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Abstract
We establish the optimal convergence rate of the hypersonic similarity for two-
dimensional steady potential flows with large data past a straight wedge in
the BVNL' framework, provided that the total variation of the large data
multiplied by v — 1+ A‘}—” is uniformly bounded with respect to the adiabatic
exponent v > 1, the Mach number M, of the incoming steady flow, and the
hypersonic similarity parameter a.,. Our main approach in this paper is first to
establish the well-posedness and the Lipschitz continuous map P that has the
properties similar to the Standard Riemann Semigroup of the initial-boundary
value problem for the isothermal hypersonic small disturbance equations with
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large data, and then to compare the Riemann solutions between two systems
with boundary locally case by case. Based on them, we derive the global L!'—
estimate between the two solutions by employing the Lipschitz continuous
map P and the local L'—estimates. We further construct an example to show
that the convergence rate is optimal.

Keywords: hypersonic similarity, optimal convergence rate, large data,
straight wedge, isothermal hypersonic small disturbance equations,
BV solutions, standard Riemann semigroup

Mathematics Subject Classification: 35B07, 35B20, 35D30; 76J20, 76199,
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1. Introduction and main theorems

We are concerned with the optimal convergence rate of the hypersonic similarity for two-
dimensional steady potential flows with large data past a straight wedge in the BV N L' frame-
work. In gas dynamics, hypersonic flows are the flows with a large Mach number (at least larger
than five). One of the important properties of the hypersonic flows is the hypersonic similarity,
which was first developed by Tsien in [27] for the two-dimensional potential flow and the three-
dimensional axis-symmetric steady potential flow in the 1940s. The convergence without a rate
of the hypersonic similarity for two-dimensional steady potential flows over a straight wedge
was rigorously verified in [19]. In this paper, we further develop mathematical analysis on
the hypersonic similarity for steady hypersonic potential flow over a two-dimensional straight
wedge with large data (see figure 1) to establish the optimal convergence rate rigorously.

Physically, the law of the hypersonic similarity is also called the Van Dyke similarity law
[29] (see also [21]), which states that, for the steady flow around a slender wedge, the flow
structures are similar under some scaling if the Mach number of the incoming flow is suf-
ficiently large. More precisely, after scaling, the governing equations of the flow with the
same hypersonic similarity parameter can be approximated by the same hypersonic small-
disturbance system.

Mathematically, consider a uniform hypersonic flow with velocity (u..,0) over a two-
dimensional straight wedge with boundaries y = £7byx, for a fixed constant by and a suffi-
ciently small parameter 7 > 0. The two-dimensional steady isentropic irrotational Euler flows
are governed by the following equations:

0x (pu) + 05 (pv) =0,
(pu) + 5 (pv) (LD
OV — Oy = 0,
where density p and velocity (u, V) satisfy the following Bernoulli law:
[ N LA ST SNt
- = _ x 1.2
2(u +v)+ry_1 2uoo+7_1 (1.2)

for poo > 0and v > 1.

Due to the symmetry of the initial-boundary value problem, we constrain ourselves to con-
sider the lower half-plane in R? with wedge boundary ¥ = 7hyx for by < 0 (see figure 2). Then,
along the wedge boundary, the flow satisfies the impermeable slip boundary condition:

(@,7) -m=0, (1.3)
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Figure 1. Hypersonic flow over a two-dimensional slender straight wedge.

1Y Shock
My > 5

IR 2

Figure 2. Hypersonic similarity law.
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V1+728;

Define the hypersonic similarity parameter:

where n = is the unit inner normal of the wedge boundary.

y—1

Uoo = TMoo = TlooPoo * -

Following the arguments in [2, 27], we define the scaling:

X=x, =7y, i=itoo (1+7°U), V=TV, pP= poop,

where poo = limy_, o p(¥) so that lim,_, _ p(y) = 1.
Substituting (1.5) into (1.1)—(1.2), we obtain

0, (p(1 + 7))+, (pv) =0,
O — Oyu =0,

and
P -1

Lr__— o
(y—1)a2,

1
u+ 5 (v2 —|—T2u2) +
Now the fluid domain and its boundaries (see figure 3) are given by

(1.4)

(1.5)

(1.6)

(1.7)
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Figure 3. The initial-boundary value problem (1.6)—(1.9).

and
FW:{(x7y) :x>0,y:b0x}7 20:{()(:7);) Z.X:O,y<0}.

Let ny, = % be the unit inner normal vector of I'y,. Then the boundary condition (1.3)
0

becomes
(1+ 7%, v)-n, =0  onT,. (1.8)

In addition, we impose the initial data on Xy as

(p,u,v) = (po,uo,vo) (¥) on X, (1.9

where pg,ug, and vy satisfy (1.7).

Mathematically, the hypersonic similarity means that, for a fixed hypersonic similarity para-
meter d, the structure of the solution of (1.6)—(1.9) is persistent if M, is large (i.e. 7 is
small). In practice, when M, is sufficiently large,  is expected to be near 1. Therefore, if
the hypersonic similarity is valid, when 7 and v — 1 are sufficiently small, the solution of the
initial-boundary value problem (1.6)—(1.9) should be approximated by the problem via taking
T=0andy=1:

axp + ay (pV) = Oa
O —0Oyu=0, (1.10)
u+ %vz + L‘;—p =0,
with the boundary condition:
v=>by on Iy, (1.11)

and the initial data:

(p,u,v) = (po,uo,vo) (¥) on X, 1.12)

where po and (ug, vo) satisfy (1.10)3.

System (1.10) is called the hypersonic small-disturbance system. The hypersonic simil-
arity was established in [19] by proving the existence of global entropy solutions of prob-
lem (1.6)~(1.9) with large data, provided that (y — 1 +7%)(T.V.{(po,v0); X0} + |bo|) < oo,

4
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and then showing that the solutions converge pointwise to the solution of problem (1.10)—
(1.12) as v — 1 4 72 tends to zero. Therefore, a next natural question is what the convergence
rate with respect to parameter v — 1 4 72 should be. The main purpose of this paper is to
establish the optimal convergence rate of the solutions of problem (1.6)—(1.9) to the solution
of problem (1.10)—(1.12) in L' as v — 1 + 72 — 0 with large initial data. To this end, we set

= (e,7%):=(y—1,7%). (1.13)

Denoted by (p(*), u(#) v(#)) the solution of problem (1.6)—(1.9), and denoted by (p,u,v) the
solution of problem (1.10)—(1.12) (i.e. corresponding to the case: pt = 0). Since the flow moves
from the left to the right, then 1 4 72u®) > 0 so that u®) can be solved from equation (1.7):

1
U — = <\/1 — 2B (pl) y(m) ) — 1) , (1.14)

where B(¢)(p,v,€) is given by

€ 2 pe_l
B (p,v,€) := % +7.

(1.15)

Substituting (1.14) with (1.15) into equations (1.6), we reformulate problem (1.6)—(1.9) as

0, <p(“) Vi1- TzB(E)(p(”),v(“),e)) +0, (pWvW) =0 in Qy,
D) — B, ( YImr (o 0e) > ~0 inQ,, e
together with the initial condition:
(P, 1) = (po, v0)(y)  on X, (1.17)
and the boundary condition:
(\/1—7’23(5)(/)(“),\1(“),6), yW).n, =0  onTy,. (1.18)
Similarly, from the third equation of (1.10), we obtain
u:—%vz—%f. (1.19)

Then, substituting (1.19) into the other two equations of (1.10), we reformulate prob-
lem (1.10)—(1.12) as

Owp+ 0y (pv) =0 in Q,,
| | ) (1.20)
v+ 0, (§v2+;§p) =0 in Qy,
with the initial condition:
(p,V) = (pOaVO) (y) on EO) (121)
and the boundary condition:
v =by only. (1.22)

Our main results in this paper are stated as follows:

5
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Theorem 1.1 (Main Theorem). Assume that there exist p* > p, > 0 so that p, < po < p*.
Assume that (po — 1,v0) € (L' N BV)(X0). Moreover;, assume that there exists Cy > 0 inde-
pendent of p such that

||| (T.V{(po — 1,v0); 20} + |bo]) < Co

for ||| := e+ 72 Let (o™ ,v(#)) and (p,v) be the entropy solutions of problem (1.16)~(1.18)
and problem (1.20)—(1.22), respectively. Then there exists i, = (60,7'02) witheg=v—1>0
and 1o > 0 such that, when ||| < || pol| := €0 + 72,

(0™ = p, vV =) |11 (—oo,bory) < Cxllpall — for every x>0, (1.23)

where C > 0 is independent of p and x. Moreover, the convergence rate for p in (1.23) is
optimal. Here and in the sequel, T.V.{(p,v); X} represents the total variation of (p,v) along a
line Y in the corresponding variable, say y as above.

With theorem 1.1 in hand, we can further show the convergence rate between the entropy
solutions (p™),u(®) y(#)) of problems (1.6)—(1.9) and the entropy solution (p,u,v) of prob-
lem (1.10)-(1.12) below.

Theorem 1.2. Under the assumptions in theorem 1.1, let (p*) u(*) v(®)) and (p,u,v) be the
entropy solutions of problem (1.6)—(1.9) and problem (1.10)—(1.12), respectively. Let i, be
defined in theorem 1.1. Then, for any ||p|| < |||, the following optimal convergence rate
holds:

(0% = p, ul™ =, v —v) | (oo S CL+)[lull  forevery x>0, (1.24)

where C > 0 is a constant independent of p and x.

To complete the proof, our main strategy is to further develop the methods used in [4, 5, 12]
for the Cauchy problem into the initial-boundary value problem with large data by requiring
that one of the two problems can generate a Lipschitz continuous map P, which describes the
evolution of flow along the x-direction with the property that it coincides with the Riemann
solver of the initial-boundary value problem (1.20)—(1.22) locally for piecewise constant initial
and boundary states, while the other admits approximate solutions constructed by the wave-
front tracking scheme. The Lipschitz continuous map P is similar to the Standard Riemann
Semigroup, which was proposed by Bressan [3] for solving the uniqueness of solutions of the
one-dimensional Cauchy problem for hyperbolic systems of conservation laws. It not only pre-
serves the semigroup properties, but also coincides with the Riemann solver to the initial value
problem for one-dimensional hyperbolic systems of conservation laws locally for piecewise
constant initial states.

Since there is no theory on the standard Riemann semigroup for the initial-boundary value
problem in general, we identify an affine transformation to transfer the initial-boundary value
problem (1.20)—(1.22) to be in a quarter region with the unchanged equations (1.20). More
precisely, we introduce the transformations:

()AC,_)A/):(X,yfb()X), ﬁ()%,j’):p()%,j)+box), 9(55,5’):V(5575’+b055)*b0 (125)

so that (p, V) satisfies problem (3.7)—(3.9) with the equations still the same as (1.20) but the
domain lies in a quarter region; see also (3.14) and (3.15) in section 3.2 below. Then we can
apply the results in [14] to show that the transformed problem admits a unique Lipschitz con-
tinuous map P that has the properties similar to the standard Riemann semigroup. After that,

6
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by applying the inverse transformation, we can establish the L!-stability and the existence of
a Lipschitz continuous map P of the initial-boundary value problem (1.20)—(1.22). Moreover,
a new formula for P is also established.

On the other hand, for the initial-boundary value problem (1.16)—(1.18) with large data, by
employing the technique of path decomposition developed in [1] and following the argument
in [19], we can also construct the approximate solutions via the wave-front tracking scheme.
In fact, a path in the wave-front tracking scheme, which is similar to generalized characterist-
ics defined in [16, 18], is a polygonal line connecting a sequence of interaction points in the
physical space so that a single shock front is composed of several segments of a path. Then
the technique of path decomposition is to assign a path strength to all the segments so that the
strength of a single shock front is the summation of the path strength.

Based on them, employing the new formula for the map P obtained in this paper, we estab-
lish the global L'—difference estimate between two approximate solutions and obtain estim-
ate (1.23) by taking the corresponding limits. Finally, we construct a simple example to illus-
trate that the convergence rate obtained in theorem 1.1 is optimal.

We remark that, recently, the law of the hypersonic similarity without a convergence rate
was rigorously justified for the steady potential flow past a straight wedge with large data
in [19] where the global existence of an entropy solution of problem (1.6)—(1.9) for 7 >0
sufficiently small and ~ € (1,70) with large data was proved, and the optimal convergence
rate with respect to 72 for small data was obtained in [20] over a Lipschitz curved wedge for
7 > 0 sufficiently small and v > 1 fixed with small bounded total variation on the initial and
boundary data, as well as for the full Euler flows with small data in [9]. Meanwhile, a similar
but different problem on the hypersonic limit was considered in [25, 26] as the Mach number
of the upcoming flow M, tends to infinity with the obstacle being fixed without similarity, so
that the shock front sticks to the surface of obstacle and the singularity is formulated which
behaviors like the Dirac measure with its support lies on the surface of obstacle due to the mass
concentration phenomenon. Then the Radon measure valued solutions were constructed as the
limit of the solutions of the steady full Euler flows past a two-dimensional straight wedges in
[26] and curved ramp in [25].

There are also some results on the existence of global entropy solutions with large data
in BV for the one-dimensional gas dynamics equations in Lagrange coordinates; see [23, 24,
28] for more details. There are also some results on the steady supersonic flow problems that
involve the structural stability of shock waves, rarefaction waves, and contact discontinuities;
see [7, 8, 10, 13, 15, 30, 31] and the references cited therein. See also [6, 11].

