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Abstract

Deformation-induced twinning is an important mechanism in metals with a limited number
of slip deformation modes. The mechanisms for twin nucleation and growth are not completely
understood, and modelling these processes is challenging because of the different length and time
scales involved. Twins grow at the speed of sound up to a length of several millimetres and
thickness of only a few microns. We present a phase field model for twinning, coupled with a
dislocation-density based model for slip, implemented within the crystal plasticity finite element
method. Softening of the critical resolved shear stress for twinning is used to reproduce the shear
localisation that is typical of twin bands. Two interaction terms are introduced. The first one is a
non-local term that models the interaction between residual dislocations at the twin interface and
mobile dislocations in untwinned regions. The second is a local term that models the hardening
of the twin system due to the presence of dislocations. By introducing these interaction terms,
it is possible to reproduce a discrete pattern of twin bands after deformation. These interaction
terms and interaction strength parameters determine the nucleation and spatial position of twins,
twin thickness and number density of twins as a function of strain. The model is validated by
comparing the simulated twin phase field with the dynamic formation of twins in tension, as
measured by electron backscatter diffraction experiments on α-uranium. This model sheds light on
the mechanism that determines twin growth and twin thickness. Specifically, twins stop thickening
after a critical density of residual dislocations at the twin interface is reached. The interaction
coefficients are interpreted in terms of the stacking fault energy in order to apply the model to
different metals. 1
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1. Introduction1

Twinning is an important deformation mechanism in crystalline materials [1], especially those2

with hexagonal and orthorhombic [2] crystal structures. Because of the atomic rearrangement, in3
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which atoms form a mirror image of the original crystal in a narrow band, plastic strain localises4

inside the twins [3]. This localisation leads to high stress at the intersection between twin bands5

and grain boundaries [4], which can initiate microcracks [5]. Twin interfaces represent barriers6

for dislocation motion, therefore they produce a size effect similar to grain boundaries [6], i.e.7

additional hardening of the slip systems that depends on the spacing between twin bands [7]. This8

is particularly important because of recent experiments showing that nanotwinned materials with9

high strength and ductility can be manufactured [8, 9]. Modelling the nucleation and evolution10

of strain-induced twin bands is an open problem. The solution would be important for materials11

engineering because the effect of texture, microstructure and alloying elements on strain-induced12

twins could be predicted.13

Twin nucleation is linked to the formation of multiple stacking faults and to the lack of dis-14

location slip systems. The stacking fault energy (SFE) and γ energy surface, which is the extra15

crystal energy as a function of the translation vector when an atomic plane slides over another16

one, determine if twin nucleation is favoured [10]. Twin nucleation mechanisms have been pro-17

posed for different crystal structures based on atomistic simulations: a pole mechanism, in which18

a jog dislocation can create dislocation loops expanding on neighbouring planes and creating a19

twin embryo, has been proposed for FCC metals [11, 12, 13]. In BCC metals, the atomistic shear20

mechanism, which is the layer-by-layer accumulation of stacking faults, can take place [14]. In21

HCP metals a twin nucleus can be produced by the dissociation of a single dislocation on planes22

that are not parallel to the glide plane [15]. All these mechanisms require a resolved shear stress23

(RSS) proportional to γus/b where γus is the unstable stacking fault energy (maximum energy in the24

generalised stacking fault energy curve) and b is the Burgers vector of the dissociated dislocations25

[16].26

After nucleation, twin embryos grow and become thicker twin bands. This process involves27

the translation of the twin interface, which is aided by glissile dislocations called twinning partials28

[17]. The formation of a twinning partial may involve the interaction between a mobile dislocation29

and a twin interface [18], which is still poorly understood and not systematically studied [10].30

Because of the Burgers vector conservation, this interaction leads to the formation of residual31

dislocations at the twin interface.32

Twinning partials can also nucleate at the twin interface if the stress is sufficiently high [19].33

The motion of twinning partials is responsible for twin propagation across a grain [18]. Twin34

growth is an incompletely understood mechanism. Specifically, the material parameters that deter-35

mine twin growth have not been determined. Density functional theory (DFT) [14] and molecular36

dynamics (MD) simulations [18] are typically able to describe a twin with less than 10 atomic37

layers. Therefore, atomistic simulations of twin growth, as observed using electron microscopy,38

are rare in the literature because substantial computational resources would be required. The de-39

velopment of mesoscale models is therefore required.40

An important observable is twin thickness, which can be measured using electron microscopy41

[20]. Some metals and alloys show few twins in each grain after deformation (e.g. Zirconium [21],42

Magnesium [22], Titanium [23]), with a characteristic thickness larger than 10 µm, while others43

show several thinner twins (e.g. Uranium [24], Copper-Aluminium [25], Copper-Germanium [26])44

with a characteristic thickness ranging from a few nanometers to 5 µm. Multiple thin twins are also45

observed near grain boundaries [26, 20] and phase boundaries [27]. The average twin thickness46
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increases with the grain size [28] and with the SFE in alloys [25].47

Experimental evidences of twin nucleation and growth show that twins a few millimeters in48

thickness can form in less than a millisecond [29]. Transmission electron microscopy (TEM)49

observations show twins nucleating at phase boundaries from misfit dislocations [27]; their thick-50

ness is determined by the spacing between misfit dislocations along the boundary and by the51

dislocation-twin interaction energy. Twin growth in FCC metals due to the simultaneous emission52

of dislocations on a primary slip plane and a cross-slip plane has been observed during in-situ53

experiments [26].54

Many questions still remain open: what is the difference between the stress necessary for55

twin nucleation and twin growth? How does the presence of a twin affect the nucleation of a56

neighbouring twin? Which material parameters determine twin thickness and spacing?57

Mesoscale models have been developed that introduce possible physical mechanisms for twin58

nucleation and growth. Analytical models have been used to predict the twinning stress as a func-59

tion of temperature, strain rate, grain size and SFE. Some models are based on the hypothesis that60

a dislocation pile-up is necessary to induce the twinning stress [30]. The number of twin bands61

in a grain as a function of the strain can be introduced as a variable and determined by minimi-62

sation of the Helmholtz free energy [31]. However, the description of the dynamic evolution of63

discrete twins requires simulations with a spatial resolution that is higher than the characteristic64

thickness of one twin band. Constitutive laws implemented in finite element solvers use the twin65

volume fraction as a state variable [32], which evolves based on the stress applied, therefore, the66

deformation due to twinning is averaged over continuum length scales. Discrete twins have been67

implemented by defining subsets of elements where twinning deformation occurs once a critical68

twin volume fraction or a critical macroscopic strain is reached [33, 34]. Remeshing algorithms69

have been used with this computational technique [35, 22]. These models are not able to predict70

the twin thickness because of the lack of an inherent physical length scale.71

Phase field modelling, in which a variable ϕ varies from 0 in the untwinned region to 1 in the72

twinned region, is suitable to describe the nucleation and growth of twins as no a priori assump-73

tions on the location of the twin interface or remeshing are needed [36]. Phase field modelling has74

been used to describe single discrete twins using a stress relaxation effect, i.e. the critical resolved75

shear stress (CRSS) is reduced when ϕ grows [37]. The coupling with grain growth models has76

been used to study thermal twins [38].77

Mirkhani and Joshi implemented a specific slip law to describe the motion of twinning partials78

at the twin boundary interface in a continuum model [8]. This allows the growth of pre-existing79

twins to be reproduced. However, no internal length scales are introduced, therefore, only a single80

twin that grows indefinitely during deformation can be simulated, rather than a discrete pattern.81

