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Abstract

This paper presents a numerical study of 3×3 pile groups embedded in clay under vertical and inclined
eccentric loads. Simplified modelling, based on elastic beams embedded in a soil continuum, is used to
explore the soil-pile-cap response. This simple model allows rigorous treatment of the 3D foundation ge-
ometry and local soil plasticity, demonstrated through validation with advanced finite element analysis.
The numerical results reveal that complex roto-translational displacements of the pile group are induced by
eccentric or inclined loads, with highly nonlinear relationships when soil plasticity is considered. Interest-
ingly, vertical eccentric loads mobilise the lateral soil resistance at large cap displacements. Thus, while
existing t-z type models are shown to be adequate for serviceability predictions, they could provide overly-
conservative estimates of the ultimate load capacity. Also, foundation internal forces can exceed allowable
bending moments of reinforced concrete piles under multi-directional loads. For performance based design
of pile groups under inclined eccentric actions, engineers should estimate the impact of soil yielding on
both displacements and rotations of the cap, to satisfy limit state requirements. Dimensionless charts are
presented, which describe the reduction in vertical capacity, for a prescribed cap displacement, as a function
of load eccentricity and inclination.
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Highlights1

• Eccentric and/or inclined loads induce nonlinear roto-translational displacements of pile groups.2

• Simplified modelling (beams, elastic half-space, localised yielding) compared with advanced analy-3

ses.4

• Vertical eccentric loads mobilise the lateral soil resistance at large cap displacements.5

• Charts for the reduction in vertical capacity, at prescribed cap displacements, due to load eccentricity6

and inclination.7

1. Introduction8

Pile groups are one of the most common foundation solutions for large-scale structures such as high-rise9

buildings and bridge piers, particularly in areas of weaker soil conditions. Traditional pile design focused10

on predictions of ultimate pile capacity, with often overly conservative factors of safety to ensure that11

foundation settlements were negligible. Increasing demand for large-scale structures has resulted in a shift12

towards more economical serviceability limit state design. This has prompted renewed efforts to achieve13

more accurate predictions of single pile and pile group settlement through more rigorous treatment of both14

pile-soil and pile-to-pile interactions.15

The response of single piles and pile groups to external vertical loads has been researched extensively16

over the past several decades. This has involved full-scale field investigations (e.g. O’Neill et al. (1982);17

Mandolini and Viggiani (1997); Ismael (2001); McCabe and Lehane (2006); Dai et al. (2012)), small-scale18

laboratory testing (e.g. Lee and Chung (2005); Sales et al. (2017); Patra and Pise (2006)), centrifuge mod-19

elling (e.g. Zhang et al. (1998); Lam et al. (2009); Zhou et al. (2007)), theoretical analysis (e.g. Chin et al.20

(1990); Randolph and Wroth (1978, 1979); Zhang et al. (2010); Sheil and McCabe (2016)) and numeri-21

cal modelling (e.g. Chow (1986); Basile (1999); Leung et al. (2010a,b); Sheil and McCabe (2014); Rose22

et al. (2013); Comodromos and Papadopoulou (2012)). In contrast, the potential influence of additional23

moment/torsional effects, due to vertical and horizontal eccentricities of the applied vertical loads, on axial24

pile capacity has received significantly less attention (Georgiadis and Sheil, 2020). From model tests in25

sand, Meyerhof and Ranjan (1973), Meyerhof et al. (1981) and Meyerhof et al. (1983) showed that eccen-26

tricities and inclinations of the applied load can have a significant influence on the bearing capacity of piles.27

In particular, it was observed that pile groups experienced a greater deterioration in capacity compared to28

equivalent single piles. Similar research has been conducted for pile groups founded in clay (Meyerhof29

and Yalcin, 1984) and layered soils (Yalcin and Meyerhof, 1991; Meyerhof et al., 1981). More recently,30

