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ABSTRACT

Electronic structure methods that exploit nonorthogonal Slater determinants face the challenge of efficiently computing nonorthogonal
matrix elements. In a recent publication [H. G. A. Burton, J. Chem. Phys. 154, 144109 (2021)], I introduced a generalized extension to
the nonorthogonal Wick’s theorem that allows matrix elements to be derived between excited configurations from a pair of reference deter-
minants with a singular nonorthogonal orbital overlap matrix. However, that work only provided explicit expressions for one- and two-body
matrix elements between singly- or doubly-excited configurations. Here, this framework is extended to compute generalized nonorthogonal
matrix elements between higher-order excitations. Pre-computing and storing intermediate values allows one- and two-body matrix elements
to be evaluated with an O (1) scaling relative to the system size, and the LIBGNME computational library is introduced to achieve this in prac-
tice. These advances make the evaluation of all nonorthogonal matrix elements almost as easy as their orthogonal counterparts, facilitating a
new phase of development in nonorthogonal electronic structure theory.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0122094

I. INTRODUCTION second-quantized generalized Wick’s theorem’' allows arbitrary

matrix elements to be easily derived and evaluated using pre-

Nonorthogonality occurs throughout modern quantum chem-
istry, providing chemically intuitive and compact representations
of challenging electronic structures. For example, nonorthogonal
configuration interaction (NOCI) uses a linear combination of non-
orthogonal Slater determinants, each with bespoke orbitals repre-
senting an important electronic configuration, to capture strong
static correlation' '’ or provide a diabatic representation of elec-
tron transfer states.'' Alternatively, nonorthogonal transition
coupling elements arise for orbitally optimized excited states,
which can improve the accuracy of challenging core'"'"” or charge
transfer excitations.'”*’ Beyond providing chemical intuition,
nonorthogonality naturally arises in auxiliary-field quantum Monte-
Carlo,”” in coupling terms between states at different molecular
geometries,””” and in spin-projected techniques.'””*"

Despite presenting many potential benefits, the development of
nonorthogonal electronic structure methods is hindered by the dif-
ficulty of computing matrix elements between Slater determinants
with mutually nonorthogonal orbitals. For orthogonal orbitals, the

computed one- and two-electron integrals. In contrast, matrix
elements for nonorthogonal determinants currently require the
first-quantized generalized Slater-Condon rules,’”> with a compu-
tational scaling of at least © (N*) with respect to the number of
electrons N.*

While the generalized Slater-Condon rules can be used to cou-
ple a small number of Slater determinants,” " their additional
computational cost quickly makes larger calculations unfeasible. In
particular, many recent developments involve multiple orthogo-
nal excited configurations from different nonorthogonal reference
determinants, introducing a large number of nonorthogonal matrix
elements. This situation arises for the coupling terms between state-
specific multi-determinant wave functions " or post-NOCI
techniques for capturing dynamic correlation,””””" including per-
turbative approximations such as NOCI-MP2"" " and NOCI-PT2.’
Developing efficient implementations of these methods requires
a theory for computing nonorthogonal matrix elements between
excited configurations that do not scale with the system size. While
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equations for specific applications have been independently derived
many times (e.g., Refs. 5 and 35), an entirely generalized approach
has not yet been developed.

A nonorthogonal extension to Wick’s theorem has been well
established for many years’” and has seen limited use in quan-
tum chemistry.””””"*"" In the nonorthogonal Wick’s theorem,
matrix elements between two Slater determinants can be evalu-
ated using contractions defined from the non-Hermitian transition
density matrix.”® Combining this framework with Lowdin’s gen-
eral formula’”* allows nonorthogonal matrix elements to be readily
evaluated between excited-configurations from different reference
determinants.”**>** However, the derivation of the nonorthogonal
Wick’s theorem is restricted to reference determinants with a non-
singular orbital overlap matrix.”’ This restriction excludes the case
where the orbitals are mutually nonorthogonal but the determi-
nants themselves have a zero overlap, which occurs when the orbital
overlap matrix is singular but not diagonal.*®

In Ref. 46 (henceforth known as Paper I), I introduced an
extension to the nonorthogonal Wick’s theorem that allows matrix
elements to be computed for nonorthogonal determinants with a
zero many-body overlap. This theory allows overlap, one-body,
and two-body coupling terms to be derived for excited configura-
tions from arbitrary reference determinants, and provides a second-
quantized derivation of the generalized Slater-Condon rules. I then
demonstrated that overlap and one-body coupling terms between
nonorthogonal excited configurations can be evaluated with 0 (1)
scaling using a set of pre-computed intermediates. However, these
explicit derivations were difficult to extend for coupling terms
beyond double excitations and the @ (1) scaling did not appear to
be achievable for two-electron coupling terms.

In the current work, I combine the results of Paper I with the
determinantal expansion based on Léwdin’s general formula,**’
giving matrix elements between excitations from arbitrary Slater
determinants with any number of singular values in the reference
orbital overlap matrix. Furthermore, by introducing pre-computed
intermediates, I derive explicit expressions for the overlap, one-
body, and two-body coupling terms between arbitrary excita-
tions that scale as @ (1) with respect to the number of electrons
or basis functions. Finally, I introduce the LIBGNME computa-
tional library to provide an open-source implementation of these
expressions. These advances significantly reduce the computational
cost compared with the previous state-of-the-art, creating a new
paradigm for efficient nonorthogonal matrix elements in quantum
chemistry.

In Sec. II, I review the nonorthogonal Wick’s theorem and
introduce the key results from Paper I, before extending these
to arbitrary excitations in Sec. III. Section IV presents numeri-
cal data illustrating the computational scaling of these generalized
nonorthogonal matrix elements. The conclusions and scope for
future applications are summarized in Sec. V.

