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Abstract

While the celebrated theory of NP-completeness has been very successful in explaining
the intractability of many interesting problems, there still remain many natural and
seemingly hard problems that are not known to be NP-hard. Several of these problems
lie in the class of total NP search problems (TFNP), namely the class of NP search
problems that always have a solution. Importantly, these problems cannot be NP-
hard unless NP = co-NP. Notable examples of TFNP problems include FACTORING
(given a natural number, compute its prime factorisation) and NASH (given a game,
compute a mixed Nash equilibrium). In order to shed light on the complexity of
these problems, researchers have attempted to classify them in various subclasses
of TENP such as PPAD, PPA, PPP, PLS, and CLS. A celebrated result in this line
of research is the PPAD-completeness of NASH, yielding strong evidence that the
problem is not polynomial-time solvable.

In this thesis we provide new structural results for TENP subclasses and show how they
can be used to classify natural problems arising from application areas such as game
theory and optimisation. In the first part of this work, we construct more powerful
tools for proving membership in PPAD, as well as PPAD-hardness. We directly apply
these tools to show that the Hairy Ball theorem from topology (“you can’t comb a
hairy ball flat without creating a cowlick”), as well as the equilibrium computation

problem in First Price Auctions with subjective priors, are both PPAD-complete.

In the second part of this thesis, we present our main result: the collapse CLS =
PPAD N PLS. We prove this surprising collapse by exhibiting the first non-artificial
PPAD N PLS-complete problem — a problem arising naturally from the famous gradient
descent algorithm. Our result puts PPAD N PLS on the map as a TENP subclass
that captures the complexity of natural problems.

In the third and final part, we provide various structural results for the classes PPA-k
(corresponding to arguments modulo k), including the first topological characterisations
of these classes. As a direct application, we prove that NECKLACE-SPLITTING
with & thieves — a notorious problem in combinatorics and fair division — lies in

PPA-k under Turing reductions.
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Chapter 1

Introduction

1.1 Total Search Problems

Some of the most celebrated milestones in Game Theory and Economics are math-

ematical existence results, such as:

e Nash’s theorem [Nas50]: every finite game in strategic form has a mixed Nash

equilibrium.

e The Arrow-Debreu theorem [AD54]: a market equilibrium always exists in the

Arrow-Debreu market model.
e Envy-free cake-cutting [Str80]: it is always possible to cut a cake fairly.

There is something fascinating about these existential results, which essentially assert
that a desired solution is mathematically guaranteed to exist.

However, in most situations existence is not enough. Instead, we would like to
be able to find this desired solution. This is perhaps most apparent in the envy-free
cake-cutting example: clearly we want to construct a fair division of the cake. The
Nash and market equilibrium examples are a bit different in that sense. One could
argue that existence here is interesting by itself, since it shows that every game
or market admits a stationary state in which it should (in theory) lie. But if one
accepts that these solution concepts indeed correctly represent the expected outcome
in these settings, then being able to predict the outcome becomes a goal in itself
with major economic and even societal ramifications.

This point becomes even more apparent when one considers more fundamental

existential results, such as:
e every natural number has a prime factorisation.

e every continuous function defined on a compact domain has a minimum.



Of course, these existence results are mathematically interesting. But it is the
ability to find a prime factorisation that would threaten the security of various
cryptographic systems used in practice. It is the ability to approach a minimum of
a function through gradient descent that underlies many of the advances on neural
networks in Machine Learning.

Computer Science, and more specifically the Theory of Computation, provides a
framework to study these questions in a rigorous mathematical way by replacing the
words find/construct/predict by the word compute. Within this formal framework,
one can study questions such as “can this task be solved by a computer?” and then
“how fast can this task be solved by a computer?”. One of the greatest success stories
of this approach has been the notion of NP-completeness, introduced by Cook, Levin
and Karp around 50 years ago. By proving that a problem is NP-complete, one can
provide strong evidence that the problem cannot be solved efficiently, namely that it
is not polynomial-time solvable. Over the years, thousands of problems have been
shown to be NP-complete, thus establishing that they are inherently hard to solve.

The motivating examples we mentioned above naturally give rise to corresponding
computational problems. FACTORING is the problem: given a natural number,
compute its prime factorisation. NASH is the problem: given a normal-form game,
compute a Nash equilibrium. Despite intense effort, no polynomial-time algorithms
are known for these problems. It is natural therefore to try to provide evidence
that the problems are indeed intractable.

Unfortunately, the theory of NP-completeness cannot be used in this case. To be
more precise, it seems very unlikely that any of these problems could be NP-hard. The
fundamental reason for this is that they lie in the class of total NP search problems
(TENP). TENP problems are search problems with efficiently-checkable solutions that
are also total: for any instance, there always exists a solution. So, why are TFNP
problems very unlikely to be NP-hard? The answer is that this would imply an
extremely surprising result that most complexity theorists believe is highly unlikely to
hold. Formally: if some TFNP problem is NP-hard, then by a simple argument [MP91],
NP = co-NP. While this statement is weaker than P = NP, it is equally not expected
to hold. This basic fact — that hard TENP problems are in a very strong sense
“NP-intermediate” — provides TFNP’s strong theoretical appeal.

What this means for our problems of interest is that the theory of NP-hardness is of
no help in our quest to show that they are computationally hard. Furthermore, TFNP-
hardness is also not believed to be an option, because it seems unlikely that a single
problem could capture all the proofs of totality. Thus, a different approach is needed

in order to provide evidence that these very natural problems are indeed hard to solve.



The computational landscape inside TFNP

Almost 30 years ago, Papadimitriou [Pap94] initiated an investigation of the compu-
tational landscape inside TFNP. In particular, he proposed the following approach:
classify TENP problems into syntactic subclasses depending on their proof of totality
and then attempt to prove that these problems are complete for these subclasses.

Some of the main subclasses that have been studied to this day include:

e PPAD: this subclass contains all TFNP problems for which totality can be proved
by a directed path-following argument, or equivalently by Brouwer’s fixed point
theorem. Since Nash’s theorem can be proved by using this topological theorem,
it follows that NASH lies in PPAD.

e PPA: problems where totality follows from a parity argument, such as the
Handshaking lemma. Equivalently, PPA contains all problems where totality
can be proved by using another famous topological result: the Borsuk-Ulam

theorem.

e PPP: problems where totality follows from the pigeonhole principle. Various

problems related to Cryptography lie in PPP.

e PLS: problems where totality follows from a local search argument or equivalently

a potential argument. Many local search optimisation problems lie in PLS.

e CLS: problems where totality follows from a continuous local search argument.
This class was introduced by Daskalakis and Papadimitriou [DP11] as a more
natural counterpart to PPADNPLS. In particular, this class contains all problems

that can be solved by gradient descent.

The known relationships between these classes are shown in Figure 1.1, which also
includes the classes PPA-k corresponding to arguments modulo &, where PPA-2 = PPA.

Perhaps the most celebrated result in this line of research has been the PPAD-
completeness of NAsH [DGP09; CDT09]. This result tells us that computing a
Nash equilibrium is as hard as solving any other PPAD problem, i.e., essentially
any problem whose totality can be proved by using Brouwer’s fixed point theorem.
Thus, just like NP-hardness (albeit in a weaker sense), this provides evidence that
the problem is not polynomial-time solvable. Since this first PPAD-completeness
result, many problems related to Game Theory and Economics have been shown to
be PPAD-complete, including problems related to Arrow-Debreu market equilibria
[CDDT09] and some versions of envy-free cake-cutting [DQS12]. PLS has also been
very successful in capturing the complexity of various local optimisation problems

[JPY88; Kre89; Sch91]. Recently, problems from Fair Division and Cryptography
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Figure 1.1: Some of the main subclasses of TFNP. Arrows are used to denote containment.
For example, CLS is contained in PLS and in PPAD.

have been shown to be the first natural’ complete problems for PPA [FG18] and
PPP [SZZ18] respectively. However, the complexity of many natural TFNP problems
remains open. For example, FACTORING has partially been related to PPP and PPA
[Jer16], but its exact classification in the TFNP landscape is still unknown.

In this thesis, we provide various structural results for TFNP subclasses and present
applications of these results to problems from Game Theory and Optimisation. Our
main contribution is the surprising collapse CLS = PPAD N PLS and a characterisation

of this class as the set of all TENP problems that can be solved by gradient descent.

1.2 Outline of the Thesis and Main Contributions

Chapter 2 presents notation and definitions that are used throughout the thesis,
including the formal definitions of the TFNP subclasses that we study. The rest
of the thesis is then divided into three parts, where each part focuses on different
subclasses of TFNP. Finally, Chapter 12 presents a short list of some of the main

open problems that emerge from this thesis.

Part I: PPAD

In Chapter 3 we study the canonical PPAD-complete problem END-OF-LINE: given a
source in a (succinctly represented) directed graph with indegree and outdegree at most

1, find another end of a line, i.e., a sink or another source. We show that variants of

THere “natural” refers to the fact that these problems do not contain a computational device in
the input, such as a circuit or a Turing machine.



this problem where we are given multiple sources — instead of just one — remain PPAD-
complete. Surprisingly, the proof is not at all trivial. Our results for multiple-source
END-OF-LINE provide new tools for proving membership in PPAD and as a direct
application we show that PPAD is also characterised by the problem IMBALANCE:
given an unbalanced vertex in a (succinctly represented) directed graph, find another
unbalanced vertex. This corrects an incomplete proof given by Beame et al. [BCET98].

In Chapter 4 we study the complexity of the computational problem associated
with the Hairy Ball theorem. The Hairy Ball theorem is a well-known topological
theorem due to Poincaré [Poi85] and Brouwer [Broll]. It states that there is no non-
vanishing continuous tangent vector field on an even-dimensional k-sphere. Informally,
it can be interpreted as saying that “you can’t comb a hairy ball flat without creating
a cowlick,” or “there is a point on the surface of the earth with zero horizontal
wind velocity.” We prove that the corresponding computational problem — namely
finding a point where the vector field (almost) vanishes — is PPAD-complete, where
the membership heavily relies on the tools developed in Chapter 3. Our result also
shows that the Hairy Ball theorem is in a certain sense equivalent to Brouwer’s fixed
point theorem, which was not previously known.

In Chapter 5 we study the Generalised Circuit problem which is the most widely
used tool to prove PPAD-hardness. It was in particular used for the seminal PPAD-
completeness results for Nasn [DGP09; CDT09; Rubl18]. We show that even a
significantly simplified version of Generalised Circuit remains PPAD-complete. This
provides perhaps the simplest possible tool for proving PPAD-hardness.

Finally, in Chapter 6 we study the First Price Auction, namely the most basic
auction format where the highest bidder wins the item and pays their bid. Athey
[AthO1] has shown that an equilibrium is guaranteed to exist in this setting. We
prove that computing an approximate equilibrium when the bidders have subjective
priors about each other is PPAD-complete. The hardness result is obtained by a
reduction from the simplified Generalised Circuit problem introduced in Chapter 5.
The membership in PPAD is proved by providing a new proof of existence of equilibria
based on Brouwer’s fixed point theorem, instead of Kakutani’s fixed point theorem,
which was used by Athey [Ath01]. We also show that the problem of computing an ezact
equilibrium is complete for the class FIXP, introduced by Etessami and Yannakakis

[EY10] to capture the complexity of computing an exact Brouwer fixed point.

Part II: CLS = PPAD N PLS

In this part of the thesis we study a TFNP problem corresponding to Gradient
Descent: given a smooth function on a bounded domain, find any point where

Gradient Descent terminates. This problem has the following nice interpretation:



if some problem reduces to the Gradient Descent problem, then it can be solved
by performing Gradient Descent (though not necessarily in a polynomial number
of iterations). Since Gradient Descent is a special case of continuous local search,
this Gradient Descent problem lies in the class CLS.

In Chapters 7 and 8 we prove that the Gradient Descent problem is not only
CLS-complete, but in fact even PPAD N PLS-complete. In particular, this implies the
surprising collapse CLS = PPAD N PLS. As a result, the class PPAD N PLS, which
is obtained by combining PPAD and PLS in a completely artificial way, turns out

to have a very natural characterisation:

PPAD N PLS is the class of all problems that can be solved

by performing Gradient Descent on a bounded domain.

Most importantly, we establish that PPAD N PLS is an important class that captures
the complexity of interesting problems. The various consequences of our result are
presented in detail in Chapter 7.

The main technical contribution underpinning this result is proved in Chapter 8.
We show that computing an approximate Karush-Kuhn-Tucker (KKT) point of a
continuously differentiable function over the domain [0, 1]? is PPAD N PLS-hard. Since
this problem can be seen to be equivalent to the Gradient Descent problem, it
implies the collapse mentioned above. This KKT problem is the first non-artificial
problem to be proved PPAD N PLS-complete. Previously, the only known PPAD N PLS-
complete problems were of the form: given an instance I, of a PPAD-complete
problem A and an instance [g of a PLS-complete problem B, output a solution to
I, or a solution to Ig. Our new technique shows how to reduce such problems to
the problem of finding a KKT point.

Part III: PPA-k

In Chapter 9 we study the classes PPA-k, k > 2, defined by Papadimitriou [Pap94]
to capture the complexity of arguments modulo k. In particular, PPA-2 = PPA
corresponds to parity arguments such as the Handshaking lemma. Very little is
known about these classes for £ > 3, but they have recently emerged as candidates to
capture the complexity of some fair division problems. In this chapter, we present
structural results which provide a solid foundation for the further study of these
classes. Namely, we investigate the classes PPA-k in terms of (i) equivalent definitions,
(ii) inner structure, (iii) relationship to each other and to other TFNP classes, and
(iv) closure under Turing reductions. In particular, we prove that, when k = p" is a
prime power, PPA-k = PPA-p and PPA-p is closed under Turing reductions.

In Chapter 10 we present the first topological characterisations for the classes PPA-p

for prime p > 3. First, we show that a simple two-dimensional computational problem



associated with a generalisation of Tucker’s Lemma, termed p-POLYGON-TUCKER, is
PPA-p-complete. Then, we show that a computational version of the Barany-Shlosman-
Sziics (BSS) theorem [BSS81] is also PPA-p-complete. The BSS theorem has various
applications in combinatorics, including the proof of the Necklace Splitting theorem by
Alon [Alo87], introduced below. All of our membership results are obtained through
a new combinatorial proof for Z,-versions of Tucker’s lemma that is a generalisation
of the classic combinatorial proof of Tucker’s lemma by Freund and Todd [FT81].
Topological characterisations have been pivotal in obtaining completeness results for
PPAD and PPA, such as the PPAD-completeness of NAsH [DGP09; CDT09] and the
PPA-completeness of the Necklace Splitting problem with two thieves [FG19].

Finally, in Chapter 11 we study the Necklace Splitting problem. This is a classical
problem in combinatorics and fair division: k thieves are aiming to split an open
necklace containing n beads of ¢ different colours (with exactly & - a; beads of colour
i, for some a; € N), such that each thief receives exactly a; beads of colour i. Alon
[Alo87] has shown that (k — 1)t cuts are always enough to obtain such a division. The
corresponding computational problem was studied by Filos-Ratsikas and Goldberg
[FG19] who proved that it is PPA-complete for two thieves. In this chapter, we prove
that the problem with k thieves lies in PPA-k under Turing reductions. In particular,
when k = p” is a prime power, the problem lies in PPA-p (under standard many-one
reductions). The result is obtained by reducing a continuous version of the problem
(CONSENSUS-1/p-DI1VISION) to a new generalisation of Tucker’s lemma that we call
Z,-STAR-TUCKER and which we prove to be PPA-p-complete in Chapter 10. This also
provides a new proof of the Necklace Splitting theorem, which is fully combinatorial,
unlike the original proof by Alon [Alo87].

1.3 List of Papers

The results presented in this thesis have appeared in the following papers.

Chapters 3 and 4 are based on:
e Paul W. Goldberg, Alexandros Hollender

The Hairy Ball Problem is PPAD-complete [GH21]
Journal of Computer and System Sciences (JCSS)
Preliminary version at ICALP 2019

Chapters 5 and 6 are based on:
e Aris Filos-Ratsikas, Yiannis Giannakopoulos, Alexandros Hollender, Philip

Lazos, Diogo Pocas

On the Complexity of Equilibrium Computation in First-Price Auc-
tions [FGH'21]

22nd ACM Conference on Economics and Computation (EC 2021)
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53rd ACM Symposium on Theory of Computing (STOC 2021)
(best paper award)
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Theoretical Computer Science (TCS)
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32nd ACM-SIAM Symposium on Discrete Algorithms (SODA 2021)
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lender
FIXP-membership via Convex Optimization: Games, Cakes, and
Markets
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Two’s Company, Three’s a Crowd: Consensus-Halving for a Constant
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e Aris Filos-Ratsikas, Alexandros Hollender, Katerina Sotiraki, Manolis Zampeta-
kis
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Chapter 2

Preliminaries

We work in the standard Turing machine model. For an introduction see, e.g., the
textbooks [Sip06; AB09]. Let {0,1}* denote the set of all finite-length bit-strings, and
for any w € {0, 1}, let |w| denote its length. For k € N, let [k] :={1,2,...,k}.

2.1 The Class TFNP

Decision. A decision problem is given by a subset £ C {0, 1}*, interpreted as the
following computational problem: given an instance I € {0,1}*, output “YES” if
I € £, and “NO” if I ¢ L. In other words, the task is to decide whether I € £ or not. A
decision problem L is also called a language. The class P contains all decision problems
L that are polynomial-time decidable, i.e., such that there exists a polynomial-time
Turing machine M that correctly solves £, namely I € £ < M(I) accepts. The class
NP contains all decision problems £ that are polynomial-time verifiable, i.e., such
that there exist a polynomial-time Turing machine V' (a Verifier) and a polynomial
p that satisfy I € £ < 3c € {0, 1D . V(I,¢) accepts. This definition of NP is
equivalent to its original definition as the set of all decision problems that can be

solved by a polynomial-time nondeterministic Turing machine.

Search. A search problem is given by a relation R C {0, 1}* x {0, 1}*, interpreted as
the following computational problem: given an instance I € {0, 1}*, output s € {0, 1}*
with (1, s) € R (i.e., find a solution), or output “NO” if no such s exists. The class FNP
contains all NP search problems, namely all search problems R such that the relation
R is polynomial-time decidable (i.e., (I,s) € R can be decided in polynomial time in
|I| + |s|) and polynomially balanced (i.e., there exists some polynomial p such that
(I,s) € R = |s| < p(|I]|)). The class FP contains all NP search problems R that
can be solved in polynomial time, i.e., there exists a polynomial-time Turing machine

M such that M(I) € {0,1}* U{“NO”} is a correct output for R for any instance I.
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Search vs Decision. The question of whether P Z NP is equivalent to FP ~ FNP.
To see this, note that the decision and search versions of the satisfiability problem,
namely SAT and FSAT, are NP- and FNP-complete, respectively. Furthermore, by
the self reducibility of SAT, it follows that SAT and FSAT are polynomially (Turing)
equivalent, in the sense that if one problem can be solved in polynomial time, then
so can the other. Thus, it immediately follows that P = NP < FP = FNP.

More generally, every NP search problem R induces a corresponding NP decision
problem

Lr={1€c{0,1}"|3se{0,1}":(I,s) € R}.

Clearly, every NP decision problem is induced by some NP search problem, but there
might be multiple, very different, NP search problems that induce the same NP
decision problem. A natural question is then: How does the complezity of a decision
problem relate to that of its corresponding search problems? It is easy to see that the
decision problem is always at least as easy as any of its corresponding search problems;
in other words, decision reduces to search. For NP-complete decision problems, it
turns out that the opposite also holds: search reduces to decision. This essentially
follows from the fact that search reduces to decision for satisfiability, as mentioned
above. Does search reduce to decision for all NP problems? Under a complexity
theoretic assumption (EE # NEE), Bellare and Goldwasser [BG94] show that this is
not the case in a strong sense: there exists an NP decision problem such that none

of its corresponding search problems reduce to it.

Total NP search problems. The class TFNP contains all total NP search problems.
A search problem is total, if every instance always admits at least one solution, i.e.,
“NO?” is never a correct output. Formally, TFNP consists of all problems R in FNP
that satisfy: for every I € {0,1}*, there exists s € {0,1}* such that (I,s) € R.
One can also think of TFNP as being the set of all NP search problems that induce
the (trivial) NP decision problem £ = {0,1}*, as defined above. The set of search
problems corresponding to this trivial decision problem turns out to be extremely
rich and contains many natural problems.

The study of TFENP is also related to the question P - NP, since, in a cer-
tain sense, TFNP lies between P and NP, or rather between FP and FNP. Clearly,
TFENP C FNP, but with a slight abuse of notation we can also say that FP C TFNP.
Indeed, any problem R in FP can be turned into a TFNP problem by including a
pair (I,NO) in R for each instance I that does not have a solution, where NO is
some dedicated bit-string. Note that despite this minor modification, the search

problem remains essentially the same.
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One of the reasons that make TFNP so interesting is that it is generally believed
to lie strictly between FP and FNP. Indeed, on the one hand, TFNP contains many
problems that we do not expect to be polynomial-time solvable. On the other hand, by
a simple argument [MP91], it can be shown that if some TFNP problem is FNP-hard,
then NP = co-NP, which is not expected to hold.

Reductions between TFNP problems. Let R and S be two TFNP problems.
We say that R (many-one) reduces to S if there exist polynomial-time computable
functions f : {0,1}* — {0,1}* and ¢ : {0,1}* x {0,1}* — {0,1}* such that, for
all 1,5 € {0,1}*,

(f(I),s) e S = (1,9(I,s)) € R.

Intuitively, this says that for any instance I of R, if we can find a solution s to instance
f(I) of S, then g(I,s) gives us a solution to instance I of R.

We say that R Turing-reduces to S if there exists a polynomial-time oracle
Turing machine that solves R given access to an oracle for S. Note that in the
context of TFNP a Turing reduction that only performs a single query is equival-

ent to a many-one reduction.

Promise problems. When defining a computational problem it is often convenient
and, in fact, quite natural to restrict the instance space to some subset X C {0, 1}*.
In that case, an algorithm solving the problem is only required to work correctly on
instances I € X and can behave in an arbitrary way otherwise. In a certain sense,
the algorithm is promised that the instance lies in X'. Accordingly, such problems are
usually called promise problems. Clearly, promise problems are a strict generalisation
of the standard computational problems where X = {0, 1}".

Even though TFNP does not, strictly speaking, contain promise problems with
X # {0, 1}, it can still capture various settings where the instance space is restricted.
Indeed, consider the case where we are interested in studying some FNP problem R
on a restricted set of instances X C {0,1}* and R is total on X. First of all, if X
is polynomial-time decidable, i.e., X € P, then we can easily transform R into an
equivalent TFNP problem by adding (I, ) to R for all I ¢ X', where * is some dedicated
bit-string. Furthermore, even when we do not know whether X € P, the restriction
on the instance space can often still be enforced syntactically. Namely, there exists
some polynomial-time computable function F such that for all instances I € {0,1}*
it holds that F(I) € X, and, additionally, whenever I € X it holds that (F(I),s) €
R = (I,s) € R. These techniques allow us to define a TFNP problem that captures

the complexity of R on inputs in X', without having to use promise problems.
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In some cases, however, it is not clear whether one of the two “tricks” above can be
used. In such cases it is still possible to obtain a related TFNP problem by modifying
the original problem so as to allow additional types of solutions. These types of
solutions are usually called violation solutions, as they attest that some promise on
the instance has been violated. For example, we will be interested in studying some
problems where the instance contains an L-Lipschitz-continuous function represented
as an arithmetic circuit. Since there is no known way of syntactically enforcing that
an arithmetic circuit be L-Lipschitz-continuous, such problems are turned into TFNP
problems by introducing the following violation solutions: any pair of points (x,y)
witnessing a violation of L-Lipschitz-continuity.

Of course, when adding violation solutions to some promise problem S in order
to obtain a TFNP problem S, there is no guarantee that S is not strictly harder to
solve than S. In particular, providing a reduction from some TFNP problem R to
S would not necessarily imply anything about S. In order to address this issue, a
stronger notion of reduction, called promise-preserving reduction, has been proposed
by Fearnley et al. [FGMS20]. A reduction (f,g) from problem R to problem S is
promise-preserving, if for any instance I of R, for any violation solution s of instance
f(I) of S, it holds that g(I, s) is a violation solution of instance I of R. Informally:
any violation solution of S is mapped back to a violation solution of R. As a result,
such a reduction also yields a reduction from R to S, namely the original promise
versions of the problems. In particular, if R = R, i.e., no violation solutions were
added to R, then a promise-preserving reduction from R to S immediately yields a
reduction from R to S, i.e., even the promise version of S is as hard to solve as R.

Alternatively, one could consider extending the definition of TFNP to include
promise problems. However, most of these promise TFNP problems would no longer
be syntactically total, thus missing out on the property which makes TFNP special.
Indeed, it is easy to define a promise TFNP problem that is FNP-hard (given a satisfiable
3-SAT formula, find a satisfying assignment), whereas this would immediately imply
NP = co-NP for a standard TFNP problem. For this reason, promise TFNP problems
are generally avoided, even though there does not seem to be a reason to avoid them

altogether, as long as one is aware of the issue mentioned above.

2.2 Representation of Functions

Many of the problems studied in this thesis are of the following form: given some
function f : Uy — Uy, find a point x € U such that (z, f(x)) satisfies some property.
In order to formally define such a computational problem we must specify how exactly

f is represented. We distinguish between two cases:
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e when U; and U, are sets of bounded-length bit-strings, f is represented using a

Boolean circuit,
e when U; and U, are subsets of R?, f is represented using an arithmetic circuit.

In both cases, polynomial-time Turing machines could be used instead of circuits.
However, using Turing machines would be more cumbersome, because there is no
clear connection between the length of the description of a Turing machine and its
running time. As a result, one would have to fix some polynomial upper bound on the
running time and introduce violation solutions for the case where the Turing machine
does not terminate within the bound on some input. In contrast, circuits have the
advantage that they can be evaluated in time polynomial in their description length.
Thus, using circuits to represent functions ensures that there is a direct connection
between the length of the representation of the function and the time it takes to
evaluate it. Another option is to use the notion of polynomially computable and

continuous function classes, which we briefly present in Section 2.2.3.

2.2.1 Boolean circuits

A Boolean circuit C' : {0,1}" — {0,1}™, with n inputs and m outputs, is allowed
to use the logic gates A (AND), V (OR) and = (NOT), where the A and V gates
have fan-in 2, and the — gate has fan-in 1. We let size(C') denote the size of circuit

C, i.e., the number of bits needed to represent it. In some cases, we will identify

{0,1}™ with [2"] or with {0,1,...,2" — 1}.

Encoding of Sets. Many of the computational problems we consider in this thesis
involve Boolean circuits whose output is interpreted as a set. For example, it will often
be the case that a circuit C' takes as input a bit-string in {0, 1}" and outputs a set of
at most m bit-strings in {0, 1}". We will denote this by C': {0,1}" — Set<,,({0, 1}").
Of course, a Boolean circuit has a fixed number of output bits and so the circuit
will in fact be of the form C' : {0,1}" — {0, 1}, for some ¢ that is sufficiently large
so that there are enough bits to encode any set of size at most m. It is easy to see
that taking ¢ = mn + 1 is enough. Indeed, we can for example use the following
encoding: the set {zy,...,2,} C {0,1}", £ < m, is represented by the bit-string
x1 - 2,100 € {0,111 Clearly, we can efficiently check whether a bit-string
in {0,1}™"! is a valid representation of a set, and if not, we can just interpret

it as the empty set § C {0,1}".
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2.2.2 Arithmetic circuits

Let n be a positive integer. For z € R", ||z||2, ||z||1 and ||z||» denote the standard
ly-norm (Euclidean), ¢;-norm (Manhattan) and /,-norm (Maximum) respectively.
Unless stated otherwise, || - || refers to the Euclidean norm. For z,y € R™, (z,y) :=
>, x;y; denotes the inner product.

We let B" = {x € R" : ||z|l2 < 1} denote the n-dimensional unit ball and
Sl = 9B" = {z € R" : ||z|]|s = 1} the corresponding unit sphere. For any non-
empty closed convex set D C R", we let I[Ip : R® — D denote the projection onto
D with respect to the Euclidean norm. Formally, for any = € R", TIp(z) is the
unique point y € D that minimises ||z — y||.

Rational numbers are represented as irreducible fractions, with the numerator and
denominator of the irreducible fraction given in binary. Note that given any fraction,
it can be made irreducible in polynomial time using the Euclidean algorithm. For
a rational number z, we let size(z) denote the number of bits needed to represent
x, i.e., the number of bits needed to write down the numerator and denominator
(in binary) of the irreducible fraction for x. We also use this notation for vectors

and matrices with rational entries.

Arithmetic circuits. An arithmetic circuit representing a function f : R® — R™,
is a circuit with n inputs and m outputs, which uses gates with fan-in 2 that perform
operations such as addition or multiplication, and gates with fan-in 0 that represent
rational constants. In this thesis, unless stated otherwise, an arithmetic circuit is
allowed to use the operations +, —, X, max, min, >. The comparison gate >, on input
a,b € R, outputs 1 if a > b, and 0 otherwise. For an arithmetic circuit f, we let
size(f) denote the size of the circuit, i.e., the number of bits needed to describe the

circuit, including the rational constants used therein.

Well-behaved arithmetic circuits. The definition of arithmetic circuits that we
have introduced above is very natural. However, these circuits suffer from a subtle
issue that seems to have been overlooked in some prior works. Using the multiplication
gate, such an arithmetic circuit can perform repeated squaring to construct numbers
that have exponential representation size with respect to the size of the circuit and
the input to the circuit. In other words, the circuit can construct numbers that are
double exponential (or the inverse thereof). Thus, in some cases, it might not be
possible to evaluate the circuit on some input efficiently, i.e., in time polynomial

in the size of the circuit and the given input.
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In this thesis, we resolve this issue as follows. We restrict our attention to what
we call well-behaved arithmetic circuits.! An arithmetic circuit f is well-behaved if,
on any directed path that leads to an output, there are at most log(size(f)) true
multiplication gates. A true multiplication gate is one where both inputs are non-
constant nodes of the circuit. In particular, note that we allow our circuits to perform
multiplication by a constant as often as needed without any restriction. Indeed, these
operations cannot be used to do repeated squaring.

It is easy to see that given an arithmetic circuit f, we can check in polynomial
time whether f is well-behaved. Thus, the restriction to well-behaved circuits can be
enforced syntactically, without the need for violation solutions. Furthermore, these

circuits can always be efficiently evaluated.

Lemma 2.1. Let f be a well-behaved arithmetic circuit with n inputs. Then, for any

rational x € R™, f(x) can be computed in time poly(size(f), size(x)).

We provide a proof of this Lemma in Appendix A.

Remark 2.1. Our definition of well-behaved circuits is robust in the following sense.
For any k € N, say that a circuit f is k-well-behaved if, on any path that leads to
an output, there are at most k - log(size(f)) true multiplication gates. In particular,
a circuit is well-behaved if it is 1-well-behaved. It is easy to see that for any fixed
k € N, if we are given a circuit f that is k-well-behaved, we can construct in time
poly(size(f)) a circuit f” that is well-behaved and computes the same function as
f. This can be achieved by adding (size(f))* dummy gates to the circuit f, i.e.,
gates that do not alter the output of the circuit. For example, we can add gates that

repeatedly add 0 to the output of the circuit.

Lipschitz-continuity. Note that even well-behaved arithmetic circuits might not
yield continuous functions, because of the comparison gate. Some of our prob-
lems require continuity of the function, and a very convenient type of continuity
for computational purposes is Lipschitz-continuity. A function f : R"™ — R™ is
Lipschitz-continuous (w.r.t. the norm || - ||) on the domain D C R™ with Lipschitz-

constant L, if for all x,y € D

If (@) = fWl < L-llz -yl

There is no known way of syntactically enforcing that an arithmetic circuit be Lipschitz-

continuous. Thus, to ensure that the problems in question indeed lie in TFNP, we allow

'We use well-behaved arithmetic circuits in this thesis because (a) they can always be efficiently
evaluated, and (b) they are powerful enough to express the functions that we construct in our
reductions. Our results continue to hold if one considers other restricted classes of circuits, as long
as they satisfy (a) and (b). In particular, this holds for any class of arithmetic circuits that is at
least as expressive as well-behaved circuits, while remaining efficiently evaluatable.
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any well-behaved circuit in the input, together with a purported Lipschitz-constant
L, and also accept a pair (z,y) witnessing a violation of L-Lipschitz-continuity as a
solution. This is the usual “trick” that was also used by Daskalakis and Papadimitriou
[DP11] for the definition of CLS.

Linear arithmetic circuits. Linear arithmetic circuits are only allowed to use
the operations 4+, —, x(, max, min and rational constants. The operation x( de-
notes multiplication by a constant (which is part of the description of the circuit).
In particular, such circuits cannot use general multiplication gates or comparison
gates. Note that even though these circuits are called linear, they in fact corres-
pond to piecewise linear functions.

Every linear arithmetic circuit is a well-behaved arithmetic circuit, and so, by
Lemma 2.1, can be evaluated in polynomial time. Furthermore, every linear arithmetic
circuit represents a Lipschitz-continuous function such that the Lipschitz constant

has polynomial bit-size with respect to the size of the circuit.

Lemma 2.2. Any linear arithmetic circuit f : R"™ — R™ is 2size(£)* _Lipschitz-

continuous (w.r.t. the {oo-norm) over R™.

We provide a proof of this Lemma in Appendix A.

As a result, no violation solutions are needed to ensure the Lipschitzness of
such circuits. Depending on the situation — namely if restricting the functions to be
piecewise linear is not an issue — we will also use these circuits to define TFNP problems.

Interestingly, it turns out that Lipschitz-continuous well-behaved arithmetic circuits

can be arbitrarily well approximated by linear circuits.

Theorem 2.1. Given a well-behaved arithmetic circuit f : [0,1]" — R%, a purported
Lipschitz constant L > 0, and a precision parameter € > 0, in polynomial time in
size(f), log L and log(1/¢c), we can construct a linear arithmetic circuit F : [0,1]" —
R? such that for any x € [0,1]™ it holds that:

o [f(x) = F(z)] <e, or
e given x, we can efficiently compute y € [0,1]™ such that

1 () = FWlloo > Lz = Ylloe-

Here “efficiently” means in polynomial time in size(x), size(f), log L and log(1/e).

The proof of this result is included in Appendix B, where we show an even
more general result, namely that any polynomially-approzimately-computable class of

functions (defined in Appendix B) can be approximated by linear arithmetic circuits.
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2.2.3 Polynomially Computable and Polynomially Continu-
ous Function Classes

In this section, we briefly present the notion of a polynomially computable and polyno-
mially continuous class of functions, which we will use for some of our membership res-
ults.

Consider a class of functions F with some representation scheme. Formally, any
bit-string w € {0, 1}* represents some function f, € F, f, : R® — R™ and for
any function f € F there exists w € {0,1}* with f, = f. With a slight abuse of
notation, we let size(f) denote the size of the representation of f, i.e., the length
of the bit-string w representing it. For any f € F, f : R® — R™, we assume
that size(f) > n + m (except perhaps for a finite number of f € F). An example
is the class of functions represented by arithmetic circuits, where we let invalid
representations map to some arbitrary fixed function. In this case, size(f) is simply

the size of the circuit, as defined earlier.
Definition 2.1 (Etessami and Yannakakis [EY10]). Let F be a class of functions.

e F is polynomially computable, if there exists some polynomial p such that for
any f € F, f : R" — R™, and any rational input z € R™, f(z) can be computed
in time p(size(f) + size(z)).

o F is polynomaially continuous, if there exists some polynomial ¢ such that for
any [ € F, f: R" — R™, and any rational ¢ > 0, there exists a rational
0 > 0 with size(d) < q(size(f) + size(¢)) such that for all z,y € R™ we have

[ = Ylloo <0 = [[f(2) = [(H)llc <&

By Lemmas 2.1 and 2.2 it follows that the class of functions represented by linear
arithmetic circuits is polynomially computable and polynomially continuous. Note,
however, that polynomial continuity fails if we consider well-behaved arithmetic

circuits instead, because the comparison gate might make the function discontinuous.

2.3 Syntactic Subclasses of TFNP

As noted by Megiddo and Papadimitriou [MP91] and Papadimitriou [Pap94], the
definition of TFNP is semantic and as such TFNP is unlikely to admit complete
problems. Furthermore, Pudldk [Pud15] has provided an oracle with respect to which
TFENP indeed does not have any complete problems.
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As a result, various syntactic subclasses of TFNP have been defined to capture the

complexity of natural problems. These classes are usually defined using very simple

existence principles. The main subclasses and corresponding existence principles are:?

PPAD : given a directed graph and an unbalanced vertex (i.e., outdegree #

indegree), there must exist another unbalanced vertex. [Pap94]

PPADS : given a directed graph and a positively unbalanced vertex (i.e., outdegree
> indegree), there must exist a negatively unbalanced vertex (i.e., outdegree <
indegree). [Pap94; BCET9§]

PPA : given an undirected graph and vertex with odd degree, there must exist

another vertex with odd degree (Handshaking Lemma). [Pap94]

PPA-p, prime p > 2 : existence is guaranteed by an argument modulo p.
PPA-2 = PPA. [Pap94]

PPP : given a function mapping a finite set to a smaller set, there must exist a

collision (Pigeonhole Principle). [Pap94]

PLS : given a directed acyclic graph, there must exist a sink (where the acyclicity
is enforced locally by a potential). [JPY8§]

CLS : existence is guaranteed by a continuous local search argument. [DP11]

EOPL : given a directed acyclic graph and an unbalanced vertex, there must
exist another unbalanced vertex (where the acyclicity is enforced locally by a
potential). [FGMS20]

UEOPL : same as EOPL, but the graph only consists of lines that never overlap
in terms of the potential. [FGMS20]

SOPL : given a directed acyclic graph and a positively unbalanced vertex, there
must exist a negatively unbalanced vertex (where the acyclicity is enforced
locally by a potential). [GKRS19]

The known relationships between these classes are shown in Figure 2.1. Goldberg and
Papadimitriou [GP18] have also defined a class PTFNP and shown that it contains
most of the known TFNP subclasses. PTFNP stands for provable TFNP and its
complete problem is essentially: given a proof of a contradiction, find a mistake in
the proof.® Another class that we have not mentioned is PWPP, a subclass of PPP

that corresponds to a weaker version of the Pigeonhole Principle.

Before presenting the main classes in more detail, we briefly discuss some im-

portant related results.

2For some of these classes, the corresponding existence principles listed here are more general
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Figure 2.1: The main subclasses of TFNP, where arrows are used to denote containment.

Closure under Turing reductions. The subclasses of TFNP are formally defined
using complete problems that embody the corresponding existence principles. For
example, PPAD is formally defined as the set of all TFNP problems that (many-
one) reduce to a problem called END-OF-LINE, which embodies the PPAD existence
principle (see Section 2.3.1). As a result, these classes are trivially closed under
many-one reductions. However, it is not immediately clear whether they are also
closed under Turing reductions. Note that closure under Turing reductions can
be useful for proving membership in a class, but even just on a purely structural
level, it is a clear sign of robustness.

PPA, PPAD, PPADS and PLS have been shown to be closed under Turing reductions
by Buss and Johnson [BJ12]. In Chapter 9 we show that this also holds for the classes
PPA-p for prime p. The collapse CLS = PPAD N PLS which we prove in Chapters 7
and 8 also implies that CLS is closed under Turing reductions. However, it is still not
known whether PPP is closed under Turing reductions. For PWPP Jetdbek [Jer16]
has shown that it is closed under nonadaptive Turing reductions, i.e., where the oracle

queries are not allowed to depend on responses to previous queries.

than the ones originally used for their definition, but have since been proved to be equivalent. For
PPAD this is proved in this thesis (see Section 2.3.1). For PPADS it was proved by Beame et al.
[BCE98], and the same arguments also work for SOPL. For PPA this was already proved when the
class was first defined [Pap94]. For EOPL this was proved by Ishizuka [Ish21].

3In order to formally instantiate this problem, one first has to fix a proof system. Goldberg
and Papadimitriou [GP18] define PTFNP by picking a specific proof system in the definition of the

problem. One can define different versions of this class by changing the proof system that is used.
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Oracle separations. Unfortunately, we cannot hope to prove that classes in Fig-
ure 2.1 are distinct without first proving P # NP. Thus, for now, we have to rely on
oracle separations as indications that these classes are distinct.

Indeed, there are extensive results on this and all of these results have a common
general technique. First, one defines type-2 analogues of the TFNP subclasses, namely,
the circuits in the input are replaced by black boxes. The next step is to prove
that there is no reduction between complete problems for these classes. It is indeed
possible to prove such separations unconditionally in this type-2 setting. Finally,
this impossibility of a reduction yields a separation of the classes with respect to
any generic oracle (see [BCET98] for more details on this). Another equivalent —
and perhaps cleaner — approach directly uses tools from proof complexity on TFNP
problems formulated as unsatisfiable CNFs. In this way, it is possible to characterise
TENP subclasses in terms of proof systems; see [GKRS19] for more details.

Using this framework, Beame et al. [BCET98] proved all possible separations
between the classes PPA, PPAD, PPADS and PPP, even for Turing reductions. Sub-
sequently, Morioka [Mor(1] extended these results by proving that PPAD is not Turing
reducible to PLS in the type-2 setting. This implies that none of PPA, PPAD, PPADS
and PPP are contained in PLS under generic oracles. Buresh-Oppenheim and Morioka
[BMO04] further proved that there is no many-one reduction from PLS to PPA in the
type-2 setting, and this was extended to Turing reductions by Buss and Johnson
[BJ12]. Thus, an important open problem is whether PLS is contained in PPP or
PPADS under generic oracles. To show that this is not the case, it would suffice to

prove that there is no reduction from PLS to PPP in the type-2 setting.

Hardness from cryptographic assumptions. Hubécek, Naor and Yogev [HNY17]
proved that average-case hardness of TFNP can be based on average-case hardness
of NP, albeit under some strong derandomisation assumption. More recently, Pass
and Venkitasubramaniam [PV20] showed that if NP is hard on average then either
(a) one-way functions exist, or (b) TFNP is also hard on average. This result in
particular implies that TENP is hard on average in Pessiland, namely Impagliazzo’s
world [Imp95] where NP is hard on average but one-way functions do not exist.

It has been shown that subclasses of TFNP are hard if we assume some specific
cryptographic assumptions. First of all, Papadimitriou [Pap94] already noted that if
one-way permutations exist, then PPP is not polynomial-time solvable. Similarly, if
collision-resistant hash functions exist, then PWPP (and thus PPP) is hard. Jerabek
[Jer16] showed that the FACTORING problem lies in PPA and PWPP under randomised
reductions. Thus, hardness of these classes can be based on the hardness of FACTORING.
Komargodski, Naor and Yogev [KNY19] also show that RAMSEY, a problem based

on Ramsey’s theorem, is hard if collision-resistant hash functions exist.
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For PPAD, Abbott, Kane and Valiant [AKV04] proved that hardness can be
based on virtual black-box obfuscation, but this is an extremely strong cryptographic
assumption that is unlikely to hold. Bitansky, Paneth and Rosen [BPR15] showed
that (average-case) hardness of PPAD can be based on the existence of injective
one-way functions and indistinguishability obfuscation. The latter assumption is
quite strong, but it has recently been related to more standard assumptions [JLS21].
Their reduction uses a problem called SINK-OF-VERIFIABLE-LINE as an intermediate
step. Also using this problem, Garg, Pandey and Srinivasan [GPS16] proved that
hardness of PPAD can be based on the existence of one-way permutations and a public
key functional encryption assumption. This is also a non-standard cryptographic
assumption. Hubédcek and Yogev [HY20] showed that these hardness results also
hold for CLS by showing that SINK-OF-VERIFIABLE-LINE lies in CLS. In fact, their
reduction essentially first shows that SINK-OF-VERIFIABLE-LINE lies in EOPL and
then that EOPL is a subset of CLS, so the hardness results also hold for EOPL. More
recently, Choudhuri et al. [CHK19] proved that hardness of EOPL can also be based
on the soundness of the Fiat-Shamir heuristic applied to the sumcheck protocol and
hardness of #SAT, the problem of counting satisfying assignments. Jawale et al.
[JKKZ21] showed that these assumptions can be replaced by the assumption that
Learning With Errors (LWE) is sub-exponentially hard.

The question of whether PPAD-hardness can be based on more standard crypto-
graphic assumptions such as the existence of one-way functions is still open. Within
the framework of black-box reductions, Rosen, Segev and Shahaf [RSS21] have shown
that strong cryptographic assumptions are not essential for PPAD-hardness. Thus,
there is hope that hardness can be based on simpler cryptographic assumptions.
However, they have also proved that such black-box reductions cannot use the SINK-
OF-VERIFIABLE-LINE problem and would necessarily yield an END-OF-LINE instance

with an exponential number of solutions.

2.3.1 The Classes PPAD and PPADS

PPAD. The class PPAD, which stands for “Polynomial Parity Argument on Directed
graphs,” was introduced by Papadimitriou [Pap94]. It is usually defined using a
problem called END-OF-LINE. In this problem, the input is a succinct representation
of an exponentially large directed graph, where every vertex has in- and out-degree
at most 1. We are given a source and have to locate a sink or another source, which
is guaranteed to exist by a simple argument.

Formally, PPAD is defined as the set of all TENP problems that (many-one) reduce
to END-OF-LINE [Pap94; DGP09].
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Figure 2.2: Example of an END-OF-LINE instance for n = 3, with vertex set {0,1}3
interpreted as [8]. The vertices are represented by circular nodes and the directed edges
by arrows. In this example, the END-OF-LINE solutions are the vertices 3, 7 and 8. In
more detail, vertices 3 and 8 are sinks, while vertex 7 is a source. Note that the “trivial”
source 1 is not a solution. Finally, the isolated vertex 5 is also not a solution. Although
this example does not contain cycles, they are also allowed in END-OF-LINE and do not
introduce solutions.

Definition 2.2. END-OF-LINE:

Input: Boolean circuits S, P : {0,1}" — {0, 1} with P(0") = 0™ # S(0").
Output: x € {0,1}" such that P(S(z)) # z or S(P(x)) # = # 0™

Note that the graph is not provided explicitly in the input, but instead we are given
Boolean circuits that efficiently compute the successor and predecessor of each vertex.
In more detail, the circuits define a graph as follows. There is a directed edge from
vertex z to y (z # y), if and only if S(x) = y and P(y) = =. Note that any badly defined
edge, i.e., S(x) =y and P(y) # z, or P(y) = x and S(z) # y, qualifies as a solution of
END-OF-LINE as defined above (because P(S(x)) # x or S(P(x)) # x respectively).
The vertex 0" is a source of the graph, unless P(S(0")) # 0™, in which case 0" is a
valid solution to the problem as stated above. The condition P(0") = 0™ # S(0")
can be enforced syntactically, so this is indeed a TFNP problem and not a promise
problem. See Figure 2.2 for an example of an instance of END-OF-LINE.

The attentive reader might have noticed that END-OF-LINE is only a special
case of the general principle “given a directed graph and an unbalanced vertex (i.e.,
outdegree # indegree), there must exist another unbalanced vertex.” In Chapter 3 we
show that END-OF-LINE is equivalent to the problem IMBALANCE which embodies
this more general principle. As a result, it is indeed correct to say that PPAD also
corresponds to this general formulation of the principle.

In order to prove that a problem is PPAD-hard, one can reduce from END-OF-LINE
or any other PPAD-complete problem. In fact, PPAD also has a useful topological

characterisation in terms of Brouwer’s fixed point theorem.
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Theorem 2.2 (Brouwer’s Fixed Point Theorem [Broll]). Let D C R™ be a nonempty,
compact, and convex set. Then, for any continuous function f : D — D there exists

xr € D with f(x) = x.

Namely, finding an approximate Brouwer fixed point is PPAD-complete, even in two
dimensions [Pap94; CD09]. In Appendix C we present a general version of the computa-
tional problem that is useful for proving membership in PPAD. The discrete counterpart
of Brouwer’s fixed point theorem — Sperner’s lemma [Spe28] — is also PPAD-complete.

Perhaps the most famous PPAD-complete problem is NasH [DGP09; CDT09]. The
characterisation of PPAD using Brouwer’s fixed point theorem — and more specifically
the Generalised Circuit problem, which we study in more detail in Chapter 5 — was
crucial for proving the PPAD-hardness of NAsH. [Rubl8] improved the hardness
results for the Generalised Circuit problem and used this to show that computing a
Nash equilbrium is PPAD-hard in polymatrix games even with constant approximation
parameter. PPAD has generally been very successful in capturing the complexity of
problems in Game Theory [Meh14; CDO15; DQS12], Economics [CSVY08; CDDT09;
VY11; CPY17] and beyond [KPR'13].

PPADS. The class PPADS, which stands for “Polynomial Parity Argument on
Directed graphs: Sink,” is obtained by modifying END-OF-LINE so that now only sinks

are solutions. Namely, we are not interested in finding other sources. Formally, PPADS
is defined as the set of all TENP problems that reduce to SINK [Pap90; BCET98].

Definition 2.3. SINK:

Input: Boolean circuits S, P : {0,1}" — {0, 1}", with P(0™) = 0" # S(0™).
Output: x € {0,1}" such that P(S(z)) # =.

The interpretation of the circuits S and P is exactly the same as in END-OF-LINE.
In Chapter 3 we study some variants of SINK and also explain why the problem indeed
captures the full generality of the principle “given a directed graph and a positively

unbalanced vertex, there must exist a negatively unbalanced vertex.”

2.3.2 The Class PPA

The class PPA (Polynomial Parity Argument) is defined as the set of all TENP problems
that reduce to the problem LEAF [Pap94; BCET98]: given an undirected graph with
maximum degree 2 and a leaf (i.e., a vertex of degree 1), find another leaf. Formally, the

problem is defined as follows, where we use the Set-notation introduced in Section 2.2.1.
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Definition 2.4. LEAF:

Input: Boolean circuit C': {0,1}" — Set<»({0,1}") with |C(0")| = 1.
Output: Either

e 1z # 0" such that |C'(z)| = 1 (another leaf), or

e 1,y such that x € C(y) but y ¢ C(z) (an inconsistent edge).

Here the vertex set is {0, 1} and the undirected graph is represented by a Boolean
circuit C' : {0,1}™ — Set<»({0,1}"). By this we mean that for any = € {0,1}", we
interpret C'(x) as the set of potential neighbours of x, where we syntactically enforce
that © ¢ C(x). We say that there is an edge between z and y if 2 € C(y) and
y € C(z). Thus, every vertex has at most two neighbours. As before, note that the
size of the graph can be exponential with respect to its description size.

It is easy to see that PPA contains PPAD, since ignoring the direction in an instance
of END-OF-LINE yields an instance of LEAF. Papadimitriou [Pap94] proved that
LEAF is equivalent to the seemingly more general problem ODD: given an undirected
graph and an odd degree node, find another one. Beame et al. [BCE'98] proved that
the following problem is equivalent to LEAF and thus also PPA-complete:

Definition 2.5. LONELY:

Input: Boolean circuit C': {0,1}" — {0,1}" with C(0") = 0".
Output: x # 0" such that C(x) =z or C(C(x)) # =.

The first PPA-complete problems were all related to topological problems on
non-orientable spaces [Gri0l; FISV06; DEF*21]. Aisenberg, Bonet and Buss [ABB20]
provided the first topological characterisation of PPA on standard orientable spaces by
proving the PPA-completeness of the problems associated to the Borsuk-Ulam theorem
and its discrete counterpart, Tucker’s lemma. This corrected an incorrect claim
made in [Pap94] about PPAD-membership of these problems. We include the formal

statements of these theorems here, see the book by Matousek [Mat08] for more details.

Theorem 2.3 (Borsuk-Ulam Theorem [Bor33|). For every continuous odd function
f 8" = R" (ie., such that f(—x) = —f(x)), there exists a point v € S™ with
fw) =0,

Theorem 2.4 (Tucker’s Lemma [Tuc45]). Let m,d > 1. Let X : ([-m, m] N N)? —
{£1,42,...,£d} be any labelling that satisfies \(—x) = —\(z) for all x € ([—m, m]N
N)¢ such that Ji with |x;] = m. Then there exist two points x,y € ([—m,m] N N)4
with ||z — y|leo < 1 that have opposite labels, i.e., AN(x) = —A(y).
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Subsequently, Deng, Feng and Kulkarni [DFK17] proved that a special version
of Tucker’s lemma, known as the Octahedral Tucker lemma, is also PPA-complete.
The first PPA-complete problems not inspired from topological fixed point theorems
were given by Belovs et al. [BIQ17], who considered problems related to Chevalley’s
theorem and the Combinatorial Nullstellensatz. It is only relatively recently that
Filos-Ratsikas and Goldberg [FG18; FG19] provided the first “natural” PPA-complete
problems, in the sense that these problems do not have a computational device in their
input (such as a circuit or Turing machine). They proved that the Consensus-Halving
problem from fair division, the Necklace Splitting problem (with 2 thieves) from combin-
atorics, and the discrete Ham Sandwich problem from geometry are all PPA-complete.

In Part IIT of this thesis we study generalisations of PPA (which corresponds to
arguments modulo 2) by considering the classes PPA-k corresponding to arguments
modulo k. We provide various structural results, including the first topological
characterisations for these classes. We also prove a membership result for the Necklace

Splitting problem with £ thieves.

2.3.3 The Class PLS

The class PLS (Polynomial Local Search) is defined as the set of all TENP problems
that reduce to the problem LocaropT [JPYS88; DP11].

Definition 2.6. LocALoPT:

Input: Boolean circuits S,V : [2"] — [2"].
Output: v € [2"] such that V(S(v)) > V(v).

This problem embodies local search over the node set [2"]. The output of the
circuit V' represents a value and ideally we would like to find a node v € [2"]
that minimises V(v). The circuit S helps us in this task by proposing a possibly
improving node S(v) for any v. We stop our search, when we find a v such that
V(S(v)) > V(v), i.e., S no longer helps us decrease the value of V. This is local
search, because the circuit S represents the search for an improving node in some
small (polynomial-size) neighbourhood.

In this thesis, we also make use of the following PLS-complete problem [Mor01].

Definition 2.7. ITER:

Input: Boolean circuit C': [2"] — [2"] with C(1) > 1.
Output: v € [2"] such that either

e C(v) <w,or

e C(v) >vand C(C(v)) =C(v).
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Figure 2.3: Example of an ITER instance C for n = 3. The 2" (= 8) nodes are represented
by squares. The arrows indicate the mapping given by the circuit C'. In this example, nodes
2, 6 and 8 are the fixed points of C. Any node that is mapped by C to a fixed point is a
solution to the ITER instance. Thus, in this example, the solutions are nodes 3 and 7.

In this problem, it is convenient to think of the nodes in [2"] as lying on a line
from left to right. Then, we are looking for any node v that is mapped to the left
by C, or any node v that is mapped to the right and such that C'(v) is a fixed
point of C. Since C(1) > 1, i.e., node 1 is mapped to the right, it is easy to see
that such a solution must exist (apply C repeatedly on node 1). Note that the
condition C'(1) > 1 can be enforced syntactically, so this is indeed a TFNP problem
and not a promise problem. See Figure 2.3 for an example of an ITER instance.
Daskalakis and Papadimitriou [DP11] also provided a continuous problem that is
PLS-complete. This problem is called REAL-LOCALOPT and we present a more
general version of this problem in Appendix C.

The first natural problem to be proven PLS-complete is the graph-partitioning
problem with the Kernighan-Lin heuristic [JPY88], and later with the swap heuristic
[Sch91]. Subsequently, this was also proved for the traveling salesman problem with
the Lin-Kernighan heuristic [Pap92] and also with the k-OPT neighbourhood [Kre89)
(for some large constant k). The MAX-CuUT problem with flip neighbourhood (i.e.,
move one vertex to the opposite side) is also PLS-complete [Sch91]. There are also
PLS-completeness results for various local search problems related to SAT [Kre90;
Kre89; Sch91; DM13]. A celebrated result is the PLS-completeness of computing a
pure Nash equilibrium in a congestion game [FPT04], and various extensions and
special cases [SV08; ARV08; BFH09].

2.3.4 The Class CLS

Daskalakis and Papadimitriou [DP11] noted that a lot of natural problems lie in
both PPAD and PLS. Examples include finding a fixed point of a contraction map
(CONTRACTION), solving the Linear Complementarity Problem for P-matrices (P-
LCP), finding a stationary point of a polynomial, and computing a mized Nash

equilibrium in a congestion game.
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In order to study the complexity of these problems, they defined a subclass of PPAD
and PLS, which they called CLS for “Continuous Local Search.” Unlike PPAD, PPA
and PLS, CLS is defined using arithmetic circuits. Formally, the class CLS is defined as
the set of all TENP problems that reduce to the problem 3D-CONTINUOUS-LOCALOPT.

Definition 2.8. CONTINUOUS-LOCALOPT:

Input:
e precision/stopping parameter £ > 0,
e well-behaved arithmetic circuits p : [0, 1]* — [0, 1] and ¢ : [0, 1]™ — [0, 1]™,
e Lipschitz constant L > 0.

Output: An approximate local optimum of p with respect to g. Formally, find
x € [0,1]™ such that

p(g(x)) > p(x) —e.

Alternatively, we also accept one of the following violations as a solution:
e (pis not L-Lipschitz) z,y € [0, 1]" such that |p(z) — p(y)| > L||z — y||,

e (g is not L-Lipschitz) z,y € [0, 1]" such that ||g(x) — g(y)|| > L||z — y||.

For k € N, we let kD-CONTINUOUS-LOCALOPT denote the problem CONTINUOUS-
LocALoPT where n is fixed to be equal to k.

CONTINUOUS-LOCALOPT is similar to LOCALOPT (Definition 2.6), in the sense
that we are looking for a minimum of p over the domain [0, 1]" using the help of a
function g. The membership of the problem in PLS and in PPAD is easy to show
[DP11]. The membership in PPAD follows from the observation that ¢ is a Brouwer
function and that every (approximate) fixed point of g also yields a solution to the
CONTINUOUS-LOCALOPT instance.

Note that the original definition of CONTINUOUS-LOCALOPT in [DP11] uses
arithmetic circuits without the “well-behaved” restriction. As argued in Section 2.2.2,
these circuits cannot always be evaluated efficiently, and so we instead use well-behaved
arithmetic circuits, to ensure that the problem lies in TENP. This subtle issue was
recently also noticed by Daskalakis and Papadimitriou, who proposed a way to fix it
in a corrigendum® to the definition of CLS. Their modification consists in having an
additional input K (in unary) provided as part of the input such that the evaluation
of the arithmetic circuit — purportedly — only involves numbers of bit-size at most
K -size(x) on input z. Any point x where the arithmetic circuit fails to satisfy this

property is accepted as a violation solution.

‘http://people.csail.mit.edu/costis/CLS-corrigendum.pdf
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Using well-behaved arithmetic circuits — instead of the solution proposed by
Daskalakis and Papadimitriou — has the advantage that we do not need to add any
additional inputs, or any additional violation solutions to our problems. Indeed, the
restriction to well-behaved circuits can be enforced syntactically. Furthermore, we
note that our problems defined with well-behaved circuits easily reduce to the versions
using the solution proposed by Daskalakis and Papadimitriou (see Remark 2.2 below).
Thus, this restriction only makes our hardness results stronger. In fact, for CLS we
show that even restricting to linear arithmetic circuits (representing piecewise linear

functions) does not make the class any weaker (see Section 7.4).

Remark 2.2. The proof of Lemma 2.1 (in Appendix A) shows that if we evaluate a well-
behaved arithmetic circuit f on some input x, then, the value v(g) at any gate g of the

3. size(x). As a result, it immediately follows

circuit will satisfy size(v(g)) < 6 - size(f)
that problems with well-behaved arithmetic circuits can be reduced to the versions of
the problems with the modification proposed by Daskalakis and Papadimitriou in the
corrigendum of their paper [DP11]. Indeed, it suffices to let K = 6 - size( f)?, which

can be written down in unary. In particular, this holds for the definition of CLS.

In this thesis, we consider more general domains than just [0, 1]™ and so we also

define a more general version of CONTINUOUS-LOCALOPT.

Definition 2.9. GENERAL-CONTINUOUS-LOCALOPT:

Input:
e precision/stopping parameter £ > 0,

o (A b) € R™" x R™ defining a bounded non-empty domain D = {z € R" :
Az < b},

e well-behaved arithmetic circuits p : R® — R and g : R® — R",
e Lipschitz constant L > 0.

Output: An approximate local optimum of p with respect to g on domain D.
Formally, find x € D such that

p(Ip(g(2))) = p(x) —e.
Alternatively, we also accept one of the following violations as a solution:

e (pis not L-Lipschitz) z,y € D such that |p(z) — p(y)| > L|jz — y||,

e (g is not L-Lipschitz) z,y € D such that ||g(x) — g(y)|| > L|jz — y||.

Note that given (A,b) € R™*™ x R™, it is easy to check whether the domain D =
{z € R": Az < b} is bounded and non-empty by using linear programming,.
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We use the projection IIp in this definition, because it is not clear whether there is
some syntactic way of ensuring that g(x) € D. Namely, it is unclear whether 11, can
be computed inside our arithmetic circuits. However, IIp can be computed efficiently
by a Turing machine, since it can be formulated as a convex quadratic program, known
to be solvable in polynomial time [KTKS80]. To be more precise, given a rational
vector z € R", IIp(z) can be computed exactly in time poly(size(x), size(A), size(b)).
Note that when D = [0, 1]", the projection IIp can easily be computed by arithmetic
circuits, so Ilp is not needed in the definition of CONTINUOUS-LOCALOPT. Indeed,
when D = [0, 1]", we have [IIp(z)]; = min{1, max{0, z;}} for all i € [n] and x € R™.

The definition of CLS using 3D-CONTINUOUS-LOCALOPT, instead of 2D-CONTINU-
ous-LocAarLopT, CONTINUOUS-LOCALOPT, or GENERAL-CONTINUOUS-LOCALOPT,
leaves open various questions about whether all these different ways of defining it
are equivalent. We prove that this is indeed the case. We discuss this, as well as the
robustness of the definition of CLS with respect to other modifications in Section 7.4.

Following the definition of CLS by Daskalakis and Papadimitriou [DP11], two
CLS-complete problems were identified: BANACH [DTZ18] and METAMETRICCON-
TRACTION [FGMS17]. BANACH is a computational presentation of Banach’s fixed
point theorem in which the metric is presented as part of the input (and could be
complicated). Banach fixed points are unique, but CLS problems do not in general
have unique solutions, and the problem BANACH circumvents that obstacle by al-
lowing certain violation solutions, such as a pair of points witnessing that f is not a
contraction map. METAMETRICCONTRACTION is a generalisation of BANACH, where
the metric is replaced by a slightly relaxed notion called a meta-metric.

Some of the problems that motivated the original definition of CLS have been
shown to lie in the class UEOPL defined by Fearnley et al. [FGMS20]. This holds in
particular for the P-LCP problem and the CONTRACTION problem with piece-

wise linear functions.

2.3.5 The Class PPAD N PLS

The class PPAD N PLS is the set of all TFNP problems that lie in both PPAD and
PLS. A problem in PPAD N PLS cannot be PPAD- or PLS-complete, unless PPAD C
PLS or PLS C PPAD. Neither of these two containments is believed to hold, and,
as mentioned above, this is supported by oracle separations between the classes. It
is easy to construct “artificial” PPAD N PLS-complete problems from PPAD- and
PLS-complete problems. Let A and B be any TFNP problems.
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Definition 2.10. EITHER-SOLUTION(A,B):

Input: An instance 4 of A and an instance Ig of B.
Output: A solution of I, or a solution of Ig.

Then, it is quite easy to show that:

Proposition 2.1 (Daskalakis and Papadimitriou [DP11]). If A is PPAD-complete
and B is PLS-complete, then EITHER-SOLUTION(A,B) is PPAD N PLS-complete.

In fact, this holds more generally for any two TFNP classes. In particular, we
obtain the following corollary, which we will use to show our main PPAD N PLS-

hardness result in Chapter 8.
Corollary 2.1. EITHER-SOLUTION(END-OF-LINE,ITER) is PPAD N PLS-complete.

Prior to the work presented in this thesis, the problems EITHER-SOLUTION(A,B),
where A is PPAD-complete and B is PLS-complete, were the only known PPAD N PLS-

complete problems.

2.4 The Class FIXP

Recall that the problem of computing an approximate Brouwer fixed point is PPAD-
complete. An approximate fixed point of a function f is a point x such that
||f(z) — z|]| < e. However, note that such a point z might be far away from an
actual exact fixed point.

In order to study ezact fixed point computation, Etessami and Yannakakis [EY10]
defined the class FIXP that captures the complexity of computing an exact fixed point
of a function given by an arithmetic circuit and mapping the unit cube into itself.
Since these exact fixed points can be irrational, it might seem at first that FIXP can
only be used to study this problem in real-valued computational models. However,
completeness results for this class usually use a special type of reduction, called an
SL-reduction, which ensures that the reduction also holds for three types of problems
that can be studied in the standard Turing machine model: the “strong approximation
problem” (i.e., find a point close to an exact solution), the “partial computation
problem” (i.e., compute the first n bits of an exact solution) and various decision
problems. As a result, a FIXP-completeness result obtained through SL-reductions
also implies that all these problems are hard in the standard Turing machine model.

Etessami and Yannakakis [EY10] proved that the problem of computing an exact

Nash equilibrium of a 3-player game is FIXP-complete.® This means that computing a

5Tt is known that for 2 players a rational Nash equilibrium always exists and the problem of
finding one is PPAD-complete [CDT09].
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strong approximation for 3-player Nash is as hard as computing a strong approximation
of a Brouwer function given by an arithmetic circuit.

Even though it is convenient to think of FIXP as the exact version of PPAD, it is
perhaps more correct to think of FIXP as the exact version of a specific PPAD-complete
problem (namely, the Brouwer fixed point problem). Indeed, it is possible that the
exact version of some other PPAD-complete problem could give rise to a different class.
For example, in Chapter 4 we show that the exact version of the PPAD-complete
Hairy Ball problem is FIXP-hard, but it remains open whether it lies in FIXP — and
it could very well turn out to be strictly harder than FIXP.

The exact versions of some problems complete for other TFNP classes have also
been studied. The class BU capturing an exact version of the PPA-complete Borsuk-
Ulam theorem was defined by Deligkas et al. [DFMS21] and further studied by Batziou,
Hansen and Hegh [BHH21]. Daskalakis and Papadimitriou [DP11] also briefly discuss

the exact versions of CLS- and PLS-complete problems.

FIXP. We now provide a formal definition of FIXP. A real-valued search problem II
associates to any input instance I (encoded as a bit-string) a search space D; C R%
and a set of solutions Sol(I). We assume that given I, we can compute a description
of Dy in polynomial time. In this thesis, we only consider total real-valued search
problems, i.e., we assume that Sol(I) # 0.

We begin by defining basic FIXP problems that directly correspond to the problem
of finding an exact Brouwer fixed point. The class FIXP is then obtained by taking
the closure with respect to SL-reductions, also defined below.

In the context of FIXP, an arithmetic circuit is allowed to use gates in {+, —, X,
/, max, min} as well as rational constants. Note that, in particular, such arithmetic
circuits are always continuous. Etessami and Yannakakis [EY10] have shown that the
definition of FIXP is robust to some changes to the gate set (e.g., the division gate /

is not actually needed, and we can also use gates Y where k is given in unary).

Basic FIXP problems. A real-valued search problem II is a basic FIXP prob-

lem if for every instance I:

e the domain D; is a nonempty compact set described by linear inequalities with

rational coefficients, and

e [ contains the description of an arithmetic circuit F; : D; — Dj such that
SOl([) = {x € D[ : F](iL‘) = .CIZ‘}

There is an implicit promise here that F; indeed maps any point from D; to a point in

Dy, and that the arithmetic circuit never divides by zero on any valid input from Dj.
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SL-reductions. Let II; and II; be two real-valued search problems. An SL-reduction
from II; to Il is a pair of polynomial-time computable functions (f, g) where f maps
instances of II; to instances of II; and the following holds. For any instance I of Il;:
if y € Solm, (f(I)), then g(I,y) € Soly, (I). Furthermore, we also require that g be
separable linear. Namely, given I we can in polynomial time compute rational constants

a;,b;,1=1,...,d;, such that v = g(I,y) is given by x; = a;y; +b; (for some j) for all 7.

In Chapter 4 we show that computing exact solutions of the Hairy Ball theorem
is FIXP-hard. In Chapter 5 we provide an ezact Generalised Circuit problem that
is very convenient for proving FIXP-hardness results. We present an application of
this tool in Chapter 6, where we show that computing exact equilibria in First Price

auctions with subjective priors is FIXP-complete.
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Chapter 3

Multiple-Source END-OF-LINE:
One Source to Rule Them All

The class PPAD is usually defined using the canonical complete problem END-OF-LINE,
as explained in Section 2.3.1. Recall that in this problem we are given a (succinctly-
represented) directed graph with indegree/outdegree at most 1, as well as a source of
the graph, and the goal is to find any other end of line, i.e., a sink or another source. It
is easy to see that a solution is guaranteed to exist by a simple combinatorial principle.

In this chapter, we consider various generalisations of this principle and investigate
the complexity of the resulting total search problems. In particular, we study the

following problems on graphs with indegree/outdegree at most 1:

e given k sources, find any other end of line
e given k sources, find k other ends of line

e given k sources, find k sinks or 100 sources.