Di Laora et al. (2019) used limit analysis theorems to develop interaction diagrams for bearing capacity31

prediction of pile groups subjected to vertical eccentric loads. Those authors noted that the most common32

failure mechanism related to ‘cap rotation’. In addition to geotechnical considerations, numerous investi-33

gators have also shown that eccentric and inclined loading can lead to structural pile failure due to highly34

non-uniform load sharing (Borello et al., 2010; Andrawes and Caiza, 2012). However, there remains a dis-35

tinct lack of research into the role of load eccentricities and inclinations on the foundation displacements,36

which may be related to limit states.37

Advanced three-dimensional numerical modelling is becoming more routine in pile group design and38

allows for the consideration of complex ground behaviour, geometries, and loading paths. A significant39

drawback is the requirement for detailed ground information (e.g. extensive elemental testing for the cali-40

bration of advanced constitutive models), computational resources and pre- and post-processing time. For41
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this reason, simplified models remain an integral part of preliminary foundation design. As discussed in42

Sheil et al. (2019), computationally efficient simplified models that incorporate soil plasticity and stiffness43

degradation at the pile-soil interface, whilst retaining elastic interaction between piles, are capable of pro-44

viding accurate settlement predictions under purely vertical external loads when compared with advanced45

numerical models and field data. However, nonlinear simplified models have been mostly exploited to eval-46

uate the pile group response under uni-directional loads, in the vertical (e.g. Zhang et al. (2016)), horizontal47

(e.g. Ooi et al. (2004)), or torsional (e.g. Chen et al. (2016)) direction, while the investigation of the nonlin-48

ear coupled response to multi-directional loads has been mostly limited to linear elasticity, to the Authors’49

knowledge. There is an unmet need to provide design engineers with robust simplified models and design50

charts that accurately capture pile-pile interaction effects and nonlinear soil-pile transfer mechanisms.51

In this paper, simplified numerical modelling, validated by 3D finite element (FE) analysis, is used52

to explore soil-pile-cap interaction due to inclined eccentric loads for piles embedded in elastic perfectly-53

plastic soil (referred to as elastoplastic herein), which may be considered a first approximation of ground54

behaviour. Pile groups with rigid elevated caps are analysed, for which there is no cap-soil interaction.55

The simplified modelling is undertaken using the in-house program ‘COMPILE’ which allows rigorous56

treatment of the 3D geometry of the pile group, the presence of the elevated cap (not in contact with the57

underlying soil), multi-directional loads, and fully coupled pile-soil-pile interaction. The numerical output58

informs a rational framework for routine performance based design, in the form of dimensionless charts59

describing the reduction in the vertical design load as a function of load eccentricity and inclination under60

serviceability or ultimate cap displacement criteria. Numerical predictions of pile group internal forces are61

used to evaluate the potential for exceeding the structural capacity of reinforced concrete piles for combined62

axial-flexural actions, possibly to the point of cross-sectional structural failure. The main aim of this paper63

is to demonstrate the accuracy of elastoplastic continuum-based models in predicting the fully coupled64

response of pile groups to vertical and inclined eccentric loads.65

2. Investigated scenarios66

Two idealised 3 × 3 pile groups with a rigid elevated cap and embedded in homogeneous undrained67

clay overlying rigid bedrock are studied. The pile group is subjected to monotonically increasing inclined68

eccentric forces. Figure 1 illustrates the problem geometry, including pile group configurations and load69

conditions.70

All reinforced concrete piles have a diameter d = 0.5 m, embedment length L = 12.5 m, and spacing71

s between the pile centres of either 2.5d or 5d. Pile behaviour is assumed linear elastic with Young’s72

modulus Ep = 30 GPa and Poisson’s ratio νp = 0.15. Fixed connections between the pile heads and pile73

cap are adopted in the modelling. The clay stratum has a thickness H = 37.5 m, undrained shear strength74

su = 20 kPa, undrained Young’s modulus Es = 10 MPa (to give a typical Es/su ratio of 500), and Poisson’s75

ratio νs = 0.495.76

In this paper monotonic load paths are applied to the pile group. To study multi-directional actions, an77

inclined point load of magnitude f is applied to the rigid cap at the location (ex, 0,−0.5 m) referred to as78

the loading point, defined by an eccentricity ex from the cap centre along the x-direction and an inclination79

angle αx to the vertical. Boundary conditions considered for the external load include ex/d = 0, 1, 2, 3, 5,80

and 10 for αx = 0,±15◦,±30◦,±45◦,±60◦. All external actions in this paper are defined with respect to81

the loading point, while the resulting cap displacements were computed at the master point located on the82

central pile coincident with the soil surface level (0, 0, 0).83

For the sake of clarity, note that a force f applied at the load point is equivalent to a force vector84

comprising a vertical force fz = cos(α) × f , horizontal force fx = fz tan(αx) and negative bending moment85
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my = −ex × fz. In other words, the pile group is subjected to a bending moment my and a horizontal force fx86

both proportional to fz while being scaled by the eccentricity ex and the inclination angle αx, respectively.87
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3. Simplified modelling88

