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GMRES convergence bounds that depend on the right-hand side vector
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We consider the convergence of the algorithm GMRES of Saad and Schultz for solving linear equations
Bx= b, whereB∈ Cn×n is nonsingular and diagonalizable, andb∈ Cn. Our analysis explicitly includes
the initial residual vectorr0. We show that the GMRES residual norm satisfies a weighted polynomial
least-squares problem on the spectrum ofB, and that GMRES convergence reduces to an ideal GMRES
problem on a rank-one modification of the diagonal matrix of eigenvalues ofB. Numerical experiments
show that the new bounds can accurately describe GMRES convergence.
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1. Introduction

Let xk denote thek-th iterate of the algorithm GMRES (Saad & Schultz, 1986) applied to Bx = b,
B∈ Cn×n, b∈ Cn with corresponding residual vectorrk ≡ b−Bxk. By definition,

‖rk‖2 = min
q∈Πk

q(0)=1

‖q(B)r0‖2, (1.1)

whereΠk denotes the set of polynomials of degree at mostk. For a more thorough description of the al-
gorithm and its implementation details, see Saad & Schultz (1986) or, for example, the textbooks Green-
baum (1997) or Saad (1996).

Obtaining generally descriptive convergence bounds for GMRES has been an active research topic
since the algorithm was introduced in Saad & Schultz (1986) and is still to date considered a diffi-
cult open problem. A typical first step in deriving convergence bounds is the following, which is an
immediate consequence of (1.1):

‖rk‖2

‖r0‖2
6 min

q∈Πk
q(0)=1

‖q(B)‖2. (1.2)

The polynomial approximation problem in (1.2) is widely referred to as theideal GMRES problem
(Greenbaum & Trefethen, 1994). Bounds on (1.2) can be obtained using the spectral decomposition ofB
(if B is diagonalizable) (Saad & Schultz, 1986), its field of values (Beckermannet al., 2006; Eiermann,
1993; Eiermann & Ernst, 2001; Eisenstatet al., 1983; Liesen & Tichý, 2012), or its pseudospectra
(Trefethen, 1990). An overview of these approaches is givenin Simoncini & Szyld (2007,§6).
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The bound (1.2) is a worst-case bound that holds over allr0 ∈ Cn. In practice, however, one has
a specificB and a specificr0, most likelynot the worst-case. Consequently, (1.2) may not be descrip-
tive of actual GMRES convergence. In short, practical convergence bounds should take into account
the effect of the initial residual vectorr0. Indeed,r0 determines the Krylov subspace from which the
approximation tox is sought. Arguments along these general lines have also been made, for instance,
in Toh (1997), Driscollet al. (1998,§8), Liesen & Strakoš (2004,§3.1), Liesen & Strakoš (2010,§3),
and Duintjer Tebbens & Meurant (2012). Some analyses that explicitly include r0 can be found in Ipsen
(2000) (whenB is a Jordan block), Liesen & Strakoš (2004) and Li & Zhang (2009) (whenB is Toeplitz
tridiagonal), and for more general matricesB in Liesen (2000). In this note, by considering the influ-
ence of the right-hand side vector, we attempt to further identify situations in which convergence is
much faster than would be predicted by (1.2).

In Section 2 we present convergence bounds based on weightedpolynomial least-squares problems
on the spectrum ofB. In Section 3 we show that the convergence of GMRES applied toBx= b reduces
to the ideal GMRES problem applied to a rank-one modificationof the diagonal matrix of eigenvalues
of B and provide some analysis of this rank-one modification. Numerical experiments are presented in
Section 4 that demonstrate the performance of these bounds.Throughout this paper we assume thatB is
nonsingular and diagonalizable, and that GMRES is implemented in exact arithmetic.

2. Weighted polynomial approximation problems on the spectrum

Suppose thatB is diagonalizable, i.e.B = ZΛZ−1 with Λ diagonal. Then from (1.2),

‖rk‖2

‖r0‖2
6 κ2(Z) min

q∈Πk
q(0)=1

max
λ∈σ(B)

|q(λ )|, (2.1)

whereκ2(Z)≡‖Z‖2‖Z−1‖2 andσ(B) is the spectrum ofB. If κ2(Z) is not much larger than 1, the above
upper bound is governed by the eigenvalues ofB. This, of course, is generally not the case for highly
non-normal matrices, for whichκ2(Z) ≫ 1.

It is well-known that eigenvalues alone do not generally determine the convergence of GMRES.
Indeed, Greenbaum, Pták, & Strakoš (1996) have shown thatfor any given set ofn eigenvalues and
any given non-increasing convergence curve, there exists amatrix B with the given eigenvalues and a
vectorb such that GMRES applied toBx= b starting withx0 = 0 produces the given convergence curve.
Furthermore, Arioli, Pták, & Strakoš (1998) have given parametrizations of the set of all matrix-vector
pairs{B,b} such that GMRES applied toBx= b starting withx0 = 0 produces the prescribed curve.
MatricesB in this set can be chosen to have any eigenvalues. Recently, Duintjer Tebbens & Meurant
(2012) showed that it is possible to additionally prescribethe Ritz values at every iteration.