The Helmholtz free energy has been introduced in phase field models to include the energy barrier82

for the formation of a twinning partial dislocation, the interfacial energy along the twin boundary83

and the interaction between twinning partials on different slip systems [39]. However, the role84

of mobile dislocations outside of the twin and the role of residual dislocations left at the twin85

interface were not investigated.86

Phase field models can be coupled with the crystal plasticity finite element (CPFE) method87

[40, 41] and have been able to describe patterning phenomena related to dislocation dynamics88

[42, 43]. A Ginzburg-Landau equation usually describes the time evolution of ϕ [44]. The CPFE89
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method includes plastic deformation due to slip, anisotropy of the elastic constants and a consistent90

elasto-plastic decomposition of the deformation [45].91

In this paper, we develop a constitutive model able to describe discrete twin patterns emerging92

after deformation which is easily implemented in a CPFE framework [46]. A non-local term is93

introduced to calculate the stress for twin nucleation and growth at different spatial positions.94

The physical interpretation of this term is based on the interaction between twin interfaces with95

mobile and twinning dislocations. The dependence of the model parameters on the stacking fault96

energy (SFE) is also discussed. Because of this dependence, the model is not restricted to a single97

material. By changing the interaction parameters, we show that the simulated phase field ϕ after98

deformation shows a transition between two states: one describing discrete twin patterning and99

the other describing a single large twin.100

The paper is organised as follows: Section 2 describes the constitutive model for slip and twin-101

ning, Section 3 contains parametric studies and simulations of recent in-situ electron backscatter102

diffraction (EBSD) experiments [47]. Section 4 reports a discussion of the physical interpretation103

of the model for twin nucleation and growth. Specifically, the relationship between the model104

parameters and the stacking fault energy of different metals is discussed.105

2. Crystal plasticity finite element modelling106

A finite strain formulation is used in which the deformation gradient is decomposed into an
elastic part and a plastic part describing a stress-free deformation given by slip and twinning [48]:

F = I +
∂u
∂X

= FeFp , (1)

where u = x − X is the displacement field relating a point in the initial, X, and deformed, x,
material. The time evolution law of the plastic deformation gradient is written following the
approach of Kalidindi [49]:

Lp = ḞpF−1
p =

Nslip∑
α=1

γ̇α (σ) sα ⊗ nα + ϕ̇ (σ) γtwin
β sβ ⊗ nβ. (2)

Lp is known as the plastic velocity gradient [50]. sα and nα indicate the slip directions and the slip107

plane normals of the Nslip slip systems. They are expressed in the intermediate configuration, i.e.108

after the application of Fp but before the application of Fe. Similarly, the twinning slip direction109

is sβ and twin interface normal is nβ, which has a maximum shear magnitude γtwin
β . A single110

twin system will be used in the following simulations, but the model can be readily generalized111

to include additional twin systems by summing over β. γ̇α is the slip rate on the α slip system,112

while ϕ̇ is the time evolution of the twin phase field, which is positive because detwinning is not113

allowed in the present model, even though it is observed in some materials [51]. The slip rate γ̇α114

in the first term of the right-hand side of Eq. (2) leads to plastic deformation both in the untwinned115

and in the twinned region. If slip inside the twinned regions is not considered, the stress would be116

slightly overestimated. The reorientation of the slip systems inside the twinned region is not taken117

into account because twinning is the dominant plastic deformation mechanism in those regions118

and because of computational efficiency.119
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2.1. Constitutive model for slip120

In this section the constitutive model to calculate the shear strain rate γ̇α (σ) and the CRSS for
each slip system is reported. γ̇α (σ) follows a power-law relationship [52, 53]:

γ̇α(σ) = γ̇0

∣∣∣∣∣∣τατc
α

∣∣∣∣∣∣n sign(τα) , (3)

where γ̇0 and n are constants. They determine the strain rate dependence of the stress-strain re-121

sponse of the slip model. The simulations in the following will be carried out in a regime in which122

the model is weakly strain rate dependent. τα = FT
e FeS : (sα ⊗ nα) is the RSS, calculated by123

contracting the tensor FT
e FeS on the Schmid tensor, where S is the second Piola-Kirchhoff stress,124

expressed in the intermediate configuration [54, 55]. Details about the derivation of the resolved125

shear stress are reported in Appendix A. τc
α is the CRSS of the slip system α. γ̇α can be positive126

or negative depending on the term sign(τα).127

A dislocation density based model is used to describe work hardening due to the slip system
activity. The dislocation density evolution is based on the model originally developed by Beyerlein
and Tomé for Zr [21], and the dislocation interactions are based on discrete dislocation dynamics
simulations [56]. Two types of dislocation densities are used: ρfor

α , the forest dislocation density
on slip system α, and ρsub, the dislocation density in the substructure, such as dislocation cell walls
[57]. The CRSS for the slip system α is given by [58, 59]:

τc
α = τ0

α + 0.9 bαµα
√
ρfor
α + 0.086 bαµα

√
ρsub log

 1

bα
√
ρsub

 , (4)

where bα is the magnitude of the Burgers vector, µα is the projected shear modulus of the slip sys-128

tem α [58] and τ0
α is a constant friction stress. The temperature dependence of τc

α is not considered129

in the present model [60].130

Work hardening is described by the following evolution laws for the forest and substructure
dislocation densities [61]:

ρ̇for
α = k1

α

|γ̇α(σ)|
bα

[√
ρfor
α − d̂αρfor

α

]
, (5)

ρ̇sub = 1800k1
1d̂1ρ

for
1

√
ρsub |γ̇1(σ)| , (6)

where k1
α is a pre-factor for dislocation multiplication and d̂α is a characteristic length scale for131

dislocation annihilation. The terms in Eqs. (5)-(6) represent dislocation multiplication and an-132

nihilation [62, 63]. This model has been successfully used to reproduce the stress-strain curves133

of fine-grained α-uranium [61]. Only the plastic shear on the first slip system (wall slip system)134

contributes to the growth of the dislocation density in the substructure. This is motivated by the135

fact that the wall slip system is the most active slip system in α-uranium at room temperature. The136

prefactors 0.9, 0.086, 1800 in Eqs. (4) and (6) are the same used by Tomé et al. for fine-grained137

α-uranium [61]. Therefore, the dislocation multiplication parameters k1
α used in (5) in the present138

work can be directly compared for different materials in the literature.139
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2.2. Constitutive model for twinning: free energy formulation140

The time evolution of the phase field ϕ̇ in Eq. (2), needed to calculate the plastic deformation141

due to twinning, is found according to a thermodynamically consistent free energy formulation.142