The COMPILE model for soil-pile-structure interaction (Franza et al., 2019a,b) consists of beams with89

nonlinear interfaces embedded in an elastic half-space and is used here for the first time to investigate90

capped pile groups under multi-directional loads. This simplified mechanical model is shown in Figure 2.91

It can provide excellent agreement with other half-space based models for vertical and tunnelling-induced92

actions (Poulos, 1989; Basile, 1999, 2014). However for the considered case of multi-directional external93

loads, a thorough validation against advanced modelling (introduced in the next section) is necessary. In the94

following, this simplified approach is briefly described.95

The group of vertical piles is modelled as Euler-Bernoulli beam elements while the elevated rigid cap96

is modelled using a condensed stiffness matrix. For the soil, Chow’s assumption that soil stiffness nonlin-97

earities localise near the pile while the far-field soil region remains elastic is adopted (Chow, 1986). In this98

paper, the local (near-pile) pile-soil interaction for each pile is assumed elastic perfectly-plastic to prescribe99

the ultimate shaft friction, base pressure, and prevent tensile soil resistance at the pile base. On the other100

hand, the pile-soil-pile interaction along a given pile and between different piles (referred to as far-pile) is101

described using linear elasticity. The elastic soil behaviour, both in the near- and far-pile regions, is de-102

scribed by a linear elastic and isotropic half-space model (referred to as a continuum) which can be either103

homogeneous or layered. The soil flexibility matrix is obtained by the integrated elasticity solutions for104

the force-displacement relationship within the half-space (Mindlin, 1936; Ai et al., 2002). At the pile-soil105

interface, plastic sliders are used to limit lateral and shear forces, which are a function of the pile geometry106

and soil failure stresses. Note that COMPILE can account for reverse loading, hyperbolic soil stiffness107

degradation, and ground displacements due to external sources; however, these features are not used in this108

paper.109

The finite element method together with an incremental and iterative procedure are used to solve the110

equilibrium equations (Franza et al., 2019b). Each pile was discretized into 15 finite elements of 0.83 m111

length, resulting in a total of 864 degrees of freedom (144 nodes with six degrees of freedom each) for the112

pile foundation system; this reduced mesh size is key to achieving computational efficiency in simplified113

modelling whilst also preserving prediction accuracy.114

The suitability of simplified modelling for preliminary foundation design is further enhanced by the115

reduced number of rational input parameters. In addition to defining the problem geometry (parameterised116

in COMPILE), mechanical inputs required by the model are: the Young’s modulus and Poisson’s ratio117

of the soil (Es, νs) and piles (Ep, νp); the ultimate values of the shaft friction τs, f (per unit shaft area) and118

horizontal shaft pressure σs, f (per unit pile length) along the length of the pile, and the vertical base pressure119

σb, f (per unit base area).120

Any rational methodology may be implemented to estimate the soil ultimate stresses, which is taken121

as an input in the simplified model. In this paper, the alpha-method is selected to simulate undrained soil122

failure. Pile shaft friction and base pressure at failure are taken as τs, f = su and σb, f = 9su, from which123

it follows that the ultimate vertical load of a single pile is estimated analytically as 495.2 kN while the124

ultimate (purely) vertical load of the pile group is fz,u = 9 × 495.2 kN = 4.46 MN. For the ultimate lateral125

soil pressure, Broms’s (Broms, 1964) distribution is assumed, for which σs, f linearly increases between126

2sud and 9cud from surface to a depth of 3d at which point it becomes constant (Fleming et al., 2009).127