We summarize the Arioliet al. result for diagonalizable matrices with distinct eigenvalues below
(but note that the result holds for any nonderogatory matrix):

THEOREM 2.1 (Arioli, Pták, & Strakoš (1998)). For any givenνi ∈ R satisfying

ν0 > ν1 > · · · > νn−1 > 0, νn = 0,

and distinct nonzeroλi ∈ C, i = 1, . . . ,n, the following statements are equivalent:

1. The spectrum ofB is {λi}, and GMRES applied toBx= b starting fromx0 = 0 produces residual
vectorsrk such that‖rk‖2 = νk.
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2. The matrixB has the formB = UYCY−1U∗ andb = Uh, whereU is unitary,

Y =

[
h R

ηn 0

]
, h =

[
η1, . . . ,ηn−1

]T
, ηk =

√
ν2

k−1−ν2
k ,

R is nonsingular and upper-triangular, andC is the companion matrix of the monic polynomial
∏n

i=1(λ −λi).

It is clear from the above that the prescribed convergence curve is closely related to the right-hand
side vectorb, and the interaction between the eigenvectors ofB with b. This highlights the importance
of b (more generally, ifx0 6= 0, of r0) in determining the convergence of GMRES. For instance, ifB has
distinct eigenvalues, the companion matrixC is diagonalizable as

C = V−1ΛV, V =




λ1 . . . λ n
1

...
...

λn . . . λ n
n


 . (2.2)

In this case, the following statement is equivalent to the second in Theorem 2.1:B has a diagonalization
B = ZΛZ−1 with Z = UYV−1, andb = Uh. In other words, the parametrization reveals which structure
the matrix of eigenvectors andb must have in order to obtain a given convergence curve starting with
x0 = 0 from a matrix with prescribed distinct eigenvalues.

Motivated by the above, we attempt to derive bounds on‖rk‖2/‖r0‖2 that involve the interplay
betweenZ andr0. As a simple example, note that from (1.1) we can write

‖rk‖2

‖r0‖2
6 ‖Z‖2

‖Z−1r0‖2

‖r0‖2
min
q∈Πk

q(0)=1

max
λ∈σ(B)

|q(λ )|, (2.3)

where
1

‖Z‖2
6

‖Z−1r0‖2

‖r0‖2
6 ‖Z−1‖2. (2.4)

If ‖Z−1r0‖2/‖r0‖2 is close to its lower bound in (2.4), then the right-hand sideof (2.3) is determined
almost solely by the eigenvalues ofB. In this case, whenκ2(Z) ≫ 1, the bound (1.2) can, and (2.1)
certainly does, fail to be descriptive of actual GMRES convergence. The following theorem further
characterizes the effect of the vectorZ−1r0 and of eigenvalues on GMRES convergence.

THEOREM 2.2 Suppose thatB has the diagonalizationB = ZΛZ−1 with Λ = diag(λi), and letw =
Z−1r0/‖r0‖2 = We, whereW = diag(wi) ande= [1, . . . ,1]T . The GMRES residuals in (1.1) satisfy

‖rk‖2

‖r0‖2
6 ‖Z‖2 min

q∈Πk
q(0)=1

‖Wq(Λ)e‖2 = ‖Z‖2 min
q∈Πk

q(0)=1

(
n

∑
i=1

|wi |2|q(λi)|2
)1/2

. (2.5)

Proof. For any polynomialq,

q(B)
r0

‖r0‖2
= Zq(Λ)w = Zq(Λ)We= ZWq(Λ)e.
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From this and the definition (1.1) we have

‖rk‖2

‖r0‖2
= min

q∈Πk
q(0)=1

‖ZWq(Λ)e‖2 6 ‖Z‖2 min
q∈Πk

q(0)=1

‖Wq(Λ)e‖2,

giving (2.5). �

Theorem 2.2 shows that the GMRES relative residual is bounded above by‖Z‖2 times the residual
of a polynomial least-squares approximation problem on thespectrum ofB, weighted by the diagonal
matrixW = diag(wi). Related ideas have previously been used to describe the convergence of GMRES
and the conjugate gradient method (see, for example, Axelsson & Kaporin, 2000; Jennings, 1977; van
der Vorst & Vuik, 1993). The bound (2.5) can be rewritten as a weighted linear least-squares problem

min
q∈Πk

q(0)=1

‖Wq(Λ)e‖2 = min
t∈Ck

‖W(e+Vkt)‖2,

whereVk ∈ Cn×k consists of the firstk columns of the Vandermonde matrixV in (2.2). Alternatively, we
can think of (2.5) in terms of GMRES applied toΛ x̃ = w, since

min
q∈Πk

q(0)=1

‖Wq(Λ)e‖2 = min
q∈Πk

q(0)=1

‖q(Λ)w‖2

is the residual vector computed when GMRES is used to solveΛ x̃ = w, provided that the initial iterate
is the zero vector. We use this fact in our numerical experiments in Section 4.

In (2.5), the influence of the non-normality ofB on convergence is fully contained in‖Z‖2 and the
diagonal matrix of weightsW. (Note that we can always scale the columns ofZ such that‖Z‖2 = 1. Of
course, the scaling also modifies the matrix of weightsW.) If B is normal, (2.5) is in fact an equality in
which‖Z‖2 = 1 and∑n

i=1 |wi |2 = 1. On the other hand, ifB is non-normal, the|wi | may be very large.
Note that the upper bounds (2.3) and (2.5) coincide atk = 0, but (2.5) is never larger than (2.3) since

min
q∈Πk

q(0)=1

(
n

∑
i=1

|wi |2|q(λi)|2
)1/2

6 ‖w‖2 min
q∈Πk

q(0)=1

max
i

|q(λi)| =
‖Z−1r0‖2

‖r0‖2
min
q∈Πk

q(0)=1

max
λ∈σ(B)

|q(λ )|.