Il. BACKGROUND THEORY

In this section, I summarize Paper I's key extensions to the
nonorthogonal Wick’s theorem that are required for the derivations
presented in this work. Interested readers are directed to Paper I fora
comprehensive explanation of these results and to Ref. 31 for details
about the generalized Wick’s theorem.

ARTICLE scitation.org/journalljcp

A. Biorthogonalising the molecular orbitals

This work considers matrix elements between excited configu-
rations constructed from a general pair of mutually nonorthogonal
determinants, e.g.,

(i 0" i)
= (FO|(b]"b] -+ b, ba) OB B - b)Y @), (1)

where O is an arbitrary operator. Here, |*®) and |"®) are reference
Slater determinants built from different molecular orbitals {*¢,}
and {"¢, } that are expanded using a common r-dimensional atomic
orbital basis set {X#} as

$p =2k Cp and ¢y =3Oy @
z /4

The xC{:,' denote the orbital coefficients in the molecular orbital
basis of determinant [®) using the nonorthogonal tensor nota-
tion of Head-Gordon et al.*’ The corresponding second-quantized
operators xb;r, and *b, create and annihilate, respectively, an elec-
tron in the molecular orbital p for the orbital set corresponding to
determinant [*®).

To evaluate matrix elements using these nonorthogonal
determinants, the molecular orbitals {*¢,} and {"¢,} must be
transformed into a biorthogonal set using the Lowdin pairing
approach.”®"’ First, the overlap matrix between the two sets of
occupied orbitals is computed as

=S (CH (MO, 3)
[41/

where g = (x f x,) is the overlap matrix for the atomic orbital basis
set. A singular value decomposition is then performed to diagonalize

this overlap matrix, giving the modified occupied orbital coefficients
("C)¥ and *C}" that satisfy

2. (T g ("C); =5 0y (4)
uv

When one, or more, of the diagonal overlap terms becomes zero
(i.e., §; = 0), the many-body overlap must vanish (*®|"®) = 0.
The number of these biorthogonal zero-overlap orbital pairs cor-
responds to the nullity of the matrix *S and is denoted by the
integer m. The value of m determines which instance of the gener-
alized Slater-Condon rules is required for a matrix element between
the reference states |*®) and |"®), as described in Refs. 4 and 32.
The product of the remaining non-zero singular values defines the
reduced overlap

wa _ H XWS;’, (5)
{i[™§,#0}

which also appears in the generalized Slater-Condon rules.*
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B. Extended nonorthogonal Wick’s theorem

Without loss of generality, I will represent operators in the
molecular orbital basis for determinant [*®). For example, a
one-body operator f is given by

f: fopqxb;qu’ (6)
Pa
where
“fog = (bl F1g) = 2CC) 3 (rul Flxv) (FC)' (7)
uv

A matrix element such as

COl | Flow) ) = S o (CO B b, b1 by - B b D) (8)
Pq

can then be evaluated using an extension to Wick’s theorem (see
Ref. 31). In particular, each term in Eq. (8) is computed as the sum
of all possible ways to fully contract the second-quantized operators,
for example,

(OB by -+ b} by - b} " D)
ron i e o,
X X, Tx X X w w w
= (“O'b} by -+ "b} by - b, " b,[" D)

S e
+ CDPB by b} by - by D)

— . |

[
X1t x XpTx wrtwyp w
£ COPD Dy bl by b b, D)
4o

&)

The phase of each term is given by (~1)" where k is the number
of intersecting contraction lines.

For the extended nonorthogonal Wick’s theorem outlined
in Paper I, a general matrix element in this expansion (e.g.,

COFD; by - "b)y by b, "bjl" D)y §g equal to the reduced overlap ™3

multiplied by the product of nonorthogonal contractions,

.
Xb;,wbq — WXqus (IOa)
.
xbpwb;] — qu’ (IOb)

where "*X,, and Y, are intermediate values defined for a given
pair of determinants [Eq. (11)]. If there are zero-overlap orbital pairs
in the biorthogonal basis (m > 0), then a sum must be taken over
every possible way to assign the m zeros to the contractions in each
product. This distribution is denoted by indices m; assigned to each

contraction (i.e., W"X;;" ) and XWYIS;" ), which take values of 0 or
1 and satisfy ), my = m. Accounting for these zero-overlap orbital
pairs is the central result of Paper I compared with the standard
nonorthogonal Wick’s theorem.”™*” The individual contractions,
represented in the original (un-transformed) orbital basis, are then

X = {Zvvor ("C)f uo (M) gy (FC)p mi =0,
q w * 0\ xw X v
Dver ( C )i 8uo("P) g (CYp =1,
(11a)
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(my)
xwy,(my) _ XWXP;HA _XWSP‘P my =0
qu XW- (mk) (llb)
Xpg > i =1,
where
R =("O)%CC (122)
o 1 P
W ¥ @ (OR
(i 3,20} i
xw
xwpot _ Z PZT) (12¢)
{k‘stfo}
XW N [OT _ XX pOT | XWpOT | XW 0T (12d)

(Warning: for convenience throughout this work, the sign of
*Y,q has been reversed relative to Paper I.)

Notably, the contractions in Eq. (10) are defined with respect
to the original orbital coefficients such that the definition of excited
configurations is not affected by the biorthogonal transformation.
The number of zero-overlap orbital pairs corresponds to the under-
lying biorthogonal basis and there is no relationship between the p, q
and m; indices. Furthermore, the WxX,gpmk) and XWY;;" ©) intermedi-
ates can be evaluated and stored once for each pair of nonorthogonal
reference determinants.

While the biorthogonal orbital coefficients only enter in the
definition of the *"M and *"P matrices, the number of biorthogo-
nal zero-overlap orbital pairs affects every matrix element through
the summation over the allowed combinations of m values. This
distribution is essential for recovering the different instances of
the generalized Slater-Condon rules.’® If m is larger than the total
number of contractions, then the corresponding matrix element is
strictly zero.

