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A B S T R A C T 

Claims of local ( z � 0 . 05) anisotropy in the Hubble constant have been made based on direct distance tracers such as Tully–Fisher 
galaxies and Type Ia supernovae. We revisit these using the CosmicFlows-4 Tully–Fisher W1 subsample, 2MTF and SFI ++ 

Tully–Fisher catalogues, and the Pantheon + supernova compilation (all restricted to z < 0 . 05), including a dipole in either the 
Tully–Fisher zero-point or the standardized supernova absolute magnitude. Our forward-modelling framework jointly calibrates 
the distance relation, marginalizes over distances, and accounts for peculiar velocities using a linear-theory reconstruction. We 
compare the anisotropic and isotropic model using the Bayesian evidence. In the CosmicFlows-4 sample, we infer a zero-point 
dipole of amplitude 0 . 087 ± 0 . 019 mag, or 4 . 1 ± 0 . 9 per cent when expressed as a dipole in the Hubble parameter. This is 
consistent with previous estimates but at higher significance: model comparison yields odds of 877 : 1 in favour of including 

the zero-point dipole. In Pantheon + we infer zero-point dipole amplitude of 0 . 049 ± 0 . 013 mag, or 2 . 3 ± 0 . 6 per cent when 

expressed as a dipole in the Hubble parameter. However, by allowing for a radially varying velocity dipole, we show that the 
anisotropic zero-point model captures local flow features (or possibly systematics) in the data rather than an actual linearly 

growing effective bulk flow caused by anisotropy in the zero-point or expansion rate. Crucially, inferring a more general bulk 

flow curve we find results fully consistent with expectations from the standard cosmological model. 

Key words: galaxies: distances and redshifts – distance scale – large-scale structure of the universe. 
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 I N T RO D U C T I O N  

he cosmological principle (CP) – that the Universe is isotropic and 
omogeneous on sufficiently large scales – plays a foundational role 
n modern cosmology. Combined with the assumption of General 
elativity as the theory of gravity, it leads to the Friedmann–
obertson–Walker metric, which underpins the concordance model 
f cosmology, Lambda cold dark matter ( � CDM). It is therefore
rucial to test if the CP is satisfied and hence fit for the purpose of
roviding such a bedrock. Recent years have seen increased scrutiny 
f the CP, for example in the cosmic microwave background (CMB;
. Jones et al. 2023 ; E. Gazta˜ naga & K. Sravan Kumar 2024 ), Type
a supernovae (SNe; N. Horstmann, Y. Pietschke & D. J. Schwarz 
022 ; C. Krishnan et al. 2022 ; W. Rahman et al. 2022 ; Z. Zhai &
. J. Percival 2022 ; J. A. Cowell, S. Dhawan & H. J. Macpherson

023 ; B. Kalbouneh, C. Marinoni & J. Bel 2023 ; R. Mc Conville &
. Ó Colgáin 2023 ; F. Sorrenti, R. Durrer & M. Kunz 2023a ; J.
. Hu et al. 2024 ; A. Sah et al. 2025 ; F. Sorrenti, R. Durrer &
. Kunz 2025 ), direct distance tracers (R. Watkins et al. 2023 ;

. Boubel et al. 2025 ), galaxy clusters (K. Migkas et al. 2021 ; A.
andya et al. 2024 ), and distant radio galaxies, quasars, and gamma-
ay bursts (O. Luongo et al. 2022 ; N. J. Secrest et al. 2022a ; L.
 E-mail: richard.stiskalek@physics.ox.ac.uk 
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am, G. F. Lewis & B. J. Brewer 2023 ; N. Secrest et al. 2025 )
for a review, see P. K. Aluri & others 2023 ). Moreover, increasing
ttention has been directed towards defining ‘expansion’ in metrics 
eyond Friedmann–Robertson–Walker to enable model-independent 
ests (B. Kalbouneh, C. Marinoni & R. Maartens 2024 ; R. Maartens
t al. 2024 ; B. Kalbouneh et al. 2025 ; M. Sarma et al. 2025 ). Any
vidence for anisotropy must be carefully validated before violation 
f so fundamental a principle as the CP can be concluded. 
One powerful test of the CP involves examining the local ex-

ansion rate H0 in different directions, which can be achieved by 
sing direct distance tracers such as Tully–Fisher relation (TFR) 
alaxies and Type Ia SNe. This is doubly important as it may also be
elevant for the Hubble tension, which is derived assuming isotropic 
xpansion (A. G. Riess et al. 2022 ; E. Di Valentino et al. 2025 ).
ithout calibration through a lower rung of the distance ladder, an

nisotropy in H0 is completely degenerate with an anisotropy in 
he normalization of the TFR and the absolute magnitude of SNs.

hile it is therefore not possible to assess an H0 anisotropy directly
ith this method, it seems implausible that a null detection of the
egenerate combination would arise from compensated anisotropies 
n both H0 and the normalization of the standardizing relation. 

In this paper, we revisit claims of anisotropy in H0 by fully
orward-modelling the TFR and SN observables at z < 0 . 05. Our
tarting point is the recent study of P. Boubel et al. ( 2025 ) (here-
fter B25 ), who conclude weak evidence for anisotropy in the
is is an Open Access article distributed under the terms of the Creative
h permits unrestricted reuse, distribution, and reproduction in any medium,
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osmicFlows-4 (CF4) W1 TFR subsample using a partial forward
odel. Following B25 , we adopt the first-order deviation from

sotropy in spherical harmonics, namely a dipolar modulation to
he degenerate combination of the TFR or SN normalization and H0 .
ur approach jointly calibrates the distance relation, marginalizes
ver distances and latent parameters describing the true values of the
bservables, and corrects for peculiar velocities using a linear-theory
econstruction based on J. Carrick et al. ( 2015 ) (hereafter C15 ). We
eneralize the analysis of B25 to three further independent data sets
o provide a more comprehensive and robust assessment of local
nisotropy, namely the 2MTF and SFI ++ TFR catalogues and the
antheon + SN compilation (restricted to z < 0 . 05). We also, for

he first time, explicitly investigate the impact of dust extinction on
he results by investigating three qualitatively different maps with
ifferent priors on the extinction coefficients. This is potentially an
mportant systematic because extinction is anisotropic across the sky.

However, we caution that although we search for a CP-violating
nomaly, this is done under the assumption of the C15 reconstruction
o account for peculiar velocities, which itself assumes the CP. In
rinciple, the C15 reconstruction could already contain part of a
osmological dipole, which would then be subtracted in our analysis.
evertheless, the bulk flow in C15 shows no significant deviation

rom � CDM (see also e.g. S. S. Boruah, M. J. Hudson & G. Lavaux
020 ; R. Stiskalek et al. 2025a ). Thus, the results presented here
hould be interpreted as a dipole in H0 that would be superimposed
n the dipole already present in the C15 peculiar velocity field, which
s not CP-violating. Nevertheless, we also consider the total bulk flow
urve from both C15 and a superimposed radially varying velocity
ipole to test whether the resulting flow is in tension with � CDM
xpectations. 

The remainder of this paper is structured as follows. In Section 2 ,
e describe the data sets used in our analysis, including the CF4 TFR

ample, the 2MTF sample, the SFI ++ catalogue, and the Pantheon +
N compilation. In Section 3 , we present our methodology, including

he forward-modelling framework, the peculiar velocity modelling
cheme, the Bayesian evidence calculation, and the mock data proce-
ure. Section 4 presents the results on both mock and observed data,
hile Section 5 presents further comparison with B25 , discusses the
ore general ramifications of our results, and concludes. Appendix A

escribes the flow model in full, and Appendix B shows the complete
osterior distribution for the CF4 W1 TFR inference. 
All logarithms are base-10 unless otherwise stated. We use the

otation N ( x; μ, σ ) to denote a one-dimensional normal distribution
ith mean μ and standard deviation σ , evaluated at x; in higher
imensions μ is a vector and σ is replaced by a covariance matrix.
e define h ≡ H0 /

(
100 km s−1 Mpc −1 

)
, where H0 is the Hubble

onstant. 

 DATA  

o test the hypothesis of a dipole in the zero-point calibration
f redshift-independent distance indicators, or, equivalently, in the
ubble constant, we analyse multiple low-redshift catalogues. Our
rimary data set is the TFR subsample of the CosmicFlows-4
atalogue (CF4; R. B. Tully et al. 2023 ), restricted to photometry in
he all-sky W1 band. In addition, we consider two other all-sky TFR
amples: 2MTF (K. L. Masters, C. M. Springob & J. P. Huchra 2008 ;
. Hong et al. 2019 ) and the SFI ++ catalogue (C. M. Springob et al.
007 ). We also analyse the Pantheon + compilation of Type Ia SN
D. Scolnic et al. 2022 ), along with its reanalysis by Z. G. Lane et al.
 2024 ). 
NRAS 546, 1–17 (2026)
Since any large-scale dipole in the zero-point is degenerate with
he local peculiar velocity field, we account for peculiar velocities
sing the linear reconstruction of C15 . This choice, widely adopted
n the literature (e.g. S. S. Boruah et al. 2020 ; K. Said et al. 2020 ; A.
arr et al. 2022 ; P. Boubel et al. 2024b , 2025 ), allows for direct
omparison with recent studies, particularly B25 , and facilitates
onsistent treatment of large-scale flows across all samples. 

.1 Tully–Fisher samples 

ur first method for obtaining redshift-independent distance esti-
ates is the TFR (R. B. Tully & J. R. Fisher 1977 ), which relates
 spiral galaxy’s rotational velocity to its absolute magnitude M .
iven an observed apparent magnitude, this relation yields a distance
odulus and thereby a peculiar velocity, since the observed redshift

s a function of the distance and peculiar velocity. The linewidth
arameter η is defined as 

≡ log 
W 

km s−1 
− 2 . 5 , (1) 

here W is the observed width of a galaxy’s spectral line (typically
 I ), serving as a proxy for its rotational velocity. Throughout, we

efer to η simply as the galaxy linewidth. We adopt the following
uadratic form of the TFR: 

( η) =
{

aTFR + bTFR η + cTFR η
2 if η > 0 

aTFR + bTFR η otherwise 
, (2) 

here aTFR and bTFR are the zero-point and slope, respectively, and
TFR models the curvature of the relation for high-linewidth (i.e.
igh-mass) galaxies. 