In other words, the bounds (1.2), (2.1) and (2.3) ignore the weightswi in their respective polynomial
approximation problems. In some situations, insight into convergence can be gained by explicitly con-
sidering these weights.

THEOREM2.3 In the notation of Theorem 2.2, for any subset of indicesJ with |J |= p, the GMRES
residuals in (1.1) withk > p satisfy

‖rk‖2

‖r0‖2
6 ‖Z‖2 min

q∈Πk−p
q(0)=1




n

∑
i=1

i 6∈J

|w̃i |2|q(λi)|2




1/2

6 ‖Z‖2‖w̃‖2 min
q∈Πk−p
q(0)=1

max
λ∈σ(B)

|q(λ )|, (2.6)

where

w̃i = wi ∏
j∈J

(
1− λi

λ j

)
, w̃ = [w̃i ] ∈Cn.
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Proof. With the above-defined ˜wi , for k > p let

q̃k(λ ) = qk−p(λ ) ∏
j∈J

(
1− λ

λ j

)
, qk−p(λ ) = arg min

q∈Πk−p
q(0)=1




n

∑
i=1

i 6∈J

|w̃i |2|q(λi)|2




1/2

.

Clearly q̃k ∈ Πk andq̃k(0) = 1. Substituting ˜qk into (2.5) and defining̃W = diag(w̃i) we obtain

‖rk‖2

‖r0‖2
6 ‖Z‖2‖Wq̃k(Λ)e‖2 = ‖Z‖2‖W̃qk−p(Λ)e‖2 = ‖Z‖2 min

q∈Πk−p
q(0)=1




n

∑
i=1

i 6∈J

|w̃i |2|q(λi)|2




1/2

.

�

Note that, in the above theorem,i ∈J impliesw̃i = 0. In other words, the polynomial ˜qk eliminates
the effect of both the eigenvaluesλi as well as the non-normality associated with indicesi ∈ J .

Of course, (2.6) is an upper bound on (2.5) since

min
q∈Πk

q(0)=1

‖Wq(Λ)e‖2 6 ‖Wq̃k(Λ)e‖2 = min
q∈Πk−p
q(0)=1

(
n

∑
i=1

|w̃i |2|q(λi)|2
)1/2

.

The bound (2.6) bears resemblance to (4.1) in Campbellet al. (1996), in which the eigenvalues ofB are
separated into two sets, one containing eigenvalues that lie in a cluster and the other comprising thep
remaining outliers. The outliers do not contribute to the convergence rate in the Campbellet al. model
after thep-th iteration (but do contribute to the asymptotic error constant). The bound in Theorem 2.3
is more general, since any eigenvalues, not just outliers, can form the set{λi}i∈J . Moreover, the non-
normality associated with large weightswi , i ∈ J , does not appear in our bound at all, since ˜wi = 0
wheneveri ∈ J .

Of course, (2.6) is not too helpful if many/all components ofw are large. Nevertheless, it shows that
even (2.3) can sometimes be overly pessimistic providedw has only a few large entries corresponding
to large in magnitude or clustered eigenvalues.

A concrete example is given in Example 4.1 in Section 4. The same example also appears in Huh-
tanen & Nevanlinna (2000), wherelower bounds on‖rk‖2/‖r0‖2 are given based on the fact thatB is
a rank-one perturbation of a normal matrix. However, the distance in rank from a normal matrix alone
cannot fully explain the observed convergence, as we shall demonstrate in the next section.

3. Reduction to ideal GMRES of a diagonal plus rank-one matrix

The following bounds are simple to derive but may help to givesome additional insight into the conver-
gence of GMRES whenB is highly non-normal.

LEMMA 3.1 Suppose thatB has the diagonalizationB = ZΛZ−1. For any nonsingularK ∈ Cn×n, the
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GMRES residuals in (1.1) satisfy

‖rk‖2

‖r0‖2
6 ‖K‖2‖K−1r̃‖2 min

q∈Πk
q(0)=1

‖q(K−1BK)‖2 (3.1)

6 ‖K‖2‖K−1r̃‖2κ2(K
−1Z) min

q∈Πk
q(0)=1

max
λ∈σ(B)

|q(λ )|, (3.2)

where ˜r = r0/‖r0‖2.

Proof. From (1.1),

‖rk‖2

‖r0‖2
= min

q∈Πk
q(0)=1

‖KK−1q(B)KK−1r0‖2/‖r0‖2

6 ‖K‖2‖K−1r̃‖2 min
q∈Πk

q(0)=1

‖q(K−1BK)‖2.

Using the diagonalizationB = ZΛZ−1 in the above we obtain

‖rk‖2

‖r0‖2
6 ‖K‖2‖K−1r̃‖2κ2(K

−1Z) min
q∈Πk

q(0)=1

max
λ∈σ(B)

|q(λ )|.

�

If K is any unitary matrix, the bound (3.1) reduces to the ideal GMRES problem (1.2). In (3.2), any
unitaryK leads to the standard bound (2.1) while the choiceK = Z gives (2.3).

