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These days, research groups such as Google, Microsoft, and Rigetti are
working towards fabricating quantum devices which have hundreds to
thousands of qubits. In recently proposed quantum algorithms, i.e. hy-
brid quantum-classical algorithms, such quantum devices are used as
subroutines for calculation of classically intractable tasks. However, the
applicability of hybrid algorithms was quite limited, for example, the
search of the ground state, and simulation of the dynamics of quan-
tum systems. In addition, near-term quantum devices are expected to
be quite noisy, impairing the precision of computation seriously and
removing any potential advantages with quantum computers. There-
fore, it is necessary to extend the applicability of hybrid algorithms and
mitigate errors on quantum computers.

In this thesis, we describe the generalisation of hybrid algorithms so
that they can be applied to variety of problems, such as search of the
spectrum of quantum systems, simulation of open quantum systems
and even general mathematical tasks. The algorithm for finding spectra
is useful for applications such as new drug discovery, design of bat-
teries. Generally speaking, quantum systems of interest to physicists,
chemists, and materials scientists inevitably interact with their envi-
ronments, and quantum states are decohered. Therefore, to investigate
quantum phenomena, new algorithms simulating open quantum systems
are described in this thesis. Algorithms for general mathematical tasks
such as matrix multiplication to a vector and solving linear equations,
useful for a large number of problems, such as machine learning, are also
presented.

Furthermore, in order to make hybrid algorithms useful, we also in-
vented a practical error mitigation method for suppressing physical er-
rors, which may make hybrid algorithms useful. We showed that errors
can be suppressed for a quantum system with over 50 qubits for the
current achievable error rate, which is believed to be hard to simulate
with classical computers. Also, we generalised the error mitigation tech-
nique to be applied to mitigate algorithmic errors, which may enhance
the accuracy of Hamiltonian simulation.
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Chapter 1

Introduction

Quantum computation (QC) has been studied for over two decades and many re-

searchers believe that it is approaching realisation. QC is a completely new com-

putation method using entities such as quantum bits (qubits), which are quantum

generalisation of bits, permitting superposition and entanglement. It has been the-

oretically proven that, by using superposition and entanglement of a large number

of qubits, we can use new approaches to solving problems classical computers can-

not tackle practically. For example, it takes exponentially increasing time for even

the best known classical algorithm to factorise numbers. However, Shor’s algorithm

can solve it efficiently in a polynomial time [1]. Also, it has been shown quantum

computing enables the simulation of quantum systems such as chemical interactions

and material systems efficiently [2, 3, 4, 5].

The most serious problem for the realisation of quantum computers is that when

implementing qubits experimentally, there inevitably exist imperfections, leading to

deterioration of quantumness. This impairs the precision of computation seriously,

potentially removing any quantum advantage [6]. Therefore, methods to suppress

the error by using encoding in quantum computation have been researched for

decades [7, 8, 9, 10, 11], and it has been shown that fault-tolerant quantum compu-

tation can be achieved in principle, with error correction codes [12, 13]. Typically,
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these codes have a threshold, i.e. a level of noise below which error correction can

be successful. Sub-threshold qubits have been fabricated in superconducting sys-

tems [14] and ion trap systems [15, 16]. However, error correction techniques require

hundreds to thousands of qubits to encode logical qubits [17], and the number of

qubits necessary for postclassical factoring with Shor’s algorithm is estimated to be

several million [18], which is well beyond current quantum technology.

Meanwhile, research groups such as IBM and Google are expected to realise

quantum processors composed of over 50 qubits in the near future, which is es-

timated to be large enough that their dynamics cannot be simulated by classical

computers. Therefore, many researchers are trying to grasp what types of com-

puting can be much more efficient with such quantum devices. Recently, hybrid

quantum-classical algorithms, in which quantum processors with small number of

qubits are utilised as a subroutine and classical computers are used for optimisation,

are anticipated to be a promising candidate for the application of such quantum

devices [19, 20, 21, 22, 23, 24]. It is hoped that, as we can assign a large number

of tasks to classical computers, fully coherent operations are not required, unlike

early quantum algorithms, which need quantum error correction. Such algorithms

are shown to be useful for analysing molecular static and dynamic problems, for

example [22, 24]. In a hybrid quantum-classical algorithm, the number of qubits

per quantum processor is modest and the depth of the quantum circuit is shallow,

so that quantum computation without full quantum error correction is feasible.

However, when the hybrid quantum-classical algorithms were first proposed, the

application was limited to the estimation of the ground state of a molecule Hamil-

tonian [19]. Afterwards, quantum algorithms for simulating the real and imaginary

time were proposed. My coauthors and I further generalised the hybrid quantum-

classical algorithms so that it can be used for obtaining the spectrum of the Hamil-

tonian [25] (a similar work was also suggested in Ref. [26] almost at the same time

) and simulate the general process such as multiplication of general sparse matrix
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to a state vector, which may be useful for machine learning, and simulating open

quantum systems [27].

It is also vital to establish methods to suppress errors not relying on encod-

ing, as well as developing hybrid quantum-classical algorithms. Y. Li and S. C.

Benjamin [24] and an IBM group [28] independently invented an error mitigation

scheme without encoding, which is expected to enhance the performance of the

hybrid quantum/classical algorithm dramatically. However, these methods were

incomplete in that the tolerable error rate was low and the applicable noise models

were limited. My coauthors and I further developed the error mitigation schemes

to be applicable to variety of noises and higher error rates [29]. In addition, we

further generalised the quantum error mitigation to be applicable to mitigation of

algorithmic errors [30].

In this DPhil thesis, in the second chapter, we will explain the basic knowledge

required to understand this thesis. In the third chapter, we discuss early quantum

algorithms which require fully coherent evolution and quantum error correction, to

evaluate how costly these methods are well-beyond the current quantum technology.

In the fourth chapter, we mention hybrid quantum/classical algorithms, which may

be much more feasible for current experimental setups, where quantum devices are

used as subroutines with small quantum devices, combined with classical computers

for optimisation. In the fifth chapter, the error mitigation techniques to suppress

errors on hybrid algorithms will be discussed. From the sixth chapter on, we will

discuss the author’s contributions to this field. In the sixth chapter, we will describe

a new quantum algorithm for discovering the spectrum of the Hamiltonian. In the

seventh chapter, we will mention our quantum algorithms for simulating general

processes. In the eighth chapter, we will introduce the practical quantum error

mitigation techniques, which are applicable to high error rate and general error

models. In the ninth chapter, we will discuss the quantum error mitigation for

algorithmic errors. The thesis will conclude with a summary chapter.
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Chapter 2

Basics of quantum mechanics and

quantum computing

The aim of this section is to give the basics of quantum mechanics required later in

this thesis.

2.1 Quantum state

We will begin our description by describing pure quantum state, and introduce

mixed state subsequently. The minimum component of the conventional classical

computing is a “bit”, which is expressed by 0 or 1. Meanwhile, the minimum

component of quantum information is a “qubit”, whose decomposition into basis

states is expressed as

|ψ⟩ = α |0⟩ + β |1⟩ , (2.1)

where α, β ∈ C, satisfying |α|2+ |β|2 = 1, and |0⟩ and |1⟩ are orthogonal normalised

vectors. For example, when we use an atom with different two energy levels as a

qubit, we can use the lower energy level as |0⟩ and the upper level as |1⟩, and vice

versa. |ψ⟩ is called a state vector (or just state). p0 = |α|2 and p1 = |β|2 are
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the probabilities that the qubit is observed in state |0⟩ or |1⟩, respectively. The

difference of the qubit from classical bit is that Eq. (2.1) is interpreted that the

states |0⟩ and |1⟩ coexist, and such a phenomenon is called “superposition”. The

state vector in a quantum system can be expressed by using a Hilbert space, which

is a complete vector space, where the coefficients are complex numbers and inner

product is properly defined. The inner product of the two states |ψ⟩ and |ϕ⟩ is

denoted as ⟨ψ|ϕ⟩ ∈ C. A qubit is expressed by using the two-dimensional Hilbert

space C2. The norm of the quantum state |ψ⟩ is unity, corresponding to the fact

that the sum of the probabilities is always unity (|α|2 + |β|2 = 1).

One of other examples of quantum states is a qutrit, which is a superposition of

|0⟩, |1⟩, and |2⟩, expressed as

|ψ⟩ = α |0⟩ + β |1⟩ + γ |2⟩ . (2.2)

Similarly to the case of qubit, |0⟩, |1⟩, |2⟩ are orthnormal vectors, α, β, γ ∈ C, and

|α|2+ |β|2+ |γ|2 = 1. Also, the probabilities that the state is observed in |0⟩, |1⟩, |2⟩

are p0 = |α|2, p1 = |β|2, and p2 = |γ|2. A qutrit is expressed in a three-dimensional

Hilbert space C3. Such arguments can also be applicable to higher dimensional

quantum states as well.

2.2 Composite quantum state

Here, we explain how to mathematically express the composite quantum system

when we have two quantum systems, A and B, and corresponding Hilbert spaces

HA and HB. We denote the orthonormal basis in HA and HB as {|ψi⟩A} and {|ϕj⟩B}.

When the states in A and B are |ψi⟩A and |ϕj⟩B, we denote the state in the composite

system as

|ψi⟩A ⊗ |ϕj⟩B (2.3)

5



or simply

|ψi⟩A |ϕj⟩B , (2.4)

where ⊗ denotes the tensor product. {|ψi⟩A |ϕj⟩B} is the orthonormal basis in the

composite Hilbert space HA ⊗ HB. Given HA and HB are N and M dimensional

Hilbert space, the composite Hilbert space HA ⊗ HB becomes N ×M dimensional

Hilbert space.

Generally, the pure states in HA ⊗ HB can be written as

∑
i,j

αi,j |ψi⟩A |ϕj⟩B , (2.5)

where αi,j ∈ C, and
∑

i,j |αi,j|2 = 1 is satisfied.

If the composite system can be written as

|ψ⟩A ⊗ |ϕ⟩B , (2.6)

where |ψ⟩A =
∑

i ai |ψi⟩A and |ϕ⟩B =
∑

i bi |ϕi⟩B, the state in a composite system

is called a product state or a separable state. On the other hand, when the state

cannot be expressed as a separable state, the state is called an entangled state.

Entangle states are of great interest at the philosophical level, since when two

states are entangled it is no longer possible to understand them as independent

entities [31, 32] .

2.3 Observable and projector

Here, we consider a measurement of an observable O, such as energy, the population

of a certain level, photon number, etc. Observables are expressed by Hermitian
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operators whose eigenvalues are real, implying measurement results of observables

are also real. As O is a Hermitian operator, by using spectral decomposition, it

necessarily can be decomposed as

O =
∑
k

λkPk, (2.7)

where λk ∈ R. For simplicity we assume O is a full rank matrix. Here, Pk is called

projector and has properties such as

PkPl = δk,lPk (2.8)∑
k

Pk = I. (2.9)

Now, we assume that an error free measurement can be implemented. In this case,

one of the eigenvalues of O, λk, can be obtained as a measurement result, and the

probability corresponding to λk is

pk = ⟨ψ|Pk |ψ⟩ , (2.10)

according to the Born rule. Here, |ψ⟩ is the measured quantum state. When the

result λk (or simply we can say the result k) is obtained, the state is projected to

Pk |ψ⟩√
⟨ψ|Pk |ψ⟩

. (2.11)

This is the projection postulate, which has been verified empirically.

7



The expectation value of O is

⟨O⟩ =
∑
k

pkλk (2.12)

=
∑
k

⟨ψ|Pk |ψ⟩λk (2.13)

= ⟨ψ|O |ψ⟩ . (2.14)

2.4 Evolution of a quantum system

Here, we consider the time evolution of a closed quantum system, which is isolated

from a noisy environment. The dynamics of the quantum system is governed by a

Hermitian operator H, describing the energy in the quantum system, such as

iℏ
d

dt
|ψ⟩ = H(t) |ψ⟩ , (2.15)

which is so called the Schrödinger equation. H is called the Hamiltonian. For

simplicity, we set reduced Planck constant ℏ = 1 in this thesis. In the case H(t) is

time independent, Eq. (2.15) can be formally solved as

|ψ(t)⟩ = exp(−iHt) |ψ(0)⟩ . (2.16)

Defining the time evolution operator U(t) := exp(−iHt), U(t) is a unitary operator,

satisfying U †(t)U(t) = I, where † denotes Hermitian conjugate of operators and I is

an identity operator. When H(t) is time dependent, the expression of U(t) becomes

as

U(t) := T⃗ exp
(
− i

∫ t

0

H(t′)dt′
)

(2.17)

:=
∞∑

m=0

(−i)m
∫ t

0

dt1...

∫ tm−1

0

dtmH(t1)...H(tm), (2.18)

8



where T⃗ denotes a time ordered product operator. Also in this case, U(t) is a

unitary operator.

Assuming the quantum system is a qubit, and H = ω
2
X, ω ∈ R, X := |0⟩ ⟨1| +

|1⟩ ⟨0|, U(t) becomes rotation X operator defined as

RX(θ(t)) := exp

(
− i

ω

2
tX

)
(2.19)

= cos

(
θ(t)

2

)
I − isin

(
θ(t)

2

)
X, (2.20)

where we set θ(t) = ωt and used X2 = I, and exp(A) =
∑

k=0A
k/k!. By setting

θ(t) = π, we have RX(π) = −iX, which flips |0⟩ to |1⟩ of the state, and vice versa.

Therefore, we could build a unitary operator which implements a bit flip operation.

Similarly, by designing a Hamiltonian and evolving the state for the proper time

duration, we can realise the unitary operator which implements the task we hope

to obtain.

Two important examples are for operators Y := i(|0⟩ ⟨1| − |1⟩ ⟨0|), and Z =

|0⟩ ⟨0| − |1⟩ ⟨1|, we define rotation operators as

RY (θ(t)) := exp

(
− i

ω

2
tY

)
(2.21)

= cos

(
θ(t)

2

)
I − isin

(
θ(t)

2

)
Y, (2.22)

RZ(θ(t)) := exp

(
− i

ω

2
tZ

)
(2.23)

= cos

(
θ(t)

2

)
I − isin

(
θ(t)

2

)
Z. (2.24)

Here, operators X, Y , Z are called Pauli operators, and satisfy X2 = Y 2 = Z2 = I,
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and

[X,Y ] = 2iZ, [Y, Z] = 2iX, [Z,X] = 2iY (2.25)

where [A,B] = AB − BA. Also, it is important to note that these Pauli operators

have eigenvalues ±1.

2.5 Density matrix

Prior to this section, we discussed the case where the quantum system is closed,

isolated from a noisy environment. However, quantum systems generally interact

with the environment. Generally we will not know the exact quantum state of

the environment - we will need to use a probability distribution to describe the

environment. After interacting with the environment, our quantum system can

be no longer described only by one state vector. Suppose that, in the quantum

system of interest, we have a quantum state |ψi⟩ with the probability qi. Then, the

quantum state can be decomposed as

ρ =
∑
i

qi |ψi⟩ ⟨ψi| . (2.26)

Here, ρ is called a density matrix, a representation of a quantum state suitable for

an open system interacting with a noisy environment. If the quantum state can be

written as

ρ = |ψ⟩ ⟨ψ| , (2.27)

the quantum state is called a pure state. If the state is not a pure state, the state

is in a mixed state.

When we measure an observable O =
∑

k λkPk, the probability to have the

10



result λk is

pk =
∑
i

qi ⟨ψi|Pk |ψi⟩ (2.28)

= Tr(ρPk). (2.29)

Here, Tr is a trace of an operator, and it is defined for an operator A as

Tr(A) :=
∑
k

⟨ϕk|A |ϕk⟩ , (2.30)

where {|ϕk⟩} is an orthonormal basis, and trace is independent of the choice of the

basis. Similarly, we can have the expectation value of an observable O as,

⟨O⟩ =
∑
k

pkλk (2.31)

=
∑
k

λk
∑
i

qi ⟨ψi|Pk |ψi⟩ (2.32)

=
∑
i

qi ⟨ψi|
(∑

k

λkPk

)
|ψi⟩ (2.33)

= Tr
(
ρO
)

(2.34)

2.6 Bloch sphere representation

Considering the fact that the density matrix has a trace equal to unity and it is a

Hermitian operator, the density matrix for a two level system i.e. a qubit can be

expressed as

ρ =
I + rxX + ryY + rzZ

2
, (2.35)

where ri ∈ R, i = {x, y, z} and r2x + r2y + r2z ≤ 1. Therefore, the qubit state can

be mapped to the surface or inside of a ball whose radius is equal to unity, which

11



is called the Bloch sphere. When the state is a pure state, the state is mapped to

a surface of the Bloch sphere. If rx = ry = rz = 0, ρ = I/2, the quantum state is

called a completely mixed state.

2.7 Density matrix in a composite quantum sys-

tem

Suppose we have two quantum systems A and B, and the corresponding Hilbert

spaces are HA and HB. When the states in A and B are ρA and ρB, we can express

the quantum state in the composite Hilbert spaces HA ⊗ HB as

ρAB = ρA ⊗ ρB, (2.36)

which is called a product state. If the state is expressed as

ρAB =
∑
i

qiρ
(i)
A ⊗ ρ

(i)
B , (2.37)

where ρ
(i)
A and ρ

(i)
B are the quantum states in A and B, the state is a separable state.

A separable state only has classical correlations between systems A and B. If the

state cannot be expressed in the form of Eq. (2.37), the state is an entangled state.

2.8 Partial trace

Conversely, partial trace is a mathematical operation to derive the states of individ-

ual systems. Given the composite state ρAB, the individual state in A is described,

12



due to partial trace,

ρA := TrB(ρAB) (2.38)

:=
∑
k

⟨ϕk|B ρAB |ϕk⟩B , (2.39)

where {|ϕk⟩B} is an orthogonal basis of the Hilbert space HB. This mathematical

operation can also be applied to general operators other than density matrices. The

procedure is the same for having the individual state ρB. Also,

Tr(ρAB) = TrA(TrB(ρAB)) (2.40)

= TrB(TrA(ρAB)) (2.41)

is satisfied, which also holds for general operators. For an operator MA⊗ IB, which

only operates on the system A, we have

TrA(ρAMA) = TrAB(ρAB MA ⊗ IB), (2.42)

by using Eq. (2.41). Therefore, ρA gives the correct expectation value of the

observable in the system A, which is the reason we can use the partial trace for

knowing the individual state in a composite system.

2.9 Evolution of a density matrix in a closed quan-

tum system

Now, we discuss the evolution of a density matrix in a closed system. We assume

each quantum state |ψi⟩ of ρ =
∑

i qi |ψi⟩ ⟨ψi| obeys the Shrödinger equation (2.15),

13



obtaining

d

dt
|ψi(t)⟩ ⟨ψi(t)| =

d |ψi(t)⟩
dt

⟨ψi(t)| + |ψi(t)⟩
d ⟨ψi(t)|
dt

(2.43)

= −iH |ψi(t)⟩ ⟨ψi(t)| + |ψi(t)⟩ ⟨ψi(t)| (iH) (2.44)

= −i[H, |ψi(t)⟩ ⟨ψi(t)|]. (2.45)

Therefore, we have the equation ρ(t) follows as

dρ(t)

dt
= −i[H, ρ(t)], (2.46)

which is von-Neumann equation describing the time evolution of a density matrix

in a closed system. When H is time independent, the solution of Eq. (2.46) is

ρ(t) = U(t)ρ(0)U †(t), (2.47)

where U(t) = exp(−iHt), which is a unitary operator.

