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Abstract

Modelling the Optical Properties of Semiconducting Nanostructures
Alexander Buccheri, Mansfield College

A thesis submitted for the Degree of

Doctor of Philosophy in Materials Science, Trinity Term 2016

In this thesis we describe the development of a real-space implementation of the
Bethe-Salpeter equation (BSE) and use it in conjunction with an empirical tight-
binding model to investigate the optoelectronic properties of colloidal quantum-
confined nanostructures. This novel implementation exploits the limited radial
extent and small size of the atomic orbital basis to treat finite systems containing
up to ~ 4000 atoms in a fully many-body framework.

In the first part of this thesis our empirical tight-binding model is initially
benchmarked on zincblende CdSe nanocrystals, before subsequently being used to
investigate the electronic states of zincblende CdSe nanoplatelets as a function of
thickness. The band-edge electronic states are found to show minimal variation
for a range of thicknesses and the results of our tight-binding model show good
agreement with those predicted using a 14-band k - p model for a nanoplatelet of
4 monolayers (ML) in thickness. Optical absorption spectra were also computed
in the independent-particle approximation. While the results of the tight-binding
model show good agreement with those of the 14-band k- p model in the low-energy
region of the spectrum, agreement with experiment was poor. This reflects the need
for a many-body treatment of optical absorption in nanoplatelet systems.

In the second part of this thesis we apply our tight-binding plus BSE model to
study the excitonic properties of CdSe nanocrystals and nanoplatelets. Simulations
performed on CdSe nanocrystals examined an approximation of the BSE equivalent
to configuration interaction singles (CIS), and found that both the optical gap
and the low-energy spectral features were unaffected by the approximation. A
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comparison of exciton binding energies with those predicted by CIS demonstrates the
sensitivity of results to the exact treatment of dielectric screening and the decision
of whether or not to screen exchange. Our model predicts optical gaps that are in
strong agreement with average experimental data for all but the smallest diameters,
but was not able to reproduce low-energy spectral features that were fully consistent
with experiment. This was attributed to the absence of the spin-orbit interaction in
the model.

Simulations performed on CdSe nanoplatelets investigate the optical gaps and
exciton binding energies as a function of thickness. Exciton binding energies
were found to reach ~ 200 meV for the thinnest system, however, optical gaps
were slightly overestimated in comparison to experiment. This is attributed to
the reduced lateral dimensions used in our simulations and our bulk treatment of
dielectric screening. A two-dimensional treatment of dielectric screening is expected
to further increase binding energies. Calculations of the excitonic absorption
spectrum reproduce the characteristic spectral features observed in experiment, and
show strong agreement with the spectra of nanoplatelets, with thicknesses ranging
from 3 ML to 5 ML.



Chapter 1

Introduction

1.1 Nanostructures and Quantum Confinement

Colloidal semiconductor nanocrystals, nanorods, nanoplatelets and multi-pods
constitute a class of nanostructures with properties that vary from molecular to
bulk-like as a function of size due to the quantum confinement effect™. Quantum
confinement of electrons and holes in one, two or three dimensiond!] increases
the optical gap of the system as a function of decreasing size in the confined
dimension/s. Ekimov et al.? and Henglein® were the first to independently show
that modification of quantum size levels subsequently changes the optical absorption
and emission of nanocrystals, blue-shifting the features to higher energies as a

function of decreasing diameter.

Optical spectroscopy provides a means of probing neutral excitations in
semiconductor nanostructures, with optical absorption experiments on nanocrystals
revealing low-energy spectral features dominated by excitonic effects. An exciton
is defined as a bound state, comprised of a spatially correlated electron and hole.

In covalent semiconductors, the dielectric function screens the Coulomb potential

!Corresponding to nanoplatelets, nanorods and nanocrystals, respectively.
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Figure 1.1: Nanocrystal emission wavelengths for a range of materials, shown in
relation to the electromagnetic spectrum. Figure reproduced from referencel?.

between the electron and hole, resulting in weakly-bound excitons delocalised over
many unit cells. These are referred to as Wannier-Mott excitons and comprise the
excitonic species studied in this thesis®. In nanostructures, quantum confinement
leads to an enhancement in the exciton binding energies as a consequence of increased
electron-hole overlap and a reduction in dielectric screening relative to the bulk® 6,

Indeed, one can see enhancements of ~ 60 times that of the bulk binding energy!™.

Colloidal nanostructures are synthesised with wet chemistry techniques that
in general, produce systems with narrow size distributions, highly uniform
morphologies and effective surface passivation®l. Colloidal nanostructures are free-
standing systems that retain their bulk crystal structure and lattice parameters

down to sizes ~ 1 nm in diameter.

CdSe nanocrystals represent the prototypical system for the study of quantum-
confinement and its effects on optical properties as synthesis is highly reproducible in
both the wurtzite and zincblende phases™ | with fine control over size distributio
across a range of diameters (1.5-10 nm)™!. The band gap of spherical CdSe
nanocrystals can be varied from 1.9 eV (652 nm) to 2.8 eV (443 nm) by reducing
the diameter of the nanocrystal from 7 nm to 2 nm, effectively covering the range

of the visible spectrum at room temperatureEl.

?Less than 5% root mean square deviation in the diameters.

3See averages in Figure of Chapter
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Cadmium chalcogenide nanocrystals are characterised by direct band gaps that are
size-tuneable in the visible region and strong oscillator strengths. Properties which
are broadly attributable to the II-VI semiconductors as a whole and which make
them readily accessible with optical spectroscopy techniques, from which a plethora

of electronic and optical properties can be discerned.

Heteorstructure engineering of binary and ternary systems has lead to additional
improvements in quantum yields and photoluminescence stability, providing
finer control over emission frequency, spatial localisation of charge carriers and
radiative lifetimes®™. The ability to control excitonic properties through size
and composition have allowed colloidal nanocrystals to find applications as light
emitters in LED displaysi, as light absorbers in solution-processed thin-films and

1506l and in photodetectors™. Nanoplatelets offer similarly

photovoltaic cells!
exciting applicationst® with distinct optoelectronic properties that differ from
their zero-dimensional counterparts. A summary of the optoelectronic properties

of cadmium chalcogenide nanoplatelets is given in the following chapter.

Motivation

Cadmium chalcogenide nanocrystals have been studied since the 1980’s 8 resulting
in a well-developed theory of the low-energy excitonic structure and dynamical
processes that determine their optical propertiesi?24  Cadmium chalcogenide
nanoplatelets, however, represent a much newer class of colloidal nanostructure with
optical properties that distinctly differ from those of nanocrystals due to their quasi
two-dimensional structure. A theoretical understanding of their low-energy excitonic

structure is currently lacking. Furthermore, it will require a many-body treatment.

The emergence of colloidal nanoplatelets, amongst other nanoscale systems that
exhibit strong excitonic effects®, highlights the need to be able to apply many-

body techniques to the simulation of nanostructures that contain thousands of atoms
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but lack periodicity. Furthermore, the trend towards ternary and multinary systems,
where material composition can vary at the scale of monolayers, indicates that these

techniques will need to describe the electronic structure at the atomic scale.

Precise control over the thickness and increased control over the planar dimensions®2!
results in distinct optical properties that make cadmium chalcogenide nanoplatelets
a model system with which one can investigate the effects of dimensionality and
confinement on the excitonic properties. A thorough understanding of the band-edge
exciton structure is of fundamental physical interest and should also aid in device
design. We therefore investigate the optoelectronic properties of the prototypical
CdSe nanoplatelet using a many-body formalism, which we have novelly adapted to

treat large, finite systems.

1.2 Computational Methods for Electronic

Structure Calculations

One of the primary challenges in modelling colloidal nanostructures is that they can
contain many thousands of atoms but are characterised by finite dimensions. The
use of ab initio techniques in the calculation of both ground state and excited state
properties is therefore not computationally feasible. As such, one must typically
resort to the use of empirical models to compute the electronic structure of these
systems. A semi-empirical model is broadly defined as a quantum mechanical model
in which some quantity, such as the potential or basis, is parameterised, resulting
in an accurate reproduction of the bulk properties of the material in question. This
typically also removes the need for self-consistency. In the following section, we
present a discussion of the main empirical models employed in the calculation of the

electronic structure of nanoscale systems.
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1.2.1 Envelope Function Methods

All envelope function methods are based on the effective mass approximation. In
this approximation, the motion of an electron in a slowly varying potential is treated
as a free electron with a renormalised, effective mass and the wave function is
approximated as the product of the periodic Bloch function defined at the zone

centre and a slowly varying envelope function.

k - p theory is the application of perturbation theory to extend the periodic Bloch
solutions to other values of k7. A typical k - p Hamiltonian is comprised of Bloch
functions that describe the three highest valence bands and lowest conduction band,
leading to an 8-band model in the presence of spin. One such example is the 8-band
Pidgeon and Brown model®¥, which accounts for valence-conduction coupling, and
the effect of higher bands via second-order perturbation theory. This model is
capable of accurately describing approximately 15% of the Brillouin zone in the

proximity of the I' point, for the bands in question.

Envelope function methods therefore treat the nanostructure as a confined bulk
system and consequently lack explicit knowledge of the atomic structure however,
envelope function Hamiltonians are still capable of capturing the atomistic symmetry
of a nanostructure, given the inclusion of appropriate band coupling effectsBY. This
means that calculation times are invariant with system size and results increase in
accuracy as the system converges on the bulk. The lack of an explicit knowledge
of the atomic structure does, however, impose some restrictions. Envelope models
cannot explicitly describe surface reconstruction or surface passivation by ligands.
They are also not well-suited for simulations of systems with small dimensions or

that vary in composition at the monolayer scale.
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1.2.2 Empirical Pseudopotential Models

Empirical pseudopotential models provide an atomistic description of the electronic
structure. In an empirical pseudopotential model, the bulk crystal potential is
expanded as the sum of local, atomic-like potentials. These are subsequently
parameterised by fitting to a small number of low reciprocal lattice vectors that
describe the bulk crystal and the Schrodinger equation is solved for the valence
electrons in a plane wave basis. Alternatively, one can utilise a semi-empirical
pseudopotential model. In this approach, the local atomic potentials are constructed
from ab initio ionic pseudopotentials and modified to ensure good reproduction
of bulk properties, such as the band gap. The non-local component of the ionic

pseudopotentials is also added to the total crystal potentiall!

The atomistic nature of semi-empirical pseudopotential models means that they
address many of the shortcomings associated with envelope function methods. They
intrinsically capture the atomic symmetry of the system and produce wave functions
of comparable quality to those found using density function theory (LDA), without
the need for self-consistency. The use of a plane wave basis to treat nanoscale systems
does, however, make pseudopotential models the most computationally-expensive of

the empirical methods available to usP2.

1.2.3 Empirical Tight-Binding Models

Empirical tight-binding models provide an atomistic description of the valence
electrons in solids in terms of localised atomic orbitals, giving an intuitive description
of bonding in terms of on-site and inter-atomic orbital interactions3!. Hamiltonian
elements are parameterised and one can adjust the number of parameters by varying
the radial extent of the orbitals or the size of the basis. In a minimal tight-binding
model, one only considers the overlap between orbitals on adjacent atoms, resulting

34

in a highly sparse Hamiltonian that can be efficiently stored and solved®¥. Empirical
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tight-binding models therefore represent an efficient means of generating atomic

wave functions for systems containing thousands of atomst.

In summary, the tight-binding model provides what we consider to be an ideal
compromise between detail and efficiency. A minimal tight-binding model is capable
of treating systems containing tens of thousands of atoms, whilst providing an atomic
description of the system and of the wave functions. We therefore choose to model
the electronic structure of CdSe nanocrystals and nanoplatelets using a tight-binding

model.

1.3 Computational Methods for Many-body
Calculations

In the final section of this chapter, we discuss the many-body formalism that we
utilise to describe excitonic correlation. The GWB&BN and BSEBS! methods are
currently recognised as two of the most reliable first-principles methods for the
calculation of quasiparticle properties and two-body excitations, respectivelyB?.
Recent advances have seen both ab initio GWHE%H and BSEE2 calculations used
to treat molecules and interfaces containing up to ~ 400 atoms. Examples of

applications include photosynthetic complexes®® 44 and aqueous DNAH3.

Advancements in scaling can be attributed to basis set optimisation®% 28 the use

AT [49: [50]

of localised basis sets#% 48 schemes to reduce summations over empty states
and improved parallelisation, however even with these advancements, calculations
are still restricted to the molecular scale when performed from first-principles. We
therefore develop and present a novel implementation of the BSE in conjunction
with an empirical tight-binding model, which can be used to treat finite systems

~ 10x larger than those currently accessible with the most sophisticated ab initio

methods.
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There are, of course, other methods of treating excited states. For
example, configuration interaction (CI) has frequently been applied to nanoscale

554 - The fundamental drawback of CI calculations is, however, its

systems2®
scaling with system size. Indeed, in full CI calculations the basis determinants
scale binomially with system size. Truncated CI schemes containing doubly, triply
or quadruply excited determinants scale as N¢, N® and N'°, respectively, where N is
the size of the basisP®. To make the method tractable for nanoscale simulations, the
basis is therefore typically restricted to single-substitution determinants3. This is

called configuration interaction singles (CIS). BSE on the other hand, offers scalings

of N3 — N* depending on the specifics of the implementation®3.

Although CIS and BSE are derived in a completely different manner to one another,
one can show that there is a formal connection between the two methods. It can
be shown that the BSE includes additional coupling interactions that mix excitonic
transitions. The BSE therefore includes correlation effects that are absent in CISES.
As such, we also take the opportunity to evaluate the results of CIS calculations for

CdSe nanocrystals, against those of our BSE model.

In summary, we have presented a brief discussion of colloidal nanocrystal and
nanoplatelet systems, addressing the physical properties that make them interesting
to study and have outlined what we intend to contribute to the field. We have also
presented a discussion of the methodologies that are typically used to treat these
systems. In doing so, we explain why we opt to describe the electronic structure
using a tight-binding model and why we intend to treat many-body excitations using

the Bethe-Salpeter equation. What follows is a breakdown of the thesis chapters.

1.4 Structure of the Thesis

Chapter [2| proceeds with a review of the literature regarding the progress made

towards understanding the optoelectronic properties of cadmium chalcogenide
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nanoplatelets.

Chapter |3 reviews the use of the nearest neighbour (NN) sp?s* tight-binding model
for the simulation of CdSe nanocrystals. The model’s suitability and limitations are

discussed.

Chapter [4| formally outlines the mathematical description of the NN sp3s* tight-

binding model that we use to describe the electronic states of our nanostructures.

Chapter [5] gives a formal mathematical description of the BSE in transition space,
detailing the construction of an effective two-particle Hamiltonian and how this can

be used to simulate optical absorption spectra.

Chapter [g] presents the bulk properties of CdSe predicted with our tight-binding
model and discusses some key model features including the sparse solver, orbital

basis and surface passivation.

Chapter [7] describes the main features of our real-space implementation of the BSE,

with a focus on the approximations made to the interaction kernel.

Chapters [§ and [9 present the results our tight-binding calculations on CdSe
nanocrystals and nanoplatelets, respectively. These calculations are performed in

the independent-particle approximation.

Chapters and present many-body calculations of the optical gaps, exciton
binding energies and optical absorption spectra of CdSe nanocrystals and
nanoplatelets, respectively. In both chapters, optical gaps and absorption spectra
are compared with experiment, while exciton binding energies are compared with

other theoretical results.

Chapter [12| summarises our results and conclusions, and suggests some extensions

to the work presented.






Chapter 2

II-VI Colloidal Nanoplatelets

2.1 Cadmium Chalcogenides

Murray and coworkers were the first to demonstrate reproducible synthesis of
spherical CdSe nanocrystals with a low size dispersion, using hot injection™!. Peng
and co-workers extended this synthesis technique to nanorods at high reaction
temperatures, creating the first colloidal nanostructure with two-dimensional

[57

confinement®? . In the same year, Manna et al. developed polytypic, multi-branched

tetrapods®® | amongst several other exotic shapes.

The synthesis of ultra-thin structures with high reaction temperatures is however,
intrinsically difficult due to a reduced control of growth rates along specific crystal
planes and the increased risk of deformation. Ultra-thin, two-dimensional, cadmium-
based colloidal nanostructures were therefore not realised until 2006 when Hyeon and
co-workers synthesised nanoribbons from wurtzite seeds using a low-temperature,
colloidal template method®3:64  This resulted in ultra-thin sheets ~1.4 nm in

thickness, with widths of 10-20 nm and lengths up to ~ 1 micrometer.

The strong van der Waals interaction between organic ligands on adjacent ribbons
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Figure 2.1: Various nanostructure morphologies. From top left to bottom right: A
CdSe nanocrystalb? | a CdSe nanorod®@, an ensemble of CdSe nanorods!®), an array
of CdSe tetrahedral and a CdSe/CdS tetrapod at differing magnifications2,

subsequently leads to self-assembly of laminar sheets and their large sizes make them

prone to aggregation in solution®

The two-dimensional, zincblende analogue of CdSe nanoribbons was synthesised in
2008 by Ithurria and Dubertret®. Unlike nanoribbons, these nanoplatelets are
characterised by polar surfaces and do not aggregate in solution. They offer greater
control over the lateral dimensions and were the first two-dimensional colloids to be
thickness-tuneable with atomic precision. These features are visible in transmission

electron microscopy (TEM) images shown in Figure .

2.2 Cadmium Chalcogenide Nanoplatelets

Colloidal nanoplatelets are characterised by atomically flat, cubic morphology with

the zincblende crystal structurel®!. They exhibit atomic thicknesses, beginning at
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Figure 2.2: 2D Nanostructures. Left: TEM of CdSe nanoplatelets®?. Top right:
TEM of flat and rolled single-layered CdSe nanosheets, with SAED pattern inset.
Bottom right: TEM pictures of laminar CdSe nanosheets!.

two monolayers and can be tuned with monolayer precision, whereas the lateral
dimensions vary from a few nanometers!®! to several hundred nanometers™. This
results in quasi two-dimensional structures which strongly quantum confine the
excitonic states in one dimension, producing optoelectronic properties comparable

to epitaxial two-dimensional quantum wells/ .

Platelets are formed by continuous lateral growth of small nanocrystal seeds in the
presence of acetate ionsﬂ. The seed dimensions therefore determine the platelet
thickness, with both the top and bottom surfaces terminated with cadmium atoms
and passivated with carboxylate alkyl groups®? . as depicted in Figure (excluding

a passivating species).

Nanoplatelets can be dispersed in hexane in low concentrations with minimal
aggregation, facilitating single-platelet spectroscopy®”. Quantum yields (QY),
which is a ratio of emitted photons to absorbed photons, have been measured as

high as ~50% for single CdSe nanoplatelets at room temperature™ and ~ 80%

1Cd acetate, Zn acetate, etc.
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Figure 2.3: Ball and stick model of a CdSe nanoplatelet with lateral dimensions
of 10 nm x 10 nm, and a thickness of two monolayers. Cd atoms are blue and Se
atoms are red.

(~ 100%) for CdSe/CdZnS platelets at room (cryogenic) temperature/™.

High QY for single-material platelets is likely to originate from a low surface defect
density, reducing mid-gap trap states. The growth of a shell can further act to
increase QY by reducing the overlap of the electron and hole wave functions with
the surface™ however this is strongly dependent on the shell quality. For example,
CdSe/CdS nanoplatelets only exhibited ~ 40% quantum yield, which was attributed

to the generation of interfacial defects/.

The uniformity of surface thickness for both single platelets and throughout
populations of platelets leads to optical absorption and emission features that
exhibit reduced inhomogeneous broadening in single and ensemble measurements.
For example, the full-width half-maximum (FWHM) of the emission maximum
for CdSe nanoplatelets is typically < 10 nm (40 meV)67  which is important
for monochromatic light emission and the minimisation of reabsorption losses.
Furthermore, the Stokes shift between the lowest absorption and emission maxima

is ~ 1 nm, compared to ~ 10 nm in spherical nanocrystals.

The absorption spectrum of the cadmium chalcogenide nanoplatelets is characterised
by two strong peaks at the absorption edge, attributed to transitions from the
heavy-hole and light-hole states to the lowest conduction state, respectively. The
absorption onset has been shown to redshift by ~ 1 eV when the platelet thickness
is varied from 2 to 5} monolayers™  as shown in Figure

2The labelling in the left panel of Figure has been assigned with effective mass calculations
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Figure 2.4: Left: Absorption (black line) as a function of thickness for CdSe
nanoplatelets. Colour overlays show the respective photoluminescence peaks.
Bottom Right: Room temperature photoluminescence spectra of a solution of
nanoplatelets and of a single nanoplatelet under air, on a glass substrate excited
at 250 W-cm 267 Top Right: Absorption (blue) and photoluminescence spectrum
(red) of a solution of nanoplatelets/7,

2.2.1 Carrier Relaxation Dynamics

Upon photo-excitation, charge carriers are promoted to excited states before
undergoing relaxation (cooling) to the band edges via non-radiative pathways.
Pelton et al. inferred that for low pump powers, all carriers in CdSe nanoplatelets
had relaxed to their lowest-energy excited states within 5 ps of excitation™ . Sippel
and coworkers elucidated these observations using time-resolved 2-photon photo-
excitation at low excitation densities for CdSe and CdSe/CdS nanoplatelets ™. Sub-
40 femtosecond resolution allowed them to observe that the majority of excess carrier
kinetic energy had been dissipated after 1 ps of excitation, in both systems. These
results are in agreement with both Pelton et al. and Baghani et al.™, the latter of

whom also observed rapid carrier cooling decay within 10 ps of excitation.

and is now suspected to overestimate nanoplatelet thicknesses by 1-2 MLs.
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2.3 Recombination Pathways

2.3.1 Nonradiative Decay Pathways

Multiple exciton complexes can also decay via non-radiative Auger recombination.
In the case of nanocrystals, trion recombination (exciton plus excited carrier)
is dominant and occurs at a rate which scales cubically. In nanorods however,
bi-excitons are the prevalent species and recombine at a rate that scales
quadratically™. Kunneman and coworkers fit kinetic rates to room-temperature
photoluminescence decay spectra taken over 8 ns, for CdSe and CdSe/CdS/ZnS
nanoplatelets™ . In both instances they found rates that were fit better with
quadratic rather than cubic exponents. Bi-exciton lifetimes of 14.3 ns and 8 ns, were

subsequently found for 5 ML CdSe and CdSe/CdS/ZnS nanoplatelets, respectively.

Baghani and coworkers also examined photoluminescence decay over a shorter time
period of 600 ps, in 4 ML CdSe platelets at room temperature™. They too found
kinetics that were well-fit with a quadratic dependence and determined a bi-exciton

recombination rate of 5 ns™!:

equivalent to lifetime of 200 ps. Differences with
respect to the lifetimes reported by Kunneman et al. were attributed to the differing
lateral and thickness dimensions used in the prior work. A comparable Auger lifetime

of 500-600 ps was also reported in core/shell CdSe/CdS nanoplatelets by She et

al B0

It is therefore evident that nanoplatelets exhibit Auger recombination rates that
are at least an order of magnitude slower than those associated with spherical
CdSe nanocrystalsBl BB with bi-exciton Auger recombination rates comparable
to those observed in CdSe nanorods!™ B4: however lifetimes as large as 14 ns have
yet to be corroborated. Indeed, it would be interesting to see Auger rates studied

as a function of both the thickness and planar area.
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2.3.2 Radiative Recombination Lifetimes

Radiative recombination rates (or equivalently, lifetimes) are generally well-fit to
photoluminescence decay data with bi-exponential, and in some instances, tri-
exponential functions. At room temperature, bi-exponential fits produce lifetimes
comprised of a short component on the scale of picoseconds and a second component

on the scale of nanoseconds.

The current consensus is that the nanoscale component corresponds to the radiative
lifetime of the exciton, with reports varying from 4-8 ns for 5 ML CdSe platelets

6T BRTXEBS - This assignment is justified on the basis of the

at room temperatur
correspondingly high QYs observed, variation as a function of temperature and that
the application of a shell has been shown to reduce the proportional contribution
of the fast decay component in the decay trace™ ™ The fast component could
therefore be due to quenching by trap states, non-radiative Auger recombination or
some other mechanism. As to which it is remains an open question. While growth of
a shell reduces the overlap of the electron and hole wave functions with surface states,
alloying of the hetero-interface is also known to reduce Auger recombination®¥. In
some instances, a long-lived 3rd lifetime > 50 ns is also reported. This long-lived

component is consistent with carrier trapping in defect states!®.

At low-temperature, CdSe nanoplatelets exhibit photoluminescence intensity decays
of mono-exponential character, with 7 = 200 — 400 psfZT287  Such lifetimes
are considerably shorter than spherical CdSe nanocrystals emitting at similar

B8H90] - Naeem and coworkers

wavelengths, with lifetimes in the range of ~ 20-80 ns
argue, however, that PL decay taken over long acquisition times suffers from
spectral diffusion and that the decay of non-resonantly excited platelets reflects the
density dynamics mediated by phonon-scattering across all occupied exciton states.

Subsequent radiative lifetimes must therefore be considered as upper bounds. By

conducting transient resonant four-wave mixing measurements at low-temperature,
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they instead find a radiative life of ~1 ps for a 4 ML CdSe nanoplatelet®™. A value
that is consistent with homogeneous line widths of single NPL measured at low

temperature (0.4 meV)&7,

Both core-only and core/shell nanoplatelets therefore exhibit a concurrent lifetime
shortening and an enhancement of the fluorescence intensity (QY) as temperature
decreases. A shortening of fluorescence decay time with decreasing temperature
is usually associated with opening of non-radiative decay channels and a decrease
in fluorescence intensity, however the increase in quantum yield and fast radiative

recombination rates are not compatible with this.

Instead, fast single-exciton photoluminescence decay kinetics are attributed to the
giant oscillator strength associated with the band-edge transition. It is thought from
analogy with quantum wells, that the lowest excitonic state is delocalised in-plane
and highly coherent due to the atomic precision of the surfaces coupled with the
large lateral dimensionst!. Indeed, a coherent phasing of dipoles over many unit
cells has been shown to result in a correspondingly large dipole matrix element for

the exciton, independent of thickness in quantum wells®2.

In-plane delocalisation of the exciton is supported by two-dimensional electron
spectroscopy measurements taken by Cassette et al. Spectra show a symmetric 2D
peak corresponding to the lowest excitonic transition, for both CdSe and core/shell
CdSe/CdZnS nanoplatelets. If on the contrary, the exciton was localised, one would

see an elongation of this peak along the diagonal of the spectrum.

2.3.3 Excitonic Binding Energy

Exciton binding energies are yet to be systematically investigated by way of
experiment. Achtstein et al. predicted a range of values using effective mass
calculations, varying from 100-400 meV depending on the platelet thickness and

the dielectric constant of the surrounding material®?. These values represent a
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considerable enhancement over the bulk binding energy of 15 meV4 . Calculations
by Benchamekh and coworkers®? | which also include the use of image charges but
construct the single-particle wave functions using tight-binding coefficients, find

results which span a similar energy range.

Full many-body calculations of exciton complexes have yet to be done for
nanoplatelet systems although the group of Even have done first-principles
calculations of the surface passivation and its effect on the self-energy’] giving
a more realistic idea of the effect of the surface on the nanoplatelet states!.
Their calculations show that the assumption of an abrupt dielectric interface
and classically calculated image charge corrections overestimate the self-energy
corrections, although this effect decreases with increasing thickness. For example,
self-energy corrections for acetate-passivated surfaces of 2 ML CdSe NPLs peak at

~ 0.2 eV. Approximately half the size predicted using the classical theory.

The limited experimental data appears to coincide with the calculated values.
Kunneman and coworkers inferred that the excitonic binding energy must exceed
thermal energy at room temperature as rate equations consistent with bound
excitons best fit their experimental data™. Furthermore, Grim et al. inferred a

specific value of 132 meV 420 meV for 4 ML CdSe platelets?.

2.4 Summary

This review demonstrates a maturing body of experimental work, focusing on
measuring and understanding optical processes as a function of thickness, for both
single-material CdSe and core/shell CdSe/CdS nanoplatelet systems. The effect
of quantum confinement on the optical gap has been measured for a range of

thicknesses and is found to change by ~ 1 eV. Optical absorption spectra have

3Corrections to independent-particle energies arising from exchange and correlation.
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been recorded for a range of thicknesses and have been shown to exhibit highly-
reproducible, persistent spectral features. Furthermore, an initial assignment has
been made to the two prominent band-edge optical transitions. Radiative lifetimes
have also been quantified for several thicknesses and excitonic properties have been

inferred from the photoluminescence.

What is currently lacking, however, is an accompanying theoretical description of
the observed processes. We therefore intend to address some of these questions
with our tight-binding plus BSE model. Using the tight-binding model, we are
able to investigate the band-edge electronic states and observe how they vary with
thickness. The band-edge states are important as they determine the dipole matrix
elements of the lowest-energy transitions in the optical absorption spectrum. Dipole
matrix elements subsequently provide information on the strength of transitions
between states. Using this information, we can build up a picture of the absorption
spectrum in the absence of the electron-hole interaction. Our BSE model then allows
us to incorporate the electron-hole interaction, mixing the independent-particle

transitions, which leads to excitonic properties.

Using our full model, we can quantify optical gaps and exciton binding energies as a
function of thickness and lateral dimensions, and simulate the effect of the electron-
hole interaction on the optical absorption spectrum. Indeed, the optical properties of
(CdSe nanoplatelets have not been studied with many-body calculations. Information
regarding the structure of the lowest exciton states, their spatial distributions and
the extent of independent-particle mixing can also be obtained from our formalism,
however this constitutes future work. The following chapter subsequently reviews
the application of the orthogonal NN sps* tight-binding model in the treatment of

the optoelectronic properties of CdSe nanocrystals.



Chapter 3

A Review of Tight-Binding Model

Applications

In this chapter we review applications of the orthogonal nearest neighbour sp3s* tight-
binding model in the study of the electronic structure of group II-VI materials and
discuss how many-body simulations of nanoscale systems have been approached in the
past. We analyse the model’s ability to reproduce the optical band-gap dependence on
the diameter of CdSe nanocrystals, when used in conjunction with approximations
for the exciton binding energy, and compare this to experimental data from the
literature. Finally, we address some of the limitations associated with the model

and comment on how this might affect our results.
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3.1 Independent-Particle Calculations

The nearest neighbour (NN) sp3s* tight-binding model of Vogl and coworkerst4

has been extensively applied to nanostructures due to its ability to reproduce the
valence bands, lowest conduction band high-symmetry points and subsequently the
bulk band gap of direct-gap semiconductors, with the minimal number of empirical

%] have extensively

parameters. Indeed, Papaconstantopoulos and coworkers!
investigated numerical parameter fitting for a variety of empirical tight-binding
models and conclude that a two-centre NN sp3s* basis allows the accurate fitting of

the four valence bands and an adequate reproduction of the band gap (although the

dispersion of the conduction band is not accurate away from I').

Lippens and Lannoo performed the earliest studies of cadmium and zinc
chalcogenide nanocrystalsP¥ 10 ysing the sp®s* model. These studies provide the
first calculations of band gap dependence as a function of size, for nanocrystals of
up to 6 nm in diameter. Albe and coworkers® used the NN sp®s* model with a
parameter set that was adapted from Lippens and Lannoot® to account for spin-
orbit coupling. They investigate band gap dependence on size and the optical spectra
of zincblende CdSe nanocrystals with diameters up to 5 nm. The introduction of
spin-orbit coupling was shown to lead to better agreement with pseudo-potential
calculations and experimental measurements for the band gap dependence on
nanocrystal diameter, in comparison to the calculations of Lippens and Lannoo.
Furthermore Albe and coworkers demonstrated that improved agreement can be
obtained with experimental optical absorption spectra if one convolves a series of
calculated spectra to account for the inhomogeneous broadening arising from the

ensemble size distribution. Two examples are given in Figure 3.1}

Diaz and Planelles™ explored the effect of morphology on the optical spectra of
CdS triangular prisms and truncated tetrahedrons using the NN sp3s* model. The

study demonstrated that the tight-binding model can capture subtle changes in
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Figure 3.1: Optical spectra for CdSe nanocrystals of a) 3.4 nm and b) 3.6-nm
diameter, adapted from reference [I02]. In both panels, the absorption spectra are
given for a single cluster (red, solid lines), a collection of clusters (dotted green, lines)
with a mean diameter and experimental datal’®!(blue, dotted lines), respectively.

shape and crystal symmetry, highlighting the effect on the single-particle levels and
corresponding band-edge transitions. Diaz and coworkers used the same model to
simulate the band-edge transitions of CdS nanocrystals of 3-4 nm in diameterf%!,
The predicted valence states were found to have envelope symmetries consistent with
effective mass calculations, and the energy splittings and relative magnitudes of the
lowest two transitions agreed with experiment. Furthermore, it was shown that CdS

nanocrystals with wurtzite crystal structure exhibit band-edge optical spectra that

show the same qualitative features as CdS nanocrystals with zincblende structure.

The ability of the NN sp?s* model to accurately predict the dependence of the
band gap with nanocrystal size has been contentious. Sapra and Sarmal%! have
argued that the sp®s* model of Lippens and Lannoot™! overestimates the band gap
for all II-VI materials however, their calculations explicitly include a passivating
species whereas Lippens and Lannoo’s simulations artificially remove mid-gap states,
circumventing the need for an explicit passivating species. This passivating shell of
atoms equates to a difference of one monolayer in thickness per nanocrystal, which
Sapra and Sarma do not account for in their analysis. Furthermore, both Albe and

coworkersf% and Pérez-Conde and Bhattacharjee ™ have shown that an explicit
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treatment of surface passivation in a NN sp3s* basis that also incorporates spin-orbit
coupling, results in a model capable of reproducing the experimentally-determined

optical band gap dependence on nanocrystal diameter.

3.2 Optical Band Gap as a Function of
Nanocrystal Diameter

To demonstrate the NN sp3s* model’s ability to reproduce the optical gap
dependence on nanocrystal diameter, we compare tight-binding calculations by
several groups with copious experimental data, shown in Figure Red symbols
represent several sets of tight-binding calculations, whereas blue symbols represent
various experimental data. To facilitate the comparison, tight-binding calculations
done at T = 0K are shifted down in energy, reproducing the effect of finite
temperature on the band gap. The value of the shift has been determined using
the Varshni equation®™®! which is an empirical means of accounting for the effect

of temperature on the band gap:

aT?

E,(T) = E,0K) - 2

(3.1)

where T is the temperature, (o, §) are fitted parameters and E, is the band gap.
Equation predicts a 0.1 eV contraction in the band gap at a temperature of
approximately 300 K. One notes that the magnitude of the change is dependent on
the choice of parameters one uses in the Varshni equation. A room temperature shift
was found to vary between 74 meV and 108 meV for the parameters given in [109)]

and references therein, and has therefore been rounded to an order of magnitude.

Tight-binding calculations can implicitly include the effect of temperature in the
Hamiltonian by parameterising to a specific bulk band gap. A spread of values exist

in the literature for the bulk band gap of zincblende CdSe, ranging from 1.7 eV to
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Figure 3.2: The optical band gap of a CdSe nanocrystal as a function of diameter.
Tight-binding data are given by open, red symbols: Circlest®  diamondsf?
triangles¥ and squares®. Experimental data are given by solid, blue symbols:
Stars™% diamonds™U | inverted triangles™? circles®™, pentagons®® squaresti3!
and triangles. The red line represents the best fit to the tight-binding data and
the blue line represents the best fit to the experimental data. The single-particle
band gap dependence predicted by our sp®s* model is also given by the green dashed
line. Lines of best-fit are defined with Equation (3.2)).

1.9 e VEHIT - We assume a room temperature bulk band gap of 1.8 eV for zincblende
CdSe. This corresponds to a value of 1.9 eV at T ~ 0 K, using Equation (3.1)). To
facilitate comparison, we therefore only need to reduce the values of the open, red

circles™ and triangles?¥ by 0.1 eV.

Pérez-Conde and Bhattacharjee’s resultsio?

(open, red diamonds) show good
agreement with Lippens and Lannool®! (open, red circles), even though the prior
work contains spin-orbit coupling. This suggests that the energies of the lowest

electron and hole states are only weakly affected by the inclusion of spin-orbit

coupling in the model. The outlying tight-binding result given by open, red squares,
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is that of Albe and coworkerst92. Like the work of Pérez-Conde and Bhattacharjee,
their calculations contain spin-orbit coupling and passivate the surface using pseudo-
hydrogen atoms with an adjustable bond length. While Albe and coworkers cite the
inclusion of spin-orbit coupling as the main reason for a difference in values when

000 our opinion is that the difference is more

compared to Lippens and Lannoo
likely explained by the different bulk band gap to which Albe and coworkers fit their
Hamiltonian parameters and the choice of ligand bond length. Indeed, if we compare
Albe and coworkers’ data with the results of Pérez-Conde and Bhattacharjee’s
calculations for an equivalent ligand bond length, we find very strong agreement
(see Figure in Appendix . This highlights the sensitivity of the results to both
the tight-binding parameterisation and the treatment of the surface passivation.

Problems which are intrinsic to all empirical techniquest®.

Due to the spread in the data, we also display best-fits of the tight-binding (red line)
and experimental (blue line) data in Figure The single-particle results of our

tight-binding model have been included as a point of reference (green dashed line).

T3 [119].

The optical band gap dependence is well-fit with a polynomial of the form!

1
E,(d) =
() a(d+0d)? +b(d + dd) + ¢

+ Eg,bulku (32)

where d is the nanocrystal diameter, E, ,ux = 1.8 eV and (a, b, ¢, dd) are parameters
to be determined by fitting. The fitting procedure is as follows. Equation is
initially used to fit the tight-binding data. dd is set to zero and is not used in this fit.
As a result, we obtain a, b and ¢. The experimental data is then fit using dd as the
only free parameter, with constants (a, b, ¢) found from the tight-binding fit. The
parameter, dd, therefore corresponds to the average difference between experimental
and simulated diameters, arising from experimental uncertainty and the length of

the passivating species.

We find a value of 3.8 A for this parameter, which reduces to 1.3 A if we assume
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a lower room-temperature bulk band gap of 1.7 eV. The order of magnitude
is consistent with a bond length, suggesting that differences can reasonably be

attributed to size uncertainty. The corresponding parameters are tabulated in

Appendix [E]

Inspection of the best-fits in Figure[3.2reveals a difference of 0.13 eV at a diameter of
2 nm and a difference of 0.07 eV at a diameter of 3 nm. The error for larger diameter
nanocrystals reduces to the meV. It is not expected that this model can reproduce
experimental results in the molecular size limit, for systems containing < 100
atoms. At this size, the lattice does not retain the bulk zincblende structure due

[120]

to surface reconstruction (which comprises the majority of the structure) and

the properties of the ligands have a greater influence on the electronic structure®21
Furthermore, the sp3s* basis cannot describe the L and X points with the same
degree of accuracy as I', which can lead to errors if the lowest nanocrystal states are

derived from a mixture of bulk states with different k-vectors (valley-mixing)f22.

An analysis of the data presented in Figure [3.2] therefore demonstrates that the NN
sp3s* tight-binding model is capable of reproducing the optical gap dependence on
nanocrystal diameter, for diameters as small as ~ 2 nm, within a reasonable level

of uncertainty, when the excitonic binding energy is taken into account.

3.3 Many-Body Calculations

Building on the early work of Martin et al. on silicon nanocrystalsf?l Pérez-
Conde and Bhattacharjee®? investigate excitonic effects in CdSe nanocrystals
using a many-body treatment that parameterises on-site two-body integrals and
approximates all other interactions with the monopole interaction (see Chapter [7)).
Corresponding optical gaps were found to be in good agreement with experiment,

as shown in Figure |3.2
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Hill and Whaley were the first authors to do many-body calculations of the excitonic
binding energy using pair products of tight-binding states expanded in an explicit
basis of Slater orbitals, as the basis for configuration interaction calculationsf2.
While comparison with experimental data on CdSe nanocrystals of 3 nm in diameter
showed a quantitative disagreement, visual inspection of the results suggested that
the qualitative trend was improved with respect to effective mass simulations. In
our opinion, calculated values were systematically too large due to the small size of

the two-particle basis and bulk screening.

