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Understanding and classifying nonequilibrium many-
body phenomena, analogously to the classification of
equilibrium states of matter into universality classes1,2, is
an outstanding problem in physics. From stellar matter
to financial markets, any many-body system can be out of
equilibrium in a myriad of ways, and many are difficult
to experiment on. It is therefore a major goal to establish
universal principles that apply to different phenomena
and physical systems. For equilibrium states, the univer-
sality seen in the self-similar spatial scaling of systems
close to phase transitions lies at the heart of their clas-
sification. Recent theoretical work3–14 and experimen-
tal evidence15,16 suggest that isolated many-body systems
far from equilibrium generically exhibit dynamic (spa-
tiotemporal) self-similar scaling, akin to turbulent cas-
cades17 and the Family–Vicsek scaling in classical surface
growth18,19. Here we observe bidirectional dynamic scal-
ing in an isolated quench-cooled atomic Bose gas; as the
gas thermalises and undergoes Bose–Einstein condensa-
tion, it shows self-similar net flows of particles towards
the infrared (smaller momenta) and energy towards the
ultraviolet (smaller lengthscales). For both infrared and
ultraviolet dynamics we find that the scaling exponents
are independent of the strength of the interparticle inter-
actions that drive the thermalisation.

A key question in the quest to understand nonequilibrium
dynamics is how an isolated quantum many-body system
that is initially far from equilibrium thermalises20,21; exper-
iments on ultracold atomic gases22 have investigated vari-
ous aspects of this problem, through studies of, e.g., inte-
grability23, prethermalization24,25, generalised Gibbs ensem-
bles26, and the Eigenstate Thermalisation Hypothesis27. Pos-
sible universal features of far-from-equilibrium thermalisa-
tion have recently been conceptualised in the framework of
so-called non-thermal fixed points (NTFPs)4. Qualitatively,
the expectation is that an isolated far-from-equilibrium sys-
tem ‘struggles to find its way home’ and shows spatiotempo-
ral power-law scaling rather than exponential relaxation to-
wards equilibrium. Analogously to the critical slowing down
near an equilibrium critical point, such behaviour is associ-
ated with the system being attracted to an NTFP and spend-
ing a lot of time near it, and is insensitive to both initial con-
ditions and microscopic details of the system. This type of
spatiotemporal scaling has been predicted to occur in diverse
contexts including ultracold atomic gases7–10, quantum mag-
nets12, and the quark-gluon plasma7,8,13. In the context of
ultracold atoms, these theories give a new perspective to the
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foundational28–38 and still open39,40 problem of the formation
of a Bose–Einstein condensate (BEC).

First experimental evidence for the emerging NTFP
paradigm was seen in one-dimensional (1D) harmonically
trapped atomic gases15,16. So far, self-similar scaling was
observed only in the infrared dynamics. Our experiments re-
veal both infrared (IR) and ultraviolet (UV) spatiotemporal
scaling in the textbook setting of a homogeneous 3D Bose
gas41, with tuneable interactions and near-perfect isolation
from the environment.

The idea of our experiments is depicted in Fig. 1a. We start
with an equilibrium homogeneous 39K gas ofN ≈ 1.2× 105

atoms in the lowest hyperfine ground state, confined in a
cylindrical optical box42 of diameter D ≈ 27 µm, length
L ≈ 46 µm, and depth UD ≈ kB × 1 µK. The tuneable inter-
actions in our gas are characterised by the scattering length
a. Initially a = 200 a0, where a0 is the Bohr radius, and
T ≈ 130 nK, just above the condensation temperature Tc.
We then create a far-from-equilibrium cloud by removing
77 % of the atoms and 97.5 % of the total energy E, so the
energy per particle drops by an order of magnitude, and in
equilibrium the gas would be (partially) condensed. Using
tuneable interactions allows us to completely separate this
quench from the subsequent equilibration. First, we switch
off the interactions (tune a → 0) and then lower UD to
kB × 30 nK for 2 s, so high energy atoms escape without
the remaining ones thermalising; this results in a far-from-
equilibrium momentum distribution nk. Then, only after
closing the system by raising UD, we turn on the interac-
tions (within a few milliseconds) and thus start the clock for
thermalisation. To probe the state of the gas after a variable
relaxation time t, we turn off both the trap and the interac-
tions, and infer nk(k, t) from absorption images taken after
ballistic expansion of the cloud (see Methods).

