. PhD Thesis, University of Sheffield21

2012.22

72. Dingle HRC, White DJ, Gaudin C. Mechanisms of pipe embedment and lateral breakout on soft clay. Canadian23

Geotechnical Journal 2008; 45:636–652.24

73. Wang D, Hu Y, Randolph MF. Three-dimensional large deformation finite-element analysis of plate anchors in25

uniform clay. Journal of Geotechnical and Geoenvironmental Engineering 2010; 136(2):355–365.26

74. Liu F, Zhao J. Upper bound limit analysis using radial point interpolation meshless method and nonlinear27

programming. International Journal of Mechanical Sciences 2013; 70:26–38.28

75. Binesh SM, Raei S. Upper bound limit analysis of cohesive soils using mesh-free method. Geomechanics and29

Geoengineering 2014; 9(4):265–278.30

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2016)

Prepared using nagauth.cls DOI: 10.1002/nag



MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS33

Table I. Summary of numerical examples

Problem Compared with Free surface Strain softening Strain rate

Buried plate Analytical [68] – – –

Buried pipe Analytical [3, 4] – – –

Wedge Analytical [69]
√

– –

Strip footing Analytical [70]; CEL [66]
√

– –

Pipe (deep penetration) 1g model test [71]; CEL [66]
√ √

–

Pipe (shallow penetration) Centrifuge test [72]; CEL [66]
√ √ √

Pipe (lateral loading) Centrifuge test [72]
√ √ √

Table II. 1g model test parameters from [71]

Parameter Value

Pipe diameter, D: m 0.03

Shear strength of soil at mudline, sum: kPa 1.1

Shear strength gradient, ρ : kPa/m 4.5

Submerged unit weight of soil, γ ′: kN/m3 6

Final pipe embedment, w f in 7D

Vertical penetration rate, vp 0.1D/s

Pipe–soil interface roughness factor, α 0

Sensitivity of soil, St 1.7

Ductility parameter of soil, ξ95 10
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Table III. Centrifuge model test parameters (prototype scale) from [72]

Parameter Value

Pipe diameter, D: m 0.8

Shear strength of soil at mudline, sum: kPa 2.3

Shear strength gradient, ρ: kPa/m 3.6

Submerged unit weight of soil, γ ′: kN/m3 6.5

Initial pipe embedment, wini 0.45D

Final lateral displacement, u f in 3D

Pipe weight during lateral displacement, W : kN/m 3.3

Vertical penetration rate, vp 0.015D/s

Lateral displacement rate, vp 0.050D/s

Table IV. Soil modelling parameters from [73] and [49]

Parameter Value

Rate of strength increase per decade, µ 0.1

Reference shear strain rate, γ̇re f : s-1 3×10-6

Sensitivity, St 3.2

Ductility parameter, ξ95 10

Table V. Computational times of SLA simulations

Problem Total displacement Time: s

Buried plate 1D 3248

Buried pipe 1D 849

Wedge 0.5 m 1399

Strip footing 0.5D 1970

Pipe (deep penetration) 4D 13661

Pipe (shallow penetration) 0.45D 780

Pipe (lateral loading) 3.45D 11094

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2016)

Prepared using nagauth.cls DOI: 10.1002/nag



MODELLING LARGE PLASTIC DEFORMATIONS OF COHESIVE SOILS USING SEQUENTIAL LIMIT ANALYSIS35

Obtain nodal velocities from
upper-bound solution

Establish a new model for analysis

Remesh the model using
and map the field variables

(if necessary)

Triangle

Update the model geometry, contact
domain and material properties

Perform limit analysis using OxLim

Submit the initial model for analysis

O
n

e 
a
n

a
ly

si
s 

in
c
re

m
e
n

t

Figure 1. Overall scheme of the SLA approach.
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Figure 2. External boundary nodes.
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Figure 3. Nodal velocities in OxLim UB analysis: (a) evaluation points associated with node Q; (b) different

velocity vectors of evaluation points (with exaggerated discrepancy).
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Figure 4. Interface nodes breaking away from a rigid body: (a) before break; (b) after break. Only the