2.10 Open quantum system and Kraus represen-

tation

Generally, the quantum system interacts with the environment, and cannot be de-

scribed only with a unitary operator. Suppose the evolution of the system composed

of the quantum system we are interested in and the environment is described by a

unitary operator U . If we only consider the dynamics of the system, the dynamics

becomes non-unitary.

Now, assume that the initial state of the composite system is written as the
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product form as

ρcom = ρs ⊗ ρenv. (2.48)

Suppose the evolution of the composite system is described by a unitary operator

U and the final state becomes

ρ′com = Uρs ⊗ ρenvU
†. (2.49)

Since we are only interested in the evolution of the system, not the environment,

we apply the partial trace to ρcom to extract the evolution of the system density

matrix ρs, such as

ρ′s = Trenv
(
Uρs ⊗ ρenvU

†). (2.50)

Now, we set ρenv =
∑

k qk |ϕk⟩ ⟨ϕk|, and the orthogonal basis for taking partial trace

as {|ψl⟩}. Then we have

ρ′s = E(ρs) =
∑
k,l

qk ⟨ψl|Uρs ⊗ |ϕk⟩ ⟨ϕk|U † |ψl⟩ (2.51)

=
∑
k,l

√
qk ⟨ψl|U |ϕk⟩ ρs

√
qk ⟨ϕk|U † |ψl⟩ (2.52)

=
∑
m

KmρsK
†
m, (2.53)

where we set m = (k, l), Km =
√
qk ⟨ψl|U |ϕk⟩. Eq. (2.53) is called a Kraus

representation, and it is known that any physical process can be described by Kraus

representation [31]. The probability the process Km occurs is pm = Tr(ρK†
mKm).

It can be easily proved that the Kraus map satisfies the completeness condition∑
mK

†
mKm = I, therefore Tr(ρ′s) = 1, and the trace of the quantum state is

generally preserved, which corresponds to the preservation of the probability.
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2.11 Examples of noisy quantum process

The depolarising channel is a well-studied noisy quantum process [31]. Suppose

X,Y, Z randomly operates on a qubit with probability pd/3 respectively, with I

occurring with probability 1 − pd. In this case, the set of Kraus operators can be

written as {
√

1 − pdI,
√
pd/3X,

√
pd/3Y,

√
pd/3Z}, and the quantum process can

be expressed as

Ed(ρ) = (1 − pd)ρ+
pd
3

(XρX + Y ρY + ZρZ). (2.54)

Also, by using the identity I/2 = 1
4
(ρ + XρX + Y ρY + ZρZ), satisfied for an

arbitrary ρ, we have,

Ed(ρ) =

(
1 − 4pd

3

)
ρ+

4pd
3

I

2
. (2.55)

Therefore, we can also interpret the depolarising channel as the channel where the

quantum state is replaced with completely mixed state with probability 4pd/3.

Now, consider the case of a single qubit, and suppose ρ can be mapped to

(rx, ry, rz) when we employ the Bloch representation of a qubit. Due to the depo-

larising channel, the Bloch sphere representation of a qubit becomes as

(rx, ry, rz) (2.56)

→
((

1 − 4pd
3

)
rx,
(
1 − 4pd

3

)
ry,
(
1 − 4pd

3

)
rz

)
. (2.57)

Therefore, x, y, z coordinates shrinks uniformly. When the probabilities associated

with the X,Y, Z channels are unisotropic, we call such a quantum process inhomo-

geneous Pauli error.

Another well-known type of quantum noisy process is amplitude damping, which
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describes the energy loss from a qubit [31]. The quantum process can be written as

Ea(ρ) = K0ρK
†
0 +K1ρK

†
1, (2.58)

where

K0 = |0⟩ ⟨0| +
√

1 − γ |1⟩ ⟨1| (2.59)

K1 =
√
γ |0⟩ ⟨1| , (2.60)

and K†
0K0 +K†

1K1 = I. It can be easily checked K0 reduces the population of the

state |1⟩, and K1 changes the state |1⟩ into |0⟩. Therefore, the relaxation process

from |1⟩ to |0⟩ can be explained by using the amplitude damping.

2.12 Lindblad master equation

Here, we explain the non-unitary time evolution of an open quantum system, inter-

acting with the environment. When the open quantum system obeys the Markov

process, the dynamics can be described with Lindblad master equation [33, 34].

A Markov process is one in which the probabilistic dynamics at time t + δt de-

pends only on the time just before, t, where δt is an infinitestimal. Therefore, the

quantum state of the system ρs(t+ δt) can be described with ρs(t) by using Kraus

representation, such as

ρ(t+ δt) =
∑
m≥0

Kmρ(t)K†
m. (2.61)

Physically, this can be interpreted that the system and the environment are in the

product state, and after the system interacted with the environment from t to t+δt,

the environment is replaced with the new environment which has never interacted

with the system. As this new environment has no information with regard to the
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past of the system, the quantum state of the system obeys Markov process. Now,

we set

K0 = I + (D − iH)δt (2.62)

Km = Lm

√
δt, (2.63)

where D and H are Hermitian operator and Lm operators describing the interaction

with the environment. From completeness condition
∑

m≥0K
†
mKm = I, we have

I +

(
2D +

∑
m≥1

L†
mLm

)
δt+O(δt2) = I. (2.64)

Thus, by ignoring higher order terms of δt as it is sufficiently small, we have

D = −1

2

∑
m≥1

L†
mLm +O(δt2). (2.65)

By substituting Km in Eq. (2.61) with Eq. (2.63), we have

ρ(t+ δt) = ρ(t) − i[H, ρ(t)]δt+

(∑
m

Lmρ(t)L†
m +Dρ(t) + ρ(t)D

)
δt+O(δt2),

(2.66)

Substituting D with Eq. (2.65) and taking δt→ 0, finally we have

ρ̇(t) = −i[H, ρ(t)] +
1

2

∑
m

(
2Lmρ(t)L†

m − L†
mLmρ(t) − ρ(t)L†

mLm

)
. (2.67)

This time derivative equation is known as Lindblad master equation. Note that, H

corresponds to the system Hamiltonian and Lm are called Lindblad operators.
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2.13 Quantum circuits

In this thesis, we focus on the qubit-based circuit model of quantum computa-

tion [31]. Other types of quantum computation are adiabatic quantum comput-

ing [35, 36], one-way or measurement based quantum computing [37, 38, 39], and

continous-variable quantum computing [40, 41]. In the case of qubit-based circuit

model of quantum computation, there is a useful graphical representation for show-

ing what operations and measurements are applied to the quantum state. This

graphical representation is simply called the quantum circuit. Now we show an

example of the quantum circuit in Fig. 2.1.

|ψ⟩ X 




Figure 2.1: An example of a quantum circuit. The input state is |ψ⟩, X operation
is applied, and eventually the qubit is measured in the Z basis.

The input state is written in the leftmost of the quantum circuit, and the op-

erations applied are shown in the middle, eventually the state is measured in Z

basis, which is drawn in rightmost. When X and Y operations are applied, they

are similarly written to Fig. 2.1.

Typical gates also include the Hadamard gate and T gate, which can be ex-

pressed as in Eq. (2.68),

H =
1√
2

(X + Z)

T = exp

(
i
π

8
Z

)
,

(2.68)

and they are graphically drawn as Fig. 2.2.

We also express the rotation gate around x, y, z by rotation angle θ as Fig. 2.3.

To describe, or even approximate arbitrary input-output relationships in quan-

tum computing (so called universal quantum computing), we need to have entan-

gling operations. It has been proved that only single qubit operations and con-

trolled not (CNOT) gates, which are one of the entangling gates, are required to
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H

T

Figure 2.2: The graphical representation of Hadamard gate and T gate.

RX(θ)

Figure 2.3: The graphical representation of rotation gate around x axis by rotation
angle θ.

approximate any multi-qubit gate to any desired accuracy [42]. The CNOT gate is

mathematically expressed as

UCN = |0⟩ ⟨0|C ⊗ IT + |1⟩ ⟨1|C ⊗XT , (2.69)

where C and T denote controlled and target qubits, respectively. The graphical

representation of CNOT gate is shown in Fig. 2.4. It is worth mentioning that,

•

Figure 2.4: The graphical representation of CNOT gate.

although the gates we have introduced so far are specific fixed unitaries, we can

also consider circuits whose gates are parametrised with a classical value. This is

essential in variational quantum algorithms (VQAs) [19, 20, 21, 22, 23, 24].

|0⟩ H • H • H 




|0⟩ RZ(θ1) RX(θ2) RY (θ3) RY (θ4)

Figure 2.5: An example of a parametrised quantum circuit.
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Chapter 3

Quantum algorithms in the early

stage of quantum computing and

quantum error correction

3.1 Quantum algorithms

In this section, we briefly discuss certain quantum algorithms which were invented in

the early stage of quantum computing. Some of these algorithms have exponential

speedup over existing classical algorithms, and are expected to have a large number

of applications. However, these early quantum algorithms necessitate deep quan-

tum circuit and need to be implemented with fully coherent operations. Therefore,

a quantum error correction technique requiring encoding qubits has to be imple-

mented, which is costly in current quantum devices.

3.1.1 Quantum Fourier transform

Firstly, we mention quantum Fourier transform [43], as it has large number of

applications. The definition of quantum Fourier transform on orthonormal basis
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Figure 3.1: The quantum circuit for Quantum Fourier Transform

|0⟩, ... |N − 1⟩ is

|j⟩ → 1√
N

N−1∑
m=0

e2πjm/N |m⟩ (3.1)

To express this process using qubits, it is convenient to introduce the product

representation as follows

|j1, j2, ..., jn⟩ →
(
|0⟩ + e2π0.jn |1⟩

)(
|0⟩ + e2π0.jn−1jn |1⟩

)
...
(
|0⟩ + e2π0.j1j2...jn |1⟩

)
2n/2

(3.2)

where N = 2n, j = j12
n−1 + j22

n−2 + ... + jn20 using binary representation, and

0.jmjm+1...jn = jm/2 + jm+1/2
2 + ... + jn/2

n−m+1 is the binary fraction. This

transformation can be realized using the quantum circuit shown in Fig. 3.1, where

Rl =

1 0

0 e2πi/2
l

 (3.3)

With Fig. 3.1 and a straightforward calculation, the number of total gates

for the quantum Fourier transform turns out to scale as O(n2). On the other

hand, the best classical algorithm for computing Fast Fourier Transform requires

O(n2n) gates [44], which means the cost increases exponentially. However, this

does not immediately imply that quantum Fourier transform can be an extremely

useful tool for computing, as we cannot obtain the information of the amplitudes
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Figure 3.2: The quantum circuit for quantum phase estimation

in a quantum computer directly. In spite of that, quantum Fourier transform has

useful applications for quantum algorithms, such as quantum phase estimation and

factorisation as we discuss in the following subsections.

3.1.2 Quantum phase estimation

Phase estimation is one of the important applications of quantum Fourier trans-

form [45]. Phase estimation algorithm is the quantum algorithm with which we can

evaluate the eigenvalue e2πiϕ for an eigenstate |u⟩ of a unitary operator U . Here

we assume that the phase can be expressed by using t bits as ϕ = 0.ϕ1...ϕt =

ϕ1/2 + ϕ2/2
2 + ...+ ϕt/2

t. In this case, The crucial requirement of this algorithm is

the capability to perform the controlled U2j gate. The quantum circuit for quantum

phase estimation is shown in Fig. 3.2.

The qubits comprise of two parts: the first register with t qubits, (t is relevant

to the precision) and the second register which is used for expressing |u⟩. Also, the

algorithm consists of two stages.

Suppose, firstly the t qubit register is set to |0⟩ and the first stage corresponds

to applying Hadamard gates to the t qubit register and performing controlled U2j

gates from j = 0 to j = t successively, as shown in Fig. 3.2. Then, the state of the
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t qubit register becomes

1√
2t

(
|0⟩ + e2π2

t−1ϕ |1⟩
)(

|0⟩ + e2π2
t−2ϕ |1⟩

)
...
(
|0⟩ + e2π2

0ϕ |1⟩
)

(3.4)

=
1√
2t

(
|0⟩ + e2πi0.ϕt |1⟩

)(
|0⟩ + e2πi0.ϕt−1ϕt |1⟩

)
...
(
|0⟩ + e2πi0.ϕ1ϕ2...ϕt |1⟩

)
(3.5)

= Fq

(
|ϕ1, ϕ2, ..., ϕt⟩

)
(3.6)

Where Fq is the map for quantum Fourier transform, and we expressed ϕ =

0.ϕ1...ϕt = ϕ1/2 +ϕ2/2
2 + ...+ϕt/2

t, using the binary expression. The second stage

involves performing the inverse quantum Fourier transform F−1
q to the t qubits reg-

ister, which can be implemented with O(t2) steps, so that the final state becomes

|ϕ1, ϕ2, ...ϕt⟩. Therefore, by measuring the state in the computational basis, we can

obtain ϕ. The precision is restricted by t. For a more general case where the phase

estimation is applied to the superposition of eigenstates of U such as
∑

u cu |u⟩, the

state is projected to |u⟩ with a probability |cu|2 [46, 31].

3.1.3 Shor’s factoring algorithm

Shor’s factoring algorithm is the most well-known quantum algorithm that has

had a significant impact on the field of the quantum information. The vital point

of this algorithm is that it is practically useful: it makes factoring exponentially

faster than existing classical algorithms, and breaks the conventional public-key

cryptography such as RSA scheme based on the complexity of factoring [1]. Shor’s

factoring algorithm only requires O(L3) gates [31, 1], where L = ⌈log(N)⌉. The key

of Shor’s factoring algorithm is to use the phase estimation algorithm to solve the

order finding problem

ar ≡ 1 (mod N) (3.7)
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and to find integer r for a randomly generated in the rage 0 ≤ a ≤ N , which cannot

be solved efficiently by classical computers.

3.1.4 Quantum simulation

As the quantum system to be simulated becomes large, the Hilbert space to ex-

press it grows exponentially, thus simulating a large sized quantum system is an

intractable problem for a classical computer.

The concept of quantum simulation was proposed by Richard Feynman in 1982,

as can be seen in the quote “Let the computer itself be built of quantum mechanical

elements which obey quantum mechanical laws.” [47]. After more than a decade,

Seth Lloyd showed that quantum computers can act as the universal simulator of

quantum systems [2]. Quantum simulation is considered to be useful for a variety

of problems, including quantum chemistry.

The algorithm introduced by Seth Lloyd, generally called digital quantum sim-

ulation, is for simulating the time evolution of a quantum dynamics, and can be

implemented by using the Trotter decomposition [31]. Suppose we try to simulate

the Hamiltonian H on a quantum computer. As the formal solution of Shrödinger

equation i d
dt
|ψ(t)⟩ = H |ψ(t)⟩ is |ψ(t)⟩ = exp(−iHt) |ψ(0)⟩, the goal is to sim-

ulate the time evolution unitary operator U(t) = exp(−iHt). Assume that the

Hamiltonian can be expressed as the sum of local interactions, which is a reason-

able assumption for many quantum systems, for instance the Hubbard and Ising

models, as follows

H =
∑
k

Hk, (3.8)

where Hk is a local interaction Hamiltonian. Then, by using the first order Trotter

decomposition, we can decompose the time evolution unitary operator into local
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gates so that we have

U(t) =

(∏
k

exp
(
− iHkt/N

))N

+O
(
t2/N

)
(3.9)

For sufficiently large N , we obtain

U(t) ≈
(∏

k

exp
(
− iHkt/N

))N

(3.10)

By iteratively applying
∏

k exp
(
−iHkt/N

)
for N times, we can simulate the quan-

tum dynamics to time t. However, to enhance the accuracy we have to have large N ,

so that a larger number of gates are required, and to prevent errors accumulating,

fault tolerant quantum error correction we will mention later is required.

Also, Alán Aspuru-Guzik et al., presented a quantum algorithm which can es-

timate the ground state energy and prepare the ground state of a molecule, rather

than the time evolution of a quantum system by using a quantum phase estimation

algorithm combined with the adiabatic state preparation [3]. The idea is that in

the quantum phase estimation algorithm, by setting U = exp
(
− iHτ

)
where H

is the simulated Hamiltonian, the molecule energy E are mapped to the informa-

tion of phase as 2πϕ/τ where ϕ is the phase estimated in the algorithm. The gate

complexity of this algorithm grows polynomially to the system size and the desired

accuarcy, assuming the number of terms in the Hamiltonian grows polynomially,

and this algorithm enables exponential speedup over classical algorithms [3]. How-

ever, to implement the phase estimation, every process on the quantum circuit has

to be coherent, therefore, the performance of it is severely restricted by coherence

time of the system.
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3.2 Quantum error correction

As the main focus of the thesis is hybrid quantum-classical algorithms and quantum

error mitigation, it does not contribute to the field of the quantum error correc-

tion. However, it is important to mention quantum error correction for readers to

understand the motivation to introduce hybrid quantum-classical algorithms and

quantum error mitigation. Here, we explain the principle of fault tolerant error cor-

rection. The basic idea of any error correction code is to encode and thus protect

quantum states. Before proceeding to the discussion of quantum error correcting

codes, we briefly review the classical 3 bit code. In this encoding, the information

is encoded in 000 or 111. Suppose, these bits are sent through a noisy channel,

and flip with independent probability p. In this case, if we employ majority voting

to correct the code, the failure probability pf is pf = 3p2(1 − p) + p3, which is a

probability where errors occur to two bits or three bits. Thus, we can suppress the

error probability p to O(p2). The basic idea of the quantum error correction is the

same. However, there are some constraints in it: no-cloning theorem and collapse

of wave function by measurement.

3.2.1 Three-qubit code

Firstly, we review the most basic error correcting code, the three-qubit code with

which we can correct a qubit flip error (X error) [31].

Suppose, the qubit state we want to preserve is |ψ⟩ = α |0⟩ + β |1⟩. By using

two control NOT gates as shown in Fig. 3.3, we can encode the state as

|ψ⟩ → α |000⟩ + β |111⟩ (3.11)

However, if we naively measure the state of the qubit, the superposition is de-

stroyed. Therefore, a “syndrome” measurement is implemented, which does not

measure the state but just “parity” of the state. More concretely, using the circuit
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Figure 3.3: The quantum circuit for three qubits code

shown in Fig. 3.3, we measure Z1Z2 and Z2Z3 by using two ancilla qubits, where

Zi denotes sigma Z operator operating on the i th qubit. Depending on the signs

of these operators, we can spot what qubit was affected by errors, summarised in

Table 1. To find the value of ZAZB, in practice we can apply CNOT gates from

qubits A and B onto a target ancilla initially in |0⟩, and measure as in Fig. 3.3.

error no error qubit 1 qubit 2 qubit 3
state of ancilla 00 10 11 01
Z1Z2 +1 −1 −1 +1
Z2Z3 +1 +1 −1 −1

Table 3.1: State of the ancilla state depending on the error location and measured
value of Z1Z2 and Z2Z3

If we hope to suppress the phase flip error (Z error), we should simply change

the basis using the Hadamard gate and have the syndrome measurement of X1X2

and X2X3.