We prove that these multiple-source variants of END-OF-LINE remain PPAD-complete,
thus providing further evidence that the class is very robust. On the other hand, if we in-
sist on only accepting sinks as solutions, then these problems become PPADS-complete.
Our techniques also allow us to provide the first full' proof of PPAD-completeness
for the IMBALANCE problem, in which we are given a general directed graph and
an unbalanced vertex (indegree different from outdegree), and have to find another
unbalanced vertex. As a result, PPAD indeed embodies the general combinatorial
principle: “every directed graph with an unbalanced node must have another.”
From a more practical standpoint, these results yield new tools for proving member-
ship in PPAD. An application of these tools is provided in the next chapter (Chapter 4),
where a multiple-source variant of END-OF-LINE plays a crucial role in resolving

the complexity of the Hairy Ball theorem.

L Although this result had previously been stated by Beame et al. [BCET98], the proof was
incomplete, since it could only handle the case where the given vertex had imbalance 1. See
Section 3.2 for more details.
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3.1 Multiple-Source END-OF-LINE

In the END-OF-LINE problem (Definition 2.2), we are given a directed graph where
each vertex has in- and out-degree at most 1 and a known source of this graph, and
we wish to find a sink or another source. But, what if, instead of just one, we already
know two sources of an END-OF-LINE instance? We are still interested in finding
any sink or any other source. Intuitively, the problem might seem easier, because
the existence of two sources implies the existence of at least two sinks, hence more
potential solutions. In fact, it is easy to see that this problem is actually at least as
hard as END-OF-LINE: just duplicate the whole END-OF-LINE instance.

The other direction, however, is not trivial. Indeed, if we interpret our 2-source
END-OF-LINE instance as a standard END-OF-LINE instance (and pick one of the
two sources as the standard source), then the other known source is a valid solution
to END-OF-LINE, but not a valid solution to our original problem. In other words,
it is not clear how to solve this problem if we are given access to an oracle solving
END-OF-LINE, because the oracle could just return the other known source. We
consider the following more general problem, where we are given an END-OF-LINE

graph and an explicit list of known sources.

Definition 3.1. MULTIPLE-SOURCE END-0OF-LINE (MS-EoL):

Input: Boolean circuits S, P : {0,1}" — {0,1}" and sq,..., sx € {0,1}" such that
P(s;) = s; # S(s;) for all i.

Output: = € {0,1}" such that P(S(z)) # x or x ¢ {si,...,s,} such that
S(P(x)) # .

In passing, let us note that in the undirected case this kind of generalisation is
trivial. Recall that the undirected analogue of END-OF-LINE is LEAF (Definition 2.4):
given an undirected graph where every vertex has degree at most 2 and given a
vertex of degree 1, find another vertex of degree 1, i.e., another leaf. Assume that
we know k leaves instead of just one. If k is even, then the problem is not in TFNP.
If k£ is odd, then we can add edges between known leaves until exactly one is left.
Thus, the problem is equivalent to LEAF. This kind of reduction does not work

for the directed case. Nevertheless, we obtain?:

Theorem 3.1. MULTIPLE-SOURCE END-OF-LINE s equivalent to END-OF-LINE.

2This problem was discussed in an online thread (https://cstheory.stackexchange.com/q/
37481). E. Jefdbek proved membership in PPADS and PPA-p for every prime p (but not membership
in PPAD).
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Remark (Multiple Known Sources and Sinks). A natural generalisation of MULTIPLE-
SOURCE END-OF-LINE is the following problem: given an END-OF-LINE graph and a
list of £ known sources and m known sinks, find another source or sink. Note that for
this problem to be in TFNP, we must require k # m. Using Theorem 3.1, it is easy to
see that this problem is equivalent to END-OF-LINE. If £ > m, then we add an edge
from each of the m known sinks to some corresponding known source and obtain an
instance with k& — m known sources and no known sinks. Similarly, if & < m, then we

first reverse all directed edges and then apply the same trick.

We now give the proof of Theorem 3.1. The next two sections then present

additional consequences of this result.

Proof of Theorem 3.1. The reduction from END-OF-LINE to MS-EOL is trivial. The
challenging step is the reduction from MS-EOL to END-OF-LINE.

Let (S, P) be an instance of MS-EOL with a list of & known sources, where the
vertex set is {0, 1}", also interpreted as {0,...,2" — 1}. Without loss of generality,
we assume that the known sources are 0,1,2,...,k — 1. This is easy to achieve by
applying an efficient bijection on the vertex set.

For simplicity, we are going to assume that P(S(z)) = z for all z < k. We also
assume that for all z we have P(S(x)) = x unless S(z) = z, and S(P(z)) = x unless
P(z) = . The first assumption corresponds to requiring that the first & vertices
indeed be sources. Note that we can check this using O(k) evaluations of the circuits,
i.e., in polynomial time in size(S) + size(P) + kn, and any “false” source is a solution
to the MS-EoOL instance. Note that size(S) + size(P) + kn essentially corresponds to
the size of the input, namely the sum of the sizes of the two circuits and the length
of the list of known sources given in the input. The second assumption corresponds
to requiring that the graph is in some sense well-defined. This requirement can be
enforced by a slight modification of the circuits that can be done in time polynomial
in size(S) + size(P) + kn. Any solution of the modified instance is a solution of the
original instance.

Let V5 V! VP be the following subsets of {0,...,2" — 1}:

o Vo ={x: P(x) = x,5(x) # x}. This corresponds to all the sources of the
graph.

o Vi={xz:S(x) ==x, P(x) # x}. This corresponds to all the sinks of the graph.
o VP ={x: P(zx) # z,5(x) # x}. This corresponds to all the vertices that are

not isolated, but are neither sources nor sinks. We call those path vertices.
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Clearly, members of all those subsets are recognisable in polynomial time in size(S) +
size(P) 4+ kn. Let V = Vp U Vs U V7. Note that isolated vertices are not contained in
V.

Let G = (V, E) be the graph represented by circuits S, P (without isolated vertices).
Below we will give an inductive construction of the graph Gy = (Vj, Fj) that will

have the following properties:

e The sources of Gy, are all the sets of the form {sy,..., s}, where s1,..., s, € V*

are distinct sources of the original graph.

e The sinks of G}, are all the sets of the form {¢1,..., ¢}, where t1,...,t, € V*

are distinct sinks of the original graph.

e Every vertex of G can be represented using at most kn + k? bits. There exists a
polynomial algorithm that for each such bit-string decides whether it represents

a vertex of Gy, or not.

e The successor and predecessor circuits S, P, have polynomial size with respect

to size(S) + size(P) + kn and can be constructed in polynomial time.

Note that the only known source of Gy is {0,1,...,k — 1}. Any other source or any
sink of GG}, contains at least one unknown source or sink of the original graph. Thus,
if we can construct (in polynomial time in size(S) + size(P) + kn) circuits Py, Sk
that represent this graph, then we have a polynomial reduction from MS-EOL to
END-OF-LINE.

We now give a formal inductive construction of G,. For ¢ = 1, G itself already
satisfies these properties (if we interpret any vertex x as {x}). Let £ > 2. Assume that
we know how to construct G; for all 1 <i < /¢ — 1. We then construct G, as follows.
For any set X and any j € N, let Subsets(X, j) := {4 C X : |A| = j}, i.e., the set of
all subsets of X with cardinality exactly 7. The set of vertices of Gy is defined as

-1

Vy = Subsets(V, ¢) U U (Subsets(V?,i) x Vi_;) .

i=1
Let us investigate the number of bits needed to represent an element in V,. We need n-1
bits to represent an element in Subsets(V?, 7). By induction hypothesis, (¢—i)n+(£—i)?
bits suffice to represent an element in V,_;. Thus, for any i € {1,...,¢ — 1}, at most
n+ (¢ — 1)n + (¢ — 1)? bits suffice to represent an element in V,_;. We add another
[log, (¢ —1)] < £ —1 bits to explicitly store the value of i. Thus, we can represent any
element in | J/_] (Subsets(V?,) x V,_,) using at most én + (£ — 1) + £ — 1 bits. We

add one more bit to decide whether the element is in Subsets(V, ¢) or not. We only
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need ¢n bits to represent an element in Subsets(V, (). Putting everything together,

we get an upper bound on the number of bits needed to represent an element in V,
1+max{ln,tn+ (-1 +L—1} =In+ (L —1)*+0 < In+ 2

Furthermore, given a bit-string, it is easy to “decode” it and decide whether it is a
vertex of Gy or not (and if it is not, then treat it as an isolated vertex).

We now give the construction of the predecessor and successor circuits. First,

consider the case {xy,...,z,} € Subsets(V, ). Assume that we have reordered the
elements in the set such that for some ¢,5 € {0,...,¢} we have xy,...,2; € VP,
Tit1,-..,x; € VSand xj41,...,2, € V.

e If j =/ (i.e., only sources and path vertices), then we define

Se({x1,...,xe}) = {S(x1),...,S(ze)}

Furthermore, if we also have 1 <i < ¢ —1 (i.e., at least one path vertex and

source), then we define

Pi{r, - we}) = ({0, i}, (i, w}) € Subsets(V2, ) x Vi

e If i = j and j </ (i.e., only path vertices and sinks), then we define

Py({x1,...,2}) = {P(x1),...,P(xp)}

Furthermore, if we also have ¢ > 1 (i.e., at least one path vertex and sink), then

we define

Se({x1, .. xe}) = {2, -z b {zjp, ..., ze}) € Subsets(V?, ) x Vi_;
(recall that we are in the case i = j).

e If i < jand j < ¢ (i.e.,, both sources and sinks, as well as path vertices

potentially), then {z1,...,x,} is an isolated vertex.

Now consider the case ({z1,...,x;},2) € Subsets(V?,7) x V,_; for some i € {1,...,{—

1}.

o We define Py(({z1,...,2:},2)) = ({z1,..., 2}, Se—i(2)), except if Sp_;(z) = 2
and Py_;(z) # z, in which case z € Subsets(V*, ¢ — i) (by induction hypothesis)
and we then define Py(({x1,...,x;},2)) ={z1,...,2;} Uz € Subsets(V, ¢). Note
that the two sets in this union are disjoint, because 1, ..., z; are path vertices

of G, whereas z only contains sinks of G.
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e We define Sy(({z1,...,2:},2)) = ({x1,...,2:}, Pi—i(2)), except if Pp_;(z) = 2
and Sy_;(z) # z, in which case z € Subsets(V?®, ¢ — i) (by induction hypothesis)
and we then define Sy(({x1,...,x:},2)) = {x1,...,2:} Uz € Subsets(V, ().

It is straightforward to check that in the graph represented by Sy, P, every vertex
has in- and out-degree at most 1. Furthermore, by construction we also get that
the sources of G, are exactly the vertices in Subsets(V*, ) and the sinks of G, are
exactly the vertices in Subsets(V?, ¢). By induction it follows that we can construct

(in polynomial time in size(S) + size(P) + kn) circuits Sy, Py that represent G,. [

3.2 The IMBALANCE Problem

Up to this point, we have only considered graphs where every vertex has in- and
out-degree at most 1. However, the principle that guarantees the existence of a
solution in an END-OF-LINE graph can be generalised to higher degree graphs. If
we are given a directed graph and an unbalanced vertex, i.e. a vertex with in-degree
# out-degree, then there must exist another unbalanced vertex.

Beame et al. [BCET98] defined the corresponding problem IMBALANCE, which
is seemingly more general than END-OF-LINE. In this problem, every vertex is not
constrained to have in- and out-degree at most 1. Instead, in- and out-degree are
bounded by some polynomial of the input length.® We are given a vertex that is
unbalanced and have to find another unbalanced vertex (which is guaranteed to exist).

Beame et al. [BCET98] claim that IMBALANCE reduces to END-OF-LINE, using
the same argument as for the corresponding problems on undirected graphs. However,
if the graph is directed, a complication arises (that is not an issue in the undirected
case). Indeed, their proof idea is incomplete, because they overlook the fact that
their reduction yields an END-OF-LINE instance with multiple known sources. Using

Theorem 3.1 we can provide a full proof of their claim.
Theorem 3.2. IMBALANCE is PPAD-complete.

Let us now define the problem formally. Similarly to END-OF-LINE, the graph
is provided implicitly through circuits S, P : {0,1}" — Set<4({0,1}") computing
successors and predecessors respectively. Note, however, that in this case we need the
circuits to output sets of successors or predecessors and so we use the Set-notation
introduced in Section 2.2.1. We syntactically enforce that = ¢ S(z) and = ¢ P(x).
We say that a directed edge (x,y) exists, if and only if y € S(x) and x € P(y).

3Note that this trivially holds, if the input consists of circuits that explicitly output the predecessor
and successor list.
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Definition 3.2. IMBALANCE:

Input: Boolean circuits S, P : {0,1}" — Set<4({0,1}") and a vertex z € {0,1}"
with [S(z2)| # |P(2)].
Output: Either

1. x €{0,1}"\ {z} such that |S(x)| # |P(z)|, or

2. z,y € {0,1}" such that y € S(z) Ax ¢ P(y) or y ¢ S(z) Az € P(y).

Note that the number of incoming and outgoing edges at a vertex is bounded
by a polynomial in the size of the input, because d is bounded by the size of the
circuits. Beame et al. [BCE"98] defined this problem in a black box model, namely
the predecessor and successor functions are oracles. Since our reductions do not make
use of the white box aspect of the input circuits (they don’t look inside the circuit,

but just use it as a black box), the results also hold in their model.

Proof of Theorem 3.2. PPAD-hardness is trivial, since IMBALANCE generalises END-
OF-LINE. To show membership in PPAD we follow the proof idea given by Beame
et al. [BCET98].

Recall that the undirected analogue of END-OF-LINE is LEAF (Definition 2.4):
given an undirected graph where every vertex has degree at most 2 and given a vertex
of degree 1, find another vertex of degree 1, i.e. another leaf. The generalisation
of LEAF is called ODD: given an undirected graph and a vertex of odd degree,
find another vertex of odd degree. It is quite straightforward to show that ODD is
equivalent to LEAF. Clearly, LEAF trivially reduces to ODD. To show that ODD
reduces to LEAF, Papadimitriou [Pap90; Pap94] and Beame et al. [BCE98] use the
chessplayer algorithm (which is based on an Euler tour argument). Intuitively, the
idea is to separate vertices into multiple copies so that every copy has degree at most
two.

As noted by Papadimitriou [Pap90] and Beame et al. [BCE198], the chessplayer
algorithm can also be applied to the directed case. Let (S, P, z) be an instance of
IMBALANCE, where S, P : {0,1}" — Set<4({0,1}"). First of all, note that we can
assume wlog that all edges are well-defined, i.e., we have y € S(z) & x € P(y).
This can be achieved by a simple modification of the circuits: the modified circuit S’
outputs {y € S(x) : x € P(y)} instead of S(x). Along with the analogous modification
for P, this yields an instance where the solutions can only be of the first type, and any
such solution yields a solution (of the first or second type) of the original instance.

Note that for any = € {0,1}", the successor and predecessor lists can be ordered
lexicographically. For any x € {0,1}" and i > 1, let S;(z) € {0,1}" denote the ith

successor of z, if S(x) is ordered lexicographically. If z has less than i successors,
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then let S;(x) = z. Finally, let #2(y) correspond to the index of y € {0,1}" in the
successor list of z € {0,1}", i.e., Sys(,)(x) = y. Define P;(z) and #Z (y) analogously.

Let ¢ = [logyd]. We construct an END-OF-LINE instance on the vertex set
{0,1}"*¢. For convenience, we use the notation (z,i) € {0,1}" x [2°] to denote
elements in {0,1}"**. The END-OF-LINE circuits S, P : {0,1}"+ — {0,1}"* are
constructed as follows. On input (z,4) the circuit S first computes y = Sy(z). If y = =,
then it outputs (x,7). Otherwise, it outputs (y, #5(56)) Similarly, on input (z,7), P
computes y = P;(z) and outputs (y,#; (z)) if y # =, and (z, i) otherwise. Note that
S, P can be constructed in polynomial time in the size of S and P.

It is easy to see that for any balanced vertex x in the graph given by (.S, P), all of
its versions (z,-) in the graph given by (§ , ﬁ) will either have in- and out-degree one,
or be isolated. Thus, if (z,7) is a source or sink, then z is unbalanced in the graph
given by (5, P). Furthermore, all edges are well-defined.

Beame et al. [BCET98] claim that this reduction is sufficient to prove that Im-
BALANCE reduces to END-OF-LINE (which they call SOURCE-OR-SINK). However,
consider the case where the imbalance in the known unbalanced vertex z is strictly
greater than one, i.e., ||S(z)| —|P(z)|| > 2. Then, there exist i # j such that (z,7) and
(z,7) are both sources or both sinks. For example, if |S(z)| = 2 and |P(z)| = 0, then
(z,1) and (z,2) are sources, and all the other (z, 1) are isolated vertices. If we consider
this as an END-OF-LINE instance and pick (z, 1) as the known source, then (z,2) is
a valid solution. However, note that it does not yield a solution to the IMBALANCE
instance.

Using our results on multiple-source END-OF-LINE we can complete the proof. First
of all, we can make sure that z is in deficiency and not in excess, i.e., |S(2)|—|P(z)| > 1,
simply by inverting the role of S and P. Then, the reduction described above yields
an END-OF-LINE instance with known sources (z,i+1), (z,i+2),..., (z,i+j), where
i =|P(z)| and j = |S(z)| — |P(z)| > 1. Note that all other (z,-) are neither sources,
nor sinks. Since we can efficiently produce an explicit list of all the known sources,
we obtain an instance of MS-EOL, which lies in PPAD by Theorem 3.1. m

3.3 Looking for Multiple Solutions

If we are given an END-OF-LINE instance with k£ known sources, then we can ask
for k sinks or k unknown sources. The problem is total, because at least k sinks
are guaranteed to exist. For any £ € N we can define the following problem, where
we interpret {0,1}" as {0,1,...,2" — 1}.
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Definition 3.3. k-ENDs-OF-LINE (k-EOL):

Input: Boolean circuits S, P : {0,1}" — {0, 1}" such that P(z) = z # S(z) for all
z < k.

Output: Distinct x4, ...,z such that P(S(z;)) # z; for all i or S(P(x;)) # x; > k
for all 7.

Intuitively, this problem seems harder than END-OF-LINE or MS-EOL, because we

are now looking for more than one solution. However, using Theorem 3.1 we can show:
Theorem 3.3. For any k € N, k-ENDS-OF-LINE is PPAD-complete.

Proof. The non-trivial direction is the reduction to END-OF-LINE. Buss and Johnson
[BJ12] have shown that PPAD, PPADS, PPA and PLS are closed under Turing reduc-
tions, by providing a way to transform a Turing reduction (to a complete problem of
each of those classes) into a many-one reduction. Thus, it suffices to provide a Turing
reduction from k-ENDS-OF-LINE to END-OF-LINE. By Theorem 3.1 we can efficiently
simulate an oracle for MS-EOL, using an oracle for END-OF-LINE. We can solve an
instance of k-EOL by making repeated calls to MS-EOL oracles, with a list of all the
currently known sources. If the oracle call returns a new source, then we add it to
our list. If the oracle returns a sink, then we add an edge from this sink to one of the
known sources, and remove that source from the list. It is easy to see that after at
most 2k oracle calls we will have obtained at least k sinks or at least k£ new sources.

Note that the list of known sources will have length at most 2k. O]

Remark. Note that the proof still works if we are given an explicit list of the known
sources in the input (as in the definition of MS-EOL), i.e., k& does not have to be
fixed. Furthermore, the same proof also yields PPAD-completeness for the following
problem. Fix some polynomial p. The problem is: given k sources, find k sinks or
p(k) sources. This seems quite surprising, as one might have expected this problem
to be closer to PPADS.

We close this section by giving some analogous results for the class PPADS
and its canonical complete problem SINK (Definition 2.3). Recall that SINK is
identical to END-OF-LINE, except that we only accept a sink as a solution and
are not interested in other sources.

In this case, the results are easier to obtain, because there is no need for an
analogue of Theorem 3.1. Indeed, unlike for END-OF-LINE, here it is easy to prove
that multiple source SINK is equivalent to SINK. Consider the problem MS-SINK,
where we are given a graph and a list of known sources and are looking to find a sink.
It is easy to see that this problem is equivalent to SINK. A reduction from SINK to
MS-SINK is given by simply taking k copies of the original SINK instance graph. The
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reduction in the other direction is even more trivial. Indeed, we can just ignore the
extra k — 1 sources we know, because we are only interested in sinks.
For any k£ € N, we can define the analogous problem to k-EOL, where we

look for multiple sinks.

Definition 3.4. k-SINKS:

Input: Boolean circuits S, P : {0,1}" — {0, 1}" such that P(z) = z # S(z) for all
z < k.
Output: Distinct 21, ...,z such that P(S(z;)) # x; for all 4.

Theorem 3.4. For any k € N, k-SINKS is PPADS-complete.

Proof. SINK easily reduces to k-SINKS by taking k copies of the graph. The other
direction can again be proved by using the result by Buss and Johnson [BJ12]. A
Turing reduction from k-SINKS to SINK is obtained by doing the following: given an
instance of k-SINKS, use the oracle to solve the SINK problem on this instance, then
add an edge from the sink we just obtained to one of the known sources. Doing this k

times yields k distinct sinks of the original instance. O

Remark. Just like Theorem 3.3, this result also holds if there is a polynomial number

of sources, in particular if they are given explicitly in the input.

3.4 Conclusion and Future Directions

Our results on multiple-source variants of END-OF-LINE yield stronger tools for
showing membership of PPAD, which can be used to put further problems in this
class. In the next chapter, we make use of these tools to resolve the complexity
of the Hairy Ball theorem.

Furthermore, our results proving that END-OF-LINE variants remain PPAD-
complete show that the definition of PPAD based on END-OF-LINE is very robust.
This robustness of PPAD is perhaps also one of the reasons why this class captures
the complexity of so many problems. In particular, we note the perhaps surpris-
ing result that if we are given one source and seek one sink or n!'% other sources,
then the problem is still in PPAD.

Our results on PPAD and PPADS also provide further evidence suggesting that
the number of (most likely) non-trivial interesting subclasses of TFNP is rather small.
Indeed, despite extensive investigation of problems in TFNP in the last 20 years, most
of them seem to end up being complete for one of the already known subclasses.
Building on the proof techniques developed in this chapter, Ishizuka [Ish21] recently

provided similar robustness results for the class EOPL.
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A natural direction for future work would be to look at END-OF-LINE variants
where we have a super-polynomial number of given sources. In this case the sources
would have to be provided implicitly, e.g., by saying that all vertices smaller than
some super-polynomial value k(n) € [2"] are sources. To solve the problem one
would have to provide a new source, a sink, or a vertex in [k] that is actually not
a source. If the number of sources is a polynomial fraction of the total number of
vertices, then the problem can be solved efficiently using a straightforward randomised
algorithm. However, there remains a gap between those two extreme cases, where

the complexity of the problem is not known.
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Chapter 4

The Complexity of the Hairy Ball
Theorem

The Hairy Ball Theorem (HBT) is a well-known topological theorem stating that
there is no non-vanishing continuous tangent vector field on an even-dimensional
k-sphere. It has various informal statements such as “you can’t comb a hairy ball
flat without creating a cowlick,”! or “there is a point on the surface of the earth
with zero horizontal wind velocity.”

The HBT was first proved in 1885 by Poincaré [Poi85] for the case k = 2. The
theorem as stated for all even k was proved in 1911 by Brouwer [Broll]. Accordingly,
this result is sometimes also called the Poincaré-Brouwer theorem. In fact, the result
proved by Poincaré [Poi85] is stronger than stated above. It follows from it that
for any (sufficiently well-behaved) 2-dimensional manifold with genus g # 1, any
continuous tangent vector field must have a zero. In particular, this means that the
HBT also holds for the torus of genus g for g > 2, i.e., the 2-dimensional torus with ¢
holes. It is easy to see that it does not hold for the standard single-hole torus.

Over the years, various papers in the American Mathematical Monthly have
presented alternative proofs of the Hairy Ball Theorem and variants, for example
[JT04; Mil78; Boo7l; EG79; McG16; Curl8|.

Given the long-standing interest in the Hairy Ball Theorem, it is natural to study
the corresponding computational search problem. In this chapter, we prove that
computing an approximate zero of a Hairy Ball vector field is PPAD-complete. Recall
that the computational problems associated to Brouwer’s fixed point theorem and
the Borsuk-Ulam theorem are PPAD- and PPA-complete respectively (Sections 2.3.1
and 2.3.2). Thus, this complexity-theoretic analysis of topological search problems
provides a well-defined sense in which the HBT is “Brouwer-like” rather than “Borsuk-
Ulam-like.” It has previously been noted that the HBT may be used to prove
Brouwer’s fixed point theorem [Mil78], but not the other way around. Indeed, the

https://en.wikipedia.org/wiki/Hairy_ball_theorem

46


https://en.wikipedia.org/wiki/Hairy_ball_theorem

existing proof of HBT using Sperner’s Lemma [JT04] actually uses a generalisation
of Sperner’s Lemma, which was not known to be equivalent to Brouwer’s fixed
point theorem prior to our work.

While many PPAD-completeness results already exist, a noteworthy novelty of our
results is that we find that computing HBT solutions corresponds with multiple-source
variants of the END-OF-LINE problem, as studied in Chapter 3. This is in contrast
with previous PPAD-complete problems that naturally reduce to standard single-source
END-OF-LINE. The importance of the multiple-source aspect becomes even more
apparent in the study of the HBT on the torus of genus g for g > 2, for which we
have also proved PPAD-completeness in [GH21].

The generalisation of Poincaré’s result to higher dimensions is called the Poincaré-
Hopf theorem (see, e.g., [GP74]). This theorem relates the number and types of zeros
of a vector field on a manifold with its Euler characteristic, a topological invariant.
In particular, if the Euler characteristic of a manifold is not 0, then any continuous
tangent vector field on the surface must have a zero. The Euler characteristic of
even-dimensional spheres is 2, while it is 2(1 — g) for 2-dimensional toruses of genus
g > 2. For odd-dimensional spheres it is 0.

We believe that the reduction to multiple-source END-OF-LINE is not an artefact
of our techniques, but instead intrinsically related to the Euler characteristic of the
domain. Indeed, the reduction from the HBT problem on even-dimensional spheres to
END-OF-LINE yields 2 sources (Section 4.2). On the other hand, if one considers the
HBT problem on the 2-dimensional torus of genus g > 2, then 2(g — 1) sources are
obtained [GH21]. As a sanity check, if one attempts to carry out the reduction for the
problem on odd-dimensional spheres (where the HBT does not hold), then it yields
an END-OF-LINE instance with one known source and one known sink. This is not a
valid instance, since it is not guaranteed to have a solution, i.e., another source or sink.

Finally, we note that PPAD-hardness is obtained by constructing a HBT vector
field from multiple copies of a Brouwer fixed point problem. The usage of multiple
copies is a new conceptual feature, closely related to the multi-source aspect. Using
the same high-level idea, we also provide a FIXP-hardness result for the problem

of computing an ezact solution (Section 4.3.1).

4.1 The Hairy-Ball Problem

The k-dimensional unit sphere in R¥*! (or k-sphere) is denoted S* = {x € RF! :
|lz|l2 = 1}. A continuous tangent vector field on S* is a continuous function f : S¥ —
R such that for all x € S* we have (f(z),z) = 0, where (-,-) denotes the inner
product. The Hairy Ball Theorem can be stated as follows:

Theorem 4.1 (Poincaré [Poi85]-Brouwer [Broll]). If k > 2 is even, then for any
continuous tangent vector field f : S¥ — R¥*1 there exists x € S* such that f(z) = 0.
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4.1.1 The kD-Hairy-Ball problem

The Hairy Ball Theorem naturally yields a corresponding computational problem. We
are given a continuous tangent vector field f on the unit sphere and have to find a
point where it is zero. In trying to formalise this, some issues need to be addressed.

The first issue is that the vector field might not have a rational zero. Indeed,
consider the following example: at x € S? the vector field is simply the vector (1,1, 1)
projected onto the tangent space of S? at x. In this case, the only solutions are
+(1/4/3,1/v/3,1/4/3). Thus, we cannot hope to always output an exact solution. We
bypass this problem by asking for an approzimate solution instead, i.e., a point € S?
such that || f(z)]|e < € for some € > 0 provided in the input. This notion of approx-
imation is the standard one used when studying topological existence theorems in the
context of TFNP (e.g., Brouwer’s fixed point theorem or the Borsuk-Ulam theorem).

The second issue is that we have to decide how our vector field will be represented
in the input. Here we make the choice of using linear arithmetic circuits (Section 2.2.2).
Namely, a circuit F with k+1 inputs and outputs represents a function £ : S¥ — R,
These circuits yields continuous piecewise linear functions. Furthermore, they can
be evaluated efficiently (Lemma 2.1) and are Lipschitz-continuous with a Lipschitz-
constant of polynomial representation size (Lemma 2.2). One potential issue is that
the vector field given by a linear arithmetic circuit /' might not be tangent to the
sphere, but this is easy to fix by simply considering the vector field given by the
projection of F' onto the corresponding tangent space to the sphere. Thus, for any

even k > 2, we define the computational problem as follows:

Definition 4.1. kED-HAIRY-BALL:

Input: Linear arithmetic circuit F' : S¥ — R**! and € > 0.
Output: x € S* such that ||P.[F(x)]]|, <e.

Here P,[-] denotes the projection onto the tangent space to the sphere S* at z € S*.
Note that for any v € R¥! we have P,[v] = v — (v, x)x, because ||z|ls = 1. Thus,
the projection of any rational vector v onto the tangent space at rational z € S*
can be computed exactly in polynomial time in size(v) and size(z). Even though
we have defined the problem with the /,.-norm, we could also have used the /5- or
{1-norm, since all these versions are computationally equivalent.

Our main result is Theorem 4.2. Membership in PPAD, which turns out to be the
most challenging part of this result, is presented in Section 4.2 (using the multiple-
source END-OF-LINE results of Chapter 3). PPAD-hardness is presented in Section 4.3

together with the FIXP-hardness result for the exact version.

Theorem 4.2. For all even k > 2, kD-HAIRY-BALL s PPAD-complete.
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4.2 The Hairy-Ball Problem is in PPAD

In this section we present our main result: the problem of computing an approximate
Hairy Ball solution reduces to END-OF-LINE, the canonical PPAD-complete problem.

From a purely mathematical standpoint, our proof can be used to provide a (fairly
cumbersome) proof of the Hairy Ball theorem by using Brouwer’s fixed point theorem.
Indeed, it is known [Pap94] that END-OF-LINE reduces to BROUWER (in fact, even
2D-BROUWER [CD09]). Thus, given a Hairy Ball function f, using our reduction
and Brouwer’s fixed point theorem, one can prove the existence of a point x; such
that || f(xs)|| < 1/2F for any k (using the fact that f must be uniformly continuous
since the sphere is compact). Then, since any sequence in a compact set must have
a converging subsequence it follows that there must exist x such that f(z) = 0.
Finding a more direct way to deduce the Hairy Ball theorem from Brouwer’s fixed

point theorem is an interesting open question.

4.2.1 A general version of the Hairy-Ball problem

Our goal is to prove that the Hairy Ball problem lies in PPAD in a setting that is as
general and encompassing as possible. The way the function is represented, as a circuit
or otherwise, should not play a role. Thus, we are only going to make two assumptions
about the tangent vector field: that it can be evaluated in polynomial time and that
it is polynomially continuous in the sense defined by Etessami and Yannakakis [EY10]
(see Section 2.2.3). The first assumption is very natural: if we are given a Hairy Ball
function, we expect to be able to evaluate it efficiently. The motivation for the second
assumption is that if we omit it, then there is no guarantee that there will exist an
approximate solution with representation size that is polynomial in the input size.

Formally, let F be a polynomially computable and polynomially continuous class of
Hairy Ball functions f : S¥ — R¥*! (i.e., continuous tangent vector fields) with k > 2
even. Note that here k is not fixed for all f € F, but we assume that k& < size(f).
Note that this setting also captures kD-HAIRY-BALL, where k is fixed and F is
the class of all such functions represented using linear arithmetic circuits (with the
projection onto the tangent space at the end). By Lemmas 2.1 and 2.2 this class is
indeed polynomially computable and polynomially continuous.

For any class F of Hairy Ball functions we define the following computational prob-

lem.

Definition 4.2. HAIRY-BALL(F):

Input: f € F and ¢ > 0.
Output: x € S* such that || f(2)]| < e.

49



4.2.2 The general problem lies in PPAD

Theorem 4.3. Let F be a class of Hairy Ball functions that is polynomially computable
and polynomially continuous. Then, HAIRY-BALL(F) lies in PPAD.

Corollary 4.1. For all even k > 2, kD-HAIRY-BALL lies in PPAD.

Proof overview for Theorem 4.3. The proof uses a Sperner argument to reduce HAIRY-
BALL(F) to 2-source END-OF-LINE, which lies in PPAD by Theorem 3.1, presented in
Chapter 3. The inspiration for this reduction comes from a proof of the 2-dimensional
Hairy Ball Theorem via a generalisation of Sperner’s Lemma, given by Jarvis and
Tanton [JT04]. Our contribution here is two-fold: we extend their proof to any
higher (even) dimension and we turn it into a polynomial-time reduction. Even
though Sperner’s Lemma is known to be PPAD-complete [Pap94], this result does
not apply to the general version of Sperner’s Lemma that is used here. Indeed, by
using standard techniques, this general version can only be reduced to a 2-source
instance of END-OF-LINE. This is why we then require our technical results about

multiple-source END-OF-LINE from Chapter 3.
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(a) Boundary conditions after “unfolding” ... (b) ... yielding a Sperner instance with two sources

Figure 4.1: An example for the proof of Theorem 4.3 in the case k = 2. The region C' is
represented in grey.

In order to turn the ideas of Jarvis and Tanton [JT04] into a polynomial-time
reduction, instead of working directly on the sphere, we use a stereographic projection
to “unfold” the sphere S* (C R*!) into the space R¥, along with the vector field.
Then, we consider a sufficiently large cross-polytope C' of R¥ and prove that the
“unfolded” vector field satisfies certain boundary conditions. In the case k = 2, this
corresponds to the vector field making two full rotations when we move along the
boundary of C' (see Figure 4.1a). Next, we pick an efficient triangulation of C' and
a suitable colouring of its nodes. The last step then requires us to prove that this

colouring yields exactly two starting points (on the boundary) for Sperner paths (see
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Figure 4.1b) that lead to panchromatic simplices. Using standard Sperner-arguments
this yields a 2-source END-OF-LINE instance. Note that, as expected, the proof does
not work if k is odd. Indeed, the construction then yields a starting point and an

ending point on the boundary, instead of two starting points.

The full proof is presented in the next section.

4.2.3 Proof of Theorem 4.3

Let (f,¢) be an instance of HAIRY-BALL(F) with f : S% — RFFL,

Stereographic projection. Consider the unit sphere S* in R¥*!. For convenience,
we let the coordinate index start at 0 in R*™! ie., x = (zg,21,...,2). Let p =

(1,0,...,0) € S*. The stereographic projection with respect to the pole p is defined as

SP: Sk\{p}%ng (ffo,l'l,...,l‘k)f—)

(T1,..., %)
and its inverse is

2
SP~t: RF = S*\{p}, (2z1,...,2)—p+ —k2(—1,z1, ey 2R)-
1+ %
Note that the stereographic projection and its inverse can be computed exactly in poly-
nomial time in the representation size of the rational input point. In particular, rational
points are always mapped to rational points. Furthermore, it is easy to check that the

inverse stereographic projection SP~! is 4y/k-Lipschitz continuous (w.r.t. {s-norm).

Unfolding: changing the domain and range of f. We want to “transform” the
function f : S¥ — R¥! into a function ¢ : R¥ — R* which is more convenient.
Changing the domain of f is easy: the stereographic projection “unfolds” S*\ {p}
into R¥. To change the range of f we would like to also “unfold” the tangent vector
field so that it now outputs a vector in R” instead of R**!. One way to achieve this is
to find continuous vector fields b; : S*\ {p} — R**1 i =1,... k, such that for every
x €SP\ {p}, bi(),...,bx(x) is a basis of the tangent space of S* at z. Expressing
f(x) in this local basis then yields an element in R¥, as desired. We can explicitly
construct such vector fields by using SP and SP~! to map the standard basis of R*
into the tangent space at each x € S*\ {p}. We obtain
X if7=0
bi(z)]; =49 1-— 22/(1—xy) ifj=1 (4.1)
—xj2;/(1 —x9) otherwise

where [-]; indicates the jth coordinate for j € {0,1,...,k}. It is straightforward to
check that by,..., b, are continuous tangent vector fields that yield an orthonormal

basis of the tangent space of S* at every z € S\ {p}.
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“Unfolding” f yields ¢ : R¥ — R¥ which is defined as follows for i = 1,....,k

where we define z(z) := SP~!(z) for convenience. Intuitively, g corresponds to the func-
tion that first maps z € R* to a point z on the sphere using the inverse stereographic
projection, computes f(z) and then expresses f(z) in the local basis (by(x),. .., bg(x)).
Note that g(z) can be computed in polynomial time in size(f) and size(z).

Since the b; always form an orthonormal basis, it follows that we always have
lg(2)|l2 = || f(SP~1(2))|l2. Thus, in order to find some z € S* with || f(7)| < ¢,
it suffices to find some z € R* with [|g(2)|le < e/Vk.

Continuity of g. Clearly, g is continuous. Moreover, since F is polynomially

continuous, we can extend this to ¢ in the following sense.

Claim 4.1. There ezists a polynomial v (that only depends on F) such that for any
£> 0, there exists & with size(g) < r(size(f) + size(€)) such that for any z, 2" € R* we
have ||z — 2 ||oo < 5 = lg(z) — g(2")]|eo < E.

Proof. First, let us prove a bound on || f(2)||« for all z € S*. Let 6 > 0 be such
that ||f(2) — f(¥)|lee < 1if ||z — ylloo < 0. Recall that size(d) is polynomially
bounded in size(f). Since f is continuous on the sphere S*, there exists some z* € S*
such that f(z*) = 0. The arc distance between = and z* is at most 7 and we
pick points ¥, y® ... y™ € S* along the arc such that y© = z,y(™ = z* and
|y@ — || < [ly@ — yE+Y |y < 5. We can take m < [7/§] < 4/0 (assuming
§ < 1/2). Then, we have

@.\I ~

1 (@)oo = 1F(x) = F(@")]loo < Z_ 1F ) = Fy )l <

For any z, 2’ € R* we have for all i

[9(2))i = [9(2)il = [{f(x(2)), bi(x(2))) — {f(x(2)), bi(2(2)))
< [(f(2(2) = f(2(2), bi(x ()| + [(f (2(2), bi(2(2)) = bi(x(2)))|
< |1f(2(2)) = F@Dl2 + 1 @ED2lbi((2) = bi(z(2) 2

Note that for all 7, z — b;(z(2)) is Lipschitz-continuous with a Lipschitz constant

8

of the form m~/k for some constant m (m = 20 is enough). This can be checked by
direct computation. Recalling that z(z) is short for SP~!(z), the fact that SP~!
4v/k-Lipschitz and f is polynomially continuous, the claim then follows. m
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The colouring. The function ¢ induces a colouring on R*. Every z € RF is assigned a

colour as follows. First, compute u := g(z) € R¥. If u; > 0 for all 4, then assign colour 0.

Otherwise assign colour j = argmin, u; (break ties by picking the smallest such index).
Pick § > 0 so that ||z — /|| < ¢ implies

l9(2) = 9(=)[|o < m (4.2)

By Claim 4.1, it is possible to pick such ¢ with size(d) < poly(size(f), size(e)).
A panchromatic §-fine k-simplex in R* is a k-simplex 2(®, ..., 2% in R* such
that 2 has colour i and |29 — 20| < § for all 4, 3.

Claim 4.2. Any panchromatic k-simplex in R* yields a solution.

Proof. Let the d-fine k-simplex 2 ... 2 be panchromatic. Since [g(z(?)]; > 0
for all j, there exists i such that [g(2(?)]; = ||g(2(?)||. However, it must hold that
l9(=@)]; < 0 and thus [|g(z©@)[lec < [[g(z )] — [g(z@)]il. Since |z — 2D <0, it
follows by (4.2) that ||g(2?)]|e < ¢/8VE < &/VE, ie., 2 yields a solution. O

Sperner. The next step is to show that we can locate a panchromatic k-simplex
by using a Sperner-like argument. We explain the intuition in the case k = 2. If
| f(P)|lo < &, then we have found a solution. If this is not the case, then we consider
a sufficiently large region C' in R* centred at 0. We can show that on the boundary
of C, g (approximately) behaves as in Figure 4.1a, which yields a colouring similar
to Figure 4.1b. The colouring on the boundary of the domain in Figure 4.1b has a
very special structure. First of all, it is antipodally symmetric, namely, points lying
on opposite sides have the same colour. Furthermore, if we start from any point on
the boundary and “move” along the boundary in anti-clockwise direction, then we
will see colour 1 change into colour 2 exactly twice. However, we will never see colour
2 change into colour 1; there will always be colour 0 in-between.

Intuitively, we want to pick a d-fine triangulation of the ball and construct a
directed graph on the triangles. There is a directed edge between two triangles if
they share a facet coloured 1,2 and the edge is directed such that it crosses the
facet with the colour 1 on its left-hand side and the colour 2 is on its right-hand
side. Then, because of the structure of the colouring on the boundary, we obtain
two known sources and any sink or other source of this directed graph corresponds
to a panchromatic simplex, i.e., a solution.

This intuition is formalised in the following lemma, which is proved below.

Lemma 4.1. The problem of finding a 0-fine panchromatic k-simplex in R* reduces
to 2-source END-OF-LINE.

By Theorem 3.1 in Chapter 3 it then follows that the problem lies in PPAD,

which concludes the proof of Theorem 4.3.
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4.2.4 Proof of Lemma 4.1

If |f(p)|loo < e, then we have found a solution. Thus, assume that this is not the
case. To simplify the analysis we assume that the standard coordinate system is
such that f(p) = (0,v,v,...,v)/Vk, v > e. If this is not the case then we perform a
rotation such that this holds (at least approximately; a small error can be tolerated).
Let e be the ith unit vector in RF.

In order to investigate the colouring, we first prove some properties of an ideal
colouring that we define below and then show that the actual colouring is “close”

enough to the ideal colouring and also satisfies these properties.

The ideal colouring. The ideal colouring is a function w : R¥ \ {0} — R*. For
z € SF1 it is given by wy(z) = (1 — 22 35, 2))/Vk for 1 <i < k. For z € R*\ {0},
we set w(z) := w(z/||z||2). The ideal colour of z is the colour corresponding to w(z)

(using the same procedure as for the actual colouring), instead of g(z).

Claim 4.3. The following properties of w are easy to check by direct computation.
1. w is antipodally symmetric, i.e., w(—z) = w(z) for all z € R¥\ {0}.
2. For all z € R*\ {0}, [Jw(2)]]> = 1.
3. Ifw(z) <0, then z >0 or z < 0.

4. For any subset of the indices O # I C {1,...,k}, if z € S*! is such that z; > 0
fori € I and z; = 0 otherwise, then w;(z) = 0 for all j ¢ I and there exists
i € I such that w;(z) < —1/vk. In particular, any colour-direction u € R* with
|u —w(2)||leo < 1/2Vk yields a colour in I.

The ideal colouring is “close” to the actual colouring. We now show that if
||z]|2 is sufficiently large, then the ideal colouring is very close to the actual colouring.
Namely, we will show that w(z) is almost equal to g(z), a “normalisation” of g
defined by g(z) = c¢(z) - g(z), where ¢(z) = %ﬁugg Note that g and g yield the

exact same colour for any z # 0.

Claim 4.4. There exists t > 0 with size(t) = poly(size(f), size(¢)) such that for all

z € RF with ||z])s >t
1
9(2) —w(2)|e < —=.
156:) = w2l <
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Proof. Since f is polynomially continuous, there exists 5 such that 1f(z) = f(p)]loo <
£/16+/k(k + 1) with size(g) = poly(size(f), size(¢)). Using the definition of SP~! it
is easy to check that ||z(2) — plla < 2/4/1 + [|2]|3. Thus, we can construct ¢ > 4 with
size(t) = poly(size(f), size(¢)) such that || f(z(2)) — f(p)|le < /16+/k(k + 1) for all
z with ||z][s > t.

Let g(z) denote the colour-direction obtained at z if we use f(p), instead of f(x(z2)),

ie., gi(z) = (f(p),b;(x(2))). Then, for all z with ||z||; > ¢, we have
19(2) = §(2)loe < VE+ 1|1 f(2(2)) = f(D)]loo < £/16VR. (4.3)

Recalling that f(p) = (0,v,v,...,v)/vk and using equation (4.1) and the definition

of SP~!, we can write for all 4

9i(2) = (f(p), bi(x(2))) = [bi((2))];
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We obtain that for any z with ||z||z > ¢

R ) - c(z)e 1
152) = wlz)le < o) = 9o+ () 9() = wlloe < {5+ s

L flall 1
T 16VE|2ll VR
<1/4k

where we used (4.3), v > ¢ and ¢t > 4. O

The cross-polytope C,,. Instead of working on a ball in R¥, we define our Sperner

instance on a different region that is easier to triangulate efficiently while still behaving
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nicely with respect to the colouring. Let m = [t\/m The cross-polytope of radius
m is defined as C,, = {z € R* : ||z]; < m}.

The unit cross-polytope can be triangulated efficiently by using a standard efficient
triangulation of the k-simplex 0,eM ... e® (see, e.g., [Tod76]) and then extending
it to the rest of the cross-polytope by mirroring along each axis. Thus, using a
d/m-fine efficient triangulation of the simplex, extending it to the cross-polytope
and then scaling to C,,, yields an efficient -fine triangulation of C,,. We call this
triangulation 7. In particular, given a simplex of T" and one of its facets, we can
compute the other simplex of 7" that shares this facet in polynomial time (or decide
that it does not exist, if the facet lies on the boundary of C,,). Note that size(d/m)

is polynomial in the size of the input.

The boundary of C,,. The boundary of C,, is denoted 9C,,, = {z € R* : ||z]|; = m}.
Note that for any z € 9C,, we have ||z||a > t. Let 9C} = {z > 0 : ||z]} = m}
and 0C,, := {# < 0 : ||z|i = m} denote the intersection of dC,, with the all-
positive and all-negative orthant respectively. Note that dC; and 9C), are the

(k — 1)-simplices m - e ... m-e® and —m -e® ... —m - e®).

Furthermore, by
construction, 7" induces a triangulation on 0C;, and 0C,,. We now prove two key

properties of the actual colouring on 9C,,.

Claim 4.5. 0C satisfies the standard Sperner boundary conditions. Namely, any
facem-e™ .. om-el (1 <ip<---<iy <k 1<t<k)ofdC}H only contains

colours in {iy,...,i¢} in the actual colouring. The same also holds for OC,,.

Proof. By Claim 4.3 (Item 4), it suffices to show that [|§(2) —w(2) s < 1/2V/E for all
z on the face m - e, ... m- e which holds by Claim 4.4 and the choice of m. [

Claim 4.6. The restriction of the triangulation T to 0C,, \ (0C;; UOC,) does not

contain any (k — 1)-simplex coloured 1,2,... k (in the actual colouring).

Proof. Let y™, ... y® be a d-fine (k — 1)-simplex on dC,, such that y* has colour i.
By Claim 4.3 (Item 3) it suffices to show that w(y”) < 0 for all 4. Note that since
|y — 3| < 4, it follows by (4.2)

1 el+ 2[5

8vkv =3

19(y™) = 9yl < < 1/4vk (4.4)

since v > € and ||z||2 > ¢ > 1.

Now assume that there exists ¢ such that we(y®) > 0. (4.4) and Claim 4.4
imply that g,(y)) > —1/2vk and thus also g;(y*) > —1/2Vk for all j, since
y® has colour ¢ in the actual colouring. On the other hand, since g;(y")) < 0 it
follows that g;(y9) < 1/4Vk using (4.4). Thus, we get [|§(y“)|ls < 1/2Vk. Using
Claim 4.4 again, it follows that |lw(y“)||s < 1/Vk, which implies |w(y®)|» < 1, a

contradiction to Claim 4.3. O
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Orientation of 8C;}, and 8C,,. The following simple observation is crucial.

Claim 4.7. The (k — 1)-simplices OC};, and OC,, have the same orientation with

respect to the Sperner boundary conditions.

Proof. Consider the linear function 7' : R¥ — RF T(y) = —y and note that T
maps JC;} to OC,, while preserving the Sperner boundary conditions (Claim 4.5).
Furthermore, the determinant of 7" is (—1)* = 1, since k is even. It follows that
0CH and OC;, have the same orientation with respect to the Sperner boundary

conditions. N

This is the only point in the proof where we use the fact that k is even. However,
it is indeed crucial, since this ensures that the two ends of line that we know are
both sources (or both sinks), as we will see below. If k is odd, our reduction yields
an instance with a known source and sink. In this case, there is no guarantee that

a solution — another end of line — even exists.

2-source END-OF-LINE. We now explain how the problem of finding a panchromatic
k-simplex in the triangulation T of (), reduces to a 2-source END-OF-LINE problem.
Let us briefly recall how a standard k-dimensional SPERNER instance reduces to
END-OF-LINE. A fully detailed and formal presentation of this is given in [EY10,
Proposition 2.2]. In the standard k-dimensional SPERNER problem, we have a big
k-simplex triangulated into k-simplices and a colouring that satisfies the Sperner
boundary conditions. The END-OF-LINE graph is constructed as follows. Every
k-simplex of the triangulation is a node in the graph. There is an edge between two
nodes if the corresponding k-simplices have a common facet coloured 1,. ..,k (called
a door-facet). The edge is directed by considering the orientation of the k-simplices
with respect to the common facet. This yields an END-OF-LINE graph where every
degree-1 node is either a panchromatic k-simplex or a k-simplex that has a door-facet
lying on the boundary of the instance, i.e., on the boundary of the big k-simplex. Note
that all the door-facets lying on the boundary of the instance lie on the 1,... k-facet
of the big k-simplex. In order to obtain a single source, there are various standard
tricks, see, e.g., [Tod76, Chapter 4]. If we use the so-called “artificial start” trick, then
as shown in [Tod76; EY10], we obtain a slightly larger SPERNER instance that has a
single door-facet “exposed” to the outside, i.e., lying on the boundary of the instance.

We can use these standard techniques on our problem. The boundary of our
instance is 0C,,. By Claim 4.6, all door-facets on the boundary are contained in
0CH or 9C, . By applying the trick mentioned above on 9C) (interpreted as a
facet of a k-dimensional SPERNER instance) we obtain a single door-facet that is
“exposed” in this whole region. Applying the exact same trick on 9C,, also yields a

single door-facet that is “exposed” in this whole region. Thus, overall we only have
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Figure 4.2: Example in 2 dimensions showing how the “artificial start” trick is used to
obtain a 2-source END-OF-LINE instance. The cross-polytope C,, is shown in grey and the
vertices of the triangulation of C,, that lie on 0C,, are also shown together with their colours.
The “artificial start” trick has introduced a new vertex with colour 2 that is connected to
all the triangulation vertices on C;;. The same has also been done for C;,. The two new
vertices and the new edges are shown in light grey colour. All the directed edges of the
resulting END-OF-LINE instance that cross the boundary of C,, or lie outside C},, are shown
in blue in this example. The two red points represent the two sources we obtain for the
END-OF-LINE instance. Note that in this example the colouring is not perfectly antipodally
symmetric, since this is not the case in general. However, it is easy to see that the displayed
colouring satisfies Claims 4.5 to 4.7.

two door-facets that lie on the boundary of our instance. Figure 4.2 shows how the
“artificial start” trick is used on a 2-dimensional example.

Finally, the important observation here is that the orientation of the “exposed”
door-facet obtained by using the trick only depends on the orientation of the big
facet on which it is used. Since 9C; and 9C have the same orientation (Claim 4.7),
the two “exposed” door-facets have the same orientation. This means that we have
two “entrances” for the standard Sperner path-following algorithm. By applying
the formal arguments used in the reduction from SPERNER to END-OF-LINE this

yields a two-source END-OF-LINE instance.

o8



4.3 PPAD- and FIXP-hardness for the Hairy Ball
Problem

It is possible to prove Brouwer’s fixed point theorem using the Hairy Ball Theorem as
follows (see [Mil78] for the full details). Let B¥ C R* be the unit ball. If we assume
that a function f : B¥ — B* does not have any fixed point, then we can construct
a Hairy Ball function ¢ : S* — R**! that does not have a zero. Brouwer’s theorem
follows by contradiction. The main idea for the construction of ¢ is the following.
Consider f'(z) = f(x) — x and assume that it points directly inward on the boundary
of B¥. Take one copy of B* with the vector field f’ and one copy with the vector
field —f’, and glue their boundaries together. The resulting object can be deformed
to yield the sphere S* and the vector fields will perfectly match on the glued region.
Thus, assuming that f’ has no zero, g will have no zero either.

By making this idea fully constructive and efficient, we obtain reductions from
Brouwer problems to Hairy Ball problems. Thus, existing PPAD- and FIXP-hardness
results for Brouwer also hold for the corresponding Hairy Ball problems. We note
that these reductions always involve using two copies of a Brouwer instance to obtain
a single Hairy Ball instance. This further supports our claim that the fact that we
obtain two sources when reducing kD-HAIRY-BALL to END-OF-LINE (Section 4.2)

is not an artefact of our reduction, but intrinsic to the problem.

4.3.1 FIXP-hardness

The tools introduced by Etessami and Yannakakis [EY10] allow us to study the
complexity of finding an ezact Hairy Ball solution, as well as other versions such as
the strong approximation problem: find a solution that is close to an exact solution.
See Section 2.4 for more details on this as well as a formal definition of the class FIXP.

In this section, we prove that these problems for the Hairy Ball Theorem are
at least as hard as their Brouwer counterparts. We define our exact computation

problem for the Hairy Ball Theorem as follows:

Definition 4.3. ExacT-HAIRY-BALL:

Input: An arithmetic circuit F' (with gates {+, —, X, /, max, min}, rational con-
stants and that never divides by 0) that computes a tangent vector field S¥ — R*¥1
k even.

Output: x € S* such that F(z) = 0.

Note that the vector field will be continuous since the circuit never divides by 0.
The condition that the circuit never divides by 0 is enforced as a promise on the input.
The vector field can be syntactically forced to be tangent to the sphere because we

can compute the projection exactly using this kind of circuit.
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Theorem 4.4. EXACT-HAIRY-BALL is FIXP-hard. Furthermore, the corresponding

strong approximation, partial computation and decision problems are also hard for the
corresponding versions of FIXP (as defined in [EY10]).

Following Etessami and Yannakakis [EY10], we could define a class HB that
captures the complexity of computing an exact Hairy Ball solution (and corresponding
versions of the class for the related problems) by taking the set of all problems that
reduce to EXACT-HAIRY-BALL. Then, Theorem 4.4 is saying that FIXP C HB. Note
that the three discrete problems that can be studied in the Turing machine model

lie in PSPACE, by using the same technique as in [EY10, Proposition 4.2].

Proof of Theorem 4.4. The proof is based on an idea used by Milnor [Mil78] to show
that the Hairy Ball theorem implies Brouwer’s fixed point theorem. Note, however,
that Milnor’s proof proceeds by contradiction, whereas our proof is fully constructive.
We embed two copies of a Brouwer instance (after some preprocessing) on the sphere
such that any exact Hairy Ball solution yields an exact Brouwer fixed point.

Let G be an arithmetic circuit with gates {+, —, X, /,max, min} (and rational
constants) that maps the unit cube BY = {z € R¥ : ||z|| < 1} into itself and does
not divide by 0. Computing a fixed point of GG is a FIXP-complete problem and we will
reduce this to EXACT-HAIRY-BALL. At the end, we also explain why our reduction

is an SL-reduction (see Section 2.4 for a definition).

Step 1: Preprocessing. First of all, note that we can assume that k is even. Indeed,
we can always consider G : BEF1 — BEFL G(xg, 2) = (0, G(z)). Note that fixed points
are mapped one-to-one by dropping the first coordinate. Let ¢ be large enough such
that 2¢ > 4k. For any integer m let mB* = {z € R* : ||z||, < m}. We construct the
circuit G’ that on input z € 2°B* does:

1. Compute y by letting y; = max{—1, min{1, x;}} for all i € [k].
2. Output —z - min{1, [z — yll} + (G(y) — z) - max{0,1 — ||z — y|lo}

It is easy to check that the fixed points of G are exactly the zeros of G'. Furthermore, if
|lz|l2 > 271, then G'(x) = —x. Next, we change the domain from 2°B* to 1B* =: B*.
The circuit G is constructed such that G(z) = 27/G’(2'x). The zeros of G’ are exactly
the zeros of G scaled by 2. Note that if ||z||s > 1/2, we have G(z) = —xz.

Step 2: From Brouwer to Hairy Ball. The high-level idea in order to construct a
Hairy Ball vector field is to use the output of G (x) as coordinates in some continuous
tangent basis on S*. However, as noted before, it is impossible to define a continuous
tangent basis on all of S¥. As a result, we use two different bases (namely E(m) and

—ZZ(—x)) and obtain two tangent vectors at z: w~ and w™. The final output u is then
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obtained by taking a convex combination of w~ and w™, according to a parameter .
This parameter a ensures that we do not use a tangent basis when we are close to
the pole where it is not a basis. Furthermore, it also ensures that the case where u is
obtained as a strict convex combination (namely a € (0,1)) can only occur at points
where @(3:) = —x, which makes this case easier to analyse.

Formally, we construct the circuit F' : S¥ — R*+! that does the following on input

r = (x0,21,...,Tk)

~

1. Compute v = G(z1,...,xL)
2. Compute w™ = Zle vibi(z) and wt = Zf;l(—vi)gi(—x)

3. Compute o = max{0, min{1,1/2 — zo}}

4. Output v = aw™ + (1 — a)w™

where
J — ;1 otherwise

is the non-normalised version of the tangent basis used in the proof of Theorem 4.3.
In particular, the Ez(l') form an orthogonal basis of the tangent space at x (as long
as 9 < 1) and we have ||/l;z(x)||2 =1 — zy. Note that the output u of the circuit is
always tangent to the sphere at x.

If o < —1/2, then u = w~, and thus, using the fact that the /b\z(x) form an

orthogonal basis, we obtain

al = 37 02 (Bi(a), Bi(x) ) = S v2lbs(a) I3 = lol31 = o)

=1 =1

Since 1 — xp > 1, this implies that |Jul|s > ||v]|e, i.e.,
IF (0,21, an) |2 > (|G (@1, 2n) |2

This means that any zero of F yields a zero of G by dropping the first coordinate.
If 7y > 1/2, then u = w™, and the analogous computation yields that ||ul|3 =
S 02|[b;(—2)||2 = ||[v]|2(1+20)2. Since 1+ > 1, we again obtain that [[ulls > |||,
and the same conclusion follows.
The last remaining case is when |zg| < 1/2. If we let 2’ = (x1, ..., x}), then, since

~

||z||2 = 1, it must be that ||z’ > 1/2, which implies that v = G(2') = —2'. It follows
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that

ug = awy + (1 — a)wg = aivi [BZ(:I:)}O +(1—a) i(—vi) [E(—x)]

=1

0

k

k
= Z(—xi)xi(l —z)+ (1 — ) in(—xi)(l + 30)

= aZ(—xf)(l —a0) + (1= a) ) (—a})(1+ o)

=1

— 231+ 2o(1 — 20)) < [l [/2 < ~1/8

which implies that F' has no zero in this region.

The reduction we have provided is an SL-reduction, since a solution of the original
instance can be obtained by applying a separable linear transformation (with rational
coefficients that are computable in polynomial time from the original instance) to any
solution of the final instance. Furthermore, the coefficients of the separable linear
transformation are always powers of 2. It follows (see [EY10]) that the corresponding
strong approximation, partial computation and decision problems are also hard for

the corresponding FIXP classes. O

4.3.2 PPAD-hardness

Using the same approach we can also prove the following.
Theorem 4.5. For all even k > 2, kD-HAIRY-BALL s PPAD-hard.

Proof. We essentially use the same construction as in the proof of Theorem 4.4.
Consider any fixed even k£ > 2. It is known that computing an e-approximate fixed
point of a linear arithmetic circuit G : B¥, — BY is PPAD-complete [Meh14]. Starting
from such a linear arithmetic circuit GG, we perform the construction in the proof of
Theorem 4.4 to obtain a Hairy Ball function F' : S¥ — RF+1,

Now, it is easy to check that since G is a linear circuit, F' will be a well-behaved
arithmetic circuit (Section 2.2.2) without comparison gates. Furthermore, since G
is a linear arithmetic circuit, it is L-Lipschitz-continuous for some L of polynomial
representation size (Lemma 2.2). It is then easy to check that F' will be cL-Lipschitz-
continuous on S* for some constant ¢ that only depends on k. As a result, we can
use Theorem 2.1 to approximate F' by a linear arithmetic circuit . Namely, we can
construct F such that | F(x) — F\({E)Hoo < § for all € S*, for some § > 0 to be
determined later.

This circuit F is our instance of kD-HAIRY-BALL. Now, assume that we have some
z € S* that is a solution, i.e., such that || P,[F(z)]||s < €. Since P, is a projection
operator, it follows that |P,[F(z) — F(2)]||le < V& + 1||F(z) — F(2)|s < Vk + 1.
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Thus, ||F(2)||le = |P:[F(2)]||ee < & 4+ VE + 15, where we used the linearity of the
projection operator. Inspection of the construction of F from G yields that z € B
obtained from z = (g, x1,...,2) by letting z; = max{—1, min{1,2%;}} for all
i € [k], must then satisty ||G(z) — x|« < (¢’ + §) where ¢’ is some constant that
only depends on k. By picking ¢’ and ¢ sufficiently small, we obtain that z is an
g-approximate fixed point of G. This means that we have provided a reduction from
the problem of finding an approximate fixed point of a linear arithmetic circuit (in k
dimensions) to the kD-HAIRY-BALL problem. [

Note that the original proof of this result in [GH21] is a bit more tedious, since
it goes through an intermediate discrete version of the problem that is termed the
2D-HAIRY-CUBE problem. The approximation technique given by Theorem 2.1

allows us to obtain a more direct proof here.

4.4 Conclusion and Future Directions

We have obtained a satisfying answer to the question of the computational complexity
of the Hairy Ball Theorem, if we are looking for an approximate solution. For other
solution concepts related to exact solutions, we have provided a FIXP-hardness result.
This leaves open the question of whether the problem is FIXP-complete in this case.
A first step in that direction would be to try to reduce Hairy Ball to Borsuk-Ulam,
even though no such (fully constructive) mathematical proof seems to be known.
Our reduction from approximate Hairy Ball to approximate Brouwer cannot be
used on the exact versions of these problems, because the step where we reduce
from multi-source END-OF-LINE to standard END-OF-LINE corresponds to a discon-
tinuous mapping between the corresponding topological structures. This raises the
question of whether continuous mappings are an important subclass of reductions

and motivates further study on this topic.
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Chapter 5

The Generalised Circuit Problem

The Generalised Circuit problem, defined by Chen, Deng and Teng [CDT09], has been
instrumental for proving many PPAD-hardness results, including for Nash equilibrium
computation problems [DGP09; CDT09; Rub18], but also for problems arising in
economics [CPY17; SSB17] or fair division [FFGZ18; GHI"20]. In this chapter, we
show that it suffices to consider significantly restricted versions of the Generalised
Circuit problem when proving PPAD-hardness results, and that an exact version of
the problem can also be used to prove FIXP-hardness. These new simplified tools are

then used to study equilibrium computation in first-price auctions in Chapter 6.

5.1 The GcIircUIT Problem with Two or Three
Gates

Generalised circuits can be viewed as a generalisation of arithmetic circuits where we
also allow cycles. This means that instead of representing a function, a generalised
circuit represents a certain kind of constraint satisfaction problem. Indeed, the goal
in the Generalised Circuit problem is to assign a value to each gate of the circuit
such that all the gates are (approximately) satisfied. Importantly, gates are only
allowed to take values in [0, 1] and arithmetic operations are truncated accordingly.
As a result, it can be shown that by Brouwer’s fixed point theorem, there always
exists an assignment of values that satisfies all the gates. However, computing even
an approximate assignment is already PPAD-hard, i.e., essentially as hard as any

Brouwer fixed point computation. We now provide some formal definitions.

Definition 5.1. A generalised circuit® with gate-types G is a list of gates g1, g2, . . . , Gn.
Every gate g¢; is a 3-tuple g; = (G, j, k), where G € G is the type of the gate, and
J.k € [n] ={1,...,n} are the indices of the input gates g;, gx (i, j, k distinct).

!Note that in the usual definition of generalised circuits, every gate also contains a rational
parameter ¢ € [0,1], which is used by some gate-types, e.g., a gate performing multiplication by the
constant ¢. In our definition, gates do not contain this rational parameter, because, as we show in
Theorems 5.1 and 5.2, these gate-types are actually not needed for the problems to be hard.
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Before describing possible types of gates, we introduce some notation. For t; < t5,
we will let Ty, ¢, denote the truncation of a value x to [ti,1s], ie., Ty, 4)(x) =
max{t;, min{ty, x}}. For convenience, we let T = Tjy). Furthermore, we use the
notation x = y £ € to denote that |z — y| < e.

Consider a generalised circuit g1, ¢s, ..., g, and an assignment v : [n] — [0, 1] of
values to its gates. We say that a gate is e-satisfied by the assignment, if the constraint
imposed by this gate is satisfied with error at most €. The constraint that a gate

g; = (G, j, k) must satisfy depends on its gate-type G € G, e.g.,

o if G=G, thenvig]=1+¢ (constant 1)
o if G =Gy, then v(g;| = T(v]g;] + v[gi]) £ ¢ (addition)
o if G =G_, then v(g;] = T(v[g;] — v[gk]) £ ¢ (subtraction)
o if G=G;_, then v[g;] =1—v[g;] £ ¢ (complement)
o if G = Gyo, then v[g;] =T(2-v[g)]) £ ¢ (multiplication by 2)
o if G =Gy, then v(g;] = v[g;] - v[gr] £ ¢ (multiplication)
o if G = G()2, then v[g;] = (v[g;])* £ ¢ (square)

The associated computational problem is defined as follows for any ¢ > 0 and

any choice of gate-types G.

Definition 5.2. e-GcIrcult (with gate-types G):

Input: A generalised circuit ¢q, gs, ..., g, with gate-types G.
Output:  An assignment v : [n] — [0,1] to the gates such that they are all
e-satisfied.

Rubinstein [Rub18] proved that this problem is PPAD-complete for some sufficiently
small constant ¢ > 0 and a relatively large set of gate-types G. In Section 5.2 we

prove that the problem remains hard, even with a very restricted set of gate-types.

Theorem 5.1. There exists a constant € > 0 such that the problem e-GCIRCUIT with
gate-types G = {G,,G1_} is PPAD-complete. This continues to hold if we instead
take G = {G1,G_}.

We can also define a problem EXACT-GCIRCUIT, where the goal is to find an as-
signment that ezactly satisfies all constraints (i.e., with ¢ = 0). In Section 5.3

we prove the following result.

Theorem 5.2. The problem EXACT-GCIRCUIT with gate-types G = {G1—, G4, Gy}
is FIXP-complete. This continues to hold if we instead take G = {G1_, Gx2, G« }.
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5.2 PPAD-completeness

In this section, we prove Theorem 5.1, namely the PPAD-completeness of the sim-

plified e-GCIRCUIT problem.

Membership in PPAD follows from the fact that a generalised circuit with gates
g1, ---,9n can be interpreted as defining an arithmetic circuit F : [0,1]" — [0, 1]",
where for z € [0,1]" and i € [n] we let F;(z) = G(x;, z}), where g; = (G, j, k). Then,
it is known that the problem of computing an e-approximate fixed point of such a
function F' lies in PPAD [Pap94; EY10] (and in fact, even when ¢ is provided in the
input in binary representation). Finally, note that an e-approximate fixed point of F’
exactly corresponds to an e-satisfying assignment for the generalised circuit.

In order to prove PPAD-hardness, consider the e-GCIRCUIT problem with gate-
types G = {G1-,G,}, for some sufficiently small constant ¢ > 0 (which will be
set later). We begin by showing that additional gate-types can be simulated if we

allow a larger (but still constant) error.

G_: Copy. The goal of such a gate is to copy the value of some gate g;. For this, we
use the fact that 1 —(1—x) = z. Thus, we introduce a gate g, of type G;_ with input g,
and a gate g3 of type G_ with input go. It holds that v[gs] = 1 —v|[ge] e = v]g1] £ 2¢.

In other words, we can simulate a copy gate with error at most 2¢.

G1: Constant 1. In order to obtain a gate that has value 1, we use the fact that
z + (1 —x) = 1. First, we introduce an arbitrary gate g;. Then, we introduce a
gate go of type G;_ with input ¢;, and a gate g3 of type G with inputs ¢g; and
g2. It holds that v[gs] = T(v[g1] + v[g2]) £ = 1 £ 2e. Thus, we can simulate

a constant 1 with error at most 2e.

G_: Subtraction. The goal of this gate is to compute T(v[gi] — Vv[go]). For
this, we use the identity

T(aj—y)zl—T((l—x)—i-y)

which allows us to express subtraction using only addition and the complement
operation. With this in hand, we can implement subtraction as follows. We introduce
a gate g3 of type G;_ with input ¢;, a gate g4 of type G with inputs g3 and g¢o, and
finally a gate g5 of type G1_ with input g4. Then, it holds that v[gs] = 1 —v[gs] £e =
1 T(vigs) +vigal) & 22 = 1 = T(1 = vlgi] +Vlga]) + 3 = T(v]gs] — vlga]) + 3e. Thus,

we can simulate a subtraction gate with error at most 3e.

G /»: Division by 2. The goal of this gate is to compute v[g;]/2. This is achieved

by constructing a cycle. Namely, we introduce two gates go and g3. The gate g
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is of type G_ with inputs ¢g; and g3, and the gate g3 is of type G- with input
g2. As a result, it holds that

vi[gs] = v]ga] £ 2e = T(v]g1] — v[gs]) £ be.