.1.1 CosmicFlows-4 TFR sample 

e use the CF4 TFR catalogue, a subset of the broader CF4
ompilation (R. B. Tully et al. 2023 ), consisting of 9792 galaxies with
CMB � 0 . 05 and no strict apparent magnitude limit (E. Kourkchi
t al. 2020a , b ). Our analysis uses photometry exclusively in the all-
ky Wide-field Infrared Survey Explorer (WISE) W1 band (same as
25 ), with additional selection criteria applied. We require η > −0 . 3

to eliminate dwarf and low-mass galaxies, which may follow a
ifferent TFR or have a higher scatter), Galactic latitude | b| > 7 . 5◦

o exclude the Galactic Zone of Avoidance, and a photometric quality
ag of 5 (best). After these cuts, the final W1 sample contains
246 galaxies. The highest photometric quality requirement excludes
1300 galaxies from the W1 subsample, while the Galactic latitude

ut removes only 44 galaxies from the final sample. The Zone
f Avoidance is typically defined as | b| < 5◦ (e.g. L. Staveley-
mith et al. 1998 ), making our choice relatively conservative. In
ontrast, B25 do not apply either cut. Since the publicly released
F4 catalogue does not provide magnitude uncertainties, we adopt a
onservative fiducial uncertainty of 0 . 05 mag , following E. Kourkchi
t al. ( 2019 ). However, this uncertainty is subdominant to the intrinsic
catter in the TFR, which is approximately 0 . 35 mag (see fig. 2 or
ig. B1 ). Moreover, unlike B25 , who impose a lower redshift cut of
zCMB > 3000 km s−1 , we do not apply a lower redshift limit in our
ain analysis, but discuss its impact in Section 5 . 

.1.2 2MTF sample 

ext, we consider the 2MASS Tully–Fisher Survey (2MTF), an
ll-sky sample of 2062 spiral galaxies with TFR measurements
xtending to redshifts of zCMB � 0 . 03 (K. L. Masters et al. 2008 ;
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. Hong et al. 2019 ). The survey is selected in the K band with
n apparent magnitude limit of K < 11 . 25. We use the version
f the catalogue compiled by S. S. Boruah et al. ( 2020 ), which
emoves duplicates from the SFI ++ sample, includes only K-band 
hotometry, and applies a quality cut on linewidths, retaining only 
alaxies with −0 . 1 < η < 0 . 2. These cuts leave 1247 galaxies. 

.1.3 SFI ++ TFR sample 

e also consider the SFI ++ catalogue, an all-sky sample comprising 
alaxies and groups with TFR measurements extending to redshifts 
f zCMB � 0 . 05 (K. L. Masters et al. 2006 ; C. M. Springob et al.
007 ). Unlike 2MTF, the survey does not impose a strict apparent
agnitude limit, and photometry is provided in the I band. In this
ork, we use the galaxy-only version of the catalogue compiled by 
. S. Boruah et al. ( 2020 ), who apply quality cuts to select galaxies
ithin the 2M ++ footprint, impose a lower linewidth threshold to 

xclude low-mass galaxies, and use an iterative procedure to reject 
FR outliers. While S. S. Boruah et al. ( 2020 ) also impose a strict
pper linewidth selection to ensure linearity of the TFR, we relax this
onstraint and allow for TFR curvature, resulting in a final sample of
010 galaxies. 

.2 Pantheon + supernovae sample 

ype Ia SNs are widely used as standardizable candles in cosmology. 
he SALT2 model standardizes their light curve (J. Guy et al. 2007 ),
ielding a standardized apparent magnitude via the Tripp formula 
R. Tripp 1998 ): 

standard = mobs + A x1 − Bc, (3) 

here mobs is the observed SN apparent magnitude, x1 characterizes 
he light curve stretch, and c the colour. The global parameters 
 and B quantify the standardization with respect to stretch and 

olour, respectively. Combined with the absolute magnitude MSN , 
he standardized magnitude mstandard defines the distance modulus. 

The Pantheon + data set is a compilation of 1701 spectroscopically 
onfirmed Type Ia SNs spanning redshifts from z ∼ 0 . 001 to ∼ 2 . 3
D. Brout et al. 2022 ; A. Carr et al. 2022 ; E. R. Peterson et al.
022 ; D. Scolnic et al. 2022 ). For consistency with our peculiar
elocity modelling and to match the redshift range of the CF4 sample, 
e restrict the data to zCMB ≤ 0 . 05, yielding a subset of 525 SNs.
antheon + combines the original Pantheon + sample (D. M. Scolnic 
t al. 2018 ) with updated low- and high-redshift SNs, incorporating 
mproved photometric calibration, light-curve standardization, and 
ystematic uncertainty modelling. Distance moduli are derived using 
he SALT2 light-curve fitter and corrected for selection effects 
ia the BEAMS with Bias Corrections method (R. Kessler & D. 
colnic 2017 ), which introduces an additive bias correction term 

n equation ( 3 ). We use such bias-corrected apparent magnitudes 
corr from the Pantheon + sample, which include a fiducial Tripp 

alibration. We therefore sample only MSN , not the light curve stretch 
nd colour coefficients of the Tripp calibration. 

Uncertainties in the distance moduli (or equivalently, bias- 
orrected apparent magnitude), including both statistical and sys- 
ematic contributions, are encoded in a covariance matrix that 
ncorporates uncertainty in the Tripp parameters A and B, held fixed 
t fiducial values. The Pantheon + data release therefore provides 
 set of standardized bias-corrected apparent magnitudes and an 
ssociated covariance matrix, with the only global parameter varied 
n our analysis being MSN , which is inferred jointly with the flow
odel. 
.2.1 Lane et al. reanalysis 

 reanalysis of the Pantheon + data was presented by Z. G. Lane
t al. ( 2024 ), who constructed an SN covariance matrix designed
o minimize dependence on the assumed cosmology and peculiar 
elocities. Unlike the standard Pantheon + covariance matrix and 
ias-corrected apparent magnitudes, which assume a fiducial cosmol- 
gy and Tripp parameters, the Z. G. Lane et al. covariance matrix
oes not include any contribution from the Tripp parametrization. 
his enables simultaneous inference of the Tripp coefficients, with 

he standardized apparent magnitudes expressed as in equation ( 3 ),
nd no further bias corrections. We treat this as a variant of the
antheon + data, denoted ‘Pantheon + Lane’ henceforth. 

.3 Peculiar velocity data 

n C15 , the luminosity-weighted density field is reconstructed from 

he redshift–space positions of galaxies in the 2M ++ catalogue using 
he iterative method of A. Yahil et al. ( 1991 ). 2M ++ is a whole-
ky redshift compilation of 69160 galaxies (G. Lavaux & M. J.
udson 2011 ), derived from 2MASS photometry (M. F. Skrutskie 

t al. 2006 ) and redshifts from 2MRS (J. P. Huchra et al. 2012 ), 6dF
D. H. Jones et al. 2009 ), and Sloan Digital Sky Survey (SDSS) DR7
K. N. Abazajian et al. 2009 ). Apparent magnitudes are corrected for
alactic extinction, k-corrections, evolution, and surface brightness 
imming. The catalogue is magnitude-limited to K < 11 . 5 in the
MRS region and K < 12 . 5 in the 6dF and SDSS regions. 
The velocity field is derived from the galaxy density field using

inear theory and must be scaled to match peculiar velocities via a
arameter β� , which we treat as a free parameter of the model. The
eld is generated on a 2563 grid with a box size of 400 h−1 Mpc ,
ssuming �m 

= 0 . 3. β� is defined as 

� ≡ f σ8 ,NL 

σb 
8 

, (4) 

here f is the dimensionless growth rate, with f ≈ �0 . 55 
m 

in � CDM
F. R. Bouchet et al. 1995 ; L. Wang & P. J. Steinhardt 1998 ). The
erms σb 

8 and σ8 ,NL represent the fluctuation amplitude in the biased 
alaxy field and in the non-linear matter field, respectively. The value
f σg 

8 in 2M ++ was measured as 0 . 98 ± 0 . 07 (M. Westover 2007 )
nd 0 . 99 ± 0 . 04 (J. Carrick et al. 2015 ). C15 , combined with peculiar
elocity samples, has been extensively used to constrain the growth 
f structure and the S8 parameter (e.g. S. S. Boruah et al. 2020 ; K.
aid et al. 2020 ; P. Boubel et al. 2024a ; R. Stiskalek et al. 2025a ). 

 M E T H O D O L O G Y  

e adopt a forward modelling framework, predicting the observables 
rom the model parameters and comparing them to the observed 
alues through a likelihood function. This has the advantage that 
t exploits all the information in the data (as no summary statistics
re used), and makes it straightforward to model systematics and 
ther effects that impact the observed quantities. It also lends itself
aturally to a Bayesian inference by determining the probability 
istributions of the parameters implied by the observational data. 
In particular our method jointly calibrates the TFR relation (or 

Ns) with the galaxy bias and the peculiar velocity field, following
he methodology developed in S25. While B25 also largely adopts 
 forward-modelling approach, one key step does not fall within 
hat framework: by querying peculiar velocity in redshift space, they 
se the observed redshift to assign peculiar velocity to a galaxy,
pproximately updating the fiducial velocity field calibration of C15 , 
MNRAS 546, 1–17 (2026)
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nd then use that to estimate the cosmological redshift. That is a
ackward-modelling step (going from the redshift observation to a
odel parameter, the cosmological redshift or analogously distance)

hat introduces complications in triple-valued zones where a single
bserved redshift can map to multiple line-of-sight distances (M.
. Strauss & J. A. Willick 1995 ). We instead model the observed

edshift directly by querying the peculiar velocity field in real space.
ere, we provide a brief summary of the model; a more detailed

xplanation is given in Section A , with further discussion in S25. 

.1 Tully–Fisher model 

ach galaxy is described by its observed redshift, apparent magni-
ude, and linewidth, with which we infer the distance. The velocity
eld is modelled as a combination of a reconstructed internal flow,
caled by a parameter β� , and an external flow V ext . In the absence
f a velocity field model, the flow reduces to a constant V ext term.
e also include a Gaussian dispersion parameter σv to account for

mall-scale velocities not captured by the reconstruction. 
The distances and true linewidths of each galaxy are latent model

arameters over which we marginalize. The true linewidths are
rawn from an inferred Gaussian distribution (D. J. Bartlett &
. Desmond 2023 ) and compared to the observations through a

ikelihood function. Via the TFR, the true linewidths determine the
bsolute magnitudes, which, combined with the distances, yield
redictions of the apparent magnitudes to be compared with the
ata. Likewise, the true model distances, together with the peculiar
elocity model, provide predictions of the observed redshifts for
omparison with the measurements. The forward model accounts
or both homogeneous and inhomogeneous Malmquist bias. The
omogeneous case is an assumption that sources are uniformly
istributed in volume, yielding a distance prior p( r) ∝ r2 in the
bsence of selection effects. The inhomogeneous Malmquist bias is
et by the density field of C15 and modelled as 

 ( r) = 1 + b1 δ( r) , (5) 

here δ( r) is the density contrast at the galaxy’s position. To ensure
on-negative values, n ( r) is clipped from below at zero. We adopt
his linear bias model to be consistent with the reconstruction of C15 ,
hich uses linear theory to relate the galaxy density field, effectively

moothed over scales of 4 h−1 Mpc , to a peculiar velocity field. We
reat b1 as a model parameter and infer it with a wide uniform prior.

