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GMRES conver gence bounds that depend on the right-hand side vector

DAVID TITLEY-PELOQUINT, ENNIFER PESTANAL, AND ANDREW J. WATHENS
Mathematical Institute, University of Oxford, Oxford, O3B, UK

[Received on 13 April 2013]

We consider the convergence of the algorithm GMRES of SaddSahultz for solving linear equations
Bx= b, whereB € C™" is nonsingular and diagonalizable, amd C". Our analysis explicitly includes
the initial residual vectorg. We show that the GMRES residual norm satisfies a weighteghpoiial
least-squares problem on the spectrunBofind that GMRES convergence reduces to an ideal GMRES
problem on a rank-one modification of the diagonal matrixigéevalues oB. Numerical experiments
show that the new bounds can accurately describe GMRES rgamnee.
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1. Introduction

Let xx denote thek-th iterate of the algorithm GMRES (Saad & Schultz, 1986)liggpto Bx = b,
B € C™", b € C" with corresponding residual vectgr= b — Bx,. By definition,

[rell2 = min la(B)roll2, (1.1)
q(0)=1

wherelTy denotes the set of polynomials of degree at fko§or a more thorough description of the al-
gorithm and its implementation details, see Saad & Schiufi36) or, for example, the textbooks Green-
baum (1997) or Saad (1996).

Obtaining generally descriptive convergence bounds folRE has been an active research topic
since the algorithm was introduced in Saad & Schultz (198@) ia still to date considered a diffi-
cult open problem. A typical first step in deriving convergeitbounds is the following, which is an
immediate consequence of (1.1):

I'kll2 .
Iz i @)1 (12)
[roll2 ~ ae

q(0)=1

The polynomial approximation problem in (1.2) is widelyeg®d to as thédeal GMRES problem
(Greenbaum & Trefethen, 1994). Bounds on (1.2) can be oddaising the spectral decompositiorBof
(if B is diagonalizable) (Saad & Schultz, 1986), its field of val(Beckermaneet al, 2006; Eiermann,
1993; Eiermann & Ernst, 2001; Eisensttal, 1983; Liesen & Tichy, 2012), or its pseudospectra
(Trefethen, 1990). An overview of these approaches is giv&imoncini & Szyld (2007§6).
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The bound (1.2) is a worst-case bound that holds ovemad C". In practice, however, one has
a specificB and a specificg, most likely not the worst-case. Consequently, (1.2) may not be descrip-
tive of actual GMRES convergence. In short, practical cogwece bounds should take into account
the effect of the initial residual vectop. Indeed,rg determines the Krylov subspace from which the
approximation tax is sought. Arguments along these general lines have alsorbede, for instance,
in Toh (1997), Driscollet al. (1998,£8), Liesen & Strakos (20043.1), Liesen & Strakos (20103),
and Duintjer Tebbens & Meurant (2012). Some analyses thdiogtky include rg can be found in Ipsen
(2000) (wherB is a Jordan block), Liesen & Strako$ (2004) and Li & Zhandd@QwhenB is Toeplitz
tridiagonal), and for more general matrid@sn Liesen (2000). In this note, by considering the influ-
ence of the right-hand side vector, we attempt to furthentifie situations in which convergence is
much faster than would be predicted by (1.2).

In Section 2 we present convergence bounds based on weigblietbmial least-squares problems
on the spectrum dB. In Section 3 we show that the convergence of GMRES appli@&kte b reduces
to the ideal GMRES problem applied to a rank-one modificatibtine diagonal matrix of eigenvalues
of B and provide some analysis of this rank-one modification. Blical experiments are presented in
Section 4 that demonstrate the performance of these bolihdsughout this paper we assume tBas
nonsingular and diagonalizable, and that GMRES is impleatkim exact arithmetic.

2. Weighted polynomial approximation problems on the spectrum
Suppose thaB is diagonalizable, i.eB = ZAZ ! with A diagonal. Then from (1.2),

[Irill2 :
< K2(Z) min max |q(A)], 2.1
e <l >?g)nklm(8)|q< ) 21
q(0)=

wherek,(Z) = ||Z||2]|Z ||z ando(B) is the spectrum dB. If ko(Z) is not much larger than 1, the above
upper bound is governed by the eigenvalueB.ofrhis, of course, is generally not the case for highly
non-normal matrices, for whickp(Z) > 1.

It is well-known that eigenvalues alone do not generallyedaine the convergence of GMRES.
Indeed, Greenbaum, Ptak, & Strakos (1996) have shownfohamny given set oh eigenvalues and
any given non-increasing convergence curve, there existatex B with the given eigenvalues and a
vectorb such that GMRES applied 8x = b starting withxg = 0 produces the given convergence curve.
Furthermore, Arioli, Ptak, & Strakos (1998) have givemgraetrizations of the set of all matrix-vector
pairs{B,b} such that GMRES applied x = b starting withxy = 0 produces the prescribed curve.
MatricesB in this set can be chosen to have any eigenvalues. Recenilytj& Tebbens & Meurant
(2012) showed that it is possible to additionally presctiteeRitz values at every iteration.