The remaining context of this paper is organized as follows: In section 2, we study the ele-
mentary wave curves for systems (1.16) and (1.20) globally, and then compare the Riemann
solvers between these two systems with a boundary. In section 3, we construct the approxim-
ate solutions of the initial-boundary value problem (1.16)—(1.18) via the wave-front tracking
scheme and then establish the L!-stability estimates and the properties of the Lipschitz con-
tinuous map P for the initial-boundary value problem (1.20)—(1.22). Based on them, a new
formula for the map P is derived. In section 4, we complete the proof of theorem 1.1 by first
establishing the local L!-estimates between two approximate solutions and then applying the
formula for the map P and the properties of the approximate solutions. Finally, we present an
example to illustrate that the convergence rate obtained in theorem 1.1 is optimal. In section 5,
we complete the proof of theorem 1.2. In the appendix, we show some basic estimates, which
are used for establishing the optimal convergence rate in section 4.3.
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2. Riemann solvers for systems (1.16) and (1.20)

In this section, we construct the elementary wave curves for system (1.16) and system (1.20),
respectively. Then we make the comparison of the Riemann solvers with a boundary between
the initial-boundary value problems (1.16)—(1.18) and (1.20)—(1.22).

2.1. Wave curves for system (1.16)

For simplicity, we rewrite (p*),v(#)) as (p,v) and B() (p®) v(#) ¢) as B(®). Denote U :=
(p,v) ". Then, by direct computation, the characteristic polynomial of system (1.16) is

(1=72(B +a2p)) (AW)* —20/T— 72BOA® 132 —a2p° =0, 2.1
It admits two roots that are the two eigenvalues of system (1.16):

_ A2V 1T—72BE) + (—1Y p> \Ja2o — T2 T ((e +2) pc — 2)
a a3 (1= 72(B© +ax’pe))

forj=1,2. (2.2)

(1)
The corresponding right-eigenvectors are

r™ (U,p) = (~1) (p, P

at (V11— T2B(€))\;“) —v)

Lemma2.1. Forany U € D = {(p,v): p € (p«,p*), |v| < K} with constants p* > p, > 0 and
K > 0 independent of p, then

€

y'o forj=1,2. (2.3)

A}“)(U,H)’ 0:V+(_1)ja;o1 forj=1,2, 2.4)
“:

B (U] = (1) a)T fori=12. @)

Since a., > 0, we deduce from lemma 2.1 that system (1.16) is strictly hyperbolic for any
U e Dif e>0and 7> 0 are sufficiently small. Moreover, we have

Lemma 2.2. For any U € D with D defined in lemma 2.1, there exists a constant vector [, =
(€0,72) with & > 0 and 7o > 0 such that, for ||p| < ||z

VoA (U,p) e (Up) >0 forj=1.2, 2.6)

where ||p| = €+ 72 and || iy = € + 73.

Proof. For j=1, taking the derivatives on both sides of (2.1) with respect to p to obtain

(1)
2((1= (B +a2p)) AP — /17280 ) 62;
+a;02 ((ZV —(e+2) )\E“)))\E“)TZ — e) pl=0. 2.7)
Substituting (2.2) for j =1 into (2.7), we deduce

3)\5”) B (2v —(e+2) /\gﬂ)) )\E'U)Tz —€

= . 2.8
Y Y ey (e e
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Similarly, we also obtain

o @ ((VI=7BT - 22)aF v+ (0)')
— . 29
o 2 e (e 1 2 2) 29

It follows from (2.3), (2.8), and (2.9) that

VoA (U,p) e (U.p)
2(VI=7B@ —2r2) A — v+ 720 (A)7)
— (VI=7BOX —v) (v = (e+2) AP 72 )
295l — e (e +2)pr —2) (VIZ BN —v)

which, by lemma 2.1, implies that

Vo (U.p) e (Uap) | =a) >0,
e

In the same way, for j =2, we have
VoA (U, ) -8 (U, )
2 ((W— 27'21/)/\5”) — V—|—7'2V(/\§”))2)
—(W/\(”) ) ((2v—(6+2))\§”)))\£”)7'2—6)
2073 \/ak — T2 T ((e+2) pc —2) (\/17723(5))\5“)70 .

Then, by lemma 2.1 again, we obtain

VoA (Up) - i (Up) |  =al >0,
Therefore, we can choose ji, = (€9, 7;) with small & > 0 and 7y > 0 such that, when || || <
oI, Vo™ (U, ) - £ (U, ) > 0 forj = 1,2 and U € D. This completes the proof. [

Lemma 2.2 implies that both characteristic fields of system (1.16) are genuinely nonlinear.
Thus, the elementary waves are either shock waves S(*) = Sg” U Sg” ) or rarefaction waves
R = RE“ ) UR%” ). Next, we study the shock wave curves and rarefaction wave curves of
system (1.16) in the (p,v)—plane.

For a given left-state Uy, = (py,vy) ", the shock solutions U = (p,v) " are the Riemann solu-
tions satisfying the following Rankine—Hugoniot conditions on the shock with shock speed

aj(m):
pY — pLVL = O—j(u) (p\/l —72B©) (pﬂ/,ﬁ) - pL\/l —72B©) (pL7VL7€)> )
% (\/1 — 7B (p,v,€) = \/1 —72B() (pL>VL7€)) = UJ‘(H) (v—v),

and the following Lax geometric entropy conditions:

AW Uy <o < AW (L), or AP (U ) <o < X\ (U ). @.11)

(2.10)

9
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Then, for sufficiently small |||, if Uy, and U € D, conditions (2.11) imply that
p>prL,v<vy, or p<pL,v<vL. 2.12)
Therefore, it follows from (2.10) that

2(p°—p) (p—p1)
aZ.e(p+pr)

+ <\/(1 —72B) (pg,vp,€)) (1 —72B) (p,v,€)) — 1)

+ TZB(E) (va VL, 6) B(E) (pv v, 6)

(v— vL)2 =

2(p6_1)p+2(p2—1)pL>. (2.13)

X\ vpv+
(L aZ.e(p+pL)

Set o := £ . Define
PL

Hg”) (V— VL, Q, UL7l'l')
» 20— D(a—1)

=(v—vp) ot — 2o (pva,e)B(e) (pro,v,e)
- (\/(1 —72B() (pp,vp€)) (1 — 2B (prov,v,€)) — 1>
2(,02 (of""l + 1) —a— 1)
. 2.14
X (vaJr Lot (2.14)

Thus, solving v — v, from equation (2.13) is equivalent to solving the equation:
HM (v—v,0,UL,p) =0, (2.15)

where H®) is defined by (2.14). Its solvability is given by the following lemma:

Lemma 2.3. Let D be defined in lemma 2.1. There exist both a constant & € (0, %) and a
constant vector i = (€},7,) with € < € and 7§ < Ty such that, for || p|| < || 24|,

) Ifaell, 50_1], then equation H® (v — vy, o, U, ) = 0 admits a unique solution v — vy =
o (0 Ur, ) € C([1,6,1] x D x (0,€)) x (0,74?)) satisfving

__Q (a—=1)na &pg'f)

(1) ’ _
u=0 doo a+1 O

Ls,

<0; (2.16)

(i) If o € [0, 1), then equation HM) (v — vy, o, Ur, ) = O admits a unique solution v — vy =
goéf) (;Ur,p) € CZ([éo, 1) x D x (0,&) x (O,?O’z)) satisfying

2 [ (1—a)l Ao
S| Y2 [ (-a)na L) 2.17)
2 lp=0 Qoo l1+a Oa

Proof. If « =1, then p = p.
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For o # 1, it follows from (2.12)—(2.14) and lemma 2.1 that, when pu = 0,

V2 [(p=p)(p=p) _ V2 [(a—1)na

DY S AU 7 U o fora > 1, 2.18
V—vL d ot oL oo a1 a ( )
or
2 1—a)l
vaszi _(-a)ina for0<a<l. (2.19)
oo 1+«

Now, we first consider the case that . > 1. It follows from (2.18) that

(w) V2 (a—1)Ina
W (Y=, e e = 2.2
S ( o a+ 1 , ULa 0) 07 ( O)
OHM 2v2 [(a—1)1
5 2 (v—v) = — v2 [(a-Dna 2.21)
O(v—=v1) |0 oo a+1
Next, we set
- H® (y— U
Hé”) (v—vp,a,U,p):= b vL,la, LK) for o > 1.
o —
Then, by (2.20),
—w), 2V2 [(a—1)ha
HM (— Ur,0)=0
S ( Ao a+1 y &, UL, ) ’
and, by (2.21),
8IEI§“) (v—vp,a,UL, 1) 72\5 Ino
0(v—vy) =0 o ae V217
Since limy 1+ % =1, we have
hm 8H§ﬂ) (V — VL, Q, UL7IJ’) _ _i < O
a—1+ O(v—vyr) =0 (oo

Note that al?f‘l is monotonically decreasing on [1,00) and lim,_, al?f‘l = 0. Then we can

choose a small constant 6y € (0, }) and a constant Cs, € (0, %) such that, for a € [1,5, 1),

242
< —iC(;U <0.

n=0 oo

2 OH™)
- < -
ds  O(v—rp)

Therefore, by the implicit function theorem and the compactness of D, we deduce that
there exists a constant = (&}, 7,%) with &, < & and 7, < 7 such that there exists a unique
solution:

v—vp = (@; Up, ) € C'([1,651) x D x (0,) x (0,72))

so that H(”)(cpg‘ ),a,UL,;L) = 0. Moreover, it follows from (2.18) that the first identity
in (2.16) holds.

1
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Taking the derivative with respect to a on both sides of equation (2.15) to obtain

oHM  oHW 9o
Oa " da (2.22)
g,
Taking p = 0 in (2.22), we see that

8‘;0%‘) ’ _ _8H§“)
Oa 'n=0 Oa

=0 &pé'f) =0

_ V2 o?+2alna—1
2ac a(a—!—l)% (a—1na

<0 for av > 1. (2.23)

Moreover, we have

Thus, by choosing dy > 0, €} > 0, and 7; > 0 sufficiently small, it follows that

&A(v'f)
Oa

Furthermore, we take the derivative with respect to v on both sides of (2.22) and set 1 = 0

to obtain
2 _
_ 82H§H) " 82H§”) 3@3‘) . 82H§”) a(pg‘) ‘ 81_1;#)
p=0 da? &péf”aa dax 82<p§f” da =0 &pgf” =0

By direct calculation, we have

<0 fora € [1,0, 1), |||l < | &)l and Uy € D.

9
Oa?

PHY | _2((0 —da—1) (@t ) +4e’lna)  PHS | PHY|
02 |,y ae0? (a+1)° oo 00l e s
Then
e 2(a—1)((a?—4a+1) (a+1)+4a’na) na+ (o? +2alna —1)°
da? |, Zﬂawaz(a—&—l)%((a—l)lna)% .

2 (1)
Note that limg 14 —5—4— =az!. Thus, for a € [1,56; ") and ||p]| < || /B

n=0

, we see that

a¢§]“)

€ C([1,6,") x D x (0,&}) x (0,7%)). This completes the proof of (i), i.e. for the case
that o > 1. In the same way, by (2.19), we can also prove (ii), i.e. for the case that o < 1.
O

Now, we study the rarefaction wave curves with Uy = (py, vL)T as the left-state. If these
curves are parameterized as U(a) = (p(a),v(a)) ", then the 1-rarefaction wave satisfies

d _ do
dpv - plda when o € (0, 1], (2.24)

a2, (V1=7BO (p(a) ,v(@), A" (U(a),n) —v(a) ) |

12
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with (p,u) |C¥:1 = (pr,vL), or the 2-rarefaction wave satisfies
dp

do

b ar

e when « € [1,00), (2.25)
a2, (V/1=72B0) (p(a) w(@), A (U(a) ) —v(a))

o
<
I

with (p,u) |a:l = (pL,vr). Then we have the following lemma:

Lemma 2.4. Let D be given as in lemma 2.1. Then there exists a constant vector fi}' =
(), 74") with €)' < & and 7' < 7o such that, for ||| < || 2y’

’

(i) when o € (9, 1], equation (2.24) admits a unique solution v —v = cpf,{f)(oc,UL,,u) €
C((0,1] x D x (0,&") x (0,737%)) satisfying

(l") — (H) ‘ J— 1 Rl .
=0 =——Ina <0 2.26
PR, ) PR 0 ) D) ( )

(il) when « € [1,00), equation (2.25) admits a unique solution v —v; = gol({;)(a,UL,u) €

C?([1,00) x D x (0,&)") x (0,7)%)) satisfying

(»)
- (“)‘ -1y %r S 227
(pRz a=1 ’ L)ORI =0 oo nao, 804 = Y- ( . )

Proof. We give the proof of (i) only, since the argument for « € [1,00) is the same. First, by
equation (2.24);, we see that p = pp«.. Then we substitute it into equation (2.24), and integrate
the resulted equation to derive

(@ —1)

/ v (V 1= 7B (pra, ) A (U(C) ) — <) ac="1 : (2.28)

2
a’ e

where U(¢) = (pra,¢) 7. It follows from (2.28) that v = v, when a = 1.
When a € (0,1), set

v € € __ 1
HI(QIIL) (V — VL, &, pr, IJ') = / (\/1 - TZB(E) (pLOé, Cv 6) )\i“) (U(C) 7"1’) - C) dC - %ﬁ)
Therefore, solving equation (2.28) is equivalent to solving the following equation:
HY (v —vi,a, pr, ) = 0, (2.29)

Notice that H,({f) e, H,({f (=2 o, p;,0) =0, and

8HI(€;1L) (V - VL7aapL7lJ’)
o(v—vy)

=—a! <0. (2.30)
p=0

Then, by the implicit function theorem, equation (2.29) has a unique solution v —v; =

301(2111’) (Oéapuﬂ) € C2 SatiSfying 9‘71(?‘11)(17/)1‘7[//) =0and 901(?7) u = o

=0 doo

13
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8¢(M)
To find —
(e}

1 = 0 to obtain

, we take the derivatives with respect to « on both sides of (2.29) and then set

OH™) OH W) oM
o i ~0. 2.31)
da p=0 8‘0le n=0 da p=0
Inserting the identity that 8’;’;“) ——— into (2.31) and using (2.30), we obtain
p=0 =
—1
8901({]‘) ~ OHW OHW) B 1 “o
da |,y da |,y a‘ﬂé’f) =0 oot ’
This completes the proof. O
For 6y € (0,3) and U, € D, we set
() —1
2 (a;ULJJ’) fora € [176 )7
o (03 Upo) =3 7L ° (2.32)
er, (a5 Up, p) for a € (0, 1],
and
(/J,) @gﬁ) (Oé, ULa IJ’) for (02 (607 1] 9
¢y (o ULm) =93 (2.33)
er, (UL, p) for a € [1,00),
where <p§]“ ) and <p§$ ), j = 1,2, are given by lemmas 2.3 and 2.4, respectively.

