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Abstract

We establish C*-partial regularity results for relaxed minimizers of strongly
quasiconvex functionals

Flu; Q] :=/ F(Vu)dx, u: Q — RN,
Q

subject to a g-growth condition |F(z)| < c(1 + |z]9), z € RN>*" and natural p-
mean coercivity conditions on F € C*® (RN *") for the basically optimal exponent
range I < p < ¢ < min{;*%;, p + 1}. With the p-mean coercivity condition
being stated in terms of a strong quasiconvexity condition on F, our results include
pointwise (p, g)-growth conditions as special cases. Moreover, we directly allow
for signed integrands which is natural in view of coercivity considerations and
hence the direct method, but is novel in the study of relaxed problems. In the
particular case of classical pointwise (p, g)-growth conditions, our results extend
the previously known exponent range from SCHMIDT’s foundational work (Schmidt
in Arch Ration Mech Anal 193:311-337, 2009) for non-negative integrands to the
maximal range for which relaxations are meaningful, moreover allowing for p = 1.
We also emphasize that our results apply to the canonical class of signed integrands
and do not rely in any way on measure representations a la FONSEca and MALY (Ann
Inst Henri Poincaré Anal Non Linéaire 14:309-338, 1997).
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1. Introduction

1.1. Aim and Scope

A key problem in the vectorial Calculus of Variations that has defined the
development of the field in large parts, is the study of variational principles

to minimize % [u; Q] :=/ F(Vu)dx, (1.1)
Q

subject to certain constraints on the admissible competitors u : & — RY . Here, Q2 C
IR" is an open and bounded set with Lipschitz boundary €2, and F : RV*" — Risa
continuous integrand. When we specify suitable Dirichlet classes as side constraints
for (1.1), the existence of minima in spaces of weakly differentiable functions
necessitates both growth bounds and suitable lower semicontinuity properties of
F[—; 2], the latter being reflected by semiconvexity assumptions on F.

Routine assumptions in this direction are given by the p-growth integrands,
1 £ p < oo, for which there exist ¢y, ¢z, ¢c3 > 0 such that

cilzlP =2 S F@) < e3(1+|z)P)  forall z € RV*", (1.2)

Such integrands comprise the classical Dirichlet integrand z +— %|z|2 forp =2

or the area-integrand z > +/1 + |z|? for p = 1 as known from the non-parametric
minimal surface problem. The lower semicontinuity of .#[—; Q] on spaces of
weakly differentiable functions in turn is strongly intertwined with MORREY’s qua-
siconvexity [113], a condition that reduces to convexity for N = 1 or n = 1, but
is a strict generalisation of convexity for all other dimensional constellations. We
recall that F € C(RN*") is called quasiconvex at zg € RV*", provided that

F(zo) £ ][ F(zo+ Vp)dx  forall p € C¥ (Bl(O); RN), (1.3)
B1(0)

and simply quasiconvex provided it is quasiconvex at every zo € RV ", By its link
to lower semicontinuity—see [2,104,110,113]—and hence from the perspective
of the direct method, it is thus particularly important to understand the regularity
properties of minimizers for quasiconvex variational integrals.

Since the variational principles (1.1) are genuinely vectorial problems, even in
presence of suitable ellipticity and smoothness assumptions on F, full C-%-Holder
regularity of minima a la DE GIORGI, NAsH and MOSER [50,114,115] cannot be
expected, seee.g. [51,80,88,116,117]. The suitable substitute here is (C! Y )partial
regularity, meaning that the minimizers are of class Cll(;‘c" forany 0 < o < 1
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on a relatively open set of full Lebesgue measure. Inspired by developments in
geometric measure theory following the works of ALMGREN [8] and ALLARD [7], the
systematic study of partial regularity for quasiconvex problems was initiated in the
1980s by the seminal works of Evans [62], Fusco and HUTCHINSON [73], ACERBI
and Fusco [3] and G1aQuINTA and Mobica [77]. Since then, partial regularity for
quasiconvex variational problems has witnessed a vast number of contributions,
see [37,38,52-55,82,83,99,100] for a non-exhaustive list and MINGIONE [111,
112], Grusti [79] for surveys.

If the growth assumption (1.2) is in action, the functional .#[—; Q] is both
well-defined and coercive on Dirichlet subclasses of W7 (Q2: RY). This, in turn,
is not the case for (p, g)-growth functionals, 1 < p < g < oo, where (1.2) is
typically replaced by

c1lzlP —c2 £ F(2) 31+ 219 forall z € RV*", (1.4)

Following the foundational work of MARCELLINI [105-107], the study of vari-
ational integrals obeying (p, g)-growth conditions has faced a vast number of
contributions with considerable recent interest; see [22-24,27-30,39,48,49,59—
61,66-68,95-97,111,119,123,124,126] for an incomplete list that only scratches
the wealth of results available so far.

When assuming (1.4) in the context of Dirichlet variational principles (1.1),
the natural domain of definition W ?(Q; RN) := v + W(l)’q(Q; RY) for v €
W4 (Q; RN) is strictly smaller than the space Wi’p (€2: RV) in which minimis-
ing sequences are bounded and thus (weak) compactness can be achieved. In what
follows, we shall then informally refer to Wll)"" (2; RV ) as a compactness space
for .7 [—; Q]. Adopting this terminology, (1.4) expresses that the natural domain
of definition differs from the compactness space Wi’p (2; RN) for Z[—: Q). This
circumstance is typical for variational problems arising in elastic cavitation theories
(cf. BALL [13]), and requires .# to be suitably extended or relaxed. Deferring the
precise set-up to Sect. 1.2 below, it is clear that for such relaxations to be mean-
ingful, some dimensional balance between p and ¢ is required. In the wake of
the foundational work of MARCELLINI et al. [68,105] and, in particular, FONSECA
and MALY et al. [30,66,67] (also see [1,41,61,102,103]), the natural threshold
condition in this context is given by

1<p

(1.5)

Due to MALY [102], who established the potential triviality of the natural relax-
ations for ¢ > ¢, or ACERBI and DAL MAso [1], who demonstrated the failure of
subadditivity for ¢ = g, condition (1.5) is the canonical exponent range for which
both the existence and regularity of minima should be addressed. First conditions
that link p and ¢ to the regularity of minima have been identified in the convex
context by MARCELLINI [106,107], and since then have been expanded in various
directions; see e.g. [4,29,31,39,40,48,49,59,74,75,94,124,126,128].
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Most of these regularity results are confined to the convex situation and do not
apply to genuinely quasiconvex functionals.! At present, there are only very few
contributions that actually deal with the partial regularity of minimizers for the
relaxations of quasiconvex variational principles (1.1) subject to the (p, g)-growth
condition (1.4). Most notably, by the pioneering work of ScHMIDT [122,123,126]
and especially his seminal paper [126], partial regularity of such relaxed minimizers
is known to hold in the exponent range

min{2, p)

o (1.6)

l<psqg<p+
Based on an intricate combination of measure representations and the construction
of low layer energy competitors a la FONSECA and MALY [66], this result still
displays the landmark for partial regularity in the setting described above.

While the exponent range (1.6) was slightly amplified in the subquadratic case
p < 2 by ScHEMM and SCHMIDT [122]to 1 < p < ¢ < %Z:ép, there is still
a crucial exponent gap in view of the canonical range (1.5); recall that, subject
to (1.4), (1.5) is precisely the range for which .# can be meaningfully relaxed to
wlp,

As is by now well-known, a wealth of quasiconvex integrands can very well
be unbounded below yet leading to coercive variational integrals. More precisely,
since F is not assumed convex but only quasiconvex, the pointwise condition (1.4)
implies, but is far from being necessary for the coercivity of .%[—; ] on Dirichlet
subclasses of W7 (; RV). For such genuinely signed integrands, while being
generic in the quasiconvex situation, no partial regularity results are known at all. On
an even more fundamental level, there is no systematic theory for relaxations in the
quasiconvex, signed context as for integrands satisfying the pointwise bounds (1.4).
Most crucially, this is so because the signed case comes with substantially weaker
lower semicontinuity results than those which are available in the unsigned context.

By the interplay of compactness and regularity it is clear that the borderline case
p = 1, still being included in the natural range (1.5), comes with a variety of other
obstructions that are invisible in the superlinear growth scenario. In fact, even for
p = g = 1, potential concentration effects here already require a suitable relaxation
to BV(Q; R¥), the space of functions of bounded variation (see Sect. 3.2 for more
detail). In this situation, the partial regularity of minimizers has been established
only recently by the authors in [83]. Since in the growth regime (1.4) for p =1
concentration effects are anticipated to enter in an even more delicate manner, the
underlying proofs must be sufficiently robust to work in this borderline case as
well.

Striving for the essential hypotheses on F that let the direct method apply to
variational principles (1.1) and let one prove the partial regularity of minimizers, it
is thus natural to include quasiconvex integrands F' that are potentially unbounded
from below, yet yielding the requisite coerciveness of .7 [—; Q]. As established
by CHEN and the second author [42] (also see the discussion in Sect. 6 below), this

! For the intermediate polyconvexity, see Fusco and HUTCHINSON [74,75].
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requirement is equivalent to the p-strong quasiconvexity of F at some zo € RV*",
meaning that there exists £ > 0 such that

2> F(z2) = LVy(2) := F(2) — E((l + |z|2)§ — 1) is quasiconvex at zg. (1.7)

This assumption is automatically implied by quasiconvex integrands obeying (1.4)
but not vice versa. As such, the natural generalisation for the pointwise (p, q)-
growth condition (1.4) is

(a) a pointwise g-growth condition |F ()| < L(1 + |- |9) and
(b) a p-strong quasiconvexity condition on F.

Following the foundational works of EVANS [62] or ACERBI and Fusco [3], signed
integrands that verify a slight strengthening of (1.7)—also see hypotheses (H2)
and (H2), below—display the natural framework within which the key partial
regularity results in the standard growth case are stated. In view of this discussion,
the aim of the present paper thus is

(1) to extend the exponent range for partial regularity of relaxed minimizers to
the natural growth range given by (1.5),

(ii) especially including the slightly more involved borderline case p = 1, where
compactness can only be achieved in spaces of functions of bounded variation,
and to

(iii) simultaneously allow for the natural class of quasiconvex, signed integrands.

This necessitates a functional set-up which is slightly different from that considered
in [30,66-68,105,123,126]. Before we embark on the description of our main re-
sults, we thus pause and explain the definition of the underlying relaxed functionals
first.

1.2. Relaxed Functionals and Notions of Minimality

In view of the direct method of the Calculus of Variations, we aim to extend
(orrelax) .7 [—; 2] by lower semicontinuity. Here, lower semicontinuity must keep
track of the convergence that yields compactness. Specifically, if sup ; <y Fluj; Q] <
oo implies sup e llujllwirqy < o0 for a given sequence (u;) C wWha(Q; RN),
the Banach-Alaoglu theorem yields weak compactness of (u;) in wbhr(Q: RY)
provided 1 < p < oo. For instance, this is the case if (1.4) is in action and
(uj) C W,l,’q (2; RY) satisfies SUP jen 5?[14]-; Q] < oo. If, however, p = 1, poten-
tial concentration effects only allow to conclude weak*-compactness in the space
BV($2; RY) of functions of bounded variation.

Consequently, depending on whether | < p < oo or p = 1, the correspond-
ing relaxations must be taken for weak convergence in W7 (Q; RY) or weak*-
convergence in BV (2; RN ). As discussed above, it is natural to include quasi-
convex integrands that are not necessarily bounded below. In this situation, it is
well-known that functionals of the form (1.1) need not even prove sequentially
weak(*)-lower semicontinuous on W17 (Q; RV) if F satisfies the standard growth
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bound |F(z)| £ L(1+]z|?);also see Lemma 5.1jf.. This obstruction, however, van-
ishes if one considers weak(*)-convergence in fixed Dirichlet classes and hereafter
weak(*)-convergence of sequences with fixed boundary values. In consequence, to
achieve that the relaxed functionals extend the original functionals indeed, we are
bound to incorporate Dirichlet classes into the corresponding relaxations.

To motivate our definition of relaxed functionals, note thatif 1 < p < ¢ < oo,
v e Whi(Q:RN), u € WhP(©; RN) and (uj) C Wll,’q(Q; RN) are such that
uj — u weakly in WP (Q; RY), then necessarily u € W,IJ’P(Q; RY). This
is so because the boundary trace operator tryg is continuous for weak conver-
gence in W7 (€2; RV). On the contrary, continuity of the boundary trace oper-
ator on BV(Q; RY) does not persist when BV(£2; R") is endowed with weak*-
convergence. As such, weak™*-limits of sequences (u ;) C Wi‘q (2; RM) might have
a boundary trace different from that of v. Still, in order to grasp the boundary be-
haviour of such weak*-limits and as is customary in the context of linear growth
functionals (cf. GIAQUINTA, MobIcA and SoUCEK [78]), some control of the traces
of weak*-limits can be obtained by employing solid boundary values. Based on
this discussion, we will henceforth focus on the slightly more involved case p =1
and alongside discuss the superlinear growth scenario of 1 < p < oo, for which
several of the above issues do not arise at all.

Let Q@ € Q' C R” be two open and bounded sets with Lipschitz boundaries.
Given a map uq € wha (; RN ), we define the associated solid boundary value
class via

A (2, Q) == {v e WH(Q;RY): v=ugin Q\Q). (1.8)

We then define for u € BV(Q'; RY) the weak*-relaxed functional or LEBESGUE—
SERRIN-MARCELLINI extension for solid boundary values u( by

() C (R, ),
j—~uinBV(Q;RY) [’
(1.9)

J—>00

?ﬁo[u; Q, Q'] :=inf {li_minf/ F(Vuj)dx:
o u

where we here and in the sequel adopt the convention inf § = co. Any sequence
(uj) C (2, Q) withu; X wand ?jo[u; Q, Q] = lim;_ o0 Fluj; ] then
is referred to as a generating or recovery sequence for ?;0 [u; 2, Q.

To obtain a functional solely defined on maps u € BV(2; RV) and thereby re-
move the artificial dependence on the larger domain ', we put forv € W4 (Q; RY)

Folu; Q1= F [w; Q, Q1 — Flug; 2\Q (1.10)

where ug € W(l)’q (€; RV) is an extension of v to Q' and u is the extension of u to
Q' by u¢. By aroutine gluing principle in BV, one then hasu € BV (2; RY) indeed
and competitors as required for (1.9) exist, cf. Lemma 3.2. As shall be established
in Sect. 6, this definition does not depend on the specific extension up and can
be canonically generalised to maps v € BV(; RV) that attain boundary traces
in Wi=V2:4(3Q; RN) (with the convention of W91 := L1); see Lemma 6.5 and
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Corollary 6.6. Specifically, ?: [1; ©2]is well-defined and lower semicontinuous for
weak*-convergence in BV (€2; RY).
It is then customary to equally define for I < p < g < oo and maps
v e Wh(Q; RM), ug € WH(Q; RY), u € WP (Q; RY) such that tryg (ug) =
tryq(v) " !-ae. on 9Q
]—)OO

i q /
uo[u Q, Q'] :=inf {hmlnf//F(Vuj)dx; (uj) C Ay (2, ), }

uj — win WhP(Q'; RY)
Folu; Q) i= Fyylw; Q, Q1 — Fluo; Q\Q, (1.11)

where again u is the extension of u to " by ug. Note that, different from (1.10),
the continuity of the trace operator for weak convergence in W7 (€2; RV) and our
convention inf } = oo immediately yield .% ,[u; Q] = oo provided 2" ({x €
02: traq(u)(x) # trypg(v)(x)}) > 0. Similarly as above, definition (1.11) then
can be extended to v € W7 (Q; RY) with tryq(v) € WI=1/2:4(3Q; RV).

As key features of the relaxed functionals from above, we point out that in
presence of quasiconvexity of F and the bound |F ()] < ¢(1 + | - |[9), in the
growth regime (1.5) both coincide with .%#[—; Q] when restricted to Dirichlet
classes Wi’q (S RY) for maps v € WLa(Q; RN), cf. Lemma 6.7. Therefore, they
may be regarded as extensions of 7 [—; ] by lower semicontinuity indeed.

We may now proceed to the notion of minimality that will underlie our main
results, Theorems 2.1 and 2.2 below.

Definition 1.1. (Minimality). Let Q2 C R" be an open and bounded domain with
Lipschitz boundary 9€2.

(a) Given1 = p < g < coandv € BV(2; RY) suchthattryg(v) € W!=1/4:9(3Q;
RM), we say that u € BV(Q; RY) is a B\iminimizer of ?T)[—; Q] (subject to
the Dirichlet constraint v) if and only if f:[u; Q] < oo and

[u Q<7 [w Q] forall w € BV(Q; RY). (1.12)

If the previous inequality holds for all w € BV(Q; R") such that u—wis
compactly supported in €2, then we call u a BV-minimizer of F [—; Q] for
compactly supported variations.

(b) Given 1 < p < g < oo and v € WP (Q; RY) such that trge(v) € wli-1/4.4
(09 RV), we say thatu € WP (Q; RN)is -aminimizer for Fo[—: Q] (subject
to the Dirichlet constraint v) if and only if .7 ,[u; Q] < oo and

Folu; Q1< Folw; Q1 forallw e WhHP(Q; RV). (1.13)

If the previous inequality holds for all w € W7 (Q; RV) such that u — w
is compactly supported in €2, then we call u a minimizer of .7 ,[—; Q] for
compactly supported variations.

Subject to natural growth, semiconvexity and coercivity conditions, the exis-
tence of (BV-)minimizers will be established in Sect. 6. We wish to emphasize that,
in the setting of Definition 1.1 (b), inequality (1.13) could equivalently be replaced
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by requiring 7 ,[u; Q] < Z,[w; 2] to hold for all w € W (Q; RY) because of
Folw; Q] = oo if " ({x € 0Q: tryq(w)(x) # traq()(x)}) > 0.

If p = g = 1, the compactness space of functionals (1.1) is BV(£; RY) and
hence already a proper superspace of the natural domain of definition W1 (Q; RV).
This is why this case already requires a proper relaxation for weak*-convergence.
Assuming quasiconvexity of F', we then are in the classical setting of AMBROSIO
and DAL Maso [9] (also see FONSECA and MULLER [69,70]) for non-negative or
RINDLER and the second named author [98] for signed linear growth integrands.
This provides us with an integral representation for ?T)[—; 2], whereby the BV-
minimality of u € BV(Q; RY) for ?:[—; 2] then amounts to minimality of u for
the integral functional

. dD%w
F[w: Q =/ F(Vw)d /F°° d|D*
ow; 2] o (Vw)dx + o D w] | D" w|

+ / F®(trygq(w —v) ® vag)d%"_l (1.14)
Q2

over all w € BV(L2; RN). Here, F°(z) = lim,\ o tF(%) is the recession function
associated with F and Dw = Vw.Z"L Q + dc\lg—iﬁl | Dfw| is the Lebesgue-Radon-
Nikodym decomposition of Dw; see Sect.3.2 for more detail. In this sense, the
boundary integral in (1.14) penalises the deviation of tryq (w) from the prescribed
Dirichlet data. Albeit for | = p < g < oo the functional ?: [u; 2] cannot
be represented as a variational integral as in (1.14) (also see Sect.2.1), a similar
penalisation effect is inherent in Definition 1.1 (a).

Let us note that almost by definition, the functionals 7" or.Z do not feature so-
called Lavrentiev gaps in the following sense (also see BurTAZZ0 and MIZEL [35]
for a discussion of this matter and EsposiTo, LEONETTI and MINGIONE [60] in view
of its impact on regularity): If,e.g. 1 < p < g < n”Tpl and v € Wh9(Q; RY), then
we have

min Folu; Q] £ inf Folu; 2]
ueW,” (Q;RN) ueWa (Q;RN)
Lem. 6.7 . P . — .
= inf Flu; Q] < min Folu; 21,
ueWa(Q;RM) ueW? (Q:RN)
(1.15)

where the ultimate inequality directly follows from the definition of .7, [u; .

However, the previous definition does not allow to conclude thata (BV-)minimizer
is local (BV-)minimizer in the obvious sense; indeed, even in the unsigned case,
the relaxed functionals only prove additive on certain subsets of 2 (see Sect.2.1).
Similarly as to [126], we shall therefore work with the following definition of local
minimality:

Definition 1.2. (Local minimality for compactly supportedvariations). Let Q C R"
be open and bounded.
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(@) Given 1 = p < g < oo, we say that u € BV (Q2; RY) is a local BV-
minimizer of % for compactly supported variations provided every xg € Q
has a neighbourhood @ € € with Lipschitz boundary dw such that u|, is a
BV-minimizer of .% *[— w] for compactly supported variations.

(b) Given 1 < p £ g < 00, we say that u € Wloc (€ RN) is a local minimizer

of .Z for compactly supported variations provided every xo € Q2 has a neigh-
bourhood w @ €2 with Lipschitz boundary dw such that u|, is a minimizer of

ZF u[—; w] for compactly supported variations.

By the definition of ?i[—; w] and ?u[—; w], cf. (1.9) and (1.11), the in-
equality underlying the local (BV-)minimality for compactly supported variations
has the following implication: If, for some sultable open @ > xo with Lipschitz
boundary dw, u is a (BV-)minimizer of ,92' [—; w] or Z,[—: w] for compactly
supported variations, we necessarily have traw(u) e WI-V/4.49(5p; RY) by the
very definition of ?: [u; @] or ?u [1; w]. By a standard Fubini-type theorem for
BV- or Sobolev spaces (see e.g. [83, Lem. 2.3]), for each xg € Q we always
find » > 0 such that tryp, (v, () € BV(3B, (xo) RV) if u € BVje(Q2; RY) or
troB, (xo) ) € WLP(3B,(x0); RY) if u € WIOC ($2: RN). Here, the weak dif-
ferentiability is understood with respect to the distributional tangential deriva-
tives, and .Z'-ae. 0 < r < dist(xo, ) will do. Since e.g. the embedding
WP (3B, (x0); RY) — W!=1/9:4(3B, (xq); RY) holds if and only if ¢ < < 2
the local minimality condition in both cases (a) and (b) is genuinely non-vacuous
for the exponent range 1 < p < g < ;2. In particular, the latter is satisfied
by (1.5).

2. Main Results

We now proceed to display the main results of the present paper. To avoid over-
burdening technicalities and to emphasize that our focus is on the quasiconvexity
rather than the minimal smoothness of the integrands, we assume F € C® (RN *")
in the sequel. Moreover, we define for I £ p < oo the auxiliary integrand
V,: RV 5 Rivia V,(2) = (1 + [z2)% — land set V := V.

Given 1 < g < oo, we suppose that F: RV*" — R satisfies the following
hypotheses:

(H1) There exists L > 0 such that |F(z)| < L(1 + |z|?) holds for all z € RNV*",

(H2) Foranym > Othereexists £,, > Osuch that, forall zo € RV >*" with |zo| < m,
F — ¢,V is quasiconvex at z(.

(H3) F e C®RN*m).

As alluded to above, hypothesis (H2) is related to the coercivity of the functional
F[—; L], yet is substantially weaker than the pointwise bound (1.4); see the dis-
cussion in Sect.6.1. Our first main result, being concerned with the case p = 1,
establishes the partial C°°-regularity of local BV-minimizers for compactly sup-
ported variations.
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Theorem 2.1. (e-regularity, p = 1). Let @ C R" be open and bounded, and
suppose that the variational integrand F: RVN*" — R satisfies (H1)—(H3) with
1 = g < ;%5. Then for any local BV-minimizer u of F for compactly supported
variations the following holds: Given M > 0 and xo € 2, there exist ey =
ey, N, Ly, L, M) > 0 and Ry = Ro(n, N, F, M, xo,u) € (0, dist(xg, 92))
such that if 0 < R < Ry satisfies

Du(Bg(xp))
—_— 2.1
Z"Brto)| @1
and
|Du’®|(Br(x0))
Vu — (D oy |d _ , 2.2
]I[BR(xm' # = (DB ldr + Z"Brxo)) M 2:2)

then u is of class C* (B g2 (xp); RM). In particular, if we let

Reg(u) := {xo € Q: u is of class C* in an open neighbourhood of xy},
then we have with X, := Q\Reg(u)
T, =xlux?

= {xo € Q: liminf <][ [Vu — (Du)g, (x)ldx +
B, (x0)

IDSMI(Br(XO))> }
— >0
r\O

2" (B, (x0))

U {xo € Q: limsup (2.3)

r\0

Du (B, (x0)) ~
ZL" (B (x0)) ’

whereby Reg(u) is relatively open in Q, £"(2,) = 0, and thus u is C*-partially
regular.

Theorems 2.1 and 2.2 below display the core results of the announcement [85].
Deferring the specific conceptual and technical issues to Sect. 2.2 below, we first
comment on the general matters underlying the previous result. As is common in
partial regularity proofs, Theorem 2.1 follows from an excess decay estimate in
the neighbourhoods of points xp € Reg(u). The latter, in turn, is a consequence of
the Caccioppoli inequality of the second kind and an improved distance estimate
of the relaxed minimizer u to suitable A-harmonic approximations. Since we are
dealing with relaxed minimizers, the localisation scheme of EVANS [62] to arrive at
the Caccioppoli inequality of the second kind requires the construction of suitable
competitor maps. In order to get access to the requisite estimates, we are only
allowed to use the 1-strong quasiconvexity embodied by (H2). By virtue of the
growth bound (H1), this entails the W!-9-quasiconvexity of G,, := F — £,V at
every zo with [z9| = m, meaning that

Gn(zo) S ][ Gn(zo+ Ve)dx  forall ¢ € W(l)’q (B1(0); RM). 2.4
B1(0)



Arch. Rational Mech. Anal. (2024) 248:80 Page 11 of 125 80

In general, however, (2.4) does not persist for competitor maps ¢ € W(l)’ ! (B1(0); RM).
Thus, a particularly careful construction of W!-4- or low energy competitors is re-
quired, giving us access to (2.4) while still maintaining the optimal exponent range
1<g < %, see (1.5) for p = 1. Further elaborating on this matter in Sect.2.2
below, the construction of A-harmonic comparison maps is the second issue that is
intricate in the p = 1-growth regime. This is so because the interior trace space of
BV is L! along arbitrary spheres and second order boundary value problems with
L!-boundary data are in general ill-posed. Similar issues in the usual quasiconvex,
linear growth context have been addressed by the authors [82,83], but here we need
to establish that the available distance estimates fit into the general line of argument;
see Sect. 10 for the details. Even though we are exclusively interested in the partial
regularity for smooth integrands, we wish to point out that our approach can be
employed to yield Cll(;g -partial regularity of relaxed minimizers provided F is only
assumed to be of class C2 together with (H1) and (H2); also compare with [17]
and [101] in the context of functionals (1.14).

We now turn to the case p > 1 and thus to the functionals ?, where the
natural threshold condition on ¢ is given by (1.5). Alongside (H1) and (H3), we
now consider the following substitute of (H2):

(H2), For any m > 0 there exists £,, > 0 such that for all zo € RN>" with
lzol < m, F —£,V, is quasiconvex at z.

The corresponding analogue of Theorem 2.1 is then as follows:

Theorem 2.2. (¢-regularity, p > 1). Let 1 < p < ¢ < min{%, p+ 1} Let Q C
R" be open and bounded, and suppose that the variational integrand F : RN>*" —
R satisfies (H1), (H2)p and (H3). Then for any local minimizeru € Wll(;cp(Q; RM) of
Z for compactly supported variations the following holds: Given M > 0 and xy €
Q, there existeyy = ey (p,q,n, N, €y, L, M) > 0and Ry = Ro(n, N, F, M, xo,
u) € (0, dist(xg, 0€2) such that if 0 < R < Ry satisfies

f Vudy| < M 2.5)
Br(xo0)

and
][ [Vu — (Vu)B (x| Pdx < eum, (2.6)
Bgr(x0)

then u is of class C*®° (B 2(x0); RN). Especially, u is C*°-partially regular.

In establishing the previous theorem, the difficulties are similar to those en-
countered for Theorem 2.1. This particularly concerns the Caccioppoli inequality
of the second kind and the validity of the Euler—Lagrange system, from where The-
orem 2.2 directly follows from the by now classical A-harmonic approximation
technique, cf. DUZAAR et al. [53-55] and its implementation in the (p, ¢)-growth
context by SCHMIDT [123,124]; also see Remark 10.4.

The growth assumptions displayed in Theorems 2.1 and 2.2 are close to optimal.

np

On the one hand, the bound ¢ < ;5 is natural in view of (1.5) and the discussion
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afterwards. On the other hand, the requirement ¢ < p+ 1 as visible in Theorem 2.2
(which is automatically satisfied in the context of Theorem 2.1) comes up naturally
by validity of the Euler-Lagrange system: Indeed, if Vi € L?(Q; RV*") and F is
quasiconvex with (H1), then | F'(z)| £ ¢(1 4 |z]?"!) and so F'(Vu) € L1(Q2; RY)
canbe only asserted providedg—1 < p. For the exponentrange of Theorem 2.2, this
is automatically satisfied in the regime 1 < p < n— 1, and then the exponent range
of Theorem 2.2 precisely reduces to (1.5). Instead if p>n—1landsop+1 < n"—l,
it is clear from the proof that we can allow for therangen — 1 < p < g < p+ 1.

Let us note that, in the case of strongly convex functionals, the exponent con-
dition p £ g < min{ n”T”] p + 1} for partial regularity appears in PASSARELLI
DI NaPOLI and STEPE [119] for p = 2 first, and was improved by BILDHAUER and
Fuchs [24]totherange g < "+2 == p by employing the higher gradient integrability of
minimizers; also see [31,40, 59 94]. Such higher integrability results are particularly
delicate if p = 1, where even in the standard growth case a typical (p, ¢)-behaviour
is encountered on the level of second derivatives; see BILDHAUER [25-27], BEck
et al. [18-21] and the authors [81,84] for results in this direction. Clearly, convex
techniques are ruled out in the context of Theorems 2.1 and 2.2. In order to display
the chief difficulties and main points of the present paper in the quasiconvex case,
we thus briefly pause and compare our relaxed functionals with previously studied
relaxations first.

2.1. Comparison with Other Relaxations

The reader will notice that the functionals .7 and .7 as introduced in Sect. 1.2
slightly differ from those considered in previous contributions [66,123,126]. More
precisely, if | < p < oo, FONSEcA and MALY [66] or SCHMIDT [126] consider the
locally relaxed functionals

loc

Floclu; @] := inf {liminf/wF(Vuj)dx: u—uin WP (0 BV

j—oo

;) C (Wl nWhr)(w; RY), }

2.7)

where w € Q and the quasiconvex integrand F € C(RN*") satisfies (1.4) with (1.5).
As established in [66], this implies that .#joc[u; —] has a measure representation:
Ifue W]’P(Q; RY) is such that Fec[u: Q] < oo, then there exists a uniquely
determined finite (outer) Radon measure p, on €2 such that

Flocltt; w] = puy(w)  for all open subsets w C Q. (2.8)

If p = 1, where one makes the modification u X u in BV(Q; RN ) to arrive at
the functionals .7 [—: w], results in this direction are due to SoNE [129,130].
In either case, introducing the notions of weak or local minimality for %o as

n [126, Defs. 6.1, 6.2], the measure representation (2.8) immediately yields that
any minimizer is a local minimizer. Moreover, the identification of 3 ““ (i.e., the
density of the absolutely continuous part of w, for £"), as F(Vu) (cf [30,66])
then is instrumental for the derivation of the Euler-Lagrange system satisfied by
minima, see [126, Lems. 7.1-7.3] and Remark 8.6 below.
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One of the key reasons to employ the functionals .Z or 7" instead of those
given by (2.7) is that the latter do only extend % if F is bounded from below. In
fact, if F is quasiconvex and unbounded from below, it might happen that

Foclu; Q] # Flu; Q,
even foru € Whi(; RVM) with1 < p < ¢ < %; see Sect.5.1. This, in turn,
is not the case for the functionals ?U [u; €2] but happens at the cost that some
higher regularity of the prescribed traces is required. On the other hand, the relaxed
functionals as introduced in Sect. 1.2 do not feature Lavrentiev gaps, see (1.15),
which is only known to hold for the functionals from (2.7) on special sets (cf. [126,
Sec. 5]).

In the setting of signed quasiconvex integrands and hereafter the functionals .7
or ﬁ*, however, measure representations as for (2.7) are not available at present; for
now, if p = 1, one even lacks the identification of (37“"7 in the unsigned context. Let
us note that, in the language of Definition 1.2, the conclusion of (global) minimiz-
ers being local minimizers for compactly supported variations persists, but needs
to be established by independent means. Interestingly, the difficulties underlying
the proofs of the basic features of the relaxed functionals shift almost completely
(see Remark 6.12). Most importantly, although .%o and .Z are not equal in gen-
eral, the set of local minimizers for compactly supported variations is in fact the
same provided F is quasiconvex and bounded below (see Proposition 6.13 and Re-
mark 6.14). Thus, the partial regularity results stated for 7" and 7 in the previous
paragraph in fact carry over to the so-called (weak) local minimizers as considered
in [126]; also compare with Remark 6.14.

2.2. Main Points and Novelties

Based on the discussion in the preceding paragraphs, we now briefly address
the main novelties and chief difficulties, both from a conceptual and technical
perspective, of the present paper. Since several of these matters mutually depend
on each other in the signed case, we start by displaying the part which is also new
in the unsigned context.

2.2.1. (p, g)-Exponent Range The first advancement of Theorems 2.1 and 2.2,
even for non-negative integrands F, is the extension of the partial regularity of
relaxed minimizers from ScHMIDT’s range | < p < ¢ < p + % tol <
p<gqg< min{fT‘"], p + 1}. As discussed in [126], in the unsigned, superlinear
growth case p > 1, the crucial point is to establish the Caccioppoli inequality of
the second kind for the latter range of exponents. We here approach the requisite
inequalities by exclusively using minimality and additivity properties of the relaxed
functionals, systematically avoiding any sort of intermediate bounds that force
exponent restrictions beyond g < min{%, p + 1}. This necessitates a variation
of EvaNS’ original proof of the Caccioppoli inequality of the second kind [62]
and its modification in the (p, ¢)-context by ScHmMIDT [123,126]. To run EvANS’
localisation scheme based on WIDMAN’s hole-filling trick [134], it is clear that
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accessing the (p-)strong quasiconvexity requires the construction of competitor
maps with controllable W!-9-energy on certain annuli. Inspired by [126], this is
achieved by suitably modifying certain recovery sequences on special annuli by
trace-preserving operators to force fixed traces along certain spheres. Deferring
the discussion of the underlying good generation theorem in the signed case, we
stress that, while the slightly different overall set-up of the Caccioppoli inequality in
Sect. 9 appears as a conceptual point, it goes hand in hand with its precise technical
implementation. Here, a key device is the direct derivation of the requisite layer
bounds by use of the WHITNEY-type trace-preserving operator [133] as introduced
in the (p, g)-context by FoNsEca and MALY [67]. This operator, to be discussed
in detail in the BV-setting in Sect.4, allows for a flexible local handling of the
underlying estimates by examining the V-function type energies of BV- or W!-7-
maps and their gradients on the respective Whitney balls. By construction, this
operator admits the globalisation of local estimates of V -function-type energies by
routine embeddings for ¢7-sequence spaces in conjunction with suitable finiteness
conditions on spherical maximal functions. Based on this approach, it then will be

clear from the proof why we have to require ¢ < %. Yet, the key point is that

we solely work subject to guasiconvexity but not W!-P-quasiconvexity conditions,
in which case improved results are available (cf. CAROZZA, PASSARELLI DI NAPOLI
and the second author [39]); however, note that quasiconvexity is far apart from
W!-P_quasiconvexity in general.

