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Abstract

Over the past 30 years, the study of counting problems has become an inter-
esting and important work. The framework of counting problems can capture
applications in diverse fields, such as graph colouring and homomorphism in
graph theory, and the Ising and Potts model from statistical physics. In this

thesis, we will discuss my recent research work focusing on this area.

In Chapter 1, the basic notions and definitions of counting problems will
be introduced. Because of the hardness result of computation complexity
for counting problems, we will mainly consider whether we have efficient

approximation algorithms for counting problems.

In the algorithmic part, one of the most exciting research is to establish the
connection between the uniqueness phase transition of spin systems and the
approximability phase transition of computing partition functions. In Chapter
2, we first discuss some basic methods of designing approximation algorithms,
including the connection between sampling and counting and the correlation
decay approach. These methods will be used in Chapter 4 and 5. In Chapter
3, we will discuss the uniqueness threshold for the antiferromagnetic Potts
model on d-ary trees and introduce our results for small q. Chapter 4 and 5
contain two examples of counting and sampling in the uniqueness regime. We
designed approximation algorithms for counting the number of 4-colourings
on cubic graphs and sampling from the Potts model on random regular graphs

in the uniqueness regime.

In the complexity part, a classification result for the complexity of approxi-
mate counting Boolean Constraint Satisfaction Problems on bounded-degree
instances will be introduced in Chapter 6. We focused on whether, for all

Boolean constraint languages I', there is a “barrier” value A such that for



all A > A, the counting problem of Boolean CSP is computationally hard to

approximate, and completely classified the complexity of this problem.
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Chapter 1

Introduction

1.1 Counting complexity and approximate counting
1.1.1 Counting problems

Counting problems originated from a field of mathematics called enumerative combi-
natorics where the interest is in studying the number of mathematical structures with
given properties. For example, one of the most well-known and beautiful formulas in
enumerative combinatorics is Cayley’s formula, which gives the number of labelled trees
on n vertices. Now counting problems have a variety of applications in diverse fields,
including statistics, statistical physics and computer science.

In counting problems that arise in computer science, we are interested in computing
algorithmically the number of structures with given properties. We begin by describing
some illustrative examples.

One of the most well-studied problems in computer science is the independent set
problem. We will be interested in the following counting problem: given as input a
graph G, compute the number of independent sets in G.! In general, this problem is
very difficult (it is #P-complete as we will explain in Section 1.1.2), even in terms of
computing an approximate answer. Nevertheless, we can do better on certain classes of
graphs by utilising their combinatorial properties. One such class of graphs are trees,
where the absence of cycles implies a simple polynomial-time algorithm. In the following,
we describe this polynomial-time algorithm.

In particular, suppose that we want to compute the number of independent sets of a given

tree T'. For a vertex v of T', let Iy(7T,v) denote the number of the independent sets I of

!An independent set in a graph G is a subset of vertices which are mutually non-adjacent.



the tree 7" such that v ¢ I, and I, (7, v) denote the number of the independent sets I of
the tree T such that v € I. Let T}, T, ..., T, be the disjoint connected components of
T\ v, and vy, vg, ..., vy be all neighbour vertices of v in the tree 7', where v; € T; for all
1 < i < d. We have a simple recursive algorithm for computing 1y(7,v) and I, (7, v) by

using the following formulas:

Hie[d] (Io(T;,v;) + I1(T;,v;))  if T contains at least two vertices,
Iy(T,v) =

if T only contains vertex v;

and
(T, v) = {H@'e[d} Io(T;,v;) if T contains at least two vertices,

if T only contains vertex v.

Since the number of independent sets of 7" is Iy(7,v) + I;1(T,v), we thus obtain a
polynomial-time algorithm for computing the number of independent sets of trees.
Another example of a counting problem is the problem of computing the number of
perfect matchings in a given graph G.2 Analogously to the independent set problem,
counting perfect matchings is in general a very hard problem, but again we can do better
on certain classes of graphs such as trees. A more intricate class of graphs where we can
compute the number of perfect matchings efficiently are planar graphs, using a beautiful
method discovered by Kasteleyn [52]. Kasteleyn designed an algorithm for computing
the number of perfect matchings in a planar graph G based on a certain orientation
of the graph G and computing an appropriate determinant of the associated (directed)
adjacency matrix.

Our goal in this thesis is to identify the cases where we can design polynomial-time
algorithms for counting problems, or to establish their computational hardness. In the
next section, we first describe the relevant complexity classes for counting problems.

Subsequently, we describe the types of algorithms that we will be interested in.

1.1.2 #P and #P-complete

In this section, we describe the complexity class #P which is relevant for classifying the
complexity of counting problems. We begin by first reviewing the complexity class NP for

decision problems, and then describe its analogue for counting problems.

2A perfect matching of a graph G = (V, E) is a subset M C E of edges such that every vertex of G
belongs to exactly one edge in M.



Recall, in a decision problem, the goal is to decide whether the input to the problem has
a specific property. For example, given an input graph G and an integer k, does G contain
an independent set of size k? More generally, in a decision problem .4, we are asked to
output the value of a function ¢ : ¥* — {0, 1}, where ¥* is the set of all possible inputs
and an element of ¥* represents a string whose characters are from an alphabet ¥ (e.g.,
if ¥ = {0, 1}, the input is encoded in binary). For a string = € ¥*, we denote by |z| the
length of the string .

The decision problem A, belongs to the complexity class NP if it can be decided by
a nondeterministic Turing machine in time polynomial in the size of the input. An
alternative but equivalent definition of NP will be more relevant for generalising to
counting problems. In particular, A, belongs to the complexity class NP if there exist
a polynomial function p(-) and a polynomial-time deterministic Turing Machine M :
¥* x 3¥* — {0, 1} such that,

1. for all x € ¥* such that ¢(x) = 1, there exists a witness y € ¥* such that |y| < p(|z]|)
and M(z,y) =1, i.e., M accepts (z,y),

2. for all x € ¥* such that ¢(z) = 0, for all y € ¥* with |y| < p(]z|) it holds that
M(z,y) = 0.

We call M a “witness-checking” predicate. In the decision version of the independent set
problem described above, x corresponds to the input graph GG and the integer £ while the
witness y corresponds to an independent set of size k in G (if one exists).

In counting problems, instead of binary-valued functions ¢, the goal is to compute
a function f : ¥* — N. The relevant complexity class for counting problems is #P
(number-P). Roughly, a problem in #P is the counting version of a problem in NP
and it corresponds to counting the number of witnesses of an NP problem. More
formally, consider a counting problem Ay where we want to compute the function
f:¥* = N. Then, A; € #P if there exist a polynomial function p(-) and a polynomial
time deterministic Turing Machine M : ¥* x ¥* — {0, 1} such that for all input = € ¥*,

f@) =Hy e X" |yl < p(lz]) A M(z,y) = 1}].

Just as the class NP has complete problems, the class #P also has complete problems
which are called #P-complete. To introduce this notion, we first need to define reductions

between counting problems (analogously to reductions for decision problems).

3



Let Ay and A, be two problems in #P, where we want to compute the functions
f:E} > Nand g: X7 — N, respectively (3, X, are the alphabets used to encode the
inputs of .A; and A,). We say there is a parsimonious reduction from Ay to A, (written

as Ay <par Ay) if there is a function ¢ : E}i — X5 such that
1. oninputz € ¥7%, t(x) can be computed in time polynomial in the size of z,
2. forall x € %, f(z) = g(t(x)).

Parsimonious reductions are often restrictive and frequently we instead use polynomial-
time Turing reductions, where a counting problem Ay reduces to another counting
problem A, if there exists a polynomial time algorithm for Ay given an oracle that solves
Ag.

With these definitions, we can now define #P-complete problems. A problem Ay is
#P-complete [75] if

1. A; belongs to #P;
2. Every problem in #P can be reduced to Ay by a polynomial-time Turing reduction.

Usually, the counting version of an NP-complete problem is #P-complete (though it
is not known whether this holds in general). For example, let 3-SAT be the decision
problem where, given a Boolean formula in conjunctive normal form whose clauses have
at most three literals, we need to decide whether there exists a satisfying assignment
of the formula. It is well known that 3-SAT is an NP-complete problem [51]. The
counting version of 3-SAT, denoted by #3-SAT, is to compute the number of all satisfying

assignments. As it turns out, #3-SAT is a #P-complete problem.
Theorem 1.1.1 ([75]). #3-SAT is #P-complete under parsimonious reductions.

Interestingly, under Turing reductions, there exist #P-complete problems whose decision
version is solvable in polynomial time. The most well-known example is the problem of
counting perfect matchings of bipartite graphs. Deciding whether a bipartite graph con-
tains a perfect matching can be solved in polynomial time. However, Valiant proved that

counting perfect matchings of bipartite graphs is #P-complete under Turing reductions.

Theorem 1.1.2 ([75]). The problem of counting perfect matchings of bipartite graphs is

#P-complete under Turing reductions.



For #P-complete problems, it is generally believed in complexity theory that we cannot
solve them exactly in polynomial time. So we will instead focus on approximation

algorithms, which we describe in the next section.

1.1.3 Polynomial-time approximation schemes

In this section, we define the class of approximation algorithms that we will use to study
counting problems. In particular, we define fully polynomial-time approximation schemes
(FPTAS) and fully polynomial-time randomised approximation schemes (FPRAS).

Let A be a counting problem as in Section 1.1.2, i.e., our goal is to compute a function

f:¥* = N, where ¥* encodes the input to the problem (strings from an alphabet ).

Definition 1.1.3. An algorithm is an FPTAS for the counting problem .A; if, on input
and a parameter ¢ € (0, 1), the algorithm outputs a number f in time poly(|z|,1/¢) such
that

(I—e)f(x) < f < (L4e)f(x).
An FPRAS is the randomised version of an FPTAS, and is defined as follows.

Definition 1.1.4. A randomised algorithm is an FPRAS for the counting problem A,
if, on input x and parameters ¢,6 € (0, 1), the algorithm outputs a number f in time
poly(|x|,1/e,log(1/0)) such that

(1—e)f(z) < f < (1+e)f(),
with probability at least 1 — 4.

Note that if the answer to a counting problem is 0, an FPTAS/FPRAS must output 0,
whereas if the answer to a counting problem is larger than 0, an FPTAS/FPRAS must
output a positive number. Therefore, if a counting problem admits an FPTAS/FPRAS,
then we can solve its decision problem in (randomised) polynomial time as well.

More interestingly, if we have an oracle for an NP-complete problem, then we can design

an FPRAS for any counting problem in #P.

Theorem 1.1.5 ([74]). Given an oracle for an NP-complete problem, there is an FPRAS
for every problem in #P.

In the rest of this thesis, we will be interested in designing an FPTAS or FPRAS for

counting problems without using the assumption of having an oracle for NP.



1.2 Preliminaries

In this section, we first give some general notations which will be used in this thesis.
Then we define spin systems and the associated counting problems which will be the

major focus of this thesis.

1.2.1 Spin systems
1.2.1.1 Two-state spin

Spin systems play an important role in statistical physics and computer science. In
statistical physics, spin systems are used to explain physical phenomena on the basis
of interacting particles. In computer science, spin systems are relevant for studying
well-known combinatorial problems such as the independent set and proper g-colouring
problems.

We begin by describing 2-state spin systems. Roughly, a 2-state spin system is comprised
of sites and each site has a spin which can be in one of two possible states, say {0, 1}.
Each site interacts with its neighbouring sites and the strength of the interaction depends
on the sites’ states.

More specifically, we will think of the particles being arranged on a graph G = (V, E)
where vertices in V' represent sites and edges in E represent whether two sites are
neighbouring. A configuration of the spin system is an assignment o : V" — {0, 1}, i.e.,
a configuration o assigns a spin state to each vertex. The weight of a configuration o is

given by
wG(U) = H Ao’(u),o'(v) H bo(v)7

(u,v)EE veV
where A is a 2 x 2 symmetric matrix with nonnegative entries and b is a 2-dimensional
vector with nonnegative entries. The standard parametrisation of the matrix A and the

vector b are given as follows:

_ AU,O AO,l o ﬂ 1 B B
4= <A1,o A1,1> B (1 7> and b = (bo, b1) = (1, ),

where (3,v, A\ are nonnegative numbers (in statistical physics, A is referred to as the

absolute activity or fugacity).



The partition function of the spin system is given by
Za = Z weg (o).
o:V—{0,1}
The Gibbs distribution Pr¢[] associated to the spin system is a probability distribution
on the space of all configurations o : V' — {0, 1}. In particular, the probability mass of a

configuration o in the Gibbs distribution is given by

Prglo] = w;éa) .

Now we describe two important examples of 2-state spin systems:

e The hardcore model with parameter A > 0 corresponds to the problem of counting
(weighted) independent sets of a graph G = (V, E). In the hardcore model, the

matrix A and the vector b are given by

11
A:(l O) and b = (1, \).

Note that for each configuration o : V' — {0, 1} with positive weight, it holds that
the spins of adjacent vertices cannot be simultaneously equal to 1, i.e., for every
(u,v) € E, it holds that o(u) - o(v) = 0. In particular, whenever wg(c) > 0, the
set of vertices v such that o(v) = 1 is an independent set of the graph G, which
we denote by I(c), and the weight of I(c) is A/(?)l. We can therefore write the
partition function of the hardcore model in the following equivalent way:
Zg= Y, walo)= > N
o:V—{0,1} 1€Z(G)

where Z(G) denotes the set of all independent sets of the graph G. Similarly,
the Gibbs distribution of the hardcore model can be equivalently interpreted as a

probability distribution supported on the set Z(G).

Note that, in the case A = 1, the partition function of a graph G in the hardcore
model is the same as the number of independent sets of G, i.e., Zg = |Z(G)|, and

the Gibbs distribution is the uniform distribution over all independent sets.

e The Ising model with parameter S > 0 is a model of ferromagnetism in statistical
physics. In the Ising model (without external field), the matrix A and the vector b

are given by

A= <f ;) and b = (1,1).

7



Hence, the weight w¢ (o) of a configuration o : V — {0, 1} is equal to 3™(?), where

m(o) is the number of edges whose endpoints have the same spin under o.

For 0 < 8 < 1, the Ising model is called antiferromagnetic, whereas for g > 1, the
model is called ferromagnetic. Roughly, for 8 > 1, configurations o with many
monochromatic edges have larger weight than configurations with few monochro-

matic edges (and the other way around for 5 < 1).

Later, we will be interested in the problem of computing (approximately) the partition

function of a 2-state spin system, given an input graph G.

1.2.1.2 Multi-state spin systems

We can generalise 2-state spin systems in multiple ways; in this section, we consider
multi-state spin systems, where the number of spin states can potentially be larger than
two.
Let ¢ > 2 be an integer. We will use ¢ to denote the number of states and [¢| to denote
the set {1,2,..., ¢} of spin states. Analogously to the 2-state spin system, in a g-state spin
system on a graph G = (V, E), a configuration is an assignment o : V' — [¢]. The weight
of a configuration o is given by
wg(o) = H A (u),o(v)s

(u,v)EE
where now A is a ¢ x ¢ symmetric matrix with nonnegative entries. The partition function
of the ¢-state spin system is again given by the aggregate weight of all configurations, i.e.,

Zg = Z wa(o).
o:V—q]

Also, in the Gibbs distribution Prg[], a configuration ¢ has probability mass given by

Prglo] = wCZ;E;J) .

A canonical example of a multi-state spin system is the ¢-state Potts model, which is a

generalisation of the Ising model. In the Potts model, the parameter matrix A is given by
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where § > 0. Note that the case ¢ = 2 and > 0 is precisely the case of the Ising model.
For ¢ > 3, the case 8 = 0 is particularly interesting, since it corresponds to the proper
g-colouring problem. In particular, for § = 0, we can rewrite the partition function as

{1 if o(u) # o(v);

Za= Y, Il Lowrew, where 1o ow) = 0 ifo(u)=o(v).

o:V—|q] (uw)eR
Observe that a configuration o has positive weight iff every pair of adjacent vertices in
G have different states, i.e., o induces a proper ¢-colouring of G. Hence, in this case

(B =0), Zg is the number of proper g-colourings of the graph G.

1.2.2 Uniqueness of Gibbs distribution

Note that in Chapter 1.2.1, the Gibbs distribution is only defined on finite graphs. For
infinite graphs, we say a probability distribution Prg[-] is a Gibbs distribution of an
infinite graph G if the marginal distribution under Prg[-] on any finite subgraph H of G,
conditioned on the configuration of (G \ H) U 0H is the same to the Gibbs distribution
on H conditioned on the configuration of the boundary of H. (The boundary 0H of H is
the set of those vertices in H which are adjacent to some vertex in G \ H.) Formally, let
G = (V, E) be an infinite graph. For any configuration ¢ : V' — [¢| and any subset U of
V, denote by o(U) the restriction of the configuration ¢ to the vertices in U. Then Prq|- |
is a Gibbs distribution if for any finite subgraph H C G and any fixed configuration

o : V — [g|, the conditioned distribution for any configuration 7 : V' — [q] satisfies
Prg[r | T(G\H)UOH) =0((G\ H)UOH)] =Pry[r | 7(0H) = c(0H)],

where Pry|-] is the Gibbs distribution on the finite graph H. It is a well known result
in statistical physics that at least one such probability distribution always exists (see
[40]). However, for certain values of the parameters, there might be multiple such
distributions. We are interested in the case where the Gibbs distribution is unique. Given
a graph G = (V,E) and aset A C V, let S(A,n) denote the set {v € V | d(v,A) = n}
where d(v, A) is the smallest distance from v to the set A. The uniqueness of the Gibbs

distribution can be defined as follows.

Definition 1.2.1 ([71]). On an infinite graph G = (V, E') with finite degrees we say that

a Gibbs measure is unique if for any finite set A C V,

limsup max ||Prglo(A) =- | 0(S(A,n)) = 01]-Prg[o(A)

n—oo 91,02

Il
2
g2
ks
S

|

Q
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where ||-||Tv is the total variation norm and the maximum is taken over all boundary

condition o1, 09: S(A,n) — [q].

In particular, we use the following definition that formalises uniqueness instead to simplify
the criteria of the uniqueness for the Potts model on d-ary trees. Let Ty, be the rooted
d-ary tree with height n (i.e., every path from the root to a leaf has n edges, and every
non-leaf vertex has d children). In particular, denote by T, the infinite d-ary tree. Let

Ar,  be the set of leaves of T, ,, and let vg,, be its root.

Definition 1.2.2. The ¢-state Potts model with parameter ( exhibits uniqueness on the

infinite d-ary tree Ty if, for all colours ¢ € [¢], it holds that

1
limsup max |Prp,, [0(vgn) =c|o(Ar,,)=7] —=|=0. (1.1)
n—oo T ATdynﬁ[Q] ’ 7 q

It exhibits non-uniqueness otherwise.

1.3 Main results of this thesis

In this thesis, we will mainly discuss the uniqueness threshold for the ¢-state Potts model,
and then design some algorithms for approximate counting in the uniqueness regime.
Finally, we will also establish the classification of complexity of approximate counting of
Boolean Constraint Satisfaction Problems.

In Chapter 2, we first discuss some basic methods of designing approximation algorithms,
including the connection between sampling and counting and the correlation decay
approach. These methods will be used in Chapter 4 and 5.

In Chapter 3, we will discuss the uniqueness threshold for the antiferromagnetic Potts
model on d-ary trees. For the ferromagnetic Potts model, the uniqueness threshold is
well-studied. But for the antiferromagnetic Potts model, the threshold is much less clear,
even on the regular trees. Jonasson established the uniqueness threshold in the zero-
temperature case, which corresponds to the ¢-colourings model. In the permissive case
(where the temperature is positive), the Potts model has an extra parameter 3 € (0, 1),
which makes the task of analysing the uniqueness threshold even harder and much less
is understood. Our work is to extend the analysis to the antiferromagnetic case. We
first focus on the case ¢ = 3 and give a detailed analysis of the Potts model on the tree

by refining Jonasson’s approach. In particular, we establish the uniqueness threshold
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on the d-ary trees for all values of d > 2. When d > 3, we show that the 3-state
antiferromagnetic Potts model has uniqueness for all 5 > 1 —3/(d + 1). The case d = 2
is critical since it relates to the 3-colourings model on the binary tree (where 5 = 0),
which has non-uniqueness. Nevertheless, we show that the Potts model has uniqueness
for all 8 € (0,1) on the binary tree. Both of these results are tight since it is known
that uniqueness does not hold in the complementary regime. Then we consider general
q > 3 cases. Our techniques give a criteria to prove that the Potts model has uniqueness
with given parameters ¢ and d, based on a two-step recursion on the tree. For ¢ = 4, we
verified this condition and establish the uniqueness threshold for 4 < d < 9. However,
it is conjectured that the Potts model has uniqueness on d-ary trees as long as 5 € (0, 1)
and 8 > 1 —¢q/(d+ 1). The exact threshold is still open.

For some particular two-state spin systems, such as the antiferromagnetic Ising model
and the hard-core model, the connection between the uniqueness phase transition and
the complexity of approximate counting problems has been well studied. It has been
proved that an FPTAS/FPRAS exists iff the system has uniqueness. So the same picture is
conjectured to hold for some general models, such as the colouring model and the general
Potts model. In Chapter 4 and 5, we will introduce some approximation algorithms for

counting and sampling in the uniqueness regime.

e In Chapter 4, we will discuss the counting problem of the ¢-colourings model, which
is a special case of the antiferromagnetic Potts model. Let A denote the maximum
degree of the graph. It is known that the ¢-colouring model on infinite regular trees
has uniqueness iff ¢ > A + 1. This fact supports the conjecture that there is an
FPTAS/FPRAS for counting the number of proper colourings as long as ¢ > A + 1.

However, the conjecture remained open even for any fixed A > 3.

We refine the techniques of the correlation decay approach and design an FPTAS
for counting the number of proper 4-colourings on graphs with maximum degree 3
and thus confirm the conjecture in the case of A = 3. Our algorithm is the first one

to achieve this optimal bound of ¢ = A + 1.

e In Chapter 5, we will consider the problem of sampling from the antiferromagnetic
Potts model on random regular graphs, which is an important application of our
uniqueness results. It is conjectured that polynomial-time approximate sampling

is possible when the temperature of the model is in the uniqueness regime of the
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regular trees, but designing algorithms remains a difficult task. In this chapter, for
all integers ¢ > 3 and A > 3, we develop algorithms that produce samples within
error o(1) from the g-state antiferromagnetic Potts model on random A-regular

graphs, whenever the temperature is in uniqueness.

This algorithm is based on iteratively adding the edges of the graph and resampling
a bichromatic class that contains the endpoints of the newly added edge. We exploit
the tree uniqueness to show that the average growth of bichromatic components
is typically small, which allows us to use correlation decay algorithms for the
resampling step. While the precise uniqueness threshold on the tree is still not
known for general values of ¢ and A in the antiferromagnetic case, our algorithm

works throughout uniqueness regardless of its value.

In Chapter 6, we establish the classification for the complexity of approximate counting
Boolean Constraint Satisfaction Problems (CSP) on bounded-degree instances. Let A
be the maximum number of occurrence of any variables. For every fixed A > 3, the
complexity of exactly solving this problem depends on the set of allowed constraints has
been completed. However, in the approximate setting, even for some widely studied
case we do not know much about their complexity. For a special case which is known as
the “conservative case” in the CSP literature, the complexity of approximation problem
has been classified. But the “conservative case” does not include many natural problems
such as the hypergraph independent sets problem. Our result extends this result in
the “conservative” case. Since even the complexity of the decision version is still not
completely understood, in our work, we focused on whether, for all Boolean constraint
languages I, there is a “barrier” value A such that for all A > A, the counting problem
of Boolean CSP is computationally hard to approximate. In our setting we completely

classified the complexity of approximately counting Boolean CSP problems.
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Chapter 2

Methods

In this chapter, we review some well-known methods which are algorithmic techniques
to design approximation algorithms for counting problems. We will focus on counting
problems induced by spin systems: given a spin system on a graph/hypergraph, can
we (approximately) compute its partition function? To illustrate the relevant ideas,
throughout this chapter, we will focus on computing the partition function of the hardcore

model on graphs.

2.1 From the marginal distribution to approximate counting

Consider the hardcore model (which is defined in Chapter 1.2.1.1) with parameter \ on
a given graph G = (V, E). For a vertex v € V, we will use Prg[o(v) = 1] to denote the
marginal probability that o(v) = 1, where ¢ is a random configuration sampled from the

Gibbs distribution, i.e.,

Prglo(v) =1]= Y Prglo].

o:0(v)=1
Interestingly, an FPTAS for computing the marginal probability Prg[o(v) = 1] implies an
FPTAS for computing the partition function. We have the following folklore lemma.
Lemma 2.1.1. Consider the hardcore model with parameter A > 0. Suppose that given
a graph G = (V, E), a vertex v € V and a parameter ¢ € (0, 1), we can compute in time

poly(|V'|,1/e) a number p such that
(1 —¢e)Prglo(v) =1 <p< (1+¢e)Prglo(v) =1].
Then, we also have an FPTAS for computing the partition function of the hardcore model

with parameter \.
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Proof. Let G = (V, E) be a graph for which we want to compute its partition function Zg
with relative accuracy e € (0, 1), i.e., we want to compute Z in time poly(|V|,1/¢) such
that

A~

(1-8)Za<2<(1+) 2. (2.1)

Assume V = {vy,...,v,} and consider the configuration o, where o¢(v) = O forallv € V.
Note that oy corresponds to the empty independent set and therefore wg(og) = \° = 1.

We can thus write

1 1 1

-~ Proloo] - PralAT 0() =01 T Pra[o(e) = 0 AT} o) = 0]

e

For 1 < i < n, let G; be the graph induced by the set of vertices v;,...,v,. The key

observation is that

Pra[o(v) =0 A" o(v;) = 0] = Prg, (o)) = 0]

Thus,
- 1
Za = . (2.2)
iI;II PI‘GZ. [0(1%) = O]
By assumption, we can compute in time poly(|V], 1/¢) estimates py, ..., p, such that
€ €
(1 - %> Prg,[o(vi) =1] < pi < (1 + %> - Prg,[o(v;) = 1]
foralli =1,...,n. Note that, if I is an independent set containing v; of G;, then I \ v;

is also an independent set of G;, which gives that Prg,[o(v) = 1] < A - Prg,[o(v) = 0].

Therefore,
€ €
1-p; <1 (1 2)\n) Prg,[o(vi) =1] < (1 + Zn) Prg,[o(vi) = 0] (2.3)
Analogously,
€ £
—p>1- — ). . =1>(1-—)- . =0]. )
1—pi>1 (1 +5 An) Pre,o(v) = 1] > (1 2n) Pre,[o(v) = 0] 2.4)
Let Z = [, ﬁ We will use Z as our estimate for the partition function of G. Indeed,

using (2.2), (2.3) and (2.4), it holds that

g\ Z g\
1—e<(1+5) <—<(1-5) <l+e
c +2n Za 2n te

which proves (2.1), as we wanted. O



Lemma 2.1.1 generalises in a randomised setting. Namely, an FPRAS for computing the
marginal probability Pri[o(v) = 1] can be used to design an FPRAS for the partition

function. The proof is very similar to the proof of Lemma 2.1.1 and can be found in [46].

Lemma 2.1.2. Consider the hardcore model with parameter \ > 0. Suppose that given a
graph G = (V, E), a vertex v € V and parameters ,d € (0,1), we can compute in time

poly(|V'|,1/e,log(1/§)) a number p such that p satisfies
(1 —¢e)Prglo(v) =1 <p< (1+¢e)Prglo(v) =1],

with probability at least 1 — 0.
Then, we also have an FPRAS for computing the partition function of the hardcore model

with parameter .

Lemmas 2.1.1 and 2.1.2 display that, in order to approximate the partition function, it
suffices to design an algorithm for approximating marginal probabilities. But how can
we approximate marginal probabilities such as Prg[o(v) = 1]? The most well-known
technique is the so-called Markov chain Monte Carlo method (MCMC), which is based
on designing a Markov chain to (approximately) sample from the Gibbs distribution.
One can then use samples of the Gibbs distribution to estimate via rejection sampling
the probability Prg[o(v) = 1]. The bottleneck of applying this method is to analyse the
convergence time of the underlying Markov chain, which is frequently a very challenging
task. For example, we know an MCMC based FPRAS for counting independent sets of
graphs G with maximum degree A < 4 (i.e., the hardcore model with A = 1) [28]. It is
believed that this algorithm should also work for A = 5 but this has not been proved
yet, precisely because it is not known whether the convergence time of the Markov chain
is bounded by a polynomial in the size of the graph. Similarly, for counting proper
g-colourings of graphs with maximum degree A, it is conjectured that MCMC methods
yield polynomial-time algorithms for ¢ > A + 1, but this has only been proved for
qg=>11A/6 [77].

2.2 Approximate counting via correlation decay

In this section, we will introduce an important approach to design FPTASes for computing

marginal probabilities.
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2.2.1 Spatial mixing and correlation decay

The correlation decay method is a new way to design approximate counting algorithms
which circumvents the need to sample from the Gibbs distribution. Unlike MCMC
approaches, the correlation decay method is based on computing directly marginal
probabilities. Once again, we illustrate the correlation decay method by describing it in
the context of computing the partition function of the hardcore model with parameter
A > 0.

Recall, for a graph G = (V, E) and a vertex v € V, Prg[o(v) = 1] denotes the marginal
probability that o(v) = 1 where ¢ is a configuration sampled from the Gibbs distribu-
tion, i.e., Prglo(v) =1] = >, ;=1 Pralo]. Weitz [78] showed how to approximate
Prglo(v) = 1] on graphs G of maximum degree A when the parameter )\ is below a

certain threshold value \a. His method has two important steps:

1. The computation of Prg[o(v) = 1] is reduced to computing an appropriate marginal
probability on a tree 7'. In general, the tree 7" has exponential size relative to the

size of the initial graph G.

2. By truncating the tree 7', one can obtain in polynomial time an estimate for the
quantity Prg[o(v) = 1]. Of course, the truncation of the tree 7" introduces an error
and therefore one needs to show that the error introduced by the truncation can be

made small with respect to the true value.

The first step was accomplished in [78] by considering the so-called self-avoiding walk
tree rooted at the vertex v. The second step turns out to be the bottleneck of the method
in the sense that the error between the truncated tree and the full tree can be made
sufficiently small only when A is below the critical threshold Aa.

In the following, we will focus on explaining the second step in more detail which is the
crux of the correlation decay method.

Consider the hardcore model with parameter A on a graph G = (V,E) and let v € V
be a vertex. In the correlation decay method, we are interested in how the probability
Prglo(v) = 1] is influenced by fixing the configuration on a subset A C V which is far
away from the vertex v. The rough idea is that, if this influence is small, we can hope
to compute Prg[o(v) = 1] in good precision by just considering a small subgraph of G

induced by the local neighbourhood of v.
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To formalise this, for a configuration o : V' — {0, 1}, we denote by o, the restriction of o
to the set A. Let 7o : A — {0,1} be an arbitrary configuration on A. Then we will use

p¢+, to denote the conditional probability Prg[o(v) =1 | oa = 7a), i,

Zo:o’(v):l,aA:TA Prg [U]
ZO’ZO’A =TA Prg [J]

The notion of spatial mixing captures the sensitivity of pTva with respect to the config-

pe, =Prglo(v) =1]opy =] =

uration 7. There are two related notions of spatial mixing, weak and strong spatial
mixing [78, 53, 54]. For a vertex v € V and A C V, we denote by dist(v, A) the length of
the shortest path in G between v and A.

First we have the definition of weak spatial mixing:

Definition 2.2.1. Let § : N — Rt and G = (V, E) be a finite graph. We say that the
graph G exhibits weak spatial mixing with decay rate §(-) if: for every v € V, for every
A C V, and any two configurations 75,7 : A — {0, 1}, it holds that

PCy —p"GAﬂ} < §(dist(v, A)).

Also we have the following definition of strong spatial mixing:

Definition 2.2.2. Let § : N — R* and G = (V, E) be a finite graph. We say that the
graph G exhibits strong spatial mixing with decay rate §(-) if: for every v € V, for every
A C V, and any two configurations 75,7 : A — {0, 1}, it holds that

P‘g\ﬂ, 7p77GA7’U < 5(diSt(v’ \I’))v

where ¥ C A stands for the subset on which o, and 7, differ.

Note that if a graph G has strong spatial mixing with decay rate §(-), it also has weak
spatial mixing; the reverse direction is not in general true.

For the hardcore model, we can extend Definitions 2.2.1 and 2.2.2 for infinite graphs
G = (V, E) as follows. An infinite graph G has weak spatial mixing with decay rate §(-) if
any finite subgraph G’ of G exhibits weak spatial mixing with decay rate (-). Similarly,
an infinite graph G has strong spatial mixing with decay rate 4(-) if any finite subgraph
G’ of G exhibits strong spatial mixing with decay rate §(-).

Definition 2.2.3. Let G = (V, E) be an infinite graph. We say that the graph G has the

correlation decay property if G exhibits strong spatial mixing with rate §(-) which decays
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exponentially, i.e., there exist C, Cy > 0 such that §(¢) < Cy exp(—Cs - ¢) for all integers
£ > 0.

As a non-trivial example of these definitions, consider the infinite A-regular tree T for
an integer A > 3. We have the following theorem, whose proof we will discuss in the

following section.

Theorem 2.2.4 ([/8]). Consider the hardcore model with parameter \. Then, for all
A>3 forall A\ < Aa = %, the infinite A-regular tree T has the correlation decay
property.

To illustrate the importance of the correlation decay property in designing approximation

algorithms, we state the following theorem of Weitz.

Theorem 2.2.5 ([78]). Let A > 3, \ > 0. Consider the hardcore model with parameter .
If the infinite A-regular tree T has the correlation decay property, then there is an FPTAS

for computing the partition function of graphs G with maximum degree A.

Theorem 2.2.5 is proved by reducing the computation of the marginal Prg[o(v) = 1] to
the computation of a marginal probability on a tree T (the self-avoiding walk tree rooted
at v), which is a finite subtree of Ta. While this tree 7" has size exponential with respect
to the size of the graph G, the correlation decay property allows us to compute a close
estimate on a truncated subtree 7" of polynomial size.

Note, by combining Theorems 2.2.4 and 2.2.5, we can conclude that there exists an FPTAS

for computing the partition function of graphs G with maximum degree A whenever
(A-1)A—1

(A-2)2 -
In the following section, we focus on the proof on Theorem 2.2.4.

A< A =

2.2.2 Amortised analysis

In [78], one of the main difficulties in obtaining an FPTAS for the partition function of the
hardcore model was to prove Theorem 2.2.4, i.e., to show the correlation decay property
on the infinite A-regular tree. There, a special monotonicity property of the hardcore
model was used in the analysis. Unfortunately, this method does not generalise easily to
other models. In this section, we instead present a method to prove the correlation decay
property for the hardcore model, which has the benefit that it generalises to other spin

systems as well.
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Let A > 3 be an integer. To show the correlation decay property for the A-regular tree T,
consider a finite subtree 7' = (V, E) of T, a vertex v € V and a subset A C V. Further,
consider two arbitrary configurations 75,7 : A — {0,1} and let ¥ C A denote the subset
on which 7, and 7, differ. We need to show that there exists constants C, Co > 0 (which

do not depend on T, A, V, 75, na) such that
lpir — pir| < Crexp(—Cy - dist(v, ¥)). (2.5)

Let Ty = (Vi,Ev),..., Ty = (Vg, E4) be the connected components of 7'\ v and let
v1,...,0q be the neighbours of v in T, ..., Ty, respectively. Further, let A;, = AN V; and
TA;» A, - Ai — {0, 1} be the restriction of 74 and 7, to the set A;, respectively. Note that,
since the tree T has maximum degree at most A, it holds that d < A.

Using the fact that 7' is a tree, it is not hard to show that we have the recursive formulas:

1 1

J— and pnA = 1 — .

d . 7 T’ d Y i
T+ AL, (1= ple,vi) ! L+ AT (1= pTI:,vi)

i, =1

Thus, we can hope to study the difference between p}‘}v and p’}‘}v recursively. In particular,

for a vector x = (z1,...,z4), consider the function

1
fd(x)_l_ 1+AH?:1(1—$7;)’

and observe that

TA TA TIA TIA
Py = fap s -1, and prty = fa(pr s -5 01,%,)- (2.6)

We call f4(x) the recursion function since we can use it to compute recursively the

marginal probabilities p7* and p’* .

Lemma 2.2.6. Let A > 0, A > 3. Consider the hardcore model with parameter )\, and let

e _ 1 _ 1
T be the infinite A-regular tree. For d =1,..., A, let fq(z1,...,2q) =1 T (e

If there exists a constant « < 1 such that

d

IV fax)ll =)

=1

Ofa(x)

ox; sa
3

foralld =1,...,A and x € [0,1]%, then Ta has the correlation decay property.
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Proof. To prove the lemma, we will show (2.5) with C; = 1,0y = —Ina. Let L =
dist(v, ¥), so that (2.5) becomes

< ab. 2.7)

p;/?v - pg[,\v
The proof is by induction on L. The base case L = 0 is trivial. We focus on proving the

induction step. By the induction hypothesis, we have that for alli =1, ..., d, it holds that

TA; TIA; L—1
Py — Py Sa : (2.8)

Let p” := (p;[;lvl, . ’p%fvd)’ p" = (p;]fl\}vl, e ,p;';flvd). By (2.6), we have that
pit, = fa(p") and pzt, = fa(p").
Thus, by the Mean Value theorem, there exists / € [0, 1] such that
Py — Py = Via(X) - (p” — p"), where x = hp” + (1 — h)p".
Since p7, p” € [0,1]? and [0, 1] is a convex set, we have x € [0, 1]%. So,

= |Vfa(x) - (p" —p")

TA TIA
Pry = Pry

d ~
Z afd(x) oty
= ox; Tivi — PTy0;
=1
d N
< 8fd(x) . max pTAi _pﬂA,-
= Z - 0x; 1<i<d T;v; Tiv;
1=
. TN, T
=a glag}il pTiﬂJi DTy v | 0 (2.9)

where in the last inequality we used the assumption of the lemma that ||V f;(X)||; < c.

Combining (2.8) and (2.9), we obtain (2.7), which completes the proof. O

Lemma 2.2.6 gives an analytic criterion on the recursion function which allows us to
conclude the correlation decay property on the infinite regular tree. However, this
criterion ||V f4(x)||; < o < 1 is too strong and does not actually hold even for the case
of the hardcore model. Fortunately, there is an elegant workaround using amortised
analysis; this was developed in [53, 54].

Lemma 2.2.7. Let A > 0, A > 3. Consider the hardcore model with parameter ), and let
T be the infinite A-regular tree. For d =1,..., A, let fy(z1,...,2q) =1 1

LRI ()
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If there exists a constant o < 1 and an increasing function ¢ : [0,1] — R whose derivative
® = ¢/ satisfies

®(fa(x)) |9fa(x)
Z (I)(JZZ) ' axl Sa

=1

foralld =1,...,A and x € [0,1]%, then Ta has the correlation decay property.

The function ®(-) is called the potential function in our analysis.

Proof. Analogously to the proof of Lemma 2.2.6, our goal is to show the correlation decay
property for every finite subtree 7" of the A-regular tree Tx.

Specifically, we will show (2.5) with C1 = (¢(1) — ¢(0)) - max,¢[o 1 ﬁ and Cy = —Ina.
Let L = dist(v, ¥), so that (2.5) becomes

TA _ TIA L . _ e
pT,v pT,v < xrél[%,)i <I>(x) ((b(l) ¢(0)) a. (210)
To prove (2.10), we will first show
[672,) — 6| < (6(1) - 6(0)) - @, (2.11)

Analogously to the proof of Lemma 2.2.6, we also prove this by induction on L. The base
case L = 0 is trivial since ¢(z) is an increasing function and p;fv, p%) € [0, 1]. Now we
focus on proving the induction step. By the induction hypothesis, we have that for all
1=1,...,d, it holds that

$(pr,) — o(pr,)| < (6(1) = 6(0)) - a7, (2.12)
Let
P i= (6l )s - 0(P7t,)s P = (S(), s 0P ),
and for every x = (z1,...,xq4), let

94(x) = ¢(fa(¢~ (1), 0 (22), ..., ¢ (xa))).
By (2.6), we have that
o(p1,) = 9a(P”) and ¢(p7,) = ga(pP").

Thus, by the Mean Value Theorem, we can show that there exists some vector x =

(Z1,...,24) such that

= hp” 4 (1 — h)p" € [¢(0),#(1)]¢ for some h € [0, 1],

o>
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and

dg4(%)
61‘1

d
<

=1

[6(72,) — SI,)

TAi . 77/\1'
mas [o07,) — )

Using the chain rule and the inverse function theorem, we further have

d .
agd(x) TA; A,
TA _ TIA . 1 _ 7
‘qﬁ(pT,v) S(pit)| < ; Pe, | e |#prL,) — #er,)
B o9 0fa ¢! 2, A,
N 856 x=F4(¥) 81‘1 x=y 0% lz=#; lnélzaéxd ¢(pTi’vi) (b(pTi’vi)

'M& I M&

(fa(¥y)) ‘Wd(ﬁ’)’
1 (I)(gf)fl(i?l)) Bxl

TA; TIA;
(z)(pT“vl) - d)(pTthZ)

TA,L. o T]AZ‘
lngl%‘sf)(pn,w) (b1 0,)

]

< o - max
1<i<d

) (2.13)

where y = (¢~ 1 (#1),...,6" (24)) € [0,1]%. The last inequality holds by setting x = y in
the assumption that % | qf(dx(:;)) : ‘8{;36(::) <
The inequalities (2.12) and (2.13) yield (2.11). Moreover, again by the Mean Value

Theorem, there exists some number # € [0, 1] such that

p - | = \¢ ) — o) - (2.14)
Combining (2.11) and (2.14) we obtain (2.10), which completes the proof. O

The analytic criterion in Lemma 2.2.7 is easier to apply than Lemma 2.2.6. In particular,

Li, Lu and Yin [54] proved the following.

Lemma 2.2.8. For all A\, A such that A < Aa = %, the condition in Lemma 2.2.7

holds with the function ¢(x fox L2t dt for 2 € [0, 1].

Combining Lemmas 2.2.7 and 2.2.8, we can conclude Theorem 2.2.4, i.e., that the infinite

tree Ta has the correlation decay property for all A < Aa = %.
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Chapter 3

Uniqueness Threshold for the
g-State Antiferromagnetic Potts
Model on d-ary Trees

In this chapter, Section 3.2 and 3.3 are based on the joint work with Andreas Galanis and
Leslie Goldberg [37], Section 3.4 is based my own work. We will discuss the uniqueness
of the ¢-state antiferromagnetic Potts model on the d-ary trees and prove the uniqueness
threshold when ¢ = 3.

3.1 Introduction

For spin systems like the Ising model and the Potts model, one of the most well-studied
subjects in statistical physics is the uniqueness phase transition on lattice graphs, such as
the grid or the regular tree. Note that uniqueness is a strong property, which guarantees
that the effect of fixing an arbitrary boundary configuration eventually dies out. As an
example, for the antiferromagnetic Ising model on the d-ary tree it is well-known that
d—1. 1

d* . . o, .
771> the value 97 is the uniqueness threshold because it is the

point at which the uniqueness phase transition occurs.

uniqueness holds iff g >

The uniqueness phase transition plays a prominent role in connecting the efficiency
of algorithms for sampling from the Gibbs distribution to the properties of the Gibbs
distribution itself. One of the first examples of such a connection is in the analysis of the
Gibbs sampler Markov chain for the Ising model on the 2-dimensional lattice, where the
uniqueness phase transition marks the critical value of 5 where the mixing time switches

from polynomial to exponential (see [58, 59, 73]).
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From a computational complexity perspective, it is the uniqueness phase transition
on the regular tree which is particularly important. For many 2-state spin models,
including the antiferromagnetic Ising model and the hard-core model, it has been proved
[70, 72, 38, 54] that the uniqueness phase transition on the tree coincides with a more
general computational transition in the complexity of approximating the partition function
or sampling from the Gibbs distribution. In the case of the antiferromagnetic Ising model
for example, the problem of approximating the partition function on (d + 1)-regular
graphs undergoes a computational transition at the tree uniqueness threshold: it admits
a polynomial-time algorithm when g € (%, 1) and it is NP-hard for g € (0, %). This
connection has been established in full generality for antiferromagnetic 2-state systems.
For antiferromagnetic multi-state systems, the situation is much less clear and, in fact,
even understanding the uniqueness phase transition on the tree poses major challenges.
One of the key reasons behind these difficulties is that certain monotonicities that hold
for two-state systems simply do not hold in the multi-state setting, which therefore
necessitates far more elaborate techniques. For analysing the uniqueness threshold on
the tree, this difficulty has already been illustrated in the case of the ¢-colourings model,
where Jonasson [49], building upon work of Brightwell and Winkler [10], established
via a painstaking method that the model is in uniqueness on the d-ary tree iff ¢ > d + 1.
The goal of this chapter is to extend this analysis to the Potts model (beyond the zero-
temperature case).

There are several reasons for focusing on establishing uniqueness on the tree. For the
colouring model and the antiferromagnetic Potts model, it is widely conjectured that the
uniqueness phase transition on the d-ary tree captures the complexity of approximating
the partition function on graphs with maximum degree d + 1, as is the case for antiferro-
magnetic 2-state models. It has been known since the 80s that non-uniqueness holds for
the colourings model when ¢ < d + 1 and for the Potts model when 5 < 1 —¢/(d+ 1), see
[67]. More recently, it was shown in [32] that the problem of approximating the partition
function is NP-hard when ¢ < d + 1 for the colourings model and when g < 1 —¢/(d+ 1)
for the Potts model (for ¢ even). It is not known however whether efficient algorithms can
be designed in the complementary regime; for correlation decay algorithms in particular
(see [39, 57, 56]), it has been difficult to capture the uniqueness threshold in the analysis
— this becomes even harder in the case of the Potts model where uniqueness is not known.

For a more direct algorithmic consequence of uniqueness, it has been demonstrated that,
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on sparse random graphs, sampling algorithms for the Gibbs distribution can be designed
by exploiting the underlying tree-like structure and the decay properties on the tree
guaranteed by uniqueness. In particular, in the G(n, d/n) random graph, Efthymiou [29]
developed a sampling algorithm for g-colourings when ¢ > (1 + €)d, based on Jonasson’s
uniqueness result. Related results on G(n,d/n) appear in [79, 30, 69, 63]. Also, in

Chapter 5, we will describe an application on random regular graphs.

3.1.1 The results
Our results proved the uniqueness threshold for ¢ = 3,d > 2and g = 4,d € {4,5,6,7,8,9}.

Theorem 3.1.1. Let ¢ = 3. When d > 3, the 3-state Potts model on the d-ary tree has
uniqueness for all 5 € [1 —3/(d +1),1). When d = 2, the 3-state Potts model on the binary
tree has uniqueness for all 5 € (0, 1).

Theorem 3.1.2. Let d be an integer in {4,5,6,7,8,9}. The 4-state Potts model on the d-ary
tree has uniqueness forall f € [1 —4/(d+ 1), 1).

Theorem 3.1.1 and 3.1.2 precisely pinpoints the uniqueness threshold for the 3-state
Potts model (and 4-state Potts model with 4 < d < 9) since it is known that the model
is in non-uniqueness in the complementary regime. When d > 3, non-uniqueness for
B < 1 - g1 follows from the existence of multiple semi-translation-invariant Gibbs
measures. When d = 2, the 3-state Potts model for 5 = 0 corresponds to the 3-colouring
model, and non-uniqueness holds in this case because of the existence of so-called frozen
3-colourings; in these colourings, the configuration on the leaves determines uniquely
the colour of the root, see [10].

The proof of Theorem 3.1.1 and Theorem 3.1.2 will be presented in Chapter 3.3 and
Chapter 3.4, respectively. In the next section, we will introduce some basic amount and

functions in our proof approach.

3.1.2 Tree recursions

To prove the uniqueness, we are interested in the ratio of marginal probabilities, which is

defined as follows:

Prr,  lo(van) = a1 | o(A1,,,) = 7]
,d,B,n) = max - . - ) 3.1
FY(q 6 ) T:ATd,nH[q] Per,n [U(Ud,n) =2 ’ U(ATd,n) - T] ( )

c1,c2€[q]
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Note that if 3 > 0 and n > 0, then for every 7: Ar,, — [q] and every ¢ € [q],
Prr, . [o(van) = ¢ | o(Ar,,) = 7] > 0. So v(q,d, B,n) is well-defined. Suppose, for
fixed ¢, 8 and d, that lim,, o ¥(q, d, 3,n) = 1. This implies that the limsup in the unique-
ness definition (Definition 1.2.2) is zero. Thus, this amount is an important tool for us to
study the uniqueness threshold.

In order to track the ratio v(q, d, 3, n), it is a natural idea to establish a recursion among
ratios of marginal probability. In this section, we will formulate two appropriate recursions
on the infinite d-ary tree which can help us to analyse the limit of ratio v(q, d, 5, n).

The first one is the one-step recursion.

Proposition 3.1.3 (One-step recursion). Suppose ¢ > 3 and € (0,1). Let T be a tree
with root v and leaves A. Let 7: A — [q] be an arbitrary configuration and vy, ..., v, be the
children of vin T. For i € [d), let T; be the subtree of T rooted at v; and let A; denote the set
of leaves of the subtree T;. Then, for any colour c € [q|, it holds that

[Ti-1 (1 — (1 = B) Proyfo(v) = ¢ | o(Ay) = T(A:)])

B Sh o T (1= (1= B) Prrfo(vi) = ¢ | o(Ai) = 7(A)])
(3.2)

Prylo(v) =c|o(A) = 7]

Proof. For any graph G (which may be a sub-tree of T'), we use V(G) to denote the vertex

set of G and we let wg(o(v) = ¢) = 3./, v(G)=(g.0 ()= WG (o). We have

_ Prrlo(v) =cAo(A) = 7] _ wr(o(v) =cANo(A)=T)
Prplo(A) = 7] wr(o(A) =7)

Prrlo(v) = ¢ | o(A) = 7]
(3.3)

Now we compute wy(o(v) =cAo(A) =7):
wr(o(v) =cANo(A)=T)

d
=1 wr(o(vi) # cAo(hi) = (M) + Bwr, (0 (vi) = ¢ A o(Ai) = 7(A:)))
=1

T NN wr,(o(v;) = ¢ A o(A;) = 7(A))
Lot = i) (1= 09 2GR T ST )

d
:HwTi(G<Ai) =7(A))(1 = (1= B) Pry[o(vi) = c| o(Ai) = 7(A)]). (B4
i=1

Also, we have wr(o(A) = 7) = >4_ wr(o(v) = ¢ Ao(A) = 7). Combining this
with (3.3) and (3.4), we complete the proof of (3.2). O
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Next we will introduce the two-step recursion. We denote the set of ¢-dimensional

probability vectors by A, i.e.,

A =A{(p1,p2,--,0g): 0 < p1,p2, ..., pg <1 ApL+p2+---+pg =1}

Suppose that ¢; and ¢, are two colours in [¢]. We define two functions g, ., g and
he, ¢, 8, indexed by these colours. The argument of each of these functions is a tuple

(p(l), e ,p(d)) where, for each j € [d], pY) e A. The functions are defined as follows.

(1 (=B —p£§>>>
(k) &) )
chz + chécz De (3.5)
(1-p)1 - 901702,6([)(1), e ,p(d)))
ﬁ + Zc;éCQ gc,(:g,ﬁ(p(l), ceey p(d))

d
gq,cz,ﬁ(p(l)v ey p(d)) = H
k=1

I
—

heyens(PY, . p @) =1+

Note that the functions g, ., g3 and h, ., g are well-defined when 5 € (0, 1) and all of
p, ..., p@ have non-negative entries; they are also well-defined when 8 = 0 and all of
pW, ..., p@ have positive entries.

One feature of the functions g, ., g and k., ., 5 which will be important shortly is that
they are scale-free. This means that we can multiply each of their arguments by some

constant without changing their value, i.e., for scalars ¢4, ...,t; > 0 it holds that

(1) (d)) (1)

= Gerenp(PY, .. p D),

gq,cz,ﬁ(tlp PR 7tdp

(3.6)
hc1,02,ﬂ(t1p(1)7 s 7tdp(d)) = hq,cz,ﬁ (p(1)7 cee 7p(d))
The following proposition of two-step tree recursion shows the relevance of these func-

tions for analysing the tree.

Proposition 3.1.4 (Two-step recursion). Suppose ¢ > 3, d > 2 and 8 € (0,1). For an
integer n > 2, let T be the tree Ty, with root z = vy, and leaves A = A, . Let 7: A — [q]
be an arbitrary configuration.

Let z1,. .., 2q be the children of z in T and, for i € [d], let {z;;};c[q be the children of ;.
Denote by T; ; the subtree of T' rooted at z; j and by A; ; the set of leaves of T; ;. For i € [d],
j € ld and c € [q), let & := Pry, [0(2:,) = ¢ | o(Aij) = 7(Aiy)], and denote by r(-)
(i,4)

the vector r("7) = (r} . réi’j)). Then for any colours c; € [q] and ¢y € [g] we have

d
o 7‘]
= (k,1) (k,d)
(T(A):T _Hhclvc%ﬁ(r yeoon I )



Proof. For i € [d] and ¢ € [¢], let T; be the subtree of T rooted at z; with leaves A7, and
let 1) = Pry[o(2) = ¢ | o(Ar,) = 7(Az)); let (@ be the vector (r1”, ... r{)).
For every i € [d] and ¢ € [¢] we can apply Proposition 3.1.3 to T; to obtain

r() = H?zl(l — (1= pB)re (4.7) ) |
c ngzl H;lzl(l — (1 — ﬁ)rild))
(4)

We have r¢’ > 0 for every ¢ € [q], hence we can apply Proposition 3.1.3 to 7" to obtain

1,1 —(1—p)r)
Prr,,[0(2) = c| o(A) = 7] = _
E S T, (1 — (1 - B)r?)

Thus, for every i € [d] and ¢y, 2 € [q],

d (4,49)
TC1 1-— 5)7’01 . (i,l) (i,d)
r_[ 1- i) = Jenea, st 0Y), (3.7)

T62 — B)re,

Analogously, for every ¢y, co € [g], we have

()= _ ﬁ 1-(1-pry ﬁ <1+ (1-A)(1 rcl)/% )>
T 1

~ (-8 S Bt ctes ri rly)
(3.8)

Plugging (3.7) into (3.8), and using the definition of A, ., 3 from (3.5), we obtain the

statement of the lemma. O

The two-step recursion will allow us to iteratively bootstrap our bounds on the ratio

v(q,d, B,n). To formalise this, we will use the following definition.

Definition 3.1.5. Suppose ¢ > 3,d > 2 and 5 € [0,1). For any o > 1, let

Ao ={(p1,---,pg) € A: maxp; < aminp;}.
iclq] j€ld]

(Note that every vector in A, has strictly positive entries.) For colours ¢; € [¢] and
co € [g), let
Mo 00,8 = MaX ) | H(d))epd hereo 3P, .., p). (3.9)

Since A\, is compact and h, ., g is continuous, the maximisation in (3.9) is well-defined.

Definition 3.1.5 ensures that A\, is the subset of A induced by probability vectors whose
entries are within a factor of @ > 1 of each other. M, ., g is the maximum of the

two-step recursion function A, ., 3 when each of its arguments are from A,,.
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Proposition 3.1.6. Let g > 3,d > 2, § € (0,1) and oy = max{v(q, d, B,n0—1),7v(q,d, 5,n0)}
for some integer ng > 0. Suppose that for all 1 < a < «ag and any colours ci,co € [q], it
holds that

Macye0,8 < al/?,

Then, it holds that ~(q,d, B,n) — 1 as n — oq, i.e., the g-state Potts model with parameter

[ has uniqueness on the d-ary tree.

