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At all scales, economies undergo substantial fluctuations instead of changing smoothly over

time. There exist two alternative views about these fluctuations. According to the first

view, fluctuations are caused by exogenous noise. Absent noise, economies would return

to stable stationary states. The second view argues instead that such stationary states are

unstable, and economies endogenously fluctuate following limit cycles or chaotic attractors.

Endogenous fluctuations would occur even without noise. It is not yet clear which of

these two interpretations most closely describes economic reality, but it has fundamental

intellectual and policy implications. This thesis presents theoretical arguments in favor of

the second view, in both micro- and macro-economic systems.

In the first part, we study the smallest scale at which these two alternative views can

be compared. This is a normal form game repeatedly played by two players who learn from

their mistakes and form beliefs about their opponents’ future play. Under the exogenous

view, players would converge to a Nash equilibrium, and strategic fluctuations would only

be caused by behavioral noise. The endogenous view argues instead that strategic dynamics

may fail to converge to equilibrium. Here, we completely characterize convergence in games

with two players and two actions per player under a learning rule known as Experience-

Weighted Attraction. We also introduce a theory that we call “best-reply structure” to

approximately characterize convergence in games with two players and an arbitrary number

of actions. Our results show that non-convergence and so endogenous fluctuations are more

common in games than what might be thought.

The second part of this thesis studies the largest scale of economic fluctuations, namely

business cycles in macroeconomic systems. The two views propose different mechanisms to

explain correlation, or comovement, of business cycles across economic sectors and across

countries. The first view argues that comovement is caused by the propagation of shocks

exogenous to the economy, such as political decisions and natural catastrophes. According

to the second view, comovement is instead at least partially caused by the synchronization of

non-linear dynamics that describe the business cycle. Here, we introduce a demand-driven

model of endogenous business cycles in which synchronization occurs through input-output

linkages. We develop a theory that mathematically illustrates the interplay between syn-

chronizing non-linear dynamics, shock propagation and network structure. While exogenous

business cycle models have difficulty to generate a level of comovement that is as high as in

the data, synchronization of endogenous business cycles generates much stronger comove-

ment, potentially solving long-standing puzzles in macroeconomics.
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Introduction

At all scales, economies undergo substantial fluctuations instead of changing smoothly over

time. When two or a few individuals interact strategically playing a game, experiments show

that they often fail to coordinate on immutable strategic outcomes, and instead frequently

vary their decisions. At intermediate scales defined by single markets, such as housing

or financial markets, prices oscillate wildly over time. At the largest macroeconomic scale,

economic activity typically experiences a sequence of booms and busts known as the business

cycle. These fluctuations at all scales have profound implications on economic behavior and

welfare. For example, price volatility increases uncertainty, and business cycles cause large

unemployment swings that hurt the well-being and productivity of workers. Understanding

the origins of economic fluctuations is one of the most important questions in economics.

There are mainly two interpretations for economic fluctuations. The currently prevailing

view is that, at all scales, economies live in stable steady states and would move smoothly

from one state to another. However, economies are persistently hit by exogenous noise that

prevents them from changing smoothly. The properties of the noise and the way it propa-

gates can explain economic fluctuations. We will call such a view “exogenous fluctuations”.

The second interpretation, that is now less accepted but is gaining new traction, is that

forces internal, or endogenous, to the economy cause fluctuations. According to this view,

steady states, if they exist, are unstable, and economic fluctuations are best described by

the resulting non-linear dynamics: limit cycles or chaos. Of course, noise can be added on

top of these non-linear dynamics, but fluctuations would occur regardless. We will call this

interpretation “endogenous fluctuations”.1 This thesis provides theoretical arguments in

favor of this latter view of fluctuations, at the smallest and largest scales.

The smallest scale of economic interactions is often modeled as a game with two players.

The players can choose between two or more different actions, and receive a payoff that

1In practice, the distinction between exogenous and endogenous is somewhat arbitrary as it depends on
the “boundaries” of the model. Indeed, noise that is exogenous in one model could be “endogenized” in a
more general model. Philosophically, the only truly exogenous noise may be quantum uncertainty. In this
thesis, we mathematically define endogenous and exogenous depending on the specific model that is being
used: something endogenous is explained by the model (e.g. by the non-linear dynamics implied by the
equations of the model), something exogenous is not (e.g. it is a stochastic forcing term).
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depends both on their action and on the action of their opponent. To compare the two

views of fluctuations, suppose that the players play the game repeatedly, learn from their

success or failure to realize satisfactory payoffs, and form beliefs about the actions that their

opponent may play. Over time, players may start playing the same action at every round of

the game: They may have converged to what is known as a pure strategy Nash equilibrium.

Occasionally, one of the players may randomly experiment with another action, but then she

would return to equilibrium. This narrative corresponds to exogenous fluctuations in games.

If instead players endlessly change the action they play, either following fairly regular cycles

or highly irregular action sequences, it means that their learning dynamics have failed to

converge to the equilibrium. Non-convergence is due to certain properties of the game and

of the learning algorithm—fluctuations are endogenous.

More generally, given that some games do not have pure strategy Nash equilibria, play-

ers’ probabilities to play actions, also known as mixed strategies, may converge to a fixed

point, known as mixed strategy Nash equilibrium. In this equilibrium, players’ action se-

quences, sampled from mixed strategies, are i.i.d. If, due to random sampling, a player

chooses a certain action for several consecutive times, all players may change their mixed

strategies, and start playing other actions more often. However, if the mixed strategy Nash

equilibrium is stable under learning, these deviations from i.i.d. play would only be mo-

mentarily, and players would return to equilibrium. If instead the mixed strategy Nash

equilibrium is unstable, players’ probabilities may endogenously fluctuate and never settle

to a fixed point.

These two alternative outcomes are explicitly shown and compared to real data in the left

panels of Figure 1. The top left panel shows data from an experiment (Suppes and Atkinson,

1960; Erev and Roth, 1998) in which two human subjects repeatedly played a game in

which they could choose between two possible actions. In this game, for any combination

of actions, the sum of the two payoffs to the two players is constant. This constant-sum

game does not have any pure strategy Nash equilibrium. Therefore, under the exogenous

fluctuations view, players’ mixed strategies should converge to the unique mixed strategy

Nash equilibrium, and play should be i.i.d. This is exactly what happens in the middle left

panel, in which we simulate play under a learning algorithm known as Experience-Weighted

Attraction (Camerer and Ho, 1999). In this panel, we choose the behavioral parameters in a

way that the mixed strategies converges to the stable equilibrium. In the bottom left panel,

we instead choose the parameters in a way that the mixed strategy dynamics converges to

a cycle. This cycle is not perfectly periodic because of sampling noise, but play is far from

i.i.d. For this specific example, endogenous fluctuations seem more in line with the data, as

experimental play is far from i.i.d., too.

2
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Figure 1: Graphical abstract of this thesis. In the left panels, we show fluctuations in games. The top left
panel shows data from an experiment in which two individuals, 1 and 2, repeatedly played a constant-sum
game with two possible actions, A and B. Markers indicate the actual choice of player 1 at each round of
the game; black lines are drawn to guide the eye. The middle left panel shows results from the simulation of
a learning algorithm that converges to equilibrium. The green line is the mixed strategy of simulated player
1, that is her probability to play action A. Markers are the actions played by the same simulated player,
randomly sampled from her mixed strategy. The bottom left panel is analogous, but in this case the learning
algorithm does not converge to equilibrium, as can be seen by the mixed strategy following an irregular
cycle. The right panels show fluctuations in macroeconomics. In the top right panel, we show detrended
employment in the United States in three economic sectors (manufacturing, construction, finance), rescaled
between 0 and 1, from 1960 to 2016. The middle right panel shows fluctuations generated by the model
presented in this thesis, parameterized so that simulated sectors would converge to a steady state if they
were not hit by exogenous shocks. The bottom right panel is analogous, but the model is parameterized so
that simulated sectors follow a stochastic limit cycle and synchronize their non-linear dynamics.

In this thesis, we first analyze the theoretical behavior of players in all games with two

players and two actions per player, under Experience-Weighted Attraction. We show that

endogenous fluctuations are only possible in games with no pure strategy Nash equilibria.

An example of these games is Matching Pennies: the two players, Alice and Bob, can choose

between the two actions Heads and Tails. Alice wins payoff 1 when they both choose the

same action (e.g. Heads-Heads), Bob wins the same payoff when they choose different

actions (e.g. Heads-Tails). The loser gets payoff -1 in all cases. This game has a best reply

cycle: starting from both Alice and Bob playing Heads, Bob may switch to Tails (and so

win 1, if Alice does not switch), then Alice may switch to Tail, too, and so on. We develop

a theory that approximately quantifies the frequency of equilibrium convergence of a family

of learning algorithms based on how many best reply cycles the game has. In games with

two players, we show that, as the number of actions and the level of “competition” of the

game increase, best reply cycles become ubiquitous. This makes convergence to equilibrium

3



very difficult, and so endogenous fluctuations likely, in many games.

Our analysis of learning dynamics is only theoretical for several reasons. First, because

only actions are generally observable in experiments with human subjects, it is difficult to

track the evolution of mixed strategies, and so convergence can only be assessed indirectly.

Moreover, in experiments there is considerable noise and heterogeneity across players, and it

is very difficult to describe the behavior of any player by a single, fixed, learning algorithm.

Previous work in experimental game theory averaged play across time to get rid of noise

(Erev and Roth, 1998), but this could identify learning dynamics as convergent even when

they are not. An experimental assessment of the convergence of learning would need very

carefully designed experiments (Cason et al., 2013), which we do pursue here.

The right panels of Figure 1 are concerned with macroeconomic fluctuations. In macroe-

conomics, the exogenous fluctuations view argues that business cycles are caused by unpre-

dictable events, or shocks, such as political decisions, natural catastrophes or wars. House-

holds and firms react to these shocks and propagate them within the economy (Frisch, 1933;

Slutzky, 1937). If shocks did not occur, economies would grow smoothly over time. The en-

dogenous fluctuations view claims instead that macroeconomic systems are fundamentally

unstable, for example because debt relentlessly builds up to the point that it becomes un-

sustainable (Minsky, 1992). Therefore, booms sow the seeds for subsequent busts. Negative

shocks can still trigger a recession, but they are much more likely to do so if the economy

has been in a boom for a while, rather than having just started a recovery from a recession.

The two views make different predictions regarding at least two fundamental properties

of macroeconomic time series. The first property is periodicity, exemplified by the exis-

tence of peaks in the spectral density of the time series. Under exogenous fluctuations,

there should not be any detectable periodicity and so any peak in spectral density. Under

endogenous fluctuations, in the specific case in which the business cycle is modeled as a

stochastic limit cycle, periodicity would not be perfect, but it should be possible to detect

peaks in spectral density. The second property is the correlation, or comovement, across

economic sectors or countries. The exogenous fluctuations view attributes comovement

to the propagation of shocks only, whereas the endogenous view combines shock propaga-

tion with the synchronization2 of the non-linear dynamics that describe the business cycle.

Because of this additional effect, comovement can be expected to be stronger under the

endogenous fluctuations view.

2The word “synchronization” is often used casually in economics as a synonym of comovement. In this
thesis, we use the word synchronization in the dynamical systems sense. In a system made by two or more
interacting components, synchronization is the alignment of non-linear dynamics of the components.
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In the top right panel of Figure 1, we show employment time series across three large

sectors of the economy of the United States: manufacturing, construction and finance.3 To

better distinguish short-term fluctuations from long-term structural change—for example,

the secular decline of the employment share of manufacturing—we detrend the data using

a filter that removes all fluctuations with periodicities longer than 25 years (Christiano

and Fitzgerald, 2003). We further rescale the data so that the minimum of each time

series corresponds to zero and the maximum corresponds to one. The data show both a

detectable 10-year periodicity, confirming recent results by Beaudry et al. (2019), and strong

comovement of employment across sectors. In other words, during economic booms firms

in all sectors hire workers, while during busts all firms fire workers.

In the middle right panel, we show simulated data obtained by a business cycle model

that we develop in this thesis. In our model, economic sectors are connected via input-

output linkages, that is requirements of intermediate goods by a sector to be used as input

to produce an output. Input-output linkages are calibrated from real data. We parame-

terize the model so that simulated sectors would converge to a steady state if the model

was deterministic. In line with the exogenous fluctuations view, it is hard to detect any

periodicity, and comovement, only caused by shock propagation, is rather weak. In the

bottom right panel, we instead parameterize the model so that simulated sectors follow a

stochastic limit cycle. We observe higher periodicity and comovement, qualitatively more

in line with the data. This intuitively confirms our conjecture above, that comovement is

stronger under endogenous fluctuations.4

In this thesis, we find the conditions under which sectors with different frequencies of

oscillation converge to a common frequency. We show that the power of each sector in

determining the common frequency of oscillation depends both on its size and interconnect-

edness. We then develop a theory that quantifies the balance between the synchronizing

effect of input-output linkages and the desynchronizing effect of shocks. Overall, our results

provide a mathematical foundation to the potential of endogenous business cycle models to

generate comovement.

This is important because comovement across sectors and across countries is typically

difficult to obtain in models based on exogenous shocks. Comovement across sectors within

a country is necessary to observe aggregate business cycles; a large literature has tried

to explain aggregate fluctuations from idiosyncratic shocks hitting economic sectors, but

3The data are obtained from the KLEMS database. The sectors correspond to the ISIC 3 codes D, F,
and JtK, respectively.

4This example is just for illustrative purposes. We plan to undertake a systematic statistical analysis
comparing exogenous and endogenous fluctuations in terms of their ability to reproduce empirical time series
patterns in future work.
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this literature so far has only met partial empirical success. Comovement across national

economies is also an important problem, especially for countries that are part of monetary

unions (Frankel and Rose, 1998). Yet, international comovement is not much understood,

to the point that the inability of models based on trade and exogenous shocks to generate a

level of comovement even close to the one in the data has been dubbed “trade-comovement

puzzle” (Kose and Yi, 2006). Modeling macroeconomic fluctuations as arising from non-

linear dynamics could both address the problems of the microeconomic origin of aggregate

fluctuations and of the international comovement.

We now turn to a more detailed description of the approach that we follow and of the

main results.

Part I: Endogenous fluctuations in games. The question about whether learning

converges to equilibrium is notoriously unresolved in game theory, as the answer seems to

depend on the details of the game and the learning algorithm. A large literature has dealt

with this problem. Indeed, if it was possible to prove that reasonable learning algorithms

converge, this would lend support to the use of equilibrium solutions in game theory. Be-

cause equilibrium is a fundamental solution concept, it is unsurprising that convergence of

learning algorithms has received a lot of attention.

In Chapter 1, we provide a literature review of the convergence properties of some

learning algorithms. Here we study the convergence properties of learning rules that have

support from experiments with human players (Camerer, 2003). We do not study whether

it is possible to design learning algorithms that have good convergence properties (Nisan

et al., 2007). This is a very important field of research at the intersection of mechanism

design, engineering and computer science, but here we are interested in whether real play-

ers can be expected to converge to equilibrium. The learning algorithms that we consider

are reinforcement learning, fictitious play, replicator dynamics, experience-weighted attrac-

tion and level-k learning. When they converge to a fixed point, these learning algorithms

converge to a Nash equilibrium, or to a point near one. Together with reviewing the liter-

ature, in Chapter 1, we also introduce notation, some basic properties of games, and the

formal definitions of the learning algorithms. These definitions will be used in the following

chapters.

In Chapter 2 we start our analysis of the convergence of learning from the simplest

two-player, two-action (2 × 2) games. These games are simple enough to make it possible

to fully characterize the convergence properties of Experience-Weighted Attraction (EWA)

in generic 2 × 2 games. Because EWA generalizes reinforcement learning, fictitious play

and replicator dynamics, by studying its convergence properties we provide a taxonomy of
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learning dynamics in 2 × 2 games. This is first of all useful from an experimental point

of view. Indeed, EWA is used to model behavior in many experiments, so our analysis

provides theoretical guidance on whether learning dynamics can be expected to converge to

equilibrium. From a theoretical point of view, we generalize results known in the literature

for the learning algorithms that are particular cases of EWA, obtaining interesting new

insights. For example, we identify a bifurcation between convergent and unstable learning

dynamics in games in the same class as Matching Pennies. This bifurcation depends on two

behavioral parameters (memory loss and payoff sensitivity) in a non-trivial way.

We then study generic two-player games with an arbitrary number of actions (see Chap-

ter 3). Because exact results are no longer possible, we develop an approximate indicator

of convergence based on a topological property of every normal-form game, that we call

best reply structure. We validate our indicator using extensive numerical simulations. Ob-

taining approximate results and using numerical simulations is unconventional in the game

theory literature, which tends to be mathematically rigorous. However, we think it is of

high value when one is interested in the convergence properties of arbitrary games that may

not have special mathematical properties that make rigorous proofs possible. Also our focus

on games with generic payoffs is different from most of the literature. For example, many

proofs of convergence apply to potential games (Monderer and Shapley, 1996b), in which

all differences in payoffs for unilaterally changing strategy can be expressed using a global

potential function.

More precisely, to sample the space of generic games we generate payoffs at random. To

understand how studying the typical properties of ensembles of randomly generated systems

is useful, we make an analogy to theoretical ecology (see Section 3.2 for a more detailed

discussion). In a seminal paper, May (1972) studied randomly-generated ecosystems to

understand if they were stable. His key result was that ecosystems tend to become unstable

as they grow larger, in contrast with empirical evidence (there exist multiple large ecosys-

tems that are stable within reasonable time frames). Of course May was not assuming that

real ecosystems were random. Rather, he was using randomly-generated ecosystems as a

null model, that can be sharpened by adding constraints that have empirical support. His

work generated a vast body of literature that is still active today (Johnson et al., 2014). In

Chapter 3 we take this approach in game theory, by first generating payoffs uniformly at

random and then adding constraints that represent deviations from well-known classes of

games.

Our indicator of non-convergence is based on best reply dynamics,5 under which each

5Best reply dynamics is well-known in game theory and is widely used to develop intuition about learning,
but we use it in a new way, to obtain the approximate probability of convergence in generic games.
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player responds with the best reply to his opponent’s last action. Best reply dynamics can

converge to cycles or fixed points (fixed points of best reply dynamics are pure strategy

Nash equilibria). Our indicator is the relative “size” of cycles with respect to fixed points,

a quantity that is very simple to compute in every two-player normal-form game. We

show that this measure predicts the non-convergence frequency of the learning algorithms

that we study in this thesis. We then study how the best reply structure changes when

we vary key properties of the ensemble of randomly generated games, such as the number

of actions available to the players and the correlation of the payoffs. We find that as

games become more complicated and more competitive, in the sense that the number of

actions increases and the payoffs become anti-correlated, best reply cycles become dominant,

making equilibrium convergence unlikely.

Part II: Endogenous fluctuations in macroeconomics. We start Chapter 4 by ask-

ing whether it is possible to assess whether macroeconomic fluctuations are exogenous or

endogenous by looking at time series data alone. We discuss the literature that looks for

statistical signatures of limit cycles and chaos in the data. The outcome of this strand of

research has been somewhat disappointing, in the sense that it has not provided conclusive

evidence neither in support nor against one of the two views of fluctuations. Indeed, be-

cause of shocks and measurement errors, one would need a lot of observations to support

either view, but economic time series are extremely short relative to the typical time scale

of fluctuations. We point out that it is necessary to complement time series analysis with

theoretical modeling.

After reviewing the main existing endogenous business cycle models, we introduce a

general framework based on Beaudry et al. (2019) that generalizes many of the reasons

for endogenous fluctuations that have been proposed in the literature. Our framework is

based on the idea of strategic complementarities, a concept initially formulated within game

theory. Supposing that the actions of a game can be given an ordinal meaning, strategic

complementarities are the tendency of agents to increase their action if the other agents

increase their action, too. In macroeconomics, this can be thought of as the tendency of

firms to increase production if other firms increase production themselves, or the tendency

of households to increase consumption if other households in their social network increase

consumption, too. Strategic complementarities generically lead to unstable steady states;

in our framework, they lead to limit cycles, which can be augmented by some shocks to

generate realistic imperfectly periodic dynamics. Our framework remains abstract, as we

do not model specific causes for fluctuations and specific behaviors of households and firms.

However, we view the generality of our framework as an advantage, as it makes it possible
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to illustrate the mechanisms for synchronization in a way that does not depend too strongly

on the specificity of any given model.

In our framework, synchronization occurs through the main channels identified in the

literature. A possible, baseline, channel is common shocks hitting all synchronizing agents.

Other channels are demand of intermediate goods by firms to be used in further production,

and demand of final goods by consumers to be used for consumption. We model these inter-

action patterns using the standard concept of input-output network. Input-output linkages

exist both across sectors within the same country and across countries. Our framework can

thus explain both synchronization of economic activity across sectors—and so the emergence

of aggregate fluctuations from sectoral oscillations—and the international synchronization

of business cycles.

In Chapter 5, we analyze the synchronization properties of the endogenous business

cycle model that we introduced in Chapter 4. We first show that different sectors may

follow limit cycles that have different frequencies, if certain parameters characterizing their

dynamics are different. We use numerical simulations to assess whether sectors may be able

to converge to a common frequency of oscillation, depending on the frequency spread and on

the interaction network. Some of our findings confirm well-known results in synchronization

theory, but other findings, to the best of our knowledge, are novel. For example, we find that

both the size of a sector and its interconnectedness in the input-output network determine

the power of that sector to set the common frequency of oscillation. We show that this

power is captured by the eigenvector centrality of the sector in a certain normalization of

the input-output network. All results discussed so far also apply when the basic unit of

analysis is a country, or a sector-country pair, for any number of agents.

After discussing synchronization in the sense of convergence to a common frequency

of oscillation (“phase synchronization”), we discuss synchronization in the sense of perfect

alignment of non-linear dynamics (“complete synchronization”). Because we study a limit

cycle model, if frequencies of oscillation are very close, absent shocks, complete synchro-

nization occurs at all times. However, sectors are hit by idiosyncratic shocks, which act as

a desynchronizing force. Here, we extend the master stability function approach (Pecora

and Carroll, 1998), which in the original formulation gives a yes/no answer to whether com-

plete synchronization is possible, to quantify how strong is coupling of non-linear dynamics

with respect to idiosyncratic shocks. We show analytically that this depends on structural

properties of the interaction network, captured by the eigenvalues and eigenvectors of the

normalized Laplacian matrix of the network.

Previous attempts to introduce synchronization theory into economics have had limited

impact. We conjecture that this is due to limitations of the proposed approaches. For ex-
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ample, Selover and Jensen (1999) tried to explain international comovement through phase

synchronization of a standard model used in synchronization theory (Kuramoto, 1975), that

has no explicit economic mechanisms. Other researchers analyzed synchronization of en-

dogenous business cycle models that produced fluctuations with no persistence, unlike in

economic time series data, or for simplicity considered at most two sectors or two countries.

Our approach can solve these limitations at once, making the potential impact of synchro-

nization theory in economics clearer. Because synchronization theory builds on non-linear

dynamics, this would also indirectly support the endogenous view of economic fluctuations.

The big picture. On a high-level, the results of this thesis give support to a complex

systems view of economics. It is uncontroversial that the economy is a complex system,

as it is formed by billions of heterogeneous individuals that interact with one another at

several scales, producing aggregate phenomena that cannot directly be mapped to individ-

ual behaviors. Controversies arise on what is the best way to mathematically model the

complexity of the economy. According to a broad interpretation, it is sufficient to augment

the traditional theoretical framework in economics with heterogeneity, networks, bounded

rationality and non-linear dynamics. These have been and currently are productive re-

search agendas in mainstream economics. A more radical, and narrower, interpretation,

which we call complexity economics, is that the traditional theoretical framework, based on

optimization and equilibrium, is not well suited to deal with the complexity of the economy.

The word equilibrium means different things in different subfields of economic theory,

yet all equilibrium concepts have a common meaning, that in principle has nothing to do

with stability and stationarity. Indeed, many equilibrium concepts are dynamic and so for

example it is possible to have chaotic equilibria.

Equilibrium in economics can generally be thought of as a fixed point in function space,

in which beliefs, plans and outcomes are mutually consistent. Economic agents can think,

and so have beliefs about states of the economy. Behavioral rules that can be fully or

boundedly rational map these beliefs into planned actions. Finally, outcomes resulting

from the combined actions of all agents may let each agent realize their planned actions, or

may force some agent to choose an action that was not planned. Equilibrium outcomes are

such that agents – at least on average – always choose the action that was planned given

their beliefs and behavioral rules. In other words, beliefs and plans match outcomes.

We think that assuming equilibrium is a strong top-down constraint imposed on the

system. It helps the analysis in several ways, but it is unclear whether it is empirically rel-

evant. Complexity economics models—such as Agent-Based Models—let outcomes emerge
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in a bottom-up way without imposing equilibrium constraints, which we think is more in

line with a complex systems view of the economy.

The general concept of equilibrium can coincide with stationarity. For example, in game

theory players have beliefs about what their opponents will do and plan actions according

to these beliefs and some behavioral rule. If players are fully rational, their behavioral rule

is to select the action that maximizes their payoff given their beliefs. In a Nash equilibrium

all players’ actions and beliefs are mutually consistent, so no agent can improve her payoff

by switching to another action. The Nash equilibrium is a static equilibrium concept, so

equilibrium convergence implies stationarity.

However, it is possible to define more sophisticated equilibrium concepts that are not

static. In strategically repeated games, players’ strategies are sequences of actions over a

certain number of time periods, rather than an action played at any given time period.

An equilibrium corresponds to a combination of sequences for all players. The well-known

Folk theorem shows that, under some conditions, there exist infinite equilibria, and each

equilibrium corresponds to a different combination of sequences. It is then possible to

construct equilibria for which the action sequences are cyclic for all players. This is still

an equilibrium, because all players believe that their opponents will keep playing the same

sequence, behave according to this belief and, in equilibrium, their beliefs correspond to the

outcome of the game.

In this thesis, we do not observe these types of equilibria. In our simulations—based

on learning algorithms that experiments have shown best describe the behavior of real

players—when convergence to (static) Nash equilibrium fails, we often observe chaotic learn-

ing dynamics (Skyrms, 1992; Galla and Farmer, 2013). When this happens, the players do

not converge to any sort of intertemporal “chaotic equilibrium” (Blume and Easley, 1982;

Boldrin and Montrucchio, 1986; Hommes and Sorger, 1998), in the sense that their expec-

tations do not match the outcomes of the game even in a statistical sense.

One could argue that players would be able to recognize patterns in play, and eventually

converge to an equilibrium (either static or dynamic). However, in many cases the resulting

attractor is high dimensional, making it difficult for a “rational” player to outperform

other players by forecasting their actions using statistical methods. Once at least one

player systematically deviates from equilibrium, learning and heuristics can outperform

equilibrium thinking (Gigerenzer and Todd, 1999) and can be a better description for the

behavior of players.

In sum, our results in the first part of this thesis give some theoretical foundation to the

idea that players’ behavior, at least in some cases, should be modeled out-of-equilibrium.
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For the reasons given above, we view this modeling choice more in line with the complex

systems nature of the economy.

In the second part of this thesis we focus on macroeconomic systems, for which many

dynamic extensions of equilibrium have been put forward. For example, in many macroe-

conomic models agents are forward-looking, e.g. they plan how much to consume in each

future period of their life. These consumption decisions depend, among other things, on

future interest rates: in periods when the interest rates are high, agents may prefer saving

to consuming, so to earn higher interest and afford higher consumption in the future. In a

rational expectations equilibrium,6 the expectations for future interest rates are on average

correct, so that again beliefs and planned actions (consumption decisions) match outcomes

(interest rates). The assumption of rational expectations places no restriction on macroe-

conomic dynamics: this may reach a stationary state, but also follow limit cycles or chaotic

attractors.

The simple macroeconomic model that is studied in this thesis does not consider ratio-

nal expectations. It could probably be possible to extend it so that it does, using recently

developed methods (Beaudry et al., 2019; Galizia, 2018). An advantage of using rational

expectations in an endogenous business cycle model is that fluctuations would occur even if

agents were perfectly rational and perfectly able to predict the path of the economy. This

shows that the identified source for fluctuations does not depend on agents making system-

atic mistakes. While we see value in this approach, we think that real individuals do make

systematic mistakes, and this is potentially a relevant mechanism to generate endogenous

fluctuations, together with other more “fundamental” economic forces. Moreover, we find

it clearest to illustrate synchronization dynamics in a model that does not feature rational

expectations. This contributes to an increasing body of research suggesting that certain

problems in macroeconomics are better dealt in an agent-based modeling setting (Dawid

and Delli Gatti, 2018).

Independently of whether one prefers to model economic fluctuations as equilibrium

dynamics or not, we believe that the emergence of endogenous oscillations at all scales is a

distinctive signature of the complex systems nature of the economy.

6In macroeconomics, beliefs over time are called expectations.
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Part I

Endogenous fluctuations in games
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Chapter 1

Literature review

1.1 Overview

Do players who learn from repeatedly playing a game converge to an equilibrium, for ex-

ample a Nash equilibrium? Trying to answer this question has been a very active research

agenda since the origins of game theory. Indeed, players are most often assumed to play

equilibrium, yet questionable assumptions such as common knowledge of rationality make

it controversial that they be able to instantly coordinate on one. It is instead universally

accepted that players may be able to converge to equilibrium if they learn over repeated

play. Under which conditions do they converge?

In general, the answer to this question depends both on the game and on the learn-

ing algorithm. The survey presented in this chapter focuses on the literature that is most

directly connected to the contributions in the following chapters. It starts with a primer

that summarizes the relevant concepts in game theory (Section 1.2). Because in this thesis

we focus on normal-form games and on adaptive learning algorithms that have support

from experiments with human players, in Section 1.3 we review this subset of the litera-

ture. This restriction leaves out the literature on extensive form games and strategically

repeated games (e.g. tit for tat). It also excludes the literature on “sophisticated” learning

algorithms that are used in mechanism design, engineering and computer science, although

for comparison we give a brief account of some of these algorithms in Section 1.3.7.

For the reasons given in the Introduction and in Section 3.2 in more detail, in Chapter 3

we analyze ensembles of randomly generated games. We review previous work on ensembles

of games in Section 1.4.

More complete books on the theory of learning in games and on equilibrium convergence

are Fudenberg and Levine (1998) and Young (2004). Some books with a stronger focus on

evolutionary game theory are Vega-Redondo (1996), Hofbauer and Sigmund (1998) and
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Gintis (2000). Finally, Camerer (2003) focuses on behavioral game theory and includes one

chapter on learning from a behavioral perspective (Chapter 6, pp. 265-335).

1.2 Concepts in game theory

We begin introducing basic concepts in game theory. After explaining the notation, in

Section 1.2.2 we define a Nash equilibrium and give a brief account of other equilibrium

concepts. Finally, in Section 1.2.3 we define some classes of normal form games that will

be used in the following.

1.2.1 Notation

A normal form non-cooperative game is characterized by a set of players, a set of pure strate-

gies (actions) available to each player, and a set of payoffs for each profile (combination) of

actions by the players (Myerson, 2013).

In this thesis we focus on two-player games. The two players are indexed by µ = R,C,

where R stands by player Row, and C stands by player column (−µ denotes the other

player than player µ). The pure strategies are indexed by i, j = 1, ..., N . We denote by i

the actions of player Row and by j the actions of player Column. Throughout this thesis,

the number of pure strategies is the same for all players. The payoff matrix for player µ

is denoted by Πµ, with Πµ
ij as the element of the payoff matrix if player µ plays action i

and the other player plays action j. So if player Row plays action i and player Column

plays action j, they receive payoffs ΠR
ij and ΠC

ji respectively. A payoff bi-matrix conveys

the information on the payoffs of both players in the same mathematical object. In each

cell of the matrix, the number before the comma represents the payoff that player Row

receives, whereas the number after the comma is the payoff that player Column receives.

For example, in the case of a game with N = 2,

Π =

(
ΠR

11,Π
C
11 ΠR

12,Π
C
21

ΠR
21,Π

C
12 ΠR

22,Π
C
22

)
. (1.1)

Instead of being constrained to play a given action with certainty, players can play mixed

strategies; in this case they select one of their actions with a given probability. Denote the

probability that player Row plays action i by xi and the same quantity for action j and

player Column by yj . (With some abuse of notation, when a player is not specified, xµi will

denote action i by player µ.) Both mixed strategy vectors x and y are defined in the (N -

1)-dimensional simplex ∆ in RN (the combination of the two simplices of the two players

will be referred to as the “strategy space”):

x,y ∈ ∆ =

{
p ∈ RN : pi ≥ 0;

N∑
i=1

pi = 1,∀i = 1, ...N

}
. (1.2)
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The pure strategies i and j are particular cases of the mixed strategies, in which one of

the actions is chosen with certainty. In mathematical terms, pure strategies are the unit

vectors of the canonical basis of RN . A mixed strategy profile σ is a combination of mixed

strategy vectors

σ = (x,y) ∈ ∆×∆. (1.3)

The payoff to player µ associated with a mixed strategy profile σ = (x,y) is the expected

payoff:

Πµ (x,y) =
N∑
i=1

N∑
j=1

xiyjΠ
µ
ij . (1.4)

Note that while we use subscripts as a shorthand to denote payoffs for actions i and j, Πµ
ij ,

here we use parentheses to indicate that the payoff is a function of the mixed strategies.

Moreover, we will use often use the shorthand
∑

ij to indicate
∑N

i=1

∑N
j=1.

In this thesis, we assume that the normal form game that we described so far is

played repeatedly over time, with infinite horizon. Time is indexed by t and the learn-

ing dynamics is completely characterized by the components of the mixed strategy vectors

xi(t), yj(t), i, j = 1, . . . , N . We denote by sµ(t) the action which is actually taken by player

µ at time t, and by s−µ(t) the action taken by her opponent at the same time. We indicate

the payoff in this case by Πµ(sµ(t), s−µ(t)): this notation, consistently with the choice for

mixed strategies, uses parentheses in place of subscripts because sµ(t) and s−µ(t) do not

denote specific actions. We also use parentheses when the action of one player is specified

but the action of the other player is not. For example, if we want to indicate the payoff for

player µ playing action i against her opponent playing an unspecified action s−µ(t), we use

Πµ(i, s−µ(t)).

1.2.2 Nash Equilibrium

A profile of (pure or mixed) strategies is a Nash Equilibrium (NE) if no player can unilat-

erally change her strategy and obtain a higher payoff. A strategy profile σ? = (x?,y?) is a

NE if it satisfies:

ΠR (x?,y?) ≥ ΠR (x,y?) , ∀x ∈ ∆,

ΠC (x?,y?) ≥ ΠC (x?,y) , ∀y ∈ ∆.
(1.5)

The famous result by Nash (1950) states that there exists at least one NE in any N -

strategy, P -player game, for finite N and P . In practice, we will deal with a multitude of

pure and mixed NE.
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Nash Equilibria are by no means the only equilibrium concept in game theory, and

also not the only equilibrium concept that is used in the literature about the convergence

of learning in games. Other common equilibrium concepts in normal-form games7 are:

trembling-hand perfect and proper equilibria (Selten, 1975; Myerson, 1978), refinements

of NE that take into account that players can make mistakes; and correlated equilibria

(Aumann, 1987), a generalization of NE that assumes that players can react to common

signals.8 In this thesis we focus on a set of learning algorithms that have support from

experiments with human players. When they converge to a fixed point, these algorithms

converge to a Nash equilibrium (or to a point nearby), so in this thesis we will focus on

Nash equilibria.

1.2.3 Classes of normal form games

Most of the literature on the convergence of learning in games states results for particular

classes of games with certain mathematical properties. Here we define some of them.

Constant-sum games. The sum of the payoffs to the two players at a given strategy

profile is the same for all strategy profiles:

Πµ
ij + Π−µji = m,∀i, j ∈ 1, . . . , N. (1.6)

A particular case, with m = 0, is zero-sum games. A common example is Matching Pennies.

In this game, depending on the outcome, one player wins a penny and his opponent loses

a penny: the sum of the payoffs is zero. As we will show, typically constant-sum games

only have mixed strategy Nash equilibria, however it is possible to construct constant-sum

games that have pure strategy Nash equilibria.

Dominance-solvable games. Action i of player µ is strictly dominated by action j of

the same player if action j yields higher payoff for all actions k of player −µ (Myerson,

2013):

Πµ
ik < Πµ

jk,∀k ∈ 1, . . . , N. (1.7)

If µ is a rational player, she would never choose action i. Iterated elimination of (strictly)

dominated actions is the process of removing all actions that are strictly dominated. This

process is iterated in the sense that some actions may not be dominated in the initial game,

7Many more equilibrium concepts exist in extensive-form games and repeated games.
8This equilibrium concept is particularly popular in a recent stream of the literature on the convergence

of learning in games. This is because finding correlated equilibria is less computationally expensive than
finding NE (Nisan et al., 2007), and so some learning algorithms can converge to correlated equilibria in all
games. See Section 1.3.7.
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but be dominated in the restricted game in which some dominated actions have already been

removed. Finally, a game in which this process leaves only one action left for each player is

a dominance-solvable game. The only surviving action profile is the unique (pure-strategy)

Nash equilibrium of the game.

Potential games. A potential function maps all action profiles (i, j), i, j ∈ 1, . . . , N , to

real numbers (Monderer and Shapley, 1996b). For a two-player game with N actions per

player, the potential function can be represented as a N × N potential matrix V whose

entries Vij are generic real numbers. A two-player game is a potential game if all differences

in payoffs can be expressed through the potential function, i.e. ∀i, j, k ∈ 1, . . . , N :

ΠR
ij −ΠR

kj = Vij − Vkj ,
ΠC
ji −ΠC

ki = Vij − Vik.
(1.8)

An important example of potential games is congestion games (Rosenthal, 1973; Smith,

1984), which can be used as stylized models of traffic (on roads or on the internet). Potential

games certainly have at least one pure Nash equilibrium, and can have multiple (pure and

mixed) ones.

Supermodular games. Assume that it is possible to define an order over actions i, k

and j, l of players Row and Column respectively. For example, the order could arise by

interpreting actions as level of effort. Without loss of generality, consider pairs of actions

i < k and j < l. A supermodular game (Topkis, 1979; Vives, 1990) is such that

Πµ
kl −Πµ

il ≥ Πµ
kj −Πµ

ij ,∀µ ∈ 1, 2, ∀i < k, j < l ∈ 1, . . . , N. (1.9)

The intuition for the condition above is that one player’s marginal payoff increases if the

other player “increases” her action (recall that actions are ordered). This is the concept

of strategic complementarities, originally formulated for Cournot oligopoly games (Bulow

et al., 1985; Cooper and John, 1988).9 Supermodular games can have multiple (pure and

mixed) Nash equilibria, and they certainly have at least one pure Nash equilibrium.

Coordination games. If the actions of a game can be indexed in such a way that all

action profiles in which both players play actions with the same index are strict (pure-

strategy) Nash equilibria, such a game is a coordination game (Foster and Young, 1998):

ΠR
ii > ΠR

ki,Π
C
jj > ΠC

jk, ∀i, j, k ∈ 1, . . . , N. (1.10)

9This concept is also the starting point for the endogenous business cycle model that we will analyze in
the second part of this thesis.

19



In other words, if all action profiles on the main diagonal are (pure-strategy) Nash equilibria

then the game is a coordination game. A typical coordination game is Battle of the Sexes, in

which the two members of a couple have to unilaterally decide between attending the opera

and going to a football match: The payoffs for both members to coordinate on the same

activity are higher than the payoffs for doing different activities. By definition coordination

games have multiple pure strategy Nash equilibria. They also typically have multiple mixed

ones.

1.3 Convergence properties of some learning algorithms

We define and review the convergence properties of five learning algorithms (reinforce-

ment learning, fictitious play, replicator dynamics, experience-weighted attraction, level-k

learning) that have support from experiments with human players, also discussing the ex-

perimental evidence. The discussion of these algorithms is preceded by the description of

another, simpler, learning rule, best reply dynamics (see Section 1.3.1). Indeed, because a

key result of this thesis (see Chapter 3) is that the convergence properties of best reply dy-

namics are highly correlated to those of the five learning algorithms above, we start upfront

with best reply dynamics to develop intuition about the properties of games that may favor

(non)convergence. Finally, in Section 1.3.7 we briefly summarize other learning algorithms

that have been considered in the literature but are not explicitly studied in this thesis.

1.3.1 Best reply dynamics

Description. A best reply is the action that gives the best payoff in response to a given

action by an opponent. Under best reply dynamics each player myopically responds with

the best reply to the opponent’s last action. We consider a particular version of best reply

dynamics in which the two players alternate moves, each choosing her best response to her

opponent’s last action.

To see the basic idea consider the game with N = 4 shown in Figure 1.1A. Suppose we

choose (1, 1) as the initial condition. Assume Column moves first, choosing action SC = 2,

which is the best response to Row’s action SR = 1. Then Row’s best response is SR = 2,

then Column moves SC = 1, etc. This traps the players in the cycle (1, 1) → (1, 2) →
(2, 2) → (2, 1) → (1, 1), corresponding to the red arrows. We call this a best reply 2-cycle,

because each player moves twice. This cycle is an attractor, as can be seen by the fact

that starting at (3, 2) with a play by Row leads to the cycle. The first mover can be taken

randomly; if the players are on a cycle, this makes no difference, since at most one player

has incentive to deviate from the current situation. But when off an attractor the order of

the moves can be important. In fact for this example there are two attractors: If we begin
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1 2 3 4
sC

1

2

3

4

sR
7,-5 2,14 -4,3 -10,-6

-9,16 10,-3 3,15 -3,-7

-8,-9 0,-6 8,1 6,-9

0,2 6,-7 -1,-4 -4,-6

A 1 2 3 4
sC

1

2

3

4

sR

1,0 0,1 0,0 0,0

0,1 1,0 0,0 0,0

0,0 0,0 1,1 1,0

0,1 0,0 0,0 0,0

B

Figure 1.1: Illustration of best reply dynamics. SR = {1, 2, 3, 4} and SC = {1, 2, 3, 4} are the possible
actions of players Row and Column and each cell in the matrix represents their payoffs (Row is given first).
The best response arrows point to the cell corresponding to the best reply. The vertical arrows correspond
to player Row and the horizontal arrows to player Column. The arrows are colored red if they are part of a
cycle, orange if they are not part of a cycle but lead to one, blue if they lead directly to a fixed point, and
cyan if they lead to a fixed point in more than one step. The best reply matrix in B is a Boolean reduction
that is constructed to have the same best reply structure as the payoff matrix in panel A, but to only have
one and zero as its entries.

at (3, 2) with a play by Column we will arrive in one step at the best reply fixed point at

(3, 3) (shown in blue). A fixed point of the best reply dynamics is a pure strategy Nash

equilibrium.

We characterize the set of attractors of best reply dynamics in a given N × N payoff

matrix Π by a best reply vector v(Π) = (nN , . . . , n2, n1), where n1 is the number of fixed

points, n2 the number of 2-cycles, etc. For instance v = (0, 0, 1, 1) for the example in

Figure 1.1.

It will be useful in the following to reduce the payoff matrix to a best reply (bi-)matrix

as shown in Figure 1.1B. This is done by replacing all best replies for each player by one

and all other entries by zero. The best reply matrix has the same best reply structure as

the payoff matrix it is derived from, but it ignores any other aspect of the payoffs.

We will show in Chapter 3 that the convergence properties of best reply dynamics are

strongly correlated to those of the five learning algorithms described in this chapter. This

is because the arrangement of the best replies in the payoff matrix—that we call best reply

structure—forms a first-order skeleton, characterizing the convergence properties of the

game the players are trying to learn. We will see that the presence of best reply cycles is

highly correlated to non-convergence, while the presence of best reply fixed points has the

opposite effect. In Figure 1.2 we show instances of four of the five classes of games defined

in Section 1.2.3 and commonly studied in the literature. While the specific games shown in

Figure 1.2 do not contain best reply cycles, it follows directly from definitions (1.7)–(1.10)

that these classes of games cannot contain cycles. These results are anticipated here to

guide the reader in the literature review in the following sections. As it will be clear, most
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proofs for convergence only apply to acyclic games, while examples of non-convergence are

most often in cyclic games with no best reply fixed points.

1 2 3 4
sC

3,1 2,-4 -4,-6 -3,-3

-3,-5 5,-1 2,0 4,4

-7,-5 0,-2 3,5 3,7

1,2 4,1 -1,0 0,3

1 2 3 4
sC

1

2

3

4

sR

0,1 3,4 1,0 4,-2

-1,-2 -2,0 0,-1 2,-5

-5,2 -1,3 -2,1 1,2

-4,-3 2,1 -1,-1 3,0

1 2 3 4
sC

3,2 3,1 -8,-1 -5,0

1,4 4,5 0,4 1,-2

-4,-4 3,-2 1,0 0,-1

-2,-3 -2,-4 -3,1 2,2

1 2 3 4
sC

3,4 4,3 -1,-1 -5,-6

1,6 5,7 3,4 1,0

-3,1 1,4 5,7 5,8

-9,-1 -3,3 7,7 9,9

Dominance
solvable Potential Supermodular Coordination

Figure 1.2: Best reply structure of instances of some extensively studied classes of games, defined
in Section 1.2.3. All these classes of games are best reply acyclic, meaning that they cannot contain best
reply cycles.

Background. Best reply dynamics dates back to Cournot (1838), who introduced it as a

simple adjustment rule in a model of oligopolistic competition. Because it can be expected

that real players use more sophisticated forms of reasoning and it is trivial to characterize

its convergence properties in a given game, there are few papers that only focus on best

reply dynamics. It is instead common to introduce it to develop intuition about learning

and then to focus on other more sophisticated learning algorithms in the rest of the paper.

Some papers mostly based on best reply dynamics are Goemans et al. (2005), who use the

strongly connected components of a best reply graph as a definition of “sink equilibria”, and

Hopkins (1999) and Hofbauer and Sorin (2006), who study the continuous-time version.

1.3.2 Reinforcement learning

Reinforcement learning is based on the idea that players are more likely to play actions

that yielded a better payoff in the past. It is the standard learning algorithm that is

used with limited information and/or without sophisticated reasoning, such as in animal

learning. Unfortunately, there exist a plethora of different mathematical specifications of

reinforcement learning and results that are supposedly valid for “reinforcement learning” in

fact only apply to a given specification. Here we consider two specifications of reinforcement

learning. The first is the Bush-Mosteller learning algorithm (Bush and Mosteller, 1955),

using the specification of Macy and Flache (2002) and the deterministic approximation

introduced in Galla and Farmer (2013). The second specification is introduced by Erev and

Roth (1998).
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Bush-Mosteller reinforcement learning. In the Bush-Mosteller version of reinforce-

ment learning, each player has a certain level of aspiration that corresponds to his discounted

average payoff. This leads to a satisfaction for each action – positive if the payoff the player

gets as a consequence of choosing that action is larger than the aspiration level, negative

otherwise. The probability to repeat a certain action is increased if the satisfaction was

positive, decreased if it was negative.

More formally, let Aµ(t) be the aspiration level for player µ at time t. It evolves according

to

Aµ(t+ 1) = (1− α)Aµ(t) + αΠµ(sµ(t), s−µ(t)). (1.11)

Aspiration is a weighted average of the payoff received at time t, Πµ(sµ(t), s−µ(t)), and past

aspiration levels. Therefore, payoffs received in the past are discounted by a factor 1 − α.

Here α represents the rate of memory loss. Satisfaction is defined by

σµi (t) =
Πµ (i, s−µ(t))−Aµ(t)

maxi,j |Πµ
ij −Aµ(t)| . (1.12)

After taking action i at time t, player µ has a positive satisfaction if the payoff he received

is higher than his aspiration. Note that α is also called habituation, as a repeated choice

of action i by player µ leads the aspiration level to correspond to the payoff for action i.

Satisfaction would then approach zero, as the player gets habituated. In Eq. (1.12), the

denominator is a normalization factor that keeps σ within -1 and +1 (Macy and Flache,

2002). The probability to play action i again is updated as

xµi (t+ 1) =

{
xµi (t) + βσµi (t)(1− xµi (t)), σµi (t) > 0,

xµi (t) + βσµi (t)xµi (t), σµi (t) < 0.
(1.13)

In the above equation β is the learning rate. Positive satisfaction leads to an increase of

the probability (but habituation slows and eventually stops the rise, because habituation

decreases the satisfaction), negative satisfaction has the opposite effect. The probabilities

for the actions that were not taken are updated from the normalization condition. Denoting

them by j 6= i, we have

xµj (t+ 1) =

x
µ
j (t)− βσµi (t)xµj (t), σµi (t) > 0,

xµj (t)− βσµi (t)
xµi (t)xµj (t)

1−xµi (t)
, σµi (t) < 0.

(1.14)

The learning algorithm described so far is stochastic. We wish to take a deterministic

limit in which the players observe a large sample of actions by their opponent before up-

dating their mixed strategies. We assume that the sample is large enough so that it can be

identified with the mixed strategy vector. (See Section 1.3.5 for a discussion on this assump-

tion.) For simplicity, we switch to the notation in which xRi (t) ≡ xi(t) and xCj (t) ≡ yj(t).
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We also only consider player Row, because the learning algorithm for Column is equivalent.

In the deterministic approximation aspiration updates as

AR(t+ 1) = (1− α)AR(t) + α
∑
i,j

xi(t)Π
R
ijyj(t). (1.15)

Satisfaction is calculated for all actions i which are played with positive probability:

σRi (t) =

∑
ij xi(t)yj(t)

(
ΠR
ij −AR(t)

)
maxi,j |ΠR

ij −AR(t)| . (1.16)

Finally, all components of the mixed strategy vector are updated both as if they were played,

or as if they were not played, depending on the probabilities xi(t). The update rule is

xi(t+ 1) = xi(t) + xi(t)∆xi(t) +
∑
j 6=i

xj(t)∆xij(t). (1.17)

Here, ∆xi(t) is the contribution due to the choice of action i by player Row (which occurs

with probability xi(t), hence the multiplying term), and ∆xij(t) is the contribution on action

i due to the choice of another action j (i.e. the normalization update), each occurring with

probability xj(t). Following Eqs. (1.13) and (1.14), we have

∆xi(t) =

{
βσRi (t)(1− xi(t)), σRi (t) > 0,

βσRi (t)xi(t), σRi (t) < 0,
(1.18)

and

∆xij(t) =

{
−βσRj (t)xi(t), σRj (t) > 0,

−βσRj (t)
xj(t)xi(t)
1−xj(t) , σRj (t) < 0.