This was improved upon by Lee and coworkers, who follow the same procedure but
use more terms in their two-particle calculations and screen the Coulomb term with a
modified dielectric function that accounts for the reduction in the average dielectric
constant of smaller nanocrystals??. They find very good agreement between the
calculated lowest optical transition and those determined from PLE experiments?!

in a diameter range of 3 nm to 6.5 nm. This is also shown in Figure 3.2

Leung, Whaley and Pokrant also used the NN sp3s* model in conjunction
with configuration interaction singles, including Coulomb and exchange terms, to
investigate the optical properties of silicon? and CdSe nanocrystalsf?6. They
demonstrated that the model qualitatively predicted the long, finite lifetimes
associated with the lowest exciton state of wurtzite CdSe nanocrystals, between
2 nm and 3.5 nm in diameter. Lifetimes of the lowest state varied from 10~ s for

nearly spherical NCs, to 102 s for prolate crystallites of 2 nm diameter®26,

This was subsequently contradicted by pseudopotential calculations carried out
by Franceshetti et al.23, who found that the lowest exciton state was optically
forbidden for CdSe nanocrystals of a similar size to those of Leung et al. Tight-
binding calculations by Pérez-Conde and Bhattacharjeem® also find the lowest
exciton state to be optically forbidden, for CdSe nanocrystals of 4 nm in diameter.

They suggest that the disagreement with the tight-binding results of Leung et al.
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Figure 3.3: Resonant Stokes shift obtained from the energy position of the lowest
energy peak of the computed absorption spectra, compared with the experimental
measurements from Efros et al.2¥ (crosses) and Chamarro et al.B% (closed
diamonds). The triangles connected by dotted lines correspond to a completely
unscreened e-h exchange interaction, while the squares connected by solid lines
correspond to a finite screening beyond the first neighbours. Figure taken from
reference [127].

may be attributed to the differing treatment of the spin-orbit coupling. Leung
et al. initially solve the single-particle Hamiltonian in the absence of spin-orbit
coupling, then apply it as a perturbation to a subspace of band-edge states used to
expand the two-particle Hamiltonian. However, spin-orbit coupling is of an order of
magnitude larger than the average spacing of the single-particle levels. Pérez-Conde
and Bhattacharjee therefore suggest that one can only reliably treat the lowest
exciton state using pair-products constructed from the single-particle subspace,
as the energy that the subspace spans is comparable in magnitude to changes in
the lowest energy levels due to the addition of spin-orbit coupling. The exchange

splitting dependence on size, computed by Pérez-Conde and Bhattacharjee, is shown

in Figure [3.3]

Exchange splittings predicted by Leung et al.’29 were subsequently improved for
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CdSe nanocrystals of < 3 nm in diameter, by including surface reconstruction
and partial passivation of the nanocrystal surface, consistent with experimental
observations. In an additional publication, the authors also showed that the
exchange splitting is insensitive to the bonding strength of the passivating

129

species¥in agreement with experiment observations! An alternate

explanation of the resonant Stokes shift dependence for nanocrystals of less than

130l Using a tight-binding

2 nm in diameter was presented by Diaz and Bryant!
model with a sp®d® basis, they showed that the lowest hole state is characterised
by a P - state envelope in CdSe nanocrystals with diameters less than 2.3 nm.

They therefore suggest that the resonant Stokes shift in small CdSe nanocrystals is

actually a dipole-forbidden (1P — 15 transition) as oppose to spin-forbidden.

3.4 Limitations of the sp’s* Model

Investigations by Boykin and coworkerst#! have shown that the NN sp3s* model is
pathologically unable to reproduce the dispersion of the lowest conduction band
away from the I'-point, with the band dispersion remaining too flat along the
direction A(T' — X¢). Indeed, this was recognised in the earliest calculations of
Lippens and Lannoo and will lead to errors in small crystallites and indirect-gap

materials such as silicon.

Diaz and Bryant have subsequently systematically studied the effect of including
d-orbitals in the basis of a nearest neighbour tight-binding model and compared the
results to those produced with the sp®s* model2% L2TI30 - A study of GaAs showed
that the energetic position of the highest valence state predicted by the sp®s* model
is in good agreement with that predicted by the sp3s*d® parameterisation of Jancu
et al.32 for a range of nanocrystal diameters, the smallest of which was 2 nm.
An analysis of orbital contributions to the bulk bands showed that the inclusion of

d-orbitals was not essential for a good description of the valence band-edgel22.
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— sp3d5 model
- - spis® model

Figure 3.4: Bulk band structure for CdS along the I' — L (111) and the I' — X
(100) directions, obtained with the sp3d® model (solid line) and the sp3s* model
using parameters from Lippens and Lannoot™ (dashed line). Figure taken from
reference [127].

Discrepancies in the lowest conduction states were, however, found between the two
basis sets. This was attributed to a poor description of the the X and L-points in the
lowest conduction band, which is particularly important in small GaAs nanocrystals
where the lowest conduction state was shown to derive from bulk wave vectors at
the edge of the Brillouin zonef2. This subsequently led to a poor description of
the band gap dependence as a function of size, by the sp3s* model. However, this
was not found to be an issue in CdS, for which the L and X-points of the lowest
conduction band are much higher in energy than the I'-point (relative to GaAs)t27,
This argument can be extended to CdSe, as the lowest conduction band dispersion is
very similar to that of CdS. Furthermore, it is shown in Figurethat the sp®s* and
sp>d® descriptions of the bulk band edges quantitatively agree within the vicinity of

I" and only show a large difference at X in the lowest conduction band™ 27,
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3.5 Summary

The orthogonal NN sp®s* model is the least demanding empirical tight-binding
model that can accurately reproduce the direct-gap of II-VI semiconductors. A
review of the literature indicates that the NN sp3s* has been used successfully
to describe the four highest valence bands across the Brillouin zone, the lowest
conduction band about the I'-point, as well as the band-edge effective masses
in bulk CdSe and CdS. Its application to the II-VI class of nanocrystals has
predicted absorption onsets, resonant stokes shifts and several exciton transitions in
agreement with experimental data, indicating that the model is appropriate for the
study of direct-gap nanostructures. In the following chapter, we present a formal,
mathematical description of the tight-binding model and discuss the approximations

used to construct the Hamiltonian in the NN sps* basis.



Chapter 4

Tight-Binding Theory

In this chapter, we start from the principal problem in solid states physics, how
to solve the full many-body Schrodinger equation, and summarise the important
approximations taken in order to make the problem tractable. The connection is
then made between the semi-empirical tight-binding formalism and density functional
theory, setting the tight-binding approach on quantitative grounds and elucidating the
underlying approzimations implicit to the formalism, before going on to discuss the

specifics of the empirical tight-binding model used in this work.
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4.1 The Many-Body Schrodinger Equation

The non-relativistic, many-body Schrodinger Hamiltonian in atomic Hartree units

i</159

1 V2 ZiZy
Z__Z I Z!I‘—RI\ Z\rl—r]\ Z|R1_RJ’

'L];éz
(4.1)

where the terms from left to right are: the total electronic kinetic energy operator,
the total nuclear kinetic energy operator, the attractive Coulomb potential between
the electrons and the nuclei, the repulsive Coulomb potential between the electrons
and the repulsive Coulomb potential between nuclei. (i,7) are electronic indices,
(I,J) are nuclear indices, M; are mass of the nuclei, Z; represent the atomic
numbers of the nuclei, and the coordinates r and R correspond to electrons and

nuclei, respectively.

The study of optical excitations in nanostructures is primarily concerned with
the properties of the valence electrons. It is therefore desirable to simplify
Equation until we are left with an expression that only describes this quantity,
as it is incredibly expensive to solve for even the smallest systems and contains
a lot of superfluous information. One can begin to simplify Equation by
treating the nuclei as stationary particles fixed at their equilibrium positions (the
adiabatic approximation). This reduces the nuclear-nuclear repulsion to a constant.
Furthermore, M; > m,; implies that the kinetic energy of the nuclei will be negligible,

causing Equation (4.1)) to simplify to:

Vi
—Zi: 7+;VN(rl Z |I'z—rj| U(ry,ry,...,ry) = E¥(rq,19,...,rN), (4.2)

where Vi (r;) = =) ; mf—ﬁm describes the Coulomb potential experienced by the
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electrons due to the nuclei (the external potential), the third term describes the
Coulomb repulsion between electrons, and the nuclear-nuclear repulsion has been
absorbed into the total energy. Equation therefore defines the many-body
electronic Schrodinger equation for a set of nuclei fixed at their equilibrium positions

Ro.

4.1.1 The Independent-Particle Approximation

The electronic kinetic energy and external potential of Equation (4.2)) are local terms,
whereas the Coulomb repulsion between electrons is non-local. If the Coulomb
potential could be simplified to a local potential, then Equation (4.2)) would reduce

to the sum of N independent-particle equations:

N

2.

i

2
—— + V(i)

i U(ry,ry,....,ry) = EV(ry,ro, ..., rN), (4.3)

where V(r;) = Vin(r;) + Vu(r;) is the effective crystal potential comprised of
the external potential, Vi (r;) and a local Coulomb potential, Vg (r;). In this
approximation, the many-body electronic wave function is equivalent to the product
of single-particle states: W(ry,ry,....,ry) = IIV4);(r;) and the total energy reduces

to the sum of independent-particle eigenvalues, £ = va E;. This simplification

can be achieved by defining the Hartree potential, Vy(r;) = [dr;2 (Z)-I’ which
J

|r;
replaces the non-local Coulomb potential between electrons with a local, mean field

generated by and felt by all electrons in the systemt3% 135,

Exchange and Correlation

The Hartree approximation of the many-body problem can be improved with density
functional theory (DFT), which introduces a correction to the Hartree potential
via the non-local exchange and correlation potentials, Vx(r,r’) and Vg(r,r’),

respectively. These account for the modification of the electronic potential due to the
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antisymmetric nature of the many-body wave function and the Coulomb repulsion

sl36l  Density functional theory is however computationally

amongst electron
demanding, scaling as N3, where N is the size of the system. This is due to
evaluation of the Hamiltonian matrix and the cost of imposing orthonormality

)BT Scaling can be

amongst the Kohn-Sham functions (in a plane wave basis
improved by utilising a local orbital basis; however the increased efficiency is
countered by a loss in accuracy, particularly for the unoccupied states. Furthermore,
DFT simulations that use the most common approximations for the exchange-

correlation functionals (LDA and GGA) underestimate the band gaps of a range of

semiconductors3¥ which is highly undesirable for the study of optical properties.

The electronic structure of the systems studied in the thesis are therefore treated
non-self-consistentlyf| using the Schrodinger equation for the valence electrong?] in

the independent-particle approximation, given by Equation (4.3)).

4.2 The Tight-Binding Approximation

The tight-binding approximation provides an atomistic description of the electronic
structure of solids. In the tight-binding approximation, electronic bands form from
the overlap of localised atomic states, which occurs as the atoms of a solid are
brought together. The electronic wave functions are therefore approximated by

linear combinations of atomic orbitalsB3.

Many models utilise the tight-binding approximation, ranging from first-principles
models to empirical models. Any application that expands the Kohn-Sham wave
functions in an orbital basis can be broadly classed as an ab initio tight-binding

model. The most physically-complete models are fully self-consistent methods that

IThe Hamiltonian is only solved once.
2Core electrons are sufficiently localised about the nuclei that they can be absorbed into the
nuclear terms of Equation (4.1)) to form ionic cores.
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explicitly calculate the Hamiltonian matrix elements using atomic orbitals and the

ionic potential. The local orbital code, Siestal3¥ is one such example.

In contrast, we utilise an empirical tight-binding model, which treats the
Hamiltonian elements as fitting parameters. This allows for an accurate
reproduction of bulk properties, including the band gap, which is of utmost
importance for optical calculations. Parameterisation and a small basis consequently
reduce computational requirements, enabling an atomistic treatment of large
systems. This makes empirical tight-binding models well-suited for the treatment
of nanostructures. What follows is a formal description of the tight-binding method

and the specific approximations we utilise in our empirical model.

4.3 A Secular Equation in an Orbital Basis

The following description of the tight-binding formalism is based upon the
treatments of Cardona®™, Martin®™!, and Chadi and Cohen™2. An atomic orbital

is defined as:

¢a,'y(r - rj,Oé)? (44>

where the orbital v is centred on atom « in the jth primitive unit cell. « spans the
number of atoms per primitive unit cell and v spans the valence orbitals of atom a.
The atomic position vector, r;, = T +r,, is comprised of the position of atom « in
the primitive unit cell plus a translation vector T;. The translational symmetry of
the crystal allows one to construct Bloch functions for each atomic orbital per unit

cell:

1
Do) = = D € Gy (= 130), (4.5)
J

where N is the total number of primitive cells in the crystal. The eigenfunctions of

the crystal can now be expanded as a linear combination of Bloch functions, over
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all orbitals per unit cell [hence the sum runs over all (v, a)]:

Tar) = > 010 Pun(r), (46)

’y’a

where k denotes the wavevector of the Bloch function and W (r) satisfies the
Schrodinger equation given by Equation (4.3). In the usual manner, one multiplies
the Schrodinger Equation (4.3)) by the complex conjugate of one Bloch basis function

and integrates over all space to obtain a secular equation:
N
Z Z el ryarie) [Hamﬁv’(Tj’) - Eiksoz%ﬁv’(Tj’) Cv’,ﬁ(k) =0, (4.7)
7.8

where ¢, (k) are the tight-binding coefficients, and the Hamiltonian and overlap

matrices are given by:

Her gy (Ty) = / Gy (* = Tjo ) Hppy (v — 1j5)dr, (4.8)

St (L) = [ Gl = 2ja) = ). (49)

We define the basis such that orbitals centred on different atomic sites are

orthogonal, causing Suq g (Tj) = dapdyy.

4.4 The Nearest Neighbour Tight-Binding

Hamiltonian

The locality of the atomic basis is expected to cause Hgy g (T;7) and Say gy (Tj) to
become negligible over several primitive unit cells?3. In the interest of producing
an efficient model with a maximally sparse Hamiltonian and the minimal number
of unique matrix elements, one can restrict the Bloch summation to atoms in
adjacent primitive unit cells, reducing the orbital overlap to orbitals centred on

nearest neighbours. This allows the Hamiltonian to be described by a set of on-
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site and nearest neighbour inter-atomic integrals: The so-called nearest neighbour
approximation. In this approximation, the overlap between orbitals centred on
neighbouring atoms is equivalent to the bonding in a diatomic molecule. As we shall
see, this simplifies the definition of the parameters used to define the Hamiltonian

matrix elements 43

Restricting the orbital interactions to those between orbitals centred on adjacent

atoms reduces the exponential summation in Equation (4.7) to:
N
Zeik{rj/ﬁfrja) _ [6ik-d1 T eik~d2 T eik~d3 4 eik~d4]’ (410)
j/

where d;_, define the displacement vectors between a central anion, «, and its four

nearest neighbours in a tetrahedral configuration.

4.4.1 Hamiltonian Matrix Elements

The elements of the Hamiltonian, defined by Equation , can be split into two
categories: on-site and inter-atomic. For on-site terms (« = ) the energies reduce
to those of isolated atoms, E., in the nearest neighbour approximation. This results
in 2Ny On-site parameters, where Ny, is the size of the basis and the factor two

reflects the need for a different set for the anion and cation.

The two-centre approximation (provided in Appendix results in inter-atomic
overlaps between neighbouring orbitals that are equivalent to those found in a
diatomic molecule, with cylindrical symmetry. The corresponding molecular orbitals
are classified in terms of their azimuthal angular momentum about the axis that
connects the two atomic centres, defined as d = (rg — r,), and are symmetrically
irreducible. In a basis containing s and p-orbitals, the corresponding molecular
overlap parameters are: Viso, Vipo, Vppo and V-, where o and 7 denote m = 0 and

m = =£1, respectively.
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| P.) | P.)

(S

n n n

Figure 4.1: Schematic representation of the relation between the matrix element
Vip. = (s|H|py) defined between orbitals aligned along the (z,y,z) axes and
molecular bonding orbitals aligned with respect to the displacement vector d;. The
top diagrams shows the system coordinates and the planar projection of the orbitals
whereas the bottom diagram shows V;,, in terms of Vy,, and V.

The tight-binding basis is defined in terms of orbitals aligned along the Cartesian
axes. A transformation is therefore required to express the inter-atomic elements
in terms of molecular orbitals. This is achieved by applying rotations to the the
angular component of the Cartesian orbital functions. We outline this procedure
for the simplest non-trivial case of the inter-atomic element (s|H |p;), where i = z,y
or z. An orbital |p;) defined along one of the Cartesian axes can be written as a
linear combination of p-orbitals aligned parallel and perpendicular to the d axis, as

depicted in Figure [£.1] Formally, this is given as:

|pi) = cos(0)[pa) + cos(90° — 0)[pn),

é-dlps) +é-nlp,), (4.11)
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where n defines the unit vector normal to d, € defines the unit vector along the
direction ¢ and the corresponding subscripts indicate functions aligned in those
directions. By definition, o-bonded orbitals align parallel to the d axis and m-bonded
orbitals align perpendicular to the d axis®® allowing us to rewrite Equation

using molecular labelling:

pi) = &-d|p,) + & np,). (4.12)

One can then directly substitute Equation (4.12)) into the Hamiltonian element:
(s|H|p:) = (so|H|[é - d|ps) + & filps)] = & d{s,|H|p,) + & 1(s,| H|p). Finally,
only elements with m = m/ are non-zero (see Appendix , causing the second term

to disappear. One is left with:
(s|H|p;) = & d{s,|H|p,) = & - dVsp. (4.13)

Upon substitution of the displacement vector, d;, and the tetrahedral bond length,

|d| = v/3a;/4, one obtains the tight-binding Hamiltonian elements in terms of the

molecular orbital elements (4.14))-(4.17):

(s|H|s) = Vis = Viso, (4.14)
1

SHi:‘/st_‘/saa 4.15

(s[H |p:) 73V (4.15)
1 2

(pil H|pi) = Voo = 3 Vorr & 3 Vo (4.16)
1 1

(Pl Hps) = Vay = Voo = 3V (4.17)

where the Hamiltonian elements between p-orbitals have been derived in the same
manner as the element given by Equation and the remaining Hamiltonian
elements are obtained through symmetry considerations. The tight-binding
Hamiltonian elements (4.14]) to are subsequently defined as parameters, which

are found by fitting to bulk band structures. Finally we note that Equations (4.14)-
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(4.17) are commonly quoted in terms of directional cosines, which are presented in
Appendix [A] for completeness. The nearest neighbour, tight-binding Hamiltonian

for the primitive unit cell of a zincblende semiconductor in the sp3s* basis therefore

reads:

Haa Hac
H = : (4.18)
Hca HCC

where a denotes anion and ¢ denotes cation. The on-site sub-matrices are equal to:

$,0 pz,b py,b p.,b ST
s,b | Es 0O 0 0 0
b 0 E 0 0 0
Hy= |7 P , (4.19)
Py, 0| O 0 E, 0 0
p-,0| 0 0 0 E, 0
sb 1 0 0 0 0 FEgx
where b = a or ¢, and the inter-atomic sub-matrix is:
S, C Pz, C pyac Dz, C S*,C

s,a | Vgt Vg2 Vipgz  Vipga 0

T a| — V S me ‘/m Vx _V S*
He=|" R S (4.20)
pya a _VZDSQS V:’cygél ‘/zxgl nyg2 _‘/;JS* gs
Doy @ | —Vpsgs Viygs  ViyGe Viegt —VpsrGa

S*,CL 0 Vs*pg2 Vs*pg3 Vs*pg4 0

Using the Hermitian symmetry of the system, the other inter-atomic sub-matrix,
H,,, is given by the relation, H,, = H]. The g;(k) values in Equation (4.20)

define a set of four phase factors that arise from the summation of the exponentials
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in Equation (4.10]):

g = i[eik-dl 4 eikda | gileds y pikeda) (4.21)
go = i[ez’k'dl 4 elkedz _ gikeds _ gikeda) (4.22)
g5 = i[eik.dl — k2 | gileds _ pikeds) (4.23)
gs = i[ez’kdl _eikda _ gikeda g pikeda), (4.24)

The signs of the exponential phase factors correspond to the specific position of
the neighbouring cation relative to the central anion and arise from the positive
and negative lobes of the bonding orbitals centred at the two sites. All of the
tight-binding inter-atomic parameters, given by Equations —, have been
defined with respect to the bonding between the central anion and neighbouring
cation at displacement vector d;. The appropriate phases of the remaining three
interactions are then related to (¢, (r—r,)|H|¢,(r—d;)) by symmetry. An example

is provided in Appendix [A]

This concludes a complete description of the nearest neighbour sp3s* empirical tight-
binding model. The secular Equation , defined by the Hamiltonian given in
Equations - , can be solved for finite systems containing thousands of
atoms, generating eigenstates that contain atomistic detail and retain the underlying
symmetry of the crystal structure. The use of this minimal model therefore provides
us with the eigenvalues and eigenvectors necessary to compute the two-point and
four-point polarisabilities of direct-gap nanostructures, in the cheapest manner
possible. In the final section of this chapter we shall present the formalism with
which one can compute independent-particle, inter-band transitions in an atomic

orbital basis.
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4.5 Independent-Particle Transitions

In the electric dipole approximation, the momentum of the photon is treated as
negligible such that the electric field can be written as E(t) = Re[Eqe ], where
E, is the electric field amplitude and w is the frequency. This assumes that the
electric field is uniform with respect to the length scale of the electronic states. The

linear polarisability of the system in response to a real, uniform, external potential,

Ul(r,t) = eEy - r cos(wt), is therefore given as (in SI units)333:
@ =SS e rle) | (4.25)
alw) = — vle-rlc .
h = Wpe +WH 1Y Wye—w—137]|’

where r is the position vector, € is the polarisation vector, e is the charge of an
electron, w,. = (E. — E,)/h is the interband transition frequency from a valence
state, v, to a conduction state, ¢, and  is the spontaneous decay rate of the excited
conduction state. For absorption in finite systems, one is interested in the imaginary

part of the polarisability:
(w) 7;62 > wel(v]e - rle)*5( ) (4.26)
= — T — )
s (w vcwvc vlé-r|c Woe — W),

which can be defined in terms of a dimensionless quantity f,., referred to as the

oscillator strength:
2m,

foe = vac|<v|é . r\c>|2, (4.27)

such that the imaginary part of the polarisability is given as:

(@) = 52— 3 fuud(wre = w) (4.28)

v,c

The imaginary part of the polarisability is directly proportional to the absorption

cross-section of the system, which defines the effective area of the system that
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absorbs incident energy:

o(w) = %COQ(W), (4.29)

where ¢ is the static dielectric constant and c is the speed of light. The imaginary
part of the linear polarisability is therefore used to describe the optical absorption

spectra of finite systems in the electric dipole approximation.

4.5.1 Independent-Particle Transitions in an Orbital Basis

The independent-particle valence and conduction states can be expanded in the

atomic orbital basis given by Equation (4.4). In bra-ket notation, one can rewrite

expression (4.6]) as:

N
|l112> = Zcz’;(a,'y)|a77>a (430)
a?’y

where ¢ is the independent-particle state index, « is the atomic index and v is the
local index of orbitals centred on atom «. The tight-binding coefficients are denoted
as Ci(ay) and the atomic orbitals are expressed as (r|a,y) = ¢,(r —r,). Expanding

the dipole matrix elements in the orbital basis gives:

N2
e el = 3 chomentam(B.16 Tla), (431)
(a»7)7(577/)
where:
(8716 wlan) = [ 6t~ m8- 16, (r — ru)i, (4.32)

is a dipole matrix element in the orbital basis, which describes transitions between
orbitals v and 7/, centred on atoms « and 3, respectively. In a local orbital basis with
limited radial extent, it is useful to decompose the dipole operator into the sum of
a position vector centred on a given atom, r,, and a position vector relative to that
atomic centre, r — r,. This allows the dipole matrix in the orbital basis, expression

(4.32), to be decomposed into on-site and inter-atomic contributions, analogous to
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the description of the tight-binding Hamiltonian 126 144 145].
<ﬁ771’é ’ I'|Od,’)/> = <57’Y/‘é : [ra + (I‘ - I‘a)”Oé,"Y>,
= <67’7/‘é ' ra‘aafy> + <577/|é ' (I' - I'a)’()é,"}/>,

= (&1a)d(as)0(rr) + (8,78 (r — ra)la, ), (4.33)

where (& - r,) is constant, allowing it to be moved outside of the corresponding
integral, and d(a5)0(y) = (B,7'|a,y) due to the orthogonality of the orbital basis.
The independent-particle dipole matrix elements in an atomic orbital basis are

therefore defined as:

(BY18 rloy) = D CipmCutan) [é'ra5<aﬁ>5w> + (5,7’|é-(r—ra)low>]-
a,y,B,7

(4.34)

The first term in Equation is the contribution to the dipole matrix elements
from the tight-binding coefficients weighted by the position of the corresponding
atomic site, whereas the second term in the brackets contains matrix elements
between the operator r — r, and the atomic orbitals. The two terms therefore
correspond to contributions to the absorption spectrum from the global envelope of

the wave function and the local variation of the atomic orbitals, respectively.

4.6 Summary

In summary, we have presented a tight-binding description of the valence electrons in
tetrahedral, zincblende semiconductors. From a general formulation of the secular
problem in an orbital basis, we have proceeded to make several approximations,
leading to a minimal, nearest neighbour Hamiltonian. The nearest neighbour
Hamiltonian in the sp®s* basis is given, along with the tight-binding parameters and

periodic phase factors. These comprise all of the ingredients required to begin tight-
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binding calculations. Finally, we have shown how one can use the eigenvalues and
coefficients found by solving the tight-binding model to compute the independent-
particle polarisability, the first step in describing absorption in finite systems. The
following chapter extends on the optical theory presented here by introducing the
Bethe-Salpeter equation as a means of describing two-body excitations in optical

absorption spectroscopy.






Chapter 5

Many-Body Excitations

We begin by making the connection between linear response functions and optical
absorption spectroscopy. The Bethe-Salpeter equation is presented as a response
function containing electron-hole correlation and its connection to experimentally
measurable quantities is shown. We present an expansion of the Bethe-Salpeter
equation in a two-particle basis of independent-particle state products and show
how it can be rewritten as an effective eigenvalue problem. Finally, we show how
one can directly solve the Bethe-Salpeter equation for the first order change in the
charge density and therefore efficiently compute the absorption cross-section of finite

systems.
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5.1 Spectroscopic Response Functions and The
Bethe-Salpeter Equation

To first order, the change in the charge density in response to a local, time-

dependent, external potential U/(2) isB7% 53

Sp(1) = /d2 X(1,2)U(2), (5.1)

where x(1,2) = x(r1,r2,¢; — t2) defines the reducible polarisability] of the system:

x(1,2) = 222 (5.2)

Here, we have introduced the compact notation 1 = (ry,;), such that the spatial
and temporal variables are encapsulated in the composite variable 1. More generally,
the reducible polarisability can be regarded as a response function which contains
information about how the electrons and holes behave in response to an external
potential. For finite systems, the reducible polarisability yields the dynamical, linear

polarisability tensor:

() == [ GHOX(1, 212 (5.3)

where i = (z,y, z) corresponds to the respective component of the external potential
and w is the photon frequency. Substituting for Equation (5.1)) in Equation (5.3))
and taking the imaginary part of the dynamical polarisability tensor, one obtains

the photoabsorption cross-section:

0ij(w) = 47TTwlm [aij(w)}, (5.4)

'Reducible quantities are derivatives with respect to the external potential, whereas irreducible
quantities are derivatives with respect to the total potential of the system (external potential plus
the induced potential). Furthermore, t; > t5 due to causality requirements.
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where c is the speed of light. This defines the absorption spectrum of finite systems
in the independent-particle approximation. Experimental absorption spectroscopy
however, measures neutral excitations which are intrinsically two-body in nature
due to the Coulomb attraction between the electron and hole. In order to treat
excitonic correlation, we must therefore consider a different response function which

accounts for electron-hole interaction:
L(1,2,3,4) = Lo(1,2,3,4) +/d5678L0(1,2,5,6)K(5,6,7, 8)L(7,8,3,4). (5.5)

Equation is the Bethe-Salpeter equation®® 146 (BSE), a four-point response
function that contains excitonic correlation. In Equation , Lo(1,2,3,4) defines
the motion of the independent electron and hole, whereas the second term contains
an interaction kernel that mixes the formerly independent transitions. The
interaction kernel, K(1,2,3,4) in Equation (5.5)), is defined as (see Appendix

for the derivation):

K(1,2,3,4) = v(1,3)6(1 — 2)8(3 — 4) — W(1,2)6(2 — 4)6(1 — 3),  (5.6)

where v(1,3) = 1/|r; — r3|0(t1 — t3) is the repulsive bare Coulomb interaction
and W(1,2) = [w(ri,r3)e *(rs,ro,w)drs is the attractive screened Coulomb
interaction™% 148 The first and second terms of the kernel are referred to as the

unscreened exchange term and the direct Coulomb term, respectively.

The Bethe-Salpeter Equation shows that the initial response of the system to an
external perturbation is the creation of an independent electron-hole pair, described
by Lo. The propagation of the electron induces a change in the density which in
turn generates an induced potential. The induced potential then self-consistently
modifies the total potential of the system through the interaction kernel K, which
couples the independent electron and hole, leading to either a renormalisation of

independent-particle state energies or the creation of a bound excitonic state.
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5.1.1 Connection to Experiment

Equation ({5.5)) describes the response of the system to an external potential and is
therefore the two-particle analog of the reducible polarisability given by Equation
(5.2). The two-point reducible polarisability x(1,2) is therefore equivalent to a

two-point contraction of L(1,2,3,4)m49;

x(1,2) = L(1,17,2,27), (5.7)

where ¢t = t; + J and ¢ is an infinitesimal time increment, such that time ordering
is preserved. Substituting Equation (5.7)) into Equation (5.2) gives:

dp(1,17)

L(1,1%,2,2%) = 2= 2
(1,17,2,27) 5U(2,2%)

(5.8)

Unfortunately L(1,17,2,2%) cannot be written purely as a two-point quantity,
L(1,2), due to the arguments of the delta functions in the kernel given by Equation

(5.6). We are therefore always required to solve a four-point equation.

5.2 Solving the Bethe-Salpeter Equation

In order to solve the Bethe-Salpeter equation one is required to project L(1,2,3,4)
onto the subspace of a given basis set. The physical picture of interacting electron-
hole pairs suggests that it would be appropriate to expand the BSE in a two-particle

basis constructed from pairs of independent-particle functiong? 5.

In general, any four-point function S(1,2,3,4) can be expanded asPb% 151

S(I‘l, ro; T3, I‘4) = Z w:q <r1>¢n2 (r2>¢n3 (I'3)¢Z4 (r4)5(n1n2)(n3n4)7 (59)

ni,n2,n3,n4

2This assumes that four-particle and higher processes can be neglected in the formation of the
excitation.
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where:

S(nlnz)(n3n4) = <n1n2’5(r17 Iy I's, r4)‘n3n4>7 (510)

defines the matrix elements of the function S(ry,re;r3,ry), expanded in a basis of

pair-product states :

[ning) =y, (r1)n,(r2). (5.11)

Here, 9y, (r;) is an independent-particle state defined by the state index n; and
the spatial variable r;. These functions are supposed to form an orthonormal and
complete set, although in practise, it is expected that only a limited number of
electron-hole pairs will contribute to each excitation, and as such the basis size

48] To simplify matters, we can make the

is treated as a convergence p:;nrameterL
approximation that L depends only on the time differences (t2 — ¢1) and (t4 — t3).
This enables the use of a Fourier transform to frequency space, such that L

becomes a function of energy and the variables 1 — 4 now relate to position only,

L — L(1,2,3,4;w)l48 152

Projecting L in the two-particle basis defined by Equation (5.11)) gives:

L(1,2,3,4) = > 0 (r1) Uy (£2) ¥, (£3)85, (£4) Lnyna) (nsna) - (5.12)

ni,n2,n3,n4

The Bethe-Salpeter Equation (5.5)) in transition space is therefore:

0 0
L(n1n2)(n3ﬂ4) = L(nlnz)(n3n4) + L(mng)(ng,na)K(nsnﬁ)(n7ns)L(n7ﬂ8)(n3n4)' (513)

Rearranging Equation (5.13]) such that L only appears on the left-hand side, one

has:

1
0 0
L(n1n2)(n3n4) = |:5m17m36m2,m4 - L(mlmz)(msme)K(m5m6)(m3m4)] L(nmz)(n3n4)’ (5'14)
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where the terms in the brackets collectively define the matrix:

-1
H(mn2)(n3n4) = [5m1,m35m2,m4 - L?mlmQ)(msmﬁ)K(m5m6)(m3m4)] ) (515)

(n1n2)(nsna)

and m; define a set of state indices. = The four-point independent-particle

polarisability is defined asP%:

LO(I‘1, ro, I3, I‘4) = Z (fn2 — fm)w(:LEl,(rl)_wgz (I'z_)i? (r3)w;2 (I‘4), (5.16)

ni,n2

where f,, are occupation numbers, E, are independent-particle eigenvalues and w
is the energy of the photon. Orthonormality of the basis means L°(ry, 1y, 13,14) is

diagonal in transition space and reads:

— Onyng O
LO _ (fn2 fm) ning n2n4. 1
(nlng)(n3n4) (En2 _ Enl _ CU) (5 7)

Substituting for L?m1m2)(m5m6) in IT using the definition given by Equation (5.17))

and factorising the transition energy (E,,, — E,,, — w), one obtains:

-1
H(nlng)(n3n4) = [5m1m35m2m4 - 2 Em2 1—Em11—2w A y (518)
(n1n2)(n3n4)
H(n1n2)(n3n4) = (Emz — B, — W)5m1m35m2m4
-1
+ (fm1 - fm2)K(m1m2)(m3m4)] (Em — By, — w)7 (5-19)
(n1n2)(n3ng)
such that the Bethe-Salpeter equation in transition space finally reads:
L(nlnz)(n3n4) = HL?n1n2)(n3n4)' (520)

It is now possible in principle, to directly solve Equation (5.20)) for a set of discrete
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frequencies {w; }, however this requires the inversion of the interaction kernel at each
frequency point in order to compute II and therefore L. Hanke and Sham solved the

I53: 054 1yt matrix inversion quickly

BSE in this way using a localised orbital basis
becomes too expensive for realistic systems. Fortunately, Equation (5.20)) can be

reformulated as an effective eigenvalue problem53

5.2.1 An Effective Two-Particle Hamiltonian

Defining an effective two-particle Hamiltonian5%:

H(Q:iblmQ)(m:;mzl) = (E’VnQ - Em1>5(m1,m3)5(MQ,m4) + (fm1 - fm2>K(m1m2)(m3M4)7 (5'21)

allows the matrix Equation (5.19) to be rewritten as:

—1
H(Tbmz)(”sm) = [HQP - ]w] (Em — By, — w)? (5'22>

(n1n2)(nana)

where [ is the identity matrix. Furthermore, the transition energy multiplied by
the independent-particle polarisability can be shown to reduce to the difference in

occupation numbers:

0 . (Enz - Em)(fng — fn1>5(n1,n3)5(n2,n4)
_ U))L(nlng)(ngn4) - En2 — Enl 5

:(fn4 - fn3)7 (523)

(Enz - En

1

such that the Bethe-Salpeter in transition space can be rewritten as:

0
L(nmz)(nsm) = H(nlm)('ﬂsm)L(mnz)(nsm)’

= [H? = 1]} oy amny (it = Fg)- (5.24)
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The effective, two-particle Hamiltonian is given explicitly as:

2p o
(nin2)(n3ng) —
(n3ng)— I ;o I~ .
(nin2)d {1) ¢ } {C v } {’U v } {C b }
2p,res
{UC} H(fc)(vlc/) K(UC)(c/v/) K(’L)C)(l}’f)’) K(vc)(c’&’)
2p,ares (525)
{ev} | =Kenwer Hyewy Ko —K(eo)e)
{U{)} 0 0 (ETJ - Ev)é(vv’)(fn}/) 0
ted) 0 0 0 (Ee = Ec)d(cer) e

where (v,v',0") and (¢,¢,&) are indices for valence (occupied) and conduction
(unoccupied) states, respectively. Here, we take f, = 1 and f. = 0 in Equation
(5.21). The sub-blocks are defined by the resonant and the anti-resonant matrix

two-particle Hamiltonians:
2p,res -
H(fc)(v’c’) - (EC - Ev)(svv’dcc’ + K(vc)(v’c’)y (526)

2p,ares
H(cl;)(c/v/) = (Ev - Ec)évv’écc’ - K(gv)(c’ﬁ), (527)

and the coupling matrices, which are defined by the interaction kernel in the

transition space as:

K(ning)(nans) = 2/%1(1”1)%/1;2(1“1)“(173)¢Zg(r3)¢n4(rz)drldrz
—/wnl(rl)wzz(rg)W(l,2)w23(r1)wn4(r2)dr1dr2. (528)

Here, (n1,n2) can take the following permutations of hole, v, and electron ¢ indices:

(v,¢), (c,v), (v,0), (c,¢).
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The occupation numbers (f,4 — fn,) in Equation (5.24) mean that only elements
where nz # n4 will give non-zero contributions to the two-particle excitations. This
corresponds to the first two columns of Hy,, where (n3,n4) = (v'¢’), (¢'v'), removing
the hole-hole and electron-electron transitions. One is therefore left with inter-band

transitions between electron and hole states:

((n7l317;;12))1> {UICI} {C,U,}
2p = 2p,res
H(n1n2)(n3n4) - {UC} H(lf)c)(v’c’) K(Uc)(c’v’) s (529)
* 2p,res *
{ev} |- [K(vc)(c’v’)] - [H(fc)(u/c/)]

where one has utilised the symmetry relations:

K(cv)(v’c/) = |:K(’UC)(CI’L)/)] s (530)
2p,ares __ 2p,res *
H(C”)(C'U') = |:H(vc)(v’c’):| ) (531)

to reduce the number of unique elements in the Hamiltonian. The resonant and anti-
resonant terms, H (2 fé;(ej,c,) and — [H (2 fé)r(ej,c,)} *, describe vertical transitions at positive
and negative frequencies, respectively, whereas the interaction kernels that occupy
the off-diagonal blocks act to mix positive and negative frequency transitions. A

common approximation applied to the Hamiltonian, Equation (5.29)), is the Tamm-

Dancoff approximation. In this instance, one neglects the coupling terms resulting

in H? — [pres  [156:157]

(mna)(nsns) = Hve) (e . This reduces the dimensions of Equation (}5.29))

by a factor 2 and results in a two-particle Hamiltonian with Hermitian symmetry.
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5.2.2 The Interaction Kernel

The interaction kernel Equation ((5.28)) in the two-particle basis, |vc), is defined as
K (weywery = 2V(e)wrer)y — Wiwe)(v'ery, With:

1

vy — 13

Vwe)(v'e’) = /dr1dr3¢u(rl)¢:(1’1) w;/(r3)¢c/(r3>7 (532)

and

Wive)(w'ery = /dr1dr2¢v(r1)¢3/(r1)w(rhr2aw)¢:(1‘2)¢d(r2)- (5.33)

In Equation (5.33]), the screened Coulomb potential is taken in the static

approximation (no frequency-dependence):

1

— ! =0 5.34
|I'1 o I'3|6 (r37r27w )7 ( )

W(ry,ro,w=0)= /dr3

which is reasonable when the excitonic binding energies are smaller than the plasmon

150]

energies’™  or equivalently when the electron-hole scattering time is much longer

than the characteristic screening time of the system. This approximation has been

158

shown to be reasonable in simple semiconductors?™ and avoids the need to treat

the calculation of Equation ([5.24)) self-consistently.