Following the approach of Clayton, Knap [36] and Homayonifar, Mosler [31], the Helmholtz free143

energy can be decomposed into a term Ψe, describing the elastic strain energy density, a term Ψpf,144

describing the energy in twin bands and a term Ψdis, describing the stored energy associated with145

dislocations:146

Ψ = Ψe

(
u, ϕ, ρfor

α , ρ
sub

)
+ Ψpf

(
ϕ, ρtotal

)
+ Ψdis

(
ρfor
α , ρ

sub
)
. (7)

Ψdis is usually decomposed into self-hardening and latent hardening effects; it can be used to find
the flow rule and hardening rate for plastic deformation due to slip [64]. In the present model we
do not consider latent hardening of the slip systems due to twinning, therefore the term Ψdis does
not affect the time evolution of ϕ and the variations δρfor

α
Ψpf, δρsubΨpf are considered negligible. The

elastic strain energy density is given by the contraction of the second Piola-Kirchhoff stress and
the elastic Green-Lagrange strain Ee [65]:

Ψe =
1
2

S : Ee =
1
2

Ee : C : Ee , (8)

where C is the stiffness tensor. Therefore, Ψe = Ψe(Fe) is a function of the elastic deformation
gradient, Fe = Fe(u, Fp), which is a function of the displacement field u and plastic deformation
gradient Fp. Fp = Fp(ϕ, ρfor

α , ρ
sub) depends on the phase field ϕ, on ρfor

α and on ρsub because of the
plastic deformation given by twinning and slip. Therefore, Ψe can be expressed as a function of
u, ϕ, ρfor

α and ρsub, as in Eq. (7). The phase field contribution Ψpf depends on the total dislocation
density:

ρtotal =

Nslip∑
α=1

ρfor
α + ρsub . (9)

In the simulations in the present paper, a uniform initial dislocation density of 1010 m−2 was
used. Additionally, an initial density ρ0(X) calculated from the crystal lattice misorientation [66],
as measured by EBSD, was added to the initial value of the forest dislocation density ρfor

1 on the
first slip system (wall slip system):

ρfor
α (t = 0) =

1010 m−2 + ρ0(X) , if α = 1 ,
1010 m−2 , if α > 1 .

(10)

This choice is motivated by the fact that the wall slip system is the most active slip system in147

α-uranium at room temperature. Assigning this dislocation density to another slip system would148

have a smaller effect on the slip behaviour. This choice does not affect the interaction between ϕ149

and the total dislocation density ρtotal described by Ψpf. The introduction of the initial density has150

been necessary to explain the experimental observations, as shown in Section 3.4.151

The total dislocation density ρtotal in Eq. (9) includes statistically stored dislocations (SSD)152

which evolve over time superimposed on a static GND density field measured experimentally [67]153

but this model does not explicitly calculate the evolution of GND density [68].154
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In the simulations in the present paper, the initial value of the dislocation density in the sub-
structure is assumed to be uniform:

ρsub (t = 0) = 1010 m−2 . (11)

The stable configuration corresponds to the minimum of the free energy: the variation with
respect to ϕ is given by:

δϕΨ = δϕΨe

(
u, ϕ, ρfor

α , ρ
sub

)
+ δϕΨpf

(
ϕ, ρtotal

)
. (12)

Detailed calculations of the partial derivatives of the elastic free energy Ψe with respect to the155

phase field are reported in Appendix B. This derivative is proportional to the RSS on the twin156

system τβ:157

δϕΨe =
∂Ψe

∂ϕ
δϕ = −γtwin

β τβδϕ . (13)

The free energy contribution Ψpf

(
ϕ, ρtotal

)
is decomposed into a term Ψ0

pf (ϕ) describing twin nu-
cleation and stress relaxation, a term Ψtwin (ϕ), representing the non-local term that describes twin
growth, and a term Ψtwin-dis

(
ϕ, ρtotal

)
that describes the effect of the total dislocation density on

twin nucleation:
Ψpf

(
ϕ, ρtotal

)
= Ψ0

pf (ϕ) + Ψtwin (ϕ) + Ψtwin-dis

(
ϕ, ρtotal

)
. (14)

The term Ψtwin (ϕ) describes the effect of a twin on the nucleation stress of additional twin layers158

at the twin interface. The term Ψtwin-dis

(
ϕ, ρtotal

)
describes the interaction between a twin and159

mobile dislocations, which leads to an additional stress term to nucleate and propagate a twin in160

the presence of mobile dislocations.161

A quadratic form is chosen for the free energy contribution Ψ0
pf (ϕ):

Ψ0
pf (ϕ) = γtwin

β τ0
β

ϕ − 3
4ϕ

2 , if ϕ < 1
2 ,

1
4 +

ϕ

2 −
3
4ϕ

2 , if ϕ > 1
2 ,

(15)

where τ0
β is a constant friction stress. Figure 1(a) shows the free energy Ψ0

pf (ϕ) as a function of162

ϕ. The quadratic form for Ψ0
pf (ϕ) is the simplest function that can describe an energy barrier that163

must be overcome to form a twin.164

The physical meaning is the following: once the twin phase field has reached the value 1/2,165

representing the maximum of the potential energy barrier that atoms have to overcome to reach166

their final equilibrium position in the twinned crystal [69], a driving force leads to complete twin-167

ning (ϕ = 1). The minimum free energy is therefore reached. For this reason, the last two terms168

in Eq. (14) Ψtwin and Ψtwin-dis contribute only if ϕ < 1/2 and will be explained in detail in Sections169

2.4 and 2.5.170

In a transformation in which the twin phase field grows at constant volume and temperature,171

the free energy decreases: δϕΨ ≤ 0 [70]. Using Eqs. (13)-(15), when ϕ < 1/2:172

δϕΨ

∣∣∣∣∣
ϕ<1/2

= γtwin
β

[
−τβ + τc

β

(
ϕ, ρtotal

)]
δϕ ≤ 0 =⇒ δϕ = 0 or τβ ≥ τc

β

(
ϕ, ρtotal

)
. (16)
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(a) (b)

Figure 1: (a) Free energy term Ψ0
pf of the twin phase field (Eq. 15). (b) The τ0 (ϕ) contribution to the CRSS (Eq. 18

and 19) for twinning due to twin nucleation and stress relaxation.