From this, it follows that v[gs] = v[g1]/2 £ 5e. To see this, note that if v[gs] > v|[gi],
then v[gs] = 04 5e = v[g1]/2 &£ be, since [0, 5¢] C [v[g1]/2 — be, v[g1]/2 + Be] (because
v[g1]/2 < v[gs]/2 < 5e). On the other hand, if v[gs] < v[g1], then we obtain that
2v[gs] = v[g1] £5¢e, which again yields the same conclusion, namely v]gs] = v[g1]/2+5e.

Thus, we can simulate division by 2 with error at most 5e.

G «¢: Multiplication by ¢ € [0, 1]. If ¢ = 0, then we can simply output G1_(G;) =
0+ 3e. If ( =1, we can simply use a G_ gate that has error at most 2¢. Consider now
the case where ¢ € (0,1). Let k = [log,(1/€)]. Recall that € will be a fixed constant,
so k will also be a fixed constant. It is easy to see that in polynomial time (in the
representation size of ¢) we can find a € {1,2,...,2¥ — 1} such that | —a/2%| <e.

Let g; denote the input. Our goal now is to compute (a/2%) - v[g], since this will
be e-close to ¢ - v[gi]. We compute (a/2) - v[gi] in a careful manner to ensure that
the error remains small. This is achieved as follows. Using the binary representation

of a = 300 a;2%, a; € {0,1}, we can express the product (a/2%) - z as

O+aq %

+a1 5

We implement this as follows. First, introduce g such that v]gs] = v[g:1]/2 £ 5e.
Next, introduce g3 such that (i) if ay = 0, then v]gs] = 0 £ 3¢, (ii) if ay = 1, then

g3 = ¢2. In both cases we have
v]gs] = apv[ge] £ 3e.

Next, introduce g4 such that (i) if a; = 0, then v]gs] = v[gs]/2 &+ be = agv|gs]/2 £
5(1+1/2)e, (ii) if a; = 1, then v[gy] = v]g3]/2 + V[ga] £ 6 = agv]g2]/2 + V[ga] =
6(1 + 1/2)e. In both cases we have

v[gs] = aov[ga] /2 + a1v[ga] £ 6(1 + 1/2)e = (ag + 2a1)Vv[ga] /2 £ 6(1 + 1/2)e.

Next, introduce g5 such that (i) if ag = 0, then v[gs] = v[g4]/2 £ 5e = (ap +
2a1)V[ga]/4 £ 6(1 + 1/2 + 1/4)e, (ii) if ay = 1, then v([gs] = v]ga]/2 + V[ga] £ 6c =
(ag + 2a1)v[g2]/4 + v][ge] £ 6(1 + 1/2 4+ 1/4)e. In both cases we have
v(gs] = (ao + 2a1)v|[ge]/4 + asv(ga] £6(1 +1/2 + 1/4)e
= (ag + 2a; + 4az)v[ga] /4 +6(1 +1/2+ 1/4)e.
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Continuing in the same manner, it follows by induction that after k—1 such steps we ob-

tain

k—1
- _ a a
V|grt2] = (Z ai21> v]ga] /2t £ 12¢ = o (2v[ge]) £ 126 = ?V[gl] + 22¢
i=0

= (- Vv[g1] £ 23e.

Thus, we can compute multiplication by ¢ € [0, 1] with error at most 23¢. Note that
this gadget can be constructed in polynomial time in the representation size of (.
Furthermore, the number of gates needed to construct the gadget is O(k), which is

constant, since k = [log,(1/¢)| and ¢ will be a fixed constant.

We are now ready to show PPAD-hardness. To do this, we reduce from a slightly
modified version of GCIRCUIT studied by Goldberg et al. [GHI"20], that we call
Gorreurt! ™ This modified version operates on [—1,1] instead of [0,1], and it
uses the gates G[Jr_l’l}, G[l_l’l] and G[X_E’CH (where the gates truncate to [—1, 1], and
¢ €10,1]). Goldberg et al. [GHI"20] proved that ¢’-Gorrcurrl=1 is PPAD-hard for
some sufficiently small constant €' > 0. We now set ¢ := ¢’/50. Below, we show that

e-Gemreurrl—HY

reduces to e-GCIRCUIT (with gate-types G = {G1_, G }).

Given a generalised circuit with gates G[J:l’l], G[fl’l] and G[;_l’cl], we construct a
corresponding circuit with gates G;_ and G as follows. Every gate g of the original
circuit is replaced by two gates ¢g* and ¢g~. The idea is that the value of g, which lies
in [—1, 1], will be encoded by the values of g* and g~, which lie in [0, 1]. Formally,
we interpret v[g] := v[g"] — v[g~]. Next, we show that the constraints of the original

circuit can be enforced by corresponding constraints on the new circuit.

Simulating GI™"". In order to enforce that v[g] = 1 £ ¢, we proceed as follows.
We simply let v[gt] = 1 4 2¢ and v[g~] = 0 & 3¢ (using the constructions described
above). Thus, it holds that v[g] = v[g"] —v[g7] =1+ 5be =1+¢".

Simulating G[x__l’cl]. In order to enforce that v]gs] = —( - v[g1] £+ &, for some
¢ € [0,1], we proceed as follows. Using the constructions described above, we can
enforce that v[gy] = ¢ - v[g;| £ 23¢ and v[gy] = (- v[g;] £ 23c. Thus, v[g] =
—( - V[g1] £ 46e = —(C - v]g| £ €.

Simulating G[Jr_l’ll. In order to enforce that v{gs] = Ti_11(V[g1] + Vv[g]) = €,
we proceed in two steps. First, using our construction for performing subtraction,
we “normalize” the gates by letting v[h{] = T(v[g{] — v[g;]) £ 3¢ and v[h;] =
T(v([g; ] — v]g{]) & 3¢, which yields v[h;] = v[g1] £ 6. We similarly obtain hy from

go. This “normalisation” will ensure that addition is then performed correctly.
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In the second step, using the addition gate G, we let v[gs| = T(v[h{]+v[h3]) e
and v[g;| = T(v[h{] + v[hy]) £ €. Thus, it holds that
vigs| = vigs] = vlgs] = T(v[r{] + v[h3]) = T(v[hy] + v[hy]) £ 22
= T (V] + vihs]) = Ty (Vi ] + vk ]) + 22,

Because of the “normalisation” step, we know that
min{v[h{],v[h{]} <3¢ and min{v[h]],v[h;]} < 3e.

In the case where v[h;] < 3¢ and v[hy] < 3e, it holds that v[h] = v[h{] + 3¢
and v[hs] = v[hy] & 3¢, which implies that

v[gs] = Ty (v[u]+vlha]) =T (VA [+ v[hy]) £85 = Ty (V] +v[ho]) £ 14e.

In the case where v[h]] < 3¢ and v[h;] < 3¢, it holds that v[h] = —v[h]] & 3¢
and v[hy] = v[hg] & 3¢, which implies that

vigs] = T (VAT + viha]) = Tra g (=vii] + v[hy ]) £ 8¢
= v[h]| + viho| £ 14e = Ty 3 (V[h1] + V[he]) £ 14e.

The remaining two cases are handled in the same way, and thus we always obtain that

v{gs] = To1 (V] + v[he]) & 14e = T 1y(v[g1] + v[ga]) & 26¢
= Try(vig] + vig]) £ ¢

Clearly, this construction can be performed in polynomial time in the size of the
original generalised circuit. Furthermore, given any e-satisfying assignment of the new
generalised circuit, we can easily obtain an &’-satisfying assignment of the original
generalised circuit by setting v([g] := v[g*] — v[g~] € [-1, 1] for all gates g. It follows
that the e-GCIRCUIT problem with gate-types G = {G;_, G} is PPAD-hard.

Finally, note that if we let G = {G,G_} instead, we again obtain the same
result, because G;_ and G, can easily be simulated. Indeed, it is clear that G;_
can immediately be simulated. Furthermore, G, can be simulated by using the
equation T(z +y) = 1 — T((1 — z) — y).

5.3 FIXP-completeness

In this section, we prove Theorem 5.2, namely the FIXP-completeness of the EXACT-
GCIRCUIT problem.

Membership in FIXP follows immediately by noting that a generalised circuit with
gates g1,. .., g, defines an arithmetic circuit F': [0, 1]* — [0, 1]*, where for = € [0, 1]"
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and ¢ € [n] we let Fj(x) = G(x;, xy), where g; = (G, j, k). Indeed, any fixed point of F’
corresponds to an assignment that exactly satisfies the gate constraints. In particular,
note that all the gate-types we consider can be exactly computed using the usual
operations allowed in FIXP, namely 4, X, max and rational constants. Furthermore,
it is easy to see that this trivially yields an SL-reduction (defined in Section 2.4).

In order to prove FIXP-hardness we will show that our very restricted set of gates
is actually enough to simulate various more complex gates. Deligkas et al. [DFMS21,
Section 7.2|, using a special Brouwer function for the FIXP-complete problem 3-Nash
given by Etessami and Yannakakis [EY10], proved that computing fixed points of
very restricted arithmetic circuits is already FIXP-hard. In more detail, they consider
functions F' : [0,1]" — [0,1]" computed by circuits with a restricted set of gates
and such that every gate always has value in [0, 1], for any input =z € [0,1]" to
the circuit. Because of this property we can use our gates that truncate to [0, 1]
without changing any of the computations.

In more detail, they allow the following gates: G (constant ( € QN [0,1]), G4,
G_ (subtraction truncated to [0,1]), G, G[f’;], Gmax and Gpin. We show below
that we can simulate all of these gates, using only the gates G;_, Gx2 and G« (or
alternatively, Gi_, G4 and G(y2). In particular, G[S’ZH is a restricted gate Gyo that
only works on inputs in [0, 1/2]. Since our G2 gate has the same behavior as that
gate for such inputs, it is correctly simulated.

Finally, we simply use copy gates GG_ to enforce the fixed point constraint, namely
that the ith input to F' be equal to its ith output. It is easy to see that this construction
yields a polynomial-time reduction, and that it is in fact an SL-reduction (as defined
in Section 2.4), since we only need to extract the values assigned to the input gates in
order to obtain a fixed point of F'. In the remainder of this proof, we show how all the

required gates can be simulated using our restricted set of gates G1_, G«» and G.

G_: Copy. In order to copy the value of some gate ¢;, we use the complement
gate GG1_ twice. Namely, we first introduce a gate g, of type G;_ with input gy,
and then another gate g3 of type G;_ with input go. Clearly it holds that v[gs] =
1 =vlg] =1-(01-vlg]) = vig]

G1/2: Constant 1/2. In order to obtain a gate that has value 1/2, we create a
small cycle. We introduce two gates ¢g; and g;. The gate gy is of type G- with
input g2, and the gate g, is of type G_ with input g;. It follows that v[g;] satisfies
v[g1] = 1 — v[g1], which implies v[g;] = 1/2. Note that together with the G« gate

we can now also perform multiplication by 1/2, denoted by G s.

G _: Subtraction. In the proof of Lemma 5.1 below, we show how to construct

a subtraction gate given access only to G;_, G2 and a special gate G,, where
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¢ :10,1]> = [0,1], (z,y) — (z + 1)(y + 1)/4. Thus, to obtain the subtraction gate, it
is enough for us here to construct a gate G,. Since we have access to G, it suffices
to construct a gate that implements the function x — (x + 1)/2. Let g; be the
input gate. We introduce a gate go of type GG;_ with input ¢;, a gate g3 of type
G x1/2 with input go, and finally a gate g4 of type G1_ with input gs. It follows that
Vigg] =1—vgs] =1—-v[g]/2=1—-(1—v[n])/2 = (V[g1] + 1)/2, as desired.

G: Addition. Addition can easily be obtained from subtraction by using the
following equality for all z,y € [0,1]

T(e+y) = 1 - T((1 —a) — ) = G1_(G_(Gr-(2).y)).

Gmax, Gmin: Maximum and Minimum. The function (z,y) — max{z,y} can

easily be simulated with existing gates by noting that
max{z,y} = T(z + T(y — z)) = G4 (z, G_(y, x)).

Then, (z,y) — min{z, y} can simply be obtained by min{z,y} = 1 —max{l—z,1—y}.

G «: Multiplication by integer k. Let k be an integer that is given in binary rep-
resentation, i.e., k = Zf:o a;2¢, where a; € {0,1}. Our goal is to construct a gate that
computes z — T(k-x). Using the G5 gate we can compute T(2¢-x) fori =0,1,..., 7.

This requires ¢ separate Gy gates. Then, we use the addition gate to compute

¢

T ( Z T(2"- x)) =T <Z ai2ix> =T(k-z).
ia;=1 =0

This uses at most ¢ separate G, gates. Thus, overall we use a number of gates that

is polynomial in the representation length of k.

G¢: Constant ¢ € [0,1] N Q. If ¢ =1, we can simply do Gx2(G1y2) = 1. If ( =0,
we can do Gi—(Gx2(G12)) = 0. Now assume that ¢ € (0,1). Write ( = ¢/d where
c and d are positive integers, ¢ > 1, ¢ < d, d > 2. Clearly, if we can construct
the constant 1/d, then we can use a Gy, gate with k = ¢ to obtain . In order to
construct 1/d, we use a small cycle. We introduce two gates g; and go. The gate ¢;
is of type G« with k = d — 1 and with input g,. The gate g5 is of type G;_ with
input g;. Thus, it holds that v]gs] =1 —v[g1] =1 —T((d — 1) - v[ge]). It is easy to
check that the only solution of this equation is v[gs] = 1/d.

Finally, let us show that the set of gate-types G-, G4 and G2 also suffices to
simulate all the gates above, by showing that they can simulate G;_, Gy, and G.

As before, G;_ can be used to create G_. Then, G, and G can be used to obtain

Gy2. Thus, it remains to simulate G.
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Note that G_ can be obtained by T(z —y) = 1—(T((1—x)+y)). Furthermore, we
can construct G/, on input gate g; as follows. We introduce two gates g and g3. The
gate go is of type G_ and has inputs g; and g3. The gate g3 is of type G= with input gs.
It follows that v[gs] = T(v[g1] — v[g3]), which has the only solution v]gs] = v[g:1]/2.

In order to simulate G, note that

(g + %)2 = (2/2)* + (y/2)* + xy/2.

We can easily compute /2 + y/2 and then square using G(.. Similarly, we can
also compute (z/2)* + (y/2)?. By using G_, we then obtain xy/2, and thus zy

after using a Gy, gate.

5.4 PPAD- and FIXP-completeness with a Custom-
ised Gate

In this section, we consider the GCIRCUIT problem with a customised set of gates,
which will be used in Chapter 6 for the first-price auction equilibrium problem. This
also serves as an illustration of how flexible the GCIRCUIT problem can be.

In more detail, we consider the gate-types G = {Gx2, G1-, G4}, where ¢ : [0,1]> —
0,1], (z,y) — +(z + 1)(y + 1). This means that a gate g; = (G, 7, k) enforces
the constraint v[g;] = ¢(v]g;],v[gr]) £ . We prove that the problem remains
hard with these gates.

Lemma 5.1. Let G = {Gy2,G1_,Gy}. There exists a constant € > 0 such that
the problem e-GCIRCUIT with gate-types G is PPAD-complete. Furthermore, EXACT-
GCIRCUIT with gate-types G is FIXP-complete.

Proof. In order to prove that the problem remains hard with G = {Gy2,G1_, G4}, we
will show that other gate-types can be simulated using only these three gate-types.
Let ¢ € [0,1/14] and assume that we have access to gates of type Gx2, G1— and Gy.

G1: Constant 1. In order to create a constant 1 we use the fact that for any
z,y €[0,1]
T (2% ¢(z,y)) =T (2(z+ Dy +1)/4) 2 T(2) = L.

In more detail, we use a gate g; of type G (with arbitrary inputs), then a gate g, of type
G w2 with input ¢;, another gate g3 of type G«» with input g¢o, and finally another gate
g4 of type Gy with input gs. We have that v[g;| > 1/4 —¢, v[ge] > T(2-v[g1]) —¢ >
1/2 =3¢, v(gs] > T(2-v[ga]) —e > 1 —Te, and v[gs] > T(2-v[gs]) —e > 1 — ¢, since
e < 1/14. Thus, we can construct a gate that has the value 1 +e.
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G /2: Division by 2. In order to divide the value of some gate g, by 2, we use the
fact that

1=¢(1=v[g],1) =1 =2 =v[n]))(1+1)/4 = v[g]/2.

In more detail, we use a gate g, of type G1_ with input g1, then we use a gate g3 of type
G4 with inputs g, and a constant 1+ ¢, and finally we use a gate g4 of type G with
input gs. It holds that v[go] = 1—v]gi] e, v[gs] = d(v][ge], 1+e)Le = 1—v[g1]/2+2¢,
and v]gs| = 1 —v[gs] £ e = v[g1]/2 £ 3e. Thus, we can construct a gate that performs

division by 2 with error at most 3e.

G_: Copy. It is easy to see that using two gates of type G;_, one after the other,

copies the original value with error at most 2e¢.

Ginv: Inverse. We now show how to construct the gate G;,,, which computes the
function z — —1 +4/(2 + z), and will be very useful to construct the subtraction
gate below. The construction of G;,, uses a cycle. Let g; be the input gate. We
first use a gate g, of type G;_ with input ¢;, then we use a gate g3 of type G with
input go and g4, and finally we let gate g4 be of type G_ with input g3. We have that
v(ge] = 1 —v[g1] £e, v]gs] = ¢(v]ga], v[gs]) £ ¢, and v[gs] = v]gs] £ 2¢. It follows that

v|[g4] must satisfy the equation

v{ga] = ¢(viga], vIga]) £ 3e = (vIga] + 1)(v]ga] +1)/4 & 3¢

which implies that

1+ vlgo]
= ——= % 06¢.
Vo = 3 g
As a result, we obtain that
2 — v[g] 4
Vg ==——+8=—-14+——"—-4+8¢
ol =53 v(g1] 2+ v[g]

i.e., we can compute the function with error at most 8e.

G_: Subtraction. Given gates g; and g2, we want to obtain T(v[g;] — v[ge]). To

achieve this, we first use the fact that

4 Y 2—x vy 1 1
¢<¢C*+5:zﬂ‘x)6>:¢<2+y§):§+§@—f>

In more detail, we first use a gate g3 of type Gy, with input g, then a gate g, of

type G1_ with input g¢;, then a gate g5 of type G, with inputs g3 and g4, then a gate
ge of type G o with input gy, and finally a gate gr of type G, with inputs g5 and
gs. We thus obtain that v]gs] = —1 +4/(2 4+ v[ga]) £ 8¢, v]gs) = 1 — v[g1] £ ¢, and
vi[gs] = (2 — v[g1])(2 + v|[g2]) £ Te. Furthermore, it holds that v[gs] = v]g2]/2 £ 3e,
and thus v(g;] = 1/2 + (v[g2] — v]g1])/8 £ 11e.
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Next, we can obtain the subtraction operation from this by noting that

4(1—T (2 (% + é(y - :13)) )) = 4(1— (1—%T(m—y))) = 4@ = T(z—y).

This is implemented by using a gate gg of type G«o with input g7, then a gate g9 of
type G1_ with input gg, then a gate gy of type G«o with input g9, and finally another
gate g1 of type G o with input gio. It holds that

vlgs] = T(2-v[g:]) £ e =1 =T(v[g:] — v]ga]) /4 £ 23¢.

As a result, it then holds that v[ge] = T(v[g1] — V[ga])/4 £ 24e, v[g10] = T(v[g:] —
v[g2])/2 £ 49¢, and finally v[g11] = T(v]g1] — v[g2]) £ 99¢. Thus, we can compute

subtraction with error at most 99¢.

G : Multiplication. Given gates g; and gy, we want to obtain v[g;]-v[ga]. We only
perform the construction for the case € = 0, since we only need this gate for the FIXP-
hardness. Note that we can multiply by 4 using two consecutive Gy, gates. Similarly,
we can divide by 4 using two consecutive G /o gadgets. To perform multiplication, we
use the fact that

In more detail, we first use a gate g3 of type G, with input g; and g, then a gate g4
of type G/, with input the constant 1, then a gate g5 of type G_ with inputs g3 and
ga, then a gate gg of type G4 with input g, then a gate g7 of type G_ with inputs
g5 and gg, then a gate gg of type G4 with input g,, then a gate gg of type G_ with
inputs g7 and gs, and finally a gate gio of type G4 with input g9. We have that

vigs] = o(vig], viga]) = (vig] + vige] + vlgi] - viga] +1)/4.

Then we obtain that v[gs| = (V[g1] + v]ge] + V[a1] - V]ge])/4, v]gr] = (V]ge] + V[¢1] -
v(g2])/4, v(ge] = v[g1] - V]g2]/4, and finally v{gio] = v[g1] - v[g2]. Thus, we can perform

exact multiplication when € = 0.

Hardness. We have shown that we can simulate gates G; and G_ with error at most
99¢. Thus, by Theorem 5.1, the PPAD-hardness of our customised version follows.
For the case ¢ = 0, we have shown that we can exactly simulate gates G2, G7_ and
G . As a result, by Theorem 5.2, the exact problem for our customised version is

FIXP-hard. The membership results hold as before. O
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Chapter 6

The Complexity of First-Price
Auctions with Subjective Priors

In this chapter, we study the complexity of computing an equilibrium in a first-price
auction with continuous value distributions and discrete bidding space. We prove that
when bidders have independent subjective prior beliefs about the value distributions
of the other bidders, computing an e-equilibrium of the auction is PPAD-complete,

and computing an exact equilibrium is FIXP-complete.

6.1 The First-Price Auction

Auctions are prime examples of economic environments in which the element of
strategic behaviour is prevalent. The associated theory can be traced back to as
early as the 1960s and the seminal work of Vickrey [Vic61]. Over the years, auction
theory and mechanism design have produced some of the most celebrated results
in economics, as can be evidenced, e.g., by the relevant 1996, 2007 and 2020 Nobel
Prizes.! Among the plethora of auction formats that this rich literature has proposed,
some stand out, such as the second-price auction of Vickrey [Vic61] or the revenue-
maximising auction of Myerson [Mye81].

Arguably, though, the most fundamental auction format is that of the first-price
auction, in which the highest bidder wins and is charged an amount equal to her
bid. Compared to its counterparts mentioned above, the first-price auction does not
enjoy the same desirable incentive properties: participants may have an incentive to
misreport their true bids. At the same time, however, the first-price auction is very
natural and simple to describe, implement and participate in, making it very suitable

for a range of important applications. As a matter of fact, several online ad exchanges,

'For the official Nobel Prize announcements see:
https://www.nobelprize.org/prizes/economic-sciences/1996/summary/
https://www.nobelprize.org/prizes/economic-sciences/2007/summary/
https://www.nobelprize.org/prizes/economic-sciences/2020/summary/
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including Google Ad Manager, have adopted this auction format for selling their ads,
in what has been coined “the first-price movement” (see, e.g., [PST20]).

There has been a large body of work studying incentives and bidding behaviour in
first-price auctions, dating back to the original paper of Vickrey [Vic61]. In particular,
the literature has studied the equilibria of the auction in an incomplete information set-
ting where the bidders have only probabilistic prior beliefs (or simply priors) about the
values of other bidders, via the lens of Bayesian game theory [Har67] (see also [Mye97;
Har12]). Several different scenarios of interest have been analysed; see, e.g., [GLS67;
RS81; Plu92; MMRS94; Leb96; Leb99; MR00; LP00; Ath01; RZ04; CH13; BBM17]. It
is no exaggeration to say that understanding the Bayes-Nash equilibria of the first-price
auction has historically been one of the most important questions of auction theory.

The aforementioned literature has been primarily concerned with identifying
conditions under which (pure Bayes-Nash) equilibria are guaranteed to exist. Among
those, the seminal paper of Athey [AthO1] has been pivotal in establishing the
existence of equilibria for fairly general settings with continuous priors. A natural
follow-up question posed explicitly by Athey [AthO1], which was also very much
present in earlier works, is whether these equilibria can also be “found”; in the
context of the related literature, this is usually interpreted as coming up with closed-
form solutions that describe them.

The computational hardness results we prove in this chapter can be interpreted
intuitively as justification of why research in economics has only had limited success in
providing closed forms or characterisations for the equilibria of the first-price auction.
In addition, we consider it to be a quite valuable addition to the literature of total
search problems [MP91], as it concerns the computation of equilibria of one of the
most fundamental games in auction theory.

Continuous Priors, Discrete Bids. We consider the setting where the bidders’

beliefs about the values of other bidders are continuous distributions, whereas the
bidding space is a discrete set. The former assumption is standard in auction theory
(see, e.g., [Mye97, Sec. 3.11] or [Kri09]). From a technical standpoint, this also
guarantees the existence of equilibria [Ath01].2 The assumption of the discrete bidding
space is clearly motivated by any real-world scenario, in which the bids will be
increments of some minimum monetary amount, e.g., 1 dollar or 1 cent, depending on
the application. This setting has in fact been studied in several works for first-price
auctions in particular (see, e.g., [Chw89; AthO1; EMS09; CWG10; RG21]).

Subjective Priors. For our hardness results we assume that the priors are subjective,

meaning that two different bidders might have different beliefs about the values of some

2Tt is important to note here that in some versions of the problem, even mized Bayes-Nash
equilibria are not guaranteed to exist; see, e.g., [Leb96].
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other bidder. In the auction theory literature, it is often assumed that a “universal”
prior exists, which is common knowledge among all players; this is known as the
independent private values model. Indeed, such common priors are quite convenient in
settings where there is an aggregate objective that needs to be optimised in expectation
(e.g., the social welfare or the seller’s revenue), since it can be used by the designer to
tune the parameters of the auction in a way that works best for the optimisation goal
at hand; this is the case, e.g., for Myerson’s revenue-maximizing auction [Mye81].

From our perspective however, where the goal is to study the players’ incentives and
compute an equilibrium, we believe it is natural to make the more general assumption
that priors are still independent, but subjective: this is enough for the bidders to
come up with their best responses. As a matter of fact, Harsanyi’s original paper
[Har67], as well as classic textbooks in economics (e.g., [Mye97; JRO1]) introduce
Bayesian games directly in the context of subjective beliefs.> Similar notions of
subjective priors and “subjective equilibria” have also been studied rather extensively
for general Bayesian games in economics [Hah73; FL86; BG97; BGM92; KL93; KL95;
RW94] and computer science [WP12; FW16].

The subjective priors assumption is necessary for our hardness results. Settling
the case of common priors remains an important open question. Our results for
subjective priors, besides being of standalone interest, can also be viewed as an
important first step in the quest of answering this question. We remark that our
PPAD- and FIXP-membership results obviously also apply to common priors, which

are just a special case of subjective beliefs.

Related work. As we mentioned earlier, there is a significant amount of work in
economic theory on the equilibria of the first-price auction [GLS67; RS81; Plu92;
MMRS94; Leb96; Leb99; MR00; LP00; AthO1; RZ04; BBM17]. Among those, the
most relevant work to us is that of Athey [AthO1], who established the existence of
pure Bayes-Nash equilibria in games with discontinuous payoffs which satisfy the
single crossing property of Milgrom and Shannon [MS94], of which the first-price
auction is a special case. Athey’s proof applies to both discrete and continuous
bidding spaces, and in fact the latter is established through the former, via a limit
argument similar in spirit to [Leb96; MROO].

To the best of our knowledge, there are only a few prior works on the computational
complexity of equilibria in first-price auctions. Escamocher, Miltersen and Santillan R.
[EMS09] study the problem of computing equilibria when both the priors and the
bidding space are discrete. In that case, it is not hard to construct counter-examples

that show that pure equilibria may not exist, and therefore they are concerned with

3These works also usually provide discussions on “consistency” conditions, e.g., see [Har67] and
[Mye97, Sec. 2.8].
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the question of deciding their existence. Their results do not provide a conclusive
answer (i.e., neither NP-hardness nor polynomial-time solvability is proven), except
for the very special case of two bidders with bi-valued distributions. Wang, Shen and
Zuo [WSZ20] very recently studied the equilibrium computation problem in settings
with discrete priors and continuous bids (in a sense, the opposite of what we do
here), and under the Vickrey tie-breaking rule for deciding the winner of the auction
in case of a tie. According to this rule, ties are resolved by running an auxiliary
second-price (Vickrey) auction among the potential winners of the first-price auction;
effectively this allocates the item to the bidder with highest true valuation. This
tie-breaking rule was introduced by Maskin and Riley [MRO00] primarily as a technical
tool in proving their existence results for the uniform tie-breaking rule, where ties are
broken uniformly at random among the bidders with the highest bid. Our results are
proven for the uniform tie-breaking rule, which is the standard rule in the literature
of the problem [Leb96; MRO0; AthO1; Kri09].

Finally, we note that Cai and Papadimitriou [CP14] have studied the complexity of
Bayesian combinatorial auctions, a more complicated auction format which typically
involves multiple items for sale and more complex agents’ valuations over subsets
of items. The complexity of general Bayesian games (beyond auctions) has been
studied in the literature, primarily resulting in NP-hardness results for several cases
of interest, e.g., see [GGMO7; CS08].

6.1.1 Model and Notation

In a (Bayesian) first-price auction (FPA), thereisaset N = {1,2,...,n} of bidders (or
players) and one item for sale. Each player i submits a bid b; € B, where the bidding
space B C [0,1] is a finite set. We will also make the standard assumption (often
referred to as the “null bid” in the literature) that 0 € B, which can be interpreted as
the option of the bidders to not participate in the auction (see, e.g., [MR00; Ath01]).

The item is allocated to the player with the highest bid, who is charged a payment
equal to her bid. If there are multiple players submitting the same highest bid, the
winner is determined based on the uniform tie-breaking rule. Formally, for a bid profile
b= (b1,...,b,), the ex-post utility of player ¢ with true value v; is given by

0, otherwise, jEN

=L (v; — b)), if i € W(b),
a;(byv;) = {W(b)<v ), it () where W(b) = argmaxb;  (6.1)

For each pair of players ¢, 7 € N, ¢ # j, there is a continuous value distribution F; ;
over [0, 1]; we call this distribution the prior of bidder i over the values of bidder j.
The subjective belief of player i for the values v_; = (vy,...,v; 1,041, ..,0,) of the

other bidders is then given by the product distribution F_; = x;;F; ;. In other words,
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from the perspective of bidder ¢, the values v; for j # ¢ are drawn independently from
distributions F; ;. Notice that the special case where F; ; = Fj ; for all j € N and
i,i" € N \ {j} corresponds to the classic independent private values model of auction
theory, where the value of each bidder is drawn (independently of the others) from
a single distribution. More formally, simplifying the notation by using Fj instead of
F; ;, v is drawn from the common prior distribution F' = x;cnF;.

The FPA described above naturally induces a game in which each bidder ¢ selects her
bid based on her own (true) value v;, and her beliefs F'_;. A strategy of bidder 7 is a func-
tion f3; : [0,1] — B mapping values to bids. Given a strategy profile 3_; of the other
players, the (ex-interim) wutility of player i with true value v; when bidding b € B is

ui (b, B-i; vi) = Eo_,nr, [Ui(b, B—i(v_i); vi)] ,

where B_;(v_;) is a shorthand for (8;(v1), ..., Bi—1(vi—1), Bix1(Viz1), -+, Bu(vn)). In-
tuitively, the player calculates her (expected) utility by drawing a value v; for each
bidder j # ¢ from her corresponding subjective prior distribution F; ;, and then using
the strategy “rules” B_; of the others to map their values to actual bids in B.

We are interested in “stable” states of the FPA, i.e., strategy profiles from which
no bidder would like to unilaterally deviate to a different strategy. Formally, we

have the following definition.

Definition 6.1 (s-Bayes-Nash equilibrium of the FPA). Let ¢ > 0. A strategy profile
B = (f,...,0n) is a (pure, ex-interim) e-Bayes-Nash equilibrium (e-BNE) of the FPA
if for any bidder i € N and any value v; € [0, 1],

wi(Bi(vi), Boizvi) > ui(b, B_isv;) — € for all b€ B.

Given a fixed strategy profile 3_; of the other bidders, we will denote the set

of e-best responses of player i by

BRI(B..) = {@-

Ui(ﬁi(vi)aﬁfi;vi) > rglanui(b, 54;%‘) —¢ forall v; € [0, 1]}
S

Using this, the condition in Definition 6.1 can be equivalently written as 5; € BR;(3_;)
for all players i. For the special case of ¢ = 0, i.e., eract best-responses, we will
drop the e superscript.

Notice that, in Definition 6.1 we define a relaxed equilibrium concept, in which
the bidder does not want to change to a different strategy unless it increases her
utility by an additive factor larger than e; obviously, when ¢ = 0 we recover the

standard definition of the (exact) Bayes-Nash equilibrium.

No Overbidding. As part of our model, we will make the assumption that bidders

will never submit a bid b; which is higher than their valuation v;. This is a standard
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assumption in the literature of the first-price auction [MR00; MRO03; Leb06; EMS09;
WSZ20] and auctions in general [CKK™15; LB10; BR11; FFGL20; CKS16; LT10].
The rationale behind it stems from the fact that, given the format of the utilities
in the FPA (see (6.1)), it is arguably unreasonable to overbid, as bidding 0 will
always result in at least the same utility. In game-theoretic terms, the overbidding
strategy is weakly dominated by bidding 0, which can be interpreted as abstaining
from the auction. These strategies are typically excluded from consideration to rule

out unnatural equilibria (see [FFGL20] for a discussion).

We are now ready to formally define our computational problem of finding an &-
equilibrium of the FPA.

Definition 6.2. e-BNE-FPA:
Input:

e a set of bidders N = {1,2,...,n},
e a finite bidding space B C [0, 1],
e for each pair 4,7 € N, a continuous value distribution F; ; over [0, 1].

Output: An e-Bayes-Nash equilibrium 8 = (34, ..., 5,).

We will use the term EXACT-BNE-FPA instead of 0-BNE-FPA to denote the
computational problem of finding an exact Bayes-Nash equilibrium of the auction.

Some remarks related to the definition above are in order.

The Input Model for the Distributions. We have intentionally vaguely stated
that the distributions Fj; should be provided as input to the problem, but we have
not specified exactly how. Our membership results hold even when the functions F; ;
are fairly general, and can be concisely and efficiently represented in a form that is
appropriate for computation. The appropriate input models for PPAD and FIXP are
presented in Section 6.3.3 and Section 6.3.2 respectively. For the negative results on
the other hand, we use fairly simple distributions F; ; — this only makes our results
stronger. In particular, we use piecewise-constant density functions, which can be

represented by the endpoints and the value for each interval.

Explicit Bidding Space. We assume that the bidding space is explicitly given
as part of the input. This assumption is required in Section 6.2 in order to show
that we can compute best-responses efficiently. Even in the mildest of settings
where the bidding space is given implicitly, computing best-responses turns out to be

computationally and information-theoretically hard, see [FGH'21, Appendix B].

Equilibrium Representation. Besides the representation of the input, the output of

our computational problem, i.e., the equilibrium of the FPA, should also be represented
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in some concise and efficient way. Following the standard literature of the problem, we
will consider equilibria for which the strategy (;(v;) of each bidder is a non-decreasing
function of her value v; (e.g., see [AthO1; MR00; RZ04] and [Kri09, Appendix GJ) for
which the existence of an equilibrium is always guaranteed [AthO1]. These equilibria
are in a sense the only “natural” ones, as, similar to the case of overbidding (see earlier
discussion), any bidder’s strategy is weakly dominated by a non-decreasing strategy.

Based on this, there is a straightforward and computationally efficient way of
representing the best response of each player, as a step function with a finite set
of “jump points”, corresponding to the values at which the bidder “jumps” from

one bid to the next [AthO1]. Formally, we define
a;(b) = sup{v | Bi(v) < b}. (6.2)

Intuitively, «;(b) is the largest value for which player ¢ would bid b or lower. With

a slight abuse of notation, we can write o = ;7

-, that is, a; can be interpreted as

an inverse bidding strategy. In that way, we can also rework 3; from «;, as 3;(v) = b,
where v € (a;(b™), a;(b)] for any b € B. Here we let b~ denote the previous bid, i.e.,
the largest b’ € B with ¥ < b. Finally, to be able to handle the corner cases in a
unified way, we set a;(b~) = 0 when b = 0 and «;(b) = 1 when b = max B.

In particular, this implies that bidding strategies are left-continuous (which is

without loss of generality given our value distributions), as shown in Figure 6.1.

Bi(v)

—e
—e
b —e
—e

ai(b_) Oél(b) ai(b+) (Y

Figure 6.1: A monotone bidding strategy [3;(-) can be succinctly represented by its jump
points, a;(b) for b € B.

Irrational Equilibria. As mentioned earlier, for our PPAD-completeness result, we
will be looking for an e-approximate equilibrium, rather than an exact one. Of course,
this only makes our hardness results even stronger; but besides that, it is actually
very much necessary for our membership result in PPAD as well. In particular, as
demonstrated by the example below, the FPA can have only irrational equilibria,

even when all input parameters are rational numbers.
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Example 6.1. Consider a FPA with n = 3 bidders and common priors, whose values
are independently and identically distributed according to the uniform distribution
on [0, 1]; that is, Fi(z) = x for i = 1,2,3. Let the bidding space be B = {0,1/2}.
Clearly, this auction can be represented with piecewise-constant density functions
(with a single piece) and with a finite number of rational quantities. It can be verified
that the auction has a unique equilibrium, where a bidder bids 0 if and only if her
#5 ~ 0.618; therefore, the unique equilibrium is irrational. A
detailed derivation can be found in [FGH21, Appendix CJ.

valuation is below

6.2 Equilibrium Characterisation and Best
Response Computation

In this section we begin by presenting a useful characterisation of e-BNE that will be
useful throughout the chapter. Then, we show how best-responses of bidders can be
checked and computed in polynomial time. We remark that the reductions that we
will construct in Section 6.3 to show the PPAD-membership and the FIXP-membership
of the problem do not technically require the computation of the whole best-response
function, but rather only the probabilities of winning the item given the bidder’s
bid and the bidding strategies of the other bidders. However, the best-response

computation is interesting in its own right, and that is why we present this here.

Characterisation. The following lemma essentially states that an e-BNE is charac-
terised by the behavior of the bidding function at the jump points. Recall that for
any bid b, we let b~ denote the previous bid, and we use the conventions a;(b~) =0
when b = 0, and «a;(b) = 1 when b = max B.

Lemma 6.1 (Characterisation of e-BNE). Fiz an € > 0. A strategy profile B is an
e-BNE of the FPA, if and only if, for every bidder i and every bid b with o;(b~) < a;(b),

wi(b, B_i;a;(b7)) > w;(V, Bisi(b7)) —e  forall V' <b (6.3)

and

wi(b, B_i; a; (b)) > w;(V,B_i;05(b)) — e for all ¥’ > . (6.4)

The H-functions. Before proving this characterisation, we introduce some useful
notation. We use the term H;(b,3_;) to denote the (perceived) probability that
bidder ¢ wins the item with bid b, when the other bidders use bids according to
the bidding strategy B_;, i.e.,

Hz(b, ﬂ—z) =P [b1dder 1 VVlllS‘b7 ,8_1] (65)

The utility can easily be expressed in terms of this function, namely u;(b, B_;;v;) =
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Proof of Lemma 6.1. (=): Fix a bidder ¢ and a bid b with «;(b”) < a;(b). Since
bidder ¢ bids b inside the non-empty interval (c;(b™), a;(b)], and B is an e-BNE, we get
that w;(b, B_;;v;) > w;(V, B_s;v;) — € for every v; € (a;(b7), ;(b)] and b # b. Since
the utilities are continuous functions on v;, the inequalities must also hold at the
interval endpoints.

(«<): Suppose (6.3, 6.4) hold. Take any bidder i and any valuation v;, and let
(i(b7), a;(b)] be the interval containing v;. Notice that the utilities u;(b, B_;;v;),
w; (', B_i;v;) are linear functions on v;, with slopes given by H;(b, 3_;), H;(b',B_;)
respectively. For b’ < b, we know that H;(V/,8_;) < H;(b,8_;) and w;(b,B_;;v) >
w;(V', B_i;v) — € holds at v = «;(b™); therefore it must hold also at v = v;. Similarly
for v/ > b, we know that H;(V/, B_;) > H;(b,B_;) and u;(b, B_;;v) > w;(V/, B_i;v) — €
holds at v = «;(b); therefore it must hold also at v = v;. We thus conclude that 3 is
an e-BNE. [l

We now consider the basic computational problems of checking and computing
best-responses of bidders. We assume throughout that bidding strategies provided in
the input are given via rational quantities corresponding to the jump points «;(b), as
defined in Section 6.1.1. The first step to be able to check or compute best-responses

is the efficient computation of the H-functions defined above.

Computation of the H-functions. The probability appearing in (6.5) clearly
depends on bidder i’s prior on the other bidders’ distributions, as well as on whether
b is the highest bid, and if it is, how many other highest bids there are in the
auction, in case of a tie. While the form of the functions H; can be devised analyt-
ically, the expression involves exponentially many terms in the number of bidders
n; therefore it is not obvious that it can be computed efficiently. The following

lemma states that this is in fact possible.

Lemma 6.2. Given a bidder i, a bid b and bidding strategies B_; of the other bidders,
the probability H;(b,3_;) of bidder i winning the item can be computed in polynomial

time.

Proof. For ease of notation, we present the proof for bidder i = n. The cases for the
other bidders are analogous and can be handled, e.g., via an appropriate relabelling.
The probability that bidder n wins (given her bid and the bidding strategies of the

other bidders) can be written as

Z = —1,k), (6.6)
k=

where, for 0 < k </ <n—1, we use T(b ¢, k) to denote the probability that ezactly
k out of the first ¢ bidders bid exactly b, and the remaining ¢ — k bidders all bid
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below b; in other words, for the special case where £ = n — 1 in the above expression,
T(b,n—1, k) is the probability of the highest bid being b, with k£ + 1 bidders (including
bidder n) being tied for the highest bid. Next, for a given bidder j, let

Gjp- = Foj(a;(07)) =P[B(vy) <bl,  gjp = Fujla;(b) — G- =P [B;(v;) = b]

denote the (perceived from the perspective of bidder n) probabilities that bidder j
bids below b, and exactly b, respectively. Note that G;;,- and g;;, can be efficiently

computed with access to F;, ; and ax_,,. Moreover, one could write

Tn—1,k) = > [[ow-[[Gis (6.7)

SCln—1] j€S S
1S|=k

Notice that (6.7) does not yield an efficient way of computing the probabilities, as the
number of summands can be exponential in n. To bypass this obstacle, we observe
that, more generally, the probabilities T'(b, ¢, k) can be computed from G, ;- and gep

via dynamic programming, by conditioning on bidder ¢’s bid, in the following way:

T(b,0,0) = 1;
T(b, ¢, k) =0, for k> (;
T(b, € +1,0) = T(b,£,0)Gos1p;
T+ 1,k+1)=T(0,C,k)ger1p+T(b, 4k +1)Griap-; for k < /.

Thus, all values of T'(b,n — 1,k), for k=0,...,n — 1, can be computed with a total
number of O(n?) recursive calls, so that H,(b,3_,) can be computed in polynomial
time. O

Lemma 6.2 implies that the utilities in (6.3, 6.4) of the characterisation (Lemma 6.1)
can be computed in polynomial time. Since there are O(n|B|?) inequalities to check

in Lemma 6.1, we immediately conclude the following.

Corollary 6.1. Given € > 0, and a strategy profile B in a first-price auction with

subjective priors, one can determine in polynomial time if 3 constitutes an e-BNE.

Using Lemma 6.2, we can now also efficiently compute best-responses, and, in fact,

even ezact best-responses (i.e., e-best-responses for € = 0).

Theorem 6.1. In a first-price auction with subjective priors, the bidders’ best-

responses can be computed in polynomial time.
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Proof. Given a bidder 7 and the vector of bidding strategies B_;, one can compute in
polynomial time the probabilities H;(b, 3_;) for each bid b € B using Lemma 6.2. Now
recall that the utility of bidder ¢, when having a valuation of v; and bidding b, is given
by w;(b, B_s;v;) = (v; — b) - H;(b,3_;), which is a linear function on v; having slope
H;(b,3_;). Thus, maximizing the utility amounts to taking the maximum (or upper
envelope) of | B| linear functions; the result is a piecewise linear function whose jump
points can be efficiently computed by solving linear equations. In particular, given bids
b < b, we can compute o = &;(b, ') as the solution of u;(b, B_;; ) = u; (¥, B_;; ),

that is,

+00 otherwise.

b H; (b ,B_;)—bH;(b,B_;) :
a;(b,b") = { H; (b ,B—s)—H;(b,8-:) it Hy(V, B-i) # Hi(b, B-2),

Intuitively, &;(b,b’) is the jump point corresponding to bidding b versus bidding
b': bidder i achieves higher utility by bidding b iff v; < &;(b,0’). Now the highest
value for which bidder i (weakly) prefers bidding b versus any other higher bid is
ming -, &;(b, b'); if at this valuation, bidding b also achieves higher utility than bidding
any other lower bid, then miny~;, &;(b,b’) is indeed one of the desired jump points.
Otherwise, b is a degenerate bid, in the sense that there is no valuation for which b
is an optimal response. Therefore, the jump points introduced in (6.2) are given by
a;(b) = maxy <, mingr~y a;(V',0").* Clearly then, the ;(b) can be found in polynomial

time. O

6.3 Existence and Membership in PPAD and FIXP

The existence of equilibria in our setting can essentially be established by adapting a
proof by Athey [Ath01], which relies on Kakutani’s fixed point theorem. Unfortunately,
proofs that are based on this fixed point theorem cannot easily be turned into
membership results for computational classes such as PPAD and FIXP. This is especially
true for FIXP which is defined as the class of all problems that can be solved by finding
a Brouwer fixed point. In order to circumvent this obstacle we present a new proof
that uses Brouwer’s fixed point theorem. In this section, we first present this proof,

and then utilise it to prove membership of our problems of interest in PPAD and FIXP.

4The maximisation over b’ < b serves to exclude degenerate cases, e.g., if ¥ < b < b but
dl<b, b//) < di(b/, b//) < ONQ(b, b/)
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6.3.1 Existence of Equilibria via Brouwer’s Fixed Point The-
orem

Theorem 6.2. Fvery first-price auction with continuous subjective priors and finite
bidding space admits a monotone non-decreasing and non-overbidding pure Bayes-Nash

equilibrium.

Proof. Let N = {1,2,...,n} be the set of bidders, F;; the continuous subjective
priors, and 0 = by, by, . . ., b, be the ordered list of bids, i.e., the elements of B C [0, 1].
Recall that a monotone non-decreasing strategy f3; : [0, 1] — B can be represented by
its jump points a;(b). Let

D= {a € ([0, 1]m)n |VZ c N,] € [m] . Ozi<bj_2) S Oéi(bj_1> A bj S Oéi(bj_l)}

where o = (a, ag, . . ., a;,) and we use the convention «;(b_1) := 0 to keep the notation
simple. The domain D is the set of all monotone non-decreasing non-overbidding
strategy profiles, represented by their jump points. Note that D is compact and
convex.

In what follows we slightly abuse notation by replacing the strategy profile 3
by its representation a in some terms. Recall the functions H;(b, a_;) defined in
Section 6.2, which represent the probability that bidder ¢ wins the auction, if they
bid b. By inspecting the proof of Lemma 6.2, it is easy to see that the quantities G ;-
and gj;, are continuous with respect to a_;, since the distributions are continuous. As
a result, the terms T'(b,n — 1, j) are also continuous in a_; (by (6.7)), which implies
that H;(b, B_;) is also continuous in a_;. Since the utility functions can be written as
wi(b, a_i;v;) = (v;—b)-H;(b, a_;), it follows that the functions (a_;, v;) — u; (b, a_;;v;)
are continuous.

We now construct a function G : D — D. For any bidder i € N and any j € [m],
define the continuous function A; : D — R by

A;(a) = Ui(bj—h a_y; az’(bj—l)) - T?fjxui(béy a_y; Oéi(bj—l))-

Now, for any a € D, let G(ax) = &/, where for all i € N and 7 = 1,2,...,m

(consecutively and in that order)
i (bj—1) = Thmax{b; a(b;_o)}11 (@i(bj-1) + Al (a)). (6.8)

Note in particular that this is well-defined, since o (b;_2) is defined before o/ (b;_1).
The truncation operator immediately ensures that o’ € D. Since G is also clearly
continuous, and D is compact and convex, it follows by Brouwer’s fixed point theorem
that there exists a & € D with G(a) = . It remains to prove that a corresponds to

an equilibrium of the auction.
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Consider some bidder i € N. We will show that «; is a best-response to a_; using
the characterisation of Lemma 6.1. Consider any non-empty interval of non-empty
interior [a;(bj_1), @;(b;)], for some j € {0,1,...,m}, where we use the convention that
a;(b_1) = 0 and «;(b,,) = 1.

e First, we show that u;(b;, a_;; a;(b;)) > maxys; u;(by, a_;; ;(b;)). Clearly, for
j = m this holds trivially. For 7 < m, this can immediately be rephrased as
showing A’ | (a) > 0. Now, note that by assumption we have a;(b;) > o;(b;_1).
Thus, since «;(b;) remains fixed under G, it must be that «o;(b;) = bj41 or
Al (e) > 0. However, if a;(b;) = bj41, then it also trivially holds that
Aé’—l—l(a) > 0.

[ Next, we show that 'Ll,l'(bj, o _;; Oéi(bjfl)) Z maXy«; ui(bg, o, ai(bj,l)). Again,
this holds trivially for 7 = 0, so we now consider 7 > 0. By the first bullet above,
it holds that

wi(by, —i; i(by)) = maxu;(be, a—i; ai(b)))-
)
As a result, by the monotonicity of the H-functions (see the proof of Lemma 6.1),

this continues to hold if we replace a;(b;) by a;(b;j—1), i.e.,

ui(bj, i ai(bj—1)) = rggjxui(bz, a_i; ai(bj-1)).

On the other hand, since ;(b;_1) < ;(b;), it follows in particular that o;(by) < 1
for all k£ < j. As a result, since a;(by) remains fixed under G, it must be that

Al (o) <0forall k < j, ie.,

wi(br, oe_i; (b)) < [nax w;(be, o_i; 0 (b))

which by monotonicity of the H-functions (see the proof of Lemma 6.1), continues

to hold if we replace a;(bx) by a;(b;_1), i.e., for all k < j we have
Ui (br, i3 i (bj-1)) < [nax ui(be, iy i(bj-1)).

As a result it follows by induction that for all k£ < j

i (br, i3 i(bj-1)) < I?ijui(béaafﬁai(bjfl)) = u;(bj, a—i; a;(bj-1)).

By Lemma 6.1, it immediately follows that «; is a best-response to a_;. Since this

holds for all bidders ¢ € N, a is an equilibrium. n
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6.3.2 FIXP Membership

In order to study the exact equilibrium problem for the first-price auction in the context
of FIXP, we consider the model where the distributions F; ; are given by algebraic
circuits using the operations {+, —, X, /, max, min, ¥/} and rational constants,® as
is usual in this setting (see Section 2.4). We show that the proof of existence in

the previous section can be turned into a reduction.
Theorem 6.3. The problem EXACT-BNE-FPA lies in FIXP.

Proof. Clearly, the domain D of the function GG : D — D from the proof of Theorem 6.2
can be represented by a set of linear inequalities that can be constructed in polynomial
time in n, m and the representation length of B. Thus, it remains to show that we
can construct in polynomial time an algebraic circuit that computes G.

We now describe how to construct a circuit for G that only uses operations {+, —,
X, /, max, min, +/-} and rational constants. First of all, note that probabilities of
the form P, ., ,[8;(v;) < b] = Fj;(a;(b)) can easily be computed by the circuit, since
the (cumulative) distribution functions F; ; are provided as algebraic circuits, and o
is the input to the circuit. It follows that the quantities G- and g, defined in the
proof of Lemma 6.2 can also be computed by the circuit. As a result, we can use the
dynamic programming procedure described in the proof of Lemma 6.2, to compute
the terms T'(b,n — 1, ) by only using a polynomial number of operations. Note in
particular, that the dynamic programming assignment rules can all be implemented
using the available set of operations. With the terms T'(b,n — 1, j) in hand, we can
then easily compute the terms H;(b, a_;) for all b € B, and thus evaluate the utility
function u;(b, a_;;v;) = (v; — b) - H;(b, ;) at any given v; € [0, 1]. Finally, using the
utility functions and the max operation we can now compute the terms A;(a) from
the proof of Theorem 6.2, and then using +, max, min and the constant 1 we can

output &’ = G(a) by noting that
a;(bj—1) = max{max{b;, a;(bj_2)}, min{1, a;(b;_1) + g;(a)}} O

6.3.3 PPAD Membership

In order to study the approximate equilibrium problem for the first-price auction in
the context of PPAD, we consider a model where the distributions F; ; are polynomially
computable and polynomially continuous, as defined in Section 2.2.3. In this section

we show that in this model, the problem of computing an e-BNE lies in the class PPAD.

5As usual in the context of FIXP, we are promised that the circuit never divides by 0 and never
takes an even root of a negative number. Here, we are additionally promised that the function
computed by the circuit is indeed a cumulative distribution function.
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Formally, let F be a polynomially computable and polynomially continuous class
of cumulative distribution functions on the interval [0,1]. In other words, for any
F € F and any x € [0, 1], F(x) is the probability of the interval [0, z] according to F.
Note that distribution functions given by piecewise-constant density functions on the
interval [0, 1] are an example of such a class F. In this case, the density functions
are represented explicitly, i.e., as a list of “blocks,” where for every block we give the
sub-interval of [0, 1] that it occupies and the height of the block.

We begin by observing that the polynomial continuity of the distribution functions

F, ; implies that the utility functions are also polynomially continuous.

Lemma 6.3. If the distributions F;; are polynomially continuous, then so are the
utility functions a — u;(b, a_;;v;). In more detail, given € > 0, we can in polynomial
time compute § > 0 such that for alli € N, b € B and v; € [0,1]

la— ]l <0 = |ui(b,_s;v;) — ui (b, ;;0;)| < e.
In particular,  can be represented using a polynomial number of bits.

Proof. Since the distributions are polynomially continuous, it follows that given any
e > 0, we can compute § > 0 in polynomial time such that |F; ;(z) — F; ;(y)] < /2"
for all ,y with |x —y| < dand all i,5 € N (i # 7).

Consider any a, @’ € D (see the proof of Theorem 6.2) with ||aa — a/'|| < 0. Then,

we have

P [Bi(vi) <] - P [ﬁi(vi)ib]'é P v <o) = P foi < og(b)]

U,‘Nij,' UiNFjﬂ' UiNFj,i 'UiNFj,i
< [Fja(eu(b)) — Fjalag(b))]
S 8/2n+1

for all 3,7 € N (i # j) and b € B. It follows that Py.p,, [3i(vi) <b] differs
from Py, g, , [B;(v:) < b] by at most e/2"*1. Similarly, Py, ~p,, [Bi(v;) = b] differs from
Py,~r;, [Bi(vi) = b] by at most /2",

Let T;(b,¢; ;) denote the probability that, from the perspective of bidder i,
exactly ¢ out of the bidders N \ {i} bid exactly b, and the remaining n — 1 — ¢ bidders
bid below b. We can write

Tib o) = Y Hvaﬁk w) =0 ][ P [Br(vr) <.

- ve~Fi g
SCN\{Z} kes keN\({i}US)

|S|=¢

From this it follows that T;(b, ¢; o_;) and T;(b, £; ') differ by at most (", ')ne/2",
foralli € N, b € Band ¢ € {0,1,...,n — 1}. As defined in Section 6.2, recall

89



that H;(b, a_;) denotes the probability that bidder ¢ wins if she bids b and the other

bidders bid according to a_;. Then, we can write

i
L

1

b0 =2

~
I
o

It follows that H;(b, a_;) differs from H;(b, &’ ;) by at most

1 n—1

1 n—1 n

R QN — AR
Oe+1< ¢ )”g/ Z(£+1>5/ =€

=0

n—

=

for all i € N and b € B. Finally, note that u;(b, a@_;;v;) = H;(b,a—;) - (v; — b). Thus,

we obtain
‘ui(b,a_i;vi) — u; (b, aii;vi)‘ < ‘Hi(b,a_i) — H;(b, aLi)| lv; —b| <e
for alli € N, b€ B and v; € [0, 1], since |v; — b| < 1. O
We are now ready to state and prove the main result of this section.
Theorem 6.4. The problem e-BNE-FPA lies in PPAD.

Proof. We show that the existence proof of Theorem 6.2 can be turned into a
polynomial-time many-one reduction to the problem of computing an approximate
Brouwer fixed point of a polynomially computable and polynomially continuous func-
tion over a bounded polytope given by linear inequalities, known to lie in PPAD [EY10,
Proposition 2].

Since the distributions F; ; are polynomially computable, and by the arguments
provided in the proof of Theorem 6.3 (including the dynamic programming procedure
from Lemma 6.2), it immediately follows that G is polynomially computable. The
polynomial continuity of G also immediately follows from the polynomial continuity
of the utility functions (Lemma 6.3). Thus, the problem of computing an approximate
fixed point of G lies in PPAD.

Given ¢ > 0, by Lemma 6.3 we can compute d > 0 so that for allz € N, b e B
and v; € [0,1]

€
o —aflo <6 = |ui(b,a—i;vi) —ui(b, &5 )] < Tom

Now consider any d-approximate fixed point of G, i.e., & € D such that ||G(a) —
ol < 0. Let @' = G(a). We prove that ' is an e-approximate equilibrium of the
first-price auction. This shows that e-BNE-FPA reduces to the Brouwer fixed point

computation problem, and thus lies in PPAD.
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Since &’ = G(a) and ||G(ax) — af|0o < 6, it holds that ||a — @'|| < ¢ and thus

5
ib7 —isUi) — b —i» U S 1A
(b i) — (bl )| <
foralli € N, b € B and v; € [0,1]. In particular, we also have that |A}(a) — A% (/)| <

2(e/16m + §) < /4m (since the utility functions are also 1-Lipschitz with respect to

(6.9)

v;). Note that here we assumed without loss of generality that 6 < e/16m.
Fix some bidder ¢ € N. Consider any non-empty interval [a}(b;_1), o (b;)] for some
j €40,1,...,m}, where we use the convention that o/ (b_) = 0 and «(b,,) = 1.

e First, we show that u;(b;, &’ ;; (b)) > maxs; u;(be, &’_;; oi(bj)) —e/2. Clearly,
for 5 = m this holds trivially. For 7 < m, this can immediately be rephrased
as showing A%, (/) > —¢/2. By (6.9), it suffices to show that A%, (a) >

—¢/2 4 ¢/4m. But if Al (o) < —¢/2 4 ¢/4m < —¢/16m < —4, then by

construction of G, since |a;(b;) — af(b;)| < d, it must be that o/ (b;) = b;j_; or
;(b;) = aj(bj_1). In the former case, it trivially holds that A’, (/) > 0> —e.
The latter case is impossible, since we assumed that o (b;j_1) < a(b;).

o Next, we show that u;(b;, o’ ;; a}(bj—1)) > maxyc; u;(bs, &' ;;af(bj—1))—¢. Again,
this holds trivially for 7 = 0, so we now consider 7 > 0. By the first bullet above,
it holds that

(2 K3

u(by, o af(by)) > Deﬂgjxui(be» o ;;ai(by)) —€/2.

As a result, by the monotonicity of the H-functions (see the proof of Lemma 6.1),
this continues to hold if we replace o/ (b;) by o/(bj_1), i.e.,

wi(bj, @i @i(bj—1)) = maxui(be, alj; ai(bj1)) — £/2. (6.10)
2J

On the other hand, since o (b;_1) < o(b;), it follows in particular that o (by) < 1
for all k& < j. As a result, by construction of G, and since |o;(by) — o (by,)| < 6,
it must be that A}, (a) <6 for all k < j. By (6.9) it follows that A}, (a/) <
0+ ¢e/4m < e/2m for all k < j, which yields

£

o oq(br)) + o

which by monotonicity of the H-functions (see the proof of Lemma 6.1), continues

(bk’v —zv (bk)) < Zml?—i(l ul(bg,

to hold if we replace o (by) by o}(b;_1), i.e., for all k£ < j we have

£
;i (by, &_; ’(bj_l))<€m]%ul(bg, zaaé(bj—l))Jr%-

As a result it follows by induction that for all £ < j

. 19
(b, o oj(bj—1)) < I?g?(ui(be,al_i;&g(bjfl)) +(j — k)%

which together with (6.10) yields that for all k£ < j

il @3 (1)) < wilby, @il (b)) +mo— + =

91



By Lemma 6.1, it immediately follows that o is a e-best-response to a’ ;. Since this

holds for all bidders ¢ € N, o' is an e-equilibrium. n

6.4 PPAD- and FIXP-hardness

In this section we prove computational hardness results for the problem of computing
an equilibrium of a first-price auction with subjective priors. Namely, we show that
computing an e-BNE is PPAD-hard, while computing an exact BNE is FIXP-hard.
Our computational hardness results are particularly robust, because they hold even

if we apply all of the following restrictions:
e the bidding space is B ={0,1/5,2/5,3/5,4/5},

e the value distributions F;; are given by very simple piecewise constant density

functions,
e ¢ is some sufficiently small constant. (only relevant for e-BNE)

In particular, by a simple rescaling argument, the hardness results also hold when
the bidding space consists of all monetary amounts that are increments of some fixed
denomination (e.g., one cent) up to some number m.% For example, there exists a
sufficiently small constant ¢ such that it is PPAD-hard to compute an e-BNE when
the bidding space is B = {0,1/100,2/100, ...,99/100, 1,101/100, ..., m — 1/100, m}.

Together with the corresponding membership results proved in the previous sec-
tion (Theorems 6.3 and 6.4), we thus obtain the following two theorems, which

are the main results of this chapter.

Theorem 6.5. There exists a constant € > 0 such that the problem e-BNE-FPA is
PPAD-complete.

Theorem 6.6. The problem EXACT-BNE-FPA is FIXP-complete.

In the rest of this section, we present the proof of our hardness results. A nice
feature of our proof is that we provide a single reduction to prove both PPAD- and
FIXP-hardness, thanks to our results on the Generalised Circuit problem presen-
ted in Chapter 5.

In more detail, we present a reduction that achieves the following: given a general-
ised circuit (defined in Chapter 5), it constructs (in polynomial time) an instance of

the first-price auction problem, such that for all ¢ € [0,1/10°], from any e-BNE we

6Note that m should be provided in the input in wnary representation. This is necessary to ensure
that the bidding space has polynomial size, thus allowing efficient computation of best-responses.
See the discussion in Section 6.1.1 regarding our assumption of an explicit bidding space.
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can extract an 500e-satisfying assignment for the generalised circuit. Furthermore,
this “extraction” of the assignment from an e-BNE can be done efficiently and, in fact,
using a simple so-called separable linear transformation. This ensures that in the case
e = 0, we obtain an SL-reduction (see Section 2.4) from EXACT-GCIRCUIT, which
yields the FIXP-hardness result. If we let € > 0 be a constant such that &-GCIRCUIT is
PPAD-hard, then for e = min{1/10° ¢/500} the reduction is a valid polynomial-time
many-one reduction, which yields the PPAD-hardness result.

An obstacle to obtaining the desired reduction is that it is unclear how to simulate
a G -gate or a Gy-gate. As a result, we reduce from the GCIRCUIT problem with gate-
types G = {Gxa, G1_, Gy}, where ¢ : [0,1]2 — [0,1], (z,y) — 3(z +1)(y +1). This
means that a gate g; = (G, J, k) enforces the constraint v([g;] = ¢(v]g;], vigr]) £ €.
In Lemma 5.1 we proved that this set of gate-types is sufficient for our desired
hardness results.
The reduction. We begin with a high-level description of the reduction. Consider a
generalised circuit g1, go, . . ., gm With gate-types G = {Gx2, G1—, G, }. We construct a
first-price auction with bidding space B = {0,1/5,2/5,3/5,4/5} and a set of bidders
N ={1,2,...,n} where n = 10m. For every ¢ € [m], bidder i will “correspond” to
gate g;, in the sense that, in any e-BNE 3, the position of the second jump point
of B;, i.e., a;(1/5) will encode the value v[g;] that we will assign to gate g;. Thus,
we will refer to the bidders 1,2, ..., m as gate-bidders. The rest of the bidders will
be used as intermediate steps to enforce the desired constraints on the strategies
of the gate-bidders. Accordingly, we will refer to them as auziliary-bidders. Note
that for every gate-bidder, there are 9 auxiliary-bidders available (if needed). For
convenience, we describe the construction with the value space [0, 5] instead of [0, 1].
This is without consequence, since this re-scaling of the instance simply means that
we have to replace € by 5¢ at the end. Note that as a result of the re-scaling, the

bidding space is now simply B = {0,1,2,3,4}.

Valid strategies and encoded value. Let 3 be any e-BNE of the auction. A bidder
i € N is said to be valid, if a;(0) € [1,1+1/2], (1) € 2+ 1/3 —2¢,2 +2/3 + 2¢],
a;(2) € [3+1/2,5] and ;(3) = 5. The bidder ¢ is almost-valid, if the condition
on «;(1) is relaxed to a;(1) € [2,3]. For every bidder i € N, we define the value
encoded by bidder i according to 3, as
vl = { Tio,(3(ci(1) =2 1/3)) if i is valid,
null otherwise.

Note that we always have vg[i] € [0,1] U {null}. In the rest of the proof, we drop the
subscript 3, since it is understood from the context. Our construction will ensure
that for all @ € [m], bidder ¢ is valid and as a result v[i] € [0, 1]. Furthermore, letting

v|[g;] := v[i] will yield an 100e-satisfying assignment of the generalised circuit.
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Figure 6.2: An illustration of the base gadget. The density of F;; is depicted. When
Y ="y =1/3,{=1/3 and r = 2/3 we obtain a standard base gadget, which essentially
(approximately) “copies” the value v[i] of the input bidder i to the value v[j] of the output
bidder j.

Gadgets. The rest of the proof describes the construction of the distribution functions
F; ;. We begin by constructing some unary gadgets. A unary gadget has a single
“input” bidder j € N and an output bidder i € N \ {j}. The goal of such a gadget
is to establish a constraint on j3; that depends on j3;, but not on the strategy of any
other bidder. This is achieved by setting F; for all &k € N\ {i,;j}, such that its
(piecewise constant) density function has a single piece of volume 1 lying in [0, 1].
As a result, because of the no-overbidding assumption, bidder 7 will believe that
all bidders k € N \ {i,7} bid 0 with probability 1. The behavior of the gadget is

then determined by the precise construction of F; ;.

Base Gadget. The base gadget with input bidder 57 and output bidder ¢ has four
parameters v, v, £, € [0, 1] with v, +~, < 1 and r — £ > 0. The piecewise constant
density function of F;; is defined as follows. There is a piece of volume 7, in the
interval [1 +1/2,1+ 3/4], a piece of volume 1 —~, — v, in [2+4 ¢,2 4 r|, and finally a
piece of volume ~, in [3 4+ 1/4,3 + 1/2]. See Figure 6.2 for an illustration.

When the parameters are (v, v, ¢,7) = (1/3,1/3,1/3,2/3), we call this the
standard base gadget. It will immediately follow from Claim 6.1 below that if the
input bidder j of the standard base gadget is valid, then so is the output bidder 7,
and furthermore v[i] = v[j] & 6e. In other words, this gadget can be used to copy

the value encoded by one bidder onto some other bidder.

Claim 6.1. Let vy, v, ¢, € [0, 1] with ve, 7, > 1/20, v+, < 1 and ¢ < r. Consider
a base gadget with input bidder j and output bidder i, and parameters (Yo, vy, ;7). It
holds that:

e [f the input bidder j is almost-valid, then the output bidder i is also almost-valid.

o Ifv,v- > 1/3 and j is almost-valid, then i is valid and

Tioye24r(a;(1) — (2 + 1)

=+ Ge.
r—/ c

vii] =By —1) +3(1 — v — )
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Proof. We begin by obtaining some equations that will be useful for various proofs in
this section. Consider any unary gadget with input bidder j and output bidder 7. To
simplify notation, for b € {0, 1,2, 3,4}, let p, be the probability that bidder j bids b,
as perceived by bidder 7. Formally,

e B, )=t = { B0 Rl the 1200
Recall the quantity H;(b, 3_;) defined in Section 6.2, which represents the probability
that bidder ¢ wins the auction if she bids b, and the other bidders act according
to B_;. We drop B_; from the notation, since it is clear from the context. Going
back to our unary gadget, it is easy to see that H;(0) = po/n, H;(1) = po + p1/2,
H;(2) = po+pi+p2/2, Hi(3) = po+p1+p2+ps/2 and Hy(4) = po+p1+pa+ps+ps/2. By
Lemma 6.1 the first jump point «;(0) of 5; must necessarily satisfy u;(0, 8_;; a;(0)) >
ui(1, B_i; a;(0))—e (because the interval (0, a;(0)) is non-empty by the non-overbidding
assumption). We can rewrite this as H;(0) - (a;(0) —0) > H;(1) - (2;(0) — 1) — &, which
yields

2i(0) < H;(1)+¢ g H;(0)+¢ B po/n + e

_ ) e _dilb)te
= Hy(1)— H;(0)  — Hy(1) = H;(0) ~ po(n—1)/n+p/2

(6.11)

where the fraction is interpreted as 400 when py + p; = 0. Similarly, by Lemma 6.1,
the fourth jump point must satisfy u;(4, 8_;; ;(3)) > w;(3, B_i; @:(3)) — &, unless
a;(3) = 5. Rewriting this as H;(4) - (;(3) —4) > H;(3) - (a4(3) — 3) — &, we obtain
that a;(3) =5 or

0(3) > 41%(4)—3Hi(3)—a:4+ Hi(3) —¢ :4+p0+p1+p2+p3/2—5

T Hi(4) - Hi(3) H;(4) — Hi(3) P3/2+ pa/2

(6.12)
By Lemma 6.1, the third jump point must satisfy w;(3, 8_s; @;(2)) > u;(2, B_i; ai(2)) —
e, unless ;(2) = ;(3), and it must satisfy w;(2, 8_;; @i (2)) > w;(3, B_;; 2i(2)) — ¢,
unless «;(2) = «;(1). Thus it follows that

@;(2) = Tia,(1),0:3)] (BHﬁg) Ei[%))i 6) = Tlai(1),0:3) (3 ks Zl ++p§2 ==
(6.13)
Finally, by Lemma 6.1, the second jump point must satisfy u;(2,8_; a;(1))
wi(1,8-;; (1)) — &, unless a;(1) = ;(2), and it must satisfy u;(1, 8_;; a;(1))
wi(2, Bi; (1)) — €, unless o;(1) = a;(0). As a result, it must be that
2H;(2) — H;(1) £ 5) T o) (2 N 2po + 1 £ 25)

(1) = Tias(0),0s(2) ( H,(2) — Hi(1) p1+ Do 1)
6.14
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We are now ready to prove Claim 6.1. Consider a base gadget with input bidder j,
output bidder i and parameters (7, ¥, ¢, ), such that v, 7, > 1/20, v, + 7, < 1 and
¢ < r. Let p, denote the probability that bidder j bids b, as perceived by bidder .