2.2.2. Signed Integrands Other than ScHMIDT [126] or FONSECA et al. [30,66,
68] and as explained in Sect. 1.1 (see (1.7)ff.), we assume the integrands F to be
signed. In order to elaborate on why the quasiconvex signed case departs from
integrands being bounded below, we note that an overarching task in the study of
(p, q)-growth problems is to control certain W' -energies, for some r > p, by
the a priori available W!-”-bounds on minimizing sequences. Different from the
convex case (see the discussion in Sect. 2), in the quasiconvex case higher gradient
integrability results seem out of reach at present (also see Sect.2.2.3(b) below) and
so we may only rely on the L”-boundedness of gradients and the quasiconvexity
itself.

(a) Exclusion of concentration effects. As a key device to control the L7-
concentration of gradients on certain small annular layers, SCHMIDT [123,126, §7.7]
introduced a boundary regularity criterion to be able to work with specific recovery
sequences with fixed interior traces. When constructing such sequences (u ;) from
given recovery sequences (v;), we must ensure that no additional mass is created
during this modification process. It is here where the signed case comes with aggra-
vated concentration issues: Indeed, since F is signed, it might in principle happen
that on small nested annular regions A; € Q with " (A4;)\,0 the gradients Vv;
blow up in a way such that #[v;; A;1N\ — oo whilst Sup ey Flvj; Q] < 0o. Pass-
ing to recovery sequences (# ;) with a controllable W4 energy on A ; that coincide
with v; on Q\A;, one generically expects .% [u ;; ] to create additional mass in
the limit. It is easy to see that such a behaviour is impossible when F is convex and
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p = 1 or F is quasiconvex and minorisable by affine-linear maps.> As we will dis-
play in Sect. 6, there is in fact a wealth of signed, coercive, quasiconvex integrands
that cannot be minorised by affine-linear maps; thus it is indeed the nonconvexity
that lets such obstructions emerge in the signed context at all. The resolution of
this matter and therewith the generalisation of [126, Lem. 7.7], here referred to as
good generation theorem, is given in Sect.5. With this being exemplary, related
concentration effects of this sort arise and must be ruled out throughout the course
of the paper.

(b) Fitting the concentration control to the general scheme of proof. Potential
concentration effects as displayed in the preceding item can be avoided if one im-
poses certain restrictions on the (p, g)-exponent range. However, such restrictions
do not allow for coverage of the range ¢ < min{%, p + 1} as appears in The-
orems 2.1 and 2.2. Since the proof of the Caccioppoli inequality equally hinges
on modifications of recovery sequences on small annular layers, we have to limit
the L9-gradient concentration in the signed case even more carefully here while
simultaneously reaching the optimal exponent range.? In parallel, similar effects
have to be excluded in the derivation of the Euler-Lagrange system, see Sect.2.2.3
below.

(c) Non-availability of measure representations. In the signed case, a substan-
tial part of the general machinery of measure representations used e.g. in [126] is
unknown. Such measure representations enter SCHMIDT’s partial regularity proof
in several ways. Generalising results of BALL and MURAT [14], an important obser-
vation of SCHMIDT is the W!-?-quasiconvexity of the relaxed functionals %, for
p > 1 (see [126, Lem. 7.6]). The proof of this result hinges on measure represen-
tations and so does the proof of the Caccioppoli inequality, in turn relying on the
W!-P_quasiconvexity of .Zjoc. This issue is circumvented here by directly working
on the level of recovery sequences for the linearised relaxed functionals. However,
even more conceptually and as discussed in Sect.2.1, the use of measure repre-
sentations leads to validity of the Euler—Lagrange system [126, Lem. 7.3]. While
some of the available measure representations and energy density identifications
are conceivable to extend to the signed case or p = 1, another key aspect is that
they are not really required. This is the content of the following paragraph:

2.2.3. Mazur’s Lemma, the Euler-Lagrange System and Independence of Mea-
sure Representations Theorems?2.1and 2.2 crucially hinge on the Euler—Lagrange
system satisfied by local (BV-)minima. As we establish in Sect. 8, there always exist
recovery sequences such that the (approximate) gradients converge in .2 -measure

2 Note that typically, if F is convex with p > 1, then F is automatically bounded from
below. More generally, by separation, every convex integrand with p = 1 can be minorised
by an affine-linear map.

3 Since we directly work with linearised integrands, signed integrands naturally arise in
the proof of the Caccioppoli inequality even for unsigned 1-strongly quasiconvex integrands
F. This, however, is only of technical nature since the linearisation terms then can be handled
by the available weak*-convergence; if F is a priori signed, then this is not only a technical
obstruction.
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to the approximate gradients of (BV-)minimizers u for compactly supported vari-
ations. In analogy with other weak-to-strong convergence boosts, we shall refer
to this as Mazur’s lemma. This result allows a direct proof of the validity of the
Euler-Lagrange system, see Corollaries 8.5 and 8.7, without relying on measure
representations. We highlight two points associated with this result:

(a) Purely linear growth case. If p = q = 1 (whereby, in the terminology of
Sect. 1.1, the compactness space is BV(Q; R"Y) and so the functional (1.1) already
needs to be relaxed from W!-1(Q2; RV)), Theorem 2.1 appears as a generalisation of
the partial regularity result due to ANZELLOTTI and GIAQUINTA [11] in the (strongly)
convex and of the precursor [83] by the authors in the 1-strongly quasiconvex
case. As a novelty even for this case, the preceding discussion shows that integral
(and hence strong forms of measure) representations a la RESHETNYAK [120] and
GoFFMAN and SERRIN [87] in the convex case or AMBROSIO and DAL Maso [9],
FonsecA and MULLER [70] and RINDLER and the second named author [98] in the
quasiconvex case are not required for the aforementioned partial regularity results.

(b) Oscillation control versus higher integrability. The convergence in Z"-
measure rules out a strongly oscillatory behaviour of certain recovery sequences,
whereas it does not exclude concentrations. In the standard p-growth case with
p > 1, oscillation control is usually provided by the Caccioppoli inequality of the
second kind. GEHRING’s lemma then leads to uniform local higher gradient inte-
grability as a somewhat quantified version of gradient concentration control. In the
situation of relaxed quasiconvex (p, q)-growth functionals, the very structure of the
Caccioppoli inequality (cf. [126, Lem. 7.13] and Theorem 9.1 below) only allows
for a very weak oscillation control. While still sufficient for the partial regularity
proof, its structure does not allow to deduce the reverse Holder inequalities with
increasing supports as required for Gehring’s lemma. If p = 1, higher integrability
results based on Gehring’s lemma are in general not expected to hold; this is due to
the lack of suitable sublinear Sobolev inequalities (see BUCKLEY and KOSKELA [34]
and the discussion in [82,83]). Since there are linear growth scenarios indeed to
which the Mazur-type lemma from Sect. § applies, but minimising sequences gener-
ically concentrate despite the availability of Caccioppoli type inequalities, the sole
exclusion of certain oscillations but not concentrations seems close to optimal in
the present general setting.*

2.2.4. Maximal Conditions as a Unifying Principle and Fully Direct Compar-
ison Method From a technical perspective, the paper furnishes maximal condi-
tions (i.e., finiteness conditions in terms of radial maximal operators, cf. Sect. 3.4)
as an overarching principle that is visible in the proofs of all key ingredients for
Theorems 2.1 and 2.2. Similarly as in ScHMIDT [126], such conditions also enter
in the present version of the good generation theorem (cf. Sect.5) and thus implic-
itly in the derivation of Mazur’s lemma and the Euler—Lagrange system. However,
they equally allow for a direct proof of the requisite form of Fubini-type theorems

4 At present, even in the purely linear growth, signed, quasiconvex context, the only
concentration control that has been extracted from the Caccioppoli inequality of the second
kind is very weak and works on the level of BV-gradient Young measures; see [83, Rem. 4.5].
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(cf. Sect.4) in Sobolev—Slobodeckii spaces on spheres. This gives a conceptually
easy approach to such estimates, previously employed by the authors e.g. by using
sharp embeddings for BV- into Sobolev—Slobodeckif spaces [82,83]. Specifically,
such Fubini-type theorems enable us to solve certain linear comparison systems

on good balls. This proves particularly relevant for I = p < ¢ < "5, where the

generic interior trace space of BV along spheres is L! and solving linear elliptic
system with L!-boundary is not possible in general. As will be visible from the
proof, the excess decay estimate is then fully reduced to estimates on balls defined
in terms of such maximal conditions. Hence, not only for the lower semicontinuity
or even the definition of local minimizers for compactly supported variations but
also at all stages of the partial regularity proof, maximal functions are identified as
a unifying tool especially in the borderline case p = 1.

2.2.5. Orlicz Range, Differential Conditions Theorem 2.1 equally includes in-
tegrands of degenerate Orlicz-growth behaviour that have been omitted so far in
the literature. This includes, for instance, integrands of As-, non-V;-growth such
as L1og® L-growth behaviour with 0 < o < 1; see Sect. 10.4.1 for the underlying
terminology. On the one hand, such integrands fall outside the scope of the A, NV;-
assumptions as considered in DIENING et al. [52] or BREIT and VERDE [33], yet
cannot be handled as a special case of SCHMIDT [126]; recall that even unsigned in-
tegrands with this growth behaviour cannot be bounded from below by some power
|z|? for p > 1. On the other hand, they fall outside the realm of quasiconvex, purely
linear growth integrands studied in the precursor [83] of the present paper and it is
Theorem 2.1 that closes this gap; see Sect. 10.4.1 for more detail.

Finally, motivated by problems from fluid mechanics, elasticity or plasticity (see
e.g. FucHs and SEREGIN [72]) the reduction strategy introduced in [43,82] allows
to inexpensively formulate a variant of Theorem 2.2 in the context of general first
order differential operators; see Sect. 10.4.2.

2.2.6. Possible Extensions Both Theorems 2.1 and 2.2 display regularity results
that deal with the relaxation of the core functionals (1.1). Extensions to functionals
with forcing terms a la DE FiLippis et al. [48,49] or degenerate scenarios a la
ScHMIDT [125,127] based on DuzAAR and MINGIONE’S p-harmonic approximation
technique [56-58] are conceivable and of equal interest. Moreover, since we do not
rely on measure representations, we believe that the techniques introduced in the
present paper should also allow to treat the closely related functionals

(uj) C Whi(Q; RY)

Femlu; ] ;= inf {ll‘mlnf/Q F(Vuj)dx: u; = uin WP (Q: RY) } (2.9)

considered by FoNsEcA and MALY [66] (also see the discussion by SCHMIDT [126,
Sec. 1]). By the overall method, the proofs moreover should be sufficiently robust
to also apply to higher order scenarios or functionals depending on differential
operators, cf. Remark 10.13. Still, by the scope of the present paper, this and related
questions shall be deferred to be pursued elsewhere.
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2.3. Structure of the Paper

Apart from this introductory section, the paper is organised as follows: Sect.3
fixes notation and gathers auxiliary material. Section4 discusses a particular trace-
preserving operator and Fubini-type properties which might be of independent
interest. Section 5 then establishes an existence result on good recovery sequences.
Section 6 is devoted to examples of integrands, the existence of minimizers and
instrumental properties of the relaxed functionals. It is here where we also connect
our set-up with that of SCHMIDT [126]. After gathering auxiliary facts on linearisa-
tions in Sect. 7, both the aforementioned lemma of Mazur-type and the derivation
of the Euler—Lagrange system are addressed in Sect. 8. As one of the main ingre-
dients in the proofs of Theorems 2.1 and 2.2, Sect. 9 provides the requisite form of
the Caccioppoli inequality of the second kind. The main part of the paper is then
concluded by the proof of Theorems 2.1 and 2.2 in Sect. 10, where also implications
for the partial regularity of functionals with Orlicz growth or depending on differ-
ential operators are discussed. Finally, the appendix in Sect. 11 provides the proofs
of some minor auxiliary results utilised in the main part of the paper; specifically,
this comprises a lower semicontinuity theorem for variational integrals with signed
Orlicz integrands.

3. Preliminaries

3.1. General Notation

Unless stated otherwise, w and €2 are non-empty, open and bounded subsets
of R". For xo € R" and r > 0, the (Euclidean) open ball of radius » > 0 and
centered at xg is denoted B, (xg) := {x € R": |x —xo| < r}; specifically, we write
S"=1 .= 8B (0) for the (n— 1)-dimensional unit sphere. To distinguish from balls in
matrix space, we further denote, for z € RV*" B, (z) := {y e RV*": |y—z| <r})
where | - | then is the norm induced by the Euclidean inner product (-, -) on RV*",

The n-dimensional Lebesgue and (n — 1)-dimensional Hausdorff measures are
denoted .#" or 7", respectively, and we set w, := .£"(B1(0)). To abbreviate
notation, we shall often write d"~! = d.##"~!. Given a finite-dimensional inner
product space X, we denote RM(€2; X) and RMg,(€2; X) the (finite) X-valued
Radon measures on 2; for © € RM(R2; X), || denotes its total variation measure
and hereafter ||(€2) its total variation. Similarly, if we write u € RM(2) or
u € RMjg,(€2), we understand that u is a non-negative (finite) Radon measure on
Q. In each of the cases u € RMfn)(£2) or 1 € RM5in)(£2; X), if A belongs to
the Borel o -algebra Z(2), we use u L A := (- N A) to denote the restriction of
wu to A. The Lebesgue-Radon-Nikodym decomposition of © € RM(€2; X) into its
absolutely continuous and singular parts u%, u* for .Z” then is given by

N

gy

$ 3.1
T L 3.1)

p=pt+pt =
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where % and dd‘—ﬁz‘ are the corresponding densities for £ or |u*|, respectively.
Whenever A € Z£(Q) satisfies £"(A) > 0, we put for u € RM(Q; X) oru €

L. (€2 X)

_ _ A _ ]
() a .—]iu = i) and (u)a .—fAudx = Znia) /Audx. (3.2)

To avoid overburderning notation, if A = 3B, (xg) and f: 8B, (xo) — RY is
"~ _measurable, we also use the convention

1
Fov, o) aBr(xo)f S (8B, (x0)) aB,-oco)f

and it will be clear from the context in which sense the dashed integrals are un-
derstood. As usual, ¢, C > 0 denote generic constants that might change from line
to line and are only specified if their precise values are required. Finally, we write
a < b for two quantities provided a < ¢b for some constant ¢ > 0 essentially
independent of @ and b. To emphasize important dependences, we alsouse a <y b
provided the constant ¢ crucially depends on a quantity d. In the same vein, we
write a ~ b provideda < band b < a,and a ~4 b provideda <y band b <y a.

3.2. Function Spaces

In this section we gather the definitions and several properties of function spaces
that play an important role in the main part of the paper; we refer the reader to [10,
63,108] for more background information. Throughout, let 2 C R” be open and
bounded.

3.2.1. The Space BV We recall that a measurable map u: 2 — R¥ is said to be
of bounded variation and then denoted u € BV(Q; R") provided u € L!(Q; RY)
and its total variation

| Du|(£2) := sup {/ (u, div(p))dx: ¢ € CSO(Q;E(O))}
Q

is finite, where div is the row-wise divergence. The space BVoc(£2; RM) then is
defined in the obvious manner.

The space BV (£2; R™) is a normed space when endowed with |lu|lgv(q) =
lullLi ) + [Dul(€2), but this norm is too restrictive for most applications. In-
stead, two notions of convergence prove more relevant: Given u, uy, us, ... €
BV(Q; RM), we say that (u ;) converges in the weak*-sense to u provided u; — u
in L1(Q; RY) and Du; X Duin RMg, (€2; RV*") 2 Co($2; RV *"Y. This con-
vergence then yields a compactness theorem on BV: If @ C R” has Lipschitz
boundary 9€2, any norm-bounded sequence has a weak*-convergent subsequence.
As a strengthening of weak*-convergence, we moreover say that (u ;) converges to
u in the strict sense provided u; — u in L'($2; RY) and [Du;|(2) — |Dul(R2) as
j — oo.
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Now let u € BVioe(Q2; RY). For #"-ae. x € Q, x is a Lebesgue point of u
with corresponding Lebesgue value u(x) and there exists Vu(x) € RN X" guch that

lim sup l ][ lu(y) —u(x) — Vu(x) - (y — x)|dy = 0. 3.3)
™NO TV JB(x)

The matrix Vu(x) is well-defined and referred to as the approximate gradient of u at
x. Given u € BVjo.(2; RY), the Lebesgue-Radon-Nikodym decomposition (3.1)
of Du then reads as

dD*u

d|Dsu|

Du=D% + D’u=Vu?"LQ+ |Dul, (3.4)
1oc (825 RV X1y is the approximate gradient of u as in (3.3). Note that,

ifu e Wll(;i (€2 RY), then Vu is just the weak gradient. We next recall that xp € Q2
is a jump point of u (and then write x € J,) provided there exist a, b € RY with
a # band v € S""! such that

where Vi € L1

lim lu —aldy = lim lu — b|dy = 0.
™0 JB, (xo)N{x: (x—x0,v)>0}) ™0 JB, (xo)Nfx: (x—x0,v)<0}

Finally, we recall that if €2 has Lipschitz boundary, there exists a surjective, bounded
and linear (boundary) trace operator tryg : BV(S2; RY) — L1(8Q; RY); here, the
latter space is understood with respect to .72~ L 9 Q. Specifically, this operator is
continuous for strict convergence on BV(€2; R") and can be realised for 7" !-a.e.
X0 € 02 by integral means via

lim lu(y) — trae(u)(xo)|dy = 0. (3.5)
IO JB, (x)NQ2
We denote by BV (£2; RY) the nullspace of tryq. This space can be characterised
as the strict closure of C2°(£2; RM) in BV(€2; RY), which follows from the strict
continuity of tryp and a slightly more general area-strict approximation result,
Lemma 3.2 below.
In the main part, we moreover require interior trace operators along spheres.
Given xg € Q and r > 0 with B, (xg) € €, we denote for u € BV(Q; RY)

tr;_Br(Xo) (1) 1= tryB, (xo) (1B, (xo)#) and tr(’)_B,(xo) (u)
:= tryB, (x) U (LB, (xg) 4198, (x0)»

where tryg, ( x0)» 9B, (xg)UdQ display the boundary trace operators on BV (B, (xp); RM)
and BV(Q\B, (xo); RY), the inner and outer trace operators along 3B, (xo). We
then have

| Dul (9B, (xo)) = /

It (o) (1) — o (XO)(u)|d%”_l (3.6)
aBr (-XO)

and, recalling the jump set J,, from above,

A N(@B, (x0) N T\ € 9B, (x0): trf () (000 # g () (0] = 0,
3.7
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The interior trace of u along 9B, (xo) then is constructed as the arithmetic mean
of the inner and outer traces of u along 9B, (xg). However, to alleviate notation,
we write tryp, (x,) (#) for the interior trace along 9B, (xp) only if trg'B (XO)(u) =

38, (xg) (W) A" 1-ae. on 9B, (x).

3.2.2. Functions of Measures For our future purposes, we now revisit the ap-
plication of functions to measures as originally due to GOFFMAN and SERRIN [87]
and RESHETNYAK [120]; in our setting, the underlying measures will typically be
gradients. Given 1 £ p < ocoandm € N, let 2: R" — R be a convex function
satisfying the bounds

c1lzl? —c2 S h(z) Sc3(1 +|z|P) forallz € R (3.8)

and constants ¢y, ¢3,¢3 > 0.If p = 1 and u € RM(Q2; R™), welet u = %X”L

Q+ %l ©*| be its Lebesgue—Radon—Nikodym decomposition (3.1), and then
define the measure A (u) by

dus dus
h(w)(A) :=/Ah(m :=/Ah(dj;n>dx+/Ah°° <d|zs|>d|m|, A e BQ).
(3.9)

Here, h°°(2) := limy\ o th(3) is the recession function of h. Because of p = 1 and
convexity of i, h°°(z) exists and is finite, whereby /& (u) is a well-defined measure.
If zo € R™, we put

h( — zo) :=h(p — 20L" L Q)

and, using the convention (3.2), then record from [11, Prop. 2.4] Jensen’s inequality
in the form

h <][ uw— Zo) < ][ h(uw —z9) forw € A(Q) with " (w) > 0.

Definition (3.9) immediately applies to i = Du for u € BVjoc(2; RV) by virtue
of (3.4). As we shall concentrate on the case p = 1 in the main part of the paper
and only point out the modifications for p > 1, it is useful to note that (3.9) is
consistent with this case too. More precisely, if 4 satisfies (3.8) with 1 < p < oo
and u € Wllof (2; RN), then D’u = 0 and hence

/ h(Du) = / h(Vu)dx  forall A € B(Q)
A A

despite of h*°(z) = oo for all z # 0. We proceed by recording a variant of the
RESHETNYAK lower semicontinuity theorem [120] in the version of [27, Props. 2.20
and 2.21]:

Lemma 3.1. Let Q2 C R" be open and bounded, and letu, uy, us, ... € BV(2; RM)
be suchthatu; — u in LIIOC(Q; RN). Then for any convex function h: RN*" — R

that satisfies (3.8) with p = 1 we have
h(Du)(2) < liminf A(Du ;)(2). (3.10)
]—)OO
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Finally, we display an approximation result that particularly ensures the exis-
tence of sequences as required in the definition of the relaxed functionals (1.9):

Lemma 3.2. ([27, Lem. B.2]). Let @ € Q' be two open and bounded sets with
Lipschitz boundaries and let uy € WL/ RM). Denoting for v € BV(Q; RM)
by v its extension to ' by ug, for any u € BV(; RN) there exists (uj) Cup+
C2°(€; RN such that (u;) converges to u area-strictly in BV(€'; RM), ie.,

u; - win LY RY) and (/14 |Duj2(Q) — V14 |Du2(2).

Especially, we have u; — u strictly and hence u; Suin BV(Q'; RM).

3.2.3. The Spaces W*? Let0 < s < land 1 £ p < oo. For a Lipschitz
hypersurface ¥ C R”, the space W*?(Z; RV) is the linear space of all 2"~ !-
measurable maps v: ¥ — R for which

1
lollwercsy = (100 gy + [0 Fscs, )

v(x) — v(y)|? v
pAn— 1 n—1_gn—1
</ v)d //sz PR )

is finite. We note that there exists a constant ¢ = c(n, s, p) > 0 such that for all
xo0 € R" and r > 0 the fractional Poincaré-type inequality

P
(f |u(x) — (u)aB,<x0>|"d”—1x>
9B (x0)

1
<][ / lu(x) — U(Y)|Pdn—1xdn—1y> v 3.11)
BB (XO) B (-XO) |x — yln 1+V[7

holds forall u € W% ? (3B, (xo); RV); clearly, in (3.11), the dash is understood with
respect to A"V 9B, (x0). Indeed, since |x — y| < 2r forall x, y € 8B, (xg), we
have

P

(7[ Ju(x) — (u)aB,.(xow’d“x)
9B (x0)

1

(][ ][ |u<x>—u<y>|f’d”‘1yd"—1x>’
0B (x0) J 9B, (x0)

l
< <][ (2r)"—1+sp][ ) — )P g1 g ) ,
3B, (x0) 9B, (xo) |X — ylr=itsp

by Jensen’s inequality, from where (3.11) follows at once.
It is well-known that for any open and bounded set 2 C R” with Lipschitz
boundary 92 and 1 < p < oo, there exists a bounded, linear and

A

1
surjective trace operator tryg : W”’(Q; RN) — w“?*f’(asz; RN). (3.12)



Arch. Rational Mech. Anal. (2024) 248:80 Page 23 of 125 80

For future reference, we record the following scaling behaviour of the underlying
inequality: If & = B, (x¢) is an open ball and tr = tryg, (x,): WP (B, (xo); RY) —

1
w!pP (3B, (x0); RY) the corresponding trace operator, then there exists ¢ =
c(n, N, p) > 0 such that for all Sobolev maps u € WLP(B, (xp); RY) it holds that

1

(][ |tr(u)(x)|”d"1x> !
9B (x0)
1
n rl_% (][ / [tr(u)(x) — tI'(Z"i)(Y)|pdn_1xdn_1y> p
3B, (x0) -/ 9B, (xo) |x — y|n=2+p
1

1 1
<ec ((f |u(x)|de> "y <][ |Vu(x)|de) ") . (3.13)
B, (x0) B, (x0)

Inequality (3.13) can be obtained from (3.12) for the unit ball (see, e.g., [132, Chpt.
3.3.3]) and rescaling.
We conclude this section with the following simple observation:

Lemma3.3.Lletr 1 < p < g < oo and let @ C R" be an open and bounded
domain with Lipschitz boundary. If u € WLP(Q: RYY is such that traqu) €
WI=1/2.9(3Q; RY) and v € W4 (Q; RN) satisfies tryq(u) = traq(v) #" -a.e.
on 0%2, then we have

(W N W, P) (@ RY) = Whe (@, RY). (3.14)

Proof. If w belongs to the right-hand side of (3.14), w € W4 (€ RV) and we
have w —u € (v —u) + W(l)’q(Q; RM) ¢ W(l)’p(Q; RM). Hence w also belongs
to the left-hand side. Next note that u + W(l)’p(Q; RNy = v 4+ Wé’p(Q; RY) as
u—v € W(l)’p(Q; RM). Thus, if w belongs to the left-hand side of (3.14), we
may write w = v+ ¢ € W (Q; RY) with ¢ € (Wy” N Wh4)(2; RY). But
(W(l)’p NWLay(Q: RY) = W(l)’q (€2; RM), which can be seen directly by (3.5), and
so (3.14) follows. The proof is complete. O

3.3. Averaged Taylor Polynomials

For our applications in Sects.4 and 8, we require some background facts on
averaged Taylor polynomials of degree 1; see Maz’ya [108, §1.1.10] for more
detail. Let B = B, (x) be an open ball of radius r > 0 and let wg € C2°(B; [0, 1])
be aradially symmetric weight function with fB wg (x)dx = 1. This weight function
can be obtained from a corresponding weight function w = wg, o) by wg(x) =
r—l,,w(x;i). Foru € Llloc(B; RY), we then define for/ € {0, 1} the averaged Taylor

polynomial of degree [ by

—1)lel
Muw = Y &) /B WO we () — WOy, (.1S)

el <1

We record the following lemma, which directly follows from the definition of l'IlBu,
integration by parts and the scaling properties of wg:
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Lemma 3.4. The map T1 ]13 is the identity on the affine-linear maps. Moreover, there
exists a constant ¢ = c(n, N,w) > 0 such that the following hold for all u €
BVioc (R”; RN), all open balls B = B, (xo) and | € {0, 1}:

1 [ l
St ey = o, Mgl < c f fulas

[V Ty < e 2,
%H M — M| o) < ]é IMhu — Mudx < cuZ;"_(lB). (3.16)
Moreover, we have Poincaré’s inequality
]{3 lu — Tiu|dx < c|DrZ|_(1B). (.17

3.4. Spherical Maximal Functions and a Refined Selection Lemma

In the main part of the paper we will frequently employ constructions that hinge
on good radii, a notion that will be made precise in Sect. 5. To ensure the existence
of sufficiently many such good radii, we now introduce the main tools for their
construction. Given an open set & C R”" and a finite dimensional inner product
space X, let u € RM(2; X) and xo € 2. We define for 0 < ¢ < d := dist(xp, 9€2)
the (spherical) maximal operator

b |1l (B (x0)\Bi—& (x0)) |

M (xop, t) := su > : 0<ée<min{t,d —t};.
e

(3.18)

By routine means, one obtains that M (xg, t) < oo for .Z Lae.t € (0,d). This
is a consequence of the weak-(1, 1)-bound

L' ({1 € (0, R): Mpu(xo,1) > ) < %|M|(BR(XO)), A>0,0<R=d,

where ¢ > 0 is a constant independent of xp, R and x. The other ingredient that we
require is a lemma of Hardy-Littlewood type in the spirit of [66, Lem. 2.3], [126,
Lem. 4.6], now allowing for double-sided control of difference quotients and ex-
ceptional sets of non-zero measure.

Lemma3.5.Let0 <r < s < 00,0 € [0, %) and let f: [r,s] = R is a non-
decreasing and right-continuous function. Then for any measurable subset E C
[r, s] with LY (E) < 0(s — r) there existr <7 <5 < s, with7,5 ¢ E and the
following properties: We have

fla)— f(r) < 800 f(s)— f(r)
a—rt = 1-8 s—r
f(@)— fla) < 800 f(s)— f(r)

T—a T 1-8 s—r

forall T < a, (3.19)

forallt > a (3.20)
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fora € {r,5} and
E=1=(s—r)=8(E 7). (3.21)

The elementary proof of this lemma is provided in the appendix, Sect.11.
The condition of right-continuity only enters by the use of the Lebesgue-Stieltjes
measure in the proof of Lemma 3.5. For future reference, we note that whenever
uw € RM(R2; X),xp € Qand 0 < r < s < dist(xg, 952), then

f@) = |ulBi(x0)), telrs],

is non-decreasing and right-continuous: Since || is a positive Radon measure, we
have forall f € [r,s) and < t; < t} <t;j+277 withtj\¢andt; +277 <

F@© £ Jim £ () < 1l (BiGw) + Jim [l (By, (v0)\B: (o)

= |ul(Bi(x0)) = f(0).

Moreover, if 4 € BVioe(2; RY) and xg € Q, r > 0 are such that M Du(xg, r) <
00, then

s, () ) = Uy, () @) A" '-ae. on 9B, (x0), (3.22)

as can be seen from the estimate

_ _1 (3.6)
/a : |tr3+Br(x0) (u) — traBr(xo)(u)|dj‘f” 1= |Du| (0B, (x0))
B, (xo

1 _
<2 <Z|D”|(Br+£(x0)\Br—8(x0))>
< 2e MDu(xg, r)

for all ¢ > O sufficiently small and then sending £\,0.

3.5. Reference Integrand Estimates

We now record some estimates on the reference integrands V,, which we recall
to be defined for 1 £ p < oo by

Vo@ = () —1:=(1+zH —1, zeX,

for any finite dimensional inner product space X; for brevity, we put V := V.
The following lemma is routine and gathers estimates from [11, Prop. 2.5] and [83,
Sec. 2.5, Lem. 4.1]:

Lemma 3.6. Let X be a finite dimensional real inner product space. Then for all
z,w € X and A 2 1 the following hold:

(@) (v/2 — Dmin{|z|, |22} £ V(z) < min{|z], |z|?}. In general, forany 1 < p <
oo there exist ¢, Cp > 0 such that é|z|2 SV £ cp|z|2f0r lz| £ 1 and

o l2l? S Vp@) S Cplzl? for |2] 2 1.
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A

(b) For any m > 0 there exists a constant c = c(m) > 0 such that %|z|2 < V(z)
clz|? forall z € X with |z] < m.

(©) V(rz) £ A2V (2).

(d) Vz+w) £2(V(z) + V(w)).

©) V() = V(w)| = |z —wl.

() V(z)/(16(1 + lez)%) SV +w) = Vw) = (V(w),2).

We conclude this section by recording an estimate that will be required in Sect. 6.

Lemma 3.7. ([47, Lem. 2.4]). For any 1 < p < o0 there exists a constant ¢ =
c(p) > 0 such that

1 -2
A+ 2P+ 1D TP SV +2) = V) = (V). 2)
c

n—2
Sc(l+1zP+ 127 1P

holds for all z, 7/ € RN*",

3.6. Semiconvexity and Legendre—Hadamard Elliptic Systems

We conclude this preliminary section by recording auxiliary facts on semicon-
vex problems. First, the quasiconvex envelope F of an integrand F € C(RV>")
is the largest quasiconvex function below F:

F9(z) := sup{G(z): G is quasiconvex with G < F}, z e RV*". (3.23)

Since F' is assumed real-valued (and not extended real-valued), we have either
F9¢ = —ocoor FI° > —oo everywhere (see BALL etal. [15, §2]). By DACOROGNA’Ss
formula [44] (also see KINDERLEHRER and PEDREGAL [92, §8] in the present context
of integrands that are potentially unbounded below), we then have the representation
formula

Fqc(z)zinf{][ F(z+ Vp)dx: goeW(l)’oo(Bl(O);]RN)}, z e RV,
B1(0)
(3.24)

By a routine scaling and covering argument similar to [46, Thm. 6.9], we note
that one might equally replace the class of competitors in (3.24) by those ¢ €
Wy (B1(0); RY) that satisfy [|¢[lL®, o) < 1.

Now let F € C(R"V*") be a quasiconvex integrand. Then F in particular is rank-
one convex, that is, the function t — F(z + ta ® b) is convex for all z € RV*",
a € RN and b € R". If F moreover satisfies the growth bound

|IF(2)| < LA+ |z]9) forall z € RV*" (3.25)

forsome 1 £ g < 0o, L = 0and A = 0, the rank-one convexity and (3.25) (which
in particular is satisfied for A = 1 by (H1)) moreover combine in a standard way
to the estimate

|F@) = Fw)| S c(r+wl? "+ |z — w4 )z —w| forallz, w e RV*",
(3.26)
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where ¢ = c¢(g,n, N,L) > 0 is a constant. If, moreover, F € CHRN*my,
then (3.26) implies

IF' ()| S e +12/77")  forall z € RV*", (3.27)

This inequality extends to .Z’V"-almost all z € RY*" provided F is only assumed

Lipschitz. In view of verifying growth bounds of the type (3.25), we point out that
that for a rank-one-convex function F: RV*" — Rand 1 < ¢ < oo one has the
implication (see [97, Lem. 2.5]) that

. ) . |F(2)]
im sup < 00 = lim sup < 00
|z]—o00 4 |z]—00 |z

(3.28)

Next recall that a symmetric bilinear form A on RV > to be tacitly identified with its
matrix representative A € RV"*N" is said to be strongly or Legendre—Hadamard
elliptic if there exist 0 < A < A < oo such that

MalP b S Ala®@b,a®@b] < Alal?|b)>  foralla e RV, b eR". (3.29)

By routine means, one finds thatif ' € C2(RN*m) satisfies (H1) and (H2) or (H2) s
respectively, then A = F”(w) satisfies (3.29) for all w € RN*" with |w| < m,
where A, A > 0 both solely depend on p, g, m,¥¢,,, L,n, and N. We conclude
this preliminary section by recording an auxiliary theorem on the solvability and
regularity for Legendre—Hadamard elliptic systems.