Therefore, the function τc
β

(
ϕ, ρtotal

)
gives the CRSS for twinning. The configuration is stable

(ϕ̇ = 0) if the RSS on the twin system is less than τc
β

(
ϕ, ρtotal

)
. The CRSS for twinning has three

contributions:

τc
β

(
ϕ, ρtotal

)
=

1
γtwin
β

∂Ψ0
pf

∂ϕ
+
∂Ψtwin

∂ϕ
+
∂Ψtwin-dis

∂ϕ

 = τ0 (ϕ) + τtwin (ϕ) + τtwin-dis

(
ϕ, ρtotal

)
, (17)

where:

τ0 (ϕ)
∣∣∣∣∣
ϕ<1/2

= τ0
β

(
1 −

3
2
ϕ

)
. (18)

The function τ0 (ϕ) is shown in Figure 1 (b). The decrease of the twinning CRSS due to the173

decrease of τ0 (ϕ) models the stress relaxation associated with twinning, which leads to strain174

localisation. The value of τ0 (ϕ) reaches its minimum at ϕ = 1/2. The choice of τ0
β/4 as the175

minimum value of τ0 (ϕ) is motivated by experimental observations of the stress relaxation in176

magnesium [71].177

When ϕ > 1/2:178

∂Ψ

∂ϕ

∣∣∣∣∣
ϕ>1/2

= γtwin
β

[
−τβ + τ0

β

(
1
2
−

3
2
ϕ

)]
< 0 . (19)

The second term on the right hand side is always negative for ϕ > 1/2, therefore complete twinning179

(ϕ = 1) can be reached even if no external stress is present.180

The function τ0 (ϕ) can be extended to the interval ϕ > 1/2 as shown in Figure 1 (b):181

τ0 (ϕ)
∣∣∣∣∣
ϕ>1/2

= τ0
β

(
3
2
ϕ −

1
2

)
. (20)
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2.3. Constitutive model for twinning: rate equation182

Instead of using a Ginzburg-Landau equation for the time evolution of ϕ towards the value that
minimises the free energy, we use the following rate equation:

ϕ̇ (σ, ϕ) = ϕ̇S (σ, ϕ) + ϕ̇G (ϕ) . (21)

The first term is stress-driven and it is given by the power law:

γtwin
β ϕ̇S (σ, ϕ) =

γ̇0

∣∣∣∣∣ τβτc
β

∣∣∣∣∣n , if τβ > 0 ,

0 , if τβ < 0 .
(22)

A large value of the exponent n in the power law ensures that the condition δϕ > 0 ⇐⇒ τβ > τc
β183

in Eq. (16) is satisfied. This term becomes relevant when the RSS τβ on the twin system is higher184

than the critical value τc
β.185

The second term is given by:

ϕ̇G (ϕ) =

 f (1 − ϕ) , if ϕ > 1
2 ,

0 , if ϕ < 1
2 ,

(23)

where 1/ f represents the characteristic time at which the twinning process completes after the186

twin phase field has reached the value 1/2, as explained in Section 2.2. This characteristic time187

is independent of the applied stress. This second term describes the time evolution of the twin188

phase field in the interval 1/2 < ϕ < 1 and represents the force that drives the system towards the189

minimum free energy Ψ0
pf (ϕ) when ϕ > 1/2 in Figure 1 (a). Therefore, the increase in τ0 (ϕ) in190

the interval 1/2 < ϕ < 1 does not restrict the formation of a complete twin. The characteristic191

time 1/ f chosen is much smaller than the total simulation time but larger than the maximum time192

increment (0.04 s). Thus, the twinning process can be integrated properly over time in the present193

simulations, even if the time increment used is longer than the experimental propagation time [72].194

The difference between this approach and the Ginzburg-Landau rate equation for the twin195

phase field [40], in which ϕ̇ is directly proportional to ∂Ψe/∂ϕ ∝ τβ, is described in the following.196

The power law relationship (22) guarantees that twinning will take place when the RSS is close197

to the CRSS and eliminates the rate sensitivity of the model. If a Ginzburg-Landau approach is198

used [40], the time evolution of ϕ is directly proportional to the RSS, leading to a critical stress for199

twinning that is directly proportional to the strain rate. This strong strain rate dependence is not200

observed experimentally [73, 74].201

Both Eq. (21) and the Ginzburg-Landau rate equation satisfy the thermodynamics condition in202

Eq. (16), that is, the time evolution of the twin phase field leads to a decrease of the free energy.203

2.4. Non-local term to describe twin growth204

A non-local term is introduced to describe the effect of a twin on the nucleation stress for a
neighbouring twin:

τtwin (ϕ) =
τ0

twin

Ω

(∫
Ω

ϕdV
)
, (24)
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where the integral is calculated over a cylindrical neighbourhood of the point of interest, as shown205

in Figure 2 (b), Ω is the volume of the cylinder and τ0
twin is a constant. Only integration points206

where the atoms have overcome the potential energy barrier (ϕ > 1
2 ) are considered when eval-207

uating the integral. The axis of the cylindrical volume Ω is chosen parallel to the twin plane208

normal. Thus, the integral in Eq. (24) is proportional to the sum of the thickness of the twins in209

the neighbourhood of the point of interest.210

(a) (b)

Figure 2: (a) Dislocation-based mechanism for twin growth. (b) Cylindrical integration volume used to calculate the
CRSS for twinning.

The non-local term in (24) is used to model the following process, shown in Figure 2 (a): a211

mobile dislocation interacts with a twin interface, forming a mobile twinning dislocation and an212

immobile residual dislocation [18]. The motion of the twinning dislocation forms a new twin layer.213

The residual dislocation remains connected to the moving twinning dislocation through a stacking214

fault and the stress necessary to move the twinning dislocation is modelled by the term τ0 (ϕ) in Eq.215

(17). Residual dislocations produce a stress field that can prevent further mobile dislocations from216

reaching the twin interface. Therefore, this stress field has to be added to the twinning CRSS and217

it is represented by τtwin (ϕ) in Eq. (17). Each residual dislocation is responsible for the creation218

of an additional twin layer. The mechanism described implies that the number of residual dislo-219

cations is directly proportional to the twin thickness, therefore the stress term τtwin (ϕ) should be220

also proportional to the twin thickness. This is obtained by assuming a linear relationship between221

τtwin (ϕ) and the integral of the phase field ϕ over the cylindrical volume, which is proportional to222

the sum of the thickness of the twins in the neighbourhood of the point of interest. The length l0223

represents the characteristic length scale of the stress field induced by the presence of dislocations224

[75]. The calibration of the parameter τ0
twin is obtained by comparison with in-situ EBSD experi-225

ments, as explained in Section 3.3. Other types of dislocations inside the twin, different from the226

residual dislocations, may also contribute to the stress term τtwin (ϕ). In the present work, we want227

to show that including the residual dislocations is sufficient to model discrete twins, as observed228

in the EBSD experiment.229

2.5. Interaction between twins and local dislocation density230

The local interaction between a twin and dislocations, which is the additional stress to nucleate
a twin in the presence of the local stress field of dislocations, τtwin-dis

(
ϕ, ρtotal

)
, depends linearly
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on the total dislocation density ρtotal, as previously determined using digital image correlation
experiments [74]:

τtwin-dis

(
ϕ, ρtotal

)
= kβµβbβbαρtotal , (25)

where µβ is the projected shear modulus and bβ is the Burgers vector of the twin system [58]. The231

dependence of the model on the constant kβ is investigated in Section 3.4. The total dislocation232

density ρtotal includes both geometrically necessary dislocations (GND) and statistically stored233

dislocations (SSD) [76] but the model does not explicitly calculate the evolution of GND density234

[68]. The total density is calculated by summing the dislocation densities ρfor
α on all slip systems235

and ρsub, as expressed in Eq. (9). The term in Eq. (25) has been necessary to explain the twin236

nucleation and growth observed during in-situ EBSD experiments, as explained in Section 3.4.237

2.6. Stiffness tensor and numerical implementation238

An implicit finite element implementation of the CPFE method, written as a UMAT for Abaqus,
is used [46]. The equilibrium equation for the Cauchy stress σ is solved:

∇ · σ = 0 . (26)