We summarize the Ariolet al. result for diagonalizable matrices with distinct eigemnes below
(but note that the result holds for any nonderogatory mpatrix

THEOREM2.1 (Arioli, Ptak, & Strakos (1998)). For any givene R satisfying
VoZViz-2Vp1>0, vh=0,
and distinct nonzera; € C,i = 1,...,n, the following statements are equivalent:

1. The spectrum B is {A;}, and GMRES applied tBx= b starting fromxy = 0 produces residual
vectorsry such that|ri |, = vk.
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2. The matrixB has the forrB=UYCY 1U* andb = Uh, whereU is unitary,

h R .
YO A TG S S v

R is nonsingular and upper-triangular, a@ds the companion matrix of the monic polynomial
MiLa(A = A).

Itis clear from the above that the prescribed convergenoeeds closely related to the right-hand
side vectob, and the interaction between the eigenvector® wfith b. This highlights the importance
of b (more generally, iy # 0, ofrp) in determining the convergence of GMRES. For instandd has
distinct eigenvalues, the companion matiis diagonalizable as

Ao AD
C=V 1AV, v=|: . (2.2)
A oo AR

In this case, the following statement is equivalent to tte®ad in Theorem 2.1B has a diagonalization
B=ZAZ 1withZ=UYV1, andb=Uh. In other words, the parametrization reveals which stmectu
the matrix of eigenvectors arldmust have in order to obtain a given convergence curve stawith
Xo = 0 from a matrix with prescribed distinct eigenvalues.

Motivated by the above, we attempt to derive boundd|ndi»/||ro||2 that involve the interplay
betweerZ andrg. As a simple example, note that from (1.1) we can write

-1
2 "rollz min max |g(A)], (2.3)

<1Z]2
Irollz aeM Aca(B)
q(0)=1

where

-1
1 < 12" roll2
1Z]|2 [roll2

If |IZ"rol|2/|roll2 is close to its lower bound in (2.4), then the right-hand iti€2.3) is determined
almost solely by the eigenvalues Bf In this case, wher,(Z) > 1, the bound (1.2) can, and (2.1)
certainly does, fail to be descriptive of actual GMRES caogeace. The following theorem further
characterizes the effect of the vecibrlrg and of eigenvalues on GMRES convergence.

<272 (2.4)

THEOREM 2.2 Suppose tha has the diagonalizatioB = ZAZ~! with A = diagAj), and letw =
Z Yro/||roll2 = We whereW = diagw;) ande= [1,...,1]". The GMRES residuals in (1.1) satisfy

1/2
r ) ) n
e < zp1, min (WoAYell2 = 1212 min | 5 WwiZlaA0E) 25)
lIroll2 gey geMy \ (&
q(0)=1 q(0)=1
Proof. For any polynomiag,
q(B)—2_ — Zg(A)w = Zg(A)We=ZWdA)e

lIroll2
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From this and the definition (1.1) we have

[ITill2
lIroll2

= gmn [ZWqA)el2 < [1Z]|2 mln [WdA)el2,
q(0)=1 q(O):l

giving (2.5). O
Theorem 2.2 shows that the GMRES relative residual is badialeve byj|Z||» times the residual
of a polynomial least-squares approximation problem orsgieetrum o8, weighted by the diagonal
matrixW = diag(w; ). Related ideas have previously been used to describe tergamce of GMRES
and the conjugate gradient method (see, for example, Axl&sKaporin, 2000; Jennings, 1977; van
der Vorst & Vuik, 1993). The bound (2.5) can be rewritten asedgivted linear least-squares problem

min |[Wg(A)e]|2 = min||W(e+Vit)|2,
Q(S)”kl teck
q(0)=

whereV, € C™X consists of the first columns of the Vandermonde matkixin (2.2). Alternatively, we
can think of (2.5) in terms of GMRES appliedAX = w, since

min [WoA)el|2 = mm [a(A)wll2
qcely qer
q(0)=1 q(O):l

is the residual vector computed when GMRES is used to sbke w, provided that the initial iterate
is the zero vector. We use this fact in our numerical expenisim Section 4.

In (2.5), the influence of the non-normality Bfon convergence is fully contained fiZ||> and the
diagonal matrix of weightg/. (Note that we can always scale the columnZ stich that|Z||, = 1. Of
course, the scaling also modifies the matrix of weidlity If B is normal, (2.5) is in fact an equality in
which ||Z|2 = 1 and3y ] ; |[wi|? = 1. On the other hand, B is non-normal, théw;| may be very large.