Using lemmas 2.3-2.4, we have

Lemma 2.5. Let D be given in lemma 2.1 and &, € (0,
let i} be given in lemma 2.4. Then, for ||| < min{||

statements hold:

@ @i* € C((0,65") x D x (0,min{|| &I, | &4 I1}))

(1)

&g‘a <0forae(0,6,") and

_lna

(u)’ _ Ao

U0 Y _v2 [Ge—Dha
oo a+1
(i) 3 € C?((do,00) x D x (0,min{|| @I, &4 1}))
BSD(I—L)

55— = 0 for o € (60, 00), and

_v2 [ _(-a)ha
oo 1+

Ina
oo

(n) ’
12) =0

3)- Let 1 be given in lemma 2.3, and

B |} and U, € D, the following

satisfies that <p§” ) =0 and
for a € (0,1],
(2.34)
for a€ [1,657);
satisfies  that goé“ ) =0 and
€ (6o, 1],
for o€ (3o, 1] (2.35)
forae[l,00).
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Based on lemma 2.5, we define

O (a3 UL, ) = (pran, v + oW (i3 U, ) forag € (0,651, (2.36)
) (a2 Up, ) = (praa,ve + o3 (aa;Ur,p))  for as € (69,00). (2.37)

Denote
W (;Up,p) : = ‘I’gﬂ)(az; <I>§“) (ar; Up, ), 1)

= (prasar, v+ oM (ar; Un, ) + 93 (an; U )T, (2.38)

where a = (a1, ;) and Uz(v;L) = (prar,ve + cpgu) (a;Ur,p)) "
Next, we consider the elementary wave curves of system (1.20) for U := (p,v) . The eigen-
values of system (1.20) are

MU =v—al!, MU =v+a, (2.39)

and the corresponding two right-eigenvectors are

r; (U) = (—p,agol)T, r, (U) = (p,agol)T. (2.40)

For any U € D, by lemma 2.1 and (2.39)—(2.40), we know that
M| =N 5 wm|  =nw) forj=12. Q4D

For U € D, system (1.20) is strictly hyperbolic. Moreover, a direct computation shows that

VN (U) 1j(U)=az) >0  forj=1,2.

This implies that the two characteristics families are genuinely nonlinear in D. Then, for any
two constant states U, Uy € D, we can parameterize the first elementary wave curve (including
1-shock S; and 1-rarefaction wave R;) and the second elementary wave curve (including 2-
shock S, and 2-rarefaction wave R») of system (1.20) which connects U, to U as

U= (ar;Up) = (prau,vp + o1 () ' (2.42)
U= ®;(02:Ur) = (proa,vi 2 (02)) (2.43)
respectively, where
—% for oy € (0, 1],
prie) = _£ (alglllllna*l for a; € [1,00), (249
_g _7(1_1(1222"“2 for ap € (0,1],

©2 (042) = (245)

i1x for oy € [1,00).

15
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Finally, we set

D (a;Up) = (pragan,ve + @1 (1) + 2 (ozz))—r for a = (v, 2) . (2.46)
Then, by direct computation, we have

Lemma 2.6. (), k= 1,2, satisfy

() pr(a) € C(Ry) fork=1,2;
(i) ¢f(a) <0and ¢3(a) >0 for o € Ry
(i) pi(1) =0and p/(1) = (1) a! fork=1,2;
(iv) Forany U € D,
(1)

0p; ,
W e 2 g wimi2 es

2.2. Comparison of the Riemann solvers between systems (1.16) and (1.20)

In this subsection, we consider the comparison of the Riemann solvers between system (1.16)
and (1.20) with/without a boundary.

First, we are concerned with the Riemann problem for system (1.16) with (x,y) €  and
the following data:

_ Ur := (pr.ve) | fory >3,
U(x,y) = T R (2.48)
Up:=(pL,v)  fory<jy.

Lemma 2.7. Let domain D be given as in lemma 2.1. For any two given constant states
U, Ug € D, there exist small constants 8 € (o,%) and fi] = (&],7{*) with & < min{},&}'}
and 7/ <min{7{,7,'} such that, for ||| < ||&{||, the Riemann problem (1.16) and (2.48)

admits a unique constant state Uz(f) satisfying
) _ M (- — M (0, W 2.4
UM = ¥ (O¢17UL7”')3 UR— 2 (a27UM H)) ( . 9)

where oy, a3 € (6, 37).
0

Proof. To obtain the solution of the Riemann problem (1.16) and (2.48), it suffices to solve
the following equations for & = (a1, ):

Up = &™) (o Up, ).

More precisely, by (2.38), it can be rewritten as

{PR = W (a; Uy, p) = pranay,
vg = O (; Up, ) = vi + o) (a0 Usy ) + 05 (0 @) (a3 Up, ) , o).
(2.50)

For p =0, by (2.34)—(2.35), equations (2.50) admit a unique solution o = («vj,ap) for
Up,Ug € D. Next, by (2.47),

(3(@(#)71@(#)72)
det| ——F+——--"+-

d(ar,az) ’u—0> = pr (0293 () — arpf ()

16
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Thus, it follows from lemma 2.6 that there exists a small constant & € (do, %) such that, for
ay,a; € (84, %0,) and p, € D,
pr (a2 (a2) — arpf () > Cyy > 0.

Then, by the implicit function theorem, there exist constants x| = (¢/,7,?) with & <
min{&},&)'} and 7/ < min{7y,7,’} such that, for ||u|| < ||i{|| = € + 7/, equations (2.50)
admit a unique solution (v, ) € (64, 57)*. O

0

We now make the comparison of the Riemann solutions between system (1.16) and sys-
tem (1.20) with the initial-boundary condition (2.48).

Proposition 2.1. For a given number k = 1,2, assume that two constant states Uy, Ug € D
satisfy

Up=®(B;UL), Up=9" (ap:ULp), (2.51)

>

where 3 = (B1,52), cu € (84, 3), and 8 > O is given in lemma 2.7. Then, for ||p|| < || &{
0

Be=ar+ 0| —Ullpll,  B=1+0(1)|ow— 1], (2.52)

where j£k, j = 1,2, and fi{ = (€],7/) is given in lemma 2.7. Moreover; if |Ugr — UL| = anp,
then

181 = 1] +[B2 — 1| = O (1) awp, (2.53)

where the bounds of O(1) are independent on p.

Proof. First, consider the following equations that are derived from (2.51):

®(B;UL) =M (s Up,p)  for B=(B1, ).

Without loss of the generality, we consider only the case: k = 1. By (2.36) and (2.42)—(2.43),
for Uy, € D, the above equation is equivalent to the following equations:

{Fl (51752;CV17H»UL) =Y,

0
(2.54)
F (B1,B2,a1,1,Ur) =0,

where

Fa (B1, B2, a1, p,UL) == @1 (B1) + 02 (B2) — @gﬂ) (a1;UL, ).

When ¢ = 0, by lemma 2.6, system (2.54) has a unique solution 5; = «; and 3, = 1. When
p # 0, by lemma 2.6,

Thus, by the implicit function theorem, system (2.54) admits a unique solution:

(B1,82) = (Bi (a1, 1), B2 (o1, ) € C*.

17

{Fl (B1, B2, 00, i, UL) := B1 82 — v,

1
o

=3 (1) — a1 (1) > C5, >0 for ay € (&g,
p#0,B1=a1,5=1
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In addition, by lemma 2.6, 3, (1, ) = B2(1, ) = 1, B1(1,0) = vy, and B,(1,0) = 1. Then
we can apply the Taylor expansion formula to obtain

Bi (e, ) = Bi (a1,0) + Bi (1, 1) — B1 (1,0) + O (1) [y — 1| pe|
=ar+0(1)[ar —1[|pll,

Ba(ar, ) = B2 (a1,0) + B2 (1, 1) — B2 (1,0) + O (1) [y — 1| pe|
=1+0(1) a1 — 1{[|p]],

which are estimates (2.52).
Since, for Uy, Ug € D, there exists C > 0, independent of i, such that

= Z 18— 1] < |@(B:UL) — U] < C Y |1,

, 1,2 j=12
estimate (2.53) follows immediately. ]

Following the proof of proposition 2.1 above, we have the following corollary in a direct
way, whose proof is omitted.

Corollary 2.1. Assume that two constant states Uy, Ug € D satisfy

Up=®(B;UL), Ur=0" (c;Ur,pu)  for B=(p,5) and o = (a1, ), (2.55)

where oy, a; € (6, 57 ), and constant 5§ > 0 is given in lemma 2.7. Then, for || < || 31|,
0

= +0(0) (D lax—11)ul  forj=1.2, (2.56)

k=1,2

UR| = Qnp, and

where fi] = (€/,7/) i
Up=®(B;UL), Up=3" (oUp,pu)  forB=(B1,52) and = (o1, 02), (2.57)

then

G=aj+0(0) (D lax—11) Il +0(Mawy  forj=12,  258)
k=12
where the bounds of O(1) are independent of p.

Next, we compare the Riemann solutions near the boundary with the following initial
boundary value conditions:

bo\/1 72BO (o ¥ €)  on{x=% y=3+bo(x— D)},
U(xy) on{x=1x, y <3y},

(2.59)

where U = (pr,v.) " and by < 0.
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Lemma 2.8. For any given constant state Uy, € D with D defined by lemma 2.1, there exist
small constants €]’ < min{e}, &'}, 7/ < min{7], 7]}, and &' € (80, 1) such that, for || p|| <
|&{’|l, the Riemann problem (1.16) and (2.59) admits a unique solution Ué”) = (pgu),vé"))T
connecting Uy, by the first-family wave curve with strength oy € (84, ﬁ)

0

U = o (aiUp), U = (o v T (2.60)

Proof. It suffices to show that the following equation:

Ve + @gm (ar; Up,pp) = bO\/1 - 723(6)@)5“) (a1; UL, 1) €)

has a unique solution «; when ||| is small for Uy, € D and by < 0.
Let

Fp, (ar; p,bo, Up) = v + 905“) (a1;Ur,p) — bo\/l - 723(6)(435“) (a1; U, p) ,€).
When p =0, Fp(ay; e, bo, Upr) can be reduced as
Fp(1;0,b0,UL) = @1 (1) + v — bo.
If v; < by, then, by (2.44), Equation Fj(c;;0,b0,v,) =0 has a unique solution o) =

e (vL—ho) ¢ (07 1]

If v; > by, it follows from lim,, (ai=Dlnay

ap+1

lim F (c1;0,bo,UL) = —o0.

ap—00

= oo that

Moreover, for a; € [1,00),
Fb(l;(),meL) =vp—by>0
and, by lemma 2.6,

OFy (a1;0,b9,UL)
8041

= () <O0.

Thus, Fp(aq;0,b9,U;) =0 has a unique solution «; € (1,00). Therefore, if p=0,
Fp(ay;p,bo,Ur) = 0 has a unique solution «; for Uy, € D and by < 0.