Assume first that bidder j is almost-valid. Then, by the construction of F; ;,
we obtain that pg = ps = py = 0, p1 € [v,1 — ] and p» = 1 — p;. Using (6.11)
we have that «;(0) < 1+ s <1+ 3—‘; < 1+ 1/2 since 7 > 4e. Using (6.12)
we obtain that «;(3) = 5, since p3 = py = 0 and 1 —e > 0. (6.13) yields that
a;(2) >3+ 1+1p_+p—125 >3+ 1/2, since € < 1/4. Thus, in order to show that bidder i is

almost-valid, it remains to prove that «;(1) € [2,3]. Using (6.14) we can write

2po + p1 £ 2¢

= Tin.(0)a,2) (2+p1 £26) =2+ p; £ 2¢
pl +p2 ) [ 2(0)’ 1(2)]( pl ) pl

@i(1) = Tja,0),0u(2)] (2 +

where we used the fact that p; + 2 < 1, since p; <1 —~, and =, > 2¢. Note that
this also yields that «;(1) < 3, while the bound «;(1) > 2 holds because p; > -, and
~¢ > 2¢ (or simply because of the no-overbidding assumption). As a result, bidder i is
almost-valid.

Now consider the case where, in addition, v, 7, > 1/3. We can write

T (e (1)) — (244
pr="+1—v—") [QM’QH(TJ(_)Z ( )

In particular, it holds that p; € [1/3,2/3]. Since, as shown above, o;(1) = 2+ p; + 2¢,
we immediately obtain that a;(1) € [2+1/3 — 2¢,2 + 2/3 + 2¢], i.e., bidder i is valid.

Furthermore, we can write
v[i] = Tpo(3(i(1) —2 —1/3))

=3p—1+£6e6=0Byw—1)+31—7%—") 246,24+ (05 (1)) — ( )

+6
r—2¥ c

which proves the claim. O

Projection Gadget. The projection gadget with input bidder 57 and output bidder
i, uses two additional auxiliary-bidders k& and k', and consists of three uses of the
standard base gadget. Concretely, the first standard base gadget has input 7 and
output k, the second such gadget has input k& and output &', and the third has input
k' and output i. See Figure 6.3a for an illustration. As stated in the claim below, the
projection gadget has the notable property that the output bidder ¢ is always valid.
This gadget will be used to ultimately ensure that all the gate-bidders are valid.

Claim 6.2. The projection gadget with input bidder j and output bidder i ensures
that:

e the output bidder v is valid, and
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e if the input bidder j is valid, then v|i] = v[j] £ 18e.

Proof. The second point follows immediately from Claim 6.1 applied to the standard
base gate. Thus, it remains to show that the output bidder i is always valid. Consider
the first standard base gadget, which has input bidder 5 and output bidder k. Let
py, denote the probability that bidder j bids b, as perceived by bidder k. Since the
density function of Fj ; has a block of volume 1/3 lying in [1+1/2,1+ 3/4], and since
we do not allow overbidding, it follows that po + p; > 1/3. Using (6.11) this implies
that

po/n+ €
<146/n+6s<1+1/2
po(n —1)/n+p/2 / /

since wlog n > 24 and € < 1/24. Next, using (6.12) we immediately get that ay(3) > 4
since € < 1/3 (or just by using the no-overbidding assumption). Then, (6.13) implies
that

2po + 2p1 + po £ 2¢
P2 + P3

ap(2) = Tlay(1),0103)] <3 + ) >4—-2:>3+1/2

where we used po+p; > 1/3, po+ps < 2/3, and ¢ < 1/4. Finally, note that a(1) > 2
by the no-overbidding assumption.

Next, consider the second standard base gadget, which has input bidder £ and
output bidder £’. Let p, denote the probability that bidder k£ bids b, as perceived
by bidder %’. From the construction of the density function of Fj ; and the bounds
obtained on the jump points of k in the first step, it follows that pg = p3 = ps =0
and p; > 1/3. Using Equations (6.11) to (6.13) similarly to above, we obtain that
ap(0) <141/2; ap(2) > 34 1/2 and oy (3) = 5. As before, we have that ay (1) > 2

by the no-overbidding assumption, and using (6.14) we also obtain that

2pg + p1 £ 2¢

>§2+1+28§3+1/4
P1+ P2

(1) = Tlay (0).04 (2) (2 +

since € < 1/8.

Finally, consider the third and last standard base gadget, which has input bidder £’
and output bidder 7. Let p, denote the probability that bidder &’ bids b, as perceived
by bidder i. From the construction of the density function of F;; and the bounds
obtained on the jump points of &” in the previous step, it follows that pg = p3 = py = 0,
p1 > 1/3 and py > 1/3. Again using Equations (6.11) to (6.13) as in the previous
step, we obtain that «;(0) <1+ 1/2, ;(2) >3+ 1/2 and «;(3) = 5. Using (6.14) we
have that

+2p0—|—p1:|:25

—24p £2€[2+1/3-2,2+2/3+ 2

Oél(l) = T[ai((]),ai(z)] (2

and thus bidder 7 is indeed valid. O
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G2 Gadget. The G5 gadget with input bidder j and output bidder 7, uses an
additional auxiliary-bidder k£, and consists of one use of the base gadget and one
use of the projection gadget. In more detail, the base gadget has input j, output
k and parameters (ye, 7, ¢, ) = (1/3,1/3,1/3,1/2), while the projection gate has

input k£ and output ¢. See Figure 6.3b for an illustration.

Claim 6.3. The G2 gadget with input bidder j and output bidder i ensures that:
e the output bidder v is valid, and
e if the input bidder j is valid, then v[i] = T(2 - v[j]) £ 24e.

Proof. The fact that bidder ¢ is valid follows from our use of the projection gadget
and the first bullet point in Claim 6.2. Now consider the case where bidder j is valid.
Since v, = v, = 1/3, by Claim 6.1 we know that bidder & is also valid and it holds
that

_ Trean(a;(1) = 2 +0)
r—~{

V[k] +6e = T[()J] (60éj<1) — 14):t6€ = T[071}(2V[j]):|:6€

Since k is valid, we can use the second bullet point in Claim 6.2, which yields

v[i] = v[k] + 185 = Tjoyy(2 - v[j]) + 24e. 0

G1_ Gadget. The GG;_ gadget with input bidder ;7 and output bidder i uses three
additional auxiliary-bidders k1, ko, k3. First, a base gadget is used with input j, output
ki and parameters (v, -, ¢,7) = (1/6,2/3,1/3,2/3). Next, the density function of
Fi, r, has a block of volume 2/3 in [1 4+ 1/2,1 + 3/4], and a block of volume 1/3
in [4,5]. Then, we use a base gadget with input ks, output ks and parameters
(Ve, v, £, 1) = (1/3,1/3,2/3,5/6). Finally, we use a projection gadget with input k3
and output i. See Figure 6.3c for an illustration.

The crucial idea behind the construction of this gadget is that the third jump
point (instead of the second one) is used to encode information in some intermediate

step. This allows us to simulate the non-monotone operation x — 1 — x.
Claim 6.4. The G1_ gadget with input bidder j and output bidder i ensures that:
e the output bidder v is valid, and

e if the input bidder j is valid, then v[i] =1 — v[j] £ 60e.
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Proof. First of all, note that ¢ must be valid, because of the corresponding property
of the projection gadget (Claim 6.2). Now consider the case where j is valid. By
Claim 6.1 it follows that bidder k; is almost-valid, in particular oy, (3) = 5 and
ay, (1) < 3. Let py, denote the probability that bidder j bids b, as perceived by bidder
k1. Since j is valid, we immediately obtain that po = p3 = p4 = 0. Furthermore, by the
construction of Fy, ;, it is easy to see that p; = 1/6+(1—-1/6—2/3)v[j] = 1/6+v][j]/6.

Next, using (6.13) we can write

2p0 + 2p1 —|—p2 :l: 28
k, (2) = Tiay, (1,04, (3] (3 +

P2 + 3
T+pr+2e
= Tla, ()., 3] (3 + 1——pl>
7/6 +v|j]/6
=34+ 5 * 3¢
5/6 — vl[j]/6
2+ 2v]j
g 22U
5 —vlj]

Now consider bidder k,. Let p, denote the probability that bidder k; bids b, as
perceived by bidder ky. By construction of Fy, i, and since k; is almost-valid, it is
easy to see that pg = ps = 0, p1 = 2/3 and py + p3 = 1/3. By the same arguments
used in the proof of Claim 6.1 it follows that ay,(0) < 1+ 1/2. By using (6.12) we

obtain oy, (3) >4+ % > 5. Next, using (6.13) we obtain

2pg + 2p1 + po £ 2¢ 4/3 — 2¢
iy (2) 2 Tiay, (1),00, 3) (3 + P 2 Ty, )5 | 3+ s )T 5.

Now observe that by construction of Fj, ;, and the expression obtained earlier for

Oy (2)
T[475](Ozkl (2)) —4 o 2 + 2V[j]

_ _ +e.
P> 3 15 _3v[j] -
As a result, it follows that
9 2/3 2/3
poj = 2-{2v[ﬂ - /2+2v[j] 32 =5/6 - v[j]/6+3e
P1 T P2 2/3 + 15—3v[j] *e 2/3 + 15—3v][j]

where we used £ < 2/15. Finally, using (6.14) we obtain

2po + p1 = 25)

iy (1) = Ty, (00,0, (2)] (2 + P

’ 2e
= Tlag, 0,01, 2] (2 /6= vll/6x3e® P+ pz)

=2+5/6—v[j]/6 £ 6e.

Note in particular that bidder ks is almost-valid, since ¢ < 1/36.
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Since bidder ks, is almost-valid, and we use a base gadget with v, = v, = 1/3 with
input ko and output k3, it follows by Claim 6.1 that bidder k3 is valid and

_ Tpurzin(on(1) = (2+4/6)
1/6

v[ks] + 6c = 1 — v[j] & 42¢.

Finally, the projection gadget with input k3 and output i ensures that v[i] = v[ks] +
18¢ = 1 — v[j] £ 60e. O

G4 Gadget. The G4 gadget with input bidders j; and j, and output bidder i
is a binary gadget with additional auxiliary-bidders kq, ko, k3. First of all, for all
t € N\ {ji1, ja, k1}, we set Fy, ; to have density function with a single block of volume
1 in [0, 1]. We set both Fy, ;, and Fy, j, to be distributions as in our construction of
the base gadget with parameters (ye,7y, ¢,7) = (1/20,8/20,1/3,2/3). The density
function of Fy, , has a block of volume 1/2 in [1+1/2,143/4], and a block of volume
1/21in [3+1/2,5]. Next, we use a base gadget with input ks, output k3 and parameters
(ve, vy €y 1) = (1/3,1/3(1+1/4),104/200, 779/800). Finally, we use a G;_ gadget with

input k3 and output i. See Figure 6.4 for an illustration. We have the following claim.
Claim 6.5. The G4 gadget with input bidders ji, jo and output bidder ¢ ensures that:

e the output bidder v is valid, and

e if the input bidders j, and js are valid, then

v[i] = d(v[i], v[j2]) £ 86 = i(v[jl] +1)(v[ja] + 1) £ 86e.

Proof. Bidder i is guaranteed to be valid, because it is the output bidder of the G;_
gadget (Claim 6.4). Now assume that j; and js are valid. Let p, denote the probability
that bidder j; bids b, as perceived by bidder k;. Similarly, let g, denote the probability
that bidder j, bids b, as perceived by bidder k;. By construction of Fj, ; and Fy, j,,
and because j; and jo are valid, we know that py = p3s = ps = q = ¢3 = q4 = 0,
p1,q1 > 1/20 and ps, g2 > 8/20. Recall that Hy, (b) is used to denote the probability
that bidder k; wins if she bids b (from k;’s perspective). Thus we immediately obtain
that Hy, (0) = 0, H, (1) = par/3, Hi,(2) = p1ay + p2q1/2 + prae/2 + p2qz/3 =
1/34 (p1 +@1)/6 + p1q1/3 and Hy, (3) = Hy,(4) = 1. With this in hand, we now
obtain (just as we did for Equations (6.11) to (6.14)):

H, (0) +¢ 5
ap (0) <1+ — 14+
T (TN () e
since € < 1/2400. Similarly, since Hy, (4) — Hg,(3) = 0 and Hg, (3) = 1 > ¢, we have

that ag, (3) = 5. We also have

Hy, (1) +¢€ mq/3+¢
ag, (1) <2+ <2+ <3
w0 < 2 e ) = 2T B+ (a6

<1+41200e <1+1/2
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Projection Gadget
| | | | Fig
0 1 1+31+3 2 2+ 242 3 34+13+3 4
| : | | Fios
0 1 1+11+3 2 2+1 242 3 3421343 4
| | | | Fie
0 1 1+11+3 2 2+1 242 3 341343 4
(a) The Projection gadget.
G o Gadget
I I I — I — Fhj
0 1 1+31+3 2 2+1 241 3 3+1s341 4
Projection Gadget Input: ¥ Output: ¢
(b) The G2 gadget.
G- Gadget
1/3 Fkh]
| 1/6 | 1/6 | | |
| | 1 1 | | |
1 1+31+2 2 241 242 3 3+13+1% 4 5)
2/3 Fy by
| | | | 1/3 |
| | | 1 1
1 1+31+2 2 3 4 )
1/3 1/3 1/3 Flog koo
I I ——] I I
1 1+31+3 2 2+22+23 3+13+1 4 5
Projection Gadget Input: k3 Output: 4

(c) The G1_ gadget.

Figure 6.3: The Projection, Gxo and GG1_ gadgets. The probability density functions of
the corresponding subjective priors are shown.
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§k17]1
8/20 k1,5
, /200 | 11/20 . / ! .
1 1 1 1 1
1 1+4142 2 2+%+ 242 3 3+13+3 4 5
1/2 FkQ,lﬁ
| | | | L 1/2 |
1 1 1 | T 1
1 141143 2 3 341 4 5
1/3 M 5/12 Fles ko
| | ——1 | I
1 1+1143 2 2+ 5552+ 3 3+1 343 4 5
G1- Gadget Input: k3 Output: %

Figure 6.4: The G, gadget. The probability density functions of the corresponding
subjective priors are shown.

where we used the bounds we have on these probabilities and £ < 1/4. Finally, we

have

y (2) = Thay, (1),00, 3)] (3 + Hki[§1)<3);ftkf(2))

, 1— (1/3+ (p1 + 01)/6 + p11/3)
L+ (p1+q)/2+pq
2—(p+a)/2—pa
I 3 (m+a)/24+nma

—34+-+=
2 22— (p14+q)/2—piq

where we used the fact that Zip(;ffq)l/)z/;f ;qllql < 1, since py, q1 < 12/20. As p1,q1 > 1/20
and ¢ < 1/60, we also have that ay,(2) > 3 + 1/2. In particular, k; is almost-
valid. Note that since j; and jy are valid, we have p; = 1/20 + 11v[j;]/20 and
¢ = 1/20 + 11v([j2]/20.

Next, we consider bidder k. Let pj denote the probability that bidder k; bids

b, as perceived by bidder ky. By the previous paragraph, we have pj = 0, pj = 1/2,

=3+ + 3¢

+ 3¢

Py, =0 and
p/:lé (P1+@1)/2+ P :]:35:1 (m+q¢1)/2+ piaa
2 322—(m+q)/2—pa 22— (i +q1)/2 — i

where we used the fact that the height of the block of volume of Fy, ¢, in [3+1/2,5] is
1/3. Since the density function of Fj, x, has a block of volume 1/2 in [1+1/2,1+ 3/4],

+ 3¢
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as before we obtain that ay,(0) <1+ 1/2. Using (6.12) and (6.13), we also have

Potpi+ph+ps/2—c

Ak, 3 2 4+ =
) L2+ )2

as well as

204 + 2p) + ph = 2¢
Ph + Pl

ag,(2) > T[akQ(l),akz(?))] <3 + ) >34+1/2.

Finally, (6.14) yields

2ph +py £ 25)
P+ Py

1/2
= Tlaw, (0),0, (2)] <2 + ) + de
’ (p14q1)/24+p1g
1/2 + 22— (;71"1‘(]1)/2 ;?119“{1 + 3
2—(pr+q1)/2 —piq

£ 10e.
5 €

=2+

Substituting in p; = 1/20 4+ 11v[j1]/20 and ¢; = 1/20 + 11v][j5]/20, we compute

ap, (1) =2+141/8— 1(11/20 + 11v[51]/20)(11/20 + 11v[js] /20) + 10e

—2+9/8—%¢( v[ji], v[j2]) & 10e.

Note that we have ay,(1) € [2 + 104/200,2 + 779/800] & 10e. In particular, bidder ks
is almost-valid.

Since bidder k3 is the output of a base gadget with input ky and parameters
(ves vy 6,m) = (1/3,1/3(1 + 1/4),104/200,779/800), it follows by Claim 6.1 that k3 is

valid and

T[2+Z,2+r](ak2(1>> - (2 + 6)

V[k)3] :3(1_7%_77‘) r—¥ +06e
fg%%u) — (24 0)) + 6¢
— 28 (298 — ooVl VI - 2+ 104/200)) 2262

=1— ¢(v[j1], v[ja]) + 26e.

Finally, it is easy to see that the G;_ gadget with input k3 and output i ensures the
desired value for bidder i (Claim 6.4). O

Finishing the proof. Using the gadgets we have described above we can now enforce
the constraints of the GCIRCUIT instance. Indeed, for each gate ¢g; = (G, j, k) where
G € G ={Gx2,G1_,Gy}, it suffices to use the gadget corresponding to the gate-type
G, with output bidder ¢ and input bidder j (as well as k, in the case G = G,). Since

the distributions are subjective, we can re-use a bidder j as an input to multiple
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different gadgets, without any interference. By Claims 6.3 to 6.5 it immediately
follows that the gate-bidders 1,2,...,m must all be valid, since each of them is
the output of some gadget. But this means that for any gate ¢g; = (G, J, k), the
input bidder j (and k, if applicable) will be valid, because she is also a gate-bidder.
As a result, again by Claims 6.3 to 6.5, it follows that the gadgets will correctly
enforce their constraints on all values v[i].

To obtain a solution, it suffices to set v[g;] := v|[i] for all i € [m]. For the case e = 0,
note that since every gate-bidder ¢ is valid, we have that a;(1) € 2+ 1/3,2 + 2/3]
and as a result v[i| = Tjo1)(3(a;(1) =2 —1/3)) = 3(au(1) — 2 — 1/3), which indeed
yields an SL-reduction (as defined in Section 2.4). By scaling back to the original
value space [0, 1], the proof yields that for all € € [0,1/10°], from any e-BNE of the
auction we can extract an 5b00e-satisfying assignment for the generalised circuit. As
discussed at the beginning of the section, this yields both PPAD- and FIXP-hardness.

6.5 Conclusion and Future Directions

In this chapter, we have classified the complexity of computing a Bayes-Nash equi-
librium of the first-price auction with subjective priors, by proving that it is PPAD-
complete. As we explained in the introduction, our result contributes fundamentally to
our understanding of this celebrated auction format, as well as the literature on total
search problems and TFNP. The challenging next step is to move towards the special
case of the common priors assumption, where the value distribution of each bidder is
common knowledge (F;; = Fy ; for all 7,i"). Our PPAD-membership result obviously
already extends to this case, as it is a special case of the subjective priors setting. The
really intriguing question is to extend our PPAD-hardness result to this case as well.

Another very meaningful question is to study the case where both the value
distributions and the bidding space are discrete. A special case of this setting was
studied by Escamocher, Miltersen and Santillan R. [EMS09], but they only obtained
conclusive results for the case of two bidders with bi-valued distributions. We believe
that some of our technical contributions (e.g., the computation of the best response
functions or the gadgets used in the PPAD-hardness proof) can be adapted to show

similar results for that case as well; we leave the details for future work.
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Part 11
CLS = PPAD N PLS

105



Chapter 7

The Complexity of Gradient
Descent: CLS = PPAD N PLS

In this chapter, we study search problems that can be solved by performing Gradient
Descent on a bounded convex polytopal domain and show that this class is equal to
the intersection of two well-known classes: PPAD and PLS. Our results imply that
the class CLS (Continuous Local Search) — which was defined by Daskalakis and
Papadimitriou [DP11] as a more “natural” counterpart to PPAD N PLS and contains
many interesting problems — is itself equal to PPAD N PLS.

The main technical contribution underpinning these results is Theorem 8.1, which
states that computing a Karush-Kuhn-Tucker (KKT) point of a continuously dif-
ferentiable function over the domain [0, 1]? is PPAD N PLS-hard. The next chapter
(Chapter 8) is dedicated to proving Theorem 8.1. In the present chapter, we define the

problems and notions of interest, and explore the various ramifications of Theorem 8.1.

7.1 Overview

In this section we give a condensed and informal overview of the concepts, ideas, and
techniques used in this chapter. We begin by providing informal definitions of the

problems of interest and then present an overview of our results.

7.1.1 The problems of interest

The motivation for the problems we study stems from the ultimate goal of minimizing
a continuously differentiable function f : R™ — R over some domain D. Unfortunately,
this problem is known to be intractable, and so we instead consider relaxations where
we are looking for a point where Gradient Descent terminates, or for a KK'T point.
Our investigation is restricted to bounded domains, namely we consider the setting
where the domain D is a bounded convex polytope defined by a collection of linear

inequalities. Furthermore, we also assume that the function f and its gradient V f
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are Lipschitz-continuous over D, for some Lipschitz constant L provided in the input.
Let C}(D,R) denote the set of continuously differentiable functions f from D to
R, such that f and V[ are L-Lipschitz.

In order to define our Gradient Descent problem, we need to specify what we
mean by “a point where Gradient Descent terminates.” We consider the following two
stopping criteria for Gradient Descent: (a) stop when we find a point such that the
next iterate does not improve the objective function value, or (b) stop when we find a
point such that the next iterate is the same point. In practice, of course, Gradient
Descent is performed with some underlying precision parameter € > 0. Thus, the
appropriate stopping criteria are: (a) stop when we find a point such that the next
iterate improves the objective function value by less than e, or (b) stop when we
find a point such that the next iterate is at most ¢ away. Importantly, note that,
given a point, both criteria can be checked efficiently. This ensures that the resulting
computational problems lie in TFNP. The totality of the problems follows from the
simple fact that a local minimum must exist (since the domain is bounded) and any
local minimum satisfies the stopping criteria. The first stopping criterion has a local
search flavour and so we call the corresponding problem GD-LOCAL-SEARCH. The
second stopping criterion is essentially asking for an approximate fixed point of the
Gradient Descent dynamics, and yields the GD-FIXPOINT problem.

Since we are performing Gradient Descent on a bounded domain, we have to ensure
that the next iterate indeed lies in the domain D. The standard way to achieve this is
to use so-called Projected Gradient Descent, which computes the next iterate as usual
and then projects it onto the domain. Define II to be the projection operator, that
maps any point in D to itself, and any point outside D to its closest point in D (under

the Euclidean norm). The two Gradient Descent problems are defined as follows.

Definition 7.1. GD-LOCAL-SEARCH and GD-FIXPOINT (informal):

Input: &> 0, step size n > 0, domain D, f € C}(D,R) and its gradient V f.
Output: Any point where (projected) gradient descent for f on D terminates.
Namely, any « € D such that = and its next iterate 2’ = Ilp(z — nV f(z)) satisfy:

o for GD-LOCAL-SEARCH:  f(2') > f(z) —e, (f decreases by at most ¢)

o for GD-FIXPOINT: |z — 2’| <e. (x' is e-close to x)

In a certain sense, GD-LOCAL-SEARCH is a PLS-style version of Gradient Descent,
while GD-FIXPOINT is a PPAD-style version.! We show that these two versions are
computationally equivalent by a triangle of reductions (see Figure 7.1). The other

problem in that triangle of equivalent problems is the KKT problem, defined below.

LA very similar version of GD-FIXPOINT was also defined by Daskalakis, Skoulakis and Zampetakis
[DSZ21] and shown to be equivalent to finding an approzimate local minimum (which is essentially
the same as a KKT point).

107



Definition 7.2. KKT (informal):

Input: € >0, domain D, f € C}(D,R) and its gradient Vf.
Output: Any e-KKT point of the minimisation problem for f on domain D.

A point z is a KKT point if z is feasible (it belongs to the domain D), and =z is
either a zero-gradient point of f, or alternatively x is on the boundary of D and the
boundary constraints prevent local improvement of f. “c-KKT” relaxes the KKT
condition so as to allow inexact KKT solutions with limited numerical precision. For

a formal definition of these notions see Section 7.2.1.

In the formal definitions of these problems, the function f and its gradient V f
will be given as well-behaved arithmetic circuits (Section 2.2.2). Since we know of
no easy way of checking that the circuit for V f indeed computes the gradient of f,
and that the two functions are indeed L-Lipschitz, we add corresponding violation
solutions. However, we note that our promise-preserving reductions (see Section 2.1)

ensure that our hardness results also hold for the promise versions of the problems.

7.1.2 Results

The main technical contribution of this work is Theorem 8.1, which shows that the
KKT problem is PPAD N PLS-hard, even when the domain is the unit square [0, 1]2.
The hardness also holds for the promise version of the problem, because the hard
instances that we construct always satisfy the promises. Theorem 8.1 is proved in the
next chapter (Chapter 8), but we briefly present the consequences of this reduction
here, and in more detail in the rest of this chapter.

A chain of reductions, presented in Section 7.3 and shown in Figure 7.1, which
includes the “triangle” between the three problems of interest, establishes the following

theorem.

Theorem 7.1. The problems KKT, GD-LOCAL-SEARCH, GD-FIXPOINT and GENE-
RAL-CONTINUOUS-LOCALOPT are PPAD N PLS-complete, even when the domain is
fized to be the unit square [0,1)%. This hardness result continues to hold even if
one considers the promise-versions of these problems, i.e., only instances without

violations.

These reductions are domain-preserving — which means that they leave the domain
D unchanged — and promise-preserving — which means that they are also valid
reductions between the promise versions of the problems. As a result, the other
problems “inherit” the hardness result for KKT, including the fact that it holds
for D = [0,1]? and even for the promise versions.

Consequences for CLS. The PPAD N PLS-hardness of GENERAL-CONTINUOUS-
LOCALOPT on domain [0, 1]?, and thus also on domain [0, 1]*, immediately implies

the following surprising collapse.
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GD-

FixpoINT
Prop. 7.3
GENERAL-
PPAD N PLS — KKT Prop. 7.2 ContiNnvous-— PPAD N PLS
Theorem 8.1 LOCALOPT Prop. 7.6
Prop. 7.4 /
Prop. 7.5
GD-LocaL- P =
SEARCH

Figure 7.1: Our reductions. The main one (Theorem 8.1) is on the left; note that the
other reductions are all domain- and promise-preserving.

Theorem 7.2. CLS = PPAD N PLS.

As a result, it also immediately follows that the two known CLS-complete problems
[DTZ18; FGMS17] are in fact PPAD N PLS-complete.

Theorem 7.3. BANACH and METAMETRICCONTRACTION are PPADNPLS-complete.

The fact that our hardness result holds on domain [0, 1]* implies that the n-dimensional
variant of CLS is equal to the two-dimensional version, a fact that was not previously
known. Furthermore, since our results hold even for the promise version of GENERAL-
CONTINUOUS-LOCALOPT, this implies that the definition of CLS is robust with
respect to the removal of violations. Finally, we also show that restricting the
circuits to be linear arithmetic circuits (that compute piecewise-linear functions)
does not yield a weaker class, i.e., 2D-Linear-CLS = CLS. This is achieved using our
approximation result presented in Section 2.2.2. All the consequences for CLS are

discussed in detail in Section 7.4.

7.1.3 Further Related Work

Chatziafratis, Roughgarden and Wang [CRW19] showed that online gradient descent
can encode general PSPACE-computations. In contrast, our result provides evidence
that the problem itself (which gradient descent attempts to solve) is hard. The
distinction between these two types of statements is most clearly apparent in the
case of linear programming, where the simplex method can encode arbitrary PSPACE-
computations [F'S15], while the problem itself can be solved in polynomial time.
Daskalakis, Skoulakis and Zampetakis [DSZ21] study nonlinear min-maz optimisa-
tion, a conceptually more complex problem than the purely “min” optimisation studied
here. The PPAD-completeness they obtain reflects the extra structure present in such
problems. An important point is that our hardness result requires inverse-exponential

parameters, whereas Daskalakis, Skoulakis and Zampetakis [DSZ21] achieve hardness
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with inverse-polynomial parameters — for us the inverse-exponential parameters are a
necessary evil, since the problem can otherwise be solved in polynomial time, even in
high dimension (by running Gradient Descent, see Lemma 7.5). Finally, note that
in contrast to our hardness result, in the special case of conver optimisation our
problem can be solved efficiently, even in high dimension and with inverse-exponential

precision. Related work in nonlinear optimisation is covered in Section 7.2.1.

7.2 Computational Problems from Nonlinear Op-
timisation

In this section we formally define our three problems of interest. We begin by a
brief introduction to nonlinear optimisation.

We briefly recall some notation from Section 2.2.2. Let n € N be a positive
integer. Throughout this chapter we use || - || to denote the standard Euclidean norm
in n-dimensional space, i.e., the f,-norm in R™. The maximum-norm, or {,,-norm, is
denoted by || - ||oo. For z,y € R™, (z,y) := >, z;y; denotes the inner product. For
any non-empty closed convex set D C R", let IIp : R™ — D denote the projection
onto D with respect to the Euclidean norm. Formally, for any = € R", IIp(z) is

the unique point y € D that minimizes ||z — y]|.

7.2.1 Background on nonlinear optimisation

The standard problem of nonlinear optimisation (also called nonlinear programming)

can be formulated as follows:

min f(z)
(7.1)
st. gi(x) <0 Vie[m]
where f : R™ — R is the objective function to be minimised, and ¢q,...,¢, : R* = R

are the inequality constraint functions. It is assumed that f, g; are C, i.e., continuously
differentiable. Throughout this chapter we consider the minimisation problem, but
our results also apply to the maximisation problem, since we consider function classes

that are closed under negation.

Global minimum. Unfortunately, solving the optimisation problem (7.1), namely
computing a global minimum, is intractable, even for relatively simple objective
functions and constraints ([MK87] in the context of quadratic programming, [BR92]

in the context of neural networks).

Local minima. The most natural way to relax the requirement of a global minimum,

is to look for a local minimum instead. A point x € R™ is a local minimum of (7.1), if
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it satisfies all the constraints, namely € D, where D = {y € R" | g;(z) < 0Vi € [m]},
and if there exists ¢ > 0 such that

flx) < fly)  Vye DN B(r) (7.2)

where B.(z) = {y € R"||ly — z|| < €}.

However, while the notion of a local minimum is very natural, an important issue
arises when the problem is considered from the computational perspective. Looking
at expression (7.2), it not clear how to efficiently check whether a given point z is a
local minimum or not. Indeed, it turns out that deciding whether a given point is
a local minimum is co-NP-hard, even for simple objective and constraint functions
[MK8T7]. Furthermore, it was recently shown that computing a local minimum, even
when it is guaranteed to exist, cannot be done in polynomial time unless P = NP

[AZ20b], even for quadratic functions where the domain is a polytope.

Necessary optimality conditions. In order to avoid this issue, one can instead
look for a point satisfying some so-called necessary optimality conditions. As the
name suggests, these are conditions that must be satisfied for any local minimum,
but might also be satisfied for points that are not local minima. Importantly, these
conditions can usually be checked in polynomial time. For this reason, algorithms
attempting to solve (7.1), usually try to find a point that satisfies some necessary

optimality conditions instead.

KKT points. The most famous and simplest necessary optimality conditions are
the Karush-Kuhn-Tucker (KKT) conditions. The KKT conditions are first-order
conditions in the sense that they only involve the first derivatives (i.e., the gradients)
of the functions in the problem statement. Formally, a point x € R" satisfies the
KKT conditions if it is feasible, i.e., v € D = {y € R"|g;(x) < 0Vi € [m]} and
if there exist py,...,u, > 0 such that

Vf(z)+ Z 1:Vgi(z) =0

and ;9;(x) = 0 for all ¢ € [m]. This last condition ensures that p; > 0 can only occur
if g;(z) = 0, i.e., if the i¢th constraint is tight. In particular, if no constraint is tight at
x, then z is a KKT point if V f(z) = 0 (in other words, if it is a stationary point). A
point x that satisfies the KK'T conditions is also called a KKT point. Note that given
access to V f(z), gi(z) and Vg;(z), one can check in polynomial time whether z is a
KKT point, since this reduces to checking the feasibility of a linear program.
Every local minimum of (7.1) must satisfy the KKT conditions, as long as the

problem satisfies some so-called regularity conditions or constraint qualifications. In
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this chapter, we restrict our attention to linear constraints (i.e., g;(x) = (a;, ) — b;).

In this case, it is known that every local minimum is indeed a KK'T point.

e-KKT points. In practice, but also when studying the computational complexity
in the standard Turing model (because of issues of representation), it is unreasonable
to expect to find a point that exactly satisfies the KKT conditions. Instead, one
looks for an approximate KKT point. Given € > 0, we say that z € R" is an e-KKT
point if x € D and if there exist uq,...,t, > 0 such that

<e¢

Vi(z)+ Z 1,V g;()

and p;9;(x) = 0 for all ¢ € [m]. In particular, if no constraint is tight at z, then x
is an e-KKT point if ||V f(z)|| < e. Since || - || denotes the ¢y-norm, we can check
whether a point is an e-KKT point in polynomial time by using a convex quadratic
program, which can be solved efficiently [KTKS80]. If we instead use the {,-norm or
the £;-norm in the definition of an e-KKT point, then we can check whether a point
is an e-KKT point in polynomial time by solving a linear program.

Since we focus on the case where D = {y € R"| Ay < b}, (A,b) € R™"™ x R™,
we can rewrite the KKT conditions as follows. A point x € R" is an e-KKT point
if x € D and if there exist pq,...,ty, > 0 such that

HVf(x) +ATuH <e

and (u, Az — b) = 0. Note that this exactly corresponds to the earlier definition
adapted to this case. In particular, the condition “u;[Az — b]; = 0 for all i € [m]” is
equivalent to (u, Az — b) = 0, since p; > 0 and [Az — b]; < 0 for all ¢ € [m)].

It is known that if there are no constraints, then it is NP-hard to decide whether
a KKT point exists [AZ20a]. This implies that, in general, unless P = NP, there
is no polynomial-time algorithm that computes a KKT point of (7.1). However,
this hardness result does not say anything about one very important special case,
namely when the feasible region D is a compact set (in particular, when it is a
bounded polytope defined by linear constraints). Indeed, in that case, a KKT point
is guaranteed to exist—since a local minimum is guaranteed to exist—and easy to
verify, and thus finding a KKT point is a total search problem in the class TFNP.
In particular, this means that, for compact D, the problem of computing a KKT
point cannot be NP-hard, unless NP = co-NP [MP91]. In this chapter, we provide
strong evidence that the problem remains hard for such bounded domains, and, in
fact, even when the feasible region is as simple as D = [0, 1]2.

The problem of finding an e-KKT point has also been studied in the “black box”

model, where we only have oracle access to the function and its gradient, and count
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the number of oracle calls needed to solve the problem. Vavasis [Vav93]| proved
that at least Q(\/L_/s) calls are needed to find an e-KKT point of a continuously
differentiable function f : [0,1]> — R with L-Lipschitz gradient. It was recently
shown by Bubeck and Mikulincer [BM20] that this bound is tight up to a logarithmic
factor. For the high-dimensional case, Carmon et al. [CDHS20] showed a tight bound
of ©(1/¢?), when the Lipschitz constant is fixed.

7.2.2 The KKT problem

Given the definition of e-KKT points in the previous section, we can formally define a
computational problem where the goal is to compute such a point. Our formalisation
of this problem assumes that f and V[ are provided in the input as well-behaved
arithmetic circuits (Section 2.2.2). However, it is unclear if, given a circuit f, we can
efficiently determine whether it corresponds to a continuously differentiable function,
and whether the circuit for Vf indeed computes its gradient. Thus, one has to
either consider the promise version of the problem (where this is guaranteed to hold
for the input), or add violation solutions like in the definition of CONTINUOUS-
LOCALOPT (Section 2.3.4). In order to ensure that our problem is in TFNP, we
formally define it with violation solutions. However, we note that our hardness
results also hold for the promise versions.

The type of violation solution that we introduce to ensure that V f is indeed the

gradient of f is based on the following version of Taylor’s theorem.

Lemma 7.1 (Taylor’s theorem). Let D C R™ be conver and f : R* — R. Let
g : R" — R"™ be L-Lipschitz-continuous on D (w.r.t. the y-norm). Then, f is
continuously differentiable on D with V f = g, if and only if for all z,y € D we have

7) — F(a) — o)y — )| < Sy >

Proof. First, let us assume that f is continuously differentiable on D and Vf = g.
Consider any points z,y € D and let h : [0, 1] — R be defined by h(t) = f(z+t(y—x)).
Then, h is continuously differentiable on [0, 1] and A/(t) = (V f(x +t(y —x)),y —z) =
g(z +t(y — x)),y — x). Furthermore, 1/ is (L||z — y||*)-Lipschitz-continuous on [0, 1],

W (t) — W (t2)| = [{g(z + ta(y — @) — gz + ta(y — @),y — 7)|
< lg(z +ti(y — ) — glz + ta(y — )| - [ly — ]
<L-tily—=z) =ty —2)| - ly — 2|
S Lty =ty - [ly — |
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where we used the Cauchy-Schwarz inequality. We also used the fact that g is
L-Lipschitz on D, and = + t(y — z) € D for all t € [0, 1]. Now, we can write

F(y) — £(2) — {g(x).y — x) = h(1) — h(0) — H'(0) = / (1 () — 1(0))
and thus
) — F() — (g(a)y — )] < / () — H(0)] dt < / Lolle—yl?-lt]dt
L 2
= Dy

which proves one direction of the statement.
In order to prove the other direction, it suffices to observe that the condition in

the Lemma implies

|[f(y) = f(2) = (9(x),y — 2)| = o(lly — =l])

since (L/2) - |ly — z||*> = o(|ly — z||) (where the asymptotic notation is with respect to
|z —y|| — 0). But this exactly corresponds to one of the various equivalent definitions
of the gradient of f. In other words, the condition implies that f is differentiable at x
and V f(z) = g(x). Since this holds for all z € D, and g is continuous on D, it follows
that f is continuously differentiable on D with Vf = g. O

We are now ready to formally define our KKT problem.

Definition 7.3. KKT:
Input:

e precision parameter € > 0,

o (A, b) € R™™ x R™ defining a bounded non-empty domain D = {x € R":
Az < b},

e well-behaved arithmetic circuits f : R* — R and Vf : R* — R",
e Lipschitz constant L > 0.

Output: An e-KKT point for the minimisation problem of f on domain D.
Formally, find x € D such that there exist uq, ..., tt,, > 0 such that

HVf(x) + AT,LLH <e

and (u, Az —b) = 0.
Alternatively, we also accept one of the following violations as a solution:

e (for Vfisnot L-Lipschitz) z,y € D such that

[f(@) = f(y)l > Lllz =yl o [[Vf(z) = V)l > Lllz =yl

114



e (V[ is not the gradient of f) x,y € D that contradict Taylor’s theorem
(Lemma 7.1), i.e.,

7) — £@) ~ (V1) y — )] > Syl

Note that all conditions on the input of the KKT problem can be checked in
polynomial time. In particular, we can use linear programming to check that the
domain is bounded and non-empty. With regards to a solution z € D, there is no
need to include the values 1, ..., u, as part of a solution. Indeed, given x € D,
we can check in polynomial time whether there exist such p,..., @, by solving
the following convex quadratic program:

min |V f(2) + Ayl

st.  {(u, Az —0b) =0
p =0

If the optimal value of this program is strictly larger than €2, then x is not an e-KKT
point. Otherwise, it is an e-KKT point and the optimal pq, ..., p,, certify this. If we
use the /.-norm or the ¢;-norm instead of the /5-norm for the definition of e-KKT
points, then we can check whether a point is an e-KKT point using the same approach
(except that we do not take the square of the norm, and we simply obtain a linear
program). Whether we use the ¢;-norm, the ¢,,-norm or the ¢;-norm for the definition
of e-KKT points has no impact on the complexity of the KKT problem defined above.
Indeed, is is easy to reduce the various versions to each other.

Note that ¢ and L are provided in binary representation in the input. This
is important, since our hardness result in Theorem 8.1 relies on at least one of
those two parameters being exponential in the size of the input. If both paramet-
ers are provided in unary, then the problem can be solved in polynomial time on

domain [0,1]" (see Lemma 7.5).

7.2.3 Gradient Descent problems

In this section we formally define our two versions of the Gradient Descent problem.
Since we consider Gradient Descent on bounded domains D, we need to ensure that
the next iterate indeed lies in D. The standard way to handle this is by using so-called
Projected Gradient Descent, where the next iterate is computed using a standard

Gradient Descent step and then projected onto D using IIp. Formally,
AR | (x(k) —-nVf (x(k)))

where 7 > 0 is the step size. Throughout, we only consider the case where the

step size is fixed, i.e., the same in all iterations. Our first version of the problem
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considers the stopping criterion is: stop if the next iterate improves the objective

function value by less than e.

Definition 7.4. GD-LOCAL-SEARCH:

Input:
e precision/stopping parameter £ > 0,
e step size n > 0,

o (Ab) € R™"™ x R™ defining a bounded non-empty domain D = {z € R" :
Az < b},

e well-behaved arithmetic circuits f: R" - R and Vf : R® — R",
e Lipschitz constant L > 0.

Output: Any point where (projected) gradient descent for f on domain D with
fixed step size n terminates. Formally, find = € D such that

(T (2 =0V f (@) = fla) — =
Alternatively, we also accept one of the following violations as a solution:

e (f or Vfisnot L-Lipschitz) x,y € D such that
[f(@) = fW)>Lilz—yll  or  [Vf(z) =Vl > Lllz -yl

e (V[ is not the gradient of f) x,y € D that contradict Taylor’s theorem
(Lemma 7.1), i.e.,

1) — F(x) —{VF(@)y — )| > £y ]

Our second version of the problem considers the stopping criterion: stop if the

next iterate is e-close to the current iterate.

Definition 7.5. GD-FIXPOINT:
Input:

e precision/stopping parameter £ > 0,

e step size n > 0,

(A,b) € R™"™ x R™ defining a bounded non-empty domain D = {z € R" :
Az < b},

well-behaved arithmetic circuits f : R" =+ R and Vf : R" — R",

Lipschitz constant L > 0.
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Output: Any point that is an e-approximate fixed point of (projected) gradient
descent for f on domain D with fixed step size . Formally, find = € D such that

|z —p(z —nV )| <e.
Alternatively, we also accept one of the following violations as a solution:

e (f or Vfisnot L-Lipschitz) x,y € D such that
[f(@) = fW) > Lilz—yll  or  [Vf(z) =Vl > Lllz -yl

e (V[ is not the gradient of f) x,y € D that contradict Taylor’s theorem
(Lemma 7.1), i.e.,

|7) — £l —{VF(@)y — )| > £y ]

The comments made about the KK'T problem in the previous section also apply
to these two problems. In particular, we show that even the promise versions of
the two Gradient Descent problems remain PPAD N PLS-hard. In other words, the

hard instances we construct have no violations.

Remark 7.1. An interesting question is: what happens if we omit the last violation
(namely, the one about Taylor’s theorem) from the definitions of these problems? For
GD-LOCAL-SEARCH it turns out that this does not change the complexity of the
problem. Indeed, removing the last violation means that the functions f and V f can
now be completely unrelated. However, for GD-LOCAL-SEARCH it is not hard to see
that the problem remains in CLS (in fact, note that the proof of Proposition 7.5 which
reduces GD-LOCAL-SEARCH to GENERAL-CONTINUOUS-LOCALOPT does not use
violations to Taylor’s theorem). Thus, the problem remains PPAD N PLS-complete.
On the other hand, for GD-FIiXxPOINT and KKT it turns out that omitting
the last violation does change the complexity of the problem. Indeed, note that
unlike GD-LOCAL-SEARCH, the property that some x must satisfy in order to be a
(non-violation) solution only depends on Vf, and not at all on f. As a result, it is
easy to reduce from the problem of finding an approximate Brouwer fixed point of
a function g : [0,1]? — [0, 1]* to either of these two problems, by letting f(z) = 0,
Vf(z) = x — g(x), and setting the remaining parameters appropriately. It follows
that GD-FixpPOINT and KK'T without the last violation are PPAD-hard, and in fact
it can be shown that they are PPAD-complete. Finally, note that it is easy to see
that GD-F1xPOINT and KK'T remain equivalent if we remove the last violation: one
direction is given by the proof of Proposition 7.3 (which still works without violations
to Taylor’s theorem), and the other direction can be obtained by using the arguments

in step 2 of the proof of Proposition 7.4.
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7.3 Gradient Descent and KKT are PPAD N PLS-
complete

In this section, we show how the PPAD NPLS-hardness of KKT (Theorem 8.1) implies
that our other problems of interest, including our Gradient Descent problems, are

PPAD N PLS-complete. Namely, we prove:

Theorem 7.1. The problems KK'T, GD-LOCAL-SEARCH, GD-FIXPOINT and GENE-
RAL-CONTINUOUS-LOCALOPT are PPAD N PLS-complete, even when the domain is
fized to be the unit square [0,1)%. This hardness result continues to hold even if
one considers the promise-versions of these problems, i.e., only instances without

violations.
The hardness results in this theorem are the “best possible” in the following sense:

e Promise-problem: as mentioned in the theorem, the hardness holds even for the
promise-versions of these problems. In other words, the hard instances that we
construct are not pathological: they satisfy all the conditions that we would
expect from the input, e.g., V f is indeed the gradient of f, Vf and f are indeed

L-Lipschitz-continuous, etc.

e Domain: the problems remain hard even if we fix the domain to be the unit square
[0,1]?, which is arguably the simplest two-dimensional bounded domain. All
the problems become polynomial-time solvable if the domain is one-dimensional
(Lemma 7.4).

e Exponential parameters: in all of our problems, the parameters, such as ¢
and L, are provided in the input in binary representation. This means that
the parameters are allowed to be exponentially small or large with respect
to the length of the input. Our hardness results make use of this, since the
proof of Theorem 8.1 constructs an instance of KKT where ¢ is some constant,
but L is exponential in the input length. By a simple transformation, this
instance can be transformed into one where ¢ is exponentially small and L is
constant (see Section 8.4.1). It is easy to see that at least one of € or L must
be exponentially large/small, for the problem to be hard on the domain [0, 1]2.
However, this continues to hold even in high dimension, i.e., when the domain
is [0,1]" (Lemma 7.5). In other words, if the parameters are given in unary, the
problem is easy, even in high dimension. This is in contrast with the problem of
finding a Brouwer fixed point, where moving to domain [0, 1] makes it possible

to prove PPAD-hardness even when the parameters are given in unary.
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Theorem 7.1 follows from Theorem 8.1, proved in Chapter 8, and a set of domain-
and promise-preserving reductions as pictured in Figure 7.1, which are presented
in the rest of this section as follows. In Section 7.3.2 we show that the problems
KKT, GD-LOCAL-SEARCH and GD-FIXPOINT are equivalent. Then, in Section 7.3.3
we reduce GD-LOCAL-SEARCH to GENERAL-CONTINUOUS-LOCALOPT, and finally
we show that GENERAL-CONTINUOUS-LOCALOPT lies in PPAD N PLS. First, we

present some useful tools from convex analysis.

7.3.1 Tools from convex analysis and a generalisation of Far-
kas’ Lemma

Let D C R" be a non-empty closed convex set. Recall that the projection Il : R™ — D
is defined by Ilp(z) = argmin,cp [z — y||, where || - || denotes the Euclidean norm.
It is known that IIp(z) always exists and is unique. The following two results are

standard tools in convex analysis, see, e.g., [Ber99.

Lemma 7.2. Let D be a non-empty closed convex set in R™ and let y € R™. Then
for all x € D it holds that

(y —TIp(y),z — p(y)) <O0.

Proposition 7.1. Let Dy and D5 be two disjoint non-empty closed convex sets in R™
and such that Dy is bounded. Then, there exist ¢ € R™\ {0} and d € R such that
(c,x) < d for all x € Dy, and {(c,z) > d for all x € Ds.

We will need the following generalisation of Farkas’ Lemma, which we prove below.

For ¢ = 0, we recover the usual statement of Farkas’ Lemma.

Lemma 7.3. Let A € R™" b e R" and € > 0. Then exactly one of the following

two statements holds:
1. Jz e R": Az <0, (b,x) > ¢l|z|],
2. JyeR™: |[ATy —b|| <e,y > 0.

Proof. Let us first check that both statements cannot hold at the same time. Indeed,

if this were the case, then we would obtain the following contradiction
ellzll < (b, 2) = (ATy, 2) + (b — ATy, 2) < (y, Azx) +[|b — ATy][[|=]] < e[|

where we used the fact that (y, Az) <0 and the Cauchy-Schwarz inequality.
Now, let us show that if statement 2 does not hold, then statement 1 must
necessarily hold. Let D; = {ATy : y > 0} and Dy = {z : ||z — b|| < }. Note that

since statement 2 does not hold, it follows that D; and Dy are disjoint. Furthermore,
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it is easy to check that D; and D, satisfy the conditions of Proposition 7.1. Thus,
there exist ¢ € R™\ {0} and d € R such that (¢,z) < d for all € Dy, and (¢, z) > d
for all z € D,. In particular, we have that for all y > 0, (Ac,y) = (¢, ATy) < d.
From this it follows that Ac < 0, since if [Ac|; > 0 for some 4, then (Ac,y) > d for
Yy = %ei.

In order to show that x := c satisfies the first statement, it remains to prove
that (b,c) > ¢l|c||. Note that by setting y = 0, we get that 0 = (¢, AT0) < d. Let
z="b—eqg. Since z € Dy, it follows that (¢,z) >d > 0. Since (¢, z) = (c,b) — ¢||z]|,

statement 1 indeed holds. O

7.3.2 KKT and the Gradient Descent problems are equi-
valent

The equivalence between KKT, GD-LOCAL-SEARCH and GD-FIXPOINT is proved
by providing a “triangle” of reductions as shown in Figure 7.1. Namely, we show that
GD-LocCAL-SEARCH reduces to GD-FIXPOINT (Proposition 7.2), GD-FIXPOINT
reduces to KKT (Proposition 7.3), and KKT reduces to GD-LOCAL-SEARCH (Pro-

position 7.4). All the reductions are domain- and promise-preserving.

Proposition 7.2. GD-LOCAL-SEARCH reduces to GD-FIXPOINT using a domain-

and promise-preserving reduction.

Proof. Let (e,n, A, b, f,V f, L) be an instance of GD-LOCAL-SEARCH. The reduction
simply constructs the instance (¢/,n, A, b, f, V f, L) of GD-FIXPOINT, where ¢’ = ¢/ L.
This reduction is trivially domain-preserving and it is also promise-preserving, because
any violation of the constructed instance is immediately also a violation of the original
instance. Clearly, the reduction can be computed in polynomial time, so it remains to
show that any (non-violation) solution of the constructed instance can be mapped
back to a solution or violation of the original instance.

Consider any solution z € D of the GD-FIXPOINT instance, i.e.,
|z = yll = lz — Hp(z —nV f(2))] < £

where y = Ilp(z — nV f(x)). If 2,y do not satisfy the L-Lipschitzness of f, then we

have obtained a violation. Otherwise, it must be that

[f(2) = fWI < Lz —yl < Le' =&

In particular, it follows that
fy) = flx) -«

which means that x is a solution of the original GD-LOCAL-SEARCH instance. [
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Proposition 7.3. GD-FIXPOINT reduces to KKT using a domain- and promise-

preserving reduction.

Proof. Let (e,m, A, b, f,V f, L) be an instance of GD-F1xpPOINT. The reduction simply
constructs the instance (¢', A, b, f, V f, L) of KKT, where ¢’ = ¢/n. This reduction is
trivially domain-preserving and it is also promise-preserving, because any violation
of the constructed instance is immediately also a violation of the original instance.
Clearly, the reduction can be computed in polynomial time, so it remains to show
that any (non-violation) solution of the constructed instance can be mapped back to
a solution or violation of the original instance.

In more detail, we will show that any ¢-KKT point must be an e-approximate
fixed point of the gradient descent dynamics. Consider any ¢-KKT point of the KKT
instance, i.e., a point x € D such that there exists g > 0 with (u, Az — b) = 0 and
IV (@) + ATu] < &

Let y = IIp(x — nV f(z)). We want to show that ||z — y|| < e. Since y is the
projection of x — nV f(z) onto D, by Lemma 7.2 it follows that for all z € D

(x =0V f(x)—y,z—y) <0.

Letting 2z := x, this implies that

e —ylI> <n(Vf(@),z—y) =n(Vf(@)+ A pz—y) —n(A pz—y)
<n(Vf(z)+ A pz —y)
<V f(x)+ATpl| - |z -y

where we used the Cauchy-Schwarz inequality and the fact that (ATp,z —y) > 0,

which follows from

(AT z —y) = (1, Alz —y)) = (u, Az = b) — (1, Ay = b) > 0

since (u, Ax —b) =0, > 0 and Ay — b < 0 (because y € D).
We can now show that ||z —y|| <e. If ||z —y|| = 0, this trivially holds. Otherwise,
divide both sides of the inequality obtained above by ||z — y||, which yields

|z —yl <V f(x)+ A u| <n-& = u

Proposition 7.4. KKT reduces to GD-LOCAL-SEARCH using a domain- and

promise-preserving reduction.
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Proof. Let (¢, A,b, f,Vf, L) be an instance of KKT. The reduction simply constructs
the instance (¢',n, A, b, f,V f, L) of GD-LOCAL-SEARCH, where &’ = % and n = %
This reduction is trivially domain-preserving and it is also promise-preserving, because
any violation of the constructed instance is immediately also a violation of the original
instance. Clearly, the reduction can be computed in polynomial time, so it remains to
show that any (non-violation) solution of the constructed instance can be mapped
back to a solution or violation of the original instance.

Consider any x € D that is a solution of the GD-LOCAL-SEARCH instance and let
y =IHp(x —nVf(x)). Then, it must be that f(y) > f(z) — &’. We begin by showing

that this implies that ||z — y|| < 5%, or we can find a violation of the KKT instance.

Step 1: Bounding || —y||. If  and y do not satisfy Taylor’s theorem (Lemma 7.1),
then we immediately obtain a violation. If they do satisfy Taylor’s theorem, it holds
that

(Vi) x— )~ Sy 2l < 1x) — flo) < &

Now, since y is the projection of x — nV f(z) onto D, by Lemma 7.2 it follows that
(x =V f(x) —y,z—y) <0 for all z€ D. In particular, by letting z := z, we obtain
that

(Vf(x),z—y) > =(z—y,x—y) = Llly — z|?

1
n
where we used the fact that 7 = 1/L. Putting the two expressions together we obtain
that

L L
Slly =2l = Llly —2l* = Sy — ol < &

which yields that ||z —y|| < /2¢'/L = 5.

Step 2: Obtaining an e-KKT point. Next, we show how to obtain an e-KKT
point or a violation of the KKT instance. Note that if y — z = —nV f(z), then
we immediately have that ||V f(z)|| = ||z —yl||/n < €/2, i.e., z is an e-KKT point.
However, because of the projection IIp used in the computation of y, in general we
might not have that y — z = —nV f(x) and, most importantly, £ might not be an
e-KK'T point. Nevertheless, we show that y will necessarily be an e-KK'T' point.

Since y is the projection of x — nV f(x) onto D, by Lemma 7.2 it follows that for
all z € D

(x =V f(r) —y,z—y) <0.

From this it follows that for all z € D

1 €
(=Vf(@),z—y) < —(y—z,2—y) < EHx—yH Az =yl < 5llz =yl

1
U
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where we used the Cauchy-Schwarz inequality, n = 1/L and ||z — y|| < &/2L. Next,
unless x and y yield a violation to the L-Lipschitzness of V f, it must hold that
IVf(x) =V f(y)] <L|z—y| <e/2. Thus, we obtain that for all z € D

(=VfW),z—y) = (=Vf(z),z—y) +(Vf(z) = V[(y),z —y)
< Sle—yll+1VF@) - Vi)l -z =yl (7.3)
<ellz—yll

where we used the Cauchy-Schwarz inequality.

Let I = {i € [m] : [Ay — b]; = 0}, i.e., the indices of the constraints that are tight
at y. Denote by A; € R(m=ID*" the matrix obtained by only keeping the rows of
A that correspond to indices in I. Consider any p € R" such that A;p < 0. Then,
there exists a sufficiently small o > 0 such that z = y 4+ ap € D. Indeed, note that
[Az — b]; = [Ay — b]; + a[Ap]; and thus

e for i € I, we get that [Az — b]; <0, since [Ay — b]; = 0 and [Ap]; <0,

e fori ¢ I, we have that [Ay —b]; < 0. If [Ap]; <0, then we obtain [Az—0b]; <0 as

above. If [Ap|; > 0, then it also holds that [Az —b]; < 0, as long as a < —%.

Thus, it suffices to pick @ = min {—% i ¢ I, [Apl; > O}. Note that this indeed
ensures that a > 0.

Since z =y + ap € D, using (7.3) we get that

(~VI )8 = =)z =) < Sl =yl =<l

As a result, we have shown that the statement
B ER": Ap < 0,(=Vf(y),p) > ellp|

does not hold. By the stronger version of Farkas’ Lemma, which we proved above
(Lemma 7.3), it follows that there exists v € Rlz”o such that ||ATv + Vf(y)|| < e. Let
p € RZy be such that p agrees with v on indices ¢ € I, i.e., uy = v, and p; = 0 for
i ¢ I. Then we immediately obtain that ATy = ATy and thus ||[ATu + Vf(y)|| <e.
Since we also have that (u, Ay — b) = (ur, [Ay — b];) = 0 (because [Ay — b]; = 0), it
follows that y indeed is an e-KKT point of f on domain D. [

7.3.3 From GD-LocAL-SEArcH to PPAD N PLS

In this section we show that GD-LOCAL-SEARCH reduces to GENERAL-CONTINUOUS-
LocarLoprt (Proposition 7.5), and then that GENERAL-CONTINUOUS-LOCALOPT
lies in PPAD N PLS (Proposition 7.6).
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Proposition 7.5. GD-LOCAL-SEARCH reduces to GENERAL-CONTINUOUS-LOCAL-

OPT using a domain- and promise-preserving reduction.

Proof. This essentially follows from the fact that the local search version of Gradient
Descent is a special case of continuous local search, which is captured by the GENERAL-
CONTINUOUS-LOCALOPT problem. Let (g, A,b,n, f,Vf, L) be an instance of GD-
LocAL-SEARCH. The reduction simply constructs the instance (¢, A,b,p, g, L") of
GENERAL-CONTINUOUS-LOCALOPT, where p(x) = f(z), g(x) = 2 —nV f(z) and
L' = max{nL + 1, L}. We can easily construct an arithmetic circuit computing g,
given the arithmetic circuit computing Vf. It follows that the reduction can be
computed in polynomial time. In particular, since we extend V f by using only the
gates — and X (, the circuit for g is also well-behaved.

Let us now show that any solution to the GENERAL-CONTINUOUS-LOCALOPT
instance yields a solution to the GD-LOCAL-SEARCH instance. First of all, by
construction of g, it immediately follows that any local optimum solution of the
GENERAL-CONTINUOUS-LOCALOPT instance is also a non-violation solution to the
GD-LOCAL-SEARCH instance.

Next, we show that any pair of points z,y € D that violate the (nL + 1)-
Lipschitzness of g, also violate the L-Lipschitzness of Vf. Indeed, if x,y do not
violate the L-Lipschitzness of V f, then

lg(z) — gl < [lz =yl + 0|V f(z) = VW) < 0L+ 1)z —yl.

In particular, any violation to the L’-Lipschitzness of g yields a violation to the
L-Lipschitzness of V f.

Finally, any violation to the L’-Lipschitzness of p immediately yields a violation to
the L-Lipschitzness of f. Since any violation to GENERAL-CONTINUOUS-LOCALOPT
yields a violation to GD-LOCAL-SEARCH, the reduction is also promise-preserving. [

Proposition 7.6. GENERAL-CONTINUOUS-LOCALOPT lies in PPAD N PLS.

Proof. This essentially follows by the same arguments that were used by Daskalakis and
Papadimitriou [DP11] to show that CLS lies in PPADNPLS. The only difference is that
here the domain is allowed to be more general. Consider any instance (g, A, b, p, g, L)
of GENERAL-CONTINUOUS-LOCALOPT.

The containment of GENERAL-CONTINUOUS-LOCALOPT in PPAD follows from
a reduction to the problem of finding a fixed point guaranteed by Brouwer’s fixed
point theorem, which is notoriously PPAD-complete. Indeed, let z* € D be any ¢/L-
approximate fixed point of the function x — IIp(g(x)), i.e., such that ||[IIp(g(z*)) —
z*|| < e/L. Then, unless z* and IIp(g(z*)) yield a violation of L-Lipschitzness of
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p, it follows that p(Ilp(g(z*))) > p(a*) — ¢, i.e., 2" is a solution of the GENERAL-
CONTINUOUS-LOCALOPT instance. Formally, the reduction works by constructing the
instance (', A, b, g, L) of GENERAL-BROUWER, where ¢’ = ¢/L. The formal definition
of GENERAL-BROUWER can be found in Appendix C, where it is also proved that
the problem lies in PPAD.

The containment of CLS in PLS was proved by Daskalakis and Papadimitriou
[DP11] by reducing CONTINUOUS-LOCALOPT to a problem called REAL-LOCALOPT,
which they show to lie in PLS. REAL-LOCALOPT is defined exactly as CONTINUOUS-
LocALOPT, except that the function ¢ is not required to be continuous. In order
to show the containment of GENERAL-CONTINUOUS-LOCALOPT in PLS, we re-
duce to the appropriate generalisation of REAL-LOCALOPT, which we simply call
GENERAL-REAL-LOCALOPT. Formally, the reduction is completely trivial, since any
instance of GENERAL-CONTINUOUS-LOCALOPT is also an instance of GENERAL-
REAL-LOCALOPT, and solutions can be mapped back as is. The formal definition of
GENERAL-REAL-LOCALOPT can be found in Appendix C, where it is also proved
that the problem lies in PLS. O]

7.3.4 Minor observations on KKT and our other problems
of interest

Lemma 7.4. GENERAL-CONTINUOUS-LOCALOPT with fixed dimension n =1 can be
solved in polynomial time. As a result, this also holds for KKT, GD-LOCAL-SEARCH
and GD-FIXPOINT.

Proof. This is a straightforward consequence of the fact that finding Brouwer fixed
points in one dimension is easy. Consider any instance (¢, A, b, p, g, L) of GENERAL-
CONTINUOUS-LOCALOPT with n = 1. It is easy to see that any e/L-approximate fixed
point of z — IIp(g(z)) immediately yields a solution to the GENERAL-CONTINUOUS-
LOCALOPT instance.

Thus, we proceed as follows. First of all, from A and b we can directly determine
t1,t2 € R such that D = [t1,t5]. Note that the bit-size of ¢; and ¢ is polynomial
in the input size. Then define a grid of points on the interval [t1, 5] such that the
distance between consecutive points is /L%, Finally, using binary search, find two
consecutive points x; and x5 such that g(z1) > =1 and g(x2) < x2. One of these two
points has to be an ¢/L-approximate fixed point of z — IIp(g(z)) (or we obtain a
violation of Lipschitz-continuity). Binary search takes polynomial time, because the
number of points is at most exponential in the input size.

Since the other three problems reduce to GENERAL-CONTINUOUS-LOCALOPT
using domain-preserving reductions (see Section 7.3), it follows that they can also be

solved in polynomial time when n = 1. O]
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Lemma 7.5. KKT on domain [0, 1] can be solved in polynomial time in 1/¢, L and
the sizes of the circuits for f and Vf.

Proof. This follows from the fact that the problem can be solved by Gradient Descent
in polynomial time in those parameters. Let (e, f, Vf, L) be an instance of KKT
with domain [0, 1]". First, compute f(0) in polynomial time in size(f). If f is indeed
L-Lipschitz-continuous, then it follows that f(z) € I = [f(0) — v/nL, f(0) + /nL] for
all x € [0, 1]™. If we ever come across a point where this does not hold, we immediately
obtain a violation of L-Lipschitz-continuity of f. So, for the rest of this proof we
simply assume that f(z) € I for all = € [0, 1]™.

Note that the length of interval I is 2y/nL, which is polynomial in L and n. By
using the reduction in the proof of Proposition 7.4, we can solve our instance by
solving the instance (¢, n, f, V f, L) of GD-LOCAL-SEARCH, where &’ = % and n = 1.
The important observation here is that this instance of GD-LOCAL-SEARCH can be
solved by applying Gradient Descent with step size n and with any starting point,

LLJ = 16‘[—§L2 steps. Indeed, every step must improve the value of f by

in at most
g’, otherwise we have found a solution. It is easy to see that each step of Gradient
Descent can be done in polynomial time in size(V f), n and log L. Since the number
of steps is polynomial in 1/¢, L and n, the problem can be solved in polynomial time
in 1/e, L, n, size(f) and size(V f). Finally note that n < size(f) (because f has n

input gates). O

7.4 Consequences for Continuous Local Search

In this section, we explore the consequences of Theorem 8.1 (and Theorem 7.1) for
the class CLS, defined by Daskalakis and Papadimitriou [DP11] to capture problems
that can be solved by “continuous local search” methods. In Section 7.4.2 we also
consider a seemingly weaker version of CLS, which we call Linear-CLS, and show that
it is in fact the same as CLS. Finally, we define a Gradient Descent problem where
we do not have access to the gradient of the function (which might, in fact, not even
be differentiable) and instead use “finite differences” to compute an approximate
gradient. We show that this problem remains PPAD N PLS-complete.

7.4.1 Consequences for CLS

The class CLS was defined by Daskalakis and Papadimitriou [DP11] as a more natural
counterpart to PPAD N PLS. Indeed, Daskalakis and Papadimitriou noted that all
the known PPAD N PLS-complete problems were unnatural, namely uninteresting
combinations of a PPAD-complete and a PLS-complete problem. As a result, they
defined CLS, a subclass of PPAD N PLS, which is a more natural combination of PPAD
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and PLS, and conjectured that CLS is a strict subclass of PPAD N PLS. They were
able to prove that various interesting problems lie in CLS, thus further strengthening
the conjecture that CLS is a more natural subclass of PPAD N PLS, and more likely
to capture the complexity of interesting problems.

It follows from our results that, surprisingly, CLS is actually equal to PPAD N PLS.

Theorem 7.2. CLS = PPAD N PLS.

Recall that in Theorem 7.1, we have shown that GENERAL-CONTINUOUS-LOCALOPT
with domain [0, 1]? is PPAD N PLS-complete. Theorem 7.2 follows from the fact that
this problem lies in CLS, almost by definition. Before proving this in Proposition 7.7
below, we explore some further consequences of our results for CLS.

An immediate consequence is that the two previously known CLS-complete prob-
lems (see Section 2.3.4) are in fact PPAD N PLS-complete.

Theorem 7.3. BANACH and METAMETRICCONTRACTION are PPADNPLS-complete.

Furthermore, our results imply that the definition of CLS is “robust” in the following

sense:

e Dimension: the class CLS was defined by Daskalakis and Papadimitriou [DP11]
as the set of all TFNP problems that reduce to 3D-CONTINUOUS-LOCALOPT,
i.e., CONTINUOUS-LOCALOPT with n = 3. Even though it is easy to see that
ED-CONTINUOUS-LOCALOPT reduces to (k + 1)D-CONTINUOUS-LOCALOPT
(Lemma 7.6), it is unclear how to construct a reduction in the other direction.
Indeed, similar reductions exist for the Brouwer problem, but they require using
a discrete equivalent of Brouwer, namely END-OF-LINE, as an intermediate step.
Since no such discrete problem was known for CLS, this left open the possibility
of a hierarchy of versions of CLS, depending on the dimension, i.e., 2D-CLS
C 3D-CLS C 4D-CLS .... We show that even the two-dimensional version is
PPAD N PLS-hard, and thus the definition of CLS is indeed independent of the

dimension used. In other words,
2D-CLS = CLS = nD-CLS.