5.2.3 An Effective Two-Particle Eigenvalue Problem

Having constructed an effective two-particle Hamiltonian given by Equation ((5.29)),
one is able to find its eigenvalues and eigenvectors as solutions of the effective

eigenvalue problem:

HY AL = Egre M) (5.35)

(n1n2)(nana)

which can be solved using methods such as conjugate gradient, Arnoldi/Lanczos
or Davidson-Jacobif® algorithms. The spectral representation of the excitonic

Hamiltonian therefore replaces the problem of inverting a matrix at each frequency
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with solving a linear set of equations once, for all frequencies. The two-particle
coefficients, {A,}, and excitations, { E§*“}, are not only solutions of Equation ([5.35])

but also of the Bethe-Salpeter equation in transition space (5.13)).

The effective two-particle Hamiltonian therefore re-expresses the problem in terms
of the mixing of different independent-particle transitions between the valence
and conduction states of the one-particle Hamiltonian. This causes the resulting
excitonic energies, £, to differ from the independent-particle transition energies
E,,—E,,, with the mixing information contained within the two-particle coeflicients
Ay. In a similar manner, we follow the alternative approach of Hiibener® in which

one solves a set of coupled linear equations of the general form:

[A — wI|x = b, (5.36)

where A = H? is the two-particle Hamiltonian defined by Equation (5.29), x = dp
is the change in the charge density given by Equation (5.1) and b = U is the
external potential. Substituting for A, x and b in Equation (5.36)) leads to the

explicit expression:

Hip e Kwogewy | _ (10 opt\ - oU
¥ 2p,res * _ -
_ |:K('UC)(C/1)I):| — [H(fc)(v/c/)] 0 —1 5p 5U

(5.37)
The unknown quantity in Equation is the density response. As such,
Equation (5.37)) can be solved for dp using iterative schemes, such as the conjugate
gradient method. We favour this approach over that of solving an effective eigenvalue
problem, as the solution to Equation (5.37) provides the quantity, dp, from which

we can immediately and cheaply compute the two-particle absorption spectrum via

Equations (5.1))-(5.3)).
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In the transition space, the dynamic polarisability tensor can be rewritten as:
Oéij(wk) = —Uk . 5pk (538)

where the index k corresponds to the transition frequency between the valence state
v and the conduction state ¢. In the instance that the nanostructures of interest are

randomly orientated, we compute the trace of the dynamic polarisability tensor:

e (@) = %(am(wk) F oy ) + e (wr) ). (5.39)

5.3 Summary

In summary, we have presented a response function containing electron-hole
correlation in the form of the Bethe-Salpeter equation, Equation . We proceed
to expand Equation in a two-particle basis, resulting in a transition space
representation of the Bethe-Salpeter equation, given by Equation , which can
be solved explicitly by direct inversion. Direct inversion of large matrices is however,
never a desirable computational strategy, therefore we show how the transition
space Bethe-Salpeter equation can be expressed in terms of an effective two-particle
eigenvalue problem given by Equation . Equation provides a physically
intuitive interpretation of excitonic transitions which arise from the mixing of

independent-particle transitions via the interaction kernel, Equation (5.28]).

Finally, we have shown that it is possible to construct a set of coupled, linear
equations , including the effective two-particle Hamiltonian and the external
potential, which can be solved to efficiently obtain the first-order change in the
charge density, from which we can directly compute the absorption spectra of
finite systems. Chapters [6] and [7] will now address some of the key features of the
empirical sp®s* tight-binding model and the approximations utilised in a real-space

implementation of the Bethe-Salpeter equation, respectively.



Chapter 6

Implementation of the

Tight-Binding Model

Having introduced the electronic structure formalism in Chapter [f], this chapter
begins by discussing the bulk properties of zincblende semiconductors and presents the
bulk properties of our sp3s* tight-binding model for CdSe. We then give a summary
of the sparse eigenvalue solver, discuss the way in which we generate an explicit
atomic orbital basis and outline the method that we utilise to passivate the dangling

bonds of unterminated surface atoms.
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6.1 The Zincblende Crystal Structure

Diamond and zincblende crystals are cubic structures comprised of a primitive unit
cell containing two atoms at positions (0,0,0) a; and (;11, }l, %) a;, where a; is the lattice
constant of the material. In this configuration each atom forms four sp* bonds with
each of its nearest neighbours, leading to a network of tetrahedral bonding depicted
in Figure (6.1, Zincblende differs from diamond in that it contains two atomic species
and therefore each atom has four nearest neighbours of the opposite species, forming
two interdigitated face-centred cubic lattices displaced by :I:(é—l17 }1, i)al with respect

to one another. Zincblende crystals therefore adopt the Brillouin zone of the FCC

lattice.

Figure 6.1: Tetrahedrally coordinated zincblende crystal lattice, displaying a)
Isometric view, b) (001) plane, ¢) (111) plane with tetrahedra and d) (111) without
tetrahedra. Cations are red and anions are blue.
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Irreducible Representation Class

Mulliken Koster {E} | {3C2} | {8C5} | {61C,} | {60}
Ay I 1 1 1 1 1
Aoy I 1 1 1 -1 -1
E I's 2 2 -1 0
T, Iy 3 -1 0 -1 1
T [s 3 -1 0 1 -1

Table 6.1: Character table for the Tj; point group6ll.

6.1.1 The Zincblende Bulk Band Structure

The zincblende structure belongs to the space group T3, associated with the FCC
translation group, and the tetrahedral point group 7. The elements of a space group
are themselves a combination of the translational symmetry of the unit cell and an
element of a point group. If we restrict our analysis to the [-point (k = (0,0,0)),
which is the most physically relevant region of k-space for direct-gap semiconductors,
we can limit our discussion to the symmetry transformations of the 7T, point group.
The Ty point group is comprised of five classes and five irreducible representations,

shown in Table [6.1]

In systems with cubic symmetry, one can approximate the symmetry about the

I-point as sphericall62

, which enables an analysis in terms of orbital angular
momentum. In the absence of spin-orbit coupling, the basis states are chosen to
be eigenfunctions of the orbital angular momentum operator L, leading to local
Bloch functions, |L, m;), defined by orbital angular momentum, L, and its azimuthal
quantum number, m;. In doing so, the Bloch functions are symmetrically equivalent
to real orbitals. In the absence of spin, the conduction band minimum is non-
degenerate and is described by a Bloch function with s-like symmetry, |0, 0), which
is fully symmetric. From inspection of the character table for the T, point group

shown in Table[6.1], these symmetry properties are consistent with the I'; irreducible

representation (Koster notation), as it is unchanged under all operations.

The valence band top is described by Bloch functions with p,, p, and p,-like
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Figure 6.2: Schematic representation of the parabolic bulk bands of a zincblende
semiconductor, a) without the influence of spin-orbit coupling and b) including spin-
orbit coupling.

symmetries: [|1,0), |1, —1),]1,1)]. As the valence band top is triply degenerate,
these Bloch states must belong to the I'y or I's irreducible representations because
the degeneracy of an eigenstate is equal to the dimension of the irreducible

1631 Which representation the state belongs to

representation to which it belongs!
can be established by calculating the character of the representing matrix generated
by L = 1. Real p-orbitals have positive and negative lobes which change sign under
the improper rotation ICy. Inspection of the character table indicates that the

valence band top must therefore belong to the I'y irreducible representation of the

T, group.

In spin-unpolarised calculations, the non-degenerate conduction band minimum and
triply degenerate valence band maximum result in a lowest bulk exciton state that is
three-fold degenerate. In spin-polarised calculations, in which one includes spin-orbit

coupling, the degeneracy at the I'-point is partially lifted, leading to a quadruply



6.1 The Zincblende Crystal Structure 65

Orthogonal sp3s* Experimental
E, (eV) 1.90 1.76 eV HOJ 7 776566 1 g3[I5L* "1 gol67
M (Mo) 0.475 0.451168]
me (mg) 0.128 0.12H631 ", 13H00]

Table 6.2: Bulk Properties of CdSe. (‘*’ Wurtzite structure).

degenerate valence band maximum, comprised of heavy hole and light hole states,
and a doubly degenerate conduction band minimum. In this instance, the lowest
exciton state is therefore eight-fold degenerate. Schematic, parabolic bulk band
dispersions and symmetries at I are presented in Figure [6.2] both in the absence

and presence of spin-orbit coupling.

The bulk band structure produced using our orthogonal tight-binding model is
presented in Figure in the absence of spin-orbit coupling. One can see how both
the valence and conduction bands vary non-parabolically as one moves away from the
[-point. Our tight-binding model therefore provides a more accurate representation
of the bulk dispersion in relation to parabolic approximations. The corresponding

band gap at zero temperature and effective masses of the electron and heavy hole

bands are given in Table [6.2]

Spin-orbit coupling is relatively strong in CdSe, with a bulk splitting of 0.42 eV164,
however the electron-hole interaction is also very important in quasi two-dimensional
systems. Bethe-Salpeter calculations with the inclusion of spin-orbit coupling
represent a formidable challenge and to our knowledge, BSE Hamiltonians that
include spin-orbit coupling have not been applied to finite systems. As one of the
primary aims of this project was to model the excitonic properties of nanoscale
colloids using the BSE, the decision was taken not to pursue the inclusion of spin-

orbit coupling in the tight-binding model.
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Figure 6.3: Bulk band structure of CdSe generated with the orthogonal NN sp?s*
model, in the absence of spin-orbit coupling. The zero of the energy has been set to
the top of the valence band, consistent with convention.

6.2 Solving the Standard Eigenvalue Problem

Obtaining the eigenstates of the bulk Hamiltonian requires one to solve the standard
eigenvalue problem for a 10 x 10 matrix, which is computationally trivial. This is
because the zincblende primitive unit cell only contains two atoms and the system
is fully periodic. Solving the standard eigenvalue problem for systems comprised of
large supercells containing many atoms however, forms a central point of electronic

structure calculations. There are numerous methods for treating the eigenvalue
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problem and one’s choice of routine is highly dependent on the symmetry and
size of the Hamiltonian. Small systems comprised of dense matrices are most
efficiently treated with the LAPACK and BLAS linear algebra librariesH®. The
standard, symmetric eigenvalue problem is treated using QR decomposition of the
Hamiltonian, which allows the problem to be solved without the need for matrix
inversion. We utilise the LAPACK routine ZHEEV to compute all eigenvalues and
eigenvectors, for systems containing up to ~ 1000 atoms. Beyond this size, one must

turn to methods that more efficiently utilise memory resources.

6.2.1 FEAST Eigenvalue Solver

FEAST is an eigenvalue solver for sparse, symmetric and Hermitian matricest™,
Unlike traditional Krylov subspace algorithms, FEAST uses contour integration to
obtain eigenstates within a user-defined search interval. This has the advantage of
being insensitive to spectrum structures and the ability to capture all eigenstate
multiplicities. The method is still applied iteratively, however convergence is
achieved in far fewer iterations than Krylov subspace algorithms. Specifically,
FEAST utilises the Rayleigh-Ritz procedure™™! in which one obtains an approximate
solution of the standard eigenvalue problem AX = eX by iteratively solving a

reduced eigenvalue problem of size m:

Ag® = o, (6.1)

where Ag = (QTAQ) and @ defines a set of orthogonal basis vectors. The solutions
of Equation are given by the Ritz values, {€}, and the eigenfunctions {®}. The
approximate eigenvalues of the original problem are equivalent to the Ritz values,
{€}, whereas the approximate eigenfunctions are given by X = Q®. The Ritz pairs
will be a good approximation of the true solutions of AX = eX if the residual
(AX — €X) has a small norm. Convergence on this criterion can then be achieved

iteratively.
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Figure 6.4: Absorption spectrum for a CdSe nanocrystal with a diameter of 4 nm,
generated using a parallel implementation of the FEAST search interval.

As such, the FEAST algorithm allows one to compute a subspace of eigenstates
from the energy region of interest, such as the band edges. Further details on the

implementation can be found in Polizzi’s original paper®™.

Scalability of the algorithm is achieved by distributing the energy range, containing
m states, across multiple processest™. In Figure we show the absorption
spectrum of a CdSe nanocrystal with a diameter of 4 nm, computed using different
subspace distributions. The spectra agree in all instances, indicating that the
parallelisation scheme is suitable for the calculations we wish to present in later
chapters. For specific details on the way in which one distributes the subspace, the

reader is referred to Appendix [C]

6.3 Choosing an Atomic Orbital Basis

An intrinsic problem of empirical tight-binding models is that in parameterising the
Hamiltonian by fitting to a bulk band structure, one lacks an explicit description

of the orbital basis functions. This creates an issue as orbital basis functions are
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required to describe any physical quantity thats includes matrix elements involving
the independent-particle states of the Hamiltonian. For example, orbital functions
are required for the dipole matrix used in the calculation of the absorption spectrum

and the kernel of the Bethe-Salpeter equation.

The need for an explicit form of the orbital basis therefore requires one to choose
a set of functions to describe it. The only requirements placed upon the basis by
the Hamiltonian is that the orbitals are atomic-like, as far as to say that they retain
the symmetries of atomic orbitals and that they do not overlap with second-nearest
neighbours. This suggests that the radial component of the basis should go to zero
at half of the second-nearest neighbour distance and that the angular component

can be described with spherical harmonics.

6.3.1 Numerical Radial Functions

The ab initio electronic structure code Siesta was used to generate the required
radial functions®?. Siesta’s basis uses numerical, linear combinations of atomic
orbitals. The sparsity of the Hamiltonian and overlap matrix is controlled through

truncation of the radial extent.

It was initially assumed that through a combination of reducing the radial cut-
off of the basis states and systematically removing elements of the Hamiltonian
that correspond to interactions between more distant neighbours, that one might
produce a first-principles band structure which could reproduce the band edges
of the material of interest. The basis set used to generate this result would then
correspond to a nearest neighbour approximation and could justifiably be transferred
to the tight-binding model. In practise however, there proved to be no minimal basis
that could reasonably reproduce the dispersion of the band edges of CdSe. As such,
we have simply used Siesta as a tool to generate radial basis functions for CdSe, with

a cut-off of r. = a;/ /8, which prevents second-nearest neighbours from overlapping.
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Figure 6.5: s, p and s* numerical single-( radial functions for CdSe, generated
using Siesta with a cut-off of 4.071 Bohr.

The smallest basis set used by Siesta to represent atomic valence orbitals is the
single-(, which corresponds to a single function per atomic orbital. Using the

HZ3L074 | gingle-¢ functions are found as solutions

scheme of Sankey and Niklewski
of a pseudo-atom in a spherical box of radius r. The input script used to generate

the single-¢ radial functions shown in Figure [6.5]is given in Appendix [C]

CdSe Radial Functions

The radial functions of the atomic valence orbitals, (4s,4p,5s), where chosen for
the sp®s* basis of selenium. The s* orbital is viewed as an excited s-state, which is
consistent with the interpretation of Vogl and coworkers®¥. In the case of cadmium,
there are no p-orbitals in the valence: (4d'°5s%). As such, the orbitals (5s, 5p, 6s)
where chosen such that they retain the appropriate number of nodes. The radial
functions for cadmium and selenium are plotted in Figure 6.5 Having defined the

radial basis, the atomic orbitals are therefore given by:

Oy(r —14) = Ri(r — 1) Y, (0, 9), (6.2)

where v = {s,ps, p,, P, s} is the orbital basis per atom, R are radial functions
defined by n = s, p, s* for the atomic species I = (a, ¢) (anion or cation), and Y ,,,, are

real spherical harmonics, defined by orbital and magnetic quantum numbers (I, m;).
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Figure 6.6: Isosurfaces of atomic orbtials |¢s|? and |¢,|?, defined according to
Equation (6.2). The radial components are given by the Siesta radial functions

shown in Figure (anion) and the angular components are defined by real
harmonics.

Real orbitals are beneficial as they have no imaginary component and are defined
with respect to the Cartesian directions (z,y, z), whilst maintaining their symmetry.
This choice of basis is not unique in the sense that one could have chosen any set
of functions which satisfy the symmetry of the Hamiltonian, however, in general
one cannot do much better. Indeed, as discussed in Chapter [3] many prior studies
of nanostructures using tight-binding models utilise Slater-type orbitals (STO) in

conjunction with a Hamiltonian defined in an orthogonal basig2% 125 126; 145; I75; I76]

6.4 Surface Passivation

In finite structures, unterminated surface atoms lack a complete set of nearest
neighbours. The resulting dangling bonds give rise to surface states with energies
between that of the highest occupied state and lowest unoccupied state, and act
to trap charge carriers. In the tight-binding formalism, one can passivate dangling
bonds without having to explicitly include a passivating speciest70 178 This can be
achieved through an orthogonal transformation to a hybridised sp?® basis, such that
each hybridised orbital corresponds to a tetrahedral bonding direction. One is then

able to passivate the bonds that lack neighbouring atoms, shifting the corresponding
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Figure 6.7: Density of states for a CdSe nanocrystal with a diameter of 3 nm. The
red line represents the nanocrystal density of states in the absence of any passivation
whereas the blue line represents the density of states of the passivated nanocrystal.
The band gap region is indicated by the shaded box. Inset, we present the modulus
squared wave function of a mid-gap state, indicated by the arrow in the DOS.

mid-gap states to arbitrarily higher energies. Physically, the procedure mimics
the formation of bonding and anti-bonding states between a dangling bond and a
passivating atom such as hydrogen™ ™. We follow the procedure outlined in reference

[T77] and give the matrices of the passivated surface atoms in Appendix .

Figure demonstrates the effect of surface passivation on the density of states
of a CdSe nanocrystal with a diameter of 3 nm. In the absence of any passivation
(red line) there is a continuum of states between -5 eV and 12.5 eV, with surface
states occupying the band gap region. Passivation of the nanocrystal leads to the
removal of states from the band gap (blue line), with mid-gap states being shifted
up to artificially higher energies, such that they do not interfere with the band edge

states of interest. The inset in Figure depicts the isosurface of a mid-gap state
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from the unpassivated system. One can see that it is indeed localised to the surface,

demonstrating that mid-gap states arise due to the dangling bonds of surface atoms.

6.5 Summary

In summary, we have presented a schematic representation of the bulk band structure
for zincblende semiconductors, and discussed the symmetry of the valence band
maximum and conduction band minimum at the I'-point, in terms of the T, point
group. The bulk band structure, band gap and effective masses of the orthogonal
NN sp3s* tight-binding model are presented for CdSe. We also give an overview of
the routine used to find a subspace of eigenstates near the band edges and describe
how we passivate the dangling bonds of unterminated surface atoms, such that our
simulations are free of mid-gap states. In the following chapter, we shall outline our
implementation of the Bethe-Salpeter equation for the calculation of two-particle

excitations in optical absorption spectra.






Chapter 7

Implementation of the
Bethe-Salpeter Equation in a

Minimal Real-Space Basis Set

One of the goals of this project was to exploit the benefits of a minimal orbital basis
in order to apply the Bethe-Salpeter formalism to large, finite systems. Drawing
on the formalism outlined in Chapter[J, this chapter discusses the specifics of the
Bethe-Salpeter implementation in an orbital basis, detailing the construction of the
interaction kernel and the treatment of orbital integrals. We then go on to outline
how a solution is found for the linear system defined by Equation , yielding
the change in the charge density, and how this is used to efficiently construct the

two-particle absorption spectrum in a parallel environment.
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7.1 Introduction

Our many-body calculations follow a simplified procedure, based on a common
workflow utilised in ab initio calculations. Due to the scale of the systems of interest,
we compute ground state eigenvalues and wave functions using an empirical tight-
binding model, rather than DFT. The bulk tight-binding parameterisation is fit to

the experimental bulk band gap and is therefore accurate by construction.

A large simplification to our approach is that we replace the microscopic dielectric
function with the bulk dielectric constant. Indeed, one of the main difficulties in GW
and BSE simulations is the calculation of the full dielectric response of the system
due to the non-local and frequency-dependent nature of the dielectric function®.
The full dielectric function can be computed in an empirical orbital model7 180
however it is known that the dielectric response in nanostructures is only modified

[96} (181

near the surface |, We therefore believe that static, bulk screening is appropriate

as a first approximation and compute the screened Coulomb matrix in a static

approximation.

What follows is an outline of the steps and approximations used to compute the
kernel of the Bethe-Salpeter equation, given by Equations (5.32)-(/5.33)) in Chapter

in an orbital basis.

7.2 Expansion of the Bethe-Salpeter Kernel in an
Orbital Basis

The exchange and direct terms of the interaction kernel, defined by Equations ({5.32))
and (5.33]) in Chapter |5, can be written in an orbital expansion as:

V) (we) = D Ousi) Oy urspy Oty (1 0] D), (7.1)
,7,k,l
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Weeywe) = D ui) @) By @ty (1] WK, (7.2)

i’j’k’l
where a,;) are tight-binding coefficients, (v,c, ', ¢’) are independent-particle state
indices, (i, j, k, [) are orbital indices each running over all orbital states in the system,

with ¢ = (74, @), and the four-point orbital integrals are given as:

1

vy — 1o

(2] |v]kl) = /drldmﬁb%(rl —Ta)¢, (11 —1p) @5, (r2 = 1,0) oy (r2 — 15), (7.3)
(1j|Wkl) = /drldrng%(rl—ra)qﬁfﬁ (r1—1g)W(ry, 12,0 = 0)¢7 (r2—1,)0,, (r2—1y).

(7.4)
To simplify the calculation of integrals involving the screened Coulomb potential,
Equation ([7.4]), the microscopic, inverse dielectric function is replaced by the high-

frequency, bulk dielectric constant €., such that:

1

€oo|I'1—I'2|'

W(I‘l, o, W = 0) = (75)

This corresponds to a static and uniform dielectric screening throughout the
nanostructure, and is justified as a first approximation because the screening in
the interior of the nanocrystal is bulk-like, with a differing dielectric response
only expected close to surface®® I8 Importantly, this allows us the factorise
the the dielectric constant such that we can rewrite Equation in terms of
Equation ([7.3)):

(ij|Wkl) = e (ijvlk), (7.6)
and subsequently expand the Bethe-Salpeter kernel in an orbital basis as:

K=2v+W

= Z [Qa(w)a?c;j)aa/;k)a(cx;l) - egola(w-)aa,;j)az‘c;k)a(d;l)] (1j|v|kl) (7.7)
irg kel
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7.2.1 Two-Centre Approximation for Orbital Integrals

In our initial implementation of the BSE kernel construction, Equation
was constructed as a four-point quantity, however, even when one restricts the
summations over atoms 5 and A to the nearest neighbours of a and &, respectively,
one is still required to perform 625 * N? summations over each element of the kernel
in the pair-particle basis. Furthermore, the integrals defined by Equation ([7.3)) were
explicitly calculated in all instances. This approximation ultimately proved to be a

severe bottleneck, restricting simulations to systems no larger than ~ 20 atoms.

It is however, possible to restrict four-point orbital integrals to at most, two

unique centres as terms centred on three or four different sites are small in

24} (125} [145} [176} (182} [183]

comparison! . In restricting the atomic centres and orbital indices

to two unique indices, the numerators of the four-point orbital integrands in

Equations ([7.3)) and ((7.4) reduce to:

G (r1 = 10)85, (11 — Ta) @, (ra — T5) ¢, (T2 — 1), (7.8)
Gri(T1 — Ta)@ (r1 — Tg)@), (T2 — Ta) Py (T2 — Tg), (7.9)
Gri(T1 — Ta)@ (r1 — 1)) (T2 — T5) ¢ (T2 — Ta), (7.10)

where Equation ((7.8) is Coulomb-like in nature, and Equations and
are exchange-like in nature. This terminology reflects the fact that in Equation
pairs of orbitals with the same orbital index are also defined by the same
spatial variable, whereas in the exchange-like integrals, given by Equations -
(7.10), pairs of orbitals with the same orbital index are defined by different spatial

variables.

At this point, we specify that the choice of orbital basis is real, such that we can drop
the conjugate superscripts. In a real orbital basis, Equations (7.9) and ([7.10) are

equivalent, resulting in two two-centre orbital integrals. The Coulomb-like orbital
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integral is:

e 1
(#ilv]jj) = / dr1drag., (r1 —ra)%-(h—ra)m(% (r2—1g)s, (r2—15), (7.11)
%
whereas the exchange-like orbital integral is:
e 1
(2|v]ej) = / drydrygy, (rq _ra>¢’7j(r1_rﬁ)m¢%<r2_ra)¢7j(r2_r,3>' (7.12)
v _

Applying the two-centre approximation to Equation ([7.7]) and factorising the tight-
binding coefficients causes the BSE kernel to reduce to:

Kwe),(we) = Za<v;i>a<c;i>a<v';j>a(c@j) 2(iilv]jj) — ex (ij|vlij)
1,J L i

i) Qi) Oy Ut | 2005 0]iG) — e (d]v] )

0 si) Qi) B i) Oersi) | 2 — €no | (17]0]05), (7.13)

where the screening is only applied to terms that derive from the direct term of
the kernel in the pair-product basis, defined by Equation . An interesting
consequence of applying the two-centre approximation to a real orbital basis is that
the same set of tight-binding coefficients define the direct and exchange terms of the

BSE kernel. An equivalent expression is given for K(,) ) in Appendix @

7.2.2 Calculating Two-Centres Integrals

The orbital Coulomb and exchange-like integrals, defined by Equations and
(7.12), respectively, are explicitly computed for on-site and nearest neighbour
interactions, giving two matrices, U. and U,. These define the Coulomb
and exchange matrices, respectively, and are both symmetric in a real orbital

basis. These matrices therefore possess the same symmetry as the tight-binding

Hamiltonian given by Equations (4.19) and (4.20) in Chapter 4 In both instances,
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U is analogously defined by four sub-blocks:

[jea [jac

U= , (7.14)

[jea  [ee

where a, c denote anions and cations, respectively. Calculated values are provided
in Appendix [D] In general, the on-site terms are largest, with the Coulomb
elements ~ 10 — 15 eV and exchange elements an order of magnitude smaller.
For nearest neighbour integrals, Coulomb terms are ~ 5 eV whereas exchange
terms are ~ 0.01 eV. These observations are consistent with prior reports in the
literature2% 123 124145 For points in the integration where r; = ro, we truncate the
Coulomb singularity to a value equal to 0.1 times the bond length. This point is

discussed further in Appendix [D]

7.2.3 Multipole Expansion of the Coulomb Potential

For interactions between orbitals centred on atoms beyond those of nearest
neighbours, we utilise the multipole expansion of the Coulomb potential to
approximate Equation (7.11). This is justified because the exact details of the

orbital structure are unimportant for well-separated charge distributions™ 4,

The spatial variables that define the Coulomb potential between two, well-separated,
non-overlapping charge distributions can be decomposed in terms of the atomic
positions at which the orbitals are centred and the radial distances that the orbitals

extend to with respect to their atomic centres:

r; —ry =Ry + (g —Ra)} — [Rg— (ro — Rp)

:Ra — Rg +To1 — r'so, (715)

where r is a spatial variable, R is an atomic centre and (r — R) is a local

spatial variable with respect to the atomic centre. These vectors are schematically
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Origin

Figure 7.1: Vector diagram for two non-overlapping, orbital charge distributions.

represented in Figure [7.1] Using Equation (7.17), the Coulomb potential can

therefore be written as:

1 1
1 — 12| [Rpa — (rp2 — Ta1)|

, (7.16)

where the R, defines the vector separating atoms o and 3, and (rgy — r,1) defines
the difference in the spatial positions relative to the atomic centres. In the instance
that |Rga| > |(rg2 — ra1)|, one can expand Equation (7.16)) using the multipole

135 [176; [182; [183)

expansion of the Coulomb potentia The multipole expansion is

defined asH84.

o

1
e 4WZ 2[ +1 7J+1 Z Yim (0, 0), (7.17)

where r- is the larger of the two radial magnitudes, r~ is the smaller of the two
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radial magnitudes and Y}, are spherical harmonics defined by the quantum numbers
(I,m). Taking r~ = Rp, and r- = |rgs — ra1|, the Hartree potential at a point ry

due to a charge distribution p(ry) at point ry is:

00,l

47T 1 qlm
VH(rl) = Z a7 1 1 lY}m<9> ¢)7 (718)
Rga iyl 20+ 1 (Rﬁa)
where ¢,,, define the multipole moments:
i = [ V0.6 = vl (7.19)

The interaction energy between two non-overlapping charge distributions is defined

as:

Ush = / Vi (r1)p(ry)dry. (7.20)

Expanding the Coulomb potential wusing the monopole moment,
Goo = \/% [ p(r2)drs, one obtains the following terms for the Hartree potential and

the interaction energy:

Vi (r1) = Rig /P(I‘Q)dr2, (7.21)

U= Riﬂ / p(r1)dr, / p(rs)drs. (7.22)

Substituting for the charge densities in Equation ((7.22)), one obtains the following

expression for the two-centre Coulomb integral in the monopole approximation:

1
i [ 1ot =xiny [ 16, xo) i

1
- 7.23
Rag (7.23)

Ue. =
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Similarly, the monopole term of the orbital exchange integral is:

w/% £ (= 0a)des [ 61, (52 — 70)oh, (02 = 1)

_R 5 [S(a% ﬁw)} ) (7-24)

«

however, as the exchange-like integrals are typically an order of magnitude smaller

than the Coulomb integrals and decay exponentially with distance2% 123 1240145
we neglect terms multiplied by (ij|v|ij) in the kernel, beyond those of nearest
neighbours and therefore do not utilise the monopole approximation for the exchange

integrals.

7.2.4 Validity of the Monopole Approximation

To test the validity of the monopole approximation for second and third nearest
neighbour Coulomb-like integrals, we explicitly compute the integrals defined by
Equation and compare the averages to the monopole value, given by
Equation . The values are presented in Tables and , respectively.
Strictly speaking, U, # U, , however we consider the differences to be negligible
in this context and only distinguish between different orbitals to highlight how the

orbital structure is not important as the interatomic separation increases.

Computed Element | min (eV) | max (eV) | Avg (eV) | 1/R,z (eV)
Uz 3.351 3.351 3.351 3.366
Uy 3.292 3.332 3.319 3.366
Uy 3.236 3.316 3.286 3.366
Ug, 3.285 3.325 3.312 3.366
Us 3.364 3.364 3.364 3.366
Ug, 3.309 3.378 3.355 3.366
Upp 3.260 3.402 3.347 3.366
Ugr, 3.300 3.370 3.346 3.366

Table 7.1: Comparison of explicitly-calculated Coulomb integrals vs the monopole
approximation, for second nearest neighbours at an inter-atomic separation of

4.28 A.
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Computed Element | min (eV) | max (eV) | Avg (eV) | 1/R.5 (eV)
vz 2.863 2.863 2.863 2.870
Ug 2.823 2.898 2.846 2.870
Upp 2.796 2.895 2.828 2.870
U, 2.816 2.892 2.839 2.870
U 2.863 2.863 2.863 2.870
Ugy 2.823 2.898 2.846 2.870
Uyp 2.796 2.895 2.828 2.870
Ug, 2.816 2.892 2.839 2.870

Table 7.2: Comparison of explicitly-calculated Coulomb integrals vs the monopole
approximation, for third nearest neighbours at an inter-atomic separation of 5.02 A.

The superscript of the elements in Tables and reflect the fact that the
atom species of the neighbours depends on the species of the central atom. For
second nearest neighbours, the atomic species of the neighbours are the same as
the centre atom, hence anion-anion (aa) or cation-cation(cc). Alternatively, third
nearest neighbours form anion-cation (ac) or cation-anion (ca) pairs with the central

atom.

Data in Tables [7.1] and [7.2] show that both the atomic species and the orbital type
do not have a large effect on the integral values for inter-atomic separations beyond
that of nearest neighbours. We therefore consider the monopole approximation of
the Coulomb potential to be consistent with this choice of atomic orbital basis and
use it for two-centre integrals beyond that of nearest neighbours. An equivalent
comparison is not made for exchange integrals because the radial cut-off of the
basis causes the product ¢,,(r1)¢,,(r1) = 0 for any pair of orbitals (i, j) centred
on atoms beyond those of nearest neighbours. Having quantified the validity of the

monopole approximation, we summarise how we treat the orbital integrals defined

by Equations ([7.11]) and (7.12)) in Table .
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Coulomb Exchange
On-site Explicitly calculated Explicitly calculated
Nearest Neighbour Explicitly calculated Explicitly calculated
Approximated using monopole term
Beyond NN of multipole expansion Neglected

Table 7.3: Summary of how the orbital Coulomb and exchange integrals are treated
in our implementation of the BSE.

7.2.5 An Effective Two-particle Hamiltonian in a Real Basis

From Chapter , the effective two-particle Hamiltonian, given by Equation (5.29)),

in a real basis simplifies to:

e | ey {0
2p — 2p,res
H(n1n2)(n3n4) = | {vc} H(fc)(vrc/) Kweyewy | (7.25)
2p,res
{CU} _K(Uc)(c’v’) _H(:c)(v’c’)

where each sub-matrix has dimensions Ng, x Ng,. Here, Ny, = NN, is the size
of the two-particle basis, which is itself equal to to the number of valence states,
N,, multiplied by the number of conduction states, N., used in the two-particle
expansion. Equation is therefore fully defined by the kernels: Kye)@rery,
K(ye)(eory and the independent-particle transition energies. Furthermore, as K is
symmetricP? such that K (we),(v'e’) = K(wer),(ve), One only requires the lower (or upper)
triangle of the two kernels (plus the transition energies) in order to be able to entirely

reproduce H?, reducing the total number of unique elements to Nop(Ng, + 1).

7.3 Computing the Change in the Charge Density

In order to solve the linear system defined by Equation (5.37) in Chapter [f, one

is required to compute the matrix-vector product of H?* with an initial guess at
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the density response dp, such that the resulting vector can be evaluated against the
known solution. The guess at the density response 6~p is then iteratively refined until

it converges on dp using a bi-conjugate gradient algorithm 51|

We therefore only need to consider two steps when discussing the MPI parallelisation
of our Bethe-Salpeter implementation. In the first, the lower triangle of the coupling
matrices, defined by Equation is distributed amongst N, processors using a
row-wise block partitioning scheme. Each processor computes and stores a portion

of the coupling matrices.

In the second step, the bi-conjugate gradient routine performs matrix-vector
multiplication in order to evaluate the residuals. Parallelisation of matrix-vector
multiplication is relatively straight-forward to implement as all elements in a given
row of a matrix will contribute to the same element of the product vector. As such,
each process can compute its contribution to the final vector independently and
the full coupling matrices never need to be held in memory by any process. Each
process therefore outputs its contribution to the matrix-vector product and these

are summed to form the full vector on the master node.

Additionally, we note that the matrix-vector product routine is actually comprised
of four products. One corresponding to each sub-matrix of the full two-particle
Hamiltonian, given by Equation (7.25). Furthermore, the resonant two-particle
Hamiltonian is only distinguished from the coupling matrix by the diagonal
transition energies. These contributions are therefore added to output vector
separately. The enthusiastic reader can find full details on all aspects of these

routines in Appendix [D]

The density response is solved in this manner for a discrete set of frequencies,

corresponding to a subset of the lowest transitions in the absorption spectrum. At

IBi-conjugate gradient utilises two sets of mutually orthogonal residuals, instead of one,
enabling it to treat matrices which aren’t symmetric, positive-definite®®3 which is the case for

Equation ([7.25]).
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each frequency, the absorption cross-section is computed using Equations (5.38]) and
(5.4), defined in in Chapter

7.4 Summary

In summary, we have described the details and approximations employed in our
implementation of the Bethe-Salpeter equation, expanded in a real-space, orbital
basis. In order the make the approach scalable, we utilise a two-centre approximation
for the orbital integrals involving the bare Coulomb potential. This results in
two specific types of orbital integral: The Coulomb-like integral and exchange-
like integral. These are calculated on a dense grid once and tabulated for use in
calculations. Two-centre Coulomb-like integrals between orbitals centred on atoms
greater than a bond length apart are approximated using the monopole term of the

multipole expansion. The validity of this approximation is tested.

We show how, using a real orbital basis, the BSE kernel factorises into a compact
form in terms of the product of tight-binding coefficients and two-centre integrals,
given by Equation . We then explain how symmetry allows us to describe
the full two-particle Hamiltonian defined by Equation , using only the lower

triangles of the kernels K(yc) vy and Kye) (/o)

Finally, we outline how MPI parallelisation enables us to distribute the lower triangle
of the kernels evenly amongst several processors and how this parallelisation scheme
is utilised by a bi-conjugate gradient algorithm to compute the density response of a
system to an external potential, from which we can cheaply compute the absorption

cross-section of finite systems.






Chapter 8

Electronic and Optical Properties
of Cadmium Chalcogenide

Nanocrystals

In Chapters @ and@ we presented the general features of the empirical sp>s* tight-
binding model and reviewed its application to cadmium chalcogenide nanocrystals,
respectively. In this chapter we present our own results on CdSe nanocrystals. We
benchmark the electronic structure as a function of diameter, present isosurfaces of
the band-edge atomic wave functions and compare absorption spectra calculated in

the independent-particle approximation to available experimental spectra.
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8.1 Electronic Properties of Cadmium

Chalcogenide Nanocrystals

In this chapter, we investigate the electronic properties of zincblende CdSe
nanocrystals with approximately spherical shape, as depicted in Figure 8.1, By
varying the nanocrystal size, one passes from the strong confinement to weak
confinement, converging on bulk in the large-size limit. The level of confinement
is defined by the nanocrystals radius, a, relative to the bulk Bohr radius of the

exciton ap, which is 5.6 nm for CdSel™,
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Figure 8.1: Ball and stick models of anion-centred, zincblende CdSe nanocrystals,
with diameters ranging from 1 nm to 8 nm (top left to bottom right). Cd atoms are
yellow and Se atoms are green. All nanocrystals are orientated with the [0, —1, 0]
axis coming out of the page, except for the smallest, which is orientated with the
[1,1,0] coming out of the page.
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8.1.1 Independent-Particle Band Gap as a Function of

Nanocrystal Diameter

Quantum confinement arises from the spatial confinement of carriers due to a
reduction in the physical dimensions of the system and causes a widening of the
electronic band gap in relation to the bulk band gap. One therefore sees an
increase in the electronic band gap of the nanocrystal as a function of decreasing
diameter. The independent-particle band gap dependence on the nanocrystal
diameter predicted by three sp3s* basis sets is presented in Figure . Here,
the red symbols represent our orthogonal model, the green symbols represent data

100 and the blue symbols represent data from Lee and

from Lippens and Lannoo
coworkers®. We avoid a comparison with experimental data at this stage, as these
results do not include many-body effects. For example, we see that our tight-binding
model predicts band gaps of 3.3 eV and 2.15 eV for nanocrystals with diameters of

2 nm and 7 nm, respectively, compared to the average experimental values of 2.8 eV

and 1.9 eV quoted in Chapter [} Optical gaps will be addressed in Chapter

The excellent agreement between the data sets in Figure is not surprising.
Both ourselves, and Lee and coworkers utilise the same Hamiltonian parameters
as Lippens and Lannoo, and all works exclude spin-orbit coupling. In reference [24],
Lee and coworkers do not specify their choice of passivation parameters, however
other work by the authors have referenced values as large as 100 eVISG 187 wwhich
will shift mid-gap states well beyond the band edges. This treatment is therefore
comparable to a complete removal of mid-gap states, which is the approach used by
Lippens and Lannoo. We utilise a smaller passivation parameter of 25 eV, which
is still sufficient to remove the mid-gap states far from the band edges (see Figure
and the discussion below) and has been cited in more recent simulations of
CdSe nanocrystals by Korkusinski et al.7™ Consequently our band gaps are slightly

contracted with respect to the other independent-particle references.