In summary, a nonorthogonal matrix element between excited
configurations can be evaluated through the following procedure:

1. Assemble all fully contracted combinations of the second-
quantized operator and excitations, and compute the corre-
sponding phase factors;

2. For each term, sum every possible way to distribute m zeros
among the contractions {my } such that >, my = m;

3. Forevery set of {my} in each term, construct the relevant con-
tribution as a product of fundamental contractions defined in
Egs. (10) and (11);

4. Multiply the combined expression by the reduced overlap ™S.

To demonstrate this process, consider the matrix element
("<D?|W(Df') = (xd)\xbijawbzwbﬂwq)). Applying Step 1 gives two
contributions,

— [, 1 13
O bbb @) + (“OFbI b, b b D). (13

Each term corresponds to a product of two fundamental contrac-
tions with a phase of +1. Taking a sum over the different my,
m; values satisfying m; + m, = m, and multiplying by the reduced
overlap ™$, then gives

X0 Wby _ XWE xx v (my) wwy(my)  wx(my) xwy,(my)
( (Di| ®J) =S m;nz ( Xai l ij e in ' Yab ’ )’
my+my=m

(14)
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which can also be represented as the determinant,

, xxy(my) XWY(mz)

X pna| W _ AW ai ab

( (D’| cDJ) =S mlz,r:nz wxX(ml) wa(mz) ' (15)
my+my=m ji jb

This matrix element reduces to zero if m > 2.

lll. EXTENSION FOR ARBITRARY EXCITATIONS
A. Unification with Lowdin’s general formula

Paper I demonstrated the explicit derivation of nonorthog-
onal matrix elements for the overlap, one-body, and two-body

COICb]by) - (b by) -+ (b} by)| D)

Here, terms in the upper triangle of the determinant corre-
spond to contractions where the annihilation operator is to the left
of the creation operator and are multiplied by a factor of —1 to give
the correct sign once the determinant is expanded.

We now demonstrate how this representation of the
nonorthogonal Wick’s theorem is extended to reference deter-
minants with zero-overlap orbital pairs. First, in contrast to the
conventional Wick’s theorem, the entire determinant in Eq. (16)
is multiplied by the reduced overlap ™. Second, the distribution
of m zero-overlap biorthogonal orbital pairs over products of
individual contractions is achieved by exploiting the fact that every
term in the expansion of a determinant includes one element
from each column of the corresponding matrix. Therefore, a
summation can be taken over every possible way to distribute the m
zero-overlap orbital pairs among the columns in Eq. (16). Inserting
the nonorthogonal contractions defined in Egs. (10) and (11)
then gives

(@I by) - (“b*b) -+~ ("b]"b,) D)

xwxé;nl) xxY‘;Tm,») xwY;tmL)
g Z xst(pml ) xxXS(rm,») xwYS(tmx,) ,
My, .My
my+-+mp=m . .
WxXb(l;nl) wxXIE:n,) WWX,E[mL)
17)

where L is the total number of creation and annihilation pairs in the
operator string. In Eq. (17), the lower triangle of the matrix (includ-
ing the diagonal) contains “X-type” matrix elements while the upper

ARTICLE scitation.org/journalljcp

operators between excited configurations from reference determi-
nants with zero-overlap orbital pairs.”® However, those derivations
are difficult to generalize for higher-order excitations due to the
increasingly large number of fully contracted terms in the expan-
sion of a matrix element. A generalized approach can be achieved
using Lowdin’s general formula,””*’ which expresses the matrix
element for an arbitrary product of creation and annihilation
operators as a determinant and automatically includes every fully-
contracted term with the correct phase factor. Following previous
nonorthogonal derivations,”*”****" Lowdin’s general formula can
be applied to the nonorthogonal contractions defined in Eq. (10)
to give

xb;qu X _quxbl . _quwbtl
= WG |xpix xptx xp, wit (16)
="' | b, biby oo —*bb]]-
- L. | T.
xbpwbu xbrvwbu wblwbu.

triangle contains “Y-type” matrix elements. Reversing the sign of
the “Y-type” terms defined in Eq. (11b) relative to Paper I ensures
that these elements enter the determinant in Eq. (17) with a positive
sign contribution, simplifying subsequent derivations. This modi-
fied representation of the extended nonorthogonal Wick’s theorem
now provides matrix elements between excited configurations from
nonorthogonal reference determinants with an arbitrary number of
zero-overlap orbital pairs, as demonstrated in Secs. I1I B-III D.

B. Overlap elements
The overlap between a general pair of excited configurations is
given by
(O ") = (“OI(B]*ba) ([ By) - -
x (b1 by) (b b)) @), (18)

Using the approach presented in Sec. III A, these overlap matrix
elements can be expanded as

(o5t i)
xxXéiml) xxY(mz) XWYKE;”L—l) xWY:ECML)

xxy(my)  xx+-(my) xwy (mp—1)  xwy(mp)
X RO VR V!

