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Abstract

We study dynamic multiple-player multiple-level discrete time leader-follower games in the vein of Cournot or Stack-

elberg games; these games generalize two-player dynamic Stackelberg or Cournot duopoly games which have been

considered recently. A given player acts as a leader toward players in lower levels, and as a follower toward players

in higher levels. We consider the case of either perfect or incomplete information, which in this context means that

players either have complete information about other players within their level (perfect information) or lack infor-

mation at the present timestep about other players within their level (incomplete information). Players always have

perfect information about all players which are (relative) followers, and incomplete information about players which

are (relative) leaders. The Cournot-type adjustment process under these information structures at each timestep results

in the temporal dynamics of the game. As we consider dynamic games, we observe a variety of behaviors in time,

including convergence to steady state or equilibrium quantities, cycles or periodic oscillations, and chaotic dynamics.

We find that the costs facing each player strongly influence the form of the long-time dynamics, as will the infor-

mation structure (perfect or incomplete) selected. One interesting finding is that under perfect information players

tend to quickly converge upon their respective equilibrium values, while incomplete information can result in loss of

regularity and the emergence of periodic or chaotic dynamics. However, in cases where players may be pushed out of

the game in the presence of high relative costs and perfect information, we find that non-equilibrium dynamics under

incomplete information allow such players to retain positive production, hence they are able to remain in the game.
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1. Introduction

There have been a number of studies on Cournot games for two (duopoloy) or more players, phrased as dynamic

games on discrete or continuous time domains (Agizaand and Elsadany, 2003; Agliari et al., 2000; Askar and Alnow-

ibet, 2016; Elsadany et al., 2013; Puu, 1991a,b; Puu, 1998; Puu, 2008; Snyder et al., 2013).

In Cournot games, all players have equal information and make moves simultaneously. However, real-life asym-

metry in such dynamics has motivated the consideration of other models. In particular, one direction one can take

is to consider leader-follower models, where a leader has more information on the state of the game than does a fol-

lower. A classical example of such a game would be a Stackelberg game (Von Stackelberg, 1934) which is a type of

leader-follower game. In the Stackelberg framework, two players no longer decide their outputs independently yet

simultaneously. Instead, the leader decides their move first, given knowledge of the situation at the previous timestep

(Sherali et al., 1983). When the leader knows the reaction function of the follower, which depends on the output of

leader, then it can determine its own output by maximizing its profit function. After the leader’s decision is imple-

mented, the follower has to produce the amount that has already been determined by the leader due to the reaction

function. Since in a leader-follower model the leader is able to obtain the response of the followers given any policy

made by the leaders, the leader is able to obtain the best output and reach their equilibrium in one iteration. Dynamic

Stackelberg games have been considered, with a variety of dynamics (including periodic and chaotic behaviors) ob-

served; see (Peng and Lu, 2015; Peng et al., 2016; Puu, 1998; Tramontana et al., 2011). It is possible to extend such

models to multiple players which may take the role of either leaders or followers (see, for instance, Sherali et al. 1984;

Van Gorder and Caputo, 2010). In addition to classical economic applications, such dynamic leader-follower games
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have seen recent application in areas such as communications networks (Xu et al., 2010), signaling games (Ahmed

and Hegazi, 2006), and service-for-prestige theory (Price and Van Vugt, 2014).

Stackelberg strategies were considered for multilevel systems by Cruz (1976). Such concepts are useful in the mul-

tilevel hierarchical control problem of multicontroller distributed-parameter systems (Cruz, 1978; Tzafestas, 1980).

Nie (2007) considered discrete-time dynamic multi-leader-follower games with the assumption of feedback perfect

information, which extended the static multi-leader-follower games of Pang and Fukushima (2005). Applications of

multi-level or hierarchical games and related systems include internet pricing (Shen and Basar, 2004), information

theory (DAmato et al., 2012), incentives (Li et al., 2002), and cellular network deployment (Guruacharya et al., 2013).