Next, notice that there exists a constant &}’ > 0 such that, for o € (', 577),
0

OF},

_ = ! < _C ’ < O.
Jor |,y o1 (1) 5

Then, by the implicit function theorem, there exist small constants €]" < min{€}, &)’} and 7/’ <

min{7;, 7]’} such that, for ||| < |||, F5(c1; p, b0, Ur) = 0 admits a unique solution o €
(84, 5+ )- This completes the proof. O
0

Now we are ready to compare the Riemann solutions between system (1.16) and sys-
tem (1.20) with a boundary.
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Proposition 2.2. Let U, = (pr,v.) ", Uy = (pp,v) |, and U,g”) = (,ol()”),vl(j”))T be the three
constant states in D satisfying

Up=0 (B;U), UM =W (a:U,,p) foros e (8] ,51,,) 2.61)
and
—by, VM= bo\/ 1—72BO) (plH v ¢), (2.62)
where 6§’ > 0 is given in lemma 2.8. Then, for |p|| < ||&{'],
Br=a;+0(1)(1+|a; —1]) |||, (2.63)

where €' and 7" are given in lemma 2.8 and the bound of O(1) is independent of pu.
Proof. By (2.36), (2.42) and (2.61)—(2.62), we have the following relation for «; and f3;:

v+ ) (U, ) = /1= 7286 (o) . ) (1 (B1) +v2).
Let

Fi (Bry0n,p,UL) 32\/1—7'23(6)( P v e or (B1) — o (i Us, )

+ (Vim0 1)

For p =0, it is direct to see that F(01,a1,0,UL) = ¢1(61) — ¢1(a1) =0 has a unique
1

solution 3] = ;. In addition, by lemma 2.6, for o € (56', 1)U (1,57 ), we have
0

8fb(/81aa]7)u'7UL)
ap

=—¢ji (o) = Csyr <0. (2.64)
p=0,61=a;

Then, by the implicit function theorem, for ||p| < ||&{’||, there exists a unique solution
B1 = Bi(ay, 1) € C?* of the equation: F, = 0. Moreover, when a; = 1, by lemmas 2.5-2.6,
Fu(B1,a1,p,UL) = 0 can be reduced to

\/1 —712B) (pr,ve,€) o1 (B1) + (\/1 —72B) (pp,vp,€) — 1) vy =0,

so that

Pir(Lp) =1+0(1)|pl],

where the bound of O(1) is independent of p.
Finally, by the Taylor formula and the fact that 3, (1,0) =

Bi (a1, i) = Bi (a1,0) + Bi (1,,0) — 81 (1,0) + O (1) oy — 1| ]|
=a1+0(1)(1+|aq — 1)) | ],

where the bound of O(1) is independent of . O

Based on propositions 2.1-2.2, we have

20
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Proposition 2.3. LetU; = (py,v.) " and U, = (py,vs,) | be two constant states in D satisfying

Upy=®(B;U), U= <I>§"’) (o3 UL, ) for B=(B1,52), (2.65)

vy = boy /1= 7B (py, vy, ). (2.66)

1
77

Then, for a; € (dy', 5
0

) and [|p|| < |2y

’

Br=ar+0() 1+l =1l Br=1+0(1)(1+]ar—1]) |, 2.67)

where the small constants &', €', and 7" are given in lemmas 2.7-2.8, and the bound of O(1)
is independent of p.

3. Existence of solutions of problem (1.16)—(1.18) and well-posedness of
problem (1.20)—(1.22) with large data

In this section, we construct the approximate solutions of the initial-boundary value prob-
lem (1.16)—(1.18) and establish the well-posedness of the initial-boundary value prob-
lem (1.20)—(1.22) in BVN L', which is the basis to establish the L!-error estimate between
the two respective entropy solutions of problem (1.16)—(1.18) and problem (1.20)—(1.22).

3.1 Wave front-tracking scheme for problem (1.16)—(1.18)

Let v € N, be a given parameter. As in [1, 3] (see also [16]), for given initial data Uy(y) =
(po,v0) " (y) with y <0, we can construct a piecewise constant function Uy (y) = (p,v§) " (v
such that

1Us ()= Uo() sy <277, TVAUG(-);30} S T.V.AUo(-); %0} (3.1

Then the approximate solution U*)¥ (x,y) in €2 is constructed in the following way:

Let yy <yn—1 < --- <y; <yo =0 be the location of the discontinuities of Uy (y) at x=0.
At each point (0,y;) for 1 <k < N, we solve the Riemann problem (1.16) and (2.44) with
UL = Uy (yx—) and Ug = Uj (yk+). At (0, y0), we solve the Riemann problem (1.16) and (2.59)
with U, = Uy (0—). Then, by lemmas 2.7 and 2.8, the solutions of these two types of Riemann
problem may consist of shock waves S(*) or rarefaction waves R(*). We further partition
the rarefaction waves into several small central rarefaction fans (still denoted by) R with
strength less than »~!, which propagate with the characteristic speeds. Such a modified solu-
tion of the two Riemann problems is called an Accurate Riemann Solver (ARS). Putting all the
modified solutions together, we define an approximate solution U*)-*(x,y). It is piecewise
constant and prolongs until a pair of neighbouring discontinuities interacts at point (X,y) € €2
or a wave front hits boundary I'y, at point (X;,bpX1). At this point, we continue to construct
the approximate solution by giving the ARS of the Riemann problem (1.16) and (2.44) with
initial data U®)¥(k—,y) or of the Riemann problem (1.16) and (2.59) with Riemann data
U(”)”’(fcl—,bofq—). We repeat this construction as long as the number of the wave fronts
does not tend to the infinity in a finite time. Then, to avoid the case that the number of wave
fronts blows up, we introduce a SRS, in which all the new waves are lumped into a single non-
physical wave NP(#) with a fixed speed ), which is larger than all the characteristics speeds.
To decide when the SRS is used, we introduce a threshold parameter ¢ > 0, depending only

21
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on v~!'. When the strengths of the two approaching physical wave fronts «v and 3 satisfy that
| —1]|8 — 1] > o, the ARS is used and, otherwise, the SRS is used.

Moreover, we may change some of the speeds of the wave fronts slightly with a quality
less than 27, in order to make sure that only two wave fronts interact or only one wave front
hits boundary T at each point. The set of all the fronts are defined by J(U' (“)) =S5 URM U
NP(®)_Then, applying the path decomposition position method developed in [1] and following
the arguments in [19], we obtain the following results for the approximate solution U(*)-¥ (x,y)
of problem (1.16)—(1.18).

Proposition 3.1. Assume that p. < po < p* for some constants p* > p.. > 0. Then there exist
both a constant vector i = (&, (75)?*) and a constant Cy > O with & > 0 and 7§ > 0 depend-
ing only on (aco, p*, ps) such that, for ||| < ||ig|l, if (po — 1,v0) € (L' NBV)(Z0) and

]| (T.V.{(po — 1,v0); To}+ |bo|) < Co, (3.2)

the approximate solution U™ (x,y) constructed above can be defined for all (x,y) € Q and
satisfies

sup ”U(H),V ('xv ) ‘ILw(foo,ng) + SupT'V'{U(H)W ()C, )1 (—OO,b()X)} < Cl’ (33)
x>0 x>0
JUM (x1, -+ boxi) — UMY (x,+ + boxa) |11 (— 00y < Calt — xa. (3.4)

The strength of each rarefaction wave-front and the total strength of the non-physical front are
small:

1] < Cyw! Ci27V. 3.5
aré%)la | <G, Z a<Cy (3.5)
QENP(K)

Moreover, there exists a subsequence {v;}7° | with v; — 00 as i — oo such that
Ui ) inL) . (), (3.6)

and UM € (BVy. N L}.)(Q) is an entropy solution of problem (1.16)~(1.18). Here the pos-
itive constants Cy, k = 1,2,3,4, depend only on (aso, p*, p«), but independent of (u,v).

3.2. Well-posedness of the initial-boundary value problem (1.20)—-(1.22)

In this subsection, we consider the initial-boundary value problem (1.20)—(1.22), construct the
Lipschitz continuous map P, and establish the existence and L':stability of the solutions. First,
we consider the following initial-boundary value problem on 2 = {(%,3) : X > 0,y < 0}:

Bep+ 05 (p9) =0 in O, .
O+ 0y (%92+ 1‘5’3) =0 in Q, '

Ao

with initial data
(p,9) = (po,70) (y)  on3p={(x,9) : k=0,9 <0}, (3.8)
and boundary condition

=0 onl={&$):%>05=0}. (3.9)
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Let U(%,3) = (5,9) T (%,3), Uo(3) = (p0,%0) " (3), and Use = (foc,Vec) T With pog >0 and
Voo > 0. Following the results in [14, 22], we have

Lemma 3.1. Assume that 0 < p, < py < p* <oc and Uo(9) — Use € (BVNL")(2). Then
there is a constant Cj > 0 such that, if

T.VAUy (5) — Uso; 2o} + |90 (0-) | < Gy, (3.10)

there exist a closed domain D, an L' -Lipschitz semigroup Si: (0,00) x D—D, and a
Lipschitz constant L > 0 so that

(i) D contains the L' -closure of the set of those functions U satisfying U (%,9) = Uso € (L' N
BV)(R;R?) and U(%,3) = Us for y > 0;

(i) U(x,9) = S:(U6(3)) for Us(9) € D and (%,9) € Q is the entropy solution of the initial-
boundary value problem (3.7)—(3.9), and for any Ui, U, € D,

1S5, (U1) = S, (U2)[l13 ((—o00y) < L (Hffl — Ualui((—o0,0)) + 11 —5€2|) ; (3.11)

@ii) If UcDisa piecewise constant function, then, for x > 0 sufficiently small, Sx(f]) coin-
cides with the solution of the initial-boundary value problem (3.7)—(3.9) by piecing
together the Riemann solutions at the all jumps of U.

We now turn to the initial-boundary value problem (1.20)—(1.22) via the transformation
(1.25).

Proposition 3.2. Suppose that 0 < p. < po(y) < p* < 0o and Uy(y) — Uss € (BVNLY) ()
with Uy, = (1,0) 7. Then there is a constant C}, > 0 such that, if

T.V.AUp(y) — Uso; X0} + |bol < Cg, (3.12)

there exist a domain Dy, an L' -Lipschitz continuous map P(x,x0) : Dy, — D, for x > xp = 0,
and a Lipschitz constant L > 0 so that

(i) D, contains the L'-closure of the set of functions U(x,y) satisfying U(x,y) — Us, € (L1 N
BV)(R;R?) and U(x,y) = U for y > box;

(i) Forany U(xg,y) € Dy, P(0,x0)(U(x9,y)) = U(xo,y) and P(x"",x") o P(x’,x0) (U(x0,y)) =
P(x",x0)(U(xo,y)) for x'" >x" > x9 >0, and

[P (x1,x0) (Ut (x0,-)) — P (x2,%0) (U2 (x0,)) |1 ()
< LUy (x0,7) — Uz (x0,7) |11 (=00 boxo) + X1 —x2|  (3.13)

for any Ui(x0,y),Uz(x0,y) € Dy, and x3,x1 >x9>=0. Moreover, U(x,y)=
P(x,0)(Uo(y)) for Up(y) € Dy and (x,y) € Q,, is the entropy solution of problem (1.20)—
(1.22);

(iii) If U(xo,y) € Dy, is a piecewise constant function, then, for x > xq sufficiently small,
P(x,x0)(U(xo,y)) coincides with the solution of the initial-boundary value prob-
lem (1.20)—(1.22) by piecing together all the Riemann solutions at the all jumps of

U(Xan)'

23



Nonlinearity 38 (2025) 045013 G-Q G Chen et al

Proof. Let

(%, 9) := (x, y — box). (3.14)
Define

pE,5) = p (3 +bod), P(E.5) = v (%5 +bod) — bo. (3.15)

Then (p, V) satisfies the initial-boundary value problem (3.7)—(3.9) in the (X, y)-plane with the
initial data:

(/37‘» (Oa&) = (pO ()A/)vVO (5’) _b0>'

Thus, by applying lemma 3.1, there exist a domain D C BV((—0,0)), an L'-Lipschitz semig-
roup S; : [0,00) x D+ D, and a Lipschitz constant L > 0 so that facts (i)—(iii) in lemma 3.1
hold. We define the inverse transformation of (3.14) and (3.15):

x=X y=y+bok, p(x,y)=pxy—box), v(x,y)=7(x,y—box)—bo.
Then substituting them into lemma 3.1, we obtain (i)—(iii). This completes the proof. O
By proposition 3.2 and [3], we can also derive the following formula for the flow map P:

Proposition 3.3. Ler V(x,y) : [0,00) — D, be a Lipschitz continuous function with a finite
number of wave fronts for some x> 0 and V(0,y) = Vo(y). Let P be a Lipschitz continuous
map obtained by proposition 3.2. Then

I ,0) (Vo () = V(5,7 1o,
<t [N sy PRIV Vst o
0

1
h—0+ h ds, (3.16)

where L and D, are given in proposition 3.2.

4. Proof of theorem 1.1

In this section, we prove the main result of this paper, i.e. theorem 1.1. To complete the proof
of theorem 1.1, we need first to obtain the convergence rate estimate (1.23) that is based on the
local L'-difference between the entropy solutions U(*) and U, and then show that it is optimal
with respect to p by constructing a simple example.

4.1. Local L' error estimates between the entropy solutions U*) and U

In this subsection, we give some lemmas regarding the local L'-difference between the entropy
solutions U*) and U corresponding to problem (1.16)—(1.18) and problem (1.20)—(1.22) with
a boundary, respectively.