At every time increment ∆t, the stress increment is calculated using the Jaumann stress rate and it
is given by:

∆σ = C∆εel + (Weσ0 − σ0We) ∆t (27)

= C
(
∆ε − ∆εpl (σ)

)
+ (Weσ0 − σ0We) ∆t ,

where σ0 is the Cauchy stress at the previous time increment and We is the elastic continuum spin
[77, 58]. C is the stiffness tensor, whose components are reported in Tab. 2 in Voigt notation. ∆ε,
∆εel and ∆εpl are the total, elastic and plastic parts of the small strain increment respectively. They
are found by calculating the symmetric part of the total and plastic velocity gradients:

∆ε =
1
2

(
L + LT

)
∆t , (28)

∆εpl (σ) =
1
2

(
Lp (σ) + LT

p (σ)
)
∆t . (29)

Lp (σ) is calculated as in Eq. (2) while the total velocity gradient L is given by:

L = ḞF−1 . (30)

Eq. (27) is an implicit equation for the stress increment ∆σ that is solved iteratively by a Newton-
Raphson algorithm [46]. Specifically, the algorithm has to find the zero of the entries of the [3×3]
residual matrix Φ (∆σ):

0 = Φ (∆σ) =C
(
∆ε − ∆εpl (σ)

)
+ (Weσ0 − σ0We) ∆t − ∆σ . (31)
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For small elastic strain, the increment of the elastic part of the small strain ∆εel is approxi-239

mately the same as the increment of the elastic Green-Lagrange strain Ee. In the present simula-240

tions, the elastic strain is always smaller than about 0.05%. Therefore, the stress expressed by Eq.241

(8) and the one calculated using the Jaumann stress rate are approximately the same [46].242

The Jacobian used in the Newton-Raphson algorithm is given by [46, 58]:243

∂Φ (∆σ)
∂∆σ

= −C
∂∆εpl (σ)

∂σ
− I . (32)

The difference between this numerical implementation and the one described in [58], in which244

twinning was described as a homogeneous field, lies in the choice of the initial stress increment. In245

the current model, the stress increment ∆σ in the first iteration of the Newton-Raphson algorithm246

is assumed to be zero and not completely elastic. This has been necessary to obtain convergence247

using the constitutive model described by Eq. (18), in which the twinning CRSS decreases with248

increasing phase field ϕ and stress relaxation takes place.249

The crystal lattice reorientation due to twinning is taken into account, whereby the stiffness250

tensor used in Eq. (27) is a linear function of the twin phase field ϕ:251

C = (1 − ϕ) Cmat + ϕCtwin , (33)

where Cmat and Ctwin are the stiffness tensors in the original lattice (matrix) and twinned lattice
respectively. They are related by the lattice rotation represented by the matrix [78]:

Q = 2nβ ⊗ nβ − I , (34)

[Ctwin]i jkl = [Q]im [Q] jn [Q]kp [Q]lq [Cmat]mnpq , (35)

where summation over repeated indices is assumed.252

2.7. Material parameters253

α-uranium (orthorhombic) material parameters are used in the following simulations [58] be-254

cause the model has been calibrated using experimental investigations on this material, as ex-255

plained in Section 3.3. The slip systems and twin system used in the simulations are reported in256

Table 1.257

The elastic constants Cmat are reported in Table 2 while the other model parameters are in Table258

3.259

3. Simulation details and results260

The following simulations are made with a maximum time increment of 0.04 s and the strain261

rate, for both the shear and tensile simulations, is 10−3 s−1. In this regime the model is strain rate262

independent. A random generator is used to assign the initial twin phase field ϕ in an interval263

between 0 and 0.001 to all integration points. All the simulations in the following are 3D with a264

single element across the thickness.265
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Slip system s0
α n0

α

α = 1 (wall) [1, 0, 0] [0, 1, 0]
α = 2 (floor) [1, 0, 0] [0, 0, 1]
α = 3 (chimney) [0.437,−0.899, 0] [0.899, 0.437, 0]
α = 4 (chimney) [0.437, 0.899, 0] [0.899,−0.437, 0]
α = 5 (roof) [0.241,−0.495, 0.835] [0.0, 0.860, 0.510]
α = 6 (roof) [−0.241,−0.495, 0.835] [0.0, 0.860, 0.510]
α = 7 (roof) [0.241, 0.495, 0.835] [0.0, 0.860,−0.510]
α = 8 (roof) [0.241,−0.495,−0.835] [0.0, 0.860,−0.510]
Twin system s0

β n0
β

β = 1 [0.825,−0.565, 0] [0.565, 0.825, 0]

Table 1: Slip and twin systems used in the model [61]. The directions and plane normals are expressed in Cartesian
coordinates and in the lattice coordinate system.

C11 C12 C13 C22 C23 C33 C44 C55 C66

214.74 46.49 21.77 198.57 107.91 267.11 124.44 73.42 74.33

Table 2: Elastic constants (GPa) at room temperature for the orthorhombic structure of α-uranium [79, 80] in Voigt
notation (untwinned crystal lattice).

3.1. Dependence on l0266

Pure shear single crystal simulations are carried out to find the dependence on the model pa-267

rameter l0. The values l0 = 10, 20, 30 µm are used. A single twin system is assumed: the twin268

direction sβ is aligned with the x axis, while the twin plane normal is aligned with the y axis in269

figure 3. The parameter τ0
twin = 2000 MPa has been used in these simulations.270

The boundary conditions used are the following: ux = uy = 0 on the surface y = 0, uz = 0 on271

the surface z = 0 and ux increasing from 0 to 30 µm on the surface y = 100 µm.272

The twin phase field at 30% shear strain is shown in Figure 3. As shown in Figure 3, a twin273

pattern appears with approximately equispaced twins (red regions where ϕ = 1): the larger the274

parameter l0, the larger the spacing between neighbouring twins. Moreover, twins become thicker275

when l0 is increased and the total twin volume fraction at 30% strain is approximately the same in276

all three cases.277

This shows that the non-local term in Eq. (24) can stop the growth of a twin in a direction278

parallel to the twin plane normal.279

3.2. Dependence on the maximum twin-twin interaction stress τ0
twin280

Pure tension single crystal simulations are carried out to find the dependence of the model on281

the parameter τ0
twin. The values τ0

twin = 50, 600, 2000 MPa are used. The boundary conditions and282

crystal orientation are motivated by recent in-situ EBSD experiments [47].283

The size of the representative volume is 120 µm × 120 µm × 1 µm. The boundary conditions284

used are the following: ux = 0 on the surface x = 0, uy = uz = 0 at the point (0, 0, 0), uy = 0 at285

the point (0, 0, 1 µm), uz = 0 at the point (0, 120 µm, 0) and ux increasing from 0 to 24 µm on the286

surface x = 120 µm.287
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Slip law parameters Eq. (3)
Plastic strain rate coefficient (γ̇0) 0.001 s−1

Plastic strain rate exponent (n) [67] 20
Twin law parameters Eqs. (18),(19),(22),(23)
Constant friction stress (twinning) (τ0