As shown in Fig. 1b, during thermalisation (at 300 a0) the
total N and E remain constant. In Fig. 1c we plot both
the spectral population density Nk = 4πk2nk (left) and the
spectral energy density Ek = Nk~2k2/(2m) (right); here the
conservedN andE, respectively, correspond to the areas un-
der the curves. As indicated by the arrows, we observe bidi-
rectional dynamics in momentum space30: while the major-
ity of atoms flows to the IR, where the condensate emerges,
the energy, carried by a small fraction of atoms, flows to the
UV. In Fig. 1d we plot two different apparent temperatures,
Tpeak and Tlow, both deduced from Ek by (incorrectly) assum-
ing equilibrium. For an equilibrium gas, at T ≤ Tc, one can
simply get T from kpeak, the momentum where Ek peaks, but
alternatively one can consider only the low-k states, where
Ek ∝ Tk2 for k → 0. Here, the apparent Tpeak ∝ k2peak is
initially far below the equilibrium temperature, Teq ≈ 32 nK,
corresponding to the conserved E (see Methods). On the
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Fig. 1 | Bidirectional thermalisation in an isolated gas. a, Experimental protocol; UD is the depth of the optical box trap (green) and a
the scattering length characterising interactions. (i) We prepare an equilibrium cloud of N ≈ 1.2× 105 atoms at T ≈ 130 nK, just above
the condensation temperature. (ii) We turn off the interactions (a→ 0) and then lower UD, so high energy atoms escape without the
remaining ones thermalising. (iii) We close the system by raising UD and then initiate thermalisation, at t = 0, by tuning a to a nonzero
value. (iv) Equilibrium state, with both thermal (red) and condensed (blue) components. b - d, Thermalisation at a = 300 a0. b, Total atom
number, N , and energy, E, remain constant. c, Evolution of the spectral distributions of particles,Nk, and energy, Ek; the net particle flow
is to the IR and the net energy flow to the UV. d, The low-k behaviour of Ek and the momentum where Ek peaks show different apparent
temperatures (Tlow and Tpeak, respectively), which converge to the expected equilibrium temperature Teq on similar timescales. In b - d,
error bars show 1 s.e.m. (not visible when smaller than the symbol size); error bars for Tlow include an additional contribution from the
volume uncertainty.
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Fig. 2 | Self-similar scaling dynamics. Here a = 300 a0 during closed-system thermalisation. For scaling nk according to Eq. (1), we
arbitrarily set t0 = 40 ms. a, Unscaled nk curves; the legend applies to all panels. Note that the inverse healing length is
kξ =

√
8πna ≈ 0.7 µm−1, where n is the real-space density. b, UV scaling, with α = −0.70(7) and β = −0.14(2), collapses the curves

for t̃βk & 1 µm−1. The inset shows the scaled Ek curves, for comparison with Fig. 1c. Here α/β ≈ 5, consistent with energy-conserving
transport. c, IR scaling. Top panel: a zoom-in on the unscaled nk curves at low k. Bottom panel: scaling with α = 1.15(8) and
β = 0.34(5) collapses the curves for t̃βk . 0.5 µm−1. Now α/β ≈ 3, consistent with particle-conserving transport. All error bars show
1 s.e.m. (not visible when smaller than the symbol size).

other hand, the low-k Tlow is initially far above Teq (and close
to the pre-quench temperature). The two apparent tempera-
tures thus evolve in opposite directions, and we find that they
converge to Teq on similar timescales.

The universal-scaling prediction is that at intermediate
times, when the state of the system is distinct from both
the initial and the final (equilibrium) one, the thermalisation
dynamics can in some appropriate (IR and UV) momentum

ranges be described by spatiotemporal scaling of the form

nk(k, t) = t̃α nk(t̃βk, t0), (1)

where t0 is a reference time, t̃ = t/t0, and the scaling ex-
ponents α and β are positive (negative) for transport towards
the IR (UV). This implies that the nk distributions at differ-
ent times can, separately in the IR and the UV, be collapsed
onto universal curves. It also suggests a similarity to self-
similar turbulent cascades43–45; see also ref. 30.
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Fig. 3 | Universality for different interaction strengths.
a, Scaling exponents are insensitive to the value of a during
thermalisation; the α and β points are slightly offset horizontally
for visual clarity. The dashed and dotted lines, respectively, show
βIR = 0.34 and βUV = −0.14. b, Generalising t→ tã in Eq. (1)
collapses (separately in the IR and the UV) all curves taken within
the scaling interval tã ∈ [20 ms, 160 ms]; here ã = a/(300 a0),
where 300 a0 is an arbitrary reference point. All error bars reflect
1 s.e.m. (not visible when smaller than the symbol size).