3.2.2 Shor code and Steane code

The problem of the three qubit code is that we cannot suppress bit flip and phase

flip simultaneously. Here, we mention Shor and Steane codes [7, 8], which can
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suppress arbitrary errors on a single qubit.

In the Shor code, firstly each qubit is encoded as |0⟩ → |+ + +⟩ and |1⟩ →

|− −−⟩, which protects the state from phase flip errors and secondly each |+(−)⟩

state is encoded as |±⟩ → 1√
2
(|000⟩ ± |111⟩), protecting flip errors, and hence

3 × 3 = 9 qubits are required. Then, the state is encoded as

|0⟩ → (|000⟩ + |111⟩)(|000⟩ + |111⟩)(|000⟩ + |111⟩)
2
√

2
(3.12)

|1⟩ → (|000⟩ − |111⟩)(|000⟩ − |111⟩)(|000⟩ − |111⟩)
2
√

2
(3.13)

This encoding corresponds to the syndrome measurements of the observables Z1Z2,

Z2Z3, Z4Z5, Z5Z6, Z7Z8, Z8Z9, which can detect flip errors, and X1X2X3X4X5X6,

X4X5X6X7X8X9, detecting phase flip errors. The reason we associate the observ-

ables with the code will be clarified in the later section on the stabiliser formalism.

Also, as the Y operator can be expressed as a product of X and Z, we can detect

Y errors, resulting in the capability to protect against all the arbitrary one-qubit

errors.

Furthermore, there is a similar code for protecting arbitrary errors on a sin-

gle qubit, which only uses 7 qubits (Steane code). This implements a syndrome

measurement of observables IIIXXXX, XIXIXIX, IXXIIXX, IIIZZZZ,

ZIZIZIZ, IZZIIZZ. Only I and either of Z or X is included, leading to the

convenience of this quantum code. Also, it has been shown that the minimum

code for protecting arbitrary errors on a single qubit is five qubits code [11, 10] by

Bennet and Laflamme indendently, which measures XZZXI, IXZZX, XIXZZ,

ZXIXZ.

3.2.3 Fault tolerant quantum computation

To implement quantum computation, merely encoding qubits is insufficient. If

the noise is amplified during the error correction, it can no longer be corrected.
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Therefore, we should construct the quantum circuit on the assumption that errors

can occur in every quantum operation, and even in that situation quantum error

correction should be successful. This is the concept of fault tolerant quantum

computation [12, 13]. While the details of fault tolerance techniques are beyond

the scope of this thesis, we note that the community has made considerable effort in

the design of circuits for the evaluation of quantum error correction codes that are

fault tolerant in the following sense: If a logical qubit without error enters a circuit

for error correction (for example, for the Steane 7-qubit code) then no single gate

or measurement failure can result in corruption to that logical state to the extent

that a further, perfect round of error correction would result in a logical error. This

concept is highly relevant to concatenated codes, which we now outline.

3.2.4 Concatenated codes

By recursively repeating the encoding, it is possible to suppress the error rate even

further, which is called code concatenation [48]. For example, if we use the 7 qubit

Steane code, if the failure probability of a single qubit is p, then the effective error

rate in a encoded block becomes cp2, where c is some constant. If concatenated

once, (using 49 qubits), the effective error rate reaches c(cp2)2, and with L levels of

concatenation reaching the error rate (cp)2
L
/c. Suppose that the number of gates

in the quantum circuit is Ngate, and the simulation accuracy we hope to achieve

is ϵ. In this case, the following ineaquality should be satisfied, as the acceptable

inaccuracy per gate should be below ϵ/Ngate

(cp)2
L

c
<

ϵ

Ngate

(3.14)

Thus, given p = pth ≡ 1/c, we can find L which suffice inequality (3.14).

It is important to note that the number of the gates to realise this accuracy

is O(poly(log(Ngate/ϵ))), only increasing poly-logarithmically. The problem of the
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concatenation encoding is that as L increases, it is required to have non-local en-

tangling operation, which is extremely difficult to implement in real experiments.

3.2.5 Stabiliser formalism

There exists a extremely useful formalism for expressing error correcting codes,

called the stabiliser formalism [49] . In the explanation above, we expressed states

using a state vector. Meanwhile, the coding space can be a defined as the eigenspace

with eigenvalue 1 of chosen Pauli operators. To give an example, in the three

qubit code, syndrome measurement is implemented by measuring observables Z1Z2

and Z2Z3, which are stabilisers. Also, the operators for syndrome measurements

used in Steane code IIIXXXX, XIXIXIX, IXXIIXX, IIIZZZZ, ZIZIZIZ,

IZZIIZZ are also stabilisers to define Steane code. It can be easily shown the

eigenspace of eigenvalue 1 corresponding to these operators is a space spanned by

vectors |000⟩ and |111⟩, which is obviously the coding space of the three qubit code.

Then, suppose the flip error X1 occurs. The noise affected state is X1 |ψ⟩ and

Z1Z2X1 |ψ⟩ = −X1Z1Z2 |ψ⟩ = −X1 |ψ⟩, using anti-commuting relationship of X1

and Z1Z2. From this simple argument, by the effect of X1 noise, the measurement of

the stabiliser operator gives the measurement result −1, which signals the existence

of errors. Therefore, we can detect the action of operators which takes the state

out of the code space as noise, due to the noncommutative relationship between

stabiliser operators and noise operators.

3.2.6 Topological error correction codes

Here, we discuss topological error correction codes [50]. Topological error correction

codes are codes that have stabilisers which are spatially local and products of Pauli

operators, and have translational symmetry. As examples of topological codes,

there are the surface code [51], color code [52], 3D cubic code [53], and fractal

code [54]. Here we mainly illustrate the surface code.
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Figure 3.4: The schematic figure for surface code. White circles correspond to
data qubits. Blue plaquettes denotes the stabilizer XXXX with the central yellow
circles corresponding to the ancilla qubit to measure it. Gray plaquettes denotes
the stabilizer ZZZZ with the central red circles corresponding to the ancilla qubit
to measure it.

In Fig. 3.4, we show the schematic of the surface code, where white circles are

data qubits. The surface code specifies the code space by operators (XXXX)i and

(ZZZZ)j, where i and j corresponds to the plaquettes shown in Fig. 3.4, the central

circles of which are qubits for syndrome measurements of these operators. The size

of the surface code can be arbitrarily large, resulting in lower failure probability. A

key advantage of topological codes to note is that only local operations to plaquette

operators are required for error correction, unlike the case using concatenation code,

leading to an easier route to the scalability of the quantum processors. We also show

the schematic of the smallest two-dimensional colour code in Fig. 3.5. It is worth

mentioning that it is equivalent to the Steane 7-qubit code.

It was shown that by using the surface code, quantum computation is possible

with the per-step fidelity around 99 %, and eventually in 2014, John Martinis’s

group reported they reached single qubit gate fidelity 99.92 %, and 2 qubit gate

fidelity 99.4 % with 5 qubit device, which is above the threshold [14]. Also, by util-

ising ion trap system, single qubit fidelity 99.9999 % was realised in 2014 [15], with

2 qubit gate fidelity 99.91 % attained in 2015 [16]. These high fidelities quantum
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Figure 3.5: The schematic figure for the smallest two-dimensional colour code.
White circles correspond to data qubits. S

(i)
X(Z) (i = 1, 2, 3) in the figure correspond

to the stabilisers specifying the code. The smallest two-dimensional colour code is
equivalent to the Steane 7-qubit code.

gates are very encouraging, but it remains unclear if the fidelities can be achieved

with larger numbers of qubits.
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Chapter 4

Hybrid quantum/classical

algorithms

4.1 Hybrid quantum/classical algorithms

As seen in the previous section, for fault tolerant quantum devices based on today’s

prototypes, it is necessary to use hundreds, or even thousands of physical qubits to

encode a logical qubit. It has been shown that to execute a conventional quantum

algorithm, such as Shor’s algorithm, millions of qubits are required [18], which is

well beyond the current technologies.

On the other hand, it is believed that it is possible to implement some compu-

tation tasks exponentially faster than classical computers, by combining quantum

computers and classical computers [19, 20, 21, 22, 23, 24]. The intuition is, as a large

portion of the computational burden is assigned to the classical computer, fully co-

herent deep circuits are not required, unlike quantum algorithms in the early stage

of quantum computing, which need quantum error correction. Such algorithms are

called hybrid quantum/classical algorithm. Also, to suppress computation errors,

we can use quantum error mitigation techniques we will mention later in this thesis,

which do not require encoding. This leads to a significant reduction of necessary
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qubits required to outperform classical computers. These algorithms are studied

intensely as some research groups such as Google and IBM are working towards re-

alising the small quantum devices which may be useful for hybrid quantum/classical

algorithm composed of tens or hundreds of qubits. In this section, we illustrate the

current development of hybrid quantum/classical algorithms.

4.1.1 Variational quantum eigensolver

The variational Quantum eigensolver (VQE) is an algorithm to evaluate eigen-

energies and eigenstates of some Hamiltonian H, theoretically proposed and ex-

perimentally demonstrated in the same publication in 2013 for HeH+ using two

qubits with a photonic quantum processor [19]. The VQE can be contrasted with

the quantum phase estimation (QPE) algorithm, which also can evaluate eigen-

energies of a given Hamlitonian, but requires fully coherent evolution [3]. On the

other hand, the essential point of the VQE is that it does not need fully coherent

evolution, and so the coherence time does not have to be as long as the one required

for QPE algorithm.

A concise explanation of the VQE is as follows [19, 21, 22]. We generate the

parametrised trial wave function |Φ(θ⃗)⟩ by using a quantum processor. According

to the Rayleigh-Ritz variational principle, the following inequality holds;

⟨Φ(θ⃗)|H |Φ(θ⃗)⟩ ≥ EG, (4.1)

where EG is the lowest energy eigenvalue of the HamiltonianH, and θ⃗ = (θ1, θ2, ...., θn)T

is a vector of independent parameters. Therefore, by calculating ⟨Φ(θ⃗)|H |Φ(θ⃗)⟩ and

optimising parameter θ⃗ by using a classical computer, we can find the ground state

energy and the parameter θ⃗ giving the ground state.

If the trial state is characterised by an exponentially large number of param-

eters, quantum simulation cannot be implemented with a polynomial number of

35



operations. Therefore, the quantum state has to be parametrised by a polynomial

number of parameters. For general problems this may mean that the true ground

state cannot be represented exactlly by the trial state (only approximated). When

we parametrise the trial state as

|Φ(θ⃗)⟩ = U(θ⃗) |Φref⟩ , (4.2)

where |Φref⟩ is a reference state, we refer to |Φ(θ⃗)⟩ as the ansatz state, and U(θ⃗)

as the ansatz circuit. To have an efficient quantum simulation, it is vital to use a

suitable ansatz for the problem. For example, the unitary coupled cluster ansatz

is a suitable ansatz for chemistry, because it reflects the detailed structure of the

chemistry problem [55, 19, 56]. However, the structure of the quantum circuit

tends to be complicated when the unitary coupled cluster ansatz is used, and hard

to implement by using the current noisy quantum devices with limited connectivity.

This can be circumvented using so called “hardware efficient ansätze” , which are

experimentally more feasible to implement [19, 23, 20]. However, hardware efficient

ansatz does not consider any details of simulated quantum systems, therefore it

seems unsuitable for the simulation of large molecules [57].

To simulate molecules, firstly we consider the fermionic Hamiltonian

Hf =
∑
ij

tijc
†
icj +

∑
ijkl

uijklc
†
ic

†
kclcj, (4.3)

where c†j denotes a creation operator for a fermion in the j-th orbital, and tij and

uijkl are the one and two electron interactions, which can be efficiently calculated

by integrating the basis set wave functions [58, 59]. We map this Hamiltonian

to qubits, by using second quantised encoding methods, such as Jordan-Wigner,

parity, and Bravi-Kitaev encodings [3, 60, 61]. For example, by using Jordan-
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Wigner transformation

c†i → I⊗i−1 ⊗ σ− ⊗ σ⊗N−i
z (4.4)

ci → I⊗i−1 ⊗ σ+ ⊗ σ⊗N−i
z (4.5)

where I is an identity operator, σ± is a raising (lowering) ladder operator, and σz

is a Pauli Z operator, we can map the fermion Hamiltonian to the form

Hq =
∑
α

fασα. (4.6)

Here, σα = σα1
1 ⊗ σα2

2 ⊗ ...σαM
M with Pauli operators σ

αj

j ∈ {Ij, σj
x, σ

j
y, σ

j
z}, which

can be described using a quantum circuit composed of qubits. Then, the cost

function corresponding to the energy to be minimized E(θ⃗) = ⟨Φ(θ⃗)|Hq |Φ(θ⃗)⟩ =∑
α fα ⟨Φ(θ⃗)|σα |Φ(θ⃗)⟩ can be computed by calculating the expectation value of

Pauli operators σα in the quantum circuit and summing up with appropriate coef-

ficients fα. The measurement of σα can be parallelised.

The time required after state preparation until measurement is O(1) and we can

reinitialise the quantum circuit. This implies that the VQE does not require as long

a coherence time as is necessary for phase estimation [3]. Once we have obtained

E(θ⃗), we update the parameters by using a classical computer. A fast and accurate

optimisation method should be chosen, so that the solution can reach the global

minimum (or feasible solution) in a reasonable time.

The downside of this algorithm is the total number of operations is O(ϵ−2)

for precision ϵ due to shot noise [19, 22], which is quadratically worse than phase

estimation. In addition, the solution is not necessarily correct: the solution might

be a local minimum of the ansatz space.

The VQE was experimentally demonstrated by several groups [19, 20, 62, 63,

64, 65, 66]. For example, it was demonstrated for BeH2, which has a far more com-

plex structure than HeH+, using 6 qubits with superconducting circuits by IBM
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group [20]. In Fig. 4.1, we show the experimental results obtained from supercon-

ducting system [20].

Figure 4.1: Ground state energy of BeH2 depending on the inter-atomic distance,
obtained using the VQE with a superconducting system. Black circles represent
experimental results, the dotted line shows the exact theoretical curve, and den-
sity plots correspond to numerical simulations of this experiment. This figure is
reproduced from Ref. [20].

Furthermore, the VQE can also be used for finding an approximate solution

of classical optimization problems such as MaxCut. This is called the quantum

approximate optimization algorithm [23].

It is worth noting that the VQE is inherently robust to coherent errors, such

as qubit over rotation [22]. Suppose the ansatz space for the VQE is described by

the unitary operator UA(θ⃗). Due to the effect of the noise, the actual operation is

described by some different unitary operator ŨA(θ⃗). If there exists the parameter

θ⃗ + α⃗ such that ||UA(θ⃗) − ŨA(θ⃗ + α⃗)|| < ϵ for sufficiently small ϵ > 0, ŨA(θ⃗ + α⃗)

also gives the correct ground state energy, hence the parameter to give the ground

state just changes to θ⃗opt + α⃗ from θ⃗opt.
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Furthermore, consider the case the ansatz should conserve some quantity, such

as the total electron number of the molecule [22]. If an error changes the conserved

quantity, the argument discussed above cannot be applied. However, this problem

can be resolved by optimising the modified cost function

⟨Φ(θ⃗)|H +
∑
j

βj(Qj − qjI)2 |Φ(θ⃗)⟩ , (4.7)

where {Qj} is the set of the operators for conserved quantities, qj is the correspond-

ing ideal expectation value of Qj, and βj is the penalty coefficient which should be

sufficiently large. For instance, if the ansatz space of interest is a subspace of the

eigenspace of the fixed electron number such as unity, we should set qj = 1. Now, if

the state gets in the wrong subspace whose electron number is 2, the cost function

increases by βj. Therefore, the parametrised state tries to avoid subspace other than

qj = 1. Consequently, we can explore the parameter space whose electron number

is unity, i.e., the eignesubspace of electron number operator, whose eigenvalue is

unity.

Moreover, we can also utilise quantum error mitigation techniques to suppress

physical and even algorithmic error, which we will consider in a later section [24,

28, 29, 30].

4.1.2 Real and imaginary time evolution quantum simula-

tor

There are also variational quantum algorithms for simulating real and imaginary

time evolution, introduced in Ref. [24] and [46], respectively. The real time evolu-

tion is described by the Schrödinger equation,

d |ψ(t)⟩
dt

= −iH |ψ(t)⟩ , (4.8)
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with hermitian Hamiltonian H. Instead of directly simulating the real time dy-

namics with the Hamiltonian simulation algorithms [2, 67, 68, 69], the variational

method assumes that the quantum state |ψ(t)⟩ is prepared by a parametrised quan-

tum circuit, |φ(θ⃗(t))⟩ = UN(θN) . . . Uk(θk) . . . U1(θ1) |0̄⟩ with each gate Uk(θk) con-

trolled by the real parameter θk. Here, we denote θ⃗ = (θ1, θ2, . . . , θN).

There are three variational principles which can be used in classical simulation of

quantum dynamics in order to map the equation of the wave function to the param-

eters: The Dirac and Frenkel variational principle [70, 71], McLachlan’s variational

principle [72], and the time-dependent variational principle [73, 74]. The solution of

the Dirac and Frenkel variational principle involve complex numbers, although pa-

rameters for gates in a quantum variational algorithm are real. The time-dependent

variational principle gives the unstable evolution of the parameters, and no physi-

cally feasible equation is obtained when it is applied to the simulation of the density

matrix. McLachlan’s principle is the most consistent variational principle for the

cases we will mention in this section, so that we use McLachlan’s variational prin-

ciple [75].

According to McLachlan’s variational principle [72], the real time dynamics of

|ψ(t)⟩ can be mapped to the evolution of the parameters θ⃗(t) by minimising the

distance between the ideal evolution and the evolution induced of the parametrised

trial state [24],

δ∥(∂/∂t+ iH) |φ(θ⃗(t))⟩ ∥ = 0, (4.9)
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where ∥ |φ⟩ ∥ = ⟨φ|φ⟩ is the norm of |φ⟩, and

∥(∂/∂t+ iH) |φ(θ⃗(t))⟩ ∥ = ((∂/∂t+ iH) |ϕ(θ⃗(t))⟩)†(∂/∂t+ iH) |ϕ(θ⃗(t))⟩)

=
∑
k,j

∂ ⟨φ(θ⃗(t))|
∂θk

∂ |φ(θ⃗(t))⟩
∂θj

θ̇∗kθ̇j

+ i
∑
k

∂ ⟨φ(θ⃗(t))|
∂θk

H |φ(θ⃗(t))⟩ θ̇∗k − i
∑
k

⟨φ(θ⃗(t))|H∂ |φ(θ⃗(t))⟩
∂θk

θ̇k

+ ⟨φ(θ⃗(t))|H2 |φ(θ⃗(t))⟩ .

(4.10)

Suppose θ̇k can be complex, then we have

δ∥(∂/∂t+ iH) |φ(θ⃗(t))⟩ ∥ =
∑
k

((∑
j

∂ ⟨φ(θ⃗(t))|
∂θk

∂ |φ(θ⃗(t))⟩
∂θj

θ̇j + i
∂ ⟨φ(θ⃗(t))|

∂θk
H |φ(θ⃗(t))⟩

)
δθ̇∗k,

+

(∑
j

∂ ⟨φ(θ⃗(t))|
∂θj

∂ |φ(θ⃗(t))⟩
∂θk

θ̇∗j − i ⟨φ(θ⃗(t))|H |φ(θ⃗(t))⟩
∂θk

)
δθ̇k

)
.

