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Abstract

Recent work introduced a novel time-permuting error measure for
forecasts of half-hourly, household-level energy demand, designed to
reward forecasts which predict extremes (spikes) in demand at ap-
proximately the right times, albeit perhaps slightly early or late. In
many applications such as smart storage control, such forecasts are
preferable to those that predict no spikes at all. Building on that
idea, we make three contributions. First we introduce a probabilistic
framework to estimate error distributions for actuals about forecasts,
using the time-permuting error measure. The framework includes a
variable discount for older, possibly less relevant data. Second we
employ this framework to derive conditions to be satisfied by the op-
timal forecast under the time-permuting error measure. In turn this
requires a mixture of discrete (non derivative) optimisation and calcu-
lus to condition forecasts on available historical observations. Finally
we demonstrate the usefulness of our framework by using it to forecast
the daily energy demand profiles for a large number of domestic en-
ergy customers. In particular we illustrate how such customers might
be classified according to the relative forecastability of their behaviour
and the corresponding need for different amounts of history to achieve
such forecasts.
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1 Introduction

In previous work (Haben et al., 2014) the authors introduced a novel error
measure that favours the forecasting of extremes (spikes) in behavioural de-
mand profiles, by allowing for a relatively limited amount of time shifting,
permuting the forecast to match the actual (possibly under some penalty).
This is designed to reward methods that predict extreme sharp spikes in de-
mand yet may be slightly imprecise in the timing of such events. For example,
if a method estimates a sharp spike in demand but the actual profile contains
such a spike but at a slightly different time, then a regular norm penalises
that forecast twice, once for the forecast spike and once for the missed actual
spike (Keil & Craig, 2009). Thus when such simple error norms are used it
may have been preferable to forecast no spike at all and be penalised only
for the miss. The measure introduced by Haben et al. (2014) removes that
disincentive.

Here we shall consider a variation of that type of measure that biases
the consequent forecaster to predict early rather than late spikes. In some
applications, where warning or preparation time of such extremes is desired,
a conservative warning forecast is advantageous. In other applications, such
as the smart control of local energy storage and its subsequent release, the
forecaster-controller should not rely on low demand periods immediately
prior to predicted high demand to increase the storage demand (charging
up), since an early actual spike, even if unlikely, will result in possibly violat-
ing the available supply headroom. In contrast, early-peak biased forecasts
can enable sufficient planning of the storage device to successfully reduce
peak demands on the network (Molderink et al., 2010; Rowe et al., 2012;
Haben et al., 2013).

The goal of this paper is threefold. First we introduce a probabilistic
framework to estimate error distributions for actuals about forecasts that
includes a variable discount for older, possibly less relevant data, and in-
corporates the error measures (and thus the need for discrete permutation
matching) given in Haben et al. (2014). Second, we employ this framework
to derive conditions to be satisfied by the optimal forecast under those de-
fined penalties. In turn this requires a mixture of discrete (non derivative)
optimisation and calculus to condition forecasts on available historical obser-
vations. We may also set a prior forecast to provide a relatively insensitive
start-up when there is little or no history. Finally, we shall demonstrate the
usefulness of that method by forecasting the daily energy demand profiles
for a large number of domestic energy customers using their historical half
hourly electricity usage. In particular we shall illustrate how such customers
might be classified according to the relative forecastability of their behaviour



and the corresponding need for different amounts of history to achieve such
forecasts.

This method may be useful in a wide variety of applications where the
profile data to be forecast is spikey and volatile and where early forecasting of
such spikes is desirable. In considering the example application to household
energy demand an efficient (low cost) and accurate (sometimes conserva-
tive) forecast method allowing for rapid calibration (with as little history
as possible), for both individual users (households), or groups of users (at
substations), is highly desirable on both sides of the electrical meter. Such a
method is urgently required as novel, innovative, smart low carbon technolo-
gies are introduced by both consumers and by distribution network operators
(Haben et al., 2013).

2 A probabilistic framework

In this section we introduce a Bayesian framework for deriving forecasts
based on minimising a generalised version of the error measure introduced
in previous work (Haben et al., 2014). Suppose that we wish to forecast
a demand profile for a single day (or some other time period), where each
forecast, and each observation, comprises of a vector (time series) of m > 1
successive point measurements (for example, one measurement for each of
the m = 48 half hours per day). Then we may make a direct comparison
between any forecast vector and the actual observed profile for that day.

Consider the error measure introduced in Haben et al. (2014). This is
defined so as to minimise the penalty of forecasting peaks within the day if
such peaks are only slightly mistimed (by say a couple of hours) compared to
the actual peak. It allows for elements of the forecast vector to be permuted
so as to better fit the observed profile. Here we refine that model to include
a cost, weighted by the point demand for the time shifting of each point.