The bidirectional dynamics in our gas indeed show such
spatiotemporal scaling. Specifically, for a = 300 a0 (as in
Fig. 1), we observe dynamic scaling for t ∈ [20 ms, 160 ms].
In Fig. 2a we show the unscaled nk(t) curves. For the scaled
ones in Fig. 2b,c we arbitrarily set t0 = 40 ms and have op-
timised their collapse by varying α and β (see Methods).

In Fig. 2b we see UV scaling in a broad momentum range
t̃βk & 1 µm−1, with α = −0.70(7) and β = −0.14(2).
In the inset we show the scaled Ek curves, which highlight
variations in the UV and can be directly compared with the
unscaled curves in Fig. 1c. The ratio of the scaling expo-
nents, α/β ≈ 5, is consistent with energy-conserving trans-
port; for particles with a quadratic dispersion relation in d
dimensions, one expects α/β = d for a particle-conserving
transport and α/β = d + 2 for an energy-conserving one
(see, e.g., refs. 9,11).

In Fig. 2c we focus on the complementary IR k-range,
and show both unscaled (top) and scaled (bottom) distribu-
tions. Here we observe collapse for t̃βk . 0.5 µm−1, with
α = 1.15(8) and β = 0.34(5), and α/β ≈ 3 consistent with
particle-conserving transport.

We next explore the generalisation of universal dynamics
to different interaction strengths (see Fig. 3), by repeating
analogous experiments with a = 150 a0 and 600 a0 during
thermalisation at t > 0. We find that all our results re-
main essentially the same if we rescale the thermalisation
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Fig. 4 | Quasi-condensation and phase ordering. a, We extract
the quasi-condensate atom number, NQC, and momentum-space
width, ∆k, from the cumulative particle distribution Fk (see text);
here a = 300 a0. Standard errors in Fk are smaller than the line
thickness. b, Evolution of NQC and ∆k for various interaction
strengths is given by universal curves when plotting versus tã. The
error bars (not visible when smaller than the symbol size) reflect
fitting errors. At long times ∆k approaches the Heisenberg limit
∆H
k (horizontal bar), corresponding to a fully coherent condensate.

clock by t → tã, where ã = a/(300 a0); t0 = 40 ms
throughout. For all a, we observe scaling dynamics in the
interaction-normalised interval tã ∈ [20 ms, 160 ms], and
find very similar scaling exponents, summarised in Fig. 3a;
combining all our data gives αIR = 1.08(9), βIR = 0.34(4),
αUV = −0.67(6), and βUV = −0.14(2). In Fig. 3b we show
that, both in the IR and in the UV, generalising t → tã in
Eq. (1) collapses all our different-a curves taken within the
scaling tã-interval; here we use our a-averaged scaling ex-
ponents, and for visual clarity in the UV we show scaled Ek
curves. We have also considered a more general interaction-
scaling t ∝ a−p and optimised the collapse of the curves
in Fig. 3b with respect to p; this gave pIR = 0.9(1) and
pUV = 1.1(1).

The 1/a scaling of the characteristic timescales implies
that they are set by the inverse interaction energy, rather
than the inverse two-body scattering rate, ∝ 1/a2; see ref. 39

for an overview of long-standing discussions on this issue.
Defining the characteristic time set by the inverse interac-
tion energy, τ = ~/(gn), where g = 4π~2a/m and n
is the real-space particle density, the scaling interval tã ∈
[20 ms, 160 ms] for all a corresponds to t ∈ [8.5 τ, 68 τ ].

