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Abstract

Over the past 30 years, the study of counting problems has become an inter-

esting and important work. The framework of counting problems can capture

applications in diverse fields, such as graph colouring and homomorphism in

graph theory, and the Ising and Potts model from statistical physics. In this

thesis, we will discuss my recent research work focusing on this area.

In Chapter 1, the basic notions and definitions of counting problems will

be introduced. Because of the hardness result of computation complexity

for counting problems, we will mainly consider whether we have efficient

approximation algorithms for counting problems.

In the algorithmic part, one of the most exciting research is to establish the

connection between the uniqueness phase transition of spin systems and the

approximability phase transition of computing partition functions. In Chapter

2, we first discuss some basic methods of designing approximation algorithms,

including the connection between sampling and counting and the correlation

decay approach. These methods will be used in Chapter 4 and 5. In Chapter

3, we will discuss the uniqueness threshold for the antiferromagnetic Potts

model on d-ary trees and introduce our results for small q. Chapter 4 and 5

contain two examples of counting and sampling in the uniqueness regime. We

designed approximation algorithms for counting the number of 4-colourings

on cubic graphs and sampling from the Potts model on random regular graphs

in the uniqueness regime.

In the complexity part, a classification result for the complexity of approxi-

mate counting Boolean Constraint Satisfaction Problems on bounded-degree

instances will be introduced in Chapter 6. We focused on whether, for all

Boolean constraint languages Γ, there is a “barrier” value ∆0 such that for



all ∆ > ∆0, the counting problem of Boolean CSP is computationally hard to

approximate, and completely classified the complexity of this problem.
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Chapter 1

Introduction

1.1 Counting complexity and approximate counting

1.1.1 Counting problems

Counting problems originated from a field of mathematics called enumerative combi-

natorics where the interest is in studying the number of mathematical structures with

given properties. For example, one of the most well-known and beautiful formulas in

enumerative combinatorics is Cayley’s formula, which gives the number of labelled trees

on n vertices. Now counting problems have a variety of applications in diverse fields,

including statistics, statistical physics and computer science.

In counting problems that arise in computer science, we are interested in computing

algorithmically the number of structures with given properties. We begin by describing

some illustrative examples.

One of the most well-studied problems in computer science is the independent set

problem. We will be interested in the following counting problem: given as input a

graph G, compute the number of independent sets in G.1 In general, this problem is

very difficult (it is #P-complete as we will explain in Section 1.1.2), even in terms of

computing an approximate answer. Nevertheless, we can do better on certain classes of

graphs by utilising their combinatorial properties. One such class of graphs are trees,

where the absence of cycles implies a simple polynomial-time algorithm. In the following,

we describe this polynomial-time algorithm.

In particular, suppose that we want to compute the number of independent sets of a given

tree T . For a vertex v of T , let I0(T, v) denote the number of the independent sets I of

1An independent set in a graph G is a subset of vertices which are mutually non-adjacent.
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the tree T such that v 6∈ I, and I1(T, v) denote the number of the independent sets I of

the tree T such that v ∈ I. Let T1, T2, . . . , Td be the disjoint connected components of

T \ v, and v1, v2, . . . , vd be all neighbour vertices of v in the tree T , where vi ∈ Ti for all

1 6 i 6 d. We have a simple recursive algorithm for computing I0(T, v) and I1(T, v) by

using the following formulas:

I0(T, v) =

{∏
i∈[d](I0(Ti, vi) + I1(Ti, vi)) if T contains at least two vertices,

1 if T only contains vertex v;

and

I1(T, v) =

{∏
i∈[d] I0(Ti, vi) if T contains at least two vertices,

1 if T only contains vertex v.

Since the number of independent sets of T is I0(T, v) + I1(T, v), we thus obtain a

polynomial-time algorithm for computing the number of independent sets of trees.

Another example of a counting problem is the problem of computing the number of

perfect matchings in a given graph G.2 Analogously to the independent set problem,

counting perfect matchings is in general a very hard problem, but again we can do better

on certain classes of graphs such as trees. A more intricate class of graphs where we can

compute the number of perfect matchings efficiently are planar graphs, using a beautiful

method discovered by Kasteleyn [52]. Kasteleyn designed an algorithm for computing

the number of perfect matchings in a planar graph G based on a certain orientation

of the graph G and computing an appropriate determinant of the associated (directed)

adjacency matrix.

Our goal in this thesis is to identify the cases where we can design polynomial-time

algorithms for counting problems, or to establish their computational hardness. In the

next section, we first describe the relevant complexity classes for counting problems.

Subsequently, we describe the types of algorithms that we will be interested in.

1.1.2 #P and #P-complete

In this section, we describe the complexity class #P which is relevant for classifying the

complexity of counting problems. We begin by first reviewing the complexity class NP for

decision problems, and then describe its analogue for counting problems.
2A perfect matching of a graph G = (V,E) is a subset M ⊆ E of edges such that every vertex of G

belongs to exactly one edge in M .
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Recall, in a decision problem, the goal is to decide whether the input to the problem has

a specific property. For example, given an input graph G and an integer k, does G contain

an independent set of size k? More generally, in a decision problem Aϕ we are asked to

output the value of a function ϕ : Σ∗ → {0, 1}, where Σ∗ is the set of all possible inputs

and an element of Σ∗ represents a string whose characters are from an alphabet Σ (e.g.,

if Σ = {0, 1}, the input is encoded in binary). For a string x ∈ Σ∗, we denote by |x| the

length of the string x.

The decision problem Aϕ belongs to the complexity class NP if it can be decided by

a nondeterministic Turing machine in time polynomial in the size of the input. An

alternative but equivalent definition of NP will be more relevant for generalising to

counting problems. In particular, Aϕ belongs to the complexity class NP if there exist

a polynomial function p(·) and a polynomial-time deterministic Turing Machine M :

Σ∗ × Σ∗ → {0, 1} such that,

1. for all x ∈ Σ∗ such that ϕ(x) = 1, there exists a witness y ∈ Σ∗ such that |y| 6 p(|x|)
andM(x, y) = 1, i.e.,M accepts (x, y),

2. for all x ∈ Σ∗ such that ϕ(x) = 0, for all y ∈ Σ∗ with |y| 6 p(|x|) it holds that

M(x, y) = 0.

We callM a “witness-checking” predicate. In the decision version of the independent set

problem described above, x corresponds to the input graph G and the integer k while the

witness y corresponds to an independent set of size k in G (if one exists).

In counting problems, instead of binary-valued functions ϕ, the goal is to compute

a function f : Σ∗ → N. The relevant complexity class for counting problems is #P

(number-P). Roughly, a problem in #P is the counting version of a problem in NP

and it corresponds to counting the number of witnesses of an NP problem. More

formally, consider a counting problem Af where we want to compute the function

f : Σ∗ → N. Then, Af ∈ #P if there exist a polynomial function p(·) and a polynomial

time deterministic Turing MachineM : Σ∗ × Σ∗ → {0, 1} such that for all input x ∈ Σ∗,

f(x) = |{y ∈ Σ∗ : |y| 6 p(|x|) ∧M(x, y) = 1}| .

Just as the class NP has complete problems, the class #P also has complete problems

which are called #P-complete. To introduce this notion, we first need to define reductions

between counting problems (analogously to reductions for decision problems).

3



Let Af and Ag be two problems in #P, where we want to compute the functions

f : Σ∗f → N and g : Σ∗g → N, respectively (Σf , Σg are the alphabets used to encode the

inputs of Af and Ag). We say there is a parsimonious reduction from Af to Ag (written

as Af 6par Ag) if there is a function t : Σ∗f → Σ∗g such that

1. on input x ∈ Σ∗f , t(x) can be computed in time polynomial in the size of x,

2. for all x ∈ Σ∗f , f(x) = g(t(x)).

Parsimonious reductions are often restrictive and frequently we instead use polynomial-

time Turing reductions, where a counting problem Af reduces to another counting

problem Ag if there exists a polynomial time algorithm for Af given an oracle that solves

Ag.

With these definitions, we can now define #P-complete problems. A problem Af is

#P-complete [75] if

1. Af belongs to #P;

2. Every problem in #P can be reduced to Af by a polynomial-time Turing reduction.

Usually, the counting version of an NP-complete problem is #P-complete (though it

is not known whether this holds in general). For example, let 3-SAT be the decision

problem where, given a Boolean formula in conjunctive normal form whose clauses have

at most three literals, we need to decide whether there exists a satisfying assignment

of the formula. It is well known that 3-SAT is an NP-complete problem [51]. The

counting version of 3-SAT, denoted by #3-SAT, is to compute the number of all satisfying

assignments. As it turns out, #3-SAT is a #P-complete problem.

Theorem 1.1.1 ([75]). #3-SAT is #P-complete under parsimonious reductions.

Interestingly, under Turing reductions, there exist #P-complete problems whose decision

version is solvable in polynomial time. The most well-known example is the problem of

counting perfect matchings of bipartite graphs. Deciding whether a bipartite graph con-

tains a perfect matching can be solved in polynomial time. However, Valiant proved that

counting perfect matchings of bipartite graphs is #P-complete under Turing reductions.

Theorem 1.1.2 ([75]). The problem of counting perfect matchings of bipartite graphs is

#P-complete under Turing reductions.
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For #P-complete problems, it is generally believed in complexity theory that we cannot

solve them exactly in polynomial time. So we will instead focus on approximation

algorithms, which we describe in the next section.

1.1.3 Polynomial-time approximation schemes

In this section, we define the class of approximation algorithms that we will use to study

counting problems. In particular, we define fully polynomial-time approximation schemes

(FPTAS) and fully polynomial-time randomised approximation schemes (FPRAS).

Let Af be a counting problem as in Section 1.1.2, i.e., our goal is to compute a function

f : Σ∗ → N, where Σ∗ encodes the input to the problem (strings from an alphabet Σ).

Definition 1.1.3. An algorithm is an FPTAS for the counting problem Af if, on input x

and a parameter ε ∈ (0, 1), the algorithm outputs a number f̂ in time poly(|x| , 1/ε) such

that

(1− ε)f(x) 6 f̂ 6 (1 + ε)f(x).

An FPRAS is the randomised version of an FPTAS, and is defined as follows.

Definition 1.1.4. A randomised algorithm is an FPRAS for the counting problem Af
if, on input x and parameters ε, δ ∈ (0, 1), the algorithm outputs a number f̂ in time

poly(|x| , 1/ε, log(1/δ)) such that

(1− ε)f(x) 6 f̂ 6 (1 + ε)f(x),

with probability at least 1− δ.

Note that if the answer to a counting problem is 0, an FPTAS/FPRAS must output 0,

whereas if the answer to a counting problem is larger than 0, an FPTAS/FPRAS must

output a positive number. Therefore, if a counting problem admits an FPTAS/FPRAS,

then we can solve its decision problem in (randomised) polynomial time as well.

More interestingly, if we have an oracle for an NP-complete problem, then we can design

an FPRAS for any counting problem in #P.

Theorem 1.1.5 ([74]). Given an oracle for an NP-complete problem, there is an FPRAS

for every problem in #P.

In the rest of this thesis, we will be interested in designing an FPTAS or FPRAS for

counting problems without using the assumption of having an oracle for NP.
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1.2 Preliminaries

In this section, we first give some general notations which will be used in this thesis.

Then we define spin systems and the associated counting problems which will be the

major focus of this thesis.

1.2.1 Spin systems

1.2.1.1 Two-state spin

Spin systems play an important role in statistical physics and computer science. In

statistical physics, spin systems are used to explain physical phenomena on the basis

of interacting particles. In computer science, spin systems are relevant for studying

well-known combinatorial problems such as the independent set and proper q-colouring

problems.

We begin by describing 2-state spin systems. Roughly, a 2-state spin system is comprised

of sites and each site has a spin which can be in one of two possible states, say {0, 1}.
Each site interacts with its neighbouring sites and the strength of the interaction depends

on the sites’ states.

More specifically, we will think of the particles being arranged on a graph G = (V,E)

where vertices in V represent sites and edges in E represent whether two sites are

neighbouring. A configuration of the spin system is an assignment σ : V → {0, 1}, i.e.,

a configuration σ assigns a spin state to each vertex. The weight of a configuration σ is

given by

wG(σ) =
∏

(u,v)∈E

Aσ(u),σ(v)

∏
v∈V

bσ(v),

where A is a 2× 2 symmetric matrix with nonnegative entries and b is a 2-dimensional

vector with nonnegative entries. The standard parametrisation of the matrix A and the

vector b are given as follows:

A =

(
A0,0 A0,1

A1,0 A1,1

)
=

(
β 1
1 γ

)
and b = (b0, b1) = (1, λ),

where β, γ, λ are nonnegative numbers (in statistical physics, λ is referred to as the

absolute activity or fugacity).
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The partition function of the spin system is given by

ZG =
∑

σ:V→{0,1}

wG(σ).

The Gibbs distribution PrG[·] associated to the spin system is a probability distribution

on the space of all configurations σ : V → {0, 1}. In particular, the probability mass of a

configuration σ in the Gibbs distribution is given by

PrG[σ] =
wG(σ)

ZG
.

Now we describe two important examples of 2-state spin systems:

• The hardcore model with parameter λ > 0 corresponds to the problem of counting

(weighted) independent sets of a graph G = (V,E). In the hardcore model, the

matrix A and the vector b are given by

A =

(
1 1
1 0

)
and b = (1, λ).

Note that for each configuration σ : V → {0, 1} with positive weight, it holds that

the spins of adjacent vertices cannot be simultaneously equal to 1, i.e., for every

(u, v) ∈ E, it holds that σ(u) · σ(v) = 0. In particular, whenever wG(σ) > 0, the

set of vertices v such that σ(v) = 1 is an independent set of the graph G, which

we denote by I(σ), and the weight of I(σ) is λ|I(σ)|. We can therefore write the

partition function of the hardcore model in the following equivalent way:

ZG =
∑

σ:V→{0,1}

wG(σ) =
∑

I∈I(G)

λ|I|,

where I(G) denotes the set of all independent sets of the graph G. Similarly,

the Gibbs distribution of the hardcore model can be equivalently interpreted as a

probability distribution supported on the set I(G).

Note that, in the case λ = 1, the partition function of a graph G in the hardcore

model is the same as the number of independent sets of G, i.e., ZG = |I(G)|, and

the Gibbs distribution is the uniform distribution over all independent sets.

• The Ising model with parameter β > 0 is a model of ferromagnetism in statistical

physics. In the Ising model (without external field), the matrix A and the vector b

are given by

A =

(
β 1
1 β

)
and b = (1, 1).
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Hence, the weight wG(σ) of a configuration σ : V → {0, 1} is equal to βm(σ), where

m(σ) is the number of edges whose endpoints have the same spin under σ.

For 0 < β < 1, the Ising model is called antiferromagnetic, whereas for β > 1, the

model is called ferromagnetic. Roughly, for β > 1, configurations σ with many

monochromatic edges have larger weight than configurations with few monochro-

matic edges (and the other way around for β < 1).

Later, we will be interested in the problem of computing (approximately) the partition

function of a 2-state spin system, given an input graph G.

1.2.1.2 Multi-state spin systems

We can generalise 2-state spin systems in multiple ways; in this section, we consider

multi-state spin systems, where the number of spin states can potentially be larger than

two.

Let q > 2 be an integer. We will use q to denote the number of states and [q] to denote

the set {1, 2, . . . , q} of spin states. Analogously to the 2-state spin system, in a q-state spin

system on a graph G = (V,E), a configuration is an assignment σ : V → [q]. The weight

of a configuration σ is given by

wG(σ) =
∏

(u,v)∈E

Aσ(u),σ(v),

where now A is a q× q symmetric matrix with nonnegative entries. The partition function

of the q-state spin system is again given by the aggregate weight of all configurations, i.e.,

ZG =
∑

σ:V→[q]

wG(σ).

Also, in the Gibbs distribution PrG[·], a configuration σ has probability mass given by

PrG[σ] =
wG(σ)

ZG
.

A canonical example of a multi-state spin system is the q-state Potts model, which is a

generalisation of the Ising model. In the Potts model, the parameter matrix A is given by

A =


β 1 1 · · · 1
1 β 1 · · · 1
1 1 β · · · 1
...

...
...

. . .
...

1 1 1 · · · β


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where β > 0. Note that the case q = 2 and β > 0 is precisely the case of the Ising model.

For q > 3, the case β = 0 is particularly interesting, since it corresponds to the proper

q-colouring problem. In particular, for β = 0, we can rewrite the partition function as

ZG =
∑

σ:V→[q]

∏
(u,v)∈E

1σ(u)6=σ(v), where 1σ(u)6=σ(v) =

{
1 if σ(u) 6= σ(v);

0 if σ(u) = σ(v).

Observe that a configuration σ has positive weight iff every pair of adjacent vertices in

G have different states, i.e., σ induces a proper q-colouring of G. Hence, in this case

(β = 0), ZG is the number of proper q-colourings of the graph G.

1.2.2 Uniqueness of Gibbs distribution

Note that in Chapter 1.2.1, the Gibbs distribution is only defined on finite graphs. For

infinite graphs, we say a probability distribution PrG[ · ] is a Gibbs distribution of an

infinite graph G if the marginal distribution under PrG[ · ] on any finite subgraph H of G,

conditioned on the configuration of (G \H) ∪ ∂H is the same to the Gibbs distribution

on H conditioned on the configuration of the boundary of H. (The boundary ∂H of H is

the set of those vertices in H which are adjacent to some vertex in G \H.) Formally, let

G = (V,E) be an infinite graph. For any configuration σ : V → [q] and any subset U of

V , denote by σ(U) the restriction of the configuration σ to the vertices in U . Then PrG[ · ]
is a Gibbs distribution if for any finite subgraph H ⊆ G and any fixed configuration

σ : V → [q], the conditioned distribution for any configuration τ : V → [q] satisfies

PrG[τ | τ((G \H) ∪ ∂H) = σ((G \H) ∪ ∂H)] = PrH [τ | τ(∂H) = σ(∂H)] ,

where PrH [ · ] is the Gibbs distribution on the finite graph H. It is a well known result

in statistical physics that at least one such probability distribution always exists (see

[40]). However, for certain values of the parameters, there might be multiple such

distributions. We are interested in the case where the Gibbs distribution is unique. Given

a graph G = (V,E) and a set A ⊆ V , let S(A,n) denote the set {v ∈ V | d(v,A) = n}
where d(v,A) is the smallest distance from v to the set A. The uniqueness of the Gibbs

distribution can be defined as follows.

Definition 1.2.1 ([71]). On an infinite graph G = (V,E) with finite degrees we say that

a Gibbs measure is unique if for any finite set A ⊆ V ,

lim sup
n→∞

max
σ1,σ2

∥∥PrG[σ(A) = · | σ(S(A,n)) = σ1]−PrG[σ(A) = · | σ(S(A,n)) = σ2]
∥∥

TV
= 0,

9



where ‖·‖TV is the total variation norm and the maximum is taken over all boundary

condition σ1, σ2 : S(A,n)→ [q].

In particular, we use the following definition that formalises uniqueness instead to simplify

the criteria of the uniqueness for the Potts model on d-ary trees. Let Td,n be the rooted

d-ary tree with height n (i.e., every path from the root to a leaf has n edges, and every

non-leaf vertex has d children). In particular, denote by Td the infinite d-ary tree. Let

ΛTd,n be the set of leaves of Td,n and let vd,n be its root.

Definition 1.2.2. The q-state Potts model with parameter β exhibits uniqueness on the

infinite d-ary tree Td if, for all colours c ∈ [q], it holds that

lim sup
n→∞

max
τ : ΛTd,n→[q]

∣∣∣∣PrTd,n
[
σ(vd,n) = c | σ(ΛTd,n) = τ

]
− 1

q

∣∣∣∣ = 0. (1.1)

It exhibits non-uniqueness otherwise.

1.3 Main results of this thesis

In this thesis, we will mainly discuss the uniqueness threshold for the q-state Potts model,

and then design some algorithms for approximate counting in the uniqueness regime.

Finally, we will also establish the classification of complexity of approximate counting of

Boolean Constraint Satisfaction Problems.

In Chapter 2, we first discuss some basic methods of designing approximation algorithms,

including the connection between sampling and counting and the correlation decay

approach. These methods will be used in Chapter 4 and 5.

In Chapter 3, we will discuss the uniqueness threshold for the antiferromagnetic Potts

model on d-ary trees. For the ferromagnetic Potts model, the uniqueness threshold is

well-studied. But for the antiferromagnetic Potts model, the threshold is much less clear,

even on the regular trees. Jonasson established the uniqueness threshold in the zero-

temperature case, which corresponds to the q-colourings model. In the permissive case

(where the temperature is positive), the Potts model has an extra parameter β ∈ (0, 1),

which makes the task of analysing the uniqueness threshold even harder and much less

is understood. Our work is to extend the analysis to the antiferromagnetic case. We

first focus on the case q = 3 and give a detailed analysis of the Potts model on the tree

by refining Jonasson’s approach. In particular, we establish the uniqueness threshold
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on the d-ary trees for all values of d ≥ 2. When d ≥ 3 , we show that the 3-state

antiferromagnetic Potts model has uniqueness for all β ≥ 1− 3/(d+ 1). The case d = 2

is critical since it relates to the 3-colourings model on the binary tree (where β = 0),

which has non-uniqueness. Nevertheless, we show that the Potts model has uniqueness

for all β ∈ (0, 1) on the binary tree. Both of these results are tight since it is known

that uniqueness does not hold in the complementary regime. Then we consider general

q > 3 cases. Our techniques give a criteria to prove that the Potts model has uniqueness

with given parameters q and d, based on a two-step recursion on the tree. For q = 4, we

verified this condition and establish the uniqueness threshold for 4 ≤ d ≤ 9. However,

it is conjectured that the Potts model has uniqueness on d-ary trees as long as β ∈ (0, 1)

and β ≥ 1− q/(d+ 1). The exact threshold is still open.

For some particular two-state spin systems, such as the antiferromagnetic Ising model

and the hard-core model, the connection between the uniqueness phase transition and

the complexity of approximate counting problems has been well studied. It has been

proved that an FPTAS/FPRAS exists iff the system has uniqueness. So the same picture is

conjectured to hold for some general models, such as the colouring model and the general

Potts model. In Chapter 4 and 5, we will introduce some approximation algorithms for

counting and sampling in the uniqueness regime.

• In Chapter 4, we will discuss the counting problem of the q-colourings model, which

is a special case of the antiferromagnetic Potts model. Let ∆ denote the maximum

degree of the graph. It is known that the q-colouring model on infinite regular trees

has uniqueness iff q ≥ ∆ + 1. This fact supports the conjecture that there is an

FPTAS/FPRAS for counting the number of proper colourings as long as q ≥ ∆ + 1.

However, the conjecture remained open even for any fixed ∆ ≥ 3.

We refine the techniques of the correlation decay approach and design an FPTAS

for counting the number of proper 4-colourings on graphs with maximum degree 3

and thus confirm the conjecture in the case of ∆ = 3. Our algorithm is the first one

to achieve this optimal bound of q = ∆ + 1.

• In Chapter 5, we will consider the problem of sampling from the antiferromagnetic

Potts model on random regular graphs, which is an important application of our

uniqueness results. It is conjectured that polynomial-time approximate sampling

is possible when the temperature of the model is in the uniqueness regime of the
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regular trees, but designing algorithms remains a difficult task. In this chapter, for

all integers q ≥ 3 and ∆ ≥ 3, we develop algorithms that produce samples within

error o(1) from the q-state antiferromagnetic Potts model on random ∆-regular

graphs, whenever the temperature is in uniqueness.

This algorithm is based on iteratively adding the edges of the graph and resampling

a bichromatic class that contains the endpoints of the newly added edge. We exploit

the tree uniqueness to show that the average growth of bichromatic components

is typically small, which allows us to use correlation decay algorithms for the

resampling step. While the precise uniqueness threshold on the tree is still not

known for general values of q and ∆ in the antiferromagnetic case, our algorithm

works throughout uniqueness regardless of its value.

In Chapter 6, we establish the classification for the complexity of approximate counting

Boolean Constraint Satisfaction Problems (CSP) on bounded-degree instances. Let ∆

be the maximum number of occurrence of any variables. For every fixed ∆ ≥ 3, the

complexity of exactly solving this problem depends on the set of allowed constraints has

been completed. However, in the approximate setting, even for some widely studied

case we do not know much about their complexity. For a special case which is known as

the “conservative case” in the CSP literature, the complexity of approximation problem

has been classified. But the “conservative case” does not include many natural problems

such as the hypergraph independent sets problem. Our result extends this result in

the “conservative” case. Since even the complexity of the decision version is still not

completely understood, in our work, we focused on whether, for all Boolean constraint

languages Γ, there is a “barrier” value ∆0 such that for all ∆ > ∆0, the counting problem

of Boolean CSP is computationally hard to approximate. In our setting we completely

classified the complexity of approximately counting Boolean CSP problems.
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Chapter 2

Methods

In this chapter, we review some well-known methods which are algorithmic techniques

to design approximation algorithms for counting problems. We will focus on counting

problems induced by spin systems: given a spin system on a graph/hypergraph, can

we (approximately) compute its partition function? To illustrate the relevant ideas,

throughout this chapter, we will focus on computing the partition function of the hardcore

model on graphs.

2.1 From the marginal distribution to approximate counting

Consider the hardcore model (which is defined in Chapter 1.2.1.1) with parameter λ on

a given graph G = (V,E). For a vertex v ∈ V , we will use PrG[σ(v) = 1] to denote the

marginal probability that σ(v) = 1, where σ is a random configuration sampled from the

Gibbs distribution, i.e.,

PrG[σ(v) = 1] =
∑

σ:σ(v)=1

PrG[σ] .

Interestingly, an FPTAS for computing the marginal probability PrG[σ(v) = 1] implies an

FPTAS for computing the partition function. We have the following folklore lemma.

Lemma 2.1.1. Consider the hardcore model with parameter λ > 0. Suppose that given

a graph G = (V,E), a vertex v ∈ V and a parameter ε ∈ (0, 1), we can compute in time

poly(|V | , 1/ε) a number p̂ such that

(1− ε)PrG[σ(v) = 1] 6 p̂ 6 (1 + ε)PrG[σ(v) = 1] .

Then, we also have an FPTAS for computing the partition function of the hardcore model

with parameter λ.
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Proof. Let G = (V,E) be a graph for which we want to compute its partition function ZG
with relative accuracy ε ∈ (0, 1), i.e., we want to compute Ẑ in time poly(|V | , 1/ε) such

that

(1− ε)ZG 6 Ẑ 6 (1 + ε)ZG. (2.1)

Assume V = {v1, . . . , vn} and consider the configuration σ0, where σ0(v) = 0 for all v ∈ V .

Note that σ0 corresponds to the empty independent set and therefore wG(σ0) = λ0 = 1.

We can thus write

ZG =
1

PrG[σ0]
=

1

PrG[
∧n
i=1 σ(vi) = 0]

=
1∏n

i=1 PrG

[
σ(vi) = 0 |

∧i−1
j=1 σ(vj) = 0

] .
For 1 6 i 6 n, let Gi be the graph induced by the set of vertices vi, . . . , vn. The key

observation is that

PrG

[
σ(vi) = 0 |

∧i−1

j=1
σ(vj) = 0

]
= PrGi [σ(vi) = 0] .

Thus,

ZG =

n∏
i=1

1

PrGi [σ(vi) = 0]
. (2.2)

By assumption, we can compute in time poly(|V | , 1/ε) estimates p1, . . . , pn such that(
1− ε

2λn

)
· PrGi [σ(vi) = 1] 6 pi 6

(
1 +

ε

2λn

)
· PrGi [σ(vi) = 1]

for all i = 1, . . . , n. Note that, if I is an independent set containing vi of Gi, then I \ vi
is also an independent set of Gi, which gives that PrGi [σ(v) = 1] 6 λ · PrGi [σ(v) = 0].

Therefore,

1− pi 6 1−
(

1− ε

2λn

)
· PrGi [σ(vi) = 1] 6

(
1 +

ε

2n

)
· PrGi [σ(vi) = 0] . (2.3)

Analogously,

1− pi > 1−
(

1 +
ε

2λn

)
· PrGi [σ(v) = 1] >

(
1− ε

2n

)
· PrGi [σ(v) = 0] . (2.4)

Let Ẑ =
∏n
i=1

1
1−pi . We will use Ẑ as our estimate for the partition function of G. Indeed,

using (2.2), (2.3) and (2.4), it holds that

1− ε 6
(

1 +
ε

2n

)−n
6

Ẑ

ZG
6
(

1− ε

2n

)−n
6 1 + ε,

which proves (2.1), as we wanted.
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Lemma 2.1.1 generalises in a randomised setting. Namely, an FPRAS for computing the

marginal probability PrG[σ(v) = 1] can be used to design an FPRAS for the partition

function. The proof is very similar to the proof of Lemma 2.1.1 and can be found in [46].

Lemma 2.1.2. Consider the hardcore model with parameter λ > 0. Suppose that given a

graph G = (V,E), a vertex v ∈ V and parameters ε, δ ∈ (0, 1), we can compute in time

poly(|V | , 1/ε, log(1/δ)) a number p̂ such that p̂ satisfies

(1− ε)PrG[σ(v) = 1] 6 p̂ 6 (1 + ε)PrG[σ(v) = 1] ,

with probability at least 1− δ.
Then, we also have an FPRAS for computing the partition function of the hardcore model

with parameter λ.

Lemmas 2.1.1 and 2.1.2 display that, in order to approximate the partition function, it

suffices to design an algorithm for approximating marginal probabilities. But how can

we approximate marginal probabilities such as PrG[σ(v) = 1]? The most well-known

technique is the so-called Markov chain Monte Carlo method (MCMC), which is based

on designing a Markov chain to (approximately) sample from the Gibbs distribution.

One can then use samples of the Gibbs distribution to estimate via rejection sampling

the probability PrG[σ(v) = 1]. The bottleneck of applying this method is to analyse the

convergence time of the underlying Markov chain, which is frequently a very challenging

task. For example, we know an MCMC based FPRAS for counting independent sets of

graphs G with maximum degree ∆ 6 4 (i.e., the hardcore model with λ = 1) [28]. It is

believed that this algorithm should also work for ∆ = 5 but this has not been proved

yet, precisely because it is not known whether the convergence time of the Markov chain

is bounded by a polynomial in the size of the graph. Similarly, for counting proper

q-colourings of graphs with maximum degree ∆, it is conjectured that MCMC methods

yield polynomial-time algorithms for q > ∆ + 1, but this has only been proved for

q > 11∆/6 [77].

2.2 Approximate counting via correlation decay

In this section, we will introduce an important approach to design FPTASes for computing

marginal probabilities.
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2.2.1 Spatial mixing and correlation decay

The correlation decay method is a new way to design approximate counting algorithms

which circumvents the need to sample from the Gibbs distribution. Unlike MCMC

approaches, the correlation decay method is based on computing directly marginal

probabilities. Once again, we illustrate the correlation decay method by describing it in

the context of computing the partition function of the hardcore model with parameter

λ > 0.

Recall, for a graph G = (V,E) and a vertex v ∈ V , PrG[σ(v) = 1] denotes the marginal

probability that σ(v) = 1 where σ is a configuration sampled from the Gibbs distribu-

tion, i.e., PrG[σ(v) = 1] =
∑

σ:σ(v)=1 PrG[σ]. Weitz [78] showed how to approximate

PrG[σ(v) = 1] on graphs G of maximum degree ∆ when the parameter λ is below a

certain threshold value λ∆. His method has two important steps:

1. The computation of PrG[σ(v) = 1] is reduced to computing an appropriate marginal

probability on a tree T . In general, the tree T has exponential size relative to the

size of the initial graph G.

2. By truncating the tree T , one can obtain in polynomial time an estimate for the

quantity PrG[σ(v) = 1]. Of course, the truncation of the tree T introduces an error

and therefore one needs to show that the error introduced by the truncation can be

made small with respect to the true value.

The first step was accomplished in [78] by considering the so-called self-avoiding walk

tree rooted at the vertex v. The second step turns out to be the bottleneck of the method

in the sense that the error between the truncated tree and the full tree can be made

sufficiently small only when λ is below the critical threshold λ∆.

In the following, we will focus on explaining the second step in more detail which is the

crux of the correlation decay method.

Consider the hardcore model with parameter λ on a graph G = (V,E) and let v ∈ V
be a vertex. In the correlation decay method, we are interested in how the probability

PrG[σ(v) = 1] is influenced by fixing the configuration on a subset Λ ⊆ V which is far

away from the vertex v. The rough idea is that, if this influence is small, we can hope

to compute PrG[σ(v) = 1] in good precision by just considering a small subgraph of G

induced by the local neighbourhood of v.
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To formalise this, for a configuration σ : V → {0, 1}, we denote by σΛ the restriction of σ

to the set Λ. Let τΛ : Λ → {0, 1} be an arbitrary configuration on Λ. Then we will use

pτΛG,v to denote the conditional probability PrG[σ(v) = 1 | σΛ = τΛ], i.e.,

pτΛG,v = PrG[σ(v) = 1 | σΛ = τΛ] =

∑
σ:σ(v)=1,σΛ=τΛ

PrG[σ]∑
σ:σΛ=τΛ

PrG[σ]
.

The notion of spatial mixing captures the sensitivity of pτΛG,v with respect to the config-

uration τΛ. There are two related notions of spatial mixing, weak and strong spatial

mixing [78, 53, 54]. For a vertex v ∈ V and Λ ⊆ V , we denote by dist(v,Λ) the length of

the shortest path in G between v and Λ.

First we have the definition of weak spatial mixing:

Definition 2.2.1. Let δ : N → R+ and G = (V,E) be a finite graph. We say that the

graph G exhibits weak spatial mixing with decay rate δ(·) if: for every v ∈ V , for every

Λ ⊆ V , and any two configurations τΛ, ηΛ : Λ→ {0, 1}, it holds that∣∣∣pτΛG,v − pηΛ
G,v

∣∣∣ 6 δ(dist(v,Λ)).

Also we have the following definition of strong spatial mixing:

Definition 2.2.2. Let δ : N → R+ and G = (V,E) be a finite graph. We say that the

graph G exhibits strong spatial mixing with decay rate δ(·) if: for every v ∈ V , for every

Λ ⊆ V , and any two configurations τΛ, ηΛ : Λ→ {0, 1}, it holds that∣∣∣pτΛG,v − pηΛ
G,v

∣∣∣ 6 δ(dist(v,Ψ)),

where Ψ ⊆ Λ stands for the subset on which σΛ and τΛ differ.

Note that if a graph G has strong spatial mixing with decay rate δ(·), it also has weak

spatial mixing; the reverse direction is not in general true.

For the hardcore model, we can extend Definitions 2.2.1 and 2.2.2 for infinite graphs

G = (V,E) as follows. An infinite graph G has weak spatial mixing with decay rate δ(·) if

any finite subgraph G′ of G exhibits weak spatial mixing with decay rate δ(·). Similarly,

an infinite graph G has strong spatial mixing with decay rate δ(·) if any finite subgraph

G′ of G exhibits strong spatial mixing with decay rate δ(·).

Definition 2.2.3. Let G = (V,E) be an infinite graph. We say that the graph G has the

correlation decay property if G exhibits strong spatial mixing with rate δ(·) which decays
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exponentially, i.e., there exist C1, C2 > 0 such that δ(`) 6 C1 exp(−C2 · `) for all integers

` > 0.

As a non-trivial example of these definitions, consider the infinite ∆-regular tree T∆ for

an integer ∆ > 3. We have the following theorem, whose proof we will discuss in the

following section.

Theorem 2.2.4 ([78]). Consider the hardcore model with parameter λ. Then, for all

∆ > 3, for all λ < λ∆ = (∆−1)∆−1

(∆−2)∆ , the infinite ∆-regular tree T∆ has the correlation decay

property.

To illustrate the importance of the correlation decay property in designing approximation

algorithms, we state the following theorem of Weitz.

Theorem 2.2.5 ([78]). Let ∆ > 3, λ > 0. Consider the hardcore model with parameter λ.

If the infinite ∆-regular tree T∆ has the correlation decay property, then there is an FPTAS

for computing the partition function of graphs G with maximum degree ∆.

Theorem 2.2.5 is proved by reducing the computation of the marginal PrG[σ(v) = 1] to

the computation of a marginal probability on a tree T (the self-avoiding walk tree rooted

at v), which is a finite subtree of T∆. While this tree T has size exponential with respect

to the size of the graph G, the correlation decay property allows us to compute a close

estimate on a truncated subtree T ′ of polynomial size.

Note, by combining Theorems 2.2.4 and 2.2.5, we can conclude that there exists an FPTAS

for computing the partition function of graphs G with maximum degree ∆ whenever

λ < λ∆ = (∆−1)∆−1

(∆−2)∆ .

In the following section, we focus on the proof on Theorem 2.2.4.

2.2.2 Amortised analysis

In [78], one of the main difficulties in obtaining an FPTAS for the partition function of the

hardcore model was to prove Theorem 2.2.4, i.e., to show the correlation decay property

on the infinite ∆-regular tree. There, a special monotonicity property of the hardcore

model was used in the analysis. Unfortunately, this method does not generalise easily to

other models. In this section, we instead present a method to prove the correlation decay

property for the hardcore model, which has the benefit that it generalises to other spin

systems as well.
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Let ∆ > 3 be an integer. To show the correlation decay property for the ∆-regular tree T∆,

consider a finite subtree T = (V,E) of T∆, a vertex v ∈ V and a subset Λ ⊆ V . Further,

consider two arbitrary configurations τΛ, ηΛ : Λ→ {0, 1} and let Ψ ⊆ Λ denote the subset

on which τΛ and ηΛ differ. We need to show that there exists constants C1, C2 > 0 (which

do not depend on T,Λ, V, τΛ, ηΛ) such that

|pτΛv − pηΛ
v | 6 C1 exp

(
−C2 · dist(v,Ψ)

)
. (2.5)

Let T1 = (V1, E1), . . . , Td = (Vd, Ed) be the connected components of T \ v and let

v1, . . . , vd be the neighbours of v in T1, . . . , Td, respectively. Further, let Λi = Λ ∩ Vi and

τΛi , ηΛi : Λi → {0, 1} be the restriction of τΛ and ηΛ to the set Λi, respectively. Note that,

since the tree T has maximum degree at most ∆, it holds that d 6 ∆.

Using the fact that T is a tree, it is not hard to show that we have the recursive formulas:

pτΛT,v = 1− 1

1 + λ
∏d
i=1(1− pτΛiTi,vi

)
and pηΛ

T,v = 1− 1

1 + λ
∏d
i=1(1− pηΛi

Ti,vi
)
.

Thus, we can hope to study the difference between pτΛT,v and pηΛ
T,v recursively. In particular,

for a vector x = (x1, . . . , xd), consider the function

fd(x) = 1− 1

1 + λ
∏d
i=1(1− xi)

,

and observe that

pτΛT,v = fd(p
τΛ1
T1,v1

, . . . , p
τΛd
Td,vd

) and pηΛ
T,v = fd(p

ηΛ1
T1,v1

, . . . , p
ηΛd
Td,vd

). (2.6)

We call fd(x) the recursion function since we can use it to compute recursively the

marginal probabilities pτΛT,v and pηΛ
T,v.

Lemma 2.2.6. Let λ > 0,∆ > 3. Consider the hardcore model with parameter λ, and let

T∆ be the infinite ∆-regular tree. For d = 1, . . . ,∆, let fd(x1, . . . , xd) = 1− 1
1+λ

∏d
i=1(1−xi)

.

If there exists a constant α < 1 such that

‖∇fd(x)‖1 =

d∑
i=1

∣∣∣∣∂fd(x)

∂xi

∣∣∣∣ 6 α

for all d = 1, . . . ,∆ and x ∈ [0, 1]d, then T∆ has the correlation decay property.
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Proof. To prove the lemma, we will show (2.5) with C1 = 1, C2 = − lnα. Let L =

dist(v,Ψ), so that (2.5) becomes ∣∣∣pτΛT,v − pηΛ
T,v

∣∣∣ 6 αL. (2.7)

The proof is by induction on L. The base case L = 0 is trivial. We focus on proving the

induction step. By the induction hypothesis, we have that for all i = 1, . . . , d, it holds that∣∣∣pτΛiTi,vi
− pηΛi

Ti,vi

∣∣∣ 6 αL−1. (2.8)

Let pτ := (p
τΛ1
T1,v1

, . . . , p
τΛd
Td,vd

),pη := (p
ηΛ1
T1,v1

, . . . , p
ηΛd
Td,vd

). By (2.6), we have that

pτΛT,v = fd(p
τ ) and pηΛ

T,v = fd(p
η).

Thus, by the Mean Value theorem, there exists h ∈ [0, 1] such that

pτΛT,v − p
ηΛ
T,v = ∇fd(x̂) · (pτ − pη), where x̂ = hpτ + (1− h)pη.

Since pτ ,pη ∈ [0, 1]d and [0, 1] is a convex set, we have x̂ ∈ [0, 1]d. So,∣∣∣pτΛT,v − pηΛ
T,v

∣∣∣ = |∇fd(x̂) · (pτ − pη)|

6
d∑
i=1

∣∣∣∣∂fd(x̂)

∂xi

∣∣∣∣ · ∣∣∣pτΛiTi,vi
− pηΛi

Ti,vi

∣∣∣
6

d∑
i=1

∣∣∣∣∂fd(x̂)

∂xi

∣∣∣∣ · max
16i6d

∣∣∣pτΛiTi,vi
− pηΛi

Ti,vi

∣∣∣
= α · max

16i6d

∣∣∣pτΛiTi,vi
− pηΛi

Ti,vi

∣∣∣ , (2.9)

where in the last inequality we used the assumption of the lemma that ‖∇fd(x̂)‖1 6 α.

Combining (2.8) and (2.9), we obtain (2.7), which completes the proof.

Lemma 2.2.6 gives an analytic criterion on the recursion function which allows us to

conclude the correlation decay property on the infinite regular tree. However, this

criterion ‖∇fd(x)‖1 6 α < 1 is too strong and does not actually hold even for the case

of the hardcore model. Fortunately, there is an elegant workaround using amortised

analysis; this was developed in [53, 54].

Lemma 2.2.7. Let λ > 0,∆ > 3. Consider the hardcore model with parameter λ, and let

T∆ be the infinite ∆-regular tree. For d = 1, . . . ,∆, let fd(x1, . . . , xd) = 1− 1
1+λ

∏d
i=1(1−xi)

.
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If there exists a constant α < 1 and an increasing function φ : [0, 1]→ R whose derivative

Φ = φ′ satisfies
d∑
i=1

Φ(fd(x))

Φ(xi)
·
∣∣∣∣∂fd(x)

∂xi

∣∣∣∣ 6 α

for all d = 1, . . . ,∆ and x ∈ [0, 1]d, then T∆ has the correlation decay property.

The function Φ(·) is called the potential function in our analysis.

Proof. Analogously to the proof of Lemma 2.2.6, our goal is to show the correlation decay

property for every finite subtree T of the ∆-regular tree T∆.

Specifically, we will show (2.5) with C1 = (φ(1)− φ(0)) ·maxx∈[0,1]
1

Φ(x) and C2 = − lnα.

Let L = dist(v,Ψ), so that (2.5) becomes∣∣∣pτΛT,v − pηΛ
T,v

∣∣∣ 6 max
x∈[0,1]

1

Φ(x)
· (φ(1)− φ(0)) · αL. (2.10)

To prove (2.10), we will first show∣∣∣φ(pτΛT,v)− φ(pηΛ
T,v)
∣∣∣ 6 (φ(1)− φ(0)) · αL. (2.11)

Analogously to the proof of Lemma 2.2.6, we also prove this by induction on L. The base

case L = 0 is trivial since φ(x) is an increasing function and pτΛT,v, p
ηΛ
T,v ∈ [0, 1]. Now we

focus on proving the induction step. By the induction hypothesis, we have that for all

i = 1, . . . , d, it holds that∣∣∣φ(p
τΛi
Ti,vi

)− φ(p
ηΛi
Ti,vi

)
∣∣∣ 6 (φ(1)− φ(0)) · αL−1. (2.12)

Let

pτ := (φ(p
τΛ1
T1,v1

), . . . , φ(p
τΛd
Td,vd

)), pη := (φ(p
ηΛ1
T1,v1

), . . . , φ(p
ηΛd
Td,vd

)),

and for every x = (x1, . . . , xd), let

gd(x) = φ(fd(φ
−1(x1), φ−1(x2), . . . , φ−1(xd))).

By (2.6), we have that

φ(pτΛT,v) = gd(p
τ ) and φ(pηΛ

T,v) = gd(p
η).

Thus, by the Mean Value Theorem, we can show that there exists some vector x̂ =

(x̂1, . . . , x̂d) such that

x̂ = hpτ + (1− h)pη ∈ [φ(0), φ(1)]d for some h ∈ [0, 1],
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and ∣∣∣φ(pτΛT,v)− φ(pηΛ
T,v)
∣∣∣ 6 d∑

i=1

∣∣∣∣∂gd(x̂)

∂xi

∣∣∣∣ · max
16i6d

∣∣∣φ(p
τΛi
Ti,vi

)− φ(p
ηΛi
Ti,vi

)
∣∣∣ .

Using the chain rule and the inverse function theorem, we further have

∣∣∣φ(pτΛT,v)− φ(pηΛ
T,v)
∣∣∣ 6 d∑

i=1

∣∣∣∣∂gd(x̂)

∂xi

∣∣∣∣ · max
16i6d

∣∣∣φ(p
τΛi
Ti,vi

)− φ(p
ηΛi
Ti,vi

)
∣∣∣

=

d∑
i=1

∣∣∣∣∂φ∂x ∣∣∣x=fd(ŷ)
· ∂fd
∂xi

∣∣∣
x=ŷ
· ∂φ

−1

∂x

∣∣∣
x=x̂i

∣∣∣∣ · max
16i6d

∣∣∣φ(p
τΛi
Ti,vi

)− φ(p
ηΛi
Ti,vi

)
∣∣∣

=
d∑
i=1

Φ(fd(ŷ))

Φ(φ−1(x̂i))
·
∣∣∣∣∂fd(ŷ)

∂xi

∣∣∣∣ · max
16i6d

∣∣∣φ(p
τΛi
Ti,vi

)− φ(p
ηΛi
Ti,vi

)
∣∣∣

6 α · max
16i6d

∣∣∣φ(p
τΛi
Ti,vi

)− φ(p
ηΛi
Ti,vi

)
∣∣∣ , (2.13)

where ŷ = (φ−1(x̂1), . . . , φ−1(x̂d)) ∈ [0, 1]d. The last inequality holds by setting x = ŷ in

the assumption that
∑d

i=1
Φ(fd(x))

Φ(xi)
·
∣∣∣∂fd(x)
∂xi

∣∣∣ 6 α.

The inequalities (2.12) and (2.13) yield (2.11). Moreover, again by the Mean Value

Theorem, there exists some number x̃ ∈ [0, 1] such that∣∣∣pτΛT,v − pηΛ
T,v

∣∣∣ =
1

Φ(x̃)

∣∣∣φ(pτΛT,v)− φ(pηΛ
T,v)
∣∣∣ . (2.14)

Combining (2.11) and (2.14) we obtain (2.10), which completes the proof.

The analytic criterion in Lemma 2.2.7 is easier to apply than Lemma 2.2.6. In particular,

Li, Lu and Yin [54] proved the following.

Lemma 2.2.8. For all λ,∆ such that λ < λ∆ = (∆−1)∆−1

(∆−2)∆ , the condition in Lemma 2.2.7

holds with the function φ(x) =
∫ x

0
1−t√
t

dt for x ∈ [0, 1].

Combining Lemmas 2.2.7 and 2.2.8, we can conclude Theorem 2.2.4, i.e., that the infinite

tree T∆ has the correlation decay property for all λ < λ∆ = (∆−1)∆−1

(∆−2)∆ .
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Chapter 3

Uniqueness Threshold for the
q-State Antiferromagnetic Potts
Model on d-ary Trees

In this chapter, Section 3.2 and 3.3 are based on the joint work with Andreas Galanis and

Leslie Goldberg [37], Section 3.4 is based my own work. We will discuss the uniqueness

of the q-state antiferromagnetic Potts model on the d-ary trees and prove the uniqueness

threshold when q = 3.

3.1 Introduction

For spin systems like the Ising model and the Potts model, one of the most well-studied

subjects in statistical physics is the uniqueness phase transition on lattice graphs, such as

the grid or the regular tree. Note that uniqueness is a strong property, which guarantees

that the effect of fixing an arbitrary boundary configuration eventually dies out. As an

example, for the antiferromagnetic Ising model on the d-ary tree it is well-known that

uniqueness holds iff β ≥ d−1
d+1 ; the value d−1

d+1 is the uniqueness threshold because it is the

point at which the uniqueness phase transition occurs.

The uniqueness phase transition plays a prominent role in connecting the efficiency

of algorithms for sampling from the Gibbs distribution to the properties of the Gibbs

distribution itself. One of the first examples of such a connection is in the analysis of the

Gibbs sampler Markov chain for the Ising model on the 2-dimensional lattice, where the

uniqueness phase transition marks the critical value of β where the mixing time switches

from polynomial to exponential (see [58, 59, 73]).
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From a computational complexity perspective, it is the uniqueness phase transition

on the regular tree which is particularly important. For many 2-state spin models,

including the antiferromagnetic Ising model and the hard-core model, it has been proved

[70, 72, 38, 54] that the uniqueness phase transition on the tree coincides with a more

general computational transition in the complexity of approximating the partition function

or sampling from the Gibbs distribution. In the case of the antiferromagnetic Ising model

for example, the problem of approximating the partition function on (d + 1)-regular

graphs undergoes a computational transition at the tree uniqueness threshold: it admits

a polynomial-time algorithm when β ∈ (d−1
d+1 , 1) and it is NP-hard for β ∈ (0, d−1

d+1). This

connection has been established in full generality for antiferromagnetic 2-state systems.

For antiferromagnetic multi-state systems, the situation is much less clear and, in fact,

even understanding the uniqueness phase transition on the tree poses major challenges.

One of the key reasons behind these difficulties is that certain monotonicities that hold

for two-state systems simply do not hold in the multi-state setting, which therefore

necessitates far more elaborate techniques. For analysing the uniqueness threshold on

the tree, this difficulty has already been illustrated in the case of the q-colourings model,

where Jonasson [49], building upon work of Brightwell and Winkler [10], established

via a painstaking method that the model is in uniqueness on the d-ary tree iff q > d+ 1.

The goal of this chapter is to extend this analysis to the Potts model (beyond the zero-

temperature case).

There are several reasons for focusing on establishing uniqueness on the tree. For the

colouring model and the antiferromagnetic Potts model, it is widely conjectured that the

uniqueness phase transition on the d-ary tree captures the complexity of approximating

the partition function on graphs with maximum degree d+ 1, as is the case for antiferro-

magnetic 2-state models. It has been known since the 80s that non-uniqueness holds for

the colourings model when q ≤ d+ 1 and for the Potts model when β < 1− q/(d+ 1), see

[67]. More recently, it was shown in [32] that the problem of approximating the partition

function is NP-hard when q < d+ 1 for the colourings model and when β < 1− q/(d+ 1)

for the Potts model (for q even). It is not known however whether efficient algorithms can

be designed in the complementary regime; for correlation decay algorithms in particular

(see [39, 57, 56]), it has been difficult to capture the uniqueness threshold in the analysis

— this becomes even harder in the case of the Potts model where uniqueness is not known.

For a more direct algorithmic consequence of uniqueness, it has been demonstrated that,
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on sparse random graphs, sampling algorithms for the Gibbs distribution can be designed

by exploiting the underlying tree-like structure and the decay properties on the tree

guaranteed by uniqueness. In particular, in the G(n, d/n) random graph, Efthymiou [29]

developed a sampling algorithm for q-colourings when q > (1 + ε)d, based on Jonasson’s

uniqueness result. Related results on G(n, d/n) appear in [79, 30, 69, 63]. Also, in

Chapter 5, we will describe an application on random regular graphs.

3.1.1 The results

Our results proved the uniqueness threshold for q = 3, d ≥ 2 and q = 4, d ∈ {4, 5, 6, 7, 8, 9}.

Theorem 3.1.1. Let q = 3. When d ≥ 3, the 3-state Potts model on the d-ary tree has

uniqueness for all β ∈ [1− 3/(d+ 1), 1). When d = 2, the 3-state Potts model on the binary

tree has uniqueness for all β ∈ (0, 1).

Theorem 3.1.2. Let d be an integer in {4, 5, 6, 7, 8, 9}. The 4-state Potts model on the d-ary

tree has uniqueness for all β ∈ [1− 4/(d+ 1), 1).

Theorem 3.1.1 and 3.1.2 precisely pinpoints the uniqueness threshold for the 3-state

Potts model (and 4-state Potts model with 4 ≤ d ≤ 9) since it is known that the model

is in non-uniqueness in the complementary regime. When d ≥ 3, non-uniqueness for

β < 1 − q
d+1 follows from the existence of multiple semi-translation-invariant Gibbs

measures. When d = 2, the 3-state Potts model for β = 0 corresponds to the 3-colouring

model, and non-uniqueness holds in this case because of the existence of so-called frozen

3-colourings; in these colourings, the configuration on the leaves determines uniquely

the colour of the root, see [10].

The proof of Theorem 3.1.1 and Theorem 3.1.2 will be presented in Chapter 3.3 and

Chapter 3.4, respectively. In the next section, we will introduce some basic amount and

functions in our proof approach.

3.1.2 Tree recursions

To prove the uniqueness, we are interested in the ratio of marginal probabilities, which is

defined as follows:

γ(q, d, β, n) = max
τ :ΛTd,n

→[q]

c1,c2∈[q]

PrTd,n [σ(vd,n) = c1 | σ(ΛTd,n) = τ ]

PrTd,n [σ(vd,n) = c2 | σ(ΛTd,n) = τ ]
. (3.1)
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Note that if β > 0 and n > 0, then for every τ : ΛTd,n → [q] and every c ∈ [q],

PrTd,n [σ(vd,n) = c | σ(ΛTd,n) = τ ] > 0. So γ(q, d, β, n) is well-defined. Suppose, for

fixed q, β and d, that limn→∞ γ(q, d, β, n) = 1. This implies that the limsup in the unique-

ness definition (Definition 1.2.2) is zero. Thus, this amount is an important tool for us to

study the uniqueness threshold.

In order to track the ratio γ(q, d, β, n), it is a natural idea to establish a recursion among

ratios of marginal probability. In this section, we will formulate two appropriate recursions

on the infinite d-ary tree which can help us to analyse the limit of ratio γ(q, d, β, n).

The first one is the one-step recursion.

Proposition 3.1.3 (One-step recursion). Suppose q ≥ 3 and β ∈ (0, 1). Let T be a tree

with root v and leaves Λ. Let τ : Λ→ [q] be an arbitrary configuration and v1, . . . , vd be the

children of v in T . For i ∈ [d], let Ti be the subtree of T rooted at vi and let Λi denote the set

of leaves of the subtree Ti. Then, for any colour c ∈ [q], it holds that

PrT [σ(v) = c | σ(Λ) = τ ] =

∏d
i=1(1− (1− β) PrTi [σ(vi) = c | σ(Λi) = τ(Λi)])∑q

c′=1

∏d
i=1(1− (1− β) PrTi [σ(vi) = c′ | σ(Λi) = τ(Λi)])

.

(3.2)

Proof. For any graph G (which may be a sub-tree of T ), we use V (G) to denote the vertex

set of G and we let wG(σ(v) = c) =
∑

σ′ : V (G)→[q],σ′(v)=cwG(σ′). We have

PrT [σ(v) = c | σ(Λ) = τ ] =
PrT [σ(v) = c ∧ σ(Λ) = τ ]

PrT [σ(Λ) = τ ]
=
wT (σ(v) = c ∧ σ(Λ) = τ)

wT (σ(Λ) = τ)
.

(3.3)

Now we compute wT (σ(v) = c ∧ σ(Λ) = τ):

wT (σ(v) = c ∧ σ(Λ) = τ)

=
d∏
i=1

(wTi(σ(vi) 6= c ∧ σ(Λi) = τ(Λi)) + βwTi(σ(vi) = c ∧ σ(Λi) = τ(Λi)))

=
d∏
i=1

wTi(σ(Λi) = τ(Λi))

(
1− (1− β)

wTi(σ(vi) = c ∧ σ(Λi) = τ(Λi))

wTi(σ(Λi) = τ(Λi))

)

=
d∏
i=1

wTi(σ(Λi) = τ(Λi))(1− (1− β) PrTi [σ(vi) = c | σ(Λi) = τ(Λi)]). (3.4)

Also, we have wT (σ(Λ) = τ) =
∑q

c′=1wT (σ(v) = c′ ∧ σ(Λ) = τ). Combining this

with (3.3) and (3.4), we complete the proof of (3.2).
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Next we will introduce the two-step recursion. We denote the set of q-dimensional

probability vectors by 4, i.e.,

4 = {(p1, p2, . . . , pq) : 0 ≤ p1, p2, . . . , pq ≤ 1 ∧ p1 + p2 + · · ·+ pq = 1}.

Suppose that c1 and c2 are two colours in [q]. We define two functions gc1,c2,β and

hc1,c2,β, indexed by these colours. The argument of each of these functions is a tuple

(p(1), . . . ,p(d)) where, for each j ∈ [d], p(j) ∈ 4. The functions are defined as follows.

gc1,c2,β(p(1), . . . ,p(d)) :=
d∏

k=1

(
1− (1− β)(p

(k)
c1 − p

(k)
c2 )

βp
(k)
c2 +

∑
c 6=c2 p

(k)
c

)
.

hc1,c2,β(p(1), . . . ,p(d)) := 1 +
(1− β)(1− gc1,c2,β(p(1), . . . ,p(d)))

β +
∑

c6=c2 gc,c2,β(p(1), . . . ,p(d))
.

(3.5)

Note that the functions gc1,c2,β and hc1,c2,β are well-defined when β ∈ (0, 1) and all of

p(1), . . . ,p(d) have non-negative entries; they are also well-defined when β = 0 and all of

p(1), . . . ,p(d) have positive entries.

One feature of the functions gc1,c2,β and hc1,c2,β which will be important shortly is that

they are scale-free. This means that we can multiply each of their arguments by some

constant without changing their value, i.e., for scalars t1, . . . , td > 0 it holds that

gc1,c2,β(t1p
(1), . . . , tdp

(d)) = gc1,c2,β(p(1), . . . ,p(d)),

hc1,c2,β(t1p
(1), . . . , tdp

(d)) = hc1,c2,β(p(1), . . . ,p(d)).
(3.6)

The following proposition of two-step tree recursion shows the relevance of these func-

tions for analysing the tree.

Proposition 3.1.4 (Two-step recursion). Suppose q ≥ 3, d ≥ 2 and β ∈ (0, 1). For an

integer n ≥ 2, let T be the tree Td,n with root z = vd,n and leaves Λ = ΛTd,n . Let τ : Λ→ [q]

be an arbitrary configuration.

Let z1, . . . , zd be the children of z in T and, for i ∈ [d], let {zi,j}j∈[d] be the children of zi.

Denote by Ti,j the subtree of T rooted at zi,j and by Λi,j the set of leaves of Ti,j . For i ∈ [d],

j ∈ [d] and c ∈ [q], let r(i,j)
c := PrTi,j [σ(zi,j) = c | σ(Λi,j) = τ(Λi,j)], and denote by r(i,j)

the vector r(i,j) = (r
(i,j)
1 , . . . , r

(i,j)
q ). Then for any colours c1 ∈ [q] and c2 ∈ [q] we have

PrTd,n [σ(z) = c1 | σ(Λ) = τ ]

PrTd,n [σ(z) = c2 | σ(Λ) = τ ]
=

d∏
k=1

hc1,c2,β(r(k,1), . . . , r(k,d)).
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Proof. For i ∈ [d] and c ∈ [q], let Ti be the subtree of T rooted at zi with leaves ΛTi and

let r(i)
c = PrTi [σ(zi) = c | σ(ΛTi) = τ(ΛTi)]; let r(i) be the vector (r

(i)
1 , . . . , r

(i)
q ).

For every i ∈ [d] and c ∈ [q] we can apply Proposition 3.1.3 to Ti to obtain

r(i)
c =

∏d
j=1(1− (1− β)r

(i,j)
c )∑q

c′=1

∏d
j=1(1− (1− β)r

(i,j)
c′ )

.

We have r(i)
c > 0 for every c ∈ [q], hence we can apply Proposition 3.1.3 to T to obtain

PrTd,n [σ(z) = c | σ(Λ) = τ ] =

∏d
i=1(1− (1− β)r

(i)
c )∑q

c′=1

∏d
i=1(1− (1− β)r

(i)
c′ )

.

Thus, for every i ∈ [d] and c1, c2 ∈ [q],

r
(i)
c1

r
(i)
c2

=

d∏
j=1

1− (1− β)r
(i,j)
c1

1− (1− β)r
(i,j)
c2

= gc1,c2,β(r(i,1), . . . , r(i,d)). (3.7)

Analogously, for every c1, c2 ∈ [q], we have

PrTd,n [σ(z) = c1 | σ(Λ) = τ ]

PrTd,n [σ(z) = c2 | σ(Λ) = τ ]
=

d∏
k=1

1− (1− β)r
(k)
c1

1− (1− β)r
(k)
c2

=
d∏

k=1

(
1 +

(1− β)(1− r(k)
c1 /r

(k)
c2 )

β +
∑

c 6=c2 r
(k)
c /r

(k)
c2

)
(3.8)

Plugging (3.7) into (3.8), and using the definition of hc1,c2,β from (3.5), we obtain the

statement of the lemma.

The two-step recursion will allow us to iteratively bootstrap our bounds on the ratio

γ(q, d, β, n). To formalise this, we will use the following definition.

Definition 3.1.5. Suppose q ≥ 3, d ≥ 2 and β ∈ [0, 1). For any α > 1, let

4α = {(p1, . . . , pq) ∈ 4 : max
i∈[q]

pi ≤ αmin
j∈[q]

pj}.

(Note that every vector in 4α has strictly positive entries.) For colours c1 ∈ [q] and

c2 ∈ [q], let

Mα,c1,c2,β = max(p(1),...,p(d))∈4dα hc1,c2,β(p(1), . . . ,p(d)). (3.9)

Since 4α is compact and hc1,c2,β is continuous, the maximisation in (3.9) is well-defined.

Definition 3.1.5 ensures that 4α is the subset of 4 induced by probability vectors whose

entries are within a factor of α > 1 of each other. Mα,c1,c2,β is the maximum of the

two-step recursion function hc1,c2,β when each of its arguments are from 4α.
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Proposition 3.1.6. Let q ≥ 3, d ≥ 2, β ∈ (0, 1) and α0 = max{γ(q, d, β, n0−1), γ(q, d, β, n0)}
for some integer n0 > 0. Suppose that for all 1 < α ≤ α0 and any colours c1, c2 ∈ [q], it

holds that

Mα,c1,c2,β < α1/d.

Then, it holds that γ(q, d, β, n)→ 1 as n→∞, i.e., the q-state Potts model with parameter

β has uniqueness on the d-ary tree.

We will prove this key proposition in Section 3.2.3.

3.2 Analysis from the two-step recursion

In this chapter, we will show how to simplify the condition in Proposition 3.1.6 and how

to conclude the uniqueness.

3.2.1 A simpler condition for uniqueness

Proposition 3.1.6 gives a sufficient condition on the two-step recursion that is sufficient for

establishing uniqueness based on the maximisation of hc1,c2,β . Due to the many variables

involved in the maximisation, this is rather complicated for any direct verification. We

will simplify this maximisation significantly by showing that it suffices to consider very

special vectors whose entries are either equal to α or 1. We start with the following

definition of “extremal tuples”.

Definition 3.2.1. Let α > 1, and consider a colour c ∈ [q]. A tuple (p(1), . . . ,p(d)) is

called (α, c)-extremal iff for all k ∈ [d],

• for all c′ ∈ [q], either p(k)
c′ = p

(k)
c , or p(k)

c′ = α · p(k)
c ;

• there exists c′ ∈ [q] such that p(k)
c′ = α · p(k)

c .

