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Abstract

In this thesis, we work on the explicit geometric description of certain moduli schemes.
Pandharipande-Thomas (PT) stable pairs provide an example of moduli spaces of
objects in the derived category, whose scheme-theoretic geometry can be explored to
a reasonable level of details. We consider PT-pairs supported at the double of the
zero-section inside a particular bundle over the projective line, called the resolved
conifold.

Their geometry can be probed in two ways. The first is sheaf-theoretic, and
consists in looking at the non-reduced structures with which we can endow a reduced
curve: this relies on a procedure by Ferrand, reducing the study to line bundles.
Degenerations of those line bundles are relevant, as they carry information about
the corresponding PT-pairs.

The second way involves representation theory. Thanks to a result by Nagao-
Nakajima, PT-pairs on the resolved conifold correspond to stable representations of
a particular quiver with potential, for a suitable stability condition. By finding an
appropriate basis, we can read off the equations for the moduli scheme and recognise
the same geometry observed through the first approach.

There is a stratification of the moduli scheme, which admits a simple sheaf-
theoretic interpretation, but the actual equations are given via the quiver representa-
tion approach. The main technical obstacle is that, while stability for the Hilbert
scheme (leading to Donaldson-Thomas invariants) translates to a simple algebraic
condition, stability of PT-pairs involves a case-by-case analysis to obtain suitable

algebraic conditions on the corresponding quiver representations.



Acknowledgements

First of all, I would like to thank my supervisor Baldzs Szendrdi, for introducing
me to this research topic and showing me the beauty in these constructions. His
constant advice and patient encouragement were invaluable, and I am most grateful
for the opportunity to work with him.

I also express my gratitude to Tom Bridgeland, Joachim Jelisiejew, Dominic Joyce,
Tasuki Kinjo, Henry Liu, Sven Meinhardt, Barbara Bolognese, Camilla Felisetti, and
Andrea Ricolfi, for answering several questions and engaging in helpful mathematical
discussions.

I thank my examiners Richard Thomas and Frances Kirwan, who thoroughly
read my thesis and brought forward important suggestions which helped improve the
final result. I would like to thank Miles Reid and Enrico Fatighenti, who invited me
to Warwick years ago and made this entire adventure possible. I also thank André
Henriques, Timothy Logvinenko, Fosco Loregian, Lorenzo de Biase and Ferdinando
Zanchetta for more mathematical conversations, albeit far from the subject of this
thesis.

My doctoral studies were generously supported by EPSRC and the Centre for
Quantum Geometry of Moduli Spaces, in Aarhus. Moreover, I thank Christ Church
College for offering an excellent environment, not least by providing the wonderful
housing I have been given.

I thank my housemates Ang Koon Hwee, Caterina Ludovica Baldini, and Kris
Hyesoo Lee: T could not think of a livelier and more relaxed group of friends with
whom to share quarters, meals, and long chats. Thanks to my office mates, Eloise
Hamilton, Kelli Francis-Staite, Nicholas Wilkins, and Thomas Zeman, for making
life in the department so jovial, and for sharing successes, setbacks, and Tim Tams.

I have fond memories of the time spent with all my friends: in Warwick, with
Alice Cuzzucoli, Andrea Pizzoferrato, Bruno Federici, Claudio Onorati, Livia Campo,
Francesco Broggi, Gian Lorenzo Spisso, Giovanni Mizzi, Ilaria D’Adamo, Ilaria
Di Fresco, Jacopo Credi, Lorenzo Federico, Marco Caselli, Massimo Iberti, Serena
D’Onofrio; and in Oxford, with Antonio De Capua, Athena Picarelli, Dario Beraldo,

Federico Amadio, Francesca Balestrieri, Giacomo Canevari, Giacomo Micheli. To



them goes my gratitude for offering so many occasions of joy and laughter. I also
thank my friends elsewhere: in particular Alice Muzzioli, Attilio Zilli, Eris, Giulia
Vivaldi, Livia Carusi, Marco Pace, Paolo Staffieri, and Suzan Meryem Rosita Kalayci,
for giving their honest advice and encouragement.

I would like to thank the incredible administrative and support staff, across Christ
Church, the Mathematical Institute, and the University. In particular Paul Buck,
Sally Gillard, Cathy Hunt, Sandhya Patel, and Melanie Radburn. They daily support
hundreds of students, in many different ways, and their contribution is essential.
On the same note, a special thanks goes to Clare, Femke, Judith, and Karen, for
offering the right word at the right time. There are way too many more people I
would like mention, and I have been extremely fortunate to meet and be surrounded
by so many exceptional friends.

Finally, but not less important, I dedicate this work to all families. People who
have welcomed me in theirs, by fate or choice, and I am humbled that so many
elected to have me around. Paolo, Maria Grazia, Matilde and Marisa, prof Tarello
and Mr Del Conte, André and Ana, Mauro and Fabiana, Luisa, Alessandra, Patrizia
and Danilo. My fiancée Maria Chiara has been a wonderful partner, friend, and ally.
I am grateful to all these people, for being there and offering their support, in many
different ways, throughout these past years. They mostly did not really know what I

was doing, but simply trusted that it mattered to me.



Contents

0 Introduction

1 Background

2

1.1

1.2

1.3

1.4

2.1

Non-Reduced Structures . . . . . . ... ... ... ...
1.1.1  Sheafy algebra. . . . . .. .. ...
1.1.2 Ribbons . . . . .. ..
1.1.3  Degenerations of Ribbons . . . . . ... ... ... ... ...
Donaldson-Thomas theory . . . . . .. ... ... ... ... .....
1.2.1 Overview . . . . . . . . .
1.2.2 Counting Curves . . . . . . . . .. .. ...
1.2.3 The Behrend Function . . . . .. ... ... ... .......
Pandharipande-Thomas invariants . . . . . . . ... .. ... .. ...
1.3.1 Stable Pairs . . . . .. ... oo
1.3.2 Cohen-Macaulay Support . . . .. .. .. .. ... .. ....
1.3.3 Gorenstein Support . . . . ... ..o
1.3.4 PT Moduli Spaces . . . . .. ... ... ... ... ...,
1.3.5 Deformation of stable pairs . . . . ... ... ... .. ....
1.3.6 Fixed support . . . . . . . ...
1.3.7 Stable pairs supported at reduced curves . . . . ... ... ..
1.3.8 Stable pairs supported at ribbons . . . . ... ..o
Cohomological invariants . . . . . . . . . ... ... ... .......
1.4.1 Critical Charts . . . . . ... ... ... ... ... .....
1.4.2 The DT-Sheaf . . . . . . ... ... .. ... ... ...
PT moduli spaces on the resolved conifold
Preliminaries . . . . . . . . . . .. ..
2.1.1 Basic definitions . . . . . . . ... o
2.1.2  Thickenings of the zero-section. . . . . . . ... .. ... ...
The toric formalism . . . . . . .. .. ... ... ...

2.2

11
12
13
13
15
16
17
18
19
20
21
24
25
28



2.2.1 The resolved conifold as toric variety . . . .. ... ... ...
2.2.2 The 3-fold vertex . . . . . .. . ... ...
2.3 The quiver formalism . . . . . . .. ... ... ... L.
2.3.1 Generalities . . . . . . ...
2.3.2 Stability . . ...
2.3.3 The conifold quiver . . . . . ... ...
2.3.4 The PT chamber . . . . .. .. ... ... ... .. ......

The geometry of some moduli spaces

3.1 Thespace N1, o o v v v v oot

3.2 Thespace Nag . . . . oot i

3.3 Thespace Nog . . o o v v it
3.3.1 Description via Thickenings . . . . . .. ... ... ... ...
3.3.2 Local affine construction of families . . . . . .. ... ... ..

34 Thespace Nos . . o o oo vt
3.4.1 Case 1: P,Q with a common factor . . . . ... ... .....
3.4.2 Case 2: P,Q proportional . . . ... ... ... ... .. ...
3.4.3 Case 3: P,Q proportional and squares . . . ... .. .. ...
3.4.4 Local affine construction of families over P . . . . . . .. ..
3.4.5 Local affine construction of families over B . . . . . . . . . ..
3.4.6 The extra component F, globally . . . . ... ... ... ...
3.4.7 Global picture . . . . .. ...
3.4.8 Scheme-theoretic remarks . . . . .. ... ... ... .....

3.4.9 Reduced geometry as critical locus . . . . . .. ...

Description via Quiver Representations
4.1 Quiver description of My, . . . .. oL o
411 n=2. . . . e
4.1.2 Generalmn . . . ...
4.2 N, general considerations on the quiver description . . . . . . . ..
4.3 Quiver description of Moy . . . .. oL oo
4.3.1 Matrices of the reduced locus . . . . . . ... ... ... ...
4.3.2 Critical locus description . . . . . . . . ... ... ... .. ..
4.4 Quiver description of Nos . . . .. ..o
4.4.1 Case 1: neither by,by injective . . . . . . . .. ... ... ...
4.4.2 Case 2: by injective . . . . . ... oL
4421 Case2q . . . . ...



4422 Case2B . . . . ..
4423 Case2y . . . .
4.4.3 Critical locus description . . . . . . .. . ... ... ... ...

5 General insights into N3,

5.1 Geometric description . . . . . ..o
5.2 Quiver description . . . . . ... L
5.3 Examples of naive moduli counts . . . . . ... ... ... ... ...
5.31 Nag oo
532 MNog oo
5.33 Nas oo
5.34 0 Nag oo i
5.35 MNoz oo
A Code
A.1 Wolfram Mathematica: 3-fold Vertex . . . . . . . .. ... ... ...
A.2 Wolfram Mathematica: Quiver Representations . . . . .. ... ...
A3 Macaulay2: Critical loci . . . . . ... ... ... o
A31 Nog oo
A32 Nos oo

B Box Configurations

110
110
113
114
114
114
114
115
115

116
116
118
119
119
120

122



List of Figures

1.1

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

3.1
3.2
3.3
3.4

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13

The module Fy . . . . . . . . . . . e 22
Toric construction of the conifold . . . . . . .. ... ... ... ... 38
The conifold toric graph . . . . . . . .. ..o 39
Partition of a monomial ideal . . . . . .. ... .. ... ... .... 40
Three-dimensional vertex, with legs along the axis extending indefinitely 41

Edge box configurations for a double curve C. . . . . . . . .. .. .. 42
Examples of vertex box configurations . . . .. ... ... ... ... 43
The framed conifold quiver Q. . . . . . . . . . . ... ... ... ... 49
Wall and chamber structure for stability parameters . . . . . . . . .. 52

Allowed dimension vectors for submodules of a stable module in V;,, 53

The module Fiap)y - . . . . o o oo 62
The module Fixyngy - - - o v v v oo 63
The module F;, . . . . . . . . . . ... 73
The module Hom(m? O¢) . . . . . . . ... 74
Allowed dimension vector for submodules of an A-module in /\/’172. .. 84
A representation corresponding to a stable pair in Mo, . . . ... .. 85
A representation corresponding to a stable pair in My,. . . . . . . .. 86
Allowed dimension vectors for submodules of an A-module in /\/'274 .. 87
Allowed dimension vectors for submodules of an A-module in Nps . . 93
Case 1: neither by by injective: by, bo, a;y to . . . . o . o ... 96
Case 20 by, boy @y o o o o o o 97
Case 2Ba: by, bo, azy 1o v o o o 97
Case 20b-1: by, bo, @iy 1o o o v o o o 98
Case 20b-ii: by, bo, @jy 10 o o o o 99
Case 2va-i: by, by, @iy 00 o o o 0L 100
Case 2va-ii: by, bo, iy 1o« o 0 o L 101
Case 29b-i: by, boy @iy Lo v o v v 101



4.14 Proposition 4.4.8: by, bo,
4.15 Case 2vb-ii: by, by, a;, 1.



Chapter O

Introduction

It’s a sad bad and mad glad scheme

It’s the best scheme I have

And that’s bad enough for me

And I won’t get sad if you don’t

See just how mad glad my schemes can be

Bill Wurtz

This thesis concerns the explicit description of certain moduli schemes, of interest
in enumerative geometry and generally in the context of moduli spaces of coherent
sheaves over Calabi-Yau three-folds. Among those moduli schemes, the Hilbert
scheme of points has been studied extensively, and is the subject of active research. It
is worth recalling classical and recent results about what is known of their geometry.
Consider the Hilbert scheme of points Hilb™ X, parametrizing zero-dimensional
subschemes Z C X of length n, and call he: Hilb"(X) — Sym"(X) the Hilbert-
Chow morphism sending Z to its underlying O-cycle. When X is a smooth curve,
it is a standard result that hc is an isomorphism (see for example [Kol96, §1.4.1]);
for X an irreducible nonsingular quasiprojective surface, Fogarty [Fog68, Thm. 2.9]
proves that the Hilbert scheme is smooth and irreducible for all n, and in fact hc
is a resolution of singularities. Moreover, there is a plethora of results studying
the structure of Hilbert schemes of points on surfaces via Nakajima quiver varieties
[Nak99].

When the ambient variety X has dimension 3, already simple geometric questions
concerning reducedness or irreducibility have only partial results, several of which
provide bounds through explicit examples, often relying on computer algebra as in
[HMS21] or [DJNT17]. As the question is local, fix for now X = A%. We have that
Hilb"(A) is smooth for n < 3, and reduced and irreducible but singular for n = 4
(originally proven by Fogarty [Fog68]; for an exposition see for example [Kat92]);

hence, it is singular for n > 4 by considering subschemes containing a fat point with



multiplicity 4. It is reducible for n > 78 by work of larrobino [lar72], and irreducible
for n < 11, with this lower bound attained in [DJNT17] - it is unknown which n is
the threshold of reducibility. This threshold is however known for d > 4 where it has
been shown [CEVV09] that Hilb™(A¢) is reducible for n = 8, hence for n > 8, and
irreducible for n < 8. We provided here only a brief account of results, and we refer,
for example, to [DJNT17, §1] for a more comprehensive summary.

In terms of reducedness, Fogarty [Fog68] conjectured Hilb™(A¢{) to always be
reduced for all n, d and all fields k of characteristic 0. A negative answer was recently
provided by Jelisiejew [Jel20] and later further refined by Szachniewicz [Sza21], who
construct counterexamples for d = 16 and d = 6 respectively. Jelisiejew conjectures
that the same technique could be refined to work for d = 4, and notes that the
borderline case d = 3 admits a further approach via representations of quiver with
superpotential, as done for Hilb*(A2) by Dimca-Szendrsi [DS09]; it is currently an
open question whether Hilb’(A2) is reduced.

If we consider the Hilbert scheme of curves, that is 1-dimensional subschemes,
even less is known about the explicit geometry. The question of irreducibility goes
back to Severi [Sev21], and we know that Hilb* (%), the Hilbert scheme of cubic
curves, having Hilbert polynomia 3¢ + 1, is reducible [PS85]. Moreover, Harris and
Eisenbud [Har82] prove that, given any dimension d and genus g, if Hilb™ 9 (PP4)
is non-empty then it is reducible for sufficiently large degree n. On threefolds d = 3,
their lower bound on n is rather coarse, compared to other results [I1i06].

Considering the issue of reducedness, Mumford [Mum62, §2]| proves the following.
Let Hilb'~23(P%) be the Hilbert scheme parametrising curves of degree 14 and arith-
metic genus 24. This scheme has an irreducible component, generically parametrising
smooth irreducible curves, which is everywhere nonreduced. This is arguably the
most famous specimen, among the bestiary of known example of Hilbert schemes of
curves. Another example with lower genus and degree is provided in [GP82, p. 417],
where the authors prove the existence of an irreducible and nonreduced component
of Hilb'* 17 (IP2), parametrising smooth curves of degree 13 and genus 18 satisfying
certain incidence conditions. To the best of our knowledge, these are currently the
lowest values of degree and genus for which such a component parametrising smooth
curves is known to exist.

There are more results aiming at exhibiting non-reduced components of Hilbert
schemes of curves, for example [Ric20]. More generally, Martin-Deschamps and Perrin
[MP96] show that, for “almost all” arithmetic genus and degree, the Hilbert scheme

contains a non-reduced component, but those components parametrise possibly
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reducible or non-reduced curves. We refer to the summary by Hartshorne [Har10,
end of §2.13] for a more in-depth overview. In general, to prove nonreducedness of a
Hilbert scheme, one could either show that an entire component is nonreduced (as
done in [Mum62; GP82]), or show that some component is parametrised by a scheme
which can be explicitly described: this is for example the approach in [AV92]. A
famous result of Hartshorne [Har66] shows that, for any Hilbert polynomial P, the
Hilbert scheme Hilb” (P4) is connected; moreover, a recent work [SS20] characterises
those polynomials P for which this Hilbert scheme is smooth.

Most of the results above yield coarse bounds on the discrete parameters (like
degree, genus, or dimension of the ambient space), so that certain geometric properties
are satisfied. In order to improve them, it is necessary to study in detail special
cases. Given the scarcity of full examples, there is a legitimate interest in the explicit
geometry of moduli spaces of curves, in particular around questions about their
reducedness or reducibility. Instead of considering the Hilbert scheme of curves, we
focus on moduli spaces of Pandharipande-Thomas (PT) stable pairs, introduced in
[PT09a]. PT-moduli spaces provide a different compactification of the moduli space
of smooth curves, and are better behaved than the Hilbert scheme of curves: for
example, 1-dimensional schemes with isolated points are excluded. Therefore they
are good examples of moduli spaces (of objects in the derived category of a smooth
complex algebraic variety), whose scheme-theoretic geometry can be described to
a reasonable level of detail. In particular, we look at moduli schemes N, ,, of PT-
pairs on the resolved conifold X = Tot((’)l%(—l)@), parametrising pairs (F,s) of
sheaves with given sections (satisfying certain conditions), such that F has Euler
characteristic x(F) = n, and it is schematically supported on a thickening of degree
[ of the zero section (cf. Definition 2.1.6).

The cases of stable pairs with reduced support N ,,, along with the first two cases
with degree-two support N, 3 and N34, were described by Pandharipande-Thomas
in their original paper [ibid.]: they are irreducible and non-singular, except for the
last one which is non-reduced. Szendréi [Szel2], further studied their critical locus
structure, as detailed below. The geometry of such moduli schemes can be probed in
two ways.

The first is sheaf-theoretic and consists in looking at the non-reduced structures
with which we can endow a reduced curve: this relies on a procedure by Ferrand,
reducing the study to line bundles. Degenerations of those line bundles are relevant,

as they carry information about the corresponding PT-pairs.
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The second way involves representation theory. Thanks to a result by Nagao-
Nakajima [NN11], PT-pairs on the resolved conifold correspond to stable represen-
tations of a particular quiver with potential, for a suitable stability condition. By
finding an appropriate basis, we can read off the equations for the moduli scheme
and recognise the same geometry observed through the first approach.

In the first interesting case N 4, we prove a result confirming a conjecture made
in [Szel2] about the local form of the potential, that is a regular function f: U — C
defined on a smooth embedding space U, whose critical locus Crit(f) is isomorphic

to the moduli scheme being considered.

Theorem 4.3.6. The moduli scheme Ny 4 is isomorphic to Crit(q) C Tot(Ops(—1)),

where
Tz

—t2
y w|’

q_

We examine then the first hitherto unstudied example of the moduli scheme of
degree-two PT-pairs on the resolved conifold, N, 5, and we give a description of its
schematic structure, which is the main result of this thesis. We proceed using both
approaches described above (sheaf-theoretic and via quiver representations). The
former offers a useful geometric insight, showing that the underlying reduced scheme
is reducible, and has two components glued along the locus of curves with double

marked points.

Theorem 3.4.1. The moduli scheme Ny 5 has the following description. The under-

lying reduced scheme (Nag)rea is reducible:
(Mas)rea =~ P° Up F.
On the first component P°, there is a stratification
PO>HDGOF,

where H C P° is a singular quartic divisor, G = Sing(H),eq ~ P! x P? and F ~
P! x P

The second component F is described in Proposition 3.4.15. It is a certain flag-
bundle with incidence conditions, and it is an Fs-fibration over P, where Fy is the
third Hirzebruch surface; the section F < F arises by considering the choice of the
second summand, using the isomorphism Fs o~ P (Op1(—1) & Op1(2)).

The scheme structure of Nas has embedded components along the divisor H,
where the Zariski tangent space has generic dimension 6, and along the threefold G,
where the Zariski tangent space is 7T-dimensional. The Zariski tangent space at the

generic point of F\ F, has dimension 3.
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The latter approach, using representation theory, while agreeing with the results
of the sheaf-theoretic description, provides in addition an explicit potential on a

large (in a suitable sense) open subscheme, which is a new piece of information.

Theorem 4.4.18. The scheme N5 admits an open subscheme N;%, containing the
P> component and all embedded components, and which sits inside Tot(Ops (—1)%?)

as the critical locus of

u

+ 2st v
Y

2|0 Y
z

w =z

82

bl

u
w

where [x:y:z:u:v:w] and (s,t) are coordinates on P and the line bundles,

respectively.

It is useful to notice that the open subscheme N contains all singularities of
Ny 5: hence, little geometric information is lost about the whole moduli scheme.

To any scheme M written as M ~ Crit(f), for f a potential as above, we can
associate a DT sheaf, which is the perverse sheaf of vanishing cycles ®; this perverse
sheaf categorifies numerical invariants in a precise sense (cf. Section 1.4). The
cohomology of the DT sheaf @ is known for all moduli schemes N ,,. It is studied in
[DMSS15] using purity results, and the motive is computed in [MMNS12]. Szendréi
[Sze12] studied the case N34, using his conjectural f and computing the actual sheaf
®; in topological terms, whose topology agrees with the result computable via a
motivic calculation and purity results. The new information available on N3 5 makes
it possible to follow the steps of the same computation, describing the DT sheaf. We
leave this for future work.

Finally, there is a class of examples of moduli spaces of sheaves, which could
be studied using techniques similar to this thesis. Fixing I' < SL(3,C) a finite
subgroup and a natural number n, the n-equivariant Hilbert scheme nI'-Hilb(C?)
parametrises [-invariant ideals I of R := C[xy, ..., z4] such that R/I ~p n-reg, that
is R/I is isomorphic, as a representation, to n copies of the regular representation.
This scheme is related to the Hilbert scheme Hilb™(C¢/T") of points on a quotient
singularity, and is isomorphic to the moduli scheme of stable representations of the
framed McKay quiver, with a certain potential, associated to the action I' & C3,
for a suitable stability condition and where these representations have dimension
depending on n. While there is a rich literature on equivariant Hilbert schemes
on surfaces, exploiting the structure of Nakajima quiver varieties (see for instance
the notes [Cra21]), already the case d = 3,n > 2 has not been explored in details.

There are basic geometric questions (singularity, reducedness, reducibility, d-critical



structure) which could be answered by providing an explicit schematic description,
obtained by considering quiver representations and applying reduction techniques as
in the cases of Moy and Ny 5.

Organization of contents

Chapter 1 covers standard material, collecting technical tools. One of these is
Ferrand’s construction, where a double structure is assigned on a reduced curve
Z C X by assigning a line bundle £ C Nz,x. We also provide a broad overview of
enumerative theories like Donaldson-Thomas and Pandharipande-Thomas invariants,
and how they are related. Another essential tool is the equivalence existing between
PT-pairs with fixed Gorenstein support curve C, and the datum of a zero-dimensional
subscheme of C. We will make extensive use of this approach for our geometric
description of Na,,.

Chapter 2 focuses on the resolved conifold X, which has a simple but interesting
geometry, as it is a toric variety. This allows us to specialise Ferrand’s construction to
thickenings of the zero-section of X, reaching a particularly simple parametrisation
of double structures. The toric geometry of X also lends itself to implement the
3-fold vertex formalism [PT09b], which offers in turn a convenient means to explore
the deformation theory of the moduli schemes N, by considering torus-fixed stable
pairs and using localisation techniques. Finally, the derived category of X is itself
relatively simple, as it can be described via a Morita equivalence to a category
of modules over a certain quiver, called appropriately the conifold quiver. This
description is the starting point of the result by Nagao-Nakajima.

Chapters 3 and 4 are the technical core of the present work, where we explore
the geometry of several examples of moduli spaces N, using the two approaches,
sheaf-theoretic and representation-theoretic, outlined above. The case [ = 1 does
not offer a rich geometry, but already for [ = 2 interesting non-reduced structures
appear. The cases n = 3,4 were already covered in the original paper [PT09al, albeit
rather concisely, and in [Szel2]. We expand those descriptions, and proceed to the
new case Na 5.

We conclude in Chapter 5 with a general discussion, observations, and conjectures
about Ny, for n > 5.

vi
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Chapter 1

Background

1.1 Non-Reduced Structures

1.1.1 Sheafy algebra

We write here for convenience some definitions, following [HL10]. We work over

C throughout. Let X be a noetherian scheme.

Definition 1.1.1 (Algebraic Support). If A is a ring and M an A-module, the
support of M is Supp(M) := {p € Spec A| M, # 0}. Sheafifying: given E € Coh(X),
the support is the set Supp(F) = {z € X|E, # 0} O

The set-theoretic support of a coherent sheaf can be given the structure of a
subscheme of X: indeed, there is a sheaf of ideals, the annihilator ideal of E, which
is the kernel of Ox — End(E), f +— (s — fs). The precise statement is Lemma 1.1.7

below.

Definition 1.1.2 (Purity). The dimension of E € Coh(X) is the dimension of
Supp(E) and denoted dim(FE); we say E is pure of dimension d if any non-trivial
subsheaf F' C E satisfies dim(F') = d. O

Definition 1.1.3 (Associated primes). Let A be a noetherian ring and M an A-
module. A prime ideal p C A is an associated prime of M if one of the following

equivalent conditions hold:
1. there is an element x € M such that p = Ann(z),

2. M contains a submodule isomorphic to A/p.

Proposition 1.1.4 ([Mat80]).



1. If p is mazimal in {Ann(z)|x € M ,x # 0}, which is a set of ideals, then p is

prime. Hence it is clearly an associated prime of M.

2. If I is an ideal, the minimal associated primes of A/I are the minimal prime

ideals containing I.

3. The minimal associated primes of M are the minimal elements of Supp M.

Non-minimal associated primes are called embedded primes.

Ezrample 1.1.5. If Y C X is a subscheme, its structure sheaf Oy has dimension
dim(Y'), and it is pure if Y has no components of dimension strictly less than
dim(Y"). &

Example 1.1.6. In dimension 1, a module is Cohen-Macaulay if and only if it is
not mixed, that is all the associated primes have the same dimension. Consider
R = C|z,y,z|, I an ideal defining a subscheme of (pure) dimension 1, e.g. I = (x,y)
and J ¢ I another ideal of (pure) dimension 0, e.g J = (x,y?, z). Then the module
M = R/(INJ),in our case C[x,y, 2]/(x,y? yz) is not Cohen-Macaulay. What we
did was basically patching together geometric objects of dimension 0 and 1 to get a

subscheme of mixed dimension. &

Lemma 1.1.7 ([Stacks, Tag 05JU]). Let F be a finite-type quasi-coherent sheaf of
Ox-modules on a scheme X. There exists a closed subscheme i : Z — X, minimal
with respect to inclusion, and a quasi-coherent Oz-module G, quasi-coherent and
unique up to unique isomorphism, such that i,G ~ F.

On an affine open subset Spec A C X, if Flspeca = M for an A-module M, then

Z N Spec A ~ Spec (A/AnnA(M)> .

Definition 1.1.8. We call Z the scheme-theoretic support of F. O

1.1.2 Ribbons

Let X be any smooth scheme over C, and Z C X a reduced, irreducible smooth
curve. The aim is to construct a non-reduced scheme, supported at Z, in a controlled

way.


http://stacks.math.columbia.edu/tag/05JU

Definition 1.1.9. Let Z be as above. A multiple scheme structure along Z, also
called a thickening of Z, is a subscheme C' of X which is set-theoretically supported on
Z, scheme-theoretically satisfying Z ¢ C ¢ Z™ c X, for some n, where 2™ C X
has ideal sheaf 77, given 7, the ideal sheaf of Z. O

There are inclusions
i
m

A X

?

which we will use when needed to avoid confusion. Moreover, we want the scheme

structure on C to be double with respect to Z, in a way that we now make precise.

Definition 1.1.10 ([Stacks, Tag 0DR4]). Let C' be a one-dimensional subscheme
of X such that Cleq = Z. The multiplicity of C' is the multiplicity of the Artin ring
Oc¢ ¢, which is to say its length as a module over Oz, where £ is the generic point

of C. We say that C' is double if it has multiplicity 2, and in such case we call it a
ribbon. O

A convenient way to produce double curves is known as Ferrand’s construction
[Man03, §2.2][BF86, §1], outlined below.

Proposition 1.1.11. Let Z C X be as above. A Cohen-Macaulay double thickening
C of Z is equivalent to the choice of a line sub-bundle L C Nz /x of the normal
bundle of Z in X.

