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Abstract

This dissertation shows that satisfiability procedures are abstract interpreters. This
insight provides a unified view of program analysis and satisfiability solving and enables
technology transfer between the two fields. The framework underlying these developments
provides systematic recipes that show how intuition from satisfiability solvers can be lifted to
program analyzers, how approximation techniques from program analyzers can be integrated
into satisfiability procedures and how program analyzers and satisfiability solvers can be
combined. Based on this work, we have developed new tools for checking program correctness
and for solving satisfiability of quantifier-free first-order formulas. These tools outperform
existing approaches.

We introduce abstract satisfaction, an algebraic framework for applying abstract interpre-
tation to obtain sound, but potentially incomplete satisfiability procedures. The framework
allows the operation of satisfiability procedures to be understood in terms of fixed point
computations involving deduction and abduction transformers on lattices. It also enables
satisfiability solving and program correctness to be viewed as the same algebraic problem.

Using abstract satisfaction, we show that a number of satisfiability procedures can be
understood as abstract interpreters, including Boolean constraint propagation, the dpll
and cdcl algorithms, St̊almarck’s procedure, the dpll(t) framework and solvers based on
congruence closure and the Bellman-Ford algorithm. Our work leads to a novel understand-
ing of satisfiability architectures as refinement procedures for abstract analyses and allows
us to relate these procedures to independent developments in program analysis. We use
this perspective to develop Abstract Conflict-Driven Clause Learning (acdcl), a rigorous,
lattice-based generalization of cdcl, the central algorithm of modern satisfiability research.
The acdcl framework provides a solution to the open problem of lifting cdcl to new prob-
lem domains and can be instantiated over many lattices that occur in practice. We provide
soundness and completeness arguments for acdcl that apply to all such instantiations.

We evaluate the effectiveness of acdcl by investigating two practical instantiations:
fp-acdcl, a satisfiability procedure for the first-order theory of floating point arithmetic,
and cdfpl, an interval-based program analyzer that uses cdcl-style learning to improve the
precision of a program analysis. fp-acdcl is faster than competing approaches in 80% of our
benchmarks and it is faster by more than an order of magnitude in 60% of the benchmarks.
Out of 33 safe programs, cdfpl proves 16 more programs correct than a mature interval
analysis tool and can conclusively determine the presence of errors in 24 unsafe benchmarks.
Compared to bounded model checking, cdfpl is on average at least 260 times faster on our
benchmark set.
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Chapter 1

Introduction

Decision procedures for satisfiability are abstract interpreters. This insight allows
technology transfer between program analysis and satisfiability research and can
be used to define algebraic generalizations of satisfiability architectures. The
resulting generalizations have practical applications.

Approaches to program verification can be classified as performing bug-finding or proof
construction. Bug-finding approaches search for program behaviors that are counterex-
amples to correctness. Proof-construction approaches find program invariants which imply
correctness. These two approaches are enabled by two technologies: abstract domains, which
offer approximate representations of sets of program behaviors, and satisfiability procedures
for propositional and first-order logics.

We relate three approaches in program verification to these categories [101, 40] in Fig-
ure 1.1: (i) Symbolic execution is a bug-finding methodology where program paths are
encoded as logical formulas. A satisfiability procedure is used to check if counterexample
exist. (ii) Software model checking focuses on building tools that can prove both correct-
ness of programs and find bugs. The use of abstract domains in software model checkers
focuses on powerset abstractions that are able to precisely express sets of abstract states
[35]. Decision procedures are used to find counterexamples and synthesize abstractions [35]
and to incrementally construct logical invariants [122, 32]. (iii) Static analysis approximates
program semantics by computing fixed points in abstract domains. In contrast to software
model checking, which focuses on powerset abstractions, static analysis typically operates
over lattices that lack distributivity. These lattices are more efficient but potentially less
precise compared to those used in model checking.1

1Software model checking and symbolic execution can also be viewed as instances of static analysis over
abstract domains. The taxonomy employed here is therefore somewhat artificial, but it corresponds to a
perspective that is common among verification practitioners.

bug-finding proof-construction

symbolic execution static analysis

software model checking

abstract domainsdecision procedures

Figure 1.1: Approaches and technologies in program verification.
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Since the year 2000, there has been a convergence of research and a number of approaches
have been developed which combine techniques developed in different areas [101]. The com-
bination of model checking and symbolic execution forms the basis for the well-known cegar
model checking framework [35] which finds error candidates using an approximate powerset
analysis and checks whether these candidates are feasible using symbolic execution. Com-
binations of software model checking and static analysis use static analyzers to compute
program invariants to increase efficiency of model checking algorithms [97]. Static analysis
and symbolic execution are combined, for example, in [171], where the fixed point compu-
tation in a static analysis engine is guided by the results of symbolic execution runs.

To increase the effectiveness of such combinations, techniques have been proposed which
directly access the underlying technologies and integrate decision procedures into abstract
static analyses or use abstract domains inside model checkers. Decision procedures are
used to synthesize transformers for abstract domains [134, 7], or to enumerate potentially
unsafe program fragments to be proven correct with static analysis [91]. Modern software
model checking frameworks [15] allow flexible integrations of abstract domains. The work in
[150, 166, 167] explores the use of abstract domains to approximate the meaning of logical
formulas and the use of decision procedures in computing these approximations.

All of the approaches discussed so far take a black-box approach to combining abstract
domains and decision procedures. From a static analysis point of view, decision procedures
are oracles that give binary answers to semantic queries. From the decision procedure
point of view, static analyzers are considered invariant generation procedures. This black-
box perspective limits the potential of combinations and makes it difficult to lift successful
algorithms from one area and implement them in the other.

To progress beyond simple black-box combinations, a number of open methodological
questions need to be solved.

(i) How can ideas from decision procedures, such as clause learning2, be lifted to abstract
domains and static analyzes?

(ii) How can approximation techniques used in abstract domains and static analysis be
lifted to decision procedures?

(iii) How can static analyzers and decision procedures be combined in more effective, se-
mantically aware ways that go beyond simple black-box combinations?

(iv) How can existing research in static analysis and decision procedures be formally re-
lated?

To address these questions, we introduce a novel framework called abstract satisfac-
tion which is based on abstract interpretation. Abstract satisfaction characterizes logical
inference in terms of lattices, transformers and fixed points and provides a mathematical
foundation for satisfiability solvers. It also provides a methodology for deriving sound but
incomplete procedures for deciding the satisfiability and validity problems for a logic.

We use the abstract satisfaction framework to prove the central claim of this thesis: that
satisfiability solvers are abstract interpreters. To this end, we show that existing satisfiabil-
ity solvers can be decomposed into fixed point computations over abduction and deduction
transformers that use extrapolation and interpolation operators. This perspective provides
the same benefits in the analysis and construction of solvers that abstract interpretation
provides in static analysis and allows us to view satisfiability solvers as iteration engines,
parametrized by abstract domains. We show that this view is universal and faithful by
characterizing a number of different satisfiability procedures in this way, including Boolean
constraint propagation, the dpll and cdcl algorithms, St̊almarck’s procedure, the dpll(t)
framework and solvers based on congruence closure and the Bellman-Ford algorithm. The

2Clause learning is a form of guided inference, and we use the term “learning” in this sense throughout
this document.
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abstract
satisfaction

satisfiablity
procedures

abstract interpr.
of programs

static
analysis

bottom-everywhere
framework

Figure 1.2: The Bottom-Everywhere Framework

result of this analysis is a new understanding of satisfiability algorithms as refinement pro-
cedures for analyses that operate on non-distributive lattices. These refinements can be
lifted to new problem domains and are fundamentally different from existing refinement
techniques such as cegar, which only apply to Boolean powerset lattices.

Abstract satisfaction is a framework for approximate inference about logical formulas.
Static analysis frameworks based on abstract interpretation are concerned with approximat-
ing the semantics of a program. To rigorously relate these two applications of abstract inter-
pretation we introduce the bottom-everywhere framework. Logical satisfiability and program
correctness are both instances of the bottom-everywhere problem, a decision problem that in-
volves closure operators on Boolean algebras. The relation between abstract interpretation,
abstract satisfaction and the bottom-everywhere framework is depicted in Figure 1.2. The
bottom-everywhere framework generalizes logical inference and shows that strongest post-
condition and weakest precondition transformers are the program analysis counterparts of
deduction and abduction transformers. The bottom-everywhere framework also allows us to
create generalizations of satisfiability architectures that can be applied equally to problems
in satisfiability and program correctness. This constitutes a significant contribution, since it
provides refinement architectures for non-distributive domains, whereas common refinement
techniques only apply to Boolean domains.

One such refinement architecture presented in this dissertation and is Abstract Conflict
Driven Clause Learning (acdcl), an algebraic generalization of the cdcl algorithm. cdcl
is the central algorithm in decision procedure research today and has had significant impact
on the field of satisfiability checking in the past 15 years. We lift the algorithm to lattices,
prove soundness and completeness and characterize a generalization of clause learning in an
abstract, lattice-theoretic setting.

The acdcl algorithm shows how cdcl can be lifted to new problems and domains
in a way that is both mathematically rigorous and conceptually simple. New algorithmic
instantiations can be systematically derived from abstract domains that satisfy certain com-
plementation properties. These properties hold in many lattices used in practice. acdcl
provides an answer to the open methodological problem of lifting cdcl to new problem do-
mains, which has been a focus of active and ongoing research in the satisfiability community.
We present acdcl as an algorithmic framework to solve the bottom-everywhere problem,
which allows instantiations of both program analyzers and satisfiability checkers.

In order to demonstrate that instantiations of acdcl are effective in practice, we present
two tools: the satisfiability solver fp-acdcl for the first-order theory of floating-point arith-
metic and the interval-analysis based program verifier cdfpl. Both instantiate the acdcl
framework. fp-acdcl is the state-of-the-art solver for its logic. It is faster than competing
approaches 80% of the time and faster by at least an order of magnitude in 60% of cases.
Out of 33 safe programs, cdfpl proves 16 more programs correct than a mature interval
analysis tool and can conclusively determine the presence of errors in 24 unsafe benchmarks.
Compared to bounded model checking, cdfpl is on average at least 260 times faster on our
benchmark set.
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Outline and Contributions

We now outline the structure of this document and list the contributions of each chapter.

Chapter 2 introduces formal preliminaries. This includes basic background on order and
lattice theory, an introduction to abstract interpretation which covers the concepts we will
use throughout this thesis and a brief section on logic, including propositional logic and
the first-order theories studied in the area of Satisfiability Modulo Theories solving (smt).
Chapter 2 contains no new material.

Chapter 3 introduces abstract satisfaction and the bottom-everywhere problem, which form
the formal framework used throughout this thesis. The contributions of this chapter are as
follows.

• We identify transformers that correspond to various modes of logical inference. We
give fixed point characterizations of the satisfiability and validity problem of a logic.

• We show that abstract interpretation can be used to approximate these fixed points,
which provides sound but incomplete methodologies for satisfiability and validity.

• We introduce a novel, purely lattice-theoretic problem called bottom-everywhere, which
generalizes the satisfiability problem for a logic and the problem of program correct-
ness. Any techniques developed to solve the bottom-everywhere problem can be in-
stantiated equally to solve satisfiability or program correctness.

Chapter 4 argues that sat solvers are abstract interpreters by giving abstract interpreta-
tion accounts of a number of common satisfiability procedures and relating them to research
in program analysis. We make the following contributions.

• We show that abstract satisfaction can be used to give accounts of decision procedures
in terms of basic algebraic components such as deduction transformers, abduction
transformers, extrapolation and interpolation.

• We show that partial assignments in the dpll algorithm are an abstract domain that
is well-known in program analysis, that the unit rule is an abstract transformer and
that Boolean Constraint Propagation (bcp), the workhorse deduction procedure of
dpll, computes a greatest fixed point over this abstract domain. dpll and abstract
interpretation were proposed more than 30 years ago yet we are, to our knowledge,
the first to make these observations.

• We show that dpll and St̊almarck’s procedures are case-based refinement procedures
for non-distributive lattices and we identify the algebraic structure necessary to in-
stantiate them. We give general algebraic recipes that show how these procedures can
be instantiated over a range of problems and abstract domains.

• We show that cdcl computes fixed points in overapproximate and underapproximate
lattices equipped with acceleration operators. Specifically, cdcl alternates between a
greatest fixed point computation with extrapolation and a least fixed point computa-
tion with interpolation.

• We show that the dpll(t) algorithm is an abstract interpreter for first-order formulas
and that it computes a reduced product between a propositional abstraction and a
theory abstraction. We characterize two theory solvers that are commonly used within
dpll(t) as abstract interpreters, namely, the congruence closure and Bellman-Ford
algorithms.
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Chapter 5 presents acdcl, an abstract-interpretation based lifting of cdcl to the bottom-
everywhere problem, and makes the following contributions.

• A conceptual framework for conflict-driven learning procedures in a lattice-theoretic
setting.

• A characterization of learning as an overapproximation of negation and the definition
of a best learning transformer for an abstract domain.

• A mathematically rigorous lifting of the cdcl algorithm to abstract domains and the
bottom-everywhere problem.

• Soundness, completeness and termination proofs for acdcl in a lattice-theoretic set-
ting.

• A lifting of the firstuip conflict analysis algorithm to lattice-based abstractions.

Chapters 6 and 7 demonstrate the effectiveness and generality of acdcl by showing how
acdcl can be applied to derive novel program analyses and satisfiability procedures. The
contributions of Chapter 6 are as follows.

• The fp-acdcl tool, a sound and complete satisfiability solver for the first-order theory
of Floating-Point Arithmetic (fpa) based on the abstract domain of floating-point
intervals. Reasoning in fpa is considered a hard problem since standard algebraic
techniques for the reals do not apply [133]. fp-acdcl is currently the state-of-the-art
solver for that logic.

• An extensive empirical evaluation using more than 200 benchmark formulas which
shows that fp-acdcl is faster than competing procedures in 80% of cases and is faster
by more than an order of magnitude in 60% of cases.

• A lattice-independent conflict analysis heuristic called trail-guided choice.

• An empirical study of the efficacy of heuristics for decision making and conflict analysis.

• An empirical exploration of the trade-off between efficiency and precision in lattice-
based conflict analysis.

Chapter 7 makes the following contributions.

• A methodology for instantiating acdcl to reason about the static analysis equation
of a program.

• The cdfpl tool, a tool that extends interval analysis with learning to reason pre-
cisely about disjunction in programs that contain machine integer and floating-point
variables.

• A comparison to the mature abstract interpreter astrée and the bounded model
checker cbmc, which shows that cdfpl is more precise than standard interval analysis
and orders of magnitude faster than cbmc on bounds checking problems.

• An analysis of cdfpl as an automatic analysis refinement approach; we show that
cdfpl automatically induces a program and property driven refinement of a non-
distributive abstract analysis and we demonstrate empirically that the precision of
this refinement is adjusted dynamically to match the hardness of the problem.
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In this dissertation, we show that satisfiability solvers can be understood as abstract
interpreters. We provide a formal framework for applying abstract interpretation to solve
the satisfiability problem and we give a mathematical generalization that enables us to give
equal treatment to logical satisfiability and program correctness. We demonstrate the power
of our formalization by providing characterizations of a number of decision procedures in
terms of transformers, fixed points and acceleration operators on lattices and we extract
general algebraic recipes for refinement algorithms for static analyses. As a result we are
able to give a generalization of cdcl, the central algorithm in modern decision procedure
research. We demonstrate the practical effectiveness of our approach by instantiating state-
of-the-art satisfiability procedures and program analyzers based on acdcl and we show
that they outperform competing approaches. These ideas are carried out within a rigorous
framework and are the result of significant new insights and developments.

The work in this thesis eliminates the conceptual boundary between static analysis and
satisfiability research in both theory and practice. It is a significant step towards enabling
technology transfer between the two fields and towards allowing practical combinations of
procedures that go beyond black-box integration.



Chapter 2

Lattices, Abstraction and Logic

In this chapter, we introduce material relating to order theory, lattice theory, abstract
interpretation and logic. The material in this section is not new.

Outline Section 2.1 introduces mathematical notation used in this document. We provide
background on order theory and lattices in Section 2.2, a survey of relevant concepts in
abstract interpretation theory in Section 2.3 and background on logic in Section 2.4.

2.1 Formal Preliminaries

We now introduce notation used throughout this thesis.

Definitions We use the symbol “=̂” to denote definitions, and “=” to express equality.
For example, f(x) =̂ g(x) defines the function f , whereas f(x) = g(x) expresses that f and
g map x to the same element. Function definitions that include multiple cases are read top-
to-bottom, that is, the order of the definition defines the precedence in cases of ambiguity.
Consider the following example.

f(x) =̂


1 if x is even

1 if x = 3

0 if x is odd

The function defined above maps 3 to 1, as prescribed by the second case, even though the
third case would map 3 to 0.

Sets The powerset of a set S contains all subsets of S and is denoted P(S). The set-
theoretic complement of S is written ¬S. For two sets A and B, we write A \ B to denote
the set A ∩ ¬B.

Functions and Relations Consider a function f : A→ B with domain A and codomain
B. The image of a subset X ⊆ A under f is the set {f(x) | x ∈ X}. The image of the
function f is the image of A under f . Consider a function f =̂ g(x) + 3. In cases where we
wish to avoid explicitly naming the function denoted by f , we write λx. g(x) + 3 or simply
x 7→ g(x) + 3. For a ∈ A and b ∈ B we write f [a 7→ b] to denote the function that maps
a to b and every other element a′ 6= a to f(a′). Every set S is associated with an identity
function idS : S → S, given by s 7→ s. Given functions f : A → B and g : B′ → C where
B ⊆ B′, their composition g ◦ f is the function λa. g(f(a)).

10
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Sequences Given a set A we denote by A∗ and A+ the set of finite sequences and the
set of finite, non-empty sequences over elements of A, respectively. The empty sequence is
written ε. For two sequences π and ρ, we denote their concatenation by πρ or by π · ρ. The
sequence π is a prefix of ρ if ρ = π · ρ′ for some sequence ρ′, and a suffix if ρ = ρ′ · π for
some ρ′. A set of sequences Π is prefix-closed if for every π ∈ Π and prefix ρ of π, ρ is in
Π. The length of the sequence π is defined as usual and denoted |π|. The ith element of
the sequence π is denoted πi, that is, π1 is the first element of π. For a sequence π and an
element a we write a ∈ π if a occurs in π, i.e., that there exists an i with 1 ≤ i ≤ |π| such
that πi = a.

2.2 Lattices and Order

In this section, we recall basic concepts in order and lattice theory, and fix notation. We
discuss ways in which lattices can be derived from partially ordered sets, and conversely,
ways of decomposing lattices into their partially ordered building blocks. The interested
reader may refer to [52] for a more in-depth treatment.

2.2.1 Partial Orders and Lattices

Definition 2.2.1 (Partial Order). A partial order over a set P is a binary relation v over
P such that for all a, b, c ∈ P , it holds that

(i) a v a (reflexivity),

(ii) if a v b and b v c hold, then a v c (transitivity) and

(iii) if a v b and b v a hold, then a = b (anti-symmetry).

We refer to (P,v) (or simply to P , if the order v is clear from context) as a partially
ordered set or simply poset. If the order is clear, then we say for a, b ∈ P that a is less than
b and that b is greater than a if a v b holds. If at least one of these conditions holds, then
a and b are comparable. If a is less than b and there is no element between a and b, i.e.,
∀p ∈ P \ {a, b}. a 6v p ∨ p 6v b then b covers a.

We now define special types of maps between posets.

Definition 2.2.2. Let (P,v) and (S,≤) be posets. A function f : P → Q is

• monotone or order-preserving if whenever p v q then f(p) ≤ f(q),

• an order embedding if p v q ⇐⇒ f(p) ≤ f(q) and

• an order isomorphism if it is a surjective order embedding.

Note that an order embedding is necessarily injective, therefore, order isomorphisms
are bijective functions. We define two posets to be order isomorphic if there is an order
isomorphism between them. Order isomorphism provides a useful notion of equivalence
between ordered structures.

Definition 2.2.3 (Greatest Lower Bound). Let (P,v) be a poset and Q be a subset of P .
An element p ∈ P is a lower bound of Q if every q ∈ Q is greater than p. It is the greatest
lower bound or meet of Q, denoted

d
Q, if every lower bound of Q is less than p.
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Duality We refer to w as the dual order with respect to the order v. For any order-
theoretic statement or structure, its dual is obtained by replacing all components of its
definition with their dual statement. For example, (P,w) is the v-dual poset to (P,v). The
dual of the greatest lower bound is the least upper bound. We give an explicit definition of
the least upper bound, but from now on, we will sometimes refrain from doing so for dual
concepts. The duality principle asserts that if a statement is true in all ordered structures,
then its v-dual statement is true is all ordered structures. We invoke this principle when
we say that a statement follows from duality.

Definition 2.2.4 (Least Upper Bound). Let (P,v) be a poset and Q be a subset of P . An
element p ∈ P is an upper bound of Q if every q ∈ Q is less than p. It is the least upper
bound or join of Q, denoted

⊔
Q, if every upper bound is greater than p.

Some comments regarding notation follow. For two elements a, b we denote their meet
by au b and their join by at b. The relations w, @ and A are defined as usual. Throughout
this document, we will use a number of symbols to denote orderings, for example, v, v̇ and
�. We appropriately match the symbols for meets and joins. In the above examples, we
would use, respectively, u and t, u̇ and ṫ, f and g to denote meets and joins. To simplify
notation and where the meaning is clear from context, we will sometimes use an ordering
symbol v to denote more than one ordering relation.

We now introduce some terminology regarding functions that preserve meets and joins.

Definition 2.2.5. A function f : P → Q between posets (P,v) and (Q,�) is

• multiplicative (or meet-preserving) if whenever a and b have a meet a u b, then f(a)
and f(b) have a meet f(a)f f(b) and f(a u b) = f(a)f f(b).

• completely multiplicative (or completely meet-preserving) if whenever R ⊆ P has a
meet

d
R, then the set S = {f(r) | r ∈ R} has a meet

c
{f(r) | r ∈ R} and f(

d
R) =c

{f(r) | r ∈ R}.

The dual concept is that of a (completely) additive or join-preserving function.

Functions that map into partially ordered sets can themselves be partially ordered by
pointwise lifting.

Definition 2.2.6 (Pointwise Lifting). Let (P,v) be a poset. The pointwise order of v
lifted to the set A → P is the partial order v̇ on A → P , defined as f v̇ g if for all a in A,
f(a) v f(g). The pointwise lifting of an n-ary function h : Pn → P to the set A→ P is the
function ḣ : (A→ P )n → (A→ P ) given as ḣ(f1, . . . , fn) =̂ λa. h(f1(a), . . . , fn(a)).

In cases where ambiguities do not arise, we will use the same symbols to denote operators
or orders and their pointwise liftings.

Lattices We now introduce lattices.

Definition 2.2.7 (Lattice). A lattice is a poset (L,v) such that for every two elements
a, b ∈ L the join a t b and the meet a u b exists.

We denote lattices either by their underlying poset (L,v) or by (L,v,t,u). If order,
meets and joins are clear from context we denote a lattice by the carrier set L.

In a lattice, only the existence of binary joins and meets is guaranteed. A lattice in which
every set has a join and a meet is called complete.

Definition 2.2.8 (Complete Lattice). A lattice (L,v) is complete if every set Q ⊆ P has
a meet

d
Q and a join

⊔
Q.
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0

1

2

...

Figure 2.1: The poset (N0,≤) is a lattice with
d
Q defined as the minimal element in Q. It

is not a complete lattice; for example,
⊔

N0 does not exist.

Figure 2.1 shows an example of a lattice that is not complete. It is easy to see that every
finite lattice is complete. Furthermore, it is possible to express arbitrary meets in terms
of arbitrary joins and vice versa, therefore, in a lattice, the existence of arbitrary joins or
arbitrary meets implies the existence arbitrary joins and arbitrary meets. For example, the
element

d
Q can be equivalently expressed as

⊔
{a ∈ L | ∀q ∈ Q. a v q}.

A related concept is boundedness which asserts the existence of a least or greatest element.

Definition 2.2.9 (Top and Bottom). Let (P,v) be a poset. An element p ∈ P is the top
element if every element of P is less than p. The bottom element is defined dually. We
denote the top and bottom elements of P , if they exist, by > and ⊥, respectively.

When discussing multiple bounded posets, if the meaning is clear from context, we will
sometimes use the symbols > and ⊥ to denote the top and bottom element of more than
one lattice. We also sometimes denote the top and bottom element of a poset P by >P ,
respectively, ⊥P to avoid this ambiguity.

Definition 2.2.10 (Bounded Lattice). A bounded lattice is a lattice with a top and a bottom
element.

Complete lattices are bounded, with
d
∅ = > and

⊔
∅ = ⊥.

Chains are totally ordered subsets of partial orders that are important for characterizing
finiteness conditions, called the chain conditions.

Definition 2.2.11 (Chains). A chain in an ordered set P is a subset Q of pairwise compa-
rable elements of P . The set of chains in P is denoted C(P ).

Increasing sequences of elements of the form s0 v s1 v · · · define a chain {si | i ∈ N}.
The same holds for decreasing sequences. To simplify exposition, we will sometimes refer to
such sequences as chains.

Chains allow us to define a notion of height in a partial order.

Definition 2.2.12 (Height). The height of a poset is the cardinality of its longest chain.

A lattice has finite height exactly if it satisfies both of the chain conditions, which are
introduced next.

Definition 2.2.13 (Chain Conditions). A poset P satisfies the ascending chain condition
(ACC) if every chain with a minimum is finite. The descending chain condition (DCC) is
defined dually.

Other important structures in lattices are downsets and upsets, which obey certain clo-
sure properties.
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Definition 2.2.14 (Downsets and Upsets). Let (P,v) be a poset. The downwards closure
of a set Q ⊆ P , denoted ↓Q, is the set {p ∈ P | ∃q ∈ Q. p v q}. The set Q is downwards
closed, or is a downset if Q = ↓Q. The downset of an element p ∈ P , denoted ↓ p, is the
downwards closure ↓{p}. The set of all downsets of P is denoted D(P ). The notion of
upward closure and upsets is dual, denoted ↑Q and ↑ p. The set of all upsets of P is denoted
U(P ).

2.2.2 Distributive Lattices and Boolean Algebras

We will now introduce distributive lattices, lattice-theoretic complements and Boolean al-
gebras. In this dissertation, we will define semantics in terms of Boolean algebras. Many of
the techniques presented in later chapters of this dissertation can be understood as restoring
information lost by approximating these Boolean algebras using non-distributive lattices.

Definition 2.2.15 (Distributivity). A lattice (L,v,u,t) is distributive if for all a, b, c ∈ L,
it holds that a u (b t c) = (a u b) t (a u c).

Distributivity is self-dual, i.e., the above condition is equivalent to the condition at (bu
c) = (a t b) u (a t c).

Definition 2.2.16 (Complements). Given an element a in bounded lattice L, an element
b is defined to be a complement of a if a u b = ⊥ and a t b = >. A complementation is a
function ¬· : L → L that maps every element to one of its complements. The lattice L is
complemented if it admits a complementation.

In distributive lattices, complements are unique. This is not true in arbitrary lattices.

Definition 2.2.17 (Boolean Algebra). A Boolean algebra is a complemented, distributive
lattice.

In a Boolean algebra, complements are related to meets and joins via De Morgan’s laws.

Proposition 2.2.1 (De Morgan’s Laws). For any elements a, b of a Boolean algebra B with
complementation ¬·, the following equivalences hold.

¬(a t b) = ¬a u ¬b ¬(a u b) = ¬a t ¬b

Infinitary versions of De Morgan’s laws hold in complete Boolean algebras.

Proposition 2.2.2. For any subset Q of a complete Boolean algebra L and its unique
orthocomplementation ¬·, the following equivalences hold:

¬
⊔
Q =

l

q∈Q
¬q ¬

l
Q =

⊔
q∈Q
¬q

The relationship between meets and joins expressed by De Morgan’s laws will be of special
significance to us in later chapters. We now introduce a concept that lifts the relationship
between the binary operators u and t to arbitrary operators over Boolean algebra.

Definition 2.2.18 (De Morgan Duality). For k ∈ N, let f : Lk → L be a function over
a Boolean algebra L with complementation ¬. The De Morgan dual of f is the function
f̃ = λq1, . . . , qk. ¬ ◦ f(¬q1, . . . ,¬qk).

2.2.3 Constructing Lattices from Ordered Sets

In this section, we discuss two constructions for deriving complete lattices from sets: the
powerset algebra of a set and the downset completion of a poset.
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p

q s

r

(P,v)

{p, q, r, s}

{q, r, s}

{q, r} {r, s}

{s}{r}

∅
(D(P ),⊆)

{p}

{q, s}

{q} {r, s}

{s}{r}

∅
(A(P ),v↓)

Figure 2.2: A poset (left), its downset completion (center) and antichain lattice (right).

Definition 2.2.19 (Powerset Algebra). The powerset algebra of a set S is the complete
lattice (P(S),⊆,

⋂
,
⋃

).

If the set S is itself partially ordered, we can complete it in a way that incorporates order
information.

Definition 2.2.20 (Downset Completion). The downset completion of a poset (P,v) is the
complete lattice (D(P ),⊆,

⋂
,
⋃

). The upset completion is defined dually.

The downset completion is a sublattice of the powerset algebra that is closed under
arbitrary meets and joins. An example is shown in Figure 2.2.

Proposition 2.2.3. The lattice D(P ) for a poset (P,v) is complete and distributive.

In fact, the lattice D(P ) is completely distributive, that is, it satisfies an infinitary variant
of the law of distributivity.

In practical terms, an interesting property of downsets is that under certain conditions,
they have finite representations as antichains.

Definition 2.2.21 (Antichains). An antichain is a subset of poset P such that no pair of
elements in Q is comparable. The set of antichains of P is A(P ).

Based on the element ordering v, we can define two partial orders on antichains, the
Hoare ordering v↓ and the Smyth ordering v↑, defined below.

A v↓ B iff ∀a ∈ A ∃b ∈ B. a v b A v↑ B iff ∀b ∈ B ∃a ∈ A. a v b

In general, the antichain posets generated by the above order may form neither lattices
nor complete lattices and can therefore not be used to represent downsets. This is the
case, for example, when some non-maximal elements of a downset are part of an infinite
ascending chain. When the ascending chain condition is met, antichains are order-isomorphic
to downsets.

Proposition 2.2.4. For a poset (P,v), the function f : A(P ) → D(P ), f(A) = ↓A is an
order embedding from the poset (A(P ),v↓) to the downset completion (D(P ),⊆).

Proof. Let A,B ∈ A(P ) with A v↓ B. Then ∀a ∈ A ∃b ∈ B a v b. Therefore, every a in A
is in the downset ↓ b for some b ∈ B, and as a consequence also in ↓B. It follows that every
element of ↓A is in ↓B, therefore ↓A ⊆ ↓B.

Now assume that ↓A ⊆ ↓B and let a ∈ A. Since a ∈ ↓B, there is an element b ∈ B
with a v B. It follows that A v↓ B, therefore f is an order embedding.
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Proposition 2.2.5. If (P,v) satisfies ACC, then (D(P ),⊆) and (A(P ),v↓) are order-
isomorphic.

Proof. The function f defined in Proposition 2.2.4 is an order embedding. We show that f
is surjective and therefore an order isomorphism, since every set Q in D(P ) can be expressed
as ↓A for some antichain A ∈ A(P ). Let R be the set of subset-maximal chains in Q. By
ACC, we have that each chain C ∈ R has a maximum element. Because each chain C ∈ R is
subset-maximal, the set M = {c | c is maximum of some C ∈ R} is an antichain. It is easy
to see that ↓M ⊆ Q since M itself is a subset of Q. Further, every element q ∈ Q is part
of some maximal chain C and therefore smaller than the maximum element c of C, which
is contained within M . Therefore also Q ⊆ ↓M .

2.3 Abstract Interpretation

Abstract interpretation [42, 38, 43, 45] is a mathematical theory of sound approximation
and representation. The theory was developed as a mathematical approach to the semantic
analysis of computer programs, but the underlying formal framework is more general. As a
consequence, the term “abstract interpretation” is both used to describe the mathematical
theory and as a short-hand for the varied efforts of applying the theory towards a wide
range of program analysis problems. We use the term in the former sense, to denote the
theory of sound approximation and representation. This section briefly introduces abstract
interpretation from this perspective.

Basics of Sound Approximation Many objects of interest, including the semantics of
programs, can be expressed as fixed points of monotone functions on partially ordered sets.

Example 2.3.1. Consider a program which initializes a variable x to zero and then increases
the value of x by two in each execution step. We can give semantics to this program by
defining the set of values that x may reach. The set of all values that x takes during execution
is an element of the lattice (P(Z),⊆). Given a set of reachable states, we can extend via the
following function application.

f(Q) =̂ {0} ∪ {q + 2 | q ∈ Q}.

The set of all values that x may take during program execution is given as follows.

Q =̂ {q | q ≥ 0 ∧ q is even }.

The set Q is the smallest set such that f(Q) is equal to Q.

The set Q in the above example is the least fixed point of f .

Definition 2.3.1 (Fixed Points). A fixed point of a function f : P → P is an element p ∈ P
such that f(p) = p. We denote the least fixed point and greatest fixed point, if they exist,
respectively, by lfpX. f(X) and gfpX. f(X) or simply by lfp f and gfp f .

The ordered set and functions that model the object of interest form a concrete domain.
Abstract interpretation provides a systematic methodology for deriving algorithms that
provide approximate answers to problems posed in the concrete domain.

Example 2.3.2. Consider the program from Example 2.3.1. Rather than compute a fixed
point in the domain (P(Z),⊆), we may compute a fixed point in the following lattice A.

>

< 0 ≥ 0

⊥
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The lattice above can represent information about the sign of the variable x. We associate
elements with sets in P(Z) that they soundly approximate:

> approximates every set Q ⊆ Z
< 0 approximates every set Q ⊆ {q ∈ Z | q is negative }
≥ 0 approximates every set Q ⊆ {q ∈ Z | q is zero or positive}
⊥ approximates only the set ∅

Furthermore, we can approximate the concrete function f : P(Z) → P(Z) with an abstract
function g : A→ A:

g(>) =̂ > g(< 0) =̂ >
g(≥ 0) =̂ ≥ 0 g(⊥) =̂ ≥ 0

In the definition above, g(⊥) is equal to ≥ 0 to indicate that the initial state 0 is always
reachable and g(< 0) is equal to >, since from a set of negative numbers, 0 may be reachable.

2.3.1 The Galois Connection Framework

There are a number of frameworks available to formalize the notion of sound approximation,
including soundness relations, closure operators and Galois connections [45]. In this disser-
tation, we use the Galois connection framework, in which a concrete lattice (C,�) is related
to an abstract lattice (A,v) via two functions: an abstraction function α : C → A, which
maps concrete elements to their best abstract representation, and a concretization function
γ : C → A, which maps abstract elements to the weakest elements that they soundly ap-
proximate. We first consider overapproximation, where we consider an abstract element
a ∈ A a sound approximation of a concrete element c ∈ C if γ(a) is greater than c. We then
discuss how this discussion dualises to underapproximation.

We first introduce the lattice of intervals, which serve as an example for Galois-connection
based approximation.

Definition 2.3.2 (Interval Lattice). Let Z∞ denote the set Z ∪ {−∞,∞} where for all
n ∈ Z, it holds that −∞ ≤ n ≤ ∞. The set of intervals is Itv =̂ {(l, u) ∈ Z2

∞ | l ≤ u}∪{⊥}.
The element ⊥ is the empty interval. We use square brackets [l, u] to denote an interval
(l, u). We refer to l as the lower bound lb(i) and to u as the upper bound ub(i).

The interval lattice is given as follows.

(Itv ,v,u,t)

i v i′ exactly if i = ⊥ or if both lb(l) ≥ lb(l′) and ub(i) ≤ ub(i′)

⊥ u i =̂ ⊥ i u i′ =̂ ρ(max{lb(i), lb(i′)},min{ub(i), ub(i′)})
⊥ t i =̂ i i t i′ =̂ ρ(min{lb(i), lb(i′)},max{ub(i), ub(i′)})

where ρ([l, u]) =̂

{
⊥ l > u

[l, u] otherwise

The interval lattice is depicted in Figure 2.3. An interval [l, u] can be viewed as repre-
senting the set {x ∈ Z | l ≤ x ≤ u}. The empty interval ⊥ represents the empty set. We
can define a concretization function γ : Itv → P(Z) which maps an interval to the set it
represents.

Clearly, not every set of integers is represented by an interval. On the other hand, every
set of integers included in some unique, maximally precise interval, which we call the best
approximation of that set. The best approximation of the empty set is the empty interval
⊥. For a non-empty set S ⊆ Z, the best approximation is given by [min(S),max(S)]. The
approximation function α : P(Z)→ Itv maps a set to its best approximation as an interval.

The existence of best approximations constitutes a special case, which is formalized by
the Galois connection framework.
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[−∞,∞]

· · ·

· · ·

· · ·

[−1,∞]

[0,∞]

[1,∞]

· · ·

· · ·

· · ·

[−∞, 1]

[−∞, 0]

[−∞,−1]

· · ·

· · ·

· · ·

...
...

[−1, 0] [0, 1]· · ·· · · · · ·

· · · ...
· · ·

· · · [−3,−3] [−2,−2] [−1,−1] [0, 0] [1, 1] [2, 2] [3, 3] · · ·

(∞,−∞)

Figure 2.3: Lattice of intervals.

Definition 2.3.3 (Galois Connection). Let (C,�) and (A,v) be posets. A pair of order-
preserving functions (α : C → A, γ : A → C) is a Galois connection with lower adjoint α
and upper adjoint γ, denoted

(C,�) −−−→←−−−α
γ

(A,v),

if it holds for all c ∈ C and a ∈ A that

α(c) v a exactly if c � γ(a).

Abstraction and concretization function for the intervals form a Galois connection.

Proposition 2.3.1. The pair (α, γ) defined below forms a Galois connection.

(P(Z),⊆) −−−→←−−−α
γ

(Itv ,v)

α(∅) =̂ ⊥ α(S) =̂ [min(S),max(S)]

γ(⊥) =̂ ∅ γ([l, u]) =̂ {s ∈ N | l ≤ s ≤ u}

We now state some basic properties of Galois connections.

Proposition 2.3.2. For a Galois connection (C,�) −−−→←−−−α
γ

(A,v), the following properties
hold.

(i) The lower adjoint α uniquely determines the upper adjoint γ, and conversely, the upper
adjoint γ uniquely determines the lower adjoint α.

(ii) α is completely additive.

(iii) γ is completely multiplicative.

(iv) Galois connections compose, i.e.,

if A −−−→←−−−
α1

γ1

B −−−→←−−−
α2

γ2

C, then A −−−−−−→←−−−−−−
α2◦α1

γ1◦γ2

C.
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In the case where the abstract and the concrete are complete lattices, any completely
multiplicative function between the two lattices induces a Galois connection. Informally,
this is the case because we can define the best approximation of an element as the meet of
all of its approximations.

Proposition 2.3.3. Let (C,�) and (A,v) be complete lattices. If there is a completely
multiplicative function γ : A → C, then γ is the upper adjoint of a Galois connection with
lower adjoint α : C → A as below.

α(c) =
l
{a ∈ A | c � γ(a)}

Dually, if there is a completely additive function α : C → A, then α is the lower adjoint of
a Galois connection with upper adjoint γ : A→ C as below.

γ(a) =
j
{c ∈ C | α(c) v a}

2.3.2 Closure Operators

Closure operators are special order-preserving functions. In Chapter 3, we generalize the
satisfiability problem to a decision problem over closure operators.

Definition 2.3.4 (Closure Operators). An upper closure operator on a poset (P,v) is an
order-preserving function ξ : P → P that is (i) inflationary, i.e., for all p ∈ P , p v ξ(p) and
(ii) idempotent, i.e., for all p ∈ P , ξ ◦ ξ(p) = ξ(p). A lower closure operator is dually defined
as an order-preserving and idempotent function that is deflationary, i.e., for all p ∈ P ,
ξ(p) v p.

Closure operators provide an alternate characterization of Galois connections.

Proposition 2.3.4. For two posets (C,�) and (A,v) and order-preserving functions α :

C → A and γ : A→ C it holds that (C,�) −−−→←−−−α
γ

(A,v) exactly if γ ◦ α is an upper closure
operator and α ◦ γ is a lower closure operator.

2.3.3 Over- and Underapproximation

Our discussion so far has focused on overapproximation. We can dualise the notion of ap-
proximation described so far to obtain underapproximation. Chapters 4 and 5 will discuss
logical satisfiability algorithms that simultaneously utilize overapproximations and under-
approximations.

Definition 2.3.5 (Over- and Underapproximation). For posets (C,�) and (A,v) and
w.r.t. (α, γ), we define that

(i) A overapproximates C w.r.t. (α, γ) if (C,�) −−−→←−−−α
γ

(A,v) holds,

(ii) A underapproximates C w.r.t. (α, γ) if (C,�) −−−→←−−−α
γ

(A,w) holds and

(iii) A approximates C w.r.t. (α, γ) if A overapproximates C or if A underapproximates C.

For an underapproximation, this means that γ ◦ α is a lower closure, that is, moving to
the abstract and back to the concrete returns a smaller element. Similarly, α ◦γ is an upper
closure, i.e., moving to the concrete and back to the abstract may return a property that is
strictly more general than the original one but describes the same concrete element.
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2.3.4 Approximating Transformers

Monotone functions on ordered sets are central enough in abstract interpretation to deserve
their own name.

Definition 2.3.6 (Transformers). A transformer on a poset (P,v) is a order-preserving
function f : P → P .

We now define a notion of approximation for transformers.

Definition 2.3.7 (Sound Abstract Transformers). Let (C,�) and (A,v) be two posets with
transformers f : C → C and g : A → A. The transformer g is a sound approximation of f
w.r.t. (α, γ) if one of the following conditions holds.

• A overapproximates C w.r.t. (α, γ) and for all a ∈ A, γ ◦ g(a) � f ◦ γ(a).

• A underapproximates C w.r.t. (α, γ) and for all a ∈ A, γ ◦ g(a) � f ◦ γ(a).

The above notion of approximation can be equivalently expressed in the Galois connec-
tion framework.

Proposition 2.3.5. Let (C,�) be overapproximated by (A,v) w.r.t. (α, γ). Then the point-
wise lifted poset (C → C,�) is overapproximated by the pointwise lifted poset (A → A,v)
w.r.t. (αT , γT ) where αT (f) =̂ α ◦ f ◦ γ and γT (g) =̂ λg.γ ◦ g ◦ α.

The dual statement holds for underapproximation. We can now see that our characteri-
zation of sound approximations of transformers can be characterized in terms of the Galois
connection (αT , γT ).

Proposition 2.3.6. Given the Galois connection (C,�) −−−→←−−−α
γ

(A,v), the transformer g :

A→ A soundly approximates f : C → C exactly if αT (f) v g for αT (f) = α ◦ f ◦ γ.

Since the Galois connection (α, γ) extends to the transformer lattices C → C and A→ A,
we may conclude that every concrete transformer f : C → C has a unique best sound
approximation αT (f) that provides maximal precision. We will define this object separately
due to its importance.

Definition 2.3.8 (Best Abstract Transformer). Let (C,�) be approximated by (A,v)
w.r.t. (α, γ), and let f : C → C and g : A → A be two transformers. The best abstract
transformer of f is α ◦ f ◦ γ.

Throughout this dissertation, we will be working in the canonical abstract interpreta-
tion setting of Galois connections between complete lattices. A domain, in the abstract
interpretation sense, is then a complete lattice together with a set of transformers.

Definition 2.3.9 (Concrete and Abstract Domains). The tuple (C,�,f,g, {fi : C →
C}i∈I) is the concrete domain and (A,v,u,t, {g : A → A}i∈I) the abstract domain
w.r.t. (α, γ) if the following hold.

(i) (C,�,f,g) and (A,v,u,t) are complete lattices,

(ii) A approximates C w.r.t. the Galois connection (α, γ) and

(iii) for all i ∈ I, the transformer gi soundly approximates the transformer fi.

In the above, (C,�,f,g) is the concrete lattice and (A,v,u,t) is the abstract lattice.
If we do not explicitly define the Galois connection, then abstraction and concretization
function are denoted α and γ. We assume throughout this dissertation that γ(⊥A) = ⊥C
and that γ(>A) = >C . This is not true in general, but it is simple to extend any abstract
domain to satisfy this property.
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2.3.5 Semantic Reduction and Reduced Products

We now recall some concepts from abstract-interpretation theory that relate to the rep-
resentation of abstract elements: semantic reduction and reduced products [43]. Both of
these ideas will be important in Chapter 4, where we give abstract interpretation accounts
of satisfiability procedures.

In an abstract domain, two distinct abstract element a and b may concretize to the same
concrete element, that is, it may hold that a 6= b but γ(a) = γ(b). When this is not the case
and a 6= b implies that γ(a) 6= γ(b), then the pair (α, γ) is a Galois insertion.

Definition 2.3.10 (Galois Insertion). A Galois insertion is a Galois connection (C,�) −−−→←−−−α
γ

(A,v) such that α ◦ γ is the identity function.

The Galois insertion setting formalizes the case where there is no redundancy in the
abstraction. If redundancy is present during an analysis certain difficulties may arise. For
example, it can become non-trivial to decide whether two abstract elements have the same
concretization or whether a given abstract element represents the empty set. In such cases,
reduction operators can be applied to make an element more precise without changing the
semantics of the element.

Definition 2.3.11 (Reduction Operator). A reduction operator for a Galois connection

(C,�) −−−→←−−−α
γ

(A,v) is a deflationary transformer ρ : A → A. A reduction is sound if for all

a ∈ A it holds that γ(ρ(a)) = ρ(a).

The best reduction operator is the transformer α ◦ γ, which first determines the concrete
meaning of the abstract element and then finds the best abstract representation.

We now introduce product lattices. The product operation between lattices lifts to a
combination operation between domains [43]. In practical terms, the product of two abstract
domains represents the result of running two analyses in parallel.

Definition 2.3.12 (Cartesian Product). Consider two lattices (A,vA) and (B,vB) with

C −−−−→←−−−−
αA

γA
A and C −−−−→←−−−−

αB

γB
B.

The Cartesian product of A and B is the following lattice.

(A×B,vA×B ,uA×B ,tA×B)

(a, b) vA×B (a′, b′) ⇐⇒ a vA a′ ∧ b vB b′

(a, b) tA×B (a′, b′) =̂ (a tA a′, b tB b′) (a, b) uA×B (a′, b′) =̂ (a uA a′, b uB b′)

The abstraction and concretization functions are defined as follows.

αA×B(c) =̂ (αA(c), αB(c)) γA×B(c) =̂ γA(c) ∩ γB(c))

Proposition 2.3.7. Let αA×B and γA×B be defined as in Definition 2.3.12. The two
functions form a Galois connection as follows.

C −−−−−−→←−−−−−−
αA×B

γA×B
A×B

Product construction may introduce redundancy as the following example will illustrate.

Example 2.3.3. Consider the abstract parity lattice (Par ,vPar ) defined below.

Par =̂ {⊥, even, odd,>} a vPar b exactly if a = ⊥, b = > or a = b

The lattice (Par ,vPar ) approximates the lattice (P(Z),⊆) with the concretization function
γPar : Par → P(Z). This function is defined as follows.

γPar (⊥) =̂ ∅ γPar (even) =̂ {x ∈ Z | x is even }
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γPar (>) =̂ Z γPar (odd) =̂ {x ∈ Z | x is odd }

The Cartesian product lattice Par × Itv approximates the concrete lattice P(Z) using
both range and parity information. For example, the concretization function γPar×Itv of
the product maps the pair (even, [0, 6]) to the set {0, 2, 4, 6}. Note that abstraction and
concretization functions for the interval and parity lattice are Galois insertions, i.e., in each
lattice, no two distinct abstract elements represent the same element. This is not the case
for the product. Consider the following two elements and their concretization.

p =̂ (even, [0, 5]) q =̂ (even, [0, 4])

γPar×Itv (p) = γPar×Itv (q) = {0, 2, 4}

Reduction can be used to map p to the semantically equivalent but more precise element q.

2.3.6 Existence and Sound Approximation of Fixed Points

Transformers on complete lattices are guaranteed to have fixed points. Moreover, the set of
fixed points form a complete sub-lattice.

Theorem 2.3.8 (Knaster-Tarski Theorem [164, 110]). Let L be a complete lattice and
f : L → L be an order-preserving function. Then the set of fixed points of f in L is also a
complete lattice, with a least fixed point lfp f and a greatest fixed point gfp f characterized
as below.

lfp f =
l
{a ∈ L | f(a) v a} gfp f =

⊔
{a ∈ L | a v f(a)}

We are now ready to state the central soundness result of abstract interpretation, which
states that concrete fixed points can be soundly computed in the abstract.

Theorem 2.3.9 (Fixed Point Transfer [38, 43]). Let (C,�) −−−→←−−−α
γ

(A,v) be a Galois con-
nection between complete lattices. If f : C → C is soundly approximated by g : A→ A, then
lfp f � γ(lfp g) and gfp f � γ(gfp g).

Computing Fixed Points Precisely and Approximately

We now address the question of how fixed points can be computed in the abstract. If
a transformer preserves certain joins or meets this can be accomplished via an iterative
procedure. We specialize the following statements for lattices.

Definition 2.3.13 (Kleene Iteration Sequence). Let f be a function on a poset P . The
upwards Kleene iteration sequence of f is given by F⊥i =̂ f i(⊥) where f0(p) = p and
f i+1(p) = f(f i(p)). The downwards Kleene iteration sequence f (F>i )i∈N0 is defined dually.

To state the conditions under which Kleene iteration leads to a fixed point, we need to
introduce some further notions.

Definition 2.3.14 (Directed Sets and Continuous Functions). A subset S of a partially
ordered set (P,v) is directed if every pair of elements in S has an upper bound in S. A
function f : P → Q between partially ordered sets (P,v) and (Q,�) is Scott-continuous if
for every directed set S ⊆ Q with join

⊔
S it holds that

b
s∈S f(s) is defined and f(

⊔
S) =b

s∈S f(s).

Scott-continuous functions are order-preserving and therefore have least fixed points on
complete lattices. These fixed points can be computed as the limit of the Kleene iteration
sequence.

Theorem 2.3.10 (Kleene’s Fixed Point Theorem [109] for Complete Lattices). Let L be a
complete lattice and f : L→ L be a Scott-continuous function. Then lfp f exists and is equal
to

⊔
i∈N0

F⊥i .
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The statement dualises for greatest fixed points.
If the underlying poset satisfies the ascending chain condition (ACC), then the upwards

Kleene iteration sequence converges in finitely many steps. Under the assumption that f
is computable, the fixed point of f can be computed by iterating the function f finitely
many times until the result converges. If ACC is not satisfied, or if one is willing to sacrifice
precision for increased efficiency, widening and narrowing [42] operators may be used to
accelerate the computation. We first define two related acceleration operators which we call
extrapolation and interpolation and then define widenings and narrowings as restrictions of
these operators with additional convergence properties. Widening and narrowing have been
defined in different ways throughout the literature. We adapt the definitions from [45] and
specialize them to complete lattices.

Extrapolation aims to jump ahead of the trajectory of an ascending iteration sequence
and can be viewed as an overapproximation of the join.

Definition 2.3.15 (Extrapolation). An upwards extrapolation operator is a function ∇� :
P(L)→ L on a complete lattice (L,v,u,t) such that for any Q ⊆ L it holds that

∀q ∈ Q. q v
⊔
Q v ∇�Q.

Clearly it is always the case that ∀q ∈ Q. q v
⊔
Q holds. The definition above is

redundant, but shows the relation to interpolation. Interpolation may be used to accelerate
a descending iteration sequence, and corresponds to an overapproximation of the meet.

Definition 2.3.16 (Interpolation). A downwards interpolation operator on a complete lat-
tice (L,v,u,t) is a function ∆� : P(L) → L such that for any non-empty set Q ⊆ L, the
following holds.

∃q ∈ Q.
l
Q v ∆�Q v q

Instead of the set-based operators with signature P(L)→ L defined above we will some-
times use unary or binary versions of these operators. A unary extrapolation is a function
∇� : L→ L such that the function λ{a}. ∇� a is an extrapolation operator that is partially
defined for arguments of cardinality one. For binary operators, we use infix notation, e.g.,
a∆� b for ∆�(a, b). Binary extrapolation is a function ∇� L × L → L such that the func-
tion λ{a, b}. a∇� b is an extrapolation operator that is partially defined for arguments of
cardinality 1 or 2. Binary interpolation is defined similarly.

Binary interpolation satisfies the following property which coincides with another com-
mon definition of interpolation.

Proposition 2.3.11 (Binary Interpolation). Let ∆� be a binary interpolation operator over
a complete lattice L. Then for a, b ∈ L the following statement holds.

a w b =⇒ a w a∆� b w b

Extrapolation and interpolation can be used to approximate Kleene iteration sequences.
This involves constructing an iteration sequence in which function application is alternated
with application of the interpolation and extrapolation operators. Different applications of
interpolation and extrapolation are possible depending on the number of iterates that are
considered when applying the operators. We consider only the case where two iterates are
considered and binary operators suffice. Considering more than the above number of iterates
can be viewed as a practical refinement.

Definition 2.3.17 (Iteration Sequence with Extrapolation). Given a transformer f : L→ L
on a complete lattice L and an upwards extrapolation ∇�, the upwards iteration sequence
with extrapolation is given as follows.

F
∇�
0 = ⊥ F

∇�
i+1 =̂ F

∇�
i ∇� f(F

∇�
i )

Downwards extrapolation ∇� and the downwards iteration with extrapolation are defined
dually.
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>

⊥

lfp
∇�

Upwards
Extrapolation

>

⊥

gfp

∆�

Downwards
Interpolation

>

⊥

gfp
∇�

Downwards
Extrapolation

>

⊥

lfp

∆�

Upwards
Interpolation

Figure 2.4: Extrapolation and interpolation.

Definition 2.3.18 (Iteration Sequence with Interpolation). For a transformer f : L→ L on
a complete lattice L and a downwards interpolation ∆�, the downwards iteration sequence
with interpolation is given as follows.

F
∆�
0 =̂ > F

∆�
i+1 =̂ F

∆�
i ∆� f(F

∆�
i )

Upwards interpolation and the upwards iteration with interpolation are defined dually.

Iteration sequences with interpolation and extrapolation are depicted in Figure 2.4. The
use of extrapolation and interpolation may lead to finite convergence of an otherwise infinite
iteration sequence, but this is not guaranteed. In order to guarantee finite convergence,
stronger constraints need to be imposed on the operators. The following definitions are
adapted from [45].

Definition 2.3.19 (Widening). A upwards widening is an upwards extrapolation ∇� such
that for any increasing sequence s0 v s1 v . . . the sequence ai = ∇� converges in a finite
number of steps. Downwards widening is defined dually.

Definition 2.3.20 (Narrowing). A downwards narrowing is a downwards interpolation ∆�
such that for any sequence (si)i∈N0 the sequence ai = ∇�{a0, . . . , ai−1, si} converges in a
finite number of steps. Upwards narrowing is defined dually.

The use of widening and narrowing allows fixed points to be approximated by finite
iteration. We specialize the soundness results from [45] to the case of complete lattices.

Theorem 2.3.12 (Soundness of Widening and Narrowing [45]). Let f : L→ L be a trans-
former on a complete lattice (L,v), let ∇� be an upwards widening and ∇� be a downwards

narrowing, then the sequences (F
∇�
i )i∈N0

and (F
∆�
i )i∈N0

converge in a finite number of steps
and the following holds.

lfp f v
⊔
i∈N0

F
∇�
i gfp f v

l

i∈N0

F
∆�
i

2.3.7 Precision and Completeness

Abstract interpretation in the Galois connection framework is sound by design. On the other
hand, the result of an abstract computation may lose precision compared to the concrete
result which can make it impossible to determine certain properties of interest. For this
section, fix g : A → A to be a sound approximation of f : C → C w.r.t. the Galois
connection (α, γ) between the posets (C,�) and (A,v).