We will prove this key proposition in Section 3.2.3.

3.2 Analysis from the two-step recursion

In this chapter, we will show how to simplify the condition in Proposition 3.1.6 and how

to conclude the uniqueness.

3.2.1 A simpler condition for uniqueness

Proposition 3.1.6 gives a sufficient condition on the two-step recursion that is sufficient for
establishing uniqueness based on the maximisation of A, ., 3. Due to the many variables
involved in the maximisation, this is rather complicated for any direct verification. We
will simplify this maximisation significantly by showing that it suffices to consider very
special vectors whose entries are either equal to « or 1. We start with the following

definition of “extremal tuples”.

Definition 3.2.1. Let o > 1, and consider a colour ¢ € [¢]. A tuple (p(V,...,p@) is
called («, c)-extremal iff for all k € [d],

e for all ¢ € [q], either p((f) = pﬁ’“), or p((f) =ao- p((:k);

(k) (k)

e there exists ¢ € [¢] such thatp’,” = a - p; .

Lemma 3.2.2. Let ¢ > 3, d > 2 and 8 € [0,1). For any colours ci,ca € [q], there is an
(cv, c2)-extremal tuple which achieves the maximum in max (), o)ead heyers(PD, ..., p@)

(cf. (3.9)).

One of the consequences of Lemma 3.2.2 is that the validity of the inequality in Proposi-
tion 3.1.6 is monotone with respect to 5. In particular, assuming Lemma 3.2.2 (it will be

proved in Section 3.2.2), we have the following lemma.
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Lemma 3.2.3. Let ¢ > 3,d > 2 and /', " € [0,1) with 8’ < ". Then, for all « > 1 and
any colours ¢y, ¢y € [q], it holds that

Ma7017627/8“ < Ma,chczﬁ"

Proof. Fix a > 1 and arbitrary colours c¢;, c2 € [¢]. Note that the set of («, ¢z)-extremal
tuples does not depend on the parameter 3, and for each 5 € (0,1) there exists by

Lemma 3.2.2 an («, ¢z)-extremal tuple which achieves the maximum in

ma‘X(p(l),,_,7p(d))eAg hcl,CQ,ﬁ(p(1)7 s 7p(d))

Therefore, the inequality will follow by showing that

hcl,CQ,ﬂ”(p(l)a oo 7p(d)) S hcl,CQ,ﬁ’(p(1)7 ceey p(d))a (310)

where (p(V, ..., p(?) is an arbitrary («, cp)-extremal tuple. Using the extremality of the

tuple (p(, ..., p@), we have that p((f;) < p((;k) for all colours ¢ € [g] and every k € [d].

Hence, using the definition (3.5) of g, ., s and that 5’ < 3", we have

1> geerpr PV, D) > goy 5 (P, ..., p@) for all ¢ € [q].

In turn, using the definition (3.5) of A, ., 3, we obtain from this that (3.10) holds, as

wanted. O

Another consequence of Lemma 3.2.2 is that, combined with the scale-free property,
it reduces the verification of the condition in Proposition 3.1.6 to the verification of
single-variable inequalities in «. These inequalities are obtained by trying all d-tuples of

g-dimensional vectors whose entries are as follows.
Ex.(a) = {(p1,...,pq) € {1,a}? | p. =1 A3 € [g] such that ps = a}. (3.11)
The following simplified condition will be our main focus henceforth.

Condition 3.2.4. Let ¢ > 3, d > 2. Set 3, := max {1 - ﬁ,()}. For a > 1, let C(«) be

the condition
Cla): Vei,e9 € g, hcl,%ﬁ*(p(l), .. .,p(d)) < o/ for all p(l), .. ,p(d) € Exg, ().
If C(«) holds, we say that the pair (g, d) satisfies Condition 3.2.4 for «.
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Now, to verify the inequality in Proposition 3.1.6, we will show shortly that it suffices only
to establish Condition 3.2.4 for all o > 1, which turns out to be a much more feasible
task because of the very explicit form of the set Ex.,(«). In the next section, we discuss
how to do this in detail, but for now let us state a proposition which asserts that this is

indeed sufficient.

Proposition 3.2.5. Let ¢ > 3, d > 2 and oy = max{v(q,d,B,n0 — 1),7(q,d, 5, n0)}
for some integer ny > 0. Suppose that the pair (q,d) satisfies Condition 3.2.4 for all
1 <a<ag Let B, = max {1 — 7 0}. Then, the g-state Potts model on the d-ary tree
exhibits uniqueness for all 5 € (0,1) satisfying 8 > ..

Remark. Note that, when g, > 0, the conclusion of Proposition 3.2.5 asserts uniqueness
in the half-open interval [, 1); when 3, = 0, it instead asserts uniqueness in the open
interval (0,1). The case 8, = 0 is intricate. Brightwell and Winkler [10] showed that
g-colourings of the d-ary tree exhibit nonuniqueness if ¢ < d. So it is known that when
B« = 0, the ¢-state Potts model on the d-ary tree exhibit nonuniqueness if ¢ < d and

8 =0.

Proof of Proposition 3.2.5. We consider first the case where 3, > 0. We will show that for
all colours ¢y, ¢ € [g], it holds that

Mg ey ep8. < @/ forall a > 1. (3.12)

Then by Lemma 3.2.3, we obtain that, for all 3 € [, 1) it holds that M, ., ., 5 < o'/ as
well for all & > 1 and therefore, by Proposition 3.1.6, the Potts model has uniqueness for
all such £.

To prove (3.12), consider an arbitrary a > 1 and colours ¢;, ¢ € [¢]. By Lemma 3.2.2,

there exists an (a, cy)-extremal tuple (p(!), ..., p(?) such that

Mo ey .8, = ey enp. (P, ., pD). (3.13)

For ¢ € [¢] and k € [d], denote by p&k) the entry of p(¥) corresponding to colour ¢ and let
p¥) be the vector t;,p*) where t;, = 1/ p£’;). By the definition of an («, c2)-extremal tuple,
we have that

pW, ... p D e Ex,,(a).

Moreover, by the scale-free property (3.6) we have that
h01,62,6* (f)(l)a e 713((1)) - hCl,CQ,B* (p(1)7 e 7p(d)) (314)
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Finally, since the pair (g, d) satisfies Condition 3.2.4 for all a > 1, we have that
heyens. WV, p@D) < /e, (3.15)

Combining (3.13), (3.14), and (3.15) yields (3.12), as needed.

The case 5, = 0 is analogous. Now, we need to show that we have uniqueness for all
B € (0,1) assuming that Condition 3.2.4 holds for all > 1. Just as before, we obtain that
Muycy 0.5, < a/?forall & > 1 and hence by Lemma 3.2.3, we have that M, ., ., 5 < a!/4
forall @« > 1 and 5 € (0,1). Uniqueness for 8 € (0, 1) therefore follows from applying
Proposition 3.1.6. O

3.2.2 Characterising the maximiser of h., ., s

In this section, we prove Lemma 3.2.2 from Section 3.2.1. Recall that

d

(k) (k)
1—8)(pey’ —p
gCl,CQ,ﬁ(p(l),...,p(d)) = H 1— ( - )( C1 Cgk) )
5}7( ) + Z p( )
k=1 Cco c#tey Pe (3.5)

(1 — ﬁ)(l - 961,c2,,3(p(1), - 7p(d)))
B+ Zc;ﬁcz gc,cz,ﬁ(p(l), e p(d))

To prove Lemma 3.2.2, it will be helpful in this section to consider the set of maximisers

h61,627ﬁ(p(1), ey p(d)) = 1 +

of he, ,c2,3°

Definition 3.2.6. Suppose ¢ > 3, d > 2 and g € [0, 1). For colours ¢j,cs € [¢) and a > 1,
let

Ma7017627ﬁ - arg max(p(l)77p(d))€Ag h017027ﬁ(p(1); R p(d)) (3'16)
The following lemmas give properties of the maximisers in M ¢, ¢, 3-

Lemma 3.2.7. Fix a > 1 and 8 € [0,1) and colours cj,ca € [q]. Then for any vector
(PW, ..., p@) € My ¢y .c0.8 Wwe have g, e, s(PWV, ..., p@) < 1.

Proof. Assume for the sake of contradiction that g, ., s(p"),...,p@) > 1. Then, we
have that A, ., s(p(Y),...,p@) < 1, which contradicts the fact that (p(!),...,p(?) ¢
Mo e, 0,8 SiNCE he, ¢, 3 can take the value 1 by setting all of its arguments to be equal to

the uniform vector (1/q,...,1/q) € A,. O

Lemma 3.2.8. Fix « > 1 and € [0,1) and any two distinct colours ¢; € [q] and
¢y € [g]. Then for any vector (p),...,p¥) € Mgy .5 and any k € [d], we have

k . k
pﬁz) = MiNcg[g] {pg )}'
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Proof. Assume for the sake of contradiction that there is k£ € [d] and ¢ € [¢] such that

P > p¥) Define (p1V),...,p@) € A as follows.

o If j # k, then p¥) = pl¥),

o If ¢ ¢ {c,cp}, then 159) = pgf)'

o ﬁﬁf) = pﬁk).

~(k) _ (k)
2

® Dec’ = Pey -

The definition of g ., ensures that, for all ¢’ # ¢, we have

gc’,cg,ﬁ(f)(l)a s 7f)(d)) < gc’,cg,ﬁ(p(l)v s 7p(d))7

since the k-th factor in the definition (3.5) of g, ., 3 became larger (by switching p*)
to p(*)). The definition of he, c,.5, together with the fact that ¢; and c¢; are distinct and

Lemma 3.2.7, implies

hc1,02,6(13(1)7 e 7f)(d)) > hcl,CQ,ﬁ(p(1)7 cee 7p(d))7
which contradicts the fact that (p(), ..., p(¥) € M, ¢, c.5- O

Lemma 3.2.9. Fix « > 1 and € [0,1) and any two distinct colours ¢; € [q] and
ca € [q]. Then for any vector (pt"),...,p@) € Mg.c,.cr5 and any k € [d], we have
(k)
2

) < maxey ().

Proof. For the sake of contradiction, suppose that there is k£ € [d] such that p£’§) >

maXe[q {pgk) }. By Lemma 3.2.8, pg’;) is the minimum entry of the vector p(¥), so all entries

of p*) must be equal (and hence, equal to 1/¢). Define the vector (p!), ..., p@) c A

as follows.

o If j # k, then pU) = p\@),

« 5 =a/(a+q—1).

o Ifc#cy, then p¥ = 1/(a+ ¢ — 1).
The definition of g ., s together with Lemma 3.2.7 ensure that

~(d

gcl,cz,,@(f)(l)v - P )) < gcl,CQ,ﬁ(p(l)a s 7p(d)) =1
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and that for every ¢ # c1, ge.cy. s(P1 -+ -, PP) = gecn.5(PY), ..., p@). The definition of

he, ¢, therefore implies that

hcl,CQ,ﬁ’(f)(l)a e 7f)(d)) > hcl,CQ,ﬁ(p(1)7 e 7p(d))7
which contradicts the fact that (p("), ..., p@) € My ¢, cp.5- 0
To proceed, we will need the following technical fact.

Lemma 3.2.10. Let Ay, By, A1 and By be real numbers. Let a and b be real numbers satis-
fying a < b such that, for all z € [a,b], A1 + Bixz # 0. Let L(z) = (A9 + Boz)/(A1 + Biz).
Then

xrél[z;?g] L(x) = max{L(a), L(D)}.

Proof. Since A; + Bix # 0 and
df  A1By — AoBy

de (A1 +B1:E)2 ’

L(z) is a monotone function on [a, b]. Thus, max ¢4 £(7) = max{L(a), L()}. O

Lemma 3.2.11. Fix o > 1 and 5 € [0, 1) and two distinct colours c¢; and ¢z in [g]. Suppose
that (pV, ..., p@) € Mau.c, .- Then for every k € [d], there exists p € A, such that

(p(1)7 e 7p(k71)7 137 p(kJrl)a s 7p(d)) € MCY,CLC%E

and, for all ¢ € [q, pe/Pe, € {1, a}.

Proof. Fix a tuple (p(), ..., p@) ¢ Ma.c1,c0,8- FiX k € [d]. Given any p € A,, we will be
interested in the quantity h,, ., 5(p™",...,p*# 1, p,p**V, ... p(@). Given any ¢/ # cs,

define PR
Pl (1_ (- B)ed — &) >> |
£k B + D etes pd

It will be helpful to re-parameterise the elements of p. Recall that the definition of A,

implies that p. > 0 for every ¢ € [¢]. For every ¢ € [g], let u.(p) = pe/Pe,. Let p(p)
be the tuple pu(p) = (u1(P), - - -, 1q(P)). Going the other direction from a tuple p with
entries in [1, o], for every ¢ € [¢], let p.(un) = pe/ Zc,e[q] pe and let p(p) be the tuple
(p1(k), - - - pg(p))-

It is going to be important to note that the re-parametrisation is without loss of in-

formation, so, to this end, let Q, = {p € [1,a]? | pe, = 1}. The definition of A,
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and Lemma 3.2.8 ensure that, for every (pM),... p(¥) € M., ., s and any j € [d],
u(dY)) € Q,. Also, given any p € Q,, the vector p(u) is in A,.
Given a tuple p € Q,, we will simplify notation by letting m(p) := 3+ >_ ., #ic. Then
we can write g ., as
1) 1 = B)(Pe — Pe,)
(1) (k—1) (k+1) @y_p,[1_ ( c 2
g co\P 75 P P, P s P c ~ =
] ) ( BPes + D epey Pe

(- A)pe(®) ~ 1)
b (1 () ) |

Given the (fixed) values of p™), ..., p%*~Y and p* D, ... p@, let

m(“) — m(“)Pm + Pc1(1 B 5)(#01 — 1)
Bn() + (1) sy Pt — Srzeg Por(L = B) (e — 1)

Then we can write h, ., g as

h(p) ==

(1) 1-8) (1—Pcl (1_%»

hey co,8(P ,...,p(k_l),f),p(k+1),...,p(d)):1+ ~
€25 p (1-8) (e (B)—1)
B+ Zd#cz ¢ (1 = m(u()) )

=1+ (1 - B)h(u(d))-
Since (p(V, ..., p@) € Mq., c,.6, taking p = p¥) maximises

1) (k=1)

hcl,CQ,ﬁ(p( s P (k+1)

71371:) 7'-‘7p(d))

over A%. Thus, for any maximiser p of h(p) over €, we have

hq,cz,ﬁ(p(l)a s 7p(k_1)ap(/1')a p(k—H)a s 7p(d)) € Ma,cl,cg,ﬁ-

So to prove the lemma (taking p = p(u)) it suffices to find a maximiser p of h(p) over
), such that for all ¢ € [¢], . € {1, a}. This is what we will do in the rest of the proof.
The definition of 2, guarantees that p., = 1.

Fix any c # c,. For any fixed values p1, ..., pie—1 and fic41, . . ., fig, all in [1, o], satisfying
e, = 1, consider h(p) as a function of 1. Note that both the numerator and denominator
of h(w) are linear in p.. We will argue that the denominator is not zero when p. €
[1,a]. Using this, Lemma 3.2.10 guarantees that, given 1, ..., fte—1, flet1, - - - tbg, (1) is
maximised by setting p. € {1, a}. Going through the colours ¢ one-by-one, we find the
desired maximiser .

To complete the proof, we just need to show that the denominator of i () is not zero when
p € Q. This follows easily, since, for all ¢ # ¢o, P» > 0and m(u) > (1—8)(ue —1). O
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Lemmas 3.2.9 and 3.2.11 yield Lemma 3.2.2 as an immediate corollary.

Lemma 3.2.2. Let ¢ > 3, d > 2 and € [0,1). For any colours ci,cy € [q|, there is an
(v, co)-extremal tuple which achieves the maximum in max ) y@yend heens(P, ., @)

(cf. (3.9)).

3.2.3 Concluding the uniqueness threshold

In this section, we will give the proof of Proposition 3.1.6. We first introduce the following

proposition:

Proposition 3.2.12. Let ¢ > 3, d > 2 and 5 € (0, 1). Suppose that, for some integer n > 3
and some o > 1, it holds that v(q,d,5,n —2) = a and My, ¢, < al/? for all colours

c1,¢2 € [q]. Then y(q,d, B,n) < (Maey.e0.8)% < v(q,d, B,n — 2).

Proof. Consider the tree Ty, with root z = vy, and leaves A = A, . Let7: A, —
[¢] be an arbitrary configuration. As in Proposition 3.1.4, let {z;;}; jcq denote the
grandchildren of the root, let T; ; be the subtree of T" rooted at z; ;, and let A; ; be the set
of leaves of T; ;. Further, let r("J) be the marginal distribution at z; ; in the subtree T} j,
conditioned on the configuration 7(A; ;).

By the assumption (g, d, 3,n—2) = « and the definition (3.1) of the ratio v(q, d, 3, n—2),
we have that (")) € A, for all 4, j € [d]. Proposition 3.1.4 also guarantees that for colours

c1 € [g] and ¢z € [q] we have

(A)
(A)

d
o 7]
o T] = H hc1,czw3(r(k’l), ... ,I'(k’d)) < (M%Cl,CQ,ﬁ)d <
k=1

where the strict inequality follows by the assumption that M, ¢, ., 3 < ot/ Since T was
an arbitrary configuration on the leaves A, we obtain that v(q,d, 3,n) < v(q,d, 5,n — 2)

as needed. O
Now we prove Proposition 3.1.6, which we restate here for convenience.

Proposition 3.1.6. Letq > 3,d > 2, f € (0,1) and ag = max{v(q,d, B,n0—1),7(q,d, B,n0)}
for some integer ng > 0. Suppose that for all 1 < a < o« and any colours cy,co € [q], it
holds that

Ma,ChCsz < al/d,

36



Then, it holds that v(q,d, 3,n) — 1 as n — oo, i.e., the g-state Potts model with parameter

[ has uniqueness on the d-ary tree.

Proof. Fix ¢, d and 3 as in the statement. For alln > 1, let o, := (g, d, 3, no+n). We may
assume that oy > 1 (otherwise, uniqueness follows trivially by applying Proposition 3.1.3
repeatedly to show «,, = 1 for all n > ny.)

Using Proposition 3.2.12 and the assumption that M, ., ., s < /¢ forall 1 < a < ay

and colours ¢, ¢2 € [g], we obtain that
1< a, <ap_o <ag. (3.17)

This implies that both of the sequences {3, } and {«2,+1} are decreasing. Since both of

these sequences is bounded below by 1, we obtain that for n — oo it holds that!

aop | Qey,  Q2p41 | Qod

for some aey, g > 1. We claim that in fact both of ., g are equal to 1, which proves
that y(q,d, 8,n) — 1 as n — oc.
Suppose for the sake of contradiction that a., > 1 (a similar argument applies for a,q).

Let my,, = (pgj, . ,pé”,?) achieve the maximum in (3.9) for o = ag,, i.e.,

1 d
Mo, c1,00.8 = h‘0170275(p§n)? R pgn))

Note that for all n > 1 we have that

hereas(P s PSY > (e )/ (3.18)

otherwise, we would have that M,,, ., ., 5 < (@e,)"/? and hence, by Proposition 3.2.12,
we would have that asg, 12 < ey, contradicting that as, | aey.
Moreover, observe that my, belongs to the compact space A? for all n > 1 and therefore

there exists a subsequence {n;},>; and (p(, ..., p(?) € A such that
m2nk — (p(1)> sy p(d))v

In fact, since {2y, }r>1 is a subsequence of the convergent sequence {aay,}n>1, We
d

have that the sequence {ay,,} converges to ., as well. From my,, € Aaan’

we

!The notation aa, | e, means that the sequence o, converges to e, by decreasing monotonically.
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therefore obtain that (p,...,p(?) € AZ_. Applying the assumption M, ., ., 5 < a*/4

for o = aey, we therefore have that
heyeas(PWY, . ) < (0e)V/?. (3.19)

Since the function h, ., 3 is continuous on A for all § € (0,1), we have that as k — oo

1 d
heysca 3 (Do s+ Do) = heyep s, @),

This contradicts (3.18) and (3.19). Therefore, ae, = 1, and similarly a,q = 1, completing
the proof. O

3.3 Uniqueness threshold for ¢ = 3

In this chapter, we will introduce our proof of Theorem 3.1.1, which establishes the
uniqueness threshold for the 3-state antiferromagnetic Potts model.

The proof is divided into two parts. First, in Chapter 3.3.1, 3.3.2, 3.3.3 and 3.3.4, we
use the one-step recursion to give an upper bound «o* for the ratio between marginal
probabilities. Then, in Chapter 3.3.5, we fix ¢1,¢2 € [¢] and for all 1 < a < o* verify
Condition 3.2.4 for all («, c2)-extremal tuples. Using Lemmas 3.2.2, 3.2.3 and Proposi-

tion 3.1.6 we can conclude our result.

3.3.1 Bounding the ratio of marginal probabilities by the one-step recur-
sion
First, we use the one-step recursion to give an upper bound for (3, d, 8, n). In particular,

we prove the following lemma.

Lemma 3.3.1. Let ¢ = 3 and ¢ € [3] be an arbitrary colour. For d > 2, consider the d-ary
tree Tg,, with height n and let 7 : At,,, — [3] be an arbitrary configuration on the leaves.
When d = 2, for all 8 € (0,1), for all sufficiently large n it holds that

459 1107
<

—— <P = A = —.
2000 — rT2,n [U(U27n) c | U( TQ,n) T] — 2500

When d > 3, forall € [1 — %, 1), there exist sequences {L,,} and {U,} (depending on d

and f3) such that for all sufficiently large n
Ln < Perm [U(Ud’n) =cC ‘ O'(AT(L") = T] < Un and Un/Ln < 53/27.
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The following corollary is an immediate consequence of Lemma 3.3.1.

Corollary 3.3.2. Let g =3,d > 2, € (0,1) and 8 > . = 1 —q/(d+1). Then there exists
an integer ng such that, for all n > ng, v(q,d, 8,n) < 53/27.

We begin by giving an upper and a lower bound for the marginal probability that the root
is assigned a colour c via the one-step recursion (see the upcoming Lemma 3.3.4).

First we define two functions. Let

(1-(1-B)y)"

fu er(daﬁvxa ):
" T ) 20— (-0 P11 -A )

/2

and

(1-(1-B)z)* |
(1-(1=B2)'+(1-(1-8y) ' +(1-1=p1-z—y)"

We will use the following lemma.

flower(d7 /87 x? y) =

Lemma 3.3.3. Let f be a convex function on an interval I = [a, b].
1. Given p € [2a,a+ b, the function g(z) = f(x)+ f(p—x) is decreasing on J = [a, p/2].
2. Given p € [a+b,2b), the function g(z) = f(x)+ f(p— z) is increasing on J = [p/2, b].

Proof. We first prove Item 1. Suppose y, z € J satisfy y < z, we will show that g(z) < g(y).
Wehavey < z<p—z<p—yandy >a, p—y < b (using p < a + b). It follows that
all of y, z,p — y, p — z belong to I. Moreover, by the convexity of f on I, we conclude
that the slope of f in the interval [p — z, p — y] is greater or equal to the slope of f in the
interval [y, 2], i.e., fgz:zg:{p(:)z) > f(z;:é‘(y). Re-arranging, we obtain g(z) < g(y).

The proof of Item 2 is analogous. For y,z € J satisfying y < z, we have that p — z <

p—y<y<czandallofy,z p—y,p— zbelong to I (using p > a + b). By the convexity
of f on I, we conclude that the slope of f in the interval [p — z, p — y] is less or equal to

the slope of f in the interval [y, z], which gives that g(z) > g(y). O

The following lemma gives recursively-generated bounds on the probability that the root

of Ty, is a given colour.

Lemma 3.3.4. Suppose ¢ =3, d > 2and 5 € [0,1]. For any n > 0, let T' = Ty ,, with root
v = vy and leaves A = Ap. Let vq,...,vq be the children of v in T, T; be the subtree of T
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rooted at v; and A; denote the set of leaves of the subtree T;. Consider any configuration
7: A — [q] and any real numbers L,U € [0, 1] such that, for all i € [d] and all j € [3] we
have

L <Prpo(vi) =7 | o(As) =7(A)] < U.

Then, for all colours ¢ € [q], we also have
flower(da B? U’ L) S PrT[U(U) =C | O-(A) = T] S fupper(d,ﬁv Ua L)

Proof. By symmetry between the colours, we may assume that ¢ = 1. Let p = Prp[o(v) =
1| o(A) = 7. For any colour ¢ € [3] and any child i € [d], let p; » = Prp[o(v;) = ¢ |
o(N;) = 7(Ay)].
For convenience, let :=1— 3 € [0, 1]. By Proposition 3.1.3, with ¢ = 3 and ¢ = 1, we
have that ; ; .
/ — i1 (1= i,c
p= b , where R := e *QdHZ*I ( - opi, )
1+ R ITizy (1 - Bpia)
We first show that p > fiower(d, 5,U, L). Since p; ; < U for every i € [d], we obtain that
> s H?:l (1- Bpi,c’)
R< P— :
(1-50)

For ¢ € [3], let p» denote the mean ézie[d} pi. The function f(z) = In(1 — Bx) is

(3.20)

(3.21)

concave on the interval [0, 1] so by Jensen’s inequality
1 . .
g Z 111(1 - ﬂpi,c’) < ln(l - Bﬁc’)'
i=1

Thus, for ¢’ € {2,3} we have []%, (1- Bpi,c/) <(1- Bﬁc/)d which implies

3 d
ST - i) < (1 - Bm2)" + (1 Bps) . (3.22)
=21=1
Let f(z) = (1 — fBz)% Leta = 0,b = 1,p = Py + p3 and consider the interval I = [a, b).
Since f is convex on the interval I and p € [2a,a + b], Item 1 of Lemma 3.3.3 implies
that the function g(z) = f(x) + f(p — x) is decreasing on J = [a, p/2] = [0, p/2]. Since
L < py and L < ps, the values L and min{p,,p3} are in J and min{ps,p3} > L, so
g(min{pa, p3}) < g(L), i.e.,

(1= Bp2)" + (1= Bps)’ < (1= BL) "+ (1 = B(pa +ps — L))"
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Since, for every i € [d], pi2 + pi3z=1—pi1 > 1—U, we have ps + p3 > 1 — U, so
5 \d RV 5\ d 5 d

(1—8p2)" + (1—Bp3)" < (1-BL)" +(1-B1—-U— L))"
Plugging this into (3.22) and then into (3.21), we obtain that
(1-8L)"+ (1-B1-U-1L))"

(1= 30)’

Therefore, using (3.20), we obtain the lower bound p > fiower(d, 3, U, L).
Next, we show that p < fipper(d, 8,U, L). To give an upper bound on p, it suffices to

R<

lower bound R. Since p;; > L for every i € [d], we obtain the lower bound

R> Zi’/=2 H?:l (1 - Bpi,e’) .

- (3.23)
(1-BL)"
Using the arithmetic-mean geometric-mean inequality we have
3 d R d ) A 1/2
STL (= Bpie) = 2T (1= Bria) (1= Bpis)) (3.24)
/=2i=1 i=1

Now let f(z) = —In(1 — Bz) and consider an arbitrary i € [d]. Leta = —1,b=1,p =
pi2 + pi3 and consider the interval I = [a, b]. Since f is convex on [ and p € [a + b, 2b],
Item 2 of Lemma 3.3.3 implies that the function g(x) = f(z) + f(p — x) is increasing on
the interval J = [p/2,b] = [p/2,1]. Let x = U and y = max{p; 2, p;3}. Since p; 2 and p; 3
are at most U, = and y are in J and satisfy = > y. Therefore, g(z) > g(y), which gives
that

In(1-pBy)+In(1—Bp-y)>In(l-pz)+n(1-B(p—x)).
Thus, by substituting in the values of x, y and p and exponentiating, we have
(1= Bpi2) (1= Bpis) > (1— BU) (1 - Bpia +pis — U)).
Using the inequality p; 2 + p;3 = 1 — p;;1 < 1 — L in the right-hand side, we get
(1= Bpi2) (1= Bpiz) > (1—BU) (1 - B(1 - U - L)).

Plugging this into (3.24) for each i € [d] and then into (3.23), we obtain that

2(1-BU)"*(1- B —v—1)*”
R > —J
(1-5L)
Therefore, using (3.20), we obtain the upper bound p < fipper(d, 3, U, L). O
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3.3.2 Properties of the functions f,yper and fiower

In this section, we establish useful monotonicity properties of the functions f,pper and

fiower that will be relevant later.

Lemma 3.3.5. For any fixed d > 2 and any fixed x and y satisfying 0 < y < x < 1 and
20+ <1< 22+,

o fupper(d, B, x,y) is a decreasing function of 3 on the interval (0, 1) and
¢ fiower(d, B, z,y) is an increasing function of /3 on the interval (0, 1).

Proof. Let3:=1—4,and W = 1—3y+3((3y—1)—1—(1—x—2y)—i—x(?:c—i—y—l)—i—y(x—y)).
The derivative of f,pper With respect to S is given by
o d(1 = Bx)?(1 - B(1 —x — y))"*W

(1= By)™ (1= Ba)(1 - Bl -z —y))

(Obviously, this can be checked directly, but the reader may prefer to use the Mathematica

afu er
Tza = *fupper

code in Section 8.1.1 to check this and the derivative of fi,wer With respect to 3, which
appears below.) Using the conditions on x and y in the statement of the lemma, we find
that

W >1-3y+ 83y —1)=p5(1-3y)>0.

We conclude that %"Bp” < 0 50 fupper(d, B, 2,y) is a decreasing function of 3 on the

interval [0, 1]. Similarly,

Ofioner _ ;. 27 (o +y-DA-BA-2-p) +@-p-fp")
0B = Jlower (1— Bx)d-H =Y,
SO fiower(d, B3, x, %) is an increasing function of 5 on the interval (0, 1). ]

Lemma 3.3.6. For any fixedd > 2and 0 < f < 1,
1. fiower(d, B, x,y) is a decreasing function of x when z,y € [0, 1], and
2. fiower(d, B, x,y) is an increasing function of y when x + 2y < 1 and z,y € [0, 1].

Proof. Let

d d
i-a- 5)y)(1+_((11—_<;);)§><1 “T=) oo that fie(d B 2,y) = —

R :=

1+ R’
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We first prove Item 2. Let a = 0, b = 1, p = 1 — x and consider the interval I = [a, b].
Since f(y) = (1 — (1 — B)y)? is convex on I and p € [2a,a + b, Item 1 of Lemma 3.3.3
yields that g(y) = f(y) + f(p — y) is decreasing on J = [a, p/2] = [0, p/2]. It follows that,
for fixed z, R is a decreasing function of y on J and therefore fi,er is increasing in y. It
remains to observe that, for = € [0, 1], the condition y € J is equivalent to the condition
x4+ 2y < 1and y € [0,1] in the statement.

For Item 1, note that 1 — (1 — 8)(1 — x — y) is an increasing nonnegative function of z
and 1 — (1 — §)z is a decreasing nonnegative function of z, so R is an increasing function

of z. Thus, fiower iS @ decreasing function of . O

Lemma 3.3.7. For any fixedd > 2and 0 < 8 <1,

1. fupper(d, 3, x,y) is an increasing function of x when 1 < 2z +y and x,y € [0, 1], and

2. fupper(d, B, x,y) is a decreasing function of y when z,y € [0, 1].
Proof. The proof is analogous to that of Lemma 3.3.6. Let
20 - =B e —y)*
- d
(1-(1-p)y)

We first prove Item 1. Leta = —y, b = 1, p = 1 — y and consider the interval I = [a, }].

, SO that fupper(daﬁvxay) = l—i-iR

Since the function f(z) = —In (1—(1— 3)z) is convex on the interval I and p € [a+b, 28],
by Item 2 of Lemma 3.3.3, the function g(z) = f(z)+ f(p—x) is increasing on the interval
J = [p/2,b]. It follows that the function

exp(—g(z)) = (1 - (1= B)z) (1 — (1 - B)(1 -z —y))

is a decreasing function of z on J, and therefore R has the same property as well. Thus,
fupper is an increasing function of = on the interval J. It remains to observe that, for
y € [0, 1], the condition = € J is equivalent to the condition 1 < 2z + y and x € [0, 1] in
the statement.

For Item 2, note that 1 — (1 — 3)(1 — x — y) is an increasing nonnegative function of y
and 1 — (1 — B)y is a decreasing nonnegative function of y, so R is an increasing function

of y. Thus, fypper is a decreasing function of y. O

Lemma 3.3.8. Forany fixedd > 2, 0 < f<land0 <y <x <1lsuchthat2y+z <1<

2x + y, we have

2f|ower(da B,l',y) + fupper(d757x7 y) S 1 S 2fupper(da 5737731) + flower(da B?x7y)'
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Proof. Since 2y + x < 1 < 2x + y, we obtain that y < 1 — z — y < z. Further, by the
AM-GM inequality,
(1= (1=B)a)"+ (1= (=B (1 -2 —y)" 2201~ (1-Ha)*(1 -1 -H Az —y)"

So the denominator in the definition of fiower(d, 3, z,y) is at least as big as the denomina-

tor in the definition of fypper(d, 5, %, y). We conclude that

2(1— (1-B)2)" + (1— (1 - B)y)

d

2fower"i'fupper < < 1,
| (1—(1—B) +2(1-1-B0) (11— B -z -y)"
and
2(1—(1-8))"+ (1 - (1= B)z)"
2fupper"‘fower > > 1.
B (R (e (R IR R

Lemma 3.3.9. Forany fixedd > 2,0 < g <land 0 < y; < ys < 29 < x1 < 1 such that
21 + 21 <1 <221+ and2y2+x2 <1< 229 + 99, we have

fupper(da/87$2vy2) < fupper(dvﬁaxlayl) and flower(dvﬁal‘ZayZ) > flower(d>ﬁvx17y1)~

Proof. Using the assumptions in the statement of the lemma, we obtain 1 < 2z, + y» and

2y1 + w2 < 1. Therefore, by Lemmas 3.3.6 and 3.3.7, we obtain

fupper(daﬁ7$27?/2) < fupper(da ﬁ,ﬂfl,?JQ) < fuppel’(d)ﬁvxhyl)) and
flower(daﬁvx%yZ) > flower(dvﬁvx%yl) > f|0Wer(daB7x17y1)' O]

3.3.3 Bounding the marginal probability at the root by two sequences

For any 5 > 0 and d > 2, we define two sequences:
U’O(d7/6> = 17
50(d7 /8) = 07

and for every non-negative integer n,

{Un+1(d, B) — fupper(da ﬁ, un(d> /8)7 fn(d, ﬁ))’ and (325)

fn-i—l(d, 6) = flower(dea Un(d, 6)7€n(d7 ﬁ))

Our interest in the sequences u,(d, 3) and ¢,(d, 8) is that they give upper and lower
bounds on the probability Prr, , [o0(v4.) = c|, respectively (subject to any boundary

configuration at the leaves).
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Lemma 3.3.10. Suppose that ¢ = 3, d > 2, and 8 € (0,1). For any n > 0, for the d-ary
tree Ty, with depth n and root vy, for any configuration 7: A, — [q] on the leaves and

any colour ¢ € [q], it holds that

gn(d7 5) < Pr'ﬂ‘dﬂn[a(vd,n) =c | U(A'ﬂ‘dﬂn) = 7-] < Un(da 6)

Proof. We prove the lemma by induction on n. For the base case n = 0, note that Ty,

has a single vertex. Thus, for every ¢ € [¢] and every 7 assigning a colour to this vertex,
to(d, ) =0 < Pry,  [0(vgn) =clo(Ar,,) =7] <1 =1uo(d,B).

For the inductive step, suppose n > 0. For convenience, denote by 7' the tree Ty, by
v the root vy, and by A the leaves A, . Let vy,..., vy be the children of v in 7" and
let A; = Apy,, denote the set of leaves of the subtree T'[v;]. Consider any configuration
7: A — [g] and any colour c¢. By the induction hypothesis, for every i € [d] and j € [¢],
we have
ln1(d, B) < Prrplo(vi) = j [ o(Ai) = 7(Ai)] < un—1(d, B).

By Lemma 3.3.4 and (3.25), we conclude that ¢,,(d, 5) < Prp[o(v) = ¢ | o(A) = 7]
up(d, B).

L IA

The following lemma will be used to show that the sequences w,(d, ) and ¢,(d, )

converge.

Lemma 3.3.11. For any fixedd > 2, 0 < < 1 and n € N, we have

1. up(d,B) > upy1(d, B),

2. Kn(d7 6) < gn-i—l (dv 5): and
3. 20,(d, B) + un(d, 8) < 1 < 2uy(d, B) + £, (d, B).

Proof. We prove this lemma by induction on n. Since d and f are fixed, we simplify
the notation by writing w,, for u,(d, §), writing ¢,, for ¢,(d, 8), writing fupper(x,y) for
Jupper(d, B, x,y) and writing fiower (7, y) for fiower(d, 3,2, y).

For the base case n = 0, we have ug = 1 and ¢y = 0, so Item 3 holds since 2{y +ug =1 <
2ug + £g. Items 1 and 2 follow from

d

uy = fupper(lvo) = uo, and €1 - flower(lyo) = W >0= 60-

1
1+ 2p3%/2

45



For the inductive step, suppose n > 0. Item 3 follows (using the induction hypothesis)
from Lemma 3.3.8 with x = u,,_; and y = £,,_1. We now obtain Items 1 and 2. By the

induction hypothesis,
0< en—l < Zn S Up S Up—1 < 17 and 2677,—1 +up—1 < 1< 2un—1 + gn—l-
Using Lemma 3.3.9 (with these facts and with item 3), we obtain

Un+1 = fupper(unagn) < fupper(unflagnfl) = Un,

proving Item 1. Similarly, we also obtain that 4,11 = fiower(tn, n) = fiower(Un—1,n—1) =

¢, proving Item 2. O

By Lemma 3.3.11, we have that the sequences {u,(d, 5}) and {¢,(d, 3)} are bounded
and monotonic, so they both converge. Let

Uso(d, B) := lim uy(d, ), and lx(d,B) := lim £,(d,B). (3.26)

n—oo n—oo

We have the following characterisation of the limits u..(d, ), £~ (d, B).

Lemma 3.3.12. Forany d > 2and 0 < 8 < 1, (z,y) = (us(d, 8), o (d, )) is a solution

to the system of equations
Jupper(d, B,7,y) = x
flower(da B,, y) =Y

satisfying0 <y <l—-zx—y <z <1

Proof. Since d and f are fixed, we simplify the notation by writing u, for u(d, 3) and
U for ((d, ). We also drop d and [ as parameters of uy, €5, fupper ANd fiower (as in
the proof of Lemma 3.3.11). By Lemma 3.3.11, we have /,, > ¢; = 3¢/(3¢ +2) > 0
and us < u; = 1/(1 4 28%?) < 1. Also, for every non-negative integer n, we have
ly <1—wu, — ¥, < u,, which implies, by applying limits, that {0 < 1 — U — loo < Uso-
Recall that, for n > 0, up41 = fupper(tn,¥€n) and €,1 = fiower(Un,n). Using these
definitions and the continuity of the functions fypper(z,y) and fiower(z,y) with respect
to x and y (in the third equality below), we have

Uoo = nh—>nc}o Un = nh—>Holo fupper(unflagnfl) = fupper(nh_?olo unflanh_{go Enfl) = fupper(uomgoo)-

Simﬂarly, goo == f|ower(uoo7 EOO)‘ D
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3.3.4 Bounding the maximum ratio

In this section, we place the final pieces for the proof of Lemma 3.3.1. The first lemma

accounts for the d = 2 case of Lemma 3.3.1.

Lemma 3.3.13. Suppose ¢ = 3 and 3 € (0, 1). Then there is a positive integer ng such that

for every n > ny, every c € [q], and every configuration 7: Ar,, — [q],

459 1107
sonn = PrT2,n [U(UQ,H) =cC | U(ATQ,n) — T] S m
Proof. For any 0 < 3 < 1, by Lemma 3.3.12, (z,y) = (uso(2, 8), £oo(d, B)) is a solution to

the system of equations

{fupper(2767$’y) =T (3.27)

flower(27 Ba €, y) =Y
satisfying 0 < y <1 — 2 —y < z < 1. In Section 8.1.2, we use the Resolve function of

Mathematica to show rigorously that there is no solution to (3.27) satisfying

1 1106
< -—and — < 1
O<y_3an 2500_m<

and there is no solution satisfying

460 1
< ——and - < 1.
0<y_2000an 3_:c<

fOo<y<l—-z—-y<zx<lthen0<y<1/3and 1/3 <z < 1. So any solution
to (3.27) which satisfies 0 < y <1 — z — y < 2 < 1 must also satisfy y > 460,/2000 and
x < 1106/2500. We conclude that ¢ (d, ) > 460/2000 and u(d, ) < 1106/2500.

Since /. (2, 8) and us (2, B) are the limits of the sequences /,,(2, 8) and u, (2, ), respec-
tively, there is a positive integer n( such that, for all n > ny, £,(2,5) > 459/2000 and
un (2, 8) < 1107/2500. Thus by Lemma 3.3.10, for every n > ng and every 7: Ar, , — [3],

459 1107
o < n(2, <P n) = A = < un(2, < o
Definition 3.3.14. For any d > 3, define the critical parameter (,(d) by 8.(d) = 1— d—zl))—l

Note that §,.(d) > 0. The following lemma shows that u,,(d, 5) and ¢,,(d, 5) are bounded

by the values corresponding to the critical parameter.

Lemma 3.3.15. Fix any d > 3. For any (3 in the range 5.(d) < < 1 and any non-negative
integer n, we have u,(d, B«(d)) > uy,(d, 5) and £,(d, 5:(d)) < £,(d, B).
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Proof. We prove the lemma by induction on n. Since d is fixed, we simplify the notation by
writing f3, for 3. (d). We also drop the argument d from wu,,(d, ), ¢,(d, B), fupper(d, 5,2, y)

and flower(d7 67 xz, y)
For the base case n = 0, note that for every §, it holds that ug(8) = uo(5«) = 1 and

to(B) = Lo(B+) = 0.

For the inductive step, suppose n > 0. By Lemma 3.3.11, we have

2€n—1(ﬁ) + un—l(ﬁ) < 1 < 2un—1(5) +£n—1</8)7 and
265 1(Be) +un—1(Bx) <1 < 2up1(Bs) + Ln—1(Bx)-

By Lemma 3.3.11 and the induction hypothesis, we have

0< gn—l(ﬁ*) < gn—l(ﬁ) < Un—l(ﬁ) < Un—l(/B*) <1

Now, using the definitions and Lemma 3.3.5, we get

un(ﬁ*) = fupper(ﬁm un—l(ﬂ*),£n—1<ﬁ*)) > fupper(,Ba un—l(ﬁ*);gn—l(ﬁ*))-

Then using Lemma 3.3.9, we continue with

fupper(ﬁ7unfl(ﬁ*)vgnfl(ﬁ*)) > fupper(ﬁaunfl(ﬁ)agnfl(ﬁ)) = Un(ﬂ)

Similarly, again using Lemma 3.3.5 and then Lemma 3.3.9, we have that

flower(ﬁ*a Unfl(ﬁ*),gnfl(/@*)) < flower(ﬂa Unfl(ﬁ*),gnfl(ﬁ*)) < flower(ﬁv unfl(ﬁ)a gnfl(ﬁ))v
which gives that 4,,(8,) < £,(5). O

Our next goal is to prove Lemma 3.3.26 below, which will help us to obtain an upper
bound on the ratio u.(d, 8+(d))/¢(d, 5+(d)) when d is sufficiently large. In order to do
this, we first define some useful re-parametrisations of fypper and fiower, and establish

some properties of these.

Definition 3.3.16. Let gu(d,,u,y) = fupper(da ﬁ*(d)yﬂ ' yay) —HYy and gé(d7ﬂ7y) =
flower(da 6*(d)7 w-y, y) - Y.

Note that the argument y in g, g¢ corresponds to the ratio =/y of the arguments z, y of

fupper; flower-
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Lemma 3.3.17. For every d > 5 and u > 1, g, (d, u,y) is a decreasing function of y in the
range 1/(2u+1) <y <1/(n+2).

Proof. Let A = (1 —3y/(d+1))% and

B (30 gy D\ Buy \
d+1 d+1 '

Sincey < 1/(p+2) <1/3and d > 5, we have 3y < d+ 1,50 A > 0. Also, 3uy < d+1
and 3(1 —y(u+1)) <d+1,s0 B> 0. Let W = AB/(A + 2B)* > 0. The derivative of g,
with respect to y (see Section 8.1.3 for Mathematica assistance) is given by the following.

0gu _ ( 9dW )(u(Zuy+y—1)_2uy+y+d—1>
Oy 3y(p+1)+d—2 1+d—3uy 1+d—3y '

The upper bound on y yields (crudely) 2uy +y — 1 < 1l and 1 +d — 3uy > d — 2.
Similarly, the lower bound on y yields 2uy + y + d — 1 > d and (since y is non-negative)
1+d— 3y < 1+ d. Plugging these in, we obtain

0gu 9dW I d
— < = — . 2
Ay < M+<3y(,u,+1)+d—2> <d—2 1+d> (3.28)

Note that 3y(u+ 1) > 0 and d > 2 so the expression 3y(u + 1) + d — 2 in the denominator

is positive. We now consider two cases.

If u/(d—2)—d/(1+d) <0 then recall that W > 0, so (3.28) gives that %“ < —p <0.
Otherwise, 11/ (d—2)—d/(1+d) > 0. In this case, note that, for any A and B, (A—2B)? > 0,
so 8AB < A% + 4AB + 4B? = (A + 2B)?. From the definition of W, this ensures that
W < 1/8. So, (3.28) gives that

9 (_p  _ _d_
agu<_+8<d2_1+d) <t 9d pod < 9d 1) <o
ay = M yurrd-2°> M8d—29\d—2 1+d) “H\S@—22 ’
where the final inequality uses d > 5. O]

The following lemma is analogous to Lemma 3.3.17, but for the function g,.

Lemma 3.3.18. For every d > 3 and p > 1, g¢(d, u,y) is a decreasing function of y in the
range 1/(2p+1) <y <1/(n+2).

Proof. Let

(u(2d = 1) 4 d 4 1) (BT 1y 1) (1 - F)
 (I4+d=3uy)(d—-2+3y(1+p)  (14+d—3y)(1+d—3uy)
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Since p > 1and d > 3 and y < 1/(u + 2) all of the factors in W are positive, so W > 0.

The derivative of g, with respect to y (see Section 8.1.4 for Mathematica assistance) is

given by the following.
9 _ _ 3d(1— 34) W B
oy _ 2
Vo (R - ) (- )

We’ve already seen that W > 0 and the denominator is greater than 0 since it is a square.

Since 3uy < 3 < d + 1, the remaining term is also positive, so %—%{ < 0, as required. O

Next, we will identify a value y,, so that, when y and d are sufficiently large, g, (d, i1, y.) <
0 and gf(da K, yﬂ) > 0.

Definition 3.3.19. Define the quantity y,, as follows.

7 3
Yy = {10u+12+500 if p <32,
w= 7 .

10512 if yu > 32.
Let z, = py,. Now define the functions h, and hy as hy(d, i) = gu(d, p,y,) and

he(d, p) = ge(d, 11, yp.)-
Then we have the following lemmas.
Lemma 3.3.20. If > 157/80 then 0 <y, <1 -z, —y, < <z, <1—y,.

Proof. The inequalities follow directly from Definition 3.3.19. Mathematica code is given
in Chapter 8. 0

Lemma 3.3.21. Suppose d > 23. If 157/80 < u < 32 or 32 < i then %L; < 0.

Proof. Since d is fixed in the proof of this lemma, we will drop it as an argument
of By, hy, gu. We will use B, to denote 1 — B, = 3/(d + 1). We will drop d and
Bsx as an argument of fypper. SO, plugging in Definitions 3.3.16 and 3.3.19, we get

hu(lu’) = g’u(iuv yu) = fupper(xu, yp,) — Ty We have

3hu(,u) _ 8fupper(xuayu) ) 8.%“ i afupper(m,uayu) % _ %

o oz, o Oy ou  ou~ (3.29)

Let N )
(1= Bex)2(1 = Bu(1 — 2 — y))*/?

o= (1= Gy’
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The derivatives of fypper(, y) With respect to = and y are as follows (see Section 8.1.6 for

Mathematica assistance).
O fupper(t,Y) _ [ fupper(@,y)* Rz, y)dB. | (Buz+y—1))
Oz 1-B(l—z—y) 1— Bz
Ofupper (1,y) _ [ Jupper(,y)*R(z,y)dB. | (3+ 6.2z +y —2)
Iy 1-B(1—z—y) 1— By
fo<z<1,0<y<1,0<1-—2—y<1and2z+y > 1 then all of the factors are
positive, so by Lemma 3.3.20, %ﬁ”’y”) > 0 and %ﬁ“’y“) < 0. Let

— fafupper(li#’y#) /8fupper(l‘u; yﬂ) (331)
Oz, oYy

(3.30)

and note that z is positive. Using (3.29) and (3.31), we can express %}E") as

Ol (1) _ (—z- 9 fupper (T, Yu) 1) Oy, 4 9 fupper (Zp> Yu) %
ou ayu ou ayu O

From the definition of yu (Definition 3.3.19), %L: = 56 +6)2 < 0 forall u # 32. If

u<32then‘%“— 2+500>0Ifu>32then8x“—

= (5,u+6)
8h57l5“) < 0, it suffices to show

Gi +6)2 > 0. Thus, to show

Oz
_ O fupper (Tpi, Ypu) < O
8y Oxy Oy *

H z-

ou o

(3.32)

We will simplify (3.32) by finding an upper bound for z. Using (3.30) and (3.31), we

have

:(1_?*%1)( B*{Qx,u‘Fyu_l) > < B*( ))( B*qu“‘y,u_l) )
1= Bexy /) \3+ (22 + yu — 2) ,B*xu 3—05:(2—=2x, —yu)

Since, by Lemma 3.3.20, z,, > y,, 2z, +y, > 1, z, > 0 and (since z, +y, < 1)

2 > 2a, 41, ~ is an increasing function of 3,. Since d > 23, we have 3, = 3/(d+1) < 1/8,
s0 z is upper-bounded by its value with j3, replaced by 1/8. This gives that

< (8 = yp) 22y + yu — 1)
T (8= )2z +yu +22)

Moreover, using Mathematica, we show in Chapter 8.1.6 that

(8 — y#)(2xu + Yu — 1) 1
(8— ) (20 +yu +22) 24 L forall p > 1. (3.33)
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It follows that z < 1/24. Thus, we can re-write our goal from (3.32) — to prove the

lemma, it suffices to show

ox
O fupper(Tp, Yu) T:
_ Dy <5 52, Oy (3.34)

24 " O o

The definitions of f,pper and R imply that fypper(z,y) = 1/(1 + 2R(z,y)). Therefore,

using the fact that W < 1/8 for all a > 0, we have

z,y)’R(z = R(a:,y) 1
Jupper(z,y)"R(z,y) (1+2R(1:,y))2 < 3

So, plugging this into the second equality in (3.30), recalling that %‘%W < 0 and
B« =3/(d+ 1), we get

_8fupper(37ua yu) < dB*A(S + B*(2xu + Yu — 2)) < 3(;3 + B*(2$u + Y — 2))A '
ay“ - 8(1 = B.(1— Ty — yu))(l - ﬁ*yu) - 8(1 = (1 - Ly — yu))(l - ﬂ*?ﬁt)

Let Y be the right-hand-side of the previous expression. Using 3, < 1/8 and the
inequalities from Lemma 3.3.20, we find that Y is increasing in /3, (see Mathematica code
in Appendix 8.1.6). Thus, we can replace Y with its value with 3, replaced by 1/8, which
is 3(2x, + yu +22)/((8 — yu)(zy + yu + 7)). Plugging this into (3.34), it suffices to show

Oy

(27, + yu + 22) &

_ 1 Oz,  Oyu’
B—yu)(@p+yu+7) ﬂ-a—é—a—ﬁ

(3.35)

We prove (3.35) in two cases.
Case 1: p > 32: Using the values %i:, %i: that we calculated earlier, the right-hand
side of (3.35) is 8/7. The Mathematica code in Chapter 8.1.6 uses Resolve to show

rigorously that there is no p > 32 satisfying (3.35).

Case 2: i < 32: Using the values that we calculated earlier, the right-hand side

of (3.35) is
24 (25* 4 601 4 3536)

2542 + 60p + 73536
The Mathematica code in Appendix 8.1.6 uses Resolve to show rigorously that there is
no p > 1 satisfying (3.35). O

We will use the following function in several of the remaining lemmas.
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Definition 3.3.22. Let ¢)(d,z) =d/(d —3z+ 1) +In(d+ 1 — 32).
Lemma 3.3.23. Suppose d > 23. Then h,(d, 157/80) < 0 and h,(d, 32) < 0.

Proof. Let((d,x,y) := 2¢(d,y) —¢(d,x) —1(d,1—x —1y), where 1) is the function defined
in Definition 3.3.22. The derivative of h,(d, ) with respect to d is given as follows (see
Chapter 8.1.7 for the Mathematica code).

8hu(d7 N) _ afupper(dv B*(d)ﬂfuayu)
od od
d s 4
_ ( _%)2( _%)d(l_wyc(d@myu) (3.36)
1 3yu \d 2 3xu % 1 30—z —yu) g 2 .
(1 —3)"+20- 350 - )

d+1
First, fix = 157/80. We will prove three facts.

e Fact 1: For all d > 23, w < 0.
e Fact 2: limy_,o ¢((d, zy,yu) = 0.
e Fact 3: limg o0 hy(d, ) <O.

Facts 1 and 2 guarantee that, for all d > 23, ((d, z,,y,) > 0. Lemma 3.3.20 guarantees
that all other factors in (3.36) are also positive. Thus, W is positive for all d > 23.
Together with Fact 3, this proves the first part of the lemma, that h,(d, 157/80) < 0. The
three facts are proved in the Mathematica code in Chapter 8.1.7.

Finally, fix 1 = 32. Lemma 3.3.20 again guarantees that all factors in (3.36) other than
¢(d,z,,y,) are positive. Thus, it suffices to prove the three facts for y = 32, and this is

done in the Mathematica code in Chapter 8.1.7. O
Lemmas 3.3.21 and 3.3.23 have the following corollary.
Corollary 3.3.24. For every d > 23 and p > 157/80, hy(d, u) < 0.

Proof. By Lemma 3.3.21, h,(d, u) is decreasing for p € [157/80, 32). Thus, for x in this
range, hy(d, ) < hy(d,157/80) and by Lemma 3.3.23, h,(d, 157/80) < 0.

By Lemma 3.3.21, h,(d, p) is decreasing for p > 32. Thus, for u > 32, h(d, n) < h(d, 32)
and by Lemma 3.3.23, h,(d, 32) < 0. O

Lemma 3.3.25. For every d > 23 and p > 157/80, hy(d, p) > 0.
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Proof. We will show that

W > 0 for all d > 23 and p > 157/80. (3.37)

The Mathematica code in Chapter 8.1.8 verifies that hy(23, ) > 0 for all x > 157/80.
Together with (3.37), this proves the lemma.