Proof. Consider a double scheme C' supported at Z, and let Z; and Zs be the ideal
sheaves in X of Z and C respectively: they must satisfy Z, D Zo D Z%, corresponding
to scheme-theoretic inclusions Z ¢ C € Z® c X, where Z( is the infinitesimal
first-order thickening of Z given by Z%. Denoting K the cokernel of Zo — Z , by

universal properties we get a map ~ fitting in the commutative diagram below

72 K
Iy 3 (1.1)
/ ~
IC IZ/I% .

Moreover, we have an exact sequence
0— Ic — 1z — K — 0. 1.2
/I% /Iﬁ (1.2)

Since K is a quotient of sheaves supported on Z, it is as well, and K is the pushforward

of a sheaf on Z. Now, O¢ has multiplicity 2 at the generic point, hence the sheaf

3
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induced on Z by K must locally have one generator, and being torsion-free over a
PID it is in fact locally frse by the Structure Theorem. Considering now the normal
bundle Nz/x = <IZ/I% > , the desired line bundle £ is the image of the inclusion
KY — Nz/x. Conversely, let us take a line bundle £ < Nz, x. Its dual K fits in a
surjection

p: IZ/I% —- I,

as in (1.2), and ker p ~ IC/I% , where Z¢ is the ideal sheaf of a scheme C' in which Z
is a closed subscheme, and which satisfies Z% C Z¢: this defines the required double
scheme C'. [

Definition 1.1.12. With the same notation as Proposition 1.1.11, we call C the
double thickening or Ferrand doubling of Z along L (or K, where no ambiguity

arises). O

Remark 1.1.13. From this point onwards, a thickening will always mean a double

thickening, unless otherwise specified. [ Y

Remark 1.1.14. A priori, a non-reduced scheme C' such that Ci.q = Z could have
embedded points. This kind of scheme will not arise when thickening Z along a line
bundle £ C Nz,x. By only considering C' Cohen-Macaulay, that is with O¢ pure,

we obtain the equivalence of Proposition 1.1.11. [

We can fit all information in exact sequences of sheaves over X:

0 0 0
I
0 i K 7,00 —— i,0; —— 0
H
0 7, Oy 1,0y — 0 (1.3)

where the top row is exact by the Nine Lemma.

We notice that the extension in the top row of diagram (1.3) defines an element
[O¢] # 0 of Exty(i,0z,i,K). Indeed, this extension is non split, for otherwise
C would be isomorphic to the union of Z with an embedded point, which is not

Cohen-Macaulay.



The double curves arising in this way retain substantial regularity, as the simple

result below shows.

Proposition 1.1.15 ([BF86, §1.1]). With notation as above, if Z is a local complete

intersection, so is the Ferrand doubling C'.

Given a line bundle £ on Z, the idea behind the construction of the thickening C
is to impose L as a new direction in which C' can have tangent vectors; alternatively,
sections of £V are new functions allowed on C. This is formalised in the statements

below.

Proposition 1.1.16. Let C be the double thickening of Z along L. Then the normal
sheaf Nyz/c of Z in C' is isomorphic to L.

We recall first a technical result.

Lemma 1.1.17 ([Stacks, Tag 04CJ]). Let f: V — W be a closed immersion of

schemes. Then

1. The adjunction counit f*f, — Id is a natural isomorphism of endofunctors on
Coh(V);

2. the functor f.: Coh(V) — Coh(W) is an embedding, that is exact and fully
faithful.

Proof of proposition. Let Zy,c be the ideal sheaf of Z in C; by Lemma 1.1.17 above,
the map j: C' < X gives an embedding j,: D’Coh(C) — D"Coh(X), and we get an
exact sequence

0 — jZzc — jsOc — 1,07z — 0. (1.4)

Comparing (1.4) with the top row of (1.3), we obtain that j. 7z ~ i.K. Since

1« = J« o ky and 7, is an embedding, we deduce that
Iz/c >~ k*’C .

The conormal sheaf of Z in C' is, by definition, Cz/c ~ k* (IZ/C/I%/(); however,
given that 72 C I C Iz, we have

. 2 1'2
3Ly = (IZ/IC> - Z/Ié - IC/I(QJ>

therefore 7% /o =~ 0, since it is a module over O¢p ~ j* (OX/IC). In conclusion, we

can write

Cse = k* (IZ/C/I%/C) ~ KTy ~ B R ~ K,

b}


http://stacks.math.columbia.edu/tag/04CJ

where in the last isomorphism we used again Lemma 1.1.17. We have then

NZ/C’ = HOmz(ez/C, Oz) ~ ICV = L.

Corollary 1.1.18. At each reduced point p € Z C C', the normal sheaf satisfies
Np/C ~ sz D ,Cp .

Proof. Call v: p < Z the inclusion, and consider the conormal exact sequence [Stacks,
Tag 06BB]
t"Czic — Cpyc —> Cpyz — 0.
Since ¢ is a regular immersion, the sequence above is short exact. Using Proposi-
tion 1.1.16 we get then
Cpic =z, DK,,
which yields the result. O]

Ezample 1.1.19. Consider X = A3 = SpecC [z, y, z|, the curve Z < X defined by
the ideal I := (y, 2z), and the rank-one module L := {z — 0} C Hom(Cy & C2,C) =
Nz/x. To define a thickening of Z via K = L* ~ Cy, consider the affine realisation
of the leftmost column of (1.3), which reads

0 —— (¥%2) — (y,2) Cy 0.

We obtain therefore the thickened curve Spec(C [z, Z]/<y2 2 &
Example 1.1.20. Generalising the example above, given a straight line Z C A%, we
know a simple description of double curves C' such that C..q = Z, as shown for
example in [EHO00, § 11.3.5]: if we assume x,y, z to be the affine coordinates and Z

to be the z-axis, then the ideal of C' is given by

[C’ = Ia,b = (I'Qa xy, y27 b(Z)SE - a(z)y) 5

where a and b are polynomials. If a,b have no common factor, then we are clearly
constructing the thickening of Z along the normal direction given by (a(2),b(2)) €
Aiy at each point (0,0, z) of Z. Moreover, under these assumption of coprimality, one
can show [ibid., Ex. I1.34] that C' has no embedded points and it is Cohen-Macaulay.

L of A3 sending C to the planar

Even more is true: there exists an automorphism
double line with ideal (z,?), and any double Cohen-Macaulay curve has ideal of the

form 1, as above. &

IThis is not true in the projective case.


http://stacks.math.columbia.edu/tag/06BB

While the curve C' is singular and we cannot define a tangent/normal exact

sequence, there is the result below, originally due to Banica and Forster.

Proposition 1.1.21 ([BFS86, §1.2]). Let Z C X be a smooth reduced curve and C' C
the Ferrand doubling along the surjection Cz/x — K, with K a line bundle. Denoting

k: Z — C the immersion, there is an exact sequence of sheaves on Z as below:
0— K — k*Coyx — Czyx — K — 0. (1.5)
Proof. We write first of all

k*Coyx = Coyx ® Oz = Ic/l% ® OX/IZ = IC/IZzC’

Then, recalling from (1.1) that I ~ IZ/IC, we compute (see for example [Liu06,
Ex. 1.3])

2
IC®2 >~ ZZ/ZZIC .

Finally, consider the short exact sequence
2
0—22q 7~k —Tog 1 ~kCyx — IC/I% —0,

which can be spliced to the previous sequence (1.2), obtaining the desired 4-term

exact sequence. ]

The machinery developed above can be applied as well to the problem of thickening
reduced points p € X, by repeating the proofs above with Z replaced by p. In
particular, we will be interested in Section 3.4 in the thickening of a reduced point
inside a non-reduced curve. In this case, the construction of a double structure on a
reduced point p € X only depends on a line sub-bundle of N,,x = Tx ;. The proof

of the following two statements is immediate.

Proposition 1.1.22. Let p € X a reduced point. The datum of a double point at p,
that is a zero-dimensional subscheme p C X such that preq = p and Op has length 2

as Ox ,-module, is equivalent to the choice of a line R C Tx .

Corollary 1.1.23. Let Z C X a reduced curve, C' a thickening of Z along a line
bundle L, and p a smooth point of Z. A double point at p corresponds to the choice

of a line R inside a vector space V = (Q¢yp)" fitting in an exact sequence
0—Tz,—V —L,,—0
which is split, albeit non canonically, givingV ~ Tz, ® L,.
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Remark 1.1.24. Notice that in the construction above Z being a curve had little
relevance. There is a general approach to producing multiple structures, that is
non-reduced nilpotent schemes Y such that Y,.q = Z and Y is contained in some
infinitesimal thickening Z® of Z. The construction is developed by Vatne in his
thesis, the paper [Vat09] and the more extensive preprint [Vat02]. The starting point
is a locally free sheaf K on X, which is a sub-sheaf of the conormal bundle for some
embedding Z < X. In this section we only focused on the two cases of interest in

this work, which are curves and points. [

1.1.3 Degenerations of Ribbons

We have seen that, under mild conditions, the Ferrand doubling C' of a reduced
curve Z is Cohen-Macaulay. We are interested in degenerations of ribbons as
described above, as they will be relevant in the study of stable pairs in Chapter 3.
This section is mostly expository.

If we think of double curves as ribbons, one might ask what happens when this
ribbon twists until it develops a pinch. The phenomenon we are considering is local,
hence we assume to be working in the affine case: we see below what happens when,
in the construction of Example 1.1.20, the polynomials a and b share a factor.
Ezample 1.1.25. Let a(z) = b(z) = 2, and consider I = (22, zy,y?, 2z — zy). The
corresponding curve C' has an embedded point q supported at the origin: this point

has ideal (2%, xy, y?, ), with a 3-dimensional Zariski tangent space at q. &

To make Example 1.1.25 less surprising, let us see a few examples of flat limits of

reduced schemes.

Ezample 1.1.26 ([PT14, § 33]). Consider the curve
Ci={x=0=2}U{y=0=2—1t}.

The flat limit of the ideal I, = (z,y) N (y,z —t) is Iy = (xy, rz,yz,2%), and has an

embedded point at the origin, “remembering” the direction of the collision. s

Example 1.1.27. Take now the union of two lines with a crossing point
L= (z,y) N (2,y — tz) = (z,y2t — y*),
where in the limit the two lines coincide. The flat limit of the ideal above is simply
Iy = (=, ?JQ) )

which defines a Cohen-Macaulay double curve, and at each point the thickening

direction “remembers” the direction along which the two lines collided. s
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FExample 1.1.28. If we start with a limit as in Example 1.1.26, we construct a family
where for each ¢ # 0 there are two lines crossing at an embedded point supported at
the origin:
I, = (xz,y2 —tyz, xy, x2) .

As t approaches zero, one line rotates towards the other: the flat limit of this ideal
is Iy = (2%, zy, y?, xz), which is precisely I, as above, with a = 0 and b = z, that
is, a singular ribbon with a pinch at the intersection. The embedded point at the
origin has non-reduced directions coming from both the collision of two lines as in
Example 1.1.26 and from the rotation. )

The previous sequence of examples should give an idea of how pinched ribbon

might arise. Of course, we can obtain Cohen-Macaulay ribbons as well, as seen below.

Ezxample 1.1.29. Take now two reduced curves, with one twisting around the other

without intersecting. Consider two coprime polynomials a(z) and b(z), and take the
ideal

Iy = (z,y) N (z —ta(z),y — tb(2)),
whose flat limit is precisely /,;. This example showcases ribbons as limits of two

reduced non-intersecting curves, with one twisting around the other. s

Finally, we can see an example of a flat family of Cohen-Macaulay ribbons

degenerating to a pinch.

Example 1.1.30. Take a family of Cohen-Macaulay ribbons, with ideal

I, = (x2,xy,y2, Zr — ty) ,

whose flat limit is (22, 2y, y?, zx), that is, the ideal of a pinched ribbon. This is a
special case of Example 1.1.20, setting the polynomials a(z) =t and b(z) = z, which

have indeed a common root for ¢ = 0. L 3

Remark 1.1.31. All the flat limits in this section can be conveniently determined via

computer algebra, if desired. For example, one can use Macaulay2 as explained in
[EGSS02, p. 62]. [
1.2 Donaldson-Thomas theory

1.2.1 Overview

Our main references for this section are [PT14; Szel5; Meil6]. We are interested

in moduli spaces of sheaves over a projective Calabi-Yau three-fold X. Consider
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the functor 9t = M(X): (Sch/C)°? — Grpd, taking a C-scheme S to the grupoid of
S-flat Ox,-modules on Xg := X Xgpecc 5.

More precisely, we focus on the following subfunctors. Having fixed an even
cohomology class f € H*(X,Q), we consider the functor M(X, B) giving S-flat
coherent sheaves on Xg with Chern character 5, up to isomorphism. There is then a
functorial decomposition M (X) = 15 M(X, B3).

As yet, each M(X, B) is an Artin stack; if we impose a suitable stability condition
o, there is an open substack MM (X, 5) C M(X, 5) parametrising o-stable sheaves.
In the present section we shall not deal with the general definition of stability
conditions, although this is a broad and beautiful topic: for example, Bridgeland
stability conditions [Bri07] are the subject of active research. In this discussion, we
will assume that appropriate X and ¢ have been chosen. The stabiliser of a o-stable
sheaf is C*: once we rigidify 97 (X, ) to remove the C*-stabiliser, this stack is
represented by a finite-type scheme M7 (X, 3) over C. As said below, this will be
the case in our specific situation.

The space M?(X, ) can have serious singularities: a good compendium is for
example [Vak06]. The infinitesimal deformations of a coherent sheaf F on X are
encoded in the tangent space T M?(X, ) at the isomorphism class [F], which is
isomorphic to Ext'(F, F); an obstruction space ObM?(X, ) can be taken to be
Ext?(F,F): this is a general fact about moduli spaces of sheaves [HL10]. There is
a highly non-trivial and non-canonical map TjsM?(X, 3) = ObzM?(X, ), the
Kuranishi map, whose zeroes locally describe the moduli space near [F].

The reason why Calabi-Yau three-folds are interesting in this context is that,

using Serre duality with a trivial canonical bundle Kx ~ Ox, we get
Ext?(F, F) ~ Ext'(F, F ® Kx)¥ ~ Ext'(F, F)¥.

With extensive work, one can then prove that M?(X, /3) carries a perfect obstruction
theory, which being symmetric yields in particular virtual dimension zero, and hence

it is possible to obtain a virtual fundamental class
[M?(X, B)]™ € Ho(M7 (X, 8), Z).

If there are no strictly semistable sheaves, then the space M?(X, ) has the key
feature of being compact: hence we can take the degree of the virtual fundamental

class to define the invariant.
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Definition 1.2.1 ([Tho00]). The Donaldson-Thomas invariant on X, with class
and stability o, is the integer

DT(f) = deg [M?(X, B)]"™" = /[MU o

O

We summarise below some properties of the DT-invariants of the moduli scheme

M = M?(X, B):
o DT?(5) is invariant under deformations of the complex structure of X;
o if M is smooth, then DT?(3) = (—1)3mMy, (M);

o if M consists of a finite set of reduced points, then DT?(3) is precisely the

number of points;

o if M consists of a finite disjoint union of non-reduced point, each of which
is a global critical locus, then DT?(5) equals the sum of the lengths of the

non-reduced points (see Remark 1.2.4 and Section 1.4.1).

1.2.2 Counting Curves

One first, more concrete application of DT-invariants is to the problem of counting
curves inside an assigned variety. We summarise this approach following the survey
by Pandharipande-Thomas [PT14, §3%] Consider a scheme X of dimension 3, and let
Z C X be a sub-curve if it is a sub-scheme of dimension 1; denote by [Z] € Hy(X) its
homology class. Our goal is to parametrise, for any n € Z and § € Hy(X), sub-curves
Z such that [Z] = B and x(Oz) = n, where x is the holomorphic Euler characteristic.
For any such Z, its ideal sheaf Z is stable as it has rank 1 [HL10, Example 1.2.10], has
trivial determinant, and Chern character ch(Zz) = (1,0, —3, —n) € H?**; moreover,
any such sheaf is the ideal sheaf of a sub-curve. Therefore, our problem is configured
as a DT-like counting over a suitable moduli space of isomorphism classes of sheaves.
Let I,,(X, 5) denote the Hilbert scheme, which compactifies the space of embedded
curves Z, though in fact it allows degenerations to arbitrary sub-curves: it hence
parametrises subschemes which are unions of possibly nonreduced points and curves
in X. For example, for a reduced curve of genus g with k free embedded points, we

have n =1 — g 4+ k: hence we can increase g provided we add points accordingly.
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When X is a Calabi-Yau three-fold, the Hilbert scheme admits a virtual funda-

mental class whose degree provides the desired numerical DT-invariant

L= / 1,
P sy

which is an integer-valued deformation invariant: the numerical DT-invariants can
be organized in the DT partition function
Z/];T(q) => Isq".
nez
It can be shown that the moduli space satisfies I,(X,3) = 0, so I,3 = 0, for n

sufficiently negative: therefore Z}?T(q) is a Laurent series.

Remark 1.2.2. There is an analogous notion of generating series for invariants DT’ (),
where the indexing set Z is replaced by a given lattice in H?*(X,Q). Even though
this leads to a very rich theory, originating in the Physics literature (see for example
[Nek04]), we will not deal with it in the present discussion, as we are mostly focused
on curve counting invariants. More on this subject is covered [JS12], and more

references are in [Szel5]. )

1.2.3 The Behrend Function

The definition of DT-invariants given is global, and requires the moduli space
M (Y, 3) to be proper in order to define the degree of its virtual fundamental class.
A local approach is possible, thanks to a result by Behrend [Beh09]. Let M be any
(moduli) scheme with a perfect symmetric obstruction theory; if it is smooth, then
the obstruction sheaf Ob;; = €25, is a bundle and the virtual fundamental class is
the top Chern class, that is the Euler class e(Obys) = e(Qy): therefore, the virtual
degree is just the signed Euler characteristic of M

deg [M]" = [ e(@) = (=1 Mxuop(M).

Behrend generalises this construction proving that to any scheme M, locally of finite
type but non necessarily smooth, is associated a canonical constructible function
v = vy M — 7Z, such that its value at any nonsingular point is (—1)4™»  This
Behrend function is obtained in terms of local data, and is used to define the weighted
FEuler characteristic as the integer

(M) = X(Mv) = [ vyrdy= 3 n- Xuop(vit (). (16)

ne”

12



Theorem 1.2.3 ([Beh09]). Let M be a scheme, proper and with a symmetric
perfect obstruction theory (which implies that it admits a zero-dimensional virtual

fundamental class). We have the equality
deg [M]™ = x,(M) .

This holds true independently of the particular symmetric obstruction theory used to

define [M]™.

An immediate consequence of this is that DT invariants only depend on the
underlying scheme structure of the moduli space M7 (X, ), and not on the symmetric
obstruction theory used to define them. Moreover, even when M is of finite type but
not proper and the virtual fundamental class does not make sense, we can consider

the weighted Euler characteristic x, instead of the virtual count deg [—]"™: in this
context, the value vy (P) at a point P € M corresponds to the contribution of P to

the virtual count.

Remark 1.2.4. If M is a fat point, that is a non-reduced zero-dimensional scheme, it
is not true that v(M) = length Oy,. For example, if m is the maximal ideal of the
origin in A2, then the Behrend function satisfies v(Spec C [z, y] /m?) = d. Already
for d = 2, this value is different from the length of the structure sheaf, which is 3.
See the preprint [GR22] for a detailed study of this phenomenon. However, in the
case where M is a fat point admitting a symmetric obstruction theory, then indeed
v(M) = length Oy,.

[ )

1.3 Pandharipande-Thomas invariants

1.3.1 Stable Pairs

A drawback of the Hilbert scheme of curves is that it allows one-dimensional
subschemes with possibly free points. This leads to having in the same component
of the moduli space curves of different genus, and there are simple examples when a
jump in genus is the limit of a family, as shown for example in the survey [PT14];
therefore the Hilbert scheme has large components corresponding to curves with
free points and is much larger than the moduli space of smooth curves it tries to
compactify: in this sense, it is a rather inefficient compactification of the moduli
space of embedded curves. Stable pairs, introduced by Pandharipande and Thomas

[PT09a], provide a more manageable approach.
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Definition 1.3.1. Let X be a non-singular projective three-fold. A stable pair is the
datum of a coherent sheaf F on X, together with a section s: Ox — F satisfying

the following properties.

1. The sheaf F is purely 1-dimensional, that is it has no proper sub-sheaf with

0-dimensional support.
2. The section s has O-dimensional cokernel.

The scheme-theoretic support of F, simply called support of the pair, is denoted C'x or
just C' when unambiguous; the zero-locus of s is the reduced support Supp,.4(coker s).
As explained in Section 1.3.2 below, the scheme C'r is a curve with no embedded
points.

A morphism of stable pairs (F,s) — (F',s') is given by a commuting triangle

e

s’ F’
and we say that two pairs are isomorphic if the vertical arrow is. O

In general, a pair (F, s) defines a curve C' = Cz, and a finite length Ox-module
Q := coker s; moreover, the support Q) = Supp,.4(Q) needs to lie on the curve Cx.

We can record all these sheaves in the sequence
0—-Zc—0x >F—Q—0. (1.7)

Ezample 1.3.2. Consider the following in C?, which is not a stable pair since F fails

to be pure.
Ic Ox Oc F Q
Clz,y,2] Clz,y,z] Clz,y]
(v.2) Cle,y, 7] S a2 )

)
Ezrample 1.3.3. We can see that the curve described in Example 1.1.19 is indeed a

stable pair, albeit with empty zero-locus. We shall see more elaborated examples
when constructing stable pairs from the data of a support curve and a prescribed

zero locus, as done in the next sections.

&
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1.3.2 Cohen-Macaulay Support

The requirement of the sheaf F being pure implies that the scheme-theoretic
support Cr of F is a Cohen-Macaulay curve. Moreover, imposing coker(s) to be
zero-dimensional implies that F is isomorphic to the structure sheaf O¢,, away from
finitely many points on Cz: the cokernel Q in the sequence (1.7) measures this lack
of isomorphism. The sheaf F has therefore rank 1 over C'z, and the support of Im(s)

is precisely C'x. We can fit all this information in the more complete diagram

\ / (1.8)

i.0c,

0 Ie

F

where Cr <y X is the inclusion. In the future, when no confusion can arise, we will
omit the push-forward.
Conversely, once we fix a Cohen-Macaulay curve C, there is a convenient way to

determine stable pairs supported on that curve, as proved in [PT09a, Prop. 1.8].

Proposition 1.3.4. Let m C O¢ be the ideal of a finite union of disjoint points.

There is a bijection between stable pairs (F,s), with cokernel Q, such that
Supp(F) =C  and  Supp,q(Q) C Supp(Oc/m),
and subsheaves Q of Hom(m", O¢)/Oc, with r sufficiently large for a given Q.

We briefly present this correspondence. Let (F, s) be a stable pair as in Proposi-

tion 1.3.4. There is a zero-dimensional sub-scheme p <y C, such that
Z, = Hom(F,Oc) — Oc and Prea C SUPP,eq(Q),

and the inclusion Z, < O¢ yields a canonical section of Hom(Z,, O¢) which factors

through s:
Oc == Hom(Z,,O¢)
s J (1.9)
F.

For sufficiently large r, we have that m" < Z, with zero-dimensional cokernel, and

hence an inclusion Hom(Z,, Oc) — Hom(m", O¢). We have the diagram

OC <, Hom(mr,Oc) — "Hom(mT,Oc)/Oc
; ] J (1.10)
F Q
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where the left triangle factors through (1.9): we can then express F as a subsheaf
of Hom(m", O¢) containing the canonical section induced by m” < O¢, and Q as a
subsheaf of Hom(m", O¢)/O¢.

On the other hand, given a subsheaf @ C Hom(m", O¢)/O¢, we construct a
stable pair with cokernel Q by taking F as the pull-back in the bottom-left corner

of the square in (1.10), and section s induced by the canonical section.

1.3.3 Gorenstein Support

In the special case where the support C'is Gorenstein, Pandharipande and Thomas
[PT10] show that a stable pair is determined by a zero-dimensional subscheme. This
characterisation is essential in Chapter 3, since we will construct stable pairs by
thickening a reduced curve and then dualising the ideal sheaf of a zero-dimensional

subscheme of the corresponding double curve.

Proposition 1.3.5 ([ibid., Prop. B.5]). Let X be a nonsingular, projective, Calabi-
Yau 3-fold, and C C X a Gorenstein curve of genus g. A stable pair (F,s) supported
on C, such that F has holomorphic Euler characteristic 1 — g + n, is equivalent to a

length-n 0-dimensional subscheme of C'.

We outline the construction, following [ibid., Appendix BJ]. A key technical result

is the following.

Lemma 1.3.6 ([ibid., Prop. B.2]). With the same setting as Proposition 1.5.5, a
generically locally free sheaf F on C is pure if and only if Extt(F,Oc) = 0 for all
1> 0.

Consider a length-n, 0-dimensional subscheme @ C C, that is a point [Q] €
Hilb"(C'), giving an exact sequence 0 — Zg — Oc — Og — 0. We dualise this
sequence over C, that is apply the functor Home(—, O¢). Since C' is Gorenstein, so
in particular Cohen-Macaulay, by purity of O¢ we have that Homq(Og, O¢) = 0,
and applying Lemma 1.3.6 we see that Exth(Zg, Oc) = 0 for all i > 0, as well as
Ext(Oc, Oc) =0 for all i > 0 . Therefore we have the sequence

0—0c—>F —Q—0,

where F = Homc(Zg,Oc) and Q = Ext'(Og,Oc). The sheaf Q has zero-
dimensional support, and since Exth(Og,Oc) = 0 for all i > 1, we have that
Q has length n. It remains to show that F is pure. Notice that, by the vanishing
of all &xt’s, F >~ RHomec(Zg, Oc); therefore RHome(F, O¢) =~ I, which implies
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Exts(F,O¢) Vi > 1: that is, F is pure by Lemma 1.3.6 again. Since x(O¢) =1 — g,
we have x(F) =1 — g+ n as required.

Conversely, let 0 — Or > F — Q — 0 be a stable pair supported on C,
with x(F) =1 — g+ n, and dualise the sequence over C, applying Homc(—, O¢).
We have that Homc(Q,O¢) = 0, and by the purity of F Lemma 1.3.6 implies
Extl(F,0c) = 0, as well as Extl(Oc,Oc) = 0, for all i > 1. The immediate
consequence is that Ext(Q,O¢) = 0 for all ¢ > 2. Therefore, the only surviving

terms of the dualised sequence are
0— HomC(F, Oc) — OC — gZEtl(Q, Oc) — 0,

which define a subscheme @ C C via Zg := Home(F, O¢) and O = ExtE(Q, O¢).
Since F is pure 1-dimensional, and isomorphic to O¢ away from the support of
Q, then Zg is 1-dimensional as well, and the cokernel Oy must be 0-dimensional.
Finally, by the vanishing of £xt=%(Q, O¢) we have that Og = RHomc(Q, O¢), from
which we deduce that Og and Q have both length n.

A good source of examples of Gorenstein schemes is provided by the algebraic

result below.

Proposition 1.3.7 ( [Eis95, Cor. 21.19]). If R is a reqular local ring and I is an

ideal generated by a reqular sequence, then A = R/I is a Gorenstein ring.

Corollary 1.3.8. In particular, any local complete intersection or hypersurface in a

smooth variety is a Gorenstein scheme.

Corollary 1.3.9. Let Z C X be a reduced smooth curve, and C" a “double” thickening
of Z along a line bundle L C Ny/x, as detailed in Section 1.1.2. Then C is

Gorenstein.

Proof. Any regular local ring is a complete intersection ring, hence Z is a local

complete intersection and we can apply Proposition 1.1.15. O]

1.3.4 PT Moduli Spaces

There is, thanks to the work of Le Potier, [Le 93], a projective moduli space of

stable pairs.

Definition 1.3.10. For fixed n and 5 € Hy(X, Z), denote by P, (X, 3) the projective
moduli scheme which parametrises equivalence classes of stable pairs such that
X(F) = n and the support satisfies [C'r] = . O
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We can associate to a stable pair (F, s) a complex I* := {Ox > F} concentrated
in degrees 0, 1. A key result of the original paper [PT09a, Prop. 1.21] is the fact
that stable pairs are isomorphic if and only if their associated complexes are quasi-
isomorphic. Therefore P,(X, ) can be thought of as a moduli space of objects in

the derived category of coherent sheaves.

Remark 1.3.11. We could have considered X of any dimension. In general, isomorphic
stable pairs will clearly have quasi-isomorphic associated complexes, with the converse
result being not true if dim X < 2 and true if dim X > 3. [

There are exact triangles in D’Coh(X)

I*—0x S F2h (1.11)
and
TIo — I* — Q1] 5 . (1.12)

Remark 1.3.12. In any abelian category, a complex C* = {A EN B}, concentrated in

degrees 0 and 1, sits in a distinguished triangle

ker f — C* —> (coker f) [—1] =%,
with {A — Im f} % ker f and {Im f — B} % (coker f)[—1]. In particular, this
produces the exact triangle (1.12). [ )
1.3.5 Deformation of stable pairs

Definition 1.3.13 ([ibid., § 2.2]). A family of stable pairs over a quasi-projective

base scheme B is given by a section

where F is flat over B, and for all closed points b in B the restriction (Fy, sp) is a
stable pair on X x {b}. O

Following the original paper [ibid.] and the previous work [Le 93|, we know
that the deformations of a stable pair (F,s) are governed by Homp, () (I*, F) and
the obstructions by Homps v (I, F[1]) = Ext'(1*, F). However, RHom(I*, F)
defines an obstruction theory which is not symmetric. For a complex of sheaves
£ € D’Coh(X), the traceless k-th extension Ext¥(£,€)g is the kernel of the trace map

Extf(£,£) 2 HY (X, Ox),
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obtained by taking the cohomology of the corresponding trace map from RHom(E, E)
to Ox. Using this, we know that the deformations and obstructions, with fixed deter-
minant, of the complex I* inside D’Coh(X), correspond respectively to Ext!(I*, I*),
and Ext*(I°*,I*). A deformation of a pair (F,s) induces a deformation of I* with
fixed determinant, and vice versa: this is the content of [PT09a, Thm. 2.7]. We

obtain therefore an isomorphism
Hom(I*, F) = Ext'(I°,1%),. (1.13)

The fixed-determinant deformations of I*® provide an obstruction theory for stable
pairs, and for Calabi-Yau three-folds this obstruction theory is symmetric and in

particular zero-dimensional. We can define the numerical PT-invariant

P, = .
o [Pn (X8

since from such an obstruction theory we can construct a virtual fundamental class;

the PT partition function is
Z5"(q) ==Y Psnq".

1.3.6 Fixed support

We will mostly focus on stable pairs supported at a given curve C', necessarily

Cohen-Macaulay, but possibly non-reduced.