There are three possible sources of imprecision when approximating the concrete fixed

point lfp f by computing the abstract iteration sequence (G
∇�
i )i∈N0 .



CHAPTER 2. LATTICES, ABSTRACTION AND LOGIC 25

• The abstract transformer g may be less precise than the best approximation α ◦ f ◦ γ.

• The abstract lattice may not be precise enough to capture the same information as
the concrete, even when best abstract transformers are used.

• The use of acceleration operators such as extrapolation and interpolation may lose
precision.

In logic, completeness notions characterize deductive systems with respect to their ability
to derive certain statements. Similarly, completeness notions in abstract interpretation char-
acterize the precision that can be obtained by applying an abstract transformer, compared
to applying its concrete counterpart.

Definition 2.3.21 (Completeness of Transformers). We define for a ∈ A and c ∈ C that
that g is

• γ-complete at a if γ ◦ g(a) = f ◦ γ(a) [68] and

• α-complete at c if g ◦ α(c) = α ◦ f(c) [43, 70].

The transformer g is complete for one of the completeness notions above if it is complete at
every element.

The completeness notions above are independent. An abstract transformer can be γ-
complete but not α-complete. This is the case when the abstract transformer loses no
precision compared to the concrete, but returns elements that are not best representations.
On the other hand a transformer that is α-complete but not γ-complete returns best repre-
sentations, but may still lose precisions.

2.3.8 Abstractly Interpreting Programs

Abstract interpretation was originally introduced as an approach for semantic analysis of
computer programs. Program semantics can be characterized as a fixed point on a complete
lattice. Approximate semantics can be obtained via abstract interpretation and used to
soundly decide program properties such as correctness.

Control-Flow Graphs and State Transition Systems

We model programs as control-flow graphs (cfg). A cfg is a directed graph where nodes
represent control locations and edges between nodes are labeled with program statements.
An execution of a program describes a path through the control-flow graph starting at a
unique initial control location; each edge traversal corresponds to a transformation of the
program state that respects the statement associated with the edge. Figure 2.5 shows an
example of a cfg for a simple program that counts from 0 to 10. The initial node n1 is
marked by an incoming edge with no source node.

Definition 2.3.22 (Control-Flow Graph). A control-flow graph (cfg) is a tuple (N,E, nI , st),
where N is the set of control locations, E ⊆ N ×N is the set of control-flow edges, nI ∈ N
is the initial location and st : E → P is a labeling of edges with program statements.

A path through a control-flow graph is a finite, non-empty sequence of control-locations
n1 . . . nk, such that there is an edge (ni, ni+1) ∈ E for all 1 ≤ i ≤ k − 1. A path n1n2 . . . nk
is initialized if n1 = nI . Every program execution describes an initialized path, but not
every initialized path corresponds to some program execution.

We assume that each statement s ∈ P is associated with a transition relation TΩ
s ⊆ Ω×Ω

over a set of memory states Ω. We can define the operational semantics of a cfg in terms
of a state transition system.
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n1 n2 n3

n4

x : = 0 [x ≤ 10]

x : =x+ 1

[x > 10]

Control locations N =̂ {n1, n2, n3, n4}
Control-flow edges E =̂ {(n1, n2), (n2, n3), (n2, n4), (n3, n2)}

Initial location ni =̂ n1

Labelling st =̂ {(n1, n2) 7→ x := 0, . . .}
Memory States M =̂ ({x} 7→ N)

States S =̂ N × ({x} 7→ N)

Figure 2.5: A simple program represented by a control-flow graph.

Definition 2.3.23 (State Transition System). A state transition system (or transition sys-
tem) is a tuple (Σ,→, I) where Σ is a set of states, → ⊆ Σ×Σ is a transition relation and
I ⊆ Σ is a set of initial states.

For (σ, σ′) ∈→ we write σ → σ′ and call σ a predecessor of σ′ and σ′ a successor of σ. We
denote by →∗ the reflexive, transitive closure of →. If σ →∗ σ′ then we say σ′ is reachable
from σ. We denote the reverse transition by ←, given as b← a exactly if a→ b. For a cfg
G = (N,E, nI , st) we define below a corresponding state transition system (ΣG,→G, IG) in
which states are pairs of control locations and memory states.

ΣG = (N × Ω)

→G = {((n1, ω1), (n2, ω2)) | (n1, n2) ∈ E and (ω1, ω2) ∈ TΩ
st(n1,n2)}

IG = {(nI , ω) | ω ∈ Ω}

Transition systems can be given a semantics in terms of the sets of states that are
reachable from the initial state.

Definition 2.3.24 (State Semantics [47]). The state semantics ‖(Σ,→, I)‖ ⊆ Σ of a tran-
sition system (Σ,→, I) is the set of states σ reachable from some initial state:

‖(Σ,→, I)‖ =̂ {σ | ∃i ∈ I. i→∗ σ}

The state semantics ‖G‖ of a cfg G is the state semantics of its associated transition system
(ΣG,→G, IG).

State semantics are called reachability semantics in [47].
We now discuss semantics in terms of execution traces. A well-formed trace through a

state transition system is a sequence of states that starts in some initial state and respects
the transition relation. We do not consider infinite traces.

Definition 2.3.25 (Trace). A trace π through a state transition system T = (Σ,→, I) is
a finite sequence of states. The set of all traces is Π =̂ Σ+. A trace π = π1 . . . πk ∈ Π
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S

post→(S)

˜post→(S)
˜pre→(S)

pre→(S)

Figure 2.6: State transformers.

respects → if π1 → π2 → . . . → πk and is initialized if π1 ∈ I. A trace is well-formed if it
is initialized and respects →. A (well-formed) trace over a cfg G is a (well-formed) trace
over its state transition system (ΣG,→G, IG).

Definition 2.3.26 (Trace Semantics [47]). The trace semantics ‖(Σ,→, I)‖∗ ⊆ Π of a
transition system (Σ,→, I) is the set of its well-formed traces. The trace semantics ‖G‖∗ of
a cfg G is the trace semantics of its associated transition system (ΣG,→G, IG).

Transformer and Fixed Point Semantics

In order to apply abstract interpretation to programs, we specify the semantics of a transition
system in terms of fixed points over complete lattices. We first define classic transformers
over the powerset lattice of states P(Σ). These notions are standard in the literature.

Definition 2.3.27 (State Transformers). For a transition relation→⊆ Σ×Σ, we define the
following transformers over P(Σ).

Strongest Postcondition (Existential Postcondition)

post→(S) =̂ {σ′ | ∃σ ∈ Σ. σ ∈ S ∧ σ → σ′}

Weakest Precondition (Universal Precondition)

˜pre→(S) =̂ {σ | ∀σ′ ∈ Σ. σ′ ∈ S ∨ σ 6→ σ′}

Universal Postcondition

˜post→(S) =̂ ˜pre←(S)

Existential Precondition

pre→(S) =̂ post←(S)

The above are classic transformers defined by transition systems. An example of applying
these transformers is shown in Figure 2.6. The strongest postcondition maps a set of states
S to the set of all successor states that may be reached in one step by starting from an
element σ ∈ S, whereas the weakest precondition maps S to the set of all states which can
only reach elements of S (if any).

We will sometimes omit the subscript and write post instead of post→, ˜post instead of
˜post→ and so on, if → is clear from context. The following are well-known properties of

these transformers.

Proposition 2.3.13. The following holds in a transition system (Σ,→, I).
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• The existential and universal postconditions, and the existential and universal precon-
ditions are De Morgan dual.

post (S) = ¬ ˜post (¬S) ˜pre (S) = ¬pre (¬S)

• The state transformers form a Galois connections as follows.

(P(Σ),⊆) −−−−−→←−−−−−
post

˜pre
(P(Σ),⊆) (P(Σ),⊆) −−−−−→←−−−−−

pre

˜post
(P(Σ),⊆)

• post and pre are completely additive.

• ˜pre and ˜post are completely multiplicative.

We can define a strongest postcondition and weakest precondition over traces rather than
states, which operate by extending and shortening traces, respectively.

Definition 2.3.28 (Trace Transformers). For a transition relation → ⊆ Σ×Σ, we define
the following transformers over P(Π) where the variables σ and σ′ range over states in Σ
and the variable π ranges over the set of (possibly empty) sequences of states in Σ∗.

Strongest Postcondition (Existential Postcondition)

tpost→(P ) =̂ {πσσ′ | πσ ∈ P ∧ σ → σ′}

Weakest Precondition (Universal Precondition)

˜tpre→(P ) =̂ {πσ | ∀σ′ ∈ Σ. πσσ′ ∈ P ∨ σ 6→ σ′}

Existential Precondition

tpre→(P ) =̂ {σ′σπ | σ′π ∈ P ∧ σ′ → σ}

Universal Postcondition

˜tpost→(P ) =̂ {σπ | ∀σ′ ∈ Σ. σ′σπ ∈ P ∨ σ′ 6→ σ}

We now characterize the trace and state semantics as fixed points over the transformers
above.

Proposition 2.3.14. For a transition system (S,→, I), trace semantics and state semantics
can be characterized as the following fixed points.

‖(S,→, I)‖∗ = lfpX. tpost(X) ∪ I ‖(S,→, I)‖ = lfpX. post(X) ∪ I

Fixed Point Characterizations of Safety

In formal verification, program semantics are computed to check adherence to some spec-
ification. We are concerned with specifications that are given in terms of a set of allowed
states Ξ ⊆ S. A state σ ∈ ¬Ξ is called an error state. This is a restricted variant of the
safety problem.

Definition 2.3.29 (Safety Checking). A transition system T = (Σ,→, I) is safe with
respect to a specification Ξ ⊆ Σ, if every well-formed trace contains only states σ in Ξ, and
unsafe otherwise. The safety problem is for T and Ξ is to decide whether T is safe w.r.t. Ξ.

We can determine safety using fixed point computations. For this we introduce some
notation for a transition system (Σ,→, I) and a safety specification Ξ below.

I∗ =̂ {π ∈ P | ∃σ ∈ π. σ ∈ I} Ξ∗ =̂ {π ∈ P | ∀σ ∈ π. σ ∈ Ξ}

The following proposition summarizes well-known conditions for safety.
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Proposition 2.3.15. The following statements hold exactly if the transition system T =̂
(Σ,→, I) is safe w.r.t. Ξ.

(i) lfpX. I ∪ tpost(X) ⊆ Ξ∗

(ii) lfpX. ¬Ξ ∪ tpre(X) ⊆ ¬I∗

(iii) (lfpX. I ∪ tpost(X)) ∩ (lfpX. ¬Ξ ∪ tpre(X)) = ∅

(iv) gfpX. Ξ∗ ∩ ˜tpre(X) ⊇ I

(v) gfpX. ¬I∗ ∩ ˜tpost(X) ⊇ ¬Ξ∗

(vi) (gfpX. Ξ∗ ∩ ˜tpre(X)) ∪ (gfpX. ¬I∗ ∩ ˜tpost(X)) = Π

Proof. For (i), (ii) and (iii), first consider that lfpX. I ∪ tpost(X) is the set of traces π s.t. π
respects → and is initialized and that gfpX. I ∪ tpre(X) is the set of traces π s.t. π respect
→ and ends in an error state σ 6∈ Ξ. We skip the proofs for these characterizations since
they are standard. Condition (i) then states that all initialized traces that respect → only
contain states in Ξ. This is equivalent to stating that every well-formed trace contains only
states in Ξ, which is equivalent to safety. Condition (ii) states that every trace that respects
the transition relation → and ends in an error state does not contain the initial state. This
is equivalent to stating that all well-formed traces do not end in an error state. Since the set
of well-formed traces is prefix-closed, this is equivalent to stating that no well-formed trace
contains an error state, which is equivalent to safety. Condition (iii) states that there is no
trace that is initialized, respects → and ends in an error state. Again, due to prefix closure
of the set of well-formed traces, this is equivalent to stating that there is no trace that is
well-formed and contains an error state.

For (iv), (v) and (vi), consider that gfpX. Ξ∗ ∩ ˜tpre(X) is the set of traces π that are
not the prefix of any trace π · π′ that respects → and contains an error state, and that
gfpX. ¬I∗ ∩ ˜tpost(X) is the set of traces π that are not the suffix of some trace π′π that
respects → and contains an initial state. Condition (iv) then states that for all i ∈ I, there
is no trace π = i · π′ such that π respects → and contains an error state. This is equivalent
to stating that there is no well-formed trace that contains an error state, which is equivalent
to safety of T . Condition (v) states that for all e ∈ ¬Ξ, there is no trace π = π′e such
that π contains an initial state and respects →. Since the set of traces that respects →
is suffix-closed, this is equivalent to stating that there is no trace π = π′e such that π is
initialized and respects →. This is equivalent to stating that there is no trace that is well-
formed and ends in an error state. Since the set of well-formed traces is prefix closed this is
equivalent to stating that no well-formed trace contains an error state, therefore, condition
(v) is equivalent to T being safe. Finally, condition (vi) states that for every trace π ∈ Π,
π is not the prefix of any trace that respects → and contains an error state or that π is not
the suffix of any trace that respects → and contains an initial state. Therefore, no trace
respects the transition relation→ and contains an initial state and an error state. Since the
set of traces that respect → is suffix closed, this is equivalent to stating that no well-formed
trace contains an error state, which is equivalent to safety of T .

Checking the above properties using overapproximate and underapproximate abstract
domains, gives us various conditions that are either sufficient or necessary for safety, but not
both. The fixed point expressions Proposition 2.3.15 can be soundly approximated using ab-
stract interpretation. The results can be checked against the conditions in Proposition 2.3.15
to determine safety.

2.4 Logic

We now provide preliminary material on logic. We start with our definition of a logical
semantics.
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Definition 2.4.1 (Logical Semantics). A logical semantics is a triple L = (S, |=,F) where
(i)-(iii) below hold.

(i) S is a set, called the set of structures of L and

(ii) F is formal language, called the set of formulas of L,

(iii) |=, called the semantic entailment relation of L, is a binary relation between S and F .

In this dissertation, we take a semantic approach. For our purposes, we abstract away
from the way the set of formulas is constructed (typically, it is inductively generated) and
how the semantics are defined (typically inductively, on the structure of the formula). From
now on, we will call a logical semantics a logic, which deviates from standard practice in the
logic literature, but is in line with informal usage of the term in the satisfiability context.
Furthermore, for some logics, the set of structures S may be a proper class rather than a
set. We will not consider such cases and therefore the above definition suffices.

We establish some basic terminology. If σ |= ϕ holds, then σ models ϕ, and σ is called a
model of ϕ. If σ does not model ϕ, it is a countermodel. A formula ϕ is satisfiable if it has
a model; it is valid if it does not have a countermodel. The semantics of a formula ‖ϕ‖ of a
formula ϕ is the set of models of the formula.

2.4.1 Propositional Logic and SAT

We now define propositional logic, which will play a central role in this thesis.

Syntax Let P be a finite set of propositions. The set of formulas FP of propositional logic
is defined inductively as the smallest set such that (a)-(d) below hold.

(a) For any p ∈ P , p ∈ FP .

(b) For any ϕ ∈ FP , the negation of ϕ, ¬ϕ is in FP .

(c) For any ϕ1, . . . , ϕk ∈ FP for k ≥ 0 the disjunction ϕ1 ∨ . . . ∨ ϕk is in FP . The empty
disjunction (where k = 0) is denoted by the truth constant f.

(d) For any ϕ1, . . . , ϕk ∈ FP for k ≥ 0 the conjunction ϕ1 ∧ . . . ∧ ϕk is in FP . The empty
conjunction (where k = 0) is denoted by the truth constant t.

We use parenthesis to clarify formula structure where necessary. We also use the following
shorthands.

ϕ =⇒ ψ for ¬ϕ ∨ ψ ϕ ⇐⇒ ψ for (ϕ =⇒ ψ) ∧ (ψ =⇒ ϕ)

For p ∈ P , a formula of the form p is positive phase literal and a formula of the form ¬p is
a negative phase literal. A clause C is a (possibly empty) disjunction over literals l1∨ . . .∨ lk
and a formula ϕ in Conjunctive Normal Form (cnf) is a (possibly empty) conjunction of
clauses C1∧ . . .∧Ck. As is common in the literature, we will sometimes treat clauses as sets
of literals and cnf formulas as sets of clauses. We denote the set of propositional clauses
and cnf formulas, by ClausesP and Fcnf

P , respectively.

Semantics The semantics of propositional logic are given in terms of the set of proposi-
tional assignments, SP =̂ P → B, which map propositions to the Boolean truth values true
and false, denoted t and f, respectively. The set of Boolean truth values is B =̂ {t, f}. The
relation |= between SP and FP is then defined inductively on the structure of the formulas
as follows, where ρ is a propositional assignment.

(a) For a proposition p ∈ P , it holds that ρ |= p exactly if ρ(p) = t.
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(b) For a negation ¬ϕ ∈ FP , it holds that ρ |= ¬ϕ exactly if ρ 6|= ϕ.

(c) For a disjunction ϕ1 ∨ . . . ∨ ϕk ∈ FP , it holds that ρ |= ϕ1 ∨ . . . ∨ ϕk exactly if there is
an i with 1 ≤ i ≤ k such that ρ |= ϕi. As a consequence, it holds universally that ρ 6|= f.

(d) For a conjunction ϕ1 ∧ . . . ∧ ϕk ∈ FP , it holds that ρ |= ϕ1 ∧ . . . ∧ ϕk exactly if for all i
with 1 ≤ i ≤ k it holds that ρ |= ϕi. As a consequence, it holds universally that ρ |= t.

Since we will be mainly concerned with studying sets of clauses, we give the following re-
stricted definition of propositional logic. Propositional logic is the logic LP =̂ (ClausesP , |=P

,SP ). The propositional satisfiability problem (sat) is the problem of deciding whether there
is a propositional assignment that models each clause in a given, finite set ϕ ⊆ ClausesP .

The satisfiability of any single propositional formula of arbitrary structure can be decided
by transforming it into an equisatisfiable sat instance of the form above [168, 146].

2.4.2 Quantifier-Free First Order Logic and SMT

The area of Satisfiability Modulo Theories (smt) [9] is concerned with satisfiability of some
fragment of first-order logic with respect to some background theory. Formulas considered in
smt are ground, that is, they do not contain first-order variables and they are quantifier-free,
meaning that they do not contain the first-order quantifiers ∀ and ∃.

Syntax Formulas in first-order logic are defined over a signature Σ, which is a set of
function symbols and predicate symbols. Each symbol f in Σ is associated with an arity
ar(f) in N0. Predicate and function symbols with arity zero are called propositions and
constants, respectively.

We first define the set TΣ of ground first-order terms over the signature Σ inductively as
the smallest set that satisfies the conditions (a) and (b) below.

(a) Let p be a constant in Σ, then p is also a term in TΣ.

(b) Let f be a function symbol in Σ, and let t1, . . . , tar(f) be terms in TΣ, then f(t1, . . . , tar(f))
is a term in TΣ.

We now define the set FΣ of ground, quantifier-free first-order formulas over the signature
Σ (or simply, Σ-formulas), inductively as the smallest set satisfying (a) to (d) below.

(a) Let p be a predicate symbol and let t1, . . . , tar(p) ∈ TΣ be terms, then p(t1, . . . , tar(p)) is
in FΣ.

(b) For any ϕ ∈ FΣ, the negation of ϕ, ¬ϕ is in FΣ.

(c) For any ϕ1, . . . , ϕk ∈ FΣ for k ≥ 0 the disjunction ϕ1 ∨ . . . ∨ ϕk is in FΣ. The empty
disjunction (where k = 0) is denoted by the truth constant f.

(d) For any ϕ1, . . . , ϕk ∈ FΣ for k ≥ 0 the conjunction ϕ1 ∧ . . . ∧ ϕk is in FΣ. The empty
conjunction (where k = 0) is denoted by the truth constant t.

Semantics First-order formulas are evaluated with respect to a first-order structure. A
Σ-structure for a signature Σ is a pair (U, ξ) consisting of a non-empty set U called the
universe and an interpretation function ξ with the signature as below.

ξ : Σ→ (
⋃
i∈N0

P(U i)) ∪ (
⋃
i∈N0

U i → U)

Interpretation functions provide the meaning of the symbols defined in the signature by
assigning each predicate symbol p in Σ to a relation in P(Uar(p)) and each function symbol
f to a function Uar(p) → U . We extend interpretation functions to terms as follows.

ξ(f(t1, . . . , tk)) =̂ ξ(f)(ξ(t1), . . . , ξ(tk))
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Given a structure σ = (U, ξ), we will for convenience denote ξ(p) as σ(p) for any symbol
p ∈ Σ.

The entailment relation |=Σ of a ground, quantifier-free formula ϕ ∈ FΣ can be defined
as follows, where σ is some first-order Σ-structure.

(a) For a predicate symbol p of arity k and terms t1, . . . , tk, it holds that σ |=Σ p(t1, . . . , tk)
exactly if (σ(t1), . . . , σ(tk)) ∈ σ(p).

(b) For a negation ¬ϕ ∈ FΣ, it holds that σ |=Σ ¬ϕ exactly if σ 6|=Σ ϕ.

(c) For a disjunction ϕ1 ∨ . . . ∨ ϕk ∈ FΣ, it holds that σ |=Σ ϕ1 ∨ . . . ∨ ϕk exactly if there
is an i s.t. 1 ≤ i ≤ k and σ |=Σ ϕi. As a consequence, it holds universally that σ 6|=Σ f.

(d) For a conjunction ϕ1 ∧ . . . ∧ ϕk ∈ FΣ, it holds that σ |=Σ ϕ1 ∧ . . . ∧ ϕk exactly if for
all i with 1 ≤ i ≤ k it holds that σ |=Σ ϕi. As a consequence, it holds universally that
σ |=Σ t.

We denote the set of terms occurring in a formula ϕ by H(ϕ) (this set is also called
the Herbrand universe). A ground, quantifier free-formula ϕ is atomic if ϕ is a predicate
p(t1, . . . , tk) over a possibly empty set of terms t1, . . . , tk, and a first-order literal if it is
atomic or a negation ¬ϕ of an atomic formula ϕ. In the former case, it is in positive phase,
in the latter, in negative phase. We denote the set of atomic subformulas of a formula ϕ as
A(ϕ), and the set of literals occurring in ϕ as L(ϕ). The formula ϕ is a first-order clause if
it is a disjunction l1, . . . , lk of first-order literals. We denote by ClausesΣ the set of ground,
quantifier-free first-order clauses over a signature Σ.

In smt, formulas are analyzed with respect to a background theory, which fixes the
interpretation of certain functions and predicates. Following convention [9], we define an
smt theory as a set of Σ-structures SΣ. Also following convention, we refer to a constant v
as a variable if v may take more than one value in the interpretations in SΣ. For example,
consider a theory in which integer constants are given their standard interpretation. The
symbol 2 occurring in a formula is then a constant, but since it is interpreted as the number
2 in every interpretation, it is not a variable. An uninterpreted constant symbol v that
is assigned to different numbers in Z by different interpretations, on the other hand, is a
variable. We denote the set of variables occurring in a formula ϕ as V(ϕ). We use the term
smt logic to denote ground, quantifier-free fragments of first-order logic, evaluated with
respect to an smt theory SΣ, i.e., a logic of the form

L = (SΣ, |=Σ,FΣ),

where SΣ is an smt theory, FΣ is a set of ground, quantifier-free Σ-formulas and |=Σ is
defined as above. The Satisfiability Modulo Theory problem (smt) is to decide, given an
smt logic (SΣ, |=Σ,FΣ) and a formula ϕ ∈ FΣ, whether ϕ has a model in SΣ.



Chapter 3

An Algebraic Satisfiability
Framework

This dissertation generalizes logical satisfiability and presents a new understanding of sat
algorithms in the framework of abstract interpretation. The consequences of this under-
standing include the ability to generalize existing sat algorithms and to relate procedures
in program analysis and satisfiability research. We derive these results within a novel for-
mal framework called abstract satisfaction. This chapter introduces the framework; the
contributions are as follows.

• A fixed point characterization of logical satisfiability.

• A methodology for applying abstract interpretation to approximate the resulting fixed
points.

• A generalization of the satisfiability problem to a decision problem involving closure
operators, which we call the bottom-everywhere problem.

• A lifting of our abstract-interpretation based satisfiability framework to the bottom-
everywhere problem to obtain the abstract satisfaction framework.

The main application of abstract satisfaction is to allow a joint treatment of program analysis
and satisfiability, and to enable technology transfer between the two fields. This is reflected
in the coming chapters. In Chapter 5, we generalize an existing satisfiability procedure
using the framework of abstract satisfaction. Chapters 6 and 7 show how the resulting
abstract algorithm can be instantiated to yield both novel satisfiability solvers and program
analyzers.

Motivation In the satisfiability literature, two styles of presentation are common for al-
gorithms. One is the proof-theoretic perspective, wherein the algorithm is viewed as the
systematic application of a set proof rules for some logic. The second is a detailed discus-
sion of low-level data structures and procedures to facilitate effective implementations.

The algebraic perspective brought to bear by abstract interpretation provides a map of
the landscape of sound satisfiability procedures, which complements the proof-theoretic and
low-level algorithmic perspectives that are common. For a single algorithm, an algebraic
analysis allows for a new formal understanding, including new proofs of existing results, but
most importantly, generalizations of the algorithm to novel application domains. Study-
ing multiple algorithms, the analysis provides the formally rigorous conceptual vocabulary
necessary to study similarities and differences between procedures. Finally, an algebraic
understanding of satisfiability procedures can guide the search for novel procedures, and
provide a formal blueprint for modular and extensible software architectures.

33
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The abstract satisfaction framework presented in this section forms the basis of the
remainder of all work in this thesis. In Chapter 4, we use abstract satisfaction to give
algebraic characterizations of existing satisfiability procedures. In Chapter 5, we use it to
generalize satisfiability procedures to new problem domains. Concrete instantiations of the
resulting generalized algorithms are presented in Chapters 6 and 7.

Outline Section 3.1 introduces the abstract satisfaction framework, a framework for apply-
ing abstract interpretation to the satisfiability problem. Section 3.2 introduces the bottom-
everywhere problem, which generalizes abstract satisfaction to a framework for checking
properties of closure operators.

3.1 Applying Abstract Interpretation to Logic

We now present a framework for applying abstract interpretation to logic. For a logic
L = (S, |=,F), we consider the concrete lattice as the semantic universe, that is, the powerset
domain of structures P(S). Section 3.1.1 introduces transformers on this lattice that are
semantic counterparts to various inference tasks. Section 3.1.2 discusses how approximations
of these transformers can be applied to determine satisfiability of formulas.

3.1.1 Structure Transformer

The use of logic for problem solving can be viewed as a two-step process. The first step is to
construct a logical formula to reflect some property of an object of interest. The second step
is to apply logical inference to obtain additional information about the problem. We use
the term inference to denote mappings between logical assertions. Assume a background
theory. We distinguish four modes of inference.

• Deduction, which is concerned with finding necessary consequences of a statement.

• Abduction, which derives sufficient reasons for a statement.

• Counterdeduction, which models contrapositive reasoning and finds necessary conse-
quences of a statement under the assumption that the theory is false.

• Counterabduction, which finds sufficient reason for a statement under the assumption
that the theory is false.

The following structure transformers represent concrete, semantic versions of these logical
inference tasks. The transformers are defined with respect to some formula ϕ, which takes
the role of the background theory.

Definition 3.1.1 (Structure Transformers). Let L = (S, |=,F) be a logic, and let ϕ ∈ F
be a formula. The structure transformers of ϕ are defined below.

Deduction transformer

dedϕ(S) =̂ {σ ∈ S | σ ∈ S ∧ σ |= ϕ}

Abduction transformer

abdϕ(S) =̂ {σ ∈ S | σ ∈ S ∨ σ 6|= ϕ}

Counterdeduction transformer

cdedϕ(S) =̂ {σ ∈ S | σ ∈ S ∧ σ 6|= ϕ}

Counterabduction transformer

cabdϕ(S) =̂ {σ ∈ S | σ ∈ S ∨ σ |= ϕ}



CHAPTER 3. AN ALGEBRAIC SATISFIABILITY FRAMEWORK 35

The deduction transformer removes structures from the input set which do not satisfy
the formula ϕ. To illustrate that the deduction transformer is a semantic counterpart of
deduction, consider two formulas ϕS and ϕR such that the sets S and R are, respectively,
the models of the two formulas. Applying the deduction transformer dedϕR(S) computes
the strongest semantically expressed consequence of S, assuming the truth of ϕR. The result
is dedϕR(S) = ‖ϕR‖ ∩ S = R∩ S. This is the semantic equivalent of deriving the statement
ϕS ∧ ϕR.

The abduction transformer adds structures to the input set that do not satisfy a given
formula. Abduction denotes, informally speaking, the act of extracting from a statement ψ
a reason ϕ whose truth suffices to ensure the truth of ψ with respect to some background
theory. Computing the transformer abdϕ(S) can be viewed as finding the weakest semanti-
cally expressed reason for S, assuming the truth of the statement ϕ. Defining S and R as
above, the result of applying abdϕR to a set of models S is the set ¬R ∪ S, which is the set
of models of the formula ϕR =⇒ ϕS .

Abduction and deduction provide dual perspectives on logical inference. If extracting
ψ starting from ϕ is sound deductive inference, then extracting ϕ from ψ is sound abduc-
tive inference. This relationship manifests mathematically as a Galois connection between
abduction and deduction transformers.

There are two justifications for using the definition of abduction provided in this chapter.
As shown in Chapters 4 and 5, our notion of abduction formalizes operations in sat solvers
that are commonly described as “finding conflict reasons”. These operations are used to find
logical statements that are sufficient for deriving a contradiction. The notion of abduction
in logic [120] does not cover such operations since it requires that the result of abduction
must be consistent with the background theory and conflict reasons do not satisfy this
requirement.

In contrast to logic-based abduction, our notion of abduction is a symmetric counterpart
to deduction, without any additional restrictions. Just as in deduction, anything follows
from a contradiction, in our conception of abduction, a contradiction is a sufficient explana-
tion for anything. The following statement illustrates the fundamental connection between
abduction and deduction.

Proposition 3.1.1. The deduction and abduction transformers form the Galois connection
below.

(P(S),⊆) −−−−−→←−−−−−
dedϕ

abdϕ
(P(S),⊆)

Proof. Monotonicity of abdϕ and dedϕ is easy to see. We have that abdϕ◦dedϕ(S) = S∪{σ ∈
S | σ 6|= ϕ}, therefore abdϕ◦dedϕ is inflationary. Similarly, dedϕ◦abdϕ(S) = S∩{σ ∈ S | σ |=
ϕ}, therefore dedϕ ◦ abdϕ is deflationary. The result follows from Proposition 2.3.4.

For some logics, approximations of the structure transformers are available in existing
abstract domains. The reason is that approximate state transformers over guard statements
correspond to approximations of the structure transformers.

Proposition 3.1.2. Let S be the set of memory states associated with some cfg G, and let
T[ϕ] ⊆ S × S be the transition relation of some guard statement where (σ, σ′) ∈ T[ϕ] exactly
if σ = σ′ and σ |= ϕ. Then the following equivalences hold.

(i) postT[ϕ]
= dedϕ (ii) ˜preT[ϕ]

= abdϕ

Proof. We have that postT[ϕ]
(S) = {σ ∈ S | ∃σ′ ∈ S. σ′ = σ ∧ σ′ |= ϕ}. This set is equal

to {σ ∈ S | σ ∈ S ∧ σ |= ϕ} = dedϕ(S). Conversely, ˜preT[ϕ]
(S) = {σ ∈ S | ∀σ′ ∈ S.σ′ ∈

S∨¬(σ′ = σ∧σ′ |= ϕ)}, which is equal to {σ ∈ S | ∀σ′ ∈ S.σ′ ∈ S∨¬(σ′ = σ∧σ′ |= ϕ)}.

The following proposition shows that the relationship between abduction and deduction
is an instance of a more general pattern.
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Figure 3.1: Schematic depictions of the structure transformers. The set labeled ϕ is the set
of models of ϕ. The result of transformer application is in blue.

Proposition 3.1.3. The functions dedϕ and abdϕ are De Morgan duals.

Proof.

¬ ◦ abdϕ(¬S) = ¬{σ | σ ∈ ¬S ∨ σ 6|= ϕ}
= {σ | σ 6∈ ¬S ∧ σ |= ϕ}
= {σ | σ ∈ S ∧ σ |= ϕ}
= dedϕ(S)

Counterdeduction and counterabduction correspond, respectively, to deduction and ab-
duction w.r.t. to the complement of the semantics of the formula. If the underlying
logic admits a logical negation operator ¬ that complements semantics, then we have that
cdedϕ = ded¬ϕ and cabdϕ = abd¬ϕ. We note that while many logics have such a nega-
tion operator, many logical algorithms internally use restricted problem representations and
logical data structures that lack negation. Similarly, precise negation operators are rare in
abstract domains.

We illustrate the transformers in Figure 3.1 and with the following example from propo-
sitional logic.

Example 3.1.1. Consider the following propositional formula.

ϕ =̂ (p ∨ q)

In the following, we denote a structure {p 7→ t, q 7→ f} simply by tf. Recall that ‖ϕ‖ denotes
the set of models of ϕ.

dedϕ(>) returns the models of the following formula.

dedϕ(>) = dedp(>) ∪ dedq(>) = {tt, tf, ft}
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abdϕ(⊥) finds conditions that make the formula false.

abdϕ(⊥) = abdp(⊥) ∩ abdq(⊥) = {ff}

The following examples show the relation of these transformers to logical inference.

dedϕ(‖¬p‖) = dedϕ({ff, ft}) = {ft} = ‖¬p ∧ q‖
abdϕ(‖p‖) = abdϕ({tf, tt}) == {tf, tt,ff} = ‖p ∨ ¬q‖

Transformers for logics can typically be defined inductively on the structure of the for-
mula. We demonstrate this via the case of propositional logic.

Proposition 3.1.4 (Structure Transformers for Propositional Logic). Consider a proposi-
tional formula ϕ over a finite set of propositions P and the set of propositional structures
SP = P → B. The structure transformers dedϕ, abdϕ, cdedϕ, cabdϕ have the inductive
characterization given below.

If ϕ = p for p ∈ P , then:

dedϕ(S) = {σ | σ ∈ S ∧ σ(p) = t} abdϕ(S) = {σ | σ ∈ S ∨ σ(p) = f}
cdedϕ(S) = {σ | σ ∈ S ∧ σ(p) = f} cabdϕ(S) = {σ | σ ∈ S ∨ σ(p) = t}

if ϕ = ¬ψ, then:

dedϕ(S) = cdedψ(S) abdϕ(S) = cabdψ(S)

cdedϕ(S) = dedψ(S) cabdϕ(S) = abdψ(S)

if ϕ =
∨

Ψ, then:

dedϕ(S) =
⋃
ψ∈Ψ

dedψ(S) abdϕ(S) =
⋂
ψ∈Ψ

abdψ(S)

cdedϕ(S) =
⋃
ψ∈Ψ

cdedψ(S) cabdϕ(S) =
⋂
ψ∈Ψ

cabdψ(S)

if ϕ =
∧

Ψ, then:

dedϕ(S) =
⋂
ψ∈Ψ

dedψ(S) abdϕ(S) =
⋃
ψ∈Ψ

abdψ(S)

cdedϕ(S) =
⋂
ψ∈Ψ

cdedψ(S) cabdϕ(S) =
⋃
ψ∈Ψ

cabdψ(S)

Proof. Remember that for a proposition p, we have that σ |= p exactly if σ(p) = t. It is
therefore easy to see that the transformers dedp, abdp, cdedp and cabdp may be characterized
as above.

We show the remaining cases only for the deduction transformer.

For ϕ = ¬ψ, dedϕ(S) = {σ | σ ∈ S ∧ σ |= ¬ψ}
= {σ | σ ∈ S ∧ σ 6|= ψ} = cdedψ(S)

For ϕ =
∨
ψ, dedϕ(S) = {σ | σ ∈ S ∧ σ |=

∨
ψ}

= {σ | ∃ψ ∈ Ψ. σ ∈ S ∧ σ |= ψ}

=
⋃
ψ∈Ψ

{σ | σ ∈ S ∧ σ |= ψ} =
⋃
ψ∈Ψ

dedψ(S)

For ϕ =
∧
ψ, dedϕ(S) = {σ | σ ∈ S ∧ σ |=

∧
ψ}
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= {σ | ∀ψ ∈ Ψ. σ ∈ S ∧ σ |= ψ}

=
⋂
ψ∈Ψ

{σ | σ ∈ S ∧ σ |= ψ} =
⋂
ψ∈Ψ

dedψ(S)

The structure transformers are closure operators that add or remove certain structures
from a given set.

Proposition 3.1.5. The transformers dedϕ and cdedϕ are lower closure operators. The
transformers abdϕ and cabdϕ are upper closure operators.

Proof. We show the case for dedϕ, the other cases are similar. It is easy to see that the
transformer is deflationary and monotone. We now show that it is idempotent. We have
that dedϕ(S) = S ∩‖ϕ‖. The expression dedϕ ◦ dedϕ(S) is then equivalent to S ∩‖ϕ‖∩ ‖ϕ‖
which is equivalent to S ∩ ‖ϕ‖ and dedϕ(S).

3.1.2 Satisfiability via Abstract Fixed Points

As a first step towards applying abstract interpretation logic, we characterize satisfiability
and validity in terms of fixed points. This may seem odd, since the greatest fixed point of an
idempotent function such as dedϕ is the element dedϕ(>). Since the abstraction of a lower
closure is not always a lower closure, computing a fixed point with the abstract transformer
yields strictly more precision than applying it once. The next chapter will provide examples.
Approximation of closure operators via abstract fixed point computations is well-known [38].

Theorem 3.1.6 (Fixed Point Characterization of Satisfiability). The following two condi-
tions are equivalent to unsatisfiability of ϕ.

(i) gfp dedϕ = ⊥ (ii) lfp abdϕ = >

The following two conditions are equivalent to validity of ϕ.

(iii) gfp cdedϕ = ⊥ (iv) lfp cabdϕ = >

Proof. Since dedϕ is a closure operator, we have that gfp dedϕ = dedϕ(>), which is the set
of models of ϕ. The formula ϕ is satisfiable exactly if this set is non-empty. The second
statement follows from De Morgan duality: lfp abdϕ = abdϕ(⊥) = ¬dedϕ(>), therefore ϕ is
satisfiable exactly if lfp abdϕ(⊥).

For statement (iii), it’s easy to see by a similar argument that gfp cdedϕ = ⊥ holds
exactly if there is no countermodel, and for (iv) that lfp cabdϕ = > holds exactly if every
formula is a model.

We are now ready to state the main soundness theorem, which shows how abstract
interpretation can be applied to determine satisfiability and validity.

Theorem 3.1.7 (Abstract Satisfaction). Let odedϕ, oabdϕ, ocdedϕ ocabdϕ : O → O be sound
overapproximations of the structure transformers w.r.t. (αO, γO) and let udedϕ, uabdϕ,
udedϕ and ucabdϕ : U → U be sound underapproximations of the structure transformers
w.r.t. (αU , γU ).

Then ϕ is unsatisfiable if one of the following conditions hold:

(i) γO(gfp odedϕ) = ⊥ (ii) γU (lfp uabdϕ) = >

Then ϕ is valid if one of the following conditions hold:

(iii) γO(gfp ocdedϕ) = ⊥ (iv) γU (lfp ucabdϕ) = >
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Proof. The results follow from fixed point transfer and Theorem 3.1.6.

The above theorem gives conditions for determining unsatisfiability and validity. It
is also possible to determine whether a formula is satisfiable or invalid in the abstract
using completeness properties of transformers. We discuss this in a generalized setting in
Section 3.2.

3.2 The Bottom-Everywhere Problem

This section generalizes the satisfiability problem to an algebraic problem called the bottom-
everywhere problem. The bottom-everywhere problem is to check whether a deflationary,
completely additive function on a Boolean algebra maps every element to the bottom of the
lattice. This generalization has a number of appealing properties: It preserves the duality
between satisfiability and validity, which will be algorithmically relevant for fixed point
combination procedures discussed in Chapters 4 and 5. It also allows us to view logical
satisfiability and program correctness as the same problem. We explore the consequences
of this in Chapters 6 and 7 which discuss two practical instantiations of the same algebraic
algorithm, one as an smt solver and one as a program verifier.

The motivation for this generalization is to provide a framework that is broad enough
to enable description of satisfiability algorithms and program analyzers in a common frame-
work.

Besides defining the bottom-everywhere problem, this section establishes fixed point
characterizations of the bottom everywhere problem and describes techniques for approxi-
mating these fixed points in abstractions. We show that satisfiability the satisfiability prob-
lem for logical formulas and the error reachability problem for programs are instances of the
bottom-everywhere problem. We also provide generalized notions of abstract and concrete
witnesses and counterwitnesses, which generalize notions such as models, counterexamples
and invariants.

3.2.1 Bottom-Everywhere

We first formally define the bottom-everywhere problem. The following sections will provide
intuition by showing how satisfiability and reachability can be viewed as instances of this
problem.

Definition 3.2.1 (Bottom-Everywhere). Let B be a bounded lattice. A function f : B → B
is bottom everywhere if for all b ∈ B, f(b) = ⊥. A function g : B → B is top everywhere if
for all b ∈ B, g(b) = >.

Definition 3.2.2 (The Bottom-Everywhere Problem). Let B be a complete Boolean al-
gebra. The bottom-everywhere problem for a completely additive, deflationary function
f : B → B is to decide whether f is bottom everywhere. Dually, the top-everywhere problem
for a completely multiplicative, inflationary function g : B → B is to decide whether g is
top-everywhere.

We provide an alternative characterization for functions such as f and g above.

Proposition 3.2.1. A function f on a complete Boolean algebra (B,⊆,∩,∪), is completely
additive and deflationary exactly if there is some a ∈ A such that for any b ∈ B:

f(b) = b ∩ a

Proof. Assume f is completely additive and deflationary. It follows that b∩f(>) = b∩f(b∪
¬b) and due to additivity of f , this is equal to b ∩ (f(b) ∪ f(¬b)). By distributivity, we get
(b ∩ f(b)) ∪ (b ∩ f(¬b)). Since f(¬b) ⊆ ¬b we have that b ∩ f(¬b) = ⊥ and b ∩ f(b) = f(b),
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therefore b ∩ f(b ∪ ¬b) = f(b). It follows that the element f(>) is an a such as required
above.

Now consider a function f = λb. b ∩ a for some a ∈ B. Clearly, f is deflationary. Now
consider a set Q ⊆ B, then we have that f(

⋃
Q) = (

⋃
Q) ∩ a. Complete Boolean algebras

satisfy a infinitary distributive law which equates the above statement to
⋃
q∈Q(q∩a), which

is in turn equal to
⋃
q∈Q f(q). Therefore, f is completely additive.

We can now see that the functions we study are closure operators.

Proposition 3.2.2. Every completely additive, deflationary function f : B → B on a
Boolean algebra (B,⊆,∩,∪) is a lower closure operator.

Proof. We first show that f is order-preserving. Let a, b ∈ B such that a ⊆ b. By Proposi-
tion 3.2.1, it then holds that f(a) = a ∩ f(>) and f(b) = b ∩ f(>), therefore, f(a) ⊆ f(b).

We now show that f is idempotent. We have that f(f(a)) = f(a ∩ f(>)) = a ∩ f(>) ∩
f(>) = a ∩ f(>) = f(a).

Dually, every completely multiplicative, inflationary function over B is an upper closure.
The De Morgan dual of a completely additive lower closure is a completely multiplicative
upper closure.

Proposition 3.2.3. Let f : B → B be a completely additive, deflationary function over a
complete Boolean algebra B. Then f̃ =̂ ¬ ◦ f ◦ ¬ is a completely multiplicative, inflationary
function.

Proof. If f is completely additive and deflationary, then by Proposition 3.2.1, we have that
f(b) = b ∩ f(>) for any b ∈ B. Then, for any b ∈ B, it holds that f̃(b) = ¬f(¬b) =
¬(¬b ∩ f(>)) = b ∪ ¬f(>). Therefore, by the dual of Proposition 3.2.1, we have that f̃ is
inflationary and completely additive.

In the following, fix a function f : B → B as above and its De Morgan dual f̃ . The
functions f and f̃ form a Galois connection.

Proposition 3.2.4. The transformers (f, f̃) form the Galois connection below.

(B,⊆) −−−→←−−−
f

f̃
(B,⊆)

Proof. Consider f̃ ◦ f(b) for some b ∈ B. We can rewrite the above to (b ∩ f(>)) ∪ ¬f(>),
by Proposition 3.2.1 and since f̃ = λa.a∪¬f(>) (see proof of Proposition 3.2.3). We apply
distributivity to obtain (b∪¬f(>))∩ (f(>)∪¬f(>)) = (b∪¬f(>) = f̃(b). We have shown
that f̃ ◦ f(b) = f̃(b) which is inflationary. Similarly, we can show that f ◦ f̃ is deflationary.
Since f and f̃) are closures (by Proposition 3.2.2 and its dual) and hence order-preserving,
it follows that the pair forms a Galois connection.

Since B is a complete Boolean algebra, f is also completely multiplicative.

Proposition 3.2.5. The transformer f is completely multiplicative, the transformer f̃ is
completely additive.

Proof. Consider f(
⋂
Q), then by Proposition 3.2.1, f(

⋂
Q) = (

⋂
Q) ∩ f(>) which is equal

to
⋂
q∈Q(q ∩ f(>)) =

⋂
q∈Q f(q). The proof for f̃ is similar.

Checking if a function is bottom everywhere is equivalent to checking if the De Morgan
dual of that function is top everywhere. The following statement generalizes the duality
between satisfiability and validity.

Proposition 3.2.6. An additive, deflationary function f : B → B on a complete Boolean
algebra is bottom everywhere exactly if its De Morgan dual f̃ is top-everywhere.
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> top element of B

f(>)

transformer argument b

(i) f(b) (ii) f̃(b) (iii) cf (b) (iv) cf̃ (b)

Figure 3.2: Schematic depiction of f , f̃ , cf and cf̃ as operators on sets. The result of
transformer application is in blue.

Recall that in the case of logical inference, we define countertransformers for deduction
and abduction. Analogously, we defined two transformers in addition to f and f̃ , which we
call countertransformers. If the Boolean algebra underlying f is a powerset algebra, then
f may be viewed as removing a number of elements from the input set, whereas f̃ would
add them. The countertransformers remove, respectively, add exactly those elements which
aren’t removed, respectively, added by f and f̃ .

Definition 3.2.3 (Countertransformers). Let f : B → B be a deflationary, completely
additive function on a complete Boolean algebra, and f̃ be its De Morgan dual. The coun-
tertransformers of f and f̃ are cf : B → B, respectively, cf̃ : B → B, defined below.

cf (b) =̂ b ∩ ¬f(>) cf̃ (b) =̂ b ∪ ¬f̃(⊥)

Proposition 3.2.7. Let the transformers be defined as in Definition 3.2.3.

(i) The function cf is completely additive and deflationary.

(ii) The function cf̃ is completely multiplicative and inflationary.

(iii) The functions cf and cf̃ are De Morgan duals.

Proof. Property (i) follows from Proposition 3.2.1. Property (ii) then follows from De Mor-
gan duality. For (iii), consider that ¬cf (¬b) = ¬(¬b ∩ ¬f(>)) = b ∪ f(>) = b ∪ ¬f̃(⊥) =
cf̃ (b).

Each of the four transformers f , f̃ , cf and cf̃ may be used to check bottom everywhere.

Theorem 3.2.8. Let f : B → B be a deflationary, completely additive function on a Boolean
algebra B. The following statements are equivalent.

(i) f is bottom everywhere.

(ii) f̃ is top everywhere.

(iii) cf is the identity function.
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(iv) cf̃ is the identity function.

Proof. We show that (i) and (ii) are equivalent. The transformer f is bottom everywhere
exactly if for all b ∈ B it holds that f(b) = ⊥, which is true exactly if for all b ∈ B,
f(¬b) = ⊥ (since complementation is a bijection). This is the case exactly if for all b ∈ B,
¬f(¬b) = ¬⊥, which is equivalent to f̃(b) = >.

We now show that (iii) is equivalent to (i). The transformer f is bottom everywhere
exactly if for all b ∈ B, f(b) = ⊥, which holds exactly if for all b ∈ B, ¬f(b) = >. This is
true exactly if for all b ∈ B, b ∩ ¬f(b) = b, which is equivalent to cf (b) = b.

The equivalence between (iv) and (ii) can be shown by a symmetric argument.

For convenience, we define a Boolean algebra with the above operators as a separate
mathematical object.

Definition 3.2.4 (Bottom-Everywhere Algebra). A bottom-everywhere algebra is the tuple

(B,⊆,∩,∪, f, f̃ , cf , cf̃ )

where all of the following hold.

(i) (B,⊆,∩,∪) is a Boolean algebra.

(ii) f is a deflationary, completely additive function.

(iii) f̃ is the inflationary, completely multiplicative De Morgan dual of f .

(iv) cf is the deflationary, completely additive countertransformer of f .

(v) cf̃ is the inflationary, completely multiplicative countertransformer of f̃ .

By Proposition 3.2.1, we may alternatively characterize conditions (ii)-(v) in a more strictly
algebraic fashion, by requiring the existence of a restriction r and asserting that the following
equalities hold for any b ∈ B.

(ii) f(b) = b ∩ r (iii) f̃(b) = b ∪ ¬r
(iv) cf (b) = b ∩ ¬r (v) cf̃ (b) = b ∪ r

We may now give an expanded, equivalent definition of the bottom-everywhere problem.

The Bottom-Everywhere Problem

Let (B,⊆,∩,∪, f, f̃ , cf , cf̃ ) be a bottom-everywhere algebra. The bottom-everywhere
problem is to decide whether one of the following equivalent conditions hold.

(i) ∀b ∈ B. f(b) = ⊥ (ii) ∀b ∈ B. f̃(b) = >
(iii) ∀b ∈ B. cf (b) = b (iv) ∀b ∈ B. cf̃ (b) = b

We will see shortly that the bottom-everywhere problem generalizes logical satisfiability.
The characterization above shows that there are many alternative formulations of bottom-
everywhere. sat is itself a special case of an entailment problem. We introduce an algebraic
generalization of entailment below.

Definition 3.2.5 (r-Boundedness). A function f : B → B is r bounded for an element
r ∈ B, if ∀b ∈ B. f(b) ⊆ r.
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The r-Boundedness Problem

Let (B,⊆,∩,∪, f, f̃ , cf , cf̃ ) be a bottom-everywhere algebra and r be an element of B.
The r-boundedness problem is to decide whether one of the following conditions hold.

(i) ∀b ∈ B. f(b) ⊆ r (ii) ∀b ∈ B. f̃(b) ⊇ ¬r
(iii) ∀b ∈ B. cf (b) ⊇ b ∩ ¬r (iv) ∀b ∈ B. cf̃ (b) ⊆ b ∪ r

Proposition 3.2.9. The following conditions in the r-boundedness problem are equivalent.

(i) ∀b ∈ B. f(b) ⊆ r (ii) ∀b ∈ B. f̃(b) ⊇ ¬r
(iii) ∀b ∈ B. cf (b) ⊇ b ∩ ¬r (iv) ∀b ∈ B. cf̃ (b) ⊆ b ∪ r

Proof.

(i) iff (ii) (iii) iff (iv)

∀b ∈ B. f(b) ⊆ r ∀b ∈ B. cf (b) ⊇ b ∩ ¬r
⇐⇒ ∀b ∈ B. f(¬b) ⊆ r ⇐⇒ ∀b ∈ B. cf (¬b) ⊇ ¬b ∩ ¬r
⇐⇒ ∀b ∈ B. ¬f(¬b) ⊇ ¬r ⇐⇒ ∀b ∈ B. ¬cf (¬b) ⊆ b ∪ r
⇐⇒ ∀b ∈ B. f̃(b) ⊇ ¬r ⇐⇒ ∀b ∈ B. cf̃ (b) ⊆ b ∪ r

(iii) implies (i) (i) implies (iii)

∀b ∈ B. cf (b) ⊇ b ∩ ¬r ∀b ∈ B. f(b) ⊆ r
=⇒ cf (>) ⊇ ¬r =⇒ f(>) ⊆ r
=⇒ ¬f(>) ⊇ ¬r =⇒ cf (>) ⊇ ¬r
=⇒ f(>) ⊆ r =⇒ ∀b ∈ B. cf (>) ∩ b ⊇ b ∩ ¬r
=⇒ ∀b ∈ B. f(b) ⊆ r =⇒ ∀b ∈ B. cf (b) ⊇ b ∩ ¬r

The r-boundedness problem is an algebraic entailment check. The bottom-everywhere
problem is a special instance of checking r boundedness where r is ⊥. Furthermore, checking
r boundedness can be reduced to checking bottom-everywhere. In logic, checking whether
a formula ϕ entails ψ reduces to checking the satisfiability of ϕ ∧ ¬ψ. Similarly, the r-
boundedness problem for a function f can be reduced to checking if the transformer λb. f(b)∩
¬r is bottom everywhere.

Theorem 3.2.10 (r-Boundedness via Bottom-Everywhere). Consider the bottom-everywhere
algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ) and an element r ∈ B. Then (B,⊆,∩,∪, g, g̃, cg , cg̃), defined
below, is a bottom-everywhere algebra.

g(b) =̂ f(b) ∩ ¬r g̃(b) =̂ f̃(b) ∪ r
cg(b) =̂ cf (b) ∪ r cg̃(b) =̂ cf̃ (b) ∩ ¬r

The function f is r bounded exactly if g is bottom everywhere.

Proof. We first show that the above is a bottom-everywhere algebra. It is easy to see that g is
completely additive and deflationary. The completely multiplicative, inflationary De Morgan
dual of g is g̃, since ¬g(¬b) = ¬(f(¬b)∩¬r) = ¬f(¬b)∪r = f̃ ∪r = g̃. The function cg is the
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br f(>)

r-everywhere counterwitness b

f(>) br

r-everywhere witness b

Figure 3.3: Witnesses and counterwitnesses for r boundedness.

countertransformer of g since b∩¬g(b) = b∩¬(f(b)∩¬r) = b∩¬f(b)∪r = cf (b)∪r = cg(b).
Its De Morgan dual is given by ¬cg(¬b) = ¬(cf (¬b)∪r) = ¬cf (¬b)∩¬r = cf̃ (b)∩¬r = cg̃(b).

Now assume that g is bottom everywhere. This is equivalent to g(>) ⊆ ⊥, which can
be rewritten as f(>) ∩ ¬r ⊆ ⊥. The above is equivalent to f(>) ⊆ r, which in turn is
equivalent to f being r bounded.

Witnesses and Counterwitnesses

Often, it is not sufficient to solely determine whether a function is r bounded, but also to
find elements of the lattice that may serve as a certificate for the result. We use the term
witness to denote an element of the abstraction that certifies that r boundedness holds, and
the term counterwitness, to denote an element that certifies that r boundedness does not
hold. An r-boundedness check may be understood as a semantic check whether a property r
holds at all elements of the lattice. A counterwitness is an algebraic counterexample, which
shows an element that is not r bounded. A witness is an invariant property of all elements
of the lattice that is sufficient to show that r holds.

Definition 3.2.6 (Counterwitness). Given a bottom-everywhere algebra B as in Defini-
tion 3.2.4, a function f : B → B and elements b, r ∈ B then b is an r-boundedness counter-
witness if both

(i) b is a fixed point of f , i.e., f(b) = b and
(ii) b 6⊆ r.

A counterwitness b is minimal if there is no smaller element that is also an r-boundedness
counterwitness.

Definition 3.2.7 (Witness). Given a bottom-everywhere algebra B as in Definition 3.2.4,
a function f : B → B and elements b, r ∈ B then b is an r-boundedness witness if both

(i) b is a fixed point of cf̃ , i.e., cf̃ (b) = b and
(ii) b ⊆ r.