8 Electronic and Optical Properties of Cadmium Chalcogenide
92 Nanocrystals

55 r A

4 5 - ‘\\‘ T

35 | A .

Band gap (eV)

L \% _

X ;\%F*;X;
N R S I

1 .5 | | | | |
0 20 40 60 80 100

Diameter (10\)

Figure 8.2: sp3s* independent-particle band gaps as a function of diameter. Our
model is given by red pluses, green triangles represent data from Lippens and
Lannoo™ and the blue crosses represent data from Lee and coworkersP#. Our
model data is fit with an expression of the form E,(d) = 1/(ad’) + E; pu-

Our data in Figure[8.2Jhave been fit using an expression for the confinement energy of
a spherical nanocrystal in an infinite potential, as given by effective mass theory88l.
The energy of the lowest electron and hole levels is given by E = 2h*7?/m; ,d*, where
m (m}) is the electron (hole) effective mass and d is the diameter of the nanocrystal.
Fitting the data in Figure 8.2/ with a function of the form, E,(d) = 1/(ad’) + E, pu,
we find a value of 1.37 for the exponent b, which differs from the 1/d? scaling

predicted by effective mass theory.

We attribute this to our model’s correct description of the atomic 7T,; symmetry
of the system, in comparison to the assumption of spherical symmetry (which is
particularly important in the small-size limit), and to the more realistic bulk band
structure dispersion of our tight-binding model in comparison to the parabolic band

dispersion of the effective mass approximation.
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8.2 Surface Passivation of Dangling Bonds

8.2.1 Band Gap Sensitivity to the Passivating Energy

Nanocrystals synthesised in solution utilise coordinating, organic ligands to
terminate their growth and render them soluble in solvents. As well as their role

in synthesis, ligands also act to passivate dangling surface bonds™8Y.

The dangling
bonds of unterminated surface atoms lead to surface states with energies between
that of the highest occupied state and lowest unoccupied state, and act to trap charge
carriers, leading to poor quantum yieldsP?. By saturating these dangling bonds,

ligands therefore reduce the number of mid-gap trap states available as non-radiative

recombination centres and improve the photoluminescence of the nanocrystal.

The tight-binding formalism facilitates the use of an orthogonal transformation to

178 Mid-gap states

hybridised sp® orbitals, aligned along the bonding directions!
can subsequently be passivated by the approximate formation of bonding and anti-
bonding states between the dangling bonds and the vacuum at an energy determined
by the passivation energy parameters given in Equations and l177J in
Appendix [C] The nature of the passivating species is not specified in this approach
and the passivation energy parameters can be taken to be any values that clear the
band gap of trap states. Indeed, it has been reported in the literature that interior

H7% 0900 - The specific choice

states are insensitive to the choice of passivation energy
of energy is therefore arbitrary and our model simulates an ideal nanocrystal surface,

in which all dangling bonds have been fully passivated.

We seek to verify that the interior states are insensitive to the choice of passivation
energy, specifically by investigating the effect of this parameter on the band edges.
In Figure we quantify the effect of the passivation energy on the independent-
particle gap. In each calculation, the passivating energy is taken to be the same for

all dangling bonds. It was found that for CdSe nanocrystals, passivation energies of
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Figure 8.3: Independent-particle gap as a function of passivating energy. The
y-axis zero is taken to be the value of the independent-particle gap for a passivating
energy of 10 eV.

less than 10 eV were insufficient to fully remove trap states from the band gap and

hence are not included in the figure.

Figure [8.3] shows that increasing the passivation energy parameter acts to widen
the independent-particle gap, and that this widening saturates for large values.
The sensitivity to the passivation energy parameter also decreases with increasing
nanocrystal diameter, which we attribute to the decreasing surface to volume ratio.
Interestingly, the rate of saturation in the independent-particle gap decreases with

size in all but the smallest system.

Analysis of Figure [8.3| suggests that any value of passivating energy equal to or
greater than 10 eV can be utilised. This offers some empirical flexibility when
comparing to experimental results and provides a simple way in which to modify
the surface potential to broadly account for the nature of the ligands and surface

conditions of a given nanocrystal.
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8.2.2 Effect of the Passivation on the Band-Edge

Independent-Particle States

In Figure 8.4 we plot absorption spectra for nanocrystals with diameters of 2 nm
(left panel) and 6 nm (right panel), as a function of passivation energy. In both
panels, the spectra have been rigidly shifted such that the onsets line up, allowing
for a better comparison of the spectral profiles (as we have shown in Figure ,

an increase in the passivation energy causes a widening of the independent-particle

gap).

For a nanocrystal with a diameter of 2 nm, increasing the passivating energy from
10 eV to 20 eV causes an increase in the strength of the lowest transition in the
optical absorption spectrum. There is also a change in the strengths of many of the
low-energy transitions and this behaviour is observed as the passivating energy is
increased from 25 eV to 50 eV, although the changes are less pronounced in this
range. In general, consistent spectral features remain discernible for passivating

energies of 25 eV and above.

"25eV —— 25eV ——
30 eV 1 30eV
40 eV | r 40eV
50eV —— 50eV ——
- |
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=
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Figure 8.4: Absorption spectra for CdSe nanocrystals with diameters of 2 nm (left)
and 6 nm (right), as a function of passivating energy. The FWHM of the spectral
lines linearly increase from 40 meV to 400 meV between 3 eV and 4.5 eV in the left
panel, whereas they are fixed at 40 meV in the right panel.
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When an energy-dependent line width is utilised, small differences in transition
strengths are smeared out, demonstrating that our choice of passivating energy does
not affect our comparisons with experimental spectral profiles. This is shown for a
nanocrystal with a diameter of 2 nm in the left panel of Figure [8.4, As one might
expect, the sensitivity of the spectral features to the passivating energy diminishes
as the nanocrystal size increases. For example, in a nanocrystal with a diameter of
6 nm, one finds the spectrum to be insensitive to passivation energies of 15 eV and
above. The effect of the passivating energy on the spectrum of a nanocrystal with

a diameter of 6 nm is shown in the right panel of Figure [8.4]

Inspection of wave function isosurfaces finds that the orientations of the wave
functions are affected by the choice of passivating energy, however, the corresponding
absorption spectra show only small differences in transition strengths (spectra with
narrow line widths are not shown here) suggesting that the orbital angular momenta
of the wave functions are conserved and the dipole matrix elements are unaffected.
In summary, we find that the spectra of nanocrystals with diameters as small as
2 nm retain characteristic spectral features for passivating energies of 25 eV and
above, which implies that the dipole matrix elements and therefore atomic wave

functions must also be largely unchanged for the same range of passivating energies.

Values for the passivation energy used in tight-binding simulations have been found
to vary from 25 eV to 100 eVIORIE] i the context of nanocrystals and self-
assembled quantum dots. Having verified that the symmetries of the independent-
particle states are insensitive to the choice of passivation energy parameter via
analysis of the absorption spectra, we therefore choose the value that gives the best
agreement with experiment where comparisons are made. This is taken to account
for differences in our idealised treatment of the surface and the actual nanocrystal

surface. Where comparisons are not made, we choose the lowest cited value of 25 eV.
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8.3 Independent-Particle States

The independent-particle states of the tight-binding model are defined according to
Equation in Chapter @r We show the lowest twenty occupied independent-
particle states (blue) and the lowest ten unoccupied independent-particle states
(red) for a nanocrystal of 6 nm in diameter, in Figures and respectively. In
both of these figures, the radial functions of the atomic orbitals have been replaced
by Gaussians to improve the aesthetic appearance. Wave functions constructed
using atomic orbitals defined with a radial cut-off consistent with our tight-binding

Hamiltonian are shown in Figures and in Appendix [E]

%

Figure 8.5: Isosurfaces, |W;(r)|*, of the lowest twenty occupied states for a
nanocrystal with a diameter of 6 nm. States are ordered from top left to bottom
right.
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Figure 8.6: Isosurfaces, |W¥;(r)|?, of the lowest ten unoccupied states for a
nanocrystal with a diameter of 6 nm. States are ordered from top left to bottom
right.

Figures [8.5] and show wave functions that are delocalised throughout the volume
of the nanocrystal and exhibit high symmetries. In Figure we show the relative
contribution of s and p orbitals to the functions presented in the prior figures, for a
nanocrystal with a diameter of 6 nm. Figure shows that the unoccupied states
depicted in Figure are predominantly comprised of s orbitals. This percentage
decreases with increasing state index and reflects that higher unoccupied states are
increasingly derived from k-points further from I'. Figure also shows that the
occupied states depicted in Figure |8.5) predominantly derive from atomic p orbitals,
although the exact ratio of p, : p, : p, varies between states. In both instances,

these observations are consistent with what is found in bulk CdSe 2% 192

8.3.1 Band-Edge Energy Levels

The presence of atomistic structure in our tight-binding model means that our
Hamiltonian and its eigenstates capture the T, crystal symmetry of the zincblende
lattice. This gives us direct information regarding the energy level degeneracies that

we expect to find in our nanocrystals. Indeed, the energy level degeneracy of a given
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Figure 8.7: Orbital contributions to the lowest twenty occupied states and the
lowest ten unoccupied states in a CdSe nanocrystal with a diameter of 6 nm. The
key is as follows: s in red, p, in green, p, in blue, p. in orange and s* in cyan.

state is equal to the dimension of its irreducible representationm The Ty character
Table [6.1 given in Chapter [0 shows that the point group contains A, E and T
irreducible representations, implying that CdSe nanocrystals with the zincblende

structure will exhibit eigenstates that are singly, doubly and triply degenerate. This

is observed in the quantum size levels presented in Figure 8.8

All of our simulations have been done for nanocrystals with anion centres. It is
expected that nanocrystals with cation centres will have the same symmetry and
therefore degeneracies but slightly different state energies, whereas nanocrystals
centred on the middle of bonds will exhibit symmetry breaking, lifting the state

degeneracies and leading to small energy level splittings™87.

Figure[8.8/shows the energy levels of the lowest 20 occupied and 20 unoccupied states
for a CdSe nanocrystal with a diameter of 6 nm. The labels to the left denote the
state degeneracy and the labels to the right indicate the lowest angular momentum
of the corresponding state. Coefficients with values less than 0.1 are not included

in the symmetry assignmentst18,

L An irreducible representation is a matrix containing information on the symmetry properties
of the state.
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Figure 8.8: Level scheme for a CdSe nanocrystal with diameter of 6 nm. Level
degeneracies are indicated on the left and the lowest angular momentum component
is indicated on the right. h; is used to denote occupied states whereas ¢e; is used to
denote unoccupied states.

We quantify the global angular momenta that comprise each state by decomposing
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State Envelope Components
€5 (D71) (Dfl) (D72) (D7-2)
€4 (P,0) (P-1) (P,1)
€3 (P"l) (Pvl) (on)
€2 (P,0) (P-1) (P.1)
€1 (S)
hy (P,O) (D7O) (Pv'l) (P,l) (D>2> <D7_2)
h2 (P’()) (Pfl) (Pal) (D,O) (Dv2) (D7_2) (Dvl) (D7_1)
h3 (P7'1) (Pvl) (P’O) (D72) (D,-Q) (D,O) (Dvl) (Dfl)
hy (S5,0) (P-1) (P,1)
hs, (P-1) (P,1) (S,0) (P,0) (D,1) (D,-1) (F,3) (F,-3) (F,-2) (F,2)

Figure 8.9: A table showing the composition of global orbital angular momenta
that comprise the lowest five occupied (h;) and unoccupied (e;) envelope states of
a CdSe nanocrystal with a diameter of 6 nm. Spherical harmonics are denoted by
their quantum numbers, (L, my ), and are arranged in order of descending magnitude
from left to right.

the globally-varying component of the atomic wave function, referred to as the
envelope function, with a basis of spherical harmonics. The envelope component
of the wave function is defined as the sum of the tight-binding coefficients at each
atomic position. These envelopes can then be projected onto a spherical harmonic
basis and the coefficients of this basis can be used to quantify how much each
spherical harmonic, with angular momentum L, contributes to the envelope state.

Orbital angular momenta for the envelopes of the lowest five occupied and lowest

five unoccupied states are given in Table [8.9

Figure [8.8 shows that the lowest unoccupied state is non-degenerate, with envelope
angular momentum S and is followed by a triply-degenerate P state. Inspection
of the lowest twenty unoccupied states reveals that the envelope functions are
sequentially defined by the angular momenta: S, P, D, S, F,G. This was found to
be characteristic of CdSe nanocrystals with diameters ranging from 3 nm to 6 nm

and are consistent with what one finds with k - p theory®3!,

Figure also shows that the lowest occupied states are comprised of two sets of
triply degenerate levels, followed by a large energetic gap. The triply-degenerate,

lowest occupied state has angular momentum P and the next triply-degenerate
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occupied state has angular momentum S. This is same for all CdSe nanocrystals

studied, with diameters ranging from 3 nm to 6 nm.

There is, however, a question regarding the reliability of this envelope description
for the occupied states. The summation of p orbital coefficients at any given atomic
site can lead to numerical cancelations and create an erroneous representation of
the envelope function at that point. With that said, the angular momenta that
we obtain for the lowest six occupied states are consistent with what Lee and
coworkers found using the sp®s* model?¥. Furthermore, a visual inspection of the
corresponding isosurfaces in Figure shows states that look broadly consistent
with the assignments, rather than showing no similarities. We therefore adopt these
assignments and examine whether they are consistent with the inter-band selection

rule for optical transitions.

We note that the angular momenta assignments of the lowest six occupied states

[116] and

are, however, reversed in comparison to results found with pseudo-potential
spd®s* tight-binding calculations? . Lee and coworkers suggested that this may

be due to the absence of spin-orbit coupling in the model.

8.3.2 An Envelope Description of Inter-band Transitions

In this section, we proceed to use the orbital angular momentum assignments of
the lowest occupied and unoccupied envelope functions to describe the band-edge
transitions of CdSe nanocrystals. In spherically symmetric systems, the inter-band
selection rules follow from the orbital angular momenta of the initial and final states
that comprise the transition. Allowed transitions can only occur between initial and

final states with the same orbital angular momentum2 294

2The AL = 0 selection rule can be shown if one assumes that the dipole matrix operator
only operates on the Bloch component of the wave function, allowing the envelope function to be
factorised such that, |(ucoxele - T|unoxn)|® = [(ueo € rluno)?|(xelxn)?, and |(xe|xn)|? = 0.1/
via orthonormality.
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Figure [8.10] shows the calculated absorption spectrum for a CdSe nanocrystal of
6 nm in diameter, both with and without spectral line broadening. The relative
strengths of the transitions are indicated by the magnitudes of the red peaks and

the lowest four transitions have been schematically depicted in a level diagram, given

in Figure .12}

Absorbance (a.u.)

- (5)

4) (6&7) n
1 1 1 1 1 h 1 1 ﬁ/\ A 1
2.1 2.15 22 225 23 2.35 24 245 25 255

Energy (eV)

Figure 8.10: Absorption spectrum for a CdSe nanocrystal with a diameter of
6 nm. Red lines show the inter-band transitions and the blue line shows the same
transitions convolved with Lorentzian functions (FWHM of 50 meV). The states
involved in the labeled transition are schematically depicted in Figure and
given in Table [8.11]

The results depicted schematically in Figure|8.12|indicate that allowed transitions do
indeed occur between initial and final states that share the same angular momentum.
Inspection of Table shows that there is a large amount of angular momentum
mixing per state. The strength of a given transition is therefore determined
by the percentage of angular momentum common to the initial and final states.

Additionally, the intensities of the transitions are increased by the high level of
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Allowed Transition | Hole States | Electron States | Lowest Envelopes
1 (h4,h5,h6) (61) 1S-1S
2 (h1s, hag, ha7) (e1) 2S-18
3 (hl,hg,hg) (62,63,64) 1P-1P
4 (h3o, ha1, haz) (e1) 3S-1S
5 (hlo, hll) (62, €3, 64) 2P-1P
6 (h187 h197 h20) (62, €3, 64) 3P-1P
7 (ho1, haa, hag) (e2,€3,€4) 4P-1P
8 (hay, has, has) (€2, €3, €4) 5P-1P

Figure 8.11: The first eight allowed transitions labelled in Figure [8.10, for a
nanocrystal of 6 nm in diameter, predicted with our tight-binding model.

degeneracy in the occupied states, as indicated in Table|8.11. For example, the third
transition is comprised of a triply degenerate occupied state and triply degenerate

unoccupied state, leading to a nine-fold degenerate transition.

Despite the ordering of occupied states 1 to 6, shown in Figure [8.8 the lowest
allowed transition remains 1S-1S,; followed by 2S-1S and 1P-1P, which is in broad

agreement with other modelsP® 116 195

This is because the splitting between the
two lowest unoccupied states is larger than the splitting between the two lowest

occupied states.

In summary, the orbital angular momenta we find from decomposing our tight-
binding envelope states are consistent with the inter-band selection rule and provide
an intuitive explanation of the band-edge transitions in CdSe nanocrystal absorption
spectra. Although a direct comparison with other models is unfortunately hampered
by a lack spin-orbit coupling in our implementation, the basic S and P assignments
are in broad agreement. This provides a method for the evaluation the transitions
in CdSe nanoplatelets in terms of the orbital angular momenta of the envelope

functions.

In the final section of this chapter, we compare nanocrystal spectra computed in the

independent-particle approximation to available experimental spectra.
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Figure 8.12: Schematic representation of allowed inter-band transitions between
the lowest twenty occupied and twenty unoccupied levels of a CdSe nanocrystal,
6 nm in diameter. State degeneracies are noted by the labels to the left, whereas
the lowest envelope angular momentum of each state is labelled on the right. The
fourth, allowed transition is not listed as it involves higher occupied states.

8.4 Optical Absorption Spectra of CdSe

Nanocrystals

8.4.1 Comparison to Experimental Spectra

Figures and show comparisons between experimental absorption spectra
for CdSe nanocrystals of varying diameters and absorption spectra calculated using

the sp®s* model, in the independent-particle approximation given by Equation ([4.26))
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in Chapter 4l All calculated data has been redshifted by 0.1 eV to account for the
effect of temperature on the band gap, and a simple approximation for the Coulomb
binding energy of lowest exciton state has also been applied to better-facilitate a
comparison with the experimental data™®8. This redshifts the independent-particle
spectra by an additional energy, E. = 3.572/(exd), where d is the nanocrystal
diameter and e, = 6.23 is the high-frequency dielectric constant of CdSel® A

polarisation vector, € = (1, 1,1), is used in all instances.

The calculated spectrum for a nanocrystal with a diameter of 6.8 nm is shown
in green in Figure [8.13] The transitions are convolved with Lorentzian functions
with FWHM of 50 meV to simulate spectral line broadening and the spectrum is
normalised such that the lowest transition has the same magnitude as the lowest
transition in the experimental spectrum. As one can see in the left panel of
Figure [B.13] the position and profile of the absorption onset agrees well with the
experimental spectrum, however, the relative intensities of all but the lowest peak

in the calculated spectrum appear to be too large in relation to experiment.

The agreement between the calculated and experimental spectra can be significantly
improved by utilising a line broadening that increases linearly as a function of
transition energy® !, This is shown by the blue line in the right panel of Figure m
Variable broadening is justified as higher-energy transitions are dependent on
nanocrystal shape, whereas the lowest-energy transitions only depend on the system
volume™ . In ensembles that exhibit both size and shape distributions, one would
therefore expect to observe a spectral line width that increases with transition

energy, particularly as the joint density of states also increases with transition energy.

A comparison of experimental and calculated absorption spectra for nanocrystals
ranging in diameter from 3.1 nm to 6.8 nm is presented in Figure|8.14] All calculated
spectra utilise energy-dependent line broadenings. This is applied linearly, ranging

from 50 meV at the onset to a maximum of 500 meV at a transition energy of 4 eV
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Figure 8.13: Comparison between an experimental absorption spectrum and
the independent-particle absorption spectrum calculated using our sp®s* model
(e = (1,1,1)), for a CdSe nanocrystal with a diameter of 6.8 nm. The red lines
correspond to the experimental absorption spectrum 1% while the green and the
blue lines correspond to absorption spectra computed using the sps* model. A
FWHM of 50 meV is used for the green spectrum, whereas an energy-dependent
FWHM varying from 50 meV to 300 meV is used in the blue spectrum.

(and fixed thereafter). The corresponding spectra computed with a fixed line width
of 50 meV are presented in Figure of Appendix [E] One could alternatively vary
the line width nonlinearly, according to the scaling of the joint density of states
with energy, however all treatments are arbitrary and we see a sufficient smearing

of features with a line width that varies linearly with transition energy.

The comparisons reveal some general features of the sp3s* model. Figure shows
that for all sizes, our tight-binding model reproduces the characteristic features
of the band-edge absorption spectrum: A large initial peak, a second peak that
is smaller in magnitude than the first peak in the small-size limit and increases in
magnitude as a function of increasing nanocrystal diameter, and a larger, broadened

third peak.

The transition energy and profile of the first peak are well-reproduced for a range
of nanocrystal diameters. This is found using passivating energies between 15 eV
and 25 eV. We have, however, exploited size distributions ~ 5% —10%, associated

with nanocrystal ensembles, to improve agreement between the experimental and
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computed onsets in some instances. It may be the case that the simple effective
mass expression underestimates the magnitude of the excitonic binding energy for
a range of sizes and that a many-body treatment will improve agreement in the

optical gaps without the need to revert to size arguments.

The transition energy of the second transition peak is systematically overestimated
in all spectra, although on average, this discrepancy reduces with increasing size.
The size-dependent, rigid shift applied to the independent-particle spectra is,
however, only valid for the lowest excitonic transition. One may observe a change
in the energy separation between the first and second peak following the use of a

many-body formalism.

There could be several reasons for the discrepancy in the energy and magnitude
of the second peak. The most pertinent is the lack of spin-orbit coupling in our
model. This effect is systemic rather than sample-specific, such as the choice of
ligand species. Spin-orbit coupling has the effect of modifying the symmetry of
the nanocrystal wave functions, which can consequently affect the dipole matrix

elements that determine the optical transitions? ¥

. The change in symmetry will
also lead to a splitting amongst degenerate, occupied statest® . These effects may

be sufficient to account for the differences observed in Figure [8.14]

Experiments have also shown that the choice of passivating species can affect both
the magnitude and transition energy of the second absorption peak, while the first
peak is relatively insensitive to the passivating ligands2. The same study showed
that the transition energy of the second peak is less sensitive to the surface species

as a the nanocrystal diameter increases, which is consistent with observations in
Figure [8.14]

Finally, we observe that the oscillator strengths of transitions with energies above
that of the second peak are underestimated by our tight-binding model. This could

be a consequence of our expansion of the dipole matrix, which is used to calculate the
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Figure 8.14: Comparison between experimental and calculated absorption spectra,
for a range of nanocrystal sizes. Experimental spectra are shown in red whereas
calculated spectra are shown in blue. All calculated spectra are redshifted by
0.1 eV to account for finite temperature and by an energy, E. = 3.572/(exd).
Experimental spectra a), b), d) and e) are reproduced from reference [200]
(zincblende nanocrystals), while experimental spectra b) and f) are reproduced from
reference [198] (wurtzite nanocrystals). The plots correspond to CdSe nanocrystals
with diameters: a) dg=3.1 and dx=3.5 nm (15 eV), b) dg=4.1 and dc=4.3 nm
(15 eV), ¢) dg=4.8 and dc=4.8 nm (25 eV), d) dg=5.2 and dx=>5.5 nm (15 eV),
e) dg=6.3 and dc=6.3 nm (15 eV) and f) dg=6.8 and dc=6.8 nm (25 e¢V). Here,
dg is the experimentally-referenced diameter and d¢ is the simulated nanocrystal
diameter. The value in the brackets refers to the passivation energy used for each
simulation.
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transition strengths. Calculated spectra are computed using the product of the tight-
binding coefficients with the atomic positions only, discarding local orbital variation
(see Equations - in Chapter [4). Within this approximation, one only
retains the global variation in the dipole matrix, which we refer to as the envelope
component of the dipole matrix. It is possible that upon inclusion of more terms
in the dipole matrix, one may see a greater increase in the oscillator strengths of
high-energy transitions relative to lowest transition. This would improve agreement
between calculated and experimental spectra, as we normalise to the strength of the

lowest transition.

With that said, Schulz and coworkers find that for an orthogonal basis set, second-
nearest neighbour contributions to the dipole matrix elements are negligible and that
in general, orbital contributions to the dipole matrix elements are 30 times smaller
than the envelope contribution, in III-V quantum dots®5. We therefore would not
expect the inclusion of orbital terms in the dipole matrix to change the overall form
of the calculated spectra. Alternatively, it is plausible that the agreement in the
high-energy region of the spectrum could also be improved with the inclusion of

spin-orbit coupling.

8.5 Summary

In summary, we have demonstrated that our tight-binding model captures the T}
symmetry of the system with an analysis of the level degeneracies and orbital
composition of the band-edge states. The unoccupied states were shown to have
well-defined symmetries that are in agreement with other models, while the occupied
states were shown to have mixed symmetries, as one would expect from pseudo

potential and effective mass calculations.

A difference in the ordering of the two lowest sets of occupied states is found in

comparison to other models and is attributed to the absence of spin-orbit coupling
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in our calculations. This demonstrates the importance of comparing predictions
with other models and methodologies. In the following chapter, we therefore make
a direct comparison of our tight-binding calculations with k - p calculations in the
absence of spin-orbit coupling to confirm the robustness of our predictions for CdSe

nanoplatelets.

We have demonstrated the connection between the symmetry of the wave functions
and the strengths of the dipole matrix elements, illustrating why a knowledge of the
band-edge states is important in forming a description of low-energy transitions,
and have shown that the spectral profiles of our calculated absorption spectra
are insensitive to the choice of passivating energy, suggesting that our simplified
treatment of surface passivation allows for a robust comparison with experimental

spectra.

Spectral calculations show that the tight-binding model is capable of reproducing the
characteristic features of the low-energy region of the optical absorption spectrum in
the independent-particle approximation. Comparisons with experiment show good
agreement for a range of sizes, following a rigid shift to account for the binding
energy of the lowest exciton state. This suggests that the independent-particle
properties of this model provide a suitable basis for two-particle calculations of the
optical gap and the lowest excitonic transition energies, using our Bethe-Salpeter

implementation.






Chapter 9

Electronic and Optical Properties
of Cadmium Chalcogenide

Nanoplatelets

In this chapter, we apply the sp3s* tight-binding model to the study of the
electronic and optical properties of CdSe nanoplatelets in the independent-particle
approrimation. In analogy to studies of CdSe nanocrystals, we determine the
independent-particle band gap dependence on nanoplatelet thickness, visualise the
atomic wave functions of the band-edge states and perform the first calculations
of the optical absorption spectrum. Tight-binding calculations are compared with a

14-band k - p model and with experiment.
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9.1 Electronic Structure of CdSe Nanoplatelets

Introduction

Colloidal nanoplatelets represent a new class of quasi two-dimensional, zincblende,
colloidal nanostructuresl®. Nanoplatelets exhibit atomically flat surfaces that can
be tuned with monolayer precision and lateral dimensions that can vary from a
few nanometers® to several hundred nanometers™ . This results in structures
that strongly quantum confine the exciton in the dimension perpendicular to the
plane, producing optoelectronic properties that have been compared to epitaxial

two-dimensional quantum wellsf!.

While nanoplatelets have been grown using each of the cadmium chalcogenides,
CdSe is the most well-studied of the three. This is because it was the first
to have its growth process refined and its zero-dimensional counterpart is the
most well-studied of the cadmium chalcogenide nanocrystals. Despite several
experimental studies on the synthesis and spectroscopy of both single-material
and heterostructure cadmium chalcogenide platelets (see Chapter , there has
been relatively little theoretical work donel™ BZE5E6G20I and only two atomistic

treatments of optoelectronic properties® 96l

The results of Chapter [8|demonstrate that the orthogonal NN sp®s* model is capable
of describing the band-edge properties of CdSe nanocrystals in the independent-
particle approximation. In this chapter, we therefore use our tight-binding model to
perform atomistic calculations that study the evolution of the band-edge states as a
function of thickness, for CdSe nanoplatelets with realistic lateral dimensions. These
states are important as they subsequently determine the strengths of the dipole
matrix elements which govern the transition strengths of the absorption spectrum

in the independent-particle approximation. This provides a means of understanding
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.’ .. ...... 2

Figure 9.1: Ball and stick models of CdSe nanoplatelets with thicknesses of 2 and
8 monolayers, illustrating the smallest and largest systems considered in this study,
respectively. We follow the established convention and define a monolayer as the
distance between two planes of cadmium atoms.

the structure of the low-energy spectral features in the absence of the electron-
hole interaction and forms a starting point with which we can begin to understand
experimental observations from a theoretical perspective. This is the first theoretical

study to address these features.

Our simulations define the nanoplatelet thickness in the [001] direction and
terminate the basal planes with cadmium atoms, consistent with experimental
observationsP®. In this study one considers systems with thicknesses in the range
of 2 to 8 monolayers, with two such examples shown in Figure 9.1, Each monolayer

is half the lattice constant of CdSe in thickness (a;=0.606 nmP¥) leading to
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nanoplatelets of thickness, Njyra;/2, where Ny, is the number of monolayers.

9.1.1 Effect of Finite Lateral Dimensions on the Band Gap

The large lateral extent of nanoplatelets and atomically precise surfaces make
simulations well-suited to periodic boundary conditions, however while the lateral
dimensions extend beyond 100 nm in some instances™  optical studies have focussed
on systems with lateral dimensions that vary between 6 nm and 35 nm6% 7% 202 - yye

therefore explicitly consider nanoplatelets with finite lateral dimensions in this study.

Figure quantifies the effect of the lateral extent on the independent-particle
band gap. Quantum confinement is largest in the dimension corresponding to the
nanoplatelet thickness. It is expected that the nanoplatelet will only experience
weak confinement in the lateral dimensions once they exceed the two-dimensional

bulk exciton Bohr radius.
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Figure 9.2: Variation in the independent-particle band gap as a function of lateral
extent, for a CdSe nanoplatelet of 2 ML in thickness. Several passivation energies
are included.
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Thickness (ML) | Number of Atoms
2 2823

3946

2068

6191

7313

8436

9558

O 1 O U = W

Table 9.1: Total number of atoms as a function of thickness, for nanoplatelets with
laterals dimensions of 10 nm x 10 nm.

This is defined as ag 2p = 1/ (3/8)ap 3 7 where a B,3p is the three-dimensional bulk
exciton Bohr radius. For CdSe the three-dimensional bulk Bohr radiusis agsp = 5.6

nmP%! which leads to a two-dimension value of apsp = 3.5 nm.

The result of simulations examining the change in the independent-particle band
gap of a two-monolayer platelet as a function of its lateral dimensions, for several
passivating energies, is shown in Figure [9.2] In all cases, the lateral dimensions are

equivalent such that we are simulating systems with a square planar area.

In Figure [9.2] the independent-particle band gap varies by ~ 0.25 eV between
2.75 nm and 10 nm, then by an order of magnitude less between 10 nm and 20
nm. Inspection of the gradients in Figure [9.2| imply that the in-plane component
of the exciton is only weakly confined for lateral dimensions of ~10 nm and above.
Based on these calculations we choose a value of 10 nm for the lateral dimensions
of our simulated nanoplatelets. This value exceeds the two-dimensional, bulk Bohr

2041 The total number of atoms in

radius and represents a realistic lateral area
systems with these lateral dimensions are presented in Table [9.1] as a function of

thickness. We also choose a passivating energy of 15 eV.
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9.1.2 Independent-Particle Band Gap as a Function of
Thickness

Figure shows the independent-particle band gap predicted by our sp®s* model

as a function of thickness, for CdSe nanoplatelets with lateral dimensions of
10 nm x 10 nm, and compares it to experimental data. As with the nanocrystal
analysis, the effect of finite temperature on the band gap has been included using
the Varshi equation given by expression in Chapter . This corresponds to
a 0.1 eV contraction in all calculated values. Only one experimental data point

is plotted per monolayer as there is minimal variation in the values reported. A

summary of values is given in Table [9.2]
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Figure 9.3: Independent-particle band gap as a function of nanoplatelet thickness,

at room temperature. Red pluses represent our sp®s* model and the blue squares
represent experimental data from reference [72].
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Number of Monolayers | Wavelength (nm) | Energy (eV)
2 391 3.17
3 4614 2.69
4 51190, 5124 513¢ | 2.42-243
5 551%°, 553/ 2.24-2.25

Table 9.2: Experimentally-determined lowest excitonic transition for a range
of CdSe nanoplatelets, all taken at room temperature: al®(corrected for two
monolayers),bl™! c2%5l 40 ol anq 2021,

There is some controversy regarding the assignment of nanoplatelet thickness in
relation to the observed optical gaps. The attribution of monolayer thicknesses was
originally made using the results of an eight-band k - p model™ . Improvements
in synthesis have since lead to ensembles with greater homogeneity, making
characterisation with TEM easier. Observations made by Mahler and coworkers
using STEM suggest a systematic overestimation of two monolayers in thickness
occurred as a result of using the k - p assignments2%2. This is contested by the
group of Achtstein, who suggest that an overestimation of just one monolayer is
more consistent with their TEM measurements®d. The values given in Figure
0.3 and Table represent the consensus in the literature and correspond to the
assignment of Mahler and coworkers. This is discussed in more detail in Appendix

[Gl following many-body calculations of the optical gap.

The red and blue curves in Figure [9.3] have been fit using an expression for the

energy of confined charge carriers in a one-dimensional, infinite quantum well® . In
this approximation, the transition energy is given by the expression:
hn2n? 1 1
By = 0 Y B v 9.1
n= 57z ( o 2) g.bulk (9.1)

where L is the thickness of the well, n denotes the transition, m?; are the effective

masses of the electron and hole, F, i is the bulk band gap and w is the frequency
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Data a Oq b o
sps* 3.472 0.134 1.157 0.036
Experimental | 3.1563 0.222 1.291 0.074

Table 9.3: Fit parameters (a,b) and standard deviations (o,,03) for the lines of
best-fit plotted in Figure [9.3]

of the light, respectively. One therefore fits the band gap dependence using;:
a
E(L) = ﬁ + Eg,bulka (92)

where (a, b) are fitting parameters. These are given in Table for fits to the data
shown in Figure [9.3] In both instances, we find an exponent for the well length
which deviates from the effective mass prediction of 2. This is attributed to the
atomic structure and symmetry of the system, and the nonparabolicity of the band

edges!®.

9.2 Independent-Particle State Properties

CdSe nanoplatelets exhibit strong band-edge features in their optical absorption
spectra. The character of the band-edge independent-particle states determines
the strengths of these transitions and to a first approximation, the energies of the
excitonic transitions. As such, a description of the independent-particle states forms

the first step in understanding the optical properties of CdSe nanoplatelets.

In Figures and [9.5] we present the atomic wave function isosurfaces for CdSe
nanoplatelets with an even number of monolayers, ranging from 2 ML to 8 ML.
Larger plots are shown for the 4 ML-thick nanoplatelet in Appendix [F] In each case,
the twenty lowest-energy states are presented, with their eigenvalues (in eV) given
below each wave function. Unoccupied states are given in red whereas occupied
states are given in blue. Atomic wave functions for nanoplatelets with an odd
number of monolayers are not shown. This is because the eigenvalues of degenerate

states in these systems are found to be numerically degenerate, therefore any linear
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Figure 9.4: Atomic wave function isosurfaces, |¥(r)|?, for the first twenty occupied

states (blue) and unoccupied states (red) of nanoplatelets with thicknesses of 2 ML
and 4 ML. In each panel, the states are ordered from top left to bottom right. The
x and y axes point right and up, respectively, with z coming out of the page.

combination of their wave functions will also be a solution of the Schrédinger
equation with the same energy. We find that these linear combinations vary
arbitrarily depending on the specific subspace size used with the eigensolver. This
hinders a visual comparison, and as the states are not required in order to understand
the level evolution as a function of platelet thickness, we omit them to aid clarity.

This is discussed further in Appendix [F]

Inspection of Figures and reveal several energy level crossings that occur

as a function of increasing thickness. As the thickness is increased from 2 ML to
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Figure 9.5: Atomic wave function isosurfaces, |¥(r)|?, for the first twenty occupied

states (blue) and unoccupied states (red) of nanoplatelets with thicknesses of 6 ML
and 8 ML. In each panel, the states are ordered from top left to bottom right. The
x and y axes point right and up, respectively, with z coming out of the page.

4 ML, unoccupied states 5 and 6 interchange positions. Occupied states 10 and 11
also increase in energy relative to state 9. The 10th and 11th occupied states in
the 2 ML-thick platelet therefore become the 9th and 10th states in the 4 ML-thick
platelet, while the 9th occupied state moves to the 11th state. An analogous move
occurs between occupied states 18 and 19, and 20. We also observe a change in the

15th and 16th occupied states, however, it is difficult to say whether a level crossing

occurs between 2 ML and 4 ML, or the wave functions change.

As the thickness is increased from 4 ML to 6 ML, unoccupied states 12 and 13
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interchange positions, as do states and 16 and 17. There are no energy level crossings
amongst the occupied states for this change in thickness. Finally, as the thickness
is increased from 6 ML to 8 ML, occupied states 13 and 14 interchange positions,

as do states 16 and 17 but no level crossings occur between unoccupied states.

The occurrence of energy level crossings is predominantly due to the presence of
doubly degenerate states, which are a consequence of modelling our nanoplatelets
with square planar areas. All of the level crossings between unoccupied states
occur between doubly degenerate states, as do the majority of level crossings in the
occupied manifold. The order in which degenerate states are given is inconsequential
by virtue of the fact that they are degenerate. Furthermore, the energy spacing
between the 9th and 11th occupied states following the level crossing that occurred
when the nanoplatelet thickness increased from 2 ML to 4 ML, is only 0.25 meV.
This indicates that the level crossings that occur between non-degenerate, band-edge

occupied states correspond to changes in relative energies on the order of meV.

A visual inspection of Figures and reveals that the symmetries of the
band-edge, occupied wave functions exhibit minimal differences as the thickness
is increased from 2 ML to 8 ML, while the symmetries of the unoccupied states
show no changes. In general, we can therefore say that the band-edge states of
CdSe nanoplatelets are insensitive to changes in thickness over the range presented
and that they exhibit C5 symmetry. This implies that the low-energy features in the
optical absorption spectrum should also be consistent for the range of thicknesses

studied.

Effect of the Passivation Energy on the Independent-Particle States

As detailed in Chapter [§] we treat the nanoplatelet surface as an ideal surface with
fully-passivated dangling bonds and eschew a specific ligand species, instead opting

for a parameterised treatment of passivation. All calculations presented thus far have
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Figure 9.6: The lowest twenty occupied (blue) and unoccupied (red) states, as a
function of thickness.

used a passivating energy of 15 eV. We have checked the extent to which our results
depend on the specific value of this passivation parameter and present the details
in Appendix [F] We find that varying the passivation parameter has the greatest
effect on the magnitude of the independent-particle gap, as shown in Figure 9.2
The appearance of the independent-particle wave functions are, however, insensitive
to the choice of passivating energy and any subsequent change in the energy level
spacings has a minimal effect on the spectral profile of the absorption spectrum,
particularly when an energy-dependent line width is applied. We therefore continue

to use a passivating energy of 15 eV for all subsequent nanoplatelet calculations.