Lemma 3.2.2. Let q ≥ 3, d ≥ 2 and β ∈ [0, 1). For any colours c1, c2 ∈ [q], there is an

(α, c2)-extremal tuple which achieves the maximum in max(p(1),...,p(d))∈4dα hc1,c2,β(p(1), . . . ,p(d))

(cf. (3.9)).

One of the consequences of Lemma 3.2.2 is that the validity of the inequality in Proposi-

tion 3.1.6 is monotone with respect to β. In particular, assuming Lemma 3.2.2 (it will be

proved in Section 3.2.2), we have the following lemma.
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Lemma 3.2.3. Let q ≥ 3, d ≥ 2 and β′, β′′ ∈ [0, 1) with β′ ≤ β′′. Then, for all α > 1 and

any colours c1, c2 ∈ [q], it holds that

Mα,c1,c2,β′′ ≤Mα,c1,c2,β′ .

Proof. Fix α > 1 and arbitrary colours c1, c2 ∈ [q]. Note that the set of (α, c2)-extremal

tuples does not depend on the parameter β, and for each β ∈ (0, 1) there exists by

Lemma 3.2.2 an (α, c2)-extremal tuple which achieves the maximum in

max(p(1),...,p(d))∈4dα hc1,c2,β(p(1), . . . ,p(d)).

Therefore, the inequality will follow by showing that

hc1,c2,β′′(p
(1), . . . ,p(d)) ≤ hc1,c2,β′(p(1), . . . ,p(d)), (3.10)

where (p(1), . . . ,p(d)) is an arbitrary (α, c2)-extremal tuple. Using the extremality of the

tuple (p(1), . . . ,p(d)), we have that p(k)
c2 ≤ p

(k)
c for all colours c ∈ [q] and every k ∈ [d].

Hence, using the definition (3.5) of gc1,c2,β and that β′ ≤ β′′, we have

1 ≥ gc,c2,β′′(p(1), . . . ,p(d)) ≥ gc,c2,β′(p(1), . . . ,p(d)) for all c ∈ [q].

In turn, using the definition (3.5) of hc1,c2,β, we obtain from this that (3.10) holds, as

wanted.

Another consequence of Lemma 3.2.2 is that, combined with the scale-free property,

it reduces the verification of the condition in Proposition 3.1.6 to the verification of

single-variable inequalities in α. These inequalities are obtained by trying all d-tuples of

q-dimensional vectors whose entries are as follows.

Exc(α) =
{

(p1, . . . , pq) ∈ {1, α}q | pc = 1 ∧ ∃ c′ ∈ [q] such that pc′ = α
}
. (3.11)

The following simplified condition will be our main focus henceforth.

Condition 3.2.4. Let q ≥ 3, d ≥ 2. Set β∗ := max
{

1 − q
d+1 , 0

}
. For α > 1, let C(α) be

the condition

C(α) : ∀ c1, c2 ∈ [q], hc1,c2,β∗(p
(1), . . . ,p(d)) < α1/d for all p(1), . . . ,p(d) ∈ Exc2(α).

If C(α) holds, we say that the pair (q, d) satisfies Condition 3.2.4 for α.
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Now, to verify the inequality in Proposition 3.1.6, we will show shortly that it suffices only

to establish Condition 3.2.4 for all α > 1, which turns out to be a much more feasible

task because of the very explicit form of the set Exc2(α). In the next section, we discuss

how to do this in detail, but for now let us state a proposition which asserts that this is

indeed sufficient.

Proposition 3.2.5. Let q ≥ 3, d ≥ 2 and α0 = max{γ(q, d, β, n0 − 1), γ(q, d, β, n0)}
for some integer n0 > 0. Suppose that the pair (q, d) satisfies Condition 3.2.4 for all

1 < α ≤ α0. Let β∗ = max
{

1 − q
d+1 , 0

}
. Then, the q-state Potts model on the d-ary tree

exhibits uniqueness for all β ∈ (0, 1) satisfying β ≥ β∗.

Remark. Note that, when β∗ > 0, the conclusion of Proposition 3.2.5 asserts uniqueness

in the half-open interval [β∗, 1); when β∗ = 0, it instead asserts uniqueness in the open

interval (0, 1). The case β∗ = 0 is intricate. Brightwell and Winkler [10] showed that

q-colourings of the d-ary tree exhibit nonuniqueness if q ≤ d. So it is known that when

β∗ = 0, the q-state Potts model on the d-ary tree exhibit nonuniqueness if q ≤ d and

β = 0.

Proof of Proposition 3.2.5. We consider first the case where β∗ > 0. We will show that for

all colours c1, c2 ∈ [q], it holds that

Mα,c1,c2,β∗ < α1/d for all α > 1. (3.12)

Then by Lemma 3.2.3, we obtain that, for all β ∈ [β∗, 1) it holds that Mα,c1,c2,β < α1/d as

well for all α > 1 and therefore, by Proposition 3.1.6, the Potts model has uniqueness for

all such β.

To prove (3.12), consider an arbitrary α > 1 and colours c1, c2 ∈ [q]. By Lemma 3.2.2,

there exists an (α, c2)-extremal tuple (p(1), . . . ,p(d)) such that

Mα,c1,c2,β∗ = hc1,c2,β∗(p
(1), . . . ,p(d)). (3.13)

For c ∈ [q] and k ∈ [d], denote by p(k)
c the entry of p(k) corresponding to colour c and let

p̂(k) be the vector tkp(k) where tk = 1/p
(k)
c2 . By the definition of an (α, c2)-extremal tuple,

we have that

p̂(1), . . . , p̂(d) ∈ Exc2(α).

Moreover, by the scale-free property (3.6) we have that

hc1,c2,β∗(p̂
(1), . . . , p̂(d)) = hc1,c2,β∗(p

(1), . . . ,p(d)). (3.14)
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Finally, since the pair (q, d) satisfies Condition 3.2.4 for all α > 1, we have that

hc1,c2,β∗(p̂
(1), . . . , p̂(d)) < α1/d. (3.15)

Combining (3.13), (3.14), and (3.15) yields (3.12), as needed.

The case β∗ = 0 is analogous. Now, we need to show that we have uniqueness for all

β ∈ (0, 1) assuming that Condition 3.2.4 holds for all α > 1. Just as before, we obtain that

Mα,c1,c2,β∗ < α1/d for all α > 1 and hence by Lemma 3.2.3, we have that Mα,c1,c2,β < α1/d

for all α > 1 and β ∈ (0, 1). Uniqueness for β ∈ (0, 1) therefore follows from applying

Proposition 3.1.6.

3.2.2 Characterising the maximiser of hc1,c2,β

In this section, we prove Lemma 3.2.2 from Section 3.2.1. Recall that

gc1,c2,β(p(1), . . . ,p(d)) :=
d∏

k=1

(
1− (1− β)(p

(k)
c1 − p

(k)
c2 )

βp
(k)
c2 +

∑
c 6=c2 p

(k)
c

)
.

hc1,c2,β(p(1), . . . ,p(d)) := 1 +
(1− β)(1− gc1,c2,β(p(1), . . . ,p(d)))

β +
∑

c6=c2 gc,c2,β(p(1), . . . ,p(d))
.

(3.5)

To prove Lemma 3.2.2, it will be helpful in this section to consider the set of maximisers

of hc1,c2,β.

Definition 3.2.6. Suppose q ≥ 3, d ≥ 2 and β ∈ [0, 1). For colours c1, c2 ∈ [q] and α > 1,

let

Mα,c1,c2,β = arg max(p(1),...,p(d))∈4dα hc1,c2,β(p(1), . . . ,p(d)). (3.16)

The following lemmas give properties of the maximisers inMα,c1,c2,β.

Lemma 3.2.7. Fix α > 1 and β ∈ [0, 1) and colours c1, c2 ∈ [q]. Then for any vector

(p(1), . . . ,p(d)) ∈Mα,c1,c2,β, we have gc1,c2,β(p(1), . . . ,p(d)) ≤ 1.

Proof. Assume for the sake of contradiction that gc1,c2,β(p(1), . . . ,p(d)) > 1. Then, we

have that hc1,c2,β(p(1), . . . ,p(d)) < 1, which contradicts the fact that (p(1), . . . ,p(d)) ∈
Mα,c1,c2,β since hc1,c2,β can take the value 1 by setting all of its arguments to be equal to

the uniform vector (1/q, . . . , 1/q) ∈ 4α.

Lemma 3.2.8. Fix α > 1 and β ∈ [0, 1) and any two distinct colours c1 ∈ [q] and

c2 ∈ [q]. Then for any vector (p(1), . . . ,p(d)) ∈ Mα,c1,c2,β and any k ∈ [d], we have

p
(k)
c2 = minc∈[q]{p

(k)
c }.
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Proof. Assume for the sake of contradiction that there is k ∈ [d] and c ∈ [q] such that

p
(k)
c2 > p

(k)
c . Define (p̃(1), . . . , p̃(d)) ∈ 4d

α as follows.

• If j 6= k, then p̃(j) = p(j).

• If c′ /∈ {c, c2}, then p̃(k)
c′ = p

(k)
c′ .

• p̃(k)
c2 = p

(k)
c .

• p̃(k)
c = p

(k)
c2 .

The definition of gc′,c2 ensures that, for all c′ 6= c2, we have

gc′,c2,β(p̃(1), . . . , p̃(d)) < gc′,c2,β(p(1), . . . ,p(d)),

since the k-th factor in the definition (3.5) of gc1,c2,β became larger (by switching p(k)

to p̃(k)). The definition of hc1,c2,β, together with the fact that c1 and c2 are distinct and

Lemma 3.2.7, implies

hc1,c2,β(p̃(1), . . . , p̃(d)) > hc1,c2,β(p(1), . . . ,p(d)),

which contradicts the fact that (p(1), . . . ,p(d)) ∈Mα,c1,c2,β.

Lemma 3.2.9. Fix α > 1 and β ∈ [0, 1) and any two distinct colours c1 ∈ [q] and

c2 ∈ [q]. Then for any vector (p(1), . . . ,p(d)) ∈ Mα,c1,c2,β and any k ∈ [d], we have

p
(k)
c2 < maxc∈[q]{p

(k)
c }.

Proof. For the sake of contradiction, suppose that there is k ∈ [d] such that p(k)
c2 ≥

maxc∈[q]{p
(k)
c }. By Lemma 3.2.8, p(k)

c2 is the minimum entry of the vector p(k), so all entries

of p(k) must be equal (and hence, equal to 1/q). Define the vector (p̃(1), . . . , p̃(d)) ∈ 4d
α

as follows.

• If j 6= k, then p̃(j) = p(j).

• p̃(k)
c1 = α/(α+ q − 1).

• If c 6= c1, then p̃(k)
c = 1/(α+ q − 1).

The definition of gc,c2,β together with Lemma 3.2.7 ensure that

gc1,c2,β(p̃(1), . . . , p̃(d)) < gc1,c2,β(p(1), . . . ,p(d)) = 1
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and that for every c 6= c1, gc,c2,β(p̃(1), . . . , p̃(d)) = gc,c2,β(p(1), . . . ,p(d)). The definition of

hc1,c2,β therefore implies that

hc1,c2,β(p̃(1), . . . , p̃(d)) > hc1,c2,β(p(1), . . . ,p(d)),

which contradicts the fact that (p(1), . . . ,p(d)) ∈Mα,c1,c2,β.

To proceed, we will need the following technical fact.

Lemma 3.2.10. Let A0, B0, A1 and B1 be real numbers. Let a and b be real numbers satis-

fying a ≤ b such that, for all x ∈ [a, b], A1 +B1x 6= 0. Let L(x) = (A0 +B0x)/(A1 +B1x).

Then

max
x∈[a,b]

L(x) = max{L(a),L(b)}.

Proof. Since A1 +B1x 6= 0 and

dL
dx

=
A1B0 −A0B1

(A1 +B1x)2
,

L(x) is a monotone function on [a, b]. Thus, maxx∈[a,b] L(x) = max{L(a),L(b)}.

Lemma 3.2.11. Fix α > 1 and β ∈ [0, 1) and two distinct colours c1 and c2 in [q]. Suppose

that (p(1), . . . ,p(d)) ∈Mα,c1,c2,β. Then for every k ∈ [d], there exists p̃ ∈ 4α such that

(p(1), . . . ,p(k−1), p̃,p(k+1), . . . ,p(d)) ∈Mα,c1,c2,β

and, for all c ∈ [q], p̃c/p̃c2 ∈ {1, α}.

Proof. Fix a tuple (p(1), . . . ,p(d)) ∈Mα,c1,c2,β . Fix k ∈ [d]. Given any p̂ ∈ 4α, we will be

interested in the quantity hc1,c2,β(p(1), . . . ,p(k−1), p̂,p(k+1), . . . ,p(d)). Given any c′ 6= c2,

define

Pc′ :=
∏
j 6=k

(
1−

(1− β)(p
(j)
c′ − p

(j)
c2 )

βp
(j)
c2 +

∑
c 6=c2 p

(j)
c

)
.

It will be helpful to re-parameterise the elements of p̂. Recall that the definition of 4α

implies that p̂c > 0 for every c ∈ [q]. For every c ∈ [q], let µc(p̂) = p̂c/p̂c2 . Let µ(p̂)

be the tuple µ(p̂) = (µ1(p̂), . . . , µq(p̂)). Going the other direction from a tuple µ with

entries in [1, α], for every c ∈ [q], let pc(µ) = µc/
∑

c′∈[q] µc′ and let p(µ) be the tuple

(p1(µ), . . . , pq(µ)).

It is going to be important to note that the re-parametrisation is without loss of in-

formation, so, to this end, let Ωα = {µ ∈ [1, α]q | µc2 = 1}. The definition of 4α
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and Lemma 3.2.8 ensure that, for every (p̃(1), . . . , p̃(d)) ∈ Mα,c1,c2,β and any j ∈ [d],

µ(p̃(j)) ∈ Ωα. Also, given any µ ∈ Ωα, the vector p(µ) is in 4α.

Given a tuple µ ∈ Ωα, we will simplify notation by letting m(µ) := β +
∑

c 6=c2 µc. Then

we can write gc′,c2 as

gc′,c2(p(1), . . . ,p(k−1), p̂,p(k+1), . . . ,p(d)) = Pc′

(
1− (1− β)(p̂c′ − p̂c2)

βp̂c2 +
∑

c 6=c2 p̂c

)

= Pc′

(
1− (1− β)(µc′(p̂)− 1)

m(µ(p̂))

)
.

Given the (fixed) values of p(1), . . . ,p(k−1) and p(k+1), . . . ,p(d), let

h(µ) :=
m(µ)−m(µ)Pc1 + Pc1(1− β)(µc1 − 1)

βm(µ) +m(µ)
∑

c′ 6=c2 Pc′ −
∑

c′ 6=c2 Pc′(1− β)(µc′ − 1)
.

Then we can write hc1,c2,β as

hc1,c2,β(p(1), . . . ,p(k−1), p̂,p(k+1), . . . ,p(d)) = 1 +
(1− β)

(
1− Pc1

(
1− (1−β)(µc1 (p̂)−1)

m(µ(p̂))

))
β +

∑
c′ 6=c2 Pc′

(
1− (1−β)(µc′ (p̂)−1)

m(µ(p̂))

)
= 1 + (1− β)h(µ(p̂)).

Since (p(1), . . . ,p(d)) ∈Mα,c1,c2,β, taking p̂ = p(k) maximises

hc1,c2,β(p(1), . . . ,p(k−1), p̂,p(k+1), . . . ,p(d))

over 4d
α. Thus, for any maximiser µ of h(µ) over Ωα, we have

hc1,c2,β(p(1), . . . ,p(k−1),p(µ),p(k+1), . . . ,p(d)) ∈Mα,c1,c2,β.

So to prove the lemma (taking p̃ = p(µ)) it suffices to find a maximiser µ of h(µ) over

Ωα such that for all c ∈ [q], µc ∈ {1, α}. This is what we will do in the rest of the proof.

The definition of Ωα guarantees that µc2 = 1.

Fix any c 6= c2. For any fixed values µ1, . . . , µc−1 and µc+1, . . . , µq, all in [1, α], satisfying

µc2 = 1, consider h(µ) as a function of µc. Note that both the numerator and denominator

of h(µ) are linear in µc. We will argue that the denominator is not zero when µc ∈
[1, α]. Using this, Lemma 3.2.10 guarantees that, given µ1, . . . , µc−1, µc+1, . . . , µq, h(µ) is

maximised by setting µc ∈ {1, α}. Going through the colours c one-by-one, we find the

desired maximiser µ.

To complete the proof, we just need to show that the denominator of h(µ) is not zero when

µ ∈ Ωα. This follows easily, since, for all c′ 6= c2, Pc′ > 0 and m(µ) ≥ (1−β)(µc′−1).
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Lemmas 3.2.9 and 3.2.11 yield Lemma 3.2.2 as an immediate corollary.

Lemma 3.2.2. Let q ≥ 3, d ≥ 2 and β ∈ [0, 1). For any colours c1, c2 ∈ [q], there is an

(α, c2)-extremal tuple which achieves the maximum in max(p(1),...,p(d))∈4dα hc1,c2,β(p(1), . . . ,p(d))

(cf. (3.9)).

3.2.3 Concluding the uniqueness threshold

In this section, we will give the proof of Proposition 3.1.6. We first introduce the following

proposition:

Proposition 3.2.12. Let q ≥ 3, d ≥ 2 and β ∈ (0, 1). Suppose that, for some integer n ≥ 3

and some α > 1, it holds that γ(q, d, β, n − 2) = α and Mα,c1,c2,β < α1/d for all colours

c1, c2 ∈ [q]. Then γ(q, d, β, n) ≤ (Mα,c1,c2,β)d < γ(q, d, β, n− 2).

Proof. Consider the tree Td,n with root z = vd,n and leaves Λ = ΛTd,n . Let τ : ΛTd,n →
[q] be an arbitrary configuration. As in Proposition 3.1.4, let {zi,j}i,j∈[d] denote the

grandchildren of the root, let Ti,j be the subtree of T rooted at zi,j , and let Λi,j be the set

of leaves of Ti,j . Further, let r(i,j) be the marginal distribution at zi,j in the subtree Ti,j ,

conditioned on the configuration τ(Λi,j).

By the assumption γ(q, d, β, n−2) = α and the definition (3.1) of the ratio γ(q, d, β, n−2),

we have that r(i,j) ∈ 4α for all i, j ∈ [d]. Proposition 3.1.4 also guarantees that for colours

c1 ∈ [q] and c2 ∈ [q] we have

PrTd,n [σ(z) = c1 | σ(Λ) = τ ]

PrTd,n [σ(z) = c2 | σ(Λ) = τ ]
=

d∏
k=1

hc1,c2,β(r(k,1), . . . , r(k,d)) ≤ (Mα,c1,c2,β)d < α,

where the strict inequality follows by the assumption that Mα,c1,c2,β < α1/d. Since τ was

an arbitrary configuration on the leaves Λ, we obtain that γ(q, d, β, n) < γ(q, d, β, n− 2)

as needed.

Now we prove Proposition 3.1.6, which we restate here for convenience.

Proposition 3.1.6. Let q ≥ 3, d ≥ 2, β ∈ (0, 1) and α0 = max{γ(q, d, β, n0−1), γ(q, d, β, n0)}
for some integer n0 > 0. Suppose that for all 1 < α ≤ α0 and any colours c1, c2 ∈ [q], it

holds that

Mα,c1,c2,β < α1/d.
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Then, it holds that γ(q, d, β, n)→ 1 as n→∞, i.e., the q-state Potts model with parameter

β has uniqueness on the d-ary tree.

Proof. Fix q, d and β as in the statement. For all n ≥ 1, let αn := γ(q, d, β, n0+n). We may

assume that α0 > 1 (otherwise, uniqueness follows trivially by applying Proposition 3.1.3

repeatedly to show αn = 1 for all n ≥ n0.)

Using Proposition 3.2.12 and the assumption that Mα,c1,c2,β < α1/d for all 1 < α ≤ α0

and colours c1, c2 ∈ [q], we obtain that

1 < αn < αn−2 ≤ α0. (3.17)

This implies that both of the sequences {α2n} and {α2n+1} are decreasing. Since both of

these sequences is bounded below by 1, we obtain that for n→∞ it holds that1

α2n ↓ αev, α2n+1 ↓ αod

for some αev, αod ≥ 1. We claim that in fact both of αev, αod are equal to 1, which proves

that γ(q, d, β, n)→ 1 as n→∞.

Suppose for the sake of contradiction that αev > 1 (a similar argument applies for αod).

Let m2n = (p
(1)
2n , . . . ,p

(d)
2n ) achieve the maximum in (3.9) for α = α2n, i.e.,

Mα2n,c1,c2,β = hc1,c2,β(p
(1)
2n , . . . ,p

(d)
2n ).

Note that for all n ≥ 1 we have that

hc1,c2,β(p
(1)
2n , . . . ,p

(d)
2n ) ≥ (αev)

1/d; (3.18)

otherwise, we would have that Mα2n,c1,c2,β < (αev)
1/d and hence, by Proposition 3.2.12,

we would have that α2n+2 < αev, contradicting that α2n ↓ αev.

Moreover, observe that m2n belongs to the compact space 4d for all n ≥ 1 and therefore

there exists a subsequence {nk}k≥1 and (p(1), . . . ,p(d)) ∈ 4d such that

m2nk → (p(1), . . . ,p(d)),

In fact, since {α2nk}k≥1 is a subsequence of the convergent sequence {α2n}n≥1, we

have that the sequence {α2nk} converges to αev as well. From m2nk ∈ 4d
α2nk

, we

1The notation α2n ↓ αev means that the sequence α2n converges to αev by decreasing monotonically.
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therefore obtain that (p(1), . . . ,p(d)) ∈ 4d
αev

. Applying the assumption Mα,c1,c2,β < α1/d

for α = αev, we therefore have that

hc1,c2,β(p(1), . . . ,p(d)) < (αev)
1/d. (3.19)

Since the function hc1,c2,β is continuous on 4d for all β ∈ (0, 1), we have that as k →∞

hc1,c2,β(p
(1)
2nk

, . . . ,p
(d)
2nk

)→ hc1,c2,β(p(1), . . . ,p(d)).

This contradicts (3.18) and (3.19). Therefore, αev = 1, and similarly αod = 1, completing

the proof.

3.3 Uniqueness threshold for q = 3

In this chapter, we will introduce our proof of Theorem 3.1.1, which establishes the

uniqueness threshold for the 3-state antiferromagnetic Potts model.

The proof is divided into two parts. First, in Chapter 3.3.1, 3.3.2, 3.3.3 and 3.3.4, we

use the one-step recursion to give an upper bound α∗ for the ratio between marginal

probabilities. Then, in Chapter 3.3.5, we fix c1, c2 ∈ [q] and for all 1 < α ≤ α∗ verify

Condition 3.2.4 for all (α, c2)-extremal tuples. Using Lemmas 3.2.2, 3.2.3 and Proposi-

tion 3.1.6 we can conclude our result.

3.3.1 Bounding the ratio of marginal probabilities by the one-step recur-
sion

First, we use the one-step recursion to give an upper bound for γ(3, d, β, n). In particular,

we prove the following lemma.

Lemma 3.3.1. Let q = 3 and c ∈ [3] be an arbitrary colour. For d ≥ 2, consider the d-ary

tree Td,n with height n and let τ : ΛTd,n → [3] be an arbitrary configuration on the leaves.

When d = 2, for all β ∈ (0, 1), for all sufficiently large n it holds that

459

2000
≤ PrT2,n [σ(v2,n) = c | σ(ΛT2,n) = τ ] ≤ 1107

2500
.

When d ≥ 3, for all β ∈ [1− 3
d+1 , 1), there exist sequences {Ln} and {Un} (depending on d

and β) such that for all sufficiently large n

Ln ≤ PrTd,n [σ(vd,n) = c | σ(ΛTd,n) = τ ] ≤ Un and Un/Ln ≤ 53/27.
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The following corollary is an immediate consequence of Lemma 3.3.1.

Corollary 3.3.2. Let q = 3, d ≥ 2, β ∈ (0, 1) and β ≥ β∗ = 1− q/(d+ 1). Then there exists

an integer n0 such that, for all n ≥ n0, γ(q, d, β, n) ≤ 53/27.

We begin by giving an upper and a lower bound for the marginal probability that the root

is assigned a colour c via the one-step recursion (see the upcoming Lemma 3.3.4).

First we define two functions. Let

fupper(d, β, x, y) =

(
1− (1− β)y

)d(
1− (1− β)y

)d
+ 2
(
1− (1− β)x

)d/2(
1− (1− β)(1− x− y)

)d/2
and

flower(d, β, x, y) =

(
1− (1− β)x

)d(
1− (1− β)x

)d
+
(
1− (1− β)y

)d
+
(
1− (1− β)(1− x− y)

)d .
We will use the following lemma.

Lemma 3.3.3. Let f be a convex function on an interval I = [a, b].

1. Given ρ ∈ [2a, a+b], the function g(x) = f(x)+f(ρ−x) is decreasing on J = [a, ρ/2].

2. Given ρ ∈ [a+ b, 2b], the function g(x) = f(x) + f(ρ−x) is increasing on J = [ρ/2, b].

Proof. We first prove Item 1. Suppose y, z ∈ J satisfy y < z, we will show that g(z) ≤ g(y).

We have y < z ≤ ρ − z < ρ − y and y ≥ a, ρ − y ≤ b (using ρ ≤ a + b). It follows that

all of y, z, ρ − y, ρ − z belong to I. Moreover, by the convexity of f on I, we conclude

that the slope of f in the interval [ρ− z, ρ− y] is greater or equal to the slope of f in the

interval [y, z], i.e., f(ρ−y)−f(ρ−z)
(ρ−y)−(ρ−z) ≥

f(z)−f(y)
z−y . Re-arranging, we obtain g(z) ≤ g(y).

The proof of Item 2 is analogous. For y, z ∈ J satisfying y < z, we have that ρ − z <
ρ− y ≤ y < z and all of y, z, ρ− y, ρ− z belong to I (using ρ ≥ a+ b). By the convexity

of f on I, we conclude that the slope of f in the interval [ρ− z, ρ− y] is less or equal to

the slope of f in the interval [y, z], which gives that g(z) ≥ g(y).

The following lemma gives recursively-generated bounds on the probability that the root

of Td,n is a given colour.

Lemma 3.3.4. Suppose q = 3, d ≥ 2 and β ∈ [0, 1]. For any n ≥ 0, let T = Td,n with root

v = vT and leaves Λ = ΛT . Let v1, . . . , vd be the children of v in T , Ti be the subtree of T
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rooted at vi and Λi denote the set of leaves of the subtree Ti. Consider any configuration

τ : Λ → [q] and any real numbers L,U ∈ [0, 1] such that, for all i ∈ [d] and all j ∈ [3] we

have

L ≤ PrTi [σ(vi) = j | σ(Λi) = τ(Λi)] ≤ U.

Then, for all colours c ∈ [q], we also have

flower(d, β, U, L) ≤ PrT [σ(v) = c | σ(Λ) = τ ] ≤ fupper(d, β, U, L).

Proof. By symmetry between the colours, we may assume that c = 1. Let p = PrT [σ(v) =

1 | σ(Λ) = τ ]. For any colour c′ ∈ [3] and any child i ∈ [d], let pi,c′ = PrTi [σ(vi) = c′ |
σ(Λi) = τ(Λi)].

For convenience, let β̂ := 1− β ∈ [0, 1]. By Proposition 3.1.3, with q = 3 and c = 1, we

have that

p =
1

1 +R
, where R :=

∑3
c′=2

∏d
i=1

(
1− β̂pi,c′

)∏d
i=1

(
1− β̂pi,1

) . (3.20)

We first show that p ≥ flower(d, β, U, L). Since pi,1 ≤ U for every i ∈ [d], we obtain that

R ≤
∑3

c′=2

∏d
i=1

(
1− β̂pi,c′

)(
1− β̂U

)d . (3.21)

For c′ ∈ [3], let p̄c′ denote the mean 1
d

∑
i∈[d] pi,c′ . The function f(x) = ln(1 − β̂x) is

concave on the interval [0, 1] so by Jensen’s inequality

1

d

d∑
i=1

ln(1− β̂pi,c′) ≤ ln(1− β̂p̄c′).

Thus, for c′ ∈ {2, 3} we have
∏d
i=1

(
1− β̂pi,c′

)
≤
(
1− β̂p̄c′

)d which implies

3∑
c′=2

d∏
i=1

(
1− β̂pi,c′

)
≤
(
1− β̂p̄2

)d
+
(
1− β̂p̄3

)d
. (3.22)

Let f(x) = (1 − β̂x)d. Let a = 0, b = 1, ρ = p̄2 + p̄3 and consider the interval I = [a, b].

Since f is convex on the interval I and ρ ∈ [2a, a + b], Item 1 of Lemma 3.3.3 implies

that the function g(x) = f(x) + f(ρ− x) is decreasing on J = [a, ρ/2] = [0, ρ/2]. Since

L ≤ p̄2 and L ≤ p̄3, the values L and min{p̄2, p̄3} are in J and min{p̄2, p̄3} ≥ L, so

g(min{p̄2, p̄3}) ≤ g(L), i.e.,(
1− β̂p̄2

)d
+
(
1− β̂p̄3

)d ≤ (1− β̂L)d +
(
1− β̂(p̄2 + p̄3 − L)

)d
.
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Since, for every i ∈ [d], pi,2 + pi,3 = 1− pi,1 ≥ 1− U , we have p̄2 + p̄3 ≥ 1− U , so(
1− β̂p̄2

)d
+
(
1− β̂p̄3

)d ≤ (1− β̂L)d +
(
1− β̂(1− U − L)

)d
.

Plugging this into (3.22) and then into (3.21), we obtain that

R ≤
(
1− β̂L

)d
+
(
1− β̂(1− U − L)

)d(
1− β̂U

)d .

Therefore, using (3.20), we obtain the lower bound p ≥ flower(d, β, U, L).

Next, we show that p ≤ fupper(d, β, U, L). To give an upper bound on p, it suffices to

lower bound R. Since pi,1 ≥ L for every i ∈ [d], we obtain the lower bound

R ≥
∑3

c′=2

∏d
i=1

(
1− β̂pi,c′

)(
1− β̂L

)d . (3.23)

Using the arithmetic-mean geometric-mean inequality we have

3∑
c′=2

d∏
i=1

(
1− β̂pi,c′

)
≥ 2

d∏
i=1

((
1− β̂pi,2

)(
1− β̂pi,3

))1/2
. (3.24)

Now let f(x) = − ln(1 − β̂x) and consider an arbitrary i ∈ [d]. Let a = −1, b = 1, ρ =

pi,2 + pi,3 and consider the interval I = [a, b]. Since f is convex on I and ρ ∈ [a+ b, 2b],

Item 2 of Lemma 3.3.3 implies that the function g(x) = f(x) + f(ρ− x) is increasing on

the interval J = [ρ/2, b] = [ρ/2, 1]. Let x = U and y = max{pi,2, pi,3}. Since pi,2 and pi,3
are at most U , x and y are in J and satisfy x ≥ y. Therefore, g(x) ≥ g(y), which gives

that

ln
(
1− β̂y

)
+ ln

(
1− β̂(ρ− y)

)
≥ ln

(
1− β̂x

)
+ ln

(
1− β̂(ρ− x)

)
.

Thus, by substituting in the values of x, y and ρ and exponentiating, we have(
1− β̂pi,2

)(
1− β̂pi,3

)
≥
(
1− β̂U

)(
1− β̂(pi,2 + pi,3 − U)

)
.

Using the inequality pi,2 + pi,3 = 1− pi,1 ≤ 1− L in the right-hand side, we get(
1− β̂pi,2

)(
1− β̂pi,3

)
≥
(
1− β̂U

)(
1− β̂(1− U − L)

)
.

Plugging this into (3.24) for each i ∈ [d] and then into (3.23), we obtain that

R ≥
2
(
1− β̂U

)d/2(
1− β̂(1− U − L)

)d/2(
1− β̂L

)d .

Therefore, using (3.20), we obtain the upper bound p ≤ fupper(d, β, U, L).
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3.3.2 Properties of the functions fupper and flower

In this section, we establish useful monotonicity properties of the functions fupper and

flower that will be relevant later.

Lemma 3.3.5. For any fixed d ≥ 2 and any fixed x and y satisfying 0 ≤ y ≤ x ≤ 1 and

2y + x ≤ 1 ≤ 2x+ y,

• fupper(d, β, x, y) is a decreasing function of β on the interval (0, 1) and

• flower(d, β, x, y) is an increasing function of β on the interval (0, 1).

Proof. Let β̂ := 1−β, and W = 1−3y+β̂
(
(3y−1)+(1−x−2y)+x(2x+y−1)+y(x−y)

)
.

The derivative of fupper with respect to β is given by

∂fupper
∂β

= −fupper2
d(1− β̂x)d/2(1− β̂(1− x− y))d/2W

(1− β̂y)d+1(1− β̂x)(1− β̂(1− x− y))
.

(Obviously, this can be checked directly, but the reader may prefer to use the Mathematica

code in Section 8.1.1 to check this and the derivative of flower with respect to β, which

appears below.) Using the conditions on x and y in the statement of the lemma, we find

that

W ≥ 1− 3y + β̂(3y − 1) = β(1− 3y) ≥ 0.

We conclude that ∂fupper
∂β ≤ 0 so fupper(d, β, x, y) is a decreasing function of β on the

interval [0, 1]. Similarly,

∂flower
∂β

= flower
2
d
(

(2x+ y − 1)(1− β̂(1− x− y))d−1 + (x− y)(1− β̂y)d−1
)

(1− β̂x)d+1
≥ 0,

so flower(d, β, x, y) is an increasing function of β on the interval (0, 1).

Lemma 3.3.6. For any fixed d ≥ 2 and 0 < β ≤ 1,

1. flower(d, β, x, y) is a decreasing function of x when x, y ∈ [0, 1], and

2. flower(d, β, x, y) is an increasing function of y when x+ 2y ≤ 1 and x, y ∈ [0, 1].

Proof. Let

R :=

(
1− (1− β)y

)d
+
(
1− (1− β)(1− x− y)

)d(
1− (1− β)x

)d , so that flower(d, β, x, y) =
1

1 +R
.
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We first prove Item 2. Let a = 0, b = 1, ρ = 1 − x and consider the interval I = [a, b].

Since f(y) = (1− (1− β)y)d is convex on I and ρ ∈ [2a, a+ b], Item 1 of Lemma 3.3.3

yields that g(y) = f(y) + f(ρ− y) is decreasing on J = [a, ρ/2] = [0, ρ/2]. It follows that,

for fixed x, R is a decreasing function of y on J and therefore flower is increasing in y. It

remains to observe that, for x ∈ [0, 1], the condition y ∈ J is equivalent to the condition

x+ 2y ≤ 1 and y ∈ [0, 1] in the statement.

For Item 1, note that 1− (1− β)(1− x− y) is an increasing nonnegative function of x

and 1− (1− β)x is a decreasing nonnegative function of x, so R is an increasing function

of x. Thus, flower is a decreasing function of x.

Lemma 3.3.7. For any fixed d ≥ 2 and 0 < β ≤ 1,

1. fupper(d, β, x, y) is an increasing function of x when 1 ≤ 2x+ y and x, y ∈ [0, 1], and

2. fupper(d, β, x, y) is a decreasing function of y when x, y ∈ [0, 1].

Proof. The proof is analogous to that of Lemma 3.3.6. Let

R :=
2
(
1− (1− β)x

)d/2(
1− (1− β)(1− x− y)

)d/2(
1− (1− β)y

)d , so that fupper(d, β, x, y) =
1

1 +R
.

We first prove Item 1. Let a = −y, b = 1, ρ = 1− y and consider the interval I = [a, b].

Since the function f(x) = − ln
(
1−(1−β)x

)
is convex on the interval I and ρ ∈ [a+b, 2b],

by Item 2 of Lemma 3.3.3, the function g(x) = f(x)+f(ρ−x) is increasing on the interval

J = [ρ/2, b]. It follows that the function

exp(−g(x)) =
(
1− (1− β)x

)(
1− (1− β)(1− x− y)

)
is a decreasing function of x on J , and therefore R has the same property as well. Thus,

fupper is an increasing function of x on the interval J . It remains to observe that, for

y ∈ [0, 1], the condition x ∈ J is equivalent to the condition 1 ≤ 2x+ y and x ∈ [0, 1] in

the statement.

For Item 2, note that 1− (1− β)(1− x− y) is an increasing nonnegative function of y

and 1− (1− β)y is a decreasing nonnegative function of y, so R is an increasing function

of y. Thus, fupper is a decreasing function of y.

Lemma 3.3.8. For any fixed d ≥ 2, 0 < β < 1 and 0 ≤ y ≤ x ≤ 1 such that 2y + x ≤ 1 ≤
2x+ y, we have

2flower(d, β, x, y) + fupper(d, β, x, y) ≤ 1 ≤ 2fupper(d, β, x, y) + flower(d, β, x, y).
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Proof. Since 2y + x ≤ 1 ≤ 2x + y, we obtain that y ≤ 1 − x − y ≤ x. Further, by the

AM-GM inequality,(
1− (1−β)x

)d
+
(
1− (1−β)(1−x−y)

)d ≥ 2
(
1− (1−β)x

)d/2(
1− (1−β)(1−x−y)

)d/2
.

So the denominator in the definition of flower(d, β, x, y) is at least as big as the denomina-

tor in the definition of fupper(d, β, x, y). We conclude that

2flower + fupper ≤
2
(
1− (1− β)x

)d
+
(
1− (1− β)y

)d(
1− (1− β)y

)d
+ 2
(
1− (1− β)x

)d/2(
1− (1− β)(1− x− y)

)d/2 ≤ 1,

and

2fupper + flower ≥
2
(
1− (1− β)y

)d
+
(
1− (1− β)x

)d(
1− (1− β)x

)d
+
(
1− (1− β)y

)d
+
(
1− (1− β)(1− x− y)

)d ≥ 1.

Lemma 3.3.9. For any fixed d ≥ 2, 0 < β < 1 and 0 ≤ y1 ≤ y2 ≤ x2 ≤ x1 ≤ 1 such that

2y1 + x1 ≤ 1 ≤ 2x1 + y1 and 2y2 + x2 ≤ 1 ≤ 2x2 + y2, we have

fupper(d, β, x2, y2) ≤ fupper(d, β, x1, y1) and flower(d, β, x2, y2) ≥ flower(d, β, x1, y1).

Proof. Using the assumptions in the statement of the lemma, we obtain 1 ≤ 2x1 + y2 and

2y1 + x2 ≤ 1. Therefore, by Lemmas 3.3.6 and 3.3.7, we obtain

fupper(d, β, x2, y2) ≤ fupper(d, β, x1, y2) ≤ fupper(d, β, x1, y1), and

flower(d, β, x2, y2) ≥ flower(d, β, x2, y1) ≥ flower(d, β, x1, y1).

3.3.3 Bounding the marginal probability at the root by two sequences

For any β > 0 and d ≥ 2, we define two sequences:{
u0(d, β) = 1,

`0(d, β) = 0,

and for every non-negative integer n,{
un+1(d, β) = fupper(d, β, un(d, β), `n(d, β)), and
`n+1(d, β) = flower(d, β, un(d, β), `n(d, β)).

(3.25)

Our interest in the sequences un(d, β) and `n(d, β) is that they give upper and lower

bounds on the probability PrTd,n [σ(vd,n) = c], respectively (subject to any boundary

configuration at the leaves).
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Lemma 3.3.10. Suppose that q = 3, d ≥ 2, and β ∈ (0, 1). For any n ≥ 0, for the d-ary

tree Td,n with depth n and root vd,n, for any configuration τ : ΛTd,n → [q] on the leaves and

any colour c ∈ [q], it holds that

`n(d, β) ≤ PrTd,n [σ(vd,n) = c | σ(ΛTd,n) = τ ] ≤ un(d, β).

Proof. We prove the lemma by induction on n. For the base case n = 0, note that Td,n
has a single vertex. Thus, for every c ∈ [q] and every τ assigning a colour to this vertex,

`0(d, β) = 0 ≤ PrTd,n [σ(vd,n) = c | σ(ΛTd,n) = τ ] ≤ 1 = u0(d, β).

For the inductive step, suppose n > 0. For convenience, denote by T the tree Td,n, by

v the root vd,n and by Λ the leaves ΛTd,n . Let v1, . . . , vd be the children of v in T and

let Λi = ΛT [vi] denote the set of leaves of the subtree T [vi]. Consider any configuration

τ : Λ → [q] and any colour c. By the induction hypothesis, for every i ∈ [d] and j ∈ [q],

we have

`n−1(d, β) ≤ PrT [vi][σ(vi) = j | σ(Λi) = τ(Λi)] ≤ un−1(d, β).

By Lemma 3.3.4 and (3.25), we conclude that `n(d, β) ≤ PrT [σ(v) = c | σ(Λ) = τ ] ≤
un(d, β).

The following lemma will be used to show that the sequences un(d, β) and `n(d, β)

converge.

Lemma 3.3.11. For any fixed d ≥ 2, 0 < β < 1 and n ∈ N, we have

1. un(d, β) ≥ un+1(d, β),

2. `n(d, β) ≤ `n+1(d, β), and

3. 2`n(d, β) + un(d, β) ≤ 1 ≤ 2un(d, β) + `n(d, β).

Proof. We prove this lemma by induction on n. Since d and β are fixed, we simplify

the notation by writing un for un(d, β), writing `n for `n(d, β), writing fupper(x, y) for

fupper(d, β, x, y) and writing flower(x, y) for flower(d, β, x, y).

For the base case n = 0, we have u0 = 1 and `0 = 0, so Item 3 holds since 2`0 + u0 = 1 <

2u0 + `0. Items 1 and 2 follow from

u1 = fupper(1, 0) =
1

1 + 2βd/2
< 1 = u0, and `1 = flower(1, 0) =

βd

βd + 2
> 0 = `0.
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For the inductive step, suppose n > 0. Item 3 follows (using the induction hypothesis)

from Lemma 3.3.8 with x = un−1 and y = `n−1. We now obtain Items 1 and 2. By the

induction hypothesis,

0 ≤ `n−1 ≤ `n ≤ un ≤ un−1 ≤ 1, and 2`n−1 + un−1 ≤ 1 ≤ 2un−1 + `n−1.

Using Lemma 3.3.9 (with these facts and with item 3), we obtain

un+1 = fupper(un, `n) ≤ fupper(un−1, `n−1) = un,

proving Item 1. Similarly, we also obtain that `n+1 = flower(un, `n) ≥ flower(un−1, `n−1) =

`n, proving Item 2.

By Lemma 3.3.11, we have that the sequences {un(d, β}) and {`n(d, β)} are bounded

and monotonic, so they both converge. Let

u∞(d, β) := lim
n→∞

un(d, β), and `∞(d, β) := lim
n→∞

`n(d, β). (3.26)

We have the following characterisation of the limits u∞(d, β), `∞(d, β).

Lemma 3.3.12. For any d ≥ 2 and 0 < β ≤ 1, (x, y) = (u∞(d, β), `∞(d, β)) is a solution

to the system of equations {
fupper(d, β, x, y) = x

flower(d, β, x, y) = y

satisfying 0 < y ≤ 1− x− y ≤ x < 1.

Proof. Since d and β are fixed, we simplify the notation by writing u∞ for u(d, β) and

`∞ for `(d, β). We also drop d and β as parameters of un, `n, fupper and flower (as in

the proof of Lemma 3.3.11). By Lemma 3.3.11, we have `∞ ≥ `1 = βd/(βd + 2) > 0

and u∞ ≤ u1 = 1/(1 + 2βd/2) < 1. Also, for every non-negative integer n, we have

`n ≤ 1− un − `n ≤ un, which implies, by applying limits, that `∞ ≤ 1− u∞ − `∞ ≤ u∞.

Recall that, for n ≥ 0, un+1 = fupper(un, `n) and `n+1 = flower(un, `n). Using these

definitions and the continuity of the functions fupper(x, y) and flower(x, y) with respect

to x and y (in the third equality below), we have

u∞ = lim
n→∞

un = lim
n→∞

fupper(un−1, `n−1) = fupper( lim
n→∞

un−1, lim
n→∞

`n−1) = fupper(u∞, `∞).

Similarly, `∞ = flower(u∞, `∞).
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3.3.4 Bounding the maximum ratio

In this section, we place the final pieces for the proof of Lemma 3.3.1. The first lemma

accounts for the d = 2 case of Lemma 3.3.1.

Lemma 3.3.13. Suppose q = 3 and β ∈ (0, 1). Then there is a positive integer n0 such that

for every n ≥ n0, every c ∈ [q], and every configuration τ : ΛT2,n → [q],

459

2000
≤ PrT2,n [σ(v2,n) = c | σ(ΛT2,n) = τ ] ≤ 1107

2500
.

Proof. For any 0 < β ≤ 1, by Lemma 3.3.12, (x, y) = (u∞(2, β), `∞(d, β)) is a solution to

the system of equations {
fupper(2, β, x, y) = x

flower(2, β, x, y) = y
(3.27)

satisfying 0 < y ≤ 1− x− y ≤ x < 1. In Section 8.1.2, we use the Resolve function of

Mathematica to show rigorously that there is no solution to (3.27) satisfying

0 < y ≤ 1

3
and

1106

2500
≤ x < 1

and there is no solution satisfying

0 < y ≤ 460

2000
and

1

3
≤ x < 1.

If 0 < y ≤ 1 − x − y ≤ x < 1 then 0 < y ≤ 1/3 and 1/3 ≤ x < 1. So any solution

to (3.27) which satisfies 0 < y ≤ 1− x− y ≤ x < 1 must also satisfy y > 460/2000 and

x < 1106/2500. We conclude that `∞(d, β) > 460/2000 and u∞(d, β) < 1106/2500.

Since `∞(2, β) and u∞(2, β) are the limits of the sequences `n(2, β) and un(2, β), respec-

tively, there is a positive integer n0 such that, for all n ≥ n0, `n(2, β) ≥ 459/2000 and

un(2, β) ≤ 1107/2500. Thus by Lemma 3.3.10, for every n ≥ n0 and every τ : ΛT2,n → [3],

459

2000
≤ `n(2, β) ≤ PrT2,n [σ(v2,n) = c | σ(ΛT2,n) = τ ] ≤ un(2, β) ≤ 1107

2500
.

Definition 3.3.14. For any d ≥ 3, define the critical parameter β∗(d) by β∗(d) = 1− 3

d+ 1
.

Note that β∗(d) > 0. The following lemma shows that un(d, β) and `n(d, β) are bounded

by the values corresponding to the critical parameter.

Lemma 3.3.15. Fix any d ≥ 3. For any β in the range β∗(d) ≤ β < 1 and any non-negative

integer n, we have un(d, β∗(d)) ≥ un(d, β) and `n(d, β∗(d)) ≤ `n(d, β).
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Proof. We prove the lemma by induction on n. Since d is fixed, we simplify the notation by

writing β∗ for β∗(d). We also drop the argument d from un(d, β), `n(d, β), fupper(d, β, x, y)

and flower(d, β, x, y).

For the base case n = 0, note that for every β, it holds that u0(β) = u0(β∗) = 1 and

`0(β) = `0(β∗) = 0.

For the inductive step, suppose n > 0. By Lemma 3.3.11, we have

2`n−1(β) + un−1(β) ≤ 1 ≤ 2un−1(β) + `n−1(β), and

2`n−1(β∗) + un−1(β∗) ≤ 1 ≤ 2un−1(β∗) + `n−1(β∗).

By Lemma 3.3.11 and the induction hypothesis, we have

0 ≤ `n−1(β∗) ≤ `n−1(β) ≤ un−1(β) ≤ un−1(β∗) ≤ 1.

Now, using the definitions and Lemma 3.3.5, we get

un(β∗) = fupper(β∗, un−1(β∗), `n−1(β∗)) ≥ fupper(β, un−1(β∗), `n−1(β∗)).

Then using Lemma 3.3.9, we continue with

fupper(β, un−1(β∗), `n−1(β∗)) ≥ fupper(β, un−1(β), `n−1(β)) = un(β).

Similarly, again using Lemma 3.3.5 and then Lemma 3.3.9, we have that

flower(β∗, un−1(β∗), `n−1(β∗)) ≤ flower(β, un−1(β∗), `n−1(β∗)) ≤ flower(β, un−1(β), `n−1(β)),

which gives that `n(β∗) ≤ `n(β).

Our next goal is to prove Lemma 3.3.26 below, which will help us to obtain an upper

bound on the ratio u∞(d, β∗(d))/`∞(d, β∗(d)) when d is sufficiently large. In order to do

this, we first define some useful re-parametrisations of fupper and flower, and establish

some properties of these.

Definition 3.3.16. Let gu(d, µ, y) = fupper(d, β∗(d), µ · y, y) − µ · y and g`(d, µ, y) =

flower(d, β∗(d), µ · y, y)− y.

Note that the argument µ in gu, g` corresponds to the ratio x/y of the arguments x, y of

fupper, flower.
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Lemma 3.3.17. For every d ≥ 5 and µ ≥ 1, gu(d, µ, y) is a decreasing function of y in the

range 1/(2µ+ 1) ≤ y ≤ 1/(µ+ 2).

Proof. Let A = (1− 3y/(d+ 1))d and

B =

(
1− 3(1− y(µ+ 1))

d+ 1

)d/2(
1− 3µy

d+ 1

)d/2
.

Since y ≤ 1/(µ+ 2) ≤ 1/3 and d ≥ 5, we have 3y < d+ 1, so A > 0. Also, 3µy < d+ 1

and 3(1− y(µ+ 1)) < d+ 1, so B > 0. Let W = AB/(A+ 2B)2 > 0. The derivative of gu
with respect to y (see Section 8.1.3 for Mathematica assistance) is given by the following.

∂gu
∂y

= −µ+

(
9dW

3y(µ+ 1) + d− 2

)(
µ(2µy + y − 1)

1 + d− 3µy
− 2µy + y + d− 1

1 + d− 3y

)
.

The upper bound on y yields (crudely) 2µy + y − 1 < 1 and 1 + d − 3µy > d − 2.

Similarly, the lower bound on y yields 2µy + y + d− 1 ≥ d and (since y is non-negative)

1 + d− 3y < 1 + d. Plugging these in, we obtain

∂gu
∂y

< −µ+

(
9dW

3y(µ+ 1) + d− 2

)(
µ

d− 2
− d

1 + d

)
. (3.28)

Note that 3y(µ+ 1) > 0 and d > 2 so the expression 3y(µ+ 1) + d− 2 in the denominator

is positive. We now consider two cases.

If µ/(d− 2)− d/(1 + d) ≤ 0 then recall that W > 0, so (3.28) gives that ∂gu
∂y < −µ < 0.

Otherwise, µ/(d−2)−d/(1+d) > 0. In this case, note that, for anyA andB, (A−2B)2 ≥ 0,

so 8AB ≤ A2 + 4AB + 4B2 = (A + 2B)2. From the definition of W , this ensures that

W ≤ 1/8. So, (3.28) gives that

∂gu
∂y

< −µ+

9d
8

(
µ
d−2 −

d
1+d

)
3y(µ+ 1) + d− 2

< −µ+
9d

8(d− 2)

(
µ

d− 2
− d

1 + d

)
< µ

(
9d

8(d− 2)2
− 1

)
< 0,

where the final inequality uses d ≥ 5.

The following lemma is analogous to Lemma 3.3.17, but for the function g`.

Lemma 3.3.18. For every d ≥ 3 and µ ≥ 1, g`(d, µ, y) is a decreasing function of y in the

range 1/(2µ+ 1) ≤ y ≤ 1/(µ+ 2).

Proof. Let

W =
(µ(2d− 1) + d+ 1)

(3y(µ+1)+d−2
d+1

)d
(1 + d− 3µy)(d− 2 + 3y(1 + µ))

+
(µ− 1)(d+ 1)

(
1− 3y

d+1

)d
(1 + d− 3y)(1 + d− 3µy)

.
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Since µ ≥ 1 and d ≥ 3 and y ≤ 1/(µ+ 2) all of the factors in W are positive, so W > 0.

The derivative of g` with respect to y (see Section 8.1.4 for Mathematica assistance) is

given by the following.

∂g`
∂y

= −
3d
(
1− 3µy

d+1

)d
W((3(µ+1)y+d−2

d+1

)d
+
(
1− 3µy

d+1

)d
+
(
1− 3y

d+1

)d)2 − 1.

We’ve already seen that W > 0 and the denominator is greater than 0 since it is a square.

Since 3µy < 3 < d+ 1, the remaining term is also positive, so ∂g`
∂y < 0, as required.

Next, we will identify a value yµ so that, when µ and d are sufficiently large, gu(d, µ, yµ) <

0 and g`(d, µ, yµ) > 0.

Definition 3.3.19. Define the quantity yµ as follows.

yµ =

{
7

10µ+12 + 3
500 if µ < 32,

7
10µ+12 if µ ≥ 32.

Let xµ = µyµ. Now define the functions hu and h` as hu(d, µ) = gu(d, µ, yµ) and

h`(d, µ) = g`(d, µ, yµ).

Then we have the following lemmas.

Lemma 3.3.20. If µ ≥ 157/80 then 0 < yµ < 1− xµ − yµ < 1
3 < xµ < 1− yµ.

Proof. The inequalities follow directly from Definition 3.3.19. Mathematica code is given

in Chapter 8.

Lemma 3.3.21. Suppose d ≥ 23. If 157/80 ≤ µ < 32 or 32 < µ then ∂hu
∂µ < 0.

Proof. Since d is fixed in the proof of this lemma, we will drop it as an argument

of β∗, hu, gu. We will use β̂∗ to denote 1 − β∗ = 3/(d + 1). We will drop d and

β∗ as an argument of fupper. So, plugging in Definitions 3.3.16 and 3.3.19, we get

hu(µ) = gu(µ, yµ) = fupper(xµ, yµ)− xµ. We have

∂hu(µ)

∂µ
=
∂fupper(xµ, yµ)

∂xµ
· ∂xµ
∂µ

+
∂fupper(xµ, yµ)

∂yµ
· ∂yµ
∂µ
− ∂xµ

∂µ
. (3.29)

Let

R(x, y) =
(1− β̂∗x)d/2(1− β̂∗(1− x− y))d/2

(1− β̂∗y)d
.
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The derivatives of fupper(x, y) with respect to x and y are as follows (see Section 8.1.6 for

Mathematica assistance).

∂fupper(x, y)

∂x
=

(
fupper(x, y)2R(x, y)dβ̂∗

1− β̂∗(1− x− y)

)(
β̂∗(2x+ y − 1)

1− β̂∗x

)
, and

∂fupper(x, y)

∂y
= −

(
fupper(x, y)2R(x, y)dβ̂∗

1− β̂∗(1− x− y)

)(
3 + β̂∗(2x+ y − 2)

1− β̂∗y

)
.

(3.30)

If 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ 1 − x − y ≤ 1 and 2x + y > 1 then all of the factors are

positive, so by Lemma 3.3.20, ∂fupper(xµ,yµ)
∂xµ

> 0 and ∂fupper(xµ,yµ)
∂yµ

< 0. Let

z = −∂fupper(xµ, yµ)

∂xµ

/
∂fupper(xµ, yµ)

∂yµ
(3.31)

and note that z is positive. Using (3.29) and (3.31), we can express ∂hu(µ)
∂µ as

∂hu(µ)

∂µ
=

(
−z · ∂fupper(xµ, yµ)

∂yµ
− 1

)
∂xµ
∂µ

+
∂fupper(xµ, yµ)

∂yµ
· ∂yµ
∂µ

.

From the definition of yµ (Definition 3.3.19), ∂yµ
∂µ = − 35

2(5µ+6)2 < 0 for all µ 6= 32. If

µ < 32 then ∂xµ
∂µ = 21

(5µ+6)2 + 3
500 > 0. If µ > 32 then ∂xµ

∂µ = 21
(5µ+6)2 > 0. Thus, to show

∂hu(µ)
∂µ < 0, it suffices to show

− ∂fupper(xµ, yµ)

∂yµ
<

∂xµ
∂µ

z · ∂xµ∂µ −
∂yµ
∂µ

. (3.32)

We will simplify (3.32) by finding an upper bound for z. Using (3.30) and (3.31), we

have

z =

(
1− β̂∗yµ
1− β̂∗xµ

)(
β̂∗(2xµ + yµ − 1)

3 + β̂∗(2xµ + yµ − 2)

)
=

(
1+

β̂∗(xµ − yµ)

1− β̂∗xµ

)(
β̂∗(2xµ + yµ − 1)

3− β̂∗(2− 2xµ − yµ)

)
.

Since, by Lemma 3.3.20, xµ > yµ, 2xu + yy > 1, xµ > 0 and (since xµ + yµ < 1)

2 > 2xu+yu, z is an increasing function of β̂∗. Since d ≥ 23, we have β̂∗ = 3/(d+1) ≤ 1/8,

so z is upper-bounded by its value with β̂∗ replaced by 1/8. This gives that

z ≤ (8− yµ)(2xµ + yµ − 1)

(8− xµ)(2xµ + yµ + 22)
.

Moreover, using Mathematica, we show in Chapter 8.1.6 that

(8− yµ)(2xµ + yµ − 1)

(8− xµ)(2xµ + yµ + 22)
<

1

24
for all µ > 1. (3.33)
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It follows that z < 1/24. Thus, we can re-write our goal from (3.32) — to prove the

lemma, it suffices to show

− ∂fupper(xµ, yµ)

∂yµ
<

∂xµ
∂µ

1
24 ·

∂xµ
∂µ −

∂yµ
∂µ

. (3.34)

The definitions of fupper and R imply that fupper(x, y) = 1/(1 + 2R(x, y)). Therefore,

using the fact that a
(1+2a)2 ≤ 1/8 for all a > 0, we have

fupper(x, y)2R(x, y) =
R(x, y)(

1 + 2R(x, y)
)2 ≤ 1

8
.

So, plugging this into the second equality in (3.30), recalling that ∂fupper(xµ,yµ)
∂yµ

< 0 and

β∗ = 3/(d+ 1), we get

−∂fupper(xµ, yµ)

∂yµ
≤ dβ̂∗(3 + β̂∗(2xµ + yµ − 2))

8(1− β̂∗(1− xµ − yµ))(1− β̂∗yµ)
≤ 3(3 + β̂∗(2xµ + yµ − 2))

8(1− β̂∗(1− xµ − yµ))(1− β̂∗yµ)
.

Let Y be the right-hand-side of the previous expression. Using β̂∗ ≤ 1/8 and the

inequalities from Lemma 3.3.20, we find that Y is increasing in β̂∗ (see Mathematica code

in Appendix 8.1.6). Thus, we can replace Y with its value with β̂∗ replaced by 1/8, which

is 3(2xµ + yµ + 22)/((8− yµ)(xµ + yµ + 7)). Plugging this into (3.34), it suffices to show

3(2xµ + yµ + 22)

(8− yµ)(xµ + yµ + 7)
<

∂xµ
∂µ

1
24 ·

∂xµ
∂µ −

∂yµ
∂µ

. (3.35)

We prove (3.35) in two cases.

Case 1: µ > 32: Using the values ∂xµ
∂µ ,

∂yµ
∂µ that we calculated earlier, the right-hand

side of (3.35) is 8/7. The Mathematica code in Chapter 8.1.6 uses Resolve to show

rigorously that there is no µ > 32 satisfying (3.35).

Case 2: µ < 32: Using the values that we calculated earlier, the right-hand side

of (3.35) is
24
(
25µ2 + 60µ+ 3536

)
25µ2 + 60µ+ 73536

.

The Mathematica code in Appendix 8.1.6 uses Resolve to show rigorously that there is

no µ > 1 satisfying (3.35).

We will use the following function in several of the remaining lemmas.
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Definition 3.3.22. Let ψ(d, z) = d/(d− 3z + 1) + ln (d+ 1− 3z).

Lemma 3.3.23. Suppose d ≥ 23. Then hu(d, 157/80) < 0 and hu(d, 32) < 0.

Proof. Let ζ(d, x, y) := 2ψ(d, y)−ψ(d, x)−ψ(d, 1−x−y), where ψ is the function defined

in Definition 3.3.22. The derivative of hu(d, µ) with respect to d is given as follows (see

Chapter 8.1.7 for the Mathematica code).

∂hu(d, µ)

∂d
=
∂fupper(d, β∗(d), xµ, yµ)

∂d

=

(
1− 3xµ

d+1

) d
2
(
1− 3yµ

d+1

)d(
1− 3(1−xµ−yµ)

d+1

) d
2 ζ(d, xµ, yµ)((

1− 3yµ
d+1

)d
+ 2
(
1− 3xµ

d+1

) d
2
(
1− 3(1−xµ−yµ)

d+1

) d
2

)2 . (3.36)

First, fix µ = 157/80. We will prove three facts.

• Fact 1: For all d ≥ 23, ∂ζ(d,xµ,yµ)
∂d < 0.

• Fact 2: limd→∞ ζ(d, xµ, yµ) = 0.

• Fact 3: limd→∞ hu(d, µ) < 0.

Facts 1 and 2 guarantee that, for all d ≥ 23, ζ(d, xµ, yµ) > 0. Lemma 3.3.20 guarantees

that all other factors in (3.36) are also positive. Thus, ∂hu(d,µ)
∂d is positive for all d ≥ 23.

Together with Fact 3, this proves the first part of the lemma, that hu(d, 157/80) < 0. The

three facts are proved in the Mathematica code in Chapter 8.1.7.

Finally, fix µ = 32. Lemma 3.3.20 again guarantees that all factors in (3.36) other than

ζ(d, xµ, yµ) are positive. Thus, it suffices to prove the three facts for µ = 32, and this is

done in the Mathematica code in Chapter 8.1.7.

Lemmas 3.3.21 and 3.3.23 have the following corollary.

Corollary 3.3.24. For every d ≥ 23 and µ ≥ 157/80, hu(d, µ) < 0.

Proof. By Lemma 3.3.21, hu(d, µ) is decreasing for µ ∈ [157/80, 32). Thus, for µ in this

range, hu(d, µ) ≤ hu(d, 157/80) and by Lemma 3.3.23, hu(d, 157/80) < 0.

By Lemma 3.3.21, hu(d, µ) is decreasing for µ > 32. Thus, for µ > 32, h(d, µ) ≤ h(d, 32)

and by Lemma 3.3.23, hu(d, 32) < 0.

Lemma 3.3.25. For every d ≥ 23 and µ ≥ 157/80, h`(d, µ) > 0.
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Proof. We will show that

∂h`(d, µ)

∂d
> 0 for all d ≥ 23 and µ ≥ 157/80. (3.37)

The Mathematica code in Chapter 8.1.8 verifies that h`(23, µ) > 0 for all µ ≥ 157/80.

Together with (3.37), this proves the lemma.

Therefore, in the rest of the proof, we prove (3.37). Using Definitions 3.3.19 and 3.3.16,

we have h`(d, µ) = flower(d, β∗(d), xµ, yµ) − yµ. We use the following definitions in

order to describe ∂h`(d,µ)
∂d . Recall from Definition 3.3.22 that ψ(d, z) = d/(d− 3z + 1) +

ln (d+ 1− 3z). Let A = (1− 3xµ
d+1)d and B = (1− 3yµ

d+1)d and C = (1− 3(1−xµ−yµ)
d+1 )d. Then

the derivative of h`(d, µ) with respect to d is given as follows (see Chapter 8.1.8 for

Mathematica assistance).

∂h`(d, µ)

∂d
=
∂flower(d, β∗(d), xµ, yµ)

∂d
=
AC(ψ(d, xµ)− ψ(d, 1− xµ − yµ)) +AB(ψ(d, xµ)− ψ(d, yµ))

(A+B + C)2
.

(3.38)

Lemma 3.3.20 guarantees that A, B and C are positive, so to prove (3.37), and hence

the lemma, it suffices to show ψ(d, xµ) > ψ(d, 1− xµ − yµ) and ψ(d, xµ) > ψ(d, yµ).

Note that

∂ ψ
(
d, 1

3 + t
)

∂t
=

9t

(d− 3t)2
, and

∂ ψ
(
d, 1

3 − t
)

∂t
=

9t

(d+ 3t)2
.