Therefore, in the rest of the proof, we prove (3.37). Using Definitions 3.3.19 and 3.3.16,
we have hy(d, 1) = fiower(d, B+(d), xp, yu) — yu. We use the following definitions in
order to describe %. Recall from Definition 3.3.22 that ¢(d,z) = d/(d — 3z + 1) +
In(d+1—3z2). Let A= (1— 31’1)51 and B = (1 — ;’Lﬁ)d and C = (1— W)d. Then
the derivative of h,(d, 1) with respect to d is given as follows (see Chapter 8.1.8 for

Mathematica assistance).

ah@(d, ,U) o 8flower(dv 5*(61)7 :L‘/u y,u) — AC(¢(d> :L'u) B w(da 11— :Eu - yu)) + AB(w(dv $,u) B ¢(d7 yu))

ad ad (A+B+C)?
(3.38)

Lemma 3.3.20 guarantees that A, B and C are positive, so to prove (3.37), and hence
the lemma, it suffices to show (d, z,) > ¥(d,1 — z, — y,) and ¥(d, z,) > ¥(d, y,).
Note that

Op(d,5+t) 9t and op(d,53—t) ot
ot ~(d-3t)% ot C(d+3t)2

Thus, for fixed d, the function +(d, z) is decreasing for z € [0,1/3]. Since, by Lemma 3.3.20,

0<y,<l-—2x,—y,<1/3, wehave

Y(d, yu) > p(d,1 — Ty — yu)- (3.39)

The function v (d, z) is increasing for z € [1/3,1]. Since, Lemma 3.3.20 guarantees

1/3<2/3 —yu, <z, <1, we have

Since the function (d, & +t) — ¢(d, 3 — t) is increasing for t € [0,1/3], and itis 0 at t = 0,
we have ¢ (d, % +t) > (d, % —t) fort € [0,1/3]. Lemma 3.3.20 guarantees 0 < y,, < 1/3,
so taking ¢t = 1/3 — y,,, we get

W(d, 2 — yu) = ¥(d, yu). (3.41)

Combining (3.40), (3.41) and (3.39) we obtain v (d,z,) > ¥(d,1 — z, — y,) and
Y(d, z,) > ¥ (d,y,), which prove (3.37), and hence the lemma. O
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Lemma 3.3.26. If d > 23 then there is no solution to the system of equations
fupper(d, 5*(d)7 xz, y) =z
flower(dv ﬁ*(d), x, y) =Y

which satisfies x > 157y/80 > 0and 2z +y > 1 > 2y + x.

(3.42)

Proof. Consider any fixed d > 23 and, for the sake of contradiction, assume that such
an (x,y) exists. Let u = z/y, so that (by Definition 3.3.16), (u,y) is a solution to the
equation

gu(d, 1, y) = ge(d, p, y) = 0.
The conditions = > 157y /80 > 0 and 2x + y > 1 > 2y + x translate into x> 157/80 and
1/2p+1) <y <1/(p+2). Since g,(d, p, y) = 0, by Lemma 3.3.17 and Corollary 3.3.24,
we have y < y,,. Since g/(d, 1,y) = 0, by Lemmas 3.3.18 and 3.3.25, we have y > y,,.

This yields a contradiction. O

Corollary 3.3.27. For every integer d > 23, there exists a positive integer ng such that for
all n > nyg,

und, Bu(d)) _ 53

0o(d, Bi(d)) — 27
Proof. Fix d > 23. For simplicity, we will write g, instead of S, (d).
Recall that the sequences {u,(d, 3«)} and {¢,(d, 5.)} converge to the limits u.(d, Ss)
and /. (d, B.), respectively (cf. (3.26)). Moreover, by Lemma 3.3.12, the pair (z,y) =
(uoo(d, Bx), lso(d, Bx)) is a solution to the system of equations (3.42) satisfying 0 < y <
1 — 2 —y <z < 1. By Lemma 3.3.26, there is no solution (z, y) to (3.42) such that 2 >
157y/80 > 0 and 2x +y > 1 > 2y + x. So, it must be the case that u..(d, 5s)/loo(d, Bx) <
157/80. Since 53/27 > 157/80, there exists a positive integer ny such that for all n > ny,

Un(d, B,)/ba(d, B.) < 53/27. O

Corollary 3.3.27 accounts for integers d > 23. To account for integers 3 < d < 22, we

uh(d) =1
lo(d) =0
and for every non-negative integer n,
/ [10000 fupper (d, B (d), up,(d), £,(d))]
un—l—l(d) =
10000

[10000 fiower (d, B+(d), uy,(d), £, (d)) |
10000

define the following two sequences.

;’H—l(d) =
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We have the following lemma, which is proved by brute force.

Lemma 3.3.28. For every integer d € {3,...,22} and every integer n € {0,...,60}, we
have u;,(d) > uy (d), £,(d) < €, 1(d), 2u,(d) + £,(d) > 1 > 2£,(d) + up(d) and
ugo(d)/lo(d) < 33

Proof. In Appendix 8.1.9, we use Mathematica to compute all the values w/,(d) and ¢/, (d)

forn € {0,...,60} and d € {3,...,22}. We then check that all of the desired inequalities
hold. O

We next show that the sequences {u/,(d)} and {¢/,(d)} bound the sequences {u, (d, 8+(d))}
and {/,,(d, 5«(d))} for n < 60.

Lemma 3.3.29. For every integer d € {3,...,22} and every integer n € {0,...,60}, we
have u),(d) > uy(d, B+(d)) and £,,(d) < £,(d, B«(d)).

Proof. Fix d to be an integer between 3 and 22. Since d is fixed, we simplify the notation
by writing w,, for u,(d, 5(d)), u;, for u;,(d), ¢, for £,(d, 5.(d)), £, for £,,(d), fupper(z,Yy)
for fupper(dy B(d), 2, y) and fiower (7, ) FOT fiower(d, Bu(d), 2, ).

We prove the lemma by induction on n. For the base case n = 0, we have u,, = u], =1
and ¢,, = ¢}, = 0. For the inductive step, suppose n > 0. By Lemmas 3.3.11 and 3.3.28,

we have
2 1+ Up1 <1<2up_1+4,_1, and 2%_1 + U;z—l <1< 2u;_1 + %_1.
By the induction hypothesis, we have
Oy <lp1 <wup_1 <ul,_;.

Using Lemma 3.3.9, we therefore obtain that

u;@ > fupper(U;@_l, ;L_l) > fupper(unflagnfl) = Un, and

E;L < flower(uil_la ;1_1) < flower(unflaénfl) =/,.
This completes the proof. O

n(d, Be(d
Corollary 3.3.30. For every integer d € {3,...,22} and every integer n > 60, W
53 e

ﬁ.

<
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Proof. Fix an arbitrary integer d between 3 and 22. We have the following chain of

inequalities (see below for explanation):

un(d, B(d)) _ ueo(d, Bx(d)) _ ugo(d) _ 53
1n(d () = loold, Bu(d) = Toy(d) ~ 27

The first inequality holds by Lemma 3.3.11, since the sequence {u,(d, 5«(d))} is in-

w

creasing and the sequence {/,,(d, 5.(d))} is decreasing. The second inequality holds by
Lemma 3.3.29. Finally, the third inequality holds by Lemma 3.3.28. O]

We can now prove Lemma 3.3.1, which we restate here for convenience.

Lemma 3.3.2. Let ¢ = 3 and c € [3] be an arbitrary colour. For d > 2, consider the d-ary
tree Ty, with height n and let 7 : A, — [3] be an arbitrary configuration on the leaves.
When d = 2, for all g € (0, 1), for all sufficiently large n it holds that

159 1107
San0 = PrTQ,n [0-(02771) =C | U(AT2,n) — T] S m

When d > 3, forall § € [1 — %, 1), there exist sequences {L,,} and {U,} (depending on d

and f3) such that for all sufficiently large n
Ln < Prqrd)n[a(vd’n) =C ‘ O'(A'ﬂ‘d)n) = T] < Un and Un/Ln < 53/27.

Proof. The statement for d = 2 follows directly from Lemma 3.3.13.
Suppose d > 3. Let U, = un(d,f«(d)), L, = un(d,B«(d)). By Corollaries 3.3.27

and 3.3.30, there exists an integer ng such that for all n > ny,

Un _ unld,Be(d) _ 53

Ly~ la(d,B.(d)) ~ 27

Furthermore, by Lemmas 3.3.10 and 3.3.15, for any n > 0, any configuration 7: At, , —

[3] and any colour ¢ € [3], we have
Ly = ln(d, Bi(d)) < Pr'ﬂ'd,n[a(vd,n) =c| U(A'ﬂ‘d,n) = 7] < up(d, Bi(d)) = Un.
This completes the proof. O

3.3.5 Verifying Condition 3.2.4

In this section, we assume that ¢ = 3 and give the proof of the following lemma that
verifies Condition 3.2.4 for all « € (1, 53/27].
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Lemma 3.3.31. Let ¢ = 3 and d > 2. Then, the pair (q, d) satisfies Condition 3.2.4 for all
a € (1,53/27).

Recall that for a pair (¢,d), Condition 3.2.4, for a fixed value of & > 1 and colours

c1,¢2 € [q], amounts to checking
ey enp. P, p @) < a4 forall p, ... p@ e Ex,,(a), (3.43)
where the set Ex., («) is given by (cf. (3.11))
Ex.(a) = {(p1,...,pq) € {1,a}? | p. = 1 A3 € [q] such that py = a}.

Note that, for ¢ = 3, Ex.(«) has exactly 3 vectors. As we shall see shortly, we can capture
the value of h,, ., s when p("), ... p(9) € Ex.(«) using a function ¢(d, do, d1, o, 8) which
depends on «, § and d, but also on two non-negative integers dy and d; with dg + dy < d;
roughly, d; is the number of p"), ..., p(9) which are equal to the first vector in Ex.(c), d;
to the second vector and the remaining d — dy — d; to the third vector. Let us first define
the function ¢(d, do, d1, o, B).

Definition 3.3.32. Let 5 € [0,1]. Fix any a > 1 and any integer d > 2. Let z(«, 5) =
1— % and y(a,B) =1 — % For any nonnegative integers dy and d; such
that dp + d; < d, let

(1 — B)(l — x(a,,@)dOy(a, B)dl)
B+ x(a, B)%(y(o, B)N + y(a, B)d-do=d)’

We then have the following lemma.

@(d, d07d17a7ﬂ) =1 +

Lemma 3.3.33. Suppose ¢ = 3, d > 2 and § € [0,1]. Fix o > 1 and distinct colours
c1,¢ € [q], and let pM) p®?) ... p@ € Ex,, (). Then there are nonnegative integers d
and dy with dy + di < d such that

heress(PL, . P D) = o(d, do, dy, a, B).

Proof. Let c3 be the remaining colour in [¢] (other than ¢; and ¢3), so that [q] = {¢1, c2, c3}.
Since pV),p?,...,p@ € Ex.,(«), for every k € [d] we have that p{¥) = 1 and one of

three situations occurs:

@ p = p® = a, (D) p = a, p& =1, GiD) p& =1, p) = a.
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If situation (i) occurs, then, using the notation from Definition 3.3.32, we have

(1—8)(pd — pi¥)

k), (k)

1 _
k
ﬂp£2) + De;” + Pes

= z(a, B). (3.44)

If situation (ii) occurs, then this quantity is y(«, 8). If situation (iii) occurs, then it is 1.
Now let dy be the number of k& € [d] for which situation (i) occurs and let d; be the
number of k£ € [d] for which situation (ii) occurs. Then plugging (3.44) and the other

similar observations above into the definition (3.5) of g, ., 3 and gc, ., 3, we have

(1)
1)

PR 713(d)) = Q?(O[, )doy(aaﬁ)dlv and

e ,f)(d)) — :c(a, B)doy(oz, B)d*dofth‘

sy

ey e0,5(D
903,0275@)

Plugging this into the definition of A, ., 3, we have

4- B)(l ~ Ger,e2 8PV ,f)(d))>
B+ Xoeser Geer (W, D)

hc1,02,,3(15(1)7 ceey I*A)(d)) =1+ = Sp(da d07d17 0476)‘ 0

The following definition applies Definition 3.3.32 to the critical value of 3 for the special
case where dy + di; = d; we will see that this special case is all that we need to consider
to verify Condition 3.2.4 for « € (1, 2).

Definition 3.3.34. Let ¢ = 3. Fix any a > 1 and any integer d > 2. Let .(d) =
1—¢q/(d+1). Let X = z(«, B«(d)) and Y = y(«, 5«(d)). Let

3 1 — Xdoyd—do
d+1 B.(d) + Xdo(Yd=do 4 1)’

©«(d, do, ) = p(d,do,d — do, v, B(d)) = 1 +

The values X and Y from definition 3.3.34 are clearly functions of d and «, but we
suppress this in the notation to avoid clutter. (These values will arise in proofs, but,
unlike ¢, (d, dy, @), they will not arise in statements of lemmas.)

The following lemma applies for a € (1, 2).

Lemma 3.3.35. Suppose ¢ =3, d >2and1—¢q/(d+1) < 5 < 1. Fixa € (1,2) and
distinct colours c1,cy € [q]. Suppose that p(), p®) ... p@ € Ex,, (). Then, there is a

non-negative integer dy < d such that

hevess(PY, ., D) < 0u(d, do, ).
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Proof. Since d is fixed, we simplify the notation by writing g, for 5.(d).
Note that both z(«a, §) and y(«, 8) are increasing functions of 3, so ¢ is a decreasing
function of 3. Thus for all 8 € [, 1], we have ¢(d,dy,d1,a, Bx) > p(d,dy,d1, a, ).

Combining this with Lemma 3.3.33, we find that there are nonnegative integers dy and
dy with dg + d; < d such that

hcl,cg,ﬁ(p(l), sy p(d)) = @(d, do, dlv «, B) < Sp(dv dovdla O‘?B*)' (345)

Letdo =d—dog—dy > 0. Ifd; < ds, then

(1= 81 = z(e, B)®y(a, B)™)
Be + x(a, Bi) P (y(a, Be)® + y(a, Ba)®2)
So we can further assume that d; > ds. Since 1 < o« < 2, and 3, < 1, we have

(1—B:)(a—1) (B*+a+1
(ﬁ* + ZQ)(ﬁ* +a+ 1) Bx + 2ax

Sp(da d07d27 Oé,ﬂ*) =1+

> So(da d07 dl,Oé,ﬁ*)-

2 B —y(0, ) = (- B)(a—1)— (B + 2)) <0,

which implies
.T(O{, B*)doy(a> B*)dl Z .T(O{, B*)d0+2y(a7 ﬁ*)d1_1>
and

z(a, B)Py(a, B = w(a, B) O Py(a, )=

These (together with the definition of ) imply that if d; > dy > 1 then
o(d,do,dy, o, By) < @(d,dy 4+ 2,d1 — 1, , B).
Repeating this until dy = 0, we obtain
o(d,dy,dy, o, By) < (d,dy + 2da,dy — da, v, By) = i(d, dy + 2d2, @).
Combining this with (3.45), we obtain
heyeas (P, pD) < puld, do + 2ds, ). O

Lemma 3.3.36. For every fixed d € {2,...,22}, dy € {0,...,d} and « € (1,53/27], we
have @, (d, dy, a) < /<.

Proof. This is rigorously verified using the Resolve function of Mathematica in Sec-
tion 8.1.10. O

60



Lemma 3.3.37. For every fixed integer d > 23, dy € {0,...,d} and o € (1,53/27], we
have @, (d, dy, a) < /<.

Proof. Fix d and dj such that d > 23 and d € {0,...,d}. Since d is fixed, we simplify
the notation by writing j, for .(d). Note that g, € (0,1). Given d, let X and Y be the
functions of « defined in Definition 3.3.34, and observe that these are positive for all
o> 1. Let

1— XdoYd—dO 2d d—d, doBx (d=dg)(1+8%)
P(d.do. ) = 14—~/ = 145 (X2 y Sy TR
dX 776 Y T56. d

By the inequality of weighted arithmetic and geometric means? we have
do (yd 2dg Ay
Be + XYM +1) > (24 Bs) X 2F0 Y 245 |

which yields 3(d, do, @) > @.(d, do, o) — o'/, Thus, our goal is to prove @(d,dg, a) < 0
when a € (1,53/27]. When o = 1, X and Y are 1 so ¢(d, dp, 1) = 0. To prove the lemma,
it suffices to show that % < 0 for a € (1,53/27]. The rest of the proof is devoted to this

technical fact. It is broken up into four steps.

Step 1. Let & = 2do(%55%7)+(d—do)a, M = —X Doy d=do (doﬁ* 22 + (d — do) (B« + 1)a>,

2d, d—d
S = X7 Y255+ (a+ By + 1) (afs +2) /(1 — B,), and & = M + /4. The goal of Step 1
is to show that % < 0 follows from & < &.

Technical details of Step 1. To calculate the derivative of the function ¢, let
gx = (2a + B)(afs + a+ 1), gy = (a+ Ps + 1)(afs + 2).

Using Mathematica, we verify in Section 8.1.11 the formula

2doa?Y + (d — do)a+
gx

Xdoyd=do (do,é’*ag—y + (d — do)(1 + ﬁ*)a> - al/ds> :
gx
(3.46)

2dg d—dg
a5 (1— B)X 26 Y 275
dagy

For all o > 1, we have that

a2+ B)(a+ B +1) — 20+ Bu)(aBs +a+ 1) = —B(a —1)? <0,

2The inequality says that for non-negative x1, zo, 3, w1, w2, w3 With w = wy + we + w3 > 0, w1 +
WaTo + W3T3 > wx;"l/wx;”ﬂwx?/w. Take 1 = 1, x0 = XV 23 = X% w; = B,, wo =1 and ws = 1.
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so we obtain the bound

g _ (@+B+ 1)@ +2) _ (a+B+1)(0B+2) _ 2+af,
gx  QRa+B)(abita+1) " a+B)(a+B+1) a2+

(3.47)

Now note that the first parenthesised expression in (3.46) is positive since X,Y > 0
for all « > 1. Thus, to show £ <0, it suffices to show that the second parenthesised
expression in (3.46) is less than 0. To do this, we can apply the strict upper bound on
gx /gy from (3.47), and show that the resulting expression, which is &; — &9, is at most 0.

Thus, we have completed Step 1.

Step 2. Let W = 1+ ¢~ 1 % and &3 = M + WS. The goal of Step 2 is to show
W < o/, which 1mphes &3 < &. Given Step 1, this means that 2 % < 0 will follow from
showing that & < &s.

Technical details of Step 2. Recall that d > 23. Let m(«,d) = o!/¢ — . Note that

_ #m _ (2-3) (1 —4)
- =0, and 508 o1

82m
-1 da?

m(l,d) = >0 forall o > 1.

Ao la
Thus, m(a,d) > 0 for o > 1.

Step 3. Let k = dy/d. After re-parameterising &; and &3 (so that they depend on d, x and

a), we show that &; < &3 follows from % 5 > (. Given the other steps, this means that

&P < 0 follows from % 5 > (. For future reference, the re-parametrisation is as follows.
Let

0= — <(2d— 1)d(1 — k) N (d—2)k((d—2)a+2(d + 1))) and

d+1 3(d+1)
(d+1D)a+2d—1)((d - 2)a+2(d + 1)) a—-1 (d—1)(a—1)
to = 3(d+ 1) <1+ 7 o 2 >
Then
512a_l(fdli+3d—4n)+d(f£+1),and

¥ 2k (d+1 1 d+1 (3.48)
r(d+ )Y( _K;( I+ )'

53 = SonHYd(l_K) + th 3

Technical details of Step 3.

The Mathematica code in Section 8.1.11 verifies that, at « = 1, &3 = d(k + 1) and

% = %(,d,_@ + 3d — 4k). By Taylor’s theorem and the Lagrange form of the remainder,

there exists a number & € (1, «] such that

&3 ‘

&=dk+1)+ é(—d/@—i— 3d —4k)(a— 1)+ = (6042

) (v —1)% (3.49)

=«
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Thus, if %2523 > 0 for all o € (1,53/27], we can conclude that

& >dk+1)+ %(—d/{+3d—4/{)(a— 1) =¢&. (3.50)

Step 4. Using the parametrisation (3.48) of Step 3, we show that 0 0, for all d > 23,

Oa?

k € [0,1] and « € (1,53/27], thus completing the proof.
Technical details of Step 4. We start with the observation that, for any k; and k5 (not
depending on «) and any function r of «, it holds that

d(rXxkry*r?)
oo

or kiroX  kordYy

= xkry k2 h _or  mrod  mror
f(r ki, ko) , Where f(r, ki, k2) o + < a + v B

Applying this observation twice to each of the two summands in the expression (3.48)

for &3, we see that there are rational functions s, and ¢; of «, d and « such that

9%
0a?

_ SQanYd(lw) +t2X2N(§+1)Y(17K)3<d+1>_

In Section 8.1.11 we use Mathematica to calculate ¢, explicitly and to verify that for every
d > 23 and « € (1,53/27], we have % >0, % L > 0 and t2|x—0 > 0. We conclude
that t2 > 0 for all x € [0, 1] (for the given ranges of d and «). Since X and Y are less
than or equal to 1 and 2x(d +1)/3 < dr and (1 — k)(d + 1)/3 < d(1 — k), the fact that

ts > 0 implies

93
da?
The final Mathematica code segment verifies that so +t2 > 0 for all d > 23, a € (1, 53/27]

2k(d+1) _ (1—k)(d+1)
3 Y 3

= 5o XMy dI=r) L ¢, X > (59 + tg) Xy d1=r) (3.51)

and k € [0,1]. This, together with (3.51), completes the proof since X and Y are

positive. O
We finish by giving the proof of Lemma 3.3.31.

Lemma 3.3.31. Let ¢ = 3 and d > 2. Then, the pair (q, d) satisfies Condition 3.2.4 for all
a € (1,53/27).

Proof. To prove Condition 3.2.4, it suffices to check (3.43) for a € (1,53/27). By
Lemma 3.3.35, we only need to check that . (d,dy,a) < a'/¢ for a € (1,53/27) and
integers 0 < dy < d. This has been verified in Lemma 3.3.36 for all d < 22 and in
Lemma 3.3.37 for all d > 23. O

63



3.4 Uniqueness threshold for ¢ = 4

In this chapter, we will fix ¢ = 4 and give the proof of Theorem 3.1.2. Note that when
q = 4, it is difficult to characterise h., ., 3 since there will be 7 cases instead of 3 cases in
Lemma 3.3.33. So we cannot give a general result so far. However, we can still generalise
our approach and introduce some simplified cases when ¢ = 4. In Chapter 3.4.1, we
will extend the method in Chapter 3.3.1, 3.3.2, 3.3.3 and 3.3.4 to arbitrary ¢, which
can help us bound the ratio of marginal probabilities when ¢ = 4 (Lemma 3.4.10 and
Corollary 3.4.12). Then in Chapter 3.4.2 we will use Mathematica to verify Condition 3.2.4

in the bounded regime and complete the proof of Theorem 3.1.2.

3.4.1 A generalisation of f,y,e and fiower
We first define generalised fipper and fiower. Let B =1-pand § = g — 1, then we define

(1 - By)*

fupper( 7d>53$7 ): ~ ~ N ~ 5
! P By a((1— )it B —y — (4 D))

and

A (1-pn)? '
(1=Ba)?+(-1)A =By + (1 -p(Ll-=z—(G-1)y)?

We will use the following inequality.

f'OWer(QJ d7 67$7y) -

Proposition 3.4.1 (Karamata’s inequality). Let f be a convex function on an interval [a, b].

Suppose x1,x2, ..., Tn,Y1,Y2,- - ., Yn are 2n real numbers in [a,b] and ©1 > x9 > -+ >z
and y1 2 yp > -+ 2 yn. Then f(z1) + f(w2) + -+ f(2n) 2 fy1) + f(y2) + -+ f(yn)
if (x1,x2,...,T,) majorises (Y1, Y2, ..., Yn)-

We say (z1,z2, ..., xy,) majorises (y1, Yy, .- ., yn) if the following holds:
1. foreveryl<m<n-—-1Lzi+x2+ - +Tpm >y1 +y2+ -+ yYm and

2.4zt =y1+ty2+- + Yn

Corollary 3.4.2. Let f be a convex function on (—oo, 1], and n+3 numbers a, b, ¢, z1, . .., Zy

satisfy that

1.0<a<b<l,
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2. foreveryl <i<n,a<uxz <b
3 r1+xo+--+x,=cwhere)<c<1.

Then we have

flx) + flw2) +.. fan) < (n=1)f(a) + f(c = (n—1)a),

and

fla) + fle2) +.. fan) < (0 =1)f(b) + flc— (n—1)b).

Proof. Without loss of generality, we assume 1 > x9 > - -+ > x,. Note thatc— (n—1)a >
c=Y",xi =21 >aandc— (n—1)b < c— Y 'a; =z, < b. By Lemma 3.4.1, it
suffices to show that both (¢ — (n — 1)a,a,...,a) and (b,...,b,c — (n — 1)b) majorise

(1,22, .., Tp).

e Foreveryl<m<mn,c—(n—1)a+(m—-1lja=c—(n—m)a>c—> " . x;=

14+ Ty So(c— (n—1)a,a,...,a) majorises (x1,x,...,Tn).

e Forevery 1 < m < mn, mb> 1+ -+ Zy,. So (b,...,b,c — (n — 1)b) majorises

(.1‘1,$2, e ,l‘n).

Combining with the fact thatc— (n —1)b < c¢— (n —1)a < ¢ <1 and f(x) is a convex

function on (—oo, 1], we complete the proof of this lemma. O

The following lemma gives recursively-generated bounds on the probability that the root

of Ty, is a given colour.

Lemma 3.4.3. Suppose g > 3, d > 2and 5 € [0,1]. For any n > 0, let T' = Ty ,, with root
v = vy and leaves A = Ap. Let vy,...,vq be the children of v in T, T; be the subtree of T
rooted at v; and A; denote the set of leaves of the subtree T;. Consider any configuration
7: A — [q] and any real numbers L,U € [0, 1] such that, for all i € [d] and all j € [q] we
have

L <Prpjo(v;)) =7 |o(Ai) =7(A)] <U.

Then, for all colours ¢ € [q], we also have

flower(CIa d,,U, L) < PrT[U(U) =cC ’ U<A) = 7'] < fupper(Qadyﬂv U, L)
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Proof. By symmetry between the colours, we may assume that ¢ = 1. Let p = Prp[o(v) =
1| o(A) = 7]. For any colour ¢ € [¢] and any child i € [d], let p; » = Prp[o(v;) = ¢ |
o(A;) = 7(Ay)].

Recall that for convenience let 5 := 1 — 5 € [0,1] and ¢ = ¢ — 1. By Proposition 3.1.3,
with ¢ > 3 and ¢ = ¢, we have that

q — By,
p:il , where R := L= 1de i1 . sz,c)‘
1+ R [Ti=i (1 = Bpig)
We first show that p > fiower(q,d, 3, U, L). Since p; , < U for every i € [d], we obtain that
Zq’ 1Hz 1( 5pzc)
(1-BU)

For ¢ € [g|, let p» denote the mean ézie[ 4 Pie- The function f(z) = In(1 — Bx) is

(3.52)

(3.53)

concave on the interval (—oo, 1] so by Jensen’s inequality

d
1 N
gz 1_61710 <ln(1_ﬁﬁc’)‘

Thus, for ¢ € [¢] we have H 11— sz ¢) < (1 — Bpw)?, which implies

ZH — Bpie) < (1= Bp)? + -+ (1 - Bpg)™. (3.54)

d=1li=1
Let g(x) = (1 — Bz)?. Then g(z) is a convex decreasing function on (—oo, 1]. Since, for
every i € [d], pi1+---+pig = 1, we have p1 +- - - +p; = 1 —p,, so Corollary 3.4.2 implies
q

Y (1=Bpe)! < (G- 1)(1=BL) + (1= (1 = py — (4 - 1)L1))"

=1
<(@-1D(1-BL)'+(1-p1L—-U-(¢—1)L))".
Plugging this into (3.54) and then into (3.53) we obtain that
(- 1)L = L)+ (1= 1~ U — (= L))
(1-pL)
which yields the lower bound p > fiower(¢,d, 3, U, L).
Next, we show that p < fipper(¢, d, 5,U, L). To give an upper bound on p, it suffices to

R<

9

lower bound R. Since p; , > L for every i € [d], we obtain the lower bound

Zq/ I szc)
(1—BL)

(3.55)
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Using the inequality of arithmetic and geometric means we have
¢ d ) d A »
Ejkhwmz]]rwm (1= Bpig)) . (3.56)
d=11i=1 i=1

Now recall that f(z) = In(1 — 8z), and fix any i € [d]. Since — f(z) is convex on (—oc, 1],
Corollary 3.4.2 implies that f(p;1) + - f(pig) > (G — 1) f(U) + f(1 — pig— (G — 1)U).
Also, f(z) is a decreasing function on (—o0, 1] , so using the inequality 1 —p; , <1 — L
we obtain

fpin) +-f(pig) 2 (= DfU)+ f1-L—-(G-1)U).

Thus, by exponentiating the both sides of the inequality, it gives that
(1= Bpin) - (L= Bpig) = (L= BUYT (1= (1 = L = (¢~ V)U)).
Plugging this into (3.56) for each i € [d] and then into (3.55), we obtain that

Q((1—pUY1(1 - B — L — (G- D))"
(1-BLyt '
Therefore, using (3.52), we obtain the upper bound p < fipper(q,d, 5,U, L). O

R >

Similar to the case ¢ = 3 in Chapter 3.3.2, we can also establish the following generalised

properties for the generalised functions fypper and fiower-

Lemma 3.4.4. For any fixed d > 2 and any fixed x and y satisfying 0 < y < x < 1 and
r+qy <1< qx+y,

o fupper(q,d, B, x,y) is a decreasing function of 3 on the interval (0, 1) and
® fiower(q,d, B, x,y) is an increasing function of (3 on the interval (0, 1).

Proof. Recallthat 3=1— 8 and §=q— 1. Let

W =@ Bz(z —y) —4(B(e® =3zy +x + (y — )y) +y) + (y — D(By — 1).
The derivative of f,pper With respect to 3 is given by

Ofupper _, 5d((1=B2)i (1= B = (4 1)a —y))) "W
8ﬁ uPPer ( 5y)d+1(1 _ 5$)(1 ( ( ){L‘ _ y))
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Using the conditions on x and y in the statement of the lemma, we find that

W=1-qy+B((qy— D+ (Gz+y—1)(G—1)(z —y))
>1—qy+Blgy— Dz
= (1 - qy)(1 — Bz)

> 0.

We conclude that %"ﬁpe’ < 050 fupper(q,d, 3, 2,y) is a decreasing function of § on the

interval [0, 1]. Similarly, the derivative of fi,er is given by

Ofiower _ Froues? (2z+(G—y—-1)A-BA—z— (G- D)+ (G- (= —y)1 - By)1)d
8,3 lower (1 ~ Bm)d"‘l .
Using the following two inequalities
1-By>1-Bl-z—(G-1y)>1-5>
and
(@—1(z—y) =0,
we find that

2+ (G-Dy—1)1-B1-2— (G- 1)y +(@—1)(x—y)(1 - By)?™*
>(Qe+(@-Dy—D+@G-@—y)1-pl—-—a— (G- 1y)*"
(gr—1)(1-BA—2—(G—Dy)*“ >0,

which yields that %‘gé' > 0. So fiower(q,d, B, x,y) is an increasing function of 5 on the
interval (0, 1). O

Lemma 3.4.5. For any fixedd > 2, ¢ >3and 0 < 8 <1,
1. fupper(q,d, B, x,y) is an increasing function of x when ¢z +y > 1 and z,y € [0, 1],
2. fupper(q,d, B, x,y) is a decreasing function of y when x,y € [0, 1].

Proof. 1. Let R= (1—fz)i1(1 — (1 — (§ — 1)x — y). Then we obtain that

OR

o = B0 = Ba) gz +y—1) <0

since gz +y > 1. S0 fupper = (1— By)?/((1— By)?+GRY9) is an increasing function

of z.
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2. Let R = 1/ fupper — 1. It is easy to see that

(- Ba)(1— B —z— (¢~ 1)y)))d/d
(1 — By)2d/a

is an increasing function of y if z,y € [0, 1]. Thus fypper is a decreasing function of

R=q

Y.
O

Lemma 3.4.6. For any fixedd > 2, ¢ >3and 0 < 8 < 1,

1. fiower(q,d, B, 2,y) is a decreasing function of x when z,y € [0, 1],

2. fiower(q,d, B, x,y) is an increasing function of y when x + gy < 1 and z,y € [0, 1].
Proof. 1. Let R = 1/ fiower — 1. It is easy to see that

(G- 1)(1=By)?+ (1 - B -z — (4 1)y))*
(1 — pa)d

is an increasing function of z if x,y € [0, 1]. Thus fiower is a decreasing function of

R=

xZ.

2. Let R=(1—B2)+ (§—1)(1 — By)*+ (1 — (1 —z — (§ — 1)y))%. Then we obtain

that

87R_AA_ A1 e (A d—1 _ (1 _ p,nd—1

5y — P D((1 =Bl -2 - (G- 1)y)) (1-By)*) <0
sincel —x — (G— 1)y > y. SO fiower = (1 — Bm)d/R is an increasing function of y.

O

Lemma 3.4.7. For any fixedd > 2, ¢ > 3,0 < 8 < 1and 0 < y < z < 1 such that
z+ gy <1< gz +y, we have
fupper(Qadaﬁal'ay) + Qflower(Qadaﬁa$ay) <1< ijupper(% d,ﬂ,x,y) + flower(cb d,ﬂ,l’,y).
Proof. For convenience, let
A~ N A~ A A~ N d o

du = (1= By)" +a((1 = B)1 (1 = B = (d— o — )"

and
di=(1—B2)" + (G- DA = By)" + (1 = Bl =z — (4 - Vy)™.

Using Jensen’s inequality and the condition = + gy < 1 < gz + y we have the following

inequalities:
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1. dy < (1 B2)? + ¢(1 - By)%;

2. d = (1-B2) "+ (G-1)(1-Py) "+ (1~

((@=2)(z—y)+a))? = 1-By)"+d(1—Px)*

=

3. dy > (1 By)?+d(1 - Bx)%

. -\ ¥ . G
4. dy=((1=Ba)"+q(1—Ay)?) = (1—fa) (g (PG (g-1) =05 1) <

Here the last inequality is implied by

. (1= By (1 — Byy\@-Ddja Bz —y)\ a-Dd/d
(@ 1)(1—ﬁx)d+12q(1—3x) —q(l—l— 1—3x)
o e
>q(1+ (- 1)61(96_ Bz))d '
_ (1=Bl—(G—De—y+z+dy—1)\4/a
—q( 1— Bz )
(1=B(L—(§— Dz —y)\Yi
Zq< 1—33} ) ‘

Thus, we conclude that

Q(1 = pa) + (1 By)*
min{d;, d,} -

(jflower + fupper <

and - -
q(1 = py)* + (1 = p)
max{dj,d,} =1

(jfupper + flower >

O]

Lemma 3.4.8. Forany fixedd > 2, ¢>3,0< 8<1and0<y; <yy <xy <1 <1such
that gy1 +x1 <1 < qx1 +vy1 and Gy + 22 < 1 < §ag + yo, we have

fupper<Q7d7ﬂ7x27y2) S fupper(Qa daB?'%'l?yl) and flower(Qa d757x2792) Z flower(Qa dvﬁ?'%.layl)'

Proof. Using Lemma 3.4.5, 3.4.6 and the condition in this lemma, we find that

fUpper(%daﬂvavyZ) < fupper(Qa daﬁa-TlayQ) < fupper(%da ﬁ)xbyl)a

and
flower(Q7da 5ax2ay2) > flower(%daﬁax%yl) > flower(Qa d,ﬁ,xl,yl).
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Then for any ¢ > 3, 8 > 0 and d > 2, we define generalised sequences u,, and ¢,,:
uO(CL da 5) = ]-a
KO(qv d7 /8) = 07
and for every non-negative integer n,
Un+1 (q: d7 5) = fupper(Qu da /67 Un(Qa d) ﬁ)7 En((L d) /B))a
En—i—l(‘]v d7 /6> - flower((L d7 57 un(qa d7 /8>7 gn(qa d7 ﬂ))
Then Lemma 3.3.10, 3.3.11 and 3.3.15 also hold for the generalised version of u,, and /.

(3.57)

The proofs are the same except replacing 3 by g.

3.4.2 The case in which d is small

In this Chapter, we will prove the uniqueness threshold for ¢ =4 and d € {4,5,6,7,8,9}.

First, by Mathematica and brute-force, we have the following lemma:

Lemma 3.4.9. The pairs (¢,d) = (4,4), (¢,d) = (4,5) and (q,d) = (4, 6) satisfy Condi-
tion 3.2.4 for all a > 1.

Proof. By symmetry among the colours, it suffices to verify the condition for colours
c1 = 1 and ¢ = q. We use Mathematica to enumerate all possible p(!), ..., p(¥) € Ex,,(a)

and then verify the following inequality

Va>1, th”g*(p(l), .. .,p(d)) <alld,

For (¢,d) = (4,4), (¢,d) = (4,5) and (¢q,d) = (4,6), all the resulting inequalities are
satisfied. The code can be found in Chapter 8.1.13. O

For some larger d, we can do the following speedup computation. Similar to Lemma 3.3.28,
we first bound the range of the ratio v by calculating two sequences numerically using

Mathematica. Let

and for every non-negative integer n,

[10000 fupper (4, d; Bx(d), uy,(d), £1,(d))]

Unt1(d) = 10000
/o 110000 fiower(4, d, B.(d), ur,(d), £,(d))|
b (d) = 10000

We have the following lemma, which is proved by brute force.
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Lemma 3.4.10. For every integer d € {7,8,9} and every integer n € {0,...,60}, we
have w),(d) > w;,_(d), £,(d) < £, ,(d), 3u,(d) + £,(d) > 1 > 30,(d) + un(d) and
() /o (d) < 41/10.

Proof. In Appendix 8.1.14, we use Mathematica to compute all the values u/,(d) and ¢, (d)

forn € {0,...,60} and d € {7,8,9}. We then check that all of the desired inequalities
hold. O

We next show that the sequences {u/ (d)} and {¢/,(d)} bound the sequences {u,,(d, 5.(d))}
and {¢,(d, 5.(d))} for n < 60.

Lemma 3.4.11. For every integer d € {7,8,9} and every integer n € {0,...,60}, we have
up(d) 2 un(d, B:(d)) and £, (d) < €n(d, B.(d)).

n

Proof. Fix d to be an integer in {7,8,9}. Since d is fixed, we simplify the notation by
writing w,, for u,(d, 5«(d)), u;, for u},(d), ¢, for £,(d, 5(d)), £, for £],(d), fupper(z,y) for
Jupper(q,d, B:(d), 7, y) and fiower(,y) fOT fiower(; d, Bi(d), 7, y).

We prove the lemma by induction on n. For the base case n = 0, we have u,, = v/, = 1 and
¢, = ¢/, = 0. For the inductive step, suppose n > 0. By Lemma 3.3.11 and Lemma 3.3.28,

we have
31 +up—1 <1< 3up_1+ln1, and 30, _; +u,  <1<3u,_+4, 1.
By the induction hypothesis, we have
O <y <up_g <ul_y.

Using Lemma 3.3.9, we therefore obtain that

U;L > fupper(uilfla ;171) > fupper(un—lven—l) = Unp, and

Eln < flower(ugm_laal_ﬁ < flower(un—lagn—l) = gn‘
This completes the proof. O
Combining Lemma 3.4.10, Lemma 3.4.11 with Lemma 3.3.11, we can bound the ratio:

Corollary 3.4.12. For every integer d € {7,8,9} and n > 60, we have

/
W/(60) _ 41

v(4,d, B«(d),n) < 7(60) = 0
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Now, similar to Lemma 3.3.33, we try to simplify hcl,%ﬁ(p(l), ... ,p(d)). Note that
p®, ..., p@ € Ex,(a). So we have po” /p¥) = 1 or « for all ¢ € [¢] and there exists
¢p € |q] such that pgg) / pg;) =a.

Since ¢ = 4, without loss of generality, let {c1, 2, c3, c4} denote 4 colours. Now there are

3 cases:
1. Suppose that pﬁ’f) = pﬁfj) = pﬁ’;f) = apg;). Then for all i € {1, 3,4} we define

(k) _ (k)
(L= B)pe; —pey) _ (A=B)la-1) (3.58)

B+ + 95 + plf) b +3a

x(a7ﬁ) =1

2. Suppose that there exists exactly 1 colour ¢ € {c1, 3, ¢4} such that pﬁk) = pg;). Then

for all ¢; # ¢, co we define

(1= - ) _,_0=-Pla-1 (3.59)

y(a7ﬁ) =1-
Bp%) + pl + ) + pl Bt2a+1

(1-8)(p" —pk))

and it is easy to see that 1 — , = 1.
Y Bpg;) +p§'}> +p§]§) +p§i)
3. Suppose that there exists exactly 1 colour ¢ € {c1,cs,cq} such that pE’“) = apy;).

Then we define

k k
=B —p) | (1-B-1
B + &) + &) + p Bta+t2

2(a,8) =1— (3.60)

-Awe —»)
ﬁpﬁg) +p§’f) +p£’§) +p£i>

and it is easy to see that for all ¢; # ¢, co, we have 1 —

Further, there are 7 detailed cases of pﬁ’?, pﬁi),pé’j). For each case, we count the number

of k € [d] for which that case occurs, respectively:

pgf) / pg;) p((f;) / pg’g) pgj) / pg;) number of occurrence
« « « do
« « 1 dq
o 1 o do
1 « « ds
« 1 1 dy
1 « 1 d5
1 1 (0% d6
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where d = dy + di + do + d3 + dg + d5 + dg.
Then using the definition of Geire; B and plugging (3.58), (3.59) and (3.60), we have

Gerenp (P, D) = z(a, B)My(ar, B2 2(a, B)%
Jeser.s(PY, ., D) = z(a, B)Py(a, B) 1T 2(a, B)
Gerers(PY, ., D) = z(a, B)Py(a, B) 2T 2(a, B)T . (3.61)

To analyse h, ¢, g, let d = (do,...,ds) and

(1-p8)1~- 961,02,,8)
B+ 9er,ea,8 T Gesiea,p + Geaen 8

d)(a? 57 d) = hcl,cgﬂ* (p(l)v o 7P(d)) =1+
Now we can prove the following lemma:

Lemma 3.4.13. The pairs (q,d) = (4,7), (¢,d) = (4,8) and (¢,d) = (4,9) satisfy Condi-
tion 3.2.4 for all 1 < o < 41/10.

Proof. It suffice to show that for all « > 1, 8 > 1 — 4(d + 1) and all possible d such that
do + - -+ + dg = d, it holds that
d(a, §,d) <al/?.

Note that z(«, 8), y(«, 8), z(«, B) are all increasing functions of 5. So ¢(«,3,d) is a

decreasing function of /3, and thus it is sufficient to show that
d(a, B.(d),d) < o'/’

Again, we use Mathematica to enumerate all possible tuples d and then for each d verify
the inequality above. For (¢,d) = (4,7), (¢,d) = (4,8) and (¢, d) = (4,9), all the resulting

inequalities are satisfied. The code can be found in Chapter 8.1.15. O

Combining Lemma 3.4.9 with Lemma 3.4.13, we conclude that when ¢ = 4,d €
{4,5,6,7,8,9}, (g, d) satisfies Condition 3.2.4 foralla > 1ifd < 6andall 1 < o < 41/10
if d > 7. Then the proof of Theorem 3.1.2 follows directly from Lemma 3.4.12 and
Proposition 3.2.5.
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Chapter 4

Counting in Uniqueness I : Counting
Four-colourings on Cubic Graphs

This chapter is based on the joint work with Pinyan Lu, Chihao Zhang and Minshen Zhu
[56]. Our goal is to design an FPTAS for counting the number of proper 4-colourings on

graphs whose maximum degree is at most 3.

4.1 Introduction

The problem of establishing the connection between the condition of uniqueness regime
and the condition of approximability of counting problems has played a significant role
in the study of counting complexity. In this chapter, we will discuss a special case of the
antiferromagnetic Potts model — the proper g-colouring problem. It is easy to see that the
proper g-colouring model corresponds to the Potts model with g = 0 (see Chapter 1.2.1).
The problem of counting proper ¢-colourings has been extensively studied in computer
science and statistical physics. It is known to be #P-hard for ¢ > 3 even on graphs
with bounded maximum degree A > 3 [12]. So designing efficient approximation
algorithms becomes an important study to this problem. Another well-known result is
that the uniqueness condition for the ¢-colouring model on infinite d-ary trees is exactly
q > d + 2 [50]. This fact supports the conjecture that ¢ = A + 1 is the optimal bound for
approximate counting the number of proper ¢-colourings in general graphs of maximum
degree A. However this goal is too difficult to achieve.

In this chapter we will present a new result. We design an FPTAS for approximate

counting proper 4-colourings in the case of A = 3. It is the first approximation algorithm
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to achieve the optimal bound of ¢ = A + 1 and this algorithm is based on correlation

decay approach (the correlation decay approach is introduced in Chapter 2.2.1).

4.1.1 The result

Theorem 4.1.1. There exists an FPTAS to compute the number of proper four colourings

on graphs with maximum degree three.

Although we start with a standard graph colouring instance, where each vertex can
choose from the same set of 4 different colours, we need to modify the colour lists of
different vertices during our algorithm. Therefore our algorithm should work on list-
colouring instances in general, where different vertices may have different colour lists.
More formally, a list-colouring instance is specified by a graph-list pair (G, L), where
G = (V, E) is an undirected graph and L : V — 29 associates each vertex v with a colour
list L(v) C [¢]. A proper colouring of (G, L) is an assignment ¢ : V' — [g] such that (1)
c(v) € L(v) for every v € V and (2) no two ends of an edge share the same colouy, i.e.,
c(u) # c(v) for every e = (u,v) € E.

The Gibbs distribution of an instance (G, L) is the uniform distribution over all proper
colourings of (G, L). For every vertex v € V and colour i € [g], we use Prg 1[c(v) = i] to
denote the marginal probability that the vertex v is coloured 7 in the Gibbs distribution.
If there exists an efficient algorithm to estimate the marginal probability Prg 1, [c(v) = 1]
with sufficient accuracy, then we can construct an FPTAS to count the number of proper

colourings.

Lemma 4.1.2. Suppose there exists an algorithm to compute a (1 + €) approximation of
Prg 1[c(v) = 1] for every list-colouring instance (G, L) with G = (V,E), ¢ = 4, A = 3,
|L(v)| > dy + 1 for every v € V, and every i € [g] in time poly(|V|,1). Then there exists
an FPTAS to compute the number of proper 4-colourings on graphs with maximum degree

three.

The proof Lemma 4.1.2 is routine. It is almost the same as Lemma 2.1.1. (Or see e.g.
[39].) Therefore, the remaining task is to approximate Prq 1[c(v) = i] for instances
satisfying the conditions stated in Lemma 4.1.2 and the following theorem is equivalent

to our main theorem (Theorem 4.1.1).
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Lemma 4.1.3. Let ¢ = 4. There exists an algorithm such that for every list-colouring
instance (G, L) with G = (V, E') and maximum degree at most 3, every vertex v € V, every
colouring i € L(v) and every 0 < ¢ < 1, it computes a number p in time poly(|V|,1)
satisfying

(1 —¢)p < Prg,plc(v) =1 < (14 ¢)p.

Recall that our algorithm is based on correlation decay. So we will first describe our
algorithm in Chapter 4.2. Then we verify the correlation property in Chapter 4.3 and 4.4,
and finally complete the proof of Lemma 4.1.3 and Theorem 4.1.1 in Chapter 4.5.

4.1.2 Prior works

A number of literature has been devoted to the design of approximation algorithms of
counting proper ¢-colourings [11, 62, 43, 42, 47, 12, 77, 23, 24, 44, 22]. The main
algorithmic tool used in these works is the method of Markov chain Monte Carlo (MCMCQ),
which is based on the simulation of a Markov chain on all proper ¢-colourings of a graph
G whose stationary distribution is the uniform distribution. Although the Markov chains
themselves are usually quite simple, it is challenging to prove the rapid mixing property
of the chains and the interplay between the number ¢ of colours and the maximum degree
A of the graph G turns out to be a key measure for such property to hold.

Glauber dynamics is a natural Markov chain to sample colourings and it converges to
the uniform distribution as long as ¢ > A + 2. Jerrum [47] and Salas and Sokal [68]
independently showed that Glauber dynamics mixes rapidly if ¢ > 2A. The bound
of 2A was considered as a barrier for the analysis of Glauber dynamics and was even
conjectured as a threshold for the rapid mixing property to hold for a period of time.
Later, the conjecture was refuted by Bubley et al. [12] by showing that Glauber dynamics
indeed rapidly mixes when A = 3 and ¢ = 5. It is worth to note that this result attains
the ergodicity threshold for Glauber dynamics (¢ > A + 2) and thus it is the best one can
achieve via this method. For general A, the state-of-the-art requires that ¢ > %A, due
to Vigoda’s work [77]. Recently, the constant was reduced to % — go for a very small
constant g [16].

All the above algorithms based on MCMC provide randomized algorithms. Later, a
deterministic polynomial-time approximation algorithm (FPTAS) was obtained in [39]

when ¢ > 2.8432A + ¢ for some sufficiently large constant ¢ on triangle-free graphs. The
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bound was improved to ¢ > 2.581A + 1 on general graphs [57]. These new deterministic
algorithms are based on the correlation decay techniques. The best known bound
for deterministic algorithms is ¢ > 2A for general graphs while ¢ > 1.7633A + ¢ for
triangle-free graphs and some constant ¢ [55]. Their algorithms are based on a so-called
“polynomial interpolation” method in the zero-free region for the partition function of
colourings on the complex plane.

Our algorithm is also based on correlation decay method. As the first algorithm achieving
the optimal bound, we view it as a substantial step towards the optimal counting algo-
rithms for general graphs. It overcomes an intrinsic barrier of MCMC (Glauber dynamics)
based algorithms. For the case of ¢ = A + 1, the Glauber dynamics Markov chain is not

ergodic and thus its stationary distribution is not unique.

4.2 The approximation algorithm
4.2.1 Tree recursion and our observations

Our approach to design the FPTAS is based on the correlation decay property and the
amortised analysis, which were introduced in Chapter 2.2.1 and Chapter 2.2.2. Thus, the
first step is to establish a tree recursion, by which we can compute marginal probabilities
on trees. Since proper ¢-colouring is a special case of antiferromagnetic Potts model, we
can claim the following recursion, which is similar to Proposition 3.1.3 and first appeared
in [39].

Let (G, L) (where G = (V, E)) be an instance of list-colouring and v € V' be a vertex. Let
N(v) = {v1,...,vq} denote the set of neighbours of v in G, where d is the degree of v
and let G, be the graph obtained from G by removing vertex v and all edges incident on

v. For every k € [d] and i € [¢], let

L(u 1}, if u = v, for some ¢ < k,
L(u) otherwise
be colour lists. Then we have the following lemma:
Lemma 4.2.1. Assuming above notations we have
d .
4, (1-P , =
PI'G7L[C(’U) — l] — Hk—]. ( rGtmLk,z[c(UIf) ,L]) (4.2)

Yierw ey (1= Pra, 1, le(or) = 5])
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Proof. Let Zg 1, denote the number of proper colourings on (G, L) and let wg 1, (c(u) = 1)
denote the number of proper colourings on (G, L) that assigns vertex u with colour ¢ for

every vertex u € V' and every colour ¢ € [¢]. Then

wele(v)=i) _ Woul (/\ke a) c(vk) # 1)
Y jerw) wa,r(c(v) = j) > e L) Wen L (/\ke <o) 7&])
Prg,.r [/\ke[d] c(vg) # Z}

Z]GL Per [/\ke[d (Uk) # .7]
_ [Tioy Pra,.zle(on) # i | Agey c(vr) # ]

Yierw) et Pray.n[c(r) # 3 | Apey c(ve) # 5]
_ Hk:l (1 - Per,Lk,i[c(Uk) = Z]) _ 0
e k=t (1= Pre,., le(v) = )

Remark. Let G = (V, E). Note that for all list-colouring instances appearing in this

Prg ple(v) =1 =

computation tree, we have ¢ = 4, A = 3, and for every v € V, |L(v)| > d, + 1. In the
definition of new colour lists (4.1), the size of the colour list associated with vertex u is
reduced by one only if u is v’s neighbour. However, the degrees of v’s neighbours are
also reduced by one in the new graph G,. Therefore the condition |L(u)| > d,, + 1 still
holds for every v € V' \ {v}. For every probability Pr¢ 1/[c(u) = j] in the computation
tree except the root, the degree d,, has the property d, < A — 1 = 2 since we reach this
instance by removing a neighbour of u and thus the degree is reduced by at least one. A
more subtle and crucial new observation is that for every probability Pr¢ 1/[c(u) = j] on
the computation tree except the root, it holds that |L(u)| > d, + 2 since the degree of u
is reduced by one while the size of the colour list for u remains the same in the definition
of (4.1).

In all prior works of analysing (4.2), the recursion functions were viewed as functions
which have dq free and independent variables. For each single variable, an identical
recursion function was used to expand to a set of dq new free and independent vari-
ables. However, when we apply the recursion function (4.2), the marginal probabilities
Prg, 1, ;[c(vx) = j] for different subinstances (G, Ly ;) are not independent. A key idea
is to consider the relations among these variables to reduce redundancy and improve the

efficiency of the recursion. Here are two important observations:

e For different colours i and j, the recursions for Pr¢ 1 [c(v) = i| and Prg 1[c(v) = j]
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involve exactly the same set of dq variables.

e If k=1, L ; are identical for all colour j, and Prg, 1, ;[c(v1) = j] are simply the

marginal probabilities of vertex v; for different colours in the same subinstance.

Using these two observations, we can further apply the same recursion function to
Prg, 1, ;[c(v1) = j] while we use the recursion (4.2) to compute Prg,[c(v) = i]. More
specifically, let d; be the degree of v; in the graph G, and uy, ug, . . ., ug4, be the neighbours
of vy in the graph G,,. Denote by G, ,, the graph obtained from G, by removing v; and
all edges incident on v;. For every k € [d1] and i € [q], we use L} ; to denote the colour

list such that
, L(u)\ {i}, ifu=wuy forsome ! <k,
Lipi(u) = .
’ L(u), otherwise.

Applying recursion (4.2), we obtain that for every j € L(v;), it holds that

d .
(1= Pro,., oy lew) = 1))

p (4.3)
Steson Tt (1= Pra,., zy, le(w) = 1)

Pra, 1, ,lc(v1) = j] =

Then we substitute (4.3) into recursion (4.2) and get a new recursion for computing
Prg p[c(v) = i]. We view this new recursion as one step in the computation tree and
analyse its correlation decay property.

Another crucial idea in our proof is to get better bounds for variables Prg, 1, .[c(vx) = j]
and then we only need to prove the correlation decay property in these bounded ranges.
This idea was used in prior works for counting colourings and many other problems.
However, in our setting of ¢ = 4 and A = 3, these values could be as large as 1 and
as small as 0. These are trivial bounds for a probability in general. Here, we have the
following observation to refine bounds.

Note that the situation that a marginal probability Prg 1 [c(v) = i] = 1 only happens
at the root of the recursion tree and for all other variable the value is between 0 and
1/2. It is possible that a marginal probability is 0 or 1/2. Thus in general the bound
cannot be improved. However, we can easily find in which cases a marginal probability
Prg r[c(v) =] is 0 or 1/2. So our algorithm can output the exact value in these cases.
Otherwise, we can obtain better bounds (see 4.3.7).

Finally, as in most of the correlation decay approach, we use a potential function to

amortise the decay rate. It remains the most important and magic ingredient of the
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proof. There is no general method to design potential function. Based on some numerical
computation, we propose a new potential function in our work. Comparing to the
previous potential functions for colouring problem, the main new feature of our function
is non-monotonicity, which captures the property of the problem. We conjecture that a
potential function of a similar shape can be used for general graph colouring problem for

similar set of recursions.

4.2.2 The algorithm for approximately estimate marginal probabilities

In this chapter, we describe our algorithm to estimate marginals.
The main idea of our algorithm to estimate Pr¢ 1 [c(v) = ] is to recursively apply recur-
sions (4.2) and (4.3) up to some depth D. For the convenience of analysis, we distinguish

between following cases, depending on the degree of v and its neighbours.

e Our algorithm terminates in one of the following three boundary cases.

1. The colour i is not in the colour list L(v), i.e., i ¢ L(v), for which we return 0;

1 .