:XWS Z

Mmi,....mp,

Myt +mp=m wxXl(iml) wxX(mz) WWXl(dmL_l) WWYIEML)

wxy(my)  wxy(mz) ww(mp-1) wwy(m)
X X T Xy Xie
(19)

where L is the combined number of excitations in the bra and ket
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states. Since fundamental contractions X and Y can be precom-
puted and stored once for a given pair of reference determinants,
the computational cost of evaluating Eq. (19) is only controlled by
the total number of excitations L and the number of zero-overlap
orbitals in the biorthogonal basis m. Specifically, the cost of evaluat-
ing each determinant in Eq. (19) scales as @ (L*), while the number
of ways to distribute the m zeros over the L contractions is ( ’fq ), giv-

ing an overall scaling of @ (L*( an )). In comparison, the conventional
first-quantized approach evaluates the determinant of the occupied
orbital overlap matrix between a pair of excited configurations, giv-
ing an O (N*) scaling.’? Since the number of excitations is smaller
than the total number of electrons by definition, the evaluation of the
extended nonorthogonal Wick’s theorem using Eq. (19) is generally
much more efficient.

xxXgm)
xx y-(my)
Xbi l

b...| ; d... AW & XX m
Fo|flrog) =5 Y xgm

my,...,Mpy4q
my+emp =m

2 foa
P

wx - (my)
Xli 1

wx - (my)
in 1
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C. One-body coupling
Representing one-body operators in the molecular orbital basis
for determinant [*®) as

f = fo;qxb;qu’ (20)
Pq

allows a general coupling term between two excitations from
nonorthogonal reference determinants to be expressed as

(O RILT) = 3 o @ICH ba) (B y) -
pq
x (b by) -+ ("BYB) ("B b)), (21)

Applying Léwdin’s general formula for the extended nonorthogonal
Wick’s theorem give the expansion,

xxY,Eij) XXY‘S;"LX+1) xwYa(:lnL) xwYa(:n,_H)
xxy-(my) xx v (mpgir) awy (mp)  xwy(mpgn)
ij 2 pr Lo+l de I ch L+1
xxX;’mz) xxX‘SITLXM) xwY;‘;n;,) xWYécmLH) , (22)
wx y-(my) wx v (Mp 1) wwy(mp)  wwy,(mpg)
le 23 le Lo+l de L ch L1
wx y-(my) wx v (Mp 1) wwy (mp)  wwy(mpg)
ij 2 ka Lo+l Xkd L Xkc L1

where L, is the number of excitations in the bra state and L is the combined number of excitations in the bra and ket states. Following Ref. 42,
a Laplace expansion can then be performed along the row corresponding to the one-body operator index g to give

wex(r) eyl oy m) oy n)
(o | fl i) =S y Z:n S XSV : : :
i+ gy =m P wex(m) wxX5m3> mrglm) ()
R R
xxY‘S;nz) xxYa(jmg) xwY‘i;nL) xwYLSCmLH)
DD Y e ikl I : : N
L= P wegr) g dm) g (m) oy )
)l )
xxXinmZ) xxYa(jMa) XWYa(;nL) xxYLS;nz,ﬂ)
xxxéimz) xxXZEjm3) xth(;nL) xxYZS;nLH)
S D DD Yy Fhio ¢ 01 I : : Fo (23)
e =m P () wegn) wxn) gl
R R R
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where, for convenience, the element along this row corresponding
to operator index p is placed first, and the dummy variables m; have
been rearranged. On the second row of Eq. (23), and those below it,
the columns in the minor submatrices have been swapped so that
the column corresponding to the one-body operator (index p) occu-
pies the position originally held by the corresponding cofactor (e.g.,
index i,j,d, or c), ensuring that these rows all have the same overall
sign contribution.

While a naive implementation of Eq. (23) scales as 0 (#*) due
to the summations over p and g, this scaling can be removed by
introducing a series of intermediate quantities. The first line requires
the intermediate,

xx]:-(()m,) _ fopq xxXépm,), (24)
Pq

which takes different values depending on whether the contraction
’“X;;" D s assigned to a zero-overlap orbital pair, as determined by

J

m;. For the remaining lines in Eq. (23), the rules for multiplying
a determinant by a scalar can be exploited to move the summa-
tion over p and ¢ inside the corresponding minor submatrices.
Introducing the intermediate quantities

(mim;) (m;) (mj)

xx ]_—ub i) _ ZxxYa;n xxquxqubJ , (25a)
Pq

) _ gy ) gy
Pq

xw]_—igﬂumj) _ ZxxYlgng) xx pqxwY(:’l]), (ZSC)
Pq

ww fi:,n“mj) _ ZWXX,,S;";) XX quwY;;n,)) (25d)
rq

and substituting these into the corresponding column for index p
gives the overall matrix element expression,

XXXLSimz ) xx Y;jmz ) xw Y{S;"L) xw Ya(CmLH )
xx(my)  xxy(ms3) xwy (mp)  xwy(mpgr)
Xy X Yii Yy
Cofiolflreoi) =" 3 AN : :
mryz:::i’:q/‘L-*-l:m wxy(my)  wx (m3) wwr(my)  ww (mpg)
1 L+1 X X \ X Y
li Jj 1d e
wx+-(my)  wx+-(m3) wwy(mp)  ww(mpgr)
X X X X ™
xx}-gm,mz) xbeSjrns) XWYa(;”L) xwYa(:nm)
xx ~(mi,my)  xxy(ms) awy(my)  xwy(mpgr)
Fpi Xy’ Yii' Yy
-y : : : N B
mlerl+:;l,L:11:m wx]_-l(im,,mz) wxXZE_m3) wal(dmz,) WWYI(Cm1,+|)
wx =(mumz)  wxy(m;) wwyr(my)  wws(mpgr)
Fu X X' X!
xxX;imz) xxY‘Ejms) xwYa(;nL) xw ]_-‘gznl,mhl)
xxy(my)  xxy-(m3) xwy (mp)  xw (mympg)
Xy * Xy Vi Fpe "
DY : : : : (26)
m:nﬁ.;.,rﬂnf:ll:m wxXl(imz) wxXémg) wal(dmL) wwfl(fml,m,,ﬂ)
wxy(my)  wxy-(m3) ww~-(mp)  ww =(my,mpe)
X’ Xy X' Fre

This expression comprises the term xx]-'ém‘) multiplied by
the total overlap of the excited configurations, minus terms where
each column of the submatrix is replaced by the corresponding
intermediate, e.g., ™" F ;;"1”"2) .