Lemma 4.1. Suppose that U™ s an approximate solution of problem (1.16)—(1.18) con-
structed as in section 3.1 and satisfies proposition 3.1 with a front at point (x,yz) € Q. For
a given k = 1,2, denote

Ur = (pr,vr)"  fory>yz +3a,h,

UMY (34 h,y) = { T , 4.1)
UL = (vavL) fory <yI +yakh7
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where Uy, := UM (x,y7—), Ug := UM (%, y74), h > 0, and |yo,| < \. Let P be a uniformly
Lipschitz continuous map obtained in proposition 3.3. If ||| < ||B&g|| with @§ given in pro-
position 3.1 and h > 0 is sufficiently small, then

(i) when Uy and Ug are connected by a k-th shock wave-font oy ES,E” ) and Yo, —
U,E”)(ak)| <27V for J,S”) (o) as the speed of k-th shock wave,

[P (& + h,%) (U (&,)) = UM (541, ) |11 g — vzt
<Cz(|lpll+277) lox — 1h; 4.2)

(ii) when Up and Ug are connected by a k-th rarefaction front oy ER,({” ) With [Va, —

)\,(6”) (Ug, )| <27V for A,E”) (Ug, i) as the speed of the rarefaction wave,
1P G4 ) (U (5)) = U (&) (g
< Cr ([l +277 4 (1 [l v ™) e = 1 4.3)
(iii) when Uy, and Uy are connected by a non-physical wave ayp € NP(B),
[P &+ h,%) (UMY (3,-)) — U (G4 By ) |1 (g oyt < Czonph, (4.4)
where constant Cz > 0 is independent of (., h), and constant n satisfies 1 > Ah.

Proof. We divide the proof into three steps.
1. Without loss of the generality, we consider the case: k = 1 only, since the case: k =2 can be
dealt with in the same way.

By proposition 3.3, we know that, for sufficiently small />0, P(x + h,x)(U®)* (%,-)) is
the Riemann solution of system (1.20), consisting of three constant states Uy, Uy, and Ug with
Uy = (pu, VM)T. The three states are separated by the elementary waves (31 and 3,. Then we
have

O (B;U) =W (ay;Up,p)  for B=(B1,5)- (4.5)

By proposition 2.1, if ||u]| is sufficiently small, equation (4.5) admits a unique solution

B = (1, /2) so that
B =ar+0(1)||pll|lag — 1], Br=1+0(1)|pl[|as —1]. (4.6)

Since o) € SE“), B is also a 1-shock wave, while 3, may be either a 2-shock wave or 2-
rarefaction wave (see figure 4 or figure 5 below).

Let us first consider the case that both 3, and 3, are shock waves. As shown in figure 4,
when n > Mh, and h> 0 is sufficiently small, interval (y; — n,y; + 1) can be divided into two
sub-intervals I and /I by fronts o, 31, and ;.

Denote the speeds of 81 and 3, by o1(51) and o1(5,). By the Rankine—Hugoniot (R-H)
conditions:

_ PMVM — PLVL — v+ 514,01 (51)

o1(81) PM — PL g Br—1"
_ PRVR — PMVM _ Bapa (Ba)
o2(P2) = PR — PM v Br—1 "
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h
UR 62
(2, yz) Unt o, | 11
U, Y I
T =1 r=2IT+h

Figure 4. Comparison of the Riemann solvers for o € SE” ) and B> being a 2-shock

wave.
h
Up P2
17
(2,yz) Uv o | 11
U, 1
r =73 r=x+h

Figure 5. Comparison of the Riemann solvers for oy € § g" ) and B> being a 2-rarefaction
wave.

Moreover, for 0'1(“ ) (a), when || ]| is sufficiently small, it follows from lemma 2.6 that

o (a)) = PRVR — PLVL
! pr\/1 —72B() (pg,vg,€) — pr\/1 — 2B (pp, vy, €)

i (n; Up, ) + (on = 1)vi
a1 = 72BO(prar, @ +v1,6) — v/ T= 7B (pr,vi, )

_ M+w+0(1)”“”'

a1—1

Therefore, using (4.6) and propositions 3.1-3.2, we have

o) (@) =1 (81) = 2L sy 0 1) = v~ ALY — 0.1,
1 1
02(82) = o1 (@) | < o2 (B2) | + |01 () | < .
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Then
11 < o™ (1) = o1 (B1) [+ [$a, — ™) (en) [h < (O(1) [|pall +27")
1 < o> (82) = o) (@) [h+ [, — 01 (ar) [R < (0(1) +277) b
On the other hand, on interval /,
P (&+h,2) UMY (&,y) = UMY (3 +h,y) | = |pr — pr| + [ve —ve| O (1) |ay — 1,
and, on interval /1,
[P (& + h, &) U (i,y) — U (& + h,y) | = |or — pul + vk — vad
<o)|B—1 <o) |pllor—1].

Based on these estimates, we finally obtain

1P Gt %) (U (3,1)) = U Gt ) [ vzt
=P G+ R %) (U (3,)) = U (et ) L oy
<O [fer =1+ 0 1) [H]||pll]es — 1

<o) (lu +27) o — 1],

which completes the proof of (i) for the case that 3, is a shock wave.
Next, we consider the case that [3; is a rarefaction wave as shown in figure 5. In this case,

Ur, €€ [M(Ur), 1),
’P()AC-F/’!,)AC)(U(M)’V()}’);)) _ iZ(BZ(g)v UM)v i i {22(?1\’)1):\)‘25][]1?))))3 4.7)
ULv 56 (_%70—1(ﬂl))7

where { = 22, (A2 (Un)) = 1, and B2(A2(Ur)) = Ba.
Following the same argument as done for the case that /3, is a shock wave, we have

IPG A+ 2 (U (5,)) = U)ot )|y < O ([l +27)ar = Lk (4.8)
For the length of interval 71, it follows from proposition 3.1 that
1] < [0, = 0l < (277 + 10" = X (U ) h< 27 +0(1) h.
Moreover, on 11, by (4.6) and proposition 3.2, we obtain

PG+ R AU (5,3)) = U (54 h,y) | = lor — pul + ve — vl
<o) — 1] <01 far — 1],

so that

1P (4 3 (U (3,)) = U by [y < O(1) (el +27) o — 1. (4.9)
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On interval 111, it is direct to see

[P (& +h,%) (UMY (x,y)) = U 5+ h,y) | = |p(&) — prl + [v(£) — vzl

O (1) (& —&[=0(1) A2 (Unm) =22 (Ug) |

O(1)|B—1]<0(1) oy — 1]l
(

[ < O (1) & =&l <O [Ai (Un) = Ai (Ur) [ <O (1),

NN

so that

1P G+ R %) (U (&) = U (Gt by |y < O (1) [l — 1. (4.10)

Finally, combining estimates (4.8)—(4.10) together, we have
P (& + h,%) (UM (3,)) = UMY (3 4+ 1,9) |0 y—noyrin)

=[|P (& +h,X) ytrv (x,y) — ytv (X +h,9) [l (umom

<o) (el +27") lox —1ln,
which gives estimate (4.2) for the case that 3, is a rarefaction wave.
2. Without loss of the generality, similarly, we consider the case: k=1 only. The Riemann
solver P(x + h,%) (U (%,y)) consists of three constant states Uz, Uy, and Ug, which
are separated by the elementary waves 3; and [, with equation (4.5) and estimates (4.6).
Moreover, it follows from (4.6) that 3 is a 1-rarefaction wave. However, 5, may be either a

2-shock wave or a 2-rarefaction wave (see figure 6 or figure 7 below).
If 3, is a shock wave, then

Uk, £l
Uwy, el
®1(A1(£); UL), §el
U, §€ (=1 M(UL)),

P(i+h,x) (UMY (x,y)) = (4.11)

where { = *=2%, 51(A\(UL)) = 1, B1 (M1 (Un)) = B1, and 02(5,) is the speed of (3;. Then inter-
val (yz —n,yz + n) is divided into three subintervals I, 1, and I1I.
Using (2.41) and proposition 3.1, a direct computation leads to

1] = A1 (UL) = Yoy |h < (|/\1 (UL) = A (Ug, ) | +2_”> h
< (1M (UL) =M (Up) [+0(1)[[pl| +27") h

O(1) (lay — 1]+ [|pl| +27") A

<0(1) (Jull +v~'+27)h

N

Moreover, on I,
[P (24 1, 2) (U (3,9)) = U (34 h,y) | = [or — pul + [ve — vl < O(1) s — 1],
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h
Up P2
(2, yr) Un g | 111
I1
U, NI
== r=2+4+h

Figure 6. Comparison of the Riemann solvers for a; € R 5“ ) and (2 being 2-shock wave.

h
B2
Ur v
(:ﬁ,yI) U 8 III
II
U, 1
T=23I r=IT+h

Figure 7. Comparison of the Riemann solvers for | € R§“ ) and (2 being a 2-rarefaction
wave.

Therefore, we have

[P (& + A, %) (U (%,) = UMY (G + b, [l o)
<o) (lpll+27"+v ") ) — 1]h. (4.12)

Next, it follows from (4.6) that

1] = [\ (Usg) = M1 (UL) [ < O (1) [B1 = 1k = 0 (1) (1+ [|]) o — 1A,
and, on interval /1,

B) (U (%,y)) — U (5 + h,y)|

(" (81 (€)1 UL) — prl + 127 (81 (€)5UL) — v

O (81 (€); UL) — ol + s — prl + 192 (81 (€):Ur) — via| + [vwr — v
D(lE—&l+18:—1)

D181 = 1]+ 82— 1)

1) (1 + [l o —11.

|P (x+ h,
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Thus, by proposition 3.1, we obtain

(1) (1+ [l s = 1P

1P (& +h,%) (U (%) = U (G +h,) ||y < O
<o) v oy — 1] (4.13)

Finally, it follows from proposition 3.1 and estimates (4.6) that
— vy
(1] = (M (Un) = 02 (B2) Ih = vy — — = ——=|h <O (1),

and, on interval /11,

[P (&4 h,&) (U (%)) = U (& +hoy) [ = |ow — prl + [var — vl
=0()|Ba=1[=0(1)|ar — T[] p]|-

Then

P (& +h,%) (UMY (%,-)) = U G+ hy) || < O (1) |ew — L[| . (4.14)

Combining estimates (4.12)—(4.14), we finally obtain

1P &+ 1, %) (U (%) = U (R4 1) |1 (=)
<o) (|l +v="+27") oy — 1|

When 3, is a rarefaction wave, as shown in figure 7, interval (yz —n,yz + ) is divided
into four subintervals I, 11, I1I, and IV. Then

Uk, £ € [Ma(Ur), 1),
2(52(€); Unm), € € [M2(Un), A2 (Ur)),
P+ h,x)(UPY (x,y) = { Uy, €€ M(Un), X2 (Un)), (4.15)
®(B1(£); UL), £ € [Mi(UL), M(Un)),
UL, §e (=3 (UL)),

where { = 2222, B1(A(UL)) = 1, B1(M(Un)) = b1, B2(M2(Un)) = 1, and 2 (A3(Ur)) = fa.
First, by the same argument for the case that 3, is a shock above,

P (& + h,%) (UMY (1,-)) — UMY (5 +h,-) || (o)
<o) (|pll+v~"+27") as — 1|k (4.16)

Thus, it suffices to consider the estimate of |P (x4 h,x)(UM¥(k,-)) — UMW» (% +
h,+)|| L (rv)- By proposition 3.1, we directly have

[V = A2 (Ur) = A2 (Un) [h < O (1) b,
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h
Ur anp
A 8,
(%Z/I) UM
Ur B1
=2 r=x+h

Figure 8. Comparison of the Riemann solvers for ayp € NP,

and, on IV,
[P (%4 R, %) (U7 (&,) — U™ (3 +h,y) |
= 195" (B2(6): Unt) — pil + @8 (8 (€); Ups) — val
<OM|a—&|<oM)[B—1]<0(1)|on — 1|,
so that
1P G+ B, %) (U7 (5,y)) = U (54 ,y) vy < O (1) [ = 1| 4.17)

Then combining estimate (4.16) with estimate (4.17) yields
[P G+ ) (U (5,9)) = UB (G R,) [0 g
<P Gt &) (U (3,2)) = U (Gt ) |l gomomomy
<o) (|l +v="+27") oy — 1]

3. When the front in U(“)”’(fc -+ h,-) is a non-physical wave ayp, as shown in figure 8, |Ug —
UL| = ap, and the Riemann solution P (% + h, &) (U*)¥(%,-)) consists of two waves /3; and
B> satisfying

Ur =2 (51,52 UL). (4.18)
Applying proposition 2.1 leads to
81— 1[+[B2— 1| = O(1) anp. (4.19)

Let Uy be the middle state of P (% + h,%) (U (,-)). Then it follows from propositions
3.1-3.2 and estimate (4.19) that

P (& + h,%) (UMY (3,)) = UM (54, ) |01 (g — vz )

<O(1)(|Uy — UL| + Uy — Ug|) h
<o) (|8 =1+ [B—1])h
< O(l)aNph.
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Based on lemma 4.1, it is direct to derive the following corollary for the case that U(*) (x+
h,y) contains more than one discontinuities:

Corollary 4.1. Let U™)-¥ be an approximate solution of problem (1.16)—(1.18) constructed in
section 3.1 with a jump at point (X,y) € S). Let P be the uniformly Lipschitz continuous map
obtained in proposition 3.3. Denote

Ur = (pR7VR)T fory>yz+ M,
Ur = (pr¥8) " for yz +Vash <y <yz+Ah,

U (2 +h,y) = - . . (4.20)
Un = (pm,vm)  for yz +3Ja,h <y <yz+yah,

U= (PLWL)T Jory <yz +yah,

where Up = UMY (x,y7—), Ug = UMY (3,y7+), [Ya,| < Awithk = 1,2, and Uy, Ug, and Ug
satisfy (3.3). For ||| < || g || with i given in proposition 3.1 and, for sufficiently small h > 0,

if Uy and Uy are connected by a I-shock wave o € Sg“) with |y, — af”)(a1)| <27% (ora

1-rarefaction front o € Rg“) With [Yo, — M (Ups, )| < 277), if Uy and Uy are connected by
a 2-shock wave o, € Sé”) with [ya, — aéu)(a2)| < 27Y (or a 2-rarefaction front o, € Ré")
With |§a, — Ma(Ur, )| < 277), and if Ug and Uy, are connected by a non-physical wave front
anp € NP, then

[P (x+ h,%) (U(“)’V (%)) — U (x+h,) o z—myz+n)

<Crz(|pml|+277+v7h) ( Z o — 1] + aNP)h, (4.21)
k=1,2

where constant 1 > 0 satisfies 1 > Mh, and constant Czz > 0 is independent of p and h.
Next, we consider the comparison of the approximate solution U' (“)*V(5c+h, y) of prob-
lem (1.16)—(1.18) and the entropy solution P (i + h,%)(U*)¥ (%, -)) of problem (1.20)—(1.22)

near boundary Ty, with (¥, box) as a discontinuity point on it. Denote

U= (prove) " = UMY (&,boi=), Uy =(ppyvp) " := UMY (2,bo3), (4.22)
UM = (o) VINT —UW» (x,box)  forxe (1,5 +h), h>0, (4.23)

U, fory=box,
UMY Gy =4 0 0T 40
U, fory < byx.