Finally, we look at the properties of the condensate that
emerges during thermalisation. The IR scaling in Figs. 2
and 3, seen for all low k, implies that the characteristic mo-
mentum width of the condensate, ∆k, is reducing. This
is not consistent with a fully coherent BEC, which has a
fixed Heisenberg-limited width ∆H

k set by the system size46,
with ∆H

k → 0 in the thermodynamic limit. However, it
is consistent with the emergence of an out-of-equilibrium
quasi-condensate (QC) that is initially riddled with excita-
tions such as vortex loops36,47 or domain walls48, and has
∆k > ∆H

k . Generally, ∆−1k is a characteristic coherence
length (limited by system size), and only with full phase-
ordering ∆k → ∆H

k .
Inspired by ref. 36, we define the quasi-condensate atom

number, NQC, and width, ∆k, as illustrated in Fig. 4a. Here,
Fk(k) =

∫ k
0
Nk(k′)dk′ is the cumulative atom distribu-
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tion. In the thermodynamic limit, for an ideal equilibrium
gas of (large) volume V and with N0 condensed atoms,
Fk = N0 + b Tk for k → 0, where b = V mkB/(π

2~2);
in this case the BEC is localised in k = 0 and the low-k con-
tribution of the saturated thermal gas to Fk is ∝ Tk because
in the classical-field regime Nk ∝ T is k-independent. In a
finite-size and/or nonequilibrium gas, the (quasi-)condensate
contribution to Fk is spread over ∼ ∆k, but in its presence
one can still see a low-k ‘shoulder’ in Fk and the linear
regime at slightly larger k (around 1 µm−1 in Fig. 4a); here
the slope in the linear regime corresponds to Tlow in Fig. 1d.
We linearly fit the data for k > 0.8 µm−1 (dotted lines) and
define NQC by the positive intercept of this fit, while nega-
tive intercepts mean NQC = 0. Finally, we define ∆k as the
k-range containing half of NQC, which for our system gives
∆H
k = 0.18(2) µm−1 (see Methods).
In Fig. 4b we show how NQC and ∆k evolve and

eventually, at times beyond the scaling interval tã ∈
[20 ms, 160 ms], approach their equilibrium values. Here
we include additional data taken for various a in the range
(100 − 800) a0, which all fall onto universal curves when
plotted versus tã. The QC emerges soon after the start of
thermalisation, since our pre-quench gas is close to conden-
sation, but initially ∆k is notably above the Heisenberg limit.
At long times, the condensed fraction NQC/N approaches
40(5) %, consistent with the conserved N and E shown in
Fig. 1b (see Methods), while ∆k approaches the Heisenberg
limit, corresponding to a fully coherent BEC. The phase-
ordering corresponding to the ∆k decrease is reminiscent of
the domain-coarsening one expects after a (relatively slow)
Kibble–Zurek-style quench of temperature through the criti-
cal point48. However, in the Kibble–Zurek picture the phase-
ordering lags behind the quasi-condensate formation (which
occurs already during the quench), while here we observe
concurrent NQC growth and ∆k decrease.

Our experiments provide a comprehensive picture of the
universal bidirectional dynamic scaling in an isolated quan-
tum gas, quasi-condensation, and phase ordering. They also
raise questions for further theoretical and experimental work.
The observed ratios of scaling exponents, α/β, confirm the
expectations linked to fundamental conservation laws. On
the other hand, the values of the individual exponents are
still subject of extensive theoretical work, for which our ex-
periments provide invaluable benchmarks. For the UV dy-
namics, our βUV = −0.14(2) is close to the prediction for
weak-wave turbulence17,43, βUV = −1/6. For the IR dy-
namics, NTFP theories7–11 generally predict βIR = 1/2, but
recent work10,11 also suggests the possibility of βIR = 1/3,
closer to our βIR = 0.34(6); in the future it would be in-
teresting to explore the conditions under which either might
be observed. Finally, it would also be interesting to perform
similar quench experiments starting far above Tc, since the
dynamics on the way to (quasi-)condensation and following
its onset are expected to be different39.
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Methods
Additional state-preparation details. To prepare our far-
from-equilibrium state, we lower UD/kB to 30 nK. Note
that UD caps the component of an atom’s momentum per-
pendicular to any of the trap walls, and not its total momen-
tum, so in the absence of collisions some atoms with en-
ergy exceeding UD remain in the trap. After the high-energy
atoms have left both the trap and the field of view, we raise
UD/kB to 400 nK, sufficient to prevent evaporation while
avoiding technical heating during thermalisation. Since the
optical-box walls are not infinitely sharp41, the effective D
and L depend slightly on UD and E; during thermalisation
D = 25(2) µm and L = 42(2) µm.