2. The recursion depth is 0, for which we return VOIE

3. The degree of v in G is 0, i.e. v is an isolated vertex, for which we return m

o If the degree of v in GG is 1, the algorithm branches into three cases according to the
size of L(v).

1. If |L(v)| = 2, we directly apply recursion (4.2);

2. If |L(v)| = 4, note that the sum of the marginal probabilities of colours j € L(v)

on v in G, is 1, the denominator of the recursion (4.2) becomes a constant 3;

3. If |L(v)| = 3, for the same reason we can denote the denominator of the
recursion (4.2) by 2 + y, where y is the marginal probability of colour j €
[4] \ L(v) (the absent colour) on v; in G,,.

e If the degree of v in G is 2 or 3, we faithfully apply recursion (4.2) and (4.3) to
estimate the marginal probability. In order to simplify the analysis, we use the
following convention in the case of deg(v) = 2: Let the neighbours of v be vy, vo.
We always assume deg(v1) > degq(v2) and if deg(v1) = degg(ve) = 1, then
i ¢ L(vy) implies i & L(v9).
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The whole algorithm is described below. We use procedure P(G, L,v, i, D) to estimate

Prg p[c(v) = i] up to depth D.

Algorithm 1: Estimating Prq 1 [c(v) = i

Input :Graph G, colour lists L, vertex v, colour i, recursion depth D;
Output : A real value P € [0, 1] estimating Pr¢ 1,[c(v) = i] up to depth D.

Function P(G, L,v,i, D)
begin
if i ¢ L(v) then
| return 0;
end
if D <0 or degg;(v) =0 then

1
return ;
‘ IL(v)]’

end
if deg;(v) = 1 then

| return P (G, L,v,i,D);
end
if deg;(v) = 2 then

| return Py(G, L,v,i, D);
end
if deg(v) = 3 then

| return P3(G, L,v,i,D);
end
end

The functions P, (G, L,v,i, D), P»(G, L,v,i, D) and P3(G, L,v,i, D) deal with the cases
of deg(v) = 1, deg(v) = 2 and deg(v) = 3 respectively.

Case deg(v) = 3: v has three neighbours vy, vy, and vs.

Algorithm 2: Estimating Prg 1 [c(v) = 7] when degq(v) = 3
Function P5(G, L,v,1i, D)
begin
for j € L(v) do
Z;j — P(GU, Ll,j;j; D);
Yj < P)(Gv7 LQ)j,j, D),
Zj < P(Gv, Lg’j,j, D);
end

(A—z:)(A—y;)(1—2:) .
jerL)(1—2;)(1—y;)(1-2;)°

return 5

end
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Case deg(v) = 2: v has two neighbours v; and vy. Without loss of generality, suppose
that deg(v1) > deg(v2) and vy has neighbours {us, ..., u4, } in the graph G,,. We can
also assume that if deg(v1) = deg(v2) = 1. Then ¢ ¢ L(v;y) implies ¢ & L(vz).

Algorithm 3: Estimating Prg 1 [c(v) = i] when degq(v) = 2
Function P»(G, L,v,i, D)

begin
for j € L(v) do
fi < 0;
Yj P(Gv, Lg’j,vg,j,D — 1),
if j € L(v;) then
for k € [d1], w € L(v1) do
‘ T P(Gv7v1,L§€7w,uk,w,D - 1);
end
) HZI:1(1*IIW')
SN v G
end
end
1—£)(1—y;
return zje(L(vfl)ﬁfj)q”I(l)fyj);
end

Case deg(v) = 1: v has only one neighbour v;.

Algorithm 4: Estimating Prq 1 [c(v) = i| when degg(v) =1

Function P, (G, L,v,i, D) begin

if |[L(v)| = 2 then

T < P(GU, Ll,i; vi,t, D — 1);

y < P(Gy, L1 j,v1,j,D — 1) where j is the other colour in L(v);

return y1-%;
=

end

f|L(v)| = 4 then

T < P(GU,L17i7vl7Z’,D — 1);

return 15%;

end

/* In the following case, |L(v)|=3. */
T < P(Gv, Ll,ia v1,%, D — 1);

y < P(Gy, L1j,v1,5,D — 1) where j is the colour in the singleton set [4] \ L(v);

1—zx.
return 24y >

e

end

Proposition 4.2.2. Let ¢ = 4. Given a list-colouring instance (G = (V,E), L) with
maximum degree 3, a vertex v € V satisfying deg(v) < 2 and |L(v)| > degs(v) + 2, a
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nonnegative integer D, we have

4
> P(G,L,v,i,D) =1
i=1
Proof. We will prove the proposition by induction on D. When D = 0 we have
Z?Zl P(G,L,v,i,0) = 3 i) m = 1. Suppose the proposition holds for D — 1.
To obtain the proof for D, we will do a case analysis depending on the degree of v.

1. degg(v) = 0.
Clearly "1, P(G, L,v,i, D) = Yie ) oy = 1-
2. degg(v) = 1.

Let x; = P(Gy, L1,,v1,%, D — 1). By definition we have L;; = L for all i € [4].
Therefore Y7, ; = .3, P(Gy, L,v1,i, D — 1) = 1 by induction hypothesis.

If |[L(v)] = 4, Y4, P(G, L,v,i,D) = Sk 1o = 41— g,

If |L(v)| = 3, assume j ¢ L(v). Then Y., P(G,L,v,i,D) = > ieL(v) %jr—g; =
3—(1—$j) — 1
2+Ij *

3. degg(v) = 2.
In this case |L(v)| = 4. So

4 4

2PGLuiD) =) e T ) T S 1= 1) (= gy)

A—f)-w) Y- —y) _

O]

Using the same proof, we can also have Z?Zl f; = 1, where f; is defined in Algorithm 3.
As the end of this section, we claim that by choosing appropriate D our algorithm can
compute a number p in time poly (|V], %) satisfying (1 —e)p < Prg [c(v) =] < (1+¢)p,
which can prove Lemma 4.1.3. The proof of our claim and Lemma 4.1.3 will be given in
Chapter 4.5.

4.3 Bounding the marginal probability

In this chapter, we introduce upper and lower bounds for values computed in the

algorithm. These bounds will play a crucial role in our proof.
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Definition 4.3.1. We say a tuple (G = (V, E), L,v € V) (a list-colouring instance together
with a vertex in the graph) is reachable if the following conditions are satisfied: degq(u) <
3and |L(u)| > deg(u) + 1 for every u € V, deg(v) < 2 and |L(v)| > degq(v) + 2.

It follows the discussion in Chapter 4.2.1 that for all probabilities Prq 1 [c(v) = 4] that

appeared in the computation tree except the root, (G, L, v) is reachable.

Proposition 4.3.2. Let (G, L,v) be a reachable tuple, i € [4] be a colour, and D be a

nonnegative integer. Then it holds that

0< P(G,L,v,i,D) <

[\DM—A

Proof. We now prove the proposition by induction on D. For the base case D = 0,
P(G, L,v,i, D) will return TEOT
Assume the induction hypothesis that the proposition holds for D — 1. We will show that

( 1 if D = 0, so the proposition holds since |L(v)| > 2.

the proposition is also true for D. We now do a case analysis depending on the degree of

v,

1. degq(v) = 0.
In this case P(G, L, v, i, D) will return ‘L( 1 where |L(v)| > degq(v) +2 = 2, hence
we have 0 < P(G, L,v,i,D) < 1.

2. degn(v) = 1.
Let v = P(Gy, L14,v1,4,D — 1) and y = P(Gy, L1,,j, D — 1), as defined in Algo-
rithm 4. Then 0 < z,y < 5 1 by induction hypothesis.
According to algorithm, P(G, L,v, 4, D) will return 13% or %T’ and in both cases
this return value is bounded by 1 5 given x,y > 0.

3. degg(v) = 2.

Let f;, xi., and y; be the variables defined in Algorithm 3. By induction hypothesis
we have 0 < zy, 4, y; < % As for f;, we need to further do a case analysis depending

ondj.

If di € {0,1} then f; < 5 1mmedlate1y follows, as we have already seen in previous
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two cases. If d; = 2, we also have

[lhey (1 — 2y)

fi =
’ ZwEL(m) Hi:l(l — Tgw)
S . 1— xl,j
(1= 215) + 5 Zwerwngrd — 1w
1-— .’ELj

T (—ay) + 52+ z1;)

l\')\»—l

Here we used the fact that }° /()10 = 1, since [L(v1)| = 4 when d; = 2.

Similarly we have

(1= fi)(1 — ) 1

Djenw(I—fi)(l—y;) — 2

IN

P(G,L,v,i,D) =
O

Proposition 4.3.3. Let (G, L,v) be a reachable tuple, i € L(v) be a colour, and D be a
nonnegative integer. Then it holds that

1. if degy(v) = 2, then

1
> —
P(G,L,v,i,D) > 13
2. ifdegy(v) < 1, then
P(G,L,v,i,D) > é

Proof. If deg;(v) = 0 or D = 0, we have P(G, L,v,i,D) = |L(u)\ > 1. In the following,
we assume D > 1 and deg(v) > 1. We now again do a case analysis depending on the

degree of v.

1. degi(v) =2
It must be the case that |L(v)| = 4. Therefore we have
(1= fi)(L —wi)
(1= f)(L = wi) + 2jerepgy (I — f) (A —y;)
(1-3)°

1
2 12 =1 13
(1-3)" +Zjerppnt—0 1+3

P(G,L,v,i,D) =

The upper bound % for f; and y; is guaranteed by Proposition 4.3.2.
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2. deg(v) =1

—
[

1
_ . o T
If |L(v)| =4, P(G,L,v,i,D) = 3% > 2 = ¢.
. _ 1—1
If |[L(v)| =3, P(G,L,v,i,D) = ;Tg > 2% _ % > %

O]

Note that overall we have lower bounds 7 for P(G, L, v, i, D), regardless of the degree
of v. Furthermore, for f;’s defined in Algorlthm 3 we can draw a similar conclusion: if
j € L(vp) then fj > i3

Proposition 4.3.4. Let (G, L, v) be a reachable tuple and D be a nonnegative integer. Then
for every colour i € [4] such that i € L(u) for some neighbour u of v, we have
1. if degy(v) = 2, then
12

L D)< —
(G v? ZJ ) 25

2. ifdegg(v) = 1, then
6
P Lv,i,D) < —.
(G,L,v,i,D) < 13

Proof. If i ¢ L(v) then P(G, L,v,i, D) returns O and we are done. If D =0 and i € L(v),

then P(G, L,v,i,0) = | L(lv” < % since v have at least one neighbour. In the following, we

assume ¢ € L(v) and D > 1.

1. degn(v) =2

If i € L(vy), by Proposition 4.3.3 we know that f; > &

(1= f)(1 — )

PG Lv.i, D) = (=)L = wi) + Xjerp (I — )1 —y;)
< (1-f)A-0)
T (=) =0) + Y p g (L= fi) (1= 3)
_ 2(1 - fi)
21— fi) + ( ZjEL(v)\{i} fj)
— 2( B fz) < B
i—f S5 25
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Here we used the fact that } ;. f; = 1. On the other hand, if i € L(v;) then

Yi > 1—3. So
. o (1_fz)(1_yz)
PG L0t D) = 0 i 0= 40 + S yen o (L= 1) — )
< (1 - fz ( %)
T A=) (U= 15) F Yiern - ) (1-3)
) 20 f) () _12
B )+ 3 jerwpa(L—fi)  50—11fi = 25
2. degg(v) =1

Clearly i € L(u) where w is the only neighbour of v. So x = P(G,, L,u,i,D — 1) >
1
Tg-

If |L(v)| = 4 then P(G, L,v,i,D) = 13

<
If [L(v)| = 3 then P(G, L,v,i,D) = £2% < —18 = 5
O

Proposition 4.3.5. Let (G, L,v) be a reachable tuple, i € [4] be a colour. Assume that
deg(v) = 2. Then one of the following holds:

1. the vertex v and its two neighbours form a triangle in G;
P(G,L,v,i,D) < %for all integer D > 2.

Proof. Without loss of generality we assume i = 1. Denote by v; and v the two neigh-
bours of v in G. We only need to consider the case when 1 ¢ L(v;) and 1 ¢ L(v9), i.e.
f1 = y1 = 0, since otherwise by Proposition 4.3.4 we immediately have P(G, L,v,1, D) <

5 < 27 In this case v; and v, each only have up to one neighbour in GG,,, which we will

denote by u; and uy respectively. We now continue to discuss in two cases.

1. degg, (v2) =0

According to the algorithm y; = le)l for j € L(v2) and y; = 0 for j ¢ L(v2).
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If [L(vs)| = 3 then y; = 0 and y; = y3 = y4 = 5. We have

1
P(G, L,v,i,D) =
( L S S O (T
1
143 (3- Sjesonm /1)
1 3 13

=-< .
1—|—§ 7T 27

If [L(v2)| = 2 we can assume 2 ¢ L(vs), thus y; = y» = 0 and y3 = y4 = 5. We have

1
PGaLv 7.7D =
( »:i D) L+ erongy (= fi) (1 =)
1
<
T+ (0-f)0-0)+1-f)A-F+ 0 - f)(1-3)
1

13— o)+ 5 Y jerny (- S5)
B 1 _4 13
Torli—f) 9 ar

. degg, (v2) = 1.
Since v, v; and vy do not form a triangle, Ly ;,(u2) = L(u2) for all colour k, thus it

follows from Proposition 4.3.4 that for every j € Lo j(u2) = L(u2), we have
. 6
yj = P(GU, LQJ‘,’UQ,], D — 1) S Tg

So if L(va) C L(ug) we have

1
P(G,L,v,1,D) =
L+ ierwngr (= f) (1 —y;)
< 1
T+ (1= 3) Yerenm (L= £7)
_ 1 13
1+ -2 2T

On the other hand, consider L(vy) Z L(us). Notice that 1 ¢ L(v2) so there should
be some other colour, say colour 2, satisfying 2 € L(v2) \ L(ug). This also forces

degGv,vz (’LL2) S 1. Let
tk] = P(G’U,U27L2,k7u27j7‘D B 2)’
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where G, = (Gv)vz, i.e., the graph obtained from G by removing v and v, and
all edges incident to them. Since 2 ¢ L(ug2) we have 2 = 0 for all k. We need to

further distinguish between two cases.

(a) 1€ L(uy).
Recall that Ls ;(u2) = L(ug) so for all k € L(v), 1 € Ly (u2). Combining
degg, ,, (u2) < 1, by Proposition 4.3.3 we obtain that for all k € L(v), ty1 = z.
Specifically we have ty; > ¢. Now 1 is the colour in singleton set [4] \ L(vz),

so according to Algorithm 4

1-— to9 6
Y2 = <=
24 t91 13
As a consequence, we again have y; < 1% for all j € L(v2) and the Proposition

follows from this bound.

(b) 1 ¢ L(uz). In this case uy is isolated in G, ,, with colour list {3,4}. So it is

clear that ¢ = t;2 = 0 and t3 = t4 = 1 for every k. Further we have y, = 1

and Y3 =Yg = % Now

1

P(G.L,v,1,D) =
( e > jernip (= i) —uj)

1
L+ (1= = fo)+ A=A~ fz) + (1=~ fa)
1
L+ 3 Y ereopy( = ) — 11 = fo)
4 4B
9+ f T 9 27

O

Combining above propositions with the deg(v) < 1 case, we have the following theorem

for bounds on marginal probabilities computed:

Theorem 4.3.6. Let (G, L,v) be a reachable tuple, i € [4] be a colour. Then one of the

following propositions holds:

1. P(G,L,v,i,D) = %for all integer D > 2;

2. P(G,L,v,i,D) < %for all integer D > 2. Specifically P(G, L,v,i,D) < 1% when
degs(v) < 1.
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Furthermore, when P(G, L,v,i,D) = %for some integer D > 2 the local structure of G

around v falls into one of the following three cases (see Figures 4.1, 4.2 and 4.3):

1.

2.

degi(v) = 0. Then j,w ¢ L(v) for two distinct colours j,w other than i (Figure 4.1).

degi(v) = 1. Denote by u neighbour of v. Then i ¢ L(u) and j ¢ L(u) U L(v) for
some colour j # i (Figure 4.2).

. degq(v) = 2. Denote by u; and usy two neighbours of v. Then v, uy, ug form a triangle,

and ¢ ¢ L(uy) U L(ug) (Figure 4.3).

Proof. Assume w.l.o.g. i = 1, and we will assume 1 € L(v), otherwise the statement

is trivial. From Proposition 4.3.5 we know if P(G, L,v,i,D) = % then v and its two

neighbours vy, vo must form a triangle, and 1 ¢ L(v;) U L(v2), as depicted in Figure 4.3.

If this is not the case then P(G, L,v,i,D) < 2. Now we focus on those degq(v) < 1

cases.

1.

degq(v) = 0.
We know |L(v)| > 2. If |L(v)| > 3 then apparently P(G,L,v,1,D) < &+ < . 1f
|L(v)| = 2 then P(G, L,v,i,D) = 1 and this is just the case depicted in Figure 4.1

. degg(v) = 1.

By Algorithm 4, if |L(v)| = 4 then P(G, L,v,1, D) will return 5% < 13. So we
focus on |L(v)| = 3. Assume 2 is the colour in singleton set [4] \ L(v).
1—2

According to the algorithm, P(G, L, v, 1, D) now returns 27y where

r = P(Gv,lel,u, 1,D - 1)
Yy = P(GU,LLQ,U, 2,D — 1)

Notice that %‘TZ could reach % if and only if x = y = 0. Otherwise at least one of x

and y is bounded by § from below, thus 372 is bounded by max { 2596, 1;66} —
6

Tgc

Moreover, z = y = 0 indicates that 1 ¢ L; ;(u) and 2 ¢ L;2(u). Recall L;; =
Ly, = L, it immediately follows that deg; (u) = 0 and 1 ¢ L(u) and 2 ¢ L(u).
Together with 2 ¢ L(v) we have 2 ¢ L(u) U L(v) which completes the proof (This

case is depicted in Figure 4.2).
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Pr[e = o]

f\o Prlo= ] =

Figure 4.1: Boundary case one

)

NSRS

Prlg = o] = 1;

29

Prls=e| =Prle= | =

1
3

Figure 4.2: Boundary case two

Figure 4.3: Boundary case three

Consider a depth D that is large enough(larger than the size of G). Then clearly
P(G,L,v,i, D) should return Pr¢ 1[c(v) = i]. Therefore we can actually draw the same
conclusions for true value Prg 1[c(v) = i]. Thus we can present the following theorem,

which is an immediate corollary of Proposition 4.3.3 and Theorem 4.3.6.

Theorem 4.3.7. Let (G, L,v) be a reachable tuple and i € [4] be a colour. Then either
Pre ple(v) = i) is 0 or 1/2, or Pre [e(v) = i] € [15, 32]. Moreover; let D > 2 be an integer.

We also have that
1. P(Ga La’U,Z., D) =0 ifand only lfPI'Gl,[C(U) = 2} = O’

2. P(G,L,v,i,D) =% ifand only if Pr¢ p[c(v) = i] =

2

D=

3. P(G.L,v,i,D) € |5, 8] if and only if Prg p[e(v) = i] € [, 2]
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4.4 Verifying the correlation decay property

In this chapter, we discuss the correlation decay property of our recursion. First we

present the following theorem, which captures the property of correlation decay.

Theorem 4.4.1. Suppose D > 3 and q = 4. Let A = % be a constant. Then for any

list-colouring instance (G = (V, E), L) satisfying |L(v)| > degs(v) + 1 for every v € V, we
have
|P(G, L,v,i,D) — Prg ple(v) =i]| < C - \P73,

where C > 0 is some constant.

We can view the one step recursion P(G, L,v,i, D) as a function F; where each input
of F; is obtained by calling a depth-(D — 1) recursion on some list-colouring instance
(Gk, Li). Therefore F; has 2 main variants, depending on whether P, or P is called.

As we explained in Chapter 2.2.2, the so-called “amortised analysis” is usually a powerful
method to prove the correlation decay property. We will apply this method to our proof.
We set

1
o(r)=2Inz —2In (2 —az)

whose derivative (potential function) is

and let

3
M=>-V2= sup ————.
2 0<a<l (1 —2)®(x)

Pick a list-colouring instance (G = (V, E), L) with maximum degree 3, a vertex v in G
with neighbour(s) v; and v if exist satisfying |L(v)| > degs(v) 4+ 2 and a colour . To
prove Theorem 4.4.1, the idea is to apply induction on D, which can be formalized by

the following lemma.

Lemma 4.4.2. Let A = 555 be a constant and F; be the function associated with

P(G, L,v,i,D). Then one of the following statements holds:
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3. p(Fi(x) = @(Fi(x")| < A max, o1y @) = o(a5)|

where x are the return values of subroutines called by P(G, L, v,i, D) and x* are true values

of those called instances.

We shall point out here if the first two cases do not occur then ¢(F;(x)) and ¢(F;(x*))
are always well-defined. This is a simple corollary of Lemma 4.3.7. Instead of proving
this lemma, we will introduce Lemma 4.4.3 which can directly imply Lemma 4.4.2.

To ease the notation we first define the following. For any function f(z) and any d-

dimensional vector x where d € N, let f(x) denote the vector (f(x1), f(z2), -, f(xaq)).

Lemma 4.4.3. Suppose d is the arity of F;. Define the contraction rate

L ®(F(x)) |9F(x)
O‘(X):Z ®(z;) ‘ dz; |

Jj=1

Then for all x € Dom(F;) C [0, 5]¢, we have

a(x) < A

9996

where \ = 10600°

Before delving into the proof, we first show that how to prove Lemma 4.4.2 by Lemma 4.4.3.

Proof of Lemma 4.4.2. LetZ be the index set of variables of F;. Let xg = {xz lieZ,x; € {O, %}}
and x; = {z; | i € Z,z; € (0, 5)}. Let I and T, be the corresponding index set of x, and

x1. Define x{j and x} similarly.

Let u; = p(x1), u} = p(x}), and since ¢ is strictly increasing we have x; = ¢~ !(u)

and x} = ¢~ !(u}). Notice uj is well-defined because we know z; € (0, 3) if and only if

z} € (0, %) by Lemma 4.3.7. In other words, xo and x; shares the same index set with x;

and x7J, respectively.

Introduce
g(t) = p(Fy(x0, ¢~ (tur + (1 — t)uy))

so that @(F(x)) — p(Fi(x") = p(Fi(xo,x1)) — p(Fy(x5,x})) = g(1) — g(0). By Mean
Value Theorem there exists ¢ € (0, 1) such that

o) =90 _ )

94



For convenience we denote iy = tu; + (1 — f)u} and x; = ¢ (). Clearly each
component of x; lies between 0 and % since ¢ is a monotone function. Simple derivative

calculation yields

() — (x| = | 3 TR SRR
ity J J

P Fl X ,)~( 8Fl X ,)NC %

SZ (q)((;) l))’ (a; 2 [y — ]
ity J J

e [uy = ]

P(F;(x0,x OF;(xg,%X
< (5 2ntw s onee s

J€L

Finally note that if z; € {0, 1} then ﬁwj) = 0, thus,

3 P (Fj(x0,%1)) ‘8Fz-(x0,5<1)

ieh (I)(i'j) al‘j
-y ®(Fi(x0,%1)) ‘8Fi(x0,§<1) T O(Fi(x0,%1)) ‘8Fi(X07)~(1)
A C)) dz; = 2) dz;
< sup a(x) <A
xE[O,%}d
This completes the proof. O]

We make some remarks. Here F; is just a general concept representing the function of our
algorithm. We use different recursions to compute the marginal probability as the degrees
of v and v’s neighbours change. As a consequence, the specific form, including arity of F;
has several variants, and depends on actual situations. Moreover, in our analysis we will
frequently refine the domain of F; because in some cases both true value and computed
value never exceed a certain bound. Nevertheless, we can always obtain the expression
of this contraction rate «(x), and it turns out that we can bound this rate for all variants
of F;.

The rest of this section is dedicated to proving Lemma 4.4.3. Our proof is based on the
case analysis of the degree of v. Because of the symmetry between colours, we will only

need to prove for ¢ = 1. The proofs for other colours are identical.
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4.4.1 The case deg.(v) =1

Denote by v; the only neighbour of v. In this case F; has three variants.

55 (L) =4
Fi={12 1eL(v)j¢Lw)
0 1¢L(v)

where v = P(Gy, L1,1,v1,1,D — 1) and y = P(Gy, L1,4,v1,7,D — 1). We shall prove

Lemma 4.4.3 for the first two variants since the last one is trivial.

1. |L(v)| = 4.

The contraction rate writes as

_ ®(Fi(x)) |0F(x)
alx) = O(x) Ox
Moreover we have the following upper bound
(F(x) |0F(z)] 1 a(z-x)  3x(l—2z) P
®(x) or | 3 (-5 (-o)(1+22) " 1+22 4

2. 1€ L(v),j ¢ L(v).
In this case F7 is a binary function. The contraction rate writes as

®(F1(x7y)) ‘8F1($,y) ‘ + ‘I)(Fl(i',y)) ‘8F1($,y) ‘
D (z) oz O (y) oy '

a(z,y) =
We further consider the following three cases.

(a) 1 ¢ L(vy) and j ¢ L(vy).
In this case x and y are accurately computed, hence no error occurs in our
computation.

(b) 1¢ L(v1) and j € L(v1).

d
Denote by d; degree of v; in graph G,. Then y = Hklzl(ldzzik) >
Piery) [t (1—zu)
2
(1-3) 1

——5—2/—— = 13. This lower bound also holds for 3*.
(1-3)"+(1-0)x3

13°
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If 1 ¢ L(v1), then x = 2* = 0. Let Fy = F1(0,-) be the function obtained by
fixing = 0 in F}. The contraction rate of Fj is

_ ®(Fo(y)) |0Fo(y)
oly) = P(y) ‘ dy ‘
_ yE-y) 1
= %_ﬁ) (2+y)?
11
=(1-2y) < L

(0 1€ L(Ul).

Similarly we could have z, z* > . Then

_(I)<F1(x7y)) aFl(wvy) (I)<F1(x7y)) aFl(wvy)
ote = G P - 2

_ 1 z(3-2) (A-2y(-y)
%(%_%) 2+y (2+y)?
@ - 2+y)+y(3-y)(1—2)
(1—z)(z+%) '

We show that (3 =) CH+y)ty(5—y) (1)

< — 9996 oh .
() (24 %) < A for A = {5505, which is equivalent

to

1 1 Y
x(2—x>(2+y)+y<2—y)(l—x)gx\-(l—:v)<$+2). (4.4)
Inequality (4.4) can be simplified to

A 1—X
(1—ar)y2+ <x2—2m—2)y+x2—(1—)\)x20. (4.5)

Using the fact that 1—13 <z< %, we know the LHS of (4.5) is minimized at
y = 214X plugging this into (4.5) and it can be simplified to

1 =20+ A2+ (16 — 14X — 2X\H) 2 + (=52 + 36\ + A?)z® + (32 — 20\)2® + 42 <0,
which holds for & <z < 1.

To summarise the analysis in Chapter 4.4.1, we have

9996
< =
o(x) < A= 10000
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4.4.2 The case deg,(v) =2

Denote by vy, vo two neighbours of v. Let d; = degy, (v;) and we have d; > d». In this

case
(1= f)(1 — )

B=hbeoy) = -0 —u)

where

d
ZjGL(vl) Hklzl(l_xk,j)

d
f B Hk1:1(1_mk,i) = L(’Ul)
0 i ¢ L(v).

4.4.2.1 A. The case d; = 2
We first note that for ¢, j € L(v1), fi/ f; is bounded by constants.

Proposition 4.4.4. If dy = 1 or 2 and for every 1 < k < dy, j € L(v1), we have 0 < . j <
%, then for every i,j € L(vy), it holds that % < fi/fj <4and f; > %

Proof. For everyi,j € L(vy), we have
fi [0 (1 — 2p)
fi HZ1:1(1 — Thyj)
Then the bound for the ratio follows from d; = 1,2and 0 < z;, ; < % forevery 1 < k < dj,
Jj € L(Ul).
To see the lower bound for f;, we note that [L(v)| < 4 and thus 1 = > ../, f; <
fi+42j€L(v)\{i} fi <13f;. ]

To prove Lemma 4.4.3 it suffices to bound the contraction rate

2 O(F
=3 % o
=17

eL(v1)

OF} (x)

8xji

L ®(F) |9F(y)
+; ‘P(y;)’ Ay; ‘
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Simple calculation yields

Sy o
=1 jeL(vy) 8xﬂ
2 4 4
-y ®(F1) Fih 3 Fy 4 ®(F1) Fif 1 Y Fy,
| n) -2y S 1- i JeLiomn{1) O(zji) 1—zj|1-f1 ]12¢11_fk
j
2 (N ) g
<N | Mm-aF)R flzlif -~ fi ﬁ—zlif 22 Py(f,y),
i=1 k=2 TR ern = L
k#j
4 4
)|0F|  ®(F) Fi(l-F) () RF;
> 90~ ) 1ot a1 2R

7j=1
Now we only need to bound
a(va) = 2P1(f7Y) + PQ(faY)
Notice that after substituting M for W we can ignore x and treat P, and P, as

functions of f and y, with some constraints on f as we will see soon.

Discussion on the absolute value. Let D; = - f1 Zk#l lF kL for j = 2,3,4. We
show that at least two of these D,’s are nonnegative. Assume for the contraction that

Dy, D3 < 0. Then we obtain

1 F; F: F
h B B
1-fi 1—-fi 1—fs 1—f4
1 F1 F2 F4

1*f1_1*f1_1*f2_1*f4<0

This is equivalent to

(1= f)A—y2) + (f1 — f3) (1 —y3) + (f1 — fa)(1 —ya) <O (4.6)
(I=f3)(L—y3) + (fi— fa) (L —y2) + (fr = fo)(1 —ya) <O (4.7)

(4.6)+(4.7) gives
(I+fi=2f3)1—y3) + 1+ fi—2f2)(1 —y2) +2(f1 — fa)(1 —ya) <O
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Since 1+ f1 — 2f3,1+ f1 —2f> > 0and 0 < yo, 3,94 < 3,
3fi+1—fo—f3—=2f4<0.

Since d; = 2 we have |L(v)| = 4 so Proposition 4.4.4 holds for all pairs of f;, fj,
1 <i<j<4. Applying f1 + fa+ f3+ fo = 1, we obtain 4f; < f4, which is a

contradiction.

Therefore, we have either all D; for j = 2, 3,4 are nonnegative or at most one of it is

negative. Assume D is negative, i.e.,

(1= f2)(X—y2) + (fr = f3)(1 —y3) + (f1 — fa)(1 — ya) <O.

Since (1 — f2)(1 — y2) > 0, we have either fi; < f3 or f; < f4 or both. W.l.o.g. assume

f1 < f3, now we distinguish between two cases:
e (f1 < f4) In this case, we can let y, = % and y3 = y4 = 0, this gives
L= fa+2(f1 — f3) +2(f1 — fa) <O.
Using the identity f; + fo + f3 + f4 = 1, we obtain

6f1+ fo—1<0.

e (f1 > fu) In this case, we can let y» = 3, y3 = 0 and f, = fy, this gives
1— fa+2(f1 — f3) <O0.
Using f3=1—fi — fo — f4 < § — f1 — f2, we obtain

3
4f1+f2—1<0.

Now we can continue our analysis of a(x,y).

Case 1: All D; are nonnegative for j = 2,3,4. Introduce the following function of w

and f
—f '
o1 1% =7

where ¢ € [0, 1] is some constant parameter. The following two lemmas will be very

Gﬁ(wmf) =

useful in our analysis.
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Lemma 4.4.5. Go(w, f) is concave when f € [0, 1] and % < w < 1— f, hence for all
wy, fi satisfying f; € [0, %] and % <w; <1-f;,i=1,2,---,n, we have

Go(w, f1) + Go(wa, f2) + - - - + Go(wn, fn) <Gy <w1+w2+"'+wn fl+f2+"'+fn)'

n n n
-2 2w .
Proof. The Hessian of Gy(w, f) is [ 12;f (12_wfz) ] , which is negative semi-definite
I LN (R OE
when f € [0, 1]. O

Lemma 4.4.6. For all wi,wz, w3 € [0,%] and f1, f2, f3 € [15, 5] such that % < wy; <
1—fi,1=1,2,3, we have

2 ’ 2
w1 + we + ws f1+f2+f3>
3 ’ 3

%(Gg(whﬁ) + Ge(wa, f2)) < k- G <w1 +w2 f1 +f2>

1
3

(Ge(wr, fr) + Ge(wz, f2) + Ge(ws, f3)) < k- Ge <
holds for any ¢ € [0, 1], where r = 1333

Proof. First we shall point out that if the lemma holds for ¢ = 1, then it should hold for
any other 0 < ¢ < 1.
Suppose the lemma holds for £ = 1. That is

%(Gl(wlvfl) + Gi(wa, f2)) < k- Gy <w142rw2, il ;r f2> '

Rewrite
Gf(wv f) = (1 - £>G0(w7 f) + gGl(wa f)

Recall that G is concave, thus

3 (el 1)+ G 1) < (=000 (52 B 2 ) e (M A2

< (-6 Co <w1—;w2’f1-;f2> G <w1—;—w2’f1-;f2>

G wy +wa f1+ fo
_H' 5 2 s 2 .

The same argument works for the 3-variable case. So it remains to prove the £ = 1 case.
It can be rigorously proved by Mathematica (the codes are in Chapter 8.2.2) that for all

wy,wa, w3 € [0, 1] and f1, fo, f3 € [15, 3] such that 1—sz <w; <1—f;,i=1,2,3, we have

w1 + wa f1+f2>

;(01(w17f1)+G1(w2,f2))§/€1‘G1< 5
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(G0, ) + 261w, ) < oG (22 1

10195 _ 10181
Too06 K2 = Tooop and k1k2 < k. As a consequence,

wy + 2wy f1+ 2f2>
Here k1 =

é(Gl(wlvfl) + Gr(wa, f2) + Gr(ws, f3)

— 5 (5261001 )+ Gl ) + 3 (G ) + 26 (s ) )

2
1 2wq + wo 2f1+f2 2+2w3 f2+2f3
< Kg-— Gl )
3 3

1/2 2 1/2 2

< rire - Ch (( w1 + wa w2+ w3> ( f1+f2+f2+ f3>>
2 3 2 3

gn-Gl<w1+1;2+w3,f1+];2+f3>.

Recall that f; = 0 for j ¢ L(vq), and

1 Fy,
Y. HlT—F o
, 1-fi “~—~1—f
JELEO\(1} =1
4 4 4 4
1 Fy, Fy,
=X/ - =1-> fi),
= 1—fi k:ll_fk: = — 11k
k#j k#j
4 4 P 4 £ 4 4 4
=1— 4 — 4
z;fjkllfk flglfk ;1szf] flzlffk
‘77 = g
k#j g;ék;
4
F
=hy
R
So we have
1-F 4 4 j
— &(F)F _—1+ +4M i .
Y R M e A W

Define symmetric forms of Fj, as follows.

(1= fi)(1 = yx)
(1—fi) A —y1)+3(1— f2) (1 —y2)’

Fr(f1, f2ru1,92) = k=12

102



Then we can define the symmetric form of «

R B ~A A 1 —Fl 3F2 . FQ
a(f1, fa,y1,92) = ®(F1) <(1 — o) + (1= y2)®(y2) +12Mf1 - — f2> :

Lemma 4.4.7. Forall f,y € [0, 3]* such that 5 < f1, fo, f3, f4 < 3 and fi+ fo+ fs+f1 =1,
there exists fg, U2 € [0, %] such that f1 + 3f2 =1and

a(f7y> <K- @(f17f273/17392)

__ 1038
where k = T000°

PT'OOf. Let wy = (1 - fk)(l - yk)7k = 2,3,4, A(fay) = Z?:l(l - f])(l - y]) be the

denominator of Fj,, and A(f1, fo,y1,42) = (1 — f1)(1 —y1) + 3(1 — f2)(1 — y2) be the

denominator of F},. Then

4
1-F 1 1—-f; -
a=Q(F)F <1+A g cI>J:ZJJ--i—ZLMfl' o )

4
— (R F (ulyf{)(y) + Gy, f») .

Take w9 and f2 such that 3wy = wy + we + w3, 3f2 = f1+ fo+ f3,and take g5 = 1 — lwig .
—J2
Therefore f1 +3fo = fi+ fa+ fa+ fa=1and

A(fvy) = A(f17f27y17y2)

Fl(fvy) = Fl(flaf?)?/h@?)’

Furthermore, w; and y; satisfy the condition of Lemma 4.4.6 hence

_1-hR R'M
a < ®(F)F ((1 —y1)®(y1) o A )
— ®(ENE 1_—}%1 K - L ' =
— ((1 “pin ((1 “mat —f2>>
. A 1-F 35 P
<k-®(F)F <(1 )@ () T (1 —92)P(92) +12M 11 1-— f2>

= K- &(f17f27ylvy2>'
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Lemma 4.4.8. For all fi, fo,y1,y2 € [0, 3] such that &5 < f1 < S and f1 +3f, = 1, we

have
963

A~ < ity

Proof. The lemma can be rigorously proved by Mathematica. The codes are in Chap-
ter 8.2.3. O

Theorem 4.3.7 and Proposition 4.4.4 provide the condition for Lemma 4.4.7. Combining

with Lemma 4.4.8, it gives

. 1038 963 9996
f < K-O 6) < . .
af,y) < - alfi, 2,90 92) < 7555 7000 < Too00

Case 2: D; is negative for some j. Without loss of generality, we can assume j = 2,

e, 25 — Ypei 34 T2 < 0. Therefore,
4 4 4 4
1 E, F; 1 F,
fil— - =hy L —2p -
;;;’141 gl—fk él—fj 1-fi él—fk
k#j k2
So we have

4

- 1-F; Fj 4Mf1Fj>_ 1 _
o= o)k <1—yl><1><yl>+Z<<1—yj><1><yj>+ oy, ) ME T

=2

which is a function of f,y € [0, 1]* where f1 + fo+ f3 + f1 = 1.
Similarly, by exploiting the symmetry of f3 and f,, we define the symmetric form of F}.

EFy(f1, f2, 3,01, Y2, y3) = (- fl}il — Y1)

where

A= (1= )0 =y)+ 0= f)(1—y2) +2(1 = f3)(1 — y3)-
Then we can define the symmetric form of «

& = q)(}j}l)Fl (121(1 ~ )P+ P+ PS)
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where

P 1 _AMf
0 —yey) 1-fi
Py = G2+ AMA( = ),
Py = 2%&5)’) +8M(f1 + f2)(1 —y3).

So & is a function of f,y € [0, £]3.

Lemma 4.4.9. For all f,y € [0, 1]* such that— <fafi<sand fi+ fot+fs+ fa=1
there exists f3, {3 € [0, ] such that fi + fo + 2fs = 1 and

a<f7Y) < K- 6‘(f1af27f37y17y27’g3)

_ 1038
where k = 1000-

Proof. Letw; = (1—f;)(1—y;) for j = 3,4, and denote A = A(wy, wy, w3, ws) = Y ;_; w;

be the denominator of F,. Then

J=3

4
oz:q)(};ll)Fl Al-F)P+ P+ Z yf)j+4M(f1+f2)(1yJ))
j
_OER [ pp s P S 1-f AM =
A (- F)A+ 2+]§_;<I>(1— w?j)+ SURE
4
_ (I)(I;l)ﬂ Al—-F)P + P, +ZGf1+f2(wj7fj)) :

. Then we

Take 13 and f3 such that 23 = ws + wa, 2f3 = f3 + f4, and take g5 = 1 —

3
have f1 + fo + 2f3 =f1+ fo+ f3+ fs=1.Let A(wl,wg,wg) = wy +wy + 2w3. It is clear
that A(wy, wa, w3, wy) = fl(wl,wg, ws). Since f; + f2 € [0,1] by Lemma 4.4.6 we have

att,y) < P (A= P+ P+ 26 i, 1)
_ ‘I’(F;}l)Fl (Au — )P+ Py + 2 - (gzygf;” (fi+ f2)(1 %)))
< TV (A(l ~Fpy Py 2 s - %))

= K- @(f17f27f37y17y27:l)3)'
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Lemma 4.4.10. For all fi, fo, f3,v1,y2,y3 € [0, 3] satisfying

fi+ fa+2f3=1,
6f1+f2—1<0,

3
4fl+f2_1<0)

and
1 1 1
T3§f1§§7 O§f2af3§§7
we have
R 9163
a<f17f27f3ay17y27y3) S m
Proof. Recall that o
. ®(I)Fy A
a = T (A(l — Fl)Pl + P +P3>
where
o 1 AMf,
A -y)en) 1- A
1
P2 - (p(yz) +4Mf1(1 y2)7
21— f3) B
Py = o) +8M(f1 + f2)(1 —y3)
1+ A4/ B
Denote
A=Al = F) = (1 — fo) (1 —y2) + 2(1 — f3)(1 — y3).
So

2 (A1P1 + P+ Pg)
A — (1 —y)(1 = f1)

We substitute P; for P| = (1—y5 o 14% /ff3 > P, and obtain an upper bound

&:

. 2(A1 P} + P, + P3)
a < .
A= (1 =y1)(1 = f1)
Notice now both numerator and denominator are linear functions of f;. Therefore it

reaches the maximum value when f; is at its boundary. The next step is to let f; take its

boundary values and simplify the formula.
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=50 fo).
o 2(A1P] + P, + Pj)
A - (1)1 - )
where
/ 1 _'jb 2 B .
P2 - <I>(y2) + gM(]- f2)(1 y?)a
r_ 7-+-5j§

3 6‘1’(y3) +§M(5f2+1)(1_y3)

9138

20600° The codes are in

It can be rigorously proved by Mathematica that a; <
Chapter 8.2.4.

2(A1P{ + Py + Pj)

R P G R TR YRy
where
el (3 )

19+ 12f, 1
Py=—"_""22 4 6M Z) (1= ys).

It can be rigorously proved by Mathematica that a; < 393 The codes are in
Chapter 8.2.5.

Ch=
2(A1P| + Py + Py)
a3 =
A —(1—y)(1 - 15)
where
1—fo 4
P = S v -
2 q)(y2) + 13 ( y2)7
14+ fo 1
P} = SM — | (1 —y3).
It can be rigorously proved by Mathematica that as < 392, The codes are in

Chapter 8.2.6.
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To conclude we have & < max { 1o, 403 9102 3 — 2,03 O

100007 10000 10000 10000 *
The discussion of absolute values provides the condition for Lemma 4.4.9, and combining
Lemma 4.4.10 gives

< 1038 9163 < 9512
~ 1000 10000 ~ 10000

O[(f,y) S K- d(f17f27f3ayl7y2):g3)

To summarise the analysis in Chapter 4.4.2.1, we have

9512 9996 9996
a(f,y) < max

10000 10000 / ~ 10000

4.4.2.2 B.Thecased; =1

When d; = 1 we need to bound a(x,y) = Pi(f,y) + P»(f,y). Furthermore, if 1 € L(v;)
then we still have & < f; < 3,0 < fs, f3, f1 < 3. In this case, the proof in Chapter 4.4.2.1
can all go through once we obtain the symmetric form of « by the following lemma. This

is a modified version of Lemma 4.4.6 that can fit the situation of d; = 1.

Lemma 4.4.11. For all wy,wz,w3 € [0,1] and f1, fo, f3 € [0, 1] such that 151+ < w; <
1—f;,1=1,2,3, we have

%(Gf(wlafl) +G§(w27f2)> < k- Gg <'IU1 + wo fl + f2>

2 ’ 2
1 + 1wy + + ot
3 (Gelwn, ) + Gelon, ) + Gelun, o) < - Ge (15200 IERER)
holds for any ¢ € [0, 5], where = {353

Proof. The proof is almost the same as Lemma 4.4.6, except that here we only need
to prove for £ = i. This is also achieved by proving that for all w1y, ws, w3 € [0, %] and
f1, fa, f3 € [0, 3] such that 15/t <w; <1 f;,i = 1,2,3, we have

—(G1(w1, f1) + G1(wa, f2)) < k1 -G <w1 +w2’ fi+ f2>
1 I 1 5 5
L w1 + 2w +2
3(Gi(w1’f1)+2Gi(w2>f2))Sffz-Gi( 1 . 2’f1 s f2>
where 1 = %7 k2 = % and k1k2 < k. The Mathematica code to verify the lemma is
in Chapter 8.2.7. -
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Now it remains to handle the case when 1 ¢ L(v;). So in the rest of this section we will
assume that f; = 0.

According to the convention in Algorithm 3, we have either 1 ¢ L(v2) or d2 = 0. We will
defer the discussion of this dy = 0 case to the end of this section. If 1 ¢ L(vy) we have
f1 = y1 = 0 and this is true for both actual value and computed value. So we fix fi,y; to

be zero in our recursion and discuss the contraction rate of this partially fixed function
1
1 :
1437500 = f)(1 —y))

The contraction rate should not involve the derivatives of f; and y;, namely

=

Oé(f,y) = Pl(f7y) +P2(f7y)

where
'R
P(f,y)=®(F)F-M- > f 1—Zl_kf ;
jeLlvn\{1} =1 F
4
By(f,y) = ®(F)F Z i "k

j=

and

(1 — fi)(1 — yx)
L+ 30,1 = £)(1 —y;)

k =

is also partially fixed accordingly.

Discussion on the absolute values. Let D; =1 — Zk 1 1 for j = 2,3,4. Recall that

N
N

4
2 Di= Ji 1_2 o

j=2 JEL(v)\{1} =

so it cannot be the case that all D;’s have the same sign. We will always, without loss of
generality, assume Ds has the opposite sign against others. Then |Dy| + |Ds| + |D4| is
either 2Dy or —2Ds.
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Case 1: D, is negative. In this case

4
a(f,y) = ®(F)Fy ( —2Dy) +Z =)0, ))

i=
Denote A £ 1 + 2?22(1 — f;)(1 — y;) the denominator of F}.

We first consider the case when y; = § for some j € {2,3,4}. By Theorem 4.3.6 we know
that all y;’s should be accurately computed given the recursion depth D is at least 3. So

we can further discard all derivatives of y; and obtain

F
af.y) =2Mf- ®(F)F | Y5 _kf -
=1 k
k#2
_AM 3 —y3 —ya — A)

A—2
Notice that « is monotonically increasing on y», so we take y» = 3. After substituting
1 — fo for f3 + f4 we get
f3(5 —ys) + fu(3 — )
(3= y3)(1 = f3) + (5 —ya)(1 = fa)

where the last inequality is due to fo, f3, f1 < % and the monotonicity on f3 and fj.

af,y) <4Mfs - < oM

On the other aspect, if y; # % forall j € {2, 3,4}, then by Theorem 4.3.6 we have y; < 13
forall j € {2,3,4} since dy is at most 1. Let w; = (1 — f;)(1 — y;), by Lemma 4.4.11

4 Fk 4 F‘J
olf.y) = ®(EOE | 2MP | D g p =+ D S
i =
CB(F)F (1 f L1 |
ST\ PR g HMfZ“yJ))
Ce(P)F (1 - f) w;
- —= @(y2)+2Mf2(1 A)+;¢(l_£w+ Mlefj)
O(Fy)F f !
/11 ! B(yn) +2M fo(1 — )+jZ3GJ‘22(vafJ>)
®(Fy)F fa
< SR () #2000 = 42000 )



where w3 = w, fg = %, F = and A = 1 + wy + 2u3. If we take

1
1+wa+23

g3 =1— 1“’—?} then we can get the symmetric form of «a:
—J3

e O(P)E (1 L 21—y .
a(f,y) = A <(D(y2) =+ 2Mf2(1 A) =+ (I)(gg) —+ 4Mf2(1 y3)> .

Lemma 4.4.12. For all f, f3, 2, y3 € [0, 1] satisfying

we have
9231

A < .
a(f?v f3a Y2, y3) = 10000

Proof. The lemma can be verified by Mathematica. The codes are in Chapter 8.2.8. [

In conclusion we have

A 1018 9231 94
Oé(faY) Smax{2M7n'&(f27f37y27Q3)} SmaX{QM }

" 1000 10000 [ < 100°

Case 2: D, is positive In this case

4
F}
0) = SR M 20230 (s

As we did in Case 1, we first consider when y; = % for some j € {2,3,4}. We similarly

obtain
LR
af,y) =2Mfy- ©(F1)F1 [ 1 - Z 1 _kf
k=1 k
k42
_ AM fo(A—3 4+ y3 +ya)

A-2

Notice that a(f,y) is monotonically increasing on y3 and y4, so we take y3 = y4 = %
which yields
af,y) < 4Mfy < 2M.
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6 - _ 9996
Now we once more assume y; < 13 for all j € {2,3,4}. Recall A\ = 15555, we now prove

that

E?:z(l - fj)yj(% —yj) +2M f2(A =3+ y3 +ya)

)
A
4 9

af,y) = <A

Since the denominator of «(f,y) is positive, a(f,y) < A is equivalent to

4
1
a2y ijg ')+2Mf2(A3+y3+y4)>\<2A1><0.
j=2

Note that G is quadratic on y3, we can write it as

G=—(1—f3)ys + <2Mf2 + 1(1 — f3) + %)\(1 — f3) —2M fo(1 — f3)> ys +C

:(1—f3)< y3+<2M§2 +1;)\—2Mf2> >+C,

where C' is a polynomial containing no ys.

Therefore, G is increasing in [—oo, 7o) Where 2o = 1= 1}23 + L2 M > H2 > 5 Since

ys3 and y4 are symmetric, the same argument holds for .

¢ < 0. Applying fo + f3 + fi = 1, a direct

We only need to prove that G’ £ @ [ £

calculation yields

2
G = M f3(—6+ 13y2) + @(6 91\ + 169y5 + 169Xy — 338y3)

+ ﬁfg (—13X(—6 4+ 13y2) + (=6 + 13y2)(—1 — 52M + 26y2)) .

L+52M +130—26y> -

1
TOIM . Therefore,

Since yo < %, G’ is increasing in [—oco, 21| where z; =

13>
we only need to prove that

9 3M 2x /1 M A 2
G”éG, = — —_—— — —_ — _72 O
h=t=33 T3 3T \a 2 Tg) 5 <0

which holds for y; € [0, 3].
In conclusion we have
a(f,y) <max {2M,\} = \.
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The case d; = 0. At last we come to the discussion for dy = 0. In this case y; is not

necessarily 0, but all y;’s are accurately computed. Redefine

= 11—y
-y + Z§:2(1 — )1 —y;)

4
A=1—y+) (1-f)1—y).

=2

As we did before, we shall discard the derivatives of y;’s and assume D, has the opposite

sign against others. Now

4
a(f,y) =2Mfy - &(F1) 121ka
=1 Ik
f£2
_AMfo]A—= (A —y1) — (1 —y3) — (1 —v4)|
A—=2(1-y1)

_ AMf S =) —y) —2+ys+w
L= A=y — (1—)

is monotonically decreasing on y;. So we can take y; = 0 and this is reduced to a situation
we have discussed before.

So far we have exhausted all possible cases when deg(v) = 2. To summarise the analysis
in Chapter 4.4.2.2, we have

4
af,y) < max{lgoo,)\} =\

4.4.3 Proof of the correlation decay property

Putting together the conclusions of Chapter 4.4.1 and Chapter 4.4.2, we complete the
proof of Lemma 4.4.3.

Thus we can prove Theorem 4.4.1 now.

Proof of Theorem 4.4.1. Let A = % be constant.

We first claim that if a vertex v satisfies deg;(v) < 2 and |L(v)| > degq(v) + 2, then one

of the following statements holds:

e P(G,L,v,i,D) =Prglc(v) =1il;
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e |p(P(G,L,v,i,D)) — ¢(Prg rlc(v) =1])| < C1-A\P—2 where o(z) =2Inz—2In (% — m)

and Cy > 0 is a constant.

Given the claim, we have for some constant Cy > 0, it holds that

1

|P(G, L,v,i,D) — Prg rlc(v) =1]| = 6

"QO(P(GvL’UvivD)) - SO(PI‘G,L[C(U) = z])’ < CQ')‘Dv

where ®(z) £ ¢'(z) = 212 and 7 is some real between ¢(P(G, L,v,i,D)) and
(P 1fe(v) = i]).

Now assume (G = (V, E), L) satisfies |L(v)| > deg(v) + 1 for every v € V. Let v € V be
an arbitrary vertex and consider the computation tree of P(G, L, v,i, D). According to
the construction in Chapter 4.2.1, all the sub-instances P(G’, L', v, 4, D’) called by the
procedure satisfy |L(v)| > degq/ (v') + 2 and degq (v') < 2, i.e., the condition specified

in the above claim. Further note that in all cases, the 1-norm of the gradients of our

recursions
Fla,y,2) = 3_1;2 if deg,(v) = 1 and |[L(v)] = 2:
Fla,y) = ;:; if deg(v) = 1 and |L(v)| = 3;
Flz) = . if deg.(v) = 1 and |L(v)| = 4:
Fify) = zjeim_({i)—(?ﬁ(gf)— m H deg(v) = 2
F(x,y,7) = (1 —ai)(d —y)(1 — 2) if deg(v) = 3,

> jern)d —2) (1 —y;)(1 = 2)

are bounded above by some constants for parameters in the range [0, 1]. Therefore it

follows from the mean value theorem and the claim that
|P(G, L,v,i,D) — Prg rle(v) = ]| < C - \P.

for some constant C' > 0.

It remains to prove the claim. We apply induction on D. The base case is that D = 2.
It follows from Theorem 4.3.6 and Lemma 4.3.7 that if Pr¢ 1 [c(v) = i] is 0 or 3, then
the algorithm return the correct value, i.e., P(G, L,v,i, D) = Prg [c(v) = i|. Otherwise,
the function ¢(-) is bounded from above and thus the claim holds. For D > 2, the claim

follows from the induction hypothesis and Lemma 4.4.2. O]
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4.5 Proof of Theorem 4.1.1

In this Chapter, we will complete the proof of Lemma 4.1.3 and Theorem 4.1.1. We start
by first analysing the running time of Algorithm 1.

Let G = (V,FE) be a graph with |V| = n, L be its colour lists, v € V be a vertex,
i €{1,2,3,4} be a colour and D be a nonnegative integer. Denote by 7(G, L, v, i, D) the

running time of the procedure P(G, L, v, i, D). Then we have:
Lemma 4.5.1. If deg(v) < 2, then (G, L,v,i,D) = O (n312P).

Proof. We apply induction on n to show that for some constant C' > 0, 7(G, L, v,i, D) <
C -n?12P. The base case is that n = 1, then the algorithm terminates in constant time.
For general n, we need to analyse cases deg.(v) = 1, 2 respectively.

Case deg;(v) = 1: Algorithm 4 contains two subcases. We use an adjacency matrix to
represent a graph. Thus we can construct in n? time the graph G, which contains n — 1
vertices. We then have the following recursions for the two cases respectively (assuming

notations in the description of Algorithm 4):

(G, L,v,i,D) < 17(Gy, L1 4,v1,i, D — 1) 4+ n?
7(G,L,v,i, D) < 7(Gy, L1,v1,4,D — 1) + 7(Gy, L1 j,v1,§, D — 1) + n?
Then the lemma follows from the induction hypothesis.