Thus, for fixed d, the function ψ(d, z) is decreasing for z ∈ [0, 1/3]. Since, by Lemma 3.3.20,

0 < yµ < 1− xµ − yµ < 1/3, we have

ψ(d, yµ) ≥ ψ(d, 1− xµ − yµ). (3.39)

The function ψ(d, z) is increasing for z ∈ [1/3, 1]. Since, Lemma 3.3.20 guarantees

1/3 < 2/3− yµ < xµ < 1, we have

ψ(d, xµ) ≥ ψ(d, 2
3 − yµ). (3.40)

Since the function ψ(d, 1
3 + t)−ψ(d, 1

3 − t) is increasing for t ∈ [0, 1/3], and it is 0 at t = 0,

we have ψ(d, 1
3 + t) ≥ ψ(d, 1

3 − t) for t ∈ [0, 1/3]. Lemma 3.3.20 guarantees 0 < yµ < 1/3,

so taking t = 1/3− yµ, we get

ψ(d, 2
3 − yµ) ≥ ψ(d, yµ). (3.41)

Combining (3.40), (3.41) and (3.39) we obtain ψ(d, xµ) > ψ(d, 1 − xµ − yµ) and

ψ(d, xµ) > ψ(d, yµ), which prove (3.37), and hence the lemma.
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Lemma 3.3.26. If d ≥ 23 then there is no solution to the system of equations{
fupper(d, β∗(d), x, y) = x

flower(d, β∗(d), x, y) = y
(3.42)

which satisfies x ≥ 157y/80 ≥ 0 and 2x+ y ≥ 1 ≥ 2y + x.

Proof. Consider any fixed d ≥ 23 and, for the sake of contradiction, assume that such

an (x, y) exists. Let µ = x/y, so that (by Definition 3.3.16), (µ, y) is a solution to the

equation

gu(d, µ, y) = g`(d, µ, y) = 0.

The conditions x ≥ 157y/80 ≥ 0 and 2x+ y ≥ 1 ≥ 2y + x translate into µ ≥ 157/80 and

1/(2µ+ 1) ≤ y ≤ 1/(µ+ 2). Since gu(d, µ, y) = 0, by Lemma 3.3.17 and Corollary 3.3.24,

we have y < yµ. Since g`(d, µ, y) = 0, by Lemmas 3.3.18 and 3.3.25, we have y > yµ.

This yields a contradiction.

Corollary 3.3.27. For every integer d ≥ 23, there exists a positive integer n0 such that for

all n ≥ n0,
un(d, β∗(d))

`n(d, β∗(d))
≤ 53

27
.

Proof. Fix d ≥ 23. For simplicity, we will write β∗ instead of β∗(d).

Recall that the sequences {un(d, β∗)} and {`n(d, β∗)} converge to the limits u∞(d, β∗)

and `∞(d, β∗), respectively (cf. (3.26)). Moreover, by Lemma 3.3.12, the pair (x, y) =

(u∞(d, β∗), `∞(d, β∗)) is a solution to the system of equations (3.42) satisfying 0 < y ≤
1− x− y ≤ x < 1. By Lemma 3.3.26, there is no solution (x, y) to (3.42) such that x ≥
157y/80 ≥ 0 and 2x+ y ≥ 1 ≥ 2y+ x. So, it must be the case that u∞(d, β∗)/`∞(d, β∗) <

157/80. Since 53/27 > 157/80, there exists a positive integer n0 such that for all n ≥ n0,

un(d, β∗)/`n(d, β∗) ≤ 53/27.

Corollary 3.3.27 accounts for integers d ≥ 23. To account for integers 3 ≤ d ≤ 22, we

define the following two sequences. {
u′0(d) = 1

`′0(d) = 0

and for every non-negative integer n,
u′n+1(d) =

d10000 fupper(d, β∗(d), u′n(d), `′n(d))e
10000

`′n+1(d) =
b10000 flower(d, β∗(d), u′n(d), `′n(d))c

10000

.
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We have the following lemma, which is proved by brute force.

Lemma 3.3.28. For every integer d ∈ {3, . . . , 22} and every integer n ∈ {0, . . . , 60}, we

have u′n(d) ≥ u′n+1(d), `′n(d) ≤ `′n+1(d), 2u′n(d) + `′n(d) ≥ 1 ≥ 2`′n(d) + un(d) and

u′60(d)/`′60(d) ≤ 53
27 .

Proof. In Appendix 8.1.9, we use Mathematica to compute all the values u′n(d) and `′n(d)

for n ∈ {0, . . . , 60} and d ∈ {3, . . . , 22}. We then check that all of the desired inequalities

hold.

We next show that the sequences {u′n(d)} and {`′n(d)} bound the sequences {un(d, β∗(d))}
and {`n(d, β∗(d))} for n ≤ 60.

Lemma 3.3.29. For every integer d ∈ {3, . . . , 22} and every integer n ∈ {0, . . . , 60}, we

have u′n(d) ≥ un(d, β∗(d)) and `′n(d) ≤ `n(d, β∗(d)).

Proof. Fix d to be an integer between 3 and 22. Since d is fixed, we simplify the notation

by writing un for un(d, β∗(d)), u′n for u′n(d), `n for `n(d, β∗(d)), `′n for `′n(d), fupper(x, y)

for fupper(d, β∗(d), x, y) and flower(x, y) for flower(d, β∗(d), x, y).

We prove the lemma by induction on n. For the base case n = 0, we have un = u′n = 1

and `n = `′n = 0. For the inductive step, suppose n > 0. By Lemmas 3.3.11 and 3.3.28,

we have

2`n−1 + un−1 ≤ 1 ≤ 2un−1 + `n−1, and 2`′n−1 + u′n−1 ≤ 1 ≤ 2u′n−1 + `′n−1.

By the induction hypothesis, we have

`′n−1 ≤ `n−1 ≤ un−1 ≤ u′n−1.

Using Lemma 3.3.9, we therefore obtain that

u′n ≥ fupper(u′n−1, `
′
n−1) ≥ fupper(un−1, `n−1) = un, and

`′n ≤ flower(u′n−1, `
′
n−1) ≤ flower(un−1, `n−1) = `n.

This completes the proof.

Corollary 3.3.30. For every integer d ∈ {3, . . . , 22} and every integer n ≥ 60,
un(d, β∗(d))

`n(d, β∗(d))
≤

53

27
.
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Proof. Fix an arbitrary integer d between 3 and 22. We have the following chain of

inequalities (see below for explanation):

un(d, β∗(d))

`n(d, β∗(d))
≤ u60(d, β∗(d))

`60(d, β∗(d))
≤ u′60(d)

`′60(d)
≤ 53

27
.

The first inequality holds by Lemma 3.3.11, since the sequence {un(d, β∗(d))} is in-

creasing and the sequence {`n(d, β∗(d))} is decreasing. The second inequality holds by

Lemma 3.3.29. Finally, the third inequality holds by Lemma 3.3.28.

We can now prove Lemma 3.3.1, which we restate here for convenience.

Lemma 3.3.2. Let q = 3 and c ∈ [3] be an arbitrary colour. For d ≥ 2, consider the d-ary

tree Td,n with height n and let τ : ΛTd,n → [3] be an arbitrary configuration on the leaves.

When d = 2, for all β ∈ (0, 1), for all sufficiently large n it holds that

459

2000
≤ PrT2,n [σ(v2,n) = c | σ(ΛT2,n) = τ ] ≤ 1107

2500
.

When d ≥ 3, for all β ∈ [1− 3
d+1 , 1), there exist sequences {Ln} and {Un} (depending on d

and β) such that for all sufficiently large n

Ln ≤ PrTd,n [σ(vd,n) = c | σ(ΛTd,n) = τ ] ≤ Un and Un/Ln ≤ 53/27.

Proof. The statement for d = 2 follows directly from Lemma 3.3.13.

Suppose d ≥ 3. Let Un = un(d, β∗(d)), Ln = un(d, β∗(d)). By Corollaries 3.3.27

and 3.3.30, there exists an integer n0 such that for all n ≥ n0,

Un
Ln

=
un(d, β∗(d))

`n(d, β∗(d))
≤ 53

27
.

Furthermore, by Lemmas 3.3.10 and 3.3.15, for any n ≥ 0, any configuration τ : ΛTd,n →
[3] and any colour c ∈ [3], we have

Ln = `n(d, β∗(d)) ≤ PrTd,n [σ(vd,n) = c | σ(ΛTd,n) = τ ] ≤ un(d, β∗(d)) = Un.

This completes the proof.

3.3.5 Verifying Condition 3.2.4

In this section, we assume that q = 3 and give the proof of the following lemma that

verifies Condition 3.2.4 for all α ∈ (1, 53/27].
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Lemma 3.3.31. Let q = 3 and d ≥ 2. Then, the pair (q, d) satisfies Condition 3.2.4 for all

α ∈ (1, 53/27].

Recall that for a pair (q, d), Condition 3.2.4, for a fixed value of α > 1 and colours

c1, c2 ∈ [q], amounts to checking

hc1,c2,β∗(p
(1), . . . ,p(d)) < α1/d for all p(1), . . . ,p(d) ∈ Exc2(α), (3.43)

where the set Exc2(α) is given by (cf. (3.11))

Exc(α) =
{

(p1, . . . , pq) ∈ {1, α}q | pc = 1 ∧ ∃c′ ∈ [q] such that pc′ = α
}
.

Note that, for q = 3, Exc(α) has exactly 3 vectors. As we shall see shortly, we can capture

the value of hc1,c2,β when p(1), . . . ,p(d) ∈ Exc(α) using a function ϕ(d, d0, d1, α, β) which

depends on α, β and d, but also on two non-negative integers d0 and d1 with d0 + d1 ≤ d;

roughly, d0 is the number of p(1), . . . ,p(d) which are equal to the first vector in Exc(α), d1

to the second vector and the remaining d− d0 − d1 to the third vector. Let us first define

the function ϕ(d, d0, d1, α, β).

Definition 3.3.32. Let β ∈ [0, 1]. Fix any α > 1 and any integer d ≥ 2. Let x(α, β) =

1− (1−β)(α−1)
β+2α and y(α, β) = 1− (1−β)(α−1)

β+α+1 . For any nonnegative integers d0 and d1 such

that d0 + d1 ≤ d, let

ϕ(d, d0, d1, α, β) = 1 +
(1− β)(1− x(α, β)d0y(α, β)d1)

β + x(α, β)d0(y(α, β)d1 + y(α, β)d−d0−d1)
.

We then have the following lemma.

Lemma 3.3.33. Suppose q = 3, d ≥ 2 and β ∈ [0, 1]. Fix α > 1 and distinct colours

c1, c2 ∈ [q], and let p(1),p(2), . . . ,p(d) ∈ Exc2(α). Then there are nonnegative integers d0

and d1 with d0 + d1 ≤ d such that

hc1,c2,β(p(1), . . . ,p(d)) = ϕ(d, d0, d1, α, β).

Proof. Let c3 be the remaining colour in [q] (other than c1 and c2), so that [q] = {c1, c2, c3}.
Since p(1),p(2), . . . ,p(d) ∈ Exc2(α), for every k ∈ [d] we have that p(k)

c2 = 1 and one of

three situations occurs:

(i) p(k)
c1 = p

(k)
c3 = α, (ii) p(k)

c1 = α, p(k)
c3 = 1, (iii) p(k)

c1 = 1, p(k)
c3 = α.
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If situation (i) occurs, then, using the notation from Definition 3.3.32, we have

1− (1− β)(p
(k)
c1 − p

(k)
c2 )

βp
(k)
c2 + p

(k)
c1 + p

(k)
c3

= x(α, β). (3.44)

If situation (ii) occurs, then this quantity is y(α, β). If situation (iii) occurs, then it is 1.

Now let d0 be the number of k ∈ [d] for which situation (i) occurs and let d1 be the

number of k ∈ [d] for which situation (ii) occurs. Then plugging (3.44) and the other

similar observations above into the definition (3.5) of gc1,c2,β and gc3,c2,β, we have

gc1,c2,β(p̂(1), . . . , p̂(d)) = x(α, β)d0y(α, β)d1 , and

gc3,c2,β(p̂(1), . . . , p̂(d)) = x(α, β)d0y(α, β)d−d0−d1 .

Plugging this into the definition of hc1,c2,β, we have

hc1,c2,β(p̂(1), . . . , p̂(d)) = 1 +
(1− β)

(
1− gc1,c2,β(p̂(1), . . . , p̂(d))

)
β +

∑
c 6=c2 gc,c2,β(p̂(1), . . . , p̂(d))

= ϕ(d, d0, d1, α, β).

The following definition applies Definition 3.3.32 to the critical value of β for the special

case where d0 + d1 = d; we will see that this special case is all that we need to consider

to verify Condition 3.2.4 for α ∈ (1, 2).

Definition 3.3.34. Let q = 3. Fix any α > 1 and any integer d ≥ 2. Let β∗(d) =

1− q/(d+ 1). Let X = x(α, β∗(d)) and Y = y(α, β∗(d)). Let

ϕ∗(d, d0, α) = ϕ(d, d0, d− d0, α, β∗(d)) = 1 +
3

d+ 1
· 1−Xd0Y d−d0

β∗(d) +Xd0(Y d−d0 + 1)
.

The values X and Y from definition 3.3.34 are clearly functions of d and α, but we

suppress this in the notation to avoid clutter. (These values will arise in proofs, but,

unlike ϕ∗(d, d0, α), they will not arise in statements of lemmas.)

The following lemma applies for α ∈ (1, 2).

Lemma 3.3.35. Suppose q = 3, d ≥ 2 and 1 − q/(d + 1) ≤ β ≤ 1. Fix α ∈ (1, 2) and

distinct colours c1, c2 ∈ [q]. Suppose that p(1),p(2), . . . ,p(d) ∈ Exc2(α). Then, there is a

non-negative integer d0 ≤ d such that

hc1,c2,β(p(1), . . . ,p(d)) ≤ ϕ∗(d, d0, α).
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Proof. Since d is fixed, we simplify the notation by writing β∗ for β∗(d).

Note that both x(α, β) and y(α, β) are increasing functions of β, so ϕ is a decreasing

function of β. Thus for all β ∈ [β∗, 1], we have ϕ(d, d0, d1, α, β∗) ≥ ϕ(d, d0, d1, α, β).

Combining this with Lemma 3.3.33, we find that there are nonnegative integers d0 and

d1 with d0 + d1 ≤ d such that

hc1,c2,β(p(1), . . . ,p(d)) = ϕ(d, d0, d1, α, β) ≤ ϕ(d, d0, d1, α, β∗). (3.45)

Let d2 = d− d0 − d1 ≥ 0. If d1 < d2, then

ϕ(d, d0, d2, α, β∗) = 1 +
(1− β∗)(1− x(α, β∗)

d0y(α, β∗)
d2)

β∗ + x(α, β∗)d0(y(α, β∗)d1 + y(α, β∗)d2)
≥ ϕ(d, d0, d1, α, β∗).

So we can further assume that d1 ≥ d2. Since 1 < α < 2, and β∗ ≤ 1, we have

x(α, β∗)
2−y(α, β∗) =

(1− β∗)(α− 1)

(β∗ + 2α)(β∗ + α+ 1)

(
β∗ + α+ 1

β∗ + 2α
(1− β∗)(α− 1)− (β∗ + 2)

)
≤ 0,

which implies

x(α, β∗)
d0y(α, β∗)

d1 ≥ x(α, β∗)
d0+2y(α, β∗)

d1−1,

and

x(α, β∗)
d0y(α, β∗)

d2 ≥ x(α, β∗)
d0+2y(α, β∗)

d2−1.

These (together with the definition of ϕ) imply that if d1 ≥ d2 ≥ 1 then

ϕ(d, d0, d1, α, β∗) ≤ ϕ(d, d0 + 2, d1 − 1, α, β∗).

Repeating this until d2 = 0, we obtain

ϕ(d, d0, d1, α, β∗) ≤ ϕ(d, d0 + 2d2, d1 − d2, α, β∗) = ϕ∗(d, d0 + 2d2, α).

Combining this with (3.45), we obtain

hc1,c2,β(p(1), . . . ,p(d)) ≤ ϕ∗(d, d0 + 2d2, α).

Lemma 3.3.36. For every fixed d ∈ {2, . . . , 22}, d0 ∈ {0, . . . , d} and α ∈ (1, 53/27], we

have ϕ∗(d, d0, α) < α1/d.

Proof. This is rigorously verified using the Resolve function of Mathematica in Sec-

tion 8.1.10.
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Lemma 3.3.37. For every fixed integer d ≥ 23, d0 ∈ {0, . . . , d} and α ∈ (1, 53/27], we

have ϕ∗(d, d0, α) < α1/d.

Proof. Fix d and d0 such that d ≥ 23 and d0 ∈ {0, . . . , d}. Since d is fixed, we simplify

the notation by writing β∗ for β∗(d). Note that β∗ ∈ (0, 1). Given d, let X and Y be the

functions of α defined in Definition 3.3.34, and observe that these are positive for all

α ≥ 1. Let

ϕ̃(d, d0, α) = 1+
1−Xd0Y d−d0

dX
2d0

2+β∗ Y
d−d0
2+β∗

−α1/d = 1+
1

d

(
X
− 2d0

2+β∗ Y
− d−d0

2+β∗−X
d0β∗
2+β∗ Y

(d−d0)(1+β∗)
2+β∗

)
−α1/d.

By the inequality of weighted arithmetic and geometric means2 we have

β∗ +Xd0(Y d1 + 1) ≥ (2 + β∗)X
2d0

2+β∗ Y
d1

2+β∗ ,

which yields ϕ̃(d, d0, α) ≥ ϕ∗(d, d0, α)− α1/d. Thus, our goal is to prove ϕ̃(d, d0, α) < 0

when α ∈ (1, 53/27]. When α = 1, X and Y are 1 so ϕ̃(d, d0, 1) = 0. To prove the lemma,

it suffices to show that ∂ϕ̃
∂α < 0 for α ∈ (1, 53/27]. The rest of the proof is devoted to this

technical fact. It is broken up into four steps.

Step 1. Let ξ1 = 2d0(2+αβ∗
2+β∗

)+(d−d0)α,M = −Xd0Y d−d0

(
d0β∗

2+αβ∗
2+β∗

+ (d− d0)(β∗ + 1)α
)

,

S = X
2d0

2+β∗ Y
d−d0
2+β∗ (α+β∗+ 1)(αβ∗+ 2)/(1−β∗), and ξ2 = M +α1/dS. The goal of Step 1

is to show that ∂ϕ̃
∂α < 0 follows from ξ1 ≤ ξ2.

Technical details of Step 1. To calculate the derivative of the function ϕ̃, let

gX := (2α+ β∗)(αβ∗ + α+ 1), gY := (α+ β∗ + 1)(αβ∗ + 2).

Using Mathematica, we verify in Section 8.1.11 the formula

∂ϕ̃

∂α
=

(
(1− β)X

− 2d0
2+β∗ Y

− d−d0
2+β∗

dαgY

)(
2d0α

gY
gX

+ (d− d0)α+

Xd0Y d−d0

(
d0β∗α

gY
gX

+ (d− d0)(1 + β∗)α
)
− α1/dS

)
.

(3.46)

For all α > 1, we have that

α(2 + β∗)(α+ β∗ + 1)− (2α+ β∗)(αβ∗ + α+ 1) = −β∗(α− 1)2 < 0,

2The inequality says that for non-negative x1, x2, x3, w1, w2, w3 with w = w1 + w2 + w3 > 0, w1x1 +
w2x2 + w3x3 ≥ wxw1/w

1 x
w2/w
2 x

w3/w
3 . Take x1 = 1, x2 = Xd0Y d1 , x3 = Xd0 , w1 = β∗, w2 = 1 and w3 = 1.
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so we obtain the bound

gY
gX

=
(α+ β∗ + 1)(αβ∗ + 2)

(2α+ β∗)(αβ∗ + α+ 1)
<

(α+ β∗ + 1)(αβ∗ + 2)

α(2 + β∗)(α+ β∗ + 1)
=

2 + αβ∗
α(2 + β∗)

. (3.47)

Now note that the first parenthesised expression in (3.46) is positive since X,Y > 0

for all α > 1. Thus, to show ∂ϕ̃
∂α < 0, it suffices to show that the second parenthesised

expression in (3.46) is less than 0. To do this, we can apply the strict upper bound on

gX/gY from (3.47), and show that the resulting expression, which is ξ1 − ξ2, is at most 0.

Thus, we have completed Step 1.

Step 2. Let W = 1 + α−1
d −

(d−1)(α−1)2

2d2 and ξ3 = M +WS. The goal of Step 2 is to show

W ≤ α1/d, which implies ξ3 ≤ ξ2. Given Step 1, this means that ∂ϕ̃
∂α < 0 will follow from

showing that ξ1 ≤ ξ3.

Technical details of Step 2. Recall that d ≥ 23. Let m(α, d) = α1/d −W . Note that

m(1, d) =
∂m

∂α

∣∣∣
α=1

=
∂2m

∂α2

∣∣∣
α=1

= 0, and
∂3m

∂α3
=

(
2− 1

d

) (
1− 1

d

)
dα3− 1

d

> 0 for all α > 1.

Thus, m(α, d) ≥ 0 for α > 1.

Step 3. Let κ = d0/d. After re-parameterising ξ1 and ξ3 (so that they depend on d, κ and

α), we show that ξ1 ≤ ξ3 follows from ∂2ξ3
∂α2 > 0. Given the other steps, this means that

∂ϕ̃
∂α < 0 follows from ∂2ξ3

∂α2 > 0. For future reference, the re-parametrisation is as follows.

Let

s0 = −
(

(2d− 1)d(1− κ)α

d+ 1
+

(d− 2)κ((d− 2)α+ 2(d+ 1))

3(d+ 1)

)
, and

t0 =
((d+ 1)α+ 2d− 1)((d− 2)α+ 2(d+ 1))

3(d+ 1)

(
1 +

α− 1

d
− (d− 1)(α− 1)2

2d2

)
.

Then
ξ1 =

α− 1

3
(−dκ+ 3d− 4κ) + d(κ+ 1), and

ξ3 = s0X
dκY d(1−κ) + t0X

2κ(d+1)
3 Y

(1−κ)(d+1)
3 .

(3.48)

Technical details of Step 3.

The Mathematica code in Section 8.1.11 verifies that, at α = 1, ξ3 = d(κ + 1) and
∂ξ3
∂α = 1

3(−dκ+ 3d− 4κ). By Taylor’s theorem and the Lagrange form of the remainder,

there exists a number α̃ ∈ (1, α] such that

ξ3 = d(κ+ 1) +
1

3
(−dκ+ 3d− 4κ)(α− 1) +

1

2

(
∂2ξ3

∂α2

∣∣∣
α=α̃

)
(α− 1)2. (3.49)
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Thus, if ∂2ξ3
∂α2 > 0 for all α ∈ (1, 53/27], we can conclude that

ξ3 ≥ d(κ+ 1) +
1

3
(−dκ+ 3d− 4κ)(α− 1) = ξ1. (3.50)

Step 4. Using the parametrisation (3.48) of Step 3, we show that ∂2ξ3
∂α2 > 0, for all d ≥ 23,

κ ∈ [0, 1] and α ∈ (1, 53/27], thus completing the proof.

Technical details of Step 4. We start with the observation that, for any k1 and k2 (not

depending on α) and any function r of α, it holds that

∂(rXk1Y k2)

∂α
= f(r, k1, k2)Xk1Y k2 , where f(r, k1, k2) =

∂r

∂α
+
k1r

X

∂X

∂α
+
k2r

Y

∂Y

∂α
.

Applying this observation twice to each of the two summands in the expression (3.48)

for ξ3, we see that there are rational functions s2 and t2 of α, d and κ such that

∂2ξ3

∂α2
= s2X

dκY d(1−κ) + t2X
2κ(d+1)

3 Y
(1−κ)(d+1)

3 .

In Section 8.1.11 we use Mathematica to calculate t2 explicitly and to verify that for every

d ≥ 23 and α ∈ (1, 53/27], we have ∂2t2
∂κ2 ≥ 0, ∂t2∂κ

∣∣∣
κ=0
≥ 0 and t2|κ=0 ≥ 0. We conclude

that t2 ≥ 0 for all κ ∈ [0, 1] (for the given ranges of d and α). Since X and Y are less

than or equal to 1 and 2κ(d + 1)/3 ≤ dκ and (1− κ)(d + 1)/3 ≤ d(1− κ), the fact that

t2 ≥ 0 implies

∂2ξ3

∂α2
= s2X

dκY d(1−κ) + t2X
2κ(d+1)

3 Y
(1−κ)(d+1)

3 ≥ (s2 + t2)XdκY d(1−κ). (3.51)

The final Mathematica code segment verifies that s2 + t2 > 0 for all d ≥ 23, α ∈ (1, 53/27]

and κ ∈ [0, 1]. This, together with (3.51), completes the proof since X and Y are

positive.

We finish by giving the proof of Lemma 3.3.31.

Lemma 3.3.31. Let q = 3 and d ≥ 2. Then, the pair (q, d) satisfies Condition 3.2.4 for all

α ∈ (1, 53/27].

Proof. To prove Condition 3.2.4, it suffices to check (3.43) for α ∈ (1, 53/27). By

Lemma 3.3.35, we only need to check that ϕ∗(d, d0, α) < α1/d for α ∈ (1, 53/27) and

integers 0 ≤ d0 ≤ d. This has been verified in Lemma 3.3.36 for all d ≤ 22 and in

Lemma 3.3.37 for all d ≥ 23.
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3.4 Uniqueness threshold for q = 4

In this chapter, we will fix q = 4 and give the proof of Theorem 3.1.2. Note that when

q = 4, it is difficult to characterise hc1,c2,β since there will be 7 cases instead of 3 cases in

Lemma 3.3.33. So we cannot give a general result so far. However, we can still generalise

our approach and introduce some simplified cases when q = 4. In Chapter 3.4.1, we

will extend the method in Chapter 3.3.1, 3.3.2, 3.3.3 and 3.3.4 to arbitrary q, which

can help us bound the ratio of marginal probabilities when q = 4 (Lemma 3.4.10 and

Corollary 3.4.12). Then in Chapter 3.4.2 we will use Mathematica to verify Condition 3.2.4

in the bounded regime and complete the proof of Theorem 3.1.2.

3.4.1 A generalisation of fupper and flower

We first define generalised fupper and flower. Let β̂ = 1− β and q̂ = q − 1, then we define

fupper(q, d, β, x, y) =
(1− β̂y)d

(1− β̂y)d + q̂
(
(1− β̂x)q̂−1(1− β̂(1− y − (q̂ − 1)x))

)d/q̂
and

flower(q, d, β, x, y) =
(1− β̂x)d

(1− β̂x)d + (q̂ − 1)(1− β̂y)d + (1− β̂(1− x− (q̂ − 1)y))d
.

We will use the following inequality.

Proposition 3.4.1 (Karamata’s inequality). Let f be a convex function on an interval [a, b].

Suppose x1, x2, . . . , xn, y1, y2, . . . , yn are 2n real numbers in [a, b] and x1 ≥ x2 ≥ · · · ≥ xn
and y1 ≥ y2 ≥ · · · ≥ yn. Then f(x1) + f(x2) + · · ·+ f(xn) ≥ f(y1) + f(y2) + · · ·+ f(yn)

if (x1, x2, . . . , xn) majorises (y1, y2, . . . , yn).

We say (x1, x2, . . . , xn) majorises (y1, y2, . . . , yn) if the following holds:

1. for every 1 ≤ m ≤ n− 1, x1 + x2 + · · ·+ xm ≥ y1 + y2 + · · ·+ ym, and

2. x1 + x2 + · · ·+ xn = y1 + y2 + · · ·+ yn.

Corollary 3.4.2. Let f be a convex function on (−∞, 1], and n+3 numbers a, b, c, x1, . . . , xn

satisfy that

1. 0 ≤ a ≤ b ≤ 1,
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2. for every 1 ≤ i ≤ n, a ≤ xi ≤ b,

3. x1 + x2 + · · ·+ xn = c where 0 ≤ c ≤ 1.

Then we have

f(x1) + f(x2) + . . . f(xn) ≤ (n− 1)f(a) + f(c− (n− 1)a) ,

and

f(x1) + f(x2) + . . . f(xn) ≤ (n− 1)f(b) + f(c− (n− 1)b) .

Proof. Without loss of generality, we assume x1 ≥ x2 ≥ · · · ≥ xn. Note that c− (n−1)a ≥
c −

∑n
i=2 xi = x1 ≥ a and c − (n − 1)b ≤ c −

∑n−1
i=1 xi = xn ≤ b. By Lemma 3.4.1, it

suffices to show that both (c − (n − 1)a, a, . . . , a) and (b, . . . , b, c − (n − 1)b) majorise

(x1, x2, . . . , xn).

• For every 1 ≤ m < n, c− (n− 1)a+ (m− 1)a = c− (n−m)a ≥ c−
∑n

i=m+1 xi =

x1 + · · ·+ xm. So (c− (n− 1)a, a, . . . , a) majorises (x1, x2, . . . , xn).

• For every 1 ≤ m < n, mb ≥ x1 + · · · + xm. So (b, . . . , b, c − (n − 1)b) majorises

(x1, x2, . . . , xn).

Combining with the fact that c − (n − 1)b ≤ c − (n − 1)a ≤ c ≤ 1 and f(x) is a convex

function on (−∞, 1], we complete the proof of this lemma.

The following lemma gives recursively-generated bounds on the probability that the root

of Td,n is a given colour.

Lemma 3.4.3. Suppose q ≥ 3, d ≥ 2 and β ∈ [0, 1]. For any n ≥ 0, let T = Td,n with root

v = vT and leaves Λ = ΛT . Let v1, . . . , vd be the children of v in T , Ti be the subtree of T

rooted at vi and Λi denote the set of leaves of the subtree Ti. Consider any configuration

τ : Λ → [q] and any real numbers L,U ∈ [0, 1] such that, for all i ∈ [d] and all j ∈ [q] we

have

L ≤ PrTi [σ(vi) = j | σ(Λi) = τ(Λi)] ≤ U.

Then, for all colours c ∈ [q], we also have

flower(q, d, β, U, L) ≤ PrT [σ(v) = c | σ(Λ) = τ ] ≤ fupper(q, d, β, U, L).
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Proof. By symmetry between the colours, we may assume that c = 1. Let p = PrT [σ(v) =

1 | σ(Λ) = τ ]. For any colour c′ ∈ [q] and any child i ∈ [d], let pi,c′ = PrTi [σ(vi) = c′ |
σ(Λi) = τ(Λi)].

Recall that for convenience let β̂ := 1 − β ∈ [0, 1] and q̂ = q − 1. By Proposition 3.1.3,

with q ≥ 3 and c = q, we have that

p =
1

1 +R
, where R :=

∑q̂
c′=1

∏d
i=1(1− β̂pi,c′)∏d

i=1(1− β̂pi,q)
. (3.52)

We first show that p ≥ flower(q, d, β, U, L). Since pi,q ≤ U for every i ∈ [d], we obtain that

R ≤
∑q̂

c′=1

∏d
i=1(1− β̂pi,c′)

(1− β̂U)d
. (3.53)

For c′ ∈ [q], let p̄c′ denote the mean 1
d

∑
i∈[d] pi,c′ . The function f(x) = ln(1 − β̂x) is

concave on the interval (−∞, 1] so by Jensen’s inequality

1

d

d∑
i=1

ln(1− β̂pi,c′) ≤ ln(1− β̂p̄c′).

Thus, for c′ ∈ [q̂] we have
∏d
i=1(1− β̂pi,c′) ≤ (1− β̂p̄c′)d, which implies

q̂∑
c′=1

d∏
i=1

(1− β̂pi,c′) ≤ (1− β̂p̄1)d + · · ·+ (1− β̂p̄q̂)d. (3.54)

Let g(x) = (1− β̂x)d. Then g(x) is a convex decreasing function on (−∞, 1]. Since, for

every i ∈ [d], pi,1 + · · ·+pi,q = 1, we have p̄1 + · · ·+ p̄q̂ = 1− p̄q, so Corollary 3.4.2 implies

q̂∑
c′=1

(1− β̂p̄c′)d ≤ (q̂ − 1)(1− β̂L)d + (1− β̂(1− p̄q − (q̂ − 1)L))d

≤ (q̂ − 1)(1− β̂L)d + (1− β̂(1− U − (q̂ − 1)L))d .

Plugging this into (3.54) and then into (3.53) we obtain that

R ≤ (q̂ − 1)(1− β̂L)d + (1− β̂(1− U − (q̂ − 1)L))d

(1− β̂L)d
,

which yields the lower bound p ≥ flower(q, d, β, U, L).

Next, we show that p ≤ fupper(q, d, β, U, L). To give an upper bound on p, it suffices to

lower bound R. Since pi,q ≥ L for every i ∈ [d], we obtain the lower bound

R ≥
∑q̂

c′=1

∏d
i=1(1− β̂pi,c′)

(1− β̂L)d
. (3.55)
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Using the inequality of arithmetic and geometric means we have

q̂∑
c′=1

d∏
i=1

(1− β̂pi,c′) ≥ q̂
d∏
i=1

(
(1− β̂pi,1) · · · (1− β̂pi,q̂)

)1/q̂
. (3.56)

Now recall that f(x) = ln(1− β̂x), and fix any i ∈ [d]. Since −f(x) is convex on (−∞, 1],

Corollary 3.4.2 implies that f(pi,1) + · · · f(pi,q̂) ≥ (q̂ − 1)f(U) + f(1 − pi,q − (q̂ − 1)U).

Also, f(x) is a decreasing function on (−∞, 1] , so using the inequality 1− pi,q ≤ 1− L
we obtain

f(pi,1) + · · · f(pi,q̂) ≥ (q̂ − 1)f(U) + f(1− L− (q̂ − 1)U) .

Thus, by exponentiating the both sides of the inequality, it gives that

(1− β̂pi,1) · · · (1− β̂pi,q̂) ≥ (1− β̂U)q̂−1(1− β̂(1− L− (q̂ − 1)U)).

Plugging this into (3.56) for each i ∈ [d] and then into (3.55), we obtain that

R ≥
q̂
(
(1− β̂U)q̂−1(1− β̂(1− L− (q̂ − 1)U))

)d/q̂
(1− β̂L)d

.

Therefore, using (3.52), we obtain the upper bound p ≤ fupper(q, d, β, U, L).

Similar to the case q = 3 in Chapter 3.3.2, we can also establish the following generalised

properties for the generalised functions fupper and flower.

Lemma 3.4.4. For any fixed d ≥ 2 and any fixed x and y satisfying 0 ≤ y ≤ x ≤ 1 and

x+ q̂y ≤ 1 ≤ q̂x+ y,

• fupper(q, d, β, x, y) is a decreasing function of β on the interval (0, 1) and

• flower(q, d, β, x, y) is an increasing function of β on the interval (0, 1).

Proof. Recall that β̂ = 1− β and q̂ = q − 1. Let

W = q̂2β̂x(x− y)− q̂
(
β̂(x2 − 3xy + x+ (y − 1)y) + y

)
+ (y − 1)(β̂y − 1).

The derivative of fupper with respect to β is given by

∂fupper
∂β

= −fupper2
d
(
(1− β̂x)q̂−1(1− β̂(1− (q̂ − 1)x− y))

)d/q̂
W

(1− β̂y)d+1(1− β̂x)(1− β̂(1− (q̂ − 1)x− y))
.
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Using the conditions on x and y in the statement of the lemma, we find that

W = 1− qy + β̂
(
(qy − 1)x+ (q̂x+ y − 1)(q̂ − 1)(x− y)

)
≥ 1− qy + β̂(qy − 1)x

= (1− qy)(1− β̂x)

≥ 0.

We conclude that ∂fupper
∂β ≤ 0 so fupper(q, d, β, x, y) is a decreasing function of β on the

interval [0, 1]. Similarly, the derivative of flower is given by

∂flower
∂β

= flower
2

(
(2x+ (q̂ − 1)y − 1)(1− β̂(1− x− (q̂ − 1)y))d−1 + (q̂ − 1)(x− y)(1− β̂y)d−1

)
d

(1− β̂x)d+1
.

Using the following two inequalities

1− β̂y ≥ 1− β̂(1− x− (q̂ − 1)y) ≥ 1− β̂ ≥ 0

and

(q̂ − 1)(x− y) ≥ 0,

we find that

(2x+ (q̂ − 1)y − 1)(1− β̂(1− x− (q̂ − 1)y))d−1 + (q̂ − 1)(x− y)(1− β̂y)d−1

≥
(
(2x+ (q̂ − 1)y − 1) + (q̂ − 1)(x− y)

)
(1− β̂(1− x− (q̂ − 1)y))d−1

= (qx− 1)(1− β̂(1− x− (q̂ − 1)y))d−1 ≥ 0,

which yields that ∂flower
∂β ≥ 0. So flower(q, d, β, x, y) is an increasing function of β on the

interval (0, 1).

Lemma 3.4.5. For any fixed d ≥ 2, q ≥ 3 and 0 < β ≤ 1,

1. fupper(q, d, β, x, y) is an increasing function of x when q̂x+ y ≥ 1 and x, y ∈ [0, 1],

2. fupper(q, d, β, x, y) is a decreasing function of y when x, y ∈ [0, 1].

Proof. 1. Let R = (1− β̂x)q̂−1(1− β̂(1− (q̂ − 1)x− y). Then we obtain that

∂R

∂x
= −β̂2q̂(1− β̂x)q̂−1(qx+ y − 1) ≤ 0

since q̂x+y ≥ 1. So fupper = (1− β̂y)d/
(
(1− β̂y)d+ q̂Rd/q̂

)
is an increasing function

of x.
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2. Let R = 1/fupper − 1. It is easy to see that

R = q

(
(1− β̂x)(1− β̂(1− x− (q̂ − 1)y))

)d/q̂
(1− β̂y)2d/q̂

is an increasing function of y if x, y ∈ [0, 1]. Thus fupper is a decreasing function of

y.

Lemma 3.4.6. For any fixed d ≥ 2, q ≥ 3 and 0 < β ≤ 1,

1. flower(q, d, β, x, y) is a decreasing function of x when x, y ∈ [0, 1],

2. flower(q, d, β, x, y) is an increasing function of y when x+ q̂y ≤ 1 and x, y ∈ [0, 1].

Proof. 1. Let R = 1/flower − 1. It is easy to see that

R =
(q̂ − 1)(1− β̂y)d + (1− β̂(1− x− (q̂ − 1)y))d

(1− β̂x)d

is an increasing function of x if x, y ∈ [0, 1]. Thus flower is a decreasing function of

x.

2. Let R = (1− β̂x)d + (q̂ − 1)(1− β̂y)d + (1− β̂(1− x− (q̂ − 1)y))d. Then we obtain

that

∂R

∂y
= dβ̂(q̂ − 1)

(
(1− β̂(1− x− (q̂ − 1)y))d−1 − (1− β̂y)d−1

)
≤ 0

since 1− x− (q̂ − 1)y ≥ y. So flower = (1− β̂x)d/R is an increasing function of y.

Lemma 3.4.7. For any fixed d ≥ 2, q ≥ 3, 0 < β ≤ 1 and 0 ≤ y ≤ x ≤ 1 such that

x+ q̂y ≤ 1 ≤ q̂x+ y, we have

fupper(q, d, β, x, y) + q̂flower(q, d, β, x, y) ≤ 1 ≤ q̂fupper(q, d, β, x, y) + flower(q, d, β, x, y).

Proof. For convenience, let

du = (1− β̂y)d + q̂
(
(1− β̂x)q̂−1(1− β̂(1− (q̂ − 1)x− y))

)d/q̂
and

dl = (1− β̂x)d + (q̂ − 1)(1− β̂y)d + (1− β̂(1− x− (q̂ − 1)y))d.

Using Jensen’s inequality and the condition x+ q̂y ≤ 1 ≤ q̂x+ y we have the following

inequalities:
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1. dl ≤ (1− β̂x)d + q̂(1− β̂y)d;

2. dl ≥ (1−β̂x)d+(q̂−1)(1−β̂y)d+(1−β̂((q̂−2)(x−y)+x))d ≥ (1−β̂y)d+ q̂(1−β̂x)d;

3. du ≥ (1− β̂y)d + q̂(1− β̂x)d;

4. du−((1−β̂x)d+q̂(1−β̂y)d) = (1−β̂x)d
(
q̂
(

1−β̂(1−(q̂−1)x−y)

1−β̂x

) d
q̂−(q̂−1) (1−β̂y)d

(1−β̂x)d
−1
)
≤

0.

Here the last inequality is implied by

(q̂ − 1)
(1− β̂y)d

(1− β̂x)d
+ 1 ≥ q̂

(1− β̂y
1− β̂x

)(q̂−1)d/q̂
= q̂
(

1 +
β̂(x− y)

1− β̂x

)(q̂−1)d/q̂

≥ q̂
(

1 + (q̂ − 1)
β̂(x− y)

1− β̂x

)d/q̂
= q̂
(1− β̂(1− (q̂ − 1)x− y + x+ q̂y − 1)

1− β̂x

)d/q̂
≥ q̂
(1− β̂(1− (q̂ − 1)x− y)

1− β̂x

)d/q̂
.

Thus, we conclude that

q̂flower + fupper ≤
q̂(1− β̂x)d + (1− β̂y)d

min{dl, du}
≤ 1 ,

and

q̂fupper + flower ≥
q̂(1− β̂y)d + (1− β̂x)d

max{dl, du}
≥ 1 .

Lemma 3.4.8. For any fixed d ≥ 2, q ≥ 3, 0 < β ≤ 1 and 0 ≤ y1 ≤ y2 ≤ x2 ≤ x1 ≤ 1 such

that q̂y1 + x1 ≤ 1 ≤ q̂x1 + y1 and q̂y2 + x2 ≤ 1 ≤ q̂x2 + y2, we have

fupper(q, d, β, x2, y2) ≤ fupper(q, d, β, x1, y1) and flower(q, d, β, x2, y2) ≥ flower(q, d, β, x1, y1).

Proof. Using Lemma 3.4.5, 3.4.6 and the condition in this lemma, we find that

fupper(q, d, β, x2, y2) ≤ fupper(q, d, β, x1, y2) ≤ fupper(q, d, β, x1, y1) ,

and

flower(q, d, β, x2, y2) ≥ flower(q, d, β, x2, y1) ≥ flower(q, d, β, x1, y1) .
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Then for any q ≥ 3, β > 0 and d ≥ 2, we define generalised sequences un and `n:{
u0(q, d, β) = 1,

`0(q, d, β) = 0,

and for every non-negative integer n,{
un+1(q, d, β) = fupper(q, d, β, un(q, d, β), `n(q, d, β)),

`n+1(q, d, β) = flower(q, d, β, un(q, d, β), `n(q, d, β)).
(3.57)

Then Lemma 3.3.10, 3.3.11 and 3.3.15 also hold for the generalised version of un and `.

The proofs are the same except replacing 3 by q.

3.4.2 The case in which d is small

In this Chapter, we will prove the uniqueness threshold for q = 4 and d ∈ {4, 5, 6, 7, 8, 9}.
First, by Mathematica and brute-force, we have the following lemma:

Lemma 3.4.9. The pairs (q, d) = (4, 4), (q, d) = (4, 5) and (q, d) = (4, 6) satisfy Condi-

tion 3.2.4 for all α > 1.

Proof. By symmetry among the colours, it suffices to verify the condition for colours

c1 = 1 and c2 = q. We use Mathematica to enumerate all possible p(1), . . . ,p(d) ∈ Exc2(α)

and then verify the following inequality

∀α > 1, h1,q,β∗(p
(1), . . . ,p(d)) < α1/d .

For (q, d) = (4, 4), (q, d) = (4, 5) and (q, d) = (4, 6), all the resulting inequalities are

satisfied. The code can be found in Chapter 8.1.13.

For some larger d, we can do the following speedup computation. Similar to Lemma 3.3.28,

we first bound the range of the ratio γ by calculating two sequences numerically using

Mathematica. Let {
u′0(d) = 1

`′0(d) = 0

and for every non-negative integer n,
u′n+1(d) =

d10000 fupper(4, d, β∗(d), u′n(d), `′n(d))e
10000

`′n+1(d) =
b10000 flower(4, d, β∗(d), u′n(d), `′n(d))c

10000

.

We have the following lemma, which is proved by brute force.
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Lemma 3.4.10. For every integer d ∈ {7, 8, 9} and every integer n ∈ {0, . . . , 60}, we

have u′n(d) ≥ u′n+1(d), `′n(d) ≤ `′n+1(d), 3u′n(d) + `′n(d) ≥ 1 ≥ 3`′n(d) + un(d) and

u′60(d)/`′60(d) ≤ 41/10.

Proof. In Appendix 8.1.14, we use Mathematica to compute all the values u′n(d) and `′n(d)

for n ∈ {0, . . . , 60} and d ∈ {7, 8, 9}. We then check that all of the desired inequalities

hold.

We next show that the sequences {u′n(d)} and {`′n(d)} bound the sequences {un(d, β∗(d))}
and {`n(d, β∗(d))} for n ≤ 60.

Lemma 3.4.11. For every integer d ∈ {7, 8, 9} and every integer n ∈ {0, . . . , 60}, we have

u′n(d) ≥ un(d, β∗(d)) and `′n(d) ≤ `n(d, β∗(d)).

Proof. Fix d to be an integer in {7, 8, 9}. Since d is fixed, we simplify the notation by

writing un for un(d, β∗(d)), u′n for u′n(d), `n for `n(d, β∗(d)), `′n for `′n(d), fupper(x, y) for

fupper(q, d, β∗(d), x, y) and flower(x, y) for flower(q, d, β∗(d), x, y).

We prove the lemma by induction on n. For the base case n = 0, we have un = u′n = 1 and

`n = `′n = 0. For the inductive step, suppose n > 0. By Lemma 3.3.11 and Lemma 3.3.28,

we have

3`n−1 + un−1 ≤ 1 ≤ 3un−1 + `n−1, and 3`′n−1 + u′n−1 ≤ 1 ≤ 3u′n−1 + `′n−1.

By the induction hypothesis, we have

`′n−1 ≤ `n−1 ≤ un−1 ≤ u′n−1.

Using Lemma 3.3.9, we therefore obtain that

u′n ≥ fupper(u′n−1, `
′
n−1) ≥ fupper(un−1, `n−1) = un, and

`′n ≤ flower(u′n−1, `
′
n−1) ≤ flower(un−1, `n−1) = `n.

This completes the proof.

Combining Lemma 3.4.10, Lemma 3.4.11 with Lemma 3.3.11, we can bound the ratio:

Corollary 3.4.12. For every integer d ∈ {7, 8, 9} and n ≥ 60, we have

γ(4, d, β∗(d), n) ≤ u′(60)

`′(60)
≤ 41

10
.
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Now, similar to Lemma 3.3.33, we try to simplify hc1,c2,β(p(1), . . . ,p(d)). Note that

p(1), . . . ,p(d) ∈ Exc2(α). So we have p(k)
c /p

(k)
c2 = 1 or α for all c ∈ [q] and there exists

c0 ∈ [q] such that p(k)
c0 /p

(k)
c2 = α.

Since q = 4, without loss of generality, let {c1, c2, c3, c4} denote 4 colours. Now there are

3 cases:

1. Suppose that p(k)
c1 = p

(k)
c3 = p

(k)
c4 = αp

(k)
c2 . Then for all i ∈ {1, 3, 4} we define

x(α, β) = 1− (1− β)(p
(k)
ci − p

(k)
c2 )

βp
(k)
c2 + p

(k)
c1 + p

(k)
c3 + p

(k)
c4

= 1− (1− β)(α− 1)

β + 3α
. (3.58)

2. Suppose that there exists exactly 1 colour c ∈ {c1, c3, c4} such that p(k)
c = p

(k)
c2 . Then

for all ci 6= c, c2 we define

y(α, β) = 1− (1− β)(p
(k)
ci − p

(k)
c2 )

βp
(k)
c2 + p

(k)
c1 + p

(k)
c3 + p

(k)
c4

= 1− (1− β)(α− 1)

β + 2α+ 1
(3.59)

and it is easy to see that 1− (1−β)(p
(k)
c −p

(k)
c2

)

βp
(k)
c2

+p
(k)
c1

+p
(k)
c3

+p
(k)
c4

= 1.

3. Suppose that there exists exactly 1 colour c ∈ {c1, c3, c4} such that p(k)
c = αp

(k)
c2 .

Then we define

z(α, β) = 1− (1− β)(p
(k)
c − p(k)

c2 )

βp
(k)
c2 + p

(k)
c1 + p

(k)
c3 + p

(k)
c4

= 1− (1− β)(α− 1)

β + α+ 2
(3.60)

and it is easy to see that for all ci 6= c, c2, we have 1− (1−β)(p
(k)
ci
−p(k)

c2
)

βp
(k)
c2

+p
(k)
c1

+p
(k)
c3

+p
(k)
c4

= 1.

Further, there are 7 detailed cases of p(k)
c1 , p

(k)
c3 , p

(k)
c4 . For each case, we count the number

of k ∈ [d] for which that case occurs, respectively:

p
(k)
c1 /p

(k)
c2 p

(k)
c3 /p

(k)
c2 p

(k)
c4 /p

(k)
c2 number of occurrence

α α α d0

α α 1 d1

α 1 α d2

1 α α d3

α 1 1 d4

1 α 1 d5

1 1 α d6
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where d = d0 + d1 + d2 + d3 + d4 + d5 + d6.

Then using the definition of gci,cj ,β and plugging (3.58), (3.59) and (3.60), we have

gc1,c2,β(p(1), . . . ,p(d)) = x(α, β)d0y(α, β)d1+d2z(α, β)d5 ,

gc3,c2,β(p(1), . . . ,p(d)) = x(α, β)d0y(α, β)d1+d3z(α, β)d6 ,

gc4,c2,β(p(1), . . . ,p(d)) = x(α, β)d0y(α, β)d2+d3z(α, β)d7 . (3.61)

To analyse hc1,c2,β, let d = (d0, . . . , d6) and

φ(α, β,d) = hc1,c2,β∗(p
(1), . . . ,p(d)) = 1 +

(1− β)(1− gc1,c2,β)

β + gc1,c2,β + gc3,c2,β + gc4,c2,β
.

Now we can prove the following lemma:

Lemma 3.4.13. The pairs (q, d) = (4, 7), (q, d) = (4, 8) and (q, d) = (4, 9) satisfy Condi-

tion 3.2.4 for all 1 < α ≤ 41/10.

Proof. It suffice to show that for all α > 1, β ≥ 1− 4(d+ 1) and all possible d such that

d0 + · · ·+ d6 = d, it holds that

φ(α, β,d) < α1/d .

Note that x(α, β), y(α, β), z(α, β) are all increasing functions of β. So φ(α, β,d) is a

decreasing function of β, and thus it is sufficient to show that

φ(α, β∗(d),d) < α1/d .

Again, we use Mathematica to enumerate all possible tuples d and then for each d verify

the inequality above. For (q, d) = (4, 7), (q, d) = (4, 8) and (q, d) = (4, 9), all the resulting

inequalities are satisfied. The code can be found in Chapter 8.1.15.

Combining Lemma 3.4.9 with Lemma 3.4.13, we conclude that when q = 4, d ∈
{4, 5, 6, 7, 8, 9}, (q, d) satisfies Condition 3.2.4 for all α > 1 if d ≤ 6 and all 1 < α ≤ 41/10

if d ≥ 7. Then the proof of Theorem 3.1.2 follows directly from Lemma 3.4.12 and

Proposition 3.2.5.
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Chapter 4

Counting in Uniqueness I : Counting
Four-colourings on Cubic Graphs

This chapter is based on the joint work with Pinyan Lu, Chihao Zhang and Minshen Zhu

[56]. Our goal is to design an FPTAS for counting the number of proper 4-colourings on

graphs whose maximum degree is at most 3.

4.1 Introduction

The problem of establishing the connection between the condition of uniqueness regime

and the condition of approximability of counting problems has played a significant role

in the study of counting complexity. In this chapter, we will discuss a special case of the

antiferromagnetic Potts model – the proper q-colouring problem. It is easy to see that the

proper q-colouring model corresponds to the Potts model with β = 0 (see Chapter 1.2.1).

The problem of counting proper q-colourings has been extensively studied in computer

science and statistical physics. It is known to be #P-hard for q ≥ 3 even on graphs

with bounded maximum degree ∆ ≥ 3 [12]. So designing efficient approximation

algorithms becomes an important study to this problem. Another well-known result is

that the uniqueness condition for the q-colouring model on infinite d-ary trees is exactly

q ≥ d+ 2 [50]. This fact supports the conjecture that q = ∆ + 1 is the optimal bound for

approximate counting the number of proper q-colourings in general graphs of maximum

degree ∆. However this goal is too difficult to achieve.

In this chapter we will present a new result. We design an FPTAS for approximate

counting proper 4-colourings in the case of ∆ = 3. It is the first approximation algorithm
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to achieve the optimal bound of q = ∆ + 1 and this algorithm is based on correlation

decay approach (the correlation decay approach is introduced in Chapter 2.2.1).

4.1.1 The result

Theorem 4.1.1. There exists an FPTAS to compute the number of proper four colourings

on graphs with maximum degree three.

Although we start with a standard graph colouring instance, where each vertex can

choose from the same set of 4 different colours, we need to modify the colour lists of

different vertices during our algorithm. Therefore our algorithm should work on list-

colouring instances in general, where different vertices may have different colour lists.

More formally, a list-colouring instance is specified by a graph-list pair (G,L), where

G = (V,E) is an undirected graph and L : V → 2[q] associates each vertex v with a colour

list L(v) ⊆ [q]. A proper colouring of (G,L) is an assignment c : V → [q] such that (1)

c(v) ∈ L(v) for every v ∈ V and (2) no two ends of an edge share the same colour, i.e.,

c(u) 6= c(v) for every e = (u, v) ∈ E.

The Gibbs distribution of an instance (G,L) is the uniform distribution over all proper

colourings of (G,L). For every vertex v ∈ V and colour i ∈ [q], we use PrG,L[c(v) = i] to

denote the marginal probability that the vertex v is coloured i in the Gibbs distribution.

If there exists an efficient algorithm to estimate the marginal probability PrG,L[c(v) = i]

with sufficient accuracy, then we can construct an FPTAS to count the number of proper

colourings.

Lemma 4.1.2. Suppose there exists an algorithm to compute a (1± ε) approximation of

PrG,L[c(v) = i] for every list-colouring instance (G,L) with G = (V,E), q = 4, ∆ = 3,

|L(v)| ≥ dv + 1 for every v ∈ V , and every i ∈ [q] in time poly(|V | , 1
ε ). Then there exists

an FPTAS to compute the number of proper 4-colourings on graphs with maximum degree

three.

The proof Lemma 4.1.2 is routine. It is almost the same as Lemma 2.1.1. (Or see e.g.

[39].) Therefore, the remaining task is to approximate PrG,L[c(v) = i] for instances

satisfying the conditions stated in Lemma 4.1.2 and the following theorem is equivalent

to our main theorem (Theorem 4.1.1).
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Lemma 4.1.3. Let q = 4. There exists an algorithm such that for every list-colouring

instance (G,L) with G = (V,E) and maximum degree at most 3, every vertex v ∈ V , every

colouring i ∈ L(v) and every 0 < ε < 1, it computes a number p̂ in time poly
(
|V | , 1

ε

)
satisfying

(1− ε)p̂ ≤ PrG,L[c(v) = i] ≤ (1 + ε)p̂.

Recall that our algorithm is based on correlation decay. So we will first describe our

algorithm in Chapter 4.2. Then we verify the correlation property in Chapter 4.3 and 4.4,

and finally complete the proof of Lemma 4.1.3 and Theorem 4.1.1 in Chapter 4.5.

4.1.2 Prior works

A number of literature has been devoted to the design of approximation algorithms of

counting proper q-colourings [11, 62, 43, 42, 47, 12, 77, 23, 24, 44, 22]. The main

algorithmic tool used in these works is the method of Markov chain Monte Carlo (MCMC),

which is based on the simulation of a Markov chain on all proper q-colourings of a graph

G whose stationary distribution is the uniform distribution. Although the Markov chains

themselves are usually quite simple, it is challenging to prove the rapid mixing property

of the chains and the interplay between the number q of colours and the maximum degree

∆ of the graph G turns out to be a key measure for such property to hold.

Glauber dynamics is a natural Markov chain to sample colourings and it converges to

the uniform distribution as long as q ≥ ∆ + 2. Jerrum [47] and Salas and Sokal [68]

independently showed that Glauber dynamics mixes rapidly if q > 2∆. The bound

of 2∆ was considered as a barrier for the analysis of Glauber dynamics and was even

conjectured as a threshold for the rapid mixing property to hold for a period of time.

Later, the conjecture was refuted by Bubley et al. [12] by showing that Glauber dynamics

indeed rapidly mixes when ∆ = 3 and q = 5. It is worth to note that this result attains

the ergodicity threshold for Glauber dynamics (q ≥ ∆ + 2) and thus it is the best one can

achieve via this method. For general ∆, the state-of-the-art requires that q > 11
6 ∆, due

to Vigoda’s work [77]. Recently, the constant was reduced to 11
6 − ε0 for a very small

constant ε0 [16].

All the above algorithms based on MCMC provide randomized algorithms. Later, a

deterministic polynomial-time approximation algorithm (FPTAS) was obtained in [39]

when q ≥ 2.8432∆ + c for some sufficiently large constant c on triangle-free graphs. The
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bound was improved to q ≥ 2.581∆ + 1 on general graphs [57]. These new deterministic

algorithms are based on the correlation decay techniques. The best known bound

for deterministic algorithms is q ≥ 2∆ for general graphs while q ≥ 1.7633∆ + c for

triangle-free graphs and some constant c [55]. Their algorithms are based on a so-called

“polynomial interpolation” method in the zero-free region for the partition function of

colourings on the complex plane.

Our algorithm is also based on correlation decay method. As the first algorithm achieving

the optimal bound, we view it as a substantial step towards the optimal counting algo-

rithms for general graphs. It overcomes an intrinsic barrier of MCMC (Glauber dynamics)

based algorithms. For the case of q = ∆ + 1, the Glauber dynamics Markov chain is not

ergodic and thus its stationary distribution is not unique.

4.2 The approximation algorithm

4.2.1 Tree recursion and our observations

Our approach to design the FPTAS is based on the correlation decay property and the

amortised analysis, which were introduced in Chapter 2.2.1 and Chapter 2.2.2. Thus, the

first step is to establish a tree recursion, by which we can compute marginal probabilities

on trees. Since proper q-colouring is a special case of antiferromagnetic Potts model, we

can claim the following recursion, which is similar to Proposition 3.1.3 and first appeared

in [39].

Let (G,L) (where G = (V,E)) be an instance of list-colouring and v ∈ V be a vertex. Let

N(v) = {v1, . . . , vd} denote the set of neighbours of v in G, where d is the degree of v

and let Gv be the graph obtained from G by removing vertex v and all edges incident on

v. For every k ∈ [d] and i ∈ [q], let

Lk,i(u) =

{
L(u) \ {i} , if u = v` for some ` < k,
L(u) otherwise

(4.1)

be colour lists. Then we have the following lemma:

Lemma 4.2.1. Assuming above notations we have

PrG,L[c(v) = i] =

∏d
k=1

(
1− PrGv ,Lk,i [c(vk) = i]

)∑
j∈L(v)

∏d
k=1

(
1− PrGv ,Lk,j [c(vk) = j]

) (4.2)
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Proof. Let ZG,L denote the number of proper colourings on (G,L) and let wG,L(c(u) = i)

denote the number of proper colourings on (G,L) that assigns vertex u with colour i for

every vertex u ∈ V and every colour i ∈ [q]. Then

PrG,L[c(v) = i] =
wG,L(c(v) = i)∑

j∈L(v)wG,L(c(v) = j)
=

wGv ,L

(∧
k∈[d] c(vk) 6= i

)
∑

j∈L(v)wGv ,L

(∧
k∈[d] c(vk) 6= j

)
=

PrGv ,L

[∧
k∈[d] c(vk) 6= i

]
∑

j∈L(v) PrGv ,L

[∧
k∈[d] c(vk) 6= j

]
=

∏d
k=1 PrGv ,L

[
c(vk) 6= i |

∧
`<k c(v`) 6= i

]∑
j∈L(v)

∏d
k=1 PrGv ,L

[
c(vk) 6= j |

∧
`<k c(v`) 6= j

]
=

∏d
k=1

(
1− PrGv ,Lk,i [c(vk) = i]

)∑
j∈L(v)

∏d
k=1

(
1− PrGv ,Lk,j [c(vk) = j]

) .
Remark. Let G = (V,E). Note that for all list-colouring instances appearing in this

computation tree, we have q = 4, ∆ = 3, and for every v ∈ V , |L(v)| ≥ dv + 1. In the

definition of new colour lists (4.1), the size of the colour list associated with vertex u is

reduced by one only if u is v’s neighbour. However, the degrees of v’s neighbours are

also reduced by one in the new graph Gv. Therefore the condition |L(u)| ≥ du + 1 still

holds for every u ∈ V \ {v}. For every probability PrG′,L′ [c(u) = j] in the computation

tree except the root, the degree du has the property du ≤ ∆− 1 = 2 since we reach this

instance by removing a neighbour of u and thus the degree is reduced by at least one. A

more subtle and crucial new observation is that for every probability PrG′,L′ [c(u) = j] on

the computation tree except the root, it holds that |L(u)| ≥ du + 2 since the degree of u

is reduced by one while the size of the colour list for u remains the same in the definition

of (4.1).

In all prior works of analysing (4.2), the recursion functions were viewed as functions

which have dq free and independent variables. For each single variable, an identical

recursion function was used to expand to a set of dq new free and independent vari-

ables. However, when we apply the recursion function (4.2), the marginal probabilities

PrGv ,Lk,j [c(vk) = j] for different subinstances (Gv, Lk,j) are not independent. A key idea

is to consider the relations among these variables to reduce redundancy and improve the

efficiency of the recursion. Here are two important observations:

• For different colours i and j, the recursions for PrG,L[c(v) = i] and PrG,L[c(v) = j]
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involve exactly the same set of dq variables.

• If k = 1, Lk,j are identical for all colour j, and PrGv ,L1,j [c(v1) = j] are simply the

marginal probabilities of vertex v1 for different colours in the same subinstance.

Using these two observations, we can further apply the same recursion function to

PrGv ,L1,j [c(v1) = j] while we use the recursion (4.2) to compute PrG,v[c(v) = i]. More

specifically, let d1 be the degree of v1 in the graphGv and u1, u2, . . . , ud1 be the neighbours

of v1 in the graph Gv. Denote by Gv,v1 the graph obtained from Gv by removing v1 and

all edges incident on v1. For every k ∈ [d1] and i ∈ [q], we use L′k,i to denote the colour

list such that

L′k,i(u) =

{
L(u) \ {i} , if u = u` for some ` < k,

L(u), otherwise.

Applying recursion (4.2), we obtain that for every j ∈ L(v1), it holds that

PrGv ,L1,j [c(v1) = j] =

∏d1
k=1

(
1− PrGv,v1 ,L

′
k,j

[c(uk) = j]
)

∑
l∈L(v1)

∏d1
k=1

(
1− PrGv,v1 ,L

′
k,l

[c(uk) = l]
) . (4.3)

Then we substitute (4.3) into recursion (4.2) and get a new recursion for computing

PrG,L[c(v) = i]. We view this new recursion as one step in the computation tree and

analyse its correlation decay property.

Another crucial idea in our proof is to get better bounds for variables PrGv ,Lk,j [c(vk) = j]

and then we only need to prove the correlation decay property in these bounded ranges.

This idea was used in prior works for counting colourings and many other problems.

However, in our setting of q = 4 and ∆ = 3, these values could be as large as 1 and

as small as 0. These are trivial bounds for a probability in general. Here, we have the

following observation to refine bounds.