Lemma 3.8. ([109, Lem. 15.2.1, p. 539], [37, Prop. 2.10], [83, Prop. 2.11]). Let 1 <

1
p < 00,x9 € R"and R > 0. Furthermore, assume that v € Wl_ﬁ’p(aBR(xo); RM)
and T € LP (Br(x0); RN). Given a bilinear form A on RN*" satisfying (3.29) for
some 0 < A < A < 00, the following hold:

(a) There exists a unique weak solution h € (Wll,’[7 N C®)(Bg(x0); RN) of the
system

—div(AVA) =0 in Br(xp),
h=v on dBg(xp),

and there existc = c(p, A, A,n, N) > 0and C = C(p, A, A,n, N) > 0 such
that we have

1 1
YR (][ |Vih|de>p <ec (][ |v|Pd"_1x>1
0<i< B (x0) 9Bg(x0)
1
(][ / |v(x)—v+(y)|2”dn Legn-! )
9Br(xo) JoBg(xg) X — y["TP

and, for all B, (x) @ B (xo),

sup |Dh|+r sup |D2h| < C][ |Dh|dy. (3.30)
Br2(x) By2(x) B3y /a(x)
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(b) There exists a unique weak solution h € (W(l)’p N Wz’p)(BR(xo); RM) of the
system

—div(AVh) =T in B (xp),
h=0 on dBRr(xp),

and there exists ¢ = c(p, A, A, n, N) > 0 such that we have

1 1
3 R (][ |vfh|de)p <c (f |T|de)p .
Br(xo) Br(x0)

0<i<2

4. Trace-Preserving Operators and Fubini-Type Theorems

For our future purposes we now provide a construction of a trace-preserving
operator on BV. This appears as a slight modification of the operator introduced
by FonseEca and MALY [67] in the higher order Sobolev case and is reminiscent of
the usual WHITNEY smoothing procedure [133]. Since this operator and modifica-
tions thereof take a central role in the paper, both in the quest of good minimising
sequences, Fubini-type properties, the Euler—Lagrange system through the Mazur-
type lemma and in the proof of the Caccioppoli inequality, we give here the detailled
construction. As a technical novelty, our approach mostly only uses properties of
finite dimensional function spaces, which should also prove useful in more general
settings.

Let & C R” be open and let (B!) = (B, (x;)) be a Whitney covering of 4. By
this we understand that there exist purely dimensional constants ¢ > 0, A > 0 and
N € N such that

(WD) U;enB' =4, _ ‘

(W2) foreachip € N there are at most Nindices i € N such that B'N B’ £ Jand
AB© N AB! % (. Moreover, denoting N (ig) := {i € N: B N B £ @},
we have U;cpr,) B' C ABY € 4.

(W3) whenever i, j € N are such that B' N B/ % {4, then we have

. . 1 . .
LB NBY) = - max{ L (B, LM (B))).
C
In particular, if B: "B/ # @, then %r,- SrjScr.
(W4) L < dist(AB, U®) < cr; foralli € N.

Consequently, we may choose a partition of unity (p;) C C2°(4L; [0, 1]) with

(W5) spt(p;) C B foralli € N,
(W6) 3. pi = Londl.
(WT7) |Vpi| £ r‘—l forall i € N.
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(t; RN), we lastly define Egu: 4 — RY and Egu: 4 — RV by

Egu := Zp,-u,- = Zpi ][i udx,

ieN ieN B

]Euu = Zpil'[];,-u 4.1)
ieN

: 1
Givenu € L,

with the first order averaged Taylor polynomial IT}.u, cf. (3.15). The most instru-
mental features of these operators are summarised in the next lemma; to this end,
we define, for a set U C R" and a number § > 0,

Us:={x eU: dist(x,dU) > 8} and UL := U\Us.

Lemma 4.1. (Boundedness properties of E and ﬁ). Let Q@ C R" be open and
L C Q be an open ball or annulus, respectively, and let u € BVioc(L2; RM). For
eachl £ g < o0 there exists a constant ¢ = ¢(n, N, q) > 0 such that the following
hold for G € {Eg(, Eg}-

(a) Forallig € N, x € B and j € {0, 1} we have

|V Gu(x)| §cf |D7ul,
AB'0

1
(][ |V-7(Gu|qdy>q gc][ |Dul. 4.2)
B0 AB'0O

(b) L9-(gradient) stability: We have
/|vqu|‘fdx§c/ Diufe, 43)
sl s

where the right-hand side might be infinite. In consequence, for each 1 < q <
0o, G is a bounded linear operator

G: BV RY) — BV, RY),
G: W (W RY) — Whe (1 RY)

and is trace-preserving in the sense that tras((u — Gu) = 0 holds 7" '-a.e.
on 9Ll ~

(¢c) In case G = Eg, G is the identity on the affine-linear maps.

(d) Let xo € Qand 0 < r < s < dist(xp, ). Given 1 = q < =5, there
exist constants ¢ = c¢(n, N,q) > O withc(n,N,q) /" o0 asq / n”Tl and
A = A(n) > 1 such that the following hold: For all 0 < & < s —r we have with
80 := Sp(e) := min{s — r, Ae} for j € {0, 1}

. 1 ,
/ B [V/Gu|dx < c(s —r) sup —/ - |D’ul| |,
(Bs (x0)\Br (x0))¢ 0<5<8y \ 8 (Bx<x())\Br(XO))E
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| 7 —
/ IV/Gulfdx | <c(s—r)ya "t
(B (x0)\By (x0))C

1 )
X sup —/ 7 |D7ul| | .
0<5<8o \ O J (B, (x0)\B, (xo))8

(4.4)

ﬁ, there exist

(e)Let xo € Qand 0 < r < dist(xg, 9Q2). Given 1 < g <
asq /' 7 and0 <¢g <

constantsc =c(n,N,q) >0withc(n,N,q) /o0
5 we have for j € {0, 1}

. r .
/ |V/Guldx < c—/ | D/ u|
B, (x0) € JB,(x0)

1 ,
+cr sup —/ |D7ul| |,
0<s<e \ 8 J B, (xo)¢
1—
. @ et 4
/ IV/Gul9dx ) ¢ / | D7 u|
B, (x0) £ B, (x0)

n_ 1 .
+era " sup -/ |DIul|. (4.5)
0<s<e \ 8 JB, (x0)?

Proof. We ‘focus onG = ]Eu, the estimates for Eg( being similar but easier. Ad (a).
Let x € B'0. By (W3), if i € N (ip), then r; and r;, are uniformly proportional,
r;i ~ ro. Then we have

» (3.16);
Bl S 3 a@Mhulagy = ¢ X a0 luidy
ieN (ip) ieN (ip)
<c ¥ awf wldy=cf ulay
ieN (ip) AB'0

since the radii of two balls B’ and B with i € A/ (i) are uniformly comparable
by (W3), and [N (i0)] £ N, U;epro) B' C AB™ by (W2). This settles (4.2); for
j = 0; (4.2), for j = 0 then follows by integrating (4.2), over B, For the case
Jj = 1, observe that since ), p; = 1 in &I, we have by the finite overlap of the
Whitney balls that V(3 _; p; Hg,-o u) = 0 in L. In consequence,

VBl |V [ Y i) (Mu) - Muw)
ieN (i)

Ty (e
C
ieN (i)

ri

+ ||vngiu||Lm(Bf0mBi)>

=:c Z <I§1) + Il@> .

ieN (ip)
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For the estimation of Il.(l), first note that by (W3) and the equivalence of all norms
on finite dimensional spaces, we have

17 Dy ggioni < © ][  jmldy “.6)
B'0NB!

for all polynomials 77 : R* — RY of degree one, with ¢ > 0 solely depending on
n and N. Therefore, whenever i € N (ip),

I HB,O H]13i u Lo (Bi0NBY)
T
”HBzo Hgf””Lw(Biome) n ”nlz'” - n%iuHLOC(B")
B ri Ti
(4.6), (3 16)3 c |DM|(BZ)
= i Jeoes |I'Ig,0u ~ Mpyuldy + o
l
c
< — s ’HB,O u‘dy—i— — o ’H u‘dy
i
JrCIDMIn(B )
T
(W3)
e ¢ BO|1‘[BIO u|dy+£]£_|n0iu—u|dy
1 1 1
i
+CIDuln(B )
T
(W3),(3.17)
< Cf | Dul,
ABi0
whereby (W2) implies

> Ilf”gc][ ~ |Dul. 4.7

ieN (o) AB
For I”), we use (3.16),, (W2) and (W4) to infer

616,

(W2),(W4)
Yoo < e ) ][IDu| < c][ |Dul, (4.8)
i AB0

ieN (o) ieN o) 7 B

and combining (4.7) and (4.8) yields (4.2); for j = 1, and then (4.2), for j = 1
follows by integrating over B, Ad (b). The boundedness follows at once from (4.2),
by integrating over 4 and using the finite overlap of the Whitney balls B, cf. (W2).
On the other hand, for any finite index set Z C N, x = Y. .7 p; l'[llaiu belongs to

Co4L; RM), and (W4) implies that i — oo is equivalent to dist(AB?, iJ.C) — 0.
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For each m( € N, we thus find ¢ > 0 such that Ufnozmo AB™ C HE, and ¢ — 0O as
mq — oo. In consequence, for an arbitrary mo € N, we find by u = ), .y pju that

o
/LJ°° - u — Equldx < ¢ Z Z/Bm |pi (u — T, u) [dx

m=m m=mgq jeN

(W2), (W5) >

< CZ Z /13i|pi(u—1'lllaiu)|dx

m=mo jeN (m)
(3.16)1, (W2),(W5) S
< c Z Nl apmy < c/c lu|dx — 0
m=m U

as mo — oo. Moreover, using a similar argument as to the estimation of 1#) from

above,
o0 o
o Faon( U o) <e 3 3 [ (o (o= )
m=my m=mq jeN B™
(W2),(W5) u—T1! u
< ey Yy (/ b dx+/_|Du|—|—ri"||V1'I113,-u||LOO(Bi)>
m=mo jeN (m) B i B
0 0 1
u— ITgu Mgu —Tlgu

dx+/
Bi

Ti Ti

dx +/ |Du|
Bi

sy (/L

m=mg ieN (m)

(3.17), (3.16)3 o0
s ey X [
B

m=mg jeN (m)

w2) >
ch/ |Du|§c/ |Du| — 0
m—mo ) AB" uf

for some & = e(mo) > 0 with ¢ — 0 as mo — oco. By the continuity properties of
the boundary trace operator on BV, this implies that tryg((u — Egu) = 0 Y
a.e. on d4. This establishes (b). Ad (c). This follows from Hllga = a for any
affine-linear map a, which is a direct consequence of the definition of the averaged
Taylor polynomials. Ad (d). Let &l := By (xo)\Er (x0). Our focus is on (4.4),, (4.4),
following by analogous means. We define for m € Ny

7" :={ieN: 27" s —r) S <27"(s — 1)}, 4.9)

and note that by (W2) and (W4), there exists ¢’ = ¢/(n) > 1such that | J;czm AB' C
S™, where the (potentially double sided) annulus

1
S i={x € U 27" (s —r) < dist(x, 9L) < 27" (s — )
C

has width uniformly proportional to its distance to dil. Given 0 < ¢ < s — r, we

choose the maximal mq € Ny such that uE C U;’fzmo U;ezn B'. By construction,
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(B*) in
Lemma 4.1 (d)

(B?) in
Lemma 4.1 (e)

Zo

Fig. 1. Schematic display of the Whitney coverings underlying the L1- or L4-(gradient)
bounds of Lemma 4.1 (d) (annular region) and (e) (inner ball around xq). Balls close to
dB (xp) (at distance & or €, respectively), are controlled by the spherical maximal condition
on | Du| whereas balls far away from the boundary are controlled by stability estimates

we thus find A = A(n) > 1 such that S C iJ.EE for all m = myg. By the uniformly
finite overlap of the Whitney balls and the width of S being uniformly proportional
to its distance to 04, we have with §g := min{s — r, A&}

IVE = ul?dx
/(Bs(xo)\Br(xo»E Bs CoNB (o)

(4:2)2c Z Z n(1g) (/ |DM|)q

m=mq jeTm
¢! ;»/zq 4
Sz m o)
m=mq jeZ™m
00 n(io1e by
s—r q n2
éc(Z(zm ) ,lDul)
m=mg EI’”
& n(t-1+1y 4
s—r q n’
<
C<Z(2’" ) s—r/m|Du|)
m=my

A

g 1
cs — "= [ sup / |Dul
0<8<80 8 JB,(x0)\By_s(x0)

| q
+ sup —/ [Dul ),
0<d8<dp J Br+8()f0)\§r(x0)

where c¢(n, N, N, g, A) > 0 is a constant. Note that it is precisely at the ultimate
chain of inequalities where we require the assumption 1 < g < -5 as otherwise
the geometric series in the penultimate line does not converge. Passing to the g-th
root on both sides, (4.4), follows. Ad (e). Here, { = B, (x¢). Similarly as for (d),
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we define for m € Ny
Iy ={i e N: 27" <y <277y}

so that by (W2) and (W4) there exists ¢’ = ¢”(n) > 1 such that with
1
Smi={x e th: —27"r < dist(x, 94) = ¢"27"r}
c

we have UieIm AB! C S, for all m € Ny. We choose the minimal mg € N such
that Ufnozmo +1 Uiez, AB! C 5.15, so that 270y is uniformly proportional to ¢, so
%8 < 27™op < ce for some ¢ = c¢(n) > 1. We then split

m o
/ |VEqu|?dx < ¢ Zoj Yo+ > > / |VEgu|9dx =: 1+ 1L
B, (x0) B!

m=0ieZ,, m=mo+liel,

For both terms we may adapt the estimation in the proof of (d), and we only indicate
the modifications. For term I, we obtain similarly as above

X 1= 2m
I<c Z(z—mr)"T(z—mr) —Z/ |Du|
r AB/

m=0 i€ly

mSmg, 270 r~g mo I—g g q pn(l=q)+q
s el et (/ |Du|) —_—
B, (x0) &
m=0 iAo

and since the final sum converges, we obtain the first term on the right hand side
of (4.5). For the second term, we may follow the same argument as in (d), now
invoking S, instead of S”". Adding both estimates consequently yields (e). The
proof is complete. O

q

To set up the comparison argument for the partial regularity proof later on,
we require a Fubini-type property of BV-maps. In [83] we approached this mat-
ter by the fact that for u € BV (R"; RN) the restrictions 1|38, (xo) belong to
BV (9B, (x0); RY) for Z'-ae.r > 0; if n = 2, the failure of the sharp fractional
Sobolev embedding of BV (8B, (xo); RY) into W*? (3B, (xo); RY) for sp = 1 then
necessitates an argument via intermediate Nikolskii estimates and re-embedding the
Nikolskii- into fractional Sobolev spaces. We thus pause and give a self-contained
proof of the following scaled Fubini-type theorem, which solely hinges on the
trace-preserving extension operator from Lemma 4.1 and is applicable to all n = 2.

Corollary 4.2. (of Fubini-type). Let n = 2 and xo € R". Then the following hold:

(@) Letl < ¥ < n”Tl There exists a constant C = C(n, N,9¥) > 0 such that
the following holds for all u € BV, (R"; RN): For every Ry > 0 and every
N C ($5Ro, Ro) with ' (N) = 0 there exists R € ($5Ro, Ro)\N such that
MDu(xp, R) < 00, tryBg(xo)¥ € WI=1/29 (5B g (x0); RN), and we have

1

(][ / |traB g (xo) (1) (x) _traBR(XO)(u)(y)Wd"—lxdn—ly>0
dBR(x0) /9BR(x0) |x — y|n—2+9
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Bry (x0)

1
< CR] ][ |Dul. (4.10)

(b) Letl < p < cocandp < ) < %. There existsaconstantC = C(n, N, p, ¢p)
> 0 such that the following hold for all u € Wllof (R™; RN): For every Ry > 0
and every N C (75 R0, Ro) with £ (N) = 0 there exists R € (15Ro. Ro)\N
such that M(|Vu|P L") (xo, R) < 00, tryppxo)tt € W10 (3B g (x0); RY),
and we have

1

<][ / |tr8BR(xo) (u)(x) — tl"aBR(xO)(u)(y)Wp dn—lxdn—ly) "
3B g (x0) J 9B (x0) |x — y[*=2+0
1

1
L P
< CR,’ ][ |VulPdx | . 4.11)
B (x0)

More specifically, whenever we have M Du(xg,r) < oo in the setting of (a) or
M VulP L") (xo, ) < 00 in the setting of (b), then tryp, (v,) (1) € W' ~1/4:9(3B,
(x0): RY).

Proof. Ad (a). Let xo € R". We write B, := B, (xp) in the sequel and put w :=

u— (u)BRO. Fix an exponent 1 < ¢ < n”Tl Because of Dw € RM(R"; RV*m),
the set E := {r € (%Ro, Ro): MDuw(xg,t) = oo} U N is negligible for .Z!.
For any 1 € ({5Ro. Ro)\E, (3.22) and (3.7) imply that #"~'-ae. x € 9B, is
an £"-Lebesgue point for w and the single-sided traces w* := tr;Bt(w) and
W i= g (w) along 9B, coincide and equal u* — (u)BRO; thus it suffices to
establish estimate (4.10) for w™ along 9By for some suitable R.

We apply Lemma 3.5 to r = 19—0R0, s = Ro and E as above. We then find
%Ry <7 <73 < Rosuchthat7,5 ¢ E and, with ©(t) := 1 |wl|Li g, + | Dw|(B;)
fort > 0,

CIGEEC) O(Ro) — O(5R _

M§8000 (Ro) (10 0) for all %R0<r<s,
s—T Ry

O(r) — O O(Ro) — O(5R ~

Mgsooo (Ro) — O(g5Ro) forall¥ < 7 < Ry,
T—r Ro

1 Ro

ERoz(s—r)§8(?—?), S0 %2(5—7’)- (4.12)

Next note that (4.12); yields

R R 21 R
Fo— ) = (Fr )| 2 R 2
1000 1000 2000 1000

and so we may choose p € C°(Bg,; [0, 1]) with

2000
Ry p =1 Ry and |Vp| £ —. 4.13)
"+ 1000 ¥~ 1000 Ro

1p

A
A
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We then put v := (1 — p)Ew, defined on By, where E := EB;\E; in the notation of
Lemma 4.1. By our above discussion and since E is trace-preserving, the interior
trace of w along 0By then coincides with the boundary trace of v on dBg. Next note
that for any 0 < § <5 — 7 we have

~

s <”w||L1(B;) ||w||Ll<Bm>> lwllLi sy
—— +
s s —348

1
g||w||L1(B;\B;_5) =3 T3

9 ~
005" 06— 06 —6) Lo lwllLi g,

< ~
= 7 5 9 Ro
SSRo, (4.12) O(Ry) — O(:R 10 lwlLis
é 8000R, (Ro) - (10 0)+? R( Ry)
0 0
< 9000 O(Ry), (4.14)
and similarly,
1
§||w||L1(B7+5\B,e) < 9000 ©(Ro). 4.15)

Then, by definition of v and %Ro <5 < Ro,

} }
(][ |v|’9dx) < c(n, 19)R0_§ (/ |Ew|ﬂdx>
By By \Br

Lem. 4.1(d)

_n n_ 1 1
< c(n. Ry RY ”“( sup -/ |w|dx+—/ |w|dx>
0<5<5—7 0 JBs\Bs_s 8 JBri5\Br

(4.14), (4.15)

< c(n,mRa”“x®<R0>§c<n,z9)(7i IwIdX-i-Ro]é |Dw|>.
Ro Ry

A

Similarly, now invoking Lemma 4.1 (d) on the gradient level and recalling (4.13),
%Ro <5 < Ry gives

1
2
3( |Vu|”dx> §c(n,19)][ |w|dx+Ro]€ |Dw| ] .
By BRO BR()

Put R := 5. Then the previous two inequalities combine to v € W7 (Bz; RV),
and since v attains the same traces along 0Bj(xg) as w = u — (u)BRO, ut e

wi=5? (dBr; RY). Moreover, the scaled trace inequality (3.13) and the preceding
two inequalities yield

1
1 + _ gt 4 2
R(l) [ <][ / [u™ (x) uiziyﬁﬂ dn—lxdn—ly) é c(n, 19)R0][ |Du|
d0Br JOBg |x - )’|n ERO

by virtue of %Ro < R < Ry and Poincaré’s inequality on BV (Bg,; RM). This
is (4.10), and the proof of the first part is complete. Lastly, if one only aims at
the ultimate, purely qualitative statement of the corollary in the setting of (a),




Arch. Rational Mech. Anal. (2024) 248:80 Page 37 of 125 80

one chooses any 0 < r’ < r with MDu(xo, ') < oo and considers Ep \g ,u.
As above, we conclude that EB,\E u € wla (Br\E/; RV and since E is trace-

preserving, trap, (1) € W!=1/2.4(3B,; RN) follows at once. Ad (b). For the proof
in the W!-P-setting, one may argue analogously, now using the function O (r) :=
tl,, ||w||fp(Bt) + ||Vw||f,,(Bt). This completes the proof. O

5. The Good Generation Theorem

In this section, we address the existence of suitable generating sequences that
have fixed traces along certain spheres. As one of the main differences to [126],
we directly deal with the signed situation. This particularly forces us to rule out
certain concentration effects that are a priori excluded in the unsigned case, also
see Remark 5.6.

5.1. A Lower Semicontinuity Result

We begin by recording the following lower semicontinuity result which appears
as a special case of [42, Thm. 5.1] by CHEN and the second author:

Lemma5.1. Let | < p < g < B and suppose that F € C(RN*") is qua-
siconvex and satisfies (H1). Given any open and bounded subset Q of R" with
Lipschitz boundary and ug € Wl’q(Q; RM), the following holds: If u,uy, us, ... €
Wil (Q: RY) satisfy uj — uin WP (Q: RN) if p > 1oruj — u in BV(Q; RY)

if p=1(oruj — u strongly in L (Q; RM) and sup ey I VujliLr (@) < 00), then

/ F(Vu)dx < lim inf/ F(Vuj)dx.
Q J=oo Jo

As can be seen from the classical example F(z) = det(z) for z € R2%2
which satisfies the hypotheses of the preceding lemma with p = ¢ = 2 (cf.
BaLL and MURAT [14] and DAacoroGNA [46, Rem. 8.5 (c), Ex. 8.6]), the as-
sumption u, uy, ua, ... € W,ldz)q (€2; RN ) is essential and cannot be improved to
u,uy, Uy, ... € Wl’q(Q; ]RN) as in the unsigned case. If p = 1, a corresponding
example can be obtained by easier means:

Example 5.2. (Concentration and semicontinuity). Let 1 £ ¢ < oo and define the
convex (1, g)-growth integrand F' = F,: R — R by

Fy(1) = 5.1)

%(t+1)q—% forr > 0,
fort < O.

For Q = (0, 1), the sequence (v;) C W14 () which is defined by vj(x) =

—jx+1for0 < x < +andv;(x) = 0otherwise, satisfies v; S u=0eWhi(Q)
in BV(L) but

1 1
liminf/ F(Vvj)dx =—-1<0= / F(Vu)dx.
0 0

j—o00
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5.2. The Good Generation Theorem

For our subsequent arguments it is necessary to be able to work with good
generating sequences. By good sequences we here understand that each member
attains fixed interior traces along the boundaries of suitable balls. Our approach is
strongly inspired by that of [126], however, now facing the difficulty that we allow
for signed integrands and thereby entailing a different overall set-up of the proof
(also see Remark 5.6 below). The following proposition ensures the existence of
such sequences:

n

Proposition 5.3. Let | < g < %5 and let F € C(RN*M) be quasiconvex with
(H1). Let o @ o' C R" be two open and bounded sets with Lipschitz bound-
aries and let ug € W4 (w'; RN) be given. Finally, let u € BV('; RY) satisfy
ﬁzo[u; w, '] < oo.

Whenever (vj) C .sz/u% (w, @) is a generating sequence for ?ZO [u; , '] and
X0 € w, then for Llae r e (0, dist(xg, dw)) satisfying

MDu(xg, r) < 00 (5.2)

with the maximal operator M from (3.18), there exists a subsequence (vj,) and
another generating sequence (uj,) C %qo (w, ') such that the following hold:

(a) "~ (Ju N 8B, (x0)) = 0.
(b) For all k € N we have tryp, (xy) (U j,) = trsB, (vg) () " '-a.e. on 3B, (xo).
(¢) Vvj, — Vuj, — 0in L (&; RN*") as k — oo.

We shall refer to the previous proposition as good generation theorem. As
will become visible from the proof, whenever (v;) C sz,,qo (w, @) is a generating
sequence such that (| Dv;|) converges in the weak*-sense to some A € RMg, (o)),
the previous proposition is applicable to any xg € w and r > O such that 0 < r <
dist(xg, dw) and MA(xg, r) + MDu(xg, r) < oo. Any such r shall be referred to

as good radius (of Du for 3“;0 [u; w, &']) at xp.

Proof. We split the proof into five steps.
Step 1. Set-up. Since (| Dv| (")) is bounded, weak*-compactness in RMg, (')
implies the existence of a (here non-relabeled) subsequence and A € RMg, (') such

* . . .
that |[Dv;| — A. Moreover, it is no loss of generality to assume that

lim [ F(Vvj)dx = Z, [u; 0, o], (5.3)

/—>oo o'
For Zl-ae. 0 < r < dist(xg, dw), we have
M:(xg,r) < 00 5.4)

by the results from Sect. 3.4, and so .¥ l_a.e. suchradius satisfies M Du(xg, r) < oo
by lower semicontinuity of the total variation with respect to Llloc—convergence
(recall that u; — u strongly in L (o'; RM)).
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Fix such a radius r > 0; for notational brevity, we write B,_:: B, (xp) in the
following. We fix £ > 0 so small such that the annulus B,;,\B,_, is compactly
contained in w and

MDu(xg,r +£), MDu(xg,r — £) < 00, (5.5)

which is possible by the results from Sect.3.4. We then choose jo € N so large
such that

B, 12-io \Er—TfO S BrH\Er—e.

We have lim; . |Dv;|(K) = A(K) for each compact subset K of w. By the
Rellich-Kondrachov theorem, we thus find by iteration that for each k € N>, there
exists ji € N such that -

/f Vv, |dx — ﬁ dx
B, o—io—k+1\B, _,—jo—k+1 B —jo—k+1\B, _y—jo—k+1

+/7 lvj, —uldx <27, (5.6)
B, jamo—k+1\B,_—jo—k+1

and clearly we may assume that (ji) is increasing. Therefore, we obtain for all
k e N:

2Jotk=2 /7 |V, |dx < 2Ma(xo, r) + 207572 (5.7)
B, o —jo—k+1\B,_,—jp—k+1

Since (v}, ) is generating as well, for the statement of the proposition it suffices to
consider this subsequence.

By (5.5) and since MDu(xg,r) < oo, we first conclude by Lemma 4.1(d)
that B, _¢,u € WH4(B,\B,_¢; RY) and ., ,u € W' (B, ,\B,; R"). More-
over, by Lemma 4.1(b), the traces of E,_,,u and E, , ,u along 9B, (xp) co-
incide with trgBr (u) or tra_B, (u), respectively, " 1-ae. on 9B, (xg). Because
of M Du(xg, r) < oo, however, (3.22) implies that tr;Br (u) and tryp, (u) coincide
A" 1-a.e. on 9B, (xo), directly yielding (a) by (3.7), and this implies that the map
defined by

. {Eeu in B,\B, . 55
]Er,r+lu in B, 4¢\B;

belongs to W4 (B, 1 \B,_¢; RY).
‘We recall that the set

N:={s>0: By Cw, MDu(xp,s) = oo}

satisfies .21 (N) = 0. In the sequel, we will employ the auxiliary functions

vj, —u
k

Ort) = | |Du|+/

B; B:

dx +ﬁ [V(vj, —w]|dx. 5.9)
B;
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\ B
: —dT -
12 redy e e r+eg

r—o—do—k+1 42 Jdo—k+1

Fig. 2. Radius notation and locations in the proof of Proposition 5.3

Within the framework of Lemma 3.5, which we apply to the interval Z; = (r, r +
2-Jo=ktyand E = (NNZ)U(r, r42- 0 k=4 U(r4-31 x 2 J0—k=4 4 p—jo—k+l)
(so that L1 (E) = £ LN (T) < 0.2 (Ty) with & = 35(< §)), we find di > 0
such that r + dy € Zi\E,

dy ~j, 27 and (5.10)
Oklr +di) = Bk(r) _ o0 Oklr +2707F1) — By(r)
r+dp—t - 2—jo—k+1
forall T € (r,r + di). (5.11)

Now put for r € (r, r + di)

O (1) 22/7 |ijk|dX+/7
B, B,

+/7

B

By Lemma 3.5, which we apply to the interval J; = (r, r +di) and E = (NNJx)U
(r,r + 3l2dk) U@+ %dk, r),wefindO < g < ay < disuchthatr +er,r+ai €
Ji\E and

Vj, — u
2—k

dx—i—/i IV(vj, —w]|dx
B,

Eyryaqu—vj

e dx + [ IVE,yqu —vj)|dx. (5.12)

B;
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Or(r + ax) — Ok (1) Or(r + di) — Ok (r)

<3200
r+ap—7 dy
forall T € (r,r + ay), (5.13)
Ok(T) — Ok (r +ax) _ 3200®k(r +di) — O(r)
T—r—a = dy
forall T € (r + ag, r + dy), (5.14)
Ok(T) — Ok (r + &) _ 3200@k(r +di) — O (r)
T—r —¢& - dy
forall T € (r + ek, r + dy), (5.15)
and, uniformly in k,
ex~jo 275 (e — &) ~jy 278, (di —an) ~j, 278, (5.16)

See Fig. 2 for the locations of these radii. For future reference, we note that

O (r + 270~k — B(r)

< e(u, jo, X0, 1) < 00,

2—Jjo—k+1
Oulr +d) — ©
K+ s) K0 < jo. x0.7) < 00, (5.17)
k

as can be seen as follows: For (5.17);, the first term in thg definition of (:)k is
controlled by (5.2). For the second term in the definition of ®;, we estimate

v, —u vi, — U
2’</ " dx§2k/ A dx
B, ,—jo—k—1\Br 2 B, ,—jo—k—1\Br 2
k . _.
+2 = dx =: J; + g,
B, ,—jo—k-1 \B, | 2

so that Jj is uniformly bounded by (5.6). To bound JJ;, we directly adopt the nota-
tion employed in the construction of the trace-preserving operator E, .1, with the
Whitney ball cover (B') of B,4,\B, and, by slight abuse of notation, the corre-
sponding partition of unity (7;) subject to (BY). Then, by Poincaré’s inequality on
BV, the uniformly finite overlap of the Whitney balls (W?2) and recalling that, for k
sufficiently large, the radius of any B/ with B! N (B, p-jo—k+1 \B,) # @ is bounded
by a constant multiple of 27707k by (W4), we conclude

u—u
/ B dx <c¢ Z / .
B, ,—jo—k+1\Br B

2—k
i: -
B'N(B, , ,—jo—k+1\Br)#0

<cf Dl
Br+2—j0—k+l \Br

< 27 ¥ MDu(x, r) (5.18)

ni(u — (u)gi)
2—k

dx
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for all sufficiently large k, and so sup; <y JJx < oo. Finally, the third term in the
definition of ®y is controlled by splitting

2"/B V(v —w)ldx gz"/B |V, ldx

r2—Jo—k+1\Br r—do—kr1\Br

+2k/ _|Vuldx =: 3 + 17,
B, ,—jo—k+1\Br

and using the maximal condition MA(xg, r) < oo in conjunction with (5.7) for I,
whereas JJ, is bounded by using (4.2);, (W3) and (W4):

(4.2),
1w, < ek Z |Du| £ ¢ MDu(xg, r) < oo.

o _ AB
i BN, —jo—k+1\Br)#)

Towards the justification of (5.17),, the first term in the definition of ®y is controlled
by MM(xg,r) < oo in conjunction with (5.7) and (5.10). The bounds on the
second and third term in the definition of ®; are achieved as for @k, now realising
that dy ~ 2k by (5.10). To bound the fourth term in the definition of ®, we
imitate (5.18) and use (5.6) as

1 Erjiqu—v; 1 Errrqu—u
I N e e
dic JB, 14 \B, 2 dic JB,1q\B, 2

1 £ Uik gy

dk Br+dk \E) 2_k

< ¢(MDu(xp,r)+ 1) < 00,

where we used that di ~ 27k, Lastly, the fifth term in the definition of ®y is
bounded by the L'-stability of the trace-preserving operators from Lemma 4.1 (b)
via

1 1
d_ _ AV(Eryyqu — Ujk)|dx < d_ _ |VE; rauldx
k Br+dk \B, k Br+dk \B;
1
+ o Vv, ldx
k Br+dk\Br
C
s — | Du|
dk Br+dk\Er
c
+ F-/B o |ijk|d.x

ro—jo—k+1\Br

andrecalling dy ~ j, 2~k as well as the maximal conditions M Du(x, ), Mx(xg, r)
< oo together with (5.7). This establishes (5.17),. On B,\B,_; we similarly find
0<eg <a <d, < 2~ Jo=k+1 with the analogous properties, tacitly assumed
to be picked in the sequel.
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Step 2. Construction of the sequence (u j, ). To construct u j, we initially modify
v; by applying the operator [E from Sect. 4 as

vjk in Br—a,: ,
r—ag r—e; Vi in Br—s; \Br—a,: ’
Vjp = Y Vji in Brﬂk\Br_g;, (5.19)
Erterr+a Vi in By 14 \§r+sk )
Vjp in w\B,44;,
and moreover define
u in Br—d,: s B
]Er—a;,r—e,: (Er—d;,ru) n Br—si\Br—a; .
;= | Bredp i BAB_goNB, o \Bap) (500)
]Er,r-‘rdk” in (Br+dk \Br)\(Br—i-ak \Br+8k)7
Erter.r+ap Erriau) in By 14 \Bre
u in a)\§r+dk.
Next choose a cut-off function p € C2°(w; [0, 1]) such that
]LBH_Sk\E, = pk|Br+€\§r = 1]3,+ak\§r and |Vpy| = ar — on B, ¢\B,,
Ip\B__ < mlg.5,_, S Ips__ and Vo] S ——— onB,\B, .
r—g r—ay ak _ 8k
(5.21)

The requisite map u j, € ﬁf,ﬁ, (w; o) as claimed in the lemma then is defined by
uj = ,Okwjk + (1 - pk)’ﬁjk. (5.22)

The claimed underlying regularity of u j, immediately follows from the definition
of the trace-preserving operators upon realising that, similar to the argument pre-
ceding (5.8), W, has no jumps along dB,.. By Lemma 4.1 and the definition of @, ,
the traces of u j, and u along 9B, coincide "1 ae.on dB, foreachk € N. Hence
(b) holds, and so it remains to establish validity of (c) and that (u ) is generating
for J?zo [u; w, @'] indeed. We split the remaining proof into steps 3-5; for steps 3
and 4, it will be sufficient to exclusively consider the upper annuli B, .\B, since
the arguments are the same for the lower annuli B, \B,_.. It is only at step 5 where
we need to consider the full annulus B, ¢ \E,_g.