Case deg(v) = 2: Algorithm 3 has at most 12 branches, we have (assuming notations in

the description of Algorithm 3):

7(G, L,v,i,D) < Z Z (G5 z,ﬂu,w,D —-1)+ Z T7(Gy, Lo j,5,D — 1) + n?.
kedy weL(v1) JEL(v)

Then the lemma follows from the induction hypothesis. O

If deg(v) = 3, then the algorithm P(G, L,v, i, D) will call P3(G, L,v, i, D) described in
Algorithm 2. However, since the maximum degree of G is at most three hence in further
recursion call to Algorithm 1, the degree of a vertex decreases by at least one. Therefore

Algorithm 2 can be called at most once. Combining Lemma 4.5.1, we have
Lemma 4.5.2. 7(G, L,v,i, D) = O (n?127).
Now we prove Lemma 4.1.3.
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Proof of Lemma 4.1.3. First, we need to bound the value Pr¢ 1 [c(v) = i] on the compu-
tation tree. If Prg 1[c(v) = i] = 0 then it is clear to see P(G, L, v,4, D) = 0 thus we are
done. Otherwise we have Prg 1[c(v) = 4] > % if (G, L,v) is a reachable instance. In
previous discussion we know that (G, L, v) is on the root of our computation tree if this

instance is not reachable. In this case
[Ty (1 - Pro, 1, [e(vr) = i)
d X
ZjEL(v) [T (1= Pra, 1, [c(vr) = 4])

where d = deg(v) < 3 and |L(v)| < 4. It yields

_1)3
Prg ple(v) =1 > (2 2) = i
(1-1+1+14+1 25

Prg plc(v) =i =

Y

Combining with the bound of reachable cases it implies Pr¢ 1[c(v) =i] > o for all
instances in computation tree.
By Theorem 4.4.1, there exists constants A = $59% and C > 0 such that for every list-

colouring instance (G, L) satisfying conditions in the statement of the theorem, it holds

that
|P(G,L,v,i,D) — Prg pfe(v) =] < C - \P73
forall D > 3.
For any 0 < ¢ < 1, let t be the smallest integer such that C - \!=3 < 5= and let p =

P(G,L,v,i,t). We can show that Algorithm 1 up to depth ¢ is the algorithm outputs p
such that

(1—2)p < Precle(v) = i] < (1+)p
in time poly(|V],1).

Theorem 4.4.1 implies

So

116



Next we show that Algorithm 1 up to depth ¢ is a polynomial time algorithm with respect
to [V| and L. By Lemma 4.5.2, 7(G, L, v, z,t) = O (n312"). Since ¢ is the smallest integer

such that C'- A3 < £, we have

t—4§10g/\%§t—3,

which implies 7(G, L, v, z,t) = O (n31210gx ﬁ) ~0 (n3 (25C) "8 12). X and C are

€

constants, so 7(G, L,v, x,t) = pOlY(W‘ ) %) =

Finally, combining Lemma 4.1.3 and Lemma 4.1.2 completes the proof of Theorem 4.1.1.
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Chapter 5

Counting in Uniqueness II :
Sampling Potts on Random Regular
Graphs

This chapter is based on the joint work with Antonio Blanca , Andreas Galanis , Leslie

Ann Goldberg , Daniel Stefankovi¢ and Eric Vigoda [7].

5.1 Introduction

Connecting the uniqueness phase transition with the performance of algorithms is a
difficult task that is largely under development. This connection is well-understood
on the grid, where it is known that the mixing time of local Markov chains, such as
the Glauber dynamics, switches from polynomial to exponential at the corresponding
uniqueness threshold, see for example [59, 58, 73, 2, 60, 4]. Also, for certain two-
state models, such as the ferromagnetic Ising model and the hard-core model, it has
been proved that Glauber dynamics mixes rapidly when the underlying parameter is in
uniqueness and that the dynamics mixes slowly otherwise, see [64, 65, 30]. So the same
picture is conjectured to hold for the Potts model as well, but in general this remains
open. In Chapter 4, we introduced the algorithmic result of proper g-colouring model
in the uniqueness regime for ¢ = 4. In this chapter, we will discuss general cases of the
antiferromagnetic Potts model.

There has been significant progress in the last years in understanding the complexity of
sampling from the Gibbs distribution in two-state systems, but for multi-state systems

progress has been slower, especially on the algorithmic side. In this chapter, for all
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integers ¢ > 3 and A > 3, we design approximate sampling algorithms for the g-state
antiferromagnetic Potts model on random A-regular graphs (regular graphs with n
vertices chosen uniformly at random), when the parameter § lies in the uniqueness
regime of the regular tree. Our algorithm is not based on a Markov chain approach but
proceed by iteratively adding the edges of the graph and performing a resampling step at
each stage. As such, this algorithm can produce samples that are within error 1/n° from

the Potts distribution for some fixed constant § > 0 (which depends on 3, ¢, A).

5.1.1 The result

Theorem 5.1.1. Let A > 3, ¢ > 3 and § € (0,1) be in the uniqueness regime of the
(A — 1)-ary tree with 3 # (A — q)/A. Then, there exists a constant 6 > 0 such that, for all
sufficiently large n, the following holds with probability 1 — o(1) over the choice of a random
A-regular graph G = (V, E') with n vertices.

There is a polynomial-time algorithm which, on input the graph G, outputs a random
assignment o : V. — [q] whose distribution v, is within total variation distance O(1/n?)

from the Potts distribution ug with parameter (3, i.e.,

Ve = nllry = O(1/n%).

Note that the sampling algorithm in the antiferromagnetic case works throughout unique-
ness apart from the point (A — ¢)/A, where uniqueness on the tree is expected to hold
but the model is conjectured to be at criticality. In particular, for all § # (A — q)/A
which are in the uniqueness regime of T, it can be shown that the decay on the tree
is exponentially small in its height. In contrast, even if uniqueness on the tree holds for

B = (A —q)/A, it can be shown that the decay on the tree is polynomial in its height.

Remark 5.1.1. There are certain “bad” A-regular graphs where the algorithms will fail to
produce samples with the desired accuracy; saying that the algorithms work on random
A-regular graphs means that the number of these “bad” graphs with n vertices is a
vanishing fraction of all A-regular graphs with n vertices for large n. Moreover, we can
recognise the “good” graphs (where our algorithms will successfully produce samples

with the desired accuracy) in polynomial time.
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5.1.2 Prior works

Recall that, we define the uniqueness of the Potts model on d-ary trees in Chapter 1.2.2,

which is restated below:

Definition 1.2.2. The ¢-state Potts model with parameter (3 exhibits uniqueness on the

infinite d-ary tree T if, for all colours ¢ € [g], it holds that

1
limsup max |Prp,, [0(vgn) =c|o(Ar,,)=7] —=|=0. (5.1)
n—oo T: ATd’n—WI] 7 ’ q

It exhibits non-uniqueness otherwise.

Let A = d + 1 be the maximum degree of d-ary trees. For the antiferromagnetic Potts
model (5 < 1), the uniqueness threshold on the tree is not yet known in full generality. It
is a folklore conjecture that the model has uniqueness iff ¢ > A and g € (0,1), or ¢ < A
and 8 > 1 —¢/A. It is known that the model has non-uniqueness when 5 < 1 —¢q/A [32].
Establishing the uniqueness side of the conjecture is more difficult; we have proved this
conjecture for small values of ¢ and A in Chapter 3 but generally it is still open. For the
g-colourings model (5 = 0), Jonasson [49], building on work of Brightwell and Winkler
[10], established that the model has uniqueness iff ¢ > A.
The connection between the uniqueness condition and the efficiency of approximate
counting problems has been well studied for many spin systems, such as the Ising model
and the hard-core model. However, for the Potts model, this study becomes a difficult
task and is still open. So in this chapter, we focus on the antiferromagnetic Potts model on
random graphs. Understanding spin systems on random graphs [64, 65, 79, 9, 63, 21, 33,
, 30] gives insights about the complexity of counting and the efficiency of approximate
sampling algorithms.
Our sampling algorithm is inspired by Efthymiou’s algorithm [29] for sampling ¢-
colourings on G(n,d/n); the algorithm there also proceeds by iteratively adding the
edges of the graph and exploits the uniqueness on the tree to show that the sampling
error is small. However, for the antiferromagnetic Potts model, the resampling step turns
out to be significantly more involved and we need substantial amount of work to ensure
that it can be carried out efficiently.
Our sampling algorithm is also based on some properties of random graphs (which will be

introduced in Chapter 5.2) and some properties of the Potts model on tree-like structures
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(which will be introduced in Chapter 5.4). The whole sampling algorithm and the proof of
Theorem 5.1.1 will be presented in Chapter 5.3 and a RESAMPLE subroutine of sampling

from the Ising model will be presented in Chapter 5.5.

5.2 Properties of random regular graphs

In this section, we state and prove structural properties of random A-regular graphs
which ensure that our algorithms for the random-cluster and Potts models have the
desired accuracy (cf. Remark 5.1.1).

We will work in the well-known configuration model. Precisely, for nA even, let G := G, A
denote the uniform distribution on A-regular graphs which is obtained by taking a perfect
matching of the set [n] x [A] and collapsing for each u € [n] the elements (u,1),..., (u, A)
into a single vertex u; the elements of the set [n] x [A] are called points. Technically, the
distribution G is supported on multigraphs but it can be shown that the probability that
G ~ G is simple is asymptotically a positive constant as n — oo; conditioned on that
event, G is uniformly distributed over A-regular graphs with n vertices, and therefore
any event that holds with probability 1 — o(1) in G, A also holds with probability 1 — o(1)
over the uniform distribution on A-regular graphs with n vertices.

The following lemma guarantees that short cycles are disjoint in a random A-regular

graph.

Lemma 5.2.1. Let A > 3 be an integer. Then, with probability 1 — o(1) over the choice
of a uniformly random A-regular graph with n vertices, any two distinct cycles of length

< % loga_ 1 n are disjoint, i.e., they do not share any common vertices or edges.

Proof. For convenience, let £ := |[$logs_;n| and G := G, a. Let G ~ G and & be the
event that G contains two distinct cycles of length < ¢ which are not disjoint. Let also F
be the event that, for some integer k € [1,2/], G contains a subgraph with & vertices and
k + 1 edges such that each vertex has at least two incident multiedges (in the subgraph);
we call such a subgraph bad. When £ occurs, we obtain that F also occurs, so it suffices
to upper bound the probability of the latter.

To bound Prg[F], we will use a union over all possible bad subgraphs with & vertices with
k € [1,2(]. Consider an arbitrary integer k € [1, 2(]. There are (}) < (52)* ways to choose

the vertices in the subgraph, at most (é)k(Ak)2 ways to choose the points that are going
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(2(k+1))!
(hr1)2h+T

a particular pairing of 2(k + 1) points occurring is equal to (An—l)m(in—(2k+1)) <7

(using that k < 2¢ = o(n'/?)). We therefore obtain that

< 10(2k/e)**! ways to pair the points. The probability of

2
An)k+l

to be paired and then

20 ANF 20
Prg[F] < 202 (Z) (Akﬂ((z)n)(kz—’—kl/e)k—i-l < G%A ZkQ(A—l)k < 500nA€3 (A—l)% =o(1),
k=1 k=1

as needed. This finishes the proof. O

The following lemma guarantees that certain weighted sums over cycles are small; this

bound will be used to show that the aggregate error of our samplers is small.

Lemma 5.2.2. Let A > 3. Then, for any constant W > A — 1 and any constant ¢y, > 0,
there exists a constant § > 0 such that the following holds with probability 1 — O(1/n®) over
the choice of G ~ Gy, A. Let C; denote the number of cycles of length (. Then,

> ’;% <1/(2n%).

0>0g logn

Proof. Let w := (A —1)/W < 1 and § := 3/ylog(1/w) > 0. We will show that, for all
sufficiently large n, it holds that

1

v e
(1 —w)n2d’

Eg[X] < where X := Z 7

0>0o logn

(5.2)

Once we show (5.2), the result follows from Markov’s inequality.

Fix an arbitrary integer ¢ € [n], we will calculate Eg[Cy|. In the configuration model, a cy-

cle with ¢ vertices corresponds to an ordered 2/¢-tuple of points (w1, 1), (u1,42), . . ., (g, i20—1), (ug, i2¢)
where u1, ..., u, are distinct elements of [n] and i1,...,i9 € [A] such that (u;,iy;) is

paired to (u;1,42j+1) for all j € [¢] (with the convention that u,;; = u; and ig11 = i1).

There are ¢!()}) ways to choose and order s, ...,u; and (A(A — 1)) ways to choose

i1,..., g for a total of £1(7)) (A(A — 1))¢ possible tuples; this overcounts the number of

tuples corresponding to distinct cycles by a factor of 2¢ (the number of ways to root and

orient the 2/-tuple). Now, the pairing corresponding to a tuple occurs with probability

(An71)(Anfg)l...(An,(%l)). Since

2(An —1)(An —3)---(An— (20— 1)) > Afn(n —1)--- (n — £+ 1)

122



for all ¢ € [1,n] and A > 3, it follows that Eg[C,] < (A — 1)*/¢ and hence

Bolk]= Y ' <uloben/(1 - u),
>0 logn

which proves (5.2) and therefore concludes the proof. O

Our next lemma captures the tree-like structure of random A-regular graphs that will
be relevant for us. In particular, we give a description of the neighbourhood structure
around a path. To do this accurately, we will need a few definitions. Let G = (V, F)) be a
graph. For a vertex v € V and integer h > 0, we denote by I';, (G, v) the set of vertices at

distance < h from v.

Definition 5.2.3. Let G be a graph and P be a path in G with vertices u1,...,u,. Let
G \ P be the graph obtained from G by removing the edges of the path P. Then, for an
integer h > 0, the h-graph-neighbourhood of the path P is the subgraph of G \ P induced
by the vertex set {J;cq I'n(G \ P, ;).

A connected component of the h-graph-neighbourhood will be called isolated if it contains

exactly one of the vertices uq, ..., up.

Lemma 5.2.4. Let A > 3. Then, for any constant integer h > 0 and any ¢ > 0, there exists
a constant ¢, > 0 such that the following holds for all sufficiently large n.

With probability 1 — O(1/n?) over the choice of G ~ G, a, every path P in G with { vertices
with 1 < ¢ < n%10 has an h-graph-neighbourhood with at least (1 — )¢ isolated tree

components.
We will use the following version of the well-known Chernoff/Hoeffding inequality.

Lemma 5.2.5 (see, e.g., [31, Theorem 21.6 & Corollary 21.9]). Suppose that S,, =
Xy + -+ + X, where { X} s a collection of independent random variables such that

0<X;<1landE[X;]=p;fori=1,...,n. Let p =y + -+ pp. Then, for any ¢ > 1,
Pr[S, > cp] < exp (— culog(c/e)).

Proof of Lemma 5.2.4. Fix an arbitrary integer h > 0 and constant ¢ > 0. We will show
that the lemma holds with ¢; := 200/¢.

In the configuration model, a path P with ¢ vertices corresponds to an ordered 2(¢ — 1)-

tuple of points (u1,i1), (u2,i2), (u2,13), - - -, (We—1,72(0—2)), (we—1,20-3), (s, iz(p—1)) where
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u1,...,u are distinct elements of [n] and iy, ...,i9—1) € [A] such that (uj,i9;-1) is
paired to (uji1,12;) for all j € [¢ — 1]. Fix any such path P with ¢ vertices w1, ..., us
and condition on the event that P appears in G. We will next reveal the h-graph-

neighbourhood of P in a breadth-first search manner, as follows.

1. Let Uy = {u1,...,up}. Initialize Uy, ..., Uy, Uy 1 to be the empty sets.
2. Fort=0,1,...,h:
Order the vertices in U; in lexicographic order.
Fork=1,... (AL
Pick the k-th vertex in Uy, say u (if & > |Uy|, set u = 0).
Fori=1,..., A:
If u # 0 and the point (u, ) is not already paired,
Pair (u, i) with an available point, say (v, ).
If v ¢ U U---UU UUgyq, add v to Ups1.

W oOoNU kW

By induction, we have that, for all ¢ > 0, U; consists of the set of vertices at distance ¢ from
a vertex in {uy,...,us}. Note also that |U;| < ¢A’. Now, fix arbitrary ¢t € {0,1,...,h},
k € [(A'] and i € [A]. Let F;;; be the pairings that we have revealed about the graph
G just before executing lines 7-9. Similarly, let S, ; be the set of vertices we have
encountered just before executing lines 7-9 (i.e., the union of Uy, ..., U; together with
the current set U;11). Let also @ . ; be the event that in line 8 all of the following happen:
() u # 0, (ii) the point (u, ¢) is not paired, and (iii) (u, ?) is paired to a pointin Sy 5, ; x [A].
There are at least A(n — [S;,|) available points, of which at most A[S; ;| belong to
St ki x [A]. Therefore,

| St 1o.i < 20ANT2

Pr(Q i | Frkal <
v[Qt i | Frni] < n—|Skil = n

; (5.3)

where in the last inequality we used that

1St kil < |Uol + -+ + |Upa| < LA™ < (A2 and n — (AMT2 > /2

for all sufficiently large n (using that ¢, < ¢ < n%10). Using (5.3), we obtain that
the number of events {Q,;} that occur is dominated above by a binomial r.v. X, ~

Bin(fAMT2 26AM2) By [ emma 5.2.5, we have that

En
4€A2h+4 '

Since ¢ < n%10 we have ¢, > en!/?0 for all sufficiently large » and hence

Pr[X, >¢el/2] < e_%dlog(c‘f/e), where ¢, =

1
Pr[X, > ef] < e~ a05tlogn,
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It follows that for any path P with ¢ vertices, with probability > 1 — e~ 0%t logn “at most
el/2 of the events {Q,;} occur, i.e., the h-graph-neighbourhood of P contains at least
(1 — e)¢ isolated tree components (every event (); , ; that occurs decreases the number
of isolated tree components by at most two). Since there are at most nA’ paths with ¢
vertices, we obtain by a union bound that the probability that there exists a path whose
h-graph-neighbourhood contains less than (1 — ¢)¢ isolated tree components is upper
bounded by

n9/10
1
Z elogn—i—élogA—maélogn _ O(l/TLQ),
£=[200/¢]

where the last bound follows by observing that, for all sufficiently large 7, the summands
are decreasing functions of ¢ and that for £ = [200/c] we have el°8"+¢ log A—ggetlogn
O(1/n3).

This concludes the proof of Lemma 5.2.4. O]

To conclude this section, we clarify a small point relevant to Remark 5.1.1. We will only
utilise Lemma 5.2.4 for paths of logarithmic length (despite the fact that the lemma is
stated for convenience for much longer paths) and therefore the property can be checked
in polynomial time. Analogously, the sum in Lemma 5.2.2 will only be considered for
cycles of logarithmic length and therefore the (restricted) inequality can also be checked

in polynomial time.

5.3 Sampling algorithm
5.3.1 Connection between Potts on bichromatic classes and the Ising model

In this section, we describe the connection between Potts on bichromatic classes and the
Ising model. Recall that the Ising model is the special case ¢ = 2 of the Potts model; to
distinguish between the models, we will use m¢ to denote the Ising distribution on G
with parameter 5. Sometimes, we will need to replace the binary set of states {1, 2} in
the Ising model by other binary sets to facilitate the arguments; we use 7’ to denote
the Ising distribution with binary set of states {c1, co} (we will have that ¢, co € [¢]).

For a configuration ¢ : V' — [g], we will denote by o(U) the restriction of ¢ to the set U.

Our sampling algorithm is based on the following simple observation.
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Observation 5.3.1. Let ¢ > 3 and > 0. Let G = (V, E) be a graph, U be a subset of
Vand ¢, be distinct colours in [q]. Then, for any configuration n : U — {¢,c'}, it holds
that

na(o(U) =n| o e,d) =U) = ni (),

i.e., conditioned on U being the (c, ¢’)-colour-class in the Potts distribution p;, the marginal

distribution on U is the Ising distribution T¢y) (with set of states {c, c'}).
The following definition will be notationally convenient

Definition 5.3.2. Let G be a graph, u, v be vertices in G and ¢, ¢’ be distinct colours
in [¢]. We write ﬂgc; , to denote the Ising distribution on G' (with set of states {c,c'})

conditioned on u taking the state ¢ and v the state /.

5.3.2 Analysing an Ideal ReSample subroutine

In this section, we give a preliminary description and analysis of the RESAMPLE subroutine
in Algorithm SAMPLEANTIPOTTS. In fact, for the moment, we will only study an “idealised”
version IDEALRESAMPLE; the subroutine is idealised in the sense that it assumes that
certain steps can be carried out efficiently. Later, we will modify the subroutine to obtain
the actual RESAMPLE subroutine so that the running time is polynomial with respect to
the size of the input graph.

The point of analysing first IDEALRESAMPLE is to give the key ideas behind the underlying
resampling step without bothering for the moment to make the subroutine computa-
tionally efficient. Moreover, the detour is going to be smaller than it might appear
since the analysis of the actual RESAMPLE subroutine will follow from the analysis of
IDEALRESAMPLE.

The IDEALRESAMPLE subroutine takes as inputs a graph G, two vertices u and v of G and

a configuration o on G such that o(u) = o(v); it outputs a configuration ¢’ on G. The
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details of the algorithm can be found in Algorithm 5.

Algorithm 5: IDEALRESAMPLE subroutine
Parameters: real § € (0, 1), integer g > 3

Input :Graph G = (V, E), vertices u,v € V with {u,v} ¢ E, configuration
o:V = [q] with o(u) = o(v)
Output : A configuration ¢’ : V' — [q]

Function IDEALRESAMPLE(G, u, v, o) begin
r < flip a coin with heads probability Bfiqﬁ_l;
if » = head then
| return o’ + o;
end
else
Pick u.a.r. a colour ¢ from [¢|/{c}, where ¢ = o(u) = o(v);
U<« o (e, d);
H + G[UJ;
/* Sample 7 from Ising on H conditioned on 7(u)=c¢,7(v) =¢ */
Sample 7 : U — {¢, '} with 7(u) = c and 7(v) = ¢ so that 7 ~ F(I:_}?;w;
return o’ : V — [¢] s.t. o'(w) = 7(w) for w € U and o’ (w) = o(w) for w ¢ U;
end
end

Remark. It is an ideal subroutine; we will later modify this to obtain the actual RESAMPLE

subroutine used in Algorithm SAMPLEANTIPOTTS (cf. Algorithm 7).

Definition 5.3.3. Let § > 0. Suppose that G = (V, E) is a graph and that u, v are vertices
in G. For aset U C V such that u,v € U, let

map (n(w) = L) =1)
map) (n(w) = 1,9(v) = 2)

i.e., Corrg (U, u,v) measures the correlation between v and v in the Ising distribution with

Corrg(U, u,v) =

parameter (3 on the subgraph G[U].

Definition 5.3.4. Let G = (V, E) be a graph, u, v be vertices in G and o : V' — [¢] be a
configuration on GG. We let U, C V be a bichromatic class under o which contains » and
v, chosen uniformly at random among the set of all such classes if there is more than one.
More precisely, if o(u) # o(v), then U, is the (¢, c2)-colour-class in o where ¢y, ¢y are
the colours of u and v under o. If o(u) = o(v), then U, is the (¢, ¢')-colour-class in o,

where c is the common colour of u and v under ¢ and ¢ is a uniformly random colour
from [g] \ {c}.
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Lemma 5.3.5. Let § € (0,1) and q > 3 be an integer; and consider arbitrary ¢ € (0, 1).
Let G = (V, E) be a graph and p¢ be the Potts distribution on G with parameter (. Suppose

that u, v are vertices in G such that {u,v} ¢ E and
E[Corrg(Ua,u,v)] <e,

where the expectation is over the choice of a random configuration o ~ ug and the choice of
a random bichromatic class U, C V containing v and v under o (cf. Definition 5.3.4).

Consider the graph G' = (V, E') obtained from G by adding the edge {u,v}. Sample a
configuration o' : V' — [q] as follows. First, sample o : V — [q| according to pg. Then,
if o(u) # o(v), set o’ = o; otherwise, set ¢’ = IDEALRESAMPLE(G, u,v,0). Then, the
distribution of o/, denoted by v, is within total variation distance 2¢/3 from the Potts

distribution pcg on G’ with parameter 3, i.e.,

lvor = perllry < 2¢/5.

Proof. We begin with a few definitions that will be used throughout the proof. Fix distinct
colours ¢1,co € [¢] and a set U C V such that u,v € U. Let Q(U, ¢y, c2) be the set of

configurations such that U is the (¢, c2)-colour-class, i.e.,
QU,cr,e2) ={n:V=1[q|U=n"(c1,2) }.

We will be interested in two particular types of configurations in Q(U, ¢y, c2), those where

u, v take the colours ¢y, co and those where u, v take the colours c;, ¢;. Namely, let

Qe er (U, e1,02) = {n € QU c1,¢2) | n(u) = c1, n(v) = 2},
ch,cl(Uy 61702) = {77 € Q<Ua 61762) ’ 77(“) 1y-

c1, n(v) = ¢ }
For a configuration n € Q(U, c1, ¢2), we also denote by
QNU, cy,c9) = {7‘ € QU,ci,¢0) | T(V\NU) =n(V \ U)}

the set of configurations in Q(U, 1, ¢2) that agree with  on V' \ U; we define analogously
the sets Qf, , (U, c1,¢2),Qd (U, 1, c2). Using Observation 5.3.1, we have that for any
n € QU, c1, ¢2) it holds that

pe(n) = pa (U, e, e2)) mgs (n(U)), (5.4)
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and

Au;(S)thl([f,Clac2)) c1,¢2

pe (U, cr,e0)) "a]

e le,CQ(U7 01502) c1.c
Mc(: (Q1(U, c1, ¢2)) - o) (T(w) = e1,7(v) = ¢2). (5.5)

(7(u) = e1,7(v) = 1),

The assumption E[Corr(U,, u,v)] < € translates into

7['601[’;}2] (1(u) =c1,7(v) = 1)

7['8[’;}2] (1(u) = c1,7(v) = c2)

Z Z <NG(QC1,C2(U, 01,02))+MG(901’01(U’ 01762))>

q—1
61702€[Q]; Ucv;
013&02 u,vEU

(5.6)
We next proceed to the proof. Recall that v, is the distribution of the output ¢’, our goal

is to show that

lvor — perllry < 2¢/B. (5.7)
We first show that
V€ Qe e, (Uyc1,c0) 0 ver(n) = Lug(n) (5.8)
c1,C1 ) ) o 6 + q— 1 9
(1= By ()

Vn E ch,CQ(U) 01762) : VO'/(n) = MG(”) +

16 (¢ (U1, e2)).
5.9)

B+q—1

To see the expression for v,/ (n) in (5.8), note that we can obtain n € Q., ., (U, c1, c2) via
the subroutine IDEALRESAMPLE only if o = 7 and the coin flip came up heads (because
n(u) = n(v) = ¢1). Analogously, to see the expression for v,/(n) in (5.9), note that we
can obtain 7 € Q¢ ., (U, c1, ¢2) if one of the following happens (using that n(u) = ¢; and
n(v) = c2).

e We started with the configuration o = #; this happens with probability (). Then,
we obtain 1 with probability 1.

e We started with a configuration ¢ such that o(u) = o(v) = c1, 07 (c1,c2) = U
and o(V\U) =n(V\U),ie., o€ Q. (U ci,c); this happens with probability
na (Q’gl,cl (U, e, 02)). Then the coin flip came tails, the colour ¢’ selected was ¢’ = c»,

and the Ising configuration 7 sampled was 7(U). All that happens with probability
=BT 57 w0 ()
B+q-1
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Using the assumption E [Corrg(U,, u,v)] < e (cf. (5.6)), we will later show the following

bound for the ratio of the partition functions Zg, Z,:

(B+q—1)Zg

—1. (5.10)
qZa

|M| <e/B, where M :=

Let us conclude the proof assuming, for now, (5.10).

wer(m) _ Pwg(n) _ ¢BM+1)pg(n)
— — T

5o 7 ) and hence, by

Forn € Q¢, ¢, (U, c1, c2), we have per (n) =
(5.8),

qB

= g tiretn = M Dpcn)| < M), (5.11)

Vor (1) — par (n)]

where the last inequality follows from 5 fqﬁfl < 1 which holds for all 5 € (0,1).

FOr 1 € Dy (U 1, 02), e have pigy(n) = Y0 = 2 — ),
by (5.9),

(n) and hence,

qMpc(n)
B+q—1

< |uan) = 73 s O (U (U, 1, 2)) | + 2M] (), (5.12)

1 _
() = )| = | () = 73 (DO DA, (U, ca)) +

where the last inequality follows from the triangle inequality and the inequalities 5E€ 7 <

1, # < 2. Note that, by the definition of wg[ﬁ%v(-), for n € Q¢, ¢, (U, c1,c2) it holds

that
e ) main (mU))
GU]uw T (T(w) = e, 7(v) = c2)

and therefore, using (5.4) and (5.5), we have that

C1,C2

e T (T(u) = c1,7(v) = c1)
pa(n) = 7, OG0, o, U, e1,2)) | = () :ﬁ OO
G[U - b -
(5.13)

and hence (5.12) gives that, for all n € Q., ., (U, c1, c2), it holds that

772[’57 (t(u) =c1,7(v) = 1)

C1,C2

oo () = i ()] < (2101 + o=

— 1‘)[1,@(17). (5.14)

To proceed, we will decompose ||v, — pgr ||y as

1 1
v —pcrlley =5 3 o —petl=5 S S D)

n:V—q] U; u,vel cq,c2€(ql; c1#c2
(5.15)
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where

PUe)= Y ) -me@l+— X ) el

NE€Qey e5 (Usc1,c2) NE€Qey eq (Usc1,¢2)
(5.16)

To see the second equality in (5.15), fix any configuration n : V' — [q]. If n(u) = ¢; and
n(v) = co for distinct colours ¢, ¢2 € [¢], then |v,(n) — ue(n)| appears only in one term
D(U, ¢1, ¢o) in the summation of (5.15), namely for U = (e, c2). If n(u) = n(v) = c1
for some colour ¢; € [¢], then |v,/(n) — per(n)| appears in exactly ¢ — 1 terms D(U, ¢y, ¢2)
in the summation of (5.15), once for each colour ¢z # ¢; and U = ! (cq, c2).
Summing (5.11) and (5.14) over the relevant configurations 7, we obtain that, for all
U C V with u,v € U and distinct colours ¢y, c3 € [¢], it holds that

772[’57 (t(u) =c1,7(v) = 1)

C1,C2

U,eci, 2| M|+
( C1 C2 < ‘ ‘ ﬂ-G[U} (T(’LL) — Cl,T(U) = Cy

HG (Qc1,cl (U7 C1, 02))
q—1 '
(5.17)

—1‘) (uG(ch,Cz(U, c1,¢2))+

To conclude the proof of (5.7), note that analogously to (5.15) we have that

Z Z (IU’G(QCLCQ(Uv C1, 02)) + Ha (QCLCl (U’ o 02))> =1 (5-18)

q—1
Uju,wel c1,c2€(q; cr17#c2

It follows from (5.6), (5.15), (5.17) and (5.18) that

lvor — pcrllpy < (2|M’ +e) < 255 < 2¢/P,

where the last inequality follows from |M| < ¢/ (cf. (5.10)). This finishes the proof of
(5.7), modulo the proof of (5.10) which is given below.
To prove (5.10), it will be useful to define

XU, e1,¢2) = Z wa(n), YU,ci,c2) = Z wa(n),
NE€Qey 5 (Uyc1,c2) N€Qey ¢q (Uer,c2)
and
1
Z(U,c1,c2) :X(U,Cl,CQ)‘i‘q_ilY(U,Cl,CQ). (5.19)

Analogously to (5.15) (and (5.18)), we have that

Za=Y_ Y ZUec,e). (5.20)

c1#ce Usuvel
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Using that wg/(n) = wg(n) for n € Qe ¢, (U, c1,¢2) and wer(n) = Pwa(n) for n €
Qe, e, (U, €1, ¢2), we obtain that

Zor = Z Z "(U,e1,c0), where Z'(U, c1,c2) := X (U, c1,c2) + %Y(U €1,C2).
c1#ce Uiuwel

(5.21)
We first show that, for all U C V with u,v € U and distinct colours ¢;, ¢z € [q], it holds
that
_ T (T(u) = e1,7(v) = ¢1)
(B+4q / 1D)Z(U,c1,c2) _1‘ <L GIU] 4l (5.22)
qZ (Uv 61702) q 77(;[’ }(T(u) = 61,7'(?.1) = 02)
Observe that
(B+q—1)Z(U,c1,c2) 1= 1-p Y(Uci,c2) — X(U,c1,c2) 593
/ - - B . ( . )
qZ (U7 61702) q )((lj7 Cl,CQ)‘i‘ﬁY(U, Cl,CQ)

Observe also that (cf. (5.5))

Y(U,ci,c0) ‘_ GIU] L
X(U,c1,c2) TrCGl[’EQ] (t(u) = c1,7(v) = ¢2) ’

which combined with (5.23) (and ignoring the positive term ’3 Y (U, ¢1,c2) in the de-
nominator of the r.h.s. in the latter) gives (5.22), using also that B € (0,1).
Using (5.20) and (5.21), we have that

M_lz Z Z qZ' UCl,CQ)((ﬁ‘i‘q_l)Z(U»ClaCQ)_1>' (5.24)

!
qZG/ c1#c2 Usu,velU qZ (U) C1, 02)

Since 8 € (0, 1), we have for all U C V with u,v € U and distinct colours ¢y, c2 € [¢] that
Z'"(U,c1,c9) < Z(U,c1,c9) and Zgr > [Z¢, therefore

Z'(U,c1,¢3) _ Z(U,c1,03) 1 116 (Qey 1 (U, €1, €2))
< =- Q : . (5.2
Zo S 376 5 16 (Qey 0o (U, c1,02)) + =1 (5.25)
Combining (5.22), (5.24) and (5.25), we obtain by the triangle inequality that (cf. (5.6))
1= D26 | < BlCorra(Ur,u,0)] /5 < £/5.
qZq
thus completing the proof of (5.10), and therefore the proof of Lemma 5.3.5. O
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5.3.3 Sampling the Ising model on graphs with small average growth

Recall that our algorithm for sampling the antiferromagnetic Potts model with parameter
B will use as a subroutine a sampling algorithm for the Ising model with parameter g to
recolour bichromatic classes. In general, these classes may consist of large bichromatic
components (with a linear number of vertices), so to carry out this subroutine efficiently,
we need to use an approximate sampling algorithm; our leverage point will be that we
can bound the average growth of bichromatic components. Adapting results of [64], we

show the following in Section 5.5.2.

Theorem 5.3.6. Let § € (0,1) and b > 0 be constants such that b% <1l,andlet A >3
be an integer. Then, there exists My > 0 such that the following holds for all M > M.

There is a polynomial-time algorithm that, on input an n-vertex graph G with maximum
degree at most A and average growth b up to depth L = [ M log n], outputs a configuration
7:V — {1,2} whose distribution v, is within total variation distance 1/n'° from the Ising

distribution on G with parameter 3, i.e.,
|7 — ”GHTV <1/n'".

Moreover, the algorithm, when given as additional input two vertices v and v in G, outputs
a configuration 7 : V. — {1, 2} such that 7(u) = 1 and 7(v) = 2, and whose distribution v,
satisfies
- Mgy < 1/n
Vr — TG u,w v > 4/,
where g, 1S the Ising distribution on G conditioned on u having state 1 and v having

state 2.

In addition, we will use the following spatial mixing result to analyse the accuracy of our

algorithm for the antiferromagnetic Potts model. The proof is given in Section 5.5.3.

Lemma 5.3.7. Let 8 € (0,1) and b > 0 be constants such that b% < 1. Then, there exists
M( > 0 such that the following holds for all M > M.
Let G be an n-vertex graph with average growth b up to depth L = [M logn|, and let u,v

be distinct vertices in G. Then

L
ro(o(w) = 1] o(v) = 1)~ ra(o(u) = 1| 0(v) = 2)| < % + ZZPK(G, W)G;g)f
=1

where Py(G,u,v) is the number of paths with ¢ vertices in G that connect u and v.
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We will also need the following crude bound.

Lemma 5.3.8. Let 5 € (0,1) and A > 3 be an integer. Suppose that G is a graph of
maximum degree at most A and let u be a vertex and A be a set of vertices in G such that
u & A. Then, for every configuration 7 : A — {1,2} and s € {1, 2}

,BA
14657

ro(o(u) = s | o(A) = 7) >

Proof. Without loss of generality, we assume that s = 1. Let D be the number of
neighbours of v and uy, ..., u4 be the neighbours of u in G\ A and note that d < D < A.
Let dy be the number of v € A such that v is u’s neighbour and 7(v) = 1. Let s1,...,84 €
{1, 2} be arbitrary and let d; be the number of the s;’s that are equal to 1. Then we have

that
B
= leg + 6D—d2’
where dy = dyp + di < dp +d < D. Since uq,...,uq ¢ A we have that ng(o(u1) =

ma(o(u) =1|o(ur) = s1,...,0(ug) = sq,0(A) =7)
S1,...,0(uq) = sq | o(A) = 1) # 0 for any choice of sq,...s; and therefore by the law of

total probability we obtain

. B
=1 A) = > - %,
malo =1loW) =1 > i {

The function 5—%75— is decreasing for = € [0, D] (since 3 € (0,1)) and hence
) ﬁd2 ﬂD
dze{dg}}.{ldo+d} {ﬁdz + BgP—d2 } T 1+ BD"

Using that g € (0,1) and D < A, we obtain the inequalities in the statement of the

lemma. 0

We are now able to describe our RESAMPLE subroutine, which works for graphs with

small average growth.

Definition 5.3.9. Let b, M > 0 be constants. Let G = (V, E)) be an n-vertex graph and let
o be a configuration on GG. We say that a bichromatic component in o is (b, M)-good if it
has average growth b up to depth L = [M log n]; we say that it is (b, M )-bad otherwise.
Analogously, we say that o is (b, M)-good if all bichromatic components in ¢ are good;

otherwise, we say that o is (b, M)-bad.
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Our RESAMPLE takes as inputs a graph G, two vertices u and v of G and a configuration

o on G such that o(u) = o(v), see Algorithm 6.

Algorithm 6: RESAMPLE subroutine used in SAMPLEANTIPOTTS (cf. Algorithm 7).
Parameters: real g € (0,1), b, M > 0 satisfying Theorem 5.3.6, integer ¢ > 3

Input :Graph G = (V, E), vertices u,v € V with {u,v} ¢ E, configuration
o:V—> [q] with O'(U) = 0’(1})
Output : A configuration o’ : V' — [g]

Function RESAMPLE;, 3/ (G, u, v, 0)
begin
if o contain a bichromatic component which is (b, M )-bad then
‘ return o’ : V — [q| selected uniformly at random;
end
else
r < flip a coin with heads probability Bfiqﬂ_l ;
if r = heads then
| return ¢’ « o;
end
else
Pick u.a.r. a colour ¢ from [q]/{c}, where ¢ = o(u) = o(v);
U<+ o e d);
H + G[U]J;
/* Use algorithm of Theorem 5.3.6 to sample from Ising on H
*/
Sample 7 : U — {¢, '} with 7(u) = ¢ and 7(v) = ¢ so that

lvr = 7l < o

end

return o’ : V — [¢] s.t. o/(w) = 7(w) for w € U and o' (w) = o(w) for w ¢ U;
end

end

To utilise Theorem 5.3.6 and Lemma 5.3.7 for our sampling algorithms, we will need to
bound the average growth of bichromatic components in a typical Potts configuration
on a random regular graph. Our key lemma to achieve this will bound the probability
that a path is bichromatic! in uniqueness, provided that the local neighbourhood around
the path (in the sense of Definition 5.2.3) has a tree-like structure. The following lemma

quantifies this probability bound and is proved in Section 5.4.2.

Lemma 5.3.10. Let A, q > 3 be integers, and (3 € (0, 1) be in the uniqueness regime of the

'Let G = (V, E) be a graph and o : V — [g]. We call a path P bichromatic under ¢ if there exist colours
c1,c2 € [g] such that every vertex u of P satisfies o(u) € {c1,ca}.
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(A — 1)-ary tree with 8 # (A — q)/A. Then, for any ¢’ > 0, there exists a positive constant

K< 6}:;? 7 + ¢ and e > 0 such that the following holds for all sufficiently large integers {
and h.

Let G be a graph of maximum degree A and P be a path with ¢ vertices whose h-graph-
neighbourhood contains (1 — ¢)¢ isolated tree components. Let j be the Potts measure on

G with parameter 3. Then,
ua(path P is bichromatic) < K £

For a random A-regular graph G, paths do have the tree-like structure of Lemma 5.3.10
(cf. Lemma 5.2.4), and hence we can aggregate over all paths emanating from an arbitrary
vertex (roughly (A — 1) of them) and get a bound of roughly (A — 1)K < %ﬁi’ﬁ)
for the average growth of bichromatic components in a typical configuration o. This will

allow us to use the RESAMPLE subroutine from Algorithm 6.
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5.3.4 Analysis of the Potts algorithm

Algorithm 7: SAMPLEANTIPOTTS(G) sampling a Potts configuration in the case /5 €
(0,1)

Parameters: real g € (0, 1), b, M > 0 satisfying Theorem 5.3.6, integers ¢, A > 3

Input :Graph G = (V,E)
Output: Either FAIL or an assignment o : V' — [¢]

Function SAMPLEANTIPOTTS(G)
begin
if G’ = (V, E') contains a component which is neither a cycle nor an isolated vertex
then
| return FaIL;
end
else
Sample a configuration ¢’ : V' — [¢] on G’ (according to pcr);
€1,€2,...,6e < edgesin FE \ E';
Gt — G/;
op — o';
for j =t downto 1 do
(uj,v5) = €j3
if O‘j(uj') = aj(vj) then
‘ Oj—1 < RESAMPLEb,M(Gj,Uj, Vj, Uj) 5
end
else
‘ 0j—1 = 0j;
end
Gj—1 < adding the edge {u;,v;} in Gj;
end
return o < oo;
end
end

In this Chapter, we will present the proof of Theorem 5.1.1. Specifically, our sampling

algorithm is describe in Algorithm 7 and thus Theorem 5.1.1 follows directly from

Theorem 5.3.11.

Theorem 5.3.11. Let A > 3, ¢ > 3 and 3 € (0,1) be in the uniqueness regime of the
(A — 1)-ary tree. Then, there exists constants b, M, § > 0 such that, for all sufficiently large

n, the following holds with probability 1 — o(1) over the choice of a random A-regular graph

G = (V, E) with n vertices.

The output of the algorithm SAMPLEANTIPOTTS(G) (c¢f Algorithm 7) is an assignment
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o : V — [q] whose distribution v, is within total variation distance O(1/n’) from the Potts

distribution ug with parameter (3, i.e.,

Ve = pcllpy = O(1/n%).

Proof. Since f is in the uniqueness regime of the (A — 1)-ary tree and 3 # %, we have

that 8 > 279, It follows that 5+ < L+ and therefore there exists ¢’ > 0 such that

B+q-1
1+8 ANl—B 1
(o= *) 5 <a=7T (526

Let K < ﬂ_li_fﬁ : + ¢ and € > 0 be the constants in Lemma 5.3.10 corresponding to

¢/, and let W', ¢’ be positive constants such that Lemma 5.3.10 applies for all integers

h > h' and ¢ > /. Fix h to be any integer greater than h’. Let /; > 0 be the constant
in Lemma 5.2.4 corresponding to the values of ¢ and h. Let § > 0 be the constant in
Lemma 5.2.2 corresponding to ¢y := 1/(5log(A — 1)) and W := 1/(K%) (note that
(5.26) guarantees that W > A — 1). Let also

1+
B+q—1

1+ 4

b’::(A—l)( 75_'_(1_1

—|—25’), and b := (A—l)( +3€’>.

Let My, M(, be the constants in Theorem 5.3.6 and Lemma 5.3.7, respectively. Let M be
sufficiently large so that M > max{2¢y, 2M, 2M} and the following inequalities hold
(for all sufficiently large n):

A((A = 1K) M < ()M Ioan ang (1 /p)Mloan] < 1 /1, (5.27)
Note that such an M exists since (A — 1)K <V’ < b. Finally, set
Lo := [lylogn] = [$loga_1n], L:=[Mlogn].

Taking a union bound over Lemmas 5.2.2 and 5.2.4, we have that, for all sufficiently
large n, a uniformly random A-regular graph G = (V, E) with n vertices satisfies the

following with probability 1 — o(1) over the choice of the graph:
L N
1. Z 0C,y (K 7) < 1/(2n°), where C; is the number of cycles of length £ in G.
iz, 1+3

2. every path P in G with ¢ vertices where ¢; < ¢ < L has an h-graph-neighbourhood

with at least (1 — ¢)¢ isolated tree components.
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Fix any A-regular graph G. The theorem will follow by showing that the output of
SAMPLEANTIPOTTS(G) (cf. Algorithm 7) is an assignment o : V' — [¢] whose distribution
v, is within total variation distance O(1/n%) from the Potts measure y with parameter
B, i.e.,

lve — pcllrv = O(1/n°).
To do this, as in the algorithm SAMPLEANTIPOTTS(G), let e; = {u1,v1}, ..., e = {ug, v}
be the edges of G that do not belong to short cycles (i.e., cycles of length < ¢y logn). For
j €{0,1,...,t}, let G; be the subgraph G\ {e1, ..., e;} and p; be the Potts distribution on
G; with parameter j3; note that the graphs G; are defined exactly just as in the algorithm
SAMPLEANTIPOTTS(G). We will use 6, to denote a random configuration distributed
according to f;; note that o; is used to denote the configuration considered by the
algorithm at the beginning of the step j of the algorithm and, as we shall see soon, its
distribution is close to that of 6; on Gj.
For an integer ¢ > 1, denote by P ; the set of paths of length ¢ that connect «; and v; in
G and by P ; = | P, ;| the number of all such paths. Note that

Sy Py < LCy, (5.28)

since every path with ¢ vertices connecting the endpoints of an edge {u;, v;} in G; maps
to a cycle with ¢ vertices in the initial graph G (by adding the edge {u;,v;}), and each

cycle with ¢ vertices in G can potentially arise at most ¢ times under this mapping. Let

also .
6 1— B\
t=Lo
Let also (b, M) be the set of all (b, M)-bad configurations on G;. Using the fact that G
satisfies Item 2, we will show that for all j = 1, ...t it holds that
pie, (925(b, M)) < 1/n', (5.30)
Ej [COI’I’Gj(U&j,’LL]’,Uj)] < 26]'/,8A, (531)

where the expectation in (5.31) is over the choice of a random configuration ¢; distributed
according to y; and over the choice of the random bichromatic class U, containing u;
and v; under ;.

We will prove (5.30) and (5.31) shortly, but let us assume them for now and conclude

the proof of the theorem. We will prove by induction that for all j € {0, 1,...,¢} it holds
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that

6(t—7) 4 <
H’/Uj — HG; HTV = 10 + BA+1 Z € (5.32)
ji=j+1
For j = t, the result holds trivially since o, is distributed as ¢, (exactly). Assume that
(5.32) holds for j where j € {1,...,t}, we will also show that it holds for j — 1. To do

this, let us consider the configuration o_; defined as follows:
if 6(u;) # 6;(vy), then o _; = &; else o;_; = IDEALRESAMPLE(G, uj, vj, 5;),

ie., 09_1 is obtained using at the j-th step of the algorithm the random configuration &;

distributed according to ¢, (exactly). In contrast, note that
if Uj(Uj) #* aj(vj), then 0j—1=0j else Oj—1= RESAMPLEb7M(Gj,Uj,Uj, Jj).

Let Vol _, denote the distribution of 0;71. Then, by Lemma 5.3.5 applied to the graph G
and the inequality in (5.31) we have that

2 4
HVU;;1 — )LLGj_l HTV < —Ej[CorrGj (U;,j,uj,vj)] < W&j. (533)

B

Since ¢; is distributed according to ug,, by the Coupling Lemma [1], there exists a
coupling Pr[-] of o; and &; such that

Prlo; # 6,] = H’/Uj - /‘GjHTV' (5.34)
Note also that, for a configuration n ¢ ;(b, M), conditioned on o; = n and 6; = n,
we can couple ¢;_; and o_; so that o; 1 # oj_; with probability at most 1/n'%. To
see this, if n(u;) = 7(v;) then we trivially have o%_; = 0;_; = 5. Otherwise, 0,1 and
0;71 are produced by first choosing a random bichromatic class containing u; and v;
under 1, which we can couple so that it is the same in both RESAMPLE,, 5/ (G, uj, v5,7)
and IDEALRESAMPLE(G, u;, v;,n). Denote this class by U and let ¢; = n(u;), c2 = n(v;).

Then, from the definition of IDEALRESAMPLE(G}, u;, v;, ) we have that the distribution

C1,C2
G;[Uug,v;

the distribution of o;_1(U) is 1/n'-close to 7

of 0%, (U) is given by = , while from RESAMPLE,, 5/(G, uj,vj,n) we have that

CGlj’[Cf]]’um. We therefore have that
Prloj_1 # 0% 1| 05 =065 ¢ Q(b,M)] < 1/n'°. (5.35)
Invoking the Coupling Lemma [1] again, we therefore obtain that
< Prlo; # 6;] + Prlo; = 6; € Q;(b, M)]
+Prloj 1 # 05y | 0j =65 ¢ Q(b, M)]
< ||vo, _MGJ'HTV+'U’Gj(Qj(b7M>)+l/n10a (5.36)

[ Vol ) HTV
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where in the last inequality we used (5.34), (5.35) and
Prlo; = 6; € Q;(b, M)] < Pr[6; € Q;(b, M)] = pa, (£5(b, M)).

Combining (5.36) with the inductive hypothesis (5.32) and (5.30), we obtain

6(t—j+1)
[V, 1 — VU;AHTV S 10 5A+1 Z €5
=j+1

Using this and (5.33) completes (via the triangle inequality) the inductive step, therefore
completing the proof of (5.32) for all j € {0,1,...,t¢} as wanted.
We have Gy = G and oy = o, so (5.32) for j = 0 gives

6t 4 < L& BN
HVO_MGHTVSW"'/BAH ;EJS+BA+ EZL ( 1+B)
where the last inequality holds for all sufficiently large n using the values of ¢; from

(5.29) (and the crude bound ¢ < |E| < An). Using (5.28), we therefore have that

L
1 4 1—8y\¢ 10
HVO-_MGHTVSE—'_ﬁA-‘rl ZZL eC@(Kl—’_B) < IBA+1n57
=Lo

where the last inequality follows from our assumption that G satisfies Item 1 (and by
assuming that n is sufficiently large). This completes the proof of Theorem 5.3.11,
modulo the proofs of (5.30) and (5.31) which are given below.

To prove (5.30) and (5.31), fix any value j € {1,...,t}. Since G; is a subgraph of
G and G satisfies Item 2 every path P in G; with ¢ vertices where ¢ € [¢1, L] has an
h-graph-neighbourhood with at least (1 — ¢)¢ isolated tree components. By Lemma 5.3.10
which, recall, applies for all £ > ¢’ (where ¢’ is the constant specified in the beginning of

the proof), we therefore have that

pa; (P is bichromatic) < K ¢ for any path P in G; with ¢ vertices, ¢ € [max{¢;,¢'}, L].
(5.37)
We are now ready to prove (5.30). For a vertex v, let X, be the r.v. that counts the
number of bichromatic paths with L vertices that start from v in a random configuration
o ~ pg;. Since G; has maximum degree < A, there are at most A(A — 1)E=2 paths
starting from v with L vertices and each of them is bichromatic with probability at most

K" from (5.37). Hence, the expectation of X, is at most

A(A . 1)L72KL < (b/)L,
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where the last inequality follows from the choice of M (cf. (5.27)). By Markov’s inequality
we therefore have that for all v € V' it holds that

pe, (Xy > b4 < (0'/b)F < 1/n'!,

where the last inequality also follows from the choice of M (cf. (5.27)). Note that for
(b, M)-bad configurations, i.e., configurations in Q;(b, M), at least one of the events
X, > b" occurs for some v € V, and therefore by a union bound over v € V we have that

e, (Q5(b, M)) < ZMGJ' (X, > bL) < 1/n'0.
veV

This finishes the proof of (5.30).
To prove (5.31), for a set U C V such that u;,v; € U, let

Corra, (U, uj, v;) := 1m0y (n(ug) = 11 n(vy) = 1) = 7, (n(uy) = 1| n(v;) = 2)]

Note, by the symmetry of the states in the Ising model, we have that 7 (T(’Uj) = 1) =
7w (T(vj) = 2) = 1/2 and therefore

N =1, =1 N =1 N =1

Corrg, (U, uj,v;) = o) (r(;) = 1,7(vy) )—1‘ _ |rew(7(u) = L1 7(v;) )—1 :
me) (T(ug) = 1,7(v) = 2) maw) (7(uy) =11 7(v;) = 2)
By Lemma 5.3.8 and since G; has maximum degree < A, we obtain that
9
Corrg; (U, uj,v5) < B—ACorrGj(U7 Uj, vj),

and therefore, to prove (5.31) we only need to show that

E;[Corrg, (Us,, uj,v;)] < &j, (5.38)

For convenience, let F; be the event that the Potts configuration 6, is (b, M )-bad, i.e.,
Fj={6j € Q;(b, M)}, and denote by F; the event that &; ¢ (b, M).
E; [Corrg; (Us;, uj,v;)] = Ej[Corrg, (Us,, uj, v;) | Fil i (Fj) + Ej[Corra; (Us,, uj, v5) | Fil i (Fj)
9 .
< 10 + E;[Corrg, (Us, , uj,v;) | Fjl, (5.39)
where the inequality follows from the bounds C/o?rgj (Us,, uj,v5) < 2and pj(F;) <1/n'?

from (5.30). Recall that P, ; denotes the set of paths of length ¢ that connect u; and v; in

G. Consider also the r.v.

Loy

L
1 . .
Y; = T + § E 1{P is bichromatic} x (1 e

{=Lo PEPy ;
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Recall that Us, is a bichromatic class under ¢; which contains u; and v; (chosen uniformly
at random among the set of all such classes if there is more than one). Conditioned
on the event 6; ¢ Q;(b, M), we have that every bichromatic component under 4, has
average growth b up to depth L = [M logn| and therefore, irrespective of the random
choice of Us,, we obtain by Lemma 5.3.7 that C/o?rGj (Us,,uj,v5) < Yj. Note, in applying
Lemma 5.3.7, we used that P, ; = 0 for all £ € [1, Lo|; this holds because the edge {u;,v;}
does not belong to a short cycle in G (and therefore in G;_; as well). We thus have that

B, [Gore, (U ) | 7] SB[ 1 7] < 20 < (14 ) B), (540
where the last inequality follows from 1/, (F;) < 1/(1—1/n'%) < 1+2/n'% (cf. (5.30)).
Using (5.37) and the fact that Ly > max{/¢;, ¢'} for all sufficiently large n, we have that

(5.41)

L
1 18— 1]\ ¢
E;[Yjl < 55+ ZPZ,J’(KBJFI) ~

(=Lo
Since G satisfies Item 1, we have that the sum in (5.41) is less than 1/n’ and hence

(5.40) and (5.41) give that for all sufficiently large n it holds that

_— 1 & B—1\¢ 2,1 1
B; [Corta, (U, ujovi) | 7] < i + 2 Pu(KG71) + (G + )
=L
Combining this with (5.39) yields (5.38), therefore concluding the proof of (5.31). This
finishes the proof of Theorem 5.3.11. O

5.4 Analysing Potts on graphs with tree-like structure
5.4.1 Analysing Potts on trees

Fix an integer A > 3. Note that use Ta denote the infinite (A — 1)-ary tree with root
vertex p. For integer h > 0, let T), = (V},, E},) denote the subtree of T induced by the
vertices at distance < h from p and let L;, denote the leaves of T},.

Recall that uniqueness on T » implies that root-to-leaves correlations on 7}, tend to O as
h — oo, cf. Definition 1.2.2. The following lemma extends these decay properties to
arbitrary subtrees of T}; this was proved in [29] in the case of the colourings model and

the proof for the Potts model is analogous.
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Lemma 5.4.1. Let A,q > 3 be integers, and [ > 0 be in the uniqueness regime of the
(A —1)-ary tree. There exists a function ¥ : N — R with ¥(h) — 0 as h — oo such that
the following holds for any integer h > 0.