Computationally, the F intermediates in Eq. (25) can be pre-
computed with scaling © (16n°) and stored with scaling 0 (16n%),
where the factor of 16 accounts for the four possible values of
(mi, mj) and the four combinations xx, xw, wx, and ww. Once these
intermediates have been evaluated, the total cost of computing a
one-body matrix element only depends on the total number of exci-
tations in the bra and ket states L, which controls the size of the

(

determinants in Eq. (26) and the number of columns that must be
replaced with the intermediates, e.g., ™" F, 2:"""’2). The cost of eval-
uating each determinant in Eq. (26) scales as 0 (L*) and there are
L +1 determinants that must be computed. The summation over
the m; values depends on the total number of way to distribute m
zero-overlap orbitals between the L + 1 contractions, given by ( L:;l )
Consequently, the overall scaling for each one-body matrix element
is 0 (L*(L + 1)( L;ll ), which is constant with respect to the num-
ber of electrons or the size of the basis set. In comparison, applying
the generalized Slater-Condon rules for each pair of determinants
requires the biorthogonalization of the full set of occupied orbitals,
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with an iterative O (N?) scaling, followed by an 6 (n*) contrac-
tion of the co-density matrices with the one-electron integrals.”"”
Evidently, the new approach described here is significantly more
efficient when a large number of coupling elements are required.

D. Two-body coupling
Finally, two-body operators can be represented as

V= vaprqS(xb;xbr)(xb;sz)» (27)
pars

where the two-electron integrals *v,,, = *(prlgs) are expressed in
the MO basis for reference [*®) and are represented using Mulliken
notation.”’ A general coupling term between two excitations from
nonorthogonal reference determinants is then given by

(Fof

Wd)l?;) = vapnp(xq)'(xbija)(xbfxbb) e (xb;xbr)
pqu

x (Bl - (B B) (BB D). (28)

v

Deriving expressions for these matrix elements using the Laplace
expansion approach is much more involved than the one-body
operators and is much harder for the reader to follow. Instead, an
alternative approach can be used that constructs effective zero- or
one-body operators by partially contracting subunits containing two
or four of the indices p,7,4,s, and the one-body framework estab-
lished in Sec. III C can then be applied. The final expression is
given by

(@ [9]" @i ) = Eq.(30) + Eq.(34) + Eq.(38), (29)
where each constituent equation is derived in detail below.
X’T—Y‘ X’?‘
First, contractions containing the subunits by*b,*by*bs and
[
xpixp xpTx « 5 . .
b,"b,"bg"bs ead to the “zeroth-order” contribution,
W xxy (my,m;)
S X W
Myse.Mpyn
M)+t =m
xxy(ms3)  xxy(my) xwy (mps)  xwy(mpgs)
Xai 3 Yaj 4 Yad L+1 Yac L+2
xxy(ms3)  xxy(my) xwy (mps)  xwy(mpys)
Xy ij ) Vg ™ Yy
X : : : : , (30)
wxX(m3) wxX(m4) WWX(mI,+l) WWy(mHz)
li Ij 1d I
wx(m3)  wxy(my) ww(mpy)  ww(mpyg)
Xy ij ) Xea " Xee

xxyé:ﬂpﬂ«zﬂs) xXYa(jw) .
xxv y(my,ma,ms)  xxy(my)
Y X"

my,...,Mpyp

my+etmpa=m WXVl(‘mhmz,ms) WXXI(.m4) .
! J

wxv(@1>mz,m3) wxX(m4) .
ki kj

L oxw YLS;M) xw ngcmm)

xw e (mper)  xwy(mesn)
de’ ch o

ww s (mig) wwyr(mi)
deLl Y[,;Lz

ww s (migr)  ww s (mia)
Xdel XkcLz
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where the intermediate terms have been defined,

x{,}g:"') = Z(xvprqs - vasqr) xst(qml)) (31a)
qs
xxvgmi,mj) _ fo,}():n,v) xxXr(Pm,»)- (31b)

pr

The contribution from Eq. (30) is analogous to the one-body

= F4m) contribution in the first line in Eq. (26).

Next, the partially contracted subunits
.r”f—x‘ xptx xptxp xptx x T,\’—x‘?‘,\' xptx x’?
bli by bt/ by, b]) by bfl by, bﬂ br btl by, and bn by bll by, can be
used to define a new effective one-body operator,
PO = o5 lmxplep, (32)

pr

where the intermediate term in Eq. (31a) has been employed and the

[
. . xptxg xptx
factor of two arises from the equivalence of terms such as 2» 224" bs

1
and "05'bb'bs under the permutation of the dummy indices
p>q1>s. The contribution from these partially contracted subunits
can then be evaluated using the rules established for one-body
operators in Sec. III C by introducing the additional intermediate

terms,

xxvtgl:ﬂl,mz,ms) _ %xxya(;«l) xf)é;ﬂz) xxX;l:ns)) (33a)

wxviznl,M2,M3) _ waxélgnl) xi-/l(;;”z) xxX;Z‘L%)) (33b)
pPq

xwvlgzn],mz,ms) _ %:xxY‘gnl) XD}:Z'Z) Xqu(hml)) (330)

wwviznl,mz,ms) _ waxc%m) Xf}é;nz) XWYq(h"H)' (33d)
Pq

Each of these intermediates can be computed with a compu-
tational scaling of @ (8n*), and the overall storage cost for a pair
of reference determinants is 32n>. The one-body terms that are
analogous to the first line in Eq. (26), which represent the con-
tractions 2»"2r'b5"bs and "byP,by"bs: have already been included
in Eq. (30). Therefore, the unique contributions of these effec-
tive one-body operators to the full two-body matrix element in
Eq. (28) is

XXX‘E,'ml) xqu(jmz) .

xw Y[Edml_—l ) xwnganmL+l MMp42)
xx () xxy(my) xwy (mp_y)  xwy(mpmp,mpyg)
Xpi ijz deI Vbcl B
404 H . (34)
wx y-(my)  wx(my)
Xli 1 XI] 2) ..