Note that this is tight, since 1D-CONTINUOUS-LOCALOPT can be solved in
polynomial time (Lemma 7.4), i.e., 1D-CLS = FP.

e Domain: some interesting problems can be shown to lie in CLS, but the reduction
produces a polytopal domain, instead of the standard hypercube [0,1]". In
other words, they reduce to GENERAL-CONTINUOUS-LOCALOPT, which we
have defined as a generalisation of CONTINUOUS-LOCALOPT. Since GENERAL-
ConTINUOUS-LocALOPT is PPAD N PLS-complete (Theorem 7.1), it follows
that CLS can equivalently be defined as the set of all TFNP problems that reduce
to GENERAL-CONTINUOUS-LOCALOPT.
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e Promise: the problem CONTINUOUS-LOCALOPT, which defines CLS, is a prob-
lem with violation solutions. One can instead consider promise-CLS, which is
defined as the set of all TFNP problems that reduce to a promise version of
CONTINUOUS-LOCALOPT. In the promise version of CONTINUOUS-LOCALOPT,
we restrict our attention to instances that satisfy the promise, i.e., where the
functions p and ¢ are indeed L-Lipschitz-continuous. The class promise-CLS
could possibly be weaker than CLS, since the reduction is required to always
map to instances of CONTINUOUS-LOCALOPT without violations. However, it
follows from our results that promise-CLS = CLS, since the promise version of
CONTINUOUS-LOCALOPT is shown to be PPAD N PLS-hard, even on domain
[0,1]* (Theorem 7.1).

e Turing reductions: since PPAD and PLS are closed under Turing reductions
[BJ12], it is easy to see that this also holds for PPAD N PLS, and thus by our
result also for CLS.

e Circuits: CLS is defined using the problem CONTINUOUS-LOCALOPT where the
functions are represented by general arithmetic circuits. If one restricts the
type of arithmetic circuit that is used, this might yield a weaker version of CLS.
Linear arithmetic circuits (Section 2.2.2) are a natural class of circuits that arise
when reducing from various natural problems. We define Linear-CLS as the set
of problems that reduce to CONTINUOUS-LOCALOPT with linear arithmetic
circuits. In Section 7.4.2 we show that 2D-Linear-CLS = CLS.

Before moving on to Section 7.4.2 and Linear-CLS, we provide the last reduction in

the chain of reductions proving Theorem 7.2.

Proposition 7.7. GENERAL-CONTINUOUS-LOCALOPT with fized domain [0,1]? re-
duces to 2D-CONTINUOUS-LOCALOPT using a promise-preserving reduction. In

particular, the problem lies in CLS.

Proof. Given an instance (g, p, g, L) of GENERAL-CONTINUOUS-LOCALOPT with fixed
domain [0, 1]?, we construct the instance (g, p, ¢’, L) of 2D-CONTINUOUS-LOCALOPT,
where ¢/(x) = IIp(g(x)). Note that since D = [0,1]?, the projection IIp can easily be
computed as [[Ip(z)]; = min{1l, max{0,z;}} for all z € R? and 7 € [2]. In particular,
since we extend g by using only the gates —, x(, min, max and rational constants,
the circuit for ¢’ is also well-behaved.

Any non-violation solution of the constructed instance is also a solution of the
original instance. Any violation of the constructed instance is immediately mapped
back to a violation of the original instance. In particular, it holds that ||¢'(z)—¢'(y)|| <

lg(x) — g(y)|| for all z,y € [0, 1]?, since projecting two points cannot increase the
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distance between them. This implies that any violation of the L-Lipschitzness of
g’ is also a violation of the L-Lipschitzness of g. Note that by Lemma 7.7 we do
not need to ensure that the codomain of p is in [0,1]. Finally, it is easy to see
that 2D-CONTINUOUS-LOCALOPT lies in CLS, since it immediately reduces to 3D-
ConNTINUOUS-LocALOPT (Lemma 7.6). O

7.4.2 Linear-CLS and Gradient Descent with finite differences

The class CLS was defined by Daskalakis and Papadimitriou [DP11] using the
CONTINUOUS-LOCALOPT problem which uses arithmetic circuits with gates in {+,
—, min, max, X, <} and rational constants. In this section we show that even if
we restrict ourselves to linear arithmetic circuits (i.e., only the gates in {+, —, min,
max, X(} and rational constants are allowed), the CONTINUOUS-LOCALOPT problem

and CLS remain just as hard as the original versions.

Definition 7.6. LINEAR-CONTINUOUS-LOCALOPT:

Input:
e precision/stopping parameter £ > 0,
e linear arithmetic circuits p : [0, 1] — [0,1] and g : [0, 1]™ — [0, 1]™.

Output: An approximate local optimum of p with respect to g. Formally, find
x € [0,1]™ such that
plg(x)) > plx) —e.

For k € N, we let kD-LINEAR-CONTINUOUS-LOCALOPT denote the problem LINEAR-
CONTINUOUS-LOCALOPT where n is fixed to be equal to k. Note that the definition
of LINEAR-CONTINUOUS-LOCALOPT does not require violation solutions, since every
linear arithmetic circuit is automatically Lipschitz-continuous with a Lipschitz-constant
that can be represented with a polynomial number of bits (Lemma 2.2). In particular,
LINEAR-CONTINUOUS-LOCALOPT reduces to CONTINUOUS-LOCALOPT and thus
to GENERAL-CONTINUOUS-LOCALOPT.

We define the class 2D-Linear-CLS as the set of all TFNP problems that reduce
to 2D-LINEAR-CONTINUOUS-LOCALOPT. We show that:

Theorem 7.4. 2D-Linear-CLS = PPAD N PLS.

Note that, just as for CLS, the one-dimensional version can be solved in polynomial
time, i.e., 1D-Linear-CLS = FP. The containment 2D-Linear-CLS C PPAD N PLS
immediately follows from the fact that 2D-Linear-CLS C CLS C PPAD N PLS. The

other, more interesting, containment in Theorem 7.4 can be proved by directly
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reducing 2D-CONTINUOUS-LOCALOPT to 2D-LINEAR-CONTINUOUS-LOCALOPT. This
reduction mainly relies on a more general result which says that any arithmetic
circuit can be arbitrarily well approximated by a linear arithmetic circuit on a
bounded domain (Theorem 2.1).

Instead of reducing 2D-CONTINUOUS-LOCALOPT to 2D-LINEAR-CONTINUOUS-
LocALoPT, we prove Theorem 7.4 by a different route that also allows us to introduce
a problem which might be of independent interest. To capture the cases where the
gradient is not available or perhaps too expensive to compute, we consider a version
of Gradient Descent where the finite differences approach is used to compute an
approximate gradient, which is then used as usual to obtain the next iterate. Formally,
given a finite difference spacing parameter A > 0, the approximate gradient 6;1 f(x)

at some point x € [0,1]" is computed as

_flethoe) = flx—h-e)
i 2h

[6hf(x)}

for all i € [n]. The computational problem is defined as follows. Note that even
though we define the problem on the domain [0,1]", it can be defined on more

general domains as in our other problems.

Definition 7.7. GD-FINITE-DIFF:
Input:

e precision/stopping parameter £ > 0,

e step size n > 0,

e finite difference spacing parameter h > 0,
e linear arithmetic circuit f : R" — R.

Output: Any point where (projected) gradient descent for f on domain D = [0, 1]"
using finite differences to approximate the gradient and fixed step size n terminates.
Formally, find z € [0, 1]" such that

fp(x —nVif(x) > f(z) -«

where for all i € [n]

~ f(x ce;) — flx—h-g
[ } (z+h )Qh( h-ei)

GD-FINITE-DIFF immediately reduces to LINEAR-CONTINUOUS-LOCALOPT by set-
ting p := f and g := IIp(x — nVaf(x)). It is easy to construct a linear arithmetic

circuit computing g, given a linear arithmetic circuit computing f. Note, in particular,
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that the projection IIp can be computed by a linear circuit since D = [0, 1]™. Indeed,
[IIp(z)]; = min{1l, max{0,x;}} for all ¢ € [n] and x € R". Finally, the restriction of
the codomain of p to [0, 1] can be handled exactly as in the proof of Lemma 7.7.
In particular, the reduction from GD-FINITE-DIFF to LINEAR-CONTINUOUS-
LoOCALOPT is domain-preserving and thus Theorem 7.4 immediately follows from

the following theorem.

Theorem 7.5. GD-FINITE-DIFF is PPAD N PLS-complete, even with fixed domain
[0, 1]2.

This result is interesting by itself, because the problem GD-FINITE-DIFF is arguably
quite natural, but also because it is the first problem that is complete for PPAD N PLS
(and CLS) that has a single arithmetic circuit in the input. Note that our other
problems which we prove to be PPAD N PLS-complete, as well as the previously known

CLS-complete problems, all have two arithmetic circuits in the input.

Proof. As explained above, GD-FINITE-DIFF immediately reduces to LINEAR-CONTI-
NUOUS-LOCALOPT and thus to GENERAL-CONTINUOUS-LOCALOPT, which lies in
PPAD N PLS by Proposition 7.6. Thus, it remains to show that GD-FINITE-DIFF is
PPAD N PLS-hard when we fix n = 2. This is achieved by reducing from GD-LOCAL-
SEARCH on domain [0, 1]?, which is PPAD N PLS-hard by Theorem 7.1. In fact, we
can even simplify the reduction by only considering GD-LOCAL-SEARCH instances
that have some additional structure, but remain PPAD N PLS-hard. Namely, consider
an instance (e,7, f, Vf, L) of GD-LOCAL-SEARCH on domain D = [0, 1]* such that:

e Vf is the gradient of f,
e [ and Vf are L-Lipschitz-continuous on [—1, 2]?.

To see that the problem remains PPAD N PLS-hard even with these restrictions, note
that the restrictions are satisfied by the hard instances constructed for the KKT
problem in the proof of Theorem 8.1, and that the reduction from KKT to GD-LOCAL-
SEARCH in Proposition 7.4 also trivially preserves them. In particular, even though
the proof of Theorem 8.1 only mentions that f and V f are L-Lipschitz-continuous on
[0,1]%, the same arguments also show that they are L-Lipschitz-continuous on [—1,2]?
(where L has been scaled by some fixed constant).

Let us now reduce from the instance (¢,7, f, Vf, L) of GD-LOCAL-SEARCH to
GD-FINITE-DIFF. We construct the instance (¢',n, h, F') of GD-FINITE-DIFF where
e =¢e/4, h = min{1, 877%} and F' is a linear arithmetic circuit that is obtained as
follows. Let § = min{e/4, Lh?/2}. By Theorem 2.1 and Remark B.1, we can construct
a linear arithmetic circuit F' : R? — R in polynomial time in size(f), log L and log(1/6)
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such that |f(z) — F(x)| < 6 for all z € [-1,2]%. Note that the second possibility in
Theorem 2.1 cannot occur, since f is guaranteed to be L-Lipschitz-continuous on
[—1,2)2.

Consider any solution of that instance of GD-FINITE-DIFF, i.e., a point z € [0, 1]?
such that F(Ilp(z — nV,F(z))) > F(z) — ¢/4. Let us show that z is a solution to
the original GD-LOCAL-SEARCH instance, i.e., that f(IIp(z —nV f(z))) > f(z) —e.

We have that for i € {1,2}

'mf(x)L V@),

| fl@+h-e) — flx—h-e)
| - - [Vi@),

<o (ym +hee) = f() = h[VI@)| + |- = h-e) + f(x) = h[VF()],

)

= o ([ +hee) = 10— (Vi (a4 ) = )

b =g =)+ @) + (T o= 1) - 0))

1 (L > L 2\ Lh
<o (el + 51-n-al?) = 5

where we used Taylor’s theorem (Lemma 7.1). Note that  + h - e; € [—1, 2], since
h < 1. Furthermore, it is easy to see that H%hF(x)]Z - [6hf(m)]z‘ < 0/h, since F
approximates f up to error § on all of [—1,2]2. Tt follows that H%hF(:c) — Vi) <
V2(6/h 4 Lh/2) < 2Lh. From this it follows that

‘f(HD (¢ =1V 5@))) = F(To (¢ = 14 F () ‘
< L+ [p (e = V(@) ~ o (x = n¥uF (@)

<L- H (;E - an(:z:)) — (l’ — U%hF(x)) H
<L -||ViF(z) = Vf()|
< 2nL?h.

Finally, note that |f(z) — F(z)| < § <¢/4 and
‘f(HD(x — n%hF(x))) — F(HD(x — n%hF(I)))‘ <6 <eg/d
Thus, since F(HD (z — n%hF(x))> > F(x) — /4, it follows that

f(HD (z— an(:c))) > f(x) — 3¢/4 — 2nL%h

i.e., x is a solution to the original GD-LOCAL-SEARCH instance, since 2nL*h <
e/4. O
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7.4.3 Minor observations on CONTINUOUS-LOCALOPT

In this section, we prove two simple results about CONTINUOUS-LOCALOPT.

Lemma 7.6. For all integers ko > k1 > 0, k;D-CONTINUOUS-LOCALOPT reduces to
koD-CONTINUOUS-LOCALOPT using a promise-preserving reduction.

Proof. For x € R* we write © = (11, 29), where z; € R* and o € R*7%_ Let
(¢,p, g, L) be an instance of k;D-CONTINUOUS-LOCALOPT. The reduction constructs
the instance (g,p', ¢, L) of ksD-CONTINUOUS-LOCALOPT, where

p(x) =p'(z1,22) = p(x1) and  ¢'(x) = g (w1, 22) = (g(21),0).

Clearly, the arithmetic circuits for p’ and ¢’ can be constructed in polynomial time
and are well-behaved.

Since |p'(z) —p'(y)| = |p(z1) —p(v1)| < Lljz1 —y1|| < L||lxz —y||, it is clear that any
violation z,y € [0, 1]* of L-Lipschitzness for p’ also yields a violation xy,4; € [0, 1]"

for p. Similarly, since

19’ (x) —g' W)l = [[(g(z1),0) = (g(31), )| = [lg(z1) —g(y)|| < Lllzr =l < Lllz—yll,

any violation x,y of L-Lipschitzness for ¢’ also yields a violation x1,%; for g. Thus,
any violation of the constructed instance is always mapped back to a violation of the
original instance, and the reduction is indeed promise-preserving.

Finally, note that any proper solution z € [0, 1]¥2 of the constructed instance,
i.e., such that p'(¢/(x)) > p'(z) — ¢, immediately yields a solution x; € [0, 1] of the

original instance. O]

Lemma 7.7. CONTINUOUS-LOCALOPT with codomain [0,1] for function p is equi-
valent to CONTINUOUS-LOCALOPT without this restriction.

Proof. Tt is clear that the version with the restriction trivially reduces to the version
without the restriction. Thus, it remains to show the other direction, namely that
CONTINUOUS-LOCALOPT without the codomain restriction reduces to the restricted
version.

Let (g,p, g, L) be an instance of CONTINUOUS-LOCALOPT with domain [0, 1]™ and
without a codomain restriction for p. The reduction constructs the instance (¢',p', g, L)

of CONTINUOUS-LOCALOPT with domain [0, 1], where ¢/ = 55+, L' = max{L, 5~}
R 2nL’ " 2n

) 1 p(x) —p(z)
'(z) = 1 0,-+—"F—7—
P (x) mln{ ,max{ 5 5T
where 2z, = (1/2,1/2,...,1/2) is the centre of [0, 1]". Note that the arithmetic circuit

computing p’ can be computed in polynomial time given the circuit for p, and that

and
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the modification of p will require using gates x(, but no general multiplication gates.
Thus, the circuit for p’ is also well-behaved. Note, in particular, that the value p(z.)
can be computed in polynomial time in the size of the circuit for p. It follows that
the reduction can be computed in polynomial time.

First of all, let us show that any point « € [0, 1]" such that p'(z) # 1 + i %Z;(Z‘)
will immediately yield a violation of the L-Lipschitzness of p. Indeed, if x and z.

satisfy the L-Lipschitzness of p, then this means that

p(2) = p(ze)| < Lllw — z|| < nL

since ,z. € [0,1]". As a result, it follows that  + 7% € [0,1] and thus
(z)—p(zc)

vl = p(e)—p(ze)

In the rest of this proof we assume that we always have p/(z) = § + 2522

since we can immediately extract a violation if we ever come across a pomt x where
this does not hold. Let us now show that any solution of the constructed instance
immediately yields a solution of the original instance. Clearly, any violation of the
L’-Lipschitzness of ¢ is trivially also a violation of L-Lipschitzness.

Next assume that z,y € [0,1]" are a violation of L’-Lipschitzness of p’. Let us
show by contradiction that x,y must be a violation of L-Lipschitzness for p. Indeed,
assume that x,y satisfy the L-Lipschitzness for p, then

(o) = ) = [A ) < Loy
which is a contradiction to x,y being a violation of L’-Lipschitzness of p'.

Finally, consider any proper solution of the constructed instance, i.e., z € [0,1]"
such that p'(g(z)) > p/(x) —€’. Then it follows straightforwardly that p(g(z)) >
p(z)—2nLe’, which implies that x is a solution to the original instance, since 2nLe’ = ¢.
Note that the reduction is also promise-preserving, since we always map violations of

the constructed instance back to violations of the original instance. O

7.5 Conclusion and Future Directions

Our results may help to identify the complexity of the following problems that are
known to lie in PPAD N PLS:

e MIiXED-CONGESTION: The problem of finding a mized Nash equilibrium of
a congestion game. It is known that finding a pure Nash equilibrium is PLS-
complete [FPT04]. Babichenko and Rubinstein [BR21] have recently applied
our main result to obtain PPAD N PLS-completeness for MIXED-CONGESTION.
It would be interesting to extend this to network congestion games, where the

strategies are represented implicitly.
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e POLYNOMIAL-KKT: The special case of the KKT problem where the function
is a polynomial, provided explicitly in the input (exponents in unary). A
consequence of the above-mentioned reduction by Babichenko and Rubinstein
[BR21] is that the problem is PPAD N PLS-complete for polynomials of degree 5.
It is an interesting open problem to extend this hardness result to lower degree

polynomials.

e CONTRACTION: Find a fixed point of a function that is contracting with respect

to some £)-norm.

e TARSKI: Find a fixed point of an order-preserving function, as guaranteed by
Tarski’s theorem [EPRY20; FS21; DQY20].

e COLOURFULCARATHEODORY: A problem based on a theorem in convex geo-
metry [MMSS17].

The first three problems on this list were known to lie in CLS [DP11], while the
other two were only known to lie in PPAD N PLS.

The collapse between CLS and PPAD NPLS raises the question of whether the class
EOPL (for End of Potential Line), a subclass of CLS, is also equal to PPAD N PLS.
The class EOPL, or more precisely its subclass UEOPL (with U for unique), is known
to contain various problems of interest that have unique solutions such as Unique
Sink Orientation (USO), the P-matrix Linear Complementarity Problem (P-LCP),
Simple Stochastic Games (SSG) and Parity Games [FGMS20]. We conjecture that
EOPL #PPAD NPLS. Unlike CLS, EOPL has a more standard combinatorial definition
that is simultaneously a special case of END-OF-LINE and LocALopT. While PPAD N
PLS captures problems that have a PPAD-type proof of existence and a PLS-type
proof of existence, EOPL seems to capture problems that have a single proof of
existence which is simultaneously of PPAD- and PLS-type. The first step towards
confirming this conjecture would be to provide an oracle separation between EOPL
and PPAD N PLS, in the sense of Beame et al. [BCE198].

Ishizuka [Ish21] has recently provided a somewhat artificial problem that is complete
for PPA N PLS. This raises the interesting question of whether PPA N PLS, and other
intersections of well-studied classes, also admit natural complete problems, or if
PPAD N PLS is in fact an isolated case.
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Chapter 8
KKT is PPAD N PLS-hard

In this chapter, we prove the following theorem, which is the main technical contri-
bution underpinning all of the results presented in the previous chapter, including
the collapse CLS = PPAD N PLS.

Theorem 8.1. KKT is PPAD N PLS-hard, even when the domain is fized to be
the unit square [0,1]2. The hardness continues to hold even if one considers the

promise-version of the problem, i.e., only instances without violations.

8.1 Proof Overview

In order to prove Theorem 8.1 we provide a polynomial-time many-one reduction
from the PPAD N PLS-complete problem EITHER-SOLUTION(END-OF-LINE,ITER)
(see Section 2.3.5) to the KKT problem on domain [0, 1]%.

Given an instance IF°F of END-OF-LINE and an instance I'™*R of ITER, we
construct an instance I¥XT = (g, f, V£, L) of the KKT problem on domain [0, 1]?
such that from any e-KKT point of f, we can efficiently obtain a solution to either
TEOL or 'TER  The function f and its gradient Vf are first defined on an expo-
nentially small grid on [0, 1]?, and then extended within every small square of the
grid by using bicubic interpolation. This ensures that the function is continuously
differentiable on the whole domain. The most interesting part of the reduction is

EOL
I,

how the function is defined on the grid points, by using information from and

then, where necessary, also from I'TER,

Embedding I'¥°Y. The domain is first subdivided into 2" x 2" big squares, where [2"]
is the set of vertices in 9T, The big squares on the diagonal (shaded in Figure 8.1)
represent the vertices of I®°F and the function f is constructed so as to embed
the directed edges in the graph of I®OV. If the edge (vy,vs) in POV is a forward
edge, i.e, v; < vy, then there will be a “green path” going from the big square

of vy to the big square of vo. On the other hand, if the edge (vi,v;) in IFV is a
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Figure 8.1: A high-level illustration of our construction. The shaded squares on the
diagonal correspond to vertices of the graph represented by IFOF, in this case corresponding
to the graph in Figure 2.2. The green and orange arrows encode the directed edges of the
graph. The positions where I'TFR is encoded, i.e., the PLS-Labyrinths, are shown as boxes
labelled “PLS”. They are located at points where the embedding of I®° would introduce
false solutions, and their purpose is to hide those false solutions by co-locating any such
solution with a solution to I'TFR,

backward edge, i.e., v; > vy, then there will be an “orange path” going from the
big square of v; to the big square of vy. These paths are shown in Figure 8.1 for
the corresponding example instance of Figure 2.2.

The function f is constructed such that when we move along a green path the
value of f decreases. Conversely, when we move along an orange path the value of
f increases. Outside the paths, f is defined so as to decrease towards the origin

TEOL starts. As a

(0,0) € [0,1], where the green path corresponding to the source of
result, we show that an e-KKT point can only occur in a big square corresponding to a
vertex v of I®OF such that (a) v is a solution of IF°F, or (b) v is not a solution of IFOV,
but its two neighbours (in the IO graph) are both greater than v, or alternatively
both less than v. Case (b) exactly corresponds to the case where a green path “meets”

an orange path. In that case, it is easy to see that an e-KKT point is unavoidable.

The PLS-Labyrinth. In order to resolve the issue with case (b) above, we use the
following idea: hide the (unavoidable) e-KKT point in such a way that locating it
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requires solving I'™®®! This is implemented by introducing a gadget, that we call the
PLS-Labyrinth, at the point where the green and orange paths meet (within some big
square). An important point is that the PLS-Labyrinth only works properly when
it is positioned at such a meeting point. If it is positioned elsewhere, then it will
either just introduce additional unneeded e-KKT points, or even introduce e-KKT
points that are easy to locate. Indeed, if we were able to position the PLS-Labyrinth
wherever we wanted, this would presumably allow us to show PLS-hardness, which
we do not expect to hold. In Figure 8.1, the positions where a PLS-Labyrinth is
introduced are shown as grey boxes labelled “PLS”.

Every PLS-Labyrinth is subdivided into exponentially many medium squares such
that the medium squares on the diagonal (shaded in Figure 8.2) correspond to the
nodes of I'™R_ The point where the green and orange paths meet, which lies just
outside the PLS-Labyrinth, creates an “orange-blue path” which then makes its way
to the centre of the medium square for node 1 of I'™*R_ Similarly, for every node
u of I'ER that is a candidate to be a solution (i.e., with C(u) > u), there is an
orange-blue path starting from the orange path (which runs along the PLS-Labyrinth)
and going to the centre of the medium square corresponding to u. Sinks of orange-blue
paths introduce e-KKT points, and so for those u that are not solutions of I'TFR
the orange-blue path of u turns into a “blue path” that goes and merges into the
orange-blue path of C'(u). This ensures that sinks of orange-blue paths (that do not
turn into blue paths) exactly correspond to the solutions of IR, An interesting
point to note is that sources of blue paths do not introduce e-KKT points. This allows
us to handle crossings between paths in a straightforward way. Figure 8.2 shows an

overview of the PLS-Labyrinth that encodes the ITER example of Figure 2.3.

Bicubic interpolation. Within our construction, we specify how the objective
function f behaves within the “small squares” of [0, 1]2. At this stage, we have values
of f and Vf at the corners of the small squares, and we then need to smoothly
interpolate within the interior of the square. We use bicubic interpolation to do
this. It constructs a smooth polynomial over the small square given values for f
and Vf at the square’s corners.

We must prove that using bicubic interpolation does not introduce any e-KKT
points within any small square, unless that small square corresponds to a solution of
I'TER or JEOL  Each individual small square leads to a different class of polynomials,
based on the colour-coding of the grid point, and the direction of the gradient at
each grid point. Our construction uses 101 distinct small squares, and we must prove
that no unwanted solutions are introduced in any of them. By making use of various
symmetries we are able to group these 101 squares into just four different cases for
which we can directly verify that the desired statement holds: an e-KKT point can

only appear in a small square that yields a solution of I'TFR or JFOL,
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Figure 8.2: High-level illustration of the PLS-Labyrinth corresponding to the ITER example
of Figure 2.3. Shaded squares on the diagonal correspond to the nodes of ITER. Colours of
lines determine how f is constructed at these points. The horizontal blue lines (pointing
left) correspond to the 3 edges in Figure 2.3 that go out from non-solutions, and we do not
use similar lines going out from solutions (nodes 3 and 7).

8.2 Defining the Function on the Grid

Consider any instance of END-OF-LINE with 2" vertices and any instance of ITER
with 2™ nodes. We work on the domain [0, N]? with a grid G = {0,1,2,..., N}?
where N = 2" - 2™+ We explain at the end of the chapter how the domain can

easily be scaled down to [0,1]?.

Overview of the embedding. We divide the domain [0, N]? into 2" x 2" big
squares. For any vy,vy € [2"], let B(v1,vy) denote the big square
N N
|:(U1 — 1)2—n,1)12—n:| X |:(U2 — 1)2—n,U22—n:|

We use the following interpretation: the vertex v € [2"] of the END-OF-LINE instance
is embedded at the centre of the big square B(v,v). Thus, the vertices are arranged

along the main diagonal of the domain. In particular, the trivial source 1 € [2"]
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is located at the centre of the big square that lies in the bottom-left corner of the
domain and contains the origin.

We seek to embed the edges of the END-OF-LINE instance in our construction.
For every directed edge (vq,v2) of the END-OF-LINE instance, we are going to embed
a directed path in the grid G that goes from the centre of B(vy,v;) to the centre of
B(vy,v9). The type of path used and the route taken by the path will depend on

whether the edge (v, v2) is a “forward” edge or a “backward” edge. In more detail:

o if v; < vy (“forward” edge), then we will use a so-called green path that can
only travel to the right and upwards. The path starts at the centre of B(vy,v;)
and moves to the right until it reaches the centre of B(vq,v1). Then, it moves

upwards until it reaches its destination: the centre of B(vq,vs).

o if v; > vy (“backward” edge), then we will use a so-called orange path that can
only travel to the left and downwards. The path starts at the centre of B(vy,v1)
and moves to the left until it reaches the centre of B(vg,v1). Then, it moves

downwards until it reaches its destination: the centre of B(vq, vs).

Figure 8.3 illustrates the high-level idea of the embedding with an example.

For points of the grid GG that are part of the “environment,” namely that do not
lie on a path, the function f will simply be defined by (z,y) + = + y. Thus, if there
are no paths at all, the only local minimum of f will be at the origin. However,
a green path starts at the origin and this will ensure that there is no minimum
there. This green path will correspond to the outgoing edge of the trivial source
1 € [2"] of the END-OF-LINE instance.

The green paths will be constructed such that if one moves along a green path the
value of f decreases, which means that we are improving the objective function value.
Furthermore, the value of f at any point on a green path will be below the value of f
at any point in the environment. Conversely, the orange paths will be constructed
such that if one moves along an orange path the value of f increases, so the objective
function value becomes worse. Additionally, the value of f at any point on an orange
path will be above the value of f at any point in the environment.

As a result, if any path starts or ends in the environment, there will be a local
minimum or maximum at that point (and thus a KKT point). The only exception is the
path corresponding to the outgoing edge of the trivial vertex 1 € [2"]. The start of that
path will not create a local minimum or maximum. Thus, in the example of Figure 8.3,
there will certainly be KKT points in B(3,3), B(7,7) and B(8,8), but not in B(1,1).

Recall that every vertex v € [2"] has at most one incoming edge and at most one

outgoing edge. Thus, for any vertex v # 1, one of the following cases occurs:
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e v is an isolated vertex. In this case, the big square B(v,v) will not contain any
path and will fully be in the environment, thus not containing any KKT point.

Example: vertex 5 in Figure 8.3.

e v has one outgoing edge and no incoming edge. In this case, the big square
B(v,v) will contain the start of a green or orange path. There will be a KKT
point at the start of the path, which is fine, since v is a (non-trivial) source of

the END-OF-LINE instance. Example: vertex 7 in Figure 8.3.

e v has one incoming edge and no outgoing edge. In this case, the big square
B(v,v) will contain the end of a green or orange path. There will be a KKT point
at the end of the path, which is again fine, since v is a sink of the END-OF-LINE

instance. Example: vertices 3 and 8 in Figure 8.3.
e v has one outgoing and one incoming edge. In this case, there are two sub-cases:

— If both edges yield paths of the same colour, then we will be able to
“connect” the two paths at the centre of B(v,v) and avoid introducing a

KKT point there. Example: vertex 4 in Figure 8.3.

— If one of the paths is green and the other one is orange, then there will be
a local maximum or minimum in B(v,v) (and thus a KKT point). It is
not too hard to see that this is in fact unavoidable. This is where we use
the main new “trick” of our reduction: we “hide” the exact location of the
KKT point inside B(v,v) in such a way, that finding it requires solving
a PLS-complete problem, namely the ITER instance. This is achieved by
introducing a new gadget at the point where the two paths meet. We call
this the PLS-Labyrinth gadget.

The construction of the green and orange paths is described in detail in Section 8.2.3.
The PLS-Labyrinth gadget is described in detail in Section 8.2.4.
8.2.1 Pre-processing

Consider any instance ((S, P),C') of EITHER-SOLUTION(END-OF-LINE,ITER), i.e.,
S,P : [2"] — [2"] is an instance of END-OF-LINE and C' : [2"] — [2™] is an in-
stance of ITER. Without loss of generality, we can assume that these instances

satisfy the following:

1. The successor and predecessor circuits S, P agree on all edges. Formally, for all
v € [2"], it holds that

e if S(v) # v, then P(S(v)) = v, and
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Figure 8.3: Example of the high-level idea for the embedding of an END-OF-LINE instance
in the domain. In this example we are embedding an END-OF-LINE instance with the set
of vertices [8] (i.e., n = 3) and the directed edges: (1,4), (2,8), (4,6), (6,2) and (7,3) (see
Figure 2.2). The domain is divided into 8 x 8 big squares, and the big squares corresponding
to the vertices of the END-OF-LINE graph are coloured in grey. The solutions of this
END-OF-LINE instance are the vertices 3, 7 and 8.

e if P(v) # v, then S(P(v)) = v.

This property can be ensured by a simple pre-processing step. We modify
the circuit S, so that before outputting S(v), it first checks whether (S(v) #
v) A (P(S(v)) # v), and, if this holds, outputs v instead of S(v). It is easy to
see that this new circuit for .S can be constructed in polynomial time in the size
of S and P. We also perform the analogous modification for P. It is easy to

check that this does not introduce any new solutions.

2. For all u € [2"] we have C'(u) > u. We can ensure that this holds by modifying
the circuit C, so that before outputting C'(u), it checks whether C'(u) < u, and,

if this is the case, outputs u instead of C'(u). Again, the modification can be

142



done in polynomial time and does not introduce new solutions, nor does it stop
the problem from being total.
8.2.2 The value regimes

Recall that we want to specify the value of f and —V f (the direction of steepest
descent) at all points on the grid G = {0,1,2,..., N}?, where N = 2" . 2™+ [n
order to specify the value of f, it is convenient to define wvalue regimes. Namely,

if a point (z,y) € G is in:
e the red value regime, then f(x,y) :=x —y+ 4N + 20.

the orange value regime, then f(x,y) := —x —y + 4N + 10.

the black value regime, then f(z,y) :=x +y.

the green value regime, then f(z,y) := —z —y — 10.

the blue value regime, then f(x,y) =2 —y — 2N — 20.

Note that at any point on the grid, the value regimes are ordered: red > orange >
black > green > blue. Furthermore, it is easy to check that the gap between any

two regimes at any point is at least 10. Figure 8.4 illustrates the main proper-

N
/

Figure 8.4: The value regimes. On the left, the colours are ordered according to increasing
value, from left to right. On the right, we indicate for each value regime, the direction in
which it improves, i.e., decreases, in the x-y-plane.

ties of the value regimes.

The black value regime will be used for the environment. Thus, unless stated
otherwise, every grid point is coloured in black, i.e., belongs to the black value
regime. Furthermore, unless stated otherwise, at every black grid point (z,y), the
direction of steepest descent, i.e., —V f(z,y), will point to the left.! The only
exceptions to this are grid points that lie in paths, or grid points that lie on the

left boundary of the domain (i.e., z = 0).

)

INotice that that is not exactly the same as the negative gradient of the “black regime function’
(z,y) — = + y, which would point south-west. Nevertheless, as we show later, this is enough to
ensure that the bicubic interpolation that we use does not introduce any points with zero gradient in
a region of the environment.
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8.2.3 Embedding the END-OF-LINE instance: The green and
orange paths

Our construction specifies for each grid point a colour (which represents the value
of f at that point) and an arrow that represents the direction of —V f at that point.
A general “rule” that we follow throughout our construction is that the function
values should be consistent with the arrows. For example, if some grid point has
an arrow pointing to the right, then the adjacent grid point to the right should
have a lower function value, while the adjacent grid point to the left should have a
higher function value. This rule is not completely sufficient by itself to avoid KKT
points, but it is already a very useful guide.

Recall that the grid G = {0,1,2,..., N}? subdivides every big square B(vy,vs)
into 2m** x 2m*+4 gmall squares. The width of the paths we construct will be two

small squares. This corresponds to a width of three grid points.

Green paths. When a green path moves to the right, the two lower grid points will
be coloured in green, and the grid point at the top will be in black. Figure 8.5a shows a
big square that is traversed by a green path from left to right. Such a big square is said
to be of type G1. The black arrows indicate the direction of —V f at every grid point.

When a green path moves upwards, the two right-most grid points will be coloured
in green, and the grid point on the left will be in black. Figure 8.5b shows a big square
of type G2, namely one that is traversed by a green path from the bottom to the top.

Recall that a green path implementing an edge (vy,v,) (where v < wvy) comes
into the big square B(vg,v1) from the left and leaves at the top. Thus, the path
has to “turn.” Figure 8.5¢ shows how this turn is implemented. The big square
B(vq,v1) is said to be of type G3.

If a vertex v € [2"] has one incoming edge (v1,v) and one outgoing edge (v, vq)
such that v; < v < vy, then both edges will be implemented by green paths. The
green path corresponding to (vy,v) will enter B(v,v) from the bottom and stop at
the centre of B(v,v). The green path corresponding to (v, vs) will start at the centre
of B(v,v) and leave the big square on the right. In order to avoid introducing any
KKT points in B(v,v) (since v is not a solution of the END-OF-LINE instance), we
will connect the two paths at the centre of B(v,v). This will be achieved by a simple
turn, as shown in Figure 8.5d. The big square B(v,v) is said to be of type G4.

If a vertex v € [2"] \ {1} has one outgoing edge (v, vy) such that v < vy, and no
incoming edge, then this will yield a green path starting at the centre of B(v,v) and
going to the right, as shown in Figure 8.5e. The big square B(v,v) is said to be of
type G5 in that case. It is not hard to see that there will be a KKT point at the
source of that green path. On the other hand, if a vertex v € [2"] \ {1} has one
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incoming edge (v, v) such that v; < v, and no outgoing edge, then this will yield a
green path coming from the bottom and ending at the centre of B(v,v), as shown
in Figure 8.5f. The big square B(v,v) is said to be of type G6 in that case. Again,
there will be a KKT point at the sink of that green path.

Orange paths. The structure of orange paths is, in a certain sense, symmetric
to the structure of green paths. When an orange path moves to the left, the two
upper grid points will be coloured in orange, and the grid point at the bottom will be
in black. Figure 8.6a shows a big square that is traversed by an orange path from
right to left. Such a big square is said to be of type O1.

When an orange path moves downwards, the two left-most grid points will be
coloured in orange, and the grid point on the right will be in black. Figure 8.6b shows
a big square of type O2, namely one that is traversed by an orange path from top
to bottom. Note that the arrows on an orange path essentially point in the opposite
direction compared to the direction of the path. This is because we want the value
to increase (i.e., worsen) when we follow an orange path.

An orange path implementing an edge (v, vy) (where vy > v9) comes into the big
square B(vg,v1) from the right and leaves at the bottom. This turn is implemented
as shown in Figure 8.6¢c. The big square B(vq,v1) is said to be of type O3.

If a vertex v € [2"] has one incoming edge (v1,v) and one outgoing edge (v, vs)
such that v; > v > v, then both edges will be implemented by orange paths. The
orange path corresponding to (v, v) will enter B(v,v) from the top and stop at the
centre of B(v,v). The orange path corresponding to (v, vy) will start at the centre of
B(v,v) and leave the big square on the left. As above, we avoid introducing a KKT
point by connecting the two paths at the centre of B(v,v). This is achieved by the
turn shown in Figure 8.6d. The big square B(v,v) is said to be of type O4.

If a vertex v € [2"] \ {1} has one outgoing edge (v, vy) such that v > vy, and no
incoming edge, then this will yield an orange path starting at the centre of B(v,v)
and going to the left, as shown in Figure 8.6e. The big square B(v,v) is said to be
of type O5 in that case. It is not hard to see that there will be a KK'T point at the
source of that orange path. On the other hand, if a vertex v € [2"] \ {1} has one
incoming edge (vy,v) such that v; > v, and no outgoing edge, then this will yield
an orange path coming from the top and ending at the centre of B(v,v), as shown
in Figure 8.6f. The big square B(v,v) is said to be of type O6 in that case. Again,
there will be a KKT point at the sink of that orange path.
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Figure 8.5: Construction of the green paths. The figures show various types of big squares
containing different portions of green paths. In these illustrations, the big squares are
assumed to have size 8 x 8 instead of 2mT4 x 2m+4,
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(e) [O5] Source: orange path starting at the (f) [O6] Sink: orange path entering big square
centre of big square and leaving on the left. from the top and ending at the centre.

Figure 8.6: Construction of the orange paths. The figures show various types of big
squares containing different portions of orange paths. In these illustrations, the big squares
are assumed to have size 8 x 8 instead of 214 x 2m+4,
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Crossings. Note that, by construction, green paths only exist below the diagonal,
and orange paths only exist above the diagonal. Thus, there is no point where an
orange path crosses a green path. However, there might exist points where green
paths cross, or orange paths cross. First of all, note that it is impossible to have
more than two paths traversing a big square, and thus any crossing involves exactly
two paths. Furthermore, no crossing can occur in big squares where a “turn” occurs,
since, in that case, the turn connects the two paths.

The only way for two green paths to cross is the case where a green path traverses
a big square from left to right, and a second green path traverses the same big
square from bottom to top. In that case, we say that the big square is of type G7.
This problem always occurs when one tries to embed an END-OF-LINE instance in a
two-dimensional domain. Chen and Deng [CD09] proposed a simple, yet ingenious,
trick to resolve this issue. The idea is to locally re-route the two paths so that they
no longer cross. This modification has the following two crucial properties: a) it is
completely local, and b) it does not introduce any new solution (in our case a KKT
point). Figure 8.7a shows how this modification is implemented for crossing green
paths, i.e., what our construction does for big squares of type GT7.

The same issue might arise for orange paths. By the same arguments as above, this
can only happen when an orange path traverses a big square from right to left, and a
second orange path traverses the same big square from top to bottom. In that case,
we say that the big square is of type O7. Figure 8.7b shows how the issue is locally

resolved in that case, i.e., what our construction does for big squares of type O7.

Boundary and origin squares. Any big square that is not traversed by any path
(including all big squares B(v,v) where v is an isolated vertex of the END-OF-LINE
instance), will have all its grid points coloured in black, and —V f pointing to the left.
These big squares, which are said to be of type E1, are as represented in Figure 8.8a.
The only exceptions to this rule are the big squares B(1,v) for all v € [2"]\ {1}. In
those big squares, which are said to be of type E2, the grid points on the left boundary
have —V f pointing downwards, instead of to the left. The rest of the grid points
have —V f pointing to the left as before. Note that none of these big squares is ever
traversed by a path, so they are always as shown in Figure 8.8b.

The big square B(1, 1) is special and we say that it is of type S. Since it corresponds
to the trivial source of the END-OF-LINE instance, it has one outgoing edge (which
necessarily corresponds to a green path) and no incoming edge. Normally, this would
induce a KKT point at the centre of B(1,1) (as in Figure 8.5¢). Furthermore, recall
that, by the definition of the black value regime, there must also be a KKT point
at the origin, if it is coloured in black. By a careful construction (which is very
similar to the one used by Hubédcek and Yogev [HY20] for CONTINUOUS-LOCALOPT)
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Figure 8.7: Crossing gadgets for green and orange paths. In these two illustrations, the
big squares are assumed to have size 16 x 16 instead of 2m+4 x 2m+4,
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Figure 8.8: Big squares not traversed by any path. In these two illustrations, the big
squares are assumed to have size 8 x 8 instead of 214 x 2m+4,
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Figure 8.9: [S] Construction for big square B(1,1) (for size 8 x 8 instead of 24 x 2m+4),

we can ensure that these two KK'T points neutralise each other. In other words,
instead of two KKT points, there is no KKT point at all in B(1,1). The construction
for B(1,1) is shown in Figure 8.9.

Figure 8.10 shows the whole construction for a small example where n = 1 and

big squares have size 8 x 8 (instead of 2mT* x 2m+4),

Green and orange paths meeting. Our description of the construction is almost
complete, but there is one crucial piece missing. Indeed, consider any vertex v that
has one incoming edge (v, v) and one outgoing edge (v, vy) such that: A) v; < v and
vy < v, or B) v; > v and v > v. As it stands, a green path and an orange path meet
at the centre of B(v,v) which means that there is a local minimum or maximum at the
centre of B(v,v), and thus a KKT point. However, v is not a solution to the END-OF-

LINE instance. Even though we cannot avoid having a KKT point in B(v,v), we can
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Figure 8.10: [X] Full construction for a small example, in particular showing the whole
boundary. Here n = 1 and big squares have size 8 x 8 (instead of 2m+4 x 2m+4),

“hide” it, so that finding it requires solving the ITER instance. This is implemented by
constructing a PLS-Labyrinth gadget at the point where the green and orange paths
meet. Figures 8.11a and 8.11b show where this PLS-Labyrinth gadget is positioned
inside a big square of type LA (namely when case A above occurs) and a big square of
type LB (namely when case B above occurs) respectively. The PLS-Labyrinth gadget
can only be positioned at a point where a green path and an orange path meet. In
particular, it cannot be used to “hide” a KKT point occurring at a source or sink of a

green or orange path, i.e., at a solution of the END-OF-LINE instance.

In our construction, every big square is of type G1, G2, ..., G7, O1, O2, ..., O7,
E1, E2, S, LA or LB. Note that we can efficiently determine the type of a given big

square, if we have access to the END-OF-LINE circuits S and P.

8.2.4 Embedding the ITER instance: The PLS-Labyrinth

PLS-Labyrinth. We begin by describing the PLS-Labyrinth gadget for case A, i.e.,
v has one incoming edge (v1,v) and one outgoing edge (v, vy) such that v; < v and
v < v. In particular, B(v,v) is of type LA. The PLS-Labyrinth gadget comprises

2m+2 % 9mF2 gmall squares and is positioned in the big square B(v,v) as shown in
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(a) [LA] Position of PLS-Labyrinth gadget in (b) [LB] Position of PLS-Labyrinth gadget in
big square of type LA. big square of type LB.

Figure 8.11: Position of PLS-Labyrinth gadget in big squares of type LA and LB.

Figure 8.11a. Note, in particular, that the bottom side of the gadget is adjacent
to the orange path, and the bottom-right corner of the gadget lies just above the
point where the green and orange paths intersect (which occurs at the centre of
B(v,v)). Finally, observe that since B(v,v) has 2™ x 2™ small squares, there
is enough space for the PLS-Labyrinth gadget.

For convenience, we subdivide the PLS-Labyrinth gadget into 2™ x 2™ medium
squares. Thus, every medium square is made out of 4 x 4 small squares. We index
the medium squares as follows: for uy,us € [2™], let M (uy,us2) denote the medium
square that is the usth from the bottom and the ujth from the right. Thus, M(1,1)
corresponds to the medium square that lies at the bottom-right of the gadget (and is
just above the intersection of the paths). Our construction will create the following
paths inside the PLS-Labyrinth gadget:

e For every u € [2™] such that C'(u) > u, there is an orange-blue path starting at

M (u,1) and moving upwards until it reaches M (u, u).

e For every u € [2™] such that C'(u) > v and C(C(u)) > C(u), there is a blue
path starting at M (u,v) and moving to the left until it reaches M (C(u),u).

Figure 8.12 shows a high-level overview of how the ITER instance is embedded in
the PLS-Labyrinth. Note that if C'(u) > u and C(C(u)) > C(u), then the blue path
starting at M (u,u) will move to the left until M (C'(u),u) where it will reach the
orange-blue path moving up from M (C(u), 1) to M(C(u),C(u)) (which exists since
C(C(u)) > C(u)). Thus, every blue path will always “merge” into some orange-blue
path. On the other hand, some orange-blue paths will stop in the environment

without merging into any other path. Consider any u € [2™] such that C(u) > w.
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Figure 8.12: Map of the PLS-Labyrinth for case A corresponding to the ITER example of
Figure 2.3. Shaded squares are the medium squares corresponding to the nodes of ITER.
The horizontal blue lines (pointing left) correspond to the 3 edges in Figure 2.3 that go out
from non-solutions, and we do not use similar lines going out from solutions (nodes 3 and
7). We have also indicated the parts LA1-LA6, and LAX1-LAX2, that are constructed in
Figure 8.13.

The orange-blue path for u stops at M (u,u). If C(C(u)) > C(u), then there is a blue
path starting there, so the orange-blue path “merges” into the blue path. However, if
C(C(u)) < C(u), i.e., C(C(u)) = C(u), there is no blue path starting at M (u, ) and
the orange-blue path just stops in the environment. Thus, the only place in the PLS-
Labyrinth where a path can stop in the environment is in a medium square M (u, u)
such that C'(u) > u and C(C(u)) = C(u). This corresponds exactly to the solutions
of the ITER instance C. In our construction, we will ensure that KKT points can

indeed only occur at points where a path stops without merging into any other path.

Orange-blue paths. An orange-blue path moves from M (u, 1) upwards to M (u, u)
(for some u € [2™] such that C(u) > w) and has a width of two small squares. The left-
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most point is coloured in orange and the two points on the right are blue. Figure 8.13a
shows a medium square that is being traversed by the orange-blue path, i.e., a medium
square M (u,w) where w < u. We say that such a medium square M (u,w) is of type
LA1. When the orange-blue path reaches M (u,u), it either “turns” to the left and
creates the beginning of a blue path (medium square of type LA4, Figure 8.13d), or
it just stops there (medium square of type LA2, Figure 8.13b). The case where the
orange-blue path just stops, occurs when there is no blue path starting at M (u, u).
Note that, in that case, u is a solution of the ITER instance, and so it is acceptable
for a medium square of type LA2 to contain a KKT point.

The orange-blue path begins in M (u, 1), which lies just above the orange path. In
fact, the beginning of the orange-blue path is adjacent to the orange path as shown in
Figure 8.13g. This is needed, since if the orange-blue path started in the environment,
the point coloured orange would yield a local maximum and thus a KKT point.

The beginning of the orange-blue path for u = 1 is special, since, in a certain sense,
this path is created by the intersection of the green and orange paths. Figure 8.13h
shows how the intersection is implemented and how exactly it is adjacent to M (1,1).

Note that M(1,1) is just a standard “turn,” i.e., a medium square of type LA4.

Blue paths. A blue path starts in M (u,u) for some u € [2™] such that C(u) > u
and C(C(u)) > C(u). It moves from right to left and has a width of two small squares.
All three points on the path are coloured blue and the direction of steepest descent
points to the left. Figure 8.13c shows a medium square traversed by a blue path. Such
a medium square is said to be of type LA3. As mentioned above, the blue path starts
at M (u,w) which is of type LA4 (a “turn”). When the blue path reaches M (C(u),u),
it merges into the orange-blue path going from M (C(u),1) to M(C(u),C(u)). This
merging is straightforward and is implemented as shown in Figure 8.13f. The medium
square M (C(u),u) is then said to be of type LAS5.

Crossings. Note that two orange-blue paths cannot cross, and similarly two blue
paths can also not cross. However, a blue path going from M (u,w) to M(C(u),u) can
cross many other orange-blue paths, before it reaches and merges into its intended
orange-blue path. Fortunately, these crossings are much easier to resolve than earlier.
Indeed, when a blue path is supposed to cross an orange-blue path, it can simply
merge into it and restart on the other side. The important thing to note here is
that, while a blue path cannot stop in the environment (without creating a KKT
point), it can start in the environment. Figure 8.13e shows how this is implemented.
In particular, we use a medium square of type LAS for the merging, and a medium

square of type LAG6 for the re-start of the blue path.
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of green and orange path.
M(1,1) is indicated in grey.

Figure 8.13: Construction of blue and orange-blue paths in the PLS-Labyrinth gadget
inside a big square of type LA.
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Note that if the blue path has to cross more than one orange-blue path in im-
mediate succession, then it will simply merge into the first one it meets, and re-
start after the last one (i.e., as soon as it reaches a medium square that is not

traversed by an orange-blue path).

Finally, we say that a medium square is of type LAY, if it does not contain any
path at all. Medium squares of type LAT are like the environment, i.e., all the grid
points are coloured black and the arrows of steepest descent point to the left. In
our construction, every medium square in the PLS-Labyrinth gadget is of type LA,
LA2, ..., LA6, or LA7. It is easy to check that the type of a given medium square

can be determined efficiently, given access to the ITER circuit C.

The PLS-Labyrinth gadget for case B is, in a certain sense, symmetric to the one
presented above. Indeed, it suffices to perform a point reflection (in other words,
a rotation by 180 degrees) with respect to the centre of B(v,v), and a very simple
transformation of the colours. With regards to the final interpolated function, this
corresponds to rotating B(v,v) by 180 degrees around its centre and multiplying
the output of the function by —1. Let ¢ : B(v,v) — B(v,v) denote rotation by
180 degrees around the centre of B(v,v). Then, the direction of steepest descent
at some grid point (z,y) € B(v,v) in case B is simply the same as the direction
of steepest descent at ¢(z,y) in case A. The colour of (z,y) in case B is obtained

from the colour of ¢(z,y) in case A as follows:
e black remains black,
e green becomes orange, and vice-versa,
e blue becomes red, and vice-versa.

Figure 8.14 shows a high-level overview of the PLS-Labyrinth gadget for case B. We
obtain corresponding medium squares of type LB1, LB2, ..., LB7. The analogous

illustrations for case B are shown in Figure 8.15.

8.3 Extending the Function to the Rest of the
Domain

Up to this point we have defined the function f and the direction of its gradient at
all grid points of G. In order to extend f to the whole domain [0, N|?, we use bicubic
interpolation (see, e.g., [Rus95] or the corresponding Wikipedia article?). Note that

the more standard and simpler bilinear interpolation (used in particular by Hubacek

’https://en.wikipedia.org/wiki/Bicubic_interpolation
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Figure 8.14: Map of the PLS-Labyrinth for case B corresponding to the ITER example of
Figure 2.3. Shaded squares are the medium squares corresponding to the nodes of ITER. We
have also indicated the parts LB1-LLB6, and LBX1-LBX2, that are constructed in Figure 8.15.

and Yogev [HY20]) yields a continuous function, but not necessarily a continuously
differentiable function. On the other hand, bicubic interpolation ensures that the
function will indeed be continuously differentiable over the whole domain [0, N]?.
We use bicubic interpolation in every small square of the grid G. Consider any small
square and let (z,y) € [0,1]* denote the local coordinates of a point inside the square.

Then, the bicubic interpolation inside this square will be a polynomial of the form:

flay) =Y ) aya'y’ (8.1)

i=0 j=0
where the coefficients a;; are computed as follows
Qoo @p1  G@o2 Qo3
aip 11 G2 a3 (8 2)

G20 d21 G22 A23
a3zp 31 azz2 AaAs3
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path. Medium square of type LB5 indic- green path, adjacent to green path for v = 1, ad-
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M(1,1) is indicated in grey.

Figure 8.15: Construction of red and red-green paths in the PLS-Labyrinth gadget inside
a big square of type LB.
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1 0 0 0 £(0,0)  f(0,1)  f£,0,0) f£,0,1)7 [1 0 =3 2
o 0o 1 o0 F(LO) f(L,1) f,(1,00 fL1)| |00 3 -2
T3 3 -2 100,00 £(0,1) fu,(0,0) fr(0.D)] 0 1 —2 1

2 -2 1 1] [£(1L0) fu(11) fu(10) fo(L,D)] [0 0 -1 1

Here f, and f, denote the partial derivatives with respect to x and y respectively. Simil-
arly, fz, denotes the second order partial derivative with respect to x and y. It remains

to explain how we set the values of f, f,, f, and f;, at the four corners of the square:

e The values f(0,0), f(0,1), f(1,0) and f(1,1) are set according to the value

regimes in our construction.

e The values of f,(0,0), f,(0,1), f(1,0), f.(1,1), f,(0,0), f,(0,1), f,(1,0) and
fy(1,1) are set based on the direction of steepest descent (—V f) in our construc-
tion, with a length multiplier of § = 1/2. For example, if the arrow of steepest
descent at (0,1) is pointing to the left, then we set f,(0,1) = ¢ and f,(0,1) = 0.
If it is pointing up, then we set f,(0,1) =0 and f,(0,1) = —9.

e We always set f,,(0,0) = f,,(0,1) = f5,,(1,0) = fu,,(1,1) = 0.

By using this interpolation procedure in each small square, we obtain a function
f:]0,N]* = R. In fact, we can even extend the function to points (z,y) € R?\ [0, N?
by simply using the interpolated polynomial obtained for the small square that
is closest to (z,y). This will be done automatically by our construction of the
arithmetic circuit computing f and it will ensure that the gradient is well-defined

even on the boundary of [0, N]2.

Lemma 8.1. The function f : R? — R we obtain by bicubic interpolation has the

following properties:
o [t is continuously differentiable on R?;

o f and its gradient V f are Lipschitz-continuous on [0, N|* with Lipschitz-constant
L =28N;

o Well-behaved arithmetic circuits computing f and Vf can be constructed in

polynomial time (in the size of the circuits S, P and C').

Proof. Regarding the first point, see, e.g., [Rus95].

Lipschitz-continuity. In order to prove the second point, we first show that f and
V f are L-Lipschitz-continuous in every small square of the grid. Consider any small
square. In our construction, the values of f, f,, fy, fzy used in the computation of
the coefficients a;; are clearly all upper bounded by 2°N in absolute value. Thus,
using Equation (8.2), it is easy to check that |a;;| < 2'°N for all 4,5 € {0,1,2,3}.
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Furthermore, note that the partial derivatives of f inside the small square can be

expressed as:

using the local coordinates (z,y) € [0, 1]? inside the small square. Finally, it is easy to
check that the monomials z'y?, 4,5 € {0, 1,2,3}, are all 6-Lipschitz continuous over
[0,1]%. Putting everything together and using Equation (8.1) and Equation (8.3), it
follows that f and Vf are Lipschitz-continuous (w.r.t. the fo-norm) with Lipschitz
constant L = 2'¥ N inside the small square. Note that the change from local coordinates
to standard coordinates is just a very simple translation that does not impact the
Lipschitzness of the functions.

Since f and V f are L-Lipschitz-continuous inside every small square and continuous
over all of [0, N]?, it follows that they are in fact L-Lipschitz-continuous over the
whole domain [0, N]?. Indeed, consider any points 21, zo € [0, N]?. Then, there exists
¢ € N such that the segment z125 can be subdivided into zywjws . .. wezs so that each
of the segments zjwy, wyiws, ..., wy_jwe, weze lies within a small square. For ease of

notation, we let wg := 21 and wyy1 := 25. Then, we can write

14 l
IVf(21) = V)l < Y IV F(wi) = V(wir)| LY Jlwi — wia]| = Lijz1 — 2|
1=0

=0

where we used the fact that Zf:o |w; —wis]] = ||21 — 22|, since wowqws . . . wewesq

is just a partition of the segment z;z,. The exact same argument also works for f.

Arithmetic circuits. Before showing how to construct the arithmetic circuits for f
and V f, we first construct a Boolean circuit B that will be used as a sub-routine. The
Boolean circuit B receives as input a point (z,y) on the grid G = {0,1,..., N}? and
outputs the colour (i.e., value regime) and steepest descent arrow at that point. It is
not too hard to see that the circuit B can be constructed in time that is polynomial
in the sizes of the circuits S, P and C. In more detail, it performs the following

operations:

1. Compute END-OF-LINE-vertices vy, vy € [2"] such that (z,y) lies in the big

square B(vq,vg).

2. Using the END-OF-LINE circuits S and P determine the exact type of B(vy,v2),
namely one of the following: G1-G7, O1-O7, E1, E2, S, LA or LB.

3. If the type of B(vy,vs) is not LA or LB, then we know the exact structure of

B(v1,v2) and can easily return the colour and arrow at (x,y).
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4. If the type of B(vy,vy) is LA or LB, then first determine whether (z,y) lies in
the PLS-Labyrinth inside B(vy, v3) or not.

5. If (x,y) does not lie in the PLS-Labyrinth, then we can easily determine the
colour and arrow at (z,y), since we know the exact structure of B(vy,vq) except
the inside of the PLS-Labyrinth.

6. If (x,y) lies in the PLS-Labyrinth, then we can compute ITER-vertices uy, uy €
[2™] such that (x,y) lies in the medium square M (uq,us) of the PLS-Labyrinth

inside B(vy,v3).

7. Using the ITER circuit C' determine the type of M (uy,us), namely one of the
following: LA1-LA7, LB1-LB7. Given the type of M (u,us), we then know the
exact structure of M (uy,us) and can in particular determine the colour and

arrow at (x,y).

The arithmetic circuits for f and Vf are then constructed to perform the following

operations on input (z,y) € [0, N]*:

1. Using the comparison gate < and binary search, compute the bits representing
(z,7) € {0,1,..., N — 1}*: a grid point such that (z,y) lies in the small square

that has (7,y) as its bottom left corner.

2. Simulate the Boolean circuit B using arithmetic gates to compute (a bit repres-
entation) of the colour and arrow at the four corners of the small square, namely
(@,9), @+ 1,9),(x,y+1) and (Z + 1,y + 1).

3. Using this information and the formulas for the value regimes, compute the
16 terms for f, f,, f, and f;, needed to determine the bicubic interpolation.
Then, compute the coefficients a;; by performing the matrix multiplication in
Equation (8.2).

4. In the arithmetic circuit for f, apply Equation (8.1) to compute the value of
f(z,y). In the arithmetic circuit for V f, apply Equation (8.3) to compute the
value of V f(x,y). Note that in the interpolation Equations (8.1) and (8.3), we

have to use the local coordinates (z — Z,y — ) € [0, 1]? instead of (z,y).

The two arithmetic circuits can be computed in polynomial time in n, m and in the
sizes of S, P, C'. Since n and m are upper bounded by the sizes of S and C respectively,
they can be constructed in polynomial time in the sizes of S, P, C'. Furthermore, note
that the two circuits are well-behaved. In fact, they only use a constant number of
true multiplication gates. To see this, note that true multiplication gates are only used
for the matrix multiplication in step 3 and for step 4. In particular, steps 1 and 2 do

not need to use any true multiplication gates at all (see, e.g., [DGP09; CDT09]). O
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8.4 Correctness

To show the correctness of the construction, we prove the following lemma, which
states that 0.01-KKT points of f only lie at solutions for the END-OF-LINE in-

stance or the ITER instance.

Lemma 8.2. Let e = 0.01. We have that (x,y) is an e-KKT point of f on the domain

[0, N]? only if (z,y) lies in a “solution region,” namely:

o (z,y) lies in a big square B(v,v), such that v € [2"]\ {1} is a source or sink of
the END-OF-LINE instance S, P, or

o (z,y) lies in a medium square M (u,u) of some PLS-Labyrinth gadget, such that
u € [2™] is a solution to the ITER instance C, i.e., C(u) > u and C(C(u)) =
C(u).

Proof. Even though we have defined e-KKT points in Section 7.2.1 with respect to
the /5-norm, here it is more convenient to consider the ¢,.-norm instead. Note that
any e-KKT point w.r.t. the /5-norm is also an e-KKT point w.r.t. the /,.-norm. Thus,
if Lemma 8.2 holds for e-KKT points w.r.t. the /,,-norm, then it automatically also
holds for e-KKT points w.r.t. the fo-norm.

For the domain [0, N]?, it is easy to see that a point x € [0, N]? is an e-KKT point

(with respect to the ¢y -norm) if and only if
e forall i € {1,2} withz; 20 : [Vf(x)]; <e
o foralli € {1,2} with z; # N : —[Vf(x)]; <e.

Intuitively, these conditions state that if z is not on the boundary of [0, N]?, then it
must hold that ||V f(z)||e < e. If z is on the boundary of [0, 1], then “—V f(x) must
point straight outside the domain, up to an error of £.”

In order to prove Lemma 8.2, we will show that any small square that does not lie
in a solution region, does not contain any e-KKT point. The behaviour of the function
in a given small square depends on the information we have about the four corners,
namely the colours and arrows at the four corners, but also on the position of the
square in our instance, since the value defined by a colour depends on the position. For
our proof, it is convenient to consider a square with the (colour and arrow) information
about its four corners, but without any information about its position. Indeed, if we
can show that a square does not contain any e-KKT point using only this information,
then this will always hold, wherever the square is positioned. As a result, we obtain a
finite number of squares (with colour and arrow information) that we need to check.

Conceptually, this is a straightforward task: for each small square we get a set of
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cubic polynomials that could be generated by bicubic interpolation for that square,
and we must prove that no polynomial in that set has an e-KKT point within the
square. However, this still leaves us with 101 distinct small squares to verify. To
resolve this, we make extensive use of symmetries to drastically reduce the number of
cases that need to be verified.

We begin by describing the transformations that we use to group “symmetric”
squares together. Throughout, we consider a square where each of its four corners
has an associated value in Z and an arrow pointing in a cardinal direction. The
first transformation is reflection with respect to the axis y = 1/2. Applying this
transformation to a square has the following effect: the two corners at the top of the
square now find themselves at the bottom of the square (and vice-versa) and the sign
of the y-coordinate of each arrow is flipped. Using Equations (8.1) and (8.2) one can
check that taking the bicubic interpolation of this reflected square yields the same
result as taking the interpolation of the original square and then applying the reflection
to the interpolated function (which corresponds to considering (x,y) — f(z,1 —y)).
We can summarize this by saying that bicubic interpolation commutes with this
transformation.

The second transformation we use is reflection with respect to the axis y = x, i.e.,
the diagonal through the square. This corresponds to swapping the corners (0, 1)
and (1,0) of the square, and additionally also swapping the z- and y-coordinate
of the arrows at all four corners. Again, using Equations (8.1) and (8.2) one can
directly verify that this transformation also commutes with bicubic interpolation
(where applying the transformation to the interpolated function f corresponds to
considering (x,y) — f(y,x)). These two transformations are already enough to obtain
any rotation or reflection of the square. We will only need one more transformation:
negation. This corresponds to negating the values and arrows at the four corners, where
“negating an arrow” just means replacing it by an arrow in the opposite direction.
Using Equations (8.1) and (8.2), it is immediately clear that negation commutes with
bicubic interpolation.

Since all three transformations commute with bicubic interpolation, this continues
to hold for any more involved transformation that is constructed from these basic
three. Furthermore, it is easy to see that the basic transformations do not introduce
e-KKT points. Indeed, if a function does not have any e-stationary points, then
applying any reflection or taking the negation cannot change that property. As a
result, if two squares are “symmetric” (i.e., one can be obtained from the other by
applying a combination of the three basic transformations), then it is enough to verify
that just one of these two squares does not contain any e-KKT points when we take

the bicubic interpolation.
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Using this notion of symmetry, the squares that need to be verified can be grouped
into just four different groups, namely Groups 1 to 4, as shown in Figure 8.16. The
remaining squares lie in Group 0, which contains all squares that always lie close to
actual solutions and thus do not need to be verified. They are shown in Figure 8.17.

We now prove that the squares in Groups 1 to 4 do not contain e-KKT points.

Group 1. This group contains the squares where all the arrows point in the same

direction. These squares are all symmetric to a square of the following form:

@_) @_) Conditions:

a>b+1

@_) @_) c>d+1

where a, b, ¢, d are the values at the four corners of the square as shown. We now
prove that bicubic interpolation does not introduce any e-KKT point in such a square.

Recall that e = 0.01 and that we use 0 = 1/2 as the length multiplier for the arrows.
Also recall that the arrows point in the opposite direction of the gradient. Thus, our
goal here will be to prove that the bicubic interpolation f satisfies %(w, y) < —e for
all points (z,y) € [0, 1)? in the square, which immediately implies that the square does
not contain any e-KKT point. Using Equations (8.2) and (8.3) and then simplifying,
we obtain that for all z,y € [0, 1]:

%(m,y) = —% —3z(1 — x)(l +2(1 = y*(3 —2y))(c—d —1)
223 — 2y)(a — b — 1))
1
< —5 < —€

where we used the fact that y?(3—2y) € [0,1] for all y € [0, 1], as well as the conditions
c—d—1>0anda—-5b—12>0.

Group 2. This group contains all the squares that are symmetric to a square of the

following form:

Conditions:

@_) @_) a>b+1

c>a+1
@ @ d>b+1
c>d—-1

In order to prove that such squares do not contain any e-KKT points, we distinguish

two cases depending on the value of y: when y € [0,2/3] we show that g—i(x, y) < —¢,
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Figure 8.16: Complete list of all squares that need to be verified, partitioned into four
groups.
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Figure 8.17: List of squares that lie close to actual solutions, and thus do not need to be
verified.

and when y € [2/3,1] we show that %(:c,y) < —e. Consider first the case where

y < 2/3. Using Equations (8.2) and (8.3) and simplifying we obtain

Z—ch(x,y) = —%(l—y)<1+3y(1+2$+4(c—a—%) <1—f2(3_2$>>

+2(2d — 2b — 2)2%(3 — 29;)))

< 1(1 ) < 1 <
—_—— — [ _8
=75 Y) > 6

where we used the fact that 2%(3—2x) € [0, 1] for all z € [0, 1], as well as c—a—1/2 > 0
and 2d — 2b — 2 > 0 to obtain the first inequality, and then y < 2/3. Next, consider
the case where y > 2/3. Using Equations (8.2) and (8.3) and simplifying we obtain

2 (o) = 78— 29) — 301 — ) (20— 2 — 1)y*(3 ~ 29)

2
+2(c—d) (1- (3 2y)) )

< —%y2(3 —2y) = 3e(l—2) (3y°(3 — 2) - 2)

where we used 2a —2b— 1 > 1 and ¢ — d > —1 to obtain the first inequality (as well
as the fact that y*(3 — 2y) € [0,1] for all y € [0, 1] as before), and for the second and
third inequality the fact that for y € [2/3,1] we have y*(3 — 2y) > 2/3.

Group 3. This group contains all the squares that are symmetric to a square of the

following form:
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Conditions:

@ @ a>b+1

c>a+1
@ @ d>b+1
c>d-—1
Consider first the case where (z,y) € [0,1/2] x[2/3,1]. Using Equations (8.2) and (8.3)

and simplifying we obtain

%(ﬂc,y) = —%(1 — ) (y2(3 —2y) + 395(92 — 2y°(3 — 2y) 4+ 4(a — b)y*(3 — 2y)

+4(c—d) (1 -y (3— 23/)) >>

< —%(1 — 1) <y2(3 —2y) + 3z(y* + 6y°(3 — 2y) — 4))
< —%(1 —1)y*(3 —2y) < —% < —€

where we used a —b > 1, ¢ —d > —1 and y*(3 — 2y) € [0, 1] for the first inequality,
and then the fact that y*(3 — 2y) > 2/3 for y € [2/3,1], as well as x < 1/2, for the
second and third inequality.

Next, consider the case where (z,y) ¢ [0,1/2] x [2/3,1], i.e., z > 1/2 or y < 2/3.
Using Equations (8.2) and (8.3) and simplifying we obtain

%(x,y) - —% n g (y(l —22(3—22)) — (1— y)( 44 320(2 — 7) — 522(3 — 27)

+12(d — b— Da*(3 — 20) + 12(c — a — 1) (1 — 2%(3 — 21)) ))

< —% + %(y (1-2°B—-22)) — (1—y)(8+32(2—z) — 52°(3 - 2x))>
< —%+% (1 - %3 - 22))

1 2 3
< —§+max{§,g} < —€

where we used d —b—1>0,c—a—12> 0 and 2*(3 — 2x) € [0, 1] for the first and
second inequalities. For the third inequality we used the fact that z > 1/2 or y < 2/3,
where we note that 1 — z?(3 — 2z) € [0,1] when z € [0,1], and 1 — 2%(3 — 2x) < 3/4
when z € [1/2,1].