Definition 1.3.14. For a fixed curve C' C X such that [C] = /3, denote by P,(C) C
P,(X, ) the subscheme parametrising equivalence classes of stable pairs supported

on C. O

Therefore, the numerical invariant in which we are interested is the weighted

Euler characteristic
X(P1—gin(C) VP _yin()) -

In the case where (' is Gorenstein, of genus g, Proposition 1.3.5 gives a set-
theoretic bijection between P;_,,(C) and Hilb"(C'). This can be promoted to an
isomorphism of moduli schemes, following [PT10, Prop. B.8|.

Theorem 1.3.15. Let C' as above. There is an isomorphism of moduli spaces
P_,1,(C) >~ Hilb"(C).
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1.3.7 Stable pairs supported at reduced curves

In their survey [PT14], Pandharipande and Thomas showcase how the moduli
space of stable pairs is less pathological than the Hilbert scheme. Consider, for
instance, the limit of the family in Example 1.1.26: in the Hilbert scheme (that is,
taking the flat limit of the ideal sheaves) it converges to a curve with an embedded
point. For each t # 0, we consider the structure sheaf of C; which is a Cohen-
Macaulay curve, with its canonical section, and get the family of stable stable pairs
below

Ox — Og¢, .

This family of skew lines converges to a stable pair whose support has ideal (zy, 2),
and with a marked point (the origin) in the zero-locus. The apparition of a point
in the zero-locus replaces the embedded point arising in the Hilbert scheme limit.
We aim to show this phenomenon in details, working in affine coordinates, and from
now on we will freely exchange sheaves and modules when no confusion arises.

Consider the rings T = C|z,y,z], R = C[t], and S = Rlz,y, z]; we name
the corresponding affine spaces X := Aiy’Z = SpecT, B := A} = Spec R and
X x B =SpecS. We construct a family of stable pairs over the base B by defining
the S-module F' via the presentation below, where F' arises as the cokernel of the
map given by the matrix M; below.

(¥

54

52, (1.14)

For t # 0, one considers the fibre F; and computes Ann(F}) = (22 —tz, yz—ty, xy, v2),
which is the same ideal as the intersection (y, z) N (x, z — t). In other words, F} is
supported at the union of the two skew lines C; appearing in Example 1.1.26: as the

two curves are reduced and Cohen-Macaulay, F; is pure 1-dimensional.

When t = 0, the fibre Fj is presented by the matrix (g 20 2), and Ann(Fp) =
(z,zy). Hence, Fy is supported at a curve without embedded points, which is not
the flat limit of the curves C} in Example 1.1.26.

There is a section s given as the composition

1
g-g ) g F

\_S/

where the second map is simply the projection onto the cokernel of the presenta-

tion map (1.14). One can compute that the annihilator Anng(coker s) is the ideal
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(t,z,y, z), meaning that the map s fails to be surjective only for ¢t = 0, with cokernel
supported at the origin. Similarly, we have that Anng(F') = ker s: since the section
s factors through the quotient 7' = Ox — O¢, — 0 and Im(s) ~ O¢, by [PT09a,
Lemma 1.6], for ¢ # 0 there is an isomorphism O¢, ~ F.

So far, we have shown that for every b € B, the fibre of Ox = F is a stable
pair, which for b # 0 = (¢) is simply isomorphic to the structure sheaf O, of the
union of two disjoint reduced lines, with the canonical section. We are left to verify
flatness over B, that is F' is R-flat: this follows from the fact that the matrix M, is
block-diagonal, so F' splits as the direct sum of two submodules, each isomorphic to
the structure sheaf of a reduced line.

In conclusion, we have shown an example of a 1-parameter family of stable pairs,
where for ¢ # 0 we simply obtain the union of two disjoint reduced curves, and in
the limit ¢ = 0 a marked point arises where the two lines collide. The marked point

replaces the embedded point seen in the case of the Hilbert scheme.

1.3.8 Stable pairs supported at ribbons

We wish to now show that, similarly to the case of two colliding skew lines, a
regularising phenomenon arises when considering families of ribbons which degenerate
to a pinch, as described in Section 1.1.3. As the issue is local, we work in affine
space, retaining the same notation as Section 1.3.7. Consider again S = C[t, z,y, 2]

and the family of curves C; in Example 1.1.30 where
C, := Spec S/It with [, = (:1:2,3331, V2 2w — ty) ,

recalling that, in the Hilbert scheme, the flat limit is the curve C, with ideal
Iy = (2% 2y, y?, 22).

For each t # 0, C; is a Cohen-Macaulay thickening of the reduced curve Z =
{z =0 =y}, and gives rise to a stable pair Ox — O, with the canonical section.
In order to understand the limit, we aim to construct a stable pair, supported at a
double Cohen-Macaulay curve, which sits as the fibre over ¢ = 0 of a flat family over
B = Spec R with R = C[t], whose fibres for ¢ # 0 are isomorphic to Ox — O¢, as
above.

Consider in X = A3 the curve C with ideal (z,y*) C T = C [z, y, 2], which differs
from the flat limit for ¢ = 0 of the ideals I;. We wish to construct a stable pair
supported at C, with zero-locus consisting of a single reduced point at the origin,
having ideal m = (z, y, z). Following the construction in the proof of Proposition 1.3.4,

we look at subsheaves F C Hom(m*,O¢) as in diagram (1.10). Since in our case
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r =1 is large enough, it suffices to understand the module Fyy := Homy(m, H°(Oc)),

which admits two generators

r — 0 r — 0
o |y — vy and o9: |y — O
z =z z =y
We can conveniently think in terms of formal left multiplication oy = 1 - (—),

oy =yz~ '+ (=), and represent them pictorially as in Figure 1.1, together with their

monomial span.

2

01

T

Figure 1.1: The module F,, with generators o1 = 1 and 0y = y2~'. Each box marks
the degrees of a corresponding Z3-graded monomial in z,%, z. Notice that the box
configuration is unbounded to the right.

The two generators satisfy relations xo; = xoy = %0, = yo, = 0 and yo; = 209,

hence F{, admits the presentation

23200 y
00 xzy —=2

T T2 Fy 0. (1.15)

One verifies that Anny(Fy) = (z,%?) and that, given the section so: T — Fy mapping
1 — o1, we have Anng(coker sg) = (2,9, z). In other words, so: Ox =T — Fj is a
stable pair supported at the prescribed curve C', with zero-locus consisting of the
reduced origin.

Consider now S = Clt, z,y, 2] and the S-module F presented as the cokernel

below, with the given section s.
z 4200 y
(7t 0zy 7z>

((1))T / (1.16)

55

Remark 1.3.16. The presentation of F{y we provide is not minimal, but convenient
when comparing it to the construction of F', as the generators of the former module

are clearly understood. '
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Our goal is to show that s: Ogyx — F is a family of stable pairs, with the
argument proceeding as in Section 1.3.7. First of all, Anng(cokers) = (¢, z,v, 2),
hence s is surjective for ¢ # 0 and has zero-dimensional cokernel otherwise. Over
t = 0, we simply obtain the stable pair sq: T — Fj described above. When t # 0,
the annihilator of F; is given by (zx — ty, 2%, 2y, y?) = I; moreover s; is surjective,
and it factors through the map Og, — F; which is then necessarily an isomorphism.
The module F; is exhibited as the structure sheaf of a Cohen-Macaulay curve, hence
it is pure. In order to verify flatness of I’ over B, we check the condition locally
at every closed point. All fibres for ¢ # 0 are isomorphic via a change of variables
rescaling y, which entails flatness at every closed point m # (t) of B.

It remains to check flatness at ¢ = 0. We rely on a key technical result, stated

below for convenience.

Lemma 1.3.17 ([Stacks, Tag 00MI]). Let R and S be local Noetherian rings, with
R — S a local ring homomorphism making S into an R-module. Consider a finite

complez of finite S-modules

0 Ly, Eiy e Ey .

Assume that E; is a flat R-module for 1 =k,...,0; calling m the maximal ideal

of R, suppose that the induced complex of R-modules

0 —— Ey/m —— Ei_1/m Ey/m
is exact. Then coker(FE; — Ey) is a flat R-module.

Consider the natural inclusion R = C[t] — S = C|t, z,v, 2], and the following

free resolution of F'

z y 00
—t—zzTy

St S,

When we localise at m = (t), we obtain a free resolution of Fy, by free Sy-modules
0 — Ey — E; — Ej. Since all elements s of S are mapped to s/1, if e is a basis
element of S7, then e/1 is a generator of S¥ (in fact, we get a basis). Given the
S-linear morphism 7: S/ — S*, suppose e maps to f. By the universal property
of localisation, given the composite map S — S* — S* there is a unique natural
morphism SJ — S¥ which necessarily maps e/1 to £/1. This last map is precisely
the one induced by the same matrice as n , with a slight abuse of notation consisting

in omitting to rewrite an entry a € S as a/1 € Sy.
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Now, S is free (albeit not finite) over R, and so for each ¢ we have that F; is free
over Ry, hence flat. Finally, taking the quotients F;/m with the induced complex
simply entails replacing ¢t with 0 in the matrices (up to abuse of notation, again),
and we obtain a complex of Ry,-modules which is readily verified to be exact: in fact,

it is a resolution of the fibre Fj. This concludes our proof.

Remark 1.3.18. The discussion above offers a practical approach to verify flatness of
finitely presented modules F over an affine base A!. One considers a free resolution
of E as an S-module: if replacing ¢ with a € C yields a resolution of E,, then F is
flat over m = (¢ — a). For example one, can observe that the two cases below do not

satisfy the outlined criterion, where taking S = C[t, z] and considering the ideals
e (z,t), sudden appearance of a point,

e (tx —t), sudden appearance of a line.

[ )

This example shows how, given a family of Cohen-Macaulay ribbons, in the stable
pair limit the marked point in the zero-locus replaces the embedded point arising at

the pinch.

Remark 1.3.19. The same construction can be applied to any family of affine Cohen-
Macaulay ribbons degenerating to a pinch. Locally, the thickening direction is given
by two polynomials f, g in z, where z is the local coordinate of the underlying reduced
smooth curve. In the limit, these two polynomials have a single common root a.
One obtains a stable pair whose support is the Cohen-Macaulay curve given by the
thickening by f/(z — a) and g/(z — ), and whose zero-locus tracks the location of

the pinch point, that is the common root z = «. [

1.4 Cohomological invariants

One extension of PT- and DT- theory is to replace numerical invariants with
more complicated objects, which carry more information, both in Mathematics and
Physics. One such strategy is to express the DT-invariant of a moduli space M as a
weighted Euler characteristic: the first step is finding a finite-dimensional graded

vector space H*(M), a cohomology theory on M, such that

Yo (M) =3 (—1) dimH (M).

%
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Example 1.4.1. As a reality check, consider that, if M is non singular, the Behrend

dim M

function is identically (—1) , and we can easily compute

Xo(M) =3 n - x (Vi (n) = (=1 X (M)

hence we can choose as cohomology theory a shift of the classical cohomology

H*(M,Q,,) [dim M] = H*(M, Q, , [dim M]). &

1.4.1 Critical Charts

If M is the moduli space of coherent sheaves over a fixed Calabi-Yau three-
fold, then locally M is a critical locus: more precisely, each point p € M has a
neighborhood which embeds in some ambient space U, where it is realised as the
critical locus of a function f: U — C. This is a strong result, firstly proved in
the non-algebraic case [Wit95; DT98; JS12]. A more recent, algebraic equivalent is
provided in [BBJ13].

Theorem 1.4.2. If M a moduli space of simple sheaves F over a Calabi-Yau
three-fold X, then for each class [F| there ezist:

a smooth scheme U such that dim U = dim Ext'(F, F),

a regular function f: U — C,

a Zariski open neighborhood V' of [F] in M,
o an isomorphism Crit(f) — V.

The data prescribed above are called a critical chart, and they describe locally
the variety M as a critical locus. Thanks to the work of Behrend [Beh09] we know
that the value vp(p) is, up to sign, the Euler characteristic, with support at p, of
the sheaf of vanishing cycles of f, which is the perverse sheaf of vanishing cycles
P =@, ¢ Q [dim U], described for example in the book [Dim13]. The key point
that Behrend proves is that v,(p) is, up to sign, the topological Euler characteristic
of the reduced Milnor fiber of f at p € M. This is a local construction, but if
M is globally a critical locus, then clearly a good candidate cohomology theory to
generalise DT-invariants is the cohomology of this perverse sheaf.

We only expect to be able to describe M locally in this way, and so far we have
no notion of compatibility between critical charts: this sort of structure is desirable if

we want to employ the machinery of perverse sheaves which allows gluing local data.
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An effective approach to encoding this “gluing” data is provided by Joyce [Joy15]:
to any scheme M is attached a sheaf S);, whose sections parametrise, in a precise
sense, the various ways to describe open subsets of M as critical loci Crit(f) C U,
for f: U — C. The definition and proof of existence of this sheaf is quite technical,
so we refer to the original work [ibid., Theorem 2.1]; for our treatment below, it
suffices to say that, if locally X = Crit(f), then there is a section s of Sy satisfying
s=f+ I

Example 1.4.3 ([ibid., Example 2.4],[Busl4, Remark 2.1.1]). While the construction
of the sheaf Sy, above does not require M to be a global critical locus, we will focus
on this particular case in this work. Assume that f is regular and M = Crit(f) C U
is a closed embedding into a a smooth C-scheme, we obtain a natural global section
of Sy; calling Iqy C Op the ideal generated by df, we can write s = f + [gf, and
sy = f + Iqy. The function f is not necessarily locally constant on M, but only
on the reduced analytic space M,.q: now, locally constant functions on M,.q extend

uniquely to locally constant functions on U near M, qq. &

In conclusion, the idea is that Sy, only encodes f up to the information that
makes sense on M intrinsically, independently on the ambient space U. In general,
for any scheme M we have a decomposition Sy; = C,; @ SY,, where SY; is the kernel

of the composition Sy; — Opr — Opprea.

Definition 1.4.4 ([Joyl5, Definition 2.5]). An algebraic critical d-locus is a pair
(M, s) of a scheme M together with a section s € H*(M, SY,), such that

M admits a cover by Zariski open sets Rj,

there are closed embeddings R A U, into smooth schemes,

there are regular functions fy: Uy — C with Im(iy) = Crit(f)),

the condition sg, = fi+ ]gf holds, saying that s|g, is similar to Example 1.4.3.
The datum of (Ry, Uy, fx,1x) is called a critical chart of the d-critical locus. O

Remark 1.4.5. Looking at Example 1.4.3, we see that by definition M = Crit(f) 4 U
admits a d-critical structure (M, f + [3;) with a global critical chart (M, U, f,7). We
will abuse notation and denote this global structure by Crit(f, U).

Similarly, if M is a smooth C-scheme it has a trivial d-critical structure (M, 0) with
global chart (M, M,0,1d,,), and this structure Crit(0, M) is unique since Sy = Cy,
and Sy, = 0 [ibid., Example 2.15]. [ )
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Let U be a scheme, and f: U — C a regular function. Assume that U’ is a
subscheme containing (Crit f).eq. Unless U’ is an open subscheme, it is not necessarily
true that Crit(fiyr) ~ Crit(f) as subschemes.

Ezample 1.4.6. Take U = A%, f = 3, and U’ = SpecC [z, y] /(y). )

A priori, we could endow the same scheme with more than one d-critical locus
structure, and we need the language to compare them. There is a notion of mor-
phism of d-critical loci [Joyl5, Definition 2.5], relying on the existence of a map
¢*: ¢~ (Sy) — Sx [ibid., Proposition 2.3] for any morphism ¢: X — Y, but for our

purposes we can specialise it to the case of a single global critical chart.

Definition 1.4.7. A morphism of global critical charts, that is between critical
loci Crit(f,U) and Crit(g, V), is a morphism of C-schemes ¢: U — V such that
goop—f € Igf. An isomorphism of global critical charts is a pair of morphisms
¢: U —V and ¥: V — U as above, which restrict to an isomorphism between the
scheme-theoretic critical loci Crit(f) and Crit(g). O

There are cases when a critical chart can be simplified up to isomorphism. The
results below, adapted from [DS09, Lemma 1.3.1], will be useful in Section 3.3 and
Section 3.4.

Lemma 1.4.8. Let U be a smooth scheme, f: U — C a regular function; set
Vi=UxAZ,

consider g: V. — C given by g == frn + xy. Then Crit(f,U) and Crit(g,V) are

isomorphic as global critical charts.

with affine coordinates (x,y); call m: V. — U the projection and

Proof. Tt is immediate that the projection 7: V' — U restricts to an isomorphism
Crit(f) ~ Crit(g) of C-schemes, with inverse the section o: U = U x {(0,0)} — V.
We can write? in one direction go = f; in the other, Iy, = (df, z,y), and we verify

that fm —g=ay € Igg. Hence 7 and o are morphisms of critical charts. O]

Lemma 1.4.9. Let U be a smooth scheme, f: W := U x AL — C a regular function,
with = the affine coordinate; set V := U x Ay x A2, with new affine coordinates

(y,2). Setw: V — UxAL the projection, and define g: V. — C by g := fr+(x—y)z.
Then Crit(f, W) and Crit(g, V') are isomorphic as global critical charts.

Proof. First of all, for u € U and x € A, we have the differential

df: TuaoyW ~ T, U @& T,A, — TynC~C,

2With a slight abuse of notation.
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and we denote by dy f the first component of the linear map above. Then, we write

local generators of the sheaf of ideals

Idg: (de,@xf—i—z,z,:c—y) = (de,axf,z,x—y):(df,z,x—y),

where in the last equality we used that (dyf,d.f) = (df). Hence, the projection
m: V =Ux A3, — U x A] restricts to a morphism of subschemes 7: Crit(g) —
Crit(f).

Consider now the closed inclusion o: U x AL — V = U x Ai,y,m defined by
o: (u,z) = (u,z,z,0), where u € U. Notice that, if df(u,z) = 0 then (u,z,z,0) €
Crit(g), hence o restricts to a morphism of schemes 6: Crit(f) — Crit(g), which is
the inverse of 7.

Finally, we have that go — f = 0 € I§; and g — fr = (z —y)z € I}, proving that
7 and o define a pair of morphisms of critical loci which restrict to an isomorphism
of schemes Crit(f) ~ Crit(g). O

1.4.2 The DT-Sheaf

As described above, the moduli spaces M that we are interested in are locally
critical loci, that is they admit critical charts: moreover, the results by Brav, Bussi
and Joyce [BBJ13] ensure that M = M has indeed the structure of a d-critical locus
as in Definition 1.4.4. Therefore, it would be desirable to use this structure to glue
together the collection of perverse sheaves ®x = @, ¢7, - Q) [dim U,]. Thanks to
the work of Brav, Bussi, Dupont, Joyce and Szendréi [BBDJS15], there are gluing
isomorphisms between the perverse sheaves of vanishing cycles defined on the overlap
of critical charts, defined up to sign; an analogous result is true for stacks thanks to
Ben-Bassat, Brav, Bussi and Joyce [BBBJ15]. To resolve the issue, one need assign
a choice of sign to every gluing isomorphism, and this is done in a sheaf-theoretic
way, by assigning a certain real line bundle. We won'’t cover this subject in detail, as
it becomes quite technical; good surveys are contained in Davison’s thesis [Dav10,
Chapter 2] and in the paper by Joyce and Upmeier [JU21]. The notion of orientation
data was introduced in general triangulated categories by Kontsevich and Soibelman
[KSO08]. In the case of moduli spaces of coherent sheaves over a Calabi-Yau three-fold,
Nekrasov and Okounkov [NO16] prove existence of such structure in a special case,
and more recently Cao-Gross-Joyce [CGJ20] proved the existence of orientation data
in more generality, including Calabi-Yau 4-folds.

In conclusion, on a Calabi-Yau three-fold X, we can assign d-critical locus

structure to a moduli space M of coherent sheaves on X: once orientation is defined
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on such a moduli space, we can glue together the perverse sheaves ®, constructed

locally on the critical charts.

Definition 1.4.10. The DT-sheaf is the perverse sheaf ® obtained as above. The
cohomological DT-invariant is the hypercohomology H*(M, ®@). O

The cohomological DT-invariant @ is a graded vector space, and its Euler charac-

teristic satisfies

> (—1) dim H' (M, @) = //vt Updy .

i
In other words, it agrees with the numerical DT-invariant obtained from the Behrend

function.

Remark 1.4.11. The local description of M as critical locus, with a suitable notion
of compatibility between the critical charts and the choice of an orientation data,
is all that is required to define the DT-sheaf. Therefore, for such moduli spaces
we can define DT-like invariants. One salient example of such case is the moduli
space of stable representations of a quiver compatible with an assigned potential,
under appropriate stability conditions, as explained in the survey [Szel5, §3] and in
Section 2.3. '
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Chapter 2

PT moduli spaces on the resolved
conifold

2.1 Preliminaries

We consider the variety X := Tot(Op1(—1)%2 — P!), called the resolved conifold,

which is a non-compact Calabi-Yau 3-fold; it can be thought of as the locus

X, X\ (G \
t o {<Y1 Y0> <—C1 =0 C Plegey % Clxo 1,101

On the standard affine cover of P! via U; := {¢; # 0}, for i = 0, 1, we have coordinates
(Xo, Y0, Zy) and (X1,Y1, Z)) respectively, where Zy = Z;* = CI/CO’ and X| = Zy Xy,
Y1 = ZyYy on Uy N U;. This is just another way to say that the transition functions
for the bundle Op: (—1)%? are given by

¢/ 0
_ G
gio = ( 0 0 Cl/go) .

The zero section Z = ]P’[lcozm is clearly cut out by the equations X; =Y; =0 on Uj;
we call i: Z — X the inclusion and 7: X — Z the projection.

Remark 2.1.1. Let B := BlyA? be the blow-up of the affine plane at the origin.
Then the resolved conifold X can be seen as X =~ Tot(Oz(—1)%?) ~ Tot(wg), where
Z C B is the exceptional curve. [

Remark 2.1.2. As stated before, all sheaves will be considered on X unless otherwise
specified, and the pushforward 7, omitted. Moreover, on X there is a family of
invertible sheaves given by 7*O(k), for k € Z: all twistings of sheaves over X will

be performed by tensoring with 7Oy (k), omitting the pullback 7*. [
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We can conveniently describe sheaves on X. If we consider the sheaf of Op:i-
algebras A := Sym(Opi (1)#?), using the relative spectrum construction we write
X ~ Specp (A).

Remark 2.1.3. Our convention is different from what is used, for example, in the
books [Har77, Ex I1.5.17] or [Stacks, Tag 01LL]: there, given a quasicoherent sheaf
€ on X, the associated vector bundle is Spec, (Sym &), instead of Spec, (SymEY)

as in our case. '

Given a quasicoherent sheaf F € QCoh(X), consider G := m,F € QCoh(P!).
Since A ~ 7,Ox, the sheaf G is endowed with an .A-module structure, corresponding
to a map A®op,, G — G; as the algebra A is generated in degree 1, such a module
structure is determined by two maps G(1) — G, commuting in the appropriate
sense. Conversely, given a quasicoherent sheaf G on P!, together with an A-module
structure extending the Opi-module structure, there is a unique sheaf F on X

satisfying m,F = G. We condense the above discussion in the simple result below.

Proposition 2.1.4. The datum of a quasicoherent sheaf on the resolved conifold X

is equivalent to a quasicoherent sheaf G on P, together with two maps

¢1,¢2 € Home, (G,G(-1))

satisfying p1(—1) 0 o = @o(—1) 0 1.

Remark 2.1.5. Notice that, even if F is coherent on X, G will not necessarily be.

However, if we assume F coherent with proper support, then G is also coherent. &

2.1.1 Basic definitions

We shall consider moduli spaces of stable pairs on the resolved conifold X, defined
above. Even though X is not projective, we can construct moduli spaces of stable
pairs on it. Pandharipande and Thomas [PT09a] prove that there exist proper
moduli spaces of stable pairs supported at the zero-section Z ~ P': this comes from
the fact that the sheaf F of a stable pair must have proper support, and that Z is
the unique proper reduced embedded curve: it is the only proper curve since it is
rigid given that its normal bundle N/ x ~ Oz(—1)%? does not admit global sections;
more generally, there is a contraction X — X mapping Z to a point pt € X, with
X affine, so containing no proper curves.

In the following, to avoid confusion, we will use the notation Z ~ P! when
referring to the projective line in the conifold stressing that it is viewed as the

reduced zero-section of Op1(—1)%2. We follow the notation in [Szel2].
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Definition 2.1.6. Let X = Tot(Op1(—1)%?) be the resolved conifold. We define, for

integers [,n € N, the moduli schemes
N = {(]:, s) a stable pair on X‘ [Supp(F)] =1 [IP’I} X(F) = n}/ ~,
with ~ denoting isomorphism of stable pairs. O

Remark 2.1.7. Following the notation in Definition 1.3.14, we have that N, ~
Po(2). ®

Nagao and Nakajima [NN11] prove that the moduli schemes N, are global
critical loci; this property is deduced by showing an isomorphism with the moduli
spaces of stable representations of a certain quiver with potential, as detailed in
Section 2.3.3.

The DT invariants were computed for local Calabi-Yau geometries in [MNOPO6].
Combining this with the proof by Bridgeland [Brill], of the DT/PT correspondence
in the Calabi-Yau case, the PT-invariants P, := Fyp1,, for stable pairs supported

on [ [P!], are determined by the generating series

Zer(q,T) ==Y Zipy(q) - T = Png"T" = [] A= (=¢)"T)™. (2.1)
lEN ZLEGI} m>1

We shall use extensively the knowledge of the Euler characteristic of the push-
forward to X of line bundles on Z. If our line bundles were just on P!, we could
simply compute x(Op:(d)) = d + 1. A simple argument shows the same holds true
on X.

Proposition 2.1.8. Let f: V < W a closed immersion of schemes. Then x(f.F) =
X(F) for all F € Coh(V).

Proof. We have that, using that f, is exact and Oy is free,

HZ(Wa [oF) = EXti(OWa foF) = HOmecOh(W)(OW [ F[1])
= Hompscon(vy (L f*Ow, F [i]) = Hompscon) (Ov, F [i])
=H(V,F),

where Lf*Ow = f*Ow ~ Oy since Oy is a locally free sheaf on W. The proof

follows from taking the alternating sum over . O]
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Remark 2.1.9. A more elegant argument is the following. Consider the morphisms

to the point

p
/\
vl w13,

where p = q o f; we can write Rp, = Rq, o Rf, = Rq, o f,, as f, is exact, coming
from a closed embedding. Now, the functor H*(W, —) is just R’ g,, and similarly for
V. therefore considering cohomologies of the total derived functors above yields the

required equality. [

Corollary 2.1.10. Let i : Z — X be the inclusion of the zero-section. Then
X(1.0z(d)) =d+ 1.

2.1.2 Thickenings of the zero-section

We want to specialise the construction in Section 1.1.2 to the conifold case, as we
want to define a double thickening C' of the zero-section Z, and consider its structure
sheaf as a stable pair. Consider that, since X is the total space of a vector bundle,

we also have retractions 7 and r fitting in the diagram
/i\

Z - X
J

7

Notice that the retraction gives O¢ the structure of a Oz-module: in this case, to

say that C' is a double thickening of Z following Definition 1.1.10 is equivalent to
r.Oc,p having length-2 as an Oz ,-module for all p € Z.

The zero section Z ~ P! C X has normal sheaf N,y ~ Oz(—1)%?, which does
not admit global sections: this means that there are no infinitesimal deformations of Z
inside of X. The group Ext (i,0yz,i.0) measures [Huy06; HL10] all deformations,
including those of Oz on Z (for example, deformations to non-trivial line bundles).
By considering

0—2; — Ox — 1.0, — 0

and applying Hom(—,,0%), we obtain the long exact sequence

- — HO(Z*Oz) — HO(Z*Nz/X) — EXtﬁ((i*Oz, Z*Oz) — Hl(Z*Oz) —
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and using H'(Oy) = 0 we show that Ext} (i,0,4,0y) is therefore trivial. Thanks
to Serre duality for compactly supported sheaves (see for example [Tar95, § 5.1] ) we

have then

Homx(i*OZ,i*Oz) ~ Homx<i*02, Z*OZ [3])\/ y

and similarly
Homx (,0z, 1,07 [2])Y ~ Homx (1,02, 1,05 [1]) ~ Ext(i,0z,i,0z) = 0.

A line bundle on Z will be isomorphic to Oz(—d), for some d € Z. To choose a
thickening line bundle £ C Ny, x, we can start from a map o: Oz(—d) — Oz(—1)%%
clearly we require av # 0, for otherwise we would not get a thickened curve C' D Z, as
C would be reduced; however, the image of such a map might not be a line bundle.
The map « is parametrised by Homy (Oz(—d), Oz(—1)%?) ~ H° (Z, Oz(d — 1)%?),
and will be locally given by two polynomials P, () in the coordinates X; on Z, of
degree d — 1. If these polynomials have a non-invertible greatest common divisor M,
the image of o will have base-points corresponding to the roots of M: in such case,
we divide P and Q by M and consider the associated map Oz(—d') — Oz(—1)%2,
with d’ < d, whose image is now an honest line bundle £ ~ Oz(—d’') on Z. This
construction will be carried out in the following sections, with a more detailed
discussion on the general situation in Chapter 5.

There is a more general sheaf-theoretic approach to the construction outlined

above. For any map of sheaves f: A — B, we can consider the diagram

ckrp
A ! B ®ker( Frp
AN C 7

where coker(f) p is the torsion-free part of the cokernel, that is the quotient by
the submodule of torsion elements. We take the saturation of A — B, which is by
definition C := ker(ckrr), and the dashed arrow exists by universal properties. What
we did was considering A = Oz(—d), B= 0z(—1)%?, f = a and C = Oz(—d').

In conclusion, a thickening C' of the zero-section Z will be given, up to isomor-

phism, by a non-split extension of the form

0 — ,0z(d) — 7.0c — 1,07 — 0. (2.2)
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Remark 2.1.11. Let C be a thickening of the zero section Z as above. Since Z is
smooth, then C' is Gorenstein by Corollary 1.3.9. [

Proposition 2.1.12.
Li*i,0; ~ 0z & Oz(1)*?[1] ® 04(2) [2] .