(1.19)

We will use this specification of reinforcement learning in Chapter 3.

Other specifications. The Bush-Mosteller model presented above has a number of vari-

ants. For example, a simplification used in Cross (1973) and Börgers and Sarin (1997) reads

xµi (t+ 1) = Πµ
ij(t) + (1−Πµ

ij(t))x
µ
i (t), if i = sµ(t),

xµk(t+ 1) = (1−Πµ
kj(t))x

µ
k(t),∀k 6= sµ(t),

(1.20)

recalling that sµ(t) is the action actually played by µ at t. The disadvantage of this and

other similar specifications is that it places strong restrictions on the payoffs. Indeed, for

Eq. (1.20) to be valid, 0 < Πµ
ij < 1 must hold for all µ, i, j. For other specifications it

suffices that payoffs be positive (Hopkins, 2002).

All specifications of reinforcement learning listed so far assume that payoffs directly

affect mixed strategies. Other specifications assume instead that players update attractions
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or propensities only for the actions that are actually played, and then these attractions or

propensities are mapped to mixed strategies. For example, letting Qµi denote the attraction

to action i for player µ, Erev and Roth (1998) assume that

Qµi (t+ 1) = Qµi (t) + Πµ
i,s−µ(t)

, if i = sµ(t),

Qµk(t+ 1) = Qµk(t), ∀k 6= sµ(t).
(1.21)

They then map the attractions Qµi to probabilities (components of the mixed strategy

vector) using a linear mapping: xµi (t) = Qµi (t)/
∑N

k=1Q
µ
k(t). This linear mapping has the

main disadvantage that all payoffs must be positive, otherwise the attractions could become

negative and the quantities xµi (t) may not be interpreted as probabilities. This problem is

solved in the specifications of Mookherjee and Sopher (1994, 1997) who assume a logit

mapping in place of a linear mapping, that is

xµi (t) =
eQ

µ
i (t)∑N

k=1 e
Qµk (t)

. (1.22)

This way, even if the propensities become negative, xµi (t) is always well defined. We will

use the specification of reinforcement learning given by Eqs. (1.21)–(1.22) in Chapter 2. As

will be discussed in Section 1.3.5, this specification is a special case of Experience-Weighted

Attraction.

Background and experimental evidence. Rather than being analyzed in terms of

its properties about convergence to equilibrium, reinforcement learning is often studied in

terms of its empirical performance on explaining the behavior of real players in experiments.

The experiments generally show that reinforcement learning beats Nash equilibrium as a

predictive model of human play (Erev and Roth, 1998; Erev et al., 2002, 2007). Moreover,

Erev and Roth (1998) and Mookherjee and Sopher (1994, 1997) show that time-averaged

play is usually close to Nash equilibrium in games with two actions per player (N = 2),

but is farther away in games with N = 4 and N = 6. Note that all these experiments are

run with constant-sum games or with other “cyclic” games that only have best reply cycles

and no best reply fixed point (see Section 1.3.1). These studies generally bring support to

reinforcement learning as compared to fictitious play, described in the next section.

1.3.3 Fictitious play

Fictitious play was first proposed as an algorithm to calculate the Nash equilibria of a

game, and later interpreted as a learning algorithm (Brown, 1951; Robinson, 1951). It is

an example of a belief learning algorithm. In this class of learning algorithms, instead of
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learning based on the experienced payoffs as in reinforcement learning, the players update

their beliefs on what action could be taken by their opponent, and react to their beliefs.

In fictitious play, each player takes the empirical distribution of actions by her opponent

as an estimate of his mixed strategy, calculates the expected payoff of her actions given this

belief, and chooses the action that maximizes her expected payoff. In the standard fictitious

play algorithm the players weigh all past actions equally and choose the best performing

action with certainty. Variants include weighted fictitious play, in which the players discount

past actions of their opponent and give higher weight to more recent actions, and stochastic

fictitious play, in which the players select the best performing action with a relatively high

probability, and potentially all other actions with a smaller probability (Fudenberg and

Levine, 1998). A combination of the two variants leads to weighted stochastic fictitious

play.

Description. Player Row calculates the j-th component of the expected mixed strategy

of Column at time T , which we denote by ỹj(T ), simply as the fraction of times that j has

been played in the past:

ỹj(T ) =

∑T
t=1 I(j, sC(t))

T
. (1.23)

In the above equation, I(a, b) is the indicator function, I(a, b) = 1 if a = b and I(a, b) = 0 if

a 6= b. Player Row then selects the action that maximizes the expected payoff at time T ,10

i(T ) = argmax
k

∑
j

ΠR
kj ỹj(T ). (1.24)

The behavior of Column is equivalent. In the weighted fictitious play variant, the update

of beliefs is modified to give higher weight to more recent observations:

ỹj(T ) =

∑T
t=1(1− α)T−tI(j, sC(t))∑N

j=1

∑T
t=1(1− α)T−tI(j, sC(t))

= α

∑T
t=1(1− α)T−tI(j, sC(t))

(1− (1− α)T )T
, (1.25)

where α is the rate of memory loss. The action choice follows instead Eq. (1.24), as in

standard fictitious play. In the stochastic fictitious play variant, it is instead the action

choice that is modified. (The update of beliefs follows Eq. 1.23.) Instead of choosing the

action that maximizes the expected payoff, the players select any action with a probability

that depends on the expected payoff. The most common mapping from expected payoffs to

10In this thesis we study games with generic payoffs, so for typical values at most one action can maximize
the expected payoff in Eq. (1.24). Therefore we do not have the problem of choosing one among two or
more actions in case of multiple maxima in Eq. (1.24). If that was the case, a common solution is to choose
one action at random with uniform probability (Fudenberg and Levine, 1998).
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probabilities is through a logit function, as in Eq. (1.22) above. Under this mapping, the

component i of the mixed strategy of Row is

xi(T ) =
eβ

∑
j ΠRij ỹj(T )∑

k e
β
∑
j ΠRkj ỹj(T )

, (1.26)

where β is often called intensity of choice or payoff sensitivity.11 Following this determina-

tion of xi(T ), some studies assume that players actually take an action randomly sampled

from their mixed strategy vector, while other studies take a deterministic approximation.

The combination of Eqs. (1.25) and (1.26) leads to weighted stochastic fictitious play.

Theoretical results. Fictitious play is probably the learning algorithm whose conver-

gence properties have been investigated most extensively. Robinson (1951) showed that it

converges to Nash equilibria in zero-sum games. Since then, convergence of fictitious play

has been proved in several other classes of games. Miyazawa (1961) proved that fictitious

play converges to (one of) the NE in all 2 × 2 games12—games with two players and two

actions available per player. Milgrom and Roberts (1991), Krishna (1992), Hahn (1999) and

others proved convergence in some subclasses of supermodular games (there exists no proof

that supermodularity alone is sufficient), and Monderer and Shapley (1996a) proved conver-

gence in potential games. Candogan et al. (2013) show that fictitious play also converges

in games that are “close” to potential games. Some papers find instead games in which

fictitious play does not converge. The most famous one is Shapley (1964), who studies a

cyclic game with three action per player in which fictitious play cycles with an exponen-

tially increasing period.13 Another example is Foster and Young (1998): Starting from the

premise that fictitious play is believed to converge in most coordination games, the authors

construct a few counterexamples in which it fails to converge.

All the research in the previous paragraph was about standard fictitious play. Its variants

have been extensively investigated too. Weighted fictitious play can converge (locally) to

pure strategy Nash equilibria (Fudenberg and Levine, 1998), yet it fails to converge to mixed

strategy ones (Stahl, 1988). Stochastic fictitious play does not converge to Nash equilibria.

Instead, it converges to Quantal Response Equilibria (Fudenberg and Kreps, 1993; Benäım

and Hirsch, 1999; Hofbauer and Sandholm, 2002), a generalization of Nash equilibria in

which the players choose non-equilibrium actions with a smaller probability (McKelvey and

Palfrey, 1995). Cheung and Friedman (1997) are the first to analyze weighted stochastic

11In the limit β →∞ the players choose with certainty the action with the largest expected payoff, so we
recover standard fictitious play. In the limit β → 0 the players choose randomly, disregarding the expected
payoff.

12Monderer and Sela (1996) showed that the games need to be non-degenerate.
13Sparrow et al. (2008) show that a similar game can generate chaotic fictitious play.
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fictitious play. Although their paper is mostly focused on the experimental evidence, they

show a bifurcation between stability and instability of fixed points in the interior of the

strategy space. Benäım et al. (2009) study weighted stochastic fictitious play too, but take

the limits of infinite memory and infinite intensity of choice(α → 0, β → ∞), and find

convergence to a solution concept they propose.

Experimental evidence. The classical experiments that test fictitious play as a learning

algorithm that real players use are in Cheung and Friedman (1997). The authors estimate

the α and β parameters for each player in a set of coordination, dominance-solvable and

cyclic 2× 2 games. The paper finds considerable heterogeneity across parameter estimates,

with some players best described by short memory (α ≈ 1), some players by long memory

(α ≈ 0) and the other players in between. The experiment thus does not clarify whether

weighted fictitious play improves over standard fictitious play in describing the behavior

of real players in these games. Another experiment that tests fictitious play is Van Huyck

et al. (1997), but it tests fictitious play only indirectly. The authors show that real players

converge to one or the other of the two pure strategy Nash equilibria in a supermodular

game, in line with simulations of fictitious play.

1.3.4 Replicator dynamics

Replicator dynamics (Maynard Smith, 1982) is the standard tool used in evolutionary game

theory (Hofbauer and Sigmund, 1998). It is a stylized model representing the evolution of

individuals with certain traits in a population. In this model the fitness of each trait

depends on the population shares of the other traits, and on the average fitness. Although

replicator dynamics is mostly used in population biology, it has also been studied as a

learning algorithm in game theory. The key connection is through the population of ideas

(Börgers and Sarin, 1997). According to this interpretation, each action can be viewed as a

trait, and the evolution of the population shares of the traits corresponds to the dynamics

of the components of the mixed strategy vector.

The most typical form of replicator dynamics concerns only one population. This only

applies to symmetric games, which can be seen as between a focal player and the rest of the

population. However, since in this thesis we are interested in generic games, asymmetric

payoff matrices will typically occur. This naturally leads to two-population replicator dy-

namics. The dynamical properties of the two-population version are different from those of

the one-population algorithm. For our purposes, the most important difference is that one-

population replicator dynamics can converge to mixed strategy Nash equilibria, whereas
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two-population replicator dynamics only converges to strict Nash equilibria (i.e. pure strat-

egy Nash equilibria in which the payoff at equilibrium is strictly larger than any other payoff

that can be obtained if the opponent does not change his action) (Gintis, 2000).

Description. Letting xi and yj denote the population shares of individuals with traits i

and j respectively, two-population replicator dynamics reads

ẋi(t) = xi(t)

∑
j

ΠR
ijyj(t)−

∑
kj

xk(t)Π
R
kjyj(t)

 ,

ẏj(t) = yj(t)

(∑
i

ΠC
jixi(t)−

∑
ik

yk(t)Π
C
kixi(t)

)
.

(1.27)

The shares of trait i in population Row and trait j in population Column evolve according

to the fitness of that trait (as given by the expected payoff) compared to the average fitness

in the respective population (Hofbauer and Sigmund, 1998).

We will perform simulations of replicator dynamics, for which we will use the discrete-

time version proposed by Maynard Smith (Maynard Smith, 1982, Appendix D, p. 183),

xi(t+ 1) = xi(t)
1 + δ

∑
j ΠR

ijyj(t)

1 + δ
∑

kj xk(t)Π
R
kjyj(t)

,

yj(t+ 1) = yj(t)
1 + δ

∑
i ΠC

jixi(t)

1 + δ
∑

ik yk(t)Π
C
kixi(t)

.

(1.28)

where δ is a parameter that should take small values. (In his notation, Maynard Smith

(Maynard Smith, 1982, Appendix D, p. 183) uses a parameter C = 1/δ.)

Theoretical results. The local convergence properties of replicator dynamics are well-

understood. Only Evolutionary Stable Strategies (ESS) are locally stable (Maynard Smith,

1982), so when it converges to a fixed point, replicator dynamics converges to one of them.

ESS for one-population replicator dynamics can be mixed or pure strategy Nash equilibria;

for the two-population version, ESS can only be pure Nash equilibria. Global conver-

gence has only been proved in dominance-solvable games (Nachbar, 1990; Hofbauer and

Weibull, 1996). Convergence to periodic cycles is well-known to occur in cyclic games such

as Matching Pennies and Rock Paper Scissors (Maynard Smith, 1982); in other similar

games convergence to chaotic attractors has also been shown to be possible (Skyrms, 1992;

Chawanya, 1995; Sato et al., 2002). A recently proposed general solution concept for repli-

cator dynamics, which encompasses both Nash equilibria and unstable dynamics, is chain

recurrent sets (Papadimitriou and Piliouras, 2016).
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Another set of theoretical results that will be useful in this thesis (see Appendix 2.A.1)

concerns the equivalence between replicator dynamics and some specification of reinforce-

ment learning (Börgers and Sarin, 1997; Hopkins, 2002). Moreover, replicator dynamics can

be seen as a special case of Experience-Weighted Attraction (see Section 1.3.5). Obtaining

replicator dynamics from Experience-Weighted Attraction leads to a finite memory general-

ization of the replicator equations (Sato and Crutchfield, 2003), with different convergence

properties.

Experimental evidence. Replicator dynamics has mostly been used as a stylized model

of evolution in population biology and ecology, yet some experiments with human players

have tested it as a behavioral model. Van Huyck et al. (1995) consider two coordination

games and show that players end up in the same equilibria as those predicted by replica-

tor dynamics. Remarkably, the size of the basins of attraction of replicator dynamics has

predictive power over which equilibrium is actually selected. Friedman (1996) comes to

similar conclusions in a wider set of coordination and dominance-solvable games. He also

considers a cyclic game—Buyer-Seller—reporting different outcomes in different experimen-

tal sessions. In some cases play spirals outward from the equilibrium, in others it spirals

towards the equilibrium, in others it circles around the equilibrium neither converging nor

diverging, and in one case there is no clear pattern. Cason et al. (2013) design an experi-

ment specifically to test for cycles in another cyclic game, Rock-Paper-Scissors. They find

evidence that players indeed cycle, as predicted by replicator dynamics.

1.3.5 Experience-Weighted Attraction

Experience-Weighted Attraction (EWA) has been proposed by Camerer and Ho (1999)

to generalize reinforcement and belief learning algorithms (such as fictitious play, or best

reply dynamics). The connection between reinforcement and belief learning lies in the

update of the actions that are not played, i.e. in considering forgone payoffs. If only the

probabilities of the actions that are played are updated, EWA reduces to the specification

of reinforcement learning given by Eqs. (1.21)–(1.22). If all probabilities are updated with

the same weight, EWA reduces to fictitious play or best reply dynamics, depending on the

memory parameter. Finally, note that EWA also reduces to replicator dynamics by taking

the limits of some parameters (e.g., by taking the limit of infinite memory), as shown e.g.

in Sato and Crutchfield (2003).

Description. In EWA, the mixed strategies are determined from the so-called attractions

or propensities Qµi (t). These are real numbers that quantify the level of appreciation of
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player µ for action i at time t. Attractions are not normalized, so the mapping to proba-

bilities occurs through a logit,

xµi (t+ 1) =
eβQ

µ
i (t+1)∑

j e
βQµj (t+1)

, (1.29)

where β has the same interpretation as in Eq. (1.26). A similar expression holds for yj(t+1).

The propensities update as follows:

Qµi (t+ 1) =
(1− α)N (t)Qµi (t) + (δ + (1− δ)I(i, sµ(t+ 1))Πµ(i, s−µ(t+ 1))

N (t+ 1)
, (1.30)

where

N (t+ 1) = (1− α)(1− κ)N (t) + 1. (1.31)

Here N (t) represents experience because it increases monotonically with the number of

rounds played; the more it grows, the smaller becomes the influence of the received payoffs on

the attractions (as the denominator of (1.30) increases). The propensities change according

to the received payoff when playing action i against action s−µ by the other players, i.e.

Πµ(i, s−µ(t+ 1)). The indicator function I(i, sµ(t+ 1)) is equal to 1 if i is the actual action

that was played by µ at time t + 1, that is i = sµ(t + 1), and equal to 0 otherwise. All

attractions (those corresponding to actions that were and were not played) are updated with

weight δ, while an additional weight 1−δ is given to the specific attraction corresponding to

the action that was actually played. Finally, the memory loss parameter α determines how

quickly previous attraction and experience are discounted and the parameter κ interpolates

between cumulative and average reinforcement learning (Camerer and Ho, 1999).

The update of the attractions (1.30) is stochastic, because it depends on which actions

sµ(t) and s−µ(t) are randomly sampled from the mixed strategy vectors of the two players

at time t. As with Bush-Mosteller reinforcement learning (see Section 1.3.2), we take a

deterministic limit (see below for a discussion on this assumption). In the limit, Eq. (1.30)

reads

QRi (t+ 1) =
(1− α)N (t)QRi (t) + (δ + (1− δ)xi(t))

∑
j ΠR

ijyj(t)

N (t+ 1)
, (1.32)

and a similar expression holds for Column.

The deterministic limit corresponds to the assumption that the players play against

each other an infinite number of times before updating their attractions. The empirical

frequency of their actions corresponds then to their mixed strategy. This sort of argument

was already made by Crawford (1974) and justified by Conlisk (1993a) in terms of “two-

rooms experiments”: The players only interact through a computer console and need to
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specify several actions before they know the actions of their opponent.14 Another analogy

that helps interpret this assumption is the difference between batch and online in machine

learning. With batch learning, the parameters of the machine learning model are updated

after computing the performance score of the model on the whole dataset. With online

learning, the parameters are instead updated for any observed data point. In this analogy,

batch learning corresponds to the deterministic approximation (1.32) and online learning

to the stochastic version (1.30).

The deterministic assumption is useful from a theoretical point of view and does not

affect the results in most cases; the only difference when noise is allowed is a blurring of the

dynamical properties. To show this point explicitly, in the analysis in Chapters 2 and 3 we

will consider both the deterministic and stochastic versions of EWA.

Theoretical results. EWA has mostly been used to describe the behavior of real players

in experiments, with little attention to its theoretical properties. To the best of our knowl-

edge, the first (approximate) analysis of its convergence properties, in two-player games

with many actions available per player, is in Galla and Farmer (2013). Sato and Crutch-

field (2003) derive a continuous-time limit of a learning algorithm that essentially coincides

with EWA. They show that the continuous-time version of their algorithm is a general-

ized replicator dynamics with finite memory. In Appendix 2.A.1 we provide an alternative

derivation.

Experimental evidence. Camerer and Ho (1999) compare the out-of-sample predictive

power of EWA with that of pure reinforcement learning or pure belief learning (i.e. weighted

stochastic fictitious play), reporting the best performance for EWA in most cases. According

to the authors, the reason is that real players use information about experienced payoffs, as

in reinforcement learning, but they also try and predict the next actions of their opponent,

as in belief learning. Since EWA interpolates between these two extremes, it is a better

description of the behavior of real players.

1.3.6 Level-k learning

All learning algorithms described so far are backward looking, in the sense that players

react to the last strategy of their opponent, with the implicit assumption that this will also

be played on the following iteration of the repeated game. In some situations this might

be implausible, and we may wish to consider forward-looking players. We refer to level-k

14Bloomfield (1994) implemented this idea in an experimental setup. Cheung and Friedman (1997) also
consider a matching protocol and a population setting in which the players are matched with all players
from the other population. This has a similar effect in eliciting mixed strategies.
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learning as a generalization of anticipatory learning, as proposed by Selten (1991). Selten

assumed that player Row does not believe that Column would behave as she did in the past.

He rather tries to outsmart her by best replying to the strategy that he thinks she will play

on the following time step. Row’s model of the future strategy of Column is given by her

learning algorithm, that is assumed to be known by Row: he best replies to the strategy

that Column would play under her learning algorithm.

This idea can be generalized by assuming that the players can think k steps ahead

(Lecutier, 2013; Evans, 2013). In level-k thinking (Nagel, 1995; Crawford et al., 2013) k-

players assume that the other players are level k − 1, and the process is iterated down

to level 1. Level-1 players choose randomly. Level-2 players know that level-1 players

choose randomly, and select the strategy that yields the highest payoff given this piece of

information. Level-3 players know how level-2 players behave, and react accordingly, and

so on.

In our case, level-1 players are EWA learners. Level-2 players know that level-1 players

update their strategies using EWA, and try to get a better payoff by pre-empting their

opponent’s strategy. Level-3 players would know how level-2 players choose their strategy,

and select the best possible strategy in response. Here we will assume that both players

are level-2, as we did not find a substantial difference with larger values of k (which quickly

become behaviorally implausible).

Description. For convenience, we combine Eqs. (1.29) and (1.32):

x1
i (t+ 1) =

xi(t)
(1−α)N (t)/N (t+1) exp

(
β(δ + (1− δ)xi(t))

∑
j ΠR

ijyj(t)/N (t+ 1)
)

Zx(t+ 1)
, (1.33)

with Zx(t + 1) =
∑

l xl(t)
(1−α)N (t)/N (t+1) exp

(
β(δ + (1− δ)xl(t))

∑
j ΠR

ljyj(t)/N (t+ 1)
)

.

We are using superscript 1 to indicate that player Row is a level-1 (i.e. an EWA) learner.

A similar expression holds for Column.

We denote the right-hand side in Eq. (1.33) by F (y(t)), with y(t) = (y1(t), . . . yN (t)).

So, x1
i (t+1) = F (y(t)): A level-1 player Row learns based on the past mixed strategy vector

of Column. We define

y2
j (t+ 1) = F (x1(t+ 1)). (1.34)

Here Column is a level-2 player as she believes that Row is a level-1 player, and therefore

updates his strategies using Eq. (1.33). In general,

ykj (t+ 1) = F (xk−1(t+ 1)). (1.35)
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Theoretical results. In some cases, increasing the level of the players results in more

stable learning dynamics. For example, Selten (1991) considered a learning algorithm, pro-

posed in Crawford (1974), that cannot reach mixed strategy Nash equilibria. However,

Selten shows, having both players level-2 makes it possible for the algorithm to reach mixed

equilibria, for some parameter values. Similar results are obtained in the master theses

of Lecutier (2013) and Evans (2013), who study level-k EWA. They find that increasing

the level of the players increases the size of the parameter space that leads to convergence.

However, increasing the level of reasoning could in principle result in less convergence (Hu-

berman and Hogg, 1988). In generic games, we will show, increasing the level of the players

has negligible effect on the likelihood of convergence.

Experimental evidence. There exists abundant experimental evidence on level-k rea-

soning in games (Crawford et al., 2013). Some experiments involve learning (Nagel, 1995;

Stahl, 1996), but this is usually intended in the sense that level-k predictions are possible

actions that can be reinforced. For example, in Nagel (1995) players can make level-1,

level-2, etc., predictions and learn to choose the predictions that lead to highest payoffs.

There is smaller experimental evidence of level-k learning intended in the sense of this sec-

tion. Tang (2001) provides some experimental evidence in favor of Selten (1991)’s model.

Camerer et al. (2002) consider an EWA model in which level-2 players hold beliefs on the

fraction of level-2 vs. level-1 players. They show that this “sophisticated” model beats

an equivalent model in which all players are level-1 in predicting data from p-beauty con-

test games (Nagel, 1995). All experimental results listed so far are about how well level-k

learning describes behavior of real players. Frey and Goldstone (2013), instead, conduct

an experiment on a multiplayer generalization of Rock-Paper-Scissors and show that the

combination of iterated reasoning and learning leads to cycles in belief space.

1.3.7 Other learning algorithms

This thesis investigates the convergence properties of the learning algorithms described in

Sections 1.3.2 through 1.3.6. Obviously the literature has considered a much wider set of

learning algorithms whose convergence properties may be very different from those in the

sections above. Our choice of learning algorithms was motivated by the empirical evidence

from experiments with human players. Many other algorithms have been proposed that

are not meant to describe the behavior of real players, rather to have certain convergence

properties by design. These algorithms are very useful to find equilibria in applications

ranging from mechanism design to engineering and computer science. In this section we
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give an account of some of these algorithms, plus other algorithms that do not have as clear

an experimental evidence as those in Sections 1.3.2 through 1.3.6.

A class of simple learning algorithms that dates back to Arrow and Hurwicz (1960) is

gradient learning. Although some details are different, under learning rules in this family

the components of the mixed strategy vectors evolve “in the direction” of increasing payoffs.

Arrow and Hurwicz (1960) prove that gradient learning converges to pure strategy Nash

equilibria, yet Crawford (1974, 1985) and Stahl (1988) show that it does not converge to

mixed strategy ones. Selten (1991) and Conlisk (1993a,b) propose amendments to basic

gradient learning that make convergence to mixed equilibria possible.

A class of learning rules whose convergence properties are extremely good is regret

learning. Players using algorithms in this class calculate the missed payoff, or “regret”,

from not having played other actions in the past, and try to minimize regret. Hart and

Mas-Colell (2000) show that these simple adaptive rules converge to correlated equilibria

in all games.15 Foster and Young (2006) propose another regret learning algorithm that

instead converges—within a small distance ε—to Nash equilibria in all two-player games.16

However, these algorithms, together with other algorithms proposed by the same authors

(Foster and Young, 2003; Young, 2009), make exhaustive searches of the strategy space,

and so may take really long to find the Nash equilibrium.

Gradient learning and regret learning are still adaptive processes. A third class of

learning rules that is more sophisticated is Bayesian learning. Under this class of learning

algorithms the players do not know the payoffs of their opponents, but have a prior over what

these payoffs could be. At each round of the game they play the Bayesian Nash equilibrium

consistent with this prior and update the prior after observing the actions taken by their

opponent. Jordan (1991) shows that this process converges to Nash equilibria in all normal

form games for myopic players, while Kalai and Lehrer (1993) extend this result to forward-

looking players that consider histories of play (i.e. repeated games setting). However, these

results assume that players put positive probability on all actions that could be taken by

their opponents. Jordan (1993), Nachbar (1997) and Foster and Young (2001) show that

this assumption is difficult to satisfy in practice because of a tension between rationality

and prediction. Another learning algorithm closely connected to the Bayesian approach

is calibrated learning (Foster and Vohra, 1997). This learning rule always converges to

correlated equilibria, provided players’ predictions are properly “calibrated”.

A few other papers are worth mentioning. One is Sonsino (1997), in which two players

play best reply dynamics but are able to recognize patterns in their opponent’s play. This

15See Hart (2005) and Blum and Mansour (2007) for an exhaustive account of the various versions of
“regret matching” as first proposed in Hart and Mas-Colell (2000).

16Germano and Lugosi (2007) extends this result to an arbitrary number of players
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leads the players to pure strategy Nash equilibria. Arieli and Young (2016) consider a better

reply dynamics known as “pairwise comparison dynamics”. They show that it converges

fast to Nash equilibria in all “weakly acyclic” games, that is, games with no best reply

cycles. Finally, it is worth mentioning the large literature on Cournot games (Bischi et al.,

2009). Although these are formally normal-form games, the continuity of the action set

makes the analysis of their convergence properties somewhat different from the approach in

this thesis.

1.4 Statistical properties of games

As motivated in the Introduction and in Section 3.2 more thoroughly, in Chapter 3 we

study the convergence properties of randomly generated games. While studying the generic

properties of randomly generated systems is very common in the natural sciences, it is not

common in game theory. However, a few papers exist that characterize the number of Nash

equilibria and other properties of randomly generated games. A subset of these papers also

studies stability of equilibria. The techniques used range from combinatorics to statistical

mechanics.

Number of pure equilibria. Goldberg et al. (1968) consider two-player games in which

all payoffs are independently randomly generated. They show that in the limit in which

players have an infinite number of actions, N → ∞, the probability that there exists at

least one pure strategy Nash equilibrium is 1 − 1/e, where e ≈ 2.718 is Euler’s number.

Dresher (1970) extends this result to multiple players. He finds that the probability of at

least one pure equilibrium remains 1− 1/e for any number of players. The analysis of pure

equilibria in normal-form games under independent payoffs are completed by Powers (1990)

and Stanford (1995, 1996), who study the distribution of the number of Nash equilibria in

any ensemble of such games.

It is also interesting to study properties of equilibria when payoffs at strategy profiles

are correlated. In two-player games, this means that at any given cell of the payoff matrix

the two payoffs to the two players are drawn from a bi-variate distribution with correlation

Γ. Goldberg et al. (1968), for example, consider games in which players’ interests are purely

in conflict, such as zero-sum games (Γ = −1), or exactly parallel, that is the highest payoffs

for both players occur in the same cell of the payoff matrix for any given pair of rows

and columns (Γ = 1). In zero sum games the probability of existence of at least one pure

equilibrium tends to zero for N → ∞; in games with perfect correlation at any strategy

profile, it tends to one. In this latter class of games, Stanford (1999) shows that the number

of pure strategy equilibria diverges to infinity as the number of strategies increases. Rinott
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and Scarsini (2000) calculate the expected number of pure equilibria for any value of the

correlation Γ ∈ [−1, 1], showing that it increases with Γ.

Number of pure and mixed equilibria. Berg and Weigt (1999) and Berg (2000) study

this question using methods from statistical mechanics, while McLennan and Berg (2005)

and McLennan (2005) use more rigorous polynomial methods from combinatorics. Berg

and Weigt (1999) and Berg (2000) show how the expected number of Nash equilibria varies

as a function of the number of available actions to each player N and the correlation of the

payoffs Γ. Increasing N and increasing Γ both lead to an exponential increase in the number

of equilibria. McLennan and Berg (2005) derive a more precise expression in the case of

two-player games, while McLennan (2005) extends this result to games with an arbitrary

number of players.

Other properties of the game. Other properties of the games are typically investigated.

Berg and Engel (1998) study the value of the game (the expected payoff), and the fraction

of actions played with positive probability, at a typical Nash equilibrium, in two-player zero-

sum games. They investigate these properties as they vary the number of actions available

to player Row, N , with respect to the ones available the player Column, M ,17 and also as

they increase the row- or column-correlation of the payoffs. They find that the value of the

game decreases and the fraction of actions played with positive probability increases as the

ratio M/N increases. Finally, they find that the fraction of actions played with positive

probability decreases with the row- or column-correlation of the payoffs. Berg and Weigt

(1999) and Berg (2000) study the same two properties (value of the game and fraction of

actions played with positive probability) as they vary the correlation of the payoffs at the

same site Γ. They find that the value of the game increases and the fraction of actions

decreases with increasing Γ.

Cohen (1998) studies a different property, Pareto optimality. In particular, he asks how

likely it is that Nash equilibria in randomly generated two-player games are also Pareto

optimal, that is, there are no other action profiles that would increase the payoff of one

player without decreasing the payoff of another player. He finds that in the limit N →∞,

about 60% of Nash equilibria are also Pareto optimal. On the contrary, with the smallest

N = 2, about 90% of Nash equilibria are Pareto optimal. This implies, among other things,

that a configuration of the payoffs such as the Prisoner Dilemma, a game with N = 2 in

which the Nash equilibrium is not Pareto optimal, is highly unlikely in randomly generated

17The asymmetry between the players originates from the zero-sum assumption. Indeed, Row receives
positive payoffs while Column gets negative—and opposite—payoffs.
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games. This configuration becomes more likely as N →∞, yet it only occurs in about 40%

of the cases.

Convergence to equilibria. The literature on the convergence properties of learning

algorithms in randomly generated games is more scarce. The replicator dynamics has been

investigated most extensively, by the evolutionary game theory community. Diederich and

Opper (1989) and Opper and Diederich (1992) study the existence and stability of fixed

points of replicator dynamics as they vary the self-interaction among species, i.e. the value

of the diagonal elements in the payoff matrix. As this quantity increases, the fraction of

actions played with positive probability also rises. Lower values of this quantity make the

fixed points unstable, making it possible that limit cycles or chaotic solutions arise (Opper

and Diederich, 1999). Gokhale and Traulsen (2010) and Han et al. (2012) study related

properties in multi-population games, that is evolutionary games with multiple players.

Galla and Farmer (2013) and Sanders et al. (2018) study the convergence properties of

Experience-Weighted Attraction (see Section 1.3.5) in two-player (Galla and Farmer, 2013)

and multiplayer (Sanders et al., 2018) games, as they vary the number of actions N and the

correlation between the payoffs at the same site Γ. They show that convergence becomes less

likely with increasing N and decreasing Γ, even more so if the number of players increase.

They demonstrate their results with numerical simulations and with statistical mechanics

calculations in the N →∞ limit.

Finally, Amiet et al. (2019) study a version of best reply dynamics in two-action mul-

tiplayer games in which players do not play following a fixed sequence (as we assume in

Section 1.3.1). They show that this version of best reply dynamics generally converges to

a pure equilibrium as the number of players increases and the probability of ties is not too

high.
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Chapter 2

A taxonomy of learning dynamics
in 2x2 games

2.1 Overview

A large literature in behavioral game theory has proposed and experimentally tested various

learning algorithms, but a comparative analysis of their equilibrium convergence properties

is lacking. Here we provide a “taxonomy” of learning dynamics by analyzing Experience-

Weighted Attraction (EWA), a learning algorithm that generalizes fictitious play, best reply

dynamics, reinforcement learning and also replicator dynamics. We do so in games with

two players and two actions available to each player (2×2). These games are simple enough

to allow a full analytical characterization of the asymptotic behavior of EWA learning.

We begin this chapter by some preliminary considerations (Section 2.2). These in-

clude introducing some notation and building intuition about the qualitative behavior of

learning, before diving into the mathematical analysis. Our challenge is to characterize a

13-dimensional parameter space, composed of the eight payoffs that fully define a 2×2 game,

the four learning parameters of EWA, and the choice between deterministic and stochastic

dynamics. To address the exploration of the parameter space, we follow a modular strategy.

In Section 2.3, we first focus on a baseline scenario in which only some parameters

are considered. In the baseline scenario we characterize the position and stability of fixed

points of EWA as a function of combinations of payoffs and learning parameters. We show a

bifurcation between convergent and unstable learning dynamics in cyclic 2×2 games in the

same family as Matching Pennies. Other results concern the probability of convergence close

to Pareto-inefficient pure strategy Nash equilibria and the relation between the convergence

properties and well-known classes of 2× 2 games.

We then explore the effects of other parameters in Section 2.4. One of the most inter-

esting extensions of the baseline scenario is based on changing a key EWA parameter. This

is the weight δ given to payoffs corresponding to actions that were played vs. actions that
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were not played (see Section 1.3.5), and interpolates between reinforcement learning and

belief learning algorithms such as fictitious play. When players only consider the payoffs

corresponding to actions that were played, they converge to “lock-in” fixed points that can

be arbitrarily far from Nash equilibria.

Our analysis is useful for various reasons. From an experimental point of view, EWA is

used to model behavior in many experiments, so our analysis provides theoretical guidance

on whether learning dynamics can be expected to converge to equilibrium. From a theoret-

ical point of view, we generalize results known in the literature for the learning algorithms

that are a particular case of EWA, obtaining interesting new insights.

A working paper based on the results presented in this Chapter (Pangallo et al., 2017)

is available at https://papers.ssrn.com/sol3/papers.cfm?abstract_id=2913183.

2.2 Preliminaries

Before diving into the mathematical analysis, we introduce some additional notation and

give an intuitive account of the outcome of learning. In Section 2.2.1, we list several types

of 2 × 2 games. We then specify under which parameter restrictions EWA reduces to the

learning algorithms it generalizes (Section 2.2.2). We lay out a plan for the analysis of the

parameter space in Section 2.2.3. Finally, in Section 2.2.4 we take advantage of the concepts

just introduced to build intuition into the qualitative behavior of learning.

2.2.1 Classes of 2×2 games

Despite being very simple, 2× 2 games encompass many of the strategic tensions that are

studied by game theorists. In the following, we classify 2× 2 games into some classes that

correspond to some of these strategic tensions. While these classes are mostly equivalent

to the ones listed in Section 1.2.3 for generic normal-form games, for illustrative purposes

we find it best to specify them in the context of 2 × 2 games. We also introduce some

combinations of payoffs that will be useful in the following analysis.

The notation in this chapter is the same as the one introduced in Section 1.2.1. For

convenience, we only write the generic 2× 2 payoff matrix (Eq. 1.1) as(
a, e b, g
c, f d, h

)
, (2.1)

where for example ΠR
11 = a and ΠC

11 = e. We denote action i = 1 of player Row by sR1 ,

action j = 1 of player Column by sC1 , and similarly action 2 of the two players by sR2 and

sC2 .
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Based on the properties of the game one wants to look at, it is possible to construct

several classifications of 2×2 games. Perhaps the most famous classification was proposed

by Rapoport and Guyer (1966), who constructed all distinct games that can be obtained

by ordering the payoffs of the two players in all possible ways. For example, one possible

ordering is a > b > c > d and e > f > g > h. Excluding equivalent orderings, Rapoport

and Guyer (1966) found 78 classes of games that represent different strategic tensions.

Our analysis below shows that we do not need such a fine-grained classification of payoff

matrices to build intuition into the outcome of EWA learning dynamics. It is instead

enough to consider the pairwise ordering of the payoffs to one player, when the action of

the opponent is kept fixed. These comparisons are for example between a and c for player

R, when the action of Column is fixed to sC1 , and b versus d when Column’s action is fixed

to sC2 . In principle there are 24 = 16 such pairwise orderings. For our purposes we can

group these orderings into 4 classes, as illustrated in Table 2.1.18

Class of game
Payoff matrix:(
a, e b, g
c, f d, h

) Conditions on payoff
combinations

Nash Equilibria

Coordination a > c, b < d, e > g, f < h.
|B| < |A|, |D| < |C|,

A > 0, C > 0.

Two pure strategy
(sR1 , s

C
1 ), (sR2 , s

C
2 ) and one

mixed strategy NE.

Anticoordination a < c, b > d, e < g, f > h.
|B| < |A|, |D| < |C|,

A < 0, C < 0.

Two pure strategy
(sR1 , s

C
2 ), (sR2 , s

C
1 ) and one

mixed strategy NE.

Cyclic
a > c, e < g, b < d, f > h;
a < c, e > g, b > d, f < h.

|B| < |A|, |D| < |C|,
AC < 0.

Unique mixed strategy
NE.

Dominance-
solvable

a > c, e > g, b > d, f > h,
and all other 11 orderings.

|B| > |A| or |D| > |C| Unique pure strategy NE.

Table 2.1: Relevant classes of two-person, two-action games and their relation with the payoff combinations
that determine the learning dynamics. The classes of games are defined from the pairwise ordering of the
payoffs. The payoff combinations A = (a+ d− b− c)/4, B = (a+ b− c− d)/4, C = (e+ h− f − g)/4 and
D = (e + f − g − h)/4 quantify certain structures in the payoff matrix. In particular, A and C quantify
the preference of the players for “diagonal” outcomes and B and D measure the dominance of one of their
actions over the other.

Coordination and anticoordination games. These correspond to the orderings a > c,

b < d, e > g, f < h (coordination games), and a < c, b > d, e < g, f > h (anticoordination

games).19 Coordination games have two pure strategy NE, one at (sR1 , s
C
1 ) and the other

at (sR2 , s
C
2 ). In addition there is one mixed strategy NE. Two well-known examples of co-

18Our classification is relatively standard, for example it is very close to the one in Chapter 10 of Hofbauer
and Sigmund (1998).

19 Anticoordination and coordination games can be seen as equivalent, as each type of game can be
obtained from the other by relabeling one action of one player (e.g. rename sR1 into sR2 and vice versa).
However, part of our analysis will be based on symmetric games, and once the constraint of symmetry is
enforced some properties of anticoordination and coordination games become different. Therefore, for clarity
of exposition we keep coordination games distinct from anticoordination games.
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ordination games are Stag-Hunt and Battle of the Sexes (Osborne and Rubinstein, 1994).

Anticoordination games also have two pure strategy and one mixed strategy NE, but at

the pure strategy NE the players choose strategies with different labels, i.e. (sR1 , s
C
2 ) and

(sR2 , s
C
1 ). A well-known example of an anticoordination game is Chicken.

Cyclic games. These correspond to the orderings a > c, e < g, b < d, f > h or a < c,

e > g, b > d, f < h. Games of this type are characterized by a best reply cycle (Section

1.3.1). For example, if one considers the first set of orderings, the best reply to sR1 is for

Column to play sC2 . In response Row would choose sR2 , Column would then play sC1 , and the

process would never converge to a fixed point. Cyclic games have a unique mixed strategy

NE and no pure strategy NE. The prototypical cyclic game is Matching Pennies, which is

a zero-sum game, but cyclic games in general need not be zero- or constant-sum.

Dominance-solvable games. These comprise all 12 remaining orderings. These games

have a unique pure strategy NE, which can be obtained via elimination of dominated strate-

gies. For instance, if a > c, e > g, b > d, f > h, the NE is (sR1 , s
C
1 ). The well-known

Prisoners’ Dilemma is a 2× 2 dominance-solvable game.

For the analysis of the outcome of learning it is useful to introduce the following com-

binations of payoffs,

A =
1

4
(a+ d− b− c) ,

B =
1

4
(a+ b− c− d) ,

C =
1

4
(e+ h− f − g) ,

D =
1

4
(e+ f − g − h) .

(2.2)

Broadly speaking, a positive value of the parameter A indicates the preference of player

Row for outcomes of the type (sR1 , s
C
1 ) or (sR2 , s

C
2 ) relative to outcomes (sR1 , s

C
2 ) and (sR2 , s

C
1 ).

Similarly, positive values of C indicate the preference of player Column for the outcomes

(sR1 , s
C
1 ) or (sR2 , s

C
2 ). These action combinations are the ones on the main diagonal of the

payoff matrix. If instead A is negative, player Row prefers off-diagonal combinations in

the payoff matrix, and similarly player Column prefers off-diagonal combinations when C

is negative. The strength of these preferences for diagonal or off-diagonal combinations

are determined by the modulus |A| for player Row and by |C| for player Column. The

parameter B is a measure for the dominance of player Row’s first action over her second,

and similarly D measures the dominance of player Column’s first action over her second.
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The class of a particular game, further to being determined by the pairwise orderings

of the payoffs discussed above, can also be established based on A, B, C and D.

Proposition 1. Consider a 2-player, 2-action game. The following statements hold:

(i) The game is dominance solvable if |B| > |A| or |D| > |C|.
(ii) If none of the conditions in (i) hold, and in addition A > 0, C > 0 the payoff matrix

describes a coordination game.

(iii) If none of the conditions in (i) hold, and in addition A < 0, C < 0 the payoff matrix

describes an anticoordination game.

(iv) If none of the conditions in (i) hold, and A and C have opposite signs (i.e. AC < 0)

the game is cyclic.

Proof of proposition 1. We only prove that we have a coordination game (defined by

a > c, e > g, d > b, h > f) if and only if |A| > |B|, |C| > |D|, A > 0, C > 0. The other

cases are similar.

We first prove that a coordination game implies |A| > |B|, |C| > |D|, A > 0 and C > 0.

First of all, when a > c and d > b, A is positive, A = 1
4(a− c+ d− b) > 0. Then, because

A > 0, the expression |A| > |B| can be written as A > |B|. If B > 0, this expression can

further be written as A − B > 0. This inequality is indeed satisfied from the condition

d − b > 0 that defines a coordination game, i.e. A − B = 2(d − b) > 0. If B < 0, we need

to check that A+B > 0, and this is obtained from the other coordination game condition

a− c > 0, i.e. A+B = 2(a− c) > 0. The argument for C and D is analogous.

We next consider the viceversa—that the conditions on A,B,C and D imply a coordi-

nation game. Consider B > 0 without loss of generality. Because also A > 0, we can remove

the absolute values in the condition |A| > |B|, which becomes A − B > 0. This implies

d > b. We still need to show that a > c, which does not simply follow from the definition of

A, A = 1
4(a− c+ d− b) > 0. Indeed, the definition of A only implies a− c > −(d− b), but

because we just proved that d− b > 0, this condition could also be satisfied with a− c < 0.

However, if a − c < 0, we have B = 1
4(a − c − (d − b)) < 0, which is in contradiction with

our former assumption. The same considerations apply to C and D.

2.2.2 Special cases of EWA

Here, we present the parameter restrictions at which EWA reduces to the learning algorithms

it generalizes. We give more details than in Section 1.3.5. In Figure 2.1, we show three key

parameters α, β and δ. The fourth parameter κ is not shown, but we specify its values in

the following discussion. For convenience, we report here the EWA dynamical equations
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Figure 2.1: Learning algorithms generalized by EWA. In this figure we show three EWA parameters: the
memory loss α, the payoff sensitivity β and the weight given to forgone payoffs δ. The fourth parameter κ is
discussed in the main text. The case α = 0, β → 0, δ = 1 corresponds to two-population replicator dynamics
and is shown as a segment near the value β = 0; the analogous case with α very small but strictly positive,
α → 0, is a finite-memory generalization of replicator dynamics and corresponds to the small square near
the values α, β = 0. This figure is an adapted version of the cube introduced in Ho et al. (2007), showing
the parameter β in place of the parameter κ.

(1.29), (1.30), (1.31) for player Row (the equations for player Column are equivalent20):

xi(t+ 1) = eβQ
R
i (t+1)∑

j e
βQR

j
(t+1)

,

QRi (t+ 1) =
(1−α)N (t)QRi (t)+(δ+(1−δ)I(i,sR(t+1))ΠR(i,sC(t+1))

N (t+1) ,

N (t+ 1) = (1− α)(1− κ)N (t) + 1.

(2.3)

The case α = 1, β = +∞, δ = 1, for all values of κ ∈ [0, 1], is best reply dynamics. Under

best reply dynamics, each player only considers her opponent’s last move (complete memory

loss of previous performance, α = 1), and plays her best reply to that move with certainty

(β = +∞). Playing the best reply generally requires fully taking into account the action that

she did not play in the previous round of the game (δ = 1). These parameter restrictions

do not actually lead to the same best reply dynamics as the one described in Section 1.3.1

and used in Chapter 3. That version of best reply dynamics, indeed, assumes that players

take turns in best responding to their opponent (alternating best reply dynamics). This is

rather simultaneous best reply dynamics, because both players best respond at the same

time. In 2 × 2 games, the only difference in asymptotic behavior between the two cases

is in coordination and anticoordination games. In these games, if the players start at an

action profile which is not a Nash equilibrium, under simultaneous best reply dynamics they

“jump” back and forth between the non-equilibrium action profiles. Under alternating best

reply dynamics, the would instead converge to equilibrium.

20This implies that we assume that the EWA parameters are the same for the two players. The principles
of our analysis can however easily be extended to the case in which parameters are different.
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The case α = 0, β = +∞, δ = 1 (and κ = 0) corresponds to fictitious play (Section

1.3.3). This is the counterpart of best reply dynamics in terms of memory loss, in the sense

that players determine their action by taking into account all past play equally. Relaxing the

assumption of infinite memory, the case with α ∈ (0, 1) corresponds to weighted fictitious

play, as more recent history of play carries greater weight in estimating the opponent’s

mixed strategy. If α = 0 but β < +∞, the players weigh all history of play equally, but

they do not choose the action with highest attraction with certainty. This case corresponds

to stochastic fictitious play. Finally, the combination of finite memory and finite intensity

of choice, i.e. α ∈ (0, 1), β < +∞, δ = 1 (again with κ = 0), results in weighted stochastic

fictitious play. The literature on the convergence properties of fictitious play and its variants

has been surveyed in Section 1.3.3.

The limit β → 0, with α = 0, δ = 1 and κ > 0, corresponds to two-population replicator

dynamics (Section 1.3.4; for a derivation, see Appendix 2.A.1).21 A full characterization

of the convergence properties of this algorithm in 2 × 2 games is given in Hofbauer and

Sigmund (1998) (Chapter 10). Two-population replicator dynamics converges to NE in all

2 × 2 games, except in cyclic ones, where it circles around the unique mixed strategy NE.

Assuming instead that α is positive but small, α→ 0 (s.t. the ratio α/β is finite) we obtain

a generalized two-population replicator dynamics with finite memory, originally proposed by

Sato and Crutchfield (2003). To the best of our knowledge, its dynamical properties have

not yet been analyzed in 2× 2 games.

Finally, when δ = 0, EWA reduces to reinforcement learning. By only updating the

propensities of the actions they took, players only consider the payoff they experienced,

without thinking about what their opponent may play. If, additionally, α = 0 and κ = 1,

EWA reduces to the specific form of reinforcement learning in Eqs. (1.21)–(1.22) (Section

1.3.2).

2.2.3 Plan for the exploration of the parameter space

Our challenge is to characterize learning behavior in a 13-dimensional parameter space (the

eight payoffs a, b, c, d, e, f , g, h; the four learning parameters α, β, δ and κ; and the

specification of the learning rule, which can be deterministic or stochastic).