Note that the situation that a marginal probability PrG,L[c(v) = i] = 1 only happens

at the root of the recursion tree and for all other variable the value is between 0 and

1/2. It is possible that a marginal probability is 0 or 1/2. Thus in general the bound

cannot be improved. However, we can easily find in which cases a marginal probability

PrG,L[c(v) = i] is 0 or 1/2. So our algorithm can output the exact value in these cases.

Otherwise, we can obtain better bounds (see 4.3.7).

Finally, as in most of the correlation decay approach, we use a potential function to

amortise the decay rate. It remains the most important and magic ingredient of the
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proof. There is no general method to design potential function. Based on some numerical

computation, we propose a new potential function in our work. Comparing to the

previous potential functions for colouring problem, the main new feature of our function

is non-monotonicity, which captures the property of the problem. We conjecture that a

potential function of a similar shape can be used for general graph colouring problem for

similar set of recursions.

4.2.2 The algorithm for approximately estimate marginal probabilities

In this chapter, we describe our algorithm to estimate marginals.

The main idea of our algorithm to estimate PrG,L[c(v) = i] is to recursively apply recur-

sions (4.2) and (4.3) up to some depth D. For the convenience of analysis, we distinguish

between following cases, depending on the degree of v and its neighbours.

• Our algorithm terminates in one of the following three boundary cases.

1. The colour i is not in the colour list L(v), i.e., i 6∈ L(v), for which we return 0;

2. The recursion depth is 0, for which we return 1
|L(v)| ;

3. The degree of v in G is 0, i.e. v is an isolated vertex, for which we return 1
|L(v)| .

• If the degree of v in G is 1, the algorithm branches into three cases according to the

size of L(v).

1. If |L(v)| = 2, we directly apply recursion (4.2);

2. If |L(v)| = 4, note that the sum of the marginal probabilities of colours j ∈ L(v)

on v1 in Gv is 1, the denominator of the recursion (4.2) becomes a constant 3;

3. If |L(v)| = 3, for the same reason we can denote the denominator of the

recursion (4.2) by 2 + y, where y is the marginal probability of colour j ∈
[4] \ L(v) (the absent colour) on v1 in Gv.

• If the degree of v in G is 2 or 3, we faithfully apply recursion (4.2) and (4.3) to

estimate the marginal probability. In order to simplify the analysis, we use the

following convention in the case of degG(v) = 2: Let the neighbours of v be v1, v2.

We always assume degG(v1) ≥ degG(v2) and if degG(v1) = degG(v2) = 1, then

i 6∈ L(v1) implies i 6∈ L(v2).
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The whole algorithm is described below. We use procedure P (G,L, v, i,D) to estimate

PrG,L[c(v) = i] up to depth D.

Algorithm 1: Estimating PrG,L[c(v) = i]

Input :Graph G, colour lists L, vertex v, colour i, recursion depth D;
Output :A real value P ∈ [0, 1] estimating PrG,L[c(v) = i] up to depth D.

Function P (G,L, v, i,D)
begin

if i /∈ L(v) then
return 0;

end
if D ≤ 0 or degG(v) = 0 then

return 1
|L(v)| ;

end
if degG(v) = 1 then

return P1(G,L, v, i,D);
end
if degG(v) = 2 then

return P2(G,L, v, i,D);
end
if degG(v) = 3 then

return P3(G,L, v, i,D);
end

end

The functions P1(G,L, v, i,D), P2(G,L, v, i,D) and P3(G,L, v, i,D) deal with the cases

of degG(v) = 1, degG(v) = 2 and degG(v) = 3 respectively.

Case degG(v) = 3: v has three neighbours v1, v2, and v3.

Algorithm 2: Estimating PrG,L[c(v) = i] when degG(v) = 3

Function P3(G,L, v, i,D)
begin

for j ∈ L(v) do
xj ← P (Gv, L1,j , j,D);
yj ← P (Gv, L2,j , j,D);
zj ← P (Gv, L3,j , j,D);

end

return (1−xi)(1−yi)(1−zi)∑
j∈L(v)(1−xj)(1−yj)(1−zj)

;

end
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Case degG(v) = 2: v has two neighbours v1 and v2. Without loss of generality, suppose

that degG(v1) ≥ degG(v2) and v1 has neighbours {u1, . . . , ud1} in the graph Gv. We can

also assume that if degG(v1) = degG(v2) = 1. Then i 6∈ L(v1) implies i 6∈ L(v2).

Algorithm 3: Estimating PrG,L[c(v) = i] when degG(v) = 2

Function P2(G,L, v, i,D)
begin

for j ∈ L(v) do
fj ← 0;
yj ← P (Gv, L2,j , v2, j,D − 1);
if j ∈ L(v1) then

for k ∈ [d1], w ∈ L(v1) do
xk,w ← P (Gv,v1 , L

′
k,w, uk, w,D − 1);

end

fj ←
∏d1
k=1(1−xk,j)∑

w∈L(v1)

∏d1
k=1(1−xk,w)

;

end
end

return (1−fi)(1−yi)∑
j∈L(v)(1−fj)(1−yj)

;

end

Case degG(v) = 1: v has only one neighbour v1.

Algorithm 4: Estimating PrG,L[c(v) = i] when degG(v) = 1

Function P1(G,L, v, i,D) begin
if |L(v)| = 2 then

x← P (Gv, L1,i, v1, i,D − 1);
y ← P (Gv, L1,j , v1, j,D − 1) where j is the other colour in L(v) ;
return 1−x

2−x−y ;
end
if |L(v)| = 4 then

x← P (Gv, L1,i, v1, i,D − 1);
return 1−x

3 ;
end
/* In the following case, |L(v)| = 3. */
x← P (Gv, L1,i, v1, i,D − 1);
y ← P (Gv, L1,j , v1, j,D − 1) where j is the colour in the singleton set [4] \ L(v) ;
return 1−x

2+y ;
end

Proposition 4.2.2. Let q = 4. Given a list-colouring instance (G = (V,E), L) with

maximum degree 3, a vertex v ∈ V satisfying degG(v) ≤ 2 and |L(v)| ≥ degG(v) + 2, a
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nonnegative integer D, we have

4∑
i=1

P (G,L, v, i,D) = 1

Proof. We will prove the proposition by induction on D. When D = 0 we have∑4
i=1 P (G,L, v, i, 0) =

∑
i∈L(v)

1
|L(v)| = 1. Suppose the proposition holds for D − 1.

To obtain the proof for D, we will do a case analysis depending on the degree of v.

1. degG(v) = 0.

Clearly
∑4

i=1 P (G,L, v, i,D) =
∑

i∈L(v)
1

|L(v)| = 1.

2. degG(v) = 1.

Let xi = P (Gv, L1,i, v1, i,D − 1). By definition we have L1,i = L for all i ∈ [4].

Therefore
∑4

i=1 xi =
∑4

i=1 P (Gv, L, v1, i,D − 1) = 1 by induction hypothesis.

If |L(v)| = 4,
∑4

i=1 P (G,L, v, i,D) =
∑4

i=1
1−xi

3 = 4−1
3 = 1.

If |L(v)| = 3, assume j /∈ L(v). Then
∑4

i=1 P (G,L, v, i,D) =
∑

i∈L(v)
1−xi
2+xj

=
3−(1−xj)

2+xj
= 1.

3. degG(v) = 2.

In this case |L(v)| = 4. So

4∑
i=1

P (G,L, v, i,D) =

4∑
i=1

(1− fi)(1− yi)∑
j∈L(v)(1− fj)(1− yj)

=

∑4
i=1(1− fi)(1− yi)∑4
j=1(1− fj)(1− yj)

= 1 .

Using the same proof, we can also have
∑4

j=1 fj = 1, where fj is defined in Algorithm 3.

As the end of this section, we claim that by choosing appropriate D our algorithm can

compute a number p̂ in time poly
(
|V | , 1

ε

)
satisfying (1− ε)p̂ ≤ PrG,L[c(v) = i] ≤ (1 + ε)p̂,

which can prove Lemma 4.1.3. The proof of our claim and Lemma 4.1.3 will be given in

Chapter 4.5.

4.3 Bounding the marginal probability

In this chapter, we introduce upper and lower bounds for values computed in the

algorithm. These bounds will play a crucial role in our proof.
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Definition 4.3.1. We say a tuple (G = (V,E), L, v ∈ V ) (a list-colouring instance together

with a vertex in the graph) is reachable if the following conditions are satisfied: degG(u) ≤
3 and |L(u)| ≥ degG(u) + 1 for every u ∈ V , degG(v) ≤ 2 and |L(v)| ≥ degG(v) + 2.

It follows the discussion in Chapter 4.2.1 that for all probabilities PrG,L[c(v) = i] that

appeared in the computation tree except the root, (G,L, v) is reachable.

Proposition 4.3.2. Let (G,L, v) be a reachable tuple, i ∈ [4] be a colour, and D be a

nonnegative integer. Then it holds that

0 ≤ P (G,L, v, i,D) ≤ 1

2
.

Proof. We now prove the proposition by induction on D. For the base case D = 0,

P (G,L, v, i,D) will return 1
|L(v)| if D = 0, so the proposition holds since |L(v)| ≥ 2.

Assume the induction hypothesis that the proposition holds for D − 1. We will show that

the proposition is also true for D. We now do a case analysis depending on the degree of

v.

1. degG(v) = 0.

In this case P (G,L, v, i,D) will return 1
|L(v)| where |L(v)| ≥ degG(v) + 2 = 2, hence

we have 0 ≤ P (G,L, v, i,D) ≤ 1
2 .

2. degG(v) = 1.

Let x = P (Gv, L1,i, v1, i,D − 1) and y = P (Gv, L1,j , j,D − 1), as defined in Algo-

rithm 4. Then 0 ≤ x, y ≤ 1
2 by induction hypothesis.

According to algorithm, P (G,L, v, i,D) will return 1−x
3 or 1−x

2+y , and in both cases

this return value is bounded by 1
2 given x, y ≥ 0.

3. degG(v) = 2.

Let fj , xk,w and yj be the variables defined in Algorithm 3. By induction hypothesis

we have 0 ≤ xk,w, yj ≤ 1
2 . As for fj , we need to further do a case analysis depending

on d1.

If d1 ∈ {0, 1} then fj ≤ 1
2 immediately follows, as we have already seen in previous
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two cases. If d1 = 2, we also have

fj =

∏2
k=1(1− xk,j)∑

w∈L(v1)

∏2
k=1(1− xk,w)

≤ 1− x1,j

(1− x1,j) + 1
2

∑
w∈L(v1)\{j}(1− x1,w)

=
1− x1,j

(1− x1,j) + 1
2 (2 + x1,j)

≤ 1

2
.

Here we used the fact that
∑

w∈L(v1) x1,w = 1, since |L(v1)| = 4 when d1 = 2.

Similarly we have

P (G,L, v, i,D) =
(1− fi)(1− yi)∑

j∈L(v)(1− fj)(1− yj)
≤ 1

2
.

Proposition 4.3.3. Let (G,L, v) be a reachable tuple, i ∈ L(v) be a colour, and D be a

nonnegative integer. Then it holds that

1. if degG(v) = 2, then

P (G,L, v, i,D) ≥ 1

13
;

2. if degG(v) ≤ 1, then

P (G,L, v, i,D) ≥ 1

6
.

Proof. If degG(v) = 0 or D = 0, we have P (G,L, v, i,D) = 1
|L(v)| ≥

1
4 . In the following,

we assume D ≥ 1 and degG(v) ≥ 1. We now again do a case analysis depending on the

degree of v.

1. degG(v) = 2

It must be the case that |L(v)| = 4. Therefore we have

P (G,L, v, i,D) =
(1− fi)(1− yi)

(1− fi)(1− yi) +
∑

j∈L(v)\{i}(1− fj)(1− yj)

≥
(
1− 1

2

)2(
1− 1

2

)2
+
∑

j∈L(v)\{i}(1− 0)
=

1
4

1
4 + 3

=
1

13
.

The upper bound 1
2 for fj and yj is guaranteed by Proposition 4.3.2.
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2. degG(v) = 1

If |L(v)| = 4, P (G,L, v, i,D) = 1−x
3 ≥

1− 1
2

3 = 1
6 .

If |L(v)| = 3, P (G,L, v, i,D) = 1−x
2+y ≥

1− 1
2

2+ 1
2

= 1
5 >

1
6 .

Note that overall we have lower bounds 1
13 for P (G,L, v, i,D), regardless of the degree

of v. Furthermore, for fj ’s defined in Algorithm 3 we can draw a similar conclusion: if

j ∈ L(v1) then fj ≥ 1
13 .

Proposition 4.3.4. Let (G,L, v) be a reachable tuple and D be a nonnegative integer. Then

for every colour i ∈ [4] such that i ∈ L(u) for some neighbour u of v, we have

1. if degG(v) = 2, then

P (G,L, v, i,D) ≤ 12

25
;

2. if degG(v) = 1, then

P (G,L, v, i,D) ≤ 6

13
.

Proof. If i /∈ L(v) then P (G,L, v, i,D) returns 0 and we are done. If D = 0 and i ∈ L(v),

then P (G,L, v, i, 0) = 1
|L(v)| ≤

1
3 since v have at least one neighbour. In the following, we

assume i ∈ L(v) and D ≥ 1.

1. degG(v) = 2

If i ∈ L(v1), by Proposition 4.3.3 we know that fi ≥ 1
13 .

P (G,L, v, i,D) =
(1− fi)(1− yi)

(1− fi)(1− yi) +
∑

j∈L(v)\{i}(1− fj)(1− yj)

≤ (1− fi)(1− 0)

(1− fi)(1− 0) +
∑

j∈L(v)\{i}(1− fj)
(
1− 1

2

)
=

2(1− fi)
2(1− fi) + (3−

∑
j∈L(v)\{i} fj)

=
2(1− fi)

4− fi
≤ 24

51
<

12

25
.
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Here we used the fact that
∑

j∈L(v) fj = 1. On the other hand, if i ∈ L(v2) then

yi ≥ 1
13 . So

P (G,L, v, i,D) =
(1− fi)(1− yi)

(1− fi)(1− yi) +
∑

j∈L(v)\{i}(1− fj)(1− yj)

≤
(1− fi)

(
1− 1

13

)
(1− fi)

(
1− 1

13

)
+
∑

j∈L(v)\{i}(1− fj)
(
1− 1

2

)
=

12
13(1− fi)

12
13(1− fi) + 1

2

∑
j∈L(v)\{i}(1− fj)

=
24(1− fi)
50− 11fi

≤ 12

25
.

2. degG(v) = 1

Clearly i ∈ L(u) where u is the only neighbour of v. So x = P (Gv, L, u, i,D − 1) ≥
1
13 .

If |L(v)| = 4 then P (G,L, v, i,D) = 1−x
3 < 1

3 <
6
13 .

If |L(v)| = 3 then P (G,L, v, i,D) = 1−x
2+y ≤

1− 1
13

2 = 6
13 .

Proposition 4.3.5. Let (G,L, v) be a reachable tuple, i ∈ [4] be a colour. Assume that

degG(v) = 2. Then one of the following holds:

1. the vertex v and its two neighbours form a triangle in G;

2. P (G,L, v, i,D) ≤ 13
27 for all integer D ≥ 2.

Proof. Without loss of generality we assume i = 1. Denote by v1 and v2 the two neigh-

bours of v in G. We only need to consider the case when 1 /∈ L(v1) and 1 /∈ L(v2), i.e.

f1 = y1 = 0, since otherwise by Proposition 4.3.4 we immediately have P (G,L, v, 1, D) ≤
12
25 <

13
27 . In this case v1 and v2 each only have up to one neighbour in Gv, which we will

denote by u1 and u2 respectively. We now continue to discuss in two cases.

1. degGv(v2) = 0

According to the algorithm yj = 1
|L(v)| for j ∈ L(v2) and yj = 0 for j /∈ L(v2).
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If |L(v2)| = 3 then y1 = 0 and y2 = y3 = y4 = 1
3 . We have

P (G,L, v, i,D) =
1

1 +
∑

j∈L(v)\{1}(1− fj)(1− yj)

=
1

1 + 2
3

(
3−

∑
j∈L(v)\{1} fj

)
=

1

1 + 4
3

=
3

7
<

13

27
.

If |L(v2)| = 2 we can assume 2 /∈ L(v2), thus y1 = y2 = 0 and y3 = y4 = 1
2 . We have

P (G,L, v, i,D) =
1

1 +
∑

j∈L(v)\{i}(1− fj)(1− yj)

≤ 1

1 + (1− f2)(1− 0) + (1− f3)(1− 1
2) + (1− f4)(1− 1

2)

=
1

1 + 1
2(1− f2) + 1

2

∑
j∈L(v)\{1}(1− fj)

=
1

2 + 1
2(1− f2)

≤ 4

9
<

13

27
.

2. degGv(v2) = 1.

Since v, v1 and v2 do not form a triangle, L2,k(u2) = L(u2) for all colour k, thus it

follows from Proposition 4.3.4 that for every j ∈ L2,j(u2) = L(u2), we have

yj = P (Gv, L2,j , v2, j,D − 1) ≤ 6

13
.

So if L(v2) ⊆ L(u2) we have

P (G,L, v, 1, D) =
1

1 +
∑

j∈L(v)\{1}(1− fj)(1− yj)

≤ 1

1 +
(
1− 6

13

)∑
j∈L(v)\{1}(1− fj)

=
1

1 + 7
13 · 2

=
13

27
.

On the other hand, consider L(v2) 6⊆ L(u2). Notice that 1 /∈ L(v2) so there should

be some other colour, say colour 2, satisfying 2 ∈ L(v2) \ L(u2). This also forces

degGv,v2 (u2) ≤ 1. Let

tkj , P (Gv,v2 , L2,k, u2, j,D − 2),
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where Gv,v2 , (Gv)v2
, i.e., the graph obtained from G by removing v and v2 and

all edges incident to them. Since 2 /∈ L(u2) we have tk2 = 0 for all k. We need to

further distinguish between two cases.

(a) 1 ∈ L(u2).

Recall that L2,k(u2) = L(u2) so for all k ∈ L(v), 1 ∈ L2,k(u2). Combining

degGv,v2 (u2) ≤ 1, by Proposition 4.3.3 we obtain that for all k ∈ L(v), tk1 ≥ 1
6 .

Specifically we have t21 ≥ 1
6 . Now 1 is the colour in singleton set [4] \ L(v2),

so according to Algorithm 4

y2 =
1− t22

2 + t21
≤ 6

13
.

As a consequence, we again have yj ≤ 6
13 for all j ∈ L(v2) and the Proposition

follows from this bound.

(b) 1 /∈ L(u2). In this case u2 is isolated in Gv,v2 with colour list {3, 4}. So it is

clear that tk1 = tk2 = 0 and tk3 = tk4 = 1
2 for every k. Further we have y2 = 1

2

and y3 = y4 = 1
4 . Now

P (G,L, v, 1, D) =
1

1 +
∑

j∈L(v)\{1}(1− fj)(1− yj)

=
1

1 + (1− 1
2)(1− f2) + (1− 1

4)(1− f3) + (1− 1
4)(1− f4)

=
1

1 + 3
4

∑
j∈L(v)\{1}(1− fj)−

1
4(1− f2)

=
4

9 + f2
≤ 4

9
<

13

27
.

Combining above propositions with the degG(v) ≤ 1 case, we have the following theorem

for bounds on marginal probabilities computed:

Theorem 4.3.6. Let (G,L, v) be a reachable tuple, i ∈ [4] be a colour. Then one of the

following propositions holds:

1. P (G,L, v, i,D) = 1
2 for all integer D ≥ 2;

2. P (G,L, v, i,D) ≤ 13
27 for all integer D ≥ 2. Specifically P (G,L, v, i,D) ≤ 6

13 when

degG(v) ≤ 1.
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Furthermore, when P (G,L, v, i,D) = 1
2 for some integer D ≥ 2 the local structure of G

around v falls into one of the following three cases (see Figures 4.1, 4.2 and 4.3):

1. degG(v) = 0. Then j, w /∈ L(v) for two distinct colours j, w other than i (Figure 4.1).

2. degG(v) = 1. Denote by u neighbour of v. Then i /∈ L(u) and j /∈ L(u) ∪ L(v) for

some colour j 6= i (Figure 4.2).

3. degG(v) = 2. Denote by u1 and u2 two neighbours of v. Then v, u1, u2 form a triangle,

and i /∈ L(u1) ∪ L(u2) (Figure 4.3).

Proof. Assume w.l.o.g. i = 1, and we will assume 1 ∈ L(v), otherwise the statement

is trivial. From Proposition 4.3.5 we know if P (G,L, v, i,D) = 1
2 then v and its two

neighbours v1, v2 must form a triangle, and 1 /∈ L(v1) ∪ L(v2), as depicted in Figure 4.3.

If this is not the case then P (G,L, v, i,D) ≤ 13
27 . Now we focus on those degG(v) ≤ 1

cases.

1. degG(v) = 0.

We know |L(v)| ≥ 2. If |L(v)| ≥ 3 then apparently P (G,L, v, 1, D) ≤ 1
3 <

13
27 . If

|L(v)| = 2 then P (G,L, v, i,D) = 1
2 and this is just the case depicted in Figure 4.1

2. degG(v) = 1.

By Algorithm 4, if |L(v)| = 4 then P (G,L, v, 1, D) will return 1−x
3 < 13

27 . So we

focus on |L(v)| = 3. Assume 2 is the colour in singleton set [4] \ L(v).

According to the algorithm, P (G,L, v, 1, D) now returns 1−x
2+y where

x = P (Gv, L1,1, u, 1, D − 1)

y = P (Gv, L1,2, u, 2, D − 1)

Notice that 1−x
2+y could reach 1

2 if and only if x = y = 0. Otherwise at least one of x

and y is bounded by 1
6 from below, thus 1−x

2+y is bounded by max
{

1−0
2+1/6 ,

1−1/6
2+0

}
=

6
13 .

Moreover, x = y = 0 indicates that 1 /∈ L1,1(u) and 2 /∈ L1,2(u). Recall L1,1 =

L1,2 = L, it immediately follows that degGv(u) = 0 and 1 /∈ L(u) and 2 /∈ L(u).

Together with 2 /∈ L(v) we have 2 /∈ L(u) ∪ L(v) which completes the proof (This

case is depicted in Figure 4.2).
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Pr[ = ] = 1
2
;

Pr[ = ] = 1
2
.

Figure 4.1: Boundary case one

Pr[ = ] = 1
2
;

Pr[ = ] = Pr[ = ] = 1
4
.

Figure 4.2: Boundary case two

Pr[ = ] = 1
2 ;

Pr[ = ] = Pr[ = ] = 1
6 ;

Pr[ = ] = 1
6 .

Figure 4.3: Boundary case three

Consider a depth D that is large enough(larger than the size of G). Then clearly

P (G,L, v, i,D) should return PrG,L[c(v) = i]. Therefore we can actually draw the same

conclusions for true value PrG,L[c(v) = i]. Thus we can present the following theorem,

which is an immediate corollary of Proposition 4.3.3 and Theorem 4.3.6.

Theorem 4.3.7. Let (G,L, v) be a reachable tuple and i ∈ [4] be a colour. Then either

PrG,L[c(v) = i] is 0 or 1/2, or PrG,L[c(v) = i] ∈
[

1
13 ,

13
27

]
. Moreover, let D ≥ 2 be an integer.

We also have that

1. P (G,L, v, i,D) = 0 if and only if PrG,L[c(v) = i] = 0;

2. P (G,L, v, i,D) = 1
2 if and only if PrG,L[c(v) = i] = 1

2 ;

3. P (G,L, v, i,D) ∈
[

1
13 ,

13
27

]
if and only if PrG,L[c(v) = i] ∈

[
1
13 ,

13
27

]
.
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4.4 Verifying the correlation decay property

In this chapter, we discuss the correlation decay property of our recursion. First we

present the following theorem, which captures the property of correlation decay.

Theorem 4.4.1. Suppose D ≥ 3 and q = 4. Let λ = 9996
10000 be a constant. Then for any

list-colouring instance (G = (V,E), L) satisfying |L(v)| ≥ degG(v) + 1 for every v ∈ V , we

have

|P (G,L, v, i,D)− PrG,L[c(v) = i]| ≤ C · λD−3,

where C > 0 is some constant.

We can view the one step recursion P (G,L, v, i,D) as a function Fi where each input

of Fi is obtained by calling a depth-(D − 1) recursion on some list-colouring instance

(Gk, Lk). Therefore Fi has 2 main variants, depending on whether P1 or P2 is called.

As we explained in Chapter 2.2.2, the so-called “amortised analysis” is usually a powerful

method to prove the correlation decay property. We will apply this method to our proof.

We set

ϕ(x) = 2 lnx− 2 ln

(
1

2
− x
)

whose derivative (potential function) is

Φ(x) =
1

x(1
2 − x)

and let

M =
3

2
−
√

2 = sup
0≤x≤ 1

2

1

(1− x)Φ(x)
.

Pick a list-colouring instance (G = (V,E), L) with maximum degree 3, a vertex v in G

with neighbour(s) v1 and v2 if exist satisfying |L(v)| ≥ degG(v) + 2 and a colour i. To

prove Theorem 4.4.1, the idea is to apply induction on D, which can be formalized by

the following lemma.

Lemma 4.4.2. Let λ = 9996
10000 be a constant and Fi be the function associated with

P (G,L, v, i,D). Then one of the following statements holds:

1. Fi(x) = Fi(x
∗) = 0;

2. Fi(x) = Fi(x
∗) = 1

2 ;
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3. |ϕ(Fi(x))− ϕ(Fi(x
∗))| ≤ λ ·maxj:xj∈(0, 1

2)

∣∣∣ϕ(xj)− ϕ(x∗j )
∣∣∣,

where x are the return values of subroutines called by P (G,L, v, i,D) and x∗ are true values

of those called instances.

We shall point out here if the first two cases do not occur then ϕ(Fi(x)) and ϕ(Fi(x
∗))

are always well-defined. This is a simple corollary of Lemma 4.3.7. Instead of proving

this lemma, we will introduce Lemma 4.4.3 which can directly imply Lemma 4.4.2.

To ease the notation we first define the following. For any function f(x) and any d-

dimensional vector x where d ∈ N, let f(x) denote the vector (f(x1), f(x2), · · · , f(xd)).

Lemma 4.4.3. Suppose d is the arity of Fi. Define the contraction rate

α(x) =
d∑
j=1

Φ(Fi(x))

Φ(xj)

∣∣∣∣∂Fi(x)

∂xj

∣∣∣∣ .
Then for all x ∈ Dom(Fi) ⊆ [0, 1

2 ]d, we have

α(x) ≤ λ

where λ = 9996
10000 .

Before delving into the proof, we first show that how to prove Lemma 4.4.2 by Lemma 4.4.3.

Proof of Lemma 4.4.2. Let I be the index set of variables of Fi. Let x0 =
{
xi | i ∈ I, xi ∈

{
0, 1

2

}}
and x1 =

{
xi | i ∈ I, xi ∈ (0, 1

2)
}

. Let I0 and I1 be the corresponding index set of x0 and

x1. Define x∗0 and x∗1 similarly.

Let u1 = ϕ(x1), u∗1 = ϕ(x∗1), and since ϕ is strictly increasing we have x1 = ϕ−1(u1)

and x∗1 = ϕ−1(u∗1). Notice u∗1 is well-defined because we know xi ∈ (0, 1
2) if and only if

x∗i ∈ (0, 1
2) by Lemma 4.3.7. In other words, x0 and x1 shares the same index set with x∗0

and x∗1, respectively.

Introduce

g(t) = ϕ(Fi(x0, ϕ
−1(tu1 + (1− t)u∗1))

so that ϕ(Fi(x)) − ϕ(Fi(x
∗)) = ϕ(Fi(x0,x1)) − ϕ(Fi(x

∗
0,x
∗
1)) = g(1) − g(0). By Mean

Value Theorem there exists t̃ ∈ (0, 1) such that

g(1)− g(0)

1− 0
= g′(t̃).
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For convenience we denote ũ1 = t̃u1 + (1 − t̃)u∗1 and x̃1 = ϕ−1(ũ1). Clearly each

component of x̃1 lies between 0 and 1
2 since ϕ is a monotone function. Simple derivative

calculation yields

|ϕ(Fi(x))− ϕ(Fi(x
∗))| =

∣∣∣∣∣∣
∑
j∈I1

Φ(Fi(x0, x̃1))

Φ(x̃j)

∂Fi(x0, x̃1)

∂xj
· (uj − u∗j )

∣∣∣∣∣∣
≤
∑
j∈I1

Φ(Fi(x0, x̃1))

Φ(x̃j)

∣∣∣∣∂Fi(x0, x̃1)

∂xj

∣∣∣∣ · ∣∣uj − u∗j ∣∣
≤

∑
j∈I1

Φ(Fi(x0, x̃1))

Φ(x̃j)

∣∣∣∣∂Fi(x0, x̃1)

∂xj

∣∣∣∣
 ·max

j∈I1

∣∣uj − u∗j ∣∣ .
Finally note that if xj ∈

{
0, 1

2

}
then 1

Φ(xj)
= 0, thus,

∑
j∈I1

Φ(Fi(x0, x̃1))

Φ(x̃j)

∣∣∣∣∂Fi(x0, x̃1)

∂xj

∣∣∣∣
=
∑
j∈I0

Φ(Fi(x0, x̃1))

Φ(xj)

∣∣∣∣∂Fi(x0, x̃1)

∂xj

∣∣∣∣+
∑
j∈I1

Φ(Fi(x0, x̃1))

Φ(x̃j)

∣∣∣∣∂Fi(x0, x̃1)

∂xj

∣∣∣∣
≤ sup

x∈[0, 1
2

]d
α(x) ≤ λ.

This completes the proof.

We make some remarks. Here Fi is just a general concept representing the function of our

algorithm. We use different recursions to compute the marginal probability as the degrees

of v and v’s neighbours change. As a consequence, the specific form, including arity of Fi
has several variants, and depends on actual situations. Moreover, in our analysis we will

frequently refine the domain of Fi because in some cases both true value and computed

value never exceed a certain bound. Nevertheless, we can always obtain the expression

of this contraction rate α(x), and it turns out that we can bound this rate for all variants

of Fi.

The rest of this section is dedicated to proving Lemma 4.4.3. Our proof is based on the

case analysis of the degree of v. Because of the symmetry between colours, we will only

need to prove for i = 1. The proofs for other colours are identical.
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4.4.1 The case degG(v) = 1

Denote by v1 the only neighbour of v. In this case F1 has three variants.

F1 =


1−x

3 |L(v)| = 4
1−x
2+y 1 ∈ L(v), j /∈ L(v)

0 1 /∈ L(v)

where x = P (Gv, L1,1, v1, 1, D − 1) and y = P (Gv, L1,j , v1, j,D − 1). We shall prove

Lemma 4.4.3 for the first two variants since the last one is trivial.

1. |L(v)| = 4.

The contraction rate writes as

α(x) =
Φ(F1(x))

Φ(x)

∣∣∣∣∂F1(x)

∂x

∣∣∣∣ .
Moreover we have the following upper bound

Φ(F1(x))

Φ(x)

∣∣∣∣∂F1(x)

∂x

∣∣∣∣ =
1

3
·

x
(

1
2 − x

)
1−x

3

(
1
2 −

1−x
3

) =
3x(1− 2x)

(1− x)(1 + 2x)
≤ 3x

1 + 2x
≤ 3

4
< 1.

2. 1 ∈ L(v), j /∈ L(v).

In this case F1 is a binary function. The contraction rate writes as

α(x, y) =
Φ(F1(x, y))

Φ(x)

∣∣∣∣∂F1(x, y)

∂x

∣∣∣∣+
Φ(F1(x, y))

Φ(y)

∣∣∣∣∂F1(x, y)

∂y

∣∣∣∣ .
We further consider the following three cases.

(a) 1 /∈ L(v1) and j /∈ L(v1).

In this case x and y are accurately computed, hence no error occurs in our

computation.

(b) 1 /∈ L(v1) and j ∈ L(v1).

Denote by d1 degree of v1 in graph Gv. Then y =
∏d1
k=1(1−zjk)∑

l∈L(v1)

∏d1
k=1(1−zlk)

≥

(1− 1
2)

2

(1− 1
2)

2
+(1−0)×3

= 1
13 . This lower bound also holds for y∗.
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If 1 /∈ L(v1), then x = x∗ = 0. Let F0 = F1(0, ·) be the function obtained by

fixing x = 0 in F1. The contraction rate of F0 is

α(y) =
Φ(F0(y))

Φ(y)

∣∣∣∣∂F0(y)

∂y

∣∣∣∣
=

y
(

1
2 − y

)
1

2+y

(
1
2 −

1
2+y

) · 1

(2 + y)2

= (1− 2y) ≤ 11

13
.

(c) 1 ∈ L(v1).

Similarly we could have x, x∗ ≥ 1
13 . Then

α(x, y) =
Φ(F1(x, y))

Φ(x)

∣∣∣∣∂F1(x, y)

∂x

∣∣∣∣+
Φ(F1(x, y))

Φ(y)

∣∣∣∣∂F1(x, y)

∂y

∣∣∣∣
=

1

1−x
2+y

(
1
2 −

1−x
2+y

) (x (1
2 − x

)
2 + y

+
(1− x)y

(
1
2 − y

)
(2 + y)2

)

=
x
(

1
2 − x

)
(2 + y) + y

(
1
2 − y

)
(1− x)

(1− x)
(
x+ y

2

) .

We show that
x( 1

2
−x)(2+y)+y( 1

2
−y)(1−x)

(1−x)(x+ y
2 )

≤ λ for λ = 9996
10000 , which is equivalent

to

x

(
1

2
− x
)

(2 + y) + y

(
1

2
− y
)

(1− x) ≤ λ · (1− x)
(
x+

y

2

)
. (4.4)

Inequality (4.4) can be simplified to

(1− x)y2 +

(
x2 − λ

2
x− 1− λ

2

)
y + x2 − (1− λ)x ≥ 0. (4.5)

Using the fact that 1
13 ≤ x ≤ 1

2 , we know the LHS of (4.5) is minimized at

y = 2x2−λx−1+λ
4x−4 . Plugging this into (4.5) and it can be simplified to

1−2λ+λ2 +(16−14λ−2λ2)x+(−52+36λ+λ2)x2 +(32−20λ)x3 +4x4 ≤ 0,

which holds for 1
13 ≤ x ≤

1
2 .

To summarise the analysis in Chapter 4.4.1, we have

α(x) ≤ λ =
9996

10000
.
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4.4.2 The case degG(v) = 2

Denote by v1, v2 two neighbours of v. Let di = degGv(vi) and we have d1 ≥ d2. In this

case

Fi = Fi(x,y) =
(1− fi)(1− yi)∑

j∈L(v)(1− fj)(1− yj)

where

fi =


∏d1
k=1(1−xk,i)∑

j∈L(v1)

∏d1
k=1(1−xk,j)

i ∈ L(v1)

0 i /∈ L(v1).

4.4.2.1 A. The case d1 = 2

We first note that for i, j ∈ L(v1), fi/fj is bounded by constants.

Proposition 4.4.4. If d1 = 1 or 2 and for every 1 ≤ k ≤ d1, j ∈ L(v1), we have 0 ≤ xk,j ≤
1
2 , then for every i, j ∈ L(v1), it holds that 1

4 ≤ fi/fj ≤ 4 and fi ≥ 1
13 .

Proof. For every i, j ∈ L(v1), we have

fi
fj

=

∏d1
k=1(1− xk,i)∏d1
k=1(1− xk,j)

.

Then the bound for the ratio follows from d1 = 1, 2 and 0 ≤ xk,j ≤ 1
2 for every 1 ≤ k ≤ d1,

j ∈ L(v1).

To see the lower bound for fi, we note that |L(v)| ≤ 4 and thus 1 =
∑

j∈L(v) fj ≤
fi + 4

∑
j∈L(v)\{i} fi ≤ 13fi.

To prove Lemma 4.4.3 it suffices to bound the contraction rate

α(x,y) =
2∑
i=1

∑
j∈L(v1)

Φ(F1)

Φ(xji)

∣∣∣∣∂F1(x)

∂xji

∣∣∣∣+
4∑
j=1

Φ(F1)

Φ(yj)

∣∣∣∣∂F1(y)

∂yj

∣∣∣∣ .
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Simple calculation yields

2∑
i=1

∑
j∈L(v1)

Φ(F1)

Φ(xji)

∣∣∣∣ ∂F1

∂xji

∣∣∣∣
=

2∑
i=1

Φ(F1)

Φ(x1i)
· F1f1

1− x1i
·

4∑
k=2

Fk
1− fk

+
∑

j∈L(v1)\{1}

Φ(F1)

Φ(xji)
· F1fj

1− xji

∣∣∣∣∣∣∣∣
1

1− f1
−

4∑
k=1
k 6=j

Fk
1− fk

∣∣∣∣∣∣∣∣


≤
2∑
i=1

M · Φ(F1)F1

f1

4∑
k=2

Fk
1− fk

+
∑

j∈L(v1)\{1}

fj

∣∣∣∣∣∣∣∣
1

1− f1
−

4∑
k=1
k 6=j

Fk
1− fk

∣∣∣∣∣∣∣∣

 , 2 · P1(f ,y),

4∑
j=1

Φ(F1)

Φ(yj)

∣∣∣∣∂F1

∂yj

∣∣∣∣ =
Φ(F1)

Φ(y1)
· F1(1− F1)

1− y1
+

4∑
j=2

Φ(F1)

Φ(yj)
· F1Fj

1− yj
, P2(f ,y).

Now we only need to bound

α(x,y) = 2P1(f ,y) + P2(f ,y).

Notice that after substituting M for 1
(1−x)Φ(x) we can ignore x and treat P1 and P2 as

functions of f and y, with some constraints on f as we will see soon.

Discussion on the absolute value. Let Dj , 1
1−f1

−
∑4

k=1
k 6=j

Fk
1−fk for j = 2, 3, 4. We

show that at least two of these Dj ’s are nonnegative. Assume for the contraction that

D2, D3 < 0. Then we obtain

1

1− f1
− F1

1− f1
− F3

1− f3
− F4

1− f4
< 0

1

1− f1
− F1

1− f1
− F2

1− f2
− F4

1− f4
< 0.

This is equivalent to

(1− f2)(1− y2) + (f1 − f3)(1− y3) + (f1 − f4)(1− y4) < 0 (4.6)

(1− f3)(1− y3) + (f1 − f2)(1− y2) + (f1 − f4)(1− y4) < 0 (4.7)

(4.6)+(4.7) gives

(1 + f1 − 2f3)(1− y3) + (1 + f1 − 2f2)(1− y2) + 2(f1 − f4)(1− y4) < 0
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Since 1 + f1 − 2f3, 1 + f1 − 2f2 > 0 and 0 < y2, y3, y4 <
1
2 ,

3f1 + 1− f2 − f3 − 2f4 < 0.

Since d1 = 2 we have |L(v)| = 4 so Proposition 4.4.4 holds for all pairs of fi, fj ,

1 ≤ i < j ≤ 4. Applying f1 + f2 + f3 + f4 = 1, we obtain 4f1 < f4, which is a

contradiction.

Therefore, we have either all Dj for j = 2, 3, 4 are nonnegative or at most one of it is

negative. Assume D2 is negative, i.e.,

(1− f2)(1− y2) + (f1 − f3)(1− y3) + (f1 − f4)(1− y4) < 0.

Since (1 − f2)(1 − y2) ≥ 0, we have either f1 < f3 or f1 < f4 or both. W.l.o.g. assume

f1 < f3, now we distinguish between two cases:

• (f1 < f4) In this case, we can let y2 = 1
2 and y3 = y4 = 0, this gives

1− f2 + 2(f1 − f3) + 2(f1 − f4) < 0.

Using the identity f1 + f2 + f3 + f4 = 1, we obtain

6f1 + f2 − 1 < 0.

• (f1 ≥ f4) In this case, we can let y2 = 1
2 , y3 = 0 and f4 = f1, this gives

1− f2 + 2(f1 − f3) < 0.

Using f3 = 1− f1 − f2 − f4 ≤ 7
8 − f1 − f2, we obtain

4f1 + f2 −
3

4
< 0.

Now we can continue our analysis of α(x,y).

Case 1: All Dj are nonnegative for j = 2, 3, 4. Introduce the following function of w

and f

Gξ(w, f) =
1− f

Φ(1− w
1−f )

+ 4Mξ · w

1− f

where ξ ∈ [0, 1] is some constant parameter. The following two lemmas will be very

useful in our analysis.
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Lemma 4.4.5. G0(w, f) is concave when f ∈ [0, 1
2 ] and 1−f

2 ≤ w ≤ 1 − f , hence for all

wi, fi satisfying fi ∈ [0, 1
2 ] and 1−fi

2 ≤ wi ≤ 1− fi, i = 1, 2, · · · , n, we have

G0(w1, f1) +G0(w2, f2) + · · ·+G0(wn, fn)

n
≤ G0

(
w1 + w2 + · · ·+ wn

n
,
f1 + f2 + · · ·+ fn

n

)
.

Proof. The Hessian of G0(w, f) is

[
− 2

1−f − 2w
(1−f)2

− 2w
(1−f)2 − 2w2

(1−f)3

]
, which is negative semi-definite

when f ∈ [0, 1
2 ].

Lemma 4.4.6. For all w1, w2, w3 ∈ [0, 1
2 ] and f1, f2, f3 ∈ [ 1

13 ,
1
2 ] such that 1−fi

2 ≤ wi ≤
1− fi, i = 1, 2, 3, we have

1

2
(Gξ(w1, f1) +Gξ(w2, f2)) ≤ κ ·Gξ

(
w1 + w2

2
,
f1 + f2

2

)
1

3
(Gξ(w1, f1) +Gξ(w2, f2) +Gξ(w3, f3)) ≤ κ ·Gξ

(
w1 + w2 + w3

3
,
f1 + f2 + f3

3

)
holds for any ξ ∈ [0, 1], where κ = 1038

1000 .

Proof. First we shall point out that if the lemma holds for ξ = 1, then it should hold for

any other 0 ≤ ξ < 1.

Suppose the lemma holds for ξ = 1. That is

1

2
(G1(w1, f1) +G1(w2, f2)) ≤ κ ·G1

(
w1 + w2

2
,
f1 + f2

2

)
.

Rewrite

Gξ(w, f) = (1− ξ)G0(w, f) + ξG1(w, f).

Recall that G0 is concave, thus

1

2
(Gξ(w1, f1) +Gξ(w2, f2)) ≤ (1− ξ)G0

(
w1 + w2

2
,
f1 + f2

2

)
+ ξκ ·G1

(
w1 + w2

2
,
f1 + f2

2

)
≤ (1− ξ)κ ·G0

(
w1 + w2

2
,
f1 + f2

2

)
+ ξκ ·G1

(
w1 + w2

2
,
f1 + f2

2

)
= κ ·Gξ

(
w1 + w2

2
,
f1 + f2

2

)
.

The same argument works for the 3-variable case. So it remains to prove the ξ = 1 case.

It can be rigorously proved by Mathematica (the codes are in Chapter 8.2.2) that for all

w1, w2, w3 ∈ [0, 1
2 ] and f1, f2, f3 ∈ [ 1

13 ,
1
2 ] such that 1−fi

2 ≤ wi ≤ 1− fi, i = 1, 2, 3, we have

1

2
(G1(w1, f1) +G1(w2, f2)) ≤ κ1 ·G1

(
w1 + w2

2
,
f1 + f2

2

)
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1

3
(G1(w1, f1) + 2G1(w2, f2)) ≤ κ2 ·G1

(
w1 + 2w2

3
,
f1 + 2f2

3

)
.

Here κ1 = 10195
10000 , κ2 = 10181

10000 and κ1κ2 ≤ κ. As a consequence,

1

3
(G1(w1, f1) +G1(w2, f2) +G1(w3, f3)

=
1

2

(
1

3
(2G1(w1, f1) +G1(w2, f2)) +

1

3
(G1(w2, f2) + 2G1(w3, f3))

)
≤ κ2 ·

1

2

(
G1

(
2w1 + w2

3
,
2f1 + f2

3

)
+G1

(
w2 + 2w3

3
+
f2 + 2f3

3

))
≤ κ1κ2 ·G1

(
1

2

(
2w1 + w2

3
+
w2 + 2w3

3

)
,
1

2

(
2f1 + f2

3
+
f2 + 2f3

3

))
≤ κ ·G1

(
w1 + w2 + w3

3
,
f1 + f2 + f3

3

)
.

Recall that fj = 0 for j /∈ L(v1), and

∑
j∈L(v1)\{1}

fj

 1

1− f1
−

4∑
k=1
k 6=j

Fk
1− fk



=
4∑
j=2

fj

 1

1− f1
−

4∑
k=1
k 6=j

Fk
1− fk

 = 1−
4∑
j=2

fj

4∑
k=1
k 6=j

Fk
1− fk

= 1−
4∑
j=1

fj

4∑
k=1
k 6=j

Fk
1− fk

+ f1

4∑
k=2

Fk
1− fk

= 1−
4∑

k=1

Fk
1− fk

4∑
j=1
j 6=k

fj + f1

4∑
k=2

Fk
1− fk

= f1

4∑
j=2

Fj
1− fj

.

So we have

α = Φ(F1)F1

 1− F1

(1− y1)Φ(y1)
+

4∑
j=2

Fj
(1− yj)Φ(yj)

+ 4Mf1

4∑
j=2

Fj
1− fj

 .

Define symmetric forms of Fk as follows.

F̂k(f1, f2, y1, y2) =
(1− fk)(1− yk)

(1− f1)(1− y1) + 3(1− f2)(1− y2)
, k = 1, 2.
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Then we can define the symmetric form of α

α̂(f1, f2, y1, y2) = Φ(F̂1)F̂1

(
1− F̂1

(1− y1)Φ(y1)
+

3F̂2

(1− y2)Φ(y2)
+ 12Mf1 ·

F̂2

1− f2

)
.

Lemma 4.4.7. For all f ,y ∈ [0, 1
2 ]4 such that 1

13 ≤ f1, f2, f3, f4 ≤ 1
2 and f1+f2+f3+f4 = 1,

there exists f̂2, ŷ2 ∈ [0, 1
2 ] such that f1 + 3f̂2 = 1 and

α(f ,y) ≤ κ · α̂(f1, f̂2, y1, ŷ2)

where κ = 1038
1000 .

Proof. Let wk = (1 − fk)(1 − yk), k = 2, 3, 4, A(f ,y) =
∑4

j=1(1 − fj)(1 − yj) be the

denominator of Fk, and Â(f1, f2, y1, y2) = (1 − f1)(1 − y1) + 3(1 − f2)(1 − y2) be the

denominator of F̂k. Then

α = Φ(F1)F1

 1− F1

(1− y1)Φ(y1)
+

1

A

4∑
j=2

1− fj
Φ(1− wj

1−fj )
+ 4Mf1 ·

wj
1− fj


= Φ(F1)F1

 1− F1

(1− y1)Φ(y1)
+

1

A

4∑
j=2

Gf1(wj , fj)

 .

Take ŵ2 and f̂2 such that 3ŵ2 = w1 +w2 +w3, 3f̂2 = f1 + f2 + f3, and take ŷ2 = 1− ŵ2

1−f̂2
.

Therefore f1 + 3f̂2 = f1 + f2 + f3 + f4 = 1 and

A(f ,y) = Â(f1, f̂2, y1, ŷ2)

F1(f ,y) = F̂1(f1, f̂2, y1, ŷ2).

Furthermore, wj and yj satisfy the condition of Lemma 4.4.6 hence

α ≤ Φ(F1)F1

(
1− F1

(1− y1)Φ(y1)
+ 3κ ·

Gf1(ŵ2, f̂2)

A

)

= Φ(F̂1)F̂1

(
1− F̂1

(1− y1)Φ(y1)
+ 3κ ·

(
F̂2

(1− ŷ2)Φ(ŷ2)
+ 4Mf1 ·

F̂2

1− f̂2

))

≤ κ · Φ(F̂1)F̂1

(
1− F̂1

(1− y1)Φ(y1)
+

3F̂2

(1− ŷ2)Φ(ŷ2)
+ 12Mf1 ·

F̂2

1− f̂2

)
= κ · α̂(f1, f̂2, y1, ŷ2).
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Lemma 4.4.8. For all f1, f2, y1, y2 ∈ [0, 1
2 ] such that 1

13 ≤ f1 ≤ 1
2 and f1 + 3f2 = 1, we

have

α̂(f1, f2, y1, y2) ≤ 963

1000
.

Proof. The lemma can be rigorously proved by Mathematica. The codes are in Chap-

ter 8.2.3.

Theorem 4.3.7 and Proposition 4.4.4 provide the condition for Lemma 4.4.7. Combining

with Lemma 4.4.8, it gives

α(f ,y) ≤ κ · α̂(f1, f̂2, y1, ŷ2) ≤ 1038

1000
· 963

1000
<

9996

10000
.

Case 2: Dj is negative for some j. Without loss of generality, we can assume j = 2,

i.e., 1
1−f1

−
∑

k=1,3,4
Fk

1−fk < 0. Therefore,

4∑
j=2

fj

∣∣∣∣∣∣∣∣
1

1− f1
−

4∑
k=1
k 6=j

Fk
1− fk

∣∣∣∣∣∣∣∣ = f1

4∑
j=2

Fj
1− fj

− 2f2

 1

1− f1
−

4∑
k=1
k 6=2

Fk
1− fk

 .

So we have

α = Φ(F1)F1

 1− F1

(1− y1)Φ(y1)
+

4∑
j=2

(
Fj

(1− yj)Φ(yj)
+

4Mf1Fj
1− fj

)
− 4Mf2

 1

1− f1
−

4∑
k=1
k 6=2

Fk
1− fk




which is a function of f ,y ∈ [0, 1]4 where f1 + f2 + f3 + f4 = 1.

Similarly, by exploiting the symmetry of f3 and f4, we define the symmetric form of F1.

F̂1(f1, f2, f3, y1, y2, y3) =
(1− f1)(1− y1)

Â

where

Â = (1− f1)(1− y1) + (1− f2)(1− y2) + 2(1− f3)(1− y3).

Then we can define the symmetric form of α

α̂ =
Φ(F̂1)F̂1

Â

(
Â(1− F̂1)P1 + P2 + P3

)
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where

P1 =
1

(1− y1)Φ(y1)
− 4Mf2

1− f1
,

P2 =
1− f2

Φ(y2)
+ 4Mf1(1− y2),

P3 =
2(1− f3)

Φ(y3)
+ 8M(f1 + f2)(1− y3).

So α̂ is a function of f ,y ∈ [0, 1
2 ]3.

Lemma 4.4.9. For all f ,y ∈ [0, 1
2 ]4 such that 1

13 ≤ f3, f4 ≤ 1
2 and f1 + f2 + f3 + f4 = 1,

there exists f̂3, ŷ3 ∈ [0, 1
2 ] such that f1 + f2 + 2f̂3 = 1 and

α(f ,y) ≤ κ · α̂(f1, f2, f̂3, y1, y2, ŷ3)

where κ = 1038
1000 .

Proof. Let wj = (1−fj)(1−yj) for j = 3, 4, and denote A = A(w1, w2, w3, w4) =
∑4

j=1wj

be the denominator of Fk. Then

α =
Φ(F1)F1

A

A(1− F1)P1 + P2 +
4∑
j=3

1− fj
Φ(yj)

+ 4M(f1 + f2)(1− yj)


=

Φ(F1)F1

A

A(1− F1)P1 + P2 +
4∑
j=3

1− fj
Φ(1− wj

1−fj )
+ 4M(f1 + f2) · wj

1− fj


=

Φ(F1)F1

A

A(1− F1)P1 + P2 +

4∑
j=3

Gf1+f2(wj , fj)

 .

Take ŵ3 and f̂3 such that 2ŵ3 = w3 +w4, 2f̂3 = f3 + f4, and take ŷ3 = 1− ŵ3

1−f̂3
. Then we

have f1 + f2 + 2f̂3 = f1 + f2 + f3 + f4 = 1. Let Â(w1, w2, w3) = w1 +w2 + 2w3. It is clear

that A(w1, w2, w3, w4) = Â(w1, w2, ŵ3). Since f1 + f2 ∈ [0, 1] by Lemma 4.4.6 we have

α(f ,y) ≤ Φ(F1)F1

Â

(
Â(1− F̂1)P1 + P2 + 2Gf1+f2(ŵ3, f̂3)

)
=

Φ(F̂1)F̂1

Â

(
Â(1− F̂1)P1 + P2 + 2κ ·

(
1− f̂3

Φ(ŷ3)
+ 4M(f1 + f2)(1− ŷ3)

))

≤ κ · Φ(F̂1)F̂1

Â

(
Â(1− F̂1)P1 + P2 +

2(1− f̂3)

Φ(ŷ3)
+ 8M(f1 + f2)(1− ŷ3)

)
= κ · α̂(f1, f2, f̂3, y1, y2, ŷ3).
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Lemma 4.4.10. For all f1, f2, f3, y1, y2, y3 ∈ [0, 1
2 ] satisfying

f1 + f2 + 2f3 = 1,

6f1 + f2 − 1 < 0,

4f1 + f2 −
3

4
< 0,

and
1

13
≤ f1 ≤

1

2
, 0 ≤ f2, f3 ≤

1

2
,

we have

α̂(f1, f2, f3, y1, y2, y3) ≤ 9163

10000
.

Proof. Recall that

α̂ =
Φ(F̂1)F̂1

Â

(
Â(1− F̂1)P1 + P2 + P3

)
where

P1 =
1

(1− y1)Φ(y1)
− 4Mf2

1− f1
,

P2 =
1− f2

Φ(y2)
+ 4Mf1(1− y2),

P3 =
2(1− f3)

Φ(y3)
+ 8M(f1 + f2)(1− y3)

=
1 + f1 + f2

Φ(y3)
+ 8M(f1 + f2)(1− y3).

Denote

A1 = Â(1− F̂1) = (1− f2)(1− y2) + 2(1− f3)(1− y3).

So

α̂ =
2 (A1P1 + P2 + P3)

A1 − (1− y1)(1− f1)
.

We substitute P1 for P ′1 = 1
(1−y1)Φ(y1) −

4Mf2

1−1/13 ≥ P1 and obtain an upper bound

α̂ ≤ 2(A1P
′
1 + P2 + P3)

A1 − (1− y1)(1− f1)
.

Notice now both numerator and denominator are linear functions of f1. Therefore it

reaches the maximum value when f1 is at its boundary. The next step is to let f1 take its

boundary values and simplify the formula.
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1. f1 = 1
6(1− f2).

α1 =
2(A1P

′
1 + P ′2 + P ′3)

A1 − (1− y1)(1− 1
6(1− f2))

where

P ′2 =
1− f2

Φ(y2)
+

2

3
M(1− f2)(1− y2),

P ′3 =
7 + 5f2

6Φ(y3)
+

4

3
M(5f2 + 1)(1− y3).

It can be rigorously proved by Mathematica that α1 ≤ 9138
10000 . The codes are in

Chapter 8.2.4.

2. f1 = 1
4

(
3
4 − f2

)
.

α2 =
2(A1P

′
1 + P ′2 + P ′3)

A1 − (1− y1)(1− 1
4(3

4 − f2))

where

P ′2 =
1− f2

Φ(y2)
+M

(
3

4
− f2

)
(1− y2),

P ′3 =
19 + 12f2

16Φ(y3)
+ 6M

(
f2 +

1

4

)
(1− y3).

It can be rigorously proved by Mathematica that α1 ≤ 9163
10000 . The codes are in

Chapter 8.2.5.

3. f1 = 1
13 .

α3 =
2(A1P

′
1 + P ′2 + P ′3)

A1 − (1− y1)(1− 1
13)

where

P ′2 =
1− f2

Φ(y2)
+

4

13
M(1− y2),

P ′3 =
14 + f2

13Φ(y3)
+ 8M

(
f2 +

1

13

)
(1− y3).

It can be rigorously proved by Mathematica that α3 ≤ 9102
10000 . The codes are in

Chapter 8.2.6.
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To conclude we have α̂ ≤ max
{

9138
10000 ,

9163
10000 ,

9102
10000

}
= 9163

10000 .

The discussion of absolute values provides the condition for Lemma 4.4.9, and combining

Lemma 4.4.10 gives

α(f ,y) ≤ κ · α̂(f1, f2, f̂3, y1, y2, ŷ3) ≤ 1038

1000
· 9163

10000
<

9512

10000
.

To summarise the analysis in Chapter 4.4.2.1, we have

α(f ,y) ≤ max

{
9512

10000
,

9996

10000

}
=

9996

10000
.

4.4.2.2 B. The case d1 = 1

When d1 = 1 we need to bound α(x,y) = P1(f ,y) + P2(f ,y). Furthermore, if 1 ∈ L(v1)

then we still have 1
13 ≤ f1 ≤ 1

2 , 0 ≤ f2, f3, f4 ≤ 1
2 . In this case, the proof in Chapter 4.4.2.1

can all go through once we obtain the symmetric form of α by the following lemma. This

is a modified version of Lemma 4.4.6 that can fit the situation of d1 = 1.

Lemma 4.4.11. For all w1, w2, w3 ∈ [0, 1
2 ] and f1, f2, f3 ∈ [0, 1

2 ] such that 1−fi
2 ≤ wi ≤

1− fi, i = 1, 2, 3, we have

1

2
(Gξ(w1, f1) +Gξ(w2, f2)) ≤ κ ·Gξ

(
w1 + w2

2
,
f1 + f2

2

)
1

3
(Gξ(w1, f1) +Gξ(w2, f2) +Gξ(w3, f3)) ≤ κ ·Gξ

(
w1 + w2 + w3

3
,
f1 + f2 + f3

3

)
holds for any ξ ∈ [0, 1

4 ], where κ = 1019
1000 .

Proof. The proof is almost the same as Lemma 4.4.6, except that here we only need

to prove for ξ = 1
4 . This is also achieved by proving that for all w1, w2, w3 ∈ [0, 1

2 ] and

f1, f2, f3 ∈ [0, 1
2 ] such that 1−fi

2 ≤ wi ≤ 1− fi, i = 1, 2, 3, we have

1

2
(G 1

4
(w1, f1) +G 1

4
(w2, f2)) ≤ κ1 ·G 1

4

(
w1 + w2

2
,
f1 + f2

2

)
1

3
(G 1

4
(w1, f1) + 2G 1

4
(w2, f2)) ≤ κ2 ·G 1

4

(
w1 + 2w2

3
,
f1 + 2f2

3

)
where κ1 = 1009

1000 , κ2 = 1009
1000 and κ1κ2 ≤ κ. The Mathematica code to verify the lemma is

in Chapter 8.2.7.
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Now it remains to handle the case when 1 /∈ L(v1). So in the rest of this section we will

assume that f1 = 0.

According to the convention in Algorithm 3, we have either 1 /∈ L(v2) or d2 = 0. We will

defer the discussion of this d2 = 0 case to the end of this section. If 1 /∈ L(v2) we have

f1 = y1 = 0 and this is true for both actual value and computed value. So we fix f1, y1 to

be zero in our recursion and discuss the contraction rate of this partially fixed function

F1 =
1

1 +
∑4

j=2(1− fj)(1− yj)
.

The contraction rate should not involve the derivatives of f1 and y1, namely

α(f ,y) = P1(f ,y) + P2(f ,y)

where

P1(f ,y) = Φ(F1)F1 ·M ·
∑

j∈L(v1)\{1}

fj

∣∣∣∣∣∣∣∣1−
4∑

k=1
k 6=j

Fk
1− fk

∣∣∣∣∣∣∣∣ ,
P2(f ,y) = Φ(F1)F1 ·

4∑
j=2

Fj
(1− yj)Φ(yj)

,

and

Fk =
(1− fk)(1− yk)

1 +
∑4

j=2(1− fj)(1− yj)

is also partially fixed accordingly.

Discussion on the absolute values. Let Dj , 1−
∑4

k=1
k 6=j

Fk
1−fk for j = 2, 3, 4. Recall that

4∑
j=2

Dj =
∑

j∈L(v1)\{1}

fj

1−
4∑

k=1
k 6=j

Fk
1− fk

 = f1

4∑
j=2

Fj
1− fj

= 0,

so it cannot be the case that all Dj ’s have the same sign. We will always, without loss of

generality, assume D2 has the opposite sign against others. Then |D2| + |D3| + |D4| is
either 2D2 or −2D2.
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Case 1: D2 is negative. In this case

α(f ,y) = Φ(F1)F1

M · (−2D2) +
4∑
j=2

Fj
(1− yj)Φ(yj)

 .

Denote A , 1 +
∑4

j=2(1− fj)(1− yj) the denominator of F1.

We first consider the case when yj = 1
2 for some j ∈ {2, 3, 4}. By Theorem 4.3.6 we know

that all yj ’s should be accurately computed given the recursion depth D is at least 3. So

we can further discard all derivatives of yj and obtain

α(f ,y) = 2Mf2 · Φ(F1)F1

 4∑
k=1
k 6=2

Fk
1− fk

− 1


=

4Mf2(3− y3 − y4 −A)

A− 2
.

Notice that α is monotonically increasing on y2, so we take y2 = 1
2 . After substituting

1− f2 for f3 + f4 we get

α(f ,y) ≤ 4Mf2 ·
f3(1

2 − y3) + f4(1
2 − y4)

(1
2 − y3)(1− f3) + (1

2 − y4)(1− f4)
≤ 2M

where the last inequality is due to f2, f3, f4 ≤ 1
2 and the monotonicity on f3 and f4.

On the other aspect, if yj 6= 1
2 for all j ∈ {2, 3, 4}, then by Theorem 4.3.6 we have yj ≤ 6

13

for all j ∈ {2, 3, 4} since d2 is at most 1. Let wj = (1− fj)(1− yj), by Lemma 4.4.11

α(f ,y) = Φ(F1)F1

2Mf2

 4∑
k=1
k 6=2

Fk
1− fk

− 1

+

4∑
j=2

Fj
(1− yj)Φ(yj)


=

Φ(F1)F1

A

1− f2

Φ(y2)
+ 2Mf2(1−A) +

4∑
j=3

1− fj
Φ(yj)

+ 2Mf2(1− yj)


=

Φ(F1)F1

A

1− f2

Φ(y2)
+ 2Mf2(1−A) +

4∑
j=3

1− fj
Φ(1− wj

1−fj )
+ 2Mf2

wj
1− fj


=

Φ(F1)F1

A

1− f2

Φ(y2)
+ 2Mf2(1−A) +

4∑
j=3

G f2
2

(wj , fj)


≤ κ · Φ(F̂1)F̂1

Â

(
1− f2

Φ(y2)
+ 2Mf2(1− Â) + 2G f2

2

(ŵ3, f̂3)

)
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where ŵ3 = w3+w4
2 , f̂3 = f3+f4

2 , F̂1 = 1
1+w2+2ŵ3

and Â = 1 + w2 + 2ŵ3. If we take

ŷ3 = 1− ŵ3

1−f̂3
then we can get the symmetric form of α:

α̂(f ,y) =
Φ(F̂1)F̂1

Â

(
1− f2

Φ(y2)
+ 2Mf2(1− Â) +

2(1− f̂3)

Φ(ŷ3)
+ 4Mf2(1− ŷ3)

)
.

Lemma 4.4.12. For all f2, f3, y2, y3 ∈ [0, 1
2 ] satisfying

f2 + 2f3 = 1,

1

13
≤ f2 ≤

1

2
,

0 ≤ y2, y3 ≤
6

13
,

we have

α̂(f2, f3, y2, y3) ≤ 9231

10000
.

Proof. The lemma can be verified by Mathematica. The codes are in Chapter 8.2.8.

In conclusion we have

α(f ,y) ≤ max
{

2M,κ · α̂(f2, f̂3, y2, ŷ3)
}
≤ max

{
2M,

1018

1000
· 9231

10000

}
<

94

100
.

Case 2: D2 is positive In this case

α(f ,y) = Φ(F1)F1

M · 2D2 +
4∑
j=2

Fj
(1− yj)Φ(yj)

 .

As we did in Case 1, we first consider when yj = 1
2 for some j ∈ {2, 3, 4}. We similarly

obtain

α(f ,y) = 2Mf2 · Φ(F1)F1

1−
4∑

k=1
k 6=2

Fk
1− fk


=

4Mf2(A− 3 + y3 + y4)

A− 2
.