It is easy to verify that ifK is chosen such that ˜r ∈U , where U denotes the span of the left singular
vectors corresponding to the largest singular value ofK, then‖K−1r̃‖2 = 1/‖K‖2. From Lemma 3.1 we
then immediately obtain

‖rk‖2

‖r0‖2
6 min

q∈Πk
q(0)=1

‖q(K−1BK)‖2 6 κ2(K
−1Z) min

q∈Πk
q(0)=1

max
λ∈σ(B)

|q(λ )|. (3.3)

The above may help to understand why the standard bounds (1.2) and (2.1) sometimes severely overes-
timate‖rk‖2/‖r0‖2. For instance, in (2.1) any column scaling can be applied toZ in order to minimize
its condition number. (Equilibrating the columns is a near-optimal strategy, as shown by van der Sluis
(1969).) The bound in (3.3) shows that we have much more freedom: Z can also be scaled on the left
with any nonsingular matrixK, the only restriction being that ˜r ∈ U .

Unfortunately, we have not found a simple way to pickK with r̃ ∈ U to minimize‖q(K−1BK)‖2

or κ2(K−1Z). However, it is still possible to chooseK with r̃ 6∈ U so that‖K−1r̃‖2 ≪ ‖K−1‖2 and
‖K‖2‖K−1r̃‖2 in (3.1) is small. The following theorem identifies one such choice.

THEOREM 3.1 Suppose thatB∈ Cn×n has a diagonalizationB = ZΛZ−1 with Λ = diag(λi). Define

v j ≡ (Λ −λ j I)w, w = Z−1r0/‖r0‖2 = Z−1r̃. (3.4)

Then for any indexj ∈ [1,n] such thatwj = eT
j w 6= 0, with ej the j-th unit vector inCn, the GMRES

residuals in (1.1) satisfy
‖rk‖2

‖r0‖2
6 (1+‖Z‖2) min

q∈Πk
q(0)=1

‖q(Λ +v je
T
j )‖2. (3.5)
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Proof. PickK in Lemma 3.1 to be the matrixZ with its j-th column replaced by ˜r = r0/‖r0‖2, i.e.,

K = Z+(r̃ −Zej)e
T
j .

Under the assumption thatwj = eT
j Z−1r̃ 6= 0, this chosenK is nonsingular. Additionally,

Kej = Zej + r̃(eT
j ej)−Zej(e

T
j ej) = r̃ (3.6)

and

‖K‖2 6 ‖Z‖2‖I −eje
T
j ‖2 +‖r̃‖2 6 1+‖Z‖2,

‖K−1r̃‖2 = ‖K−1Kej‖2 = 1,
(3.7)

where we have used (3.6) to obtain the latter result. Thus with the above choice ofK the term‖K‖2‖K−1r̃‖2

in (3.1) is not large, provided‖Z‖2 is not large, even ifK (and/orZ) is very ill-conditioned. Furthermore,
with w = Z−1r̃ ,

Z−1K = I +(w−ej)e
T
j (3.8)

and using the Sherman-Morrison identity (see, e.g., Higham(2002, page 487), or Golub & Van Loan
(1996, page 50) for the more general Sherman-Morrison-Woodbury identity) we have

K−1Z = I − 1
wj

(w−ej)e
T
j , (3.9)

wherewj = eT
j w. Thus,

K−1BK = K−1ZΛZ−1K =

[
Λ − λ j

wj
(w−ej)e

T
j

][
I +(w−ej)e

T
j

]

= Λ +

[
Λ − λ j

wj
I −

λ jeT
j (w−ej)

wj
I

]
(w−ej)e

T
j

= Λ +

[
Λ − 1

wj
(λ j + λ jwj −λ j)I

]
(w−ej)e

T
j

= Λ +(Λ −λ j I)weT
j

= Λ +v je
T
j .

Substituting this along with (3.7) into (3.1) completes theproof. �

Theorem 3.1 shows that the convergence of GMRES applied toBx = b is essentially determined
by ‖Z‖2 along with the ideal GMRES problem on the matrixΛ +v jeT

j , a rank-one modification of the
diagonal matrix of eigenvalues ofB. (As in the previous section, we can scale the columns ofZ so that
‖Z‖2 = 1, which of course modifiesv j . With this scaling the right-hand side of (3.5) is no larger than
two.) The rank-one modificationv jeT

j depends on both the eigenvalues and eigenvectors ofB, as well as
on the right-hand side vector. It depends additionally onj, the index that determines which eigenvector
is replaced inZ to form K, and it is certainly possible to choose a differentj at each iterationk or to
obtain a number of bounds for a number of columnsj. In this way, (3.5) is akin to pseudospectral
bounds, where a parameter can also be varied. The bound (3.5)is also similar to the bound in Huhtanen
(1999), where GMRES convergence bounds forBx= b are obtained by considering the convergence of
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GMRES applied to systems of the form(B+bv∗)y = b, for arbitraryv∈ Cn. In contrast to (3.5) above,
however, Huhtanen’s bound includes the condition number ofthe eigenvector matrix of this perturbed
system.

There has been some work on the convergence of ideal GMRES applied to the sum of a normal and
a low-rank matrix (see, e.g., Nevanlinna, 1996; Huhtanen & Nevanlinna, 2000). Theorem 3.1 can be
viewed as a negative result in this direction. If an arbitrary rank-one modificationv jeT

j of the diagonal
matrixΛ had little effect on ideal GMRES, then from (3.5) with the scaling ‖Z‖2 = 1 we would have

‖rk‖2

‖r0‖2
6 2 min

q∈Πk
q(0)=1

‖q(Λ +v je
T
j )‖2 ≈ 2 min

q∈Πk
q(0)=1

‖q(Λ)‖2 = 2 min
q∈Πk

q(0)=1

max
λ∈σ(B)

|q(λ )|,

i.e., convergence of GMRES applied toBx= b would generally be determined by the eigenvalues ofB.
As discussed in the introduction, this is certainly not the case.