While discrete and continuous time dynamics have been considered in the past 20 years or so for variations of

the two- or many-player dynamic Cournot games (Agizaand and Elsadany, 2003; Agliari et al., 2000; Askar and

Alnowibet, 2016; Elsadany et al., 2013; Puu, 1998; Puu, 2008; Snyder et al., 2013), and dynamic Stackelberg games

and related variations on leader-follower games (Peng and Lu, 2015; Peng et al., 2016; Puu, 1998; Tramontana et

al., 2011), the corresponding nonlinear dynamics arising from multi-level leader-follower games has not been well-

studied. In the present paper, we shall consider two-level and then multi-level leader-follower dynamic games in

discrete time. As expected, the dynamics depend not only on the parameter values, but also on the information

structure adopted, with a range of dynamics from stable equilibrium, to limit cycles and periodic orbits, and then

chaos, being found. Indeed, there are interesting findings which do not seem to be studied in two player leader-

follower games, or games with only two-tier hierarchies.

Game theory has of course seen application to economic problems such as Cournot adjustment processes involving

competing firms. However, there are a variety of other applications for game theory in the dynamic setting which

may be considered. Such research could be of relevance for effective vaccination strategies (Wang et al., 2016), for

understanding human cooperation (Perc, 2016) and collusion (Wernerfelt, 1989) or more general human behavior

(Rassenti et al., 2000), to combat crime (D’Orsogna and Perc, 2015), standards of quality for products or services

(Valletti, 2000), or even for saving human lives in general (Helbing et al., 2015). Hence, a better understanding of the

dynamics of such games can be of benefit outside of economics, as well.

The paper is organized as follows. Section 2 reviews useful aspects of the dynamic Cournot games. In Section 3,

we introduce generalizations of duopoly games to two-level (a leader level and a follower level), with each level having

some positive integer number of players. We discuss the role of incomplete information versus perfect information

within the leader level, and show that incomplete information may result in a loss of regularity and the emergence

of non-equilibrium dynamics, such as periodic oscillations and chaos. In Section 4, we extend the model further, to

consider multiple levels, with players in each level acting as leaders to those in levels below, and as followers to those

in levels above. Again, we find that information structure influences the dynamics observed. Finally, we summarize

and discuss the results in Section 5.

2. Review of Cournot Model Results

In this section we shall review material on Cournot dynamic games, as this will help to motivate the more general

models which follow in Sections 3 and 4. The results here motivate the need to consider information asymmetry. For

related differential games related to control theory, leader-follower games with multiple-players have been discussed

in several contexts. Optimal control approaches for the dynamic games are discussed in Van Gorder and Caputo (2010)

(and references therein). Multiple-level leader-follower games which are Stackelberg-like in nature have been studied

by Cruz (1978). Gardner and Cruz (1978) considered feedback Stackelberg games for the multi-level or hierarchical

setting, while the closed-loop control was studied by Basar and Olsder (1980). A control problem for another class of

hierarchical leader-follower games was considered by Pan and Yong (1991).

Two frequently used functional forms for price in terms of quantity are P = A − Q or P = A/Q (Tramontana et

al., 2011) where A is a constant and Q is the total output quantity. Sometimes, a variable can be added to represent

government intervention such as taxation or subsidy (Snyder et al., 2013). We can also set a upper bound for the price

to avoid infinite price as Q tends to zero for P = 1
Q

(Snyder et al., 2013). Since we find that players with linear price

functions always approach fixed equilibrium values in finite time, this paper focuses on the inversely proportional

price function P = A/Q. This function has been employed in many of the aforementioned studies on Cournot or

Stackelberg games, and hence maintains relevance to possible applications.
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The Cournot model describes a market where all the players in the market are independent decision makers. Each

player only knows the previous outputs of the other players, q j(t), and will try to maximize its profit at the next time

step

Πi(t + 1) = qi(t + 1)P(qj:j,i(t), qi(t + 1)) − ciqi(t + 1), (1)

where P is the price function which depends on the total output, qi(t + 1) is the output of the ith player at time t + 1,

qj:j,i(t) represents the vector of outputs for all the other players, and ci is the marginal cost faced by the ith player.

The profit (1) is maximized when qi(t + 1) satisfies

P(qj:j,i(t), qi(t + 1)) + qi(t + 1)P′(qj:j,i(t), qi(t + 1)) − ci = 0. (2)

Since qj:j,i(t) are already known, we may in principle solve (2) for q1(t + 1), to obtain

qi(t + 1) = Ri(qj:j,i(t)) , (3)

for the ith player. This gives a system of n difference equations for the dynamics of the n-player game. The system

has equilibrium points (q∗
1
, ..., q∗n) provided that qi(t) = q∗

i
, with q∗

i
a constant, for each 1 ≤ i ≤ n.