Note that the upper bounds (2.3) and (2.5) coincide-aD, but (2.5) is never larger than (2.3) since

n 1/2 -1
. Z7r
min (5 Pl ) < i min maxia(h)| = 12102 min max q(a)).
geM \ & e i lIroll2 4e T Aco(B)
(0)=1 q(0)=1 q(0)=1

In other words, the bounds (1.2), (2.1) and (2.3) ignore thahtsw; in their respective polynomial
approximation problems. In some situations, insight irdovergence can be gained by explicitly con-
sidering these weights.

THEOREM2.3 In the notation of Theorem 2.2, for any subset of indigésvith | #| = p, the GMRES
residuals in (1.1) wittk > p satisfy

1/2

Mk 2
192 < 2] min S ¥ 2/g(A <2l min max ). (@26)
[roll2 deMepAe

Q(O):l I%Z/ a0 )fl

where

i =i [ (1—%) W= ] € C"

jes J



GMRES CONVERGENCE BOUNDS THAT DEPEND ON THE RIGHT-HAND SIDEECTOR 50f18
Proof. With the above-defined;, for k > p let

1/2

A n
Gk(A) = Q_p(A 1- 2, _o(A)=arg min Wi [2|q(Ai)|?
A =g [T (1-3) oot =argmin | 5 liah)
: a0)=1 \ig 7

Clearlydi € My anddji(0) = 1. Substitutingy; into (2.5) and definingV = diagW;) we obtain

1/2
[Irill2
[Iroll2

n
< 1 Z]|2[Wak(A)ell2 = [|Z]|2]|W tk—p(A)ell2 = [|Z]l2_min Zl Wt % a(Ai) 2
aclrp | &

q(0)=1 \ig¢ #

O
Note that, in the above theoreis _# impliesw; = 0. In other words, the polynomigi &liminates
the effect of both the eigenvalugsas well as the non-normality associated with indices 7 .
Of course, (2.6) is an upper bound on (2.5) since

n 1/2
min [[WgA)ell2 < [[Wak(A)ellz= min <lewi|2|<1(/\i)|2> :
qe My acM—p \ &
q(0)=1 q(0)=1

The bound (2.6) bears resemblance to (4.1) in Camgbell (1996), in which the eigenvalues Bfare
separated into two sets, one containing eigenvalues that & cluster and the other comprising the
remaining outliers. The outliers do not contribute to thevaygence rate in the Campbetlal. model
after thep-th iteration (but do contribute to the asymptotic error stant). The bound in Theorem 2.3
is more general, since any eigenvalues, not just outliersfarm the se{A; }ic ,. Moreover, the non-
normality associated with large weights, i € ¢, does not appear in our bound at all, singe="0
whenevei € 7.

Of course, (2.6) is not too helpful if many/all componentsvadre large. Nevertheless, it shows that
even (2.3) can sometimes be overly pessimistic providéds only a few large entries corresponding
to large in magnitude or clustered eigenvalues.

A concrete example is given in Example 4.1 in Section 4. Tineesaxample also appears in Huh-
tanen & Nevanlinna (2000), whetewer bounds on|rk||2/||rol|2 are given based on the fact tHais
a rank-one perturbation of a normal matrix. However, théagise in rank from a normal matrix alone
cannot fully explain the observed convergence, as we shaibdistrate in the next section.

3. Reduction toideal GMRES of a diagonal plusrank-one matrix

The following bounds are simple to derive but may help to gwme additional insight into the conver-
gence of GMRES wheB is highly non-normal.

LEmMMA 3.1 Suppose tha has the diagonalizatioB = ZAZ~1. For any nonsingulak € C™", the
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GMRES residuals in (1.1) satisfy

[Irll2

< [[K]2|K ]2 min [lg(K~BK)||2 (3.1)
[roll2 gerl
q(0)=1
< |IK|[2IK ]2 k2(K~1Z) min max 3.2
K[l ll2K2(K )qel'lk)\eo( la(A)l, (3.2)
q(0)=1
wherer=ro/||ro||2-
Proof. From (1.1),
r . i N
Il2 _ i kK- 2q(B)KK rollo/|Iroll2
Iroll2 aem
q(0)=1
< [IK]2|K ]2 min [jq(K~BK)]|2.
gl

q(0)=1

Using the diagonalizatioB = ZAZ~ in the above we obtain

[Irll2 1p oy
a(0)=1
O

If K is any unitary matrix, the bound (3.1) reduces to the ideaRES problem (1.2). In (3.2), any
unitaryK leads to the standard bound (2.1) while the chéice Z gives (2.3).