A witness is minimal, if there is no smaller element that is also an r-boundedness witness.

Witnesses and counterwitnesses are schematically depicted in Figure 3.3.
Every r-boundedness problem has a witness exactly if f is r bounded and it has a

counterwitness exactly if f is not r bounded.

Theorem 3.2.11. The conditions (i)-(iii) below are equivalent in a bottom-everywhere al-
gebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ).

(i) The function f is r bounded.

(ii) There is an r-boundedness witness in B.

(iii) There is no r-boundedness counterwitness in B.



CHAPTER 3. AN ALGEBRAIC SATISFIABILITY FRAMEWORK 45

Proof. We show that (i) and (ii) are equivalent and argue that a = f(>) is a witness exactly
if f is r bounded. Assume that a is a witness. Then cf̃ (a) = a and a ⊆ r. We can
characterize cf̃ (a) as a ∪ f(>). Therefore, a ∪ f(>) = a and f(>) ⊆ a. Since a ⊆ r, it
holds that f is r bounded. For the other direction, assume that f is r bounded. Then since
a = f(>) it holds that a ⊆ r. Now consider cf̃ (a) which may be characterized as a ∪ f(>).
Since f(>) = a, it follows that cf̃ (a) = a, that is, a is a fixed point of cf̃ (a). Therefore, a
is a witness.

We now show that (i) and (iii) are equivalent by arguing that, a = f(>) is a counterwit-
ness exactly if f is not r bounded. Assume a is a counterwitness, then a 6⊆ r. Therefore, f
is not r bounded, since f(>) 6⊆ r. If f is not r bounded, then for some b ∈ B, the element
f(b) is not smaller than r. Therefore, by monotonicity, f(>) 6⊆ r and a is a witness.

If the underlying Boolean algebra is atomic, that is, if every element sits above some
element that covers ⊥, then minimal counterwitnesses can always be found. Minimal coun-
terwitnesses are an algebraic generalization of the notion of a model of a formula. A minimal
counterwitness, if it exists, is not necessarily unique.

The following statement gives conditions for the existence of minimal counterwitnesses.

Proposition 3.2.12. Given an atomic bottom-everywhere algebra B as in Definition 3.2.4,
then every completely additive, deflationary function f that is not r everywhere has a mini-
mal r-boundedness counterwitness.

Proof. If f is not r bounded, then a = f(>) is an r-boundedness counterwitness. Every
complete atomic Boolean algebra is atomistic, that is, every element can be represented as
the join of a set of atoms. Due to atomicity of B and additivity of f , a = f(>) = f(

⋃
A) =⋃

q∈A f(a) where A is the set of atoms of B. If for all atoms q ∈ A it held that f(q) ⊆ r,
then it would hold that a ⊆ r which contradicts that a is an r-boundedness counterwitness.
Therefore, there is some q ∈ A such that q 6⊆ r. Since q is an atom and hence covers
⊥, it must hold that f(q) = q and since f(⊥) is equal to ⊥, it holds that q is a minimal
counterwitness.

3.2.2 Satisfiability as Bottom-Everywhere

We now show that the satisfiability problem for a logic is an instance of the bottom-
everywhere problem.

Proposition 3.2.13. The transformers dedϕ and cdedϕ are deflationary and completely
additive. The transformers abdϕ and cabdϕ are inflationary and completely multiplicative.

Proof. It is easy to see that dedϕ is deflationary. Consider a set Q ⊆ P(S). Then
dedϕ(

⋃
Q) = {σ | σ ∈

⋃
Q ∧ σ |= ϕ} = (

⋃
Q) ∩ ({σ | σ |= ϕ} =

⋃
S∈Q(S ∩ {σ | σ |=

ϕ} =
⋃
S∈Q dedϕ(S)}, therefore dedϕ is completely additive. The proof for cdedϕ is similar.

Dually, it’s easy to see that abdϕ is inflationary. We have that abdϕ(
⋂
Q) = {σ | σ ∈⋂

Q ∨ σ 6|= ϕ} = (
⋂
Q) ∪ {σ | σ 6|= ϕ} =

⋂
S∈Q(S ∪ {σ | σ 6|= ϕ} =

⋂
S∈Q abdϕ(S), therefore

abdϕ is completely multiplicative. The case for cabdϕ is similar.

Proposition 3.2.14. The structure transformers defined by a logic L satisfy the equalities
below.

abdϕ = ¬ ◦ dedϕ ◦ ¬ ∀S ⊆ S. cdedϕ(S) = S ∩ ¬dedϕ(S)

cabdϕ = ¬ ◦ cdedϕ ◦ ¬ ∀S ⊆ S. cabdϕ(S) = S ∪ ¬abdϕ(S)

If L has negation, then the following holds.

cdedϕ = ded¬ϕ cabdϕ = abd¬ϕ
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Together the transformers and the lattice P(S) form a bottom-everywhere algebra. De-
termining satisfiability and validity corresponds to deciding bottom everywhere and top
everywhere.

Theorem 3.2.15. Let L = (F , |=,S) be a logic and let ϕ be a formula in F . Then the
following is a bottom-everywhere algebra.

The Satisfiability Bottom-Everywhere Algebra for ϕ

(P(S),⊆,∩,∪, dedϕ, abdϕ, cdedϕ, cabdϕ)

Each statement below is true exactly if ϕ is satisfiable.

(i) dedϕ is not bottom everywhere (ii) abdϕ is not top everywhere

(iii) cdedϕ is not identity (iv) cabdϕ is not identity

Proof. It follows from Proposition 3.2.13, Proposition 3.1.3 and Proposition 3.2.14 that
the above structure is a bottom-everywhere algebra. The transformer dedϕ is not bottom
everywhere exactly if the formula ϕ has some model σ. The conditions (ii) to (iv) are
equivalent to (i) by Theorem 3.2.8.

It is easy to see that a counterwitness to a deduction transformer being bottom every-
where is a set of models.

Proposition 3.2.16. If S ⊆ S is a counterwitness in the satisfiability bottom-everywhere
algebra for ϕ, then S is a non-empty set of models. If S is a minimal counterwitness, then
S = {σ} where σ is a model.

Proof. Assume that S is a counterwitness. Then dedϕ(S) = S and S is non-empty. Therefore
it holds that for all σ ∈ S, σ |= ϕ, and S is a set of models. It is easy to see that a minimal
counterwitness corresponds to a singleton.

3.2.3 Safety as Bottom-Everywhere

We now characterize the problem of deciding if a transition system T is safe w.r.t. a specifi-
cation as an instance of the bottom-everywhere problem. Recall that a specification Ξ ⊆ Σ
is a subset of the set of states Σ that may not occur on any well-formed trace.

Recall that the powerset lattice of traces P(Π) is the concrete semantic domain for
program analysis. We define a number of transformers on this lattice which provide the
concrete semantic foundation for reasoning about the existence of safe traces. We recall
below from Section 2.3.8 the definitions of the set I∗ of initialized traces and the set of
traces Ξ∗ that satisfy the specification.

I∗ =̂ {π ∈ Π | ∃σ ∈ π. σ ∈ I} Ξ∗ =̂ {π ∈ Π | ∀σ ∈ π. σ ∈ Ξ}

We now define the trace safety transformers which can be used to reason about the
existence of counterexample traces.

Definition 3.2.8 (Trace Safety Transformers). For a transition system T = (Σ,→, I) and
a safety specification Ξ ⊆ Σ, we define the following transformers over P(Π).

Unsafe-Trace Transformer

utraceT ,Ξ(P ) =̂ {π | π ∈ P ∧ π 6∈ Ξ∗ ∧ π is well-formed in T }
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Safe-Trace Transformer

straceT ,Ξ(P ) =̂ {π | π ∈ P ∨ π ∈ Ξ∗ ∨ π is not well-formed in T }

Counter Unsafe-Trace Transformer

cutraceT ,Ξ(P ) =̂ {π | π ∈ P ∧ (π ∈ Ξ∗ ∨ π is not well-formed in T )}

Counter Safe-Trace Transformer

cstraceT ,Ξ(P ) =̂ {π | π ∈ P ∨ (π 6∈ Ξ∗ ∧ π is well-formed in T )}

The above transformers may be characterized in terms of the trace transformers, which
means that they can be approximated via classic program-analysis techniques.

Proposition 3.2.17. For a transition system T = (Σ,→, I) and safety specification Ξ∗, we
may define the trace safety transformers as follows.

utraceT ,Ξ(P ) =̂ ¬Ξ∗ ∩ lfpX. I ∪ tpost→(X)

straceT ,Ξ(P ) =̂ ¬I∗ ∪ gfpX. Ξ∗ ∩ ˜tpre→(X)

Proof. This follows from the characterization of the semantics ‖T ‖∗ given in Proposi-
tion 2.3.14.

The trace transformers form a bottom-everywhere algebra.

Theorem 3.2.18. Let T = (Σ,→, I) be a transition system and Ξ∗ ⊆ Π be a safety speci-
fication. Then the following is a bottom-everywhere algebra.

The Trace-Safety Bottom-Everywhere Algebra

(P(Σ),⊆,∩,∪, utraceT ,R, straceT ,R, cutraceT ,R, cstraceT ,R)

Proof. The proof is identical to that of Theorem 3.2.15, only in place of the predicate |= ϕ
over the set of structures S, we have the predicate π 6∈ Ξ∗ ∧ (π is well-formed) over the set
of traces P .

It is easy to see that T is safe w.r.t. Ξ∗ exactly if the transformer utraceT ,Ξ∗ is bottom
everywhere.

We can equally express safety as an instance of the r-boundedness problem, where r is the
specification Ξ. For this purpose, we define the following variants of the above transformers
which do not include the specification.

utraceT (P ) =̂ {π | π ∈ P ∧ π is well-formed}
straceT (π) =̂ {π | π ∈ P ∨ π is not well-formed}

cutraceT (P ) =̂ {π | π ∈ P ∧ π is not well-formed}
cstraceT (π) =̂ {π | π ∈ P ∨ π is well-formed}

The safety of T w.r.t. Ξ is now equivalent to the condition that utraceT is Ξ∗ bounded.
In this setting, the notions of counterwitness and witness relate to those of inductive

invariants and counterexample traces. An inductive invariant I is a subset of P such that
tpostϕ(I) ⊆ I. It is safe if it holds that I ⊆ Ξ∗. A counterexample trace is a trace π ∈ Π
such that π is a well-formed trace of T that is not in Ξ∗.
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Theorem 3.2.19. For a transition system T , consider the following bottom-everywhere
algebra.

(Π,⊆,∩,∪, utraceT , straceT , cutraceT , cstraceT )

The following statements hold for a set P ⊆ Π:

(i) If P is a Ξ∗-boundedness counterwitness then it contains a counterexample trace.

(ii) If P is a safe inductive invariant, then it is a Ξ∗-boundedness witness.

Proof. Recall that a counterwitness is an element P that is a fixed point of utraceT and
such that P 6⊆ Ξ∗. Because a counterwitness P is a fixed point of utraceT , all traces in P
are well-formed, and since P 6⊆ Ξ∗, there is a trace π ∈ P such that π 6∈ Ξ∗. It follows that
π is a counterexample trace.

Let P be a safe inductive invariant. Then tpost(P ) ⊆ P , therefore lfpX. I∪tpost→(X) ⊆
P . It then follows that P is a fixed point of cutraceT . Also, since P is a safe inductive
invariant, it is contained within Ξ∗. Therefore, P is a Ξ∗-boundedness witness.

3.2.4 Bottom-Everywhere via Abstract Fixed Points

This section shows how to approximately decide the bottom-everywhere problem. We first
show that the bottom-everywhere property has fixed point characterizations. We then apply
abstract interpretation to compute abstract fixed points, thereby allowing abstract checks
of bottom everywhere.

Theorem 3.2.20 (Fixed Point Characterization of r-Boundedness). Consider a bottom-
everywhere algebra (B,⊆,∪,∩, f, f̃ , cf , cf̃ ). The conditions below are equivalent.

(i) f is r bounded (ii) gfp f ⊆ r (iii) lfp f̃ ⊇ ¬r

Proof. Since f is idempotent, we have that gfp f = f(>). By Proposition 3.2.1, we have
that f(b) = b∩ f(>) for any b ∈ B. It is then easy to see that f(b) ⊆ r for all b ∈ B exactly
if f(>) ⊆ r. Therefore, (i) and (ii) are equivalent. Since both f and f̃ are closures, we
have that gfp f = f(>) and lfp f̃ = f̃(⊥). We have that f(>) ⊆ r exactly if f̃(⊥) ⊇ ¬r.
Therefore, (ii) and (iii) are equivalent.

The fixed point characterization above may seem odd, since computing a greatest fixed
point of a lower closure operator is equivalent to applying that operator once. The reason
for this characterization is that we intend to work with abstractions of closure operators,
which may not necessarily be closure operators themselves. Approximating a fixed point in
the abstract leads to strictly more precision than applying the abstract function once.

The approximation technique we use is abstract interpretation. The concrete domain
is the bottom-everywhere algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ), and an abstract domain is an
abstract lattice, together with sound approximations of the transformers f , f̃ , cf and cf̃ .

Definition 3.2.9 (Abstract Bottom-Everywhere Algebra). Let (B,⊆,∩,t, f, f̃ , cf , cf̃ ) be a
bottom-everywhere algebra. An overapproximate bottom-everywhere algebra is an abstract
domain

(O,v,u,t, of , õf , cof , cõf )

with functions (αO : B → O, γO : O → B) such that the following holds.

(B,⊆) −−−−→←−−−−
αO

γO
(O,v) with γO(⊥O) = ⊥B

of , õf , cof and cõf are transformers on O, s.t.:

γO ◦ of ⊇ f γO ◦ õf ⊇ f̃
γO ◦ cof ⊇ cf γO ◦ cõf ⊇ cf̃
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An underapproximate bottom-everywhere algebra is an abstract domain

(U,v,u,t, uf , ũf , cuf , cũf )

with functions (αU : B → U, γU : U → B) such that the following holds.

(B,⊇) −−−→←−−−α
γ

(U,w) with γU (>U ) = >B
uf , ũf , cuf and cũf are transformers on U , s.t.:

γU ◦ uf ⊆ f γU ◦ ũf ⊆ f̃
γU ◦ cuf ⊆ cf γU ◦ cũf ⊆ cf̃

We can now give conditions for using abstractions to determine if a transformer is bottom
everywhere or is top everywhere.

Theorem 3.2.21 (Abstract r-Boundedness). Let B, O and U be defined as in Defini-
tion 3.2.9. If one of (i)-(ii) holds, then f is r bounded.

(i) γO(gfp of ) ⊆ r (ii) γU (lfp ũf ) ⊇ ¬r

Proof. This follows from the soundness result of abstract interpretation. If γO(gfp of ) = ⊥,
then by fixed point transfer (Theorem 2.3.9), we have that gfp f = ⊥ and by Theorem 3.2.20,
f is bottom everywhere. Similarly, if γU (lfp ũf ) = >, then lfp f̃ = > and f̃ is top everywhere.
From Theorem 3.2.8, we get that f is top-everywhere.

The theorem above states that we may attempt to show that a function is bottom
everywhere by computing a fixed point of an appropriate abstraction.

Abstract Witnesses and Counterwitnesses

We now show how the notions of witnesses and counterwitnesses translate to abstraction.
The abstract loses precision w.r.t. to the concrete, and therefore direct lifting of the def-
initions of witness and counterwitness is insufficient. To ensure that an abstract witness
corresponds to a concrete one we need a separate definition that takes completeness consid-
erations into account. Recall from Section 2.3.7 that an abstraction of of a transformer f
is γ-complete at an element a if γ ◦ of (a) = f ◦ γ(a).

Definition 3.2.10 (Abstract Counterwitness). Let B, O and U be defined as in Defini-
tion 3.2.9.

(i) An element o ∈ O is an abstract r-boundedness counterwitness if

(a) γO(o) 6⊆ r,
(b) o is a fixed point of of , i.e, of (o) = o and

(c) of is γ-complete at o.

(ii) An element u ∈ U is an abstract r-boundedness counterwitness if

(a) γU (u) 6⊆ r and

(b) u is a fixed point of uf , i.e, uf (u) = u.

Definition 3.2.11 (Abstract Witness). Let B, O and U be defined as in Definition 3.2.9.

(i) An element o ∈ O is an abstract r-boundedness witness if

(a) γO(o) ⊆ r and

(b) o is a fixed point of cõf , i.e, cõf (o) = o.
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(ii) An element u ∈ U is an abstract r-boundedness witness if

(a) γU (u) ⊆ r,
(b) u is a fixed point of cũf , i.e, cũf (u) = u and

(c) cũf is γ-complete at u.

Minimality of abstract witnesses and counterwitnesses is defined as expected.
The definitions above distinguish between overapproximations and underapproximations:

Checking whether an element is a counterwitness can be more easily performed in an un-
derapproximation whereas checking a witness is easier in an overapproximation. This is
unsurprising. Remember that our intuition is that counterwitnesses are algebraic counterex-
amples to some semantic property and witnesses are a kind of invariant. Underapproximate
reasoning is an appropriate for finding counterexamples while overapproximate reasoning is
appropriate for finding invariant properties. Finding abstract witnesses or counterwitnesses
is sufficient to show that r boundedness holds in the concrete, but their existence is not nec-
essary. If the abstraction is too weak, it may neither contain witnesses nor counterwitnesses.

Theorem 3.2.22 (Abstract Witnesses). Let B, O and U be defined as in Definition 3.2.9.
If there exists an abstract r-boundedness counterwitness in O or U then f is not r bounded.
If there exists an abstract r-boundedness witness in O or U then f is r bounded.

Proof. We show that abstract witnesses and counterwitnesses imply the existence of concrete
witnesses, respectively, counterwitnesses. The result follows from Theorem 3.2.11.

Assume that o ∈ O is an abstract r-boundedness counterwitness. Then γO(o) 6⊆ r, of (o)
is γ-complete at o and of (o) = o. From γ-completeness, we have that γO ◦ of (o) = f ◦ γ(o).
Therefore γO(o) is a fixed point of f since f ◦ γO(o) = γO ◦ of (o) = γO(o). Furthermore, it
holds that γO(o) 6⊆ r and since f ◦ γO(o) = γO(o) ◦ f it follows that f ◦ γO(o) is a concrete
counterwitness.

Now assume that u ∈ U is an abstract r-boundedness counterwitness. Then γU (u) 6⊆ r
and u is a fixed point of uf . We get from basic soundness and from the fact that f is
deflationary that γU (u) is a fixed point of f . Also, since γU (u) 6⊆ r holds, we have that
γU (u) is a concrete counterwitness.

The proof that the existence of abstract witnesses implies the existence of concrete wit-
nesses is similar.

3.3 Related Work

Abstract satisfaction is a framework for applying abstract interpretation to a generalization
of the logical satisfiability problem. We are not aware of any previous work with closely
related aims. In the following, we discuss efforts that are similar to isolated aspects of the
work presented in this chapter.

Inference as Closure Formalizing deduction as application of closure operators is not
new. An early example is Tarski’s consequence operator Cl [163]. The operator Cl is an
upper closure operator on the powerset lattice (P(F),⊆), which maps a set of formulas to
the set of its logical consequences. The fixed points of Cl are deductively closed sets, that
is, they are the theories of the logic. In terms of abstract interpretation, Cl may be viewed
as a reduction operator over the dual powerset lattice (P(F),⊇), which overapproximates
the concrete semantic lattice (P(S),⊆). A set of formulas Φ abstractly represents the set
of structures that satisfies all formulas in Φ. Since larger sets of formulas represent smaller
sets of structures, the superset ordering ⊇ is used. We assume that Cl only adds to a set
of formulas F those formulas that are semantically entailed by formulas in F . Then Cl
is a function that maps elements to more precise elements (i.e., larger sets), and for any
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set Φ ⊆ F , Cl(Φ) represents the same set of structures as Φ. Therefore, Cl is a semantic
reduction operator.

In constraint satisfaction, it is known that deduction algorithms (which are called filtering
algorithms) compute closures [149, 14]. The work in [14, 13] provides a semantic framework
for constraint solving algorithms based on computing greatest fixed points over approximate
lattices. The framework presented there is a limited instantiation of abstract interpretation
to the special case of constraint solving, and is somewhat similar in spirit to the work in this
chapter. The framework of [14, 13] focuses on formalizing a notion of abstract deduction.

The line of work in [22, 23, 24] presents an algebraic framework for search algorithms
that characterizes search spaces as lattices and deduction operators as lower closures. The
framework contains some equivalent developments and can be viewed as a limited instan-
tiation of abstract interpretation that considers only abstract lattices. Concrete semantic
information is represented implicitly via a lower closure operator. Similar to the work we will
present in Chapter 4, a number of algorithms are characterized in the framework, including
dpll. The work also provides algebraic difficulty measures and general complexity results.

In contrast to these approaches, we give a full abstract interpretation account in a gen-
eralized algebraic setting and we give concrete and abstract semantics of various inference
tasks, including abductive reasoning.

Abstract Interpretation of Logic Programs Abstract interpretation has been applied
to the analysis of logic programs. A detailed overview of these efforts is given in [44]. An
operational semantics for logic programs can be given in terms of a transition system [44].
A state of the transition system consists primarily of a sequence of goals. The transition
relation models possible applications of some goal-search procedures such as SLD-resolution
[111], which involve replacing a goal with a set of preconditions which are sufficient to derive
that goal. From the transition relation, a collecting semantics can be defined.

In contrast to the work presented in this chapter, work on abstract interpretation of
logic programs is focused on the procedural interpretation of logic programs as applica-
tions of goal-reduction procedures and on obtaining information about their behavior. This
perspective is compatible with, yet orthogonal to the work presented in this section.

Logical Abstract Interpretation Our work is concerned with giving an abstract inter-
pretation account of logical reasoning. Logical abstract interpretation [81, 82, 87, 86, 85,
84, 88, 83], on the other hand, is concerned with building abstract domains whose elements
are built from logical formulas. This requires the construction of standard abstract domain
operations for formulas. These operations include joins and widenings [88, 85] and abstract
postcondition operators [85]. Use of logical abstract domains also enables new forms of
domain combinations [85] in which the underlying logical languages are merged, rather then
the abstract domains themselves.

Relating Logic and Abstractions It is well known that elements of abstract domains
can be viewed as logical assertions [38, 39]. This idea is developed in detail by the line of
work in [160, 158, 159, 157, 156] which elucidates the connections between logics and abstract
domains. This work shows that logics can be extracted from abstract domains by giving the
abstract partial ordering v a proof-theoretic interpretation and the concretization function
γ a model-theoretic interpretation. In the other direction, constructions are given to obtain
abstract domains in the standard Galois connection setting from a partially ordered set of
logical assertions.

Generalizing Counterexamples In this chapter, we introduced concrete and abstract
counterwitnesses, which generalize the notions of models in logic and counterexamples in
program correctness. We now discuss existing work on abstract counterexamples in the
context of model checking. In the dominant model checking approach to abstraction, a
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concrete transition system T is approximated by computing an abstract transition system
TA [7], where the set of states of TA is a partition of the set of states of T . Traces in the
abstract system approximate sets of traces in the concrete. An abstract counterexample
is a well-formed trace π over TA whose concretization is not contained in the specification.
The work in [116] lifts the notion of an abstract counterexample to powerset domains. The
approaches in [121, 78] generalize counterexamples to abstract domains. Counterexamples
are generalized to a sequence of abstract elements called a minimal sufficient explanation
for failure [121]. Algebraic generalizations of these concepts have been studied in a different
form in example-guided abstraction simplification [69] in an attempt to formalize and dualise
cegar.

The notions of abstract counterexamples discussed above are related to our notion of an
abstract counterwitness, but there is an essential difference. The existence of an abstract
counterwitness in our framework implies that there is a concrete counterwitness (this is
achieved by the completeness criteria on transformers). The existence of an abstract coun-
terexample in model checking, does not imply the existence of a concrete counterexample.
This difference in definition reflects a difference in focus. The purpose of abstract satis-
faction is to allow generalization of satisfiability procedures. As we will see in Section 4.4,
these procedures can be viewed as conflict-driven transformer refinement procedures, which
trigger refinement when a “spurious” contradiction is derived (that is, one resulting from
excessive underapproximation) and terminate when a counterwitness is found. Complete-
ness arguments require that abstract counterwitnesses corresponds to concrete ones. The
notion of an abstract counterexample is used within the context of counterexample-driven
abstraction refinement procedures [35]. These procedures trigger refinement when spurious
abstract counterexamples are found and terminate when a proof is found.

More concisely, in our case, an abstract counterwitness is a witness to the failure of the
property under analysis, whereas an abstract counterexample is a witness to the failure to
prove the property within the abstraction.



Chapter 4

The Algebraic Essence of
Satisfiability Solvers

This chapter uses the framework of abstract satisfaction to show that popular satisfiabil-
ity procedures can be understood in terms of lattices and fixed point computations. To
put it more succinctly: We show that satisfiability solvers are abstract interpreters. The
contributions of this chapter are as follows.

• We show that Boolean Constraint Propagation (bcp), the workhorse of modern sat-
isfiability solvers, is a greatest fixed point computation, and that the lattices and
transformers involved are well-known in program analysis.

• We show that the dpll algorithm is an instance of a technique that uses partitions
to refine abstractions. We identify refinement operators that generalize dpll-style
refinement to arbitrary abstract domains and relate these generalizations to existing
work in program analysis.

• We show that St̊almarck’s algorithm is a generic recipe for refining transformer ap-
proximations.

• We provide a high level perspective on the cdcl algorithm and show that it corre-
sponds to a transformer refinement procedure which interleaves accelerated upward
iteration in an abstract domain and acceleraterd downwards iteration in the downset
completion of that domain.

• We show that propositional and theory solvers used within the dpll(t) algorithm
are abstract interpreters and that their combination constitutes an approximation of
the reduced product between a domain for propositional reasoning and a domain for
theory reasoning.

Motivation In the area of program verification, abstract interpretation and satisfiability-
based software model checking are often seen as competing, orthogonal approaches. A
common perception is that abstract interpretation is a means to obtain rough approxima-
tions of the program under analysis quickly, whereas satisfiability-based techniques provide
accurate, albeit potentially expensive answers to semantic queries (this point of view is
expressed, e.g., in [61, 101]).

While this perceived division reflects the focus of both researchers and practitioners in
abstract interpretation and satisfiability, it obscures deep connections between the two fields.
This chapter illuminates some of these connections by showing that a number of well-known
procedures for propositional and first-order satisfiability have natural characterizations in
the language of abstract interpretations.

53



CHAPTER 4. THE ALGEBRAIC ESSENCE OF SAT SOLVERS 54

The work described in this chapter provides a conceptual bridge between abstract inter-
pretation and satisfiability research. This is not a matter of purely theoretical interest; this
work has immediate practical implications, some of which we will explore in later chapters:

• It allows technology transfer from abstract interpretation to satisfiability research, for
example the use of complex, semantic abstract domains as part of logical satisfiability
algorithms.

• It allows technology transfer from satisfiability to abstract interpretation, by showing
that decision procedure architectures are refinement procedures for abstract analyses.

• By their algebraic nature, abstract interpretation accounts of satisfiability solvers lead
to simple generalizations of these procedures to richer logics or to entirely new problem
domains.

Outline Section 4.1 shows that the bcp procedure is a fixed point computation in an
abstract domain, that the unit rule is a straightforward abstraction of the deduction trans-
former and that bcp corresponds to a special case of constant propagation. In Section 4.2,
we give an abstract interpretation account of dpll as partition-based analysis refinement
and illuminate the connection to partition-based program analysis techniques. Section 4.3
describes St̊almarck’s proof procedure as an instantiation of a generic recipe for abstract
transformer refinement. Section 4.4 shows that cdcl interleaves accelerated upwards iter-
ation in a domain with accelerated downwards iteration in the downset completion of that
domain. Section 4.5 shows that the theory and propositional components of dpll(t) are
abstract interpreters and that their combination is a reduced product. Section 4.6 discusses
related work.

4.1 Boolean Constraint Propagation

Boolean Constraint Propagation (bcp) is a central component of the dpll [53] and cdcl
[118, 11, 137] algorithms. In this section, we show that bcp is a fixed point computation over
an lattice that uses best abstract transformers and we show that bcp has precise counterparts
in the program analysis literature. Section 4.1.1 provides a brief overview of bcp and shows
that partial assignments form an abstract lattice. Section 4.1.2 shows that the unit rule is
the best abstract transformer over partial assignments for a clause, and Section 4.1.3 shows
that bcp computes a fixed point of this transformer. Section 4.1.4 informally discusses the
similarities of bcp to existing techniques in program analysis.

4.1.1 An Overview of BCP

bcp is a process that deduces facts about a cnf formula ϕ by exhaustively applying a
reasoning rule called the unit rule to update a data structure called a partial assignment.
We illustrate the process with an example.

Example 4.1.1. Consider the formula below.

ϕ =̂ p ∧ (¬p ∨ ¬q) ∧ (q ∨ r ∨ ¬s) ∧ (q ∨ r ∨ s)

Initially, nothing is known about the formula. From the clause p of ϕ, bcp concludes that
p must be true in every satisfying assignment. Since p must be true, bcp concludes that q
must be false to satisfy the clause ¬p ∨ ¬q. This sequence of deductions is given below.

ρ0 =̂ > ρ1 =̂ 〈p:t〉 ρ2 =̂ 〈p:t, q:f〉

All the remaining clauses contain more than one literal over an unassigned variable, so
bcp terminates. bcp is a sound but incomplete deduction procedure. bcp need not begin
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P ∪Q P ∪ ¬Q ¬P ∪Q ¬P ∪ ¬Q

P P ⊕Q Q ¬Q P ⊕ ¬Q ¬P

P ∩Q P ∩ ¬Q ¬P ∩Q ¬P ∩ ¬Q

P → B

∅
(P(SP ),⊆,∩,∪)

〈p:t〉 〈q:t〉 〈q:f〉 〈p:f〉

〈p:t, q:t〉 〈p:t, q:f〉 〈p:f, q:t〉 〈p:f, q:f〉

>

⊥
(PAsgs,v,u,t)

Figure 4.1: Domains for assignments over p and q. The concrete domain P(SP ) is above.
The set P contains assignments that map p to true. The set Q is defined likewise. P ⊕ Q
denotes symmetric difference. Elements S ∈ P(SP ) that have no precise representation as
partial assignments, i.e., where α ◦ γ(S) 6= S, are grayed out.

with ρ0 as above. We can begin by assuming p is true, q is false and r is false, written
ρ =̂ 〈p:t, q:f, r:f〉. Given ρ, bcp concludes, from (q ∨ r ∨ ¬s) that s must be false and from
(q∨r∨s) that s must be true. No assignment extending ρ satisfies ϕ. This situation, denoted
⊥, is a conflict.

Partial assignments are partial functions from the variables to truth values. Together
with the conflict element ⊥, partial assignments form a lattice.

Definition 4.1.1 (Partial Assignment). The set of partial assignments is given below.

PAsgs =̂ (P → {t, f,>}) ∪ {⊥}

We denote by 〈p1:v1, . . . , pk:vk〉 the partial assignment ρ where for each 1 ≤ i ≤ k,
ρ(pi) = vi holds and where for all p that are not in p1, . . . , pk, it holds that ρ(p) = >. The
set {t, f,>} has a natural partial order v where t v > and f v >. The ordering can be
extended to partial assignments as follows.

ρ1 v ρ2 exactly if

{
ρ1 = ⊥, or

ρ1 and ρ2 are not ⊥ and ∀p ∈ P. ρ1(p) v ρ2(p)

Proposition 4.1.1. The poset (PAsgs,v) is a complete lattice.

In abstract interpretation parlance, partial assignments correspond to the Cartesian ab-
straction of Boolean variables [41]. Figure 4.1 depicts the lattice of partial assignments over
two propositions.
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A variant of the partial assignments domain is used for constant propagation [107]. The
abstraction and concretization functions α : P(SP )→ PAsgs and γ : PAsgs → P(SP ) below
are standard and are known to form a Galois connection [45, 41].

α(∅) =̂ ⊥ α(S) =̂ {p 7→
⊔
{σ(p) | ρ ∈ S} | p ∈ P}, for S 6= ∅

γ(⊥) =̂ ∅ γ(ρ) =̂ {σ ∈ SP | for all p in P, σ(x) v ρ(x)}, for ρ 6= ⊥

It is easy to see that every element of the abstraction is mapped to a distinct set of
partial assignments. That is, the pair (α, γ) as defined above forms a Galois insertion.

The bcp algorithm iteratively refines a partial assignment ρ by applying the unit rule
to derive new information. The unit rule compares a clause with the current partial assign-
ment. If all literals of the clause are contradicted, the partial assignment is replaced by the
conflict element ⊥. If all but one literal are contradicted, the partial assignment is updated
to reflect the fact that the remaining literal must be true. One iteration of bcp repeats this
process for each clause in the formula. Subsequent iterations use the newly deduced infor-
mation to refine the formula further. The basic algorithm is shown in Algorithm 1. Modern
implementations use various techniques to improve efficiency, including the use of watched-
literal data structures [137] which avoid the need to visit all clauses in every iteration of the
main loop, or restarts [72].

Algorithm 1: Boolean constraint propagation.

in : ϕ – propositional cnf formula
ρ – partial assignment

out : partial assignment

1 bcp(ϕ,ρ)
2 repeat
3 ρ′ ← ρ;
4 foreach Clause C ∈ ϕ do
5 ρ← unit(C, ρ);
6 end

7 until ρ′ = ρ;
8 return ρ′;

9

The unit rule is a sound deduction rule. From a partial assignment and a clause, it
infers a new partial assignment. An algorithmic presentation of the unit rule is given in
Algorithm 2. The algorithm checks the literals in clause C individually against a partial
assignment ρ, to see whether each literal in C is contradicted by ρ. We extend ρ to literals
by defining ρ(¬p) =̂ ¬ρ(p) if ρ(p) is t or f, and ρ(¬p) =̂ > otherwise. If each literal is
contradicted, then the procedure returns ⊥, indicating a conflict. If all literals but one are
contradicted, then the clause C is said to be unit under ρ, and the remaining literal u is
designated as the unit literal.

The clause C has to evaluate to true in any model for the formula ϕ in order to be
satisfiable. If all literals but u are contradicted, it can be deduced that u must evaluate to
true and the partial assignment is modified accordingly. If the proposition var(u) of the
literal u is in positive phase, i.e., if phase(u) = t, then var(u) is assigned to t, otherwise, it
is assigned to false. If two or more literals are not contradicted by ρ, then the procedure
returns without changing ρ.

4.1.2 The Unit Rule as Best Abstract Transformer

In abstract interpretation terms, the unit rule is a decreasing transformer on the lattice
of partial assignments. We define the unit rule transformer unitϕ : PAsgs → PAsgs for a
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Algorithm 2: The unit rule.

in : C – propositional clause C
ρ – partial assignment

out : partial assignment

1 unit(C,ρ)
2 u← null;
3 foreach Literal l ∈ C do
4 if ρ(l) = t or ρ(l) = > then
5 if u 6= null then
6 return ρ; // more than one unit literal

7 else
8 u = l; // unit literal candidate found

9 end

10 end

11 end
12 if u = null then return ⊥;
13 if phase(var(u)) = t then
14 return ρ[var(u)← f];
15 else
16 return ρ[var(u)← t];
17 end

18

formula ϕ inductively. First, for a proposition p ∈ P we define the following.

unitp(ρ) =̂ ρ u 〈p : t〉
unit¬p(ρ) =̂ ρ u 〈p : f〉

For a clause C, the unit rule checks whether each literal l is contradicted, i.e., whether γ◦
unit l(ρ) = ∅. This condition is equivalent to unit l(ρ) = ⊥, since ⊥ is the only representation
of the empty set. We may then see that the unit rule corresponds to a straightforward
abstraction of the concrete construction of Proposition 3.1.4, where disjunctions are replaced
by joins.

unitC(ρ) =̂
⊔
l∈C

unit l(ρ)

Example 4.1.2. Consider the clause C = p∨¬q∨r and the partial assignment ρ = 〈p:f, q:t〉.
The clause C is unit under ρ, since its first two literals contradict the partial assignment
and applying the unit rule yields the partial assignment unit(p ∨ ¬q ∨ r, ρ) = 〈p:f, q:t, r:t〉.
Observe that we may abstract the construction of Proposition 3.1.4 by replacing disjunctions
with the abstract join to obtain exactly this result.

ρ = 〈p:f, q:t〉 unitp∨q¬q∨r(ρ) = unitp(ρ) t unit¬q(ρ) t unitr(ρ)

= (ρ u 〈p:t〉) t (ρ u 〈q:f〉) t (ρ u 〈r:t〉)
= ⊥ t⊥ t (ρ u 〈r:t〉)
= 〈p:f, q:t〉 u 〈r:t〉 = 〈p:f, q:t, r:t〉

Similarly, applying the unit rule to every clause in a formula corresponds to taking the
meet of the unit transformers for all clauses.

unitϕ(ρ) =̂
l

C∈ϕ
unitC(ρ)
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Proposition 4.1.2. For a propositional cnf formula ϕ, the function unitϕ is a deflationary
transformer on the lattice PAsgs.

Proof. The unit l is clearly deflationary since it is defined by taking a meet between the
argument and the element that represents l. The function unitC for a clause C is the join of
deflationary transformers, and therefore itself a deflationary transformer. The function unitϕ
is then a deflationary transformer since it is the meet of a set of deflationary transformers.

The unit rule soundly abstracts the concrete deduction transformer.

Proposition 4.1.3. The unit rule unitϕ : PAsgs → PAsgs for a propositional cnf formula
ϕ is a sound overapproximation of the concrete deduction transformer dedϕ : P(SP ) →
P(SP ).

Proof. Recall that unitϕ is sound if dedϕ ◦ γ ⊆ γ ◦ unitϕ. We prove by induction on the
structure of a cnf formula that unitϕ is sound. First, consider a literal l. The transformer
unit l is a sound approximation of ded l if it holds that ded l ◦ γ ⊆ γ ◦ unit l.

ded l ◦ γ(ρ) = γ(ρ) ∩ {σ | σ(var(l)) = phase(l)}
= γ(ρ) ∩ γ(〈var(l):phase(l)〉)
= γ(ρ u 〈var(l):phase(l)〉)
= γ ◦ unit l(ρ)

From Proposition 3.1.4, we have for a clause C that dedC =
⋃
l∈C ded l and for a cnf

formula ϕ that dedϕ =
⋂
C∈ϕ dedC . In a Galois connection, abstract joins and meets

overapproximate their concrete counterparts. Since unit l soundly overapproximates ded l
and unitC and unitϕ are given as unitC =

⊔
l∈C unit l and unitϕ =

⊔
C∈ϕ unitC , respectively.

The result follows.

Moreover, the unit rule is the most precise approximation of the deduction transformer
dedC for a clause C.

Theorem 4.1.4 (Unit Rule as a Best Abstraction). For a clause C, the unit rule unitC is
the best abstract transformer of dedC .

Proof. We show that α ◦ dedC ◦ γ = unitC .

α ◦ dedC ◦ γ(ρ) = α ◦
⋃
l∈L

(ded l ◦ γ(ρ))

In a Galois connection, α distributes over joins.

=
⊔
l∈L

α(ded l ◦ γ(ρ))

From the proof of Proposition 4.1.3, ded l ◦ γ(ρ) = γ ◦ unit l(ρ).

=
⊔
l∈L

(α ◦ γ ◦ unit l(ρ))

Since (α, γ) is a Galois insertion, α ◦ γ is the identity function.

=
⊔
l∈L

unit l(ρ) = unitC(ρ)
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〈p:t〉 〈q:t〉 〈q:f〉 〈p:f〉

〈p:t, q:t〉 〈p:t, q:f〉 〈p:f, q:t〉 〈p:f, q:f〉

>

⊥

Figure 4.2: The partial assignments lattice for P = {p, q}. The red arrows represent the
result of applying the unit rule transformer unitϕ for the formula ϕ = p ∧ (¬p ∨ q).

4.1.3 BCP as Fixed Point Computation

Applying the concrete deduction transformer dedϕ repeatedly yields the same result as
applying it once, due to idempotence. In the abstract, iteration can provide strictly more
precision.

Example 4.1.3. We apply the unit rule for the formula ϕ = p ∧ (¬p ∨ q) ∧ (¬q ∨ r) to the
empty partial assignment >.

unitϕ(>) = unitp(>) u unit¬p∨q(>) u unit¬q∨r(>) = 〈p:t〉 u > u >
= 〈p:t〉

Reapplying unitϕ to the result 〈p:t〉 above yields strictly more precision

unitϕ(〈p:t〉) = 〈p:t〉 u 〈p:t, q:t〉 u 〈p:t〉
= 〈p:t, q:t〉

unitϕ(〈p:t, q:t〉) = 〈p:t, q:t〉 u 〈p:t, q:t〉 u 〈p:t, q:t, r:t〉
= 〈p:t, q:t, r:t〉

Another example is given in Figure 4.2, where the result of applying the transformer
generated by a cnf formula is shown.

In Algorithm 3, we give another characterization of bcp, this time from an abstract
interpretation point of view. The algorithm computes the greatest fixed point below an
element ρ via Kleene iteration.

Algorithm 3: bcp as fixed point iteration.

in : ϕ – cnf formula ϕ
ρ – partial assignment

out : partial assignment

1 bcp(ϕ,ρ)
2 repeat
3 ρ′ ← ρ;
4 ρ′ ← ρ u unitϕ(ρ);

5 until ρ′ = ρ;
6 return ρ′;

7

For the next theorem, we define a parametric fixed point function which maps an element
to the greatest fixed point below that element.

pgfp(f) =̂ x 7→ (gfpY. f(Y ) u x)
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Theorem 4.1.5 (BCP as a Greatest Fixed Point). Consider the function bcp defined by
the procedure in Algorithm 1. The value returned by the algorithm bcp with arguments ϕ
and ρ is equal to pgfp(unitϕ)(ρ).

Proof. We denote by ρ0 the initial value of the variable ρ. Recall that pgfp(unitϕ)(ρ0) is
equal to gfpX. unitϕ(X) u ρ0. For convenience, we define the function f : PAsgs → PAsgs
as f(X) =̂ unitϕ(X)u ρ0. It remains to show that the value returned by the bcp algorithm
is equal to gfp f .

Since unitϕ is deflationary, it is easy to see that the statement ρu unitϕ(ρ) on the right-
hand side of the assignment in Line 3 is equivalent to unitϕ(ρ). Since the lattice is finite,
it is clear that every run of the algorithm terminates after k iterations of the main loop. It
is then easy to see that such a run computes the function unitkϕ(ρ0). We now show that

ρk = unitkϕ(ρ0) is equal to gfp f . The element ρk is a fixed point of unitϕ, otherwise, the
algorithm would not have terminated after k iterations. It is also smaller than ρ0, since
unitϕ is deflationary. Therefore we have that f(ρk) = unitϕ(ρk)u ρ0 = ρk, i.e., ρk is a fixed
point of f .

It remains to show that ρk is the greatest fixed point of f . For every element in
the sequence (unit iϕ(ρ0))i∈N whose limit is ρk, there is a smaller element in the Kleene

iteration sequence (f i(>))i∈N. We show this statement inductively. By monotonicity,
the first element unit1

ϕ(ρ0) is greater than f2(>) = ρ0 u unitϕ(ρ0 u unitϕ(>)). Now as-

sume that for every 1 ≤ i ≤ k, it holds that unit iϕ(ρ0) is greater than f i+1(>). Then

by monotonicity, unitϕ(unit iϕ(ρ0)) is greater than unitϕ(f i+1(ρ0)) which is equivalent to

unitϕ(f i+1(ρ0))u ρ0 = f i+2. This shows that unit i+1
ϕ is greater than f i+2, which completes

the inductive proof.
Since the greatest fixed point of f can equally be expressed as

d
i≥0 f

i(>) via Kleene’s

fixed point theorem (Theorem 2.3.10), and since ρk =
d
i≥0 unit iϕ(ρ0), this implies that gfp f

is smaller than ρk. Since both elements are fixed points, it follows that gfp f = ρk.

Modern implementation of sat solvers do not use a generic fixed-point iteration engine
but use efficient implementations based on watched-literal data structures [137]. Watched-
literals are an essentially an effective, domain-specific way of implementing a working list:
Instead of applying the global deduction transformer for the whole formula (which is the meet
of the deduction transformer of all clauses), only clause transformers are applied that are
likely to refine the current partial assignment. In the language of abstract interpretation,
the watched-literals scheme is a semantics-aware form of chaotic iteration [44]: Program
analyzers also do not apply the global state transformer for a whole program at once, but
apply edge transformers in a sequence chosen to heuristically minimize required work.

We name the abstract transformer introduced above.

Definition 4.1.2 (BCP Transformer). The bcp transformer for a propositional formula ϕ
is the transformer bcpϕ : PAsgs → PAsgs defined as follows.

bcpϕ(ρ) =̂ pgfp(unitϕ)(ρ)

If bcpϕ(>) returns the ⊥ element, then it follows from abstract satisfaction (Theo-
rem 3.1.7) that the formula ϕ is unsatisfiable. If it returns an element different from ⊥,
then no conclusions can be drawn about the satisfiability of ϕ. As a satisfiability proce-
dure, bcp is refutationally sound, but incomplete. That is, if bcp proves unsatisfiability, the
formula is unsatisfiable, but if it fails to do so the formula may be unsatisfiable or satisfiable.

Example 4.1.4. Consider the formula ϕ = p ∧ (¬p ∨ q) ∧ (¬q ∨ r) ∧ (¬q ∨ ¬r). A run of
bcp(ϕ, ρ) produces the following descending iteration sequence.

> → 〈p:t〉 → 〈p:t, q:t〉 → 〈p:t, q:t, r:t〉 u 〈p:t, q:t, r:f〉 = ⊥

The returned value is ⊥, indicating that the formula is unsatisfiable.
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Now consider the formula ψ = (p∨ q)∧ (p∨¬q)∧ (¬p∨ q)∧ (¬p∨¬q). The formula ψ is
unsatisfiable, since every truth assignment to p and q contradicts one of the clauses. A run
of bcp(ψ, ρ) returns the initial element > since the unit rule does not provide any further
refinement, even though ψ is unsatisfiable.

The lack of completeness of bcp can be viewed in terms of transformer completeness.

Example 4.1.5. Consider the unsatisfiable formula from the previous example ψ = (p ∨
q) ∧ (¬p ∨ q) ∧ (p ∨ ¬q) ∧ (¬p ∨ ¬q).

The transformer bcpψ =̂ λρ. bcp(ψ, ρ) is in general neither γ- nor α- complete, as
shown below. Since ψ is unsatisfiable, dedψ is equal to ⊥. Then α ◦ dedψ(SP ) = ⊥, but
bcpψ ◦ α(SP ) = bcpψ(>) = >. Therefore, bcpψ is not α-complete.

Now consider a formula ϕ = p ∨ q. It holds that bcpϕ is α-complete at SP , since α ◦
dedϕ(SP ) = > is the best representation of the set of models of ϕ as a partial assignment.
However, it is not γ-complete though since dedϕ ◦ γ(SP ) = SP \ {{p 7→ f, q 7→ f}}, whereas
γ ◦ bcpϕ(>) = γ(>) = SP .

4.1.4 BCP and Static Program Analysis

We now compare bcp to existing research in static analysis of programs. The main result
is that bcp corresponds to a well-known analysis in abstract interpretation.

Consider a program with a set of Boolean-valued variables. The set of memory states
is then given by Ω =̂ Vars → B. Now consider a statement assume(ϕ), where ϕ is a
propositional formula which blocks executions if the memory state does not satisfy the
formula ϕ. We formally define the semantics of a guard by associating it with the following
transition relation Tassume(ϕ) ∈ Ω× Ω.

(ω, ω′) ∈ Tassume(ϕ) ⇐⇒ ω = ω′ ∧ ω |= ϕ

Checking unsatisfiability of a formula ϕ is then equivalent to checking safety of an im-
perative program of the form below.

assume(ϕ); assert(f)

The symbol ; above denotes sequential composition, which is defined as usual and assert(f)
expresses a safety specification that is violated if some execution can reach the statement.

To determine safety of this program, we can compute the state semantics of the state-
ment assume(ϕ) using a strongest postcondition operator (see Section 2.3.8). The strongest
postcondition of the assume statement is equivalent to the deduction transformer. This view
will allow us to connect bcp to existing techniques in program analysis.

Proposition 4.1.6. The following three transformers are equal.

(i) postassume(ϕ) (ii) preassume(ϕ) (iii) dedϕ

Proof. The equality of (i) and (ii) follows from the fact that Tassume(ϕ) is symmetric. For the
equality of (i) and (iii), consider the following.

postassume(ϕ)(M) = {ω | ∃ω ∈M. ω = ω′ ∧ ω |= ϕ}
= {ω | ω ∈M ∧ ω |= ϕ}
= dedϕ(M)

We now argue that bcp corresponds closely to a well-known program analysis technique.
The lattice PAsgs is a well-known abstract lattice in static analysis. It is the lattice used in
constant propagation, instantiated for the special case where all variables are Boolean.
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Applying the unit rule to derive information over a guard is a special case of abstract
interpretation with backwards interpretation of Boolean expressions [41]. In the context of
constant propagation, it is known under the name conditional constant propagation [170].
Iteration of the strongest postcondition transformer to increase the precision of analyzing a
guard is well-known in abstract interpretation as analysis with locally decreasing iterations
[76].

4.2 DPLL

We now provide a characterization of the Davis-Putnam-Logeman-Loveland algorithm (dpll)
[53] in terms of lattices and transformers. dpll is a propositional satisfiability algorithm that
operates on partial assignments. Our characterization exposes the lattice-theoretic struc-
ture of the algorithm, and shows that it corresponds to a partition-based domain refinement
recipe that has existing counterparts in the program analysis literature.

We first provide an overview of propositional dpll in Section 4.2.1, with a brief discus-
sion of its historical development and relevance. Section 4.2.2 informally shows parallels
between the dpll algorithm and a well-known program-analysis called trace partitioning.
Section 4.2.3 gives a formalization of the procedure in terms of abstract interpretation and
lattices which can be instantiated over a wide range of abstract domains and problems.

4.2.1 An Overview of DPLL

dpll was originally conceived as an effective way of implementing the resolution-based dp
procedure [54], which suffered from exponential worst-case space complexity. The algorithm
introduced two refinements. First, dpll uses the unit rule, which can be viewed as a form
of restricted resolution in place of the unrestricted resolution rule used in dp. Second,
dpll uses a backtracking search on partial assignments to avoid the memory blowup of dp,
rather than collecting sets of clauses like dp. This marked a shift in focus from viewing the
satisfiability problem in terms of logical deduction to viewing it as a search problem.

Research interest in dpll intensified in the late 1990s, when the introduction of several
algorithmic, heuristic and engineering improvements led to the development of a sophisti-
cated and elegant algorithmic framework known today as Conflict-Driven Clause Learning
(cdcl) [11, 118, 137]. cdcl is the basis of today’s propositional satisfiability procedures,
which can solve problems that are many orders of magnitude larger than those solvable by
dpll, and are important components of many theorem proves for richer logics, such as smt
solvers. Historically, cdcl can be viewed as an extension of dpll, which sometimes leads
to cdcl solvers being referred to as dpll procedures or dpll-based procedures. The two
algorithms differ significantly though, not only in speed and efficiency, but also in terms of
how the search is conducted. While dpll is, in modern terms, a straightforward branch-and-
bound search algorithm, cdcl combines search and a property-directed form of resolution
in a way that elegantly interleaves search for models with search for proofs. In this section,
we will focus on “classic” dpll and we defer all discussions of learning to Section 4.4, where
we discuss cdcl in terms of abstract interpretation, and Chapter 5, where we generalize
cdcl to abstract domains.

A basic, recursive formulation of dpll is shown in Algorithm 4. The algorithm first
calls bcp to refine the current partial assignment. If the result is a conflict, the algorithm
returns the conflict element ⊥ and if the result is a total assignment, the algorithm returns
this assignment. Otherwise, a decision is made wherein a variable p that is assigned to >
is heuristically selected. The algorithm then issues two recursive calls where the chosen
variable is assigned, first to true, then to false. The calls determine whether the elements
ρu〈p:t〉 and ρu〈p:f〉 abstractly represent some model of ϕ. If either of the two calls returns
with a result that is not equal to the conflict element ⊥, the algorithm returns this result,
otherwise, it returns ⊥, indicating that no solution could be found that refines ρ.
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Algorithm 4: Classic dpll.

in : ϕ – propositional cnf formula
ρ – partial assignment

out : partial assignment

1 dpll(ϕ,ρ)
2 ρ← bcp(ϕ, ρ);
3 if ρ = ⊥ then return ⊥;
4 if for all p in P ρ(p) 6= > then return ρ;

5 p← decide(ρ);

6 ρ′ ← dpll(ϕ, ρ u 〈p:t〉);
7 if ρ′ 6= ⊥ then return ρ′;
8 ρ′ ← dpll(ϕ, ρ u 〈p:f〉);
9 if ρ′ 6= ⊥ then return ρ′;

10 return ⊥;

11

12 decide(ρ)
13 Choose p ∈ P s.t. ρ(p) = >;
14 return p;

15

⊥

⊥

ϕ = p ∧ (¬p ∨ q ∨ ¬r) ∧ (q ∨ r) ∧ (s ∨ r) ∧ (¬q ∨ s ∨ ¬r) ∧ (¬s ∨ r)

p:t

q:f q:t

r:f

r:t

s:f s:t

r:f

r:t

r:t

Figure 4.3: Decision tree corresponding to a complete run of dpll on ϕ.
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Runs of dpll can be visualized using a decision tree, as shown in Figure 4.3, which
captures a full execution of dpll. A preorder traversal of the decision tree provides a history
of partial assignments considered during search. At the root node, nothing is known, which
represents the state of the algorithm before execution begins. In the first bcp phase, the
proposition p is assigned to true. Then as a decision, q is chosen and assigned to f. This
assignment results in a conflict, since r is assigned to both true and false. The algorithm
backtracks and flips the value of the decision variable q to t. After another decision and a
second backtrack, the algorithm finds the element 〈p:t, q:t, s:t, r:t〉, which represents a model
of the formula.

4.2.2 Trace Partitioning and DPLL

We now relate dpll to existing techniques in program analysis. Recall that we can view
checking if a formula ϕ is satisfiable as checking if the program if(ϕ) assert(f) is safe. If
bcp is viewed as a static analysis in this way, dpll can be understood analogous to analyzing
the sequence of programs below.

P0 =̂
if(ϕ)
assert(f)

P1 =̂
if(p) P0

else P0
P2 =̂

if(q) P1

else P1

dpll uses decisions to dynamically restrict the range of values, in order to improve the
precision of the analysis. In abstract interpretation, this corresponds to a well-known tech-
nique called trace partitioning [119, 151]. Trace partitioning technique for refining abstract
analyses that is parametrized by a base analysis and a partition of the set of traces. The
base analysis is then extended to obtain information separately about each of the partitions,
which is more precise than simply running the base analysis.

Trace partitioning is a means to increase the precision of the analysis without changing
the underlying abstraction. It is essentially a form of case analysis.

Example 4.2.1 (Trace Partitioning). Consider the program below, whose nodes are anno-
tated with the result of forward abstract interpretation over the domain of intervals.

P1

[x > 0]

[x ≤ 0]

y : = 1

y : =−1

[y = 0]

>

x ∈ [1,∞]

x ∈ [−∞, 0]

y ∈ [−1, 1] y ∈ [0, 0]

The variable y is assigned to either 1 or −1, depending on the value of x. Interval analysis
imprecisely overapproximates this information and finds that y is in the range [−1, 1] after
the join point. Due to the precision loss, the analysis is unable to determine that y is distinct
from 0 at the last control-flow node.

Analysis precision can be increased by using trace partitioning where we distinguish be-
tween (i) the set of traces where x is initially positive and (ii) the set of traces where x is
initially zero or negative.