Let f= (f1,..., fm)" and a = (ay, ..., a,,)" denote a forecast and an actual
observed profile respectively. For standard domestic smart meters typically
m = 48 so readings are every half hour (for instance, the planned smart
meter rollout in the United Kingdom will provide data at that resolution
(Department of Energy and Climate Change (DECC), 2013)). However, for
higher resolution monitoring in other applications we may set m much larger.
Then we define

m 1/p
E(f,a) = min (Z |[fs—10) — ail” +afg(S7' (i) — i)) (1)

to be the error measure. Here S ranges over all suitable permutations of



the index set {1,2,...,m}. The error measure (1) is a combination of the
difference between the magnitudes of the permuted forecast and the actual
(the first term), and a penalty for the displacement of the forecast itself (the
second term). If f has a peak at ;7 = S~!(i), which is matched by S to a
corresponding peak, say a;, at i = S(j), then if j < i the peak is forecast
early, which can be preferable than when j > 4, and it is forecast late. So
here the shifting-penalty function, g(m), must be such that

(i) ¢(0) =0,

(ii) g(m) is increasing for m > 0,

(iii) g(m) is decreasing for m < 0,
(iv) 0 < g(—m) < g(m) for any m > 0

The parameter p > 1 biases the measure to penalise errors at peaks: we
shall take p = 4 below. The calculation of F(f,a) thus requires a fast search
over permutations, S, that can be achieved efficiently using the Hungarian
algorithm (Munkres, 1957; Haben et al., 2014) or, for some classes of g, more
efficient graph-theoretic methods (Charlton et al., 2013).

Now suppose we are given a set of K actuals (historical daily observations)
given by {ax|k = 1,2,..., K}, and the corresponding ages for each observa-
tion, without loss of generality in increasing order, say {tx|k = 1,2, ..., K'}.

Bayes’ theorem says

P(fl{a, tx}) oc P({ag, tx }|f). Pprior (£). (2)

The middle, “model”, term describes the distribution of errors (in the ob-
servations) given the forecast. In general this term may contain some other
parameters (o, A, ...) (see below) which must be determined along with the
forecast f. So we can extend equation (2) to include such parameters and
write

P(<f7 0, /\)|{ak7 tk}) X P({akv tk}|(f7 g, A))‘Ppm‘m’((fﬂ o, )‘)) (3)

Let us consider the following negative exponential model for a single daily
observation a of age t:
fan /o
P({a, }[(£ 0, \)) = e EEa /e (1)
o
Here A € (0, 1] is a discounting factor (due to age), and o > 0 is the standard
deviation (at ¢ = 0). The larger the observation age, ¢, the larger the expected
(tolerable) value (and variance) of the distribution for the errors (1) at that
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age. For this negative exponential distribution we have mean = o /A" — oo
and variance = 02/\* — 0o as t — oo.
If the observations (ag,t;) are independent, we can write

K

K
P({ay,, ti}| (£, 0, ) = exp (— > N*E(fap)/o +InAY t — Kln o>
k=1 k=1
(5)
Assuming for the moment that the prior in (3), Pyrior(£f, 0, ), is uniform
and plays no role: then we maximise the posterior distribution (5), which
is equivalent to finding maximum likelihood estimates (MLEs) for the un-
knowns, (o, A, f), that jointly maximize the model for the observations.
We therefore minimize the negative of the log-likelihood, denoted by,

K K
H(o, A ) => X*E(fap) /o —InA> t + Klno. (6)
k=1 k=1

Now we differentiate H with respect to o and find that

K
_ 1 tk
0= ;A E(f,ay,). (7)

Similarly we differentiate H with respect to A to find that

_ Zf:l tk}‘tkE(fv ak)
Zk;K:l Lk

From (7) and (8) we see that A\ must satisfy

g

. (8)

QN =) NeE(fa)(ty — 1) =0

k=1

where t = (t; + ..tx)/K is the mean observation time. Clearly Q(0) = 0 and
QN\) ~ N E(f,a;)(t; — t) < 0 for small A\. Similarly large A\ we have @ > 0.
Thus @ has at least one root for A > 0.

Hence if f is given, we may solve (7) and (8) together for o and A. If the
solution is such that A > 1, then we must set A = 1 (no discounting) and o
is given by (7) and in that case: o0 = & S F | E(f,a;). Finally in all cases
we must search for f so as to minimize H.

Substituting from (7) into (6) we obtain a simplified objective

H(o, M\ f) = —InAY i+ K(1 +Ino). (9)

k=1
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In deploying any discrete search algorithm (for example genetic algorithms
(GA), Nelder-Mead method or any other non derivative optimization meth-
ods (Mitchell, 1998; Conn et al., 2009) we may trial any suitable f, calculate
the errors

E(fa) k=1,.., K;

then next solve (7) and (8) together for o and A, and then finally use these
values in the objective function (9). If we obtain a maximum where A — 0 we
are effectively using the most recent (least aged) observation as the forecast.
If we obtain a maximum where A = 1 then we are using all observations
equally, regardless of age. For intermediate values of A we get some idea
of how much history is really relevant to a forecast. For example we could
ignore observations for which ¢, > t; — 2/log;y A, where the observations
have weights less than one percent of that of the most recent observation.