β) 25 MPa
Magnitude of shear due to twinning (γtwin

β ) [24] 0.299
Characteristic time (1/ f ) 1 s
Slip hardening law parameters Eq. (4)
Constant friction stress (wall slip) (τ0

1) [74] 24.5 MPa
Constant friction stress (floor slip) (τ0

2) [74] 85.5 MPa
Constant friction stress (chimney slip) (τ0

3;τ0
4) [74] 166.5 MPa

Constant friction stress (roof slip) (τ0
5;τ0

6;τ0
7;τ0

8) [81] 235 MPa
Burgers vector (wall slip) (b1) [82] 0.285 nm
Burgers vector (floor slip) (b2) [82] 0.285 nm
Burgers vector (chimney slip) (b3;b4) [82] 0.651 nm
Burgers vector (roof slip) (b5;b6;b7;b8) [82] 1.185 nm
Projected shear modulus (wall slip) (µ1) [79] 74.330 GPa
Projected shear modulus (floor slip) (µ2) [79] 73.420 GPa
Projected shear modulus (chimney slip) (µ3, µ4) [79] 92.255 GPa
Projected shear modulus (roof slip) (µ5, µ6,µ7, µ8) [79] 115.67 GPa
Dislocation density evolution law parameters Eqs. (5),(6)
Dislocation multiplication prefactor (wall slip) (k1

1) [74] 0.0121
Dislocation multiplication prefactor (floor slip) (k1

2) [74] 0.36
Dislocation multiplication prefactor (chimney slip) (k1

3;k1
4) [74] 0.136

Dislocation multiplication prefactor (roof slip) (k1
5;k1

6;k1
7;k1

8) [61] 0.948
Dislocation annihilation length (wall slip) (d̂1) [61] 0.936 µm
Dislocation annihilation length (floor slip) (d̂2) [61] 0.429 µm
Dislocation annihilation length (chimney slip) (d̂3,d̂4) [61] 0.174 µm
Dislocation annihilation length (roof slip) (d̂5,d̂6,d̂7,d̂8) [61] 0.124 µm
Non-local term to describe twin growth Eq. (24)
Radius of the cylindrical neighbourhood (r0) 1 µm
Length of the cylindrical neighbourhood (l0) 10 µm
Maximum twin-twin interaction stress (τ0

twin) sec. 3.2
Twin-dislocations local interaction law Eq. (25)
Twin Burgers vector (bβ) 0.1036 nm
Twin system projected shear modulus (µβ) 99.537 GPa
Dislocation-twin interaction coefficient kβ sec. 3.4

Table 3: Model parameters.
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(a) l0 = 10 µm (b) l0 = 20 µm (c) l0 = 30 µm

Figure 3: Twin phase field under simple shear at 30% strain. Deformation is magnified by a factor 2. The height of
the simulated volume is 100 µm.

A single twin system, as reported in Table 1, is used and the crystal rotation matrix, which
transforms a vector in the lattice reference frame to a vector in the sample reference frame (x, y, z),
is:

R =

−0.6609 −0.7454 0.0868
−0.1228 −0.0067 −0.9924
0.7403 −0.6666 −0.0872

 . (36)

The twin phase field after 20% deformation is shown in Fig. 4 for different values of τ0
twin. When288

τ0
twin is decreased from 2000 MPa to 600 MPa, the number of twins remain the same but the289

thickness of the twins increases. The total volume fraction occupied by the twins becomes larger290

and twinning becomes more prominent than dislocation slip to accommodate plastic deformation.291

When τ0
twin is decreased from 600 MPa to 50 MPa, a transition occurs: the simulated phase field

(a) τ0
twin = 50 MPa (b) τ0

twin = 600 MPa (c) τ0
twin = 2000 MPa

Figure 4: Twin phase field after 20% tensile strain along x. Dependence on the parameter τ0
twin.

292

ϕ no longer forms a discrete pattern. Instead, a single large twin develops occupying nearly the293

entire simulated volume. The asymmetry in the twin development in Fig. 4 (b)-(c) is due to the294

introduction of the initial total dislocation density, as will be explained in more detail in Section295

3.4. The single large twin in Fig. 4 (a) is given by several discrete twins combining into a single296

one. By contrast, in Fig. 4 (c), twins do not merge because the stress required would be too high.297
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3.3. Simulation of the in-situ mechanical test298

In-situ EBSD experiments have been carried out on a α-uranium dogbone sample [47], as299

shown in Fig. 5 (a). EBSD scans, with a resolution of 0.5 µm, are taken from a region of interest300

with size 120 µm × 120 µm at different applied strain. An estimation of the GND density in301

the undeformed sample is shown in Fig. 5 (b) [66]. This density is directly proportional to the302

kernel average misorientation, which is the average misorientation around a measurement point303

with respect to a defined set of nearest neighbour points [83]. Calculations have been carried out304

using the MTEX package [84].305

The blue spots (region 2), where the initial GND density is set to zero, correspond to non-306

indexed regions of the EBSD map, which may be caused by the presence of oxide particles. A307

low angle boundary (vertical feature in region 1) is observed on the left part and it is modelled308

as a large concentration of initial GND. Because the state variables in the present model do not309

distinguish between GND and SSD, this initial density is added as forest dislocations on the wall310

slip system (ρ0(X)), as explained in Section 2.2. The EBSD experiment can access only the GND311

density and not the total dislocation density; therefore, the measured initial GND density has to be312

taken as a lower limit for the total dislocation density.313

(a) (b)

Figure 5: (a) Sample drawing. (b) Initial density of geometrically necessary dislocations (GND) in the region of
interest: 1) low angle boundary; 2) non-indexed region; 3) high GND density region.

The measured average crystal orientation is represented by the rotation matrix R in Eq. (36)314

and this has been used for the simulations. The mesh used has element size 0.5 µm, corresponding315

to the resolution of the EBSD scans. Pure tension simulations, which reproduce the experimen-316

tal boundary conditions, are carried out to find the time evolution of the twin phase field. The317

boundary conditions used are the same described in section 3.2. The comparison between the318

experimentally observed twin pattern and the simulated twin phase field is shown in Fig. 6.319
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(a) (b)

(c) (d)

(e) (f)

Figure 6: Comparison between experimental and simulated twin pattern at strain (a)-(b) 7%, (c)-(d) 9%, (e)-(f) 14%.

17



The colors in the experimental images in the left column of Fig. 6 correspond to the colormap320

of the inverse pole figure. In the images in the right column of Fig. 6, the colormap of the simulated321

twin phase field has been adjusted to produce light green for ϕ = 0 and purple for ϕ = 1. This322

choice is made for easier comparison between simulations and experiments.323

The following features can be seen in both experiment and simulation in Fig. 6. Twins nucleate324

in the centre of the volume, near the circular non-indexed region 2. More twins are present in the325

left part of the geometry at 7% strain. This is due to the local twin-dislocations interaction term in326

Eq. (25). Indeed, the initial GND density has higher values on the top-right part (region 3) of the327

representative volume and along the low angle boundary (region 1), as shown in Fig. 5 (b). These328

are the regions in which the initial twin nucleation is prevented. At 9% strain, simulated twins have329

also nucleated in the vicinity of the low angle boundary (region 1) and are still prevalent in the left330

part of the geometry, as shown in Fig. 6 (d). At 14% strain, twins have nucleated everywhere in331

the region of interest and initial twins have become thicker.332

As shown in Section 3.1, the choice of the parameter l0 is important to reproduce the number333

of twins after deformation. Similarly, as shown in Section 3.2, the choice of τ0
twin determines the334

twin thickness.335

The number of twins as a function of the applied strain is shown in Fig. 7. The number of twins336

is counted along horizontal lines in Fig. 6 and then averaged. The uncertainty in the experimental337

data is mainly due to the uncertainty on the local strain. The choice l0 = 10 µm and τ0
twin = 2000338

MPa leads to a good agreement between the experimental and simulated number of twins.339

Figure 7: Number of twins as a function of the strain.