9.2.1 Band-Edge Energy Levels

The eigenvalues of the twenty lowest occupied states and twenty lowest unoccupied
states are presented in Figure [9.6] for CdSe nanoplatelets with thicknesses ranging
from 2 ML to 8 ML. These states are the most relevant in any discussion of the
low-energy region of the optical absorption spectrum. An analysis of the eigenvalues
indicates that unlike CdSe nanocrystals, both manifolds are dense at the band edges.
From Figure [0.6] we can see that twenty occupied levels are found within 0.1 eV of

the highest occupied state, for all thicknesses considered.
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In Figure 0.6 we observe an increase in the energy level spacing as a function
of thickness in both the occupied and unoccupied states. This behaviour is the
opposite of what one might initially expect from a simple understanding of quantum
confinement in nanocrystals, which causes both the band gap and the energy level
spacings to decrease as a function of increasing size. This behaviour can be explained
if we treat the nanoplatelet as an infinitely confined quantum well with a separable
solution. This results in a free-particle solution for the energies, with the particle

mass replaced with an effective mass7:

h2 2 l2 h2 2 2 2
2my \ L? 2mj \ L7 L

where (n,m,l) are the quantum numbers for dimensions (z,y,z) with lengths

(Ly, Ly, L), respectively and the effective masses for the components parallel and
perpendicular to the plane are given by m and m |, respectively. This solution leads
to a series of discrete energy levels with quantum number [, that derive from the
confined dimension. Each of these levels defines a sub-band, for which there exists
a quasi-continuum of states defined by the lateral quantum numbers (n,m). This
occurs because the lateral dimensions are much larger than the thickness dimension

and the energy is inversely proportional to the square of the dimensions.

If we assume that the band-edge states shown in Figure all belong to the lowest
sub-band, for which the quantum number is [ = 1, then the energy spacings must
be governed by the second term in Equation . From this, we can infer that the
in-plane effective masses of both the occupied and unoccupied states must decrease
as a function of thickness for the level spacings to increase. This assumption is

confirmed in reference [95].

We have been able to qualitatively reproduce the energy level behaviour using
Equation (9.3) and the effective masses of the electron and heavy holes given in

reference [95]. The larger increase in level spacings associated with the unoccupied



9 Electronic and Optical Properties of Cadmium Chalcogenide
126 Nanoplatelets

states is a consequence of smaller electron effective masses. Furthermore, the
qualitative behaviour still occurs if the exponent of L in Equation is less than
2, which we find from our fits to the data in Figure [9.3] We therefore find that
the energy level spacings of the band-edge states of CdSe nanoplatelets increase as a
function of increasing thickness, rather than decrease, the latter of which is observed

in CdSe nanocrystals, and is a consequence of the system’s geometry.

Orbital Composition of the Band-edge States

For nanoplatelets with a square planar aspect ratio, we find that the wave functions
of the lowest twenty occupied states are almost entirely comprised of an equal
amount of p, and p, orbitals, whereas the lowest twenty unoccupied states are
predominantly comprised of s orbitals. Furthermore, while the relative contribution
of p orbitals to the occupied states stays approximately constant as a function of
the number of monolayers, the relative contribution from the s orbital to the lowest
unoccupied states increases from 77% to 88% as the platelet thickness is increased

from 2 ML to 8 ML.

9.2.2 Density of States

The density of states (DOS) for a nanoplatelet with a thickness of 4 ML is shown
in Figure 9.7, along with the DOS for bulk, zincblende CdSe. The nanoplatelet
DOS exhibits very sharp features as a consequence of quantum confinement in
one dimension, and in contrast to nanocrystals, is characterised by not only a
dense valence band edge but also a dense conduction band edge. Furthermore,
the envelope of the nanoplatelet DOS closely modulates that of the bulk DOS. This
is quite striking considering that the nanoplatelet only has a thickness of 1.2 nm,
and provides some initial justification for the use of k-p theory on thin nanoplatelet

systems.
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Figure 9.7: Density of states for a CdSe nanoplatelet with a thickness of 4 ML
(blue) and for bulk, zincblende CdSe (red).

9.3 A Comparison with k- p Predictions

The goal of theory is to explain experimental observations or to make accurate
predictions regarding some unmeasured physical properties of a system. This can
often be harder in practise when multiple factors must be considered to explain
experimental results but computational restrictions prevent such calculations.
Comparing the results of different theoretical models therefore fulfils an important
role in the validation of model results and can help to identify and address the

shortcomings of any one theoretical approach.

All k - p calculations have been performed by Stanko Tomié¢ at the University of
Salford, England. His model is capable of constructing Hamiltonians including 8, 14
and 16 bands, both with and without spin-coupling. Tomi¢ has shown that larger,
multi-band k - p Hamiltonians can address the short-comings of those with fewer

bands, such as yielding of the correct atomistic symmetry of the systemB%.

Tomi¢ has performed calculations on a CdSe nanoplatelet with a thickness of 1.2 nm,
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which corresponds to 4 ML, and has kindly agreed that the results can be included
in this thesis. This allows for a systematic comparison between envelope theory and

atomistic theory, as well as experiment.

9.3.1 Independent-Particle States of the k - p Hamiltonian

The lowest six unoccupied and six occupied states calculated using 8, 14 and 16-
band models, in the absence of spin-orbit coupling, are shown in Figure 0.8 There
are some differences in the state orderings, both between the 8-band and 14-band
models, and between the k - p and tight-binding models. As the number of bands
is increased from 8 to 14, unoccupied states 2 and 3 interchange positions, as do
unoccupied states 5 and 6. For the occupied states, we only see states 1 and 2

interchange positions.

A numerical analysis of the wave functions reveal that those generated by the 8-band
model have Cy, symmetry where as those generated by the 14 and 16-band models
have (5, symmetry. The smallest k - p Hamiltonian that captures the symmetry of
our atomic TB Hamiltonian is therefore the 14-band model, so this is what we shall

compare our results to.

The 14 and 16-band k- p models predict degenerate energies for unoccupied states 2
and 3, occupied states 1 and 2, and occupied states 5 and 6. This is consistent with
the level degeneracies predicted by our tight-binding model, however, the order of all

degenerate pairs shown in Figure are reversed with respect to the tight-binding

states shown in Figure[9.4] (and Figures and in Appendix [F)).

Both methodologies, defined with very different basis sets, predict band-edge
independent-particle state wave functions and degeneracies that are consistent with
one another. The order in which degenerate states are found is unimportant as any
linear combination of degenerate states is an allowed solution of the Schrodinger

equation with the same energy. As such, physical observables, such as the optical
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absorption spectrum are unaffected by these orderings. For example, we find that the
ordering of degenerate states in our tight-binding simulations can vary with respect
to changes in the passivating energy but the spectral features remain unchanged.

This is shown in Appendix

Unoccupied States Occupied States
8 bands 14 bands 16 bands 8 bands 14 bands 16 bands

Figure 9.8: k - p envelope functions, |x(r)|?, for the first six unoccupied and
occupied states of a nanoplatelet with a thickness of 4 ML. The states are ordered
from top to bottom per column, with the z axis is coming out of the page. The
number of bands utilised in each calculation is indicated in the figure and all states
have been computed in the absence of spin-orbit coupling.
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9.4 Optical Absorption Spectra of CdSe

Nanoplatelets

9.4.1 A Comparison with k - p Calculations

Having demonstrated the consistency in the band-edge wave functions generated by
the two models, we proceed to compare the absorption spectrum computed using
our tight-binding model to the spectrum computed with the k - p method. 8-band
k - p models have previously been applied to CdSe nanoplatelets, with a focus on
the evolution of the optical gap as a function of thickness™ 87 however we are not
aware of any studies of the optical spectra using either the tight-binding or k - p

methods.

Here, we compare the results of our tight-binding model with those of a 14-band
k - p model. This is the smallest k - p Hamiltonian capable of capturing the atomic
symmetry of the system. An additional comparison of the differences in the spectra
predicted by the 8-band and 14-band k- p Hamiltonians is presented in Appendix [F]
In Figure 9.9, we compare the independent-particle absorption spectra computed
using the sp®s* tight-binding model and the 14-band k - p model, in the absence of
spin-orbit coupling, for a nanoplatelet with a thickness of 4 ML. This represents one

of the most well-studied nanoplatelet systems by experimentalists/T T5: 80: 202; 205

We remark that a larger passivating energy of 35 eV is required in order to achieve
agreement in the onsets, and the tight-binding spectrum is normalised such that the
magnitude of the first peak matches that of the k - p spectrum. This is required as

the f-sum rule is not conserved in our calculations.

Many features in the tight-binding spectral profile are visible in the k - p spectrum,
however there are differences in transition energies and oscillator strengths. There

is strong agreement between the spectral profiles from the onset to 2.825 eV, with
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Figure 9.9: A comparison of the absorption spectrum of a 4 ML-thick nanoplatelet,
computed in the independent-particle approximation, using our tight-binding model
(blue) and Tomié’s 14-band k - p model (red). The spectra are computed using a
fixed line width of 20 meV (FWHM).

both spectra exhibiting an initial peak of comparable width followed by a large dip,
then three peaks in close succession, followed by another dip. The magnitude of
the structure in the TB spectrum that peaks around 2.825 eV is also comparable in
magnitude to the corresponding k - p peak. The level of quantitative agreement in
the transition energies of the peaks reduces beyond this point, however, the general,
qualitative agreement between the spectral profiles is remarkably good. For example,
both spectra exhibit a large dip at 3 eV, followed by a structure with a lip just prior

to the peak with the strongest intensity in the low-energy region presented.

Using 2D electronic spectroscopy, Cassette and coworkers find that the second
peak in the absorption spectrum exhibits a Gaussian line profile, indicating

inhomogeneous broadening®3 .

This could be a consequence of electron-phonon
coupling or of the length scale of local disorder relative to the Bohr exciton radius,
which varies between the excitonic states?%. We therefore employ an energy-

dependent line width to simulate the inhomogeneous broadening of transitions above
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Figure 9.10: A comparison of the absorption spectrum of a 4 ML-thick
nanoplatelet, computed in the independent-particle approximation, using our tight-
binding model (blue) and Tomié¢’s 14-band k - p model (red). Absorption has been
plotted on a log scale and the line width (FWHM) of the spectra linearly increase
from 20 meV to 200 meV between the onset and 3.4 eV.

the first peak. A comparison of the spectra generated with an energy-dependent line
width is presented in Figure(9.10l Differences in the spectra are further minimised by
plotting absorption on a log scale. A comparison between the spectra calculated with
the two models, using a fixed line width and a log scale, is given in Appendix [E}
Line broadening results in spectra that retain the prominent, common features,
whilst uncertainties regarding high-energy transitions are smeared out. The overall
agreement between the spectral profiles predicted by the tight-binding and k - p
models is very good for energies up to 0.7 eV above the absorption edge. The one
noticeable difference is in the relative height of the spectral profiles, however, it
could be that the tight-binding model predicts a stronger oscillator strength for the

lowest exciton state and that normalising the spectra to this feature is misleading.



9.4 Optical Absorption Spectra of CdSe Nanoplatelets 133

9.4.2 A Comparison with Experimental Spectra

The optical absorption spectra of CdSe nanoplatelets have been well-studied
experimentally, for several thicknesses/8% 72 8% 01202205 Tt has been shown that
nanoplatelets with thicknesses ranging from 2 ML to 6 ML exhibit persistent spectral
features characterised by two well-defined peaks at the absorption edgel™ T,

Representative, experimental absorption spectra are reproduced in Figure for

CdSe nanoplatelets with thicknesses of 4 ML and 5 ML, respectively.

The first peak defines the absorption onset and has a FWHM of the order of
40 meVED | The second peak is always smaller in magnitude, with a larger FWHM,
and is centred between 130 meV and 170 meV higher in energy than the first peakﬂ.
A third peak, visible in the bottom panel of Figure [9.11] is sometimes observed,

after which no other features are resolvable.

Studies concerned with the lateral dimensions have found that the features of the
absorption spectrum are independent of lateral dimensions once they exceed the

10: 207 VYeltik and coworkers have shown that the transition

exciton Bohr radius!
energies of the two main peaks are insensitive to the ratio of the lateral dimensions.
They also show that the relative intensity of the two peaks has a dependence on
either the planar area or the lateral aspect ratio, with the intensity of the first
peak increasing (or the intensity of the second peak decreasing) as the planar area
increases. Unfortunately the aspect ratio increases with planar area, so one cannot
distinguish between the two variables, however, this may be an observation of an
increase in the oscillator strength of the lowest transition as a function of increasing

exciton coherence areal®.

The experimental spectra shown in Figure [9.11] represent the two most-studied

systems and illustrate the high reproducibility associated with nanoplatelet

IFor thicknesses between 3 ML and 5 ML. In general, the separation decreases with increasing
thickness.
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Figure 9.11: Experimental absorption spectra for CdSe nanoplatelets with
thicknesses of 4 ML and 5 ML, respectively. The spectra have been directly
reproduced from figures in the following references: red2® green®? bluel0d
magental%! orangel? light blueP” and light green?. The comparison of data
from multiple sources illustrates the high reproducibility of the spectral features,
with well-defined transition energies. In all examples, the spectra have been
normalised such that the magnitude of the first peak is constant.

absorption spectra. In Figures and [9.13] we compare the experimental spectrum
of a 4 ML-thick platelet to the spectrum computed using our tight-binding model.
Equivalent plots are shown for a nanoplatelet of 5 ML in thickness in Appendix [F]
as the same conclusions apply. As discussed above, we model our platelets with
lateral dimensions of 10 nm x 10 nm, such that they exceed the 2D exciton Bohr
radius. We therefore do not expect differences between the lateral dimensions of our

simulations and experimental systems to have a large effect on the absorption onset.
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Figure 9.12: The absorption spectrum for a CdSe platelet of 4 ML in thickness.
The experimental spectrum (red®?) is compared to the tight-binding spectrum,
computed in the independent-particle approximation (green). The tight-binding
spectrum is computed using a fixed line width of 40 meV (FWHM).

Figure [9.12] compares the experimental absorption spectrum of the 4 ML-
thick nanoplatelet (red) to the spectrum computed in the independent-particle
approximation, using our tight-binding model (green). When comparing to
experiment, all spectra are redshifted by 0.1 eV to account for the effect of
temperature on the band gap. In all instances we have computed the spectrum
using a polarisation vector, & = (1,0,0). The square aspect ratio of the platelets
simulated in this chapter cause them to exhibit the same spectra for the polarisation

vector, €,.

The overall agreement with experiment in Figure [9.12 is poor. The first clear
difference is the strong redshift of the experimental spectrum in comparison to
the calculated spectrum. This is indicative of a strong electron-hole interaction.
The second striking difference is the large number of resolvable transitions present
in the calculated spectrum that are not observed in the experimental spectrum.

The spectrum predicted using the k - p model also shows a far larger number of
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resolvable transitions in comparison to the experimental spectrum shown in Figure
0.12] The strong agreement between the calculated spectra displayed in Figure
reinforces the robustness of our tight-binding results and implies that some account
for inhomogeneous broadening should be made when comparing to experimental

spectra.

In Figure|9.13| we therefore compare the experimental spectrum to the tight-binding
spectrum computed with a line width (FWHM) that linearly increases from 20 meV
to 200 meV between the absorption onset and 3.3 eVE . The visual comparison is
somewhat improved relative to Figure [0.12] however overall agreement is still poor.
The width of the lowest peak in the independent-particle spectrum is approximately
half that of the experimental peak and the separation between the first and second
peaks in the independent-particle spectrum is much smaller than the peak separation
in experiment. This would still be the case even if the line broadening was increased,
causing the second and third peaks to merge into one broader peak. Finally, the
large dip in the experimental spectrum, with a minimum at 2.75 eV, is completely

absent in the calculated spectrum.

There could be several reasons for the observed discrepancies between experiment
and our calculated results. Figures and exclude spin-orbit coupling and
the electron-hole interaction. The electron-hole interaction should strongly red-shift
the independent-particle spectrum and will mix the independent-particle transitions,

leading to a redistribution of spectral weights.

In summary, the absorption spectrum for a nanoplatelet with a thickness of 4 ML,
generated by sp3s* tight-binding model, shows strong agreement with the equivalent
spectrum generated by the 14-band k - p model for the experimental region of
interest. Both tight-binding and k - p predict a large number of spectral peaks
that are not observed in the experimental spectrum, indicating the presence of

inhomogeneous broadening. Even when inhomogeneous broadening is taken into
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Figure 9.13: The absorption spectrum for a CdSe platelet with a thickness of
4 ML. The experimental spectrum (red) is compared to the tight-binding spectrum,
computed in the independent-particle approximation (blue). The tight-binding
spectrum is computed using a line width that linearly increases from 20 meV to
200 meV (FWHM) between the onset and 3.3 eV.

account, the independent-particle approximation fails to describe the main features
of the experimental spectrum. We propose that the inclusion of the electron-hole
interaction is therefore required for a proper description of the optical absorption
spectra of CdSe nanoplatelets and seek to investigate its effect in Chapter [10] In
the final section, we investigate which states comprise the lowest ten transitions in

a nanoplatelet of 4 ML in thickness.

9.5 An Assignment of the Lowest Allowed

Transitions

The two characteristic peaks that are observed experimentally in the optical
absorption spectra of CdSe platelets lie within 0.3 eV of the onset in platelets with
thicknesses of 3 ML, 4 ML and 5 ML. These features are of interest because the

band-edge peak intensities are strong, indicating that CdSe nanoplatelets strongly
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absorb at the corresponding transition energies/frequencies and the lowest exciton
state emits with an energy approximately equal to the optical gap (the Stokes shift

is ~ 1 nm).

From inspection of the experimental spectrum in Figure |9.12] and taking the zero of
the energy as the onset, we infer that transitions in the range, 0 eV < E; < 0.1 €V,
contribute to the first peak, whereas transitions in the range, 0.1eV < F, < 0.3eV,
contribute to the second peak. In both instances, we are able to identify
which independent-particle transitions contribute to these peaks, however we stress
that the independent-particle picture does not necessarily directly transfer to
the two-particle picture (and therefore experiment), as the strong electron-hole
interaction will mix the independent-particle transitions, causing the structure
of the independent-particle spectrum to be lost. With that said, the lowest
excitonic transitions will be comprised of a mixture of independent-particle
transitions with comparable energies and one can quantify the extent of the mixing.
Investigating which transitions contribute to the two prominent spectral features in

the independent-particle approximation therefore serves as a point of reference for

two-particle calculations.

Figure depicts the lowest transitions for a nanoplatelet of 4 ML in thickness,
in the absence of any line broadening. As such, we are able to resolve individual
transitions and establish how they contribute to the spectrum. We are also able to
identify which electrons and holes contribute to each independent-particle transition.
The lowest transitions are numerically labelled in Figure and the corresponding
states are listed in Table . We find that twelve allowed peaksﬂ containing twenty
four independent-particle transitions lie in the range, 0eV < F; < 0.1eV, and a
further seventy three allowed peaks comprised of one hundred and forty transitions

lie in the range, 0.1eV < E; < 0.3€V.

2An allowed peak is defined as the sum of degenerate transitions with a total oscillator strength
greater than or equal to 0.01 times the oscillator strength of the first allowed peak and a transition
is defined as degenerate when two of more transitions have energies that differ by less 0.1 meV.
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Figure 9.14: The lowest optical transitions calculated with the sp3s* model, in the
absence of line broadening (blue) and with a constant line width of 20 meV (red),
for a nanoplatelet with a thickness of 4 ML. The first ten allowed peaks are labelled
in the figure and given in Table .

In the first interval the twelve allowed peaks are comprised of transitions containing
twelve different hole states and six different electron states. Looking at the
transitions that comprise the peaks, the smallest and largest hole states that
contribute are 1 and 20, whereas the smallest and largest electron states that
contribute are 1 and 6, respectively. The two strongest peaks, labelled as (1) and (3)
in Figure [0.14] are both comprised of doubly-degenerate transitions that occur from
hole states 1 and 2 to the lowest electron state, and from hole state 3 to electron

states 2 and 3, respectively.

In the second interval the seventy three allowed peaks are comprised of transitions
containing forty five different hole states and fourteen different electron states.
Looking at the transitions that comprise the peaks, the smallest and largest hole
states that contribute are 1 and 57, whereas the smallest and largest electron states
that contribute are 2 and 15, respectively. The two strongest peaks are both
comprised of quadruply-degenerate transitions that occur from hole states 27 and
28 to electron states 5 and 6, and from hole states 9 and 10 to electron states 5 and

6, respectively.
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Delta Peak | "2SHOR 1o | e rle) (A) | [(vle - rle)? (A%)
Energy I
1 2689877 | 1 |1 -1.77 3.15
2689878 | 2 | 1 1.77 3.15
2 2711837 | 5 | 1 0.629 0.396
2711837 | 6 | 1 0.629 0.396
3 2.730600 | 3 | 2 1.256 1.585
2.730600 | 3 | 3 1.256 1.586
4 2741072 | 4 | 2 -0.834 0.695
2741073 | 4 | 3 0.834 0.695
) 2753411 | 7 | 2 -1.12 1.434
2753412 | 7 | 3 -1.12 1.433
6 2760502 | 1 | 4 -0.579 0.335
2760502 | 2 | 4 -0.579 0.335
7 2762405 | 8 | 2 0.29 0.0841
2.762406 | 8 | 3 0.29 0.0841
8 2.768359 | 11 | 2 0.882 0.779
2768359 | 11| 3 -0.832 0.779
9 2773202 |12 ] 2 -1.044 1.090
2773202 |12 ] 3 1.044 1.091
10 2.782461 | 5 | 4 -1.041 1.084
2.782461 | 6 | 4 1.041 1.084

Table 9.4: A table listing the atomic states which comprise the ten lowest delta
peaks in the spectrum of a nanoplatelet with a thickness of 4 ML.

We have therefore identified which states and transitions contribute to the low-
energy region in the absorption spectrum of a 4 ML-thick nanoplatelet, up to 0.3 eV
above the onset. Further analysis would look to examine the degree of mixing
between the independent-particle transitions presented here and quantify which
independent-particle states contribute to the lowest exciton states. Information
quantifying the amount of mixing is contained with two-particle coefficients and are
found as solutions to the eigenvalue problem containing the effective two-particle
Hamiltonian, given by Equation . We do not currently solve Equation ([5.21])
and therefore do not have access to the two-particle coefficients, however, we suggest

how we would tackle this problem in Chapter [I1]



9.6 Conclusion 141

9.6 Conclusion

In summary, we have investigated the optoelectronic properties of CdSe
nanoplatelets in the independent-particle approximation, using our tight-binding
model. We have presented how the band-edge energy levels vary as a function
of thickness and visualised the corresponding atomic wave functions. Calculations
show that the both the occupied and unoccupied states are very dense at the band
edges, with level spacings on the order of meV. Nanoplatelets with square planar
areas are found to exhibit both non-degenerate and doubly degenerate states. This
symmetry is subsequently broken when the aspect ratio is changed from square to

rectangular.

The atomic isosurfaces generated with our tight-binding model compare well visually
with envelope functions found using a 14-band k - p model. Results show that
the atomic wave functions of the CdSe nanoplatelets are delocalised across the
planar area of the platelet, which is consistent with prior suggestions™ 5l We
have produced the first calculations of nanoplatelet optical absorption spectra and
compared results from our tight-binding model with those of the 14-band k-p model.
We find very good agreement between the two models in the low-energy region of

the spectrum.

A comparison of our calculated results with experimental absorption spectra found
that in general, the independent-particle approximation not only overestimates
the optical gap but also predicts fundamentally different spectral profiles. This
analysis therefore suggests that a many-body treatment of the absorption spectrum
is required in order to reproduce the features observed experimentally and that
an energy-dependent, spectral line width should be applied due to the presence of

inhomogeneous broadening.






Chapter 10

Many-Body Calculations of the
Optical Properties of CdSe

Nanocrystals

In optical absorption spectroscopy one probes neutral excitations due to the
simultaneous creation of an electron and hole upon excitation of the system.
Calculations done in the independent-particle approrimation can provide an initial
means of understanding such optical excitations in terms of non-interacting electron
and hole pairs. In systems with weak excitonic properties, such as metals which
exhibit strong dielectric screening®¥ an independent-particle picture may suffice.
In quantum-confined, semiconducting systems however, the electrons and holes
are spatially confined in one or more dimensions, which can significantly modify

21 In this chapter, we therefore

the excitonic features with regards to the bulk
present the results of many-body calculations on the excitonic binding energies and
optical absorption spectra of CdSe nanocrystals using the Bethe-Salpeter equation

implementation outlined in Chapters[d and[7]
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10.1 Introduction

CdSe represents the prototypical nanocrystal system, with well-studied optical and
excitonic properties, both experimentally 1921 59) and
computationally23 24 124 126: 145 176] Using our Bethe-Salpeter equation

implementation, presented in Chapters [5] and [/ we study the optical gap and

excitonic binding energy as a function of system size.

Each term in the kernel is investigated and its relative contribution to the spectrum
is identified. Comparisons are made with both experimental and computed values for
the nanocrystal band gap dependence on diameter, initially presented in Figure (3.2

of Chapter

The low-energy region of the absorption spectra of CdSe nanocrystals with diameters
of up to 6 nm (4109 atoms) are studied and comparisons are made to experimental
data, where available. The study of the optical absorption spectra of finite systems
containing more than ~ 50 atoms (above 1 nm in diameter) using the BSE,
represents a recent advancement in the application of the formalism and reflects

the maturity of the methodology in ab initio applications# 212l

10.1.1 Orbital Contributions to the BSE Kernel

The Bethe-Salpeter kernel is comprised of the exchange and direct terms, as defined
by Equations and , respectively in Chapter . In a real, orbital basis
and using the two-centre approximation, both the direct and exchange terms are
themselves comprised of tight-binding coefficients multiplied by Coulomb-like and
exchange-like integrals. This is shown in Chapter [/} Evaluation of these integrals
therefore requires a real-space description of the atomic orbitals. As discussed in
Chapter [0, we define our basis using single-¢ radial functions, generated with the

139]

ab initio orbital code, Siestal These functions are defined with a radial cut-

off that ensures no overlap between second-nearest neighbours, thus satisfying the
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basic requirement of our tight-binding Hamiltonian. The choice of atomic orbital
basis functions is otherwise arbitrary as they have no relation to the tight-binding

parameters that define the Hamiltonian.

As the choice of tight-binding basis is not unique, it is necessary to quantify the
sensitivity of the results to a specific choice. Schulz and coworkers state that
the exact values of these integrals are not crucial™®. Indeed, screened on-site
Coulomb-like integrals and bare exchange-like integrals are of the same order of
magnitude, and make a small contribution to the kernel in relation to the long-range
part of the Coulomb operator. The contribution made to the diagonal elements
of the screened Coulomb matrix, W.,., by the on-site integrals has also been

24 They do this by multiplying

quantitatively investigated by Lee and coworkers
their on-site integrals by a scaling factor, thus allowing them to vary the integrals

through a range of physically sensible values and measure the effect on W ..

Like Lee and coworkers, and Schulz and coworkers, our implementation utilises a
real-space orbital basis and employs the two-centre approximation in the calculation
of both on-site and nearest neighbour integrals. As such, we believe that the
conclusions of both studies should be applicable to our work. To validate this, we
perform calculations of the the absorption spectrum of a small nanocrystal (2 nm in
diameter) and a larger nanocrystal (4 nm in diameter), sequentially including terms
in the kernel to investigate the relative contributions of on-site integrals, nearest

neighbour integrals and terms beyond nearest neighbours, to the spectra.

It can be seen from panel a) in Figure that the on-site contribution from
the orbital Coulomb-like integrals is small in the 2 nm system. One sees a slight
reduction in the oscillator strengths of the lowest three peaks and an incremental
shift blueshift ~ 0.01 eV. There is a larger contribution from the on-site exchange-
like orbital integrals, with a noticeable mixing of oscillator strengths, resulting in

the emergence of higher-energy transitions. This is also accompanied by a small
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Figure 10.1: The absorption spectrum of a nanocrystal with a diameter of 2 nm.
a) Only on-site terms are included in the interaction kernel. The Coulomb-like
terms, U,, and exchange-like terms, Uy, are given by the light-blue and dark-blue
lines respectively. b) The cumulative contribution from the on-site terms (blue) is
compared to the additional contribution from nearest neighbour terms (green). The
energies of the largest electron and hole in the basis are 1225 meV and 1130 meV,
respectively. In both plots, the single-particle spectrum is included as a reference in

red.
blueshift in the onset. The greater contribution from the exchange-like integrals
may be because the orbital Coulomb-like integrals only appear in the kernel once

unscreened whereas the orbital exchange-like integrals appears twice in the kernel

unscreened (see Equation (7.13)) in Chapter [7)).

Panel b) in Figure shows that the inclusion of nearest neighbour terms in the
kernel has a relatively small effect, even in such a small nanocrystal, with the most
prominent change being a further reduction in the magnitude of the first two peaks of
the spectrum. Figure[10.2| shows the contribution to the spectrum from interactions
between orbitals centred on atoms with separations greater than the bond length.
Not only do these terms strongly mix the oscillator strengths of the independent-
particle transitions but they also lead to the expected redshift in the absorption

spectrum onset, which one expects in direct-gap semiconductors.

In the case of the larger nanocrystal with a diameter of 4 nm, shown in Figure
10.3] we can see that the influence of on-site terms on the absorption spectrum is

far smaller. Indeed, panel b) implies that interactions between orbitals centred on
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Figure 10.2: The absorption spectrum of a nanocrystal with a diameter of 2 nm.
The black line shows the relative contribution of terms beyond those of nearest
neighbours, to the spectrum. The energies of the largest electron and hole in the
two-particle basis are 1225 meV and 1130 meV, respectively.

atoms with spacings greater than the bond length make the largest contribution to

the interaction kernel and therefore the two-particle absorption spectrum.

The terms for which orbital integrals are explicitly calculated (on-site and nearest
neighbour) have therefore been shown to contribute a smaller amount to the
absorption spectrum than the monopole interaction between orbitals centred on
atoms separated by more than the bond length. Furthermore, the sensitivity of the
spectrum as a whole to the on-site terms decreases as a a function of increasing
nanocrystal diameter. Both the spectral features and the absorption onset have
been shown to be insensitive to the on-site terms of the kernel, for a nanocrystal of

4 nm in diameter.

This is because the number of two-centre interactions scales as N? where N is the

number of orbital states in the system. Of these interactions, N (N —25) are between
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Figure 10.3: The absorption spectrum of a nanocrystal with a diameter of 4 nm.
a) Only on-site terms are included in the interaction kernel. The Coulomb-like
terms, U,., and exchange-like terms, Uy, are given by the light-blue and dark-
blue lines respectively. b) The cumulative contribution from the on-site terms plus
nearest-neighbour terms (green) is compared to spectrum generated with the full
kernel (black), with the single-particle spectrum included as a reference in red. The
energies of the largest electron and hole in the basis are 1077 meV and 624 meV,
respectively.

orbitals centred on atomic pairs with separations beyond nearest neighbours,
compared to 5N on-site interactions and 20N nearest neighbour interactions. As
N becomes large, the number of on-site terms therefore becomes negligible with

respect to the total number of interactions.

These observations are consistent with those of Lee and coworkers?¥, who
additionally compare unscreened Coulomb and exchange integrals computed in a
basis of Slater orbitals to those computed in a basis of Gaussian orbitals (commonly
used in quantum chemistry packages). Unscreened Coulomb-like integrals varied by
10% when using the two sets of nonorthogonal basis functions. Orthogonalisation
caused a further 10% variation in the integrals. Lee and coworkers therefore suggest

that 20% constitutes an upper bound on the uncertainty of the on-site integralﬂ.

'Lee and coworkers actually state an uncertainty of 20%-30%, and nearest neighbour exchange
integrals were found to become negligible when orbital orthogonality between sites was enforced.
This suggests that using a nonorthogonal basis set overestimates the contribution of nearest
neighbour terms to the kernel and therefore the spectrum however, our results in Figure [10.1]
b) show that such terms have a smaller effect on the spectrum than on-site terms. Hence we take
the 20% upper bound associated with the on-site integrals to be reasonable.
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Corresponding scaling tests revealed that a targeted accuracy of 10% in the energy
of the Coulomb interaction could be achieved with a 20% uncertainty in the values
of the on-site integrals, for a system of 2 nm in diameter¥. The tolerable level
of uncertainty in the orbital integrals rises as high as 50% for nanocrystals with a
diameter of 6 nm. This is because terms beyond nearest neighbours make the largest
contribution to the spectra of larger nanocrystals and in our implementation, as in
Lee and coworkers, and Schulz and coworkers?3 | these terms are approximated with
the multipole expansion, for which the exact form of the atomic orbitals does not
enter. As we utilise a basis set in which orbitals centred on different atomic sites are

nonorthogonal, we expect a comparable amount of uncertainty in our calculations.

10.1.2 Approximations to the BSE Kernel

As well as investigating the contribution of interactions between orbitals with
sequentially increasing separations to the BSE kernel and corresponding absorption
spectrum, we also investigate the relative contribution of the exchange and direct
terms to the kernel, as defined by Equations and ([5.33)), respectively. Indeed,
our choice of kernel is an approximation that corresponds to a specific choice for
the form of the self-energy operator. We use the GW approximation of the self-
energy, which is considered to give the best agreement with experiment in ab initio

calculationst3% 213l (the derivation of the kernel is provided in Appendix .

In Figure we present several calculations of the optical absorption spectrum
for a nanocrystal with a diameter of 4 nm, quantifying the contribution of each
term to the kernel. The same behaviour was also observed for nanocrystals with
diameters of 2 nm and 3 nm. By running separate calculations that only use the
exchange term or the direct term, we are able to isolate the effect that each has
on the spectrum. Inclusion of just the exchange term corresponds to retaining the
bare Coulomb potential. As the bare Coulomb potential is defined as the derivative

of the Hartree potential with respective to the charge density, this is referred to as
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Figure 10.4: Spectra of a nanocrystal with a diameter of 4 nm, computed using
different approximations of the BSE kernel. The top-left and top-right are computed
using exchange only and direct only, respectively. The bottom-left is computed
using exchange plus unscreened direct terms and the bottom-right compares spectra
computed with the direct term only (dark blue) to the screened direct term plus
exchange (light-blue). In all spectra, the energies of the largest electron and hole
in the basis are 1077 meV and 624 meV, respectively. In several instances, the
independent-particle spectrum is also included (red) as a point of reference.

the Time-dependent Hartree approximation (TDH). Alternatively, we can retain the

direct term and neglect the exchange term (W only).

The spectra computed using only the exchange term and only the direct term
are shown in the top left and top right panels of Figure respectively. This
shows us that the screened Coulomb interaction is responsible for the redshift of
the absorption spectrum and the formation of a bound state in CdSe nanocrystals.
Conversely, the TDH spectrum is blue-shifted in comparison to the independent-
particle spectrum. The magnitude of the blueshift due to exchange is however,

smaller than the magnitude of the redshift due to the direct term. We also observe a
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large mixing of the independent-particle transitions, with an increase of the oscillator
strengths of high-energy transitions in the TDH spectrum. This implies that the
mixing of transitions, which results in high-energy transitions with strong oscillator

strengths, and is observed in all spectra, is a consequence of exchange.

In the bottom-left panel of Figure both the exchange and direct terms are
included in the kernel however, both are unscreened. This is referred to as the
Time-dependent Hartree-Fock approximation (TDHF). As Figure m shows, the
TDHEF approximation of the BSE kernel is not appropriate for semiconductors as it
systemically overestimates the attraction between the electron and hole, therefore
always resulting in a bound state. In contrast, the light-blue spectrum shown
in the bottom-right panel of Figure [10.4] also includes the exchange and direct
terms, however the direct term is screened in this instance (using the bulk dielectric
constant). Screening of the direct term causes the absorption onset to differ by more
than an eV in comparison to the spectrum computed in the TDHF approximation.

This highlights the importance of dielectric screening in excitonic calculations.

Finally, we choose to compare spectra generated using —W and 2V — W in the
bottom-right panel of Figure [10.4. These kernels define the triplet and singlet
Hamiltonians, respectively® . In the absence of spin-orbit coupling, the BSE
Hamiltonian spin-singlet and spin-triplet configurations decouple, allowing them to
be treated separately. Results show that the lowest triplet exciton state is lower in
energy than the lowest singlet exciton state. For CdSe nanocrystals, recombination
of the lowest triplet state is spin-forbidden 22, therefore all subsequent results are
presented for the spin-singlet configuration as this contains the lowest, optically-

active exciton state.
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Connection Between the Bethe-Salpeter Equation and Configuration

Interaction

We end this section by making the connection between the Bethe-Salpeter
equation and the configuration interaction method, commonly used in quantum
chemistry. An understanding of how the Hamiltonians are related enables us to
make comparisons with prior calculations, particularly as configuration interaction

has been used to treat the excitonic properties of nanocrystal systems in the

pastl%? 4% [119; [124H126} (145} [176: [196)

As detailed in Chapter [7], we approximate the direct term using static screening,
specifically by replacing the microscopic, inverse dielectric function with the bulk,
high-frequency dielectric constant. The use of static screening in the direct term is
equivalent to the time-dependent, screened Hartree-Fock approximation of the BSE

kernel24 (TDsHF).

Prior authors have treated excitonic correlation in nanocrystals by expanding the
Hartree-Fock Hamiltonian in a basis of single-excitation Slater determinants. This

56} [125]

defines configuration interaction singles (CIS)! . Upon inspection, the CIS two-

particle Hamiltonian is equivalent to the resonant two-particle Hamiltonian of the

BSE, taken in the limit of static screening®® (see Equation (5.26]) in Chapter [5).

Formally, configuration interaction singles is therefore equivalent to solving the
Bethe-Salpeter equation in the Tamm-Dancoff approximation (TDA), with the
kernel taken in the time-dependent, screened Hartree-Fock approximation®2. Put
more concisely, if the direct term is statically screened (TDsHF) and the coupling
matrices are ignored (TDA) in the two-particle Hamiltonian given by Equation

(5.29) in Chapter [5 then the solutions of the BSE are equivalent to those of CIS.
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10.1.3 Spectral Convergence

In Figures[10.5] and [10.6] we present spectral convergence plots for a nanocrystal of
4 nm in diameter. The two-particle basis can be defined either in terms of the total
number of electrons and holes included or by the energies of the N, electron and N,
hole relative to the band extrema: Fj; ax = EiNi — E;,, where 7 is the electron or
hole index. It is convention in ab initio calculations to define the basis in terms of
the maximum electron energy and set the maximum hole energy equal to this, such
that Ej, max = Ee max, however the band-edge holes exhibit a much higher density of
states than the band-edge electrons in CdSe nanocrystals. This has the potential
to hinder convergence as the number of hole states in the basis required to satisfy
Ehmax = Ee max quickly becomes intractable as E, max — large. In general however,
we find that the low-energy spectral features are more sensitive to the maximum
electron energy in the basis than they are to the maximum hole energy, therefore it
is not crucial to ensure the condition, Ej, max = Ee max, is met. This is demonstrated

in Appendix [G]

Fgure shows that a moderate number of electron-hole pairs in the basis results
in a low-energy spectral proﬁkﬂ with all the discerning features of a well-converged
calculation. Subsequent convergence of the optical gap and oscillator strengths is
relatively slow. Figure m shows that a doubling of the basiﬁ leads to a change
in the optical gap of ~10 meV and demonstrates that we are able to converge
the lowest features in the spectrum of a nanocrystal with a diameter of 4 nm to
within a few meV, which is an order of magnitude smaller than the line width at
room temperature. The convergence behaviour depicted in Figures and is

representative of the entire range of nanocrystals in this study.

We find that basis convergence not only leads to the expected redshift of the

20.5 eV - 1 eV from the absorption onset.
3This is equivalent to increasing the energy cut-off from (E}, max, Fe max) = (361,906) meV to
(Eh maxs Femax) = (624,1077) meV.
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Figure 10.5: Spectral convergence of the absorption spectrum with respect to the
two-particle basis containing (N, N) particles, where of N, is the number of holes
and N, is the number of electrons in the basis. For a nanocrystal of 4 nm in diameter.

absorption onset but also results in a strong mixing of independent-particle
transitions for all diameters treated, with a significant increase in the intensities
of high-energy transitions. This is particularly noticeable in the absorption spectra

of nanocrystals with small diameters, such as the one shown in Figure [10.2]

This redistribution of spectral weight was found to stem from the exchange term
of the kernel. In bulk semiconductors the exchange interaction is comprised
of a short range component and a long range component. The short range
component is unscreened, whereas the long range component is screened with the
bulk dielectric tensor®. Using a many-body treatment (configuration interaction
singles), Franceschetti and coworkers have found that nanocrystals, including
CdSe, also exhibit a long range exchange interaction. They therefore use
this phenomenological argument to justify their decision to screen the exchange

Interaction.
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Figure 10.6: Convergence in the lowest-energy transitions of a nanocrystal with a
diameter of 4 nm (blue lines). The independent-particle spectrum is included as a
reference in red.