Due to non-linearity of EWA, it is impossible to obtain a closed-form characterization

of the learning dynamics as a function of all parameter combinations. Therefore, we follow

the modular strategy outlined in Table 2.2. In Section 2.3 we start with a baseline scenario

21Our derivation is different from Börgers and Sarin (1997) and Hopkins (2002) because these authors
consider one of the versions of reinforcement learning proposed in Erev and Roth (1998), in which attractions
map linearly to probabilities. We use instead a logit form. As a result, we get a different continuous time
limit.
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Case Section Payoffs α β δ κ Rule

Baseline 2.3
A = C, B = D;
A = −C, B = −D – – δ = 1 κ = 1 DET

Unconstrained
payoffs

2.4.1 A,B,C,D – – δ = 1 κ = 1 DET

Belief learning 2.4.2 A,B,C,D – – δ = 1 – DET

Reinforcement
learning

2.4.3 a, b, c, d, e, f, g, h α = 1 – – κ > 0 DET

Stochastic
learning

2.4.4 A,B,C,D – – δ = 1 κ = 1 STOCH

Table 2.2: Plan for the exploration of the parameter space. Where the parameters are not set to any value
(–), it means that in principle we fully analyze the dynamics for each value that the parameter can take.
We start from a baseline scenario in which only four parameters are not fixed. We then follow a modular
strategy, as in each case we explore the effect of varying one or more parameters at a time. For example,
the case that we name “unconstrained games” explores the effect of relaxing the constraints A = ±C and
B = ±D. In all cases with δ = 1 the payoffs can be reduced to the combinations A, B, C, D, so we
indicate these parameters only; for reinforcement learning, this is not possible and so we indicate instead
all payoffs a, b, c, d, e, f, g, h. The last column considers whether the learning rule is stochastic (STOCH) or
deterministic (DET). We argue that behavior under virtually any parameter combination can be understood
based on the cases considered in this table.

in which dynamics is deterministic and only four parameters do not take a fixed value.

We consider this scenario as the baseline because it allows a mathematical simplification

that eases the analysis, and because it is a clear benchmark against which to compare other

parameterizations. The parameters that are not fixed in the baseline scenario are the payoff

combinations A and B (C and D are constrained to be either equal or of opposite sign than

A and B), the memory loss α and the intensity of choice β. Here we are exploiting the

fact that, for δ = 1, only the payoff combinations A, B, C, D, and not all eight payoffs,

determine the dynamics (see Section 2.3.1).

We then consider various extensions, exploring the effect of changing one or more addi-

tional parameters while holding the others constant. For example, in Section 2.4.1 we relax

the constraint that A = ±C and B = ±D, and consider the effect of different combinations

of payoffs to the two players. In Section 2.4.2 we relax κ = 1 and fully explore the effect

of changing κ in the interval between 0 and 1. (We also keep with the former extension of

considering generic A, B, C and D.) The specific case κ = 0 corresponds to belief learning

(Camerer and Ho, 1999), a class of learning algorithms that includes best reply dynamics

and fictitious play, in which the players respond to their beliefs of what the opponents

are going to play. In Section 2.4.3 we let δ vary in the interval between 0 and 1, fixing

α = 1 for analytical convenience. The specific case δ = 0 corresponds to reinforcement

learning. Finally, in Section 2.4.4 we analyze stochastic learning, relaxing the deterministic

approximation explained in Section 1.3.5.
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Finally, in Section 2.4.5 we discuss some additional parameter combinations. We argue

that, although our analysis does not explicitly cover all the parameter space, we can qual-

itatively understand the learning behavior under virtually any choice of the parameters;

behavior can be understood as a superposition of the cases outlined in Table 2.2.

2.2.4 Summary of the results

In this section, we give some intuition about the qualitative learning behavior in the baseline

scenario and in the extensions. We also discuss the novelty of this project. Existing research

mostly applies to the edges and vertexes of the cube in Figure 2.1. The main contribution

of this project is to generalize these results by characterizing the learning behavior over a

larger portion of the parameter space. This leads to interesting new insights.

In the baseline scenario (see Table 2.2), we find that three combinations of learning pa-

rameters/payoffs mostly determine the learning dynamics. The first combination is the ratio

α/β. We find it sensible to call this combination of parameters “inattention”, because when

α/β is large the players disregard information about the received payoffs, either through

high memory loss α or through small payoff sensitivity β. The other two combinations of

parameters are the products AC and |BD|. We name AC a “coordination” parameter,

as it is positive and larger than |BD| in coordination and anticoordination games. When

A = C, the parameter AC is always positive; when A = −C, it is always negative. We call

|BD| a “dominance” parameter, as |BD| > AC in dominance-solvable games, in which for

each player one action dominates the other (we take the absolute value of the product BD

because its sign only determines which action profile is preferred, but does not change the

properties of game).

Figure 2.2 graphically depicts a qualitative characterization of the learning behavior in

the baseline scenario. The top panel is a visualization of the three-dimensional parameter

space spanned by α/β, AC and |BD|. The grey plane cuts the parameter space orthogonally

to the α/β axis; the projection is reported in the bottom panel. The diagonals in the

projection distinguish between the different classes of games; the colors represent the typical

learning behavior. The class of the game and the typical learning behavior are clearly

related, but there is no exact mapping (this is illustrated by the shaded boundaries between

different color areas; see below for examples).

In the green area of the parameter space, the two players converge to a unique mixed

strategy profile in which they choose both actions with similar probabilities. We refer to

this as a “unique mixed fixed point”. For example, Row may choose sR1 with probability

0.55 and Column may select sC1 with probability 0.60. This situation occurs when α/β

is high compared to AC or |BD|. This is intuitive: the players quickly forget or are not
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Figure 2.2: Qualitative characterization of the parameter space in the baseline scenario (A = ±C, B = ±D).
The inattention (α/β) parameter is large when the players have short memory or disregard information about
the payoffs. Coordination (AC) and dominance (|BD|) quantify properties of the payoff matrix and relate to
well-known classes of 2×2 games. Inattention, coordination and dominance span a 3-dimensional parameter
space, of which we provide a 2-dimensional cut with a plane orthogonal to the α/β axis. The relative
signs and magnitudes of AC and |BD| identify the relevant classes of 2 × 2 games; for example, given the
constraint on the payoffs, AC > 0 and AC > |BD| identifies coordination and anticoordination games (note
positive values of AC are shown on the left). We give different colors to the areas of the parameter space
with different learning dynamics. The boundaries between these areas are shaded as there is no clear-cut
transition with the class of the game. This is different from simpler learning algorithms such as replicator
dynamics and fictitious play, in which the class of the game alone and not the precise values of the payoffs
determines the learning behavior.

sensitive to the payoffs, they do not really learn from playing the game and so end up just

randomizing between their actions. Equivalently, for fixed α/β, if AC or |BD| are small

there are low incentives to learn. This means that players do not gain much for focusing on

the action that yields higher payoff, so they just randomize between their actions. There is

a scaling equivalence between increasing α/β and decreasing AC and |BD|.
In the yellow area, learning converges to a unique mixed strategy profile in which both

players select one of their actions with high probability, and the other action with low

probability. We refer to this situation as a “unique pure fixed point”, because the behavior

of the players is close to a pure action profile. This action profile corresponds to the pure

Nash equilibrium of the dominance-solvable game that is described by the payoffs AC and

|BD|.
When AC is positive and considerably larger than |BD| and α/β (blue area), learning
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converges to multiple fixed points, close to the two pure strategy NE of the corresponding

coordination or anticoordination game. One of the two NE may be Pareto-inferior, in the

sense that, by switching to the other NE, at least one player may be able to improve his

payoff without reducing the payoff of the other player. If one of the two NE is Pareto-

inferior, for sufficiently high α/β (or, equivalently, for values of AC that are not much

larger than |BD|), the fixed point corresponding to the Pareto-inferior NE may disappear.

The learning dynamics would then always end up in the Pareto-optimal equilibrium. This

result is in contrast with simpler learning algorithms such as (two-population) replicator

dynamics or standard fictitious play, in which pure strategy NE are always locally stable

fixed points (Hofbauer and Sigmund, 1998). It also suggests that inattention is a method to

achieve coordination on a Pareto-optimal NE, in a conceptually similar way to the theory

of stochastic stability (Young, 1993; Gintis, 2000).

Finally, when AC is negative and considerably larger than |BD| and α/β (red area),

the players fail to converge to any fixed point. To illustrate the mechanism behind this

instability, consider a Matching Pennies game in which the unique fixed point of the learning

dynamics is the mixed strategy NE characterized by x = 1/2 and y = 1/2. Suppose that

Row deviates and plays mixed strategy x = 2/3. As a result, on the following time step

Column increases her probability to play sC2 , say her mixed strategy becomes y = 1/3.

When α/β is low, or the payoffs are high, the players over-react to the behavior of their

opponent and the learning dynamics does not return to the NE. This may result in cycling

behavior or, in some situations, chaotic dynamics. By changing the learning parameters

we observe a bifurcation between stable and unstable dynamics. It is important to note

that this bifurcation is only possible for finite memory and finite intensity of choice. This

result generalizes Cheung and Friedman (1997), who showed the existence of a bifurcation

in weighted stochastic fictitious play (see Section 1.3.3).

The discussion so far has been introduced to only apply to the baseline scenario, but

most of the results above also apply to the extensions listed in Table 2.2. In Section 2.4.1,

for example, we consider unconstrained payoffs, in the sense that C and D can take any

value with respect to A and B. One interesting case is the one in which one player has

larger payoff combinations than the other, say C � A and D � B. Most of the discussion

of the baseline scenario still applies. The only difference is that the player with highest

payoffs converges to fixed points closer to the pure strategy profiles.

To extend the analysis to general values of κ (Section 2.4.2) it is enough to rescale

β by a function of α and κ, so all the discussion above on the classes of the games and

the combinations of payoffs still applies. The only difference is that long memory makes

instability less likely (indeed, recall that infinite-memory fictitious play always converges
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to NE), as opposed to the baseline scenario in which long memory makes instability more

likely.

A situation in which the results of the baseline scenario do not apply as straightforwardly

is δ < 1 (Section 2.4.3). For small values of δ, the players never realize that they could

unilaterally switch to another action and so earn higher payoffs. It is intuitive that this

allows several lock-in fixed points. We provide a precise characterization of the stability of

these fixed points. We exemplify this with a Prisoner Dilemma game.22 If δ = 1, cooperation

is never a fixed point, because players always realize that defecting yields higher payoff if

the other player cooperates. For δ < 1, however, cooperation can be a locally stable fixed

point. If the payoff for mutual cooperation – provided it is positive – is smaller by a factor

1/δ than the payoff for unilateral defection, mutual cooperation is a stable fixed point. This

result has some analogies with the concept of stochastic collusion (Macy and Flache, 2002)

as a method to achieve a cooperation equilibrium.

The last extension that we consider is the stochastic version of EWA learning dynamics,

in which players sample actions from their mixed strategy vector (Section 2.4.4). We show

that the same qualitative properties as in the deterministic case hold. For example chaos, in

the sense of exponential divergence of nearby trajectories, is robust to stochasticity. When

the underlying dynamical system is unstable, the stochastic sequences of actions show a

significant autocorrelation, while there is no statistically significant autocorrelation when

the dynamical system reaches a fixed point. However, despite the positive autocorrelation,

the sequences of actions are not perfectly predictable, arguing against the hypothesis that

players will easily learn to identify cyclical patterns in play and so converge to a Nash

equilibrium.

Finally, in Section 2.4.5, we discuss a few parameter and payoff combinations that have

not been covered in the previous sections. We argue that the learning behavior in the parts

of the parameter space that we have not explicitly explored can be understood based on

our analysis.

2.3 Baseline scenario

We first analyze the asymptotic dynamics of EWA learning for the baseline scenario de-

scribed in Table 2.2. In Section 2.3.1, we list three simplifications of the dynamical equations

that considerably help the analysis (but are not valid under some of the extensions in Sec-

tion 2.4). In Section 2.3.2 we analyze the existence and stability of fixed points. In Section

2.3.3 we simulate the learning dynamics in settings where all fixed points are unstable.

22In our framework, we do not consider repeated strategies such as tit-for-tat. Players are myopic and
only learn based on previous time steps.
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2.3.1 Simplifications

As a first simplification, we focus on the long-time outcome of learning, and assume that the

experience N (t) takes its fixed-point value N ? = 1/(1− (1− α)(1− κ)). This assumption

is valid at long times as long as (1−α)(1− κ) < 1,23 but in practice, for most values of the

parameters, N ? is reached after a few time steps.

Substituting the above fixed point into (1.30), the update rule becomes

Qµi (t+1) = (1−α)Qµi (t)+[1− (1− α)(1− κ)] [δ + (1− δ)I(sµi , s
µ(t+ 1))] Πµ(sµi , s

−µ(t+1)).

(2.4)

Our second simplification is to take a deterministic limit of the learning dynamics. (The

rationale for a deterministic limit was given in Section 1.3.5.) We write ΠR
i (y(t)) for the

expected payoff to player Row from playing pure strategy sRi at time t, given that player

Column plays mixed strategy y(t). For example, for sRi = sR1 , the expected payoff is

ΠR
1 (y(t)) = ay(t) + b(1 − y(t)). Similarly, we write ΠC

j (x(t)) for the expected payoff for

player Column from playing action sCj , for a fixed mixed strategy x(t) of player Row. The

indicator function I(sµi , s
µ(t)) can be replaced by the mixed strategy component, so for

example I(sR1 , s
R(t)) = x(t).

It is possible to combine Eqs. (1.29) and (2.4) and to formulate a closed map for

x(t), y(t).

x(t+ 1) =
x(t)1−αeβκ̃[δ+(1−δ)x(t)]ΠR1 (y(t))

x(t)1−αeβκ̃[δ+(1−δ)x(t)]ΠR1 (y(t)) + (1− x(t))1−αeβκ̃[δ+(1−δ)(1−x(t))]ΠR2 (y(t))
,

y(t+ 1) =
y(t)1−αeβκ̃[δ+(1−δ)y(t)]ΠC1 (x(t))

y(t)1−αeβκ̃[δ+(1−δ)y(t)]ΠC1 (x(t)) + (1− y(t))1−αeβκ̃[δ+(1−δ)(1−y(t))]ΠC2 (x(t))
,

(2.5)

where κ̃ = 1− (1− α)(1− κ).

We can obtain a continuous-time version of Eq. (2.5) by taking the limit α → 0 and

β → 0, such that the ratio α/β is finite. Further details can be found in Appendix 2.A.1.

When δ = 1 and α = 0, with β → 0, EWA learning reduces to the standard form of the

replicator dynamics. When α > 0 (although small), EWA reduces to a generalized form of

the replicator dynamics with finite memory (Sato and Crutchfield, 2003; Galla and Farmer,

2013).

Our third simplification simply derives from the baseline scenario assumption δ = 1. It is

possible to introduce a coordinate transformation that simplifies the dynamics, and helps to

23This restriction is always valid unless α = 0 and κ = 0, as in standard and weighted fictitious play.
However, it is possible to ex-post recover the convergence properties of these learning algorithms by taking
the limit α→ 0 in the stability analysis (see Section 2.4.2).
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make the study of EWA analytically tractable. Specifically, we introduce the transformation

x̃ = −1

2
ln

(
1

x
− 1

)
,

ỹ = −1

2
ln

(
1

y
− 1

)
,

(2.6)

only valid for x, y within the simplex, x, y ∈ (0, 1). In terms of the transformed coordinates

(and assuming δ = 1), the map (2.5) reads

x̃(t+ 1) = (1− α)x̃(t) + β[1− (1− α)(1− κ)](A tanh ỹ(t) +B),

ỹ(t+ 1) = (1− α)ỹ(t) + β[1− (1− α)(1− κ)](C tanh x̃(t) +D),
(2.7)

underlining that in the baseline scenario the game only enters through the four quantities

A, B, C and D defined in Eq. (2.2). Mathematically, the transformation of coordinates is a

diffeomorphism; it leaves properties of the dynamical system such as Jacobian or Lyapunov

exponents unchanged (Ott, 2002).

The original coordinates are restricted to x(t) ∈ (0, 1) and y(t) ∈ (0, 1), the trans-

formed coordinates instead take values on the entire real axis. Pure strategies (x, y) ∈
{(0, 0), (0, 1), (1, 0), (1, 1)} in the original coordinates map to (x̃, ỹ) ∈ {(±∞,±∞)} in the

transformed coordinates, with 0 mapping to −∞ and 1 mapping to +∞ (but for these

values the transformation is not valid).

2.3.2 Fixed point analysis

We now discuss existence and stability of fixed points. From now until the end of Section

2.3, we set κ = 1, in line with the parameter choices in the baseline scenario in Table 2.2.

As can be seen in Eq. (2.5), all pure strategy profiles are EWA fixed points. Indeed, if

one replaces x(t) = 0, 1 on the right hand side in the first equation, x(t + 1) always takes

the same value, and similarly y(t). Intuitively, a pure strategy profile i, j corresponds to

infinite propensities QRi and QCj , and finite changes in propensities (Eq. 2.3) have no effect.

However, unless α = 0, all pure strategy fixed points are unstable. (If α = 0, only the Nash

equilibria are stable pure strategy fixed points.) This is proved in Section 2.A.2. EWA also

has one or three mixed strategy fixed points. In the following, we characterize existence

and stability of the mixed strategy fixed points.

The location of the mixed strategy fixed points (x̃?, ỹ?) can be obtained from rearranging

Eq. (2.7). The fixed points are the solutions to x̃? = ΨR(x̃?) and ỹ? = ΨC(ỹ?), where

ΨR(x̃?) =
β

α

[
A tanh

(
β

α
(C tanh x̃? +D)

)
+B

]
,

ΨC(ỹ?) =
β

α

[
C tanh

(
β

α
(A tanh ỹ? +B)

)
+D

]
.

(2.8)
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It is already possible to note that the EWA parameters α and β combine as the ratio α/β,

our inattention parameter. Moreover, there is a scaling equivalence between increasing α/β

or decreasing the payoff combinations A, B, C, D, as multiplying α/β by a constant and

dividing the payoffs by the same constant leaves the fixed point equations unchanged.

Existence and stability in symmetric games. We now focus on the case of symmetric

games: this implies A = C and B = D,24 and in turn ΨR(·) = ΨC(·) = Ψ(·). (Note that in

this project symmetric games are just a special case to simplify the analysis, there is nothing

special about their properties.) While x̃? = Ψ (x̃?) and ỹ? = Ψ (ỹ?) implies that x̃? and ỹ?

take the same values, the pairs (x̃?, ỹ?) are found by replacing the values in the original

fixed point equations (2.7). Depending on the class of the game and learning parameters,

there can be either one or three mixed strategy fixed points.

The Jacobian of the map in the transformed coordinates (obtained from Eq. (2.7)) is

given by

J |x̃?,ỹ? =

(
1− α Aβ

cosh2(ỹ?)
Aβ

cosh2(x̃?)
1− α

)
, (2.9)

and its eigenvalues are

λ± = 1− α± |A|β 1

cosh(x̃?) cosh(ỹ?)
. (2.10)

The fixed point is stable if |λ±| < 1. After some algebra this results in the stability condition

α

β
cosh(x̃?) cosh(ỹ?)− |A| ≥ 0. (2.11)

We can now analyze the location and stability of fixed points as we vary A and B, while

holding α/β = 1. Indeed, up to this point only the combinations (β/α)A and (β/α)B

matter, so changing the value of α/β is equivalent to rescaling the payoffs. It is in general not

possible to obtain a closed-form solution for x̃?. Therefore, we first explore the parameter

space by solving Eq. (2.8) numerically, and then provide a mathematical analysis for a

number of limiting cases in which it is possible to obtain a closed-form solution.

Figure 2.3 shows the properties of the fixed points as we vary A and B. The solid black

lines in the figure separate the regions of anti-coordination games, dominance-solvable games

and coordination games. The different colors are associated with qualitatively different

learning dynamics. In the blue region, there exist multiple stable (mixed-strategy) fixed

points. In the green/yellow area there is only one stable fixed point. Through a linear

24In a symmetric game the identity of the players does not matter, i.e. the payoff to player µ from playing
action sµi against action s−µj does not depend on µ. In formula, this means that ΠR(sRi , s

C
j ) = ΠC(sRj , s

C
i ),

so A = C and B = D.

53



interpolation the color gradient reflects the distance of the fixed point from the center of

the strategy simplex: as the point in the (A,B) plane becomes more yellow, the fixed point

becomes closer to a pure strategy profile.

Figure 2.4 illustrates the nature of the fixed points with a few typical examples.

Unique fixed point near pure strategy NE:

In case (a) of Figure 2.4 the payoff matrix describes a dominance-solvable game, in which

actions sR2 and sC2 are strictly dominated by actions sR1 and sC1 . The fixed point is indi-

cated by a dark circle, and is located at (x?, y?) = (0.95, 0.95), very close to the unique

pure strategy NE at (1, 1) (solid triangle). The fixed point is stable. As discussed at the

beginning of this section, all pure-strategy profiles are unstable fixed points (light circles).

Multiple stable fixed points near pure-strategy NE:

Cases (b) and (d) are examples of anticoordination and coordination games respectively.

Each of the two games has three NE, as is indicated by the triangles. In each example one

NE involves a mixed strategy, and the other two equilibria are pure-strategy NE. In both

cases the values of A and B are such that there are three fixed points of EWA learning. For

both examples there exist a “central” fixed point, located near the mixed-strategy NE and

unstable under the learning dynamics (cyan circle near the centre of strategy space), and

two stable “lateral” fixed points.

The important difference between the two cases is that in (b) both pure-strategy NE

are also Pareto equilibria, whereas in (d) (sR1 , s
C
1 ) is both a NE and a Pareto equilibrium.

This generates the asymmetry between the A > 0 and A < 0 semiplanes.25 When A > 0

and B gets larger, the payoff discrepancy between the Pareto-efficient NE and the Pareto-

inefficient NE increases. The stable lateral fixed point closest to the Pareto-inefficient NE

collides with the unstable central fixed point, generating a fold bifurcation in which both

fixed points disappear. Effectively, positive memory loss and non-infinite payoff sensitivity

prevent the learning dynamics from getting stuck in a local minimum, and help reaching

the Pareto-efficient NE.

Unique fixed point away from pure-strategy NE:

Case (c) also corresponds to an anticoordination game, but the payoffs are smaller than in

the previous example. As the payoffs are smaller, there are less incentives to learn: the only

25Note that the discrepancy between coordination and anticoordination games here is an artifact of
the symmetry assumption A = C and B = D. Indeed, an anticoordination game with payoff matrix(

0, 0 4, 4
3, 3 0, 0

)
is asymmetric, but perfectly equivalent to case (d) in terms of Pareto-efficiency. See also

footnote 19.

54



Figure 2.3: Quantitative characterization of the parameter space in the special case A = C, B = D (symmet-
ric games), for fixed α/β = 1. The diagram shows the properties of the fixed points obtained from solving
Eq. (2.8) numerically, and then checking the stability by using Eq. (2.11). We interpolate linearly between
a “mixed fixed point” (green) and a “pure fixed point” (yellow), by making the color gradient proportional
to the distance between the fixed point and the center of the strategy simplex. The annotations from (a) to
(d) on the borders refer to specific games shown in Figure 2.4.

stable fixed point of EWA learning is near the centre of strategy space. This fixed point

does not coincide with the mixed strategy NE, and the distance from the NE increases as

either payoffs are lowered or the inattention parameter increased.

Mathematical analysis:

We proceed with the mathematical analysis for a number of specific cases. We first set

B = 0. The boundaries between the blue and green areas in Fig. 2.3 is then found at

A = −1 and A = 1. Mathematically, these boundaries mark the point at which the lateral

fixed points cease to exist (they are present in the blue areas, but not in the green area).

Calculating the slope of Ψ(u) at u = 0, one shows that the lateral fixed points do not exist

if
β

α
|A| ≤ 1, (2.12)

leading immediately to the boundaries A = ±1 in Figure 2.3 (α/β = 1 in the figure).

When β
α |A| → +∞, Ψ(x̃?) approaches a step function equal to −β

α |A| in the negative

domain and to β
α |A| in the positive domain, so the intersections with the x̃? line occur pre-

cisely at x̃? = 0 and x̃? = ±β
α |A|. Recalling the mapping from the transformed coordinates

to the original coordinates, these intersections correspond to x = 0, x = 1/2 and x = 1. By

using the same argument for y, it is easy to see that the fixed points are the pure strategy

NE of the coordination/anticoordination game and the mixed equilibrium in the center of

the strategy space. In Figure 2.4, cases (b) and (d) approximate this situation.
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Figure 2.4: Payoff matrices and fixed point stability for games with certain values of A and B (Figure 2.3).
The position of the fixed points of EWA and the NE are shown in the (x, y) plane. Green circles are stable
fixed points; cyan circles are unstable fixed points; grey triangles are NE.

We now consider B 6= 0. If β
α |B| → +∞ and B � A, Ψ(x̃?) is completely flat and

equal to Ψ(0) = β
αB. This is also the position of the unique fixed point x̃?. As x̃? → ±∞

(depending on the sign of B), x→ 0, 1 and the fixed point corresponds to the unique pure

strategy NE. Case (a) in Figure 2.4 approximates this situation.

Stability is addressed in the following proposition.

Proposition 2. In symmetric 2× 2 games and with the learning parameters taking values

as in the baseline scenario (Table 2.2) the following results hold:

(i) if B = 0 and β
α |A| ≤ 1, the unique central fixed point is stable.

(ii) if B = 0 and β
α |A| → 1+ or β

α |A| → +∞, the central fixed point becomes unstable

and the lateral fixed points are stable. In particular, at β
α |A| = 1 a supercritical pitchfork

bifurcation occurs.

(iii) if β
α |B| → +∞ and B � A, the unique fixed point is stable.

The proof is in Appendix 2.A.3. In sum, in symmetric 2×2 games at least one fixed point

is always stable, at least in the limiting cases covered in the proposition (but the numerical

analysis above suggests that the results in the proposition also hold for intermediate values).

Existence and stability in asymmetric games. We focus on a specific type of asym-

metric games in which the asymmetry only stems from the sign of the payoffs. These games

are defined by the condition ΠR(sRi , s
C
j ) = −ΠC(sRj , s

C
i ), which implies A = −C, B = −D.

Note that this condition does not generally define zero-sum games, which are rather defined
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by the equality ΠR(sRi , s
C
j ) = −ΠC(sRi , s

C
j ).26 Under this definition, if B > A the game is

dominance-solvable, but if A > B we have a cyclic game.

Fixed points and stability:

As above, we first write down the conditions for the existence and stability of fixed

points, and then study their properties as we vary the learning parameters and the payoffs.

When A = −C, Eqs. (2.8) have at most one solution, as the functions on the right

hand side monotonically decrease. Moreover, if B 6= 0 we generally have x̃? 6= ỹ?. The

eigenvalues of the Jacobian (2.9) are complex and of the form

λ± = 1− α± i β |A|
cosh(x̃?) cosh(ỹ?)

. (2.13)

The stability condition is then:27

β√
2α− α2

|A|
cosh(x̃?) cosh(ỹ?)

≤ 1. (2.14)

This stability condition is different from the one of symmetric games, in Eq. (2.10). Indeed,

it is not only the ratio α/β that matters, but a more complicated function of these param-

eters. In general, increasing α or β has the same effect on stability as with the ratio α/β,

but when taking the limit α, β → 0 (such that the ratio α/β is finite), the left hand side of

the above equation goes to zero, and so the fixed point is always stable. This is consistent

with replicator dynamics with finite memory always converging to a mixed strategy fixed

point, which could however be arbitrarily far from a Nash equilibrium (see Appendix 2.A.1).

Examples of typical behaviour:

In Figure 2.5 we illustrate the different possible outcomes for asymmetric games, as

we did for symmetric games in Fig. 2.3. Example (a) is a dominance-solvable game.

The learning dynamics converges to a unique fixed point close to the pure strategy NE,

analogously to case (a) in Figure 2.3. In case (b) we have instead a cyclic game, with

relatively low values of the payoffs. As in symmetric games, low values of the payoffs imply

that the fixed point at the center of strategy space — not necessarily corresponding to

the NE — is stable. Case (c) is similar to case (b), but the payoffs are larger. Higher

incentives make the players overreact to their opponent’s actions, and this makes all fixed

26These asymmetric games and zero-sum games only correspond if ΠR(sRi , s
C
j ) = ΠC(sRi , s

C
j ) = 0 for i 6= j.

27Here we just find the condition under which (x̃?, ỹ?) — the only potentially stable fixed point — loses
stability. It is possible to prove that the dynamical system undergoes a supercritical Hopf bifurcation
(or Neimark-Sacker bifurcation) when the eigenvalues cross the unit circle. However, the proof involves
calculating the so-called first Lyapunov coefficient, which requires a lot of algebra and does not provide any
insight, so we do not provide a proof here. We instead use numerical simulations to show that the Hopf
bifurcation is indeed supercritical.
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points unstable. The learning dynamics gets trapped in limit cycles or, for some parameters,

chaotic attractors, as we will show in Section 2.3.3.

Figure 2.5: Quantitative characterization of the parameter space of asymmetric games in which A = −C
and B = −D, for α = β = 0.8. This meaning of this figure is analogous to Figure 2.3. The central diagram
corresponds to the AC < 0 semiplane in Figure 2.2. In the red portion of the parameter space no fixed
points are stable, and the learning dynamics follows limit cycles or chaos.

Cyclic games – matching pennies:

We next focus on a specific example of cyclic games, Matching Pennies. This is a zero-

sum game in which one player gains a coin, while the other player loses the coin (Osborne

and Rubinstein, 1994). The resulting payoff matrix implies B = D = 0, C = −A. The

learning dynamics have a unique fixed point at (x̃?, ỹ?) = (0, 0). Replacing in Eq. (2.14)

we find that the fixed point is stable if

β√
2α− α2

|A| ≤ 1. (2.15)

For the values of α and β used in Figure 2.5, the fixed point becomes unstable for A? = 1.224.

This corresponds the the boundary of the green and red areas for B = 0, at the bottom of

Fig. 2.5.

Summing up, in asymmetric games defined by the constraint A = −C and B = −D,

there exists one stable fixed point unless A > B, in which case the fixed point may lose

stability through a Hopf bifurcation.
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2.3.3 Simulations of unstable dynamics

All analysis so far was about local stability of fixed points. We now simulate dynamics to

assess global stability and to check which type of dynamics arise when all fixed points are

unstable.

In symmetric games, dynamics always converge to one of the stable fixed points, except

in one case. When β is large, α is small and |A| � |B| (coordination or anticoordination

game), it is possible to observe a stable limit cycle of period 2. In this cycle the players

“jump” between the pure strategy profiles that are not NE of the coordination/anticoor-

dination game. This is unsurprising, as these parameter restrictions make EWA closely

resemble simultaneous best reply dynamics (see Section 2.2.2). As this dynamics is behav-

iorally unrealistic and not robust to stochasticity — it is enough that one player “trembles”

and the dynamics converges to the NE — we ignore it for the rest of the analysis. It is just

an artifact of the deterministic approximation.

In asymmetric games in which all EWA fixed points are unstable, we instead observe

more behaviorally realistic strategic oscillations. To illustrate the nature of the unstable

solutions, Figure 2.6 shows some examples of the learning dynamics for some values of α,

β, A and B. In panels (a) to (c) we have A = −C = 2 and B = D = 0, while in panel (d)

we consider A = −C = −3.4 and B = −D = −2.5.

0.0
0.2
0.4
0.6
0.8
1.0

(a) (b)
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0.0
0.2
0.4
0.6
0.8
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(c)

900 920 940 960 980 1000

(d)

t

x,
y

Figure 2.6: Time series of the probabilities x (in blue) and y (in red), for four different combinations of
learning parameters and payoffs (detailed in the text). Cyclical and chaotic dynamics occur.

In panel (a), for α = 0.7 and β = 1, the players frequently change their strategies,

whereas in panel (b), for α = 0.01 and β = 0.1, the dynamics is smoother. Note that the

ratio α/β is very similar in the two cases, but nonetheless the dynamics is quite different.

This is not in contradiction with the rest of the paper: only the fixed point behavior of
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EWA is determined by the ratio α/β. In panel (c), where α = 0.01 and β = 0.5 the players

spend a lot of time playing mostly one action and then quickly switch to the other action

(because they have long memory and high payoff sensitivity). Finally, in panel (d), we

choose B 6= 0: this seems to yield the most irregular dynamics.
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Figure 2.7: Bifurcation diagram and largest Lyapunov exponent λ as α is varied between 0 and 1. Cyclical
and chaotic dynamics alternate, with chaos being more likely for small values of α.
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Figure 2.8: Largest Lyapunov exponent as a function of A and B in antisymmetric games (C = −A,D =
−B). Colors from green to red indicate chaotic dynamics, while blue colors indicate convergence to a periodic
attractor, which can be a limit cycle or a fixed point. In panel (b) players have longer memory.

Chaotic dynamics:

To check if the dynamics are chaotic or (quasi-)periodic, we consider a bifurcation diagram

and calculate the Lyapunov exponents. In Fig. 2.7 we fix one payoff matrix (we use the

example of Fig. 2.6(d), i.e. A = −C = −3.4 and B = −D = −2.5) and set the sensitivity of

choice to β = 1. We then vary the memory-loss parameter α. All fixed points are unstable

for any α ∈ [0, 1]. In panel (a) we show the resulting bifurcation diagram. For each value of
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α we plot the coordinates x the dynamics visits over the course of the trajectory, discarding

an initial transient. When there are only a few values of x, e.g. for α ∈ [0.4, 0.5], the

dynamics cycles between these values. When instead for a given value of α the dynamics

visits significant portions of the phase space, as in α ∈ [0, 0.2], the dynamics is chaotic.

This is confirmed in panel (b) where we plot the largest Lyapunov Exponent (LLE) λ; this

exponent quantifies the exponential divergence of nearby trajectories (Ott, 2002), positive

values indicate chaotic dynamics.

Figure 2.8 shows that chaos is more frequently observed if the players have long memory.

Indeed, in panel (b) we set α = 0.01, β = 1, while in panel (a) it is α = 0.7. Chaos occupies

a larger portion of the parameter space if one of the actions is dominant over the other,

i.e. B > 0, as opposed to the case B = 0. The LLE is always negative if B > A, as the

dynamics reaches a fixed point (consistently with the diagram depicted in Figure 2.5). The

LLE is larger for intermediate values of the payoffs, i.e. for large A and B.

2.4 Extensions

We now consider the extensions to the baseline scenario (see Table 2.2). In Section 2.4.1 we

consider games in which payoffs are not constrained by A = ±C and B = ±D, so that the

magnitude of the payoffs can be different to the two players. In Section 2.4.2 we consider

values of the parameter κ ∈ [0, 1) (in the case κ = 0 we recover belief learning). In Section

2.4.3 we consider δ ∈ [0, 1), recovering reinforcement learning for the case δ = 0. Finally, in

Section 2.4.4 we drop the simplification of deterministic learning and analyze the stochastic

learning dynamics.

2.4.1 Unconstrained payoffs

From the point of view of learning, games in which A 6= C and B 6= D are widely similar to

games in the same class for which the constraint A = ±C and B = ±D holds. For example,

dominance-solvable games with unconstrained payoffs are widely similar to dominance-

solvable games with constrained payoffs.

The most interesting difference occurs for games in which payoffs to one player are

substantially larger than payoffs to the other player. Without loss of generality, consider

the case in which payoffs to Column are much larger than payoffs to Row. In this case

D >> B and C >> A. Having larger payoffs, Column has strongest incentives to play

better performing actions, and so he plays a mixed strategy closer to the pure strategies.

We illustrate this with specific examples in Figure 2.9, where we also show the functions

ΨR(x̃?) and ΨC(ỹ?). In panels (a) and (b) player Row has smaller payoffs, and so lower

incentives. As a result, x is always closer to the center of the strategy space than y. In
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panel (c) we show a similar payoff matrix to case (b) in Figure 2.5, except that the large

payoffs of player Column make the unique fixed point of (2.8) unstable.

Figure 2.9: Examples of asymmetric games in which B 6= D and A 6= C. These games are analogous to games
with constrained payoffs (A = ±C and B = ±D) in the same class, i.e coordination, dominance-solvable and
cyclic games respectively for panels (a) to (c). The only difference is that the player with highest payoffs —
and so strongest incentives — plays a mixed strategy closer to the pure strategies.

2.4.2 Belief learning

Choosing κ < 1 in Eqs. (2.5) and (2.7) is equivalent to rescaling the payoff sensitivity β as

follows

β̃ = β [1− (1− α)(1− κ)] . (2.16)

As the quantity multiplying β is smaller than one for κ < 1, the effective payoff sensitivity is

reduced, and so the inattention parameter becomes larger. Therefore, the learning dynamics

is generally more stable for κ < 1, and convergence to a fixed point in the center of the

strategy space occurs for a larger set of parameter combinations. All the analysis of the

baseline scenario still applies.

In the belief learning case (κ = 0) the rescaled payoff sensitivity is β̃ = βα. This

means that the coordinates of the fixed points do not depend on α, see Eqs.(2.8). One can

show that the fixed points then correspond to the Quantal Response Equilibria (QRE) of

the game. QRE were introduced by McKelvey and Palfrey (1995) to allow for boundedly
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rational players, in particular to include the possibility that players make errors. Here the

QRE x? and y? are given by the solutions to

ΠR
2 (y?)−ΠR

1 (y?) =
1

β
ln

1− x?
x?

,

ΠC
2 (x?)−ΠC

1 (x?) =
1

β
ln

1− y?
y?

.

(2.17)

For small values of β the QRE are in the center of the strategy space, whereas increasing

values of β bring the QRE closer to the NE. In the limit β → ∞, the QRE coincide with

the NE.

With κ = 0 the stability condition is

βα√
2α− α2

A ≤ 1. (2.18)

Differently from Eq. (2.14), the derivative of the left hand side with respect to α is positive

and so longer memory promotes stability. For general κ, the numerator in Eq. (2.18) is

β [1− (1− α)(1− κ)], so the derivative is positive when α > κ. The effect of memory on

stability is thus not trivial: in the belief learning limit, long memory promotes stability, but

when α > κ long memory promotes instability. To the best of our knowledge, we are the

first to identify the role of memory on instability in this class of learning algorithms.

In the limit α→ 0, the left hand side of Eq. (2.18) goes to zero, so stability is ensured

for all parameter values. This way, we recover the well known result of Miyazawa (1961)

and Monderer and Sela (1996), namely that in non-degenerate 2 × 2 games fictitious play

would converge to the NE. For other values of β, we recover the results of Fudenberg and

Kreps (1993) and Benäım and Hirsch (1999), namely that in 2×2 games stochastic fictitious

play would converge to the QRE.

2.4.3 Reinforcement learning

We now relax the constraint δ = 1, and allow the players to give different weight to the

actions that were and were not taken. For analytical tractability we assume that the players

have perfect memory, α = 0. We also assume κ > 0. (With α = 0, β does not determine the

existence and properties of the fixed points; so we could just set β̃ = β [1− (1− α)(1− κ)] =

1.) As we cannot use the coordinate transformation (2.6), we obtain the fixed points directly

from Eq. (2.5).

By replacing the parameter restrictions in Eq. (2.5), it is possible to show that there are

now potentially ten fixed points for a given value of δ. We give the expressions of all fixed

points explicitly or implicitly in Appendix 2.A.4. Four fixed points are the pure strategy

profiles, with (x, y) equal to (0, 0), (0, 1), (1, 0) and (1, 1). In four additional fixed points
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either x or y are 0 or 1, but not both, i.e. these fixed points are of the form (0, y1), (1, y2),

(x1, 0) and (x2, 1). Finally, two fixed points have both x and y different from 0 and 1, i.e.

(x3, y3) and (x4, y4). Only the pure strategy profiles are fixed points for all choices of model

parameters; the other fixed points may or may not exist, depending on the choice of δ or

of the payoffs.

In terms of stability, for each fixed point corresponding to the pure strategy profiles

(x, y) = {(0, 0), (0, 1), (1, 0), (1, 1)}, we specify the two eigenvalues of the Jacobian at that

fixed point:

(0, 0) →
(
eβ(bδ−d), eβ(fδ−h)

)
,

(0, 1) →
(
eβ(aδ−c), eβ(hδ−f)

)
,

(1, 0) →
(
eβ(dδ−b), eβ(eδ−g)

)
,

(1, 1) →
(
eβ(cδ−a), eβ(gδ−e)

)
.

(2.19)

If we set δ = 1, we get the same result mentioned at the beginning of Section 2.3.2

(see also Appendix 2.A.2), namely that only the pure strategy NE are stable. However, by

taking δ < 1 it is also possible to make the other pure strategy profiles potentially stable, by

effectively reducing the “perceived” value of the payoffs at the NE (i.e., the players do not

realize they could earn higher payoff if they unilaterally switched). We explain this with an

example. Consider the strategy profile (1, 1), and assume that (0, 1) is a NE. This means

that c > a, and so from Eq. (2.19) the first eigenvalue of (1, 1) is greater than one for δ = 1.

So the strategy profile (1, 1) is unstable. But if δ 6= 1, the condition for the fixed point to be

unstable is cδ − a > 0, i.e. c > a/δ. Therefore, provided a > 0, the payoffs at the NE must

be larger by a factor 1/δ if only the NE is to be a stable fixed point of EWA. In the other

cases, non-NE can also be stable fixed points. Mathematically, this means that for δ < 1

the dynamics can be stuck in local minima that are hard to justify in terms of rationality,

as each player could potentially improve her payoff by switching action. However, as the

players do not consider forgone payoffs, they cannot realize this, and keep playing the same

action.

Explicit examples are given in Figure 2.10. The axes x and y give the positions of the

fixed points for a specific value of δ, and the vertical axis δ shows how x and y vary with

this parameter. When the lines are blue it means that the fixed point is stable, and when

red the fixed point is unstable. Dashed green lines represent NE. When a NE coincides with

a fixed point the lines are shown blue or red with green dashes.

In panel (a) the game is dominance-solvable, with a unique NE at (x, y) = (0, 0). This

NE is stable for all values of δ, but the pure strategy profiles (1, 0) and (0, 1) are also stable
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Figure 2.10: Bifurcation diagram showing the fixed points (x, y) as the δ parameter is varied between 0 and
1. Blue (red) lines represent stable (unstable) fixed points. Dashed green lines represent NE. Lower values
of δ increase the likelihood to have stable fixed points that do not coincide with the NE.

for δ ∈ [0, 1/2]. Up to some modifications of the payoffs this game can be interpreted as a

Prisoner Dilemma game, in which for small values of δ cooperation can be sustained. The

other solutions of the type (0, y) or (x, 0) — on the faces of the cube — are always unstable.

Moreover, due to the specific values of the payoffs, the solution (x2, 1) does not exist. The

situation is similar in panel (b), except that the payoff matrix describes a coordination game

with two pure strategy NE. The other two pure strategy profiles are stable for δ < 1/3, as

can be calculated from Eq. (2.19).

Finally, case (c) is a cyclic game with the maximal number of fixed points, as all solutions

exist. When δ = 0 both fixed points (0, y1) and (1, y2) are stable; as δ is increased, the

solution of the type (x3, y3) or (x4, y4) with x, y < 0.5 becomes stable. As δ is further

increased the pure strategy profile (1, 1) is stable, and finally it is the solution of the type

(x3, y3) or (x4, y4) with x, y > 0.5 that becomes stable. For δ > 0.82 all solutions are

unstable, and the learning dynamics does not converge to any fixed point. Note that in this

game no stable fixed point corresponds to the NE, and can be arbitrarily far.

2.4.4 Stochastic learning

When playing a game, except for very specific experimental arrangements (Conlisk, 1993a),

real players update their strategies after observing a single action by their opponent, and

so they do not not know her mixed strategy vector. This questions whether the analysis of
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the deterministic dynamics so far provides robust conclusions. In this section we show that

it does.

It is beyond the scope of this paper to systematically study the effect of noise on the

learning dynamics. We refer the reader to Galla (2009) for a study on the effect of noise

on learning, and to Crutchfield et al. (1982) for a more general discussion on the effect of

noise on dynamical systems. We note two properties of this type of sampling noise.

First, noise is less likely to influence the dynamics if the players play strategies close

to the pure strategies. In this case, the action they play will most likely coincide with the

closest pure strategy. Consider for example a fixed point with x, y = 0.95, so that when

both players choose action s1 the probabilities x and y are fixed. The players only choose

action s2 on average 1/20 of the times, and then return to the fixed point if it is stable.

If instead the fixed point is in the center of the strategy space, both actions can be played

with similar probability, and this leads to more irregular dynamics.

The non-linearity introduced by the logit function (1.29) also matters. The effect of

an unlikely action — say action s2 in the example above — on the strategy vector is

weaker if players are close to the pure strategies. For example, if both x, y = 0.95 and the

players choose s2, for most parameter settings the dynamics deviates by very little (say,

∆x,∆y = 0.03) from the fixed point. If instead the players were closer to the center of the

strategy space, the deviation would be more substantial.

Given the remarks above, when the deterministic dynamics converges to a stable fixed

point close to the pure strategies it is likely to stay there, with some occasional fluctuation.

If instead there is a unique stable fixed point in the center of the strategy space, the

fluctuations can be substantial. Simulations (not reported) confirm the conjectures above.

In Figure 2.11 we report instead examples where there are no stable fixed points, i.e.,

when the corresponding deterministic dynamics is cyclical or chaotic. The top panels rep-

resent stochastic learning, while the bottom panels show the corresponding determinis-

tic learning dynamics. In all cases the payoff combinations are A = −C = −3.4 and

B = −D = −2.5, and the memory loss is α = 0.2. In the left panels the payoff sensitivity

is β = 1 and so the deterministic dynamics is chaotic. The stochastic dynamics is very

similar. This is mostly due to the chaotic attractor being close to the pure strategies, where

the effect of noise is weak. In the right panels it is β = 0.1, so the deterministic dynamics

reaches a fixed point. In the stochastic case, fluctuations induced by noise are much stronger

than in the case of chaotic dynamics (panel (a)).

In Figure 2.11 we have shown time series of mixed strategies. However, real players

cannot observe mixed strategies, and observe instead sequences of actions. We show such

sequences of actions in Figure 2.12, where panel (a) corresponds to panel (a) in Figure
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Figure 2.11: Time series of the probabilities x (in blue) and y (in red) of the learning dynamics in a
cyclic game. Top panels represent stochastic learning, bottom panels show the corresponding deterministic
learning. In panel (c) the deterministic dynamics converges to a chaotic attractor, while in panel (d) it
reaches a fixed point.

2.11, and panel (b) corresponds to panel (b) in the same figure. The two sequences are

qualitatively different, with the sequence in panel (a) showing much stronger persistence –

that is, if one player has played a specific action, they are likely to play the same action in

the next round.

To characterize this in more detail, we show the autocorrelation function of played

actions in panel (c), for the two sequences in panels (a) and (b). The blue dashed lines

show the region in which |C(τ)| < 0.1: if the autocorrelation falls in this band the null

hypothesis of no autocorrelation cannot be rejected at a 5% significance level. The sequence

of actions in panel (b) shows no significant autocorrelation, while the sequence in panel (a)

remains correlated up to ∆t ≈ 3. However, it should be noted that the sequence (a) is not

at all perfectly predictable. Indeed, the number of times a certain action is played before

switching to the other action varies after every switch.

Finally, in Figure 2.13 we show the bifurcation diagram and largest Lyapunov exponent

as a function of α for stochastic learning. This figure is similar to Figure 2.7, consistently

with theoretical studies on the effect of noise on dynamical systems (Crutchfield et al.,

1982). The figure shows that chaos is robust to noise, the LLE is positive for α ∈ [0, 0.3].

For α > 0.6 the dynamics only visits a few points, as can be seen in panel (a). This is

because the players have short memories and so only a few different histories of actions

played are possible. In the extreme case of no memory, α = 1, each player will “jump”

between two points, corresponding to the two actions that her opponent may take at any

time step. Indeed, in Figure 2.7(a) for α = 1 the dynamics only visits two points (x = 0 and
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Figure 2.12: Left panels: sequences of actions taken by player Column. Panels (a)-(b) correspond to
panels (a)-(b) in Figure 2.11. Right panel: Autocorrelation function of the actions of player Column, for
both sequences represented in the left panel. When the learning dynamics reaches a fixed point in the
deterministic limit, the autocorrelation decays instantaneously.

x ≈ 0.85). This effect is absent in the deterministic dynamics, because the players choose

distributions of actions.

2.4.5 Other parameter combinations

Here we cover some parameter and payoff combinations that have not been considered

previously, and show that the results of our analysis can be directly applied to understand

the learning behavior in these cases. We argue that in general, although we do not explicitly

cover all the parameter space, all outcomes may be understood based on our analysis.

For example, consider the following game(
1, 6 5,−2
3, 2 1,−2

)
. (2.20)

Assume that δ = 1, that the dynamics is deterministic, and consider any value of α, β and

κ. What dynamics can we expect? The payoff combinations are A = −1.5, B = 0.5, C = 1

and D = 3. The payoffs do not satisfy any constraint of the type A = ±C, B = ±D.

Differently from Section 2.4.1, moreover, the payoffs to one player are not simply a rescaled

version of the payoffs to the other player, so that the magnitude of the payoffs is not the

only difference with respect to the baseline scenario.

Nevertheless, we can qualitatively understand the outcome of learning based on our

analysis. Because A and C have different signs, the functions ΨR(·) and ΨC(·) in Eq.

(2.8) monotonically decrease, so there can only be one fixed point in the interior of the

simplex. The game is dominance solvable and, although both B and D have the same
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Figure 2.13: Bifurcation diagram and largest Lyapunov exponent λ as α is varied between 0 and 1. This
figure is equivalent to Figure 2.7, except that here we consider stochastic learning. Chaos is robust to noise
for small values of α.

sign, the situation is similar to the upper left corner of the diagram in Figure 2.5. If

α/β̃ = α/{β [1− (1− α)(1− κ)]} is small, the fixed point is close to the unique pure NE of

the game, located at (sR2 , s
C
1 ). If instead α/β̃ is large, the fixed point is located in the center

of the strategy simplex. Because |D| > |B|, finally, player Column always plays a strategy

closer to the pure equilibrium than player Row, in line with the analysis in Section 2.4.1.

Relax now the assumption δ = 1. Because we do not want to constrain α to take the

value α = 0, the analysis in Section 2.4.3 does not directly apply. However, combining the

effects of δ and α/β̃ is straightforward. Positive values of α/β̃ push all fixed points towards

the center of the simplex, so “lock-in” fixed points of the type discussed in Section 2.4.3

become less likely.