The correspondence between the experimental and simulated orientation of the twin planes340

show that the choice of the active twin system
[
31̄0

]
(130) in the simulations is correct. After 14%341

strain, about 15 twins are observed in both simulation and experiment.342

The clustering of the twin bands observed in the experiment, i.e. the smaller spacing between343

the twins on the left part of the representative volume in Fig. 6 is slightly different from the344

more homogeneous twin distribution reproduced by the simulations. This is because a constant345

interaction length scale l0 is used through the entire domain. Variability of the length scale l0 could346

be included to represent the different possible dislocation-twin configurations. This is because347

dislocation lines with different geometries and belonging to different slip planes would interact348
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differently with the twin interface. In the present model, only straight dislocation lines interacting349

with a twin interface are considered.350

3.4. Dependence on the local twin-cale dislocations interaction coefficient kβ351

A large uncertainty is present in the determination of the initial GND density due to the rela-352

tively coarse step (0.5 µm) used in the EBSD scan. Therefore, a parametric study of the variable353

kβ in Eq. (25) is needed.354

The twin phase field for three different values of the product kβµβbβbα at 9% strain is shown in355

Fig. 8. All three cases show asymmetry in twin nucleation. However, if the product kβµβbβbα is356

increased to 1.5 MPa µm2, twin nucleation does not take place in the top-right part and in the left357

part of the representative volume, corresponding to the location of the low angle boundary (region358

1). The simulated number of twins decreases linearly in the three Figures 8 (a), (b) and (c).359

This parametric study confirms that the asymmetry in the twin nucleation observed in Fig. 6360

is caused by the initial GND density. Because of the sharp difference in the simulated twin phase361

field when the product kβµβbβbα is increased from 0.5 MPa µm2 to 1.5 MPa µm2, the comparison362

between the simulated and experimental results allows for a precise determination of the product363

kβµβbβbα. The uncertainty in kβ is therefore linked to the uncertainty in the initial GND density.364

(a) kβµβbβbα = 0.5 MPa µm2 (b) kβµβbβbα = 1.0 MPa µm2 (c) kβµβbβbα = 1.5 MPa µm2

Figure 8: Twin phase field after 9% strain. Dependence on the local twin-dislocations interaction coefficient kβ.

4. Discussion365

The mechanism for twin growth that the simulations in Fig. 6 suggest is described in the366

following. Initial twin nucleation takes place far from pre-existing dislocations. Once a twin367

is completely nucleated, the interaction between residual dislocations at the twin interface and368

mobile dislocations that can cause twin growth is present, as shown in Fig. 2 and described by Eq.369

(24). After the twin has reached a certain thickness, this interaction prevents the further growth of370

the twin in a direction parallel to the twin plane normal.371

The calibrated value of the length scale l0 = 10 µm is characteristic of the long range inter-372

action between dislocations [75]. The calibrated value of the prefactor τ0
twin = 2000 MPa has the373

following physical interpretation: after 14% strain, the twin volume fraction in the region of inter-374

est is about 20%. Therefore, given a point near an existing twin, the average twin phase field in the375
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cylindrical integration region in Eq. (24) is approximately 0.2. The contribution of the non-local376

term τtwin(ϕ) to the CRSS for twinning is therefore about 400 MPa, according to Eq. (24). This377

is enough to stop twin growth and to favour slip as the dominant plastic deformation mechanism,378

given the characteristic values of the CRSS for slip, reported in Table 3. The parameter τ0
twin rep-379

resents the interaction strength between mobile dislocations and residual dislocations at the twin380

interface, as described in Section 2.4.381

The strong dependence of the twin volume fraction, which is measurable by EBSD, at a given382

strain on the local twin-dislocations interaction coefficient kβ, as shown in Fig. 8, indicates that383

CPFE simulations at the micrometre length scale can precisely determine kβ if the dislocation384

density is known with high accuracy. Therefore, measurements based on cross correlation methods385

and direct dislocation imaging will be needed in future studies [63].386

The initial nucleation of twins far from pre-existing dislocations is remarkable because most387

mechanisms proposed in the literature for dislocation nucleation require the presence of initial388

dislocations. These can be individual dislocations on a cross slip plane with respect to the twinning389

partials [10], such as in the pole mechanism proposed for low stacking fault energy (SFE) FCC390

metals [13], or pairs of coplanar dislocations with different Burgers vectors, such as in the fault391

pair model [12]. Moreover, the stress concentration due to dislocation pile-ups is believed to be392

necessary to facilitate some of these mechanisms [29].393

The present comparison between CPFE simulations and EBSD experiments does not exclude394

the above mentioned mechanisms because twin nucleation can take place outside of the imaged395

region of interest. However, it clearly shows that the presence of concentrations of pre-existing396

dislocations can prevent the nucleation and propagation of twinning partials. These mechanisms397

are favoured in low dislocation density regions and dislocation pile-ups may not play a role.398

The present study shows that the linear relationship between the critical stress for twin growth399

and the total dislocation density in Eq. (25) can be applied at a length scale smaller than the twin400

thickness and not only for homogenised twin models [74].

Figure 9: Twin thickness as a function of the SFE: CuZn, CuAl, Cu [25], Ni [85], Mg [86, 87], U [88, 89], Zr [90, 91],
Ti [92, 28].

401
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Even though the discrete twin model has been calibrated for α-uranium, it can be applied402

to a wider range of metals, thanks to the physical interpretation of the parameters previously403

described. The parameter τ0
β, associated with twin nucleation, is proportional to the SFE γ. The404

parameter τ0
twin is not strongly dependent on the SFE because it is associated with the interaction405

between mobile dislocations and residual dislocations at the twin interface, which is a long range406

interaction with a characteristic distance l0 = 10 µm. Indeed, this length scale is much larger than407

the distance between partials in a dissociated dislocation [93].408

Therefore, the ratio τ0
β/τ

0
twin is proportional to the SFE. From the results shown in Section 3.2,409

the model predicts that the smaller τ0
twin (larger SFE), the larger is the twin thickness after a given410

strain. The model prediction in Fig. 4 (a), for τ0
twin = 50 MPa, shows that a critical value of the SFE411

exists above which a single large twin forms during deformation instead of a pattern constituted of412

several micron-sized twins. This model prediction is in agreement with experimental observation413

of twins in Cu-Zn and Cu-Al alloys, in which the stacking fault energy decreases with the addition414

of alloying elements [94]. A direct proportionality between twin thickness and SFE has been415