In general, TFR samples are subject to a complex selection func-
ion combining H I flux, linewidth, optical magnitude, and possibly
edshift selection. Following the empirical approach of G. Lavaux
 2016 ), we model the prior distribution of galaxy distances as 

( r | θ ) = n ( r , θ ) f ( r , θ ) ∫ 
d r ′ n ( r ′ , θ ) f ( r ′ , θ ) 

, (6) 

here n ( r, θ ) accounts for the inhomogeneous Malmquist bias
hrough the large-scale density field, θ collectively denotes the model
arameters, and 

 ( r, θ ) = rp exp 
[ 
−
( r 

R 

)q ] 
. (7) 

ere p, q, and R are free parameters: p ≈ 2 recovers the homo-
eneous Malmquist bias, R sets the characteristic scale of sample
ncompleteness, and q controls how sharply the completeness falls
ff. The normalization in equation ( 6 ) is computed explicitly since
t depends on θ . This treatment remains phenomenological, approx-
mating the selection rather than modelling it directly. A rigorous
orward modelling of the survey selection, which requires knowledge
NRAS 546, 1–17 (2026)
f the selection function, is presented in B. C. Kelly, X. Fan & M.
estergaard ( 2008 ) and we recently applied it to H0 inference in R.
tiskalek et al. ( 2025b ). 
We extend the TFR zero-point aTFR by introducing a dipole, such

hat 

TFR → aTFR + � ZP · ˆ r , (8) 

here � ZP is the zero-point dipole vector and ˆ r is the unit vector in
he direction of each galaxy. The dipole amplitude is denoted 
ZP ,
ith direction specified in Galactic coordinates as ( �
ZP , b
ZP ). The

ero-point aTFR is perfectly degenerate with the Hubble constant
0 , since the distance modulus depends on the logarithm of the

uminosity distance. This leads to a degenerate parameter combina-
ion aTFR + 5 log h , where h ≡ H0 / (100 km s−1 Mpc −1 ). Following
25 and similar works, we express distances in units of h−1 Mpc ,
endering the analysis independent of h and constraining only the
egenerate combination. 
As explored by B25 , one may allow for a dipole in this degenerate

arameter across the sky. Provided sufficient sky coverage, such a
ipole can be constrained. This introduces four possible interpreta-
ions: 

(i) An anisotropic zero-point with isotropic H0 ; 
(ii) An isotropic zero-point with an anisotropic H0 ; 
(iii) A combination of both aforementioned effects; 
(iv) Spurious H0 anisotropy arising from flows not captured by

15 . 

B25 found no evidence for significant spatial variation in
inewidths within the CF4 W1 subsample, by comparing the
inewidth distribution of sources in the northern and southern hemi-
pheres of the ALFALFA survey (M. P. Haynes et al. 2018 ). More-
ver, the use of WISE photometry minimizes systematic variation in
agnitude calibration across the sky. Based on these considerations,

hey interpreted their measured dipole in aTFR + 5 log h as a potential
ignature of anisotropy in H0 . Assuming the dipole in aTFR + 5 log h
rises from a dipole in H0 , the corresponding fractional variation in
he Hubble constant is given by 

H0 /H0 = 10
ZP / 5 − 1 , (9) 

here 
ZP is the magnitude of the dipole in the degenerate combi-
ation aTFR + 5 log h and H0 is the monopole term of the Hubble
onstant. 

As a second extension, we introduce a radial dependence of V ext to
est for potential signatures of H0 anisotropy. We uniformly sample
he magnitude and sky direction of V ext at Nknots radial distance knots
set to 0 , 20 , 40 , 60 , 80 and 100 h−1 Mpc for CF4), and apply cubic
nterpolation of its Cartesian components to evaluate V ext at each
alaxy position. This procedure allows for a smoothly varying V ext .
ince a dipole in H0 would imply a linearly increasing V ext with
istance, this extension serves as a consistency check of the inferred
 ZP dipole. It also lets us infer the radial dependence of the bulk
ow more generally. 

.2 Pantheon + supernova model 

o model the Pantheon + data, we adopt an approach analogous
o that used for the TFR, with the primary difference being that
he predicted apparent magnitude is a function of the SN prop-
rties. The Pantheon + sample accounts for both statistical and
ystematic uncertainties, encapsulated in a covariance matrix for
he apparent magnitudes. These uncertainties arise from the Tripp
tandardization, photometric calibration, and the heterogeneity of
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he contributing surveys. While the full covariance matrix provided 
n the Pantheon + release includes contributions from peculiar 
elocities, our model accounts for these explicitly. We therefore 
se a reduced version of the covariance matrix with the peculiar 
elocity terms removed, as provided to us by Anthony Carr (private 
ommunication). 

As before, galaxy distances are sampled from the prior of 
quation ( 6 ). These are converted to distance moduli μ, which
ombined with MSN give the predicted apparent magnitudes as 
pred = μ + MSN (the Tripp parameters are calibrated to fiducial 

alues in the Pantheon + sample). The likelihood is then evaluated 
gainst the standardized, bias-corrected magnitudes, 

 (m corr | m pred ) = N (m corr ; m pred , C ) , (10) 

here m corr is a vector of the standardized, bias-corrected apparent 
agnitudes, m pred is a vector of predicted apparent magnitudes, and 
 is the reduced Pantheon + covariance matrix. After this, the rest
f the inference follows the same steps as the TFR analysis. Similarly
s for the TFR, we extend the standardized SN absolute magnitude 
o include a dipole term: 

SN → MSN + � ZP · ˆ r . (11) 

On the other hand, when using the covariance matrix of 
antheon + SNs from Z. G. Lane et al. ( 2024 ), we explicitly sample

he Tripp parameters A and B to predict the SN apparent magnitude
see equation 3 ), since their data does not assume a fiducial Tripp
tandardization or its contribution to the covariance matrix. We 
valuate the likelihood in the apparent magnitudes as in equation (5)
f A. Seifert et al. ( 2025 ), except that we explicitly sample the
alaxy distances, rather than setting them deterministically from 

he observed redshift which is equivalent to assuming no redshift 
ncertainty and no peculiar velocities. 

.3 Galactic extinction 

 potential systematic effect in inferring the dipole in the zero-point, 
r equivalently in the apparent magnitude, arises from the treatment 
f Galactic extinction. We test this on the CF4 subsample, for which
he applied Galactic extinction corrections are available in the public 
ata release. The reported magnitudes in a given waveband λ are 
iven by (see section 2.4 of E. Kourkchi et al. 2019 ): 

 

λ = mλ
total − Aλ

b − Aλ
k − Aλ

a , (12) 

here mλ
total is the measured total magnitude, Aλ

b is the Milky Way 
xtinction, computed as 

λ
b = Rλ E( B −V ) , (13) 

λ
k is the k-correction, Aλ

a is the total flux aperture correction, and 
( B −V ) is the colour excess (reddening). As described by E.
ourkchi et al. ( 2019 ), the CF4 catalogue uses the D. J. Schlegel
t al. ( 1998 ) 100 μm cirrus maps to extract the Milky Way E( B −V )
alues. For wavebands λ ∈ ( u, g, r, i), the extinction coefficients Rλ

re taken from E. F. Schlafly & D. P. Finkbeiner ( 2011 ), while for the
nfrared bands, RW1 = 0 . 186 and RW2 = 0 . 123, as determined by E.
. Fitzpatrick ( 1999 ). 
To assess potential systematics from Galactic extinction correc- 

ions, we use the dustmaps package 1 (G. M. Green 2018 ) to extract
( B −V ) values at the angular positions of CF4 galaxies. We adopt

he extinction maps of Y.-K. Chiang ( 2023 ) and Planck Collaboration
 https://dustmaps.readthedocs.io/en/latest/

T

m

LVIII ( 2016 ). The former is a dust reddening map on the plane of
he sky, derived from a reanalysis of E. F. Schlafly & D. P. Finkbeiner
 2011 ), which in turn is based on D. J. Schlegel et al. 1998 . It uses
omographically constrained templates from WISE galaxy density 
elds to remove contamination from the cosmic infrared background 
CIB). The latter map, from Planck Collaboration XLVIII ( 2016 ), em-
loys the generalized needlet internal linear combination (GNILC) 
ethod to separate Galactic dust emission from CIB anisotropies, 

ielding an alternative all-sky extinction estimate. We consider these 
pproaches for modelling Galactic extinction: 

(i) Use the E( B −V ) values from D. J. Schlegel et al. ( 1998 ),
ointly sampling the extinction coefficient RW1 . We adopt a Gaussian 
rior on RW1 centred at 0.19, with either a standard deviation of 0.01,
onsistent with the measurement of H. B. Yuan, X. W. Liu & M. S.
iang 2013 , or a broader, more conservative prior with standard
eviation 0.05. 
(ii) Use the E( B −V ) values from Y.-K. Chiang ( 2023 ) or Planck

ollaboration XLVIII ( 2016 ), also jointly sampling RW1 under the 
ame prior choices as above. 

The other TFR samples, 2MTF and SFI ++ , are compiled in
he optical and hence may be more susceptible to dust extinction.

e cannot test this explicitly as the dust corrections they used are
ot publicly available, but note that the very small effect between
ifferent dust models found for CF4 suggests that the effect still
ould not be significant. Similarly, we do not consider Galactic 

xtinction variations in the Pantheon + samples. 

.4 Mock data generation 

e use mock data to estimate the sample size required for a CF4-like
urvey to yield a significant detection of a dipole of given strength.
he mock catalogue is designed to replicate the CF4 TFR subsample
ith W1 photometry and full-sky coverage, excluding the Galactic 
one of Avoidance. The injected parameter values, listed in Table 1 ,
orrespond to the posterior mean from the CF4 inference. 