Then we have the following lemma:

Lemma 4.2. Let UMY (3,y) be defined by (4.24) with v, = by. Let P be a uniform Lipschitz
continuous map obtained in proposition 3.2. Define
(1) S
» U, or boX + ya, h <y < boh,
U rny) =] el = (4.25)
U,  fory <box+yah,

where y, € (—\,by), and U,(]“) satisfies

W — gy \/ 1= 72BO (oM (P o). (4.26)
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For ||p|| < |23 1] with @§ given in proposition 3.1 and for sufficiently small h > 0,

(1) ifUl(f‘) and Uy are connected by a I-shock wave oy € S with |y, — Uf“) (o) <277

for Jf“) (1) as the speed of ay, then

1P G+ R %) (U (&,)) = U G by ) L2 (oot
<Gy (Il +27) (Jou = 1|+ 1) 5 (4.27)

@i) if UIE“) and U, are connected by a I-rarefaction wave o € R™ with [Va, —
AE“)(U§”)7H)| <27V for Ag”)(U,()”),u) as the speed of o, then

[P (& + R, %) (U (3,)) = USSP G by ) L (oo (e-)
<Gy ([l +v7"+277) (Jau =1+ 1) b, (4.28)

where 1 satisfies 1 < —Xh, and Cy > 0 is independent of p, v and h.

Proof. We divide the proof into two steps accordingly.
1. We know that Ug“), Uy, and «; satisfy

Ul(7“) = <I>§”) (13 UL, ).
Sh(U,()“)’”(fc,y)) near the boundary I" satisfies

Uy =, (51;UL).

Then

e+ 8 (a1 U ) = /1= 2BO @0, 0O ) (80 (300 +w), @429)

where @E” ) s the k-th component of <I>§” ) for k=1,2, and <I>§2) is the 2-nd component of
®;. Thus, by proposition 2.2, when ||p| < |||, Equation (4.29) admits a unique solution
B1 = Bi(ay, 1) € C?* such that

Br=a;+0(1)(1+|a; —1]) |- (4.30)

Hence, 3, is also a 1-shock wave.
To estimate |[P(&+h,3)(UP" (%)) = U (h+h,-) [0 s (e it suffices to
consider it on intervals I, and I, as shown in figure 9. Let o1 (5;) be the speed of 8. Then

o1 (B) = PV — pLvL _ Prn (B1) St

Pb— PL Bi1—1
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(:ﬁv boi‘)
UISM)

Ub aq

Ur

Z T+h

Figure 9. Comparison of the Riemann solvers for vy € Si”) and 3, is a 1-shock wave.

Note that
(), ()
ot (ar) = O
piﬂ) \/1 - TZB(S) (pl(ju)7vl(;u)76) - PL\/I - TzB(e) (pL;VLa 6)
(1) ()
Pp Vp T PLVL
=L b P4 0(1) |
Py = —PL
()
1 UL,
= WAL LOTLB) 4 o) .

o) — 1
Then, by lemma 2.5 and proposition 3.1, we have

| < o™ () — oy (B1) [h+27"h

()

; UL, —

< ’al(pl (OZ] L N) 7ﬁ1901 (ﬁl) +0(1)H/1'||+2 h
a1 — 1 51 —1

<o) (lull +27)h

On interval I, it follows from (4.30) and proposition 3.1 that

P (& +h,&) (U (3,) = U G+ hyy) | = s — pul + v — v
—0()|B—1]=0(1) (Jay — 1] +1),

so that

P (&t 1, 2) (U (3,7)) = U (G ) [l
<o) (Jar =1+ 1) ([[p]| +27") . (4.31)

Similarly, on I;,, we have

[P (41, 3) (U (53) = U G+ hy) L= o) = ool + v = vl
=0 (1)1 — e +0(1) |l
=0(1) (Jor = 1]+ 1) ],
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(:ﬁv bO*’%)

Ur

z T+h

Figure 10. Comparison of the Riemann solvers for ) € R&“) and [ is a 1-rarefaction
wave.

2] < |o{* (ar) —bolhi+27"h < (0(1) +27*) b,
so that

1P &+, %) (U (3,)) = U G4 by ) gy < O(1) (Jar — 1)+ 1) || (432)

Finally, with estimates (4.31)—(4.32), we arrive at
IP G+ A, 3) (U (8)) = U G ) s 4

<P G+ (U (5,)) = U G+ by oy
j=1.2

<O(1) (lau = 1]+ 1) (el +27) ,

which gives estimate (4.27).

2. In this case, we know that relation (4.29) and estimate (4.30) hold. Then §3, is a rarefaction
wave, and

Ub fOI'f S (Al(Ub),bo),
P&+ h2) (UM (%)) = § 81(B1(£); UL) for £ € (M (UL), A\ (Uy)], (4.33)
UL, fOl’fE (—%7)\1(UL)],

where & = Y25, 8, (A (UL)) = 1, and 81 (M (U)) = Bi.

To show estimate (4.28), we consider only the case as shown in figure 10, since the other
case can be treated in the same way. Interval (box — 1,bo (% + h)) is divided into three subin-
tervals, i.e. I; with 1 < j < 3. Using (2.41), proposition 3.1, and lemma 2.5, we have

la| < (I (U ) = X1 (U) | +277 )
<o) (Il +lew =1[+27")h

<o) (|ul+v"+27")h,
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and, on interval I,
P (%41, %) (U (3,)) = UPY G+ ) | = [p$) = pul + v —vi] <O (1) [ — 1],
so that

1P G+ R, %) (UPY (3,)) = U 4R, |
<o) | —1| (|l +v ' +27") h. (4.34)

Next, it follows from (4.30) and (4.33) that
2| = [A1 (Up) = A1 (UL) |h=O0(1)|Up — Ulh = O (1) a; — 1],
and, on [,

P (& + h3) (U (3,) — U G+ hyy) | = @4 (8 (€):UL) — US|

I
—

<@ (B (€);UL) — Up| + UL — UM
<o) & —&|+0(1)]ar — 1|
<o(1)|an — 1],

so that

1P (4 1, 2) (U (5,)) = U G+ hs) [
<o) |y —1Ph<0(1)|ay — 1y~ 'h. (4.35)

On interval I3, by lemma 2.6 and estimate (4.30), we obtain
[P (4 h,%) (U (&,9) = U (G4 h,y) | = [ = pil + ) = v
<o) (|18 — o] +pll)
<O(1) (g = 1+ D) [l
and |Ib3| = |)\1(Ub) — b0|h < 0(1)/’1, so that
1P G+ 1, ) (U (5,2)) = U (et by ) oy = |08 = ool + v =

O(1) (181 — an| + [|l])

<
<O (jar =1+ Dplh. (4.36)

Finally, combining estimates (4.34)—(4.36), we obtain
1P G+ k%) (U (&,)) — U G+ by || (boi—n,bo(i+1))

< TNP G+ h3) (U (5,)) = U G+ by oy
=1

<O(1)(laa =1+ 1) ([l +v~" +27")

~

This completes the proof. O
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Next, we consider the comparison between the Riemann solutions with a boundary but away
from the reflection points. Using proposition 2.3 and following the procedure of the proof in
lemma 4.1, we have

Lemma 4.3. Let U,(?“ )’V(fc, y) be a piecewise constant function defined by (4.24) with y # byX.
Let P be a uniform Lipschitz continuous map obtained by proposition 3.2. Define
» Uy, forbox+ya,h<y<by X+h),
UMY i+ h,y) = o F+h) (4.37)
Uy fory <box+ya,h,

where y, € (fj\,bo), and Uy, is defined by (4.22) with

vy = bo\/l —72B() (py,vp, €). (4.38)
For ||p|| < |28 1] with @§ given in proposition 3.1 and for sufficiently small h > 0,

() if Uy and Uy are connected by a I-shock wave oy € S™) with |y, — agu)(a1)| <27V for
u)(

of o) as the exact speed of «j, then

1P (& + R, %) (U (3,-)) = U (G4 1y ) |2 sy o Gy
< Cop (Il +277) (Jar = 1] 4 1) h; (4.39)

(i) if Uy and U, are connected by a I-rarefaction wave front oy € R with Ve, —
)\EH)(U,()“),M” <27V for )\g“)(U,(?’L),u) as the exact speed of o, then

1P (4 k%) (U (3,)) = U (G ) 2 (ot )
< Cp (|pll + 27" +277) (Jar — 1] + 1), (4.40)

where n < — M and constant Cpp, > 0 is independent on p, v and h.

4.2. Proof of theorem 1.1 for the convergence rate estimate (1.23)

Now, we are ready to prove estimate (1.23) that is completed by the following two steps:

1. Estimate for |P(+ h,x)(UM (&,-)) — UMY (24 h, )| 11 (—oo, bo(c+h))- Let bok =yo >
yi1 > - > yy (0rbox > yo > y; > - -- > yy) be the jumps of U¥)¥ (%, -) on line x = &. Suppose
that there is no wave interaction on the stripe between x = x and x = X + h, and there is no
reflection on boundary (x, box) for x € (%,% + h). Let S**) (or R*)) be the set of indices a; with
i€{1,2,--- N} such that UM ¥ (%,y,+) and UM (%,y,—) are connected by a shock wave
front (or a rarefaction wave front) with strength «;. Let NP(#) be the set of indices ayp such
that UMY (%, y44) and UM (%,y,—) are connected by a non-physical front with strength
QapNp.
By lemmas 4.1-4.3 and proposition 3.1, for sufficiently small > 0, if || ]| < || 25|, then

[P (X + h,%) (U(”)’V(ffv ) — yt (X 4R, |2t (=00, bo(i4+))

< > 1P &+ h, %) (U (1,5)) = U (R4 h,Y) |2 o=, yam)

aeS) UR() UNP(1)
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<C(||u||+2_”+z/_l)( 3 |a—l|+1>h+0(l)< 3 aNp)h

aeSH)URK) anp ENP(H)
<C([lull+27 + v ) (TVAUM Y (&,)} + 1)h+0(1)27"h
<C(||pl+27" +v "), (4.41)

where C is independent of (p, /), and n = %minlgj@,{yj_l - i}

2. Estimate on ||[U™ (x,-) — U(x,")|| 11 (— 00, bor)- Let U (x,y) be an approximate solution
of (1.16)—(1.18) with initial data Uy satisfying (3.1). Let P be the uniformly Lipschitz map
given by proposition 3.2. Then, by the triangle inequality, we have

10 (x,-) = U (%) |1 (—o0.0) < NUH) (x,) = U () |13~ 0, o)
+ (U (x,2) = P (x,0) (Ug () [l (=00, bu)
+ [P (x,0) (U5 (-)) = U (%,) |1 (=00, b0)
= J1+J+J5. (4.42)

For J1, by proposition 3.1, we can choose a subsequence (still denoted as) {U(*)¥},, such
that U — UM in L] (Qy) as v — co. Then J; — 0 as v — oc.
Next, for J3, by the Lipschitz property of P and (3.1), we have

J3 <[P (x,0) (Ug (+)) =P (x,0) (Uo (-)) |1 (~ o0,b0x)
< LHUK () - Uy () ”L‘(foo,box) —0 as v — oQ. (443)

For J,, thanks to proposition 3.3 and Step I, we obtain that, when || || < |||

x ¥+ k%) (U (%)) = UMWY (3 +h,- oo be(3
Jz<L/ liming 12 &+ A0 (U0 (&) SRARLIIC G
o h—0+ h

<oMx(27+v '+ |ul). (4.44)

Then it follows from (4.41)—(4.44) that we can choose a constant vector p, = (60,75) with
€0 > 0,79 > 0, and a constant C; > 0, independent of (u,v,x) such that, as v — oo,

UM (x,-) = U(x,") 2 (—o0,pox) < Crx[| ]l

which gives estimate (1.23).