We simulate a trace partitioning by running the original analysis over the following
modified cfg, in which the case split is represented by a fresh control-flow branch.
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[x > 0]

[x ≤ 0]

y : = 1

y : =−1

[x = 0]

x ∈ [1,∞]

x ∈ [1,∞]

⊥

y ∈ [1, 1] ⊥

[x > 0]

[x ≤ 0]

y : = 1

y : =−1

[x = 0]

x ∈ [−∞, 0]

⊥

x ∈ [−∞, 0]

y ∈ [−1,−1] ⊥

P2

[x > 0]

[x ≤ 0]

The cfg P2 duplicates the original cfg P1 and we introduce a new initial node from
which a case distinction originates. The upper branch assumes that x is strictly positive, the
lower branch assumes the opposite. Analyzing P2 corresponds to analyzing P1 twice under
different assumptions. This form of cfg transformation is sound, since no trace is lost: The
final location in P1 is reachable exactly if one of the two final locations in P2 is reachable.

Abstract analysis of P2 is more precise than abstract analysis of P1 though: Standard
interval analysis can establish that both final locations in P2 are unreachable (indicated by
the annotation with the abstract value ⊥), but is unable to establish the same in P1.

Trace partitioning is a framework with different instantiations. Creating partitions that
restrict the range of a variable at one or more program locations (as is implicitly done in the
example above) is referred to as value-based partitioning. In terms of classic abstract inter-
pretation, trace partitioning may be viewed as a variant of the cardinal power construction
[43].

In dpll, the set of cases is not known a priori, but is constructed on the fly. This
corresponds, in terms of abstract interpretation, to a form of dynamic, value-based trace
partitioning.

4.2.3 Abstract Partitioning

We now formalize domain refinement based on partitioning. Since we are not only interested
in traces, but also partitions of logical concrete domains, we simply use the term abstract
partitioning instead of trace partitioning.

Definition 4.2.1 (Abstract Coverings and Partitions). Let C be a complete Boolean alge-
bra, let A be a complete lattice that abstracts C with Galois connection (α, γ) and let χ ⊆ A.
The set χ is an abstract covering of an element c ∈ C if it is non-empty and

⋃
a∈χ γ(a) ⊇ c.

The set χ is an abstract partition of c if it is an abstract covering and if for all a 6= a′ in χ,
γ(a)∩ γ(a′) is ⊥. A set χ is an abstract covering, if it is an abstract covering of >, and it is
an abstract partition if it is an abstract partition of >.

A covering can be used to refine an abstract analysis using cases. Each element of the
covering constitutes one semantically specified case that may be analyzed separately.
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Example 4.2.2. Consider the formula ϕ = (p∨q)u(p∨¬q). We consider static analysis of
this formula using the partial assignments abstract domain which is equivalent to deduction
using the unit rule. Deduction on ϕ using the unit rule doesn’t yield any information.

unitϕ(>) = (〈p:t〉 t 〈q:t〉) u (〈p:t〉 t 〈q:f〉) = > u> = >

On the other hand, instead of applying the transformer once to >, we can apply it twice
to m = 〈q:t〉 and m′ = 〈q:f〉. Since it holds that γ(m) ∪ γ(m′) = γ(>), it is sound to
use the combined results of unitϕ(m) and unitϕ(m′) instead of unitϕ(>) when performing
entailment checks. We obtain the following.

(〈p:t, q:t〉 t 〈q:t〉) u (〈p:t q:t〉 t ⊥)

=〈q:t〉 u 〈p:t, q:t〉 = 〈p:t, q:t〉
(〈p:t, q:f〉 t ⊥) u (〈p:t, q:f〉 t 〈q:f〉)

=〈p:t, q:f〉 u 〈q:f〉 = 〈p:t, q:f〉

unitϕ(〈q:t〉) unitϕ(〈q:f〉)

We now formalize the above example by introducing an abstract partitioning domain.

Definition 4.2.2 (Abstract Partition Lattice). Let C and A be as above and let χ ⊆ A be
an abstract covering. The abstract partition lattice of A and χ is the lattice (Aχ,v) defined
below.

Aχ =̂ χ→ A f v g ⇐⇒ ∀a ∈ χ. f(a) v g(a)
l
F = λa.

l

f∈F

f(a)
⊔
F = λa.

⊔
f∈F

f(a)

Proposition 4.2.1. The abstract partitioning lattice Aχ overapproximates C w.r.t. the fol-
lowing Galois connection.

(C,⊆) −−−−→←−−−−
αχ

γχ
(Aχ,v)

αχ(c) =̂ {a 7→ α(γ(a) ∩ c) | a ∈ χ} γχ(f) =̂
⋃
a∈χ

γ(a) ∩ γ(f(a))

Proof. Since both αχ and γχ are constructed from monotone operations and functions, it is
easy to see that both are monotone. We now show that γχ ◦ αχ is inflationary.

γχ ◦ αχ(c) =
⋃
a∈χ

(γ(a) ∩ γ(α(γ(a) ∩ c))

⊇
⋃
a∈χ

(γ(a) ∩ (γ(a) ∩ c))

=
⋃
a∈χ

(γ(a) ∩ c)

= c ∩
⋃
a∈χ

γ(a) = c ∩ > = c

=⇒ γχ ◦ αχ(c) ⊇ c

We complete the proof that (αχ, γχ) is a Galois connection by showing that αχ ◦ γχ is
deflationary.

αχ ◦ γχ(f)(a) = α(γ(a) ∩ (
⋃
a′∈χ

γ(a′) ∩ γ(f(a′)))
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= α((
⋃
a′∈χ

γ(a) ∩ γ(a′) ∩ γ(f(a′)))

= α(
⋃
a′∈χ

γ(a u a′ u f(a′)))

=
⊔
a′∈χ

α(γ(a u a′ u f(a′)))

v
⊔
a′∈χ

a u a′ u f(a′) v a

=⇒ αχ ◦ γχ(f) v f

Dynamic Partitioning

The partitioning domain described above is an abstract interpretation variant of case anal-
ysis. The abstract partition (or covering) provides the set of cases and each case is mapped
to its corresponding analysis result. Algorithms such as dpll do not use a fixed set of cases
but construct the set of cases on the fly, based on the results of analysis itself: cases are
only introduced when necessary.

One way to model this is to consider it algorithmically as abstraction refinement: If the
result of analysis is insufficiently precise the abstract partition domain is refined by choosing
a more precise set of cases.

We focus on another perspective in this section, namely on that of dynamic partitioning
[21], where all possible refinements are viewed as elements of the same lattice. In this view,
case refinements are semantics-preserving steps down this lattice. We may partially order
abstract partitions.

Definition 4.2.3 (Partition Ordering). Let (A,v) be an abstract domain with (C,⊆) −−−→←−−−α
γ

(A,v). For two abstract partitions χ1 and χ2, we define χ1 � χ2 exactly if for all a ∈ χ2

there exists a subset χ′1 ⊆ χ1 satisfying both conditions below.

(i) For all a′ ∈ χ′1, it holds that a′ v a.

(ii) χ′1 is an abstract partition of γ(a).

The set of abstract partitions that are definable by partial assignments forms a complete
lattice, as shown in Figure 4.4.

We now define an abstraction in which the set of partitions may be changed dynamically.

Definition 4.2.4 (Dynamic Abstract Partition Lattice). Let (A,v) be an abstract domain

over a complete Boolean algebra (C,⊆) with (C,⊆) −−−→←−−−α
γ

(A,v). Let Λ be a set of abstract

partitions over A such that (Λ,�) is a complete lattice with meet
c

and join
b

. The
dynamic abstract partition lattice (D(A,Λ), v̇) is given below.

D(A,Λ) =̂
⋃
χ∈Λ

(χ→ A)

For f : χf → A, g : χg → A ∈ D(A,Λ),

f v̇ g exactly if χf � χg and ∀a ∈ χf , b ∈ χg. a v b =⇒ f(a) v g(b)
l̇
F =̂ {a 7→

l
Q | a ∈

k

f :χ→A∈F

χ and Q = {f(a′) | f ∈ F and a′ ∈ χf and a′ w a}}

⊔̇
F =̂ {a 7→

⊔
Q | a ∈

j

f :χ→A∈F

χ and Q = {f(a′) | f ∈ F and a′ ∈ χf and a′ v a}}
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tt / tf ft ff tt tf / ft ff tt ff / tf ft tt tf ft /ff tt tf ff / ft tt ft / tf ff tt ft ff / tf

tt / tf / ft ff tt / tf ft /ff tt / tf ff / ft tt tf / ft /ff tt ft / tf /ff tt ff / tf / ft

tt tf ft ff

tt / tf / ft /ff

Lattice of partitions of the set of assignments {p, q} → B. This lattice is well known [17].

t>/ f> >t / >f

>>

tt / tf / ft / ff

Lattice ΛPAsgs of abstract partitions expressible as partial assignments over p and q.

t>>/ f>> >t> / >f> >>t / >>f

tt> / tf> / ft> / ff> t>t / t>f / f>t / f>f >tt / >tf / >ft / >ff

>>>

ttt / ttf / tft / tff / ftt / ftf / fft / fff

Lattice of abstract partitions expressible as partial assignments over p, q and r.

Figure 4.4: Lattice of partitions of the concrete domain of propositional assignments (above)
and of the abstract domains of partial assignments for two and three propositions. We denote
by tt the function {p 7→ t, q 7→ t} and denote partition boundaries by “/”. Note that not all
concrete partitions can be expressed as abstract partitions. The shaded concrete partitions
are those expressible in the abstract.
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Proposition 4.2.2. (D(A,Λ), v̇) is a complete lattice.

Proof. We skip the proof that v̇ is a partial ordering.
We first show that

ḋ
F : χu̇ → A is a lower bound of F . Consider a function f :

χf → A ∈ F . Then we have by definition that χu̇ =
c
g:χ→A∈F χ, and since f ∈ F , it

holds that χu̇ � χf . Now consider a ∈ χu̇, a′ ∈ χf such that a v a′. Then we have that

(
ḋ
F )(a) =

d
Q where Q = {f(a′) | f ∈ F ∧ a′ ∈ χf ∧ a′ w a}. Clearly, it holds that

f(a′) ∈ Q, therefore (
ḋ
F )(a) v f(a′). We have shown that χu̇ � χf and that for any

a ∈ χu̇, a′ ∈ χf such that a v a′, it holds that (
ḋ
F )(a) v f(a′). Therefore,

ḋ
F v̇ f for

any f ∈ F and
ḋ
F is a lower bound of F . It remains to show that

ḋ
F is the greatest

lower bound. Consider a lower bound g : χg → A of F . Since χu̇ is a greatest lower bound
in the lattice of partitions and since for all f ∈ F , g v̇ f implies that χg � χf , it follows
that χg � χu̇. Now let a ∈ χg, a′ ∈ χu̇ such that a v a′. Since g is a lower bound of F , we
have that g(a) v f(b) for all f : χf → A ∈ F, b ∈ χf where a v b. Therefore, g(a) v

d
Q

where Q = {f(b) | f ∈ F ∧ b ∈ χf ∧ b w a}. Since we have that (
ḋ
F )(a′) =

d
Q′ with

Q′ = {f(b) | f ∈ F ∧ b ∈ χf ∧ b w a′} and since a v a′ we have that Q′ ⊆ Q and therefore,

it holds that
d
Q′ w

d
Q. It follows that g(a) v (

ḋ
F )(a′), which completes the proof that

g(a) v̇
ḋ
F , therefore

ḋ
F is a greatest lower bound.

The argument for
⊔̇
F is dual to the one above.

In D(A,Λ), the partition χ is not fixed. Otherwise it is similar to the abstract partition
lattice Aχ for a given partition χ. The order on D(A,Λ) captures the informal idea that
using a finer precision leads to more precise case-based analyses. Since Λ is a lattice, this
means that the best abstract representation of a concrete element must be a map from
the most precise partition ⊥Λ to elements of A. This is reflected in the definition of the
abstraction function below.

Proposition 4.2.3. The lattice (D(A,Λ), v̇) overapproximates (C,⊆) w.r.t. the following
Galois connection.

(C,⊆) −−−→←−−−
αD

γD
(D(A,Λ), v̇)

αD(c) =̂ {a 7→ α(γ(a) ∩ c) | a ∈ ⊥Λ}

γD(f) =̂
⋃
a∈χf

γ(f(a) u a)

Proof. We first show monotonicity of the two functions. Consider c, c′ ∈ C such that c ⊆ c′,
then the functions αD(c) and αD(c′) both have the same domain ⊥Λ. In order to show
that αD(c) v̇αD(c′) it is therefore sufficient to show that for all a, a′ ∈ A with a v a′ it
holds that αD(c)(a) v αD(c′)(a′). We apply the definition and rewrite this inequality as
α(γ(a)∩ c) v α(γ(a′)∩ c′), which follows since α, γ and ∩ are all monotone and since a v a′
and c ⊆ c′.

Now consider f : χf → A, g : χg → A ∈ C such that f v̇ g. Then γD(f) =
⋃
Qf where

Qf = {γ(f(a) u a) | a ∈ χf}, and γD(g) =
⋃
Qg where Qg = {γ(g(a) u a) | a ∈ χg}. Now

consider an element γ(f(a)ua) ∈ Q. It is easy to see that since χf and χg are partitions with
χf � χg. There then exists a′ ∈ χg with a′ w a. From f v̇ g, we then get that g(a′) w f(a)
and therefore also γ(g(a′)u a′) w γ(f(a)u a). The element γ(g(a′)u a′ is in the set Qg. We
have shown that for any element γ(f(a)ua) ∈ Q there is a larger element γ(g(a′)ua′) ∈ Q′.
Therefore,

⋃
Q ⊆

⋃
Q′, or equivalently, γD(f) ⊆ γD(g), which completes the proof that γD

is monotone.
We now show that γD ◦ αD is inflationary.

γD ◦ αD(c) =
⋃
a∈⊥Λ

γ(α(γ(a) ∩ c) u a)
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=
⋃
a∈⊥Λ

γ(α(γ(a) ∩ c)) ∩ γ(a)

⊇
⋃
a∈⊥Λ

(γ(a) ∩ c) ∩ γ(a)

= c ∩
⋃
a∈⊥Λ

γ(a) = c ∩ > = c

=⇒ γD ◦ αD(c) ⊇ c

We now show that αD ◦ γD is deflationary. Consider a function f : χf → A in D(A,Λ).
Then αD ◦ γD(f) has the signature ⊥Λ → A, and trivially, ⊥Λ � χf . It remains to show
that, whenever for a ∈ χ⊥ and for b ∈ χf it holds that a v b, then αD ◦ γD(f)(a) v f(b).
Assume for a and b as above that a v b.

αD ◦ γD(f)(a) = α(γ(a) ∩
⋃

a′∈χf

γ(f(a′) u a′))

= α(γ(a) ∩ (γ(f(b) u b) ∪
⋃

a′∈χf\{b}

γ(f(a′) u a′)))

v α(γ(a) ∩ (γ(f(b) u b) ∪
⋃

a′∈χf\{b}

γ(f(a′) u a′)))

= α(γ(a) ∩ γ(f(b) u b)) t α(γ(a) ∩
⋃

a′∈χf\{b}

γ(f(a′) u a′)))

= α(γ(a u f(b) u b)) t α(
⋃

a′∈χf\{b}

γ(a u f(a′) u a′))

Since χf is an abstract partition with b w a, it holds for all a′ ∈ χf \ {b} that γ(au a′) = ⊥,
therefore we can rewrite the right hand side as follows.

= α(γ(a u f(b) u b)) t α(⊥)

Since α(⊥) is smaller than α(γ(. . .)), this can be further simplified to the following.

= α(γ(a u f(b) u b))
= α(γ(a u f(b)))

v a u f(b)

v f(b)

=⇒ αD ◦ γD(f)(a) v f(b)

We have shown that αD and γD are monotone functions such that γD ◦αD is inflationary
and αD ◦ γD is deflationary. Therefore, (αD, γD) is a Galois connection.

The dpll algorithm as depicted in Algorithm 4 can be viewed as implementing a fixed
point iteration procedure that operates on D(PAsgs,ΛPAsgs), where ΛPAsgs is the lattice of
abstract partitions over partial assignments depicted in Figure 4.4.

Example 4.2.3. Consider the run of dpll that produces the decision tree depicted in
Figure 4.3. Note that run of the algorithm partitioned the search space into the following set
of cases using decisions.

χ = {〈q:f〉, 〈q:t, s:f〉, 〈q:t, s:t〉}

We can equally view the algorithm to have computed the element of the lattice D(ρ,Λ) de-
picted below.

{〈q:f〉 7→ ⊥, 〈q:t, s:f〉 7→ ⊥, 〈q:t, s:t〉 7→ 〈p:t, q:t, s:t, r:t}
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The unit rule and bcp transformers can be trivially lifted to elements of the dynamic
partitioning domain by applying them pointwise. The more general insight is as follows.

Proposition 4.2.4. Let A be an abstract domain and let h : A → A be a sound abstract
transformer. Then the following is a sound abstract transformer.

h : D(A,Λ)→ D(A,Λ) h(f : χ→ A) =̂ {a 7→ h(a) | a ∈ χ}

Decisions are used to refine the representation of an object without changing the se-
mantics of the object. In abstract interpretation terminology, it is therefore an instance of
semantic reduction. We model case splits as transformers on the lattice of partitions.

Definition 4.2.5 (Semantic Splitting Function). Consider an abstract domain A with Ga-

lois connection (C,⊆) −−−→←−−−α
γ

(A,v). A semantic splitting function is a function split : A →
P(A) such that the following holds for all a ∈ A.

(i) ∀b ∈ split(a). b v a (ii)
⋃

b∈split(a)

γ(b) = γ(a)

Example 4.2.4. Consider three totally ordered propositions p < q < r. In the following,
we define a splitting function for partial assignments, which applies splits in the order <.

split(ρ) =̂


{ρ u 〈p:t〉, ρ u 〈p:f〉} if ρ(p) = >
{ρ u 〈q:t〉, ρ u 〈q:f〉} if ρ(p) 6= > and ρ(q) = >
{ρ u 〈r:t〉, ρ u 〈r:f〉} if ρ(p) 6= >, ρ(q) 6= > and ρ(r) = >
{ρ} otherwise

From a splitting function, we may derive a decision operator which refines an element of
the dynamic partitioning domain.

Definition 4.2.6 (Decision Operator). Let split : A → A be a semantic splitting function
over an abstract domain A with dynamic partitioning domain D(A,Λ), where Λ is the
complete lattice of partitions of A.

Then a decision function of split is an order-preserving function decide : D(A,Λ) →
D(A,Λ) such that for any f : χf → A ∈ D(A,Λ) there is a partition element a ∈ χ such
that the following conditions (i) to (iii) below hold for decide(f) : χdecide(f) → A.

(i) χdecide(f) = χf \ {a} ∪ split(a)

(ii) decide(f)(a′) =

{
f(a′) if a′ ∈ χf \ {a}
f(a) u a′ if a′ ∈ split(a)

(iii) split(a) ∩ (χf \ {a}) = ∅

Informally, a decision function takes a case partition together with analysis results, and
refines a block of the partitioning by replacing it with the result of applying a splitting
function to that block. Note that condition (iii) explicitly forbids the refining elements
contained in split(a) to be already elements of the set χf \{a}. This condition is not strictly
necessary for what follows, but it is reasonable, and simplifies proofs.

Decision making corresponds to partition refinement. One way to view partition refine-
ment is as a kind of abstraction refinement, which replaces one abstract partition lattice
with a second, more precise one. We give a different but related perspective here. In the
context of the dynamic partitioning lattice, partition refinement via decisions is an instance
of semantic reduction, since it constitutes a refinement of the abstract representation of a
concrete element, without changing its semantics.

Proposition 4.2.5. A decision function decide : D(A,Λ) is a sound semantic reduction
operator.
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Proof. By definition, decide is order preserving. It is easy to see that it is also deflationary.
It remains to show that γD ◦ decide = γD. In the following, we have that f : χf → A,
and decide(f) : χdecide(f) → A, and let a ∈ χf be the element such that the conditions in
Definition 4.2.6 are satisfied.

γD ◦ decide(f) =
⋃

a′∈χdecide(f)

γ(decidef(a′) u a′)

=
⋃

a′∈χf\{a}

γ(f(a′) u a′) ∪
⋃

a′∈split(a)

γ(f(a) u a′)

=
⋃

a′∈χf\{a}

γ(f(a′) u a′) ∪ (γ(f(a)) ∩
⋃

a′∈split(a)

γ(a′))

=
⋃

a′∈χf\{a}

γ(f(a′) u a′) ∪ (γ(f(a)) ∩ γ(a))

=
⋃

a′∈χf

γ(f(a′) u a′) = γD(f)

=⇒ γD ◦ decide(f) = γD(f)

We may now understand a run of dpll as a greatest fixed point iteration over the
abstract domain D(PAsgs,ΛPAsgs), as shown in Figure 4.5. The abstract fixed point that
is computed is as follows, where bcpD is a transformer that replaces the “current” partition
mapping a 7→ b with a 7→ bcpϕ(b).

gfp decide ◦ bcpD

When unraveled via iteration, the above fixed point is of the following form:

decide(bcpD(. . . decide(bcpD(>))))

The above unwinding corresponds to the intuitive understanding of classic dpll as alter-
nating decision and propagation steps.

4.3 St̊almarck’s Saturation Procedure

St̊almarck’s proof procedure for propositional logic (stalmarck) [161] is a satisfiability
procedure that is closely related to dpll. In this section, we show that the dilemma rule
and the k-saturation procedure, which are both components of stalmarck are techniques for
refining approximations of completely additive, deflationary functions. In practical terms,
this means that we can apply the algorithm to solve instances of the bottom-everywhere
problem.

We give an account of stalmarck that uses the same data structures and reasoning rules
as dpll. Our account is not entirely faithful to the original algorithm, since stalmarck uses
its own unique data structures and reasoning rules. These are closely related, yet distinct
from those employed in the dpll algorithm. The variant of the procedure we present is
sufficient for our purposes and allows us to work in the formal framework established in this
section. An independent discussion of stalmarck in the context of abstract interpretation
that gives a more faithful account of the original algorithm can be found in [165, 166].

We first describe the dilemma rule and k-saturation and then go on to interpret them as
refinement transformers.
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F0 = {> 7→ >}
w F1 = bcpD(F0) = {>7→ 〈p:t〉}
w F2 = decide(F1) = {〈q:f〉 7→ 〈p:t, q:f〉, 〈q:t〉 7→ 〈p:t, q:t〉}
w F3 = bcpD(F2) = {〈q:f〉 7→ ⊥, 〈q:t〉 7→ 〈p:t, q:t〉}
w F4 = decide(F3) = {〈q:f〉 7→ ⊥, 〈q:t, s:f〉 7→ 〈p:t, q:t, s:f〉, 〈q:t, s:t〉 7→ 〈p:t, q:t, s:t〉}
w F5 = bcpD(F4) = {〈q:f〉 7→ ⊥, 〈q:t, s:f〉7→ ⊥, 〈q:t, s:t〉 7→ 〈p:t, q:t, s:t〉}
w F6 = decide(F5) = {〈q:f〉 7→ ⊥, 〈q:t, s:f〉 7→ ⊥, 〈q:t, s:t〉7→ 〈p:t, q:t, r:t, s:t〉}

⊥

⊥

p:t

q:f q:t

r:f

r:t

s:f s:t

r:f

r:t

r:t

Figure 4.5: dpll as fixed point iteration.
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4.3.1 An Overview of St̊almarck’s Saturation Procedure

The dilemma rule is a special “branch-and-merge” rule [161] which combines information
derived on different branches of the search tree.

Example 4.3.1. Consider the formula ϕ below.

ϕ = (p ∨ q) ∧ (¬p ∨ q)

Note that bcp is insufficient to deduce any information about the above formula. The
dilemma rule first introduces a branch to refine the precision of an analysis and then merges
the results of each branch to yield a valid deduction result. The process is illustrated below.

bcpϕ(>) = >

bcpϕ(〈p:t〉) = 〈p:t, q:t〉 bcpϕ(〈p:t〉) = 〈p:f, q:t〉

〈q:t〉

Above, the base analysis is refined by performing a case split on the value of p. We find that
no matter what value p takes, q evaluates to true. Therefore, the partial assignment 〈q:t〉 is
a valid deduction result.

In contrast to dpll, which amounts to a classical branch-and-bound search algorithm,
branches are collapsed and their results are combined. Information is merged by inter-
secting the partial assignments obtained on each branch, that is, keeping only those truth
assignments that are common to both branches. stalmarck may be parametrized by the
branching depth that is employed before branches are collapsed and thus yields a family of
proof procedures of increasing strength. A procedure that never branches is a 0-saturation
procedure and one that branches k-times is a k-saturation procedure.

We give a version of the k-saturation algorithm in Algorithm 5. Note that we deviate in
our presentation from the standard algorithm, since we use partial assignments and bcp for
deduction. The algorithm uses a function titled merge to combine information. It is easy to
see that merge(ρt, ρf) returns the join ρt t ρf in the lattice of partial assignments.

4.3.2 Abstract Saturation

Algorithm 6 generalizes stalmarck to lattices. The saturation procedure performs a split
on each propositional variable in turn. The abstract version is parametrized by a set of
splitting functions. It is possible to specialize the abstract algorithm to obtain the propo-
sitional procedure for a formula ϕ as follows. (i) As the lattice A, choose the lattice of
partial assignments, (ii) in place of the transformer g, use the unit transformer unitϕ and
(iii) define the set of splitting functions Split as {split< | < is a total order on P}, where
split< is defined as follows.

split<(ρ) =̂

{
{ρ} if ρ is an atom of PAsgs

{ρ u 〈p:t〉, ρ u 〈p:f〉} else, s.t. p is <-minimal s.t. ρ(p) = >

We now define transformers that capture the behavior of the abstract saturation pro-
cedure. We first define a transformer that models the dilemma rule. The transformer is
parametrized by an abstract transformer g and a splitting function split . When applied to
an element a, the transformer applies g to each element of the set split(a) and then joins
the results.
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Algorithm 5: k-saturation over partial assignments.

in : k ∈ N0 – constant
ϕ – propositional cnf formula ϕ
ρ – partial assignment

out : partial assignment
1 saturate(k, ϕ, ρ)
2 if k = 0 then return bcpϕ(ρ);

3 repeat
4 ρ′ ← ρ;
5 foreach proposition p ∈ P do
6 ρt ← saturate(k − 1,ϕ,ρ u 〈p:t〉);
7 ρf ← saturate(k − 1,ϕ,ρ u 〈p:f〉);

8 ρ← ρ u merge(ρt, ρf)

9 end

10 until ρ = ρ′;
11 return ρ;

12

13 merge(ρt, ρf)

14 if ρt = ⊥ then return ρf ;
15 if ρf = ⊥ then return ρt;
16 return {p 7→ v | p ∈ P, v ∈ B. ρt(p) = ρf(p) = v}
17

Algorithm 6: k-saturation over lattice A.

in : k ∈ N0 – constant
g : A→ A – abstract transformer
a ∈ A – abstract element
split – set of splitting functions

out : abstract element of A
1 asaturate(k, g, a, Split)
2 if k == 0 then
3 return pgfp(g)(a);
4 end
5 repeat
6 a′ ← a;
7 foreach split ∈ Split do
8 Q← {asaturate(k − 1, g, d, Split) | d ∈ split(a)};
9 a u

⊔
Q;

10 end

11 until a = a′;
12 return a;

13
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Definition 4.3.1 (Dilemma Transformer). Let (A,v) be an overapproximation of a Boolean
algebra (C,⊆) w.r.t. (α, γ), let g : A → A be a transformer and let split : A → P(A) be a
semantic splitting function. Then the dilemma transformer of g and split is defined below.

dlmsplit(g) :A→ A dlmsplit(g)(a) =̂ a u
⊔

d∈split(a)

g(d)

We now show that the dilemma transformer implements a technique that uses a splitting
function to soundly refine an approximation of a completely additive, deflationary trans-
former. Since dedϕ is completely additive and deflationary, it follows that stalmarck is a
partition-based refinement strategy.

Proposition 4.3.1. Let f : C → C be an additive, deflationary transformer and let g : A→
A be a sound approximation of f w.r.t. (α, γ). For any splitting function split, dlmsplit(g)
is more precise than g and soundly approximates f , i.e., the following two statements hold.

(i) γ ◦ dlmsplit(g) ⊆ f ◦ γ (ii) dlmsplit(g) v g

Proof. We first show (i). By the properties of a splitting function, it holds that
⋃
d∈split(a) γ(d)

⊇ γ(a). Therefore, by monotonicity f(
⋃
d∈split(a) γ(d)) ⊇ f ◦ γ(a), and since f is completely

additive,
⋃
d∈split(a) f ◦ γ(d) ⊇ f ◦ γ(a). Since g soundly approximates f , we then have that⋃

d∈split(a) γ ◦ g(d) ⊇ f ◦ γ(a), and since the abstract join overapproximates the concrete,

we get that γ(
⊔
d∈split(a) g(d)) ⊇ f ◦ γ(a). Since f is deflationary, the left hand side can

be rewritten as γ(a u
⊔
d∈split(a) g(d)). We then have that γ ◦ dlmsplit(g) ⊇ f ◦ γ(a), which

completes the first proof.
For (ii), recall that all d in split(a) are less than a. By monotonicity, we therefore

have for all such d that g(d) v g(a). It follows that
⊔
d∈split(a) g(d) v g(a) and therefore

a u
⊔
d∈split(a) g(d) v g(a), which is equivalent to dlmsplit(g)(a) v g(a).

The next transformer is the saturation transformer, which is recursively defined in terms
of greatest fixed points over the dilemma transformers. The saturation transformer is equiv-
alent to the abstract saturation procedure (Algorithm 6).

Definition 4.3.2 (k-Saturation Transformer). Let (A,v) be an overapproximation of a
Boolean algebra (C,⊆) w.r.t. (α, γ), g : A → A be a transformer and Split ⊆ A → P(A)
be a non-empty set of semantic splitting functions. Then for k ∈ N0, the k-saturation
transformer of g and Split is recursively defined below.

saturateksplit(g) : A→ A

saturateksplit(g)(a) =̂

{
pgfp(g)(a) if k = 0

pgfp(
d

split∈Split dlmsplit(saturatek−1
Split(g)))(a) if k 6= 0

The saturation transformer soundly approximates the same function as g. Furthermore,
choosing higher values for k increases precision.

Proposition 4.3.2. Let f : C → C be a completely additive, deflationary function and
g : A → A be an overapproximation of f w.r.t. (α, γ). For any set of semantic splitting
functions Split over A, the following two statements hold.

(i) For all k ∈ N0, saturatekSplit(g) soundly approximates f .

(ii) The sequence of transformers (saturateisplitfun(g))i∈N0
is ordered pointwise as follows.

. . . v saturate2
Split(g) v saturate1

Split(g) v saturate0
Split(g) v g
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Proof. We show (i) by induction on k. For k = 0, we have that saturatekSplit(g) = pgfp(g),
which proves the base case. Since f , by Proposition 3.2.2, is a lower closure operator, and
g soundly approximates f , pgfp(g) soundly approximates f . Now consider that, for all
1 ≤ i ≤ k − 1, saturateiSplit(g) soundly approximates f . Then, by Proposition 4.3.1, for all

split in Split , dsplit =̂ dlmsplit(g)saturatek−1
Split(g) is a sound approximation of f . It follows

that
d

split∈Split dsplit soundly approximates f . Since f is a lower closure, this implies that

pgfp(
d

split∈Split dsplit) = saturatekSplit(g) soundly approximates f .

For (ii), the statement saturate0
Split(g) v g follows from saturate0

Split(g) = pgfp(g), since
pgfp(g)(a) = gfpX. a u g(X). For the other inequalities, we show that for any transformer
h : A → A, it holds that pgfp(

d
split∈Split dlmsplit(h)) is less than h. All inequalities of

the form saturatei+1
Split(g) v saturatei+1

Split(g) then follow immediately from the definition of

saturatei+1
Split(g).

We now show that pgfp(
d

split∈Split dlmsplit(h)) is less than h. From Proposition 4.3.1,
we have that dlmsplit(h) is less than h, for all split ∈ Split . Then from basic lattice the-
ory,

d
split∈Split dlmsplit(h) is less than h. From monotonicity, it is then easy to see that

pgfp(
d

split∈Split dlmsplit(h)) is less than h.

Since for all k ≥ 0, it holds that saturatek+1
Split(g) = pgfp(

d
split∈Split dlmsplit(h)) where

h = saturatekSplit(g), it follows that saturatek+1
Split(g) v saturatekSplit(g).

The saturation transformer saturatekSplit(g) models the abstract k-saturation procedure
and therefore also k-saturation. Elements returned by a call to asaturate(k, g, a, Split)
coincide with the result of applying the transformer saturatekSplit(g) to the element a. Ap-
plying abstract saturation is similar to the focus operator that is employed in shape analysis
[155].

The results of this section show that St̊almarck’s k-saturation procedure is a refinement
technique for approximations of additive, deflationary transformers f . stalmarck can
therefore be used to decide other instance of the bottom-everywhere problem such as program
safety.

4.4 CDCL

This section relates the Conflict-Driven Clause Learning (cdcl) algorithm for propositional
satisfiability to abstract interpretation. cdcl can be considered the most important algo-
rithm of modern satisfiability research and will be a focus of the chapters to come. Chap-
ter 5 presents acdcl, a novel, lattice-theoretic generalization of cdcl. Chapters 6 and 7
discuss instantiations of acdcl to solve the satisfiability problem for the first-order theory
of floating-point arithmetic and to decide program safety, respectively. This section relates
cdcl to abstract interpretation using an abstract, high-level perspective. Section 4.4.1 gives
an overview of the algorithm. cdcl can be conceptualized as the integration of two dis-
tinct subprocedures: model search and conflict analysis. Section 4.4.2 and Section 4.4.3
respectively relate these substeps to computing fixed points using acceleration operators.

4.4.1 An Overview of CDCL

Historically, cdcl was developed based on the dpll algorithm. Because of this, cdcl solvers
are sometimes referred to as modern implementations or extensions of dpll. While they
share some similarities, the two algorithms explore the space of propositional assignments
in different ways.

dpll and cdcl both explore the search space by refining a partial assignment. If dpll
encounters a region of the search space that contains no models, the algorithm systematically
backtracks and explores a different region. cdcl, also explores the search space by refining
a partial assignment. When it encountered a region of the search space that contains no
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models, it attempts to find a larger region with the same property and uses the result to
modify the formula in a step called learning. cdcl can be understood as the interplay of
two sub-procedures: model search, which searches for a model by refining a partial assign-
ment, and conflict analysis, which searches for a conflict element by generalizing a partial
assignment.

We illustrate cdcl with an example using the following formula ϕ.

ϕ = (p ∨ ¬q ∨ r) ∧ (¬r ∨ ¬q ∨ s) ∧ (¬s ∨ t) ∧ (p ∨ ¬s ∨ ¬t)

cdcl first executes the model search phase, which behaves identically to classic dpll. Start-
ing from the empty partial assignment >, bcp is applied next.

bcpϕ(>) = >

Since bcp is unable to obtain any information about the instance, a decision is made, and f
is assigned to p. This leads to no new information, so another decision assigns t to q. bcp
now finds a conflict. The sequence of deductions is depicted below in a structure called the
implication graph.

bcpϕ(〈p:f, q:t〉) = ⊥ p:f

r:t

q:t

s:t

t:t

t:f

⊥

Since p is false and q is true it follows via the unit rule that r is true. From q and r the
value of s can be derived. Finally, a conflict is obtained since the variable t is assigned to
both true and false. At this point, dpll would backtrack and systematically explore the case
where q is false. cdcl instead enters conflict analysis, which aims to generalize the partial
assignment. From the graph above, we can see that when p is false and s is true, a conflict
can be derived. We call elements from which a conflict can be derived conflict reasons. An
example is the element 〈p:f, s:t〉, but it is not the only choice; the element 〈q:f, t:f〉 is also
sufficient to produce a conflict. cdcl uses a heuristic which extracts one such reason from
the graph.

Finding conflict reasons is an instance of abductive reasoning since it aims to find ele-
ments that are sufficient to derive a conflict.

We assume that cdcl picks the element 〈p:f, s:t〉 as a reason. This reason is negated to
obtain a lemma in the form of the clause C = (p ∨ ¬s). A learning step adds the learned
clause to the formula and we obtain a new formula ϕ′ = ϕ ∧C, which has the same models
as ϕ. After this refinement, the algorithm backtracks and all assignments are undone except
for the element 〈p:f〉. Since we have a new clause p ∨ ¬s we can use the unit rule to derive
the element 〈s:f〉, which drives model search into a new area of the search space.

A schematic of the cdcl architecture is depicted in Figure 4.6. Model search proceeds by
alternating bcp and decisions. If a model is found, the algorithm returns SAT. Otherwise,
if a conflict occurs, that conflict is communicated to the conflict analysis engine. Conflict
analysis attempts to generalize the conflict by identifying a more general element that is
also sufficient for a conflict. Since a single conflict may have multiple, distinct reasons, one
candidate is heuristically picked (in typical solvers, reasons are picked via a static hard-coded
heuristic, as opposed to decisions, which are typically computed via dynamic heuristics).

4.4.2 Model Search

Model search iterates bcp and decisions until either a conflict is identified or a satisfying
assignment is found. We now discuss two aspects of model search in the context of abstract
interpretation. We have already shown in Section 4.1 that bcp finds a greatest fixed point
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bcp

Decide

Analyse

Pick Reason

SAT UNSAT

Model search Conflict analysis

conflict

learn clause and backtrack

Figure 4.6: cdcl architecture.

by computing a downwards iteration sequence using the transformer unitϕ. We now demon-
strate that bcp with decisions generates a downwards iteration sequence with extrapolation.
We then show that the satisfiability condition in cdcl is a γ-completeness check.

Decisions as Downward Extrapolation

A decision in cdcl refines a partial assignment by choosing an unassigned variable and
setting it to some value. In contrast to decisions in dpll, decisions in cdcl are not case splits.
In the example of the previous section, a decision 〈q:t〉 is made, but after backtracking, the
alternative case 〈q:f〉 is not explored. Instead, the search is driven to a new area of the search
space by using the learned clause p ∨ ¬s to derive 〈s:f〉. Model search heuristically probes
the search space in order to find satisfying assignments or conflicts. This process generates
a downwards iteration sequence in the lattice of partial assignments. An illustration is given
in Figure 4.7.

Decisions may be viewed as heuristic acceleration of the fixed point computation and
therefore correspond to downwards extrapolation. Recall that a binary downwards extrap-
olation is a function ∇� : A × A → A such that for all a, b ∈ A, a∇� b v a and a∇� b v b
hold. Further, recall that for a transformer f : A → A, the downwards iteration sequence
with extrapolation is given as follows.

F
∇�
0 = > F

∇�
i+1 =̂ F

∇�
i ∇� f(F

∇�
i )

Decisions refine an iteration sequence if the deduction transformer fails to make a refine-
ment. We formalize this behavior in terms of a binary, downwards extrapolation operator
∇d

� : PAsgs ×PAsgs → PAsgs, which maps a pair of elements (ρ, ρ′) in the lattice to a lower
bound. If the two elements are different, then ρ∇d

� ρ
′ is the greatest lower bound, otherwise,

it is some element that is strictly smaller than the greatest lower bound.

ρ∇d
� ρ
′ =

{
ρ u ρ′ if ρ 6= ρ′ or ρ u ρ′ is a total assignment

ρ u 〈p : v〉 if ρ = ρ′, where ρ(p) = > and v ∈ {t, f}

We may now see that the sequence in Figure 4.7 is a descending iteration sequence with
downwards extrapolation. Recall that the unit rule transformer unitϕ for a cnf formula ϕ
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ϕ = p ∧ (¬p ∨ q ∨ r) ∧ (¬r ∨ s ∨ ¬t)

>

〈p : t〉

〈p : t, q : f〉

〈p : t, q : f, r : t〉

〈p : t, q : f, r : t, s : f〉

〈p : t, q : f, r : t, s : f, t : f〉

bcp

decision

bcp

decision

bcp

Figure 4.7: Descending iteration sequence with decisions.

is defined as
d
C∈ϕ unitC . We denote by Fi the ith element of the downwards extrapolation

sequence generated using unitϕ and ∇d
�. Note that this sequence is identical to the sequence

in Figure 4.7.

F0 = >
F1 = >∇d

�〈p:t〉 = 〈p:t〉
F2 = F1∇d

� F1 = 〈p:t, q:f〉
F3 = F2∇d

�〈p:t, q:f, r:t〉 = 〈p:t, q:f, r:t〉
F4 = F3∇d

� F3 = 〈p:t, q:f, r:t, s:f〉
F5 = F4∇d

�〈p:t, q:f, r:t, s:f, t:f〉 = 〈p:t, q:f, r:t, s:f, t:f〉

The above sequence demonstrates that model search computes a downwards iteration se-
quence with extrapolation. The use of extrapolation here is non-traditional since it does not
yield a sound approximation of the greatest fixed point. Typically, upwards extrapolation is
used to compute an overapproximation of a least fixed point. Dually, downwards extrapola-
tion can be used to compute an underapproximation of a greatest fixed point. In contrast,
we use downwards extrapolation unsoundly to accelerate an overapproximate greatest fixed
point computation.

We now argue why, despite this non-traditional use, conceptualizing decisions as down-
wards extrapolation is warranted. When instantiating model search over richer lattices and
logics, convergence of the downwards iteration may be an issue, therefore downwards widen-
ing may need to be applied to converge on a conflict or solution more quickly. Just as in
traditional uses of widening, it may be useful in such cases to consider the history of the
iteration sequence. For example, downwards extrapolation may heuristically only be applied
if the iteration sequence makes slow progress.

Satisfiability and γ-Completeness

We now discuss the criterion sat solvers use to determine when to stop model search.
Informally, this is the case when a partial assignment has sufficient precision to allow a
determination that the formula is satisfiable. We will now make this notion precise using
abstract interpretation terminology.



CHAPTER 4. THE ALGEBRAIC ESSENCE OF SAT SOLVERS 81

It is common to end model search when the partial assignment has become total, that
is, if no proposition is mapped to >. A more general criterion for determining satisfiability
is to check whether each clause in the formula has one literal that is conclusively satisfied
by the partial assignment.

Example 4.4.1. Consider the formula ϕ and the partial assignment ρ below.

ϕ = (p ∨ ¬q ∨ r) ∧ (q ∨ ¬p ∨ ¬s) ρ = 〈p:f, q:t〉

No matter which values we assign to the remaining propositions r and s, the resulting partial
assignment is a model, since the assignment p:f ensures that the second clause is satisfied,
while q:t ensures the same for the first.

This satisfiability criterion is a check for γ-completeness of the bcpϕ transformer at a
certain point in the partial assignments lattice. Recall that a transformer of : A→ A, which
is a sound approximation of a transformer f : A → A, is γ-complete at an element a if the
equation γ ◦ of (a) = of ◦ γ(a) is satisfied. If bcpϕ is γ-complete, the concrete deduction
transformer would not remove any countermodels from γ ◦bcpϕ(a), that is, bcpϕ(a) precisely
represents a set of models.

Proposition 4.4.1. Let ϕ = C1∧. . .∧Ck be a cnf formula and let ρ be a partial assignment.
If for every clause Ci, there is a literal l ∈ Ci such that for some proposition p in the set
of propositions P (i) l = p and ρ(p) = t or (ii) l = ¬p and ρ(p) = f holds, then bcpϕ is
γ-complete at ρ.

Proof. Consider an element ρ ∈ γ ◦bcpϕ(ρ). Then ρ is a model of ϕ, since it satisfies at least
one literal in every clause. Since bcpϕ is deflationary (and since γ is monotone), it also holds
that ρ ∈ γ(ρ), and because ρ is a model of ϕ, it follows that ρ ∈ dedϕ ◦ γ(ρ). Therefore,
dedϕ ◦ γ(ρ) ⊇ γ ◦ bcpϕ(ρ). The other direction (for ⊆) follows from soundness. Therefore,
bcpϕ is γ-complete at ρ.

4.4.3 Conflict Analysis

The conflict analysis phase in a sat solver identifies conflict reasons, i.e., elements from which
a conflict can be derived. Formally, a reason for a partial assignment ρ is an element ρ′ such
that dedϕ ◦γ(ρ′) ⊆ γ(ρ), i.e., ρ can be derived from ρ′ via sound overapproximation of dedϕ.
By the defining property of the Galois connection, this is equivalent to γ(ρ′) ⊆ abdϕ ◦ γ(ρ).
Therefore, finding reasons corresponds to sound underapproximation of abdϕ. A conflict
reason is a reason for the conflict element ⊥.

The following example illustrates that conflict reasons underapproximate abdϕ.

Example 4.4.2. Consider a formula ϕ = p ∨ q and a partial assignment ρ = 〈q:t〉. In
the concrete, the most general reason for ρ can be obtained as follows. We abbreviate truth
assignments {p 7→ f, q 7→ t} to ft.

abdϕ ◦ γ(ρ) = γ(ρ) ∪ {σ | σ 6|= ϕ} = {tt, ft,ff}

The following set R is the set of all reasons for ρ.

R =̂ {〈p:f〉, 〈q:t〉, 〈p:f, q:t〉, 〈p:f, q:f〉, 〈p:t, q:t〉,⊥}

Note that every single element of R soundly underapproximates abdϕ ◦ γ(ρ) = {tt, ft,ff}.

As shown in the above example, there may not be a single, best reason for a given element.
This is because finding reasons is underapproximative, whereas partial assignments are an
overapproximating abstraction. In general, overapproximating abstractions do not allow
best underapproximating representations.
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Underapproximate Abduction in the Downset Completion

There are multiple, incomparable reasons that can be picked in the conflict analysis phase.
Modern cdcl-based sat solvers use heuristics that pick one of these reasons [172], but the
simultaneous use of multiple conflict reasons has also been explored [172, 16]. It is therefore
appropriate to consider conflict analysis as an operation on sets of partial assignments, even
though in practice, only one assignment may be considered for reasons of efficiency.

Downset completion is an operation that enriches an abstraction with disjunction [45,
160]. Consider an abstraction (A,v,t,u) of a powerset lattice P(S) w.r.t. a Galois connec-
tion (α, γ). The abstraction A is disjunctive if γ(a t b) = γ(a) ∪ γ(b).

Recall that a subset Q of A is downwards closed, or simply a downset, if for every x in Q
and y in A, y v x implies that y is in Q. The downset completion of A is the complete lattice
D(A). The downset completion of A is an underapproximation of the concrete domain, as
evidenced by the following Galois connection.

γD(A) : D(A)→ P(S) γD(A)(Q) =̂
⋃
{γ(x) | x ∈ Q}

αD(A) : P(S)→ D(A) αD(A)(P ) =̂ {x | γ(x) ⊆ P}

Consult [44] for proofs that the pairs of functions above form Galois connections and that
the domains are disjunctive.

Sets are not an efficient representation for practical applications, yet in many cases,
downsets can be represented effectively as antichains. This is the case when the underlying
lattice satisfies ACC (see Section 2.2.3 for details). Otherwise, antichain representations
may still be possible depending on the structure of the lattice and the Galois connection. A
detailed discussion of these conditions is beyond the scope of this document.

Choosing Reasons as Upwards Interpolation

The downset completion of a domain defines an underapproximation of the concrete domain
and hence supports best conflict reasons.

Example 4.4.3. Consider the formula ϕ = (¬p∨ q)∧ (p∨¬q) used in the previous example
and the partial assignment ρ = 〈p:t, q:t〉. The best underapproximative abduction transformer
on the lattice D(PAsgs) of partial assignments is uabdϕ =̂ αD(PAsgs) ◦ abdϕ ◦ γD(PAsgs).

We may now find an optimal reason for ρ using the uabdϕ transformer in the form of a
set of reasons.

uabdϕ(D({ρ})) = ↓{〈p:t〉, 〈q:t〉}

Downsets and antichains are potentially expensive representations, since they are set-
based. For efficiency reasons, cdcl computes just one conflict reason. In the example
above, we may decide by some heuristic measure that 〈p:t〉 is the more important of the two
reasons. In order for the cdcl algorithm to avoid encountering the same conflicts repeatedly,
it is important that the chosen reason generalizes the original conflict. We define a choice
function that has the required properties.

Definition 4.4.1 (Heuristic Choice Function). A partial function choose : PAsgs×↓PAsgs →
PAsgs is a heuristic choice function if for all ρ ∈ PAsgs and R ⊆ PAsgs such that ρ ∈ R,
the function choose is defined at (ρ,R) and the following holds.

choose(ρ,R) ∈ R ∧ choose(ρ,R) w ρ

For any set of candidate reasons R of ρ, the element choose(ρ,R) is a choice for a
generalization of ρ from R. From a choice function choose we can derive a partial upwards
interpolation operator ∆� : ↓PAsgs × ↓PAsgs → ↓PAsgs defined as follows.

↓{ρ}∆�R =̂ ↓{choose(ρ,R)}
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Proposition 4.4.2. The partial function ∆� derived from choose is an upwards interpola-
tion operator.

Proof. We show that whenever Q∆�R is defined for sets Q,R ∈ ↓PAsgs then Q ⊆ R =⇒
Q ⊆ Q∆�R ⊆ R holds. Assume that Q∆�R is defined. Then Q is of the form ↓{ρ}.

Now assume that Q ⊆ R. Then it holds that ρ ∈ R and therefore also choose(ρ,R) ∈ R.
It follows that ↓{ρ} ⊆ ↓{choose(ρ,R)} ⊆ R, since R is downwards closed, which may be
rewritten as follows.

Q ⊆ Q∆�R ⊆ R

Conflict analysis in a sat solver first applies an underapproximate abduction transformer
uabdϕ : D(PAsgs) → D(PAsgs) and then applies upwards interpolation to select one of
them. These two steps may be iterated (for example, if different methods of abduction are
available). Conflict analysis corresponds to computing an upwards iteration sequence with
interpolation using an underapproximate abduction transformer.

To illustrate, consider again the implication graph from earlier.

ϕ = (p ∨ ¬q ∨ r) ∧ (¬r ∨ ¬q ∨ s) ∧ (¬s ∨ t) ∧ (p ∨ ¬s ∨ ¬t)

p:f

r:t

q:t

s:t

t:t

t:f

⊥

To illustrate, we define an abduction transformer which applies the unit rule for a clause
C in reverse. Given a set of partial assignments Q, it returns all partial assignments ρ, such
that from ρ, some element of Q can be derived using the unit rule.

Definition 4.4.2 (Unit Abduction Transformer). The unit abduction transformers uabdunitC
:

D(PAsgs)→ D(PAsgs) for a clause C and a formula ϕ is defined as follows.

uabdC(R) =̂ R ∪ {ρ | ∃ρ′ ∈ R. unitC(ρ) v ρ′}

uabdϕ(R) =̂
⋃
C∈ϕ

uabdC

For example, for the clause C = ¬s∨t in the example above, we have that uabdC(↓{〈t:t〉})
is equal to ↓{〈s:t〉, 〈t:t〉} since the value of t can be derived if s is true.

We may now see that conflict analysis computes an upwards iteration sequence with
interpolation using an underapproximate abductive transformer.

Example 4.4.4. We compute an upwards iteration sequence with interpolation using uabdϕ.
We use an iteration scheme similar to chaotic iteration [44], which applies the individual
clause transformers unitC sequentially instead of in parallel and we use upwards interpolation
to select reasons. Both the choice of clause transformer as well as the interpolation operator
are informed by the sequence of deductions recorded during model search.

F0 =̂ ↓{⊥}
F ′1 =̂ uabdp∨¬s∨¬t(↓{⊥}) = ↓{〈p:f, s:t, t:t〉}
F1 =̂ ⊥∆� F

′
1 = ↓{〈p:f, s:t, t:t〉}

F ′2 =̂ uabd¬s∨t(F1) = ↓{〈s:t, t:f〉, 〈p:f, s:f〉}
F2 =̂ F1 ∆� F

′
2 = ↓{〈p:f, s:f〉}
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odedϕ
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refine odedϕ and backtrack

Figure 4.8: Abstract interpretation perspective of cdcl.

In practice, the interpolation and abduction step are often combined into a single compu-
tation. By modeling choice of reasons as interpolation, we make explicit that one parameter
of conflict analysis is the heuristic which chooses these candidates, just as model search uses
heuristic extrapolation to pick decision elements. A more thorough, algorithmic discussion
of conflict analysis and the role of abduction and interpolation is given in Chapter 5.

The results of this section are summarized in Figure 4.8: Model search computes a
downwards iteration sequence with extrapolation using an overapproximate deduction trans-
former. Conflict analysis computes an upwards iteration sequence with interpolation using
an underapproximate abduction transformer. In the classic view of the algorithm, the for-
mula ϕ is modified via an assignment ϕ ← ϕ ∧ C. In abstract interpretation terms, this
corresponds to refining the overapproximate deduction transformer by assigning the trans-
former odedϕ to odedϕ u odedC. Thus, learning in a sat solver is transformer refinement. A
precise abstract formulation of learning is given in Chapter 5.

4.5 DPLL(T)

dpll(t) [65, 143], a central algorithm in smt research, aims to lift the power of the cdcl
algorithm to smt logics. dpll(t) splits the deduction task of reasoning about a first-order
formula between two separate reasoning engines: a propositional sat solver and a first-
order theory solver. The propositional solver is typically based on cdcl and enumerates
assignments from atomic formulas to truth values. The theory solver checks whether the
conjunction of theory atoms represented by the assignment has a model.

We illustrate dpll(t) with the following example involving Boolean combinations of
equality constraints.

ϕ =̂ (x = y ∨ y 6= z) ∧ x = z ∧ y = z BoolSkel(ϕ) =̂ (p ∨ ¬q) ∧ r ∧ q

A dpll(t) solver first constructs a Boolean skeleton of ϕ, denoted as BoolSkel(ϕ) above.
The Boolean skeleton has the same structure as ϕ, but does not include information about
the theory. If BoolSkel(ϕ) is unsatisfiable, so is ϕ. If BoolSkel(ϕ) is satisfiable, each satis-
fying assignment defines a conjunction of equality constraints. A solver for the conjunctive
fragment of the theory can then be used to determine if the conjunction is satisfiable. If the
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conjunction defined by a satisfying assignment ρ to BoolSkel(ϕ) is not satisfiable, the solver
can learn ¬ρ and iterate the process above with BoolSkel(ϕ)∧¬π. Propositional and theory
reasoning alternate in this manner until a first-order structure satisfying the theory formula
is found, or until the formula is shown to be unsatisfiable.

This section shows that a dpll(t) solver can be understood as an abstract interpreter.
We will focus our discussion on the data structures and components of dpll(t) rather than
the overall algorithm. An exhaustive discussion of clause learning will be given in Chapter 5.

This section is structured as follows. Section 4.5.1 shows that reasoning about the
Boolean skeleton of a formula is an abstract interpretation of its first-order semantics. Sec-
tion 4.5.2 and Section 4.5.3 demonstrate that sat solvers used within dpll(t) are abstract
interpreters. Section 4.5.4 demonstrates that the combination of propositional and the-
ory solvers is an instance of constructing the Cartesian product, and that communication
between the two solvers is used to approximate the reduced product.

4.5.1 Boolean Abstractions of First-Order Logic

This section shows that computing propositional solutions that satisfy the Boolean skeleton
of a formula is an abstract interpretation of the formula’s theory semantics.

In the following, fix an smt logic (F , |=,S) where the set of formulas F is defined over a
signature Σ. Fix ϕ to be a formula in F and P to be a fresh set of propositions disjoint from
Σ. Recall that A(ϕ) is the set of atomic formulas that are subformulas of ϕ. We assume a
bijective function pmap : A(ϕ)→ P that relates the atoms in ϕ to propositions in P .

Definition 4.5.1 (Boolean Skeleton). The Boolean skeleton is the propositional formula
BoolSkel(ϕ) obtained by replacing each atomic formula ψA occurring in ϕ with pmap(ψA).

The propositions of the Boolean skeleton stand for atomic formulas. This is a form of
abstraction. Below, we define the resulting abstraction directly in terms of atomic formulas
(we consider the fact that they are represented as propositions an implementation detail).