The parameter ¢ measures the overall size of errors and is small for con-
sistent and forecastable, or large for inconsistent and volatile households.
Hence the values of o and A can be used to classify different demand profiles
in terms of their forecastability and amount of history required to produce
the forecast.

It may well seem appropriate to use uniform priors for A € (0,1] and
o > 0 but if K (the number of observations) is small we may wish to have
a prior for f, so as the number of observations increases the prior estimate
exerts less influence on the forecast. The easiest way is to assume

e_E(f7F)/UO
Ppm’or(f) =

0o

for some oy > 0 and f*, a modal prior forecast, given.
Then H (from the posterior) in (9) must be augmented with an extra
term and becomes

K
H(o, M\ f) = =AYt + K(1 +Ino) + E(f, ) /o0,

k=1

while equations (7) and (8) must still hold as before. Clearly for little or no
data we will have f = f*, the prior modal estimate. The last term dominates
depending on both K and o.

3 Example with Smart Meter Data

We apply the forecast methodology described in Section 2 to real smart meter
data from the Irish smart meter trial (Irish Social Science Data Archive,
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2012). To define our error measure we take p = 4 in the error equation (1)

to weight the model to favour larger peaks and define g : Z — R by
—0.05m it m <0

m) = - 10

g(m) {O.lm if m > 0 (10)

Thus we penalise late forecast peaks more than early forecast peaks.

We forecast each day of a single week for 543 domestic customers! using
the same day of the previous 15 weeks giving us 3801 forecasts in total.
We use a uniform prior and approximate the maximum likelihood estimates
(o, A\, f) using a genetic algorithm.

To test that the errors E(f, ag) at time ¢, = 0 are distributed according
to the exponential model (4) we consider the 95 percentile of the errors,

E = 01n(20). We found that 120 of the 3801 errors in the forecasts exceed
the 95% quantile, corresponding to a p-value of 0.99999999.

3.1 Model Parameters

The model parameters o and A play an important role in determining the ac-
curacy of the data and quantity of historical data used to create the forecast.
Figure 1 shows the relationship between A and o for 700 household forecasts.
In general less variable customers (smaller o) tend to use fewer days of their
history (have smaller A values) in formulating the forecast. Similarly those
customers which use most of their history (have A values closer to 1) also
tend to be the more variable customers (larger o).

3.2 Examples

The forecast outperforms two alternative, naive forecasting methodologies:
a simple persistence forecast using the previous week as the forecast, and
another using the standard mean profile from the previous 10 weeks. The
new maximum likelihood, early bias forecast scored lower adjusted errors (1)
for 2924 out of 3801 forecasts compared to the persistence forecast, and for
2677 out of 3801 forecasts compared to the mean forecast. Due to the lack
of flexibility in the mean forecast, consistent peaks are often underestimated
(see Haben et al. (2014)).

The exemplars in Figures 2-4 shows the daily profiles of the 10 historic
weeks and then the final forecasted week together with the actual at the
bottom. The plots show some of the success of the method in not only

"'We used all domestic control customers for whom there is complete data from 3rd
May 2010 to 3rd Oct 2010.
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Figure 1: Relationship between o and A for 700 household level forecasts.

forecasting the correct magnitude of the peaks but also the correct approxi-
mate timing. In particular, the examples show the tendency of the method
to favour forecasting peaks early if such peaks are present in the historical
data. For example, the historical data in Figure 2 show a peak around the
20" half hour (10am) but due to the appearance of a peak prior to 10am in
2 of the historical profiles the forecast has successfully anticipated an early
peak for the forecasted week.
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Figure 2: Forecast 202 (bold) against actual (shaded) with historical profiles
(top 10 plots).
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Figure 3: Forecast 236 (bold) against actual (shaded) with historical profiles
(top 10 plots).
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Figure 4: Forecast 268 (bold) against actual (shaded) with historical profiles
(top 10 plots).
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4 Discussion

In this paper we have developed an adaptable approach for forecasting spikey
demand profiles by modelling a form of adjusted error measure first presented
in Haben et al. (2014). In addition we have adapted the approach to bias
early peaks which are desirable in many applications such as control of stor-
age devices on the LV networks. We derived a maximum likelihood estimate
(MLE) for our forecast which assumed an exponential model for the fore-
cast errors with an age discounting factor on older data. We also derived
a methodology for estimating the forecast and parameters for the MLE for
our model and presented one possible way to model the prior information if
no historical data was available. Finally we demonstrated our model for the
forecasting of real smart meter data.

This paper serves as a first step to producing realistic forecasts of spikey
data within a Bayesian framework. In future work refinements will be made
to improve the model, including investigating the integration of weather vari-
ables which strongly affect domestic energy consumption.
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