Step 3. Vuj, — Vvj, — 0in L!. In view of (c) and since u j, (x) = v}, (x) for
x € w\B,(xo) with |x — x9| 2= r + ax, the support properties of p; imply

1V (uj — Ujk)”Ll(a)\ﬁr) = ||/Okv(wjk - Ujk)||L1(Br+ak\§r)

+ @) = vi) ® VorllLi, ,, \B, 1)
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+ ”(Vv]k - vgjk)”Ll(BrJrak\ErJrek)
+ ||(Ujk - 5jk) 02y Vpk”Ll(B,Hk\E
=T+ + IV

r+sk)

Ad I;. By the L!-stability of the trace-preserving operator E, we obtain

Ik g ”V]E",r'f‘dku”LI(BHdk\Er) + ||VEr+€k,r+ak]Er,r+dk””Ll(BHak \Ef+£k)
+ IV, B,
S CIVEr vl s, 08, + 1V VillLis, B,
< C|D”|(Br+dk\§r) + ||ijk ||L1(Br+ak\§r)
< 2 *MDu(xo, r) + 27 ¥ Ma(xo, r) + 27F > 0 (by (5.2), (5.4) and (5.7)).
Ad II;. We now directly adopt the notation employed in the construction for the
trace-preserving operator E, ¢, 44, , With a corresponding Whitney ball cover (B')

of the annulus B, ,, \§r+ek and the partition of unity (n;) subject to (B). As a
consequence,

(5.21) |@ — v |
I < ¢ / o ey
Br+nk \Br+£k Ak — &k

. C/ B |Er+£k,r+ak (Er,r+dku) — Vji | dx
Br+ak \Br+sk Ak — &k

C

< / i By pqquw)pi — nivj|dx

ak — &k ieN Br+ak \Br+ek
< C
= Do | B = v ldx

 — &k ieN B!
< C
< > 1 Errrawpi — Erpyaettl + Brpyao — ul + |1 — vj, |dx

ax — &k ‘eN Bi

1

_.
= 1.

By Poincaré’s inequality, r(Bi) < (ax — &) forall i € N and the uniformly finite
overlap of the Whitney balls B/, we then obtain, by use of the L!-gradient stability
of the trace-preserving operator E,

1
" < c/ |VE,,yquldx
Br+dk\Br
c c
+ / |, s qqu — uldx + / _u—vjldx

Ak — €k Br+dk \B, Ak — €k Br+dk \B,

() _ i

< c|Dul(B, 14 \B,) + 2 / = vy ldx — 0,

BH—dk \B,
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as k — o00; also see (5.6), (5.7) and (5.16). Here, () can be seen similarly as
to (5.18).
Ad III;. Here we have by the L!-gradient stability of E

1, < / IV, = Ertepravi)ldx
Br+ak \Br+sk

§c/ B |ijk|dx§c/ Vv ldx - 0
Bryap \Brigy Brya; \Br

by (5.4) and (5.7).

Ad IVy. Again, we directly employ the Whitney balls B! underlying the trace-
preserving operator [E, , 44, and the corresponding partition of unity (;) to find
by use of (5.21)

C
Vi < Z/Bl_ 7w, — (w00 ldx
ieN

ak — &

§c/ _ |Vvjldx - 0, k— oo,
Br+tlk\Br

again by (5.4) and (5.7).
The same argument applies to the lower annuli BV\Br—ak_' In consequence,

gathering estimates, V(u, —vj) — 0in L'(o'; RY) as k — oo and the proof of
(c) is complete.
Imitating the estimate for II; and IV, one similarly establishes that u;, — u

in L!(o'; RV). In consequence, by (c), Vv, " X Du in RMgy(e'; RV*™)
and uj, — uin LY(o'; RY), uy, X 4 in BV(&': RM) too. Because of (uj,) C

(0, 0') and uj, X U in BV(@';RY), the inequality ?zo[u;w,w’] <
lim infy_, o0 F[u j,; @'] holds trivially. We may therefore conclude the proof by
showing

k— 00

lirninf/ _ F(Vuj) — F(Vvj)dx £0, (5.23)
Br+ak\Br a”

as we may then infer (recall that u j, = v, outside B,14,\B, _ “/:)
liminf. % [uj,; ']
k— o0

< liminf (/ F(Vvj)dx +/ F(Vuj) — F(ijk)dx)
04 o’

k— 00

= lim inf / F(Vvj)dx + / F(Vuj)— F(Vvj)dx
ol . Br+ak\§,, —

k—o00

(5.3).(5.23) .
< lim / F(Vvj)dx = .7, [u; 0, o].
k—00 /.y
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Our plan is to establish

lim |F(Vu)ldx =0, (5.24)
ko0 B"'*'ak \Er —ay

lim inf/ F(Vvj)dx 20, (5.25)
k—o0 Br+ak\Er a_

from where (5.23) follows at once.

Step 4. Generation: Inequality (5.24). For (5.24), it suffices to argue on the
upper annuli; the argument for the lower annuli is analogous. By the growth bound
(H1) on F and the definition of u j, cf. (5.22), we have

/ _|F(Vuj)ldx
B

r+ay \Br

< L/ (14| Vuj|)dx
B

r+ay \Br

Sc (gn(Brﬂzk\Er) +/ _ |VEr,r+dku|qu
B

r+ep \Br

+ / _ |V(pk(Er+£k,r+ak (Er,r—‘rdku) - Er+8k,r+akvjk))|qu
Br+c1k \Br+sk

+ / _ IVEr ey r+ay U ji |7dx
Br+ak \Br+sk

=: Vi +--- 4 VIII.

Trivially, Vi — 0.
Ad VI. Combining Lemma 4.1 (d), (5.2), (5.11) and (5.17),

ex <dy
VIS [ Vg
Br+dk\Br
Lem. 4.1(d) . 1 1 4
< cd,, T4 sup —/ |Du|+ sup —/ |Du|
0<s<dy O JB, 14 \Briay—s 0<s<dy 0 JB, 1 5\B,
(.11 O (r + 27 0=k+1y — &x(r) 1
n—nq+q k k
< cdy ( ik —i—/\/lDu(xo,r))

GID
< cd,

n

which tends to zero as k — oo by di ~, 27k (cf. (5.10)) and ¢ < b
Ad VII;. Recalling (5.21), we have as in the estimation of VIj:

VII; < C/ _ IVErter.r+ar Errpau — Ujk))|qu
Br+ak \Br+ek
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q

Er+£k,r+ak (Er,r+dku - vjk) dx

ay — &k

+ c/ B
Br+ak \Br+sk

Lem. 4.1 (d)

q

|

VY (R / IV g — v)ld
0<8<(ak—¢x) 8 Briep+8\Briey

q
_ 1
4 clag — &))" ng+q sup g/ _ IVE; r4aqu — vj)|dx
0<8 <K (ax—ex) Brtap \Bria—s
1 q
+ clag — g)" "1+ sup — / _ dx
0<s<(ar—ex) & Brier+5\Brigy

q
1
+ clag — gp)"ata sup - / B dx
0<d<(ar—ex) 8 Br+ak \Br+uk -8

< clag — ep) "9 <®k(r +di) — ®k(”)>q

dx
g Cz—k(n—nq-‘rq) -0

E,raut — vj
ai — €k

]Er,r+dku — Uji
ak — €k

by (5.12), (5.13), (5.15), (5.16) and (5.17),.
Ad VIII. Equally by (5.12), (5.13), (5.15), (5.16) and (5.17),,

q
1
VI < cap — &) "9+ sup — / _ Vv ldx
0<5<<(ak—8k)8 Briey+5\Briey

q
1
+ cay — g)" "t sup -/ B V), |dx
0<5<<(ak_8k)(S Br+ak\Br+ak—8

Or(r +di) — ®k("))q
di

< -

< p7kmnata) g,

The estimates for Vi, ..., VIII; and their analogues for the lower annuli now
combine to (5.24).

Step 5. Generation: Inequality (5.25). We now come to the final part of the
proof. With dj as in (5.11) (and analogously d, "), choose a cut-off function g €
CX(B,+¢\B,—¢; [0, 1]) such that o = 1 on B, 44, \Er_a;, ok = 0 outside B, 4, \

B, 4 and

1 1 ;
|[Vor| £ 4 max , — —t ~j 2, (5.26)
dx —ar di —ay
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which is possible by (5.16) and its corresponding analogue for a; , d,”. We then
define

Er e in By \By
QkEr"'akﬁr"‘dkvjk + (1 - Qk)]Er—Q—ak,rJ,-dkEr,r_’_[u

in Br4g, \Bryq,
v, =1 Vi in Br+“k\Br7a,:’
OB, g Vi + (1= QOE, 4o By ru

il‘l Brfak’ \Brfd,: 5
Er—@,ru in Brfd;\Br—e‘

(5.27)

Our first claim is that, with u being defined in (5.8),
v, —>u inL'B,4\B,_; RY) as k — oo. (5.28)

To see (5.28), we consider the single terms in the definition of v, separately. We
have

/Br+ak \E

|vj, —uldx §/ B |u—vjk|dx+/ B |ue|dx
- Br+ak \Br—ak Br+ak \B -

r—ay reag

+/ _ |Er,r+(5u|dx +/ _ |Er—f,ru|dx -0
B BB,

r+ay \Br

as k — oo because of (5.6), u € L'(B,4¢\B,—¢; RY), E, .1 ou € WH9(B,4¢\B,;
RV), E,_¢,u € W9 (B, \B,_¢; RY) and 2" (B, 44, \Br—q,) — 0. We only treat
the layer term in the upper annulus, the corresponding lower one being analogous.
Successively applying the L!-stability of E,

/ _ |ij—u|dx §C/ _ |vjk_M|+|u|+|Er,r+5u|dx_>0»
Br+dk \B)'+ak Br+dk \Br+ak

again by (5.6), u, By, you € L'(B,4¢\B,;: RY) and 2" (B, 44, \B,14,) — 0 as
k — oo0. In view of the definition of u, this concludes the proof of (5.28). In order
to apply Lemma 5.1, our second claim is that

sup V'V Il s, \B,_,) < O©- (5.29)
keN

To see this, it still suffices to argue for the upper annulus and once again split,
using (5.26),

/ Vv ldx
Br+l\Br

< / _ IVE, yteuldx
Bre\Briqy
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e / V@ Er s raivi + (= 00 tacr B o) d
Br+dk\Br+uk

+ / IV lde = XY 41X+ 1x(
Br+ak \B,

Since E,, o1 € WH4(B,0\B,; RV), IX\) stays bounded in k, and by (5.7) we

see that IX,(?) stays bounded in k (in fact, tends to zero as k — 00) too. Successively

applying the L!-gradient stability of the trace preserving operator [E in combination

with (5.7), one can also see the boundedness of IX,(CZ), but for future reference we

record an estimate that is stronger and entails the requisite estimate for IX,((Z).
Namely, we now estimate

Xj = / _ |V(QkEr+ak,r+dkvjk +d - Qk)]Er+ak,r+dkEr,r+£u)|qu
Br+dk \Br+ak
Scf  V@Eriaravi~ BrrarsaBrran)ids
Br+dk \Br-sz

1 2
e /  IVErsarta Errreuldx = X0 + X2,
Br+dk \Br+ak

The term X,(cz) vanishes in the limit by the L?-gradient stability of [E and the fact

thatu € W4 By \Er,g; RY). Toward the estimation of the term X(]), we note
that by linearity of the trace-preserving operator E, 1, 44, and (5.26),

X]El) é c / ’Er+ak,r+dk(vjk - ll) 1 dx
dr — ax
Br+dk\Er+ak
1 2
+c / IVErvagrra () —w))|? dx = XTIV + XT3
Br+dk \Er+ak

By linearity and the properties of the trace-preserving operators and our choice of
g, the uniform comparability (dy — ax) ~ 27K (cf. (5.16)) implies
) q

, Lem. 4.1 (d) 1
XGOS e(d —a)" T sup < / _
0<8<(di—ar) O /By iap6\Brsay

1
+ c(dy — ap)" "It sup < / _
0<6<(di—a) O By 14 \Bria s

(5.11),(5.14) o d) — ©
< co(dy —ay)" Mt < K + Z k(r)>

Ok (r + 27—kl — & (r)
2—k

vj, —u

dr — ag

q
U/'k—l.l)

dr — ax

+ c(dy — ak)n—nq+q (

(5.17)
< eldy —ap)"" — 0
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r—€ T r+4l r—0 T 4l
Fig. 3. The conceptual difference between step 4 and 5. Whereas in step 4 the sequence
(vj,) for the proof of (5.24) is modified to coincide with u along 9B, in step 5 the key
sequence for the proof of (5.25) is constructed to coincide with u away from 0B, in order to
have access to the lower semicontinuity result of Lemma 5.1; for this, fixed boundary values
are required

as k — oo. Similarly,

) Lem. 4.1 (d) 1 g
XI,(( ) < c(dy — ap)* "4t sup - / B ‘V(vjk — u)’ dx
0<d<(dr—ay) 8 Br+ak+5\Br+ak

q
1
+ c(dy — ap)" "4 sup - / B [V, —w|
0<é< (dr—ag) 8 Byt \Briay—s

(5.11),(5.14) ® d) — O
g C(dk _ ak)nfanrq ( k(r + L/;Z k(r)>

O (r + 2 Jo—k+1y _ ék(r))

+ c(dy — ag)" "It ( 2k

5.17)
< cldp—ap)""T -0

as k — oo. Since an analogous argument applies to the lower annuli, we have

lim sup X1 := lim sup

/ Vv, [%dx =0,  (5.30)
k— o0 k—00 (Br+dk \§r+ak)u(B

r—ag \Br—dk_)
and this directly entails that limy_, oo IX,(CZ) = 0, whereby in particular the proof of
(5.28) and (5.29) is complete.

Itis at this stage that quasiconvexity of F enters via lower semicontinuity: Since
u € WH(B, \B,_; RY), (5.27) implies that v, € Wy (B,4/\B,_¢; RY).
Therefore, (5.28) and (5.29) imply by virtue of Lemma 5.1

Z[u; By \B, ] < liminf Z[v);; B \B, (] (5.31)
—00

It is precisely here where we need to work the full annulus B, ;,\B,_¢; indeed, as
the argument below necessitates to leave v; unchanged close to 0B, the use of the
lower semicontinuity theorem (and thus the need of fixed boundary values in the
signed situation, see Fig.3) forces us to work with a two-sided approximation by
the very geometry of the annuli.
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We now conclude (5.25). By (5.31) and the growth bound (Hll we estimate
with XTIy as in (5.30) and XIII := Z"((By 44, \Br+4,) U (Br_ak— \Br_dk—))

/ ~ F(Vuwdx < liminf / B F(Vvj,)dx
Brie\Br—¢ k— 00 Byt \Br—a;

+ L (X1, + XIIIy)

+ / - _ F(Vwdx
(BH’Z\B"*Z)\(BH’“’k\Brfd]:)

< liminf / F(Vvj)dx
ko0 Br+“k \§r7c17
k

+ lim sup | L(XIIx + XIIL) — / ~ F(Vudx
Br+dk \Br—d7

k—o00

+ / _ F(Vwydx = XIV+XV+XVL. (532
By+e\Br—¢

By (5.30), lim SUPk 00 X1y + X1 = 0, and by the growth bound (H1) on F, we
use u € Wl’q(BH_g\Br_g; RM) to infer

lim sup/ 7 |F(Vu)|dx £ lim L/ 7 1+ |Vu|?)dx = 0.
Briq\B,_,~ Briag\B,_

k—o00 k— o0

dy

Hence, XV = 0, and so (5.32) gives

lim inf/ F(Vvj)dx = 0.
k=00 Br+ak \Br7a7
k

This is (5.25), and the proof is complete. O

The following elementary observation, obtained by iterating the construction
from Proposition 5.3, will be required in Sect. 8:

Corollary 5.4. In the situation of Proposition 5.3, let . € RMgp (') be a weak*-
limit of a suitable subsequence of (|[Dvj,|). Moreover, let (B, (x;)) be a sequence
of mutually disjoint closed balls in w such that both

MDu(x;,ri) <oo and MMi(x;,r;) < 00

holdforalli € N. Then there exists another generating sequence (u;) C %qo (w; @)
for J?zo[u; w, '] such that for any i € N

there exists I; € N such that tryB,, oy (Up) = tryB,, o) () holds for all 1 2 1;.
(5.33)
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Remark 5.5. (1 < p < 00). Proposition 5.3 extends mutatis mutandis to the
relaxed functionals J?MO[—; w, '] and maps u € WP (o'; RV) with 1 < p <
g < =% such that Fuoltt; 0, 0'] < o0 and M(|VulP L™ L ') (x0, 1) < .
Similarly as in [126], A then needs to be taken as a weak*-limit of a suitable
subsequence of (|Vv;|? " _w'), and in this situation it is customary to call r > 0
a good radius of Vu for ?Mo[u; w, '] provided M(|Vul? Z" L o) (x9,r) +
M (xp, ) < oo. Proposition 5.3 (c) then translates to Vu j, — Vv, — 0 strongly
inL?(w'; RN *). Moreover, note that here as in Proposition 5.3, the corresponding
maximal conditions on Du (or |Vu|? £" L o' if p > 1) without MA(xg, r) < 00
are in principle sufficient to conclude, but we do not need this improvement in the
sequel.

We conclude this section by discussing two scenarios in which the above proof
simplifies. This, in particular, applies to the unsigned setting considered in [126]:

Remark 5.6. In the situation of integrands which are bounded from below, so sat-

isfy

RN xXn
(5.34)

the fifth step of the above proof trivialises and thereby entails an overall simplifi-
cation; note that considering the map u then already becomes irrelevant in the first
step. Indeed, in this situation, (5.25) is a direct consequence of the lower bound
of (5.34). As such, the fifth part of the above proof solely serves to exclude potential
concentration effects of (£ (Vv;,)) along 9B, (xo); note that, if we could not rule
out such effects, such concentrations might imply that the left-hand side of (5.25)
is strictly smaller than zero as F is signed. This would imply that, by modifying a
recovery sequence by fixing its boundary values along 9B, (x¢), additional mass is
created in the limit and the modified sequence would fail to qualify as a recovery
sequence.

cilz|P — 2 £ F(z) £ c3(1 + |z|9) for some ¢y, ¢y, c3 > 0andall z €

Remark 5.7. The proof equally shortens if we do not assume (5.34) but suppose
that F' is convex. In this case, we find an affine linear function h(z) := (£, z) + b
for some £ € RVN*" and b € R such that h(z) £ F(z) holds for all z € RV*" In
consequence, (5.25) then immediately follows from

/ [(¢, Vvj,) + bldx < c/ Vv ldx 4+ cZ" (Bryq \B,_,-),
BH"’k \Brfa; B"+ak \Brfa]; ¢

and the right-hand side vanishes in the limit k — oo by virtue of (5.7). Subject to
the assumptions of Proposition 5.3, however, minorising F by an affine-linear map

is impossible; see Example 6.3.

6. Mean Coercivity and Properties of the Relaxed Functional

This section serves to demonstrate the naturality of the p-strong quasiconvexity
assumption underlying Theorems 2.1 and 2.2, the wealth of integrands satisfying
this hypothesis and to record various properties of the relaxed functionals used in
the subsequent sections.
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6.1. Mean Coercivity, Existence of Minimizers and Examples

In this subsection we address the definition of relaxed functionals for solid
boundary values and the existence of minimizers. Before we embark on this matter,
we briefly pause and discuss both the meaning of hypotheses (H1)—(H3) (or (H1),
(H2),, (H3)if p > 1, respectively) and several examples that also deal with signed
integrands of (p, g)-growth. The following result is part of [42, Thm. 1] that we,
for the convenience of the reader, state in the notation used in the present paper.
Note that it clarifies the meaning of our strong quasiconvexity hypotheses (H2)
and (H2),,.

Proposition 6.1. Let F: RVN*" — R be a continuous integrand satisfying the
growth condition | f(z)| < L(l + |z|q) for all z € RN*" where L > 0 is a
constant and q € [1, 00) a fixed exponent. Then for a bounded open non-empty
subset Q of R", g € WH4(R™; RN) and p € [1, q] the following are equivalent:

(i) There exists an increasing function 0: [0, 00) — R with 6(t) — 400 as
t — +o00 such that we have

/F(Vu) dx =6 (/ |Vu|? dx) forallu e Wy (Q; RV).
Q Q
(i1) There exist constants ¢1 > 0, ¢co € R such that we have

/F(Vu) dx 2 ¢y / |Vul? dx +c¢, forallu € W;,’q(Q; RM).
Q Q

(iii) Thereexist{ > Qand zo € RN >n such that the integrand F — LV, is quasiconvex
8 plsq
at zo.

Let us say that an integrand F' satisfying one of the equivalent conditions (i)—
(iii) is W1-P-coercive. In view of our definition of the relaxed functionals 7" and
.7 below, it will be clear that their coercivity on Dirichlet classes W;,’p is equivalent
to W!-P-coercivity of the integrand F. The corresponding result in the case p = 1
goes through the formulation of the Dirichlet condition in terms of solid boundary
values and requires (for an easy treatment) the set €2 to be a Lipschitz domain.

The hypotheses (H1)-(H3) for the p = 1-case (and (H1), (H2),, (H3) for the
p > l-case) based on quasiconvexity rather than the pointwise condition (1.4)
allow for many examples of nonconvex variational problems. It is certainly the
case that the examples are harder to write down explicitly, but the quasiconvexity
based hypotheses are more natural and allow for a much richer structure. We refer
the reader to [83, Proposition 2.14] and [36] for results that illustrate just how rich
the structure of integrands satisfying our hypotheses really is, and now proceed
to two examples that display key properties of integrands to which Theorems 2.1
and 2.2 apply. To this end, we require a preparatory lemma as follows:
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Lemma 6.2. Let p > 1 and suppose that F: RN*" — R is a p-homogeneous
function. If there exists a function 0: [0, 00) — R such that 0(ty) > 0 for some
to € (0, 00) and we have

/ F(Ve)dx = 0 (/ |Vgo|”dx) forall ¢ € W(l)‘p(Bl(O); RN), 6.1)
B1(0) B1(0)
then there exists a > 0 such that

/ F(Ve)dx = a/ |Vo|Pdx  forall ¢ € W(l)’p(Bl(O); RY).  (6.2)
B1(0) Bi(0)

1,
Proof. We set a := %0) so that aty = 6(t). Let ¢ € Wy’ (B1(0); RM)\{0}.
Choose

¢ P
= [——5——] €0, 00). (6.3)
Ve “L/’(81 )

As a consequence, using the p-homogeneity in the first step,

6.1)
(6.3)
W [ reeae= [ PG 2 000 =an D a1V 0.
B1(0) B (0)

This is (6.2) for ¢ € W(l)’p(Bl(O); ]RN)\{O}, and since F(0) = O by the p-
homogeneity of F, this inequality also holds for ¢ = 0. The proof is complete.
]

Example 6.3. For dimensions n = 2 and each pair of exponents (p, ¢) satisfy-
ing1 < p < q < min{p + 1,5} we give examples of integrands F =

Fy pg: R"" — Rsatisfying the hypotheses (H1)—(H3) when p = 1and (H1), (H2),
and (H3) when p > 1 such that

(1) F is not W'4-coercive, that is, (i)—(iii) of Proposition 6.1 all fail for p = ¢;
(2) F is genuinely signed, that is,

F
lim inf £ &

lzl>o0 |z]4

< 0.

It follows in particular from (2) that F' cannot be minorised by an affine integrand
on R™" and it follows from (1) that the treatment of the variational problem
with integrand F requires the formulation via the relaxed functional (or a stronger
quasiconvexity assumption on F, such as W!-”-quasiconvexity, see [124] and [39]).

We turn to the construction of F and fix a dimension n = 2 and an exponent
1 < g < oo. Then Korn’s inequality states that

/ Vg7 dx < K/ Vo + (Vo) '|? dx (6.4)
B} (0) B1(0)
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holds for all ¢ € C2°(B1(0); R") for some constant K = K (n, ¢) > 0independent
of ¢. Now let K denote the least such constant and put

f() = K|z —i—zT!q —|z|9, z e R™".

The Korn inequality expresses quasiconvexity of f at O and it follows that the
quasiconvex envelope f9€ of f (cf. (3.23) and the discussion afterwards) is a real-
valued and quasiconvex integrand. Because f is g-homogeneous it follows easily
that also its envelope is g-homogeneous. Moreover, since K is the smallest constant
for which (6.4) holds and f9 < f, we infer from Lemma 6.2 that (i)—(iii) with
p = g of Proposition 6.1 with g = 0 all must fail for f9¢; moreover, we have for
any skew-symmetric matrix zo € R0 \{0}

qc A
timinf 2@ < liminf Z3%) _ . (6.5)
lz]|>o00 |z]? r—o00 M|zpl?

Because f9¢ is not C*° we need to mollify it and show that we in this process
do not reinstate the properties (i)—(iii) from Proposition 6.1. Let @, be a standard
non-negative, radial and smooth mollifier on R"*". Because f9° is real-valued
a standard result implies that it is (locally Lipschitz) continuous, and so by the
g-homogeneity we get that | f9°(z)| < Li|z|? for all z. Now the local Lipschitz
bound mentioned before can be quantified: For some constant ¢ = c(n, ¢) > 0 we
have |(fq°)/(z)| < ¢L1|z|?7 ! holds for almost all z (cf. (3.27)f.). Now by routine
estimations

@) 2 (e % £2)(2) —cre(zl?7 + 1)

holds for all z € R"*", where ¢; > 0 is a constant. Fix p € (max{q -1, -
1)g}, ) N1, 00) and define for e, £ > 0

F(2) = (e % fI)(2) + £Vp(2), z€R™™

Then F satisfies (H1)-(H3) when p = 1 and (H1), (H2)p, (H3) for p > 1. However,
because ¢ — 1 < p we may use Lemma 3.6 (a) to estimate that, for some ¢y =
c2(p.q) >0,

[¥@) 2 F(2) = (U + 2)Vp(2) — 28 (6.6)

holds for all z. But then W' -4-coercivity of F would imply the same for £9°, hence
F cannot be W!9-coercive for any &, £ > 0, thereby establishing the property
(1). In turn, property (2) follows easily from (6.5) and (6.6). Still, the integrands F
satisfy the requirements of Theorems 2.1 and 2.2 and so the partial C*°-regularity of
relaxed minimizers will follow, while not being accessible by previously available
results [123,126] in the unsigned case for the exponent range 1 < p < ¢ <

p+ %; also see Sect. 6.3 below.
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Example 6.4. Integrands that are connected with problems from nonlinear elastic-
ity (cf. BALL et al. [12—-14] and MARCELLINI [105]) and which, in view of par-
tial regularity, have been explicitly addressed by Fusco and HUTCHINSON [74,75]
and ScHMIDT [126, Sec. 3] are given by

F) = (1+121%)% + f(detz)).  ze R
G@) = (1+ 1z + g(Cof(z)),  z€R™",

where f € C®(R), g € C®(R"") are non-trivial convex functions with 0
f@) S LA+ |t)*),0 < g(r) £ L(1 + |1]*2) for all 1 € R and some sy, 55 =
In this situation, letting 1 < p < ¢ < min{-Z, p+ 1} and sy = £, 5p = -5
(whereby ¢ =2 n or g = n — 1 by convexity of f or g), the integrands satisfy
hypotheses (H1), (H2) pr (H3). Here, F and G are non-negative, and then the
advancement of Theorems 2.1 and 2.2 in view of [123,124] is the boost from the
exponent regime 1 < p <qg < p+ % tol < p < g <min{- p+ 1}
This proves particularly relevant for F when (n —1) < p < n, where the associated
multiple integrals are not W!-”-quasiconvex [14]. Using the specific structure of
the integrands, improved exponent ranges are available [74,75] with p = 2 in low
dimensions, while these methods do not extend to the setting of Theorem 2.2. For
p =n—1and g = n, G still proves W'~ !_quasiconvex, and then the partial
regularity follows from a recent borderline result [39]. However, this quasiconvexity
property is lost when p is lowered; it is then Theorem 2.2 that allows for a new

exponent range for partial regularity.

<
L

We turn to the definition of the relaxed functionals with solid boundary val-
ues and hence let ¢ = 1. Here we focus directly on relaxations for weak(*)-
convergence, whereas a pure L”-approach to relaxations is possible as well; see the
appendix, Sect. 11.2. Throughout this and the following subsections, let 2 C R”
be open and bounded with Lipschitz boundary. Given v € W4 (Q; RY), choose
an open and bounded set Q' with Q € ' and pick an arbitrary ug € Wh4(Q'; RV)
with tryq (ug) = tryq(v) " -ae. on 3Q. As WI=1/4:9(3Q; RV) is the interior
trace space of W4 (Q'; RY) along 92 (recall our convention WOl RY) =
L1(3Q; RY) for ¢ = 1), such a map ug exists. For u € BV(Q2; RY), we define

u= {” inf2, 6.7)

*

and put, with ﬁuo

[u; 2, Q'Tasin (1.9),
Folu; Q) := Fy [w; @, Q] — Flug; \Q, (6.8)

where the underlying integrand F € C(RY *") is supposed to satisfy (H1); note that
if g = 1, all of the following is classical. If 1 < p < ¢ < coandu € WL P (Q; RV),
we then define analogously

Folu; Q) = Fyylu; Q, Q1 — Flug; \Q. (6.9)
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We proceed to establish that the functionals defined by (6.8) or (6.9) are well-
defined. Here we focus exclusively on the functionals F [ : Q] on BV(Q; RV);

the corresponding results for the functionals fi [—; 2] on W1 P(2:; RM) hold true
with the obvious modifications.

Lemma 6.5. Let @ C R" be open and bounded with Lipschitz boundary and Q' C
R" be open and bounded with Q@ € Q. Let 1 < q < -5 and suppose that

uo, vo € WHa(Q'; RN) satisfy traq (ug) = traq(vo) #" '-a.e. on 3S2. Define, for
u € BV(Q; RY),

in in
u® .= 1 ?n " and u® =" ?n -
g in Q\Q vo in Q\Q.

Then we have for any F € C(RN*") with (H1)
§Z0 ;@ Q11— Flup; Q\Q1 = §:O[ll(2); Q, Q11— Flvy: Q\Q] (6.10)

and so ?:0 [u; Q, Q' — Fluop; Q’\ﬁ] as in (6.8) only depends on ug via its traces
along 02.

Proof. Choose two generating sequences (u;) C %qo (2,92, (v)) C A (Q, Q)

such that u Zu® and v; X u®in BV(Q'; RM) together with

[u<‘> Q, Q1= lim F(Vu;)dx and

Jj—oo Jo

[u@ Q, Q1= hm F(Vv;)dx.

Q/
Then the sequences defined by
wj = “i ?n = and zj:= v %n =
vo in Q\Q up in Q\L,

satisfy w; € @} (Q, Q') z; € (2, Q) as well as w; X u@ and Zj Za®
in BV(€2'; RV). By definition of 7, [—: €, '],

y [u(l) Q, Q' <]1mmf/ F(Vz;)dx

J—> 00

= lim inf (/ F(Vvj)dx + / F(Vvo)dx>
Jj—>00 Q Q\Q

+ / F(Vug) — F(Vug)dx
Q\Q
= ?jﬁ u?;Q, Q1 +/ _ F(Vug) — F(Vvg)dx
/\Q
< lim inf/ F(Vw;)dx + / ~ F(Vug) — F(Vuvg)dx
/ Q\Q

J—>00
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= §zo[u(l); Q, Q1.
This yields (6.10), and the proof is complete. O

We record the following extension of (6.8) to maps v € {w € BV(Q; RV):
traq(w) € w!-1a.q (32; RV)} which proves crucial for the localisation approaches
later on:

Corollary 6.6. Let 1 < g < -5, Q C R" be open and bounded with Lipschitz

boundary and Q' C R" be open and bounded with Q € Q. If v € BV(; RY)
is such that tryq(v) € W'=V243Q; RN) and ug € WH4(Q'; RV) is such that
tryq(v) = traq(ug), then

Folu; Q) := Fy [0 Q, Q'] — Flug; &\Q] (6.11)

is well-defined, where u for u € BV(Q2; RN) is given as in (6.7). In particular; the
left-hand side of (6.11) is independent of the specific extension uy.

The corollary directly follows from Lemma 6.5 and the existence of such a map
uo. In the situation of Corollary 6.6, any sequence (u;) C W,l;)q (€2; RM) such that
(u;) is generating for ?;0 [u; 2, Q']in the sense of (1.9)ff. will be called generating
for ?;‘:[u; 2]. Equally, given xg € 2, we call 0 < r < dist(xq, 0€2) a good radius
of Du for ?:[u; 2] provided it is a good radius of Du for ?io[u; Q, Q'1in the
sense of Proposition 5.3ff.. This terminology canonically carries over to functionals
F[—: Qon WhP(Q; RN).

Lemma 5.1 now immediately yields that the relaxed functionals as introduced
above are extensions of the original functionals .7 [—; ©2] by lower semicontinuity
in the following sense:

Lemma 6.7. Let 1 < p < g < -2 and suppose that F € CRN*") satisfies (H1)
and

(@) (H2) if p = 1, and let v € BV(2; RY) satisfy traq(v) € WI=1/2:45Q; RV).
Then ?:[—; Q] is sequentially weak*-lower semicontinuous on BV (£2; RN ).
(b) (H2),if p > 1,andletv € WP (Q; RN) satisfy tryq(v) € W!=1/4:4(5Q; RY).
Then Z ,[—; QU is sequentially weakly lower semicontinuous on wbhr(Q: RY).

Moreover, we have
Flu; Q= Zolu; Q1 forallu e W@ RY) if p = 1,
Flu; Q= Folu; Q1 forallu e We? (@ RV if p > 1 (6.12)
whenever v € W4 (Q; RN) satisfies tryq (V) = traq(v) A" -a.e. on 9.
We now pass to the existence of minimizers.

Proposition 6.8. (Existence of minimizers). Let Q@ C R”" be open and bounded
with Lipschitz boundary 0. Given 1 < p < g < 2L the following hold:

n—1’
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@) Let p = 1. If F € C(RN*") satisfies (H1) and (H2) and v € BV(Q; RY)
satisfies tryq(v) € WI=1/94(5Q; RN), then ?t[—; Q] possesses a minimizer
on BV(Q; RM).

(b) Let p > 1. If F € CRN*") satisfies (H1) and (H2), and v € WP (Q; RV)
satisfies tryq(v) € WI=1/44(5Q; RN), then F[—: Q] possesses a minimizer
on WP (Q: RV).