This is confirmed by simulating the EWA equations on the game in Eq. (2.20), fixing

κ = 0.5, β = 0.5, and varying δ and α. We consider five values δ = 0.00, 0.25, 0.50, 0.75, 1.00,

and several values of α ∈ [0, 0.5]. We simulate the dynamics and record the x variables in

the final time steps, obtaining the bifurcation diagram in Figure 2.14. Consider the left

panel, showing the deterministic dynamics. As α/β̃ becomes larger, the fixed point moves

towards the center of the simplex, in line with the analysis in Section 2.3. This is true for

all values of δ. However, for δ = 0, 0.2, an additional fixed point at x = 1 exists. This is

one of the “lock-in fixed points” described in Section 2.4.3, and it only exists for sufficiently

small values of α/β̃.

Finally, in Section 2.4.4 we have discussed robustness of our results to stochasticity,

but we have fixed κ and δ to κ = 1 and δ = 1 respectively. The right panel of Figure

2.14 shows that robustness to stochasticity holds for other parameter values, too. (The
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Figure 2.14: Bifurcation diagram obtained by simulating the EWA equations for some values of the param-
eters δ and α/β̃ (we only show x, the mixed strategy of player Row). Fixed points with x = 1 are only
possible for δ = 0, 0.2 and for small values of α/β̃.

density of points in the bifurcation diagram indicates that the value of x is often close to

the deterministic one, although occasionally is it larger.)

While in this section we have not claimed that we can explicitly fully characterize the

parameter space, we have shown a game and parameter combinations that had not yet been

analyzed, but whose behavior could be qualitatively understood from the previous analysis.

2.A Appendix

2.A.1 Replicator dynamics with finite memory

Here we show that the EWA equations (2.5) have a continuous time limit that corresponds

to a generalized version of replicator dynamics having finite memory, instead of infinite

memory as in the standard case. We present an alternative derivation with respect to

previous papers. Sato and Crutchfield (2003) assume that the evolution of the attractions

takes place at a different timescale than the evolution of the probabilities, and Galla and

Farmer (2013, Supplementary Information, Section II) use a Lagrange multiplier method.

Here we simply start from Eq. (2.5) and take the limit α → 0, β → 0, such that the

ratio α/β is finite. In this limit κ̃ = κ, and we set κ = 1 without loss of generality.28 We

also only perform the calculations for x(t), as the calculations for y(t) are identical. For

notational simplicity, we denote here x(t) by xt, and y(t) by yt. Taking logs in Eq. (2.5)

we get

lnxt+1 = (1− α) lnxt + β[δ + (1− δ)xt]ΠR
1 (yt)−

ln
(
x1−α
t eβ[δ+(1−δ)xt]ΠR1 (yt) + (1− xt)1−αeβ[δ+(1−δ)(1−xt)]ΠR2 (yt)

)
. (2.21)

28As the case κ = 0 is excluded from the condition on the steady state of the experience, κ is just a
constant that multiplies β.
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The logarithm of the denominator can be greatly simplified by taking the limit α → 0,

β → 0. In this limit

x1−α
t = xtx

−α
t = xte

lnx−αt = xte
−α lnxt ≈ xt(1− α lnxt) (2.22)

and

eβ[δ+(1−δ)xt]ΠR1 (yt) ≈
(

1 + β[δ + (1− δ)xt]ΠR
1 (yt)

)
. (2.23)

By ignoring terms of O(α2) (or equivalently O(β2), as the ratio α/β is finite) we can then

write

ln
(
x1−α
t eβ[δ+(1−δ)xt]ΠR1 (yt) + (1− xt)1−αeβ[δ+(1−δ)(1−xt)]ΠR2 (yt)

)
≈

ln
(
xt

(
1− α lnxt + β[δ + (1− δ)xt]ΠR

1 (yt)
)

+

(1− xt)
(

1− α ln(1− xt) + β[δ + (1− δ)(1− xt)]ΠR
2 (yt)

))
=

ln
(

1 + xt

(
−α lnxt + β[δ + (1− δ)xt]ΠR

1 (yt)
)

+

(1− xt)
(
−α ln(1− xt) + β[δ + (1− δ)(1− xt)]ΠR

2 (yt)
))
≈

xt

(
−α lnxt + β[δ + (1− δ)xt]ΠR

1 (yt)
)

+(1−xt)
(
−α ln(1− xt) + β[δ + (1− δ)(1− xt)]ΠR

2 (yt)
)
.

(2.24)

Replacing this in Eq. (2.21) and rearranging gives

lnxt+1 − lnxt = β
(

[δ + (1− δ)xt]ΠR
1 (yt)− xt[δ + (1− δ)xt]ΠR

1 (yt)−

(1− xt)[δ + (1− δ)(1− xt)]ΠR
2 (yt)

)
− α (lnxt − xt lnxt − (1− xt) ln(1− xt)) . (2.25)

It is possible to divide everything by β and rescale time so that one time unit is given by

β. Then in the limit β → 0 the left hand side of the above equation is

lim
β→0

lnxt+β − lnxt
β

=
ẋ

x
(2.26)

and the learning dynamics for x can be written in continuous time as

ẋ

x
= [δ + (1− δ)x]ΠR

1 (y)− x[δ + (1− δ)x]ΠR
1 (y)−

(1− x)[δ + (1− δ)(1− x)]ΠR
2 (y)− α

β
(lnx− x lnx− (1− x) ln(1− x)) . (2.27)

This is in general the continuous time approximation of the EWA dynamics in Eq. (2.5).

In the case δ = 1, replacing the expressions for ΠR
1 and ΠR

2 , we get

ẋ

x
= ay+b(1−y)− (axy+bx(1−y)+c(1−x)y+d(1−x)(1−y))− α

β
(lnx−H(x)) , (2.28)
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where H(x) = x lnx+(1−x) ln(1−x) is the information entropy of mixed strategy (x, 1−x).

This is the dynamics analyzed in Sato and Crutchfield (2003). If α = 0, i.e. with infinite

memory, the above equation reduces to the standard form of two-population replicator

dynamics (Hofbauer and Sigmund, 1998).

It is useful to analyze the stability of Eq. (2.28) in cyclic games. We rewrite the

replicator dynamics (2.28) in terms of A, B, C and D, factor a 1 − x term and write the

corresponding equation for y:

ẋ = x(1− x)

(
4Ay + 2(B −A) +

α

β
(ln(1− x)− lnx)

)
,

ẏ = y(1− y)

(
4Cx+ 2(D − C) +

α

β
(ln(1− y)− ln y)

)
.

(2.29)

In line with the analysis in Section 2.4.1, we focus on the specific case in which B = D = 0

and C = −A, i.e. Matching Pennies. In this case the fixed points of the replicator dynamics

are (0, 0), (0, 1), (1, 0), (1, 1) and (1/2, 1/2). The fixed points (0, 0), (0, 1), (1, 0) and (1, 1)

are always unstable, for any value of α. The eigenvalues for the fixed point (1/2, 1/2) are

λ± = −α
β
± iA. (2.30)

As the stability of a fixed point of a continuous dynamical system is determined by whether

the real part of the eigenvalues is positive, it is easy to see that (1/2, 1/2) is always stable

for α > 0. Therefore, the replicator dynamics with finite memory always converges to

the mixed strategy NE. When α = 0 the fixed point becomes marginally stable, and the

learning dynamics circles around the NE. This recovers a standard result in evolutionary

game theory (Hofbauer and Sigmund, 1998). Note however that if B 6= 0 or D 6= 0 the

position of the fixed point in the strategy space becomes dependent on α/β, and can be

arbitrarily far from the mixed strategy NE.

2.A.2 Pure strategy fixed points stability

In order to study the properties of the pure strategy NE we need to consider the learning

dynamics in the original coordinates (the pure strategies map into infinite elements in the

transformed coordinates). The EWA dynamics reads (using (2.5) with δ = 1, κ = 1 and

the payoff matrix (2.1)):

x(t+ 1) =
x(t)1−αeβ(ay(t)+b(1−y(t))

x(t)1−αeβ(ay(t)+b(1−y(t)) + (1− x(t))1−αeβ(cy(t)+d(1−y(t))
,

y(t+ 1) =
y(t)1−αeβ(ex(t)+f(1−x(t))

y(t)1−αeβ(ex(t)+f(1−x(t)) + (1− y(t))1−αeβ(gx(t)+h(1−x(t))
.

(2.31)
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From Eq. (2.31) we can see that the pure strategies (x, y) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}
are all fixed points of the dynamics. Let us study their stability properties. We get a

Jacobian

J =

(
J11 J12

J21 J22

)
, (2.32)

with

J11 =
(1− α)(x− x2)αeβ(y(a−b−c+d)+b−d)(

x(1− x)αeβ(y(a−b−c+d)+b−d) − (x− 1)xα
)2 ,

J12 =
β(x− x2)α+1(a− b− c+ d)eβ(y(a−b−c+d)+b−d)(
x(1− x)αeβ(y(a−b−c+d)+b−d) − (x− 1)xα

)2 ,

J21 =
β(y − y2)α+1(e− f − g + h)eβ(x(e−f−g+h)+f−h)(
y(1− y)αeβ(x(e−f−g+h)+f−h) − (y − 1)yα

)2 ,

J22 =
(1− α)(y − y2)αeβ(x(e−f−g+h)+f−h)(

y(1− y)αeβ(x(e−f−g+h)+f−h) − (y − 1)yα
)2 .

(2.33)

As it can be seen by taking the appropriate limits in Eqs. (2.33), for all profiles of pure

strategies the Jacobian has infinite elements along the main diagonal and null elements

along the antidiagonal. This means that the profiles of pure strategies — and in particular

the pure strategy NE — are “infinitely” unstable.

However, when α = 0 the pure strategy NE become stable. Consider the profile of pure

strategies in which both players choose action s1. This corresponds to x = y = 1, and gives

a Jacobian

J =

(
e−β(a−c) 0

0 e−β(e−g)

)
. (2.34)

The eigenvalues can be seen on the main diagonal, and are stable when a > c and e > g.

Under these conditions (sR1 , s
C
1 ) is a pure strategy NE. The argument is similar for all other

pure strategy profiles.

2.A.3 Mixed strategy fixed points stability

We first consider claim (i). Since B = 0, there is always a fixed point (x̃?, ỹ?) = (0, 0). This

fixed point is stable if (from Eq. 2.11)

β

α
|A| ≤ 1. (2.35)

So, as long as x̃? = 0 is the unique fixed point, it is stable.

We then consider claim (ii), and in particular the lower bound, β
α |A| → 1+. Further to

the central fixed point, there are two lateral fixed points x̃? = ±ε, where ε is an arbitrarily
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small number. Thanks to the symmetry of the game, we focus on a profile of mixed strategies

given by (x̃?, x̃?). To second order, cosh x̃? ≈ 1 + (x̃?)2 /2. The stability condition becomes

α

β

(
1 +

(x̃?)2

2

)(
1 +

(x̃?)2

2

)
− |A| ≥ 0, (2.36)

i.e.

(x̃?)2 ≥ β

α
|A| − 1. (2.37)

Now, we Taylor expand Ψ(x̃?) (defined in Section 2.3.2) to third order (first order would

just yield x̃? = 0)) and solve x̃? = Ψ(x̃?). Apart from the null solution, we get

(x̃?)2 =
3
(
β2A2

α2 − 1
)

β2A2

α2

(
1 + β2A2

α2

) . (2.38)

It is easily checked that for β
α |A| → 1+, the condition (2.37) is satisfied: the fixed points

whose components are the “lateral solutions” are stable. Therefore, there is a supercritical

pitchfork bifurcation at the value β
α |A| = 1.

The upped bound, namely β
α |A| → ∞, is easily dealt with. As discussed in Section

2.3.2, in this limit the fixed point x̃? is given by x̃? ≈ ±β
α |A|. Now, for β

α |A| → +∞ the

hyperbolic cosine can be approximated by

cosh

(
β

α
|A|
)
≈ exp

(
β

α
|A|
)
/2. (2.39)

We can rewrite the stability condition as:

4β

α
|A| exp

(
−2

β

α
|A|
)
≤ 1. (2.40)

For β
α |A| → ∞, the left hand side of the above equation goes to zero, so the inequality

obviously holds.

Finally, the proof of (iii) is identical to the proof of the upper bound for β
α |A|, in that

the same arguments apply to sufficiently large values of β
α |B| (provided that B � A).

2.A.4 Fixed points of reinforcement learning

The fixed points are obtained setting x(t+ 1) = x(t) = x? and y(t+ 1) = y(t) = y? in Eq.

(2.5), with α = 0 and κ = 1. This gives

x? =
x?eβ[δ+(1−δ)x?](ay?+b(1−y?))

x?eβ[δ+(1−δ)x?](ay?+b(1−y?)) + (1− x?)eβ[δ+(1−δ)(1−x?)](cy?+d(1−y?))
,

y? =
y?eβ[δ+(1−δ)y?](ex?+f(1−x?))

y?eβ[δ+(1−δ)y?](ex?+f(1−x?)) + (1− y?)eβ[δ+(1−δ)(1−y?)](gx?+h(1−x?))
.

(2.41)
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It is easily checked that all pure strategy profiles are fixed points. Four additional

solutions can be found noticing that when either x? or y? are 0 or 1, the respective equation

holds as an identity. It is then possible to find the other solution by solving the other

equation. These give fixed points

(0, y1) =

(
0,

(1− δ)h+ δ(h− f)

(1− δ)(f + h)

)
,

(1, y2) =

(
1,

(1− δ)g + δ(g − e)
(1− δ)(g + e)

)
,

(x1, 0) =

(
(1− δ)d+ δ(d− b)

(1− δ)(d+ b)
, 0

)
,

(x2, 1) =

(
(1− δ)c+ δ(c− a)

(1− δ)(c+ a)
, 1

)
.

(2.42)

Of course for these solutions to exist it has to be 0 < y1, y2, x1, x2 < 1. The two final

solutions (x3, y3) and (x4, y4) are obtained when the arguments of the exponentials in Eq.

(2.41) are identical, i.e. when

(δ + (1− δ)x?)(ay? + b(1− y?)) = (δ + (1− δ)(1− x?))(cy? + d(1− y?)),
(δ + (1− δ)y?)(ex? + f(1− x?)) = (δ + (1− δ)(1− y?))(gx? + h(1− x?)).

(2.43)

The expression for these solutions is very complicated and uninsightful. We only report this

expression for δ = 0 and symmetric games,

x? = y? =
b− c+ 2d±

√
b2 − 2bc+ c2 + 4ad

2(b− a+ d− c) . (2.44)

We do not report the eigenvalues of other fixed points than the pure strategy profiles (Eq.

2.19) because their expression is complicated and uninsightful.
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Chapter 3

Best reply structure and
equilibrium convergence in generic
games

3.1 Overview

In this chapter we introduce a theory that characterizes convergence of a family of learning

algorithms in two-player games with any number of actions per player. Differently from

Chapter 2, in which we restricted our attention to games with two actions per player,

we cannot provide an exact characterization of the asymptotic behavior of these learning

algorithms. We therefore calculate how typical convergence is over ensembles of two-player,

normal-form, randomly-generated games, using an approximate measure based on the best

reply structure of a game.

In Section 3.2 we explain why studying randomly-generated games and using approxi-

mate measures, both unconventional approaches in game theory, is a productive research

agenda, by giving examples of how it has been useful in other fields. We then present some

arguments giving some intuition about why the best reply structure of a game predicts non-

convergence of some learning algorithms in Section 3.3. The key idea is that the relative

“size” of best reply cycles vs. fixed points approximates the basin of attraction of unsta-

ble dynamics. This is remarkable given that the trajectories of learning algorithms do not

closely match best reply cycles, and given that the functional form of learning algorithms is

different from best reply dynamics. We perform extensive numerical simulations and give

quantitative evidence for this correspondence in Section 3.4.

In Section 3.5 we study whether best reply cycles become prevalent as some proper-

ties of the games change, illustrating the effect of two different constraints that represent

deviations from well-known classes of games. We show that best reply cycles are domi-

nant in complicated and competitive games, indicating that in this case learning dynamics
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are unlikely to reach equilibrium. In Section 3.6 we develop a combinatorial approach to

analytically compute the frequency of best reply cycles in the case of uncorrelated payoffs.

Finally, in Section 3.7 we discuss perspectives for this work, some of which are already

undergoing.

The results presented in this chapter have been published in Pangallo et al. (2019).

3.2 Why should we study randomly-generated games?

The standard approach to the problem of equilibrium convergence in game theory is to

focus on classes of games with special mathematical properties, selected as stylized models

of real-world scenarios. For example, in potential games (Monderer and Shapley, 1996b)

all differences in payoffs for unilaterally changing strategy can be expressed using a global

potential function; congestion games (Rosenthal, 1973) belong to this class, so potential

games can be used as a stylized model of traffic. Most learning algorithms converge to a

Nash or correlated equilibrium in potential games, as well as in dominance-solvable (Nach-

bar, 1990), coordination (Foster and Young, 1998), supermodular (Milgrom and Roberts,

1990) and “weakly acyclic” (Arieli and Young, 2016) games (see Section 1.2.3 for defini-

tions). Studying classes of games with special properties is really useful in situations such

as mechanism design, in which one can choose the game to be played. In these situations

it may also be possible to design the learning algorithm that the players are going to use,

and choose the one that most likely will converge to equilibrium (e.g. the ones in Section

1.3.7). Examples of situations in which this is useful include online auctions and internet

routing (Easley and Kleinberg, 2010).

There are other problems, however, where the game and the learning algorithm are

not designed, but rather are dictated by the intrinsic nature of the set up. For example,

a financial market can be viewed as a game with many possible actions corresponding to

the assets that traders can buy or sell. The outcome might converge to an equilibrium or

it might endogenously fluctuate. If the system is not designed to encourage convergence,

which of these two behaviors should we expect?

To address this issue, we follow an approach that has been extremely productive in

theoretical ecology and developmental biology and is widespread in physics. An example

of this approach is the seminal paper in theoretical ecology by May (1972). He studied an

ensemble of randomly generated predator-prey interactions which he took as a null model

of a generic ecosystem. His key result was that random ecosystems tend to become more

unstable as they grow larger. Of course, as May was well-aware, real ecosystems are not

random, rather they are shaped by evolutionary selection and other forces. Many large

ecosystems have existed for long periods of time, suggesting they are in fact stable. This
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indicated that real ecosystems are not typical members of the random ensemble he studied.

This contradiction raised the important question of precisely how they are atypical, and

how and why they evolved to become stable. Forty five years later, properly answering this

question remains a subject of active research. For example, Johnson et al. (2014) recently

found that real ecosystems have a property that they call trophic coherence, and showed

that incorporating this property as a constraint on the ensemble of randomly generated

ecosystems ensures stability.

Here we apply a similar approach to game theory, taking an ensemble of randomly

generated two-player games as a null model. For reasons of tractability we study normal

form games, taking advantage of the fact that it is possible to systematically enumerate

all possible games. The null model is refined by adding constraints that can be varied to

understand their effect on convergence to equilibrium. Here we study in detail a parameter

Γ that tunes the correlation of the payoffs to the two players. This regulates the intensity of

competition in a game, and encompasses zero-sum games as a special case for Γ = −1. We

also sketch how one might construct other constraints, for example to study deviations from

potential games. With this approach it is possible to see how deviations from particular

classes of games affect the stability of the learning dynamics.

Randomly generated games and general learning algorithms do not have mathematical

properties that allow exact solutions. Motivated by this, we develop a formalism to obtain

the approximate probability of convergence as a function of a simple indicator. An analogy

to fluid dynamics clarifies how such approximate solutions can be useful. As a fluid is

driven away from equilibrium, it typically makes a transition from stable (or laminar) flow

to unstable (or turbulent) flow. There is no complete theoretical understanding of the

solutions for the Navier-Stokes equations that describe fluid dynamics, but this transition

can nonetheless be crudely characterized in terms of a nondimensional parameter called

the Reynolds number (Morriss and Evans, 2013). Larger Reynolds number means higher

likelihood of turbulence. Although this is imprecise – it is just a rule of thumb – it is

nonetheless very useful. Our analogous estimate for games does not have a simple closed

form, but it has similar predictive power. Another analogy to our approach is the theory of

qualitative stability in theoretical ecology (May, 1973). Many models in ecology consider

the magnitude of the interactions between different species in a food web. For example,

such models consider how much grass is eaten by rabbits, and how many rabbits are eaten

by foxes. The qualitative stability approach instead considers only the sign of the predator-

prey relations – that rabbits eat grass and foxes eat rabbits. This makes it possible to

obtain an approximate assessment of the stability of an ecosystem just from the topological
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properties of its food web. As with the theory of qualitative stability, our approach only

depends on the topological properties of the game and not on the details of the payoffs.

3.3 How the best reply structure shapes learning dynamics

Table 3.1: Terminology

Best reply
Action that gives the best payoff in response to a given

action by an opponent
Best reply
structure

Arrangement of the best replies in the payoff matrix

Best reply
matrix

Derived payoff matrix, with one for the best reply to each
possible action of the opponent and zero everywhere else

Best reply
dynamics

Simple learning algorithm in which the players myopically
choose the best reply to the last action of their opponent

Best reply
k-cycle

Closed loop of best replies of length k (each player moves
k times)

Best reply fixed
point

Pure Nash Eq., i.e. the action for each player that is a
best reply to the action of the other player

Best reply
vector v

List of the number of distinct attractors of the best reply
dynamics, ordered from longest cycles to fixed points

Free action /
free best reply

Best reply to an action that is neither part of a cycle or
fixed point

Best reply
configuration

Unique set of best replies by both players to all actions of
their opponent

The simple indicator that we develop to obtain an approximate probability of conver-

gence is based on best reply dynamics. Some definitions on best reply dynamics have been

given in Section 1.3.1; in Table 3.1 we recall these definitions, together with others that will

be added in Section 3.6.

Our working hypothesis is that the best reply structure of a game influences the conver-

gence properties of a wide variety of learning algorithms that have empirical support from

experiments with human players. We consider six learning algorithms that span different in-

formation conditions and levels of rationality, defined in Sections 1.3.2 through 1.3.6. These

are reinforcement learning, fictitious play, replicator dynamics, experience-weighted attrac-

tion (with and without noise) and level-k learning. We specifically do not study algorithms

that are designed to have good convergence properties, which may be very different from

the ones we study here and for example converge to correlated equilibria independently of

the best reply structure.

More specifically, our hypothesis is that the presence or absence of best reply cycles is

correlated with the stability of the learning dynamics, even if the learning trajectories may

not follow best reply cycles in detail. Learning is more likely to converge when there are

no best reply cycles and less likely to converge when they are present. Note that we are
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not assuming that players follow best reply dynamics. Rather, we hypothesize that the best

reply structure of the payoff matrix constitutes a first-order skeleton, forming the backbone

of the game the players are trying to learn, which is useful for understanding the convergence

of many learning algorithms.

We cannot prove this analytically in generic games, but it is supported by anecdotal

examples. It is impossible to present these in detail but in this section we present a few

representative samples to motivate the correspondence. In the next section we present more

quantitative evidence.
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Figure 3.1: How the best reply structure influences convergence of six learning algorithms. For
each payoff matrix A–D, we show the dynamics of two learning algorithms. We plot the probabilities x1

and x2 for Row to play actions sR = 1 and sR = 2 respectively, and the probability y1 for Column to
play sC = 1. The black dots are the positions of the Nash equilibria: for payoff matrices A–C the dot at
x1 = x2 = y1 = 0 is the pure strategy Nash equilibrium; all other dots are mixed strategy equilibria. The
trajectories are colored in shades of blue if they converge to a pure equilibrium; in shades of green if they
converge to a mixed equilibrium; and in shades of red if they do not converge.

To develop intuition into whether and why the best reply structure could predict con-

vergence of the learning algorithms above, in Figure 3.1 we analyze four games with N = 3,

showing some learning trajectories in a 3-dimensional projection of the 4-dimensional strat-

egy space (there are six components of the mixed strategy vectors with two normalization

constraints). The axis labels x1 and x2 are the probabilities of player Row to play actions

sR = 1 and sR = 2 respectively, and y1 is the probability for Column to play sC = 1. The

corners of the strategy space (x1, y1, x2) = (1, 1, 0) and (0, 1, 1) correspond to the action

profiles (1, 1) and (2, 1) respectively.
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In panel A we consider a best reply matrix with a 2-cycle and a single pure strategy Nash

equilibrium. Our first illustration uses replicator dynamics. The attractors of the learning

algorithm closely mimic the attractors of the best reply dynamics; all trajectories go to either

the fixed point or the limit cycle, depending on the initial condition. The limit cycle in this

example corresponds to the best reply cycle as we always have y3 = 0. (Coordinate y3 is

not shown due to the 3-dimensional projection of the 6-dimensional system.) Reinforcement

learning, EWA and EWA with noise behave similarly. In contrast, fictitious play always

converges to a fixed point, either to the pure strategy Nash equilibrium or to the mixed

strategy equilibrium in the support of the cycle, depending on initial conditions. We never

observe it converging to the other mixed NE, which corresponds to the combination of the

two attractors. In Section 3.4.2, we show that in generic games with N = 10 fictitious play

is more likely to converge to mixed equilibria in the support of a best reply cycle than to

other mixed equilibria, with respect to the proportions of existing mixed equilibria. Level-k

EWA also converges (close) to the same mixed equilibrium. As we will show quantitatively

in the following section, level-k EWA behaves like fictitious play in games with few actions,

and more like the other four algorithms in games with many actions. For best reply matrices

it is not surprising that the learning dynamics mimic the best reply structure, but because

the learning algorithms have free parameters and memory of the past it is not obvious that

they should do so this closely.

The payoff matrix in panel B has the same best reply structure as in A, but has generic

payoffs. To show a wider variety of learning algorithms, we illustrate the learning dynamics

this time with reinforcement learning and EWA with noise. In both cases the learning

trajectories either converge to the pure strategy Nash equilibrium, or do not converge.

Reinforcement learning converges to a limit cycle that is related to the best reply cycle,

even if the trajectory is distorted and penetrates more deeply into the center of the strategy

space, and there is a similar correspondence for EWA with noise. As in panel A, replicator

dynamics and EWA behave similarly, while fictitious play and level-k EWA converge to or

close to mixed equilibria.

To see what happens once the best reply cycle is removed, in panel C we consider

the same payoff matrix in B, except that the payoff for Row at (3, 1) is 2.0 instead of

0.1. In this case the only attractor of the best reply dynamics is the pure strategy NE at

(3, 3). For all initial conditions reinforcement learning converges to the pure strategy Nash

equilibrium, illustrating how removing the best reply cycle makes the fixed point globally

stable. However, for replicator dynamics there exist some initial conditions leading instead

to a limit cycle, suggesting that a small basin of attraction for unstable learning dynamics

may still exist even in the absence of best reply cycles. (Fictitious play and level-k EWA
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behave like reinforcement learning, while EWA and EWA with noise behave like replicator

dynamics.)

This case illustrates an important example of how the learning dynamics can qualita-

tively deviate from the best reply dynamics. When the replicator dynamics reaches the

point (x1, y1, x2) = (0.86, 0.87, 0.14), indicated by a black arrow in the figure, the expected

payoff for Row is 0.25. If Row switches to sR = 3 (his best reply), his payoff raises to

1.60. If instead Row switches to sR = 1 Row’s expected payoff still increases to 0.29, so

we say that action 1 is a better reply. With replicator dynamics the probability for actions

corresponding to better replies grows over time, although at a lower rate than best replies.

Here because of past play x3 is very small (of the order of 10−53), so x1 increases to 1 before

x3 can reach a similar value, and the dynamics gets trapped in the cycle shown in the figure.

In panel D we consider a payoff matrix with a 2-cycle and no pure strategy Nash equi-

libria. EWA reaches a chaotic attractor for all initial conditions. Note that this attractor

shares some of the structure of the best reply cycle, visiting the two corners of the strategy

space corresponding to (x1, y1, x2) = (1, 0, 0) and (1, 1, 0) closely and the other two more

loosely. Level-k EWA, in contrast, converges close to the mixed Nash equilibrium in the

center of the chaotic attractor.29 The other algorithms behave similarly: both EWA with

noise and replicator dynamics reach a chaotic attractor, while reinforcement learning follows

a limit cycle. Fictitious play fluctuates close to the mixed equilibrium, with each component

of the mixed strategy vector at a maximum distance of 0.03 from the equilibrium point.

We thus see that, despite the fact that the learning dynamics of these algorithms do not

mimic the best reply dynamics in detail, in most cases remnants of it are seen in the learning

dynamics. Even if the correspondence is not exact, the best reply structure influences the

learning dynamics.

3.4 Quantitative evidence on the effect of the best reply
structure

We now quantitatively test the hypothesis that the presence of best reply cycles is positively

correlated to nonconvergence, at least for these learning algorithms. To do this we first prove

a very useful theorem relating the configuration of cycles and fixed points to the relative

size of the basin of attraction for unstable best reply dynamics. Recalling that nk is the

number of best reply cycles of length k, let C =
∑N

k=2 nkk be the number of actions that

are part of best reply cycles. The quantity

F(v) = C/(C + n1), (3.1)

29Due to finite memory and finite payoff sensitivity, EWA, EWA with noise and level-k EWA cannot reach
mixed equilibria exactly. This is shown in Chapter 2.
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measures the relative number of actions on attractors that are part of cycles vs. fixed points.

For the example of Figure 1.1, where there is one fixed point and one cycle, F(0, 0, 1, 1) =

2/3.

In fact this also measures the relative size of the basins of attraction of cycles vs. fixed

points under best reply dynamics. This is not true for a given individual game, but it is

true for the average over the ensemble of all games with a given best reply vector v. For

example for the game shown in Figure 1.1, 5/8 of the initial conditions lead to the cycle

and 3/8 lead to the fixed point. However if one averages over all possible 4× 4 games that

have one best reply cycle of length 2 and a single pure strategy Nash equilibrium and no

other best reply attractors (giving an equal weighting to each possible game), the relative

size of initial conditions leading to the best reply cycle is exactly 2/3.

Examples and a proof are given in Pangallo et al. (2019).

3.4.1 Main results
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Figure 3.2: Test for how well the best reply structure predicts non-convergence for six learning
algorithms. We generate 1000 random payoff matrices with N = 20 actions and for each of these we
simulate learning 100 times based on random initial conditions. The same process is repeated using the best
reply matrix associated with each of the 1000 random games. Each circle corresponds to a specific best reply
vector v. Its size is the logarithm of the number of times a payoff matrix with v was sampled. The horizontal
axis is the share of best reply cycles F(v). For example, the largest circle at F(v) = 0.66 corresponds to
v = (0, . . . , 0, 1, 1). The vertical axis gives the frequency of non-convergence in the simulations, averaged
over all payoff matrices and initial conditions having the same v. The top row shows results for the best
reply matrices and the bottom row shows results using normally distributed payoffs. The identity line is
plotted for reference.

To test the relationship between best reply dynamics and the convergence properties

of our family of learning algorithms we generate games at random. This is done by pop-

ulating each payoff bi-matrix with 2N2 normally distributed numbers; as discussed in the

Appendix, Section 3.A.7 the normal distribution is the maximum entropy distribution and

so is the natural choice. Here we let the payoffs of the two players be uncorrelated. We

then simulate the learning process of the players in a repeated game, holding the payoff
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matrix fixed. Convergence to pure and mixed strategy Nash equilibria is checked using the

criteria explained in Appendix 3.A. We generate 1000 different games; for each game we

simulate all six learning algorithms starting from 100 different initial conditions. As a point

of comparison, we repeat the entire process using the best reply matrices associated with

each of the 1000 randomly generated games. Results with N = 20 are reported in Figure

3.2 and results with N = 5 and N = 50 are given in Figures 3.4 and 3.5, later in this section.

Figure 3.2 compares the share of best reply cycles F(v) to the nonconvergence frequency.

In order to test the relationship between the best reply vector v and the learning dynamics,

we group together the results for payoff matrices with the same v and plot a circle whose

radius is proportional to the logarithm of the number of times this was sampled. We place

each best reply vector on the horizontal axis according to its share of best reply cycles F(v).

On the vertical axis we plot the average frequency of non-convergence for results with this

best reply vector. Thus if the best reply structure perfectly predicts the rate of convergence

of the other learning algorithms, all circles should be centered on the identity line. We

estimate the weighted correlation coefficient R2
w using weights corresponding to the number

of times each best reply vector was sampled.

The results when we simulate using the best reply matrices are shown in the top row of

Figure 3.2. The correlation is nearly one for all the algorithms except fictitious play. On

one hand, given that best reply matrices do not have better replies, this may not seem too

surprising. But on the other hand, these learning algorithms all use memory of the past

(beyond the most recent action) and most of them have free parameters, while best reply

dynamics has neither of these. Given that, it is remarkable that the size of the basins of

attraction of learning algorithms with different functional forms are so well approximated

by best reply dynamics. The failure for fictitious play is due to its strong tendency to

converge to mixed strategy NE, though even in this case it typically fails to converge for

longer cycles.30 The results in the top panels of Figure 3.2 reinforce the intuition that for

best reply matrices the attractors of the learning algorithms closely match the best reply

dynamics for all algorithms except fictitious play.

The case with general payoffs generated from a Normal distribution is shown in the

bottom row of Figure 3.2. The correlations are still very strong, with weighted correlation

coefficient R2
w = 0.78 for fictitious play and R2

w ≈ 0.84 for all of the other algorithms. The

best reply dynamics are not a perfect predictor of convergence but the predictions are still

good enough to be very useful.

30Fictitious play converges in most cases in the presence of 2-cycles, but fails to converge with 3-cycles,
in line with Miyazawa (1961) and Shapley (1964). See Section 1.3.3.
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This analysis also gives clues about some of the other factors that cause non-convergence.

For example, even when F(v) = 0, indicating that best reply cycles are absent, convergence

is not certain. This is evident from the vertical column of circles on the left of each figure.

This column corresponds to best reply vectors with no cycles, i.e. those of the form v =

(0, . . . , 0, 0, x), where x = 1, 2, 3, 4 is the number of distinct fixed points. The highest circle

corresponds to a single fixed point, the one below it to two fixed points, etc. In the case

where there is a unique pure Nash equilibrium and no cycles, the nonconvergence frequency

is typically around 35%, dropping to about 20% if there are two pure equilibria. The

presence of multiple pure equilibria makes the existence of better reply cycles like the one

in Figure 3.1C less likely. Conversely, there are also cases of convergence when there are

cycles without any fixed points. This corresponds to the column of vertical circles on the

right, with F(v) = 1, for level-k EWA, fictitious play and reinforcement learning.

Non-convergence in the presence of a unique pure Nash equilibrium with no cycles is

particularly pronounced for replicator dynamics, where nonconvergence happens about 60%

of the time when there is a single fixed point. As we explain in Appendix 3.A, this is in

part due to numerical limitations that become more serious as N grows, so we will drop

observations of replicator dynamics if N ≥ 50. Convergence in the absence of fixed points is

entirely due to convergence to mixed strategy Nash equilibria. This is discussed in Section

3.4.2.
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Figure 3.3: Correlation matrix of the co-occurrence of non-convergence for the six learning
algorithms: Bush-Mosteller (BM) learning, Fictitious Play (FP), Replicator Dynamics (RD), Experience-
Weighted Attraction (EWA), EWA with Noise (EWAN) and level-k learning (LEVELK).
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In Figure 3.3 we show the correlation matrix of the convergence of the six learning

algorithms. We find that the three most correlated algorithms are replicator dynamics,

Experience-Weighted Attraction (EWA) and level-k learning. The two least correlated

algorithms are fictitious play and EWA with noise. The correlation ranges between 0.35

and 0.85, suggesting a relatively strong heterogeneity among the six algorithms, consistently

with the examples shown in Figure 3.1.

0.0
0.2
0.4
0.6
0.8
1.0 R2

w = 1.0

Reinforcement
learning

R2
w = 0.41

Fictitious
play

R2
w = 1.0

Replicator
dynamics

R2
w = 1.0

EWA

R2
w = 1.0

EWA with noise

R2
w = 0.41

Level-k EWA

0.0 0.2 0.4 0.6 0.8 1.0

0.0
0.2
0.4
0.6
0.8
1.0 R2

w = 0.94

0.0 0.2 0.4 0.6 0.8 1.0

R2
w = 0.75

0.0 0.2 0.4 0.6 0.8 1.0

R2
w = 0.98

0.0 0.2 0.4 0.6 0.8 1.0

R2
w = 0.98

0.0 0.2 0.4 0.6 0.8 1.0

R2
w = 0.96

0.0 0.2 0.4 0.6 0.8 1.0

R2
w = 0.94

Share of best reply cycles F(v)

N
on

co
nv

er
ge

nc
e

fr
eq

ue
nc

y

N
or

m
al

m
at

ri
ce

s
B

es
t

re
pl

y
m

at
ri

ce
s

Figure 3.4: Test for how well the best reply structure predicts non-convergence with N = 5,
instead of N = 20 as in Figure 3.2.
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Figure 3.5: Test for how well the best reply structure predicts non-convergence with N = 50,
instead of N = 20 as in Figure 3.2.

All results up to this point apply to N = 20. Are results robust to other values of N?

As can be seen in Figures 3.4 and 3.5 for N = 5 and N = 50 respectively, the overall pattern

is similar, but there are some differences.

For N = 5 the correlation is stronger than with N = 20, and the values of the weighted

correlation coefficient are even larger than 0.9 in normal payoff matrices. We conjecture

that this is due to a higher share of the actions that are part of cycles and fixed points.

Indeed, for N = 5 the most common best reply vector with cycles is v = (0, 0, 0, 1, 0), so

the actions that are part of the cycle are 2/5. On the other hand, in a best reply vector
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with a 2-cycle and N = 20 the actions that are part of the cycle are 2/20, so the payoffs

that are not best replies have more importance and the non-perfect correspondence due to

better replies is more severe.

An interesting detail is that level-k learning converges in most cases. Inspection of

individual simulation runs suggests that by anticipating the actions of their opponent, the

players are less likely to get stuck in periodic cycles and converge instead to mixed strategy

equilibria. This finding is consistent with the examples shown in Figure 3.1, in which level-

k learning was always converging close to mixed equilibria. It is also consistent with the

panel with N = 3 in Figure 3.8, to be shown in the next section. This raises the interesting

question of why having forward-looking players enhances convergence when N is small but

does not do so when N is large.

For N = 50 we observe the opposite pattern than with N = 5: the correlation becomes

weaker (but is still larger than 0.6 in all cases). This effect is most likely caused by a

smaller share of actions that are part of cycles or fixed points (the most common best reply

vector is v = (0, . . . 0, 1, 1), involving only 3/50 of the actions). Better replies probably play

a more important role. However, we cannot exclude measurement error, especially in the

case of replicator dynamics, as explained in Appendix 3.A. Indeed, with N = 50 replicator

dynamics converges only in a minority of cases, even in the absence of best reply cycles,

suggesting that the results are driven by numerical limitations. For this reason, we exclude

results with N ≥ 50 in the case of replicator dynamics.

In summary, even if F(v) ignores better replies and underestimates the convergence

to mixed strategy Nash equilibria, there exists a robust correlation between the average

probability of convergence and the share of best reply cycles. This indicates that the best

reply structure and the stability of these algorithms are closely linked.

3.4.2 Mixed equilibria and the best reply structure

An issue that has been sidestepped up to this point but that is nonetheless very important

is the role played by mixed strategy Nash equilibria. In this section we discuss the rela-

tion between mixed equilibria and the best reply structure. In particular, we explain why

mixed equilibria reduce the predictive power of the best reply structure on the convergence

frequency of learning algorithms, yet this is true to a small extent so that the predictions

from our theory are still useful.

Once the attractors of the best reply dynamics are known it is trivial to list all the

mixed strategy Nash equilibria of the best reply matrix. There is one mixed NE associated

with each best reply cycle and there is one associated with all possible combinations of the

cycles and fixed points. The mixed strategy NE associated with a given cycle corresponds
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to randomly playing each action with the frequency with which it is visited on the cycle. For

example, the mixed strategy equilibrium associated with the best reply cycle in Figure 1.1B

is x,y = (0.5, 0.5, 0, 0), (0.5, 0.5, 0, 0). The mixed strategy NE associated with each possible

combination of cycles and fixed points corresponds to playing the average over the combined

action sets. For the example in Figure 1.1B the mixed NE associated with the combination

of the cycle and the fixed point is x,y = (0.33, 0.33, 0.33, 0), (0.33, 0.33, 0.33, 0). For the

best reply matrix there are no other mixed strategy NE. These statements are made more

precise and proved in Pangallo et al. (2019). (We do not report the proof here because it is

mainly the work of Torsten Heinrich, coauthor of the paper.)

In moving from the best reply matrix to the original game with payoffs generated

from a Normal distribution, some of the mixed NE may survive and others may not,

and new mixed NE may be introduced. For example in moving from the best reply

matrix in Figure 1.1A to the payoff matrix in Figure 1.1A, none of them survive, and

there are two mixed equilibria at x,y = (0.32, 0, 0, 0.68), (0.36, 0.64, 0, 0) and at x,y =

(0.26, 0.15, 0, 0.59), (0.32, 0.24, 0.44, 0), which have no relation to those of the associated

best reply matrix.

To understand the extent to which the properties of mixed equilibria that are valid

in best reply payoff matrices hold in normal payoff matrices, we randomly generate 1000

payoff matrices with N = 10, sampling all payoffs independently from a standard Gaussian

distribution. By using the vertex enumeration method (Nisan et al., 2007) as implemented

in the Python package Nashpy we find all mixed strategy Nash equilibria in all 1000 games.

In our sample, only 32% of mixed equilibria in the support of 2-cycles and 10% of mixed

equilibria in the support of 3-cycles “survive” to the introduction of non-Boolean payoffs.

There exist no mixed equilibria in the support of cycles of length greater than three.

Four possible classes of mixed equilibria are illustrated in the four panels of Figure 3.6A.

The cells in the payoff matrices that are surrounded by a green square are the action profiles

that are played with positive probability at the mixed equilibrium. In other words, they

constitute the support of the mixed equilibrium. In the first case the support of the mixed

equilibrium coincides with the support of the best reply cycle. In the second case it coincides

with the combined support of the cycle and the pure strategy equilibrium. These first two

cases also occur in best reply matrices, although in normal matrices it is no longer true that

all actions are played with the same probability. In the third case only the action profile

(sR, sC) = (4, 3) – part of the support of the best reply cycle – overlaps with the support

of the mixed equilibrium. In the fourth case, there is no overlap between the supports.

The last two cases show that in normal payoff matrices there can be mixed equilibria that
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Figure 3.6: Mixed strategy Nash equilibria classified in relation to the best reply structure.
(A) Examples of mixed equilibria (x,y) in different games. Each row of each payoff matrix is colored in
shades of green whose intensity is proportional to the respective component of the mixed strategy vector
x reported below. Darker shades of green indicate that action i is played with higher probability, white
indicates that it is played with null probability. The same coloring scheme applies to columns, except that
the intensity of green is proportional to y. The action profiles (sRi , s

C
j ) surrounded by green squares are the

Cartesian product of the actions of Row and Column that are played with positive probability. (Due to the
coloring scheme, other cells of the payoff matrix are colored in shades of green, but they are never played.)
Mixed equilibria can be (i) in the support of a best reply cycle; (ii) in the combined support of best reply
attractors; (iii) partially overlapping with the support of best reply attractors; (iv) out of the support of best
reply attractors. (B) Statistics from a sample of 1000 randomly generated games with N = 10. For each of
the four categories above we report: (i) the percentage of mixed equilibria that fall in each category, over
all mixed equilibria in all 1000 games; (ii) the percentage of converging simulation runs of Bush-Mosteller
(BM) reinforcement learning that converge to mixed equilibria in that category, over all simulation runs that
converge to any mixed Nash equilibrium; (iii) same as (ii), but for fictitious play (FP).

have only something or nothing to do with the attractors of best reply dynamics. These

equilibria depend on the details of the payoffs.

How common are mixed equilibria in the support of best reply attractors vs. partially

overlapping/out of the support? In Figure 3.6B we show the percentage of existing mixed

equilibria that belong to each category, over all existing mixed equilibria in 1000 payoff

matrices with N = 10. Only 6.4% of the mixed equilibria are in the support of the best

reply attractors, while 67.7% are partially overlapping and 25.9% are out of the support.

This indicates that the vast majority of mixed equilibria is at best partially related to the

best reply attractors.31

How much do these equilibria matter? For each of the 1000 payoff matrices we simulate

Bush-Mosteller reinforcement learning and fictitious play (these are the algorithms that con-

verge to mixed equilibria most frequently for N = 10) and record the category of the mixed

31The quantitative results are likely to depend on N . An exhaustive characterization of the relation
between mixed equilibria and the best reply structure as a function of N is beyond the scope of this paper.
We choose N = 4 in Figure 3.6A for illustrative purposes only.
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equilibria to which they converge. Interestingly, mixed equilibria in the support of best

reply cycles are disproportionately more likely to be reached by these learning algorithms,

with respect to the existence percentage. Indeed, Bush-Mosteller learning converges to such

mixed equilibria 27.5% of the times, and fictitious play 29.7%, even if mixed equilibria in

the support of best reply cycles are only 2.7% of the total. Convergence to other mixed

equilibria in the support of best reply attractors is instead very unlikely, 1.0% and 1.3%

for Bush-Mosteller learning and fictitious play respectively. These results suggest that in

normal payoff matrices best reply cycles matter even when learning algorithms converge to

mixed equilibria.
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Figure 3.7: Frequency of convergence to mixed strategy Nash equilibria for N = 20. This figure
should be interpreted as Figures 3.2, 3.4 or 3.5. 〈M〉 is the frequency of convergence to mixed equilibria
averaged over all simulation runs.

To understand whether best reply cycles make it more or less likely that learning algo-

rithms converge to mixed strategy Nash equilibria, in Figure 3.7 we show the frequency of

convergence to mixed equilibria in the case of N = 20, using the same data as for Figure

3.3.32 There are several interesting things to note:

1. The convergence to mixed equilibria is mostly independent of the best reply vector,

i.e. it occurs independently of the presence of best reply cycles or fixed points.

2. In normal payoff matrices, convergence is highest in the case of fictitious play (32%),

followed by Bush-Mosteller reinforcement learning and level-k EWA (21% and 15%

respectively). Convergence to mixed equilibria is quite rare with EWA (7%) and

impossible with two-population replicator dynamics (Gintis, 2000) and EWA with

noise. In the latter case, this is because noise is very strong away from the faces of the

strategy space, and so only pure strategy Nash equilibria can be stable (see Figure

3.19).

32We consider EWA, EWA with noise and level-k EWA convergent to a mixed equilibrium provided they
reach a fixed point “sufficiently close” to the equilibrium, as detailed in Appendix 3.A.
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3. In best reply payoff matrices, convergence to mixed equilibria never occurs for any

learning algorithm except fictitious play (with N = 20). For fictitious play, conver-

gence occurs in 95% of the cases for games with best reply vector v(Π) = (0, . . . , 0, 1, 0),

but only in 1% of the simulations in games with v(Π) = (0, . . . , 1, 0, 0). (These corre-

spond to the two largest circles at F(v) = 1 in the top panel of fictitious play.) These

results are consistent with Miyazawa (1961), who proved convergence in all 2 × 2

games (featuring a 2-cycle); and with Shapley (1964), who proved non-convergence in

a 3× 3 game featuring a 3-cycle.

In sum, convergence to mixed Nash equilibria is almost independent of F(v), and so

causes a constant offset. This is the reason that for F(v) > 0 the circles are below the

identity line in Figure 3.2. Once these effects are taken into account, there is a strong

proportionality between F(v) and the nonconvergence rate for all of the learning algorithms,

including fictitious play.

3.5 Variation of the best reply structure

We now investigate the prevalence of best reply cycles and fixed points as we vary the

properties of the games, and test the prediction of nonconvergence as we vary parameters.

The parameters that we initially investigate are the number of possible actions N and the

correlation Γ between the payoffs of the two players. Later we also consider a parameter ξ

to interpolate between random and potential games.

As before we generate games at random, but we now impose constraints on the ensemble

from which the games are drawn. To understand how Γ affects convergence, we generate

payoff matrices by drawing from a bivariate normal distribution, so that the expected value

of the product of the payoffs to players Row and Column for any given combination of

actions is equal to Γ. A negative correlation, Γ < 0, implies that the game is competitive,

because what is good for one player is likely to be bad for the other. The extreme case is

where Γ = −1, meaning the game is zero-sum. In contrast Γ > 0 encourages cooperation,

in the sense that payoffs tend to be either good for both players or bad for both players.

In Figure 3.8 we show how the share of best reply cycles varies with N and Γ. For a

given value of N and Γ we randomly generate payoff matrices and compute the average

share of best reply cycles 〈F(v)〉N,Γ. We compare 〈F(v)〉N,Γ to the average frequency of

non-convergence of the six learning algorithms. The agreement is generally good. The

striking exception is fictitious play, which has a high convergence rate when N is large and

Γ is negative. This is at odds with the other algorithms, which rarely converge in this
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Figure 3.8: How the share of best reply cycles predicts convergence as a function of the number
of actions N and the competition parameter Γ. Dashed lines are the average share of best reply cycles
〈F(v)〉N,Γ for those values of N and Γ. Markers are the fraction of simulation runs in which the learning
algorithms do not converge.

parameter range, and agree closely with the prediction. Thus, as expected, fictitious play

must be regarded somewhat differently than the other algorithms.

We would like to emphasize that these predictions are made a priori – they do not

involve fitting any parameters. With the exception of fictitious play, the predictions fit

the overall trends in the data, both estimating the magnitude correctly and capturing the

functional dependence. For the other five algorithms the predictions are particularly good

when N is large and Γ is strongly negative, with a near perfect fit for N > 10.