demonstrated using transmission electron microscopy [25].416

However, systematic studies of the twin thickness for different metals deformed with the same417

strain amplitude are not available. The present experimental results on α-uranium (Fig. 6) suggest418

that the average thickness of the micron-sized twins does not strongly depend on the applied419

strain. Therefore, a literature survey has been carried out to determine the observed twin thickness420

for different metals, which varies in different samples and from grain to grain, as a function of421

the SFE . The results are shown in Figure 9, in which the error bars represent the variability of422

the observed twin thickness. Among the materials reviewed in the literature, U is the one with423

the largest uncertainty in the SFE. The correlation found is consistent with the model predictions:424

lower SFE is associated with lower twin thickness.425

5. Conclusions426

A phase field model to describe the nucleation and growth of discrete twins in α-uranium427

has been developed. It is implemented in a CPFE solver and coupled with a dislocation-based428

constitutive model for slip.429

The model for twinning is based on two main parameters: τ0
β, controlling the twin nucleation,430

and τ0
twin, controlling the twin growth. These are calibrated using in-situ EBSD experiments on431

α-uranium. Specifically, the number of twins as a function of the strain and their thickness in a432

region of interest is reproduced.433

The nucleation parameter τ0
β is interpreted as the RSS to activate possible nucleation mecha-434

nisms predicted by atomistic simulations [10]. It is directly proportional to the SFE of the metal435

considered.436

Twin growth is modelled by introducing a non-local term to describe the repulsive stress ap-437

plied by residual dislocations at the twin interface on incoming dislocations, which can interact438

with the twin interface and increase the twin thickness by one layer. When the twin thickness and439

the density of residual dislocations have reached a critical value, further twin growth is prevented.440

The agreement between simulations and experiment shows that this mechanism is sufficient to441

limit twin growth and can explain the observed twin thickness.442
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The effect of pre-existing dislocations on twin nucleation and growth has been investigated.443

The model is able to explain the preferential nucleation and growth of twins in regions in which444

the initial dislocation density is lower. The additional hardening that dislocations contribute to the445

twin system can be quantified at a length scale that is smaller than the twin thickness.446

This paper shows that the comparison between CPFE simulations, which are able to calculate447

the local stress field, and in-situ EBSD experiments can be employed to understand the physical448

mechanisms responsible for twinning. The model predicts that materials with a large SFE produces449

thicker twins for a prescribed strain. Thus, the approach can be used to simulate twinning in a wide450

range of materials.451
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Appendix A. Derivation of the resolved shear stress456

The resolved shear stress used in section 2.1 [54]:

τα = FT
e FeS : (sα ⊗ nα) , (A.1)

can be expressed as a function of the Cauchy stress σ using the second P-K stress S = JeF−1
e σF−T

e
[95]:

τα = JeFT
eσF−T

e : (sα ⊗ nα) = σ :
(
Fesα ⊗ JeF−T

e nα
)
. (A.2)

Fesα and JeF−T
e nα (Nanson’s relation) are the slip direction and slip plane normal in the current457

configuration [96]. The difference between the transformation law for the slip direction and slip458

plane normal is due to the fact that the slip direction is a vector, while the slip plane normal is a459

pseudovector (Nanson’s relation). Assuming small elastic stretch, Eq. (A.2) corresponds to the460

standard definition of resolved shear stress [97].461

Appendix B. Derivation of the partial derivatives of the elastic free energy462

Using the following chain rule, the derivative of Eq. (8) with respect to the phase field ϕ can
be found [40]:

δϕΨe =
∂Ψe

∂Fe
·
∂Fe

∂F−1
p
·
∂F−1

p

∂Lp
·
∂Lp

∂ϕ
δϕ . (B.1)

The following identities hold [55]:

∂Ψe

∂Ee
=

1
2
∂

∂Ee
(Ee : C : Ee) = C : Ee = S , (B.2)
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[
∂Ee

∂Fe

]
i jkl

=
1
2

[
∂

∂Fe

]
kl

[
FT

e Fe − I
]

i j
=

1
2

[
∂

∂Fe

]
kl

[Fe]mi [Fe]m j =

=
1
2

(
δilδmk [Fe]m j + δkmδ jl [Fe]mi

)
=

1
2

(
δil [Fe]k j + δ jl [Fe]ki

)
,

(B.3)

using (B.2) and (B.3) gives:

∂Ψe

∂Fe
=

[
∂Ψe

∂Ee
:
∂Ee

∂Fe

]
kl

= [S]i j

[
∂Ee

∂Fe

]
i jkl

=

=
1
2

(
[S]i j δil [Fe]k j + [S]i j δ jl [Fe]ki

)
=

=
1
2

(
[Fe]k j [S] jl + [Fe]ki [S]il

)
= FeS ,

(B.4)

[
∂Fe

∂F−1
p

]
i jkl

=

[
∂

∂F−1
p

]
kl

[
FF−1

p

]
i j

= [F]ik δ jl , (B.5)

∂Ψe

∂F−1
p

=

[
∂Ψe

∂Fe
:
∂Fe

∂F−1
p

]
kl

= [FeS]i j [F]ik δ jl = [Fe]im [S]ml [F]ik = FT FeS , (B.6)

Lp (t + ∆t) = ḞpF−1
p (t + ∆t) =⇒ Lp (t + ∆t) ∆t = I − Fp (t) F−1

p (t + ∆t)

F−1
p (t + ∆t) = F−1

p (t)
(
I − Lp (t + ∆t) ∆t

)
=⇒

1
∆t

∂F−1
p

∂Lp

∣∣∣∣
t+∆t


i jkl

= −
[
F−1

p (t)
]

ik
δ jl ,

(B.7)

Combining (B.6) and (B.7) gives

1
∆t
∂Ψe

∂Lp
=

1
∆t

 ∂Ψe

∂F−1
p

:
∂F−1

p

∂Lp


kl

= −
[
FT FeS

]
i j

[
F−1

p

]
ik
δ jl = −

[
F−T

p FT FeS
]

kl
= −FT

e FeS , (B.8)

as F−T
p = FT

e F−T , which follows from (1). Differentiating equation (2) gives:

∆t
∂Lp

∂ϕ
= γtwin

β sβ ⊗ nβ , (B.9)

∂Ψe

∂ϕ
=
∂Ψe

∂Lp
:
∂Lp

∂ϕ
= −γtwin

β FT
e FeS :

(
sβ ⊗ nβ

)
= −γtwin

β τβ , (B.10)

where summation over repeated indices is assumed and δi j is the Kronecker delta. The partial463

derivatives are calculated at constant displacement field u and, therefore, constant deformation464

gradient F. Therefore, in Eq. (B.5), F is treated as a constant. The partial derivatives are calcu-465

lated with respect to the phase field at the current time ϕ (t + ∆t), therefore F−1
p (t) is treated as a466

constant in (B.7). For the same reason, in Eq. (B.7), Lp (t + ∆t) at the current time is used and the467

relationship with Fp (t + ∆t) at the current time is found from Eq. (2). Since Lp depends on the468

twin direction and normal at the current time, sβ and nβ are calculated in the current configuration.469
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