Definition 4.5.2 (Boolean Abstraction). The Boolean abstraction BoolF for a set of for-
mulas F ⊆ F is the powerset lattice (P(F → B),⊆).

Proposition 4.5.1. The Boolean abstraction overapproximates the concrete domain.

(P(S),⊆) −−−→←−−−
αB

γB

(BoolF ,⊆)

αB(S) =̂ {β ∈ F → B | ∃σ ∈ S ∀ψ ∈ F. σ |= ψ ⇐⇒ β(ψ) = t}
γB(B) =̂ {σ ∈ S | ∃β ∈ B ∀ψ ∈ F. σ |= ψ ⇐⇒ β(ψ) = t}

Since we are operating in two logics, we have deduction and abduction transformers for
each. The first-order deduction and abduction transformers are as follows.

dedϕ,S : P(S)→ P(S) abdϕ,S : P(S)→ P(S)

Recall that SP =̂ P → B is the set of propositional structures. The propositional
deduction and abduction transformers are as follows.

dedϕ,SP : P(SP )→ P(SP ) abdϕ,SP : P(SP )→ P(SP )

We lift the function pmap to map sets of first-order structures to sets of corresponding
propositional structures pmap(S) =̂ {λa.β(pmap(a)) | β ∈ S}.

Relating Boolean Abstractions and the Skeleton

We now show how Boolean abstractions can be used to determine satisfiability of a formula.
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Example 4.5.1. Consider the first-order formula below, where the equality predicate has its
standard interpretation.

ϕ =̂ (x = y) ∧ (¬(y = z) ∨ ¬(x = z))

The set of atoms of the formula is A(ϕ) = {x = y, y = z, x = z}. An element of the Boolean
abstraction BoolA(ϕ) is a set of mappings from these atoms to truth values. We denote by
v1v2v3 the truth assignment {(x = y) 7→ v1, (y = z) 7→ v2, (x = z) 7→ v3} in A(ϕ)→ B. We
define a mapping function pmap =̂ {(x = y) 7→ p, (y = z) 7→ q, (x = z) 7→ r} from which we
obtain the Boolean skeleton below.

BoolSkel(ϕ) =̂ p ∧ (¬q ∨ ¬r)

We use a transformer BSkelModels over BoolA(ϕ), which finds all models of the skeleton.

BSkelModels(>) = {ttf, tft, tff}

Note that BSkelModels(>) contains an assignment ttf, which represents the empty set since
no structure in the theory satisfies x = y and y = z, but not x = z. The same holds for
tft. Since both of these assignments concretize to the empty set, this does not affect the
precision of the transformer BSkelModels. The transformer BSkelModels is γ-complete at >
since γB(BSkelModels(>)) is equal to dedϕ(>).

In order to decide satisfiability, we eliminate such spurious assignments by using a re-
duction operator BoolCheck. This transformer individually checks the truth assignments. If
they do not represent any first-order models, they are removed from the set.

Calling BoolCheck({ttf, tft, tff}) refines the representation to {tff}. Since the set is non-
empty, we can conclude that the formula is satisfiable.

We define deduction transformers for propositional and theory reasoning. Applying the
concrete propositional transformer to the Boolean skeleton of a first-order formula yields
an abstract transformer for first-order reasoning in the domain BoolA(ϕ). This shows that
dpll(t) computes an abstract transformer when it performs propositional reasoning.

Proposition 4.5.2. Let ψ = BoolSkel(ϕ), then the skeleton transformer

BSkelModels =̂ pmap−1 ◦ dedψ,SP ◦ pmap

is a sound overapproximation of the deduction transformer dedϕ,S .

Proof. We prove that every set of assignments B ∈ BoolA(ϕ) satisfies dedϕ,S ◦ γB(B) ⊆
γB ◦ BSkelModels(B).

Consider a structure σ in the set dedϕ,S ◦ γB(B). Then σ is a model of ϕ and there is an
assignment β in B such that σ ∈ γB({β}) and ∀ψ ∈ A(ϕ). σ |= ψ ⇐⇒ β(ψ) = t. We now
argue that this β corresponds to a model of BoolSkel(ϕ), given by ρ = λp. β(pmap−1(ψA)).
Let C be some clause in BoolSkel(ϕ).

Then there is some first-order clause C ′ ∈ ϕ with BoolSkel(C ′) = C. Since σ |= ϕ, it
must also hold that σ |= C ′ and there is some literal l′ ∈ C ′ such that σ |= l′. We assume l′

is an atomic formula ψA; the case for a negative literal is similar. Since σ satisfies ψA, we
know that β(ψA) = t. Then the clause C contains a literal l = BoolSkel(l′) such that the
assignment ρ satisfies l.

It follows that every clause C ∈ BoolSkelϕ has a literal l such that ρ satisfies l. Therefore,
ρ is a model of BoolSkel(ϕ). It follows that β is in BSkelModels(B). Therefore, σ is in
γB ◦ BSkelModels(B), which concludes the proof.

The transformer BSkelModels defined above is not the best overapproximation of the
first order-deduction transformer, since it only captures Boolean reasoning, but not theory
reasoning. While it doesn’t yield optimal results in the abstraction, it yields precise results
in the concrete. This is evidenced by the following completeness property.
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Proposition 4.5.3. BSkelModels is γ-complete w.r.t. dedϕ,S , i.e.,

γB ◦ BSkelModels = dedϕ,S ◦ γB.

Proof. The direction ⊇ follows from Proposition 4.5.2. To show ⊆, pick some element
σ ∈ γB ◦BSkelModels. Then there is a β in B such that σ ∈ γB({β}), hence ∀ψ ∈ A(ϕ). σ |=
ψ ⇐⇒ β(ψ) = t. From the proof of Proposition 4.5.2, we have that ρ = λp. β(pmap−1(p))
is a model of BoolSkel(ϕ). We also know that σ |= ψA for ψA ∈ A(ϕ) exactly if β(ψA) = t.
Since every clause in BoolSkel(ϕ) has a literal that is assigned to true by ρ, it then follows
that every clause of ϕ has a literal l such that σ |= ϕ. Therefore, σ is a model of ϕ.

In other words, even though the result of applying BSkelModels is not the best abstract
representation of the set of models of ϕ, its concretization precisely describes that set.
In order to decide satisfiability of ϕ, one essential question is whether the set of models
computed by BSkelModels represents the empty set.

In dpll(t), the question of whether an assignment to the Boolean skeleton BoolSkel(ϕ)
represents a set of models of ϕ is answered using a satisfiability checker for conjunctions of
atomic formulas.

Definition 4.5.3 (Boolean Candidate Checking). The function BoolCheck : BoolF → BoolF
defined below eliminates assignments not consistent in the theory.

BoolCheck(B) =̂
{
β ∈ B |

∧
{ϕ | β(ϕ) = t} ∪ {¬ϕ | β(ϕ) = f} is S-SAT

}
Theory solvers are used to eliminate candidate solutions. Since candidate solutions

have empty concretizations, this refines the representation of the abstract element without
changing its semantics. In an abstract lattice, this is precisely the defining criterion of a
semantic reduction operator.

Proposition 4.5.4. BoolCheck is a semantic reduction operator.

Theory solvers are required to be refutationally complete for conjunctions of theory
atoms, that is, whenever a conjunction of atoms is unsatisfiable, the theory solver has to
be able to conclusively determine that fact. In abstract interpretation terms, this means
that if the formula is unsatisfiable, then BoolCheck must return the empty set, which is the
bottom element of the lattice. To capture this requirement, we introduce a new completeness
property.

Definition 4.5.4 (Complete ⊥-Check). A semantic reduction operator ρ : A → A is a
complete ⊥-check if the following holds.

∀a ∈ A. γ(a) = ⊥C =⇒ ρ(a) = ⊥A
Proposition 4.5.5. The function BoolCheck is a complete ⊥-check.

Proof. We show the contrapositive, i.e., γB(B) is non-empty if BoolCheck(B) is non-empty.
Assume that BoolCheck(B) is non-empty. Then there is some β ∈ B such that the formula∧
{ϕ | β(ϕ) = t} ∪ {¬ϕ | β(ϕ) = f} is S satisfiable. Let σ ∈ S be a model of the above

formula. Then ∀ψ ∈ F. σ |= ψ ⇐⇒ β(ψ) = t. Therefore σ is in γB(B) and γB(B) is
non-empty.

4.5.2 Partial Assignments and the Cartesian Abstraction

The transformer BSkelModels generates the set of models of a propositional formula and is
hence expensive to compute. Therefore, dpll(t) uses the cdcl algorithm to enumerate
propositional models rather than computing the set of all models up-front. The cdcl
solver that is integrated into dpll(t) uses a partial assignment data structure, where the
propositions represent ground first-order atoms. We now show that partial assignments in
a dpll(t) solver are an overapproximation of the first-order semantics. This shows that
dpll(t) solvers are abstract interpreters for first-order formulas.
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Definition 4.5.5 (Cartesian Formula Abstraction). For a set of formulas F ⊆ F , we define
the Cartesian abstraction CartF as the lattice (P(F ∪ ¬F ),v) where the ordering v is the
superset ordering, meets are given by

⋃
and joins by

⋂
.

Proposition 4.5.6. The lattice CartF overapproximates BoolF and P(S) via the Galois
connections below.

(P(S),⊆)
−−−→←−−−
αB

γB

(BoolF ,⊆) −−−−→←−−−−
αBC

γBC

−−−−−−−−−−−−−−−−−→←−−−−−−−−−−−−−−−−−
αC =̂ αBC◦αB

γC =̂ γBC◦γB
(CartF ,v)

αBC(B) =̂ {ψ | ∀β ∈ B. β(ψ) = t} u {¬ψ | ∀β ∈ B. β(ψ) = f}
γBC(Θ) =̂ {β | ∀ψ ∈ F. (β(ψ) = t⇒ ¬ψ 6∈ Θ) ∧ (β(ψ) = f ⇒ ψ 6∈ Θ)}

Partial assignments in existing dpll(t) solvers represent CartA(ϕ). Reasoning with the
unit rule may be considered a transformer unitC,A(ϕ) : CartA(ϕ) → CartA(ϕ).

We now recall the unit rule and bcp as transformers on CartA(ϕ). Let C be a clause of
a ground, first-order formula ϕ. In the following, we denote the opposite phase of a literal l
by neg(l).

unitC,A(ϕ)(Θ) =̂


⊥ if ∀l ∈ C. neg(l) ∈ Θ

Θ u {l′} else, if ∀l ∈ C \ {l′}. neg(l) ∈ Θ

Θ otherwise

bcpϕ,A(ϕ)(Θ) =̂ gfpX.
l

C∈ϕ
unitC,A(ϕ)(X uΘ)

Recall the Boolean reduction operator BSkelModels, which helps eliminate propositional
truth assignments from a set if they did not correspond to first-order models. One application
of BSkelModels corresponds to a set of calls to the theory solver, one for each assignment
in the set. We now define a similar reduction operator over CartF which corresponds to a
single call to the theory solver.

Definition 4.5.6. We define CartCheck : CartF → CartF as follows.

CartCheck(Θ) =̂

{
⊥ if

∧
θ is not S-satisfiable

Θ otherwise

Proposition 4.5.7. CartCheck is a complete ⊥-check.

Proof. We show the contrapositive that whenever CartCheck(Θ) 6= ⊥ then γC(Θ) 6= ∅.
Assume that CartCheck(Θ) 6= ⊥. It follows that

∧
θ is satisfiable. Fix a model σ ∈ S

of the above formula. It holds that that αB({σ}) ⊆ γBC(Θ). By the properties of the
Galois connection, we obtain that {σ} ⊆ γB ◦ γBC(Θ). Therefore, Θ has a non-empty
concretization.

4.5.3 Theory Solvers as Abstract Domains

So far, we have modeled theory solvers as reduction operators. In this section, we show that
theory solvers for equality with uninterpreted functions and for difference logic can be viewed
as abstract interpreters. These serve as examples of the general approach to formalizing
theory solvers as abstract interpreters. It is not feasible to give similar characterizations for
all theory solvers in the literature in this dissertation.
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Equality with Uninterpreted Functions

An equality formula contains the predicate = and function symbols. We use t 6= t′ as a
shorthand for ¬(t = t′). We define the theory of Equality with Uninterpreted Functions
(euf) as the set Teuf containing all first-order structures (Z, ξ), where ξ interprets = as the
standard equality relation on Z.

The congruence closure algorithm decides satisfiability of conjunctions of equality literals
[140]. The algorithm constructs congruence classes from the set of terms H(ϕ) of ϕ and a
set of pairs in H(ϕ) that are known to be unequal.

The data structure used by congruence closure forms a lattice. A partition of a set X is
a collection of disjoint, non-empty subsets of X whose union is X. Λ(X) denotes the set of
partitions of a set X, which forms a lattice. Congruence closure operates on the product of
the partitions lattice Λ(H(ϕ)) of the set of terms, and the powerset lattice P(H(ϕ)× H(ϕ))
of pairs of terms. An element (P,D) of the lattice contains a partition P where each block
consists of a set of elements that are known to be equal, and a set of pairs D over terms,
which are known to be different.

Definition 4.5.7. For an euf formula ϕ, the euf lattice EUFϕ is (TS,v) where:

TS =̂ Λ(H(ϕ))× P(H(ϕ)× H(ϕ))

and (P,D) v (P ′, D′) exactly if ∀p′ ∈ P ′.∃p ∈ P s.t. p ⊇ p′ and D ⊇ D′.

Proposition 4.5.8. The lattice EUFϕ overapproximates P(S) and is overapproximated by
CartA(ϕ) with respect to the following Galois connections.

(P(S),⊆) −−−−→←−−−−
αTS

γTS

(TS,v) −−−−→←−−−−
T2B

B2T
(CartA(ϕ),⊇)

γTS(P,D) =̂ {σ | ∀(t1, t2) ∈ D. σ |= t1 6= t2 ∧ ∀p ∈ P ∀t1, t2 ∈ p. σ |= t1 = t2}
T2B(P,D) =̂ L(ϕ) ∩ ({t1 = t2 | ∃p ∈ P. t1, t2 ∈ p} ∪ {t1 6= t2 | (t1, t2) ∈ D})

Recall that L(ϕ) in the above is the set of literals that are subformulas of ϕ.

Proof. In order to show that γTS is the upper adjoint of a Galois connection, it is sufficient
to show that it is completely multiplicative (Proposition 2.3.3). Since all lattices here are
finite, this is equivalent to showing that γTS is multiplicative.

γTS(a1) u γTS(a2) = γTS(a1 u a2)

Let a1 = (P1, D1) and a2 = (P2, D2) then:

γTS(a1) u γTS(a2)

= {σ | ∀(t1, t2) ∈ D1. σ |= t1 6= t2 ∧ ∀p ∈ P1 ∀t1, t2 ∈ p. σ |= t1 = t2} ∩
{σ | ∀(t1, t2) ∈ D2. σ |= t1 6= t2 ∧ ∀p ∈ P2 ∀t1, t2 ∈ p. σ |= t1 = t2}

= {σ | ∀(t1, t2) ∈ D1 ∪D2. σ |= t1 6= t2 ∧ ∀p ∈ P1 ∪ P2 ∀t1, t2 ∈ p. σ |= t1 = t2}
= {σ | ∀(t1, t2) ∈ D1 ∪D2. σ |= t1 6= t2 ∧ ∀p ∈ P ′ ∀t1, t2 ∈ p. σ |= t1 = t2}
= γTS(P ′, D1 ∪D2)

= γTS(a1 u a2)

where P ′ is the meet (in the lattice of partitions) of P1 and P2.
Similarly, to show that T2B is a Galois connection we show that it preserves joins.
Let a1 = (P1, D1) and a2 = (P2, D2) then:

T2B(a1) t T2B(a2)

= L(ϕ) ∩ ({t1 = t2 | ∃p ∈ P1. t1, t2 ∈ p} ∪ {t1 6= t2 | (t1, t2) ∈ D1}) ∩
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L(ϕ) ∩ ({t1 = t2 | ∃p ∈ P1. t1, t2 ∈ p} ∪ {t1 6= t2 | (t1, t2) ∈ D2})
= L(ϕ) ∩ ({t1 = t2 | ∃p ∈ P1. t1, t2 ∈ p ∧ ∃p ∈ P2. t1, t2 ∈ p} ∪
{t1 6= t2 | (t1, t2) ∈ D1 ∩D2})

= L(ϕ) ∩ ({t1 = t2 | ∃p ∈ P ′. t1, t2 ∈ p} ∪ {t1 6= t2 | (t1, t2) ∈ D1 ∩D2})
= T2B(P ′, D1 ∩D2)

= T2B(a1 t a2)

where P ′ is the join (in the lattice of partitions) of P1 and P2.

Congruence closure starts with the top element of the lattice, where all terms are placed
in different partitions and the set of known disequalities is empty. The algorithm then it-
eratively refines this structure using two operations. First, for every literal t1 = t2, the
partitions of t1 and t2 are merged, and for every literal t1 6= t2, a known disequality is
added. This process represents the initial transfer of information from the Cartesian ab-
straction CartA(ϕ) to the euf abstraction. This transfer is an approximation of B2T and
maps an element of the Cartesian abstraction to a semantically equivalent element of the
euf abstraction. Second, the resulting element is refined using the congruence rule, which
may be stated as a proof rule as follows.

t1 = t′1 . . . tk = t′k
f(t1, . . . , fk) = f(t′1, . . . , f

′
k)

Example 4.5.2. Consider the following element of the Cartesian abstraction CartA(ϕ).

Θ = {a = b, b = c, f(a) 6= f(c)}

Transferring the information in Θ to the euf abstraction yields the following.

({{a, b, c}, {f(a)}, {f(c)}}, {(f(a), f(c))})

Applying congruence, we obtain the following.

({{a, b, c, f(a), f(c)}}, {(f(a), f(c))})

Since we know that both f(a) = f(c) and f(a) 6= f(c), we may reduce to ⊥.

We define congruence as a transformer. A congruence operator Congr : EUFϕ → EUFϕ
merges the congruence classes of two terms if all their subterms s, t are pairwise congruent
in the current element P , i.e., if they are in the same congruence class. If in (P,D) ∈ EUFϕ
terms are found to be both equal and unequal, i.e., for some p ∈ P and (t1, t2) ∈ D it holds
that t1, t2 ∈ p, then ⊥ is returned. Otherwise, we define for a partition P = {p1, . . . , pk}:

Congr(P,D) =̂


(P \ {p, p′} ∪ {p ∪ p′}, D) for some disjoint p, p′ ∈ P s.t.

f(s1, . . . , sk) ∈ p, f(t1, . . . , tk) ∈ p′ s.t. all si, ti are congr. in P

(P,D) if no such p, p′ exist

The congruence operator is deflationary and refines the representation of a set of struc-
tures without changing the set itself. Figure 4.9(a) illustrates Congr along with the Galois
connection between the euf and the Cartesian abstractions. The set of formulas in the top
right can be concretized to the pair of congruence classes in the top left. These are then
merged by Congr as a = c implies f(a) = f(c) and finally can be abstracted to give the set
of formulas in the bottom right.

Proposition 4.5.9. Congr is a reduction operator.
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Figure 4.9: Examples of theory solvers as abstract domains.

Proof. To show that Congr is a transformer, it is necessary to show it is order-preserving.
Let (P,D) v (P ′, D′). It’s easy to see that Congr is deflationary. If Congr(P ′, D′) = (P ′, D′)
it therefore follows immediately that Congr(P,D) v Congr(P ′, D′). Now consider the case
where Congr(P ′, D′) is strictly less than (P ′, D′), then:

∃p, p′ ∈ P ′.f(s1, . . . , sk) ∈ p ∧ f(t1, . . . , tk) ∈ p′ s.t. all si, ti are congr. in P

By the ordering of partitions, the conditions on si and ti hold for P , giving two options: if
f(s1, . . . , sk) and f(t1, . . . , tk) are congruent in P then (P,D) v Congr(P ′, D′), otherwise
(P,D) can be reduced and thus Congr(P,D) v Congr(P ′, D′).

To show that Congr is a reduction operator it remains to show that γTS ◦ Congr = γTS.
Again, the only case that needs to be considered is when each pair of si and ti are congruent
and f(s1, . . . , sk) and f(t1, . . . , tk) are not in the same congruence class. In this case, it
holds that f(s1, . . . , sk) = f(t1, . . . , tk), which implies that their equivalence classes does
not remove any models, i.e. γTS ◦ Congr = γTS.

The congruence closure algorithm computes the greatest fixed point gfp Congr. It is a
refutationally complete procedure; if a conjunction of equality literals is empty, then the
fixed point will be ⊥.

Proposition 4.5.10. The transformer Congr∗ defined as Congr∗(a) =̂ gfpX. Congr(X u a)
is a complete ⊥-check.

Proof. The function Congr∗ is a complete ⊥-check if:

γTS(a) = ⊥ ⇒ Congr∗(a) = ⊥

From the definition of γTS, an element of the abstraction only concretizes to ⊥ when there
is at least one pair in D that is contained in the same partition within P . This is the only
situation in which Congr returns ⊥, thus the two conditions are equivalent and Congr∗ is a
complete ⊥-check.

Difference Logic

Formulas in difference logic (dl) contain the binary subtraction symbol − and the binary
predicate ≤. Atoms in difference logic have the form x − y ≤ c. The theory of integer
difference logic (Tidl) is the set of structures of the form (Z, ξ), where ξ maps the symbols
≤ and − to their standard interpretations over the integers.
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A conjunction of difference logic atoms can be modeled by a weighted directed graph in
which a node represents a variable. An atom x − y ≤ c is denoted as an edge (x, y) with
weight c. The conjunct is satisfiable if and only if the graph contains no negative cycles.

Negative cycles can be detected using the Bellman-Ford algorithm (bf). The main data
structure of bf associates a weight in Z∞ =̂ Z∪{−∞,∞} with each node n. The weight is an
upper bound on the shortest path from the source to n. The weight −∞ indicates a negative
cycle. For handling dl, the source is chosen to be a fresh node s which is connected to all
variable nodes. In algorithmic presentations of Bellman-Ford, the weight of this connection
is often chosen to be infinite. We choose instead a weight Mϕ, which is an integer constant
larger than the longest possible path, e.g., the sum of the absolute values of all the integer
constants in ϕ. The initial node weights are also Mϕ. Node weights are reduced in each
round if there is a neighboring node that gives a shorter, negative cost path. After |N | − 1
iterations, the path lengths will have converged if and only if there are no negative cycles.
If a final iteration changes the scores, the graph contains a negative cycle.

We make two observations which allow us to simplify presentation: (i) since edge weights
represent upper bounds on the minimal distance between two variables, node weights can
be viewed as special edges (s, n), (ii) bf can then be viewed as operating solely over edge
weights (missing edges are given weight ∞). For a formula ϕ, we define the edge set Eϕ as
the set ({s} ∪ V(ϕ))× V(ϕ), where s is the fresh source node.

Definition 4.5.8. For a dl-formula ϕ, the bf abstraction BFϕ is the lattice (TS,v) below.

TS =̂ {f : Eϕ → Z∞ | ∀x ∈ V(ϕ). f(s, x) ≤Mϕ}
f v g iff ∀e ∈ Eϕ. f(e) ≤ g(e)

Proposition 4.5.11. The lattice BFϕ overapproximates the concrete domain and is over-
approximated by CartA(ϕ) with respect to the following Galois connection.

(P(S),⊆) −−−−→←−−−−
αTS

γTS

(TS,v) −−−−→←−−−−
T2B

B2T
(CartA(ϕ),⊇)

γTS(f) =̂ {σ | ∀(x, y) ∈ V(ϕ)× V(ϕ). σ |= x− y ≤ f(x, y)}
B2T(Θ) =̂ λ(x, y). min({k | x− y ≤ k ∈ Θ} ∪ {>BF(x, y)})

As in the case of EUF, the steps of the algorithm are reduction operators. In the case
of bf, there are two reductions; the relax step and the cycle check.

Proposition 4.5.12. Relax : BFϕ → BFϕ and NegC : BFϕ → BFϕ, defined below, are
reductions.

Relax(f)(x, y) =̂

{
f(x, y) x 6= s

min({f(x, y)} ∪ {f(x, z) + f(z, y) | z ∈ V(ϕ)}) x = s

NegC(f) =̂

{
⊥ if Relax|V(ϕ)| 6= Relax|V(ϕ)|−1

Relax|V(ϕ)| otherwise

In addition to the above functions, consider a reduction ρ s.t. ρ(f) = ⊥ if f maps some
edge to −∞ and ρ(f) = f otherwise. The functions Relax, ρ and the Galois connections to
the Cartesian domain are shown in Figure 4.9(b). Similarly to Figure 4.9(a), the Cartesian
domain is on the right and by mapping to the concrete (bf on the left) and performing
reduction, it is possible to find the inconsistency. The function NegC can then be viewed as
a fixed point computation (not based on Kleene iteration) using the relaxation function.

Proposition 4.5.13. NegC(a) computes the following fixed point and is a complete ⊥-check.

gfpX. ρ ◦ Relax(X u a)
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4.5.4 DPLL(T) as a Product Construction

We have given separate accounts of the Boolean and theory reasoning components of dpll(t)
as abstract interpretation. We now show that dpll(t) can be viewed as computing a fixed
point in the product of a Cartesian and a theory domain.

Definition 4.5.9. (Theory Domain) We define a dpll(t) theory domain to be an lattice
(TS,v) such that the following conditions hold.

(i) TS abstracts the concrete w.r.t. the Galois connection (αTS, γTS),
(ii) CartA(ϕ) abstracts TS w.r.t. the Galois connection (T2B,B2T),

(iii) γC = γTS ◦ B2T and αC = αTS ◦ T2B.

(P(S),⊆)
−−−−→←−−−−
αTS

γTS

(TS,v) −−−−→←−−−−
T2B

B2T

−−−−−−−−−−−−−−−−−→←−−−−−−−−−−−−−−−−−
αC =̂ T2B◦αTS

γC =̂ γTS◦B2T (CartA(ϕ),v)

The first condition ensures that the data structure of the theory solver represent sets
of S structures. The second condition ensures that conjunctions of literals in A(ϕ) can
be expressed in TS without losing precision. This corresponds to the requirement that
the fragment of the logic handled by the theory solver includes conjunctions of literals in
A(ϕ) ∪ ¬A(ϕ), i.e., that satisfiability queries generated by CartCheck can be expressed in
the theory solver. For convenience, we use a Galois connection to model this relation, even
though in practice a weaker relation between the two might suffice. We assume that T2B
and B2T can be computed. The third condition ensures that the Galois connections are
compatible. We can now formally define dpll(t) abstractions.

Definition 4.5.10 (dpll(t) Abstract Domain). For a formula ϕ and a dpll(t) theory
domain TS, the dpll(t) abstract domain DPLL(TS) is the product domain CartA(ϕ) × TS.

Both of the theory solvers presented earlier formed dpll(t) abstract domains. We
illustrate operations described in the following section in DPLL(EUFϕ). For convenience, we
denote for three terms x, f(x) and z the partition {{x}, {f(x), z}} either by [x][f(x), z] or
by [f(x), z], omitting singleton partitions.

BCP with Theory Propagation

The classic dpll(t) architecture only uses theory reasoning to check satisfiability of candi-
dates. Theory propagation is a common refinement of this architecture. There, an element
Θ ∈ CartA(ϕ) is refined with information deduced in the theory solver. One propagation step
in a dpll(t) solver with theory propagation can be broken down into these substeps:

(i) Boolean deduction: Perform Boolean reasoning.
(ii) Theory instantiation: Communicate Boolean facts to theory.
(iii) Theory deduction: Perform theory reasoning.
(iv) Theory propagation: Find implied Boolean consequences.

Definition 4.5.11 (Theory Instantiation and Theory Propagation). We define the theory
instantiation and theory propagation transformers in dpll(t) below.

tinst(Θ, te) =̂ (Θ, te u B2T(Θ)) tprop(Θ, te) =̂ (Θ u T2B(te), te)

Example 4.5.3. We assume that A(ϕ) = {x=y, y=z}. Consider the following element of
the abstract dpll(t) domain DPLL(EUFϕ).

(Θ, te) =̂ ({x = y}, ([x][y][z], {y, z}))

The application of tinst to (Θ, te) yields (Θ, ([x, y][z], {y, z})). The application of tprop to
(Θ, te) yields ({x = y,¬(y = z)}, te). Neither operator changes the semantics of the tuple.
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Proposition 4.5.14. The transformers tinst and tprop are reductions.

Proof. It is easy to see that both operators are deflationary, that is, they return a pair that is
pointwise smaller than the argument. It remains to show that they are sound, i.e., that their
result has the same concrete meaning as the argument. Consider a pair (Θ, te) ∈ DPLL(TS),
with concretization S = γC(Θ)∩ γTS(te). We consider separately the case of tinst and tprop.

(i) We have that tinst(Θ, te) = (Θ, te u B2T(Θ)), with concrete meaning S′ = γC(Θ) ∩
γTS(te u T2B(Θ)), which, due to the fact that γTS distributes over meets, can be
expressed as S′ = γC(Θ) ∩ γTS(te) ∩ γTS(B2T(Θ)). By definition, we can rewrite
γTS(B2T(Θ)) as the equivalent statement γC(Θ). Replacing the above in S′ yields
S′ = γC(Θ) ∩ γTS(te) ∩ γC(Θ) = γC(Θ) ∩ γTS(te) = S. Therefore tinst preserves the
semantics of the input element.

(ii) We have that tprop(Θ, te) = (Θ u T2B(te), te), with concrete meaning S′ = γC(Θ u
T2B(te)) ∩ γTS(te). We distribute the meet over the concretization and obtain S′ =
γC(Θ) ∩ γC(T2B(te)) ∩ γTS(te).
We now show that γC(T2B(te)) is a superset of γTS(te), and therefore S′ = γC(Θ) ∩
γTS(te) = S. We can rewrite the condition γC ◦ T2B(te) ⊇ γTS(te) as γTS(B2T ◦
T2B(te)) ⊇ γTS(te). Since γTS is monotone and B2T ◦ T2B(te) ⊇ te by the properties
of the Galois connection, this condition holds.
Therefore S′ = S, which proves that applying tprop returns an element that is seman-
tically identical to the argument.

We note that early pruning [9] is just a special case of theory propagation in the lattice
theoretic setting, i.e., the case where theory propagation finds ⊥.

Deduction in the Cartesian domain and theory is modeled by transformers.

Definition 4.5.12 (Boolean Deduction Transformer). The Boolean deduction transformer
bdedϕ is a sound overapproximation of dedϕ,S .

In practice, bdedϕ is bcpϕ, i.e., Boolean deduction is accomplished using Boolean con-
straint propagation, but in principle other sound abstract transformers could be used.

Definition 4.5.13 (Theory Deduction Transformer). A theory deduction transformer tded
is a sound overapproximation of dedϕ,S .

We extend the functions bdedϕ and tded to DPLL(TS) as follows.

bded×ϕ (Θ, te) =̂ (bdedϕ(Θ), te) tded×(Θ, te) =̂ (Θ, tded(te))

We now describe bcp with theory deduction as the following function, which executes
the steps listed in the beginning of this section.

Definition 4.5.14. We define dplltded : DPLL(TS)→ DPLL(TS) as follows.

dplltded =̂ tprop ◦ tded× ◦ tinst ◦ bded×ϕ

Proposition 4.5.15. dplltded is a sound overapproximation of dedϕ,S .

Proof. Both bded×ϕ and tded×ϕ are sound overapproximations of ded$,S , the other operators
are sound reduction operators. Composing sound approximations with reduction operators
yields a sound approximation.

Example 4.5.4. Consider the formula ϕ given as f(x) = y ∧ x = z ∧ (f(z) 6= y ∨ y = z).
We compute dplltded starting from (>,>). Applying bded×ϕ (>,>) refines the left-hand side
to {f(x) = y, x = z}. Applying tinst communicates the deduction to the theory and obtains
([f(x), y][x, z], ∅) on the right. Theory deduction tded refines this to ([f(x), y, f(z)][x, z], ∅)
using congruence. Finally, theory propagation tprop obtains {f(x) = y, x = z, f(z) = y} on
the left.

As in cdcl, model search corresponds to a downwards iteration sequence with extrapo-
lation over the transformer dplltded.



CHAPTER 4. THE ALGEBRAIC ESSENCE OF SAT SOLVERS 95

Conflict Analysis with Theory Explanations

dpll(t) solvers are based on cdcl. The power of cdcl rests significantly in the conflict
analysis step, which extracts sufficient conditions for unsatisfiability from specific contradic-
tory cases. We describe conflict analysis abstractly (see Chapter 5 for a lifting of conflict
analysis algorithms to abstract domains). Conflict analysis computes a least fixed point in
the downset completion of the underlying domain (see Section 4.4). In general, there may be
incomparable reasons a and b for a given deduction c, the most general conflict analysis will
therefore return the set {a, b}. Indeed, conflict analyses that collect more than one conflict
do exist [172].

In order to integrate theory solvers meaningfully into the analysis, they need to be able
to supply explanations for deduced facts whenever theory propagation was applied. A step
during conflict analysis with theory explanations can be broken down into the following
substeps.

(i) Boolean abduction: Find Boolean conflict explanations.
(ii) Theory justification: Delegate explanations to the theory solver.

(iii) Theory abduction: Find theory explanations.
(iv) Theory explanation: Translate theory explanation into Boolean facts.

Recall that deduction corresponds to overapproximation of dedϕ,S . Conversely, finding
explanations for deductions corresponds to underapproximation of the abdϕ,S transformer.
As in the case of cdcl, we use the downset completion for the underapproximating domain,
which capture the fact that multiple, different reasons may exist. The downset domain
abstracts the product domain as follows.

(P(S),⊆) −−−−→←−−−−
αD

γD D(DPLL(TS))

Definition 4.5.15 (Boolean Abduction Transformer). A Boolean abduction transformer
babdϕ : D(CartA(ϕ)) → D(CartA(ϕ)) is an underapproximation of abdϕ,S over the downset
completion.

Example 4.5.5. Consider ϕ =̂ ϕ′ ∧ (x 6= y ∨ r = z) ∧ (x = y ∨ r 6= z). Assume that
the element Θ =̂ {x = y, r = z} leads to a contradiction. A sound abduction may obtain
babdϕ({Θ}) = {{x = y}, {r = z}}, indicating that x = y and r = z are both explanations
for Θ, since one element in Θ suffices to deduce the other.

Theory solvers have no access to the original formula ϕ, only to their internal state.
Essentially, they correspond to abduction with respect to the formula t.

Definition 4.5.16 (Theory Abduction Transformer). A theory abduction transformer tabd :
D(TS)→ D(TS) is a dual reduction.

Example 4.5.6. Consider te = ([x, y, z], {(x, y), (y, z)}), which represents a conflict. A
sound abduction tabd({te}) may return {([x, y], {(x, y)}), ([y, z], {(y, z)})}, highlighting two
separate reasons for the conflict.

We extend the functions babdϕ and tabd to sets in D(DPLL(TS)) as follows.

babd×ϕ (Γ) =̂ {(Θ, te) | ∃(Θ′, te) ∈ Γ. Θ ∈ babdϕ({Θ′})}
tabd×(Γ) =̂ {(Θ, te) | ∃(Θ, te′) ∈ Γ. te ∈ tabd({te′})}

The above transformers find reasons in their respective domains. The transformers we
define next explain facts by crossing domain boundaries. When crossing from the theory
abstraction to the less precise Cartesian formula abstraction, the issue of expressibility arises
since some abstract theory facts may not have precise counterparts in the Cartesian formula
domain. For an element te ∈ TS, we write expressible(te) to denote the condition that te is
precisely expressible in CartA(ϕ), i.e. γTS(te) = γC ◦ T2B(te).
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Definition 4.5.17 (Theory Justification and Theory Explanation). We define the theory
justification and theory explanation transformer on D(DPLL(TS)) below.

tjustify(Γ) =̂ {(Θ,B2T(Θ′) u te) | (Θ uΘ′, te) ∈ Γ}
texpl(Γ) =̂ {(Θ u T2B(te), te′) | (Θ, te u te′) ∈ Γ s.t. expressible(te)}

Example 4.5.7. Consider a set of atoms A(ϕ) = {x=y, y=z}, and an element (θ, te) with
θ = {x = y} and te = ([x][y][z], {(y, z)}). Then tjustify({(θ, te)}) contains the justification
(>, ([x, y][z], {(y, z)})), and texpl({(θ, te)}) contains the explanation ({x = y, ¬(y = z)},>).

Proposition 4.5.16. The transformers tjustify and texpl are semantics preserving, i.e., the
following two equalities hold.

(i) γD ◦ tjustify = γD (ii) γD ◦ texpl = γD

Proof. Consider an element (Θ, te′) of tjustify(Γ). Then te′ is of the form teuB2T(Θ′) such
that (Θ uΘ′, te) ∈ Γ. Concretizing (Θ, te′) we obtain the following.

γC(Θ) ∩ γTS(te′) = γC(Θ) ∩ γTS(te u B2T(Θ′))

= γC(Θ) ∩ γTS(te) ∩ γTS(B2T(Θ′))

= γC(Θ) ∩ γTS(te) ∩ γC(Θ′))

= γC(Θ uΘ′) ∩ γTS(te)

The final line is the concretization of the pair (Θ uΘ′, te). Therefore, every element of the
set tjustify(Γ) has a semantically equivalent element in Γ, therefore γD(tjustify(Γ)) ⊆ γD(Γ).
Furthermore, it is easy to see that every element in Γ is also in tjustify(Γ), therefore γD(Γ) ⊆
γD(tjustify(Γ)), which completes the proof that γD ◦ tjustify = γD.

The proof that γD ◦ texpl = γD is similar.

The transformer tjustify explains information from the Cartesian domain in terms of the
theory domain. The transformer texpl does the opposite, but can only do so if a given theory
domain fact can be precisely expressed in CartA(ϕ). In both cases, the formula ϕ is not taken
into consideration.

We note that conflict set generation [9] is a combination of theory abduction tabd of the
⊥ element, followed by theory explanation.

A step of conflict analysis with theory justification can be modeled as a function that
executes the steps outlined in the beginning of this section.

Definition 4.5.18. We define the transformer dplltabd on D(DPLL(TS)) as:

dplltabd =̂ texpl ◦ tabd× ◦ tjustify ◦ babd×ϕ

Proposition 4.5.17. dplltabd is a sound underapproximation of abdϕ,S .

Proof. The transformers babd and tabd underapproximate abdϕ,S and and the transformers
tjustify and texpl preserve semantics. The result follows.

Conflict analysis can be viewed as computing a least fixed point over dplltabd, starting
from a propositional conflict {(⊥, te)} or theory conflict {(Θ,⊥)}. In practice, solvers do
not keep track of sets of explanations for a conflict, but will instead consider only one. As
in cdcl, this may be considered an instance of upwards extrapolation.

We have demonstrated that dpll(t) computes the Cartesian product of two abstract
interpreters. Communication between the two components of the product amounts to re-
duction. Figure 4.10 summarizes the findings of this section.



CHAPTER 4. THE ALGEBRAIC ESSENCE OF SAT SOLVERS 97

BS × TSTS

B2T

T2B

bded tdedbabd tabd

γ⊥-complete deduction complete ⊥ check

Base domain Theory domain

Model Search

Domain BS× TS s.t. TS −−−−→←−−−−
T2B

B2T
BS

Req. Transfomers bded : BS→ BS, tded : TS→ TS overapprox. of dedϕ,TΣ

Theory Instantiation tinst(be, te) =̂ (be, te u γTS(be))
Theory Propagation tprop(be, te) =̂ (be u αTS(te), te)

Deduction dplltded =̂ tprop ◦ tded× ◦ tinst ◦ bded×

Model Search gfp over dplltded with downwards extrapolation over BS

Conflict Analysis
Domain Downset completion D(BS× TS)

Req. Transfomers babd over D(BS), tabd over D(TS) u.-approx. of abdϕ,TΣ

Theory Justification tinst(Γ) =̂ {(Θ, γTS(Θ′) u te) | (Θ uΘ′, te) ∈ Γ}
Theory Explanation texpl(Γ) =̂ {(Θ u T2B(te), te′) | (Θ, te u te′) ∈ Γ

s.t. expressible(te)}
Abduction dplltabd(Γ) =̂ texpl ◦ tabd× ◦ tjustify ◦ babd×

Conflict Analysis lfp over dplltabd with upwards interpolation

Figure 4.10: DPLL(T) as a product construction.
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4.6 Related Work

In this chapter, we presented abstract-interpretation accounts of popular satisfiability pro-
cedures.

Abstract Interpretation Accounts of Satisfiability Procedures Apart from the
work this chapter is based on [58, 59, 25], there have recently been two other lines of work
to explain decision procedures in terms of abstract interpretation. The first is an abstract
interpretation account of St̊almarck’s procedure [165], which also offers a lattice-theoretic
generalization of the algorithm. An application of the resulting generalized algorithm to the
problem of synthesizing abstract transformers was given in [166]. The work on St̊almarck’s
dilemma rule discussed in Section 4.3 was developed independently of the work in [165]
since it is a simple consequence of characterizing dpll as an abstract interpreter. The
work in [165] is more faithful to the original algorithm than our presentation and contains
a discussion of completeness.

In Section 4.5, we gave an abstract interpretation account of the dpll(t) algorithm as
an instantiation of a reduced product. One aspect we did not discuss is theory combination.
Given two or more solvers for first-order theories, under certain conditions it is possible to
derive a solver for the combination of the theories using the Nelson-Oppen procedure [139].
The work in [49] shows that Nelson-Oppen theory combination is an instance of the reduced
product of theory solvers. This insight enables dpll(t) solvers to be combined with an
abstract interpreter. Note that Nelson-Oppen is distinct to the product construction that
we identify within dpll(t). We identify a product between the Boolean and the theory
solver and we show that communication between the two corresponds to approximation of
the reduced product, even in the absence of theory combination.

Downsets as Logics In Sections 4.2 and 4.5, we use downsets of partial assignments
to formalize conflict analysis in sat solvers. Partial assignments correspond to conjunc-
tions over literals. The downset completion adds disjunctions acts as a kind of semantic
counterpart to a dnf formula.

This idea is explored in more depth in the work by Schmidt on logic and abstract inter-
pretation [160, 158, 159, 157, 156]. The work in [160] introduces the notions of an internal
logic and external logic of an abstract domain. The internal logic of the partial assignments
domain consists of conjunctions of literals. The external logic has disjunction and is obtained
via a downset completion.

In this chapter, we showed that satisfiability solvers are abstract interpreters that use
partition-based refinement. In Section 7.5, we will discuss abstract analyses that use partition-
based refinement and abstract analyses that use satisfiability solvers as part of the analysis.



Chapter 5

Generalizations of Satisfiability
Solvers

This chapter presents an approach based on the abstract satisfaction framework, for instanti-
ating cdcl on new problems. The main contribution of this section is a strict, mathematical
generalization of the cdcl algorithm to abstract lattices. We call the resulting algorithmic
framework Abstract Conflict-Driven Clause Learning (acdcl) [59]. The other contributions
of this chapter are as follows:

• A characterization of conflict-driven learning in terms of learning transformers.

• A characterization of a class of lattices that support a generalization of clause learning.

• A set of completeness criteria for acdcl.

• The afirstuip procedure [89], a lattice-theoretic generalization of the firstuip confict-
analysis procedure used in cdcl solvers.

Motivation The performance of sat solvers has improved at an exponential rate in the
last decade. Several factors contribute to these improvements including an elegant algorithm,
efficient, architecture-aware implementations of data structures, and heuristics that exploit
the non-adversarial nature of practical problem instances. The result is an algorithmic
framework referred to as the Conflict-Driven Clause Learning algorithm (cdcl).

sat solvers based on cdcl have been applied to problems in a number of areas ranging
from hardware and software verification to bioinformatics [117]. Problems in these areas
are reduced to a formula, which is then solved by a sat solver. This approach does not
always work well because the sat solver is not aware of the structure of the original problem
domain. A focus of ongoing research, articulated in the quotation below from a survey by
Malik and Zhang [115], is whether cdcl can be applied directly to new problems.

“Given its theoretical hardness, the practical success of sat has come as a
surprise to many in the computer science community. [...] Can we take these
lessons to other problems and domains?”

A well-explored strategy for extending cdcl to first-order theories is the dpll(t) frame-
work [143]. dpll(t) solvers lift cdcl to first-order logics by combining a propositional,
cdcl solver with a solver for conjunctions of theory literals. Learning in dpll(t) is re-
stricted to facts that can be encoded over a fixed propositional vocabulary. This restriction
may prevent the solver from learning the most general theory reason for a conflict, which in
turn reduces the efficiency of search. Program analysis frameworks inspired by dpll(t) [91]
suffer from similar issues. To ease these limitations, a number of refinements to dpll(t)
have been proposed, such as on-the-fly extensions of the propositional vocabulary [8].

99
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An alternative to dpll(t) is to lift cdcl to a new problem by identifying the counterparts
of model search, conflict analysis and learning in the problem context. Such alternatives
have been proposed for smt logics [124, 37, 64, 169, 6, 104, 102, 56] and in a program
analysis setting [123]. For example, in the lifting of cdcl to smt in [124, 37], a decision is
an assignment of a value to a first-order variable, while in the lifting to programs [123], a
decision may correspond to restricting analysis to a single control-flow path. These liftings
are ad-hoc and do not provide general principles for lifting cdcl to other problems.

The acdcl framework, which we present in this section, strictly generalizes the cdcl
algorithm in terms of lattices and abstract transformers. It is a framework for the systematic
derivation of sound, problem-guided analysis procedures. Compared to other attempts at
generalization, acdcl has the following advantages:

• It is mathematically rigorous.

• It covers both logical satisfiability and program correctness.

• It is detailed enough to inform solver architecture and allows generic completeness
proofs for classes of lattices.

• acdcl can be implemented as a general, domain-independent algorithm that connects
to an abstract domain via a well-defined abstract domain interface (see Chapter 6).

Our work also enables a new understanding of cdcl. Many existing lattices used in
static analysis lack negation, have meet operations that precisely model conjunction and join
operations that overapproximate disjunction. Precision loss due to joins is often eliminated
by enriching a domain or analysis with disjunction. Such enrichment may suffer from case
explosion, meaning that the number of disjunctive cases to be considered grows infeasibly
large as the analysis progresses. The conceptual insight of this chapter is that learning
techniques used by sat solvers can be viewed as synthesizing an abstract transformer for
negation. The combination of precise conjunction in the partial assignments domain with
imprecise negation provided by learning allow a propositional solver to reason indirectly
about disjunction without enumerating cases. acdcl is a framework for lifting learning
techniques in sat solvers to analyzers that operate on non-distributive lattices. acdcl
equips such analyzers with a form of negation, which can be used to refine an analysis.

Outline Section 5.1 introduces Abstract Conflict-Driven Learning (acdl), an abstract
characterization of conflict-driven learning procedures in terms of fixed point computation
over lattices and shows that learning, in the sense of cdcl, is overapproximation of negation.
Section 5.2 gives a lattice-theoretic generalization of clause learning and the unit rule and
characterizes a class of lattices over which these operations are possible. Section 5.3 presents
the acdcl algorithm, an instantiation of acdl that uses a generalized unit rule as a learning
transformer and operates on a lattice and its downset completion. Section 5.4 introduces
afirstuip, a non-trivial generalization of the firstuip conflict analysis algorithm to lattices.
Section 5.5 discusses other attempts to generalize cdcl and relates them to the acdcl
framework.

5.1 Abstract Conflict Driven Learning

This section presents Abstract Conflict-Driven Learning (acdl), a framework for lattice-
based learning algorithms, and gives a characterization of learning in the language of abstract
interpretation. The goal of this section is to provide an abstract framework for developing
conflict-driven learning algorithms and their proofs of soundness and completeness. Imple-
mentation details that are not necessary for this goal are omitted.
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A conflict-driven learning algorithm for logical satisfiability alternates model search and
conflict analysis. Learning improves the precision of model search based on the information
generated by conflict analysis.

Recall from Section 3.2.2, that checking if a formula ϕ is satisfiable is an instance of the
bottom-everywhere problem over the following structure.

(P(S),⊆,∩,∪, dedϕ, abdϕ, cdedϕ, cabdϕ)

This section generalizes the two phases of cdcl, model search and conflict analysis, to the
bottom-everywhere problem.

Model search corresponds to a search for an abstract counterwitness (since if the in-
stance is satisfiable, then dedϕ is not bottom-everywhere) and the conflict analysis phase
corresponds to a witness search. It aims to find an element (in the form of a generalized
conflict) which shows that no solution exists.

Section 5.1.1 and Section 5.1.2 describe abstract procedures that perform search for a
counterwitnesses and witnesses for bottom-everywhere. Section 5.1.3 gives a formal defini-
tion of learning and shows how counterwitness search, witness search and learning can be
combined in a conflict-driven learning algorithm.

5.1.1 Abstract Counterwitness Search

Recall from Section 4.4 that model search uses an abstract deduction transformer to generate
a downwards iteration sequence with extrapolation. In terms of the bottom-everywhere
problem, a satisfying assignment is a counterwitness. We may therefore view model search
as an abstract counterwitness search.

The procedure in Algorithm 7 gives sound but incomplete answers to the bottom-
everywhere problem over (B, f, f̃ , cf , cf̃ ). In place of partial assignments, the algorithm uses
an overapproximation O of B. bcp is replaced by an overapproximation of : O → O of the
concrete transformer f , a downwards extrapolation operator ∇� : O×O → O is used in place
of a decision heuristic, and the check for satisfiability is replaced by a γ-completeness check.
When a fixed point is reached, downwards extrapolation may be applied to increase preci-
sion, therefore the exit condition of the loop is not the classic fixed point condition o v of (o).
When instantiating the algorithm as propositional model search, the γ-completeness check
can, for example, take the form of checking whether at least one literal in each clause is
satisfied by the current partial assignment (see Proposition 4.4.1).

Algorithm 7: Not bottom-everywhere algorithm.

in : of : O → O – overapprox. of f in bottom-everywhere algebra
(B,⊆,∩,∪, f, f̃ , cf , cf̃ ),

in-out: o ∈ O – abstract element
out : (not ⊥, o) or (unknown, o) for some o ∈ O

1 Abstract-non-⊥(of , o)
2 repeat
3 o′ ← o;
4 o← o∇� of (o);

5 until o = o′ ∨ γO(o) = ⊥;
6 if γ(o) 6= ⊥ and of is γ-complete at o then
7 return (not ⊥, o) ;
8 else
9 return (unknown, o′);

10 end

11
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Proposition 5.1.1 (Soundness). If Abstract-non-⊥(of , >) returns not ⊥, then f is not
bottom everywhere.

Proof. Assume that the algorithm returns (not ⊥, o). Then o is a fixed point of the function
λx.of (x)ux, which soundly approximates f . Further, γ(o) is not equal to ⊥ since otherwise
the algorithm would have returned ⊥. Together, these facts imply that o is an abstract
counterwitness. It follows from Theorem 3.2.22 that f is not bottom everywhere.

Algorithm 7 provides a sound but incomplete way to determine satisfiability and returns
unknown if satisfiability cannot be determined. Unknown results may come about in two
ways. Either model search has failed to make an element sufficiently precise for determining
satisfiability using the γ-completeness check, or the resulting element is a conflict, that is
γ(o) = ⊥. In addition, the main loop of the algorithm may never terminate. Termination
can be ensured by choosing a downwards extrapolation that is also a widening.

The iteration sequence is generated by a run of Algorithm 7 is unusual in terms of
classical abstract interpretation. The procedure works in the context of an overapproximate
abstraction, but ultimately, aims to compute a sound underapproximation of f that is precise
enough to show satisfiability.

5.1.2 Abstract Witness Search

We now present an algorithm that generalizes conflict analysis. We have shown in Section 4.4
that conflict analysis in a sat solver computes an underapproximate abduction transformer
using upwards interpolation. Propositional conflict analysis is an instance of the abstract
witness search shown in in Algorithm 8. The algorithm computes classic upwards iteration
with interpolation, using a binary interpolation operator ∆� : U × U → U .

Algorithm 8: Top-everywhere algorithm.

in : uf̃ : U → U – underapprox. of f̃ in bottom-everywhere algebra
(B,⊆,∩,∪, f, f̃ , cf , cf̃ )

in-out: u ∈ U – abstract element with f ◦ γ(u) = ⊥.
out : > or unknown

1 Abstract->(uf̃ , u)
2 repeat
3 u′ ← u;

4 u← u∆� uf̃ (u);

5 until u = u′;
6 if γ(u) = > then
7 return (>, o) ;
8 else
9 return (unknown, o);

10 end

11

Proposition 5.1.2 (Soundness). If Abstract->(uf̃ , u) returns > and f ◦ γ(u) = ⊥, then
f̃ top everywhere.

Proof. We have that f ◦ γ(u) = ⊥, for the argument u of the call. By the properties of
the Galois connection (f, f̃) (Proposition 3.2.4), we then have that γ(u) ⊆ f̃(⊥). Since
f̃ is an upper closure, we have that f̃ ◦ γ(u) = f̃(⊥). Algorithm 8 computes an upwards
iteration sequence with interpolation. We have from Theorem 2.3.12 that the result u′ is an
underapproximation of f̃ ◦ γ(u). Therefore, f̃ ◦ γ(u) = f̃(⊥) ⊇ γ(u′) = >, i.e., f̃(⊥) = >. It
follows that f̃ is top everywhere and, consequently, f is bottom everywhere.
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Abstract-non-⊥ Abstract->

gfp with of

extrapolate ↓

lfp with uf̃

interpolate ↑

not ⊥ ⊥

conflicting element

learned transformer

Figure 5.1: Abstract conflict driven learning.

The algorithm is sound but incomplete for determining if f̃ is top everywhere. It returns
unknown if it cannot be established that f̃ is top everywhere. Additionally, it may fail to
terminate. The latter can be avoided if the interpolation operator ∆� is a narrowing.

5.1.3 Conflict-Driven Learning

The cdcl algorithm combines Abstract-non-⊥ and Abstract-> as summarized in Fig-
ure 5.1. Rather than return unknown from Abstract-non-⊥, information from the fixed
point computation drives Abstract->. If the procedure Abstract-> produces inconclu-
sive results, then Abstract-non-⊥ can still “learn” information about the conflict for the
greatest fixed point computation. This section makes this combination precise.

The Abstract Conflict Driven Learning procedure (acdl) is shown in Algorithm 11. The
procedures alternates runs of Abstract-non-⊥ and Abstract->. Communication between
the two procedures is achieved using two functions, ouf̃ and learn. Conflicting elements
are transferred from Abstract-non-⊥ to Abstract-> using the function ouf̃ : O → U .
We require that this function soundly underapproximates f̃ , i.e., that f̃ ◦ γO ⊆ γU ◦ ouf̃ .
A natural choice for this transformer is to compute the composition αU ◦ γO, which maps
an abstract element in O to its best underappproximation in U . In the other direction, a
transformer is learned, as discussed below.

Best Learning Transformer

If we learn that f maps the concretization of an element u ∈ U to bottom, we can use this
information to assist in future counterwitness search steps. Since u does not represent a
counterwitnesses to f being bottom everywhere, we may subtract u from any element o ∈ O
during counterwitness search.

The best learning transformer below takes elements u and o and subtracts u from o:

learn· : U → (O → O) learnu(o) =̂ αO(γO(o) ∩ ¬γU (u))

A sound learning transformer is a function g : U → (O → O) such that for all u ∈ U , g(u)
is a transformer and g(u) w learnu.