Let T} be an arbitrary subtree of T}, containing the root p and let L} be the set of vertices
in T} at distance exactly h from p. Then, for any colour ¢ € [q] and any configuration
7 : L} — [q], it holds that

1
pry(o(p) = clo(Ly) =) - 7l =0
Proof. We will show that the statement of the lemma holds with the function ¥(-) given
by 9(0) = 1 and
1

9(h) = max olp)=cl|lo(Ly)=1]——|.
(= max Junlolp) =c|o(Ly) =] - ¢

Note that, since /3 is assumed to be in the uniqueness regime of the (A — 1)-ary tree, we
have by definition that ¥(h) — 0 as h — oo.
We first show by induction on & that, for all » > 0, for all subtrees 7} of T}, containing

the root p, for all configurations 7 : L}, — [¢] and any colour ¢ € [g], it holds that

iy (0(p) = ¢ | o(L}) = 7) = iz (0(p) = | o(L}) = 7). (5.42)

For h = 0 the result is trivial. Suppose that » > 1 and that the result holds for all integers
less than h, we prove the result for h as well. Let U = {uy,...,ua—1} be the children of p
in T}, and let U’ C U be the children of p in T} . For a vertex u € U, denote by T},(u) the
subtree of T}, rooted at u and by L (u) the vertices in L, that belong to the tree T} (u).
Similarly, for a vertex v € U’, denote by T} (u) the subtree of 7} rooted at u and by L} (u)
the vertices in L) that belong to the tree 7} (u). Using standard tree recursions (see for

example Lemma 3.1.3 in Chapter 3), we have that

[ucy (1= (1= B) pry (0(u) = c | o(L}, (w) = 7(Lj, (1))
o Muer (1= (1= B) pm, (o (u) = ¢ | o(Lj,(w) = 7(L}, ()

pr (o(p) = clo(Ly) =7) = >

and

[ucrr (1= (1= B) py uy (o (u) = ¢ | o(Lj, () = 7(L (w))))

pr (P = e Lota) =7) = Sxa ™ T 0= (1= ) iy (0(0) = @ [ 0 (Bl () = (T (w)))
(5.44)
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For every u € U \ U’ we have that L) (u') = () and therefore, using the symmetry among
the colours, we have that for every ¢’ € [¢] it holds that

b,y (0 () = ¢ | oL (w) = 7(Ly,(u) = pir, () (0 () = ¢) = 1/q (5.45)

For u € U’, we have that T}, (u) is isomorphic to 7},_; and 7T} (u) is a subtree of T}, (u), so

by the induction hypothesis we have that for any colour ¢ € [¢] it holds that

piry wy(o(u) = ¢ [ o(Ly,(u)) = 7(Lj,(w)) = b,y (0(w) = ¢ | o(Ln(w)) = 7(Lp(u))).
(5.46)
Combining (5.43), (5.44), (5.45) and (5.46) yields (5.42), thus completing the induction.

To complete the proof it remains to observe that for any colour ¢ € [g], it holds that

pr (o(p) = clo(Ly) =7) =

> (o(p) =clo(Ly) =7,0(Ly\ Ly) =n) - pz, (0(Ln \ L) = 0 | o(L},) = 7)
n:Lp\Lj,—q]

Note that, by the definition of the function ¥(-), for any n : Lj, \ L} — [¢] we have that
1
pi (o) = e o(Lh) = 7o (L \ L) = ) = | < 9(0)
and >, 7\ pr g B, (0(Ln \ L) = n [ o(Ly,) = 7) = 1, which gives that

ur(o0) = ¢ o(2h) = ) = 2| < 00,

Combining this with (5.42) yields the lemma. O]

5.4.2 Analysing Potts on disjoint trees whose roots are connected via a
path

To prove Lemma 5.3.10, we will need the following lemmas.

Lemma 5.4.2. Let ¢ > 3 and € (0,1), and set x := ﬁ}:]él. Let P be a path with £ > 2

vertices and endpoints u,v. Then, for arbitrary colours c,c € [qg], it holds that
pp (P is bichromatic | o(u) = ¢,o(v) = ¢) < (4q/8)x* 2.
Proof. Let z be the neighbour of v (note that if / = 2 then z = u). We have that

pp(o(w) =c | o(u) =c) = Z pp(c(w) = |o(z) =", 0(u) =c)xpp(o(z) =" | o(u) = c).
c’€lq]

(5.47)
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Note also that for arbitrary colours ¢, ¢/, ¢’ € [¢] we have that

1{=c"}
pr(o(0) = [ 0(2) = () =) = puplole) = ¢ [ 0() =) = S5 = 3/ (Bra-1).
Combining this with (5.47), we obtain that up(c(v) =¢ | o(u) =¢) > 8/(8+¢—1) and
hence

_CO'U:C/:1 O"U:C/ ou) ==c¢ L
pp(o) = e.o(v) =) = _pplol) = oW =) > by (549

Let ¢1, c2 € [¢] be distinct colours in [¢] and £(cy, c2) be the event that every vertex in P

is coloured with c;, ¢o. The lemma will follow by showing that

pup(E(er, ea)) =2x"""/q. (5.49)

Let us briefly conclude the lemma assuming (5.49). Indeed, if ¢ # ¢/, then applying

(5.49) for c¢; = c and ¢y = ¢’ and using the lower bound in (5.48) we obtain that
pp(P is bichromatic | o(u) = ¢, 0(v) = ¢) < (4/8)x" 72,

while, if ¢ = ¢/, we obtain by summing (5.49) for ¢; = ¢ and the ¢ — 1 possible values of
co that

pp(P is bichromatic | o(u) = ¢,0(v) = ¢) < (4¢/8)x" 2.
It remains to prove (5.49). For convenience, denote by wq, ..., w, the vertices of P in
order so that u = w; and v = wy and let C = {¢;, c2}. Note that

¢
np(E(cr, e2)) = pp(o(wi) € C)HMP(U(W) € Clo(wi-1)€C,...,0(w) € C).
=2
We have up(o(wy) € C) =2/q. Fori = 2,...,n, let P; be the path induced by the vertices

w;_1,...,w,. We have that
,up(a(wi) eC ‘ a(wi_l) S C,...,O’(’wl) S C) = ,up,i(a(wi) eC ‘ a(wi_l) S C)
Since up,(o(w;) € C) = pp,(o(w;—1) € C) = 2/q, we have by the Bayes’ rule that
1+
pp;(o(w;) € C | o(wi—1) € C) = pp,(o(wi-1) € C | o(w;) € C) =

“Frg-1 )

Combining these, we obtain (5.49), therefore concluding the proof of Lemma 5.4.2. [
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We will use the following corollary of Lemma 5.4.2.

Corollary 5.4.3. Let ¢ > 3 and 5 € (0,1), and set x := Bﬁfl' Let P be a path with { > 2

vertices and let A be a subset of the vertices which includes the endpoints of the path. Then,

for any configuration 7 : A — [q], it holds that
pp (P is bichromatic | o(A) = 7) < (4q/8) M\ —2AL

Proof. Lett := |A| and denote the set of vertices in A by w1, ..., u,; in the order that they
appear in the path. Note that «w; and u; are the endpoints of P (since by assumption A
includes the endpoints of P). For i = 1,2,...,t — 1, let P; be the path induced by the

vertices between u; and ;1 and let ¢; be the number of vertices in P;. Then, we have

wp (P is bichromatic | o(A) = 7) < up(F; is bichromatic fori =1,...,t =1 | o(A) = 7)
t—1

= H,upi (P; is bichromatic | o(u;) = 7(u;), o(uit1) = 7(wiy1)).
1=1

By Lemma 5.4.2, we have that
pp, (P is bichromatic | o(u;) = 7(w;), o (uir1) = 7(uiy1)) < (4q/8) x5 2
and therefore, since Zf ¢; ={and y, 5 € (0,1), we obtain that
pp(P is bichromatic | o(A) = 7) < (4¢/8) M1 72IAD < (4q/) A\ 21
This finishes the proof. O
We are now ready to prove Lemma 5.3.10, which we restate here for convenience.

Lemma 5.3.10. Let A, q > 3 be integers, and 3 € (0, 1) be in the uniqueness regime of the
(A — 1)-ary tree with 8 # (A — q)/A. Then, for any €’ > 0, there exists a positive constant

K< ﬁfﬁ ; + ¢’ and e > 0 such that the following holds for all sufficiently large integers {
and h.

Let G be a graph of maximum degree A and P be a path with ¢ vertices whose h-graph-
neighbourhood contains (1 — €){ isolated tree components. Let jic be the Potts measure on

G with parameter 8. Then,

uc(path P is bichromatic) < K ¢
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Proof. Let x := Brﬁ 7 and consider arbitrary ¢’ > 0. We begin by specifying the constants
K, e and how large ¢ and h need to be. In particular, let K be any constant satisfying

x < K < x + ¢’ and € > 0 be a small constant such that

1/q+¢

1 X
/q—¢

Note that such an ¢ exists by considering the limit ¢ — 0. Let ¢ be sufficiently large so

that

(4q/xﬂ)25( )1_26 < K/(1+¢). (5.50)

el>2 and (1+4¢) > (5.51)

Finally, let ¢(-) be the function in Lemma 5.4.1, so that for all sufficiently large & it holds
that
v(h) <e. (5.52)

We are now ready to proceed to the proof of the lemma. Let G be a graph and consider
a path P in G, with vertices uy, ..., u,, whose h-graph neighbourhood contains at least
(1 — e)¢ isolated tree components. By definition, an isolated tree component contains

exactly one of the vertices u, ..., u, and therefore the set
U = {ui | u; belongs to an isolated tree component and u; # u1,us},

satisfies |U| > (1 —e)¢ — 2 > (1 — 2¢)¢. Note that we exclude the endpoints of the path
P from U, even if they belong to isolated tree components. Let also U denote the set
{u1,...,u} \ U, so that [U| < 2ef. Recall that T}, is the subtree of the (A — 1)-ary tree
consisting of vertices at distance at most h from the root. By definition of the set U, we
have that

foru € U, I'y,(G \ P,u) induces a subgraph in G which is a subtree of Tj,. (5.53)

For u € U, let for convenience V,, = T';,(G \ P, u), F, be the subgraph of G induced on V,,
and L, be the set of vertices that are at distance h from v in F,,. Note that F), is a tree
rooted at « all of whose vertices are at distance at most h from u; L,, is thus the set of all
leaves in F,, which are at distance h from u« (note that there could be other leaves which
are closer to u but these will not matter).

Let F' be the union of the subgraphs F, for u € U; note that F' is a disjoint union of
copies of trees (each of which is a subtree of T}, from (5.53)). Let also L := (J,,c;; L. We
will also denote by Vp, Ep the vertex and edge set of the path P. Note that E is disjoint
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from Ep (though Vp and Vy intersect at Vp). Finally, let H = (Vi7, Ex) be the subgraph
of G with vertex set Vp U Vr and edge set Ep U Ep.
To bound the probability that P is bichromatic, we will condition on a worst case boundary

configuration on L and U. In particular, we have the bound

pe (P is bichromatic) < max_ pg(P is bichromatic | o(L) = 7, o(U) = 7).
7:L—[q],7:U—q]

To bound the r.h.s., fix arbitrary configurations 7 : L — [¢], 7" : U — [q] and note that
pe (P is bichromatic | o(L) = 7, 0(U) = 7') = pg (P is bichromatic | o(L) = 7, o(U) = '),

so the lemma will follow (since 7,7’ are arbitrary) by showing that, for arbitrary colours

1,2 € [q], it holds that
pw(E(er,e2) |o(L) =1, 0(U) =1') < K'/¢?, (5.54)

where £(c1, ¢o) is the event that each vertex in P is coloured with either ¢; or cy. Since U

includes the endpoints of the path P, by Corollary 5.4.3 we have that

up(Eler,e) | o(U) = 7') < (4g/8) U201 = (4g/x8)1 7\ V1. (5.55)

Let Zp be the partition function of the path P and Zp(cy, c2) be the contribution to Zp

from configurations such that P is coloured with ¢; or ¢, i.e.,

Zp: Z wp(O'), ZP(Cl,CQ): Z ’U)P(O'),

o:Vp—[ql; o(U)="7" o:Vp—{ci,c2}; o(U)=r'

Then, (5.55) translates into

Zp(er,e2)/Zp < (4q/x8) VXYL,

The trees hanging from vertices in U reweigh the probability that the path is bichromatic
but do not cause significant distortion since the states of the roots are roughly uniformly
distributed (because of uniqueness on the tree). To quantify this, for « € U and a colour

c € [q], let

Zy(c) = g wr, (0).
o:Vu—[ql;
0(Lw)=7(Ly), o(u)=c
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Let also Z, = 3 () Zu(c). By Lemma 5.4.1 and the choice of £ in (5.52), we have that
for all ¢ € [¢] it holds that

- f’ <9(h) <e. (5.56)

We can now write py (E(ci, ) | o(L) =7, 0(U) = 7') as

ZU:VP—>{C1,CQ}; o(U)="7' QUP(U) HueU ZU(U(U))
ZU:Vp—ﬂq}; a(U)=1' ’UJP(O') HuEU Zu(a(u))

Z., we obtain using (5.56) that

pi(E(cr,e) |o(L)=71,0U0)=1") =

Dividing both numerator and denominator by [, ;s

pn(§(er,ca) | (D) = 7, (@) = ) < () ) < ag iy (T1E24) "

We have |U| > (1 —2¢)¢ and |U| < 2¢/, so from the choice of € and ¢ in (5.50) and (5.51),

we obtain that
pr(E(cr,ea) | o(L) =7, 00) =7) < K'/(1+e) < K'/¢°,

which is exactly (5.54), as wanted. This concludes the proof of Lemma 5.3.10. O

5.5 Correlation decay and sampling for antiferromagnetic Ising

In this section, we prove Theorem 5.3.6 and Lemma 5.3.7. The proofs follow relatively
easily from correlation decay bounds on trees appearing in [64]; the bounds in there are
stated for the case of the ferromagnetic Ising model, but there is a simple translation
of these bounds to the antiferromagnetic case which allows us to conclude the desired
results. In Section 5.5.1, we import the results from the literature that we need. We
then give the proof of Theorem 5.3.6 in Section 5.5.2 and the proof of Lemma 5.3.7 in
Section 5.5.3.

5.5.1 Preliminaries

Following [64], for a graph G and a vertex u in GG, we consider the self-avoiding walk
tree T = Tsaw (G, u), which consists of all paths starting from « and not intersecting
themselves, except possibly at the terminal vertex of the path; note that each vertex in T’
corresponds to a vertex in G in the natural way (in a many-to-one fashion). The following
lemma originates in the work of Weitz for the hard-core model [78]; it is well-known that
the lemma holds more generally for any 2-state system. The particular version we state

here is close to [64, Lemma 13].
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Lemma 5.5.1 (see, e.g., [64, Lemma 13]). Let G = (V, E) be a graph and u be a vertex in
G. Consider the self-avoiding walk tree T = Tsaw (G, u) starting from u and denote by A
the leaves of the tree. Then, there is a configuration n : A — {1,2} (described in [78]) such
that the following holds for any set A C V and any configuration 7 : A — {1,2}.

Let Uy be the set of vertices in T which correspond to vertices in A and let i’ : Uy\ A — {1,2}
be the configuration where each vertex in Uy \ A inherits the state of the corresponding

vertex in A under . Then,
mg(o(u) =1]0(A) =7)=n7r(0(u) =1]0(A) =n,0(Ur\ A) =1).

The following lemma follows from a strong spatial mixing result in [64] for the ferromag-

netic Ising model, which in turn builds upon a lemma from [5].

Lemma 5.5.2. Let 3 € (0,1). Let T = (V, E) be a tree, A C V be a subset of the vertices
and u be an arbitrary vertex. Let 71,72 : A — {1,2} be two configurations on A which differ

only on a subset U C A. Then,

?

ﬂ) dist(u,v)

[72(r(w) =11 0(A) =) ~7r(o(w) =1 | o(A) =m)| < 3 (15

vel

where dist(u, v) denotes the distance between v and v in T.

Proof. It is well-known that, on bipartite graphs G = (V, E), there is a measure-preserving
bijection between configurations of the antiferromagnetic Ising model with parameter
B € (0,1) and configurations of the ferromagnetic Ising model with parameter 1/5,
obtained by flipping the states of each vertex on one side of the bipartition. The desired
inequality therefore follows from the strong spatial mixing result for the ferromagnetic
Ising model given in [64, Lemma 14]. To translate the parametrisation of that result,
note that in [64] the weight of a (ferromagnetic) Ising configuration o is parametrised
to be proportional to exp(28m(c)) — therefore 1/8 = ¢2?, so tanh 8 = % Using this

translation, we obtain the desired inequality. O

5.5.2 Proof of Theorem 5.3.6

To prove Theorem 5.3.6, we will use the following algorithm that allows us to compute

conditional marginal probabilities with very small absolute error.
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Lemma 5.5.3. Let § € (0,1) and b > 0 be constants such that b% <1, and let A > 3 be
an integer. Then, there exists My > 0 such that the following holds for all M > M.

There is a polynomial-time algorithm that, on input: (i) an n-vertex graph G = (V, E) with
maximum degree at most A and average growth b up to depth L = [M logn], (ii) a subset
A C V with a configuration 7 : A — {1,2}, and (iii) a vertex u € V' \ A, outputs a number
p € [0, 1] such that

BA

2n1t(1 4 B2)

p —p‘ < where p := ng(o(u) = 1| o(A) = 7),

i.e., p is within absolute error O(1/n'') from the marginal probability that o(u) = 1

conditioned on o(A) = 7, where o is from the Ising distribution 7 on G with parameter (3.

Proof. Let My be a large constant so that for n > 2 and L := [ My logn|, it holds that

Lo (1= B\Lo B
" (155) S s ey (5.57)

Note that such an M exists since b% < 1. Fix M to be an arbitrary constant larger than
Mo.

Let G be an arbitrary n-vertex graph with average growth b up to depth L = [M logn/],
A C V be a subset of the vertices, 7 : A — {1,2} be a configuration on A, and u € V' \ A
be a vertex. Consider the self-avoiding walk tree 7" = Tsaw (G, u) starting from u, and
denote by A the leaves of the tree. By Lemma 5.5.1, we have that there is a configuration
n: A — {1,2} such that

(o) =1|o(A)=7)=np(c(u) =1]|0(4) =n,0(U\ A) =17) (5.58)

where U := U, is the set of vertices in 7' that correspond to some vertex in A and 7’ is
the assignment on U \ A inherited by 7 (see Lemma 5.5.1 for details). For convenience,
let F:=UUAand(: F — {1,2} be the configuration which agrees with n on A and
with ' on U \ A, so that (5.58) can be rewritten as

mg(o(u) =1]o(A) =7) =mr(o(u) =1]0(F) = ().

Let 7" = (V’, E’) be the subtree of T induced by vertices at distance at most L — 1 from u
and let ¥ = FNV'. Let

p=mnr(c(u)=1]c(F)=¢) and p:=np(c(u)=1|0c(F)=C((F")).
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Note that p can be computed in polynomial time since the tree 7" and the configuration
Cp can be constructed in polynomial time (since 7" is a tree of size O(AL)). So, the
lemma will follow by showing that

BA
2n1l(1+ p2)’

p—p| < (5.59)

To prove this, let J be the set of vertices in V' \ F’ whose distance from w is exactly L — 1
in T and note that |.J| < b" since G has average growth b up to depth L. Note also that,
conditioned on the configurations on J and F”, the probability that o(u) = 1 depends
only on 7" (and not on the configuration on rest of the tree 7). Using the law of total

probability, we can therefore expand p as

p= 3 mplo(w) = 1] 0(F) = ((F'),0(J) = o) x np(0(J) = ¢ | o(F) = ¢(F)).
v JJ—{1,2}
(5.60)

Therefore, (5.59) will follow by showing that, for any configuration ¢ : J — {1,2} it
holds that
5A

[ (o) = 1] o(F) = C(F), 0()) =) =l < g 5ay-

(5.61)

Note that we can expand p analogously to (5.60) by conditioning on the configuration
on .J, so to prove (5.60) it suffices to show that for any two configurations ¢y, ¢ : J — [q]
it holds that
,BA
< ———————
= 2nll(1 4 BA)
where & = |rp/(o(u) = 1| o(F') = (pr,0(J) = u) —ap(o(w) =1 | o(F) =
Crry o(J) = 12) | By the strong spatial mixing result of Lemma 5.5.2, we have that
1 — B dist(u,v) 1—p8\L I 1—p38\L
< S =|J|(>—=) <vr(—=) .
R—vze;](ﬁJrl) m(,@’+1> = (1+B>

Combining this with the choice of M (cf. (5.57)), we obtain (5.61), thus concluding the

proof of the lemma. O
Using Lemma 5.5.3, the proof of Theorem 5.3.6 follows by standard techniques.
Proof of Theorem 5.3.6. Denote by vy, vs,...,v, the vertices of G. The algorithm will

sample the state s; of vertex v; sequentially for ¢ = 1,...,n. We just give the details
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for the first part of the algorithm, the proof of the second part is completely analogous
(namely, it suffices to assume in the following that we first set v; = u, vy = v, we then fix
the states s; = 1, s = 2 and finally sample the states s; fori = 3,...,n.)

Assume that, at some time ¢ = 1,...,n, we have sampled the states s, ..., s;_1 (Which
can take arbitrary values in {1,2}). Using the algorithm of Lemma 5.5.3, we obtain
in polynomial time numbers p;(1),p;(2) € [0,1] such that p;(1) + p;(2) = 1 and, for
s € {1,2}, it holds that

R B
i(8) = pi($)| < 517 aay .62
‘al(s) pl(s)‘ — 2”11(1 +ﬁA)7 (5 6 )
where a;(s) := mg(o(vi) = s | o(v1) = s1,...,0(vi—1) = si—1). We then sample the state

s; by letting s; = 1 with probability p;(1), or else s; = 2 (note that s; = 2 with probability
pi(2)). Denote by 7 the final configuration and by v, its distribution.
We will show that, for any configuration n : V' — {1, 2}, it holds that

2
lvr(n) —ma(n)] < Wﬁa(n), (5.63)

so by summing over 1 we obtain

I =r6ley =3 3 e -met| <5 3 moln) = 1/n,

n: V—{1,2} n: V—{1,2}

which proves the theorem. To prove (5.63), fix an arbitrary configuration n : V" — {1, 2}

and let
Pig = ma(o(vi) = n(vi) | o(v1) = n(v1), ..., 0(vi1) = n(vi1)).
Note that . .
na(n) = [[pin and v (n) =[] pi(n(v:). (5.64)
Moreover, from (5.62), we ha\;e 1hat foralli=1,... ,Zn lit holds that
pA Pin

‘piﬂ? _ﬁl(n(vl))} S 27111(1 +/8A) S 2n117

where the last inequality follows from the lower bound of Lemma 5.3.8. Using the
inequalities 1 — z < e™* < 1 — z/2 which hold for all = € [0,1/2], we obtain that, for
e = 1/n', it holds that

e piy < pi(n(vi)) < e piy-
Multiplying over i = 1,...,n and combining with (5.64) gives (5.63), thus completing
the proof of Theorem 5.3.6. O
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5.5.3 Proof of Lemma 5.3.7
In this section, we give the proof of Lemma 5.3.7, which we restate here for convenience.

Lemma 5.3.7. Let 5 € (0,1) and b > 0 be constants such that b}jfg < 1. Then, there exists
M{ > 0 such that the following holds for all M > M.

Let G be an n-vertex graph with average growth b up to depth L = [ M logn], and let u, v
be distinct vertices in G. Then

1-— 6)

L
rolo(u) = 1] o(v) = 1) ~ a(o(w) = 1| ov) = 2)| < %+ PG, u U)<1+B

=1

where Py(G, u,v) is the number of paths with ¢ vertices in G that connect u and v.

Proof of Lemma 5.3.7. Let M| be sufficiently large so that for all n > 2 and Ly :=
[M{logn], it holds that

0 L —p\Fko
L (m) < 1/(2n10). (5.65)

Note that such a constant exists since b1 +5 < 1. Fix arbitrary M > M;. Let G be an
arbitrary graph with average growth b up to depth L = [M logn], A C V be a subset of
the vertices, 7 : A — {1, 2} be a configuration on A, and u € V' \ A be a vertex.
Consider the self-avoiding walk tree 7' = Tsaw (G, u) starting from u, and denote by A
the leaves of the tree and by U the set of vertices in 7" that correspond to v. For a subset
of vertices W of the tree we denote by o(1W) = 1 the event that all vertices in W have
the state 1 and analogously for ¢(W) = 2. By Lemma 5.5.1, we have that there is a
configuration  : A — {1,2} such that for s € {1, 2} it holds that

Ta(o(u) =1|0(v) = s) = ps where p, ;= mp(o(u) =1 | o(A) =n, o(U\ A) =s).
(5.66)
Let 7" = (V', E’) be the subtree of T" induced by vertices at distance at most L — 1 from u
andlet A/ = ANV, U =UNV' For s € {1,2}, let

Py 1= mro(o(u) = 1| o(A) = n(A'), (U \ 4') = ).

We will show that

1 —
i - p2’<ZP£GUU)<1+g> (5.67)
[pr = ph| < 1/(2n'),  |p2 — ph| < 1/(20"). (5.68)
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Assuming these for the moment, we obtain by (5.66) and the triangle inequality that

L

ITa(o(u) =1]0(v) =1)—mg(o(u) =1]0(v) =2)| = [p1—p2| < 711104'5Z Py(G,u, v>(ig)e,
=1

thus proving the lemma. It thus remains to prove (5.67) and (5.68).
To prove (5.67), note that by Lemma 5.5.2, we have that

. L
s > (55) " =X rGua ()

wel\ A’
where the last inequality follows from observing that each vertex w € U’ \ A’ with
dist(u, w) = ¢ corresponds to a distinct path with ¢ + 1 vertices between v and v in G.
This proves (5.67).
To prove (5.68), we focus on showing that [p; —p| < 1/(2n'°), the other inequality being
completely analogous. We follow closely a similar argument which was presented in the
proof of Lemma 5.5.3. Let .J be the set of vertices in V' \ (U’ U A") whose distance from u
is exactly L — 1 in T and note that |.J| < b* since G has average growth b up to depth L.
Note also that, conditioned on the configurations on J and U’ U A’, the probability that
o(u) =1 depends only on 7" (and not on the configuration on rest of the tree 7)), i.e., we

can expand p as

p= Y (o) =1]0(A)=nA),0U'\A)=10(]) =)
v JJ—{1,2}

xr(o(J)=1tv|o(A)=n,0U\A) =1). (5.69)

Therefore, |p1 — p}| < 1/(2n'°) will follow by showing that, for any configuration
¢ J — {1,2} it holds that

|7 (o(u) =1 o(A") =n(A"),a(U'\A) =1, 0(J) =1) —pll‘ <1/(2n'%.  (5.70)

We can expand p} analogously to (5.69) by conditioning on the configuration on J, so to
prove (5.69) it suffices to show that for any two configurations ¢y, : J — [g] it holds
that k < 1/(2n'%) where

K= ‘7TT/ (c(w) =1]0(A) =nA),c(U\NA)=1,0(J) =u)
—7p(o(u) =1]0(A) =n(A"),c(U'\A)=1,0(J) = Lg)}
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By the strong spatial mixing result of Lemma 5.5.2, we have that
1-06 dist(u,v) 1— 56\ L I 1—p56\L
< —_— = —_— < —) .
”—;(er) |J|(5+1) sb (1+ﬁ)

Combining this with the choice of M/ (cf. (5.65)), we obtain v < 1/(2n'?), thus
concluding the proof of |p; — p}j| < 1/(2n'Y) and therefore completing the proof of
Lemma 5.3.7. O
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Chapter 6

Classification of Complexity :
Counting Boolean Bounded-Degree
CSP

This chapter is based on the joint work with Andreas Galanis and Leslie Goldberg [36].

6.1 Introduction

Constraint Satisfaction Problems (CSPs) was originally defined in artificial intelligence.
The paradigm provides a general framework of problems from diverse areas such as
operations research, database theory, scheduling and graph theory. Moreover, the problem
of counting solutions to CSPs also captures partition function problems from statistical
physics. In particular, Boolean CSPs can be viewed as a generalisation of hypergraph
2-state spin models. In this chapter, we will be concerned with the complexity of approxi-
mate counting Boolean CSPs.

An instance I = (V,C) of a Boolean counting CSP consists of a set V' of variables and
a set C of constraints. An assignment o : V' — {0, 1} assigns a Boolean value (which
corresponds to a “spin” state) to each variable. Each constraint associates a tuple
(v1,...,vy) of variables with a Boolean relation which constrains the spins that can be
assigned to vy, ...,v;. An assignment o is said to “satisfy” the constraint if the tuple
(o(v1),...,0(vg)) is in the corresponding relation, and it is said to be “satisfying” if it
satisfies all constraints. A Constraint Satisfaction Problem comes with two important
parameters — the constraint language I is the set of all relations that may be used in

constraints and the degree A is the maximum number of times that any variable v € V'
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may be used in constraints in any instance. The number of satisfying assignments is
denoted Z;. The computational problem #CSPx(T") is the problem of computing 77,
given a CSP instance / with constraints in I" and degree at most A. We use #CSP(I") to

denote the version of the problem in which the degree of instances is unconstrained.

6.1.1 Definitions and statement of our classification result

Before giving formal definitions of the problems that we study, we introduce some
notation. We use boldface letters to denote Boolean vectors. A pseudo-Boolean function is

a function of the form f : {0,1}* — R for some positive integer k, which is called the
arity of f.
Definition 6.1.1. Given a pseudo-Boolean function f : {0,1}* — R, , we use the

notation Ry to denote the relation Ry = {x € {0,1}" | f(x) > 0}, which is the relation
underlying f.

If the range of f is {0, 1} then f is said to be a Boolean function and of course in that case
Ry = {x € {0,1}* | f(x) = 1}.

In order to allow consistency with obvious generalisations, our formal definition of the
Boolean Constraint Satisfaction Problem is in terms of Boolean functions (rather than,
equivalently, using the underlying relations).

A Constraint language T is a set of pseudo-Boolean functions. It is called a Boolean
constraint language if all of the functions in it are Boolean functions. An instance I = (V,C)
of a CSP with constraint language I' consists of a set V' of variables and a set C of
constraints. Each constraint C; € C is of the form f;(v;1,...,v;,) where f; is an arity-k;
function in I' and (v;,1,...,v;,) is a tuple of (not necessarily distinct) variables in V.
The constraint C; is said to be “Repeat-Free” if all of the variables are distinct. Similar to
the definition of spins systems, we can also define the weight, partition function and the
Gibbs distribution of I as follows. Each assignment o : V' — {0, 1} of Boolean values to

the variables in V' has a weight
UJ](O') = H fi(a(vi,l)a'"70-(1]7;,]6»;))‘
fi(vi,1,e,00,k,)EC

The partition function maps the instance [ to the quantity

Zr = Z wr(o) = Z H fi(o'(vi1)a"'va(vi,ki))'

0:V—{0,1} o:V—{0,1} fi(vil,...,vi’ki)ec
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If I' is a Boolean constraint language then it is easy to see that w;(o) = 1 if the assignment
is satisfying and w; (o) = 0, otherwise. Thus, Z; is the number of satisfying assignments
of I.

When Z; > 0, we will use u;(-) to denote the Gibbs distribution corresponding to Zj,
which is given by

forallo : V — {0,1}.

pr(o) = 57

I
The degree d,(C) of a variable v in a constraint C' is the number of times that the

variable v appears in the tuple corresponding to C' and the degree d, of the variable is

dy = Y cec do(C). Finally, the degree of the instance [ is max,cy d,.

Definition 6.1.2. #CSPA(T") is the problem of computing Z;, given a CSP instance [
with constraints in I and degree at most A. #CSP(I") is the version of the problem in
which the degree of instances is unconstrained. #CSP .(I') has an extra parameter ¢ > 1
that captures the desired accuracy. The problem is to compute a number Z such that
c"Zr < 7 < ¢"Z;, where n is the number of variables in the instance I. The problems
#NoRepeatCSP A (T'), #NoRepeatCSP(I") and #NoRepeatCSP 5 .(I') are defined similarly,

except that inputs are restricted so that all constraints are Repeat-Free.

Definition 6.1.3. A Boolean function f : {0,1}* — {0,1} is affine if there is a k x k
Boolean matrix A and a length-k Boolean vector b such that R; is equal to the set of

solutions x of Ax = b over GF(2).

Definition 6.1.4 (The set of functions IM,). A Boolean function f : {0,1}* — {0,1} is in
IMy if f(z1,...,xy) is logically equivalent to a conjunction of (any number of) predicates

of the form x;, —x; or x; = ;.

We have now defined all of the terms in our main theorem apart from some well-known

concepts from complexity theory, which we discuss next.

Definition 6.1.5 (FP). FP is the class of computational problems (with numerical output)

that can be solved in polynomial time.

Definition 6.1.6 (AP-reduction). For two counting problems #A and #B, we say that
#A is #B-easy if there is an approximation-preserving (AP)-reduction from #A to #B.
The formal definition of an AP-reduction can be found in [25]. It is a randomised
Turing reduction that yields close approximations to #A when provided with close

approximations to #B.
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The definition of AP-reduction relates to the definition of FPRAS in the sense that the
existence of an FPRAS for #B implies the existence of an FPRAS for #A. We say that
#A is #B-hard if there is an AP-reduction from #B to #A. Finally, we say that #A is
#B-equivalent if #A is both #B-easy and #B-hard.

The problem of counting satisfying assignments of a Boolean formula is denoted by
#SAT. Every counting problem in #P is AP-reducible to #SAT, so #SAT is said to be
complete for #P with respect to AP-reductions. It is known that there is no FPRAS for
#SAT unless RP = NP. The problem of counting independent sets in a bipartite graph is
denoted by #BIS. The problem #BIS appears to be of intermediate complexity: there
is no known FPRAS for #BIS (and it is generally believed that none exists) but there is
no known AP-reduction from #SAT to #BIS. Indeed, #BIS is complete with respect to
AP-reductions in the complexity class #RHII;.

Given all of these definitions, we now formally state our main result.
Theorem 6.1.7. Let I be a Boolean constraint language. Then,
1. If every function in T is affine then #CSP(T") and #NoRepeatCSP(T") are both in FP.

2. Otherwise, if I' C IM,, then there exists an integer Ag such that for all A > A,
#CSPA(T') and #NoRepeatCSP 5 (T') are both #BIS-equivalent under AP-reductions,

and

3. Otherwise, there exists an integer A such that for all A > A, there exists a real
number ¢ > 1 such that #CSP .(T') and #NoRepeatCSP  .(I') are both NP-hard.

6.1.2 Prior works

Given the usefulness of CSPs, the study of the complexity of CSPs is an extremely active
area in computational complexity (for example, see [13] and the references therein).
For every A > 3, the work of Cai, Lu and Xia [15] completely classifies the complexity
of exactly solving #CSPa (I"), depending on the parameter I'. If every relation in I' is
affine, then #CSPA (T") is solvable in polynomial time (so the problem in the complexity
class called FP). Otherwise, it is #P-complete. The characterisation of Cai, Lu and
Xia is exactly the same classification that was obtained for the unbounded problem
#CSP(I") by Creignou and Hermann [17]. Thus, as far as exact counting is concerned,

the degree-bound A does not affect the complexity as long as A > 3.
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However, much less is known about the complexity of approximately solving #CSP (T).
In fact, even the decision problem CSP (T") is still open. For A > 3, Dalmau and Ford [20]
have solved the special case where I' includes both of the unary relations Rs, = {0} and
Rs, = {1}. This special case is known as the “conservative case” in the CSP literature. For
A > 6, Dyer et al. [27] have classified the difficulty of the approximate counting problem,

also in the conservative case.

o If every relation in I is affine, then #CSPA (I' U { Rs,, Rs, }) is in FP.

e Otherwise, if every relation in I" is in a class called IM» then #CSPaA(I'U{Rs,, Rs, })
is equivalent under approximation-preserving (AP) reductions to the counting

problem #BIS (the problem of counting independent sets in bipartite graphs).

e Otherwise, there is no FPRAS for #CSPa(I' U {R;s,, Rs, }) unless NP = RP.

However, the restriction that Rs;, and R;, are contained in the constraint language is
a severe one. It does not apply to many natural applications, such as the hypergraph
independent set problem on k-uniform hypergraphs.! The hypergraph independent set
problem on k-uniform hypergraphs is equivalent to the problem CSP({ORj}) where OR;,
is the relation {0,1}*\ {(0,0,...,0)}. It is known that

1. there is an FPRAS for #CSP({OR}) if A = O(2¥/2) [45];
2. it is NP-hard to approximate #CSP({OR;}) when A = Q(2¥/?) [6].

In contrast, #CSPa ({ORy }U{Rs,, Rs, }) is NP-hard to approximate as long as A > 6 [27].
Our result removed this severe restriction that Rs;, and R;, are contained in I" from the
classification result of #CSPa(T") from [27]. Note that even for the well-studied case
of #CSPA({OR}), we do not know its approximation complexity. Therefore, in our
result, we focused on whether, for all Boolean constraint languages T', there is a “barrier”
value A such that for all A > A, the problem #CSP(T") is computationally hard to

approximate.

'In a k-uniform hypergraph, all hyperedges have size k.
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6.1.3 CSPs and hypergraph spin systems

We will often be interested in the case where I' contains a single function f : {0,1} — R>o.
In this case, the problem can be represented by a hypergraph 2-state spin system. So, for
convenience, we make the following definitions.

A k-tuple hypergraph H = (V, F) consists of a set V' of vertices, together with a set F of
hyperarcs, where every hyperarc in F is a k-tuple of distinct vertices in V. The degree of H
is the maximum, over all vertices v € V, of the number of hyperarcs that contain v. Given
a function f : {0,1}* — R, we let I;(H) denote the instance of #NoRepeatCSP({f})
whose constraints correspond to the hyperarcs of H. Given an assignmento: V — {0, 1}
we define wy.p(0) = [I,, . voer flo(v1),... o(vr) and Zgg =301y Wi (0),
S0 Z1.(my = Zy,1,(m)- By analogy to the Gibbs distribution on satisfying assignments,
when Zy.;y > 0, we use uy.;(-) to denote the probability distribution in which, for all
assignments o : V' — {0,1}, pf.u(0) = wy,u(0)/Zs,n. Given a function f : {0,1} — R,
a positive integer A, and a real number ¢ > 1, the following computational problems are
equivalent to #NoRepeatCSP A ({f}) and #NoRepeatCSP A .({f}), respectively.

Name #Hyper2Spin(f).
Instance A k-tuple hypergraph H with degree at most A.

Output The partition function Z¢,y.

Name #Hyper2Spina .(f).
Instance An n-vertex k-tuple hypergraph H with degree at most A.

Output A number Z such that ¢ "Zpp < 7 <c"Zpu.

The name #Hyper2Spin(f) indicates that the problem is to compute the partition
function of a 2-spin system with multi-body interactions specified by f and degree-
bound A.

6.2 Proof sketch

6.2.1 Overview of the proof of our classification result

In this section, we give a non-technical overview of the proof of Theorem 6.1.7. Our

objective is to illustrate the main ideas and obstacles without delving into the more
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detailed definitions. Our focus in this section will be on the case where I" consists of a
single Boolean function f : {0,1}* — {0, 1}. As will be clear in Section 6.6, this case is
the main ingredient in the proof of the theorem.

For a Boolean function f : {0,1}* — {0, 1}, we consider the complexity of the problems
#Hyper2Spin (f) and #Hyper2Spin, .(f). Classifying the complexity of these problems
is the most important step in the proof of Theorem 6.1.7. Namely, to obtain Theorem 6.1.7,

it suffices to show that for every non-affine function f, we have that:
e If f isin IMy, then for all sufficiently large A, #Hyper2Spina (f) is #BIS-equivalent.

e If f is not in IM», then for all sufficiently large A, there exists a real number ¢ > 1
such that #Hyper2Spin, .(f) is NP-hard.

A typical approach for showing that #Hyper2Spin, (f) and #Hyper2Spin, .(f) are in-
tractable is to use an instance of the hypergraph spin system to build a “gadget” which
simulates an intractable binary 2-spin constraint. This was the approach used in [35],
which proved the intractability of #Hyper2Spina (f) (#NoRepeatCSP A ({ f})) for any sym-
metric non-affine Boolean function f by constructing an instance I of #Hyper2Spin (f)
(#NoRepeatCSPA ({f})), along with variables x and y, such that for all spins s, € {0,1}
and s, € {0, 1} the marginal distribution y;(x,y) satisfies

- o 9(s255y)
pi(o(z) = sz,0(y) = sy) = 9(0,0) + g(0,1) +gy(1,0) +9(1,1)

where ¢ is a binary function that codes up the interaction of an intractable anti-ferromagnetic

(6.1)

2-spin system. We will not need to give detailed definitions of 2-spin systems in this paper.

Instead, we give a sufficient condition for intractability.

Definition 6.2.1. A binary function g : {0,1}? — Rx is said to be “hard” if all of the
following hold:

9(0,0) +g(1,1) >0,
min{g(0,0),9(1,1)} < +/g(0,1)g(1,0),

max{g(0,0),9(1,1)} < 1/g(0,1)g(1,0).

It was established in [35] that the ability to “simulate” a hard function ¢ in the sense
of (6.1) ensures that #Hyper2Spina (f) (#NoRepeatCSPA ({f})) is NP-hard to approxi-

mate, even within an exponential factor.
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A key feature of symmetric Boolean functions f which facilitated such simulation in [35]
was the fact that the class of relevant hard function g is well-behaved, and it turned
out that it suffices to encode such a hard binary function with only e-accuracy, for some
sufficiently small € > 0, and this was enough to ensure the NP-hardness of #CSPa .({f}).
The main obstacle in adapting the approach of [35] to the case where f need not be
symmetric in its arguments arises when f is in IM,. It is unlikely that such a function f
can simulate a hard function g in the sense of (6.1) — indeed such a simulation would
prove the (very surprising) result that #BIS does not have an FPRAS (unless NP = RP).
Thus, for f € IM,, we need instead to encode a binary function which will allow us to
connect the problem #Hyper2Spina (f) (#NoRepeatCSP A ({f})) to #BIS.

Now consider the binary Boolean function Implies whose underlying relation Rjmplies =
{(0,0),(0,1),(1,1)} contains all (z,y) satisfying x = y. Obviously, Implies is not symmet-
ric, and it is not hard according to Definition 6.2.1. On bipartite instances, however, the
symmetry can be restored by interpreting differently the spins 0 and 1 on the two parts of
the graph, and this leads to a connection with #BIS. In particular, it is well-known [26]
that #CSP({Implies}) is equivalent to #BIS under AP-reductions. This connection was
extended to the bounded-degree setting by [14].

Unfortunately, the symmetrisation which connects #CSP({Implies}) to #BIS is not very
robust. For example, suppose that a (non-symmetric) Boolean function f can be used
to simulate, in the sense of (6.1), a binary function g which is very close to Implies. In
particular, suppose that for some ¢ > 0 and ¢1, €9, £3, £4 satisfying |¢;| < e fori = 1,2, 3,4,

we have
9(070):1+5+17 9(071):1"1'527
9(1,0) = €3, g(1,1) =1+ ¢4.

Such a close approximation is about the best that can be expected using the kind of
approximate encodings that are available. However, the complexity of asymmetric 2-spin
systems is not sufficiently well understood to exploit such a simulation. Surprisingly, for
any arbitrarily small constant € > 0, it is not known even whether the unbounded degree
version #CSP({g}) is #BIS-hard, and certainly nothing is known in our bounded-degree
setting! The trouble is that the symmetrisation that works for Implies (i.e., when ¢, = 0
for i = 1,2,3,4) is no longer guaranteed to symmetrise the imperfect version with the
€;’s, so the swapping of spin-0 and spin-1 values on one side of the bipartite graph leads

to an asymmetric 2-spin system on bipartite graphs and this does not fall into the scope of
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known results [14] concerning bounded-degree bipartite 2-spin systems.

Our approach to handle this problem for f € IM, is to carefully ensure that there is
no accuracy error ¢ in encoding the function Implies. In other words, we show that,
using f € IMy, we can encode Implies perfectly, a task which is surprisingly intricate in
the repeat-free setting. Our main technical theorem, Theorem 6.2.9, achieves this goal.
Namely, it shows that, for every non-affine Boolean function f, either f simulates a hard
function (with arbitrarily small accuracy-error ¢, which leads to the desired intractability
of #NoRepeatCSP A ({f})) or else f “supports perfect equality” — a concept which will
be defined later, but essentially means that f can be used to perfectly simulate the binary
function EQ with underlying relation Rgq = {(0,0),(1,1)}. Using EQ, it is possible to
simulate repeated variables in constraints, so the #BIS-hardness of #CSPa ({ f}) follows
from [26]. When f ¢ IM, but f supports perfect equality, instead of reducing to the work
in [26], we work somewhat harder to make sure that we also get the strong (exponential

factor) inapproximability given in Theorem 6.1.7.

6.2.2 Supporting pinning and equality

Let k be a positive integer and let H = (V, F) be a k-tuple hypergraph. Given a configu-
ration o : V' — {0,1} and a subset 7" C V, we will use o7 to denote the restriction of &
to vertices in T'. For a vertex v € V, we will also use o, to denote the spin o(v) of vertex

v in o. The following definitions are generalisations of definitions from [35].

Definition 6.2.2. Let f : {0, 1}* — R>(. Suppose that ¢ > 0 and s € {0, 1}. The k-tuple

hypergraph H is an e-realisation of pinning-to-s if there exists a vertex v of H such that

/Lf;H(O'U = S) > 1—e.

Definition 6.2.3. Let f : {0,1}* — R>q and s € {0, 1}. We say that f supports pinning-to-
s if, for every € > 0, there is a k-tuple hypergraph which is an e-realisation of pinning-to-s.
We say that f supports perfect pinning-to-s if there is a k-tuple hypergraph which is a

0O-realisation of pinning-to-s.

We now define what it means for a function f to support (perfect) equality which was

already discussed in Section 6.2.1.

Definition 6.2.4. Let f : {0,1}* — R and ¢ > 0. The k-tuple hypergraph H is an

e-realisation of equality if there exist distinct vertices v, and v9 of H such that, for each
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s€{0,1},
ppi(Ov, = 0v, = 8) 2 (1 —€)/2.

Definition 6.2.5. Let f : {0,1}* — R>(. The function f supports equality if, for every
e > 0, there is a k-tuple hypergraph which is an e-realisation of equality. The function

f supports perfect equality if there is a k-tuple hypergraph which is a 0-realisation of
equality.

6.2.3 Realising conditional distributions induced by pinning and equality

Given a set S of vertices, it will be convenient to follow [35] as follows. We write og = 0
to denote the event that all vertices in S are assigned the spin 0 under the assignment o.
We similarly write og = 1 to denote the event that all vertices in .S are assigned the spin 1
under the assignment . Finally, we use use o' to denote the event that all vertices in
S have the same spin under o (the spin could be 0 or 1). The following definition is a
generalisation of Definition 16 of [35] except that we have changed the notation slightly

for convenience.

Definition 6.2.6 ([35, Definition 16]). Let f : {0,1}* — R>,. Let H = (V,F) be a
k-tuple hypergraph. Let V = (Vjino, Vpin1, Veq) Where Vjing and Vin are disjoint subsets
of V and V4 is a (possibly empty) set of disjoint subsets of V'\ (Vping U Vpin1). Suppose
that: (i) Voino = 0 if f does not support pinning-to-0, (i) Vyini = 0 if f does not
support pinning-to-1, (iii) Veq = 0 if f does not support equality, (iv) it holds that

1f:1 (0Ve = 0,05, = 1,Ney, o) > 0. We will then say that “V is admissible

cond

for H with respect to f” and we will denote by p FiH M the probability distribution
vaH( | O-VpinO = 0’ vainl = 1’ ﬂWEVeq O-Ie;})'

Remark 6.2.1. Frequently, instead of formally specifying V, we will specify V implicitly by

cond(V)

just saying “consider the conditional distribution 1, "~ where the vertices in Vyino are

pinned to 0, the vertices in Vj;,; are pinned to 1 and for all W € Vg, all the vertices in

W are forced to be equal".

6.2.4 Simulating hard functions and inapproximability results

We can now give a formal definition of “simulation”, along the lines that was informally

discussed in Section 6.2.1 (Equation (6.1)).
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Definition 6.2.7. Let f : {0,1}* — R>g and g : {0,1}* — R>(. The function f simulates
the function g if there is a k-tuple hypergraph H, an admissible set V for H with respect

to f, and t vertices vy, v, . ..,v; of H such that, for all (s1, so,...,s;) € {0, 1},
cond(V) g(s1,82,...,5¢)
Hy. (o(v1) = s1,0(v2) = 82,...,0(v) = s5¢) = :
fiH g(s, 85, ...,5))

(5], o5 €0,

IfV = (0,0,0), then we say that f perfectly simulates g. More generally, we say that f

simulates a set of functions G if f simulates every g € G.

The connection between “hard” as defined in Definition 6.2.1 and intractability is given

in the following lemma.

Lemma 6.2.8 ([35, Lemma 18]). Let f : {0, 1}’“ — R>o. If f simulates a hard function,
then for all sufficiently large A, there exists ¢ > 1 such that #Hyper2Spina .(f) is NP-
hard. O

Remark 6.2.2. [35, Lemma 18] is stated for symmetric functions, but the proof in [35]

also works for asymmetric functions.

6.2.5 Technical lemmas

Our main technical theorem is the following classification of Boolean functions, which
asserts that every non-affine function either supports perfect equality or simulates a hard

function.

Theorem 6.2.9. Let k > 2 and let f : {0,1}* — {0, 1} be a Boolean function. Then at least

one of three following propositions is true:
1. [ is affine;
2. f supports perfect equality;
3. f simulates a hard function.

Theorem 6.2.9 is proved in Section 6.4. When f simulates a hard function, using
Lemma 6.2.8, we can immediately conclude that for all sufficiently large A, there exists
c > 1 such that #Hyper2Spin, .(f) is NP-hard. As we already discussed in Section 6.2.1,

it is important that, in the case where f does not simulate a hard function, Theorem 6.2.9
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guarantees that f supports perfect equality (rather than simple imperfect equality); this
allows us to recover the connection to #BIS for those f € IM,. In fact, when f supports
perfect equality, we can effectively carry out (a strengthening of) the analysis in [26] to

obtain the following classification which perfectly aligns with Theorem 6.1.7.

Theorem 6.2.10. Let f : {0,1}* — {0,1} be a Boolean function that is not affine. Suppose
that f supports perfect equality.

1. If f is in IMy, then for all sufficiently large A, #Hyper2Spina(f) is #BIS-equivalent.

2. If f is not in IMy, then for all sufficiently large A, there exists a real number ¢ > 1
such that #Hyper2Spina .(f) is NP-hard.

Theorem 6.2.10 is proved in Section 6.5. Thus, Theorems 6.2.9 and 6.2.10 together
achieve the desired classification of #Hyper2Spin (f) when f € IM; as well as the strong
inapproximability results when f ¢ IM,. Before delving into the proofs of Theorems 6.2.9
and 6.2.10 however, it will be instructive to give the main ideas behind the proofs,
especially of the more critical Theorem 6.2.9.

To prove Theorem 6.2.9, our proof departs from the previous approaches in the related
works [26] and [35]. In these works, f was used to directly encode a binary function
which was feasible because of the presence of equality in [26] and the symmetry of f
in [35]. Instead, we take a much more painstaking combinatorial approach by using
induction on the arity of the function f.

The base case of the induction (proving Theorem 6.2.9 for arity-2 functions) is fairly
simple to handle, so let us focus on the induction step. The rough idea, to put the
induction hypothesis to work, is to study whether f supports pinning-to-0 or pinning-to-1;
then, provided that at least one these pinnings is available, we need to pin appropriately
some arguments of f to obtain a function h of smaller-arity. Our goal is then to ensure
that h is non-affine; then, we can invoke the induction hypothesis and obtain that i
either supports perfect equality or simulates a hard function. From there, since h was
obtained by pinning some arguments of f, we will obtain by a transitivity argument
(cf. Lemma 6.4.8) that f either supports perfect equality or f simulates the same hard
function as h. (A detail here is that, in the case where h supports perfect equality, to
conclude that f supports perfect equality from Lemma 6.4.8, we need to ensure that the

pinnings of f used to obtain h were perfect.)
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Determining which arguments of f need to be pinned is the most challenging aspect of
this scheme. Our method for reducing the number of functions under consideration is
to symmetrise f in a natural way and obtain a new function f* which is now symmetric
(see Definition 6.4.1). Then, it turns out that there are seven possibilities for the function
/* which we need to consider in detail (the functions are given in Definition 6.3.2). That
is, when the symmetrisation of f is one of these seven functions, we have to figure out
whether f supports perfect equality and, if not, work out the combinatorial structure of f
and pinpoint which arguments are suitable to be pinned. The details of the argument can
be found in Section 6.4.2.

The proof of Theorem 6.2.10, where f supports perfect equality, basically follows the
approach of [26]. However, to get the stronger inapproximability results, we have to
take a detour studying self-dual functions (functions whose value does not change when
we complement their arguments). We show that if f is self-dual then it simulates a hard
function (Theorem 6.5.6). The problem with self-dual functions is that they do not support
pinning-to-0 or pinning-to-1, so we are not able to use the relevant results from [26].
After proving Theorem 6.5.6 and doing some preparatory work in Section 6.5.1 to ensure
that “implementations in CSPs" work in the repeat-free setting when f supports perfect

equality (see Lemma 6.5.2), the techniques of [26] can be adapted to get Theorem 6.2.10.

6.3 Properties of affine, IM,, and symmetric functions

For a vector x, we use xz; to denote the 7’th entry of x. Further, for vectors x and y of the
same length, x © y will denote the coordinate-wise addition of x and y over GF(2). More
generally, for any binary Boolean operator ®, we will denote by x ® y the vector whose
i-th entry is given by x; ® y;. We will use 0, 1 to denote the vectors whose entries are all
zeros and all ones, respectively (the length of these vectors will be clear from context).
Finally, for a Boolean vector x, X will denote the coordinate-wise “negation" of x, i.e.,

X=xd1.

6.3.1 Affine functions

The following well-known characterisation of affine functions (cf. Definition 6.1.3) is
instructive and will be useful later. For a proof, see, for example, Lemma 4.10 of [19] or
Lemma 11 of [26].

170



Lemma 6.3.1. Let f : {0,1}* — {0, 1} be a Boolean function. Then:
1. fis affine iff for every a,b,c € Ry, it holds that a® b @ c € Ry.

2. If f is not affine, then for every a € Ry, there are b,c € Ry suchthata® b ® c ¢
Ry. O

The set of affine symmetric Boolean functions f : {0,1}* — {0, 1} is given by the following
set EASY (k).

Definition 6.3.2. For k£ > 2, let EASY (k) be the set containing the following seven

functions.
fz(fr)o(xl,...,a;k) :0, féfg(:cl,...,xk) = 1, fa(llfz)ero<x17""xk) = 1{3}1 = ... :wk:O},
f;a(ﬁgne(xlv o) =Mx =... =x =1}, félg(:cl, o) =1x = ... = a ),

@, ) = e eae =0}, R, ) =1{me - en =1}

6.3.2 A characterisation of IM,

In the language of universal algebra, Creignou, Kolaitis, and Zanuttini [19] have shown
that IM5 (see Definition 6.1.4) is precisely the “co-clone” corresponding to the “clone” M,
in Post’s lattice (see [8]). Defining clones and co-clones would be a bit of a distraction
from this paper, but the only fact that we need is the following (which follows directly
from the definitions of clones and co-clones and from the fact that IM» is the co-clone

corresponding to My).

Lemma 6.3.3. Let f : {0,1}* — {0,1} be a Boolean function. Then, the function f is in
IMy iff for every x,y € Ry it holds that xVy € Ry and x Ny € Ry. O

6.3.3 The case where [ is symmetric: extensions to the asymmetric case

In this section, we state a few results from [35] which were stated for the case where
f is a symmetric Boolean function, but whose proof works just as well even when f is
asymmetric.