What are the conclusions about the circumstances in which convergence is likely as we

vary N and Γ? When Γ is positive (meaning that the game is not competitive), convergence

is almost guaranteed, regardless of N . But when Γ is strongly negative convergence is

likely only when N is very small. At Γ = −0.7, for N = 4 the nonconvergence rate is

roughly 70%, quickly rising to approach 100% by N = 8. Our analysis indicates that

this is because complicated competitive games are dominated by cycles. In this region

of the parameter space acyclic games are extremely rare. Therefore, dominance-solvable,

coordination, potential and supermodular games are atypical.

Finally, we sketch how one might introduce other constraints to study deviations from

the classes of games above. We consider potential games, in which all differences in payoffs

for unilaterally switching to another action can be expressed using a global potential function

(Monderer and Shapley, 1996b). (See Section 1.2.3 for a definition.) The potential function
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maps each action profile to a real number. We generate payoff matrices at random, and for

each payoff matrix we also generate an associated potential function. We then modify the

game so that the differences in payoffs conform to the potential function. This is tuned by

a parameter ξ ∈ [0, 1]: when ξ = 0 there is no modification, and so the game is completely

random, and when ξ = 1 the payoff matrix describes a perfect potential game.

More formally, denoting by Π?,R and Π?,C the modified payoff matrices, the new payoffs

are

Π?,R
ij = (1− ξ)ΠR

ij + ξ
(
ΠR

1j + Vij − V1j

)
, ∀i ∈ 2, . . . , N,∀j ∈ 1, . . . , N,

Π?,C
ji = (1− ξ)ΠC

ji + ξ
(
ΠC

1i + Vij − Vi1
)
,∀i ∈ 1, . . . , N,∀j ∈ 2, . . . , N.

(3.2)

For each pair (N, ξ), with N ∈ [3, 10, 50] and ξ ∈ [0.0, 0.1, . . . , 0.5, . . . , 0.9, 1.0], we

generate 200 payoff matrices and associated potential matrices at random, and then we

modify the payoffs using Eq. (3.2). For each payoff matrix we simulate each of the six

learning algorithms starting from 10 different initial conditions. We measure the share of

best reply cycles and the nonconvergence frequency of each algorithm. The results are

reported in Figure 3.9.

As in Figure 3.5, the share of best reply cycles generally tracks the non-convergence

frequency of the six algorithms. This is mostly true for N = 50.33 The approximation is

worse for N = 3, where it works well only for replicator dynamics. However, when N = 3

several algorithms have a nonconvergence frequency of about 10% for small values of ξ, and

the nonconvergence frequency drops to 0% as ξ = 1 is approached. Differently from Figure

3.5, fictitious play behaves like the majority of the learning algorithms we consider. The

striking exception here is EWA with noise. We conjecture that the structure of potential

games and the effect of noise makes this learning algorithm “jump” between multiple pure

strategy Nash equilibria.

For all values of N the share of best reply cycles drops to zero as ξ approaches 1.34

However, it does so in a non-linear way that depends on N . For N = 3 small deviations

from potential games imply a small share of best reply cycles, while for larger values of

N the share of best reply cycles can be substantial. When N = 3 and ξ = 0.8, it is

〈F(v)〉N,ξ = 0.05 only, but for N = 50 and ξ = 0.8 it is 〈F(v)〉N,ξ = 0.35.

This suggests that in some situations small deviations from commonly studied classes of

games may cause a significant increase in the share of best reply cycles, making them less

stable under learning.

33Note that in this case the non-convergence frequency of fictitious play is slightly above zero, in contrast
with the theorem by Monderer and Shapley (1996a). This minor discrepancy is simply due to a transient
effect.

34This result is in line with Candogan et al. (2013), who showed that fictitious play and other related
algorithms always converge as long as deviations from potential games are sufficiently small.
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Figure 3.9: How the share of best reply cycles predicts convergence as perfect potential games
are approached. Dashed lines are the average share of best reply cycles 〈F(v)〉N,ξ for those values of N
and ξ. Here N is the number of actions and ξ is the closeness to potential games. Markers are the fraction
of simulation runs in which the learning algorithms do not converge.

3.6 Analytical approach

For Γ = 0 (and ξ = 0) it is possible to derive analytically how the best reply structure

varies with N . Our derivation follows the framework of statistical mechanics, suggesting

that problems such as the existence of phase transitions in the best reply structure may be

studied within our formalism. We define a best reply configuration as a unique set of best

replies by both players to all possible actions of their opponent. Since the best reply matrix

is a Boolean matrix, for any given N there is a countable number of possibilities. The total

number of possible best reply configurations is N2N . For uncorrelated payoffs, Γ = 0, all

best reply configurations are equally likely. Therefore we can compute the frequency ρ(v)

for any set of attractors v by counting the number of best reply configurations leading to v.

In the jargon of statistical mechanics, this means that we are assuming a micro-canonical

ensemble of games.

Once we have an expression for the frequency of each v, this can be used to compute the

ensemble average of the share of best reply cycles F for any given N (which we showed is
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Figure 3.10: Comparison of analytical predictions about best reply cycles to numerical simula-
tions when Γ = 0. Markers are numerical results and solid lines are analytical results. Red circles depict
the frequency of randomly generated payoff matrices with no fixed points (F(v) = 1), blue triangles show
the frequency with at least one cycle (F(v) > 0). The text in the figure refers to the area delimited by
solid lines, e.g. “cycles + fixed points” means that the fraction of payoff matrices with both cycles and fixed
points is the distance between the red and blue lines. Finally, green squares represent the average share of
best reply cycles FN ; this is discontinued at N = 50 due to excessive computational cost, see Section 3.6.2.

a good predictor for the non-convergence frequency of several learning algorithms in games

with that value of N),

FN =
∑
v

ρ(v)F(v), (3.3)

summing over all possible v s.t.
∑N

k=1 nkk ≤ N . It is also possible to calculate other quan-

tities, including the fraction of payoff matrices without fixed points (F(v) = 1) and without

cycles (F(v) = 0).

Before presenting the calculation of ρ(v) in Section 3.6.1, and the other calculations

in Section 3.6.2, we show the agreement between our analytical results and Monte Carlo

simulations in Figure 3.10.

In this figure we analyze the best reply structure for increasing values of N . We report,

from bottom to top, the fraction of payoff matrices with no fixed points, the average share

of best reply cycles FN , and the fraction of games with at least one cycle. For instance,

for N = 30, 36% of the payoff matrices have no fixed points, 84% have at least one cycle,

(so 16% have no cycles, and 48% have a mixture of cycles and fixed points), with an

average FN = 0.70. There is a very good agreement between analytical results (solid lines)

and Monte Carlo sampling (markers). The fraction of games with cycles is an increasing

function of N ; it is computationally intractable to compute this for large N , but it seems

to be tending to one. However, the fraction of games with no fixed points seems to reach

a fixed value for N → ∞. In Section 3.6.2 we show that this is approximated by 1/3, in

agreement with numerical simulations and close to the exact result 1/e (Goldberg et al.,

1968).
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3.6.1 Frequency of best reply vectors
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Figure 3.11: Exhaustive account of best reply configurations with the same best reply vector.
(A) All possible 3! 2! = 12 ways to combine 3 actions per player to form 3-cycles. Using Eq. (3.4),
f(3, 3) = 12. (B) All possible 3! = 6 ways to combine 3 actions per player to form 3 fixed points. Using

Eq. (3.4), f(3, 1) f(2,1)
2

f(1,1)
3

= 9 4
2

1
3

= 6. (C) All possible 32− 1 = 8 ways to choose the two free best replies
when a 2-cycle is in place, so that the free best replies do not form a fixed point at (3, 3). Using Eq. (3.6),
g3(1, 0) = 8.

We first discuss the count of the ways to form k-cycles and fixed points of best reply

dynamics, and then we count the ways to place the free best replies (i.e. those that are

not part of either cycles or fixed points). Finally we show how we combine these numbers

together to obtain the count of best reply configurations that correspond to a specific set

of attractors.
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We start the count of k-cycles by example. In Figure 3.11A we exhaustively report all

possible ways to form 3-cycles in a payoff matrix with N = 3, corresponding to all possible

best reply sequences that form a closed loop. We arbitrarily start at sR = 1 (because this

is a cycle, the starting point does not matter), we look at the best reply by player Column,

sC ∈ {1, 2, 3}, and we connect sR = 1 with sC . In the top left panel, we connect sR = 1

to sC = 3. The first choice can be done in k = 3 ways. Once we have determined the first

best reply by Column, we continue constructing the cycle by choosing a second best reply

by Row. The second choice can only be done in k − 1 = 2 ways. In the top left panel, we

connect sC = 3 to sR = 2. We then select a second best reply by Column. Again, we have

k − 1 = 2 possibilities. In the top left panel, we connect sR = 2 to sC = 2. The third and

last best replies for Row and Column are constrained, there is only one (k − 2 = 1) way

to choose the remaining best reply. In the top left panel, we connect sC = 2 to sR = 3

and sR = 3 to sC = 1. We have 3 · 2 · 2 · 1 · 1 = 12 ways to form 3-cycles with n = 3

available actions. Here n denotes the number of actions per player which are not already

part of cycles or fixed points. In general n might be smaller than N , but in Figure 3.11A

all actions are part of the 3-cycle, so N = n = k = 3.

It is possible to generalize this argument and to conclude that there are k!(k− 1)! ways

to form k-cycles, once we determine which actions of players Row and Column are involved.

Any k actions out of n can be chosen (by both players), so there are
(
n
k

)2
possibilities. We

define

f(n, k) =

(
n

k

)2

k!(k − 1)!, (3.4)

with 2 ≤ k ≤ n, as the count of the ways to have a k-cycle with n available actions per

player. In the above example, f(3, 3) = 12.

We now look at the ways to form fixed points, and we begin again by example. In Figure

3.11B we report all possible ways to form 3 fixed points in a payoff matrix with N = 3.

Once we determine which actions are part of the fixed points (all, in this case), we form all

possible combinations of fixed points by picking pairs of actions from the lists of available

actions by both players. For convenience, we start again from sR = 1. We form a fixed

point by choosing any action sC ∈ {1, 2, 3}, so that
(
sR, sC

)
is a fixed point. In the left

panel, we choose (1,1) as the first fixed point. We then consider sR = 2. There are only

two actions available from player Column to form a second fixed point. In the left panel,

(2,2) is the second fixed point. Finally, for sR = 3 only one action by Column is available.

By process of elimination, in the left panel (3,3) is the third and last fixed point.

This example illustrates that the computation of the number of fixed points is very

similar to the case of cycles, and indeed fixed points are just cycles of length one. In order
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to get the number of ways to form fixed points, we can apply Eq. (3.4) iteratively, being

careful to avoid the double, triple etc. counting of fixed points. We get
n1∏
j=1

f(n+ 1− j, 1)

j
(3.5)

as the count of the ways to have n1 fixed points with n available actions per player dividing

by j to avoid multiple counting (see below). In the above example, f(3, 1)f(3,2)
2

f(3,3)
3 =

94
2

1
3 = 6.

We finally calculate the ways to place the free best replies, which are not part of either

cycles or fixed points. We begin again by example. In Figure 3.11C we show payoff matrices

with one free best reply per player. In the top left panel, the best reply of Row to Column

playing sC = 3 is sR = 2; the best reply of Column to Row playing sR = 3 is sC = 3. The

free best replies can be chosen freely, except for both of them to be action 3, in which case

they would form another fixed point. In this example there are 32 − 1 = 8 ways to choose

free best replies so that they do not form other cycles or fixed points.

In general,

gN (n, d) = N2n −
n∑
k=1

f(n, k)gN (n− k, d+ 1)/(d+ 1) (3.6)

counts all possible ways to combine n free best replies in a N×N payoff matrix, so that they

do not form other cycles or fixed points. We provide a more complete example for Eq. (3.6)

below in this section. Note that N is a parameter and therefore is indicated as a subscript,

while n is a recursion variable: even when the number of available actions n is smaller than

N , the free best replies can be chosen out of all the N actions (see Figure 3.11C), in N2n

ways. The second term counts the “forbidden” combinations, i.e. the ones that form cycles

or fixed points. This term has a recursive structure. It counts the number of ways to form

each type of attractor, and then the number of ways not to have other attractors. d denotes

the recursion depth. The division by d+1 is needed to prevent double, triple, etc. counting

of attractors.

We now combine all the ways to have cycles, fixed points and free best replies to calculate

the number of best reply configurations that correspond to a generic best reply vector

v = (nN , nN−1, ...nk, ...n2, n1). We denote by n1 the number of fixed points and by nk,

with 2 ≤ k ≤ N , the number of k-cycles. Of course v has to obey the obvious constraint

that fixed points and k-cycles do not take up more than N actions:
∑N

k=1 nkk ≤ N . The

frequency of the best reply vector v is

ρ(v) =

 N∏
k=1

nk∏
j=1

f
(
N −∑N

l=k+1 nll − (j − 1)k, k
)

j

 gN

(
N −

N∑
l=2

nll − n1, 0

)/(
N2N

)
.

(3.7)
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The first term with f counts all the ways to have k-cycles, by multiplying the counts for

all values of k (first product) and for all k-cycles for a specific value of k (second product).

Note that we progressively reduce the number of actions available to form k-cycles, as more

and more actions become part of k-cycles (see below for an example that clarifies this point).

If there are multiple k-cycles, nk > 1, we divide the count by j = 1, ...nk so to avoid double,

triple, etc. counting. The case k = 1 accounts for fixed points. The second term gN counts

all the ways to choose the remaining N −∑N
l=2 nll − n1 free best replies. The product of

the three terms gives the number of best reply configurations that correspond to the best

reply vector v. We divide this number by the possible configurations N2N and we obtain

the frequency ρ(v).

1 2 3 4 5 6 7 8 9 10 11
sC

1

2

3

4

5

6

7

8

9

10

11

sR

3,-10 3,14 -20,2 -2,11 0,3 -9,11 -24,3 3,8 0,1 -2,0 -5,-1

-7,6 7,0 -2,-1 -7,-7 -8,-1 -3,-4 4,-2 -5,3 -10,1 -2,-2 -12,-9

2,-3 1,-17 -3,2 2,0 -10,0 3,0 0,-7 4,0 -4,0 -1,-4 -10,-4

-5,3 -5,-9 3,-11 -2,4 0,2 8,-10 6,2 -3,-9 0,2 -13,-5 -1,0

-2,1 6,10 -6,-3 -5,0 1,-6 6,19 -7,-6 2,7 -17,4 -1,7 -18,0

-4,-15 6,-7 2,1 -3,-9 -4,2 7,-11 8,-10 -3,-4 -3,-1 -12,-7 -14,0

1,11 -6,-6 -6,9 -21,5 -11,8 10,-4 -8,13 0,4 -2,6 -22,4 -7,0

1,-2 2,-8 2,-6 -1,-11 -3,-3 -3,-5 7,-9 -1,-18 1,0 0,-5 1,-1

-8,3 5,-4 -7,1 -7,2 -19,2 7,-4 6,0 -3,-7 -7,-4 -4,2 -3,4

-25,0 -1,7 -13,-1 -16,7 0,1 1,-7 -2,-5 5,-12 -5,1 0,0 -1,0

-2,-3 4,-7 -5,-8 1,-2 0,1 1,-6 6,0 0,-1 -4,-3 2,2 -2,1

Figure 3.12: Payoff matrix with N = 11 that is used to illustrate the calculation of the frequency
of the best reply vectors. The best reply vector is v = (0, 0, 0, 0, 0, 0, 0, 0, 1, 2, 2), with n3 = 1, n2 = 2,
n1 = 2 and nk = 0, if k > 3. It is ρ(0, 0, 0, 0, 0, 0, 0, 0, 1, 2, 2) = 1.44 · 10−6, so this best reply vector is very
infrequent.

As an example, we calculate the number of best reply configurations with the same best

reply vector as in Figure 3.12. We start counting the ways to form 3-cycles. We can choose

any 3 actions out of 11 for both players to be part of a 3-cycle, meaning that there are
(

11
3

)2
possibilities. Once we have selected 3 actions per player, we can obtain 12 cycles for each

choice by choosing 3!2! = 12 sequences of actions. So the number of ways to form 3-cycles is
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f(11, 3). The same reasoning applies to the two 2-cycles, except that there are only 8 and 6

actions per player still available and that the count of the ways to have 2-cycles needs to be

divided by 2 in order to avoid double counting. So we multiply f(11, 3) by f(8, 2)f(6, 2)/2.

The number of best reply configurations with 2 fixed points in the remaining 4 actions can

be calculated similarly: each player can choose the first fixed point out of 4 actions, and

the second out of 3, but we have to consider double counting. So f(4, 1)f(3, 1)/2 gives the

ways to form the two fixed points out of the 4 remaining actions. We are left with 2 actions

per player that are not part of cycles or fixed points. There are 114 ways to choose the free

best replies, but we have to exclude the cases in which they would form another 2-cycle or

one or more fixed points. There are 2 ways they could form a 2-cycle (f(2, 2)), and 4 ways

they could form 1 fixed point (f(2, 1)). But for each of the latter we have to consider all

compatible configurations, i.e. calculate g11(1, 1): there are 112 ways to choose the free best

replies, minus the way in which this choice would form another fixed point (divided by 2,

to account for the situation with two fixed points). In summary, the number of best reply

configurations is given by

ρ(0, 0, 0, 0, 0, 0, 0, 0, 1, 2, 2) = f(11, 3)f(8, 2)
f(6, 2)

2
f(4, 1)

f(3, 1)

2
g11(2, 0)/(1122), (3.8)

with f(11, 3) =
(

11
3

)2
3 · 2 · 2, f(8, 2) =

(
8
2

)2
2, f(6, 2) =

(
6
2

)2
2, f(4, 1) =

(
4
1

)2
1, f(3, 1) =

(
3
1

)2
1

and g11(2, 0) = 114 − 2− 4 · g11(1, 1), with g11(1, 1) = 112 − 1/2.

The explicit computation of the frequency gives ρ(0, 0, 0, 0, 0, 0, 0, 0, 1, 2, 2) = 1.44 ·10−6,

so the best reply vector in Figure 3.12 is very infrequent. For N = 11, the most common

best reply vectors are instead:

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1) = 0.17,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2) = 0.14,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0) = 0.14,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1) = 0.13,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0) = 0.09.

(3.9)

For N = 20, the most common best reply vectors are:

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1) = 0.10,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1) = 0.10,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2) = 0.09,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0) = 0.09,

ρ(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0) = 0.07.

(3.10)
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We observe that k-cycles with high values of k are never really frequent; the frequency

of any specific best reply vector decreases with N (because there are many more best reply

vectors with positive frequency); the best reply vectors with cycles become more frequent as

N increases, consistently with Figure 3.10. Note that an accurate numerical estimate of the

most common best reply vectors might be challenging due to the extremely high number of

best reply configurations: the analytical results make it possible to obtain exact estimates.

3.6.2 Other combinatorial calculations

So far we have provided an analytical expression to calculate the frequency of a specific

best reply vector. In this section we obtain equations for the frequency of payoff matrices

with at least one fixed point or one cycle of any specific length, and then for the frequency

of payoff matrices with at least one cycle of any length. We finally derive an expression for

the frequency of k-cycles in the N →∞ limit.

These expressions are useful because it is computationally very expensive to calculate

the frequency of all best reply vectors and then consider the ensemble average. Indeed,

in Figure 3.10 the analytical line with the share of best reply cycles averaged over the

ensemble (middle green line, FN ) stops at N = 50. On the contrary, the analytical lines for

the fraction of payoff matrices with at least one cycle (top blue line, F(v) > 0) and with

no fixed points (bottom red line, F(v) = 1) continue up to N = 400. This is due to the

fact that to compute the middle line we need to explicitly calculate the frequency of all best

reply vectors, whereas to compute the top and bottom lines we use the expressions derived

in this section.

Define

hN (n, k, d) = f(n, k)

[
N2(n−k) − hN (n− k, k, d+ 1)

d+ 2

]
. (3.11)

hN counts the number of configurations with at least one k-cycle in a N × N payoff

matrix, with n actions that are not already part of other k-cycles, at recursion depth d. The

reasoning is similar to that in the previous section. Consider for instance the calculation of

the number of 2-cycles in a 4 × 4 payoff matrix: N = n = 4, k = 2, d = 0. By using Eq.

(3.11), h4(4, 2, 0) = f(4, 2)
[
42·2 − h4(2, 2, 1)/2

]
, where h4(2, 2, 1) = f(2, 2)

[
40
]

= 2. There

is a number f(4, 2) of 2-cycles, and for each of these there are 44 ways to place the two

remaining best replies of the players. But if those are combined so that they form another

2-cycle, we would count 2-cycles twice, so we need to remove one best reply configuration

from the count.

We use the shorthand

ρ(N, k) =
hN (N, k, 0)

N2N
(3.12)
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for the fraction of N ×N payoff matrices with at least one k-cycle. Because a fixed point

is a cycle of length one, Eq. (3.12) can be used to calculate the number of payoff matrices

with at least one fixed point, and

ρN (n1 = 0) = 1− h(N, 1)

N2N
(3.13)

is the fraction of payoff matrices with no fixed points. Eq. (3.13) has been used for the

bottom red analytical line in Figure 3.10. Best reply dynamics never converges to a fixed

point in these games, and other learning algorithms are very unlikely to converge as well (see

Figure 3.2). Therefore, ρN (n1 = 0) is a lower bound for the frequency of non-convergence

in generic games with N actions.

Now define

h′N (n, d) =

n∑
k=2

f(n, k)

[
N2(n−k) − hN (n− k, k, d+ 1)

d+ 2

]
. (3.14)

This expression is analogous to Eq. (3.11), but it considers k-cycles of any length (except

k = 1), as opposed to k-cycles of a specific length. Indeed, we sum over all possible values of

k, and the term with the double counting also considers cycles of any length. The fraction

of configurations with at least one cycle is

ρN

(
N∑
k=2

nk > 0

)
=
h′N (N, 0)

N2N
, (3.15)

and this expression has been used for the top blue analytical line in Figure 3.10. It represents

an upper bound for the frequency of non-convergence in generic games with N actions,

because the lack of best reply cycles implies convergence in most cases.

Note that
∑N

k=2 ρ(N, k) sums to more than N2N , because several best reply configu-

rations have multiple cycles of different length. On the contrary, h′N (N, 0) is always less

than N2N , because some configurations have cycles but no fixed points. Had we started

the summation in Eq. (3.14) from k = 1, the count would sum exactly to N2N , because all

configurations have at least one cycle or one fixed point.

We finally calculate the asymptotic frequency of attractors in the limit N → ∞. Eq.

(3.11) can be used in this limit to calculate analytically the absolute and relative frequencies

of payoff matrices with at least one k-cycle or fixed point. We make the following ansatz:

lim
N→∞

hN (N, k, 0)

N2N
≈ hN (N − k, k, 1)

(N − k)2(N−k)
. (3.16)

We are making two approximations whose validity will be verified ex-post. First, the

frequency of k-cycles reaches a fixed point as N → ∞. Second, the functional form of

hN (n, k, 0) is very similar to that of hN (n, k, 1). We know that this is not the case, as the
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term used to avoid multiple counting – namely hN (n−k, k, d+1) – is divided by 2 for d = 0

and by 3 for d = 1. The approximation becomes exact only for d → ∞ (because 1/d and

1/(d+ 1) are very similar), but the quantity we are interested into has d = 0.

We can write

hN (N, k, 0)

N2N
=
N2(N − 1)2...(N − k + 1)2

(k!)2 k!(k − 1)!

[
N2(N−k) − hN (N−k,k,1)

2

]
N2N

. (3.17)

By applying the ansatz in Eq. (3.16) and after some algebra we obtain

lim
N→∞

hN (N, k, 0)

N2N
:= ρ(k) =

1

(k!)2k!(k − 1)! (1− ρ(k)/2) , (3.18)

which can be solved self-consistently to yield

ρ(k) =
2

2k + 1
. (3.19)

So for N → ∞, fixed points appear in 2/3 of the payoff matrices, 2-cycles appear in 2/5

of the payoff matrices, 3-cycles in 2/7, 4-cycles in 2/9, etc. Eq. (3.19) has been used to

calculate the asymptotic frequency of configurations with no fixed points (1/3) in Figure

3.10. We can easily obtain the relative frequencies (with respect to fixed points):

ρ(k)

ρ(1)
=

3

2k + 1
, (3.20)

so 2-cycles appear 3/5 as often as fixed points, 3-cycles appear 3/7 as often, 4-cycles 3/9 as

often, 5-cycles 3/11 as often, etc.

In Figure 3.13 we report the frequency of k-cycles, as calculated using Eq. (3.17), as a

function of the number of available actions N . There is a good correspondence between the

asymptotic behavior in Eq. (3.19) and the explicit computation up to N = 400, at least for

the smallest values of k (excluding the fixed points).

3.7 Perspectives

In collaboration with Torsten Heinrich, Luca Mungo, Bassel Tarbush, Samuel Wiese, Yoojin

Yang and Doyne Farmer, we have been extending the best reply framework to multiplayer

network games. In that setting, the best reply structure still predicts the convergence

frequency of the learning algorithms considered in this thesis. In multiplayer games in

which each player is connected to all other players, the share of best reply cycles increases

with the number of players. The share of best reply cycles also increases with the average

degree of the interaction network, for a given number of players. We conjecture that an

approximate scaling equivalence between the number of actions, the number of players and
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Figure 3.13: Frequency of k-cycles, ρ(N, k), as a function of the number of actions N . The
numbers annotated on the right are the asymptotic frequencies of k-cycles, as calculated using Eq. (3.19).
The approximations tend to slightly overestimate the frequency, at least up to N = 400, even more so for
larger values of k. The exception is the fixed points, in which the approximation tends to be worse.

the connectivity pattern determines the average share of best reply cycles. More precisely,

our conjecture is that a game with M players and N actions approximately has the same

share of best reply cycles as a game with 2 players and NM−1 actions. Moreover, a game

with M players, N actions and d-regular connectivity pattern has approximately the same

share of best reply cycles as a (M + d + 1)/2 player, N action game with fully connected

interaction network. These preliminary result support the generality of the theory presented

in this thesis.

In collaboration with Luca Mungo, Torsten Heinrich and Doyne Farmer, we have stud-

ied how well an alternative to best reply dynamics predicts the convergence frequency of

the learning algorithms studied in this thesis. This alternative is a version of “better-reply

dynamics” modeled as a Markov Chain. The state space of the Markov Chain corresponds

to the possible actions of the players and the transition probabilities depend on the payoff

differences for switching from one action to another. Best reply dynamics is obtained as

a special case of this algorithm in which the transition probability to the best performing

action is one and all other transition probabilities are zero. What this generalized algorithm

captures is that in some cases there may not be a clear best reply, in the sense that two ac-

tions could yield a very similar payoff. Although this modification predicts the convergence

frequency of learning algorithms better in these specific cases, it does not yield substantial

improvements over the ensemble.
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A first, technical, direction for future work is understanding more in detail why the

predictions of the best reply formalism are so good. To understand this, a starting point

would be to explicitly calculate the basin of attraction of some learning dynamics in the

simplest Boolean best reply payoff matrices, such as the one given in Figure 3.1A, and

formalize the intuition presented in Section 3.3. The next step could be to explicitly treat

the best reply payoff matrix as a first order approximation, then study the behavior as

one moves along a continuous path through the family of payoff matrices it is associated

with. One could use this method to study the factors that cause deviations, such as the

appearance and disappearance of mixed equilibria or better replies. This could potentially

lead to a kind of perturbation expansion for understanding the convergence of learning

algorithms in normal form games.

Our work can also be extended in more conceptual directions. One idea could be to

develop on the constraints that define “real-world games”. In Section 3.5 we have considered

a constraint that parameterizes the extent to which differences in payoff conform to a

potential function. Previous work has identified this constraint as relevant for many real-

world situations, such as those involving congestion. We could exhaustively characterize

properties of the best reply structure for various constraints. This naturally brings up

extending our formalism to extensive-form games, given that strategic sequencing of actions

is pervasive in the real world.

Moving away from pure game theory, there are several problems in economics that could

benefit from our approach. For example, there is a large literature about convergence of

dynamical processes to Walrasian equilibria. While it is possible to prove convergence in

some cases, it is also possible to devise markets in which convergence does not occur (Saari,

1985). A priori, it is not clear whether real markets belong to one class or another. It

would be interesting to assess whether convergence is “typical”, in the sense used in this

thesis, over market structures. Another problem for which our approach could be useful is

convergence of learning to rational expectations equilibria (Evans and Honkapohja, 2012).

A more interdisciplinary direction would be to more closely relate our approach to

statistical mechanics. In preliminary work, we have shown that the best reply structure

can be expressed as a special type of Boolean network. Using results from random matrix

theory for the adjacency matrix of the Boolean network we may prove additional properties

on the prevalence of best reply cycles or pure equilibria.

Finally, it would be interesting to relate our results to the stability of ecosystems. An

exact mapping exists between replicator dynamics and Lotka-Volterra equations (Hofbauer

and Sigmund, 1998). It would be interesting to explore the equivalent mapping between the

topological properties of the game—the best reply structure—and the topological properties
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of the ecosystem, given by the structure of the corresponding food web. Our preliminary

investigations show that loops in food webs are a sufficient but not necessary condition for

best reply cycles in the corresponding payoff matrix. As mentioned in Section 3.2, the theory

of qualitative stability in ecology has attempted to characterize stability of ecosystems

based on the topological properties of the food web only. This theory did not develop much

because some counterexamples showed that in some cases it failed predicting stability. Some

counterexamples also show that the best reply structure can fail predicting convergence, yet

over the ensemble it is a very accurate predictor given its simplicity. Similarly, it may be

possible to quantify how often focusing on the topological structure of the food web is

enough to assess stability of the ecosystem.

3.A Details of the simulation protocol

We describe here in detail the convergence criteria and the random generation of the

games.35 We need to simulate very different learning algorithms over potentially high-

dimensional random games and to identify the simulation runs that converge to equilibrium.

This leads to unavoidable arbitrary choices in the specification of the learning algorithms,

the value of the parameters and the criteria that determine convergence. We have exper-

imented a lot of combinations of design choices, and the overall picture is robust to the

specific implementation for all sensible parameterizations.

3.A.1 Reinforcement learning

This algorithm is the deterministic Bush-Mosteller reinforcement learning specification of

Macy and Flache (2002) and Galla and Farmer (2013), as explained in Section 1.3.2.

Convergence criteria. In Figure 3.14 we show instances of both converging and non-

converging simulation runs. As is clear from the logarithmic plots in the bottom panels, no

components of the mixed strategy vector ever reach a fixed point within simulation time.

The reason is simple: Eqs. (1.17) do not have a memory loss term, so the probability for

unsuccessful strategies keeps decreasing over time. Only numeric approximations would

yield a fixed point, but under most parameter settings the Bush-Mosteller dynamics takes

very long to reach the machine precision boundary.

Therefore, we choose a simple heuristic to determine if the learning dynamics has reached

a fixed point:

1. Only consider the last 20% time steps.

35Our implementation in Python is available at https://dx.doi.org/10.5281/zenodo.1419542.
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Figure 3.14: Instances of simulation runs of the Bush-Mosteller reinforcement learning algo-
rithm with N = 20. Each line is a component of the mixed strategy vector of Row (not all components are
visible, as they overlap). Left panels: non-converging simulation run. Right panels: converging simulation
run. Top panels: linear scale. Bottom panels: logarithmic scale on the vertical axis. Only the first 2000 out
of 5000 time steps are shown.

2. Only keep the actions that have been played with a probability larger than 0.05

(averaged over the time interval above).

3. If the average standard deviation (i.e. calculated over the time interval for each

selected action and averaged over the selected actions) is larger than 0.01, identify the

simulation run as non-convergent. Otherwise, if a component of the mixed strategy

vector is larger than 0.98 identify the simulation run as convergent to a pure Nash

equilibrium; if no component is larger than 0.98, consider the simulation run has

having reached convergence to a mixed Nash equilibrium.

We experimented with slightly different specifications, with no significant effects on the

results.

Parameter values. We do not observe much sensitivity to the parameter values. We

perform the simulations with α = 0.2 and β = 0.5, which avoid numerical problems. (For

example, when β is too large the learning dynamics overshoots the strategy space bound-

aries.) We simulate the learning dynamics by iterating Eqs. (1.17) for 5000 time steps.36

36For N = 5, numeric approximations make the dynamics lose normalization after 2000 time steps. In
this case we simulate for 2000 time steps only.
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Figure 3.15: Instances of simulation runs of fictitious play with N = 20. Each line is a component
of the mixed strategy vector of Row (not all components are visible, as they overlap). Left panels: non-
converging simulation run. Right panels: converging simulation run. Top panels: linear scale. Bottom
panels: logarithmic scale on the vertical axis.

3.A.2 Fictitious play

We study the standard fictitious play algorithm, as described in Section 1.3.3.
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Figure 3.16: Effect of negative payoff correlation on fictitious play for some values of N and Γ. Only
the simulation run with Γ = −0.7 and N = 20 is identified as non-convergent, all other simulation runs
are identified as convergent. We show here 50000 time steps, although we only use 5000 iterations in the
numerical analysis unless N ≥ 50 (this is enough to measure the convergence rate almost as accurately).
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Convergence criteria. We look at the convergence of the estimated mixed strategy

vectors at time t, x̃i(t) and ỹj(t). This is commonly used to evaluate the convergence of

fictitious play in games with no pure equilibria, as in this situation the actions actually taken

cannot converge to a fixed point (Fudenberg and Levine, 1998). As it is clear from Figure

3.15, the behavior of fictitious play is very similar to that of Bush-Mosteller dynamics.

Therefore, we use the same convergence criteria. A minor difference is that we identify a

simulation run as having reached a mixed Nash equilibrium if no component of the mixed

strategy vector is larger than 0.99 (instead of 0.98). The reason for this is that fictitious

play reaches a pure Nash equilibrium in much shorter time than reinforcement learning,

and so we can exclude transient behavior. Note that changing the expected strategies takes

more and more time as t increases. In a certain sense, the behavior of the players becomes

more set, as they need more sampling evidence to change their expectations.

Parameter values. Fictitious play has no parameters. We only need to choose the

maximum number of iterations, which we take as 5000. For payoff matrices with N ≥ 50

we consider longer time series (50000 time steps).

Note on negative correlation. It is well-known that fictitious play always converges to

mixed strategy Nash equilibria in two-player zero-sum games. However, Robinson (1951)

proved an asymptotic result that is valid only for t → ∞ and Γ = −1. It is not clear: (i)

how long it takes for the dynamics to come arbitrarily close to an equilibrium; (ii) what

happens when Γ > −1 (still with anti-correlated payoffs, but not with opposite payoffs);

(iii) how to measure convergence numerically. In Figure 3.16 we show the fictitious play

dynamics for some values of Γ and N . The general message is that for more negative Γ and

for larger N convergence becomes more likely, as only the Γ = −0.7, N = 20 simulation run

is identified as non-convergent by the criteria above. However, convergence is never perfect

in finite simulation time, and therefore the quantitative results depend on the convergence

criteria.

For example, the fact that larger N makes convergence more likely is due to the fact

that the dynamics moves closer to the center of the strategy space than with smaller N .

So the trajectories are closer to the mixed Nash equilibrium in absolute terms, and the

simulation run is identified as convergent even if some components of the mixed strategy

vector are still changing by a small amount (in absolute terms). It is not clear if and how one

should correct for this, for example making the threshold for the standard deviation in the

convergence criteria depend on N , e.g. 0.01/N . This would measure convergence in relative

terms. In addition, the concentration of the trajectories in the center of the strategy space
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Figure 3.17: Instances of simulation runs of replicator dynamics with N = 20. Each line is a
component of the mixed strategy vector of Row (not all components are visible, as they overlap). Left
panels: non-converging simulation run. Right panels: converging simulation run. Top panels: linear scale.
Bottom panels: logarithmic scale on the vertical axis. The maximum simulation time (1500 or 500 time
steps) is endogenously determined by the first component of the mixed strategy vector hitting the machine
precision boundary.

only occurs for substantially negative Γ, making it necessary to impose the dependence on

N in an ad-hoc way. Given these problems, we think that the current convergence criteria

are the most consistent choice.

3.A.3 Replicator dynamics

We use the discrete version of replicator dynamics defined in Section 1.3.4.

Convergence criteria. In Figure 3.17 we can see the technical problems associated with

simulating the replicator dynamics. First, because only strict Nash equilibria are stable,

all stable fixed points sit at the boundaries of the strategy space and cannot be reached in

finite simulation time. Second, the period of cycles increases over time (due to the infinite

memory of the replicator equations), and even unstable dynamics drifts towards the edges

of the strategy space.

Third, while in the cases of Bush-Mosteller reinforcement learning and fictitious play

the components of the mixed strategy vector were changing by relatively few orders of

magnitude, the functional form of the replicator dynamics (1.28) implies an exponential

change, as can be seen from the straight lines in the panels with logarithmic scale in Figure

3.17. Therefore, the map (1.28) can be reliably simulated only for a limited confidence time
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interval : we stop the simulation run as soon as one component xi or yj reaches the machine

precision limits.

This precaution is necessary because, if the dynamics is following a cycle, a certain

action may not be played for a long time interval, with its probability decreasing over time.

At some point, it may become convenient for the player to choose that action again, so the

probability would start increasing again. But if the probability had hit the precision limits

of the computer beforehand, it would be stuck at zero, falsely identifying the simulation

run as having reached a fixed point.

Another problem concerns rounding approximations, which imply that normalization

may be lost. To avoid this, we renormalize the mixed strategy vectors every time step.

With the parameter δ we choose, the confidence time interval is on average of the order

of 1000 time steps (but can vary considerably, as can be seen in Figure 3.17). We could use

the same convergence criteria as for Bush-Mosteller dynamics and fictitious play, but the

short simulation time and the shape of the cycles – in linear scale, the dynamics is constant

for a long time, and then suddenly changes – suggest to use a different heuristic. We check

whether in the last 20% of the time steps the probabilities of the most used action for

both players are monotonically increasing, while all other probabilities are monotonically

decreasing. In other words

1. Only consider the last 20% time steps.

2. For each player, find the action with the highest probability, and verify whether this

probability has been increasing for the full time interval.

3. Check that the probabilities for all other actions have been decreasing.

4. If conditions 2-3 are satisfied for both players, identify the simulation run as conver-

gent.

These criteria simply reflect what we observe in Figure 3.17. While we cannot conclude that

this heuristic works in general, a direct inspection of over 100 simulation runs for several

values of N confirms that convergence to pure strategy Nash equilibria or failure to converge

has been correctly identified in the vast majority of cases.

Finally, we would like to add a word of caution on the seemingly stronger instability of

replicator dynamics as compared to other learning algorithms. Because of infinite memory

and depending on the initial condition, it might take long to “find” a pure strategy Nash

equilibrium, meaning that the replicator dynamics can hit the machine precision limits first,

when it is still in a “transient”. In other words, it may not be in the basin of attraction

determined by a best reply cycle, but it may also have not reached a pure strategy Nash
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equilibrium within the confidence time interval. This is especially the case for large payoff

matrices, N ≥ 50.

Parameter values. We simulate the replicator dynamics by setting the parameter δ =

0.1, and a simulation time of 3000 time steps maximum. However, as discussed before, the

simulation time is typically shorter and determined by the first strategy hitting the machine

precision boundary.

3.A.4 Experience-Weighted Attraction

Experience-Weighted Attraction (EWA) is defined in Section 1.3.5.
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Figure 3.18: Instances of simulation runs of Experience-Weighted Attraction with N = 20. Each
line is a component of the mixed strategy vector of Row (not all components are visible, as they overlap).
Left panels: non-converging simulation run. The range of the horizontal axes has been chosen to ease
visualization of the dynamics. Right panels: converging simulation run. Top panels: linear scale. Bottom
panels: logarithmic scale on the vertical axis.

Convergence criteria. Consider Figure 3.18, right panels. All components of the EWA

dynamical system reach a fixed point, differently from the other learning algorithms, so it

is easier to identify convergence. We run the EWA dynamics for 500 time steps and we

consider the last 20% time steps to determine convergence. With the parameter values we

choose for α, β, κ and δ, the transient is usually of the order of 100 time steps, so 500

steps is enough to identify convergence. We then check that the average variance of the

logarithms of the components of the mixed strategy vectors does not exceed a certain (very
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small) threshold. We look at the logarithms because the probabilities following the EWA

dynamics vary on an exponential scale and can be of the order of, e.g., 10−100. In formula,

if 1/N
∑N

i=1 5/T
∑T

t=4/5T (log xi(t))
2 > 10−2 or 1/N

∑N
j=1 5/T

∑T
t=4/5T (log yj(t))

2 > 10−2,

with T = 500, we identify the simulation run as non-convergent. If convergence occurs to a

mixed strategy vector in which a component exceeds 0.95, the simulation run is identified

as convergent to a pure strategy equilibrium; otherwise, to a mixed strategy equilibrium.37

Parameter values. EWA has two main advantages from a computational point of view.

First, if the memory loss parameter is positive (α > 0), all stable attractors of the EWA

system lie within the strategy space and not on the boundaries. This means that no actions

are ever given null or unit probability and makes it possible to reliably simulate the EWA

map for arbitrarily long time, since for a sufficiently large value of α the machine precision

limits are never reached. The intuition for this property is simple: the performance of

very successful or very unsuccessful actions is forgotten exponentially over time, so even

a very small value of α prompts the players to choose unsuccessful actions with positive

probability. The second advantage is that the EWA system is explicitly normalized every

time step, making numerical errors unlikely.

EWA also has a computational disadvantage: because it uses exponential functions to

map attractions into probabilities, if the value of the payoff sensitivity β is too large, the

components of the mixed strategy vector may vary by too many orders of magnitude, and

therefore overshoot the boundaries of the strategy space.

So care should be taken in choosing the values of α and β. This is the case also because of

an additional feature of the EWA system: with large memory loss or small payoff sensitivity,

the learning dynamics converge to the center of the strategy space. In the limit where β = 0

the players just choose uniformly at random between their possible actions, irrespective of

the payoff matrix. In Galla and Farmer (2013) it was observed that for sufficiently large

values of α/β a unique fixed point was always stable. Such a fixed point can be arbitrarily

far from mixed strategy Nash equilibria, and so by changing their strategies the players

can improve their payoff. We are not interested in this “trivial” attractor as we want to

focus on the effect of the best reply structure of the payoff matrix on the learning dynamics.

Therefore, we choose parameter values for α and β that prevent convergence to this fixed

point.

37The value of 0.95 is smaller than the values of 0.98 and 0.99 used for reinforcement learning and fictitious
play respectively. This is because finite memory and finite payoff sensitivity make it possible that a fixed
point corresponding to a pure strategy Nash equilibrium is located at a small distance in the interior of the
strategy space, as shown in Chapter 2.
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A similar effect occurs for small δ. When the players only consider realized payoffs

and do not give much weight to forgone payoffs they may get stuck in “lock-in” fixed

points, in which they do not realize that by unilaterally changing action they could increase

their payoffs (see Section 2.4.3). These fixed points are typically arbitrarily far from Nash

equilibria. To avoid this situation, we assume that players consider forgone payoffs, and so

choose δ = 1.

A final important technical remark is that we rescale the payoff sensitivity β by
√
N as

the payoff matrix gets larger. The reason for this is that the expected payoffs
∑

j ΠR
ijyj and∑

i ΠC
jixi scale as 1/

√
N . Indeed, focusing on the expected payoff of player Row,

∑
j ΠR

ij

scales as
√
N due to the Central Limit Theorem (recall that the payoffs are generated

randomly, see below for the precise rule), while the components yj scale as 1/N due to

the normalization constraint. So
∑

j ΠR
ijyj scales as 1/

√
N . The same argument applies

to the expected payoff of player Column. Now, note that β multiplies the expected payoff

from Eqs. (1.29) and (1.32). Therefore, increasing the size of the payoff matrix has the

same effect as decreasing β, until the attractor at the center of the strategy space becomes

stable again. To prevent this from happening, we rescale β by
√
N , so that β

∑
j ΠR

ijyj and

β
∑

i ΠC
jixi do not scale with N .

In summary, for all simulations we choose α = 0.18, β =
√
N , κ = 1 and δ = 1, which

ensure that the EWA dynamics stays within the strategy space, that it does not overshoot

the space boundaries and that it does not reach the trivial attractor in the center of the

strategy space or lock-in fixed points that have no relation to Nash equilibria.

3.A.5 Experience-Weighted Attraction with noise

As explained in Section 1.3.5, we study “online learning” as a model of stochastic learning.

We consider the noisy version specifically of EWA because of its superior numerical proper-

ties (as compared to the other algorithms). Given that introducing noise makes identifying

convergence more challenging, we choose the algorithm for which identifying convergence

has been simplest.

Convergence criteria. As can be seen in Figure 3.19, the deterministic approximation

of EWA and the noisy version are generally very similar. In the convergent example an

action which is not the most commonly played one (i.e. the light green line) is selected from

time to time, and this potentially pulls player Row away from equilibrium. What usually

occurs instead is that the player returns to equilibrium after a short time.

We use the following convergence heuristic:

1. Only consider the last 20% time steps.
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Figure 3.19: Instances of simulation runs of EWA and EWA with noise with N = 20. Each line
is a component of the mixed strategy vector of Row (not all components are visible, as they overlap). Left
panels: non-converging simulation run. Right panels: converging simulation run. Top panels: deterministic
approximation of EWA. Bottom panels: EWA with noise.

2. Only keep the actions that have been played with a frequency larger than 0.05 (aver-

aged over the time interval above).

3. Find the most common value of the probabilities, i.e. the fixed point.

4. Count the occurrences in which the probabilities are farther than 0.02 from the most

common value.

5. If the occurrences are more than 10% of the considered time interval, identify the

simulation run as non-convergent. Otherwise, identify it as convergent.

If the dynamics is highly chaotic and the number of actions is large, it is possible that

point 2. above does not hold for any action, as all actions are only played occasionally. In

this case we simply identify the simulation run as non-convergent.

Parameter values. Differently from the case of deterministic EWA, we need to consider

a longer time interval for the dynamics to settle down to an attractor. We take 5000

iterations as a maximum, as for Bush-Mosteller dynamics and fictitious play. The values of

the parameters are the same as for deterministic EWA.
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3.A.6 Level-k learning

We consider the level-2 version of EWA, as explained in Section 1.3.6.

Convergence criteria. The dynamics is qualitatively very similar to EWA, so we use

the same convergence criteria.

Parameter values. We also use the same parameter values. We assume that both Row

and Column are level-2 players.

3.A.7 Initialization of the payoff matrices

In order to study generic payoff matrices, we sample the space of all possible payoff matri-

ces by generating the payoff elements at random. Following Galla and Farmer (2013), at

initialization we randomly generate N2 pairs of payoffs (i.e., if Row plays i and Column

plays j, a pair a, b implies that Row gets a, Column gets b), and we keep the payoff matrix

fixed for the rest of the simulation (so the system described by the payoff matrix can be

thought of as quenched). We consider an ensemble of payoff matrices constrained by the

mean, variance and correlation of the pairs. The Maximum Entropy distribution that obeys

these constraints is a bivariate Gaussian (Galla and Farmer, 2013), which we parametrize

with zero mean, unit variance and correlation Γ. Therefore, Γ < 0 implies that the game is

competitive (zero-sum in the extreme case where Γ = −1), while Γ > 0 encourages cooper-

ation (see the main text). If Γ = 0 all best reply configurations are equiprobable because

the payoffs are chosen independently at random, so we shall consider this as a benchmark

case where we sample the space of all possible games with equal probability.
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Part II

Endogenous fluctuations in
macroeconomics
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Chapter 4

Literature review

4.1 Overview

Business cycles have mostly been studied as the result of exogenous shocks. From a dy-

namical systems point of view, this means that deterministic trajectories in typical business

cycle models would always converge to stable stationary states. Fluctuations occur because

economies are recurrently hit by exogenous shocks, which pull them apart from stable

states. A minority view, which is gaining new traction, holds instead that business cycles

arise from strong forces that are endogenous to the economy and that, absent exogenous

shocks, economies would nonetheless go through boom and bust periods. Mathematically,

this means that business cycles are modeled at least in part by some form of non-linear

dynamics—limit cycles or chaos.

We start this chapter by reviewing the literature that looks for statistical signatures of

non-linear dynamics in economic time series data (Section 4.2). Since empirical evidence

is controversial, we conclude that building theoretical business cycle models is a necessary

complement to time series analysis. In Section 4.3 we review the literature on endogenous

business cycle models. Because we identify a proliferation of forces that could cause business

cycles, we introduce a framework based on recent work by Beaudry et al. (2019) that

generalizes several of these forces. We next identify a key problem with business cycle

models that explain fluctuations with exogenous shocks: these models have difficulties in

accounting for the correlation of economic time series across sectors of the economy and

across countries. In Section 4.4 we review the mechanisms that have been proposed to

generate correlations, and augment our generalized framework by including the mechanisms

that the empirical literature has identified. We then argue that endogenous business cycle

models may be better suited than models based on exogenous shocks in accounting for

sectoral and international correlations, because non-linear dynamics may align following

the principles of synchronization theory. Accordingly, in Section 4.5 we introduce some
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basic concepts of synchronization theory. Finally, in Section 4.6 we discuss the few works

that have tried to apply synchronization theory to economics. We explain why these works

have had limited impact, and why the contribution presented in this thesis may overcome

these problems.

4.2 Empirical evidence for non-linear dynamics in economic
time series

A widespread belief holds that there is little evidence for non-linear dynamics in economic

time series. Given our definition of endogenous business cycles as being mathematically

described by some form of non-linear dynamics, this lack of evidence seems rather problem-

atic for the endogenous business cycle research agenda. We will argue in this section that

empirical evidence is in fact mixed, not allowing either to support or to reject non-linear

dynamics in the data. We will suggest that mathematical modeling of business cycles is a

necessary complement to time series analysis.