Group 4. This group contains all the squares that are symmetric to a square of the

following form:
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@ @ Conditions:
c>a+1

d>b+1

c>d+1

Or4 @ a>b—1

Consider first the case where (z,y) € [0,1/2] x[1,1/3]. Using Equations (8.2) and (8.3)

and simplifying we obtain

%(l‘,y) = —%(1 — ) (1 — (3 —2y) + 3x< —14+y(2—y) +4(a—b)y*(3 — 2y)

+4(c—d) (1 -3*(3+2y)) ))
1

< —5(1 — a;)<1 — 3 -2y) +3z(3+y(2—y) — 8y°(3 — 2y)))

< —%(1 —2)(1-y°(3-2y)) < —é < —¢
where we used a —b > —1, c—d > 1 and y?(3 —2y) € [0, 1] for the first inequality, and
y*(3 —2y) < 1/3 for y € [0,1/3] for the second inequality. For the third inequality,
we used the fact that z < 1/2 and 1 — y*(3 — 2y) > 2/3 for y € [0,1/3].
Next, consider the case where (x,y) ¢ [0,1/2] x [1,1/3], i.e., x > 1/2 or y > 1/3.
Using Equations (8.2) and (8.3) and simplifying we obtain

Lo =5+ 500026 -20) - Sy - 9) (3 - 22— )

FA(d—b—1)2%(3 - 20) +dc—a—1) (1-2%(3 — 20)) )
< —% + %(1 —y) (1 —2*(3—22)) — ;y(l ~y)(3-2(2-2))

< —% + %(1 —y) (1-2%(3 - 22))

< 1 n 31 <

< -5 tmaxq g3 5
where we used d —b—1 >0, c—a—1 > 0 and 2?(3 — 2z) € [0,1] for the first
inequality, and the fact that 3 — x(2 — ) > 0 for the second inequality. For the

third inequality we used the fact that > 1/2 or y > 1/3, where we again note that
1 —2%(3 —2z) €(0,1] when z € [0,1], and 1 — z*(3 — 2x) < 3/4 when z € [1/2,1].

Boundary. Up to this point we have shown that there are no unintended e-KKT
points in the interior of the domain [0, N]? of our instance. It remains to show that
no e-KKT points appear on the boundary of the domain. Intuitively, this corresponds
to showing that —V f never points “straight outside the domain” when we are on the

boundary.
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First of all, it is easy to see that there is no e-KKT point at any of the four corners
of the domain [0, N]?. This follows from the fact that at any such corner the arrow
never points outside the domain (see Figure 8.10). Since these corners of the domain
are also corners of their respective squares, —V f (where f is obtained by bicubic
interpolation in every square) will automatically be equal to the arrow at that corner
(scaled by 0 = 1/2), which ensures that it is not an e-KKT point.

It remains to consider points that lie on the boundary of the domain, except at
the corners. Using the first two transformations introduced earlier it is easy to check
that any square that lies on the boundary (see Figure 8.10) is symmetric to one of
the three following cases:

@3 ® @3

o & O

Case (i) Case (ii) Case (iii)

where for cases (ii) and (iii) we also have that ¢ > a 4+ 1. In each of these three
illustrations the square touches the boundary of the domain with its left edge (which
is not dashed). In order to show that there are no e-KKT points on that left edge,
it suffices to show that for any (x,y) on that edge (i.e., x = 0, y € [0, 1]) we have

9 (2,y) ¢ [—&,¢] or L(z,y) < —e.

e For case (i), we have

0
2 0.0) = i3 2) ~ 5 (1~ "B 2) = 3 < =

e For case (ii), we have

of
dy

where we used 2¢ — 2a — 1 > 0.

1 1
(0.9) = —5 =3(2c—20 - 1)1 -y < —5 < ¢

e For case (iii), if y > 1/2 then we have

%(O,y) = —%y2(3 —2y) < —% <-—e
since y*(3 — 2y) > 1/2 when y € [1/2,1]. On the other hand, if y < 1/2 then
we have
of

a—y(O,y) = —%(1 —y) (1 +3(4c—4da —1)y) < —%(1 —y) < —i < —e

where we used 4¢c — 4a — 1 > 0.

It follows that there are no e-KKT points on the boundary of the domain. This
completes the proof of Lemma 8.2. O]
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8.4.1 Re-scaling

The last step of the reduction is to re-scale the function f so that it is defined on [0, 1]
instead of [0, N]?. Thus, the final function, which we denote fhere, is defined by

-~

flz,y) = (1/N) - f(N-z,N -y).

The properties of f proved in Lemma 8.1 naturally also hold for f, in the following

~

sense. Clearly, f is also continuously differentiable. Furthermore, it holds that
V]?(:I:, y) =V f(N-z,N -y). Thus, we can easily construct well-behaved arithmetic
circuits for fand Vfin polynomial time given well-behaved circuits for f and V f,
which, in turn, can be efficiently constructed according to Lemma 8.1. Furthermore,
since V f is L-Lipschitz-continuous, it is easy to see that V]?is E—Lipschitz—continuous
with L = N - L = 218N2 = 22+2m+26 Fipglly, note that since f is L-Lipschitz-
continuous, fAis too, and in particular it is also E—Lipschitz—continuous.

All these properties imply that the instance of KKT we construct does not admit
any violation solutions. In other words, it satisfies all the expected promises. Finally,
note that any e-KKT point of fon [0,1])? immediately yields an e-KKT point of f
on [0, N]2. Thus, the correctness of the reduction follows from Lemma 8.2.

Note that we can re-scale the instance depending on the parameter regime we
are interested in. The instance (g, fA, Vf, E) we have constructed is clearly equi-
valent to the instance (ae, oz]/”\, V(a A), ozi) for any a > 0. For example, by letting
a=1/ E, we obtain hard instances with Lipschitz-constant 1, and with inversely

exponential precision parameter.
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Part III
PPA-k
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Chapter 9

The Classes PPA-k: Existence from
Arguments Modulo k

The TENP subclasses PPA-p were defined by Papadimitriou almost 30 years ago in
his seminal paper [Pap94]. Recall that the existence of a solution to a PPA problem
is guaranteed by a parity argument, i.e., an argument modulo 2. The classes PPA-p
are a generalisation of this. For every prime p, the existence of a solution to a
PPA-p problem is guaranteed by an argument modulo p. In particular, PPA-2 = PPA.
Surprisingly, these classes have received very little attention. As far as we know,

they have only been studied in the following:

e Papadimitriou [Pap94] defined the classes PPA-p and proved that a problem
called CHEVALLEY-MOD-p lies in PPA-p and a problem called CUBIC-SUBGRAPH
lies in PPA-3.

e In an online thread on Stack Exchange [Jer17], Jefdbek provided two other
equivalent ways to define PPA-3. The problems and proofs can be generalised

to any prime p.

e In his thesis [Joh11], Johnson defined the classes PMODF for any & > 2, which
were intended to capture the complexity of counting arguments modulo k. He
proved various oracle separation results involving his classes and other TFNP
classes. While the PPA-p classes are not mentioned by Johnson, using Jefabek’s
results [Jerl7] it is easy to show that PMOD? = PPA-p for any prime p. In
Section 9.4, we characterise PMODF in terms of the classes PPA-p when k is not
prime. In particular, we show that PMODF only partially captures existence

arguments modulo k.

In this chapter, we use the natural generalisation of Papadimitriou’s definition of the
classes PPA-p to define PPA-k for any k > 2. We then provide a characterisation of
PPA-k in terms of the classes PPA-p. In particular, we show that PPA-k is completely
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determined by the set of prime factors of k. In order to gain a better understanding
of the inner structure of the class PPA-k, we also define new subclasses that we
denote PPA-E[#/(] and investigate how they relate to the other classes. We show that
PPA-Ek[#/] is completely determined by the set of prime factors of k/ ged(k, £).

Furthermore, we provide various equivalent complete problems that can be used
to define PPA-k and PPA-k[#/] (Section 9.2). While these problems are not “natural,”
we believe that they provide additional tools that can be very useful when proving
that natural problems are complete for these classes. In Section 9.5, we provide an
additional tool for showing that problems lie in these classes: we prove that PPA-p”
(p prime, r > 1) and PPA-k[#(] (k > 2) are closed under Turing reductions. On
the other hand, we provide evidence that PPA-k might not be closed under Turing
reductions when £ is not a prime power.

Finally, in Section 9.4 we investigate the classes PMOD” defined by Johnson [Joh11]
and provide a full characterisation in terms of the classes PPA-k. In particular, we
show that PMOD* = PPA-k if k is a prime power. However, when k is not a prime
power, we provide evidence that PMOD* does not capture the full strength of existence
arguments modulo &, unlike PPA-k. This characterisation of PMOD* in terms of
PPA-k leads to some oracle separation results involving PPA-k and other TFNP classes
(using Johnson’s oracle separation results).

We note that a significant fraction of our results were also obtained by Go0s,
Kamath, Sotiraki and Zampetakis in concurrent and independent work [GKSZ20].
In their work, they have also provided the first “natural” complete problem for the
classes PPA-p (a variant of CHEVALLEY-MOD-p), namely the first complete problem

that does not involve circuits or other computational devices in its description.

9.1 Definition of the Classes

9.1.1 PPA-k : Polynomial Argument modulo k&

For any prime p, Papadimitriou [Pap94] defined the class PPA-p as the set of all TFNP
problems that many-one reduce to the following problem, that we call BIPARTITE-
MOD-p: We are given an undirected bipartite graph (implicitly represented by a
circuit) and a vertex with degree # 0 mod p (which we call the trivial solution). The
goal is to find another such vertex. This problem lies in TENP: if all other vertices
had degree = 0 mod p, then the sum of the degrees of all vertices on each side would
have a different value modulo p, which is impossible.

The problem remains well-defined and total if p is not a prime, and so we will
instead define it for any k£ > 2. Let us now provide a formal definition of the problem.

A vertex of the bipartite graph is represented as a bit-string in {0, 1} x {0, 1}", where
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the first bit indicates whether the vertex lies on the “left” or “right” side of the
bipartite graph. The graph will be represented by a Boolean circuit that outputs a set
of potential neighbours, just as we did for LEAF. Instead of at most two neighbours,
here we allow at most k£ neighbours (see Remark 9.1 for why this is enough). Note
that we can syntactically enforce that the graph is bipartite, i.e., that a vertex 0z can
only have neighbours of the type 1y and vice versa. Formally, the problem is defined

as follows for any k£ > 2, where we use the Set-notation introduced in Section 2.2.1.

Definition 9.1. BIPARTITE-MOD-E:

Input: Boolean circuit C': {0,1} x {0,1}" — Set<x({0,1} x {0,1}") representing
a bipartite graph on the vertex set ({0} x {0,1}", {1} x {0,1}") with |C(00")| €
{1,... k—1}.

Output: Either

e 1z # 00" such that |C(z)| ¢ {0, k}, or

e z.y such that y € C(z) but = ¢ C(y).

Here the trivial solution is the vertex 00™. The first type of solution corresponds
to a vertex with degree £ 0 mod k. The second type of solution corresponds to an
edge that is not well-defined. We can always ensure that all edges are well-defined
by doing some pre-processing. Indeed, in polynomial time we can construct a circuit
(" such that all solutions are of the first type and yield a solution for C'. On input
Oz the circuit C’ first computes C'(0z) = {1y, ..., ly, } and then for each i removes
ly; from this set, if 0z ¢ C(1ly;).

Remark 9.1. Note that in this problem statement we require that all degrees lie in
{0,1,...,k}. This is easily seen to be equivalent to the more general formulation
where vertices can have more than k£ neighbours. Indeed, any vertex that has more
than k£ edges can be split into multiple copies such that all the copies have 0 or k edges,
except for one copy which is allowed to have any number of edges in {0,1,...,k}.
A solution of the original instance is then easily recovered from a solution of this
modified instance. Note that since the set of neighbours is given as the output of a
circuit, it will have length bounded by some polynomial in the input size and so this

argument can indeed be applied.

Definition 9.2 (PPA-k [Pap94]). For any k > 2, the class PPA-k is defined as the set
of all TFNP problems that many-one reduce to BIPARTITE-MOD-k.

As a warm-up let us show the following:

Proposition 9.1 ([Pap94]). PPA-2 = PPA
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Proof. Recall that PPA can be defined using the canonical complete problem LEAF
[Pap94; BCET98]: given an undirected graph where every vertex has degree at most 2,
and a leaf (i.e., degree = 1), find another leaf. This immediately yields PPA-2 C PPA|
since BIPARTITE-MOD-2 is just a special case of LEAF where the graph is bipartite.

Given an instance of LEAF with graph G = ({0,1}", E') we construct an instance
of BIPARTITE-MOD-2 on the vertex set {0, 1} x {0, 1}*" as follows. For any u € {0, 1}"
we have a vertex z, := Ou0" on the left side of the bipartite graph. For any edge
{u,v} € E (u,v ordered lexicographically) we have a vertex y,, := luv on the right
side of the bipartite graph and we create the edges {z,, yu,} and {x,, yu, }. All other
vertices in {0, 1} x {0, 1}?" are isolated. In polynomial time we can construct a circuit
that computes the neighbours of any vertex. Furthermore, w € {0,1}" is a leaf, if
and only if x,, has degree 1. Finally, all vertices on the right-hand side have degree 0
or 2. O]

9.1.2 PPA-k[#/] : Fixing the degree of the trivial solution

In the definition of the PPA-k-complete problem BIPARTITE-MOD-k (Definition 9.1)
the degree of the trivial solution 00" can be any number in {1,...,k — 1}. In this
section we define more refined classes where the degree of the trivial solution is fixed.
In Section 9.3, these classes will be very useful to describe how the PPA-£ classes
relate to each other. These definitions are inspired by the corresponding “counting
principles” studied in Beame et al. [BIKT96] that were also defined in a refined form
in order to describe how they relate to each other. We believe that these refined
classes will also be useful to capture the complexity of natural problems. Note that
for k£ = 2, the degree of the trivial solution will always be 1 and thus the question

does not even appear in the study of PPA.

Definition 9.3. Let £ > 2 and 1 < /¢ < k — 1. The problem BIPARTITE-MOD-k[#/]
is defined as BIPARTITE-MOD-k (Definition 9.1) but with the additional condition
|C'(00m)] = ¢.

Note that this problem remains in TFNP, since the condition can be checked effi-

ciently.

Definition 9.4 (PPA-k[#/(]). Let k > 2 and 1 < ¢ < k — 1. The class PPA-k[#/] is
defined as the set of all TFNP problems that many-one reduce to BIPARTITE-MOD-
k[#1).

If £ is some prime p, then these classes are not interesting. Indeed, it holds that
PPA-p[#(] = PPA-p for all 1 < ¢ < p — 1. This can be shown using the following
technique: take multiple copies of the instance and “glue” the trivial solutions together.
If p is prime, then any other degree of the glued trivial solution can be obtained (by

taking the right number of copies). In fact this technique yields the stronger result:
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Lemma 9.1. If ged(k, ¢,) divides Uy, then PPA-k[#(1] C PPA-k[#(s].

Proof. Since ged(k, ¢1) divides £y, there exists m < k such that m x ¢; = ¢, mod k.
Given an instance of BIPARTITE-MOD-k[#/1], take the union of m copies of the
instance, i.e., m2" vertices on each side (and any additional isolated vertices needed to
reach a power of 2). Then, merge the m different copies of the trivial solution into one
(by redirecting edges to a single one). This vertex will have degree mf; = {5 mod k.

Finally, apply the usual trick to ensure all degrees arein {0,1,...,k} (Remark 9.1). O

In particular, we also get the nice result PPA-k[#/(] = PPA-k[# gcd(k, ¢)]. Applying
the result to the case k = 6, we get that PPA-6[#1] = PPA-6[#5], PPA-6[#2] = PPA-
6[#4], as well as PPA-6[#1] C PPA-6]#2] and PPA-6[#1] C PPA-6]#2]. Thus, we have
three “equivalence classes” {1,5}, {2,4} and {3} and the relationships {1,5} < {2,4}
and {1,5} < {3}. In Section 9.3, we will show that {2,4} corresponds to PPA-3,
{3} to PPA-2 and {1,5} to PPA-2 N PPA-3.

Now let us introduce some notation that will allow us to precisely describe the
relationship between PPA-k and the PPA-k[#/(].

Definition 9.5 (& operation [BJ12]). Let Ry and Ry be two TFNP problems. Then
the problem Ry & R; is defined as: given an instance Iy of Ry, an instance I; of Ry
and a bit b € {0,1}, find a solution to I.

This operation is commutative and associative (up to many-one equivalence).
Indeed, Ry & R; is many-one equivalent to R & Ry, and (Ro & R;) & Rs is many-one
equivalent to Ry &(R; & R,). Since the & operation is associative, the problem &5_, Ry
is well-defined up to many-one equivalence. It is also equivalent to the following
problem: given instances Iy,...,I; of Ry,..., Ry and an integer j € {1,... k},
find a solution to I;.

We extend the & operation to TFNP subclasses in the natural way. Let Cj
and C] be TFENP subclasses with complete problems Ry and R; respectively. Then
Co & (7 is the class of all TFNP problems that many-one reduce to Ro& R;. Note
that the choice of complete problems does not matter. Intuitively, this class contains
all problems that can be solved in polynomial time by a Turing machine with a
single oracle query to either Cy or C;.!

Using this definition we obtain:

k—1
Lemma 9.2. For all k > 2 we have PPA-k = Z8751 PPA-E[#/].

INote that Cy & C; is not the same operation as Cy UC;. Indeed, it holds that CoUC; C Cy & C4,
but the two are not equal, unless Cy C C; or C7 C Cy.
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Proof. One containment immediately follows from the fact that PPA-k[#(] C PPA-k
for all ¢ € {1,...,k — 1}. For the other containment, note that for any instance I of
BIPARTITE-MOD-k we can easily compute ¢ € {1,...,k — 1} such that [ is also an
instance of BIPARTITE-MOD-k[#/]. O

Together with Lemma 9.1, Lemma 9.2 yields, e.g., PPA-6 = PPA-6[#2] & PPA-
6[#3].

9.2 Equivalent Definitions

In this section we show that PPA-k can be defined by using other problems instead
of BIPARTITE-MOD-k. The totality of these problems is again based on arguments
modulo k. By showing that these problems are indeed PPA-k-complete, we provide
additional support for the claim that PPA-k captures the complexity of “polynomial
arguments modulo k£.” While these problems are not “natural” and thus not interesting
in their own right, they provide equivalent ways of defining PPA-k, which can be
very useful when working with these classes. In particular, we make extensive use
of these equivalences in this work.

The TENP problems we consider are the following:

e IMBALANCE-MOD-k : given a directed graph and a vertex that is unbalanced-

mod-k, i.e., out-degree — in-degree # 0 mod k, find another such vertex.

e HYPERGRAPH-MOD-k : given a hypergraph and a vertex that has degree # 0
mod k, find another such vertex or a hyperedge that has size # k.

e PARTITION-MOD-E : given a set of size # 0 mod k and a partition into subsets,
find a subset that has size # k.

As usual, the size of the graph (respectively hypergraph, set) can be exponential in the
input size, and the edges (resp. hyperedges, subsets) can be computed efficiently locally.
We also define the corresponding problems IMBALANCE-MOD-k[#/(|, HYPERGRAPH-
MOD-k[#/(] and PARTITION-MOD-k[#/] analogously. The formal definitions of all

these problems are provided in Section 9.2.1.
Theorem 9.1. Let k>2 and 1 </ <k —1.

e IMBALANCE-MOD-k[#/(|, HYPERGRAPH-MOD-k[#/(|, PARTITION-MOD-k[#/|
are PPA-k[#/(]-complete,

e IMBALANCE-MOD-k, HYPERGRAPH-MOD-k, PARTITION-MOD-k are PPA-k-

complete.
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In his online post [Jerl7], Jefdbek proves that BIPARTITE-MOD-3, IMBALANCE-
MOD-3 and PARTITION-MOD-3 are equivalent and (correctly) claims that the proof
generalises to any other prime. Thus, our contribution is the definition of the problems
for any k£ > 2 (and the (-parameter versions) and the generalisation of the result
to any k > 2 (not only primes) and to the ¢-parameter versions of the problems,
as well as to the new problem HYPERGRAPH-MOD-k. The proof of Theorem 9.1
can be found in Section 9.2.2.

The problem IMBALANCE-MOD-k is a generalisation of the PPAD-complete prob-
lem IMBALANCE (see Chapter 3): given a directed graph and a vertex that is un-
balanced (i.e., out-degree — in-degree # 0), find another unbalanced vertex. It is
easy to see that END-OF-LINE trivially reduces to IMBALANCE-MOD-k, and thus

Theorem 9.1 also yields:?
Corollary 9.1. For all k > 2, we have PPAD C PPA-k.

Furthermore, if we use the convention that a = b mod 0 if and only if a = b,
then IMBALANCE-MOD-0 actually corresponds to IMBALANCE. Thus, in a certain
sense we could define PPA-0 = PPAD. On the other hand, IMBALANCE-MOD-1

is a trivial problem.

9.2.1 Formal definitions

Imbalance. A directed graph on the vertex set {0,1}" is represented by Boolean
circuits S, P : {0,1}" — Set<x ({0, 1}") that output the successor and predecessor set
of a given vertex, respectively. As before, it is enough to consider the case where
the in- and out-degree of any vertex is at most k, since the general case reduces to
this (analogously to Remark 9.1). We syntactically enforce that x ¢ S(z) U P(z) and
we interpret S(z) (respectively, P(x)) as the set of potential successors (respectively,
predecessors) of x. There is a directed edge from x to y if y € S(z) and x € P(y). The
following problem was defined by Jefabek [Jer17], but only for prime k£ and without

the f-parameter version. Here we define it for any £ > 2.

Definition 9.6. IMBALANCE-MOD-k:

Input: Boolean circuits S, P : {0,1}" — Set<x({0,1}") representing a directed
graph on the vertex set {0, 1}" with [S(0™)] — |P(0™)| ¢ {—k,0,k}.
Output: Either

e 1z # 0" such that |S(z)| — |P(x)| ¢ {—k,0,k}, or
e 1,y such that y € S(z) but x ¢ P(y), or y € P(z) but = ¢ S(y).

2This observation was also made by Jetabek for the classes PPA-p (p prime).
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For 1 < ¢ < k—1, IMBALANCE-MOD-k[#/] is defined with the additional condition
[S(0™)] = [P(0")] = £,

We obtain a seemingly more general version of this problem by allowing the edges
to have integer weights. In that case the imbalance of a vertex is measured as the
difference of the weights of all incoming edges and the weights of all outgoing edges.
It is easy to see that this problem is in fact equivalent to IMBALANCE-MOD-k. First,
all the weights can be assumed to be in {0,1,...,k — 1}, since we can reduce them
modulo k. Next, we can split an edge with weight ¢ into ¢ copies of the edge. Finally,
to ensure that we don’t have multi-edges, we add a new vertex in the middle of
every edge. Note that the new vertex will be balanced by construction, and will

thus not introduce any new solutions.

Hypergraph. A hypergraph on the vertex set {0, 1}" is represented as follows. For
every vertex x € {0,1}", a circuit C': {0,1}" — Set<j(Set<x({0,1}")) outputs the set
C'(z) of all hyperedges containing x, where each hyperedge is a set of vertices in {0, 1}".
As usual, we only need to consider the case where every vertex is contained in at
most k hyperedges and every hyperedge has size at most k. A hyperedge {x1,..., 2}
exists in the hypergraph, if all the vertices involved indeed agree that it is present,
e, if {z1,...,2n} € C(x;) for all i € {1,...,m}. For any k > 2, we define:

Definition 9.7. HYPERGRAPH-MOD-k:

Input: Boolean circuit C' : {0, 1}"™ — Set<y(Set<x({0,1}")) representing a hyper-
graph on the vertex set {0,1}" with |C(0")| ¢ {0, k}.
Output: Either

e 1z # 0" such that |C(z)| ¢ {0, k}, or
e x such that C'(x) contains a hyperedge of size # k, or
e 1,y such that C'(z) and C(y) are not consistent with one another.

For 1 < ¢ < k — 1, HYPERGRAPH-MOD-k|[#/] is defined with the additional
condition |C'(0")| = ¢.

Note that for £ = 2 this problem essentially corresponds to the PPA-complete
problem LEAF and its (equivalent) generalisation ODD [Pap94; BCET98]: given an

undirected graph and a vertex with odd degree, find another one.

Partition. A partition of {0, 1}" is represented by a Boolean circuit C': {0,1}" —
{0,1}™ as follows: = € {0,1}" lies in the subset given by the orbit of x with respect
to C, i.e., {C(x) : i > 0}, where C%(x) = C(C(...C(x))...) (i times). The problem

we define below is based on the simple observation that a base set of size # 0 mod k
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cannot be partitioned into sets of size k. The base set consists of all elements in
{0,1}™ except for m elements that have been removed, for some m < 2" such that
2" —m # 0 mod k. Here it is convenient to identify {0,1}" with {0,1,...,2" — 1}
in the natural way. Thus, we can think of the base set as simply being {m,m +

1,...,2" — 1}. For any k > 2, we define:

Definition 9.8. PARTITION-MOD-k:

Input: m < 2" with 2"—m # 0 mod k and a Boolean circuit C': {0,1}" — {0,1}",
such that C(z) =« for all x < m.
Output: Either

e v >m and d € N such that C%(z) = z and d|k, d # k, or
e v € {0,1}" such that C*(x) # x

where d|k means that d divides k.
For 1 < ¢ < k — 1, PARTITION-MOD-k[#/] is defined with the additional
condition 2" —m = ¢ mod k.

The condition “C(z) = z for all # < m” corresponds to excluding elements that
do not lie in the base set and it can be enforced syntactically. The first solution type
corresponds to finding a set in the partition such that its size divides k (but is # k),
while the second solution type corresponds to finding a set such that its size does not
divide k. Note that a solution is guaranteed to exist since 2" —m # 0 mod k.

The definition of this problem is inspired by the MOD* problems defined by Buss
and Johnson [BJ12] (for prime k£ > 2) and by Johnson [Johll] (for any k& > 2). In
Section 9.4 we argue that, unlike the problem defined above, the MOD* problems
only partially capture the complexity of arguments modulo k£ (when £ is not a prime
power). The problem was also defined by Jefdbek [Jer17], but only for k& prime and
without the /-parameter version. Finally, note that PARTITION-MOD-2 essentially
corresponds to the PPA-complete problem LONELY (Section 2.3.2).

The definition of this problem can be modified in various ways without changing
its complexity. For instance, the first solution type can be changed to simply ask
for z > m such that C%(x) = z for some d < k. We have defined the problem in a
slightly more complicated way to make the connection with the MOD* problems more
immediate (see Section 9.4). Yet another equivalent way of defining the problem would
be to consider a Boolean circuit C': {0,1}" — Set<x ({0, 1}") where C(x) C {0,1}" is
interpreted as the set containing x in the partition. A solution would then be any x > m

with |C(x)| < k or any x,y witnessing an inconsistency in the partition given by C.
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9.2.2 Proof of Theorem 9.1

We omit some details that are easy to fill in. For example, when given an instance of
IMBALANCE-MOD-k[#/], we assume that all the edges are well-defined, i.e., solutions
of the second type never occur. Indeed, given a generic instance of the problem, it
can be reduced to an instance where this holds by modifying the circuits so that they
check and correct the successor/predecessor list before outputting it. Note that in the
new instance only solutions of the first type can occur, but they can yield a solution
of the second type of the original problem. The same observation also holds for
BIPARTITE-MOD-k[#/] (edges well-defined), HYPERGRAPH-MOD-k[#(] (hyperedges

well-defined) and PARTITION-MOD-k[#/] (size of any subset divides k).

BIPARTITE-MOD-k[#f] < HYPERGRAPH-MOD-k[#/] : We construct a hyper-
graph on the vertex set {0,1}". We identify every vertex u of the hypergraph
with the vertex Ou on the left-hand side of the bipartite graph. The hyperedges are
given by the vertices on the right-hand side of the bipartite graph. More precisely,
if for every right-hand side vertex 1v we let N(1v) be the set of neighbours (on the
left-hand side), then the set of hyperedges is exactly {N(1v) : v € {0,1}"}. Note that
given u € {0,1}", we can find all the hyperedges containing u in polynomial time.
Furthermore, since the vertex 00" has degree ¢ in the bipartite graph, the correspond-
ing vertex 0" in the hypergraph will also have degree ¢. It is easy to check that any
solution of the HYPERGRAPH-MOD-k|[#/] instance (in particular also any hyperedge

that does not have size k) yields a solution to the BIPARTITE-MOD-k[#/] instance.

HYPERGRAPH-MOD-k[#/{] < IMBALANCE-MOD-k[#¥] : We construct a directed
graph on the vertex set {0,1}*"*2 For each vertex u of the hypergraph there is a

(k=1n+1) and for each hyperedge e of

vertex v, in the directed graph (e.g., v, = 0u0
the hypergraph there is a vertex v, in the directed graph (e.g., ve = lu; . .. u,, 10+=™"
where e = {uy, ..., u,} is ordered lexicographically). We put a directed edge from v,, to
ve iff u € e (i.e., iff e appears in the hyperedge list of u). All other vertices are isolated.
Note that 0¥"*2 = 4. has imbalance ¢ and for any vertex in {0, 1}***2 we can compute
the predecessors and successors in polynomial time. If there is an imbalance modulo &

in a vertex v,, then the corresponding hyperedge e does not have size k. If there is an

imbalance modulo k in a vertex v,, then u has degree # 0 mod k in the hypergraph.
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IMBALANCE-MOD-k[#/] < PARTITION-MOD-k[#£] : Consider an instance of the
problem IMBALANCE-MOD-k[#/]. Split every vertex v into two vertices v;, and vy,
such that v;, gets all the incoming edges and v,,; gets all the outgoing edges. If v
was balanced, i.e., in-deg(v) = out-deg(v) = d, then we add k — d edges from v, to
Vin. We can assume that out-deg(0™) = ¢ and in-deg(0") = 0 (just create a copy of
0™ that takes in-deg(0™) incoming and outgoing edges), and thus out-deg(0%,,) = ¢
and in-deg(07,) = 0. Note that we are using multi-edges, which are not allowed in
the definition of the problem. However, this is not an issue, since this is just an
intermediate step of the reduction. This new instance has the property that no vertex

has both incoming and outgoing edges. Furthermore, any solution (i.e., a vertex with

n

n ) yields a solution of the original instance.

in- or out-degree not in {0, k}, except 0

Thus, we can assume wlog that the IMBALANCE-MOD-k[#/] instance (with multi-
edges) is such that no vertex has both incoming and outgoing edges. We construct
an instance of PARTITION-MOD-k[#/] on the set {0, 1}¥*". Every vertex u of the
directed graph has k corresponding elements in the set {0, 1}**", namely u; = 10*~!u,
..., u = 0F Mu. If u does not have any outgoing edges, then uy, ..., u; form a subset
of the partition, i.e., C'(%;) = Ui+1 mod k- If u has outgoing edges to v™, v ... v0)
(j <k, ordered lexicographically), then for every i = 1,...,j we put u; in a subset
that we denote S,u). uj11,...,u, are put into isolated subsets, i.e., C'(u;) = u; for all
t=741,...,m. Note that if v has k incoming edges, then S, will contain k elements.
Given any element u;, we can compute all the elements in its subset in polynomial
time (and thus efficiently construct C' that cycles through them in lexicographic order).
Furthermore, since out-deg(0™) = ¢, the vertices 0, , ..., 07 will be in singleton sets.
Consider the subset of {0, 1} X = {u; : w € {0,1}",4 € {1,...,k}}\{0%,,,...,07}.
Then | X| = k2" — (k —¢) = ¢ mod k. It is easy to check that any element in X that
is not contained in a subset of size k (according to C'), must yield a solution to the
IMBALANCE-MOD-k[#/] instance. Finally, the last step is to construct an efficient
bijection between X and the set of all integers {j : 2""* — | X| < j < 2""*} which is
easy to do. Thus, we have reduced the original instance to an instance of PARTITION-
MOD-k[#(] with inputs m = 2"*% — | X| and C (modified according to the bijection).

PARTITION-MOD-k[#¥] < BIPARTITE-MOD-k[#¥] : Let us consider any instance
(C,m) of PARTITION-MOD-k[#/{] with parameter n. In particular, it holds that m < 2"
and 2" —m = { mod k. We construct a bipartite graph as follows. The vertex sets on
the left and right side are A = {0,1}" and B = {0, 1}" respectively. We can define a
canonical partition of the numbers m, m+1,...,2" — 1 into sets of size k (and one set
of size ). For example, {m,m+1,... m+{—1}, {m+{,m+L+1,... m+L+k—1},
etc. Each set of the canonical partition corresponds to a vertex in A as follows: a

set containing k numbers x; < x9 < --- < w1} is represented by the vertex z; € A.
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For the set of size ¢ in the canonical partition, we introduce a special case: it is
represented by 0" € A. Note that many vertices in A will not correspond to any set
of the canonical partition. For a number x > m, we let L(x) € A denote the vertex
in A representing the set containing x in the canonical partition.

Another partition of the numbers m,m + 1,...,2" — 1 into sets of size at most k
is given by the instance (C,m) of PARTITION-MOD-k[#/]. Similarly to what we did
above, we can associate each set in the partition given by C with a vertex in B. We
let R(x) € B denote the vertex of B representing the set containing x in the partition
given by C. Note that for any vertex in A or B we can efficiently determine whether it
represents a set of one of the two partitions and if so, which set exactly it represents.

For every x > m we add an edge between L(x) € A and R(z) € B, i.e., between the
sets that contain x in the two different partitions. This construction might introduce
multi-edges (if some = and y lie in the same set in both partitions) but this can easily
be resolved by using the Mitosis gadgets described below. It is easy to see that for any
vertex of the bipartite graph we can efficiently compute the set of all its neighbours.
Finally, note that the vertex 0™ € A has degree ¢, and any other vertex with degree
# 0 mod k must necessarily lie in B and correspond to a set in the partition given
by C that contains strictly less than k£ elements. Thus any such vertex immediately
yields a solution to the original PARTITION-MOD-k[#/] instance.

Mitosis gadgets. Let £k > 2. We now show how to construct a small bipartite
graph such that exactly one vertex on each side has degree 1 and all other vertices
have degree k (or 0). This “gadget” can then be used to increase the degree of
two vertices (one on each side of the bipartite graph) without adding any solutions,
i.e., vertices with degree # 0 mod k.

The gadget is a bipartite graph with k + 1 vertices on each side: ay, ..., ax4; and
bi,...,bg+1. It contains all the edges {a;,b;} for i,57 < k, except the edge {ay, by}
It also contains the edges {ay,byy1} and {ag.1,br}. Thus, all vertices have degree
k, except for ayy; and by, which have degree 1.

We call this the “Mitosis” gadget, because it allows us to duplicate edges that
already exist. Let u and v be two vertices in a bipartite graph, one on each side.
Furthermore, consider the case where there is an edge {u,v}. We would like to
increase the degree of v and v by 1, but without introducing any new solutions,
in particular without introducing any vertex with degree # 0 mod k. Using the
Mitosis gadget, we can just add new vertices aq,...,a; and by, ..., b, and identify
aj+1 with v and bg, 1 with v. Adding the corresponding vertices of the gadget yields a
bipartite graph where the degree of u and v has increased by 1, but no new solutions
have been introduced. Note that this gadget can, in particular, be used to turn a
bipartite graph with multi-edges into one without them, without changing the degree

of existing vertices and without adding any new solutions.
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9.3 Relationship Between the Classes

In this section, we present some results that provide deeper insights into how the
classes relate to each other. For any k& > 2, PF(k) denotes the set of all prime
factors of k. The main conceptual result is that PPA-k is entirely determined by

the set of prime factors of k:

Theorem 9.2. For any k > 2 we have PPA-k = &  PPA-p.
pePF (k)

This equation can be understood as saying the following:

e Given a single query to an oracle for PPA-k, we can solve any problem in PPA-p

for any p € PF(k)

e Given a single query to an oracle that solves any PPA-p problem for any

p € PF(k), we can solve any problem in PPA-E.
Corollary 9.2. In particular, we have:
o For ki, ke > 2, if PF(k1) C PF(ky), then PPA-k; C PPA-ks.
o For all ky, ko > 2, PPA-k1ky = PPA-k; & PPA-E,.
o Forallk > 2 and all r > 1 we have PPA-kK" = PPA-k.

Using the PPA-Ek[#/] classes, we can formulate an even stronger and more detailed
result. For any k > 2, 1 < ¢ < k — 1, we define PF(k,?¢) = PF(k/gcd(k,?)). In
this case the conceptual result says that PPA-k[#/] is entirely determined by the
set of prime factors of k/ged(k, ().

Theorem 9.3. For any integer constants k and ¢ with k > 2 and 0 < £ < k, it holds
that

PPA-k[#0)=PPA-[ T »|#U= () PPAp
pEePF(k,0) pePF(k,0)

The proof of Theorem 9.3 can be found in the next section. Before we move on to

that, let us briefly show that Theorem 9.2 follows from Theorem 9.3.
Proof of Theorem 9.2. Using Lemma 9.2 and Theorem 9.3 we can write
PPA-k — & PPA-k « PPA & PPA
- = ZZl - [#g] = K:1 m —p = pePF(k) —p
PEPF(k,0)

where the last equality follows by noting that PF(k,¢) C PF(k) for all ¢, and
PF(k, k/p) = {p} for all p € PF(k). O
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9.3.1 Proof overview

Proof of Theorem 9.53. All containment results follow from Theorem 9.4 below, except

PPA-| J[ »|#12 () PPAp
PEPF (k,0) PEPF(k,0)

Let PF(k,¢) = {p1,...,pa}. We will show how to combine a set of instances
(C1,myq), ..., (Cq,myq), where (C;, m;) is an instance of PARTITION-MOD-p;[#1], into
a single instance of PARTITION-MOD-s[#1], where s = pips - --pg, such that any
solution to this instance yields a solution to one of the (C;, m;) instances. Without
loss of generality, we can assume that the parameter n is the same for all (C;, m;)
instances. Without loss of generality, we can assume that 2" —m; =1 mod s for all
i, because we can add at most [ 44 Di Sets of size p; to achieve this (see the proof of
Lemma 9.5). Note that we then have (2" —my)(2" —mg)--- (2" —my) =1 mod s.
Furthermore, for (z1,...,z4) and (y1,...,yq) with z;,y; > m; we can define x = y if
and only if z; =; y; for all i, where x; =; y; means that x; and y; lie in the same set
in instance (C;, m;). If for all i, z; lies in a set of size p; in (C;, m;), then x will lie in
a set of size s. Thus any solution yields a solution to one of the original instances.
The details to fully formalise this are very similar to the proof of Lemma 9.6. [

Beame et al. [BIKT96] investigated the relative proof complexity of so-called
“counting principles.” These counting principles are formulas that represent the
fact that a set of size % 0 mod k cannot be partitioned into sets of size k. They
investigated the relationship between these principles in terms of whether one can be
proved from the other by using a constant-depth, polynomial-size Frege proof. Their
main result is a full characterisation of when this is possible or not. As noted by
Johnson [Joh11], these counting formulas do not yield NP search problems, but they
can be related to corresponding NP search problems (TFNP, in fact). Indeed, Johnson
uses this connection to obtain some separation results between his PMODF classes (see
Section 9.4) from Beame et al.’s negative results. Our contribution is using Beame et
al.’s positive results in order to prove inclusion results about the PPA-k[#/] classes.
More precisely, we modify their proofs to obtain polynomial-time reductions between
our PARTITION-MOD-k[#/] problems. Thus, we obtain the following analogous result:

Theorem 9.4. Let 1{31,]{?2 >2and 0 < & < k; fO’f’ 1= 1, 2. If PF(k2,€2) - PF(k’l,gl),
then PPA-k1[#(1] C PPA-ky[#(5)].
Proof. From Lemma 9.1 we know that PPA-k;[#(;] = PPA-k;[# ged(k;, ¢;)] for i = 1,2.

The result then follows from a few technical lemmas proved in Section 9.3.2 below:

1{31 k2
ged(kq, £7) [#1] L%ﬁ PPA- ged(ka, £2) [#1]

C PPA-kyl#ged(ky, b)) O
L 94

PPA-kl[#ng(kl,gl)] g PPA-
L 9.5
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9.3.2 Technical Lemmas for Theorem 9.4

The proof ideas from [BIKT96] are used to construct some of these reductions.

Lemma 9.3. Let k> 2 andr > 1. For all 0 < £ < kr with { # 0 mod k, it holds
that PPA-kr[#l] C PPA-Ek[#({ mod k)].

Proof. Consider any instance of BIPARTITE-MOD-kr[#/]. Split every vertex v into r
versions vy, . .., v, and assign every incident edge to exactly one of these versions, e.g.,
by ordering the neighbours in increasing lexicographic order. Then exactly one version
of the known starting vertex will have degree ¢ mod k and all its other versions will
have degree 0 or k. In the new graph, any vertex that has degree not in {0, k} (apart
from this one version of the starting vertex) will immediately yield a solution of the
original instance. Thus, we have reduced to an instance of BIPARTITE-MOD-k[# (¢
mod k)]. O

Lemma 9.4. Let k > 2 and r > 1. For any 0 < { < k it holds that PPA-k[#/(] C
PPA-kr[#0r].

Proof. Consider any instance of BIPARTITE-MOD-k|[#/]. Assign weight r to every
edge. Clearly, the starting vertex now has degree ¢{r and any other vertex with degree
not in {0, kr} yields a solution to the original instance. Finally, note that we can
remove the weights without changing the degrees and adding any new solutions by

using the “mitosis” gadgets. [
Lemma 9.5. Let k > 2 and ¢ > 1. Then PPA-k{[#(] C PPA-k[#1].

Proof. We reduce PARTITION-MOD-E{[#(] to PARTITION-MOD-k[#1] by adapting
the proof in [BIKT96, Lemma 2.3] to obtain a reduction. Consider an instance of
PARTITION-MOD-k([#/(], i.e., a partition of the set of integers [m, 2" — 1] given by a
circuit C' for some m such that 2" —m = ¢ mod k¢. This means that there exists some
integer a € [0,2"7!] such that 2" —m = {4+ akl. Clearly, there exists some integer
B €0,(¢—1)!—1] such that «+ 8 =0 mod (¢ —1)!, which implies 2" —m+ Skl = ¢
mod (k-£!) (if ¢ < 2, then this holds with 5 = 0). Thus, if we add 3 sets of size k¢, the
size of the ground set will be = ¢ mod (k - ¢!). Assuming that n is large enough such
that 2™ > k- 0! > pk{, we can achieve this by letting n’ =n+ 1, m’ =m + 2" — pk{
and extending C' to also include the additional [ sets of size k¢. It is easy to see that
this can be done efficiently and will yield a partition of [m’,2""! — 1] such that any
mistake immediately yields a mistake in the original partition. Thus, we can assume
without loss of generality that 2" —m = ¢ mod (k- ¢!).

Let S denote the set of all subsets of {m,m+1,...,2" — 1} of size exactly ¢. Note

that S| = (**,™) = [T 25m=F = 1 mod k, since 2" —m —i = € —i mod k({ — i).
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We will now describe how to construct a partition of S into sets of size k such that
any mistake yields a solution of the original instance.

Recall that we can assume that C*(x) = x for all z. Thus, every x yields an orbit
O(z) = {z,C(x),C*(x),...,C*(x)} of size at most k¢. In particular, we can pick
the lexicographically smallest element of every orbit to be its representative. Denote
by R(z) the representative of the orbit containing x. We then have that R(x) = R(y),
if and only if z and y lie in the same orbit, i.e., in the same set in the original
partition. For a,b € S we write a = b if a and b contain exactly the same number of
elements from each set of the original partition. This can be checked efficiently by
computing the representative of each element in a, ordering these lexicographically
(with repetitions), doing the same for b and checking if the two lists are identical.
This is an equivalence relation and we denote the equivalence class of a € S under =
by [a].

For any a € S there exist distinct representatives z1,...,x,, s < £, and oy, ..., as >
1 with Y7, oy = € such that a contains exactly ¢, elements from the orbit represented
by z;, for all i. Thus, the size of [a] is exactly []}_, (25)7 assuming that the orbits
of x1,...,x, all have size k/, i.e., do not yield a solution to the original problem.
It was shown in the proof of [BIKT96, Lemma 2.3 that this quantity is a multiple
of k. Thus, the equivalence class of a can be perfectly partitioned into sets of size
k. We now describe a way to do this explicitly and efficiently. Assume that the
representatives xy,...,x, are in increasing lexicographic order. Find the smallest
index ¢ such that k divides (1;5) Let F' denote an arbitrary fixed efficient bijection
between {0, .. ., (ff) —1} and (Ogji)), where this denotes the set of all subsets of O(x;)
of size exactly «;.

The circuit C” determines the image of a € S by first computing z1,...,z, and
a1, ..., as described above, and determining the smallest index 7 as explained above.
Let a; = aN O(x;). The circuit outputs

(a\ @) UF(|F Ya;)/k| -k + (F '(a;) +1 mod k)).

It is easy to check that as long as |O(z;)| = k¢ for all j, this procedure partitions [a]
into sets of size k. The last step is to set m’ = 2" — |S| and construct an efficient
bijection between S and {2 — |S],...,2" — 1}, which is easy to do. O

Lemma 9.6. Let ki, ky > 2. If all prime factors of ko also divide ky, then PPA-ky [#1]
C PPA-ks[#1].

Proof. Similarly to our proof of Lemma 9.5, we adapt the proof of the corresponding
statement for the counting formulas from Beame et al. [BIK*96, Lemma 2.5] in order

to obtain a polynomial-time reduction.
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Since all prime factors of ko divide kq, there exists some ¢ (bounded by a constant,
e.g., ky) such that ky divides kf. From Lemma 9.3 we know that PPA-k{[#1] C
PPA-ky[#1]. Thus, it suffices to show that PPA-ki[#1] C PPA-k{[#1]. We write
k = Kk from now on.

Consider an instance (C,m) of PARTITION-MOD-k[#1]. Since 2" —m =1 mod k,
it follows that there exists some r such that (2" —m)” = 1 mod k* by Euler’s totient
theorem. Pick such an 7 > ¢ — any large enough multiple of the totient ¢(k?) will do —
and note that r is bounded by some constant, since both ¢ and ¢(k*) are.

Assume without loss of generality that C*(z) = z for all 2. We construct a partition
of {m,...,2" — 1}" explicitly as follows. For any (z1,...,z,) € {m,...,2" —1}", let
i € {1,...¢} denote the largest index such that x; is the lexicographically smallest
element in the orbit of x; under C' (i.e., x; is the representative of O(x;)), for all
j < i. If there is no such z;, set i = 1. If ¢ > ¢, set i = £. The circuit C' computes
C'(xy,y...,zp) = (C(x1),C(22),...,C(x;), Tit1,...x,). It is easy to see that if the
orbits O(x;) under C all have size k, then this yields an orbit of size k‘. Thus, any
orbit in the new instance that has size different from k* immediately yields some orbit
of the original instance that does not have size k.

The final step is to set m’ = 2" — (2" — m)" and construct an efficient bijection
between {m’,..., 2" — 1} and {m,...,2" — 1}", which is easy to do. O

9.4 Johnson’s PMOD” Classes and Oracle Separ-
ations

Inspired by the definition of the PPA-complete problem LONELY (Section 2.3.2), Buss
and Johnson [BJ12] defined TFNP problems called MOD? to represent arguments
modulo some prime p. Their main motivation was to use these problems to show
separations (in the type 2 setting) between Turing reductions with m oracle queries
and Turing reductions with m + 1 oracle queries. In his thesis [Johl1], Johnson
generalised the definition of MODF* to any k > 2 and defined corresponding classes
PMODF. He also proved some separations between these classes and other TFNP
classes in the type 2 setting (which yield oracle separations in the standard setting).
It seems that Johnson was not aware of Papadimitriou’s [Pap94] PPA-p classes.

In this section, we study the classes PMOD* and prove a characterisation in terms
of the classes PPA-p. In particular, we show that PMOD" does not capture the full
strength of arguments modulo k£, when k is not a prime power. This characterisation
also allows us to use Johnson’s separations to obtain some oracle separations involving
PPA-k and other TFNP classes.

Informally, the problem MOD* can be defined as follows. We are given a partition
of {0,1}" into subsets and the goal is to find one of these subsets that has size # k.
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If k£ is not a power of 2, then such a subset must exist. If k is a power of 2, then
we instead consider {0,1}™\ {0"} and the problem remains total. Formally, for any
k > 2, the problem is defined as follows [BJ12; Johl11].

Definition 9.9. MOD*:
Input: Boolean circuit C': {0,1}" — {0, 1}".
Output:

e [f k is not a power of 2: Find

— 2 €{0,1}" and d € N such that C%(z) = x and d|k, d # k, or
— z € {0,1}" such that C*(z) # =

o If k is a power of 2: Let additionally C'(0") = 0" and find

— 2 €{0,1}"\ {0"} and d € N such that C%(z) = x and d|k, d # k, or
— 2 € {0,1}" such that C*(z) # =

where C*(z) = C(C(...C(z))...) (£ times) and d|k means that d divides k.

Definition 9.10 (PMOD* [Joh11]). For any k > 2, the class PMOD" is defined as
the set of all TFNP problems that many-one reduce to MOD".

Note that the problem MOD? is a special case of our problem PARTITION-MOD-k
(which was indeed inspired by this definition). As a result, we immediately get that
PMOD* C PPA-k. Unless k is a prime power, we don’t expect this to hold with equality.
The intuition is that restricting the size of the base set to always be a power 2 has
the effect of only achieving a subset of the possible ¢-parameter values of PPA-k[#/].
Namely, only ¢ € {2" mod k : n € N} are achieved (for k£ not a power of 2).

Johnson proves a lemma [Joh1l, Lemma 7.4.5] that gives some idea of how the
PMOD* classes relate to each other. It can be stated as follows: if k = pips...pr,
where the p; are distinct primes, then PMOD* = N,PMOD?":. He proves this if all
p; # 2 and claims that the proof also works if some p; = 2. However, if some p; = 2
then the proof does not work. This is easy to see, since our results below prove that
PMOD® = PMOD? which is not equal to PMOD?* N PMOD?, unless PMOD? C PMOD?.
However, Johnson proves that PMOD? ¢ PMOD? in the type 2 setting.

The following result provides a full characterisation of PMOD in terms of
the classes PPA-p.

Theorem 9.5. Let k > 2.
o If k is not a power of 2, then PMOD" = PPA—E[#l] = Nyepr(iyPPA-p where k is

the largest odd divisor of k.
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o If k is a power of 2, then PMOD* = PPA-2.

The proof of Theorem 9.5 is given below in Section 9.4.1.
Corollary 9.3. In particular, we have:

e for all primes p and r > 1, PMOD?" = PPA-p" = PPA-p

e for all k > 2, PMOD** = PMOD*

e for all odd k > 3, PMOD* = PPA-k[#1] = Npcprx)PPA-p

If k is a prime power, then PMOD” is the same as PPA-k. However, for other values
of k, we argue that PMODF fails to capture the full strength of arguments modulo k. For
example, PMOD'® = PPA-15[#1] = PPA-3NPPA-5, whereas PPA-15 = PPA-3 & PPA-5.
This means that PPA-15 can solve any problem that lies in PPA-3 or PPA-5, while
PMOD' can only solve problems that lie both in PPA-3 and PPA-5. In particular,
if PMODY = PPA-15, then it would follow that PPA-3 = PPA-5, which is not
believed to hold (see oracle separations below). Even worse perhaps, is the fact that
PMOD?* = PMODF for any k > 2. In particular, this means that PMOD® = PMOD?,
which indicates that PMOD® does not really capture arguments modulo 6.

Nevertheless, Johnson’s oracle separation results (obtained from the corresponding
type 2 separations as in [BCE'98]) also yield corresponding results for the PPA-
k classes (using Theorem 9.5). We briefly mention a few of the results obtained
this way. See Johnson [Johl1, Chapter 8] for additional results. Relative to any
generic oracle (see [BCET98]):

e PPA-p € PPA-q for any distinct primes p, ¢
e PPA-k & PPP, PPA-k Z PLS, PPA-k Z PPADS for any k > 2

e PPP & PPA-p, PLS € PPA-p for any prime p

9.4.1 Proof of Theorem 9.5

For k = 2, MOD? corresponds to the PPA-complete problem LONELY [BCE*98], and
thus PMOD? = PPA = PPA-2. Let r > 2. Consider an instance (C, m) of PARTITION-
MOD-2"[#(2" — 1)] on the set {0, 1}™. Without loss of generality, assume n > r. Then
2" =0 mod 2" and thus m = 2" — (2" —m) = —(2" — 1) mod 2" =1 mod 2". This
means that we can (efficiently) partition {0, 1,...,m—1} into subsets of size 2", leaving
only 0 = 0" out. Thus, we have reduced PARTITION-MOD-2"[#(2" — 1)] to MOD?".
Since PPA-27[#(2" — 1)] = PPA-2 (Theorem 9.3), we obtain PPA-2 C PMOD?. On
the other hand we also have PMOD?" C PPA-2" = PPA-2 by Corollary 9.2.
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Consider some k£ > 3 that is not a power of 2. First, let us show that PMOD?%* =
PMOD*. MOD? reduces to MODF by splitting every subset into two subsets of size
k (or less, if the subset has size < 2k). Conversely, consider an instance of MOD* on
the set {0, 1}". Make a copy of the instance, thus obtaining an instance on the set
{0,1}™"!. For every subset of the original instance, take the union with its copy. If
the subset had size k, the new subset has size 2k. Thus, we have reduced to MOD?*.

Let k > 3 be coprime with 2. We will show PMOD* = PPA-k[#1]. Consider
an instance of MOD" on the set {0,1}". Since k and 2 are coprime, there exists
i €{0,...,k — 1} such that 2"*" =1 mod k (e.g., by using Euler’s theorem). Thus,
we take 2 copies of the instance and obtain an instance on the set {0, 1}, which
is an instance of PARTITION-MOD-k[#1] (with m = 0), since 2" = 1 mod k.
Conversely, consider an instance (C,m) of PARTITION-MOD-k[#1] on the set {0, 1}".
As before, there exists i € {0,...,k — 1} such that 2™ =1 mod k. We construct
an instance C’ of MOD* on {0,1}"*" as follows. The element 2 € {0,1}" of the
original instance corresponds to the element 1’z € {0,1}" of the new instance. If
r > m, set C'(1'z) = 1'C(x). The number of elements that have not yet been
assigned to a subset is m + (2 — 1)2" = (m — 2") + 2"" = 0 mod k. Thus, we
can efficiently partition them into subsets of size k without introducing any solution.
We have obtained an instance of MOD*.

9.5 Many-one vs Turing Reductions

Theorem 9.6. For any prime p > 2, PPA-p is closed under Turing reductions.

In particular, PPA-p” = PPA-p is also closed under Turing reductions. The proof

of Theorem 9.6 can be found in Section 9.5.1. Furthermore, we also obtain:

Corollary 9.4. For all k > 2 and 0 < { < k, PPA-k[#(] is closed under Turing

reductions.

Proof of Corollary 9.4. Using Theorem 9.3, we have PPA-k[#/(] = ﬂzzl PPA-p;, where
we let {p1,...,pa} = PF(k,¢). Consider a Turing reduction from some problem to
PPA-k[#(]. Since PPA-k[#(] C PPA-p;, this yields a Turing reduction to PPA-p;,
in particular. By Theorem 9.6, it follows that there exists a many-one reduction
to PPA-p;, i.e., the problem lies in PPA-p;. Since this holds for all p;, the result
follows. [

If k£ is not a prime power, then it is not known whether PPA-k is closed under
Turing reductions. Using our results from Section 9.4, we can actually provide an
oracle separation between PPA-k and the Turing-closure of PPA-k, i.e., an oracle
under which PPA-k is not closed under Turing reductions. Let Ry, ..., Ry be TENP
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problems. Following Johnson [Johll] we define ®5:1 R, as the problem: given
instances (Iy, ..., ), where I; is an instance of R;, solve [; for all j. As we did with
the & operation, with a slight abuse of notation, we can also use the operation ® with
the PPA-k classes. In [Johll, Theorem 7.6.1], Johnson proved that for m > 2 and
distinct primes pi, ..., pm, @i, MOD? does not many-one reduce to &, MOD":
in the type 2 setting. Together with our Theorems 9.2 and 9.5 this yields:

Theorem 9.7. Let k > 2 not a power of a prime. Relative to any generic oracle,
it holds that ®p€PF(k) PPA-p & PPA-k. In particular, relative to any generic oracle,

PPA-E is not closed under Turing reductions.

S = ®p€PF(k) PPA-p corresponds to solving PPA-p for all prime factors p of k
stmultaneously. In particular, this can be done by using | PF(k)| queries to PPA-E,
i.e., a Turing reduction to PPA-k. Thus, S lies in the Turing closure of PPA-k, but

not in PPA-k (relative to any generic oracle).

9.5.1 Proof of Theorem 9.6

We essentially apply the same technique that was used by Buss and Johnson [BJ12]
to show that PPA, PPAD, PPADS and PLS are closed under Turing reductions.

Let II be a problem that Turing-reduces to some problem in PPA-p. This means
that there exists a Turing machine M with access to a PPA-p-oracle that solves II
in polynomial time. Since IMBALANCE-MOD-p is PPA-p-complete (Theorem 9.1), we
assume that the oracle provides solutions to IMBALANCE-MOD-p instances. Our goal
is to show that all the oracle queries can be combined into a single one. Indeed, a
Turing reduction that always uses a single oracle query immediately yields a many-one
reduction. Thus, by the definition of PPA-p, this would yield II € PPA-p.

We begin by showing that any IMBALANCE-MOD-p-instance can be efficiently
transformed into an instance that has a particular form, namely: the starting node
has imbalance +1 (in-degree 0 and out-degree 1), and any solution has imbalance —1

(in-degree 1 and out-degree 0). This can be achieved by the following steps:

1. Ensure that all vertices have in- and out-degree at most p (by splitting vertices

into multiple copies).

2. Ensure that any unbalanced vertex has in- or out-degree 0 (by creating a copy
that will take all the edges that yield the imbalance).

3. Since p is prime, we can ensure that the starting vertex has imbalance +1.

4. Ensure that all vertices that have imbalance # 0 mod p, actually have imbalance
+1 or —1 (by splitting every such vertex into p vertices, each getting at most

one edge).
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5. Transform every solution that has imbalance 41 into p — 1 solutions with

imbalance —1 instead (by pointing to p — 1 new vertices).

From now on we assume that all IMBALANCE-MOD-p-instances have this form.
Given an instance I of problem II, let (G{, s1) denote the first oracle query made by
M on input I, where G is the IMBALANCE-MOD-p graph (represented implicitly by
circuits) and s! is the starting vertex. From now on we omit the superscript I for
better readability. For any solution t; to (G, s1), let (Ga(t1), s2(t1)) be the second
oracle query made by M, if the first query returned ¢;. We construct a big graph G
that contains a copy of G; and a copy of Ga(t;) for each solution t; of (Gy,s1). A
vertex u in Ga(ty) is represented as (¢1,u) in G. For each such t;, we add an edge
from t; to (t1,s2(t1)). Note that these two vertices are now balanced. Thus, the
instance (G, s1) has the following property: all solutions are of the form (¢;,t5), where
t1 is a solution to (G, s1), and £ is a solution to (Ga(t1), s2(t1)). The straightforward
generalisation of this construction for a polynomial number of queries (instead of 2),
yields a graph G such that any solution yields consistent query answers for a complete
run of M on input I. Thus, we obtain a Turing reduction that only needs to make
one oracle query and then simulates M with these query answers.

It remains to show that this graph G can be constructed in polynomial time from
I, i.e., we can efficiently construct circuits that compute the edges incident on any
given node. This is easy to see, because any node contains enough information to
simulate a run of M up to the point that is needed to determine the neighbours in
G. We omit the full details, since the formal arguments are analogous to the ones

in the corresponding proofs in [BJ12; Johl1].

9.6 Conclusion and Future Directions

In this chapter we have provided various tools that will hopefully enable further work
on the classes PPA-k. One very interesting direction for future work is to try to show
that FACTORING lies in the classes PPA-p for all primes p. Jerdbek [Jer16] has shown
that this is the case for p = 2, namely that FACTORING lies in PPA (under randomised
reductions). Extending this to all other values of p would take us one step closer to
proving that FACTORING lies in PPAD. It is unclear whether the techniques used by

Jetdbek [Jer16] could be used for this, or if radically new ideas are needed.
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Chapter 10

Topological Characterisations of
PPA-p

Recall that PPAD can be defined as the class of all TENP problems that reduce
to a computational problem associated to Brouwer’s fixed point theorem, or its
discrete version, Sperner’s lemma. PPA can similarly be characterised using the
Borsuk-Ulam theorem or its discrete counterpart: Tucker’s lemma. These topological
characterisations are very useful for proving membership in these classes, since the
corresponding topological theorems are often used in preexisting proofs of existence.
This usually means that membership can be obtained without much effort. However,
these topological characterisations, and in particular their discrete versions, have
also been pivotal in obtaining many of the celebrated hardness results for these
classes. Examples include the PPAD-completeness of finding a Nash equilibrium
[DGP09; CDT09], or the PPA-completeness of CONSENSUS-HALVING [FG19], the
first natural PPA-complete problem.

In this chapter, we present the first such topological characterisations for the classes
PPA-p for primes p > 3. Namely, we provide generalisations of the computational
versions of the Borsuk-Ulam theorem and Tucker’s lemma, parameterized by p, which
are complete for PPA-p. A highlight of our generalisations is the PPA-p completeness
of a computational version of the Barany-Shlosman-Sziics (BSS) theorem [BSS81].
The BSS Theorem is perhaps the most well-known generalisation of the Borsuk-Ulam
theorem. Besides [Alo87], it has been used to prove existence of other interesting
problems, including a generalisation of the Kneser-Lovasz Theorem [Kneb5; Lov78§]
due to Alon, Frankl and Lovész [AFL86], a generalised van Kampen-Flores Theorem
[Sar91] and a generalisation to Tverberg’s Theorem, proven in [BSS81].

The strength of our results lies in that

e they solidify the status of the classes PPA-p as classes containing interesting
well-known problems (adding to the recent results of Goos et al. [GKSZ20]), and
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e they set up an essential toolkit for obtaining more completeness results for the

classes, e.g., possibly the PPA-p-completeness of p-thief Necklace Splitting.

All of our PPA-p-membership results are obtained via a new combinatorial proof for
Zy,-versions of Tucker’s lemma. This new proof can be seen as a natural generalisation
of the standard combinatorial proof of Tucker’s lemma by Freund and Todd [FT81].

Thus, as a byproduct of our techniques we also obtain the following results:

1. A combinatorial proof of the BSS theorem. The original proof by Barany,
Shlosman and Sziics [BSS81] is not combinatorial, as it uses various tools from
algebraic topology. Using our new technique, we are able to provide the first

combinatorial proof for this theorem.

2. A combinatorial proof of the Necklace Splitting theorem. The existence of
such a combinatorial proof had been an open problem since [Alo87]. This open
problem was solved by Meunier [Meul4] using a rather complicated argument.
In contrast, our new combinatorial proof uses more elementary tools and is

conceptually simpler than Meunier’s proof. For more details, see Chapter 11.

3. A stronger statement of the continuous Necklace Splitting theorem which is
called Consensus-1/p-Division [Alo87; SS03]. The main advantage of our new
theorem is that it actually works for valuation functions that are not necessarily

additive and non-negative, for details see Theorem 11.4 in Chapter 11.

As a result, we believe that this new technique is of independent interest and will
be useful for providing combinatorial proofs of other topological existence theorems
such as Dold’s Theorem [Dol83].

Throughout this chapter, unless otherwise specified, k denotes an integer larger or

equal to 2, and p denotes a prime number.

10.1 Topological Preliminaries

In this section, we include all the necessary notation and topological definitions
that are used throughout this chapter. For a more detailed exposition on simplicial

complexes, we refer the interested reader to [Mat08].
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Notation: Recall that B" = {x € R" : ||z||s < 1} denotes the n-dimensional unit
ball and S"~! = OB" the corresponding unit sphere.

Definition 10.1 (Homeomorphism). A homeomorphism of topological spaces (X1, O1)
and (X3, 0s) is a bijection ¢ : X; — X, such that for every U C Xy, ¢(U) € Oy if
and only if U € O;. In other words, a bijection ¢ : X; — X5 is a homeomorphism if
and only if both ¢ and ¢~! are continuous. If there is a homeomorphism ¢ : X; — X,

we write X =2 Y.

We say that a function f has order p if f? = f, where the notation f? denotes

the composition of f by itself ¢ times.

Definition 10.2 (Free Action). Let f : X — X be a function of order p. We say
that f acts freely on X if for all z € X and all i € {1,...,p — 1}, fi(z) # z.

Definition 10.3 (Equivariance). Let f : X — X be a function of order p. A function
g: X — X is f-equivariant on P C X, if for all z € P, it holds that g(f(z)) = f(g(x)).

Definition 10.4 (Affine Independence). We call the points vy, v, ..., v; affine de-
pendent if there exist numbers a1, as,...,a; € R not all 0 such that Zle a;v; =0

and Zle a; = 0. Otherwise, vy,..., v, are called affine independent.

Geometrically, some examples of simplices are points, lines and triangles. Formally,

the definition requires the notion of affine independence.

Definition 10.5 (Simplex). A simplex o is the convex hull of a finite set A of affine
independent vectors in R™. The points in A are called the vertices of o and denoted
by V(o). The dimension of o is equal to |A] — 1. Namely, a k& dimensional simplex,
called k-simplex for short, has k + 1 vertices. The convex hull of an arbitrary subset

of the vertices of o is called a face of 0. A proper face of o is called facet.

From the above definitions, it holds that every face is itself a simplex. For

simplicity, we denote a simplex as the set of its vertices.

10.1.1 Simplicial Complexes and Triangulations

Very central to our results is the notion of geometric simplicial complexes, which are
used to describe subspaces of R?. These subspaces consist of simple building blocks,

such as points, line segments, triangles, tetrahedra, that are pasted together.

Definition 10.6 (Simplicial Complex). A simplicial complez K is a non-empty set

of simplices that satisfies the following properties:

e Each face of a simplex ¢ € K is also a simplex in K.
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2-d simplex of T’ 1-d simplex or edge of T
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e

94— (-d simplex or vertex of T

C
Figure 10.1: A simplicial complex T that defines a triangulation of the triangle A — B —C.

e The intersection o1 N oy of any two simplices 01,0, € K is a face of both o and

09.

The union of the simplices in K is called the polyhedron of K and is denoted by || K]|.
The dimension of K is dim(K) := max,cx{dim(o)} and the vertex set of K, denoted
by V(K), is the union of the vertex sets of all its simplices.

According to the above definition, zero-dimensional simplicial complexes correspond
to points and one-dimensional simplicial complexes to sets of non-intersecting line
segments as shown in Figure 10.1.

The notion of triangulation relates simplicial complexes with topological spaces.

Definition 10.7 (Triangulation). A simplicial complex K is a triangulation of a

topological space X if || K| = X.

For instance, the boundary of the n-simplex ¢,, namely a simplicial complex
containing all proper faces of o, is a triangulation of the sphere S™71.

Triangulation is a very powerful tool in studying the computational complexity
of topological problems, because they allow us to partition a simplicial complex into
smaller simplices that are connected in useful ways. We will mainly use the Kuhn
triangulation, which is described in more detail below. We refer the interested reader
to [Mat08] and [Mun84] for further information.

Definition 10.8 (Kuhn’s Triangulation [Kuh60]). Kuhn’s triangulation is a standard
way to triangulate a domain that is a cube. For any n € N, the cube [0,1]" is

triangulated with granularity m € N as follows:

1. the set of vertices of the triangulation is U}, where U, = {0,1/m,2/m, ..., m/m}
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2. every x € (U, \ {1})" is the base of the cube containing all vertices {y : y; €
{zi,z; +1/m}}

3. every such cube is subdivided into n! n-dimensional simplices as follows: for
every permutation 7 of [n], o = {3°,y',...,y"} is a simplex, where y° = x and

y' =yt + Leq for all i € [n] (e; is the ith unit vector)
It is easy to see that Kuhn’s triangulation has the following properties:

e For any simplex o = {2!,..., 2%} it holds that ||2! — 27| < 1/m for all 4, j, and
there exists a permutation 7 of [k] such that z™) < ... < z™*) (component-

wise).

e The restriction of Kuhn’s triangulation of [0, 1] on some subspace A; x Ag X
- x A, of [0,1]", where for each i € [n], A; € {{0},[0,1]}, coincides with

Kuhn’s triangulation of that subspace.

e Every n-dimensional simplex can be indexed by its smallest vertex (component-
wise), which is also the base of the cube containing the simplex, and by the
permutation that yields this simplex within this cube. Given some index, it is
easy to check whether this is a valid index, and if so, output the vertices of the

simplex.

e Given a point = € [0,1]", we can efficiently determine the index of a simplex
that contains it as follows. First find the base y of a cube of U], that contains x.
Next, find a permutation 7 such that xr1) — Yr(1) = -+ = Trn) — Yn(n). Then,

it follows that (y,7) is the index of a simplex containing z.

e Given an n-simplex {z°,..., 2"} and i € {0,1,...,n}, we can efficiently compute
the index of the other n-simplex that also has {2°,...,2"}\ {2;} as a facet. This

is called a pivot operation.

10.1.2 Z,-equivariant tie-breaking

For some of our constructions, we will require a tie-breaking that is Z,-equivariant and
efficiently computable. Observe that non-efficient tie breaking rules exist by carefully
choosing one representative for any equivalence class but this is not sufficient for our
proofs. We define an efficiently computable rule below for any set S € 2% \ {0, Z,},
let S+i:={z+i:2 € S}

Definition 10.9 (Z,-equivariant tie-breaking). For any prime p, the Z,-equivariant

tie-breaking function T}, : 2% \ {(),Z,} — Z, is computed as follows on input S €
2%\ {0, Z,}:
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1. For every i € Z,, write S + 7 as a bit-string of length p. Namely, construct the
bit-string b(z) where the jth bit from the left indicates whether j € S + ¢ (for

j=0,....,p—1).