As an example, assume there are two players (n = 2). Let P(q1, q2) = 1
q1+q2

. The profit functions (1) become

Π1(t + 1) = q1(t + 1)
1

q1(t + 1) + q2(t)
− c1q1(t + 1), (4)

Π2(t + 1) = q2(t + 1)
1

q1(t) + q2(t + 1)
− c2q2(t + 1). (5)

Setting ∂Π1

∂q1
= 0 and ∂Π2

∂q2
= 0, and solving for q1 and q2, we obtain the system of difference equations

q1(t + 1) =

√

q2(t)

c1

− q2(t), (6)

q2(t + 1) =

√

q1(t)

c2

− q1(t). (7)

We may simulate this system forward in time, in order to determine the dynamics of each player. We find that the

positive equilibrium values are

q∗1 =
c2

(c1 + c2)2
, (8)

q∗2 =
c1

(c1 + c2)2
. (9)

Note that q∗
1
= 0 and q∗

2
= 0 is the other possible equilibrium, and that asymmetric equilibrium values (with only one

of q∗
i
= 0) are not possible.

3. Two-Level Games With Multiple Leaders And Multiple Followers

In this section, the case of several leaders and several followers in the market are considered. Such a model will

hold two-player Stackelberg leader-follower games as a special case. Here the followers will take the leader outputs

as given at the previous time step, and then update their dynamics accordingly. The leader will know the follower

outputs in the present time, and update according to this and their own previous outputs. This is in contrast to the

Cournot game in discrete time, where each player updates output given their own and the other players’ outputs at the

previous time step. This asymmetric adjustment process is what drives the dynamics of the game.

We consider two possibilities related to information. Firstly, we can assume leaders are independent decision

makers and followers decide their outputs independently when the leaders’ outputs are known, which means between

the leaders and the followers, the leader-follower model is applied, and within the groups of leaders and followers,

the Cournot model is applied. In this case, leaders have incomplete information as they do not know the current

movements of other leaders. The second case, leaders all have perfect information of other players including other

leaders. Either way, all leaders are of a similar tier, so we can consider these two-level games.

We now consider a game with M ≥ 1 leaders and N ≥ 1 followers. We shall consider both types of information

mentioned above.
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3.1. Leaders With Incomplete Information

The system consists of M ≥ 1 leaders and N ≥ 1 followers with leaders having incomplete information on other

leaders. The profit functions for the leaders and followers are as follows:

Π
L
i (t + 1) =

AqL
i
(t + 1)

qL
i
(t + 1) +

M
∑

j,i
j=1

qL
j
(t) +

N
∑

j=1

qF
j
(t + 1)

− cL
i qL

i (t + 1), (10)

Π
F
i (t + 1) =

AqF
i

(t + 1)

qF
i

(t + 1) +
M
∑

j=1

qL
j
(t) +

N
∑

j,i
j=1

qF
j
(t)

− cF
i qF

i (t + 1). (11)

The optimality conditions then imply that the output quantities evolve in discrete time as

qF
i (t + 1) =

√

√

√

√

√

√

√

√

√ A

cF
i





























M
∑

j=1

qL
j
(t) +

N
∑

j,i
j=1

qF
j
(t)





























−

M
∑

j=1

qL
j (t) −

N
∑

j,i
j=1

qF
j (t), (12)

qL
i (t + 1) =

√

√

√

√

√

√

√

√

√ A

cL
i





























M
∑

j,i
j=1

qL
j
(t) +

N
∑

j=1

qF
j
(t + 1)





























−

M
∑

j,i
j=1

qL
j (t) −

N
∑

j=1

qF
j (t + 1). (13)

The dynamics are affected by several factors. One of these factors is the number of leaders, while other factors

include parameter values, such as the marginal costs c and the initial conditions of the system at the start. The

following three examples consider three sets of costs and they lead to different behaviors. For some parameter values,

the players approach their steady states or stop producing (a zero steady state) after some time, as shown in Figure 1.

For other parameter values, the behaviors of the players tend to limit cycles with period 2, as shown in Figure 2. We

also observe cases where the dynamics of the players are chaotic, as shown in Figure 3.