The above transformer uses only information contained within the conflicting element u.
More precision may be obtained by taking into account the concrete transformer f that is
approximated. The best f -learning transformer is the following function.

flearn· : U → (O → O) flearnu(o) =̂ αO(f(γO(o) ∩ ¬γU (u)))
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Algorithm 9: Abstract conflict-driven learning.

in : uf̃ : U → U – underapprox. of f̃
learn : U → (O ×O) – learning transformer
ouf̃ : O → U – underapprox. of f̃ , i.e., f̃ ◦ γO ⊆ γU ◦ ouf̃ .

in-out: of : O → O – overapprox. of f ,
out : ⊥, not ⊥ or unknown

1 ACDL(of , uf̃ , ouf̃ , learn)
2 loop
3 (s, o)← Abstract-non-⊥(of , >);
4 if s = not ⊥ then return not ⊥;
5 if γO(o) 6= ∅ then return unknown;

6 u← ouf̃ (o);

7 (s, u)← Abstract->(uf̃ , u);
8 if s = > then return ⊥;

9 of ← of u learn(u);

10 end

11

A sound f -learning transformer is a function g : U → (O → O) such that for all u ∈ U , f(u)
is a transformer and f(u) w flearnu. Note that every learning transformer is an f -learning
transformer, but the converse does not hold.

The next theorem is the core of the soundness argument of Algorithm 11. Recall the
parametric fixed point functions that map an element x of L to the least fixed point above
x and greatest fixed point below x, respectively.

plfp(f) =̂ λx.(lfpY. f(Y ) t x) pgfp(f) =̂ λx.(gfpY. f(Y ) u x)

Theorem 5.1.3. Let of be a sound overapproximation of a completely additive, reductive
transformer f , let uf̃ be a sound underapproximation of the De Morgan dual f̃ of f , and
let flearn be a sound f -learning transformer. If pgfp(of )(o) represents concrete ⊥, then the
transformer

of u flearnu, where u is plfp(uf̃ )(αU (γO(o)))

is a sound overapproximation of f .

Proof. Let o ∈ O be an element such that pgfp(of (o)) represents concrete ⊥, that is,
γO ◦ pgfp ◦ of (o) = ⊥. Then we have that γO ◦ pgfp ◦ of (o) ⊇ f(γ(o)), i.e., f(γ(o)) = ⊥.
By the Galois connection, we get that γ(o) ⊆ f̃(⊥). Therefore, αU (γO(o)) soundly un-
derapproximates f̃(⊥). By basic soundness in abstract interpretation, the element u =
plfp(uf̃ )(αU (γO(o))) also soundly underapproximates f̃(⊥), which may be expressed as
f(γU (u)) = ⊥.

Now consider an element o ∈ O. Then, by Proposition 3.2.1, f(γO(o)) may be expressed
as γO(o) ∩ f(>). We get the following.

f ◦ γO(o) = f(f ◦ γO(o))

= f(γO(o) ∩ f(>))

= f(γO(o) ∩ (f(γU (u) ∪ ¬γU (u))))

= f(γO(o) ∩ (f(γU (u)) ∪ f(¬γU (u))))

= f(γO(o) ∩ f(γU (u))) ∪ f(γO(o) ∩ f(¬γU (u)))

= f(⊥) ∪ f(γO(o) ∩ f(¬γU (u)))

⊆ f(γO(o) ∩ ¬γU (u))
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Figure 5.2: The rule tabuc on the lattice of interval environments Vars → Itv .

⊆ γO(αO(f(γO(o) ∩ ¬γU (u))))

= γO ◦ flearnu(o)

=⇒ f ◦ γO(o) ⊆ γO ◦ flearnu(o)

The above proves that flearnu soundly overapproximates f . The result follows.

Theorem 5.1.3 strictly generalizes learning from sat solvers to the bottom-everywhere
problem.

We give an example of a simple, sound learning procedure supported by all lattices. An
element that leads to ⊥ is tabu, in the sense of tabu search. Tabu learning defines a sound
learning transformer tabu : U ×O → O.

tabuu(o) =̂

{
⊥ if γ(o) ⊆ γ(u)

o otherwise

The tabu rule checks whether search has entered a region that is known to map to ⊥. We
illustrate the tabu rule in Figure 5.2 on the lattice of interval environments, which is the
pointwise lifting of Itv to the lattice Vars → Itv .

The ACDL procedure is sound by construction.

Theorem 5.1.4 (Soundness). If ACDL returns not ⊥, then f is not bottom everywhere. If
ACDL returns ⊥, then f is bottom everywhere.

Proof. Assume the algorithm returns not ⊥. Then Abstract-non-⊥ returned (not ⊥, o).
Then the transformer of is γ-complete at o, γO(o) 6= ⊥ and of (o) = o. By γ-completeness,
we then conclude that f is not bottom at γO(o).

Assume the algorithm returns ⊥. Then Abstract-> returned >. We denote by u the
initial value of u in Abstract-> and by u′ the return value with γU (u′) = >. It is an
invariant of the algorithm that of is a sound overapproximation of f . Hence, whenever
Abstract-non-⊥ returns (⊥, o) it holds that f(γO(o)) = ⊥. It holds that u = αU ◦ γO(o)
for such an o. By duality, we have that f̃(⊥) ⊇ γO(o) ⊇ γU (u). Abstract-> returns u′ w u
such that γU (u′) = >. By soundness of abstract interpretation it holds that γU (u′) =
f̃(γU (u)) = >. Since f̃ is an upper closure operator with f̃(⊥) ⊇ γU (u) and f̃(γU (u)) = >,
it follows by idempotence that f̃(⊥) = >. Dually, it follows that f(>) = ⊥. Therefore, f is
bottom everywhere.
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Figure 5.3: Generalized unit rule gunitc for intervals on Z .

5.2 Clause Learning in Lattices

The previous section showed that learning is not restricted to propositional logic. Clause
learning is a form of learning in which abstract transformers are implicitly represented
by clauses. Since model search in sat solvers is driven by the unit rule, clause learning
can be viewed as learning unit rule transformers. We present a generalized unit rule that
lifts clause learning to richer lattices. The generalization yields Abstract Conflict Driven
Clause Learning (acdcl), a strict generalization of the cdcl algorithm in sat solvers.
We demonstrated in Section 4.4 that cdcl solvers operate on the domain PAsgs and its
downset completion D(PAsgs). acdcl operates on an overapproximation A and its downset
completion D(A), and is a variant of the acdl procedure from the previous section.

To understand the lattice-theoretic essence of clause learning, it is useful to compare the
unit rule with tabu learning. Recall that the tabu rule for a conflict element u reports ⊥
when the argument is contained within u and does nothing otherwise. Consider a clause
C = p∨¬q and the partial assignment ρ = 〈p:f, q:t〉, which contains no satisfying assignment
to C. Consider ρ′ strictly greater than ρ. We have that tabuρ(ρ

′) = ρ′. However, if ρ′ is the
partial assignment 〈p:f〉, by unit rule application we have unitC(ρ′) = 〈p:f, q:f〉. The tabu
rule only drives search away from elements where f is bottom. In contrast, the unit rule,
when applied to an element ρ′ on which f is “almost bottom” will drive the search away
from the part of ρ′ that leads to bottom.

Example 5.2.1. We illustrate a generalized unit rule for the abstract domain of interval
environments. Assume an abstract transformer of is ⊥ on the interval c in Figure 5.3. We
design a generalized unit rule that maps the shaded interval q in the figure to the interval
gunitc(q), which drives the search to the portion of q not known to lead to ⊥.

The complement of the interval c = 〈x:[1, 4], y:[1, 6]〉 is not an interval. However, c
is the intersection of the one-way infinite intervals 〈x:[1,∞]〉, 〈x:[−∞, 4]〉, 〈y:[1,∞]〉 and
〈y:[−∞, 6]〉. The complement of each of these intervals is an interval, and the set of
complements can be viewed as a clause containing 〈x:[−∞, 0]〉, 〈x:[5,∞]〉, 〈y:[−∞, 0]〉 and
〈y:[7,∞]〉. The meet of q = 〈x:[2, 6], y:[2, 4]〉 with each element of this generalized clause
is bottom for all elements except 〈x:[5,∞]〉, so we only consider 〈x:[5, 6]〉. Thus, we have
generalized the unit rule to the interval domain.

We highlight similarities between the propositional unit rule and the interval unit rule
in Example 5.2.1. Every interval is the intersection of one-way infinite intervals, just as a
partial assignment is the conjunction of literals. One-way infinite intervals, like propositional
literals, have complements. The complement of a partial assignment is a clause, and the
complement of an interval can be represented as the disjunction of one-way infinite intervals.
The rest of this section lifts the unit rule to new domains.



CHAPTER 5. GENERALIZATIONS OF SAT SOLVERS 107

> f(>)

γ(af )

γ(a)

Figure 5.4: Precise f -complement af of element a.

5.2.1 Complementable Decompositions

We now introduce material that is necessary to generalize the unit rule. Consider a clause
C = p ∨ ¬q ∨ r and consider a partial assignment ρ = 〈p:f, q:t〉 that occurs during model
search. An implementation of the unit rule would first check whether the partial assignment
ρ “nearly” contradicts the clause C, that is, whether all but one literals are contradicted by
truth assignments. In the above example, this is the case, since both the literal p and the
literal ¬q are contradicted. Next, the remaining literal is asserted by setting r to t.

If C was a learned clause, it was generated from a conflicting partial assignment c =
〈p:f, q:t, r:f〉. When viewed in terms of this assignment, the unit rule first checks whether all
but one assignment in c are asserted in ρ, and therefore ρ is “nearly conflicting“. Next, it
forces the remaining element of c to be contradicted to drive ρ away from the known conflict.

In this section, we discuss how special kinds of decompositions may be used to generalize
the “nearly conflicting“ criterion and how restricted complementation may be used to drive
away an abstract element from a region that is known to be conflicting.

The lattice of partial assignments does not admit precise complementation. Consider
for example the partial assignment 〈p:t, q:f〉. This partial assignment represents exactly the
singleton set of assignments {p 7→ t, q 7→ f}. Its complement γ(ρ) = SP \ {p 7→ t, q 7→ f} has
no precise representation as a partial assignment. The following definition fixes a precise
notion of complementation in an abstraction.

Definition 5.2.1 (Precise Complement). Let A be a lattice and a be an abstract element
in a. A precise complement of a, denoted a is an element of A such that γ(a) = ¬γ(a).

A precise form of complementation as above allows us to perform case analysis in the
abstraction. Note that in a case analysis, it is not necessary that all cases are covered as
long as we know that the cases that are not covered do not describe anything of interest.
With this in mind, we can extend the scope of our notion of complementation and give the
following definition, which is illustrated in Figure 5.4.

Definition 5.2.2 (Precise Complementation Relative to f). Consider the bottom-everywhere
algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ) and an overapproximation A of B. A precise complement
of a relative to f (or simply f -complement) denoted af is an element of A such that
f ◦ γ(af ) = f(¬γ(a)).

We now define a class of lattices that have complementation properties similar to those
of the lattice of partial assignments. Not all partial assignments have a precise complement.
Only singleton assignments of the form 〈x:t〉 and 〈x:f〉 precisely complement each other.
The existence of these elements allows for a simple form of case analysis, where instead of
applying deduction to a partial assignment ρ, we can apply it twice, once to ρ u 〈x:t〉 and
once to ρ u 〈x:f〉 to increase precision.

The following lattice properties generalize this notion of complementation to other lat-
tices. Recall that a meet irreducible is an element that cannot be expressed as the meet of
two other elements and that a meet-factorization is a representation of an element in terms
of meet irreducibles. The meet irreducible elements of the partial assignments lattice are
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Interval Envs. Octagons

Concrete Domain P(V → Z) P(V → Z)

Abstract Elements 〈x : [l, u], . . .〉 〈±x± y < c, . . .〉
Meet Irreducible 〈x ≤ 4〉 〈x+ y < 1〉
Complemented Irreducible 〈5 ≤ x〉 〈−x− y < 0〉

Equality Array Abstr.

Concrete Domain P(V → Z) P(V → (N→ Z))

Abstract Elements 〈x = y, w 6= z, . . .〉 〈x � λi. cx, y 6� λi. cy, . . .〉
Meet Irreducible 〈x 6= y〉 〈x � λi. 4〉
Complemented Irreducible 〈x = y〉 〈x 6� λi. 4〉

Set Abstr. Control-Flow Abstr.

Concrete Domain P((V → D)× (SV → P(D)) P(Traces)
Abstract Elements 〈x ∈ S, y /∈ R, . . .〉 〈li → else, . . .〉
Meet Irreducible 〈x ∈ Q〉 〈l1 → else〉
Complemented Irreducible 〈x 6∈ Q〉 〈l1 → if〉

Figure 5.5: Examples of domains with complementable decompositions.

given by the singleton assignments of the form 〈p:v〉 where v is in {t, f}. These are also
exactly the elements of the partial assignments lattice that admit precise complementation.

Definition 5.2.3 (Complementable Meet Irreducibles). Consider the bottom-everywhere
algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ) and an overapproximation A of B. A has complementable
meet irreducibles if every element m ∈ Iu(A) has a precise complement m ∈ Iu(A). A has
f -complementable meet irreducibles if every element m ∈ Iu(A) has a precise f -complement
mf ∈ Iu(A).

In a lattice with complementable meet irreducibles, every element can be viewed as
representing a set of cases. Our generalization of clause learning operates on such a repre-
sentation.

Definition 5.2.4 (Meet Factorization Operator). A function mdc : A \ {⊥} → P(Iu(A)) is
a meet factorization operator if for all a ∈ A \ {⊥}, mdc(a) is a meet factorization of a. The
operator mdc is finite if for all a ∈ A \ {⊥}, the set mdc(a) is finite.

Many abstract domains used in practice have both complementable meet irreducibles
and admit finite meet factorizations. For example, partial assignments can be factored into
sets of assignments to a single variable and intervals and octagons can be factored into sets of
half-spaces. Examples of abstract domains with complementable decompositions are given
in Figure 5.5. In the following, we focus on precise f -complementation which is a strictly
weaker notion than precise complementation but is sufficient to allow liftings of cdcl. We
could weaken the notion of complementation even further and work with lattices that admit
overapproximate rather than precise complementation of meet irreducibles. Such lattices
still admit sound instantiations of cdcl, but completeness arguments are more difficult in
this setting.
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5.2.2 Generalized Unit Rule

An abstraction A with (f -)complementable meet irreducibles admits a learning transformer
gunit : D(A) × A → A which generalizes clause learning and subsequent application of
the unit rule. The unit rule is defined with respect to a clause. Clauses are derived from
conflicting partial assignments via negation. We instead define the generalized unit rule with
respect to elements that lead to ⊥. This is only a difference of presentation; the negation of
a clause is a partial assignment on which unitϕ is bottom.

Definition 5.2.5 (Generalized Unit Rule). Let A be a lattice with f -complementable meet
irreducibles and a meet factorization function mdc : A → P(Iu(A)). The generalized unit
rule is defined as follows.

gunitc(a) =̂


⊥ if for all m ∈ mdc(c). a v m
a u nf if mdc(c) = M ∪ {n},

a 6v n and for all m ∈M. a v m
a otherwise

The transformer gunit can be lifted to a learning transformer gunit· : U ×A→ A, where
U = D(A) by defining gunitS =̂

d
c∈S gunitc.

Theorem 5.2.1 (Soundness of the Generalized Unit Rule). Let S ∈ D(A). The generalized
unit rule transformer gunitS for an element S ∈ D(A) is an f -learning transformer, i.e.,
gunitS w flearnS.

Proof.

flearnS(c) = α ◦ f(γ(a) ∩ ¬γU (S))

= α ◦ f(γ(a) ∩ ¬
⋃
c∈S

γ(c))

= α ◦ f(γ(a) ∩
⋂
c∈S
¬γ(c))

= α ◦ f(
⋂
c∈S

(γ(a) ∩ ¬γ(c)))

= α ◦ f(
⋂
c∈S

(γ(a) ∩ ¬
⋂

m∈mdc(c)

γ(m)))

= α ◦ f(
⋂
c∈S

(γ(a) ∩
⋃

m∈mdc(c)

¬γ(m)))

= α ◦ f(
⋂
c∈S

⋃
m∈mdc(c)

γ(a) ∩ ¬γ(m))

= α(
⋂
c∈S

⋃
m∈mdc(c)

f(γ(a) ∩ ¬γ(m)))

Using claim (i)
⋃
m∈mdc(c) f(γ(a)∩¬γ(m)) ⊆ γ ◦gunitc(a), which we will show momentarily.

v α(
⋂
c∈S

γ ◦ gunitc(a))

= α ◦ γ(
l

c∈S
gunitc(a))

= α ◦ γ(gunitS(a))

v gunitS(a)



CHAPTER 5. GENERALIZATIONS OF SAT SOLVERS 110

We now show claim (i): ⋃
m∈mdc(c)

f(γ(a) ∩ ¬γ(m)) ⊆ γ ◦ gunitc(a)

The case where gunitc(a) = a and where gunitc(a) = ⊥ are simple. We now show the
remaining case, where mdc(a) = M ∪{n} such that a 6v n and for all m ∈M. a v m. For all
m ∈M , since a v m we have that a umf = ⊥, and therefore also that f(γ(a) ∩ ¬γ(m)) =
γ(⊥). We then have the following.⋃

m∈mdc(c)

f(γ(a) ∩ ¬γ(m)) = [
⋃
m∈M

f(γ(a) ∩ ¬γ(m))] ∪ f(γ(a) ∩ ¬γ(n))

= γ(⊥) ∪ f(γ(a) ∩ ¬γ(n))

= f ◦ γ(a) ∩ f(¬γ(n))

= f ◦ γ(a) ∩ f ◦ γ(nf )

= f ◦ γ(a u nf )

⊆ γ(a u nf )

= γ ◦ gunitc(a)

We have completed the proof that
⋃
m∈mdc(c) γ(a) ∩ ¬γ(m) ⊆ γ ◦ gunitc(a).

The next section introduces acdcl, which is an instantiation of acdl that learns gen-
eralized unit rules.

5.3 Abstract Conflict Driven Clause Learning

This section introduces the acdcl algorithm which generalizes cdcl to the bottom-everywhere
problem and to lattices. We first recall the model search step and the overall algorithmic
framework of cdcl in Section 5.3.1. Section 5.3.2 presents acdcl as a lifting of cdcl to
lattices and Section 5.3.3 provides completeness and termination arguments for a restricted
class of instantiations of acdcl.

5.3.1 The CDCL Algorithm

cdcl combines model search and conflict analysis using a non-chronological backtracking
search. Upon encountering a conflict, the algorithm – unlike classic dpll– does not simply
flip a previously made decision, but instead may additionally undo some decisions that did
not contribute to the conflict. Since the algorithm may skip several unexplored branches
while doing so, this process is also called backjumping. Intuitively, backjumping improves
efficiency by allowing the algorithm to recover from decisions that did not yield interesting
results. The completeness argument relies on the so-called “asserting” property of learned
clauses [118, 137], which ensures that after backjumping, the clause derived from the conflict
drives the algorithm away from previously explored search regions.

In this section, we abstract away the details of conflict analysis by assuming that there
exists a conflict analysis algorithm with this asserting property. This abstract view is suf-
ficient to give completeness conditions for lattices. In the next section, we generalize the
propositional conflict analysis algorithm.

Our descriptions of cdcl and acdcl focus on clause learning. Clause learning has been
empirically shown to be the component of cdcl that has the greatest impact on performance
[106]. cdcl benefits from numerous further algorithmic and engineering advances [9], such
as smart variable selection heuristics for decisions effective data structures like watched
literals and algorithmic improvements such as restarts. Discussing all these improvements
in a lattice based setting is beyond the scope of this dissertation. Some, for example restarts,
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Algorithm 10: The propositional cdcl algorithm.

in : set of propositional clauses Φ
out : SAT or UNSAT

1 CDCL(Φ)
2 ρ: partial assignment;
3 trail: sequence of propositional assignments;
4 reasons: partial function from P ∪ {⊥} to Φ;

5 ρ← >; trail← ε; reasons← ∅;
6 loop
7 if ModelSearch(ρ, trail, reasons, Φ) = SAT then
8 return SAT;
9 end

10 c← Analyse(trail, reasons);
11 Φ← Φ ∪ {c};
12 if ¬Backjump(ρ, trail, c) then
13 return UNSAT;
14 end

15 end

16

Algorithm 11: Propositional model search.

in : Φ – set of propositional clauses
in-out: reasons – partial function from P ∪ {⊥} to Φ

ρ – partial assignment
trail – sequence of propositional assignments

out : conflict or SAT
1 ModelSearch(ρ, trail, reasons, Φ)
2 loop
3 repeat

// Boolean Constraint Propagation

4 foreach C ∈ Φ do
5 q ← unitC(ρ);
6 if q = ⊥ then
7 reasons[⊥]← C;
8 return conflict;

9 end
10 if q @ ρ ∧ q = ρ u 〈p:v〉 then
11 ρ← ρ u 〈p:v〉};
12 trail← trail · 〈p:v〉;
13 reasons[p]← C;

14 end

15 end

16 until ρ unchanged ;
17 if ρ is a complete assignment then return SAT;
18 〈p:v〉 ← decide(ρ);
19 ρ← ρ u 〈p:v〉;
20 trail← trail · 〈p:v〉;
21 reasons[p]← nil;

22 end

23
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lift to acdcl in a trivial manner while others, such as variable selection heuristics, require
domain-specific adaptations.

The cdcl algorithm is recalled in Algorithm 10. We use lattice notation to denote
manipulations of partial assignments. The algorithm first calls model search. If a satisfying
assignment is found, cdcl terminates with a SAT result. Otherwise, if a conflict is identified,
conflict analysis is used to extract a general reason in the form of a learned clause. Conflict
analysis is discussed in detail in the next section. The learned clause is added to the formula
and the algorithm uses backjumping to reset its internal data structures to a state before
the conflict was found. The model search algorithm is shown in Algorithm 11.

The cdcl algorithm uses two data structures to keep track of the state of the search.
These include a trail and a reasons array. The trail is a sequence of singleton partial
assignments of the form 〈p:t〉 or 〈p:f〉. The symbol ε in the algorithm denotes the empty
trail. Whenever a singleton assignment of the form above is obtained via the unit rule or a
decision, it is added to the back of the trail. The reasons array maps propositions to clauses.
If the assignment to p was the result of the unit rule, the clause C is recorded as the reason
for p. Additionally, when a conflict is derived, the reasons array maps the conflict element
⊥ to a clause that contradicts the partial assignment. In the conflict analysis phase, the
trail and reason array serve as a chronological record of search leading up to the conflict.

5.3.2 Lifting CDCL to Lattices

We now lift cdcl to lattices. The Abstract Conflict Driven Clause Learning (acdcl) frame-
work is shown in Algorithm 12.

acdcl can be viewed as an instance of the conflict-driven learning framework from
Section 5.1, although we deviate slightly from the algorithmic framework presented there.
We provide specialized versions of the Abstract-non-⊥ and Abstract-> functions which
store additional information about the search.

We now generalize aspects of cdcl to lattices. In acdcl, the partial assignments lattice
is replaced by an overapproximate lattice O. Figure 5.6 shows the abstract requirements
for instantiating acdcl. Requirement (i) states that the lattice O has (f−)complementable
meet-irreducibles. This is a prerequisite for learning generalized unit rules (see Section 5.2).
Requirement (ii) uses a downwards extrapolation for the role that a decision heuristic plays
in cdcl. In place of a set of input clauses, acdcl uses a set of sound deduction transformers
F , which corresponds to requirement (iii). Requirements (iv), (v) and (vi) are specific to
afirstuip conflict analysis and will be discussed in the next section.

The trail data structure translates directly from cdcl. Recall that there, the trail stores
a sequence of singleton assignments, which correspond to the meet-irreducible elements of
the partial assignment lattice. Consequently, the trail in acdcl is a sequence of meet
irreducibles. The reasons array is slightly different than in the propositional algorithm. In
cdcl, reasons is a mapping from propositions to clauses, since every proposition may only
be assigned to a truth value once during the run of the procedure. In acdcl, reasons maps
trail indices to the transformers in F that were used to derive elements at those indices.

Model search is replaced by the ACDCL-non-⊥ algorithm shown in Algorithm 13, an im-
plementation of Abstract-non-⊥ that collects auxiliary information in the trail and reasons
data structures. Recall that downwards extrapolation replaces decision making. The results
of transformer application and extrapolation are decomposed into meet irreducibles using
a meet factorization operator mdc. Meet irreducibles that refine the current element are
deposited on the trail, and the transformer used to obtain them is stored as their reason. If
a meet irreducible is the result of extrapolation, nil is stored as a reason.

If a conflict is encountered where the current element a represents the empty set, then
ACDCL-> is called to generalize the conflict. A unit rule gunitc is learned from the re-
sult of generalization and the function Backjump resets the algorithm to an earlier, non-
contradictory state. The most recently learned unit rule is then immediately applied. The
restrictions on the backjumping ensure that no conflict is encountered at this point.
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(i) An overapproximate lattice with f -complementable meet irreducibles

(A,v,u,t),

(ii) a downwards extrapolation
∇� : A×A→ A,

(iii) a set of overapproximations of f

F ⊆ A→ A,

(iv) for each of ∈ F and a ∈ A, an inflationary underapproximation

uf of ,a : D(A)→ D(A)

of the transformer f̃a =̂ c 7→ f̃(c ∪ γ(a)),

(v) an acdcl (upwards) interpolation

∆� : D(A)×D(A)→ A,

(vi) a finite meet factorization mdc : A → P(A) such that the following holds for all
sets M ∈ Iu(A) and elements a ∈ A.

If
l
M v a then ∀q ∈ mdc(a). ∃r ∈M. r v q.

Figure 5.6: Requirements for applying acdcl to the bottom-everywhere problem for the
algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ).
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Algorithm 12: The acdcl algorithm.

in : F ⊆ A→ A – a set of overapprox. transformers of f
out : ⊥, not ⊥ or unknown

1 ACDCL(F)
2 a: element of A;
3 trail: sequence of meet irreducibles;
4 reasons: partial function from trail indices and ⊥ to F ;

5 a← >; trail← ε; reasons← ∅;
6 loop
7 s← ACDCL-non-⊥(a, trail, reasons, F);
8 if s = not ⊥ ∨ s = unknown then return s;

// s = conflict
9 c← ACDCL->(trail, reasons);

10 F ← F ∪ {gunitc};
11 if ¬Backjump(a, trail,

d
F) then return ⊥;

12 putOnTrail(trail, gunitc(a), gunitc);

13 end

14

15 Backjump(a, trail, of )
16 if there is a prefix trail′ of trail s.t. γ ◦ of (

d
trail) 6= ⊥ then

17 trail← pick a trail′ as above;
18 a←

d
trail;

19 return t;

20 else
21 return f;
22 end

23

24 putOnTrail(trail, q, r)
25 Q← mdc(q);
26 foreach m ∈ Q do
27 if a 6v m then
28 if γ(a um) = ⊥ then
29 reasons[⊥]← of ;
30 return conflict;

31 else
32 reasons[|trail|]← of ;
33 end
34 a← a um;
35 trail← trail ·m;

36 end

37 end

38
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Algorithm 13: acdcl bottom-everywhere counterwitness search.

in : F ⊆ A→ A – a set of overapprox. transformers of f
in-out: a – element of A

trail – sequence of meet irreducibles
reasons – partial function from trail indices and ⊥ to F

out : conflict, not ⊥ or unknown
1 ACDCL-non-⊥(a, trail, reasons, F)
2 loop
3 repeat

// Downwards iteration sequence with extrapolation

4 a′ ← a;
5 foreach of ∈ F do
6 q ← of (a);
7 if putOnTrail(trail, q, of ) = conflict then
8 return conflict;
9 end

10 end
11 d← a′∇� a;
12 if γ(d) = ⊥ then return unknown;
13 if putOnTrail(trail, d, nil) = conflict then
14 return unknown;
15 end

16 until a′ = a;
17 if

d
F is γ-complete at a then return not ⊥;

18 else return unknown;

19 end

20
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For now, we leave the implementation of ACDCL-> open, but we make the following
assumption.

Assumption 1. In each iteration of the algorithm, the call to ACDCL-> computes an element
c ∈ D(A) such that γD(A)(c) ⊆ f̃ ◦ γ(a).

This assumption is sufficient to allow us to prove soundness of the overall algorithm.

Lemma 5.3.1. If Assumption 1 holds, then in each iteration of the main loop of ACDCL,
the set F is a set of sound overapproximations of f .

Proof. We show the property by induction. We denote by Fi the value of the set variable F
at the start of the ith iteration of the main loop. From the precondition of the algorithm,
we have that F1 is a set of sound overapproximations of f . Now assume that Fi is a set of
sound overapproximations, we show that the same holds for Fi+1 = F ∪ {gunitc} (if i is not
the last iteration). It suffices to show that gunitc soundly overapproximates f . Note that c
is the result of calling Abstract-> from a conflicting element a. From Assumption 1, we
get that γD(A)(c) soundly underapproximates f̃(γD(A)({a})) which is equal to f̃(⊥) since a
is a conflicting element. We then have from Theorem 5.1.3 and Theorem 5.2.1 that gunitc
is a sound approximation of f , which completes the proof.

Theorem 5.3.2 (Soundness). If ACDCL returns not ⊥, then f is not bottom everywhere. If
Assumption 1 holds and ACDCL returns ⊥, then f is bottom everywhere.

Proof. Assume that ACDCL returns not ⊥. Then the final element a is γ-complete with
respect to

d
F and it holds that γ(a) 6= ⊥. From Lemma 5.3.1 we have that

d
F is a

sound approximation of f . Therefore a is an abstract bottom-everywhere counterwitness.
It follows that f is not bottom everywhere.

If, on the other hand, ACDCL returns ⊥, then we have that γ ◦
d
F (>) = ⊥. Since

d
F

soundly approximates f , we have that f(>) = ⊥. Therefore, f is bottom everywhere.

5.3.3 Termination and Completeness

We now discuss both lattice-theoretic and algorithmic conditions that are sufficient to es-
tablish completeness of an instantiation of acdcl. Note that acdcl may be applied to a
variety of problems, including those that are undecidable. It is therefore difficult to provide
completeness conditions that cover all instantiations. We focus on lifting the propositional
argument to the finite lattice case.

acdcl may be applied to problems on which it is not complete. In this case, it is
necessary to choose between designing an algorithm that always terminates, but may return
an undetermined result, and a procedure that may not terminate but always returns either
⊥ or not ⊥.

We identify three obstructions to completeness.

(i) Non-convergence of the iteration sequences computed by ACDCL-> and ACDCL-non-⊥.

(ii) Convergence of the iteration sequence computed by ACDCL-> to an element that is not
a counterwitness, i.e., that is neither conflicting nor allows a conclusive determination
that f is not bottom everywhere.

(iii) Non-convergence of the ACDCL algorithm, i.e., non-termination of the main learning
loop.

The first issue can be addressed by requiring the use of a downwards widening oper-
ator ∇� in ACDCL-non-⊥ instead of an arbitrary extrapolation, respectively, an upwards
narrowing ∆� in ACDCL-> instead of an arbitrary interpolation, which ensure convergence.

The second issue may be addressed by placing certain precision requirements on the
downwards extrapolation function used by the algorithm. Informally, any abstract fixed
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point a of of that does not satisfy the γ-completeness criterion used to check for counterwit-
nesses must be refined further by a call to the downwards extrapolation operator. In cdcl,
this would correspond to the requirement that a decision heuristic must keep refining partial
assignments until at least one literal in each clause is satisfied. We introduce a notion of
precision for extrapolation operators that formally characterizes the necessary behavior.

Definition 5.3.1 (Precise Extrapolation). The binary downwards extrapolation ∇� : A ×
A→ A is precise with respect to of if the following two properties hold for any a, b ∈ A.

(i) Whenever a∇� a = a then of is γ-complete at a.

(ii) Whenever γ(a∇� b) = ⊥ then γ(a u b) = ⊥.

Theorem 5.3.3 (Relative Completeness). If the downwards extrapolation ∇� : A×A→ A
is precise with respect to

d
F then ACDCL(F) never returns unknown.

Proof. We prove by contradiction. Assume that ACDCL returns unknown, then unknown
was returned by the call to ACDCL-non-⊥. There are two possible cases: (i) The result
unknown was returned after applying downwards extrapolation. (ii) The result unknown was
returned after the downwards iteration sequence converged, and

d
F was not γ-complete at

the resulting element.
In case (i), it held that γ(a∇� a

′) = ⊥. Since ∇� is precise, it follows that γ(aua′) = ⊥.
But then the call to putOnTrail(trail, q, of ) must have returned conflict for some of ∈ F .
Therefore, ACDCL-non-⊥ must have returned conflict, which contradicts the assumption that
it returned unknown.

In case (ii) then a∇� a = a. Since ∇� is precise with respect to the original set of
transformers Fi it must then hold that

d
Fi is γ-complete at a with respect to the concrete

transformer f . We denote by F the value of the set variable when the algorithm returns.
We have that Fi ⊇ F , therefore

d
F v

d
Fi. From Lemma 5.3.1, we have that

d
F soundly

overapproximates f . Therefore, since
d
Fi is γ-complete at a with respect to f , the same

holds for
d
F . But then the algorithm would have returned not ⊥, which contradicts the

assumption that unknown was returned. We have shown that the assumption that unknown
is returned leads to a contradiction. Therefore ACDCL(F) never returns unknown.

The third source incompleteness, i.e., non-convergence of the acdcl algorithm is more
complex since it depends on the precise interplay of a number of parameters, including
the lattice, transformers, learning and backjumping. Even in the propositional case, care
must be taken to ensure that the algorithm does not repeatedly explore the same regions
of the search space. This is accomplished via the mechanism of learning asserting clauses
[118, 137], that is, clauses that upon backjumping help drive the search towards new areas
of the search space.

We give an abstract definition of this behavior which we call asserting backjumps, but first
we require some notation to discuss executions of acdcl at the required level of abstraction.
A state in acdcl is a mapping from program variables to values. An execution of ACDCL

is given by a well-formed trace, that is, a sequence of states which respect the semantics of
the algorithm. For some fixed execution, we use the following notation to denote the value
of program variables in the ith iteration of the main loop:

vi value of program variable v at the start of the main loop

aci conflicting value of a immediately before the call to Backjump

abi value of a immediately after the call to Backjump

Definition 5.3.2 (Asserting Backjumps). An execution of ACDCL has asserting backjumps
if for all iterations i > 1 it holds that ai 6w aci−1.
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After an asserting backjump, the learned abstract transformer can be immediately used
to refine the current element. Informally, the transformer application pushes the search away
from the conflict that was found most recently. In this dissertation, we do not discuss how
asserting backjumps can be achieved. The required techniques lift from the propositional
case [118, 137].

We now show that ACDCL with asserting backjumps will not get stuck indefinitely in some
part of the search space. This forms the core of the termination argument.

Lemma 5.3.4. Consider an infinite ACDCL execution with asserting backjumps over a finite
lattice A. Then for any iteration i, there is an iteration j > i such that abj A ai.

Proof. For a lattice element a ∈ A, we define the height of a as the longest path from a to
the ⊥ element. Fix an infinite execution. We prove the property by induction on the height
of the element ai. The induction hypothesis Ik is that for every element ai of height ≤ k, it
holds that there is an iteration j > i such that aj @ ai.

Consider the base case I1, where ai is an atom of the lattice. We show that ai+1 A ai.
Note that since ai is an atom, it must hold that aci = ai, that is, the call to ACDCL-non-⊥
will not modify the value of the variable a in iteration i. Since backjumping must reset the
value of a to some earlier, non-conflicting value, it follows that ai+1 A ai, which concludes
the base case.

For the induction step, assume that Ik holds. For a contradiction, assume that Ik+1 is
wrong. There is an element ai of height k+ 1 such that there is no j > i with aj A ai. Since
the run under consideration is infinite and since Ik holds, it follows that the element ai is
the target of a backjump infinitely often. Then there are iterations i < j1 < j2 such that
abj1 = abj2 = ai and acj1 = acj2 . Due to asserting backjumps, we have that aj1+1 6w acj1 , where

aj1+1 = gunitc(a
b
j1

) for some c ∈ D(A). In order to reach the same conflict in iteration j2,
there needs to be an intervening backjump to the element ai. But every such backjump is
followed by a call to ACDCL-non-⊥, during which gunitc is applied to yield an element that
is not greater than acj1 . Therefore, the conflicting element acj1 is never encountered again
during a call to ACDCL-non-⊥, which contradicts the initial assumption which requires that
acj2 = acj1 . Therefore Ik+1 must hold, which completes the inductive step of the proof.

Theorem 5.3.5. If an execution of ACDCL has asserting backjumps and the lattice A is
finite, then ACDCL terminates.

Proof. It’s easy to see that every call to ACDCL-> and ACDCL-non-⊥ must terminate on
a finite lattice. Therefore, it is sufficient to prove that the main loop in ACDCL always
terminates. Note that the value of a at the beginning of the first iteration is >. From
Lemma 5.3.4, we get that on an infinite run, eventually there must be a backjump to an
element greater than >. This is impossible, hence there can be no infinite run.

Theorem 5.3.6. If all of the following conditions hold, then ACDCL(F) is a sound and
complete method to decide bottom everywhere.

(i) The lattice A is finite.

(ii) ∇� is a precise downwards extrapolation with respect to
d
F .

(iii) ACDCL-> is sound, i.e., Assumption 1 holds.

(iv) Every execution has asserting backjumps.

Proof. From Theorem 5.3.5 we get that the call to ACDCL(F) terminates. Theorem 5.3.3
implies that, upon termination, either ⊥ or not ⊥ is returned. Theorem 5.3.2 shows that
the result correctly indicates whether f is bottom everywhere.
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5.4 Abstract Conflict Analysis

In our discussion of the acdcl framework so far, we have left open the algorithmic details
of implementing the conflict analysis step ACDCL-> over lattices. Instead, we have relied on
two interface assumptions for proving soundness and completeness: (i) the assumption that
the call to ACDCL-> computes a sound underapproximation of f̃ (Assumption 1), (ii) the
assumption that every backjump in the algorithm is asserting. This section will present an
algorithmic framework that can be used to derive conflict analysis procedures that satisfy
these assumptions.

In cdcl, conflict analysis is performed via the firstuip algorithm [172]. The information
collected during model search can be viewed as representing an implication graph, which
records dependencies between deductions. The firstuip algorithm extracts conflict reasons
by computing cuts on this graph. The cuts are constructed to ensure that the resulting
clauses can be used for asserting backjumps.

In this section, we first review firstuip and then show how the algorithm can be lifted
to lattices to yield Abstract firstuip ( afirstuip). Since arbitrary abstract domains have
a more complex structure than the domain of partial assignments, a non-trivial lifting is
required to obtain good conflict generalization. While the propositional algorithm is purely
graph-based, working over other lattices creates the opportunity for semantic generalization
via abductive transformers. In addition to providing a sound conflict analysis, the firstuip
strategy finds asserting clauses.

The section is structured as follows. In Section 5.4.1, we first give an overview of the
firstuip algorithm in propositional logic. Section 5.4.2 presents afirstuip and discusses
soundness.

5.4.1 An Overview of First-UIP

We now discuss the firstuip conflict analysis strategy, which is the dominant conflict anal-
ysis method in modern sat solvers. firstuip operates on a data structure called the im-
plication graph, which represents a record of decisions and deductions made during model
search. The nodes of this graph are singleton assignments of the form 〈p:t〉 or 〈p:f〉. The
set of incoming edges to a node represents the necessary preconditions for unit rule appli-
cation. Consider, for example, a clause C = p ∨ ¬q ∨ r. Applying the unit rule transformer
unitC to the element 〈p:f, q:t〉 yields 〈p:f, q:t, r:t〉. An implication graph represents this rule
application as follows.

r:t

p:f

q:t

The edges (p:f, r:t) and (q:t, r:t) signify that the value of r is a necessary consequence
of the values of p and q. Conversely, we can read the edges backwards as expressing that
the values of p and q are a reason for the element 〈r:t〉. The conflict analysis algorithm in
propositional logic computes generalized conflict reasons by stepping backwards through an
implication graph and identifying sets of nodes (called cuts) that are sufficient to derive a
conflict.

Example 5.4.1. Consider the following formula ϕ.

ϕ = (p ∨ q) ∧ (q ∨ ¬r ∨ s) ∧ (¬s ∨ t) ∧ (¬s ∨ ¬t)

The following implication graph represents a run of model search on ϕ.
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p:f q:t

r:t

s:t t:t

⊥

(iii)

(ii)

(i)

(iv)

Implication graphs are a useful way to explain firstuip, but are not explicitly con-
structed by the procedure. Rather, the implication graph is a means of interpreting the
information encoded in the trail and reasons data structures: nodes represent elements of
trail, edges can be extracted from the clauses in the reasons array. The firstuip algorithm
steps backwards through the trail and thereby implicitly traverses the implication graph.
While doing so, it keeps track of a set of nodes.

In the example, the nodes p:f and r:t are decision elements, that is, they were added to
the graph as the result of a decision and hence have no incoming edges. All other nodes are
the result of unit rule applications. The dashed gray line in the example above separates
assignments made at different decision levels. The decision level of a node n, denoted dl(n)
is the number of decision elements in the graph after the node n was added. The nodes
above the gray line have decision level 1; nodes below the gray line have decision level 2.
Since no node was added to the graph before the first decision was made, there is no node
of decision level 0.

The partial assignment that results from the model search run encoded in the above
graph is conflicting (denoted via a special ⊥ node), since it contradicts the clause ¬s ∨ ¬t.
The final partial assignment ρ, shown below, is a trivial conflict reason.

ρ = 〈p:f, q:t, r:t, s:t, t:t〉

firstuip determines a conflict reason by computing a cut, i.e., a set of nodes that
separate all decision nodes from the conflict node. Four such cuts, denoted (i)-(iv), are
depicted above, which describe the following conflict reasons.

(i) 〈p:f, r:t〉 (ii) 〈q:t, r:t〉 (iii) 〈s:t〉 (iv) 〈s:t, t:t〉

Among the nodes with decision level 1, the two nodes 〈s:t〉 and 〈r:t〉 are special in that
they are individually sufficient to produce the conflict. They are called Unique Implication
Points (uip). A uip is a node n such that any path from the last decision to the error node
⊥ must include n. The decision node of the deepest decision level is always trivially a uip.
For example, the node t:t is not a uip because the path r:t→ s:t→ ⊥ does not include it.
The node s:t is called the first uip since it is closest to the conflict.

Computing uips is helpful in order to generate asserting cuts. An asserting cut is a cut
that includes exactly one node from the deepest decision level. Asserting cuts yield clauses
that can be immediately used to derive new information after backtracking. In the above
example, the cuts (i), (ii) and (iii) are asserting while (iv) is not. If cut (iii) is selected, the
clause ¬s is learned, backjumping will undo all assignments and the unit rule can be applied
immediately to deduce the assignment s:f, which drives the search to a new region of the
search space. In contrast, if cut (iv) were selected, the clause ¬s∨¬t would be learned; since
both s and t are unassigned prior to decision level 1, an asserting backjump is not possible
with this clause.

The firstuip algorithm is shown in Algorithm 14. It consists of a main loop, which
iteratively finds new conflict reasons by traversing the implication graph backwards. As
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an initial conflict reason R, those nodes are chosen that directly contradict the conflict
clause stored in reasons[⊥]. The algorithm steps backwards through the trail data structure,
skipping over trail assignments that did not contribute to the conflict. When an assignment
〈p:v〉 is encountered that contributed to the conflict, it is removed from R and replaced by
a set of assignments sufficient to infer 〈p:v〉. This set is obtained by analyzing the clause
stored at reasons[p].

Algorithm 14: firstuip conflict analysis.

in : trail – sequence of propositional assignments
reasons – mapping from prop. assignments to clauses

out : conflict reason as set of literals
1 Analyse(trail, reasons)
2 R← {〈var(l):¬phase(l)〉 | l ∈ reasons[⊥]};
3 for (i← |trail|;¬isUIP(R, trail); i← i− 1) do
4 〈p:v〉 ← trail[i];
5 if 〈p:v〉 6∈ R then
6 continue;
7 end
8 R← R ∪ {〈var(l):¬phase(l)〉 | l ∈ reasons[p]};
9 R← R \ {〈p:v〉};

10 end
11 return {p | p 7→ t ∈ R} ∪ {¬p | p 7→ f ∈ R};
12

13 isUIP(R, trail)
14 d← deepest decision level on trail;
15 if |{n ∈ R | dl(n) = d}| = 1 then
16 return t;
17 else
18 return f;
19 end

20

The algorithm steps backward through the trail until the set R contains exactly one node
on the deepest decision level. Once this is the case, a uip has been reached, which means
that the current cut R is asserting.

5.4.2 Lifting First-UIP to Lattices

In this section, we lift the firstuip conflict analysis algorithm to lattices. A trivial lifting of
the algorithm will not produce results on structurally rich lattices, as the following example
illustrates.

Example 5.4.2. Consider the following first-order formula ϕ, where variables are inter-
preted over the integers and the symbols + and < have their standard meaning.

ϕ =̂ (y = z) ∧ (x+ z > 10)

We restrict the value of x and y to be zero or negative, in analogy to propositional decision
making. This causes a conflict with ϕ, as recorded in the interval implication graph below.
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〈x:[−∞, 0]〉

〈y:[−∞, 0]〉 〈z:[−∞, 0]〉

⊥

(i)

(ii)

We can compute a cut in the implication graph above, which yields the two conflict
reasons below.

(i) 〈x:[−∞, 0], y:[−∞, 0]〉 (ii) 〈x:[−∞, 0], z:[−∞, 0]〉

While these two reasons are indeed sufficient to produce a conflict, they are not as general
as they could be. For example, instead of reason (i), it is preferable to use one of the reasons
(iii) and (iv) since they strictly generalize (i).

(iii) 〈x:[−∞, 4], y:[−∞, 6]〉 (iv) 〈x:[−∞, 8], y:[−∞, 2]〉

Note we may choose any combination of upper bounds that add up to 10 to obtain a
maximally general reason.

The above example shows that in some lattices such as the intervals, computation and
choice of conflict reasons is more complex than in propositional logic. We now introduce the
afirstuip algorithm, a generalization of firstuip to lattices which is able to find reasons
such as (iii) and (iv) above. Conflict analysis with firstuip implements abductive reasoning
(see Section 4.4), that is, it computes an underapproximation of the concrete abduction
transformer abdϕ. In terms of acdcl, this corresponds to computing an underapproximation

uf̃ of the dual transformer f̃ . The key to afirstuip is to underapproximate f̃ not just by
graph traversal, but also explicitly, using abstract transformers.

Recall that instead of clauses, acdcl takes a set F of abstract overapproximations of
the concrete transformer f . In propositional conflict analysis, the clause information stored
in the reasons array is used to perform abduction. Considered as a whole, the firstuip
algorithm computes an inflationary underapproximation of the abduction transformer abdϕ,
since the result of conflict analysis generalizes the original conflict. Inside the procedure,
the global abduction task is broken down into small, local abduction steps, which compute
generalized reasons for individual deductions.

For example, consider a deduction result 〈p:t〉, which was derived via a clause q ∨ p,
starting from the partial assignment ρ = 〈q:f, r:t〉. During the run of the procedure, conflict
analysis may replace 〈p:t〉 with the reason 〈q:f〉, which generalizes the partial assignment
ρ. We model this step as application of an abductive generalization function genC,〈p:t〉 :
PAsgs → PAsgs which maps an existing reason ρ for 〈p:t〉 to a more general reason ρ′. We
give another example below to illustrate the concept.

genp∨¬q∨r,〈r:t〉(〈p:f, q:t, s:f〉) = 〈p:f, q:t〉

In acdcl, this is reflected by requirement (vi) in Figure 5.6. In terms of bottom ev-
erywhere, the function gen above is (i) inflationary (since it returns a generalization of the
original partial assignment) and (ii) an underapproximation of the function c 7→ abdC(c ∪
γ(〈r:t〉)). For general lattices, we assume that each approximation (of : A→ A) ∈ F of f and
element a ∈ A is associated with an inflationary underapproximation uf̃ of ,a : D(A)→ D(A)
which underapproximates the following function.

f̃a(c) =̂ f̃(c ∪ γ(a))
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Recall that cdcl uses upwards interpolation to select a conflict reason. To increase
efficiency, the firstuip algorithm only keeps track of one conflict reason. In general lattices,
some heuristic choice is required, since there may be multiple incomparable generalizations
for each application of a transformer of ∈ F . Recall that heuristic choice among conflict
reasons is a form of upwards interpolation. We define a special type of upwards interpolation
function that returns single elements.

Definition 5.4.1 (acdcl Interpolation). An acdcl interpolation function is an upwards
interpolation function ∆� : D(A) × D(A) → D(A) such that for any a ∈ A and c ∈ D(A),
(↓ a) ∆� c is of the form ↓ a′ for some a′ ∈ A.

The afirstuip algorithm, shown in Algorithm 15 uses an acdcl interpolation function,
which is requirement (v) in Figure 5.6. In the algorithm, we write ↓ a′ ← ↓ a∆� c to denote
the assignment of a variable a′ to the unique maximal element of the downset ↓ a∆� c. The
main data structure of the algorithm is an array m which we refer to as the marking. The
marking assigns trail indices to generalizations that are sufficient to produce a conflict.

The initial marking is produced by analyzing the cause of ⊥. This is accomplished by
computing ↓ a∆� uf̃ of ,⊥(↓ a) where a =

d
trail is the final element found in model search,

which represents a conflict. The expression uf̃ of ,⊥(↓ a) computes a downset of generalized
candidate reasons for ⊥. The acdcl interpolation ∆� selects one , which is stored in a
variable r. Next, r is decomposed into meet irreducibles which are then stored at the
earliest possible trail marking m[i] such that the resulting element at m[i] generalizes the
trail element at index i.

In the main loop, the algorithm steps backwards through the trail and replaces a mark-
ing m[i] with a set of earlier trail markings that explain m[i]. In order to accomplish this,
the updateMarking algorithm decomposes the explanation for m[i] into a set of meet irre-
ducibles. Each irreducible q is then placed at an index where it overapproximates the trail
element at the same position. This is similar to firstuip, where a binary marking is used
to indicate whether a given trail element is necessary for deriving a conflict. afirstuip
marks trail elements with elements of the abstract lattice, which not only indicate whether
a given trail element is necessary, but also how far it can be generalized while preserving
the resulting conflict.

In general, a suitable trail position for a generalized element may not exist since the
meet decomposition function mdc may decompose an element into irreducibles that are
incomparable to those on the trail. In order to ensure that the algorithm functions properly,
we require that the decomposed generalizations of the trail can be related to the trail. This
is expressed by the final requirement (vi) of Figure 5.6.

Assumption 2. Let M be a set of meet irreducibles of A and a ∈ A. If
d
M v a then

∀q ∈ mdc(a) ∃r ∈M. r v q.

An invariant that holds after each iteration of the main loop is that the meet of all
markings is a conflict reason. The main loop continues until the first uip is encountered.
This behavior is similar to the propositional case. The existence of a uip can be ensured by
choosing an appropriate downwards extrapolation during model search, which only adds a
single meet irreducible to the result of transformer application. In this case, the most recent
decision element is guaranteed to be a uip. We do not go into detail, but the techniques for
asserting backjumps lift straight from the propositional case [172].

We now show that afirstuip soundly underapproximates the concrete transformer f̃ ,
which ensures that Assumption 1 is satisfied.

Theorem 5.4.1 (Soundness). Let a be the return value of ACDCL->(trail, reasons), then
under Assumption 2 it holds that γ(a) ⊆ f̃ ◦ γ(

d
trail).

We prove some auxiliary lemmas before we proceed with the proof of the theorem.
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Algorithm 15: Abstract afirstuip conflict analysis.

in : trail – sequence of meet irreducibles
reasons – partial map from N ∪ {⊥} to overapproximations of of f

out : conflict reason as abstract element
1 ACDCL->(trail, reasons)
2 m← {1 7→ >, . . . , |trail| 7→ >};
3 of ← reasons[⊥];
4 a←

d
trail;

5 ↓ r ← ↓ a∆� uf̃ of ,⊥(↓ a);

6 updateMarking(m, trail, r);

7 for (i← |trail|; isUIP(m, trail); i← i− 1) do
8 if m[i] = > then continue;

9 of ← reasons[i];
10 a←

d
1≤j<i trail[j];

11 ↓ r ← ↓ a∆� uf̃ of ,m[i](↓ a);

12 updateMarking(m, trail, r);

13 m[i]← >;

14 end

15 return
d

1≤i≤|trail|m[i];

16

17 updateMarking(m, trail, r)
18 Q← mdc(r);
19 foreach q ∈ Q do
20 j ← smallest index i s.t.trail[i] v q;
21 m[j]← m[j] u q;
22 end

23
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Lemma 5.4.2. If Assumption 2 holds, then at the end of each iteration of the main loop
in Line 7, the following holds.

∀j. i ≤ j ≤ |trail| =⇒ m[j] = >

Proof. The assignment in Line 13 sets m[i] to > at the current loop index i. All other
assignments to m occur inside the call to updateMarking. In order to prove the above
property, it is therefore sufficient to show that, whenever updateMarking is called at Line 12,
the element j selected in Line 21 is never greater than i.

Consider the element r that is supplied as an argument to the call to updateMarking.
The element r is the result of the assignment in Line 11. Recall that the transformer uf̃ of ,m[i]

is required to be inflationary. Therefore, r w a =
d

1≤j<i trail[j]. From Assumption 2, we
then get that for every q ∈ mdc(r), there is a j such that 1 ≤ j < i and trail[i] v q.
Therefore, every element j selected in the call to updateMarking is smaller than i which
proves the property.

Lemma 5.4.3. If Assumption 2 holds, then the following property holds just before execution
enters the loop in Line 7.

γ(m[1] u · · · um[|trail|]) ⊆ f̃ ◦ γ(
l

trail)

Proof. Consider the assignment to the variable r in Line 5. Recall that uf̃ of ,⊥ is an infla-

tionary, sound underapproximation of the function c 7→ f̃(c ∪ γ(⊥)). Since γ(⊥) = ⊥, it
is therefore also an underapproximation of f̃ . It therefore holds after Line 5 that γ(r) ⊆
f̃ ◦ γ(a) = f̃ ◦ γ(

d
trail). Since uf̃ of ,⊥ is inflationary and ∆� is an interpolation, we have

that r w a =
d

trail. From Assumption 2, we then have that ∀q ∈ mdc(r) ∃s ∈ trail. s v q.
It follows that, after the call to updateMarking in Line 6,

d
1≤l≤|trail|m[l] is equal to r. We

have shown that, just before the main loop, the two following equalities hold.

r = m[1] u · · · um[|trail|] γ(r) ⊆ f̃ ◦ γ(
l

trail)

The property follows.

Lemma 5.4.4. Consider the two following properties.

(i) γ(m[1] u · · · um[i]) ⊆ f̃ ◦ γ(
d

trail)

(ii) γ(m[1] u · · · um[i− 1]) ⊆ f̃ ◦ γ(
d

trail)

In every iteration of the main loop, if (i) holds at the beginning of the loop body, then (ii)
holds at the end.

Proof. Assume (i) holds at the beginning of some iteration of the main loop. Let m′ denote
the marking at the start of the loop body, and m denote the marking after the loop body
executes. The marking m is related to m′ as follow. From Lemma 5.4.2 we have that for
all indices j ≥ i, it holds that m[j] = >. For all indices j < i, it holds that m′[j] = m[j] or
m′[j] = m[j] u q1 u · · · u qk, where q1, . . . , qk ∈ mdc(r), from the call to updateMarking in
Line 12. From Assumption 2, we get that for all q ∈ mdc(r) there is some index l such that
m[l] v q. Therefore, we have the following.

m[1] u · · · um[i− 1] = m′[1] u · · · um′[i− 1] u r

From the assignment in Line 11, we get the following.

γ(r) ⊆ f̃(γ(
l

1≤j<i

trail[j]) ∪ γ(m′[i]))
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Note that f̃ is additive, since for any concrete elements a, b ∈ B, we have that f̃(a ∪ b) =
a ∪ b ∪ f̃(⊥) (by Proposition 3.2.1) which is equal to f̃(a) ∪ f̃(b). We may rewrite the
condition above as follows.