(4.11)

Now, assuming θ̇k is real, we have

δ∥(∂/∂t+ iH) |φ(θ⃗(t))⟩ ∥ =
∑
k

(∑
j

(
∂ ⟨φ(θ⃗(t))|

∂θk

∂ |φ(θ⃗(t))⟩
∂θj

+
∂ ⟨φ(θ⃗(t))|

∂θj

∂ |φ(θ⃗(t))⟩
∂θk

)
θ̇jδθ̇k

(4.12)

+ i

(
∂ ⟨φ(θ⃗(t))|

∂θk
H |φ(θ⃗(t))⟩ − ⟨φ(θ⃗(t))|H∂ |φ(θ⃗(t))⟩

∂θk

)
δθ̇k

)
= 0.

(4.13)

Thus, we obtain

∑
j

Mk,j θ̇j = Vk, (4.14)

with coefficients

Mk,j = Re

(
∂ ⟨φ(θ⃗(t))|

∂θk

∂ |φ(θ⃗(t))⟩
∂θj

)
,

Vk = Im

(
⟨φ(θ⃗(t))|H∂ |φ(θ⃗(t))⟩

∂θk

)
.

(4.15)
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It is worth noting that, in order to get optimal performance, we need an extra

parameter corresponding to the (meaningless) global phase [75]. We can also derive

similar equations by using the Dirac and Frenkel variational principle and the time-

dependent variational principle.

The imaginary time evolution is used as an efficient optimisation routine to

find the ground state of molecular Hamiltonian, or the Hamiltonian in which the

solution of the optimisation problem is encoded [46]. For imaginary time evolution,

the normalised Wick-rotated Schrödinger equation is obtained by replacing t = iτ

in Eq. (4.8) [76],

d |ψ(τ)⟩
dτ

= −(H − ⟨H⟩) |ψ(τ)⟩ . (4.16)

Applying a similar procedure for real time evolution, the imaginary time evolution

is mapped to the evolution of the parameters via McLachlan’s principle,

δ∥(∂/∂τ +H − ⟨H⟩) |φ(θ⃗(τ))⟩ ∥ = 0. (4.17)

The evolution of the parameters is

∑
j

Mk,j θ̇j = Ck, (4.18)

with M given in Eq. (4.15) and C defined by

Ck = −Re

(
⟨φ(θ⃗(τ))|H∂ |φ(θ⃗(τ))⟩

∂θk

)
. (4.19)

The M , V , and C terms can be efficiently measured with quantum circuits.

Considering gate based circuits, the derivative of the parameterised gate can be
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(|0⟩ + eiθ |1⟩)/
√

2 X • X • H 




... ...

|0̄⟩ U1 Uk−1 σk,i Uk Uj−1 σj,q

(a)

(|0⟩ + eiθ |1⟩)/
√

2 X • X • H 




... ...

|0̄⟩ U1 Uk−1 σk,i Uk UN
σj

(b)

Figure 4.2: Quantum circuits that evaluate (a) Re(eiθ ⟨0̄|U †
k,iUj,q |0̄⟩) and (b)

Re(eiθ ⟨0̄|U †
k,iσjU |0̄⟩) [24, 46, 75].

expressed as

∂Uk

∂θk
=
∑
i

gk,iUkσk,i, (4.20)

where σk,i are unitary operators and gk,i are complex coefficients. The derivative of

the trial state can be written as

∂ |φ(θ⃗(t))⟩
∂θk

=
∑
i

gk,iUk,i |0̄⟩ , (4.21)

where

Uk,i = UNUN−1 · · ·Uk+1Ukσk,i · · ·U2U1. (4.22)

The Mk,j terms can be expressed as

Mk,j =
∑
i,q

Re
(
g∗k,igj,q ⟨0̄|U

†
k,iUj,q |0̄⟩

)
. (4.23)

Similarly, considering a sparse Hamiltonian with decomposition H =
∑

j fjσj, fj ∈
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R, we have Ck and Vk as

Vk =
∑
i,j

Re
(
ig∗k,ifj ⟨0̄|U

†
k,iσjU |0̄⟩

)
,

Ck = −
∑
i,j

Re
(
g∗k,ifj ⟨0̄|U

†
k,iσjU |0̄⟩

)
,

(4.24)

All the M , C, and V terms can be written in the form

aRe
(
eiθ ⟨0̄| V |0̄⟩

)
,

where a, θ ∈ R depend on the coefficients, and V is a unitary operator of either

U †
k,iUj,q or U †

k,iσjU . We can calculate M , C, and V by using the quantum circuit

shown in Fig. 4.2.

Then, the flow of the algorithm for simulating the real time evolution is

1. Determine θ⃗(0)

2. Send it to the quantum computer and calculate Mk,j and Vk.

3. Send the calculated Mk,j and Vk to classical computer and obtain
˙⃗
θ(0) by

solving Eq. (4.15).

4. We have θ⃗(δt) = θ⃗(0) + δt
˙⃗
θ(0)

5. Send θ⃗(δt) to the quantum computer and calculate Mk,j and Vk.

By iterating process 3 - 5, we can obtain the state at time t after real time

evolution. By changing Vk to Ck, we can simulate the imaginary time evolution.

We show the numerical simulation result of the variational imaginary simulation

in Fig. 4.3 for H2 with 2 qubits [46]. It successfully simulates the exact imaginary

time evolution. Also, it has been verified that imaginary time evolution was useful

for finding the ground state of LiH with 6 qubits compared with other classical

optimisation methods, with regard to the convergence time for optimisation and the

probability for discovering the ground state [46]. In the simualtion, the hardware

efficient ansatz was used.
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Figure 4.3: Numerical simulation of the energy of H2 under imaginary time simu-
lation. The blue line denote the variational imaginary evolution, with the dashed
black line corresponding to the exact imaginary time evolution. The red line is
the exact ground state energy of H2. The inset figure shows the fidelity of the
variational imaginary evolution and the exact imaginary evolution. The plots are
reproduced from Ref. [46].
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Chapter 5

Quantum error mitigation

5.1 Error mitigation techniques

The idea and techniques about quantum error mitigation described in this chapter

are built upon by author’s research as explained in chapter 7. It is essential to

suppress the computation errors in quantum algorithms. Due to imperfections of

gate operations, such as decoherence, errors can accumulate in the quantum circuit,

so that the noisy output state ρnoise becomes

ρnoise = NNtot ◦ GNtot ◦ · · · ◦ N1 ◦ G1(ρinit), (5.1)

where the ideal operation can be expressed as ρideal = GN ◦GN−1...G1(ρinit). Here, Nk

is the noise channel accompanying the kth ideal gate operation Gk, Ntot is the number

of gates, and ρinit is the initial input state for the quantum circuit. As explained

in section 3.2, the noisy output state can be corrected with fault tolerant error

correction that utilises extra qubits to detect errors and correct the state. However,

fault tolerant error correction is considerably costly and is hard to realise with

current quantum hardware as seen in the previous section. Therefore, it is desirable

in hybrid quantum/classical algorithms to use all qubits as logical qubits without the

conventional error correction technique, as the number of qubits is restricted. The
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hybrid quantum/classical algorithms rely on the ability to calculate the expectation

value of some observables using quantum processors [19, 24, 75, 46, 22]. For noisy

intermediate-scale quantum devices with a restricted number of qubits, quantum

error mitigation methods mentioned in this section require no extra qubits and can

suppress errors for expectation values of observables with simple post-processing

of different runs of the quantum circuits. More concretely, although we cannot

recover the ideal output state ρideal with quantum error mitigation technique, we

can estimate the ideal expectation value ⟨Âideal⟩ = Tr(ρidealÂ) for observables Â [24,

28, 29].

5.2 Extrapolation technique

Now, we explain the Richardson extrapolation error mitigation methods [24, 28, 29].

These methods were proposed by Li & Benjamin and an IBM group, indepen-

dently [24, 28]. We show the schematic figure for showing the linear extrapolation

(or first order Richrdson extrapolation) in Fig. 5.2.

Figure 5.1: The schematic figure showing extrapolation technique.

For a noisy circuit with error strength ε, the noisy output state ρε deviates from

the ideal noiseless state. For example, for stochastic errors

Nk = (1 − p)I + pN ′
k, (5.2)
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we can set ε ∝ p, where I is the identity map, N ′
k is a noise map, and p ∈ [0, 1]

denotes the strength of the noise. The noisy expectation value ⟨Â⟩ (ε) can be

regarded as a function of ε and it can be Taylor expanded according to different

orders of ε,

⟨Â⟩ (ε) = ⟨Â⟩ (0) +
n∑

j=1

Ajε
j +O(εn+1), (5.3)

where Aj is independent of ϵ and ⟨Â⟩ (0) is the noiseless expectation value. For

a considerably small ε, we have ⟨Â⟩ (ε) ≈ ⟨Â⟩ (0). With several different noisy

expectations ⟨Â⟩ (ε) for different ε, error mitigation is able to infer the noiseless

expectation value ⟨Â⟩ (0) to a higher accuracy.

Suppose the expectation value of the observable ⟨Â⟩ (ε) is measured for several

rescaled noise rates ajε with a0 = 1 < a1 < a2... < an, which can be achieved by

increasing the physical noise, by rescaling the Hamiltonian parameters and evolution

time of the system [28]. We will explain the method to boost the physical error rate

later. Then we can estimate ⟨Â⟩ (0) by Richardson extrapolation method [77],

⟨Â⟩est (0) =
n∑

i=0

γi ⟨Â⟩ (aiε),

=
n∑

i=0

γi ⟨Â⟩ (0) +
n∑

j=1

Ajε
j

n∑
i=0

γia
j
i +O(εn+1)

= ⟨Â⟩ (0) +O(εn+1),

(5.4)

where γi is chosen such that
∑n

i=0 γi = 1,
∑n

i=0 γia
j
i = 0 for j = 1, 2, . . . , n, so that

higher order terms of ε cancels out as
∑n

j=1Ajε
j
∑n

i=0 γia
j
i = 0. By extrapolat-

ing n points with different error strengths, we can accurately estimate ⟨Â⟩ (0) and

suppress the error to O(εn+1). When n = 1, we call it linear or two-point extrap-

olation; when n = 2, we call it 2nd order Richardson or three-point extrapolation.
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The variance of the estimation ⟨Â⟩est (0) is

Var(⟨Â⟩est (0)) =
n∑

i=0

γ2i Var(⟨Â⟩est (aiε)). (5.5)

Suppose the variance Var(⟨Â⟩est (aiε))
2 are similar for different error strengths, the

variance of the estimation ⟨Â⟩est (0) is
∑n

i=1 γ
2
i times larger than the variance of each

measurement Â(ε). Therefore, to achieve the same shot noise of each measurement

Â(ε), we need to run the circuit
∑n

i=1 γ
2
i more times and we denote

Γphys =
n∑

i=1

γ2i (5.6)

as the cost of physical error mitigation. Note that, it is numerically confirmed that

Γphys generally increases exponentially to n in Ref. [78]. We can thus only choose

a small constant value of n in practice in order to avoid such an exponentially

increasing cost.

For example, when we estimate ⟨Â⟩est (0) by using linear extrapolation with

error rates ε and rε (r > 1), ⟨Â⟩est (0) = r/(r − 1) ⟨Â⟩ (ϵ) − 1/(r − 1) ⟨Â⟩ (rϵ), and

assuming Var
[
⟨Â⟩ (ϵ)

]
= Var

[
⟨Â⟩ (rϵ)

]
Var
[
⟨Â⟩est (0)

)
] =

1 + r2

(1 − r)2
Var
[
Â(ε)

]
, (5.7)

thus we obntain

Γphys =
1 + r2

(1 − r)2
, (5.8)

which is a monotonically decreasing function of r. The resource cost can be reduced

with a larger r, however with an increase of the estimation error. Therefore, one

needs to optimise r by taking into account the shot noise due to finite samples and

the error due to the extrapolation method.
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Firstly, in Fig. 5.2, we show the result from the IBM team [28] where the

extrapolation enhances the accuracy of the expectation value of a randomly chosen

Pauli operator from a certain quantum circuit, for three types of noise: depolarising

noise, mixture of damping and dephasing noise, and non-Markovian noise, where

each qubit is coupled to its single qubit bath bi via a Hamiltonian Vi = 1/2Xi⊗Xbi +

1/2Zbi . We can see that the more the sampling point n is, the better accuracy we

obtain. However, note that as we increase n, the variance increases exponentially,

therefore there is a tradeoff between the accuracy of the expectation value and the

sampling error.

Figure 5.2: The performance of extrapolation technique for three types of noise
models: depolarising noise, mixture of damping and dephasing noise, and non-
Markovian noise, where qubits are coupled with some qubit bath. The vertical axis
shows the deviation from the ideal value, and horizontal axis is noise rate. n of λn

in the figure denote the number of sample points for extrapolation. The larger n
is, the smaller the deviation becomes dramatically. This figure is reproduced from
Ref [28].

Also, Li & Benjamin applied linear extrapolation with the real time quantum

simulator [24]. We show how the efficient variational quantum simulator plus ex-

trapolation scheme works in the regime ⟨Â⟩ (ϵ) behaves linearly in Fig. 5.2. Three

different simulation methods are compared. The simulated system is three qubit 2D

Ising model with transverse fields. The metric of the computation error is the trace

distance from the ideal state. Trotterrisation of an evolution operator is a standard
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method to simulate the dynamics of quantum systems, and physical errors accu-

mulate as shown in Fig. 5.2. Also, while the errors accumulate in the variational

real time simulation algorithm, we can combine it with extrapolation technique to

mitigate the error in a low level.

Figure 5.3: Numerical simulations of trace distance of ideal state and simulated
states, using conventional Trotterization, an efficient variational quantum simulator
(hybrid), and efficient variational quantum simulator plus extrapolation technique
(hybrid with error reduction) in the presence of depolarizing channel, whose error
rate is 0.01 percent for single qubit gates and 0.1 percent for 2 qubits gate. Vertical
axis is trace distance and horizontal axis is time. It is obvious that the hybrid
algorithm with error mitigation can suppress the error. This figure is reproduced
from Ref. [24].

Recently, the error mitigation technique using the Richardson extrapolation

was implemented experimentally by an IBM group [79]. By using the noisy data

and extrapolating them, they could reproduce the ground state energies of the H2

(with 2 qubits) and LiH (with 4 qubits) molecules, utilising the hardware efficient

ansatz with the superconducting circuit qubits. Also, the ground state of an anti-

ferromagnetic four-qubit Heisenberg model on a square lattice with a transversal

magnetic field was simulated. The result obtained from the extrapolation tech-
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nique is fed to the optimisation routine and this process is iterated. As a classical

optimisation method, simultaneous perturbation stochastic approximation (SPSA)

algorithm was used.

Figure 5.4: The experimental demonstration of extrapolation. The result of energies
(a) H2 and (b) LiH, depending on the interatomic distance. The inset shows the
connectivity of qubits. we can see that more accurate energy can be obtained due
error mitigation. For (a), the depth of the quantum circuit is 2, and for (b) 3. This
figure is reproduced from [79].

5.2.1 The method to boost the physical error rate

By rescaling the Hamiltonian parameters and the evolution time, we can effectively

boost the error rate [28]. We outline how this can be done in a system where the

quantum gates are implemented by applying control pulses as in the superconduct-

ing system in Ref [28]. Now, we assume the quantum system (also including the

system’s quantum circuits) is described by stochastic equation for density matrix

d

dt
ρλ = −i[H(t), ρλ] + λL(ρλ), (5.9)
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where H(t) is a time dependent Hamiltonian, L is a stochastic effect, which can be

time dependent, and λ is a noise strength. The goal is effectively increasing a noise

strength λ to cλ, where c > 1. Now, we rescale the Hamiltonian to 1
c
H( t

c
), which is

experimentally achieved by reducing the pulse strength to 1/c times and widening

the pulse width by c times. Now, suppose the state ρλ evolves in this setup, and

we have

d

dt
ρ′λ = −i

[
1

c
H

(
t

c

)
, ρ′λ

]
+ λL(ρ′λ). (5.10)

Now we show ρ′λ(ct) = ρcλ(t), which means by evolving the state under rescaled

Hamiltonian for c times longer, we can effectively boost the error by factor of c. We

assume L is independent of rescaling and H(t). Now we define ρa(t) := ρ′λ(ct), set

t′ = ct and we have

d

dt
ρa(t) =

dt′

dt

∂

∂t′
ρ′λ(t′)|t′=ct (5.11)

= c

{
− i

[
1

c
H

(
t′

c

)
, ρ′λ(t′)

]
+ λL(ρ′λ(t′))

}∣∣∣∣
t′=ct

(5.12)

= −i[H(t), ρ′λ(ct)] + cλL(ρ′λ(ct)) (5.13)

= −i[H(t), ρa(t)] + cλ(ρa(t)). (5.14)

On the other hand, the equation ρcλ(t) follows is

d

dt
ρcλ(t) = −i[H(t), ρcλ(t)] + cλL(ρcλ(t)). (5.15)

(5.16)

Also ρa(0) = ρcλ(0), and we can see ρa(t) and ρcλ(t) has the same time derivative

equation. Then we have ρ′λ(ct) = ρcλ(t).
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5.3 Quasi-probability method

An IBM group also proposed another type of error mitigation technique [28], called

quasi-probability method or probabilistic error cancellation method. The main

idea is to simulate the ideal unitary processes by randomly varying the noisy gates.

Suppose that formally the ideal unitary process U can be expressed using noisy

operations Ki

U =
∑
i

ηiKi (5.17)

= γ
∑
i

pisgn(ηi)Ki (5.18)

where
∑

i ηi = 1, γ =
∑

i |ηi|, pi = |ηi|
γ

, and generally γ ≥ 1. Here, U and Ki

are superoperators, and U(ρ) = UρU †, where U is a unitary operator correspond-

ing to U . Thus, by randomly generating noisy operation Ki with probability pi,

and attaching the sign sgn(ηi) to the measurement result when measuring some

observable, averaging the results, and multiplying γ to that value, we can obtain

the error free expectation value of the observable corresponding to the ideal unitary

process U . Note that the variance becomes γ2 times greater, and we need to have

γ2 greater samples to have the same accuracy as the ideal case, which is the cost of

this method.

For example, suppose that the gate operation U is affected by depolarizing errors

as DU . The aim is to remove the effect of the noisy operator D, and this can be done

by applying D−1 mathematically. Now, the depolarising channel can be written as

D(ρ) = (1 − 3

4
p)ρ+

p

4
(XρX + Y ρY + ZρZ), (5.19)
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and the inverse channel can be exressed as

D−1(ρ) = (1 +
3p

4(1 − p)
)ρ− p

4(1 − p)
(XρX + Y ρY + ZρZ) (5.20)

= γD−1 [p1ρ− p2(XρX + Y ρY + ZρZ)], (5.21)

where γD−1 = (p+ 2)(2 − 2p) > 1, p1 = (4 − p)/(2p+ 4), and p2 = p/(2p+ 4).

Therefore, U can be described as

U = D−1DU (5.22)

= γD−1 [pIDU − p2(XDU + YDU + ZDU)], (5.23)

where I, X , Y and Z are superoperators for I ,X, Y , and Z operators respectively.

Then, from this expression, quasi-probability operation is constructed. We show

the schematic figure for the construction of the quasi-priobability method in Fig.