Notice that α(f ,y) is monotonically increasing on y3 and y4, so we take y3 = y4 = 1
2

which yields

α(f ,y) ≤ 4Mf2 ≤ 2M.
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Now we once more assume yj ≤ 6
13 for all j ∈ {2, 3, 4}. Recall λ = 9996

10000 , we now prove

that

α(f ,y) =

∑4
j=2(1− fj)yj(1

2 − yj) + 2Mf2(A− 3 + y3 + y4)
A
2 − 1

< λ.

Since the denominator of α(f ,y) is positive, α(f ,y) < λ is equivalent to

G ,
4∑
j=2

(1− fj)yj(
1

2
− yj) + 2Mf2 (A− 3 + y3 + y4)− λ

(
1

2
A− 1

)
< 0.

Note that G is quadratic on y3, we can write it as

G = −(1− f3)y2
3 +

(
2Mf2 +

1

2
(1− f3) +

1

2
λ(1− f3)− 2Mf2(1− f3)

)
y3 + C

= (1− f3)

(
−y2

3 +

(
2Mf2

1− f3
+

1 + λ

2
− 2Mf2

)
y3

)
+ C,

where C is a polynomial containing no y3.

Therefore, G is increasing in [−∞, x0] where x0 = Mf2

1−f3
+ 1+λ

4 −Mf2 ≥ 1+λ
4 ≥ 6

13 . Since

y3 and y4 are symmetric, the same argument holds for y4.

We only need to prove that G′ , G|y3=y4= 6
13
< 0. Applying f2 + f3 + f4 = 1, a direct

calculation yields

G′ =
2

13
Mf2

2 (−6 + 13y2) +
1

338
(6− 91λ+ 169y2 + 169λy2 − 338y2

2)

+
1

338
f2 (−13λ(−6 + 13y2) + (−6 + 13y2)(−1− 52M + 26y2)) .

Since y2 ≤ 6
13 , G′ is increasing in [−∞, x1] where x1 = 1+52M+13λ−26y2

104M > 1
2 . Therefore,

we only need to prove that

G′′ , G′|f2= 1
2

=
9

338
+

3M

13
− 2λ

13
+

(
1

4
− M

2
+
λ

4

)
y2 −

y2
2

2
< 0,

which holds for y2 ∈
[
0, 6

13

]
.

In conclusion we have

α(f ,y) ≤ max {2M,λ} = λ.
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The case d2 = 0. At last we come to the discussion for d2 = 0. In this case y1 is not

necessarily 0, but all yj ’s are accurately computed. Redefine

F1 =
1− y1

1− y1 +
∑4

j=2(1− fj)(1− yj)
,

A = 1− y1 +

4∑
j=2

(1− fj)(1− yj).

As we did before, we shall discard the derivatives of yj ’s and assume D2 has the opposite

sign against others. Now

α(f ,y) = 2Mf2 · Φ(F1)F1

∣∣∣∣∣∣∣∣1−
4∑

k=1
k 6=2

Fk
1− fk

∣∣∣∣∣∣∣∣
=

4Mf2 |A− (1− y1)− (1− y3)− (1− y4)|
A− 2(1− y1)

=
4Mf2

∣∣∣∑4
j=2(1− fj)(1− yj)− 2 + y3 + y4

∣∣∣∑4
j=2(1− fj)(1− yj)− (1− y1)

is monotonically decreasing on y1. So we can take y1 = 0 and this is reduced to a situation

we have discussed before.

So far we have exhausted all possible cases when degG(v) = 2. To summarise the analysis

in Chapter 4.4.2.2, we have

α(f ,y) ≤ max

{
94

100
, λ

}
= λ.

4.4.3 Proof of the correlation decay property

Putting together the conclusions of Chapter 4.4.1 and Chapter 4.4.2, we complete the

proof of Lemma 4.4.3.

Thus we can prove Theorem 4.4.1 now.

Proof of Theorem 4.4.1. Let λ = 9996
10000 be constant.

We first claim that if a vertex v satisfies degG(v) ≤ 2 and |L(v)| ≥ degG(v) + 2, then one

of the following statements holds:

• P (G,L, v, i,D) = PrG,L[c(v) = i];
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• |ϕ(P (G,L, v, i,D))− ϕ(PrG,L[c(v) = i])| ≤ C1·λD−2, where ϕ(x) = 2 lnx−2 ln
(

1
2 − x

)
and C1 > 0 is a constant.

Given the claim, we have for some constant C2 > 0, it holds that

|P (G,L, v, i,D)− PrG,L[c(v) = i]| = 1

Φ(x̃)
·|ϕ(P (G,L, v, i,D))− ϕ(PrG,L[c(v) = i])| ≤ C2·λD,

where Φ(x) , ϕ′(x) = 1
x( 1

2
−x)

and x̃ is some real between ϕ(P (G,L, v, i,D)) and

ϕ(PrG,L[c(v) = i]).

Now assume (G = (V,E), L) satisfies |L(v)| ≥ degG(v) + 1 for every v ∈ V . Let v ∈ V be

an arbitrary vertex and consider the computation tree of P (G,L, v, i,D). According to

the construction in Chapter 4.2.1, all the sub-instances P (G′, L′, v′, i′, D′) called by the

procedure satisfy |L(v)| ≥ degG′(v
′) + 2 and degG′(v

′) ≤ 2, i.e., the condition specified

in the above claim. Further note that in all cases, the 1-norm of the gradients of our

recursions

F (x, y, z) =
1− x

3− x− y
if degG(v) = 1 and |L(v)| = 2;

F (x, y) =
1− x
2 + y

if degG(v) = 1 and |L(v)| = 3;

F (x) =
1− x

3
if degG(v) = 1 and |L(v)| = 4;

F (f ,y) =
(1− fi)(1− yi)∑

j∈L(v)(1− fj)(1− yj)
if degG(v) = 2;

F (x,y, z) =
(1− xi)(1− yi)(1− zi)∑

j∈L(v)(1− xj)(1− yj)(1− zj)
if degG(v) = 3,

are bounded above by some constants for parameters in the range [0, 1
2 ]. Therefore it

follows from the mean value theorem and the claim that

|P (G,L, v, i,D)− PrG,L[c(v) = i]| ≤ C · λD.

for some constant C > 0.

It remains to prove the claim. We apply induction on D. The base case is that D = 2.

It follows from Theorem 4.3.6 and Lemma 4.3.7 that if PrG,L[c(v) = i] is 0 or 1
2 , then

the algorithm return the correct value, i.e., P (G,L, v, i,D) = PrG,L[c(v) = i]. Otherwise,

the function ϕ(·) is bounded from above and thus the claim holds. For D > 2, the claim

follows from the induction hypothesis and Lemma 4.4.2.
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4.5 Proof of Theorem 4.1.1

In this Chapter, we will complete the proof of Lemma 4.1.3 and Theorem 4.1.1. We start

by first analysing the running time of Algorithm 1.

Let G = (V,E) be a graph with |V | = n, L be its colour lists, v ∈ V be a vertex,

i ∈ {1, 2, 3, 4} be a colour and D be a nonnegative integer. Denote by τ(G,L, v, i,D) the

running time of the procedure P (G,L, v, i,D). Then we have:

Lemma 4.5.1. If degG(v) ≤ 2, then τ(G,L, v, i,D) = O
(
n312D

)
.

Proof. We apply induction on n to show that for some constant C ≥ 0, τ(G,L, v, i,D) ≤
C · n312D. The base case is that n = 1, then the algorithm terminates in constant time.

For general n, we need to analyse cases degG(v) = 1, 2 respectively.

Case degG(v) = 1: Algorithm 4 contains two subcases. We use an adjacency matrix to

represent a graph. Thus we can construct in n2 time the graph Gv which contains n− 1

vertices. We then have the following recursions for the two cases respectively (assuming

notations in the description of Algorithm 4):

τ(G,L, v, i,D) ≤ τ(Gv, L1,i, v1, i,D − 1) + n2

τ(G,L, v, i,D) ≤ τ(Gv, L1,i, v1, i,D − 1) + τ(Gv, L1,j , v1, j,D − 1) + n2

Then the lemma follows from the induction hypothesis.

Case degG(v) = 2: Algorithm 3 has at most 12 branches, we have (assuming notations in

the description of Algorithm 3):

τ(G,L, v, i,D) ≤
∑
k∈d1

∑
w∈L(v1)

τ(Gv,v1 , L
′
k,w, w,D − 1) +

∑
j∈L(v)

τ(Gv, L2,j , j,D − 1) + n2.

Then the lemma follows from the induction hypothesis.

If degG(v) = 3, then the algorithm P (G,L, v, i,D) will call P3(G,L, v, i,D) described in

Algorithm 2. However, since the maximum degree of G is at most three hence in further

recursion call to Algorithm 1, the degree of a vertex decreases by at least one. Therefore

Algorithm 2 can be called at most once. Combining Lemma 4.5.1, we have

Lemma 4.5.2. τ(G,L, v, i,D) = O
(
n312D

)
.

Now we prove Lemma 4.1.3.
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Proof of Lemma 4.1.3. First, we need to bound the value PrG,L[c(v) = i] on the compu-

tation tree. If PrG,L[c(v) = i] = 0 then it is clear to see P (G,L, v, i,D) = 0 thus we are

done. Otherwise we have PrG,L[c(v) = i] ≥ 1
13 if (G,L, v) is a reachable instance. In

previous discussion we know that (G,L, v) is on the root of our computation tree if this

instance is not reachable. In this case

PrG,L[c(v) = i] =

∏d
k=1(1− PrGv ,Lk,i [c(vk) = i])∑

j∈L(v)

∏d
k=1(1− PrGv ,Lk,j [c(vk) = j])

,

where d = degG(v) ≤ 3 and |L(v)| ≤ 4. It yields

PrG,L[c(v) = i] ≥
(
1− 1

2

)3(
1− 1

2

)3
+ 1 + 1 + 1

=
1

25
.

Combining with the bound of reachable cases it implies PrG,L[c(v) = i] ≥ 1
25 for all

instances in computation tree.

By Theorem 4.4.1, there exists constants λ = 9996
10000 and C > 0 such that for every list-

colouring instance (G,L) satisfying conditions in the statement of the theorem, it holds

that

|P (G,L, v, i,D)− PrG,L[c(v) = i]| ≤ C · λD−3

for all D ≥ 3.

For any 0 < ε < 1, let t be the smallest integer such that C · λt−3 ≤ ε
25 and let p̂ =

P (G,L, v, i, t). We can show that Algorithm 1 up to depth t is the algorithm outputs p̂

such that

(1− ε)p̂ ≤ PrG,L[c(v) = i] ≤ (1 + ε)p̂

in time poly(|V | , 1
ε ).

Theorem 4.4.1 implies

PrG,L[c(v) = i]− ε

25
≤ p̂ ≤ PrG,L[c(v) = i] +

ε

25

and thus by the bound of PrG,L[c(v) = i] above it holds that

(1− ε)PrG,L[c(v) = i] ≤ p̂ ≤ (1 + ε)PrG,L[c(v) = i] .

So

(1− ε)p̂ ≤ 1

1 + ε
p̂ ≤ PrG,L[c(v) = i] ≤ 1

1− ε
p̂ ≤ (1 + ε)p̂ .
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Next we show that Algorithm 1 up to depth t is a polynomial time algorithm with respect

to |V | and 1
ε . By Lemma 4.5.2, τ(G,L, v, x, t) = O

(
n312t

)
. Since t is the smallest integer

such that C · λt−3 ≤ ε
25 , we have

t− 4 ≤ logλ
ε

25C
≤ t− 3 ,

which implies τ(G,L, v, x, t) = O
(
n312logλ

ε
25C

)
= O

(
n3
(

25C
ε

)− logλ 12
)

. λ and C are

constants, so τ(G,L, v, x, t) = poly
(
|V | , 1

ε

)
.

Finally, combining Lemma 4.1.3 and Lemma 4.1.2 completes the proof of Theorem 4.1.1.
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Chapter 5

Counting in Uniqueness II :
Sampling Potts on Random Regular
Graphs

This chapter is based on the joint work with Antonio Blanca , Andreas Galanis , Leslie

Ann Goldberg , Daniel Štefankovič and Eric Vigoda [7].

5.1 Introduction

Connecting the uniqueness phase transition with the performance of algorithms is a

difficult task that is largely under development. This connection is well-understood

on the grid, where it is known that the mixing time of local Markov chains, such as

the Glauber dynamics, switches from polynomial to exponential at the corresponding

uniqueness threshold, see for example [59, 58, 73, 2, 60, 4]. Also, for certain two-

state models, such as the ferromagnetic Ising model and the hard-core model, it has

been proved that Glauber dynamics mixes rapidly when the underlying parameter is in

uniqueness and that the dynamics mixes slowly otherwise, see [64, 65, 30]. So the same

picture is conjectured to hold for the Potts model as well, but in general this remains

open. In Chapter 4, we introduced the algorithmic result of proper q-colouring model

in the uniqueness regime for q = 4. In this chapter, we will discuss general cases of the

antiferromagnetic Potts model.

There has been significant progress in the last years in understanding the complexity of

sampling from the Gibbs distribution in two-state systems, but for multi-state systems

progress has been slower, especially on the algorithmic side. In this chapter, for all
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integers q ≥ 3 and ∆ ≥ 3, we design approximate sampling algorithms for the q-state

antiferromagnetic Potts model on random ∆-regular graphs (regular graphs with n

vertices chosen uniformly at random), when the parameter β lies in the uniqueness

regime of the regular tree. Our algorithm is not based on a Markov chain approach but

proceed by iteratively adding the edges of the graph and performing a resampling step at

each stage. As such, this algorithm can produce samples that are within error 1/nδ from

the Potts distribution for some fixed constant δ > 0 (which depends on β, q,∆).

5.1.1 The result

Theorem 5.1.1. Let ∆ ≥ 3, q ≥ 3 and β ∈ (0, 1) be in the uniqueness regime of the

(∆− 1)-ary tree with β 6= (∆− q)/∆. Then, there exists a constant δ > 0 such that, for all

sufficiently large n, the following holds with probability 1− o(1) over the choice of a random

∆-regular graph G = (V,E) with n vertices.

There is a polynomial-time algorithm which, on input the graph G, outputs a random

assignment σ : V → [q] whose distribution νσ is within total variation distance O(1/nδ)

from the Potts distribution µG with parameter β, i.e.,

‖νσ − µG‖TV = O(1/nδ).

Note that the sampling algorithm in the antiferromagnetic case works throughout unique-

ness apart from the point (∆− q)/∆, where uniqueness on the tree is expected to hold

but the model is conjectured to be at criticality. In particular, for all β 6= (∆ − q)/∆
which are in the uniqueness regime of T∆, it can be shown that the decay on the tree

is exponentially small in its height. In contrast, even if uniqueness on the tree holds for

β = (∆− q)/∆, it can be shown that the decay on the tree is polynomial in its height.

Remark 5.1.1. There are certain “bad” ∆-regular graphs where the algorithms will fail to

produce samples with the desired accuracy; saying that the algorithms work on random

∆-regular graphs means that the number of these “bad” graphs with n vertices is a

vanishing fraction of all ∆-regular graphs with n vertices for large n. Moreover, we can

recognise the “good” graphs (where our algorithms will successfully produce samples

with the desired accuracy) in polynomial time.
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5.1.2 Prior works

Recall that, we define the uniqueness of the Potts model on d-ary trees in Chapter 1.2.2,

which is restated below:

Definition 1.2.2. The q-state Potts model with parameter β exhibits uniqueness on the

infinite d-ary tree Td if, for all colours c ∈ [q], it holds that

lim sup
n→∞

max
τ : ΛTd,n→[q]

∣∣∣∣PrTd,n
[
σ(vd,n) = c | σ(ΛTd,n) = τ

]
− 1

q

∣∣∣∣ = 0. (5.1)

It exhibits non-uniqueness otherwise.

Let ∆ = d + 1 be the maximum degree of d-ary trees. For the antiferromagnetic Potts

model (β < 1), the uniqueness threshold on the tree is not yet known in full generality. It

is a folklore conjecture that the model has uniqueness iff q ≥ ∆ and β ∈ (0, 1), or q < ∆

and β ≥ 1− q/∆. It is known that the model has non-uniqueness when β < 1− q/∆ [32].

Establishing the uniqueness side of the conjecture is more difficult; we have proved this

conjecture for small values of q and ∆ in Chapter 3 but generally it is still open. For the

q-colourings model (β = 0), Jonasson [49], building on work of Brightwell and Winkler

[10], established that the model has uniqueness iff q > ∆.

The connection between the uniqueness condition and the efficiency of approximate

counting problems has been well studied for many spin systems, such as the Ising model

and the hard-core model. However, for the Potts model, this study becomes a difficult

task and is still open. So in this chapter, we focus on the antiferromagnetic Potts model on

random graphs. Understanding spin systems on random graphs [64, 65, 79, 9, 63, 21, 33,

29, 30] gives insights about the complexity of counting and the efficiency of approximate

sampling algorithms.

Our sampling algorithm is inspired by Efthymiou’s algorithm [29] for sampling q-

colourings on G(n, d/n); the algorithm there also proceeds by iteratively adding the

edges of the graph and exploits the uniqueness on the tree to show that the sampling

error is small. However, for the antiferromagnetic Potts model, the resampling step turns

out to be significantly more involved and we need substantial amount of work to ensure

that it can be carried out efficiently.

Our sampling algorithm is also based on some properties of random graphs (which will be

introduced in Chapter 5.2) and some properties of the Potts model on tree-like structures
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(which will be introduced in Chapter 5.4). The whole sampling algorithm and the proof of

Theorem 5.1.1 will be presented in Chapter 5.3 and a RESAMPLE subroutine of sampling

from the Ising model will be presented in Chapter 5.5.

5.2 Properties of random regular graphs

In this section, we state and prove structural properties of random ∆-regular graphs

which ensure that our algorithms for the random-cluster and Potts models have the

desired accuracy (cf. Remark 5.1.1).

We will work in the well-known configuration model. Precisely, for n∆ even, let G := Gn,∆
denote the uniform distribution on ∆-regular graphs which is obtained by taking a perfect

matching of the set [n]× [∆] and collapsing for each u ∈ [n] the elements (u, 1), . . . , (u,∆)

into a single vertex u; the elements of the set [n]× [∆] are called points. Technically, the

distribution G is supported on multigraphs but it can be shown that the probability that

G ∼ G is simple is asymptotically a positive constant as n → ∞; conditioned on that

event, G is uniformly distributed over ∆-regular graphs with n vertices, and therefore

any event that holds with probability 1− o(1) in Gn,∆ also holds with probability 1− o(1)

over the uniform distribution on ∆-regular graphs with n vertices.

The following lemma guarantees that short cycles are disjoint in a random ∆-regular

graph.

Lemma 5.2.1. Let ∆ ≥ 3 be an integer. Then, with probability 1 − o(1) over the choice

of a uniformly random ∆-regular graph with n vertices, any two distinct cycles of length

≤ 1
5 log∆−1 n are disjoint, i.e., they do not share any common vertices or edges.

Proof. For convenience, let ` :=
⌊

1
5 log∆−1 n

⌋
and G := Gn,∆. Let G ∼ G and E be the

event that G contains two distinct cycles of length ≤ ` which are not disjoint. Let also F
be the event that, for some integer k ∈ [1, 2`], G contains a subgraph with k vertices and

k + 1 edges such that each vertex has at least two incident multiedges (in the subgraph);

we call such a subgraph bad. When E occurs, we obtain that F also occurs, so it suffices

to upper bound the probability of the latter.

To bound PrG [F ], we will use a union over all possible bad subgraphs with k vertices with

k ∈ [1, 2`]. Consider an arbitrary integer k ∈ [1, 2`]. There are
(
n
k

)
≤ ( en

k )k ways to choose

the vertices in the subgraph, at most
(

∆
2

)k
(∆k)2 ways to choose the points that are going
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to be paired and then (2(k+1))!
(k+1)!2k+1 ≤ 10(2k/e)k+1 ways to pair the points. The probability of

a particular pairing of 2(k + 1) points occurring is equal to 1
(∆n−1)···(∆n−(2k+1)) ≤

2
(∆n)k+1

(using that k ≤ 2` = o(n1/2)). We therefore obtain that

PrG [F ] ≤ 20
2∑̀
k=1

(
n
k

)
(∆k)2

(
∆
2

)k
(2k/e)k+1

(∆n)k+1
≤ 60∆

n

2∑̀
k=1

k2(∆−1)k ≤ 500∆`3

n
(∆−1)2` = o(1),

as needed. This finishes the proof.

The following lemma guarantees that certain weighted sums over cycles are small; this

bound will be used to show that the aggregate error of our samplers is small.

Lemma 5.2.2. Let ∆ ≥ 3. Then, for any constant W > ∆ − 1 and any constant `0 > 0,

there exists a constant δ > 0 such that the following holds with probability 1−O(1/nδ) over

the choice of G ∼ Gn,∆. Let C` denote the number of cycles of length `. Then,∑
`≥`0 logn

`C`
W `
≤ 1/(2nδ).

Proof. Let w := (∆ − 1)/W < 1 and δ := 1
2`0 log(1/w) > 0. We will show that, for all

sufficiently large n, it holds that

EG [X] ≤ 1

(1− w)n2δ
, where X :=

∑
`≥`0 logn

`C`
W `

. (5.2)

Once we show (5.2), the result follows from Markov’s inequality.

Fix an arbitrary integer ` ∈ [n], we will calculate EG [C`]. In the configuration model, a cy-

cle with ` vertices corresponds to an ordered 2`-tuple of points (u1, i1), (u1, i2), . . . , (u`, i2`−1), (u`, i2`)

where u1, . . . , u` are distinct elements of [n] and i1, . . . , i2` ∈ [∆] such that (uj , i2j) is

paired to (uj+1, i2j+1) for all j ∈ [`] (with the convention that u`+1 = u1 and i2l+1 = i1).

There are `!
(
n
`

)
ways to choose and order u1, . . . , u` and (∆(∆ − 1))` ways to choose

i1, . . . , i2` for a total of `!
(
n
`

)
(∆(∆− 1))` possible tuples; this overcounts the number of

tuples corresponding to distinct cycles by a factor of 2` (the number of ways to root and

orient the 2`-tuple). Now, the pairing corresponding to a tuple occurs with probability
1

(∆n−1)(∆n−3)···(∆n−(2`−1)) . Since

2(∆n− 1)(∆n− 3) · · · (∆n− (2`− 1)) ≥ ∆`n(n− 1) · · · (n− `+ 1)
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for all ` ∈ [1, n] and ∆ ≥ 3, it follows that EG [C`] ≤ (∆− 1)`/` and hence

EG [X] =
∑

`≥`0 logn

w` ≤ w`0 logn/(1− w),

which proves (5.2) and therefore concludes the proof.

Our next lemma captures the tree-like structure of random ∆-regular graphs that will

be relevant for us. In particular, we give a description of the neighbourhood structure

around a path. To do this accurately, we will need a few definitions. Let G = (V,E) be a

graph. For a vertex v ∈ V and integer h ≥ 0, we denote by Γh(G, v) the set of vertices at

distance ≤ h from v.

Definition 5.2.3. Let G be a graph and P be a path in G with vertices u1, . . . , u`. Let

G \ P be the graph obtained from G by removing the edges of the path P . Then, for an

integer h ≥ 0, the h-graph-neighbourhood of the path P is the subgraph of G \ P induced

by the vertex set
⋃
i∈[`] Γh(G \ P, ui).

A connected component of the h-graph-neighbourhood will be called isolated if it contains

exactly one of the vertices u1, . . . , u`.

Lemma 5.2.4. Let ∆ ≥ 3. Then, for any constant integer h ≥ 0 and any ε > 0, there exists

a constant `1 > 0 such that the following holds for all sufficiently large n.

With probability 1−O(1/n2) over the choice of G ∼ Gn,∆, every path P in G with ` vertices

with `1 ≤ ` ≤ n9/10 has an h-graph-neighbourhood with at least (1 − ε)` isolated tree

components.

We will use the following version of the well-known Chernoff/Hoeffding inequality.

Lemma 5.2.5 (see, e.g., [31, Theorem 21.6 & Corollary 21.9]). Suppose that Sn =

X1 + · · ·+Xn, where {Xi}i∈[n] is a collection of independent random variables such that

0 ≤ Xi ≤ 1 and E[Xi] = µi for i = 1, . . . , n. Let µ = µ1 + · · ·+ µn. Then, for any c > 1,

Pr[Sn ≥ cµ] ≤ exp
(
− cµ log(c/e)

)
.

Proof of Lemma 5.2.4. Fix an arbitrary integer h ≥ 0 and constant ε > 0. We will show

that the lemma holds with `1 := 200/ε.

In the configuration model, a path P with ` vertices corresponds to an ordered 2(`− 1)-

tuple of points (u1, i1), (u2, i2), (u2, i3), . . . , (u`−1, i2(`−2)), (u`−1, i2`−3), (u`, i2(`−1)) where
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u1, . . . , u` are distinct elements of [n] and i1, . . . , i2(`−1) ∈ [∆] such that (uj , i2j−1) is

paired to (uj+1, i2j) for all j ∈ [` − 1]. Fix any such path P with ` vertices u1, . . . , u`

and condition on the event that P appears in G. We will next reveal the h-graph-

neighbourhood of P in a breadth-first search manner, as follows.

1. Let U0 = {u1, . . . , u`}. Initialize U1, . . . , Uh, Uh+1 to be the empty sets.
2. For t = 0, 1, . . . , h:
3. Order the vertices in Ut in lexicographic order.
4. For k = 1, . . . , `∆t:
5. Pick the k-th vertex in Ut, say u (if k > |Ut|, set u = 0).
6. For i = 1, . . . ,∆:
7. If u 6= 0 and the point (u, i) is not already paired,
8. Pair (u, i) with an available point, say (v, i′).
9. If v /∈ U1 ∪ · · · ∪ Ut ∪ Ut+1, add v to Ut+1.

By induction, we have that, for all t ≥ 0, Ut consists of the set of vertices at distance t from

a vertex in {u1, . . . , u`}. Note also that |Ut| ≤ `∆t. Now, fix arbitrary t ∈ {0, 1, . . . , h},
k ∈ [`∆t] and i ∈ [∆]. Let Ft,k,i be the pairings that we have revealed about the graph

G just before executing lines 7–9. Similarly, let St,k,i be the set of vertices we have

encountered just before executing lines 7–9 (i.e., the union of U1, . . . , Ut together with

the current set Ut+1). Let also Qt,k,i be the event that in line 8 all of the following happen:

(i) u 6= 0, (ii) the point (u, i) is not paired, and (iii) (u, i) is paired to a point in St,k,i× [∆].

There are at least ∆(n − |St,k,i|) available points, of which at most ∆|St,k,i| belong to

St,k,i × [∆]. Therefore,

Pr[Qt,k,i | Ft,k,i] ≤
|St,k,i|

n− |St,k,i|
≤ 2`∆h+2

n
, (5.3)

where in the last inequality we used that

|St,k,i| ≤ |U0|+ · · ·+ |Ut+1| ≤ `∆t+2 ≤ `∆h+2 and n− `∆h+2 ≥ n/2

for all sufficiently large n (using that `1 ≤ ` ≤ n9/10). Using (5.3), we obtain that

the number of events {Qt,k,i} that occur is dominated above by a binomial r.v. X` ∼
Bin(`∆h+2, 2`∆h+2

n ). By Lemma 5.2.5, we have that

Pr[X` ≥ ε`/2] ≤ e−
1
2
ε` log(c`/e), where c` =

εn

4`∆2h+4
.

Since ` ≤ n9/10, we have c` ≥ en1/20 for all sufficiently large n and hence

Pr[X` ≥ ε`] ≤ e−
1
40
ε` logn.
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It follows that for any path P with ` vertices, with probability ≥ 1− e−
1
40
ε` logn, at most

ε`/2 of the events {Qt,k,i} occur, i.e., the h-graph-neighbourhood of P contains at least

(1− ε)` isolated tree components (every event Qt,k,i that occurs decreases the number

of isolated tree components by at most two). Since there are at most n∆` paths with `

vertices, we obtain by a union bound that the probability that there exists a path whose

h-graph-neighbourhood contains less than (1 − ε)` isolated tree components is upper

bounded by
n9/10∑

`=d200/εe

elogn+` log ∆− 1
40
ε` logn = O(1/n2),

where the last bound follows by observing that, for all sufficiently large n, the summands

are decreasing functions of ` and that for ` = d200/εe we have elogn+` log ∆− 1
40
ε` logn =

O(1/n3).

This concludes the proof of Lemma 5.2.4.

To conclude this section, we clarify a small point relevant to Remark 5.1.1. We will only

utilise Lemma 5.2.4 for paths of logarithmic length (despite the fact that the lemma is

stated for convenience for much longer paths) and therefore the property can be checked

in polynomial time. Analogously, the sum in Lemma 5.2.2 will only be considered for

cycles of logarithmic length and therefore the (restricted) inequality can also be checked

in polynomial time.

5.3 Sampling algorithm

5.3.1 Connection between Potts on bichromatic classes and the Ising model

In this section, we describe the connection between Potts on bichromatic classes and the

Ising model. Recall that the Ising model is the special case q = 2 of the Potts model; to

distinguish between the models, we will use πG to denote the Ising distribution on G

with parameter β. Sometimes, we will need to replace the binary set of states {1, 2} in

the Ising model by other binary sets to facilitate the arguments; we use πc1,c2G to denote

the Ising distribution with binary set of states {c1, c2} (we will have that c1, c2 ∈ [q]).

For a configuration σ : V → [q], we will denote by σ(U) the restriction of σ to the set U .

Our sampling algorithm is based on the following simple observation.
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Observation 5.3.1. Let q ≥ 3 and β > 0. Let G = (V,E) be a graph, U be a subset of

V and c, c′ be distinct colours in [q]. Then, for any configuration η : U → {c, c′}, it holds

that

µG
(
σ(U) = η | σ−1(c, c′) = U

)
= πc,c

′

G[U ](η),

i.e., conditioned on U being the (c, c′)-colour-class in the Potts distribution µG, the marginal

distribution on U is the Ising distribution πG[U ] (with set of states {c, c′}).

The following definition will be notationally convenient

Definition 5.3.2. Let G be a graph, u, v be vertices in G and c, c′ be distinct colours

in [q]. We write πc,c
′

G,u,v to denote the Ising distribution on G (with set of states {c, c′})
conditioned on u taking the state c and v the state c′.

5.3.2 Analysing an Ideal ReSample subroutine

In this section, we give a preliminary description and analysis of the RESAMPLE subroutine

in Algorithm SAMPLEANTIPOTTS. In fact, for the moment, we will only study an “idealised”

version IDEALRESAMPLE; the subroutine is idealised in the sense that it assumes that

certain steps can be carried out efficiently. Later, we will modify the subroutine to obtain

the actual RESAMPLE subroutine so that the running time is polynomial with respect to

the size of the input graph.

The point of analysing first IDEALRESAMPLE is to give the key ideas behind the underlying

resampling step without bothering for the moment to make the subroutine computa-

tionally efficient. Moreover, the detour is going to be smaller than it might appear

since the analysis of the actual RESAMPLE subroutine will follow from the analysis of

IDEALRESAMPLE.

The IDEALRESAMPLE subroutine takes as inputs a graph G, two vertices u and v of G and

a configuration σ on G such that σ(u) = σ(v); it outputs a configuration σ′ on G. The
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details of the algorithm can be found in Algorithm 5.

Algorithm 5: IDEALRESAMPLE subroutine
Parameters: real β ∈ (0, 1), integer q ≥ 3

Input :Graph G = (V,E), vertices u, v ∈ V with {u, v} /∈ E, configuration
σ : V → [q] with σ(u) = σ(v)

Output :A configuration σ′ : V → [q]

Function IDEALRESAMPLE(G, u, v, σ) begin
r ← flip a coin with heads probability qβ

β+q−1 ;
if r = head then

return σ′ ← σ;
end
else

Pick u.a.r. a colour c′ from [q]/{c}, where c = σ(u) = σ(v);
U ← σ−1(c, c′);
H ← G[U ];
/* Sample τ from Ising on H conditioned on τ(u) = c, τ(v) = c′ */

Sample τ : U → {c, c′} with τ(u) = c and τ(v) = c′ so that τ ∼ πc,c
′

H,u,v;
return σ′ : V → [q] s.t. σ′(w) = τ(w) for w ∈ U and σ′(w) = σ(w) for w /∈ U ;

end
end

Remark. It is an ideal subroutine; we will later modify this to obtain the actual RESAMPLE

subroutine used in Algorithm SAMPLEANTIPOTTS (cf. Algorithm 7).

Definition 5.3.3. Let β > 0. Suppose that G = (V,E) is a graph and that u, v are vertices

in G. For a set U ⊆ V such that u, v ∈ U , let

CorrG(U, u, v) =

∣∣∣∣πG[U ]

(
η(u) = 1, η(v) = 1

)
πG[U ]

(
η(u) = 1, η(v) = 2

) − 1

∣∣∣∣
i.e., CorrG(U, u, v) measures the correlation between u and v in the Ising distribution with

parameter β on the subgraph G[U ].

Definition 5.3.4. Let G = (V,E) be a graph, u, v be vertices in G and σ : V → [q] be a

configuration on G. We let Uσ ⊆ V be a bichromatic class under σ which contains u and

v, chosen uniformly at random among the set of all such classes if there is more than one.

More precisely, if σ(u) 6= σ(v), then Uσ is the (c1, c2)-colour-class in σ where c1, c2 are

the colours of u and v under σ. If σ(u) = σ(v), then Uσ is the (c, c′)-colour-class in σ,

where c is the common colour of u and v under σ and c′ is a uniformly random colour

from [q] \ {c}.
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Lemma 5.3.5. Let β ∈ (0, 1) and q ≥ 3 be an integer, and consider arbitrary ε ∈ (0, 1).

Let G = (V,E) be a graph and µG be the Potts distribution on G with parameter β. Suppose

that u, v are vertices in G such that {u, v} 6∈ E and

E
[
CorrG(Uσ, u, v)

]
≤ ε,

where the expectation is over the choice of a random configuration σ ∼ µG and the choice of

a random bichromatic class Uσ ⊆ V containing u and v under σ (cf. Definition 5.3.4).

Consider the graph G′ = (V,E′) obtained from G by adding the edge {u, v}. Sample a

configuration σ′ : V → [q] as follows. First, sample σ : V → [q] according to µG. Then,

if σ(u) 6= σ(v), set σ′ = σ; otherwise, set σ′ = IDEALRESAMPLE(G, u, v, σ). Then, the

distribution of σ′, denoted by νσ′ , is within total variation distance 2ε/β from the Potts

distribution µG′ on G′ with parameter β, i.e.,

‖νσ′ − µG′‖TV ≤ 2ε/β.

Proof. We begin with a few definitions that will be used throughout the proof. Fix distinct

colours c1, c2 ∈ [q] and a set U ⊆ V such that u, v ∈ U . Let Ω(U, c1, c2) be the set of

configurations such that U is the (c1, c2)-colour-class, i.e.,

Ω(U, c1, c2) =
{
η : V → [q] | U = η−1(c1, c2)

}
.

We will be interested in two particular types of configurations in Ω(U, c1, c2), those where

u, v take the colours c1, c2 and those where u, v take the colours c1, c1. Namely, let

Ωc1,c2(U, c1, c2) =
{
η ∈ Ω(U, c1, c2) | η(u) = c1, η(v) = c2

}
,

Ωc1,c1(U, c1, c2) =
{
η ∈ Ω(U, c1, c2) | η(u) = c1, η(v) = c1

}
.

For a configuration η ∈ Ω(U, c1, c2), we also denote by

Ωη(U, c1, c2) =
{
τ ∈ Ω(U, c1, c2) | τ(V \ U) = η(V \ U)

}
the set of configurations in Ω(U, c1, c2) that agree with η on V \U ; we define analogously

the sets Ωη
c1,c2(U, c1, c2),Ωη

c1,c1(U, c1, c2). Using Observation 5.3.1, we have that for any

η ∈ Ω(U, c1, c2) it holds that

µG(η) = µG
(
Ωη(U, c1, c2)

)
πc1,c2G[U ](η(U)), (5.4)
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and

µG
(
Ωη
c1,c1(U, c1, c2)

)
µG
(
Ωη(U, c1, c2)

) = πc1,c2G[U ](τ(u) = c1, τ(v) = c1),

µG
(
Ωη
c1,c2(U, c1, c2)

)
µG
(
Ωη(U, c1, c2)

) = πc1,c2G[U ](τ(u) = c1, τ(v) = c2). (5.5)

The assumption E
[
CorrG(Uσ, u, v)

]
≤ ε translates into

∑
c1,c2∈[q];
c1 6=c2

∑
U⊆V ;
u,v∈U

(
µG
(
Ωc1,c2(U, c1, c2)

)
+
µG
(
Ωc1,c1(U, c1, c2)

)
q − 1

)∣∣∣∣πc1,c2G[U ](τ(u) = c1, τ(v) = c1)

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)
−1

∣∣∣∣ ≤ ε.
(5.6)

We next proceed to the proof. Recall that νσ′ is the distribution of the output σ′, our goal

is to show that

‖νσ′ − µG′‖TV ≤ 2ε/β. (5.7)

We first show that

∀η ∈ Ωc1,c1(U, c1, c2) : νσ′(η) =
qβ

β + q − 1
µG(η), (5.8)

∀η ∈ Ωc1,c2(U, c1, c2) : νσ′(η) = µG(η) +
(1− β)πc1,c2G[U ],u,v(η(U))

β + q − 1
µG
(
Ωη
c1,c1(U, c1, c2)

)
.

(5.9)

To see the expression for νσ′(η) in (5.8), note that we can obtain η ∈ Ωc1,c1(U, c1, c2) via

the subroutine IDEALRESAMPLE only if σ = η and the coin flip came up heads (because

η(u) = η(v) = c1). Analogously, to see the expression for νσ′(η) in (5.9), note that we

can obtain η ∈ Ωc1,c2(U, c1, c2) if one of the following happens (using that η(u) = c1 and

η(v) = c2).

• We started with the configuration σ = η; this happens with probability µG(η). Then,

we obtain η with probability 1.

• We started with a configuration σ such that σ(u) = σ(v) = c1, σ−1(c1, c2) = U

and σ(V \ U) = η(V \ U), i.e., σ ∈ Ωη
c1,c1(U, c1, c2); this happens with probability

µG
(
Ωη
c1,c1(U, c1, c2)

)
. Then the coin flip came tails, the colour c′ selected was c′ = c2,

and the Ising configuration τ sampled was η(U). All that happens with probability
(1−β)π

c1,c2
G[U ],u,v

(η(U))

β+q−1 .
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Using the assumption E
[
CorrG(Uσ, u, v)

]
≤ ε (cf. (5.6)), we will later show the following

bound for the ratio of the partition functions ZG, Z ′G:

|M | ≤ ε/β, where M :=
(β + q − 1)ZG

qZG′
− 1. (5.10)

Let us conclude the proof assuming, for now, (5.10).

For η ∈ Ωc1,c1(U, c1, c2), we have µG′(η) =
wG′ (η)
ZG′

= βwG(η)
ZG′

= qβ(M+1)µG(η)
β+q−1 and hence, by

(5.8),

|νσ′(η)− µG′(η)| = qβ

β + q − 1

∣∣∣µG(η)− (M + 1)µG(η)
∣∣∣ ≤ |M |µG(η), (5.11)

where the last inequality follows from qβ
β+q−1 ≤ 1 which holds for all β ∈ (0, 1).

For η ∈ Ωc1,c2(U, c1, c2), we have µG′(η) =
wG′ (η)
ZG′

= wG(η)
ZG′

= q(M+1)
β+q−1 µG(η) and hence,

by (5.9),

|νσ′(η)− µG′(η)| =
∣∣∣ 1− β
β + q − 1

(
µG(η)− πc1,c2G[U ],u,v(η(U))µG(Ωη

c1,c1(U, c1, c2))
)

+
qMµG(η)

β + q − 1

∣∣∣
≤
∣∣∣µG(η)− πc1,c2G[U ],u,v(η(U))µG

(
Ωη
c1,c1(U, c1, c2)

)∣∣∣+ 2|M |µG(η), (5.12)

where the last inequality follows from the triangle inequality and the inequalities 1−β
β+q−1 ≤

1, q
β+q−1 ≤ 2. Note that, by the definition of πc1,c2G[U ],u,v(·), for η ∈ Ωc1,c2(U, c1, c2) it holds

that

πc1,c2G[U ],u,v(η(U)) =
πc1,c2G[U ](η(U))

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)

and therefore, using (5.4) and (5.5), we have that

∣∣∣µG(η)− πc1,c2G[U ],u,v(η(U))µG
(
Ωη
c1,c1(U, c1, c2)

)∣∣∣ = µG(η)

∣∣∣∣πc1,c2G[U ](τ(u) = c1, τ(v) = c1)

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)
− 1

∣∣∣∣,
(5.13)

and hence (5.12) gives that, for all η ∈ Ωc1,c2(U, c1, c2), it holds that

|νσ′(η)− µG′(η)| ≤
(

2|M |+
∣∣∣∣πc1,c2G[U ](τ(u) = c1, τ(v) = c1)

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)
− 1

∣∣∣∣)µG(η). (5.14)

To proceed, we will decompose ‖νσ′ − µG′‖TV as

‖νσ′ − µG′‖TV =
1

2

∑
η:V→[q]

|νσ′(η)− µG′(η)| = 1

2

∑
U ;u,v∈U

∑
c1,c2∈[q]; c1 6=c2

D(U, c1, c2),

(5.15)
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where

D(U, c1, c2) :=
∑

η∈Ωc1,c2 (U,c1,c2)

|νσ′(η)− µG′(η)|+ 1

q − 1

∑
η∈Ωc1,c1 (U,c1,c2)

|νσ′(η)− µG′(η)|.

(5.16)

To see the second equality in (5.15), fix any configuration η : V → [q]. If η(u) = c1 and

η(v) = c2 for distinct colours c1, c2 ∈ [q], then |νσ′(η)− µG′(η)| appears only in one term

D(U, c1, c2) in the summation of (5.15), namely for U = η−1(c1, c2). If η(u) = η(v) = c1

for some colour c1 ∈ [q], then |νσ′(η)− µG′(η)| appears in exactly q − 1 terms D(U, c1, c2)

in the summation of (5.15), once for each colour c2 6= c1 and U = η−1(c1, c2).

Summing (5.11) and (5.14) over the relevant configurations η, we obtain that, for all

U ⊆ V with u, v ∈ U and distinct colours c1, c2 ∈ [q], it holds that

D(U, c1, c2) ≤
(

2|M |+
∣∣∣∣πc1,c2G[U ](τ(u) = c1, τ(v) = c1)

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)
−1

∣∣∣∣)(µG(Ωc1,c2(U, c1, c2)
)
+
µG
(
Ωc1,c1(U, c1, c2)

)
q − 1

)
.

(5.17)

To conclude the proof of (5.7), note that analogously to (5.15) we have that

∑
U ;u,v∈U

∑
c1,c2∈[q]; c1 6=c2

(
µG
(
Ωc1,c2(U, c1, c2)

)
+
µG
(
Ωc1,c1(U, c1, c2)

)
q − 1

)
= 1. (5.18)

It follows from (5.6), (5.15), (5.17) and (5.18) that

‖νσ′ − µG′‖TV ≤
1

2
(2|M |+ ε) ≤ 3

2β ε ≤ 2ε/β,

where the last inequality follows from |M | ≤ ε/β (cf. (5.10)). This finishes the proof of

(5.7), modulo the proof of (5.10) which is given below.

To prove (5.10), it will be useful to define

X(U, c1, c2) :=
∑

η∈Ωc1,c2 (U,c1,c2)

wG(η), Y (U, c1, c2) :=
∑

η∈Ωc1,c1 (U,c1,c2)

wG(η),

and

Z(U, c1, c2) = X(U, c1, c2) +
1

q − 1
Y (U, c1, c2). (5.19)

Analogously to (5.15) (and (5.18)), we have that

ZG =
∑
c1 6=c2

∑
U ;u,v∈U

Z(U, c1, c2). (5.20)
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Using that wG′(η) = wG(η) for η ∈ Ωc1,c2(U, c1, c2) and wG′(η) = βwG(η) for η ∈
Ωc1,c1(U, c1, c2), we obtain that

ZG′ =
∑
c1 6=c2

∑
U :u,v∈U

Z ′(U, c1, c2), where Z ′(U, c1, c2) := X(U, c1, c2) +
β

q − 1
Y (U, c1, c2).

(5.21)

We first show that, for all U ⊆ V with u, v ∈ U and distinct colours c1, c2 ∈ [q], it holds

that ∣∣∣(β + q − 1)Z(U, c1, c2)

qZ ′(U, c1, c2)
− 1
∣∣∣ ≤ 1

q
·
∣∣∣∣πc1,c2G[U ](τ(u) = c1, τ(v) = c1)

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)
− 1

∣∣∣∣. (5.22)

Observe that

(β + q − 1)Z(U, c1, c2)

qZ ′(U, c1, c2)
− 1 =

1− β
q

Y (U, c1, c2)−X(U, c1, c2)

X(U, c1, c2) + β
q−1Y (U, c1, c2)

. (5.23)

Observe also that (cf. (5.5))∣∣∣Y (U, c1, c2)

X(U, c1, c2)
− 1
∣∣∣ =

∣∣∣∣πc1,c2G[U ](τ(u) = c1, τ(v) = c1)

πc1,c2G[U ](τ(u) = c1, τ(v) = c2)
− 1

∣∣∣∣,
which combined with (5.23) (and ignoring the positive term β

q−1Y (U, c1, c2) in the de-

nominator of the r.h.s. in the latter) gives (5.22), using also that β ∈ (0, 1).

Using (5.20) and (5.21), we have that

(β + q − 1)ZG
qZG′

− 1 =
∑
c1 6=c2

∑
U ;u,v∈U

qZ ′(U, c1, c2)

ZG′

(
(β + q − 1)Z(U, c1, c2)

qZ ′(U, c1, c2)
− 1

)
. (5.24)

Since β ∈ (0, 1), we have for all U ⊆ V with u, v ∈ U and distinct colours c1, c2 ∈ [q] that

Z ′(U, c1, c2) ≤ Z(U, c1, c2) and ZG′ ≥ βZG, therefore

Z ′(U, c1, c2)

ZG′
≤ Z(U, c1, c2)

βZG
=

1

β

(
µG
(
Ωc1,c2(U, c1, c2)

)
+
µG
(
Ωc1,c1(U, c1, c2)

)
q − 1

)
. (5.25)

Combining (5.22), (5.24) and (5.25), we obtain by the triangle inequality that (cf. (5.6))∣∣∣∣(β + q − 1)ZG
qZG′

− 1

∣∣∣∣ ≤ E
[
CorrG(Uσ, u, v)

]
/β ≤ ε/β,

thus completing the proof of (5.10), and therefore the proof of Lemma 5.3.5.
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5.3.3 Sampling the Ising model on graphs with small average growth

Recall that our algorithm for sampling the antiferromagnetic Potts model with parameter

β will use as a subroutine a sampling algorithm for the Ising model with parameter β to

recolour bichromatic classes. In general, these classes may consist of large bichromatic

components (with a linear number of vertices), so to carry out this subroutine efficiently,

we need to use an approximate sampling algorithm; our leverage point will be that we

can bound the average growth of bichromatic components. Adapting results of [64], we

show the following in Section 5.5.2.

Theorem 5.3.6. Let β ∈ (0, 1) and b > 0 be constants such that b1−β
1+β < 1, and let ∆ ≥ 3

be an integer. Then, there exists M0 > 0 such that the following holds for all M > M0.

There is a polynomial-time algorithm that, on input an n-vertex graph G with maximum

degree at most ∆ and average growth b up to depth L = dM log ne, outputs a configuration

τ : V → {1, 2} whose distribution ντ is within total variation distance 1/n10 from the Ising

distribution on G with parameter β, i.e.,∥∥ντ − πG∥∥TV
≤ 1/n10.

Moreover, the algorithm, when given as additional input two vertices u and v in G, outputs

a configuration τ : V → {1, 2} such that τ(u) = 1 and τ(v) = 2, and whose distribution ντ
satisfies ∥∥ντ − πG,u,v(·)∥∥TV

≤ 1/n10,

where πG,u,v is the Ising distribution on G conditioned on u having state 1 and v having

state 2.

In addition, we will use the following spatial mixing result to analyse the accuracy of our

algorithm for the antiferromagnetic Potts model. The proof is given in Section 5.5.3.

Lemma 5.3.7. Let β ∈ (0, 1) and b > 0 be constants such that b1−β
1+β < 1. Then, there exists

M ′0 > 0 such that the following holds for all M > M ′0.

Let G be an n-vertex graph with average growth b up to depth L = dM log ne, and let u, v

be distinct vertices in G. Then∣∣∣πG(σ(u) = 1 | σ(v) = 1)− πG(σ(u) = 1 | σ(v) = 2)
∣∣∣ ≤ 1

n10
+

L∑
`=1

P`(G, u, v)
(1− β

1 + β

)`
where P`(G, u, v) is the number of paths with ` vertices in G that connect u and v.
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We will also need the following crude bound.

Lemma 5.3.8. Let β ∈ (0, 1) and ∆ ≥ 3 be an integer. Suppose that G is a graph of

maximum degree at most ∆ and let u be a vertex and Λ be a set of vertices in G such that

u 6∈ Λ. Then, for every configuration τ : Λ→ {1, 2} and s ∈ {1, 2}

πG(σ(u) = s | σ(Λ) = τ) ≥ β∆

1 + β∆
.

Proof. Without loss of generality, we assume that s = 1. Let D be the number of

neighbours of u and u1, . . . , ud be the neighbours of u in G \ Λ and note that d ≤ D ≤ ∆.

Let d0 be the number of v ∈ Λ such that v is u’s neighbour and τ(v) = 1. Let s1, . . . , sd ∈
{1, 2} be arbitrary and let d1 be the number of the si’s that are equal to 1. Then we have

that

πG(σ(u) = 1 | σ(u1) = s1, . . . , σ(ud) = sd, σ(Λ) = τ) =
βd2

βd2 + βD−d2
,

where d2 = d0 + d1 ≤ d0 + d ≤ D. Since u1, . . . , ud 6∈ Λ we have that πG(σ(u1) =

s1, . . . , σ(ud) = sd | σ(Λ) = τ) 6= 0 for any choice of s1, . . . sd and therefore by the law of

total probability we obtain

πG(σ(u) = 1 | σ(Λ) = τ) ≥ min
d2∈{d0,...,d0+d}

{ βd2

βd2 + βD−d2

}
.

The function βx

βx+βD−x
is decreasing for x ∈ [0, D] (since β ∈ (0, 1)) and hence

min
d2∈{d0,...,d0+d}

{ βd2

βd2 + βD−d2

}
=

βD

1 + βD
.

Using that β ∈ (0, 1) and D ≤ ∆, we obtain the inequalities in the statement of the

lemma.

We are now able to describe our RESAMPLE subroutine, which works for graphs with

small average growth.

Definition 5.3.9. Let b,M > 0 be constants. Let G = (V,E) be an n-vertex graph and let

σ be a configuration on G. We say that a bichromatic component in σ is (b,M)-good if it

has average growth b up to depth L = dM log ne; we say that it is (b,M)-bad otherwise.

Analogously, we say that σ is (b,M)-good if all bichromatic components in σ are good;

otherwise, we say that σ is (b,M)-bad.
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Our RESAMPLE takes as inputs a graph G, two vertices u and v of G and a configuration

σ on G such that σ(u) = σ(v), see Algorithm 6.

Algorithm 6: RESAMPLE subroutine used in SAMPLEANTIPOTTS (cf. Algorithm 7).
Parameters: real β ∈ (0, 1), b,M > 0 satisfying Theorem 5.3.6, integer q ≥ 3

Input :Graph G = (V,E), vertices u, v ∈ V with {u, v} /∈ E, configuration
σ : V → [q] with σ(u) = σ(v)

Output :A configuration σ′ : V → [q]

Function RESAMPLEb,M (G, u, v, σ)
begin

if σ contain a bichromatic component which is (b,M)-bad then
return σ′ : V → [q] selected uniformly at random;

end
else

r ← flip a coin with heads probability qβ
β+q−1 ;

if r = heads then
return σ′ ← σ;

end
else

Pick u.a.r. a colour c′ from [q]/{c}, where c = σ(u) = σ(v);
U ← σ−1(c, c′);
H ← G[U ];
/* Use algorithm of Theorem 5.3.6 to sample from Ising on H

*/
Sample τ : U → {c, c′} with τ(u) = c and τ(v) = c′ so that
‖ντ − πc,c

′

H,u,v‖ ≤
1
n10

end
return σ′ : V → [q] s.t. σ′(w) = τ(w) for w ∈ U and σ′(w) = σ(w) for w /∈ U ;

end
end

To utilise Theorem 5.3.6 and Lemma 5.3.7 for our sampling algorithms, we will need to

bound the average growth of bichromatic components in a typical Potts configuration

on a random regular graph. Our key lemma to achieve this will bound the probability

that a path is bichromatic1 in uniqueness, provided that the local neighbourhood around

the path (in the sense of Definition 5.2.3) has a tree-like structure. The following lemma

quantifies this probability bound and is proved in Section 5.4.2.

Lemma 5.3.10. Let ∆, q ≥ 3 be integers, and β ∈ (0, 1) be in the uniqueness regime of the

1Let G = (V,E) be a graph and σ : V → [q]. We call a path P bichromatic under σ if there exist colours
c1, c2 ∈ [q] such that every vertex u of P satisfies σ(u) ∈ {c1, c2}.
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(∆− 1)-ary tree with β 6= (∆− q)/∆. Then, for any ε′ > 0, there exists a positive constant

K < 1+β
β+q−1 + ε′ and ε > 0 such that the following holds for all sufficiently large integers `

and h.

Let G be a graph of maximum degree ∆ and P be a path with ` vertices whose h-graph-

neighbourhood contains (1− ε)` isolated tree components. Let µG be the Potts measure on

G with parameter β. Then,

µG(path P is bichromatic) ≤ K`.

For a random ∆-regular graph G, paths do have the tree-like structure of Lemma 5.3.10

(cf. Lemma 5.2.4), and hence we can aggregate over all paths emanating from an arbitrary

vertex (roughly (∆ − 1)` of them) and get a bound of roughly (∆ − 1)K < (∆−1)(1+β)
β+q−1

for the average growth of bichromatic components in a typical configuration σ. This will

allow us to use the RESAMPLE subroutine from Algorithm 6.
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5.3.4 Analysis of the Potts algorithm

Algorithm 7: SAMPLEANTIPOTTS(G) sampling a Potts configuration in the case β ∈
(0, 1)

Parameters: real β ∈ (0, 1), b,M > 0 satisfying Theorem 5.3.6, integers q,∆ ≥ 3

Input :Graph G = (V,E)
Output : Either FAIL or an assignment σ : V → [q]

Function SAMPLEANTIPOTTS(G)
begin

if G′ = (V,E′) contains a component which is neither a cycle nor an isolated vertex
then

return FAIL;
end
else

Sample a configuration σ′ : V → [q] on G′ (according to µG′);
e1, e2, . . . , et ← edges in E \ E′;
Gt ← G′;
σt ← σ′;
for j = t downto 1 do

(uj , vj)← ej;
if σj(uj) = σj(vj) then

σj−1 ← RESAMPLEb,M (Gj , uj , vj , σj) ;
end
else

σj−1 = σj;
end
Gj−1 ← adding the edge {uj , vj} in Gj;

end
return σ ← σ0;

end
end

In this Chapter, we will present the proof of Theorem 5.1.1. Specifically, our sampling

algorithm is describe in Algorithm 7 and thus Theorem 5.1.1 follows directly from

Theorem 5.3.11.

Theorem 5.3.11. Let ∆ ≥ 3, q ≥ 3 and β ∈ (0, 1) be in the uniqueness regime of the

(∆− 1)-ary tree. Then, there exists constants b,M, δ > 0 such that, for all sufficiently large

n, the following holds with probability 1− o(1) over the choice of a random ∆-regular graph

G = (V,E) with n vertices.

The output of the algorithm SAMPLEANTIPOTTS(G) (cf. Algorithm 7) is an assignment
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σ : V → [q] whose distribution νσ is within total variation distance O(1/nδ) from the Potts

distribution µG with parameter β, i.e.,

‖νσ − µG‖TV = O(1/nδ).

Proof. Since β is in the uniqueness regime of the (∆− 1)-ary tree and β 6= ∆−q
∆ , we have

that β > ∆−q
∆ . It follows that 1−β

β+q−1 <
1

∆−1 and therefore there exists ε′ > 0 such that( 1 + β

β + q − 1
+ 3ε′

)1− β
1 + β

<
1

∆− 1
. (5.26)

Let K < 1+β
β+q−1 + ε′ and ε > 0 be the constants in Lemma 5.3.10 corresponding to

ε′, and let h′, `′ be positive constants such that Lemma 5.3.10 applies for all integers

h ≥ h′ and ` ≥ `′. Fix h to be any integer greater than h′. Let `1 > 0 be the constant

in Lemma 5.2.4 corresponding to the values of ε and h. Let δ > 0 be the constant in

Lemma 5.2.2 corresponding to `0 := 1/(5 log(∆ − 1)) and W := 1/(K 1−β
1+β ) (note that

(5.26) guarantees that W > ∆− 1). Let also

b′ := (∆− 1)
( 1 + β

β + q − 1
+ 2ε′

)
, and b := (∆− 1)

( 1 + β

β + q − 1
+ 3ε′

)
.

Let M0,M
′
0 be the constants in Theorem 5.3.6 and Lemma 5.3.7, respectively. Let M be

sufficiently large so that M > max{2`0, 2M0, 2M
′
0} and the following inequalities hold

(for all sufficiently large n):

∆
(
(∆− 1)K

)dM logne ≤ (b′)dM logne and (b′/b)dM logne ≤ 1/n11. (5.27)

Note that such an M exists since (∆− 1)K < b′ < b. Finally, set

L0 := d`0 log ne = d1
5 log∆−1 ne, L := dM log ne .

Taking a union bound over Lemmas 5.2.2 and 5.2.4, we have that, for all sufficiently

large n, a uniformly random ∆-regular graph G = (V,E) with n vertices satisfies the

following with probability 1− o(1) over the choice of the graph:

1.
L∑

`=L0

`C`

(
K

1− β
1 + β

)`
≤ 1/(2nδ), where C` is the number of cycles of length ` in G.

2. every path P in G with ` vertices where `1 ≤ ` ≤ L has an h-graph-neighbourhood

with at least (1− ε)` isolated tree components.
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Fix any ∆-regular graph G. The theorem will follow by showing that the output of

SAMPLEANTIPOTTS(G) (cf. Algorithm 7) is an assignment σ : V → [q] whose distribution

νσ is within total variation distance O(1/nδ) from the Potts measure µG with parameter

β, i.e.,

‖νσ − µG‖TV = O(1/nδ).

To do this, as in the algorithm SAMPLEANTIPOTTS(G), let e1 = {u1, v1}, . . . , et = {ut, vt}
be the edges of G that do not belong to short cycles (i.e., cycles of length ≤ `0 log n). For

j ∈ {0, 1, . . . , t}, let Gj be the subgraph G\{e1, . . . , ej} and µj be the Potts distribution on

Gj with parameter β; note that the graphs Gj are defined exactly just as in the algorithm

SAMPLEANTIPOTTS(G). We will use σ̂j to denote a random configuration distributed

according to µj; note that σj is used to denote the configuration considered by the

algorithm at the beginning of the step j of the algorithm and, as we shall see soon, its

distribution is close to that of σ̂j on Gj .

For an integer ` ≥ 1, denote by P`,j the set of paths of length ` that connect uj and vj in

Gj and by P`,j = |P`,j | the number of all such paths. Note that∑t
j=1 P`,j ≤ `C`, (5.28)

since every path with ` vertices connecting the endpoints of an edge {uj , vj} in Gj maps

to a cycle with ` vertices in the initial graph G (by adding the edge {uj , vj}), and each

cycle with ` vertices in G can potentially arise at most ` times under this mapping. Let

also

εj :=
6

n10
+

L∑
`=L0

P`,j

(
K

1− β
1 + β

)`
. (5.29)

Let also Ωj(b,M) be the set of all (b,M)-bad configurations on Gj . Using the fact that G

satisfies Item 2, we will show that for all j = 1, . . . , t it holds that

µGj
(
Ωj(b,M)) ≤ 1/n10, (5.30)

Ej
[
CorrGj (Uσ̂j , uj , vj)

]
≤ 2εj/β

∆, (5.31)

where the expectation in (5.31) is over the choice of a random configuration σ̂j distributed

according to µj and over the choice of the random bichromatic class Uσ̂j containing uj
and vj under σ̂j .

We will prove (5.30) and (5.31) shortly, but let us assume them for now and conclude

the proof of the theorem. We will prove by induction that for all j ∈ {0, 1, . . . , t} it holds
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that ∥∥νσj − µGj∥∥TV
≤ 6(t− j)

n10
+

4

β∆+1

t∑
j′=j+1

εj′ . (5.32)

For j = t, the result holds trivially since σt is distributed as µGt (exactly). Assume that

(5.32) holds for j where j ∈ {1, . . . , t}, we will also show that it holds for j − 1. To do

this, let us consider the configuration σ′j−1 defined as follows:

if σ̂j(uj) 6= σ̂j(vj), then σ′j−1 = σ̂j else σ′j−1 = IDEALRESAMPLE(Gj , uj , vj , σ̂j),

i.e., σ′j−1 is obtained using at the j-th step of the algorithm the random configuration σ̂j
distributed according to µGj (exactly). In contrast, note that

if σj(uj) 6= σj(vj), then σj−1 = σj else σj−1 = RESAMPLEb,M (Gj , uj , vj , σj).

Let νσ′j−1
denote the distribution of σ′j−1. Then, by Lemma 5.3.5 applied to the graph Gj

and the inequality in (5.31) we have that∥∥νσ′j−1
− µGj−1

∥∥
TV
≤ 2

β
Ej [CorrGj (Uσ̂j , uj , vj)] ≤

4

β∆+1
εj . (5.33)

Since σ̂j is distributed according to µGj , by the Coupling Lemma [1], there exists a

coupling Pr[·] of σj and σ̂j such that

Pr[σj 6= σ̂j ] =
∥∥νσj − µGj∥∥TV

. (5.34)

Note also that, for a configuration η /∈ Ωj(b,M), conditioned on σj = η and σ̂j = η,

we can couple σj−1 and σ′j−1 so that σj−1 6= σ′j−1 with probability at most 1/n10. To

see this, if η(uj) = η(vj) then we trivially have σ′j−1 = σj−1 = η. Otherwise, σj−1 and

σ′j−1 are produced by first choosing a random bichromatic class containing uj and vj

under η, which we can couple so that it is the same in both RESAMPLEb,M (Gj , uj , vj , η)

and IDEALRESAMPLE(Gj , uj , vj , η). Denote this class by U and let c1 = η(uj), c2 = η(vj).

Then, from the definition of IDEALRESAMPLE(Gj , uj , vj , η) we have that the distribution

of σ′j−1(U) is given by πc1,c2Gj [U ],uj ,vj
, while from RESAMPLEb,M (Gj , uj , vj , η) we have that

the distribution of σj−1(U) is 1/n10-close to πc1,c2Gj [U ],uj ,vj
. We therefore have that

Pr
[
σj−1 6= σ′j−1 | σj = σ̂j /∈ Ωj(b,M)

]
≤ 1/n10. (5.35)

Invoking the Coupling Lemma [1] again, we therefore obtain that∥∥νσj−1 − νσ′j−1

∥∥
TV
≤ Pr[σj 6= σ̂j ] + Pr[σj = σ̂j ∈ Ωj(b,M)]

+ Pr
[
σj−1 6= σ′j−1 | σj = σ̂j /∈ Ωj(b,M)

]
≤
∥∥νσj − µGj∥∥TV

+ µGj (Ωj(b,M)) + 1/n10, (5.36)
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where in the last inequality we used (5.34), (5.35) and

Pr[σj = σ̂j ∈ Ωj(b,M)] ≤ Pr[σ̂j ∈ Ωj(b,M)] = µGj (Ωj(b,M)).