Conversely, the derivation of the BSE kernel using the GW definition of the self-
energy results in an unscreened exchange term. As such, we do not screen the
exchange interaction in our BSE implementation. There does, however, seem to be
an empirical case for the screening of exchange and we suggest that this is something

that could constitute further investigation.

10.2 Optical Absorption Spectra as a Function of
System Diameter

In Figure [10.7], we present absorption spectra for CdSe nanocrystals with diameters
ranging from 2 nm to 6 nm. One can see that the inclusion of many-body interactions
not only leads to the well-documented, size-dependent redshift of the spectrum with
respect to the independent-particle spectra but also a strong mixing of oscillator

strengths. Specifically, we observe a large increase in the oscillator strengths of high-
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energy transitions at the expense of the strengths of the lowest transitions. This
effect is particularly prominent for nanocrystals containing less than 1000 atoms

(below 4 nm in diameter).

—énm

3
=
=
g
=
2
S
<
3 35 4 45 5 55 6 6.5 7 25 3 35 4 45 5

Energy (eV) Energy (eV)

5
=
g
&
o
2
<
2 2.5 3 35 4 2 25 3 35 4
Energy (eV) Energy (eV)
| 6 nm D (nm) [En (meV)|Ee (meV) Nh Ne
2 1381 1447 80 60
E)
<
= 3 898 1213 80 60
g
3 4 624 | 1077 | 75 50
2
5 464 1070 80 60
6 201 638 40 20

1.8 2 22 24 2.6 2.8 3 32
Energy (eV)

Figure 10.7: A comparison of absorption spectra with (blue) and without (red)
excitonic effects, for CdSe nanocrystals with diameters ranging from 2 nm to 6 nm.
All spectra are convolved with Lorentizans, with fixed FWHM of 50 meV.
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It is, however, difficult to distinguish whether this effect diminishes with increasing
nanocrystal size or if one would see the same behaviour for larger nanocrystals, if
their spectra were calculated using larger basis sets. This is investigated in more

detail in Appendix [G]

10.3 Optical Band Gap as a Function of System
Diameter

The optical, excitonic gap is defined as the energy of the lowest, optically-active
exciton state, which is equal to the quasiparticle band gapE] plus the binding energy

of the lowest spin-singlet exciton:
Egop = EJ° + Ex, (10.1)

where E¥P is the quasiparticle band gap and Fx is the binding energy of the lowest
exciton state. The excitonic binding energy is negative, therefore the magnitude of
the optical band gap is smaller than that of the quasiparticle band gap. In principle,
E# should correspond to the quasiparticle band gap of the nanostructure, however,
calculating the quasiparticle band gap is non-trivial. In ab initio calculations, the
GW approximation of the self-energy operator provides the most accurate means
of calculating quasiparticle energies for bulk and molecular systemsB? however this
method is still currently too expensive to apply to nanoscale systems®! and the

details of GW calculations are beyond the scope of this thesis.

We therefore define E#¥ using the independent-particle band gap predicted by our
tight-binding model, which is defined as the difference in energies of the lowest
unoccupied state and the highest occupied state. The tight-binding bulk band gap

is fit to the bulk quasiparticle band gap and is therefore accurate by construction.

4A quasiparticle is an electron which is screened by the relaxation of all other electrons in the
system.
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Figure 10.8: Dependence of the optical gap on nanocrystal diameter. The blue
data is computed using our BSE implementation. Screening is approximated with
the high-frequency dielectric constant. The red data is taken from reference [24]
and is computed using CIS. In both sets of calculations, sp3s* eigenstates are used
in the pair product basis.

Modifications to the band gap of the nanostructure, caused by polarisation charges

at the surface are neglected.

All optical band gaps and excitonic energies presented in the following figures are
determined by numerically identifying the first peak in the two-particle absorption
spectrum. In doing so, we have been careful to confirm that the lowest peak is only
comprised of one transition. One could alternatively diagonalise the two-particle
Hamiltonian, however as we are interested in both the optical gap and the absorption
spectrum, it is more efficient to determine the optical gap in this manner. All spectra
are calculated with an energy spacing of 1 meV, so the error associated with spectral
sampling is negligible. The exciton binding energy is then defined as the difference

between the tight-binding band gap and the and optical band gap: Ex = Ej— E; o
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The dependence of the optical gap and the exciton binding energy on the nanocrystal
diameter are presented in Figures {10.T1] respectively. We compare our results
to those of Lee and coworkers?¥, who have computed excitonic optical gaps and
binding energies using a very similar set of approximations to us. Like us, they
work in a real-space implementation and construct the two-particle basis from tight-
binding coefficients found using the orthogonal NN sp3s* model. Furthermore,
the same set of approximations are made with regards to the orbital terms that
comprise the kernel. This crucially means that any differences will be a result of
approximations made in the two-particle calculations and not as a consequence of

the independent-particle states.

Lee and coworkers perform their two-particle calculations using configuration
interaction singles (CIS). As discussed above, this corresponds to the Tamm-
Dancoff approximation (TDA) of our BSE implementation. They also introduce
a phenomenological means of dielectric screening, which is used to screen both the

direct and exchange terms.

In Figure[10.8| we compare the dependence of the optical gap on nanocrystal diameter
calculated by Lee and coworkers, with the dependence calculated using our BSE
implementation. In this instance, the full BSE Hamiltonian is used (the coupling
matrices are included) and the direct term is screened with the high-frequency, bulk
dielectric constant of CdSe. The exchange term is unscreened. The agreement in the
optical gaps shown in Figure [10.§8|is very good for nanocrystals with a diameter of
4 nm and greater, however we observe differences in the data for nanocrystals with
smaller diameters. Furthermore, these differences become larger as the nanocrystal
diameter gets smaller. At a diameter of 2 nm, our optical gap is ~ 0.2 eV larger

than that predicted by Lee and coworkers.

This suggests that the differences stem from a size-dependent parameter. The

obvious candidate is Lee and coworkers’ choice of dielectric function, which varies
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as a function of nanocrystal diameter, whereas we have used the same screening

constant for all sizes considered in Figure [10.8

10.3.1 Dielectric Screening in Nanostructures

To explain the discrepancies in the data presented in Figure [10.8, we begin by
investigating the effect of dielectric screening. To retain a simple treatment of
screening, we replace the microscopic dielectric function with the macroscopic
dielectric constant of the nanocrystal. This approximation is justified on the basis
that the Coulomb interaction is dominated by long-range terms®!. The high-
frequency, macroscopic dielectric constant of the nanocrystal is given by the modified

Penn model for nanostructures?® 216 217

Ebulk + A 2
€oo(D) = 1+ (e =1 Ly )

% )—(Eg(D) AR (10.2)

where %% is the high-frequency dielectric constant of bulk CdSe (6.2)218, Ebuk i
the bulk band gap, E,(D) is the independent-particle band gap of a nanocrystal with
a diameter D, and A = EQ—E;’“”“, where FEj5 is the most pronounced peak in the bulk
absorption spectrum. The size-dependence therefore enters via the independent-

particle gap of the nanocrystal, calculated using our tight-binding model. The bulk

band gap, E;’“”‘? = 1.9 eV, is defined according to our bulk parameterisation.

A value of 5.72 eV is chosen for F5, based on the position of the second peak of the
bulk zincblende absorption spectrum, given in reference [219]. This results in a value
of 3.82 eV for A. Evidently, this value could vary due to experimental uncertainties
regarding the position of Ey and the range of values reported in the literature for
the bulk band gap (see table . We have tested the sensitivity of Equation (({10.2))
to physically sensible minimum and maximum values of A, and find that our choice
of A = 3.82 represents an average of two extremes, for the range of diameters

investigated. The size-dependent dielectric constant defined using Equation ({10.2])
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Figure 10.9: Size-dependence of the high-frequency dielectric constant, found using
the modified Penn Model given by Equation ((10.2)).

is shown in Figure and varies from 3 for a nanocrystal diameter of 1 nm, to

~ 6 for a diameter of 10 nm.

Such a model has been utilised several times in the literature 24212 gpecifically
in calculations of the exciton binding energy in CdSe nanocrystals. Omne could

extend this further by including the ionic contribution to the dielectric screening?¥

24 or accounting

incorporating the dependence on the electron-hole separation
for the effect of the external dielectric environment, however all such models are
phenomenological. We seek to illustrate the sensitivity of the results to the dielectric
screening and get reasonable agreement for the optical gap as a function of diameter

with Equation (10.2)). To this extent, the use of Equation ((10.2) is considered

sufficient. This is discussed further in Appendix [G]

Figure [10.10] compares the dependence of the optical gap on nanocrystal diameter,
calculated by Lee and coworkers, with the dependence calculated using our BSE

implementation. In this instance, we replace the bulk dielectric constant with the
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Figure 10.10: Dependence of the optical gap on nanocrystal diameter. The
blue data are computed using our BSE implementation, with dielectric screening
approximated by equation m The red data are taken from reference [24] and are
computed using CIS. In both sets of calculations, sp®s* eigenstates are used in the
pair product basis.

nanocrystal dielectric constant given by Equation . We would expect the
optical gaps predicted by our model to be systematically lower in energy than
that of Lee and coworkers, due to our choice of a smaller passivating energy.
This is indeed the case for the optical gaps of nanocrystals with diameters above
4 nm. Agreement for nanocrystals with smaller diameters has also been considerably

improved, although our corresponding optical gaps are still larger in energy.

A comparison of the two models can be made at the scale of meV by comparing the
exciton binding energies (determined using Equation (10.1))). From Figure ,
we can see that the model of Lee and coworkers (red) systematically predicts larger
excitonic binding energies than our BSE model (blue and green). Replacing the bulk
dielectric constant with a phenomenological function, which essentially reduces the

magnitude of the screening constant for smaller diameters, reduces the differences in
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Figure 10.11: Dependence of the exciton binding energy on nanocrystal diameter
for several sets of calculations: CIS using a size-dependent dielectric constant (red),
BSE using the bulk dielectric constant to screen the direct term (blue) and BSE
using a size-dependent dielectric constant to screen the direct term (turquoise).

our models by approximately half, on average. When comparing these data (red and
turquoise) the differences in binding energies between 2 nm and 3.5 nm varies from
186 meV to 59 meV. For larger nanocrystals with diameters between 4 nm and 6 nm,
the differences in binding energies vary from 54 meV to 24 meV, respectively. The
size-dependent dielectric constant therefore does not fully account for the differences
between our results and those of Lee and coworkers but it does illustrate the large
effect that a reduction in the dielectric screening relative to the bulk can have on

the exciton binding energy in nanostructures.

We propose several reasons for why we still observe differences between our results
and those of Lee and coworkers. Screening of the exchange term will reduce the
exchange energy and therefore increase the exciton binding energy. We infer from our
kernel tests that the exchange term reduces the exciton binding energy by 80 meV

and 30 meV in nanocrystals with diameters of 2 nm and 4 nm, respectively (see
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Figure in the latter case). As discussed above, the decision of whether or not

to screen the exchange term in nanostructures is a controversial one.

Additionally, Lee and coworkers phenomenologically account for the electron-
hole separation in their dielectric function. Short-range screening results in
further reductions in the dielectric constant in comparison to the values given by
Equation ((10.2)), which correspond to the long-distance limit. The subsequent effect
would be larger on-site and nearest-neighbour orbital integrals. Figure shows
that these terms lead to a slight blueshift in the absorption spectrum, therefore it is
possible that the inclusion of this effect may lead to a slight reduction in the exciton

binding energies of the smallest nanocrystals studied.

The last point to consider is Lee and coworkers’ choice of orbital basis, which differs
from ours. The effect of the basis choice on the binding energy is also known to be
size-sensitive, however as we have not performed calculations using Slater orbitals,
we cannot comment on whether this will increase or decrease the values of the on-site

and nearest-neighbour integrals.

In summary, it was not our aim to obtain perfect agreement with the results of
Lee and coworkers but rather to assess the effect of dielectric screening on the
exciton binding energy. These results suggest that in the absence of a microscopic
dielectric function, some means of accounting for the reduction in dielectric
screening experienced in quantum-confined nanostructures should be made, such
that quantitative values can be predicted for excitonic binding energies. In the
following sections, in which we compare our calculations with experiment, all results
presented for CdSe nanocrystals will use Equation to screen the direct term.
The exchange term will be left bare, which is consistent with the consensus in the

ab initio community®% 2201
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10.4 Effect of the Tamm-Dancoff Approximation

Aside from dielectric screening, a potential reason for the discrepancies between our
calculated optical gaps and those of Lee and coworkers is that they use CIS, which
is equivalent to solving the resonant, two-particle Hamiltonian block of our BSE
Hamiltonian. This is commonly referred to as the Tamm-Dancoff approximation
and corresponds to neglecting the coupling matrices that mix the resonant and anti-

resonant transitions in our formalism.

This is a very attractive simplification to the full BSE formalism. Neglecting the
coupling matrices reduces the number of matrix elements stored in memory by half.
In simplifying the BSE Hamiltonian to the resonant, two-particle Hamiltonian, one
is also able to exploit the Hermitian symmetry of the problem, reducing the effort

required to solve Equation (5.37)) (or the equivalent eigenvalue problem).

Its validity does however, appear to be problem-specific. Calculations have shown
that in some systems, such as photoactive proteins2! and carbon nanotubes2
the TDA can predict erroneous optical gaps and optical spectra. On the contrary,
calculations on silicon clusters demonstrated that the TDA had a negligible effect on

222l ' This warrants an investigation into the

the low-energy transitions of the spectral
effect of the TDA on the optical spectra of CdSe nanocrystals, particularly as the

vast majority of calculations to date have been done in an equivalent approximation.

We make the comparison between absorption spectra computed in the TDA to
those computed using the full BSE Hamiltonian, for nanocrystals with diameters;
2 nm, 3 nm and 4 nm. The spectra corresponding to 2 nm and 4 nm diameters are
presented in Figure[10.12] In both instances, the spectra exhibit minimal differences
in their onsets. This shows that the TDA has a negligible effect on the optical gap

of strongly-confined nanocrystals.
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Figure 10.12: Absorption spectra for nanocrystals with diameters of 2 nm and
4 nm. Spectra are computed in three approximations: Full BSE with bulk dielectric
screening (blue), full BSE with size-dependent dielectric screening (green) and TDA
with size-dependent dielectric screening (dotted magenta).

Figure [10.12] also shows that transitions in the low-energy region of the spectra
show no difference with regards to transition energy and only minor differences in
oscillator strengths when computed in the TDA. We do however, see large shifts in
the transition energies and strengths of the high-energy region of the spectrum for
nanocrystals with diameters of 2 nm and 3 nm (the latter of which is not shown
here). This effect is much less pronounced in the spectrum of the nanocrystal with

a diameter of 4 nm but still present nonetheless.

From this analysis, we conclude that differences in the excitonic binding energies
found using our formalism and that of Lee and coworkers are likely to largely be
attributable to the reasons presented in the prior section and not the use of the TDA.
Our results also suggest that full BSE calculations may be important in instances

where one is interested in transitions greater than 1 eV above the lowest exciton

state.
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10.5 Experimental Comparisons

10.5.1 Optical Gap Dependence on Diameter

In Figure[10.13] we reproduce the data shown in Figure 3.2 of Chapter[3] Figure[3.2
presents best-fits to two sets of data for CdSe optical gaps as a function of diameter:

TT% (2T [T00; [TT0HTT3
al | whereas

The blue line represents the best-fit to experimental dat
the red line represents the best-fit to tight-binding data® 100102007 A]] Jines of

best-fit are defined with the expression™1:

1

Eg = —a,d2 i bd P + Eg,bulka (]‘03)

where d is the nanocrystal diameter, E,pyy is the bulk band gap and (a,b,c) are
fitting parameters. Figure [10.13| extends the prior plot by including the optical
gap dependence on diameter computed with our BSE implementation (green line).
Furthermore, the experimental data have been refit, such that all fits are now
defined with Equation (10.3]). The experimental data in Figure were fit with
Equation in order to give an estimate for the average uncertainty in nanocrystal

diameter. Details regarding the fitting process are discussed in Appendix [G]

The agreement of the BSE calculations with the average optical gap as a function
of diameter is very good. This may be somewhat fortuitous due to the spread
in the values of the experimental data (see Figure in Appendix , however
the overall trend in the dependence is well-reproduced by our BSE calculations for a
range of sizes. The empirical nature of our model means that quantitative agreement
can be achieved for a specific set of data through the adjustment of fundamental
parameters, such as the bulk band gap or the passivating energy. Agreement could
also be improved below a diameter of 4 nm with a more rigorous treatment of the

dielectric screening, as discussed in section [10.3.1}
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Figure 10.13: Lines of best-fit to the optical band gap of CdSe nanocrystals
as a function of size: The experimental dependence on size is given by the blue
line, the tight-binding dependence is given by the red line and the best-fit to our
tight-binding+BSE results is given by the green line. All fits are produced with

Equation (10.3]).

10.5.2 Comparing Optical Absorption Spectra

Figure [10.14] compares experimental absorption spectra to those computed with
our BSE implementation. The agreement of the onsets are much-improved for
nanocrystals of all diameters, particularly those above 4 nm, when compared to
independent-particle calculations shown in Figure in Chapter Indeed, the
optical gaps can be accurately predicted without having to rely on size dispersion,
as was the case previously. The agreement between the low-energy spectral features
predicted by our BSE implementation and those observed in experiment is however,
poor across the range of sizes investigated. While the predicted transition energy of
the second peak is reasonable for nanocrystals with diameters of 4 nm and above,
our BSE implementation predicts a splitting of the second peak that is not observed

experimentally:.
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Figure 10.14: Comparison between the absorption spectra predicted with our
BSE implementation and experiment, for CdSe nanocrystals with varying diameters.
Experimental spectra are shown in red whereas calculated spectra are shown in blue.
All calculated spectra are redshifted by 0.1 eV to account for finite temperature,
except spectrum c¢), which is redshifted by 0.06 eV. The panels correspond to
nanocrystals with diameters: a) dp=3.1 and dc¢=3.4 nm (15 eV), b) dg=4.1 and
de=4.1nm (15 eV), ¢) dg=4.8 and de=4.8 nm (25 eV), and d) dg=>5.2 and dc=5.2
nm (15 eV), respectively. Here, dg is the experimentally-referenced diameter and
de is the simulated nanocrystal diameter. The value in the brackets refers to the
passivation energy used for each simulation. The spectra in panels a) and b) were
simulated with FWHM of 70 meV, whereas the spectra in panels ¢) and d) were
simulated with FWHM equal to 60 meV.

The low-energy spectral features predicted by our BSE implementation are
persistent for the range of sizes investigated. The fact that the discrepancies in
the lowest spectral features are observed for the range of sizes suggests that the
problem is systematic rather than size-dependent. For example, the size of the two-
particle basis would not change this nor would a reduced value in our size-dependent

dielectric constant.

The most fundamental physical effect that is missing from our model is spin-orbit
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coupling. We know that the bulk zone-centre splitting in CdSe is 0.42 eV, which
is comparable to the strength of the electron-hole interaction in strongly-confined
nanocrystals (as indicated in Figure . We therefore suggest that agreement
with experiment would most likely be improved via its inclusion in the two-particle

model.

10.6 Conclusion

In conclusion, we have applied our BSE implementation to the prototypical CdSe
nanocrystal system. We have looked at how the orbital terms contribute to the
kernel and at what effect they have on the spectrum in Figures - [10.3] In
doing so, we have established that the long-range, Coulomb-like orbital interactions
make the most significant contribution to the kernel and consequently to the optical
spectrum. Furthermore, we have independently investigated the effect of the direct
and exchange terms on the absorption spectrum. Figure shows that the direct
term is required in order to observe the redshift associated with quantum-confined,
direct-gap semiconductors and that the magnitude of the shift is overestimated
unless it is screened by the dielectric function. It also shows that the exchange term
is responsible for a reduction in the Coulomb energy of the lowest exciton as well as

mixing the oscillator strengths of the independent-particle transitions.

We have demonstrated in Figure that our BSE implementation not only
allows us to access information regarding the lowest exciton state but can also
efficiently generate the optical absorption spectra of finite systems containing up
to 4000 atoms. This opens the way towards studying the many-body properties
of heterostructures, in which the spatial localisation of the electron and hole can
be engineered, producing excitonic properties that are not achievable with single-

material nanostructuresf® % 223

Figure[10.12|demonstrates how the Tamm-Dancoff approximation of the two-particle
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Hamiltonian has a minimal effect on the transition energies and oscillator strengths

in the low-energy region of the optical absorption spectra of CdSe nanocrystals.

We have shown in Figure[I0.13|that our BSE implementation is able to reproduce the
average optical gap dependence on nanocrystal diameter and binding energies that
are consistent with prior calculations. We have unfortunately, however, not been
able to reproduce the lowest features observed in the optical absorption spectra of
CdSe nanocrystals. Future work would therefore involve applying our model to a
material in which the spin-orbit interaction is relatively weak, such as CdS. It would
also be desirable to investigate a more complete independent-particle model that
includes spin-orbit coupling and look at how this could be efficiently incorporated

into the two-particle Hamiltonian.

In the final results chapter of this thesis, we apply our BSE implementation
to CdSe nanoplatelets. The quasi two-dimensional nature of these systems is
expected to result in excitonic binding energies in excess of those observed in CdSe
nanocrystals. To date, no many-body calculations have been performed on the
optical gaps or exciton binding energies as a function of thickness, and the effects of
lateral confinement are only just beginning to be considered experimentally207% 224
We also investigate the optical absorption spectrum and compare simulation to
highly reproducible experimental data. While our independent-particle model
predicts numerous optical transitions, only two macroscopic peaks are observed
experimentally. We therefore clarify to what extent the observed spectral features

are a consequence of the electron-hole interaction.






Chapter 11

Many-Body Calculations of the
Optical Properties of CdSe

Nanoplatelets

In this final results chapter, we apply our BSE implementation to quasi two-
dimensional CdSe nanoplatelets and provide the first many-body calculations of the
optical gap and lowest exciton binding energy as a function of platelet thickness. In
doing so, we find a binding energy dependence on thickness that differs in comparison
to what has previously been found using a tight-binding plus effective mass model? .
The optical absorption spectra of CdSe nanoplatelets with thicknesses of 3 ML, 4 ML
and 5 ML are simulated. We find good agreement between experiment and theory,

with our BSE implementation reproducing the main features of the experimental

spectra.
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11.1 Introduction

Excitonic effects are particularly important to consider in two-dimensional
structures, where the exciton is strongly confined in one dimension. For example,
BSE calculations have shown graphene to exhibit a binding energy of 600 meV for
the lowest exciton state?X%. More recently, monolayer molybdenum disulfide (MoS,)
was found to have exciton binding energy ~ 1 eVE2! One would also expect to find
large binding energies for the lowest exciton state in quasi two-dimensional CdSe

nanoplatelets due to the strong confinement perpendicular to the plane.

There are relatively few computational studies of exciton binding energies in
nanoplatelets. Eight-band k.p calculations by Achtstein and coworkers predict
binding energies in the range 100 — 400 meV for thicknesses of 3 ML - 7 MLET,
Benchamekh and coworkers calculate the exciton binding energy using an effective
mass wave function for the in-plane motion and define the thickness-dependent wave
function with tight-binding amplitudes to capture the atomic variation®. In the
absence of self-energy corrections, they find binding energies of the lowest exciton
state equal to 168 meV for a 3 ML system, reducing to 93 meV for a 7 ML system.
Given the growing interest in these quasi two-dimensional colloidal systems and
their potential applications in light-emitting diodes?28 and lasingB® 97 there is a
clear need for accurate calculations of the exciton binding energy using a many-

body formalism.
11.2 Optical Gap Dependence on Nanoplatelet

Dimensions

The nanoplatelet calculations presented in this chapter are done with the smaller
lateral dimensions of 7 nm x 7 nm, rather than the 10 nm x 10 nm used for

the independent-particle calculations. We compromise on the lateral dimensions of
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Figure 11.1: Number of atoms in nanoplatelet systems considered in this study.
The lateral dimensions are fixed at 7 nm x 7 nm.

the system to keep the calculations practical and ensure convergence. Indeed, an
increase in the lateral dimensions from 7 nm to 10 nm corresponds to a doubling of
the nanoplatelet planar area, approximately doubling the number of atoms in the

system. The corresponding system sizes for nanoplatelets with lateral dimensions

of 7 nm are given in Table [11.2]

11.2.1 Optical Gap Dependence on Lateral Dimensions

The exciton Bohr radius in a two-dimensional CdSe nanoplatelet is 3.5 nm (see
Chapter @ It is therefore expected that a reduction in lateral dimensions from
10 nm to 7 nm will lead to some enhancement in the in-plane confinement of the
exciton, however this should not be large as we avoid entering the strong confinement

regime.

We therefore quantify the effect of lateral confinement on the optical gap for a
nanoplatelet with a thickness of 4 ML, in Figure In the absence of a suitable,
model dielectric function, we screen all calculations using the bulk high-frequency
dielectric constant for CdSe. This is more appropriate than the static dielectric
constant as the exciton binding energies are far in excess of the optical phonon
frequencies (~20 meV in CdSe). The line of best-fit is defined with Equation ((10.3])
in Chapter [I0] where we have replaced the nanocrystal diameter with platelet lateral
length (L, = L, = L).

Th line of best-fit shown in Figure is therefore defined using E(L) =

m + Egamr, where (a,b,¢) = (0.278, 0.165, 0.626) are best-fit parameters



11 Many-Body Calculations of the Optical Properties of CdSe
176 Nanoplatelets

3.2 T T T T T T T T T

3.1 K .

28 .

27 F .

Optical Gap (eV)

26 .

24 F .

2 4 6 8 10 12 14 16 18 20

Lateral Size (nm)

Figure 11.2: The dependence of the optical gap on lateral dimensions for a CdSe
nanoplatelet with a thickness of 4 ML. BSE data are given in orange and have
been corrected for temperature. All values have been calculated for platelets with a
square aspect ratio. The dashed, black line corresponds to the experimental value
of the optical gap.

and Fgayr = 2.42 eV is the experimental optical gap for a 4 ML-thick platelet,
quoted in Table of Chapter 0] This equation allows a better fit to the data
than Equation in Chapter [9 due to the additional degrees of freedom and
demonstrates that the optical gap does not scale perfectly as % with the lateral
dimensions. This is also found to be the case for the optical gap as a function of

thickness, which is discussed below.

Figure [11.2| also allows us to quantify the difference in the optical gap as a
consequence of using smaller lateral dimensions in the calculations. For a fixed
thickness of 4 ML, the difference in the optical gap of a nanoplatelet with lateral
dimensions of 7 nm and a nanoplatelet with lateral dimensions of 10 nm is ~ 20 -
40 meV, depending on the function used to fit the data. This increases to 50-60 meV

when compared to a nanoplatelet with lateral dimensions of 20 nm.



11.2 Optical Gap Dependence on Nanoplatelet Dimensions 177

11.2.2 Optical Gap Dependence on the Thickness

We compare the experimental and computed optical gaps for CdSe nanoplatelets
in Figure [11.3, In the only prior tight-binding study by Benchamekh and
coworkers, they find that the electron and hole self-energies approximately cancel
the attractive image-charge interactions for the lowest exciton state (image charge
interactions refer to the electron interacting with the hole image charge and the hole
interacting with the electron image charge)®. This suggests that the optical gap is
approximately equal to the independent-particle gap plus the electron-hole Coulomb
(direct) and exchange energies. These findings support our choice not to include self-

energy corrections for the lowest exciton state as a reasonable approximation.
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Figure 11.3: Band gaps as a function of thickness: Experimental optical gaps (blue
squares/blue line), TB independent-particle gaps (red pluses/red dashed line) and
TB+BSE optical gaps (green stars/green line). The experimental data is consistent
with the values given in Table [9.2] and the computational data has been shifted
down in energy by 0.1 eV to account for effect of temperature on the band gap.
Nanoplatelet lateral dimensions are defined as 7 nm x 7 nm.
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Figure compares the experimentally-determined optical gaps (blue squares)
listed in Table in Chapter [9] to those predicted by our tight-binding model.
The red pluses correspond to the independent-particle approximation whereas the
green stars correspond to the tight-binding+BSE calculations. Benchamekh and
coworkers have also computed the dependence of the optical gap on nanoplatelet
thickness, however their results are systematically larger than ours and are therefore

presented in Appendix [G] with a discussion, rather than here.

Figure [11.3| shows that our BSE calculations overestimate the experimental results.
We suggest two reasons for this. Firstly, the cost of the many-body calculations
forces us to compromise on the lateral dimensions of the nanoplatelets. As inferred
from Figure a 4 ML-thick nanoplatelet with lateral dimensions of 7 nm will have
an optical gap ~ 0.05 eV larger than the same nanoplatelet with lateral dimensions
of 20 nm. One would therefore expect a calculated value of 2.44 eV for the optical
gap of a 4 ML-thick platelet with lateral dimensions of 20 nm. Much closer to the

experimental value of 2.42 eV.

Secondly, we screen the direct term with the bulk high-frequency dielectric constant
of CdSe, however we have seen that this overestimates the average screening in
CdSe nanocrystals. It is reasonable to expect that it also overestimates the average
screening in CdSe nanoplatelets, as the two systems exhibit comparable surface to

volume ratios. These ratios are given in Table in Appendix [G]

Despite the general overestimation of the experimental optical gaps by our TB+BSE
model, the exponent of the fit to the TB+BSE data is very close to the exponent
found from fitting the experimental data. The best-fit parameters and standard
deviations for the lines shown in Figure [I1.3]are given in Table[I1.1] In all instances,
the data is best fit with an exponent approximately equal to one, rather than an
exponent of two, where the latter is associated with the thickness exponent in the

expression for the energy of carriers confined in an infinite 1D quantum well.
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Data a 04 b o
Experimental 3.07 0.152 1.16 0.0504
TB Independent-Particle:
7nm X 7 nm 3.25 0.0436 0.992 0.0115
10 nm x 10 nm 3.35 0.0728 1.056 0.0191
TB+BSE 3.07 0.0906 1.079 0.0295

Table 11.1: Parameters and standard deviations for the lines of best-fit plotted in

Figure [I1.3]

11.2.3 Exciton Binding Energy Dependence on Thickness

In Figure|11.4]we show the binding energy of the lowest exciton state as a function of
nanoplatelet thickness. The results of Benchamekh and coworkers, in which image
charge effects are excluded and a dielectric constant of €., = 6 is used, have also been
included™. The lack of theoretical details provided in their paper and the variety of
effective mass methods described in the literature make it hard to comment on the
exciton binding energies found by Benchamekh and coworkers, however we can make
a comparison in terms of the dependence they find using a semi-classical approach
and the dependence found using our many-body formalism. Despite the systematic
disagreement in optical gaps as a function of thickness between our model and
Benchamekh and coworkers’, the differences in exciton binding energies predicted

by the two models are much smaller.

Data points predicted by both models are available for nanoplatelets with thicknesses
of 3 ML, 4 ML and 5 ML. For these thicknesses, there is reasonable agreement
in the magnitude of the exciton binding energy found using the two formalisms,
however the dependence of the binding energy on thickness found from fitting to

equation (9.2)) differs considerably between the two models.

If we fit the dependence assuming a scaling inversely proportional to the well
thickness, we obtain an exponent of 0.304 (3 s.f.) for our BSE results and an
exponent of 0.704 (3 s.f.) for the results of Benchamekh and coworkers. The

difference in the exponents may partially be attributable to the exchange interaction,
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Figure 11.4: Binding energy of the lowest exciton state as a function of
nanoplatelet thickness.  Our tight-binding + BSE calculations are given in
green whereas the tight-binding + effective mass calculations of Benchamekh and
coworkers are given in blue. Lines of best-fit are given by Equation .

which is included in our calculations but absent in those of Benchamekh and
coworkers, however it is more likely that it reflects the very different methodologies

used to compute the binding energies.

At the timing of writing this thesis, a systematic experimental study of the exciton
binding energy as a function of thickness has not been conducted. Kunneman
and coworkers inferred that the excitonic binding energy of a CdSe nanoplatelet
with a thickness of 5 ML must exceed thermal energy at room temperature (~25-
40 meV)™ - All of our values are clearly well in excess of this. More specifically, Grim
and coworkers inferred a binding energy of 132 meV £20 meV for CdSe nanoplatelets
with a thickness of 4 ML 7. This is in strong agreement with our value of 138 meV
(and Benchamekh and coworkers’ value 136 meV). A systematic, experimental study
of the exciton binding energy as a function of thickness is therefore desired to

compare our predictions against.
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Figure 11.5: Absorption spectrum for a CdSe nanoplatelet of 4 ML in thickness.
The independent-particle spectrum is presented in red, whereas the spectrum
including excitonic effects is presented in blue. Spectra on the left are convolved
with Lorentzians of 20 meV (FWHM), whereas those on the right have a minimal
broadening of 4 meV (for an energy spacing of 1 meV).

11.3 Optical Absorption Spectra of CdSe
Nanoplatelets

In Figure [11.5] we present the absorption spectrum for a nanoplatelet of 4 ML in
thickness. The smaller panels of the figure correspond to the absorption onset with
and without excitonic effects (blue and red spectra, respectively), highlighting the

effect of the electron-hole interaction on the transitions.

The inclusion of excitonic effects in CdSe nanoplatelets using the BSE formalism
has a very different effect on their absorption spectra in comparison to the effect it
has on the absorption spectra of CdSe nanocrystals. Inclusion of many-body effects
in the absorption spectra of CdSe nanocrystals led to a reduction in the oscillator
strengths of the lowest transitions. Figure [11.5( shows us that the opposite occurs
in CdSe nanoplatelets. In this system, we observe an enhancement of the lowest
transitions in the absorption spectrum, as well as a redshift of the spectrum due to

the formation of a bound exciton state.
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Figure 11.6: Absorption spectra for a CdSe nanoplatelet of 4 ML in thickness. The
experimental spectrum in red is taken from reference [97]. The spectrum computed
with our BSE implementation utilises an initial spectral line width with a FWHM
of 80 meV. This linearly increases to 267 meV between the transition energies of
2.61 eV and 3 eV.

Far more features are visible in the calculated many-body spectrum in relation to
the experimental spectrum. We therefore present the following many-body spectra

with energy-dependent line widths. These are shown in Figures - [11.8] along

side their respective experimental spectra.

A Comparison with Experimental Absorption Spectra

In Figure [11.6] we have redshifted the calculated spectrum by 0.1 eV to account for
the effect of temperature on the band gap. From inspection of Figure [11.2] we can
see that the optical gap will contract by ~ 50 - 60 meV when the lateral dimensions
are increased from 7 nm to 20 nm. We therefore redshift the computed spectrum
by an additional 60 meV to compensate for the effects of lateral confinement on the

optical gap. We also compare computed absorption spectra for CdSe nanoplatelets
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with thicknesses of 3 ML and 5 ML to experiment in Figures and [IL.8|
respectively. All figures demonstrate that the main spectral features associated with
the absorption spectra of CdSe nanoplatelets are captured with our tight-binding
plus BSE model: Two prominent spectral peaks separated by an approximately
parabolic profile, which is subsequently followed by a more pronounced spectral

drop that then rises and smoothens off, with no further discernible features.

In each instance, empirical redshifts are required in order to achieve agreement
with the experimental optical gaps (in addition to the temperature-related shift)ﬂ.
This systematic overestimation was already seen in the optical gap dependence with
thickness, shown in Figure [[1.3] We suggest that this is attributable to our choice
of lateral dimensions in each instance, as well as our decision to screen the electron-
hole interaction with the high-frequency dielectric constant. In the prior chapter,
we demonstrated that on average, this overestimated the dielectric screening in
CdSe nanocrystals. Indeed, the macroscopic dielectric function has been shown to
be nonlocal in 2D systems such as graphane, causing the Coulomb potential to
converge on the unscreened 3D Coulomb potential at large in-plane separations227 .

Reduction in dielectric screening would consequently increase the binding energies

of the exciton states and redshift the optical gap.

In Figures [11.6] [11.7] and [11.8] our calculations overestimate the width of the

first peak and slightly underestimate the width of the second peak in relation
to experiment. The spectral line width is a post-processing detail, achieved by
convolving the transitions with Lorentzian profiles. This is approach is commonly
employed as the calculation of spectral line widths requires a proper treatment of
the frequency-dependence in the microscopic dielectric function, and is therefore

very expensive.

A fixed line profile with a FWMH of 20 meV is used in the generation of the initial

I'Empirical shifts of 80 meV, 60 meV and 90 meV for platelets with thicknesses of 3 ML, 4 ML
and 5 ML, respectively.
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Figure 11.7: Absorption spectra for a CdSe nanoplatelet of 3 ML in thickness. The
experimental spectrum in red is taken from reference [72]. The spectrum computed
with our BSE implementation utilises an initial spectral line width with a FWHM
of 60 meV. This linearly increases to 229 meV between the transition energies of
2.88 eV and 3.2 eV.

two-particle spectrum shown in Figure With this setting, it is apparent that
the lowest feature in the spectrum is actually comprised of two strong, closely-
spaced excitonic transitions. The FWMH of the lowest peak in CdSe nanoplatelets
is ~ 45 meV at room temperature?® however we find that a FWHM of more
than 60 meV is required in order for the two lowest, closely-spaced transitions to be

indistinguishable in our calculations.

The line profile of the lowest experimental peak is asymmetric for all thicknesses
shown, which suggests the presence of a strong, band-edge transition followed
closely in energy by a weaker transition. This implies that our calculations
either overestimate the separation of the two, closely-spaced transitions or they

overestimate the intensity of the second transition.
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Figure 11.8: Absorption spectra for a CdSe nanoplatelet of 5 ML in thickness. The
experimental spectrum in red is taken from reference [207]. The spectrum computed
with our BSE implementation utilises an initial spectral line width with a FWHM
of 80 meV. This linearly increases linearly to 193 meV between transition energies
of 2.44 eV and 2.8 eV.

We suggest that the latter is more probable as our excitonic calculations are well-
converged but lack spin-orbit coupling. A comparison of the spectra predicted by
the 14-band k - p model, shown in Appendix [F] demonstrates that the spin-orbital
interaction redistributes the spectral weights of the low-energy features without
modifying their transition energies. We therefore suggest that the inclusion of spin-
orbit coupling may refine the agreement with experiment by redistributing some of

the spectral weight associated with the lowest transitions.

One also observes slight differences in the intensities of the second peak predicted
by our calculations when compared to those seen in experiment, in all three spectra.
As shown in Figure [0.11] in Chapter [0 the relative intensity of the second peak

observed in experimental spectra can be seen to vary between ensembles and must



11 Many-Body Calculations of the Optical Properties of CdSe
186 Nanoplatelets

therefore be a property relating to a given ensemble rather than a purely intrinsic

property of a single nanoplatelet207.

Finally, the drop in all spectral profiles experienced at high energies is not a physical
effect. Rather, it reflects that a proportion of transitions with energies greater than
min{E, .. — En,E., — Ej_.. } are missing from the spectrum. This is because
we construct our spectra with a finite number of band-edge wave functions from
both manifolds. As a consequence, transitions with larger energies are missed if
either the constituent hole or electron (or both) is not included in the subset of
states used to construct the basis. Furthermore, as the electron-hole interaction
mixes independent-particle transitions, higher-energy states that are absence from

the basis may well be required to converge the highest transitions present in a given

spectrum.