Proof. We aim at writing Z as the zero-locus of a section of a vector bundle F on
X, so as to resolve i,0y via the Koszul complex. This can be accomplished by
considering £ := 7*Op1 (—1)®2 which is a rank-2 vector bundle on X, with projection
7't E — X given by v — x for all v € Op1 (,)(—1)%? = E,. There is a tautological
section 0: X — E sending X > = — p(x), where p(x) € E, is just x viewed in the
fibre of the vector bundle over Z. It is immediate that o=*(0) ~ Z.

As our curve Z is a complete intersection, the Koszul complex gives an exact

sequence

0 — /\2 EV Ev OX Z*OZ — 0,
with morphisms given by contraction with . In D°Coh(X) we can write
2

1.0y ~ (/\Ev — EY — OX> ,
and since on the level of vector bundles ILi* acts by restriction, we have
2
By definition, i*E ~ i*7*Op1 (—1)®2, therefore
2
Ey ~0z(1)% and A\ EYy ~ 04(2).

Since 01z = 0, we conclude the proof. m

We want to compute possible extensions between sheaves of the form i,0yz(d),
for d € Z. We have on X a line bundle Ox (1) := 7*Op1(1) whose restriction satisfies
i*Ox (1) = Oz(1), whence

Exth (i,02(dy),i,05(dy)) ~ Exth (i,05,1,04(dy — dy)) .

Therefore we are only interested in computing extensions of this form. From Propo-

sition 2.1.12 we deduce the following.
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Corollary 2.1.13.

CHt ifd>0
H 1:07,1,04(d)) ~ -
omx (.07, 1-0z(d)) {0 if d <0
Cc?d if d>0
Exty (1,0z,1,07(d)) ~ { C41 if d < -2
0 if d=—
CH1 ifd>1
Ext% (1,0z,1,04(d)) ~{C2 if d< -1
0 if d=0

C- fd<1

Ext? (1,04, 1, o~
Xly (Z AKX Oz(d)) {O '],f d 2 1

Proof. By adjunction Li* H4,, we can write
Ext (i.0z,1,07(d)) ~ Ext}, (Li*i.0z, Oz(d)) ~ Homy (Li*i.0z, Oz(d) [k])
~ Homy (07 ® Oz(1)%* [1] @ 0z(2) [2] , Oz(d) [K]) -
Specialising, we have
HOHlX (i*OZ, Z*Oz(d))
x (1:02,1.0z(d))
% (1.07,1.07(d))
EXt_B;( (i*Oz, Z*Oz(d))

HOHlZ (Oz,OZ(d)) s

H® (Oz(d — 1)) @ H' (02(d))

H (0z(d - 2)) @ H' (0z(d - 1)*?) |
~ H' (Oz(d - 2)) .

12

Ext
Ext

12

O
Remark 2.1.14. From Corollary 2.1.13 we notice that the dimensions satisfy
exth (1,07,1,07(d)) = ext¥ ¥ (i,0z,1,0(—d)) ,
as expected since D’Coh(X) is a 3-Calabi-Yau category. [ )

We can consider in particular Ext}; (i,0,4,0z(d)) ~ C??, which is the parameter

space of all extensions of the form

0 —— i,04(d) F 0y —— 0, (2.3)

and generic such extensions correspond to thickenings C' of Z along a line bundle
L~ Oz(—d) via F ~ j,Oc, where j: C'— X. We are interested in considering such
sheaves, with the canonical section Ox — 5,0, inside the moduli space of stable

pairs: they correspond to the stratum with the simplest geometry.
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Proposition 2.1.15. Let C' be the thickening of Z along L, and consider (F,s)
the stable pair obtained as F := j,O¢ with the canonical section Ox — j.Oc. If
L~ Oz(—d), then (F,s) belongs to Na,, forn =d+ 2.

Proof. The statement follows from the long exact sequence obtained applying
Homx (Ox, —) to (2.2). We have the vanishing H*(X, F) = 0 for all ¢ > 1, and using
Corollary 2.1.10 we can write x(X,F) = x(Z,0z(d)) + x(Z,0z) = d + 2.

O

Remark 2.1.16. Notice that, as a consequence of the proposition above, the moduli
spaces Ny, are empty for n < 2. Indeed, for any stable pair (F,s), we have by
sequence (1.8) that x(F) > x(Oc¢,), and x(O¢) > 3 for any double Cohen-Macaulay

curve supported at the zero section Z. ' Y

We conclude this section with an explicit affine construction of ribbons whose

reduced support is the zero section Z C X.

Example 2.1.17 (Affine construction). With the same notation as Section 2.1, take
two degree-d homogeneous polynomials P((y, (1) and Q((p, (1), calling P;(Z;) and
Qi(Z;), respectively, their de-homogenisation in the affine patch U; = {¢; # 0}, for
1 =0, 1. Starting with Uy, we proceed as in Example 1.1.20 and consider the curve
with ideal

I = Ip g, = (X7, X0V1, Y2, Qi(Z) X1 — P(Z)Y1) -

On Uy N Uy, we perform the change of coordinates obtaining the ideal

0 0

1 1
(zgxg, ZEX0Yo 233 1 QulZo) % - Zd_lp(,(zom) ,

which coincides with [ := Ip, ¢, as modules over C [XO, Yo, Zo, Z()’l] Hence Iy and I
glue to define a curve Cp g on the resolved conifold, whose reduced support is precisely

the zero-section Z since it satisfies the equations X; =Y; =0 for i = 0, 1. s

Remark 2.1.18. Notice how, in the construction above, the two polynomials must have

the same degree for the gluing to occur, unless one of them is the zero polynomial. &

2.2 The toric formalism

2.2.1 The resolved conifold as toric variety

The resolved conifold X, as defined at the beginning of Section 2.1, admits a

convenient description as a toric variety, well known also in the physics literature.
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There is an action of the torus C* on C*
C* 3 X: (21, 29, 23, 24) —> ()\lel, )\QZZQ, /\Q323,)\Q4zz)

with charges (Q1, @2, @3,Q4) = (1,1,—1,—1). Then it is known that X ~ C*},C*
is a GIT quotient of C* by C* corresponding to a nontrivial character y of C*.

Alternatively, we can choose a real parameter ¢t > 0 and consider the space in C*
where

[al” + Jal” = [z]” = |aal* = £,

and quotient by the action of U(1) given by 9: z; — €/@¥2; which leaves the action
of the real torus T ~ (U(1))*/U(1). Using standard computations in toric geometry
(see for example Fulton’s book [Ful93, §4.3]), we have that the condition >, Q; = 0
ensures the triviality of the canonical bundle, hence X is Calabi-Yau as expected.
In order to find the fan ¥ of X, we must find four lattice points vq,...,vs in Z3
satisfying

Zinizvl‘i‘Uz—U:s—M:O’
and an immediate solution is

v =(1,1,1), wy=(-1,—-1,1)

vy =(—-1,1,1), wvy=(1,-1,1).
Indeed, the Calabi-Yau condition on the charges ensures that vy, ..., v, lie on the
same hyperplane in Z3, therefore we can consider the toric graph ¥, the intersection of
> with said hyperplane, in Figure 2.1a. In addition, we note that X must necessarily
be non-compact, as the cones corresponding to its fan do not cover the vector space

R3. We consider also the toric diagram T, the dual of the toric graph, in Figure 2.1b.

We can parametrise the base of the fibration given by the moment map for T above,

(a) Intersection of the fan ¥ (b) Toric diagram I',
with a hyperplane. dual of X.

Figure 2.1: Toric construction of the conifold
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via coordinates y; := |z|* satisfying 41 +y2 — ys — ya —t = 0 and y; > 0. As y, is

dependent on the other coordinates, the boundary of the base is then given by

y1=y2=y3=0, or y +y—ys=t,

as when a coordinate y; vanishes the corresponding U(1) degenerates. This gives four
hyperplanes whose intersections form a three-dimensional graph as in Figure 2.2,

which corresponds to I'. The vertices of I' correspond to T-fixed points, and the

Figure 2.2: The conifold toric graph

edges to T-fixed lines on X. In the case of Figure 2.2, there are two fixed points F,
and P corresponding to the trivalent vertices, and the fixed line joining them is the
zero section Z ~ P! of the bundle Op: (—1)%2.

Around each fixed point P,, for & = 0, 1, there is a canonical, T-invariant affine
open chart U, ~ C3 centered at P;; after choosing suitable coordinates ¢; on T and z;
on U,, such that the action (t1,ts,t3) - z; = t;x; is diagonal, the transition functions

on Uy N U; can be written as
-1 -1 -1
(‘rthJx?)) — (Il 7I1 I2Jx1 x3) .

We recover the cordinates of X as the small resolution of the (singular) conifold.
Finally, in these coordinates, the T-invariant zero-section Z has equation o = x3 = 0;
we also have that that the parameter ¢ has a geometric meaning, as it is the volume

of the zero section.

Remark 2.2.1. The description of the variety X as the total space of a vector bundle,
as the resolution of the conifold singularity and as a toric variety are not substantially
different. Indeed, the natural local coordinates we obtain in affine patches, up to

renaming, are the same. [
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2.2.2 The 3-fold vertex

Consider a complex non-compact Calabi-Yau threefold X, with the action of a
torus T ~ (C*)3. This action naturally extends to the moduli space of stable pairs,
and its T-fixed geometry is studied by Pandharipande and Thomas [PT09b]. We
briefly present here the key results, mostly to establish the notation for Appendix B
and Appendix A.1. Even though most results hold in much broader generality, we
will specialise them to the case of the resolved conifold, since the combinatorics
becomes much simpler. Firstly, we focus the support. If a pair (F,s) is T-fixed,
then its support C' = C'r must be fixed as well: therefore, in order to understand
torus-fixed stable pairs, one must know fixed curves. The edges of the toric diagram
I' correspond to the T-fixed curves: in the case of the resolved conifold X, I' only
contains one edge, as per Figure 2.1b; the fixed line is precisely the zero-section Z.

In local coordinates, any torus-fixed ideal must be monomial, and a convenient
way to represent a monomial ideal in two (or three) variables is via ordinary, two-
dimensional (respectively, three-dimensional) partitions. The example below clarifies

the situation for zero-dimensional subschemes of a three-fold.

Example 2.2.2. The partition in Figure 2.3 corresponds to the monomial ideal

5 .3 2,2 2.3 .4 .4 2 2 2

3 3 4 .2 2 2 2.2 3 .3 4

Each box in the configuration is marked by the coordinates of its corner closest to
the origin, giving a triple of natural numbers (i, j, k) which carries the information
of a monomial z¢z3x% which is not in the ideal.

This ideal defines a zero-dimensional subscheme of A3, supported at the origin. &

xs3

X2

T

Figure 2.3: Partition of a monomial ideal

Following the same rationale, a T-fixed curve will correspond, around a chart

centered at one of the vertices of I', to an infinite partition extending indefinitely
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along at least one of the adjacent edges of I'. Asymptotically, the infinite three-
dimensional partition is the union of three cylinders along the axes: each of the three
cylinders is determined by its base, which corresponds to a two-dimensional partition.
Consider the monomial ideal I of such a torus-fixed curve C, in affine chart; if there
is a monomial m ¢ I such that all xym, xom,x3m € I, then C' has an embedded
point supported at the origin. Therefore, if the curve C' is assumed Cohen-Macaulay,
then its corresponding three-dimensional partition must be the union of cylinders.
In other words, a T-fixed curve is Cohen-Macaulay if and only if its ideal, around
each vertex of I', is completely determined by the data of a plane partition along

each of the edges leaving that vertex.

Ezxample 2.2.3. The vertex in Figure 2.4, corresponding to the ideal

(z1x3, 2323, ToTh, 17975, T2 w073)
has limit partitions 1 = {2,1}, g2 = {2,2,1} and u3 = {1, 1}, with each expressed
as a list of lengths corresponding to the rows of a Young diagram. Fach p; describes
the section of the limit cylinder along the axis z; and following the natural orientation.

The corresponding curve is Cohen-Macaulay. )

Figure 2.4: Three-dimensional vertex, with legs along the axis extending indefinitely

In particular, on the resolved conifold X, there is only one edge of I' on which
we can assign a plane partition. If we require the curve C' to be a double thickening

of Z, those partitions can only be

or , (2.4)

and the corresponding cylinders are shown in Figure 2.5.
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[[TTTTTTT] ||||||||||ﬁj

Figure 2.5: Edge box configurations for a double curve C.

Secondly, we consider the zero-locus of a stable pair. For simplicity, from now
on we will focus on the moduli spaces N3, of stable pairs on the resolved conifold
X, supported on a double curve C. Clearly, if we want a pair to be T-fixed, its
zero-locus must be supported at a fixed point, that is the vertices of I': for the
conifold X, this means only two possible points.

There is a specialisation of Proposition 1.3.4 to the T-fixed geometry. With the
same notation, a torus-fixed subsheaf Q of Hom(m", O¢)/Oc, for r sufficiently large,
is determined by a vertex configuration, as we explain below. In any of the affine
patches Uy, Uy around one of the two vertices of I', a map in lig?-[om(mr, O¢) will
correspond to a box in the infinite cylinder C obtained extending in the negative
direction the configuration of C, as in Figure 2.5, which is to say the cylinder over
one of the two plane partitions (2.4). Finally, considering lig’Hom(mT, Oc)/Oc¢, a
sub-sheaf Q corresponds to a finite collection of boxes inside the negative half of C,
satisfying simple conditions as detailed below. Since this reasoning was local, we

have two pieces of data, one for each vertex of I'.

Proposition 2.2.4 ([PT09b]). A T-fized stable pair in Ny, is equivalent to the
following data.

1. The choice of a length-2 plane partition u, that is or

2. Two collections By and By of boxes, such that

(a) for alli = 0,1, the bozxes in B; belong to the negative part of the cylinder
C over p;

(b) for alli= 0,1, the boxes in B; are justified against the (—1,1)-corner;

(c) the sum of the boxes in By and By is n.

Proof. This is the content of [ibid., Prop. 2], specialised to the case of stable pairs
of degree 2 on the conifold X. O
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In order to denote vertex box configurations in a more convenient way, we will
introduce the notion of diagram and shape: the former is a table representing the
structure sheaf Og, where the squares corresponding to a vertex box have been
marked; the latter is a bracketed list of the heights of the box configuration, relative
to each vertex. The notation is self-explanatory and exemplified in Figure 2.6. Given
a diagram or a shape, we can easily read off the length of the box configuration as
either the number of marked squares in the diagram, or the sum of indices appearing
in the shape. Both diagram and shape retain only the essential information on the

vertex box configuration, relatively to the fixed double curve C.

:
[1]0]
@ @ : ) :
[1]1]
: T
2]1,1]
@ T T
% [1,1,2|2,2]

Figure 2.6: Examples of vertex box configurations, with the respective diagram and
shape.

Remark 2.2.5. For each of the vertex configurations of Figure 2.6, there is a mirror

configuration corresponding to the choice of the other possible T-fixed support C'
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in Figure 2.5. In other words, given a diagram or shape of length n, there are
precisely two T-fixed stable pairs in N3, with that diagram or shape. We will make
extensive use of this fact to simplify notation and only list half of the torus-fixed

stable pairs. '

There is a beautiful machinery which allows us to compute the dimension of the
Zariski tangent space to a T-fixed stable pair, starting from the data prescribed
by Proposition 2.2.4. As it is quite technical, we will omit the details, which can
be found in the original paper [PT09b, §4.4, §4.5]. A computer implementation of
this machinery, relative to the moduli spaces N, can be found in Appendix A.1;
a collection of results for torus-fixed stable pairs in Ny, for n = 3,4,5,6,7 is in

Appendix B.

2.3 The quiver formalism

We wish to apply the results by Nagao and Nakajima [NN11], who establish an
equivalence between moduli spaces of stable perverse coherent systems and moduli
spaces of stable representations of quivers. In particular, they offer a quiver-theoretic

description of moduli schemes of stable pairs on the resolved conifold.

2.3.1 Generalities

This section has the purpose of establishing notation and recalling general results,
following the paper by King [Kin94, §3], books by Kirillov [Kirl6] and Derksen-
Weyman [DW17], and lecture notes by Hoskins [Hos18§].

Definition 2.3.1. A quiver QQ = (Qo, Q1) consists of the data of a set of vertices Qg
and edges ()1, together with head and tail maps h,t: Q1 — @y. Given a field k, a
representation of () is the data of a k-vector space V), for every vertex A € (Jy and a
k-linear map ¢.: Vi) — Vi(e) for each edge e € (J;. We denote a representation as
(Vi) = (Va: M€ Qo, ¢e: € € @), omitting the edge maps when necessary.

The dimension vector of (V,¢)is d = dY = (dY )aeq,, where d} = dim V. We
shall omit the superscript unless necessary.

A morphism between representations (V, ¢) and (W, 1) is a collection (fy: A € Qo)
of k-linear maps fy: V) — W), such that for each edge e € (), it satisfies fie)¢. =
Ve fr(e), and we denote by Homg(V, W) the abelian group of such morphisms. ¢

Definition 2.3.2. The path algebra k() is the free vector space on paths on the

quiver, which is a k-algebra with multiplication given by juxtaposition of composable
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paths. A representation as above is just a representation of k(). We will denote by
Mod-k(@) the abelian category of representations of £Q): indeed, for a representation

(V. ) as above, and a path p = e; - - - e; for edges e; € )1, we set

¢'p:¢e1o"'o¢ej7
extended linearly on kQ). O
Remark 2.3.3. We will refer to representations of a quiver as modules over its algebra,
meaning right modules. [

Consider a quiver () and a fixed dimension vector d. Given a representation
(V, ¢) with dimension vector d, after the choice of a basis in each V), we obtain a

point in the affine representation space

Repq(Q) = @ Homk(lgdﬂe)’ kdh(e)>.
e€Q1

On the other hand, any point M = (M,) in the representation space is just a
collection of matrices, which correspond to a representation (V, ¢), where ¢, is given

by M, in the chosen basis. We have the group

GLd(Q) = H GL(d}UkJ),

AEQo

which acts on Repy(Q) via conjugation: given g = (g») we define

g M = (gneyMegy,)) -

It is a standard result ([Hos18, §2.2],[Kin94, §3],[Kirl6, §2.1]) that the orbits for
the action of GL4q(Q) on Repy(Q) are in bijection with the isomorphism classes of

representations of () with dimension d.

Theorem 2.3.4 ([ibid., Thm 2.1]). Let V = (V,¢),W = (W,¢) € Mod-kQ have
dimension d = (vy); fix bases and call M, N € Repy(Q) the corresponding points.
Then V' and W are isomorphic if and only if M and N are in the same GLq(Q)-orbit.

We recall some basic facts concerning the homological algebra of quiver represen-
tations, following [DW17, §2.4] and [Hos18, §2.1].

Proposition 2.3.5. Let Q be a quiver, and V = (V,¢), W = (W,¢) € Mod-kQ two
representations. Given a tuple v = (ve) € @ecq, Hom(Vie), Wi(e)), the representation

defined by
E(V,W,v) = <(W)\ S Vi, ((% ;z>> )
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sits in an extension
0—W —EV,Wuv)—V-—0,

where the maps are the natural ones. Moreover, there is an exact sequence

0 — Homg(V, W) —= @ Hom(Vi, Wy) -
AEQo

5 @ Hom(Vie), W) —= Exth(V, M) — 0

e€Q1

where i is the inclusion, a is defined by a((fr)e) = fa(e) © Pe — Ve © fi(e), and B(v) is

the equivalence class of E(V,W,v) as a Yoneda extension.

Corollary 2.3.6. Denoting by hom and ext the dimensions of the respective spaces,
we have

homg (V, W) — exté(V, W) = Z d}\/dzv - Z di?e)df‘?ge) :
AEQo ec@

This justifies the following.

Definition 2.3.7. Given a quiver Q, the Euler form or Ringel form on Z?° is defined

by
<d7d/>Q = Z dkdl)\ - Z dt(e)d,h(e)7
AEQo ecQ1
and the associated Tits quadratic form is qq(d) = (d,d),,. O

Remark 2.3.8. The Euler form depends on the orientation of ), but the Tits form only
on the underlying graph. Moreover, the abelian category Mod-k(Q) has homological
dimension 1, and given two representations V., W the Euler characteristic simply
reads

x(V, W) = Homg(V, W) — Extg,(V, W) .
Corollary 2.3.6 simply says that x(V, W) = <dv, dW>Q, hence the name. Finally, it
is immediate that ¢g(d) = dim GLq(Q) — dim Repg4(Q). [ )

2.3.2 Stability

Throughout the rest of this chapter, we will work over £ = C.

Definition 2.3.9 ([Kin94, §3]). Let ¢ = ({\) € Z? be a stability parameter. For a
CQ-module V € Mod-CQ with dimension vector (vy)aeq,, the charge with respect
to ( is

9< = Z CAV -

A€Qo
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We say that V' is (semi)stable with respect to 6. if (V') = 0 and every non-zero

proper sub-representation U C V satisfies

Remark 2.3.10. There is a difference in sign conventions for stability parameters,
between the original paper [Kin94] and the more recent work [NN11]. We will adhere
to the notation in the latter, which is standard: that is a module is (semi)stable if

any of its submodules has (weakly) smaller charge. [ )

There are open sets Repg(Q)S™™" C Repy(Q)°™™ C Repy(Q) of (semi)stable
representations, and King [Kin94] proves that being (semi)stable! with respect to 6,
is equivalent to (semi)stability with respect to a certain character y.. Trerefore, we

can construct the GIT quotient

R§(CQ) := Repy(Q) /,, GLa(Q),

which contains an open subscheme

RG(CQ) := RG™(CQ) = Repa(Q)° ™" /GL4(Q)

of dimension —gg(d), where qg is the Tits form of Definition 2.3.7. We will refer to

this latter construction when talking about moduli spaces of stable representations.

2.3.3 The conifold quiver

Let X := Tot (Op1(—1)%?) be the resolved conifold, P! ~ Z <y X the zero-section,
and C <i> X be a double curve such that Ci.q = Z, given by the thickening along a
line bundle £ ~ Oz(—d) which is the image of a map Oz(—d) — Nz x ~ Oz(—1)%2.
Let Q@ = (Qo, Q1) be the conifold quiver, having vertices @)y = {0,1} and edges
Q1 = (a;,b;); =01, with a;: 0 — L and b;: 1 — 0. We consider the quiver algebra CQ
and the potential W = a1b1a2b5 — a1b2asby, called Klebanov-Witten superpotential
[KW99]. In this context, a superpotential is a formal linear combination of cycles.
We denote by A := CQ/OW the Jacobi algebra, that is the quotient by the relations

In fact, we must look at geometrically stable representations: however, this notion coincides
with slope-stability, when the ground field is algebraically closed.
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corresponding to the vanishing of all formal derivatives of W with respect to all
edges. In our specific case, the relations are

Ou, W = byashy — byashy =0

O, W 1= bya1by — byaibs =0

Op, W = asbya; — a1byas= 0

Op, W 1= a1byas — agbia1= 0.

(2.5)

Representations of A are characterised as those representations of C(Q) satisfying
the relations (2.5) above. The notion of stability descends to representations of
the Jacobi algebra, and we can use GIT to construct the moduli scheme R§(A) :=
RS_St(A). The following result is standard, see for example [Szel5, § 3.3].

Theorem 2.3.11. Let ) be a quiver, with a superpotential W. Fix a stability
parameter ¢, a dimension vector d and let Rg(CQ) be the moduli space of stable
representations of the quiver algebra CQ with fized dimension.

The map tr W, acting by evaluation, is a reqular function
trW: R§(CQ) — C.

If we denote by A = CQ/OW the Jacobi algebra, the moduli space of stable represen-
tations RY(A) is isomorphic to the critical locus Crit(tr W).

Remark 2.3.12. The potential W is a linear combination of closed paths along
the edges, up to cyclic permutations of each loop. The scalar tr(¢ - W), as in
Definition 2.3.2, is independent of the choice of such cyclic permutation, for all

representation ¢. Hence there is a well defined map tr W as above. [ )

Corollary 2.3.13. R4(A) is endowed with the d-critical locus structure (cf. Defini-
tion 1.4.4) given by Crit(tr W, R§(CQ)) = (R(A), RS(CQ), tr W, 1) where i: RG(A) —
RS(CQ) is the inclusion.

This result is crucial for two of our main results, that is Theorem 4.3.6 and
Theorem 4.4.18. Once matrices of a representation are given, a routine to extract
equations in the entries from the potential can be found in Appendix A.2.

We consider now an enrichment of quiver representations.

Definition 2.3.14. The framed conifold quiver ), in Figure 2.7, is constructed by
adding a vertex oo and an arrow ¢: oo — 0. A framed representation is simply a

representation (V) ¢) of @ with the extra datum of a vector space V., and a linear
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map ¢,: Voo — V. Its dimension vector is the triple d = (do, di, d ), with obvious
notation.
We denote by A := CQ J/OW the corresponding Jacobi algebra with respect to

the same potential W. There is an immediate notion of stability, depending on a

triple ¢ = ((o, (1, Coo)- ¢

The result of Theorem 2.3.11 extend to framed representations as well. Therefore,

in order to understand stable A-modules, it is helpful to describe stable CQ-modules.

Figure 2.7: The framed conifold quiver Q.

Remark 2.3.15. The framing vertex is not affected by change of basis. In other

words, an element g = (g) = (Mo, M;) of the gauge group GL4(Q) acts on a framed
representation ((¢), ¢,) by

g- Qb = ((gh(e) gbe gt_(el))66Q1 » 90 ¢L) .

The action g- (V,¢) = (V', ¢') is represented in the diagram below, where all squares
are commutative.
Ve s W
~__

¢, ar,
V/ ‘/E)I 1,2 ‘/1/

!
¢b1,2

The procedure of framing a quiver is more general than what we use in this case,
and is key to the construction of certain moduli spaces of representations, called
Nakajima quiver varieties. See for example [Kirl6] for a comprehensive introductory
text. [ )
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Lemma 2.3.16 ([NN11, Lemma 4.4)). Let (V,¢) = (V;, ¢q;, O, : @ = 1,2) be a stable
A-module with respect to some stability parameter. Then at least one of the following
holds:

1. dim Vy = dim V,
2. ¢a1 = ¢a2 = 07
3. ¢b1 — ¢b2 — O

Corollary 2.3.17. As part of the proof we have that, if case 1 above does not occur,
then ¢a,0p;, = 0 and ¢p,¢a; = 0 for alli,j=0,1.

We will consider representations V' = (Vp, V]) of A, and framed representations
V = (Vo, V4, Vs) of A. Thanks to [ibid., Rem 2.8], we can normalise a stability
parameter ( = (Co,C15Cs0) € R3 for A-modules, choosing (s in such a way that
05(\7) — 0. The construction of R§(CQ) and RG(A) as GIT quotients extends to
framed representations, yielding moduli schemes which we will denote by R4 (CQ)

and RG(A), respectively.

Remark 2.3.18. From a framed representation V, we can always obtain an un-
framed representation V' by forgetting the framing data. However, this unframed

representation might not be stable, with respect to any parameter. [

Remark 2.3.19. When no confusion might arise, we shall use ¢ in place of ¢, implicitly
assuming the normalization above; similarly, we shall write 0, for the charge of a
representation of the framed quiver. Without loss of generality, we can assume that

our space of stability conditions is just R2. ' Y
FExample 2.3.20. Clearly the choice of stability parameter determines different features

of the moduli space of stable A-modules.

o Let (o, ¢ > 0, and let V = (Vp, Vi, Vi) be a stable A-module with dimension

vector d = (v, v1,1). Assume that V is non-zero, and consider the sub-module

U = (Vp, V1,0), with natural edge maps, whose charge is
0,(U) = Covo + Gro1 > 0.

Therefore, for this choice of stability parameter ¢, there are no f.-stable

A-modules unless vy = v; = 0.
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e Let (o,¢1 < 0, with V as above. Let U := VooA C V be the sub-module
generated by the framing vertex, with dimension vector (ug,uy, 1). Its charge
is

0c(U) = Co(uo — vo) + Gi(ur —v1) 20,

hence 9C(0 ) >0 if U - V, leading to a contradiction; in this case we have that
fc-stable A-modules, are precisely those generated by the framing.

L

2.3.4 The PT chamber

From now on, we shall consider the case when dim V., = 1. In particular, notice
that the dimension of RG(CQ) := R4(CQ) is dy — qo(do, dy) = do + 4dody — d3 — d2.

Remark 2.3.21. In order to simplify the notation, we shall write (-(semi)stable in
place of .-(semi)stable, when no confusion arises. Moreover, when there is no risk
of ambiguity, we will abuse notation by denoting with ai, as, b1, bo, ¢ the maps of a

framed representation. [

Theorem 2.3.22. Let Rfi(fl) be the moduli space of C-stable A-modules with dimen-
sion vector d. For each d, there is € > 0 sufficiently small, such that for any stability

parameter ¢ = ((o, (1), if the following conditions are satisfied,
1. G+ G =¢,
2. (o <0 (therefore (; > 0),
then Rfl(fl) is isomorphic to Ny, as moduli schemes, for some integers I, n.
Proof. This is just a specialisation of [NN11, Prop. 3.11]. O

Definition 2.3.23. Fixed the dimension vector, we will say that a stability parameter
¢ is in the PT-chamber if it satisfies the two conditions of Theorem 2.3.22, for £ > 0
sufficiently small. O

We also have an explicit relation between d and (I, n), completing the previous

theorem.