The following lemma, which is Lemma 12 of [35], gives sufficient conditions for pinning-
to-0, pinning-to-1 and equality. The statement of the lemma in [35] is restricted to

symmetric functions f, but the proof applies to all functions (with the trivial modification
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that the vertices in the hyperarcs in the constructed k-tuple hypergraph H must be
ordered appropriately).

Lemma 6.3.4 ([35, Lemma 12]). Let f : {0,1}* — R and let H be a k-tuple hypergraph.

1. If there is a vertex v in H such that py.p(0y, = 0) > ps,u(o, = 1), then f supports
pinning-to-0.

2. If there is a vertex v in H such that ps.g(0y = 1) > pyp.p(oy = 0), then f supports
pinning-to-1.

3. If there are vertices x,y in H such that pis.p(0p = 0y =0) = pf. (0, = 0y = 1) and
pra (0w = 0y) > py.a(0s # oy), then f supports equality. O

Lemma 6.3.5 ([35, Lemma 17]). Let f : {0,1}* — Rsq. Let H = (V,F) be a k-tuple
hypergraph and let S be a subset of V. Let V be admissible for H with respect to f. Then,
for every € > 0, there is a k-tuple hypergraph H' = (V', F") with V. C V' and F C F' such
that, for every 7 : S — {0, 1}, it holds that

(0%
g (os = 1) — i o =) <e,

where u‘}?lr}d(v)(.) is as in Definition 6.2.6. O

We will also use the following result from [35] which applies to symmetric Boolean

functions.

Lemma 6.3.6 ([35, Proof of Theorem 3]). Let k > 2 and let f : {0,1}’C — {0,1} be
a symmetric Boolean function such that f ¢ EASY (k). Then either f simulates a hard
function or f supports perfect equality (or both).

Proof. We briefly overview the proof in [35], the relevant parts are in [35, Section 4].

1. [35, Lemma 13] shows that every function f ¢ EASY (k) supports one of pinning-
to-0, pinning-to-1 or equality.

2. In [35, Section 4.1], the case where f supports both pinning-to-0 and pinning-to-1

is considered. Then, [35] shows that f simulates a hard function.
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3. In [35, Section 4.2], the case where f supports equality but neither pinning-to-0
nor pinning-to-1 is considered. The proof splits into cases depending on whether
f(0) =0or f(0) = 1. When f(0) = 0 ([35, Section 4.2.2]), [35] shows that f
supports perfect equality ([35, Lemma 28]). When f(0) = 1 ([35, Section 4.2.3]),

[35] shows that f simulates a hard function.

4. In [35, Section 4.3], the case where f supports pinning-to-0 is considered. Then,
[35] shows that f simulates a hard function. (The case where f supports pinning-

to-1 is identical by switching the spins 0 and 1.)

Thus, for every symmetric function f : {0, 1}* — {0, 1} such that f ¢ EASY(k), the results

of [35] show that either f simulates a hard function or f supports perfect equality. [

6.4 Non-affine Boolean functions either support perfect equal-
ity or simulate a hard function

In this section, we prove Theorem 6.2.9, i.e., that every non-affine Boolean function
either supports perfect equality or simulates a hard function. Before proving the theorem,

we will need a few technical lemmas.

6.4.1 A few preparatory lemmas

Definition 6.4.1 (The symmetrisation f*). Let f : {0,1}* — Rso. We denote by f*
the symmetrisation of f obtained as follows. Let S}, denote the set of all permutations
7 : [k] — [k]. Then f*: {0,1}* — R is the function defined by

Fr@yeeosan) = [ F@eqyse o 2agey).
TESk
Lemma 6.4.2. Let f : {0,1}* — {0,1} be a k-ary Boolean function. Suppose that f* =
fallone- Then f supports perfect pinning-to-1.

Proof. Let H = (V, F) be the k-tuple hypergraph with V' = {vj,v9,...,vx} and F =

{ex | ™ € Sk} where ex = (vr(1), Vr(2)s - - - » Un(k))- SINCE f* = falione, We have that for all
o :V — {0,1} it holds that wy (o) > 0 if and only if o(v1) = o(v2) = - - = o(vi) = 1.
Thus, f supports perfect pinning-to-1. O

Completely analogously, we have the following pinning lemma when f* = faizero-
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Lemma 6.4.3. Let f : {0,1}* — {0,1} be a k-ary Boolean function. Suppose that f* =
Salizero- Then f supports perfect pinning-to-0. O

For any function f such that f* = f,e., we have the following pinning lemma.

Lemma 6.4.4. Let f : {0,1}* — {0,1} be a k-ary Boolean function. Suppose that f # frero

and f* = fyero. Then at least one of the following two propositions is true:
1. f supports perfect pinning-to-0 and perfect pinning-to-1;
2. f supports perfect equality.

Proof. Note that the conditions in the lemma imply that & > 2. Let S;, denote the set of all
permutations 7 : [k] — [k] and let id € S}, denote the identity permutation. For any subset
A C Sk, let fa be the function defined by fa(wi, ..., wk) = [ ca f(Wr)s -+ > Wa(r))-
Note that fs, = f* = fzero- Also, for any 7 € Sy we have fi1 # frero (SinCE f # frero)-
By iteratively removing permutations from S; we will thus obtain a subset 7' C Sy, with
|T| > 1 such that fr = fzero and, for every 7 € T, it holds that fr\(r} # frero- By
renaming the variables if necessary, we may assume that id € 7.

Let Hy = (Vp, Fo) be the k-tuple hypergraph with vertex set V) = {z1,...,2x} and
hyperarc set Fo = Urer fia} 1 (Tr(1) - - - » Tr(r)) }- By the choice of the set T', we have that
Zsg, > 0. Fori=1,...,k, let H; = (V;, ;) be the k-tuple hypergraph with vertex set
Vi = Vo U{¥it1,...,yx} and hyperarc set F; = Fo U {(x1,..., i, Yit1,---,Yk)}- Again
by the choice of the set 7" we have that Z;.;;, = 0. Thus, there exists 0 < j < k
such that Zy.z, > 0 and Zy.5,,, = 0. Note that for every assignment o : V; — {0,1}
with wy.g (o) > 0 it holds that o(z;41) # o(y;+1); otherwise, for the assignment

o = ov,,, (e, the restriction of the assignment o to the set V), it would hold that

wy,m;,, (o) > 0, contradicting that Zy.y,,, = 0.
For s1,s2 € {0,1}, let
Zgy 59 i= Z wy.p, (o).
o:V;—{0,1};

o(xj+1)=s1,0(yj+1)=s2

By the argument above, we have that Zyo = Z; 1 = 0. Since Zy,y; > 0, we have that
at least one of Zp; and 7 is non-zero. In fact, we may assume that both are non-

zero, since otherwise f supports both perfect pinning-to-0 and perfect pinning-to-1 so
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proposition 1 in the statement of the lemma is satisfied (for example, if Z; o = 0, then
pig;m, (0(2j41) = 0) = Land ppp, (o(yj+1) =1) = 1.

Let Ji, Jo be two disjoint copies of H;. Denote by u;, us the vertices corresponding to
xj+1 in Jp, Jo, respectively. Also, denote by vy, vo the vertices corresponding to y;1 in
J1, Ja. Let J = (V, F) be the k-tuple hypergraph obtained by taking the union of .J; and
Jo and identifying the vertices us and v; into a new vertex w (i.e., we merge the vertex
corresponding to x;41 in J; and the vertex corresponding to y;41 in J1).

For s1,s9 € {0,1}, let

221752 = Z ’u}f;J(J).
0:V—{0,1};
o(u1)=s1,0(v2)=s2

By considering the spin of the vertex w, we obtain that

/
Z - ZS1,OZO,SQ + Zsl,lzl,827

51,52
which gives that
Zoo = 2017210, Zp1 =0, Zig=0, Zi1=7Z10Z0,1.

Since Zy 1, Z1,0 # 0, we obtain that

s (0(m) = 0(12) = 0) = g s(oe) = o(2) = 1) =

and hence f supports perfect equality. O

For any function f, we can show that if f* is feq, fodd OF feven then f supports perfect

equality.

Lemma 6.4.5. Let f : {0,1}* — {0, 1} be a k-ary Boolean function. Suppose that f* = fgq.
Then f supports perfect equality.

Proof. Let H = (V, F) be the k-tuple hypergraph with V' = {v;, v9, ..., v} and hyperarc

set F = {er | m € S} where ex = (vr(1), Vr(2)s - - - » Un(k))- Since f* = feq, we have that
forall o : V' — {0,1} it holds that wf g (o) > 0iff o(v1) = o(ve) = -+ = o(vy) = 1 or
o(v1) = o(ve) =--- = 0o(vg) = 0. Thus, f supports perfect equality. O

Lemma 6.4.6. Let f : {0,1}¥ — {0,1} be a k-ary Boolean function. Suppose that f* €
{fodd, feven}. Then f supports perfect equality.
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Proof. Let H = (V,F) be the k-tuple hypergraph with V' = {v1,vs,...,v541} and
F =Aer | m € Sppu{e, | m € S} where ex = (vr1),Vn(2),- -+ Un(k)) and ey =
(Vr(1)415 Vn(2)+15 - - - » Un(k)+1) (note that H has k + 1 vertices and 2! hyperarcs). Since f*
is either foqq OF feven, forall o : V' — {0,1} with ws (o) > 0, we have that the parity of
number of ones among o(v;),0(ve),...,0(vx) and the parity of number of ones among
o(vg),0(vs),...,0(vgy1) must be the same and thus o(vy) = o(vg41). Furthermore, for

2k—1

s € {0,1}, there are exactly assignments o : V. — {0,1} such that ws.y (o) > 0,

o(v1) = o(vg41) and o(ve) B o(v3) ® - - - & o(vg) = s. It follows that

1

pra(o(v) = o(vgy1) =0) = ppp(o(v) = o(vgg1) = 1) = o

which means that f supports perfect equality. O

By the above lemmas, we can show that some functions can be either dealt with directly,

or reduced to other functions with smaller arity.

Definition 6.4.7. For s € {0,1}, let 65 : {0,1} — {0, 1} be the Boolean function defined
by ds(s) = 1 and d5(1 @ s) = 0. Define f;_, to be the function obtained from f by pinning

the i-th argument of f to s, i.e.
fi%s(xl, e s Li—1y Lj41y .- ,l’k) = Z f(xl, e ,.Z‘k) . (Ss(.%'z)
z;

Similarly, for S,T C [k], let fs_0 71 be the (k — |S U T|)-ary function obtained from f

by pinning the arguments in S to 0 and the arguments in 7" to 1, i.e.,

fs—o01—1 = Z flxe, ... xp) - H%(iﬁi) : H 01(zj)-

z;:4€SUT icS JET
IfS=0orT =0, wewill omit S — 0 or T'— 1 from notation.

Using Definition 6.4.7, we have the following lemma:

Lemma 6.4.8. Let f : {0,1}* — {0, 1} be a Boolean function. Suppose that Sy and S are
disjoint subsets of [k] such that, for a € {0,1}, S, is empty if f does not support perfect

pinning-to-a. Let h = fs5,-0,5,—1-

1. If h supports equality, then f also supports equality. Further, if h supports perfect
equality, then f also supports perfect equality.
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2. If h supports pinning-to-s for some s € {0, 1}, then f also supports pinning-to-s.

3. If h simulates a function g : {0,1}? — Rx that is not fz(ezr)o then f simulates g as well.

Also, if h perfectly simulates g then f perfectly simulates g as well.

Proof. Without loss of generality, we assume that the arity of h is n, and that So U S} =
{n+1,n+2,...,k}. For each a € {0,1}, if S, is non-empty, then by assumption f
supports perfect pinning-to-a, so there exists a k-tuple hypergraph H, = (V,, F,) with a
vertex w, € V; such that py.g, (04, = a) = 1.

We now give a general construction which takes any n-tuple hypergraph H = (V, F) and
produces a new k-tuple hypergraph H' = (V’, F'). To do this, we take k — n new vertices
V), 11,---,V thatare notin V and let V! = V U {v],,,...,v,}. The hyperarcs of H' are
in one-to-one correspondence with those in H: For each hyperarc (uy,ug,...,u,) in H,
we add the hyperarc (uy,uz, ..., un, v, 1,0}, 19, ..,v}) to H'. Moreover, for i € Sy, add
a distinct copy of Hy to H’' by identifying v, with the vertex wy in Hy. Also, for i € Sy,
add a distinct copy of H; to H' by identifying v, with the vertex w; in H;.

Say that an assignment o : V' — {0, 1} is relevant if, for each a € {0,1} and each i € S,,
o(v;) = a. The copies of Hy and H; ensure that, for every assignment o : V' — {0,1}
with wy. /(o) > 0, o is relevant. The definition of i ensures that, for any relevant
assignment o,

wyp (0) = wp(ov). (6.2)

We now use (6.2) to establish the three items in the statement of the lemma.

1. Suppose that h supports equality. For any ¢ € (0, 1), there is an n-tuple hypergraph
H = (V, F) and two vertices z and y of H such that, for every s € {0, 1}, pp. (02 =
oy = s) > (1 —¢)/2. Construct H' from H using the general construction above.
From (6.2), we conclude that, for any s € {0,1}, pf.p/(0z = 0y = 5) = pin;a (02 =
oy = s) > (1 —¢)/2, so f supports equality. If h supports perfect equality, then
we can take ¢ = 0 in this argument, obtaining the conclusion that f also supports

perfect equality.

2. Suppose that h supports pinning-to-s. For any ¢ € (0, 1) there is an n-tuple hyper-
graph H = (V, F) and a vertex « of H such that y;. (0, = s) > 1 — e. Construct
H' from H using the general construction above. From (6.2), we conclude that,

pfa 0z =) = pna(0r = s) > 1 — ¢, so f supports pinning-to-s.
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3. Let g : {0,1}? — R>( be a function that is not fz(fr)o. Suppose first that h simulates
g. By the definition of “simulates”, there exists an n-tuple hypergraph H with
admissible V (with respect to h) and two vertices u and v in H such that, for every
s,t € {0, 1}, it holds that

9(s,t)
i,j€{0,1} )

cond(V)

thpg o (o(u) =s,0()=t)= >

(6.3)

Since g # fz(fr)o, the expression in (6.3) is well-defined.

Construct H' from H using the general construction above. From Items 1 and 2 of
the lemma, if h supports equality or pinning-to-0 or pinning-to-1 then so does f.

Thus, V is admissible for H’ with respect to f. It follows from (6.2) that

s (o (u) = s,0(0) = 1) = uP T (0 (u) = 5,0(0) =t | Niesyo(vi) =0, Aies, o (vi) = 1)

=i o(w) = s,0(0) = 1),

so, using (6.3), we obtain that f simulates g, as wanted. If h perfectly simulates g

then we can take V = (0, (), 0), so the argument shows that f perfectly simulates g.

O

6.4.2 Proof that every non-affine Boolean functions either supports perfect
equality or simulates a hard function

Definition 6.4.9 (Qf, xs). Let f : {0, 1}¥ — Rsq. For S C [k], x5 denotes the character-
istic vector of S, which is the length-k Boolean vector such that, for all i € [k], the i-th bit
of xs is 1if and only if i € S. Finally, Q; = {S C [k] | xs € Ry}, where R/ is the relation
underlying f, defined at the beginning of Section 6.1.1.

Definition 6.4.10. A function f : {0, 1}* — {0, 1} is semi-trivial if and only if there exists
aset Ssuchthat Qy ={T' | SCT Clk]}orQy={T|T CS}.

Remark 6.4.1. Every semi-trivial function is affine.

Lemma 6.4.11. Let k > 2 andlet f : {0,1}* — {0, 1} be a k-ary Boolean function. Suppose
that f # falione and f* = faiione. Let S be a set in Q¢ such that S # [k]. Then at least one of

the following propositions is true:

1. VT 2 S, we have T' € Qy;
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2. f supports perfect equality;
3. f simulates a hard function.

Proof. Without loss of generality (by re-numbering the variables), let S = {n + 1,n +
2,...,k} for some integer n > 1. By Lemma 6.4.2, f supports perfect pinning-to-1.
Let A(z1,22,...,2n) = f(x1,...,2k)s—1. Note that h*(0) = 1 and A*(1) = 1. We may
assume that n > 2 (otherwise V7' O S, we have T € Q).

Case 1. h* ¢ EASY(n). In this case, Lemma 6.3.6 ensures that either » simulates a hard
function or h supports perfect equality (or both). If A simulates a hard function,
then by Item 3 of Lemma 6.4.8, f also simulates a hard function. If A supports

perfect equality, then, by Item 1 of Lemma 6.4.8, f also supports perfect equality.

Case 2. h* € EASY(n). Then h* € { fone, feven, fEQ} Since A*(0) = 1 and A*(1) = 1. If
h* = fone, we have that h(x) = 1 for all x € {0,1}". Since h(x) = fs_,1, we obtain
that 7' € Qy forall T 2 S.

If h* € { feven, fEQ}, then h supports perfect equality by Lemmas 6.4.5 and 6.4.6.
Since f supports perfect pinning-to-1, by Item 1 of Lemma 6.4.8 we obtain that f

supports perfect equality as well.
This concludes the proof. O

Lemma 6.4.12. Let k > 2 and let f : {0,1}* — {0, 1} be a k-ary Boolean function. Suppose
that f # falone and f* = falone- Then at least one of the four following propositions is true:

1. fis semi-trivial;

2. there exists t € [k] such that f,_,; is not affine;
3. f supports perfect equality;

4. f simulates a hard function.

Proof. If k = 2, since f # fajione @and f* = faione, we have f(1,1) = 1, f(0,0) = 0 and
exactly one of f(0,1) and f(1,0) is one, so f is semi-trivial. Thus, for the rest of the proof
we may assume that k& > 3.
Since f* = faione, We have that f(1) = 1 and f(0) = 0. Further, since f # fajione, there
exists S € Q1 with |S| < k.
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Case

Case

1. Every S € Qy satisfies |S| > k — 1.

If there is only one set S in Q with |S| = k — 1, then we have that f is semi-trivial
(since f(1) = 1). Otherwise, there are distinct sets S, S” € 0y with |S| = |S'| = k—1,
so|[SNS'|=k—2andthus SNS" #Pand SNS" & Q. Lett € SN S'. We claim
that h = f;—,1 is not affine; to see this, note that f(xs) = f(xs/) = f(xx) = 1 and
f(xs @ xs ® xp)) = f(xsns') = 0. Since h = f;,1 and t € SN .S’, we obtain that

S\{t}, S"\{t}, [E\{t} €  but (SN S)N\{t} ¢ .
By Item 1 of Lemma 6.3.1, it thus follows that A is not affine, as wanted.

2. There exists S € Q2 with |S| <k — 2.

Let S be a set in 2y with the smallest cardinality among the sets in Q;. By
Lemma 6.4.11, either f satisfies proposition 3 or 4, in the statement of the lemma
(so we are finished), or every QQ 2 S satisfies ) € Qy. Thus, for the rest of the proof
we may assume that for every ) D S it holds that ) € Q.

Let U ={W € Q¢ | S\ W # 0}. If ¥ is empty then f is semi-trivial, so it satisfies
proposition 1 in the statement of the lemma (and we are finished). So assume that

V¥ is non-empty and choose 7' € ¥ with cardinality as small as possible.

By the choice of S, T" cannot be a strict subset of .S, so 7"\ S is not empty. Applying
Lemma 6.4.11 to the set 7', we may assume that V@ O T it holds that Q) € €y
(otherwise, f will satisfy proposition 3 or 4, in the statement of the lemma, so we
are finished). Since f(0) = 0 and S has minimum cardinality among the sets in Q,
we have 1 < |S| < |T.

Case 2a. |T'| = 1, which implies |S| = 1. Suppose S = {s} and T' = {t}. Consider
a set @ C [k] with |Q| = k — 2. By the above assumptions, we have that if
se Qorte @ then Q € Q. This accounts for all but one sets () C [k] with
|Q| = k — 2; for the remaining set @ = [k]\{s,t}, it must be the case that
Q & Sy, otherwise all sets @ with |Q| = k — 2 are in Qf, which contradicts the
fact that f* = f,ione. Now let’s consider. The number of sets W € Q which
contain both s and ¢ is 2¥=2. Similarly, the number of sets W € Q; which
contain s but not ¢ is 22 and the number of sets W € O which contain ¢

but not s is 2¥=2. But the number of sets W € ¢ which contain neither s
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Case

Case

nor ¢ is less than 22, So the k-tuple hypergraph with the single hyperarc
(v1,...,vy) induces a hard function on the two vertices v, and v, and therefore

f simulates a hard function.

2b. |T| > 2and SNT # (. Since S\ T # 0, we have |S| > |SNT| and
thus S NT ¢ Qy by the minimality of S. Let » € S N T. Now we know that
S ey, T eQpand SUT € Qf by the assumptions above. But SNT ¢ Qy

and xs @ xr D xsur = xsnr, S0 by Item 1 of Lemma 6.3.1, f,_,; is not affine.

2¢. [T| >2and SNT = (. Since T\ S # (), let r € T'\ S. By the above
assumptions, we have that S U {r} and SUT are in Q;. Note that {r} ¢ Qy;
otherwise, we would obtain a contradiction to the choice of the set T, since
T’ = {r} satisfies 7" € Qy, S\T' = S # 0 and |T"| < |T|. Now we know that
SU{r}, T,SUT € Qy and {r} ¢ Q. Note that since S NT = (), it holds that
Xsu{rt D XT @ Xsur = X{r}> S0 by Item 1 of Lemma 6.3.1 we have that f,

is not affine.

This concludes the proof of Lemma 6.4.12. O

Similarly, by switching the spins O and 1, we obtain the following lemma when f* =

fallzero-

Lemma 6.4.13. Let k > 2 andlet f : {0,1}* — {0, 1} be a k-ary Boolean function. Suppose
that f # falizero and f* = faizero- Then at least one of the four following propositions is true:

1

2.

W

4

. [ is semi-trivial;

there exists t € [k| such that f,_,o is not affine;

. [ supports perfect equality;

. f simulates a hard function.

Proof. Suppose f is a Boolean function such that f* = fijzer0 and f # faizero. Let g be
the function defined by g(x) = f(X) for all x € {0, 1}*. Now it holds that g* = f,jjone and

9% # fallone- SO g satisfies one of the four propositions in Lemma 6.4.12. We then have

1. If g is semi-trivial, f is semi-trivial.

2. If g, is not affine for some ¢ € [k], fi—0 is not affine either.
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3. If g supports perfect equality, f supports perfect equality too.

4. If g simulates a hard function, f simulates the bitwise complement of the hard

function, which is also hard. O

For every function f such that f* = f,e0 and f # f,er0, We still have a similar reduction

lemma, but the proof is more complicated.

Lemma 6.4.14. Let k > 3 and let f : {0,1}* — {0,1} be a k-ary Boolean function.
Suppose that f* = frero and f # frero. Let S € Q4. Then, at least one of the four following

propositions is true:
1. h= fg_,, is semi-trivial;
2. there exists T C [k] such that fg ., p_,, is not affine;
3. f supports perfect equality;
4. f simulates a hard function.

Proof. By Lemma 6.4.4, we have that either f supports perfect equality or f supports both
perfect pinning-to-0 and perfect pinning-to-1. We assume that the latter holds (otherwise
we are done).

Let h = fg_,. Since f(0) = f*(0) = 0 and S € Qy, we have that ~2(0) = 0 and
h(1) = 1. Note that h has arity ¢ := |S|. We may assume that ¢ > 1; otherwise, h
is semi-trivial (proposition 1 in the statement of the lemma). There are two cases to
consider: h* ¢ EASY(q) or h* € EASY(q).

e Case 1. h* ¢ EASY(q).

Case 1a. ¢ = 2.
In this case, 4*(0,0) = 0 and A*(0,1) = A*(1,0) = h*(1,1) = 1, so h* = OR
which is a hard function. We have already assumed (in the first line of the
proof) that f supports perfect pinning-to-0. Also, by definition, h perfectly
simulates itself. By Item 3 of Lemma 6.4.8, f perfectly simulates h as well, so

f simulates a hard function (proposition 4 in the statement of the lemma).

Case 1b. ¢ > 2.
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By Lemma 6.3.6, either h simulates a hard function or h supports perfect equal-
ity (or both). If i simulates a hard function then by Item 3 of Lemma 6.4.8,
f simulates the same hard function (proposition 4 in the statement of the
lemma). On the other hand, if 4 supports perfect equality then by Item 1 of

Lemma 6.4.8 so does f (proposition 3 in the statement of the lemma).

e Case 2. h* € EASY(q). Since h(0) = 0 and h(1) = 1, we have that h* is foqq Or

fallone-

Case 2a. h* = f,qq. By Lemma 6.4.6, h supports perfect equality and thus

f supports perfect equality by Item 1 of Lemma 6.4.8 (proposition 3 in the

statement of the lemma).

Case 2b. 72* = fiionee If h = falone, b is semi-trivial (proposition 1 in the

statement of the lemma). Otherwise, note that ¢ > 1, so by Lemma 6.4.12, h
is semi-trivial (proposition 1 in the statement of the lemma), or there exists
t € [k] such that h,_,; is not affine or h supports perfect equality or /4 simulates
a hard function. If there exists ¢ € [k] such that h;_,; is not affine then taking
T = {t}, f satisfies proposition 2 in the statement of the lemma. Finally, if »
supports perfect equality then so does f (like Case 2a) and if h simulates a
hard function, then so does f (like Case 1b). O

Lemma 6.4.15. Let k > 2 and let f : {0,1}* — {0, 1} be a k-ary Boolean function. Suppose
that f # frero and f* = frero. Then at least one of the four following propositions is true:

1

3

4

. [ is affine;
2. there exist S, T C [k] such that fs_.o07—1 is not affine;

. f supports perfect equality;

. [ simulates a hard function.

Proof. If k = 2, we have f(0,0) = f(1,1) = 0, so |Qf| < 2 and thus f is affine (cf. Item 1

of Lemma 6.3.1) so it satisfies proposition 1 in the statement of the lemma.

Now suppose k£ > 3. By Lemma 6.4.14, we can assume that for all W € Qy, fi_,is a

semi-trivial function (otherwise f satisfies at least one of propositions 2, 3 or 4).
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Choose S € €2 such that |S| is as large as possible. Let h = fg_,,. Since h is semi-trivial
(by taking W = S above), we claim that there is a T satisfying ) € 7' C S such that
Qn, ={U | T CU C S}. (To see this, note that the definition of semi-trivial implies that
there is a subset 7" of S such that either Q) = {U |U CT}or Q) ={U |T CU C S}.
The former is impossible since () ¢ €2}, since h(0) = f(0) and f(0) = 0 since f* = frero.
Also, in the latter case, T is not empty because, once again, () € ,.)
Case 1. Suppose that VX € Qf, T C X: Recall that T is non-empty. Also, for every
i €T,y =y soeither f is affine (proposition 1 in the statement of the lemma) or
fi—1 is not affine (proposition 2 in the statement of the lemma).
Now, if Case 1 does not hold then there is an X € 2 such that 7"\ X is non-empty. Since
Q, ={U | T C U C S} we conclude that X ¢ €2,. Since h = f5_,, we conclude that
X \ S is non-empty. Thus, the only other case to consider is as follows.
Case 2. Suppose that there isan X € Qy such that T\ X and X \ S are both non-empty:
Let U ={X € Q¢ | T\ X #0and X\ S#0}. Leta = min{|T \ X| : X € ¥}, and
b =min{|X\ S| : XeV¥and|T\ X|=a}. Choose R € ¥ with |T'\ R| = a and
IR\ S| =b.
Now before proceeding, we use the sets .S, 7" and R to partition [k].
A={iclkl|ie S,ieT,i¢ R},
B={iclk]|ieS,ieT,ic R},
C={iclk]|ieS,i¢T,i¢ R},
D={iclk]|ieS,i¢T,iec R}
E={iclk]|i¢S,i¢T,i¢ R},
F={iclk]|i¢ S,i¢T,i<c R}.
It is clear from the definitions that the sets A, B, C, D, E and F are disjoint. Also, since
T C S, they partition [k]. From the definitions, A =T\ R and F = R\ S so, by the
choice of R, A and F are non-empty. Let g = four—0,BUD—1-
By definition, every element of ), is a subset of AU F. Also, forY C AU F, “Y € Q,”

means the same thing as “Y U BU D € Q;”. We establish some facts before dividing the

analysis into sub-cases.

Fact1: AcQ,. Wehave Q) ={U|TCUCStandT =AUBso AUBUD € Q.
Since AUBUD C S, thismeans AU BU D € . Equivalently, A € Q.
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Fact 2: F' € ;.  From the definition of R, R € Qs. Also, R= BUDUF so FUBUD ¢
Q. Equivalently, F' € Q.

Fact 3: If Y € ), then either Y N A € {), A} or Y N F = ) (or both).  Suppose for con-
tradiction that ) C YN A C A and Y NF is non-empty. Note that R = BUDUF. Let
R'=BUDUY.Notethat T\R=Aand T\ R = A\Y C Aso [T\ R'| <|T\R).
We will show a contradiction to the choice of R by showing that R’ € U. First,
sinceY € Q,, R € Q. Also, T\ R' = A\ Y isnon-emptyand '\ S =Y NFis

non-empty.

Fact4: IfY € Q,andYNA=0thenY € {0, F}. Suppose for contradiction that () C
Y C F. Asin the proof of Fact 3,let R = BUDUY . Notethat T\R=T\R = A
Also, R\ S=Fand R"\ S=Y so|R\ S| > |R\ S|. Once again, we will show a
contradiction to the choice of R by showing that R’ € ¥. As in the proof of Fact 3,
since Y € Q4, R’ € Qy. Also, T'\ R’ is non-empty since 7"\ R is. Finally, R'\ S =Y,

which is non-empty.

Fact5: If Y e QyandYNF =(0thenY = A. SinceY € Qy, wehave Y UBUD ¢
Q. Butsince Y C A, wehave Y UBUD C S,soYUBUD € . Since
Qp={U|TCUCS}wehave TCYUBUDsoACY.

Given Facts 1-5, we have only the following sub-cases.

Case 2a: , = {A,F'}. In this case, we will show that f supports perfect equality so
it satisfies proposition 3 in the statement of the lemma. Using Lemma 6.4.4, we
conclude that either f supports perfect equality (in which case we are finished) or f
supports perfect pinning-to-0 and also perfect pinning-to-1, which we now assume.
Let Hy be a k-tuple hypergraph, with a vertex ug such that jif,p, (0, = 0) = 1. Let
H, be a k-tuple hypergraph, with a vertex u; such that ps.g (0,, =0) = 1. We
have already noted that A is non-empty. Suppose, without loss of generality, that
1 € A (otherwise, we simply re-order the arguments of [k]). Now let H' be the
k-tuple hypergraph with vertices vy, vy, ..., v, and hyperarcs (vg, v, ..., v;) and

(v1,v2,...,v;). Construct H from H' by doing the following:

e For every i € C'U E, take a new copy of H and identify vertex ug with v;.

e For every i € BU D, take a new copy of H; and identify vertex u; with v;.
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Now since Q, = {A,F}, pp.u(o(vo) = o(vi) = 0) = ppu(o(vg) = o(vi) = 1) =
1/2. Thus, f supports perfect equality, so we have finished Case 2a.

Case 2b: 3Y € O, suchthat Y N A = Aand Y N F is non-empty.  We will show that
f satisfies proposition 2 in the statement of the lemma. Specifically, consider some
t € A. We will show that f;_,; is not affine.

LetY =Y NFsothatY = AUY’. Let
S1:=BUDUY =BUDUAUY', Sy:=AUB=1T, S3:=AUBUC.

We claim that S1\{t}, So\{t}, S3\{t} € Qy,_,,. Since t € S1, 52,53 (from ¢t € A), the
claim will follow by showing that Sy, Sz, S3 € €2¢. Indeed, since Y € Q,, we have
that S; € Q. Also, since S; = T', we have that S € Q, so Sy € Q. Finally, since
T=AUBCS3C AUBUCUD =S, we have that S3 € ), so S3 € Q.

Let S == AUBUCUDUY’' = SUY’ and note that xss = x5, ® X3, D X5,
(see Section 6.4.2 for the relevant notation) by the disjointness of A, B,C, D, E, F.
Since Y’ is non-empty by assumption, we obtain that S’ is not in Q; by maximality
of S. Note that ¢ € S’, so we have that S"\{t} ¢ Qy, ..

To sum up, we have shown that

Si\{t}, So\{t}, Ss\{t} € Qy,.,, but S\{t} ¢ Oy, ,,

Since xg,\{1} D Xso\{t} D X55\{t} = Xs\{t}> Dy Item 1 of Lemma 6.3.1, f; 1 is not
affine.

This concludes the proof of Lemma 6.4.15. O
Now we can prove Theorem 6.2.9, which we restate here for convenience.

Theorem 6.2.9. Let k > 2 and let f : {0,1}* — {0, 1} be a Boolean function. Then at least

one of three following propositions is true:

1. [ is affine;
2. f supports perfect equality;

3. f simulates a hard function.
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Proof. We prove this Theorem by induction on the arity of f.
e k=2.S0 Ry C {00,01,10,11}. If f is not affine, then |R¢| = 3.

If00 ¢ Ry or 11 € Ry, let G be a graph with two vertices u and v and an edge (u, v).
Then either py.g(oy = 1,00 = 1) = py.g(ow = 0,0, = 1) = pp.glow = 1,0, =0) =
sor ppa(on = 0,0, =0) = ppgloy = 0,00 = 1) = ppa(on = 1,0, = 0) = 3. So
f simulates a hard function.

If 01 ¢ Ry or 10 € Ry, f* will be feq and thus f supports perfect equality by
Lemma 6.4.5.

e k > 3. Suppose that for all 2 < k¥’ < k, all ¥'-ary functions f’ satisfy at least
one of the three propositions in the statement. We now prove that an arbitrary
f:{0,1}* — {0,1} satisfies at least one of the propositions as well. If f is affine,
then it satisfies proposition 1 in the statement of the lemma, so we assume that f is

not affine, so f ¢ EASY (k). We have the following case analysis.

Case 1. f* ¢ EASY(k). By Lemma 6.3.6, f* either simulates a hard function in
which case f simulates the same hard function as well or f* supports perfect
equality in which case f supports perfect equality as well.

Case 2. f* € EASY(k). There are 6 sub-cases to consider:

Case 2a. f* = fgq. By Lemma 6.4.5, f supports perfect equality.

Case 2b. f* = fodd OF [* = feven. By Lemma 6.4.6, f supports perfect equality.

Case 2c. f* = faone- By Lemma 6.4.2, f supports perfect pinning-to-1. By
Lemma 6.4.12, f is semi-trivial (and thus f is affine), or f supports perfect
equality or simulates a hard function, or there exists ¢ € [k] such that
fi—1 is not affine. If f;_,; is not affine for some ¢ € [k], f;—,; must support
perfect equality or simulate a hard function by the induction hypothesis.
So f supports or simulates the same function by Lemma 6.4.8.

Case 2d. f* = faiizero- The proof for this case is completely analogous to the
case 3.c by switching the spins 0 and 1 (cf. Lemma 6.4.13).

Case 2¢. f* = fone- J* = fone means f(x) = 1 for all x € {0,1}*, so f is affine.

Case 2f. f* = fiero- By Lemma 6.4.4, we have that either f supports perfect
equality or f supports both perfect pinning-to-0 and perfect pinning-to-

1. We assume that the latter is the case (otherwise we are done). By
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Lemma 6.4.15, f is affine, or f supports perfect equality or simulates a
hard function, or there exists some S,T" C [k] such that fs_,o 71 is not
affine. The only case where we aren’t immediately finished is the final one.
In this case, the arity of fs_,07-1 must be at least 2 since every unary
function is affine. Thus, since fs_.071 is not affine, it must support
perfect equality or simulate a hard function g by the induction hypothesis.
Then, f either supports perfect equality or simulates the hard function g
by Lemma 6.4.8.

This concludes the case analysis and the proof of Theorem 6.2.9. O

6.5 The case where [ supports perfect equality

In this section, we assume that f is not affine but that it supports perfect equality. In
this case, due to the presence of perfect equality, we will be able to employ results and

techniques from [26] to show Theorem 6.2.10.

6.5.1 Constraint Satisfaction Problems and implementations

In the introduction to this paper, we illustrated how Boolean relations can implement
more complicated interactions by considering the “not-all-equal” relation of arity 3 and
using it to “implement” ferromagnetic Ising interactions. At this point, it is useful to make
the notion of “implement” more precise. There are various notions in the literature of
implementations. We use (a generalisation of) the notion from [26], which is essentially

the “faithful, perfect” variant of “implementation” from [18].

Definition 6.5.1. Let I" be a Boolean constraint language. The language I' implements a
t-ary function g : {0, 1} — Ry, if for some ¢’ > ¢ there is a CSP instance I with variables
x1,..., 7y and constraint language T such that for every tuple (s1, ..., s;) € {0,1}¢, there

are precisely g(s1, s2, . . ., $¢) satisfying assignments o of [ with o(z1) = s1,...,0(x) = s¢.

When f supports perfect equality, we will use the following “transitivity” lemma, which

will allow us to use some known implementations.

Lemma 6.5.2. Let f : {0,1}* — {0,1} be a Boolean function which supports perfect
equality. Let T be a Boolean constraint language and let g : {0,1}' — Rx( be a t-ary
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function such that g is not fz(ézo and T" implements g. Then, if f perfectly simulates T, f also
perfectly simulates the function g.

Proof. Since I" implements g, there exists some ¢ > ¢ and a CSP instance I with vari-

ables X := {z1,...,2y} and constraints in I" such that for every tuple (si,...,s;) €
{0,1}!, there are precisely g(s1,so,...,s;) satisfying assignments o of I with o(z1) =
S1y...,0(x¢) = s4. Since g # fz(ézo, we conclude that, for all s4,...,s; € {0,1},
pr(o(z1) = s1,...,0(x) = s1) = glr, 52, - St,) - (6.4)
g(s), sh, ..., s})

(51,89,--,51)€{0, 1}

Since f supports perfect equality, there exists a k-tuple hypergraph Heq = (Veq, Feq) and

vertices y, z € Veq such that

ffiHe (0(y) = 0(2) = 0) = ppn,(o(y) = o(z) =1) = 1/2. (6.5)

We will use the CSP instance I and the hypergraph Hq to construct a k-tuple hypergraph
H = (V, F) with vertices vy, ...,vy in V satisfying

pgr(o(v) = s1,...,0(vp) = sp) = pr(o(@1) = s1,...,0(zp) = sp) (6.6)

for all s1,...,sy € {0,1}. From this, the lemma follows since we can sum over the values
of s¢11,...,8y € {0,1} to obtain that

pra(o() =s1,...,0(v) = 8¢) = pr(o(z1) = s1,...,0(x¢) = 5¢)
for all sq,...,s; € {0,1}, which in conjunction with (6.4) yields that f perfectly simulates
g.
To formally construct the k-tuple hypergraph H, we will need some notation. Suppose
that I has m constraints and for j € [m] write the j’th constraint as f;(z; 1, .-, %jw(j))s
where w(j) is the arity of f; € I" and, for all i € [w(j)], z;; € {z1,...,z¢}. Since f
perfectly simulates I' and every f; is in I, for every constraint Cj = f; (71, .-, %jw(j))

there is a k-tuple hypergraph H; = (V}, ;) and vertices vj 1, ..., vj.,(;) of H; such that
for all sy,..., s, € {0,1}, it holds that

fj(sl, e ,Sw(j))
|Rf]’

,uf;Hj (O’(’Uj’l) = S1,y... ,U(Uj’w(j)) = Sw(j)) = (67)
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Note that the expression |Rfj\ in the denominator in (6.7) is not zero because the
constraint C; has a satisfying assignment, since I does (which follows from the fact that
g # fz(ézo and from the definition of I).

Consider now the k-tuple hypergraph H' = (V’, F’) which is simply the disjoint union
of Hy,..., H,, (ie., V' = U,V and 7' = UL, F;). Note that, for every subset S C V'
and every assignment 7 : S — {0, 1}, it holds that

m
pra(os =1)= H ppm; (Osnv; = Tsav;)- (6.8)
j=1
To complete the construction of the desired H, we need some further notation. For a
variable x; € {1,...,xy} of the CSP instance I, let U; C V' denote the subset of vertices
of H' which correspond to occurrences of the variable z; in the CSP instance I. More
precisely, assume that the variable x; has d occurrences in I for some integer d > 1, and
let Cj,,...,C};, be the constraints in which z; appears (note that the indices ji,. .., jq
are not necessarily distinct). Further, let ¢1,...,¢; denote the indices of the positions
where z; appears in C},, ..., C;, respectively. Then U; := {vj, +,,...,vj,,} is precisely
the subset of vertices of H’ which correspond to occurrences of the variable x; in the CSP
instance /. Let U := U;cU; (note that in general U # V' since H' may contain vertices
that do not correspond to occurrences of variables of 7).
We are now ready to complete the construction of the desired k-tuple hypergraph H =
(V,F). Start by setting H equal to H'. Then, for each i € [¢'] and each pair of vertices
u,u’ € Uj, add to H a distinct copy of the k-tuple hypergraph H.q, identifying the vertices
y and z of Hq with the vertices v and . Having defined H, we next choose the specified
vertices vy, ..., vy. In fact, it suffices, for each ¢ € [t], to let v; be an arbitrary vertex in U.
It remains to prove that (6.6) holds. We call an assignment 7 : U — {0, 1} relevant if
for every i € [t] there exists s; € {0,1} such that for every vertex v € Uj, it holds that
7(v) = s;. For relevant assignments 7, we will refer to the tuple (sq,..., sy) as the CSP
assignment corresponding to 7. For non-relevant 7, the copies of Heq on top of the sets
Ui,...,Uy ensure that pif. g (oy = 7) = 0. For all relevant 7 : U — {0, 1}, we have from
(6.5) that

ppa(oy =7) = ppa(oy =7)
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and, hence, using (6.8), we have that
ppu(oy =7) = H Mf;Hj(UUmvj = TUmvj)- (6.9)
j=1
Note that for every j € [m] we have U N'V; = {vj1,...,v;.,(;) } and, hence, (6.7) gives

fj(7_<vj,1)7 T 7T(Ujaw(j)))

(6.10)
|Rf]’

wp.m; (ouny; = Tuny;) =

Let  be the notation that means “in proportion to”. Then (6.10) follows from (6.9) and
(6.10) that

ppr(ou =7) oc [ ] £i(7(wa), -+, 7(0j0(7)) for all relevant 7. (6.11)
j=1
For a relevant 7 : U — {0, 1}, let (s1,...,sy) be the CSP assignment corresponding

to 7. Then, the product in the rh.s. of (6.11) is 1 iff (s1,...,sy) encodes a satisfying
assignment of the CSP instance /. Since the relevant 7 : U — {0, 1} and assignments to
the CSP instance [ are in 1-1 correspondence, we obtain (6.6), as wanted. This concludes

the proof of Lemma 6.5.2. O]

Lemma 6.5.3. Let f: {0,1}* — {0,1} and g : {0,1}* — {0, 1} be Boolean functions such
that f simulates g, and g # fz(ézo. Suppose that g supports pinning-to-s for some s € {0,1}.

Then f supports pinning-to-s as well.

Proof. Without loss of generality, we assume that s = 0. Suppose that the function ¢
supports pinning-to-0. Our goal is to show that f supports pinning-to-0 as well.

First, let Zg := > (5, o seqoy 9(51,82,...,8¢). Since g # £8,, Zy > 0. Since g
supports pinning-to-0, by Definition 6.2.3, there exists a ¢-tuple hypergraph Hy = (Vp, Fo)

and a vertex vy € Vj such that
fig:11o (Tuy = 0) > 9/10. (6.12)

(The choice of the constant 9/10 is arbitrary, any constant greater than 1/2 would

work. Also, Zg.p, > 0.) Foralln : Vj — {0,1} define A, := ?;fi?f(gl) and define
g9

M = Zn:voa{o,l} A, = % Since Z,.x, and Z, are positive, M > 0. Also,

A
thg;Ho(N) = M" (6.13)
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Now let € := min{M/8,1/8}, e1 := /(| Fo| 22/"0!) and e, := £/(2/V0]). Since f simulates
the function g, by Definition 6.2.7 and Lemma 6.3.5, there exists a k-tuple hypergraph
H, = (Vy, F,) and ¢ vertices vy, v, ..., v; of Hy such that, for all (sq, so,...,s:) € {0,1},

<eq. .
Z, <e (6.14)

'uf;Hg(U(Ul) =51,0(v2) = S2,...,0(v) = 8¢) —

Construct the k-tuple hypergraph H = (V, F) as follows. For every hyperarc e of Hy,
say e = (u1,...,u) € Fo, take a distinct copy of H,, which we will denote by Hée), and
identify the vertices uy,...,u; € Vy with the vertices v,...,v; of H,. Note that H is a
union of copies of H, which intersect only at vertices in Vj. Now for all  : Vj — {0, 1}
define A} = [].c “f;H;"‘)(Ue =ne)and M’ =37 .y Ay Then

A/
,Uf;H(UVO = ?7) = ﬁﬂ, (6.15)

By (6.14), for every e = (uy,...,us) € Fo, it holds that

(6.16)

9(77(“1); ] U(Ut)) ‘ < e

ﬂf;ng) (e =me) — Z,

Recall that for real numbers a4,...,a, € [0,1] and by,...,b, € [0,1], it holds that
[Ty ai =TTy i) < >°7 lai — bi|. Thus, using (6.16), we obtain that, for every
n: Vo — {0, 1}, it holds that

Wgq:Ho\T]
4= A4l = | TT st (o = o) = 22288 < e, (6.17)
ecFo 9
Summing this over all  : 1, — {0, 1}, we obtain that
M — M| = ‘ >S4 Y An‘ < 1| Fol2Vol = &, (6.18)

n:Vo—{0,1} n:Vo—{0,1}

Note that the expression ¢;|Fy| in (6.17) is at most 2. Also, for all n : V, — {0,1},
A, < M and A;I < M'. The bounds in (6.17) and (6.18) yield that A, —e5 < A;I < Ayte
and M — ey < M’ < M + e9. By the choice of ¢, we have M — ¢ > M/2 and hence
M — g9 > M/2 as well. Further, we have the bound

N

A, A 1
-n_ < .
M M = 2lVol+1

(6.19)

Smax{ﬁ—An_@,A”jLEQ_ﬁ}§52(An‘|‘M)S 2e9 S45
M M+te M—eg M M(M —e3) = M — ey

<
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From (6.13) and (6.15) and (6.19), we thus obtain that for every n : V5 — {0, 1}, it holds
that

g m(ovy = 1) = gy ()] < 1721701,
Summing this over the 2/Y0I=1 possible values of Mo\ {vo}> We Obtain that for s € {0, 1} it
holds that

b (0w = 8) = figime (0, = )| < 1/4.

Combining this with (6.12), we obtain that

g (ouy = 0) > 1/2 > ppg(oy, = 1).

Thus, by Lemma 6.3.4, we obtain that f supports pinning-to-0. This concludes the proof
of Lemma 6.5.3. 0

The following lemma is similar to Lemma 6.5.2 except that, instead of assuming that f
perfectly simulates I', we only assume that f simulates I" so instead of concluding that f

perfectly simulates g, we only conclude that f simulates g.

Lemma 6.5.4. Let f : {0,1}* — {0, 1} be a Boolean function which supports equality. Let
I be a Boolean constraint language and let g : {0,1}' — R>q be a t-ary function such that

g is not fz(ézo and T implements g. Then, if f simulates T, f also simulates the function g.

Proof. The proof is similar to the proof of Lemma 6.5.2, but the imperfect nature of
the simulation adds technical details. Since I" implements g we can follow the proof of
Lemma 6.5.2 to define the CSP instance [ with variables {1, ...,z } and constraints in
I" satisfying (6.4).

We will use the CSP instance I and the fact that f supports equality to construct a k-tuple
hypergraph H = (V, F) with an admissible set V* for H with respect to f and vertices

vy, ..., vy in V satisfying

u;?zd(v*)(a(vl) =51,...,0(vp) =sp) = pr(o(x1) = s1,...,0(xpy) = sy) (6.20)

for all s,...,sy € {0,1}. From this, the lemma follows since we can sum over the values

of sy11,...,sy € {0,1} to obtain that
cond(V*)
trg o (o(v1) =s1,...,0(v) = s¢) = pr(o(z1) = s1,...,0(x) = 5¢)

for all sy,...,s; € {0,1}, which in conjunction with (6.4) yields that f simulates g.
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To formally construct the k-tuple hypergraph H, we will need some notation. As in the

proof of Lemma 6.5.2, suppose that I has m constraints and for j € [m] write the j’th

constraint as f;(z;1,- - -, %;.(;)), where w(j) is the arity of f; € T and, for all i € [w(j)],
xj; € {wx1,...,xpy}. Since f simulates I' and every f; is in I', for every constraint
Cj = fi(xj1,--.,2ju()), there is a k-tuple hypergraph H; = (V}, F;), an admissible
collection V7 = (Vp]|n07 ijml, Vi) for H; with respect to f; and vertices v, ..., Vj.w(j) Of

Hj such that for all s1, ..., 5,(; € {0,1}, it holds that

nd (Vi Fi(s1s ey Suii)
i (0(050) = s1, 0 (050) = Su(p) = = Ry, | . (21
J

Consider now the k-tuple hypergraph H = (V, F) which is simply the disjoint union
of Hy,... ,H (e, V = 1V and F = 7L, F5). Further, let V = (Viino, Vpinis Veq)>
where Vying = me0> Vp;nl Vp]m1 and Veq = UL 1V£q We wish to argue that V is
admissible for H with respect to f . The various disjointness constraints in Definition 6.2.6
are satisfied since H, ..., H,, are disjoint (using the fact that each V” is admissible for H;
with respect to f;). We have assumed, in the statement of the lemma, that f supports
equality. To show that V is admissible for H with respect to f, we need to show that
if some f; supports pinning-to-s for some s € {0,1} then so does f. This follows from
Lemma 6.5.3 since, by assumption, f simulates f;. Thus, V is admissible for H with
respect to f.

Note that, for every subset S C V and every assignment 7 : S — {0, 1}, it holds that

dv av
N;?z ( )(US =7)= ;02, ( J)(USmVj = Tsnv;)- (6.22)
j=1
Having completed the construction of the desired H, to recover (6.6), it remains to specify
V* and the vertices vy, ..., vy. For each i € [t'], define U; as in the proof of Lemma 6.5.2.

Also, let U := U;cpU;, The main idea is that V* is the same as V except that the sets

Ui, ..., Uy are added to V¢, because we want to condition on the fact that the variables
in each of these sets are equal. In order to formally specify V* = (Vi o, Vi1, Veg) there is

a slight technical difficulty because V; , and V; ; have to be disjoint from each other

p| nl
and from all sets in Veq- In order to deal with this (rather unimportant, but technical)
detail, we give an algorithm for defining V*. Let VY = V. Then, fori = 1,...,t define

Vi = (Vo Vi, Vi) as follows.

pin0? " pinl»

o Let Vi=Yi"1,
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Note that no vertex in U; is in Vjino N Vpin1. This follows since I is satisfiable (since

g is not the always-zero function f,ero).-

If any vertex in U; is in Vjino then replace VpiinO with Vpii;(} U U;.

Otherwise, if any vertex in U; is in Vjjn; then replace Vpiin1 with Vpiﬁl uU;.

Otherwise, if U; does not intersect any sets in Veiq_ ! then replace ng with Veiq_ Lu{u;).

e Otherwise, let W1, ..., W, be the sets in Vé; ! that intersect U; and replace ng with
Ve "\ {1, W U{U U U - U,

Finally, let V* = V!, Then choose the vertices v1,...,vy to be arbitrary vertices in
Ui, ..., Uy, respectively.

It remains to prove that (6.20) holds. As in the proof of Lemma 6.5.2, we call an
assignment 7 : U — {0, 1} relevant if for every i € [t'] there exists s; € {0,1} such that

for every vertex v € U, it holds that 7(v) = s;. For relevant assignments 7, we will

refer to the tuple (sq,...,sy) as the CSP assignment corresponding to 7. Clearly, for
non-relevant 7, we have that #;?Ir;d(v*)(UU = 7) = 0 since V* forces equality on each of
the sets Uy, ...,Uy. For all relevant 7 : U — {0, 1}, we have that
av
cond(V*) . . Iu;(,);ll( )(UU - 7-)
S (UU o T) T cond(V), _eq eq
Leg o (ogy, - 00,)
and hence
M}C_)}}d(w)(a(] =7)x u}?}}d(w(a(] = 1) for all relevant 7. (6.23)

Using (6.22), we have that

cond(V " cond (V7
/‘f;H( )(GU =7)= HMf;Hj( )(UUﬂVj = TUmVj)- (6.24)
j=1

Note that for every j € [m] we have U N'V; = {vj1,...,v;.,(; } and, hence, (6.21) gives

con ] f‘(T(U',l)v'” 7T(U',w j ))
iy (oun, = o) = S (6.25)
J

It follows from (6.23), (6.24) and (6.25) that

uSH Y N ov = 1) o [ £i(r(wia), -+ . 7(0j,0(5))) for all relevant . (6.26)
j=1

195



For a relevant 7 : U — {0,1}, let (s1,...,sy) be the CSP assignment corresponding
to 7. Then, the product in the r.h.s. of (6.26) is 1 iff (s1,...,sy) encodes a satisfying
assignment of the CSP instance /. Since the relevant 7 : U — {0, 1} and assignments to
the CSP instance I are in 1-1 correspondence, we obtain (6.20), as wanted.

This concludes the proof of Lemma 6.5.4. O

The following Boolean functions, which were considered in [26], will be important in
what follows: §y and §; (defined in Definition 6.4.7), and XOR, Implies, NAND, OR. For

convenience, we state the corresponding relations here.

e Rs, ={(0)} and Rs, = {(1)} (these correspond to satisfying assignments of —x and

x, respectively).
e Rxor = {(0,1),(1,0)} (corresponds to satisfying assignments of = # y).
¢ Rimpiies = {(0,0),(0,1),(1,1)} (corresponds to satisfying assignments of z = y).
e Rnanp = {(0,0),(0,1),(1,0)} (corresponds to satisfying assignments of -z V —y).

e Ror ={(0,1),(1,0),(1,1)} (corresponds to satisfying assignments of = \ y).

6.5.2 The case of self-dual functions

A Boolean function f is said to be self-dual if, for all x, f(x) = f(X). In this section, we
show (Theorem 6.5.6, below) that if f is a self-dual Boolean function which is not affine,
and f supports perfect equality, then f simulates a hard function. First, we establish a

useful lemma.

Lemma 6.5.5. Let f : {0,1}* — {0,1} be a self-dual function Boolean with f # fz(fr)o and
f(0) = 0. Further, suppose that f supports perfect equality. Then, f perfectly simulates
XOR.

Proof. From f(0) = 0 and self-duality, we have that f(1) = 0. Since f # fz(frz,, there must
be some x ¢ {0,1} such that f(x) = 1. By self-duality, we have that f(X) = 1 as well. Let
Up={i€lk]|zi=0}and Uy = {i € [k] | z; = 1}.

Since f supports perfect equality, there exists a k-tuple hypergraph Heq = (Veq, Feq) and

vertices y, z € Veq such that

Bt (0(y) = 0(2) = 0) = ppa,(o(y) = o(2) =1) = 1/2.



Construct the k-tuple hypergraph H as follows. First, take a single hyperarc (vy, ..., vg).
Then, for every s € {0,1} and every 4, j such that i and j are both in U, add a new copy
of Heq, identifying y with v; and z with v;. Finally, choose v; € Uy and vy € U;. Then

/LﬁH(O’(Ul) =0, J(UQ) = 1) = 'uf;H(U(,Ul) =1, U(UQ) = 0) = 1/27
so f perfectly simulates XOR. O

Theorem 6.5.6. Suppose that f is a self-dual Boolean function which is not affine and
supports perfect equality. Then f simulates a hard function.