For N sources, we draw sky positions uniformly over the sphere,
xcluding a mock ‘Zone of Avoidance’ defined by | b| < 7 . 5◦. Each
ine of sight is then used to query the C15 field for the density
nd peculiar velocity. The radial distance r is sampled from the
rior in equation ( 6 ), which incorporates the linear galaxy bias of
quation ( 5 ). At this distance we evaluate the line-of-sight peculiar
elocity v (r ) and compute the true redshift, 

 + ztrue =
(
1 + zcosmo ( r)

)(
1 + [ V ext + βv (r )] · ˆ r 

c 

)
, (14) 

here zcosmo is the cosmological redshift at distance r and ˆ r is the 
nit vector towards the source. The observed redshift is then drawn
ith scatter σv , 

 zobs ←↩ N ( c ztrue , σv ) , (15) 

ssuming the ‘measurement’ error of zobs to be subdominant to σv . 
he apparent magnitude is obtained by first sampling ηtrue from a 
aussian hyperprior, 

true ←↩ N ( ˆ η, wη) , (16) 

nd then the observed linewidth as 

obs ←↩ N ( ηtrue , ση) . (17) 

he true apparent magnitude is 

true = μ( r) + M( ηtrue ) , (18) 
MNRAS 546, 1–17 (2026)

https://dustmaps.readthedocs.io/en/latest/
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M

Table 1. Injected parameter values used to generate mock TFR catalogues 
mimicking the CF4 W1-band sample, assuming the C15 density and peculiar 
velocity field. The parameters correspond to the posterior mean from the 
dipole inference on the observed sample. A comparison of the resulting 
redshift distribution for one mock catalogue with the CF4 subsample is shown 
in Fig. 1 . 

Parameter Injected Value Description 

aTFR −19 . 95 TFR zero-point 
bTFR −9 . 6 TFR slope 
cTFR 10.5 TFR curvature for η > 0 
σint 0.34 Intrinsic TFR scatter 
ση 0.02 Linewidth uncertainty 
σm 0.05 Magnitude uncertainty 
bmin 7 . 5◦ Galactic latitude cut: | b| > bmin 

Vext 160 km s−1 External flow magnitude 
�ext 302◦ External flow Galactic longitude 
bext −17◦ External flow Galactic latitude 

ZP 0.087 Zero-point dipole amplitude 
�
ZP 127◦ Zero-point dipole Galactic longitude 
b
ZP 10◦ Zero-point dipole Galactic latitude 
σv 280 km s−1 Redshift uncertainty including 

small-scale velocity dispersion 
β� 0.43 Velocity scaling of C15 
p 1.8 Distance prior low-distance exponent 
R 32 h−1 Mpc Distance prior incompleteness 

distance 
q 1.4 Distance prior incompleteness rate 
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zCMB
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Figure 1. Comparison of the redshift distribution of the CF4 TFR W1 sample 
with a mock catalogue generated using the parameters in Table 1 . The mock is 
designed to replicate the CF4 subsample and assess how the dipole detection 
significance depends on sample size. 
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2 https://num.pyro.ai/en/latest/
3 https://github.com/astro-informatics/harmonic 
here μ( r) is the distance modulus and M( ηtrue ) is defined in
quation ( 2 ). The observed magnitude is drawn as 

obs ←↩ N
(

mtrue ,

√ 

σ 2 
m 

+ σ 2 
int 

)
. (19) 

he resulting catalogue contains observed redshifts, magnitudes,
inewidths, and sky positions. An example redshift distribution
ompared with the CF4 data is shown in Fig. 1 . 

.5 Inference procedure 

o sample the posterior distribution we use the No-U-Turn Sampler
NUTS; M. D. Hoffman & A. Gelman 2011 ) method of Hamiltonian
NRAS 546, 1–17 (2026)
onte Carlo (HMC) as implemented in the numpyro 2 package (E.
ingham et al. 2019 ; D. Phan, N. Pradhan & M. Jankowiak 2019 ),
nsuring a Gelman–Rubin statistic ˆ R − 1 ≤ 0 . 001 for convergence
A. Gelman & D. B. Rubin 1992 ). For each model, we run four
ndependent chains with 1000 warm-up steps and 2000 sampling
teps, typically yielding more than 4000 effective samples for the
ipole and other parameters. We adopt a uniform prior on the
ero-point dipole amplitude from 0 to 0.3 and sample its direction
niformly over the surface of a sphere. For all remaining parameters,
e adopt uniform priors over sufficiently large ranges, except for
v , σint for which we adopt reference (and scale invariant) priors
( x) ∝ 1 /x. All these parameters are shared between both the

sotropic and dipole models so their choice does not affect the Bayes
actors between the models. 

We calculate the Bayesian evidence to quantify models’ relative
oodness of fit. This is the probability of the data D given the model
: 

 ≡ p( D | M) =
∫ 

dθ L ( D | θ , M) π (θ) , (20) 

here θ is the set of free parameters of the model, L is the likelihood
unction, and π (θ) is the prior on the parameters. We estimate
his using the harmonic package, 3 which fits a normalizing flow
o the posterior samples to compute evidence using the harmonic
stimator (J. D. McEwen et al. 2021 ; A. Polanska et al. 2025 ). For
he TFR samples we numerically marginalize over both galaxy latent
arameters ( r and ηtrue ) at each Markov Chain Monte Carlo (MCMC)
tep, yielding a low-dimensional posterior suitable for evidence com-
utation with harmonic . In contrast, for the Pantheon + samples
he covariance prevents straightforward numerical marginalization
f the distances, requiring them to be sampled explicitly. This
esults in an approximately 600-dimensional posterior, which makes
vidence calculation challenging. While harmonic is designed to
ompute the Bayesian evidence directly from posterior samples of
oderately high dimension, it has typically been tested on O(10)-

imensional problems. For example, D. Piras et al. ( 2024 ) applied
armonic to a 39-dimensional posterior, validating their results
gainst nested sampling, and also to a 159-dimensional posterior
or which nested sampling was computationally infeasible. har-
onic uses a normalizing flow within a harmonic-mean framework

o perform density estimation for evidence computation, but for
 ∼ 600-dimensional posterior the required number of samples
ecomes prohibitive, convergence cannot be guaranteed, and its
se has not been previously explored in such high dimensionality.
ccordingly, we do not apply harmonic in this high-dimensional

etting. We therefore restrict evidence computation to the TFR
amples. For these, we compare models using the Bayes factor,
efined as the ratio of pieces of evidence for two models M1 

nd M2 , 

 ≡ p( D | M1 ) 

p( D | M2 ) 
, (21) 

hich quantifies the relative probability of the data under the two
odels. Assuming equal prior probabilities for the isotropic and

ipole models, the Bayes factor is equal to the model odds p( M1 |
 ) /p( M2 | D ). 

https://num.pyro.ai/en/latest/
https://github.com/astro-informatics/harmonic
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Table 2. Summary of zero-point dipole and external flow parameters, as well as the fractional anisotropy in H0 , and Bayes factors in favour of the anisotropic 
model. Positive values of log B indicate preference for the anisotropic model, negative values for the isotropic model. Only values with | log B| ≥ 2 are considered 
as ‘decisive’ evidence (H. Jeffreys 1939 ). 

Sample 
ZP �
ZP [deg ] b
ZP [deg ] Vext [km s−1 ] �ext [deg ] bext [deg ] 
H0 /H0 log B 

CF4 W1 0 . 087 ± 0 . 019 128 ± 12 9 ± 10 158 ± 20 303 ± 8 −17 ± 5 0 . 041 ± 0 . 009 + 2 . 94 
SFI ++ 0 . 051 ± 0 . 018 84 ± 25 −5 ± 17 168 ± 23 311 ± 7 4 ± 6 0 . 024 ± 0 . 008 + 0 . 47 
2MTF 0 . 041 ± 0 . 023 130 ± 83 −37 ± 29 150 ± 21 317 ± 9 0 ± 7 0 . 019 ± 0 . 011 −0 . 38 
Pantheon + 0 . 049 ± 0 . 014 135 ± 56 −49 ± 18 212 ± 39 312 ± 10 −9 ± 7 0 . 023 ± 0 . 006 –
Pantheon + Lane 0 . 060 ± 0 . 014 84 ± 50 −52 ± 14 220 ± 34 312 ± 8 −21 ± 6 0 . 028 ± 0 . 006 –
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 RESULTS  

e present results from applying our flow model to various data sets,
ocusing primarily on the CF4 TFR W1 subsample. In Section 4.1 , we
eport constraints on the zero-point dipole magnitude and direction 
nder different Galactic dust corrections and extinction priors, 
nd assess the model preference based on Bayesian evidence. In 
ection 4.2 , we apply the same model to the 2MTF and SFI ++
FR samples. We then examine the Pantheon + SN sample in 
ection 4.3 . In Table 2 we summarize the recovered dipole, external
ow, and Bayes factors for the CF4 W1 band, 2MTF, SFI ++ , and

he Pantheon + samples, while in Fig. 4 we compare the inferred
ipole direction with literature estimates, finding broad consistency. 
n Section 4.4 we investigate the robustness of these results to 
ssumptions about peculiar velocity corrections and the prior on 
he dipole amplitude. In Section 4.5 , we use mock TFR catalogues to
ssess the detectability of a zero-point dipole as a function of survey
ample size, evaluating the level of anisotropy that could be robustly
nferred given realistic distance uncertainties. Finally, in Section 4.6 
e examine the bulk flow equivalent to the H0 dipole, and compare 

t with both the bulk flow inferred when V ext is allowed a radial 
ependence and with � CDM expectation. 

.1 CosmicFlows-4 TFR W1 dipole 

pplying our model to the CF4 TFR W1 sample, we infer a zero-
oint dipole with magnitude of 0 . 087 ± 0 . 019 mag and direction of
 �, b) = (127 ± 11◦, 10 ± 8◦) in Galactic coordinates, correspond-
ng to a dipole in H0 of 4 . 1 ± 0 . 9 per cent. We now focus on
he marginal posterior for selected parameters; the full posterior is 
iscussed in Section B . Fig. 2 shows the recovered posteriors for the
ero-point dipole amplitude and direction, as well as for σv and σint , 
hich represent the velocity dispersion and intrinsic TFR scatter, 

espectively. Both σv and σint quantify the residuals of the model: a 
odel that describes the data better is likely to yield smaller values

f σv and σint . We consider three cases: 

(i) Isotropic TFR zero-point. 
(ii) Dipole in the zero-point with fixed extinction from the CF4 

atalogue. 
(iii) Dipole in the zero-point with the extinction coefficient jointly 

nferred from the data, using one of three dust maps: D. J. Schlegel
t al. ( 1998 ), Y.-K. Chiang ( 2023 ), or Planck Collaboration XLVIII
 2016 ). 