Itis easy to verify that iK is chosen such thatc %/, where % denotes the span of the left singular
vectors corresponding to the largest singular valu¢,dghen||K ][> = 1/||K||2. From Lemma 3.1 we
then immediately obtain

HrkH2< m|n HC]( 1BK)H2 (K Z) min maX| ( )| (33)
HrOHZ gelly Aea(B)
a0 ao=t

The above may help to understand why the standard boundsafidZ2.1) sometimes severely overes-
timate||ri|/2/||rol|2. For instance, in (2.1) any column scaling can be applieditoorder to minimize
its condition number. (Equilibrating the columns is a neptimal strategy, as shown by van der Sluis
(1969).) The bound in (3.3) shows that we have much more émeed can also be scaled on the left
with any nonsingular matrik, the only restriction being thate % .

Unfortunately, we have not found a simple way to piCkvith F € % to minimize ||q(K~1BK)||2
or k2(K~1Z). However, it is still possible to chood€ with F ¢ % so that||K~1F||, < |[K~1||2 and
[|[K][2][K~F||2 in (3.1) is small. The following theorem identifies one subbice.

THEOREM3.1 Suppose thd@ € C™" has a diagonalizatioB = ZAZ~! with A = diag(A;). Define
Vi=(A=Ajhw, w=Z tro/||roll2=Z"1F. (3.4)

Then for any index € [1,n] such thatv; = eJ-TW;A 0, with e; the j-th unit vector inC", the GMRES
residuals in (1.1) satisfy
[[rll2
Iroll2

< (1+1Z]l2) mln la(A +vie])|l2. (3.5)
q<0):1
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Proof. PickK in Lemma 3.1 to be the matrix with its j-th column replaced by = ro/||ro||2, i.€.,
K=Z+(F—Ze)e].
Under the assumption thaf = eJ-TZ*lF = 0, this choselK is nonsingular. Additionally,
Kej =Ze +7(ef ) — Zej(e] g)) =T (3.6)
and

IKllz < 1Zll211" — eje] ll2+ [[Fll2 < 1+ 1Z]l2,

1z _ (3.7)
IK™HFll2 = K *Kejll2 =1,
where we have used (3.6) to obtain the latter result. Thustvit above choice df the term||K ||| K7 (|2
in (3.1) is not large, provideliZ||» is not large, even iK (and/orZ) is very ill-conditioned. Furthermore,
with w=Z~1f,
Z K =1+ (w—gj)ef (3.8)

and using the Sherman-Morrison identity (see, e.g., Higl2002, page 487), or Golub & Van Loan
(1996, page 50) for the more general Sherman-Morrison-\Woddentity) we have

1
“17 _ | _ _e)el
K—~zZ=1 w (Ww—ejej, (3.9)

wherew; = ] w. Thus,

/\.
K'BK=K1ZAZ 'K = [/\ — W ej)eﬂ 1+ (w—ej)ej]
A Ajel(w—g
Aty e e, (w—ej)el
W wWj

1
=N+ [/\—W(Aj—i—)\jw] —)\j)l} (W—ej)ejT
J

=A+(A=Ajl)we
=/\—|—VjejT.

Substituting this along with (3.7) into (3.1) completes pheof. O
Theorem 3.1 shows that the convergence of GMRES appli®kte b is essentially determined
by ||Z||2 along with the ideal GMRES problem on the matfix+ v; eJ-T, a rank-one modification of the
diagonal matrix of eigenvalues 8t (As in the previous section, we can scale the columré i that
| Z||2 = 1, which of course modifiegj. With this scaling the right-hand side of (3.5) is no largeart
two.) The rank-one modificatior) ejT depends on both the eigenvalues and eigenvect@sasf well as
on the right-hand side vector. It depends additionallyj aihe index that determines which eigenvector
is replaced irZ to form K, and it is certainly possible to choose a differgrat each iteratiotk or to
obtain a number of bounds for a number of colunjnsin this way, (3.5) is akin to pseudospectral
bounds, where a parameter can also be varied. The boundgal5p similar to the bound in Huhtanen
(1999), where GMRES convergence boundsEre= b are obtained by considering the convergence of
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GMRES applied to systems of the forf@ + bv*)y = b, for arbitraryv € C". In contrast to (3.5) above,
however, Huhtanen’s bound includes the condition numbén@®igenvector matrix of this perturbed
system.