Momentum distributions. We take absorption images of
our clouds, after a time-of-flight (ToF) ballistic expansion of
variable duration tToF, along the symmetry axis of our cylin-
drical box trap. For 2~ktToF/m sufficiently larger thanD and
L, such images faithfully give the line-of-sight-integrated
momentum distribution. To deduce nk values that vary over
5 orders of magnitude (see Fig. 2) we combine data taken
with various tToF in the range [10 ms, 80 ms]; the longest
tToF is needed to minimise finite-size effects at low k, while
shorter ones gives better signal-to-noise at large k. We al-
ways repeat measurements about 10 times under identical
experimental conditions.

To reconstruct the 3D momentum distribution, we average
our images azimuthally and perform the inverse-Abel trans-
form. This assumes spherical symmetry, and in the paper we
always treat nk as dependent only on k = |k|. For a fully co-
herent BEC the momentum distribution is not isotropic (but
depends on the box shape), but this does not invalidate our
definition of ∆k in terms of the cumulative distribution Fk.

The theoretical prediction for the Heisenberg width ∆H
k =

0.18(2) µm−1 in Fig. 4b is obtained by numerically finding
the momentum distribution in the Gross–Pitaevskii ground
state for our box, integrating along the imaging direction
and performing the inverse-Abel transform; the uncertainty
in the theoretical ∆H

k accounts for both the weak depen-
dence on a and the uncertainties in D and L. The value
of ∆k at long thermalisation times is also consistent with
0.21(2) µm−1 that we experimentally observe for a slowly
prepared equilibrium gas. Also note that the theoretical ∆H

k

for a spherical box of equal volume is only slightly smaller,
∆H
k = 0.15(2) µm−1.

Equilibrium temperature and condensate atom num-
ber. Within the ideal-gas approximation, in an equilibrium
saturated Bose gas, with chemical potential µ = 0, the total
number of non-condensed atoms is

Nth =
V

(2π)3

∫
d3k

1

exp[~2k2/(2mkBT )]− 1

= ζ( 3
2 )
V

λ3
,

and the total energy is

E =
V

(2π)3

∫
d3k

~2k2/(2m)

exp[~2k2/(2mkBT )]− 1

= 3
2ζ( 5

2 )
V

λ3
kBT ,

where ζ(3/2) ≈ 2.612 and ζ(5/2) ≈ 1.341 are values of
the Riemann zeta function, and λ = h/

√
2πmkBT is the

thermal wavelength. Note that the energy per thermal atom,
E/Nth ≈ 0.77 kBT , is lower than the equipartition-theorem
result in a classical gas, because the degenerate-gas Bose
distribution has a relatively larger population of low-energy
states than the Boltzmann one (see ref. 49).

In our isolated gas, E = kB × 0.35(1) mK and the total
particle number N = 2.69(1)× 104 are fixed. From E we
get the equilibrium T = 32(2) nK, which then gives the equi-
librium Nth = 1.4(1)× 104 and the equilibrium condensate
atom number NQC = N −Nth = 1.3(1)× 104.

Scaling exponents. We determine the optimal α and β using
an F–statistic approach. For a given {α, β} pair, we calcu-
late the variation between the scaled nk curves taken for dif-
ferent t within the scaling interval, focusing on the relevant
(IR or UV) momentum range. We compare this spread to the
average experimental spread in the data taken for individual
t values and find {α, β} that minimise the ratio of the two.
We estimate the uncertainty in α and β by sampling 80 data
subsets, each containing one third of the data, and use the
spread of the obtained exponents. For additional details, see
Extended Data Fig. 1.
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information is available from the corresponding authors on
reasonable request.
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Extended Data Fig. 1 | Additional details of scaling procedure, for the a = 300 a0 data shown in Fig. 2 in the main text. a-c, IR scaling
dynamics on log-log axes. Panels a and b correspond to the top and bottom panel, respectively, in Fig. 2c in the main text. In c we illustrate
partial collapse, with α = 1.15 and β = 0, to show more clearly how much the distribution moves along the k axis. d, Overview of scaling
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