11.4 Conclusion

In conclusion, we have performed the first many-body calculations of the
excitonic properties of CdSe nanoplatelets, using an atomistic tight-binding model
that accounts for the finite lateral dimensions of the system and a real-space
implementation of the Bethe-Salpeter equation. With this model, we have calculated
the nanoplatelet optical gap as a function of both the lateral dimensions and the
thickness. Figure [11.3| shows that our calculations overestimate the experimental,
optical gap for the range of thicknesses considered and reasons have been suggested

for why this might be the case.

In Figure[T1.4)we have shown calculations for the binding energy of the lowest exciton
state as a function of thickness and compared it to available computational datal®!,
Our TB+BSE implementation predicts a different binding energy dependence on
thickness in comparison to the data simulated with a tight-binding plus effective

mass model. Coincidentally, both models predict very similar values for the only
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binding energy for which we have an experimental reference. In this instance, our
model strongly agrees with the inferred experimental value. More experimental data

on exciton binding energies is therefore desirable to test current predictions against.

Finally, we present the first calculations of the optical absorption spectra of CdSe
nanoplatelets with the inclusion of excitonic effects. Figure - demonstrate
that our TB+BSE implementation captures the main features of the experimental
spectra, reproducing the spectral profile. This shows the necessity for a many-body
treatment of the electron-hole interaction in these quasi two-dimensional systems.
In the final chapter of this thesis, we go on to summarise our results and discuss

potential future work.






Chapter 12

Conclusions

The goals of this thesis were the development and application of a semi-
empirical, nearest neighbour, sp®s* tight-binding model in conjunction with a real-
space implementation of the Bethe-Salpeter equation, for the simulation of the
optoelectronic properties of colloidal CdSe nanocrystals and nanoplatelets. This
combination of methodologies reflects a growing desire to perform many-body
calculations on large systems that lack periodicity, in a manner that is practical
and scalable. The model is subsequently used to perform many-body calculations on
colloidal CdSe nanocrystals and nanoplatelets, with an aim to investigate the effect
of size and dimensionality on the electron-hole interaction, through the simulation

of optical absorption spectra and excitonic binding energies.
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12.1 Summary and Conclusions

Starting from the seminal work of Vogl and coworkersP¥ we have written a semi-
empirical, nearest neighbour (NN), sp3s* tight-binding model capable of treating
finite systems containing up to ~ 10,000 atornsﬂ. The tight-binding model is
subsequently used to generate the energies and wave functions required as inputs
in many-body calculations. In order to perform many-body calculations, we have
also written a real-space implementation of the Bethe-Salpeter equation (BSE) that
exploits the limited radial extent of the atomic orbitals and the minimal basis size
in order to efficiently calculate the excitonic properties of nanoscale systems. This
implementation gives access to optical gaps, the exciton binding energy and excitonic

absorption spectra.

We initially demonstrate that the tight-binding model is capable reproducing the
band-edge states of CdSe nanocrystals, before applying it to CdSe nanoplatelets.
The variation in the band-edge energies and wave functions are investigated as a
function of thickness for CdSe nanoplatelets with realistic lateral dimensions and the
optical absorption spectrum is simulated in the independent-particle approximation.
For a nanoplatelet with a thickness of 4 ML, we find that our independent-particle
calculations show good agreement in the low-energy region of the spectrum when
compared to the spectrum generated using a 14-band k - p model. A comparison of
our simulations with experimental absorption spectra, however, found that in general
the independent-particle approximation both overestimates the optical gap and
predicts fundamentally different spectral profiles. The conclusion from our analysis
is that a many-body treatment of the optical absorption spectrum is required in

order to reproduce the features observed experimentally.

Many-body calculations using our tight-binding plus BSE implementation were

!The FEAST sparse eigensolver and Siesta input routines represent the only third-party
algorithms incorporated in our code.
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initially performed on CdSe nanocrystals. The effect of the exchange and direct
terms on the absorption spectrum were systematically tested and found to be
consistent with prior observations, demonstrating that our implementation of the
BSE kernel captures the physics necessary to describe excitonic properties. We also
investigated the validity of the Tamm-Dancoff approximation (TDA) of the two-
particle Hamiltonian. This is of particular interest because the TDA is formally
equivalent to using configuration interaction singleﬂ (CIS) and CIS has been widely
used to calculate the optical properties of CdSe nanocrystals. We find that both
the optical gap and the spectral features within ~ 1eV of the absorption onset
are unaffected by the TDA, whereas high-energy transitions are modified by the

approximation.

Many-body calculations performed on CdSe nanocrystals predict values for the
optical gaps that are in strong agreement with average experimental data for
all but the smallest diameters. A comparison of exciton binding energies with
those predicted by CIS demonstrates the sensitivity of results to the exact
treatment of dielectric screening and the decision of whether or not to screen the
exchange interaction. Calculated absorption spectra show partial agreement with
experimental spectra. While the transition energies of the first and second peaks
are in strong agreement with experiment, our model systematically overestimates
the relative intensity of the second peak and predicts a close third peak that should
not be present. We suggest that this is a consequence of not including spin-orbit
coupling in our model, which is expected to redistribute the spectral weights of the

band-edge transitions.

Many-body calculations performed on CdSe nanoplatelets predict optical gaps that
are larger than those observed experimentally. This is shown to be a consequence of
using lateral dimensions that are smaller than the those associated with the average

nanoplatelet, introducing some in-plane confinement. Exciton binding energies were

2When screening is taken in the static limit.
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found to vary from 172 meV to 131 meV for thicknesses ranging from 2 ML to 5 ML,
respectively. There is, however, currently a lack of experimental data with which to
compare to. Grim and coworkers have inferred a value of 132 meV for a nanoplatelet
with a thickness of 4 ML, which is in strong agreement with our value of 138 meV.
A systematic experimental investigation of binding energies in CdSe nanoplatelets
is therefore desirable. Indeed, it is possible that the bulk high-frequency dielectric
constant overestimates screening and that a reduction in screening would lead to an

increase in the binding energies, most noticeably in the thinnest systems.

Finally, we have looked at the effect of the electron-hole interaction on the optical
absorption spectra of CdSe nanoplatelets with thicknesses of 3 ML, 4 ML and
5 ML. We find that the inclusion of many-body effects causes a redshift in the
spectra and strongly mixes the independent-particle transitions. This results in
absorption spectra with low-energy spectral profiles that capture the characteristic
features of the experimental spectra. In general, we find very good agreement
between calculated and experimental optical absorption spectra, demonstrating the
importance of a many-body treatment of the electron-hole interaction in colloidal

nanoplatelets.

This thesis has therefore demonstrated the ability to treat large, finite systems
with strong excitonic effects in a fully many-body manner and has presented
results in quantitative agreement with experiment. We believe that this is an
important step towards the study of larger, more complex heterostructures including
core/shell /shell nanocrystals, core/shell nanoplatelets and core/crown nanoplatelets,

with the ultimate goal of complete device simulation from the atomic scale.

12.2 Future Work

In this section, we discuss potential extensions to the work presented in this thesis

and address what we consider to be interesting problems. These range from ideas
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that can be implemented with immediate effect, to those that are more speculative.

First of all, it would be desirable to identify which independent-particle states
contribute to the lowest excitonic transitions and quantify the amount of mixing
experienced, both in CdSe nanocrystal and nanoplatelet systems. This information
is contained within the two-particle coefficients that are found as solutions of the

eigenvalue problem, given by Equation ((5.35).

This problem can be simplified by replacing the full two-particle Hamiltonian,
defined by Equation , with the resonant two-particle Hamiltonian defined by
Equation . We have shown in Figure that the low-energy region of the
two-particle spectrum is well-described by the TDA, therefore it is reasonable to
expect that the eigenstates of Equation will also be a good approximation
to solutions of the full Hamiltonian. In making this approximation, we replace a
non-Hermitian matrix with a Hermitian matrix, reducing the number of elements
stored in memory by half. The eigenvalue problem containing Equation can
then be solved in the standard way utilising Scalapack for a subset of the lowest
eigenstates. Knowledge of these coefficients would also enable the construction and

visualisation of the exciton wave functions, revealing their spatial distributions.

Certain aspects of our BSE implementation could be made more efficient. For
example, the bi-conjugate gradient routine could be made more efficient by
combining it with a multishift algorithmf  This solves the linear system in the
absence of any frequency dependence. The residuals and coefficients found from the
solution of this seed system are then related to the residuals and coefficients of linear
systems with a frequency dependence via analytic recursion relations. One therefore
replaces the need to compute the matrix-vector product at each discrete frequency

with the evaluation of analytic expressions.

As we have discussed in the prior chapter, we screen the electron-hole interaction

with the bulk dielectric constant in CdSe nanoplatelet simulations, however, we know
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that dielectric screening is strongly modified in two-dimensional systems. Screening
in two-dimensional materials has been shown to converge on the three-dimensional
Coulomb potential, screened by the dielectric constant of the environment, for large

2271 - One might be able to account for this in a simple manner

in-plane separations!
by screening the direct term with the bulk dielectric constant at separations below a
characteristic radius, and screening with the dielectric constant of the surrounding

medium at distances in excess of the characteristic radius. A definition of the

characteristic radius is provided in reference [227], or it could be treated empirically.

It would also be interesting to include the effect of spin-orbit coupling at the level
of the tight-binding Hamiltonian. This would enable a more extensive comparison
with the results of the k - p model and provide a complete independent-particle
description of the band-edge properties of CdSe nanoplatelets. Inclusion of spin-
orbital coupling at the two-particle level does, however, have the potential to be
computationally expensive. If its magnitude is comparable to or greater than the
electron-hole interaction, then the spin singlet and spin triplet configurations will
mix, forcing one to treat the full spin-structure of the two-particle Hamiltonian.
This will in principle, increase the size of both Hamiltonian dimensions by a factor

of four.

Finally, there is an lingering desire to extend the model to the simulation of binary
materials. Heterostructure engineering offers the possibility of finer control over the
band gap and spatial localisation of the charge carriers, opening up a much larger

phase space of excitonic properties to explore.

The development and implementation of novel numerical methods to address many-
body problems in quantum systems continues to be both challenging and rewarding.
It is hoped that the work in this thesis will contribute in some way to the ever-
growing palette of methodologies that seek to shed light on neutral excitations in

nanostructures.



Appendix A

Tight-Binding Theory

In this appendix we elaborate on the two-centre approximation of the tight-binding
potential, and the derivation of the tight-binding parameters and phase factors.
Slater-Koster parameters are presented in terms of directional cosines and the
connection to the vector dot-product is made. With use of an example, we show
how the =+ signs of the exponential phase factors, given by Equations ([4.21))-(4.24)

in the Chapter |4, are related to the displacement vectors of the nearest neighbours.

A.1 The Two-Centre Approximation

The expectation value of the one-electron effective potential between orbitals v and
~" centred on atoms « and 3, respectively, can be expanded in terms of spherical

atomic potentials:

(BYV(0)lay) = (871 Y V(= 1))

= (BY[V(r —ra)|ay) + (BY|V(r —rp)|ay)

+ D (BYIV(r —ro)ar), (A1)
rtaB
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where V(r —r,) are atomic potentials and « is a generic, atomic index. In doing
so, one can see that while all atomic potentials contribute to the potential energy
between orbitals v and 7/, it is expected that the atomic potentials localised at the
sites that orbitals v and +' are centred on will contribute the most, whereas atomic

potentials centred further away, at & # o, 3, will contribute less22%.

Slater and Koster acknowledged that in many cases, three-centre integrals are
not negligible with respect to two-centre integralsi®3 but neglecting them vastly
simplifies the interpretation of inter-atomic integrals, allowing one to treat them
as though they are equivalent to the bonding between two atoms which form a
diatomic molecule. This subsequently enables the use of molecular bonding orbitals
in the Hamiltonian and a reduction in the number of empirical parameters through

symmetry considerations.

A.2 Tight-Binding Matrix Elements

In the two-centre approximation, the Hamiltonian has cylindrical symmetry and is

therefore independent of the azimuthal angle. As such, the Hamiltonian commutes

with the angular momentum operator, Lq=1L- ﬁ—‘, and the inter-atomic matrix

elements vanish if the eigenvalues of the orbital angular momentum operator differ

for the two orbitals under consideration.

The expectation of the commutator relation [ﬂ, ﬁd] is formally given as:
(ar|[EL, Lalla/y') = 0. (A2)

Explicitly expanding the commutator and using the definition £d|a7) = hmlavy),

the expectation of the commutator can be shown to reduce to:

(a7|[H, La]|e’y") = (ay|HL4|a'y') — (ay|LaH|a'v'), (A.3)

= h(m' —m){avy|H|a'~) = 0. (A.4)
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The integral (ay|H|a'y') therefore vanishes unless m = m’. The non-zero matrix

elements between molecular orbitals are therefore given by Vim0 . In a basis

containing s and p-orbitals, the corresponding molecular overlap parameters are:

Visos Vspo, Vppe and Vi, where o and 7 denote m = 0 and m = =£1, respectively.

A.3 Directional Cosines and Slater-Koster

Relations

The Slater-Koster relations for all s and p matrix elements are:

Vss = Vssos (A.5)
Vse = Wspo, (A.6)
Ve = PVpo + (1 = 1*)Vppr, (A7)
Vey = ImVppe — lmVppr, (A.8)
Ve = InViypo — NV, (A.9)

where (I, m,n) are directional cosines (not to be confused with the symbols denoting

the orbital and azimuthal angular momenta above) which elegantly replace the

vector dot products of Equation (4.12)) in Chapter . All inter-atomic elements are

defined between a central anion at the origin and a neighbouring cation at position

d; = (1,1,1) a;. The directional cosines are therefore explicitly given as:

[ = cos(a) =

where €, =

d, -é,
: (A.10)
d|
d; -,
, (A.11)
d|
d, -é.
, (A.12)
d|

(1,0,0) with €, and &, defined equivalently. a is the angle between d;

and €,, b is the angle between d; and €,, and c is the angle between d; and €,. The
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Figure A.1: Directional cosine angles relative to the atomic vector d;.

directional cosines are therefore equivalent to the (x,y, z) coordinates of the unit

vector dj. Upon substitution of the displacement vector, d; and the tetrahedral

bond length |d| = v/3a;/4, one obtains the tight-binding Hamiltonian elements in

terms of the molecular orbital elements (A.13)-(A.16)):

Vvss - ‘/ssay (A13)
1

Ve = —=Vipos Al4
75V (A.14)
1 2

Vaa = g‘/;?pa + g‘/;ﬂpm (A-15)
1 1

V;fy = 5‘/;7;00' - §%p7T7 <A16)

where Vy, =V, = Vi, = Vg, Vo, =V, and V,,, =V, =V, via symmetry.
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A.4 Determining the Signs of the Exponential

Phase Factors

The signs of the exponential phase factors in Equations - correspond to
the specific position of the neighbouring cation relative to the central anion and arise
from the positive and negative lobes of the bonding orbitals centred at the two sites.
All of the tight-binding inter-atomic parameters, Equations -, have been
defined with respect to the bonding between the central anion and neighbouring
cation at displacement vector d;. The appropriate phases of the remaining three
interactions are then related to (¢ (r — ry)|H|¢,(r — di)) by symmetry. An
example is provided for the Hamiltonian element (¢,, (r —r,)|H|¢p,, (r —d;)) (where

r, = (0,0,0)):

A transformation from d; = (1,1,1) to dy = (1, —1,—1) transforms |p,) to —|p,)

under rotation. One can see that (p,| is unchanged and there is no z-component in
the element above. This results in a phase factor of —e™d2,

A transformation from d; = (1,1,1) to d3 = (—1,—1,—1) transforms the (p,| to
—(p.| with |p,) unchanged. This results in a phase factor of —e™ds,

Finally, a transformation fromd; = (1,1,1) tods = (—1, —1, 1) transforms both (p|

to —(p.| and |p,) to —|p,), resulting in no net change of phase for the exponential
factor e?*ds,

The full phase factor associated with the parameter (¢,,(r —r,)|H|¢p, (r —dy)) is

therefore gz = [eidr — gikdz 4 gikds _ gikeda],

As such, the signs of the exponentials in the phase factors reflect the underlying,

tetrahedral symmetry.
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Appendix B

Many-Body Theory

B.1 The Bethe-Salpeter Kernel

In this appendix, we derive an approximation for the BSE kernel by choosing an

explicit form for the self-energy operator. The kernel of the Bethe-Salpeter equation
can be shown to bel3% 149

5V (5)
5G(7,8)

5%(5, 6)

K .y
(5,6,7,8) =i 507 5)’

(B.1)

5(5—6)+1

where Vjy is the Hartree potential, X is the self-energy operator and G is the one-
particle Green’s function. The first term in the kernel given by Expression (B.1))
can be simplified by noting that the charge density can be defined in terms of the

one-particle Green’s function3%:
p(1) = —iG(1,17). (B.2)

This subsequently allows one to write the Hartree potential in terms of the bare

Coulomb interaction and the one-particle Green’s function:

Vi (1) = —z’/d2v(1,2)G(2,2+), (B.3)
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such that the derivative of Equation (B.3) with respect to the one-particle Green’s

function is:

,,36(2.21)
/ ) 5GT8) (B4)

=v(5,7)6(7 — 8). (B.5)

The second term of the Bethe-Salpeter kernel still requires some choice for
the self-energy. One such choice is the GW approximation, which was formulated
by Lars Hedin in 196589, In this approximation, Hedin replaced the bare Coulomb
interaction with the screened Coulomb interaction W, motivated by the assumption
that the dielectric screening between electrons would lead to a smaller, well-behaved
interaction and faster convergence in the expansion of the self-energy. In the GW

approximation, the self energy is given asb?:
¥(1,2) =iG(1,2)W(17F,2). (B.6)
Substituting for Equation in the second term of Equation (B.1]), one obtains:

6G(5,6)W (5%,6)
- 6G(7,8) -

SW (5%,6)
5G(7,8)

—W(5%,6)8(6 — 8)§(5" — 7) — G(5,6) (B.7)

The right-hand side of Equation (B.7)) contains two terms however, only the first-

[T48; 231]

order term is retained in order to simplify calculations Therefore, upon

neglecting changes in the screening due to the excitation, the Bethe-Salpeter

interaction kernel in the GW approximation is:

K(1,2,3,4) = v(1,3)8(1 — 2)3(3 — 4) — W(1,2)8(2 — 4)5(1 — 3), (B.8)

where v(1, 3) is the repulsive bare Coulomb interaction and W (1, 2) is the attractive,
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%048 The first and second terms of the kernel

screened Coulomb interaction!
are referred to as the unscreened exchange term and the direct Coulomb term,

respectively.
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Appendix C

Tight-Binding Implementation

In this appendix, we present details describing how we distribute the eigensolver
subspace amongst multiple processes, and give additional details regarding basis

state generation and surface passivation.

C.1 Subspace Distribution

The distributed intervals of the subspace require an estimate for the total number
of eigenpairs per interval. A scheme that linearly distributes an initial guess at
the total number of eigenstates in the subspace, mg, such that mgoca = mo/Ncpus
was initially implemented, however this is less than ideal as the total number of
eigenvalues in the system is not linearly distributed with respect to the energy.
Indeed this points to the density of states (DOS) as a more natural quantity for

estimating mqjocal -

An issue with using the density of states is that it is not available prior to running
a calculation. As such, we used the initial scheme to compute DOS for a range of

system sizes, then use these DOS as inputs for the current scheme.

With the DOS reference distribution scheme, the subspace is then split into valence

and conduction manifolds, such that it is possible to remove the band gap region
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from the distribution. Indeed, inclusion of the band gap region in the calculations
is redundant as it is known to be free from states and its inclusion actually hinders

convergence on the process to which it is assigned.

After proportionally distributing the available processors between the valence
and conduction states, one can define a local subspace guess (per processor),
m{ ., = mj/Ny,, and in conjunction with a summation of the density of states,
distribute the energy range amongst N, processes. An algorithmic example is shown
in Algorithm (1] for the valence states. An equivalent procedure is performed for the

conduction states.

Algorithm 1 Approximately even distribution of of the subspace [Eumin @ Emax]
using DOS

1: subroutine DISTRIBUTE_ENERGY_SUBSPACE()

2: :
3 =1
4: lelims(j,1:2) = energy limits per process j
5: !Define start energy of process 1
6: elims(j,1)=Fmnin
7 sum=0.
8:
9: !Loop over processes assigned to valence band
10: for i=min,VBT do
11: |Energy, starting at Fin
12: eval=F,,;,+(i-1)*delE
13: sum=sum-+dos(i)
14: |Evenly distribute [Emin : Emag) amongst Ny,
15: if (sum > m} ;) then
16: elims(j+1,2)=eval+delE
17: elims(j,2)=eval
18: j=j+1
19: sum=0.
20: end if
21: end for
22:
23: |Enforce end energy of process j
24: elims(j,2)=Fmax
25:

26: end subroutine
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C.2 Surface Passivation

A transformation between two orthogonal bases is formally given as:

A=UAU", (C.1)

where A is a sub-matrix of the Hamiltonian for a surface atom in the Cartesian
orbital basis, A’ is the same sub-matrix in the hybridised basis and U is an
orthogonal matrix which defines the orthogonal transformation. The anion and

cation transformation matrices are therefore given explicitly ast%:

1 1 1 1 1 -1 -1 -1
1 1 1 -1 -1 111 -1 1 1
U, = B , Ul = B , (C.2)
1 -1 1 -1 1 1 -1 1
1 -1 -1 1 11 1 -1
and surface-atom sub-matrix in the hybridised basis is:
[spa) |spg) |sp2)  |spa)
lsp2) | a 0 0 0
A= 1{1sp3 | 0 b 0 0o 1> (C.3)
lsp3y | 0 0 c 0
lsp3y | 0 0 0 d

where (a, b, ¢, d) are the passivating energies associated with the hybrid orbitals of the
same subscript, [sp? ). Only the diagonal elements correspond to the passivation
of bonds aligned in the tetrahedral directions. Using this definition of the on-site
matrix in the hybridised basis, Equation , and the orthogonal transform defined

by Equation (C.1J), one can then derive two expressions for the on-site matrix in the
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Cartesian orbital basis, which includes terms for all four of the hybrid bonds:

a+b+c+d at+b—c—d a—b+c—d a—b—c+d

A :1 a+b—-—c—-d a+b+c+d a—-b—-—c+d a—-b+c—d
tod a—b+c—d a—b—c+d a+b+c+d a+b—c—d 7
a—b—c+d a—-b+c—d a+b—c—d a+b+c+d
(C4)
a+b+c+d —a—-b+c+d —a+b—c+d —a+b+c—d
p :1 —a—b+c+d a+b+c+d a—-b—c+d a—-b+c—d
C 4| atb—c+d a—b-ctd a+btetd atb-c—d|
—a+b+c—d a—-b+c—d a+b—c—d a+b+c+d
(C.5)

where A, is the on-site matrix for the anion and A, is the on-site matrix for the
cation. An on-site matrix with the elements initialised to zero represents an atom
with all nearest neighbours. Dangling bonds can then be passivated by identifying
which bonds, |sp?_,), lack nearest neighbours and setting finite values for the
corresponding energies (a, b, ¢, d) in Equation and Equation (C.5). The s*
orbitals are not included as their intra-atomic (on-site) energies are typically larger

than the band gap and therefore do not require passivating70.

C.3 Basis Function Generation

Below, we provide an example input.fdf script for the ab initio code Siesta, which
we used to generate single-( basis functions with the appropriate radial cut-off. All

basis functions used in these calculations were generated with Siesta version 3.2.
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Example fdf Input for CdSe

SystemName  CdSe
SystemLabel  CdSe
NumberOfAtoms 2
NumberOfSpecies 2

%block ChemicalSpeciesLabel
148 Cd

2 34 Se

%endblock ChemicalSpeciesLabel

%block PAO.Basis # Define Basis set

Cd 4 # Species label, number of 1-shells
n=501 # n, 1, Nzeta, Polarization, NzetaPol

4.071
1.000
n=421 # n, 1, Nzeta
4.071
1.000
n=511 # n, 1, Nzeta
4.071
1.000
n=601 # n, 1, Nzeta
4.071
1.000

Se 3 # Species label, number of 1-shells

n=401 # n, 1, Nzeta
4.071
1.000

n=411 # n, 1, Nzeta, Polarization, NzetaPol

4.071
1.000

n=501 # 1, 1, Nzeta, Polarization, NzetaPol

4.071
1.000
%endblock PAO.Basis

%block LatticeVectors
0.500 0.500 0.000
0.000 0.500 0.500
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0.500 0.000 0.500
%endblock LatticeVectors

MeshCutoff 100.0 Ry

%block kgrid_Monkhorst_Pack
6000.

0600.

0060

%endblock kgrid_Monkhorst_Pack

WriteKpoints T

save-hs T

LatticeConstant 11.43403431 Bohr

AtomicCoordinatesFormat ScaledCartesian
%block AtomicCoordinatesAndAtomicSpecies

0. 0. 0. 1Cd1

0.25 0.25 0.25 2 Se 2

%endblock AtomicCoordinatesAndAtomicSpecies

BandLinesScale pi/a
%block BandLines

1 1.000 1.000 1.000
20 0.000 0.000 0.000
25 2.000 0.000 0.000
30 2.000 2.000 2.000
%endblock BandLines
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Implementation of the

Bethe-Salpeter Equation

In this appendix, we provide additional information regarding the numerical details
of the two-centre orbital integrals and details regarding the implementation and
calculation of the matrix-vector product utilising MPI parallelisation. These details
include the matrix partitioning scheme and distribution algorithm, and how we
utilise the lower triangles of the coupling matrices (kernel) to compute all elements

of the matrix-vector product via the symmetry of the two-particle Hamiltonian.

D.1 Two-Centre Orbital Integrals

In Equations —, we present tabulated values for on-site and nearest-
neighbour Coulomb-like and exchange-like, two-centre integrals. The integrals are
computed with a grid spacing of 0.303 A, using orbitals defined with numerical,
single-¢ radial functions generated in Siesta and real harmonics for the angular

component:
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ilj—=|sa psa pha p,a st a ilio| sa pma ppa pna sa

s,a 13.7 145 145 145 11.3 s, a 13.7 3.01 3.01 3.01 1.16

pe — | P 16.6 15.0 15.0 11.7 x| P 16.6 0.738 0.738 0.685
Dy @ 16.6 150 11.7 Dy 16.6 0.738 0.685

pzra 16.6 11.7 Pea 16.6  0.685

s*,a 9.95 s*,a 9.95
(D.1)

ilj—=| 8¢ ps,c py,c pc o Sc ilj—=| s8¢ pmc pyc p,Lco Sc

s,c | 107 11.1 11.1 11.1 104 s.c | 107 252 252 252 0.942

gc — | Poc 12.8 114 114 11.0 ux— | Pec 12.8 0.685 0.685 0.714
Dy, € 12.8 114 11.0 ) Dy € 12.8 0.688 0.714

e 12.8 11.0 pscC 128 0.714

s*, c 10.4 s%c 10.4
(D.2)

ilj—| sc psc py,c p.,c sc iLio| sc pae ppe pac e

s;a | 547 546 546 546 545 s,a | 0.073 0.043 0.043 0.043 0.089

e — Prya | 542 537 543 543 540 x| peo 0.038 0.013 0.027 0.027 0.048
py,a | 542 543 537 543 5.40 i pyra | 0.038 0.027 0.013 0.027 0.048

p.,a |5.42 5.43 543 537 5.40 p.a | 0.038 0.027 0.027 0.013 0.048

sa |542 542 542 542 5.37 s*,a |0.213 0.133 0.133 0.133 0.086
(D.3)

Hard-Wall Cut-off of the Coulomb Singularity

In general, it is found that the on-site integrals are sensitive to the choice
of truncation value for the Coulomb singularity, whereas the nearest neighbour
integrals are not. A choice of 0.1 times the bond length for the denominator of the
Coulomb potential at r; = ry results in integrals that are physical and consistent
with values cited in the literature% 145 Smaller coefficients (i.e. 0.01 and 0.001)
result in values 2-4 times larger. We note that as the choice of basis is essentially
arbitrary, we choose a truncated value that results in physical integrals and justify

this decision a posteriori.
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D.1.1 Coupling Matrix in an Orbital Expansion

The coupling matrices of the two-particle Hamiltonian, expanded in an orbital basis

are given by:

Kwe) (o) = Z%n)a(c;na(vej)a(c';j) 2(iilvljj) — E;,I(ijlvlij)]

2] L

F0(v33) Oes5) O Oersg) | 2 — 6&3] (iglv]ig)

+a(v;i)a(c;j)a(v’;j)a(C';i) 2<23’U|lj) - Egol (“|U|j])] ) (D4>

and

K(cv)(v’c’) = K(Uc)(c’v’)- (D5>

D.2 Distributed Matrix-Vector Product

Several schemes exist for distributing and computing matrix-vector products. The
most general and widely used consist of partitioning the matrix into stripes

(vertically or horizontally) or rectangular fragments (blocks).

a1 a19 AN X1 b1
921 Aoy ... QAoM XQ b2

= (D.6)
anN1 anz2 ... aNMm XN bN

Row-wise, block-striped matrix partitioning assigns a subset of matrix rows from
Equation to each process. Multiplication of each row of matrix A in Equation
(D.6)), with the column vector X corresponds to single element, b;, of output vector
b. Row-wise decomposition therefore results in each process computing a subset of

elements {b;} of b, equal to the number of rows assigned to it, where b; is given by:

CLﬂXl + &iQXQ 4+ -+ aiMXN = bz (D?)
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Algorithm 2 Distribute Lower Triangle Matrix

1: subroutine DISTRIBUTE_LT (N, irow, Nrow)

2 Nppr=Nx(05%(N—-1)+1) > Number of elements in LT
3 1=10 > Initialise row counter
4 for ip=1,N, —1do

5: Nuw = Npr/N, > Avg elements per process
6 while N,, > 0 do

7 1=1+1 > Iterate row counter
8 rs=N—(i—1) > Elements of row i
9: Ngy = Ngp — 18
10: end while

11: Allocate row indices to process ip

12: end for

13: end subroutine

Row-wise, block-striped matrix partitioning therefore allows the matrix to be
distributed approximately linearly, with respect to the number of available

processors but requires the multiplying vector to be fully defined on all processes.
D.2.1 Distributing the Lower Triangle

Distributing the lower triangular of a matrix is non-trivial as the rows vary
systematically in size from 1 to NyN.. In order to distribute the rows such that
the number of elements per process is kept approximately constant, the routine
shown schematically in Algorithm [2]is utilised. It works by sequentially subtracting
the number of elements per row, starting with the largest, from the average number
of elements per process, until this value is less than or equal to zero. When this
criterion is satisfied, the rows associated with the subtracted elements are assigned
to process ip and the procedure repeats for all processes minus one. The final process

is then assigned all remaining rows, such that the total number of rows is conserved.

D.2.2 Computing the Matrix-Vector Product with the

Lower Triangle of the Interaction Kernel

The Bethe-Salpeter interaction kernel in the real basis of independent-particle pair

products is symmetric. One is therefore only required to store the upper or lower
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triangle of the kernels K(,c)(ey and K)oy in order to be able to fully describe the
effective two-particle Hamiltonian. The matrix-vector product of the two-particle
Hamiltonian with the vector X is initially treated by splitting the Hamiltonian given
by Equation into two parts, separating the diagonal transition energies from

the interaction kernel elements:

G | {v'e} {ev) Gy | vt (v
2p —
H(nlnz)(n3n4) - {UC} €c =€ —W 0 I+ {UC} K(uc)(v’c’) K(vc)(c’v’)
{CU} 0 _(ec — €y — w) {CU} _K(vc)(c’v’) _K(vc)(v’c’)
(D.8)

The transition energies are only defined on the diagonal of Equation , therefore
they can be separated from the matrix-vector product and added to the solution
independently. Each of the four kernel sub-matrices in Equation is then
decomposed into upper and lower triangular matrices. Using the property that
K (ve)(very 1s symmetric in a real orbital basis, each upper triangular matrix must be
equal to the lower triangular matrix such that L = LT = U. The right-hand side
matrix in Equation can therefore be schematically expressed in terms of the

lower triangular matrices of the interaction kernels:

Ly L,

L |, o
HY = | = , (D.9)

—Ly o | =1,

where L; denotes the lower triangle of K,y and Ly denotes the lower triangle
of K(ye)ervry- The solid lines in matrix indicate the boundaries of the four

interaction kernels, corresponding to the transitions: {v,c} — {v/,c'} (top left),
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{v,c} — {d,v'} (top right), {c,v} — {v/,} (bottom left) and {c,v} — {,v'}
(bottom right). The dotted, diagonal lines separate each kernel into upper and lower

triangles, where only the lower triangles of the top left and top right quadrants in

Equation are held in memory.

Dividing the terms in the matrix-vector product according to contributions from
lower and upper triangular matrices, such that the complete matrix-vector product

is defined as:

b=0b"+0bY, (D.10)

where b* (bY) only contains contributes from the lower (upper)-triangular product,
one has the following contributions from lower-triangular elements of the four
quadrants of matrix :
> <L§ij + L?ijJerp) = by, (D.11)
j=1
Z < - L?ij - LzlejJerp) = biL+N2pa (D-12)
j=1
where the row index 7 runs over the leading dimension of the resonant two-particle
Hamiltonian, equal to the number of product states Ny, the column index j runs

over columns of the lower triangular matrix L and X is the left-hand side column

vector of length 2No,.

Contributions to the matrix-vector product from the upper triangular matrices of

the four quadrants of can be similarly expressed as:

Nap,
> (LhXit L X, ) =1, (D.13)
i=1,i#j
Nap
Z ( - LZQJXZ - LzleZ+N2p> - b;]_’_szy (D14)
i=1,i#j

where we have utilised the fact that L;in,,i+n,, = Lji = Lij. The condition ¢ # j

prevents double-counting of the diagonal elements. An implementation of Equations
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Algorithm 3 Distributed Matrix-Vector Product 1

1: subroutine MvpP_REALH(H,N2p,X b)

»

18:
19:

for irow=rstart,rstop do
for icol=1,irow do

cnt=cnt+1

1Top left and top right quadrants of H:

| Lower Triangle

b(irow)=b(irow)+L1(cnt)*X (icol)+f*L2(cnt)*X (icol+N2p)
'Upper Triangle

b(icol)=b(icol)+L1(cnt)*X (irow)+£*L2(cnt ) *X (irow+N2p)

|Bottom left and bottom right quadrants of H:

| Lower Triangle
b(irow+N2p)=Db(irow+N2p)-f*L2(cnt)*X (icol)-L1(cnt)*X (icol+N2p)
1Upper Triangle
b(icol+N2p)=b(icol+N2p)-*L2(cnt)*X (irow)-L1(cnt)*X (irow+N2p)

end for
end for

20: end subroutine

(D.11))-(D.14) is presented in Algorithm ({3]), where all of the symbols are defined as

above, L and Ly are used in packed formE], the row and column indices are denoted

by irow and icol, respectively and f = +1 determines whether one takes the product

with H? or (H?)T.

D.2.3 Computing the Transpose of the Two-Particle

Hamiltonian

The biconjugate gradient algorithm requires the matrix-vector product (H?*)TX as

well as (H?P) X, where (H?P)T is defined as:

Ly R )

L | =Ly -
(H?)T = | ’ . (D.15)
Ll L

Ly .| =1Ly

Upon comparison with the Hamiltonian defined in Equation , it can be seen

that the two are related via a change of signs in the kernels which comprise the top

IThe two-dimensional array is represented by a one-dimensional vector, with a composite index.
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right and bottom left quadrants. The matrix-vector product with the transpose of
the two-particle Hamiltonian can therefore be implemented by introducing a change
of sign into Equations —, which switches from f = 1to f = —1 when the
transposed Hamiltonian-vector product is required. This is shown in the pseudocode

given by Algorithm (3]).
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Nanocrystal Supporting

Information

E.1 Band gap Dependence on Nanocrystal

Diameter

In this appendix we provide supporting material for the content of Chapters [3 and [g]
regarding the properties of CdSe nanocrystals predicted by the sp®s* tight-binding

model.

In Figure [E.1 we demonstrate that two sp®s* models predict the same optical gap
dependence on diameter when equivalent ligand bond lengths (therefore passivation
parameters) are employed. This supports our assertion in Chapter 3| that it is the
treatment of the surface states, rather than the inclusion of spin-orbit coupling,
that leads to differences in the predicted band gap dependence on nanocrystal
diameter between various sp®s* models. The primary source of difference arising

from parameterising to different bulk band gaps.
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Figure E.1: A comparison of two sets of calculated optical gaps as a function of
nanocrystal diameter. Both are generated with the sp3s* tight-binding model. The
data of Albe and coworkers? is shown with red squares, whereas the data of Pérez-
Conde and Bhattacharjee®™ is shown with blue diamonds. Albe and coworkers
define their pseudo-Hydrogen bond lengths as dgog_ g = 1.76 A and dge—pg = 1.47 A,
whereas Pérez-Conde and Bhattacharjee define theirs as dey_yp = 1.71 A and
dse_g = 1.47 A.

Parameters for Lines of Best-Fit

Table gives the best-fit parameters to the tight-binding data in Figure [3.2]
found from fitting with Equation (3.2]). They are used to define the red line Figure
3.2l which shows the average, calculated optical gap dependence on nanocrystal

diameter.

Table gives the best-fit parameters to our tight-binding data, given in red in
Figure . They are subsequently used in the expression, E,(d) = 1/(ad®) + E, pu,

to define the independent-particle gap dependence on nanocrystal diameter, shown

in Figure 8.2
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a b C Oq o O

5.53 x 107* ] 0.034 | 0.055 | 9 x 107° | 6 x 1073 | 0.03

Table E.1: Parameters used to generate the tight-binding line of best-fit in Figure
o; represent the standard deviations.

a b 04 oy
0.0122 | 1.37 | 6.5 x 10~* | 0.021

Table E.2: Parameters used to define the line of best-fit in Figure 0, represent
the standard deviations.

E.2 Independent-Particle State Properties

Figures and show the independent-particle states of the tight-binding model
constructed with atomic radial functions, rather than Gaussian functions. The radial
functions are defined with a cut-off consistent with the parameterisation of our tight-
binding Hamiltonian, leading to the granular look of the wave function isosurfaces.
We show the lowest ten unoccupied independent-particle states (red) and the lowest

twenty occupied independent-particle states (blue) for a nanocrystal of 6 nm in

diameter, in Figures and [E.3] respectively.

@"’i*“”'liﬁgéﬂ'“"'"’h

%

Figure E.2: Isosurfaces, |W;(r)|*, of the lowest ten unoccupied, independent-
particle states of a nanocrystal with a diameter of 6 nm. States are ordered from top
left to bottom right. Red, green and blue arrows correspond to x, y and z directions,
respectively.
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%

Figure E.3: Isosurfaces, |¥;(r)|?, of the lowest twenty occupied, independent-
particle states of a nanocrystal with a diameter of 6 nm. States are ordered from
top left to bottom right.

E.2.1 Energy Levels of the Lowest Occupied States

As the diameter is increased from 3 nm to 6 nm, we observe an overall reduction
in the energy level spacings, however, the general characteristic level structure is
retained between 3 nm and 6 nm. We show this in Figure [E.4 The occupied level
structure is characterised by the large spacing that separates the 1P and 1S states
from the 1D and 2P states. This is followed by another spacing that separates the
1D and 2P states from the clustered 2D,1F and 2S states, which in turn is followed

by another large gap between these and the 2F state.
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Figure E.4: Level ordering of the lowest twenty occupied states as a function of
nanocrystal diameter.