There has been some work on the convergence of ideal GMRHg@&ppthe sum of a normal and
a low-rank matrix (see, e.g., Nevanlinna, 1996; Huhtanenealinna, 2000). Theorem 3.1 can be
viewed as a negative result in this direction. If an arbyjtr@nk-one modificatiow; el of the diagonal
matrix A had little effect on ideal GMRES, then from (3.5) with thelswa || Z||> = 1 we would have

Irll2 _
<2 m|n /\+ve ~2 m|n 2 min max
||rOH2 qen, ”q( 1% HZ H ( )HZ qeM Aco (B |q( |
a0 ):1 Q(O):l q(0)=1

i.e., convergence of GMRES appliedBa= b would generally be determined by the eigenvalueB.of
As discussed in the introduction, this is certainly not theec
Nevertheless, there may be specific systems and spegifid3.4) for which the quantities

min [|q(A +vje])|2
gl

q(0)=1
and
min =
min [[9(A)2= min max g(A)]
q(0)=1 q(0)=1

do not differ too much.
Let us examine the difference betwegiA +vjeJ-T)||2 and||q(A)]|2. Sinceelvj =0,

]
: : i-1 :
(A+vie)) =A"+ <Z}/\jr/\'lr> vief
=

k
A =1+ aAl,
5"
qA +vje] ) = +210n (Z)A AL ') vief.

k i—1

B

where ©; = (Erzlfr;%ai)\jr/\'*lfr) (A —Ajl) is a singular diagonal matrix. Thus, ensuring that

and so, for any polynomial

we have

Therefore,

a(A +vie]) — (Al = —H@J

la(A +vjejT) —q(A)|l2 is small is reduced to a diagonal scali@y for w, where®; depends on the
coefficientsa; of the polynomialy(z). In the context of GMRESj(2) is an ideal GMRES polynomial.
Unfortunately, even for a diagonal matrix the ideal GMRE3®ypomial is difficult to determine. It
can in principle be computed by semidefinite programming,(B& example, Toh & Trefethen, 1998);
however, in our experience, it is not possible to solve tiselting optimization problem accurately for
large values ok. Thus, it seems difficult to computg, i = 1,...,k, and the optima®;, in general.
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We additionally find that the bound (3.5) can never be sigaifity worse than (2.3). By apply-
ing (3.8) and (3.9) we find that

q(A+vje]) =K 1Zg(A)Z 1K = q(A)Z 'K — (w—ej)ef q(A) = q(A) + q(A)we] —we] g(A)
from which it follows that

[Iricll2
lIroll2

< (1+Z][2)(1+ 2[|wl[2) min [[g(A)][,.
gl
q(0)=1

If Zis scaled so thdlZ||> = 1, the constant becomes-24|\w||,. We are interested in systems for which
|lw||2 > 1, in which case (3.5) is no more than a factor approximataly fimes larger than (2.3). In
our numerical experiments, we find that (3.5) is typicallyamgmaller than (2.3) and is never larger.

As for a comparison between our bounds (2.5) and (3.5): lgleahenk = 0, (2.5) can be much
larger than (3.5). For generk] however, we have not found a simple relationship betweervio
bounds. In our numerical experiments, (2.5) is often muddela particularly at early iterations, but it
can also be much smaller than (3.5).

We have introduced a new bound (3.5) which shows that theiveleesiduals of GMRES are
bounded by the constant facto#1Z||» and an ideal GMRES problem on a rank-one perturbatiah, of
the matrix of eigenvalues @. In the next section we present numerical experiments thatochstrate
how well this bound, and (2.5), describe GMRES convergence.

4. Numerical experiments

In this section we illustrate the performance of the bouridS)( (2.6) and (3.5) and compare them
with (1.2), (2.1) and (2.3). All computations were perfodnesing MATLAB with ideal GMRES poly-
nomials computed using thegnr es function in the $PT13 toolbox (Tohet al,, 1999). In all experi-
ments the initial guess ig = 0 and the termination criterion is thixt||2/||ro||2 < 1010, Excluding the
first example, we scale the eigenvector ma#ito have unit spectral norm, so that the constant factor
1+/Z||2in (3.5) is equal to two.

As discussed in Section 2, the bound (2.5) is equivalenteéadkidual norm obtained when GM-
RES is applied to\X = w with a zero initial vector. Consequently, we use these GMRERIuals to
compute (2.5) in our numerical experiments. To compute) (Bebselect at each iteratidkthe column
index j (and vectow;) for which (3.5) is smallest.

EXAMPLE 4.1 The behaviour of GMRES in the this first example was leftraspen question in Green-
baum & Strako$ (1994). L& = zDZ ' andb = [1,...,1], where

1 v1-6 0 ... O 20
0 V6 0 .. 0 10
z= |0 0 1 0, D= s
0 0 0 ... 1 Hn
with pi, i = 3,...,n samples of a uniformly distributed random variable(in5). We choosed =

1 x 10712 andn = 20. For this probleniz||, = v/2.
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l‘ N —— Computed residual ' —— Computed residual
10° T ~+ Ideal GMRES bound 10 - - Bound (3.5)
- - - Eigenvector bound —5—Bound (4.1)
= —%—Bound (2.3) =z
El Bound (2.5) 21072
D 4 - - Bound (3.5) 7
2 o —65—Bound (4.1) 2
210 ~ 2 5l
kS 8
[ [
kS T
£ . £ 10 "
£ 3
~ N
107°
10_10 L L L 10_10 L L L
0 5 10 15 20 0 5 10 15 20
Iteration Iteration

FiG. 1: Left: the bounds (1.2), (2.1), (2.3), (2.5) and (4.1) aodnputed relative residuals for the
problem in Example 4.1. Right: the bounds (3.5) and (4.1)ratative residuals with a different scale.