Combining (5.36) with the inductive hypothesis (5.32) and (5.30), we obtain

∥∥νσj−1 − νσ′j−1

∥∥
TV
≤ 6(t− j + 1)

n10
+

4

β∆+1

t∑
j′=j+1

εj′ .

Using this and (5.33) completes (via the triangle inequality) the inductive step, therefore

completing the proof of (5.32) for all j ∈ {0, 1, . . . , t} as wanted.

We have G0 = G and σ0 = σ, so (5.32) for j = 0 gives

∥∥νσ − µG∥∥TV
≤ 6t

n10
+

4

β∆+1

t∑
j=1

εj ≤
1

n8
+

4

β∆+1

t∑
j=1

L∑
`=L0

P`,j

(
K

1− β
1 + β

)`
,

where the last inequality holds for all sufficiently large n using the values of εj from

(5.29) (and the crude bound t ≤ |E| ≤ ∆n). Using (5.28), we therefore have that

∥∥νσ − µG∥∥TV
≤ 1

n8
+

4

β∆+1

L∑
`=L0

`C`

(
K

1− β
1 + β

)`
≤ 10

β∆+1nδ
,

where the last inequality follows from our assumption that G satisfies Item 1 (and by

assuming that n is sufficiently large). This completes the proof of Theorem 5.3.11,

modulo the proofs of (5.30) and (5.31) which are given below.

To prove (5.30) and (5.31), fix any value j ∈ {1, . . . , t}. Since Gj is a subgraph of

G and G satisfies Item 2 every path P in Gj with ` vertices where ` ∈ [`1, L] has an

h-graph-neighbourhood with at least (1− ε)` isolated tree components. By Lemma 5.3.10

which, recall, applies for all ` ≥ `′ (where `′ is the constant specified in the beginning of

the proof), we therefore have that

µGj (P is bichromatic) ≤ K` for any path P in Gj with ` vertices, ` ∈ [max{`1, `′}, L].

(5.37)

We are now ready to prove (5.30). For a vertex v, let Xv be the r.v. that counts the

number of bichromatic paths with L vertices that start from v in a random configuration

σ ∼ µGj . Since Gj has maximum degree ≤ ∆, there are at most ∆(∆ − 1)L−2 paths

starting from v with L vertices and each of them is bichromatic with probability at most

KL from (5.37). Hence, the expectation of Xv is at most

∆(∆− 1)L−2KL ≤ (b′)L,
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where the last inequality follows from the choice ofM (cf. (5.27)). By Markov’s inequality

we therefore have that for all v ∈ V it holds that

µGj (Xv > bL) ≤ (b′/b)L ≤ 1/n11,

where the last inequality also follows from the choice of M (cf. (5.27)). Note that for

(b,M)-bad configurations, i.e., configurations in Ωj(b,M), at least one of the events

Xv > bL occurs for some v ∈ V , and therefore by a union bound over v ∈ V we have that

µGj
(
Ωj(b,M)

)
≤
∑
v∈V

µGj
(
Xv > bL

)
≤ 1/n10.

This finishes the proof of (5.30).

To prove (5.31), for a set U ⊆ V such that uj , vj ∈ U , let

ĈorrGj (U, uj , vj) :=
∣∣πGj [U ](η(uj) = 1 | η(vj) = 1)− πGj [U ](η(uj) = 1 | η(vj) = 2)

∣∣
Note, by the symmetry of the states in the Ising model, we have that πG[U ]

(
τ(vj) = 1

)
=

πG[U ]

(
τ(vj) = 2

)
= 1/2 and therefore

CorrGj (U, uj , vj) =

∣∣∣∣πG[U ]

(
τ(uj) = 1, τ(vj) = 1

)
πG[U ]

(
τ(uj) = 1, τ(vj) = 2

)−1

∣∣∣∣ =

∣∣∣∣πG[U ]

(
τ(uj) = 1 | τ(vj) = 1

)
πG[U ]

(
τ(uj) = 1 | τ(vj) = 2

)−1

∣∣∣∣.
By Lemma 5.3.8 and since Gj has maximum degree ≤ ∆, we obtain that

CorrGj (U, uj , vj) ≤
2

β∆
ĈorrGj (U, uj , vj),

and therefore, to prove (5.31) we only need to show that

Ej
[
ĈorrGj (Uσ̂j , uj , vj)

]
≤ εj , (5.38)

For convenience, let Fj be the event that the Potts configuration σ̂j is (b,M)-bad, i.e.,

Fj = {σ̂j ∈ Ωj(b,M)}, and denote by Fj the event that σ̂j /∈ Ωj(b,M).

Ej
[
ĈorrGj (Uσ̂j , uj , vj)

]
= Ej

[
ĈorrGj (Uσ̂j , uj , vj) | Fj

]
µj(Fj) + Ej

[
ĈorrGj (Uσ̂j , uj , vj) | Fj

]
µj(Fj)

≤ 2

n10
+ Ej

[
ĈorrGj (Uσ̂j , uj , vj) | Fj

]
, (5.39)

where the inequality follows from the bounds ĈorrGj (Uσ̂j , uj , vj) ≤ 2 and µj
(
Fj
)
≤ 1/n10

from (5.30). Recall that P`,j denotes the set of paths of length ` that connect uj and vj in

Gj . Consider also the r.v.

Yj =
1

n10
+

L∑
`=L0

∑
P∈P`,j

1{P is bichromatic} ×
(1− β

1 + β

)`
.
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Recall that Uσ̂j is a bichromatic class under σ̂j which contains uj and vj (chosen uniformly

at random among the set of all such classes if there is more than one). Conditioned

on the event σ̂j /∈ Ωj(b,M), we have that every bichromatic component under σ̂j has

average growth b up to depth L = dM log ne and therefore, irrespective of the random

choice of Uσ̂j , we obtain by Lemma 5.3.7 that ĈorrGj (Uσ̂j , uj , vj) ≤ Yj . Note, in applying

Lemma 5.3.7, we used that P`,j = 0 for all ` ∈ [1, L0]; this holds because the edge {uj , vj}
does not belong to a short cycle in G (and therefore in Gj−1 as well). We thus have that

Ej
[
ĈorrGj (Uσ̂j , uj , vj) | Fj

]
≤ Ej

[
Yj | Fj

]
≤ Ej [Yj ]

µGj
(
Fj
) ≤ (1 +

2

n10

)
Ej [Yj ], (5.40)

where the last inequality follows from 1/µGj
(
Fj
)
≤ 1/(1−1/n10) ≤ 1+2/n10 (cf. (5.30)).

Using (5.37) and the fact that L0 ≥ max{`1, `′} for all sufficiently large n, we have that

Ej [Yj ] ≤
1

n10
+

L∑
`=L0

P`,j

(
K
|β − 1|
β + 1

)`
. (5.41)

Since G satisfies Item 1, we have that the sum in (5.41) is less than 1/nδ and hence

(5.40) and (5.41) give that for all sufficiently large n it holds that

Ej
[
ĈorrGj (Uσ̂j , uj , vj) | Fj

]
≤ 1

n10
+

L∑
`=L0

P`,j

(
K
|β − 1|
β + 1

)`
+

2

n10

( 1

n10
+

1

nδ

)
.

Combining this with (5.39) yields (5.38), therefore concluding the proof of (5.31). This

finishes the proof of Theorem 5.3.11.

5.4 Analysing Potts on graphs with tree-like structure

5.4.1 Analysing Potts on trees

Fix an integer ∆ ≥ 3. Note that use T∆ denote the infinite (∆ − 1)-ary tree with root

vertex ρ. For integer h ≥ 0, let Th = (Vh, Eh) denote the subtree of T∆ induced by the

vertices at distance ≤ h from ρ and let Lh denote the leaves of Th.

Recall that uniqueness on T∆ implies that root-to-leaves correlations on Th tend to 0 as

h → ∞, cf. Definition 1.2.2. The following lemma extends these decay properties to

arbitrary subtrees of Th; this was proved in [29] in the case of the colourings model and

the proof for the Potts model is analogous.
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Lemma 5.4.1. Let ∆, q ≥ 3 be integers, and β > 0 be in the uniqueness regime of the

(∆− 1)-ary tree. There exists a function ϑ : N→ R≥0 with ϑ(h)→ 0 as h→∞ such that

the following holds for any integer h ≥ 0.

Let T ′h be an arbitrary subtree of Th containing the root ρ and let L′h be the set of vertices

in T ′h at distance exactly h from ρ. Then, for any colour c ∈ [q] and any configuration

τ : L′h → [q], it holds that∣∣∣µT ′h(σ(ρ) = c | σ(L′h) = τ)− 1

q

∣∣∣ ≤ ϑ(h).

Proof. We will show that the statement of the lemma holds with the function ϑ(·) given

by ϑ(0) = 1 and

ϑ(h) := max
c∈[q], τ :Lh→[q]

∣∣∣µTh [σ(ρ) = c | σ(Lh) = τ ]− 1

q

∣∣∣.
Note that, since β is assumed to be in the uniqueness regime of the (∆− 1)-ary tree, we

have by definition that ϑ(h)→ 0 as h→∞.

We first show by induction on h that, for all h ≥ 0, for all subtrees T ′h of Th containing

the root ρ, for all configurations τ : L′h → [q] and any colour c ∈ [q], it holds that

µT ′h(σ(ρ) = c | σ(L′h) = τ) = µTh(σ(ρ) = c | σ(L′h) = τ). (5.42)

For h = 0 the result is trivial. Suppose that h ≥ 1 and that the result holds for all integers

less than h, we prove the result for h as well. Let U = {u1, . . . , u∆−1} be the children of ρ

in Th and let U ′ ⊆ U be the children of ρ in T ′h. For a vertex u ∈ U , denote by Th(u) the

subtree of Th rooted at u and by Lh(u) the vertices in Lh that belong to the tree Th(u).

Similarly, for a vertex u ∈ U ′, denote by T ′h(u) the subtree of T ′h rooted at u and by L′h(u)

the vertices in L′h that belong to the tree T ′h(u). Using standard tree recursions (see for

example Lemma 3.1.3 in Chapter 3), we have that

µTh(σ(ρ) = c | σ(L′h) = τ) =

∏
u∈U

(
1− (1− β)µTh(u)(σ(u) = c | σ(L′h(u)) = τ(L′h(u)))

)∑q
c′=1

∏
u∈U

(
1− (1− β)µTh(u)(σ(u) = c′ | σ(L′h(u)) = τ(L′h(u)))

)
(5.43)

and

µT ′h(σ(ρ) = c | σ(L′h) = τ) =

∏
u∈U ′

(
1− (1− β)µT ′h(u)(σ(u) = c | σ(L′h(u)) = τ(L′h(u)))

)∑q
c′=1

∏
u∈U ′

(
1− (1− β)µT ′h(u)(σ(u) = c′ | σ(L′h(u)) = τ(L′h(u)))

)
(5.44)
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For every u ∈ U \ U ′ we have that L′h(u′) = ∅ and therefore, using the symmetry among

the colours, we have that for every c′ ∈ [q] it holds that

µTh(u)(σ(u) = c′ | σ(L′h(u)) = τ(L′h(u))) = µTh(u)(σ(u) = c′) = 1/q (5.45)

For u ∈ U ′, we have that Th(u) is isomorphic to Th−1 and T ′h(u) is a subtree of Th(u), so

by the induction hypothesis we have that for any colour c ∈ [q] it holds that

µT ′h(u)(σ(u) = c′ | σ(L′h(u)) = τ(L′h(u))) = µTh(u)(σ(u) = c′ | σ(Lh(u)) = τ(Lh(u))).

(5.46)

Combining (5.43), (5.44), (5.45) and (5.46) yields (5.42), thus completing the induction.

To complete the proof it remains to observe that for any colour c ∈ [q], it holds that

µTh(σ(ρ) = c | σ(L′h) = τ) =∑
η:Lh\L′h→[q]

µTh(σ(ρ) = c | σ(L′h) = τ, σ(Lh \ L′h) = η) · µTh(σ(Lh \ L′h) = η | σ(L′h) = τ)

Note that, by the definition of the function ϑ(·), for any η : Lh \ L′h → [q] we have that∣∣∣µTh(σ(ρ) = c | σ(L′h) = τ, σ(Lh \ L′h) = η)− 1

q

∣∣∣ ≤ ϑ(h)

and
∑

η:Lh\L′h→[q] µTh(σ(Lh \ L′h) = η | σ(L′h) = τ) = 1, which gives that∣∣∣µTh(σ(ρ) = c | σ(L′h) = τ)− 1

q

∣∣∣ ≤ ϑ(h),

Combining this with (5.42) yields the lemma.

5.4.2 Analysing Potts on disjoint trees whose roots are connected via a
path

To prove Lemma 5.3.10, we will need the following lemmas.

Lemma 5.4.2. Let q ≥ 3 and β ∈ (0, 1), and set χ := 1+β
β+q−1 . Let P be a path with ` ≥ 2

vertices and endpoints u, v. Then, for arbitrary colours c, c′ ∈ [q], it holds that

µP (P is bichromatic | σ(u) = c, σ(v) = c′) ≤ (4q/β)χ`−2.

Proof. Let z be the neighbour of v (note that if ` = 2 then z = u). We have that

µP (σ(v) = c′ | σ(u) = c) =
∑
c′′∈[q]

µP (σ(v) = c′ | σ(z) = c′′, σ(u) = c)×µP (σ(z) = c′′ | σ(u) = c).

(5.47)
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Note also that for arbitrary colours c, c′, c′′ ∈ [q] we have that

µP (σ(v) = c′ | σ(z) = c′′, σ(u) = c) = µP (σ(v) = c′ | σ(z) = c′′) ≥ β1{c
′=c′′}

β + q − 1
≥ β/(β+q−1).

Combining this with (5.47), we obtain that µP (σ(v) = c′ | σ(u) = c) ≥ β/(β + q− 1) and

hence

µP (σ(u) = c, σ(v) = c′) =
1

q
µP (σ(v) = c′ | σ(u) = c) ≥ β

q(β + q − 1)
. (5.48)

Let c1, c2 ∈ [q] be distinct colours in [q] and E(c1, c2) be the event that every vertex in P

is coloured with c1, c2. The lemma will follow by showing that

µP (E(c1, c2)) = 2χ`−1/q. (5.49)

Let us briefly conclude the lemma assuming (5.49). Indeed, if c 6= c′, then applying

(5.49) for c1 = c and c2 = c′ and using the lower bound in (5.48) we obtain that

µP (P is bichromatic | σ(u) = c, σ(v) = c′) ≤ (4/β)χ`−2,

while, if c = c′, we obtain by summing (5.49) for c1 = c and the q − 1 possible values of

c2 that

µP (P is bichromatic | σ(u) = c, σ(v) = c′) ≤ (4q/β)χ`−2.

It remains to prove (5.49). For convenience, denote by w1, . . . , w` the vertices of P in

order so that u = w1 and v = w` and let C = {c1, c2}. Note that

µP (E(c1, c2)) = µP (σ(w1) ∈ C)
∏̀
i=2

µP
(
σ(wi) ∈ C | σ(wi−1) ∈ C, . . . , σ(w1) ∈ C

)
.

We have µP (σ(w1) ∈ C) = 2/q. For i = 2, . . . , n, let Pi be the path induced by the vertices

wi−1, . . . , wn. We have that

µP
(
σ(wi) ∈ C | σ(wi−1) ∈ C, . . . , σ(w1) ∈ C

)
= µPi

(
σ(wi) ∈ C | σ(wi−1) ∈ C

)
.

Since µPi(σ(wi) ∈ C) = µPi(σ(wi−1) ∈ C) = 2/q, we have by the Bayes’ rule that

µPi(σ(wi) ∈ C | σ(wi−1) ∈ C) = µPi(σ(wi−1) ∈ C | σ(wi) ∈ C) =
1 + β

β + q − 1
= χ.

Combining these, we obtain (5.49), therefore concluding the proof of Lemma 5.4.2.

146



We will use the following corollary of Lemma 5.4.2.

Corollary 5.4.3. Let q ≥ 3 and β ∈ (0, 1), and set χ := 1+β
β+q−1 . Let P be a path with ` ≥ 2

vertices and let Λ be a subset of the vertices which includes the endpoints of the path. Then,

for any configuration τ : Λ→ [q], it holds that

µP (P is bichromatic | σ(Λ) = τ) ≤ (4q/β)|Λ|χ`−2|Λ|.

Proof. Let t := |Λ| and denote the set of vertices in Λ by u1, . . . , ut in the order that they

appear in the path. Note that u1 and ut are the endpoints of P (since by assumption Λ

includes the endpoints of P ). For i = 1, 2, . . . , t − 1, let Pi be the path induced by the

vertices between ui and ui+1 and let `i be the number of vertices in Pi. Then, we have

µP (P is bichromatic | σ(Λ) = τ) ≤ µP (Pi is bichromatic for i = 1, . . . , t− 1 | σ(Λ) = τ)

=

t−1∏
i=1

µPi(Pi is bichromatic | σ(ui) = τ(ui), σ(ui+1) = τ(ui+1)).

By Lemma 5.4.2, we have that

µPi(Pi is bichromatic | σ(ui) = τ(ui), σ(ui+1) = τ(ui+1)) ≤ (4q/β)χ`i−2

and therefore, since
∑t

i `i = ` and χ, β ∈ (0, 1), we obtain that

µP (P is bichromatic | σ(Λ) = τ) ≤ (4q/β)|Λ|−1χ`−2(|Λ|−1) ≤ (4q/β)|Λ|χ`−2|Λ|.

This finishes the proof.

We are now ready to prove Lemma 5.3.10, which we restate here for convenience.

Lemma 5.3.10. Let ∆, q ≥ 3 be integers, and β ∈ (0, 1) be in the uniqueness regime of the

(∆− 1)-ary tree with β 6= (∆− q)/∆. Then, for any ε′ > 0, there exists a positive constant

K < 1+β
β+q−1 + ε′ and ε > 0 such that the following holds for all sufficiently large integers `

and h.

Let G be a graph of maximum degree ∆ and P be a path with ` vertices whose h-graph-

neighbourhood contains (1− ε)` isolated tree components. Let µG be the Potts measure on

G with parameter β. Then,

µG(path P is bichromatic) ≤ K`.
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Proof. Let χ := 1+β
β+q−1 and consider arbitrary ε′ > 0. We begin by specifying the constants

K, ε and how large ` and h need to be. In particular, let K be any constant satisfying

χ < K < χ+ ε′ and ε > 0 be a small constant such that

(4q/χβ)2ε
(1/q + ε

1/q − ε
χ
)1−2ε

≤ K/(1 + ε). (5.50)

Note that such an ε exists by considering the limit ε → 0. Let ` be sufficiently large so

that

ε` ≥ 2 and (1 + ε)` ≥ q2. (5.51)

Finally, let ϑ(·) be the function in Lemma 5.4.1, so that for all sufficiently large h it holds

that

ϑ(h) ≤ ε. (5.52)

We are now ready to proceed to the proof of the lemma. Let G be a graph and consider

a path P in G, with vertices u1, . . . , u`, whose h-graph neighbourhood contains at least

(1 − ε)` isolated tree components. By definition, an isolated tree component contains

exactly one of the vertices u1, . . . , u` and therefore the set

U =
{
ui
∣∣ui belongs to an isolated tree component and ui 6= u1, u`

}
,

satisfies |U | ≥ (1− ε)`− 2 ≥ (1− 2ε)`. Note that we exclude the endpoints of the path

P from U , even if they belong to isolated tree components. Let also U denote the set

{u1, . . . , u`} \ U , so that |U | ≤ 2ε`. Recall that Th is the subtree of the (∆− 1)-ary tree

consisting of vertices at distance at most h from the root. By definition of the set U , we

have that

for u ∈ U , Γh(G \ P, u) induces a subgraph in G which is a subtree of Th. (5.53)

For u ∈ U , let for convenience Vu = Γh(G \ P, u), Fu be the subgraph of G induced on Vu
and Lu be the set of vertices that are at distance h from u in Fu. Note that Fu is a tree

rooted at u all of whose vertices are at distance at most h from u; Lu is thus the set of all

leaves in Fu which are at distance h from u (note that there could be other leaves which

are closer to u but these will not matter).

Let F be the union of the subgraphs Fu for u ∈ U ; note that F is a disjoint union of

copies of trees (each of which is a subtree of Th from (5.53)). Let also L :=
⋃
u∈U Lu. We

will also denote by VP , EP the vertex and edge set of the path P . Note that EF is disjoint
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from EP (though VP and VF intersect at VP ). Finally, let H = (VH , EH) be the subgraph

of G with vertex set VP ∪ VF and edge set EP ∪ EF .

To bound the probability that P is bichromatic, we will condition on a worst case boundary

configuration on L and U . In particular, we have the bound

µG(P is bichromatic) ≤ max
τ :L→[q],τ ′:U→[q]

µG(P is bichromatic | σ(L) = τ, σ(U) = τ ′).

To bound the r.h.s., fix arbitrary configurations τ : L→ [q], τ ′ : U → [q] and note that

µG(P is bichromatic | σ(L) = τ, σ(U) = τ ′) = µH(P is bichromatic | σ(L) = τ, σ(U) = τ ′),

so the lemma will follow (since τ, τ ′ are arbitrary) by showing that, for arbitrary colours

c1, c2 ∈ [q], it holds that

µH
(
E(c1, c2) | σ(L) = τ, σ(U) = τ ′

)
≤ K`/q2, (5.54)

where E(c1, c2) is the event that each vertex in P is coloured with either c1 or c2. Since U

includes the endpoints of the path P , by Corollary 5.4.3 we have that

µP (E(c1, c2) | σ(U) = τ ′) ≤ (4q/β)|U |χ`−2|U | = (4q/χβ)|U |χ|U |. (5.55)

Let ZP be the partition function of the path P and ZP (c1, c2) be the contribution to ZP
from configurations such that P is coloured with c1 or c2, i.e.,

ZP =
∑

σ:VP→[q]; σ(U)=τ ′

wP (σ), ZP (c1, c2) =
∑

σ:VP→{c1,c2}; σ(U)=τ ′

wP (σ),

Then, (5.55) translates into

ZP (c1, c2)/ZP ≤ (4q/χβ)|U |χ|U |.

The trees hanging from vertices in U reweigh the probability that the path is bichromatic

but do not cause significant distortion since the states of the roots are roughly uniformly

distributed (because of uniqueness on the tree). To quantify this, for u ∈ U and a colour

c ∈ [q], let

Zu(c) =
∑

σ:Vu→[q];
σ(Lu)=τ(Lu), σ(u)=c

wFu(σ).
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Let also Zu =
∑

c∈[q] Zu(c). By Lemma 5.4.1 and the choice of h in (5.52), we have that

for all c ∈ [q] it holds that ∣∣∣Zu(c)

Zu
− 1

q

∣∣∣ ≤ ϑ(h) ≤ ε. (5.56)

We can now write µH
(
E(c1, c2) | σ(L) = τ, σ(U) = τ ′

)
as

µH
(
E(c1, c2) | σ(L) = τ, σ(U) = τ ′

)
=

∑
σ:VP→{c1,c2}; σ(U)=τ ′ wP (σ)

∏
u∈U Zu(σ(u))∑

σ:VP→[q]; σ(U)=τ ′ wP (σ)
∏
u∈U Zu(σ(u))

.

Dividing both numerator and denominator by
∏
u∈U Zu, we obtain using (5.56) that

µH
(
E(c1, c2) | σ(L) = τ, σ(U) = τ ′

)
≤
(1/q + ε

1/q − ε

)|U |ZP (c1, c2)

ZP
≤ (4q/χβ)|U |

(1/q + ε

1/q − ε
χ
)|U |

.

We have |U | ≥ (1−2ε)` and |U | ≤ 2ε`, so from the choice of ε and ` in (5.50) and (5.51),

we obtain that

µH
(
E(c1, c2) | σ(L) = τ, σ(U) = τ ′

)
≤ K`/(1 + ε)` ≤ K`/q2,

which is exactly (5.54), as wanted. This concludes the proof of Lemma 5.3.10.

5.5 Correlation decay and sampling for antiferromagnetic Ising

In this section, we prove Theorem 5.3.6 and Lemma 5.3.7. The proofs follow relatively

easily from correlation decay bounds on trees appearing in [64]; the bounds in there are

stated for the case of the ferromagnetic Ising model, but there is a simple translation

of these bounds to the antiferromagnetic case which allows us to conclude the desired

results. In Section 5.5.1, we import the results from the literature that we need. We

then give the proof of Theorem 5.3.6 in Section 5.5.2 and the proof of Lemma 5.3.7 in

Section 5.5.3.

5.5.1 Preliminaries

Following [64], for a graph G and a vertex u in G, we consider the self-avoiding walk

tree T = TSAW(G, u), which consists of all paths starting from u and not intersecting

themselves, except possibly at the terminal vertex of the path; note that each vertex in T

corresponds to a vertex in G in the natural way (in a many-to-one fashion). The following

lemma originates in the work of Weitz for the hard-core model [78]; it is well-known that

the lemma holds more generally for any 2-state system. The particular version we state

here is close to [64, Lemma 13].
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Lemma 5.5.1 (see, e.g., [64, Lemma 13]). Let G = (V,E) be a graph and u be a vertex in

G. Consider the self-avoiding walk tree T = TSAW(G, u) starting from u and denote by A

the leaves of the tree. Then, there is a configuration η : A→ {1, 2} (described in [78]) such

that the following holds for any set Λ ⊆ V and any configuration τ : Λ→ {1, 2}.
Let UΛ be the set of vertices in T which correspond to vertices in Λ and let η′ : UΛ\A→ {1, 2}
be the configuration where each vertex in UΛ \ A inherits the state of the corresponding

vertex in Λ under τ . Then,

πG(σ(u) = 1 | σ(Λ) = τ) = πT (σ(u) = 1 | σ(A) = η, σ(UΛ \A) = η′).

The following lemma follows from a strong spatial mixing result in [64] for the ferromag-

netic Ising model, which in turn builds upon a lemma from [5].

Lemma 5.5.2. Let β ∈ (0, 1). Let T = (V,E) be a tree, Λ ⊆ V be a subset of the vertices

and u be an arbitrary vertex. Let τ1, τ2 : Λ→ {1, 2} be two configurations on Λ which differ

only on a subset U ⊆ Λ. Then,∣∣πT (σ(u) = 1 | σ(Λ) = τ1)− πT (σ(u) = 1 | σ(Λ) = τ2)
∣∣ ≤∑

v∈U

(1− β
1 + β

)dist(u,v)
,

where dist(u, v) denotes the distance between u and v in T .

Proof. It is well-known that, on bipartite graphsG = (V,E), there is a measure-preserving

bijection between configurations of the antiferromagnetic Ising model with parameter

β ∈ (0, 1) and configurations of the ferromagnetic Ising model with parameter 1/β,

obtained by flipping the states of each vertex on one side of the bipartition. The desired

inequality therefore follows from the strong spatial mixing result for the ferromagnetic

Ising model given in [64, Lemma 14]. To translate the parametrisation of that result,

note that in [64] the weight of a (ferromagnetic) Ising configuration σ is parametrised

to be proportional to exp(2βm(σ)) – therefore 1/β = e2β, so tanhβ = 1−β
1+β . Using this

translation, we obtain the desired inequality.

5.5.2 Proof of Theorem 5.3.6

To prove Theorem 5.3.6, we will use the following algorithm that allows us to compute

conditional marginal probabilities with very small absolute error.
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Lemma 5.5.3. Let β ∈ (0, 1) and b > 0 be constants such that b1−β
1+β < 1, and let ∆ ≥ 3 be

an integer. Then, there exists M0 > 0 such that the following holds for all M > M0.

There is a polynomial-time algorithm that, on input: (i) an n-vertex graph G = (V,E) with

maximum degree at most ∆ and average growth b up to depth L = dM log ne, (ii) a subset

Λ ⊆ V with a configuration τ : Λ→ {1, 2}, and (iii) a vertex u ∈ V \ Λ, outputs a number

p̂ ∈ [0, 1] such that

∣∣p̂− p∣∣ ≤ β∆

2n11(1 + β∆)
where p := πG(σ(u) = 1 | σ(Λ) = τ),

i.e., p̂ is within absolute error O(1/n11) from the marginal probability that σ(u) = 1

conditioned on σ(Λ) = τ , where σ is from the Ising distribution πG on G with parameter β.

Proof. Let M0 be a large constant so that for n ≥ 2 and L0 := dM0 log ne, it holds that

bL0

(1− β
1 + β

)L0

≤ β∆

2n11(1 + β∆)
. (5.57)

Note that such an M0 exists since b1−β
1+β < 1. Fix M to be an arbitrary constant larger than

M0.

Let G be an arbitrary n-vertex graph with average growth b up to depth L = dM log ne,
Λ ⊆ V be a subset of the vertices, τ : Λ→ {1, 2} be a configuration on Λ, and u ∈ V \ Λ

be a vertex. Consider the self-avoiding walk tree T = TSAW(G, u) starting from u, and

denote by A the leaves of the tree. By Lemma 5.5.1, we have that there is a configuration

η : A→ {1, 2} such that

πG(σ(u) = 1 | σ(Λ) = τ) = πT (σ(u) = 1 | σ(A) = η, σ(U \A) = η′) (5.58)

where U := UΛ is the set of vertices in T that correspond to some vertex in Λ and η′ is

the assignment on U \A inherited by τ (see Lemma 5.5.1 for details). For convenience,

let F := U ∪ A and ζ : F → {1, 2} be the configuration which agrees with η on A and

with η′ on U \A, so that (5.58) can be rewritten as

πG(σ(u) = 1 | σ(Λ) = τ) = πT (σ(u) = 1 | σ(F ) = ζ).

Let T ′ = (V ′, E′) be the subtree of T induced by vertices at distance at most L− 1 from u

and let F ′ = F ∩ V ′. Let

p := πT (σ(u) = 1 | σ(F ) = ζ) and p̂ := πT ′(σ(u) = 1 | σ(F ′) = ζ(F ′)).
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Note that p̂ can be computed in polynomial time since the tree T ′ and the configuration

ζF ′ can be constructed in polynomial time (since T ′ is a tree of size O(∆L)). So, the

lemma will follow by showing that

∣∣p̂− p∣∣ ≤ β∆

2n11(1 + β∆)
. (5.59)

To prove this, let J be the set of vertices in V ′ \ F ′ whose distance from u is exactly L− 1

in T and note that |J | ≤ bL since G has average growth b up to depth L. Note also that,

conditioned on the configurations on J and F ′, the probability that σ(u) = 1 depends

only on T ′ (and not on the configuration on rest of the tree T ). Using the law of total

probability, we can therefore expand p as

p =
∑

ι:J→{1,2}

πT ′(σ(u) = 1 | σ(F ′) = ζ(F ′), σ(J) = ι)× πT (σ(J) = ι | σ(F ) = ζ(F )).

(5.60)

Therefore, (5.59) will follow by showing that, for any configuration ι : J → {1, 2} it

holds that∣∣πT ′(σ(u) = 1 | σ(F ′) = ζ(F ′), σ(J) = ι
)
− p̂
∣∣ ≤ β∆

2n11(1 + β∆)
. (5.61)

Note that we can expand p̂ analogously to (5.60) by conditioning on the configuration

on J , so to prove (5.60) it suffices to show that for any two configurations ι1, ι2 : J → [q]

it holds that

κ ≤ β∆

2n11(1 + β∆)

where κ :=
∣∣πT ′(σ(u) = 1 | σ(F ′) = ζF ′ , σ(J) = ι1

)
− πT ′

(
σ(u) = 1 | σ(F ′) =

ζF ′ , σ(J) = ι2
)∣∣. By the strong spatial mixing result of Lemma 5.5.2, we have that

κ ≤
∑
v∈J

(1− β
β + 1

)dist(u,v)
= |J |

(1− β
β + 1

)L
≤ bL

(1− β
1 + β

)L
.

Combining this with the choice of M0 (cf. (5.57)), we obtain (5.61), thus concluding the

proof of the lemma.

Using Lemma 5.5.3, the proof of Theorem 5.3.6 follows by standard techniques.

Proof of Theorem 5.3.6. Denote by v1, v2, . . . , vn the vertices of G. The algorithm will

sample the state si of vertex vi sequentially for i = 1, . . . , n. We just give the details
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for the first part of the algorithm, the proof of the second part is completely analogous

(namely, it suffices to assume in the following that we first set v1 = u, v2 = v, we then fix

the states s1 = 1, s2 = 2 and finally sample the states si for i = 3, . . . , n.)

Assume that, at some time i = 1, . . . , n, we have sampled the states s1, . . . , si−1 (which

can take arbitrary values in {1, 2}). Using the algorithm of Lemma 5.5.3, we obtain

in polynomial time numbers p̂i(1), p̂i(2) ∈ [0, 1] such that p̂i(1) + p̂i(2) = 1 and, for

s ∈ {1, 2}, it holds that ∣∣ai(s)− p̂i(s)∣∣ ≤ β∆

2n11(1 + β∆)
, (5.62)

where ai(s) := πG(σ(vi) = s | σ(v1) = s1, . . . , σ(vi−1) = si−1). We then sample the state

si by letting si = 1 with probability p̂i(1), or else si = 2 (note that si = 2 with probability

p̂i(2)). Denote by τ the final configuration and by ντ its distribution.

We will show that, for any configuration η : V → {1, 2}, it holds that

|ντ (η)− πG(η)| ≤ 2

n10
πG(η), (5.63)

so by summing over η we obtain∥∥ντ − πG∥∥TV
=

1

2

∑
η : V→{1,2}

∣∣ντ (η)− πG(η)
∣∣ ≤ 1

n10

∑
η : V→{1,2}

πG(η) = 1/n10,

which proves the theorem. To prove (5.63), fix an arbitrary configuration η : V → {1, 2}
and let

pi,η := πG(σ(vi) = η(vi) | σ(v1) = η(v1), . . . , σ(vi−1) = η(vi−1)).

Note that

πG(η) =
n∏
i=1

pi,η and ντ (η) =
n∏
i=1

p̂i(η(vi)). (5.64)

Moreover, from (5.62), we have that for all i = 1, . . . , n it holds that∣∣pi,η − p̂i(η(vi))
∣∣ ≤ β∆

2n11(1 + β∆)
≤ pi,η

2n11
,

where the last inequality follows from the lower bound of Lemma 5.3.8. Using the

inequalities 1 − x ≤ e−x ≤ 1 − x/2 which hold for all x ∈ [0, 1/2], we obtain that, for

ε = 1/n11, it holds that

e−εpi,η ≤ p̂i(η(vi)) ≤ eεpi,η.

Multiplying over i = 1, . . . , n and combining with (5.64) gives (5.63), thus completing

the proof of Theorem 5.3.6.
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5.5.3 Proof of Lemma 5.3.7

In this section, we give the proof of Lemma 5.3.7, which we restate here for convenience.

Lemma 5.3.7. Let β ∈ (0, 1) and b > 0 be constants such that b1−β
1+β < 1. Then, there exists

M ′0 > 0 such that the following holds for all M > M ′0.

Let G be an n-vertex graph with average growth b up to depth L = dM log ne, and let u, v

be distinct vertices in G. Then∣∣∣πG(σ(u) = 1 | σ(v) = 1)− πG(σ(u) = 1 | σ(v) = 2)
∣∣∣ ≤ 1

n10
+

L∑
`=1

P`(G, u, v)
(1− β

1 + β

)`
where P`(G, u, v) is the number of paths with ` vertices in G that connect u and v.

Proof of Lemma 5.3.7. Let M ′0 be sufficiently large so that for all n ≥ 2 and L0 :=

dM ′0 log ne, it holds that

bL0

(1− β
1 + β

)L0

≤ 1/(2n10). (5.65)

Note that such a constant exists since b1−β
1+β < 1. Fix arbitrary M > M ′0. Let G be an

arbitrary graph with average growth b up to depth L = dM log ne, Λ ⊆ V be a subset of

the vertices, τ : Λ→ {1, 2} be a configuration on Λ, and u ∈ V \ Λ be a vertex.

Consider the self-avoiding walk tree T = TSAW(G, u) starting from u, and denote by A

the leaves of the tree and by U the set of vertices in T that correspond to v. For a subset

of vertices W of the tree we denote by σ(W ) = 1 the event that all vertices in W have

the state 1 and analogously for σ(W ) = 2. By Lemma 5.5.1, we have that there is a

configuration η : A→ {1, 2} such that for s ∈ {1, 2} it holds that

πG(σ(u) = 1 | σ(v) = s) = ps where ps := πT
(
σ(u) = 1 | σ(A) = η, σ(U \A) = s

)
.

(5.66)

Let T ′ = (V ′, E′) be the subtree of T induced by vertices at distance at most L− 1 from u

and let A′ = A ∩ V ′, U ′ = U ∩ V ′. For s ∈ {1, 2}, let

p′s := πT ′(σ(u) = 1 | σ(A′) = η(A′), σ(U ′ \A′) = s).

We will show that

|p′1 − p′2| ≤
L∑
`=1

P`(G, u, v)
(1− β

1 + β

)`
, (5.67)

|p1 − p′1| ≤ 1/(2n10), |p2 − p′2| ≤ 1/(2n10). (5.68)
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Assuming these for the moment, we obtain by (5.66) and the triangle inequality that

|πG(σ(u) = 1 | σ(v) = 1)−πG(σ(u) = 1 | σ(v) = 2)| = |p1−p2| ≤
1

n10
+

L∑
`=1

P`(G, u, v)
(1− β

1 + β

)`
,

thus proving the lemma. It thus remains to prove (5.67) and (5.68).

To prove (5.67), note that by Lemma 5.5.2, we have that

∣∣p′1 − p′2∣∣ ≤ ∑
w∈U ′\A′

(1− β
1 + β

)dist(u,w)
≤

L∑
`=1

P`(G, u, v)
(1− β

1 + β

)`
,

where the last inequality follows from observing that each vertex w ∈ U ′ \ A′ with

dist(u,w) = ` corresponds to a distinct path with ` + 1 vertices between u and v in G.

This proves (5.67).

To prove (5.68), we focus on showing that |p1−p′1| ≤ 1/(2n10), the other inequality being

completely analogous. We follow closely a similar argument which was presented in the

proof of Lemma 5.5.3. Let J be the set of vertices in V ′ \ (U ′ ∪A′) whose distance from u

is exactly L− 1 in T and note that |J | ≤ bL since G has average growth b up to depth L.

Note also that, conditioned on the configurations on J and U ′ ∪A′, the probability that

σ(u) = 1 depends only on T ′ (and not on the configuration on rest of the tree T ), i.e., we

can expand p as

p1 =
∑

ι:J→{1,2}

πT ′(σ(u) = 1 | σ(A′) = η(A′), σ(U ′ \A′) = 1, σ(J) = ι)

× πT (σ(J) = ι | σ(A) = η, σ(U \A) = 1). (5.69)

Therefore, |p1 − p′1| ≤ 1/(2n10) will follow by showing that, for any configuration

ι : J → {1, 2} it holds that∣∣πT ′(σ(u) = 1 | σ(A′) = η(A′), σ(U ′ \A′) = 1, σ(J) = ι
)
− p′1

∣∣ ≤ 1/(2n10). (5.70)

We can expand p′1 analogously to (5.69) by conditioning on the configuration on J , so to

prove (5.69) it suffices to show that for any two configurations ι1, ι2 : J → [q] it holds

that κ ≤ 1/(2n10) where

κ :=
∣∣πT ′(σ(u) = 1 | σ(A′) = η(A′), σ(U ′ \A′) = 1, σ(J) = ι1

)
− πT ′

(
σ(u) = 1 | σ(A′) = η(A′), σ(U ′ \A′) = 1, σ(J) = ι2

)∣∣
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By the strong spatial mixing result of Lemma 5.5.2, we have that

κ ≤
∑
v∈J

(1− β
β + 1

)dist(u,v)
= |J |

(1− β
β + 1

)L
≤ bL

(1− β
1 + β

)L
.

Combining this with the choice of M ′0 (cf. (5.65)), we obtain κ ≤ 1/(2n10), thus

concluding the proof of |p1 − p′1| ≤ 1/(2n10) and therefore completing the proof of

Lemma 5.3.7.
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Chapter 6

Classification of Complexity :
Counting Boolean Bounded-Degree
CSP

This chapter is based on the joint work with Andreas Galanis and Leslie Goldberg [36].

6.1 Introduction

Constraint Satisfaction Problems (CSPs) was originally defined in artificial intelligence.

The paradigm provides a general framework of problems from diverse areas such as

operations research, database theory, scheduling and graph theory. Moreover, the problem

of counting solutions to CSPs also captures partition function problems from statistical

physics. In particular, Boolean CSPs can be viewed as a generalisation of hypergraph

2-state spin models. In this chapter, we will be concerned with the complexity of approxi-

mate counting Boolean CSPs.

An instance I = (V, C) of a Boolean counting CSP consists of a set V of variables and

a set C of constraints. An assignment σ : V → {0, 1} assigns a Boolean value (which

corresponds to a “spin” state) to each variable. Each constraint associates a tuple

(v1, . . . , vk) of variables with a Boolean relation which constrains the spins that can be

assigned to v1, . . . , vk. An assignment σ is said to “satisfy” the constraint if the tuple

(σ(v1), . . . , σ(vk)) is in the corresponding relation, and it is said to be “satisfying” if it

satisfies all constraints. A Constraint Satisfaction Problem comes with two important

parameters — the constraint language Γ is the set of all relations that may be used in

constraints and the degree ∆ is the maximum number of times that any variable v ∈ V
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may be used in constraints in any instance. The number of satisfying assignments is

denoted ZI . The computational problem #CSP∆(Γ) is the problem of computing ZI ,

given a CSP instance I with constraints in Γ and degree at most ∆. We use #CSP(Γ) to

denote the version of the problem in which the degree of instances is unconstrained.

6.1.1 Definitions and statement of our classification result

Before giving formal definitions of the problems that we study, we introduce some

notation. We use boldface letters to denote Boolean vectors. A pseudo-Boolean function is

a function of the form f : {0, 1}k → R≥0 for some positive integer k, which is called the

arity of f .

Definition 6.1.1. Given a pseudo-Boolean function f : {0, 1}k → R≥0 , we use the

notation Rf to denote the relation Rf = {x ∈ {0, 1}k | f(x) > 0}, which is the relation

underlying f .

If the range of f is {0, 1} then f is said to be a Boolean function and of course in that case

Rf = {x ∈ {0, 1}k | f(x) = 1}.
In order to allow consistency with obvious generalisations, our formal definition of the

Boolean Constraint Satisfaction Problem is in terms of Boolean functions (rather than,

equivalently, using the underlying relations).

A Constraint language Γ is a set of pseudo-Boolean functions. It is called a Boolean

constraint language if all of the functions in it are Boolean functions. An instance I = (V, C)
of a CSP with constraint language Γ consists of a set V of variables and a set C of

constraints. Each constraint Ci ∈ C is of the form fi(vi,1, . . . , vi,ki) where fi is an arity-ki
function in Γ and (vi,1, . . . , vi,ki) is a tuple of (not necessarily distinct) variables in V .

The constraint Ci is said to be “Repeat-Free” if all of the variables are distinct. Similar to

the definition of spins systems, we can also define the weight, partition function and the

Gibbs distribution of I as follows. Each assignment σ : V → {0, 1} of Boolean values to

the variables in V has a weight

wI(σ) :=
∏

fi(vi,1,...,vi,ki )∈C

fi(σ(vi,1), . . . , σ(vi,ki)).

The partition function maps the instance I to the quantity

ZI :=
∑

σ:V→{0,1}

wI(σ) =
∑

σ:V→{0,1}

∏
fi(vi1 ,...,vi,ki )∈C

fi(σ(vi1), . . . , σ(vi,ki)).
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If Γ is a Boolean constraint language then it is easy to see that wI(σ) = 1 if the assignment

is satisfying and wI(σ) = 0, otherwise. Thus, ZI is the number of satisfying assignments

of I.

When ZI > 0, we will use µI(·) to denote the Gibbs distribution corresponding to ZI ,

which is given by

µI(σ) =
wI(σ)

ZI
for all σ : V → {0, 1}.

The degree dv(C) of a variable v in a constraint C is the number of times that the

variable v appears in the tuple corresponding to C and the degree dv of the variable is

dv =
∑

C∈C dv(C). Finally, the degree of the instance I is maxv∈V dv.

Definition 6.1.2. #CSP∆(Γ) is the problem of computing ZI , given a CSP instance I

with constraints in Γ and degree at most ∆. #CSP(Γ) is the version of the problem in

which the degree of instances is unconstrained. #CSP∆,c(Γ) has an extra parameter c > 1

that captures the desired accuracy. The problem is to compute a number Ẑ such that

c−nZI ≤ Ẑ ≤ cnZI , where n is the number of variables in the instance I. The problems

#NoRepeatCSP∆(Γ), #NoRepeatCSP(Γ) and #NoRepeatCSP∆,c(Γ) are defined similarly,

except that inputs are restricted so that all constraints are Repeat-Free.

Definition 6.1.3. A Boolean function f : {0, 1}k → {0, 1} is affine if there is a k × k
Boolean matrix A and a length-k Boolean vector b such that Rf is equal to the set of

solutions x of Ax = b over GF(2).

Definition 6.1.4 (The set of functions IM2). A Boolean function f : {0, 1}k → {0, 1} is in

IM2 if f(x1, . . . , xk) is logically equivalent to a conjunction of (any number of) predicates

of the form xi, ¬xi or xi ⇒ xj .

We have now defined all of the terms in our main theorem apart from some well-known

concepts from complexity theory, which we discuss next.

Definition 6.1.5 (FP). FP is the class of computational problems (with numerical output)

that can be solved in polynomial time.

Definition 6.1.6 (AP-reduction). For two counting problems #A and #B, we say that

#A is #B-easy if there is an approximation-preserving (AP)-reduction from #A to #B.

The formal definition of an AP-reduction can be found in [25]. It is a randomised

Turing reduction that yields close approximations to #A when provided with close

approximations to #B.
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The definition of AP-reduction relates to the definition of FPRAS in the sense that the

existence of an FPRAS for #B implies the existence of an FPRAS for #A. We say that

#A is #B-hard if there is an AP-reduction from #B to #A. Finally, we say that #A is

#B-equivalent if #A is both #B-easy and #B-hard.

The problem of counting satisfying assignments of a Boolean formula is denoted by

#SAT. Every counting problem in #P is AP-reducible to #SAT, so #SAT is said to be

complete for #P with respect to AP-reductions. It is known that there is no FPRAS for

#SAT unless RP = NP. The problem of counting independent sets in a bipartite graph is

denoted by #BIS. The problem #BIS appears to be of intermediate complexity: there

is no known FPRAS for #BIS (and it is generally believed that none exists) but there is

no known AP-reduction from #SAT to #BIS. Indeed, #BIS is complete with respect to

AP-reductions in the complexity class #RHΠ1.

Given all of these definitions, we now formally state our main result.

Theorem 6.1.7. Let Γ be a Boolean constraint language. Then,

1. If every function in Γ is affine then #CSP(Γ) and #NoRepeatCSP(Γ) are both in FP.

2. Otherwise, if Γ ⊆ IM2, then there exists an integer ∆0 such that for all ∆ ≥ ∆0,

#CSP∆(Γ) and #NoRepeatCSP∆(Γ) are both #BIS-equivalent under AP-reductions,

and

3. Otherwise, there exists an integer ∆0 such that for all ∆ ≥ ∆0, there exists a real

number c > 1 such that #CSP∆,c(Γ) and #NoRepeatCSP∆,c(Γ) are both NP-hard.

6.1.2 Prior works

Given the usefulness of CSPs, the study of the complexity of CSPs is an extremely active

area in computational complexity (for example, see [13] and the references therein).

For every ∆ ≥ 3, the work of Cai, Lu and Xia [15] completely classifies the complexity

of exactly solving #CSP∆(Γ), depending on the parameter Γ. If every relation in Γ is

affine, then #CSP∆(Γ) is solvable in polynomial time (so the problem in the complexity

class called FP). Otherwise, it is #P-complete. The characterisation of Cai, Lu and

Xia is exactly the same classification that was obtained for the unbounded problem

#CSP(Γ) by Creignou and Hermann [17]. Thus, as far as exact counting is concerned,

the degree-bound ∆ does not affect the complexity as long as ∆ ≥ 3.
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However, much less is known about the complexity of approximately solving #CSP∆(Γ).

In fact, even the decision problem CSP∆(Γ) is still open. For ∆ ≥ 3, Dalmau and Ford [20]

have solved the special case where Γ includes both of the unary relations Rδ0 = {0} and

Rδ1 = {1}. This special case is known as the “conservative case” in the CSP literature. For

∆ ≥ 6, Dyer et al. [27] have classified the difficulty of the approximate counting problem,

also in the conservative case.

• If every relation in Γ is affine, then #CSP∆(Γ ∪ {Rδ0 , Rδ1}) is in FP.

• Otherwise, if every relation in Γ is in a class called IM2 then #CSP∆(Γ∪{Rδ0 , Rδ1})
is equivalent under approximation-preserving (AP) reductions to the counting

problem #BIS (the problem of counting independent sets in bipartite graphs).

• Otherwise, there is no FPRAS for #CSP∆(Γ ∪ {Rδ0 , Rδ1}) unless NP = RP.

However, the restriction that Rδ0 and Rδ1 are contained in the constraint language is

a severe one. It does not apply to many natural applications, such as the hypergraph

independent set problem on k-uniform hypergraphs.1 The hypergraph independent set

problem on k-uniform hypergraphs is equivalent to the problem CSP({ORk}) where ORk

is the relation {0, 1}k \ {(0, 0, . . . , 0)}. It is known that

1. there is an FPRAS for #CSP({ORk}) if ∆ = O(2k/2) [45];

2. it is NP-hard to approximate #CSP({ORk}) when ∆ = Ω(2k/2) [6].

In contrast, #CSP∆({ORk}∪{Rδ0 , Rδ1}) is NP-hard to approximate as long as ∆ ≥ 6 [27].

Our result removed this severe restriction that Rδ0 and Rδ1 are contained in Γ from the

classification result of #CSP∆(Γ) from [27]. Note that even for the well-studied case

of #CSP∆({ORk}), we do not know its approximation complexity. Therefore, in our

result, we focused on whether, for all Boolean constraint languages Γ, there is a “barrier”

value ∆0 such that for all ∆ ≥ ∆0, the problem #CSP∆(Γ) is computationally hard to

approximate.
1In a k-uniform hypergraph, all hyperedges have size k.
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6.1.3 CSPs and hypergraph spin systems

We will often be interested in the case where Γ contains a single function f : {0, 1} → R≥0.

In this case, the problem can be represented by a hypergraph 2-state spin system. So, for

convenience, we make the following definitions.

A k-tuple hypergraph H = (V,F) consists of a set V of vertices, together with a set F of

hyperarcs, where every hyperarc in F is a k-tuple of distinct vertices in V . The degree ofH

is the maximum, over all vertices v ∈ V , of the number of hyperarcs that contain v. Given

a function f : {0, 1}k → R≥0, we let If (H) denote the instance of #NoRepeatCSP({f})
whose constraints correspond to the hyperarcs of H. Given an assignment σ : V → {0, 1}
we define wf ;H(σ) :=

∏
(v1,...,vk)∈F f(σ(v1), . . . , σ(vk)) and Zf ;H :=

∑
σ:V→{0,1}wf ;H(σ),

so ZIf (H) = Zf ;If (H). By analogy to the Gibbs distribution on satisfying assignments,

when Zf ;H > 0, we use µf ;H(·) to denote the probability distribution in which, for all

assignments σ : V → {0, 1}, µf ;H(σ) = wf ;H(σ)/Zf ;H . Given a function f : {0, 1} → R≥0,

a positive integer ∆, and a real number c > 1, the following computational problems are

equivalent to #NoRepeatCSP∆({f}) and #NoRepeatCSP∆,c({f}), respectively.

Name #Hyper2Spin∆(f).

Instance A k-tuple hypergraph H with degree at most ∆.

Output The partition function Zf ;H .

Name #Hyper2Spin∆,c(f).

Instance An n-vertex k-tuple hypergraph H with degree at most ∆.

Output A number Ẑ such that c−nZf ;H ≤ Ẑ ≤ cnZf ;H .

The name #Hyper2Spin∆(f) indicates that the problem is to compute the partition

function of a 2-spin system with multi-body interactions specified by f and degree-

bound ∆.

6.2 Proof sketch

6.2.1 Overview of the proof of our classification result

In this section, we give a non-technical overview of the proof of Theorem 6.1.7. Our

objective is to illustrate the main ideas and obstacles without delving into the more
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detailed definitions. Our focus in this section will be on the case where Γ consists of a

single Boolean function f : {0, 1}k → {0, 1}. As will be clear in Section 6.6, this case is

the main ingredient in the proof of the theorem.

For a Boolean function f : {0, 1}k → {0, 1}, we consider the complexity of the problems

#Hyper2Spin∆(f) and #Hyper2Spin∆,c(f). Classifying the complexity of these problems

is the most important step in the proof of Theorem 6.1.7. Namely, to obtain Theorem 6.1.7,

it suffices to show that for every non-affine function f , we have that:

• If f is in IM2, then for all sufficiently large ∆, #Hyper2Spin∆(f) is #BIS-equivalent.

• If f is not in IM2, then for all sufficiently large ∆, there exists a real number c > 1

such that #Hyper2Spin∆,c(f) is NP-hard.

A typical approach for showing that #Hyper2Spin∆(f) and #Hyper2Spin∆,c(f) are in-

tractable is to use an instance of the hypergraph spin system to build a “gadget” which

simulates an intractable binary 2-spin constraint. This was the approach used in [35],

which proved the intractability of #Hyper2Spin∆(f) (#NoRepeatCSP∆({f})) for any sym-

metric non-affine Boolean function f by constructing an instance I of #Hyper2Spin∆(f)

(#NoRepeatCSP∆({f})), along with variables x and y, such that for all spins sx ∈ {0, 1}
and sy ∈ {0, 1} the marginal distribution µI(x, y) satisfies

µI(σ(x) = sx, σ(y) = sy) =
g(sx, sy)

g(0, 0) + g(0, 1) + g(1, 0) + g(1, 1)
, (6.1)

where g is a binary function that codes up the interaction of an intractable anti-ferromagnetic

2-spin system. We will not need to give detailed definitions of 2-spin systems in this paper.

Instead, we give a sufficient condition for intractability.

Definition 6.2.1. A binary function g : {0, 1}2 → R≥0 is said to be “hard” if all of the

following hold:

g(0, 0) + g(1, 1) > 0,

min{g(0, 0), g(1, 1)} <
√
g(0, 1)g(1, 0),

max{g(0, 0), g(1, 1)} ≤
√
g(0, 1)g(1, 0).

It was established in [35] that the ability to “simulate” a hard function g in the sense

of (6.1) ensures that #Hyper2Spin∆(f) (#NoRepeatCSP∆({f})) is NP-hard to approxi-

mate, even within an exponential factor.

164



A key feature of symmetric Boolean functions f which facilitated such simulation in [35]

was the fact that the class of relevant hard function g is well-behaved, and it turned

out that it suffices to encode such a hard binary function with only ε-accuracy, for some

sufficiently small ε > 0, and this was enough to ensure the NP-hardness of #CSP∆,c({f}).
The main obstacle in adapting the approach of [35] to the case where f need not be

symmetric in its arguments arises when f is in IM2. It is unlikely that such a function f

can simulate a hard function g in the sense of (6.1) — indeed such a simulation would

prove the (very surprising) result that #BIS does not have an FPRAS (unless NP = RP).

Thus, for f ∈ IM2, we need instead to encode a binary function which will allow us to

connect the problem #Hyper2Spin∆(f) (#NoRepeatCSP∆({f})) to #BIS.

Now consider the binary Boolean function Implies whose underlying relation RImplies =

{(0, 0), (0, 1), (1, 1)} contains all (x, y) satisfying x⇒ y. Obviously, Implies is not symmet-

ric, and it is not hard according to Definition 6.2.1. On bipartite instances, however, the

symmetry can be restored by interpreting differently the spins 0 and 1 on the two parts of

the graph, and this leads to a connection with #BIS. In particular, it is well-known [26]

that #CSP({Implies}) is equivalent to #BIS under AP-reductions. This connection was

extended to the bounded-degree setting by [14].

Unfortunately, the symmetrisation which connects #CSP({Implies}) to #BIS is not very

robust. For example, suppose that a (non-symmetric) Boolean function f can be used

to simulate, in the sense of (6.1), a binary function g which is very close to Implies. In

particular, suppose that for some ε > 0 and ε1, ε2, ε3, ε4 satisfying |εi| ≤ ε for i = 1, 2, 3, 4,

we have
g(0, 0) = 1 + ε+ 1, g(0, 1) = 1 + ε2,
g(1, 0) = ε3, g(1, 1) = 1 + ε4.

Such a close approximation is about the best that can be expected using the kind of

approximate encodings that are available. However, the complexity of asymmetric 2-spin

systems is not sufficiently well understood to exploit such a simulation. Surprisingly, for

any arbitrarily small constant ε > 0, it is not known even whether the unbounded degree

version #CSP({g}) is #BIS-hard, and certainly nothing is known in our bounded-degree

setting! The trouble is that the symmetrisation that works for Implies (i.e., when εi = 0

for i = 1, 2, 3, 4) is no longer guaranteed to symmetrise the imperfect version with the

εi’s, so the swapping of spin-0 and spin-1 values on one side of the bipartite graph leads

to an asymmetric 2-spin system on bipartite graphs and this does not fall into the scope of
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known results [14] concerning bounded-degree bipartite 2-spin systems.

Our approach to handle this problem for f ∈ IM2 is to carefully ensure that there is

no accuracy error ε in encoding the function Implies. In other words, we show that,

using f ∈ IM2, we can encode Implies perfectly, a task which is surprisingly intricate in

the repeat-free setting. Our main technical theorem, Theorem 6.2.9, achieves this goal.

Namely, it shows that, for every non-affine Boolean function f , either f simulates a hard

function (with arbitrarily small accuracy-error ε, which leads to the desired intractability

of #NoRepeatCSP∆({f})) or else f “supports perfect equality” — a concept which will

be defined later, but essentially means that f can be used to perfectly simulate the binary

function EQ with underlying relation REQ = {(0, 0), (1, 1)}. Using EQ, it is possible to

simulate repeated variables in constraints, so the #BIS-hardness of #CSP∆({f}) follows

from [26]. When f /∈ IM2 but f supports perfect equality, instead of reducing to the work

in [26], we work somewhat harder to make sure that we also get the strong (exponential

factor) inapproximability given in Theorem 6.1.7.

6.2.2 Supporting pinning and equality

Let k be a positive integer and let H = (V,F) be a k-tuple hypergraph. Given a configu-

ration σ : V → {0, 1} and a subset T ⊆ V , we will use σT to denote the restriction of σ

to vertices in T . For a vertex v ∈ V , we will also use σv to denote the spin σ(v) of vertex

v in σ. The following definitions are generalisations of definitions from [35].

Definition 6.2.2. Let f : {0, 1}k → R≥0. Suppose that ε ≥ 0 and s ∈ {0, 1}. The k-tuple

hypergraph H is an ε-realisation of pinning-to-s if there exists a vertex v of H such that

µf ;H(σv = s) ≥ 1− ε.

Definition 6.2.3. Let f : {0, 1}k → R≥0 and s ∈ {0, 1}. We say that f supports pinning-to-

s if, for every ε > 0, there is a k-tuple hypergraph which is an ε-realisation of pinning-to-s.

We say that f supports perfect pinning-to-s if there is a k-tuple hypergraph which is a

0-realisation of pinning-to-s.

We now define what it means for a function f to support (perfect) equality which was

already discussed in Section 6.2.1.

Definition 6.2.4. Let f : {0, 1}k → R≥0 and ε ≥ 0. The k-tuple hypergraph H is an

ε-realisation of equality if there exist distinct vertices v1 and v2 of H such that, for each
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s ∈ {0, 1},
µf ;H(σv1 = σv2 = s) ≥ (1− ε)/2.

Definition 6.2.5. Let f : {0, 1}k → R≥0. The function f supports equality if, for every

ε > 0, there is a k-tuple hypergraph which is an ε-realisation of equality. The function

f supports perfect equality if there is a k-tuple hypergraph which is a 0-realisation of

equality.

6.2.3 Realising conditional distributions induced by pinning and equality

Given a set S of vertices, it will be convenient to follow [35] as follows. We write σS = 0

to denote the event that all vertices in S are assigned the spin 0 under the assignment σ.

We similarly write σS = 1 to denote the event that all vertices in S are assigned the spin 1

under the assignment σ. Finally, we use use σeqS to denote the event that all vertices in

S have the same spin under σ (the spin could be 0 or 1). The following definition is a

generalisation of Definition 16 of [35] except that we have changed the notation slightly

for convenience.

Definition 6.2.6 ([35, Definition 16]). Let f : {0, 1}k → R≥0. Let H = (V,F) be a

k-tuple hypergraph. Let V = (Vpin0, Vpin1,Veq) where Vpin0 and Vpin1 are disjoint subsets

of V and Veq is a (possibly empty) set of disjoint subsets of V \(Vpin0 ∪ Vpin1). Suppose

that: (i) Vpin0 = ∅ if f does not support pinning-to-0, (ii) Vpin1 = ∅ if f does not

support pinning-to-1, (iii) Veq = ∅ if f does not support equality, (iv) it holds that

µf ;H(σVpin0 = 0, σVpin1 = 1,
⋂
W∈Veq σ

eq
W ) > 0. We will then say that “V is admissible

for H with respect to f” and we will denote by µ
cond(V)
f ;H the probability distribution

µf ;H(· | σVpin0 = 0, σVpin1 = 1,
⋂
W∈Veq σ

eq
W ).

Remark 6.2.1. Frequently, instead of formally specifying V , we will specify V implicitly by

just saying “consider the conditional distribution µcond(V)
f ;H where the vertices in Vpin0 are

pinned to 0, the vertices in Vpin1 are pinned to 1 and for all W ∈ Veq, all the vertices in

W are forced to be equal".

6.2.4 Simulating hard functions and inapproximability results

We can now give a formal definition of “simulation”, along the lines that was informally

discussed in Section 6.2.1 (Equation (6.1)).
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Definition 6.2.7. Let f : {0, 1}k → R≥0 and g : {0, 1}t → R≥0. The function f simulates

the function g if there is a k-tuple hypergraph H, an admissible set V for H with respect

to f , and t vertices v1, v2, . . . , vt of H such that, for all (s1, s2, . . . , st) ∈ {0, 1}t,

µ
cond(V)
f ;H (σ(v1) = s1, σ(v2) = s2, . . . , σ(vt) = st) =

g(s1, s2, . . . , st)∑
(s′1,s

′
2,...,s

′
t)∈{0,1}t

g(s′1, s
′
2, . . . , s

′
t)
.

If V = (∅, ∅, ∅), then we say that f perfectly simulates g. More generally, we say that f

simulates a set of functions G if f simulates every g ∈ G.

The connection between “hard” as defined in Definition 6.2.1 and intractability is given

in the following lemma.

Lemma 6.2.8 ([35, Lemma 18]). Let f : {0, 1}k → R≥0. If f simulates a hard function,

then for all sufficiently large ∆, there exists c > 1 such that #Hyper2Spin∆,c(f) is NP-

hard.

Remark 6.2.2. [35, Lemma 18] is stated for symmetric functions, but the proof in [35]

also works for asymmetric functions.

6.2.5 Technical lemmas

Our main technical theorem is the following classification of Boolean functions, which

asserts that every non-affine function either supports perfect equality or simulates a hard

function.

Theorem 6.2.9. Let k ≥ 2 and let f : {0, 1}k → {0, 1} be a Boolean function. Then at least

one of three following propositions is true:

1. f is affine;

2. f supports perfect equality;

3. f simulates a hard function.