Proof. We confine ourselves to (a) as (b) is fully analogous. Let ' C R" be
open and bounded with Q € ' and u € W(l)’q(Q/ : R be such that tryq (o) =
tryq(v). Then ?ﬁo[uo; Q, Q1 <ococandsom := infueBV(Q;RN) ?i[u; Q] < o0.
To see that m > —o0, let w € %%(Q, Q’). Then the strong 1-quasiconvexity
from (H2) implies

Zl/ V(Vw)dx < / F(Vw) — F(0)dx (6.13)
Q Q

so that —oo < m < co. Let (u;) C BV(§2; RY) be such that?j[uj; Q] — mand
$0, passing to a subsequence and adopting the notation from (6.7), we may assume

|70 @, Q1 — Flug; Q\Q] —m| <27/ forall j e N. (6.14)

For any j € N we find a sequence (u]]‘.) C %%(Q, Q') such that u]]‘. L u jin
BV(Q; RY) as k — oo and, for all k € N,

// F(Vub)dx < .7, [u;: 2. Q1+27% (6.15)

By hypotheses (H1) and (H2), we conclude similarly as in (6.13)

(6.13), (6.15) .
El/V(Vu';-)dx < 9u0[uj;Q,Q’]+|F(O)|$”(Q’)+2_k

(6.14), (HI1) o .
S LLQ) + Fluo; Q\QI+27F +27 4 m,
(6.16)

and so (Vulj‘.) is bounded in L!(€’; RV*") by Lemma 3.6. Since u]]‘. = ugp on
Q\Qforall j, k € N, we then conclude that (u/j‘.) is bounded in W(l)’1 ('; RN). By

the usual weak*-compactness in BV, a diagonal sequence (u’;(" )) converges in the

weak*-sense to some u € BV(Q': RV). Thus, letting u := u|q, the definition of
Z [ Q] yields

Flu; Q] < liminf / F(vuP)dx — Flug; 2\Q]
J—>00 /
6.15) .. —* ’ o n= —k(j)\ (6.14)
< liminf (ﬁuo[uj; Q, Q' — Flug; Q\Q]+27"Y ) =" m.
J—> 00

The proof is complete. O
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Remark 6.9. In the setting of (b), any minimizer has the same boundary values
as v along €2, whereas this needs not be the case in the setting of (a); note that
the trace operator on W7 (Q; RY) with p > 1 is continuous for weak conver-
gence in W7 (Q; RY) whereas the trace operator on BV (€2; RY) is not for weak*-
convergencein BV (€2; RY). Thisis seen easiestbynotingthat,ifp =g =1,N =1
and F(z) = V(z)+1 is the usual minimal surface integrand, then ?T) [u; 2] is given
by (1.14) and so the classical counterexamples to the attainment of the boundary
values apply (cf. FINN [64] and SANTI [121]); for genuinely vectorial examples,
see BEck and ScHMIDT [18, Thm. 1.5].

6.2. Properties of the Relaxed Functional

Throughout this subsection, we suppose that F € C(RY*") is quasiconvex and
satisfies (HI) with 1 < p < g < n”T”l As in the original proof of EvaNs [62],
the Caccioppoli inequality of the second kind to be addressed in Sect.9 requires
a localisation procedure. A similar issue has been addressed by ScHMIDT [126,
Lem. 7.10] in the unsigned case. It is here, however, that our framework of signed
integrands and the slightly different relaxations require some more features:

Lemma 6.10. (Local finiteness and additivity radii). Ler Q C R" be open and
bounded with Lipschitz boundary 3Q2. Let 1 = p < q < -5 and suppose that u €

BV(Q: RY) and v € BV(Q: RN) are such that trag(v) € W' 1932 RY) and
?j [u; Q2] < oco. Then we already have ?j[u; Q] € (—o0, 00). Moreover, when-
everxg € Q, then for £'-a.e. radiusr € (0, dist(xg, 92)) with M Du(xq, r) < 00
the following hold:

(a) The relaxed functional with its own boundary values is finite on B, (xo):

—00 < Z . [u; By (x0)] < 0. 6.17)

(b) The relaxed functional satisfies the following additivity property: Ifw € BV (£2\
B, (x0); RY) satisfies trgBr(xo)(w) = trgBr(XO)(u) andtryo(w) = tryg(v) "1
a.e. on 0B, (xp) or 0K2, respectively, then

Folu; Q) = Folu; By (x0)] + Z 4 [u; Q\B, (x0)]. (6.18)

Any radius r with (6.18) will be referred to as an additivity radius for Z* [u; =]

(c) Every BV-minimizer u € BV(Q; RY) of?j[—; Q] is a local BV-minimizer of
Z" for compactly supported variations. Specifically, for any xo € Q and £ -
a.e.r € (0, dist(xg, 02)), u isa BV-minimizer 0f§: [—; By (x0)]for compactly
supported variations.

The same holds true with the obvious modifications for the functionals 7 if 1 <

p=q <

n—1
Proof. In the following, we assume all balls to be centered at xg. Since r €
(0, dist(xp, d€2)) is supposed to satisfy M Du(xg, r) < oo, we have tryp, (n) =
tr?{Br (u) € WI=12:4(3B,; RN) by (3.22) and Corollary 4.2, and so there exists an
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open and bounded domain Q' c R*, Q € @ and uq € W(l)’q (€'; RM) such that
trog, (u —up) = 0 " Lae. on 9B, and tryg(v — ug) = 0 7" -ae. on 9.
Letting u be as in (6.7) and letting A € RMjg, () be a weak*-limit of a suitable
subsequence of (| D |) for a generating sequence (v ;) for ?;0 [u; 2, Q'], we may
moreover assume M (xg, r) + MDu(xg, r) < 00; Ll-ae. r € (0, dist(xg, 9Q))
satisfies this property.
Ad (a). First suppose that §* [1; B,] = oco. Then we trivially have that —

?;[u; B, (x0)]. If, instead, .7 [u B,] < oo, we then let (u;) C ! (B,, ) bea
generating sequence for 7 uo[u ©). B,., Q'1(< 00), where

u® .= u %n Br’_
uy in Q\B,.

We pick r < R < dist(xp, 32) and a cut-off function p € C2°(; [0, 1]) with
]1Br g P é ]lBR- Define

) uj in B,,
v = . neS
pug  in Q\B,,

sothat vj|g € W(l)’q (Q; RM). Then by the quasiconvexity of F and (H1),

F(0).Z"(Bgr) §/ F(ij)dx §/ B |F(V(pu0))|dx+/ F(Vuj)dx
Br Br\B: B,
(H1) _
<L (.Z"(BR\Br) +/ ~|pVug+uo ® Vplqu> ,
Br\B;

+/ F(Vuj)dx—/ _ F(Vug)dx (6.19)
& Q\B,

so that the lower bound in (6.17) follows by virtue of (6.19), Corollary 6.6 and since
(u) is generating for ﬁzo [u®; B,, Q1. Thus, —oo < ﬁi[u; B, ], and a similar
argument establishes

—00 < Z . [u; Q\B, ] (6.20)

whenever w € BV(Q\B,; RV) satisfies tryq(w — v) = 0 .2 '-a.e. on 92 and
tryp, (W) = tryg, (u) " '-ae. on 3B,. By the same line of argument we then

already deduce that .77 [u Q] € (—o00, 00) too since .7 [u Q2] < oo holds by
assumption.

We proceed to show that .7 [u B,] = oo cannot happen. By our assumption
on r and since Jv[u, Q] < oo, we may invoke Proposition 5.3 to obtain the
existence of a generating sequence (w;) C ,quqo (2, Q) for?io [u; €, Q'] such that
tryg, (w;) = tryp, (u) for all j € N. Suppose that, for some suitable subsequence
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(wj(,-)) C (wj), there holds limiﬁoo fBr F(ij(,-))dx = 4-00. Then, since (wj(,-))

is still generating for ?20 [u; 2, ],

lim </ F(ij(i))dx+/ F(ij(,-))dx> < 00
B, Q\B

i—00
,

implies that necessarily

lim inf/ F(ij([))dx = —0OQ. (621)
Q\B,

i—00
On the other hand, setting

Lo JWID in Q\B,,
7O 0 in Q\(Q\B,),

we may argue similarly as for (6.19) to arrive at a contradiction. Hence (a) follows.
Ad (b). Let ug and w be defined as above, and let () C /) (B, ') and (u'”) C
%‘f) (Q\E; Q') be two generating sequences for the functionals ?; 0 u®;B,, Q]
and §i0 [u(z); Q\Er, Q'], respectively, where

ull .= " %n Br/’_ and u® := " ?n Q\Br’—_ (6.22)
up in Q\B,, ug  in Q\(Q\B,).
Defining the glued maps v; € ! (22, ') by
(D

u; in B,
vj = uf’ in Q\B,, (6.23)
uo in Q'\Q,

we have v; A uin BV(Q/; RN). Therefore,

Folu: Q] < lim </ Fvu'Pydx + / F(vuf))dx>
j=oo \ /B, J \B,

= Zo[u; B, + 7, [u; Q\B, 1. (6.24)
On the other hand, by assumption we may invoke Proposition 5.3 to find a gen-
erating sequence (u;) C %%(Q, Q') for 9:0[u; Q, Q'] such that tryp, () (1) =
tryB, (xo)(u ;) for all j € N. In consequence,

F olus B ] + F lu; Q\B,]

§liminf/ F(Vuj)dx+liminf/ _ F(Vuj)dx
B, Q

j—00 j=oo Jo\B,

< liminf / F(Vuj)dx = Z,[u; Q1, (6.25)
Q

Jj—o00
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which is (a). Ad (c). Let r be as above and let ¢ € BV.(B,; RM) satisfy ?: [u +
¢;B,] < oco. Let (¢)) C %} (B,, ) and (0;) C ) (2\B,, ') be generating
sequences for ?:O[V; B,, Q'] or ?;O[u(z); Q\E; Q'], respectively, where v is
given by

_Jute inB,,
N uo in Q'\B,

andu® isasin (6.22). Gluing ¥ and 6; similarly as in (6.23), we obtain a sequence

(©)) C Z (R, Q) such that ©; X vin BV(Q; RY). By definition of 7, we
then obtain

J—70 JQ
(6.26)

similarly as in (6.24). We then conclude by use of the BV-minimality of u for
compactly supported variations in the second step that

and hence u is a BV-minimizer of ?; [—; B,] for compactly supported variations.
This is (c), and the proof is complete. 0O

The following two remarks equally apply mutatis mutandis to the functionals

F:

Remark 6.11. In the situation of the previous lemma, if ug € W4 (Q'; RY) is
as in (6.8), (u;) C %‘f) (2, Q') a generating sequence for ?io [u; Q, Q'] and
A € RMj, (') a weak*-limit of a suitable subsequence of (| Du 1), the above proof
shows that Lemma 6.10 (a) and (a) hold provided M Du(xg, r) + MA(xg, r) < oo.

By the construction from the proof of Lemma 6.10 (a), we then deduce validity
of

Folu; Q0 = Fo[u; B (x0)] + Z o [u; By (x0)\B, (x0)] + 7 [u; 2\Bs (x0)]
(6.27)

forall 0 < r < s < dist(xg, 02) with MDu(xg,t) + MA(xg,t) < oo for
t € {r, s}, where w € BV(Q; R") satisfies tryq(v — w) = 0 and trgBS(xo)(w) =
tr;BS (XO)(u) 2" -a.e. on 9Q or 9B, (xp), respectively.
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Remark 6.12. Let 1 < p < oo. If one considers the functionals .%o as in [126]
(cf. (2.7)), then the proof of the analogue of (6.25) trivialises by the very definition
of F1oc. This is so because in the definition of .%o not even locally membership
of generating sequences in certain Dirichlet classes is required. On the other hand,
it is at the analogue of (6.24) for .%o where a variant of the good generation
theorem is required. In contrast, inequality (6.24) in the above proof only uses
MDu(xg, r) < oo (whereby tryp, (x,) (#) € W!=1/4:9 (3B, (xq); RY)) and the very
definition of relaxations with solid boundary values. As such, depending on the def-
inition of the underlying functionals, the difficulties might shift. Yet, independently
of the corresponding relaxation, the concepts of local minimizers coincide—see
the following Sect. 6.3.

6.3. Connections with Schmidt’s Notions of Minimality

Let 1 < p < g < - In this section, we connect the definitions of the

relaxed functionals and local minimality for compactly supported variations with
those considered by ScHMIDT [126]. Let us note that [126] deals with unsigned
integrands or integrands that are bounded below exclusively, and so we assume
throughout this subsection that the integrand F satisfies the following hypotheses
as in [126]:

(H1’) There exist £, L > 0 such that £|z]” < F(z) < L(1 + |z|9) holds for all
z e RNV,

(H2’) For every m > 0, there exists A,, > 0 such that for all z € RV*" with
lz] < m and ¢ € C(B1(0); RV) we have

p—2
Am][ 1+ |V¢|2)]T|V(p|2dx < ][ F(z+ Vo) — F(z)dx.
B1(0) B1(0)
(H3”) F € C(RNX”; R;o)~

Note that (H2") and (H2),, are equivalent. This follows from the estimate

1 1 1
(I+121P2 S A+ 2P+ 12172 < V2max{l, m}(1 + |Z']H)2

for all z, z/ € RV*" with |z| £ m and Lemma 3.7.
Subject to (H1’)—(H3’), we then recall from (2.7) the definition of the locally
relaxed functional: Given an open subset  C 2, define for u € Wh? (w; RY)

Lg 1 . N
R L W) € (Wigd NWEP) (s RY),
Froclu; o] := 1nf{lbnigf/a)F(Vuj)dx- juj _(\ uloicn Wl"’(aZ; RV) :

(6.28)

Proposition 6.13. Let | < p < g < - and suppose that F satisfies (H1")—(H3").
Then the following are equivalent for u € Wl’p(Q; RN):

loc
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(a) u is a local minimizer of %, for compactly supported variations on € in
the sense that every xo € 2 has an open neighbourhood w € 2 such that
Floclu; w] < oo and

Floclu; 0] £ Fioclu +@; 0] forall ¢ € Wi’p(a}; RM).

(b) u is a local minimizer of .Z for compactly supported variations on 2 in the
sense of Definition 1.2 (b).

Proof. Ad’(a)=(b)’. Itis no loss of generality to assume that the set @ from (a) is
an open ball. In fact, let xg € 2 and @ € Q be as in (a). As is established in [126,
Lem. 7.10], if w € W2 (w; RV) is such that Fjoc[w; w] < 0o and r > 0 is such
that both B, (xg) € w and
lim sup 1 / [Vw|Pdx < oo (6.29)
eNO0 € JByye (x0)\Br—e (x0)

hold, then we have the additivity property
Fioclw; @] = Fioclw; B, (x0)] + Fioc[w; ©\B (x0)]. (6.30)

Let r be a radius that satisfies (6.29) for w = u. Whenever ¢ € W7 (w; RV)
is compactly supported within B, (xg) and satisfies Fioc[u + ¢; B, (x0)] < o0,
then both w = u, w = u + ¢ satisfy (6.29) and hereafter (6.30) together with
Foclw; ] < 003 Combining the resulting identities and using the minimality
condition from (a) yields

Froelits By (x0)] £ Fioclu + ¢: B (x0)]  forall g € WP (B, (xo); RV).
(6.31)

By definition of .%o and the non-negativity of F, we have Fjoc[u; B, (x0)] <
Floclu; @] < oo. For this choice of r (cf. (6.29)), [126, Lem. 7.7] provides us
with a sequence (v;) contained in (Wha n W;’P)(B,(xo); R™) such that v —u
in WhP (B, (x0); RY) and Fioc[u; B (x0)] = limj_ o JB, o) F(Vvj)dx. We then
deduce from Corollary 4.2 that tryp, (x,) () belongs to W!l=1/4.9 (9B, (x¢); RN),
whereby ?M[—; B, (x0)] is well-defined in view of the W!-?-variant of Corol-
lary 6.6. Especially, there exists 7 € W4 (B, (xo); RY) such that tryp, x,) (V) =
tr%gr(xo)(u) 2" -a.e.on 3B, (xg), and so Lemma 3.3 yields (vj) C W%’q B, (x0);
RM).

5 Since u+g satisfies (6.29) and Fioc[u+¢; By (xp)] < 00, there exists (zg.l)) cwhan
Wa ") (B, (x0); RY) such that lim o0 Z[2"; B, (x0)] = Fioelu + 93 B (x0)] < o0
by Lemma [126, Lem. 7.7]. By [126, Lem. 7.8], we equally find a sequence (25.2)) C

Wll(;g (Q\B; (x0); RN ) that attains the same boundary values along 0B, (x() as u such that
lim;_, o .7 [z&z); ®\By (x0)] = Ploclu; w\Br(xg)] < oo; now it suffices to glue the two
sequences along 9B (xq).
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Let ¢ € WEP (B, (x0); RY) be such that 7 ,[u + ¢; B, (x0)] < 0o and take a
generating sequence (w;) C W%’q (B, (x0); RY) for . Z ,[u+¢: B, (x0)]. Using that
the sequence (v;) C W%’q(Br (x0); RY) satisfies v; — uin WLP (B, (x0); RY) in
the first step, we thereby find

Fulu; Br(x0)] < lim inf/ F(Vv;j)dx
J= B, (x0)

o0

(6.31)
= Foclu; Br(x0)] é Floclu + @; By (x0)]

.. by definition of .%o and
< llmmf/ F(Vw;)dx . ¢ )
Sl AL Qu,- ~ U+ in WP (B, (x): RV),

= Zulu + ¢; B, (x0)].

Hence, (b) follows. For the remaining implication ’(b)=-(a)’ we may essentially
revert the argument of the previously established direction, and we leave the details
to the reader. O

We conclude this section with a remark on the underlying terminology:

Remark 6.14. If u € W!7 (w; RV) satisfies the minimality condition from Propo-
sition 6.13 for some w € €2, then u is also referred to as a (weak) local minimizer
in the terminology of ScHMIDT [126, Def. 6.2]; specifically, SCHMIDT bases his
notion of local minimality on that of weak minimality. Here we work with the
notions as displayed in Proposition 6.13 to avoid confusion with the common us-
age of the terminology of weak local minimizers; by the classical interpretation of
weak local minimality (e.g. a la [99] by TAHERI and the second named author) one
would call u € Wh2(Q; RN) a weak local minimizer provided there exists 8§ > 0
such that Foc[u; Q] £ Foc[¥; Q] holds whenever v € W,i’p(Q; RN) satisfies
Vi — Vi |lLe(e) < 8, and it is easily seen that this notion is not equivalent to the
one displayed above.

7. Estimates for Linearisations

In this intermediate section, we now record some auxiliary results on shifted
integrands that prove instrumental for the linearisation strategy below. For F' €
C'(RN*"y and w € RN*", we define the shifted integrand F,,: RN*" — R by

Fu(@):=Fw+2z)— F(w) — (F'(w), 2), z € RV, (7.1)
The following is a straightforward variant of [83, Lem. 4.1]; also see [17, Lem. 2.2]:

Lemma7.1.Let 1 < p < g < o0 and let F: RV*" — R be an integrand
which satisfies (H1), (H2) » and (H3). Then for each m > 0 there exists a constant
c=cn N,p,q,m, by, L) € [1,00) such that for all w € RN*" with lw| < m

the following hold for all z € RN>":
@) |Fu (@) < c(y<plzl® + Lig=nlzl9),
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(b) [F}, ()] < ey <plzl + Lg=nlzl4™),
©) |F}(0)z — Fp,(2)| = ¢Vinax{1,g—1)(2).
Let F € C(RN*n) satisfy (H1) and (H2) (or (H2) ,,). Given open and bounded

sets 2, Q' c R”" with Lipschitz boundaries and Q € @', ug € W1 1 RN)

and v € WH(Q; RY) (or v € BV(€; RY) with tryq(v) € w1 1/ 4992 R™))

such that tryq (1) = trag(v) " 1-a.e. on 92, we define JW uo[ :Q, Q'] and

Fe va,v[—: ©]asin (6.8) or (6.11), now systematically replacing F' by Fy,. With the

obvious modifications, one then also introduces the functionals §Va,uo [—: 2, Q1

and ?va,v [—: Q] in the W! 'P-getting. In this situation, the following lemma will be
required in Sects.9 and 10. Its proof is elementary and is provided in the appendix,

Sect. 11.3, for completeness.

Lemma 7.2. Let F € C'(RN*") satisfy (H1) with 1 < q < -5 and (H2). More-

over, given m > 0 and an affine-linear map a: R* — RN with |Va| < m, put

U :=u—aforu € BV (Q; RN). In the situation described above, the following

hold:

@ Ifxo € Qandr > 0is a good radius for Du at xo such that ?: [u; 2] €
(—00, 00), then ?;aﬁ[ﬁ; B, (x0)] € (—o0, 00). Moreover, any additivity ra-
dius for F 7 isan additivity radius for ;;a

(b) The map u € BVioe(2; RN) is a (local) BV -minimizer ofJ (for comgactly
supported variations) if and only if U is a (local) BV-minimizer (of F v, for

compactly supported variations).
(¢) There exists a constant £ > O such that whenever By (xy) € Q we have

2 / V(Vp)dx < / Fya(Vo)dx forall g € Wy (B, (xo); RY).
B, (x0) B, (x0)
(7.2)

Ifl <p<gq< nnp and F € CYRN*") satisfies (H1) and (H2),, (a) and (b)

also hold for F andu € Wloc (S2: RN with the obvious modifications, and (7.2)
persists with V), instead of V.

Let us remark that (7.2) also holds for F € C(RN*") in the form
E(’")/ V(Ve)dx < / F(Veo + Va) — F(Va)dx (7.3)
B, (x0) B; (x0)

for all ¢ € W(])’q (By(x0): RN), which is directly seen by (H2) and Lemma 3.6 (f).

8. A Mazur-Type Lemma and the Euler-Lagrange System

This section is devoted to a convergence improvement for certain recovery
sequences, which we shall informally refer to as Mazur-type lemma; see Propo-
sition 8.1. As a main consequence, it will allow us to deduce the validity of the
Euler—Lagrange system without appealing to measure representations in Corol-
lary 8.5 below. We begin with
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Proposition 8.1. (of Mazur-type). Let F € C(RN*") satisfy (H1) and (H2) with
1 < g < ;5. Given an open and bounded set Q@ C R" with Lipschitz boundary
9%, let v € BV(Q:; RN) be such that tryq(v) € W' =1/443Q; RN) and let u be
a BV-minimizer of ?:[—; Q] for compactly supported variations. Letting Du =
Vu " L Q + D*u be the Lebesgue-Radon-Nikodym decomposition of Du, there
exists a generating sequence (u ;) for ?i[u; Q] such that

Vuj— Vu in L"-measure on Q as j — oo. 8.1

Proof. Let L be the set of points x € €2, where
(P1) u is approximately differentiable,
(P2) the approximate gradient Vu has a Lebesgue point,
(P3) lim,~ o 124BD _ o
By the results gathered in Sect.3.2, £ (Q\L) = 0. We split the proof into four
steps.
Step 1. A preliminary estimate. Let xg € 2,0 <r < %dist(xo, 02), My > 0
and a: R" — R be affine-linear with |Va| < My. Moreover, let Ey, C (%r, %r)

satisfy .& ! (Ex,) = 0. With £y, as in (H2), we claim that there exists a constant
C

¢ =c(Mo,€ymy, L, N,n,q) > 1 and aradius 7 = 7(u, r, x9, a) € (%r, %r) NEy

such that we have
lim sup][ V(Vuj — Va)dx < c(1+|Val!™)
j—o00  JB#(x0)
DSu|(B
§ (7[ V- Valdy 1 120 2r<xo>>>
Bor (xp) ZL"(Ba,(x0))

| DSl (Bay (x0)) \?
+ Vu — Valdy + — 2207
C<,7{32,(x0>' u = Valdy zn(Bzr<xo>>>

+c(1+|Va|q])<][ |u_a|dy>
Bor (x0) r

_ q
te (7[ Ju a'dy) (8.2)
B2r(x()) r

whenever (1) is a generating sequence for ?j [u; 2] such that trag;(x)(u;) =
B (xo) () 2" 1ae. on 0B7(x¢) for all sufficiently large j € N.
We apply Lemma 3.5 to the interval (%r, %r), the exceptional set

E={¢e (%r, %r): MDu(xp,t) =00} U Ey, U (%r, %r) U (%r, %r)

and the right-continuous function

1 _
O(s) == ;Hu —allpi@, oy + 1P — @)|(By(x0)),  3r<s <3

Within the framework of Lemma 3.5, this corresponds e.g. to the choice 6 = %

Hence, Lemma 3.5 provides us with 7, 5 € (%‘r, %r) NE C, 7 <5, such that we have

07 <7 —3n 3G =P Sr<24G -7,
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O(3r —@(‘—‘r
OF) —06
Mgsﬁoo <3 ) for%r<s<?,
r—=s r
®<§r —0O(%r
O()— 06
(S)—~(?) < 3600 ’ ) for7 <s < 2r,
s—7 r 3
5 4
OG)— 6 O(zr —@(—r
O6) =06) 3600 <3 ) fordr <5 <% (83)
T—s

For v € BV(Q; R") we then define, with the trace-preserving operator E from
Sect. 4,

IEB’F(XO)U in By (xo),
Tv := EBy(xo)\Er(xo)v in B3(x0)\B7(x0),
v in Q\Bs(xo),

sothatLemma4.1 implies Tv|p:(xy) € W1 (Bs(xo); RV) whenever M Du(xg, 7) <
00, again being a consequence of Lemma 4.1, (3.7) and (3.22). This, in particular,
appliestov = u —a since7 € E C. Moreover, T is the identity on the affine-linear
maps by Lemma 4.1 (c). Towards (8.2), we now claim that there exists a constant
¢ =c(N,n,q) > 0 such that we have for j € {0, 1}

][ |D/Tv| < c][ |D7vl,
Bi(x0) B2, (x0)

J _ q
][ D/T(u — a) <. (][
Bs(xp) Bor (x0)

s1-J
Estimate (8.4); is a direct consequence of Lemma 4.1 (b) and 5 ~ r. For (8.4),,
we choose ¢ = IO’W in Lemma 4.1 (e). In particular, for this choice of ¢ we have
F—e> %r by (8.3); and so (8.3), shall be available for any s € (¥ — ¢, 7).
Let j € {0, 1}. Withc = ¢(n, N, ¢) > 0 being the maximum of the constants
provided by Lemma 4.1 (d) and (e), we thus find

/BE(XO)

u—a

r

q
dx—i—][ |D(u—a)|> .
Bay (x0)

(8.4)

DITu —a) |’

s1=i

/B?(Xo)
n(l—q)+q
!
el B (x0)

+er"=0Fa - qup l/
0<s<e 8 J By(x0)8

1
+Ern(1_Q)+q sup —/
0<5<5—7 0 (B;(xo)\ﬁr(xo))g

D/T(u — a) 1

s1=i

DIT(u — a)
i

)(1
D/ (u —a)

q
+
Bg(x0)\B7(x0)

D/ (u — a) )q

s1=J
Di(u —a)

s1=i

)4
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q
< o[-0 </ ) +rn<1q>+q<®(2r)>q ,
B By, (x0) r

the ultimate inequality being valid by our choice of ¢, 7 — & > %r, 5 ~ r and
(8.3),—(8.3)4; here, the lower order terms corresponding to j = 0 are estimated
similarly as in (4.14). Still, ¢ > 0 as in the ultimate line only depends on n, N and
q. From here, (8.4) is immediate by the definition of ©.

Recall that we have assumed (u ;) to be a generating sequence for ?j [u; 2] such
that we have trop;(x) (1) = raBs(xy) (1) S '-a.e. on 3By (y,) for all sufficiently
large j € N. We choose a cut-off function p € C2°(£2; [0, 1]) with Lp;(xy) < p =
Lps(xy) and [Vp| < %, cf. (8.3),. Define

DY (u — a)
1=

uj—a in By(xp),
T | PEpap (e — @) in Bs(xo)\Br(xo),

so that ¢; € Wcl.’q (B3(x0); RY) for all sufficiently large j € N. Since u is a BV-
minimizer of 5:[—; Q2] for compactly supported variations and tryg;(x,) (Tu) =
traB;(xo) (u), we have

lim sup/ F(Vu;) — F(VTu)dx = 0. (8.5)
Jj—0o0  JBr(xo)
Indeed, setting

u  in Q\By(xo), uj  in Q\B(xo),
w = . and w; := )
Tu in Bx(xq), Tu in B (xg),

we have w; X win BV(€2; RY). Thus, since (uj) is generating, w — u €
BV.(Q; R") and u is a BV-minimizer of ?j [—; 2] for compactly supported vari-
ations,

limsup/ F(Vuj)dx = Folu; Q1 £ Fylw; Q] < liminf/ F(Vw;)dx,
Q Q

j—o00 Jj—00

so that (8.5) follows by virtue of

lim sup/ F(Vu;) — F(VTu)dx < lim sup/ F(Vu;)dx
B (xo0) Q

j—o0 j—o00

+ lim sup (/ —F(Vw;)dx)
j—o0 Q ’

= lim sup/ F(Vuj)dx
Q

Jj—>00

— lim inf (/ F(Vw,')dx) <0.
Jj—o0 Q '
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Next recall that [Va| < My, so that the strong quasiconvexity from (H2) is at our
disposal with £z, > 0. In combination with the Lipschitz-type bound (3.26) we
therefore conclude

£M0) Jim sup / V(Vg;)dx
j—o0  JBs(x0)
(7.3)
< lim sup/ F(Vgj+ Va) — F(Va)dx
Bg(x0)

j—o00

< lim sup/ F(Vuj;) — F(Va)dx
By (x0)

j—o00
+ / B F(V(pT(u —a)) + Va) — F(Va)dx
B3 (x0)\B7(x0)

(8.5), Ta=a
< / F(VTu) — F(VTa)dx
B (x0)

+ / B F(V(pT(u —a)) 4+ Va) — F(Va)dx
B3 (x0)\B7(x0)

(3.26)
< c/ 1+ |VTw —a)|?" + |VTal? )| VT(u — a)|dx
By(x0)

+ C/ A+ V(T - aN|?™! +|Val? )|V (pT(u — a))|dx
B3 (x0)\B7(x0)
=:1+1I
By (84)andr <7 <5 < 2r, we have

u—a
dx

I[<c(l+|Vald™ ID(u — a)| + cr” (][
Bar (x0) Bay (x0)

q
+][ |D(u — a)|) .
Bay (x0)

On the other hand, our assumptions on p and (8.4) imply

ch(1+|w|q—‘)(/ dx+/ |D(u—a)|>
Ba, (x0) Bor (x0)

q
+ cr’ (][ dx—i—][ |D(u—a)|> .
Bay (x0) B2y (x0)

Combining the estimations for I, IT and noting that £M0) — Lo/ (16(1 + |M0|2)%)
(cf. Lemma 3.6(f)) consequently yields (8.2).

Step 2. Construction of a suitable generating sequence. Let 0 < & < 1
be given. For each x € L, we set Mo := |Vu(x)|. This fixes the constant
c = c(Mop,y, ZMo,,w L,N,n,q) > 0 from step 1 underlying inequality (8.2); this

r

u—a

r

u—a

r
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constant explicitly depends on x. Properties (P1)—(P3) let us conclude the existence
of some 0 < ry < %dist(x, 0€2) such that we have forall 0 < r < ry

(1+|W<x>|‘f‘1><][ |Vu—Vu(x)|dy+|Dsu|(Bzr(X))) 2
By (x)

LBy (x)) 3nt2e’
_V _ _ 2n
(1—|—|Vu(x)|ql)(][ ) = Yoty = ) u(x)|dy> 86
Ba, (x) r 3t

Let €' be an open and bounded set with Lipschitz boundary such that Q € Q. As
usual, let ug € W(l)’q(Q’ : RM) be such that u attains the same traces along 9<2 as
v, and let (v;) C %%(Q, Q) be a generating sequence for ?io [u; 2, Q']. Here,
as in (6.7), u denotes the extension of u to ' by ug. Next let A’ € RMg, (') be a
weak*-limit of a suitable subsequence of (| Dv;|).

Foreachx € Land 0 < r < ry, we apply step 1 to the particular choice
My = Moy, Ex := {t € (37.3r): MDu(x,t) = 0o or MM (x,1) = oo}
and a(y) = Vu(x) - (y — x) + u(x). We thus obtain the existence of some 7 =
Fu,r,x,\) e (%‘r, %r) N EE such that (8.2) with x( replaced by x holds for any
generating sequence (u ;) for ?i [1; 2] that eventually attains the same traces along
9B (x) as u.% Now consider the family 7 of closed balls given by

Vo= {Bruran (@) x €L, 0 <r <ry}. (8.7)

Then ¥ is a Vitali covering for £ and so, by the Vitali covering theorem [10,
Thm. 2.19], there exists K € N and a sequence (B7(, , x,.2) (k))kek C ¥ of
pairwise disjoint closed balls such that

" (ﬁ\ U E?(u,rk,xk,k’)(xk)) =0 andso .Z" (Q\ U E?(u,rk,xk,k’)(xk)> =0

keK keK
(8.8)

because of .£"(Q2\L) = 0. Corollary 5.4 then allows us to modify (v;) to a se-

quence (u;) which is still generating for ?;[u; ] and, for each k € K, there
exists jx € N such that traBr(u,rk,x,{,m(Xk)(”J') = tryp >(xk)(u) "1 ae. on
0B .x;.0) (xx) forall j 2 ji. Forbrevity, we now write B® := B, 1) ().

Step 3. Bounds for the sequence from step 2. By construction, the sequence (u )
satisfies the requirements from step 1 for any ball B®, k € K. Rewriting (8.6) for
x = x; and r = r, we have forall k € K

T rg XA

(1 + [Vuo)l?™h <][ Vit — Vu(ep)ldy + 2 ul(Bzrk(xk») 2
Bory (xk)

L Bor () ) 32

6 In the terminology of step 1, we have 7 = 7(u, r, x, Vu(x)(- — x) + u(x)), but since

Vu(x)(- — x) + u(x) is termined by u and x and required to belong to E E, the latter being
defined in terms of | Du|, hence u, and A’, we write ¥ = 7(u, r, x, A').
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Bar, (1) T 32y

(8.9)

where we denote the corresponding constants from (8.6) by ¢ to indicate the
additional dependence on xj and ry. Thus, estimate (8.2) in conjunction withg = 1
and 0 < ¢ < | implies

lim Sup/ V(Vuj — Vu(xp))dy < £ " B®) (8.10)
j—oo JB® 2
for all k € K. Since V is 1-Lipschitz by Lemma 3.6 (e), we moreover have, for all
jeN,
/ V(Vu; — Vu)dx = / V(Vu; — Vu(xy))dx
B® B®)
+/ |Vu — Vu(xg)|dx, (8.11)
B®

and from %rk < T(u, ri, xr, ') we deduce by ¢ > 1 that

e N ®9)
(Bar, (k) (_) , 50 / Vi — Vu(xp)ldx < g.ﬁf”(B“‘))-
Bk

LrnBEY T \2
(8.12)
Now define, for ¢ > 0,
E; ={x e Q: [Vu;(x)—Vux)| > t}. (8.13)
Then, by CebySev’s inequality,
1
limsup 2" (B® N E%) < lim su / V(Vu; — Vu)dx
jaoop ( J) - j%oop V() Jpw !
(8.11)
< limsup V(Vu; — Vu(x))dx
j—o00 V([) B®) !
1
— Vu — Vu(xy)|dx
70 B(k)l (xr0) |
(8.10), (8.12)
< 7 _L_gnpwy, (8.14)
V()

By (8.8), we may pick a finite subset K C K such that Z"(Q\ U B®) < e.
‘We then conclude

lim supf"(E;) = lim sup <$" (E;\ U B(k)> +2" (E; N U B(k)>>
J=eo J=e0 keK’ keK’

< & + lim sup Z f”(E} NB®)

J=0 ek
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(824) 1+ Zzn B(k))
- V( i

§g<1+$"(9))

40)

since the B(®)’s are pairwise disjoint and contained in .
Step 4. Diagonal sequence and conclusion. By step 3, for every £ € N>, there

exists a generating sequence (ui.z) ) such that

limsup " ({x € Q: |Vu§()(x) —Vu)| > 1}) < % (1 +

j—o00

holds for all k € N>,. Thus, for any £ € N>, and k € N>, there exists a
subsequence (u P Z(l)) C (u( )) such that

.i”"({x e Q: ’V

1 L) i
L@ = Vu@)| > ¢}) £ Z(” e )+z :

k.