Theorem 2.3 clearly shows why the non-normalityBdias little effect on convergence in this case.
Note that all the eigenvalues Bfare normal, except for the two large well-separated eigaenga, and
A2. (See e.g. Horn & Johnson, 1994..6.5 for the definition of normal eigenvalues.) Conseqyefar
any initial residuato, S 5|wi|2 < 1. With _# = {1,2}, we have

~ 1 1 .
|Wi| < |Wi| <1_Z)) <1—1—0> < |Wi|, 1> 2,

so that|W||» < 1 and from (2.6), fok > 2,

Il e
ol S \/_ m|n <Z|w.||q ) (4.1)

\/_ min  max
gely 220 (B )|q( I

q(0)=1

Thus, after two iterations, an upper bound independentohtn-normality oB applies.

The relative GMRES residual norms for this problem were coteg; we see from Figure 1 that
GMRES stagnates for one iteration, in line with our predictbove, before exhibiting a fairly constant
convergence rate.

Figure 1 also shows the bounds (1.2), (2.1), (2.3), (2.5)@n). It is clear that, in addition to
predicting the end of the stagnation phase, (4.1) accyrdescribes the convergence of GMRES from
iterationk = 3 onwards. Although the bound (2.5) is inaccurate at the $iegp, when it is heavily
influenced by||w||> = 4.5 x 10°, from iterationk = 2 it is also descriptive, suggesting that (2.5) quickly
accounts for the non-normality of the eigenvalueBaf this example.

For this matrix the ideal GMRES bound (1.2) is also desar@tiThis is due to the fact that the
w; satisfy 3715 |wi |2 < 1 forany rp € C", as discussed above. There are certainly matrices for which
this is not the case (see, for instance, Example 4.2). Nefthé&) nor (2.3) is close to the GMRES
convergence curve since the condition number of the eiggoreand|w||, are both large. The failure
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of (2.1) and (2.3) to describe GMRES convergence shows the e considering the weights; (or
W;) in the polynomial approximation problem.

We also see from Figure 1 (c) that (3.5) lies close to the cdetptesiduals. Although (2.5) is
slightly closer to the computed GMRES residuals at lateaitens, during the initial stagnation pe-
riod (3.5) is much more descriptive because the intercegters of magnitude smaller. Note that (3.5)
cannot be computed whéhis larger than nine because the ideal GMRES polynomiala efv; ejT
cannot be obtained from theggnr es function in P13 for any column inde¥ because of rounding
errors.

EXAMPLE 4.2 Our next example is a finite difference discretizatiotheftwo-dimensional convection-
diffusion equation

—vPu+s-0u=0 in Q =(0,1)x (0,1), u=g on 9Q, (4.2)
with s=[0,1]" and boundary conditions

g(X, O) =X g(ovy) =-1, g(lvy) =1 g(X, 1) =0.

This equation has a particular right-hand side and we migpéet that bounds that incorporate this
information will be more descriptive than those that do not.

Following Hemmingsson (1998) we lat andny be the number of grid points used in the discretiza-
tion in thex andy directions, respectively, so that = kh, k=1,...,ny, andy; = jhy, j=1,...ny,

where

1 1
hy = and hy = ny—+1

The second-order centered finite difference approximati@a.2) leads to equations of the form

Uk1j —2Ukj+Uk-1j  Ukjr1—2UcjFUkj-1)|  Ukjt1—Ukj-1
- ( 2 N 2 T, O
X Y Yy
wherek=1,....ny, j=1,...,ny.
Let
T
u= [Ul,l, uz1, ..., Ung1, U2, ..., Unx,ny} )
1 2v
axy=0, ay=— = —, 1=X
X ) y hya BI h|27 7y7
and
2B ai — B
BI: _al_Bi y i:Xay
ai— B
—-ai—-B 2B

Thenu is the solution oBx= b, whereB = Iny @ Bx+ By ® In, and

b=[byr1, bz1, ..., bna, biz, ..., bny,nx}T,
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10 T T T T -
=~ —— Computed residual o |- ~ — Computed residual
S o - - - Eigenvector bound 10 N - - Bound (3.5)
10 el —%—Bound (2.3) N
= 10 Tl Bound (2.5) 1] .
3 S~ —~©—Bound (2.6) 310°} .
g . SO - - Bound (3.5) g
g1 2
s k&
° o
5 10° bS]
£ £10°f
15 15
=4 =
&g &
10 10 " |
-10 . . -10