3.2. Leaders With Perfect Information

Let us now consider the case of M ≥ 1 leaders and N ≥ 1 followers with perfect information for all of the leaders.

The profit functions of an arbitrary leader or follower are

Π
L
i (t + 1) =

AqL
i
(t + 1)

∑M
j=1 qL

j
(t + 1) +

∑N
j=1 qF

j
(t + 1)

− cL
i qL

i (t + 1), (14)

Π
F
i (t + 1) =

AqF
i

(t + 1)

qF
i

(t + 1) +
M
∑

j=1

qL
j
(t) +

N
∑

j,i
j=1

qF
j
(t)

− cF
i qF

i (t + 1), (15)

respectively, where the superscript L represents that the parameters and variables are related to the leaders while the

superscript F corresponds to the followers.

By working backward, the best responses of the followers can be determined first by solving
∂ΠF

i

∂qF
i

= 0. This results

in

qF
i (t + 1) =

√

√

√

√

√

√

√

√

√ A

cF
i





























M
∑

j=1

qL
j
(t) +

N
∑

j,i
j=1

qF
j
(t)





























−

M
∑

j=1

qL
j (t) −

N
∑

j,i
j=1

qF
j (t). (16)
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Then, the optimal responses of the leaders are obtained by solving
∂ΠL

i

∂qL
i

= 0, which results in

qL
i (t + 1) =

√

√

√

√

√

√

√

√

√ A

cL
i





























M
∑

j,i
j=1

qL
j
(t + 1) +

N
∑

j=1

qF
j
(t + 1)





























−

M
∑

j,i
j=1

qL
j (t + 1) −

N
∑

j=1

qF
j (t + 1). (17)

To compare the cases of perfect information and incomplete information, the following three examples use the

same parameters as the examples with perfect information. For leaders with incomplete information, we found con-

vergence to steady states, convergence to limit cycles, and then chaos. However, in the case of perfect information,

the corresponding dynamics of these players are shown in Figures 4-6, and all cases yield convergence to equilibrium

values in finite time. We observe a number of players exiting the game in this case. This suggests that perfect infor-

mation regularizes the dynamics, resulting in rapid convergence to equilibrium values. While this is good for players

facing low marginal costs, those players facing relatively higher marginal costs are forced out of the game.

By comparing the simulations, we find that the players which have leading outputs in three examples under in-

complete information still have leading outputs under perfect information. However, some players facing higher costs

which survive in the game with incomplete information are forced to quit the game in the case were leaders have

perfect information. Unlike the systems with incomplete information in which various types of nonlinear dynamic

behaviors can be found, the system with leaders of perfect information leads to steady state solutions in all the simu-

lations we considered. Therefore, it would appear as if the perfect information for the leaders is stabilizing. However,

the instability under incomplete information for the leaders can be beneficial for the players which are crowded out of

the marker at steady state, as it allows those players to persist with positive quantities rather than leaving the market

in finite time. For such players, non-equilibrium dynamics can actually be optimal. This concept was previously

discussed for far simpler games (Papageorgiou, 2003), where it was suggested that chaotic or irregular dynamics may

be beneficial under certain circumstances. See also Matsumoto (2006), where it was noted for Cournot games that

players with low marginal costs prefer regular dynamics (e.g., equilibrium dynamics), while players facing higher

marginal costs prefer non-equilibirum dynamics, such as chaos. What we have done here is noticed an analogous link

between restrictive information structure and the prevalence of non-equilibrium dynamics which allow more of the

players to persist in the dynamic game even if they face higher marginal costs.

4. Multiple-Level Leader-Follower Games

A more complicated case is the generalization of the multiple leader-follower game to a hierarchy with L > 1

levels, where each level has Ml players (l = 1, 2, . . . , L). One can view the game considered in Section 3 as a two-

level hierarchy leader-follower game. We shall assume that there is imperfect information available to a player about

players in higher levels, but complete information about players in lower levels. Within the player’s own level, there

may or may not be complete information, depending on the information structure we choose within that level.