‘?j[u;sz]—/ F(Vu Ei)z(l))dx <2 (8.15)
Q

hold foralli € N. Givenk € N>,, weset £ = k3 andi = k, giving us the sequence

3
(uy) defined by uy := uﬁ.k )3 - Now, for an arbitrary ¢ > 0, pick ko € N ) such

that < 1 holds for all k > ko. Recalling that (v/2 — 1)|z|> < V(z) forall |z] < 1
(cf. Lemma 3.6 (), we have for k > ko

LM{x € Q: | Vur(x) — Vux)| > t}) £ L"({x € Q: |Vup(x) — Vu(x)| > %})

(8.15); 1 gn(g)
< = 1+k2—>+2"‘ -0
-k ( V21

as k — oo. Lastly, (8.15), implies that (u#x) is generating for ?:[u; 2], and the
proof is complete. O

While the proof is essentially the same, we explicitly state the analogous result
for p > 1.

Corollary 8.2. (of Mazur-type). Let F € C(RN*") satisfy (H1) and (H2), with
l<p<sgq< %. Given an open and bounded set 2 C R" with Lipschitz
boundary 99, let v € WP (Q; RN) be such that tryq(v) € W!=1/44(3; RN)
and let u be a minimizer of F ,[—; Q] for compactly supported variations on S.

Then there exists a generating sequence (u ;) for ?v[u; Q] such that

Vuj — Vu in L"-measure on Q as j — oo. (8.16)
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Remark 8.3. (Trivialisation for 1 < p = ¢g). Proposition 8.1 and Corollary 8.2
can be interpreted in the way that the LEBESGUE-SERRIN-MARCELLINI extension
always selects good generating sequences, where good refers to a less oscillatory
behaviour. Note that, when p = ¢ € (1, 00) and so no proper relaxation is required,
Proposition 8.1 is in line with the constant sequence (1) already being generating
for [ F(Vu)dx, u € WhP(Q; RV).

Remark 8.4. (Oscillations versus concentrations). Establishing the convergence
Vu; — Vu in £"-measure for local BV-minimizers u € BV|oc(£2; RM), Propo-
sition 8.1 limits the oscillatory behaviour of suitable generating sequences by use
of minimality. Yet, it does not rule out concentration effects, which can be seen via
the classical one-dimensional example F = | - |. This choice of F € C(R) satisfies
(H1) and (H2), and u = sgn is a local minimizer.

In the above proof, minimality for compactly supported variations enters in step
1. We wish to point out that, in general, evenif g = 1and u, u; € BV(Q; RN), the
slightly weaker estimate

lim sup][ V(Vu; — Va)dx < (right-hand side of (8.2))
B, (x0)

j—o00

is not a plain consequence of the convergence u ; X uin BV(Q; RY). To see this,
consider the following scenario withn = N = 1: Set @ = (-1, 1), v = 0 and
let i be the 1-periodic extension of [0, 1] 5 x (% —|x - %|) to R. Letting u

be the restriction of £ (x) := %h(jx) to (=1, 1), we have (u;) C Wé’l(Q) and

uj = u=0inBV(Q), but witha = 0 we have forall 0 < r < 1

(V2 = 1) = lim supf V(u;)dx, whereas ||u|lgv((—1,1)) = 0.
(=r,r)

Jj—o0o

As a consequence of the previous proposition, we obtain the validity of the
corresponding Euler—Lagrange system.

Corollary 8.5. (Euler-Lagrange system I). Ler 1 < p < g < min{-Z, p + 1},
Q C R”" be open and bounded with Lipschitz boundary dS2. Moreover,

@ifp=1IletF € C(RN*™) be an integrand that satisfies (H1) and (H2), let
v € BV(Q; RN) satisfy tryq(v) € WI=V244(3Q; RN), and suppose that u is a
BV-minimizer of ?: [—; 2] for compactly supported variations.

) if p > 1, let F € CARN*") be an integrand that satisfies (H1) and (H2),, let
v e WhP(Q; RN) satisfy tryq(v) € WI=1/44(9Q; RN) and suppose that u is
a minimizer of F ,[—; Q] for compactly supported variations.

Denoting Du = Vu " _Q + D*u the Lebesgue-Radon-Nikodym decomposition
of Du, in each of the cases (a) and (b) we have

/F(Vu) dx < /F(Vu +Ve)dx forallg e W) (2 RY)  (8.17)
Q Q
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whenever p—z I < s £ 0. In each of the cases (a) and (b) it follows that if the
integrand F : RN*" — R moreover is of class C'(RN*™), then we have validity

of the Euler-Lagrange system
/ (F'(Vu), Vo)dx =0  forall ¢ € W(l)’S(SZ; RY) (8.18)
Q

; P
provided =g

Q, so satisfies

< s £ oo. In particular, F'(Vu) is row-wise divergence free in

div(F'(Vu)) = 0 (8.19)

in the sense of distributions on 2.

Proof. Let g € wg""’(sz; RY). By Proposition 8.1 and passing to a subsequence,
there exists a generating sequence (u ;) for ?i[u; Q]if p = 1 (or, by Corollary 8.2,
for?v [u; Q]if 1 < p < oo) that satisfies Vu; — Vu £"-a.e.in Q; by continuity
of F,wealsohave F(Vu;+Vg)—F(Vu;) - F(Vu+V¢)—F(Vu) £"-a.e.in
Q. By (H2) for p = 1 or (H2),, for p > 1, respectively, () is uniformly bounded
in Wh7(Q; RV) by the same argument as in the proof of Proposition 6.8. Since
q < p + 1, the Lipschitz-type estimate (3.26) yields for all v C Q

/ |[F(Vuj + Vo) — F(Vu;)|dx < c/(l + |Vuj|q*1 + |Veli™H|Ve|dx
w w

p—q+l

g—1
» » »
SC/|V¢I+|V¢I"dX+C</ |wj|f’) (/ |V¢|p'q+ldx) ,
w Q 10}

(8.20)

where ¢ = ¢(n, N, L, q) > 0. From (8.20) and because of sup o [|VullLr () <
00, we conclude that (F(Vu; + V¢) — F(Vu)) is uniformly integrable. Now, by
Vitali’s convergence theorem and since the sequence (u; + ¢) is admissible for
u+ @ we get

—_—k —_—%
Oiyv[u+¢a Q]_gv[ua Q]

< 1iminf/(F(Vuj + V) — F(Vuj))dx = /(F(Vu + Vo) — F(Vu)) dx.
i= Jo Q
1,00,. N s . N
Thus (8.17) holds for ¢ € W, 7" (£2; R™), and then extends to ¢ € Wy (€2; R™Y)
by (3.26) and validity of (8.17) for ¢ € W.*°(Q; RV). Finally, when F is C!, then
the Euler-Lagrange system (8.19) is a standard consequence of (3.26) and (8.17),
recalling that

F(Vu+¢eVep) — F(Vu)
£

(=1, D\{0} > e —>

is dominated by a multiple of (1 + |Vu|?~" 4+ |Vp|9~1)|Vg| € L. The proof is
complete. O



Arch. Rational Mech. Anal. (2024) 248:80 Page 77 of 125 80

Remark 8.6. In the case p = 1 and even for | < g < -, the preceding corollary
yields that the approximate gradients Vu (and not only the full gradients Du) of BV-
minimizers u# (for compactly supported variations) satisfy the weaker minimality
property (8.17) and hereafter the Euler—Lagrange system (8.18). This might seem
surprising since the approximate gradients of BV-functions do not have gradient
structure in general; by a result of ALBERTI [6], any w € L'(Q; RV*") arises
as the approximate gradient of a BV-function. In the case p = ¢ = 1, the Euler—
Lagrange system can be seen by employing the integral representation of the relaxed
functional (cf. (1.14)) and testing the corresponding Euler-Lagrange system with
W L_maps, but Proposition 8.1 and Corollary 8.5 show that integral representations
are not even required for this conclusion.

In the context of non-negative integrands and p > 1, where the measure repre-
sentations of FONSEcA and MALY [30,66] are available, ScHMIDT [126, Lems. 7.1-
—7.3] derives the Euler-Lagrange system for the functionals .%o (cf. (6.28)) as a
consequence of the representation

Floclu + ¢; 0] — Fioclu; w] = / F(Vu+ Vo) — F(Vu)dx (8.21)

w

for open w € Q and ¢ € WP/ (P=4+D(Q: RN) provided Fioc[u; Q] < oo. This
may be interpreted in the sense that if u is perturbed by a sufficiently regular ¢, then
the singular part of the measure representing .%1oc[1; —] does not increase when
passing to Fioc[u + ¢; —] on open sets w € Q. We expect that (8.21) persists for
the functionals .Z  or .7 despite of the present lack of measure representations.
However, we refrain from delving more into this matter here as (8.21) is not required
for the partial regularity proof below, and shall pursue validity of (8.21) for generic
maps u elsewhere.

We conclude this section by stating a variant of Corollary 8.2 for local (BV-
)minimizers for compactly supported variations.

Corollary 8.7. (Euler—Lagrange system II). In the situation of

(a) Corollary 8.2 (a), let u be a local BV -minimizer of 7" for compactly supported

variations. o
(b) Corollary 8.2 (b), let u be a local minimizer of % for compactly supported
variations.
Given P—Z‘H < s < oo, we then have
/(F/(Vu), Vo)dx =0 forall p € W (Q; RY). (8.22)
Q

Proof. Let ¢ € Wi’S(Q; R™) be arbitrary. For any xo € spt(p), there exists an
open neighbourhood w*® & 2 such that u is a (BV-)minimizer on »** for com-
pactly supported variations. By compactness of spt(¢), there exist finitely many

xé, ..., X € spt(e) such that spt(p) C U;"zl 0. Let (pj) be a partition of unity
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on spt(g) subject to (w"é)jzl,__,,m such that spt(p;) C a)"é forall j € {1,...,m}.
We then conclude by Corollary 8.2

m

/(F’(vu), Vo)dx = Z/
Q

j=17

(F'(Vu), V(pjp))dx =0,

J
*0

which is (8.22). The proof is complete. O

9. The Caccioppoli Inequality of the Second Kind

9.1. The Caccioppoli Inequality for (1, q)-Growth

In this section we establish one of the core results of the paper, namely the
Caccioppoli inequality of the second kind. We state the theorem for BV-minimizers
with respect to compactly supported variations and hereafter the (1, g)-growth

p

regime; the (p, g)-casefor 1 < p < g < n"Tl is addressed in Sect.9.2.

Theorem 9.1. (Caccioppoli inequality of the second kind). Let 1 < ¢ < -“5.

n

Assume that F: RN*" > R satisfies (H1)—(H3) and suppose that xo € Q2 and R >
0 are such that Bog(xg) € Q. Let u € BV(Bag(x0); RY) be a BV-minimizer of
ﬁz [—; Bar (x0)] for compactly supported variations, in particular, tryg, . (xo) (1) €
WI=1/4:9(3By g (x0); RN). Moreover, givenm > 0, leta: R" — RY be an affine-
linear map with |Va| < m.

Then there exists a constant ¢ = c¢c(n, N,m, L, £,,) > 0 such that

][ V(D(u—a))§c[][ V(M—a)
Br(x0) Bog(x0) R
DI (u—a)\\!
! ][ v <——>> . ©.1)
je%)i}< Bar (x0) R1-J

For the proof of Theorem 9.1 and its variant for p > 1, cf. Corollary 9.3 below,
we require the following iteration lemma that appears as a reformulation of [124,
Lem. 6.6] for a different choice of the auxiliary V-functions. It can be obtained
by a slight variation of the proof of [76, Lem. 3.1, §5] by routine means and so is
omitted here.

Lemma 9.2. Let1 < p < 00, x9 € R"and R > 0. Suppose thatv € LP (Bag (xo); RY)
and that h: [R,2R] — R.¢ is a bounded function. Let Ay, A2, A3, Y1, 2, 3 = 0
and 0 £ 0 < 1 be constants such that for all R < r < s < 2R it holds that

h(r) = 0h(s) +r1(s — )"

v v &
+)»2/ Vp< )—l—)»g(s—r)y2 (/ Vp( )) .
Bag(x0) §—=r Bar(x0) §—=r

9.2)
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Then we have, with a constant c = c(y1, v2, ¥3,0, p) > 0,

v (e (L w(@))

9.3)

h(R) < c <X1RV1 —i—)\z/
B

2R (x0)

Proof of Theorem 9.1. Let xo € Qand0 < R < r < s < 2R < dist(xg, 09).
Moreover, let m > 0 and a: R” — R be an affine-linear map with |Va| < m.
For ease of notation, we abbreviate 7 := u —a and B; := B, (xg) for0 <t < 2R in
the sequel. As above, we let A € RMg,(2') be a weak*-limit of the total variation
sequence of a suitable generating sequence for J?;a,vo [W; Bagr(xg), '], where Q'
is open and bounded with B (xg) € €’ and U is the extension of u to Q" by some
vo € Wha(Q'; RN) such that tryp, , (vo) = tryp,, () 5" '-a.e. on 3Bag.

Step 1. Choosing good radii. As above, .Z'-almost all ¢ € (r, 5) satisfy M Du
(x0, 1) < oo and are additivity radii for ?;a’g[ﬁ; —]. We then denote the excep-
tional set A (r,s) := {t € (r,s): MDu(xg,t) = o0 or MA(xp,t) = oo} and
define

o) ::/ v( “ )dx+/ VD), telnsl. (9.4)
5 \s—r B

Since V(Du) is a Radon measure on Bsg, O: [r,s] — [0, co) still is non-
decreasing and right-continuous. Thus we may apply Lemma 3.5 to the particular
choice

E:=/(s)U (r, %r + 21_0S) U (%s + zl—or, s) 9.5)

and f = ©. Then we have L1 (E) = {5(s —r) < 0(s — r) with & = g5. By
definition of E and in light of Lemmas 6.10, 3.5 provides us with additivity radii
7,5 € (r,s)N EC for ?;aﬁ[ﬁ; —] satisfying 7 < 7, %(s —r)<S§5—-F<s—r,
M Du(xg, 7), MDu(xp,s) < oo together with

O@ = 0D L 40002 =90 (e .y,
T—T s —
O —00 L 40002 =90 (e
r—tT S —r
O0) =00 L 400020 =90 ¢t e D)
S —T S —r
o) — O O(s) — ®
0 =06 £ 49pp2D =00 e . 9.6)
T—3S S —r

Step 2. Estimating layer terms. For later usage, we now address the estimation
of layer terms which arise in the construction of certain competitor maps. Let
r < 01 < 02 < s be such that
O() — ©(o1) O(02) —0@) _ O(s) —0()
sup ——— + sup Sk
1€(01,02) r=e1 1€(01,02) o2 —1 s—r

. 07
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for some 0 < k < oo. Let (B') be a Whitney covering for BQZ\EQ1 satisfying
(W1)-(W4) from Sect. 4. Define index sets I§, J§ and Z., J- by

J< ={i eN: ][ ‘
< s

and introduce a convex and differentiable function m, : R — [0, 00) by

I<:={i eN: ][.|Dﬁ|§1}, 7. :=N\Z<,
AB! -

~

dx <1}, J-:=N\J<

S —r

(o= | for |z| < 1, ©5)
m = .
A 2t 412 forfel > L.
An elementary computation establishes that for any finite dimensional, real normed
space (X, || - ||x) the uniform equivalences
mg(llzllx) ~¢ min {[Iz%. 2%} forallz e X ifl=g=2,
mg(lzllx) ~g max {IzI[%, lzI%} forallze X  if2<g<oo (99

hold. Here and in what follows, we put E,, ,, := ]EBQQ \By, with the trace-preserving

operator from Sect. 4. Given x € By, \EQ ,» we distinguish two cases: If x € B’ with
i € I<,then by Lemma 4.1 (a) we have because of 1 = g < %5

n—

my(IVEg, 0, W (x)|) = cmy (fABI_ |D'i[|) (by Lemma 4.1 (a))

A

2
c <][ _ |Dﬁ|) (by (9.9); and i € Z<)
AB =

< c][ V(Du) (by Lemma 3.6, i € Z< and Jensen).
ABI =
(9.10)

On the other hand, if x € B’ is such thati € Z-, then we have

my(|VEg, 0,4 (x)]) = cmy (fABi |Di[|) (by Lemma 4.1 (a))

A

q
c (][ | |Dﬁ|> (by (9.9); and i € 7.)
AB!

A

q
c (7[ V(Dﬁ)) (by Lemma 3.6 and Jensen).
AB!
9.11)

We now combine the previous estimates to arrive at

/ _ mg(IVEq griihdx < 3 / g (IVEg, oo ifl)dx
BQZ\BQI ieN B!
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Z/ mg([VEy, o, i])dx + Z/ my(IVEp, o i])dx

zeI icl.
. 10) (911) q
Z/ V(D7) + Z/ (][ V(Dﬁ)) dx
IEI<
(W2), el ¢4 n(L-1 !

< ¢ / R0 ER B /_V(Dﬁ)
B, \Bg, ieZ- AB!

= (I, +1p). 9.12)

As to I, we introduce as in (4.9) for m € Ny that
IM={ieZ.: 27" Noo—01) i <27™(02 — o1},

so that, with a constant ¢’ > 0 independent of of i, m, 01, 02 and i, | J;czm AB! C
S™, where we put as in the proof of Lemma 4.1

_ 1 . — _
S = {x € By, \By, : ?27'"(@ —01) < dist(x, 3(Bg,\By,)) < 27" (02 — Ql)} .

As in the proof of Lemma 4.1, we then arrive at the following string of inequalities:

q
00 1
L<c|>Y Y - )/ V(D)
m=0ieIm AB;
> 11y (02— 01) om !
<c <Z <(2_m(92 —on)"s Y ) x v (DiD)
o 2m (02 —01) Jgm

Sc <(Q2 — Ql)"(é_wrl
o0 ; O(1) — O(01) 0 - 00\’
% Z zm(n(]fg)fl) sup 01 + sup Q2
0 te(oro) 01 te(ore) Q21
=:1II. 9.13)

Again, due to our assumption ¢ < -2~ n(é — 1)+ 1 > 0. Thus by convergence

n—1°
of the geometric series and (9.7),
9.7
= c (K(Qz —o1)

§—r

02—01Ss—r L i q
< ck? ((s - r)"(a_ ) (/ Vv ( )dx + V(Dﬁ')))
By\B, s=r

~ q
= k(s — )" <(s—r)"/ B v( " )dx+V(Di7)> L (9.14)
Bs\B, §—=r

n(t-1+1 O(s) — ®(V))q
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For the bounds of lowerorderterms wereplace VE,, ,,#in (9.10),(9.11) and (9.12)f.

Q] QZ

systematically by and then use Lemma 4.1 (a) with j = 0. In consequence,

D / Cm, (M)mg(/ - (V( - )dx—l—V(Dﬁ))
j€10.1)  Bea\Bey (s —r)~/ B,\B, s—r
N q
(s —r)" <(s - r)_"/ (v (L) dx + V(D’ﬁ))) ) 9.15)
B,\B, s—r

with a constant ¢ = ¢(q, N, n, k) > 0. o
Step 3. Minimality and derivation of (9.1). Put o := ‘ r . We pick a smooth
cut-off function p € C2°(Bs; [0, 1]) with

10
Ig,,, < p<lg, and [Vp| < ——. 9.16)
§S—7F
We then put
u in By
T := {Er5u%  in B3\By, (9.17)
u in BZR\EE‘,

where Er 5 := EB‘;\E is given as in (4.1), and define the future competitor map
V= (1 — p)TW — & € BV.(Bag; RY).

By Lemma 7.2 and as u is a BV-minimizer of " [—; Byg] for compactly supported
variations,

F gaillil: Bag] < Fy, 5lit + v Bag). (9.18)

Step 3a. Finiteness. For (9.18) to be non-vacuous, we require ?;a’g[ﬁ+ v; Barl <
00. This is seen as follows: Since ?;aﬁ[ﬁ; BgR\Ey] < 0o by Lemmas 6.10, 7.2
and Remark 6.11, there exists wg € W(])’q (Q'; RV) such that tryp. (wo) = tryp. (i),
trop-(wo) = trap: (i) and tryp,, (W) = tryp,,(#) " '-ae. on 3By, IB; or
0ByR, respectively. We then find a generating sequence (v;) C %IZO (Bar \E;, QN
for ?;aﬁ[ﬁ; B>z \Bs]. Now define, for j € N,

(1 - p)Ersu  in By, (1 - pExzu  in By,
w;j = Vj in B2R\§F, and w:=1u in BZR\EE'a
wo in Q'\Bag, wo in Q"\Bag.

Then we have (w;) C i, (Bag, ) and w; X win BV(Q; RY). On the other
hand, we have Ez 5 € wlha (B3\Bs7; RM); this is a consequence of step 2 applied
to o1 =7, 02 = 5 and the definition of m,. By the support properties of p, we thus
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have (1 — p)Tu € W4 (Bs; RY), and since (1 — 0)Tu attains the same boundary
values along dBs5 as 7, Lemma 6.7 gives

Fyaal(1 — p)Tii: By] = / Fya(V((1 = p)Tu))dx. 9.19)

In consequence,

(wj)c "’0 (B2r, ),
w]_\w

Fgailil + ¥ Bag] < lim inf ( /  Fya(V((1 - p)Ersi)dx
By\Br

J—00

+/ -~ FVa(ij)dx)
Bagr\By
= Fyail(1 = p)Tif; Bl + Fy, 3lil: Bag\Bsl,  (9.20)

where we additionally used Fy,(0) = 0. In particular, ?;aﬁ[u + ; Bar] < oo.

Step 3b. Derivation of (9.1). With wy as in step 3a, we let (i1 ;) C .52%130 By, )
be a generating sequence for ?;aﬁ[ﬁ; By]. This value is finite and 7 is an additivity
radius for ?* [14; —], which can be seen by Lemma 6.10 (a), (a), Remark 6.11 and
reE C. With the cut-off function p from above, we then define

PU;j in By,
@j = {pEr5u  in B;\By,
0 in Bog\B3,

so that ¢; € W4 (By; RV) and @; — pTi in LL_(By; RY). Moreover, since
|Va| < m by assumption, we have Lemma 7.2 (¢) and hence (7.2) at our disposal.
We thus conclude

e<'">/ V(D) < ¢ liminf/ V(Ve;)dx (by Lemma 3.1)
B, J—=00 JBy

(7.2)
< liminf / Fya(Vo;)dx

Jj—oo

= (liminf/ Fva(ViZj)dx> +/ _ Fya(V(pTu))dx
¥ J By\By

J=0

© F [ Bak] — oy alif: Bag\Brl + /B | P (VT

©.18) Y

< Foalii+ i Bagl — Ty 11 Bag\Br] + /  Fea(V(pTi)dx
By\B¥

920 e

< /vd;[(l—p)Tu Byl + (Z v, 7l4; Bar\Bs] — Z g, zlu; Bor\B#])

+ /  Fea(V(oTi)dx
By\Br

=1I4+IV+V,
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S+ 09

F—Ul

Fig. 4. Radius notation and construction of competitor maps in the proof of Theorem 9.1

where we used at (x) that 7 is an additivity radius for .% *Va,ﬁ[u; —]and () is
. —* ~ . .
generating for .7y, a.ﬂ[“? B7]. We now turn to the estimation of III, IV and V.

AdIll'and V. Note that (1 — _,0)’]I"[i is supported away from By and its restriction
to By\B7 belongs to wla (B3\B7; RM). Hence, by Lemma 6.7 and the definition
of T,

WS [ RV = p)Ersin)ds
Bx\B#

Lem. 7.1(a)
< c/ ~ mg((1 = p)VEzzu — Er5u ® Vp)dx
Bx\By

y Er5ii
< c/ my (VE;3i)dx + c/ m, < ””) dx  (9.21)
Bs\Br B;\By s—r

by (9.16) and (5 — 7) ~ (s — r) by (9.5)ff. Here, ¢ = c(n, N, L, £"™  m, q) > 0.
In a similar vein, we obtain

~ Er 50
v < c/ my (VE;3i)dx + c/ m, ( ””) dr.  (9.22)
B3\Br B3\Br §=r
We may then combine (9.21) and (9.22). To this end, we recall that by (9.6), (9.7)

is satisfied with o; = 7, 0o = 5 and ¥ = 16, 000. By step 2, (9.15) is applicable
and thus yields

111+V§c</ B (V( " )dx+V(D’zz)>
Bs\B, §—r
I q
+(s —r)" ((s — r)_"/ <V ( )dx + V(Dﬁ))) ) .
By\B, s=r

(9.23)

AdTV. We proceed similarly as in step 1 and invoke Lemma 3.5 to find o1, 09 >
0 with the following properties:

01 £7—r <801, MDu(xg, 7 —o01) < 00,
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O —O0F =) 40D =00 ¢ it e oo,

T—r—+o0] r—r
02 S (s —5) =80, MDu(xp,5+ 02) < o0,

® -0 O() — 0O ~
Gf 92) @) < soo—m — ® forallt € 5,5+ 02). (9.24)
stoy—1 §—s

Before we continue, we collect some consequences of (9.24): Since 7 ¢ E with E
as in (9.5), we have 21—0(s —r) £¥ —r <5 —r. Thus, by (9.24), combined with
OF) < O(s):

O@)—0OF — o) < 8OO®O ) < 16000M (9.25)

T—7+o r—r s—r

forall T € (F — o1, 7). Similarly, %(s —r) <5 —5 < s —r and so we have

® -0 O(s) — O ~
402 =00 160002 =00 (e G540, (926)
s+op—1 §—r

By (9.24); and (9.24)3, we choose a cut-off function n € C2°(Bag; [0, 1]) such
that

LpBr S s ]1B§+a2 \B#_q, *
2000
V| £ 100 max { —, , sothat |Vp| £ ——. (9.27)
F—r s—73 s—r

We now define a new competitor map v € BV.(Bag; RY) by

nE7—01 ,7”/7 on B?\E'F—a] 5

u on B;\E;,

V= _ _
nEs 5410, on Byie, \Bs,
0 otherwise.

Similarly as in Step 3a, F Va o[vi Bg]l € (=00, 00). Moreover, as a substitute
of (9.20), we find

Fgalv: Bl £ Ty J[1Er—o 7l B\Br—o, | + Z v, 7lil; B7\B7]
+ 7 Gao N5 540y By, \B3. (9.28)

By Lemma 6.10 (a), Remark 6.11, cf. (6.27), and 7,5 € EC we then conclude that

T v il Bar\Bs] + Fy, #lil; B7\B7] + F v, 7l1; Br]
= Fyailil: Bar] = F g, i Bog\Br + F v, ;lif: Br] (9.29)
whereby
v ©2) _F @ By\By]



80 Page 86 of 125 Arch. Rational Mech. Anal. (2024) 248:80

©028)
S —Fy,lvi Byl
+ (Zyq o [NEr—, 7l BA\Br1 + Z v, o [1E5 540,10 Bs\B5])
— IV, +1V,. (9.30)

To give an estimate on (—IV,,), we note that by (H2) applied to Va with |Va| < m
and the compact support of v € BV(Byg/; RM), (7.2) implies

z<m)/ V(Dv) £ Fy, ,[v; Byl.
B

Therefore,

—IV, = — T, ,[v; Bg] < —e<m>/B V(Dv) 0. 9.31)
We proceed by estimating the layer term IVj,. As in the proofs of Proposition 5.3
or 8.1, using Lemma 4.1 (d), we conclude that the restriction of v to the annu-
lus (B¥\B7_5,) U (B34, \B5) belongs to W4 ((B#\Br_q,) U (By10,\B3): RY).
Lemma 6.7 then gives us

IV, < /  Foa(V(Er_o, 7D)dx + / | Foa(V(Es 40,0))dx
Bi\By_o, B

oy \By
Lem. 7.1(a)
< e / — mg(VOEr_g, 7)) dx
Bi\Br—o,

+ / B mq(V(nE3,3+azﬁ))dx)
Bs0, \By

9.27), Er_o, 7U
< ¢ / my(VEz_q, 7i)dx + / my (—) dx
B7\Br_q, B7\Br_, s—=r

Ey 540,
+c / B mq(VE;ngzmdx +/ my <M> dx
Bitg, \By Big, \By s

=1V, +1V,.

To estimate IV, we employ step 2 with o = 7 — o1 and g = 7. By (9.6)
and (9.25), (9.7) is satisfied for these particular choices of radii with k = 24000.
Thus (9.15) is available for these choices of parameters; the term [V, can be esti-
mated by analogous means, where we now set 91 =3, 02 = 5 + 07 and utilise (9.6)
and (9.26) to arrive at the requisite form of (9.7). This equally yields (9.15) in this
situation. In combination with (9.30) and (9.31), we then obtain

~

IV§C</ v( - >$"+V(Dﬁ)
BB, \S—7

~

q
+(s—nr)" ((s—r)”/ B V( ! )$"+V(Da‘))> ) (9.32)
Bs\B, §—=r




Arch. Rational Mech. Anal. (2024) 248:80 Page 87 of 125 80

Gathering the estimates from (9.23) and (9.32), we obtain

V(D) < / V(s —r) "D
/Br (D) <c Y <BS\B, (s —r) i)

Jj€{0.1}

q
+(s —r)" ((s - r)_"/i V(s — r)j_leﬁ')> ) ,
B,\B,

where ¢ = ¢(n, N, L, £/ m, g) > 0. Fixing this constant ¢, we fill the hole on
the right hand side and add ¢ fﬁr V (Du) to both sides. We thus obtain with § = —<

o
q
/ﬁV(DiZ)ge/f VD) + (5 — r)" <(s—r)_"/ vwm)
B, B, Bar
+/ V( " )dx
BB, \s—r
’IZ q
+(s—r>"(<s—r>—"/ . v( )dx)
Bs\B, §—=r

Now Lemma 9.2 yields (9.1), and the proof is complete. O

9.2. The Caccioppoli Inequality for (p, q)-Growth

We now briefly comment on the requisite modifications in the growth regime
1 < p<q < thatlead to

Corollary 9.3. Let 1 < p < g < %. Assume that F: RN*" — R satisfies
(H1), (H2),, and (H3) and suppose that xo € S2and R > 0 are such that Bag (x) €
Q. Letu € WP (Bagr(x0); RNY) be a minimizer 0f§u[—; Bo g (x0)] for compactly
supported variations. Moreover, givenm > 0, leta: R" — RY be an affine-linear
map with |Va| < m.

Then there exists a constant ¢ = c(n, N,m, L, L, p, q) > 0 such that

u—a
][ Vp(V(u —a))dx = ¢ |:][ Vp ( )
Br(x0) Bz (x0) R
4 q
Vi(y — P
je{O,l} Bar(x0) R~/

(9.33)

Proof. We only outline the main modifications, where we now systematically work
with V), instead of V = V. We keep the set-up of step 1, where we now take

0,1 :=/ v, (L) + V, (ViDdx
B; S —r

instead of (9.4); note that the non-negative measure A € RMg, (') is now taken
to be a weak*-limit of a subsequence of the sequence (|Vu;|P.Z" L Q') of the
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total variation measures for some respective generating sequence (u ;). The main
distinction in the proof enters in step 2. Estimate (9.10) holds true, whereas (9.11)
is modified by

my(IVEy, 0,0 (x)]) < cmy (][ABi |Vi7|dx> (by Lemma 4.1 (a))
q

<c (7[ V,,(Vﬁ)dx) ! (by Lemma 3.6 (a), i € Z- and Jensen).
AB!
(9.34)

When we place this estimate into (9.12) and hereafter (9.13), now using that £! <>
q
¢7 and g < %, we end up with

VIE,, ol ~
> [ m(FReefacse([ v (e
jel0.1) /Bez \Bey (s —r)~/ B,\B, s—r

+/ V,(ViDdx + (s — )" <(s — r)—"/ v, < - ) n Vp(Vﬁ)dx>p>
B,\B, BAB, | \S =7

(9.35)

as a substitute for (9.15). Using (H2),, instead of (H2) in step 3b, the proof now
evolves exactly as above. O

10. Proof of Theorems 2.1 and 2.2

This final section is devoted to the proof of Theorems 2.1 and 2.2. Based on
the Euler—Lagrange system from Corollary 8.5 and the Caccioppoli inequality of
the second kind from Corollary 9.3, the superlinear growth case from Theorem 2.2
follows by A-harmonic approximation along the same lines as in [ 124, Sec. 7.2,7.3];
also see Remark 10.4 below. In the linear growth regime p = 1, the corresponding
comparison systems can only be solved on specific balls, which is why we address
this case explicitely and give the detailled proof.

10.1. Improved Distance Estimates to an A-Harmonic Comparison Map

By our above discussion, we now suppose that 1 = p < ¢ < ;%;. Towards
the excess decay in Sect. 10.2, we require an improved estimate of the local BV-
minimizers for compactly supported variations to A-harmonic comparison maps on
good balls. Our strategy is inspired by the precursors [82,83] of the present paper,
now being further systematised by the maximal condition (a) below.

Proposition 10.1. Let 1 = g < "5 and Br(x) € Q2. Moreover, let F : RN 5

R sansfy (H1)—~(H3) and suppose that u € BVio.(Q2; RN) is a local minimizer of
F for compactly supported variations in 2. Then for any m > 0 there exists a
constant C = C(m,n, N, q, L, ;) > 0 (with £,, > 0 as in (H2)) such that the
following holds: If
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(a) MDu(xg, R) < 00, and so
1 2n+1
(b) tryBg(xg) (u) € WD 73 (0B (x0); RM) by Corollary 4.2,

and a: R" — RN is affine-linear with |Va| < m, then we have with i '= u — a

i—n N 23ﬁ1
][ 1% ( >dx <cC <][ V(Du)) , 10.1)
B (x0) R B (x0)

where I is the unique solution of the Legendre—Hadamard elliptic system

{—div(F”(Va)vE) =0 inBg(xo), (10.2)

I = B (x0) () on 9B g (xo).