Nevertheless, there may be specific systems and specificv j in (3.4) for which the quantities

min
q∈Πk

q(0)=1

‖q(Λ +v je
T
j )‖2

and
min
q∈Πk

q(0)=1

‖q(Λ)‖2 = min
q∈Πk

q(0)=1

max
λ∈σ(B)

|q(λ )|,

do not differ too much.
Let us examine the difference between‖q(Λ +v jeT

j )‖2 and‖q(Λ)‖2. SinceeT
j v j = 0,

(Λ +v je
T
j )

i = Λ i +

(
i−1

∑
r=0

λ r
j Λ

i−1−r

)
v je

T
j

and so, for any polynomial

q(λ ) = 1+
k

∑
i=1

αiλ i ,

we have

q(Λ +v je
T
j ) = q(Λ)+

k

∑
i=1

αi

(
i−1

∑
r=0

λ r
j Λ i−1−r

)
v je

T
j .

Therefore,

‖q(Λ +v je
T
j )−q(Λ)‖2 =

∥∥∥∥∥
k

∑
i=1

i−1

∑
r=0

αiλ r
j Λ

i−1−rv j

∥∥∥∥∥
2

=
∥∥Θ jw

∥∥
2 ,

whereΘ j =
(

∑k
i=1 ∑i−1

r=0 αiλ r
j Λ i−1−r

)
(Λ − λ j I) is a singular diagonal matrix. Thus, ensuring that

‖q(Λ + v jeT
j )− q(Λ)‖2 is small is reduced to a diagonal scalingΘ j for w, whereΘ j depends on the

coefficientsαi of the polynomialq(z). In the context of GMRES,q(z) is an ideal GMRES polynomial.
Unfortunately, even for a diagonal matrix the ideal GMRES polynomial is difficult to determine. It
can in principle be computed by semidefinite programming (see, for example, Toh & Trefethen, 1998);
however, in our experience, it is not possible to solve the resulting optimization problem accurately for
large values ofk. Thus, it seems difficult to computeαi , i = 1, . . . ,k, and the optimalΘ j , in general.
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We additionally find that the bound (3.5) can never be significantly worse than (2.3). By apply-
ing (3.8) and (3.9) we find that

q(Λ +v je
T
j ) = K−1Zq(Λ)Z−1K = q(Λ)Z−1K − (w−ej)e

T
j q(Λ) = q(Λ)+q(Λ)weT

j −weT
j q(Λ)

from which it follows that

‖rk‖2

‖r0‖2
6 (1+‖Z‖2)(1+2‖w‖2) min

q∈Πk
q(0)=1

‖q(Λ)‖2 .

If Z is scaled so that‖Z‖2 = 1, the constant becomes 2+4‖w‖2. We are interested in systems for which
‖w‖2 ≫ 1, in which case (3.5) is no more than a factor approximately four times larger than (2.3). In
our numerical experiments, we find that (3.5) is typically much smaller than (2.3) and is never larger.

As for a comparison between our bounds (2.5) and (3.5): clearly, whenk = 0, (2.5) can be much
larger than (3.5). For generalk, however, we have not found a simple relationship between the two
bounds. In our numerical experiments, (2.5) is often much larger, particularly at early iterations, but it
can also be much smaller than (3.5).

We have introduced a new bound (3.5) which shows that the relative residuals of GMRES are
bounded by the constant factor 1+‖Z‖2 and an ideal GMRES problem on a rank-one perturbation ofΛ ,
the matrix of eigenvalues ofB. In the next section we present numerical experiments that demonstrate
how well this bound, and (2.5), describe GMRES convergence.

4. Numerical experiments

In this section we illustrate the performance of the bounds (2.5), (2.6) and (3.5) and compare them
with (1.2), (2.1) and (2.3). All computations were performed using MATLAB with ideal GMRES poly-
nomials computed using theigmres function in the SDPT3 toolbox (Tohet al., 1999). In all experi-
ments the initial guess isx0 = 0 and the termination criterion is that‖rk‖2/‖r0‖2 < 10−10. Excluding the
first example, we scale the eigenvector matrixZ to have unit spectral norm, so that the constant factor
1+‖Z‖2 in (3.5) is equal to two.

As discussed in Section 2, the bound (2.5) is equivalent to the residual norm obtained when GM-
RES is applied toΛ x̃ = w with a zero initial vector. Consequently, we use these GMRESresiduals to
compute (2.5) in our numerical experiments. To compute (3.5) we select at each iterationk the column
index j (and vectorv j ) for which (3.5) is smallest.

EXAMPLE 4.1 The behaviour of GMRES in the this first example was left asan open question in Green-
baum & Strakoš (1994). LetB = ZDZ−1 andb = [1, . . . ,1], where

Z =




1
√

1− δ 0 . . . 0
0

√
δ 0 . . . 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1




, D =




20
10

µ3
. . .