For the ith player in the lth level of the market (where i = 1, 2, . . . ,Ml and l = 1, 2, . . . , L), its profit function can

be expressed as

Π
l
i(t + 1) =

Aql
i
(t + 1)

ql
i
(t + 1) +

l−1
∑

k=1

Mk
∑

j=1

qk
j
(t) +

Ml
∑

j,i
j=1

ql
i
(t + τ) +

L
∑

k=l+1

Mk
∑

j=1

qk
j
(t + 1)

− cl
iq

l
i(t + 1). (18)

Here, the parameter τ = 0 if the player has imperfect information about other players at its level, and τ = 1 if it has

perfect information about other players at its level. Setting
dΠl

i

dql
i

= 0, we find the best response for this player, which is
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given by

ql
i(t + 1) =

√

√

√

√

√

√

√

√

√A

cl
i





























l−1
∑

k=1

Mk
∑

j=1

qk
j
(t) +

Ml
∑

j,i
j=1

ql
i
(t + τ) +

L
∑

k=l+1

Mk
∑

j=1

qk
j
(t + 1)





























−

l−1
∑

k=1

Mk
∑

j=1

qk
j(t) −

Ml
∑

j,i
j=1

ql
i(t + τ) −

L
∑

k=l+1

Mk
∑

j=1

qk
j(t + 1).

(19)

Consider, for example, a three-level game under perfect information within each level (τ = 1). In Figure 7, we

see that top-level leaders (l = 1) with lowest costs remain in the game and produce at stable equilibrium outputs.

Others players quit the game. For other parameter values, we again observe convergence to steady states, rather than

non-equilibrium dynamics, again due to the assumption of perfect information.

For our next example, we consider a four-level game under imperfect information (τ = 0) within each level. Due

to the imperfect information assumption, this game can exhibit a variety of non-equilibrium dynamics. Consider the

case where each level has five players (Ml = 5 for l = 1, 2, 3, 4). For a variety of parameter values, such as those

shown in Figures 8-9, chaotic dynamics can be observed. As was found in the previous section, such non-equilibrium

dynamics allow for a larger number of players (albeit not all players in all cases) to remain in the game.

Equilibrium dynamics are still possible in this four-level game with imperfect equilibrium, but this naturally

depends on the parameter values taken. To demonstrate this, we set all marginal costs to be equal, and consider the

results in Figure 10. For this case, all players share the same equilibrium value, and will produce at this value for large

enough time.

Bursting dynamics are observed in the chaotic regimes seen in the discrete time multi-level, multi-player leader

follower game in Figure 8. Blue sky catastrophe is one example of such bursting chaos within the continuous time

setting (Van Gorder, 2013). This suggests that, rather than exhibiting chaotic oscillations of similar but different

amplitudes (as seen in the two-level games; see Figure 3), when there are many levels to the hierarchy, there may be

intermittent regions of calm, with only small oscillations about some value of output, before much larger oscillations

occur for another period of time, with the process repeating at irregular intervals. During the more “calm” periods,

the leaders with more advantageous properties (lower marginal costs) will prosper, with other players facting reduced

or zero quantities. Then, on the more “volatile” periods, drastic oscillations in the leaders with more advantageous

properties will create an opening for the other players to resume production. In contrast, more standard chaotic

oscillations are observed in Figure 9, and here players from all four levels are able to persist. Therefore, not only does

chaos seem advantageous for the players which may face greater adversity under equilibrium dynamics, but the type

of chaos observed also seems to influence the ability of such players to remain productive within the game.

5. Discussion

We study general multiple-player multiple-level dynamic discrete time leader-follower games in the vein of

Cournot or Stackelberg games. Indeed, such games generalize two-player dynamic Stackelberg or Cournot duopoly

games which have been considered recently in the discrete time setting. The most simple form of such a game is the

two-level game, where there are a number of leaders and followers. However, one can generalize such games to any

number of levels greater than two, with a given player acting as a leader toward players in a lower level, and a follower

toward players in higher levels. We consider the case of either perfect or incomplete information, which in this context

means that players either have complete information about other players within their level (perfect information) or lack

information at the present timestep about other players within their level (incomplete information). Players always

have perfect information about all players which are followers, and incomplete information about players which are

leaders, relative to their level.

As we consider dynamic games, we observe a variety of behaviors in time, including convergence to steady state

or equilibrium quantities, cycles or periodic oscillations, and chaotic dynamics. We find that the costs facing each

player strongly influence the form of the long-time dynamics, as will the information structure (perfect or incomplete)

selected. One interesting finding is that under perfect information players tend to quickly converge upon their respec-

tive equilibrium values, while incomplete information can result in loss of regularity and the emergence of periodic
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or chaotic dynamics. However, in cases where players may be pushed out of the game in the presence of high rela-

tive costs and perfect information, we find that non-equilibrium dynamics under incomplete information allow such

players to retain positive production within the marker, hence they are able to remain in the game.