Proof. Let u € BVioe(2; RY), Br(xg) € Q and a: R” — R be as in the
proposition. By (3.22) and Corollary 4.2, (a) implies that the right- and left-sided

traces of u along 0B g (x() coincide and that (b) holds because of 1 < ¥ := 2'51 <

n—

Since A := F”(Va) is Legendre-Hadamard elliptic by (H2) and the trace
o8 (xg) (1) belongs to WI=1/2:2 (3B (x0); RY) by (b), the system (10.2) has a
unique weak solution hewl? (Br(x0); RM) by Lemma 3.8 (a). For what follows,
it is convenient to rescale to the unit ball, and so we define for x € B{(0)

¥ (xo + Rx) @(xo + Rx) ~ u(xp + Rx)

\Ij(x) = T, CD(X) = T and U()C) = T’

where =1 — 7 and pe(Con CH(Br(xp); RY) is arbitrary. Now define

z iffz] =1,

o
B if |z] > 1,

T:RV sz {
sothat T(W) € L(B;(0); RY). We then consider the auxiliary Legendre—Hadamard
elliptic system

{—div(AVcb) =T(¥) inB(0), (10.3)

®=0 on 0B1(0).

Since T(¥) € L¥(B;(0); RV) for any | < s < oo, we invoke Lemma 3. 8 (b)
to find that there exists a weak solution ® of (10.3) that satisfies ® € (W N
W25)(B;(0); RN) forall 1 <s < oo together with the continuity bounds

@ llw2s s, 0 = T IILs B0 (10.4)

where ¢ = c¢(s,m,n, N, L, ¢,) > 0. We apply (10.4) to the particular choice
s := 2n and use Morrey’s embedding W'2*(B1(0); RY) — C%2(B;(0): RV) to
find

(10.4)

< 2)1
1900 g 0 FIVP0d s o) = AT Lm0 S lVODIF G -

(10.5)
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where now ¢ = c(m,n, N, L, {,) > O0; here, the second inequality is a con-
sequence of the definition of T and V, cf. Lemma 3.6 (a). Now, since u is a
local BV-minimizer of .Z " for compactly supported variations in €2, so is @ for
JFiV . by Lemma 7.2. With the Lebesgue-Radon-Nikodym decomposition DU =
vU.£" L B1(0) + D*U, we find

/ (ADﬁ,V@)'</ (AVU, Vd)dx +/ (AD“U,VCD)‘
B1(0) B1(0) B/ (0)
g/ (Fy,(0)VU — Fy,(VU)), VO)dx
B1(0)
+/ (F,(VU), VO)dx +/ (ADSU,VCD)’
B1(0) B1(0)
=1+ +11, (10.6)

and since V @ is continuous up to the boundary by (10.5), all terms are meaningful.
For term I, we use Lemma 7.1 (¢) and ¢ < "5 = 2 to find

- (10.5) _ 0
I< C/ V(VD)dx|[V@L=@ ) = cV(DU)Bi(O)|V )
B1(0)

L'(B1(0)°
(10.7)
From Lemma 7.2 (b) and Corollary 8.7,7 we infer IT = 0. For term I1I, we recall (3.9)
to find
(10.5) 1

I < c(A)ID*U|B1(0)[VPlLe®,0) = C(A)V(Df/)(Bl(O))IIV(‘I’)IIE?(BI(O))-
(10.8)
In consequence, (10.6)—(10.8) combine to
~ ~ 1
< 2n
/B Re wb)‘ < V(DD BIO)IV I 5. 0 (10.9)

Since, in particular, ® € (Co N C!)(B1(0); RY) and ¥ € BV (B;(0); RY), (10.3)
gives us

/ (AVO, DY) = / (T(¥), W)dx. (10.10)
B1(0) B1(0)

Using that (T'(z), z) < ¢V (z) (cf. Lemma 3.6 (a)) in the second step, we therefore
obtain

Lemma 3.6(a)
/ V(¥)dx < C/ min{|V|, |‘l/|2}dx
B1(0) B1(0)

7 We extend ¢ € W(])’OO(BR(xO); RY) given by ¢(x) = RO (*52) by zero to ¢ €
W}.’OO(Q; RM), apply Corollary 8.7 to Fy,, & and then scale back to the unit ball.
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= c/ (T(W), ¥)dx
By (0)
“(Qo)c/ (AV®, DW)
BI(0)

A is s;;nmetric C/ (ADWY, VO)
B1(0)

(10.9) 1

10.2 ~ ~ 3
‘=)c/ (ADT,V®) = cV(DIHBIONIVIIZ 5 o)
B1(0)

where ¢ = c¢(m,N,n,q,L,¢,) > 0 is a constant. We may assume that
1
2

V)L, 0) > 0. Dividing the previous overall inequality by ||V (¥)| LB, (0))

and raising the resulting inequality to the power 2,% 7 yields

2n
/ V(Wdx < ¢ </ V(Dl7)> " (10.11)
B1(0) B1(0)

Now we scale back to Bg(xp) to obtain (10.1), and the proof is complete. O

10.2. Preliminary Excess Decay

Based on Theorem 9.1 and Proposition 10.1, we are now in a position to con-
clude a preliminary excess decay estimate. This estimate will subsequently be
iterated in Corollary 10.3 and thereby imply Theorem 2.1 in Sect. 10.3. For the
remainder of this section, we assume that 1 = p < ¢ < ﬁ Given u € BVio:(2)
and B, (x¢) € 2, we define the excess via

Du (B, (x0))

w,r"

(10.12)

E[u; xo, r] ::][ V(Du — (D“)Br(xo))’ where (D”)Br(xo) =
B/ (x0)

n

Proposition 10.2. (Preliminary excess decay). Let 1 < g < +27 and suppose that

F:RN>*m 5 R satisfies (H1)—(H3). Moreover, let € 2 be open with Lipschitz
boundary and let u be a BV-minimizer of ?i[—; w] for compactly supported
variations. Then the following hold for all x9 € w and 0 < Ry < 1 such that
Bry(x0) € w:

(a) For any Mo > O there exists a constant ¢ = c(n, N, Mo, £p,, L, q) > 0 with
the following property: if

|(Du)Bgyxp| = Mo and  Elu; xo, Ro]l = 1, (10.13)
then we have, forall0 < o < % with W, (1) =t 419,
E[u; x0, o Ro]
1 1 1 _
<c |:\qu <m (Elu; xo, Ro])2"1> +o?+ WE[M; x0, Rol? 1:|

x Elu; xo, Ro]. (10.14)
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(b) For any My > 0 and any 0 < o < 1, there exist parameters ¢ = o (n, N, M,
Ly, L, q,a) € (0, %) ande =¢(n, N, My, Ly, L, q,a) € (0, 1) such that
(D), )| < Mo and  Elu; xo, Ro] < & (10.15)
imply
E[u; xo, 0 Ro] < o' ™E[u; x0, Ro. (10.16)

Proof. Let xo € w. Ad (a). Let My > 0 and let Bg, := Bg,(x0) € w be such
that (10.13) holds. By Jensen’s inequality, this implies that

|(Du)g, | < Mo and ][ |Du — (Du)g, | <2 (10.17)

Br

are both satisfied. We fix an affine-linear map a: R" — R with Va = (Du)g R
and then define ¥ := u — a. Recalling the accordingly linearised integrand Fy,
from (7.1), Lemma 7.2 yields that & is a BV-minimizer of ?*Va,ﬁ[_; w] for com-

pactly supported variations. Put  := 2’;:1 sothat 1 < ¥ < = Corollary 4.2

then provides us with %Ro <R < %Ro such that
(i) MDu(xp, R) < oo and

~ 1 .
(i) trop, (@) € WI=97 (9Bg; RV) together with

1

(][ / |trap (1) (x) — trag, () ()] d"_lxd”_1y> !
dBgr J0Bg |-x - y|n72+§

1
< c(m)RY ]é D, (10.18)
B%RO

Define A := F”(Va), so that A induces a Legendre-Hadamard elliptic bilinear
form by virtue of (H1) and (H2) (see (3.29)ff). By Lemma 3.8 and (ii), the system

(10.19)

—div(AVA) =0  in Bpg,
W= trag, () on dBg

has a uniqug solution 1 € (C*® NWL)Bg; RY). Note that, if 7 solves (10.19),
then H := h — (try, (#))sB, solves

{—le(AVH) =0 in Bg, (10.20)

H =tryp, (U — (try, ())sB;)  on dBg.

The continuity bounds from Lemma 3.8, the fractional Poincaré inequality (3.11)
and (10.18) give

1

~ 2
R (7[ |Vh(x)|15‘dx>
Bgr
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%
=R (][ |VH(x)|0dx)
Br
1

Lem. 3.8 - - o | T
s < (]éB |trap (i) (¥) — (troB () 5, 17" x)
R

LR <][ / |trag , (i) (x) —traBR(ﬁ)(y)lﬂdn_lxd,,_ly)"
0Br J0Bpg |x - y|n72+0
1

(3§11) e f / ItraBR(u)(x) traBR(ﬁ)(y)|ﬁdn—1xdn—ly ’
I8 9B | |n 2+
R R

(10.18), ¥ Ry<R<Rg
< cRy ][ | Dt (10.21)
BRO

wherec = c(n, N, L, €y, Mo, q) > 0. We define Hy(x) := ﬁ(x0)+VE(xo) (x—
x0) and Hj(x) := a(x)+ Ho(x). Then we find with a constant ¢ = c¢(n, N, L, £,
Moy, q) >0

(10.17)
IVHi(x)] £ Mo+ |Vh(xo)| £ Mo+ sup |Vh(x)|
x€BR/s
1

Lem. 3.8 - Bl
< My+c ][ |Vh(x)|” dx
Bgr)2

(10.21)
< My+c ][ | D
B,

(10.17)
< My+2c=m (10.22)

IN

forallx € Br(xp).Let0 <o < %. Atthis stage, we use the Caccioppoli inequality
from Theorem 9.1 with m > 0 as in (10.22) and the affine-linear map H\; this is
admissible by (10.22). We choose aradiusoc Ryp < R < goRo such that u is a BV-

minimizer of Z, [—; B,z (x0)] for compactly supported variations in B, % (x0); L
ae R e (0 Ro, 50 Rp) will do by Lemma 6.10 (c). Therefore, Jensen’s inequality
and Lemma 3.6 then give us with the convex function W, () :=t + 14

Elu: x0, 0 Ro] = ][ V(Du — (Du)g, )
BO‘RO

Jensen
= c][ V(D(u — Hy)) = c][ V(D(u — Hy))
BO‘RO

Bg

Thm. 9.1 < u— H !
< ey, ][ V( )dx +c ][ V(D(u — Hy))
B,z R Byk
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JRO<§ ( M—Hl q
v (f v( >dx te(f vou-my
Bk o Ro By

= 1+1I, (10.23)

A

where ¢ = c¢(n, N, m, £, L, q) > 0is a constant. To estimate I, recall that # and

Br = Br(xo) satisfy the requirements of Proposition 10.1. Therefore, applying
Proposition 10.1 and noting that c Rp < R < %GR() together with %Ro <R <

% Ry, we first obtain

~ Lem. 3.6 (C), B,zCB3og T—7
e e
B,% o Ro 0% JBaor, R

B3org CBR, R~Ro c ’,/‘[_E
()
oht2 B R

Prop. 10.1 c %
< _c ~
= 0,n+2 <]][3R V(Du)>

< ¢ ][
*o-n+2 By

Moreover, if x € B,y € Bg/2, a second order Taylor expansion and inverse
estimates for A-harmonic maps (cf. Lemma 3.8) yield

2n—1
V(Dﬁ)) ) (10.24)

0

< co R max |V2A|
Bg)2

Lem. 3.8 ~
< co <][ |Vh|ﬁ>
Br

again by use of %Ro < R < %Ro, where ¢ = c¢(n, N, L, {y,, Mo, q) > 0.
Now, by (10.17), we may apply Lemma 3.6 (b) with m := 2¢. Thus, enlarging the
previous constant, there exists ¢ = c(n, N, L, €y,, Mo, g) > 0 such that

h — H,
][ 1% ( 0) dx < cozj[ V(D). (10.26)
B,k o Ro Bry

Therefore, Lemma 3.6 (d) and estimates (10.24) and (10.26) give

Lem. 3.6 (d) ~ ;[ E — H
I < ey, 7[ V<” >dx+][ V( O)dx
BZE O'R() BzE UR()

2n
(10.24), (10.26) 1 _ 2n—1 5 N
< Vo | 553 ][ V(Du) + a][ V(D) | .
o" B BRO

(10.27)

h(x) — Ho(x)
o Ry

1

|

(10.21)
< co][ |Dii|,  (10.25)
BRO

0
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In view of term II, we first note that similarly to (10.25),

- N 5 (10.21)
V(Vh(xg)) £ cV ][ |Vh|ﬂdx < Vv ][ |Du| | < c][ V(Du).
Br/2 Bry Bry

(10.28)

In consequence, by Lemma 3.6 (d),

q q
H=c(][ V(D<u—Hl>)> §c<][ V(Dﬁ)) +c(][
B Byk B,k
Ro\"™ !
§c(£) (][ V(Dﬁ)) + eV (Vi (x0))!
R B,
(10.28)£<a<1 c <][
= o4 By

W, (ab) = W (a)b foralla 20, 0=b =1, (10.30)

_ q
V(Vh(XO)))

2R

q
V(Dm)) . (10.29)

0

Using that

we work from (10.23) to successively obtain

E[u; xo, 0 Ro]

2n

(10.23), (10<27), (10.29) 1 7[ ~) 2n—1 )
= cV, | —= V(Du +cV 07[
q Un+2 BRO q Bp
q
c
f v
o"d BRO

10.13), (10.30
o )c v L(E[u-x Ro]) 5T +az+iE[u-x Rol?™!
= a9\ g2 3 X0, Ro g L X0, Ko

x E[u; xo, Ro].

V(Dﬁ))

0

+

This is (10.14), and the proof of (a) is complete.
Ad (b). Let My > 0 be given and let ¢ = c(n, N, My, {pm,, L,q) > 0 be asin
(a). We then choose o € (0, %)) such that

1+
sothat o2 < 05 . (10.31)
C

0<o < :

5oy

The function W, : (0, 00) — (0, c0) is invertible. With o as in (10.31), choose
€ > 0 with

o

2n—1 1
I4a s o I4+a+ng \ 2=
0<&€<minj{l, a”+2\11q_1 | — ,
5¢ 5¢
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where we use the convention é = 0 that corresponds to ¢ = 1. Then (10.13) is
satisfied, and inserting these choices into (10.14) yields (10.16). This is (b), and the
proof is complete. O

The following corollary is a straightforward consequence of the previous Propo-
sition 10.2 (see, e.g., GIUSTI [79, Prop. 9.4]):

Corollary 10.3. (Excess decay). Let 1 < g < +25 and suppose that F : RN
R satisfies (H1)—(H3). Moreover, let ® € 2 be open with Lipschitz boundary and
let u be a BV-minimizer of ?i [—; w] for compactly supported variations. For any
0 <a < 1and My > 0, there exist e = e(n, N, My, €y,, L,q, o) € (0,1) and
Ro = Ro(n, N, Mo, £m,, L, q,a) € (0, 1) with the following property: If xo € @
and 0 < R < Ry are such that B, (xo) € w, then

M,
E[u: x0, Rl < € and |(Du)pyug)| < 70 (10.32)

imply with a constant ¢ = c(n, N, Mo, {p,, L, g, ) >0
r 2a
Elu; xo, 71 < ¢ (E) E[u; xo, Rl forallO <r < R. (10.33)

Remark 104. Inthe case | < p < ¢ < min{%, p + 1}, the previous corol-
lary follows by standard A-harmonic approximation as in [124, Lem. 7.10] where
one then works with E,[u; xo, R] which is defined as in (10.12), now replac-
ing V.= V; by V,. In fact, the only two ingredients to make the approach
of [124] work out, even in the signed case and for the amplified exponent range
l<p<g< min{%, p + 1}, are the validity of the Euler—Lagrange system
from Corollary 8.5 and the Caccioppoli inequality of the second kind from Corol-
lary 9.3; signed integrands do not harm this proof strategy, as already visible in the
standard p-growth regime considered by DUZAAR et al. [54,55] within the context
of w-minimizers. Even though ScHMIDT works with the slightly different auxiliary

functions z +— (1 + |z|2)# |z|?, these are uniformly comparable to our choices
V). Still, in the growth regime 1 = p < ¢ < ;%, the A-harmonic approxima-
tion lemma would still require the construction of suitable A-harmonic comparison
maps; this is not possible for arbitrary balls as the trace space of BV along spheres
isLL.

10.3. Proof of Theorem 2.1

Working from Corollary 10.3 and Remark 10.4, the proof of Theorems 2.1
and 2.2 is routine and we give it here for p = 1 for completeness only. Let v € Q
be open and bounded with Lipschitz boundary such that « is a BV-minimizer of
?Z[—; ] for compactly supported variations. Let 0 < o < 1 and, with M > 0
as in Theorem 2.1, put My := 10max{M, 1}. Corollary 10.3 then provides us
with e = e(n, N, M, ¢y, L,q,a) > 0, Rp = Ro(n, N, M, Ly, L,q, ) > 0
and C = C(n,N,M,ly,L,q,a) > 0 such that for any 0 < R < Ry with
Bgr,(x0) € w, (10.32) implies (10.33). We define gy := 82/2"+6 and suppose
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that (2.1) and (2.2) are in action. Since V(-) < |- |, this implies validity of (10.32),
and, since M < %, (10.32), holds as well. We now claim that (10.32) is satisfied
uniformly on Bg2(xo) in the following way: To this end, note that with R’ = %R,
we have for all x € B/ (xg) that Bg/(x) C Bgr(xg), and so

][ Du — (D”)BR(xo)
BR’ (X)

R n
< (F) ]1[3 ( )|Du—(DM)BR(x0)|+|(DM)BR(XO)|
R(X0

2.1), 2.2) O<e<l MO

[(Du)B,, )| = + [(Du)B g (xo)|

On the other hand, successively applying Lemma 3.6 (d), we obtain by B/ (x) C
Br(x0)
|D u|(Bg (x))
Bluix Rl = f  V(Tu0) = D)y + 22D
B (1) w0 wp (R

Lem. 3.6 (d)
< 2][ V(Vu(y) — (Du)Bg(xp))dy
BR/()C)

+ 2V ((Du)Bg(xg) — (DU)B (x))

R\" |D*u|(Bg(x0))
+ (ﬁ) w, R"

R n
<2 (_> ][ V(Vu(y) — (Du)g(xy))dy
Br(x0)

|DSu|(BRz<x>>>

+2V ][ [Vu(y) — (Du)Bg(xo)Idy +
(BR/(x) Y R0 [ wp (R

n R " |D*u|(Bg(x0))
R’ wy R"

Lem. 3.6 (d), V()X ,R'=R/2

< 2"BSE[u: xo, R] < &2

We then conclude by Corollary 10.3 that we have E[u; x, r] < c(%)zo‘E[u; x, R']
for all x € Br/(xg) and all 0 < r < R’, with ¢ > 0 being independent of u, x, r,
and R’. By the definition of E[u; xo, ], this particularly implies that | D*u|(B, (x))
is bounded by a multiple of 7”2 independently of x € Bg/(xo) and 0 < r < R’.
A covering argument then entails that D'y = 0 in Bg/(xg). By Lemma 3.6 (a), we
have with W (¢) := (v/2 — 1) min{z, 2}

7o\ 2o ,
v <][ [Vu(y) — (D”)B,(x)|dY) SElu;x,r]<c <F) Elu; x, R'],
Br(x)

the constant ¢ > 0 still being independent of u, x, r and R’; as a consequence,

1
— AV — (D dy <
e B,(x)| u(y) — (Du)p,(xldy = R)®
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with a constantc = c(n, N, M, £y, L, g, @) > 0. Now the classical CAMPANATO—
MEYERs embedding 7% ~ C»*=m/P forn < A < n + p then implies that
Vu € CO%Bg(x); R¥*"). Once this is established, we may pass to the corre-
sponding Euler—Lagrange system to conclude that u is of class C>¢ by the usual
SCHAUDER theory; cf. [82,83]. This is amenable to bootstrapping, and implies that
u € C®°(Bg/2(x0); RN). This yields the e-regularity result from Theorem 2.1. For
the partial regularity result it then suffices to realise that, by the Lebesgue differ-
entiation theorem for Radon measures, for £"-a.e. xo € w there exists a € RV*"
with

DSu|(B
lim sup <][ |Vu—a|dy+M> =0,
™0 \JB,(x0) wpr”

so that (2.1) and (2.2) are satisfied for any such xo with a suitable M, depending
on u and xg. By the definition of local BV-minimality for compactly supported
variations, this implies that any such local minimizer is C°*°-partially regular in 2.
The proof is complete.

Remark 10.5. (Uniformity of threshold radii). Usually, e-regularity results under-
lying the C*-partial regularity of local (BV-)minimizers are stated in analogy with
the e-regularity result for minimizers as in Theorem 2.1. This particularly concerns
the existence of some Ry > 0 such that if the smallness assumptions (2.1) and (2.2)
are fulfilled at some xo forsome 0 < R < Rp, then u is of class C*° (B g /2 (xo); RM).
In the situation of local (BV-)minimizers for compactly supported variations, it is
not clear to us whether such a uniform R exists. In fact, the above argument reduces
the partial regularity of local BV-minimizers for compactly supported variations to
the minimality of ?:[—; w] for compactly supported variations on some w € Q2
with xg € w. However, the e-regularity result then only applies to balls Bg (xg) €
butnotall balls B (xg) € Qfor0 < R < Ry with some fixed Ry > 0. This, in turn,
is so because we do not know whether u is a minimizer for compactly supported
variations on all balls Bg(xg) € 2 as is the case in non-relaxed problems; still,
this does not affect the C°°-partial regularity for local minimizers for compactly
supported variations.

10.4. Consequences and Extensions of Theorems 2.1 and 2.2

We conclude the paper by discussing several extensions that were already al-
luded to in Sect.2.2. On the one hand, this comprises integrands of critical Orlicz
growth and, on the other hand, variational integrals depending on differential ex-
pressions.

10.4.1. Quasiconvex Functionals with Orlicz Growth We start by addressing
the case of integrands of a certain Orlicz growth that falls outside the realm com-
monly studied in the literature but appear as a special case of Theorem 2.1. To
this end, we briefly pause and introduce the requisite terminology first; see e.g. [5,
Chpt. 8] for more background information.
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We say that ®: R>, — R is an N-function provided it can be written as

t
() = / a(s)ds, t =0,
0

wherea: [0, o0) — [0, 00) is anon-decreasing, right-continuous function such that
a(0) =0,a(t) > O0fort > 0and lim;_, o a(t) = co. An N-function ®: [0, c0) —
[0, 00) then is said to be of class A, provided there exists ¢ > 0 such that ®(2¢) <
c® (1) for all t = 0, and we denote A, (P) the smallest such constant c. Moreover,
we say that @ is of class V; provided the Fenchel conjugate ®*(¢) := sup,. o st —
O (s) is of class Aj. If ® is both of class A, and V,, we write ® € A, N V,. For
future reference, we record the fundamental inequality (cf. [5, §8.3 (3)])

P (@) < (1) forallt > 0. (10.34)

For an N-function function @, a measurable set 2 C R” and a measurable map
v: Q@ — R™, we define the associated Luxemburg norm by

Q

and introduce Lebesgue- or Sobolev-type spaces by L*(Q; R™) = {v: Q —
R™: |lvflLeq) < oo} and WEP(QR™) = {v: Q - R": |vllyreg) =
lvliLe@) + IVullLeq) < oo}. As usual, W(l)’(b(Q; R™) then is defined as the
| - llwr.eg-closure of C2°(2; R™). Finally, we record the following variant of
Holder’s inequality in Orlicz spaces (cf. [5, §8.11]):

/ uvdx < 2[ufl or g llvlloq — forallu e L (Q;R™), v e L¥(Q; R™).
Q
(10.35)

The partial regularity results available so far for quasiconvex multiple integrals
of Orlicz growth (cf. e.g. [52,90,91]) are confined to N-functions which are of class
Ay N V3. This particularly rules out integrands which have almost linear growth,
yet fail to be of class V. The typical example of such integrands that we then have
in mind is as follows:

Example 10.6. (Generalised L log L-growth). Letsy, ..., s, > Oandlet®: R>, —
R> be a twice differentiable convex function that equals a

@ (1) = tlog(r)* (log(log(1)))* ... (log(. .. (log(¥))))™  for all sufficiently large r > 0.

Then @ is an N-function which is of class A, but not of class V,. Specifically, ®*
has exponential growth and thus ® fails to qualify as a V,-function.

To state the corresponding partial regularity result in analogy with Theorems 2.1
and 2.2, we suppose similarly to (H2) or (H2) p that

(B1) ®: R>5 — R>( is an N-function of class Aj.
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(B2) @ () < c(1 4+ |¢]9) holds for all # = 0 for some fixedc > 0and 1 < g <
n

n—1°
Properties (B1) and (B2) are fulfilled for the integrands from Example 10.6. Next,
let ®: R>;, — R>( be an N-function of class A;. We then define

Vo (z) = ®((1 + |z)7) — &(1). (10.36)

and consider an integrand F: R¥*" — R which satisfies the following set of
hypotheses:

(A1) Thereexists L > Osuchthat |F(z)| £ L(1+®(|z|)) holdsforallz € RN xn,

(A2) For any m > O there exists £,, > 0 such that for all zg € RV with
lzol £ m, F — £,, Vg is quasiconvex at z.

(A3) F e C®RN*m),

In analogy with hypotheses (H2) and (H2),, as discussed in Sect. 6, (A2) is related
to coerciveness of the associated variational integral [, F(Vu)dx in Dirichlet sub-
classes of W12 (Q; RM). Adopting these conventions, the main theorem of the
present section then is as follows:

Theorem 10.7. Let Q2 C R” be open and bounded with Lipschitz boundary and let
F:RN* 5 R satisfy (A1)—(A3) subject to (Bl) and (B2). Moreover, suppose
that u € W} (Q; RV) is a local minimizer of the functional v + [ F(Dv)dx in
the sense that we have for all B, (xg) € €2

/ F(Vu)dx < / F(Vu+Ve)dx  forall g € Wy® (B, (x0); RY).
B, (x0) By (x0)

(10.37)
Then u is C*®-partially regular in <.

The preceding theorem is a consequence of Theorem 2.1 and the following
three results:

Lemma 10.8. Let ® € C([0, 00)) N CL((0, 00)) be a convex function that satisfies
@' (19) > 0 for some to € (0, 1]. Then there exists a constant ¢ > 0 such that

/ V(z+ V) — V(z)dx < c/ Vo (z + Vo) — Vo (z)dx (10.38)
B (0) B1(0)

holds for all z € RN*" and all ¢ € W™ (B1(0); RY).

Proof. For (10.38), it suffices to establish that G: z > ¢V (z) — V(z) is convex
for some ¢ > 0 since then (10.38) is nothing but the quasiconvexity of G. Write
G=go()o|-|+1—c®() with g(t) = c®(t) — t and (t) := +/1 + t2. Both
g:[1,00) > Rand (-): R — [1,00), |-|: R¥*" — R are convex. Recalling that
@’(19) > 0 for some 7y € (0, 1] and @’ is non-decreasing by convexity of @, we
may choose ¢ > 1/®'(#) to conclude that g is non-decreasing on [1, co). For this
choice of ¢, g o () is non-decreasing and convex, and this suffices to conclude that
G is convex. This completes the proof. O
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The second ingredient is a variant of Lemma 5.1. Its proof is a variation of the
proof of Lemma 5.1 and is provided for the reader’s convenience in the appendix,
Sect. 11.4.

Proposition 10.9. (Lower semicontinuity). Let F € C(RN*") be a quasiconvex
integrand that satisfies the growth bound (A1) for some N -function ® of class A,.
Given an open and bounded set Q@ C R"™ with Lipschitz boundary and letting ugy €
Wl’d)(Q; RN), suppose thatu, uy, us, ... € WLI,;)CD(Q; RN) = uo+W(])’®(Q; RN)
are such that uj — u strongly in LY(Q:; RY) and sup ey 1P (Vuj)llpiq) < oo.
Then we have

/F(Vu)dxgliminf/ F(Vuj)dx.
Q j—0o0 Jo

N nd
Finally, we require a slight generalisation of the Lipschitz-type bound (3.26):

Lemma 10.10. Let ® be an N -function of class Ay and let F € C(RN*") be rank-
one convex with (A1). Then there exists a constant C = C(A>(®P), N, n) > 0 such
that we have

d(1
|F(z) — F(w)| < cwu —w| forall z,w € RN*" (10.39)
1+ ]z + [w]
The previous result follows by direct inspection of the proof of the correspond-
ing result for power functions (e.g. cf. [79, Thm. 5.2]). We now may pass to the

Proof of Theorem 10.7. We start by proving that any local minimizer of the func-
tional .% in the sense of (10.37) is a local BV-minimizer of .# * for compactly sup-
ported variations in the sense of Definition 1.2. Hence let u € Wllo’f) (Q2;RY) be a

local minimizer in the sense of (10.37). Then, in particular, u € Wll(ic1 (2; R¥)andso
forany xo € Qwefindaradiusr > Osuchthattryp, (x,) (1) € wi=1/4.99B, (xp); RM)
forl < g < n”Tl as in (B2). In consequence, we find ug € wWh4(Q; RN) such
that tryg, (xy) (t0) = tryB, (xo) (1) 2" 1-a.e. on 9B, (xg). We then have u — ug €
W(l)’@(Br(xo); RYY (cf. (A1)) and hence there exists ;) C C°(L; RY) with

spt(¥;) € B, (xp) forall j € N such that ||(u — up) — ¥; ||W'~‘1>(B,(xo)) — 0. Pass-

ing to anon-relabeled subsequence, we then also have ug+1; A uin BV(Q; RVY),
where u is the extension of u[g, (xy) to £ by ug. On the one hand, we then have

/ F(V(uo+ v¥;)dx < / |F(Vug + V) — F(Vu)|dx
B (x0) B, (x0)

+ / F(Vu)dx =:1; + 1L (10.40)
B/ (x0)

Write 9 := 1+ |V(uo + ¥;)| + |Vu| and 8; := |Vu — (V(ug + ¥;))|, whereby
we have [0l e g, (y,)) — 0as j — oo. Passing to another subsequence, we may
assume that either (i) | P ()L B, (xy)) < 1 or (D) [[PDj) L1, (xo)) 2 1 for all
J € N. In the first case, we note that for all j € N

o (%57)
v,

(10.34)
S 1P@)ILis, ) = 1,
L1 (B (x0))
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so that

A

H ©@;) (10.41)

v

L (B, (x0))

Since ® satisfies (B1), we may use Lemma 10.10. Then by Holder’s inequality for
Orlicz spaces (10.35) and using that [|0;[[po g, (x)) —> O

Lem. 10.10 O
I, = C/ ( f)ejdx
Bxo) Uj

(10.35) dW;) (10.41)
s 2¢ ”ﬁ—j 16llLe®, () —
J L B, (x0))
In the second case, we define a; := ||<I>(l9j)||£11(Br(x0)) and set ®; = a;®. Then
we have
Lem. 10.10 (Y D (O
I, = c/ ( ])dex=Caj_1/ Mejdx
B, (x0) J B, (x0) J
(10.35) o .(9 )
< 2Ca7t || 161, (10.42)
j 9 1wy Br0)
again by Holder’s inequality for Orlicz spaces. Now note that
D (O (10.34)
/ dbj <M>dx < / Q;(¥;)dx =1,
B, (x0) ) B, (x0)
whereby
(Y
HM . <1 (10.43)
O 1L B, oy

Since we are dealing with the second case, we have a; < 1forall j € N. Thus, for
all A > 0,

0; 0; 0;
/ d>j<—]>dx:aj/ cb(-’)dxg/ cb(-’)dx
B, (x0) A B, (x0) A B, (x0) A
and therefore

”9]”Ld’j (B, (x0)) S 16 Lo B, (xg)) = O (10.44)

In view of (10.42), (10.43) and (10.44), it remains to establish that (a;l) is
bounded. By (B1), we have ®(2t) < C®(¢) for all 1 = 0. We choose k € N
with || (|0 (g, () = 2F forall j, so

a—l—/ Y LT ppm— —
;T J r
! B, (x0) B 19, 1o B, ()
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@ (%) dx < As(®)F,

195llLe B, (o)

< Ay (@)F /

B, (xo0)

Summarising, we have I; — 0 as j — 00, and going back to (10.40) we conclude
that

F o lu; B, (x0)] < li_minf/ F(V(uo + ¥}))dx §/ F(Vu)dx.
j=00 /B, (x) B, (x0)
(10.45)

Next let ¢ € BV (B,(x0); RY) and let (v;) C ug + wé’q (B, (x0); RV) be a
generating sequence for ?io [u + ¢; B, (x0)]. Thenv; —u € W(l)’q)(Br(xo); RM),
whereby the local minimality (10.37) yields

(10.37)
/ F(Vu)dx < / F(Vu+V(; —u))dx = / F(Vvj)dx,
B, (x0) B, (x0) B, (x0)

and passing to the limit on the right-hand side yields

/ F(Vu)dx < lim sup/ F(Vvj)dx = Z,[u+ ¢; B,(x0)]. (10.46)
B (x0) Jj—00 JBr(xp)
Combining (10.45) and (10.46) yields that u is a local BV-minimizer for compactly
supported variations.

Now it suffices to check that F satisfies (H1)—-(H3): Condition (H1) is satisfied
by (A1) and (B2), condition (H2) is fulfilled by (A2) and Lemma 10.8, and (H3)
holds by assumption (A3). Hence Theorem 10.7 follows from Theorem 2.1. O

Remark 10.11. In the setting of the proof of Theorem 10.7 from above, we have

Prop. 10.9 __ (10.45)
/ F(Vu)dx =: Zu; B,(x0)] = 7, [u;Br(x0)] = F[u;Br(x0)],
B, (x0)

(10.47)

so Flu; B, (x0)] = ?io [1; By (x0)]. Note that the second inequality of (10.47)

necessitates the existence of a sequence (v;) C Wbl,g)q(Q; R™) and a convergence
v; ~ u, at least as strong as weak*-convergence on BV, for which the functional
Z[—; B,(x0)] proves upper semicontinuous at #: lim SUP 00 Flvj; Br(x0)] <
Z [u; By (x9)]. The proof of Theorem 10.7 then shows that one might take the strong
convergence in WLP(B, (x0); RY) as a potential choice for *~’.