Theorem 6.2.9 is proved in Section 6.4. When f simulates a hard function, using

Lemma 6.2.8, we can immediately conclude that for all sufficiently large ∆, there exists

c > 1 such that #Hyper2Spin∆,c(f) is NP-hard. As we already discussed in Section 6.2.1,

it is important that, in the case where f does not simulate a hard function, Theorem 6.2.9

168



guarantees that f supports perfect equality (rather than simple imperfect equality); this

allows us to recover the connection to #BIS for those f ∈ IM2. In fact, when f supports

perfect equality, we can effectively carry out (a strengthening of) the analysis in [26] to

obtain the following classification which perfectly aligns with Theorem 6.1.7.

Theorem 6.2.10. Let f : {0, 1}k → {0, 1} be a Boolean function that is not affine. Suppose

that f supports perfect equality.

1. If f is in IM2, then for all sufficiently large ∆, #Hyper2Spin∆(f) is #BIS-equivalent.

2. If f is not in IM2, then for all sufficiently large ∆, there exists a real number c > 1

such that #Hyper2Spin∆,c(f) is NP-hard.

Theorem 6.2.10 is proved in Section 6.5. Thus, Theorems 6.2.9 and 6.2.10 together

achieve the desired classification of #Hyper2Spin∆(f) when f ∈ IM2 as well as the strong

inapproximability results when f /∈ IM2. Before delving into the proofs of Theorems 6.2.9

and 6.2.10 however, it will be instructive to give the main ideas behind the proofs,

especially of the more critical Theorem 6.2.9.

To prove Theorem 6.2.9, our proof departs from the previous approaches in the related

works [26] and [35]. In these works, f was used to directly encode a binary function

which was feasible because of the presence of equality in [26] and the symmetry of f

in [35]. Instead, we take a much more painstaking combinatorial approach by using

induction on the arity of the function f .

The base case of the induction (proving Theorem 6.2.9 for arity-2 functions) is fairly

simple to handle, so let us focus on the induction step. The rough idea, to put the

induction hypothesis to work, is to study whether f supports pinning-to-0 or pinning-to-1;

then, provided that at least one these pinnings is available, we need to pin appropriately

some arguments of f to obtain a function h of smaller-arity. Our goal is then to ensure

that h is non-affine; then, we can invoke the induction hypothesis and obtain that h

either supports perfect equality or simulates a hard function. From there, since h was

obtained by pinning some arguments of f , we will obtain by a transitivity argument

(cf. Lemma 6.4.8) that f either supports perfect equality or f simulates the same hard

function as h. (A detail here is that, in the case where h supports perfect equality, to

conclude that f supports perfect equality from Lemma 6.4.8, we need to ensure that the

pinnings of f used to obtain h were perfect.)
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Determining which arguments of f need to be pinned is the most challenging aspect of

this scheme. Our method for reducing the number of functions under consideration is

to symmetrise f in a natural way and obtain a new function f∗ which is now symmetric

(see Definition 6.4.1). Then, it turns out that there are seven possibilities for the function

f∗ which we need to consider in detail (the functions are given in Definition 6.3.2). That

is, when the symmetrisation of f is one of these seven functions, we have to figure out

whether f supports perfect equality and, if not, work out the combinatorial structure of f

and pinpoint which arguments are suitable to be pinned. The details of the argument can

be found in Section 6.4.2.

The proof of Theorem 6.2.10, where f supports perfect equality, basically follows the

approach of [26]. However, to get the stronger inapproximability results, we have to

take a detour studying self-dual functions (functions whose value does not change when

we complement their arguments). We show that if f is self-dual then it simulates a hard

function (Theorem 6.5.6). The problem with self-dual functions is that they do not support

pinning-to-0 or pinning-to-1, so we are not able to use the relevant results from [26].

After proving Theorem 6.5.6 and doing some preparatory work in Section 6.5.1 to ensure

that “implementations in CSPs" work in the repeat-free setting when f supports perfect

equality (see Lemma 6.5.2), the techniques of [26] can be adapted to get Theorem 6.2.10.

6.3 Properties of affine, IM2, and symmetric functions

For a vector x, we use xi to denote the i’th entry of x. Further, for vectors x and y of the

same length, x⊕y will denote the coordinate-wise addition of x and y over GF(2). More

generally, for any binary Boolean operator ⊗, we will denote by x⊗ y the vector whose

i-th entry is given by xi ⊗ yi. We will use 0,1 to denote the vectors whose entries are all

zeros and all ones, respectively (the length of these vectors will be clear from context).

Finally, for a Boolean vector x, x will denote the coordinate-wise “negation" of x, i.e.,

x = x⊕ 1.

6.3.1 Affine functions

The following well-known characterisation of affine functions (cf. Definition 6.1.3) is

instructive and will be useful later. For a proof, see, for example, Lemma 4.10 of [19] or

Lemma 11 of [26].
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Lemma 6.3.1. Let f : {0, 1}k → {0, 1} be a Boolean function. Then:

1. f is affine iff for every a,b, c ∈ Rf , it holds that a⊕ b⊕ c ∈ Rf .

2. If f is not affine, then for every a ∈ Rf , there are b, c ∈ Rf such that a ⊕ b ⊕ c /∈
Rf .

The set of affine symmetric Boolean functions f : {0, 1}k → {0, 1} is given by the following

set EASY(k).

Definition 6.3.2. For k ≥ 2, let EASY(k) be the set containing the following seven

functions.

f
(k)
zero(x1, . . . , xk) = 0, f

(k)
one(x1, . . . , xk) = 1, f

(k)
allzero(x1, . . . , xk) = 1{x1 = . . . = xk = 0},

f
(k)
allone(x1, . . . , xk) = 1{x1 = . . . = xk = 1}, f

(k)
EQ (x1, . . . , xk) = 1{x1 = . . . = xk},

f
(k)
even(x1, . . . , xk) = 1{x1 ⊕ · · · ⊕ xk = 0}, f

(k)
odd(x1, . . . , xk) = 1{x1 ⊕ · · · ⊕ xk = 1}.

6.3.2 A characterisation of IM2

In the language of universal algebra, Creignou, Kolaitis, and Zanuttini [19] have shown

that IM2 (see Definition 6.1.4) is precisely the “co-clone” corresponding to the “clone” M2

in Post’s lattice (see [8]). Defining clones and co-clones would be a bit of a distraction

from this paper, but the only fact that we need is the following (which follows directly

from the definitions of clones and co-clones and from the fact that IM2 is the co-clone

corresponding to M2).

Lemma 6.3.3. Let f : {0, 1}k → {0, 1} be a Boolean function. Then, the function f is in

IM2 iff for every x,y ∈ Rf it holds that x ∨ y ∈ Rf and x ∧ y ∈ Rf .

6.3.3 The case where f is symmetric: extensions to the asymmetric case

In this section, we state a few results from [35] which were stated for the case where

f is a symmetric Boolean function, but whose proof works just as well even when f is

asymmetric.

The following lemma, which is Lemma 12 of [35], gives sufficient conditions for pinning-

to-0, pinning-to-1 and equality. The statement of the lemma in [35] is restricted to

symmetric functions f , but the proof applies to all functions (with the trivial modification
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that the vertices in the hyperarcs in the constructed k-tuple hypergraph H must be

ordered appropriately).

Lemma 6.3.4 ([35, Lemma 12]). Let f : {0, 1}k → R≥0 and let H be a k-tuple hypergraph.

1. If there is a vertex v in H such that µf ;H(σv = 0) > µf ;H(σv = 1), then f supports

pinning-to-0.

2. If there is a vertex v in H such that µf ;H(σv = 1) > µf ;H(σv = 0), then f supports

pinning-to-1.

3. If there are vertices x, y in H such that µf ;H(σx = σy = 0) = µf ;H(σx = σy = 1) and

µf ;H(σx = σy) > µf ;H(σx 6= σy), then f supports equality.

Lemma 6.3.5 ([35, Lemma 17]). Let f : {0, 1}k → R≥0. Let H = (V,F) be a k-tuple

hypergraph and let S be a subset of V . Let V be admissible for H with respect to f . Then,

for every ε > 0, there is a k-tuple hypergraph H ′ = (V ′,F ′) with V ⊆ V ′ and F ⊆ F ′ such

that, for every τ : S → {0, 1}, it holds that∣∣µf ;H′(σS = τ)− µcond(V)
f ;H (σS = τ)

∣∣ ≤ ε,
where µcond(V)

f ;H (·) is as in Definition 6.2.6.

We will also use the following result from [35] which applies to symmetric Boolean

functions.

Lemma 6.3.6 ([35, Proof of Theorem 3]). Let k ≥ 2 and let f : {0, 1}k → {0, 1} be

a symmetric Boolean function such that f /∈ EASY(k). Then either f simulates a hard

function or f supports perfect equality (or both).

Proof. We briefly overview the proof in [35], the relevant parts are in [35, Section 4].

1. [35, Lemma 13] shows that every function f /∈ EASY(k) supports one of pinning-

to-0, pinning-to-1 or equality.

2. In [35, Section 4.1], the case where f supports both pinning-to-0 and pinning-to-1

is considered. Then, [35] shows that f simulates a hard function.
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3. In [35, Section 4.2], the case where f supports equality but neither pinning-to-0

nor pinning-to-1 is considered. The proof splits into cases depending on whether

f(0) = 0 or f(0) = 1. When f(0) = 0 ([35, Section 4.2.2]), [35] shows that f

supports perfect equality ([35, Lemma 28]). When f(0) = 1 ([35, Section 4.2.3]),

[35] shows that f simulates a hard function.

4. In [35, Section 4.3], the case where f supports pinning-to-0 is considered. Then,

[35] shows that f simulates a hard function. (The case where f supports pinning-

to-1 is identical by switching the spins 0 and 1.)

Thus, for every symmetric function f : {0, 1}k → {0, 1} such that f /∈ EASY(k), the results

of [35] show that either f simulates a hard function or f supports perfect equality.

6.4 Non-affine Boolean functions either support perfect equal-
ity or simulate a hard function

In this section, we prove Theorem 6.2.9, i.e., that every non-affine Boolean function

either supports perfect equality or simulates a hard function. Before proving the theorem,

we will need a few technical lemmas.

6.4.1 A few preparatory lemmas

Definition 6.4.1 (The symmetrisation f∗). Let f : {0, 1}k → R≥0. We denote by f∗

the symmetrisation of f obtained as follows. Let Sk denote the set of all permutations

π : [k]→ [k]. Then f∗ : {0, 1}k → R≥0 is the function defined by

f∗(x1, . . . , xk) =
∏
π∈Sk

f(xπ(1), . . . , xπ(k)).

Lemma 6.4.2. Let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose that f∗ =

fallone. Then f supports perfect pinning-to-1.

Proof. Let H = (V,F) be the k-tuple hypergraph with V = {v1, v2, . . . , vk} and F =

{eπ | π ∈ Sk} where eπ = (vπ(1), vπ(2), . . . , vπ(k)). Since f∗ = fallone, we have that for all

σ : V → {0, 1} it holds that wf,H(σ) > 0 if and only if σ(v1) = σ(v2) = · · · = σ(vk) = 1.

Thus, f supports perfect pinning-to-1.

Completely analogously, we have the following pinning lemma when f∗ = fallzero.
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Lemma 6.4.3. Let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose that f∗ =

fallzero. Then f supports perfect pinning-to-0.

For any function f such that f∗ = fzero, we have the following pinning lemma.

Lemma 6.4.4. Let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose that f 6= fzero

and f∗ = fzero. Then at least one of the following two propositions is true:

1. f supports perfect pinning-to-0 and perfect pinning-to-1;

2. f supports perfect equality.

Proof. Note that the conditions in the lemma imply that k ≥ 2. Let Sk denote the set of all

permutations π : [k]→ [k] and let id ∈ Sk denote the identity permutation. For any subset

A ⊆ Sk, let fA be the function defined by fA(w1, . . . , wk) :=
∏
π∈A f(wπ(1), . . . , wπ(k)).

Note that fSk = f∗ = fzero. Also, for any π ∈ Sk we have f{π} 6= fzero (since f 6= fzero).

By iteratively removing permutations from Sk we will thus obtain a subset T ⊆ Sk with

|T | > 1 such that fT = fzero and, for every π ∈ T , it holds that fT\{π} 6= fzero. By

renaming the variables if necessary, we may assume that id ∈ T .

Let H0 = (V0,F0) be the k-tuple hypergraph with vertex set V0 = {x1, . . . , xk} and

hyperarc set F0 = ∪π∈T\{id}{(xπ(1), . . . , xπ(k))}. By the choice of the set T , we have that

Zf ;H0 > 0. For i = 1, . . . , k, let Hi = (Vi,Fi) be the k-tuple hypergraph with vertex set

Vi = V0 ∪ {yi+1, . . . , yk} and hyperarc set Fi = F0 ∪ {(x1, . . . , xi, yi+1, . . . , yk)}. Again

by the choice of the set T we have that Zf ;Hk = 0. Thus, there exists 0 ≤ j < k

such that Zf ;Hj > 0 and Zf ;Hj+1
= 0. Note that for every assignment σ : Vj → {0, 1}

with wf ;Hj (σ) > 0 it holds that σ(xj+1) 6= σ(yj+1); otherwise, for the assignment

σ′ = σVj+1 (i.e., the restriction of the assignment σ to the set Vj+1), it would hold that

wf ;Hj+1
(σ′) > 0, contradicting that Zf ;Hj+1

= 0.

For s1, s2 ∈ {0, 1}, let

Zs1,s2 :=
∑

σ:Vj→{0,1};
σ(xj+1)=s1, σ(yj+1)=s2

wf ;Hj (σ) .

By the argument above, we have that Z0,0 = Z1,1 = 0. Since Zf ;Hj > 0, we have that

at least one of Z0,1 and Z1,0 is non-zero. In fact, we may assume that both are non-

zero, since otherwise f supports both perfect pinning-to-0 and perfect pinning-to-1 so
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proposition 1 in the statement of the lemma is satisfied (for example, if Z1,0 = 0, then

µf ;Hj (σ(xj+1) = 0) = 1 and µf ;Hj (σ(yj+1) = 1) = 1).

Let J1, J2 be two disjoint copies of Hj . Denote by u1, u2 the vertices corresponding to

xj+1 in J1, J2, respectively. Also, denote by v1, v2 the vertices corresponding to yj+1 in

J1, J2. Let J = (V,F) be the k-tuple hypergraph obtained by taking the union of J1 and

J2 and identifying the vertices u2 and v1 into a new vertex w (i.e., we merge the vertex

corresponding to xj+1 in J2 and the vertex corresponding to yj+1 in J1).

For s1, s2 ∈ {0, 1}, let

Z ′s1,s2 :=
∑

σ:V→{0,1};
σ(u1)=s1, σ(v2)=s2

wf ;J(σ).

By considering the spin of the vertex w, we obtain that

Z ′s1,s2 = Zs1,0Z0,s2 + Zs1,1Z1,s2 ,

which gives that

Z ′0,0 = Z0,1Z1,0, Z ′0,1 = 0, Z ′1,0 = 0, Z ′1,1 = Z1,0Z0,1.

Since Z0,1, Z1,0 6= 0, we obtain that

µf ;J(σ(u1) = σ(v2) = 0) = µf ;J(σ(u1) = σ(v2) = 1) =
1

2
,

and hence f supports perfect equality.

For any function f , we can show that if f∗ is fEQ, fodd or feven then f supports perfect

equality.

Lemma 6.4.5. Let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose that f∗ = fEQ.

Then f supports perfect equality.

Proof. Let H = (V,F) be the k-tuple hypergraph with V = {v1, v2, . . . , vk} and hyperarc

set F = {eπ | π ∈ Sk} where eπ = (vπ(1), vπ(2), . . . , vπ(k)). Since f∗ = fEQ, we have that

for all σ : V → {0, 1} it holds that wf,H(σ) > 0 iff σ(v1) = σ(v2) = · · · = σ(vk) = 1 or

σ(v1) = σ(v2) = · · · = σ(vk) = 0. Thus, f supports perfect equality.

Lemma 6.4.6. Let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose that f∗ ∈
{fodd, feven}. Then f supports perfect equality.
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Proof. Let H = (V,F) be the k-tuple hypergraph with V = {v1, v2, . . . , vk+1} and

F = {eπ | π ∈ Sk} ∪ {e′π | π ∈ Sk} where eπ = (vπ(1), vπ(2), . . . , vπ(k)) and e′π =

(vπ(1)+1, vπ(2)+1, . . . , vπ(k)+1) (note that H has k+ 1 vertices and 2k! hyperarcs). Since f∗

is either fodd or feven, for all σ : V → {0, 1} with wf,H(σ) > 0, we have that the parity of

number of ones among σ(v1), σ(v2), . . . , σ(vk) and the parity of number of ones among

σ(v2), σ(v3), . . . , σ(vk+1) must be the same and thus σ(v1) = σ(vk+1). Furthermore, for

s ∈ {0, 1}, there are exactly 2k−1 assignments σ : V → {0, 1} such that wf ;H(σ) > 0,

σ(v1) = σ(vk+1) and σ(v2)⊕ σ(v3)⊕ · · · ⊕ σ(vk) = s. It follows that

µf ;H(σ(v1) = σ(vk+1) = 0) = µf ;H(σ(v1) = σ(vk+1) = 1) =
1

2
,

which means that f supports perfect equality.

By the above lemmas, we can show that some functions can be either dealt with directly,

or reduced to other functions with smaller arity.

Definition 6.4.7. For s ∈ {0, 1}, let δs : {0, 1} → {0, 1} be the Boolean function defined

by δs(s) = 1 and δs(1⊕ s) = 0. Define fi→s to be the function obtained from f by pinning

the i-th argument of f to s, i.e.

fi→s(x1, . . . , xi−1, xi+1, . . . , xk) =
∑
xi

f(x1, . . . , xk) · δs(xi).

Similarly, for S, T ⊆ [k], let fS→0,T→1 be the (k − |S ∪ T |)-ary function obtained from f

by pinning the arguments in S to 0 and the arguments in T to 1, i.e.,

fS→0,T→1 =
∑

xi:i∈S∪T
f(x1, . . . , xk) ·

∏
i∈S

δ0(xi) ·
∏
j∈T

δ1(xj).

If S = ∅ or T = ∅, we will omit S → 0 or T → 1 from notation.

Using Definition 6.4.7, we have the following lemma:

Lemma 6.4.8. Let f : {0, 1}k → {0, 1} be a Boolean function. Suppose that S0 and S1 are

disjoint subsets of [k] such that, for a ∈ {0, 1}, Sa is empty if f does not support perfect

pinning-to-a. Let h = fS0→0,S1→1.

1. If h supports equality, then f also supports equality. Further, if h supports perfect

equality, then f also supports perfect equality.
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2. If h supports pinning-to-s for some s ∈ {0, 1}, then f also supports pinning-to-s.

3. If h simulates a function g : {0, 1}2 → R≥0 that is not f (2)
zero then f simulates g as well.

Also, if h perfectly simulates g then f perfectly simulates g as well.

Proof. Without loss of generality, we assume that the arity of h is n, and that S0 ∪ S1 =

{n + 1, n + 2, . . . , k}. For each a ∈ {0, 1}, if Sa is non-empty, then by assumption f

supports perfect pinning-to-a, so there exists a k-tuple hypergraph Ha = (Va,Fa) with a

vertex wa ∈ Va such that µf ;Ha(σwa = a) = 1.

We now give a general construction which takes any n-tuple hypergraph H = (V,F) and

produces a new k-tuple hypergraph H ′ = (V ′,F ′). To do this, we take k − n new vertices

v′n+1, . . . , v
′
k that are not in V and let V ′ = V ∪ {v′n+1, . . . , v

′
k}. The hyperarcs of H ′ are

in one-to-one correspondence with those in H: For each hyperarc (u1, u2, . . . , un) in H,

we add the hyperarc (u1, u2, . . . , un, v
′
n+1, v

′
n+2, . . . , v

′
k) to H ′. Moreover, for i ∈ S0, add

a distinct copy of H0 to H ′ by identifying v′i with the vertex w0 in H0. Also, for i ∈ S1,

add a distinct copy of H1 to H ′ by identifying v′i with the vertex w1 in H1.

Say that an assignment σ : V ′ → {0, 1} is relevant if, for each a ∈ {0, 1} and each i ∈ Sa,
σ(vi) = a. The copies of H0 and H1 ensure that, for every assignment σ : V ′ → {0, 1}
with wf ;H′(σ) > 0, σ is relevant. The definition of h ensures that, for any relevant

assignment σ,

wf ;H′(σ) = wh;H(σV ). (6.2)

We now use (6.2) to establish the three items in the statement of the lemma.

1. Suppose that h supports equality. For any ε ∈ (0, 1), there is an n-tuple hypergraph

H = (V,F) and two vertices x and y of H such that, for every s ∈ {0, 1}, µh;H(σx =

σy = s) ≥ (1 − ε)/2. Construct H ′ from H using the general construction above.

From (6.2), we conclude that, for any s ∈ {0, 1}, µf ;H′(σx = σy = s) = µh;H(σx =

σy = s) ≥ (1 − ε)/2, so f supports equality. If h supports perfect equality, then

we can take ε = 0 in this argument, obtaining the conclusion that f also supports

perfect equality.

2. Suppose that h supports pinning-to-s. For any ε ∈ (0, 1) there is an n-tuple hyper-

graph H = (V,F) and a vertex x of H such that µh;H(σx = s) ≥ 1− ε. Construct

H ′ from H using the general construction above. From (6.2), we conclude that,

µf ;H′(σx = s) = µh;H(σx = s) ≥ 1− ε, so f supports pinning-to-s.
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3. Let g : {0, 1}2 → R≥0 be a function that is not f (2)
zero. Suppose first that h simulates

g. By the definition of “simulates", there exists an n-tuple hypergraph H with

admissible V (with respect to h) and two vertices u and v in H such that, for every

s, t ∈ {0, 1}, it holds that

µ
cond(V)
h;H (σ(u) = s, σ(v) = t) =

g(s, t)∑
i,j∈{0,1} g(i, j)

. (6.3)

Since g 6= f
(2)
zero, the expression in (6.3) is well-defined.

Construct H ′ from H using the general construction above. From Items 1 and 2 of

the lemma, if h supports equality or pinning-to-0 or pinning-to-1 then so does f .

Thus, V is admissible for H ′ with respect to f . It follows from (6.2) that

µ
cond(V)
h;H (σ(u) = s, σ(v) = t) = µ

cond(V)
f ;H′ (σ(u) = s, σ(v) = t | ∧i∈S0σ(vi) = 0, ∧i∈S1σ(vi) = 1)

= µ
cond(V)
f ;H′ (σ(u) = s, σ(v) = t),

so, using (6.3), we obtain that f simulates g, as wanted. If h perfectly simulates g

then we can take V = (∅, ∅, ∅), so the argument shows that f perfectly simulates g.

6.4.2 Proof that every non-affine Boolean functions either supports perfect
equality or simulates a hard function

Definition 6.4.9 (Ωf , χS). Let f : {0, 1}k → R≥0. For S ⊆ [k], χS denotes the character-

istic vector of S, which is the length-k Boolean vector such that, for all i ∈ [k], the i-th bit

of χS is 1 if and only if i ∈ S. Finally, Ωf = {S ⊆ [k] | χS ∈ Rf}, where Rf is the relation

underlying f , defined at the beginning of Section 6.1.1.

Definition 6.4.10. A function f : {0, 1}k → {0, 1} is semi-trivial if and only if there exists

a set S such that Ωf = {T | S ⊆ T ⊆ [k]} or Ωf = {T | T ⊆ S}.

Remark 6.4.1. Every semi-trivial function is affine.

Lemma 6.4.11. Let k ≥ 2 and let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose

that f 6= fallone and f∗ = fallone. Let S be a set in Ωf such that S 6= [k]. Then at least one of

the following propositions is true:

1. ∀T ⊇ S, we have T ∈ Ωf ;
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2. f supports perfect equality;

3. f simulates a hard function.

Proof. Without loss of generality (by re-numbering the variables), let S = {n + 1, n +

2, . . . , k} for some integer n ≥ 1. By Lemma 6.4.2, f supports perfect pinning-to-1.

Let h(x1, x2, . . . , xn) = f(x1, . . . , xk)S→1. Note that h∗(0) = 1 and h∗(1) = 1. We may

assume that n ≥ 2 (otherwise ∀T ⊇ S, we have T ∈ Ωf ).

Case 1. h∗ 6∈ EASY(n). In this case, Lemma 6.3.6 ensures that either h simulates a hard

function or h supports perfect equality (or both). If h simulates a hard function,

then by Item 3 of Lemma 6.4.8, f also simulates a hard function. If h supports

perfect equality, then, by Item 1 of Lemma 6.4.8, f also supports perfect equality.

Case 2. h∗ ∈ EASY(n). Then h∗ ∈ {fone, feven, fEQ} since h∗(0) = 1 and h∗(1) = 1. If

h∗ = fone, we have that h(x) = 1 for all x ∈ {0, 1}n. Since h(x) = fS→1, we obtain

that T ∈ Ωf for all T ⊇ S.

If h∗ ∈ {feven, fEQ}, then h supports perfect equality by Lemmas 6.4.5 and 6.4.6.

Since f supports perfect pinning-to-1, by Item 1 of Lemma 6.4.8 we obtain that f

supports perfect equality as well.

This concludes the proof.

Lemma 6.4.12. Let k ≥ 2 and let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose

that f 6= fallone and f∗ = fallone. Then at least one of the four following propositions is true:

1. f is semi-trivial;

2. there exists t ∈ [k] such that ft→1 is not affine;

3. f supports perfect equality;

4. f simulates a hard function.

Proof. If k = 2, since f 6= fallone and f∗ = fallone, we have f(1, 1) = 1, f(0, 0) = 0 and

exactly one of f(0, 1) and f(1, 0) is one, so f is semi-trivial. Thus, for the rest of the proof

we may assume that k ≥ 3.

Since f∗ = fallone, we have that f(1) = 1 and f(0) = 0. Further, since f 6= fallone, there

exists S ∈ Ωf with |S| < k.
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Case 1. Every S ∈ Ωf satisfies |S| ≥ k − 1.

If there is only one set S in Ωf with |S| = k − 1, then we have that f is semi-trivial

(since f(1) = 1). Otherwise, there are distinct sets S, S′ ∈ Ωf with |S| = |S′| = k−1,

so |S ∩ S′| = k − 2 and thus S ∩ S′ 6= ∅ and S ∩ S′ 6∈ Ωf . Let t ∈ S ∩ S′. We claim

that h = ft→1 is not affine; to see this, note that f(χS) = f(χS′) = f(χ[k]) = 1 and

f(χS ⊕ χS′ ⊕ χ[k]) = f(χS∩S′) = 0. Since h = ft→1 and t ∈ S ∩ S′, we obtain that

S\{t}, S′\{t}, [k]\{t} ∈ Ωh but (S ∩ S′)\{t} /∈ Ωh.

By Item 1 of Lemma 6.3.1, it thus follows that h is not affine, as wanted.

Case 2. There exists S ∈ Ωf with |S| ≤ k − 2.

Let S be a set in Ωf with the smallest cardinality among the sets in Ωf . By

Lemma 6.4.11, either f satisfies proposition 3 or 4, in the statement of the lemma

(so we are finished), or every Q ⊇ S satisfies Q ∈ Ωf . Thus, for the rest of the proof

we may assume that for every Q ⊇ S it holds that Q ∈ Ωf .

Let Ψ = {W ∈ Ωf | S \W 6= ∅}. If Ψ is empty then f is semi-trivial, so it satisfies

proposition 1 in the statement of the lemma (and we are finished). So assume that

Ψ is non-empty and choose T ∈ Ψ with cardinality as small as possible.

By the choice of S, T cannot be a strict subset of S, so T \ S is not empty. Applying

Lemma 6.4.11 to the set T , we may assume that ∀Q ⊇ T it holds that Q ∈ Ωf

(otherwise, f will satisfy proposition 3 or 4, in the statement of the lemma, so we

are finished). Since f(0) = 0 and S has minimum cardinality among the sets in Ωf ,

we have 1 ≤ |S| ≤ |T |.

Case 2a. |T | = 1, which implies |S| = 1. Suppose S = {s} and T = {t}. Consider

a set Q ⊆ [k] with |Q| = k − 2. By the above assumptions, we have that if

s ∈ Q or t ∈ Q then Q ∈ Ωf . This accounts for all but one sets Q ⊆ [k] with

|Q| = k − 2; for the remaining set Q = [k]\{s, t}, it must be the case that

Q 6∈ Ωf , otherwise all sets Q with |Q| = k− 2 are in Ωf , which contradicts the

fact that f∗ = fallone. Now let’s consider. The number of sets W ∈ Ωf which

contain both s and t is 2k−2. Similarly, the number of sets W ∈ Ωf which

contain s but not t is 2k−2 and the number of sets W ∈ Ωf which contain t

but not s is 2k−2. But the number of sets W ∈ Ωf which contain neither s
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nor t is less than 2k−2. So the k-tuple hypergraph with the single hyperarc

(v1, . . . , vk) induces a hard function on the two vertices vs and vt and therefore

f simulates a hard function.

Case 2b. |T | ≥ 2 and S ∩ T 6= ∅. Since S \ T 6= ∅, we have |S| > |S ∩ T | and

thus S ∩ T 6∈ Ωf by the minimality of S. Let r ∈ S ∩ T . Now we know that

S ∈ Ωf , T ∈ Ωf and S ∪ T ∈ Ωf by the assumptions above. But S ∩ T 6∈ Ωf

and χS ⊕ χT ⊕ χS∪T = χS∩T , so by Item 1 of Lemma 6.3.1, fr→1 is not affine.

Case 2c. |T | ≥ 2 and S ∩ T = ∅. Since T \ S 6= ∅, let r ∈ T \ S. By the above

assumptions, we have that S ∪ {r} and S ∪ T are in Ωf . Note that {r} /∈ Ωf ;

otherwise, we would obtain a contradiction to the choice of the set T , since

T ′ = {r} satisfies T ′ ∈ Ωf , S\T ′ = S 6= ∅ and |T ′| < |T |. Now we know that

S ∪ {r}, T, S ∪ T ∈ Ωf and {r} 6∈ Ωf . Note that since S ∩ T = ∅, it holds that

χS∪{r} ⊕ χT ⊕ χS∪T = χ{r}, so by Item 1 of Lemma 6.3.1 we have that fr→1

is not affine.

This concludes the proof of Lemma 6.4.12.

Similarly, by switching the spins 0 and 1, we obtain the following lemma when f∗ =

fallzero.

Lemma 6.4.13. Let k ≥ 2 and let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose

that f 6= fallzero and f∗ = fallzero. Then at least one of the four following propositions is true:

1. f is semi-trivial;

2. there exists t ∈ [k] such that ft→0 is not affine;

3. f supports perfect equality;

4. f simulates a hard function.

Proof. Suppose f is a Boolean function such that f∗ = fallzero and f 6= fallzero. Let g be

the function defined by g(x) = f(x) for all x ∈ {0, 1}k. Now it holds that g∗ = fallone and

g∗ 6= fallone. So g satisfies one of the four propositions in Lemma 6.4.12. We then have

1. If g is semi-trivial, f is semi-trivial.

2. If gt→1 is not affine for some t ∈ [k], ft→0 is not affine either.
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3. If g supports perfect equality, f supports perfect equality too.

4. If g simulates a hard function, f simulates the bitwise complement of the hard

function, which is also hard.

For every function f such that f∗ = fzero and f 6= fzero, we still have a similar reduction

lemma, but the proof is more complicated.

Lemma 6.4.14. Let k ≥ 3 and let f : {0, 1}k → {0, 1} be a k-ary Boolean function.

Suppose that f∗ = fzero and f 6= fzero. Let S ∈ Ωf . Then, at least one of the four following

propositions is true:

1. h = fS→0 is semi-trivial;

2. there exists T ⊆ [k] such that fS→0,T→1 is not affine;

3. f supports perfect equality;

4. f simulates a hard function.

Proof. By Lemma 6.4.4, we have that either f supports perfect equality or f supports both

perfect pinning-to-0 and perfect pinning-to-1. We assume that the latter holds (otherwise

we are done).

Let h = fS→0. Since f(0) = f∗(0) = 0 and S ∈ Ωf , we have that h(0) = 0 and

h(1) = 1. Note that h has arity q := |S|. We may assume that q > 1; otherwise, h

is semi-trivial (proposition 1 in the statement of the lemma). There are two cases to

consider: h∗ 6∈ EASY(q) or h∗ ∈ EASY(q).

• Case 1. h∗ 6∈ EASY(q).

Case 1a. q = 2.

In this case, h∗(0, 0) = 0 and h∗(0, 1) = h∗(1, 0) = h∗(1, 1) = 1, so h∗ = OR

which is a hard function. We have already assumed (in the first line of the

proof) that f supports perfect pinning-to-0. Also, by definition, h perfectly

simulates itself. By Item 3 of Lemma 6.4.8, f perfectly simulates h as well, so

f simulates a hard function (proposition 4 in the statement of the lemma).

Case 1b. q > 2.
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By Lemma 6.3.6, either h simulates a hard function or h supports perfect equal-

ity (or both). If h simulates a hard function then by Item 3 of Lemma 6.4.8,

f simulates the same hard function (proposition 4 in the statement of the

lemma). On the other hand, if h supports perfect equality then by Item 1 of

Lemma 6.4.8 so does f (proposition 3 in the statement of the lemma).

• Case 2. h∗ ∈ EASY(q). Since h(0) = 0 and h(1) = 1, we have that h∗ is fodd or

fallone.

Case 2a. h∗ = fodd. By Lemma 6.4.6, h supports perfect equality and thus

f supports perfect equality by Item 1 of Lemma 6.4.8 (proposition 3 in the

statement of the lemma).

Case 2b. h∗ = fallone. If h = fallone, h is semi-trivial (proposition 1 in the

statement of the lemma). Otherwise, note that q > 1, so by Lemma 6.4.12, h

is semi-trivial (proposition 1 in the statement of the lemma), or there exists

t ∈ [k] such that ht→1 is not affine or h supports perfect equality or h simulates

a hard function. If there exists t ∈ [k] such that ht→1 is not affine then taking

T = {t}, f satisfies proposition 2 in the statement of the lemma. Finally, if h

supports perfect equality then so does f (like Case 2a) and if h simulates a

hard function, then so does f (like Case 1b).

Lemma 6.4.15. Let k ≥ 2 and let f : {0, 1}k → {0, 1} be a k-ary Boolean function. Suppose

that f 6= fzero and f∗ = fzero. Then at least one of the four following propositions is true:

1. f is affine;

2. there exist S, T ⊆ [k] such that fS→0,T→1 is not affine;

3. f supports perfect equality;

4. f simulates a hard function.

Proof. If k = 2, we have f(0, 0) = f(1, 1) = 0, so |Ωf | ≤ 2 and thus f is affine (cf. Item 1

of Lemma 6.3.1) so it satisfies proposition 1 in the statement of the lemma.

Now suppose k ≥ 3. By Lemma 6.4.14, we can assume that for all W ∈ Ωf , fW→0 is a

semi-trivial function (otherwise f satisfies at least one of propositions 2, 3 or 4).

183



Choose S ∈ Ωf such that |S| is as large as possible. Let h = fS→0. Since h is semi-trivial

(by taking W = S above), we claim that there is a T satisfying ∅ ⊂ T ⊆ S such that

Ωh = {U | T ⊆ U ⊆ S}. (To see this, note that the definition of semi-trivial implies that

there is a subset T of S such that either Ωh = {U | U ⊆ T} or Ωh = {U | T ⊆ U ⊆ S}.
The former is impossible since ∅ 6∈ Ωh since h(0) = f(0) and f(0) = 0 since f∗ = fzero.

Also, in the latter case, T is not empty because, once again, ∅ 66∈ Ωh.)

Case 1. Suppose that ∀X ∈ Ωf , T ⊆ X: Recall that T is non-empty. Also, for every

i ∈ T , Ωfi→1
= Ωf so either f is affine (proposition 1 in the statement of the lemma) or

fi→1 is not affine (proposition 2 in the statement of the lemma).

Now, if Case 1 does not hold then there is an X ∈ Ωf such that T \X is non-empty. Since

Ωh = {U | T ⊆ U ⊆ S} we conclude that X /∈ Ωh. Since h = fS→0 we conclude that

X \ S is non-empty. Thus, the only other case to consider is as follows.

Case 2. Suppose that there is an X ∈ Ωf such that T \X and X \S are both non-empty:

Let Ψ = {X ∈ Ωf | T \X 6= ∅ and X \ S 6= ∅ }. Let a = min{|T \ X| : X ∈ Ψ}, and

b = min{|X \ S| : X ∈ Ψ and |T \X| = a}. Choose R ∈ Ψ with |T \ R| = a and

|R \ S| = b.

Now before proceeding, we use the sets S, T and R to partition [k].

A = {i ∈ [k] | i ∈ S, i ∈ T, i /∈ R},

B = {i ∈ [k] | i ∈ S, i ∈ T, i ∈ R},

C = {i ∈ [k] | i ∈ S, i /∈ T, i /∈ R},

D = {i ∈ [k] | i ∈ S, i /∈ T, i ∈ R},

E = {i ∈ [k] | i /∈ S, i /∈ T, i /∈ R},

F = {i ∈ [k] | i /∈ S, i /∈ T, i ∈ R}.

It is clear from the definitions that the sets A, B, C, D, E and F are disjoint. Also, since

T ⊆ S, they partition [k]. From the definitions, A = T \ R and F = R \ S so, by the

choice of R, A and F are non-empty. Let g = fC∪E→0,B∪D→1.

By definition, every element of Ωg is a subset of A ∪ F . Also, for Y ⊆ A ∪ F , “Y ∈ Ωg”

means the same thing as “Y ∪B ∪D ∈ Ωf ”. We establish some facts before dividing the

analysis into sub-cases.

Fact 1: A ∈ Ωg. We have Ωh = {U | T ⊆ U ⊆ S} and T = A ∪B so A ∪B ∪D ∈ Ωh.

Since A ∪B ∪D ⊆ S, this means A ∪B ∪D ∈ Ωf . Equivalently, A ∈ Ωg.
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Fact 2: F ∈ Ωg. From the definition of R, R ∈ Ωf . Also, R = B∪D∪F so F ∪B∪D ∈
Ωf . Equivalently, F ∈ Ωg.

Fact 3: If Y ∈ Ωg then either Y ∩A ∈ {∅, A} or Y ∩ F = ∅ (or both). Suppose for con-

tradiction that ∅ ⊂ Y ∩A ⊂ A and Y ∩F is non-empty. Note that R = B∪D∪F . Let

R′ = B ∪D ∪ Y . Note that T \R = A and T \R′ = A \ Y ⊂ A so |T \R′| < |T \R|.
We will show a contradiction to the choice of R by showing that R′ ∈ Ψ. First,

since Y ∈ Ωg, R′ ∈ Ωf . Also, T \ R′ = A \ Y is non-empty and R′ \ S = Y ∩ F is

non-empty.

Fact 4: If Y ∈ Ωg and Y ∩A = ∅ then Y ∈ {∅, F}. Suppose for contradiction that ∅ ⊂
Y ⊂ F . As in the proof of Fact 3, let R′ = B ∪D∪Y . Note that T \R = T \R′ = A.

Also, R \ S = F and R′ \ S = Y so |R \ S| > |R′ \ S|. Once again, we will show a

contradiction to the choice of R by showing that R′ ∈ Ψ. As in the proof of Fact 3,

since Y ∈ Ωg, R′ ∈ Ωf . Also, T \R′ is non-empty since T \R is. Finally, R′ \S = Y ,

which is non-empty.

Fact 5: If Y ∈ Ωg and Y ∩ F = ∅ then Y = A. Since Y ∈ Ωg, we have Y ∪ B ∪D ∈
Ωf . But since Y ⊆ A, we have Y ∪ B ∪ D ⊆ S, so Y ∪ B ∪ D ∈ Ωh. Since

Ωh = {U | T ⊆ U ⊆ S} we have T ⊆ Y ∪B ∪D so A ⊆ Y .

Given Facts 1–5, we have only the following sub-cases.

Case 2a: Ωg = {A,F}. In this case, we will show that f supports perfect equality so

it satisfies proposition 3 in the statement of the lemma. Using Lemma 6.4.4, we

conclude that either f supports perfect equality (in which case we are finished) or f

supports perfect pinning-to-0 and also perfect pinning-to-1, which we now assume.

Let H0 be a k-tuple hypergraph, with a vertex u0 such that µf ;H0(σu0 = 0) = 1. Let

H1 be a k-tuple hypergraph, with a vertex u1 such that µf ;H1(σu1 = 0) = 1. We

have already noted that A is non-empty. Suppose, without loss of generality, that

1 ∈ A (otherwise, we simply re-order the arguments of [k]). Now let H ′ be the

k-tuple hypergraph with vertices v0, v1, . . . , vk and hyperarcs (v0, v2, . . . , vk) and

(v1, v2, . . . , vk). Construct H from H ′ by doing the following:

• For every i ∈ C ∪ E, take a new copy of H0 and identify vertex u0 with vi.

• For every i ∈ B ∪D, take a new copy of H1 and identify vertex u1 with vi.
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Now since Ωg = {A,F}, µf ;H(σ(v0) = σ(v1) = 0) = µf ;H(σ(v0) = σ(v1) = 1) =

1/2. Thus, f supports perfect equality, so we have finished Case 2a.

Case 2b: ∃Y ∈ Ωg such that Y ∩A = A and Y ∩ F is non-empty. We will show that

f satisfies proposition 2 in the statement of the lemma. Specifically, consider some

t ∈ A. We will show that ft→1 is not affine.

Let Y ′ = Y ∩ F so that Y = A ∪ Y ′. Let

S1 := B ∪D ∪ Y = B ∪D ∪A ∪ Y ′, S2 := A ∪B = T, S3 := A ∪B ∪ C.

We claim that S1\{t}, S2\{t}, S3\{t} ∈ Ωft→1 . Since t ∈ S1, S2, S3 (from t ∈ A), the

claim will follow by showing that S1, S2, S3 ∈ Ωf . Indeed, since Y ∈ Ωg, we have

that S1 ∈ Ωf . Also, since S2 = T , we have that S2 ∈ Ωh so S2 ∈ Ωf . Finally, since

T = A ∪B ⊆ S3 ⊆ A ∪B ∪ C ∪D = S, we have that S3 ∈ Ωh so S3 ∈ Ωf .

Let S′ := A ∪ B ∪ C ∪ D ∪ Y ′ = S ∪ Y ′ and note that χS′ = χS1 ⊕ χS2 ⊕ χS3

(see Section 6.4.2 for the relevant notation) by the disjointness of A,B,C,D,E, F .

Since Y ′ is non-empty by assumption, we obtain that S′ is not in Ωf by maximality

of S. Note that t ∈ S′, so we have that S′\{t} /∈ Ωft→1 .

To sum up, we have shown that

S1\{t}, S2\{t}, S3\{t} ∈ Ωft→1 but S′\{t} /∈ Ωft→1

Since χS1\{t} ⊕ χS2\{t} ⊕ χS3\{t} = χS′\{t}, by Item 1 of Lemma 6.3.1, ft→1 is not

affine.

This concludes the proof of Lemma 6.4.15.

Now we can prove Theorem 6.2.9, which we restate here for convenience.

Theorem 6.2.9. Let k ≥ 2 and let f : {0, 1}k → {0, 1} be a Boolean function. Then at least

one of three following propositions is true:

1. f is affine;

2. f supports perfect equality;

3. f simulates a hard function.
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Proof. We prove this Theorem by induction on the arity of f .

• k = 2. So Rf ⊆ {00, 01, 10, 11}. If f is not affine, then |Rf | = 3.

If 00 6∈ Rf or 11 6∈ Rf , let G be a graph with two vertices u and v and an edge (u, v).

Then either µf ;G(σu = 1, σv = 1) = µf ;G(σu = 0, σv = 1) = µf ;G(σu = 1, σv = 0) =

1
3 or µf ;G(σu = 0, σv = 0) = µf ;G(σu = 0, σv = 1) = µf ;G(σu = 1, σv = 0) = 1

3 . So

f simulates a hard function.

If 01 6∈ Rf or 10 6∈ Rf , f∗ will be fEQ and thus f supports perfect equality by

Lemma 6.4.5.

• k ≥ 3. Suppose that for all 2 ≤ k′ < k, all k′-ary functions f ′ satisfy at least

one of the three propositions in the statement. We now prove that an arbitrary

f : {0, 1}k → {0, 1} satisfies at least one of the propositions as well. If f is affine,

then it satisfies proposition 1 in the statement of the lemma, so we assume that f is

not affine, so f 6∈ EASY(k). We have the following case analysis.

Case 1. f∗ 6∈ EASY(k). By Lemma 6.3.6, f∗ either simulates a hard function in

which case f simulates the same hard function as well or f∗ supports perfect

equality in which case f supports perfect equality as well.

Case 2. f∗ ∈ EASY(k). There are 6 sub-cases to consider:

Case 2a. f∗ = fEQ. By Lemma 6.4.5, f supports perfect equality.

Case 2b. f∗ = fodd or f∗ = feven. By Lemma 6.4.6, f supports perfect equality.

Case 2c. f∗ = fallone. By Lemma 6.4.2, f supports perfect pinning-to-1. By

Lemma 6.4.12, f is semi-trivial (and thus f is affine), or f supports perfect

equality or simulates a hard function, or there exists t ∈ [k] such that

ft→1 is not affine. If ft→1 is not affine for some t ∈ [k], ft→1 must support

perfect equality or simulate a hard function by the induction hypothesis.

So f supports or simulates the same function by Lemma 6.4.8.

Case 2d. f∗ = fallzero. The proof for this case is completely analogous to the

case 3.c by switching the spins 0 and 1 (cf. Lemma 6.4.13).

Case 2e. f∗ = fone. f∗ = fone means f(x) = 1 for all x ∈ {0, 1}k, so f is affine.

Case 2f . f∗ = fzero. By Lemma 6.4.4, we have that either f supports perfect

equality or f supports both perfect pinning-to-0 and perfect pinning-to-

1. We assume that the latter is the case (otherwise we are done). By
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Lemma 6.4.15, f is affine, or f supports perfect equality or simulates a

hard function, or there exists some S, T ⊆ [k] such that fS→0,T→1 is not

affine. The only case where we aren’t immediately finished is the final one.

In this case, the arity of fS→0,T→1 must be at least 2 since every unary

function is affine. Thus, since fS→0,T→1 is not affine, it must support

perfect equality or simulate a hard function g by the induction hypothesis.

Then, f either supports perfect equality or simulates the hard function g

by Lemma 6.4.8.

This concludes the case analysis and the proof of Theorem 6.2.9.

6.5 The case where f supports perfect equality

In this section, we assume that f is not affine but that it supports perfect equality. In

this case, due to the presence of perfect equality, we will be able to employ results and

techniques from [26] to show Theorem 6.2.10.

6.5.1 Constraint Satisfaction Problems and implementations

In the introduction to this paper, we illustrated how Boolean relations can implement

more complicated interactions by considering the “not-all-equal” relation of arity 3 and

using it to “implement” ferromagnetic Ising interactions. At this point, it is useful to make

the notion of “implement” more precise. There are various notions in the literature of

implementations. We use (a generalisation of) the notion from [26], which is essentially

the “faithful, perfect” variant of “implementation” from [18].

Definition 6.5.1. Let Γ be a Boolean constraint language. The language Γ implements a

t-ary function g : {0, 1}t → R≥0, if for some t′ ≥ t there is a CSP instance I with variables

x1, . . . , xt′ and constraint language Γ such that for every tuple (s1, . . . , st) ∈ {0, 1}t, there

are precisely g(s1, s2, . . . , st) satisfying assignments σ of I with σ(x1) = s1, . . . , σ(xt) = st.

When f supports perfect equality, we will use the following “transitivity” lemma, which

will allow us to use some known implementations.

Lemma 6.5.2. Let f : {0, 1}k → {0, 1} be a Boolean function which supports perfect

equality. Let Γ be a Boolean constraint language and let g : {0, 1}t → R≥0 be a t-ary
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function such that g is not f (t)
zero and Γ implements g. Then, if f perfectly simulates Γ, f also

perfectly simulates the function g.

Proof. Since Γ implements g, there exists some t′ ≥ t and a CSP instance I with vari-

ables X := {x1, . . . , xt′} and constraints in Γ such that for every tuple (s1, . . . , st) ∈
{0, 1}t, there are precisely g(s1, s2, . . . , st) satisfying assignments σ of I with σ(x1) =

s1, . . . , σ(xt) = st. Since g 6= f
(t)
zero, we conclude that, for all s1, . . . , st ∈ {0, 1},

µI(σ(x1) = s1, . . . , σ(xt) = st) =
g(s1, s2, . . . , st)∑

(s′1,s
′
2,...,s

′
t)∈{0,1}t

g(s′1, s
′
2, . . . , s

′
t)
. (6.4)

Since f supports perfect equality, there exists a k-tuple hypergraph Heq = (Veq,Feq) and

vertices y, z ∈ Veq such that

µf ;Heq(σ(y) = σ(z) = 0) = µf ;Heq(σ(y) = σ(z) = 1) = 1/2. (6.5)

We will use the CSP instance I and the hypergraph Heq to construct a k-tuple hypergraph

H = (V,F) with vertices v1, . . . , vt′ in V satisfying

µf ;H(σ(v1) = s1, . . . , σ(vt′) = st′) = µI(σ(x1) = s1, . . . , σ(xt′) = st′) (6.6)

for all s1, . . . , st′ ∈ {0, 1}. From this, the lemma follows since we can sum over the values

of st+1, . . . , st′ ∈ {0, 1} to obtain that

µf ;H(σ(v1) = s1, . . . , σ(vt) = st) = µI(σ(x1) = s1, . . . , σ(xt) = st)

for all s1, . . . , st ∈ {0, 1}, which in conjunction with (6.4) yields that f perfectly simulates

g.

To formally construct the k-tuple hypergraph H, we will need some notation. Suppose

that I has m constraints and for j ∈ [m] write the j’th constraint as fj(xj,1, . . . , xj,w(j)),

where w(j) is the arity of fj ∈ Γ and, for all i ∈ [w(j)], xj,i ∈ {x1, . . . , xt′}. Since f

perfectly simulates Γ and every fj is in Γ, for every constraint Cj = fj(xj,1, . . . , xj,w(j)),

there is a k-tuple hypergraph Hj = (Vj ,Fj) and vertices vj,1, . . . , vj,w(j) of Hj such that

for all s1, . . . , sw(j) ∈ {0, 1}, it holds that

µf ;Hj (σ(vj,1) = s1, . . . , σ(vj,w(j)) = sw(j)) =
fj(s1, . . . , sw(j))

|Rfj |
. (6.7)
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Note that the expression |Rfj | in the denominator in (6.7) is not zero because the

constraint Cj has a satisfying assignment, since I does (which follows from the fact that

g 6= f
(t)
zero and from the definition of I).

Consider now the k-tuple hypergraph H ′ = (V ′,F ′) which is simply the disjoint union

of H1, . . . ,Hm (i.e., V ′ = ∪mj=1Vj and F ′ = ∪mj=1Fj). Note that, for every subset S ⊆ V ′

and every assignment τ : S → {0, 1}, it holds that

µf ;H′(σS = τ) =
m∏
j=1

µf ;Hj (σS∩Vj = τS∩Vj ). (6.8)

To complete the construction of the desired H, we need some further notation. For a

variable xi ∈ {1, . . . , xt′} of the CSP instance I, let Ui ⊆ V ′ denote the subset of vertices

of H ′ which correspond to occurrences of the variable xi in the CSP instance I. More

precisely, assume that the variable xi has d occurrences in I for some integer d ≥ 1, and

let Cj1 , . . . , Cjd be the constraints in which xi appears (note that the indices j1, . . . , jd
are not necessarily distinct). Further, let t1, . . . , td denote the indices of the positions

where xi appears in Cj1 , . . . , Cjd respectively. Then Ui := {vj1,t1 , . . . , vjd,td} is precisely

the subset of vertices of H ′ which correspond to occurrences of the variable xi in the CSP

instance I. Let U := ∪i∈[t′]Ui (note that in general U 6= V ′ since H ′ may contain vertices

that do not correspond to occurrences of variables of I).

We are now ready to complete the construction of the desired k-tuple hypergraph H =

(V,F). Start by setting H equal to H ′. Then, for each i ∈ [t′] and each pair of vertices

u, u′ ∈ Ui, add to H a distinct copy of the k-tuple hypergraph Heq, identifying the vertices

y and z of Heq with the vertices u and u′. Having defined H, we next choose the specified

vertices v1, . . . , vt′ . In fact, it suffices, for each i ∈ [t], to let vi be an arbitrary vertex in Ui.

It remains to prove that (6.6) holds. We call an assignment τ : U → {0, 1} relevant if

for every i ∈ [t′] there exists si ∈ {0, 1} such that for every vertex v ∈ Ui, it holds that

τ(v) = si. For relevant assignments τ , we will refer to the tuple (s1, . . . , st′) as the CSP

assignment corresponding to τ . For non-relevant τ , the copies of Heq on top of the sets

U1, . . . , Ut′ ensure that µf ;H(σU = τ) = 0. For all relevant τ : U → {0, 1}, we have from

(6.5) that

µf ;H(σU = τ) = µf ;H′(σU = τ)
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and, hence, using (6.8), we have that

µf ;H(σU = τ) =

m∏
j=1

µf ;Hj (σU∩Vj = τU∩Vj ). (6.9)

Note that for every j ∈ [m] we have U ∩ Vj = {vj,1, . . . , vj,w(j)} and, hence, (6.7) gives

µf ;Hj (σU∩Vj = τU∩Vj ) =
fj(τ(vj,1), · · · , τ(vj,w(j)))

|Rfj |
. (6.10)

Let ∝ be the notation that means “in proportion to”. Then (6.10) follows from (6.9) and

(6.10) that

µf ;H(σU = τ) ∝
m∏
j=1

fj(τ(vj,1), · · · , τ(vj,w(j))) for all relevant τ . (6.11)

For a relevant τ : U → {0, 1}, let (s1, . . . , st′) be the CSP assignment corresponding

to τ . Then, the product in the r.h.s. of (6.11) is 1 iff (s1, . . . , st′) encodes a satisfying

assignment of the CSP instance I. Since the relevant τ : U → {0, 1} and assignments to

the CSP instance I are in 1-1 correspondence, we obtain (6.6), as wanted. This concludes

the proof of Lemma 6.5.2.

Lemma 6.5.3. Let f : {0, 1}k → {0, 1} and g : {0, 1}t → {0, 1} be Boolean functions such

that f simulates g, and g 6= f
(t)
zero. Suppose that g supports pinning-to-s for some s ∈ {0, 1}.

Then f supports pinning-to-s as well.

Proof. Without loss of generality, we assume that s = 0. Suppose that the function g

supports pinning-to-0. Our goal is to show that f supports pinning-to-0 as well.

First, let Zg :=
∑

(s1,s2,...,st)∈{0,1}t g(s1, s2, . . . , st). Since g 6= f
(t)
zero, Zg > 0. Since g

supports pinning-to-0, by Definition 6.2.3, there exists a t-tuple hypergraph H0 = (V0,F0)

and a vertex v0 ∈ V0 such that

µg;H0(σv0 = 0) ≥ 9/10. (6.12)

(The choice of the constant 9/10 is arbitrary, any constant greater than 1/2 would

work. Also, Zg;H0 > 0.) For all η : V0 → {0, 1} define Aη :=
wg;H0

(η)

(Zg)|F0|
and define

M :=
∑

η:V0→{0,1}Aη =
Zg;H0

(Zg)|F0|
. Since Zg;H0 and Zg are positive, M > 0. Also,

µg;H0(η) =
Aη
M
. (6.13)
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Now let ε := min{M/8, 1/8}, ε1 := ε/(|F0| 22|V0|) and ε2 := ε/(2|V0|). Since f simulates

the function g, by Definition 6.2.7 and Lemma 6.3.5, there exists a k-tuple hypergraph

Hg = (Vg,Fg) and t vertices v1, v2, . . . , vt of Hg such that, for all (s1, s2, . . . , st) ∈ {0, 1}t,∣∣∣µf ;Hg(σ(v1) = s1, σ(v2) = s2, . . . , σ(vt) = st)−
g(s1, s2, . . . , st)

Zg

∣∣∣ ≤ ε1. (6.14)

Construct the k-tuple hypergraph H = (V,F) as follows. For every hyperarc e of H0,

say e = (u1, . . . , ut) ∈ F0, take a distinct copy of Hg, which we will denote by H(e)
g , and

identify the vertices u1, . . . , ut ∈ V0 with the vertices v1, . . . , vt of Hg. Note that H is a

union of copies of Hg which intersect only at vertices in V0. Now for all η : V0 → {0, 1}
define A′η :=

∏
e∈F0

µ
f ;H

(e)
g

(σe = ηe) and M ′ :=
∑

η:V0→{0,1}A
′
η. Then

µf ;H(σV0 = η) =
A′η
M ′

. (6.15)

By (6.14), for every e = (u1, . . . , ut) ∈ F0, it holds that∣∣∣µ
f ;H

(e)
g

(σe = ηe)−
g
(
η(u1), . . . , η(ut)

)
Zg

∣∣∣ ≤ ε1. (6.16)

Recall that for real numbers a1, . . . , an ∈ [0, 1] and b1, . . . , bn ∈ [0, 1], it holds that

|
∏n
i=1 ai −

∏n
i=1 bi| ≤

∑n
i=1 |ai − bi|. Thus, using (6.16), we obtain that, for every

η : V0 → {0, 1}, it holds that

|A′η −Aη| =
∣∣∣ ∏
e∈F0

µ
f ;H

(e)
g

(σe = ηe)−
wg;H0(η)

(Zg)|F0|

∣∣∣ ≤ ε1|F0|. (6.17)

Summing this over all η : V0 → {0, 1}, we obtain that

|M ′ −M | =
∣∣∣ ∑
η:V0→{0,1}

A′η −
∑

η:V0→{0,1}

Aη

∣∣∣ ≤ ε1|F0|2|V0| = ε2. (6.18)

Note that the expression ε1|F0| in (6.17) is at most ε2. Also, for all η : V0 → {0, 1},
Aη ≤M andA′η ≤M ′. The bounds in (6.17) and (6.18) yield thatAη−ε2 ≤ A′η ≤ Aη+ε2

and M − ε2 ≤ M ′ ≤ M + ε2. By the choice of ε, we have M − ε > M/2 and hence

M − ε2 > M/2 as well. Further, we have the bound∣∣∣Aη
M
−
A′η
M ′

∣∣∣ ≤ max
{Aη
M
−Aη − ε2

M + ε2
,
Aη + ε2

M − ε2
−Aη
M

}
≤ ε2(Aη +M)

M(M − ε2)
≤ 2ε2

M − ε2
≤ 4ε2

M
≤ 1

2|V0|+1
.

(6.19)
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From (6.13) and (6.15) and (6.19), we thus obtain that for every η : V0 → {0, 1}, it holds

that

|µf ;H(σV0 = η)− µg;H0(η)| ≤ 1/2|V0|+1.

Summing this over the 2|V0|−1 possible values of ηV0\{v0}, we obtain that for s ∈ {0, 1} it

holds that

|µf ;H(σv0 = s)− µg;H0(σv0 = s)| ≤ 1/4.

Combining this with (6.12), we obtain that

µf ;H(σv0 = 0) > 1/2 > µf ;H(σv0 = 1).

Thus, by Lemma 6.3.4, we obtain that f supports pinning-to-0. This concludes the proof

of Lemma 6.5.3.

The following lemma is similar to Lemma 6.5.2 except that, instead of assuming that f

perfectly simulates Γ, we only assume that f simulates Γ so instead of concluding that f

perfectly simulates g, we only conclude that f simulates g.

Lemma 6.5.4. Let f : {0, 1}k → {0, 1} be a Boolean function which supports equality. Let

Γ be a Boolean constraint language and let g : {0, 1}t → R≥0 be a t-ary function such that

g is not f (t)
zero and Γ implements g. Then, if f simulates Γ, f also simulates the function g.

Proof. The proof is similar to the proof of Lemma 6.5.2, but the imperfect nature of

the simulation adds technical details. Since Γ implements g we can follow the proof of

Lemma 6.5.2 to define the CSP instance I with variables {x1, . . . , xt′} and constraints in

Γ satisfying (6.4).

We will use the CSP instance I and the fact that f supports equality to construct a k-tuple

hypergraph H = (V,F) with an admissible set V∗ for H with respect to f and vertices

v1, . . . , vt′ in V satisfying

µ
cond(V∗)
f ;H (σ(v1) = s1, . . . , σ(vt′) = st′) = µI(σ(x1) = s1, . . . , σ(xt′) = st′) (6.20)

for all s1, . . . , st′ ∈ {0, 1}. From this, the lemma follows since we can sum over the values

of st+1, . . . , st′ ∈ {0, 1} to obtain that

µ
cond(V∗)
f ;H (σ(v1) = s1, . . . , σ(vt) = st) = µI(σ(x1) = s1, . . . , σ(xt) = st)

for all s1, . . . , st ∈ {0, 1}, which in conjunction with (6.4) yields that f simulates g.
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To formally construct the k-tuple hypergraph H, we will need some notation. As in the

proof of Lemma 6.5.2, suppose that I has m constraints and for j ∈ [m] write the j’th

constraint as fj(xj,1, . . . , xj,w(j)), where w(j) is the arity of fj ∈ Γ and, for all i ∈ [w(j)],

xj,i ∈ {x1, . . . , xt′}. Since f simulates Γ and every fj is in Γ, for every constraint

Cj = fj(xj,1, . . . , xj,w(j)), there is a k-tuple hypergraph Hj = (Vj ,Fj), an admissible

collection Vj = (V j
pin0, V

j
pin1,V

j
eq) for Hj with respect to fj and vertices vj,1, . . . , vj,w(j) of

Hj such that for all s1, . . . , sw(j) ∈ {0, 1}, it holds that

µ
cond(Vj)
f ;Hj

(σ(vj,1) = s1, . . . , σ(vj,w(j)) = sw(j)) =
fj(s1, . . . , sw(j))

|Rfj |
. (6.21)

Consider now the k-tuple hypergraph H = (V,F) which is simply the disjoint union

of H1, . . . ,Hm (i.e., V = ∪mj=1Vj and F = ∪mj=1Fj). Further, let V = (Vpin0, Vpin1,Veq),

where Vpin0 = ∪mj=1V
j
pin0, Vpin1 = ∪mj=1V

j
pin1 and Veq = ∪mj=1V

j
eq. We wish to argue that V is

admissible for H with respect to f . The various disjointness constraints in Definition 6.2.6

are satisfied since H1, . . . ,Hm are disjoint (using the fact that each Vj is admissible for Hj

with respect to fj). We have assumed, in the statement of the lemma, that f supports

equality. To show that V is admissible for H with respect to f , we need to show that

if some fj supports pinning-to-s for some s ∈ {0, 1} then so does f . This follows from

Lemma 6.5.3 since, by assumption, f simulates fj . Thus, V is admissible for H with

respect to f .

Note that, for every subset S ⊆ V and every assignment τ : S → {0, 1}, it holds that

µ
cond(V)
f ;H (σS = τ) =

m∏
j=1

µ
cond(Vj)
f ;Hj

(σS∩Vj = τS∩Vj ). (6.22)

Having completed the construction of the desired H, to recover (6.6), it remains to specify

V∗ and the vertices v1, . . . , vt′ . For each i ∈ [t′], define Ui as in the proof of Lemma 6.5.2.

Also, let U := ∪i∈[t′]Ui, The main idea is that V∗ is the same as V except that the sets

U1, . . . , Ut′ are added to Veq because we want to condition on the fact that the variables

in each of these sets are equal. In order to formally specify V∗ = (V ∗pin0, V
∗
pin1, V

∗
eq) there is

a slight technical difficulty because V ∗pin0 and V ∗pin1 have to be disjoint from each other

and from all sets in V ∗eq. In order to deal with this (rather unimportant, but technical)

detail, we give an algorithm for defining V∗. Let V0 = V. Then, for i = 1, . . . , t′ define

V i = (V i
pin0, V

i
pin1,V ieq) as follows.