Limit cycles. A first possible type of non-linear dynamics is limit cycles. In fact, business

cycles were interpreted as periodic cycles until the 1950s. Of course time series were not

perfectly periodic, yet the lack of clear periodicity was still justified by interpreting business

cycles as a Fourier superposition of perfectly periodic cycles. As Slutzky (1937) put it:

It is almost always possible to detect, even in the multitude of individual

peculiarities of the phenomena, marks of certain approximate uniformities and

regularities. The eye of the observer instinctively discovers on waves of a certain

order other smaller waves, so that the idea of harmonic analysis, viz., that of

the possibility of expressing the irregularities of the form and the spacing of the

waves by means of the summation of regular sinusoidal fluctuations, presents

itself to the mind almost spontaneously. If the results of the analysis happen

sometimes not to be completely satisfactory, the discrepancies usually will be

interpreted as casual deviations superposed on the regular waves. If the analyses

of the first and of the second halves of a series give considerably divergent

results (such as, for example, were found by Schuster while analyzing sunspot

periodicity), it is, even then, possible to find the solution without giving up the

basic concept.

As Slutzky observes, it is impossible, especially for relatively short time series, to reject

the hypothesis of superposition of perfectly periodic cycles. One could always find justifi-
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cations not to embrace the alternative hypothesis of random noise being at least partially

responsible for the observed dynamics.

The main contribution in Slutzky (1937) was to show that fluctuations resembling the

business cycle could also be obtained by averaging white noise in a way that corresponds

to the modern concept of autoregressive process. Of course those fluctuations would not

display peaks in the spectrum corresponding to the various harmonics of superposed per-

fectly periodic cycles. However, those fluctuations would have the property of recurrently

oscillating below and above trend, as in actual business cycles. Together with the work

of Frisch (1933), this lent credibility to the so-called Frisch-Slutzky paradigm of business

cycles, at the basis of the exogenous business cycle view outlined in Section 4.1.

By the 1960s, the idea of business cycles as the superposition of regular cycles had fallen

out of favor. This was further reinforced by the influential work of Granger (1966), which

identified a “typical shape” in the spectrum of many economic variables. The typical shape

is a spectrum density increasing monotonically from higher to lower frequencies, consistently

with the spectrum of an autoregressive process of order one. Such spectra do not exhibit

any peak, arguing against the existence of any periodicity in economic time series.38 As

Granger (1966) notes, peaks may be found in finite samples, but they would be spurious,

i.e. not statistically significant.

Granger’s finding would also rule out the possibility of stochastic limit cycles, i.e. dy-

namics defined from a deterministic limit cycle skeleton, augmented by some noise. Indeed,

although stochastic limit cycles would not produce perfect harmonics in the spectrum, they

would still produce significant peaks, which appeared to be ruled out by the typical shape.

Granger’s hypothesis of a typical spectral density was backed by a number of macroeco-

nomic time series ranging between the beginning of the 20th century and 1960. That period

was characterized by two World Wars and an unprecedented global depression, therefore

evidence for periodicity could not really be expected. As Granger himself noted, “It is

not, of course, suggested that every economic time series produce such spectra.” Yet, it

appears that Granger’s finding has gone undisputed.39 Macroeconomics set out to explain

fluctuations with models featuring stable steady states hit by recurrent exogenous shocks.

Very recently, Beaudry et al. (2019) re-examine this issue and show that humps in

spectral density could in fact be an important property of some economic time series.

Beaudry et al. (2019) claim that focusing on trending time series such as GDP and on

38The only exception is seasonality and its harmonics.
39A Google Scholar search of the papers that cite Granger (1966) shows that no paper which itself received

at least 100 citations either confirms or disputes Granger’s finding. The only exception is Englund et al.
(1992), who find a concentration of spectral density between three and eight years in Swedish data, but do
not test for its significance.
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business cycles lasting between 2 and 8 years has led researchers to overlook evidence for

periodicity. The authors focus on “cyclically sensitive variables”—variables, such as the

unemployment rate, whose trend is small as compared to their cyclical fluctuations—and

show that some of these display a statistically significant peak between 9 and 10 years in

the US and other G7 countries. We will build on this evidence to propose a stochastic limit

cycle model, and study its synchronization properties. However, a substantial part of our

synchronization analysis also applies to chaotic dynamics, to which we now turn.

Chaotic dynamics. An alternative type of non-linear dynamics is chaos. We classify

chaotic dynamics based on being low- or high-dimensional, although of course there is

a continuum between the two. There exist several definitions of dimension of a chaotic

attractor (Farmer et al., 1983), but for our purposes here we can just think of dimension

as the number of degrees of freedom which are necessary to describe the dynamics. In the

case of a limit cycle, the dimension is simply one, because dynamics follow a line. The

dimension of a stochastic process, on the contrary, is equal to the dimension of the system,

as dynamics are not constrained to any lower-dimensional manifold. The dimension of

deterministic chaos is in between. Low-dimensional chaos retains some properties of limit

cycles, for example it shows some periodicity. High-dimensional chaos, instead, is more

similar to noise. Given the shortness of economic time series, it is practically impossible to

disambiguate between high-dimensional chaos and noise.

Therefore, the literature has focused on testing for low-dimensional chaos, either deter-

ministic or augmented with some noise. One of the most popular methods to test for chaos is

computing a particular type of dimension known as the correlation dimension (Grassberger

and Procaccia, 1983): A finite and greater than one value of the correlation dimension

would indicate chaos. Another popular method is the calculation of Lyapunov exponents

directly from time series data (Sano and Sawada, 1985; Eckmann et al., 1986): A positive

Lyapunov exponent would indicate chaos. These two methods provide point estimates, so

to assess statistical significance one needs to devise supplementary techniques. For example,

Brock (1986) has provided a test for the correlation dimension, based on removing linear

structure by calculating the correlation dimension on the residuals from the best fit autore-

gressive process.40 If the data generating process was truly chaotic, one should still find

the same correlation dimension as the one computed on the original time series. Similarly,

Shintani and Linton (2004) have proposed a test for the statistical significance of positivity

or negativity of Lyapunov exponents.

40This is not formally a statistical test as the distributional properties of the test statistic are unknown
(Barnett and Serletis, 2000).
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Applying these methods to economic time series to detect low-dimensional chaos, the

empirical evidence is mixed.41 Using the correlation dimension method, Brock (1986), Brock

and Sayers (1988), Scheinkman and LeBaron (1989), Frank and Stengos (1988) and Frank

et al. (1988) found little evidence for chaos in international economic and financial time

series. However, Barnett and Chen (1988) and DeCoster and Mitchell (1991) did find chaos

in some monetary aggregates. Using the Lyapunov exponent method, Shintani and Linton

(2003) found statistically significant negative Lyapunov exponents in international real out-

put series. However, Hommes and Manzan (2006), applying the same test to data generated

by a low-dimensional chaotic model augmented with relatively strong noise, show that this

could also produce negative Lyapunov exponents, implying that also low-dimensional chaos

cannot be rejected.

Barnett and Serletis (2000) give a very good account of the controversies. Different

tests have different null hypothesis and may have more power against different alternatives.

The tests are very sensitive to dynamic noise. Time series are too short. More in general,

these tests cannot find if chaos originates within the economy or from outside – e.g., in an

agricultural economy it could just be that chaos originates within the weather system and

then propagates into economic time series. The fact that the literature looking for evidence

of chaos in economic time series subsided in the last 20 years suggests that complementary

methods may be necessary to settle the controversies.

A possible way forward. Taking stock, it seems to us that rejecting evidence for non-

linear dynamics in economic time series is too dismissive. It seems fairer to conclude that

it is very difficult to provide conclusive evidence in favor or against non-linear dynamics by

looking at the data alone. Since data alone cannot settle this issue, we need to build models

that can feature stable steady states or non-linear dynamics according to the parameter

values, and make distinct predictions in the two cases that may also concern other variables

or other properties of the time series. If predictions from one of the two parameterizations

were much more precise, this would constitute indirect evidence in favor or against non-

linear dynamics.

4.3 Endogenous business cycle modeling

Endogenous business cycle modeling, based on obtaining fluctuations from non-linear dy-

namics, is at least as long a tradition as the modeling of business cycles based on stable

41The empirical evidence is stronger for non-linearity. Note that non-linearity does not necessarily imply
non-linear dynamics: a stable system could be non-linear, and for example respond to positive and negative
shocks in an asymmetric way. Because such systems are not of interest here, we neglect that part of the
literature.
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steady states recurrently hit by exogenous shocks. In this section, we give an account of

endogenous business cycle models. We focus on explicit macroeconomic models, without

considering models of part of the economy (cobweb models, financial models) that could

be extended to macroeconomic settings. We only consider models for which the deter-

ministic part of the dynamics is clearly separated from the stochastic component, so that

it is clear if the model could yield substantial fluctuations driven by non-linear dynamics

alone. This restriction rules out most complex macroeconomic Agent-Based Models (Dawid

and Delli Gatti, 2018), for which the separation between the deterministic and stochastic

components is not clear. Our survey will make clear how many complementary mecha-

nisms have been proposed to generate endogenous business cycles. Given this proliferation

of mechanisms, we will specify a general framework based on strategic complementarities

(Beaudry et al., 2019), and construct a simple endogenous business cycle model that we

will use in the following analysis.

4.3.1 A taxonomy of endogenous business cycle models

Models in which macroeconomic fluctuations resulted mainly from non-linear dynamics

started to appear in the 1940s. Since then, hundreds, or even thousands, of models have

been proposed, making a systematic review of the literature impossible. We will concen-

trate on a few papers only; interested readers can consult more comprehensive books and

review articles, such as Lorenz (1993), Gandolfo (2009), and Boldrin and Woodford (1990).

Endogenous business cycle models can be classified according to several dimensions.

In Table 4.1, models are grouped based on the economic force that causes endogenous

fluctuations. Note that this is necessarily an approximation, as the instability of fixed

points is caused by the interaction of many factors. The most common economic forces

are:42 (i) bounded rationality, corresponding to agents’ expectations fluctuating about a

fixed point, thereby producing fluctuations in economic activity; (ii) finance, corresponding

to credit booms necessarily followed by credit crunches (Minsky, 1992); (iii) overinvestment,

corresponding to firms investing more than necessary over a boom and then cutting back on

investment causing a recession; (iv) technology, corresponding to clustering technological

development in certain periods. Other economic forces that have been proposed to cause

fluctuations are inventory behavior, monetary disturbances, overlapping generations effects,

preference switch, search and matching, wage bargaining, and lags and delays of all sorts.

As pointed out, we will restrain from focusing on one of these specific mechanisms by

considering a general framework that can incorporate several of these forces.

42The narrative given below may not apply to all models in that class, but is given to build intuition.
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Table 4.1: Some endogenous business cycle models

References Economic aspects Technical aspects
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Bullard (1994) Bounded rationality YES YES NO NO YES
Schönhofer (1999) Bounded rationality YES YES YES NO YES
De Grauwe (2011) Bounded rationality YES NO NO NO YES
Bonart et al. (2014) Bounded rationality NO YES NO NO YES
Asano et al. (2019) Bounded rationality NO NO NO NO YES
Woodford (1988) Finance YES YES YES NO NO
Keen (1995) Finance YES NO YES YES YES
Azariadis and Smith
(1998)

Finance YES YES NO NO NO

Matsuyama (2007) Finance YES YES YES NO NO
Myerson (2012) Finance YES YES NO NO NO
Matsuyama (2013) Finance YES YES YES NO NO
Beaudry et al. (2019) Finance YES YES NO NO YES
Metzler (1941) Inventories YES NO NO NO YES
Sterman (1988) Inventories NO NO YES YES YES
Helbing et al. (2004) Inventories NO NO NO YES YES
Foley (1992) Monetary YES YES NO YES YES
Kaldor (1940) Overinvestment YES NO NO YES YES
Hicks (1950) Overinvestment YES NO NO NO YES
Goodwin (1951) Overinvestment YES NO NO YES NO
Scheinkman (1976) Overinvestment NO YES YES NO NO
Benhabib and
Nishimura (1979)

Overinvestment NO YES NO YES YES

Boldrin and Montruc-
chio (1986)

Overinvestment NO YES YES NO NO

Lorenz (1987) Overinvestment NO NO YES YES YES
Benhabib and Day
(1982)

Overlapping genera-
tions

YES YES YES NO NO

Grandmont (1985) Overlapping genera-
tions

YES YES YES NO NO

Benhabib and Day
(1981)

Preference switch YES NO YES NO NO

Diamond and Fuden-
berg (1989)

Search and matching YES YES NO YES YES

Judd (1985) Technology YES YES NO NO NO
Silverberg and Lehnert
(1993)

Technology NO NO YES YES YES

Matsuyama (1999) Technology YES YES NO NO NO
Horii (2012) Technology NO YES NO YES YES
Shleifer (1986) Technology, Delay NO YES NO NO NO
Day (1982) Technology, Overin-

vestment, Bounded
Rationality

YES NO YES NO NO

Goodwin (1967) Wage bargaining YES NO NO YES YES
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A second classification is whether models are based on aggregate variables or not. In

the third column of Table 4.1, we show which models are aggregate; for most disaggregated

models, disaggregation is sectoral.43 Disaggregation will be crucial in our model and for

our analysis of synchronization.

A third classification is based on microfoundations. A broad definition of “microfoun-

dation” is that the dynamical equations of the model are obtained by explicitly modeling

the behavior of economic agents, rather than being directly assumed.44 Since in economic

theory the agents’ behavior is most often based on optimization, and agents’ expectations

are always on average correct (rational expectations), the term microfoundations is usually

narrowly used as a synonym of these assumptions. This is the meaning that we use in

Table 4.1. Our model will not be explicitly microfounded, but we will discuss how it can

be derived from microfoundations (in the broad or narrow sense) throughout.

Other classifications are based on more technical aspects. In the fifth column, we write

whether the model admits chaos for some parameters or if it admits limit cycles only.45 In

the sixth column, we write whether the model is specified in continuous time or in discrete

time. In the last column, we write whether the model produces smooth persistent dynamics

or “sawtooth-like” dynamics, which “jumps” from one side of the attractor to another, with

no persistence. Almost all continuous-time models produce smooth dynamics, while many

discrete-time models produce sawtooth-like one. The empirical plausibility of these models

is questionable, as economic time series clearly show persistence.46

For simplicity, the classification in Table 4.1 does not consider two interesting aspects.

First, it may be useful to distinguish between business cycles and growth cycles, that is cycles

on an otherwise increasing growth trend. The interaction between growth and fluctuations

is sometimes important. For example, in the model proposed by Matsuyama (1999), the

average growth rate is higher when the model allows endogenous fluctuations than when

growth is monotonic. However, in most cases the growth and fluctuations dynamics are

assumed independent, so this aspect is mostly superfluous. The second aspect that we

did not consider is whether models are indeterminate. In the jargon of economic theory,

indeterminacy (Benhabib and Farmer, 1999) is the property of some models that exhibit

43Exceptions are Sterman (1988) which, as all the literature on inventories, focuses on individual firms;
and Asano et al. (2019), which consider disaggregate households.

44According to this definition, Agent-Based Models are microfounded (Dawid and Delli Gatti, 2018).
45We rely on what is reported by the authors only. Of course, it could be that the authors did not realize

or write in their paper that their model could admit chaos in some parameter region that they did not
explore or discuss.

46Proponents of these models justify the produced dynamics by identifying discrete time steps with long
periodicities. For example, if the dynamics produces a cycle of period two, a time step could be inter-
preted as half business cycle periodicities. However, this procedure often leads to contradictions in terms of
interpretation of the model of parameters (Boldrin and Woodford, 1990).
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multiple equilibria (in some cases, a continuum of equilibria) to have paths that depend on

the beliefs of the agents (i.e., are not determined from the fundamentals of the economy).

Indeterminate equilibria can also be cycles. For example, in models such as Grandmont

(1985), Azariadis and Smith (1998) and Diamond and Fudenberg (1989) there exist multiple

cyclical equilibria, and which one is reached depends on the beliefs. Our model will be

determinate (Beaudry et al., 2019), so we can safely ignore this aspect.

For its generality, and for its importance in the next section, we finally mention an

important strand of research. This is the search for endogenous fluctuations in neoclas-

sical growth models with microfoundations and rational expectations. These models are

dynamic programming problems in which a representative agent maximizes utility over an

infinite horizon. There is a parameter, the discount factor δ, that weighs future utility

vs. current utility. The closer δ to one, the more the agent considers future utility. The

closer δ to zero, the more the agent is “impatient”, and only cares about current utility.

A situation in which δ is close to one seems to be the ideal candidate for smooth growth

paths: agents are infinitely foresighted and willing to give up current utility to avoid future

variations in utility. And indeed, Scheinkman (1976) shows that for δ sufficiently close to

one, endogenous fluctuations are not possible.47 If this result were general, it would imply

a tension between patience and instability, at least in models in which the expectations of

the agents are rational. However, Boldrin and Woodford (1990) show that any deviation

from the framework studied by Scheinkman (1976) makes endogenous fluctuations possible

even if the discount factor δ is one. An example of such a deviation is given in the next

section.

4.3.2 A generalized framework based on strategic complementarities

As should be clear from the discussion in the previous section, there exist a plethora of ex-

planations for endogenous business cycles. To study synchronization of endogenous business

cycles, it is not clear which specific model one might want to pick. It would be desirable

to use a macroeconomic model that is as general as possible, so that it is clear that the

synchronization results do not depend on a specific source for endogenous fluctuations.

Luckily, Beaudry et al. (2015) have recently proposed such a model.48 They draw on

research by Cooper and John (1988), who introduced the concept of strategic complemen-

tarities (Bulow et al., 1985) between agents in macroeconomics. Cooper and John (1988)

47The complementary result, proved by Boldrin and Montrucchio (1986), is that for any sufficiently small
δ it is possible to specify a neoclassical growth model of this class that has endogenous fluctuations.

48Here we reference the initial working paper (Beaudry et al., 2015), rather than the final journal version
(Beaudry et al., 2019), because it specifies the strategic complementarity framework in more detail.
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themselves were dissatisfied by the plethora of models that were used to explain macroeco-

nomic coordination failures, that is, situations in which the interaction among agents led

to suboptimal outcomes. Some models at the time traced back coordination failures to

increasing returns in firms’ technologies, other models to imperfect information, others to

search efforts of trading partners. Cooper and John (1988) showed that these situations

could all be formalized within the unifying framework of strategic complementarities. Their

framework was static, so Beaudry et al. (2015) make a dynamic version of it, and claim

that it can encompass several of the causes for business cycles highlighted in Section 4.3.1.

Here we present a slightly modified version of the model in Beaudry et al. (2015),

giving a more explicit role to heterogeneity across agents.49 Consider N agents, indexed by

i ∈ I = {1, . . . , N}. Denote by xi an accumulation variable representing a stock of agent i,

and by yi a decision variable representing a flow. We can think of y as level of production

and of x as level of inventories; we can also think of y as level of investment or consumption

of durables, and of x as capital or net worth, respectively.

The time evolution of xi is simple. At each time step t, it depreciates by a factor δ, and

increases by yit. In formula, xit+1 = (1− δ)xit + yit. Consider for example the interpretation

of x as capital (machinery) and of y as investment. At every time step, capital depreciates,

due to obsolescence and wear and tear in production. At the same time, old machinery

is replaced by an amount of new machinery corresponding to investment yit. The other

interpretations for x and y lead to similar narratives. If x is the stock of inventories and y is

production, new goods are added to the stock of inventories (and then potentially shipped

to customers from there). If x is consumption of durable goods, such as cars or houses, and

y is net worth, purchasing durable goods adds to one’s personal wealth.

The evolution of yit is more interesting, as it depends on the interactions among agents.

Let V i
(
yit+1, y

i
t, x

i
t, F

(
yit
))

be a payoff function of agent i.50 It first depends on the planned

level of y, yit+1, which can be set by the agent for time t+1 based on a number of variables at

time t. These are the current level of y, yit, the current level of x, xit, and, most importantly,

yit, capturing the interactions among the decision variables y of the agents. The effect of

49Beaudry et al. (2015) assume that agents’ interactions are symmetric and consider the symmetric solution
where all agents behave alike.

50A more general specification would be V i = Eiτ
∑∞
t=τ β

tV it
(
yit+1, y

i
t, x

i
t, F

(
yit
))

. In this more general
specification, agents do not only care about the payoff at the current time τ , but also about future payoffs,
with a discount factor β ∈ [0, 1]. This makes agents forward-looking, in the sense that their expectations
about future outcomes matter in the current period. (Here, Eiτ denotes the expectations of agent i at time
τ .) A typical choice in macroeconomics to deal with this issue is to assume that expectations correspond to
the outcomes of the model, at least on average (rational expectations). Mathematically, this corresponds to
making the value of y at time t, yit, depend on its future value yit+1. Defining the dynamics consistently is a
mathematical problem that led economists to invent new concepts that have no counterpart in the natural
sciences, in which variables at time t only depend on variables at previous times. A recent contribution
(Galizia, 2018) extended these methods to deal with limit cycles and chaos. In this thesis we ignore this
aspect, but it could be possible to extend our results to the rational expectations framework.
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this latter variable is mediated by a function F
(
yit
)
, which will be explained below. The

interaction term yit is defined as yit = εiiy
i
t+
∑N

j=1 ε
i
jy
j
t , where εij ∈ [0, 1], such that

∑
j ε
i
j = 1.

εij is the weight that the decision variable of agent j has in determining the value of yit. This

of course includes the weight εii that the own decision variable of agent i has in setting yit.

The values of εij , for all i and j, define an interaction network.

The function F (·), finally, is a non-linear function that determines the effect of inter-

actions. Without loss of generality, let the payoff function V (·) depend positively on F (·).
When F ′

(
yit
)
> 0, there are positive spillovers, because an increase in the decision variables

of the agents with whom agent i interacts raises the payoff of agent i. If such an increase also

induces agent i to raise her own decision variable, yit+1 > yit, one says that there are strate-

gic complementarities between agent i and the agents with whom she interacts. Assuming

that agent i wants to maximize her payoff (see below), she decides to raise her decision

variable only if her marginal payoff increases with the decisions of the other agents. Math-

ematically, this means that the derivative of the payoff function V (·) with respect to the

decision variable yit+1 is positive when the agents with whom agent i interacts increase their

decision variables, so that yit increases. In formula, ∂2V i
(
yit+1, y

i
t, x

i
t, F

(
yit
))
/∂yit+1∂y

i
t > 0.

If instead the function F is such that F ′
(
yit
)
< 0, there are negative spillovers. If, in addi-

tion, due to an increase of the decision variables of the agents with whom agent i interacts,

agent i reduces her decision variable, yit+1 < yit, one talks about strategic substitutabil-

ity. Mathematically, this condition corresponds to ∂2V i
(
yit+1, y

i
t, x

i
t, F

(
yit
))
/∂yit+1∂y

i
t < 0.

Depending on the value of yit, our model will encompass both the complementarity and sub-

stitutability regimes. What will generate cyclical behavior in this model is the continuous

switching between the two regimes.

Before we give more intuition on the dynamics, we complete the specification of the

model. We first assume that the payoff V i
(
yit+1, y

i
t, x

i
t, F (·)

)
depends negatively on the cur-

rent value of the accumulation variable x, so that ∂V i
(
yit+1, y

i
t, x

i
t, F (·)

)
/∂xit < 0, and posi-

tively on the current value of the decision variable y, so that ∂V i
(
yit+1, y

i
t, x

i
t, F (·)

)
/∂yit > 0.

These assumptions reflect decreasing returns to accumulation, i.e. willingness to avoid ex-

cessive stocks of inventories, capital or net worth, and sluggishness in the adjustment of the

decision variable, i.e. difficulty to quickly modify the level of production, investment, or

consumption of durable goods. The first assumption will be instrumental for the switching

between regimes of strategic complementarity and substitutability, the second assumption

will be useful to introduce smooth dynamics. (As we discussed in Section 4.3.1, a problem

of many endogenous business cycle models is that they generate a “sawtooth” dynamics

that has no persistence, in stark contrast to empirical time series.)
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Importantly for our analysis of synchronization, we let the dependence on current val-

ues of the accumulation and decision variables be heterogeneous across agents. This means

that some agents dislike accumulation more than others, and some agents have more dif-

ficulty than others in adjusting their decision variables. This will generate heterogeneous

frequencies of oscillation across agents.

We choose the following specification for the payoff function:

V i
(
yit+1, y

i
t, x

i
t, F

(
yit
))

= −
(
yit+1

)2
/2 + yit+1

(
αi0 + αi1x

i
t + αi2y

i
t + F

(
yit
))
, (4.1)

with αi1 < 0 and αi2 ∈ [0, 1], reflecting the assumptions discussed above. We will choose

the parameters to restrict yit to positive values, implying a positive dependence of V i(·) on

F (·), as assumed above. The dependence of V i(·) on yit+1, finally, should not be given any

specific interpretation, as it is only instrumental to make yit+1 depend on the last term in

parenthesis on the right hand side of Eq. (4.1). Indeed, one can assume that agent i chooses

a value of yit+1 so to maximize her payoff V i(·), and obtain a dynamical equation by setting

∂V i(·)/∂yit+1 = 0.51 This leads to yit+1 = αi0 + αi1x
i
t + αi2y

i
t + F

(
yit
)
.52

We finally add two noise terms uit and vt in the evolution of the decision variables,

corresponding to exogenous shocks. The first noise term is idiosyncratic to each agent, while

the second term is common across agents. Both terms are AR(1) processes. This means

that the idiosyncratic shock evolves as uit+1 = ρuu
i
t + ιt, where ρu ∈ [0, 1] is a persistence

parameter and ιut is white noise normally distributed with mean zero and standard deviation

σu. The common shock evolves similarly, vt+1 = ρvvt + ιvt , where ιvt is the same white noise

process, but with standard deviation σv.

Our model for endogenous business cycles is thus fully specified by the following equa-

tions, for all agents i:

xit+1 = (1− δ)xit + yit,
yit+1 = αi0 + αi1x

i
t + αi2y

i
t + F

(
yit
)

+ uit + vt,

yit = εiiy
i
t +
∑N

j=1 ε
i
jy
j
t , εij ∈ [0, 1],

∑
j ε
i
j = 1,

F (y) = β0 + β1y + β2y
2 + β3y

3 + β4y
4.

(4.2)

The last equation represents our arbitrary choice for F (·), that we parameterize as a generic

quartic function (Beaudry et al., 2015). The choice of a quartic rather than a polynomial

of any other order is due to technical reasons.

51This setting could be seen as a game, where each player i considers the strategic interactions with the
other agents. For simplicity, we take the decision variables of the other agents as given, reducing the extent
of strategic interactions.

52 A minor difference with respect to Beaudry et al. (2015) is that yit+1 depends only on variables at t,
while in Beaudry et al. (2015) it depended on both variables at t and (contemporaneous) variables at t+ 1.
As there did not seem to be much difference in the dynamics, we chose this form as it was computationally
simpler. Economically, it corresponds to assuming that the decision variables of the agents with whom agent
i interacts have a lagged effect on her decision.
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Although a mathematical analysis of the dynamics will be given in Section 5.2, here

we build some intuition into why this dynamical system may generate cyclical dynamics.

For simplicity, as we will do in Section 5.2, we focus on a single agent i whose dynamics is

purely driven by her own decision variable, namely εii = 1, εij = 0, for all j 6= i. Assume

that the parameters are chosen so that there is a unique steady state.53 Further assume

that the parameters of the function F (·) are chosen so that it increases at the unique

steady state and below, while it decreases as y becomes large. This corresponds to strategic

complementarity near the steady state and when the decision variable is small, and to

strategic substitutability when the decision variable is large.

Starting from a situation below the steady state, the regime of strategic complementarity

makes it optimal for agent i to increase her decision variable yi, in a way that she overshoots

the steady state. Explosive economic forces are at play. However, as agent i starts to over-

accumulate, because the value of yi more than offsets the depreciation (1 − δ)xi, due to

the negativity of the parameter αi1 the rise of yi slows down. Moreover, as yi increases,

the regime of strategic substitutability sets in, corresponding to implosive economic forces.

Soon, yi reverts and starts to decrease. At some point, the decrease in yi will bring back to

a regime of strategic complementarity, making agent i increase her decision variable again,

and the process restarts.

Depending on the interpretation for the accumulation variable x, the decision variable y,

and the function F , the narrative based on the alternance between strategic complementar-

ity and substitutability could correspond to one of the economic forces causing endogenous

business cycles listed in Section 4.3.1. Beaudry et al. (2019), for example, consider a micro-

founded model in which x is net worth, y is consumption of durable goods, and F models

banks’ willingness to give loans. In good times, lending is perceived safe, and so agents

can borrow to consume more durable goods. This further strengthens the economic boom,

making lending to be perceived even safer (strategic complementarity). When the economy

slows down because of overaccumulation, lending instead starts to be perceived less safe,

making banks cut back on credit (strategic substitutability). This behavior of the banks

can easily trigger a recession, which lasts until agents have liquidated assets in excess, at

which point the cycle starts again. The narrative in Beaudry et al. (2019) is similar to many

of the narratives for finance-based endogenous business cycles listed in Table 4.1. However,

the strategic complementarity-substitutability framework easily lends itself to other narra-

tives, such as the ones based on overinvestment in the Keynesian tradition (Kaldor, 1940;

53This means that the strategic complementarities are not strong enough to generate indeterminacy (Ben-
habib and Farmer, 1999). See Galizia (2018) for more details about indeterminacy.

133



Hicks, 1950; Goodwin, 1951), and the ones based on temporal clustering of technological

innovations (Judd, 1985; Shleifer, 1986; Matsuyama, 1999).

Note that so far we have been equating the dynamics of an agent i and the aggregate

dynamics. While this was justified in Beaudry et al. (2015), who assumed that all agents

behaved alike, it is not justified a priori in our setting. Indeed, our main contribution will

be to show how agents may or may not synchronize their behavior and increase (or decrease)

their decision variables at the same time. If they synchronized their behaviors, agents would

produce aggregate business cycles but, if they did not, an aggregate business cycle would

not emerge, because their behaviors would cancel out. In our model, synchronization will

depend on the interaction network εij and on the nature of shocks. In the following section,

we look at which economic forces may lead to synchronization and, accordingly, to what

the interaction network should represent.

4.4 Channels for the synchronization of business cycles

In this section we look at which economic interactions may be responsible for the syn-

chronization of endogenous business cycles. Following a literature review, we will conclude

that trade is the least controversial source for synchronization across sectors and countries.

Accordingly, we will consider a version of the model presented in Section 4.3.2 in which

agents correspond to sector-country pairs, and their interaction pattern is the international

input-output network. Our model will also account for common shocks as a synchronization

mechanism.

4.4.1 Which economic interactions can lead to synchronization?

There is a large literature in economics about synchronization of economic activity. This

literature uses the word “synchronization” casually, as a synonym for comovement, or cor-

relation, of economic time series. Some of this literature is purely empirical, in the sense

that it tries to explain the correlation coefficients among economic time series purely by

econometric methods. Another part of this literature is more theoretical, in the sense that it

builds models in which the propagation of exogenous shocks may reproduce the comovement

across time series.

As we will explain in Section 4.5, our meaning for the word synchronization will be

different, as we will take synchronization to mean “alignment of non-linear dynamics”.

Therefore, in this section we will use the words comovement and correlation to refer to the

literature. The mechanisms that have been proposed to explain comovement will be our

starting point for a theory of synchronization.
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Although an agent in the model presented in Section 4.3.2 could be an individual firm

or household, in this thesis we will consider some level of aggregation. In particular, we

will consider agents to be economic sectors (industries) across countries, the basic unit of

analysis being a sector-country pair.54 Therefore, we will look for the literature on what

may cause the comovement of sectors and countries.

Both the sectoral and international literatures are large. A common trait is that there

is substantial disagreement in the empirical literature over the channels that may cause

comovement, and theoretical models account only for a relatively small fraction of the

empirical comovement.

Comovement across sectors. The comovement across sectors has always been con-

sidered a fundamental feature of the business cycle. In their pioneering definition of the

business cycle, Burns and Mitchell (1946) wrote “a cycle consists of expansions occurring at

about the same time in many economic activities, followed by similarly general recessions”

(emphasis added). Empirically, all studies agree that the degree of comovement across

sectors is quite high for several macroeconomic time series.

The first approach to explain this empirical regularity was to assume it, by tracing back

aggregate fluctuations to aggregate shocks (Lucas, 1977). The argument was that since all

sectors would be subject to these shocks, comovement would be high. Possible aggregate

shocks were monetary policy, set by the central bank, or fiscal policy, determined by the

government. Since some recessions were clearly not triggered by such aggregate shocks,

researchers started to look for alternative explanations. One of the first papers to do so

was Long and Plosser (1983), proposing a model in which shocks were hitting individual

sectors. Such an assumption lead to more easily identifiable shocks; for example, political

disturbances that would lead to an increase of the price of oil were clear sectoral shocks.

In Long and Plosser (1983)’s model, sectoral shocks would diffuse through input-output

linkages—requirements of a sector’s goods, say oil, as intermediate inputs for the output

of another sector—, leading to high comovement of output across sectors. Starting from

this paper, some strands of the literature branched out that looked at the problem from

different angles. Here we mainly focus on two strands of this literature, and briefly discuss

two more.

The first strand investigates whether input-output linkages are indeed the main channel

for sectoral synchronization, letting aside aggregate shocks. For example, Hornstein and

Praschnik (1997) do find support for the input-output channel. As an alternative chan-

nel, Cooper and Haltiwanger (1990) and Murphy et al. (1989) propose consumption good

54An alternative choice could be region(state)-country pairs, but the relatively higher amount of data on
sectors made us choose sectors. Considering regions would be an interesting extension for future work.
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demand complementarities. These models assume that sectors produce final goods that

can be consumed by households, instead of intermediate inputs for the production of other

goods (as in Long and Plosser 1983). Because consumers are also workers, if things go

well within a sector and workers in that sector get a pay increase, they will also be able

to spend on consumption goods from other sectors, leading to positive comovement. Some

other channels that have been proposed are home production (Benhabib et al., 1991) and

intratemporal adjustment costs (Huffman and Wynne, 1999), with no general consensus on

a single channel.

A second strand of the literature studies the emergence of aggregate shocks from sectoral

shocks. A law of large numbers argument would hold that shocks hitting many small sectors

would cancel out in the aggregate (Dupor, 1999). However, a large body of work shows that

this argument can be flawed when a few sectors are suppliers to many sectors (Horvath,

1998, 2000; Acemoglu et al., 2012; Baqaee and Farhi, 2019). This literature focuses on

the emergence of aggregate fluctuations, and so only indirectly on comovement. A partial

exception is Carvalho (2010), which shows that the same mechanism that avoids sectoral

shocks to cancel out in the aggregate can only explain about 30% of the comovement in the

data.

There are two other strands of literature that are still worth mentioning. One strand at-

tempts to fix a standard macroeconomic model—the Real Business Cycle (RBC) model—so

that it could reproduce high sectoral comovement not only in output but also in employ-

ment. This literature is surveyed in Christiano and Fitzgerald (1998), which also contains a

comprehensive analysis of the sectoral comovement in US hours worked. The second strand

of literature focuses on factor models to study comovement (Forni and Reichlin, 1998; Fo-

erster et al., 2011). These models find one or two factors that are common to all sectors,

combined with many sectoral shocks. While these common factors could be interpreted as

aggregate shocks (Lucas, 1977), they could also be interpreted as a common endogenous

business cycle that synchronizes across sectors.

In sum, while the strong comovement across sectors for many economic variables is an

uncontroversial empirical regularity, explaining such a comovement theoretically has lead

to substantial controversies. From the literature surveyed here, we will take aggregate

shocks, input-output linkages and final demand complementarities as possible channels for

the synchronization of endogenous business cycles across sectors.

Comovement across countries. Even more controversial is the literature that attempts

to explain the comovement across countries. Several papers proposed different channels,

finding support for one or another depending on the method used and the data analyzed
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(De Haan et al., 2008). Moreover, most international business cycle models in which coun-

tries are connected by trade links have been unable to account for more than a tiny fraction

of the empirical degree of comovement. This problem was named by Kose and Yi (2006)

the “trade-comovement puzzle”. As we will discuss, taking a synchronization approach can

contribute solving that puzzle.

There are five main channels that have been proposed to explain comovement across

countries. The first channel is trade. Theoretically, this channel could increase or decrease

comovement. It would increase comovement to the extent that it would propagate positive or

negative shocks, but it would decrease correlations if it lead to specialization across countries

(Frankel and Rose, 1998). The second channel is convergence in fiscal and monetary policy,

which is particularly relevant in case of monetary unions. The third channel is similarity

in industrial structure: if countries have very different industrial structures, they would

respond to sector-specific shocks in different ways. The fourth channel is finance. From

a theoretical point of view, like trade, finance could increase or decrease comovement.

A positive correlation across countries would arise to the extent that financial integration

makes financial institutions in several countries experience troubles at the same time, leading

to contemporaneous credit crunches. Yet, high financial integration could also lead to

negative correlation, because capitals could flow to countries where things are going better,

exacerbating cyclical differences. Finally, a fifth channel is multinational corporate control.

Multinationals could easily propagate shocks either through the transmission of know-how

(technology shocks) or to deteriorating financial conditions of the parent/affiliate company

(financial shocks).

The literature that explores the role of these shocks purely empirically, by using econo-

metric methods to detect the effect of some channel on comovement, is summarized in

Table 4.2. All studies used different methods and different datasets, so that it is not clear

what one should attribute different results to. The least controversial channel for inter-

national comovement is trade: all studies find a statistically positive effect of trade on

comovement.55 Common fiscal and monetary policy and similar industrial structure are

in some cases insignificant, but in other cases do have a positive effect. Finance is more

controversial. While Imbs (2006) finds positive effects of financial integration on interna-

tional comovement, Kalemli-Ozcan et al. (2013), by using a highly disaggregated dataset,

conclude that, all else equal, financial integration leads to less comovement. Finally, the

presence of multinational firms across countries always has a positive, and substantial, effect

on comovement.

55The magnitude of this effect is more debated. While Frankel and Rose (1998) and Baxter and Kouparitsas
(2005) find a very strong effect, Imbs (2004) and Inklaar et al. (2008) find a much smaller effect.
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Table 4.2: Channels for international business cycle comovement.

Reference Countries Years Method
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Frankel and Rose
(1998)

OECD 1959-
1993

IV +

Clark and Van Win-
coop (2001)

US & EU coun-
tries and regions

1963-
1997

OLS-IV + \

Kalemli-Ozcan et al.
(2001)

OECD 1970-
2000

OLS-IV

Imbs (2004) 24 countries 1980-
2002

Simultaneous
equations

+ + +

Heathcote and Perri
(2004)

US vs world busi-
ness cycle

1972-
2000

Summary statis-
tics

–

Desai and Foley (2004) US vs world busi-
ness cycle

1982-
1999

OLS +

Baxter and Kouparit-
sas (2005)

100 countries 1970-
1995

Robust analysis + \ \

Kose and Yi (2006) OECD 1970-
2000

IV +

Imbs (2006) 41 countries 1960-
2000

Simultaneous
equations

+

Calderon et al. (2007) 147 countries 1960-
1999

OLS-IV + +

Inklaar et al. (2008) OECD 1970-
2003

Multivariate
model

+ + +

Hsu et al. (2011) OECD 1988-
2002

Simultaneous
equations

+ + \ +

Kalemli-Ozcan et al.
(2013)

OECD 1978-
2006

OLS with many
controls

–

Kleinert et al. (2015) France regions vs
world countries

1993-
2007

OLS with many
controls

+ + +

Cravino and
Levchenko (2017)

34 countries 2004-
2012

OLS with many
controls

+

Di Giovanni et al.
(2018)

France vs world
countries

1993-
2007

OLS with many
controls

+ +

Notes: Countries column: When we indicate “XX countries”, it means that the authors used
a combination of advanced (OECD) and developing countries. Years column: The dates reported
here are only approximate, because some papers use multiple datasets with different starting and
final dates. Method column: In addition to using different methods for finding the effect of
different channels on comovement, papers also differ in the way they process raw data. In this
table we ignore the latter aspect. Channels columns: “+” stands for “positive effect”; “–” stands
for “negative effect”; “\” stands for “insignificant effect”; no symbol means that the authors
ignored that channel.

138



While the literature surveyed so far is purely empirical, some papers have proposed

theoretical models to account for the empirical correlations across countries. These models

build on the International Real Business Cycle (IRBC) framework of Backus et al. (1992).

They focus on trade as a main channel for comovement, because financial linkages would

decrease comovement in these models. Kose and Yi (2006) show that the basic IRBC

model falls short of explaining the empirical degree of comovement, explaining only about

10% of the correlation in the data. They name this problem “trade-comovement puzzle”.

Subsequent work (Arkolakis and Ramanarayanan, 2009; Johnson, 2014; Liao and Santacreu,

2015) proposed several solutions to the trade-comovement puzzle, without much success.

The key idea of the paper that got closest to explaining the puzzle (Johnson, 2014) is to

disaggregate international trade by sectors, and explicitly model the trade of intermediate

goods. This was motivated by previous work (Di Giovanni and Levchenko, 2010; Ng, 2010)

which showed that the highest levels of pairwise correlations were experienced by the sector-

country pairs with highest intermediate good trade intensity.

The main reason for the trade-comovement puzzle is that international trade is a small

fraction of the total amount of transactions that happen within national borders. It is

then difficult to obtain sufficiently high degrees of correlation by the transmission of ex-

ogenous shocks. A possible solution could be to consider financial linkages (Devereux and

Yetman, 2010), but one should recall from Table 4.2 that the effect of financial integration

is ambiguous. A more promising solution seems to include multinational corporate control

(Cravino and Levchenko, 2017; Di Giovanni et al., 2018). As we will explain more in detail

in the next section, this thesis proposes an alternative solution to the trade-comovement

puzzle. We attack this problem by challenging the idea that comovement arises only from

the transmission of exogenous shocks, proposing instead that it arises at least in part from

the synchronization of non-linear dynamics that represent endogenous business cycles.

In sum, empirical studies have shown that international trade, common fiscal and mon-

etary policy, and similarity in industrial structure are relevant channels for business cycle

comovement. The role of finance is more controversial. Empirical and theoretical work has

also shown that a promising solution to the trade-comovement puzzle is modeling interna-

tional trade at the sectoral level. Building on this evidence, we will propose a model of

synchronization in which agents are sector-country pairs and interactions are mediated by

the international input-output network, which we describe in the next section. Our model

will also allow for country-specific and sector-specific shocks, allowing to capture common

fiscal and monetary policy and similarity in industrial structure. As our model can easily

be extended to individual firms, an interesting extension of this work could be to account
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Table 4.3: Example input-output table comprising two sectors in two countries.

Buyer Sector
Country 1 Country 2 Final Demand

Seller Sector Sector A Sector B Sector A Sector B Country 1 Country 2 Total Output

Country 1
Sector A 5 10 20 10 45 10 100
Sector B 10 5 10 20 50 5 100

Country 2
Sector A 30 15 800 500 5 8650 10000
Sector B 35 30 1000 1000 25 7910 10000

Value Added 20 40 8170 8470
Total Outlays 100 100 10000 10000

Note: This example is taken from Cerina et al. (2015).

for the synchronizing effect of multinational corporate control, which was recently shown

to be important.

4.4.2 An input-output endogenous business cycle model

Table 4.3 is an example input-output table. It comprises two sectors, A and B, in two

countries, 1 and 2, which in this stylized example represent the entire world. We will refer

to sector-country pairs as 1A, 2B, etc. The first four lines and four columns of the table

represent the value of intermediate good flows across sectors. For a given entry of the table,

the row is the seller sector, while the column is the buyer sector. For example, 1A sells

intermediate goods that are worth 10 units of currency to 1B, so that 1B could use them for

further production. Trade could also happen within sectors: firms in 1A sell goods whose

total value is 5 to other firms in 1A. Trade can also happen internationally. As is clear

already from the intermediate good flows, country 2 is much larger than country 1, and so

unsurprisingly it is both the main customer and supplier of firms in country 1. The fifth

row of the table represents value added of production of good 1A, obtained by summing

employee compensation, interest payment for capital goods, taxes, entrepreneur profits,

etc. Summing across the columns one can compute total outlays, obtained by adding the

cost of buying intermediate goods to value added. The fifth and sixth columns represent

final demand from countries 1 and 2, respectively. Final demand comprises consumption

goods that are purchased by households, investment goods that are bought by firms, and

government purchases. For example, final demand for sector 1A goods is worth 45 units of

currency. Summing across the rows one obtains the total output of a sector, calculated from

adding intermediate good sales to final demand. As an accounting identity, total output

always corresponds to total outlays.

While the example above was very stylized, it captures the essence of input-output

interdependencies. Figure 4.1 shows the network representation of an input-output table for
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Figure 4.1: International input-output network in year 2000 showing three countries explicitly and the
Rest of the World as an aggregate. Nodes are sector-country pairs and their size is proportional to their
total value. Weighted directed links are value flows (goods and services flow in the same direction as the
arrow) and their size is proportional to the value of these flows. Although value flows across sectors are
bilateral, for visualization purposes arrows only indicate the largest direction. AtB: Agriculture; C: Mining;
D: Manufacturing; E: Utilities; F: Construction; GtH: Trade; I: Transports; JtK: Finance and other business
services; LtN: Government services; OtP: Other services; FIND: Final demand.

a real-world example.56 This representation contains the same information as the equivalent

table, except that we do not show value added. In network terminology, the total output of

a sector-country pair is called its out-strength, while the total input of intermediate goods

is its in-strength. Some stylized facts are immediately apparent. As in Table 4.3, some

countries (the US) are much larger than others (UK and Canada). Some sectors, such as

JtK - Business and LtN - Government, mostly supply final demand good and services, while

sectors such as D - Manufacturing and GtH - Transport also supply intermediate good and

services to other sectors. Finally, international trade seems to be much smaller as compared

to trade within countries.

We now describe how we adapt the model described in Section 4.3.2 (Eq. 4.2) so that the

interaction network is the international input-output network, discussing the narrative for

endogenous fluctuations in this model at the end. In this specification, agents correspond to

sector-country pairs ij, where i denotes sectors, i ∈ I = {1, . . . , I}, and j denotes countries

j ∈ J = {1, . . . , J}. We also consider J final demand nodes, denoted by 0j, i.e. i = 0 and

j ∈ J = {1, . . . , J}, so that the total number of agents is N = (I+1) ·J . When considering

firms in sector-country pairs, we can think of the decision variable y as production, and

of the accumulation variable x as inventories. We think of final demand as being fully

56The data are taken from the World Input Output Database (Timmer et al., 2015).
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based on consumption goods,57 so that the final demand node in a given country is entirely

“composed” of households within that country. Under such interpretation, the final demand

interpretation of y can be consumption, while x can be interpreted as wealth.

One first challenge for the adaptation of the model is to account for the diverse size of

sector-country pairs. To do so, we think of xijt and yijt as “intensive” or “capacity-utilization”

variables fluctuating around the steady state. In parallel, we consider “extensive” variables

Xij
t = Oijxijt and Y ij

t = Oijyijt , where Oij is a constant58 representing total output of

sector-country pair ij, for i ∈ {1, . . . , I}, or total demand in country j, for i = 0. We choose

parameters so that there exists a unique steady state denoted by yijs = 1, so that, at the

steady state, production of sector i in country j is indeed given by Y ij
s = Oij , and total

final demand in country j is Y 0j
s = O0j .

We now first consider the evolution of sector-country pair nodes, and after that we

discuss final demand nodes. The evolution of intensive accumulation and decision variables

xij and yij is analogous to the general specification in Eq. (4.2). In the following, we

specify the interaction term. For i > 0, steady-state total output of sector-country pair ij

is defined as Oij :=
∑I

k=0

∑J
l=1W

ij
kl , with W ij

kl being the value of the flow of goods and

services from sector-country ij to sector-country kl or final demand 0l in the steady state.

The coefficients W ij
kl can directly be read from international input-output tables (we assume

the input-output network fixed over time). Total demand received by sector-country pair

ij at time t is obtained by multiplying the steady-state value flows W ij
kl by the capacity-

utilization variables yklt (including kl = ij),

Y
ij
t = W ij

ij y
ij
t +

I∑
k=0
k 6=i

J∑
l=1
l 6=j

W ij
kl y

kl
t . (4.3)

We define the interaction term yijt as intensive total demand received by sector ij, given by

yijt := Y
ij
t /O

ij = wijijy
ij
t +

I∑
k=0
k 6=i

J∑
l=1
l 6=j

wijkly
kl
t , (4.4)

with wijkl := W ij
kl/O

ij . Given the definition of Oij ,
∑I

k=0

∑J
l=1w

ij
kl = 1; this means that the

dynamics of sector-country pairs are identical to the ones of agents in Eq. (4.2), with the

interaction structure specified by the input-output coefficients wijkl.

57We do not consider investment as a component of final demand for two reasons. First, it is only around
20% of final demand. Since consumption has the largest share of final demand, ignoring investment makes
sense as a simplifying assumption. Second, while there are abundant data on the intersectoral flow of
intermediate goods, there are no systematic data of the intersectoral flow of capital goods.

58Our model does not consider growth.
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An important point is that the input-output coefficients wijkl, normalized by total out-

put, are different from the technical coefficients of input-output analysis, which are rather

normalized by total input (Miller and Blair, 2009). Technical coefficients are widespread

in economics, and are for example used in the literature on aggregate fluctuations from

idiosyncratic shocks (Horvath, 2000; Acemoglu et al., 2012; Baqaee and Farhi, 2019). Why

do we use different coefficients? The reason is that models using technical coefficients are

focused on supply. This makes sense, for example, in models of disruptions along value

chains: if suppliers are unable to provide the required necessary intermediate good, firms

have to cut back on production. Our model is instead demand-driven.59 Using the same

analogy, if customers demand less goods, firms cut back on production. While the de-

bate about demand-driven and supply-driven models is unresolved in economics, we find

the demand-driven specification more meaningful to model fluctuations based on strategic

complementarities. This choice also gives a role to final demand, which would not matter

in purely supply-driven models.

We now consider the evolution of final demand nodes. As for sector-country pairs,

accumulation and decision variables evolve like in the general framework. The interaction

term, however, is different. We assume that households, which in our specification fully

determine final demand, work in the various sectors within their country, proportionally to

the size of these sectors. Final demand then depends on the cyclical movements of sectors,

weighted by their size. This is meant to capture the idea that sectors that are not doing

well may lay off workers or reduce their wages, depressing final demand of those workers.