For some players, chaos may be beneficial, and this was previously shown for simpler games (Matsumoto, 2006;

Papageorgiou, 2003). The inefficient player whose marginal cost is greater has higher long-run average profit than the

expected profit earned in at the Cournot equilibrium in a unstable market while the efficient player with lower marginal

costs has less long-run average profit (Matsumoto, 2006). As such, the former may prefer an unstable market. In our

multi-level games, similar results were observed, with chaos permitting some, or even all, players to remain in the

game. To a lesser extent, limit cycles also allowed some players to remain, when compared with equilibrium dynamics

which often favored only the most efficient players. We also observed bursting type chaos in the four-level game, and

when compared to regular chaos, it was possible for even more of the lower-tier players to remain competitive. Indeed,

for regular chaos we observed that within a four-level game, some players within the top two levels remain in play,

while for other parameters permitting bursting chaos, players from all four levels were able to remain in the game

with positive output. Therefore, as non-equilibrium dynamics become increasingly disordered, less-efficient players

appear to have more opportunity to persist through the game.

We also find that the information structure used by leaders in the two-level game, or players in a fixed level

within the multi-level game, will strongly determine the dynamics. Recall that incorporating some types of delays

can destabilizes the solutions of dynamical systems (Sipahi et al., 2011). As shown in Section 4, the incomplete

information case is really equivalent to adding a delay to the resulting dynamics for each player, with the delay being

that information about fellow players within a fixed level is only available at previous timesteps rather than the current

time. This can result in a destabilization of the dynamics, which in turn brings about non-equilibrium dynamics such

as limit cycles or chaos (depending on the parameter regime). In contrast, for the case of perfect information, players

within a fixed level have complete information about one another up to the current time. For perfect information, we

observe stable equilibrium dynamics, and less-efficient players are often crowded out of the game for small values of

time. However, as mentioned above, the non-equilibrium dynamics can be of use to players which are less efficient.

This means that efficient players (those facing lower marginal costs) will prefer perfect information about competitors

within the same level in the hierarchy, while less-efficient players may prefer incomplete information, as the resulting

loss of equilibrium for the more efficient leaders gives these other players the opportunity to remain productive in the

game.
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Figure 1: Output quantities for each player in the game with M = 6 leaders and N = 6 followers under incomplete information for the leaders.

Parameter values are A = 10000, cL
= [2; 4; 4; 4; 2; 3], cF

= [9; 9; 6; 6; 9; 7], qL(0) = [93; 84; 83; 96; 97; 99], and qF (0) = [32; 33; 32; 40; 34; 48].

The green line and the dark blue line (which is covered by the green line as their outputs are the same after first few steps) represent the players

with cost 2 and their outputs are the highest. Many other players, including come leaders, quit the game after some time since their costs are too

high to compete with the leaders with low costs.
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Figure 2: Output quantities for each player in the game with M = 6 leaders and N = 6 followers under incomplete information for the leaders.

Parameter values are A = 10000, cL
= [4; 3; 3; 4; 2; 4], cF

= [8; 9; 7; 9; 10; 6], qL(0) = [91; 100; 91; 86; 93; 87], and qF(0) = [45; 38; 40; 44; 50; 36].

The players with lower marginal cost produce at higher outputs. Some of the players with relatively high costs will exit the game. In this example

we observe the emergence of limit cycles after several timesteps.
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Figure 3: Output quantities for each player in the game with M = 6 leaders and N = 6 followers under incomplete information for the leaders.

Parameter values are A = 10000, cL
= [4; 3; 3; 4; 4; 4], cF

= [6; 7; 9; 5; 5; 6], qL(0) = [91; 100; 94; 86; 86; 97], and qF (0) = [49; 43; 35; 31; 37; 42].

The dynamics observed are non-equilibrium, irregular (non-repeating) oscillations - rather than limit cycles. Having run this simulation for many

iterations and not observed a repeat or signs of quasi-periodicity, we conclude these dynamics are chaotic. In this example, all the players produce

at some non-zero level for some non-bounded values of time (if not all time), so there is no player quitting the game.
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Figure 4: Output quantities for each player in the game with M = 6 leaders and N = 6 followers under perfect information for the leaders.