5.5.

It has been shown that amplitude damping error can be suppressed using the

identity, S gate, S−1, and the initialization to |0⟩. For two qubits gate errors, the

necessary operations to suppress the error can be expressed as the tensor product

of the operations for single qubit gate.

Suppose that this error mitigation technique is applied in a quantum circuit,

and these error mitigation operations are applied after each gate. In this case, the

overhead coefficient γgate can be expressed as

γgate = ΠNtot
i=1 γi (5.24)

where γi is the overhead coefficient for error suppression operation after i the gate,

and Ntot is the total number of the gates. In Fig. 5.6, we show the result of

probabilistic error cancellation technique.

Note that this technique needs the full knowledge of nature of noise associated
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Figure 5.5: The schematic figure for quasi-probability method in the case of depo-
larising channel. We randomly generate I, and X,Y, Z with probabilities p1 and
p2, and when X,Y, Z is generated, we multiply −1 to the measurement result and
store it. We repeat the experiment and calculate the average value of the values
obtained. Finally, we multiply the overhead coefficient γ to the average value, which
approximates the ideal expectation value free from errors.
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Figure 5.6: The performance of probabilistic error cancellation. The vertical axis is
the number of simulated circuits and horizontal axis is the deviation from the ideal
value. When mitigation is on, while the mean of deviation become closer to 0, the
variance become broader due to cost. The simulated circuit is randomly generated
ideal Clifford+T circuits on n = 6 qubits with the depth d = 20. This figure is
reproduced from Ref [28].
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with each gate, via process tomography. However, there are errors for preparing

the initial state and measurements, therefore the conventional process tomography

leads to imperfections in this error mitigation method. Also, there is a restriction

that this scheme cannot be used for non-Markovian noises such as correlated er-

rors. Furthermore, in the IBM group paper, only depolarising errors and amplitude

damping errors were mentioned. Also, it is worth mentioning that they implicitly

assume that error suppression operations are perfect, (for example, I, X, Y , Z op-

erations for depolarising errors, ) however, there is necessarily some noise to these

operations. Considering these points, this method has to be generalised to other

types of noise and noises to the error suppression operations should be taken into

account so that this technique would be utilised in real experiments. This topic will

be addressed in Chapter 8.

5.4 Other quantum error mitigation methods

5.4.1 Quantum subspace expansion

The quantum subspace expansion technique Ref. [80, 62] is designed to mitigate

errors in VQE and also it enables the calculation of the excited energy eigenstates.

This method can considerably suppress stochastic errors such as depolarising and

dephasing errors. By using VQE, we can find an approximate ground state |ψ0⟩.

Such a ground state may deviate from the true ground state |ψGS⟩ due to errors in

the whole process. For example, when |ψGS⟩ = X1 |ψ0⟩, we can simply apply a X

operation to |ψ0⟩ to get the correct ground state. However, in general, we do not

know which error occurred to the state, so we should instead consider expansion of

the state in a subspace {|σiψ0⟩}, with Pauli matrix σi. Then, one can measure the

matrix representation of the Hamiltonian in the subspace,

Hij = ⟨ψ0|σiHσj |ψ0⟩ . (5.25)
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As the subspace states are not orthogonal to each other, we should also measure

the overlap matrix

Sij = ⟨ψ0|σiσj |ψ0⟩ . (5.26)

By solving the generalised eigenvalue problem

HC = SCE, (5.27)

with eigenvectors C and diagonal matrix of eigenvalues E, we can obtain the error

mitigated spectra of the Hamiltonian, including the excited states. This would be

true in general when the chosen subspace {|σiψ0⟩} can represent the full Hilbert

space. However, this is unclear when there is a noise to the measurement of Pauli

operators σi. Also, it requires exponentially large number of Pauli operators, and in

practice we have to choose suitable set of Pauli operators. In Ref [62], this method

was experimentally demonstrated and it successfully discovered the spectrum of H2.

5.4.2 Stabiliser based method

The stabiliser based error mitigation technique uses the information related to the

conserved quantities [81, 82, 83]. When we use the spin and particle number con-

serving ansatz, if the change of such preserving numbers is detected, we can say

there is an error in the quantum circuit. We define the parity operators such that

P̂N |ψ⟩ = (−1)N |ψ⟩, and P̂N↑↓ |ψ⟩ = (−1)N↑↓ |ψ⟩, where N is the number of particles

and N↑↓ are the number of up and down spins, respectively. If the eigenvalues of

parity operators change, an error exists, and this detection procedure is similar to

stabiliser measurement in quantum error correction. If the error is found, the state

can be discarded, and the state can be prepared again, to reduce the error. We can

implement the stabiliser measurement of P̂N and P̂N↑↓ by adding ancilla qubits to

the register qubits, or by taking additional measurements and post-processing.
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5.4.3 Individual error reduction

In Ref. [84], another type of error mitigation technique was proposed, which uses

the expectation value obtained from the state with all the noise sources active, and

expectation values from the state where the each error source is reduced, in the

scenario that there are multiple noise sources. Suppose the error process after each

quantum gate is described by Lindblad master equation,

dρ

dt
= L(ρ) =

∑
i

Li(ρ), (5.28)

where Li describes some noise process. Now, we compute

ρ̃(T ) = ρ(T ) −
m∑
j=1

1

gj
(ρ(T ) − ρj(T )), (5.29)

where ρ(T ) is the state after applying gates under noise process described by Eq.

(5.28), T is the total evolution time and ρj(T ) is the state which evolves under the

noise process where Lj is removed to the ratio gj. (If gj = 1, the noise process Lj

is completely removed. ) Now, the following relationship can be shown

ρ̃(T ) = ρideal(T ) +O(τ 2), (5.30)

where ρideal(T ) is the ideal output state in the quantum circuit, free from errors

and τ is the evolution time for the noise process each after the gate. The first

order error O(τ) is completely removed. Hence, when we would like to obtain

the expectation value Tr(ρideal(T )Â) for an observable Â, we can estimate it by

computing the expectation value of Â for ρ(T ) and ρi(T ), and linearly combining

the results, following Eq. (5.29). As this method assumes a nearly perfect removal

of noise with error correction, it is relatively unrealistic on current quantum devices

compared with other error mitigation methods.
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Chapter 6

Variational quantum algorithm for

evaluating excited states

This is the first research chapter, describing work performed by the author and

coworkers. The research has been published as Ref. [25]. The knowledge of excited

states of molecular and materials systems allows us calculate photodissociation

rates and absorption bands [85, 86]. They are useful for designing and predicting

the behaviour of solar cells [87, 88]. Also, it is desirable to calculate the excited state

energy and states for chemical reaction analysis, necessary for creating new drugs,

and new methods of mass production of industrially useful materials [59, 89]. There

are some proposals for evaluating excited state energies based on the VQE, such as

the quantum subspace expansion method [80, 62] and witness-assisted variational

eigenspectra solver (WAVES) [90]. However, each method has limitations. For the

quantum subspace expansion method, many additional measurements are required,

and WAVES needs a controlled e−iHt evolution, implying deep quantum circuit is

necessary.

In Ref. [25], we proposed a quantum algorithm which can evaluate the energy

levels of a Hamiltonian sequentially, by using imaginary time evolution and the

shallow swap test [91, 92] for evaluating the overlap of two input wave functions [25].
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The steps are as follows: by using the recently proposed variational imaginary time

evolution simulator [46], we evaluate the ground state. Then, feeding information

of the ground state to the quantum circuit with the shallow swap test circuit, we

can effectively penalise the ground state from the original Hamiltonian, and hence

we can obtain the first excited state. By repeating this process, we can sequentially

evaluate the eigenenergies and eigenstates of the Hamiltonian. The advantage of

this method is that this algorithm only utilises shallow depth circuits. This method

paves the way to deeper analysis of the structure of quantum Hamiltonians and

systems.

The author of the thesis conceived the idea, and the coauthor Tyson Jones

implemented the numerical simulations.

6.1 Evaluations of excited energy using imagi-

nary time evolution

Here, we explain about our new variational algorithm for finding the energy spec-

trum. This method uses the imaginary time evolution for optimisation, and the

shallow swap test for penalising the ground state to find the excited states. A

similar method was proposed simultaneously by Higott et al., [26], and they used

the conventional VQE. We briefly review the variational imaginary time evolution

algorithm below [46]. We introduced real and imaginary time evolution earlier in

section 4.1.2. The ideal imaginary time evolution follows

d |ψ(τ)⟩
dτ

= −(H − ⟨H(τ)⟩) |ψ(τ)⟩ . (6.1)

When we simulate this equation by using a variational ansatz

|φ(θ1(τ), θ2(τ), θ3(τ)..., θM(τ))⟩ := |φ(θ⃗(τ))⟩ , (6.2)

62



equations of the parameters are

∑
j

Mij θ̇j = Vi (6.3)

where

Mij = Re

(
∂ ⟨φ(θ⃗(τ))|

∂θj

∂ |φ(θ⃗(τ))⟩
∂θi

)
(6.4)

Vi = Re

(
⟨φ(θ⃗(τ))|H∂ |φ(θ⃗(τ))⟩

∂θi

)
. (6.5)

Therefore,
˙⃗
θ = M−1V . However, in some cases M is unstable to directly calculate

the inverse matrix, such that the result becomes unsmooth. We can use Tikhonov

regularisation [93] to minimise

∥V −M ˙⃗
θ∥ + λ∥ ˙⃗

θ∥ (6.6)

where there is a trade off between keeping
˙⃗
θ small and smoothness, depending on

the choice of λ. The norm used here is Euclidean norm.

Here, we discuss the number of measurements required for the conventional VQE

and imaginary time. In order to obtain the gradient vector in VQE, we need to have

O(NVNHNp) measurements, where NV is the number of measurements to achieve

required precision for each element of the gradient vector, NH is the number of

terms of the Hamiltonian and Np is the number of parameters in the ansatz. The

gradient vector in VQE is the same as V , therefore to populate V , we also need to

have O(NVNHNp) measurements. For imaginary time evolution, we need to have

O(NMN2
p ) measurements to populate M, whereNM is the number of measurements

to achieve a required precision for each element of M.

Now, suppose we can replace the Hamiltonian H with H+a |g̃⟩ ⟨g̃| in variational

imaginary time evolution, where |g̃⟩ is an estimate of the ground state previously
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discovered with imaginary time evolution, a is a positive value sufficiently larger

than the energy gap. This corresponds to penalising the state |g̃⟩ energetically.

Now the ground state for the new Hamiltonian is no longer |g̃⟩ but |ẽ1⟩ (the first

excited state). When we hope to obtain |ẽ2⟩, we replace the Hamiltonian with

H + a |g̃⟩ ⟨g̃| + b1 |ẽ1⟩ ⟨ẽ1|. Generally, if we can prepare the effective hamiltonian

H + a |g̃⟩ ⟨g̃| +
∑N

j=1 bj |ẽj⟩ ⟨ẽj|, we can obtain N + 1 th excited state |ẽN+1⟩.

To simulate the imaginary time evolution governed by the effective Hamiltonian

H + a |g̃⟩ ⟨g̃| , we should calculate the term V vector such as

Vi = Re

(
∂ ⟨φ(θ⃗(τ))|

∂θi
H |φ(θ⃗(τ))⟩ + a

∂ ⟨φ(θ⃗(τ))|
∂θi

|g̃⟩ ⟨g̃|φ(θ⃗(τ))⟩
)

(6.7)

Practically, we do not directly modify the Hamiltonian, as that requires full tomog-

raphy of the state vector, which is exponentially costly. The second term can be

rewritten as

aRe

(
∂ ⟨φ(θ⃗(τ))|

∂θi
|g̃⟩ ⟨g̃|φ(θ⃗(τ))⟩

)
=
a

2

∂

∂θi
| ⟨φ(θ⃗(τ))|g̃⟩ |2 (6.8)

≈ a

2

| ⟨φ(θi + δθi)|g̃⟩ |2 − | ⟨φ|g̃⟩ |2

δθi
, (6.9)

with small δθi, and each term can be evaluated with the swap test, which evaluates

the overlap of the two input wavefunctions.

In [91, 92], an algorithm using constant depth circuits and post processing for

calculating the overlap of wavefunctions was introduced, (which was constructed

with a machine learning approach). Our method for finding excited states can use

this shallow swap test. The state overlap of the state ρ and σ can be evaluated

as follows. The circuit is shown in Fig. 6.1. We apply CNOT gates, by setting

qubits which express ρ as control qubits, and qubits for σ as target qubits. Then,

Hadamard gates are applied transversally to the qubits for ρ. Measurement of an

observable
⊗N

n=1Cn corresponds to the measurement of the overlap of two input

64



Figure 6.1: Schematic of swap test using a shallow depth circuit. This circuit
evaluates the overlap of two input density matrix ρ and σ, shown in the figure.

states, where

Cn = |0⟩ ⟨0|nρ ⊗ |0⟩ ⟨0|nσ + |1⟩ ⟨1|nρ ⊗ |0⟩ ⟨0|nσ + |0⟩ ⟨0|nρ ⊗ |1⟩ ⟨1|nσ − |1⟩ ⟨1|nρ ⊗ |1⟩ ⟨1|nσ .

(6.10)

(|0⟩nρ(σ) denotes that the n th pair qubit which belongs to ρ(σ), and N is the number

of pairs.) This can be accomplished using following post processing. Firstly we

consider the measurement of C1. If the measurement result is |0⟩1ρ⊗|0⟩1σ, |0⟩1ρ⊗|1⟩1σ

and |1⟩1ρ ⊗ |0⟩1σ, we assign measurement result c1 = 1, and when the result is

|1⟩1ρ ⊗ |1⟩1σ, we assign c1 = −1. Similarly, we measure Cn and obtain cn. Then,

the measurement result of the observable
⊗N

n=1Cn can be obtained as
∏N

n=1 cn. By

repeating this process and averaging over the results, we can evaluate the overlap

function Tr(ρσ).

The advantage of this scheme over the original swap test is that the total number

of the gates is 2N . (2N is also the number of qubits in the quantum circuit.

The conventional swap test circuit requires 23Nq − 21 gates [94, 31], where Nq is

the number of qubits including the ancilla qubit, as we will mention in the later

section.) The CNOT and Hadamard gates can be applied in parallel, which means

the quantum algorithm can be implemented with the constant depth circuit.

Another method to compute the overlap is proposed in Ref. [26]. Suppose |g̃⟩ =

U(θ⃗g) |0̄⟩, where U(θ⃗) is the ansatz unitary. Now, the overlap term | ⟨g̃|φ(θ⃗)⟩ |2 =
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| ⟨0̄|U †(θ⃗g)U(θ⃗) |0̄⟩ |2 can be computed as, by applying U(θ⃗) and inverse operation

of U(θ⃗g) to |0̄⟩ , and measure the probability to obtain |0̄⟩. This method does not

require SWAP test and halves the number of qubits, however, requires double the

depth of the quantum circuit.

6.2 Numerical simulation results

Here, we explain about the numerical simulation results, which were implemented

by Tyson Jones. Now, we applied our new methods to two systems: 3SAT prob-

lem Hamiltonian and LiH Hamiltonian, with two types of ansätze; the low depth

circuit ansatz [95] and the compact ansatz [46]. The low depth circuit ansatz is a

chemically motivated ansatz. The compact ansatz is firstly introduced in Ref. [46],

and successfully discovered the ground state of LiH. The number of parameters in

both two ansätze scale linearly.

6.2.1 Benchmark by evaluating the spectrum of 3SAT Hamil-

tonian

The Boolean satisfiability problem is finding the set of variables which are either

True or False and can be encoded into 1 and 0 respectively, satisfying the condition

that all clauses given in propositional formula are true [96]. Each variable in clauses

is with or without negation (turning True into False, or vice versa), and if there

is at least one true valuable in each clause, the clause becomes true. For example,

suppose the problem to find the set of variables as follows:

(x1 ∨ x2) ∧ (x1 ∨ x̄2) ∧ (x̄1 ∨ x̄2) = True. (6.11)

where x̄ denotes the negation of the variable x, ∨ and ∧ are OR and AND, meaning

y1 ∨ y2 outputs 1 when either y1 or y2 is 1, otherwise 0, and y1 ∧ y2 = y1y2. In this
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problem, x1 = 1 (True) and x2 = 0 (False) is the solution.

Now, any clause (e.g. x1 ∨ x2 ∨ x̄3) is only violated by one specific set of values

(in this example, (x1, x2, x3) = (0, 0, 1) = (F, F, T )). Suppose we introduce numbers

n1, n2, n3 with ni = +1 if Boolean value xi appears in direct form (i.e. as xi), and

ni = −1 if xi appears in negated form (i.e. as x̄i). Now we use qubit mapping True

→ |1⟩, False → |0⟩, and notice

H =
1

23
(1 + n1Z1)(1 + n2Z2)(1 + n3Z3) (6.12)

has zero energy for all z-basis states except the state corresponding to the violated

state.

When we have several clauses, we can map each clause in the form of Eq. (6.12),

and the Hamiltonian should be linear combination of each Hamiltonian.

Now, we applied our new algorithms for finding the spectrum of the 3SAT

Hamiltonian. It is worth noting that for 3SAT problems, the spectrum of the

Hamiltonian is in general of no interest, and evaluating the ground state is our

goal. Therefore, finding the spectrum and the excited states is not so necessary for

3SAT problems, and this is simply a benchmark of this algorithm by using 3SAT

Hamiltonian. 3SAT Hamiltonian has an equally spaced spectrum and each energy

has a large number of degeneracies.

We randomly generated 3SAT problems with 16 to 18 variables and approxi-

mately 4.27 clauses per variable which maximises the chance that there will be a

unique satisfying solution. We select two such cases and used these to demonstrate

our quantum algorithm. We show the evolution of the expectation value of the

energy ⟨φ(θ⃗(τ))|H |φ(θ⃗(τ))⟩ in Fig. 6.2, and verified our algorithm successfully

discovered the spectrum. Note the order that the spectrum is found is not always

in order. For example, for qubit number 16, the right figure of Fig. 6.2, the first

excited state is discovered before the ground state.
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Figure 6.2: The expectation value of the energy when we implement imaginary
time evolution with energy penalisation for 3SAT problem. The left figure is the
Hamiltonian with 18 qubits and the right figure with 16 qubits. It is not necessarily
that the energy spectrum is found in order. The evolution of the expected energy
is discontinuous at some points, and this is because the Hamiltonian is updated to
include the penalisation for already discovered states. Labels in the figures indicate
the number of degenerate states. The figures were produced by Tyson Jones.

6.2.2 Search of the spectrum of LiH

Now we move on to the simulation of LiH molecule. To obtain the 2nd quantised

Hamiltonian, we chose STO-3G basis, where three gaussian functions are used to

approximate Slater type orbital for expressing the distribution of electrons [58, 59].

In this case, LiH has 12 spin orbitals as 2 × ({1S}H + {1S, 2S, 2Px, 2Py, 2Pz}Li).

These 12 orbitals can be mapped to 10 qubits by using Bravi-Kitaev encoding [61]

and restricting to non-ionic states with four electrons. For some numerical results,

we further reduced the number of orbitals and the number of qubits is reduced to

6. This reduction would give a nonphysical spectrum, although it is still useful for

testing our algorithm.