γ(r) ⊆ f̃(◦γ(
l

1≤j<i

trail[j]) ∪ f̃ ◦ γ(m′[i]))

The trail marking at i is the result of applying an approximation of f to
d

1≤j<i trail[j],
therefore it holds that f ◦ γ(

d
1≤j<i trail[j]) ⊆ γ(trail[i]). It is easy to see by construction

of trail markings that they generalize the trail. Therefore, we have that trail[i] v m′[i]. By
transitivity and monotonicity of γ, we get that f ◦γ(

d
1≤j<i trail[j]) ⊆ γ(m′[i]). This in turn

allows us to conclude the following.

γ(r) ⊆ f̃ ◦ γ(m′[i])

We apply the function f to our characterization of m in terms of m′.

f ◦ γ(m[1] u · · · um[i− 1]) = f ◦ γ(m′[1] u · · · um′[i− 1] u r)
= f ◦ γ(m′[1]) ∩ · · · ∩ f ◦ γ(m′[i− 1]) ∩ f ◦ γ(r)

Since γ(r) ⊆ f̃ ◦γ(m′[i]), it also holds that f ◦γ(r) ⊆ γ(m′[i]), and that f ◦γ(r) ⊆ f ◦γ(m′[i]).
We conclude the following.

f ◦ γ(m[1] u · · · um[i− 1]) ⊆ f ◦ γ(m′[1]) ∩ · · · ∩ f ◦ γ(m′[i− 1]) ∩ f ◦ γ(m′[i])

⊆ f ◦ γ(m′[1] u · · · um′[i])

From (i), we have γ(m′[1]u· · ·um′[i]) ⊆ f̃ ◦γ(
d

trail), which is equivalent to f ◦γ(m′[1]u
· · · um′[i]) ⊆ γ(

d
trail). We have therefore established the following ordering.

f ◦ γ(m[1] u · · · um[i− 1]) ⊆ f ◦ γ(m′[1] u · · · um′[i]) ⊆ γ(
l

trail)

From transitivity, we get that f ◦ γ(m[1] u · · · um[i− 1]) ⊆ γ(
d

trail), which is equivalent,
by the defining property of the Galois connection, to γ(m[1]u · · · um[i−1]) ⊆ f̃ ◦γ(

d
trail),

which completes the proof.

We are now ready for the proof of the soundness theorem.

Proof of Theorem 5.4.1. We prove inductively that, at the end of every iteration of the main
loop, the following holds.

γ(
l

1≤j≤trail

m[j]) ⊆ f̃ ◦ γ(
l

trail)

The base step is established by Lemma 5.4.3, the induction step by Lemma 5.4.4. Note
that the return value a of the algorithm is given by

d
1≤j≤trail m[j]. Then the following

statement holds, which completes the proof.

γ(a) ⊆ f̃ ◦ γ(
l

trail)

We have shown that conflict analysis is sound, which establishes Assumption 1 used
in the soundness proof of Theorem 5.3.2. Another assumption used in the proof was that
all backjumps are asserting. afirstuip ensures this requirement by constructing conflict
reasons that contain exactly one element associated with the most recent decision level,
namely, the first uip. The argument is symmetric to the propositional case [172].
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5.5 Related Work

This chapter introduced acdl, a framework based on abstract interpretation for extending
the scope of learning techniques in decision procedures. We also presented acdcl, an
instantiation of acdl that uses a generalization of clause learning.

The literature contains several proposals for lifting cdcl from sat solvers to new do-
mains. In the remainder of this section, we compare our work to formal frameworks that
enable a systematic lifting of cdcl to new domains.

5.5.1 The DPLL(T) Framework

The most popular framework for extending cdcl to first-order logics is dpll(t) [65]. A
formalization of dpll(t) is presented in [141, 142] in the form of a non-deterministic tran-
sition system. A well-formed trace of the transition system corresponds to a run of an
smt solver. A strategy for resolving non-determinism corresponds to a concrete algorithmic
instantiation.

dpll(t) extends a cdcl solver by interfacing it with a first-order theory solver that is
complete for determining if a conjunction of theory literals is satisfiable. In terms of abstract
interpretation, dpll(t) corresponds to a product construction, where one component is fixed
and the other is a parameter (see Section 4.5). acdcl has no such restriction and describes a
class of solvers over abstract domains which includes product constructions but is not limited
to them. An advantage of the product construction in dpll(t) is that it allows for modular
implementation. A single implementation of dpll(t) can be interfaced with different theory
solvers to produce a number of different decision procedures. As we will see in Chapter 6,
acdcl also allows for implementations that separate the algorithmic framework from the
underlying abstract domain.

While acdcl instantiates a generalized cdcl algorithm over an abstract domain, dpll(t)
extends an existing propositional solver by connecting it to a first-order reasoning module.
The downside of the latter approach is that the vocabulary of the solver is inherently limited
to propositional facts. This limits the effectiveness of decision making and learning, both
of which operate over the propositional component of the solver, which can lead to perfor-
mance problems (experiments to this effect are presented in [25]). Furthermore, vocabulary
limitations of dpll(t) place strict completeness requirements on the theory solver. Since
the sat solver inside dpll(t) enumerates conjunctions of atoms, the theory solver needs to
be complete for the conjunctive fragment of the logic. In acdcl, it is possible to instantiate
complete satisfiability solvers even when the underlying abstract domain does not support
complete reasoning over conjunctions. We will present an example of this in Chapter 6.

The limitations of dpll(t) discussed above are well-known. To avoid the interface
restrictions between propositional and theory solvers, research in dpll(t) has increasingly
sought to integrate the two components more tightly at the expense of reducing modularity
[37]. In terms of the dpll(t) framework, this has led to two developments. The first is
research on natural-domain smt procedures, which aim to instantiate the cdcl algorithm
over new target domains. We will discuss these procedures in the next section. The second
development concerns proposed extensions to the basic dpll(t) framework by on-the-fly
introduction of new propositional vocabulary. Work in this area includes development of
theory-based decision heuristics [8, 71] and dynamic instantiation of first-order axioms in
propositional logic [62]. The first approach enables making decisions on theory facts by
dynamically adding propositions to represent them; the second allows simulation of a kind
of theory learning by dynamically adding propositional instantiations of first-order theory
axioms. Since acdcl does not distinguish between propositional and theory facts, making
decisions and learning automatically happens in the theory.

acdcl provides a systematic procedure to derive richly semantic conflict analyses from
abstract domains. In contrast, dpll(t) provides no algorithmic guidance for constructing
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conflict analysis procedures. The abstract framework of [141, 142] models learning as a
single step of the transition system in which a true formula is added to the instance.

5.5.2 Frameworks for Natural Domain SMT

We use the term natural domain smt to denote approaches to smt solving that are similar
to cdcl but do not use a propositional sat solver. The term originates in [37]. We now
discuss frameworks for natural domain smt that have been proposed in the literature and
compare them to acdcl.

Cotton’s Natural Domain SMT Framework The framework in [37], which we will
denote by ndsmt, proposes a depth-first search procedure that operates on non-Boolean
partial assignments, which map first-order variables to domain values. Non-Boolean partial
assignments form an abstract domain. If the first-order variables in V take values in a domain
D, then the partial assignments domain for V and D is given by the lattice {⊥} ∪ (V →
D ∪ {>}. Note that this is exactly the lattice of constants in program analysis.

The core procedure repeatedly refines a partial assignment ρ, by making selections, where
some variable in V is assigned to a value in D. Valid selection results are required to satisfy
certain consistency criteria. In effect, selections combine decisions and deduction into a
single black-box function call. This process repeats until the partial assignment ρ is total,
or until an inconsistency is detected. Inconsistencies are resolved by a blackbox learning
procedure.

Compared to the original cdcl algorithm, there are significant differences in the frame-
work presented in [37]. In the propositional algorithm, decisions perform a binary case
analysis. This is not the case in [37], since variables are assigned to one of many values.
Unlike cdcl, decisions cannot be simply complemented.

In terms of abstract satisfaction, ndsmt is an instance of acdl, but not acdcl. The
first order partial assignments lattice used in ndsmt does not have complementable meet
irreducibles and does therefore not support generalized clause learning. Another difference
is that the lattice in ndsmt is fixed whereas acdcl can be instantiated on a number of
different abstract lattices. Further, the acdcl framework gives a systematic methodology
to synthesize model search and conflict analysis procedures from abstract domains, whereas
the framework in [37] provides very little guidance.

Generalized DPLL Another generalization of cdcl, called Generalized dpll (gdpll),
is presented in [124]. The basic data structure in gdpll for a logic (F , |=,S) is a semantic
structure σ ∈ S. Instead of assigning unassigned variables to values, gdpll mutates se-
mantic structures by reassigning variables to new values. Modeling cdcl as an instance of
gdpll requires the use of non-standard semantics for propositional logic.

The state of the procedure is a pair (F, σ) where F ⊆ F is a set of formulas and σ ∈ S is a
semantic structure. The framework consists of alternating two steps until either a satisfying
assignment is found, or a contradiction is derived. The first step mutates the structure σ by
reassigning some variables to new values. The second step adds a new formula ϕ to F . Both
steps are required to advance the pair (F, σ) along some well-founded ordering to ensure
termination.

acdl and acdcl provide systematic frameworks for deriving model search, conflict anal-
yses and learning procedures. gdpll offers no solution as to how a mutation or deduction
should operate. acdcl can be used to derive decision procedures from abstractions sim-
ply by providing an extended abstract domain interface. gdpll is restricted to operate on
single assignments, although this requirement can be weakened by interpreting logics over
non-standard models. We feel that abstract interpretation is a conceptually more robust and
more exhaustively studied approach to approximation than the use of non-standard logical
semantics.
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Model Constructing Satisfiability Calculus The work in [103, 56], which extends
previous work in [104], presents the Model-Constructing Satisfiability Calculus (mcsat).
mcsat is more operational in nature than gdpll and ndsmt and is presented as an abstract
transition system. The core idea is to generalize cdcl by extending the trail data structure.
In addition to propositional assignments, special model assignments occur on the trail which
assign first-order variables to domain values.

In terms of abstract satisfaction, the main data structure in mcsat is the Cartesian prod-
uct of three domains: a Boolean partial assignments lattice, a first-order partial assignments
lattice and the abstract domain of the theory solver. Since mcsat includes a propositional
solver, it suffers the same vocabulary restrictions as dpll(t). To solve this problem, the
framework allows for new propositional variables to be introduced on the fly to represent
new facts about the theory. This allows the algorithm to simulate richer lattices in decision
making and learning over richer lattices.

For conflict analysis and learning, mcsat requires the implementation of a blackbox
function by the theory solver which explains deductions in terms of propositional clauses.
In contrast, given an abstract domain with the necessary complementation properties acdcl
automatically synthesizes a learning procedures.

An instantiation of mcsat operates in three distinct worlds: the Boolean world of propo-
sitions, which abstractly represent theory facts, assignments of first-order variables to do-
main values and the data structure of the theory solver. For many applications, the redun-
dant representation of information in three separate domains is unnecessary. In these cases,
acdcl offers a conceptually more concise solution to algorithm design. Since mcsat requires
some amount of bookkeeping to keep propositional variables and theory facts synchronized,
acdcl-based algorithms may offer more efficiency in cases where mcsat would generate a
large number of new propositions during the run of the procedure.

acdcl is based on abstract satisfaction and can handle problems in logical satisfiability
and program correctness. We are unaware of other algorithmic frameworks that are general
enough to allow derivation of procedures in both of these problem domains.

Using Abstract Interpreters in Satisfiability Procedures Recent work in constraint
programming has explored the systematic integration of abstract domains into constraint
programming frameworks [145] and the use of constraint programming algorithms in abstract
interpretation [148, 147]. In contrast to the work presented in this chapter, these approaches
do not address learning.

Using Satisfiability Procedures in Abstract Analyses acdcl instantiates a deci-
sion procedure architecture in the context of an abstract domain. We now review some
approaches that aim to improve abstract analyses using decision procedures. All of the fol-
lowing approaches combine an instance of a logical satisfiability procedure with an abstract
analysis, whereas we use the architecture of a satisfiability procedure on top of an abstract
domain.

A general means to abstract-interpretation based approximation of logical semantics us-
ing decision procedures is formalized in the from-below approximation technique described in
[150] and developed for a special case in [108]. In this technique, a semantic approximation
of a logical formula is constructed by computing an upwards iteration sequence. The next
element of the iteration sequence is determined by a satisfiability solver that reasons about
the concrete semantics of the formula. The solver identifies a small concrete element that is
not yet soundly approximated by the current iterate. The next iterate is then computed by
conjoining the current iterate with an abstract representation of this concrete element. Once
the satisfiability solver cannot find any more concrete elements, the abstract element repre-
sents a sound approximation. In [135], a variant of this technique is applied to approximate
a least fixed point of the static analysis equation: an smt solver is used to find well-formed
traces of a program that are not yet covered by a candidate approximation. These traces
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are then abstractly analyzed and the result is joined together with the current candidate
approximation to produce the next approximation.

Another approach for approximating logical semantics which works “from above” is pre-
sented in [165, 167]. The technique computes a downwards iteration sequence starting from
>. In each iteration, the procedure picks an abstract element a and determines with a deci-
sion procedure whether the set ¬γ(a) intersects the semantics of the concrete system under
consideration. If not, then the next element of the iteration sequence is computed as the
meet of the previous element and a. The “from above” and “from below” techniques can be
combined into an algorithm for bilateral approximation [167].



Chapter 6

Deciding Floating-Point Logic
with ACDCL

The previous chapter characterizes acdcl as an algorithm to solve the bottom-everywhere
problem. A practical consequence of this characterization is that acdcl can be instantiated
to yield satisfiability checkers for richer logics. This chapter presents fp-acdcl [89, 26], a
satisfiability checker for floating-point logic based on an instantiation of the acdcl frame-
work over the abstract domain floating-point intervals. fp-acdcl was implemented by
Alberto Griggio inside the mathsat [33] smt solver, based on an unpublished prototype by
the author. We show experimentally that fp-acdcl is a state-of-the-art solver. Traditional
solvers are based on bit-vector encodings of floating-point logic combined with propositional
satisfiability solving. On a large set of benchmarks, fp-acdcl outperforms this approach in
80% of cases and is faster by one order of magnitude or more on 60% of the benchmarks.

In program analysis, abstract interpretation is both a methodological as well as an algo-
rithmic framework, in which a fixed point iteration engine communicates with an abstract
domain via an abstract domain interface. New analysis algorithms can be instantiated by
providing new abstract domains leaving the iteration algorithms untouched. Similarly, we
have implemented an acdcl framework designed for logical decision procedures. fp-acdcl
is the instantiation of this framework on the domain of floating-point interval environments.
Other instantiations can be obtained by plugging new abstract domains into the framework.
The formal requirements for acdcl (summarized in Figure 6.1) translate to an extended
abstract domain interface.

Motivation Floating-point computations are pervasive in low-level control software and
embedded applications. Such programs are frequently used in contexts where safety is
critical, such as automotive and avionic applications. Scalable and accurate reasoning
about floating-point numbers is therefore an important problem. An smtlib [10] theory
of Floating-Point Arithmetic (fpa) was proposed [153] to facilitate developments of tools to
solve this problem.

Previous approaches to deciding fpa are based on translating fpa problems to equisatis-
fiable propositional formulas by a process called bit-blasting [55, 33, 113]. Bit-blasting yields
large formulas that are hard for current sat solvers. In contrast, fp-acdcl uses interval
propagation which is extremely efficient. For insight into the operation of our solver, con-
sider the following formula where the variables x and y have double-precision floating-point
values.

0.0 ≤ x ∧ x ≤ 10.0 ∧ y = x5 ∧ y > 105

Floating-point interval propagation [127] tracks the range of each variable and can derive the
fact x ∈ [0.0, 10.0] from the first two constraints, which implies the fact y ∈ [0.0, 100000.0]
from the third constraint. This range is not compatible with the final conjunct y > 105, so

131
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(i) An overapproximate lattice with f -complementable meet irreducibles

(A,v,u,t),

(ii) a downwards extrapolation
∇� : A×A→ A,

(iii) a set of overapproximations of f

F ⊆ A→ A,

(iv) for each of ∈ F and a ∈ A, an inflationary underapproximation

uf of ,a : D(A)→ D(A)

of the transformer f̃a =̂ c 7→ f̃(c ∪ γ(a)),

(v) an acdcl (upwards) interpolation

∆� : D(A)×D(A)→ A,

(vi) a finite meet factorization mdc : A → P(A) such that the following holds for all
sets M ∈ Iu(A) and elements a ∈ A.

If
l
M v a then ∀q ∈ mdc(a). ∃r ∈M. r v q.

Figure 6.1: Requirements for applying acdcl to the bottom-everywhere problem for the
algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ).
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the formula is unsatisfiable. The computation requires a fraction of a second. In contrast,
translating the formula above into a bit-vector and invoking the smt solver z3 to prove
unsatisfiability takes 16 minutes on a 2.6 GHz processor.

The efficiency of interval reasoning comes at the cost of completeness. Consider the
floating point formula below.

z = y ∧ x = y · z ∧ x < 0

After bit-vector encoding, the solver z3 can decide satisfiability of this formula in a fraction
of a second. The interval abstraction cannot represent relationships between the values of
variables. Interval propagation will not deduce that y and z are either both positive or both
negative. The interval solver cannot conclude that x must be positive and cannot show that
the formula is unsatisfiable. The acdcl framework is a means of recovering precision lost
by interval analysis, while retaining efficiency.

Outline This chapter is organized as follows. Section 6.1 informally introduces floating
point numbers and the smtlib theory fpa. Section 6.2 introduces an extended abstract
domain interface for satisfiability algorithms and discusses the implementation of the re-
quirements listed in Figure 6.1. Section 6.3 provides experimental results and analyzes the
trade-off between computational effort spent in generalizing conflicts and overall algorithm
runtime. Related work is discussed in Section 6.4.

6.1 Floating-Point Arithmetic

This section provides an informal introduction to floating-point numbers and some issues
surrounding formal reasoning about floating-point. For a more in-depth treatment see [138,
133]. Floating-point numbers are representations of the real numbers that were designed to
allow for effective encoding using bitvectors of fixed width. They form a finite subset of the
rational numbers extended by a set of special values. The reference for modern floating-point
implementations is the ieee754 standard [50].

The ieee754 standard represents floating-point values as a triple of bounded numbers
(s, e,m), where s is the sign bit and is either 0 or 1, e is the exponent and m is the significand.
The maximum and minimum size of e and m depends on the specific floating-point format
used. The rational number represented by this pattern can be obtained as follows.

(−1)S · 2e−bias ·m

The value bias is a format-dependent constant. An example of an ieee754 binary16 floating-
point number and its encoding as a bitvector is given below.

1 1 0 0 1 0 0 1 0 1 0 1 1 0 0 0

s e m

= −1 · 218−15 · (1 + 2−2 + 2−4 + 2−6 + 2−7)

= −10.6875

The ieee754 binary encodings specify several different classes of numbers; normal, sub-
normal, zeros, infinities and “not a number” (NaN ). An example of a normal number is
shown above. Subnormal numbers represent numbers close to zero and have a slightly dif-
ferent encoding. Due to the presence of the sign bit, there are two distinct values that
represent the number 0, one signed, the other unsigned. There are two infinity values, ∞
and −∞ which are the result of certain operations such as divisions by zero and operations
that result in arithmetic overflows. Finally, the class of NaN values represent indeterminate
forms, such as 0/0 or (−∞) +∞.

ieee754 specifies the semantics of arithmetic operations with respect to one of five round-
ing modes. Three of these are directed (rounding up, rounding down and rounding towards
zero) and two round to the nearest number. Rounding is one of the features that increases
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the difficulty of both writing and verifying floating-point programs. As a result of rounding,
floating-point addition and multiplication is not associative even when restricted to normal
numbers.

Consider the two floating-point expressions below where, the numbers are represented
by 32 bits with a 24 bit mantissa (the value 16777216 is 224).

(1 + 16777216) +−16777216 = 0 1 + (16777216 +−16777216) = 1

25 bits are required to represent the sum of 1 and 224, so rounding is applied and 224 is
returned. Thus, the expression on the left evaluates to 0. On the right, no rounding is
required and the result is 1.

Moreover, floating-point addition does not distribute over multiplication because of
rounding effects, as the example below demonstrates.

2049 ∗ (8189 + 1) = 16781310 (2049 ∗ 8189) + (2049 ∗ 1) = 16781308

In the absence of associativity and distributivity, several standard algebraic approaches to
reasoning about arithmetic expressions are inapplicable.

6.1.1 Floating-Point Logic

The smtlib theory of Floating-Point Arithmetic (fpa) is a language for expressing con-
straints in terms of floating-point numbers, variables and operators.

A term in fpa is constructed from floating-point variables, constants, standard arithmetic
operators and special operators. Examples of special operators include square roots and
combined multiply-accumulate operations used in signal processing. Each operation must
be parameterized by one of the five rounding modes.

Formulas in fpa are Boolean combinations of predicates over floating-point terms. In
addition to the standard equality predicate =, fpa offers a number of floating-point spe-
cific predicates including a special floating-point equality =F, and floating-point specific
arithmetic inequalities < and ≤. These comparisons have to handle all classes of numbers.
Normal and subnormal numbers are compared in the expected way. The two zeros, +0 and
−0 are regarded as equal (despite having distinct floating-point representations) as they
correspond to the same number. Infinities are respectively above (∞) and below (−∞) all
of the preceding classes. Finally, NaN is regarded to be unordered and incomparable to all
floating point numbers, thus all comparisons involving NaN , including NaN =F NaN , are
false. Therefore, the standard standard equality predicate = is reflexive but the floating-
point equality predicate =F is not.

Floating-point satisfiability as bottom-everywhere We denote by FF the set of
floating-point formulas. Floating-point formulas are interpreted over the set of concrete
floating-point assignments Vars → F, via a semantic entailment relation |=. Formally, fpa
then forms the following smt logic.

(FF, |=,Vars → F)

The satisfiability problem for a formula ϕ ∈ FF, corresponds to the bottom-everywhere
problem for the following bottom-everywhere algebra.

(P(Vars → F),⊆,∩,∪, dedϕ, abdϕ, cdedϕ, cabdϕ)
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Floating Point Intervals
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Figure 6.2: fp-acdcl solver architecture.

6.2 ACDCL over Floating-Point Intervals

fp-acdcl is an instantiation of acdcl which communicates with the underlying abstract
domain via a fixed interface. Figure 6.2 shows the overall architecture. The interface between
acdcl and the abstract domain of interval environments is an extension of the default
abstract domain interface used by program analyzers, which includes functions to test for
ordering, or to compute joins, meets and apply various transformers.

6.2.1 Floating-Point Intervals

We now define the floating-point interval abstraction used in fp-acdcl. Intervals approxi-
mate sets of numbers by their closest enclosing range. In addition to the arithmetic ordering
≤, the ieee754 standard dictates the existence of a total order � on all floating-point values,
including special values such as NaN . The standard does not precisely define this order, but
indicates that it should exist in any implementation and should agree with the arithmetic
ordering. For our purposes, we can think of special values being larger than numeric values.
The interval abstraction is defined with respect to this total order (we use the total order as
a formal trick to simplify exposition, in practice, special values should be treated separately
from numeric values). We write min� and max� for the minimum and maximum with
respect to the � order.

Definition 6.2.1 (Floating-Point Intervals). The lattice (ItvF,v,u,t) of floating-point in-
tervals is defined below.

1. The set of lattice elements is ItvF =̂ {[a, b] | a, b are in F and a � b} ∪ {⊥}.

2. The meet ⊥ u y = y u ⊥ = ⊥ for all y. The meet [a, b] u [c, d] is the interval
[max�(a, c),min�(b, d)] if max�(a, c) � min�(b, d) holds and is ⊥ otherwise.

3. The join ⊥ t y = y t ⊥ = y. The join [a, b] t [c, d] is [min�(a, c),max�(b, d)].

Definition 6.2.2 (Floating-Point Interval Environments). Given a finite set of variables
Vars, the lattice of floating-point interval environments is the lattice below.

(Vars → ItvF,v,u,t)

The ordering, meets and joins are lifted pointwise from ItvF.

As usual, we denote an element of the form f : {x, y} → ItvF as a tuple 〈x:f(x), y:f(y)〉
of variables paired with intervals. We omit from the tuple variables that map to >. That
is, if f(x) is > and f(y) is not, we write 〈y:f(y)〉.

The interval lattice overapproximates the powerset lattice of floating-point numbers
w.r.t. to the Galois connection below.

α : P(F)→ ItvF α(∅) =̂ ⊥ α(S) =̂ [min�(S),max�(S)], for S 6= ∅
γ : ItvF → P(F) γ(⊥) =̂ ∅ γ(f) =̂ {{x 7→ v | x ∈ Vars, v ∈ f(x)}}

The Galois connection for interval environments can be obtained in the usual way.
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interface DecisionHeuristic
function decide(elem: AbstractElement)
return MeetIrreducible

procedure update(elem : MeetIrreducible, added : Bool, level : Int)

interface Deduction
function deduce(elem: AbstractElement, c : Constraint)
return list〈MeetIrreducible〉

interface ChoiceHeuristic
procedure update(elem : MeetIrreducible, added : Bool, level : Int)

interface Abduction
function abduce(h : ChoiceHeuristic, elem : AbstractElement,

deduction : MeetIrreducible, reason : Constraint)
return list〈MeetIrreducible〉

Figure 6.3: Pseudocode of extended domain interface functions for acdcl.

Complementable Meet Irreducibles The lattice of floating-point interval environ-
ments admits complementable meet irreducibles. The meet irreducible elements of the
interval lattices are upper or lower bounds on single variables, that is, elements that repre-
sent half-spaces in the concrete. These elements are of the form 〈x:[min�(F), c]〉 or of the
form 〈x:[c,max�(F)]〉 and they can be complemented precisely by 〈x:[c+,max�(F)]〉 and
〈x:[min�(F), c−]〉, respectively. The constants c+ and c− represent the values immediately
above and below c in the order �, respectively. For easier readability, we define the following
shorthands for denoting meet-irreducible elements.

〈x � c〉 =̂ 〈x:[min
�

(F), c]〉

〈x � c〉 =̂ 〈x:[c,max
�

(F)]〉

〈x ≺ c〉 =̂ 〈x:[min
�

(F), c′]〉 where c′ is maximal s.t. c′ ≺ c

〈x � c〉 =̂ 〈x:[c′,max
�

(F)]〉 where c′ is minimal s.t. c′ � c

6.2.2 Extended Domain Interface

The extended interface functions used by our implementations of acdcl are shown in Fig-
ure 6.3. We will now relate these functions to the formal requirements of Figure 6.1.

Downwards Extrapolation The downwards extrapolation function ∇� : A × A → A is
implemented via the decide function. The interface is simpler than that suggested by the
formal definition since it implements a unary rather than a binary operator. This removes
some flexibility from the framework, but simplifies the interface.

The deduction interface also allows for updates, which notify the decision heuristic when
a meet irreducible is added or removed from the trail. This information can be used for
heuristic purposes.

Set of Transformers F and Meet Factorization mdc The function deduce implements
an overapproximate deduction transformer. The arguments to the function are an abstract
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element and a clause C. Note that our solver operates on formulas ϕ in cnf. The initial set
of transformers F is then given by the set of functions {a 7→ deduce(a,C) | Clause C ∈ ϕ}.
The return value of the functions is a set of meet irreducibles rather than an abstract element,
that is, the function deduce(a,C) computes mdc ◦odedC for some overapproximation odedC

of dedC . The meet decomposition in intervals is implemented by enumerating single lower
and upper bound constraints on variables and satisfies condition (vi) in Figure 6.1.

Underapproximating f̃ and Upwards Interpolation Recall that afirstuip general-
izes a deduction a→ b by calling ∆� ◦uf̃ of ,b. The call to uf̃ of ,b with an argument ↓ a finds
a downset representing a number of candidate reasons for b that generalize a. The upwards
interpolation function ∆� picks a single reason from that set, which generalizes ↓ a. The
interface of our acdcl implementation combines the computation of ∆� and uf̃ of ,b in the
interface function abduce below. The function takes the following arguments: (i) a choice-
heuristic object, which informs the computation of the abduction result in the presence of
multiple, incomparable candidates, (ii) a known reason for the deduction result which is to
be generalized by the function application, (iii) a deduced meet-irreducible to which abduc-
tion should be applied and (iv) a constraint C. The function uf̃ odedC,b(m) is implemented by
a call to abduce(·, b,m,C). Like the decision heuristic, the choice heuristic may be updated
with newly deduced or removed meet irreducibles to enable dynamic heuristics that take
into account search history.

6.2.3 Deduction and Decisions

We implement overapproximations of the deduction transformer dedϕ using standard In-
terval Constraint Propagation (icp) techniques for floating-point numbers, defined e.g.,
in [127, 20]. The implementation operates on cnf formulas over floating-point predicates.
The initial set of transformers F corresponds to a set of overapproximate transformers odedC

of dedC for each clause C of the formula. Propagation uses an occurrence-list approach which
associates with each variable a list of the fpa clauses in which the variable occurs. Whenever
a new meet irreducible is added to the trail, we scan the list of affected clauses and apply
icp to check for new deduction results. Learned unit transformers are stored as vectors of
meet irreducible elements and are propagated in a similar way.

fp-acdcl performs decisions by adding to the trail a meet irreducible element 〈x � b〉
or 〈x � b〉. There are a number of heuristic choices: (i) selecting the variable x, (ii) selecting
the bound value b and (iii) choosing between bounding x from below and from above.

In propositional cdcl, each variable can be assigned at most once. In our lifting, a
variable can be assigned multiple times with increasingly precise bounds. We have found
that fairness considerations are critical for performance. Decisions should be balanced across
different variables and upper and lower bounds. In experiments, concentrating decisions
on a single variable and bound shows inferior performance compared to a “breadth-first”
exploration in which decisions and bounds are restricted more uniformly.

fp-acdcl performs decisions as follows: (i) variables are statically ordered and the se-
lection of which variable x to branch on is cyclic across this order; (ii) the bound b is chosen
to be an approximation of the arithmetic average between the current bounds l and u on
x; note that the arithmetic average is different from the median, since floating-point val-
ues are non-uniformly distributed across the reals (using the median instead did not yield
good results); (iii) the choice between bounding a variable from above or from below is ran-
dom. The above strategy is naive. We suspect that integrating fairness considerations with
activity-based heuristics typically used in cdcl solvers could lead to significant performance
improvements.
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6.2.4 Abduction with Trail-Guided Choice

We perform abduction by relaxing bounds iteratively. For a given interval element, there
may be many incomparable relaxations that are valid abduction results. Our experiments
suggest that the way in which bounds are relaxed is extremely important for performance.
Fairness considerations similar to those mentioned for the decision heuristic need to be taken
into account. However, there is an additional, important criterion. Learned unit rules are
used to drive backjumping. Backjumps are an effective way for cdcl-style solvers to recover
from bad decisions. The backjump potential is determined by the search depth of facts used
to explain the conflict. If the conflict reason uses elements that occur early in the trail, then
backjumping can reset the trail to an earlier decision level. A bad generalization heuristic
might prematurely generalize some facts too far so that elements that lie late on the trail
are required in order to guarantee a conflict. Trail-guided choice generalizes backwards in
the order of the trail and thus heuristically increases backjump potential.

Our combined abduction step and choice heuristic, called trail-guided choice, is abstraction-
independent and is both fair and aims to increase backjump potential. Recall that afirstuip
applies underapproximate abduction and upwards interpolation to generalize an element q
which represents the meet over a prefix trail[1] . . . trail[j] of the trail with respect to a deduc-
tion result d.

We first weaken q by removing all bounds over variables that are irrelevant to the deduc-
tion. Then we step backwards through the trail and attempt to weaken the current element
q using trail elements. The process is illustrated below.

. . . x � 5.2 . . . y � 1.3 . . . y � 7.2 x � 0.4

Step 1: Attempt weakening x � 0.4 to x � 5.2

Step 2: Attempt weakening y � 7.2 to y � 1.3

When an element trail[j] is encountered such that trail[j] is a bound on a variable x that
is used in q (that is, q v trail[j]), we weaken q by replacing the bound trail[j] with the
most recent trail element more general than trail[j]. If no such element exists, we weaken
q by removing the bound trail[j] altogether. If the resulting element is still strong enough
to deduce d, we store the resulting element as a candidate generalization and continue
stepping backwards through the trail, in order to find more general reasons. If not, we undo
the weakening and we use binary search to find an element that is weaker than q, stronger
than trail[j] and sufficiently strong to deduce d. If the search takes too long, we abort the
process after a fixed number search steps and return the most general element found so far
that is still sufficient to deduce d.

We have experimented with adjusting the strength of generalization by varying the max-
imum number of binary search steps. Our experiments, reported in Section 6.3.1, suggest
that keeping this number low gives the best trade-off between cost and quality of abduc-
tive generalizations. However, we believe that more sophisticated strategies might provide
further benefits.

In addition to generalization by search, we also use generalization transformers in cases
where it is trivial to compute them. For example, given a constraint x = y and an element
d = 〈y � 5.0〉, we immediately generalize an element 〈x � 0.0〉 to 〈x � 5.0〉.

6.3 Experiments

The fp-acdcl tool was evaluated on a set of more than 200 benchmark formulas, both
satisfiable and unsatisfiable. The formulas have been generated from problems that check
(i) ranges on numerical variables and expressions, (ii) error bounds on numerical compu-
tations and (iii) feasibility of systems of inequalities over bounded floating-point variables.
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Figure 6.4: Comparison of fp-acdcl against various SMT solvers using bit-vector encoding
of floating-point operations.
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Figure 6.5: Detailed comparison of fp-acdcl against mathsat using using bit-vector encod-
ing of floating point operations. Circles indicate unsatisfiable instances, triangles satisfiable
ones. Points on the borders indicate timeouts (1200 s).

The first two sets originate from verification problems on C programs performing numerical
computations, whereas the instances in the third set are randomly generated. Our bench-
marks and the fp-acdcl tool are available at http://es.fbk.eu/people/griggio/papers/

FMSD-fmcad12.tar.bz2. All results have been obtained on an Intel Xeon machine with
2.6 GHz and 16 GB of memory running Linux, with a time limit of 1200 seconds.

Comparison with bit-vector encodings

In the first set of experiments, we have compared fp-acdcl against all SMT solvers sup-
porting fpa that we were aware of, namely z3 [55], sonolar [113] and mathsat [33]. All
three solvers solve fpa via encoding into propositional logic. For each tool, we used the
default options.

The results of the comparison are reported in Figures 6.4 and 6.5. The plot in Figure 6.4
shows the number of successfully solved instances for each system (on the y axis) and the
total time needed for solving them (on the x axis). fp-acdcl clearly outperforms z3 in
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Figure 6.6: Effects of generalizations in conflict analysis. Circles indicate unsatisfiable in-
stances, triangles satisfiable ones. Points on the borders indicate timeouts (1200 s).

terms of instances solved and in total execution time. fp-acdcl solves the same number of
instances as sonolar, but is faster overall. Compared to mathsat, the results are mixed,
as can be seen in the scatter plot of Figure 6.5. fp-acdcl is much faster than mathsat
in the majority of instances that both tools can solve, but mathsat seems to still have an
advantage in terms of scalability, solving overall 6 more instances than fp-acdcl.

There are some instances that turn out to be relatively easy for solvers based on bit-
blasting, but cannot be solved by fp-acdcl. This is not surprising, since there are simple
instances that are not amenable to analysis with icp, even with the addition of decision-
making and learning. A simple example of this is the formula x = y ∧ x 6= y, which requires
an abstraction that can express relationships between variables. Intervals are insufficient to
efficiently solve this problem.

To handle such cases, our framework can be instantiated with abstract domains or com-
binations of abstract domains [43] that are better suited to the problems under analysis.
Moreover, bit-blasting approaches can take advantage of highly efficient SAT solvers, which
are the result of years of development, optimization and fine tuning, whereas our fp-acdcl
tool should still be considered a prototype.

6.3.1 Impact of Generalization

We present a second set of experiments that is aimed at evaluating the impact of our variable
selection and generalization techniques. In order to evaluate our conflict analysis procedure,
we first compare fp-acdcl without abductive generalization with the default configuration
of fp-acdcl. fp-acdcl without generalization does not use abductive transformers and
implements a naive lifting of the propositional conflict analysis algorithm to lattices.

The results are summarized in Figure 6.6. From the plot, we can clearly see that gen-
eralization is crucial for the performance of fp-acdcl. Every instance that can be solved
without generalization can also be solved with generalization, but the configuration with
generalization solves 42 more instances before the timeout. However, there are a number
of instances for which performance degrades when using generalizations, sometimes signifi-
cantly. This can be explained by observing that (i) generalizations come at a runtime cost,
which sometimes induces a non-negligible overhead and (ii) the performance degradation
occurs on satisfiable instances (shown in a lighter color in the plots), for which it is known
that the behavior of cdcl-based approaches is typically unstable (even in the propositional
case).

Next, we have performed a more in-depth evaluation of the effects of using different
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gen inf 140 6390
nogen 133 1783

Figure 6.7: Comparison of different strategies for conflict generalization in fp-acdcl.

generalization strategies. In particular, we evaluate the impact of picking different cutoff
values for the number of generalization attempts during the trail-guided search procedure.

The results are shown in Figure 6.7. In the figure, ‘genX’ labels the configuration with
a maximum number X of generalization attempts, ‘nogen’ labels the configuration where no
generalization is performed and ‘gen inf’ the one which does not impose any bound on the
number of generalization attempts. From the plot, we can see that the strategies that impose
a limit to the number of generalization attempts outperform both the unconstrained strategy
and the naive one that uses no generalization. The results provide a powerful illustration of
the trade-off between generalization quality and computational effort. For our benchmarks,
the sweet spot lies at 100 generalization attempts per iteration of trail-guided search.

Finally, we have performed a further set of experiments in order to evaluate the impact
of fairness in the variable selection heuristics for branching and conflict generalization. We
have compared the default version of fp-acdcl with a version in which variables are selected
randomly. The results, shown in Figure 6.8, demonstrate that fairness is an important factor
for the performance of fp-acdcl. The use of fair selection strategies yields 23 more solved
instances before the timeout.
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Figure 6.8: Effects of fairness in branching heuristic. Circles indicate unsatisfiable instances,
triangles satisfiable ones. Points on the borders indicate timeouts (1200 s).

6.4 Related Work

This section briefly surveys work in interactive theorem proving, abstract interpretation
and decision procedures that targets floating-point problems. For a discussion of the special
difficulties that arise in reasoning about floating-point computations, see [133].

Theorem Proving Various floating-point axiomatizations and libraries for interactive
theorem provers exist [51, 125, 131, 92]. Theorem provers have been applied extensively
to proving properties of floating-point algorithms or hardware [93, 95, 96, 1, 105, 136, 154,
94]. While theorem proving approaches have the potential to be sound and complete, they
require substantial manual work, although sophisticated (but incomplete) strategies exist to
automate substeps of the proof, e.g., [5]. A preliminary attempt to integrate such techniques
with smt solvers has recently been proposed in [36].

Abstract Interpretation Analysis of floating-point computations has also been exten-
sively studied in abstract interpretation. An approach to specifying floating-point properties
of programs was proposed in [19]. A number of general purpose abstract domains have been
constructed for the analysis of floating-point programs [129, 29, 30, 100, 28, 31]. In addi-
tion, specialized approaches exist which target-specific problem domains such as numerical
filters [63, 132]. The approaches discussed so far mainly aim at establishing the result of
a floating-point computation. An orthogonal line of research is to analyze the deviation
of a floating-point computation from its real counterpart by studying the propagation of
rounding errors [73, 67]. Case studies for this approach are given in [75, 57]. Abstract
interpretation techniques provide a soundness guarantee, but may yield imprecise results.

Decision Procedures In the area of decision procedures, the study of floating-point prob-
lems is relatively scarce. Work in constraint programming [128] shows how approximation
with real numbers can be used to soundly restrict the scope of floating-point values. In [20],
a symbolic execution approach for floating-point problems is presented, which combines in-
terval propagation with explicit search for satisfiable floating-point assignments. An smtlib
theory of fpa was presented in [153]. Recent decision procedures for floating-point logic are
based on propositional encodings of floating-point constraints. Examples of this approach
are implemented in mathsat [33], cbmc [34], z3 [55] and sonolar [113]. A difficulty of this
approach is that even simple floating-point formulas can have extremely large propositional
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encodings, which can be hard for current sat solvers. This problem is addressed in [27],
which uses a combination of over- and underapproximate propositional abstractions in order
to keep the size of the search space as small as possible.

The work in [64] presents a solver that is architecturally similar to ours and instantiates
a version of the cdcl algorithm over integer intervals. Compared to [64], our solver targets
a different logic, uses a more sophisticated conflict analysis procedure based on underap-
proximation of abduction transformers and is obtained as the result of interfacing a generic
acdcl implementation with a specific abstract domain.



Chapter 7

Learning Program Analyses via
ACDCL

In the previous chapter, we have shown how the acdcl framework can be used to instantiate
cdcl-style decision procedures from abstract domains. The algebraic nature of acdcl allows
us to apply it to different problem domains. In this chapter, we instantiate acdcl to refine
abstract program analyses using value-based partitions both in theory and in practice.

It is important to note that this chapter presents one possible application of acdcl to
program analysis rather than an exhaustive framework that covers all possible analyses. We
focus on using acdcl as a partition-based refinement strategy that operates over abstract
values at control locations. Given appropriately defined trace-based abstractions of program
semantics, it is possible to instantiate acdcl to offer a wider range of refinements beyond
those considered in this chapter. For example, given a sufficiently expressive abstract do-
main, acdcl can partition analyses based on control-flow paths. It is further important to
note that the work in this chapter is intended as a theoretical demonstration that acdcl
can, in principle, be instantiated over program analyses. Further work is needed to discover
efficient instantiations. At the end of this chapter, we present prototype that implements a
radically simplified variant of the framework.

Motivation Since abstract-interpretation-based static analysis is sound by design, attain-
ing sufficient precision to be complete on a given class of problems is the primary goal of
designing novel analysis procedures. A source of imprecision is the inability of common
abstract domains to precisely reason about disjunction. The culprit, is the use of abstract
domains that are not disjunctively complete for efficiency reason.

One solution is to use distributive abstract domains such as those used in model checking.
This typically comes at a high computational cost. Another option, is to use analysis
refinement procedures, which adaptively adjust the precision of the analysis depending on
the system and specification.

Case analysis may be understood as a refinement for non-distributive lattices. Consider
two abstract elements a, b which together represent the semantics of a system under analysis
and an abstract representation c of a set of behaviors that violates the specification. A
standard way to prove that the system satisfies the specification is to check whether (atb)uc
represents the empty set. In a distributive lattice, the following equality holds.

(a t b) u c = (a u c) t (b u c)

In terms of our example, this means that no precision is gained by checking c separately
against a and b compared to checking it against a t b. in other words, case analysis brings
no advantage over a monolithic analysis. In a non-distributive lattice, the following holds.

(a t b) u c w (a u c) t (b u c)

144
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So separately checking a and b against c may yield more precision than checking at b. This
is the essence of case analysis.

Example 7.0.1. As an example, consider the following program.

if(x > 0) y := 1; else y := −1; assert(y 6= 0);

In the interval lattice we approximate the value of y on the first branch using the element
a = [1, 1] and on the second with b = [−1,−1]. The disallowed value may be expressed by
the element c = [0, 0]. A typical abstract analysis will check whether c is possible by checking
whether the expression (atb)uc is bottom. We get ([1, 1]t[−1,−1])u[0, 0] = [−1, 1]u[0, 0] =
[0, 0]. On the other hand, computing (a u c) t (b u c), which corresponds to checking the
property separately on each branch, yields ([1, 1] u [0, 0]) t ([−1,−1] u [0, 0]) = ⊥ t⊥ = ⊥.

The lack of distributivity can also lead to imprecision in transformer computations.

Example 7.0.2. Consider the following program.

if(x = 0 ∨ x = 1){ x := x ∗ 2; assert(x 6= 1); }

Upon entering the branch, the interval [0, 1] precisely represents the possible values of x.
The value of x after multiplication is either 0 or 2, which can be presented abstractly by
[0, 0] t [2, 2] = [0, 2]. We can check whether the assertion can be violated by computing the
meet with the disallowed value [1, 1]. The check fails since ([0, 0] t [2, 2]) u [1, 1] is equal
to [1, 1]. To increase precision, we may check each assignment to x separately against the
disallowed value and compute ([0, 0] u [1, 1]) t ([2, 2] u [1, 1]) which yields ⊥.

As we have seen from the two examples above, the use of non-distributive abstractions
leads to imprecision. This imprecision can be recovered by a variety of means. We focus on
case analysis.

An important practical consideration is how case splitting should be applied in order
to get sufficient precision. If the set of cases is too coarse, the resulting analysis is too
imprecise. Ff too many cases are considered, the analysis is too expensive. As we will see,
the acdcl algorithm provides an answer to this question and systematically and intelligently
decomposes the search space into a set of regions that is just precise enough to prove the
property under consideration.

The following example illustrates this.

Example 7.0.3 (Value-Based Refinement with ACDCL). Consider the following program
over the integer variables x and y.

x := 2 ∗ y; x := x− 1; assert(x 6= 4);

The results of interval analysis of the above program are shown as annotations situated
above the control-flow nodes in the cfg below. The last location represents a special error
location.

x := 2 ∗ y x := x− 1 x = 4

> > > x ∈ [4, 4]

y ≤ 0 y ≤ 0, x ≤ 0 y ≤ 0, x ≤ −1 ⊥

The error location is unreachable, but interval analysis is too weak to show this. acdcl
applies downwards extrapolation (i.e., a decision) and restricts the initial location by assign-
ing it the abstract value y ≤ 0. Using this restriction, interval analysis proves the error
location unreachable, as shown in the node annotations below the cfg, which constitutes a
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conflict. Analyzing the conflict, we find that the decision can be weakened to y ≤ 2 and still
produce a similar conflict. The program is safe, as long as initially y ≤ 2 holds. acdcl
backtracks and explores the remaining case where, initially, y ≥ 3 hold. This yields the
following abstract analysis which proves the program safe.

x := 2 ∗ y x := x− 1 x = 4

y ≥ 3 y ≥ 3, x ≥ 6 y ≥ 3, x ≥ 5 ⊥

Since the program is safe whenever y ≥ 3 or y ≤ 2 the program is always safe.

In the above example, acdcl finds the case split {〈y ≥ 3〉, 〈y ≤ 2〉} which is suffi-
ciently precise to prove the property, while still requiring only two analysis steps. A naive
case-splitting procedure may have analyzed an unnecessarily large set of cases, e.g., each
assignment 〈y:[c, c]〉 of y to a constant c, or a set of cases that fails to prove the property,
e.g., {〈y ≥ 1〉, 〈y ≤ 0〉}.

This chapter provides a framework for instantiating acdcl over program analyses, which
formalizes the above example.

Outline We first recall some background on program analysis using the static analysis
equation in Section 7.1. Section 7.2 casts safety checking over cfgs as an instance of the
bottom-everywhere problem. Section 7.3 shows how acdcl can be instantiated over static
analysis equations by defining a class of abstract domains that have the required complemen-
tation properties. In Section 7.4, we discuss cdfpl, a program analyzer that incorporates
learning by instantiating the acdcl framework, and we present experimental results. Sec-
tion 7.5 discusses work related to program analysis and learning.

7.1 Solving the Static Analysis Equation

We first introduce some background material on program analysis over cfgs using the static
analysis equation. Later sections will show how acdcl can be applied to reason about an
abstraction of this equation. Fix a cfg G = (N,E, nI , st) with a special error location
 ∈ N . Recall that the concrete trace semantics of G are defined with respect to a set of
memory states Ω as the set of well-formed traces of the transition system (ΣG,→G, IG) of
G, where ΣG = N × Ω.

The data-flow between individual control-flow nodes can be expressed using the static
analysis equation, which introduces a set-valued variable Sn for each location n ∈ N that
takes values in P(Ω). These set variables are related using transformers associated with
individual program statements to express data flow along a cfg edge and joins to represent
information flow along merging branches. An example of a cfg and its static analysis
equation is shown in Figure 7.1. Program analyzers often approximate the semantics of G
by overapproximating a vectorial fixed point of the static analysis equation of a program,
rather than by operating on the unstructured transition system (ΣG,→G, IG).

Building the static analysis equation is a form of trace partitioning ([151, 119], see
Section 4.2.2) of the state semantics constructed with respect to the set of control locations.
The following definition captures the resulting lattice.

Definition 7.1.1 (Concrete Control-Location Lattice). Consider a cfg G = (N,E, nI , st).
The concrete control-location lattice w.r.t. G is the complete lattice N (G) defined as follows.

N (G) =̂ N → P(Ω) g v h exactly if h = ∀n ∈ N. g(n) ⊆ h(n)

g u h =̂ x 7→ g(x) ∩ h(x) g t h =̂ x 7→ g(x) ∪ h(x)
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x := 1

x := −1

y := x

[abs(y) < 10]y := y + x

[abs(y) ≥ 10]

S1 = > S4 = post [abs(y)<10](S3)

S2 = postx:=1(S1) ∪ postx:=−1(S1) S5 = post [abs(y)≥10](S3)

S3 = posty:=x(S2) ∪ posty:=y+x(S4)

Figure 7.1: A cfg and its corresponding static analysis equation.

Proposition 7.1.1. The pair (αN , γN ) below forms a Galois connection.

(P(Π),⊆) −−−−→←−−−−
αN

γN
(N (G),v)

αN (P )(n) =̂ {ω | ∃π ∈ P. (n, ω) ∈ π}
γN (g) =̂ {π ∈ Π | ∀(n, ω) ∈ π. ω ∈ g(n)}

Proof. Monotonicity of both transformers is easy to see from their definition. Consider a
set of traces P ⊆ Π and a trace π ∈ P . Then for every pair (n, ω) ∈ π, we have that
ω ∈ αN (P )(n). Therefore, π ∈ γN ◦ αN (P ). It follows that γN ◦ αN is inflationary.

Now consider a function g ∈ N (G), let n be a control location in N and let ω be a memory
state in αN◦γN (g)(n). Then (n, ω) is a trace in γN (g). Therefore, it must hold that ω ∈ g(n).
It follows that for every control location n ∈ N , it holds that αN ◦ γN (g)(n) ⊆ g(n). Since
αN ◦ γN (g) is inflationary and αN ◦ γN is deflationary, it follows from Proposition 2.3.4 that
the pair (αN , γN ) forms a Galois connection.

Recall that each program statement s is associated with a transition relation TΩ
s ⊆ Ω×Ω

and therefore also a state transformer postTΩ
s

. We can therefore associate with each edge
(n1, n2) of the cfg a postcondition transformer.

postn1,n2
(M) =̂ postTΩ

st(n1,n2)
(M) = {ω | ∃ω′ ∈M. (ω′, ω) ∈ TΩ

st(n1,n2)}

In a similar way, we define an existential precondition pren1,n2
=̂ preTΩ

st(n1,n2)
. The static

analysis equation then corresponds to a transformer for the concrete control-location lattice.

Definition 7.1.2 (Control-Location Transformers).

postG, preG : N (G)→ N (G)

postG(g)(n) =̂
⋃

(n′,n)∈E

postn′,n ◦ g(n′) preG(g)(n) =̂
⋃

(n,n′)∈E

pren,n′ ◦ g(n′)

Proposition 7.1.2. The transformers postG and preG soundly approximate, respectively,
tpostG and tpreG.

We omit the proof since it is standard.
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Abstracting the Static Analysis Equation

Analyzing a program by computing a fixed point over the static analysis equation is a
popular abstract interpretation technique. The advantage of this approach compared to
direct approximation of the trace semantics is that only abstractions for the concrete domain
of memory states P(Ω) need to be provided. Many popular abstract program analyses, such
as constant analysis or interval, octagonal [130] or polyhedral [130] analyses follow this
approach. The following definition formalizes the abstract domain that results when the
static analysis equation is approximated using a memory state abstraction.

Definition 7.1.3 (Abstract Control-Location Lattice). Let G = (N,E, nI , st) be a cfg

and A an abstraction over memory states Ω with (P(Ω),⊆) −−−−→←−−−−
αA

γA
(A,vA). The abstract

control-location lattice w.r.t. G and A is the complete lattice NA(G) defined as follows.

NA(G) =̂ N → A g v h exactly if h = ∀n ∈ N. g(n) vA h(n)

g u h =̂ x 7→ g(x) u h(x) g t h =̂ x 7→ g(x) t h(x)

Proposition 7.1.3. The pair (αN,A, γN,A) below forms a Galois connection.

(N (G),v) −−−−−→←−−−−−
αN,A

γN,A
(NA(G),v)

αN,A(g) =̂ αA ◦ g γN,A(h) =̂ γA ◦ h

By composition, we get a Galois connection to the concrete trace lattice.

(P(Π),⊆) −−−−−−−−−−→←−−−−−−−−−−
α=̂αN,A◦αN

γ=̂γN◦γN,A
(NA(G),v)

We can obtain abstract transformers for the lattice NA(G) in a straightforward manner
from abstract state transformers over A.

Definition 7.1.4 (Abstract Control-Location Transformers). For every edge (n, n′) ∈ E,
let apostn,n′ and apren,n′ in A → A be sound overapproximations of postn,n′ and pren,n′ ,
respectively. Then the abstract control-location transformers apostG, apreG : NA(G) →
NA(G) are defined as follows.

apostG(g)(n) =̂
⊔

(n′,n)∈E

apostn,n′ ◦ g(n′)

apreG(g)(n) =̂
⊔

(n,n′)∈E

apren,n′ ◦ g(n′)

Proposition 7.1.4. The transformers apostG and apreG soundly approximate postG and
preG, respectvely.

Again, we omit the proof since it is standard.
We give an example of a fixed point iteration for apostG over the abstract control location

abstraction instantiated over interval assignments.

Example 7.1.1. We show the first couple of iterates of the upwards iteration sequence over
apostG for the cfg G depicted in Figure 7.1. We abstract memory states using the abstract
domain of interval assignments Vars → Itv . We write elements in NVars→Itv (G) as vectors,
where the ith component denotes the value of the node i.

⊥
⊥
⊥
⊥
⊥


︸ ︷︷ ︸
F0


>
⊥
⊥
⊥
⊥


︸ ︷︷ ︸
F1


>

〈x:[−1, 1]〉
⊥
⊥
⊥


︸ ︷︷ ︸

F2


>

〈x:[−1, 1]〉
〈x, y:[−1, 1]〉

⊥
⊥


︸ ︷︷ ︸

F3


>

〈x:[−1, 1]〉
〈x, y:[−1, 1]〉
〈x, y:[−1, 1]〉

⊥


︸ ︷︷ ︸

F4


>

〈x:[−1, 1]〉
〈x:[−1, 1], y:[−2, 2]〉
〈x:[−1, 1], y:[−1, 1]〉

⊥


︸ ︷︷ ︸

F5
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7.2 CFG Safety as Bottom-Everywhere

We now recall the characterization of safety checking as an instance of the bottom-everywhere
problem from Section 3.2.3. We specialize the safety problem and the transformer definitions
of Section 3.2.3 to check if an error is reachable in a cfg with respect to a special error
location  . For convenience, we assume that the error location is a sink node of the cfg,
that is, we assume that there is no edge ( , n) ∈ E, for any n ∈ N .

Definition 7.2.1 (cfg Safety and Counterexamples). Let G = (N,E, nI , st) be a cfg with
a special sink node  ∈ N called the error location. A trace π of G is safe if it does not end
in the error location. A counterexample trace is a trace of G that is well-formed and ends
in an error state. A cfg G is safe w.r.t.  if all well-formed traces π of G are safe w.r.t.  ,
i.e., if there is no counterexample trace.

Safety can be cast as solving the bottom-everywhere problem over the following bottom-
everywhere algebra.

(Π,⊆,∩,∪, utraceG, straceG, cutraceG, cstraceG)

utraceG(P ) =̂ {π ∈ Π | π ∈ P ∧ π is well-formed and not safe}
straceG(P ) =̂ {π ∈ Π | π ∈ P ∨ π is not well-formed or safe}

cutraceG(P ) =̂ {π ∈ Π | π ∈ P ∧ π is not well-formed or safe}
cstraceG(P ) =̂ {π ∈ Π | π ∈ P ∨ π is well-formed and not safe}

Proposition 7.2.1. The tuple (Π,⊆,∩,∪, utraceG, straceG, cutraceG, cstraceG) is a bottom-
everywhere algebra. The cfg G is safe exactly if utraceG is bottom everywhere.