Parameter values are A = 10000, cL
= [2; 4; 4; 4; 2; 3], cF

= [9; 9; 6; 6; 9; 7], qL(0) = [93; 84; 83; 96; 97; 99], and qF (0) = [32; 33; 32; 40; 34; 48].

These equilibrium values are the same as the example with incomplete information shown in Figure 1, although the very small time dynamics

differ.
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Figure 5: Output quantities for each player in the game with M = 6 leaders and N = 6 followers under perfect information for the leaders. Parameter

values are A = 10000, cL
= [4; 3; 3; 4; 2; 4], cF

= [8; 9; 7; 9; 10; 6], qL
= [91; 100; 91; 86; 93; 87], and qF

= [45; 38; 40; 44; 50; 36]. In this case we

observe convergence to equilibrium values, rather than the limit cycles observed for the same parameter values under incomplete information in

Figure 2. Most players stop producing after time t = 2.
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Figure 6: Output quantities for each player in the game with M = 6 leaders and N = 6 followers under perfect information for the leaders. Parameter

values are A = 10000, cL
= [4; 3; 3; 4; 4; 4], cF

= [6; 7; 9; 5; 5; 6], qL(0) = [91; 100; 94; 86; 86; 97], and qF (0) = [49; 43; 35; 31; 37; 42]. In this

case we observe convergence to equilibrium values, rather than the chaos observed for the same parameter values under incomplete information in

Figure 3. Most players stop producing after time t = 2.
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Figure 7: Output quantities for players in a three-level game (L = 3) where each level has Ml = 6 players (l = 1, 2, 3), under the assumption

of perfect information. Parameter values are A = 100000, c1
= [4; 3; 4; 4; 3; 2], c2

= [6; 6; 6; 5; 8; 6], c3
= [12; 10; 12; 10; 12; 12], q1(0) =

[87; 84; 96; 99; 86; 94], q2(0) = [63; 75; 73; 55; 76; 80], and q3(0) = [40; 48; 42; 33; 34; 38]. For this parameter set, may players are forced out

of the game due to relatively higher marginal costs. Those players remaining in the game rapidly converge to their equilibrium values. It is the

top-level leaders which persist in this game.
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Figure 8: Output quantities for players in a four-level game (L = 4) where each level has Ml = 5 players (l = 1, 2, 3, 4), under the assumption

of imperfect information. Parameter values are A = 100000, c1
= [2; 2; 3; 3; 3] c2

= [4; 4; 5; 4; 4], c3
= [6; 6; 6; 7; 6], c4

= [10; 10; 10; 10; 10],

q1(0) = [176; 166; 171; 153; 195], q2(0) = [103; 122; 142; 131; 141], q3(0) = [95; 97; 59; 63; 80] and q4(0) = [35; 38; 45; 26; 34]. We observe

chaos in the four-level game for these parameter values. As found previously, the chaotic dynamics allow for a larger number of players to remain

in the game. While some of the players are forced out of the game, members of the top two levels remain if they face low enough costs.
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Figure 9: Output quantities for players in a four-level game (L = 4) where each level has Ml = 5 players (l = 1, 2, 3, 4), under the assumption of

imperfect information. Parameter values are A = 100000, c1
i
= 3, c2

i
= 4, c3

i
= 6, c4

i
= 10 (for i = 1, 2, 3, 4, 5), q1(0) = [176; 166; 171; 153; 195],

q2(0) = [103; 122; 142; 131; 141], q3(0) = [95; 97; 59; 63; 80] and q4(0) = [35; 38; 45; 26; 34]. We again observe chaotic dynamics, although for

these parameter values, players from all four levels persist in the game and produce positive output.
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Figure 10: Output quantities for players in a four-level game (L = 4) where each level has Ml = 5 players (l = 1, 2, 3, 4), under the assumption

of imperfect information. Parameter values are A = 100000, cl
i
= 5 for all l = 1, 2, 3, 4 and i = 1, 2, 3, 4, 5, q1(0) = [95; 69], q2(0) = [58; 48],

q3(0) = [48; 40] and q4
= [39; 35]. Here the players all remain in the game, and produce at their equilibrium values for large enough time.
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