µn




with µi , i = 3, . . . ,n samples of a uniformly distributed random variable in(1,5). We chooseδ =
1×10−12 andn = 20. For this problem‖Z‖2 =

√
2.
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FIG. 1: Left: the bounds (1.2), (2.1), (2.3), (2.5) and (4.1) andcomputed relative residuals for the
problem in Example 4.1. Right: the bounds (3.5) and (4.1) andrelative residuals with a different scale.

Theorem 2.3 clearly shows why the non-normality ofB has little effect on convergence in this case.
Note that all the eigenvalues ofB are normal, except for the two large well-separated eigenvaluesλ1 and
λ2. (See e.g. Horn & Johnson, 1999,§1.6.5 for the definition of normal eigenvalues.) Consequently, for
any initial residualr0, ∑n

i=3 |wi |2 6 1. With J = {1,2}, we have

|w̃i | 6 |wi |
(

1− 1
20

)(
1− 1

10

)
6 |wi |, i > 2,

so that‖w̃‖2 6 1 and from (2.6), fork > 2,

‖rk‖2

‖r0‖2
6
√

2 min
q∈Πk−2
q(0)=1

(
n

∑
i=3

|w̃i |2|q(λi)|2
)1/2

(4.1)

6
√

2 min
q∈Πk−2
q(0)=1

max
λ∈σ(B)

|q(λ )|.

Thus, after two iterations, an upper bound independent of the non-normality ofB applies.
The relative GMRES residual norms for this problem were computed; we see from Figure 1 that

GMRES stagnates for one iteration, in line with our prediction above, before exhibiting a fairly constant
convergence rate.

Figure 1 also shows the bounds (1.2), (2.1), (2.3), (2.5) and(4.1). It is clear that, in addition to
predicting the end of the stagnation phase, (4.1) accurately describes the convergence of GMRES from
iterationk = 3 onwards. Although the bound (2.5) is inaccurate at the firststep, when it is heavily
influenced by‖w‖2 = 4.5×105, from iterationk = 2 it is also descriptive, suggesting that (2.5) quickly
accounts for the non-normality of the eigenvalues ofB in this example.

For this matrix the ideal GMRES bound (1.2) is also descriptive. This is due to the fact that the
wi satisfy∑n

i=3 |wi |2 6 1 for any r0 ∈ Cn, as discussed above. There are certainly matrices for which
this is not the case (see, for instance, Example 4.2). Neither (2.1) nor (2.3) is close to the GMRES
convergence curve since the condition number of the eigenvectors and‖w‖2 are both large. The failure
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of (2.1) and (2.3) to describe GMRES convergence shows the value of considering the weightswi (or
w̃i ) in the polynomial approximation problem.

We also see from Figure 1 (c) that (3.5) lies close to the computed residuals. Although (2.5) is
slightly closer to the computed GMRES residuals at later iterations, during the initial stagnation pe-
riod (3.5) is much more descriptive because the intercept isorders of magnitude smaller. Note that (3.5)
cannot be computed whenk is larger than nine because the ideal GMRES polynomials ofΛ + v jeT

j
cannot be obtained from theigmres function in SDPT3 for any column indexj because of rounding
errors.

EXAMPLE 4.2 Our next example is a finite difference discretization ofthe two-dimensional convection-
diffusion equation

−ν∇2u+s·∇u= 0 in Ω = (0,1)× (0,1), u = g on ∂Ω , (4.2)

with s= [0,1]T and boundary conditions

g(x,0) = x, g(0,y) = −1, g(1,y) = 1, g(x,1) = 0.

This equation has a particular right-hand side and we might expect that bounds that incorporate this
information will be more descriptive than those that do not.

Following Hemmingsson (1998) we letnx andny be the number of grid points used in the discretiza-
tion in thex andy directions, respectively, so thatxk = khx, k = 1, . . . ,nx, andy j = jhy, j = 1, . . .ny,
where

hx =
1

nx +1
and hy =

1
ny +1

.

The second-order centered finite difference approximationof (4.2) leads to equations of the form

−ν

(
uk+1, j −2uk, j +uk−1, j

h2
x

+
uk, j+1−2uk, j +uk, j−1

h2
y

)
+

uk, j+1−uk, j−1

2hy
= 0,

wherek = 1, . . . ,nx, j = 1, . . . ,ny.
Let

u =
[
u1,1, u2,1, . . . , unx,1, u1,2, . . . , unx,ny

]T
,

αx = 0, αy =
1
hy

, βi =
2ν
h2

i

, i = x,y,

and

Bi =




2βi αi −βi

−αi −βi
. . .

. . .
. . .

. . . αi −βi

−αi −βi 2βi




, i = x,y.

Thenu is the solution ofBx= b, whereB = Iny ⊗Bx +By⊗ Inx and

b =
[
b1,1, b2,1, . . . , bnx,1, b1,2, . . . , bny,nx

]T
,



12 of 18 D. TITLEY-PELOQUINET AL.

0 5 10 15 20
10

−10

10
−5

10
0

10
5

10
10

10
15

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al

 

 

Computed residual
Eigenvector bound
Bound (2.3)
Bound (2.5)
Bound (2.6)
Bound (3.5)

0 5 10 15 20
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al
 

 

Computed residual
Bound (3.5)

FIG. 2: Left: the bounds (1.2), (2.1), (2.3), (2.5) and (3.5) andcomputed relative residuals for the finite
difference discretization of the convection-diffusion equation in Example 4.2. Right: the bound (3.5)
and relative residuals with a different scale.

with

bk, j =

{
ν
h2

x
, k = 0,nx, j = 1, . . . ,ny,

0, otherwise.