4. Advanced models using Plaxis128

Advanced numerical models were developed using the FE software package Plaxis 3D 2019. Two sets129

of analyses were completed wherein the soil was modelled as: (a) a weightless elastic material, and (b) a130
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weightless elastic-plastic Tresca material. The piles were modelled using ‘volume elements’ conforming131

to linear elastic behaviour. Interface elements were also introduced at the pile-soil interface with the same132

properties of the soil. The rotations and displacements of the pile heads were coupled to those of the133

corresponding elements in the cap. The rigid cap had a plan area of 10d × 10d to allow a wide range of load134

eccentricities to be explored.135

A challenge in modelling bearing capacity problems using FE analysis is the sensitivity of the calcula-136

tion to the refinement of the mesh, particularly in the vicinity of the piles. Compared with 2D modelling,137

there is also a more intensive element requirement for 3D modelling to achieve an equivalent satisfactory138

level of accuracy. This makes for a much more onerous manual mesh development process due to the re-139

quirement for numerous mesh iterations and considering that the correct solution is approached from the140

unsafe side. In addition, the potential for ‘volumetric locking’ to occur when modelling failure of nearly141

incompressible material has been well documented (e.g. Monforte et al. (2017); Zhou et al. (2007)). Volu-142

metric locking occurs due to an inability of the FE functions to properly approximate a volume-preserving143

strain field which can lead to gross underestimates of soil displacements for geotechnical problems. This is144

problematic as it cannot be overcome by further mesh refinement and is instead alleviated using elements145

with high-order or reduced integration (Chen et al., 2000; Heisserer et al., 2007).146

In light of these issues, the soil and pile were modelled using 10-node tetrahedral elements while the147

rigid pile cap was modelled using 6-node plate elements. An exemplar pile group mesh is shown in Figure 3148

including the size of the adopted computational domain (i.e. distances to external boundaries). A large149

number of elements was adopted to achieve a high level of accuracy. Lateral boundaries were restricted150

from movement normal to their respective surface whereas the bottom boundary was fully fixed.151

The calculation stages adopted in these analyses are as follows: (1) initialisation of soil stresses; (2)152

‘wished in place’ installation of weightless piles; (3) Installation of the weightless rigid pile cap; (4) ap-153

plication of a prescribed point load on the pile cap with eccentricity ex and inclination to the vertical of154

αx.155

(a) (b)

Figure 3: Schematic illustration of an exemplar finite element mesh for a 3×3 pile group (approximately 400k nodes): (a) elevation
and (b) plan view.
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5. Foundation displacements156

In this study, the vertical component of the external force fz is normalised by the computed group capac-157

ity for purely vertical actions ( fz,u=4.42 MN) to produce a vertical force factor βz = fz/ fz,u. Furthermore,158

in performance based design the allowable loads at the serviceability (SLS) and ultimate (ULS) limit states159

are typically defined using threshold foundation displacements (e.g. Zhang and Chu (2009)). These limits160

may be applied to the vertical (uz), horizontal (ux), or total (utot =

√
u2

z + u2
x) cap displacement. In this161

paper, either the vertical uz or total utot displacements of the master node corresponding to 2%d and 10%d162

are used to define the SLS and ULS, respectively. However, any other displacement requirement may be163

selected by the designer.164

The effect of eccentric vertical loads on the roto-translational behaviour of the pile group is first ad-165

dressed. Figures 4 and 5 display the normalised settlement (uz/d), horizontal displacement (ux/d), and166

rotation (θy) of the master point plotted against the vertical force factor βz, as predicted by both the simpli-167

fied and advanced models. The results show that while the eccentricity does not influence the initial elastic168

vertical displacements, it decreases the vertical forces at large settlements uz/d, in qualitative agreement169

with classical perfectly-plastic theories (e.g., Di Laora et al. (2019)). Also, the eccentricity has a significant170

influence on both ux/d and θy over the full load range. Comparing Plaxis and COMPILE predictions in171

these figures, despite some differences in the initial rotational and horizontal stiffness, particularly for the172

smaller spacing s/d = 2.5, simplified modelling predictions are mostly satisfactory, particularly within the173

intermediate range of β = 25% and 75%. However, a deviation between settlement predictions is distin-174

guishable for the ex = 0 case in subplots (a) of these figures. This indicates that at β > 75% (a relatively175

high loading level in practice), soil in between piles may reach a plastic state in the advanced modelling176

particularly for closely spaced piles (Khatri and Kumar, 2009), making the far-soil elasticity assumption177

of the simple model not fully applicable. Nevertheless, the simplified modelling predictions show overall178

good agreement, particularly for the eccentric vertical loads, confirming the suitability of this model for179

preliminary assessments.180

Next, the pile group stiffness is analysed in detail by considering results in Figures 4 and 5. At the181