Therefore,

y0j
t :=

1

Oj

I∑
i=1

Oijyijt , Oj :=

I∑
i=1

Oij . (4.5)

In network terms, final demand is just a node whose out-going edges are proportional to

the out-strengths of the pointed nodes.

Finally, we allow for sector-country-specific shocks uijt , sector-specific shocks vit, and

country-specific shocks wjt , all autoregressive processes of order one.

Summing up, the input-output specification of the endogenous business cycle model

described in Section 4.3.2 is given by the following equations, for all i ∈ {0, . . . I} and

59This also means that shocks only propagate upstream, in contrast with some models in the literature.
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j ∈ {1, . . . , J}:

xijt+1 := Xij
t+1/O

ij = (1− δ)xijt + yijt ,

yijt+1 := Y ij
t+1/O

ij = αij0 + αij1 x
ij
t + αij2 y

ij
t + F

(
yijt

)
+ uijt + vit + wjt ,

yijt := Y
ij
t /O

ij = wijijy
ij
t +

∑I
k=0
k 6=i

∑J
l=1
l 6=j

wijkly
kl
t , i ∈ {1, . . . , I},

y0j
t := 1

Oj

∑I
i=1O

ijyij , Oj :=
∑I

i=1O
ij ,

F (y) = β0 + β1y + β2y
2 + β3y

3 + β4y
4.

(4.6)

This stylized model captures most of the channels that previous research found were useful

to explain comovement (Section 4.4.1). In terms of sectoral comovement within the same

country j, it captures (i) national shocks through the noise term wjt ; (ii) trade of interme-

diate goods through the input-output network coefficients wijkj , for i > 0; (iii) final demand

linkages through the weight Oij/Oj that each sector has in determining the evolution of

final demand which, as is clear from Figure 4.1, is a central node. In terms of interna-

tional comovement, the model captures (i) international trade of final and intermediate

goods, disaggregated by sector, through the input-output coefficients wijkl, for j 6= l; (ii)

similarity in industrial structure, through sector-specific shocks vit; (iii) common fiscal and

monetary policy, by correlating national shocks wjt across a subset of countries. Given its

richness and parsimony, this very simple model seems an ideal choice to mathematically

illustrate the mechanisms for synchronization of endogenous business cycles across sectors

and countries.60

The narrative for how this model could generate cyclical movements is similar to the

one in Section 4.3.2. Strategic complementarity and substitutability regimes for households

could correspond to banks’ willingness to give loans, as before, with the additional element

that financial conditions worsen most strongly when large sectors are performing badly,

because this leads to a higher number of layoffs and pay cuts in the economy. To identify

strategic complementarity and substitutability regimes for firms, we recall that the meaning

of the interaction term wijkl, i > 0, is trade of intermediate goods from sector-country pair

ij to kl. In a strategic complementarity regime, ij wants to increase production when its

customers kl also want to increase production, while the opposite is true in a strategic

substitutability regime. This is very reasonable, and could be linked to the old Keynesian

principle of the accelerator.

At the level of national economies, when the strategic complementarity regime sets in,

firms increase their production and demand more intermediate goods to other firms, who

increase their production themselves. At the same time, improving financial conditions

make banks give more loans, which allow households to consume more, giving an additional

60We will discuss possible extensions of this model at the end of Chapter 5.
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push to the production sector through final demand. This continues until households have

overaccumulated and firms have overproduced, at which point the strategic substitutability

regime sets in and a recession begins. After the liquidation of excess stocks of durable goods

and inventories, the strategic complementarity regime sets in again, restarting the cycle. (Of

course this process is not perfectly periodic, as sector-country pairs are recurrently hit by

several types of shocks.) If trade links are sufficiently strong, this process could propagate

internationally, making several countries’ economies rise and fall at the same time.

For this narrative to make sense, the cycles across sectors within the same country and

across countries need to become synchronized, i.e. sectors need to align their non-linear

dynamics so that peaks and troughs are likely to happen at the same time, contrasting

the de-synchronizing effect of idiosyncratic shocks. Although it is not obvious at all that

synchronization could emerge, it is a really powerful mechanism to generate comovement.

Indeed, it complements the main mechanism for comovement in exogenous business cycle

models—similar propagation of shocks—with the alignment, and so the perfect correlation,

of the deterministic component of the dynamics. In the next section, we review the basics

of synchronization theory.

4.5 A crash course in synchronization theory

In a system made by two or more interacting components, synchronization is the adjustment

of non-linear dynamics of the components due to their interaction. Synchronization was

first discovered by Huygens in 1665. The Dutch scientist observed that two pendulum

clocks hanging from opposite sides of the same wooden beam synchronized their motion

in opposite swings. As he correctly noted, this phenomenon was due to the interaction of

the two pendula that were imperceptibly moving the beam. The same phenomenon can

be observed across a range of natural and social systems. One of the most fascinating

manifestations of synchronization is the spontaneous contemporaneous flashing of hundreds

of fireflies, which does not need any leader or cue from the environment to occur. Instead,

it is sufficient that fireflies adjust their flashing rhythms in response to the flashes of the

other insects. Many other examples can be found in Strogatz (2004).

Why is this phenomenon so ubiquitous across such diverse systems? The reason is that

all these systems can be described in the common language of dynamical systems theory.

It is a generic property of interacting components of a dynamical system to align their

non-linear dynamics in a way that they operate in synchrony, provided some conditions

are satisfied. The most common concept of synchronization, phase synchronization, applies

to perfectly periodic oscillators that have heterogeneous frequencies and interact weakly.

This concept refers to the possible state in which the frequencies of these oscillators become
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identical—this is known as frequency entrainment—and the phases, although not identical,

become locked to one another. The concept of phase synchronization can be extended to

oscillators that are not perfectly periodic, such as dynamical systems following stochastic

limit cycles or low-dimensional chaotic attractors. A stronger concept of synchronization

entails not only the frequency and phase, but also the shape of the dynamics, for example

their amplitude. In the most extreme case in which the non-linear dynamics of the units

become identical, one talks about complete synchronization. This state is also possible for

high-dimensional chaotic dynamics that have no evidence for periodicity.

In the following, we introduce some basic ideas of phase and complete synchronization.

We will keep mathematical treatment to a minimum, as a more exhaustive analysis will be

performed for dynamical systems (4.2) and (4.6) in Chapter 5. A standard reference for

synchronization theory is Pikovsky et al. (2003).

4.5.1 Phase synchronization

Consider a trajectory Xt of an N -dimensional continuous-time dynamical system, following

an arbitrary limit cycle of period T . Such a trajectory can first of all be characterized by

its ordinary frequency ν = 1/T or angular frequency ω = 2π/T . Letting t0 be a time in

which the trajectory is at an arbitrary starting point, it is also possible to characterize

the trajectory through its phase θ(t) = 2π(t− t0)/T mod 2π, where mod is the modulo

operation. For constant phase differences, the trajectory generally travels different distances

along the cycle, because velocity can be different at distinct phases.

Consider now two trajectories X1
t and X2

t . They both follow a limit cycle in isolation.

They can be characterized by their frequencies ω1 and ω2 and by their phases θ1 and θ2.

Suppose now that the two trajectories become weakly mutually coupled, in the sense that

the time evolution of X1
t depends weakly on X2

t , and viceversa. An analytical description

of the effect of coupling is impossible in the general case. However, it is possible to use a

technique called phase reduction theory (Pikovsky et al., 2003; Nakao, 2016) to approximate

the motion of each trajectory and the effect of coupling by a simple phase description of

the dynamics. This approximation is only possible when coupling is weak and mostly the

phase is affected (i.e., there are negligible effects on the amplitude).

Under further approximations, it is possible to describe the phase dynamics of the two

trajectories by the following system of differential equations (Kuramoto, 1975):61

θ̇1 = ω1 + k1 sin(θ2 − θ1),

θ̇2 = ω2 + k2 sin(θ1 − θ2).
(4.7)

61These equations are linear, which is seemingly in contrast with the statement that synchronization
applies to non-linear dynamics only. However, one should consider that these equations are approximations
of an oscillator that must be described by non-linear equations.
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In the above equations, the coupling terms are k1 sin(θ2 − θ1) and k2 sin(θ1 − θ2). The

parameters k1 and k2 are positive constants, while the sinusoidal terms tend to make the

two phases and frequencies more similar to one another. Suppose, for example, that θ2 >

θ1. Because the coupling term in the first equation is positive, this increases the effective

frequency of the first trajectory, potentially making θ1 “catch-up” with θ2. It is instructive

to investigate under which conditions this may happen. Denote the phase difference between

the two trajectories by φ = θ1 − θ2. By calculating φ̇ = θ̇1 − θ̇2, replacing from Eqs. (4.7),

it is possible to obtain a single differential equation

φ̇ = ω1 − ω2 − (k1 + k2) sinφ. (4.8)

The steady states φ? of the above equation are obtained by setting φ̇ = 0, i.e. sinφ? =

(ω1 − ω2)/(k1 + k2). These steady states correspond to a situation in which the phase

difference between the two trajectories becomes constant (phase locking), because their

frequencies become identical (frequency entrainment).

A B C D

Figure 4.2: Existence and stability of steady states in the two-oscillators phase model as frequency spread
becomes large compared to coupling (panels A to D). Full circles indicate stable steady states, while empty
circles indicate unstable ones. Because of periodicity of all function, it is sufficient to study the interval
φ ∈ [−π, π].

Steady states may or may not exist: they only exist if −1 < sinφ? < 1, i.e. if |(ω1 −
ω2)/(k1 +k2)| < 1. This condition shows that for frequency entrainment to be possible, the

frequency spread (ω1 − ω2) must be small relative to the sum of the coupling coefficients

(k1 + k2). Also, steady states may or may not be stable: in Figure 4.2 we consider a few

cases. In panel A, the uncoupled frequencies of the two trajectories are identical, ω1 = ω2

(or coupling is very strong), so that the only stable steady state is φ? = 0. This suggests

that, in the steady state, not only the frequencies, but also the phases, take the same values.

The situation in panel B is more interesting, because the frequency spread is positive. There

are two steady states, at φ? = π/6 and φ? = 5π/6, but only the first steady state is stable.

The two trajectories now exhibit a constant phase shift θ1 − θ2 = π/6. Panels C and D

show a situation in which coupling is not as strong as compared to the frequency spread.

In panel C there is a unique stable fixed point at φ? = π/2, while in panel D no stable fixed
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points exist: the frequencies of the two trajectories remain different despite coupling, and

the relative phases keep changing.

It is finally interesting to calculate the common frequency Ω on which the two trajectories

converge if coupling is strong enough. This is

Ω = ω1
k2

k1 + k2
+ ω2

k1

k1 + k2
. (4.9)

Somewhat unsurprisingly, the common frequency Ω is closer to ω1 if the coupling coefficient

k2 is larger than k1: if the second trajectory depends on the first more than the first

trajectory depends on the second, it is intuitive that the common frequency should be

closer to the frequency of the first trajectory.

Trajectories in our dynamical system (4.2) are generally strongly coupled, so that the

approximations that are used to derive Eq. (4.7) do not hold (moreover, our dynamical

system is a discrete-time map, rather than a continuous-time system of differential equa-

tions). We also consider many more trajectories than two, with a complex network as the

interaction structure (Arenas et al., 2008; Rodrigues et al., 2016). We finally allow for noise,

while the analysis so far has been based on purely deterministic systems. Nevertheless, we

will see that many of the insights that one can obtain from the simple model studied in this

section still apply.

4.5.2 Complete synchronization

Phase synchronization is a relatively weak synchronization concept, as it only involves the

frequency and phase of trajectories. Periodic oscillations are also characterized by other

variables, such as the amplitude. In the case of non-periodic trajectories, the usefulness

of phase synchronization is less clear. If chaotic attractors are low-dimensional, it is still

possible to extend phase synchronization analysis (Pikovsky et al., 2003). However, as

chaos becomes more high-dimensional and any concept of periodicity disappears, there is

no sense in which focusing on frequency and phase is useful. One could in fact think that

synchronization in chaotic systems is impossible, because infinitesimally close trajectories

exponentially diverge.

The concept of complete synchronization was in fact developed to study synchronization

of chaos (Pecora and Carroll, 1990). Although the exponential divergence of nearby trajec-

tories acts as desynchronizing factor, coupling works in the opposite direction. Complete

synchronization theory quantifies the balance between synchronizing and desynchronizing

factors by computing certain types of Lyapunov exponents. In its original formulation,

complete synchronization was concerned with identical deterministic chaotic oscillators.

However, the same insights hold for slightly different oscillators, or for oscillators hit by
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(weak) noise. This theory was extensively used to assess the synchronizability of com-

plex interaction networks (Pecora and Carroll, 1998; Barahona and Pecora, 2002; Arenas

et al., 2008). In Section 5.4.1 we will build on complete synchronization to develop a theory

that accounts for synchronization of non-linear dynamics, noise propagation and interaction

structure. We will explain complete synchronization technically at that point.

4.6 Previous work on phase synchronization of business cy-
cles

We are by no means the first who saw the appeal of synchronization theory to explain the

origin and comovement of business cycles. As Krugman (1996) argues, in a popular science

book:

One of the luxuries of a format like this one is that I can include the kind of

loose speculations that I could never write in a journal and that I can explain, as

I am doing now, that I do not necessarily believe in the theory I am advancing.

So here is a crazy idea about the global business cycle: it is an example of

“phase locking.”[...] Like the two back-to-back clocks that started ticking in

unison, the two economies would not need to be very strongly linked to develop

a synchronized cycle; a modest linkage would do as long as they were predisposed

to have cycles in any case and had fairly similar natural periods.

In fact, it was not even Krugman himself who first considered applying synchronization

theory to economics: the idea had probably been floating around since the first popular-

ization of synchronization theory. Yet, for some reason, the few works that follow this idea

have had very little impact in macroeconomics.

The main reason, we believe, is that these works had some weaknesses of one type or

another. For example, Mosekilde et al. (1992) and subsequent works study mode locking

between short-run business cycles and long-run cycles with 40-year periodicities. As dis-

cussed in Section 4.2, there is little empirical evidence for such long-run cycles. Selover and

Jensen (1999) are the first, to our knowledge, to try and formalize Krugman’s hypothesis

of phase synchronization of international business cycles. However, they simply give eco-

nomic interpretation to the simple two-oscillator model presented in Section 4.5.1, without

developing an explicitly economically motivated model. More recently, Matsuyama et al.

(2014) propose a micro-founded model of international synchronization of innovations. Yet,
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the lack of ability of their model to generate smooth persistent dynamics questions its em-

pirical applicability.62 Finally, Gualdi et al. (2015) show how banks may synchronize and

contemporaneously fail leading to economic crises, but their synchronization mechanism is

very specific to the model they consider.

The model outlined in Section 4.4.2 addresses the issues with the previous papers at once.

First, it has a clear economic motivation, based on strategic complementarities between sec-

tors in various countries. Second, the fact that the model is not explicitly micro-founded

highlights how the synchronization methods described in Section 4.5 can be generically

applied to economic models. Third, it generates smooth persistent cycles which, when aug-

mented with shocks, are reasonably similar to empirical economic time series. Fourth, and

differently from all models presented above, it considers the full international input-output

network, connecting sectors in different countries, at an arbitrary level of disaggregation.

(The models above typically consider two countries or two sectors.) Fifth, we not only

consider phase synchronization, but we also present a theory for complete synchronization,

which works for the non-linear alignment of any dynamical system, even non-periodic ones.

Moreover, our theory analytically assesses the impact of exogenous shocks. All the models

above focus on phase synchronization, and at most check for robustness of their model to

shocks.

62When the steady state is unstable, the model typically converges to a cycle of period two, although for
some parameter values cycles of higher period are possible.
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Chapter 5

Synchronization of endogenous
business cycles

5.1 Overview

In this chapter, we provide a complete mathematical treatment of the synchronization

properties of the general endogenous business cycle model described in Section 4.3.2 and of

its input-output specification in Section 4.4.2. Our analysis confirms the intuitive narrative

anticipated in Chapter 4, and provides new results.

In Section 5.2, we analyze dynamics of uncoupled agents. We show a transition from

stability to instability through a Hopf bifurcation, in line with previous analysis by Beaudry

et al. (2015). We then identify which parameters make the resulting limit cycle oscillate

with higher or lower frequency. By assigning different values of these parameters to different

agents, their oscillations become heterogeneous. Aggregating agents’ uncoupled dynamics

does not produce any aggregate business cycle.

In Section 5.3, we analyze what happens to heterogeneous frequencies when agents

become coupled, for example via input-output demand linkages. We show that phase syn-

chronization is possible—indeed, common—for sufficiently strong coupling or sufficiently

weak frequency dispersion. When phase synchronization is achieved, aggregate fluctuations

emerge from individual oscillations. While conditions on coupling and frequency dispersion

are well known in the synchronization literature, our framework also yields new insights.

For example, we show that different agents have different power in determining the common

frequency of oscillation, depending on structural properties of the interaction network. This

power has a clear economic interpretation. For example, the manufacturing sector has more

power in setting the common frequency of oscillation than the sector of financial and busi-

ness services, despite being smaller, because more sectors rely on demand of intermediate

goods from the manufacturing sector than from the business sector.
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The phase synchronization framework has some limitations, so in Section 5.4 we study

complete synchronization of our business cycle model. We build on the so-called master

stability approach (Pecora and Carroll, 1998) to introduce a theory that jointly accounts

for synchronizing non-linear dynamics, exogenous shocks and interaction structure. This

theory highlights the potential of endogenous business cycle models to generate relatively

high comovement across economic time series. Indeed, comovement is the combination of

perfect correlation of common non-linear dynamics and partial correlation due to similar

propagation of exogenous shocks. The first non-linear channel is absent in models that only

rely on exogenous shocks to generate comovement: this potentially explains the difficulty

of these models to account for the empirical comovement across sectors and countries.

In this thesis we only give mathematical arguments for why synchronizing endogenous

business cycle models instead have the potential to account for the empirical comovement.

In future work, we plan to test this quantitatively. In Section 5.5, we list a number of

extensions of the model that are likely to make it better match properties of the data.

5.2 Dynamics of uncoupled agents

We start the analysis by understanding the dynamics of uncoupled agents. For simplicity,

we consider the general business cycle model introduced in Section 4.3.2, rather than the

input-output specification (Section 4.4.2). We note from Eq. (4.2) that if we set εii = 1,

εij = 0, for all j, it is yit = yit, so dynamics of agent i only depends upon itself. Equivalently,

we can focus on the symmetric solution in which the interaction network is symmetric and

all agents behave alike, as in Beaudry et al. (2015).

We first look for the steady state (xis, y
i
s). Following the discussion in Section 4.4.2, we

constrain parameters so that yis = 1 is the unique steady state. Noting that, at the steady

state, the accumulation variable is xis = yis/δ, for yis = 1 to be a steady state it must hold

αi0 = 1 − αi1/δ − αi2 − F (1). In the following, we always select αi0 so that this condition is

satisfied. For the steady state to be unique, the slope of the line −αi0 + yit(1 − αi1/δ − αi2)

must be larger than the derivative of F at yis = 1, namely

1− αi1/δ − αi2 > F ′(1). (5.1)

The Jacobian of this system is

J =

(
1− δ 1
αi1 αi2 + F ′(1)

)
. (5.2)

Stability of the steady state is completely characterized in terms of the trace T i = 1− δ +

αi2 + F ′(1) and determinant Di = (1− δ)
(
αi2 + F ′(1)

)
− αi1 of the Jacobian. Following the
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A B

Figure 5.1: Stability of dynamics for uncoupled agents. (A) Diagram for stability of 2-dimensional maps.
The blue lines correspond to Di = 1, Di = T i−1, Di = −T i−1 and D = (T i)2/4. The red line corresponds
to varying F ′(1) with the other parameters fixed, while the green line is obtained by varying αi1 and αi2
keeping the other parameters fixed. (B) Function F (·) and its first derivative F ′(·) for yit ∈ [0, 2].

standard conditions for 2-dimensional maps, stability obtains if Di < 1, Di > T i − 1 and

Di > −T i− 1. It is clear that dynamics for some agents may be stable and for other agents

may be unstable, depending on whether these conditions are satisfied. If Di > (T i)2/4,

the eigenvalues of the Jacobian are complex, and so the system admits either damped

oscillations or sustained cycles. If the line Di = 1 is crossed above Di = (T i)2/4, the

system undergoes a Hopf (Neimark-Sacker) bifurcation.63

To build some intuition into the transition between stability and instability, in Figure

5.1A we plot the usual diagram for the stability of 2-dimensional maps. We first set the

parameters αi2 = 0.4, αi1 = −0.1, δ = 0.1, and vary F ′(1) in the interval F ′(1) ∈ [−1, 1].

(The uniqueness condition (5.1) is satisfied for all these values of F ′(1).) Point P corre-

sponds to F ′(1) = −1. This corresponds to strategic substitutability, and indeed under

this parameterization the steady state is a stable node. Point Q corresponds to F ′(1) = 0,

i.e. to a transition between strategic complementarity and substitutability. Under these

parameters, the system has a stable focus. As the level of complementarities increases,

the steady state loses stability through a Hopf bifurcation, up to point R, corresponding

to F ′(1) = 1. We then set the parameters of F (·) so that F ′(1) = 0.8, we keep δ = 1,

and we vary αi1 ∈ [−0.4,−0.02] and αi2 ∈ [0.4, 0.]. This produces the green line in Figure

5.1A; point S corresponds to (αi1, α
i
2) = (−0.4, 0.4), point V to (αi1, α

i
2) = (−0.02, 0). By

looking at these bifurcation parameters, the transition from stability to instability occurs

when there is a relatively strong dislike for accumulation and sufficiently high adjustment

costs.

63Beaudry et al. (2015) show that the Hopf bifurcation is supercritical, i.e. the resulting limit cycle is
attractive. While the dynamical system that we consider is slightly different (see footnote 52), numerical
simulations indicate that the Hopf bifurcation is indeed supercritical.
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The analysis so far has focused on local stability of the steady state. To build some

intuition into global dynamics, in Figure 5.1B we plot the function F (·) and its first deriva-

tive. Here, and throughout, we follow Beaudry et al. (2015) and select β0 = −0.5, β1 = 0.1,

β2 = 0.2, β3 = 0.5 and β4 = −0.3. This choice guarantees that the function F is increasing

at yit = 1 and decreasing when yit becomes large, guaranteeing the existence a regime of

strategic substitutability that prevents explosive dynamics.64 Our analysis reproduces the

narrative given in Section 4.3.2.

A last question concerning the dynamics of uncoupled agents is about how αi1 and αi2

determine the frequency of oscillation, in case the steady state is unique and unstable. For

the following calculation, we drop the superscripts i. The eigenvalues are obtained from the

trace T and determinant D of the Jacobian from the standard formula

λ1,2 =
T

2
±
√(

T

2

)2

−D. (5.3)

In the region of the parameter space that we are interested about, the eigenvalues are

complex, D > T 2/4. Denoting the negative argument of the square root on the right

hand side in Eq. (5.3) by M = −
[
(T/2)2 −D

]
, M > 0, the eigenvalues can also be

written λ1,2 = T/2 ± i
√
M , where i here denotes the imaginary unit. The frequency of

oscillation is approximated by the argument ψ of the eigenvalues, ψ = arctan Imλ/Reλ =

arctan
√
M/(T/2). To calculate the effect of α1 and α2 on the frequency, we thus calculate

the derivative of ψ with respect to these parameters. Starting from α1,

∂ψ

∂α1
=

1

1 +M/(T 2/4)
· 1

T/2
· 1

2
√
M
· ∂M
∂α1

. (5.4)

The first and third term on the right hand side are always positive. For the parameters

that yield an unstable steady state the trace T is always positive, so also the second term

is always positive. The last term is ∂M/∂α1 = −1. Therefore, ∂ψ/∂α1 < 0. Because we

restricted α1 < 0, this means that values of α1 that are larger in absolute value increase

ψ. The economic interpretation is that a stronger dislike for accumulation increases the

frequency, all else equal.

We now consider the effect of α2:

∂ψ

∂α2
=

1

1 +M/(T 2/4)
·

1
2
√
M
· ∂M∂α2

· T2 −
√
M
2

T 2/4
=

T ∂M
∂α2
− 2M

(1 +M/(T 2/4))T 2
√
M
. (5.5)

In the above equation, all terms in the denominator are always positive. We calculate

∂M

∂α2
=

1− δ − α2 − F ′(1)

2
. (5.6)

64This choice of parameters also yields, conveniently, F (1) = 0.
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For α2 > 1− δ−F ′(1), as is the case for the parameters we choose, this derivative is always

negative, making the numerator on the right hand side on Eq. (5.5) negative (recall that

T > 0 and M > 0). Therefore, ∂ψ/∂α2 < 0. Since we restricted α2 to take positive values,

an increase of α2 in absolute value leads to a decrease of ψ. In economic terms, all else

equal, high adjustment costs lead to slower and smoother dynamics.

The difference in frequency due to different parameters αi1 and αi2 induces heterogeneous

oscillations across agents. What can we expect in terms of business cycles?

5.3 Phase synchronization

We now couple agents and analyze how their frequencies of oscillation may—or may not—

entrain. In Section 5.3.1 we study the generic business cycle model in Eq. (4.2) on an

abstract interaction network. Some simplifying assumptions on the interactions make it

easy to understand the effect of the topology of the network. In Section 5.3.2 we analyze

the input-output model (Eq. 4.6) on the empirical input-output network, allowing to derive

interesting insights on the sectors and countries that have most power in determining the

common frequency of oscillation. All results in this section are obtained by numerical simu-

lations, because the analytical methods surveyed in Section 4.5.1 require strong simplifying

assumptions.

5.3.1 Abstract interaction network

We consider a special interaction network for which εij := ε/Ki if j is connected to i

and j 6= i, where Ki is the number of nodes i is connected to (degree of i). From the

normalization condition it follows that εii = 1− ε. This parameterization makes it possible

to focus on the topology of the network. For simplicity, we further assume that the network

is undirected, that is, if i is connected to j, also j is connected to i. The parameter ε

makes it possible to quantify how much each node depends on the others. The larger ε, the

stronger the dependence on the others. If ε = 0, the dynamics of each node is independent

from the others, and corresponds to the one described in the previous Section 5.2. We study

a setting with N = 10 agents.

We select parameters so that all agents of the uncoupled system fluctuate, and study

the effect of coupling on the entrainment of the various frequencies of oscillation.65 We fix

65It is also interesting to study what happens in terms of stability when coupling stable and unstable dy-
namics. We find that small values of coupling tend to make stable agents unstable, but, as coupling strength
increases, dynamics of all agents tend to become stable. The topology of the network has interesting effects:
for example, the central node of a star network has more power in making the system stable or unstable,
depending on its own stability. We do not report these results here as our focus is on synchronization.
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Figure 5.2: Time series generated by model (4.2) for a complete interaction network with N = 10 agents,
for three values of the coupling coefficient ε. Colors from blue to red indicate time series that have higher
to lower frequencies. Thick black lines are averages over the decision variables of the agents, which could be
interpreted as aggregate business cycles.

δ = 0.1, αi2 = 0.4 for all agents i, and vary αi1.66 Agents whose dislike for accumulation αi1

is stronger (in absolute value), when uncoupled, oscillate with higher frequency.

Deterministic cycles. We first analyze the case in which the noise terms in Eq. (4.2)

are set to zero. We will then consider the effect of noise at the end of this section.

We give some intuition on the effect of coupling on dynamics in Figure 5.2. Here, we

assign a distinct value of αi1 to each agent by evenly spacing the interval αi1 ∈ [−0.1,−0.02].

In the top panel, corresponding to ε = 0, the system is uncoupled. It is possible to see that

the frequencies of oscillation are heterogeneous, with periods ranging from 20 time units to

66 time units. There is of course no indication of synchronization: the frequencies do not

entrain, and the relative phases keep changing (there is no phase locking). Also, the shapes

of the various oscillations are really different. Unsurprisingly, aggregating decision variables

(thick black line) does not lead to any aggregate business cycle: aggregate fluctuations are

much smaller than individual oscillations. In the middle panel, for ε = 0.1, it is clearly

possible to see that the frequencies have become similar, and some phases locked to one

another. Yet, the shapes of some oscillations have remained quite different from the others,

as can be seen from aggregate fluctuations still being quite smaller than individual oscil-

lations. Finally, in the bottom panel the coupling strength is increased to ε = 0.2. Now,

not only the frequencies are the same and the phases are locked; also the shapes of oscil-

lation have become identical, and phases are also very close across agents. The aggregate

66The results would be equivalent if we kept αi1 fixed and varied α2
i , to the extent that the frequencies

produced were the same. We vary αi1 because it produces a wider range of frequencies.
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Figure 5.3: Phase synchronization in four cases A-D. Cases A and B are different because the frequency
spread is higher in case B. Cases C and D have the same frequency spread as case A, but consider different
interaction networks (star and chain, respectively). For all values of coupling ε ∈ [0, 1], we give: (i) phase
coherence and average correlation coefficient; (ii) Frequencies ωi of the agents. Highest (lowest) uncoupled
frequencies are colored blue (red).

business cycle has a similar amplitude to individual oscillations. Further increasing ε make

individual dynamics more and more alike.

While this example was useful to build intuition, we now analyze synchronization behav-

ior more in detail. This is done in Figure 5.3. Each row represents a different combination

of networks and frequency dispersion. In the first two rows, agents are connected in a com-

plete network; in the third row, interactions occur through a star network; in the fourth

row, the network is a chain. In the first, third and fourth row the values of αi1 are evenly

spaced in the interval [−0.1,−0.02], leading to a frequency range ωi ∈ [0.1, 0.3]; in the

second row, αi1 ∈ [−0.4,−0.02], leading to ωi ∈ [0.1, 0.8]. This latter case corresponds to

stronger frequency dispersion.

Panels in the first column represents two indicators that are commonly used to measure

similarity between time series. The average correlation coefficient, typically used in the

economics literature, is simply obtained by calculating the mean of all pairwise Pearson

correlation coefficients between simulated time series. Phase coherence, popular in the syn-

chronization community, measures instead similarity of phases. It is obtained by calculating

the phase of each of the N oscillators at each time t, and then averaging across agents and

across time. More precisely, focus on agent i. Letting tl be the time step corresponding

to the previous maximum of her decision variable yi, and tr be the time step of the fol-

lowing maximum, the phase φi at t is defined as φit = 2π(t − tl)/(tr − tl). For example, if

t = 100, and the closest maxima of the time series are at tl = 86 and tr = 120, the phase is

φt=100 = 2.58 = 2π · 0.41. Phase coherence at t is the modulus rt of the complex number

rte
IΦt = 1/N

∑N
i=1 e

Iφit . (I in the exponential is the imaginary unit.) When all oscillators
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are at a similar point along the cycle (i.e. their phase is similar), rt is close to one. If they

are evenly spaced on the unit circle, rt tends to zero. Phase coherence r is finally defined as

an average over t. As we will see, the correlation coefficient and phase coherence give the

same results.

Panels in the second column show how the different frequencies entrain, i.e. how they

become similar to one another as the coupling strength ε increases. Each of the N = 10

lines represents the frequency of a given agent. Here and in what follows, we follow a color

code that assigns blue to higher frequencies and red to lower ones.

Consider now the first row, case A. It is apparent that synchronization occurs abruptly.

It is well-known in synchronization theory that this could happen, especially when the

number of agents is large: it is an example of a phase transition. Both phase coherence and

the average correlation coefficient increase abruptly at ε = 0.2. Also the frequencies entrain

at the same value of ε. Interestingly, the first frequency that adjusts to the others is the

lowest frequency (largest periodicity), while the highest frequency is the last one to adjust.

The frequency of the coupled system is close to the arithmetical average of the frequencies

of the uncoupled agents.

The second row (case B) is analogous to the first row except that the parameters αi1

are selected in the larger interval [−0.4,−0.02], leading to stronger frequency dispersion.

Unsurprisingly, synchronization is harder, and is obtained only for a much larger value of ε.

As in the previous case, the first frequency that adjusts is the smallest one. Interestingly,

there is little evidence for a phase transition, as the transition to synchronized behavior

is smoother (but this could be due to finite size effects, given that we only have N = 10

agents).

In the third row (case C) the agents have the same parameters as in the first row

(αi1 ∈ [−0.1,−0.02]), but the interaction network is a star. This situation is the one in

which synchronization occurs first. This is due to the fact that all agents are connected to

the central node of the star network, which acts as a “hub”. Indeed, it is possible to see

in the figure that when frequencies adjust, they first adjust to the frequency of the central

node, as opposed to adjusting to the average frequency (cases A and B). These results are

in line with known results about synchronization of “scale-free” networks (Arenas et al.,

2008), which have many hubs that have a similar effect to the central node in the star

network that we consider. As an arbitrary choice, we have assigned the central agent the

highest frequency. Interestingly, we also find that the common frequency of oscillation—the

one at which all agents converge is ε is high enough—is no longer the arithmetical average

between the uncoupled frequencies, but is much closer to the uncoupled frequency of the

central node. This is much less noticed in the literature, although it is fully consistent with
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Figure 5.4: Time series generated by model (4.2) augmented by idiosyncratic noise uit. As in Figure 5.2, we
consider a complete interaction network with N = 10 agents, for three values of the coupling coefficient ε.

the simple Kuramoto example in Section 4.5.1 (the central node is weakly coupled to the

leaf nodes, while the leaf nodes are strongly coupled to the central node).

Finally, the fourth row (case D) is a situation in which interactions are mediated by a

chain network. This situation is the one in which synchronization is most difficult. The

most likely reason is limited interactions due to local connectivity.67

Stochastic cycles. There are two noise terms in Eq. (4.2). Idiosyncratic noise uit can

be expected to act as a desynchronizing force, since, by definition, it affects each agent

differently. It is a priori unclear, however, to which extent phase synchronization is possible

under idiosyncratic noise. Eq. (4.2) also contain a common noise term vt. It is well known

in synchronization theory that common noise makes frequency entrainment possible even

in the absence of coupling. The synchronization literature typically deals with noise by

transforming phase equations into stochastic differential equations, and showing that the

main results of synchronization theory are robust to noise (Pikovsky et al., 2003). Analytical

results make strong simplifying assumptions on the type of noise and coupling. Here, we

address synchronizability under noise by performing numerical simulations.

Figure 5.4 shows example time series, under relatively strong idiosyncratic noise, pa-

rameterized as an AR(1) process with persistence ρu = 0.5 and standard deviation of the

(normal) innovation term σu = 0.1. As in Figure 5.2, the top panel shows dynamics of

isolated agents (ε = 0). Differently from the deterministic case, idiosyncratic shocks make

67The seminal paper on small-world networks by Watts and Strogatz (1998) was precisely conceived to
enhance synchronizability of chain networks by creating “shortcuts” across the network.
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A B

Figure 5.5: Phase synchronization under idiosyncratic noise uit. Panels A and B can directly be compared
to the equivalent deterministic scenario in the first row of Figure 5.3.

individual fluctuations resemble economic time series much more. Yet, similarly to the de-

terministic scenario, no aggregate business cycle emerges, as individual fluctuations cancel

out. We then consider stronger coupling ε = 0.2. This was more than enough to achieve

synchronization in the deterministic system, but it is not enough here. We need to assume

much stronger coupling, ε = 0.4, to obtain a sufficiently strong level of synchronization.

This also confirms, however, that phase synchronization is still possible under idiosyncratic

shocks.

Further confirmation comes from the systematic investigation in Figure 5.5, in which

we measure phase and frequency for increasing coupling ε.68 The parameters are the same

as under case A (first row) in Figure 5.3, except that we set the same level of idiosyncratic

noise as above. Comparing this scenario to the scenario in Figure 5.5A, under all diagnostics

synchronization is weaker. Here, phase coherence and the average correlation coefficient are

at most around 0.8, while complete frequency entrainment is not obtained even for ε = 1.

Results are similar for the other interaction structures (star and chain network). This

weaker level of synchronization matches the non-perfect comovement of empirical economic

time series.

We now consider common noise vit. To focus on the synchronizing effect of common

noise, we exclude any other coupling by setting ε = 0. We keep the correlation of the AR(1)

process fixed to ρv = 0.5, while we vary the standard deviation of the innovation term. This

68Measuring phase and frequency is more difficult than in the deterministic scenario, because time series
display many “local” maxima and minima. Suppose that a positive shock hits at a time step t at which
dynamics of agent i is in a downward phase. The positive shock temporarily reverses the dynamics, but
pretty soon the deterministic component of the dynamical system reinstates the downward phase. It would
thus be misleading to identify time t as a turning point. To identify “global” maxima and minima we
consider a window of observation tw: any yit that is larger than all points within the window of observation,
yit > yiv, for all v ∈ [t − tw, t + tw], is identified as a global maximum. (The definition for global minima is
equivalent.) In the figure we choose tw = 7, which is anyway much smaller than the shortest period of the
deterministic system (around 20 time units).
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Figure 5.6: Time series generated by model (4.2) augmented by common noise vit, with standard deviation
σv. No further coupling exists: ε = 0.

takes increasing values σv = 0.05, σv = 0.10 and σv = 0.15. In Figure 5.6 we show that

stronger common noise leads to stronger synchronization, but also to weaker periodicity.

Interestingly, while the first frequency that adjusts to the others under coupling is the lowest

one (see Figure 5.3), under common noise the lowest frequency is the one that adjusts last.

These results support common shocks (Lucas, 1977) as a possible synchronization channel,

although the level of synchronization that is achieved under common noise is not as strong

as under coupling.

5.3.2 Input-output business cycle model

We now study phase synchronization of the input-output model described in Section 4.4.2

(Eq. 4.6). Differently from the abstract interaction network that we considered in the

previous section, the interaction coefficients wijkl are highly heterogeneous, reflecting the

fact that some nodes are “larger” than others. This property of the interaction network will

lead to a number of interesting insights. We first focus on the US input-output network in

isolation, by removing all the edges pointing to other countries, which in any case account

for only about 5% of the value flows. We then consider the opposite case in which we

aggregate all sectors within any given countries and study the international synchronization

of business cycles. We finally discuss the complete case in which the basic unit of analysis

is a sector-country pair. In this section we only consider deterministic dynamics, results for

stochastic dynamics are similar.
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Synchronization centrality in the US input-output network. Starting from the raw

data, we calculate the interaction coefficients wijkj , for i, k ∈ [0, . . . , I] and j corresponding

to the United States. Following our discussion in Section 4.4.2, we obtain the interaction

coefficients for sectors by dividing the value flows by the total output of each sector. We

instead calculate the interaction coefficients for final demand by considering the output

share of each sector. In network terms, final demand is a node with outgoing weighted

edges to all other nodes, such that the weight of the edges is proportional to the total

out-strength of the pointed nodes.

Table 5.1 shows the interaction matrix for 10 macro sectors and final demand (it corre-

sponds to the network on the left in Figure 4.1). The first 10 rows in Table 5.1 are the shares

of output that flow from the row to the column. For example, 0.58 in the first row means

that 58% of “AtB - agriculture” output flows to manufacturing, and 0.18 in the same first

row means that 18% of agriculture output is directly consumed (“FinD” - Final Demand).

The 11-th FinD row simply shows the output shares of the various sectors. The two largest

sectors are “JtK - Finance and other business services”, with 28% of the output share, and

“D - Manufacturing”, with 21%.

Table 5.1: Input-Output US

Sector AtB C D E F GtH I JtK LtN OtP FinD

AtB 0.22 0.0 0.58 0.0 0.0 0.01 0.0 0.0 0.01 0.0 0.18
C 0.0 0.04 0.49 0.25 0.04 0.0 0.01 0.01 0.02 0.0 0.12
D 0.01 0.01 0.35 0.0 0.06 0.05 0.03 0.03 0.07 0.01 0.39
E 0.02 0.02 0.21 0.0 0.01 0.1 0.02 0.12 0.1 0.02 0.38
F 0.0 0.0 0.01 0.01 0.0 0.01 0.01 0.05 0.04 0.0 0.87

GtH 0.0 0.0 0.1 0.0 0.04 0.04 0.01 0.05 0.04 0.01 0.7
I 0.01 0.0 0.12 0.03 0.03 0.09 0.14 0.11 0.08 0.03 0.36

JtK 0.0 0.01 0.08 0.01 0.02 0.07 0.03 0.25 0.08 0.03 0.42
LtN 0.0 0.0 0.01 0.0 0.0 0.01 0.0 0.01 0.02 0.0 0.95
OtP 0.0 0.0 0.05 0.0 0.02 0.04 0.05 0.11 0.07 0.09 0.58
FinD 0.01 0.01 0.21 0.02 0.06 0.14 0.06 0.28 0.16 0.04 0.0

Out/In 1.66 2.18 1.51 1.94 1.95 3.11 2.16 2.73 2.65 2.15 /
EigC 0.01 0.01 0.18 0.01 0.04 0.08 0.04 0.16 0.10 0.03 0.35

SyncCL 0.01 0.01 0.18 0.01 0.04 0.07 0.04 0.17 0.10 0.03 0.36
SyncCH 0.01 0.00 0.17 0.01 0.04 0.07 0.04 0.16 0.09 0.02 0.39

Note: AtB: Agriculture; C: Mining; D: Manufacturing; E: Utilities; F: Construction; GtH: Trade; I:
Transports; JtK: Finance and other business services; LtN: Government services; OtP: Other
services; FinD: Final demand.

This table tells a similar story to what could be understood visually in Figure 4.1. First,

some sectors produce output that is mostly directly consumed (or invested), rather than

used as an intermediate good for further production processes (LtN-Government sends 95%
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of its output to final demand). Other sectors, instead, sell most of their output to other

production sectors. Second, out of the production sectors, manufacturing is by far the sector

which receives most output from other sectors.

From this table, it is not obvious which sectors have a strongest influence on determining

the common frequency of oscillation, in case phase synchronization is obtained. One could

argue that the size of sectors (i.e., their share of output) should be directly proportional to

this importance. For example, it could be that “JtK - Finance and other business services”

is more important than “D - Manufacturing” in determining the frequency of oscillations,

because the business sector is larger than the manufacturing sector.

However, sectors are heterogeneous in terms of the output/input ratio. This ratio is

higher for sectors with higher value added, i.e. sectors that rely less on intermediate goods

as an input, relying instead on labor and capital (and potentially producing more profits).

Unsurprisingly, “D - Manufacturing” has the lowest value of the output/input ratio, pro-

ducing about $1.5 dollars of output for each $1 dollar of input of intermediate goods. The

reason is that at each step of the value chain, value added is small as compared to the value

of the intermediate goods. This is different is service sectors. “GtH - Trade” has the highest

value of the output/input ratio, 3.11. Since industrial sectors are more connected in the

input-output network, should they have larger importance?

As a counterargument, service sectors are heavily influenced by final demand, and, given

their size, have an important influence on it. Since final demand is a central node in the

economy, closer connection to final demand could actually mean that service sectors are

more important in determining the common frequency of oscillations than what one could

predict based on their size and general connectedness.

As a first pass to take these feedback effects into account, we calculate the Eigenvector

Centrality of the weighted network represented in Table 5.1, with N + 1 = 11 nodes.

The input-output table is a row-stochastic matrix with all positive entries, so the first left

eigenvector of the matrix gives the Eigenvector Centrality. This also corresponds to the

steady state of a Markov Chain defined on this matrix. The results are reported in the

line “EigC” in Table 5.1. The most interesting result is that “D - Manufacturing” is more

important than “JtK - Business” in terms of this centrality measure, precisely because

the higher requirement of intermediate inputs in manufacturing makes many sectors of the

economy depend on manufacturing demand.

We now perform simulations to explicitly see which sectors are most important in de-

termining the frequency of oscillations. As in the previous section, we obtain heteroge-

neous frequencies by assigning different values of the accumulation dislike parameter αi1,

αi1 ∈ [−0.1,−0.02], to different nodes. We implement the following algorithm.

163



1. We focus on a sector, say “AtB - Agriculture”, and we assign it the lowest (L) fre-

quency of oscillation (i.e. αi1 = −0.02).

2. For 1000 times, we randomly assign the other frequencies of oscillation to the remain-

ing sectors.

3. For each of these 1000 times, we simulate the model in Eqs. (4.6), calibrated on the

US input-output network, and calculate the common frequency of oscillation (under

the frequency spread that we consider and the interaction network based on the US

input-output network, phase synchronization is always obtained).

4. We repeat the three steps above focusing on each of the 11 nodes in turn.

5. For each focus sector, we average the common oscillation frequencies across random

assignments. We end up with a vector of 11 averaged frequencies obtained by as-

signing the lowest frequency to any focus sector and averaging across many possible

assignments of the other frequencies to the other sectors.

6. We compare these 11 frequencies to a benchmark frequency obtained by simulating the

model on a uniform weight matrix, that is a matrix in which all entries are 1/(N + 1).

If any frequency is smaller than the benchmark frequency, it means that the focus

sector is more important in setting the common frequency of oscillation than in the

uniform benchmark case. If the frequency is larger, it means that it is less important.

7. By taking the difference between the benchmark frequency and each of the 11 fre-

quencies, we obtain positive and negative numbers. We add the absolute value of

the minimum number to make all frequencies non-negative, and we normalize them

so that they sum to unity. The resulting synchronization centrality measure, that

we denote SyncCL (L stands for “Lowest frequency assigned to the focus sector”), is

reported in the second-to-last row in Table 5.1.

8. We repeat the above procedure assigning the highest (H) frequency to the focus sector.

The corresponding synchronization centrality measure, that we denote SyncCH, is

reported in the last row in Table 5.1.

As is possible to see, both synchronization centrality measures are strongly correlated

to eigenvector centrality. Therefore these simulations support the fact that eigenvector

centrality could be taken as a measure of the importance of each node in determining the

common frequency of oscillation. This confirms the finding that manufacturing has more

power than business services in setting the common frequency, because it is more central in

the intermediate good flows of the economy.
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A final important point is about the robustness of these results to disaggregation. For

example, if, instead of considering an aggregate manufacturing sector, we had considered 11

manufacturing sub-sectors, would we get the same results by ex-post aggregating the sub-

sectors? In other words, when is it legitimate to aggregate sub-sectors into macro-sectors

and when is it not? Ultimately, when is it legitimate to aggregate individual firms into

sectors?

One possible answer was already given in Section 5.3.1. If firms in a given sector, or if

sub-sectors that are part of a macro-sector, are hit by common shocks, this synchronizes

their frequencies. So one could consider the subsector or the macro-sector directly as the

relevant unit of synchronization. However, such explanation is only partly satisfactorily,

especially given that, as shown in Figure 5.6, synchronization through common noise is not

really strong.

To address this issue, we compare the eigenvector centrality for the 10 macro-sectors

(plus final demand) in Table 5.1 to the eigenvector centrality calculated from an equivalent

weight matrix with 27 sectors (and final demand). These sectors comprise manufacturing

and service subsectors and the smallest sectors in Table 5.1, such as “AtB - Agriculture”,

“C - Mining” and “E - Utilities”. The eigenvector centrality is a vector with 28 elements.

Aggregating these back into the 11 elements in Table 5.1, we get that the vector of centrality

measures is identical to the one in Table 5.1 up to two significant digits.

This example suggests that the importance of nodes in determining the common fre-

quency of oscillation is independent of the level of aggregation, to the extent that synchro-

nization centrality always corresponds to eigenvector centrality.

Synchronization of international business cycles. We now aggregate all sectors

within a country, including final demand, and study the international synchronization of

endogenous business cycles. We only focus on 17 advanced economies which had a fairly

similar development in the last 60 years. These are the US, Canada, Australia, Japan, and

13 European countries (UK, France, Germany, Italy, Portugal, Spain, Belgium, Austria,

Ireland, Netherlands, Denmark, Sweden, Finland).

To start, we consider the equivalent version of Table 5.1 in which, instead of having

sectors and final demand, we only have countries. In Table 5.2, each row-column pair

indicates the flow of goods and services from row to column. For example, 0.03 at the

“AUS” row and “JPN” column indicates that 3% of the Australian output is sold to Japan.