E.3 A Comparison Between Experimental and

Calculated Absorption Spectra

Finally, Figure [E.5) compares absorption spectra computed in the independent-
particle approximation using our tight-binding model, to experimental spectra taken
from the literature. In every instance, the line widths of the computed spectra (given
in green) are calculated with a fixed FWHM of 50 meV. As a result, many more
transitions are resolved in the computed spectra in comparison to the experimental
spectra, making the case for a spectral line width that increases as a function of the

transition energy.
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Figure E.5: Comparison between experimental and calculated absorption spectra,
for a range of nanocrystal sizes. Experimental spectra are shown in red, whereas
calculated spectra are shown in green. All calculated spectra are redshifted by
0.1 eV to account for finite temperature and by an energy, E. = 3.572/(exd).
Experimental spectra a), b), d) and e) are taken from reference [200] (zincblende
nanocrystals), while experimental spectra b) and f) are taken from reference [19§]
(wurtzite nanocrystals). The plots correspond to CdSe nanocrystals with diameters:
a) dg=3.1 and de=3.5nm (15eV), b) dg=4.1 and dc=4.3 nm (15 eV), ¢) dp=4.8 and
de=4.8 nm (25 eV), d) dg=>5.2 and dc=>5.5 nm (15 eV), e) dp=6.3 and dc=6.3 nm
(15 eV) and f) dp=6.8 and dc=6.8 nm (25 eV). Here, dg is the experimentally-
referenced diameter and d¢ is the simulated nanocrystal diameter. The value in the
brackets refers to the passivation energy used for each simulation.
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Nanoplatelet Supporting

Information

F.1 Properties of the Independent Particle States

In this appendix, we present additional calculations regarding the independent-
particle properties of CdSe nanoplatelets. The isosurfaces of the lowest twenty
atomic wave functions from both manifolds are given for a nanoplatelet with a
thickness of 4 ML, the effect of the passivation parameter on these functions
is quantified and we examine the corresponding effect on the optical absorption
spectrum.  Independent-particle, tight-binding calculations for the absorption
spectrum of a nanoplatelet with a thickness of 5 ML are presented. This system
is shown in the appendix because of its similarity with the spectrum of a platelet
with a thickness of 4 ML. Finally, we examine the results of the k - p calculations in
more detail, comparing the absorption spectra predicted by the 8-band and 14-band

models, before investigating the effect that spin-orbit coupling has on the spectrum.

F.1.1 Independent-Particle Wave Functions

Figures and show the band-edge isosurfaces of atomic wave functions for

a CdSe nanoplatelet with a thickness of 4 ML in more details. Both sets of wave
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Figure F.1: Atomic wave function isosurfaces, |¥(r)|?, for the first twenty
unoccupied states of a nanoplatelet with a thickness of 4 ML. The states are ordered
from top left to bottom right. The z and y axes point right and up, respectively,
with z coming out of the page.

functions are representative of what one finds for platelets with thicknesses varying

from 2 ML to 8 ML, although some energy level crossings do occur as the thickness

is increased.

In Figure [F.3] we plot the wave functions, rather than their moduli squared, for
the lowest five unoccupied and occupied states of a nanoplatelet with a thickness of
4 ML. In each isosurface, we plot both the positive and negative components of the
wave function at the same isovalue. Positive components of the wave functions are

plotted in blue whereas negative components are plotted in red.

These plots show us how the atomic structure and local orbital basis contribute

to the nanoplatelet wave functions. For example, the second and third unoccupied
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%

Figure F.2: Atomic wave function isosurfaces, |U(r)|*, for the first twenty occupied
states of a nanoplatelet with a thickness of 4 ML. The states are ordered from top
left to bottom right. The z and y axes point right and up, respectively, with z
coming out of the page.

states are characterised by two well-defined lobes on the nanoscale, however, upon
inspection both lobes are found to be comprised of a mixture of negative and
positive atomic orbital components. The majority of the charge is distributed on the
cadmium cations, which is consistent with the s orbitals deriving from the cadmium
valence, while the relative contribution from the p orbitals centred on the selenium
anions is much smaller. When averaged, this results in unoccupied functions with
one lobe that is positive and one lobe that is negative. The same analysis applies

to all unoccupied states shown in Figure

The picture is more complicated for the occupied states as the orbital composition

results in a different local structure. Here, p orbitals from the cadmium and selenium
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Figure F.3: Atomic wave function isosurfaces, ¥(r), for the first five occupied and
unoccupied states of a nanoplatelet with a thickness of 4 ML. Blue signifies regions
where the wave functions are positive, whereas red signifies negative.

valence contribute approximately equally to the nanoplatelet wave functions. This
leads to wave functions that rapidly and systematically oscillate between positive
and negative values at the atomic scale, both in the plane and perpendicular to
the plane. Indeed, complex local variation is observed even at the band edge. For
example, in the third occupied state, the orientation of the p orbitals rotates as one
works around the planar area in a circular manner, leading to reversal in phase of

the orbitals on either side of the (110) plane.
F.1.2 0Odd-Monolayer Sensitivity to the Eigensolver

We simulate our nanoplatelets with equivalent lateral dimensions, leading to a
square planar area. As a consequence, many states are doubly degenerate. We
find that doubly degenerate states in systems with an even number of monolayers
have eigenvalues with floating point differences. This is to be expected when using
iterative methods of solving a Hamiltonian. Interestingly however, we find that the
eigenvalues of doubly degenerate states in systems with an odd number of monolayers
are numerically identical. As a consequence, we observe mixing between pairs of
degenerate eigenvectors. The degree to which they mix varies with the subspace

guess of the solver.
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Figure F.4: Isosurfaces for the atomic wave functions, |¥(r)|?, of a nanoplatelet

with a thickness of 5 ML, computed using different-sized subspaces. The top panel
corresponds to subspace 1 whereas the bottom panel corresponds to subspace 2,
both of which are given in Table

The subspaces used in the following test cases are given in Table A mixing of
eigenvectors is evident in the isosurfaces of the atomic wave functions. An example
of this is shown in Figure [F.4] for a system of 5 ML in thickness, for two different

subspace guesses.

Subspace Guess | Lowest Eigenvalue (eV) | Largest Eigenvalue (eV)
400 -0.5 2.75
600 -0.75 3.0
1800 -1.0 3.25

Table F.1: Subspace sizes used to test the sparse solver. In each case, these
subspaces were distributed amongst four processes.
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Figure F.5: Independent-particle absorption spectrum for a CdSe nanoplatelet
with a thickness of 5 ML, computed using the three different subspaces stated in
Table (blue=1, green=2 and red=3). In each instance, the magnitude of the
dipole matrix element is conserved, resulting in the absorption spectrum shown in

black.
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Energy (eV)

We have verified that this is a consequence of the sparse FEAST solver and not a
feature of the system or an artefact of our parallelisation scheme. Mixing of the
eigenvectors was found to occur when we run FEAST in serial. Furthermore, if we
replace the CdSe parameter set with one of our construction, for which the symmetry
of the Hamiltonian is not perfectly conserved, we see a slight splitting of degenerate

states and no mixing.

Despite a mixing of the eigenvectors for pairs of degenerate states, the total
magnitude of each transition in the absorption spectrum is conserved. We have

verified this in Figure for subspaces 1, 2 and 3 given in Table [F.1]
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F.1.3 Independent-Particle State Sensitivity to the

Passivating Energy

We treat the nanoplatelet surface as an an ideal surface, with fully-passivated
dangling bonds. As detailed in Chapter this is achieved by an orthogonal
transformation to hybridised sp? orbitals, aligned along the bonding directions,
which can be interpreted as the approximate formation of bonding and anti-bonding
states between the dangling bonds and the vacuumP%1%  The nature of the
passivating species is therefore not specified in this approach and the passivating

energy can be taken to be any value that clears the band gap of trap states.

In Figure in Chapter [0, we showed the effect of the passivating energy on the
magnitude of the independent-particle gap, as a function of lateral dimensions (with
a thickness fixed at 2 ML). Here, we extend the investigation on the effect of the
passivating energy to a subset of the lowest energy levels for a range of thicknesses,
the appearance of the atomic wave functions and the independent-particle absorption
spectrum. In the latter two cases, we simulate the nanoplatelets with a thickness of

4 ML, as this is most relevant to the results presented in Chapter [0

Effect of Passivation on the Atomic Wave Functions

We investigate the sensitivity of these features for passivating energies ranging from
10 eV to 50 eV. A value of 10 eV represents the lowest passivating energy that
clears the band-gap of states, whereas 50 eV represents a large confining potential.
In Figure we present the same set of independent-particle state isosurfaces
for a nanoplatelet of 4 ML in thickness and a planar area of 100 nm?. These
states contribute to the lowest 20 allowed transitions in the absorption spectrum.
Simulations shown in the left panel of Figure utilise a passivating energy of
15 eV (the value used throughout Chapters @] and |10| for nanoplatelet calculations)

whereas simulations shown in the right panel utilise a passivating energy of 50 eV.
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Figure F.6: Atomic wave function isosurfaces, |¥(r)|?, for the first twenty occupied
states (blue) and first ten unoccupied states (red) of a nanoplatelet with dimensions
of 10 nm x 10 nm x 1.2 nm. Simulations have been done using passivating energies
of 15 eV and 50 eV, for which the isosurfaces are shown in the left and right panels,
respectively.

Figure[F.6)shows that the appearance of the independent-particle states is unaffected
by our choice of passivating energy, however, we do observe some state reordering.
In all but one instance, the state reordering occurs between doubly degenerate pairs.
The typical relative change in energy required for such states to change positions is

less than a meV and will therefore not affect the transition energies of the absorption

spectrum.

Effect of the Passivating Energy on the State Energy Levels

As Figure has shown us in Chapter [9] an increase in the passivating energy acts
to increase the independent-particle band gap. Figure [F.7]reveals that an increase in
the passivating energy actually acts to increase the energies of both the occupied and

the unoccupied states, however the unoccupied states experience a more pronounced
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shift than the occupied, leading to a net increase in the band gap as

the passivating energy.
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Figure F.7: Energy level digram showing the lowest twenty unoccupied energies
(red) and lowest twenty occupied energies (blue) as a function of the passivating
energy, for a nanoplatelet with a thickness of 4 ML.
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Figure [F.7) also reveals that the energy level spacings for this subset of band-edge
states are relatively insensitive to the choice of passivating energy and appear to
approximately experience a rigid shift. The exception being that we see some
changes in the energy-level spacings for the third block of occupied states, which

initially occupy the region [-0.34:-0.36] eV.

Effect of the Passivating Energy on the Absorption Spectrum

The absorption spectrum of a nanoplatelet with a thickness of 4 ML is presented in
Figure[F.8 The spectrum has been computed used passivating energies of 15 eV, 25
eV, 40 eV and 50 eV. The spectra have been computed using an energy-dependent
line broadeningﬂ and in each instance, a rigid shift has been applied to the spectrum

such that the onsets line up on a common value.

Small differences were observed in the absorption spectrum when computed with
a fixed line broadening, with the level of disagreement increasing with transition
energy. If we assume, based on Figure [F.0] that the charge distributions of all
atomic wave functions are unaffected by the passivating energy, then any differences
observed in the absorption spectrum are more likely to be a consequence of changes
in the absolute energies of the states (energy of the onset) and changes in energy level
spacings, which in turn lead to relative changes in transition energies. Figure [F.8
demonstrates that changes in the spectrum are however, largely smeared out by an
increased spectral line width at higher energies, therefore our choice of passivating
energy will not affect any comparisons with the spectral profiles of experimental

spectra.

!Computed using an initial line width of 10 meV, which increases linearly up to 100 meV
between the onset and 1.5 eV above the onset (constant thereafter).
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Figure F.8: Absorption spectra for a nanoplatelet with a thickness of 4 ML,
computed using several passivating energies and an energy-dependent line width.
Rigid shifts have been applied to the spectra such that their onsets line up,
facilitating a comparison of the spectral profiles.

F.2 Absorption Spectrum of a Nanoplatelet with
a Thickness of 5 ML

Figure compares the experimental absorption spectrum of the 5 ML-
thick nanoplatelet (red) to the spectrum computed in the independent-particle
approximation, using our tight-binding model (green). This is presented in the
appendix because with the exception of the onset, the features of this spectrum do
not significantly differ from those of the spectrum for a platelet with a thickness of

4 ML.

The overall agreement between spectra computed in the independent-particle
approximation and experiment is poor. The use of an energy-dependent line width

in the calculated spectrum is shown in Figure [F.10] This improves the agreement
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with experiment but in general, suffers from the same shortcomings as the 4 ML
spectrum. The use of an energy-dependent line width has improved the magnitude
of the second peak relative to the first and if one was to use a more aggressive
broadening, such that the second and third peaks smeared into one, the width of

the first and second peaks would be in reasonable agreement with experiment.
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Figure F.9: The absorption spectrum for a CdSe platelet of 5 ML in thickness.
The experimental spectrum (red®?) is compared to the tight-binding spectrum,
computed in the independent-particle approximation (green). The tight-binding
spectrum is computed using a fixed line broadening of 20 meV (FWHM).

The calculated spectrum however, still does not capture the large dip in the
experimental spectrum following the second peak. It is expected that inclusion of
the electron-hole interaction will strongly mix the independent-particle transitions

and improve the agreement with experiment.

F.3 Comparing k - p Simulations

The 8-band k - p model has been employed several times in the literature to explain
experimental observations and make predictions regarding the opto-electronic
properties of CdSe nanoplatelets™ 82232 T Figure |[F.11| we therefore present

a comparison of the absorption spectra predicted by Tomié¢’s 8-band and 14-band
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Figure F.10: The absorption spectrum for a CdSe platelet of 5 ML in thickness.
The experimental spectrum (red) is compared to the tight-binding spectrum,
computed in the independent-particle approximation (blue). The tight-binding
spectrum is computed using a line broadening that linearly increases from 10 meV
to 200 meV in the energy range [2.5 : 4.1] eV.

k - p models, given in red and blue, respectively. In both instances, the spectra

are computed in the absence of spin-orbit coupling and using a polarisation vector,

é=(1,0,0).

The transition energies of the first three macroscopic peak structures are in perfect
agreement, however beyond this, the absorption spectra predicted by the two models
show little agreement to one another. We suspect that this occurs for two main
reasons: Firstly, the two Hamiltonians predict different energy-level spacings for
the envelope states. This will lead to transitions with different energies. Secondly,
the two Hamiltonians exhibit different symmetries which will lead to envelope states
with different symmetries. This consequently affects the strengths of the transitions.
Furthermore, we expect that differences between the envelope states of the two
models increases as one moves further from the band edges, leading to absorption

spectra that disagree more as the transition energy increases.

An analysis of Figure |F.11|and the comparison of the 14-band model with our tight-

binding model, shown in Figure[F.12] therefore suggest that the 14-band k- p model
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Figure F.11: Absorption spectra of a nanoplatelet with a thickness of 4 ML,
computed using k - p Hamiltonians comprised of eight (red) and fourteen (blue)
bands, respectively.

is required in order to predict opto-electronic properties in agreement with those

predicted by a minimal atomistic model.

F.3.1 The Influence of Spin-Orbit Coupling on the
Absorption Spectrum

As our tight-binding model lacks spin-orbit coupling, we are unable to directly
investigate its effect on the spectrum, however Stanko Tomié’s k - p model does
support the inclusion spin-orbit coupling. Figure in Chapter [0 shows that there
is good agreement between the tight-binding and 14-band k - p models for the low-
energy region of the absorption spectrum. We therefore believe that the 14-band
k - p model will give a useful indication of the effect of spin-orbit coupling on the

region of the spectrum that interests us.

A numerical analysis of the lowest transitions reveals that in the absence of spin-orbit
coupling, there are twenty one allowed transitions in the region, 0eV < F;, < 0.1eV,
where E; is defined relative to the onset, and a further seventy eight transitions in

the range, 0.1eV < F; < 0.3eV. These are comparable to our tight-binding results,
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Figure F.12: A comparison of the absorption spectrum of a 4 MIL-thick
nanoplatelet, computed in the independent-particle approximation, using our tight-
binding model (blue) and Tomié’s 14-band k-p model (red). The spectra are plotted
on a log scale and computed using a fixed line width of 20 meV (FWHM).

which find twelve and seventy three transitions in the same intervals, respectively.
Discrepancies may be due to differences in the tight-binding wave functions and
the k - p envelope functions, consequently affecting the respective dipole matrix
elements. Differences in energy-level spacings and the arbitrary criterion used to

define an allowed transition are also contributing factors.

When spin-orbit coupling is included in the k - p model however, the number of
allowed transitions in the region, 0eV < E; < 0.1eV, drops to three, whereas the
number of allowed transitions in the region, 0.1eV < E; < 0.3eV, increases to
ninety four (although if one increases the criterion for an allowed transition to 5%

of the largest oscillator strength, this drops to forty).

In Figure[F.13] we show the effect of spin-orbit coupling on the absorption spectrum
of a nanoplatelet with a thickness of 4 ML, using the 14-band k - p Hamiltonian.
The inclusion of spin-orbit coupling has a negligible effect on the independent-
particle band gap and the magnitude of the lowest transition appears to be relatively

unaffected, however, its inclusion has changed the overall profile of the spectrum.
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Figure F.13: A comparison of the absorption spectrum predicted by the 14-band
k - p model with (blue) and without (red) the inclusion of spin-orbit coupling, for a
platelet with a thickness of 4 ML. The panel on the left uses a fixed line width of
20 meV, whereas the panel on the right uses an energy-dependent line width, with
a FWHM that increases from 20 meV to 340 meV between the onset and 4 eV.

Following the inclusion of spin-orbit coupling, two strong peaks are still present
in the low-energy region of the spectrum. The width of the second peak has
decreased, suggesting that the spin-orbit interaction redistributes spectral weight
amongst transitions at ~ 2.8 eV, leading to an increase in the intensity of one whilst
diminishing the others. We also observe that the addition of spin-orbit coupling
has not changed the separation between the two lowest peaks and consequently will
not improve the agreement with experiment. We therefore suggest that while its
inclusion has a noticeable effect on the high-energy spectral profile, the inclusion of
the electron-hole interaction is more important for an accurtate description of the

low-energy features of the experimental spectrum.
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G.1 The Effect of the Two-Particle Basis on the

Spectrum

In ab-initio Bethe-Salpeter calculations, the two-particle basis is defined such that
the difference in energy between the HOMO and the lowest occupied state in the
basis is approximately equal to the difference between the LUMO and the highest
unoccupied state in the basis. As such, the two-particle basis is constructed using
independent-particle states which span equivalent energy intervals (relative to the
band extrema). In an analogous manner, we define the energy of the highest hole
state relative to the lowest hole state and the energy of the highest electron state

relative to the lowest electron state.

In this section, we investigate what effect using electron and hole states with different
maximum energies has on the two-particle absorption spectrum. Specifically, we
look at nanocrystals with diameters of 3 nm and 4 nm. CdSe nanocrystals exhibit
a much higher density of states at the valance band edge than at the conduction

band edge. A two-particle basis comprised of electrons and holes that span the same
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Figure G.1: Two-particle absorption spectrum as a function of maximum electron
energy, for a nanocrystal with a diameter of 3 nm. The values in the key correspond
to the energies of the largest hole and electron in the basis, [E(hy, ), E(en,)] (meV).

energetic range in their respective manifolds will therefore contain many more holes

than electrons.

To investigate the effect of the basis on the absorption spectrum, we perform an
initial calculation for which the energies of the largest hole and electrons states are
approximately the same, E(hy,) ~ E(en,). We then vary the maximum electron
energy and observe what effect it has on the absorption spectrum. Finally, we do
a calculation in which the hole energy is increased to equal the maximum electron

energy. This is initially performed on a nanocrystal with a diameter of 3 nm and is

shown in Figures and [G.2]

Figure shows that the maximum electron energy is increased for a fixed hole
basis, a resonance appears at a transition energy of 4.75 eV. The maximum energy
at which a transition can occur in the two-particle spectrum corresponds to the
transition energy of the largest electron-hole pair in the basis, E(eyn,) — E(hy;,).
That is, as we increase the basis, we therefore also increase the maximum transition

energy at which spectral features can be observed. Figure shows that there
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Figure G.2: Two-particle absorption spectrum for a nanocrystal with a diameter
of 3 nm, computed with two basis sizes. The comparison shows the effect of a larger
maximum energy cut-off for the hole state in the pair basis.

is also, however, a redistribution of oscillator strengths to high-energy transitions
between 4.5 eV and 5 eV, else all of the spectra in the figure would agree in the
range, 2.5 eV to ~ 4 eV. The amount that the oscillator strengths are redistributed
increases as a function of transition energy, and becomes more prominent as electrons
with higher energies are introduced into the basis. Even the lowest exciton states
can be seen to feel some effect of the additional pair states containing high-energy

electrons.

When we subsequently increase the maximum energy of the hole states in the basis,
such that E(hy,) ~ E(ey,), as shown in Figure[G.2] we see a further redistribution
in the oscillator strengths of the high-energy transitions but little change in the
lowest spectral features. This suggests that pair states that contain a high-energy
hole mix strongly with pair states of comparable energies but do not affect low-

energy pair states.

We investigate the effect of the basis in the same manner for a larger nanocrystal,

with a diameter of 4 nm. This system contains just over twice as many atoms as
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Figure G.3: Two-particle absorption spectrum as a function of maximum electron
energy, for a nanocrystal with a diameter of 4 nm. The values in the key correspond
to the energies of the largest hole and electron in the basis, [E(hy, ), E(en,)] (meV).

a nanocrystal with a diameter of 3 nm. The initial spectrum (red line) in Figure
[G.3] is not well-converged, even in the low-energy region of the spectrum and can
be seen to converge as the electron energy cut-off is increased. We then see that
as the maximum electron energy is increased from 1016 meV to 1077 meV, there is
a small to negligible change in the oscillator strengths of transitions between 2 eV
and 3.5 eV, whilst there is a large redistribution at higher energies. This suggests
that pair states with high-energy electrons above a cut-off of 1 eV do not contribute
to the lowest exciton states to the same extent that they do in a nanocrystal with
a diameter of 3 nm. As the maximum hole energy is then increased for a fixed
electron basis, shown in Figure [G.4] the high-energy transitions are converged more
so, whereas the effect on the low-energy region of the spectrum is negligible. This

is essentially what is observed in the smaller system.

In summary, pair products with high-energy electrons contribute to low-energy
exciton states more greatly than pair products containing high-energy holes and

this effect is more pronounced in smaller systems, containing less than 1000 atoms.
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Figure G.4: Two-particle absorption spectrum as a function of maximum electron
energy, for a nanocrystal with a diameter of 4 nm. The values in the key correspond
to the energies of the largest hole and electron in the basis, [E(hy, ), E(en,)] (meV).

Secondly, pair products in which the energy of the electron exceeds 1 eV (relative
to the lowest electron state) lead to a large redistribution of oscillator strengths
to high-energy transitions. This effect is observed in nanocrystals with diameters
of 2 nm (not shown here) and 3 nm but not in a nanocrystal with a diameter of
4 nm. This could either be a size-dependent effect or it may also occur in larger
nanocrystals when one continues to increase the basis size. The latter is difficult to

test give the expensiveness of the calculations.

If we look at Figure in ChapteyI0] it is clear that this redistribution of oscillator
strengths to high energies stems from the exchange term of the BSE kernel. It may
therefore be the case that screening of the exchange term is necessary in small
nanocrystals. The exchange term is not screened in either the BSE or TDDFT
formalisms, however it has been argued that whilst the short-range exchange term
is unscreened in the bulk, the long-range exchange is screened by the dielectric
tensor, therefore motivating screening of the long-range exchange interaction in

nanostructures?!
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Rabani and coworkers also observe shifts in oscillator strengths when modelling

sB12 . They use a Bethe-Salpeter

the absorption spectra of CdSe nanocrystal
implementation with a simple, size-dependent dielectric constant, however they use
an empirical pseudo-potential model to generate the basis states. As it is often
stated that pseudo-potential models are capable of LDA-quality wave functions?3
their results viewed in context with our own suggest that the features we observe

occur at the level of the two-particle calculations. Rabani and coworkers suggest

that it occurs because of an amplification of a plasmon resonance near 10 eV.

G.2 Nanocrystal Band gap as a Function of Size

The exact fit of the function for the band gap dependence on nanocrystal diameter
can vary depending on the range of the data values used in the fit, the choice of the
function and the free parameters which comprise it, such as the choice of bulk band
gap, which varies quite considerably in the literature (see Table in Chaptel@.

In this section we will therefore discuss the process used to fit the data presented in

Figure [10.13] in ChapterfI0]

In Figure [G.5] we observe that there is a lack of experimental data for nanocrystals
with diameters less than 16 A, whereas there are copious tight-binding data points.
We therefore exclude tight-binding data for nanocrystals with diameters below 16 A
from the fit, such that both data sets are fit within a range in which data is available.
We also remove a couple of anomalous experimental points in the large-size region
of the plot (see those circled in Figure . In doing so, the global agreement of

the tight-binding fit relative to the experimental fit is improved.

Fitting functions to experimental and computational data defined over the same
range still does not result in two functions that converge on the same value within
90 A. This is achieved in Figure 3.2 of Chaptef3] by initially fitting the tight-binding

data. The parameters found from the tight-binding fit are then used in a modified
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Figure G.5: Optical gap data for CdSe nanocrystals of varying diameters, taken
from a range of experimentall%21 100 LIOAIL3] (o) and computationall2% 100 102 107]
(blue) sources in the literature. All computational data is calculated using the
sp®s* tight-binding model, although the methods used to compute the optical gap
differ between sources. Our calculations of the optical gap using the Bethe-Salpeter
equation are also presented in green. Data points to the left of the orange line are
excluded in the fit shown in panel b) in the final fit.

function describing the experimental dependence. This is given by Equation in
Chapterf3|and only contains one free parameter, representing the average uncertainty
in the measured nanocrystal diameter. While constraining the fit in this manner may
seem disingenuous, we stress that all fits to the band gap dependence are arbitrary.
We choose our fit function such that it scales as 1/d* (where d is the nanocrystal
diameter) in the large-size limit: The scaling associated with quantum confinement
in an infinitely deep, spherical potential well, and include the linear term to give
some additional flexibility to the fit in the small size limit. Beyond that, any choice

of function is no more or less valid.

In Figure[G.6, we compare the functions fit to the experimental data using Equations
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Figure G.6: Optical gap dependence on nanocrystal diameter. The tight-binding
data and experimental data fit using Equation are shown by the blue and
red lines, respectively. A second fit to the experimental data is found by utilising
Equation (3.2)) and fixed parameters found from the tight-binding fit, along with an
additional free parameter. This is shown by the purple line.

(13.2) and (purple and red lines, respectively). We can see that the effect
of constraining the experimental fit with the tight-binding parameters results in a
curve (purple) which converges on the tight-binding best-fit much more quickly than
the unconstrained experimental fit (red), at the expense of the agreement between
20 A and 40 A. Whilst fitting in this manner gives an nice estimate of the average
uncertainty in the measured nanocrystal diameter, we compare our BSE calculations
to the experimental dependence found by fitting to Equation , such that the

same equation is used to fit each data set.

Figure compares the experimental and tight-binding data from the literature
with our BSE calculations for the optical gap dependence on the diameter of CdSe

nanocrystals. A bulk band gap of 1.8 ¢V is used (T=300 K) in all fits. The agreement
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Figure G.7: Optical gap as a function of nanocrystal diameter. Data points taken
from the literature (red and blue) are shown with our tight-binding+BSE results
(green). Lines of best-fit, defined using Equation (|10.3)), are overlaid.

of the BSE calculations with the average optical gap as a function of diameter, is
very good. This may be somewhat fortuitous due to the spread in the values of the
experimental data, however the overall trend in the dependence is well-reproduced
by our BSE calculations for a range of sizes. Agreement could further be improved

below a diameter of 4 nm via the treatment of dielectric screening and the choice of

basis, as discussed in section [10.3.1] in Chaptei10]

Finally, one could raise the point that our tight-binding plus BSE model does
not directly reproduce any of the experimental data shown here (only the average
agreement is good), however the purpose of an empirical model in the first instance
is to reproduce trends, and Figure [G.7] demonstrates that our model does that.
Parameters such as the bulk band gap and the passivating energy can then be

adjusted in order to produce results consistent with one property of a specific set of
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experimental data, such as the band gap dependence. The model can then be used
to quantitatively investigate other physical properties. For example, the blue data
points that closely match the red data points for the smallest set of optical gaps in
Figure correspond to a tight-binding model with the same basis, that simply

utilises a smaller bulk band gap and different passivation parameters to usi2.

G.3 Extensions to the Treatment of Dielectric

Screening

In Chapter [I0] we screen the electron-hole interaction with the modified Penn
model, given by Equation [10.2] This accounts for the average reduction in the
dielectric constant of the nanocrystal as its size decreases, however, it does not
account for the spatial separation of the electron and hole. In general, we know
that dielectric screening should be lower for electron-hole separations of the order of
a bond length or less. This can be accounted for in a phenomenological manner

al33  In practice, this corresponds to

using the Thomas-Fermi model of Rest
multiplying the nanocrystal dielectric constant by a function that varies smoothly
over 0.1 < f(|r;y — ro|) < 1, in the range 0 < r < ry, where r = |r; — ry] is the
electron-hole separation and 7y is the screening radius. This leads to a dielectric
constant of the form:
r
) = | =D ERGCo )
€o(D), if 7>y

if r<nrg

Y (G'l)

where g = (47)/2(37%ng)/° is the Thomas-Fermi wave vector and ny = 32/a3 is the
valence electron density in a zincblende structure. The short-range variation in the
dielectric constant, defined by Equation , is shown in Figure as a function
of electron-hole separation, for several nanocrystal diameters. The screening radius
is determined by satisfying the condition sinh(gry)/(qro) = €x(D) and is found to

vary from 2.8 A to 2.95 A as the nanocrystal diameter increases from 2 nm to 6 nm.
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Figure G.8: Nanocrystal dielectric constant, given by Equation (G.1), as a function
of electron-hole separation. The dashed, black lines correspond to the values of rq
for nanocrystals with diameters of 2 nm and 6 nm.

Upon incorporation of separation dependence in the dielectric constant, one would
need to compute an additional set of Coulomb-like and exchange-like orbital
integrals, given by Equations and , for which the screening is now
explicitly included. It would then be straightforward to incorporate the changes into
our BSE implementation, distinguishing between screened and unscreened integrals
in the definition of the kernel, Equation ([7.13)). This was not included in the
calculations presented in Chapter due to time constraints, and would form the

next step in improving the description of the nanocrystal dielectric function.

The Dielectric Environment

We model our nanocrystal in a vacuum, however in reality, the system is coated
in ligands and suspended in a solvent. The environment in which the nanocrystal
is suspended will therefore have a dielectric constant that differs from that of the

nanocrystal interior. In principle, this should be accounted for in all orbital integrals
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involving surface atoms, which would require us to compute another set of Coulomb-
like and exchange like-integrals, defined by Equations and (7.12)), in addition
to those described in the prior discussion. One would also need to consider the effect
of the dielectric environment on the screening of the monopole interaction between

two orbitals centred on interior and surface atoms, respectively.

We suggest that this could be accounted for in an approximate way by taking
some average of the nanocrystal dielectric constant and the dielectric constant of
the environment, both in the explicitly calculated orbital integrals and for those
approximated with the monopole term. Although this is physically motivated,
we believe that this makes the treatment of dielectric screening unnecessarily
complicated given the uncertainty in the average nanocrystal dielectric constant
predicted by the modified Penn model, and the experimental uncertainty associated
with the value of the environmental dielectric constant. Hence it was not considered

in the calculations presented in Chapter [10]

In general, we expect that consideration of the dielectric environment may lead to
a slight increase in dielectric screening, which will consequently reduce the exciton
binding energies presented in Chapter [[0] We suggest that a quantum mechanical
treatment of dielectric screening would therefore be an interesting area of study for

future work.

G.4 Optical Gap as a Function of Nanoplatelet
Thickness

Only two prior studies on the optical properties of CdSe nanoplatelets have been
carried out in the literature using an atomistic model: one using tight-binding!®
and one using DFTE. The latter focuses on accurate self-energy corrections which
are beyond the scope of this thesis. In the tight-binding binding study, Benchamekh

and coworkers use an sp3d®s* tight-binding model including spin-orbit coupling, to



G.4 Optical Gap as a Function of Nanoplatelet Thickness 253

compute the independent-particle properties®. Electron and hole self-energies are
treated classically, whilst exciton binding energies are computed using an effective
mass formalism. This study therefore provides useful, first-order approximations for

quasi-particle and exciton energies and how they scale as a function of thickness.

A direct comparison of our results with those of Benchamekh and coworkers is
unfortunately hampered by their significantly different choice of bulk bang gap
and periodic in-plane boundary conditions. At T=0 K, they fit to a bulk band
gap of 1.76 eV, whereas our bulk band gap is fit to 1.9 eV. This leads to a
systematic difference in their band gap dependence on nanoplatelet thickness with
respective to ours. Consequently, Benchamekh and coworkers find good agreement
with experiment by reducing the thicknesses assigned to measured optical gaps
by one monolayer, whereas we find reasonable agreement with a reduction of two

monolayers.

Which is correct is debatable. While it is possible that our parameterisation
overestimates the bulk band gap, their choice of 1.76 eV seems too small when
viewed in context with reported values™3M6l (also see Table in ChapteI@.
If we take a median bulk band gap of 1.83 eVI then the uncertainties in the
parameterisations are comparable. One would expect that the use of a smaller bulk
band gap would, however, lead to a reduction in the tight-binding band gap of the
nanostructure, which is defined as the bulk band gap plus the confinement energies

of the lowest electron and hole states.

We treat surface passivation in the same way as Benchamekh and coworkers, utilising
a passivating parameter of 15 eV, while Benchamekh and coworkers use a similar
value of 20 eV. We therefore assume that the difference in the predicted nanoplatelet
band gaps must be due to their use of in-plane periodicity, in contrast to our
finite simulations. However one would also expect the band gap to contract as

a consequence of utilising periodic, in-plane boundary conditions, as this leads to
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platelets with infinite lateral dimensions. As such, it is unclear as to what exactly
causes Benchamekh and coworkers’ model to produce systematically larger optical

gaps in relation to ours.

The uncertainty regarding which is more accurate is compounded by differing
suggestions in the literature regarding the amount by which the experimental
thicknesses were initially overestimated. Assignments of thickness were initially
made using 8-band k - p calculations™, however later observations made using
TEM revealed a systematic discrepancy between theory and experiment. High
angle annular dark field STEM measurements made by Malher and coworkers
suggest that theory had overestimated the nanoplatelet thicknesses by two

2021 however this is contested by the group of Achtstein, who suggest

monolayers!
that an overestimation of one monolayer is more consistent with their TEM
measurements®?.  Our results are more consistent with Mauler and corworkers’
assertion, which appears to be the consensus in the literature™ %80 202205 = Ag 5
result, all experimental work from 2012 onwards should not require any adjustment
in the assignments made to the nanoplatelet thickness (unless the group of Achtstein

is being cited).

In Figure we compare Benchamekh and coworkers’ optical gaps with our own
calculations. We have also included experimental data with a systematic shift of one
monolayer (solid squares/blue line) and two monolayers (hollow squares/dashed,
blue line). Benchamekh and coworkers’ results show strong agreement with
experimental data ( -1 ML ). It is likely that this strong agreement with experiment
is maximised through their choice of dielectric constant for the external medium,
which could take one of several values. Our TB+BSE calculations do not yield quite
as good agreement with experiment (- 2 ML), however our many-body calculations

contain no empirical parameters.

Agreement between experiment and our BSE calculations can be improved in two
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Figure G.9: Optical gap as a function of thickness for CdSe nanoplatelets. The
tight-binding + effective mass results of Benchamekh and coworkers are plotted in
yellow®™ whereas our tight-binding + BSE results are plotted in green. Two sets of
experimental results with systematic reductions in their monolayer assignments, are
given in blue. We note that from the year 2012 onwards, the open squares represent
the adopted assignment of thicknesses for the optical gaps. The parameters for the
lines of best-fit are given in Table

ways: Simulating nanoplatelets with larger, more realistic lateral dimensions and
improving our description of dielectric screening. These are both discussed in more

detail in the main text of Chaptef10]

G.5 Best-Fit Parameters to Many-body Data

G.5.1 Fit Parameters for Nanocrystal Data

Table contains the best-fit parameters to the data in Figures [10.8| and [10.10],

describing the dependence of the optical gap on nanocrystal diameter. This data is

fit with Equation (10.3)).
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Data a b c O, oy O
TB-CIS 0.00167 -0.0212 0.760 6.88 x 107° 4.83 x 1073 8.01 x 1072
BSE € = 6.2 0.002 -0.0416 0.859 847 x 1075 4.83 x 1073 6.54 x 1o~ 2
BSE € = ¢(D) | 0.00213 -0.0450 0.986 9.09 x 107> 524 x 107* 7.15 x 1072

Table G.1: Parameters and standard deviations for the lines of best-fit plotted in
Figures [10.8) and [10.10]

Table contains the best-fit parameters to the data in Figure [10.11] describing
the dependence of the exciton binding energy on nanocrystal diameter. The data
was fit to the equation, Ex = a/ed’, where (a,b) are parameters and € was either a

constant or a function given by Equation ({10.2)).

Data a b Oq oy
TB-CIS 3.97 x 10 0.973 4.18 x 103 2.97 x 1072
BSE e=6.2 | 6.02x 10®> 0.556 4.09 x 10> 1.94 x 1072
BSE e = ¢(D) | 1.31 x 10* 0.744 3.90 x 10> 8.79 x 1073

Table G.2: Parameters and standard deviations for the lines of best-fit plotted in
Figure [10.11] The fits were performed on data given in meV.

Table contains the best-fit parameters to the experimental data, tight-binding
data and our BSE calculations giving the optical gap dependence on nanocrystal
diameter. All tight-binding data includes some approximation for the binding

energy of the lowest exciton state. Functions defined with Equation (10.3) and

the parameters in Table are shown in Figure [10.13

Data a b C Oq o O
Experiment | 1.94 x 1073 -0.0322 0.87 4.81x10~* 0.023 0.258
Tight-binding | 1.23 x 1072 3.93 x 1073 0.359 5.55 x 1074 0.0284 0.343

BSE 2.13 x 1073 -0.045 0.986 9.09 x 10™® 5.24 x 10~2 0.0715

Table G.3: Parameters and standard deviations for the lines of best-fit plotted in
Figures [10.13] and [G.7 All fits were done using F pui = 1.8.

G.5.2 Fit Parameters for Nanoplatelet Data

Table contains best-fit parameters for the variation in the calculated
nanoplatelet optical gap as a function of lateral dimensions. The parameters are

used in Equation to define the line of best-fit shown in Figure [11.2]
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Data

a b c

Oq Oy

Oc

BSE

0.278 0.165 0.626 0.0299 0.153 0.167

Table G.4: Parameters and standard deviations for the lines of best-fit plotted in

Figure .

Table contains the best-fit parameters to the data given in Figure above.

The dependence of the nanoplatelet optical gap on thickness is fit with Equation

©2.

Data a

O, b

Op

Experimental (- 1 ML)
Experimental (- 2 ML)
TB-EMA
TB+BSE

764 0.359 1.56 0.0363
3.07 0.152 1.16 0.0504
6.67 0.717 1.47 0.0802
3.07 0.0906 1.079 0.0295

Table G.5: Parameters and standard deviations for the lines of best-fit plotted in

Figure [G.9

Table compares the ratio of surface atoms to total atoms for CdSe nanocrystals

and nanoplatelets of varying dimensions.

Thickness (nm (ML)) | NJiome/Natoms(3 s.f.) | Diameter (nm) | NZoms/Natoms(3 s.f.)
0.61 (2) 0.447 2 0.478
0.91 (3) 0.343 3 0.368
1.21 (4) 0.286 4 0.272
1.51 (5) 0.249 5 0.221
1.82 (6) 0.224 6 0.188

Table G.6: Surface to volume ratio for nanoplatelets (planar areas of 49 nm?) and

nanocrystals.
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