Proposition 2.3.24 ([ibid., §3.5]). Let V be a (-stable A-module with dimension
vector d. Then V is equivalent to a stable pair (F,s) in 10 if and only if

d=(n,n-101).
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Remark 2.3.25. We use the stability condition that Nagao and Nakajima call in their
paper (T = (=1 +¢,1), where the third component (corresponding to the framing
vertex) is determined by normalization. Once the numerical class x(F) = n is fixed,
the requirement that e - y(F) < 1 ensures that stable A-modules correspond to stable
pairs. For example, when considering N, we can take our stability vector to be

¢ =(o,(1,¢0) = (—n,n +1,n* — (n+ 1)(n — 1)). However, in the discussion below

we shall not require knowledge of the explicit stability parameters. [

Remark 2.3.26. In fact, Nagao-Nakajima prove more. There are other chambers in a
space of stability conditions, with each corresponding to different moduli spaces. Four
chambers are shaded in Figure 2.8. Following the same reasoning as in Example 2.3.20,
any stability parameter in the top-right quadrant will yield no non-zero stable modules;
on the other hand, modules which are stable for stability parameters in the bottom-
left are cyclic, generated by the framing vertex, and correspond to non commutative
Donaldson-Thomas invariants introduced by Szendréi [Sze08]. The chamber for PT
invariants, discussed above, is delimited by the bisector and the line of slope (T,
dependent on the dimension vector as detailed in Remark 2.3.25, and it is adjacent
to the chamber corresponding to DT invariants.

While this theory is rich and beautiful, we will omit it here for the sake of brevity,

and refer to the original paper [NN11] for all details. )
o+a=0 PT G
DT
0
Co
NCDT

Figure 2.8: Wall and chamber structure for stability parameters on the resolved
conifold.

We can determine an explicit condition about the dimension vector of an al-
lowed subrepresentation in the PT-chamber. In the following, we will say that a

subrepresentation of V' is allowed if it is not destabilising.
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Proposition 2.3.27. Let ¢ € R? be a stability parameter in the PT-chamber, as in
Theorem 2.3.22 , and let V be a O¢-stable A-module corresponding to a stable pair in
N, that is with dimension vector (n,n —1,1). IfU C V is a sub-module, then its

dimension vector d = (dy, dy, d) must satisfy
dl—d0+dool <0.

Proof. Immediate, by expanding

0> QC(U) = Codo + Cldl + Coo = €(d0 — n) + Ql(dl —do + dool) ,
and recalling that ¢; > 0. [

Remark 2.3.28. In the proof above, we did not use the potential W on the framed

conifold quiver Q: therefore the analogous proposition holds for CQ-modules. @

We can conveniently represent the criterion expressed by Proposition 2.3.27, as
in Figure 2.9. Marked points in the light grey area correspond to allowed dimension
vectors for un-framed subrepresentations, while the dark grey area marks allowed
framed subrepresentations (that is, subrepresentations where the framing map factors

through the inclusion morphism).

Figure 2.9: Allowed dimension vectors for submodules of a stable module in A, ,,. In
dark grey framed submodules; in light grey unframed submodules.
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Chapter 3

The geometry of some moduli
spaces

The next two chapters are devoted to describing the geometry of moduli schemes
of stable pairs on the resolved conifold, supported on a doubling of the zero-section:
that is, referring to Definition 2.1.6, we will deal with N5 ,,. The case (I,n) = (2,4)
was already discussed by Pandharipande and Thomas [PT09al, albeit omitting some
technical details.

The case (I,n) = (2,5), presented in Section 3.4, is a new result, stated in
Theorem 3.4.1, and it is the main content of this chapter.

While for [ = 1 the description is straightforward, the study of the moduli
schemes N3, is accomplished in two complementary ways, one geometric and the
other algebraic. In the geometric approach, performed in this chapter, we start from
the zero section Z of the resolved conifold X and consider double thickenings C' of Z
obtained via Ferrand’s construction, as described in Section 1.1.2 and Section 2.1.2.
We then take a zero-dimensional subscheme of ', which allows us to construct a

stable pair as explained in Section 1.3.3.

3.1 The space N,

We start by considering stable pairs with reduced support. In the case when the
curve class has multiplicity [ = 1, the moduli space N, parametrises pairs (F, s)
whose scheme-theoretic support C = C7r is just the zero-section Z ~ P! of X. Since
this is reduced, such pairs are controlled (up to isomorphism), by the choice of their

zero-locus.

Proposition 3.1.1 ([ibid., §4],[Tod18, Example 2.23]). We have Ny, ~ P!

o4



Proof. Let Q <y O be a divisor of degree d = n — 1, and let mg be its ideal sheaf in
C:
0 — My = OC(—Q) — OC —)i*OQ — 0;

twisting, we get
0— Oc — O0c(Q) — i,.0g(Q) — 0.

We can then take the sheaf F := O¢(Q) and Q := i, 0g(Q); the section, giving a
stable pair, is the canonical section of F. Using Proposition 2.1.8, we have that
x(Q) = d, since it is a skyscraper sheaf supported at d points, and by Corollary 2.1.10
we know x(O¢) = 1, since C ~ P!: hence x(F) = 1 +d = n. Therefore, a point
in NV}, corresponds to the choice of d = n — 1 (not necessarily distinct) points on

C ~ P!, which are the zero locus of the pair, and we can write
Nin >~ Sym™ Pt~ Pt
O

Remark 3.1.2. Notice that N, ~ Hilb"!(C), that is, a stable pair with reduced
support is completely determined by its zero locus. This is of course a particular
instance of Theorem 1.3.15. [

There is another way to look at this. Once we fix an isomorphism O¢(Q) ~ O¢(d),
which is defined up to scalar multiplication, we get a non-zero section s of the second
sheaf:

so we can think of AV, as parametrising, up to scale, non-zero sections of Oc(n — 1).

We have
Nin = P(H(Hom(O¢, Oc(n — 1)) ~ P(H(Oc(n — 1))) ~ PC(i) = p»!,
Corollary 3.1.3. We can compute the PT-invariant of N1, using the weighted Euler

characteristic
P, ——/ 1=(-1 dimpn_lx o P = (=) in.
b [Pn (X, [P ( ) tp( ) ( )

It is easy to check that this is consistent with the generating series (2.1). Indeed,
in the case when the curve class has multiplicity | = 1, expanding the series (2.1)
and considering terms with the monomial 7", we get the partition function

q
(1+q)?

Zgh(q) =q—2¢* +3¢> —4¢" +5¢° = 6¢° + 7¢" + ... = (3.1)
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3.2 The space N3

For stable pairs supported on a curve with class the double of the zero-section,
expanding again (2.1) and selecting monomials with a 7% factor, we get the partition
function

Zypy(q) = —2¢° + 4¢* — 10¢° + 16¢° — 28¢" + ... . (3.2)

In the first case, if we want n = x(O¢) = 3, the thickening line bundle £ must
satisfy deg(L£Y) = 1. Notice that £ # 0, for otherwise we would have C' ~ Z ~ P!,
that is reduced. We need O¢ to be defined by a non-spit extension of Oy via LV, as
in (2.2).

Proposition 3.2.1 ([PT09a]). The moduli scheme Na3 is reduced, irreducible, and
it satisfies Nag ~ P

Proof. We start from a non-zero map
X € PHom (Oz(~1), 07(—1)%?) ~ P',

whose image is a line bundle £ ~ Oz(—1) < Oz(—1)%2. Note that X is indeed defined
up to scalar multiplication, since scaling gives isomorphic thickenings; moreover
A # 0, for otherwise we would not get an actual thickening, but a scheme isomorphic
to Z. We define our stable pair F as the structure sheaf of C', the thickening of Z

along L, via the extension
00— 0z(1) — O¢c — Oz — 0,

together with the canonical section Ox — O¢ =: F. Any choice of the map A will
lead to a thickening line bundle isomorphic to Oz(—1).
Finally, notice that if (F, s) is in N3 3, it is supported on a double Cohen-Macaulay
C' curve of minimal x(O¢) across such curves. Hence, the zero-locus of this stable
pair must be empty, and F = O¢ is completely determined by the choice of the
Ferrand doubling, as above.
O

Finally, we can compute the numerical invariant:

P :/ 1= (-1 dim P? R ]P)l :_2’
3,2 (Py(X 2[P])] (—1) Xtop (")

in accordance with the partition function (3.2).
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Remark 3.2.2. Notice that all stable pairs F, s in N3 3 have empty zero-locus. Indeed,
any thickening line bundle must be isomorphic to Oz(—1) and every point in the

zero locus would increase the Euler characteristic of F. '

Remark 3.2.3. Consider the special case A = [1 : 0], that is £ is just the first factor of
O(—1)® O(—1). In any of the two affine charts Uy or Uy, where the coherent sheaves

above are just modules, the construction above corresponds to Example 1.1.19. &

3.3 The space N,

This moduli space is the only non-trivial example available in the literature which
has some interesting geometry. It first appeared in the original paper [PT09al, and a

putative potential in local analytic coordinates was provided later in [Szel2].

Proposition 3.3.1 ([PT09a]). The moduli scheme Na4 can be described as follows.

The underlying reduced scheme satisfies
(N2,4)red ~ P

The scheme structure of Na 4 has an embedded component isomorphic to a quadric
Q ~ P! x P! C P3, embedded via the Segre map, along which the Zariski tangent

space is 4-dimensional.

We provide two proofs: the first, below, is an elaboration of the original proof in
[ibid.]. The second proof, in Section 4.3, is quiver-theoretic and confirms a conjecture
made in [Szel2] about the potential of N 4.

3.3.1 Description via Thickenings

To obtain pairs in Na4, we look at choices of sub-bundles £ ~ Oz(—2) C
Oz(—1)#2, given by a map o € Hom (Oz(—2), Oz(—1)%?) of the form

<$0C0+961C1>
0Co+y1¢1
O2(~2) “ 8 0(-1)22, (3.3)

where (; are local coordinates for the zero locus of the Oz(—1)%? bundle, following
the notation in Section 2.1. The choices for a are parametrised by P(H%(Op: (1)

Op1(1))) =~ P3, since proportional maps have images producing the same thickening
of Z.
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When A := det (3 yi ) # 0, the map « has image a line bundle without base-
points, and we get indeed a sub-bundle £ ~ Oz(—2): as in the previous case, we

can take F := O, fitting in the sequence
0— 0z(2) — Oc — Oz — 0, (3.4)

presenting C' as the thickening of Z along L: in this case, F := O¢ satisfies the
requirement x(F) = 4 and comes with a section Ox — F. Thanks to the quiver
description in Section 4.3.2, we know that the Zariski tangent space at stable pairs
(F,s) as above has dimension 3.

So far, we are considering the open set inside P* given by A # 0. The locus
where A = 0 is a quadric Q, the determinantal variety which is the image of the
Segre embedding P! x Pt — 3.

Lemma 3.3.2. A map o € Q factors as

Oz(-2) . Oz(—1)%2

\ / (3.5)

Oy(—1).

Proof. Consider a representative of «, since the construction below is well behaved
with respect to scalar multiplication. After twisting by Oz(2), we get a map

Oy —*— Oz(1)® . Such a map is given by proportional polynomials P = \;/ and
Q = X\ol, with P, @) and | homogeneous of degree 1 and A\;, Ay € C. Consider now
the sections [ € H(Z,04(1)) and X := A\, @ Xy € H(Z, 0%?), where we omitted the
obvious twist. Notice that those are also sections on X, as explained in Remark 2.1.9.

If we consider [ and A up to scalars, we can express them in terms of the Segre

image, that is [I] = [zo : 21] and [\ : Xa] = [0 : yo]. We immediately have
Oy « - 0z(1)%2
\ / (3.6)
0z(1),
which is, up to twist, the required factorisation. O

Remark 3.3.3. There is an immediate interpretation of the P! x P! above, in terms
of moduli count. Stable pairs parametrised by maps in Q are just the data of a
thickenings along a sub-bundle £ ~ Oz(—1) C Oz(—1) ® Oz(—1) and of a reduced

point p € Z. Both choices correspond to a P'-worth of parameters. [
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Therefore, from a map a € Q we recover two pieces of information. Firstly, a

line bundle £ ~ Oz(—1) < Oz(—1)%?%, along which we thicken Z via an extension
0— 0z(1) — O¢c — Oz — 0; (3.7)

notice that x(O¢) = 3, as was indeed in Section 3.2.
The second piece of information is the cokernel of the map [ in Lemma 3.3.2,

giving the structure sheaf of a reduced zero-dimensional length-1 subscheme p of Z

Lpz ~ Oz(—1) l Oz Op.

In simple terms, p is the divisor on P! given by the vanishing of I. Consider then the

diagram of coherent sheaves on X

0 —— Oy(1 T,c T,; —— 0
H [ |

0—— 041 Oc Oy 0 (3.8)
| |
0, —— 0,

with 7, /¢ the ideal sheaf of p in C'. Recalling that C' is Gorenstein by Remark 2.1.11,
we can now use the correspondence in Proposition 1.3.5 to construct a stable pair
supported on C. Notice that all ideals Z,)c of length 1 (in particular reduced)

zero-dimensional subschemes of C' will arise as in diagram (3.8).

Remark 3.3.4. There is a different construction provided in [PT09al, for this particular
case. Twisting diagram (3.8) by Oz(1) we get

0 —— 0z(2) — p/C(l) - p/Z(l) — 0

H [ |

0 —— 0z(2) —— Oc(1) —— O4(1) —— 0 (3.9)
Op - Op
and therefore obtain a sheaf 7 :=T7,,c(1) such that x(F) = 4. [ )

We shall see, in Section 3.3.2 below, that the bijection of sets P? <> Ny, extends
to a morphism of schemes P3 ~ (N5 4),eq. However, it is clear that N34 cannot be

reduced, for otherwise we would be able to compute
Poa = (1) F X0 (P*) = —4,
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in contradiction with the expected result from the partition function (3.2), which is

4. The key is the non-reduced structure of the moduli space along Q C N5 4.

Proposition 3.3.5 ([PT09al). Let F :=T7,/,c(1) be a sheaf on X, where C is the
thickening of the zero-section Z along a line bundle L ~ Oz(—1), and I,)c is the
ideal of a reduced point p € C'. Then F admits a unique section s, up to isomorphism,
such that [(F, s)] € Naa; moreover, the Zariski tangent space to the moduli scheme
Noy, at the point [(F,s)], has dimension 4. The extra deformation direction is

completely obstructed.

The natural torus action on the conifold induces an action on the moduli space of
stable pairs. We can use this information to determine the PT-invariants, thanks to
the virtual localization formula of Graber and Pandharipande [GP99]. In the case of
the moduli space N34 of stable pairs over the resolved conifold, we have four T-fixed
points pq, ..., ps, all lying on the quadric Q, and all with four-dimensional Zariski
tangent space. The box configurations of these points are listed in Appendix B
(recall Remark 2.2.5 about each two-dimensional box configuration appearing twice).
The virtual localization formula then reads

Py = i(_l)dimTpiMA =4,
i=1
as expected.

The proof of Proposition 3.3.5 above is provided in [PT09a]. The statement
about the Zariski tangent space can be checked in two ways. The first consists in
using the topological vertex formalism from Section 2.2.2, using the computations in
Appendix B. The second approach exploits the description of N, 4 as a critical locus.

We follow the latter in the next chapter.

3.3.2 Local affine construction of families

We have, up to this point, given a set-map P? — (N3,4)seq; for numerical reasons,
a stable pair Na 4 is either the structure sheaf of a Cohen-Macaulay double curve
such that x(O¢) = 4, with empty zero locus, or its zero-locus contains precisely one
reduced point, but in such case the support satisfies x(O¢) = 3. So far, we showed
that there is a set-theoretic correspondence between maps a: Oz(—2) — Oz(—1)%?
and closed points of M3 4. We aim in this section to promote the correspondence to
families, yielding an injection of schemes P? < (N%.4)ed-

The argument in Section 1.3.8 applies to this case as well: we can construct

families of stable pairs on P? \ Q, defined as structure sheaves of Cohen-Macaulay
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ribbons, whose limit is on Q. This pair is constructed from the data of coprime
polynomials (giving a Cohen-Macaulay thickening) and a marked point (the zero

locus), and is precisely what we obtain taking the limit in the PT moduli space.

3
m7y72 ’

We begin by considering stable pairs on the affine space A supported at a
doubling of the z-axis. The starting point is the presentation (1.16), corresponding to
the family in Example 1.1.30: the aim is to construct a family of stable pairs whose
Cohen-Macaulay support is the more generic ribbon described in Example 1.1.20.
Let us define rings 7' = C [z, y, 2|, R = C[x0, 21,Y0, 11, and S = R [x,y, z|, and take
two polynomials a(z) = x¢z + x; and b(z) = yoz + y1, of degree d = 1. Now, consider

the matrix )

2

_ (7 ay vt bRz —alz)y oy
Map = (0 0 0 0 a(z) b(z), (3.10)

and define the S-module F' := coker(M, ), which is equipped with a section s as per

diagram below:

Ma,b

S2 F 0

(&T / (3.11)

We verify that S > F' is a family of stable pairs over the base B = Spec R, and we

SG

will write (a,b) € B with slight abuse of notation. Over the generic point, assume
(a,b) € B are coprime polynomials: one computes that indeed the support of the

fibre F{, ) has ideal given by
Ann Fi,p) = (2%, 2y, y*, b(2)x — a(2)y) , (3.12)
that is a curve C, ), a thickening of the z-axis, which is precisely the Cohen-Macaulay

ribbon described in Example 1.1.20.
Remark 3.3.6. We know, as in Example 1.1.20, that all Cohen-Macaulay double

curves C' = C,p) and C = Clapy In A3, with fixed reduced support, are isomorphic
via an automorphism of A3. However, when considering the stable pairs Ox — O¢
and Oy — Op with their respective canonical sections, these are not isomorphic as

stable pairs unless (a,b) and (@,b) are proportional. [ )

Assuming now, without loss of generality, that b = Aa for some A € C, A # 0, we
have that
Ann Fig g = (2%, 2y, 4%, Ae —y) = (4%, Az —y) ,

and given a linear form [, and scalars (A1, A2) # (0,0), we have
Ann Fy g = (2%, 29,97, Az — \1y) (3.13)
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which is a flat ribbon whose reduced curve is the z-axis.

Focusing now on the section s, we compute that
Anng coker s = (z,y,a(2),b(2), Toy1 — T1Y0o)-

This means that, over the generic (a,b) € B with a,b coprime, the fibre T' = F{,
has empty support, since xoy; — x1yp is invertible. In other words, s is surjective and
Flap) =~ Oc,,,» with C(,p) the support curve, defined by (3.12).

Over (A, A2l) € B, however, the section s has cokernel supported at the closed
point m = (x,y, 1), which is precisely the point on the support curve marked by the

vanishing of the common factor (.

Remark 3.3.7. The matrix in M, in (3.10) was not obtained immediately from M,
in (1.16), described in Section 1.3.8. However, we can still recognise the key features
of the module F' constructed above, by thinking of it as a submodule of either
Hom(O¢, O¢) or Hom(m, O¢), with C' some ribbon and m C O¢ maximal. There is
a generator o1, whose annihilator defines the support C' of F', and a generator oy

whose behaviour depends on the singularity of (a,b) € B.

« For coprime (a,b), 02 acts as multiplication by the nilpotent direction of C,;

this is depicted in Figure 3.1.

o For (a,b) = (A, \2l), 09 acts again as multiplication by the nilpotent direction
of Cy, 5, twisted by the dual of the ideal m = (z,y,[) of the marked point;

Figure 3.2 provides a pictorial description.

In both cases, o3 is annihilated by the ideal of the reduced support (x,y). [
Yy
02
z
01
T

Figure 3.1: Intuition behind the module F{,4), with generators oy = 1 and o, =
ax + by. There is no correspondence between boxes and monomials
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o

01

T

Figure 3.2: Intuition behind the module F{y ., with generators o; = 1 and
o9 = y/l = x/l. There is no correspondence between boxes and monomials

The last step, to verify that S = F is indeed a family of stable pairs, consists in
checking flatness, which is only necessary at singular points (A\l, A2l) € B. In such
cases, the proof is routine and performed as in Section 1.3.8, after an appropriate

change of coordinates.

Remark 3.3.8. Notice that, for £ € C, if £ # 0 we can rescale a,b and consider the
S-module F := coker Meq ¢p. The latter is isomorphic to F' via the map v defined by

the commutative diagram below:

g6 Mer g0 ja 0
( ! 1(/)5) ” (3.14)
g6 Mat | g2 ja 0.

Notice that 1 is compatible with the respective sections S = F and S S F , and is
therefore an isomorphism of stable pairs. Hence, we are in fact constructing a family
of stable pairs on A3 over the base B = P? = Proj R. [

T,Y,z
It is now clear how we can proceed in the case of the resolved conifold X, using
the notation at the beginning of Section 2.1. Let P and @) be the two homogeneous
polynomials, of degree d = 1, defining « in (3.3).

Remark 3.3.9. While in our case the degree is just d = 1, we have chosen to leave
it as a parameters, since the constructions in following sections will bear a formal

similarity to what is done here: hence it helps to keep track of the degree. [

Consider the affine chart U; = {(; # 0}, with coordinates = = X3, y = Y7, and
z = 71 = (p/¢;. We have de-homogenised polynomials a = P; and b = (), and can
take the matrix Mp, o, as in (3.10). The corresponding module F} = coker Mp, ¢,
with s; its natural section (3.11), satisfies all the requirements and defines a family

of stable pairs (F},s;) on Uy, all supported at some Ferrand doubling of the zero
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section {X; = Y] = 0}, and which is parametrised by the base B = P? by the last
Remark 3.3.8.

We repeat the analogous construction on the affine chart Uy, obtaining the pair
(Fy, so), noticing that the respective supports C; of F; glue nicely as in Example 2.1.17.
On the intersection Uy N Uy, the change of coordinates performed on

M ([ X? XY YR X —-PYy Xy Y
PQ=10 0 0 0 P, O

yields the matrix

d—1
ZO

0 0 0 0 Py Qo

- BXE ZBXoYo ZBYY A=(QoXo— PoYo) Z§M'Xo Z§MY,
MP07Q0 =

Remark 3.3.10. In the matrix above, we are at liberty to rescale individual columns
(corresponding to relations among the two generators) by non-zero elements of
C {ZO, Zy 1}, since such transformations does not affect the cokernel which is hence
the same. ' Y

We must compare the module Fy := coker Mp, o, to Fy := coker Mp, g,, that
is the stable pair constructed on Uj as in (3.11). In fact, these two modules are
isomorphic over R | X, Yy, Zo, Zy 1} via the morphism ¢, which is well defined by the

commutative diagram below:

g6 Mran oo F, 0
(3 ) . (3.15)
g6 M | oo F, 0.

Remark 3.3.11. We mentioned in Remark 3.3.7 that the generator oy corresponds
to multiplication by the nilpotent direction of the support, which is engineered to
be a Ferrand doubling of the zero section Z C X, thickened along a line bundle
L~ O0z(—2) = Oz(—d —1). Hence, it is not a surprise how the transition functions

for g are those of Oz(—d —1). [ )

The module Fy admits a section 3, obtained from (F,s;): the morphism ¢
above is compatible with 5y and sy, and is hence an isomorphism of stable pairs. In

conclusion, (Fj,s;) for i = 0,1 glue, yielding a family
OXXIP3 i> .F
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which in turns gives a map of schemes ¥: P3 — No .

By the argument at the beginning of this section, a stable pair corresponding
to a closed point of Ns4 is completely determined by a Ferrand doubling of the
zero section Z C X and the datum of the zero-locus of the pair. Now, the Ferrand
doubling is provided by a line bundle £ isomorphic to either Oz(—2) or Oz(—1), with
the zero-locus being empty or consisting of a reduced point, respectively. All these
can be realised by the family constructed above, showing that the induced morphism
U is a surjection on closed points: this implies that (N3 4).eq is irreducible, and its
normalisation is P3. Moreover, by Remark 3.3.6, ¥ is also injective on closed points.
Thanks to the construction with quiver moduli spaces, to be seen in Section 4.3, one

could then prove that ¥ is in fact a closed immersion.

3.4 The space Ny

The following is one of the main results of this thesis.

Theorem 3.4.1. The moduli scheme Ny 5 has the following description. The under-

lying reduced scheme (Nag)rea is reducible:
(N25)red = P°Up F.
On the first component P°, there is a stratification
PO HDGOF,

where H C P° is a singular quartic divisor, G = Sing(H),eq ~ P! x P? and F ~
P! x PL.

The second component F is described in Proposition 3.4.15. It is is an Fs-
fibration over P, where Fy is the third Hirzebruch surface; the section F < F is
arises by considering the choice of the second summand, using the isomorphism
F3 =P (Op1(—1) ® Op1(2)).

The scheme structure of Najs has embedded components along the divisor H,
where the Zariski tangent space has generic dimension 6, and along the threefold G,
where the Zariski tangent space is T-dimensional. The Zariski tangent space at the

generic point of F \ F, has dimension 3.

Remark 3.4.2. In particular, along F the Zariski tangent space is 7-dimensional:
there are 2 extra deformation directions, not coming from the ambient P5. One of

these directions is unobstructed, and corresponds to a fibre of F. [
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The rest of the present section is devoted to a proof the statement about the
scheme theoretic geometry of Nys. The critical locus structure is described in
Theorem 4.4.18, in Chapter 4. We start by considering choices of sub-bundles
L~ 0z(—3) C Oz(—1)%2. A map « inside Homy (Oz(—3), Oz(—1)%?) will be of

the form

Y02 +y1loCrty2(?

<$0C§+x1CoC1+w2Cf>
O4(—3) . Oz(—1)%2,

with [(: (1] coordinates on Z. For « generic, its image is a line sub-bundle £ ~
Oz(—3), whose dual K ~ Oz(3) fits in an extension

0 — i.K — j.Oc — .0z — 0, (3.16)

and taking F := j,O¢ with the canonical section we obtain indeed a stable pair
in Naj5, since we compute x(F) = 4 + 1. This happens precisely when the two
polynomials defining o have no common roots.

Reasoning as in the previous sections, we shall prove that on an open subscheme

of the moduli scheme, stable pairs are parametrised by
P (Homz (0z(~3), 02(-1)%%)) ~ P (H (2,0(2)*%)) ~ P*,

with projective coordinates [xg: 1 : T2 : Yo : Y1 : Yo

Remark 3.4.3. As will become clearer in the following sections, we aim to construct
a family of stable pairs over the above P® above, such that each fibre (F, s) satisfies
the numerical conditions of Na5. These pairs will be one of the following types, all

with reduced support the zero-section Z:

o supported at Cohen-Macaulay thickenings of Z along a line bundle £ ~ O4(-3),

empty zero-locus;

« supported at Cohen-Macaulay thickenings of Z along a line bundle £ ~ Oz(-2),

zero-locus consisting of a reduced points;

 supported at Cohen-Macaulay thickenings of Z along a line bundle £ ~ Oz(—1),

zero-locus consisting of two points (possibly a double point) inside Z.

Which of the above occurs depends on the singularity of the two polynomials giving

«, that is how many common roots they have. [ Y

Proposition 3.4.4. Assume the image of a above is a line sub-bundle £ ~ Oz(—3),
and let F = j,O¢, with the canonical section s, be the associated stable pair. Then

the Zariski tangent space to Ny at the class [(F, s)] has dimension 5.
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Proof. This follows from the quiver description in Section 4.4, in particular The-
orem 4.4.18. Once an explicit set of equations it obtained, one can compute the

dimension; this can also be accomplished via computer algebra. O

We consider now the various pathologies of «, such that the corresponding line
bundle £ thickens the zero section Z to a curve C whose structure sheaf does not

satisfy x(O¢) = 5: this will lead to a stratification of P°. We define polynomials
P(Co, G1) = w06 + 160C1 + 227

; ) (3.17)
Q(Co, C1) = Yoy + y1¢oCi + y2(i -

Remark 3.4.5. As seen in Section 1.3.8, we know the behaviour of families of degen-
erating Cohen-Macaulay ribbons, whose limit is taken in the moduli space of stable
pairs. Each time a pinch arises (that is, the polynomials defining the thickening
direction have a common zero), we take the stable pair whose support is given by a
thickening by coprime polynomials, with the removed factor marking points in the
zero-locus. In the sections below, we will be transitioning from one construction to
another, but it should be understood that the two are joined by flat families of stable

pairs: indeed, the computation of the limit is local and can be checked explicitly. &

3.4.1 Case 1: P,(Q with a common factor

The two polynomials have a common factor when their resultant Res(P, Q)
satisfies
To X1 X2 0
0 g T1 T2
Res(P, Q) := det =0, 3.18
(7.Q) Yo 1 y2 O (3.18)
0 yo w1 ¥

an equation defining a hypersurface H C P°. If we call o’ the shared factor between

P and @), a twisted version of the proof of Lemma 3.3.2 implies that « factors as

O4(-3) o Oy(—1)%2
~ 2T
O4(-2) (3.19)
\
Op(-2),

where p € Z is just a reduced point given by the vanishing of o/. We thicken Z along
the sub-bundle £ ~ Oz(—2) defined by A, and obtain a double curve C' such that
X(O¢) = 4. Consider then the diagram
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0—— 02(2) Ip/C Ip/Z — 0

| !

0 —— O04(2) Oc Oy 0 (3.20)
Op — Opv

and the construct a stable pair 0 — O — F using the machinery of Proposition 1.3.5,
where F ~ Home(Z,/c, Oc), satisfying indeed x(F) = 5.

Proposition 3.4.6. Let (F,s) be a stable pair on X, corresponding to a map o € H
as above. The Zariski tangent space to Ny, at the point [(F,s)], has dimension 6.

Proof. This also is a consequence of Theorem 4.4.18. ]

3.4.2 Case 2: P, () proportional

This condition on « corresponds to asking that

Kk Top X1 X9 < 17
Yo Y1 Y2
which is satisfied on a codimension-2 locus G C H C P°, and we can consider it as

the image G ~ IP’[lmozyo] X P%wo:rl:m] of the Segre embedding. The map o factors as

Oz(-3) “ Oz(—1)%2
04(-1) (321)
\
Op(-1).

with [o/] given by [zg : @1 : xs] and [I] by [z : yo] respectively. We obtain via [ a line
bundle £ ~ Oz(—1), and the vanishing locus of o’ defines a length-2 zero-dimensional
subscheme p C Z: when P and () are not squares, it is supported at two distinct
points p = {p1,p2}. As before, we thicken Z along £ and consider the diagram

below,
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0 —— Oz(1) Ipjc Ipz —— 0

| | [

0 —— Oy(1) Oc Oy 0 (3.22)
| |
Oy =—— O,

construct again stable pair 0 — O — F using Proposition 1.3.5. Here F =~
Home(Zy o, Oc), and x(F) = 5.