By examining the natural molecules orbital basis, we can reduce the number

of orbitals. This basis diagonalises the single-particle reduced density matrix (1-

RDM). Now, we remove the diagonal component whose occupation is close to 1 or 0,

as these orbitals are just fulfilled or empty. Then we remove the fermionic operators

68



corresponding to the removed orbitals [64, 46]. Now, we map the 2nd quantised

Hamiltonian into qubit form by using some encoding method. In our 6 qubit and

10 qubit simulation, we have removed two qubits by using the conservation of spin

number and electron number. We used Open Fermion, an open source package for

quantum computational chemistry [97], to carry out all these processes.

As a result of the transformation mentioned above, the Hamiltonian for LiH

molecule can be written as the linear combination of Pauli operators with coefficients

H =
M∑
j

hj
∏
i

σj
i , (6.13)

where σj
i is one of I,X, Y, Z Pauli operators. M scales as O(N4

o ), where No is the

number of orbitals. The Hamiltonian includes terms which are associated with all

the qubits, such as XY Y XY Y for 6 qubit LiH Hamiltonian.

Our algorithm also worked for 6 qubit LiH Hamiltonian. We show the result

in Fig. 6.3. As a comparison, we also show the result obtained from the case that

the optimisation method is conventional gradient descent method, which implies

imaginary time evolution is superior method for optimisation. In the case of gradient

descent, noneigenstates are found, and subsequently the Hamiltonian is modified

incorrectly. Also, we show the energy spectrum of the converged states in Fig. 6.4.

It is clear that the state is trapped in noneigenstates in the case of gradient descent.

Next, we simulated the dependence of the spectrum of LiH on the interatomic

distance by using 10-qubit Hamiltonian. We used 70 and 145 parameters for the

compact and the low depth ansätze, respectively. The compact ansatz shows good

agreement with the exact spectrum, even though the number of parameters is much

fewer than the Hilbert space size 210 = 1024. The reason the accuracy for the ground

state is not so good might be insufficient ability to generate the ground state. When

we used low depth ansatz with 145 parameters, the performance has been improved

in accuracy and discovery of degenerate states. In both cases, around interatomic
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Figure 6.3: The expectation value of the energy when we implement the imaginary
time evolution algorithm with energy penalisation for the 6-qubit LiH Hamilto-
nian. We used the low depth ansatz with 56 parameters. The top figures show
the expectation value of the energy. Again, the evolution of the expected energy
is discontinuous at some points, and this is because the Hamiltonian is updated to
have the penalisation for already discovered states. Horizontal dashed and coloured
lines correspond to exact eigenvalues of the Hamiltonian. The bottom plots are
population of the eigenstate included in |φ(θ⃗(τ))⟩. (a) Imaginary time. we verified
that the trial state converges to the eigenstate (other regions than I, II, III), or su-
perposition of the degenerated eigenstates (Region I, II, III). (b) Gradient descent.
In regions I, II and III, the state converge to the noneigen state. The figures were
produced by Tyson Jones.
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Figure 6.4: The 6-qubit LiH Hamiltonian spectrum at the converged point. We
simulated this by using low depth ansatz and compact ansatz, with 56 and 42
parameters, respectively. We see that imaginary time performs significantly bet-
ter whereas gradient descent generates an unreliable spectrum. The figures were
produced by Tyson Jones.
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distance l ≈ 2.5Å, the accuracy decreases, which also has been observed in recent

VQE experiments. The intuition is, at around l ≈ 2.5Å, the system is undergoing

bond breaking, and the static correlation and dynamic correlation are competing,

leading to a highly entangled state, which is difficult to be produced by the ansatz

with insufficient power.

6.3 The effect of shot noise

The shot noise affects the solution of Eq. (6.3). Now, the solution
˙⃗
θ in Eq. (6.3)

can be written as

˙⃗
θ = (M0 + δM)−1(V0 + δV), (6.14)

where M0 and V0 are noise free M matrix and V vector, δM and δV originate

from errors, e.g., physical errors such as dephasing and shot noise. Here we focus

on the effect of shot noise. Assuming the effect of shot noise is sufficiently small,

i.e., each matrix component pf δM is small enough, and the singular value of it is

much smaller than that of M0, so that ∥M−1
0 δM∥ ≤ ∥M−1

0 ∥∥δM∥ ≈ 0 (the norm

used here is the Frobenius norm). Now,

˙⃗
θ =

(
M0(I + M−1

0 δM)
)−1

(V0 + δV)

= (I + M−1
0 δM)−1

0 M−1(V0 + δV)

≈ (I −M−1
0 δM)(M−1

0 V0 + M−1
0 δV)

≈ ˙⃗
θ0 + M−1

0 δV −M−1
0 δM ˙⃗

θ,

(6.15)

where
˙⃗
θ0 is the error free ideal solution of Eq. (6.3), and we used (I−M−1

0 δM)(I+

M−1
0 δM) = I − (M−1

0 δM)2 ≈ I, thus (I + M−1
0 δM)−1 ≈ I − M−1

0 δM. The

second and third term indicate the effect of shot noise. Then, the effect of the shot
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Figure 6.5: The 10-qubit LiH Hamiltonian spectrum versus interatomic distance.
We simulated this by using low depth ansatz and compact ansatz, with 70 and 145
parameters for 10000 and 40000 iterations at each bond length, respectively. The
line labels indicate the degeneracy for both the true and discovered states. The
figures were produced by Tyson Jones.
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noise can be written as

∥δ ˙⃗
θ∥ = ∥ ˙⃗

θ − ˙⃗
θ0∥ (6.16)

= ∥M−1
0 δV −M−1

0 δM ˙⃗
θ∥ (6.17)

≤ ∥M−1
0 ∥∥δV∥ + ∥M−1

0 ∥2∥V0∥∥δM∥. (6.18)

Now, we introduce the number of measurements Nm, and by using the coefficients

for the simulated Hamiltonian H =
∑

j fjσj and ones introduced in Eq. (4.21),

∥δM∥ ≈
2

[∑
k,j

(∑
i,q |g∗k,igj,q|

)2] 1
2

√
Nm

,

∥δV∥ ≈
2

[∑
k

(∑
i,j |g∗k,ifj|

)2] 1
2

√
Nm

+
aNp

2δθ
√
Nm

.

(6.19)

Note that the second term of ∥δV∥ comes from the penalising previously discovered

states by using the swap test, and Np is the number of penalised states. Therefore,

∥ ˙⃗
θ∥ can be written as

∥δ ˙⃗
θ∥ ≤ ∆√

Nm

(6.20)

where

∆ = 2

([∑
k

(∑
i,j

|g∗k,ifj|
)2] 1

2

+
aNp

4δθ

)
∥M−1

0 ∥ + 2

[∑
k,j

(∑
i,q

|g∗k,igj,q|
)2] 1

2

∥M−1
0 ∥2∥V0∥.

(6.21)

In Ref. [24], it is shown the implementation error due to shot noise to update
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parameter from
˙⃗
θ(t) to

˙⃗
θ(t+ δt) is

D(|ψ(0)(θ⃗0(t+ δt))⟩ , |ψ(θ⃗(t+ δt))⟩) =

√
δ⃗̇θTAδ⃗̇θδt2 +O(δt3), (6.22)

Ai,j =
⟨ψ(θ⃗(t))|
∂θj

|ψ(θ⃗(t))⟩
∂θi

− ⟨ψ(θ⃗(t))|
∂θj

|ψ(θ⃗(t))⟩ ⟨ψ(θ⃗(t))| |ψ(θ⃗(t))⟩
∂θi

(6.23)

where |ψ(0)(θ⃗0(t+ δt))⟩ denote corresponds to the noise free parameter update

θ⃗0(t) = θ⃗(t) +
˙⃗
θ0δt, and D(|ϕ1⟩ , |ϕ2⟩) is the trace distance between two states.

Therefore, the total implementation error due to the shot noise from time t = 0 to

t = T is

DI ⪅
√
∥A∥max∥δ⃗̇θ∥maxT

=
√

∥A∥max
∆maxT√
Nm

(6.24)

Thus, in order to limit the effect of the shot noise to ϵs as

ϵs ≤
√

∥A∥max
∆maxT√
Nm

, (6.25)

we need to have Nm = ∥A∥max∆
2
maxT

2/ϵ2s.

6.4 Discussion

We proposed a quantum algorithm for evaluating excited states with near term

quantum devices, and it works well for 3SAT and LiH Hamiltonians. Our method

is also compatible with the error mitigation techniques recently proposed, as it only

uses shallow depth quantum circuit. Although we used our method to find excited

states, we can also use this to escape from local minima where the trial state are

trapped. We checked that the trial state is rarely trapped in noneigenstates of the

Hamiltonian when we used imaginary time evolution as an optimisation method,

therefore our method can be used to escape from local minima. In contrast, when

we used gradient descent for optimisation, local minima tend to be noneigenstates of
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the Hamiltonian, therefore our penalisation method with SWAP test is not suitable

for avoiding local minima in the case of gradient descent.

There are other potential use for our method. It can be used for penalising the

unwanted subspace, which breaks the symmetries for instance, when we know the

parameters for such subspace a priori. We can even modify the Hamiltonian with

our method for real time evolution. For example, we can eliminate or create energy

degeneracies.

Also, it is worth mentioning that after the optimisation to find a certain ex-

cited state, the quantum device directly generates that excited state wavefunction,

which is not necessarily true for other methods for finding spectrum, which will be

mentioned later.

There are some points which should be still sought, such as propagation of

physical errors, how the error of the ground state affect the search of excited state.

Physical errors such as dephasing also impair the precision of the simulation. The

effect can also be included in Eq. (6.15), and the similar argument to shot noise

may be able to be discussed. It is important to mention that, we can use the error

mitigation technique, at the cost of increasing the number of samples needed.

Also, the errors to the parameters to the penalised already found states to dis-

cover new excited states should be discussed. We found that the state trapped in the

local minimum is likely to be close to the eigenstates of the Hamiltonian, therefore

the effect of error is expected to be relatively low when we use the imaginary time

simulation as the optimisation method, compared with other optimisation methods.

The resource estimation and the investigation of the performance in the real

experimental setups to include the effect of physical noise, the error of previously

found states to be penalised, and the error mitigation is left to the future work.
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6.5 Other variational algorithms for finding molecule

spectra

We conclude this chapter with a brief look at other methods for finding spectra, and

the strength/weakness of those methods. There are other variational quantum al-

gorithms for finding spectra, such as witness-assisted variational eigenspectra solver

(WAVES) [90], the folded spectrum method [22], the quantum subspace expansion

method (QSE) [80, 62], and contraction VQE method [98, 99].

WAVES is a quantum algorithm for finding spectra by combining VQE and

phase estimation [90]. Although WAVES has been implemented experimentally, it

needs to realise the controlled time evolution operator e−iHt, therefore it is unsuit-

able for near-term quantum devices.

The folded spectrum method minimises (H − αI)2 instead of H, and if α is

close to the eigenvalue of H, we can obtain approximation of excited states [22]. To

evaluate H2 is very costly: as O(N4) measurements are required for H in chemistry

problems, O(N8) measurements are necessary for measuring H2, where N is the

number of orbitals. Also, it is hard to know suitable α a priori. Therefore, this

method is also not ideal.

The quantum subspace expansion represents Hamiltonian in a subspace a†iaj |ψ0⟩

for all possible i, j, where a†i and aj are fermionic operators and |ψ0⟩ is an approxi-

mated ground state [80, 62]. The excited states are found by solving

HQSEC = SQSECE, (6.26)

where HQSE is the Hamiltonian projected to the subspace and expressed as

HQSE
i,j,k,l = ⟨ψ0| aia†jHa

†
kal |ψ0⟩ . (6.27)
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Also, as the subspace states are not orthogonal to each other, the overlap matrix

SQSE
i,j,k,l = ⟨ψ0| aia†ja

†
kal |ψ0⟩ (6.28)

should be calculated. QSE requires additional measurements than conventional

VQE for evaluating HQSE and SQSE. Also, in this method the quantum device

does not directly produce the wavefunction of excited states.

Contraction VQE method rely on minimisation of the cost function for several

input states

C(θ⃗) =
k∑

j=0

⟨ψj|U †(θ⃗)HU(θ⃗) |ψj⟩ (6.29)

where {|ψi⟩ki=0} (⟨ψj|ψi⟩ = δi,j. Note that as unitary operator conserves the or-

thonormality [98, 99]. When the optimisation is converged, in the ideal case,

{U(θ⃗0) |ψj⟩}∀j spans the subspace up to the k th excited state. It is important

to obtain the excited state from this subspace. In subspace-search variational

quantum eigensolver (SSVQE), an optimisation method similar to the conventional

VQE is used [98]. On the other hand, in multistate contracted variant of VQE

(MC-VQE) [99], classical diagonalisation for Hamiltonian matrix obtained in the

subspace is used, which is similar to QSE. Contraction VQE enables us to obtain

the spectrum at the same time. Therefore, all the states are evaluated to a similar

accuracy. However, as the cost function involves multiple states, the landscape of

the energy becomes complex, rendering the optimisation hard.

Considering these points, although our method for finding spectra needs to

have double the depth or the number of qubits, it has advantages such as, the

compatibility with near-term quantum devices, the moderate increase of the terms

to be measured, the direct generation of the wavefunction from the quantum device,

and the simpler landscape of the energy to be optimised. Therefore, we may be
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able to conclude our method is the most suitable for near-term quantum devices.
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Chapter 7

Variational quantum algorithm for

general processes

7.1 Introduction

In previous chapters, we saw variational quantum algorithms can be utilised for ef-

ficiently finding energy spectra [19, 100, 101, 66, 102, 22, 27, 26, 90] and simulating

real time Schrödinger evolution [24, 103] of classically intractable many-body sys-

tems. Although quantum circuits are unitary operations, the variational algorithm

is not limited to energy minimisation and unitary processes and it can be used

to simulate dissipative imaginary time evolution that cannot be straightforwardly

mapped to unitary gates [46, 75].

In Ref. [27], we study the capability of variational quantum algorithms and

show that they are not limited to these problems. First, we propose a varia-

tional quantum algorithm for simulating the generalised time evolution defined in

Eq. (7.1). Our algorithm can be considered as a unified framework for simulat-

ing general time evolutions, which incorporates real and imaginary time evolutions

as special cases [24, 46, 75]. We can even simulate non-Hermitian quantum me-

chanics [104, 105, 106] that describes nonequilibrium processes [107], parity-time
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symmetric Hamiltonians [108, 109], open quantum systems [110], etc.

Next, we consider problems of linear systems of equations and matrix-vector

multiplications, which are vital in many fields including machine learning and op-

timisation [111, 112]. Although various algorithms have been developed for lin-

ear systems of equations with universal quantum computers [113, 114, 115, 116,

117, 118, 119, 120], which have profound applications in quantum machine learn-

ing [121, 122, 123, 124], they generally necessitates a long depth circuit that uses a

fault tolerant error correction.

Now, we introduce variational quantum algorithms for these two tasks. For

general sparse matrices, we show that these two tasks can be interpreted as a gen-

eralised time evolution, which can be variationally simulated. For special matrices

that are products of small matrices that only involve a constant number of qubits,

the solutions can be even more easily found only with variational real and imaginary

time evolution.

Finally, we combine the variational algorithms for non-Hermitian evolution and

matrix multiplication to simulate the evolution of open quantum systems [33, 125,

34]. Under the description of the stochastic Schrödinger equation, the evolution

of open quantum systems can be regarded as an ensemble of wave functions that

undergo a continuous measurement induced from the environment [126, 34]. The

evolution of each wave function has two processes that can be both simulated with

variational algorithms: continuous evolution under the generalised time evolution

with the system Hamiltonian combined with the damping effect due to continuous

measurement, and discontinuous jumps according to the measurement results. The

continuous process can be described by the generalised time evolution, and the jump

process is a matrix-vector multiplication process.

Simulating the evolution of general open quantum systems is of great importance

for understanding any quantum system that interacts with an environment. Exist-

ing quantum algorithms [127, 128, 129, 130, 131, 132] for simulating open quantum
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systems generally require deep quantum circuits. As our algorithm is compatible

with shallow circuits, it can be implemented with near-term quantum devices. The

research described in this chapter has appeared online [27].

Analytical results were derived by the author, with input from Xiao Yuan. Nu-

merical results were obtained by the author, but Xiao Yuan also contributed to

it.

7.2 Generalised time evolution

The simulation of general processes rather than Schrödinger equation and Wick

rotated Schrödinger equation for imaginary time evolution have been enabled in

Ref. [27]. We first introduce variational quantum simulation of generalised time

evolution,

d

dt
|v(t)⟩ = |dv(t)⟩ , (7.1)

with |dv(t)⟩ =
∑

j Aj(t) |v′j(t)⟩. Here, Aj(t) is a time dependent general sparse

(non-Hermitian) operator, |v(t)⟩ is the system state, and each of |v′j(t)⟩ can be

either |v(t)⟩ or any known efficiently preparable state on a quantum circuit. The

states |v(t)⟩ and |v′j(t)⟩ can be (un)normalised states |v(t)⟩ = α(t) |ψ(t)⟩, |v′j(t)⟩ =

α′
j(t) |ψ′

j(t)⟩ with normalisation factors α(t) and α′
j(t), respectively. In practice, we

assume that Aj(t) can be decomposed as a linear combination of Pauli operators

Aj(t) =
∑

i λi,j(t)σi with complex coefficients λi and a polynomial (to the system

size) number of tensor products of Pauli matrices σi.

In variational quantum simulation, we parametrise the quantum state as |v(θ⃗(t))⟩ =

α(θ⃗0(t)) |φ(θ⃗1(t))⟩ with θ⃗ := (θ⃗0, θ⃗1). Then we can project the original evolution to

the evolution of the parameters via McLachlan’s principle [72],

δ∥
(
∂/∂t |v(θ⃗(t))⟩ −

∑
j

Aj(t) |v′j(t)⟩
)
∥ = 0, (7.2)
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where ∥ |ψ⟩ ∥ = ⟨ψ|ψ⟩.

By parametrising |v(t)⟩ and |v′j(t)⟩ as |v(θ⃗(t))⟩ and |v′(θ⃗′j(t))⟩, with McLachlan’s

principle, we have

δ

∥∥∥∥∥∑
i

∂ |v(θ⃗(t))⟩
∂θi

θ̇i −
∑
j

Aj(t) |v′(θ⃗′j(t))⟩

∥∥∥∥∥ = 0. (7.3)

This is equivalent to

∂

∂θ̇k

∥∥∥∥∥∑
i

∂ |v(θ⃗(t))⟩
∂θi

θ̇i −
∑
j

Aj(t) |v′(θ⃗′j(t))⟩

∥∥∥∥∥
=

∂

∂θ̇k

(∑
i

∂ ⟨v(θ⃗(t))|
∂θi

θ̇i −
∑
j

⟨v′(θ⃗′j(t))|A
†
j(t)

)
(∑

l

∂ |v(θ⃗(t))⟩
∂θl

θ̇l −
∑
j

Aj(t) |v′(θ⃗′j(t))⟩

)
= 0 ∀k.