2. Output —i* € Z,, where i* = argmax; b(i) (b(¢) interpreted as a number in

binary).

Lemma 10.1. For any prime p, the Z,-equivariant tie-breaking function T, : 2%» \
{0,Z,} — Z, is well-defined and satisfies for any S € 2%\ {0,Z,}:

o I(S)e S
o T,(S+1i)=T,(5)+1 for alli € Z,.

Proof. If p is prime and S + i = S for some ¢ € Z, \ {0}, then S € {0,Z,}. This
follows from observing that the corresponding bit strings b(0) and b(7) must be equal
and that this implies that the bits of b(0) with index {k - i}rez, are all equal. Since p
is prime, {k - i}rez, = Zp.

Hence, [{S +i:i € Z,}| = p for any S € 22\ {(),Z,}. Thus, the bit-strings b(4)
are all distinct, 7,,(S) is unique and 7, is well-defined. Next, by construction, it is
easy to see that T,(S +1i) = —(i* — i) = T,(S) + ¢. Finally, since S # 0, i* will be
such that b(i*) has a 1 in the left-most position. Thus, 0 € S + i*, which implies that
—i*esS. [

Example. Letp=3and S = {2}. Then, S+0= {2}, S+1= {0}, S+2 = {1}, and
b(0) = 010, b(1) = 001 and b(2) = 100 (in binary). From Definition 10.9, T5(S) = 2.

10.2 k-POLYGON-TUCKER: a PPA-k[#1]-complete
Problem in 2D-space

In this section we present a generalisation of the Borsuk-Ulam Theorem in two dimen-
sional space, the k-Polygon Borsuk-Ulam theorem, and its discrete counterpart, which
we call k-Polygon Tucker’s Lemma. We provide a combinatorial proof for the discrete
Lemma, which allows us to put the corresponding computational problem £-POLYGON-
TUCKER in PPA-k[#1]. Finally, by generalising existing techniques for showing
PPA-hardness of Tucker’s Lemma [ABB20], we prove that k-POLYGON-TUCKER is
indeed PPA-k[#1]-complete. Recall from Section 9.3 that when k = p" is a prime
power, PPA-k[#1] = PPA-k = PPA-p. Since the k-POLYGON-TUCKER problem is easy

to state and two-dimensional, it is likely to be a useful tool for proving PPA-p-hardness.
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10.2.1 The k-Polygon Borsuk-Ulam Theorem and k-Polygon
Tucker’s Lemma

We start this section with a unified description of Brouwer’s Fixed Point Theorem, the
Borsuk-Ulam Theorem and our generalisation: the k-Polygon Borsuk-Ulam Theorem.

For this we will need the following definition.

Definition 10.10 (Rotation Operator). We define the k-th rotation operator 0y :

R? — R? as follows: 0y(x) = Ryx, where Ry, is the following two dimensional rotation

matrix
_ [eos (=3F) —sin (=%F)
b sin(—zf) cos(—%’r)

In other words, 6 corresponds to a clockwise rotation by an angle of 27 /k.

We now give a statement of Brouwer’s Fixed Point Theorem that is different from

the standard statement, but is well known to be equivalent to that (e.g., see [Mat08]).

Theorem 10.1 (Brouwer’s Fixed Point Theorem, alternative statement). Let f :
B? — R? be a continuous function such that f(x) = x for all x € OB*. Then there
exists x* € B? such that f(z*) = 0.

Next, using the same language, we give a statement of the Borsuk-Ulam Theorem.

Theorem 10.2 (Borsuk-Ulam Theorem). Let f : B> — R? be a continuous function
such that f(0o(x)) = Oo(f(z)) for all x € OB%. Then there erists x* € B* such that

fa) =o.

It is easy to see from the above expression that the Borsuk-Ulam Theorem is a
generalisation of Brouwer’s Fixed Point Theorem. This observation is in line with
the fact that PPAD C PPA, since Brouwer is complete for PPAD and Borsuk-Ulam is

complete for PPA. In this section, we prove the following theorem for any k& > 3.

Theorem 10.3 (k-Polygon Borsuk-Ulam Theorem). Let f : B?> — R? be a continuous
function such that f(0x(x)) = 0x(f(x)) for all x € OB*. Then there exists v* € B>
such that f(x*) = 0.

Clearly, the k-Polygon Borsuk-Ulam Theorem is also a generalisation of Brouwer’s
Fixed Point Theorem. We will show that the corresponding class is PPA-k[#1], and
so this is in line with PPAD C PPA-k[#1].

In order to state the discrete version of this theorem, we first provide some

notation and definitions.
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Definition 10.11 (k-polygon & Nice Triangulation). For k > 3, let W}, be the regular
k-polygon, i.e., regular k-gon, centered at 0 € R? with radius 1. Let uy, ..., u; denote
the vertices of W, ordered such that 0y (u;) = U1 (mod k) for all i € [k]. We define 7™
to be the triangulation of W), that includes the simplices o; = conv({0, u;, Uit1 (mod &) })

for i € [k]. We call a triangulation T nice if it satisfies the following two properties:

e it is a refinement of 7™, and

e it is symmetric with respect to 6, on the boundary. This means that for every
edge v € T such that ¢» C 0W}, it holds that 0(¢) € T

We can now state the corresponding discrete existence theorem.

Theorem 10.4 (k-Polygon Tucker’s Lemma). Let k > 3 and fix some nice triangula-
tion T of Wy. Suppose that every vertex x € T has a label A(x) € Zj, such that for
any y € 0T we have AN(0x(y)) = AM(y) + 1 (mod k). Then at least one of the following
exists: (1) a triangle o € T with vertices vy, ve, v such that all the labels A(v1), A(ve),
M vs) are different, or (2) an edge v € T with vertices vy, vo such that A(vy) — A(vs)
(mod k) ¢ {0,1,—1}.

Remark. The topological theorems presented in this section can be proved by invoking
Dold’s Theorem from algebraic topology [Dol83]. However, the proof of Dold’s theorem
is not constructive and thus it is not useful for our purposes here. This is why we

present a new combinatorial constructive proof of Theorem 10.4.

Before presenting the proof of Theorem 10.4 in the next section, we show that the k-

Polygon Borsuk-Ulam Theorem and k-Polygon Tucker’s Lemma are indeed equivalent.

Lemma 10.2. The k-Polygon Borsuk-Ulam Theorem (Theorem 10.3) implies k-
Polygon Tucker’s Lemma (Theorem 10.4).

Proof. We interpret each label ¢ € Z; as the vector u;, which is the i-th vertex of the
polygon Wy. Let h : W), — W}, be the piecewise linear extension of the function that
has value uy(;) on any vertex « € T. Finally, we define g : B> — R? as the composition
of h and a homeomorphism between W), and B? that maps 0 to 0 and is f-equivariant.
Notice that by the definition of h and ¢ and the equivariance assumption on A, it
holds that g(0x(z)) = 0x(g(x)) for z € dB?. Then, it follows from Theorem 10.3 that
there exists a y* € B? such that g(y*) = 0 and hence there exists an z* € W}, such
that h(z*) = 0.

Now, let o* be a triangle of T that contains x*. If the vertices of ¢* have only
two consecutive labels, say 1 and 2 (corresponding to vectors u; and us), then it is
impossible to have h(z*) = 0 since it is a non-zero linear interpolation of u; and us
and these vectors are linearly independent. Hence, it has to be that the vertices of o*
have either two non-consecutive labels or three different labels and k-Polygon Tucker’s

Lemma follows. O]
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Lemma 10.3. k-Polygon Tucker’s Lemma (Theorem 10.4) implies the k-Polygon
Borsuk-Ulam Theorem (Theorem 10.3).

Proof. Let h : W), — R? be the function obtained from f by using a homeomorphism
between W, and B? that fixes 0 and is 0;-equivariant. Using standard compactness
arguments that are used in the proof of both Brouwer’s Fixed Point Theorem via
Sperner’s Lemma and the proof of Borsuk-Ulam via Tucker’s Lemma, it is enough if
for every e > 0 we find a point z such that ||h(z)|| < ¢, for details we refer to [Mat08].
Since h is a continuous function on a compact set, it is also uniformly continuous.
Thus for every € > 0 there exists a 6 > 0 such that for any z, 2’ € W, if ||z — 2/||, < 4,
then ||h(z) — h(2')|| < €/k. Assume that T is a nice triangulation of W} such that
any simplex ¢ € T has diameter at most 0.

We define the labelling A(z) =i to be equal to the index of the vertex u; of Wy,
that is closest to h(z). We break ties between i and i + 1 by picking i. Note that
the only other kind of tie that can occur is if h(x) = 0. In that case all labels are
tied. If z = 0, we pick one arbitrarily. Otherwise, i.e., if z £ 0, we apply the same
rule as for h(x) above, but for x instead. It is easy to check that this tie-breaking
is Zy-equivariant. For any x € 0W}, because of the equivariance assumption on g,
we have that A\(0(z)) = A(z) + 1 (mod k) and hence the assumptions of k-Polygon
Tucker’s Lemma are satisfied. Now we distinguish two cases.

k = 3. In this case, 3-Polygon Tucker’s Lemma implies that there exists a triangle
o € T whose vertices vy, vy, v3 have labels 1, 2, and 3 respectively. This implies the
following set of inequalities by the definition of the labelling A

17 (v1) = wa || < min(|[A(v1) = ua], [|A(v1) — us]])
17 (v2) = up| < min(|[A(v2) — uall, [|R(v2) — us])
17(vs) — us| < min(||A(vs) — wall, [|R(vs) — ual).

Hence, it is easy to see that the maximum angle between any of h(vy), h(ve) and h(vs)

is at least 27 /3. Now, assume for the sake of contradiction that for all vy, vs, v3 it
holds that
[h(o)ll = &, [[h(v2)ll = &, [[h(vs)]| > €.

This together with the fact that the maximum angle is at least 27/3 implies that the
maximum distance is at least 2sin(27/6)e. But this implies that

max([[h(v1) = h(va)ll, [|a(va) = A(vs)|], [[B(v1) = h(ws)])) = V3 - & > %

which contradicts the definition of the triangulation 7', where the vertices of the
same simplex are at most 0 far from each other and hence their images are at most
e/k = ¢/3 far from each other. This implies that our assumption was wrong and
hence for at least one i € [3] it holds that ||A(v;)|| < € and the result for this case
follows.
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k > 3. In this case, k-Polygon Tucker’s Lemma implies that there exists an edge
1 € T whose vertices v; and v, have labels that differ by more that one, without loss
of generality assume that these labels are 1 and 3 respectively. By the definition of
the labelling A\ this implies that

o(wr) — | < min(llper) = wil),  [A(v2) = ug]) < min((vs) — )

Hence, it is easy to see that the angle between h(vy) and h(vy) is at least 27/k. Now,

for sake of contradiction we assume that
[A(v)]] > €, [[A(v2)]| > e.

This together with the fact that the angle is at least 27 /k implies that the distance
|h(v1) — h(ve)]|| is at least 2sin(27/k)e > ¢/k which contradicts the definition of 7'

Therefore, in both cases for every ¢ > 0 we can find a v € W, such that ||h(v)|| < e.
This, by standard arguments and the compactness of Wy, implies that there exists a
point x* € Wy, such that h(z*) = 0 and hence the result follows. O

10.2.2 Proof of k-Polygon Tucker’s Lemma

In this section, we prove k-Polygon Tucker’s Lemma (Theorem 10.4). The proof
technique that we introduce here is a generalisation of the combinatorial proof of
Tucker’s lemma given by Freund and Todd [FT81].

We use a modulo-k argument to prove this theorem. We define a directed graph®
where the nodes correspond to the simplices of T', and we also identify the symmetric
edges of T on the boundary of W}, as the same node. Then, in this graph we describe

a rule for defining edges such that there exist three types of nodes:

1. the node that corresponds to the O-dimensional simplex {0} which will have

degree 1,
2. nodes that are balanced modulo k, i.e., outdegree — indegree = 0 (mod k),

3. nodes that are different from {0} and are not balanced modulo k.

Due to a simple modulo-k argument and because {0} is not balanced we can conclude
that the constructed graph contains a node of type 3. Finally, we prove that all nodes
of type 3 correspond to either a trichromatic triangle or a bichromatic edge with
distinct non-consecutive labels and hence k-Polygon Tucker’s Lemma follows. Note
that the proof is combinatorial and is essentially a reduction to IMBALANCE-MOD-
k[#1]. This will allow us to obtain membership in PPA-k[#1] for the corresponding

computational problem in the next section.

ITo avoid any confusion, in this proof we refer to nodes of the directed graph, and to vertices of
the triangulation.
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Construction. For any simplex ¢ € T' we define S(o) and A(o):

> S(o) C [k] is the minimal subset of [k] such that o lies in the cone defined by
{u; i€ S(o)},

> Ao) ={A(z) : z is a vertex of o},

and we let S({0}) = 0. A simplex o € T is called happy if and only if S(o) C A(0).

Remark. Observe that because T is a refinement of T*, we have that every simplex
o € T is contained in a cone defined by two consecutive vectors u;, u;1. Hence, for
o # {0}, S(o) contains either a single number i € [k] or two consecutive numbers
1,1+ 1.

We will define a graph G' with node set V(G) = T. In G, we will only add directed

edges to the following nodes, which we call relevant:
(a) nodes that correspond to a simplex o € T" such that o ¢ 9T and o is happy,
(b) nodes that correspond to a simplex ¥ € 9T such that v is happy and:

— ¢ = {uy}, if ¢ is 0-dimensional

— ¢ C conv({uy,us}), if ¥ is 1-dimensional.

The reason for this distinction between simplices on the boundary and simplices
not on the boundary is that we want to identify the symmetric simplices on the
boundary as a super node in order to correctly use a modulo-k£ argument, as we
described in the sketch of the proof.

We add an edge (v, v') to the graph G only if the simplices o and ¢’ that correspond

to v and v’ are both relevant and one of the following rules applies:

1. case o0 € 9T, 0’ & OT : We add the edge if ¢/ C ¢ and the labels of ¢’ suffice
to make o happy, i.e., S(o) C A(o”),

2. case o & OT,0’ € T : Observe that since v’ is relevant and ¢’ € 9T, v’ is
of type (b). So, instead of checking whether ¢’ C o, we check whether there
exists ¢t € [k] such that 7 := 0,(:)(0’) C o and 7 suffices to make o happy, i.e.,

S(o) C A(7).
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Directing the edges. The edge between o and ¢ is directed in the following natural

way:

e if o is 1-dimensional, then o and ¢’ lie in conv({0,w;}) for some i, and the edge
is directed “away from 0.” Formally, if o = {29, 21} and ¢’ = {z;} are connected
by an edge, then write zy = a;u; and 2z, = Byu;. If a; — 3; > 0, then the edge is

incoming into o. If a; — ; < 0, then the edge is outgoing out of o.

e if 0 is 2-dimensional, then o and ¢’ lie in conv({0, w;, u;}) for some %, j with
i—j =21 (mod k). If j =i+ 1, then the edge is directed such that “we keep
label 7 to our right, and label j = i+ 1 to our left, when we move in the direction
of the edge.” If j = ¢ — 1, then the edge is directed such that “we keep label
j =1—1 to our right, and label 7 to our left, when we move in the direction of the
edge.” Formally, if o = {29, 21, 22} and ¢’ = {21, 22} are connected by an edge,
where A(z1) =i and A(22) = j, then write 20 = au; + ojuj, 21 = Biu; + Bju;
and 2o = y;u; + yju;. Construct the matrix

M — o =B o=y

a; =B ;=
If det M > 0, then the edge is incoming into o. If det M < 0, then the edge is
outgoing out of o. Notice that det M # 0, because o is a simplex. Furthermore,
note that the determinant of the matrix does not change if we switch both ¢

and j, and z; and 2y (i.e., 8 and 7). Thus, the direction is well-defined.

If o’ corresponds to a node of type (b), then we apply the rule above to o and 7 instead.
Based on the description of the edges in the graph GG we can prove the following
Claims which complete the proof of k-Polygon Tucker’s Lemma.

Claim 10.1. The node that corresponds to the simplex {0} € T has outdegree 1 and

indegree 0.

Proof. Since {0} is a O-dimensional simplex, it does not have any sub-simplices and
hence it can only be connected to a 1-dimensional simplex, i.e., an edge. An edge
Y € T that is not contained in a linear segment of the form conv({0,u;}) cannot
be a neighbour of {0}, because it requires two labels to become happy and {0} has
only one single label. Hence, {0} can only be connected to a 1-dimensional simplex
{0, z;} contained in conv({0, u;}) for some i. Observe also that S({0, z;}) = {i}, which
implies that S({0, z;}) = {A(0)}. Therefore, there is exactly one 1-dimensional simplex
that is connected to {0}, namely {0, z;}, where i = A(0).

Furthermore, since {0} and its neighbour {0, z;} lie in conv({0, u;}), the edge is
directed away from {0}. Formally, if we write z; = oyu; and 0 = B;u;, it will hold that
a; — ; = a; > 0. This means that the edge is incoming into {0, z;} and the claim
follows. O
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Claim 10.2. Any node v in G that is unbalanced modulo-k, i.e., outdegree(v) #
indegree(v) (mod k) and does not correspond to the simplex {0}, corresponds to a
simplex o that is either trichromatic or \N(o) € {i,i+ 1} for alli € [k].

Proof. For this proof, we consider all three cases for the dimension of the simplex o*

that corresponds to an unbalanced node of G separately.

Dimension of o* is 0. In this case, o* = {z*}. It is easy to see that o* cannot make
any 2-dimensional simplex happy since a 2-dimensional simplex ¢ has |S(o)| = 2. So,
o* can only be a neighbour of a 1-dimensional simplex . Additionally, ¢* cannot
make a 1-dimensional ¢ happy if |S(¢)| = 2. Thus, a neighbour of ¢* should be
contained in the segment conv({0, u;}) where 7 is such that A(c*) = 4. If 2* # u;, then
o* is connected to both of its two neighbouring 1-dimensional simplices in the segment
conv({0,u;}). Then, since the edges are directed away from 0, c* has one incoming
and one outgoing edge. Formally, let {2, 2"} and {z*, z{} be the two neighbouring
1-dimensional simplices, and write zo = a;u;, 2, = alu; and z* = fu,. It is easy to
see that a; — f; and o] — f3; always have opposite signs, since 2y and z{, lie on opposite
sides of z* on conv({0, u;}).

If 2* = w;, then from the definition of relevant nodes of G we have that z* = w4
and {u, } is happy, i.e., A(u;) = 1. Thus, by the boundary conditions, for every t € [k],
it holds that /\(9,(:)(101)) =t + 1. In other words, A(u;) =i for all ¢ € [k]. As a result,
it follows that for each i € [k], {u1} has an edge with the simplex {u;, z;} which lies in
conv({0,u;}). This holds because Qg)({ul}) suffices to make {u;, z;} happy. Clearly,
H,Ei)({ul}) cannot make any other simplex happy, by the same arguments as above.
Finally, note that all the edges are incoming into {u;}, because edges are directed
away from 0 on any conv({0,w;}). Formally, if we write z; = a;u; and u; = S;u;, then
we always have o; — 5; = a; — 1 < 0, so the edge is outgoing out of {u;, z;}. Thus, in
this case, z* has k neighbours and all of them with the same direction. Therefore, z*
is always balanced modulo-k. In conclusion, an unbalanced node of G different from

{0} cannot have dimension 0.

Dimension of o* is 1. First, assume that o* = {z7, 25} belongs to one of the line
segments conv({0,w;}). If additionally A(z}) = A(z}), then o* is happy if A(z7) =
A(2z3) = i. Therefore, |\(c*)| = 1 and hence ¢* cannot be a neighbour of a 2-
dimensional o since |S(o)| = 2 and ¢* cannot make ¢ happy. So, o* has exactly the
two neighbours {27} and {z3} since both of them make o* happy. Furthermore, the
node is balanced, because one of the edges is incoming and the other one is outgoing,
since edges are directed away from 0 on conv({0, u;}). Formally, if we write 2 = oju;
and z3 = ofu;, then o; — o and o} — «; always have opposite signs.

The next case we consider is when * C conv({0, u;}) with i = A(27) # A(23) = J.

If i — j # £1, then ¢* yields a solution to k-Polygon Tucker’s Lemma, and so is
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allowed to be unbalanced. On the other hand, if j =i+1 (mod k), o* has exactly two
neighbours, the simplex {z}}, which makes o* happy, and the unique 2-dimensional
simplex o = {27, 23, 23} that contains ¢* as a face and is contained in the cone
conv({u;,0,u;}). Also, one of the edges is incoming and other one outgoing and hence
o* cannot be unbalanced. Formally, write 25 = Bu;, 27 = Sju; and 23 = oyu; + aju;.
Then, it holds that the edge goes from {27} to {z}, 25} if 5/ — B; > 0, and otherwise in
the other direction. Furthermore, the edge goes from o = {2}, 25} to o = {2}, 23, 23}, if
det M > 0, where we can compute that det M = (a; — 5;)a; — (a; — 5} aj = o (81— 5i).
Since o > 0, it follows that both expressions have the same sign, and thus o* is
balanced.

The final case for 1-dimensional ¢* is when ¢* is not contained in any line segment
of the form conv({0,u;}). Let 0* be contained in the cone conv({uw;, 0, u;11}). If o*
is not relevant, then it cannot be unbalanced. To be relevant, and hence happy, it
must hold that A(z]) =i and A(z3) =i+ 1. If 0* is not in the boundary 97, then
o™ is the face of exactly two 2-dimensional simplices o, o’ that are both contained in
conv({u;,0,u;41}). Therefore, 0* makes both of them happy and no other simplex,
and consequently it has an edge with both of them and no other edge. Furthermore,
one of the edges is incoming and other one is outgoing (from the perspective of o*),
so it cannot be unbalanced. Intuitively, if we let o = {27, 23, 23} and o’ = {27, 23, 24},
then z3 and 24 lie on opposite sides of the line defined by {2}, 25}. Thus, the basis
of R? defined by {z3 — 2}, 23 — 23} has opposite orientation compared to the basis
{#} — 27,25 — 25}. As a result, det M will have a different sign for the two edges. For
a formal proof of this, we refer to the proof of Proposition 10.5, where we prove a
more general version of this fact.

If o* € OT, then o* is relevant only if o* C conv({uj,us}). In this case, o* has
exactly k neighbours each of which is a 2-dimensional simplex that has as a face one
of the k£ symmetric copies of o*. Namely, the neighbours of ¢* are oy, ..., 0, where
9,(3) (0*) makes o; happy for all i € [k]. To see that all k edges are incoming or all are
outgoing, notice that if we have 1 to our right and 2 to our left when we reach the
boundary, then it will hold that we have ¢ on our right and ¢ + 1 on our left when we
reach the boundary at the corresponding position in cone conv({0, u;, u;11}). More
formally, the sign of the determinant of the matrix M (o, (9,(;')(0*)) constructed to
determine the direction of the edge with o; will be the same for all ¢ € [k]. For a full

formal proof, we again refer to the proof of Proposition 10.5.

Dimension of o* is 2. Let 0% = conv({z], 23, 25 }). Assume that o* is contained in
the simplex conv({u;,0,u;}), with j =7+ 1 (mod k) and without loss of generality
Az7) =1, AM(z5) = 5. If M(2%) € {4,j} then o* is a trichromatic triangle, and thus

it can be unbalanced. Assume that A(z}) € {i,j} and without loss of generality
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A(23) = 4. In this case, 0* has exactly two neighbours: the 1-dimensional simplices
Yy = conv({z}, 25}) and ¥y = conv({z3, z5}). Once again, one edge is incoming and
the other one is outgoing, and thus o* is balanced. Intuitively, this follows from the
fact that if we move with ¢ to our left and j to our right, then we can “enter” the
simplex from one side, and “exit” from the other one. More formally, if we write

27 = apu; + ajuy, 25 = Biug + Bijuy and 23 = aju; + ajuy, then it holds that:

/

/ /
o — B o —a _ a; — B o — oy
det | = —det f ;
o — B oy — aj — B o —q

by using standard rules about the determinant.

Hence, the only unbalanced nodes different from {0} correspond to either trichro-
matic simplices or simplices such that A\(o) € {i,i + 1} for all i € [k]. O

Finally, from the definition of the graph G and Claim 10.1, we have that there has
to be a node in G that is unbalanced (mod k) and different from {0}. By Claim 10.2,

any such node proves the validity of k-Polygon Tucker’s Lemma.

10.2.3 The k-POLYGON-TUCKER problem

In this section, we define the computational problem associated with k-Polygon
Tucker’s Lemma, which we call k-POLYGON-TUCKER. Using the proof of k-Polygon
Tucker’s Lemma given in the previous section essentially we show that k-POLYGON-
TUCKER lies in PPA-k[#1]. The hardness result is then proved in the next section.
Note that it is also possible to define a computational problem directly associated
with the k-Polygon Borsuk-Ulam Theorem, but for technical reasons the definition
is a bit tedious, so it is not included here. For more details, see [FHSZ21].

To define the computational problem associated with k-Polygon Tucker’s Lemma
we have to fix for any m € N a triangulation 7(m) of W, with diameter (i.e.,
max distance between two vertices of a simplex) at most 1/2™. We pick the fol-

lowing natural triangulation.

Definition 10.12 (Edge Parallel Triangulation). For every m € N, we define 7/(m) to
be the following nice triangulation of Wj. Starting from 7* (see Definition 10.11) we
define a simplicial complex T}(m) of every simplex o* = conv({u;, 0, w4 (mod k) }) and
then set 7(m) = U,-e[k]ﬁ-(m). To define T}(m), we divide the edges 1% = conv({u;, 0}),
Yy = conv({u;, Uit (mod k)}) and ¥ = conv({0, Uit1 (mod k) }) of 0} equally into 2
intervals. Then, from any endpoint of the subintervals of the edge 1% we consider the
lines that are parallel to either ¢! or ¢4 and from any endpoint of the subintervals in
¢ and 1% we consider the line that is parallel to 1i. We define 7}(m) to be the set of

simplices that are created by these lines and lie inside o;. Namely, the intersection
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points and endpoints of subintervals are the 0-dimensional simplices in ﬁ-(m), the
line segments and the triangles between O-dimensional simplices are also simplices in
ﬁ(m) It is simple to see that f(m) is nice; we call f(m) an edge parallel triangulation

of Wk

We assume that the labelling A of the vertices of T (m) is given via a Boolean circuit
L: V(f(m)) — Zy,, where V(T(m)) denotes the set of vertices of f(m) We omit
details on how to represent a vertex of V(T(m)) as a bit-string. We are now ready to

define the total search problem that is associated with k-Polygon Tucker’s Lemma.

Definition 10.13. k-POLYGON-TUCKER:

Input: Boolean circuit £ : V(T (m)) — Zy.
Output: One of the following:

1. Two vertices 1, x2 on af(m) with zo = Oi(x1), but L(x2) # L(x1) + 1
(mod k).

2. Three vertices 1, z2, x5 of T'(m) such that the simplex o = conv({z1, z2, z3})
belongs to T'(m) and all the labels £(x1), L(z3), L(z3) are different from
each other.

3. Two vertices x1, x9 of f(m) such that the edge ¢ = conv({z1, z2}) belongs to
T(m) and the labels L£(x1), L(x5) are different and satisfy £(zq)—L(z2) # £1
(mod k).

We prove the following theorem.
Theorem 10.5. For any k > 3, k-POLYGON-TUCKER is PPA-k[#1]-complete.

Recall from Chapter 9 that PPA-k[#1] = Nycpr)PPA-p, where PF(k) denotes the
set of prime factors of k. In particular, this means that if £ = p" is a prime power,
then k-POLYGON-TUCKER is PPA-p-complete.

Theorem 10.5 follows from Proposition 10.1 below, and Proposition 10.2 which

is stated and proved in the next section.
Proposition 10.1. For any k > 3, k-POLYGON-TUCKER lies in PPA-k[#1].

Proof. This follows from the proof of k-Polygon Tucker’s Lemma that we presented in
Section 10.2.2; which is essentially a reduction to the problem IMBALANCE-MOD-k[#1].
Note, in particular, that the node corresponding to {0} always has imbalance exactly
+1. Furthermore, it is easy to check that the edges of a node in the directed graph
can be determined in polynomial time in size(L£). Thus, a Boolean circuit outputting

successors and predecessors can be constructed efficiently. O]
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10.2.4 k-POLYGON-TUCKER is PPA-k[#1]-hard

In this section, we prove the following proposition by generalising the proof of PPA-
hardness of Tucker’s Lemma by Aisenberg, Bonet and Buss [ABB20].

Proposition 10.2. For any k > 3, k-POLYGON-TUCKER is PPA-k[#1]-hard.

Proof. To prove this hardness result we reduce from BIPARTITE-MOD-k[#1] (defined
in Chapter 9). Recall that in this problem we are given a bipartite graph on the
set of nodes AU B, where A = {0} x {0,1}" and B = {1} x {0, 1}", such that the
node 00" € A has degree 1. The goal is to find any other node that has degree # 0
mod k. All nodes have degree in {0, 1,...,k} and we can assume (as explained in
Section 9.2.2) that the circuit C' which implicitly represents the bipartite graph is
consistent, i.e., for all z,y we have y € C(z) iff z € C(y).

Consider the regular k-polygon W}, in R? with the edge parallel triangulation
(Definition 10.12). For any ¢ € Zy let R(i,i + 1) denote the triangle with endpoints
{0, u;, u;41}. In this proof we refer to nodes of the BIPARTITE-MOD-k[#1] instance
and to vertices of the triangulation of W,.

To every node x € (A \ {00"}) U B we associate a distinct interval on the outer
boundary of R(1,2), i.e., on the edge conv({u,us}). This interval, which we denote
by K;(z), is picked such that it covers 4k vertices of the triangulation. It is easy
to see that we can pick the triangulation to be fine enough so that there are indeed
enough vertices on conv({u,us}) to associate a distinct interval of 4k vertices to each
node z € (A\ {00"})U B. Since the triangulation is symmetric on the boundary with
respect to 0, we can immediately also extend this association to the outer boundary
of R(i,i+1) for all other 7. In other words, for any i € Z;, and any z € (A\ {00"})UB,
we let K;(x) = (0,) (K 1(z)), which is an interval of 4k vertices on conv({u;, u;11}).
Thus, for any x there are k distinct intervals on the boundary associated to it, one in
each of conv({u;, u;i11}), i € Zy.

In the rest of this proof we explain how to assign a label in Z; to every vertex of
the triangulation so that the k-POLYGON-TUCKER boundary conditions are satisfied
and any solution (i.e., a trichromatic triangle or an edge with non-consecutive labels)
must contain a vertex that lies in some interval K;(x) where x is a solution-node
of BIPARTITE-MOD-k[#1] (i.e., a node with degree # 0 mod k). This will ensure
that from any solution of the k-POLYGON-TUCKER instance we can easily obtain a
solution-node of the BIPARTITE-MOD-k[#1] instance.

We begin by defining the “environment” label for every vertex of the triangulation.
This corresponds to the standard label that the vertex will have, unless we specify it
otherwise in the construction. Any vertex lying in R(i,7 + 1) \ conv({0, u;41}) has
the environment label i. Next, we define “cables,” which will be used to embed the
edges of the BIPARTITE-MOD-k[#1] instance in our construction.
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Figure 10.2: A cable for the case k = 5. The cable uses the labels Zs \ {1} and the
environment has label 1. The labels are colour-coded as indicated on the left-hand side, i.e.,
green is label 1, yellow is label 2 etc. The forward direction of the cable is indicated by an
arrow on the right-hand side. Note that the portion of the cable shown in the figure does
not introduce any solution of 5-POLYGON-TUCKER.

Wires and Cables. A “wire” has an associated label ¢ € Z;, and it simply consists
of a path of vertices in the triangulation such that all vertices on the path have
the label 7. A “cable” is made out of k£ — 1 wires, where each wire has a distinct
associated label. The wires are arranged in parallel inside the cable so that only
wires with consecutive labels are allowed to touch. More precisely, if the cable uses
labels Zj, \ {i}, then the wires are arranged according to their labels in the order
i+ 1,i+2,...,i+ (k—1) from right to left, in the forward direction of the cable.
Note that while wires are not directed, we can define a direction for every cable, based
on the order of the wires inside the cable. A cable using the labels Z;, \ {i} is only
allowed to exist inside a region with environment label 7. This ensures that any vertex
that is adjacent to either side of the cable, and thus to the wire labelled i + 1 or
i+ (k—1), is labelled ¢ and does not introduce a solution. The construction of the
cables ensures that the wires are “isolated” from each other and from the environment,
in the sense that no solution is introduced along the cable. However, if the start or
end of a cable using the labels Z; \ {i} is allowed to “touch” the environment label i,
then this will necessarily yield a trichromatic triangle at that point. See Figure 10.2
for an illustration of how a cable is constructed.

It is easy to see that a cable can turn without introducing solutions. Next, let us
see how a cable can transition from one environment to another. Consider a cable
in environment ¢ € Zy, i.e., it uses the labels Zj; \ {i} and lies in R(i,7 + 1). If
the cable arrives on the boundary conv({0,u;41}) of R(i,i + 1), we can transform
it into a cable that uses the labels Zj \ {i + 1} and continues into R(i + 1,i + 2),
i.e., in the environment i + 1, on the other side of conv({0, u;y1}). Importantly, the
direction of the cable does not change and we do not introduce any new solutions.
This transformation of the cable is shown in Figure 10.3. The idea is simple. Consider
a cable in environment 4 that arrives on conv({0, u;;1}) moving forward. The wires

are arranged according to their labels in the order i+1,i+2,...,i+ (k—1) from right
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Figure 10.3: Transformation of a cable for the case k = 5. In the region R(1,2) the cable
uses labels Zs \ {1} and has environment 1. When the cable reaches region R(2,3), the
construction shown in the figure ensures that from now on, the cable uses labels Z5 \ {2}
and has environment 2. The cable uses the labels Zs \ {2} and the environment has label 2.
Note that the transformation of the cable as shown in the figure does not introduce any
solution of 5-POLYGON-TUCKER.

to left, in the forward direction of the cable. When the cable reaches conv({0, u;11}),
the right-most wire (which is labelled i + 1) is dropped from the cable, i.e., it merges
into the environment i + 1 of R(i + 1,7+ 2). On the other side of the cable, a new
wire with label i =i 4 14 (k — 1) is created by using the environment ¢ of R(i,i + 1).
Thus, we obtain a cable with wires i +2,...,i4+ 14 (k — 1) (from right to left) in
the environment i + 1, as desired. It is easy to see that this construction does not
introduce any new solutions, because we have ensured that non-consecutive labels do
not “touch.”

When a cable starts or ends on the outer boundary of R(i,i + 1), i.e., on
conv({u;, uit1}), the k~-POLYGON-TUCKER boundary conditions force a cable to start
or end at the corresponding position in each of the regions R(j,7 + 1), 7 € Z. \ {¢}.
These k — 1 cables will have the same direction as the original cable. In other words, if
the cable in region R(i,7 + 1) ends on the outer boundary, then the & — 1 correspond-
ing cables will also end on their corresponding boundary. Similarly, if the original
cable starts on the boundary, then the £ — 1 corresponding cables will start on their

corresponding boundary.
Construction of the instance. Before we begin, let us introduce the following

useful terminology. Every node x of the BIPARTITE-MOD-k[#1] instance has some
number ¢ € {0,1,...,k} of neighbours, as given by C(z). For any i € [¢], we define
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the “ith neighbour of 7 to be the ith node in the lexicographically ordered list of
neighbours of z.

We are now ready to begin describing the instance we construct. Recall that
we have defined an environment label for every vertex of the triangulation except 0.
Now consider the labelling where every vertex is simply labelled by its environment
label. Clearly, this labelling satisfies the k-POLYGON-TUCKER boundary conditions.
Furthermore, no matter how we pick the label of 0, there will be a solution there,
since 0 is adjacent to all environments. Now it is easy to see that we can “move” this
solution by locally modifying some of the labels. Namely, instead of having all labels
meet at 0, we can instead construct a cable that uses the labels Z; \ {1} and moves
into the region with environment label 1. As a result, there is no longer a solution at
0, but instead there is now a solution at the end of the cable. In more detail, every
environment label except 1 yields a wire with the corresponding label and the wires
are arranged into a cable that uses the labels Zj \ {1}. Figure 10.4 illustrates this

construction in the case k = 5.

Figure 10.4: Construction around the origin for the case £ = 5. Even though all the
environments “meet” at the origin, the construction shown in the figure ensures that there
is no solution around the origin, but instead a cable is created. The labels are colour-coded
as in Figure 10.2 and Figure 10.3.

Recall that the node 00™ € A has exactly one neighbour y € B. Let j € [k] be the
number such that 00" is the jth neighbour of y. The cable that we just constructed
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at the center of the instance will be routed so that it ends at K;(y) (a segment on the
outer boundary of R(j,j + 1), as defined above). Furthermore, for any z € A\ {00"}
and y € B such that x and y are neighbours, there will be a cable starting at K;(z)
and ending at K;(y), where ¢, j € [k] are such that x is the jth neighbour of y, and y
is the ¢th neighbour of x. This ensures that the following properties hold.

Consider a node x € A\ {00"} that has ¢ neighbours, where ¢ € {0,1,...,k}. If
¢ =0, i.e., xz is an isolated node, then for all i € [k] there is no cable at K;(x). In
particular, there is no k-POLYGON-TUCKER solution in any K;(z). If ¢ € [k], then
for all i € [¢] there is a cable starting at K;(x) (and ending at some K;(y)). For all
i € [k]\ [€], there is a start of a cable at K;(z), but the cable just stops immediately
and does not go anywhere. This ensures that the k-POLYGON-TUCKER boundary
conditions are satisfied, but also that there is a k-POLYGON-TUCKER solution at
K;(z) for all i € [k] \ [¢] (because of an exposed end of cable). Thus, we obtain that

e if { € [k — 1], there is a solution at K;(x) for some i € [k,

e if £ € {0,k}, then there is no solution in any K;(x).

Similarly, consider a node y € B that has ¢ neighbours, where ¢ € {0,1,...,k}. If
¢ =0, ie., y is an isolated node, then for all j € [k] there is no cable at K;(y). In
particular, there is no k-POLYGON-TUCKER solution in any Kj;(y). If ¢ € [k], then
for all j € [¢] there is a cable ending at Kj(y) (that started at some K;(x)). For all
J € [k]\[¢], there is an end of a cable at K(y), but the cable just started there and does
not come from anywhere else. This ensures that the k-POLYGON-TUCKER boundary
conditions are satisfied, but also that there is a k-POLYGON-TUCKER solution at
K;(y) for all j € [k] \ [¢] (because of an exposed start of cable). Thus, we obtain that

e if / € [k — 1], there is a solution at K(y) for some j € [k],

e if / € {0,k}, then there is no solution in any K;(y).

As a result, if the cables can indeed be constructed to connect the various K;(x)
and K;(y) as desired, then any k-POLYGON-TUCKER solution of the instance will have
to be next to some K;(z) such that z is a solution-node or next to some Kj(y) such
that y is a solution node. One immediate obstacle to routing the cables as desired is
that we are working in two dimensions and it is very likely that cables will have to
cross each other. Fortunately, there is a simple “trick” that has been used in prior
work to resolve this issue [CD09]. Consider the following idea: cut the two cables that
want to cross each other at the point of crossing. This creates two ends of cables and
two starts of cables. It is easy to see that we can connect an end of cable with a start
of cable, and the other end with the other start, so that no crossing occurs anymore.
This modification of the cables is completely local and does not have any impact on

the rest of the instance.
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Constructing the labelling function. Since we want to be able to construct a
circuit for the labelling function, we need to be a bit more precise about the path
followed by every cable. One way to achieve this is to reserve a separate “circular lane”
for each pair (y, ), where y € B and j € [k]. A circular lane is a path of sufficient
width that simply stays parallel to the outer boundary in each region R(i,7 + 1) and
thus makes a full “circle” around the center of the domain. By picking a fine enough
triangulation, we can ensure that there is a separate, disjoint circular lane L, ; for each
pair (y,j), where y € B and j € [k]. Then the cable going from some K;(z) to some
K;(y) will be routed as follows. Starting at K;(z), move perpendicularly to the outer
boundary towards the inside of the domain, until the circular lane L, ; is reached.
Next, follow the lane in clockwise direction. When following the lane, the cable might
have to transition from some environment to the next and this is implemented as
described earlier. The cable stops following the lane when it reaches the part of the
lane lying just “above” Kj(y). In other words, the cable stops following the lane when
it is at the point where it can just turn left and move straight towards the boundary
to end up at K;(y), as desired. Clearly, we can pick the triangulation fine enough so
that this routing is indeed well defined.

This construction has two advantages. First of all, it ensures that any crossing
involves at most two cables, not more. We can then use the trick described above
to locally resolve these crossings. Furthermore, it ensures that we can construct a
Boolean circuit computing the labelling function. Indeed, given any vertex of the
triangulation we can easily determine on which circular lane and on which path
perpendicular to the outer boundary it lies. This gives us enough information to
then use the BIPARTITE-MOD-k[#1] circuit C' as a sub-routine to determine whether
the vertex lies on a cable and if so, how exactly the cable behaves locally (including
possible crossing-avoiding trick). The circuit C' only needs to be queried a constant
number of times and thus the resulting circuit for the labelling will have polynomial
size with respect to the size of C' and n. We omit the full details, since this part of

the proof is essentially the same as in prior work (see e.g., [CD09]). O

10.3 The BSS Theorem is PPA-p-complete

In this section, we prove that a computational problem associated with a topological
theorem due to Bardany, Shlosman and Sziics [BSS81], that we call the BSS Theorem,
is PPA-p-complete. The hardness result is obtained from the hardness of p-POLYGON-
TUCKER proved in the previous section, while the membership in PPA-p follows from

that of the more general problem Z,-STAR-TUCKER, presented in Section 10.4.
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10.3.1 The BSS Theorem and Equivalent Formulations

Our notation follows that of Barany, Shlosman and Sziics [BSS81]. Let p > 2
prime, n € N and let P = {(v1,v2,...,0,) € R")P : 3P  v; =0} and P, = {u €
P : Jull < 1}. It holds that

P~ RPN and p, = 1),

Note that P is a hyperplane of R™ with dimension n(p—1). Let B be an orthogonal
basis of P in R™ and let ¢ : P, — B™?~Y) be the function that maps z € P, to
its coefficients in base B. Then, ¢ is a homeomorphism of P, and B™?~1_ Notice
that ¢(0P,) = S"»~D~! and that ¢ and ¢~ are efficiently computable. The same
mapping shows that P and R™?~Y are homeomorphic.

Let

H(Ul, c ,Up) = (Up,Ul, c ,’Up,Q,/Upfl).

The function 6 has order p; namely the composition by itself p times is equal
to the identity. Also, for all i € {1,...,p — 1} and all z € P\ {0}, 6'(z) # z. In
other words, for any i < p, 6 restricted to P\ {0} has no fixed points. Hence,
0 acts freely on P\ {0}. It follows with a similar argument that the function 6
acts freely also on P, \ {0} and on OP.

The original statement of the BSS Theorem requires the notion of CW-complexes,
but since in our work we do not use CW-complexes, we will not define them form-
ally. Intuitively, a CW-complex consists of building blocks that can be topolo-
gically glued together.

Let p be a prime, n > 1 and X be a CW-complex consisting of p copies of the
n(p — 1)-dimensional ball glued on their boundaries.

Let a : R™=D — R*®=1 guch that o = ¢ o0 o ¢~!. Note that « acts freely
on R™P=1\ {0}, BN\ {0} and S"P~Y-1 Let w be the extension of a on X

defined as follows:

w(y,r,q) = (ay,r,g+1 (mod p)),

where (y,r,q) denotes the point of the ¢-th ball with radius r and direction y €
Sn(p—l)—I.

The map w is a free action on X and the following theorem holds:

Theorem 10.6 (BSS Theorem, [BSS81]). For the mapping w and any continuous
map h: X — R", there exists an v € X such that h(z) = h(wz) = -+ = h(wP ).

The following equivalent formulations of Theorem 10.6 are useful for defining the

computational problem related to the BSS Theorem.
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Theorem 10.7 (BSS Theorem, equivalent formulations). The following statements

are equivalent to the BSS Theorem:

1. Let g : Py — P be continuous and such that g(6z) = Og(z) for all x € OP;.
Then, there ezists x € Py such that g(z) = 0.

2. Let g : B"P=1) — R*®=Y pe continuous and such that g(ax) = ag(x) for all
x € SMP=V=1 Then, there exists v € B"*~Y such that g(x) = 0.

Proof. We first show that the two statements are equivalent and then that statement

(2) is equivalent to Theorem 10.6.

(1) <= (2) The equivalence follows from P, = B"®~1) and P = R"P~1 as well

as from the equivariance of ¢.

(2) <= (BSS) We first show that the BSS Theorem implies (2). Recall that the
CW-complex X consists of p copies of B"P~1 with their boundaries “glued” together.
Define h : X — R" as follows: for x = (y,r,i) € X, let h(z) = [¢p ' ogoa' ™ (ry)ls_; €
R", where for j € Z, = [p], [-]; denotes the j-th component of an element in (R™)?
(ie., [(v1,...,vp)]; = vj). The mapping h is well-defined and continuous on the glued
boundary, because for all i and y € S*P~Y~1 we have h(y, 1,7) = [¢ L ogoa " (y)]o_; =
(01" o g(y)]o—i = [¢7! 0 g(y)]: (which does not depend on 7). Finally, note that
any z = (y,7,1) € X with h(x) = h(wz) = -+ = h(wP 1) yields z = ry € B"P~Y
with [~ o g(2)]; =+ = [¢! 0 g(2)],, which implies ¢~ o g(z) = 0 (by definition of
P), and thus ¢(z) = 0.

Conversely, (2) implies BSS. We identify B"®~Y with the first ball in the CW-
complex X. Given a continuous function h : X — R", define ¢ : B*»~1 — R*r-1)
by g(z) = ¢(h(wPz) — h(wP~lz), h(wP™lz) — h(wP™2z), ..., h(wz) — h(z)). Tt is easy
to check that g(ax) = ag(z) for all x € S"P~D-! by noting that wr = ax for such
x. [

10.3.2 The BSS-Tucker Lemma

In this section, we define a generalisation of Tucker’s Lemma, that we call the BSS-
Tucker Lemma and show that it is equivalent to the BSS Theorem. The BSS-Tucker
Lemma applies to triangulations of P, that have some special properties.
For j € [n], let e; € R™ be the j-th unit vector. For (i,j) € Z, x [n], let

irj 1

el — m(—ej, oo, —ej, (p—1)e;,—ej,...,—e;) €P
where the term (p — 1)e; is in the i-th position. For each s = (s1,...,s,) € [p]",
we define the simplex o, = {0} U {e™’ s.t. for each j € [n],i € Z, \ {s;}}. Note
that |V(os)] = (p — )n + 1.
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Lemma 10.4. T* = {7 : 7 C 05 with s € [p|"} is a triangulation of Ps.

Proof. Let C' = conv (("7)(; jyez,«[])- Then, by definition of T*, C' = ||T*|| . So, the
lemma follows from the fact that C' = P,. O

Definition 10.14. We say that a triangulation 7" of P, is nice if it satisfies the

following two conditions:
e [foceTNOP, then o € T.

e T refines the triangulation T* (that is, for each o € T there is 7 € T* with
oCrT).

Theorem 10.8 (BSS-Tucker Lemma). Let T be a nice triangulation of P,. Let
A= (A, ) : V(T) — Z, x [n] be a labelling such that for all x € T, \Ox) =
(A1(z)+1, Ao(2)). Then, there exists a (p—1)-simplex o of T' such that \(o) = Z, *x{j}
for some j € [n], where AN(o) = {\(z) :x € V(0)}.

Lemma 10.5. The BSS Theorem (Theorem 10.7) implies the BSS-Tucker Lemma
(Theorem 10.8).

Proof. We interpret each label (4, j) € Z, X [n] as the vector ¢/ and we set g to be
the extension of A to a piecewise linear function on P,. Notice that g(6x) = fg(x)
for x € 0P,. Then, it follows from Theorem 10.7 that there exists an = € Py
such that g(x) = 0. The lemma follows by noting that any convex combination of
different vectors e/ that equals 0 must contain p vectors et ... erJr such that
{ik, e tee) = Zp x {j}. Hence, the point z lies in a simplex with a (p — 1)-dimensional
face o such that A\(o) = Z, x {j} for some j € [n]. O

Lemma 10.6. The BSS-Tucker Lemma (Theorem 10.8) implies the BSS Theorem
(Theorem 10.7).

Proof. We show that the BSS-Tucker Lemma implies Statement (1) of Theorem 10.7.
Using standard arguments, it suffices to show that for every € > 0 we can find a point
x such that [|g(x)|| < e. Since g : P, — P is a continuous function in a compact
set, it is also uniformly continuous. Thus, for every € > 0, there exists ¢ such that if
|z —2'||, <6, then ||g(z) — g(2')|| < e/n. Assume that T is a nice triangulation of
P, with diameter at most 4.

For any point x € V(T), the label A(z) = (i*,j*) is defined as follows. For
(i,4) € Z, % [n], let [g(z)];; denote the (i, j)-coordinate of g(x) € P. First, consider
the case where g(x) # 0. Then, pick j* = argmax;c(, maxc(;)[g(z)]; ;. Break ties
by picking the smallest such j. Let S = {i : [g(x)];;» = maxy[g(x)];+} and pick
i* = T,(S), where T}, is the Z,-equivariant tie-breaking function of Definition 10.9.
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Note that S ¢ {0, [p]}, because g(x) # 0 and by the choice of j*. If g(x) = 0, then if
x = 0, we assign an arbitrary label, and if z # 0, we use the same procedure as above
but with  instead of g(x).

With this definition of the labelling, it is easy to check that for any = € 9T, we
always have A\(0z) = (A (z) + 1, A2(z)), since g(6z) = Og(x). Hence, by Theorem 10.8
there exists a 0 = {z1,...,2,} € T and a j* € [n] such that A(z;) = (¢, 5%) for all
i € [p].

The lemma follows by showing that there exists ¢ € [p] such that ||g(z;)]| < e.
First of all, note that for any z € P, by definition we have that |g(z)|, < n -

max; ;[g()]; ;. Now, assume for the sake of contradiction that ||g(x;)||,, > ¢ for all

[
i € [p]. Then, it follows that [g(x;)];;» > ¢/n for all i € [p|. But by the choice
of diameter for the triangulation and uniform continuity of g, this implies that

[g(z1)]ij+ > 0 for all i € [p], which contradicts z; € P. O

10.3.3 The p-BSS-TUCKER problem

In this section, we define the computational problem p-BSS-TUCKER corresponding to
the BSS-Tucker Lemma and thus embodying the BSS Theorem. We prove that p-BSS-
TUCKER is PPA-p-complete. A computational problem that more directly captures
the BSS Theorem can also be defined, but the definition is quite tedious, see [FHSZ21].

For computational purposes, it is convenient to use Kuhn’s triangulation instead
of some other ad-hoc triangulation. In order to use Kuhn’s triangulation for the

BSS-Tucker Lemma, we work on the domain
Coo ={(c!,. ") € (01" V) € [ 3 € [p] : ¢, = 0}

instead of P,. These are coordinates with respect to the vectors e*/. Note that
Coo & Po, where Py, = {37, . cie™|(c!, ..., cP) € C}, and clearly Py, = P,

We can triangulate C, by using Kuhn’s triangulation (Definition 10.8) to trian-
gulate (to the desired precision) each cube {(c!,...,cP) € Co|Vj € [n] : c;-j =0} for
each (i1,...,4,) € [p|". By the properties of Kuhn’s triangulation, it immediately
follows that this yields a triangulation of Cy,. In particular, the triangulations of two
cubes “match” on their common subspace. Since we constructed the triangulation
separately on each cube, it follows that it refines the triangulation 7. Furthermore,
for any simplex o lying on the boundary of C, it follows that fo is also a simplex
of the triangulation. This is easy to see, because 6 just changes the order of the
coordinates, and the Kuhn triangulation is invariant with respect to such transforma-
tions by definition. Thus, Kuhn’s triangulation is indeed a nice triangulation. We
let 77! denote Kuhn's triangulation of Cy of size m, as described above. We are

now ready to define the computational problem.
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Definition 10.15. p-BSS-TUCKER:

Input: Boolean circuit A : V(T2) — Z, x [n].
Output: One of the following:

1. A vertex x € 9T such that A\(6z) # (A1 (z) + 1, Aa()).

2. A simplex ¢* € T such that A(¢*) = Z, x {j} for some j € [n].

We prove the following theorem.
Theorem 10.9. For every prime p, the problem p-BSS-TUCKER is PPA-p-complete.

Theorem 10.9 follows firstly from Proposition 10.3 below which reduces from
p-POLYGON-TUCKER, and secondly from Lemma 10.7 and Proposition 10.5, presen-
ted in Section 10.4.

Proposition 10.3. For any prime p > 3, p-BSS-TUCKER s PPA-p-hard, even for

fixed dimension n = 1.

Note that for p = 2, p-BSS-TUCKER corresponds to the standard version of
Tucker’s lemma, which is known to be PPA-hard for n = 2 [ABB20], but is easy for
n = 1. For any prime p, it is easy to see that p-BSS-TUCKER with dimension n + 1
is at least as hard as p-BSS-TUCKER with dimension n [FHSZ21].

Proof. We prove that p-BSS-TUCKER is PPA-p-hard for n = 1 by presenting a
reduction from p-POLYGON-TUCKER to p-BSS-TUCKER with n = 1. Instead of the
triangulation we used in the presentation of p-POLYGON-TUCKER, we will use Kuhn’s
triangulation (Definition 10.8). It can be shown that the hardness of p-POLYGON-
TUCKER proved in Proposition 10.2, also holds if we use Kuhn’s triangulation, since
there is a simple homeomorphism between the two domains. We omit the details for
this.

Let A be an instance of p-POLYGON-TUCKER with Kuhn’s triangulation of size m.

Thus, the domain for this problem can be written as
A={(c1,...,¢,) € (Up)P|Fi € [p],Vj & {i,i+ 1} :¢; =0},

We construct an instance of p-BSS-TUCKER with n = 1 on the domain C', with
Kuhn’s triangulation of size m, denoted 7. Recall that the set of vertices can be
written as V(T2) = {(c1,...,¢p) € UP |3 € Zy, : ¢; = 0}. Let D := Ujez, D;, where
D;:={(c1,...,¢p) e V(I2)Vj ¢ {i,i+ 1} : ¢; = 0}.
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We are going to embed the p-POLYGON-TUCKER domain A into D in the most
natural way. Since we are using Kuhn’s triangulation, the restriction of the trian-
gulation 77" to D corresponds to Kuhn’s triangulation on that domain, and thus to
Kuhn’s triangulation of A. We define \' : V(T2) — Z,:

)_{ e, .oy ep) if (¢1,...,¢,) €D

/
Mev @) = U (e = 0})  otherwise

where T}, is the Z,-equivariant tie-breaking function defined in Definition 10.9. Note
that X is well-defined, because if (c1,...,¢,) € D, then it corresponds to a point in
the p-POLYGON-TUCKER domain. Furthermore, if (¢1,...,¢,) ¢ D, then [{j : ¢; =
0} € [1,p — 1], so is a valid input to T,,.

Since §D = D, A(fc) = Nc) + 1 and T,({j : (6c); =0}) =T,({j : ¢; = 0}) + 1, it
follows that A satisfies the boundary conditions.

Let ¢', ..., be a (p — 1)-simplex of T that carries all the labels in Z, (with
respect to A’). We now show how this yields a solution to the p-POLYGON-TUCKER
instance. Without loss of generality, we can assume that c',c?, ..., are ordered
in the order in which the simplex is defined by Kuhn’s triangulation. Namely, for
every i € {1,...,p — 1}, there exists j; such that c;jl = c;l + 1/m and cé“ = c§- for
all j # j;. Furthermore, the j; are all distinct. Note that if for some i*, ¢ ¢ D, then

ct ¢ D for all i > i*. The following cases can occur:

e the simplex does not intersect D: it follows that ¢! # 0 € D, and thus there
exists j such that ¢; > 0. But then ¢, > 0 for all 7 and the label j cannot be

obtained by any vertex of this simplex.

e the intersection of the simplex with D is a face of dimension 2: then the three
vertices of this face have pairwise distinct labels, and thus yield a solution to

p-POLYGON-TUCKER.

e the intersection of the simplex with D is a face of dimension 1: then it must hold
that ¢',c> € D and ¢,...,c» ¢ D. We distinguish between the two sub-cases:

— ¢ > 0and ¢ = 0 for all j # j;. Then, since ¢ ¢ D, it follows that
g2 & {1 — 1,41, 41 + 1}. By definition of the j;, we have that ¢} > 0 and
¢} >0, which implies that ¢®,...,¢” can only have labels in Z,, \ {j1, j2}-
As a result, ¢! and ¢ must have labels j; and j, (in any order). This yields
a solution to p-POLYGON-TUCKER, because the labels are distinct and
non-consecutive.

— there exists j* such that ¢Z. > 0, ¢%.,; > 0and ¢; = 0forall j ¢ {j*,j*+1}.
Since ¢® ¢ D, it must hold that j, ¢ {j*, 7% + 1}. Thus we have ¢}, > 0,
and the vertices ¢, ..., ¢, can only obtain the labels Z, \ {j*,7* + 1, j2}.
It follows that the simplex cannot possibly be fully labelled.
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e the intersection of the simplex with D is a face of dimension 0: then ¢* ¢ D,

and thus there exist distinct j, j' (and non-consecutive, but we don’t need this

here) such that c? > 0 and cg, > 0. But then, the vertices cy, ..., ¢, can only
obtain the labels Z, \ {7, j'}. It follows that the simplex cannot possibly be fully
labelled.

This completes the proof. O

10.4 The Z,-STAR-TUCKER Lemma: Statement and
PPA-p-completeness

In this section, we introduce a Z,-generalisation of Tucker’s Lemma. We further
define the associated computational problem Z,-STAR-TUCKER, and show that it
is PPA-p-complete.

In Z,-STAR-TUCKER, the coordinates of the vertices lie on a star-like domain.
This domain was used by Meunier [Meul4] for the first fully combinatorial proof of
necklace splitting with p thieves. For more details on this, see Chapter 11.

For any prime p and any m > 1, we define R,,,,, = {0} U {*%j : i € Z,,j € [m]},

where [m] = {1,2,...,m}. For ease of notation, we also let *'0 = 0 for all i € Z,,.
The symbols ', ..., %P should be interpreted as p different “signs” that will generalise
the use of “4+” and “—” in Tucker’s Lemma. The way to picture R, ,, is as follows:

the point 0 lies at the center and there are p segments of length m leaving from 0
in p different directions. In that sense, we also call R,,, a p-star. The boundary
of the p-star is the set of points *'m, ..., *"m.

The Z,-action 0 is defined on R,,, in the natural way, i.e., 0(x'j) = «"*1j (recall
that ¢ € Z,). In particular, #(0) = 0. For any d > 1, § can be extended to
Rﬁ,m := (R,.m)? by simply applying 6 separately to each coordinate. Note that 6 is
a free action when restricted to the boundary of R?, (i.e., the points that have at
least one coordinate of the form x'm). See Figure 10.5.

There is a very natural metric on R, ,,. dist(x"j;,*2j,) is defined to be |j; — jaf
if i1 = iy, and j; + jo otherwise. We let disto(+,-) denote the generalisation to Rg’m
(where we take the maximum). Finally, we triangulate the domain R;‘f’m by using
Kuhn’s triangulation on every subcube (see Remark 10.1 below for details). We

can now state a Tucker’s lemma for this domain.

Theorem 10.10 (Z,-star Tucker’s Lemma). Let p be prime and m,t > 1, d =t(p—1),
and T be Kuhn’s triangulation of R%, . Let A : R ~— R, \ {0} be any labelling’
that satisfies N(0x) = OA(z) for all x € ORY . Then there exists a (p — 1)-simplex
T1,...,xp of T and j € [t] such that N(z;) = «'j for all i € [p)].

2Notice that the set R, \ {0} is isomorphic to the set [p] x [t].
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Figure 10.5: A view of the domain Rim for p = 3 and d = 2. Note that this corresponds
to R3m X R3 ;. The three black points are in correspondence under 6. The three thick
lines at the center of the picture correspond to the place where the three pieces are “glued”
together.

In particular, by the properties of Kuhn’s triangulation, it holds that for every
solution 1, ..., x,, we have disto(x;, ;) < 1 for all 4,k € [p].

Note that Zs-star Tucker’s Lemma corresponds to the standard version of Tucker’s
Lemma. Since we are interested in the computational aspect, we also define the

naturally corresponding computational problem.

Definition 10.16. Z,-STAR-TUCKER:

Input:  m,t > 1, d = t(p — 1) and a Boolean circuit computing a labelling
A:RI — Ry \ {0} that satisfies A(0x) = OA(z) for all z € ORY,,.

Output: A (p — 1)-simplex xy,...,x, € Rim and j € [t] such that \(z;) = *'j for
all 7 € [p].

Note that the property “A(z) = OA(z) for all x € ORY,” can be enforced
syntactically. Thus, Z,-STAR-TUCKER is not a promise problem.

The main result of the section is the following theorem.
Theorem 10.11. For all primes p, Z,-STAR-TUCKER is PPA-p-complete.

Theorem 10.11 follows from Proposition 10.4 below and Proposition 10.5 which
is proved in the next section and is the main technical contribution of this chapter.
The reduction in the proof of Proposition 10.5 also (implicitly) yields a proof
of Theorem 10.10.
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Remark 10.1. The domain R;im can be triangulated in a standard way as follows.
We start by subdividing the domain into hypercubes {x"(a; — 1),*%a;} x -+ x
{*'(aq — 1), *"ay} for ai,...,aq € [m] and iy,...,iq € Z,. Then, we can use Kuhn’s
triangulation on each hypercube.

Similarly to the triangulation used for p-BSS-TUCKER, the triangulation T" of

R;‘f,m has the following nice properties:

1. The restriction of T on any sub-orthant of R¢ = (i.e., a subspace of the form
Ap X Ay X -+ x Ay, where A, = {*"5 : 0 < 7 < m} or A, = {0}) yields a

triangulation of that sub-orthant.

2. On the boundary of R?

»m» the triangulation T' is symmetric with respect to

6 : for any simplex o of T that lies on the boundary of R¢

»m> the simplices

0o,0%,...,0P " g are also simplices of T (that also lie on the boundary).

3. T is computationally efficient, in the sense that we can perform pivoting and

indexing operations in polynomial time.

Proposition 10.4. For any prime p, Z,-STAR-TUCKER is PPA-p-hard, even for fized

dimension t = 1.

This follows from the following lemma, together with Proposition 10.3, which
states that p-BSS-TUCKER with dimension n = 1 is PPA-p-hard.

Lemma 10.7. For any prime p, p-BSS-TUCKER with dimension n reduces to Z,-
STAR-TUCKER with dimension t = n.

Proof. Let A be an instance of p-BSS-TUCKER for some prime p and some n > 1,
where we use Kuhn’s triangulation of size m of the domain C,, denoted by T".
In this case the domain of p-BSS-TUCKER corresponds to

V(T = {(c',..., ") € UP|Vj € [n],3i € [p] : ¢, =0}

J

On the other hand, the domain of Z,-STAR-TUCKER can be described as
A={(d",...,a?) € UV} k € [n]x[p—1], 3" € [p] : ab, =0 for all i € [p\{i"}}.

Note that 0(c!,...,c?) = (¢!, c', ..., P71 and O(at, ..., aP) = (aP,at, ..., aP™1).
Define ¥ : A — V(T™) as ¥(a',...,a?) = (¥(a'),...,¥(aP)), where ¢¥;(a’) =
max{a}, : k € [p—1]} for all i € [p], j € [n]. Note that ¥ is well-defined, namely if
a € A, then ¥(a) € V(T). Indeed, for any j € [n], it holds that |{i € [p]|¢;(a’) >
0} = [{i € [plI3k € [p—1] - aj > O} < [{(i, k) € [p] x [p = Ulaj, > 0} < p—1,
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since for every k € [p — 1] there exists at most one i € [p] such that a’, > 0 (for any
fixed j). Furthermore, it is easy to see that W(fa) = 0¥ (a) by construction.

Now define the labelling X' : A — Z, x [n] by XN (a) := A(¥(a)). Since V(A) C
V(T2), N is well-defined. Furthermore, for any a € 0A, it holds that ¥(a) € OV (T22).
Thus, we get that for any a € 9A, N (fa) = AM(¥(0a)) = A0V (a)) = OA(V(a)) = ON (a),
i.e., X satisfies the boundary conditions.

Ifo={z,...,2} is a (p — 1)-simplex of A such that X'(o) =7Z, x {j} for some
J € [n], then the set of vertices V(o) = {W(z1),..., V(z,)} satisfies \(V(0)) = Z, x{j}.
Thus, the proof is completed by the following claim:

Claim. If o = {z1,...,2,} is a (p — 1)-simplex in Kuhn’s triangulation of A, then
V(o) ={U(z1),...,¥(2,)} is a simplex in Kuhn’s triangulation T.".

Proof. Since we use Kuhn’s triangulation, without loss of generality, we can assume
that z1,...,2, are ordered such that z; < zp < --- < 2z, (component-wise) and
|21 — %lleoc < 1/m. By construction of ¥ it holds that ¥(a) < W(a') whenever
a < a'. Thus, ¥(z) < --- < U(z,). In order to show that ¥(c) is a simplex in
Kuhn’s triangulation 777, it remains to prove that ||[W(z1) — U(z,)|lee < 1/m. To
see this, note that if ||a — @'|| < 1/m, then for all ¢ € [p] and j € [n], we get that

[ihi(a’) —;(a”)] = |max{a}, : k € [p— 1]} —max{a}, : k € [p— 1]} < 1/m. O

This concludes the proof of Lemma 10.7. O

10.4.1 Z,-STAR-TUCKER lies in PPA-p

In this section, we prove the following result.
Proposition 10.5. For all primes p, Z,-STAR-TUCKER lies in PPA-p.

The result is proved by reducing the problem to IMBALANCE-MOD-p. In particular,
this also provides a combinatorial proof of Z,-star Tucker’s Lemma (Theorem 10.10).
The proof can be seen as a generalisation of the combinatorial proof of Tucker’s

Lemma given by Freund and Todd [F'T81]. We begin with an overview of the proof.

Proof Overview. As noted earlier, Z,-STAR-TUCKER corresponds to the standard
version of Tucker’s Lemma and the domain is equivalent to {—m, —(m—1),...,0, ...,
m}?. The computational problem is known to lie in PPA (recall that PPA = PPA-2) by
using an argument given by Freund and Todd [FT81]. More precisely, Freund and Todd
gave a constructive proof of Tucker’s Lemma and as noted by [Pap94; ABB20], this
yields a reduction to PPA. The constructive proof relies on a path-following argument
on a graph where the nodes are simplices of the triangulation. We start by giving some

details about their argument, since our proof is a generalisation of their construction.
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The nodes of the graph G consist of all simplices of the triangulation that satisfy
some properties that depend on the labels of the simplex (and the coordinate subspace
orthant in which the simplex lies). Following the presentation of the proof given
by Matousek [Mat08], we call these “happy simplices.” Undirected edges are added
between happy simplices based on some simple rules (e.g., if they share a facet and
that facet has some desired labels, etc). Given the definition of the edges, it is easy
to show that the happy simplex 0¢ has degree 1 and any other node of degree 1 is
either a solution, or is a happy simplex lying on the boundary of the domain. In
the latter case, because of the boundary conditions, this means that there must be
another such simplex that lies on the antipodally opposite side of the domain and
also has degree 1. Thus, merging these two nodes into a single one yields a vertex
of degree 2, eliminating these “fake” solutions.

Our first contribution is to note that the edges of the graph can be directed in a
consistent way in Freund and Todd’s construction. Namely, any non-merged degree-2
vertex has one incoming and one outgoing edge, and any merged vertex has either two
incoming edges, or two outgoing edges. This yields a reduction to IMBALANCE-MOD-2.
Note that if all degree 2 vertices were always perfectly balanced, then we would obtain
a reduction to END-OF-LINE, which is impossible, unless PPAD = PPA.

When we move to the case p > 2, the notions used to define the graph can be
generalised in a natural way, despite the unusual domain Rgﬁm. While the ability to
direct edges was not actually needed for p = 2, it now becomes absolutely necessary.
Indeed, for any degree-1 happy simplex on the boundary, there are now p — 1 other
such simplices (by using #). Merging these into a single node yields degree p. We show
that directing the edges yields a merged node that is balanced modulo p (namely,
all p edges are incoming, or they are all outgoing).

However, another difficulty arises for p > 2. Recall that a path can visit simplices
of various dimensions. The vertices where the dimension changes are special vertices,
that we call super-happy simplices. These super-happy simplices have one edge with
a same or lower-dimensional happy simplex, and k edges with k different higher-
dimensional happy-simplices, where k € [p — 1]. Directing the edges as before, yields
that the k edges are directed the same way, and in the opposite direction to the single
edge. By changing the way the direction of edges is defined, it is possible to salvage
the situation for p = 3. However, this fails for any p > 5.

The solution is to carefully assign weights to all edges. The weight of an edge
only depends on the nature of the coordinate subspace orthants in which it lies,
in particular the dimension. With these weights, we show that any vertex that is
not a solution is now balanced modulo p (except the trivial solution 0¢). Namely,

the non-solution vertices of the graph are:
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e the trivial solution 0%: all its edges are outgoing and it has degree (—1)" mod p

e the merged simplices on the boundary: p edges, all incoming/outgoing, all the

same weight

e happy, but not super-happy simplices: once incoming edge, one outgoing, both

same weight

e super-happy simplices: one incoming edge with weight w and k € [p— 1] outgoing

edges, each with weight w/k (or opposite direction for all edges)

Thus, apart from the trivial solution and any actual solutions, all vertices are bal-

anced modulo p.