Proposition 3.4.7. The Zariski tangent space to the moduli scheme Nas, at any

point of the stratum G, has dimension 7.

Proof. We exploit the machinery of the 3-fold vertex [PT09b].
Torus-fixed stable pairs in the stratum G correspond to box configurations with

vertex datum of length 2 and height 1: there are six such configurations, with shapes
[, 110], [}, [0]1,1],

where the first and last shapes correspond to points in F. At all of these points the

Zariski tangent space has dimension 7, as shown in Appendix B. O]

Remark 3.4.8. Notice that this proof is independent of the quiver description, but it
yields the same result as Theorem 4.4.18. [

3.4.3 Case 3: P, () proportional and squares

This is the innermost stratum F C G C H C P°, where an interesting behaviour
is exhibited. We regard F as the image of the second Veronese embedding P! — P2

given by [ug : ui] = [u : 2uguy : u], that is

1
[z

ol 1 2 -
F~ IE])[3?01210] X IP)[uoiul] cP 0io] < P[foifﬂrm] ~G.

Like before, the map « factors as

O4(-3) o O, (—1)®2
~ T
O4(—1) (3.23)
\
Oq(—1),
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with a line bundle £ ~ Oz(—1) given by [, and a zero-dimensional length-2 subscheme
of Z defined by the vanishing of o/, which consists of a double point. Clearly the
construction of Section 3.4.2 could be carried out, but there are other stable pairs
that we are missing in that way.

Consider a length-2 zero-dimensional subscheme q of C, which is not a subscheme

of Z. In that case, we get the diagram

0 —— Oz(1) Oc Oy —— 0 (3.24)

Consider the stable pair constructed following Proposition 1.3.5, with F := Hom¢(Zg,c, Oc),
which again satisfies x(F) = 5 but does not come from any map « alone. Clearly,
if we perform the construction above with q C Z it is possible to complete the top
right square of (3.24), reverting back to Case 2 in Section 3.4.2.
There is a geometrical interpretation for this stratum of A 5. In order to produce

a stable pair as above, we need to choose
« one thickening line bundle £ ~ Oz(—1) C Oz(—1)%?,
e a reduced point g € Z,
e a non reduced subscheme q C C, of length 2, such that qq = q.

All choices contribute a P! worth of moduli; for the first two this is obvious. Recalling
Section 1.1.2 and in particular Corollary 1.1.23 on the thickening of points, the choice
of a non reduced structure on g amounts to finding a direction R inside N /¢, which

following Corollary 1.1.18 is just the rank-2 vector space
Nq/C’ >~ Tz’q D £q .

Therefore, the choice of q depends on an extra p € P! inside the moduli space.

Let us denote with p = 0 the choice of the first summand above. In such case,
any stable pair constructed via a diagram (3.24) could deform to a stable pair in G,
that is with its zero-locus comprising two distinct points. However, if p # 0 certain
deformations are obstructed, specifically those that would deform towards a length-2

zero-dimensional reduced subscheme of Z: in other words, those deformations where a
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double point in the zero-locus splits in two. A clearer picture is given by the diagram
below, which shows the interplay between the thickening of Z along £ ~ Oz(—1)

and the thickening of ¢ inside C, and how Z is constructed.

Iq4
AN
LY T’ Lyjc —|=» Loz
AN S <
LV« ‘ Oc Oy (3.25)
l Ny Ny
RV Oq Oq
N
Oq
Ny
O,

There is an extra component F C N, 5, parametrising stable pairs of the form
F = J4(2) above, to be described in Section 3.4.5 and Section 3.4.6 below.

3.4.4 Local affine construction of families over P°

Before turning our attention to the extra component F, let us construct explicitly
a family of stable pairs over P>. We proceed as in section Section 3.3.2, from which we
inherit notation and techniques. Consider, without loss of generality, the affine patch
Up = {¢ # 0} C X, with affine coordinates Xy, Yy, Zy, and polynomials (3.17) de-
homogenised to Py and Qg. Setting R = C [z, 1, T2, Yo, Y1, Y2] and S = R [Xo, Y, Zo],

we take the matrix

X2 XoYo Y2 QuXo— RYo X Yo) (3.26)

Moo ::<0 0 0 0 Py Qo

and define the S-module Fy = coker Mp, o,. This module has two generators oy and
09, and it is endowed with a section sy defined as in (3.11), corresponding to the
assignment 1 — oy. This section makes (Fy, so) a family of stable pairs over the base
P°> = Proj R, by Remark 3.3.8. On the affine chart U; = {(; # 0}, we construct the
corresponding stable pair (F}, sq), which glues to (Fy, so) yielding a family

O]P’5><X L>.F

71



Remark 3.4.9. Checking that this is a well defined family, flat over P5, such that
each fibre is a stable pair on X, is routine and performed as in Section 3.3.2. The
outstanding check concerns a new phenomenon, that is limits in which two points in

the zero-locus converge to one. We address that case at the end of this section. &

We show how the stable pair (F, s) agrees with the sheaf-theoretic constructions
performed in the previous sections. For generic coprime (P, (), the affine fibre
satisfies

Anng Fip, 0, = (X5, XoY0, Y5, Qo(Zo) Xo — Po(Zo)Yo) -

If P and () share a non-trivial common factor L, then the ideal above equates
1
(Xga XO}/OJ YE)27 f(QOXO - PO}/O)) )
0

where we slightly abused notation to mean the reduced polynomials. That is, at
every fibre, the support of F(pq) is the nilpotent thickening of the zero-section Z
determined by the reduced polynomials.

Consider now the section s. In the affine chart U, we compute
Anng coker s = (Xo, Yo, Py, Qo [ w0 v> [Zo + |1 v |, [%0 w1 |20 + [ w2 |, Res(Fo, Qo))

where Res is the resultant (3.18). This shows that the zero-locus of a fibre (F(pg), s)
is non-empty only when Res(P, Q) = 0 is not invertible, that is P and @ share a
non-trivial factor L. In such case, the zero-locus of the pair has ideal (L) C Oy.

It is worth investigating more in details what happens when P, ) have two
common factors, that is they share all roots. We work in an affine chart, and not
to overburden notation we will simply call the coordinates x,y, z. By enumerative
arguments, in this case the Cohen-Macaulay support is a flat ribbon, that is locally
given by equations (22, zy, y?, bx—ay) with [a: b] € P'. Up to a change of coordinates,
we assume that this support curve has ideal (z,%?), and that the two points in the
zero-locus of the stable pair are at z =0 and z = ¢.

Consider the matrix

2
_f(r y= 00 y
M, = (o 0 =y tz_zg) (3.27)

and define F; := coker M;, which is a module over C[t, z,y, z].

Remark 3.4.10. Of course, the matrix (3.27) is obtained from (3.26), setting Qy =
2(t — z) and Py = 0- Qo = 0, and rearranging the relations. Calling oy and o, the
generators of the cokernel, we can replace the relations 2?0, = 0 and xyo; = 0, with

rop = yog = 0. Hence Fy = Fg.(t—2))- ‘
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This presentation showcases how o; is supported at the prescribed Cohen-
Macaulay curve, while o, at the reduced underlying curve. Figure 3.3 depicts

the situation.

2|

01

T

Figure 3.3: Intuition behind the module F;, with generators o = 1 and oy =
y/(z* — tz). There is no correspondence between boxes and monomials.

It is immediate to show that AnnF; = (z,y?), and that given the section
s: C(t,z,y, z) — F; such that s(1) = oy, we have Ann coker s = (x,y, 2(t — 2)). This
family is flat over ¢ = 0, as can be easily checked computing a free resolution of F;

and applying Lemma 1.3.17.

3.4.5 Local affine construction of families over F

Further to the previous section, we begin by understanding the affine presentation
of stable pairs supported at a flat ribbon C, with zero-locus consisting of a double
point. Again, up to a change of coordinates we can assume that the ribbon has
equations (z,y?), and that the reduced zero-locus has maximal ideal m(z,y, z).

Take m? = (yz,2%) C O¢. Following the proof of Proposition 1.3.4, we need
consider subsheaves F C Hom(m?*, O¢): hence, we are interested in sub-modules of
G = Hom(m? H°(O¢)). This module G has generators below:

x — 0 x — 0 z — 0
o1: |yz — yz oy: lyz — 0 os: |yz — gy
22 2P 22 =y 22 = oz

Remark 3.4.11. Notice that the set of generators above is not minimal, as, for
example o1 = zo3. However, including the identity o; among the generators is
useful when defining a section for the stable pair. We can visualise the generators
of G in Figure 3.4, from which it is easy to read off relations, obtaining an explicit

presentation.. '
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o

03|01

X

Figure 3.4: The module Hom(m?, O¢), with generators o; = 1, 0y = y/2?%, and
o3 =1/z.

We construct F, := (01,02 + uos), C G, where T' = C|[z,y, 2|, and view F, as
a module over C[u,z,y, z]. Starting from a presentation of G, one obtains that
F, = coker M, with M, the matrix below:

2

2
_fx y* O U y+uz uy ux
My = (O 0 2 y—uz —22 —yz —xz) ' (3.28)

Given the section s: 1 +— oy, it is routine to check that (F,,s) is a flat family of
stable pairs over the base Al. At each fibre, the support is Ann F, = (x,y?), while

the zero locus has equation
Ann coker s = (1, 1%, yz, 2%, uz — y),

that is a double point, a thickening of the origin, sitting inside C.

Remark 3.4.12. In fact, it is straightforward to construct a flat family over the base
P! = ProjC [u,v], by considering Fl,.,) := (01, v02 + uos) with the same section
s: 1+ oq. In particular, for v = 0, we will say that the corresponding zero locus is

vertical, while for v = 0 it is horizontal. [

Now, we clearly have that setting t = 0 in (3.27) or v = 0 in (3.28) yield the
same presentation, that is that of Fy = (07, 09) = coker M. We can harmonise the

two by working over C [t,u, z,y, z] and considering the matrix

2

2
[z vy O U y+uz  uy ux
M= (0 0 =z y—uz z2(t—z2) —yz —mz) ' (3.29)

The corresponding module F},, := coker M, is supported at
A F,, = (z,y% tu - yz, tu® - 2),

hence we must require the incidence condition tu = 0. We have that I} = F} and
F, = Fy,, meaning that F;, is a flat module when restricted to each component of

the reduced scheme B = SpecC [t,u] /(tu). This immediately entails flatness over
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all closed points, except for the case t = u = 0 which needs more attention. Here,
we apply the valuative criterion for flatness (see for example [EGA-IV.3, Théoreme
11.8.1]), showing that F;, is flat over B.

Remark 3.4.13. We cannot promote F;, = coker M;, as in (3.29) to a family of
stable pairs over A? = SpecC [t,u]. If tu # 0, then F,, is supported at (x,y?, 2),

and it fails to be 1-dimensional. ' Y

In this section, we assumed our Cohen-Macaulay support to be fixed, as well as
the reduced zero-locus. However, we repeat the construction above for any choice
of flat ribbon (22, zy, y?, v — ay) (depending on a € A') and any choice of reduced
support m = (z,y,z — p) (depending on p € Z) with a simple change of coordinates,
recovering families over Al x Z x Spec C [t, u] /(tu).

However, this is not enough to describe the geometry of the extra component F,

as we want to consider ribbons (2%, xy,y?, bx — ay), depending on [a: b] € PL.

3.4.6 The extra component F, globally

We saw that, over F, locally the construction of a stable pair on this component
amounts to choosing an extra P! worth of parameters, however the global geometry of
F is not just F x P'. Recall that F ~ P' x Z > ([I], q), with []] giving the thickening
C and ¢ the reduced support of the stable pair; if we call A := P! > [I] there is a
map

F—AxZ~F

sending a stable pair to the thickening data [I] and the location of its reduced support:
the fibre of this map over a point ([I], q) is clearly P(N,/c) ~ P'. There is a section

G:AXZ~F ——F

which sends the data ([I], ¢) to the stable pair whose support C' is thickened along
[[] and with zero locus given by a double point q inside Z, such that (q)eq = ¢.

In order to determine the global geometry, we begin by fixing [I] € A = P! and the
corresponding double thickening C' of Z. Recall that we are constructing a Ferrand

doubling along the surjection
A ez/X ~ Oz<1)®2 — K~ Oz<1),

where A is the dual of the map [ appearing in (3.23).

75



Keeping the support of the stable pair C' fixed and given by [I] € A = P!, a stable
pair is determined by the choice of the data (¢, R), with R C Ny/c a line. From the
sequence

0— Czic — Qqjz — Uz — 0

as BExt'(0z(—2),0z(1)) = HY(O4(3)) = 0, we have the splitting
Qciz =Cz/c ®8z.
Globally, over this fixed [I], the fibre of F is then
P(K®Qy) ~P(Oz(1)® Oz(—2)) 2P (04(3) ® Oy) =: T (3.30)

where F3 is the third Hirzebruch surface. The second isomorphism appearing in
(3.30) follows from the fact that, given a vector bundle £ and a line bundle L on X,
then P(L ® E) ~ P(FE). There are two distinguished sections

s

([}

Z

corresponding to choosing the first or second sub-bundle, respectively, in the de-
composition Oz(1) @ Oz(—2). Choosing the Oz(—2) summand gives a length-2
subscheme q in Z, while choosing the other one gives a wvertical subscheme of C,
which is to say a length-2 subscheme q C C such that Tq, ~ Nyz/c 4.

We aim now to understand the fibre of F over ¢ € Z, which amounts to consider
stable pairs with a double marked point supported at ¢g. The construction is local,
so we take an affine chart A* around ¢ and consider V = T,A? a three-dimensional
vector space with a fixed one-dimensional subspace U: ¢ is at the origin, and the
special line is the restriction of TZ to the affine chart. In this setup, a thickening of
Z along a line bundle £ ~ Oz(—1) amounts to choose a plane II C V' containing U,
on the other hand, a double point supported at ¢ comes from the datum of a line in
L cCIL

Let P(V) =~ P? be the space of lines in V, and calling V'V the dual, P(VV) ~ P?

is the space of planes in V. Now, we can consider the full two-step flag variety
F1(1,2) Cc P(V) x P(VY) ~ P? x P?,

which is a threefold. The plane II contains U if and only if the linear functional

defining II vanishes on U; in other words, the space of planes II C V such that
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IT1 D U is given by P(AnnU) C P(V'V). Hence, the space of flags L C II subject to

the incidence condition U C II is given by
Fly(1,2) := F1(1,2) N (P(V) x P(Ann U)) Cc P(V) x P(VY).
We have two projection maps, sending a flag to its components:

Tine: Flp(1,2) — P(V) = P?>  and  7ppane: Fly(1,2) — P(AnnU) ~ P'.
(3.31)
Notice that the map Tplane is a P!-bundle: the fibre over a point is the set of lines

contained in a plane; moreover, there is a tautological section
v: P! — Fly(1,2), (3.32)

which corresponds to choosing a plane IT and taking the flag {U C IT}. On the other
hand, the map 7. is birational: if L € P(V) is different from U, then L and U span
a unique plane, that is the fibre of 7, over L is just a point. However, the fibre of
Tiine OVer the chosen U € P(V) is the whole P(Ann U) ~ P!, and this fibre is precisely

the image of the section v above.

Remark 3.4.14. The choice of a flag L C II, subject to the incidence U C II around
q € Z determines a stable pair on the entire resolved conifold X. By construction
the reduced zero-locus is supported at ¢, and the plane II determines a flat Cohen-

Macaulay ribbon. 'S
We conclude that Fly(1,2) ~ Fy, where F; := P(Op1 & Op:(—1)) is the first

Hirzebruch surface. The map Tpiane is just the bundle map F; — P!, while the section
v is the choice of the O(—1)-summand.

After this local construction, we can understand that the fibre of the extra
component F over ¢ € Z is precisely F,. To probe the geometry of this F;-fibration
for varying ¢, notice that the normal bundle to a reduced point satisfies Ng/x ~
Nzixp®Tzp > 0z(-1) @ Oz(—1) ® Oz(2). Hence, we can repeat the procedure
above defining a flag bundle, proving the following.

Proposition 3.4.15. Consider the rank-3 bundle £ == Oz(—1) ® Oz(—1) & O(2)
on Z ~ P'. The extra component F is isomorphic to Fl,(1,2,&) — Z, which
is the flag bundle whose fibres are flags varieties Fly(1,2) as above. The flags
{L Cc 11} € Fly(1,2) satisfy the incidence condition 11 D U, where the special 1-

dimensional subspace U corresponds to the O(2)-summand in E.

77



The maps Tpne appearing in (3.31) glue to give a map Fly(1,2,€) — A ~ P!,

and by universal property there is a projection
Fl,(1,2,8) — A X Z, (3.33)

which is an F3-fibration on A and an an Fi-fibration on Z, where Fy is the k-th

Hirzebruch surface. Finally, there is is a section
g: AN x Z — Fly(1,2,€) (3.34)
obtained by gluing the maps v appearing in (3.32) above.

In addition to the discussion so far, we have the result below.

Proposition 3.4.16. The Zariski tangent space to the moduli scheme Ny, at the

generic point of F \ F, has dimension 3.

Proof. We proceed as in the proof of Proposition 3.4.7. We are looking for box
configurations with vertex datum of length 2 and height 2: there are four such

configurations, corresponding to shapes
2]0], [0]2],

and at these points the Zariski tangent space has dimension 3, as shown in Appendix B.

]

3.4.7 Global picture

We summarise below the geometry of N5 5. There is a stratification

F
g H G F
1% 14 1%
PHO (O(—1)%2) P? x P! P! x P!

where in terms of the coordinates [xg : 1 : @2 : Yo : Y1 : Y2 on P

To 1 X2 0

To T1 T2
Yo y1 Y2 O
0 wo Y1 ¥

o H is given by the quartic equation =0,

78



o G is given by the quadric equations rk Yo wr Lo <1,
Yo Y1 Y2

« F is cut out by the additional quadric equation x? — 4xgzs = 0.
Concerning the maps,

« the inclusion G ~ P! x P? < PP® is the second Veronese embedding
(Ao = Al o = g+ pa]) = [Aopto = Aot = Aot = Ao = Mg = Apa]
o the inclusion F ~ P! x P! ¢ P! x P2 ~ G is given by
(Mo = Ml o = wa]) = ([Ao = M, [uf < 2upus < ud])
corresponding to squaring a linear form
(uoXo +u1 X1)? = w2 X + 2uuy Xo X, + ui X7
on the base Z ~ P!:

« the inclusion 6: F < F is given by sending ([, q) to the stable pair whose
support C'is thickened along [I] and with zero locus given by a double point q
inside Z, such that (q)reqa = ¢

In order to complete the description, we have to show that there are no other
stable pairs in N, 5 which we are excluding. But the extra tangent directions along
H and G are obstructed: those directions correspond to moving the point(s) in
the zero-locus in the nilpotent direction of the Cohen-Macaulay support. These
deformations cannot be realised as families over a reduced positive-dimensional basis:
see for reference Remark 3.4.13.

Along the component F, where the zero-locus consists of a double point in Z,
one of the extra tangent directions in the moduli space corresponds to rotating the
zero-locus inside the Cohen-Macaulay support: these are precisely the stable pairs
parametrised by F. Finally, along F we have Zariski tangent space of dimension 3,
so there are no more stable pairs there either.

Hence there are no more deformation directions that we have not accounted for,
and there are no more components since there are no other ways to thicken the base
curve Z. This concludes the proof of Theorem 3.4.1.

We can easily check that the geometric description here provided agrees with

the expected numerical PT invariant, which should be P, 5 = —10. Considering the

79



natural torus action, there are in total 10 fixed points p1, ..., p1o. Two fixed points
p1, p2 correspond to stable pairs whose zero locus consists of two distinct reduced
points, and so p1, p2 € G\ H. Eight more fixed points correspond to stable pairs with
non-reduced zero-locus. Of these, four points ps,...,ps are in F, and are such that
the zero-locus is scheme-theoretically contained in the reduced zero-section Z ~ P!
(in other words, they are horizontal). The remaining four points pz,...,p1 € F
correspond to stable pairs with vertical zero-locus.

All these torus-fixed points have odd-dimensional Zariski tangent space, as shown
in Appendix B: for pq, ..., pg it is 7-dimensional, and for p7, ..., pig it is 3-dimensional.
We then compute, using the virtual localization formula:

10
Prp =y (-1t fndes = 10,

i=1

in accordance with the partition function (3.2).

3.4.8 Scheme-theoretic remarks

Similarly to the discussion at the end of Section 3.3.2, the constructions in

Section 3.4.4 and Section 3.4.5 amount to providing two maps

P1: P° — (N2,5)red and s F— (NQ,B)red-

Proposition 3.4.17. We have that Im(p1) U Im(ps) = (N25)red

Proof. Consider a stable pair (F,s) with reduced support Z € X, scheme theoretic
support C' a double Cohen-Macaulay curve, and x(F) = 5. We know that C' must
be a thickening of Z along a line bundle, which is necessarily Oz(—d) for d = 1,2, 3.
The numerical requirement y(F) = 5 forces the zero-locus to contain two, one, or
zero points respectively.

We can rely on Proposition 1.3.5 to prove our claim. We know that a stable
pair is completely determined by its support and zero locus: if the zero-locus is
reduced, we can use the construction ¢;; while in the case where d = 1 and where

the zero-locus is non-reduced, we use 5. O
Moreover, a similar argument shows the statement below.

Proposition 3.4.18. We have that o1x and @yr provide pointwise isomorphic
pairs. Moreover, there is no pair (F,s) in Im @y ps\g which is isomorphic to a pair
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From the above, we deduce that (N2j5)rwea is reducible, with two components
dominated by P° and F, respectively. A much stronger statement is given in
Theorem 2.3.22, where the moduli space Ny 5 is isomorphic as a scheme to a certain

space of representations which we describe in Section 4.4.3.

3.4.9 Reduced geometry as critical locus

We want now to investigate in detail the affine geometry of the situation above,
ignoring for now the extra component F. The information we have so far allows us
to interpret the stratification of N5 by looking at the zero locus of a certain regular
function p: this is not the potential ¢ obtained via quiver techniques in the next
chapter, which exhibits our moduli scheme as a critical locus. Indeed, the description
provided below fails to capture the non-reduced geometry of our scheme, but it is
nonetheless useful as a comparison to Section 4.4.3, where a ¢ is used to perform a
similar geometric analysis.

We start by considering the singularities of H. Choose affine coordinates around

Zo 7& 0
v::ﬂ, b::ﬁ, c::ﬂ, d::&, w::@,
o g To o Lo
and call H, G, F, the affine images of H, G, F respectively. By Gaussian elimination,

the equation for H becomes

1 v b 0 1 0 0 0

0 1 v b |0 1 a b 0
w ¢ d 0 0 c—vw d—bw 0 '
0 w ¢ d 0 0 c—ovw d—bw

Applying the invertible change of coordinates x := ¢ — vw, £ := d — bw, the equation

above becomes

ISIRA2 TR
MmO o

1 2 2
T =§2+bx2—vx§=<§—m) +<b—v>x220.
0 2 4

Finally, in the new coordinates 2 := ¢ — 5f and y := b — %, we obtain the locus
. 2 _ 5
H= {x Y427 = 0} C A($7y727v7w) .

In these coordinates, we have that

Haf ={r=2=0t={z=¢(=0}={c=vw, d=bw}
= {<wacvd) :e(l,v,b)} =GCA

(x7y7z7,u7w) :
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Moreover, H¥"8 has embedded components along

2

{x:y:z:O}:{c:vw,d:bw,b:Z}:FCAF’

(x7y7z7v7w)
An interesting way to see this is to consider the polynomial
p(x7 y? Z7 'U, w) = :CQy + Z2 )

giving the stratification

3 2
(vo.0) A(v,um
AS H e F

(z,y,2,0,w)

I I
{p = 0} {dp = O}red
where G = Sing(H) is the singular locus of H, and F is the embedded component of
Crit(p) as a scheme.

Remark 3.4.19. Recall that this is only a description of the affine and reduced
geometry. In order to obtain a proper potential, one must employ the quiver

description, as done in the next chapter. [ Y
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Chapter 4

Description via Quiver
Representations

In this chapter, we look at N, from the algebraic viewpoint: we employ the
results by Nagao and Nakajima [NN11] to explicitly describe our moduli schemes as
parametrising representations of the framed conifold quiver, following Theorem 2.3.22.
We then show that the resulting description matches the one obtained geometrically
in Chapter 3. In addition, the quiver approach allows us to describe the schemes
N, as global critical loci, which in turn can be used to compute cohomological
Donaldson-Thomas invariants.

Szendréi [Szel2] made a conjecture about the potential for N 4; in Section 4.3
we give a proof of that conjecture, as Theorem 4.3.6. Finally, we consider Na5 in
Section 4.4, where the key technical step is to translate the appropriate stability
condition into a collection of algebraic statements: this allows us to define an open
set inside N3 5, containing the all the singular strata, which admits a critical locus

description, as provided in Theorem 4.4.18.

4.1 Quiver description of N,

We recall our setup from Section 2.3.3 and 2.3.4. Consider the framed conifold
quiver, introduced in Definition 2.3.14. It has vertices (0,1, 00), maps a;: 0 — 1
and b;: 1 — 0 for 4,5 = 1,2, and framing ¢: oo — 0 by a 1-dimensional vector
space. By taking formal partial derivatives of the Klebanov-Witten potential W =
ai1biasby — aibaasby, we construct the Jacobi algebra A= (CQ/@W.

Fix an appropriate choice of stability parameter ¢ in the PT chamber (cf. Defini-
tion 2.3.23), and dimension vector d = (n,n —[,1). Then by Theorem 2.3.22, N,
is isomorphic, as moduli scheme, to the GIT quotient Rg(fl), that is the moduli
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space of (-stable A-modules with dimension vector d. Therefore, the key step to
produce coordinates for N, is to understand which constraints (-stability imposes

on modules over CQ and A.

4.1.1 n=2

We can analyse this first case separately, to illustrate the main ideas developed in
later sections. First of all, a (-stable representation V of the Jacobi algebra A must
have dimension vector v = (1,2, 1): therefore (, = —2(y — (1 < 0, following Theo-
rem 2.3.22. An immediate consequence is that, for example, any sub-representation
with dimension vector (1,0,0) is destabilising (that is, disproving stability), so the
framing map satisfies ¢ # 0. Indeed, according to Proposition 2.3.27 there are only

six allowed dimension vectors, as in Figure 4.1:

(1,2,1)
| 02,1
(1,2,0) |
/ \
(1,1,0) 0,2,0)
TTT0L0

Figure 4.1: Allowed dimension vector for submodules of an A-module in N, 1,2-

Consider V;, := (Im by, Imbo): if dimV, < 2, then (V4,V7,0) is a destabilising
subrepresentation of V. Therefore dimVj, = 2, and by @ b, is an isomorphism.

Choosing a basis, and up to GL(2, C)-action on Vj, we can assume that

61:@, b2:<(1)>, w=(o ), a=(a ).

By considering the quiver potential W, we have that
3a1W == b1a262 — b2a2b1 == ( Ba ) == O,

—Q2
and similarly for 9,,W: we deduce that a; = ay = 0. This statement is analogous
to Lemma 2.3.16, here obtained by explicit computation. The situation is shown in
Figure 4.2.
The only undetermined datum is the framing map ¢ = (e, e2), up to C*-action

on V... In conclusion, N 5 ~ PL.
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Figure 4.2: A representation corresponding to a stable pair in N ».

4.1.2 General n

We consider now ¢-stable A-modules V with dimension vector v = (n,n—1,1). As
in the previous special case, by Theorem 2.3.22 we have that (,, = —n¢y—(n—1)¢; < 0:
therefore ¢ # 0, for otherwise the subrepresentation U = (0,0, V) would destabilise
V.

Let U be a subrepresentation of V, having dimension vector u = (do,dy,1): recall
that we call such a subrepresentation framed. Proposition 2.3.27 shows that U is
allowed precisely when d; < dy — 1. Similarly, an unframed subrepresentation with
dimension vector (dp, dy,0) is allowed under the same condition..

Let V be a stable framed representation equivalent to a degree-1 stable pair on
X. We can treat it as an unframed stable representation V' and apply Lemma 2.3.16:
clearly V) ~ V] is not possible, and b; = b, would produce a subrepresentation with
dimension vector (0,n — 1,0), which is not allowed.

We are left with a; = as = 0, and therefore V' can be seen as a representation
of the Kronecker quiver. A stable A-module is in particular indecomposable, and
indecomposable representations of the Kronecker quiver are completely determined
[GR97, §1.8]: of the four possibilities, only one matches our dimension vector. We

summarise below.

Proposition 4.1.1. Let V be a C-stable A-module with dimension vector v =
(n,n —1,1), that is, corresponding to a stable pair with reduced support.

Up to the action of GL(Vy) x GL(V}) ~ GL(n,C) x GL(n—1,C), V is isomorphic
to the representation in Figure 4.3, where 1d,,_1 is the identity matriz and 0 is a

zero-matriz of appropriate dimension.

We see that the only information left is carried by the framing map ¢ = (eq, . .., e,),

up to C*-action, and there is an isomorphism N, ~ P!

Remark 4.1.2. With this choice of basis, we should consider the framing map ¢ as
carrying the information on the zero locus of the stable pair, that is, the information
on its section. We will see in the following that the maps a; 2 correspond to the
thickening C' of the zero section Z. [ )
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Figure 4.3: A representation corresponding to a stable pair in N ,.