WWXISimLfl ) ww Vl(cmbmul amL+2)

WXX)E,‘Tnl) WxXIEjmz) . WWx}E;anl) WWV}(CZnL>mL+1amL+2)
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The summation within the parentheses includes the replacement of each column of the overlap determinant with the corresponding

intermediate terms from Eq. (33).

The remaining terms include cases where all the indices p,q,,s are contracted with operators that occur in the bra or ket excitation
strings. An effective one-body operator can be constructed by considering partial contractions with the form, e.g.,

X xfx[ xpTx
CO[(h;"b,)(°b;"by) -

1
+ (O Cb b, )b} by)

where the indices p,r and p,s are contracted with bra or ket
excitation operators, giving effective operators with the form, e.g.,

xxfa(bm”mj) = bap Zxxyé;m) (x"prqs - xVPsqr) xfobrnj) Xb;xbs’ (362)

pqrs

waX(m,)( Vprqs _
pqrs

XW (m ;) ¢a Zxxy(m,) ( Vprqs _
pars

ww » (m;,m;) wx~-(m;) ,x
]ah = ¢ab2 Xap ( Vprqs -
pqrs

wx (m m])

xx (M) x tx
XU *pfb,  (36b)

Vpsar)
prsqr) xer(bmj) xngbs, (36C)

aw (M) x Tx
YU b, (36d)

prsqr )

where the permutation of the dummy indices p,q,r,s has been
exploited to incorporate the “exchange-like” terms. The operators
in Eq. (36) contain a phase factor ¢, that takes the value +1 if a
and b correspond to the same excitation or are separated by an odd
number of excitations, and —1 if a and b correspond to different exci-

tations separated by an even number of excitations, as illustrated for
AW

the example ( ¢y by the checkerboard pattern,

I + - + -

k - + - +

Every effective one-body operator defined for the L* combinations
of a creation and annihilation operator pair (excluding p, g, r, s) must
be considered. The contribution to the full two-body matrix element
can then be evaluated using the one-body approach described in
Sec. I1I C by introducing a final set of intermediates

xx,xxj‘i;n;;t, Mg, Z( Vorgs — prsqr) xx Y’gn,)

pars

< xfohmj) xch(qu) XXXS(;”)’ (37&)
e = 3 s = ) Y

pqrs

< XXXE;’")') xch(qu) xwYS(dm,)’ (37b)

X ‘ Tx [ X7 Tx
(bbb b,) -

1
(bbbl by) - -

XWij’(ml 1M mp)

w‘+w wLTw w
("B} bbb, | D)

Tw wTw w
"B b)("bI D) D), (35)

(

xx,wx g (mismj,my,my) x x xxy-(m;)
Fabed = 2 Vprgs = Vpgr) " Vap
pars
xxy () w5 (myc) xx 5 (my)
x () e () ey (m), (370)
XX, WW (mnm]lmk>ml) _ x x xxY(m,)
F abed = 2 Vorgs = Vpegr) Y

pqrs

% xxXr(hm)) WXXC(qu) w Ys(dm[)’ (37d)
TG = 3 = Vpar) “YG Y
rs
p: xx Yc(qu ) xw Ys(dml ) R (37e)
"W’W"ff{;na;nj ) Z( Vongs xvpsqr) xxY‘g'lx) xw Yr(hmj)
rs
P: wxXc(qu) MXs(dml)’ (379)
wx,wxf‘(l::lc;n] Mg,y Z( Vorgs — xvpsqr) WxXé;”") xxXr(bm/)
s
P: wxxc(qu) xst(z;m)’ (37g)

(m; RORTTS mp)

ww,wxjab - Vpsqr) wxX(m,) xwY(mj)

= 22 (prgs =
pars
x X ) ey (m) (37h)

WW,XW (mlxm]lmk)ml) _ x wx y(m;) xw (mj)
F abed = 2 Vprge = pegr) "Xy Yy

pqrs
o Yc(qu) xw Ys(dml)’ (371)
ww,ww;i;”aimr M1y Z( Vprq: - prsqr) WxXa(I;n,) w Yr(ij)
pqrs
« WxXc(qu) xw Ys(dml)' (37))

The standard two-electron integral symmetry relation

abd =g Cmomumom) Jlows intermediates for the

remaining combinations of indices to be obtained. Each interme-
diate can be computed with a computational scaling of @ (16 1),
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where the factor of 16 comes from the possible combinations of
(mi,mj, my, m;). Taking into account the two-electron symmetry
relation, the maximum storage requirement is 160n*. In practice, the
storage may be reduced if not all combinations of (m, m;, my, my)
are required (i.e., m < 4) or if excitations are only considered within
an active orbital space.

J
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When applying the one-body framework (Sec. III C) to the
effective operators defined in Eq. (36), the terms that arise from con-
tracting the g and s indices are discarded as these are already taken
into account by Eq. (34). These terms correspond to the first line
in Eq. (26). Therefore, the remaining unique contributions to the
two-body matrix element are