(nearly elastic) small load regime a reduction in the pile spacing from s/d = 5 to s/d = 2.5 influences, as182

expected, the pile group vertical response by increasing the elastic pile-to-pile interaction and, consequently,183

the group settlement uz. Also, an increase in eccentricity causes a reduction in the initial stiffness of ux/d184

and θy for s/d = 2.5 compared to s/d = 5, due to the smaller distance of piles from the pivot (master)185

point. Note that the load eccentricity ex results in a negative rotation θy of the pile cap, associated with186

a positive horizontal translation of the foundation ux (see Figure 1 for the reference system). This cap187

rotation is consistent with the negative bending moment my caused by a positive eccentricity ex. Also, the188

roto-translational coupling is due to the lateral soil resistance mobilised by the bending of piles, which is in189

turn caused by the rotational kinematic constraint imposed by the cap at the pile heads. When considering190

the nonlinearities in the cap displacements, Figures 4 and 5 show that an increase in the eccentricity causes191

a significant reduction in βz at the ULS, regardless of the pile spacing. In fact, in the presence of an192

eccentricity, vertical factor values between βz = 25 and 75% lead to a degradation of the group tangent193

stiffness in all roto-translational directions because of soil yielding; the greater eccentricity value ex, the194

lower the value of βz which triggers the onset of this tangent stiffness degradation (because of the greater195

mobilisation of the lateral soil resistance with greater load eccentricities, as further discussed later in the196

text). Finally, it should be considered that, although low eccentricity loads could satisfy equilibrium for βz197

close to 100% (e.g. ex/d = 2 in Figures 4b and 5b) thanks to the lateral soil pressure leading to pile head198

bending moments, this high βz required settlement levels well beyond 10%d.199

To provide insights into the contribution of the lateral soil behaviour towards withstanding vertical200
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Figure 4: Cap displacements under vertical eccentric loads
for a normalised pile spacing s/d = 2.5.
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Figure 5: Cap displacements under vertical eccentric loads
for a normalised pile spacing s/d = 5.0.

eccentric loads, simplified model predictions of cap settlements and rotations are determined using 100%201

and 0.1% of the horizontal limit stress σx, f ; the results are compared in Figure 6. Load-displacement curves202

are identical during the initial loading phase up to a load factor βz of 20%. However, for the analyses with203

minimal lateral soil capacity (0.1%σx, f ), the pile group stiffness starts to degrade quickly, evolving into a204

brittle mechanism. In contrast, a hardening response is evident at high βz levels when full lateral capacity205

is adopted (100% σx, f ). Thus, Figure 6 gives evidence that the mobilisation of the lateral soil reaction is206

possibly negligible at the SLS of the soil-foundation system but is a key contributor to the ULS. The results207

also show that overly conservative estimates of the pile group capacity to vertical loads are possible if this208

contribution of lateral soil resistance (causing bending moments at the pile heads) is neglected (such as209

conventional ‘t-z’ approaches assuming piles as vertical springs only).210

The load eccentricity is responsible for mobilising the lateral soil strength, in a similar fashion to hor-211

izontal loads. Therefore, it is of interest to evaluate how an additional horizontal action fx (related to αx)212

interacts with the bending moment my (related to ex) for eccentric inclined loads. For a pile group with213

s/d = 5, Figures 7 and 8 show load-displacement curves obtained for a positive αx of 30◦and 45◦, for which214
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Figure 6: The effect of the lateral limit pressure σx, f on the cap displacements under vertical eccentric loads for s/d = 5.

the direction of fx is towards the positive eccentricity ex, whereas Figures 9 and 10 display results obtained215

for the corresponding negative αx set of −30◦ and −45◦.216

Model predictions in Figures 7 and 8 obtained for positive αx values are first discussed. As expected, the217

presence of the horizontal action fx amplifies the cap horizontal displacements ux, which increase in mag-218

nitude with αx. Interestingly, similar to the vertical loads in Figure 5, this horizontal displacement ux also219

increases with the eccentricity ex; however, the influence of the eccentricity on ux reduces with a decrease220

in the magnitude of αx. The inclination angle dominates the cap displacements when the horizontal force is221

greater than the vertical component. Also, the cap settlement uz is increased by the presence of a horizontal222