10

0 5 10 15 20 0 5 10 15 20
Iteration Iteration

FiG. 2: Left: the bounds (1.2), (2.1), (2.3), (2.5) and (3.5) anthputed relative residuals for the finite
difference discretization of the convection-diffusioruatjon in Example 4.2. Right: the bound (3.5)
and relative residuals with a different scale.

with

X, k=0,ny, j=1,....,ny,
bj = { - J /
’ 0 otherwise

3

We choosen, = 5 andny = 18, so thaB has dimension 90, and let= 0.0275. We cho0sg? = { jmax}
in (2.6), wherejmax= 67 is the index of the largest elementwin absolute value.

The behaviour of GMRES applied to this system is well knovae(®.g., Liesen & Strakos, 2004,
2005; Duintjer Tebbenst al,, 2010); the relative residuals stagnate and then haveex stond phase
of convergence. All the bounds capture the asymptotic agievee rate reasonably well. However,
only (3.5) correctly captures the initial stagnation. I@idn, because the intercept is small, the bound
is close to the relative residuals.

The ideal GMRES polynomial also has these two phases of cgenee. However, the stagnation
phase is significantly longer than that of the computed tedgdor (3.5). The bound (2.1) that involves
the condition number of the eigenvector matrix, on the otrerd, does not capture this two-phase
behaviour. Instead, it decreases linearly and, becaudeeafl4conditioning of the eigenvectors &
(the condition number computed byAVILAB is 1.5 x 10'%), it is orders of magnitude larger the relative
residual curve. The bounds (2.3), (2.5) and (2.6) also @seréinearly and while the intercepts are
smaller than that of (2.3), they are still relatively largece ||w||» = 1.6 x 10°. Consequently, these
bounds are not descriptive at early iterations, although #imost coincide with (3.5) during the second
phase of convergence. We note that adding more indices toes not change (1.1); sinaehas many
large components in magnitude, this is not surprising.

EXAMPLE 4.3 Let us now explore the performance of the bounds as théhignd side vector of the
problem in Example 4.2 varies. To effect this, we alter theratary condition as in Example 2.2
in Liesen & Strakos (2005). Specifically, we let

g1,n)=1 kh<n<1, k=1...,n,
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—— Computed residual 10° —— Computed residual
o |deal GMRES bound —&—Bound (2.6)
10 - - -Eigenvectorbound || |_ _ _ S\ - - Bound (3.5)
< 10 —— Bound (2.3) < 10°
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FiG. 3: Left: the bounds (1.2), (2.1), (2.3), (2.5) and (3.5) anthputed relative residuals for the finite
difference discretization of the convection-diffusioruatjon in Example 4.3 witlp = 18 (top) and
n = 14 (bottom). Right: the bound (3.5) and relative residuatk @& different scale witlp = 18 (top)
andn = 14 (bottom).

with homogeneous Dirichlet conditions elsewhere on thendawy. The other parameters are unchanged
from those in Example 4.2.

It is clear, from comparison of Figures 2 and 3, that the rigdmd side has a dramatic impact on
the convergence of GMRES for this problem. However, the bd@rb) is able to capture the changing
convergence behaviour. While (2.3), (2.5) and (2.6) fadidpture the initial stagnation they are certainly
reasonable predictors of the second phase of convergenoeeudr, the intercepts of (2.3), (2.5)
and (2.6) must increase as the stagnation phase lengtbarepture the second phase of convergence.
We also find that (1.2) and (2.1), that do not depend on thé-tighd side vector, are poor for all chosen
right-hand side vectors.

EXAMPLE 4.4 We consider a right-preconditioned linear systemragifiom a discretized partial dif-
ferential equation (PDE). Again, the resulting linear systhas a specific right-hand side that should be
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considered when predicting GMRES convergence.
The specific problem is an SUPG finite element discretizaifthe convection-diffusion equation
(Elmanet al,, 2005, Example 3.3)

1, x=1
—vD%u+4s-0u=0 on (-1,1) x (-1,1), u(xy)={1, y=-landx>0
0, elsewhere on the boundary

wheres = [—sin’—g,cos’—g}T andv = 0.005. We useHiss (Silvesteret al, 2011) with default settings
to perform the discretization and obtain a maBix R28%289 Application of the geometric multigrid
preconditioner in Ramage (1999), also computedrgdusing default settings, gives rise to the right-
preconditioned systefP~1y = b, x= P~y to which we apply right-preconditioned GMRES. For this
problem it was not possible to compute, usingnr es, the ideal GMRES polynomials d. We
are also unable to compute (2.5) at later iterations bectesm-built GMRES function in MTLAB
terminated, having computed a backward stable solutiohte- w. When computing (2.6) we again
choose 7 = {jmax}, wherejmax= argmax|w;|.