The diagonal of this matrix is the fraction of the value flows that stays within a country,

in the same way as the diagonal of Table 5.1 was indicating the fraction of value flows that

was staying within a sector.
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Table 5.2: International Input-Output (Year 2000)

Country AUS AUT BEL CAN DEU DNK ESP FIN FRA GBR IRL ITA JPN NLD PRT SWE USA

AUS 0.93 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.01 0.0 0.0 0.03 0.0 0.0 0.0 0.02
AUT 0.0 0.64 0.01 0.0 0.17 0.0 0.01 0.0 0.02 0.03 0.0 0.05 0.01 0.01 0.0 0.01 0.03
BEL 0.0 0.01 0.57 0.0 0.1 0.01 0.02 0.0 0.09 0.05 0.0 0.04 0.01 0.05 0.0 0.01 0.04
CAN 0.0 0.0 0.0 0.66 0.01 0.0 0.0 0.0 0.0 0.01 0.0 0.0 0.01 0.0 0.0 0.0 0.29
DEU 0.0 0.01 0.02 0.0 0.8 0.0 0.01 0.0 0.04 0.02 0.0 0.02 0.01 0.01 0.0 0.01 0.03
DNK 0.0 0.0 0.01 0.0 0.06 0.7 0.01 0.01 0.02 0.03 0.01 0.01 0.01 0.01 0.0 0.06 0.04
ESP 0.0 0.0 0.01 0.0 0.03 0.0 0.85 0.0 0.04 0.01 0.0 0.02 0.0 0.01 0.02 0.0 0.01
FIN 0.0 0.01 0.01 0.01 0.07 0.01 0.02 0.67 0.03 0.05 0.0 0.02 0.01 0.02 0.0 0.04 0.03
FRA 0.0 0.0 0.02 0.0 0.04 0.0 0.02 0.0 0.83 0.02 0.0 0.02 0.0 0.01 0.0 0.0 0.02
GBR 0.0 0.0 0.01 0.01 0.04 0.0 0.01 0.0 0.02 0.82 0.02 0.01 0.01 0.01 0.0 0.01 0.04
IRL 0.0 0.0 0.02 0.01 0.08 0.0 0.01 0.0 0.04 0.09 0.49 0.02 0.02 0.01 0.0 0.01 0.18
ITA 0.0 0.0 0.01 0.0 0.03 0.0 0.01 0.0 0.03 0.01 0.0 0.87 0.0 0.0 0.0 0.0 0.02
JPN 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.96 0.0 0.0 0.0 0.02
NLD 0.0 0.01 0.06 0.0 0.09 0.01 0.01 0.0 0.04 0.05 0.01 0.03 0.01 0.62 0.0 0.01 0.04
PRT 0.0 0.0 0.01 0.0 0.03 0.0 0.04 0.0 0.02 0.02 0.0 0.01 0.0 0.01 0.83 0.0 0.01
SWE 0.0 0.01 0.02 0.01 0.06 0.04 0.01 0.02 0.02 0.04 0.0 0.02 0.01 0.02 0.0 0.7 0.04
USA 0.0 0.0 0.0 0.02 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.01 0.0 0.0 0.0 0.95

Output 0.02 0.01 0.01 0.03 0.08 0.01 0.03 0.01 0.06 0.06 0.00 0.05 0.20 0.02 0.00 0.01 0.42
Out/In 1.96 2.21 1.83 2.12 2.13 2.22 2.01 1.96 2.09 2.10 1.82 1.95 2.15 1.99 1.99 2.01 2.20
EigC 0.01 0.01 0.01 0.03 0.08 0.01 0.04 0.00 0.07 0.06 0.00 0.06 0.13 0.01 0.01 0.01 0.47

The difference is immediate. While most of what was produced within a sector was

flowing to other sectors, most of what is produced within a country stays within the same

country. This ranges from 96% in the case of Japan and 95% in the case of the US, to 49%

in the case of Ireland. On average, 90% of the value flows stay within the same country.69

In Table 5.2, we also report the shares of output, the output/input ratio and the Eigen-

vector Centrality. Interestingly, the output/input ratio does not vary much, differently

from the case of sectors, indicating that the share of value added is similar across coun-

tries.70 The Eigenvector Centrality is strongly correlated to the shares of output. The US

have Eigenvector Centrality 0.47, while the European countries, combined, have 0.35. This

shows that the US have most power in setting the rhythms of global business cycles, and

quantifies this power.

We now simulate our model on the international input-output network. In Figure 5.7,

we consider the usual frequency spread, induced by heterogeneous αi1 ∈ [−0.1,−0.02], which

was leading to synchronization in the US input-output network. As is clear from the fig-

ure, in the international input-output network phase synchronization is no longer obtained.

Different lines indicate different countries, and colors are scaled in a way that blue corre-

sponds to high frequencies and red corresponds to low frequencies. Frequencies are assigned

69While these data refer to year 2000, when globalization had not completely taken off yet, Cerina et al.
(2015) show that the foreign share of value flows had only increased to about 12.5% in 2011, after a small
dip corresponding to the 2008 financial crisis. Likewise, the foreign share in year 1995 was only 1% smaller
than in year 2000.

70This ratio would probably be smaller in countries like China, which base their economy on manufacturing
much more, but within the advanced economies in our sample, the input-output ratio is roughly constant.
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Figure 5.7: Time series generated by model (4.6), calibrated on the international input-output network.
Frequencies of oscillation are randomly assigned to different countries. As in the rest of this chapter, blue
(red) lines are associated to higher (lower) frequencies.

randomly to countries, as it is not clear which countries should experience faster vs slower

oscillations. Looking at the figure, some countries that have middle to low frequencies (from

green to red) have formed a cluster of almost synchronized nodes, while another cluster at

high frequencies (in light and dark blue) is also present. The US, which, according to the

last row of Table 5.2, have by far the highest Eigenvector Centrality, are part of the first

cluster, and are likely the key driver that holds it together. The other cluster is formed by

a number of European countries and Australia, which are apparently not as dependent on

the US and have similar frequencies.

We now study a scenario of path to synchronization (Gómez-Gardenes et al., 2007;

Arenas et al., 2008; Navas et al., 2015) as the frequency spread is reduced from that in-

duced by a minimum value of αi1, αmin
1 = −0.2, so that the range of parameters αi1 vary in

αi1 ∈ [−0.2,−0.02], to that corresponding to a minimum αmin
1 = −0.03, so that the param-

eters αi1 ∈ [−0.03,−0.02]. Clearly, synchronization is harder if frequency spread is larger.

One can expect synchronization to be possible for the minimum spread, but exactly how

synchronization is obtained going from the largest to the smallest frequency spread depends

on the network structure, highlighting key structural properties of the interactions.

In Figure 5.8, we study the path to synchronization for two non-representative random

assignments of frequencies to different countries. In Figure 5.8a, the US are assigned an

intermediate frequency. The US form a synchronized cluster of intermediate frequencies

which, as the frequency spread is reduced, incorporates the other clusters at extreme values

of the frequencies. Australia, although its frequency is not as high as that of Sweden or

Belgium (the blue line corresponding to Australia is less dark), is the last country to adapt
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Figure 5.8: Path to synchronization as the frequency spread is reduced from that induced by αmin
1 = −0.2

to that induced by αmin
1 = −0.03, for two non-representative random assignments of frequencies to different

countries.

its frequency to the other countries, due to its trade isolation. The situation in Figure 5.8b

is similar in terms of the formation of synchronized clusters that merge as the frequency

spread is reduced, until global synchronization is obtained for minimum frequency spread.

The US, which in this case are assigned the lowest frequency, are the last country that joins

the main cluster. Note the blue line that converges to the US line at αmin
1 = −0.06. This

is Canada, which, being very closely connected to the US, and being much smaller than it,

adjusts its rhythm to the US frequency before adjusting to the main cluster.

These two examples were valid for two specific random assignments of frequencies. We

now test the properties of the model as the frequency spread is increased in a way that is

independent of the specific random assignment of frequencies. For each value of αmin
1 , we

simulate the model for 100 different random assignments, and then we average the results. In

Figure 5.9 we show how three quantities vary with αmin
1 . These are phase coherence and the

average correlation coefficient, already used before, and the frequency spread. This latter
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Figure 5.9: Average correlation coefficient, phase coherence and frequency spread for αmin
1 ∈ [−0.2,−0.03],

averaging over 100 random assignments of frequencies to different countries.

quantity is defined as the ratio between the standard deviation and the mean of frequencies

(it is zero in case of frequency entrainment, because all frequencies are the same). As the

figure shows, decreasing αmin
1 makes the dynamics mostly incoherent (uncorrelated) and

increases the frequency spread.

Finally, we discuss the interplay between sectors and countries. Some sectors are quite

internationally open, while other sectors are not. In the following, we give the national

share of value flows for each sector, averaged across countries: AtB - Agriculture, 88%; C

- Mining, 77%; D - Manufacturing, 73%; E - Utilities, 99%; F - Construction, 100%; GtH

- Trade, 96%; I - Transport, 89%; JtK - Business, 96%; LtN - Government, 100%; OtP -

Other Services, 98%. This shows that manufacturing, mining and agriculture are the most

internationally open, while service sectors have very small openness. Therefore, given the

small size of agriculture and mining, international synchronization of endogenous business

cycles is likely to occur through manufacturing. In a scenario of path to synchronization,

first manufacturing sectors in different countries would synchronize, and then this would

get transmitted to the rest of the economy. We will explore the role of manufacturing as

a “bridge” across countries thoroughly in terms of complete synchronization in the next

section.

5.4 Complete synchronization

All analysis of phase synchronization so far was concerned with the conditions under which

the frequencies of oscillation of different agents could become similar. This analysis is

limited by the extent to which we can empirically measure the uncoupled frequency of a

sector or a country. It is also limited by the assumption that endogenous business cycles

can be described by non-linear dynamic models that exhibit a relatively clear periodicity.

One may want to consider a high-dimensionally chaotic business cycle model, and phase
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synchronization would be of little use. In this section, we study synchronization from a

different perspective. We assume that the frequencies of oscillation are identical, and we

explore the conditions under which complete synchronization can emerge, i.e. the non-

linear dynamics of the agents become perfectly aligned. Since we are studying a limit

cycle model, complete synchronization is always obtained absent shocks. Yet, the theory

of complete synchronization that we develop can be used to study the interplay between

synchronizing non-linear dynamics, exogenous shocks and network structure.

This is particularly useful to explain how synchronization theory could improve on ex-

isting exogenous business cycle models in terms of generating higher comovement between

economic time series. Consider two agents following two deterministic identical limit cy-

cles in isolation. When coupled, the results that we will present show that their dynamics

perfectly align. Denote this as a synchronized state st = (xst , y
s
t ), such that xit = xst and

yit = yst , for i = 1, 2. Suppose now that at time t, the decision variables yi of the agents

are hit by idiosyncratic shocks ξ1
t and ξ2

t . The comovement between the time series of the

decision variables, calculated for the time steps immediately following the shocks, is given

by the Pearson correlation coefficient

cor
(
yst + ξ1

t , y
s
t + ξ2

t

)
=

cov (yst , y
s
t ) + cov

(
yst , ξ

2
t

)
+ cov

(
ξ1
t , y

s
t

)
+ cov

(
ξ1
t , ξ

2
t

)
std
(
yst + ξ1

t

)
· std

(
yst + ξ2

t

) . (5.7)

In the above equation, cov denotes the covariance, std indicates the standard deviation, and

we have used linearity of the covariance to decompose it in various terms. Compare this

equation with the correlation between time series of two agents that are in stable steady

state that is hit by shock (ξ1
t , ξ

2
t )

cor
(
ξ1
t , ξ

2
t

)
=

cov
(
ξ1
t , ξ

2
t

)
std
(
ξ1
t

)
· std

(
ξ2
t

) . (5.8)

If we assume that the variance of endogenous and exogenous fluctuations is the same (i.e.

fluctuations have the same intensity), the correlation coefficient is only determined by the

numerators of these expressions. Comparing Eq. (5.7) and Eq. (5.8), it is clear that if the

shocks hitting the synchronized state yst are small relative to the limit cycle, correlation

is larger in the endogenous case. (This is confirmed by numerical simulations.) In fact, if

shocks are really small, the correlation coefficient approaches one.

In the following, we explore how shocks propagate on the interaction network on the

path back to the (stable) synchronized state. As we did in Section 5.3, we first study

complete synchronization in an abstract interaction network (Section 5.4.1), and then we

consider input-output networks (Section 5.4.2).
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5.4.1 Abstract interaction network

To study the interplay between synchronizing dynamics, shock propagation and network

structure, we adapt the master stability approach originally proposed by Pecora and Car-

roll (1998). We start by assuming that all agents are in the synchronized state st = (xst , y
s
t ),

such that xit = xst and yit = yst , ∀i. This could have been reached after an initial transient.

The starting point of the master stability approach is to calculate the relative strength of

desynchronizing forces that lead to deviations from the synchronized state, and synchroniz-

ing forces due to coupling. Here, desynchronizing forces only correspond to idiosyncratic

shocks uit, because limit cycles are attractive. However, in the case of chaotic dynamical

systems, chaos acts as a desynchronizing force, too. The key idea of the master stability

approach is to perform a transformation that uncouples the deviations from the synchro-

nized state in orthogonal components. The approach is semi-analytical, in the sense that

the relative strength of synchronizing and desynchronizing forces is obtained by numerically

computing Lyapunov exponents, but once this is computed, the key insights are obtained

analytically.

Let xit = xst + xξ,it and yit = yst + yξ,it . Here, xξ,it and yξ,it denote a small deviation from

the synchronized state, for example due to idiosyncratic noise hitting sector i. Let further

ξt =
(
xξ,1t , yξ,1t , xξ,2t , yξ,2t , . . . xξ,Nt , yξ,Nt

)
be the 2N -dimensional vector of deviations.

To show how the evolution of this vector can be obtained, we fully work out a specific

example. Consider a star network with three nodes. This is composed by a central node,

which we denote as node 1, that is linked to two leaf nodes, which we denote as nodes 2

and 3. The leaf nodes are only connected to the central node. Replacing xit = xst + xξ,it and

yit = yst + yξ,it in Eq. (4.2) and assuming, as we did in Section 5.3.1, that the dependence

on other nodes is ε/Ki, where Ki is the degree of node i, while the dependency on oneself

is 1− ε, we get the following system of equations for the evolution of ξt:

xξ,1t+1 = (1− δ)xξ,1t + yξ,1t ,

yξ,1t+1 = α1x
ξ,1
t + (α2 + F ′(yst )) y

ξ,1
t − εF ′(yst )

(
yξ,1t − 1

2y
ξ,2
t − 1

2y
ξ,3
t

)
,

xξ,2t+1 = (1− δ)xξ,2t + yξ,2t ,

yξ,2t+1 = α1x
ξ,2
t + (α2 + F ′(yst )) y

ξ,2
t − εF ′(yst )

(
yξ,2t − yξ,1t

)
,

xξ,3t+1 = (1− δ)xξ,1t + yξ,1t ,

yξ,3t+1 = α1x
ξ,1
t + (α2 + F ′(yst )) y

ξ,1
t − εF ′(yst )

(
yξ,3t − yξ,1t

)
,

(5.9)

where we have used the fact that the deviations ξt are small, to Taylor-expand the function

F . This formulation suggests that the evolution of the deviations of any single node is given

by the Jacobian of the dynamics corresponding to the node, plus a term of interaction with
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other nodes. Extrapolating from this example, it is easy to see that the evolution of the

whole vector ξt is generally given by

ξt+1 =
(
IN ⊗ J(st)− εF ′(st)KLK ⊗H

)
ξt, (5.10)

where

• IN is the N -dimensional identity matrix.

• J(st) is the 2-dimensional Jacobian.

• ⊗ denotes the Kronecker product, i.e. a 2N -dimensional matrix.

• F ′(st) is the first derivative of F , due to the fact that we are considering a first-order

approximation around the synchronized state.

• K is an N -dimensional square matrix with 1/
√
ki on the main diagonal and zero

everywhere else.

• L is the Laplacian of the network. This is a key mathematical property of the network

that is widely used in many applications. Lii = ki and Lij = −1 if i and j are

connected. KLK is known as normalized Laplacian, and has similar properties to

the Laplacian.71

• H is the 2-dimensional square matrix of connectivity in the dynamical system. Since

here the only connectivity is through y, it is H22 = 1 and zero everywhere else.

The problem with Eq. (5.10) is that the evolution of each component yξ,it depends on all

other agents j to which i is connected. The key trick of the master stability approach is to

diagonalize KLK so to decompose the deviations in orthogonal, uncoupled, components.

Following the terminology in the literature, we call these components eigenmodes. Let ξt =

(Q⊗ I2) ζt, where Q is the matrix of eigenvectors of KLK. Here, ζt can be interpreted

as a projection of ξt in the eigenspace. It evolves according to

ζt+1 =
(
IN ⊗ J(st)− εF ′(st)Λ⊗H

)
ζt, (5.11)

71Here we summarize a few properties of KLK. Because the rows sum to zero, one eigenvalue is zero.
Moreover, it is well known that the other eigenvalues are positive and bounded between 0 and 2. The
multiplicity of the 0 eigenvalue reflects the number of disconnected clusters in the network. We sort the
eigenvalues in increasing order, so that λ1 = 0, λ2 > 0 if the network is connected, λ3 ≥ λ2, ..., λN ≥ λN−1,
λN ≤ 2. The eigenvalue λ2 is knows as algebraic connectivity and the corresponding eigenvector as Fiedler
vector. The smaller λ2, the more the network has a modular structure, in which two or more clusters of
nodes have strong internal connectivity and weak external connectivity. In the case of two clusters, the
components of the Fiedler vector are positive for nodes in a cluster and negative for nodes in the other
cluster. Fiedler vectors are commonly used for graph partitioning.
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where Λ is the matrix with the eigenvalues of KLK on the main diagonal and zero every-

where else. Each of the N eigenmodes of ζt can then be written as

ζit+1 =
(
J(st)− F ′(st)ελiH

)
ζit. (5.12)

In this basis, the evolution of each eigenmode i only depends upon itself. We stress that

i now corresponds to an eigenvector (of the eigenvalue λi of the normalized Laplacian of

the network) and not to an agent. As will be clear in the examples below, the evolution of

each eigenmode corresponds to higher-order properties of the network. Of course one can

retrieve the dynamics of the agents by applying the transformation ξt = (Q⊗ I2) ζt.

The eigenmode i = 1 corresponds to dynamics parallel to the synchronization manifold

(i.e., “in the same direction as the dynamics”). It captures the phase shift due to a shock

hitting the system at a given time t. The eigenmodes i > 1 correspond to dynamics

orthogonal to the synchronization manifold. If these dynamics always converge to zero

after the shock, the synchronized state is stable.

Whether the orthogonal dynamics converge to zero is not obvious from Eq. (5.12). To

know if they do, one must numerically compute the Lyapunov exponents of the system.

Letting K = ελi denote an effective coupling for eigenmode i, one calculates Lyapunov

exponents in Eq. (5.12) for all values of K that are typically obtained. In our case, because

ε ∈ [0, 1] and λi ∈ [0, 2], it is of interest to only consider the interval K ∈ [0, 2].
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Figure 5.10: (Left) Time-averaged Lyapunov exponents µ1 and µ2, and sum µ1 + µ2, as a function of the
effective coupling K. (Right) Time evolution of the sum of Lyapunov exponents µ1 + µ2, compared to the
time evolution of y at the synchronized state yst , and to the time evolution of F ′(yst ).

The Lyapunov exponents are shown in Figure 5.10, for a parameterization of the model

that we will specify below. In Figure 5.10a we only consider the time average of the Lya-

punov exponents. The dependence of the first Lyapunov exponent µ1 on the effective

coupling K is called master stability function. The first thing that stands out is that both

µ1 and µ2 are always negative. This means that perturbations along the orthogonal eigen-

modes indeed vanish over time. If the system was chaotic, this would no longer be true, and
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the synchronized state would only be stable for certain values of K. Moreover, the largest

Lyapunov exponent µ1 is null for K = 0: this means that perturbations in the direction

parallel to the synchronization manifold do not vanish, and there is indeed a permanent

phase shift. Finally, the highest values of µ1 and µ2 are obtained for smallest K. All

else equal, it means that eigenmodes corresponding to the smallest eigenvalues λi are the

ones that decay most slowly, while eigenmodes corresponding to relatively large eigenvalues

decay much more rapidly.

As in all dynamical systems, the Lyapunov exponents are never constant, but rather

vary along the attractor. Figure 5.10b shows the time evolution of the sum of Lyapunov

exponents µ1 + µ2, representing the rate of expansion or contraction of volumes in phase

space. The times at which µ1 + µ2 is minimal (most negative) are those at which the

effects of shocks are weakest and most rapidly absorbed, while maximal (least negative)

µ1 + µ2 indicates that shocks have a stronger and more lasting effect. To understand to

which phases of the evolution of the system these correspond, we plot the dynamics of the

synchronized state yst and the time evolution of F ′(yst ). It is interesting to note that the

evolution of µ1 + µ2 closely mirrors that of F ′(yst ). The most stable situation is when yst

is in a peak, followed by yst being in a trough. The most unstable situations correspond

instead to periods of rapid growth or recession. In this situations, shocks propagate most

strongly and lead to strongest desynchronization.

In summary, our theory calculates the deviations from a synchronized state in which all

agents behave alike—deviations that could for example be due to an exogenous shock hitting

one agent only. This is an approximation due to the fact that we assume that deviations

are small to consider a Taylor expansion of the function F . Instead of calculating the

evolution of the deviations for each agent, we calculate the evolution of deviations for each

eigenmode, corresponding to an eigenvector of a matrix of connectivity. This allows (i) to

show that the synchronized state is stable to small shocks, but it is generally affected by a

permanent phase shift; (ii) to understand how the propagation of the shock is affected by

the interaction network; (iii) to understand how the propagation of the shock is affected by

the timing of the shock with respect to the endogenous dynamics. Ultimately, this theory is

useful to assess which level of correlation we can expect between economic time series that

are modeled by our system. To get more intuition into this formalism, we now consider a

number of examples.

All parameters in the examples below are chosen following the guidelines in Section 5.2.

The values of β0, β1, β2, β3, β4, δ and α0 are chosen as in Section 5.2. We further choose

α2 = 0.4 and α1 = −0.04, which leads to a cycle of about 36 time units. If one time unit
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corresponds to a quarter, this cycle would have length 9 years, which is in line with the

empirical evidence of employment variables in the United States (Beaudry et al., 2019).

In this section, we consider a single idiosyncratic shock hitting the agents of the network

at time τ , and study its propagation. In the next section, while considering the empirical

input-output network, we analyze the effect of idiosyncratic shocks repeatedly hitting sectors

and countries.

Two connected agents. We start from the simplest possible system to study the effect

of the dynamics and the shocks in most detail. We will then consider a more interesting

interaction structure to understand shock propagation. Here, we consider two connected

agents, giving weight 1− ε to their own dynamics and ε to the dynamics of the other node.

We assume ε = 0.3. The eigenvalues of KLK are λ1 = 0 and λ2 = 2, the corresponding

eigenvectors are v1 = (1, 1)/
√

2 and v2 = (−1, 1)/
√

2. After the shock hits at time τ ,

at time t ≥ τ the deviations from the synchronized state in the initial basis and in the

eigenbasis are related by the following equations:

xξ,1t = 1√
2

(
xζ,1t − xζ,2t

)
, xζ,1t = 1√

2

(
xξ,1t + xξ,2t

)
,

yξ,1t = 1√
2

(
yζ,1t − yζ,2t

)
, yζ,1t = 1√

2

(
yξ,1t + yξ,2t

)
,

xξ,2t = 1√
2

(
xζ,1t + xζ,2t

)
, xζ,2t = 1√

2

(
−xξ,1t + xξ,2t

)
,

yξ,2t = 1√
2

(
yζ,1t + yζ,2t

)
, yζ,2t = 1√

2

(
−yξ,1t + yξ,2t

)
.

(5.13)

The first column of Eq. (5.13) already highlights an interesting pattern. Given our pre-

vious discussion, the second eigenmode
(
xζ,2t , yζ,2t

)
eventually converges to zero, because

K = ελ2 = 0.6 > 0. The larger the coupling coefficient ε, the faster the second eigenmode

converges to zero. Independently of speed, eventually both
(
xξ,1t , yξ,1t

)
and

(
xξ,2t , yξ,2t

)
con-

verge to the first eigenmode
(
xζ,1t , yζ,1t

)
. This shows analytically that, after some time, the

deviations of the two agents coincide with the perturbation parallel to the synchronization

manifold, reinstating a synchronized state that is different from the initial synchronized

state by a constant phase shift. This is true for every interaction structure, as the eigenvec-

tor corresponding to λ1 = 0 is always of the type v1 = (1, . . . , 1)/
√
N , and the eigenmodes

corresponding to the other eigenvalues eventually vanish.

To proceed, we assume that the single shock at time τ only hits the variables y, i.e.

yξ,1τ = u1, yξ,2τ = u2 and xξ,1τ = xξ,2τ = 0. From the second column of (5.13) we can see that

if u1 = u2, yζ,2τ+1 = 0, and so for all following times t, yζ,2t = 0: The eigenmode transverse

to the synchronization manifold never takes positive values. In other words, because the

shock is common, it does not cause any relative difference in phase between the two agents.

On the contrary, yζ,1τ+1 =
√

2u1 is maximal: the effect of the shock is to only shift the phase.

175



If u1 > 0, the phase is shifted forward; if u1 < 0, it is shifted backwards. Consider now

the reverse case u1 = −u2. Now yζ,1τ+1 = 0 and yζ,2τ+1 =
√

2u1. In this case the transverse

eigenmode is maximal, while the parallel eigenmode is null. After a transient in which the

phases are different, they synchronize again, with no consequence of the shock in terms of

permanent phase shift.
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Figure 5.11: Effect of a shock hitting agent 1 only. Blue lines corresponds to yst , the (unperturbed) syn-
chronized state. Red and dark green lines correspond to the actual perturbed dynamics, which we denote
as y1

t + u and y2
t + u respectively, fully simulated from dynamical system (4.2). The orange and light green

lines correspond to the approximation of the perturbed dynamics, as obtained by Eq. (5.10). In panel (a),
u = 0.1; in panel (b), u = 0.2; in panel (c), u = −0.4.

We now consider the case in which the shock hits one agent only. Without loss of

generality, we set u1 = u and u2 = 0. In Figure 5.11, we show some simulations of the

dynamics, for three values of the shock u: u = 0.1 (Fig. 5.11a); u = 0.2 (Fig. 5.11b);

u = −0.4 (Fig. 5.11c).

There are two patterns that are worth noting in Figure 5.11. The first is how good

an approximation is yst + yξ,it to yit + u. The approximation is excellent for u = 0.1 and

u = −0.4, but it is not as good in the case of u = 0.2. Note that these shocks are up to

40% of the steady state value, so the assumption of small shocks that we needed to Taylor

expand the function F (·) definitely does not hold. Nonetheless, the approximation is still

quite good. Moreover, across all cases the approximation is better at certain times. In

particular, it tends to be worse in the final part of the economic boom and in the final part
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of the recession. As shown in Figure 5.10b, these correspond to times when F ′(yst ) changes

rapidly, suggesting that at those times one should also consider second order terms F ′′(yst ).

The reason why the approximation is better for u = −0.4 than for u = 0.2, despite the first

shock being twice as large in absolute value than the second one, is also due to the change

in F ′(yst ) . Indeed, a positive shock hitting during a recession changes the properties of the

dynamics much more than a negative shocks does, leading to a worse approximation. A

negative shock hitting during a boom has the same effect as a positive shock hitting during

a recession.

The other pattern that is worth noting in Figure 5.11 is the fact that a negative shock

makes the perturbed dynamics lagging with respect to the unperturbed one, while positive

shocks have the opposite effect. This result was already expected given the discussion above,

but Figure 5.11 gives a numerical confirmation.
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Figure 5.12: Deviations from the synchronized state when a positive shock u = 0.2 hits agent 1 only. Panel
(a) shows the deviations in the original basis, while panel (b) shows deviations in the eigenbasis.

In Figure 5.12 we show the evolution of the deviations from the synchronized state in

the case of u = 0.2. In Figure 5.12a, we show the deviations in the original basis, yξ,1 and

yξ,2. As agent 2 did not receive any shock, its dynamics slowly adjusts to that of agent

1, and after a short transient both agents get synchronized again. Figure 5.12b shows the

deviations in the eigenbasis. (Note that, because of the normalization of the eigenvectors,

the initial shock is in this basis 0.2/
√

2.) It is clear that the deviation orthogonal to the

synchronization manifold (grey line) quickly vanishes, and only the deviation parallel to the

synchronization manifold (black line) persists. This indicates a permanent phase shift.

Finally, in Figure 5.13 we investigate the effect of the timing of shocks. The blue and cyan

lines correspond to the same shock u = 0.2 at time t = 285, for the perturbations parallel

and perpendicular to the synchronization manifold respectively. The same is true for the

red and orange lines (t = 292), the dark green and light green lines (t = 303) and purple

and pink lines (t = 309). As discussed above, the shocks have strongest desynchronizing
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Figure 5.13: Effect of the timing of shocks. Panel (b) shows deviations in the eigenbasis for four times at
which the shock could hit: a recession (blue and cyan); a trough (red and orange); a growth period (dark
and light green); a peak (purple and pink).

effects during a recession or during a growth period. The desynchronizing effect in a trough

is smaller, while the effect at a peak is minimal. It is interesting that most of the differences

are due to the first eigenmode, while the evolution of the second eigenmode is almost

independent of timing.

It is also interesting that the strongest desynchronizing effect is during a recession rather

than during a boom (blue vs dark green line). This can be explained from Figure 5.10b,

noting that after a recession is a trough, where the Lyapunov exponent is smaller but not

minimal; on the other hand, after a boom is a peak, where the Lyapunov exponent is

minimal. Even if the shock occurs at times in which the Lyapunov exponent is identical,

the evolution of the deviation is affected differently in the two cases. The dark green line

shows how the shock is suddenly dampened, corresponding to the dynamics reaching the

peak. The blue line, on the other hand, shows that the shock is not as much dampened,

because the dynamics reaches the trough where the Lyapunov exponent is not minimal.

Six agents with two cliques of three nodes each. To understand the effect of the

network structure on the propagation of the shock and the synchronizing dynamics, we

consider the network in Figure 5.14. This network is composed of two cliques of three

nodes each, connected by a link between two of the nodes of the cliques. These two nodes

are colored lighter to highlight the stronger connectivity to the other clique. This network

can be thought of as a stylized model of sectors in two countries, where sectors within the

same country are more connected than across countries. The sectors that connect the two

countries can be thought of as the respective manufacturing sectors which, as discussed in

Section 5.3.2, act as “bridges” that propagate shocks across countries. We consider this

example explicitly in the following input-output interpretation of the model.
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Figure 5.14: Complete synchronization in a network with six agents and two cliques of three nodes each.
The top part of the figure shows the network, the adjacency matrix A and the normalized Laplacian KLK.
It also shows the eigenvalues λ and the eigenvectors Q of the normalized Laplacian, in a way that each
column of Q is the eigenvector corresponding to the eigenvalue above. It finally shows the inverse matrix of
eigenvectors Q−1. The bottom part of the figure shows the evolution of the deviations in the original basis
and in the eigenbasis.

At time τ = 285, we apply the following shock vector:(
yξ,1τ+1, y

ξ,2
τ+1, y

ξ,3
τ+1, y

ξ,4
τ+1, y

ξ,5
τ+1, y

ξ,6
τ+1

)
= (0.05, 0.03, 0.04,−0.03,−0.06, 0.00). (5.14)

This shock vector can be thought of as a positive shock hitting the clique with agents 1,2

and 3, combined with a negative shock hitting the other clique and idiosyncratic shocks

hitting the agents. In the eigenbasis, this shock vector corresponds to(
yζ,1τ+1, y

ζ,2
τ+1, y

ζ,3
τ+1, y

ζ,4
τ+1, y

ζ,5
τ+1, y

ζ,6
τ+1

)
= (0.01, 0.09, 0.00, 0.02,−0.02,−0.04). (5.15)

It is already clear that the positive shocks in the first clique and negative shocks in the

second clique make the initial condition of the second eigenmode largest.

The evolution of the shocks is shown at the bottom of Figure 5.14. In the panel on the

left, we show the shocks in the original basis, i.e. each line corresponds to an agent. It is

clear that dynamics vary across the two cliques, but they are very similar within any of

the two cliques. The cyan and orange lines, corresponding to the two “bridge” agents, are

the ones that are most similar to dynamics in the other clique. Over time, all dynamics

converge again to the synchronized state, with a permanent phase shift.
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The evolution of the shocks in the eigenbasis is shown in the right panel. The black line is

the eigenmode which is parallel to the synchronization manifold. The grey line corresponds

to the second eigenmode, the one with largest initial value, and decays very slowly. The

green lines correspond to the third to sixth eigenvectors, and decay very quickly.

The interpretation for the eigenmodes is now clear. The second eigenmode corresponds

to synchronization across cliques. Indeed, because yζ,2t = 0.43yξ,1t + 0.43yξ,2t + 0.38yξ,3t −
0.38yξ,4t − 0.43yξ,5t − 0.43yξ,6t , it is maximal in absolute value when shocks are positive in

one clique and negative in the other one. This eigenmode takes time to decay, because the

eigenvalue λ2 is relatively small and, as shown in Figure 5.10a, the Lyapunov exponent is

not very negative. This means that synchronization across cliques takes time. The third

to sixth eigenmodes correspond to synchronization within cliques, and decay very quickly

(K = ελi, i = 3, . . . 6 is relatively large, so the Lyapunov exponent is more negative than

in the case of K = ελ2). This indicates that synchronization within cliques happens very

quickly.

This phenomenon is general, because the second eigenvector of the Laplacian—the

Fiedler vector—takes positive values in a cluster of nodes, and negative values in the other.

If there were M cliques, or more loosely M clusters of highly connected nodes, weakly con-

nected across one another, there would be M − 1 small eigenvalues and then a large gap to

the next eigenvalue. The eigenmodes corresponding to the small eigenvalues would indicate,

as in the case above, synchronization across clusters. The remaining N −M eigenvalues

would be much larger, and the associated eigenmodes would correspond to synchronization

within clusters. There could also be a hierarchy of clusters. Imagine for example that

there were two main clusters, and two sub-clusters within each cluster. Here, the Fiedler

vector would divide between the two main clusters, but then the following eigenmode (corre-

sponding to a larger eigenvalue) would correspond to synchronization between sub-clusters.

There would be a time-scale separation so that synchronization would first occur within

sub-clusters, then across sub-clusters within the same main cluster, and finally across main

clusters.

5.4.2 Input-output business cycle model

The analysis above was performed for unweighted, undirected networks. These have the

convenient mathematical property that all eigenvalues of the normalized Laplacian are real,

positive and bounded between zero and two. In the case of directed, weighted networks,

with connectivity matrix W (so that all rows are normalized to one), instead of calculating

the eigenvalues of KLK one calculates the eigenvalues of W −IN . The analysis is similar,
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but the eigenvalues could be complex.72 In practice, with the input-output networks that

we consider, the imaginary part of eigenvalues and eigenvectors is negligible, so that the

analysis is very similar to the previous case.

Belgium (solid lines)

Netherlands (dashed lines)

Figure 5.15: Complete synchronization in the Belgium-Netherlands input-output network. Left Panel: The
node size is proportional to their total value. The links are the value flows (goods and services flow in the
same direction as the arrow) and their size is proportional to the value of these flows normalized by the
total output of the node. AtB: Agriculture; C: Mining; D: Manufacturing; E: Utilities; F: Construction;
GtH: Trade; I: Transports; JtK: Finance and other business services; LtN: Government services; OtP: Other
services; FinD: Final demand. Right panel: The lines in the top right panel are colored as the nodes in the
input-output network. Solid lines correspond to Belgian sectors, while dashed lines correspond to Dutch
sectors.

As an illustration, in Figure 5.15 we consider a number of mostly negative shocks hitting

all economic sectors in Belgium and the Netherlands. These two countries are chosen as

their output is of the same order of magnitude and, being relatively small, their openness to

other countries is larger than in the case of big countries. The input-output network is shown

on the left. It is composed of N = 22 nodes, 10 economic sectors in each country and final

demand in each country. As already discussed in Section 5.3.2, the sectors that are mostly

connected to the other country are AtB: Agriculture, C: Mining and D: Manufacturing.

Final demand acts as a central hub within each country (the edges from final demand to

the other sectors, proportional to the pointed sector’s size, are only visible in the case of

the “JtK: Finance and other business services” sector).

In the top right panel we show the dynamics after the shocks. The solid and dashed

72To apply master stability analysis in the case of complex eigenvalues is almost identical to the case of
real eigenvalues, except that one computes complex Floquet exponents (instead of real Lyapunov exponents)
and then verifies if the complex values of K = ελi are inside the stable region.
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lines quickly cluster in two distinct groups, indicating that synchronization is quickly reached

within each country, but it takes longer to reach synchronization across the two countries.

Interestingly, the sectors whose dynamics is closest to the other country’s average dynamics

are precisely agriculture, mining and manufacturing, which act as bridges between the two

countries (see the dark red, red and orange lines). Since agriculture and mining are tiny

as compared to manufacturing, one can say that manufacturing is the most important

connection between the two countries.

In the bottom right panel we show the dynamics in the eigenbasis. The eigenvalues of

W −I22 are λ1 = 0, λ2 = 0.09, λ3,...,N ≥ 0.77.73 The large gap between λ2 and λ3 indicates

that the network is strongly clustered in two groups, as was evident in Figure 5.15. The

Fiedler eigenvector, corresponding to λ2, is

v = (−0.15,−0.17,−0.15,−0.25,−0.29,−0.25,−0.23,−0.26,−0.29,−0.28,−0.27,
0.11, 0.04, 0.09, 0.2, 0.23, 0.19, 0.18, 0.21, 0.22, 0.21, 0.20).

(5.16)

This also shows the division in two communities. The first 11 components of this vector

correspond to Belgium and are negative, while the final 11 components correspond to the

Netherlands and are positive. The first three components–corresponding to agriculture,

mining and manufacturing–are less negative, exactly like the first three positive components

which are less positive. This indicates that these sectors are closer to sectors in the other

country. It also explains why the red and orange lines are close to one another in the top

right panel of Figure 5.15. Because after some time only the first and second eigenmodes

matter, and the first eigenmode is identical for all units, one can focus on the second

eigenmode to understand the relative dynamics of the units. The deviations yξ,it are simply

proportional to the component of the Fiedler vector, and so indeed units whose components

are closer in value to units in the other cluster can be expected to have closer dynamics.

Given that the spectral properties of the network are very similar to the example in

Section 5.4.1, with two cliques of three nodes each, it is not surprising that dynamics are

similar. The eigenmodes corresponding to eigenvalues λi, i ≥ 3, decay very quickly, while

the eigenmode corresponding to λ2 decays more slowly. This is consistent with the pattern

described above by which synchronization within each country is reached quickly, while

synchronization across countries takes longer.

We finally consider the international input-output network in which we aggregate all

sectors within a country, as we did in Section 5.3.2. This is a network with N = 17 nodes,

whose weight matrix W is shown in Table 5.2. The eigenvalues of W − I17 are: λ1 = 0.0;

73Some eigenvalues have a small imaginary part. The eigenvalues with largest imaginary part are λ± =
0.77±0.06j, suggesting that the real part is dominating. Simulations suggest that it should be safe to simply
ignore the imaginary part.
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λ2 = 0.04; λ3 = 0.06; λ4 = 0.08; λ5 = 0.15; λ6 = 0.16; λ7 = 0.18; λ8 = 0.2; λ9 = 0.22;

λ10 = 0.26; λ11 = 0.33; λ12 = 0.36; λ13 = 0.36; λ14 = 0.36; λ15 = 0.37; λ16 = 0.47;

λ17 = 0.52. It is clear that these eigenvalues are much smaller than the ones corresponding

to the sectoral input-output network in Belgium and the Netherlands. This means that

synchronization takes longer in this network, as one could expect based on how small are

the international linkages relative to the national ones. Moreover, as there are no clear gaps

between groups of eigenvalues, there is no clear hierarchical structure in terms of clusters

or communities. This is confirmed by simulations (not reported).

It is also interesting to consider the components of the Fiedler vector. These are, with

the respective country: JPN: -0.66; AUS: -0.43; CAN: 0.05; USA: 0.06; IRL: 0.1; DNK:

0.13; SWE: 0.13; FIN: 0.14; GBR: 0.14; NLD: 0.16; BEL: 0.16; DEU: 0.17; AUT: 0.17;

FRA: 0.19; ITA: 0.21; PRT: 0.22; ESP: 0.23. This clearly shows geographical and cultural

patterns, and it is a first approximation to which countries are likely to be most strongly

correlated. (For this reason, the Fiedler vector is commonly used in spectral community

detection.)

The analysis so far was performed with reference to a single shock hitting one or more

agents/sector-country pairs at a given time step. Of course, in reality shocks repeatedly

hit economic agents. These shocks can have a rich structure, such as heterogeneous vari-

ance, autocorrelation, and correlation structure. Here, we simply show the properties of

the model with respect to repeated idiosyncratic shocks that have the same variance and

autocorrelation. In the input-output interpretation, this means that we do not consider

either national or sectoral shocks, and we assume that all sector-country-pair idiosyncratic

shocks are homogeneous.

With shocks repeatedly hitting, the master stability approximation that we defined in

Section 5.4.1 becomes worse over time, even if the shocks are small. The approximate

dynamics fluctuates much more than the actual shocked dynamics, and it tends to remain

in phase with the deterministic dynamics, while the phase difference between the actual

shocked dynamics and the deterministic dynamics keeps changing (phase is a marginally

stable variable). It is not surprising that errors keep accumulating and so the approximation

becomes worse and worse. If one wanted to use the approximation over long time spans,

it should be necessary to periodically realign the approximation to the actual shocked

dynamics rather than to the deterministic one.74

Here, we simply reconsider the example of 10 sectors and final demand in Belgium and

the Netherlands that was introduced above. We let each node (sector or final demand in

74This would be similar to the periodic orthonormalization that is necessary for the calculation of Lyapunov
exponents (Benettin et al., 1980).
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Figure 5.16: Complete synchronization under repeated shocks in the Belgium-Netherlands input-output
network. Left panels: dynamics of the deviations in the original basis and in the eigenbasis. Right panel:
correlation matrix between sectors and final demand in the two countries.

one of the two countries) be hit each time step by an AR(1) shock process with correlation

ρu = 0.3 and normal innovations with zero mean and standard deviation σu = 0.2. The

shocks are relatively large, leading to very irregular dynamics of the units which, however,

retain a certain periodicity. We are imposing such strong shocks to see how predictive is

the theory in this extreme benchmark.

In Figure 5.16, top left panel, we show the deviations from the limit cycle yξ,it .75 We

color blue the deviations of Belgian sectors, and red those of Dutch sectors. It is clear

that deviations tend to be more similar within than across countries, although we imposed

no country-specific shock. In the bottom left panel we show the dynamics of the first

four eigenmodes. The variance of the first two eigenmodes is much larger than that of the

subsequent eigenmodes. This is due to the fact that the master stability function suppresses

the eigenmodes with larger eigenvalues than λ2 much more quickly. When the dynamics

become very different across the two countries, the second eigenmode is large, while, when

the dynamics are similar across the two countries, it is small.

On the right, we show a correlation matrix, obtained by averaging the actual dynamics

(not the approximated one) over 1000 time steps. It is clear that sectors are much more

correlated within countries than across countries. It is also clear that the most internation-

ally correlated sectors are manufacturing, agriculture and mining, followed by “finance and

75As discussed above, the sum of the unperturbed deterministic limit cycles and these deviations calculated
using Eq. (5.10) does not generally correspond to the actual perturbed dynamics. However, the properties
that we will discuss below are identical across the actual dynamics and the sum of the deterministic limit
cycle and the deviations.
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other business” and final demand. The least correlated sectors are government and other

services. Within countries, final demand is highly correlated to all sectors. Agriculture and

mining are the least correlated sectors.

The important question that we discussed at the beginning of this section on complete

synchronization, Section 5.4, is whether the combination of synchronizing non-linear dynam-

ics and shock propagation could generate stronger comovement across sectors and countries

than shock propagation only (Eqs. 5.7 and 5.8). When shocks are small, correlations among

time series are mostly driven by the synchronization of the underlying non-linear dynamics

while, when shocks are large, correlations are driven by the comovement of the shocks.

Preliminary simulations seem to suggest that the co-existence of underlying non-linear dy-

namics and shocks gives higher correlations than the simple propagation of shocks if shocks

are not too large (relative to the amplitude of limit cycles). Overall, this confirms the

promise of synchronization models to account for the relatively high degree of comovement

across sectors and countries, explaining at once how national business cycle emerge from

individual fluctuations and how international business cycles arise.

5.5 Extensions

The work presented so far is somewhat preliminary, in the sense that, while it illustrates the

mathematical mechanisms that lead to synchronization, it lacks a quantitative application

that explicitly targets properties of the data. Although the model presented here could be

calibrated with that goal, modifications of the model are likely to make it score better. In

the following, we give a list of extensions that have this potential.

Microfoundations. The dynamical equations of the model presented in Section 4.3.2 are

directly assumed, rather than being derived from explicit assumptions about the behavior of

agents. In fact, Beaudry et al. (2019) show how these dynamical equations could be obtained

from microfoundations, staying within the framework of Dynamic Stochastic General Equi-

librium (DSGE) models featuring rational expectations and intertemporal optimization. It

is not clear to us if the DSGE framework can deal with the strong heterogeneity across dif-

ferent agents that we need to assume to study synchronization. An alternative could be to

microfound the dynamical equations in Eq. (4.2) using an Agent-Based Model. Either way,

an advantage of having a microfounded model is a clearer interpretation of the variables and

parameters. The main disadvantage is that it makes the synchronization techniques look

specific to that problem. Ideally, one could use the general framework based on strategic

complementarities to illustrate synchronization methods, and then perform the quantitative

analysis with a microfounded model.
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Heterogeneity. Although in principle the basic units of our model are agents (of any

type), in the practical applications we considered sector-country pairs as the basic unit of

analysis. Under this assumption, companies in an entire sector in a given country behave

in the same way. This assumption is known as the representative agent in macroeconomics.

Our choice was dictated by data availability—we used the sectoral input-output network as

the agents’ interaction structure. Yet, with more disaggregated data becoming available, one

could consider smaller aggregates. For example, data on firm-to-firm production networks

should make it possible to calibrate the model in a way that agents correspond to individual

firms. It is also possible to disaggregate the final demand node and consider heterogeneous

households. Each household may have different tastes for goods, splitting up final demand

to each sector-country pair in a heterogeneous way. Households may also be connected

among themselves in a social network, for example copying consumption patterns of their

friends (Asano et al., 2019). Considering heterogeneity at the household level would allow

studying inequality dynamics.

Evolving input-output network. In our analysis, we assumed the input-output net-

work to be constant. This is not too of a strong assumption in some cases, as quantitatively

the input-output network changes slowly (Cerina et al., 2015). Better quantitative predic-

tions can however certainly be obtained by including the evolving nature of the input-output

network in the analysis. There may also be feedback loops between the evolution of the in-

teraction network and the shorter-term business cycle dynamics. For example, asymmetric

business cycle dynamics could induce different countries in specializing in different sectors.

Other synchronization channels. Our analysis includes three out of six of the main

synchronization channels surveyed in Section 4.4.1. It includes trade, common fiscal and

monetary policy (country- or monetary union-specific shocks) and similar industrial struc-

ture (sector-specific shocks). It does not include finance, multinational corporate control,

and diffusion of animal spirits. While the role of finance is debated, at least during the

2008 financial crisis it seemed to have a significant role. Finance could be included in the

aggregate, by using data on bilateral financial exposures across countries (Lane and Milesi-

Ferretti, 2007), or at the individual level, by augmenting the model with bank agents. Com-

bining the trade and financial networks could be best modeled within the context of multi-

layer networks (Kivelä et al., 2014). An interesting recent work that studied propagation of

exogenous shocks on a trade-finance multilayer network is Starnini et al. (2019). Differently

from finance, the synchronizing effect of multinational corporate control is uncontroversial,

and probably quantitatively relevant (Di Giovanni et al., 2018). By considering individual
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firms as the basic unit of analysis, we could certainly extend our synchronization framework

to include this channel. Finally, by including expectations we could include propagation of

animal spirits. Under this channel, for example, agents in a given country could read on

the newspaper that a closely related country is on the point of entering a recession, become

pessimistic, and trigger a recession within the country of origin (self-fulfilling beliefs).

Chaos. Non-linear dynamics in our model corresponds to limit cycles. This requires

augmenting the model with relatively strong exogenous shocks to make time series generated

by the model resemble empirical one, which do not show clear periodicity. A complementary

approach would be to consider a chaotic business cycle model, like some of the ones surveyed

in Section 4.3.1. A clear advantage is that one would require much weaker shocks—or even

no shocks at all—to reproduce the periodicity of empirical time series. The main difficulty

with this approach is that there exist no general results about sufficient conditions for

chaos in relatively high-dimensional systems, and so it is not clear a priori which model

specifications could be seen as promising. Moreover, many chaotic attractors look almost

periodic at least for certain periods, removing the main advantage of using a chaotic model.

Empirical validation of the shocks. In our analysis, we have considered rather abstract

idiosyncratic and common shocks. To build a quantitative model, one would need to define

shock processes in line with the data. Finding shocks directly from the data has historically

been impossible in all but a handful of cases; to identify shocks, researchers need to make

strong assumptions about the statistical properties of the data. Some recent work that uses

Natural Language Processing methods to identify shocks from newspaper articles (Thorsrud,

2018) seems promising in this direction.

Regional business cycles. One could also consider regional aggregates in place of sec-

toral aggregates. This would allow linking this work to research on resilience in economic

geography (Rocchetta and Mina, 2019). It would also make it possible to study the syn-

chronization of cycles in housing market prices across regions.

This long list of extensions highlights the potential of synchronization theory to address

many issues in economics. Economic modelers only need to assume that fluctuations are

at least in part explained by endogenous non-linear dynamics: once these dynamics are

assumed, synchronization in the sense presented in this thesis becomes a central element.
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Conclusions

In this thesis, we have provided theoretical arguments to why fluctuations at the smallest

and largest economic scales may arise as an endogenous phenomenon. When two players

repeatedly play a game, their learning dynamics may converge to a Nash equilibrium or may

endogenously fluctuate. We have shown that equilibrium convergence becomes less and less

likely as games become more complicated and more competitive, as in many situations

in the real world. At the largest scale of macroeconomic systems, we have introduced a

mathematical framework to explain synchronization of endogenous business cycles. We

have argued that synchronization of non-linear dynamics is a channel to generate relatively

high comovement across economic sectors and countries. Given the difficulty of models

based on exogenous shocks to generate a level of comovement that is as high as in the

data, we view this property as a potentially compelling indirect evidence of endogenous

fluctuations in macroeconomics.

In Sections 3.7 and 5.5, we have discussed perspectives for our work on games and

macroeconomics, respectively. While many theoretical extensions are possible, we are par-

ticularly interested in taking our results to data. This is somewhat difficult in the case of

games, because it is generally not possible to directly observe learning dynamics of players.

However, carefully designed experiments such as Cason et al. (2013) should make it possible

to experimentally test the equilibrium convergence theory presented in this thesis. It should

be more straightforward to quantitatively check the potential of endogenous business cycle

models to generate comovement: We plan to work on that in the forthcoming months.

We think of the economy as a complex system, formed by billions of heterogeneous

agents that learn and interact, producing aggregate phenomena that do not directly match

their individual behaviors. We view the emergence of endogenous fluctuations at several

scales as a distinctive signature of the complexity of the economy.
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