4.2 N, general considerations on the quiver de-
scription

The dimension vector in this case must be v = (n,n — 2,1). The computations
needed in the preceding section can be repeated with minimal modification, yielding

the following. For our convenience, we can specialise Proposition 2.3.27 below.

Corollary 4.2.1. Let V be a stable A-module with dimension vector as above. A
subrepresentation U with dimension vector (do,d1,ds) is allowed precisely in the

following cases:
e do =0 (unframed) and dy < dy,
o do =1 (framed) and d; < dy — 2.

Remark 4.2.2. Clearly we could just require dy + do, < dg. This is more elegant, but
less immediate when graphically checking dimension vectors. Moreover, it follows

the same notation as Proposition 2.3.27. [

We summarise some consequences below.

Proposition 4.2.3. Let us define V, := (Imby,Imby) C V. One of the following
must hold:

Case 1) Vo =V},
Case 2) Vo ~V, @ Im .
Proof. We have the following simple statements.

« It must be that ¢ # 0, for otherwise U = (0,0, V) would destabilise V.
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« It cannot happen that by = by = 0, since U = (0, V4, Vs ) would destabilise.

o If dimVj, < n, then Im: C V; cannot happen, for otherwise U = (V}, V4, Vi)
would be destabilising.

o If we define V., := (Im¢, Im by, Im by) C Vj; then V, , ~ Vj, otherwise we would
have U = (V, 3, Vi, Vi) destabilising.

O
We will also need the following.
Proposition 4.2.4. Im ¢ < kera; Nker a,.
Proof. Otherwise we would have a destabilising submodule (Im¢, 0, V). [

4.3 Quiver description of N,

We work out the details of the particular value [ = 4, without relying on the
general theory, and proceeding by cases. Let V = (Vo, V1, Vi) where V ~ C* and
Vi ~ C2%. Allowed dimension vectors are as in Figure 4.4, which follows the same

conventions as Figure 2.9.

Figure 4.4: Allowed dimension vectors for submodules of an A-module in /\/'274. In
dark grey framed submodules; in light grey unframed submodules.

First of all, let us assume that by @ by: V) & Vi — V4 is an isomorphism. Up to

GL(4, C)-action on Vj, we can assume that in a suitable basis b; and by are given by

~(Idy (0
Bl—<0> and Bg—<1d2>,

respectively, where Ids is the identity matrix and 0 is the zero matrix of suitable

matrices

dimensions. With respect to the same basis, let ay, as be given, for ¢ = 1,2 by

A= (M N)
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for some 2 x 2 matrices M; and N;. We now determine those matrices by imposing

the condition given by the quiver potential WW. Evaluating a/aall/V = biagsby — baash,

(3)-(3)-

that is, as = 0. Similarly, we obtain that a; = 0. However, the condition a; = ay = 0

we get

is not acceptable, for otherwise the subrepresentation U = (Im(¢),0,Vs), with
dimension vector u = (1,0, 1), would destabilise V according to Proposition 2.3.27,
as easily seen in Figure 4.4.

Therefore the initial assumption of b; & by being an isomorphism leads to a
contradiction, and it must be the case that Im(by @ by) C Vp. In other words, we fall
under Case 2) of Proposition 4.2.3.

Indeed, it is elementary to see that Im(¢) ¢ Im(b; @ by), for otherwise V' would
be destabilised by the subrepresentation U = (Im(b; @ by), Vi, Vi) with dimension
vector (k,2,1), k < 3. Finally, if V,, := Im(¢) & Im(by & be) C Vj, then (V,, Vi, V)

would be a destabilising subrepresentation. Therefore, we must have V,, >~ V.

4.3.1 Matrices of the reduced locus

The discussion of the previous section allows us to find a suitable basis of V[, and

V;. such that the expected matrices for a stable representation of A have the form

Oxa_O 0 =z
0 y 27 \0 0 w

below.

a; =

VRN
o O
OO, O OO
O R OO OO

_— o oo OO o

Notice that the conditions on the maps b; and by are a consequence of stability,

while the statement that a;b; = 0 for all 7, j comes from the potential W.

Remark 4.3.1. The matrices above should not be surprising. From the geometric
discussion in Section 3.3.1 we know there is an open stratum parametrising double
curves whose structure sheaf O¢ sits in a non-split extension (3.4). Using the
correspondence between quiver modules and sheaves, we can write the same extension

in the category Mod-CQ); Proposition 2.3.5 carries over to framed representation,
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and provides a construction for such extensions as given by a collection of block
matrices E(V, W, v).

We know the modules corresponding to line bundles Oz (m) for m € Z, as detailed
in [NN11, Rem. 4.6]. In particular, the representation for Oy has dimension vector
(1,0,1), and we can take the framing map to be the identity C 145 C. The module
corresponding to Q¢ is then written in block form, yielding! the matrices appearing
in (4.1).

[ )

We proceeded by examining individual representations, that is looking at closed
points in our moduli scheme. Hence, the discussion above only applies to (N3 4)red,
and fails to capture the non-reduced geometry: to achieve that, we write our moduli

scheme as a critical locus.

4.3.2 Ciritical locus description

We clearly have that N4 ~ R€47271)(/~1) is a subscheme of R€47271)(CC~2), and we aim
to refine this statement. We will sometimes simplify notation and denote R§4,2,1)(_)

by R(-).

Definition 4.3.2. Let U C Rfm’l)(CQ) be the open subscheme parametrising
isomorphism classes of CQ-modules V = (V;, V1, Va) = (C*,C?,C) whose maps
(¢e)ecq, satisty the following conditions:

1. ¢p, and ¢y, have full rank, that is 2;
2. Imo¢, ¢ Im ¢y, for i =1, 2;
3. There is no nonzero f € V; with ¢y, (f) and ¢, (f) proportional.

O

Clearly we have that U contains all closed points of N3 4. We proceed to examining
the two cases allowed by Proposition 4.2.3. Assume that (V,¢) € U falls under Case
1), which is to say that Im ¢,, ® Im ¢y, ~ Vj. Set eq := ¢,(1) € V5. Under these
hypotheses we find e, € Im ¢, and e, € Im ¢, such that

LAfter discarding zero-dimentional vector spaces.
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A consequence of the second condition in Definition 4.3.2 is that both ey and €}, are
non-zero. Moreover, e; and €, are uniquely determined, as Im ¢, and Im ¢, have
trivial intersection. Consider f1, fo € Vj such that ey = ¢y, (f2) and € = ¢y, (f1). If
f1 and f; were linearly dependent, their image would be in Im ¢, NIm ¢y,, hence they
form a basis of V. We also obtain a basis {e1, ez, €3, €4} of Vg, where e; := ¢, (e1) and

e3 == ¢y, (e2). With respect to this basis, there is the following matrix presentation:

(4.3)

— o O O

1 0 0
01 1
¢bl = 0 0 ¢b2 - 0
00 1

N

For a given ¢ € C* we can find, in the GL42)(Q)-orbit of (

with matrices

.3), the representation

10 00 0
0 1 10 0

bel = 00 ¢b2 = 0 1 ¢L - 0 (44>
0 0 t 0 1

In other words, we can repeat the construction above, replacing the condition (4.2)
with tey = €}, — e5. The same argument applies, leading to a basis with respect to
which (V, ¢) has matrices (4.4).

It remains to consider Case 2) of Proposition 4.2.3. If we allow ¢ = 0 in the
discussion above, we are simply stating that there are vectors es = €, € Im ¢, N\Im ¢,
which is one-dimensional: this is precisely the situation we want to examine. Notice
that we can use the same construction for bases: indeed, the third condition of
Definition 4.3.2 ensures that fi, fo are linearly independent, and the same holds for
e1, eg. In conclusion, in Case 2) we obtain again the matrices in (4.4), but with ¢t = 0.

We must account for the fact that we are considering isomorphism classes of
representations, and that there were choices made when constructing the bases
described: in the first case, the parameter ¢ # 0 was arbitrary, and in the second case
es = € is defined up to scalar. Therefore, we can address both problems together,
as changing ¢ will rescale es, e1, and consequently also f1, f, €1, es.

Fix u € C*, and consider the element g € GL12)(Q) ~ GL(4,C) x GL(2,C)
given by g = (My, M1), where the matrices are below:

M, = M, = (’5 2) . (4.5)

oo o
ooT O
—_ o o O

oT OO
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The change of bases V' := g -V is summarised in diagram (2.6). If the module V

¢ _[&1 &2 &3 X gb [ er £ Eg z
“ o \es &5 g6y @ \ew en e w)’
then an immediate computation shows that ¥’ has maps given by

qb' _ (&1 &2 &3 HX ¢/ _ (€7 &8 &9 Mz
a“ €4 €5 €6 MY 2 €10 €11 €12 pw

10 0 0

has matrices?

0 1 1 0 8 (4.6)
/o !/ /o
% =g 0 D= 0 1 %=1
0 0 w0 1

We only require that the ¢;’s are sufficiently small so that V is (-stable. A further
restriction arises, as Proposition 4.2.4 states that ¢, o ¢, and ¢,, o ¢, cannot

simultaneously vanish, that is (z,y, z,w) # (0,0,0,0).

Proposition 4.3.3. Let U C R@LQ’I)(CQ) be as in Definition 4.3.2. There is an
isomorphism of schemes
U ~ Tot(Ops(—1)) x A2,

Proof. Tt is a standard fact that Tot(Ops(—1)) is the quotient of (C*\{(0,0,0,0)})xC
by the C*-action p - (z,y, 2z, w,t) ~ (ux, py, pz, pw, p='t). O

Remark 4.3.4. Notice that, a priori, we expect U to have the same dimension as
Rg(@@), which for d = (4, 2, 1) is do - QQ(dO, dl) = do + 4d0d1 - d(Q) - d% = 16. ‘

Remark 4.3.5. The construction described above is dependent on a choice of stability
condition, which is essential to provide a canonical basis for the space of represen-
tations. It is not known to the author which global geometry one would obtain,

starting from other stability conditions away from the PT-chamber. [

We can now plug in the machinery of Theorem 2.3.11 to explicitly write N34
as a d-critical locus Crit(tr W,U), obtaining equations in the variables z,y, z, w, &;.
By an explicit computation, easily performed with computer algebra software as in

Appendix A.2, we have

(tr W)(V) = E€11€2 — €10E3 + €12€5 — €11E6 — €2E7 + €1E8 — E5E8 + €4E9+ (4 7)
+ 52tw — €7tI — Egty + 81t2 . ‘

2The reason why the last column has a different notation will become clear momentarily.
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Taking derivatives, we see that several variables must vanish: €3 = ¢4 = €5 = g9 =

€10 = €11 = 0. The remaining equations are

g1 = ty

€9 =€ = —Ix
er =tw

Eg = €19 = —tz

t2r =ty = t?2 = t*w = t(aw —y2) = 0.

We wish to simplify the potential (4.7), and reduce the number of dimensions of the
ambient variety, in the spirit of [DS09]. Write
(tl“ W)(‘N/) = 811(82 — 86) — £10€3 —+ 65(612 — 68) —+ €4€9+ (4 8)
+f(x)y7z7w7t751752787768)7 ‘
with the polynomial f implicitly defined. We can firstly apply Lemma 1.4.8 twice to
the expression (4.8) above, removing the pairs of variables e1g, €3 and &4, 9. Then,
applying Lemma 1.4.9 twice to the remaining affine variables, we are left with the

potential
f(z,y, z,w,t, 61, 62,67, 68) = (o+tx)(tw—eq)+(e1—ty) (eg+t2) +12 (yz—zw) , (4.9)
giving an isomorphism of critical charts
Crit(tr(W), Tot(Ops(—1)) x A'?)  ~  Crit(f, Tot(Ops(—1)) x A?).

Finally, consider without loss of generality the open chart {w # 0} C P?, and restrict
the function (4.9) in affine coordinates, which we denote by the corresponding capital
letters. We obtain

F= (82 +TX)(TW - 57) + Q(X, Y, Z,T,Z—fl,{fg)

where () is a polynomial. Notice that, due to the linear terms &5, 7, we have that
both (g5 +TX) and (TW — e7) belong to the ideal Iyr. Therefore, F' and @ differ
by an element of I3, and so they define isomorphic critical structures. Repeating
the procedure for different open charts of P?, we remove the last two variables 1, eg.

We have thus completed the proof of the statement below.

Theorem 4.3.6. The moduli scheme Na 4 is isomorphic to Crit(q) C Tot(Ops(—1)),

where
T 2z

=2
y w)

q
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Remark 4.3.7. This characterisation agrees with the geometric description of Propo-
sition 3.3.1, as it can be checked in Appendix A.3.1. In particular, we can read off

the non-reduced structure along the quadric surface given by xw — yz = 0. [

Remark 4.3.8. Szendréi [Szel2, §4] studied the moduli scheme N3 4, by conjecturing
that locally the potential expressing the critical locus structure has the form
l’gf[‘i + Z xf .
1=5,...,2n
If, without loss of generality, we consider the open patch {w # 0}, with affine coordi-

nates (X,Y, Z,T), we retrieve Szendr6i’s potential after the change of coordinates

=Y, x9=2,x3=X—-YZ x4 =T, confirming the conjecture. ' Y

4.4 Quiver description of N,

We complete now the proof of Theorem 3.4.1, providing a critical locus description.
Consider V, a stable A-module of dimension d = (dy, dy, ds) = (5,3, 1), stable with
respect to a parameter corresponding to PT-moduli spaces, as in Theorem 2.3.22.
Recall that, with abuse of notation, we will denote by a;: Vo — Vi and b;: Vi — Vj,
for i = 1,2, and ¢: V. — V{ the corresponding maps. Allowed dimension vectors of
submodules U are represented in Figure 4.5, following Proposition 2.3.27. This will
be useful in the next sections, as we will routinely check that certain submodules are

destabilising.

Figure 4.5: Allowed dimension vectors for submodules of an A-module in N, 5. Light
gray unframed; dark grey framed.

The next sections will constitute a proof of the statement below.

Proposition 4.4.1. Let V be a stable A-module as above. Then by, by are injective,

and one of the following two cases must occur:
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1. o dim(Imb NImby) =1,
e Im¢ C (Imby, Imbs),
e b7 (Imby NImby) # by (Imby N Imb,),
o (Imby,Imby) = Vj;

2. e dim(Imb; NImby) = 2,
e Im: ¢ (Imby, Imbs),
o dim(U) =1, where U := by (Im by N Im by) N by (Im by N Im by),

« bi(U) # by(U),
o (Imby,Imby) @ Ime = V.

Remark 4.4.2. Tt is a well known fact that the stability conditions corresponding to
the DT-chamber have a simple algebraic interpretation: the framing vertex has to
be cyclic, that is a representation V is DT-stable if 1 € Vo, ~ C is a cyclic vector
with respect to the CQ-module structure. It is not known to the author whether a
similarly simple algebraic characterisation of PT-stability exists, which would unify

all conditions appearing in Proposition 4.4.1. [ Y

Remark 4.4.3. Each case of Proposition 4.4.1 corresponds to one component of
the moduli scheme N5, as in the statement of Theorem 3.4.1. In particular, the

correspondence is as follows.

1. This is Case 2vya-ii below. It represents closed points in the extra three-fold
component of Ny, but not on the P° component; up to gauge action the

matrices of the representation are as in (4.16) and (4.23).

2. This is Case 2yb-ii below, corresponding to the P° component; matrices are as
in (4.18).

Notice that, while the two components intersect, we ascribe the intersection to the

second case. A

Overview of the proof. We proceed by exhaustion. Since the cases listed above
correspond to Case 2va-ii and Case 2yb-ii below, respectively, we want to show
that all other cases cannot occur. To complete the proof, we consider each of the
possible configurations of the b; maps, finding in each case suitable bases ey, ..., e5
and fi,..., fs of Vj ~ C? and V; ~ C3, respectively; we then use the quiver potential

to impose restrictions on the a; maps. These computations can be automated using
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computer algebra software, showed in Appendix A.2. In most of the cases, we can
reach a precise description of the general representation, which enables us to find
destabilising subrepresentations, ruling out the particular case under exam. This is

seen in the next sections. O
We start with the observation below.
Proposition 4.4.4. The maps by, by have rank at least 2.

Proof. From Proposition 4.2.3 we know that each b; cannot be zero. Suppose by
contradiction that rkb; = 1, without loss of generality. Again Proposition 4.2.3
ensures that rk by = 3 and that ¢, by, by have disjoint images. Let f be an element
of V1 \ kerb;, and e := b;(f). For j = 1,2, the potential relation ensures that
boa;by f = bia;be f. This means that ((e), (f),0) is a submodule, whose dimension
vector (1,1,0) is not allowed. O

4.4.1 Case 1: neither 0,0, injective

We assume that neither b; nor by is injective, hence (nul by, nul by, 1k by, rk be) =
(1,1,2,2). First of all, we have that ker by # ker by, for otherwise we would produce
a destabilising submodule (0, ker by,0). Let (f;) = kerby and (f3) = ker by, with fo
completing a basis of V;. By the general argument in Section 4.2, we know that
(Im by, Im be) must have dimension at least, so exactly, 4. Let e5 generate Im ¢, and
set e = b1(f1), e2 = b1(f2), e3 = ba(f2), and ey = by(f3). In this basis, the matrices
corresponding to by, by have a simple form, and we can use the quiver potential
relation to deduce the form of the a1, as matrices, employing for example the routine
in Appendix A.2. We obtain

1 00 0 00
010 0 00
bi=10 0 0 b,=(0 1 0
0 0O 001
00 0 00 0 (4.10)
¥* x 0 0 =% * x 0 0 =
air=10 0 0 0 = aa=10 0 0 0 =x[,
0 * % % 0 0 * x =x

where * denotes a possibly non-zero entry. The situation is represented in Figure 4.6,
where each dot represents a basis element: the arrows are color-coded, and a multi-
headed arrow means that it has image in the span of the targets. It is easy to see

that U := ((e1), (f1),0) is destabilising, therefore this case cannot occur.
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‘\>
o =3
3=z

Figure 4.6: Case 1: neither by,by injective: by, bo, a;, ¢.

4.4.2 Case 2: b injective

In Case 2, we assume b; injective, and consider subcases «, 3,7y according to
rkby =1,2,3.

4.4.2.1 Case 2«

Assume (nul by, nul by, rk by, tk be) = (0,2,3,1).
Again, we must have that Im¢ ¢ (Im by, Im by), and Im by N Im by = 0. Let fi1, fo
be a basis of ker by, completed by f3 to a basis of V;. For i = 1,2,3, let ¢; := by(f;),

es := bo(f3), and e5 generating Im (. We have hence

1 00 000
010 000
bp=10 0 1 bo=(10 0 O
000 0 01
000 000 (4.11)
* % % 0 x * % % 0 x
a; = ***0*) Ay = **O*).
0 0 0 = 0 0 =

Looking at the depiction in Figure 4.7, where we omitted to label basis elements
and where the curly brace denotes the span, we see that U = ({ey, e5) , (f1, fo),0) is
a submodule, and it has dimension vector (2,2, 0), which is not allowed. Therefore

also this case cannot occur.

4.4.2.2 Case 20

Let tk by = 2, so (nul by, nul by, rk by, tk by) = (0,1, 3,2). We have subcases a and

b according to whether Im ¢ is contained or not in (Im by, Im by), respectively.
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Figure 4.7: Case 2a: by, bs, a;, 1.

Case 2f0a Let Im¢ C (Im by, Imby), so in particular Im b; and Im by are disjoint
and generate V. Let f; be a generator of ker by, completed by fs, f3 to a basis of ;.
Let e; :=b1(f;) for i = 1,2,3 and e; := by(fj_2) for j =4, 5. This yields

100 000
010 000
by=|0 0 1 by=|0 0 0
000 010
00 0 00 1 (4.12)
* x x 0 0 x x x 0 0
a=[00000| aa=0000 0},
00000 00000

This is represented in Figure 4.8. We have that U = ((e1), (f1),0) is a destabilis-

ing submodule with dimension vector (1,1,0). Therefore this case cannot occur.

—~

O~——= ]
O O _—
— — 0

O/
O
Figure 4.8: Case 2pa: by, bs, a;, 1.

Case 25b Let Im¢ € (Im by, Im by), implying that V4 is spanned by the images of
L, b1, by and that Im(b;) N Im(by) is 1-dimensional. Let f; be a generator for ker by,
e1 = bi(f1), let e3 generate Im(b;) N Im(by), and e5 generate Im(¢); finally, we set
f3:= bl_l(fig). We have to consider two further sub-cases, according to whether (e3)

has different preimages along b; and b,.
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Case 23b-i Assume that by ' (e3) = by ' (e3), let f, complete a basis of V3, set

ey = b1(f2) and e4 := by(f2). Now the matrices are

1 00 00O
010 000
by =0 0 1 by =0 0 0
000 010
00 0 000 (4.13)
* x 0 0 = x % 0 0 =
ar=10 0 0 0 =x aa=10 0 0 0 x|,
0 g x dg; * 0 ey * 059 x

where 6 # 0, and ¢; is used to highlight symmetries in the a; matrix. From
Figure 4.9 we easily see that again U = ({e;), (f1),0) is a destabilising submodule.

Therefore, it is impossible for this case to occur.

Figure 4.9: Case 28b-i: by, b, a;, ¢.

Case 23b-ii Assume now that b;' (e3) # by (e3), and let f5 := by '(e3) com-
plete a basis of Vj; set es 1= by(f2) and ey := bo(f2). In this basis,

1 00 000
010 000
by=10 0 1 b, =10 1 0
000 001
000 000 (4.14)
* * 0 0 =« * %« 0 0 x%
ai=10 0 0 0 =« aa=10 0 0 0 x|,
0 0 0 = 0 0 0 0 =%
(

as displayed in Figure 4.10. We have that U = ({e;), (f1),0) is a destabilising

9

submodule, hence this case does not occur.
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Figure 4.10: Case 28b-ii: by, by, a;, ¢.

4.4.2.3 Case 2v

Let us now assume that both b, and by are injective. We consider again subcases

a and b according to whether Im¢ is contained or not in (Im by, Im by), respectively.

Case 2va Let Im: C (Imby,Imby), so Imb; and Im by generate V, and have 1-
dimensional intersection. Let e3 be a generator of Im by N Im by, and consider two

sub-cases according to whether ez has distinct preimages along b, and bs.

Case 2ya-i Assume that by ' (e3) = by {e3), and let f3 := by '(e3), completed
by f1, f2 to a basis of Vj; let e; := by(f;) and e; 43 := ba(f;), for i = 1,2. The matrices

are
100 000
010 000
by=10 0 1 bp=10 0 §
000 1 00
000 010 (4.15)
0 00 0 O 0 00 0 O
aa=10 0 0 0 O aa=10 0 0 0 0],
€1 €9 * d0g1 0gy €3 €4 * O0c3 Ogy4
where again * and €4, ...,e4 denote possibly-zero entries, and § # 0. Figure 4.11

shows the situation, and we see that U = ((es), (f3)) is destabilising.

Case 2va-ii Let as before e3 be a generator for Imb; N Im by, chosen up to

rescaling, and assume that b7 " (e3) # by ' {e3). Set fi := by '(e3) and f3 := by (e3).

Proposition 4.4.5. Under the hypotheses of Case 2ya-ii, we have that Im byNIm by C
ker a; N ker as.
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Figure 4.11: Case 2va-i: by, bs, a;, /.

Proof. Recall that we are assuming by, by injective. Apply the map a; to e3 = by f; =
by f3, and call f its image; notice that, by the potential relations, by f = bea1by f3 =
biai1bs fi = b1 f € Imb; NImby. This would be a contradiction unless f = 0, that is

e3 € kera;. An identical argument shows that es € ker a,. O

Corollary 4.4.6. Combining Proposition 4.2.4 with Proposition 4.4.2.3 gives Im ¢ #
<€3> .

Corollary 4.4.7. Set ey := by(f1), and e5 := by(f3). Then (e1,e5) C ker a; N ker as.

Proof. Call f := aje;. We have that by f = boaiby fi = beaiby f1 = baajes =0, s0 f =

0 by injectivity of by. Analogous arguments show that ase; = ajes = ases = 0. [

We conclude that Im¢ C V \ (e1,e3,e5). Let eq be a generator of Im¢, and
assume that e4 is contained in the image of either b; or by,. Say e4 € Im by, up to
swapping b; and by. Consider f, := by '(e4), noticing that fi, fo, f3 form a basis of V;.
Finally, let eq := by (f2); clearly es & (es, e4, €5), for otherwise Im by N Im by would be

2-dimensional. The situation is represented in Figure 4.12 , with matrices as below:

100 000
010 000
by=|0 0 1 bh=|1 0 0
000 010
00 0 00 1 (4.16)
0« 0 00 0« 0 00
a=[00000| a=]00000
00 0 %« 0 00 0 % O

In case we do not assume that Im(:) = e4 is contained in either Im(b;) or Im(bs), the
situation is more complicated. In order to avoid duplicates, we refer to Section 4.4.3,

where different bases are used.
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/
T 0
O O«—u —

/

O

Figure 4.12: Case 2va-ii: by, bs, a;, 1.

Case 27b Let Im¢ € (Imby,Imbs): in this case, (Imby,Imby) is 4-dimensional

and Im by N Im by is 2-dimensional, with eg, e3 a basis. Call e5 a generator of Im ¢.

Case 27b-i Assume that b;' (es,e3) = by {es,e3). Their preimages f, =
by'(ez) and f3 := by'(e3) can be completed by fi to a basis of V;. Finally, call

e1 :=b1(f1) and e4 := by(f1). The corresponding matrices are given by

100 00 0
010 0 & 6
bo=l0 0 1 by=|0 65 6,
000 1 0 0
000 00 0 (4.17)
0000 0000 u
ar=[* * * * y| a=|x * * x v|.
X ok ok k2 X ook ok kW

We notice, by considering the maps displayed in Figure 4.13, that U = ((e3, e3) , (fa, f3) ,0)

is a destabilising submodule. This case does not occur.

O«—0
O
O

Figure 4.13: Case 2yb-i: by, b, a;, ¢.

Case 27b-ii  Assume now that bt (Imb; N Imby) # by (Imb; N Im by), that is
by (Im by NIm by) Ny ' (Im by NIm by) is 1-dimensional, generated by f,. Let as before

es generate Im ¢.
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Proposition 4.4.8. Under the hypotheses of Case 2yb-ii, (bi(f2)) # (b2(f2))-

Proof. Assume by contradiction that the two spaces coincide, with e, a generator.
Complete it to a basis ey, e3 of Imby N Imby. Let fi := by'(e3), f3 = b7 (e3),
e; 1= b1(f1) and eq := by(f3). Notice that ey,...,e5 and fi,..., f3 are bases of V;
and V7, respectively. The maps ¢, by and by are represented in Figure 4.14. Consider
now ajey: since byajby = boaybe, we have that ajes € (f2). Analogously, ajes € (f2)
as well.3 Tt follows that U = ({(e3), (f2),0) is a destabilising submodule. O

We can now start from f, which is a generator of b7 ' (Im by N Im by) Nby * (Tm by N
Imb,), and use a zig-zag procedure to construct bases of Vy and V. Explicitly,
es = bi(fy) and e := ba(fa), f1 i= by'(ez) and f3 := by '(es), €1 := bi(f1) and
eq := by(f3). Figure 4.15 depicts the situation, where the maps a;, ay are described

by the proposition below.

Proposition 4.4.9. Under the hypotheses of Case 2yb-ii, Imb; C kera;, for all
i,j=1,2.

Proof. Checked using the quiver potential relation. n

Remark 4.4.10. We should consider Proposition 4.4.9 as an analogous to Corol-
lary 2.3.17, that is part of [NN11, Lemma 4.4], by regarding (V; \ Im¢, V}) as an

unframed stable A-module. ®
O«—0
O _
% O
O Os—— O
o<

Figure 4.14: Proposition 4.4.8: by, bs, /.

In conclusion, in the given basis, the maps have matrices

3In fact, Vi = 1,2 and Vj = 1,...,4 we have a;e; € (f2).
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Figure 4.15: Case 2yb-ii: by, bo, a;, ¢.

100 000
010 10 0

by=|0 0 1 bh=|0 1 0
00 0 00 1
000 000 (4.18)
0000 z 0000 u

ag=10 0 0 0 y a=10 0 0 0 v].
0000 2 0000 w

This completes the proof of Proposition 4.4.1.

Remark 4.4.11. Again, the matrices above can be interpreted in terms of extensions of

framed quiver representations, following the same considerations of Remark 4.3.1. &

4.4.3 Critical locus description

Recall that that N5 ~ R§5,3,1)(A) is a subscheme of R§5,3,1)(CQ)» and that we
denote for simplicity 72%7371) by R. We proceed similarly to Section 4.3.2.

Definition 4.4.12. Let U C R§573,1)((CQ) be the open subscheme parametrising
isomorphism classes of CQ-modules V = (V;, V4, Va) = (C%,C3,C) whose maps
(¢e)ecq, satisty the following conditions:

1. ¢, and ¢y, have full rank, that is 3;

2. Im¢, & Im ¢y, for i =1, 2;

3. Imo, & (Vo s o, (@5, (Viw)) s 00, (93, (Vi) ), where Vi := Tm g, N Im
4. dim(U) < 2, where U := by (Vi) N by L (Viy).

5. There is no nonzero f € V; with ¢y, (f) and ¢y, (f) proportional.

We denote N ~ R(A)M := R%5,371)(z‘~1) nU. O
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A linear algebra computation shows that ¢ contains all V' which fall under Case
2vb-ii. Suppose first that (V' , ¢) € U satisfies Case 1) in Proposition 4.2.3, which is
to say that Im ¢y, @ Im ¢y, >~ Vj. Set now e5 := ¢,(1) € V. We wish to determine
vectors u € Im(¢p, ) and v’ € Im(¢y,) such that es is in their span.