Proof. The proof that the structure above is a bottom-everywhere algebra is similar to that
of Theorem 3.2.15 and Theorem 3.2.18. The cfg G is safe exactly if there is no well-formed
trace that is not safe. This is equivalent to stating that utraceG(Π) = ∅, which is in turn
equivalent to utraceG being bottom-everywhere.

7.2.1 Approximating the Unsafe Trace Transformer

We now show how the control-location transformers defined above may be used to compute
approximations of the unsafe trace transformers. This is the first step towards instantiating
counterwitness search and conflict generalization. The notion of a counterwitness, special-
ized to program safety checking, corresponds to the search for an abstract representation of
a counterexample trace.

The set of unsafe traces can be characterized as the intersection of two sets, both of which
have fixed point characterizations: (i) the set of traces that start in the initial location and
respect the transition relation and (ii) the set of traces that end in the error location and
respect the transition relation. We denote by Ξ the set of states {(n, ω) | n 6=  } that are
not at the error location. Also recall that IG is the set of states {(nI , ω) | ω ∈ Ω} that are
at the initial location.

Proposition 7.2.2. The unsafe trace transformer can be characterized as follows.

utraceG(P ) = P ∩ (lfpX. IG ∪ tpost→G
(X)) ∩ (lfpX. ¬Ξ ∪ tpre→G

(X))

Proof. The set P1 =̂ lfpX. IG ∪ tpost→G
(X) is the set of well-formed traces, and the set

P2 =̂ lfpX. ¬Ξ∪ tpre→G
(X) is the set of traces that respect the transition relation and end

in the error location. We skip the proofs for these characterizations since they are standard.
The intersection P1∩P2 is the set of traces that are well-formed and end in the error location.
It follows that P ∩ P1 ∩ P2 is equal to utraceG(P ).
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Note that the first fixed point expression in the proposition above represents a forward
analysis and the second a backward analysis. In the abstract, communication between
forwards and backwards analysis can provide strictly better results than applying either
in isolation [46]. We now provide a second characterization, in which the argument set of
traces P is accessed inside the fixed point expression. This allows an abstraction to take
into account the candidate set of traces while computing the two fixed points, which leads
to more precision.

Proposition 7.2.3. The unsafe trace transformer can be characterized as follows.

utraceG(P ) = P ∩ [lfpX. (prefixcl(P ) ∩ (IG ∪ tpost→G
(X)))]∩

[lfpX. (suffixcl(P ) ∩ (¬Ξ ∪ tpre→G
(X)))]

The sets prefixcl(P ) and suffixcl(P ) are defined as follows.

prefixcl(P ) =̂ {π | ∃π′ ∈ P. π is a prefix of π′}
suffixcl(P ) =̂ {π | ∃π′ ∈ P. π is a suffix of π′}

Proof. We show that the right-hand side of the equality above is equivalent to P∩(lfpX. IG∪
tpost→G

(X))∩ (lfpX. ¬Ξ∪ tpre→G
(X)). The result then follows from Proposition 7.2.2. We

first show that the following equality holds.

(i) P ∩ (lfpX. IG ∪ tpost→G
(X)) = P ∩ lfpX. prefixcl(P ) ∩ (IG ∪ tpost→G

(X))

It is easy to see that the inclusion ⊇ holds, we therefore only show the direction for ⊆. Con-
sider an element π ∈ P ∩(lfpX. IG∪tpost→G

(X)). Then π is a well-formed, initialized trace,
and so are all its prefixes. Consider the function, g(X) =̂ prefixcl(P ) ∩ (I ∪ tpost→G

(X)).
We have that π1 ∈ prefixcl(P ) and π1 ∈ I, therefore π1 ∈ g(∅). Now for an inductive argu-
ment, assume for i < |π| that π1 . . . πi ∈ gi(∅). It is easy to see that π1 . . . πi+1 ∈ gi+1(∅).
Therefore, we have that π ∈ gk(∅), where k = |π|. The function g is completely ad-
ditive, and therefore also Scott-continuous. It follows from Kleene’s fixed point theorem
(Theorem 2.3.10) that lfpX.g(X) can be expressed as

⋃
i∈N0
{gi(∅)}. Since π ∈ gk(∅) we

then have that π ∈ lfpX.g(X) and from earlier, we know that π ∈ P . It follows that
π ∈ P ∩ lfpX. prefixcl(P )∩ (IG ∪ tpost→G

(X)), which concludes the proof that the equality
(i) holds.

By a symmetric argument one can prove the following equality.

(ii) P ∩ lfpX. ¬Ξ ∪ tpre→G
(X) = P ∩ lfpX. (suffixcl(P ) ∩ (¬Ξ ∪ tpre→G

(X)))

From the equalities (i) and (ii) we have that

P ∩ [lfpX. (prefixcl(P ) ∩ (IG ∪ tpost→G
(X)))]∩

[lfpX. (suffixcl(P ) ∩ (¬Ξ ∪ tpre→G
(X)))]

= P ∩ (lfpX. IG ∪ tpost→G
(X)) ∩ (lfpX. ¬Ξ ∪ tpre→G

(X))

By Proposition 7.2.2, the above is then equivalent to utraceG, which completes the proof.

The following transformers abstract the characterization above by computing vectorial
forward and backwards fixed points in the static analysis equation.

Definition 7.2.2 (Global Unsafe-Trace Approximation). We define the following trans-
formers.

autraceG, autrace→G , autrace←G : NA(G)→ NA(G)

autrace→G (g) =̂ lfpX. g u (gI t apostG(X))

autrace←G (g) =̂ lfpX. g u (g¬Ξ t apreG(X))

autraceG(g) =̂ autrace→G (g) u autrace←G (g)
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The functions gI and g¬Ξ are defined as follows.

gI(n) =̂

{
> if n = nI

⊥ otherwise
g¬Ξ =̂

{
> if n =  
⊥ otherwise

Proposition 7.2.4. The transformers autrace→G , autrace←G and autraceG soundly approxi-
mate utraceG.

Proof. We show the case of autrace→G . The proof for autrace←G is similar. Soundness of
autraceG then follows from soundness of autrace→G and autrace←G .

We prove that autrace→G soundly overapproximates utraceG. Recall thatNA(G) abstracts
the concrete via the Galois connection (γ, α) =̂ (γN ◦ γN,A, αN,A ◦ αN ). Note that gI =
α(IG) and that apostG soundly approximates tpost→G

. Therefore, for any g ∈ NA(G),
the abstract transformer X 7→ g u (gI t apostG(X)) soundly approximates the concrete
transformer X 7→ γ(g) ∩ (gI ∪ tpost→G

(X)). Note that γ(g) is prefix-closed, and therefore
prefixcl(γ(g)) = γ(g). Hence, the abstract transformer above also abstracts the concrete
transformer X 7→ prefixcl(γ(g)) ∩ (gI ∪ tpost→G

(X)). From fixed point transfer, it follows
that lfpX. gu(gItapostG(X)) soundly approximates lfpX. prefixcl(γ(g))∩(gI∪tpost→G

(X)).
From the characterization in Proposition 7.2.3 we then get that the abstract transformer
soundly approximates utraceG. This completes the proof that autrace→G overapproximates
utraceG.

The transformers defined above approximate utraceG, which is a lower closure operator.
In the abstract, lower closure operators may be approximated by computing a greatest fixed
point. Since each of the transformers above is computed using a least fixed point, the result
is a nested fixed point computation. This nested computation of a greatest fixed point using
forward and backwards analysis based on least fixed points is a well-known technique in
program analysis [46].

7.3 ACDCL for Static Analysis Equations

In the preceding section, we have shown that checking if a cfg is safe is an instance of
checking if the transformer utraceG is bottom everywhere and that this transformer can
be approximated using classic program analysis techniques. We now describe how acdcl
can be instantiated over the abstract control-location lattice NA(G). The requirements for
acdcl are recalled in Figure 7.3.3.

7.3.1 The Straight-Line Abstraction

The first necessary requirement for instantiating acdcl is a lattice whose meet irreducibles
are complementable relative to the transformer utraceG. In this section, we show that
the abstract control-location lattice NA(G) does not always have complementable meet
irreducibles and we define a new abstract lattice which does have this property.

Whether the meet irreducibles of the abstract control-location lattice NA(G) are com-
plementable depends on the underlying memory state abstraction A, as well as on the cfg
G. The meet irreducibles of NA(G) are the elements of the form below.

Iu(NA(G)) = {n 7→

{
m if n′ = n

> otherwise
| n′ ∈ N ∧m ∈ Iu(A)}

We denote the function that maps the node n to an element a of A as gn 7→a. Meet
irreducibles are of the form gn 7→m, where m is a meet irreducible of A. As a precise com-
plement of gn 7→m, we could consider an element gn 7→m, where m is the precise complement
of m. But as we can see below, the two elements do not complement each other. The
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(i) An overapproximate lattice with f -complementable meet irreducibles

(A,v,u,t),

(ii) a downwards extrapolation
∇� : A×A→ A,

(iii) a set of overapproximations of f

F ⊆ A→ A,

(iv) for each of ∈ F and a ∈ A, an inflationary underapproximation

uf of ,a : D(A)→ D(A)

of the transformer f̃a =̂ c 7→ f̃(c ∪ γ(a)),

(v) an acdcl (upwards) interpolation

∆� : D(A)×D(A)→ A,

(vi) a finite meet factorization mdc : A → P(A) such that the following holds for all
sets M ∈ Iu(A) and elements a ∈ A.

If
l
M v a then ∀q ∈ mdc(a). ∃r ∈M. r v q.

Figure 7.2: Requirements for applying acdcl to the bottom-everywhere problem for the
algebra (B,⊆,∩,∪, f, f̃ , cf , cf̃ ).
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concretization of an element gn 7→m corresponds to the set of traces such that all occurrences
of n are contained within γA(m). Its complement is the set where some occurrence of m is
not contained within γA(m), which cannot be precisely represented by an abstract element.

¬γ(gn 7→m) = ¬{π ∈ Π | ∀(n, ω) ∈ π. ω ∈ γA(m)}
= {π ∈ Π | ∃(n, ω) ∈ π. ω 6∈ γA(m)}

¬γ(gn 7→m) = ¬{π ∈ Π | ∀(n, ω) ∈ π. ω 6∈ γA(m)}
= {π ∈ Π | ∃(n, ω) ∈ π. ω ∈ γA(m)}

Even though precise complementation is not supported, some meet irreducibles of the
lattice support the weaker notion of complementation relative to the unsafe trace trans-
former.

Proposition 7.3.1. Let A be a memory state abstraction with complementable meet irre-
ducibles and G = (N,E, nI , st) be a cfg with error location  . If for every counterexample
trace π the control location n ∈ N occurs exactly once on path(π) then the abstract elements
gn7→m and gn 7→m of NA(G) are precise complements relative to utraceG.

Proof. We show that under the conditions above, it holds that

utraceG(γ(gn 7→m)) = utraceG(¬γ(gn7→m)).

Consider a trace π ∈ utraceG(γ(gn 7→m)). Then π is a counterexample trace such that there
is exactly one state of the form (n, ω) on π, and it holds that ω ∈ γA(m) and therefore
ω 6∈ γA(m). Then π is not in γ(gn7→m). Since π is a counterexample trace it follows that
π ∈ utraceG(¬γ(gn7→m)). Therefore, utraceG(γ(gn 7→m)) ⊆ utraceG(¬γ(gn 7→m)) holds. The
other direction can be proved in a similar manner.

In order to obtain a lattice where all meet irreducibles have this complementation prop-
erty, we construct a simplified abstraction which only stores information about control lo-
cations that are guaranteed to occur exactly once on every counterexample trace.

Definition 7.3.1 (Straight-Line Abstraction). Consider a cfg G = (N,E, nI , st) and let
Nonce ⊆ N be a set of control-locations which occur exactly once on every path nI . . . 
between the initial and error location of the cfg. Let A be an abstraction of memory states

Ω with (P(Ω),⊆) −−−−→←−−−−
αA

γA
(A,vA). The straight-line lattice w.r.t. G and A is the complete

lattice SLA(G) defined as follows.

SLA(G) =̂ Nonce → A g v h exactly if h = ∀n ∈ N. g(n) vA h(n)

g u h =̂ x 7→ g(x) u h(x) g t h =̂ x 7→ g(x) t h(x)

The straight-line abstraction only tracks control-locations in Nonce that occur exactly
once on every path to the error. An example is shown in Figure 7.3; the nodes in Nonce are
highlighted. This excludes control-locations that are in the body of a loop, which may be
visited more than once, and those nodes on control-flow branches that may not occur on a
path to the error. We define the following total ordering for two nodes n1, n2 ∈ Nonce .

n1 � n2 exactly if n = n′ or if n occurs before n′ on every path from nI to  

The straight-line abstraction stores less information than the control-location abstrac-
tion. The following statement makes this precise.

Proposition 7.3.2. The functions (αSL, γSL) below form a Galois connection.

NA(G) −−−−−→←−−−−−
αSL

γSL SLA(G)

αSL(g)(n) =̂ g(n) γSL(h)(n) =̂

{
h(n) if n ∈ Nonce

> otherwise
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1

2

3

4

5 6

7

8  

[b ≤ 0]

[b = 0]

[b ≥ 0]

a := −2

a := 4

a := 3

b := b + a abs(b) ≥ 10 [a = 0]

abs(b) < 10

a := a + b;
b := 2b

Figure 7.3: Example cfg. Nodes in Nonce are highlighted.

Proof. It is easy to see that αSL and γSL are monotone. The composition αSL ◦ γSL is the
identity function, and γSL ◦αSL is inflationary, since it simply replaces the mappings for all
control locations not in Nonce by >. The result follows from Proposition 2.3.4.

Proposition 7.3.3. If A has complementable meet irreducibles, then the meet irreducibles
of the straight-line abstraction SLA(G) have precise complements relative to utraceG.

Proof. All meet irreducibles hn 7→m ∈ SLA(G) concretize to corresponding meet irreducibles
gn 7→m ∈ NA(G). Since n occurs exactly once on every control-flow path to the error location,
it also occurs exactly once on every counterexample trace. The result then follows from
Proposition 7.3.1.

The straight-line abstraction allows instantiation of acdcl. Transformers over the
straight-line abstractions can be computed by first approximating a solution to the static
analysis equation and then forgetting information about nodes that are not in Nonce . The
rest of this section formalizes this approach for both counterwitness search and witness
search.

7.3.2 Deduction and Decisions in Programs

Recall that instantiation of counterwitness search requires a downwards extrapolation func-
tion (which serves as a generalized decision operator), as well as a set of transformers F that
soundly approximate the utraceG transformer. We first give an example run of a counter-
witness search procedure on SLA(G) and then formalize the necessary transformers.

Example 7.3.1. Consider the cfg in Figure 7.3. We give an example run of the counter-
witness search procedure ACDCL-non-⊥.

The set Nonce is given by {1, 5, 8, }. For each (i, j) in {(1, 5), (5, 8), (8, )} we use
the transformer autrace→i,j to deduce information about counterexamples at location j using
forward analysis and a transformer autrace←i,j to deduce information about counterexamples
at location i using backward analysis. We will define these transformers later.

Recall that elements of SLA(G) are functions in Nonce → A. In our case A is the lattice
of integer interval environments which Vars → Itv . The meet irreducibles of SLA(G) are
those functions h in SLA(G) which impose a single lower or upper bound of one variable
at one location and assign every other location to >. We introduce notation for these meet
irreducibles. For a node m ∈ Nonce and a program variable x we denote meet irreducibles
by m 7→ 〈x�c〉 where � is one of {<,>,≤,≥}. For example, m 7→ 〈x ≤ c〉 denotes the
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following function.

n 7→

{
> if n 6= m

〈x:[−∞, c]〉 if n = m

Below, the result of executing ACDCL-non-⊥ for a number of steps is shown in the form of
an implication graph whose nodes are meet irreducibles.

> 5 7→ 〈a ≥ −2〉

5 7→ 〈a ≤ 3〉

autrace→1,5

autrace→1,5

 7→ 〈a ≥ 0〉

 7→ 〈a ≤ 0〉

autrace→8, 

autrace→8, 

8 7→ 〈a ≥ 0〉

8 7→ 〈a ≤ 0〉

autrace←8, 

autrace←8, 

At location 5, we can determine that the variable a is between −2 and 3 by running forward
analysis. Computing a forward fixed point over the loop yields no new information, so the
only other fact that can be discovered is that at the error location  , the value of a is exactly
zero. Backwards analysis can be used to determine that the same must hold at location 8.

The result is not precise enough to exclude the error, so we apply downwards extrapolation
to increase precision of the analysis at the cost of soundness. We do this by adding a
heuristically chosen meet irreducible to the graph; we pick the element 5 7→ 〈b ≥ 7〉. Applying
the forwards and backwards transformers yields the following graph.

5 7→ 〈b ≥ 7〉

1 7→ 〈b ≥ 7〉

5 7→ 〈a ≥ 3〉

5 7→ 〈a ≤ 3〉

8 7→ 〈a ≥ 3〉 conflict

autrace←5,1 autrace→1,5

autrace→5,8

autrace→5,8

autrace→8, 

The element 〈b ≥ 7〉 is propagated via backward analysis to node 1. This allows forward
analysis to conclude that at node 5 the variable a is equal to 3. Since both a and b are
positive, running forward analysis over the loop concludes that a is greater than 3 at node
8. This leads to a conflict, since forward analysis finds that if a is greater than 3 at node 8,
the error location  is unreachable.

We now formally specify the initial set of transformers F over the straight-line abstrac-
tion used for instantiating acdcl. We specify two transformers for each successive pair of
control nodes in Nonce , one that uses a strongest postcondition and another which uses the
existential precondition. This breaks the global problem of approximating utraceG down into
small subtasks and allows acdcl to use chaotic iteration strategies and dynamic interleaving
of forward and backward analysis.

Definition 7.3.2 (Straight-Line Unsafe-Trace Transformers). For n1, n2 ∈ Nonce such that
n2 immediately follows n1 in the ordering �, we define the following transformers.

autrace→n1,n2
, autrace←n1,n2

: SLA(G)→ SLA(G)
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autrace→n1,n2
(h) =̂ n 7→

{
h(n) if n 6= n2

h(n) u autrace→G (gn1 7→h(n1))(n) if n = n2

autrace←n1,n2
(h) =̂ n 7→

{
h(n) if n 6= n1

h(n) u autrace←G (gn2 7→h(n2))(n) if n = n1

where gn′ 7→a =̂ n 7→

{
a if n = n′

> otherwise

Proposition 7.3.4. The transformers autrace→n1,n2
and autrace←n1,n2

soundly approximate
utraceG.

Proof. We prove the statement for autrace→n1,n2
, the other proof is similar. SLA(G) over-

approximates the concrete via (αSL ◦ α, γ ◦ γSL), where (α, γ) is the Galois connection

P(Π) −−−→←−−−α
γ
NA(G). We show the following.

utraceG ◦ γ ◦ γSL ⊆ γ ◦ γSL ◦ autrace→n1,n2

Consider a trace π in utraceG ◦ γ ◦ γSL(h). Then π is a counterexample trace such that
for all n ∈ Nonce and (n, ω) ∈ π, it holds that ω ∈ γA ◦ h(n). Since autrace→G soundly
overapproximates utraceG, we then have autraceG(gn1 7→h(n1)) represents an overapproxima-
tion of the set of counterexample traces π′ such that for all (n1, ω) ∈ π′, ω ∈ γA ◦ h(n1).
Therefore π ∈ autraceG(gn1 7→h(n1)). It follows that for every state (n2, ω) ∈ π, it holds
that ω ∈ autraceG(gn1 7→h(n1))(n). We have that for all n 6= n2 and for all (n, ω) ∈ π
that ω ∈ γA ◦ h(n) holds. It is also the case that for all (n2, ω) ∈ π, ω ∈ γA ◦ h(n2) and
ω ∈ γA ◦autraceG(gn1 7→h(n1)) hold. It follows that π ∈ γ ◦γSL ◦autrace→n1,n2

(h) holsd, which
completes the proof.

The above transformers provide the set F for acdcl. As a downwards extrapolation, we
restrict a single, heuristically-chosen control-location in Nonce with a meet irreducible of A
as shown in the example.

7.3.3 Conflict Analysis in Programs

The set of overapproximations F of the unsafe trace transformer is given by transformers of
the form autrace→n1,n2

and autrace←n1,n2
described in the previous section. These are computed

via classic forward analysis using the strongest postconditions and backward analysis using
existential precondition, respectively. In order to implement effective conflict analysis, each
of these operators needs to be associated with an underapproximation of the safe-trace
transformer straceG over the downset abstraction (condition (iv) of ) D(SLA(G)) which can
be used to generalize the analysis results.

We now work our way towards developing such a transformer. As a basic building
block, we will use underapproximate weakest precondition and universal postcondition state
transformers. This will allow us to break down the computation of the safe trace transformer
into local steps that underapproximate weakest preconditions and universal postconditions
along the cfg edges. Recall that for each edge (n1, n2), st(n1, n2) denotes the statement
along the edge and TΩ

st(n1,n2) is the transition relation associated with that statement. We

can associate with each edge (n1, n2) a weakest precondition ˜pren1,n2
=̂ ˜preTΩ

st(n1,n2)
and a

universal postcondition ˜postn1,n2
=̂ ˜postTΩ

st(n1,n2)
in P(Ω)→ P(Ω).

In order to do conflict analysis, we require underapproximations of the above transform-
ers. The lattice of memory states P(Ω) is underapproximated by the downset completion
D(A) of A. We assume that for all transformers ˜pren1,n2

and ˜postn1,n2
we have sound

underapproximations ˜apren1,n2
and ˜apostn1,n2

with signature D(A)→ D(A).
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From these functions, we can build underapproximate transformers for the lattice N (G).
We underapproximate N (G) using the lattice ND(A)(G) which is the set of mappings from
control locations to downwards closed subsets of A.

Proposition 7.3.5. The lattice ND(A)(G) underapproximates the lattice N (G) w.r.t. the
pair (αD, γD) defined below.

(N (G),w) −−−−−−→←−−−−−−
αD(A)

γD(A)

(ND(A)(G),w)

αD(A)(f)(n) =̂ {a ∈ A | γA(a) ⊆ f(n)}

γD(A)(g)(n) =̂
⋃

a∈g(n)

γA(a)

Proof. It is easy to see that αD(A) and γD(A) are monotone. Now let g be an element of
ND(A)(G), n be a control location inN and a ∈ A be an element of g(n). Then γD(A)(g)(n) ⊇
γA(a) and therefore a ∈ αD(A) ◦ γD(A)(g)(n). This shows that αD(A) ◦ γD(A) is inflationary.

Now let f be an element of N (G), n be a control location in N and ω be a memory state
in γD(A)◦γD(A)(f)(n). Then there exists an element a in γD(A)(f)(n) such that ω is in γA(a)
and therefore ω is also in f(n) by definition of γD(A)(f)(n). It follows that γD(A) ◦ γD(A) is
deflationary. The result follows.

We can now use the abstract edge transformers to define corresponding transformers for
the whole cfg G.

Definition 7.3.3 (Universal Control-Location Approximations).

˜apreG, ˜apostG : ND(A)(G)→ ND(A)(G)

˜apreG(g)(n) =̂
⋂

(n,n′)∈E

˜apren,n′ ◦ g(n′) ˜apostG(g)(n) =̂
⋂

(n′,n)∈E

˜apostn′,n ◦ g(n′)

We show using an example how generalization can be achieved using a greatest fixed
point computation over the above transformers.

Example 7.3.2. We recall part of the implication graph from Example 7.3.1 below.

5 7→ 〈b ≥ 7〉

5 7→ 〈a ≥ 3〉
8 7→ 〈a ≥ 3〉 conflict

autrace→5,8

autrace→5,8
autrace→8, 

The element at location 8 was obtained by approximating a least fixed point using an overap-
proximate strongest postcondition. We generalize this element by computing a greatest fixed
point over an underapproximate weakest precondition in the abstract domain ND(A)(G). This
corresponds to collecting and iteratively refining a set of elements that are interpreted dis-
junctively at each control-location. We first generalize the edge (8, ) which is labeled with
[a = 0], below we show the iteration sequence as a vector whose components are annotated
with the corresponding control-location. ...

8 : >
 : ⊥


 ...
8 : ˜apren8, (>) = ↓{〈a < 0〉, 〈a > 0〉}

 : ⊥


Note that location 8 records two possible reasons. Recall that acdcl uses an upwards inter-
polation to pick a single element among a number of candidate reasons. We apply upwards
interpolation to choose an element c that is, in terms of precision, between the original con-
flict and the result of transformer application, i.e., ↓〈a < 3〉 ⊆ ↓ c ⊆ ↓{〈a < 0〉, 〈a > 0〉},
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and we obtain 〈a < 0〉. We now generalize the elements at location 5 with respect to this new
marking for 8, which requires computing a greatest fixed point over the loop. Note that in
the following, we use weakest-precondition transformers that strictly underapproximate their
concrete counterparts.

...
5 : >
6 : >
7 : >

8 : ↓〈a > 0〉
...





...
5 : >

6 : ↓〈a > 0〉
7 : >

8 : ↓〈a > 0〉
...





...
5 : ↓〈a > 0〉
6 : ↓〈a > 0〉
7 : ↓〈a > 0〉
8 : ↓〈a > 0〉

...





...
5 : ↓〈a > 0〉
6 : ↓〈a > 0〉

7 : ↓〈a > 0, b > 0〉
8 : ↓〈a > 0〉

...




...
5 : ↓〈a > 0〉

6 : ↓〈a > 0, b > 0〉
7 : ↓〈a > 0, b > 0〉

8 : ↓〈a > 0〉
...





...
5 : ↓〈a > 0, b > 0〉
6 : ↓〈a > 0, b > 0〉
7 : ↓〈a > 0, b > 0〉

8 : ↓〈a > 0〉
...


In the original implication graph, the node 5 was labeled with 〈a ≥ 3〉 and 〈b ≥ 7〉. Based on
the above iteration sequence, we may then generalize these markings to 〈a ≥ 0〉 and 〈b ≥ 0〉,
respectively.

We provide a formalization that captures the example above. A slight difficulty is that
ND(A)(G) underapproximates N (G), which in turn overapproximates P(Π). Because of
the combination of over- and underapproximation, we may not use the composition of the
two Galois connections to derive a sound underapproximation of the safe trace transform-
ers. Instead, we define a transformer over D(SLA(G)) which internally uses fixed point
computation over ND(A)(G) and manually prove that this approach yields sound results.

This internal fixed point is computed by applying the following transformers.

Definition 7.3.4 (Global Safe-Trace Transformers).

astrace←G , astrace→G : ND(A)(G)→: ND(A)(G)

astrace←G (g) =̂ gfpX. g t (gΞ u ˜apreG(g))

astrace→G (g) =̂ gfpX. g t (g¬I u ˜apostG(g))

The functions gΞ and g¬I are defined as follows.

gΞ(n) =̂

{
∅ if n =  
↓> otherwise

g¬I =̂

{
∅ if n = nI

↓> otherwise

Note that the lattice ND(A)(G) underapproximates NA(G), which in turn overapproxi-
mates P(Π). Because of this, we cannot use standard soundness arguments to build under-
approximations of straceG. We will use the following lemma to establish soundness later.

Lemma 7.3.6. Let n, n′ ∈ Nonce such that n′ ≺ n and let gn 7→R ∈ ND(A)(G) be the function
that maps n to R and every other node to ↓>. Then for every counterexample trace π that
is not in γD(A)(gn 7→R) and for every memory state ω ∈ Ω, if (n′, ω) is in π then ω is not in
γD(A) ◦ astrace←G (gn 7→R)(n′).

Proof. Let π be a counterexample trace that is not in γD(A)(gn 7→R). Both locations n and
n′ occur exactly once on π. Let ω, ω′ ∈ Ω be the memory states such that (n, ω), (n′, ω′) ∈ π
and let j be the index such that πj = (n, ω).
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We use induction to show that for all 1 ≤ i ≤ j where πi = (ni, ωi), it holds that
ωi 6∈ γD(A) ◦ astrace←G (gn 7→R)(ni). The base case is simple, since by assumption we have
that (nj , ωj) = (n, ω) and that π 6∈ γD(A)(gn 7→R). Now assume that it holds that ωi+1 6∈
γD(A) ◦ astrace←G (gn 7→R)(ni+1). Then γD(A) ◦ astrace←G (gn7→R)(ni) ⊆ ˜preni,ni+1

(γD(A) ◦
astrace←G (gn7→R)(ni+1)) holds. Now recall that π is well-formed and therefore each suc-
cessive pair of states is related by the transition relation. Then, if ωi were in γD(A) ◦
astrace←G (gn 7→R)(ni), then also ωi ∈ ˜preni,ni+1

(γD(A) ◦astrace←G (gn 7→R)(ni+1)) and we could
conclude that ωi+1 ∈ γD(A) ◦ astrace←G (gn 7→R)(ni+1), which would violate the induction
hypothesis. Therefore ωi 6∈ γD(A) ◦ astrace←G (gn 7→R)(ni), which completes the inductive
argument.

Since n′ ≺ n, we have that (n′, ω′) = πi for some i < j. Therefore, ω′ 6∈ γD(A) ◦
astrace←G (gn 7→R)(n′), which concludes the proof.

We now define the generalization transformers required by acdcl, over the downset
domain D(SLA(G)). These transformers first compute greatest fixed points over ND(A)(G)
and then extract the abstract element at the control-location of interest.

Definition 7.3.5 (Straight-Line Safe-Trace Transformers). For n1, n2 ∈ Nonce such that
n2 immediately follows n1 in the ordering � and for an element h ∈ SLA(G), we define the
following transformers.

astrace←n1,n2,h, astrace→n1,n2,h : D(SLA(G))→ D(SLA(G))

astrace←n1,n2,h(R) =̂ R ∪ {h′[n1 7→ a] | h′ ∈ R ∧ a ∈ astrace←G (gn2 7→{h(n2)})(n1)}
astrace→n1,n2,h(R) =̂ R ∪ {h′[n2 7→ a] | h′ ∈ R ∧ a ∈ astrace→G (gn1 7→{h(n1)})(n2)}

where gn 7→S(n′) =̂

{
S if n = n′

> otherwise

Recall that a requirement for afirstuip is that every overapproximate transformer needs
to be associated with an underapproximate dual transformer. We associate with each trans-
former autrace→n1,n2

the generalization transformer astrace←n1,n2,h
and with each transformer

autrace←n1,n2
the generalization transformer astrace→n1,n2,h

. In other words, we generalize ap-
plications of the strongest postcondition using an underapproximate weakest precondition
and applications of the existential precondition using an underapproximate universal post-
condition. We now show that the generalization transformers satisfy the required property
for instantiating acdcl.

Proposition 7.3.7. The transformers astrace→n1,n2,h
and astrace←n1,n2,h

underapproximate
the concrete transformer P 7→ straceG(P ∪ γ ◦ γSL(h)).

Proof. We give the proof for astrace←n1,n2,h
. The other proof is similar.

For this proof, we denote by γ the concretization function of the lattice D(SLA(G))
which can be defined as follows.

γ : D(SLA(G))→ P(Π)

γ(R) =̂ {π ∈ Π | ∀n ∈ Nonce , ω ∈ Ω. (n, ω) ∈ π =⇒ ∃r ∈ R. ω ∈ γA ◦ r(n)}

Let π ∈ γ ◦γSL ◦astrace←n1,n2,h
(P ). For a contradiction, assume that π 6∈ straceG(P ∪γ ◦

γSL(h)). Then π 6∈ P , π 6∈ γ ◦γSL(h) and π is a counterexample trace, that is, a well-formed
trace that reaches the error location.

Then from the definition of astrace←n1,n2,h
and the fact that π 6∈ P , we have that π ∈

γ(↓h′[n1 7→ a]) where h′ ∈ R and a ∈ astrace→G (gn2 7→{h(n2)})(n1). From Lemma 7.3.6 we
then have that for every state (n1, ω) ∈ π that ω 6∈ γA(a). But then π 6∈ γ(↓h′[n1 7→ a]),
which contradicts the above.

It follows that γ ◦ γSL ◦ astrace←n1,n2,h
(P ) ⊆ straceG(P ∪ γ ◦ γSL(h)).
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7.4 A Learning Interval Analysis

We have implemented a prototype of acdcl for ANSI-C programs which we call Conflict-
Driven Fixed Point Learning (cdfpl) [60]. The abstract domain used is the product of
ieee754 floating-point and bounded integer intervals, which allows for the approximation of
programs that mix machine integer and floating-point variables. Our prototype is a limited
instantiation of the framework presented in the previous section: it uses only forwards
analysis and restricts decision making and learning to the initial control-flow node. cdfpl
is able to efficiently prove correctness of several programs where a standard interval analysis
yields a false alarm and is considerably more efficient than bounded-model checking.

In case our procedure fails to prove correctness, it returns an interval environment that
assigns variables at the initial control-flow node to constants. This assignment either leads
to an error, or helps localise the imprecision of the abstract analysis by providing an initial
state for which abstract analysis fails. If the program under analysis contains only arithmetic
operations, does not have loops and uses deterministic rounding, then our analysis is a
complete way to prove correctness. We apply our analysis to verify properties on floating-
point programs from various sources and show that in many cases, our analysis is as efficient
as static analysis, but provides the precision of a floating-point decision procedure.

cdfpl uses standard forward analysis during counterwitness search, that is, least fixed
point computation with a strongest postcondition transformer. Decisions iteratively restrict
the initial control location nI by placing upper and lower bounds on variables, i.e., meet
irreducibles of the form 〈x ≤ c〉 or 〈x ≥ c〉. The decision variable x and whether a lower or
an upper bound is used in the decision element is decided at random. The bound constant
c is chosen as the midpoint the between current lower and upper bound of the variable x.
Decisions and deductions iterate until safety can be established or a counterexample is found
which corresponds to a conflict.

Conflict generalization computes an underapproximation of the weakest precondition us-
ing search. During this search, variable bounds on the initial state are iteratively weakened
and forward analysis is run to see if the resulting element is still sufficiently strong to show
safety. A process similar to binary search is used to find maximal sufficient weakenings,
which correspond to maximal underapproximations of the weakest precondition. The com-
putation has upwards interpolation built-in: when multiple, incomparable generalizations of
an element exist, one is chosen at random.

We compare our tool to the static analyzer astrée [48], which uses interval analysis, and
to the bounded model checker cbmc [34], which uses a bit-precise floating-point decision
procedure based on propositional encoding. Our benchmarks use non-linear floating-point
computations. astrée is not optimized for the kinds of programs we consider and intro-
duces a high degree of imprecision. cbmc translates the floating-point arithmetic to large
circuits which are hard for sat solvers. As benchmarks, we use ANSI-C code originating
from (i) controller code auto-generated from a Simulink model with varying loop bounds;
(ii) examples from the Functional Equivalence Verification Suite [162]; (iii) benchmarks
presented at the 2010 Workshop on Numerical Software Verification; (iv) code presented
by Goubault and Putot [74]; (v) hand-crafted instances that implement Taylor expansions
of sine and square functions, as well as Newton-Raphson approximation. In order to allow
comparison to bounded model checking, only benchmark programs with bounded loops were
chosen, which were completely unrolled prior to analysis. All of our 57 benchmarks, more
detailed benchmark results, together and the prototype tool, are available online1.

We discuss the following results. (i) cdfpl is as precise as a full floating-point decision
procedure while still being orders of magnitudes faster; (ii) learning and the choice of decision
heuristic yield a speed-up of more than an order of magnitude; (iii) dynamic precision
adjustment is observed frequently.

1http://www.cprover.org/cdfpl/
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Figure 7.4: Execution times of astrée, cbmc and cdfpl; wrong results set to 3600s.
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Figure 7.5: Comparison cdfpl and cbmc. Safe instances shown in red.

Efficient and Precise Analysis

In Figure 7.4, we show execution times for astrée, cbmc and cdfpl. To highlight imprecise
verification results or out-of-memory errors, we set their time to the timeout of 3600 seconds.
We make several observations: on average, our analysis is at least 264 times faster than
cbmc. The number 264 is a lower bound, since some runs of cbmc were aborted due to
timeouts or errors. The maximum speed-up is a factor of 1595. A detailed comparison
with cbmc is shown in Figure 7.4. Although astrée is often faster than our prototype, its
precision is insufficient in many cases – we obtained 16 false alerts for the 33 safe benchmarks.

Effects of Decision Heuristics and Learning

Figure 7.6 visualizes the effects of learning and decision heuristics. Learning has a significant
influence on runtime, as does the choice of a decision heuristic. We compare a random
heuristic which picks a restriction of a random variable, with a range-based one, which
always aims to restrict the least restricted variable. Random decision making outperforms
range-based.

Dynamic Precision Adjustment

Instantiating acdcl as a program analysis yields a program and property-dependent analysis
refinement algorithm, in which the precision of the analysis is dynamically adapted to match
the precision required to prove the property. This is illustrated in Figure 7.7 where we check
bounds on the result of computing a sine approximation under the input range [−π2 ,

π
2 ]. The

curve in the figure shows an input-output mapping of a function implemented in ANSI-C.
The input value is shown on the x-axis, the output value on the y-axis. If the input value is
outside the allowed input range, the function immediately returns. Otherwise the function
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Figure 7.6: Effects of learning and decision heuristics.

safety back unit avg.
# bound safe slack sec. iter. jumps rule b.j. lvl.

1 x <1.0 n -0.00921 0.52 159 10 15 14.1
2 x <1.009 n -0.00021 2.60 490 52 86 17.85
3 x <1.0099 y 0.00069 7.41 1091 152 832 13.27
4 x <1.01 y 0.00079 5.26 738 104 532 8.77
5 x <1.05 y 0.04079 0.96 159 19 34 2.21
6 x <1.1 y 0.09079 0.59 75 12 22 1.5

Table 7.1: Effects of bound tightness on runtime.

computes an output value and checks whether it satisfies the specification. The specification
is expressed as a range of allowed values (the boundaries of the allowed range are shown as
two horizontal red lines).

A run of the algorithm iteratively refines the input range of the program until a proof of
correctness is achieved using standard forward analysis. It then uses conflict generalization
to find a maximal safe input range, which is subsequently never explored again. A successful
run will therefore produce a covering of the input space using overlapping input ranges. The
partition boundaries, extracted from a run of cdfpl, are shown as black vertical lines in the
figure. The actual maximum of the function lies at about 1.00921. Figure 7.7 shows how the
number of partitions dynamically increases as the specification approaches this value. The
precision of the analysis is always higher at the edges, since the function output is closer to
the boundaries of the allowed range.

In the figure, the number of partitions increases monotonically with the tightness of the
specification. The last graph of the figure is an exception: There, a counterexample is found
at the point where the black lines converge, which causes search to be abandoned early.

The effect of bound tightness on runtime behavior is also demonstrated in Table 7.1.
Slack denotes the difference between the upper bound of the allowed range and the maximal
output value of the program. Less slack leads to a higher number of iterations and conflicts,
a deeper average backjump level and a higher number of unit transformer applications.

Limitations of CDFL

cdfpl instantiates the acdcl framework using interval analysis as an abstract domain.
There are simple programs that are not amenable to interval analysis, even when case
splits and partition based refinement are used. Consider, for example, the one-line program
x := y together with the specification x = y. Intervals are non-relational, hence cdfpl
would enumerate all singleton intervals over y. Similar enumeration behavior can be found
in propositional sat solvers, which may perform badly when applied to certain, highly
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relational problems. This can be fixed by instantiating acdcl over a richer domain. The
implementation is also a prototype and restricts learning to the initial control-flow node,
which limits performance on deep programs.

7.5 Related Work

In this chapter, we have shown how acdcl can be instantiated to obtain automatic and
problem-directed partition-based refinement of an abstract program analysis. The practical
results we present in Section 7.4 for floating-point programs using our prototype tool cdfpl
[60] were state-of-the-art at the time of publication, but were recently improved upon by
a static analysis method that combines abstract interpretation with advanced deduction
techniques from constraint programming [148, 147]. These advances are orthogonal to the
advantages introduced in acdcl. We expect that instantiating acdcl using the advanced
deduction techniques in [148, 147] will bring further improvements.

cdfpl can be understood as refining an abstract analysis using a dynamically created set
of partitions. We now review other approaches that aim to increase precision of an abstract
analysis using partitions.

Partitioning in Abstract Analyses acdcl for program correctness implements a form
of dynamic partition-based analysis refinement. Abstractly, partition-based refinement cor-
responds to construction of the reduced cardinal power lattice A → B of two abstract
domains A and B, which is one of the basic forms of domain combinations presented in [43].
Partitioning of control-systems for additional precision was also introduced early [39].

Partition-based refinements for program analyses have been explored extensively in the
literature. An exhaustive overview is provided in [151]. In addition to approaches which are
explicitly formalized as applications of partitioning, such as [21, 98, 99], static analyses that
increase precision by selectively distinguishing between control-flow paths or by rewriting
the underlying cfg, such as [126], can be considered instances of partitioning.

Trace partitioning refers to approaches where partitions consist of sets of program traces.
A formal framework for trace partitioning was introduced in [90] and later generalized to
a wider range of partitions and to include dynamic partitions in [119, 151]. In the case of
dynamic partitions, a strategy for selecting and changing partitions is required. The authors
of [119, 151] suggest the use of manual program annotations combined with simple automatic
heuristics. acdcl provides an automatic framework for creating partitions in a manner that
is program and property directed: additional precision is introduced only where needed.

Lifting Satisfiability Architectures to Program Analysis Most closely related to
our work is the Satisfiability Modulo Path Programs (smpp) [91] algorithm, which was one
of the initial inspirations for the work in this dissertation. smpp presents an informal lifting
of the dpll(t) framework to program analysis. In dpll(t), a propositional sat solver
enumerates candidate solutions which are then checked using a theory solver. In smpp, a
propositional sat solver is used to enumerate paths through a cfg that may approximate
a counterexample. These candidate cfg paths are then checked for correctness using an
abstract interpreter. If the proof succeeds, a sophisticated conflict analysis phase generalizes
the results of the abstract analysis using a search procedure. The goal is to identify a
generalized set of paths that contain no error. This set is encoded propositionally and
added to the sat formula in a learning step. In terms of abstract satisfaction, smpp can be
viewed as an instance of acdcl that operates on a product abstraction similar to that used
by dpll(t) (see Section 4.5).

The technique of [123] (extended in [2, 3]) presents a program analysis that is inspired by
dpll which explores a cfg in way that is similar to how a cdcl solver explores the search
space of propositional solutions. The state of the analysis is represented by an unwinding of
the cfg, which is viewed as analogous to the search tree of a sat solver. The tool extends
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the unwinding by advancing along a single path through the cfg. If an error location is
reached, an smt solver is used to check the feasibility of the path, i.e., to check whether
the path approximates some counterexample trace. If this is not the case, the procedure
extracts logical interpolants from the path formula, which constitute underapproximations
of the weakest precondition and are then used to label the nodes of the unwinding. This
process is viewed as analogous to learning. After learning, the procedure backtracks and
explores a different cfg path. The labellings obtained by interpolation provide generalized
reasons for correctness and prevent redundant exploration of control-flow edges. The relation
between cdcl and the analysis is established informally by analogy. Abstract satisfaction
and abstract conflict-driven learning make such informal analogies precise.

Using Decision Procedures in Abstract Analysis The work in [114] uses an smt
solver to perform a top-down refinement of loop invariants. Starting from an overapproxi-
mate invariant, a constraint solver identifies sets of problematic behaviors that are approx-
imated by the candidate invariant and lead to an error. Each of these sets of behaviors
becomes a part of an iteratively constructed partition and is analyzed individually using an
abstract interpreter, leading to a disjunctive invariant.

In [135], an smt solver is used to find well-formed traces of a program that are not yet
covered by a candidate invariant; an abstract representation of these traces is then used
to compute the next candidate. The process terminates when all well-formed traces are
covered, at which point the resulting abstract element is a sound approximation of program
semantics.

The yogi tool [12, 144] uses a decision procedure to construct an underapproximation
of program semantics that consists of a set of program traces. This underapproximation is
combined with a partition-based overapproximation of the set of program states. The over-
approximation guides the underapproximation by determining how the underapproximate
set of traces is extended. Conversely, when a trace in the underapproximation cannot be
extended further, the set of partitions is refined.

ACDCL and Counterexample-Driven Abstraction Refinement A natural question
is whether acdcl is a form of Counter-Example Guided Abstraction Refinement (cegar) [35].
cegar computes an abstract semantics over a program and triggers refinement when a spu-
rious counterexample is found, that is, a witness of imprecise overapproximation in the
abstract domain. In every refinement step, cegar computes a new abstract domain con-
sisting of a lattice and new transformers. Computation of new transformers is an expensive
operation [7].

In contrast, acdcl iteratively constrains an overapproximate fixed point computation
until a “spurious” conflict is derived, that is, a contradiction resulting from excessive under-
approximation. The resulting partial proof is used to implement proof-guided transformer
refinement. acdcl never changes the domain. This immutability is crucial for efficiency,
because the implementations of the abstract domain and transformers can be highly opti-
mized.

A variant of cegar has been proposed for abstract program analysis [79, 78, 80]. Re-
finement occurs along two axes. First, widening operators are dynamically refined if they
cause too much imprecision during fixed point iteration. Second, the set of control-locations
is refined when the current set is found to be too imprecise, which amounts to the construc-
tion of a dynamic trace partitioning. The technique is orthogonal to acdcl. Refinement
in [79, 78, 80] changes the abstract lattice and dynamically reduces the overapproximation
caused by a widening. On the other hand, refinement in acdcl operates in a fixed lattice
and refines a transformer by making explicit information that is already contained within
it.



Chapter 8

Future Work and Conclusion

In this dissertation, we have shown the following thesis:

Satisfiability decision procedures are abstract interpreters. This insight allows
technology transfer between program analysis and satisfiability research and can
be used to define algebraic generalizations of satisfiability architectures. The
resulting generalizations have practical applications.

We have made a number of conceptual, mathematical and practical contributions to the
state-of-the-art in satisfiability checking and program analysis.

The conceptual contributions include the framework of abstract satisfaction and the
bottom-everywhere problem, which provide a bridge between research in abstract interpre-
tation and satisfiability checking and lead to the development of a novel methodology for
the analysis and systematic construction of satisfiability solvers and program verifiers. Our
analysis of satisfiability procedures using abstract satisfaction shows the first claim, namely
that decision procedures are abstract interpreters.

The mathematical contributions of this dissertation include the construction of novel
decision procedure frameworks such as acdl and acdcl together with general soundness
and completeness arguments. These contributions show the second claim, since acdcl is an
algebraic generalization that is the result of transferring solver technology from satisfiability
solving to static analysis.

To show the third claim of the thesis, we presented two practical contributions which
instantiate the acdcl framework: the state-of-the-art satisfiability decision procedure fp-
acdcl and the program verifier cdfpl. Both procedures outperform competing approaches.
This shows the last part ot the thesis, namely that the techniques developed in this disser-
tation have practical applications.

We now briefly discuss a number of interesting questions that are not addressed in this
dissertation and avenues for future work.

Technology Transfer Since satisfiability solvers can be characterized as abstract inter-
preters, sufficiently general advances in one area can be translated to the other. An example
of this is our instantiation of a program analysis that incorporates learning in Chapter 7.
It stands to reason that there may be many more opportunities for technology transfer.
This includes extraction of analysis procedures from other decision procedure architectures
and the use of abstract-interpretation techniques in satisfiability solvers. We discuss two
concrete avenues of research below.

The first avenue concerns alternative ways to implement deduction in solvers. Deduction
in decision procedures corresponds to fixed point computation via Kleene iteration. Abstract
interpretation research has studied alternatives to Kleene iteration such as strategy iteration
[66]. Strategy iteration techniques compute precise fixed points over infinite domains without

166
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the need for acceleration operators such as widenings. It may be possible to adapt these
techniques for use in satisfiability solvers, which may be useful in logics that admit infinite
deductive sequences.

The second avenue of research is to further the application of reduced product con-
structions in satisfiability procedures. A central aspect of the dpll(t) framework is theory
combination, which is an instance of the reduced product [49]. In addition to combining
solvers for different logical theories, it is sometimes useful to combine solvers that implement
different techniques that offer different strengths and weaknesses to solve the same theory.
Reduced products may prove a useful framework for such combinations. The dpll(t) frame-
work is one instance of this idea, since both the propositional as well as the theory solver
reason about the same underlying first-order theory.

Exploring a wider range of product constructions may have a beneficial effect on solver
performance, especially when considering special classes of problem instances that may be
more amenable to some analyses than to others. As an example, consider the fp-acdcl
solver presented in Chapter 6, which operates over the abstract domain of floating point
intervals. Floating point intervals are effective on many numeric problems, but ineffective
when the problem instance involves reasoning about bit-vector encodings of floating-point
numbers. On the other hand, propositional sat operates over a data structure that expresses
facts about the encoding. Reduced products could be used to instantiate a procedure that
can simultaneously track numeric properties of a floating-point number and bit-precise in-
formation about its encoding.

Instantiations and Extensions of ACDCL In this dissertation, we have presented
two instantiations of acdcl: a decision procedure for floating point arithmetic that uses
interval constraint propagation, and a program analysis that incorporates learning which
operates over the abstract domain of floating-point and machine-integer environments. The
interval domain is one of the earliest and simplest numeric domains and cannot express
relations between multiple variables. The abstract interpretation community has developed
sophisticated numeric relational abstract domains, including octagons [130], polyhedra [29],
ellipsoids [152] and zonotopes [67]. Instantiating acdcl with these domains may bring
additional performance benefits. In cases where an abstract domain does not satisfy the
required complementation properties, product constructions similar to dpll(t) could be
useful where decision making and learning happen in one domain, while additional deduction
is performed in another.

Depending on the underlying lattice, conflict analysis in acdcl may offer more options
for generalizing reasons than conflict analysis in cdcl. In propositional satisfiability, the
discovery of activity-based decision heuristics provided significant performance benefits to
sat solvers. An open question is whether similar gains can be made by developing activity-
based interpolation heuristics.

In Chapter 7, we presented an acdcl-based program analyzer. acdcl is not limited
to numeric domains, but can also be instantiated over trace-based domains. This includes,
for example, domains that track control-flow history such as the recently taken branches, or
information about whether a loop was traversed an even or an odd number of times. Trace
partitioning is an ideal framework for developing such abstract domains. An instantiation
of acdcl over such a domain may explore the search space by focusing on paths through
control-flow unwindings similar to cdcl-like program analysis algorithms such as [123].

Learning Beyond Clause Learning In Chapter 5, we showed that conflict-driven learn-
ing is an overapproximation of concrete complementation. We discussed two examples of
learning operators. The first was the tabu learning operator, which returns ⊥ when the
search enters a region that was previously identified to be conflicting. The second learning
operator generalized the unit rules and drives “nearly conflicting” elements away from pre-
viously identified conflicts. While tabu learning can be instantiated in all lattices, learning
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with generalized unit rules works only over lattices with complementable meet irreducibles.
An open problem is the identification of other learning techniques and classes of abstract
lattices that support these techniques.

ACDCL and CEGAR acdcl and cegar are orthogonal approaches. Informally, acdcl
can be viewed to refine transforms in response to conflicts whereas cegar refines abstrac-
tions in response to abstract counterexamples. If acdcl fails, it returns a minimal abstract
element that is not precise enough to cause a conflict or to be an abstract counterwitness.
Such minimal, imprecise elements bear some similarity to the abstract counterexamples in
[121] and could be used by an appropriate algorithm to refine the underlying abstraction.
This suggests a framework that combines acdcl and cegar, which can perform both trans-
former and abstraction refinement, triggered respectively, by conflicts and spurious elements.

We believe that the work described in this dissertation significantly extends the state-
of-the-art in both satisfiability research and abstract interpretation. Much of the work
in this dissertation has been conceptual in nature. Our work stands in the context of
broader efforts within the research community to bring together program verification and
satisfiability research both conceptually and in practice. A number of recent developments
attempt to unify the two fields by placing program verification firmly on logical foundations
[77, 18, 112, 4]. Despite the obvious utility of these approaches, we feel that purely logic-
based accounts of program verification and satisfiability provide an incomplete picture, since
they relegate those aspects which cannot be modeled well logically to the secondary role of
implementation concerns. This makes it hard to systematically address questions of data
structures, representation and high-level algorithmic patterns.

We believe that the algebraic perspective brought to bear by abstract interpretation
complements the logical perspective and addresses its shortcomings. As a methodology, it
is useful to organize and understand existing work and to aid in the design of new proce-
dures and practical verification frameworks. Abstract interpretation has been an immensely
valuable tool in the area of program analysis. We have extended these benefits to logical
satisfiability and to the intersection of satisfiability and verification research.

The work we presented in this dissertation eliminates the conceptual boundary between
program analysis and satisfiability solving in theory and practice. Theoretically, we showed
that satisfiability procedures are instances of analysis refinement procedures over abstract
lattices and we provided algebraic recipes that capture both decision procedures and analysis
refinement algorithms. In practice, we have shown how to build satisfiability solvers that
are based on abstract domains and how to build program analyzers that use techniques from
satisfiability checking. The work in this dissertation is a significant step towards enabling
technology transfer between abstract interpretation and satisfiability research and towards
enabling practical combinations of procedures that go beyond black-box integration.
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[5] A. Ayad and C. Marché. Multi-prover verification of floating-point programs. In
Proceedings of International Joint Conference on Automated Reasoning, pages 127–
141. Springer, 2010.

[6] B. Badban, J. van de Pol, O. Tveretina, and H. Zantema. Generalizing DPLL and
satisfiability for equalities. Information and Computation, 205(8):1188–1211, 2007.

[7] T. Ball, A. Podelski, and S. K. Rajamani. Boolean and Cartesian Abstraction for
Model Checking C Programs. Springer, 2001.

[8] C. Barrett, R. Nieuwenhuis, A. Oliveras, and C. Tinelli. Splitting on demand in SAT
modulo theories. In Proceedings of Logic for Programming, Artificial Intelligence and
Reasoning, pages 512–526, 2006.

[9] C. Barrett, R. Sebastiani, S. A. Seshia, and C. Tinelli. Satisfiability modulo theories.
In Handbook of Satisfiability, pages 825–885. IOS Press, 2009.

[10] C. Barrett, A. Stump, and C. Tinelli. The satisfiability modulo theories library (SMT-
LIB). www.SMT-LIB.org, 2010.

[11] R. J Bayardo Jr and R. Schrag. Using CSP look-back techniques to solve real-world
SAT instances. In Proceedings of Innovative Applications of Artificial Intelligence,
pages 203–208, 1997.

[12] N. E Beckman, A. V. Nori, S. K. Rajamani, R. J Simmons, S. Tetali, and A. V Thakur.
Proofs from tests. IEEE Transactions on Software Engineering, 36(4):495–508, 2010.

[13] F. Benhamou. Interval constraint logic programming. In Constraint programming:
basics and trends, pages 1–21. Springer, 1995.

[14] F. Benhamou. Heterogenous constraint solving. In Proceedings of Algebraic and Logic
Programming, pages 62–76. Springer, 1996.

169



BIBLIOGRAPHY 170

[15] D. Beyer and M. E. Keremoglu. CPACHECKER: A tool for configurable software
verification. In Proceedings of Computer Aided Verification, pages 184–190. Springer,
2011.

[16] A. Biere. The evolution from Limmat to Nanosat. Technical Report ETH-TR-444,
Dept. of Computer Science, ETH, 2004.

[17] G. Birkhoff. Lattice Theory, volume 25. AMS Bookstore, 1967.

[18] N. Bjørner, K. L. McMillan, and . Rybalchenko. On solving universally quantified
horn clauses. In Proceedings of Static Analysis Symposium, pages 105–125. Springer,
2013.
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