We find that neither the choice of dust map nor the sampling of
he Galactic extinction coefficient has an appreciable effect on the 
nferred zero-point dipole. This indicates no significant degeneracy 
etween the dipole and the Galactic extinction correction. We also 
onsider two prior choices for the extinction coefficient RW1 (a 
arrow prior consistent with H. B. Yuan et al. ( 2013 ), and a broader,
ess informative alternative) and find that the results are similarly 
nsensitive to this choice. All three models that include a dipole in
he zero-point yield values of σv and σint that are near-identical to 
hose recovered by the isotropic model without a dipole. This would
uggest that introducing a dipole does not appreciably improve the fit
r capture additional trends in the data. However, upon considering 
 model comparison we find that the Bayesian evidence favours the
nisotropic model with log B = 2 . 938, or odds of 877 : 1. We also find
hat the pieces of evidence of the models with different extinction
reatments are nearly identical, indicating that the CF4 TFR W1 data
s insufficient to distinguish between the dust maps. 

It is important to note that, since the dipole magnitude is a
trictly positive quantity, even if the Cartesian components of the 
ipole vector are consistent with zero, the magnitude of the dipole
an still be significantly positive (for example, if the components 
ollow a zero-mean Gaussian, the magnitude of the vector follows a

axwell–Boltzmann distribution). The fact that the posterior of the 
ipole amplitude is a few σ inconsistent with zero is therefore not a
eliable indicator of the presence of a dipole, hence the necessity of
omputing the Bayes factor. 

Our conclusions are consistent with those of B25 , who report
 dipole magnitude of 0 . 063 ± 0 . 016 mag, slightly lower than our
nferred value and with a smaller quoted uncertainty. They find only a
ery weak support for the anisotropic model, reporting log B = 0 . 43
n favour of the model including a zero-point dipole. However, they
erive the Bayes factor using an approximation based on the Bayesian 
nformation Criterion. We compare our results to B25 further in 
ection 5 . 

.2 2MTF and SFI ++ dipole 

e next consider the two alternative TFR samples: 2MTF and 
FI ++ . While subsets of these were used in constructing the
F4 TFR sample, we now analyse them independently. We apply 

he same flow model as for the CF4 TFR W1 subsample, using
dentical priors on the zero-point dipole parameters (uniform in 

agnitude and direction on the sphere). We show the results in
ig. 3 (a). For 2MTF, we infer a dipole magnitude of 0 . 040 ± 0 . 024
ag with the evidence marginally favouring the isotropic model, 
ith log B = −0 . 381. For SFI ++ , the recovered dipole magnitude

s 0 . 051 ± 0 . 018 mag, though this time the evidence ratio marginally
avours the inclusion of the dipole with log B = 0 . 465. Compared to
FI ++ , 2MTF covers a smaller redshift range and contains fewer
alaxies, so it is unsurprising that it is less informative regarding the
ero-point dipole. 

.3 Pantheon + dipole 

ow we test the presence of a dipole in the Pantheon + data,
epeating the procedure described above with the SN flow model 
escribed in Section 3.2 . Owing to correlated uncertainties in SN
MNRAS 546, 1–17 (2026)
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Figure 2. Comparison of the inferred TFR zero-point dipole under different Galactic dust corrections using the CF4 TFR W1 data: (a) fixed extinction from the 
CF4 catalogue, which is based on D. J. Schlegel, D. P. Finkbeiner & M. Davis ( 1998 ), (b) E( B −V ) from D. J. Schlegel et al. ( 1998 ) with a sampled extinction 
coefficient RW1 , (c) E( B −V ) from the Y.-K. Chiang ( 2023 ) map, and (d) E( B −V ) from the Planck Collaboration XLVIII ( 2016 ) map, both also with sampled 
RW1 . The recovered zero-point dipole is unaffected by the extinction treatment and its magnitude is 
ZP = 0 . 087 ± 0 . 19 mag. The values of redshift scatter σv 

and TFR scatter σint show no improvement over the isotropic model without a zero-point dipole, though the Bayesian evidence favours the anisotropic models 
with odds of 877 : 1. 
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tandardization, the sampled distances cannot be (easily) numerically
arginalized, resulting in a high-dimensional posterior and we do

ot compute the Bayesian evidence. In Fig. 3 (b) we show that
or the Pantheon + sample the recovered dipole amplitude is
 . 049 ± 0 . 013 mag, which is nearly 4 σ inconsistent with zero. In
he Pantheon + Lane sample the dipole amplitude is only marginally
igher: 0 . 060 ± 0 . 13 mag. Since the dipole magnitudes are signif-
cantly different from zero, the data appear to favour the inclusion
NRAS 546, 1–17 (2026)
f a dipole even though we cannot compute the Bayes factor. The
nferred dipole directions of the two samples are mutually consistent
ut show some tension with the TFR samples, possibly due to their
ifferent redshift depths. 
Furthermore, we find that the intrinsic SN apparent magnitude

catter σint inferred by the model is 0 . 01 ± 0 . 01 for Pantheon + and
 . 14 ± 0 . 01 mag for Pantheon + Lane(both with and without the
ero-point dipole). D. Brout et al. ( 2022 ) propagate an additional
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Figure 3. (a) Inferred zero-point dipole in the TFR samples. Except for 2MTF (the least informative sample), the dipole magnitude is significantly offset from 

zero. (b) Inferred zero-point dipole in the SN sample. The dipole directions from the TFR and SN samples differ only slightly in the b
ZP coordinate. Comparison 
of the inferred zero-point dipole in the TFR and SN samples. The contours show the 1 σ and 2 σ confidence regions. 
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ntrinsic scatter term directly into the covariance matrix, which 
xplains why no further scatter is required (indeed the propagated 
catter may be overestimated). A. Sah et al. ( 2025 ) argue that the
antheon + sample may suppress deviations from � CDM through 

his treatment, contrasting it with the covariance matrices of the 
oint Light-Curve Analysis (JLA; M. Betoule et al. 2014 ) and 
antheon + Lane(Z. G. Lane et al. 2024 ), which have a much smaller
iagonal scatter. However, our inference of an additional intrinsic 
catter of 0 . 14 ± 0 . 01 mag indicates that the extra scatter propagated
nto the Pantheon + covariance is justified. 

.4 Model variations 

ere we briefly consider how the results change on altering two 
spects of the model. First, we consider the case in which the C15
econstruction is not used to model the underlying density field and 
eculiar velocities. In this scenario, we omit the inhomogeneous 
almquist bias and model the velocity field with a constant flow 

 ext . We then repeat the inference using the CF4 TFR W1 subsample.
n this case, the recovered dipole amplitude is 0 . 179 ± 0 . 023 mag,
ignificantly larger than the value obtained when accounting for 
eculiar velocities. The model selection in this ‘no peculiar velocity’ 
cenario favours the inclusion of a zero-point dipole, effectively 
ompensating for the unmodelled peculiar velocities, with a Bayes 
actor of log B = 6 . 73. On the other hand, for Pantheon + we
nly infer a significantly larger zero-point dipole uncertainty when 
ot accounting for peculiar velocities, with the dipole magnitude 
eing 0 . 051 ± 0 . 035 mag. This highlights the importance of robustly
ccounting for peculiar velocities when investigating anisotropy, 
lthough it is important to bear in mind that these corrections may
lso absorb some anisotropy that may be present (as we discuss in
ection 1 ). 
Secondly, we consider the impact of the assumed prior on the
ipole amplitude. Previously we have taken this to be a uniform prior
n the magnitude of the dipole vector; we now make this uniform on
he Cartesian components (the choice made by B25 ). This implicitly
nduces a prior on the dipole magnitude proportional to the square
f the magnitude, pushing the posterior towards larger amplitudes. 
e repeat the analysis on the CF4 TFR W1 subsample using this

omponent-based prior, and compare the results to those obtained 
ith a uniform prior on the magnitude in Fig. 5 . As expected, the

ecovered dipole magnitude is larger under the component prior, 
hile the inferred direction is essentially unchanged. We find that 

he dipole magnitude is 0 . 095 ± 0 . 019 mag with the flat-component
rior, compared to 0 . 087 ± 0 . 019 mag with the flat-magnitude prior,
 ∼ 0 . 5 σ difference. 

.5 Dipole mock analysis 

bove we reported a significant preference for a dipole in the CF4
FR W1 sample. We now inject a dipole of magnitude 0 . 087 mag ,
orresponding to the posterior mean value inferred from the CF4 
ample, and examine how the evidence ratio between anisotropic 
nd isotropic models depends on sample size. The remaining injected 
arameters are listed in Table 1 , and an example redshift distribution
f a mock sample is shown in Fig. 1 . Following Section 3.4 , we
enerate mock catalogues with 500, 1000, 2000, 4000, 8000, 16 000,
nd 32 000 sources, drawing ten random realizations for each size.
e then apply our flow model to the mock TFR data, fitting both an

sotropic model and one including a zero-point dipole, and compute 
he corresponding evidence ratio. 

We present these results in Fig. 6 . The Bayes factor becomes
ecisive (log B > 2 on the Jeffreys’ scale, H. Jeffreys 1939 ) in
avour of the dipole model only at sample sizes of order 2000.
t smaller sizes it remains inconclusive and does not reliably 
MNRAS 546, 1–17 (2026)
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Figure 4. Summary of the inferred zero-point dipole for each catalogue, given by its magnitude 
ZP and direction in Galactic coordinates ( �, b), compared 
with literature estimates: the CF4 TFR measurement (P. Boubel et al. 2025 ), the quasar dipole, the cluster scaling-relation dipole (K. Migkas et al. 2021 ), the 
CF4 bulk flow (R. Watkins et al. 2023 ), the Pantheon + dipole (F. Sorrenti, R. Durrer & M. Kunz 2023b , their z < 0 . 05 sample), and the Local Group velocity 
in the CMB frame (Planck Collaboration I 2020a ). For the latter four, we plot the opposite direction to that reported, as our dipole is defined in the zero-point 
rather than in peculiar velocities. We show the inferred magnitude only for P. Boubel et al. ( 2025 ), as the remaining works measure dipoles in different quantities 
that we do not convert. All results are reported in the CMB frame. Error bars indicate the 16th and 84th percentiles. 
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iscriminate between the models. Since the W1 sample after our
uality cuts contains 3246 galaxies, it is reassuring that the Bayes
actor favours the zero-point dipole model near-decisively at that
cale, assuming the injected dipole magnitude. The expected Bayes
actor preference of mock samples of similar size to CF4 is likewise
onsistent with our results on the data. Fig. 6 is also consistent with
he absence of a significant dipole detection in the smaller 2MTF
nd SFI ++ samples. For mock samples without an injected dipole
he Bayes factor is always negative, favouring the isotropic model,
lthough the strength of this preference increases only weakly with
ample size. We note that these results are specific to a CF4 TFR W1-
ike survey: while deeper surveys could in principle provide stronger
onstraints through larger samples, potential gains may be offset by
ncreased absolute distance uncertainties at higher redshift. 