Remark (Path-following arguments). Even though this proof is a natural generalisation
of the argument by Freund and Todd [FT81], it is not a path-following argument for
p > 3. Indeed, in the case where p > 3, it is not clear how we could explore this
graph by following a path that is guaranteed to end at a solution. In fact, we provide
strong evidence that it is not possible to prove Z,-STAR-TUCKER by a path-following
argument. Since Z,-STAR-TUCKER is PPA-p-hard (Proposition 10.4), and since a
path-following proof of Z,-STAR-TUCKER would presumably show that the problem
lies in PPA, this would imply that PPA-p C PPA, for prime p > 3. However, this is

not expected to hold, as we saw in Chapter 9.

We are now ready to prove Proposition 10.5 by providing a reduction from Z,-STAR-
TUCKER to IMBALANCE-MOD-p.

Proof of Proposition 10.5. The proof is a generalisation of the construction given by
Freund and Todd [FT81] for Tucker’s lemma. The main difficulties in generalising

their approach are:

e For p = 2, when a path hits the boundary, there is a corresponding path that also
hits the boundary on the antipodal side, and we can join the two endpoints. For
p > 2, when a path hits the boundary, there are now p — 1 other corresponding
paths that also hit the boundary. We ensure that no solution occurs there
by directing all the edges. We show how to direct the edges consistently and
efficiently.

e For p = 2. the original construction associates a label with each axis of the
domain. For p > 2, there are more axes than labels, and so a single label must
be associated to multiple axes. This creates imbalanced nodes in the graph that
are not solutions. We solve this problem by carefully assigning weights to the

edges of the graph.
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Sub-orthants. Recall that d = ¢(p —1). Consider the domain R¢ = with a labelling
function A\ given by a Boolean circuit. Let T" be Kuhn’s triangulation of Rim as
described earlier. The domain szm can be subdivided into what we call sub-orthants,
which are orthants of coordinate subspaces. Formally, a sub-orthant is a space of the
form A; x Ay X -+ x Ag, where Ay = {5 :0<j<m}or Ay ={0}for{=1,...,d.

We associate a label to every axis of R]‘j,m as follows. The label *%j is associated to
the *’-axis of the [(j —1)(p—1) + {]th copy of R, for £ =1,2,...,p—1. Thus, every
label is associated to exactly p — 1 axes. For any sub-orthant X, let S(X) denote the
set of labels associated with the axes that are used by X. For any simplex o of T', we
let O(o) denote the smallest sub-orthant that contains o.

For any sub-orthant O and j € [t], let ;(O) be the number of coordinates in the
range (j — 1)(p— 1)+ 1,...,5(p — 1) that are equal to 0 in O. In particular, we
have Z;:l r;(0) =t(p — 1) — dim(O). Note that if |S(O)| = dim(0O), then r,;,(0) =
p—1—|{i €Z,:j € S(O)}. We abuse notation and denote r;(c) :=r;(O(0)).

Happy simplices. Let k € {0,1,...,d}. A k-dimensional simplex o of T is happy,
if

1. dim(O(0)) = k (o is full-dimensional in its sub-orthant)

2. |S(O(0))] = dim(O(0)) (the sub-orthant uses < 1 axis associated with each
label)

3. S(O(0)) € Ao) (o carries all the labels associated with its sub-orthant)

A happy simplex is called super-happy if we actually have S(O(0)) € A(o). In
particular, the 0-dimensional simplex 0¢ is super-happy.

Consider a happy simplex o that has a facet 7 C R? = such that A(1) = S(O(0)).
Such a simplex is called a boundary-happy simplex. If ¢ is such a simplex, then the
simplex that has 07 as a facet is also boundary-happy. Thus, we group 7,07,...,07 !
together into an equivalence class [7]. Every such equivalence class has size exactly
p. Formally, let B be the set of all simplices 7 C OR? = such that A\(1) = S(O(7))
and [S(O(7))| = dim(O(7)). We define an equivalence relation on B by 7, = 75 if and
only if 3i € Z, such that 7, = 0'r.

We construct a graph GG. The vertices of G are the happy simplices of 7" and the

equivalence classes [7] (for all T € B).
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Orientation. We now define an orientation for our simplices. Fix an ordering of
the labels, e.g., *'1,%21,...,%”1,%'2,.... Let o be any happy k-simplex, k¥ > 1, and
let zox1 ...z be any ordering of its vertices. Let Ty, Z1,...,7r € N* denote the
coordinates of zg, x1, ...,z in O(0), where the coordinates are ordered according to
the fixed ordering of the labels. Note that there is at most one coordinate associated
to each label (because |S(O(0))| = k) and thus the coordinate vectors are uniquely
determined. Furthermore, note that the coordinates are non-negative. We define
the k x k matrix M = [Ty — Z1,T¢ — X2, ..., Lo — Tk|, i.e., the ith column is Ty — ;.
Then, we define the orientation of happy simplex ¢ with ordering xox; ...z, as
or(olxg...x,) = det M. Note that by construction of the triangulation 7', we always
have det M € {—1,+1}. Indeed, it is easy to check that M can be transformed into
the identity matrix by elementary operations that can only change the sign of the

determinant.

Edges. Let o be a happy k-simplex, k > 1. If ¢ is super-happy, then it has a single
facet T such that A(7) = S(O(o)). If it is not super-happy, then it has exactly two
facets 71 and 7 such that A(7;) = S(O(0)), ¢ = 1,2. In any case, any such facet 7 of

o yields an edge as follows:

e If 7 does not lie in the boundary of the sub-orthant O(o), then there is exactly
one other k-simplex ¢’ in O(o) that also has 7 as its facet. ¢’ is also happy, and

we put an edge between o and o’.
e If 7 lies in the boundary of the sub-orthant O(c), there are two cases:

— 7 lies in 8Rg7m. In that case, o is a boundary-happy simplex and we put

an edge between o and [r].

— 7 does not lie in R? . Then, 7 is a super-happy (k — 1)-simplex and we

put an edge between o and 7.

In all of these cases, the direction of the edge is determined as follows. Let xgxy ... x5
be the ordering of the vertices of o such that 7 = {z1,..., 2} and z;...x; are
ordered according to their labels. If or(o|zg...zx) = 1, then the edge is incoming
into 0. Otherwise, it is outgoing out of ¢. Finally, the weight of the edge is always
Hj‘:l ri(o)l.

By the definition, it follows that there are three types of edges:

e (Type 1) An edge between two happy k-simplices oy, 09 that lie in the same
sub-orthant and share a facet 7 with A\(17) = S(O(0;)), i = 1, 2.

e (Type 2) An edge between a happy simplex o and its super-happy facet 7 such
that A\(1) = S(O(0)).
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e (Type 3) An edge between a boundary-happy simplex ¢ and its facet equivalence

class [7].

An edge of Type 2 or 3 is always “created” by exactly one of its endpoints. Thus,
its direction and weight are well-defined. An edge of Type 1 however, is “created” by
both of its endpoints and we will prove that it is well-defined, i.e., both endpoints agree
on its direction and weight. For the weight this is easy to see, since O(o7) = O(03)
implies that r;(o1) = r;j(02) for all j. For the direction, we postpone this consistency
check to the end of the proof.

We now prove that all vertices of G' that do not yield a solution are balanced

modulo p, except 0¢.

The trivial solution 0¢.  We have A\(0?) = x’j. There are exactly p— 1 sub-orthants
O such that S(O) = {x'j} and each of them contains a happy 1-simplex o that has
0¢ as a facet. It follows that 0¢ has p — 1 edges, each with weight ((p — 1)1)!/(p — 1).
Furthermore, all the edges are outgoing, because or(o|z,0%) = 1 (i.e., incoming into o).
It follows that the total imbalance of 0% is (p—1)((p—1)!)!/(p—1) = ((p— 1))t = (—1)*
mod p, where we used (p — 1)! = —1 mod p since p is prime (Wilson’s theorem).
It follows that 0¢ is always a valid trivial solution for IMBALANCE-MOD-p, because
(—=1)*#0 mod p for all t > 1.

Happy, but not super-happy. Consider a happy k-simplex ¢ with two facets
71, T2 that satisfy A(7;) = S(O(0)), i = 1,2. Then, ¢ has two edges and they both
have the same weight. Let zoz; ...z be the ordering of o such that 7, = {z1, ..., 24}
and x; ...z are ordered according to their labels. Let i € [k] be the index such that
x; and zo have the same label. In particular, 7 = {z1,...,2; 1, %o, Ti11, ..., 2} and

X1...Ti_1T0%it1 - .. T) are ordered according to their labels. We have

det[l'o — T1,Tyop — T2,...,2Tp —.’L'k]
:det[:cz — X1y, X5 — Xj1, L0 — Ly Ty — Lijgdy---,L5 —.I'k]
:—det[acz — X1y, X5 — Xj1,T5 — Lo, Ly — Ljgly.-.,L5 —Ik]

where we first subtracted the ith column from all other columns, and then multiplied
the ith column by —1. It follows that or(c|zg . .. xx) = —or(o|zxy ... T 1TeTitrq - . . Tk).

Thus, one edge is incoming and the other outgoing, i.e., o is balanced.
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Equivalence class. Consider an equivalence class [7]. Let o be the happy k-
simplex that has 7 as a facet. In G, [7] has exactly p edges: one with each of
0,00,6%,...,0"1o. Since S(O(0'c)) = 0"S(O(0)) for all 7, it follows that r;(f'c) =
r;(o) for all ¢, j. Thus, all p edges have the same weight. Let xy...x) be the ordering
of o such that 7 = {x1,..., 2} and 27 . .. x4 are ordered according to their labels. Let
y; = Ox; for all i. Then, y; ...y, might not be ordered according to their labels. We
let 7 denote the permutation that we would have to apply to order them correctly. As
before, z; denotes the coordinates of x; restricted to O(o), where the coordinates are
ordered according to the associated label. 7; denotes the coordinates of y; restricted
to O(0c), where the coordinates are ordered according to the associated label. Since
the associated labels have changed according to 6, it follows that if we re-order the

coordinates of T; according to m we obtain y; for all i = 0,1, ..., k. Thus, we have

or(Oofyom(yy - .. yr)) = sgn(m) detYo — Y1, Yo — Y2 - - - Yo — U]
- Sgn(ﬂ-)2[/x\0 - /x\la EC\O - /‘/L‘\Q) s 7550 - /l'\k]

=or(o|zg... k)

It follows that all edges of [7] are directed the same way, i.e., they are all incoming
or all outgoing. Since there are p edges and they also have the same weight, it
follows that [7] has imbalance 0 modulo p. In this argument we assumed that A
satisfies the boundary conditions. Thus, if [7] is not balanced modulo p, we obtain a

counter-example, which is a solution.

Super-happy. Consider a super-happy k-simplex o, k > 1. Note that o has a single
facet 7 that satisfies A(7) = S(O(0)). Thus, o “creates” a single edge. Let zg ... xy
be the ordering of o such that 7 = {z1,..., 2} and z; ...z are ordered according to
their labels. The edge has weight H;Zl r;(o)! and it is incoming if or(o|zy ... xx) = 1,
outgoing otherwise.

Since o is super-happy, we have \(zo) € A7) = S(O(0)). Let x4 = X(xg). If
{90)j € [p] \ {i}} C S(O(0)), or equivalently if 7,(c) = 0, then o yields a solution.
Otherwise, there are exactly r,(o) different sub-orthants O such that O(o) C O and
S(0) = S(O(e)) U {+'4}. Thus, there are exactly r,(c) happy (k + 1)-simplices p such
that o is a facet of p and p is happy because of ¢ (i.e., S(O(p)) = A(0)). It follows
that o has (o) additional edges (apart from the one it “created”). Each of these
edges has weight H§:1 ri(p)! = (re(o))™? H;Zl r;(o)!, since 7¢(p) = r¢(0) — 1. Thus,
if these 1,(0) edges have opposite direction to the edge “created” by o (from the
perspective of o), o will be balanced.

Consider any such p. Let zg...x 1 be the ordering of p such that ¢ = {z1,

o, Tpr1} and xq ... 2,y are ordered according to their labels. Let t € [k + 1] be
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the index of label %/ if we order the labels in S(O(p)). Then, we also have that
7 = o\ {x;}. Furthermore, zy...2y 12441 ...2541 are also ordered according to
their labels. From the perspective of o, the edge it “created” is directed according
to or(o|rxy ... x4 12441 - .. Trp1) and the edge created by p is directed according to
—or(p|xozy ... Tk41). As before, let T; denote the coordinates of z; restricted to O(p),
where the coordinates are ordered according to the associated label. Let Z; denote
the coordinates of x; restricted to O(c), where the coordinates are ordered according
to the associated label. Note that if we remove the tth coordinate from z;, then we

obtain ;. We now have

or(plrozy ... 1) = det[To — Ty, ..., To — Tpt1]
=det[Ty — X1, ..., — Ty—1, L0 — T4, Tt — Tyg1s - - - Tt — Thp1]
= (=) det[T; — T, ..., Tt — Tp1, Tt — Teg1y- -+ Tt — Thyt)

=or(o|Txy .. T4 1Tpq1 - Thy)

where we first subtracted the tth column from all other columns, and then we used
Laplace’s determinant formula along the ¢tth row. Note that the tth entry in z; — Z;

is 0 for all j € [k + 1] and it is 1 in Ty — 7.

Consistency. The only thing that remains to be checked is that edges of Type
1 are well-defined, in terms of the direction. Let 01,09 be two happy k-simplices
that lie in the same sub-orthant and share a facet 7 with A(7) = S(O(0y)), i = 1, 2.
Let {x1,...,21} = 7 and x; ...z, be the ordering according to their labels. Let
{zo} = oy \ 7 and {z{} = 02\ 7. We want to show that or(o;|zoz;...2;) and
or(og|zgzy ... 2x) have opposite signs. This can be proved directly combinatorially
by using the way the triangulation is constructed, but we provide a proof that
is more general here. Let ¢ : R¥ — R* be the unique linear function such that
O(To—71) =2, — 71 and ¢(T1 — ;) = 71 —; for all ¢ € [k]\ {1}. ¢ is unique, because
o — T1,T1 — Ta,...,T1 — T form a basis of R¥. ¢ is the identity function on the
hyperplane given by 7y — Zs,...,7; — T and maps To — 77 to , — 1. Since xy and
xy lie on opposite sides of the hyperplane defined by 7, it follows that 7y — Z; and
Ty — 7 lie on opposite sides of the hyperplane on which ¢ is the identity. It follows
that det ¢ < 0. Thus, we can write

det[Ty — T1,...,%y — Tk = det[T) — T1, 01 — Ta ..., T1 — Ty
= detqﬁdet[ffo — 1‘\1,53'\1 — 57\2 c. ,/.213\1 — Z/L‘\k]
= det ¢det[§0 — i/L'\l, Ce ,/33\0 — 5’)\]{]
and the statement follows. O]
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10.5 Conclusion and Future Directions

Our topological characterisation of PPA-p can possibly enable us to obtain similar
membership or hardness results for other interesting problems. For example, are
the problems whose totality is established via the BSS Theorem, like the Chromatic
Number of Kneser Hypergraphs® studied in [AFL86] in PPA-p? Are they PPA-p-
complete? We believe that due to its simplicity, our p-POLYGON-TUCKER problem
can be a very useful tool for obtaining hardness results for these problems. What
about other problems that generalise problems that are known to be in PPA or are
even PPA-complete? For example, Filos-Ratsikas and Goldberg [FG19] showed that
the discrete Ham-Sandwich problem is also PPA-complete. Is there a generalisation
of the problem that could be complete for PPA-p? A computational version of the
Center Transversal Theorem [Dol92; ZV90] might be a good candidate. Another
interesting open problem is to investigate the connection of the general statement of
Dold’s Theorem [Dol83] from algebraic topology with the subclasses of TFNP.

3The computational version of this problem would be of the form: given a colouring (as a circuit)
that cannot possibly be correct everywhere, because it does not use enough colours, find any edge
where it makes a mistake.
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Chapter 11

Necklace-Splitting and
Consensus-Division

In this chapter, we apply the topological tools developed in the previous chapter
to study two (closely related) problems from combinatorics and fair division: the
Necklace-Splitting and Consensus-Division problems. As our main result, we prove

that these problems lie in PPA-£ under Turing reductions.

11.1 Background and Definitions

Necklace Splitting. The Necklace Splitting problem is a classical problem in
combinatorics, dating back to the mid-1980s and the works of Goldberg and West
[GW85], Alon and West [AWS86] and Alon [Alo87], among others. In this problem,
k thieves are aiming to split an open necklace containing n beads of ¢ different
colours (with exactly k - a; beads of colour ¢, for some a; € N), such that each thief
receives exactly a; beads of colour 7. Furthermore, the thieves are allowed to use
only (k — 1)t cuts to obtain this division.

A solution to the Necklace Splitting problem is guaranteed to exist, as was proven
by Alon [Alo87]. Earlier on, Goldberg and West [GW85] and Alon and West [AWS&6]
had proven the existence of a solution for the case of 2 thieves using the Borsuk-Ulam
Theorem (Section 2.3.2). Alon’s proof for the general case proceeds in two steps.
First, using a simple argument, he proves that if the theorem holds for any prime
number p of thieves, it also holds for any other number of thieves. In the second step,
which is significantly more involved, he proves the theorem for any prime number
by using the BSS Theorem [BSS81], which we studied in Chapter 10.

Questions about the computational complexity of finding a solution were raised
explicitly as early as when the first existence results were proven [GW85] and then
later on by a series of papers [Alo88; Alo90; Meu08; MS09; MN12]. Formally, the
computational problem with & thieves is defined as follows [Pap94; FG19):
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Definition 11.1. k-NECKLACE-SPLITTING:

Input: An open necklace with n beads, each of which has one of ¢ colours, and
where there are exactly a;k beads of colour i = 1,... ¢, where a; € N.

Output: A partitioning of the necklace into k& (not necessarily connected) pieces
such that each piece contains exactly a; beads of colour 7, using at most (k — 1)t
cuts.

The first definitive answer was provided by Filos-Ratsikas and Goldberg [FG19],
via their PPA-completeness result, following an initial PPAD-hardness result by Filos-
Ratsikas et al. [FFGZ18]. Crucially however, their result only applies to the case of
two thieves,! i.e., to 2-NECKLACE-SPLITTING. In fact, Filos-Ratsikas and Goldberg
observed (also referencing Longueville and Zivaljevi¢ [.Z06] and Meunier [Meul4]
as previously having made similar observations) that the version of the problem
with p > 3 thieves does not seem to boil down to the principle associated with the
class PPA. To this end, they conjectured that p-NECKLACE-SPLITTING is complete
for the computational class PPA-p.

Consensus-Division. Alon [Alo87] proved the Necklace Splitting theorem by using
the BSS Theorem to show existence for a continuous version of Necklace Splitting
and then “rounding” a solution of the continuous problem to obtain a splitting of
the necklace. When investigating the complexity of k-NECKLACE-SPLITTING, it is
very convenient to consider this more general continuous version, which is also an
interesting fair division problem by itself. Even though the continuous theorem is
termed as a “generalised Hobby-Rice theorem” by Alon [Alo87], we instead use the
term Consensus-1/k-Division proposed by Simmons and Su [SS03]. The corresponding
computational problem is defined as follows [FFGZ18; FG18]:

Definition 11.2. CONSENSUS-1/k-DIVISION:

Input: ¢ > 0 and continuous probability measures py,...,u; on [0,1]. The
probability measures are given by their density functions on [0, 1], which are step
functions (explicitly given in the input).

Output: A partitioning of the unit interval into k& (not necessarily connected)
pieces Aj, ..., Ay using at most (k — 1)t cuts, such that |u;(A4;) — p;(Ae)| < € for
all 7,7, .

Note that we can equivalently ask for p;(A;) = 1/k & ¢ for all 4,j. Indeed, the
computational problems are equivalent.

Alon’s rounding procedure yields a reduction from k-NECKLACE-SPLITTING to
CONSENSUS-1/k-D1visiON with € = 0. Filos-Ratsikas and Goldberg [FG18] extended
this result by showing that k-NECKLACE-SPLITTING reduces to CONSENSUS-1/k-
DivisioN (with € > 0).

'Filos-Ratsikas and Goldberg [FG19] also extend the PPA-membership straightforwardly to
numbers of thieves which are powers of 2.
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Proposition 11.1 (Alon [Alo87] and Filos-Ratsikas and Goldberg [FG18]). For any
k > 2, k-NECKLACE-SPLITTING reduces to CONSENSUS-1/k-DIVISION.

In fact, Filos-Ratsikas and Goldberg [FG18] show that k-NECKLACE-SPLITTING
is equivalent to CONSENSUS-1/k-DIVISION with inverse-polynomial €. Filos-Ratsikas
and Goldberg [FG19] then prove that 2-NECKLACE-SPLITTING is PPA-hard by
proving that CONSENSUS-1/2-DI1VISION (usually called CONSENSUS-HALVING) with
inverse-polynomial ¢ is PPA-hard.

The PPA-membership of CONSENSUS-1/2-D1VISION is proved by reducing to a
computational version of Tucker’s Lemma (Section 2.3.2), a discrete analogue of the
Borsuk-Ulam theorem [FFGZ18]. This reduction is based on a proof of existence
for 2-thief Necklace Splitting that uses Tucker’s Lemma [SS03]. Since the proof of
existence for Consensus-1/p-Division given by Alon [Alo87] relies on the BSS theorem
[BSS81], one would expect that the membership of p-BSS-TUCKER in PPA-p (which
we proved in Chapter 10) would suffice to prove that CONSENSUS-1/p-DIVISION lies
in PPA-p. However, it turns out that there are other steps in the proof of Alon [Alo87]
for which it is unclear whether they can be carried out in polynomial time. As a result,
we prove the membership in PPA-p by providing a reduction to our new problem
Z,-STAR-TUCKER instead. Our reduction also yields a new combinatorial proof of
existence for Necklace Splitting and Consensus-Division, which is conceptually simpler

than the only other such proof by Meunier [Meul4].

11.2 Reduction to Z,-STAR-TUCKER

In this section, we present the main technical result of this chapter.

Theorem 11.1. For any prime p, CONSENSUS-1/p-DIVISION reduces to Z,-STAR-
TUCKER.

This reduction has various consequences that are explored in the next section,
including membership of CONSENSUS-1/p-D1vISION and p-NECKLACE-SPLITTING in
PPA-p.

We now proceed to the proof Theorem 11.1. In fact, we provide an even stronger
result: we show that a much more general version of CONSENSUS-1/p-DIVISION
reduces to Z,-STAR-TUCKER. Namely, we consider any polynomially computable and
polynomially continuous (Section 2.2.3) class F of cumulative distribution functions
on [0,1]. For any f € F and any a € [0,1], f(a) is the probability of the interval
[0, a] according to f. In particular, note that the class of all cumulative distribution
functions given by step function densities (represented explicitly) is polynomially

computable and polynomially continuous.
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Definition 11.3. Let £ > 2 and let F be a polynomially computable and polyno-
mially continuous class of cumulative distribution functions on [0, 1]. The problem
CONSENSUS-1/k-DI1VISION[F] is defined exactly as CONSENSUS-1/k-DIVISION, except
that the probability measures are given by cumulative distribution functions in F.

Notice that CONSENSUS-1/k-DIVISION corresponds to the special case where F
is the class of all cumulative distribution functions given by step function densities

(represented explicitly). Thus, the following is a stronger version of Theorem 11.1.

Theorem 11.2. Let p be prime and F be a polynomially computable and polynomially
continuous class of cumulative distribution functions on [0,1]. Then CONSENSUS-1/p-
DI1VISION[F] reduces to Z,-STAR-TUCKER.

Proof. Let e > 0 and p, . .., p; be probability measures on [0, 1] given by functions in
F. We consider the domain D = R¢ . where d = t(p—1) and m > 1 will be set later.
A point in D represents a way to partition [0, 1] into p (not necessarily connected)
pieces using at most t(p — 1) cuts. This is a slight modification of the domain that
was used by Meunier [Meul4] to encode a splitting of a necklace. Intuitively it can be
explained as follows. Let x = (" jy,...,*'j;) € D. We interpret each element i € Z,

as a different colour. Then:

1. Paint the whole interval [0, 1] with the colour 1.

2. For £ =1,2,...,d: paint [0, j,/m] with the colour i,

Note that applying a fresh coat of paint on a previously painted part of the interval
covers up the old paint. The way the interval [0, 1] is coloured at the end of this
procedure gives us the partition encoded by x € D. An important advantage of this
encoding is that it is sufficiently continuous in a certain sense. Indeed, small changes
in the coordinates of = have a small effect on the corresponding partition. Other
simpler encoding schemes do not have this property.

Formally, this encoding can be described as follows. Add a “fake” Oth coordinate
% jo = xlm. Place cuts at all positions jo/m,ji1/m, ..., js/m. This subdivides the
interval [0, 1] into at most d + 1 = ¢(p — 1) + 1 subintervals. Then, allocate the
subinterval [a,b] to i; € Zy,, where (=max{0<(<d:j,/m>b}.

This encoding also behaves nicely with respect to 6. For any € 0D, f#x encodes
the same partition as z, except that ¢ has been replaced by ¢ 4 1, for all ¢ € Z,,. This
is easy to see since for any = € 0D, there exists £ > 1 such that j, = m and thus the
“fake” coordinate *%j, does not play any role.

We are now ready to define the labelling A : D — R,; \ {0}. This labelling is
a natural generalisation of the one used by Simmons and Su [SS03]. Given x € D,
construct the partition it encodes, namely A;(z),..., A,(z). Then, for all i € Z, and
g € [t], let pji(x) = pj(Ai(x)), i.e., the total measure of type j that is allocated to 1.

Finally, set A(z) = *'j, where 7, j are determined as follows:
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1. Pick j € [t] that maximises max;, ;, |1, () — pji, (2)]. Break ties by picking

the minimum such j.

2. Then, pick ¢ € Z,, that maximises p;,;(x). If there are multiple ¢’s that maximise
this, break ties by picking the one such that min A;(x) is minimal (i.e., such

that A;(x) contains the point closest to the left end of the unit interval).

By using the observation above about the behaviour of § on 0D, it is easy to see
that A\(6z) = OA(x) for all z € OD. Thus, A is a valid instance of Z,-STAR-TUCKER
and we obtain a solution zi,...,2, € D and J € [t], such that disto(z;, z;) < 1 and
A(z;) = "7 for all 4, k € [p]. It remains to show that by picking m large enough, we
obtain a solution to CONSENSUS-1/p-DIVISION[F].

Let &' = ﬁ. Since F is polynomially continuous, we can pick m large enough
so that the value p;([0,a]) changes by at most ¢, if @ moves by 1/m. Note that m has
representation length polynomial in the size of the instance. If a single coordinate of
x changes by 1, u;,(x) changes by at most &’ for all 4, j. Since there are d = t(p — 1)
coordinates, it follows that |p;;(xk) — pji(xe)| < €'t(p — 1) = ¢/2 for all 4, j and for
all k, ¢ € [p].

Let x := x1. By construction of the labelling, we obtain that for all j, 1, ¢

() — pje(z)] < max |50 () — pgap ()| < €

1,

The first inequality holds because A(x) = *'7. The second inequality holds because
if we instead had pj,, (x) > p5,(z) + € for some iy,149, then it would follow that
Uiy (Tin) > H54y(74,), contradicting A(x;,) = %27, Thus, x corresponds to an e-

approximate solution. O

11.3 Consequences and Future Directions

In this section, we present some computational and mathematical consequences of
Theorem 11.1, i.e., the reduction from CONSENSUS-1/p-DIVISION to Z,-STAR-TUCKER.

We then finish by mentioning some interesting open questions.

11.3.1 Consequences: Computational Complexity

Theorem 11.3. For any k > 2, k-NECKLACE-SPLITTING and CONSENSUS-1/k-
Di1visioN lie in PPA-k under Turing reductions. In particular, if k = p" where p is

prime and r > 1, then the problems lie in PPA-p (under many-one reductions).

Recall that when k is not a prime power, there is some evidence indicating that

PPA-k is unlikely to be closed under Turing reductions (Section 9.5).
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Proof. Since Z,-STAR-TUCKER lies in PPA-p (Theorem 10.11), Theorem 11.1 imme-
diately implies that for any prime p, CONSENSUS-1/p-D1VISION lies in PPA-p. As
noted by Alon [Alo87, Proposition 3.2], for any k, ¢ > 2, a Consensus-1/(k¢)-Division
can be obtained by first finding a Consensus-1/k-Division — which divides the interval
into k (not necessarily connected) pieces — and then finding a Consensus-1/¢-Division
of each of the k pieces. Note that we obtain (at most) the desired number of cuts.
It is easy to check that this approach also works if we consider approximate instead
of exact solutions. Thus, we can solve an instance of CONSENSUS-1/(k{)-DI1vISION
by first solving an instance of CONSENSUS-1/k-DIVISION, and then £ instances of
CONSENSUS-1//-DIVISION.

In particular, for any prime p and any r > 1, CONSENSUS-1/p"-DIVISION can be
solved by solving 1+p+p®+---+p ! instances of CONSENSUS-1/p-DIVISION. Thus,
we obtain a Turing reduction from CONSENSUS-1/p"-DIVISION to CONSENSUS-1/p-
D1visioN. Since CONSENSUS-1/p-DIVISION lies in PPA-p and PPA-p is closed under
Turing reductions (Theorem 9.6), it follows that CONSENSUS-1/p"-DIVISION lies in
PPA-p.

Now consider any k = [[\", pi*, where m > 1, r; > 1 and the p; are distinct primes.
Then, CONSENSUS-1/k-DIVISION can be solved by a query to CONSENSUS-1/pi*-
Di1viSION, then pi' queries to CONSENSUS-1/p5*-DIVISION (which can be turned into a
single query to PPA-ps), then pi'py* queries to CONSENSUS-1/p5*-D1VISION (which can
also be turned into a single query to PPA-p3), etc. Thus, CONSENSUS-1/k-DIVISION
can be solved by a query to PPA-p;, then a query to PPA-py, then one to PPA-ps, ...,
and finally a query to PPA-p,,. Since PPA-p; C PPA-k for i = 1,..., m (Corollary 9.2),
it follows that there is a Turing reduction from CONSENSUS-1/k-DIVISION to a
PPA-k-complete problem (e.g., IMBALANCE-MOD-k).

Since k-NECKLACE-SPLITTING reduces to CONSENSUS-1/k-D1VISION (Proposi-
tion 11.1), the results also hold for k-NECKLACE-SPLITTING. O

11.3.2 Consequences: Mathematical Existence

Together, the proofs of Proposition 10.5 and Theorem 11.1 yield a reduction from
CONSENSUS-1/p-DIVISION to IMBALANCE-MOD-p. Since every instance of IMBALANCE-
MOD-p has a solution (and the proof of this is trivial), we obtain a proof that
CONSENSUS-1/p-DIVISION always has a solution. Thus, this proves that if the probab-
ility measures are step functions (described by rational numbers), there always exists a
Consensus-1/p-Division. While we have given the proof in terms of a reduction (since
this is required for our complexity results), it can also be written as a mathematical

proof of existence (without any computational considerations).
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Once existence of a Consensus-1/p-Division for step functions has been proved, a
constructive argument by Alon [Alo87, Section 2| also gives existence for Necklace-
Splitting with p thieves. Putting everything together, the proof of Necklace-Splitting
thus obtained is a fully combinatorial proof that does not use any advanced machinery
and is easier to follow than existing proofs. Indeed, the original proof by Alon
[Alo87] uses the BSS theorem of Barany, Shlosman and Sziics [BSS81] as a black
box. The only other fully combinatorial proof by Meunier [Meul4], while quite
elegant, is significantly more involved.

Going back to Consensus-1/p-Division, the proof we obtain (which uses Z,-star
Tucker’s lemma) actually works for any probability measures, not only step functions.
Moreover, similarly to Simmons and Su [SS03], our proof does not make use of the fact
that the measures are additive and non-negative. Thus, we obtain a stronger version
of the Consensus-1/p-Division theorem given by Alon [Alo87, Theorem 1.2] (which
he calls a generalisation of the Hobby-Rice theorem). Let B([0, 1]) denote the Borel
o-algebra on the unit interval and let A denote the Lebesgue measure on the unit
interval. Finally, let A denote the symmetric difference, i.e., AAB = (A\ B)U(B\ A).

Theorem 11.4. Let p be any prime and t > 1. Let vy, ..., v, : B([0,1]) = R be such
that, for all 1 < j <t, v; satisfies the following continuity condition: for all e > 0
there exists 0 > 0 such that

lv;(A) —vj(B)| <e forall A, B € B([0,1]) that satisfy N(AAB) < 6.

Then, there ezists a Consensus-1/p-Division. Namely, it is possible to partition the

unit interval into p (not necessarily connected) pieces Ay, . .., A, using at most (p—1)t
cuts, such that vj(A;) = v;(Ag) for all1 <i 0 <p, 1 <j<t

Before we move on to the proof, let us briefly explain why we only obtain the
result for prime p. In the usual setting where the valuations are probability measures,
it is enough to prove the statement for primes. Indeed, using the standard argument
by Alon [Alo87, Proposition 3.2], if a Consensus-1/k-Division and a Consensus-1//-
Division always exist, then a Consensus-1/(k¢)-Division exists. But Alon’s argument
makes use of the additivity property of the measures. Indeed, consider the non-
additive setting and say that we are trying to show that a Consensus-1/4-Division
exists. We know that a Consensus-1/2-Division exists and this yields a partition
of [0,1] into A; and Ay. We have that v;(A;) = v;(As) for all j. Following Alon’s
argument, we then find a Consensus-1/2-Division of A; and of Ay. This yields
A1 UA ;= Ay and Ay U Ay = Ay such that vj(Ay) = v;(A12) and vj(Agr) = v;(A)
for all j. However, we might not have v;(Ay;) = v;(As), since we no longer have
vj(An) + vj(A12) = vj(Aa) + v;(Az).

If we assume that the valuations are additive (even just finite additivity), but
still allow them to take negative values, then Alon’s argument works as before and

thus the result again holds for any £ > 2.
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Proof. Using Z,-star Tucker’s lemma (Theorem 10.10) it follows that for any ¢ > 0,
there exists an e-approximate Consensus-1/p-Division, i.e., we can partition the interval
into p pieces Ay, ..., A, (using at most (p — 1)t cuts) such that |v;(A4;) —v;(A,)| < e
forall 1 <4, ¢ <p, 1 <j <t Indeed, it suffices to follow the same steps as in the
proof of Theorem 11.2.

Let IR, denote the continuous version of R, ,,,. R, consists of p copies of the segment
[0,1] (namely %'[0,1], ..., %?[0,1]) that share the same origin (i.e., *'0 = - - - = *P0).
Using the interpretation given in the proof of Theorem 11.2, every point in Rg
corresponds to a way to partition [0, 1] into p (not necessarily connected) pieces using
at most (p — 1)t cuts. Since (Rg, diste,) is a compact metric space, every sequence
must have a subsequence that converges. Thus, a sequence (z,),, where x, € Rg is a
1/2"-approximate Consensus-1/p-Division, must have a subsequence that converges
to some = € Rg. For any 4, j the function f : Rg — R, y — v;(A;(y)) is continuous.

It follows that x must correspond to an exact Consensus-1/p-Division. O

11.3.3 Future Directions

The most interesting direction is of course to resolve the complexity of k-NECKLACE-
SPLITTING and CONSENSUS-1/k-DIVISION by proving hardness results matching our
membership results. When k = p” is a prime power, then PPA-k = PPA-p, and it
seems reasonable to conjecture that A-NECKLACE-SPLITTING and CONSENSUS-1/k-
Division are indeed PPA-p-complete. However, it is unclear whether we should expect
k-NECKLACE-SPLITTING and CONSENSUS-1/k-D1VISION to be PPA-k-complete when
k is not a prime power. Indeed, the class PPA-k seems to exhibit some “unnat-
ural” characteristics when & is not a prime power, such as (most likely) not being
closed under Turing reductions.

No hardness result is currently known for k-NECKLACE-SPLITTING for any k& > 2.
Thus, even a PPAD-hardness result for any k£ > 2 would already be very interest-
ing. A first step in this direction was made by Filos-Ratsikas et al. [FHSZ20] who
recently proved that CONSENSUS-1/3-D1viIsION is PPAD-hard for inverse-exponential
approximation parameter €. Improving this hardness result to also hold for inverse-
polynomial € would imply that 3-NECKLACE-SPLITTING is PPAD-hard. Even just
extending the result of Filos-Ratsikas et al. [FHSZ20] to higher values of k would also
be very interesting, since no hardness result is known for £ > 3.

Filos-Ratsikas et al. [FHSZ20] have also provided a significantly simpler proof (and
strengthening) of the PPA-hardness of 2-NECKLACE-SPLITTING and CONSENSUS-
1/2-D1visioN [FG19]. However, it remains open to prove a PPA-hardness result for
CONSENSUS-1/2-D1visioN that holds even for constant . Currently, only PPAD-
hardness is known for this setting [FFGZ18].
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CONSENSUS-1/2-D1viSION (usually called CONSENSUS-HALVING) has also been
studied in the setting where the number of agents is constant and the valuations of the
agents are more general and not necessarily additive [DFH21]. The problem of finding
an exact solution with standard additive measures has also been studied. Deligkas
et al. [DFMS21] proved that the problem is FIXP-hard. Batziou, Hansen and Hggh
[BHH21] showed that the strong approximation problem (with measures represented by
algebraic circuits) is complete for a class corresponding to the Borsuk-Ulam theorem.

Finally, it would be interesting to obtain some positive results for these problems,
either for restricted settings or in terms of approximation algorithms, and also by
allowing more cuts. Some results in this direction have been provided by Alon and
Graur [AG20] and Filos-Ratsikas et al. [FHSZ20]. The current hardness results hold
even if one allows n + n'=° cuts (instead of just n) for any constant § > 0 [FHSZ20],

and it would also be interesting to see if the problems remain hard with even more cuts.
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Chapter 12

List of Selected Open Problems

In this chapter, for the convenience of the reader, we collect some of the main open

problems that emerge from the work presented in this thesis.

1. Does the Hairy Ball problem reduce to Brouwer’s fixed point theorem, if one
considers exact solutions? In other words, is the exact Hairy Ball problem
FIXP-complete?

2. Is the equilibrium computation problem for the First Price auction with common

priors PPAD-complete? Or is it easier?

3. Is computing a mixed Nash equilibrium of a network congestion game PPAD N
PLS-complete?

4. Does the problem of computing a KKT point of a polynomial remain PPADNPLS-

complete for degree-3 or even degree-2 polynomials?
5. Is the problem of computing a Tarski fixed point PPAD N PLS-complete?
6. Can we obtain an oracle separation between EOPL and PPAD N PLS?

7. Does FACTORING lie in PPA-p for primes p > 2 (even under randomised reduc-

tions)?

8. Is p-NECKLACE-SPLITTING PPA-p-complete for primes p > 27
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Appendix A

Proofs of Arithmetic Circuit
Properties

A.1 Efficient evaluation of well-behaved arithmetic
circuits (Proof of Lemma 2.1)

We restate the Lemma here for convenience.

Lemma 2.1. Let f be a well-behaved arithmetic circuit with n inputs. Then, for any

rational x € R™, f(x) can be computed in time poly(size(f), size(x)).

Proof. Recall that an arithmetic circuit f is well-behaved if, on any directed path that
leads to an output, there are at most log(size(f)) true multiplication gates. Without
loss of generality, we can assume that the circuit f only contains gates that are used
to compute at least one of the outputs.

Let = denote the input to circuit f and for any gate g of f let v(g) denote the value
computed by gate g when x is provided as input to the circuit. For any gate g that is
not an input gate or a constant gate, let g; and g, denote the two gates it uses as inputs.
Clearly, if g is one of {+, —, X, max, min, >}, v(g) can be computed in polynomial
time in size(v(g1)) 4 size(v(ge)), including transforming it into an irreducible fraction.
Thus, in order to show that the circuit can be evaluated in polynomial time, it suffices
to show that for all gates g of f, it holds that size(v(g)) < p(size(f) + size(z)), where
p is some fixed polynomial (independent of f and z). In the rest of this proof, we
show that

size(v(g)) < 6 - size(f)? - size(z).

It is convenient to partition the gates of the circuit depending on their depth. For
any gate g in f, we let d(g) denote the depth of the gate in f. The input gates and the
constant gates are at depth 1. For any other gate g, we define its depth inductively
as d(g) = 1+ max{d(g1),d(g2)}, where g; and go are the two input gates of g. Note
that d(g) < size(f) for all gates ¢ in the circuit.
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We also define a notion of “multiplication-depth” md(g). The gates g at depth 1 all
have md(g) = 0. For the rest of the gates, the multiplication-depth is defined induct-
ively. For a gate g whose inputs are g; and gs, we let md(g) = 1+max{md(g;), md(g2)}
if g is a true multiplication gate, and md(g) = max{md(g1), md(g2)} otherwise. Since
f is well-behaved, it immediately follows that md(g) < log(size(f)) for all gates g of
the circuit.

We begin by showing that for any gate g of f, it holds that

|v(g)| < 2size(f)2(size(w)+size(f))'

This follows from the stronger statement that

< d(g)-Zmd(g)-(size(m)+size(f))
lv(g)] <2

Y

which we prove by induction as follows. First of all, note that any gate at depth
1 satisfies the statement, since any input or constant of the circuit is bounded by
2si7e(@) or 2517¢(f) respectively. Next, assume that the statement holds for all gates
with depth < k£ — 1 and consider some gate g at depth k. Let g; and g, denote its
two inputs, which must satisfy that d(g;) < k — 1 and d(g2) < k — 1. If g is one of
{min, max, <}, then the statement immediately also holds for g. If g is an addition or
subtraction gate, then |v(g)| < |v(g1)|+|v(g2)| < 2max{|v(g1)], |v(g2)|}, which implies
that the statement also hold for g, since d(g;),d(g2) <k —1and d(g) =k. If gis a
multiplication by a constant, then |v(g)| < 257 |v(gy)| (wlog go is the constant), and
the statement holds for g too. Finally, if g is a true multiplication gate, then |v(g)| =
[v(g)lv(g2)] < (max{|v(g1)], [v(g2)]})?. Since md(g) = 1+ max{md(g1), md(g2)}, it
follows that the statement also holds for g.

Let den(g) denote the absolute value of the denominator of v(g) (written as
an irreducible fraction). We show that for all gates g, it holds that den(g) <
gsize(f)? (size(x)+size(f)  This is enough to conclude our proof. Indeed, since we also have
that |v(g)| < 287e()*(size@) +size()) it follows that the absolute value of the numerator
of v(g) is

]v(g)| . den(g) < 22‘size(f)2(size(x)+size(f)).

As a result, it follows that

size(v(g)) < 2 - size(f)*(size(x) + size(f)) + size( f)?(size(z) + size(f))
< 6 - size(f)? - size(z).

It remains to show that den(g) < 257\ )*(size(z) +size(f))  which we prove by showing
that den(g) < 209)2"")-Gize(@)+size(f))  Let M denote (the absolute value of) the

product of all denominators appearing in the input x and the description of f, i.e., the
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denominators of the coordinates of the input z, and the denominators of the constants
used by f. Note that M < 2s#e(@)+size(f) We prove by induction that for all gates g,

den(g) is a factor of ]\/[d(g)-zmd(g>

which in particular implies the bound on den(g) above. First of all, note that any gate
at depth 1 is an input or a constant, and thus satisfies the statement. Next, assume
that the statement holds for all gates with depth < k — 1 and consider some gate g at
depth k. Let g1 and g9 denote its two inputs, which must satisfy that d(g;) < k—1 and
d(ge) < k — 1. If g is one of {min, max, <}, then it is easy to see that the statement
immediately also holds for g. If ¢ is an addition or subtraction gate, then, since v(g;)

279 6 can v(g),

and v(gz) can both be expressed as fractions with denominator M d(9)
and the statement also holds for g. If ¢ is a multiplication by a constant, then den(g) is
a factor of MU9)2™? gince den(g,) is a factor of M@@=D2""" and the denominator
of the constant is a factor of M (wlog assume that go is the constant). Finally, if g is
a true multiplication gate, then den(g;) and den(gs) are factors of M49)2""“7" and

thus den(g) is a factor of (MA@2""9 712 = prd(@)2™" 49 desired. O

A.2 Lipschitz-continuity of linear arithmetic cir-
cuits (Proof of Lemma 2.2)

We restate the Lemma here for convenience.

Lemma 2.2. Any linear arithmetic circuit f : R"™ — R™ is ZSize(f)Q—Lipschitz—

continuous (w.r.t. the ls-norm) over R".

Proof. For any gate g of the circuit f, let L(g) denote the Lipschitz-constant of the
function which outputs the value of g, given the input x to the circuit. As in the proof
of Lemma 2.1, it is convenient to partition the gates of f according to their depth.
Note that for all the gates g at depth 1, i.e., the input gates and the constant gates,
it holds that L(g) < 1. We show that any gate g at depth k satisfies L(g) < 2Fsze(f),
It immediately follows from this that f is 2%¢(/)°_Lipschitz-continuous (w.r.t. the
loo-norm) over R™.

Consider a gate g at depth k with inputs g; and go (which lie at a lower depth). If g
is + or —, then L(g) < L(g1)+L(g2) < 2max{L(g1), L(go)} < 2-2k=Dsize(f) < ok-size(f),
If g is max or min, then it is easy to see that L(g) < max{L(g), L(go)} < 2Fsi=(f),
Finally, if g is x(, then L(g) < [¢| - L(gy) < 287eW)tk=)size(f) — oksize(f) " where we
used the fact that |¢| < 257(f), O
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Appendix B

Approximation by Linear
Arithmetic Circuits

In this appendix, we show that linear arithmetic circuits can approximate more general

functions with very small error. We begin by restating Theorem 2.1.

Theorem 2.1. Given a well-behaved arithmetic circuit f : [0,1]" — R%, a purported
Lipschitz constant L > 0, and a precision parameter € > 0, in polynomial time in
size(f), log L and log(1/¢c), we can construct a linear arithmetic circuit F : [0,1]" —
R? such that for any x € [0,1]" it holds that:

o [f(z) = F(z)lloo <, or

e given x, we can efficiently compute y € [0,1]™ such that
1f(2) = fW)lloe > Lz = yllo-

Here “efficiently” means in polynomial time in size(x), size(f), log L and log(1/e).

Our proof of this result relies on existing techniques introduced by Daskalakis, Gold-
berg and Papadimitriou [DGP09] and Chen, Deng and Teng [CDT09], but with a
modification that ensures that we only get a very small error. Indeed, using the
usual so-called sampling trick with averaging does not work here. We modify the
sampling trick to output the median instead of the average.

Since we believe that this tool will be useful in future work, we prove a more
general version of Theorem 2.1. This more general version is Theorem B.1 and it is
presented and proved in the next subsection, where we also explain how Theorem 2.1

is easily obtained from Theorem B.1.

Remark B.1. Note that in Theorem 2.1 the domain [0, 1]” can be replaced by [—M, M]"
for any M > 0 (in which case the running time is polynomial in the same quantities

and in log M). This is easy to show by using a simple bijection between [0, 1] and
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[—M, M]"™. This also holds for the more general statement in Theorem B.1. In fact, the
result holds for any convex set S C [—M, M]", as long as we can efficiently compute
the projection onto S. Furthermore, the choice of the /,,-norm in the statement is not
important, and it can be replaced by any other ¢,-norm, if f is L-Lipschitz-continuous

with respect to that norm.

B.1 General statement and proof

In order to make the statement of the result as general as possible, we consider
a generalisation of the notion of a polynomially computable class of functions F
(see Section 2.2.3).

Definition B.1. A class F of functions is said to be polynomially-approrimately-
computable if there exists a polynomial ¢ such that for any function f € F where f :
[0,1]" — R? any point « € [0,1]", and any precision parameter § > 0, a value v € R?
such that || f(z) — v||oc < J can be computed in time ¢(size(f) + size(x) + log(1/4)).

The next theorem basically says that any polynomially-approximately-computable
class can be approximated by linear arithmetic circuits, as long as the functions

are Lipschitz-continuous.

Theorem B.1. Let F be a polynomially-approximately-computable class of functions.
Given f € F where f :[0,1]" = R%, L > 0 and € > 0, in polynomial time in size(f),
log L and log(1/¢), we can construct a linear arithmetic circuit F : [0, 1]" — R? such
that for any x € [0,1]" it holds that:

o [f(z) = F(z)lloo <, or

e given x, we can efficiently compute y € [0,1]" such that

1 (2) = FWllee > Lz = ylloo + /2.

Here “efficiently” means in polynomial time in size(x), size(f), log L and log(1/e).

Note that Theorem B.1 immediately implies Theorem 2.1, since the class of all
well-behaved arithmetic circuits mapping [0, 1]* to R¢ is polynomially-approximately-
computable. (In fact, it is even exactly computable.) Note that since L||x—y||oc+€/2 >

Lljz — y|| for any € > 0, we indeed immediately obtain Theorem 2.1.
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Proof of Theorem B.1. First of all, note that we can assume that d = 1. Indeed, if
f:10,1]" = R? then we can consider fi,..., fg:[0,1]" — R where f;(z) = [f(x));,
and construct linear arithmetic circuits Fi, ..., F; approximating fi,..., fq (as in
the statement of the theorem). By constructing F(z) = (Fi(x),..., Fu(x)), we
have then obtained a linear arithmetic that satisfies the statement of the theorem.
Indeed, if for some = € [0,1]" we have [|f(z) — F(x)|l« > €, then it follows that
there exists ¢ € [n] such that |f;(z) — F;(x)| > €. From this it follows that we can
efficiently compute y with |fi(x) — fi(y)| > L|jx — y||c + £/2, which implies that
If(x) = f(¥)|lo > L||* — y|lw + €/2. Note that d < size(f), so this construction
remains polynomial-time with respect to size(f), log L and log(1/¢).

Consider any L > 0, ¢ > 0 and f € F where f : [0,1]" — R. Pick £ € N such
that N := 28 > 4L/e. We consider the partition of [0,1]" into N™ subcubes of
side-length 1/N. Every p € [N]™ then represents one subcube of the partition, and we
let p € [0,1]™ denote the centre of that subcube. Formally, for all p € [N]"*, p € [0, 1]"
is given by

- 2p; — 1

[p]i T TN
For any p € [N]", let f(p) denote the approximation of f(p) with error at most &/16.
Note that f(p) can be computed in time ¢(size(f) + size(p) + log(16/¢)) (where ¢ is

the polynomial associated to F). Since size(p) is polynomial in log L and log(1/e),

for all i € [n].

we can compute a rational number M > 0 such that size(M) is polynomial in size(f),

log L and log(1/¢), and it holds that | f(p)| < M for all p € [N]". We then define
~ 16
C(p) Mf(p)Jr ) eJ +

for all p € [N]". Note that C(p) € [1,32M/e + 1] N N. Pick m € N such that
2™ > 32M/e + 1. Then, C : [N]* — [2™] and we construct a boolean circuit
{0,1}*» — {0,1}™ that computes C. Importantly, the Boolean circuit can be
constructed in polynomial time in size(f), log L and log(1/e). Before we move on,
note that for all p € [N]", letting V'(p) := (C(p) — 1)55 — M, it holds that

16 = V) < |10 - F®)|+ I - V)| < 5 (B.1)
since |f(5) — ()] < /16 and
5 - Vi)
=7+ a1 = | (75 + 21) 2| 55
< |f0)+ 31 = (7@ -+ 2) D5 |+ | (7@ -+ ar) 22 - | (74 a) 2|




3

< .
— 16

Using Lemma B.1, which is our key lemma here and is stated and proved in
the next subsection, we can construct a linear arithmetic circuit F : [0,1]" — R in
polynomial time in size(C') (and thus in size(f), log L and log(1/¢)), such that for all
xz € [0,1)"

F(x) € | min C(p), max C'
(z) € | min C(p), max C(p)

where S(z) C [N]" is such that
L |S(@)] <n+1,
2. ||z — Pplloo < 1/N for all p € S(x), and
3. S(x) can be computed in polynomial time in size(z) and log N.

We modify the linear circuit so that instead of outputting F'(z), it outputs (F(x) —
1)s5 — M. Note that this is straightforward to do using the arithmetic gates at our
disposal. Since V(p) = (C(p) — 1)55 — M, we obtain that for all z € [0, 1]"

F(x) € | min V(p), max V .
(z) € | min V(p), max V(p)

We are now ready to complete the proof. For this it suffices to show that if
|f(xz) — F(x)| > ¢, then the second point in the statement of the theorem must hold.
Assume that = € [0, 1]™ is such that |f(z) — F(z)| > . It immediately follows that
there exists p* € [N]" such that |f(z) — V(p*)| > e. By Equation (B.1), it follows
that |f(z) — f(p*)| > € — /8 = 7¢/8. Note that we might not be able to identify p*,
since we can only approximately compute f. Thus, we instead proceed as follows.
We compute p’ = argmax,cq, [f'(z) — f(p)|, where f’ denotes computation of f
with error at most €/32. Note that p’ can be computed in polynomial time in size(x),
size(f), log L and log(1/¢), since f" and S(x) can be computed efficiently.

We now show that y = 1;’ € [0, 1]™ satisfies the second point in the statement of
the theorem. First of all, note that |f'(z) — f'(p*)| > 7e/8 — 2¢/32 = 13¢/16. By the
choice of p/, it must be that |f/(z) — /()| > |f'(z) — f'(p*)| > 13¢/16, which implies
that | f(z) — f(p)] > 132/16 — 22/32 > 3¢/4. On the other hand, since we have that
|2 — Pl < 1/N < e/AL (because p/ € S(x)), it follows that L|jz — p/||le < £/4.
Thus, we indeed have that |f(z) — f(y)| > L||z — y||c + /2, as desired. Since p’ can

.

be computed efficiently, so can y = m
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B.1.1 Key Lemma

Let us recall some notation introduced in the proof of Theorem B.1. For N € N,
consider the partition of [0, 1]™ into N™ subcubes of side-length 1/N. Every p € [N]"
then represents one subcube of the partition, and we let p € [0, 1]" denote the centre
of that subcube. Formally, for all p € [N]", p € [0,1]" is given by
2p; — 1

2N

[ﬁ]z =
for all i € [n].

Lemma B.1. Assume that we are given a Boolean circuit C : {0,1}** — {0,1}™,
interpreted as a function C : [N]® — [2™], where N = 2%. Then, in polynomial time
in size(C), we can construct a linear arithmetic circuit F : [0,1]" — R such that for

all x € [0, 1]"

F(x) € | min C(p), max C
(z) Jnin, (p) Jnax (p)

where S(x) C [N]™ is such that
1 |S(x)| <n+1,
2. ||z = Plloe < 1/N for allp € S(z), and
3. S(x) can be computed in polynomial time in size(x) and log N.

Proof. We begin by a formal definition of S(z) and prove that it has the three
properties mentioned in the statement of the Lemma. We then proceed with the
construction of the linear arithmetic circuit.

For N € N, consider the partition of [0, 1] into NV subintervals of length 1/N. Let
Iy :[0,1] — [N] denote the function that maps any point in [0, 1] to the index of the
subinterval that contains it. In the case where a point lies on the boundary between

two subintervals, i.e., z € B = {1/N,2/N,...,(N —1)/N}, the tie is broken in favour
of the smaller index. Formally,
c t—1 ¢
rE |——,—=| -
N 'N

We abuse notation and let Iy : [0,1]" — [N]™ denote the natural extension of the

Iy(z) = min {e e [N]

function to [0, 1], where it is simply applied on each coordinate separately. Thus,
if we consider the partition of [0, 1] into N™ subcubes of side-length 1/N, then, for
any point x € [0,1]", p = In(x) € [N]" is the index of the subcube containing x.
For x € R™\ [0,1]", we let In(x) := In(y) where y is obtained by projecting every

coordinate of x onto [0, 1].
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Letting e € R™ denote the all-ones vector, we define

<]}

In other words, we consider a small segment starting at  and moving up simultaneously

S(x) = {IN(SL’ +a-e)

in all dimensions, and we let S(x) be the set of subcubes-indices of all the points on

the segment. We can now prove the three properties of S(x):

1. Note that for any i € [n], there exists at most one value a € [0,1/2N] such
that [z + a-e]; € B = {1/N,2/N,...,(N —1)/N}. We let «; denote that
value of « if it exists, and otherwise we let o; = 1/2N. Thus, we obtain
aq,0n, ..., 0, € [0,1/2N] and we rename them f; so that they are ordered,
ie, f1 < By <--- < B, and {fB;|i € [n]} = {«a;|i € [n]}. By the definition
of Iy, it is then easy to see that o — Iy(x 4+ « - €) is constant on each of the
intervals [0, 81], (81, Bal, (B2, B3], - -, (Bn-1, Bn) and (5., 1/2N]. Since these n+1
intervals (some of which are possibly empty) cover the entirety of [0,1/2N], it
follows that |S(z)| < n + 1.

2. Consider any p € S(z). Let a € [0,1/2N] be such that p = In(y) where y =
r+«a-e. For any ¢ € [n], it holds that x; < y; < x;4+1/2N. There are two cases
to consider. If In(y;) = In(x;), then this means that z; lies in the subinterval
of length 1/N centred at [p];, and thus, in particular, |z; — [p];| < 1/2N < 1/N.
The only other possibility is that Iy (y;) = Iy(z;) + 1, since a € [0,1/2N]. But
for this to happen, it must be that (2/y(x;) —1)/2N < z; < 2Iy(z;)/2N, since
a < 1/2N. By definition, [p]; = (2Inx(y;) — 1)/2N = (2In5(z;) +1)/2N, and so
we again obtain that |x; — [p];| < 1/N. Since this holds for all i € [n], it follows
that [z — pllc < 1/N.

3. Given z € [0,1]", the values ay,...,a, € [0,1/2N], defined in the first point
above, can be computed in polynomial time in size(x), n and log N. Then, S(z)
can be computed by simply evaluating Iy (z+a-e) forall a« € {aq, ..., a,, 1/2N},
which can also be done in polynomial time in size(z), n and log N. Note that
since n < size(z), the computation of S(x) runs in polynomial time in size(z)
and log N.

We can now describe how the linear arithmetic circuit F : [0, 1] — R is constructed.
Let C : {0,1}** — {0,1}™ be the Boolean circuit that is provided. It is interpreted as
a function C : [N]" — [2™], where N = 2. Let z € [0, 1]" be the input to the linear

arithmetic circuit. F' is constructed to perform the following steps.
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Step 1: Sampling trick. In the first step, we create a sample T of points close
to x. This is a standard trick that was introduced in the study of the complexity of
computing Nash equilibria [DGP09; CDT09]. Here we use the so-called equi-angle
sampling trick introduced by Chen, Deng and Teng [CDT09]. The sample T" consists
of 2n + 1 points:

- e

T:{:p+

l 1,2,...,2 .
el e oz ]

Note that these 2n + 1 points can easily be computed by F' given the input x. The

following two observations are important:
1. forally € T, In(y) € S(z) (by definition of S(x)),

2. Let T, = {y € T'|3i € [n] : dist(y;, B) < g5}, where B = {1/N,2/N,... (N —
1)/N} and dist(y;, B) = mingep |y; — t|. We call these the bad samples, because
they are too close to a boundary between two subcubes. The points in T, = T'\ T},
are the good samples. It holds that |T;| < n. This is easy to see by fixing some
coordinate i € [n], and noting that there exists at most one point y € T" such
that dist(y;, B) < ﬁ. Indeed, since the samples are successively 1/4nN apart,
at most one can be sufficiently close to any given boundary. Furthermore, since
the samples are all 1/2N close, at most one boundary can be sufficiently close
to any of them (for every coordinate). Thus, since there is at most one bad

sample for each coordinate, there are at most n bad samples overall.

Step 2: Bit extraction. In the second step, we want to compute Iy(y) for all
y € T. This corresponds to extracting the first k bits of each coordinate of each point
y € T, because N = 2¥. Unfortunately, bit extraction is not a continuous function
and thus it is impossible to always perform it correctly with a linear arithmetic circuit.
Fortunately, we will show that we can perform it correctly for most points in T,
namely all the good points in 7.

Consider any y € T" and any coordinate i € [n]. In order to extract the first bit of

Yi, the arithmetic circuit computes
by = min{1, max{0,8nN(y; — 1/2)} =: ¢(y; — 1/2).

Note that if y; > 1/2 + 1/8nN, then 8nN(y; — 1/2) > 1 and thus b; = 1. On the
other hand, if y; < 1/2 —1/8nN, then 82N (y; — 1/2) < —1 and thus b; = 0. This
means that if dist(y;, B) > 1/8nN, the first bit of y; is extracted correctly. Note that
B={1/N,2/N,...,(N —1)/N} = {1/2~ 2/2k ...  (2F —1)/2*}.

To extract the second bit, the arithmetic circuit computes ¢ := y; — by /2 and

by = o(t — 1/4).
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By the same argument as above, by is the correct second bit of y;, if [t —1/4| > 1/8nN,
Le. if |y; — 1/4| > 8nN and |y; — 3/4| > 8nN. Thus, if dist(y;, B) > 1/8nN, the
second bit is also computed correctly, since 1/4,3/4 € B.

To extract the third bit, the arithmetic circuit updates ¢t := ¢ — by /4 and computes
bs = ¢(t — 1/8). We proceed analogously up to the kth bit b,. By induction and the
same arguments as above, it follows that the first k bits of y; are computed correctly
by the arithmetic circuit as long as dist(y;, B) > 1/8nN. In particular, this condition
always holds for y € T,.

By performing this bit extraction for each coordinate of each y € T', we obtain
the purported bit representation of Iy(y) for each y € T. The argumentation in
the previous paragraphs shows that for all y € T, we indeed obtain the correct bit
representation of Iy (y). For y € T}, we have no control over what happens, and it is

entirely possible that the procedure outputs numbers that are not valid bits, i.e., not
in {0,1}.

Step 3: Simulation of the Boolean circuit. In the next step, for each y € T,
we evaluate the circuit C' on the bits purportedly representing Iy (y). The Boolean

gates of C' are simulated by the arithmetic circuit as follows:
e ~b:=1-0b,
e bV UV :=min{l,b+ b},
e bAV :=max{0,b+ b —1}.

Note that if the input bits b, b" are valid bits, i.e., in {0, 1}, then the Boolean gates
are simulated correctly, and the output is also a valid bit.

For y € T,, since the input bits indeed represent /y(y), the simulation of C' will
thus output the correct bit representation of C'(Ix(y)) € [2™]. We can obtain the
value C(Iy(y)) € [2™] itself by decoding the bit representation, i.e., multiplying every
bit by the corresponding power of 2 and adding all the terms together.

Let V(y) € R denote the value that this step outputs for each y € T'. For y € T,
we have that V(y) = C(In(y)). For y € Ty, there is no guarantee other than V(y) € R.

Step 4: Median using a sorting network. In the last step, we want to use the
|T| = 2n + 1 values that we have computed (namely {V(y)|y € T}) to compute
the final output of our arithmetic circuit. In previous constructions of this type, in
particular [DGP09; CDT09], the circuit would simply output the average of the V' (y).
However, this is not good enough to prove our statement, because even a single bad

point y can introduce an inversely polynomial error in the average.
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In order to obtain a stronger guarantee, the arithmetic circuit instead outputs the
median of the multiset {V (y) |y € T'}. The median of the given 2n + 1 values can be
computed by constructing a so-called sorting network (see, e.g., [Knu98]). The basic
operation of a sorting network can easily be simulated by the max and min gates. It
is easy to construct a sorting network for 2n 4 1 values that has size polynomial in n.
The output of the sorting network will be the same values that it had as input, but
sorted. In other words, the sorting network outputs V; < Vo < ... < V5, such that
{Vilje2n+1]} ={V(y) |y € T} as multisets. The final output of our arithmetic
circuit is V,, 41, which is exactly the median of the 2n + 1 values.

Recall from step 1 that |T;| < n and thus |T,| > n+ 1. It immediately follows
that either V,, ;1 corresponds to V(y) of a good sample y, or there exist i < n + 1
and j > n + 1 such that both V; and V; correspond to good samples. In other
words, the output of the circuit satisfies F'(x) € [minyer, C(In(y)), maxyer, C(In(y))].
As noted in step 1, Ix(y) € S(z) for all y € T. Thus, we obtain that F(x) €
[minges@) C(p), maxpes@) C(p)].

It follows that the linear arithmetic circuit F' that we have constructed indeed
satisfies the statement of the Lemma. Furthermore, the construction we have described
can be performed in polynomial time in size(C'), n, m and k. Since size(C) >

max{n, k,m}, it is simply polynomial time in size(C'). O
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Appendix C

(ZENERAL-BROUWER and
(GENERAL-REAL-LOCALOPT

In this appendix we define the computational problems GENERAL-BROUWER and
GENERAL-REAL-LOCALOPT and prove that they are PPAD- and PLS-complete respect-
ively. These two completeness results follow straightforwardly from prior work. The
membership of GENERAL-BROUWER in PPAD and of GENERAL-REAL-LOCALOPT in
PLS are used in this thesis to show that various problems of interest lie in PPAD N PLS.

Definition C.1. GENERAL-BROUWER:

Input:
e precision parameter € > 0,

o (A b) € R™™ x R™ defining a bounded non-empty domain D = {z € R" :
Az < b},

e well-behaved arithmetic circuit g : R® — R",
e Lipschitz constant L > 0.

Output: An approximate fixed point of g on domain D. Formally, find x € D
such that

IIp(g(z)) —z| <e.

Alternatively, we also accept a violation of L-Lipschitzness of g as a solution.
Namely, z,y € D such that ||g(z) — g(y)|| > L||lx — y||.

Proposition C.1. GENERAL-BROUWER is PPAD-complete.

Proof. Various formulations and special cases of the problem of finding a Brouwer fixed
point are known to be PPAD-complete [Pap94; CD09; EY10]. The PPAD-hardness of
our GENERAL-BROUWER problem immediately follows from the PPAD-hardness of
the problem on the domain [0, 1]> and when g is a linear arithmetic circuit, which is
known from [Meh14].
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The membership in PPAD essentially follows from Proposition 2 in [EY10], where
it is shown that finding an approximate fixed point of a Brouwer function that is
efficiently computable and continuous, when the domain is a bounded polytope, is
in PPAD. In GENERAL-BROUWER, the function is not guaranteed to be continuous,
but instead we allow violations of Lipschitz-continuity as solutions. However, it can
easily be seen that the proof by Etessami and Yannakakis [EY10] also applies to
this case. Alternatively, we can also use our Theorem 2.1 to approximate the circuit
g by a linear arithmetic circuit (which is necessarily Lipschitz-continuous with a
polynomially representable Lipschitz-constant, see Lemma 2.1) and then use [EY10,
Proposition 2] directly. Note that since D is bounded, we can easily compute M > 0
such that D C [—M, M]™ (using linear programming). Then, using Theorem 2.1 and
Remark B.1, we can approximate g by a linear arithmetic circuit on the domain
D. O

Definition C.2. GENERAL-REAL-LOCALOPT:

Input:
e precision/stopping parameter £ > 0,

o (A, b) € R™™ x R™ defining a bounded non-empty domain D = {x € R":
Az < b},

e well-behaved arithmetic circuits p : R* — R and g : R® — R",
e Lipschitz constant L > 0.

Output:  An approximate local optimum of p with respect to g on domain D.
Formally, find x € D such that

p(lp(g(2))) = p(x) —e.

Alternatively, we also accept a violation of L-Lipschitzness of p as a solution.
Namely, x,y € D such that |p(x) — p(y)| > L]z — y||.

Proposition C.2. GENERAL-REAL-LOCALOPT is PLS-complete.

Proof. The PLS-hardness of GENERAL-REAL-LOCALOPT immediately follows from
Theorem 2.1 in [DP11], where it is shown that the problem is PLS-complete in the
special case where the domain is [0,1]>. The proof of membership in PLS for the
domain [0, 1] immediately generalises to [0, 1]", even for non-fixed n. Thus, it remains
to show that we can reduce GENERAL-REAL-LOCALOPT to the special case where
the domain is [0, 1]".

Note that since D is bounded, we can easily compute M > 0 such that D C
[—M, M]™ (using linear programming). We extend p and g to the whole hypercube
[—M, M]™ by using the projection onto D, namely p(z) = p(Ilp(z)) and g(x) =
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g(Ip(x)). Since ||z — y|| > |[TIp(z) — Mp(y)| for all z,y € R", it follows that any
violation of L-Lipschitzness for p immediately yields a violation for p. If zz € [—M, M|"
is an e-approximate local optimum of p with respect to g, i.e., p(Ilp(g(z))) > p(z) —¢,
then it immediately follows that IIp(z) € D is an e-approximate local optimum of p
with respect to g. Thus, we have reduced the problem to the case where the domain
is a hypercube [—M, M]™.

The final step is to change the domain from [—M, M]™ to [0, 1]", which can easily be
achieved by letting p(z) = p(2M - — M -e) and g(z) = (g(2M - — M -e)+ M -e)/2M.
Here e € R™ denotes the all-ones vector. A violation of 2M L-Lipschitzness for p
immediately yields a violation of L-Lipschitzness for p. Furthermore, if x € [0, 1] is
an e-approximate local optimum of p with respect to g, then it is easy to see that
(2M -x — M -e) € [-M, M]" is an e-approximate local optimum of p with respect
to g. We thus obtain an instance on the domain [0, 1]™ with the functions p and g
and L' = 2M L instead of L. By using the same arguments as in [DP11, Theorem
2.1], it follows that the problem lies in PLS. Note that we do not actually need to
construct arithmetic circuits that compute p and g (from the given circuits for p and
g), because it suffices to be able to compute the functions in polynomial time for the

arguments in [DP11] to go through. O
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