breakaway of the right margin node is shown.
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Figure 5. Schematic of ‘jump’ of a margin node: (a) before coordinate update; (b) time increment chosen to

produce overlap after coordinate update; (c) margin node forced to ‘jump’ onto next rigid body segment.
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Figure 7. Handling of nodes that penetrate into a rigid body: (a) before treatment; (b) after treatment.
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Figure 9. Initial configuration of SLA model for continuous indentation of a rigid body: (a) penetration of a

pipe; (b) other rigid bodies.
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Figure 10. Vertical loading response of buried plate: (a) normalised resistance; (b) normalised bracketing

discrepancy.
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Figure 11. Soil failure mechanisms (contours of γ̇D/vp) for buried plate: (a) initial, d/D = 2; (b) final,

d/D = 3.
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Figure 12. Vertical loading response of buried pipe: (a) normalised resistance; (b) normalised bracketing

discrepancy.
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Figure 13. Soil failure mechanisms (contours of γ̇D/vp) for buried pipe: (a) initial, d/D = 3; (b) final,

d/D = 4.
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Figure 14. Soil failure mechanisms (contours of γ̇D/vp) for wedge. β = 60◦, d = 0.4 m.
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Figure 15. Indentation resistance for different wedge angles.
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Figure 16. Influence of minimum element size Amin on wedge indentation response: (a) resistance; (b)

normalised bracketing discrepancy. β = 60◦ and δd/D = 0.01.
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Figure 17. Influence of displacement increment δd on wedge indentation response: (a) resistance; (b)

normalised volume change. β = 60◦ and Amin = 0.001d2.
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Figure 18. Influence of minimum element size Amin on strip footing indentation response: (a) normalised

resistance; (b) normalised bracketing discrepancy. δd/D = 0.001.
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Figure 19. Influence of displacement increment δd on strip footing indentation response: (a) normalised

resistance; (b) normalised volume change. Amin = 0.00025D2.
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Figure 20. Soil failure mechanisms (contours of γ̇D/vp) for strip footing: (a) d/D = 0.03; (b) d/D = 0.05;

(c) d/D = 0.5.
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Figure 21. Indentation response of pipe (deep penetration): normalised resistance, also showing normalised

bracketing discrepancy for SLA with softening soil.
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Figure 22. Soil failure mechanisms (contours of γ̇D/vp) for pipe (deep penetration): (a) d/D = 1; (b)

d/D = 2; (c) d/D = 3; (d) d/D = 4.
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Figure 23. Softening factor for soil strength at end of deep pipe penetration (d/D = 4).
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Figure 24. Indentation response of pipe (shallow penetration): normalised resistance, also showing

normalised bracketing discrepancy for SLA with µ = 0.1.
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Figure 25. Soil failure mechanism (contours of γ̇D/vp) at end of shallow pipe penetration (d/D = 0.45).
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Figure 26. Softening factor for soil strength at end of shallow pipe penetration (d/D = 0.45).
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Figure 27. Initial configuration of SLA model for indentation and lateral loading of a pipe.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.5

0.4

0.3

0.2

0.1

0.0

 Centrifuge model test
 SLA,  = 0, St = 1 
 SLA,  = 0, St = 3.2 
 SLA,  = 0.1, St = 3.2 

w
/D

u/D

(a)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

 Centrifuge model test
 SLA,  = 0, St = 1 
 SLA,  = 0, St = 3.2 
 SLA,  = 0.1, St = 3.2 

H
/D
s u

0

u/D

With full tension

(b)

Figure 28. Lateral loading response of pipe: (a) invert trajectory; and (b) normalised lateral resistance.
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Figure 29. Soil failure mechanisms (contours of γ̇D/vp) during lateral loading of pipe: (a) u/D = 0.1; (b)

u/D = 0.6; (c) u/D = 2.9.
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Figure 30. Softening and strain rate factors for soil strength during lateral loading of pipe: (a) softening

factor at u/D = 0.1; (b) softening factor at u/D = 2.9; (c) strain rate factor at u/D = 2.9; (d) combined

factor at u/D = 2.9.
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Figure 31. Conditions that may cause slope instability: (a) an ill-shaped gap; (b) a steep slope above the rigid

body.
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