4.3. Proof of theorem 1.1 for the optimal convergence rate (1.23)

In this subsection, we further show that our convergence rate with respect to @ in estim-
ate (1.23) is optimal. To achieve this, it suffices to calculate an accurate convergence rate
of a special Riemann solution in the following: As shown in figure 11, by = 0. We consider
the Riemann problem for system (1.20) with the following Riemann data:

vp =0 fory=20,
Ulyo = . (4.45)
U= (p,vi) fory<Q0,
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Y
O Uy E x
U : @
b 1 1
U, |
' 51
T

Figure 11. An example for the optimal convergence rate.

where p; = landv; =§ > 0.SetU := Ul|5:o = (1,0) T. Then, by (2.42), the following relation
holds:

0= 1 (c1)+6. (4.46)

For § =0, by (4.46) and lemma 2.6, we see that a; = 1. Since ¢ (1) = —az! <0 from
lemma 2.6, by the implicit function theorem, equation (4.46) admits a unique solution o; =
ay () for § > 0 sufficiently small. Moreover, by direct computation, we obtain from (4.46)
that

af (0) = <p{1(1) =doo- (4.47)
Therefore, by the Taylor formula, we have
a1 (8) =a1(0)+af(0)d+0(1)6* =1+axd+0(1)8, (4.48)
where the bound of O(1) depends only on U. It implies that o is a shock wave.
Denote by p;, the density on boundary y = 0. Then, by (2.42), p,, satisfies
pp=a1pr=1+as6+0(1)6. (4.49)

Therefore, the Riemann problem (1.20) and (4.45) admits a unique solution that consists of
only one shock wave «; issuing from point (0, 0) and belonging to the 1-st family with U; =
(1,6) " and Uy, := (pp,vp) " as its left-state and right-state for some § > 0.

Now, we turn to the Riemann solution of problem (1.16) with U; = (1,6 )T as the left-state
and vl(,“ ) as the velocity on the boundary. Let 3, be the elementary wave in the Riemann

solution. Then
() (W) U (1) _ 4.50
v vi=p (B, UL p), Py = piPr (4.50)

It follows from by = 0 and the boundary condition (4.26) in lemma 4.2 that v,(,” ) = 0. Thus,
combining (4.46) with (4.50) yields

o (B1, U ) = o1 () . 4.51)
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By lemma 2.6, we have

8805“) (61) Ul7p’

) o
98, |/31:l7u:0 =—a, <0.

Thus, by applying the implicit function theorem again, equations (4.50) admit a unique solution
B that is a function of (ay, p), i.e. B1 = B1(aq, p). Let p,(,”) be the density state on boundary

y=0. Then, by (2.38), p\*) satisfies p**) = B, p1 = 6.
Moreover, by (4.50), we see that

Bi(l,w) =0,  Bi(a,0)=aj. (4.52)

Then, by the Taylor formula and (4.48), we have

Bi (ar,p) = By (ar,0)+ B (1, ) + 0 (1) |y — 1| ]|
=a1+0(1)]ar = |lp]| =1+ axd+O0(1)[|p]|, (4.53)

where ||p|| = €+ 72. Thus, for § >0 sufficiently small, the Riemann problem (1.16) with

Riemann data U; = (1,5) " and vé” ) =0 admits a unique solution that also consists of only
one shock wave (3 issuing from point (0, 0) and belonging to the 1-st family with U; = (1,5) "
and UM := (pi) V)T as its lefi-state and right-state for some & > 0. Moreover, 8; = 1 is
equivalent to § = 0.

2 2
Next, we compute aifge and 28 . We first take the derivative

2
o OT Otlzl,[l-:()

a=1,u=0
on (4.52) with respect to «; to deduce that

oo™ (B, ULp) 981,

98, o =~ o1 (ar). (4.54)

Taking o) =1 and p = 0 in (4.54), by lemma 2.6, we obtain

9, B et (1)
Oay lai=1,u=0 9o (81,U1,1)
B

—1. (4.55)
a=1,u=0

Based on this, we further take the derivatives on both sides of (4.54) with respect to € and
72 to obtain
890514) 82[31 82¢5H) %% N 82¢§H) % _
651 8041(96 8ﬁf Oe an 85186 8@1
8(,05“) 82ﬂ1 824,05“) %% 824,05“) % _
0By Oay 072 OB 07?0y 9B107? vy

These imply that
8zgp](u) 98, 82%(“) 281 az%(M) 98, 6290[(;0 e
%6, 2B}  Oe 8B19e | da %81 op7  orr T 9B107? | oy 456
dode 9 (M) ’ dayor> B - (4:56)

9B 9P
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Then, by lemma 2.6, and (A6), (A7) in lemma A.3, we thus obtain from (4.56) that

9 (M)%—F fu) 981
6,82 Oe 0p10¢ Oay

azﬁl oa=le=r=0 1
8&166 aj=1,e=7=0 8905‘” 87
9B aj=1,e=7=0
(4.57)
32491“) Lﬁ; n 82905“)7 881

82ﬁ1 op; ot 9B1012 | da a=le=r=0 1
60[187’2 aj=l,e=7=0 &me 2(1%0 '

9h aj=l,e=7=0

Thus, combining the Taylor formula again with (4.57), we arrive at

Bi(au,e, 7‘) Bi(au,0, * )+ Bi(l,e, 7’) Bi1(1,0, T)

2
e =1) //88(11581 a1 — 1)+ 1,6¢,7°) dé1d&

:ﬁl(a17070) +/6](17077- )_51(17070)

1 1 2
+(a171)7—2/0 i aaa.ﬂl (&1 (a1 — 1) +1,0,&77) dEdE;

+/31(17€77- ﬁl 107—)

2
o —1) //8‘1155 (€ (= 1) + 1, &e, 72) dErdés

9*Bi 9’ By
O Oe (ar—T)e+

—1)+2
aj=l,e=12=0 80[187’2 (al )T

aj=1,e=72=0

=+

+0(1) (|a| —l|+e+7’2) oy —1|(e+7’2)

= —é(on —1)e— ﬁ(al - 1)7‘2—1—0(1)(\041 - 1|+e—|—7‘2)|a| —1|(e477),
(4.58)

where the bounds of O(1) depend only on U.

Denoted by oy (a) and 0'1(“ ) (B1) the speeds of a; and 3y, respectively. Then, for 4, €, and
7 are sufficiently small, by (4.48), we have

— 1) 1
o1 (al):vab_Plvl S ——— +0(1)s, (4.59)
Pb— Pl ap—1 Ao
R S ied . ’
! PNVT=72BE@ - p/T—725  BIV1—12BE —V1-7%
1)
=— +0(1)7%. (4.60)
51 (1)
Notice from (4.58) that

Bi-1= (=) (1= gem o0 (far— 1] +e477) (e+7)).
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Therefore, we can further deduce from (4.60) that

5
(n—1) (l—%e—ﬁ72+0(1)(|a1—l|+6+72)(6+72))

o\ (B) = - +0(1)7%

J L1, , . i
T a1 <1+86+2a(2x)7 +0(1) (0 +e+77) (47 )>+0(1)T 5. (4.61)

Thus, by (4.59) and (4.61), we have

gl(al)ial(ﬂ—)(ﬁ]):%<1+é6+%72+0(1)(6+6+‘r2)(6+72)>7a1,1+0(1)725
SN - +0(1) (5+e+7%) (e+7) +0(1)67*
ar—1\8  2a%,
! €+L72+0(])((5+6+72)(€+7'2). (4.62)

- 8doo 2a3

On the other hand, using estimates (4.48) and (4.54), we have

o — ol =181 =1
= ‘ (1 —1) (1 - %6— 2;(2)072—#0(1) (Jor — 1| +e+77) (e+72)> ‘
=asd+0(1) (6 +e+77)86, (4.63)

1o — po| = 81 — e

— (@ =) (~Ze- e 0() (jar 1]+ e ) (47
8 2az

1 1
= (8€+ 26%07_2> as0+0(1) (6 +e+77) (e+7%) 4. (4.64)

With estimates (4.59) and (4.62)—(4.64) in hand, we thus have

(I = ol + 1 =wi1) (o1 @) = o (51))

(am5+0(1)(5+6+72)5+5)<85 e+2;372+0(1)(5+e+72)(e+72))

st 1 dss+1 5, 2 )

S €l + 2 T6+0(1) (+e+77) (e+77)6, (4.65)
(I =1+ v =121 ) (=01 (@)

—((ZeJrzalz72>aoo5+0(1)(5+6+7'2) (6+TZ)5> (a6 +0(1) (64 €+7%)06)

= %eéJr ﬁ’]’zaﬂ’O(l) (6+e+77) (e+7%)0. (4.66)
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Finally, combining estimate (4.65) with estimate (4.66), we conclude

o (an)x 0
o™ —u],, :/ - \U<“>—U|dy+/ | —U|dy
Ul(‘“)(ﬁ])x oy (an)x

= (16 = pil+ 1 = wil) (o1 () =1 (81) )

+ (Iow = o214 oy = i1} (=1 (o))

2oy + 1 2oy + 1
_ 2t edx+ 2 + T25x+0(1) (6 +e+77) (e+77) bx. (4.67)
8as 2a3,

This implies that the convergence rate we have obtained in theorem 1.1 is optimal.

5. Proof of theorem 1.2

In this section, we give the proof of theorem 1.2 to establish the convergence rate between the
entropy solutions (p*), u(®) v(#)) of problems (1.6)—(1.9) and the entropy solution (p, u,v)
of problem (1.10)—(1.12).

For p > 0, define

B (p,v,)
VI=72BO (p,v,e) +1

1,1
m(u):ivhﬁ, (5.1)

2
s

V(U,p) =

where U = (p,v)™ and B(®) are given by (1.15). Clearly, for fixed U, we have
v (U,0)=9(U). (5.2)

We first introduce two lemmas which are useful to the proof of theorem 1.2.

Lemma 5.1. For p >0,

20! 2(epSlnp — p¢+1
9,8 =L 9B =2, 9B = (¢p npop ), (5.3)
aoo aooe
lemma 5.1 is obtained by direct calculation, so we omit the details.
Lemma 5.2. For p >0,
pefl v
LY (U,pu)=—F———, V(U pu =—————, 5.4
oY (U,p) az V1 —72B) (U.p) az v1—72B)
and
ep€lnp — p¢ + 1 B’
5€\P(U,u):2—2(), aTZ\I/(U7[,L): -
a2 V1-17°B 2/T= 72 (V=728 + 1)
(5.5)
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Proof. By direct computation, we have

_1
< 1_723(6)+1)8pB(5)+%7'2B(5) (1—72B°) "% 9,B

ap\Il(le") = 2
(VIi—7BT+1)

(z +2V1— 2B — 723<e>) 9,8
= 2
2VT=7B@ (VI=72B0 + 1)

9,B
21 —712BE°

Then the expression of 0,V (U, p) follows from lemma 5.1. The expressions of 0, ¥ (U, u) and

0.9 (U, ) can be obtained by similar arguments from lemma 5.1.
Finally, for 0¥ (U, u), by (5.1) and direct calculations, we have

_B(€) _B(e) _1

0,20 (U, p) = e (1—T2B(€>) ’
(\/1 — 2B + 1)
B’

_ .
2/1=72B (\/1 — 2B + 1)

This completes the proof of the lemma.

Now, we are ready to prove theorem 1.2.

Proof of theorem 1.2. Let (p(#) v(#)) be the entropy solution of problem (1.16)—(1.18)
obtained by proposition 3.1, and (p,v) be the entropy solution of problem (1.20)—(1.22) as
given by proposition 3.2. Then, by relations (1.14) and (1.19), we obtain «(*) and u from the

solutions of problem (1.6)—(1.9) and problem (1.10)—(1.12), respectively, as

1 1 In
() — _ 2Bl _ N R
ul# _T2 <\/1 72B( )(p(l—”)7v(l—‘)’6) ]>’ u—= 2v 2

Then

Wy =1 (/T 72B0 () v,

= )

_ _( B()(p(u)7v(u)7) ) Inp
/1=72B0 (p() y() )41 2

= —(V (U™, p) - T (V))

= — (U (UM, 1) =W (U,p)) — (T (U, p) — ¥ (U)),

where U = (p) v T and U = (p,v) .

(5.6)

(5.7)

Next, we estimate the two terms W(U*), ) — W(U, ) and (U, ) — ¥(U) one by one.