We choosenx = 5 andny = 18, so thatB has dimension 90, and letν = 0.0275. We chooseJ = { jmax}
in (2.6), wherejmax= 67 is the index of the largest element ofw in absolute value.

The behaviour of GMRES applied to this system is well known (see, e.g., Liesen & Strakoš, 2004,
2005; Duintjer Tebbenset al., 2010); the relative residuals stagnate and then have a faster second phase
of convergence. All the bounds capture the asymptotic convergence rate reasonably well. However,
only (3.5) correctly captures the initial stagnation. In addition, because the intercept is small, the bound
is close to the relative residuals.

The ideal GMRES polynomial also has these two phases of convergence. However, the stagnation
phase is significantly longer than that of the computed residuals or (3.5). The bound (2.1) that involves
the condition number of the eigenvector matrix, on the otherhand, does not capture this two-phase
behaviour. Instead, it decreases linearly and, because of the ill-conditioning of the eigenvectors ofB
(the condition number computed by MATLAB is 1.5×1014), it is orders of magnitude larger the relative
residual curve. The bounds (2.3), (2.5) and (2.6) also decrease linearly and while the intercepts are
smaller than that of (2.3), they are still relatively large since ‖w‖2 = 1.6×106. Consequently, these
bounds are not descriptive at early iterations, although they almost coincide with (3.5) during the second
phase of convergence. We note that adding more indices toJ does not change (1.1); sincew has many
large components in magnitude, this is not surprising.

EXAMPLE 4.3 Let us now explore the performance of the bounds as the right-hand side vector of the
problem in Example 4.2 varies. To effect this, we alter the boundary condition as in Example 2.2
in Liesen & Strakoš (2005). Specifically, we let

g(1,η) = 1, khy 6 η < 1, k = 1, . . . ,ny,



GMRES CONVERGENCE BOUNDS THAT DEPEND ON THE RIGHT-HAND SIDEVECTOR 13 of 18

0 5 10 15 20
10

−10

10
−5

10
0

10
5

10
10

10
15

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al

 

 

Computed residual
Ideal GMRES bound
Eigenvector bound
Bound (2.3)
Bound (2.5)
Bound (2.6)
Bound (3.5)

0 5 10 15 20
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al
 

 

Computed residual
Bound (2.6)
Bound (3.5)

0 5 10 15 20
10

−10

10
−5

10
0

10
5

10
10

10
15

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al

 

 

Computed residual
Ideal GMRES bound
Eigenvector bound
Bound (2.3)
Bound (2.5)
Bound (2.6)
Bound (3.5)

0 5 10 15 20
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al

 

 

Computed residual
Bound (2.6)
Bound (3.5)

FIG. 3: Left: the bounds (1.2), (2.1), (2.3), (2.5) and (3.5) andcomputed relative residuals for the finite
difference discretization of the convection-diffusion equation in Example 4.3 withη = 18 (top) and
η = 14 (bottom). Right: the bound (3.5) and relative residuals with a different scale withη = 18 (top)
andη = 14 (bottom).

with homogeneous Dirichlet conditions elsewhere on the boundary. The other parameters are unchanged
from those in Example 4.2.

It is clear, from comparison of Figures 2 and 3, that the right-hand side has a dramatic impact on
the convergence of GMRES for this problem. However, the bound (3.5) is able to capture the changing
convergence behaviour. While (2.3), (2.5) and (2.6) fail tocapture the initial stagnation they are certainly
reasonable predictors of the second phase of convergence. However, the intercepts of (2.3), (2.5)
and (2.6) must increase as the stagnation phase lengthens, to capture the second phase of convergence.
We also find that (1.2) and (2.1), that do not depend on the right-hand side vector, are poor for all chosen
right-hand side vectors.

EXAMPLE 4.4 We consider a right-preconditioned linear system arising from a discretized partial dif-
ferential equation (PDE). Again, the resulting linear system has a specific right-hand side that should be
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considered when predicting GMRES convergence.
The specific problem is an SUPG finite element discretizationof the convection-diffusion equation

(Elmanet al., 2005, Example 3.3)

−ν∇2u+s·∇u= 0 on (−1,1)× (−1,1), u(x,y) =





1, x = 1

1, y = −1 andx > 0

0, elsewhere on the boundary,

wheres=
[
−sin π

6 ,cosπ
6

]T
andν = 0.005. We use IFISS (Silvesteret al., 2011) with default settings

to perform the discretization and obtain a matrixB∈ R289×289. Application of the geometric multigrid
preconditioner in Ramage (1999), also computed by IFISSusing default settings, gives rise to the right-
preconditioned systemBP−1y = b, x = P−1y to which we apply right-preconditioned GMRES. For this
problem it was not possible to compute, usingigmres, the ideal GMRES polynomials ofB. We
are also unable to compute (2.5) at later iterations becausethe in-built GMRES function in MATLAB

terminated, having computed a backward stable solution toΛ x̃ = w. When computing (2.6) we again
chooseJ = { jmax}, wherejmax= argmaxi |wi |.

It is clear from Figure 4 that the preconditioner is very effective, as the relative residuals decrease
extremely rapidly. However, the standard bound (2.1) is notdescriptive of true GMRES convergence for
this example becauseZ, the matrix of eigenvectors ofBP−1, has 2-norm condition number 1.1×1010.
The bound (2.3) is slightly better but is still orders of magnitude larger than the computed relative
residuals since‖w‖2 = 2.7×107. At k = 0, (2.5) must also equal the norm ofw but this bound quickly
drops and is then descriptive. Additionally, (2.6) is descriptive, even thoughJ contains only one index,
so that only one element ofw is “removed”.