.6 Bulk flow measurement 

he inferred dipole in � ZP can be interpreted as a dipole in H0 

see equation 9 ), or alternatively as a bulk flow linearly rising
ith distance under a cosmological model with isotropic expansion,
hich in turn corresponds to a bulk flow that increases linearly with
istance. The bulk flow is typically defined as the average velocity
ithin a volume V of radius R centred on the observer, assuming
 top-hat filter (R. Watkins, H. A. Feldman & M. J. Hudson 2009 ;
NRAS 546, 1–17 (2026)
. A. Feldman, R. Watkins & M. J. Hudson 2010 ; A. Nusser & M.
avis 2011 ; Y. Hoffman, H. M. Courtois & R. B. Tully 2015 ; R.
atkins & H. A. Feldman 2015 ; A. Nusser 2016 ; M. I. Scrimgeour

t al. 2016 ; M. Feix, E. Branchini & A. Nusser 2017 ; W. A. Hellwing,
. Bilicki & N. I. Libeskind 2018 ; S. Peery, R. Watkins & H. A.

eldman 2018 ; R. Watkins et al. 2023 ; A. M. Whitford, C. Howlett &
. M. Davis 2023 ). In our case, three possible contributions enter: 

B ( R) = 1 

V 

∫ 
V 

[
β� v (r ) + V ext (r ) − H0 r

(
10
ZP / 5 − 1

) � ZP 


ZP 

]
d V , 

(22) 

here the first term is the velocity field of C15 scaled by β� , the
econd is the external bulk flow V ext (optionally position-dependent),
nd the third is the bulk-flow equivalent of the zero-point dipole (or
quivalently H0 dipole), here approximated with a linear Hubble law
the full expression yields negligible differences). We assume here

0 = 73 . 04 km s−1 Mpc −1 (A. G. Riess et al. 2022 ) for illustrative
urposes: the exact results depend minimally on the assumed H0 .
ources along the zero-point dipole direction are intrinsically fainter
i.e. have a larger zero-point), inducing a dipole in their apparent
agnitudes but not in their redshifts, since they are assumed to be

niformly distributed in volume. If the model accounts only for a
elocity dipole and not the zero-point dipole, it assigns all sources
he same zero-point and hence absolute magnitude on average.
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Figure 5. Comparison of the inferred dipole in the CF4 TFR W1 subsample 
under two different priors: uniform in the dipole magnitude or uniform in 
Cartesian components of the dipole. The latter induces a prior that favours 
larger magnitudes, resulting in a higher posterior dipole amplitude. The 
inferred direction is largely insensitive to the prior choice. Contours show 

the 1 σ and 2 σ confidence regions. 

Figure 6. Model comparison using CF4 TFR W1-like mock data sets of 
varying size (see Section 3.4 ), testing an anisotropic zero-point dipole model 
against an isotropic alternative. Mocks are generated either with a zero-point 
dipole of magnitude 0.087 (equal to the posterior mean of our constraints; 
red) or without it (blue). Larger values indicate stronger preference for the 
anisotropic model. The green lines indicate the sample size and Bayes factor 
of the CF4 TFR W1 data, which are sufficient to yield ‘decisive’ evidence on 
the Jeffreys’ scale (log B > 2, H. Jeffreys 1939 ). The shaded band shows the 
16th–84th percentile range of the Bayes factor log B across mock realizations 
of the same size. 
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V ext ( R). For reference, the shaded band shows the � CDM expectation 
computed with a top-hat filter of radius R, and the top panel displays the 
distribution of redshift distances in the CF4 W1 sample. All bands show 

the range between the 16th and 84th percentile (the width of the C15 is 
due to the β� posterior.) All cases are consistent with � CDM expectations 
except the zero-point dipole model at large radii, where the (extrapolated) 
linearly growing dipole dominates. This is however disfavoured relative to 
the more flexible radially varying V ext model. For V ext (r ), we place spline 
knots at 0 , 20 , 40 , 60 , 80 and 100 h−1 Mpc , indicated by vertical dashed 
lines. 
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onsequently, sources along the dipole direction are inferred as more 
istant. To match the isotropy of redshifts, the model compensates by 
ntroducing a negative velocity dipole along the zero-point direction, 
ence the minus sign in equation ( 22 ). 

We compare the magnitude of this bulk flow to the � CDM
xpectation, computed with a top-hat filter of radius R (see e.g. 
ection 6.1.2 of S. S. Boruah et al. 2020 ), assuming Planck 2018
osmology (Planck Collaboration VI 2020b ). This comparison is 
ssential: while the data may show a strong preference for a dipole
odel (or more generally the existence of a bulk flow), it could still

e entirely consistent with � CDM. 
We show the resulting bulk flow in Fig. 7 for three extensions of

15 : (i) a constant V ext as in our main analysis, (ii) a constant V ext 

ombined with � ZP , and (iii) a radially varying V ext ( R). (In all cases
he velocities contained within C15 are included.) As expected, the 
rst case asymptotes to a constant above R ≈ 60 h−1 Mpc , where the
onstant V ext dominates over the decaying contribution from C15 . 
he second case behaves similarly at small radii, since the zero-
oint dipole contribution scales with distance, but yields a larger 
ulk flow above R ≈ 40 h−1 Mpc and then grows linearly once the
ipole contribution dominates. Finally, the radially varying V ext ( R) 
roduces a bulk flow slightly lower than the constant V ext case at 
mall radii, higher at R ≈ 40–60 h−1 Mpc , and decaying again at
arger distances. 

In Fig. 8 we show the magnitude of V ext (r ) that is superimposed
n the C15 velocity field. The magnitude rises from 200 km s−1 at 
mall radii to about 300 km s−1 at 50 h−1 Mpc , after which it rapidly
ecays. V ext is interpolated between knots at 0 , 20 , 40 , 60 , 80 and
00 h−1 Mpc , with the magnitude at each knot sampled uniformly 
etween 0 and 500 km s−1 . Fig. 8 demonstrates that this more flexible
MNRAS 546, 1–17 (2026)
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odel is inconsistent with a linearly growing bulk flow, which would
ignal H0 anisotropy. Furthermore, above 80 h−1 Mpc inferred V ext 

s nearly consistent with zero, while the uncertainty band broadens
argely due to the lack of data and the posterior transitioning to
he prior. The posterior on the magnitude does not appreciably
roaden beyond 100 h−1 Mpc , as sufficient data remain to constrain
t at that distance; beyond this, we assume a constant extrapolation.
he V ext (r ) model has higher evidence than the V ext + � ZP model,
nd we verify that these conclusions are robust to the interpolation
cheme and number and locations of the knots. 

 DISCUSSION  A N D  C O N C L U S I O N  

e revisited recent claims of Hubble constant anisotropy from direct
istance tracers, made with the CF4 TFR W1 subsample by B25 , and
xtended the analysis to the 2MTF and SFI ++ TFR samples, as
ell as to the Pantheon + and Pantheon + Lane SN samples (the

atter being a reanalysis of Pantheon + by Z. G. Lane et al. 2024 ),
ll restricted to z < 0 . 05. Using a forward-modelling framework that
imultaneously fits the distance relation, marginalizes over distances,
nd models peculiar velocities, we tested for a dipole in the zero-
oint of the TFR and in the standardized absolute magnitude of SNs.
ince we do not apply an absolute distance calibration, this inferred
ero-point represents a degenerate combination of the underlying
istance relation zero-point and the Hubble constant. 

.1 Summary of results 

n the CF4 W1 TFR sample we infer a zero-point dipole amplitude
f 0 . 087 ± 0 . 019 mag, with more than 2 σ preference for a non-zero
ipole magnitude in SFI ++ , Pantheon + , and Pantheon + Lane as
ell. Only in the 2MTF sample, which is also the least constraining,
o we not infer a significant zero-point dipole. Under the assumption
f the underlying zero-point being isotropic and the dipole arising
rom variation in H0 alone (see equation 9 ), the CF4 result cor-
esponds to anisotropies in H0 of approximately 4.1 per cent; see
NRAS 546, 1–17 (2026)
able 2 for a summary of the main results. We have confirmed
hat these results are robust to variations in the Galactic extinction
orrection. Specifically, we tested both the original E( B −V ) values
sed in CF4 (D. J. Schlegel et al. 1998 ) and the maps of Y.-K. Chiang
 2023 ) or Planck Collaboration XLVIII ( 2016 ), jointly sampling the
xtinction coefficient RW1 in each case. 

In the CF4 sample, Bayesian evidence ratios (with a uniform
rior on dipole magnitude and isotropic orientation) strongly favour
he anisotropic model, with odds of 877 : 1. The SFI ++ sample
rovides only very weak support for anisotropy (3 : 1), while the
MTF sample very weakly prefers isotropy (2 : 1). For the two
antheon + variants, the magnitude covariance matrix prevents a
traightforward evidence computation, but the dipole magnitude is
ore than 3 . 5 σ discrepant from zero. 
Such a dipole in H0 can equivalently be interpreted as a bulk

ow that grows linearly with distance. To test if this is the preferred
adial dependence we introduce a non-parametric model of radially
arying V ext on top of the C15 field. We find that its magnitude
ncreases roughly linearly up to 50 h−1 Mpc but then rapidly decays
owards zero (see Fig. 8 ), inconsistent with any H0 anisotropy. The
nferred bulk flow from this radially varying V ext remains consistent
ith � CDM at all radii, decaying with r as expected (see Fig. 7 ).
hus, while the data favours an anisotropic model over one with a
onstant V ext , a non-linearly-rising bulk flow is preferred which does
ot challenge � CDM. The preference for a dipole in H0 is caused
y the relative inflexibility of that model and limited radial range of
he data. 