xx,xx g (my,my,ms,my) xw (M) xwy,(mpya) xx y-(myp) xw (M) XX,XW g (Mp—1,ML, M1, M42)
jui,bj de ch ij de jai,bc
_ % XWS Z : : + ot : :
2 My My es XX, ij(ml S, M3, m4) WWX(mL+1) ww Y(muz) WXX(ml) wa(m,_,z) Xxxwwj(_mL—l»mL>mL+1,mL+z)
Myt =m ai,lj Id Ic lj d ai,lc
XX, WX (ml mz,ms,rm) ww (mL+1) ww (mL+2) wx (ml) ww (msz) XX, Www (mL—1>mL>mL+1>mL+z)
j ai,kj Xkd Xkc ij Xkd j ai,kc
xx,xx g (my,my,ms,my) LLLaw (mp1)  xwy (mpg2) xx v (my) L (mp—y)  xxxw g(mp—1,mp,mps1,m42)
ja] bi de th Xbi de juj,bc
_ $aj vy 5 : : P
2 My L2 xxWXj(ml M1,y ) . WWX(mL+1) WWy(mL+Z) WXX(ml) .. WWX(mL—z) Xxywwj(_mL—lme)mLﬂ,mL+2)
Myt =m aj,li d Ic li aj,lc
xxwx g (mymy,ms,my) ww(mps1) ww-(mpgo) (my) ww(mp—s)  xxww g (M 1,Mp,mper, M)
jaj,ki Xkd Xkc i Xkd ]aj,kc
+ e +
ww,xx g (1my,my,ms,my) xxy-(ms) xw (M) xx 5 (m1) xxy(my) wwxw g (mp_1,mp,mp1,mies)
jkc ai Yuj Yad Xai Yaj fkc,ad
wwxx g (my,my,ms,my)  xx(ms) xwy(mpya) xxy(m)  xxy(my) wwxw g (Mp—1,Mp,Mp41,ML42)
_ e we Z F kewi ij Yia R Xy ij  kebd
2 M- M2 : : : : :
Myt My =m
ww,wx (ml my,msmy)  wxy(ms) wiw 3 (m42) wxy (m)  wxy(mz) ww,ww (M 1,mp,mpg M)
7 ke li le de Xli le 7 keld

Individual lines in this expression correspond to the effective
one-body operators constructed from a different pair of the cre-
ation and annihilation operators selected from excitation strings
[ie., (ai),(aj),..., (kc)]. The sum within a line corresponds to the
replacement of each column by the corresponding intermediate for
the remaining excitation indices, where the excitation indices used
to build the effective one-body operators have been removed. Every
contribution also includes a summation over the possible ways to
distribute the m zero-overlap orbital pairs over the contractions.
The factor of 1/2 accounts for the double counting of contributions,
(my,my,mz,my)
ai,bj
one-body operator with indices (ai) and (bj) due to the symmetry
xx,xxj(fnll,mz,mymz;) XX, xxj(ml My, m3, m4)

ai,bj bj,ai

Once all the requlred intermediates have been computed and
stored, the computational cost of evaluating a two-body matrix
element using this approach is determined by cost of computing
Egs. (30), (34), and (38). For each term, there are (L+2) ways to dis-
tribute m zero-overlap orbital pairs among the L + 2 contractions.
Equation (30) involves the computation of only one L x L deter-
minant, giving an O (L3(LJr2 )) scaling. Equation (34) requires the
computation of L determinants where each column in the over-
lap determinant is replaced by intermediates of the form Eq. (33),

giving a scaling of @(L4(L;lz)). Finally, Eq. (38) involves the

for example, the term *** ¢ appears for the effective

(38)

computation of L-1 determinants with dimensions (L-1)
x (L —1) for each pair of creation and annihilation operators in
the excitation strings, giving a scaling of 6 (L*(L - 1)4(L:;2 ))- The
asymptotic scaling for individual two-body matrix elements using
these intermediates is, therefore, © (LG( L+2 )) Although this com-
putational cost increases rapidly with the number of excitations in
a two-body matrix element, it has O (1) scaling with respect to the
number of basis functions or electrons. In contrast, applying the gen-
eralized Slater—Condon rules for two-body operators scales as 0 (1n*)
for each matrix element and rapidly makes the computation of a
large number of matrix elements unfeasible.

IV. ILLUSTRATION OF COMPUTATIONAL SCALING

The extended nonorthogonal Wick’s theorem for arbitrary
excitations has been implemented in a developmental open-source
C++ package LIBGNME, available for download at Ref. 52. The
primary advantage of the extended nonorthogonal Wick’s theorem
over the generalized Slater-Condon rules is the 0 (1) scaling with
respect to the number of basis functions or electrons that can
be achieved once all the required intermediates have been pre-
computed. This scaling means that the computation of nonorthog-
onal matrix elements for excited configurations becomes almost as
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straightforward as the conventional orthogonal Slater—-Condon rules al| sxmayaw b
or V\tfgick’s theorem. i 107 ¢ < cDi |V| q)j > ef/CoﬂdO“
The acceleration relative to the generalized Slater-Condon g 107 \,\Se(\S\'A‘ o™y
rules can be demonstrated by comparing the average time required ) 102 Gt
to compute one- and two-body matrix elements between singly =
. . . L1 s . = 10!
excited or doubly excited configurations with increasingly large o
correlation-consistent basis sets.”” Illustrative calculations using 2 100
LIBGNME have been performed for two nonorthogonal reference E 10-1
determinants corresponding to the spin-{flip pair of spin-symmetry- I N
broken unrestricted Hartree-Fock solutions for the ground state of 1072 No_r;orthogonal Wick s_’l;h_eorem o) -
H,O at a bond angle of 104.5 and R(O-H) = 1.35 A.
Average timings for each one-body matrix element are com- 10* (x(l)l.”;’hﬂWQ)i;i
pared between the extended nonorthogonal Wick’s theorem and 2 103
the generalized Slater-Condon rules in Fig. 1. This average is com- E
puted using all the high-spin single or double excited coupling g 10°
terms within a (10, 13) active space constructed from the lowest- = 10!
energy molecular orbitals. This choice corresponds to 40 single oy 0
and 280 double excitations, giving a total of 1600 single-single g 10
and 78400 double-double coupling terms for each basis set. The Z 10! o)
statistical distribution is assessed using 48 replicas of each calcula- 10-2 - - -

tion. As expected, these data demonstrate the © (1) scaling of the
extended nonorthogonal Wick’s theorem with respect to the basis
set size, while the generalized Slater-Condon rules scale asymptot- 6-31G cc-pVDZ cc-pVTZ cc-pvVQZ
ically as @ (n*). For small basis sets, the scaling of the generalized
Slater-Condon rules becomes constant as the computational cost is