Proof. Let k be the arity of f. The proof has two cases depending on whether f(0) = 0
or f(0) = 1. We begin with the case where f(0) = 1 (we will reduce the proof for the
other case to this one).

So, assume first that f(0) = 1. Since f is not affine, by applying Item 2 of Lemma 6.3.1
to a = 0, we obtain that there exist b,c € {0,1}* such that f(b) = f(c) = 1 but
f(b @ c) = 0. By self-duality, we also have that f(b) = f(¢) = 1. Note that

b # c, b #0,1, c#0,1.

Indeed, it cannot be the case that b = ¢ since then f(b @ c¢) = f(0) = 1. Analogously,
b = 0 would give that f(b @ ¢) = f(c) = 1. Similarly, b = 1 would give that f(b® ¢) =
f(€) = 1. By symmetry between b and c, we have that ¢ # 0, 1.

Let w, x,y, z be Boolean variables. For i € [k], let

w, ifb; =0,¢=0,
Z, lsz :O,Ci = 1,

ri = .
y, ifb;=1,¢; =0,
z, lfblzl,clzl
Let V :={ry,...,r} (note that V has at most 4 elements). Also, consider the Boolean

function h : {0, 1}V — {0,1} defined by h = f(ry,..., 7).

We next study in more detail the function k. Observe that
e V must contain at least one of z, y since b # c.
e VV must contain at least one of w, x since b # 1.

e V must contain at least one of w, y since ¢ # 1.
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e V. must contain at least one or y, z since b # 0.
e I/ must contain at least one of z, z since ¢ # 0.

Thus, the cases to consider are V = {w,z,y,z}, |V| = 3, or V. = {xz,y}. However,
V = {x,y} is not possible since then b & ¢ = 1 and f(1) = 1 (contradicting that
f(b @ c) =0). We now consider the function i (and the corresponding relation R}) in
each of the possible cases.

e Case 1. V = {z,y, 2}.

Note that (z,y,2z) = (0,0,0) € Ry since f(0) = 1. Also, (0,1,1) € Ry since
f(b) = 1. Also, (1,0,1) € Ry since f(c) = 1. By self-duality (1,1,1), (1,0,0),
(0,1,0) are also in Ry,. Then (z,y,2) = (1,1,0) is not in Ry, since f(b @ c¢) = 0 and
by self-duality neither is (0,0, 1). So h(z,y, z) is completely determined. Then, for
the function g(z,y) := >, h(z,y, z), we have that

9(0,0)=g(1,1) =1 and g(0,1) = g(1,0) = 2,
which is a hard function.
e Case 2. V = {w,x,y}. This case is similar to Case 1 by switching the spins 0 and 1.

e Case 3. V ={w,z,z}. (w,z,2z) = (0,0,0) is in Ry, since f(0) = 1. (0,0,1) isin Ry,
since f(b) = 1. (0,1,1) is in Ry, since f(c) = 1. By self-duality, (1,1,1), (1,1,0)
and (1,0,0) are also in Ry. (0,1,0) is not in R;, since f(b & c) = 0. By self-duality,
(1,0,1) is not in Ry,. Then, for the function g(w, z) = > h(w,z, z), we have that

9(0,0)=g¢(1,1) =1 and ¢(0,1) =g(1,0) = 2,
which is a hard function.
e Case 4. V = {w,y, z}. This case follows from Case 3 by switching b and c.

e Case 5. V ={w,x,y, z}

Similarly to the other cases, we have the following tuples in Ry: (w,z,y,z) =
(0,0,0,0), (0,0,1,1), (0,1,0,1), and their complements and we know that (w, z,y, z) =
(0,1,1,0) and its complement are not in Rj,. Let ho = h(0,x,y, z). Let

C = {(0,0,1),(0,1,0), (1,0,0), (1,1, 1)}.
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For every possible subset S of C, we have to consider the possibility that R, =
S u{(0,0,0),(0,1,1),(1,0,1)}. This is a lot of cases, but fortunately, some of them

can be combined.

- Case 5a. (z,y,2) = (0,1,0) is in S but (1,1, 1) is not. Then, for the function
g(z,y) == >, hw,z,y,x), we have

9(0,0) =g(1,1) =1 and ¢(0,1) =g(1,0) =2,

which is a hard function.

- Case 5b. (z,y,z) = (1,1,1) isin S but (0, 1,0) is not. Then, for the function
g(w,z) =3, h(w,z,y,x), we have

9(0,0) =g(1,1) =1 and ¢(0,1) =g(1,0) =2,

which is a hard function.

- Case 5c. (z,y,2) = (1,0,0) is in S but (1,1, 1) is not. This case is symmetric

to Case 5a.

- Case 5d. (z,y,z) = (1,1,1) is in S but (1,0, 0) is not. This case is symmetric
to Case 5b.

- Case 5e. (z,y,z) = (0,1,0) and (1,0, 0) are both in S.

Then, for the function g(z,y) :=)_,, h(w,z,y, w), we have
9(0,0) =g¢(1,1) =1 and ¢(0,1) =g(1,0) = 2,

which is a hard function.

— Case 5f. S = (). Then, for the function g(z,y) :=>_, . h(w,x,y, z), we have

9(0,0)=g¢(1,1) =1 and ¢(0,1) =g(1,0) = 2,

which is a hard function.

— Case 5g. 5= {(0,0,1)}. Then, for the function g(w, z) := >, , Rn(w, z,y, 2),
we have
9(070)29(171):1 and 9(071)29(170):37

which is a hard function.
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It remains to argue that each of the functions g used in Cases 1—5 can be simulated
using the function f. This is direct. { f} implements the function ~ and {h} implements
the function g, so {f} implements g. Since f supports perfect equality, we can apply
Lemma 6.5.2 taking I' = {f}. Since (trivially) f perfectly simulates I', we find that f
perfectly simulates g. This completes the proof for the case where f(0) = 1.

We next argue for the case where f(0) = 0. Since f is not affine, we have that f # fz(fr)o,
so there exists t # 0 such that f(t) = 1. Let S := {i € [k] | t; = 1} and note that S # (.

Consider the function f’ defined by f/(x) := f(x @ t) for all x € {0, 1}*. Note that
e f/(0) =1, since f(t) = 1.
e f’is self-dual. Indeed, for x € {0, 1}* we have

F®=fxolet)=fxot)=f(x),
where the middle equality follows from the self-duality of f.

e [’ is not affine. Since f is not affine, we know from Lemma 6.3.1(1) that there
are a, b, c such that f(a) = f(b) = f(c) =1and fla®bdc)=0. Leta’ =adt,
b’ =b @t and ¢’ = ¢ @ t. Then by the definition of [/, f'(a’) = f'(b’) = f/'(c') = 1.
But f/(a’ @b @c)=f(adbdcdt)= fladbdc)=0,so f is not affine.

By the previous argument, we thus have {f’} implements a hard function g. We will show
that f simulates g. Indeed, observe that the constraint language { f, XOR} implements
f' (just apply XOR to the bits of f which correspond to non-zero entries of the vector
t). Since f(0) = 0 and f supports perfect equality, by Lemma 6.5.5 we have that f
perfectly simulates { f, XOR}. Applying Lemma 6.5.2 with T" = {f, XOR} and the g of
Lemma 6.5.2 as f/, we find that f perfectly simulates f’. Then applying Lemma 6.5.2
again with I = { '}, and the g of Lemma 6.5.2 as g, we obtain that f simulates the hard

function g, as wanted. This concludes the proof of Theorem 6.5.6. O

6.5.3 #BIS-easiness

The goal of Section 6.5 is to prove Theorem 6.2.10. The required #BIS-easiness results

follows directly from [26].

Lemma 6.5.7 ([26, Lemma 9]). Let I" be a constraint language such that every relation in
I" belongs to IMy. Then, #CSP(T") is #BIS-easy. O
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6.5.4 +#BIS-hardness

We next prove the required #BIS-hardness results (cf. Lemma 6.5.11 below). We will

use the following results from the literature.

Lemma 6.5.8 ([14, Corollary 3]). Let A > 6. It is #BIS-hard to count the number of

independent sets in bipartite graphs of maximum degree A. O

The following lemma is from Lemma 13 of [26]. We take the lemma from there since we
use the notation of [26]. However, the proof is originally from Lemmas 5.24 and 5.25 of

[18].

Lemma 6.5.9 ([18]). If f is a Boolean function that is not self-dual, then { f} implements

either &g or 0y.

Proof. We just need to explain the terminology in [26, Lemma 13]. It will be then
apparent that Items (i)—(iv) in [26, Lemma 13] show that {f} implements d, or §;. “0-
valid" in [26] means that 0 € Ry, “1-valid" means that 1 € R; and “complement-closed"

means self-dual. O

Lemma 6.5.10 ([26, Lemma 15], see also [18]). If f is a Boolean function that is not
affine, then { f, do} implements one of OR, Implies, NAND. The same is true for {f,01}. O

We are now ready to show that, for every f which supports perfect equality and is not
affine, it holds that, for all sufficiently large A, #£Hyper2Spin .(f) is #BIS-hard.

Lemma 6.5.11. Let f : {0,1}* — {0,1} be a Boolean function which supports perfect
equality. Suppose that f is not affine. Then, for all sufficiently large A, #Hyper2Spina (f)
is #BIS-hard.

Proof. Assume first that f is self-dual. Then, by Theorem 6.5.6 (note that f is not affine
and supports perfect equality by assumption), f perfectly simulates a hard function. By
Lemma 6.2.8, we obtain that for all sufficiently large A, there exists ¢ > 1 such that
#Hyper2Spin, .(f) is NP-hard. Now, recall that every problem in #P admits an FPRAS
using an NP-oracle [76]. Since #Hyper2Spina .(f) is NP-hard, we can use it as an oracle
to obtain an FPRAS for #BIS.

Assume next that f is not self-dual. By Lemma 6.5.9 we have that { f} implements either

dp or ;. We only need to consider the case where {f} implements ¢y, the case of §;
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follows by just switching the spins O and 1. First, by Lemma 6.5.2 with ' = {f} and
g = do, f perfectly simulates dy, so f perfectly simulates { f, dp }. Recall that f is not affine.
By Lemma 6.5.10, it thus follows that {f, o} implements one of OR, NAND, Implies.
Using Lemma 6.5.2 again, it follows that f perfectly simulates one of OR, NAND, Implies.
Note that OR and NAND correspond to hard functions, so when f perfectly simulates
either OR or NAND, we obtain from Lemma 6.2.8 that for all sufficiently large A, there
exists ¢ > 1 such that #Hyper2Spin, .(f) is NP-hard. Thus, as in the case of self-dual
functions, we may conclude that for all sufficiently large A, #Hyper2Spina .(f) is #BIS-
hard.

Thus, it remains to consider the case where f perfectly simulates Implies. By Defini-
tion 6.2.7, this means that there exists a k-tuple hypergraph H' = (V’, ') and vertices
x,y in H' such that

Z 1 Z 1z 1 Z
00 _ > for _ - A1 0 A0 (6.27)
Zf;H’ 3 Zf;H/ 3 Zf;H’ 3 Zf;H’

where, for sq, s2 € {0,1}, we denote

Zs, sy 1= Z we.p (o).

o:V'—{0,1};
Tr=51,0y=52

Let A’ be the degree of H'. We will show that for all A > 6A, #Hyper2Spin, .(f) is
#BIS-hard.

We will use Lemma 6.5.8. In particular, let G = (V; U V,, E) be a bipartite graph of
maximum degree 6 where V7, V5, denote the parts of G in its partition. Let H = (V, F) be
the k-tuple hypergraph obtained from G as follows. Start by putting all of the vertices in
V1 U Vs into V. Then add additional vertices and hyperarcs as follows. For every edge
(v1,v2) € E such that v; € V4 and vy € V5, take a distinct copy of H’ and identify vertex
x in H' with v; and vertex y in H' with v,. Note that V; UV, C V and that the degree of
His 6A/.

Let Z; denote the set of independent sets of G. Then, we claim that

Zyn = \Tal - (Zg/3)\FL (6.28)

Before proving (6.28), note that an oracle call to #Hyper2Spin (f) for A > 6A’ with
input H and relative error ¢ > 0 yields via (6.28) an estimate for the number of inde-

pendent sets in bipartite graphs of maximum degree 6 which is within relative error

202



from the true value. Thus, using Lemma 6.5.8, we obtain an AP-reduction from #BIS to
#Hyper2Spina (f) for all A > 6A’, as wanted.

To show (6.28), let o : V' — {0, 1} be an assignment such that wy.; (o) > 0. The copies
of H' ensure that for every edge (vi,v2) € F such that v; € V; and v, € V5 it holds
that either o(v1) # 1 or o(ve) # 0. Thus, the set (c=(1) N V4) U (671(0) N V3) is an

independent set of GG. Conversely, for every independent set I of GG, consider
Q] = {O’ V= {0, 1} | omnv = 1, OINV, = 0, Oyi\I = 0, OVo\I = 1}.

Then, using (6.27), we have that the number of assignments o € €y such that wy,z (o) > 0

is equal to

I Zowow) = (Zpa/3)F.
(v1,v2)EE

Summing this over all I € Z, we obtain (6.28), thus completing the proof of Lemma 6.5.11.
O

6.5.5 NP-hardness

In this section, we show (Lemma 6.5.14 below) that if f supports perfect equality, and it
is not affine, and is not in IM; then, for all sufficiently large A, there exists ¢ > 1 such
that #Hyper2Spin, .(f) is NP-hard. To do this, we need some preparation. The ideas

behind the following lemma are essentially from [26].

Lemma 6.5.12. If f perfectly simulates Implies, then f simulates {5y, 1} (not necessarily
perfectly).

Proof. We first show that f supports both pinning-to-0 and pinning-to-1. Since f perfectly

simulates Implies, there exists a k-tuple hypergraph H and vertices v1, v, in H such that
poo =1/3,  po1 =1/3, p1n=1/3, pio=0, (6.29)

where, for 51,52 € {0, 1}, we denote s, := pr. 5 (00w, = 51,00, = 52).
Note that
pp;E (0w, = 0) = proo + po1,  prpa (0w, = 1) = pio + pa,
g (0w, = 0) = poo + pr10,  prp; (0w, = 1) = po1 + p1-
It follows that
ppa (0w, =0)=2/3, ppu(oy, =1)=1/3,

lu’fiH(UUQ = O) = 1/37 ,u'f;H(UUQ = 1) = 2/3

(6.30)
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Then, using (6.30), we obtain that H and its vertices v, v satisfy the assumptions of
Lemma 6.3.4 (v; satisfies Item 1 and v, Item 2) and hence we obtain that f supports
pinning-to-0 and pinning-to-1.

To conclude that f simulates {dy, J1 }, consider the k-tuple hypergraph H as above and
consider the conditional distribution M?OH where we pin the vertex v, to 0 (this is allowed

since f supports pinning-to-0). Then,

Wu(o() =0) =1, py(o(vr) = 1) =0

so f simulates §y. Analogously, by pinning the vertex v; to 1, we also obtain that f

simulates 1, concluding the proof. O

Lemma 6.5.13 ([26, Proof of Lemma 19]). If f is a Boolean function that is not in IM»,
then { f, Implies, do, 01 } implements either OR or NAND. O

Lemma 6.5.14. Let f : {0,1}* — {0,1} be a function which supports perfect equality.
Suppose that f is not affine and is not in IM,. Then, for all sufficiently large A, there exists
¢ > 1 such that #Hyper2Spiny .(f) is NP-hard.

Proof. The proof is similar in structure to the proof of Lemma 6.5.11.

Assume first that f is self-dual. Then, by Theorem 6.5.6 (note that f is not affine and
supports perfect equality by assumption), f perfectly simulates a hard function. By
Lemma 6.2.8, we obtain that for all sufficiently large A, there exists ¢ > 1 such that
#Hyper2Spin, .(f) is NP-hard.

Assume next that f is not self-dual. By Lemma 6.5.9 we have that { f} implements either
dp or ;. We only need to consider the case where {f} implements ¢y, the case of §;
follows by switching the spins O and 1. First, by Lemma 6.5.2 with I' = {f} and g = J,
f perfectly simulates 9y, so f perfectly simulates {f,dy}. Recall that f is not affine. By
Lemma 6.5.10, it thus follows that { f, 0} implements one of OR, NAND, Implies. Using
Lemma 6.5.2 again, it follows that f perfectly simulates one of OR, NAND, Implies. OR
and NAND correspond to hard functions, so when f perfectly simulates either OR or
NAND, we obtain from Lemma 6.2.8 that for all sufficiently large A, there exists ¢ > 1
such that #Hyper2Spin, .(f) is NP-hard. Thus, it remains to consider the case where f
perfectly simulates Implies.

Since f perfectly simulates Implies, by Lemma 6.5.12, we obtain that f simulates {J, d; }.

Thus, f simulates {f, Implies, dg, 61 }. By Lemma 6.5.13, using that f is not in IM,, we
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have that { f, Implies, dy, 01 } implements either OR or NAND. By Lemma 6.5.4, we thus
obtain that f simulates either OR or NAND. Hence, as above, we can use Lemma 6.2.8 to
conclude that for all sufficiently large A, there exists ¢ > 1 such that #Hyper2Spin, .(f)
is NP-hard.

This concludes the proof. O

6.5.6 Proof of Theorem 6.2.10

We are ready to prove Theorem 6.2.10, which we restate here for convenience.

Theorem 6.2.10. Let f : {0,1}* — {0, 1} be a Boolean function that is not affine. Suppose
that f supports perfect equality.

1. If f is in IMy, then for all sufficiently large A, #Hyper2Spina (f) is #BIS-equivalent.

2. If f is not in IMy, then for all sufficiently large A, there exists a real number ¢ > 1
such that #Hyper2Spinn .(f) is NP-hard.

Proof. Item 1 is a consequence of Lemma 6.5.7 and Lemma 6.5.11. Item 2 is a conse-

quence of Lemma 6.5.14. O]

6.6 Proof of Theorem 6.1.7

In this section, we combine the pieces to prove Theorem 6.1.7.

We will need the following lemma.

Lemma 6.6.1. Let f; : {0,1}** — {0,1} and f5 : {0,1}*2 — {0, 1} be Boolean functions
such that fi is not affine and f is not in IM,. Then, the function f defined by f(x,y) =
f1(x) fa(y) is neither affine nor does it belong to IM.

Proof. We first prove that f is not affine. Since f; is not affine, by Item 1 of Lemma 6.3.1,
there exist x(),x(? x() € Ry, such that xV) @ x?) © x®) ¢ Ry,. Let y be such that
f2(y) =1 (such a y exists, otherwise f, would belong to IM5).

For each i = 1,2, 3, consider the vector z(*) of length k; + k» obtained by concatenating the
vectors x(V) and y. Since x) € Ry, andy € Ry,, we have that f(z(V) = f1(x®) fo(y) = 1,
soz € Ry fori = 1,2,3. Observe that f(z() ©2 ©z)) = f;(xVoxPox®)f(y) =
0,50z @ 2z? @20 ¢ R;. Thus,

zW, 22 20 ¢ R; but zM @22 @ 20 ¢ Ry,
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so by Item 1 of Lemma 6.3.1, we have that f is not affine.

We next show that f does not belong to IM,. Since f» ¢ IMy, by Lemma 6.3.3, there
exist y(),y(®) € Ry, such that either y() v y® ¢ R, or y() Ay ¢ Ry . Assume that
vy vy® ¢ R, , the other case is completely analogous and actually follows by duality
(switching the spins 0 and 1). Let x be such that f;(x) = 1 (such an x exists, otherwise
f1 would be affine).

For each i = 1,2, consider the vector w(*) of length k; + k; obtained by concatenating the
vectors x and y("). Since x € Ry, and y) € Ry,, we have that f(w(®) = f1(x) fo(y)) =
1, so z) € Ry for i = 1,2. Observe that f(w) v w®?)) = fi(x)fo(yM) vy?) =0, so
w) v w® ¢ R;. Thus,

wl w? e Ry but wl v w? ¢ Ry,

so by Lemma 6.3.3, we have that f does not belong to IM,.
This concludes the proof. O

Theorem 6.1.7. Let I be a Boolean constraint language. Then,
1. If every function in I is affine then #CSP(I") and #NoRepeatCSP(I") are both in FP.

2. Otherwise, if I' C IMy, then there exists an integer Ag such that for all A > A,
#CSPA(I") and #NoRepeatCSP 4 (') are both #BIS-equivalent under AP-reductions,

and

3. Otherwise, there exists an integer A such that for all A > A, there exists a real
number ¢ > 1 such that #CSP .(T') and #NoRepeatCSP  .(I') are both NP-hard.

Proof. We consider each of the three cases.

1. If every function in T is affine (cf. Definition 6.1.3), then Z; can be computed
exactly in polynomial time using Gaussian elimination. This was already noted in

the exact-counting dichotomy of Creignou and Hermann [17].

2. Suppose that I' C IM, and that I" includes a function f which is not affine.
By the unbounded-degree #BIS-easiness result of [26], which is stated here as
Lemma 6.5.7, it follows that for all positive integers A, #CSPa(T") is #BIS-easy.
Clearly, every instance of #NoRepeatCSP (") is an instance of #CSPa(I"), from
which we obtain that #NoRepeatCSP 5 (T') is #BIS-easy as well.
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If f supports perfect equality, then by Theorem 6.2.10, for all sufficiently large A, the
problem #Hyper2Spina (f) is #BIS-hard. As we noted in Section 6.1.1, the problem
#Hyper2Spina (f) is equivalent to #NoRepeatCSPA ({f}) from which we obtain
that #NoRepeatCSP 4 (I') is #BIS-hard as well. Note that #NoRepeatCSP A (I") is
a restricted version of #CSPa (I') (the restriction being that constraints may not

repeat variables), so it follows immediately that #CSP (T') is #BIS-hard.

There is a final case that does not arise if #BIS is not NP-hard to approximate, but
we include it to make the proof complete. In particular, if f does not support perfect
equality, then by Theorem 6.2.9, it simulates a hard function. So, by Lemma 6.2.8,
for all sufficiently large A, there exists ¢ > 1 such that #£Hyper2Spina .(f) is NP-
hard. As observed in the proof of Lemma 6.5.11, this implies that #Hyper2Spina (f)
is #BIS-hard. Then, as in the previous case, we obtain that #NoRepeatCSP 4 (T")
and #CSPA(I") are #BIS-hard.

. Suppose that there are functions f, fo € I" such that f; is not affine and f5 is not in
IM, (it might be the case that f; = f2). Then, consider the function f(x,y) defined
by f(x,y) = fi(x)f2(y). By Lemma 6.6.1, we have that f is neither affine nor does
it belong to IMs.

Thus, if f supports perfect equality, then by Theorem 6.2.10, for all sufficiently
large A, there exists ¢ > 1 such that #Hyper2Spin, .(f) is NP-hard, which is
equivalent to saying that #NoRepeatCSP A .({f}) is NP-hard. Now note that there
is an easy reduction from #NoRepeatCSP 5 .({f}) to #NoRepeatCSP 5 .(I') — given
an instance I of #CSPa ({f}), every constraint involving f is re-written as two
constraints involving f; and f>. Thus, #NoRepeatCSP 5 .(T') is also NP-hard. Since
#NoRepeatCSP 4 (I') is a restricted version of #CSPx (I"), we have that #CSPx .(I)
is NP-hard as well.

Otherwise, by Theorem 6.2.9, f simulates a hard function. So, by Lemma 6.2.8,
for all sufficiently large A, there exists ¢ > 1 such that #£Hyper2Spina .(f) is NP-
hard. As in the previous paragraph, this implies that #NoRepeatCSP, .(I') and
#CSPa (T") are NP-hard. O
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Chapter 7

Conclusion and Open Problems

Many works has been developed in the area of approximate counting, both in the
algorithmic part and complexity part. One of the most exciting and challenging research
directions is to establish the connection between the uniqueness phase transition of spin
systems and the approximability phase transition of computing partition functions. This
research has been done for some important models such as the hardcore model [78], the
antiferromagentic Ising model [54] and the colouring model when ¢ = 4 (as we have
described in Chapter 4). For each of them, an FPTAS has already been designed in the
uniqueness region, and these ranges of approximation were proved to be optimal [34, 72].
To date, no MCMC based FPRASes that achieve the conjectured optimal bound ¢ = A + 1
have been established for the colouring model. For some other cases, the tree uniqueness
threshold is not the correct answer to the approximability threshold—we can even do
better. For the ferromagnetic Ising model, for example, Jerrum and Sinclair established
an FPRAS [48] which works for all graphs and all values of parameters on vertices
and edges in the ferromagnetic region, even beyond the tree uniqueness threshold.
However, perhaps surprisingly, the method of correlation decay does not work even in the
uniqueness region. These facts support the conjecture that we can design polynomial-time
approximation algorithms (FPTAS or FPRAS) for computing partition functions in the
tree uniqueness region of spin systems, although the region that an FPTAS exists and the
region that an FPRAS exists may be quite different.

To understand in which region a problem can be solved approximately in polynomial
time, it is probably a good start to analyse the condition of uniqueness for the Gibbs
distribution. Sometimes to prove uniqueness, we also need the decay of correlations in

spin systems, which is related to the algorithmic techniques. The uniqueness threshold
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has been well studied for some interesting models such as the antiferromagnetic Ising
model, the colouring model and the ferromagnetic Potts model. But it is still open for the
antiferromagnetic model. An up-to-date result was introduced in Chapter 3, which proved
the uniqueness threshold for ¢ = 3,d > 2 and ¢ = 4,d € {3,4,5,6,7,8,9}. However,
our results is based on the discussion of cases under the constraints that for all ¢ € [¢],

gc) = pgk), or p((f) =a- pgk) and there exists ¢’ € [¢] such that pg“) =a- pgk). It is

either p
easy to see that for general ¢, the number of satisfying tuples will increase exponentially,
which makes the task of analysing the function h,, ., g impossible. Therefore, proving
uniqueness for the antiferromagnetic Potts model is still an interesting open problem. We
conjecture that new tools and techniques are necessary for this problem.

Another part of open problems is the classification of complexity of approximate counting
problems. Extensive research has been done on the classification of partition functions
according to the complexity of computing their values exactly. However, much less is
known in the approximate counting area. As we described in Chapter 6, we focused
on whether there is a “barrier” value A such that, for all A > A, approximation is
intractable, because in general even some decision problems are still open. But our result
cannot provide any assistance to the classification of I" for some specific A. The best
known result is on the conservative cases, which cannot apply to many natural problems
such as the hypergraph hardcore model. In fact, our result also relied on the AP-reductions
to the problem of counting independent sets in a bipartite graph (#BIS). However, #BIS
itself is almost the most important open problem underlying the study of complexity of
approximate counting. It is still unknown whether #BIS admits an FPTAS/FPRAS, or
#BIS is NP-hard. It is conjectured to be of an intermediate complexity.

We conclude this chapter with introducing some new techniques to design FPTASes
and the possible future works. Although correlation decay based FPTASes have played
significant roles in the antiferromagnetic spin systems, it cannot work well in many other
models. Recently, some other approaches have been developed. One is developed by
Ankur Moitra, based on the Lovédsz Local Lemma and linear programming. It gives an
algorithm to approximately compute the marginal probability of a variable in a SAT
formula under Lovasz Local Lemma condition [61, 41]. Another algorithmic technique is
related to zeros of polynomials. It has been developed by Barvinok [3] and extended by
Patel and Regts [66]. The idea is to view the partition function as a polynomial of given

parameters and attempt to establish connections between the non-vanishing set and the
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approximability region. As a possible future work, it will be promising to develop more
powerful tools to design approximation algorithms and connect the approximability with
other theory (such as the existing results on the uniqueness region, Lovdsz Local lemma
and zero of polynomials) to identify the exact threshold of computational complexity and

understand the essential hardness of approximation.
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Chapter 8

Appendix: Mathematica Code

8.1 Verifying inequalities in Chapter 3
8.1.1 Lemma 3.3.5

Both of the queries in the following code give the output True.

fu=(1 -1 -b) y)°d/

(-t -»yyd+20-0U-D x°@2 1-0U-D) A-x-1y))~@/2);
bb = 1-b;

W=1-3y+bb (By -1)+ {1 -x-2y) +x@x+y-1) +yx-y));

lhs = D[fu, bl;

rhs = -fu~2 (d (1 - bb x)~(d/2) (1- bb(l-x-y))~(d/2) W /

((1- bb y)~(d+1) (1- bb x) (1- bb (1-x-y))));

FullSimplify[lhs == rhs]

f1=(1 - (1 -b) x)°d /

(1-10-»=x)d +@-0A-D)yd+@-0U-b) A-x-y))d;
lhs D[f1l, bl;

f1~2 d ((2x+y-1) (1-bb(1-x-y))~(d-1) + (x-y) (1-bb y)~(d - 1)) /
((1-bb x)~(d+1));

FullSimplify[lhs == rhs]

rhs

8.1.2 Lemma 3.3.13

Both of the queries in the following code give the output False.
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Resolve[Exists[{x, y, b}, 0 < y <= 1/3 && 1106/2500 <= x < 1 &&
0<b<=14& (fu/. {d > 2} ==x & (1 /. {d -> 2}) == y]]
Resolve[Exists[{x, y, b}, 0 < y <= 460/2000 && 1/3 <= x < 1 &
0<b<=14& (fu /. {d -> 2}) ==x && (f1 /. {d -> 2}) == yl]

8.1.3 Lemma 3.3.17
The following code gives the output True.

fu=(1 -1 -b) y)°d/

(-0 -»yd+200-00-D x7@2) A-0U-D) A-x-y))-d/2);
gu=fu-x/.4{b->1-3/(d+ 1), x ->my};

(1 -3y/(@d+ 1))d;

B = (1- 3(1-y(m+1))/(d+1))~(d/2) (1- 3m y/(d+1))~(d/2);

W = A B/(A+2B)"2;

=
Il

—

(=g

n
Il

D(gu, yl;
-m+(9 d W /(By(m+1)+d-2)) (m(2m y+y-1)/(1+d-3m y) - (2m y+y+d-1)/(1+d-3y));
FullSimplify[lhs == rhs]

rhs

8.1.4 Lemma 3.3.18
The following code gives the output True.

fl=(01- {1 -Db) x)"d/

(1-t-»xd +0-UL-D)yd+@->U-D) A-x-y))d;
gl =fl -y /. {b->1-3/(d+1), x->my};

W= (m(2d-1)+d+1) ((3y(m+1)+d-2) / (d+1))~d /

((1 +d-3my) (d-2+ 3y(1 + m))) +

(m-1) (d+1) (1-B y)/(d+1))~d / (1 +d -3 y) (1 +d - 3m y));

lhs = D[gl, yl;

rhs = -3d (1 - (8m y)/(d+1))~d W / ( ((By(m+1)+d-2)/(d+1))"d

+ (1 - (B3m y)/(d+1))~d + (1-(3 y)/(d+1))~d )"2 - 1;

FullSimplify[lhs == rhs]

8.1.5 Lemma 3.3.20

The following code outputs False and False.
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y2 = 7/(10 m + 12);

yl = y2 + 3/500;

X2 =m y2;

x1l =m yi;

Resolve[Exists[m, 157/80 <=m < 32 && (0 >=y1 || y1 >= 1 - x1 - y1 ||
1 -x1 -y1>1/3 11 1/3>=x1 || x1 > 1 -y1) 1]
Resolve[Exists[m, 32 <=m && (0 >= y2 || y2 >= 1 - x2 - y2 ||

1 -x2-y2>=1/3 |1 1/3>=x2 || x2>=1 - y2) 1]

8.1.6 Lemma 3.3.21

Both queries in the following code for the differentiation in (3.30) output True.

fu=(1- (1 -Db) y)ad/

(A -@-D)yd+2@0-0-Db) x7@/2) (1 -(1-b) (1 -x-y))(0d/2));
bb =1 - b;

R=(1-bbx)"(d/2) (1 -Dbb (1 - x - y))~(d/2) / (1 - bb y)~d;

xlhs = D[fu, x];

xrhs = fu"2 Rd bb"2 2x+y -1) / ((1 - bb(1 - x - y))(1 - bb x));

ylhs = D[fu, yl;

yrhs = -fu"2 Rd bb (3 + bb(2 x +y - 2)) /((1 - bb(1 - x - y))(1 - bb y));

FullSimplify[xlhs == xrhs]
FullSimplify[ylhs == yrhs]

The proof of (3.33). We consider two cases — when p < 32 and when p > 32. The

output is False in both cases.

1hs=(8-y) (2x+y-1)/( (8-x) (2x+y+22) );

7 m/(10 m + 12) + 3 m/500;

yl =7/(10 m + 12) + 3/500;

Resolve[Exists[m, 1<m <32 &% (lhs/.{x->x1, y->yl}) >= 1/24]]
x2 =7 m/(10 m + 12);

y2 = 7/(10 m + 12);

Resolve[Exists[m, m>=32 && (lhs/.{x->x2, y->y2}) >= 1/24]]

x1

Here is the code to show that Y is increasing in /3,. The output is False.
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Num = 3 +b (2x +y - 2);
Den = (1 -b ({1 -x-y)) (1 -by;
Der = D[Num/Den , b];

Resolve[Exists[{d, x, y, b},
d>08&& 0<b<=1/88& 0<y<1-x-y<1/3<x<1-7y&
Der < 0]]

Here is the code for Case 1. The output is False.

lhs =3 (2 x+y +22)/((8-y) x+y+T7)) /.
{x>7n/(10m+ 12), y ->7/(10 m + 12)};

rhs = 8/7;

Resolve[Exists[m, lhs >= rhs && m > 32]]

Here is the code for Case 2. The output is False.

lhs =3 2x+y+22)/(B8-y) x+y+T7)) /.

{x > 7wm/(10 m + 12) + 3 m/500, y -> 7/(10 m + 12) + 3/500};
rhs = 24 (256 m~2 + 60 m + 3536)/(25 m~2 + 60 m + 73536);
Resolve[Exists[m, lhs >= rhs && 1 < m]]

8.1.7 Lemma 3.3.23
The output of the following code, for the differentiation in (3.36), is True.

fu=(1- (1 -b) y)d/

(1-@-b)y)d+2 @ -00-Db) x)7@2) (1-0U-Db) (1-x-y))°(d/2));
psild_,z_] := d/(d-3z+1) + Logld +1-3z];
zetald_,x_,y_]:=2psild,y]-psild,x]-psild,1-x-y];

lhs = D[ (fu/.{b -> 1 - 3/(d + 1}, 4d];

rhs = (1- 3x/(d+1))~(d/2) (1- 3y/(d+1))~d (1- 3(1-x-y)/(d+1))~(d/2)zetald,x,yl/
((1- 3y/(d+1))~d + 2(1- 3x/(d+1))~(d/2) (1- 3 (1-x-y)/(d+1))~(d/2))"2;
FullSimplify[lhs == rhs,d>=0]

The following code establishes Facts 1, 2, and 3 for ; = 157/80. The output is False, 0,

then True.
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fu=(1 -0 -Db) y)~d/

(-0 -»yd+200-00-D x7@2 A-0U-D) A-x-y))-/2);
hu=fu-x /.{b -> 1 - 3/(d+1)};

psild_,z_] := d/(d-3z+1) + Logld +1-3z];
zetald_,x_,y_]1:=2psild,y]-psild,x]-psild,1-x-y];

Fd = D[zetald,x,yl, d];

7 m/(10 m + 12) + 3 m/500 /. {m -> 157/80};

ym = 7/(10 m + 12) + 3/500 /. {m -> 157/80};

Resolve[Exists[d, d >= 23 & (Fd /. {x -> zm, y -> ym}) >= 0]]

Xm

Limit[zetal[d,xm,ym], 4 -> \[Infinity]]
Limit[hu /. {x -> xm, y -> ym}, d -> \[Infinity]]<O0

The following code establishes Facts 1, 2, and 3 for u = 32. The output is False, 0, then

True.

fu=(1 -1 -Db) y)~d/

(1 -@-b)y)d+2 @ -00-Db) x)"@2) (1-0U-Db) (1-x-y))°(0d/2));
hu=fu-x /.{b -> 1 - 3/(d+1)};

psild_,z_] := d4/(d-3z+1) + Logld +1-3z];
zetald_,x_,y_]:=2psild,y]-psild,x]-psild,1-x-y];

Fd = D[zetald,x,y]l, dl;

xm =7 m/(10 m + 12) /. {m -> 32};

ym= 7/(10 m + 12) /. {m -> 32};

Resolve[Exists[d, d >= 23 && (Fd /. {x -> xm, y -> ym}) >= 0]]
Limit[zetal[d,xm,ym], 4 -> \[Infinity]]

Limit[hu /. {x -> xm, y -> ym}, d -> \[Infinity]]<O0

8.1.8 Lemma 3.3.25
We first prove that hy(23, ) > 0 for 4 > 157/80. The output to both queries is False.

f1=(1- (1 -b) x)°d/

(-1 -»xd +0-0UL-D)yd+@->U-Db) 1-x-y)7d;
hl =fl -y /. {b ->1-3/(d+1), x -> m y};

x1 =7m/(10 m + 12) + 3 m/500;
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yl = 7/(10 m + 12) + 3/500;
hi =hl /. {d -> 23, x -> x1, y -> yi};
Resolve[Exists[m, 157/80<=m <32 && hl <= 0]]

x2 =7m/(10 m + 12);
y2 = 7/(10 m + 12);
h2 = hl /. {d -> 23, x -> %2, y -> y2};

Resolve[Exists[m, m >= 32 && h2 <= 0]]

The output of the following code, for the differentiation in (3.38), is True.

f1=(1 -1 -Db) x°d/

(1-1-D)x)d+ @ -A-b)yd+ @T-A-D) A-x-y))d;
psild_, z_] :=d/(d - 3z + 1) + Logld + 1 - 3 z];

A=(1-3x/@d+ 1))"d;

B=({-3y/(d+ 1))"d;

CC=(1-30-x-y)/@+ 1))"4d;

lhs = D[(f1 /. {b -> 1 - 3/(d + 1}, dl;

rhs = (A CC (psild, x] - psild, 1 - x - y1) + A B (psild, x] - psild, y1))/
(A +B + CC)~2;

FullSimplify[lhs == rhs, d >= 0]

8.1.9 Lemma 3.3.28

The code checks that all of the desired inequalities are satisfied. The output is True.

Flag = True;
ul0] = 1;
1[0o] = 0;

For[dd = 3, dd <= 22, dd++, (

ffu = Ceiling[10000 fu /. {q -> 3, d -> dd, b -> 1 - 3/(dd + 1)}]1/10000;
ff1 = Floor[10000 f1 /. {q -> 3, d -> dd, b -> 1 - 3/(dd + 1)}]1/10000;
For[n = 0, n <= 60, n++, (

uln + 1] = ffu /. {x -> ulnl, y -> 1[nl};

1[n + 1] = £f1 /. {x -> ulnl, y -> 1[nl};

Flag = Flag && uln] >= uln + 1] && 1[n] <= 1[n + 1] &&
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2 uln] + 1[n] >= 1 >= 2 1[n] + ulnl)];
Flag = Flag && u[60]1/1[60] <= 53/27;)1;
Flag

8.1.10 Lemma 3.3.36

The code checks all relevant values of d and dy. The output is True. The substitution of
u for a'/? is there to make the code run faster. Despite this, it takes more than 5 minutes

to run on our machine.

b=1-3/(d+ 1);

x=1-00-Db) (@a-1/(b+2a);
y=1-1-Db) (a-1/(b+a+1);

phi = 1 + (3/(d + 1)) (1 - x~d0 y~(d - d0))/(b +
x~d0 (y~(d - d0) + 1)) /. {a -> u~d};

Flag = True;

For[dd = 2, dd <= 22, dd++, u0 = (53/27)"dd;
For[dd0 = 0, dd0 <= dd, ddo++,

Flag = Flag && ! Resolve[Exists[u,

(phi /. {d -> dd, d0 -> dd0}) >= u && 1 < u <= u011;1;];
Flag

8.1.11 Lemma 3.3.37
The following code outputs True, therefore verifying the differentiation in (3.46).

b=1-3/{d+ 1);

x=1-0-Db) (a-1)/(b+2a);
y=1-0-Db) (a-1)/0b+a+1);
phi = 1+(1/d) ( x~(-2d0/(2+b)) y~(-(d-d0)/(2+b))

- x7(d0 b/(2+b)) y~((d-d0) (1+b)/(2+b)) )-a~(1/d);

gx=(2a+b) (a b+a+l);

gy=(a+b+1) (a b+2);

S=x~(2d0/(2+b)) y~((d-d0)/(2+b)) (a+b+1) (a b+2)/(1-b);

rhs=( (1-b)x~(-2d0/(2+b)) y~(-(d-d0)/(2+b)) / (d a gy) ) *

(2 d0 a (gy/gx) + (d-d0)a + x~d0 y~(d-d0) (dO b a (gy/gx)+ (d-d0) (1+b)a)
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-a~(1/d) 8);
Resolve[Simplify[D[phi, al] - rhs] == 0]

The following code outputs True True, verifying the calculation for Step 3.

b=1-3/d+1);
x=1-0-Db) (a-1)/(b+2a);
y=1-0-Db) (a-1)/(0b+a+1);

sO = -(((2d-1)d (1 -k) a)/(d+

1D+ ((d-2)k(@-2)a+2@+1))) /G @+D);
W=1+(a-1)/d-(@@-1 (a-1"2/(24d2);

t0 =W ((d+1)a+2d-1) ((d-2)a+2 @@+ 1))/@ @+ 1));
xi3 = s0 x"(d k) y~(d (1 - k)) +

t0 x~(2 k (d + 1)/3) y~((1 - k) (d + 1)/3);

FullSimplify[(xi3 /. {a -> 1}) == d + d k]

FullSimplify[(D[xi3, a] /. {a -> 1}) == (1/3) (- d k +3d - 4 k) ]

The final two code segments are for Step 4. The following code calculates ¢5 and verifies

that % >0, % . > 0 and t2|,—0 > 0. The output is False, False, and False.

b=1-3/@+ 1);
x=1-0-b) (a-1)/(+2a);
y=1-(1-Db) (a-1)/(b+a+1);

sO =-(((2d-1)d -k a)/d+

D+ d-2)k((d-2)a+2 @+ 1)))/B W+ 1)));
W=1+(a-1)/d-(d-1) (a - 1)"2/(2 d"2);

t0 =W (d+1)a+2d-1) ((d-2)a+2(@@+1))/@ @+ 1));

t2 = Simplify[ D[t0 x~(2 k (d + 1)/3) y~((1 - k) (d + 1)/3), {a,
2}1/(x~(2 k (d + 1)/3) y~((1 - k) (d+ 1)/3))];

tkl = D[t2, k];

tk2 = D[tkl, k];

Resolve[Exists[{d, a}, tk2 < 0 && d >= 23 && 1 <= a <= 53/27]]
Resolve[Exists[{d, a}, (tkl /. {k -> 0}) < 0 & d >= 23 && 1 <= a <= 53/27]]
Resolve[Exists[{d, a}, (t2 /. {k -> 0}) < 0 && d >= 23 && 1 <= a <= 53/27]]
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The following code calculates so (as well as t3) and verifies that sy + ¢ is positive. It
takes about 10 minutes to run. The output is False. The reason for the transformation

of a (as a function of r) is to speed up the calculation.

b=1-3/d+1);
x=1-(0-Db) (a-1)/(b+2a);
y=1-0-b) (a-1)/0b+a+1);

sO = -(((2d-1)d{ -k a/(d+

1) +(d-20k ((d-2)a+2 @+ 1))/ @+ 1)));
W=1+(a-1)/d-(d-1) (a-1)2/(2d2);

t0 =W ((d+1)a+2d-1) ((d-2)a+2(d+1))/@ d+1));

t2 = Simplify[ D[t0 x~(2 k (d + 1)/3) y~((1 - k) (d + 1)/3), A{a,
2¥1/(x~(2 k (@ + 1)/3) y~((1 - k) (d + 1)/3))]1;

s2 = Simplify[

D[sO x~(d k) y~(d (1 - k)), {a, 2}1/(x~(d k) y~(d (1 - k)))I;
p = Simplify[s2 + t2 /. {a -> 1 + 3 r}];

Resolve[Exists[{d, r, k},

p<=0&kd> 23 & 0<=k<=14&k 0 < r <= 26/81]]

8.1.12 Lemma 3.4.4

All of the queries in the following code give the output True.

w=gh~2 bh x(x-y)-gh(bh(x~2-3x y+x+(y-1)y)+y)+(y-1) (bh y-1);

lu=D[fu,b];

ru=-fu~2 d ((1-bh x)~(gh-1) (1-bh(1-(qh-1)x-y)))~(d/qh) w/
((1-bh y)~(d+1) (1-bh x) (1-bh(1-(gh-1)x-y)));

FullSimplify[lu==ru]

FullSimplify[w==1-q y+bh((q y-1)x+(gh x+y-1) (gh-1) (x-y))]

11=D[£f1,b];

r1=f1~2 ((2x+(gh-1)y-1) (1-bh(1-x-(qh-1)y))~(d-1)+(gh-1) (x-y) (1-bh y)~(d-1))d/
(1-bh x)~(d+1);
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FullSimplify[1l==rl]

8.1.13 Lemma 3.4.9

The following code checks that, for all d-tuples (pV), ..., p®) with p(), ... p@ ¢
Ex,(a), it holds that k., ., 5, (P, ..., p¥) < a!/%. The output is True, and the same is
still true when the first line changes to d = 5 and d = 6.

q=4;d=4;b=1-gqg/(d+ 1);

EX = Tuples[{1, alpha}, g-1];

G[vector_, colour_] := 1 - (1-b) (vector[[colour]]- 1)/

(b + Sum[vector([[ccl], {cc,1,9-1}1);

dTUPLES=Tuples[EX,d]; L=Length[dTUPLES];

UNIQ = True;

For[l = 1, 1<= L && UNIQ, 1++,

currenttuple=dTUPLES[[1]];

For[k=1, k <= d, k++,

vectorofchild[k]=currenttuple[[k]];

1;

For[colour = 1, colour <= g-1, colour++,

glcolour] = Product[ G[vectorofchild[k], colour], {k, 1, d}];
1;

h=1+-b) (1-gl1])/( + Sum[glc]l,{c,1,9-1}1)/.{alpha->u~d};
CHECK = Resolve[Exists[u, h >= u && u > 1]];

If [CHECK == True, UNIQ = False];

1;

Print [UNIQ]

8.1.14 Lemma 3.4.10

The code checks that all of the desired inequalities are satisfied. The output is True.

Flag = True;
ul0] = 1;
1[0] = 0;

For[dd = 7, dd <= 9, dd++,

220



(ffu = Ceiling[10000 fu /. {q -> 4, d -> dd, b -> 1 - 4/(dd + 1)}1/10000;
ff1 = Floor[10000 f1 /. {q -> 4, d -> dd, b -> 1 - 4/(dd + 1)}1/10000;
For[n = 0, n <= 60, nt++,

(uln + 1] = ffu /. {x -> ulnl], y -> 1[nl};
1[n + 1] = £f1 /. {x -> ulnl, y -> 1[nl};
Flag = Flag && uln] >= uln + 1] && 1[n] <= 1[n + 1] &&
3 uln] + 1[n] >= 1 >= 3 1[n] + ulnD)];
Flag = Flag && u[60]/1[60] <= 41/10;)];
Flag

8.1.15 Lemma 3.4.13

The output is true, and the same is still true if we change d to 8 and 9.

1-001-Db) (a-1)/(®+3a);
1-{1-Db) (a-1)/(+2a+1);
1-@Q-b)(a-1/(d+a+2);
gl = x~d0 y~(dl + d2) z~d3;

ke
I

<
1]

g3 = x~d0 y~(dl + d4) z"d5;
g4 = x~d0 y~(d2 + d4) z~d6;
h=1+(1-b) (1 -g1)/(b+ gl + g3+ g4);

d=7;b=1-4/d + 1);

UNIQ = True;

For[kO0 = 0, kO <= d, kO++,

For[kl = 0, k0 + k1 <= d, kl++,

For[k2 = 0, kO + k1 + k2 <= d, k2++,

For[k3 = 0, kO + k1 + k2 + k3 <= d, k3++,

For(k4 = 0, kO + k1 + k2 + k3 + k4 <= 4, kid++,

For[k5 = 0, kO + k1 + k2 + k3 + k4 + k5 <= d, kb5++,

k6 =d - (k0 + k1 + k2 + k3 + k4 + k5);

hk = h/.{d0->k0, d1->k1, d2->k2, d3->k3, d4->k4, d5->k5, d6->k6};
CHECK = Resolve[Exists[u, 1 < u <= 41/10 && (hk /. {a -> u~d}) >= ull;
If [CHECK == True, UNIQ = False];

111111
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Print [UNIQ]

8.2 Verifying inequalities in Chapter 4
8.2.1 Initialization
We use following code to initilize our computer assisted part of the proof.

Phi[x_] := 1/x/(1/2 - x);
M = (Maximize[{1/Phi[x]/(1-x), O<=x<=1/23}, {x}]1)[[1]1];
Flk_] := (1-£f[k]) (1-y[k])/Sum[(1-£f[i]) (1-y[i]), {i,1,4}];

8.2.2 Lemma 4.4.6

Glw_,f_] := (1-£f)/Phil[1-w/(1-£)] + 4M w/(1-£);
Resolve[Exists[{wl,w2,f1,f2},
(GLwl,£11+G[w2,£2])>=10195/10000(2G [(wi+w2) /2, (£1+£2)/2]) &&
1/13<=f1<=1/2 && 1/13<=£2<=1/2 && 1/2<=wl/(1-f1)<=1 &&
1/2<=w2/(1-£2)<=1]]
Resolve[Exists [{wl,w2,f1,f2},
(G[w1,£1]1/3 +2G[w2,£2]/3)>=10181/10000(G[(wi+2w2)/3, (f1+2£2)/3]) &&
1/13<=f1<=1/2 && 1/13<=£2<=1/2 && 1/2<=wl/(1-f1)<=1 && 1/2<=w2/(1-£2)<=1]]

8.2.3 Lemma 4.4.8

Asym = Phi[F[1]] F[1]
((1-F[11)/(1-y[11)/Phi [y [111+Sum[F[j1/(1-y[j1)/Phily[j11, {j,2,4}] +
4f [1]1M Sum[F[k]/(1-£[k]),{k,2,4}1);
Alpha = Asym/.
{£[2]->(1-£[11)/3,£[3]->(1-£[1])/3,£[4]->(1-£[1]1)/3,y[3]->y[2],y[4]->y[2]};
Resolve [Exists [{f[1],y[1],y[2]},
Alpha>963/1000 && 1/13<=f[1]<=1/2 && O<=y[1]<=1/2 && O<=y[2]<=1/2]]

8.2.4 Lemma 4.4.10, case f; = (1 — f,)/6

F1 = F[11/.{f[4]->(1-£f[1]1-£[2])/2, £f[3]->(1-f[1]1-£[2])/2,y[4]->y[3]1};
A= -fI1D A-yD+@-£[2D) A-y[2D++£ [1]+£[2]) (1-y[3]);
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P1 = A(1-F1) (1/(1-y[1])/Phi[y[1]1]-4M £[2]/(1-1/13));
P2 = (1-£[2])/Phily[2]]1+4f [11M(1-y([2]);
P3 = (1+f[1]+£[2])/Phi[y[3]]1+8M(f[1]1+£f[2]) (1-y[3]);

Alphal = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]->(1-£[2])/6};
Resolve[Exists [{f[2],y[1],y[2],y[3]}, Alphal>9138/10000 &&
0<=f[2]<=1/2 && 0<= y[1]<=1/2 && 0<=y[2]<=1/2 && 0<=y[3]<=1/2]]

8.2.5 Lemma 4.4.10, case f; = (3/4 — f,)/4

F1 = F[1]1/.{f[4]->(1-£f[1]-£[2])/2, f[3]->(1-f[1]-f[2])/2, y[4]->y[3]};
A= @Q-f[1D) Q-yl1D+@-£f[2]) A-y[2])+1+£f [1]1+£[2]) (1-y[3]);

P1 = A(1-F1) (1/(1-y[1]1)/Phi[y[1]1]1-4M £[2]/(1-1/13));
P2 = (1-£[2])/Phily[2]]1+4f [11M(1-y[2]);
P3 = (1+f[1]+£f[2])/Phi[y[3]1]+8M(£f[1]+£f[2]) (1-y[3]);

Alpha2 = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]1->(3/4-£[2])/4};
Resolve [Exists [{f[2],y[1],y[2],y[3]1}, Alpha2>9163/10000 &&
0<=£f[2]<=1/2 && 0<= y[1]1<=1/2 && 0<=y[2]<=1/2 && 0<=y[3]<=1/2]]

8.2.6 Lemma 4.4.10, case f; = 1/13

F1 = F[11/.{f[4]->(1-f[11-£f[2])/2, f[31->(1-f[1]1-f[2])/2, y[4]1->y[31};
A= (1-f[1]) -y +1-£[2]) (1-y[21)+(1+£ [11+£[2]) (1-y[31);

P1 = A(1-F1) (1/(1-y[1]1)/Phi [y [1]1]1-4M £[2]/(1-1/13));
P2 = (1-f[2])/Phily[2]]1+4f[11M(1-y([2]);
P3 = (1+f[1]+£[2])/Phi[y[3]1]+8M(£f[1]+£[2]) (1-y[3]);

Alpha3 = (1/A/(1/2-F1)*(P1+P2+P3))/.{f[1]->1/13};
Resolve[Exists[{f[2],y[1],y[2],y[3]1}, Alpha3>9102/10000 &&
0<=£f[2]<=1/2 && 0<= y[1]1<=1/2 && 0<=y[2]<=1/2 && 0<=y[3]<=1/2]]

In order to speed up above three code snippets for Lemma 4.4.10, we can simplify Alpha;

to the form % where both A > 0 and B > 0 are polynomials. To verify % < a, it is

equivalent to verify A — aB < 0, which can be done more efficiently by Mathematica.

8.2.7 Lemma 4.4.11

Glw_,f_]1 := (1-£f)/Phil1-w/(1-£)] + M w/(1-£);
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Resolve [Exists[{wl,w2,f1,f2},
(GLwl,£f1]1+G[w2,£2])>=1009/1000(2G[(wi+w2) /2, (£1+£2)/2]) &&
0<=f1<=1/2 && 0<=£f2<=1/2 && 1/2<=wl/(1-f1)<=1 && 1/2<=w2/(1-£2)<=1]1]

Resolve[Exists[{wl,w2,f1,f2},

(G[w1,£11/3 + 2G[w2,£2]/3)>=1009/1000(G[(w1+2w2)/3, (£1+2£f2)/3]) &&
0<=f1<=1/2 && 0<=£2<=1/2 && 1/2<=wl/(1-f1)<= 1 && 1/2<=w2/(1-£f2)<=1]]

8.2.8 Lemma 4.4.12

F1 = F[11/.{f[4]->(1-£[1]-£[2])/2, £[3]->(1-f[1]1-£[2])/2, y[4]->y[3]1};
A= (1-f[1D A-y[1D+Q-£[2]) (A-y[2D)+A+£ [1]1+£[2]) (1-y[3]);
P1 = A(1-F1) (1/(1-y[11)/Phi [y [1]1]1-2M £[2]/(1-f[11));
P2 = (1-f[2])/Phily[2]]1+ 2f[1] M(1-y[2]);
P3 = (1+f[1]+£f[2])/Phi[y[3]]1+4M(f[1]1+£[2]) (1-y[3]1);
Alpha = (1/A/(1/2-F1)*(P1+P2+P3))/.{£[1]->0, y[1]1->0};
Resolve[Exists[{f[2],y[2],y[3]},
Alpha>9231/10000 && 1/13<=f[2]<=1/2 && 0<=y[2]<=6/13 && 0<=y[3]1<=6/13]]
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