Itis clear from Figure 4 that the preconditioner is very efiiee, as the relative residuals decrease
extremely rapidly. However, the standard bound (2.1) iddestriptive of true GMRES convergence for
this example becausg the matrix of eigenvectors &P 1, has 2-norm condition numberllx 10°.
The bound (2.3) is slightly better but is still orders of megde larger than the computed relative
residuals sincéw||, = 2.7 x 10’. At k= 0, (2.5) must also equal the normwfut this bound quickly
drops and is then descriptive. Additionally, (2.6) is dgsore, even though# contains only one index,
so that only one element of is “removed”.

The constant in (3.5) is two, as in previous examples, arg) {8.a good predictor of convergence
for this problem, as can be seen from Figure 4. AlthoBgh? is highly non-normal, this non-normality
does not significantly affect the convergence of right-pretitioned GMRES applied to this particular
problem, with this particular right-hand side vector. Tloaibds (2.5), (2.6) and (3.5) are able to capture
the interaction betweeBP~! andb, which is missed by (2.1) and (2.3).

EXAMPLE 4.5 Finally, we examine the arc130 and1f83.3 matrices from the University of Florida
Sparse Matrix Collection (Davis & Hu, 2011), right-precdi@hed by the ILU(0) preconditioner (Mei-
jerink & van der Vorst, 1977). We set= [1,...,1]". For neither problem can the ideal GMRES
polynomial ofB be computed usinggnr es.

The matrix arc130 has dimension 130. Figure 5 shows thatlaslynto Example 4.4, the relative
GMRES residuals for arc130 decrease extremely rapidlyeSine condition number & s 4.3 x 10%°
and||w|| = 1.3 x 109, both (2.1) and (2.3) are orders of magnitude larger tharcongputed relative
residuals. As in previous examples, (2.5) is initially ktgecause of the size @v||» but is then the
most descriptive bound. Althoughis ill-conditioned, the intercept of (3.5) is small, and bstbound
is rather close to the computed residuals at all iteratisnspntrast to (2.1) and (2.3). Again, in (2.6)
we let jmax = 110 bet the index of the largest elemeniwin magnitude and sef? = { jmax} in (2.6);
doing so makes the bound reasonably descriptive.

GMRES also converges fairly quickly for the 183183 matrix fs1833. For this example, the
computed matrix of eigenvectaZsis numerically singular, withy(Z) ~ 6.4 x 10/, while the norm of
w computed by MTLAB is 8.9 x 10*. It is, therefore, unsurprising that neither (2.1) nor J2sXlose
to the computed relative residuals. The large norwafso makes the computation of the bound (2.5)
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FiG. 4: Left: the bounds (2.1), (2.3), (2.5), (2.6) and (3.5) aotnputed relative residuals for the

convection-diffusion problem in Example 4.4. Right: thauhds (2.6) and (3.5) and relative residuals

with a different scale.

difficult, although we do see that it drops dramatically aftee iteration and is then close to (3.5).
For this example, min|v;|| = 837, which is certainly not small. However, the bound (3$)as in
the previous examples, an excellent predictor of convergelve compute (2.6), including iy the
indices corresponding to thelargest values ofv in absolute value, witlp = 1,2 and 9. From Figure 6
we find that (2.6) is not so descriptive when= 1, while with p = 2, (2.6) is initially similar to (3.5)
but then stagnates. This stagnation at later iterationgegathe ideal GMRES polynomial, computed
by i gnr es, which does not reduce in norm. We remark that there is litifeerence between (2.6)
with p =2 andp = 3,4,5, indicating that while removal of the two largest compaseaffects (2.6)
significantly, several more components must be removed®eifie intercept of the bound decreases
further. Whenp = 9, the bound (2.6) does differ, but is not as descriptive &.(3

5. Conclusions

We have introduced bounds for GMRES applied to diagondkzatatrices which take into account
the starting residual vectog. In particular, Theorem 2.2 show that convergence of GMRi3ied to
Bx=breducesto a weighted least-squares problem on the speat®ywhile Theorem 3.1 shows that
convergence of GMRES applied Bx= b reduces to the ideal GMRES problem applied\te- vjejT,

a rank-one modification of the diagonal matrix of eigenvalaEB. Our numerical experiments show
that these bounds can accurately describe GMRES convergeoases where the standard bound (2.1)
fails to be descriptive. Thus, we feel that these bounds averthwhile contribution towards a better
understanding of the convergence of the algorithm.
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