Moreover, we caution that beyond the Galactic extinction already
onsidered, other angular selection effects could mimic a dipole-like
ignal. Since our analysis constrains only a degenerate combination
f the dipole in the distance-tracer zero-point and the Hubble
onstant, the detected dipole could in principle reflect the former
ather than a cosmological origin. To mitigate this, we tested several
ndependent data sets with different calibrations and found consistent
ints of a dipole in both the TFR and SNs. For instance, in the case
f the CF4 W1 sample, B25 found no evidence of anisotropy in
he linewidths, while the use of consistent WISE photometry argues
gainst spurious calibration dipoles. Nevertheless, because the CP
s a foundational principle of the standard cosmological model,
xtraordinary evidence is required for a robust detection, warranting
urther tests with future data. 

Using CF4-like mock catalogues, we showed that a dipole of
mplitude 0.087 (the posterior mean from our CF4 inference) is de-
isively favoured (log B > 2) once the sample size exceeds ∼ 2000.
maller (mock) samples lack the statistical power to distinguish the
odels, consistent with the absence of decisive evidence in the 2MTF

nd SFI ++ samples. By contrast, after quality cuts the CF4 W1
ample contains ∼ 3200 galaxies, for which the evidence strongly
avours the anisotropic model, in line with the mock expectations.
s shown in Fig. 6 , the evidence in favour of the anisotropic
odel increases steeply with sample size, highlighting the need for

arger samples of well-calibrated distance tracers to achieve higher-
ignificance detections. Extending to higher redshifts provides one
oute: peculiar velocities become subdominant at larger distances,
educing contamination from local flows. This gain, however, is offset
y increased absolute distance uncertainties – typically ∼ 20 per cent
or the TFR and fundamental plane, and ∼ 10 per cent for Type Ia
Ns. Our work highlights however that one must be extremely careful

n claiming evidence for a fundamental anisotropy, because this may
eem to be preferred even if the data really only contains a bulk flow
onsistent with � CDM. Higher redshift data is crucial for breaking
his degeneracy because the � CDM bulk flow goes to zero at large r 
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hile an anisotropic H0 causes an effective bulk flow that continues 
o rise. 

.2 Comparison to previous work 

e compare our results for the CF4 W1 TFR sample with those of
25 , who also employ the C15 reconstruction to account for peculiar
elocities and report a dipole of magnitude 0 . 063 ± 0 . 016 mag in the
irection of ( �, b) = (142 ± 30◦, 52 ± 10◦), in good agreement with
ur measurement, though slightly lower and with smaller uncertainty. 
hey find only weak support for the anisotropic model, reporting 
dds of 3 : 1 in favour of the zero-point dipole. The discrepancy in the
ipole magnitude likely stems from a combination of the following 
actors: 

(i) Velocity assignment . While our model queries the velocity 
eld in real space, assigning velocities based on inferred real-space 
istances, B25 work in redshift space, first mapping the C15 field into
edshift space using the prescription of A. Carr et al. ( 2022 ), and then
ssigning peculiar velocities as a function of the observed redshift of
ach galaxy (while approximately undoing the fiducial V ext and β� of 
15 and applying new ones). The observed redshift together with the 
eculiar velocity then yields an estimate of the cosmological redshift 
ith a scatter of σv . This approach introduces complications in the 

o-called triple-valued zones (M. A. Strauss & J. A. Willick 1995 ),
here a given observed redshift corresponds to multiple possible 
istances along the line of sight. In such regions, the mapping 
rom redshift to peculiar velocity becomes non-unique, whereas the 
eal-space assignment used in our framework retains a one-to-one 
orrespondence between distance and peculiar velocity. B25 use 
he observed data to infer latent model parameters (cosmological 
edshift), which are then used to predict the apparent magnitude. Our 
ethod more straightforwardly forward-models the observables and 

ence avoids these complications. 
(ii) Lower redshift cut applied to the W1 sample . While B25

mpose czCMB > 3000 km s−1 , we do not apply such a cut in 
ur main analysis. We verify that applying the same cut yields 
 dipole magnitude of 0 . 062 ± 0 . 022 in the direction ( �, b) =
137 ± 19◦, 24 ± 12◦), both of which are in a better agreement with
25 than our fiducial result. 
(iii) Photometry-quality cut . B25 do not apply a photometry- 

uality cut, thus retaining approximately 1300 more galaxies in 
he CF4 TFR W1 sample. We test repeating our fiducial analysis 
ithout applying the quality cut and recover a dipole of magnitude of
 . 066 ± 0 . 018 mag in the direction ( �, b) = (128 ± 14◦, 18 ± 10◦).
his magnitude is in good agreement with B25 , though the direction

emains slightly off. 

Thus, after matching the lower redshift or photometry-quality 
ut, we find a dipole in reasonable agreement with B25 , though
he direction remains mildly inconsistent. The residual differences 
ith B25 are most likely due to the velocity-assignment scheme. 
Our work is part of the larger programme of searching for

eviations from the CP through anisotropy, which is receiving 
ncreasing attention. On the TFR side, besides B25 the studies most
irectly comparable to ours examine bulk flows in the local Universe. 
hese are strongly correlated with anisotropic Hubble expansion, 
nd indeed if the bulk flow is linearly rising, then locally they are
ndistinguishable. Claims for such behaviour include R. Watkins 
t al. ( 2009 ), R. Watkins & H. A. Feldman ( 2015 ), R. Watkins et al.
 2023 ), the latter in particular using the same CF4 data as us and
laiming a bulk flow of ∼400 km s−1 at 250 h−1 Mpc , in ∼ 5 σ
ension with cosmic variance in � CDM. However, in contrast to R.
atkins et al. ( 2023 ), we find a decaying bulk flow, consistent with
 CDM expectations. 
In our analysis we infer a dipole in the degenerate quantity aTFR +

log h (or MSN + 5 log h ). Interpreted as a dipole in H0 , this implies
hat along the dipole direction H0 is enhanced, requiring a negative 
eculiar velocity to reproduce the same observed redshift. Since 
he aforementioned studies report a dipole in peculiar velocity, we 
ompare the opposite of their inferred directions with our result. 
orking in the CMB frame, we compare our inferred dipole with

iterature estimates in Fig. 4 . The dipole direction we find in CF4
grees with both K. Migkas et al. ( 2021 ) and R. Watkins et al.
 2023 ), the latter using a larger set of CF4 data. By contrast, the
antheon + dipole direction disagrees with our TFR sample but 
atches well with the Pantheon + analysis of F. Sorrenti et al.

 2023b ), which may reflect the different redshift ranges probed. 
On the SN side, several studies find significant or semi-significant 

nisotropies, (e.g. N. Horstmann et al. 2022 ; C. Krishnan et al.
022 ; W. Rahman et al. 2022 ; Z. Zhai & W. J. Percival 2022 ; J.
. Cowell et al. 2023 ; R. Mc Conville & E. Ó Colgáin 2023 ; F.
orrenti et al. 2023a ; J. P. Hu et al. 2024 ; A. Sah et al. 2025 ;
. Sorrenti et al. 2025 ). W. Rahman et al. ( 2022 ) investigated a
ossible dipole in the distance moduli of Type Ia SNs using the JLA
ample (M. Betoule et al. 2014 ). They applied the reconstruction
f C15 to correct for peculiar velocities and found no evidence 
or anisotropic expansion. However, other than this study, typically 
hese SNs studies are at higher redshift than we consider; we have
ut our sample to be consistent with the TFR data and to remain
ithin the volume covered by the C15 reconstruction ( z < 0 . 05).

n addition the methodologies differ: instead of fitting dipoles (or 
ultipoles) some studies perform separate analyses in different parts 

f the sky, which reduces statistical constraining power but enables 
nvestigation of more general types of anisotropy. A limiting case 
f this is the ‘hemispherical fitting’ method which compares results 
n one half of the sky to the other. Sometimes the fitting is done in
rames other than the CMB frame (e.g. A. Sah et al. 2025 ), sometimes
nisotropy specifically in the direction of the CMB dipole is searched
or (e.g. C. Krishnan et al. 2022 ; Z. Zhai & W. J. Percival 2022 ), and
ometimes more sophisticated frameworks are employed (e.g. A. 
einesen 2023 ; B. Kalbouneh et al. 2023 ). The situation is therefore

till unclear as to whether SNs evince a bona fide anisotropy (though
e find evidence for it with the Pantheon + samples). We caution
owever that such results are sensitive to the peculiar velocity field,
hich is not well known beyond z ≈ 0 . 05. 

.3 Disentangling the cosmological dipole from coherent flows 

ccounting for peculiar velocities assuming the C15 reconstruction 
ay (partially) absorb a potential cosmological H0 dipole, making 

he disentanglement of a cosmological dipole in H0 from coherent 
ows challenging. In principle, anisotropies in the expansion rate 
ould imprint on the density field inferred from redshift-space po- 

itions, thereby biasing the reconstructed peculiar velocities. While 
he C15 reconstruction assumes linear theory and �CDM to relate 
he density and velocity fields via the continuity equation and growth
ate, it does not constrain the amplitude or anisotropy of the density
uctuations beyond the data itself. Consequently, any non-standard 

arge-scale anisotropy in expansion could propagate into the recon- 
tructed velocity field and be inadvertently subtracted. Nevertheless, 
he measured clustering amplitude of the 2M ++ galaxies remains 
onsistent with �CDM expectations. The present analysis therefore 
earches for any dipolar excess beyond that predicted by C15 based
n the 2M ++ galaxy positions. 
MNRAS 546, 1–17 (2026)
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To conclude, using both TFR galaxy samples and Type Ia SN
amples, we find (apparent) evidence for anisotropy in the zero-
oint calibration of the distance-tracer relation. In the CF4 and
antheon + sample, the implied variation in the Hubble constant is
t the level of 4 . 1 ± 0 . 9 and 2 . 3 ± 0 . 06 per cent, respectively. Only in
he less constraining TFR samples (2MTF and SFI ++ ) do we find
o preference between the isotropic and anisotropic model. These
esults are robust to variations in Galactic extinction but are sensitive
o the treatment of peculiar velocities, which are non-negligible
t z < 0 . 05. Without accounting for peculiar velocities, the CF4
ipole would be even larger, while the Pantheon + remains largely
naffected. We have also tested the reanalysis of Pantheon + by Z.
. Lane et al. ( 2024 ), which yields a dipole larger by 1 σ compared

o the fiducial Pantheon + data, corresponding to a variation in the
ubble constant of 2 . 8 ± 0 . 6 per cent. 
While the preference for the zero-point dipole could in principle

ndicate a genuine anisotropy in the Hubble constant, a more
lausible explanation is that it reflects local peculiar velocities not
aptured by C15 (or systematics) rather than a true cosmological
nisotropy. Allowing V ext to vary radially, we find its magnitude
ises initially and then rapidly decays to zero, yielding a bulk flow
ully consistent with � CDM. 