By lemma 5.2, we have

| (U™*), ) — \I’(UM)HLI((W,W»
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1
/ VoW (U+ (U™ —U),p)de- (UM — )
0

L ((—o00,box))
e+1
A b ) o =
S @2/ T= PO (o100 — )y 10—, gy T I
o Gttin oy -
v
0 /1= 7O (p+ 1 — p)ov 100 —v),0) 1 e )

00,box))

)
- VHLl((foo,ng))‘

(5.8)

Note that, by propositions 3.1 and 3.2, for 7 > 0 and € > 0 sufficiently small, we can choose

a constant C, > 0 depending only on a.., p*, and p, such that

e+1
! (ptr(p® —p)) " dt
—72BE) (p+1(pt) — p),v+1(v) —v) €) + 1
1 <V+t(v(ﬂ)_v))e+l dr
V(p+1(p —p),v+1(vW) —v),e) + 1

L2 (Qw)

< Cs.
L>(Qy)

Thus, using theorem 1.1 and estimates (5.8) and (5.9), we conclude
[V, 1) = U )| 1 o gy < Colliell

where C3 > 0 only depends on a, p*, and p,.
Furthermore, by (5.2) and lemma 5.2, we have

|9 (U,) ~ 0 (V) = [|% (U,) ~ W (U,0)

HL‘((—oo,hgx)) HL‘((—c><>7box))

1
= H/ VU (U,0p)do-p
0

L' ((—00,box))
! ((9ep96 Inp — pfc + 1) do
a2, \/1—072B (p,v,0¢) + 1

€
L'((—00,box))

/' B (p,v,0¢) do
0 2,/1—0712B (p,v,0¢) (\/1 072B() (p,v,0¢) + 1) L' ((—00,box))
For 7 > 0 and € > 0 sufficiently small, we can deduce from proposition 3.2 that

! (t9ep‘96 Inp—pc + 1) do
a2 \/1—012BE (p,v,0¢) + 1

L' ((—00,box))

|

/l B (p,v,0¢) do
2
0 2,/1—072B© (p,v,0¢) (\/1 ~0r2B@ (p,v,0¢) + 1)
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<Gl (p— lvv)HL‘((—oc,ng))a (5.12)

where C4 > 0 depends only on a., p*, and p,.
It follows from (5.11)—(5.12) that a constant Cs > 0 can be chosen, depending only on a.,
p*, and p,, so that

[ (U 18) =9 (O) [ 1 ooy < Csllll- (5.13)

Then, combining estimates (5.10) and (5.13) altogether and employing equality (5.7), we
obtain

1) — ]| 13 (o ) < Co (1+2) ||l (5.14)

where C¢ > 0 depends only on a, p*, and p..
Finally, combining estimate (5.14) with estimate (1.23) in theorem 1.1, we conclude (1.24).
This completes the proof of theorem 1.2.
O

Data availability statement

No new data were created or analysed in this study.

Acknowledgment

The research of Gui-Qiang G. Chen was supported in part by the UK Engineering and Physical
Sciences Research Council Award EP/L015811/1, EP/V008854, and EP/V051121/1. The
research of Jie Kuang was supported in part by the NSFC Project 11801549, NSFC Project
11971024, NSFC Project 12271507. The research of Wei Xiang was supported in part by
the Research Grants Council of the HKSAR, China (Project No. CityU 11304820, CityU
11300021, CityU 11311722, and CityU 11305523). The research of Yonggian Zhang was
supported in part by the NSFC Project 12271507, NSFC Project 11421061, NSFC Project
11031001, NSFC Project 11121101, the 111 Project BO8018(China) and the Shanghai Natural
Science Foundation 15ZR1403900.

Appendix

In this appendix, we give some basic estimates of the terms obtained from the derivatives of
#H(®) which are used in proving the optimal convergence rate as stated in section 4.3.

Lemma A.1. Let 3; be given in (4.50) which satisfies (4.54). Then, for 6 >0, ¢ >0, and T > 0
sufficiently small, the following estimates hold:

() Al —a 6+ 0(1)(6+e+72)6,
Giy (PEDNBT_o(a 4 1)54 O(1)(6 + e+ 72)5,
(i) PEDAIHL e 52 O(1)(8 + € + 72)07,

€

€ 2 pe—1
(iv) (AADMAZDILPT WOEL _ 3t 5 4 O(1)(5 + € +7)5,

46



Nonlinearity 38 (2025) 045013 G-Q G Chen et al

v) ((31+1)6+1)€ffln51*5f+1 :Zam5+0(l)(5+e+T2)5,

€

where the bounds of O(1) depend only on U.

Proof. First, using estimate (4.54) and the Taylor formula, for § > 0 sufficiently small, we
have

np =B —1+0(1) (B — 1) =axd+0(1) (6 +e+7%)6. (A1)

Then, using estimate (A1) and applying the Taylor formula again, we obtain
1

B =1+enpi+Ema) [ (1-nsfar

0
=14axd+0(1) (0 +€e+7%)de. (A2)

Therefore, estimate (i) can be obtained from (A2). In the similar way, we can also show estim-
ate (ii) with the help of (A1).
Next, we turn to consider estimate (iii). To this end, we set

Y(e)=(elnf — 1) + 1.
Then a direct calculation shows that ¢)(0) = 0 and
W)= Wp) esi, v ()= (np)* (L+emp) BT, " () = (Inp1)’ 2+ enfy) i,
which satisfy
W'(0)=0,  ¥"(0)=(np)".
Thus, by (A2) and the Taylor formula, we obtain

(o) = 2

= %aioézez +0(1) (6 +e+77) 0%,

NS}

1
(InB)* e + % (ln,81)363/ (1—1)% (2 +telnBy) B dt

0

which leads to estimate (iii). In the same way, we can also show estimates (iv)—(v).
O

LemmaA.2. Let B be defined by (A9) with 3, and wi”) giving in (4.50) and satisfying (4.54)
for B;. Then, for 6 >0, ¢ > 0, and T > 0 sufficiently small,

B :ia+0(1)(5+e+72) 5, (A3)

oo
where the bounds of O(1) depend only on U.
Proof. Using the Taylor formula, lemma 2.6, and estimate (4.54), for § >0, € >0, and 7 >0

sufficiently small, we have

(n)

) _ (W ) )
= + —D4+0(1) (B —1
S P R Bi—=1)+0(1)(Bi—1)
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(»)
= (8%# ‘5:1 _ 0+0(1)(6+T2)> (a6 +0(1) (e+177)0)

b
+0(1) (aa6+0(1) (e +72)6)°
=—0+0(1) (e+7%)4, (A4)
which implies
P 5 =0(1) (7). (AS5)
Then combining the (AS) with estimate (i) in lemma (A.1) leads to estimate (A3). ]

Lemma A.3. Let B; and 905”) be given by (4.50) and satisfy (4.54). Then

0B 9B

— =0 A6
Oe aj=l,e=7=0 37’2 aj=l,e=7=0 ’ ( )

and
2 (w) 2 (k)
1 1

0o} __ L % - (A7)
85186 aj=l,e=7=0 Saoo 8&872 aj=1l,e=7=0 26120

Proof. Since (3| is a shock wave, states v#) — v and U satisfy equation (2.15):

w . () 2Bi-D(B-1)
HSIL = (S@lu) B a%of(ﬂl“l‘l)

2 r—1
(E=71) (- 258

=0, (A8)

where B(¢) is given by

e _ 2
Bl — 2(Bi—1) i (5+tp§”)) _ (A9)
a’e

Using the Taylor formula and estimates (i)—(ii) in lemma A.1 and applying lemma A.2, we
obtain

P s (-7 (1) ) s
#1

252 \ 3 ¢
W) [ L=779" ) 26081 =1\ 2 W\ 22
+2(6+<p1 )(1—72@6)) ((6+g01 )5+a§oe(61+1) 7 z(m@l )75

:—25+0(1)(5+e+r2)5,

OHE e+ DB+ B —1_2(1-70%)F (1=7B)} e+ DB + B — 1

B A (Bi+1)e (B 1) c
1-720% \3 v, 2B1Bi =)\ T ey 27207
+(W) ((5-1-801 )5+m)g51 - 2 B, (A10)
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and
PING . Bi—1 1—252 (n) 2ﬁ|(ﬁ,_1) 2

g —_{a EEy 1 7230 5+‘/’“ LB+ ) i

252 7250)7
301 NG Gl i) ORI QTIPS
2o (Bi+1) a
[3p1] = = (FL+0() (6 ++78) (28> +0(1) (3 4+ +77)8?) (A11)
[3p1] = —a00°+0(1) (6 ++7%)8°,
8(,”) 7_2()% 77_221 28,(8"

Bp i = H(FEEED) 8 + (5525) " BO) (6 + 9 )6 + %)_5230
[3p1] = 3(Z0+ 0O ++7)0)(Z-0+0(1)(0 ++77)9)
[3p1] =z 52+0( V(6 4+ +72)8°.

Now, taking the derivatives on both sides of equation (A8) with respect to ¢ and 72 respect-
ively, we have

8H§H) 8§0§”) 87—L§”) 8H§H) a(pgﬂ) angﬂ)
) =0, ) 5 >— =0. (A12)
dpiH Oe Oe D or or
Then it follows from estimates (A10)—(A11) that
(1)
&pg") _ L{;{ o —a506°+ 0 (1) (64 €4 72) 5
o om® =20+ 0(1)(6+e+72)6
3905“)
doo
= —7(52—1—0(1) (5+e+7’2) 62,
g P 2840(1)(5+e+7)0+0(1) (5 +e+7) 0
or2  auw —26+0(1)(0+e+72)0
&pfu)
2
which leads to
ey L
= =0. Al3
Oe aj=l,e=7=0 87’2 aj=l,e=7=0 ( )

Therefore, we obtain from (4.50) and (A13) that

64‘&](“) B(PI(M)
5)
9B 9 laj=l,e=r=0 9B L P p—
=", = 0, a2 T 0.
Oe aj=1,e=7=0 9y or aj=l,e=7= 0 8<pl“
9B o =1,e=r=0 B |a=1,e=r=0

Next, we further take the derivatives on equation (A12) with respect to @5” ), 1, €, and 72
respectively, and combine with the estimates in lemmas A.1 and A.2 to obtain

32H(M)
o

3
2

=2+ (5 + 4,05“)) (1 — 728(6)) 726 — 27257

49



Nonlinearity 38 (2025) 045013 G-Q G Chen et al

3

21— 252>%( T23<e>>"z{(5+w§u))((5+ <u>)5+j£1€((ﬁﬁfllll))> 2

+ (1 —728(6)) (2 (5+<p§“)) 5+ m> }

=2+0(1) (6 +e+7)3, (Al4)

24/(1) e—1 e—1_2 €
IHY _{ I et e s (@ onss 22ED)

CETECIN IO () (B e
i (W) 2
+((51+1)e+1)ﬂf71 | — 1262 2(5+<p,“)r
(B1+ 1)26 1—728() a2,
1. (A15)
29, (H) 4(5+ (H)) 1—725)3 (1—+2B0 71 o
Zc:?ba { i g1+1) ( )6+2(6—|—¢(”))(1—T 5) (5+¢§M))5+02@0((5|+1)) 2
4(6+¢(u))(1 726) (1-780) | (1-+280)"3 2 g —1)p1 (A16)
Bi+1 e .
20(1)7253,
24,(1) . B
6501 8’7'2 2
25 (51) | (1-70 !
(1) 52 (1) (1) 1
§=200+¢,"")0" +2(0+ ¢, )((5-1-%01 )5+a2oo(ﬂl+l) <1_728()) (A17)

(177—252)%8() (17,7_25)());l ) .
" <1+ 2(1—726%) (1—72B0) ™ =0(1)(0++77)4,

BZyg“) _ 2 (e(e+1)InB; —1)Bs + 2B In By + 1
9Bide a2 (Bi+1)° &
_ 2(177262)% (177'28(5))% ((51+1)6+1)eﬁf1n,81 —Be+1
a2, (B +1)? €2
2 (Bi+De+1]8i—1 Bf () 26 (57 - 1) \ Bir?
+{“2°°(51“)2 ‘ +5l+1+<<5w‘ )Ha%,o(ﬁlﬂ)g

272 [ 1—728% \? (elnfy — 1) B+ 1
< 2T
1— 728 2

1—7282 \2 w5, 288 1) filnpi ,
A=) (e i) -} i

€
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1 300 ) 1 R ,
=2 ( 5 S+0(M)(6+e+T )5) - @(20m5+0(1)(5+6+‘r )5> +0(1)(e+72)6
§+0(1)(S+e+7%)8,
oo

(A18)

and

UM (1-72B) 62+ (1-728%) B (8 + 1) e+1) 85 — 1
8,072 (1— 7_252)% (1 _7.25(5))% a2, (Br+1)%e

Ll R R U CCE L ) 2001
* a, (W) 1+2(1_7.252) (1—B) <5+801 >5+m
=0(1)(§+e+7%)8.

(A19)
Then we obtain from estimates (A14)—(A19) that

82?{‘5”)
0p1 8518505”) Oe 0B10¢
oH M
34@5”‘)

(a;+0(1)(5+e+72)>

" azﬂéuz) awgu) 82”H§“) Bga](“) 62H§”) &P](u)
e \op” 9¢ 7 apoc
0B10e

(@+0(1) (5+e+72)8) (-8 +0(1) (5+¢+72)8%) +0(1) 7°5°)
8 20+ 0(1)0 tet72)d
(‘%“’52+0(1>(6+e+72)62)0<1)726 20+ O() (6 +e+T2)6
a 26+0(1)(6 +e+72)5 204+ 0(1)(04€e+72)0
S +0(1)(6 +e+77),

8ao

and

BzHé“) Bapf‘” 82H§M) 3501(“) 32H§u) 8‘91(“)
82905#) 850(”)2 or? +8<P1<M)872
1

24, (1)
IPHM
EEN 8518505”) or? 9B,072
aH;u)

3501(”')

:—<é+0(1)(5+e+#)>

((2+0(1)(5+e+72)5) (2;200 +0(1)(6+e+7’2)6) +O(1)(5+e+72)5)

264+0(1)(6+e+72)8

8ﬂ187-2 -

X

O()(6+e+77)8
264+0(1)(6+e+72)d

1
— 5 TO(@E +et ),
2a3

which implies (A7).
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