action fx in the nonlinear regime when soil yielding leads to a degradation in the foundation system stiff-223

ness, though it is negligible at the initial elastic state. Finally, additional negative rotations are induced by224

positive αx that further increases the magnitude of θy rotations caused by the positive eccentricities. Thus,225

a horizontal force directed towards the vertical load eccentricity contributes to increasing settlement in the226

nonlinear regime (i.e. high levels of βz) while it increases cap horizontal translations and rotations for any227

value of βz.228

Next, it is also useful to evaluate the complex foundation system response to loads having negative αx229

values. Figures 9 and 10 show that negative αx values (i.e. when the horizontal force action is opposite to the230

eccentricity of the vertical force) lead to counteracting mechanisms. Negative horizontal displacements and231

positive rotations are induced by central (ex = 0) loads inclined by negative αx; however, the introduction of232

load eccentricity ex acts to decrease the initial elastic slope of the horizontal displacement curve and reverse233

the sign of the rotational slope in the elastic regime. Surprisingly, large eccentricities (ex = 5 and 10d for234

αx = −30◦; ex = 10d when αx = −45◦) result in tangent stiffness values at the ULS that are opposite to235

the incremental displacement direction obtained for central (ex = 0) inclined loads (see Figures 9 and 10).236

Also, note that for negative αx the variation of βz corresponding to large settlements (uz of 6 − 10%d) with237
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increasing eccentricity is nonlinear; for instance, at the ULS settlement condition in Figure 9a, vertical238

forces corresponding to ex = 2d and 10d are greater and lower than the value for central (ex = 0) inclined239

loads, respectively.240
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Figure 7: Cap displacements for s/d = 5.0 under eccentric
loads inclined by αx = +30◦.
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Figure 8: Cap displacements for s/d = 5.0 under eccentric
loads inclined by αx = +45◦.
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Figure 9: Cap displacements for s/d = 5.0 under eccentric
loads inclined by αx = −30◦.
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Figure 10: Cap displacements for s/d = 5.0 under eccen-
tric loads inclined by αx = −45◦.
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Finally, Figures 11 and 12 display the pile displacements (i.e. the foundation deformed shape) using a241

scale of 50 estimated for s/d = 2.5 and 5 from the COMPILE analyses. The figures show both linear elastic242

(EL) and elastoplastic (EP) predictions of the deformed shape for a fixed load factor βz = 0.5 and a variety243

of boundary conditions; namely, analyses have either no eccentricity ex/d = 0 and αx = 30 or ex/d = 5 and244

αx = −30◦, 0, 30◦.245

The deformed shapes in these figures give insights into the coupling of horizontal forces and load eccen-246

tricity as a result of the cap kinematic constraints, which imposes identical displacements and rotations on247

all pile heads. For both central horizontal action with no eccentricity (see subplots (a)) and eccentric loads248

with no horizontal force (see subplots (b)), the external action causes roto-translation of the cap. Interest-249

ingly, the external bending moment my due to the eccentricity in subplots (b) cause a positive horizontal250

movement ux of the cap; this is due to upper-pile bending being counteracted by lower-pile soil resistance251

thereby restricting lateral movements. Conversely, for the central inclined load in subplots (a), (nearly) the252

entire pile shafts displace horizontally in the direction of the horizontal force corresponding to a cantilever253

mechanism. Finally, as displayed by the settlements of both the pile heads and tips, the cap rotation results254

in differential settlements between piles.255

When applying load inclination αx and eccentricity ex with identical signs, subplots (c) illustrate that256

the ultimate lateral pressure of the ground (i.e. lateral soil yielding) is reached in the upper part of piles, as257

confirmed by the comparisons between the elastic and elastoplastic results. This lateral failure mechanism,258

inducing cap movements and rotations larger than for the purely elastic case, is due to the fact that positive259

inclination and positive eccentricity mobilise lateral soil resistance on the identical pile side. However, a260

counteracting mechanism is displayed by subplots (d) when αx and ex have opposite signs, leading to a clear261

change in the pile curvature along their shafts.262

Figure 11: Pile displacements in the x-z plane for a vertical force ratio βz = 0.5: (a) ex/d = 0 αx = 30◦, (b) ex/d = 5 αx = 0, (c)
ex/d = 5 αx = 30◦, (d) ex/d = 5 αx = −30◦.
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Figure 12: Pile displacements in the x-z plane for a vertical force ratio βz = 0.5: (a) ex/d = 0 αx = 30◦, (b) ex/d = 5 αx = 0, (c)
ex/d = 5 αx = 30◦, (d) ex/d = 5 αx = −30◦.
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6. Interaction charts263