Necessarily, dimIm(¢,,) N Im(¢pp,) = 1, hence let vz be a generator of this
intersection (defined up to rescaling); set vy := @y, (¢, (vs)) and vs := @y, (¢, (vs)).
By the assumptions in Definition 4.4.12; we have that es # (v, v3, vs).

Clearly, u,u’ are determined up to Im(¢y, ) N Im(¢y,), that is, with obvious
notation, if u; + v} = us + v}, = es then both u; — u} and us — ufy, are multiples
of v3. Moreover, by construction of U neither u or v’ can be zero, nor a multiple
of v3. Fixed s,t € C*, we can find ey, e3 € Im(¢y,) and €, e € Im(¢y,) such that
ses = —ey + € and te; = —e3 + €4, the pairs {ey, ez} and {e},e;} are independent,
and we require

V3= —tey+ seg = —tey+ se.

Notice that the requirements above uniquely determine e, , e, and hence es, €.
Define flaf27f3 € ‘/l by

¢b2<f1> :6/27 ¢b2<f2> 26/37 ¢bl(f3> = €3,

and set moreover e; 1= ¢y, (f1) and e4 := ¢y, (f3). One can check that {eq, ez, €3, €4, €5}
and { f1, fa, f3} are bases of Vj and V], respectively, and a case-by-case analysis shows

that ¢, (f2) = es. In these bases, the matrices for V have the form below,

1 00 000 0
010 1 00 0

o, =10 0 1 G, =0 10 ¢ =0
0 0O 001 0
00 0 s t 0 1) (419)
€1 €9 €3 €4 X €13 €14 €15 €16 U

Go, = |65 €6 €7 €3 Y Gay = | €17 €18 €19 €20 U
€9 €10 €11 €12 <% €21 €22 €23 €24 W

where the variables ¢y, are sufficiently small so that Vis (-stable, and (z,y, z, u, v, w) #
0, following Proposition 4.2.4.

Now, assume that V satisfies Case 2) of Proposition 4.2.3, that is Vy ~ (Im by , Tm by)®
Im¢. If we take s =t = 0 in the construction above, we are precisely stating that
dim Im(¢,) N Im(¢pp,) = 2, which is the case under consideration. We can then

construct bases {ey, ey, €3, €4, €5} and {fi, fo, f3} carrying out the same procedure
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described in Section 4.4.2.3: with notation as above, {e;,e3} is simply a basis for

Im(¢pp,) N Im(¢ps,). In fact, we obtain the same matrices appearing in (4.18).

Remark 4.4.13. Notice that, if either s or t is nonzero, we are under Case 1) of

Proposition 4.2.3, and in Case 2) otherwise. [ )

We must now account for the gauge action. In Case 1), we chose up to scale a
generator (v3) = Im(¢y,) N Im(¢y,), and s,t were arbitrary. Similarly, in Case 2),
one starts with a generator (fs) = b7 (Imb; N Imby) N by ' (Im by N Im by). Different
choices will rescale all basis vectors, with the exception of e5 which is determined
entirely by the framing, in both cases.

As in Section 4.3.2, let p € C* and take g = (Mo, M;) inside the gauge group
GL(5,3)(Q) ~ GL(5,C) x GL(3,C), given by the matrices

w0 0 0 0
0O w 0 0 O w 0 0
My=|(0 0 p O O My=|(0 pu O (4.20)
00 0 p O 0 0 p
00 0 01
The change of bases V' := g - V produces, via diagram (2.6),
100 0 0 0 0
010 1 0 0 0
¢y, =[0 0 1 o, =] 0 1 0 ¢ =10
0 00 0 0 1 0
000 p s pTit 0 1
€1 €2 &3 &4 M €13 €14 €15 €16 MU
¢fll =1¢& €& &7 &8 MY %2 =117 €18 €19 €20 MV
€9 €10 €11 €12 M2 €21 E22 €23 &4 HW
(4.21)

We have the following immediate consequence.

Proposition 4.4.14. There is an isomorphism of C-schemes
U ~ Tot(Ops(—1)%%) x A**

where U C R(CQ) is given in Definition 4.4.12.

Remark 4.4.15. Clearly U has the expected dimension. Indeed, dim R$(CQ) =
do - QQ(do,dl) = do + 4d0d1 - d(% - d% =31=7+ 24, ford = (5,3, 1) ‘
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Remark 4.4.16. Notice that the open subscheme U contains “almost all” of Ny 5 ~
Rf&&l)(fl). In fact, closed point corresponding to stable A-modules falling under
Case 2va-ii will belong to U, provided that the image Im ¢ is not contained in only
one among Im by and Im by. What we miss out are matrices of the form (4.16), which

account for a P! x P! worth of parameters. '

We are ready to apply Theorem 2.3.11, evaluating the derivatives of tr W
and obtaining equations in z,y, z,u, v, w, s, t, cutting out A-modules of W5 inside
Uuc R%&&l)((CQ). We then simplify those equations, applying dimension-reduction
methods for critical loci. Let V' represent an isomorphism class of modules in /\%.

Evaluating tr W on the matrices (4.19) we have

(tr W)(f/) = €1€14 T €18€2 T €10€20 — €12€23 T €11€24 T+ €22E3+
— €21€4 + €15€5 T €19€6 T €23E7 — €22€8 + €16E9T
+ s(e1u + e9v + e3w) + t(esu + g6v + g7w)+ (4.22)
—e13(e2 + sx) — e1r(es + to) — e14(e6 + sy)+
—e1g(er +ty) —e1s(e10 + 52) — €19(e11 +t2) .

By considering derivatives, several of the affine variables must vanish
€4 =E9g =E10 = €11 = €16 = €21 = €2 = €23 =10,

and others can be rewritten as below

€1 =58y +tz €g =1z €13 = sv + tw €18 = tw

€9 = —8X €7 = —sTr — 1ty €14 = —SU €19 = —SUu — tv
€3 = —tx €g = —tx €15 = —tu €90 = —tu

€5 = 82 €19 = —ST + ty €17 = Sw 94 = —5U — tv,

leaving us with the equations

s(sv 4+ 2tw) =0 —s’r + 1?2 =0
s*u—t*w =0 —t(2sz +ty) =0

t(2su+tv) =0 —svx — twzr + suy + tuz =0

s(sy+2tz) =0 —swx — twy + suz +tvz = 0.
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Therefore, the matrices have the following expected form:

sy+tz —sx —tx 0 x
a, = Sz tz —sx—1ty —tx Y
0 0 0 —sr—ty =z
sv+tw —su —tu 0 U
Ay = sSw tw —su—tv —tu v
0 0 0 —su—1tv w (4.23)
1 00 0 00
010 1 00
bp=(0 0 1 bo =10 1 0
0 00 0 01
0 0O s t 0

Remark 4.4.17. As discussed above, when s =t = 0, we obtain modules of the form

(4.18), and those stable A-modules correspond to stable pairs on the P® component

Of N2,5. Q

In order to perform dimension reduction on (4.22), we can first of all apply
Lemma 1.4.8 multiple times to remove to terms with free affine variables (whose
variable appears only once), like 5164 and e14619. Then, for example, we consider
terms like

—E12€93 + 9367 = (67 — €12)€03 .

We apply Lemma 1.4.9 whose effect is that we can ignore the entire term, but retain
e7 as a variable. Continuing in this fashion, a long but straightforward application of
Lemma 1.4.8 and Lemma 1.4.9 removes the remaining superfluous terms containing
affine variables. We summarise our result in the statement below, which complements
Theorem 3.4.1.

Theorem 4.4.18. The moduli scheme Nas contains an open subscheme N5, as in
Definition 4.4.12, and it is described as N ~ Crit(q) C Tot(Ops(—1)%?), where

u T
Y

vy
w oz

o2

q=S

Ty
4

u
w

+25t‘

We can explore the geometry of Crit q. The full set of equations is below:

s(sv + 2tw

) =

s(sy + 2tz)

t(2su +tv) =
)
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s*u — t*w =0 svx + twxr — suy — tuz =0
swr 4+ twy — suz —tvz =0
t?2 — s’z =0 Y

suy + tuz — svr — twxr = 0

suz +tvzy — swr —twy = 0.

There are two components. One, which we will call A, has ideal (s, ). The other,

called U, has ideal generated by

(ys + 2zt,vs + 2wt, yt + 225, vt + 2us, y* — 4oz

v? — duw, yv — daw, T — yu, TW — 2U, 2V — yw) .

Remark 4.4.19. Notice that the equations zv — yu = 2w — 2u = 2v —yw = 0,
corresponding to the last three terms in the provided list of generators for the ideal
above, amount to

rank (x 4 Z) <1. (4.24)

u vow

If we consider homogeneous polynomials P and @, as in (3.17) up to renaming the
coefficients, the inequality above corresponds to these polynomials being proportional
to each other. The condition (4.24) is locally cut by two equations: for example,
away from the line {y = 0} it is enough to require zv — yu = 0 = zv — yw.

The terms y? —4xz and v? —4uw are respectively the discriminants of P and ), and
cut out the locus where each has a double root (unless it is the zero polynomial). Of
course, if the two polynomials are proportional, it suffices to enforce the discriminant
being zero on any of P or () which is not the zero polynomial, and we can show this

by elementary techniques. Consider the inequality

Yy 2r v 2u
<
rank (22 y 2w v ) <1, (4.25)

from which the equations y? — 422 = yv — 4w = v? — 4uw = 0 follow as three

adjacent minors. From (4.24) we have vanishing of determinants

2r 2u
Yy v

Yy v
2z 2w

Hence, for example away from {y = 0}, the equation y* — 4xz = 0 is sufficient to
entail condition (4.25) above. [
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There are embedded components A D B D C. The first component B is given by

(s,t, 2°u? — yzuv + x20* + y*uw — 2xzuw — Tyvw + *W?),

that is, it is a quartic hypersurface inside A, cut by the determinantal equation

o2 OR
SRS
S 2 w
E onw ©

The component C has ideal
(s,t, 20 — yu, rw — zu, yw — 2y) ,

that is it is cut inside A by the condition (4.24). The intersection D := AN U has
ideal

(s,t,9y° — 4z, 10 — Yu, TW — 2U, YW — 2V),

and D is cut inside C by % — 4xz. In Appendix A.3.2 we compute the dimensions of

the Zariski tangent spaces.

Proposition 4.4.20. The underlying reduced scheme (Crit(q))rwea is reducible, with
the embedded subschemes B, C', U, along which the Zariski tangent space has dimen-

ston 6, 7 and 3 respectively.

Remark 4.4.21. By considering the defining equations, similarly to what was done in
Section 3.4.9, there is a correspondence between A, B,C, D and P°. H, G, F in the

decomposition of N5 as in the statement of Theorem 3.4.1. [
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Chapter 5

General insights into A5,

We can now summarise some expected features of the moduli spaces N, for

n > 3. The present section is conjectural.

5.1 Geometric description

The starting point is attempting to thicken the zero-section Z along a line bundle
L, given by the image of a map a: Oz(2 —n) — Oz(—1)%2; set-theoretically, such
maps are parametrised by P?"~°. Therefore we have an open subscheme of N; whose
reduced geometry is that of a projective space. The construction of a family over
P2"=5 proceeds as in Section 3.3.2, and we look here at closed points of the moduli
space.

If the two polynomials P, @) of degree n — 3 defining a@ do not have common
factors, we obtain an honest image line bundle £ ~ Oz(2 — n), and a stable pair is
just the thickening along £, an extension F := j,O¢ € Ext’ (Oz, Oz(n — 2)), which
indeed satisfies x(F) = n and admits a unique section making it into a stable pair;
we do not get marked points points on the support curve, in this case.

There are various level of degeneracy of the map «, corresponding to possible

common factors of the polynomials P and ). In general, a will factor as

Oz(2 —n) < Oz(—1)#2

X / (5.1)

OZ(_d) )

when the two polynomials have n — d — 2 common factors, counted with multiplicities:
thatis, P = M P’ and Q = M), for M homogeneous of degree n—d—2 corresponding
to the map «’. This is an immediate generalisation of Lemma 3.3.2. The map A,
obtained from P" and @', gives a line bundle £ ~ O(—d) C Ny/x, and o defines via
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M a zero-dimensional subscheme of Z of length n — d — 2, that is the number of

common factors. This led to the constructions in Section 3.3 and Section 3.4.
From now on, for simplicity we will be looking at the innermost stratum, where

the two polynomials are proportional. For intermediate cases, the procedure is

analogous. In the situation we are considering, « factors as

0z(2—n) = Oy(—1)%2
& /
O4(—1) (5.2)
\
Op(_l)

The map [I] = [lo,l] € P' gives a line sub-bundle £ ~ O(—1) of Ny x, along
which we can thicken Z obtaining the double curve C' with O¢ € ExtL (04, O4(1)).
The map o' defines, after an appropriate twist, an ideal sheaf 7, 7, and we obtain
therefore a subscheme of p C Z, of length n — 3.

We use this subscheme p to define a stable pair, proceeding as in Section 3.3 and

Section 3.4. Consider the diagram below,

0 —— Oz(1) Tp/c Tpyz —— 0
H [ |
0 —— Oz(1) Oc Oy 0 (5.3)
| |
Oy —— O,

and construct a stable pair 0 — O — F using Proposition 1.3.5. In particular,
F ~ Home(Zp /e, Oc), and x(F) = n.

We call this construction of type [1], or (n — 3)[1]if we need to stress the length
of the zero-dimensional subscheme of Z being considered.

There are more stable pairs supported on C, which we are not finding with this
approach. Consider J; the ideal sheaf of a length-(n —3) zero-dimensional subscheme
q of C', which is not a subscheme of Z. In geometrical terms, this means that there
is at least one double point ¢ C q, such that the Zariski tangent space to p has a
component in the direction of the line bundle £ along which the double curve C' is

constructed from Z.
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We have now the diagram

Ja

|

0 —— Oz(1) Oc Oy 0 (5.4)

|

Oq,

and consider the stable pair constructed from Proposition 1.3.5, with F := Home (Zy /C Oc),
which satisfying x(F) = n. We call this construction of type [2]. More generally,

once the thickening C' is fixed, we consider constructions of type z' +7J , where

t+ 27 =n — 3 and j is the number of double points not lying on Z.

Remark 5.1.1. Observe that, since we are considering double thickenings C' of Z,

there is no need for construction of type . Indeed, a triple point would yield either
a construction of type + or +|1|+ . [

We can think about deformations of stable pairs in terms of collision of points
in the zero-locus, ignoring points away from those of interest. When a pair of type
2 admits a double point p supported at p € Z, above it we can construct a family
of type pairs, again supported at p, parametrised by an extra P!: the choice
corresponds to choosing a subscheme of C', that is to say determine the normal

bundle as a rank-1 sub-bundle
Np/C C TZJ,EBﬁp. (55)

We can at this point perform a naive moduli count of the deformation space to a
given stable pair: since the starting point is a map a: O(2 —n) — O(—1)%% we
know that on an open subscheme of the moduli space, stable pairs will correspond
to the choice of a point in P**~5. A contribution of type 1| will add +1 moduli,
corresponding to the infinitesimal deformation of the point in the direction of the
thickening line bundle £; this is, for example, the case for the quadric Q ~ P! x P! C
Na 4 as described in Section 3.3.

A construction of type |2 | requires more care. We have one positive contributions,
o +1: we can deform the tangent space (5.5).

There are, however, deformations parametrised by the ambient P?*~® which are no

longer admissible:

e -1: we can’t deform the two points away from each other;
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e -2: each of the two points can’t move away from C.

In conclusion, the net influence of a contribution of type |2 |is -2 moduli.

Remark 5.1.2. In evocative terms, we can say that a contribution of type is
“locked”. That is, the corresponding stable pair cannot be deformed in such a way as

to make the zero-locus into two reduced points. [

5.2 Quiver description

We consider a A-modules V, with dimension vector (n,n — 2,1) which is stable
with respect to a parameter ¢ in the PT-chamber, as in 2.3.22. Recall that, calling
Vp := (Im by, Im by), by Proposition 4.2.3 either V5 ~ V, or Vj ~ V, @ Im . We can
consider the open subscheme of N5, where Im¢ Z V}, that is the second case. We
show that this component is isomorphic to a P?*~5. Arguing as in Section 4.4, we

can prove that a;y, =0 for i =1,2.

Proposition 5.2.1. Let V be C-stable, with dimension vector v = (n,n—2,1), where
C is in the PT-chamber. If Im¢ Z Vi, then v #0 and Vo >~ V, ® Im . In particular,
dimV, =n—1.

Consider the submodule U := (V4,V1,0), with the natural maps, which has
dimension vector (n — 1,n — 2,0) and is therefore allowed. Since a;y, = 0, we can
regard U as a representation of the Kronecker quiver, repeating the reasoning of

Proposition 4.4.9. Therefore, we have the following.

Proposition 5.2.2. Let V be as in Proposition 5.2.1. Up to the action of GL(Vp) x
GL(V}) V can be written in the following form:

e
C : cn Ccr—2 ,
by
e

ba

where
Idn—2 01,n—2

v=(01n1 1), bi=|01na|, by=|[Ids]|,

01,n—2 Ol,n—Q
a; = <On71,n72 *) , Qg = (Onfl,n72 *) .
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We can interpret this result by saying that there is an open component of the
moduli scheme where a;1,, carries all information on the stable pairs. The residual
action of C* on the framing vertex acts by scaling the 2n — 4 non-zero entries of the
a;-matrices, and proportional a; maps will produce equivalent modules. This is in

accordance with Section 5.1.

5.3 Examples of naive moduli counts

Each moduli scheme N ,, contains an open subscheme, whose reduced structure is
isomorphic to P?"~5, parametrising pairs of polynomials giving a thickening C' of the
zero section Z. There is an innermost stratum, corresponding to proportional polyno-
mials: we can perform naive moduli counts on this stratum using the rule described
above. By looking at the stratum corresponding to proportional polynomials, we can
exploit the formalism of the 3-fold vertex described in Section 2.2.2. Indeed, torus-
fixed stable pairs must be supported on a curve C' thickened by O(—1) < O(—1)%2
with { =[0: 1] or [ = [1: 0], and their reduced zero-locus must be supported at the
points [0 : 1] and [1: 0] in Z. See Section 2.2 and Appendix B for more details.

5.3.1 N2,3

This is just a P!, and all pairs have form O + O. Indeed, the only two
torus-fixed point have box configuration [0|0]. They are the structure sheaf of the

zero-section Z thickened along one of the two summands in O(—1)%2.

5.3.2 Nay

Generically a IP3. The pairs in the degeneraci locus, that is the quadric Q ~ P! xP*,
all have type 1 , and deformation space indeed of dimension 3+1.

5.3.3 MNys

Generically a P5. Where the polynomials P and ) have a common factor, they
lead to a stable pair of type 1 , whose tangent space has dimension 5 + 1.

When P and () are proportional, we have pairs of type 2, with deformations of
dimension 5 + 2. We find among them the six torus-fixed pairs of box configurations
[1,1]0], [1]1] and [0]1,1].
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When P and @) are proportional and square, we also have pairs of type |2 | with
deformations 5 — 2. Here are the four torus-fixed points with box configurations
[2]0] and [0]2].

5.3.4 Ny

Generically a P”. We look only at the strata containing the torus fixed points, so
that we can compare results with Appendix B. Stable pairs of type 3 will have
deformation space of dimension 7 + 3, and there are eight torus-fixed pairs of this

type, with box configurations
1,1,1]0], [1,1]1], [1]1,1], [0|1,1,1].

For type | 1|+ , the deformation space has dimension 7-241, with eight torus-fixed
pairs of shapes
[L.2]0], [1]2], [2/1], [0]2,1].

5.3.5 Nos

Generically a P?. Again, we only look at the locus where the two polynomials
only have common factors. Pairs of type 4 have deformation space of dimension

9 + 4, with ten torus-fixed pairs of shapes
[1,1,1,1]0], [1,1,1(1], [1,1]1,1], [1]1,1,1], [0]1,1,1,1].

Pairs of type 2 +|2] have (9 — 2 4 2)-dimensional deformation space, and include

twelve fixed pairs
[1,1,210, [1,211], [1]2,1], [2/1,1], [1,112], [0]2,1,1].

Finally, stable pairs of type 2 have deformation space of dimension 9 — 2 — 2, and

there are six stable pairs of shapes

2,201, [2]2], [0]2,2].
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Appendix A
Code

A.1 Wolfram Mathematica: 3-fold Vertex

We use computations similar to [MNOPO06, §4.6] and [PT09b, §4.4]. The aim
is to find the dimensions of positive and negative summands of the virtual tangent
space, which are equal by Serre duality. In the following, V,, and Vj are polynomials
corresponding to the vertex data, and E,s is the generating function for the edge
partition. We use variables (a, b, ¢): the zero-section of the resolved conifold is given

in both charts around the vertices as b = ¢ = 0.
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VirTChar[Valpha_, Vbeta_, Ealphabeta_] :
(*VERTEX*)
Fa = Valpha;
Fabar =Fa /. {a-» a* (-1), bob? (-1), c>c? (-1)};
Fb = Vbeta;
Fbbar =Fb /. {a-» a? (-1), boab? (-1), c>c? (-1)};

n
—~

(xStable Pairs Chi Vertex alpha x)
PtrChiVa = Fa - Fabar/ (axbxc) + FaxFabar* (1-2a) (1-b) (1-c)/ (axbxc);
PtrChiVb = Fb - Fbbar / (axbxc) + FbxFbbar* (1 -2a) (1-b) (1-c)/ (a*xbxc);

(*EDGE )
Fab = Ealphabeta;

Fabbar =Fab /. {a> a?(-1), ba>b?(-1), c>c?(-1)};
delta= 1/ (1-a) + (a?r(-1))/(1-ahr(-1));

(*»Stable Pairs Chi Edge alpha x)
PtrChiEab = -delta (-Fab - Fabbar / (b*xc) + Fabx Fabbar* (1-b) * (1-c) / (bxc));

(*REDISTRIBUTION=)
Gab = -Fab - Fabbar / (bxc) + Fabx Fabbar = (1 -b) * (1-c) / (bxc);
(» change of coordinates going to the Ubeta patch x)

Gabev =Gab /. {b-> axb, c> axc};

(xNew Vertex Character - only one neighboring vertexsx)
Va = PtrChiVa+Gab/ (1-a);
Vb = PtrChiVb+ Gab/ (1-a)};

(*New Edge Characterx)
Eab=a? (-1) *Gab / (1-a” (-1)) - (Gabev) / (1-a’* (-1));

(*T-character of virtual tg spacex)
TrT :=Va+ Vb + Eab;

Expand [FullSimplify[TrT]]
)

The following routine takes in input the vertex and edge characters, and gives in
output the character of the virtual tangent space, counting positive and negative

coefficients.
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ConiVT[VaChar_, VbChar_, Edge_] := (
Print[{VaChar, VbChar, Edge} // StandardForm] ;
VTC = VirTChar[VaChar, VbChar, Edge];
Print[VTC // StandardForm] ;
L= (Listee VTC) /. {a-»1, b->1, c>1};
Print[L];
{Select[L, Positive] // Total, Select[L, Negative] // Total}

In the following example, we consider the case of a box configuration with shape
[2]0] in N5, as in Appendix B.

ConiVT[aA (-1)* (1 +b)/(1-a), (L+b)/(1-a), 1+b]

{ 1+b ,l+b,l+b}
(l1-a)a 1-a
1 1 b 1 1 b

+ — +
a ab? a b?c bc c

{1, -1,1, -1, -1, 1}

{3, -3}

We then read off the coefficients of the virtual tangent space, as in [PT09b, §4.3].

A.2 Wolfram Mathematica: Quiver Representations

The routine below takes in input four matrices Ay, Ay, B1, Bs, corresponding to a
CQ-module, as in Section 2.3.4, and a list e of variables. The routine returns a (not
necessarily complete) list of equations corresponding to the conifold quiver potential.
In Section 4.4, we deduce the form of the By, By matrices, and use this routine to

obtain constraints on the Ay, A matrices.

CritLocus[Al , A2 , B1 , B2_, ee_ ] :=
Module([{q, vars, Dq, Dql, Dqleq, eSol, Dg2, eqns},
q = Tr[A1.B1.A2.B2 - A1.B2.A2.B1];
vars = {DeleteDuplicates[
DeleteCases[Level [{A1l, A2, B1, B2}, {-1}], _Integerl]};
Dq = D[q, vars];
Dgl = Select[Dq, AllTrue[Coefficient[#, ee], IntegerQ] &];
Dgleq = # == 0 & /@ Dql ;
eSol = Solve[Dqleq, eel // Flatten;
Dg2 = Complement [Dq, Dql];
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eqns = DeleteCases[Dq2 /. eSol // Simplify, 0];
eqns // TableForm]

A.3 Macaulay2: Critical loci

We provide here the code used to prove Theorem 4.3.6 and Theorem 4.4.18.

A.3.1 N2’4

Below the basic setup, where ¢ is the potential obtained from the quiver descrip-

tion.

R=QQ[x,y,z,w,t]
qQ=t " 2% (x*w-y*z)
J=ideal(diff (x,q) ,diff(y,q),diff(z,q),diff(w,q),diff(t,q))

The ideal is
(th, —2t% —ytg,xtQ, —2yzt+ wat) )
We find the components with the commands
-- components
minimalPrimes J

—-- embeddeed components

associatedPrimes J
giving output

{ideal (y, x, w, z), ideal t}
{ideal t, ideal (t, y*z - x*w), ideal (w, z, y, x)}

Remark A.3.1. Recall that we are not including the information that [z : y : 2z : w]
are homogeneous coordinates, therefore the critical locus must satisfy ¢ = 0, and ¢ is

indeed a nilpotent direction. '

We check that indeed those components are irreducible.

-- irreducibility
primaryDecomposition ideal(t)
primaryDecomposition ideal (x*w-y*z)

primaryDecomposition ideal(x,w,y,z)

Finally, we can compute the dimension of the Zariski tangent space.
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-- Zariski tg spaces

A=R/J

—-—- point NOT on the quadric
n=ideal (x-1,y,z,w-1,t)
degree Hom(A,n/n"2)

—-- point on the quadric

m= ideal (x-1,y,z,w,t)
degree Hom(A,m/m~2)

We obtain dimensions 4 and 5, respectively. This is one more than expected, since
we are considering affine coordinates. Once we include the C* action on C [z, y, z, w]

we confirm the expected dimensions.

A3.2 MNyj

Below, the basic setup.

R=QQ[x,y,z,u,v,w,s,t]

Q=-8" 2% VkX-2*kS¥LHxWwkX+sT 2kuky—t T 2kwky+ 2k skt rukZ+L T2 V2

J=ideal(diff(x,q),diff(y,q),diff(z,q),diff(u,q),diff(v,q),
diff(w,q) ,diff(s,q),diff(t,q))

We see that there are two main components,

—-- components
minJ=minimalPrimes J
J1=minJ#0;
J2=minJ#1,;

one of which is given by
(t,5) .

and corresponds to the P°. The intersection of the two components is given by

-- intersection of the two components
intJ1J2=trim(J1+J2)

and we find that it has ideal
(t,s,v2 —duw,zv—yw,yv —4drw,zu—rw,yu — v, y> — 4:102) .
We proceed to find the embedded components.
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—-- EMBEDDED COMPONENTS
comp=associatedPrimes J

-— The mbient P”5 and its strata {s=t=0}

-- P75
P=comp#0
P==J2
-— Hypersurface given as resultant (one common root)
Cl=comp#1l
-— Quadric of rk<2 (two common roots)
C2=comp#3
-— The extra component
G=comp#2
==J1

obtaining the embedded components C

@ggfu2—yzuv+xzvz+y%uu—2xzuuw—xva+ﬁﬁw3,
and Cs

(t,s,zv—yw,zu—TW,Yyu —TV) .

Finally, we compute the dimension of the Zariski tangent space.
-- Zariski tg spaces
A=R/J
—-- Two generic polynomials (dimension 5+1)
m=ideal(t,s,x-1,y-1,z,u-1,v+3,w+2) ;degree Hom(A,m/m~2)
-- Two polynomials with one common root (dimension 6+1)
m=ideal(t,s,x-1,y-1,z,u-1,v+1,w) ;degree Hom(A,m/m"~2)
-- Two proportional polynomials (dimension 7+1)

m=ideal(t,s,x,y,z-1,u,v,w-1);degree Hom(A,m/m~2)

-- Two polynomials proportional and square (dimension 7+1)
m=ideal(t,s,x-1,y+2,z-1,u-1,v+2,w-1) ;degree Hom(A,m/m"2)
m=ideal(t,s,x-1,y-2,z-1,u-1,v-2,w-1) ;degree Hom(A,m/m"2)

-- We move into the extra component (dimension 3+1)

m=ideal(t-1,s-1,x-1,y+2,z-1,u-1,v+2,w-1) ;degree Hom(A,m/m~2)

We obtain the expected dimensions, augmented by 1, since we are ignoring, in

the Macaulay?2 code, the C*-action on the coordinates.
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Appendix B

Box Configurations

Our base Cohen-Macaulay Torus-invariant curve C' is the double thickening of
the zero-section Z, that is P' C Tot(Op:(—1)%?), with thickening line bundle either
of the two Op1(—1) summands. We consider monomial ideals m, C O¢ of varying
length, marked with stars, corresponding to zero-dimensional subschemes of C'. For
each 2d partition, we get two 3d partitions, according to the two possible torus-fixed
thickenings of Z.

Let (F,s) be a T-fixed stable pair, and consider as usual

I* = {OX i) JT"} .
We are interested in computing the virtual tangent space
Tie) := Exty (I°, %) — Ext3(I°,1°).

We use a and b, ¢ for the tangent and normal directions to the zero-section Z,

respectively: the edge character is always
Faﬁ =b+1,

while the vertex characters depend on the shape of the box configuration correspond-
ing to the T-fixed stable pair considered. All the computations of the T-character
try,., were performed using Wolfram Mathematica, applying the results on the 3-fold
vertex explained in §2.2.2. The explicit code is provided in Appendix A.1.

N3 2 fixed points, length 0
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N,z 28 fixed points, length 4
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