These results highlight the importance of continued tests of
he local Hubble flow while also underscoring the challenge of
isentangling genuine cosmological anisotropies from local peculiar
elocities. Properly accounting for peculiar velocities and systematic
ffects is crucial when using direct distance tracers in cosmological
nalyses. It is only through such close scrutiny with robust statistical
ethodology that deviations from the CP may be reliably detected. 
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PPENDI X  A :  FLOW  M O D E L  O F  S25  

1 Tully–Fisher flow model 

n this section, we summarize the flow model used in this analysis,
hich is based on our previous work in S25. For a more detailed
escription, we refer the reader to that study. We employ a forward
odel that jointly calibrates the TFR (and its dipole) while also

alibrating the local Universe reconstruction (which accounts for 
maller scale peculiar velocity modes) and other model parameters. 
or each galaxy, we have observations of its redshift, zCMB (converted 

o the CMB frame) along with its uncertainty, σz . We define its value
ultiplied by the speed of light as σcz ≡ cσz . The total redshift of a

alaxy in the CMB frame is given by 

 + zCMB = ( 1 + zcosmo ) 
(
1 + zpec 

)
, (A1) 

here zcosmo is the redshift due to cosmic expansion, and zpec = 

pec /c represents the redshift contribution from the galaxy’s line-of- 
ight peculiar velocity, Vpec . In a flat � CDM universe dominated by
on-relativistic matter and dark energy, the cosmological redshift, 
cosmo , is related to the comoving distance, r , by (e.g. D. W. Hogg
999 ) 

( zcosmo ) = c 

H0 

∫ zcosmo 

0 

d z′ √ 

�m 

(1 + z′ )3 + 1 − �m 

, (A2) 

here �m 

is the matter density parameter. The velocity field, v (r ), 
s modelled under the single-flow approximation, so that the line-of- 
ight peculiar velocity is 

pec = ( βv (r ) + V ext ) · ˆ r , (A3) 

here ˆ r is the galaxy line-of-sight unit vector, and V ext accounts for 
xternal flows originating beyond the reconstruction volume. The 
arameter β� is a calibration factor to scale the velocities predicted 
y C15 and is a function of both cosmology and the galaxy bias.
hen assuming no underlying velocity field, we effectively set 

 = 0, modelling the flow solely as V ext . A third parameter, σv ,
hich we introduce later, captures small-scale velocity dispersion 
ot accounted for by the reconstruction. 
For each galaxy we observe the apparent magnitude mobs with 

ncertainty σm 

and the linewidth ηobs with uncertainty ση (which 
s a distance-independent observable). These quantities constrain the 
alaxy distance. In S25 we introduce two latent parameters per galaxy 
o be inferred: the distance r and the true linewidth ηtrue . The TFR
elates ηtrue to the absolute magnitude M via equation ( 2 ). Converting
 to a distance modulus μ yields a predicted apparent magnitude, 

pred = μ( r) + M( ηtrue ), with the distance modulus being 

= 5 log 
dL 

Mpc 
+ 25 , (A4) 

here the luminosity distance dL is related to the comoving distance 
 by 

L = (1 + zcosmo ) r, (A5) 

ssuming a flat � CDM universe. 
We jointly infer the velocity field calibration param- 

ters, (V ext , β, σv ), the distance indicator parameters, 
 aTFR , bTFR , cTFR , σint ), the mean ˆ η and standard deviation wη

f the ηtrue prior, and potentially the zero-point dipole � ZP . 
ssuming independent sources, S25 formulate the likelihood of the 
bserved redshift, magnitude, and linewidth given the distance, true 
MNRAS 546, 1–17 (2026)
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inewidth, and the set of model parameters θ as 

 ( zCMB , mobs , ηobs | θ , r, ηtrue ) 

= N
(
c zCMB ; c zpred ,

√ 

σ 2 
v + σ 2 

czCMB 

)
×N

(
mobs ; mpred ,

√ 

σ 2 
int + σ 2 

m 

)

×N ( ηobs ; ηtrue , ση) 

p( S = 1 | ˆ η, wη) 
, (A6) 

here p( S = 1 | ˆ η, wη) is the expected fraction of retained sources
iven a truncation in ηobs . Strictly speaking, p( S = 1 | ˆ η, wη) is not
art of the data likelihood. It should multiply the product of the per-
ample likelihoods and the prior as

[
p( S = 1 | ˆ η, wη)

]−n 
, where n

s the number of galaxies in the sample. For notational convenience,
owever, we absorb it into the likelihood (see B. C. Kelly et al. 2008
or more details). The first term in equation ( A6 ) is the likelihood of
he observed redshift given the predicted value, which depends on the
nferred distance and peculiar velocity, while the second term is the
ikelihood of the observed magnitude given the predicted apparent

agnitude. Furthermore, we have that 

( S = 1 | ˆ η, wη) = 

“
d ηobs d ηtrue p( S = 1 | ηobs ) 

×L ( ηobs | ηtrue ) π ( ηtrue | ˆ η, wη) , (A7) 

here p( S = 1 | ηobs ) is a binary detection indicator between ηmin 

nd ηmax , 

( S = 1 | ηobs ) =
{ 

1 if ηmin < ηobs < ηmax , 

0 otherwise . 
(A8) 

 ( ηobs | ηtrue ) denotes the Gaussian likelihood of the observed given
he true linewidth, and π ( ηtrue | ˆ η, wη) is the Gaussian prior on the
rue linewidth. Given these assumptions, it can be shown that 

( S = 1 | ηobs ) = �

⎛ 

⎝ 

ηmax − ˆ η√ 

σ 2 
η + w2 

η

⎞ 

⎠ − �

⎛ 

⎝ 

ηmin − ˆ η√ 

σ 2 
η + w2 

η

⎞ 

⎠ , (A9) 

here � ( x) is the cumulative density function of the standard normal
istribution, defined as 

 ( x) = 1 √ 

2 π

∫ x 

−∞ 

e−t2 / 2 d t . (A10) 

e assume only a lower threshold in ηobs in CF4 and SFI ++ ,
hile in 2MTF we impose both a lower and upper threshold. We
arginalize over r and ηtrue as 

 ( zCMB , mobs , ηobs | θ ) 

=
“

L ( zCMB , mobs , ηobs | θ , r, ηtrue ) 

×π ( r | θ ) π ( ηtrue | θ ) d r d ηtrue , (A11) 

here π ( r | θ ) is defined in equation ( 6 ). Rather than modelling the
ull H I selection of the TFR sample, which is the primary reason
hy the TFR samples do not extend to higher redshifts, we follow G.
avaux ( 2016 ) and adopt an effective treatment by setting the distance
NRAS 546, 1–17 (2026)
rior to equation ( 6 ), which incorporates both the homogeneous and
nhomogeneous Malmquist bias. We may either sample r and ηtrue 

or each galaxy directly with an HMC sampler, or marginalize over
hem numerically at each MCMC step. The former is computationally
aster, while the latter yields a lower dimensional parameter space
uitable for evidence computation. Because evidence values are
entral to this work, we adopt the latter approach and evaluate the
wo-dimensional integral numerically on a grid in r and ηtrue at
ach MCMC step. We define a fixed radial distance grid ranging
rom 0.001 to 201 h−1 Mpc with a step size of 0 . 5 h−1 Mpc , which is
ufficient given that the C15 field is smoothed on scales of 4 h−1 Mpc .
or ηtrue , we adopt an adaptive binning scheme. The Gaussian

ikelihood term L ( ηobs | ηtrue ) determines the region of ηtrue that
arries non-negligible probability mass. Accordingly, for each source
e define a grid spanning ηobs ± 5 ση, discretized into 31 equally

paced steps, and evaluate the likelihood over a 402 × 31 grid at each
CMC iteration. We then marginalize over this two-dimensional

rid using Simpson’s rule. This computation is performed on GPUs
sing our JAX -based implementation. 5 To verify that the numerical
ntegration does not introduce bias, we compared the results to a
odel in which the latent parameters ηtrue were explicitly sampled

nd found the posteriors to be consistent. 
We compute the model evidence, Z , defined as the integral of the

ikelihood weighted by the prior over the parameter space, 

 ≡
∫ 

dθL ( D | θ ) π (θ) , (A12) 

here D represents the data and θ the model parameters. The ratio of
ieces of evidence between two models, known as the Bayes factor,
uantifies the relative statistical support for one model over another,
ssuming equal prior model probabilities. 

PPENDI X  B:  CF4  TFR  W 1  FULL  POSTERIO R  

n Fig. B1 , we present the posterior distribution over model pa-
ameters inferred from the CF4 TFR W1 data, with and without a
ipole in the zero-point. The parameter set includes the isotropic
FR zero-point, slope, and curvature ( aTFR , bTFR , cTFR ); the velocity
eld calibration factor β� ; the intrinsic TFR scatter ( σint ); the
edshift scatter ( σv ); the external flow parameters ( Vext , �ext , bext );
he zero-point dipole parameters ( 
ZP , �
ZP , b
ZP ); the linewidth
yperprior mean and standard deviation ( ˆ η, wη); and the distance
rior parameters ( R, n , p). 
We find a mild degeneracy between the zero-point dipole am-

litude and the magnitude of the external flow: a larger external
ow can compensate for a smaller zero-point dipole, and vice versa.
omparing the model with a zero-point dipole to the isotropic case,
e find a slight shift in the zero-point monopole, while the posteriors

or bTFR , cTFR , α, β� , σint , ˆ η, and wη remain unchanged. As expected,
ntroducing the dipole shifts the posterior on V ext , affecting both its

agnitude and Galactic latitude. 

 https://github.com/jax-ml/jax 

https://github.com/jax-ml/jax
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Figure B1. Posterior distributions for the model parameters inferred from the CF4 TFR W1 data, comparing the zero-point dipole model (red) to the isotropic 
model (black). Parameters shown include the TFR calibration ( aTFR , bTFR , cTFR ), velocity field calibration factor ( β� ), scatter terms ( σint , σv ), external flow 

parameters ( Vext , �ext , bext ), linewidth hyperparameters ( ˆ η, wη), distance prior hyperparameters ( R, n , p), and zero-point dipole parameters ( 
ZP , �
ZP , b
ZP ). 
We observe a mild degeneracy between the magnitude of the zero-point dipole and the external flow, and find that introducing a dipole shifts the inferred V ext 

while leaving other parameters largely unchanged. Contours denote 1 σ and 2 σ credible regions. 
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