For routine preliminary design, it is useful to quantify, in dimensionless terms, the combined effect of264

the load inclination αx and the normalised eccentricity ex/d on the limit state performance of the foundation.265

To achieve this, Figure 13 shows the isovalue contours (i.e. lines connecting points of equal value) of the266

vertical load factor βz at the SLS and ULS (defined as 2% and 10%d thresholds of the cap displacement) for267

a given αx and ex/d. In particular, Figures 13a and b show the limit state factor inferred from limiting the268

cap settlement uz, whereas Figures 13c and d display isolines for a criterion set on the total displacement269

utot.270
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Figure 13: Diagrams of the normalised design vertical load for serviceability and ultimate conditions as a function of load eccen-
tricity and total load inclination: (a) βz at the SLS defined by uz = 2%, (b) βz at the ULS defined by utot = 10%, (c) βz at the SLS
defined by utot = 2%, (d) βz at the ULS defined by uz = 10%.

First, the influence of the horizontal action is addressed. Interestingly, for SLS and ULS defined with271

respect to both vertical and total displacements and for a given eccentricity ex/d, the effect of a positive load272

inclination αx > 0 on the allowable vertical load is detrimental (i.e. it results in a reduction of the allowable273
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βz). On the other hand, the presence of eccentric loads with a negative inclination up to αx = −45◦ (the cut-274

off value varies for each subplot and eccentricity level) may be beneficial, giving slightly greater design βz275

than for the corresponding vertical eccentric case (αx = 0, ex/d). However, beyond this cut-off, increasing276

the magnitude of the negative inclination causes a steep reduction in the design vertical load.277

The eccentricity dominates the pile group performance for small inclinations αx between ±15◦ while it278

only induces a slight decline of the allowable βz when αx is greater in magnitude than ±45◦. Also, when279

defining the SLS in terms of the total displacement utot of the cap, the effect of the eccentricity is marginal.280

Therefore, for horizontal actions greater than the vertical load (i.e. magnitude of αx equal to or larger than281

±45◦), the eccentricity does not influence the cap displacements for the simplified analyses presented herein.282

Finally, it is worth highlighting that the pile group spacing s/d leads to similar qualitative distributions283

of the isolines and has a minor effect on the allowable βz. In Figure 13, allowable vertical loads at the SLS284

tend to be greater for s/d = 5 than s/d = 2.5, because of pile-pile interaction effects. Furthermore, at ULS,285

the spacing s/d has minimal effects for negative load inclination (αx < 0) and nonlinear trends for null or286

positive inclinations (αx ≥ 0).287

7. Structural pile distress assessment288

All analyses presented in this paper considered linear elastic pile behaviour. However, horizontal ex-289

ternal forces and eccentric loads lead to foundation flexural and axial deformations associated with pile290

bending moments and non-uniform distribution of vertical loads (up to tensile forces), as shown in Fig-291

ures 11 and 12. Therefore, there is potential for pile structural distress and, as a consequence, pile structural292

nonlinearities that are inhere neglected.293

To assess pile integrity, Figure 14 displays cross-sectional N − M charts (bending moment M plotted294

against axial force N; tensile N are positive while M are reported in absolute terms) to produce capacity295

envelopes that are the ultimate combinations of internal force associated with the cross-section structural296

failure. Internal forces along the piles are estimated from the COMPILE analyses corresponding to the297

boundary conditions adopted in Figures 11 and 12 for a vertical factor βz = 0.5. Capacity envelopes are298

inferred from a simple cross-sectional analysis, assuming a stress block ultimate behaviour for concrete,299

fully yielded steel, and rebar distributed as an equivalent ring (Cosenza et al., 2011). In particular, cross-300

sectional analyses considered a design concrete strength of fcd = 14 MPa, design steel strength fyd =301