To avoid confusions regarding the method, we briefly wish to connect this line
of argument with a weaker notion of minimality addressed in [124]. Namely, as
established by ScumiDT [124, Cor. 4.2], in the setting where | < p < g < %

and F e C®[RN*") is quasiconvex with c|z|? < F(z) £ C(1 + |z]|9), for any
up € WHP(Q; RN) there exists u € W,ﬁ[)p(Q; R™) such that

/F(Vu)dx§/ F(Vv)dx  forall v e (Wi? N WL (@ RY).  (10.48)
Q Q



80 Page 104 of 125 Arch. Rational Mech. Anal. (2024) 248:80

This and the corresponding local version are a consequence of semicontinuity re-
sults by FoNsEca and MALY [66] or the second named author [95]. In view of the
above proof of Theorem 10.7, at a first glance it seems that the notion of minimality
embodied in (10.48) implies that u necessarily is a local minimizer of .% and thus
the partial regularity for local minimizers follows by reduction to Theorem 2.1 or 2.2
as above. However, this is not so: Whereas the corresponding variant of (10.46) per-
sists by virtue of (10.48) and W, (B, (x0); RY) € (Wy'” "W ) (B, (x0); RY), it
is inequality (10.45) for which there is no reason to hold in this new context. In fact,
incorporating the obvious modifications, the term corresponding to I; as in (10.40)
does not need to vanish as j — oo. Namely, the essentially only available tool to
arrive at this implication is the Lipschitz bound (3.26) in combination with strong
convergence in W17 (B, (xg); RY) as a choice for a potential convergence ’~-’.
Still, we then require ¢ < p to conclude lim sup j—oo1j = 0, but then the problem
trivialises as we enter the realm of standard growth conditions.

10.4.2. Differential Conditions Theorem 2.2 directly admits a generalisation to
scenarios where the gradient is replaced by differential operators such as the (trace-
free) symmetric gradient. Such operators play an important role in the context of
nonlinear elasticity, cf. e.g. [71,72] and the references therein. This procedure works
by a reduction to the full gradient case as introduced by the first author in [82] for
the symmetric gradient and in [43] for general elliptic operators. Henceforth, let A
be a first order, constant coefficient, linear and homogeneous differential operator
on R" from R™! to R"™2; especially, A has a representation

n
Au=>"Ajou for u:R"— R™ (10.49)
j=1

with linear maps A ; : R™! — R™2. Following HORMANDER [89] or SPENCER [131],
we then say that A is elliptic provided its Fourier symbol A[£] := Z?:l A& R™
— R™ is injective for any & = (&1, ...,&,) € R"\{0}. Let 1 < p < g < 2.

n—1
For open and bounded Lipschitz domains 2 € ' C R” and ug € W(l)’q(Q/ s R™M),
we then put for G: R — R

o) =it i wcame e

and introduce ?uo [u; 2], ?u [1; B, (x0)] as in Sect. 6; the notion of local minimality
for compactly supported variations then is analogous to the one from Definition 1.2.
In this context, the corresponding variant of the usual quasiconvexity is the A-
quasiconvexity of G at zg € R™2:

G(z0) < ][ G(zo + Ap)dx  forall ¢ € C2°(B(0); R™), (10.50)
B1(0)

and we refer the reader to [45,71] for more on the underlying terminology. The
counterpart of Theorem 2.2 then is as follows:
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Theorem 10.12. Let Q C R” be open and bounded with Lipschitz boundary, 1 <
p<qg< min{%, p + 1}, A be an elliptic operator of the form (10.49) and let
G € C®(R™2) satisfy the growth bound |G (z)| < c¢(1 + |z]9) for all z € R™ for
some ¢ > 0. If for any m > O there exists £,;, > 0 such that z — G — £,V is
A-quasiconvex at every zo € R™ with |zo| < m, then every local minimizer of 4
for compactly supported variations is C*°-partially regular.

Proof. We follow [43] and pick Ty : R™1*" — R™2 such that Au = TTx[Vu] for
any smooth u: R" — R™!. Then F := G o I is of class C® (R "), satisfies
the growth bound |F(z)| £ C(1 + |z]9) for all z € R™*" and satisfies (H2),. In
fact, by [43, Proof of Thm. 1.1, Eq. (4.9)-(4.10)], we use p > 1 to conclude the
existence of a constant ¢ = c(A, p) > 0 such that

/ Vp(z+ Vo) — Vp(2)dx = C/
B1(0)

Vp(Ma2) + Ma(Ve)) — Vp(Ta(z))dx
B1(0)

(10.51)

holds for all ¢ € C2°(B;(0); R™!). From here, we see that the assumptions of the
present theorem imply (H2), for F. Since Z and ¥ have the same local minimizers
for compactly supported variations, the claim now follows from Theorem 2.2. The
proof is complete. O

Remark 10.13. The reader will notice that (10.51), and hence Theorem 10.12, does
not directly generalise to p = 1. This is because of ORNSTEIN’s Non-Inequality,
cf. [93,118]. Still, as established in the purely linear growth case p = g = 1, partial
regularity persists in the 1-strongly symmetric quasiconvex context [82] (i.e., the
1-strong A-quasiconvexity variant of (10.50) with Au := %(Du + Du'") being the
symmetric gradient). For the class of so-called C-elliptic operators A, this result has
been generalised in [16]. Being equivalent to having finite dimensional nullspaces,
C-ellipticity is strongly intertwined with the existence of L!-trace operators for the
underlying function spaces [32,86]. As the method of the proof of Theorem 2.1 is
strongly based on the specific trace-preserving operators from Sect. 4, it would be
interesting to know whether the method of the proof of Theorem 2.1 also generalises
to this case.
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11. Appendix

In this section we provide the proofs of some auxiliary results that appeared in
the main part of the paper.

11.1. Proof of the Hardy-Littlewood-Type Selection Lemma
We begin with the results on the selection of good points as gathered in Sect. 3.4:

Proof of Lemma 3.5. Since f: [r,s] — R is monotonously increasing, right-
continuous and bounded, f is of bounded variation on [r, s]. In particular, there
exists a finite, positive Borel measure (the Lebesgue-Stieltjes measure) f’ on
[r, s] such that f'((t;,5]) = f(t) — f(t;) forall r < t; < t, < s; as usual,
f' is obtained as the Carathéodory extension of the set function n defined by
n((t1, 1)) := f(n) — f(t)) forr <11 < tp < s and n({r}) = 0. In particular, we
have f'([r,s]) < f(s) — f(r).

We define upper and lower maximal functions for ¢ € (r, s) by

(f5@) == sup

te(t,s] T — [t,T

1
fand (fNf @) = sup / f.
] relrn) I — T Jiz.1)

We now briefly derive the requisite weak-(1, 1)-type estimate for (f’)¥. Given
A>0,let Oy :={r € (r,s): (fHE@F) > A}. Foreacht € O,, we find 7; € (¢, 5]

such that
/ fzZ M —1).
[t,7]

By use of the Vitali covering lemma, we then find a sequence (¢;) C [r, s] and
a corresponding sequence (r,j) C [r, s] such that for each j € N there holds
1j <71 < s, the intervals [¢;, 7;;] are mutually disjoint and we have

0, C US[tj, ;] and / = A, —t;) forall j € N.

j [fj,‘ftj]
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Here, given an interval [x, y] C [r, 5], we write [x, y] = [z — ¥, z + ¥'] and then
define 5[x, y] := [z — 59, z 4+ 59] N [r, s]. Therefore,

LY 0w = SZ(u, — 1)) Z/
tr,
<= Z/( ]f+ Zf({r,
tr,

10

= 7 o s T(f(s) — ().

We may argue analogously for (f');". We then obtain

10

LHOY =Lt e (r,s): (fHE@) > ) < — = 0D,
10

LUOY) =L (e (r,5): (fHF@) > A < — ) = f0),

We may assume without loss of generality that f(r) < f(s) as otherwise there is
nothing to prove. For ¢ > 0 to be fixed later, put A* := cw. Then

XI(OK*) = ! <{t ers): (fHiw > c@}) < ?(s —7),

Z2Y0).) = 2! ({t ems): (fHra > CWD < ?(s —r).

In consequence, 31((OK*)C), .,Sfl(((’)l*)c) > (1— %)(s — r) and therefore
2(1- ) 6=n = 21O + 2'(04))
u C u\C C
< 21((03)° V(1)) + 2'((03)° N (04))
<= +.21((0%)° 0 (05 (11.1)
yields
(1 - 2C—O> (s —r) .2 ((0%) N (0L)°). (11.2)

Hence (3.19) follows; indeed, if t € (O%)¢ N ((OL)E, then

f(f) f()

M 2 (f)@ 2 ———— forallt € (¢, 5] and
IR f “) f ©

= (fHf@) 2z ————— forallt € [r,1).
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In fact, since f’((a, b]) = f(b) — f(a) for any semi-open interval, we have e.g.
forall T € (¢, s]:

f@ =@ _ @) ST e <

T—1 T—t T—t

f) = f@r)
s—r

We now argue that this can be achieved for 7 < § < 7 such that (3.21) holds.
Recalling that Z!'(E) < 6(s — r), we deduce similarly as in (11.1) but now
using (11.2) and Z1(E®) > (1 — 0)(s — 1)

(1 _20_ 9) s-n <208 n @) nEY). 13

c
We then conclude from (11.3) that

ci= 12?29 — %(s_r) <$1((OK*)CO(O}\*)CHEC). (11.4)

Namely, note that we have

Toom < (122 ) om0 1280 160
—(s—r)<|1—-——— —r — < <
g c s c 8 -89 ¢

and the last condition is certainly fulfilled for our choice of c. Therefore, whenever
a measurable subset A C (r, s) is such that £ () > %(s — r), the intersection

((’)“*)C N (O *)C N E® N 2A must be non-empty. Now consider the intervals

11=(
12=(

rd = e —r) 3+ 5+ 56— ),

S+ E— =), s+ L+ L —1),

BlL BW

their intersections with (OK*)[J N (Oi*)c N EC must be non-empty each, and so we
may choose the requisite 7 to belong to I; N ((’)K*)C N ((’)i*)G NEC and 5 to belong
tolr N (OK*)C N ((’)]A*)C N EC. Then, by definition of /1, 1>, we especially have

S6-NEE-Ps -,

and so (3.21) follows.® The proof is complete. O

8 Clearly, for different choices of 7, 5’ the constant % can be improved to %, but for us it is

only important that there exists some constant.
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11.2. LP-Approach to Relaxations

In the main part of the paper we directly extended .% from a subclass of W14
to subclasses of W7 by semicontinuity. It is equally natural to first extend .#
from subclasses of W14 to larger spaces X by infinity and then pass to the lower
semicontinuous envelopes. Here we execute this task for X = L” endowed with the
strong L?-topology and compare the resulting functionals, leading to their equality
and I'-approximability by standard growth functionals under natural assumptions.
For simplicity, we here focus on the analogues of (1.9); results for functionals in
the spirit of (1.10) can be obtained with the obvious modifications.

To this end, fix exponents 1 < p < g < oo and assume that F: RV*" —
R is a continuous integrand satisfying the natural g-growth condition (H1), so
|F(2)| £ L(1+|z|%) forall z € RV*" where L > 0 is a constant. Let $ be a non-
empty, bounded and open subset of R” and g € W14 (R”; RY). Fix Q' satisfying
Q € Q' € R" and define the functional

/F(Vu)dx ifu € o (Q,Q),
Q/

T Q. Q=
+00 ifu e LP(Q; RV)\ g (2, Q),

(11.5)

where the class of admissible maps .;z%gq (22, ') is defined as in (1.8). The lower
semicontinuous envelope of .%, ;‘p [—; 2, Q'] in the strong topology of L? (£'; RV)

is denoted by ?gp [u; 2, Q']. Thus we have for each u € L?(2’; RV) the formula

—Lr P R . (uj) CLP(Q;RN),
Z [M’Q’Q]_mf{hjrglo%fjg Luj3 €2, €21 uj — u strongly in LP(Q/, RM) |~

—P
We begin with the following dichotomy on the boundedness of .7 Ig from below,
being reflected by a g-growth condition on the quasiconvexification of F':

—P
Lemma 11.1. Under the above assumptions we have either ﬁ]; [—: 2,9 =
—o00 on LP(SY; RN) or

: —LP
inf T [u; 2, Q] > —o0.
uel? (Q;RN)

The latter is in turn equivalent to F having real-valued quasiconvex envelope F9°
satisfying a natural ¢g-growth condition, so | F4(z)| £ L'(1+|z|9) forall z € RN *"
and some L' > 0.

. —LP
Proof. Assume that there exists u € L?(€'; RY) such that .Z ¢ 3L, Q' > —o0.

Then we have in particular for each sequence (u;) C %q (R, Q) with u j—> uin
LP(S; RN) that

liminf/ F(Vuj)de = Fy [u; @, Q1.
Q/

Jj—o00
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Our first aim is to establish

inf {/B o F(Vp)dx: ¢ € W(l)’oo(Bl(O); RY), [l@lle, oy < 1} > —00,
1
(11.6)

from where we then deduce F9°(0) > —oo by (3.24)ff.
Towards (11.6), take an ascending sequence of open sets 2; € Q41 € Q2 and
corresponding Lipschitz cut-offs p;: @ — [0, 1], Ig; < p; = 1g,,, and

4
Vol <dj = —
Vel =45 = G 09,2

Let (®;)¢~0 be a family of e-rescaled standard mollifiers on R". For a descending
null sequence ¢;\O putv; := (1 —p;)g + PjDe; xu. Thenv; € Jz{gq(Q, Q') and
v; — uin LP(Q'; RM). Fix Byy(x0) € Qandputr; = 27/ ry. Take Lipschitz cut-
offs 1 R — 10,11, 1g, xp) < 1) = Ip, g and [Vptj| £ -t = 22

rj_1 —r_,' ro

for j e N.For ¢ € Wé’oo(Bl(O); RN) with [|@[lLeB; o)) < 1, we put

X — X0 ,
uj(x)z(l—uj(x))vj(x)—i—rj(p( " ) x € Q.

J

Thenu; € & (R, ), u; — uin LP(Q'; RY) uniformly in ¢ as above. Thus we
can find jp € N such that

LP . "N —
Tt [uj,sz,sz]_/

—1 P
F(Vuj)dx > Fg [u; @, Q] - 1
Q/

for j = jo. In particular,

P

/ F(V((l—ujo)vjo))dx~|—r}10/ F(Vo)dx >§; [u; 2,Q1—-1
Q’\B,jo (x0) B1(0)

holds for all (/S W(l)’oo(Bl(O); RN) with ||(p||L°O(B1(O)) § 1.

Hence we have F9°(0) > —oo and therefore that F9° > —oo everywhere (see
(3.23)ff). Since in particular F9 < F < L(1 + |- [9) on RV*" we deduce
from (3.28) that |F%(z)| < cL(|z|? + 1) for all z € R¥*" for some constant
¢ 2 1; the envelope F9° is then also locally Lipschitz. Now take a Lipschitz cut-off
between Q2 and ', p: R" — [0, 1], such that 1 < p < 1 and |[Vp| £ g with
d = dist(2, 9Q"). Since

. —LP .
inf 7, [;Q,Q1=inf / F(Vu)dx
ueL? (Q;RN) uedy (Q.Q) J

and for u € ,;zfgq(Q, Q') we estimate (recall that |F9°(z)| < cL(1 + |z|?) for all
ze Ran)

/F(Vu)dx:/ F(V(,ou))dx+/ (F(Vg) — F(V(pg))) dx
/ Q Q\Q
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> PM(Q)FE(0) + /Q/\Q(F(Vg) — F(V(pg))) dx

we conclude the proof of the first part of the lemma. Because the second part of the
lemma is obvious from the above proof we are done. 0O

Proposition 11.2. Fix an exponent r € [p, ql. Then under the assumptions of
Lemma 11.1, the following are equivalent:

(a) For each t € R the sublevel set {u € LP(Q/; RN): ?I(;p[u; Q, Q1 < t}is
contained and bounded in W' (Q; RV) ifr > 1 and in BV(Q; RN) ifr = 1.

(b) There exist ¢ > 0, zo € RN*" such that F — ¢(-)" is quasiconvex at z.

(c) There exist constants c; > 0, ¢ € R such that

. .

7 w2, Q1> {Cl”u”Wl"m/) ta ifr>1

8 ’ ’ - / ] = 1
cillullsvy +c2  ifr

holds for all u € LP(Q'; RV).

In the display of (c) we use the convention that the norm of u is defined to be
400 when u does not belong to the corresponding space.

—].P
Proof. Note that when u € (2, ), then F, [u; 2, Q] < [0 F(Vu) dx.
Consequently, for all # € R we have the inclusion

{ue (@, Q): /F(Vu)dx§t}c{ue%q(9,9/): ?‘;p[u;g,mg}
Q/

and so condition (a) implies in particular that the sublevel sets on the left-hand side
are bounded in W1 (Q/; RY) if » > 1 and in BV(Q'; RY) if r = 1. We hereby
conclude (b) by Proposition 6.1. In turn, (b) implies that

/ F(Vu)dx Z ¢y | |Vu|"dx +c forallue,sz%;(Q,Q/)
@ o4

by Proposition 6.1. By lower semicontinuity of the W' or BV-norms for strong
convergence of W!4-maps in L"(Q’; R") and our above convention of e.g.
lullwir iy = oo if u ¢ WH(Q'; RY), we conclude (c). Since (c) obviously
implies (a), the proof is complete. O

Corollary 11.3. Under the mutually equivalent conditions of the preceding propo-
sition, we have

—P7 J—
Fo ;2,21 = Folu; 2,Q1  forallu e W@ RY),
>k

. O |
ﬁ]g [u; Q, Q1= T lu; Q, Q1 forallu e BV(Q; RY). (11.7)
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Proof. We focus on the case p > 1, the case p = 1 being analogous. We only

—_1p
need to establish "=’ in (11.7), and then may assume that 9‘; [u; 2, Q'] < o0
as otherwise there is nothing to prove. By Proposition 11.2 (c), we then have

—1.7

ﬁ; [u; Q, Q] > —oo. Let (uj) C ,Qf/gq(Q, Q') be such that u; — u strongly
—P

in L”(Q'; RY) and y'gj [u; 2, Q] =lim; oo ZL" [u;; Q. Q']. Again by Propo-

sition 11.2, (u ;) is bounded in WP (€; RN). Hence, (u j) possesses a subsequence

(u,) such that u;, — v weakly in W'7(Q'; RV) for some v € WI7(Q/; RV).

Since u; — u strongly in L7 (Q; RN), we have u = v and thus

—L? ..
7, [u;Q,Q’]=11krglor<1>f3‘;],“p[ujk;52,52]2 7 olu; 2, Q1.
The proof is complete. O

We finally address a I'-approximability result. Note that, if we choose s > ¢
in the following, this allows to I"-approximate the relaxed functionals by multiple
integrals with integrands of pointwise standard growth (i.e., (1.2) with the exponent
s), whereas if F' is quasiconvex and s = ¢, the integrand F +¢(-)9 still has g-growth
and is g-strongly quasiconvex.

Remark 11.4. Fix an exponent s = ¢, assume g € whs(R”; R™) and define for
& > 0 the functional

/ <F(Vu) + a(Vu)s> de ifu e &f(Q, Q)
Q/
+00 if u € LP(Q; RV)\ g (R, ),

jv%g’g[u; Q,Q1:=

P
Lo e,Q— 7, -
Q, Q'Tin the sense of I'-convergence on L” (2'; R") with the strong L”-topology
as e\|0.
Indeed, letu, — uinL?($'; RY). We aim to show thatlim infg\ 0 .7,

where we recall (z) = /|z|2 + 1. We then have that .ZL”

[u€7Q Q]z

ssg

—P
F Ig [u; 2, Q'] and may without loss of generality assume that the left-hand side
is smaller than +oo. We then extract a subsequence (say &;\0) such that

FL [ugj;sz,sz]—mm\mfy [ue; Q, Q] < 400

$,€7,8 S,6,8

From the definitions we then have u,; € %‘(Q, Q') and since Ug; — uin
LP(Q; RV) that

lim <F(Vu£ )+ ¢ (Vug ) > dx 2 liminfy;”[usl.; Q, Q12 ?;”[u; Q, Q.
J—>00 :

Jj—00
Next, we must show the limsup inequality, namely given u € L?(Q'; RV) that we
can find (ug)s~0 in L?(€'; RY) such that u, — u strongly in L? (Q; RY) together
with

hmsupJ (ueg; 2, Q1< 7 [u Q, Q.

S,&
&\0 §
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— )
Clearly we may assume that .# I(,; [u; 2,Q'] < 400 and can then by defini-
tion find a sequence (u;) in %V(Q, Q') such that u; — u in LP(Q'; RM) and
—.7
fQ,F(Vuj) dx — 9’; [u; 2, Q']. Take a descending null sequence (&) such that
€j fQ,(Vuj)S dx — 0. Define ug = uy fore > ¢y andfor j > 1, u, = u; fore €

» —LP
(¢j,€j—1]. Thenu, — uinLP(Q'; RN)andﬁs'j;’g[ug; Q, Q1 — 321: [u; Q, Q1,
and the statement follows.

11.3. Proof of Lemma 7.2
In this section, we provide the elementary

Proof of Lemma 7.2. For any open and bounded Lipschitz domain ' C R" and
any map w € W4 ('; RV), we have with @ := w — a

/ Fya(Vib)dx :/ F(Vw) — F(Va) — (F (Va), V(w — a))dx

w/

=/ F(Vw) — F(Va)dx

+ / (F'(Va), (a — try, (W) ® vaw/)d%"_l, (11.8)
o’

where vy, is the outer unit normal to de’. Identity 11.8 implies that (u;) C
(2, Q) isienerating for ?;}[u; Q, Q']if and only if (i;) C %qogz, Q) is
generating for ﬁ*wﬁo [u; 2, Q'Twithu := ILQE—’—ILQ/\E’IZO. Specifically, ﬁz[u; Q] <
oo implies that?éa’g[ﬁ; Q] < 0o,andby Remark 6.11 we theninfer Lemma 7.2 (a):

Let xo € Q and r > 0 are such that B, (xg) € 2 and M Du(xg, r) + MM,(xg, r) <
0o, where A € RMg, (') is the weak*-limit of a suitable subsequence (|Du j,|).
From above we deduce that (if j, ) is generating for?éaﬁo [; , Q'1,and M Du(xo,
r) < oo holds trivially. Let © € RMjg, (') be a weak*-limit of a subsequence
(|1DUj, y]) of (|IDuj, |). If & > 0 is sufficiently small such that B, 12, (xo) € €2, we
then have

/ o dlL § lim inf/ o d|DL7jk(1)|
Byt (x0)\Br—¢ (x0) =00 JB,1e(x0)\B; (x0)

< limsup/i d(|DMjk(l)| +|Val.L™h)
[—=00  JByy2e(x0)\Br—2¢ (x0)
< [A|(Bri2e\Br—2¢) + z" (B 426 (x0)\Br—2¢ (x0)) | Val|

< de MA(xg, ) + L (Br 426 (x0)\Br—2¢ (x0))| Val

for §,+28 (x0)\B;—_2:(x0)) is compact. Dividing the previous inequality by 2e,
we obtain M Du(xg, r) + Mu(xg,7) < oo, and from here Remark 6.11 im-
plies (a). Based on (11.8), Lemma 7.2 (b) then follows by similar means. To



80 Pagel114of 125 Arch. Rational Mech. Anal. (2024) 248:80
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\

A () ®)

Fig. 5. The grid-covering argument underlying the proof of Proposition 10.9. For a trian-
gulation as depicted in (a), the triangles A are shifted by a certain multiple of a vector not
tangent to the faces of A, see (b). Since e is non-tangent to the faces of any A, one may run
the usual argument in the proof of the Hardy-Littlewood maximal theorem to conclude that

Ma(p) < 0 i,”]-a.e.; note that, if ¢ were tangent to a face of A, the usual disjointness
provided by Vitali’s covering lemma would become vacuous and a strictly positive integral
could potentially be counted infinitely often. In this case, the requisite finiteness would not
follow anymore

see Lemma 7.2 (c), £;, > 0 be the constant from (H2). Using that |Va| < m, (H2)
then yields with €0 := ¢,, /(16(14+m?)*/?) for all test maps ¢ € C°(B;(xo); RV)

m / V(Vg)dx
By (x0)
Lem. 3.6 (f)
= Zm/ V(Va+ V) —V(Va) — (V'(Va), Vo)dx
By (x0)
=4, / V(Va+ V) — V(Va)dx
By (x0)

(HI)
< / F(Va+ Vg) — F(Va)dx = / Fyv,(Vp)dx.
By (x0) By (x0)

The case of general maps ¢ € Wé’q (B; (x0); RY) then follows from quasiconvexity
and (H1), hereafter (3.26), and smooth approximation. The proof is complete. O

11.4. Proof of Proposition 10.9

In this concluding section, we provide the proof of the lower semicontinuity
result from Proposition 10.9. As a novelty, Proposition 10.9 can be inferred in a
self-contained way by combining the trace-preserving operator from Sect.4 with
an adaptation of the approach by CHEN and the second author, cf. [42, §5]. Related
results are for instance due to Focarpi [65], however, work subject to different
hypotheses than ours.
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Proof of Proposition 10.9. Let u,uy,uz,... € WLI,;)CD(Q; RY) be as in Proposi-
tion 10.9, where it is no loss of generality to assume

lim inf/ F(Vu;)dx = lim / F(Vuj)dx (11.9)
by passing to a subsequence if necessary. Moreover, we may suppose that the
extended Dirichlet datum satisfies ug € (W' n WH®)(R”; RY) and so, tacitly
thinking of u, u; to be extended by ug to R", we may assume that that u, u; €
Wh® (@R RV). Given ¢ > 0, we then find 7 € (C®° N Wh®)(R”; RV) such that
lu— E|IW1.¢(Rn) < % Let 7 be a triangulation of R” which is uniform and regular,
and denote 7, the subcollection of triangles A € 7 with A N Q2 # @. Then there
exists 0 < 8 < 1 such that, if diam(A) < & forall A € 7 and ar: R* — RV
is the piecewise affine-linear map arising as the Lagrange interpolation of & on
the nodes of the triangle A € 7, we have [ — a7|lwi.ogs) < 5. We then set
ap = agl|a. As T is assumed uniform and regular, we find a unit vector e € sn—1
not being tangent to any of the faces of any triangle A € 7 this is so because
T being uniform and regular forces all the triangles A € 7 to be congruent to a
finite number of simplices. For non-negative Radon measures x on R”, we define
a maximal-type function

1
Ma(u)(t) == sup 2—~/ du, te€]0,3].
0<z<t #€ Jte+dA+Bz(0)
14558

Since e is not tangent to the faces of A, we conclude that for .# lLaere (0, 8) we
have that Ma () (1) < oo; see Fig. 5.

In the following, we write ® = @ (] - |) with slight abuse of notation. Passing to
another subsequence if necessary, we may assume that ® (u ;)" + & (Vu j).2" X
A € RMg, (R™). Since 7g consists of finitely many simplices, the set of all

se [ 1e0.8): Ma()(®) < 00 and Ma(®@u)-L" + S(Vu).L") (1) < oo}
NeTq
(11.10)

still has full .Z'-measure in (0, 8). Especially, we may pick an s such that (11.10)
holds and, with A" := se + A, T, :={A": A € T} is still a uniform and regular
triangulation of a neighbourhood of €2.

Now let 1 < t < 2. Denoting the center of A’ by xa/, we set TA' := xp +
T(A' —xp). We thenlet _#Zn: WP (A RY) — WL22A"; RY) be a bounded
linear extension operator satisfying

/ O(_JFav) + D(V_Fav)dx < c/ O (v) + (Vo)dx, v e WA, RY)
20 A
(11.11)

with a constant ¢ = ¢(A’,n, N, ®) > 0. Since ® is of class A, and ’TS’Z is still
uniform and regular, such an operator can be obtained by routine means for the
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unit simplex Al = co({0, ey, ...,e,}) and then emAploying an affine change of
variables. We set, with the trace-preserving operator [E from Sect. 4,

w = /A’EA’(M) and w; = /A’EA’(MJ')

and claim that

/ P(w—w;)+P(Vw - Vw;)dx - 0, j— oo. (11.12)
20/

For future reference, we then remark that an argument analogous to that underlying
proof of Lemma 4.1 (b) (in fact, a combination of Lemma 4.1 (a) with Jensen’s
inequality) yields

/ O (V'Epv)dx < c/ ®(Viv)dx  forallve Wh® (A, RY), [ € {0, 1}.
(11.13)

Inview of (11.11), it then suffices to establish (11.12) with the domain of integration
changed to A’. To this end, let &’ > 0 be given. Denote (B’) the Whitney cover of
A as displayed in Sect. 4, cf. (W1)—(W4), and pick a partition of unity (p;) subject
to (BY) satisfying (W5)—(W7). Foreachi € N, the definition of the averaged Taylor
polynomials (cf. (3.15)) implies

VIgu; — VIgu in RV as j — oo (11.14)

because of u; — u strongly in L (R™; RN ). From Sect. 4, we recall the notation
UE :={x € U: dist(x, dU) < k}. Using a similar argument as for Lemma 4.1 (a)—
(c) in conjunction with the convexity and the Aj-property of ®, we conclude that
there exist constants Cy, C» > 1 (solely depending on ® and 7) such that, with
¥ > 1 fixed and close to 1 and « > 0 sufficiently small

lim sup 12 := lim sup /
! A

j—o00 j—o00

. DEpu;) + O(VE u;) + ©(Epu) + (VExu)dx
< limsup/ . Ouj) + O(Vuj)+ &) + ¢ (Vu)dx
A/

J—>00 Cp xk

<c / dr+ Cy / ®u) + d(Vu)dx
aA/"‘BC2></(><13(0) 3A/+BC2><:(><L?(O)

S 2C1C Xk X P(MAR)(S) + Ma(@w)L" + @(Vu)L")(s)),

and because of (11.10), there exist « = «k(A) > 0and jy = jo(A) suchthat j 2> jg
implies

(11.15)
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Fix such « and jy. We then pick the minimal index set Z C Ny such that {x €
A Y e pi(x) =131 U A'C = A';in particular, 7 is finite. On the one hand, we
have by the local uniformly finite overlap of the balls B’ and the A,-property of ®

/(I><Zpi(1'[]13iu—l'[]13iuj))dx§c2/ @(Hliu—nllgiuj)dx
’ Bi

ieZ ieZ

< CZ/BI_ (| Tyu — T u |l ooy dx

i€l
(3.16), ]
< o) rBY'e <][ |u — uj|dx) -0
iel B!

(11.16)

as j — o0, since u; — u strongly in L1(Q; RY) by assumption and Z is finite.
On the other hand, by virtue of ® being of class A,

/ o (v > pi(Mgu — n]gl.uj)) dx
A/

iel
< c/ ) (Z pi (VI u — n]g,.uj))> dx
& iel
+c/ ) (Z(Hliu —Mu)) ® vp,-> dx =: 11, + I11;.
N X
iel

Since 7 is finite, we have lim j . o II; = Obecause of (11.14),andlim ;. oo III; =0
by an argument similar to that underlying (11.16). Specifically, there exists j; € N
such that

& Lo
> /,q> (vlzpi(nliu — 1'[]13,-uj)> dr < = forall j > ji. (11.17)
efo,1 4 ieT

Using the convexity and @ being of class Ap(®), we obtain for all j = max{jo, ji}

/ P(w —wj) +d(Vw — Vw;)dx

< A (D)
==/,

; S (w) + P(w;) + & (Vw) + &(Vw;)dx

K

—|—/ O(w—wj)+ P(Vw — Vw;)dx < &
UieIBI

by (11.15) and (11.17). As indicated above, this implies (11.12).
We then pick bj n € RY such that wj — Znap + bj o has zero mean
on tA’ and put, with ppr € CP(rA'; [0, 1]) satisfying 1o» < par < 1,4 and
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IVon! S Gohdamany

v e 1Tl in &,
I an + pa(wj — /A/CIA/ + bj,A’) inTA\A.

Since E is trace-preserving and the traces of an’ and _#araa coincide along A,
we conclude thatv; € whe (tA; RN ). On the other hand, by the growth condition

onF,vj—ap € W(l)’q)(t A’; RN is admissible in the definition of quasiconvexity
and therefore

" LAYV (Vap) < /

F(Vv;)dx +/ F(Vuj)dx =:1V; +V;.
TAN\A ' N

(11.18)

Next note that by the convexity and the Aj-assumption on ®, we have

/ O(V(wj — Faap))dx S c/ S (V(w; —w))dx
T TN

A

+c/ O(V(w — Fran))dx
TN

(”—'12)c/ O(V(w — Fyan))dx
TN

(11.11)
< c/ d>(w—aA/)dx+c/ O (V(w —apr))dx
N N

Lem. 4.1 (c), (11.13)
< c/ <I>(u—aA/)dx+c/ ®(V(u —ap))dx (11.19)
! A/

as j — oo. By the growth condition on F and the Aj-condition of ®, we have
with constants C = C(t — 1, ®) > 0, ¢ = C'(t — 1, ®) > O (that satisfy
lim sup, ; C(t—1, @), C'(z—1, ®) = 00) by Poincaré’s inequality in W' ® (r A"; RV)

wj — fA/aA/ +bj,A’
T—1

v, éc/ 1+<I>(VaA/)+<I><
TANA
+ CD(V(wj — /A/aA/))dx
< O = DL D)1+ D(Vay) +C / O(V(w) — Fyan)dx
A/

T

YV < e - 020+ @ (TVaw)

+c’( / O — ap)dr + / @(V(u—aAf>)dx>
! A/

as j — oo, which in conjunction with (11.18) yields

"L (N YF(Vap) < <liminf/ F(Vuj)dx>
j— /

o0
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+ C(" = DL (A1 + P (Vap))

+c (/ d(u —ap)dx +/ d(V(u — ag))dx) )
A N
(11.20)

Summing inequality (11.20) over the finite set of all simplices A" € 7, we find

VI = f"/ F(Var)dx < liminf/ F(Vuj)dx + C(z" — 1)
UA/eTé o 7= L-JA’E'TS’2 A

o
X / (1 4+ ®(Vag))dx
UA’ET& N
+ C// D((u—ap)) +D(V(u —ap))dx
UA/ETS/Z N
=: VII + VIII + IX.
‘We then have
VI = t”/ F(Var) — F(Vu)dx + r"/ F(Vu)dx
UA’eTé N UA/eTé o
> —1" / |F(Vag)) — F(Vu)|dx + " / F(Vu)dx
UA/eTé o UA’eTé o
Lem. 10.10 d(1 + |V Yar
> _C,L,n/ (I+ |Vul + |Var |)|Vu—Va7/|dx
Uner, & 1+ IVl + [Var|

+ 7" / F(Vu)dx + 1" / F(Vu)dx =: VI; + VI, + VI3.
Unrery 8\2 Q

We then first send e\ 0 and hereafter 6\ 0. Recalling how a7 is constructed and
so limg\ o [P (V(u — a17)) ||L1(R,,) = 0, using a similar argument as in (10.40)ff.
we find that limg\ o VI; = 0. On the other hand, as F(Vu) € L'(R"), we have
limg\ o VI = 0. Similarly, we obtain that lim¢\ o IX = 0. Since u; = ug outside
2, we equally have
VII = liminf/ F(Vuj)dx
Q

j—>o0
j—o0

0
+/ F(Vug)dx 2 li_minf/ F(Vuj)dx.
(UA/GTé AR Q

Finally, since by construction [|1 + ®(Varz)||1 ) is bounded as £\,0, we may
send 7\(1 to obtain

/ F(Vu)dx < liminf F(Vu)dx,
Q J—>00

and the proof is complete. O
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