(7.4)

Hence, we have

∑
j

(
∂ ⟨v(θ⃗(t))|

∂θk

∂ |v(θ⃗(t))⟩
∂θj

+
∂ ⟨v(θ⃗(t))|

∂θj

∂ |v(θ⃗(t))⟩
∂θk

)
θ̇j

=
∑
j

∂ ⟨v(θ⃗(t))|
∂θk

Aj |v′j(θ⃗′j(t))⟩ + h.c,

(7.5)

which leads to

∑
j

M̃k,j θ̇j = Ṽk, (7.6)

By substituting |v(θ⃗(t))⟩ = α(θ⃗0(t)) |φ(θ⃗1(t))⟩ and |v′(θ⃗′j(t))⟩ = α′(θ⃗′0j(t)) |φ(θ⃗′1j(t))⟩,
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|0̄⟩ Ũ ′
t

σj Ũt

Figure 7.1: The quantum circuit for evaluating Ṽk.

we have

M̃k,j = Re

(
|α(θ⃗0(t))|2

∂ ⟨φ(θ⃗1(t))|
∂θk

∂ |φ(θ⃗1(t))⟩
∂θj

)

+ Re

(
∂α∗(θ⃗0(t))

∂θk
α(θ⃗0(t)) ⟨φ(θ⃗1(t))|

∂ |φ(θ⃗1(t))⟩
∂θj

)

+ Re

(
∂α∗(θ⃗0(t))

∂θj
α(θ⃗0(t)) ⟨φ(θ⃗1(t))|

∂ |φ(θ⃗1(t))⟩
∂θk

)

+ Re

(
∂α(θ⃗0(t))

∂θk

∂α∗(θ⃗0(t))

∂θj

)
,

Ṽk = Re

(
∂α∗(θ⃗0(t))

∂θk
α′(θ⃗′0j(t)) ⟨φ(θ⃗1(t))|Aj(t) |φ′

j(θ⃗
′
1j(t))⟩

)
.

+
∑
j

Re

(
α∗(θ⃗0(t))α

′(θ⃗′0j(t))
∂ ⟨φ(θ⃗1(t))|

∂θk
Aj(t) |φ′

j(θ⃗
′
1j(t))⟩

)
.

(7.7)

Each element of M̃ can be efficiently computed with the quantum circuit in Fig.

4.2. Ṽ can be computed as follows. We denote Ũt and Ũ ′
t to be the unitary circuit to

prepare |φ(θ⃗1(t))⟩ = Ũt |0̄⟩ and |φ′
j(θ⃗

′
1j(t))⟩ = Ũ ′

t |0̄⟩. Replacing Aj(t) =
∑

i λ
i
j(t)σi,

the first term of each Ṽk can be written in a form of
∑

l ajRe
(
eiϕj ⟨0̄| Ũ †

t σjŨ
′
t |0̄⟩

)
with aj, ϕj ∈ R determined by α, α′, and λ. Each term in the summation can be

efficiently computed using the quantum circuit shown in Fig. 7.1.

Real and imaginary time evolution are special class of this general evolution with

|dv(t)⟩ = −iH |v(t)⟩ and |dv(t)⟩ = (−H − ⟨v(t)|H |v(t)⟩) |v(t)⟩, respectively [24,

46, 75]. Suppose |v(t)⟩ = |φ(θ⃗(t))⟩, then M̃ = Re
(

∂⟨φ(θ⃗(t))|
∂θi

∂|φ(θ⃗(t))⟩
∂θj

)
is the same

for both real and imaginary time evolution; and Ṽ is Im
(

∂⟨φ(θ⃗(t))|
∂θi

H |φ(θ⃗(t))⟩
)

and

−Re
(

∂⟨φ(θ⃗(t))|
∂θi

H |φ(θ⃗(t))⟩
)

for real and imaginary time evolution, respectively. To
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measure M̃ or Ṽ , we can employ an extra ancillary qubit with controlled operations

applied between the ancilla and the system state. It is worth mentioning that it was

recently shown that the ancilla and the constant number of controlled operations

can be reduced [133].

7.3 Variational algorithms for linear algebra

Next we consider solving linear systems of equations and matrix-vector multiplica-

tions. For a sparse square matrix M and an (unnormalised) state vector |v0⟩, we

hope to find

|vM−1⟩ = M−1 |v0⟩ or |vM⟩ = M|v0⟩, (7.8)

for these two cases respectively. We first focus on matrix-vector multiplication by

introducing a dynamical process that evolves the initial vector |v0⟩ to the target

state |vM⟩. One of the possible evolution paths is via a linear extrapolation between

|v0⟩ and |vM⟩ as

|v(t)⟩ = E(t) |v0⟩ , (7.9)

with E(t) = t/T ·M +
(
1 − t/T

)
I, |v(0)⟩ = |v0⟩, and |v(T )⟩ = |vM⟩. When we set

M = e−iHT , it corresponds to Hamiltonian simulation.

We also consider linear extrapolation between normalised states. Given the

evolution via linear extrapolation, the time derivative equation of |v(t)⟩ is

∂

∂t
|v(t)⟩ = G |v(0)⟩ , (7.10)

with G =
(
M− I

)
/T . This corresponds to the case with A(t) = G and |v′(t)⟩ =

|v(0)⟩ in Eq. (7.1), which can be variationally simulated. We also consider the case

where we are only interested in the normalised final state |ψ(t)⟩ = M|v0⟩ /
√
∥M|v0⟩ ∥.
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By extrapolating from |v0⟩ /
√

∥ |v0⟩ ∥ to |ψ(t)⟩, we can similarly have an evolution

of the state |ψ(t)⟩ as

|ψ(t)⟩ = E ′(t) |ψ0⟩ , (7.11)

with

E ′(t) = N(t)

(
t

T
M + (1 − t

T
)I

)
, (7.12)

and a normalisation factor

N(t) =
1√∥∥∥∥( t

T
M + (1 − t

T
)I

)
|ψ0⟩

∥∥∥∥
. (7.13)

The normalisation factor N(t) can be measured from the expectation values of

M† +M and M†M for |ψ0⟩. Given the definition of the state |ψ(t)⟩ at time t, the

corresponding derivative equation is

d

dt
|ψ(t)⟩ =

Ṅ(t)

N(t)
|ψ(t)⟩ +N(t)G |ψ(0)⟩ . (7.14)

Such an equation is also described by the generalised time evolution equation with

|v(t)⟩ = |ψ(t)⟩, A1(t) = Ṅ(t)
N(t)

I, A2(t) = N(t)G, |v′1(t)⟩ = |ψ(t)⟩ and |v′2(t)⟩ = |ψ(0)⟩.

We now introduce a second method for realising matrix-vector multiplication

using only real and imaginary time evolution. This method assumes an efficient

singular value decomposition of M as M = UDV , with unitary matrices U , V

and diagonal matrix D with non-negative entries. Even when an efficient singu-

lar value decomposition is possible, the multiplication of a matrix to a quantum

state is not physical process, which is nontrivial. In addition, as the state has

exponentially large Hilbert space in the system size, the multiplication of a ma-

trix is also classically hard, because to store the information of the state vector

on classical computer is already inefficient. Suppose the unitary matrices U and
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V can be represented by U = exp(−iHUTU) and V = exp(−iHV T V ) with time

TU and T V , respectively. Then the multiplication of U and V can be implemented

by evolving the state with Hamiltonian HU and HV via variational real time sim-

ulation, where HU = −
∑

j λj/T
U |λj⟩ ⟨λj| and similarly for V , given a spectral

decomposition of U is expressed as U =
∑

j e
iλj |λj⟩ ⟨λj| with λj ∈ R. To re-

alise the diagonal matrix D, we first define a corresponding Hamiltonian HD, such

that D ≈ exp(−HDTD). Suppose Dk =
∑

j aj |j⟩ ⟨j|, and the Hamiltonian HD is

given by −HDT =
∑

aj ̸=0 log(aj) |j⟩ ⟨j|−α
∑

aj=0 |j⟩ ⟨j|, with properly chosen large

constant α satisfying α ≫ log(aj). Therefore, we can define an unnormalised imagi-

nary time evolution d|v(τ)⟩
dτ

= −HD |v(τ)⟩, so that the initial vector |v0⟩ is evolved to

D |v0⟩ from τ = 0 to τ = T . This second method is easier to implement; it requires

the singular value decomposition of M and evolution operator for the unitary and

diagonal matrices. Although singular value decomposition cannot be implemented

efficiently for a general large matrix, when considering only products of matrices

that only involve a few qubits, i.e., M = M1 ⊗ · · · ⊗ ML with Mi acting on a

small constant number of qubits, singular value decomposition can be computed ef-

ficiently. We will shortly show that this variational algorithm is particularly useful

for simulating the jump process of the stochastic Schrödinger equation.

We now discuss the solution of the linear equation M|vM−1⟩ = |v0⟩ with invert-

ible matrix M. We consider the extrapolation between |v0⟩ and |vM−1⟩ as

E(t) |v(t)⟩ = |v0⟩ , (7.15)

with E(t) = t/T · M +
(
1 − t/T

)
I, |v(0)⟩ = |v0⟩, and |v(T )⟩ = |vM−1⟩. By

differenciating both sides of Eq. (7.15) with t, the derivation equation of |v(t)⟩

is E(t) ∂
∂t
|v(t)⟩ = −G(t) |v(t)⟩ with G(t) =

(
M − I

)
/T . Although this is slightly

different from the generalised time evolution of Eq. (7.1), we can still simulate it

with the variational method by assuming |v(t)⟩ = |φ(θ⃗(t))⟩. Now, we derive the
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time derivative equation of parameters for solving linear equations. We parametrise

the state |v(θ⃗(t))⟩. According to McLachlan’s principle [72], we have

δ∥E(t)
d

dt
|v(θ⃗(t))⟩ +G(t) |v(t)⟩ ∥ (7.16)

= δ∥E(t)
∑
j

θ̇j
∂

∂θj
|v(θ⃗(t))⟩ +G(t) |v(θ⃗(t))⟩ ∥ = 0, (7.17)

which is equivalent to

∂

∂θ̇k
∥E(t)

∑
j

θ̇j
∂

∂θj
|v(θ⃗(t))⟩ +G(t) |v(θ⃗(t))⟩ ∥ (7.18)

=
∂

∂θ̇k

[(∑
j

θ̇j

(
∂

∂θj
⟨v(θ⃗(t))|

)
E†(t) + ⟨v(θ⃗(t))|G†(t)

)
(7.19)(

E(t)
∑
l

θ̇l
∂

∂θl
|v(θ⃗(t))⟩ +G(t) |v(θ⃗(t))⟩

)]
= 0.

Then we obtain

∑
j

M̃k,j θ̇j = Ṽk, (7.20)

where

M̃k,j = Re

(
∂ ⟨v(θ⃗(t))|

∂θk
E†(t)E(t)

∂ |v(θ⃗(t))⟩
∂θj

)
(7.21)

Ṽk = −Re

(
∂ ⟨v(θ⃗(t))|

∂θk
E†(t)G(t) |v(θ⃗(t))⟩

)
. (7.22)

It is important to note that Ṽk in Eq. (7.22) can be efficiently computed with the

quantum circuit shown in Fig. 4.2. M̃k,j can written as

M̃k,j =
∑
i,q,l

βlRe

(
g∗k,igj,q ⟨0̄|U

†
k,iσlUj,q |0̄⟩

)
(7.23)

where we set E†(t)E(t) =
∑

l βlσl, and σl is a Pauli operator. The quantum circuit
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to compute this value is shown in Fig. 7.2,

|0⟩+eiθ|1⟩√
2

• X • • X H 




... ... ...

|0̄⟩ U1 Uk−1 σk,i Uk Uj−1 σj,q Uj+1 UN σl

Figure 7.2: Quantum circuits that evaluate Re

(
g∗k,igj,q ⟨0̄|R

†
k,iσlRj,q |0̄⟩

)
.

Therefore we can calculate |vM−1⟩ = M−1 |v0⟩ by solving Eq. (7.20) and evolv-

ing the parameters accordingly.

7.4 Open system simulation

Now, we apply the developed variational algorithms to simulate the stochastic

Schrödinger equation of open quantum systems. It is important to note that this

approach differs from that in Ref. [75], where the evolution of the Lindblad master

equation is directly simulated using a method that requires two copies of the states.

Meanwhile, our scheme here only necessitates one copy of the state. Suppose the

dynamics of open quantum systems is described by the Lindblad master equation,

d

dt
ρ = −i[H, ρ] + Lρ. (7.24)

Here, the system Hamiltonian is H and the interaction with the environment Lρ

is described by Lρ =
∑

k
1
2
(2LkρL

†
k − L†

kLkρ − ρL†
kLk), with Lindblad operators

Lk. Although the Lindblad master equation directly evolves the density matrix, it

is equivalent to the stochastic Schrödinger equation when we average the trajec-

tory of each pure state evolved under continuous measurements [126, 34]. As the

measurement process is stochastic, the wave function has a stochastic evolution.

We can obtain the stochastic Schrödinger equation for each single trajectory
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|ψc(t)⟩ as follows, given the Lindblad master equation

d |ψc(t)⟩ =

(
−iH − 1

2

∑
k

(L†
kLk − ⟨L†

kLk⟩)

)
|ψc(t)⟩ dt

+
∑
k

[(
Lk |ψc(t)⟩

||Lk |ψc(t)⟩ ||
− |ψc(t)⟩

)
dNk

]
,

(7.25)

where d |ψc(t)⟩ = |ψc(t+ dt)⟩ − |ψc(t)⟩, and dNk is a random number taking either

0 or 1 which satisfies dNkdNk′ = δkk′dNk and E[dNk] = ⟨ψc(t)|L†
kLk |ψc⟩ dt.

We can interpret this process as a positive observable valued measurement {O0 =

I −
∑

k L
†
kLkdt, Ok = L†

kLkdt} happens at each time t. For measurement outcome

Ok, the state discontinuously jumps to Lk |ψc(t)⟩ /∥Lk |ψc(t)⟩ ∥ with probability

E[dNk]. and the total jump probability is γ(t) =
∑

k E[dNk]. For outcome O0

with probability 1 − γ(t), we have dNk = 0, ∀k and the state evolves under the

generalised time evolution with operator

A = −iH − 1

2

∑
k

(L†
kLk − ⟨L†

kLk⟩). (7.26)

Here, −iH corresponds to the conventional real time Schrödinger evolution with

Hamiltonian H and the other terms can be understood as a normalised damping

process. Therefore, the whole process is composed of two parts: the continuous

process governed by the first term and the quantum jump process described by the

second term in Eq. (7.25).

Now, we show the method to the simulate stochastic Schrödinger equation using

the Monte Carlo method. Suppose the state experiences jump process at time t,

then the probability p(t+ τ) that the state does not jump until time t+ τ is

p(t+ τ) = e−Γ(t,τ), (7.27)

with Γ(t, τ) =
∫ t+τ

t
γ(t′)dt′. When a jump occurs at time t, a uniform random

number q ∈ [0, 1] is generated. Then the time of the next jump is determined by
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accumulating time τ until we have p(t + τ) = q. When jump happens, a random

number q′ ∈ [0, 1] is generated to determine which jump operator to apply at each

timestep. The state is updated to Lk |ψc(t)⟩ /∥Lk |ψc(t)⟩ ∥ if q′ ∈ [γ̃k−1(t), γ̃k(t)],

where

γ̃k(t) =

∑k
l=1 ⟨ψc(t)|L†

lLl |ψc(t)⟩∑NL

l=1 ⟨ψc(t)|L†
lLl |ψc(t)⟩

, (7.28)

and NL is the number of the Lindblad operators. Considering discretised time with

initial state |ψc(0)⟩, the stochastic Schrödinger equation from time 0 to T can be

simulated as follows.

Algorithm 1 Stochastic evolution equation

1: Set Γ = 0 and generate a random number q ∈ [0, 1].
2: for t = 0 : dt : T do
3: if e−Γ≥q then
4: Evolve the state |ψc(t)⟩ under A in Eq. (7.26).
5: Calculate γ(t) =

∑
k ⟨ψc(t)|L†

kLk |ψc⟩ dt.
6: Update Γ = Γ + γ(t).
7: else
8: Calculate γ̃k(t) in Eq. (7.28)
9: Generate a random number q′ ∈ [0, 1].
10: if q′ ∈ [γ̃k−1(t), γ̃k(t)] then
11: Update |ψc(t)⟩ to Lk |ψc(t)⟩ /∥Lk |ψc(t)⟩ ∥.

12: Reset Γ = 0 and randomly generate q ∈ [0, 1].

Now we show how to simulate the stochastic Schrödinger equation, Algorithm 1,

with the variational quantum algorithms developed in this work. Suppose the

state |ψc(t)⟩ at time t can be represented by the parametrised state |ϕc(θ⃗(t))⟩

prepared by a quantum computer. We can simulate step 4, i.e., the evolution

under operator A defined in Eq. (7.26), with the algorithm for generalised time

evolution. Specifically, we can evolve the parameters according to Eq. (7.6) with

M̃k,j = Re
(

∂⟨φ(θ⃗(t))|
∂θk

∂|φ(θ⃗(t))⟩
∂θj

)
, Ṽk = Re

(
⟨φ(θ⃗(t))| (−iH − (L− ⟨L⟩))∂|φ(θ⃗(t))⟩

∂θk

)
, and

L = 1
2

∑
k L

†
kLk. Note that, the evaluation of Ṽk for the simulation of the continuous

part can be implemented with the same quantum circuit for the evaluation of Ṽk for
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real and imaginary time, but the phase of the ancilla qubit has to be appropriately

set. The quantum circuit has only two controlled operations, and can be decom-

posed such that the ancilla is efficiently eliminated. The values of γ(t) and γ̃k(t) at

step 5 and 8, respectively, can be efficiently measured. The jump at step 11 can be

realised by the variational algorithms for matrix-vector multiplication. Especially,

when considering Lk as a product of operators acting on each qubit, it can be effi-

ciently realised also with the singular value decomposition method, which uses the

shallow depth circuit. In practice, we consider sparse Hamiltonian and Lindblad

operators Lk, therefore all the measurements can be efficiently evaluated. As the

evaluation of Ṽk can also be implemented with the shallow quantum circuit, this

algorithm for the simulation of stochastic Schrödinger equation does not rely on

deep quantum circuit, and is compatible near-term quantum devices.

7.5 Resource estimation for simulating stochastic

Schrödinger equation

Now, we have the discussion about resource estimation of this method. One tra-

jectory of the stochastic Schrödinger equation consists of the continuous evolution

and jump processes. The resource cost of the continuous evolution is similar to the

one for real time evolution discussed in Ref. [24], which is shown to be polynomial

to the evolution time and system size. For the jump processes, the resource cost of

each jump is therefore also polynomial in the evolution time and system size, as we

simulate each jump with singular value decomposition method, which is composed

of real and imaginary time evolution.