391 MPa, d = 0.5 m, cover of c = 45 mm, and a steel-to-concrete ratio of 1 or 4%. For design, corrective302

factors of the material properties were proposed by Di Laora et al. (2020).303

Figure 14 shows that, at βz = 0.5, all analyses would exceed the allowable bending moments if a pile304

reinforcement ratio of 1% is adopted, while pile integrity is satisfied by a reinforcement ratio of 4% for305

only specific load conditions. For instance, results obtained under eccentric loads with a vertical action306

or a positive inclination angle in Figures 14b and c are distributed following a ‘U’-shaped pattern in the307

N−M charts; these cases hold the greatest potential to exceed allowable internal forces when the foundation308

layout is s/d = 5. On the other hand, internal forces for either no eccentricity or a negative inclination309

angle in Figures 14a and d, which follows ‘O’-shaped patterns, are within the capacity envelope for highest310

reinforcement ratio; also, in all scenarios considered in Figure 14 the spacing s/d = 5 leads to slightly311

higher bending moments than for s/d = 2.5. Thus, robust structural design of piles is needed to withstand312

complex eccentric and inclined loads, with an appropriate selection of the reinforcement in concrete piles.313
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8. Conclusions314

The response of capped pile groups, embedded in uniform undrained clay, subjected to inclined and315

vertical eccentric loads is studied in this paper. In particular, elastoplastic simplified modelling predictions,316

consisting of beams with nonlinear interfaces embedded in an elastic half-space, are compared against317

three-dimensional fully-coupled numerical analyses. The following conclusions are drawn from this work.318

• The pile group response to multi-directional loads is affected by complex coupling between the rota-319

tion of the cap (and thus pile heads), pile bending and lateral soil behaviour, pile settlements and pile-320

soil shear. As a consequence, pile groups react to eccentric or inclined loads with a roto-translational321

mechanism. Therefore, engineers should estimate both displacements and rotations of the cap when322

vertical or inclined eccentric loads are expected.323

• Lateral soil behaviour provides a significant contribution at large displacements (the ultimate limit324

state) to withstand eccentric applied loads because of the pile capability to resist bending moments325

at their head when subjected to head rotations imposed by the cap. Neglecting lateral soil resistance326

(i.e. only considering the vertical soil reaction), frequently done in simplified modelling reported327

elsewhere in the literature, led to overly conservative ultimate limit state predictions for eccentric328

vertical loading.329

• Pile group performance at the serviceability and ultimate limit states were characterised in terms of330

settlement or total displacement level of the cap. These displacements are greatly affected by the331

load inclination and eccentricity, particularly at the ultimate limit state. Results of allowable vertical332

actions for inclined eccentric external actions are summarised in dimensionless terms, so they can be333

used as design charts. These charts showed that an increase in load eccentricity induced significant334

reductions in the allowable vertical load for small load inclinations. In contrast, the eccentricity im-335

pact was marginal for horizontal loads greater than the corresponding vertical force. Interestingly,336

the load inclination always decreased the allowable vertical loads when it produced a horizontal force337

component in the same direction of the load eccentricity. On the other hand, as long as the horizontal338

force is smaller than the vertical action, opposite inclinations can improve the vertical foundation be-339

haviour because of the counteracting interaction mechanisms. Qualitatively speaking, the combined340

effect of the eccentricity and the load inclination did not change with the pile spacing.341

• When considering pile groups under multi-directional loads, there is the potential to exceed the struc-342

tural bending capacity of piles; simplified modelling allows for quick estimates of pile internal forces343

and, thus, carry out their structural design.344

• The versatility of simplified finite element models, with decreased computational requirements and345

straightforward input definition, is deemed suitable for preliminary design and sensitivity studies346

of pile group response to complex loading conditions (through predictions of pile settlements and347

deflections, internal forces and bending moments).348

The limitations of this work should be taken into consideration such that the present findings may349

be extended to practical applications. In this paper monotonic load paths are applied to the pile group.350

Therefore, engineers should use appropriate judgement if applying the outcomes of this research when351

load eccentricity and inclination is caused by cyclic or transient external actions. Numerical analyses,352

both simplified and advanced, were performed assuming wished-in-place pile installation, assuming zero353

soil weight (which may influence soil failure mechanisms), elastic perfectly-plastic soil with no stiffness354

17



degradation, assuming a perfectly rigid pile cap not in contact with the soil, and modelling a linear elastic355

behaviour of the piles. Future research is warranted to address these aspects and provide an improved356

description of the problem.357
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