Basis Set Size

FIG. 2. Comparison of the average timing for computing two-body matrix ele-
ments in H,O using the extended nonorthogonal Wick’s theorem (blue) and the
generalized Slater—Condon rules (red). A total of 1600 single-single and 78 400

0
10 d! Bwah double-double coupling terms are computed for each basis set and only high-spin
D i |f| () j> excitations are considered. Data are plotted on a log-log scale.

wa
g
g 1| O 2
°é 10 Generalised Slater—Condon ()
&
o PR dominated by biorthogonalizing the occupied orbitals in each pair of
& -2 -~ excited configurations. In the largest basis set considered (cc-pV5Z),
= 1077 -7 >
;5’ P the extended nonorthogonal Wick’s theorem provides a computa-

~#“ Nonorthogonal Wick’s Theorem O(1) tional acceleration of nearly 3 orders of magnitude relative to the
generalized Slater-Condon rules.

Analogous average timings for two-body matrix elements
between singly excited and doubly excited configurations are pre-
sented in Fig. 2. Here, the generalized Slater-Condon rules show
a near-ideal O(n*) computational scaling, while the extended
nonorthogonal Wick’s theorem has a constant cost for all basis
sets, as predicted. The larger n* scaling of two-body compared with
one-body matrix elements means that the extended nonorthogonal
1072 Pig Wick’s theorem offers an even greater advantage over the gener-
’,’ ox) alized Slater-Condon rules, as demonstrated by the six orders of
e - magnitude acceleration achieved for the (*®f f/wd)f) matrix ele-
ments in the cc-pVQZ basis set. These numerical results highlight
the significant computational advance provided by the general-
ized nonorthogonal matrix elements compared with the previous

Basis Set Size state-of-the-art.

Average Time/ms

1073
6-31G  cc-pVDZ cc-pVTZ  cc-pVQZ cc-pV5Z

FIG. 1. Comparison of the average timing for computing one-body matrix ele-
ments in H,O using the extended nonorthogonal Wick’s theorem (blue) and the V. DISCUSSION AND OUTLOOK

generalized Slater-Condon rules (red). A total of 1600 single-single and 78 400 This work has extended the nonorthogonal Wick’s theorem %
double—double coupling terms are computed for each basis set and only high-spin and the results of Ref. 46 to derive coupling elements between

excitations are considered. Data are plotted on a log-log scale. . . . .
5 L arbitrary excited configurations from a pair of reference Slater
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determinants with a singular nonorthogonal orbital overlap matrix.
By pre-computing and storing various intermediate terms, subse-
quent one- and two-body matrix elements can be evaluated with
a computational cost that scales © (1) with respect to the num-
ber of basis functions or electrons. These developments provide
a significant improvement over the commonly used generalized
Slater-Condon rules, which asymptotically scale as & (n*) or 6 (n*)
for one- or two-body matrix elements, respectively.

While the nonorthogonal Wick’s theorem is well
established”*"” and explicit expressions for certain nonorthog-
onal matrix elements have previously been reported, this work
presents an entirely general and unified framework for developing
nonorthogonal techniques. The current approach shares many
similarities with the nonorthogonal matrix elements derived by
Mahajan and Sharma,”*” including the use of the determinantal
expansion of Wick’s theorem. However, in contrast to their work,
the derivations presented here are entirely generalized to cases
where singular values occur in the biorthogonalization of the
reference orbitals, providing a unification with the various instances
of the generalized Slater-Condon rules.”” Consequently, this
framework establishes the most general and flexible version of
Wick’s theorem for computing matrix elements between arbitrary
Slater determinants.

In practice, the bottleneck for these generalized nonorthogonal
matrix elements is the computation and storage of the intermedi-
ate terms required for two-body operators. While the evaluation
of the intermediates in Eq. (37) has the same O (#’) scaling as
a standard two-electron integral transformation, the cost of stor-
ing all these intermediates for a given pair of determinants scales
as 160n* when the two-electron symmetry is taken into account.
The storage of two-electron integrals is already challenging for
larger basis sets, so increasing this by a factor of 160 represents
a significant computational overhead. This cost can be reduced
if there are no zero-overlap orbital pairs in the reference deter-
minants (i.e., m = 0), such that only a subset of (m;, m;, my, m;)
combinations are required, or if excitations are only considered
within an active orbital space. Alternatively, we can expect tech-
niques such as the Cholesky decomposition™ or resolution-of-the-
identity™ to provide further reductions in the storage and compu-
tational cost of computing the two-electron intermediates. These
areas for improvement are beyond the scope of the current work
but will form the focus for future computational research and
development.

Until now, the development of advanced nonorthogonal
techniques in electronic structure theory has been hindered by
the computational cost of computing arbitrary nonorthogonal
matrix elements. The generalized extension to the nonorthogonal
Wick’s theorem,”®* introduced in Ref. 46 and further devel-
oped in this work, now offers a universal route to overcome
this challenge. Moving forwards, the ability to rapidly compute
nonorthogonal matrix elements between excited configurations
will allow on-the-fly implementations of NOCI extensions such as
NOCI-PT2,” NOCI-MP2,""" and nonorthogonal configuration
interaction singles (NOCIS)."""” Furthermore, the generalization
to arbitrary excitations will enable the evaluation of coupling
terms between excited state-specific multi-configurational wave
functions”” **** that are prohibitively expensive using the
generalized Slater-Condon rules. Ultimately, the generality of this

ARTICLE scitation.org/journalljcp

framework, and the availability of the open-source LIBGNME
implementation,”” will catalyze a new phase of development in
nonorthogonal electronic structure theory.
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