• Let V i = V i−1.
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• Note that no vertex in Ui is in Vpin0 ∩ Vpin1. This follows since I is satisfiable (since

g is not the always-zero function fzero).

• If any vertex in Ui is in Vpin0 then replace V i
pin0 with V i−1

pin0 ∪ Ui.

• Otherwise, if any vertex in Ui is in Vpin1 then replace V i
pin1 with V i−1

pin1 ∪ Ui.

• Otherwise, if Ui does not intersect any sets in V i−1
eq then replace V ieq with V i−1

eq ∪{Ui}.

• Otherwise, let W1, . . . ,Wz be the sets in V i−1
eq that intersect Ui and replace V ieq with

(V i−1
eq \ {W1, . . . ,Wz}) ∪ {Ui ∪W1 ∪ · · · ∪Wz}.

Finally, let V∗ = Vt′ . Then choose the vertices v1, . . . , vt′ to be arbitrary vertices in

U1, . . . , Ut′ , respectively.

It remains to prove that (6.20) holds. As in the proof of Lemma 6.5.2, we call an

assignment τ : U → {0, 1} relevant if for every i ∈ [t′] there exists si ∈ {0, 1} such that

for every vertex v ∈ Ui, it holds that τ(v) = si. For relevant assignments τ , we will

refer to the tuple (s1, . . . , st′) as the CSP assignment corresponding to τ . Clearly, for

non-relevant τ , we have that µcond(V∗)
f ;H (σU = τ) = 0 since V∗ forces equality on each of

the sets U1, . . . , Ut′ . For all relevant τ : U → {0, 1}, we have that

µ
cond(V∗)
f ;H (σU = τ) =

µ
cond(V)
f ;H (σU = τ)

µ
cond(V)
f ;H (σeqU1

, . . . , σeqUt)

and hence

µ
cond(V∗)
f ;H (σU = τ) ∝ µcond(V)

f ;H (σU = τ) for all relevant τ . (6.23)

Using (6.22), we have that

µ
cond(V)
f ;H (σU = τ) =

m∏
j=1

µ
cond(Vj)
f ;Hj

(σU∩Vj = τU∩Vj ). (6.24)

Note that for every j ∈ [m] we have U ∩ Vj = {vj,1, . . . , vj,w(j)} and, hence, (6.21) gives

µ
cond(Vj)
f ;Hj

(σU∩Vj = τU∩Vj ) =
fj(τ(vj,1), · · · , τ(vj,w(j)))

|Rfj |
. (6.25)

It follows from (6.23), (6.24) and (6.25) that

µ
cond(V∗)
f ;H (σU = τ) ∝

m∏
j=1

fj(τ(vj,1), · · · , τ(vj,w(j))) for all relevant τ . (6.26)
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For a relevant τ : U → {0, 1}, let (s1, . . . , st′) be the CSP assignment corresponding

to τ . Then, the product in the r.h.s. of (6.26) is 1 iff (s1, . . . , st′) encodes a satisfying

assignment of the CSP instance I. Since the relevant τ : U → {0, 1} and assignments to

the CSP instance I are in 1-1 correspondence, we obtain (6.20), as wanted.

This concludes the proof of Lemma 6.5.4.

The following Boolean functions, which were considered in [26], will be important in

what follows: δ0 and δ1 (defined in Definition 6.4.7), and XOR, Implies, NAND, OR. For

convenience, we state the corresponding relations here.

• Rδ0 = {(0)} and Rδ1 = {(1)} (these correspond to satisfying assignments of ¬x and

x, respectively).

• RXOR = {(0, 1), (1, 0)} (corresponds to satisfying assignments of x 6= y).

• RImplies = {(0, 0), (0, 1), (1, 1)} (corresponds to satisfying assignments of x⇒ y).

• RNAND = {(0, 0), (0, 1), (1, 0)} (corresponds to satisfying assignments of ¬x ∨ ¬y).

• ROR = {(0, 1), (1, 0), (1, 1)} (corresponds to satisfying assignments of x ∨ y).

6.5.2 The case of self-dual functions

A Boolean function f is said to be self-dual if, for all x, f(x) = f(x). In this section, we

show (Theorem 6.5.6, below) that if f is a self-dual Boolean function which is not affine,

and f supports perfect equality, then f simulates a hard function. First, we establish a

useful lemma.

Lemma 6.5.5. Let f : {0, 1}k → {0, 1} be a self-dual function Boolean with f 6= f
(k)
zero and

f(0) = 0. Further, suppose that f supports perfect equality. Then, f perfectly simulates

XOR.

Proof. From f(0) = 0 and self-duality, we have that f(1) = 0. Since f 6= f
(k)
zero, there must

be some x /∈ {0,1} such that f(x) = 1. By self-duality, we have that f(x) = 1 as well. Let

U0 = {i ∈ [k] | xi = 0} and U1 = {i ∈ [k] | xi = 1}.
Since f supports perfect equality, there exists a k-tuple hypergraph Heq = (Veq,Feq) and

vertices y, z ∈ Veq such that

µf ;Heq(σ(y) = σ(z) = 0) = µf ;Heq(σ(y) = σ(z) = 1) = 1/2.
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Construct the k-tuple hypergraph H as follows. First, take a single hyperarc (v1, . . . , vk).

Then, for every s ∈ {0, 1} and every i, j such that i and j are both in Us, add a new copy

of Heq, identifying y with vi and z with vj . Finally, choose v1 ∈ U0 and v2 ∈ U1. Then

µf ;H(σ(v1) = 0, σ(v2) = 1) = µf ;H(σ(v1) = 1, σ(v2) = 0) = 1/2,

so f perfectly simulates XOR.

Theorem 6.5.6. Suppose that f is a self-dual Boolean function which is not affine and

supports perfect equality. Then f simulates a hard function.

Proof. Let k be the arity of f . The proof has two cases depending on whether f(0) = 0

or f(0) = 1. We begin with the case where f(0) = 1 (we will reduce the proof for the

other case to this one).

So, assume first that f(0) = 1. Since f is not affine, by applying Item 2 of Lemma 6.3.1

to a = 0, we obtain that there exist b, c ∈ {0, 1}k such that f(b) = f(c) = 1 but

f(b⊕ c) = 0. By self-duality, we also have that f(b) = f(c) = 1. Note that

b 6= c, b 6= 0,1, c 6= 0,1.

Indeed, it cannot be the case that b = c since then f(b ⊕ c) = f(0) = 1. Analogously,

b = 0 would give that f(b⊕ c) = f(c) = 1. Similarly, b = 1 would give that f(b⊕ c) =

f(c) = 1. By symmetry between b and c, we have that c 6= 0,1.

Let w, x, y, z be Boolean variables. For i ∈ [k], let

ri =


w, if bi = 0, ci = 0,

x, if bi = 0, ci = 1,

y, if bi = 1, ci = 0,

z, if bi = 1, ci = 1.

Let V := {r1, . . . , rk} (note that V has at most 4 elements). Also, consider the Boolean

function h : {0, 1}|V | → {0, 1} defined by h = f(r1, . . . , rk).

We next study in more detail the function h. Observe that

• V must contain at least one of x, y since b 6= c.

• V must contain at least one of w, x since b 6= 1.

• V must contain at least one of w, y since c 6= 1.
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• V must contain at least one or y, z since b 6= 0.

• V must contain at least one of x, z since c 6= 0.

Thus, the cases to consider are V = {w, x, y, z}, |V | = 3, or V = {x, y}. However,

V = {x, y} is not possible since then b ⊕ c = 1 and f(1) = 1 (contradicting that

f(b⊕ c) = 0). We now consider the function h (and the corresponding relation Rh) in

each of the possible cases.

• Case 1. V = {x, y, z}.

Note that (x, y, z) = (0, 0, 0) ∈ Rh since f(0) = 1. Also, (0, 1, 1) ∈ Rh since

f(b) = 1. Also, (1, 0, 1) ∈ Rh since f(c) = 1. By self-duality (1, 1, 1), (1, 0, 0),

(0, 1, 0) are also in Rh. Then (x, y, z) = (1, 1, 0) is not in Rh since f(b⊕ c) = 0 and

by self-duality neither is (0, 0, 1). So h(x, y, z) is completely determined. Then, for

the function g(x, y) :=
∑

z h(x, y, z), we have that

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 2,

which is a hard function.

• Case 2. V = {w, x, y}. This case is similar to Case 1 by switching the spins 0 and 1.

• Case 3. V = {w, x, z}. (w, x, z) = (0, 0, 0) is in Rh since f(0) = 1. (0, 0, 1) is in Rh
since f(b) = 1. (0, 1, 1) is in Rh since f(c) = 1. By self-duality, (1, 1, 1), (1, 1, 0)

and (1, 0, 0) are also in Rh. (0, 1, 0) is not in Rh since f(b⊕ c) = 0. By self-duality,

(1, 0, 1) is not in Rh. Then, for the function g(w, z) =
∑

x h(w, x, z), we have that

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 2,

which is a hard function.

• Case 4. V = {w, y, z}. This case follows from Case 3 by switching b and c.

• Case 5. V = {w, x, y, z}

Similarly to the other cases, we have the following tuples in Rh: (w, x, y, z) =

(0, 0, 0, 0), (0, 0, 1, 1), (0, 1, 0, 1), and their complements and we know that (w, x, y, z) =

(0, 1, 1, 0) and its complement are not in Rh. Let h0 = h(0, x, y, z). Let

C = {(0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1)}.
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For every possible subset S of C, we have to consider the possibility that Rh0 =

S ∪ {(0, 0, 0), (0, 1, 1), (1, 0, 1)}. This is a lot of cases, but fortunately, some of them

can be combined.

– Case 5a. (x, y, z) = (0, 1, 0) is in S but (1, 1, 1) is not. Then, for the function

g(x, y) :=
∑

w h(w, x, y, x), we have

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 2,

which is a hard function.

– Case 5b. (x, y, z) = (1, 1, 1) is in S but (0, 1, 0) is not. Then, for the function

g(w, x) :=
∑

y h(w, x, y, x), we have

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 2,

which is a hard function.

– Case 5c. (x, y, z) = (1, 0, 0) is in S but (1, 1, 1) is not. This case is symmetric

to Case 5a.

– Case 5d. (x, y, z) = (1, 1, 1) is in S but (1, 0, 0) is not. This case is symmetric

to Case 5b.

– Case 5e. (x, y, z) = (0, 1, 0) and (1, 0, 0) are both in S.

Then, for the function g(x, y) :=
∑

w h(w, x, y, w), we have

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 2,

which is a hard function.

– Case 5f. S = ∅. Then, for the function g(x, y) :=
∑

w,z h(w, x, y, z), we have

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 2,

which is a hard function.

– Case 5g. S = {(0, 0, 1)}. Then, for the function g(w, z) :=
∑

x,y Rh(w, x, y, z),

we have

g(0, 0) = g(1, 1) = 1 and g(0, 1) = g(1, 0) = 3,

which is a hard function.
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It remains to argue that each of the functions g used in Cases 1—5 can be simulated

using the function f . This is direct. {f} implements the function h and {h} implements

the function g, so {f} implements g. Since f supports perfect equality, we can apply

Lemma 6.5.2 taking Γ = {f}. Since (trivially) f perfectly simulates Γ, we find that f

perfectly simulates g. This completes the proof for the case where f(0) = 1.

We next argue for the case where f(0) = 0. Since f is not affine, we have that f 6= f
(k)
zero,

so there exists t 6= 0 such that f(t) = 1. Let S := {i ∈ [k] | ti = 1} and note that S 6= ∅.
Consider the function f ′ defined by f ′(x) := f(x⊕ t) for all x ∈ {0, 1}k. Note that

• f ′(0) = 1, since f(t) = 1.

• f ′ is self-dual. Indeed, for x ∈ {0, 1}k we have

f ′(x) = f(x⊕ 1⊕ t) = f(x⊕ t) = f ′(x),

where the middle equality follows from the self-duality of f .

• f ′ is not affine. Since f is not affine, we know from Lemma 6.3.1(1) that there

are a,b, c such that f(a) = f(b) = f(c) = 1 and f(a⊕ b⊕ c) = 0. Let a′ = a⊕ t,

b′ = b⊕ t and c′ = c⊕ t. Then by the definition of f ′, f ′(a′) = f ′(b′) = f ′(c′) = 1.

But f ′(a′ ⊕ b′ ⊕ c′) = f ′(a⊕ b⊕ c⊕ t) = f(a⊕ b⊕ c) = 0, so f ′ is not affine.

By the previous argument, we thus have {f ′} implements a hard function g. We will show

that f simulates g. Indeed, observe that the constraint language {f,XOR} implements

f ′ (just apply XOR to the bits of f which correspond to non-zero entries of the vector

t). Since f(0) = 0 and f supports perfect equality, by Lemma 6.5.5 we have that f

perfectly simulates {f,XOR}. Applying Lemma 6.5.2 with Γ = {f,XOR} and the g of

Lemma 6.5.2 as f ′, we find that f perfectly simulates f ′. Then applying Lemma 6.5.2

again with Γ = {f ′}, and the g of Lemma 6.5.2 as g, we obtain that f simulates the hard

function g, as wanted. This concludes the proof of Theorem 6.5.6.

6.5.3 #BIS-easiness

The goal of Section 6.5 is to prove Theorem 6.2.10. The required #BIS-easiness results

follows directly from [26].

Lemma 6.5.7 ([26, Lemma 9]). Let Γ be a constraint language such that every relation in

Γ belongs to IM2. Then, #CSP(Γ) is #BIS-easy.
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6.5.4 #BIS-hardness

We next prove the required #BIS-hardness results (cf. Lemma 6.5.11 below). We will

use the following results from the literature.

Lemma 6.5.8 ([14, Corollary 3]). Let ∆ ≥ 6. It is #BIS-hard to count the number of

independent sets in bipartite graphs of maximum degree ∆.

The following lemma is from Lemma 13 of [26]. We take the lemma from there since we

use the notation of [26]. However, the proof is originally from Lemmas 5.24 and 5.25 of

[18].

Lemma 6.5.9 ([18]). If f is a Boolean function that is not self-dual, then {f} implements

either δ0 or δ1.

Proof. We just need to explain the terminology in [26, Lemma 13]. It will be then

apparent that Items (i)–(iv) in [26, Lemma 13] show that {f} implements δ0 or δ1. “0-

valid" in [26] means that 0 ∈ Rf , “1-valid" means that 1 ∈ Rf and “complement-closed"

means self-dual.

Lemma 6.5.10 ([26, Lemma 15], see also [18]). If f is a Boolean function that is not

affine, then {f, δ0} implements one of OR, Implies, NAND. The same is true for {f, δ1}.

We are now ready to show that, for every f which supports perfect equality and is not

affine, it holds that, for all sufficiently large ∆, #Hyper2Spin∆,c(f) is #BIS-hard.

Lemma 6.5.11. Let f : {0, 1}k → {0, 1} be a Boolean function which supports perfect

equality. Suppose that f is not affine. Then, for all sufficiently large ∆, #Hyper2Spin∆(f)

is #BIS-hard.

Proof. Assume first that f is self-dual. Then, by Theorem 6.5.6 (note that f is not affine

and supports perfect equality by assumption), f perfectly simulates a hard function. By

Lemma 6.2.8, we obtain that for all sufficiently large ∆, there exists c > 1 such that

#Hyper2Spin∆,c(f) is NP-hard. Now, recall that every problem in #P admits an FPRAS

using an NP-oracle [76]. Since #Hyper2Spin∆,c(f) is NP-hard, we can use it as an oracle

to obtain an FPRAS for #BIS.

Assume next that f is not self-dual. By Lemma 6.5.9 we have that {f} implements either

δ0 or δ1. We only need to consider the case where {f} implements δ0, the case of δ1
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follows by just switching the spins 0 and 1. First, by Lemma 6.5.2 with Γ = {f} and

g = δ0, f perfectly simulates δ0, so f perfectly simulates {f, δ0}. Recall that f is not affine.

By Lemma 6.5.10, it thus follows that {f, δ0} implements one of OR, NAND, Implies.

Using Lemma 6.5.2 again, it follows that f perfectly simulates one of OR, NAND, Implies.

Note that OR and NAND correspond to hard functions, so when f perfectly simulates

either OR or NAND, we obtain from Lemma 6.2.8 that for all sufficiently large ∆, there

exists c > 1 such that #Hyper2Spin∆,c(f) is NP-hard. Thus, as in the case of self-dual

functions, we may conclude that for all sufficiently large ∆, #Hyper2Spin∆,c(f) is #BIS-

hard.

Thus, it remains to consider the case where f perfectly simulates Implies. By Defini-

tion 6.2.7, this means that there exists a k-tuple hypergraph H ′ = (V ′,F ′) and vertices

x, y in H ′ such that

Z0,0

Zf ;H′
=

1

3
,

Z0,1

Zf ;H′
=

1

3
,

Z1,1

Zf ;H′
=

1

3
,

Z1,0

Zf ;H′
= 0, (6.27)

where, for s1, s2 ∈ {0, 1}, we denote

Zs1,s2 :=
∑

σ:V ′→{0,1};
σx=s1, σy=s2

wf ;H′(σ).

Let ∆′ be the degree of H ′. We will show that for all ∆ ≥ 6∆′, #Hyper2Spin∆,c(f) is

#BIS-hard.

We will use Lemma 6.5.8. In particular, let G = (V1 ∪ V2, E) be a bipartite graph of

maximum degree 6 where V1, V2 denote the parts of G in its partition. Let H = (V,F) be

the k-tuple hypergraph obtained from G as follows. Start by putting all of the vertices in

V1 ∪ V2 into V . Then add additional vertices and hyperarcs as follows. For every edge

(v1, v2) ∈ E such that v1 ∈ V1 and v2 ∈ V2, take a distinct copy of H ′ and identify vertex

x in H ′ with v1 and vertex y in H ′ with v2. Note that V1 ∪ V2 ⊆ V and that the degree of

H is 6∆′.

Let IG denote the set of independent sets of G. Then, we claim that

Zf ;H = |IG| · (Zf ;H′/3)|E|. (6.28)

Before proving (6.28), note that an oracle call to #Hyper2Spin∆(f) for ∆ ≥ 6∆′ with

input H and relative error ε > 0 yields via (6.28) an estimate for the number of inde-

pendent sets in bipartite graphs of maximum degree 6 which is within relative error ε
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from the true value. Thus, using Lemma 6.5.8, we obtain an AP-reduction from #BIS to

#Hyper2Spin∆(f) for all ∆ ≥ 6∆′, as wanted.

To show (6.28), let σ : V → {0, 1} be an assignment such that wf ;H(σ) > 0. The copies

of H ′ ensure that for every edge (v1, v2) ∈ E such that v1 ∈ V1 and v2 ∈ V2 it holds

that either σ(v1) 6= 1 or σ(v2) 6= 0. Thus, the set (σ−1(1) ∩ V1) ∪ (σ−1(0) ∩ V2) is an

independent set of G. Conversely, for every independent set I of G, consider

ΩI = {σ : V → {0, 1} | σI∩V1 = 1, σI∩V2 = 0, σV1\I = 0, σV2\I = 1}.

Then, using (6.27), we have that the number of assignments σ ∈ ΩI such thatwf ;H(σ) > 0

is equal to ∏
(v1,v2)∈E

Zσ(v1)σ(v2) = (Zf ;H′/3)|E|.

Summing this over all I ∈ IG, we obtain (6.28), thus completing the proof of Lemma 6.5.11.

6.5.5 NP-hardness

In this section, we show (Lemma 6.5.14 below) that if f supports perfect equality, and it

is not affine, and is not in IM2 then, for all sufficiently large ∆, there exists c > 1 such

that #Hyper2Spin∆,c(f) is NP-hard. To do this, we need some preparation. The ideas

behind the following lemma are essentially from [26].

Lemma 6.5.12. If f perfectly simulates Implies, then f simulates {δ0, δ1} (not necessarily

perfectly).

Proof. We first show that f supports both pinning-to-0 and pinning-to-1. Since f perfectly

simulates Implies, there exists a k-tuple hypergraph H and vertices v1, v2 in H such that

µ00 = 1/3, µ01 = 1/3, µ11 = 1/3, µ10 = 0, (6.29)

where, for s1, s2 ∈ {0, 1}, we denote µs1s2 := µf ;H(σv1 = s1, σv2 = s2).

Note that
µf ;H(σv1 = 0) = µ00 + µ01, µf ;H(σv1 = 1) = µ10 + µ11,

µf ;H(σv2 = 0) = µ00 + µ10, µf ;H(σv2 = 1) = µ01 + µ11.

It follows that
µf ;H(σv1 = 0) = 2/3, µf ;H(σv1 = 1) = 1/3,

µf ;H(σv2 = 0) = 1/3, µf ;H(σv2 = 1) = 2/3.
(6.30)
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Then, using (6.30), we obtain that H and its vertices v1, v2 satisfy the assumptions of

Lemma 6.3.4 (v1 satisfies Item 1 and v2 Item 2) and hence we obtain that f supports

pinning-to-0 and pinning-to-1.

To conclude that f simulates {δ0, δ1}, consider the k-tuple hypergraph H as above and

consider the conditional distribution µV0
f ;H where we pin the vertex v2 to 0 (this is allowed

since f supports pinning-to-0). Then,

µV0
f ;H(σ(v1) = 0) = 1, µV0

f ;H(σ(v1) = 1) = 0

so f simulates δ0. Analogously, by pinning the vertex v1 to 1, we also obtain that f

simulates δ1, concluding the proof.

Lemma 6.5.13 ([26, Proof of Lemma 19]). If f is a Boolean function that is not in IM2,

then {f, Implies, δ0, δ1} implements either OR or NAND.

Lemma 6.5.14. Let f : {0, 1}k → {0, 1} be a function which supports perfect equality.

Suppose that f is not affine and is not in IM2. Then, for all sufficiently large ∆, there exists

c > 1 such that #Hyper2Spin∆,c(f) is NP-hard.

Proof. The proof is similar in structure to the proof of Lemma 6.5.11.

Assume first that f is self-dual. Then, by Theorem 6.5.6 (note that f is not affine and

supports perfect equality by assumption), f perfectly simulates a hard function. By

Lemma 6.2.8, we obtain that for all sufficiently large ∆, there exists c > 1 such that

#Hyper2Spin∆,c(f) is NP-hard.

Assume next that f is not self-dual. By Lemma 6.5.9 we have that {f} implements either

δ0 or δ1. We only need to consider the case where {f} implements δ0, the case of δ1

follows by switching the spins 0 and 1. First, by Lemma 6.5.2 with Γ = {f} and g = δ0,

f perfectly simulates δ0, so f perfectly simulates {f, δ0}. Recall that f is not affine. By

Lemma 6.5.10, it thus follows that {f, δ0} implements one of OR, NAND, Implies. Using

Lemma 6.5.2 again, it follows that f perfectly simulates one of OR, NAND, Implies. OR

and NAND correspond to hard functions, so when f perfectly simulates either OR or

NAND, we obtain from Lemma 6.2.8 that for all sufficiently large ∆, there exists c > 1

such that #Hyper2Spin∆,c(f) is NP-hard. Thus, it remains to consider the case where f

perfectly simulates Implies.

Since f perfectly simulates Implies, by Lemma 6.5.12, we obtain that f simulates {δ0, δ1}.
Thus, f simulates {f, Implies, δ0, δ1}. By Lemma 6.5.13, using that f is not in IM2, we
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have that {f, Implies, δ0, δ1} implements either OR or NAND. By Lemma 6.5.4, we thus

obtain that f simulates either OR or NAND. Hence, as above, we can use Lemma 6.2.8 to

conclude that for all sufficiently large ∆, there exists c > 1 such that #Hyper2Spin∆,c(f)

is NP-hard.

This concludes the proof.

6.5.6 Proof of Theorem 6.2.10

We are ready to prove Theorem 6.2.10, which we restate here for convenience.

Theorem 6.2.10. Let f : {0, 1}k → {0, 1} be a Boolean function that is not affine. Suppose

that f supports perfect equality.

1. If f is in IM2, then for all sufficiently large ∆, #Hyper2Spin∆(f) is #BIS-equivalent.

2. If f is not in IM2, then for all sufficiently large ∆, there exists a real number c > 1

such that #Hyper2Spin∆,c(f) is NP-hard.

Proof. Item 1 is a consequence of Lemma 6.5.7 and Lemma 6.5.11. Item 2 is a conse-

quence of Lemma 6.5.14.

6.6 Proof of Theorem 6.1.7

In this section, we combine the pieces to prove Theorem 6.1.7.

We will need the following lemma.

Lemma 6.6.1. Let f1 : {0, 1}k1 → {0, 1} and f2 : {0, 1}k2 → {0, 1} be Boolean functions

such that f1 is not affine and f2 is not in IM2. Then, the function f defined by f(x,y) =

f1(x)f2(y) is neither affine nor does it belong to IM2.

Proof. We first prove that f is not affine. Since f1 is not affine, by Item 1 of Lemma 6.3.1,

there exist x(1),x(2),x(3) ∈ Rf1 such that x(1) ⊕ x(2) ⊕ x(3) /∈ Rf1 . Let y be such that

f2(y) = 1 (such a y exists, otherwise f2 would belong to IM2).

For each i = 1, 2, 3, consider the vector z(i) of length k1+k2 obtained by concatenating the

vectors x(i) and y. Since x(i) ∈ Rf1 and y ∈ Rf2 , we have that f(z(i)) = f1(x(i))f2(y) = 1,

so z(i) ∈ Rf for i = 1, 2, 3. Observe that f(z(1)⊕z(2)⊕z(3)) = f1(x(1)⊕x(2)⊕x(3))f2(y) =

0, so z(1) ⊕ z(2) ⊕ z(3) /∈ Rf . Thus,

z(1), z(2), z(3) ∈ Rf but z(1) ⊕ z(2) ⊕ z(3) /∈ Rf ,

205



so by Item 1 of Lemma 6.3.1, we have that f is not affine.

We next show that f does not belong to IM2. Since f2 /∈ IM2, by Lemma 6.3.3, there

exist y(1),y(2) ∈ Rf2 such that either y(1) ∨ y(2) /∈ Rf2 or y(1) ∧ y(2) /∈ Rf1 . Assume that

y(1) ∨ y(2) /∈ Rf2 , the other case is completely analogous and actually follows by duality

(switching the spins 0 and 1). Let x be such that f1(x) = 1 (such an x exists, otherwise

f1 would be affine).

For each i = 1, 2, consider the vector w(i) of length k1 + k2 obtained by concatenating the

vectors x and y(i). Since x ∈ Rf1 and y(i) ∈ Rf2 , we have that f(w(i)) = f1(x)f2(y(i)) =

1, so z(i) ∈ Rf for i = 1, 2. Observe that f(w(1) ∨ w(2)) = f1(x)f2(y(1) ∨ y(2)) = 0, so

w(1) ∨w(2) /∈ Rf . Thus,

w(1),w(2) ∈ Rf but w(1) ∨w(2) /∈ Rf ,

so by Lemma 6.3.3, we have that f does not belong to IM2.

This concludes the proof.

Theorem 6.1.7. Let Γ be a Boolean constraint language. Then,

1. If every function in Γ is affine then #CSP(Γ) and #NoRepeatCSP(Γ) are both in FP.

2. Otherwise, if Γ ⊆ IM2, then there exists an integer ∆0 such that for all ∆ ≥ ∆0,

#CSP∆(Γ) and #NoRepeatCSP∆(Γ) are both #BIS-equivalent under AP-reductions,

and

3. Otherwise, there exists an integer ∆0 such that for all ∆ ≥ ∆0, there exists a real

number c > 1 such that #CSP∆,c(Γ) and #NoRepeatCSP∆,c(Γ) are both NP-hard.

Proof. We consider each of the three cases.

1. If every function in Γ is affine (cf. Definition 6.1.3), then ZI can be computed

exactly in polynomial time using Gaussian elimination. This was already noted in

the exact-counting dichotomy of Creignou and Hermann [17].

2. Suppose that Γ ⊆ IM2 and that Γ includes a function f which is not affine.

By the unbounded-degree #BIS-easiness result of [26], which is stated here as

Lemma 6.5.7, it follows that for all positive integers ∆, #CSP∆(Γ) is #BIS-easy.

Clearly, every instance of #NoRepeatCSP∆(Γ) is an instance of #CSP∆(Γ), from

which we obtain that #NoRepeatCSP∆(Γ) is #BIS-easy as well.
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If f supports perfect equality, then by Theorem 6.2.10, for all sufficiently large ∆, the

problem #Hyper2Spin∆(f) is #BIS-hard. As we noted in Section 6.1.1, the problem

#Hyper2Spin∆(f) is equivalent to #NoRepeatCSP∆({f}) from which we obtain

that #NoRepeatCSP∆(Γ) is #BIS-hard as well. Note that #NoRepeatCSP∆(Γ) is

a restricted version of #CSP∆(Γ) (the restriction being that constraints may not

repeat variables), so it follows immediately that #CSP∆(Γ) is #BIS-hard.

There is a final case that does not arise if #BIS is not NP-hard to approximate, but

we include it to make the proof complete. In particular, if f does not support perfect

equality, then by Theorem 6.2.9, it simulates a hard function. So, by Lemma 6.2.8,

for all sufficiently large ∆, there exists c > 1 such that #Hyper2Spin∆,c(f) is NP-

hard. As observed in the proof of Lemma 6.5.11, this implies that #Hyper2Spin∆(f)

is #BIS-hard. Then, as in the previous case, we obtain that #NoRepeatCSP∆(Γ)

and #CSP∆(Γ) are #BIS-hard.

3. Suppose that there are functions f1, f2 ∈ Γ such that f1 is not affine and f2 is not in

IM2 (it might be the case that f1 = f2). Then, consider the function f(x,y) defined

by f(x,y) = f1(x)f2(y). By Lemma 6.6.1, we have that f is neither affine nor does

it belong to IM2.

Thus, if f supports perfect equality, then by Theorem 6.2.10, for all sufficiently

large ∆, there exists c > 1 such that #Hyper2Spin∆,c(f) is NP-hard, which is

equivalent to saying that #NoRepeatCSP∆,c({f}) is NP-hard. Now note that there

is an easy reduction from #NoRepeatCSP∆,c({f}) to #NoRepeatCSP∆,c(Γ) — given

an instance I of #CSP∆,c({f}), every constraint involving f is re-written as two

constraints involving f1 and f2. Thus, #NoRepeatCSP∆,c(Γ) is also NP-hard. Since

#NoRepeatCSP∆(Γ) is a restricted version of #CSP∆(Γ), we have that #CSP∆,c(Γ)

is NP-hard as well.

Otherwise, by Theorem 6.2.9, f simulates a hard function. So, by Lemma 6.2.8,

for all sufficiently large ∆, there exists c > 1 such that #Hyper2Spin∆,c(f) is NP-

hard. As in the previous paragraph, this implies that #NoRepeatCSP∆,c(Γ) and

#CSP∆,c(Γ) are NP-hard.
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Chapter 7

Conclusion and Open Problems

Many works has been developed in the area of approximate counting, both in the

algorithmic part and complexity part. One of the most exciting and challenging research

directions is to establish the connection between the uniqueness phase transition of spin

systems and the approximability phase transition of computing partition functions. This

research has been done for some important models such as the hardcore model [78], the

antiferromagentic Ising model [54] and the colouring model when q = 4 (as we have

described in Chapter 4). For each of them, an FPTAS has already been designed in the

uniqueness region, and these ranges of approximation were proved to be optimal [34, 72].

To date, no MCMC based FPRASes that achieve the conjectured optimal bound q = ∆ + 1

have been established for the colouring model. For some other cases, the tree uniqueness

threshold is not the correct answer to the approximability threshold—we can even do

better. For the ferromagnetic Ising model, for example, Jerrum and Sinclair established

an FPRAS [48] which works for all graphs and all values of parameters on vertices

and edges in the ferromagnetic region, even beyond the tree uniqueness threshold.

However, perhaps surprisingly, the method of correlation decay does not work even in the

uniqueness region. These facts support the conjecture that we can design polynomial-time

approximation algorithms (FPTAS or FPRAS) for computing partition functions in the

tree uniqueness region of spin systems, although the region that an FPTAS exists and the

region that an FPRAS exists may be quite different.

To understand in which region a problem can be solved approximately in polynomial

time, it is probably a good start to analyse the condition of uniqueness for the Gibbs

distribution. Sometimes to prove uniqueness, we also need the decay of correlations in

spin systems, which is related to the algorithmic techniques. The uniqueness threshold
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has been well studied for some interesting models such as the antiferromagnetic Ising

model, the colouring model and the ferromagnetic Potts model. But it is still open for the

antiferromagnetic model. An up-to-date result was introduced in Chapter 3, which proved

the uniqueness threshold for q = 3, d ≥ 2 and q = 4, d ∈ {3, 4, 5, 6, 7, 8, 9}. However,

our results is based on the discussion of cases under the constraints that for all c′ ∈ [q],

either p(k)
c′ = p

(k)
c , or p(k)

c′ = α · p(k)
c and there exists c′ ∈ [q] such that p(k)

c′ = α · p(k)
c . It is

easy to see that for general q, the number of satisfying tuples will increase exponentially,

which makes the task of analysing the function hc1,c2,β impossible. Therefore, proving

uniqueness for the antiferromagnetic Potts model is still an interesting open problem. We

conjecture that new tools and techniques are necessary for this problem.

Another part of open problems is the classification of complexity of approximate counting

problems. Extensive research has been done on the classification of partition functions

according to the complexity of computing their values exactly. However, much less is

known in the approximate counting area. As we described in Chapter 6, we focused

on whether there is a “barrier” value ∆0 such that, for all ∆ ≥ ∆0, approximation is

intractable, because in general even some decision problems are still open. But our result

cannot provide any assistance to the classification of Γ for some specific ∆. The best

known result is on the conservative cases, which cannot apply to many natural problems

such as the hypergraph hardcore model. In fact, our result also relied on the AP-reductions

to the problem of counting independent sets in a bipartite graph (#BIS). However, #BIS

itself is almost the most important open problem underlying the study of complexity of

approximate counting. It is still unknown whether #BIS admits an FPTAS/FPRAS, or

#BIS is NP-hard. It is conjectured to be of an intermediate complexity.

We conclude this chapter with introducing some new techniques to design FPTASes

and the possible future works. Although correlation decay based FPTASes have played

significant roles in the antiferromagnetic spin systems, it cannot work well in many other

models. Recently, some other approaches have been developed. One is developed by

Ankur Moitra, based on the Lovász Local Lemma and linear programming. It gives an

algorithm to approximately compute the marginal probability of a variable in a SAT

formula under Lovász Local Lemma condition [61, 41]. Another algorithmic technique is

related to zeros of polynomials. It has been developed by Barvinok [3] and extended by

Patel and Regts [66]. The idea is to view the partition function as a polynomial of given

parameters and attempt to establish connections between the non-vanishing set and the
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approximability region. As a possible future work, it will be promising to develop more

powerful tools to design approximation algorithms and connect the approximability with

other theory (such as the existing results on the uniqueness region, Lovász Local lemma

and zero of polynomials) to identify the exact threshold of computational complexity and

understand the essential hardness of approximation.
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Chapter 8

Appendix: Mathematica Code

8.1 Verifying inequalities in Chapter 3

8.1.1 Lemma 3.3.5

Both of the queries in the following code give the output True.

fu = (1 - (1 - b) y)^d /

((1 - (1 - b) y)^d + 2 (1 - (1 - b) x)^(d/2) (1 - (1 - b) (1 - x - y))^(d/2));

bb = 1-b;

W = 1 - 3y + bb ((3y - 1) + (1 - x - 2y) + x(2x + y - 1) + y(x - y));

lhs = D[fu, b];

rhs = -fu^2 (d (1 - bb x)^(d/2) (1- bb(1-x-y))^(d/2) W /

((1- bb y)^(d+1) (1- bb x) (1- bb (1-x-y))));

FullSimplify[lhs == rhs]

fl = (1 - (1 - b) x)^d /

((1 - (1 - b) x)^d + (1 - (1 - b) y)^d + (1 - (1 - b) (1 - x - y))^d);

lhs = D[fl, b];

rhs = fl^2 d ((2x+y-1) (1-bb(1-x-y))^(d-1) + (x-y) (1-bb y)^(d - 1)) /

((1-bb x)^(d+1));

FullSimplify[lhs == rhs]

8.1.2 Lemma 3.3.13

Both of the queries in the following code give the output False.
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Resolve[Exists[{x, y, b}, 0 < y <= 1/3 && 1106/2500 <= x < 1 &&

0 < b <= 1 && (fu /. {d -> 2}) == x && (fl /. {d -> 2}) == y]]

Resolve[Exists[{x, y, b}, 0 < y <= 460/2000 && 1/3 <= x < 1 &&

0 < b <= 1 && (fu /. {d -> 2}) == x && (fl /. {d -> 2}) == y]]

8.1.3 Lemma 3.3.17

The following code gives the output True.

fu = (1 - (1 - b) y)^d /

((1 - (1 - b) y)^d + 2 (1 - (1 - b) x)^(d/2) (1 - (1 - b) (1 - x - y))^(d/2));

gu = fu - x /. {b -> 1 - 3/(d + 1), x -> m y};

A = (1 - 3 y/(d + 1))^d;

B = (1- 3(1-y(m+1))/(d+1))^(d/2) (1- 3m y/(d+1))^(d/2);

W = A B/(A+2B)^2;

lhs = D[gu, y];

rhs = -m+(9 d W /(3y(m+1)+d-2)) (m(2m y+y-1)/(1+d-3m y) - (2m y+y+d-1)/(1+d-3y));

FullSimplify[lhs == rhs]

8.1.4 Lemma 3.3.18

The following code gives the output True.

fl = (1 - (1 - b) x)^d /

((1 - (1 - b) x)^d + (1 - (1 - b) y)^d + (1 - (1 - b) (1 - x - y))^d);

gl = fl - y /. {b -> 1 - 3/(d + 1), x -> m y};

W = (m(2d-1)+d+1) ((3y(m+1)+d-2) / (d+1))^d /

((1 + d - 3m y) (d-2+ 3y(1 + m))) +

(m-1)(d+1)(1-(3 y)/(d+1))^d / ((1 + d - 3 y) (1 + d - 3m y));

lhs = D[gl, y];

rhs = -3 d (1 - (3m y)/(d+1))^d W / ( ((3y(m+1)+d-2)/(d+1))^d

+ (1 - (3m y)/(d+1))^d + (1-(3 y)/(d+1))^d )^2 - 1;

FullSimplify[lhs == rhs]

8.1.5 Lemma 3.3.20

The following code outputs False and False.

212



y2 = 7/(10 m + 12);

y1 = y2 + 3/500;

x2 = m y2;

x1 = m y1;

Resolve[Exists[m, 157/80 <= m < 32 && (0 >= y1 || y1 >= 1 - x1 - y1 ||

1 - x1 - y1 >= 1/3 || 1/3 >= x1 || x1 >= 1 - y1 ) ]]

Resolve[Exists[m, 32 <= m && (0 >= y2 || y2 >= 1 - x2 - y2 ||

1 - x2 - y2 >= 1/3 || 1/3 >= x2 || x2 >= 1 - y2 ) ]]

8.1.6 Lemma 3.3.21

Both queries in the following code for the differentiation in (3.30) output True.

fu = (1 - (1 - b) y)^d /

((1 - (1 - b) y)^d + 2 (1 - (1 - b) x)^(d/2) (1 - (1 - b) (1 - x - y))^(d/2));

bb = 1 - b;

R = (1 - bb x)^(d/2) (1 - bb (1 - x - y))^(d/2) / (1 - bb y)^d;

xlhs = D[fu, x];

xrhs = fu^2 R d bb^2 (2 x + y - 1) / ((1 - bb(1 - x - y))(1 - bb x));

ylhs = D[fu, y];

yrhs = -fu^2 R d bb (3 + bb(2 x + y - 2)) /((1 - bb(1 - x - y))(1 - bb y));

FullSimplify[xlhs == xrhs]

FullSimplify[ylhs == yrhs]

The proof of (3.33). We consider two cases — when µ < 32 and when µ ≥ 32. The

output is False in both cases.

lhs=(8-y)(2x+y-1)/( (8-x)(2x+y+22) );

x1 = 7 m/(10 m + 12) + 3 m/500;

y1 = 7/(10 m + 12) + 3/500;

Resolve[Exists[m, 1<m <32 && (lhs/.{x->x1, y->y1}) >= 1/24]]

x2 = 7 m/(10 m + 12);

y2 = 7/(10 m + 12);

Resolve[Exists[m, m>=32 && (lhs/.{x->x2, y->y2}) >= 1/24]]

Here is the code to show that Y is increasing in β̂∗. The output is False.
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Num = 3 + b (2 x + y - 2);

Den = (1 - b (1 - x - y)) (1 - b y);

Der = D[Num/Den , b];

Resolve[Exists[{d, x, y, b},

d >= 0 && 0 < b <= 1/8 && 0 < y < 1 - x - y < 1/3 < x < 1 - y &&

Der < 0]]

Here is the code for Case 1. The output is False.

lhs = 3 (2 x + y + 22)/((8 - y) (x + y + 7)) /.

{x -> 7 m/(10 m + 12), y -> 7/(10 m + 12)};

rhs = 8/7;

Resolve[Exists[m, lhs >= rhs && m > 32]]

Here is the code for Case 2. The output is False.

lhs = 3 (2 x + y + 22)/((8 - y) (x + y + 7)) /.

{x -> 7 m/(10 m + 12) + 3 m/500, y -> 7/(10 m + 12) + 3/500};

rhs = 24 (25 m^2 + 60 m + 3536)/(25 m^2 + 60 m + 73536);

Resolve[Exists[m, lhs >= rhs && 1 < m]]

8.1.7 Lemma 3.3.23

The output of the following code, for the differentiation in (3.36), is True.

fu = (1 - (1 - b) y)^d /

((1 - (1 - b) y)^d + 2 (1 - (1 - b) x)^(d/2) (1 - (1 - b) (1 - x - y))^(d/2));

psi[d_,z_] := d/(d-3z+1) + Log[d +1-3z];

zeta[d_,x_,y_]:=2psi[d,y]-psi[d,x]-psi[d,1-x-y];

lhs = D[ (fu/.{b -> 1 - 3/(d + 1)}), d];

rhs = (1- 3x/(d+1))^(d/2) (1- 3y/(d+1))^d (1- 3(1-x-y)/(d+1))^(d/2)zeta[d,x,y]/

((1- 3y/(d+1))^d + 2(1- 3x/(d+1))^(d/2) (1- 3 (1-x-y)/(d+1))^(d/2))^2;

FullSimplify[lhs == rhs,d>=0]

The following code establishes Facts 1, 2, and 3 for µ = 157/80. The output is False, 0,

then True.
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fu = (1 - (1 - b) y)^d /

((1 - (1 - b) y)^d + 2 (1 - (1 - b) x)^(d/2) (1 - (1 - b) (1 - x - y))^(d/2));

hu=fu-x /.{b -> 1 - 3/(d+1)};

psi[d_,z_] := d/(d-3z+1) + Log[d +1-3z];

zeta[d_,x_,y_]:=2psi[d,y]-psi[d,x]-psi[d,1-x-y];

Fd = D[zeta[d,x,y], d];

xm = 7 m/(10 m + 12) + 3 m/500 /. {m -> 157/80};

ym = 7/(10 m + 12) + 3/500 /. {m -> 157/80};

Resolve[Exists[d, d >= 23 && (Fd /. {x -> xm, y -> ym}) >= 0]]

Limit[zeta[d,xm,ym], d -> \[Infinity]]

Limit[hu /. {x -> xm, y -> ym}, d -> \[Infinity]]<0

The following code establishes Facts 1, 2, and 3 for µ = 32. The output is False, 0, then

True.

fu = (1 - (1 - b) y)^d /

((1 - (1 - b) y)^d + 2 (1 - (1 - b) x)^(d/2) (1 - (1 - b) (1 - x - y))^(d/2));

hu=fu-x /.{b -> 1 - 3/(d+1)};

psi[d_,z_] := d/(d-3z+1) + Log[d +1-3z];

zeta[d_,x_,y_]:=2psi[d,y]-psi[d,x]-psi[d,1-x-y];

Fd = D[zeta[d,x,y], d];

xm = 7 m/(10 m + 12) /. {m -> 32};

ym= 7/(10 m + 12) /. {m -> 32};

Resolve[Exists[d, d >= 23 && (Fd /. {x -> xm, y -> ym}) >= 0]]

Limit[zeta[d,xm,ym], d -> \[Infinity]]

Limit[hu /. {x -> xm, y -> ym}, d -> \[Infinity]]<0

8.1.8 Lemma 3.3.25

We first prove that h`(23, µ) > 0 for µ ≥ 157/80. The output to both queries is False.

fl = (1 - (1 - b) x)^d /

((1 - (1 - b) x)^d + (1 - (1 - b) y)^d + (1 - (1 - b) (1 - x - y))^d);

hl = fl - y /. {b -> 1 - 3/(d+1), x -> m y};

x1 = 7 m/(10 m + 12) + 3 m/500;
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y1 = 7/(10 m + 12) + 3/500;

h1 = hl /. {d -> 23, x -> x1, y -> y1};

Resolve[Exists[m, 157/80<=m <32 && h1 <= 0]]

x2 = 7 m/(10 m + 12);

y2 = 7/(10 m + 12);

h2 = hl /. {d -> 23, x -> x2, y -> y2};

Resolve[Exists[m, m >= 32 && h2 <= 0]]

The output of the following code, for the differentiation in (3.38), is True.

fl = (1 - (1 - b) x)^d/

((1 - (1 - b) x)^d + (1 - (1 - b) y)^d + (1 - (1 - b) (1 - x - y))^d);

psi[d_, z_] := d/(d - 3 z + 1) + Log[d + 1 - 3 z];

A = (1 - 3 x/(d + 1))^d;

B = (1 - 3 y/(d + 1))^d;

CC = (1 - 3 (1 - x - y)/(d + 1))^d;

lhs = D[(fl /. {b -> 1 - 3/(d + 1)}), d];

rhs = (A CC (psi[d, x] - psi[d, 1 - x - y]) + A B (psi[d, x] - psi[d, y]))/

(A + B + CC)^2;

FullSimplify[lhs == rhs, d >= 0]

8.1.9 Lemma 3.3.28

The code checks that all of the desired inequalities are satisfied. The output is True.

Flag = True;

u[0] = 1;

l[0] = 0;

For[dd = 3, dd <= 22, dd++, (

ffu = Ceiling[10000 fu /. {q -> 3, d -> dd, b -> 1 - 3/(dd + 1)}]/10000;

ffl = Floor[10000 fl /. {q -> 3, d -> dd, b -> 1 - 3/(dd + 1)}]/10000;

For[n = 0, n <= 60, n++, (

u[n + 1] = ffu /. {x -> u[n], y -> l[n]};

l[n + 1] = ffl /. {x -> u[n], y -> l[n]};

Flag = Flag && u[n] >= u[n + 1] && l[n] <= l[n + 1] &&
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2 u[n] + l[n] >= 1 >= 2 l[n] + u[n])];

Flag = Flag && u[60]/l[60] <= 53/27;)];

Flag

8.1.10 Lemma 3.3.36

The code checks all relevant values of d and d0. The output is True. The substitution of

u for α1/d is there to make the code run faster. Despite this, it takes more than 5 minutes

to run on our machine.

b = 1 - 3/(d + 1);

x = 1 - (1 - b) (a - 1)/(b + 2 a);

y = 1 - (1 - b) (a - 1)/(b + a + 1);

phi = 1 + (3/(d + 1)) (1 - x^d0 y^(d - d0))/(b +

x^d0 (y^(d - d0) + 1)) /. {a -> u^d};

Flag = True;

For[dd = 2, dd <= 22, dd++, u0 = (53/27)^dd;

For[dd0 = 0, dd0 <= dd, dd0++,

Flag = Flag && ! Resolve[Exists[u,

(phi /. {d -> dd, d0 -> dd0}) >= u && 1 < u <= u0]];];];

Flag

8.1.11 Lemma 3.3.37

The following code outputs True, therefore verifying the differentiation in (3.46).

b = 1 - 3/(d + 1);

x = 1 - (1 - b) (a - 1)/(b + 2 a);

y = 1 - (1 - b) (a - 1)/(b + a + 1);

phi = 1+(1/d)( x^(-2d0/(2+b)) y^(-(d-d0)/(2+b))

- x^(d0 b/(2+b)) y^((d-d0)(1+b)/(2+b)) )-a^(1/d);

gx=(2a+b)(a b+a+1);

gy=(a+b+1)(a b+2);

S=x^(2d0/(2+b)) y^((d-d0)/(2+b)) (a+b+1) (a b+2)/(1-b);

rhs=( (1-b)x^(-2d0/(2+b)) y^(-(d-d0)/(2+b)) / (d a gy) ) *

(2 d0 a (gy/gx) + (d-d0)a + x^d0 y^(d-d0) (d0 b a (gy/gx)+ (d-d0)(1+b)a)
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-a^(1/d) S);

Resolve[Simplify[D[phi, a] - rhs] == 0]

The following code outputs True True, verifying the calculation for Step 3.

b = 1 - 3/(d + 1);

x = 1 - (1 - b) (a - 1)/(b + 2 a);

y = 1 - (1 - b) (a - 1)/(b + a + 1);

s0 = -(((2 d - 1) d (1 - k) a)/(d +

1) + ((d - 2) k ((d - 2) a + 2 (d + 1))) /(3 (d + 1)));

W = 1 + (a - 1)/d - (d - 1) (a - 1)^2/(2 d^2);

t0 = W ((d + 1) a + 2 d - 1) ((d - 2) a + 2 (d + 1))/(3 (d + 1));

xi3 = s0 x^(d k) y^(d (1 - k)) +

t0 x^(2 k (d + 1)/3) y^((1 - k) (d + 1)/3);

FullSimplify[(xi3 /. {a -> 1}) == d + d k]

FullSimplify[(D[xi3, a] /. {a -> 1}) == (1/3) (- d k + 3 d - 4 k) ]

The final two code segments are for Step 4. The following code calculates t2 and verifies

that ∂2t2
∂κ2 ≥ 0, ∂t2∂κ

∣∣∣
κ=0
≥ 0 and t2|κ=0 ≥ 0. The output is False, False, and False.

b = 1 - 3/(d + 1);

x = 1 - (1 - b) (a - 1)/(b + 2 a);

y = 1 - (1 - b) (a - 1)/(b + a + 1);

s0 = -(((2 d - 1) d (1 - k) a)/(d +

1) + ((d - 2) k ((d - 2) a + 2 (d + 1)))/(3 (d + 1)));

W = 1 + (a - 1)/d - (d - 1) (a - 1)^2/(2 d^2);

t0 = W ((d + 1) a + 2 d - 1) ((d - 2) a + 2 (d + 1))/(3 (d + 1));

t2 = Simplify[ D[t0 x^(2 k (d + 1)/3) y^((1 - k) (d + 1)/3), {a,

2}]/(x^(2 k (d + 1)/3) y^((1 - k) (d + 1)/3))];

tk1 = D[t2, k];

tk2 = D[tk1, k];

Resolve[Exists[{d, a}, tk2 < 0 && d >= 23 && 1 <= a <= 53/27]]

Resolve[Exists[{d, a}, (tk1 /. {k -> 0}) < 0 && d >= 23 && 1 <= a <= 53/27]]

Resolve[Exists[{d, a}, (t2 /. {k -> 0}) < 0 && d >= 23 && 1 <= a <= 53/27]]
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The following code calculates s2 (as well as t2) and verifies that s2 + t2 is positive. It

takes about 10 minutes to run. The output is False. The reason for the transformation

of α (as a function of r) is to speed up the calculation.

b = 1 - 3/(d + 1);

x = 1 - (1 - b) (a - 1)/(b + 2 a);

y = 1 - (1 - b) (a - 1)/(b + a + 1);

s0 = -(((2 d - 1) d (1 - k) a)/(d +

1) + ((d - 2) k ((d - 2) a + 2 (d + 1)))/(3 (d + 1)));

W = 1 + (a - 1)/d - (d - 1) (a - 1)^2/(2 d^2);

t0 = W ((d + 1) a + 2 d - 1) ((d - 2) a + 2 (d + 1))/(3 (d + 1));

t2 = Simplify[ D[t0 x^(2 k (d + 1)/3) y^((1 - k) (d + 1)/3), {a,

2}]/(x^(2 k (d + 1)/3) y^((1 - k) (d + 1)/3))];

s2 = Simplify[

D[s0 x^(d k) y^(d (1 - k)), {a, 2}]/(x^(d k) y^(d (1 - k)))];

p = Simplify[s2 + t2 /. {a -> 1 + 3 r}];

Resolve[Exists[{d, r, k},

p <= 0 && d >= 23 && 0 <= k <= 1 && 0 < r <= 26/81]]

8.1.12 Lemma 3.4.4

All of the queries in the following code give the output True.

w=qh^2 bh x(x-y)-qh(bh(x^2-3x y+x+(y-1)y)+y)+(y-1)(bh y-1);

lu=D[fu,b];

ru=-fu^2 d ((1-bh x)^(qh-1)(1-bh(1-(qh-1)x-y)))^(d/qh) w/

((1-bh y)^(d+1)(1-bh x)(1-bh(1-(qh-1)x-y)));

FullSimplify[lu==ru]

FullSimplify[w==1-q y+bh((q y-1)x+(qh x+y-1)(qh-1)(x-y))]

ll=D[fl,b];

rl=fl^2 ((2x+(qh-1)y-1)(1-bh(1-x-(qh-1)y))^(d-1)+(qh-1)(x-y)(1-bh y)^(d-1))d/

(1-bh x)^(d+1);

219



FullSimplify[ll==rl]

8.1.13 Lemma 3.4.9

The following code checks that, for all d-tuples (p(1), . . . ,p(d)) with p(1), . . . ,p(d) ∈
Exq(α), it holds that hc1,c2,β∗(p

(1), . . . ,p(d)) < α1/d. The output is True, and the same is

still true when the first line changes to d = 5 and d = 6.

q = 4; d = 4; b = 1 - q/(d + 1);

EX = Tuples[{1, alpha}, q-1];

G[vector_, colour_] := 1 - (1-b) (vector[[colour]]- 1)/

(b + Sum[vector[[cc]], {cc,1,q-1}]);

dTUPLES=Tuples[EX,d]; L=Length[dTUPLES];

UNIQ = True;

For[l = 1, l<= L && UNIQ, l++,

currenttuple=dTUPLES[[l]];

For[k=1, k <= d, k++,

vectorofchild[k]=currenttuple[[k]];

];

For[colour = 1, colour <= q-1, colour++,

g[colour] = Product[ G[vectorofchild[k], colour], {k, 1, d}];

];

h = 1 + (1 - b) (1 - g[1])/(b + Sum[g[c],{c,1,q-1}])/.{alpha->u^d};

CHECK = Resolve[Exists[u, h >= u && u > 1]];

If[CHECK == True, UNIQ = False];

];

Print[UNIQ]

8.1.14 Lemma 3.4.10

The code checks that all of the desired inequalities are satisfied. The output is True.

Flag = True;

u[0] = 1;

l[0] = 0;

For[dd = 7, dd <= 9, dd++,
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(ffu = Ceiling[10000 fu /. {q -> 4, d -> dd, b -> 1 - 4/(dd + 1)}]/10000;

ffl = Floor[10000 fl /. {q -> 4, d -> dd, b -> 1 - 4/(dd + 1)}]/10000;

For[n = 0, n <= 60, n++,

(u[n + 1] = ffu /. {x -> u[n], y -> l[n]};

l[n + 1] = ffl /. {x -> u[n], y -> l[n]};

Flag = Flag && u[n] >= u[n + 1] && l[n] <= l[n + 1] &&

3 u[n] + l[n] >= 1 >= 3 l[n] + u[n])];

Flag = Flag && u[60]/l[60] <= 41/10;)];

Flag

8.1.15 Lemma 3.4.13

The output is true, and the same is still true if we change d to 8 and 9.

x = 1 - (1 - b) (a - 1)/(b + 3 a);

y = 1 - (1 - b) (a - 1)/(b + 2 a + 1);

z = 1 - (1 - b) (a - 1)/(b + a + 2);

g1 = x^d0 y^(d1 + d2) z^d3;

g3 = x^d0 y^(d1 + d4) z^d5;

g4 = x^d0 y^(d2 + d4) z^d6;

h = 1 + (1 - b) (1 - g1)/(b + g1 + g3 + g4);

d = 7; b = 1 - 4/(d + 1);

UNIQ = True;

For[k0 = 0, k0 <= d, k0++,

For[k1 = 0, k0 + k1 <= d, k1++,

For[k2 = 0, k0 + k1 + k2 <= d, k2++,

For[k3 = 0, k0 + k1 + k2 + k3 <= d, k3++,

For[k4 = 0, k0 + k1 + k2 + k3 + k4 <= d, k4++,

For[k5 = 0, k0 + k1 + k2 + k3 + k4 + k5 <= d, k5++,

k6 = d - (k0 + k1 + k2 + k3 + k4 + k5);

hk = h/.{d0->k0, d1->k1, d2->k2, d3->k3, d4->k4, d5->k5, d6->k6};

CHECK = Resolve[Exists[u, 1 < u <= 41/10 && (hk /. {a -> u^d}) >= u]];

If[CHECK == True, UNIQ = False];

]]]]]]
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Print[UNIQ]

8.2 Verifying inequalities in Chapter 4

8.2.1 Initialization

We use following code to initilize our computer assisted part of the proof.

Phi[x_] := 1/x/(1/2 - x);

M = (Maximize[{1/Phi[x]/(1-x), 0<=x<=1/2}, {x}])[[1]];

F[k_] := (1-f[k])(1-y[k])/Sum[(1-f[i])(1-y[i]), {i,1,4}];

8.2.2 Lemma 4.4.6

G[w_,f_] := (1-f)/Phi[1-w/(1-f)] + 4M w/(1-f);

Resolve[Exists[{w1,w2,f1,f2},

(G[w1,f1]+G[w2,f2])>=10195/10000(2G[(w1+w2)/2,(f1+f2)/2]) &&

1/13<=f1<=1/2 && 1/13<=f2<=1/2 && 1/2<=w1/(1-f1)<=1 &&

1/2<=w2/(1-f2)<=1]]

Resolve[Exists[{w1,w2,f1,f2},

(G[w1,f1]/3 +2G[w2,f2]/3)>=10181/10000(G[(w1+2w2)/3,(f1+2f2)/3]) &&

1/13<=f1<=1/2 && 1/13<=f2<=1/2 && 1/2<=w1/(1-f1)<=1 && 1/2<=w2/(1-f2)<=1]]

8.2.3 Lemma 4.4.8

Asym = Phi[F[1]] F[1]

((1-F[1])/(1-y[1])/Phi[y[1]]+Sum[F[j]/(1-y[j])/Phi[y[j]], {j,2,4}] +

4f[1]M Sum[F[k]/(1-f[k]),{k,2,4}]);

Alpha = Asym/.

{f[2]->(1-f[1])/3,f[3]->(1-f[1])/3,f[4]->(1-f[1])/3,y[3]->y[2],y[4]->y[2]};

Resolve[Exists[{f[1],y[1],y[2]},

Alpha>963/1000 && 1/13<=f[1]<=1/2 && 0<=y[1]<=1/2 && 0<=y[2]<=1/2]]

8.2.4 Lemma 4.4.10, case f1 = (1− f2)/6

F1 = F[1]/.{f[4]->(1-f[1]-f[2])/2, f[3]->(1-f[1]-f[2])/2,y[4]->y[3]};

A = (1-f[1])(1-y[1])+(1-f[2])(1-y[2])+(1+f[1]+f[2])(1-y[3]);
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P1 = A(1-F1)(1/(1-y[1])/Phi[y[1]]-4M f[2]/(1-1/13));

P2 = (1-f[2])/Phi[y[2]]+4f[1]M(1-y[2]);

P3 = (1+f[1]+f[2])/Phi[y[3]]+8M(f[1]+f[2])(1-y[3]);

Alpha1 = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]->(1-f[2])/6};

Resolve[Exists[{f[2],y[1],y[2],y[3]}, Alpha1>9138/10000 &&

0<=f[2]<=1/2 && 0<= y[1]<=1/2 && 0<=y[2]<=1/2 && 0<=y[3]<=1/2]]

8.2.5 Lemma 4.4.10, case f1 = (3/4− f2)/4

F1 = F[1]/.{f[4]->(1-f[1]-f[2])/2, f[3]->(1-f[1]-f[2])/2, y[4]->y[3]};

A = (1-f[1])(1-y[1])+(1-f[2])(1-y[2])+(1+f[1]+f[2])(1-y[3]);

P1 = A(1-F1)(1/(1-y[1])/Phi[y[1]]-4M f[2]/(1-1/13));

P2 = (1-f[2])/Phi[y[2]]+4f[1]M(1-y[2]);

P3 = (1+f[1]+f[2])/Phi[y[3]]+8M(f[1]+f[2])(1-y[3]);

Alpha2 = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]->(3/4-f[2])/4};

Resolve[Exists[{f[2],y[1],y[2],y[3]}, Alpha2>9163/10000 &&

0<=f[2]<=1/2 && 0<= y[1]<=1/2 && 0<=y[2]<=1/2 && 0<=y[3]<=1/2]]

8.2.6 Lemma 4.4.10, case f1 = 1/13

F1 = F[1]/.{f[4]->(1-f[1]-f[2])/2, f[3]->(1-f[1]-f[2])/2, y[4]->y[3]};

A = (1-f[1])(1-y[1])+(1-f[2])(1-y[2])+(1+f[1]+f[2])(1-y[3]);

P1 = A(1-F1)(1/(1-y[1])/Phi[y[1]]-4M f[2]/(1-1/13));

P2 = (1-f[2])/Phi[y[2]]+4f[1]M(1-y[2]);

P3 = (1+f[1]+f[2])/Phi[y[3]]+8M(f[1]+f[2])(1-y[3]);

Alpha3 = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]->1/13};

Resolve[Exists[{f[2],y[1],y[2],y[3]}, Alpha3>9102/10000 &&

0<=f[2]<=1/2 && 0<= y[1]<=1/2 && 0<=y[2]<=1/2 && 0<=y[3]<=1/2]]

In order to speed up above three code snippets for Lemma 4.4.10, we can simplify Alphai

to the form A
B where both A ≥ 0 and B ≥ 0 are polynomials. To verify A

B ≤ α, it is

equivalent to verify A− αB ≤ 0, which can be done more efficiently by Mathematica.

8.2.7 Lemma 4.4.11

G[w_,f_] := (1-f)/Phi[1-w/(1-f)] + M w/(1-f);
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Resolve[Exists[{w1,w2,f1,f2},

(G[w1,f1]+G[w2,f2])>=1009/1000(2G[(w1+w2)/2, (f1+f2)/2]) &&

0<=f1<=1/2 && 0<=f2<=1/2 && 1/2<=w1/(1-f1)<=1 && 1/2<=w2/(1-f2)<=1]]

Resolve[Exists[{w1,w2,f1,f2},

(G[w1,f1]/3 + 2G[w2,f2]/3)>=1009/1000(G[(w1+2w2)/3, (f1+2f2)/3]) &&

0<=f1<=1/2 && 0<=f2<=1/2 && 1/2<=w1/(1-f1)<= 1 && 1/2<=w2/(1-f2)<=1]]

8.2.8 Lemma 4.4.12

F1 = F[1]/.{f[4]->(1-f[1]-f[2])/2, f[3]->(1-f[1]-f[2])/2, y[4]->y[3]};

A = (1-f[1])(1-y[1])+(1-f[2])(1-y[2])+(1+f[1]+f[2])(1-y[3]);

P1 = A(1-F1)(1/(1-y[1])/Phi[y[1]]-2M f[2]/(1-f[1]));

P2 = (1-f[2])/Phi[y[2]]+ 2f[1] M(1-y[2]);

P3 = (1+f[1]+f[2])/Phi[y[3]]+4M(f[1]+f[2])(1-y[3]);

Alpha = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]->0, y[1]->0};

Resolve[Exists[{f[2],y[2],y[3]},

Alpha>9231/10000 && 1/13<=f[2]<=1/2 && 0<=y[2]<=6/13 && 0<=y[3]<=6/13]]
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