The constant in (3.5) is two, as in previous examples, and (3.5) is a good predictor of convergence
for this problem, as can be seen from Figure 4. AlthoughBP−1 is highly non-normal, this non-normality
does not significantly affect the convergence of right-preconditioned GMRES applied to this particular
problem, with this particular right-hand side vector. The bounds (2.5), (2.6) and (3.5) are able to capture
the interaction betweenBP−1 andb, which is missed by (2.1) and (2.3).

EXAMPLE 4.5 Finally, we examine the arc130 and fs183 3 matrices from the University of Florida
Sparse Matrix Collection (Davis & Hu, 2011), right-preconditioned by the ILU(0) preconditioner (Mei-
jerink & van der Vorst, 1977). We setx = [1, . . . ,1]T . For neither problem can the ideal GMRES
polynomial ofB be computed usingigmres.

The matrix arc130 has dimension 130. Figure 5 shows that, similarly to Example 4.4, the relative
GMRES residuals for arc130 decrease extremely rapidly. Since the condition number ofZ is 4.3×1015

and‖w‖2 = 1.3×1010, both (2.1) and (2.3) are orders of magnitude larger than thecomputed relative
residuals. As in previous examples, (2.5) is initially large because of the size of‖w‖2 but is then the
most descriptive bound. AlthoughZ is ill-conditioned, the intercept of (3.5) is small, and so this bound
is rather close to the computed residuals at all iterations,in contrast to (2.1) and (2.3). Again, in (2.6)
we let jmax= 110 bet the index of the largest element ofw in magnitude and setJ = { jmax} in (2.6);
doing so makes the bound reasonably descriptive.

GMRES also converges fairly quickly for the 183× 183 matrix fs183 3. For this example, the
computed matrix of eigenvectorsZ is numerically singular, withκ2(Z) ≈ 6.4×1017, while the norm of
w computed by MATLAB is 8.9×1014. It is, therefore, unsurprising that neither (2.1) nor (2.3) is close
to the computed relative residuals. The large norm ofw also makes the computation of the bound (2.5)
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FIG. 4: Left: the bounds (2.1), (2.3), (2.5), (2.6) and (3.5) andcomputed relative residuals for the
convection-diffusion problem in Example 4.4. Right: the bounds (2.6) and (3.5) and relative residuals
with a different scale.

difficult, although we do see that it drops dramatically after one iteration and is then close to (3.5).
For this example, minj ‖v j‖ = 837, which is certainly not small. However, the bound (3.5) is, as in
the previous examples, an excellent predictor of convergence. We compute (2.6), including inJ the
indices corresponding to thep largest values ofw in absolute value, withp = 1,2 and 9. From Figure 6
we find that (2.6) is not so descriptive whenp = 1, while with p = 2, (2.6) is initially similar to (3.5)
but then stagnates. This stagnation at later iterations is due to the ideal GMRES polynomial, computed
by igmres, which does not reduce in norm. We remark that there is littledifference between (2.6)
with p = 2 andp = 3,4,5, indicating that while removal of the two largest components affects (2.6)
significantly, several more components must be removed before the intercept of the bound decreases
further. Whenp = 9, the bound (2.6) does differ, but is not as descriptive as (3.5).

5. Conclusions

We have introduced bounds for GMRES applied to diagonalizable matrices which take into account
the starting residual vectorr0. In particular, Theorem 2.2 show that convergence of GMRES applied to
Bx= b reduces to a weighted least-squares problem on the spectrumof B, while Theorem 3.1 shows that
convergence of GMRES applied toBx= b reduces to the ideal GMRES problem applied toΛ + v jeT

j ,
a rank-one modification of the diagonal matrix of eigenvalues of B. Our numerical experiments show
that these bounds can accurately describe GMRES convergence in cases where the standard bound (2.1)
fails to be descriptive. Thus, we feel that these bounds are aworthwhile contribution towards a better
understanding of the convergence of the algorithm.



16 of 18 D. TITLEY-PELOQUINET AL.

0 1 2 3
10

−10

10
−5

10
0

10
5

10
10

10
15

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al

 

 

Computed residual
Eigenvector bound
Bound (2.3)
Bound (2.5)
Bound (2.6)
Bound (3.5)

0 1 2 3
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

Iteration

2−
no

rm
 o

f r
el

at
iv

e 
re

si
du

al

 

 

Computed residual
Bound (2.6)
Bound (3.5)

FIG. 5: Left: the bounds (2.1), (2.3), (2.5) and (3.5) and computed relative residuals for arc130 in
Example 4.5. Right: the bound (3.5) and relative residuals with a different scale.
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FIG. 6: Left: the bounds (2.1), (2.3), (2.5) and (3.5) and computed relative residuals for fs183 3 in
Example 4.5. Right: the bound (3.5) and relative residuals with a different scale.
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GREENBAUM, A., PTÁK , V. & STRAKOŠ, Z. (1996) Any nonincreasing convergence curve is possiblefor GM-

RES.SIAM J. Matrix Anal. Appl., 17, 465–469.
GREENBAUM, A. (1997) Iterative Methods for Solving Linear Systems. Philadelphia, PA: SIAM.
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