Now we discuss how many jump processes occur on average in the simula-

tion of the stochastic Schrödinger equation. The averaged number of jump events
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njump(t)dt during time from t to t+ dt is

njump(t)dt = ⟨ψc(t)|
∑
k

L†
kLk |ψc(t)⟩ dt. (7.29)

Therefore, the average number of jump events from t = 0 to t = T is

Njump =

∫ T

0

⟨ψc(t)|
∑
k

L†
kLk |ψc(t)⟩ dt,

≤ T

∥∥∥∥∥∑
k

L†
kLk

∥∥∥∥∥
2

,

≤ T
∑
k

∥∥∥L†
kLk

∥∥∥
2
,

(7.30)

where ∥L∥2 is the largest singular value of L (operator norm). For physical systems,

we generally have ∥L†
kLk∥∞ and the number of Lindblad terms equal O(Poly(n)),

where n is the system size and Poly(n) is a polynomial function of n. Therefore,

the averaged number of jumps is

Njump = O(T · Poly(n)). (7.31)

The number of jump events is much fewer when considering the case where each

Lindblad operator only locally acts on a constant subsystem. That is, we assume

that L†
kLk has orthogonal support to each other and ∥L†

kLk∥2 = O(1). Now, we

expand the state |ψc(t)⟩ =
∑

i ci |ϕi⟩, where |ϕi⟩ is the superposition state of states

in the support of L†
iLi. In this case, we have

⟨ψc(t)|
∑
k

L†
kLk |ψc(t)⟩ =

∑
i,j,k

cic
∗
j ⟨ϕj|L†

kLk |ϕi⟩

=
∑
k

|ck|2 ⟨ϕk|L†
kLk |ϕk⟩

≤
∑
k

|ck|2∥L†
kLk∥2 = O(1).

(7.32)
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Therefore, Njump = O(T ).

To simulate the stochastic Schrödinger equation, it is also necessary to sample

different random trajectories. When we measure an observable O and hope to

suppress the sampling error to ϵ = 1/
√
M , we need M random samples. Therefore,

the overall cost should also be multiplied by M , but it is worth noting that every

trajectory can be computed in parallel.

7.6 Numerical simulation

Now we show an example of variational quantum simulation of a three-qubit dissi-

pative 1D Ising model with a transverse field and open boundary, which is discussed

in Refs. [134, 135, 136, 137]. With the Lindblad master equation as in Eq. (7.24),

the Hamiltonian is HI = J/4
∑2

i=1 ZiZi+1 + hX
∑3

i=1Xi + hZ
∑3

i=1 Zi with Pauli

matrices Xi, Yi, and Zi on the ith spin. The Lindblad terms are Li =
√
γσ−

i ,

where σ−
i = |0⟩ ⟨1|j are the lowering operator acting on the ith spin. In our sim-

ulation, we set J = 1, hX = 1, hZ = 0, and γ = 1. We set the initial state to

|φ(0)⟩ = |0⟩1 |0⟩2 |0⟩3, and we simulate the evolution from t = 0 to t = 10. In our

simulation, we utilised the Hamiltonian ansätz [138] as shown in Fig. 7.3 with ten

parameters.

|0⟩1
RZZ(θ1)

RX(θ3)

U(θ6, . . . , θ10)






|0⟩2
RZZ(θ2)

RX(θ4)





|0⟩3 RX(θ5)





Figure 7.3: Hamiltonian ansätz in our numerical simulation. The single qubit gate
is defined by RX(θi) = e−iθiX and the two qubit gate is RZZ(θi) = e−iθiZ⊗Z . The last
gate U(θ6, . . . , θ10) is a repetition of the first five gates with five different parameters.
In total, there are ten parameters.

To simulate quantum events induced by Lindblad operators, we use the singular

value decomposition method. We decompose the jump operator σ− as |0⟩ ⟨1| =
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Figure 7.4: The comparison between the exact evolution and the variational sim-
ulation from t = 0 to t = 10. The Y axis is the average of the Z1 operator. The
time step is δt = 0.01. The result of the variational algorithm is averaged over
Ntrial = 8 × 104 times. The inset shows the difference between the exact evolution
and the variational simulation result.

|0⟩ ⟨0|X. Suppose |0⟩ ⟨1| = UDV , we can see that U = I, D = |0⟩ ⟨0|, V = X. To

realise the V operator, we setHV = X and T V = π/2 such thatX = exp(−iHV T V ).

Then we evolve the state under Hamiltonian HV for time T V with time step δtV =

0.01 to have X |φ(θ⃗)⟩. For implementing D = |0⟩ ⟨0|, we set HD = |1⟩ ⟨1| and

TD = 10 so that D ≈ exp(−HDTD). Then we realise D |φ(θ⃗)⟩ /∥D |φ(θ⃗)⟩ ∥ by

using the normalised variational imaginary time evolution with total time TD and

time step δtD = 0.1.

In Fig. 7.4, we compare the simulation result of the variational algorithm with

the exact solution. We measure the average value of Z1 and we can see that the

variational simulation result shows a good agreement with the exact solution with

a deviation less than 10−2.
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7.7 Discussion

To summarise, we generalised the variational quantum simulation method so that

general processes can be simulated, including the generalised time evolution, matrix-

vector multiplication, and the evolution of open quantum systems. Our algo-

rithm for simulating the generalised time evolution can be applied to simulate

non-Hermitian quantum mechanics [104, 105, 106] such as nonequilibrium pro-

cesses [107] and parity-time symmetric Hamiltonians [108, 109]. Especially, in

Ref. [109], it is shown that a quantum state can evolve to the target state faster

by using non-Hermitian parity-time symmetric Hamiltonians than the case with

Hermitian Hamiltonians. Therefore, for designing faster quantum computing al-

gorithms, our variational quantum algorithm for simulating the generalised time

evolution may also be useful. Meanwhile, the proposed algorithms are compatible

with NISQ hardwares and can be further combined with the recently proposed quan-

tum error mitigation techniques [24, 81, 82, 28, 29, 84, 79], which we will discuss in

the following chapters.
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Chapter 8

Practical error mitigation

8.1 Introduction

In chapter 5, we reviewed quantum error mitigation (QEM) techniques to sup-

press physical errors, i.e. the extrapolation method based on Richardson extrap-

olation [77, 24, 28] and a quasi-probability method [28]. Although these methods

are very important in that they showed it is possible to mitigate errors on quan-

tum computers without quantum error correction and they are compatible with

near-term quantum devices and hybrid quantum-classical algorithms, each method

has disadvantages and was not practical to apply in experiments. For example,

the extrapolation method based on Richardson extrapolation, e.g. linear extrapo-

lation, cannot tolerate high error rate. We will demonstrate this fact later, and our

new extrapolation method, i.e. exponential extrapolation significantly outperforms

linear extrapolation. Moreover, there were limitations with the quasi-probability

method when it was first proposed by an IBM group, say, it could only be applied

to restricted types of noise models, such as depolarising noise and amplitude damp-

ing, and, although we have to know the noise model explicitly via tomography, the

suitable tomography method for this method was not clarified. By introducing a

linearly independent universal operation set, it is shown that general error mod-
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els can be mitigated. In addition, we found that by using gate set tomography

(GST) [139, 140], we can even eliminate the state preparation and measurement

error accompanying the tomography process, and full elimination of the impact of

localised Markovian errors has been enabled.

As a test case, we numerically simulated SWAP test circuit up to 19 qubits

by using high performance quantum circuit simulator QuEST [141], and demon-

strated that exponential extrapolation and improved quasi-probability method in

the regime where the average number of error events in the quantum circuit is

close to unity. We also confirmed that by using the current error rate for ion trap

systems [15, 16], mitigating errors for SWAP test up to approximately 80 qubits is

feasible, paving the way to quantum supremacy regime.

The author was solely responsible for the work in sections 8.10, 8.11, 8.12, 8.13

and 8.14, while he jointly derived the results in sections 8.5, 8.6, 8.7, 8.8, and 8.9

with coauthor Ying Li. Section 8.10 is predominantly the work of coauthor Ying

Li but it is included here for completeness. Any data purely due to a coauthor is

labelled as such.

8.2 Error mitigation

Firstly, we again formulate QEM (especially as to quasi-probability method) so that

we can discuss it clearly in later sections. We consider computing the expectation

value of an observable in a state (the final state of a quantum circuit) using a

quantum computer, as the error mitigation can mitigate error of the expectation

value, not the quantum state itself like quantum error correction as explained in

chapter 5. It is typical that, for a number of quantum algorithms and subroutines

[24, 19, 22, 25, 26, 142], the desired output is the expected value of a qubit or qubits

– one example is the SWAP-test [94, 91] itself, which is a component of algorithms

including the recently-introduced auto encoder [143], and several proposed hybrid
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Figure 8.1: Quantum computing of the expected value of an observable (a) without
quantum error mitigation (QEM) and (b) with QEM. In QEM circuit (b), each
operation (including the memory operation) in the original circuit (a) is replaced
by an operation depending on the corresponding random numbers [see Fig. 8.2(a)].

algorithms for simulating chemical or materials systems. In the case that we do

not utilise QEM as shown in Fig. 8.1(a), the quantum circuit is repeated many

times, and the measurement outcome µ of each time is collected. Then, we can

calculate the average µ as our best estimate of the expected value. Given that the

number of repetitions is finite, the value of µ is a random variable with an associated

distribution. Because the implementation of the quantum circuit is imperfect, it is

likely that the distribution of µ is not even centered at the ideal value, i.e. the exact

expected value when the quantum circuit is perfectly implemented without error.

When we use QEM as shown in Fig. 8.1(b), instead of the original quantum

circuit, we implement a set of modified circuits. The scheme depicted in the figure

is relevant to the quasi-probability method for QEM, but can also apply to the

extrapolation method as a means to deliberately boost errors. Each modified circuit

is determined by a set of random numbers l. The distribution of random numbers,

i.e. modified circuits, depends on the error model, which is measured using GST

before the quantum computing. In each run of the quantum experiment, firstly

the random number set l is generated, then depending on l a specific circuit is
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implemented, and finally the measurement outcome µ is collected. Rather than

calculating the average µ, we use both l and µ to calculate the average of an effective

outcome µeff(l, µ), which will be given explicitly later. If QEM is successful, the

distribution of Cµeff(l, µ) is centered at the ideal value, but the distribution is

wider than µ̄ because of the factor C, which is greater than 1 and can be efficiently

computed. Thus only error due to the statistical fluctuation remains, although it is

amplified. By repeating the quantum experiment enough times, we can obtain an

accurate computing result of the expected value.

In Sec. 8.4, we explicitly give the effective outcome Cµeff(l, µ). Modified circuits

and their distribution are given in Sec. 8.8.

8.3 Pauli transfer matrix and notation for states,

operators and operations

We use the notation commonly used in quantum tomography (e.g. in Refs. [139,

140]). In quantum theory, a quantum state is usually represented by a density

matrix ρ, and an observable is represented by a Hermitian operator Q. The expected

value of the observable quantity in the state is ⟨Q⟩ = Tr(Qρ). An operation is a

map on the space of states, O(ρ) =
∑

k EkρE
†
k, expressed in the Kraus form.

Because an operation is a linear map, we can always express the operation O as

a square matrix, e.g. using the Pauli transfer matrix representation, acting on the

state expressed as a column vector |ρ⟩⟩. Similarly, an observable can be expressed

as a row vector ⟨⟨Q|, and the expected value is ⟨Q⟩ = ⟨⟨Q|ρ⟩⟩. Throughout this

chapter, we use the Pauli transfer matrix representation.

The explanation of Pauli transfer matrix is as follows. A state ρ can be expressed

as a real column vector

|ρ⟩⟩ =

[
· · · ρσ · · ·

]T
, (8.1)
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where the vector element is

ρσ = Tr(σρ), (8.2)

σ ∈ {I, σx, σy, σz}⊗n is a Pauli operator, and d = 2n is the dimension of the Hilbert

space. Similarly, an observable (i.e. Hermitian operator) Q can be expressed as a

real row vector

⟨⟨Q| =

[
· · · Qσ · · ·

]
, (8.3)

where the vector element is

Qσ = d−1Tr(σQ). (8.4)

Here, we use notations ⟨⟨·| and |·⟩⟩ to denote real row and column vectors, respec-

tively. A physical operation O (i.e. O(ρ) =
∑

k EkρE
†
k) can be expressed as a real

square matrix

Oσ,τ = d−1Tr[σO(τ)], (8.5)

where σ, τ ∈ {I, σx, σy, σz}⊗n are Pauli operators. If ρ′ = O(ρ), we have |ρ′⟩⟩ =

O|ρ⟩⟩.

In the Pauli transfer matrix representation, vectors representing states or ob-

servables and matrices representing operations are all real. For n qubits, vectors

and matrices are 4n-dimensional. The expected value of the observable Q in the

state ρ going through a sequence of operations O1, . . . ,ON reads as follows:

Tr[QON ◦ · · · ◦ O1(ρ)] = ⟨⟨Q|ON · · · O1|ρ⟩⟩.
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8.4 Quantum computing by sampling circuits

We suppose that the initial state is ρ(0), which goes through a sequence of operations

O(0)
1 , . . . ,O(0)

N , and in the final state the observable Q(0) is measured. Each time the

experimentalist implements this circuit, the measurement returns an eigenvalue of

Q(0), and the probability distribution of eigenstates is determined by the final state.

By repeating such a circuit for many times, they can estimate the expected value

⟨Q(0)⟩ = ⟨⟨Q(0)|O(0)
tot.|ρ(0)⟩⟩ = E[µ(0)], where O(0)

tot. = O(0)
N · · · O(0)

1 , and µ(0) is the

measurement outcome. Generally in this chapter we will use the superscript 0 to

denote the ideal noise-free realisation of a state, operation or observable quantity.

In the case that the quantum computation has errors, the actual initial state

is ρ, actual operations are O1, . . . ,ON , and the actually measured observable is Q.

As a result, the estimation of the expected value converges to ⟨Q⟩ = ⟨⟨Q|Otot.|ρ⟩⟩

rather than ⟨Q(0)⟩. Here, Otot. = ON · · · O1, and we have assumed that errors are

Markovian, i.e., errors associated with different gates are totally independent.

Now, we discuss the idea of the quasi-probability method introduced by the IBM

team [28] which we outilined in chapter 5 by using the notation we introduced here.

One can mitigate the effect of errors by sampling from a set of (real, error-burdened)

circuits, each labelled O(l)
tot. for l = 1, 2..., provided that their outputs satisfy

⟨Q(0)⟩ =
∑
l

ql⟨⟨Q(l)|O(l)
tot.|ρ(l)⟩⟩.

Ref. [28] describes how the real numbers {ql} which represent quasi-probabilities can

be efficiently derived given specific error models, assuming that the experimentalist

has full knowledge of the model. Note that each O(l)
tot. denotes the total operation

composed by a sequence of operations in the lth circuit.

We can use the Monte Carlo method to compute ⟨Q(0)⟩. We note that ⟨⟨Q(l)|O(l)
tot.|ρ(l)⟩⟩ =

E[µ(l)], where µ(l) is the measurement outcome in the lth circuit. Then ⟨Q(0)⟩ =∑
l |ql|E[sgn(ql)µ

(l)]. To compute ⟨Q(0)⟩, we randomly choose a circuit to implement,
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and the lth circuit is chosen with the probability pl = |ql|/C, where C =
∑

l |ql|.

Then, the computing result is given by the expected value of effective measurement

outcomes, i.e. ⟨Q(0)⟩ = CE[µeff ], where the effective outcome is µeff = sgn(ql)µ
(l) if

the lth circuit is chosen to be implemented, and µ(l) is the outcome directly obtained

in the lth circuit.

8.5 Per-operation error correction

We can correct errors in each operation using the quasi-probability method, which

will be the primary focus for the following several sections. We can also apply the

quasi-probability method for suppressing errors for preparing the inital state and

measurement, which was not discussed in Ref. [28]. We suppose that we have a set

of initial states satisfying |ρ(0)⟩⟩ =
∑

lin
q
[in]
lin

|ρ(lin)⟩⟩, and a set of operations satisfying

O(0)
i =

∑
li
q
[i]
li
O(li)

i for each error-free operation O(0)
i , and a set of observables

satisfying ⟨⟨Q(0)| =
∑

lout
q
[out]
lout

⟨⟨Q(lout)|. Then, by applying error mitigation, we

have a computation result as

⟨Q(0)⟩ =
∑
lin

∑
l1

· · ·
∑
lN

∑
lout

q
[in]
lin
q
[1]
l1
· · · q[N ]

lN
q
[out]
lout

×⟨⟨Q(lout)|O(lN )
N · · · O(l1)

1 |ρ(lin)⟩⟩. (8.6)

When we sample circuits to compute ⟨Q(0)⟩ = CE[µeff ], the initial state is |ρ(lin)⟩⟩

with probability p
[in]
lin

= q
[in]
lin
/Cin, the ith operation is O(li)

i with probability p
[i]
li

=

|q[i]li |/Ci, and the observable is ⟨⟨Q(lout)| with probability p
[out]
lout

= q
[out]
lout

/Cout. Here,

Cα =
∑

lα
|q[α]lα

|, and C = CinC1 · · ·CNCout accordingly. To calculate µeff , we use

sgn(q
[in]
lin

· · · q[out]lout
) = sgn(q

[in]
lin

) · · · sgn(q
[out]
lout

).
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8.6 Variance amplification in quasi-probability de-

composition

As quasi-probabilities take negative values, it amplifies the variance of the expected

value of the observable. We consider the case that Q(l) is a Pauli operator (maybe

with error) and the measurement results are denoted by ±1, hence the probability

distribution is binomial. The standard deviation of the average of outcomes in

the Monte Carlo calculation is σ = C
√

(1 − E[µeff ]2)/Nr ≤ C/
√
Nr, where Nr is

the total number of samples, i.e. the total number of circuits of all kinds which

the experimentalist performs is Nr. We compare this to the error-free computing,

i.e. the ideal original circuit ⟨⟨Q(0)|O(0)
tot.|ρ(0)⟩⟩ is repeated for N

(0)
r times to estimate

⟨Q(0)⟩. For the error-free computing, the standard deviation is given by σ(0) =√
(1 − E[µ(0)]2)/N

(0)
r . Therefore, to achieve the same accuracy, i.e. σ = σ(0), the

error-mitigated computation requires Nr/N
(0)
r = (C2 − ⟨Q(0)⟩2)/(1 − ⟨Q(0)⟩2) times

more samples than the error-free computation. Here, we have used the fact that

the error-mitigated computation and the error-free computation should converge to

the same value of ⟨Q(0)⟩, i.e. E[µ(0)] = CE[µeff ].

In order to limit the standard deviation to be σ ∼ ϵ, we can choose Nr ∼ (C/ϵ)2.

Therefore, if the factor C is larger, the computation takes longer.

Because C = CinC1 · · ·CNCout if errors are corrected for each operation, we call

Cα−1 the cost for mitigating error in the corresponding operation. The overall cost

therefore increases with the number of operations, thus it is important to reduce

the operation number. For example, in a quantum computer where qubits are

fully connected [144], operations for communication are not required, which may

significantly reduce the cost.

104



1 [I] (no operation)
2 [σx] = [Rx]

2

3 [σy] = [Rx]
2[Rz]

2

4 [σz] = [Rz]
2

5 [Rx] = [ 1√
2
(I + iσx)] = [H][S]3[H]

6 [Ry] = [ 1√
2
(I + iσy)] = [Rz]

3[Rx][Rz]

7 [Rz] = [ 1√
2
(I + iσz)] = [S]3

8 [Ryz] = [ 1√
2
(σy + σz)] = [Rx][Rz]

2

9 [Rzx] = [ 1√
2
(σz + σx)] = [Rz][Rx][Rz]

10 [Rxy] = [ 1√
2
(σx + σy)] = [Rx]

2[Rz]

11 [πx] = [1
2
(I + σx)] = [Rz]

3[Rx]
3[π][Rx][Rz]

12 [πy] = [1
2
(I + σy)] = [Rx][π][Rx]

3

13 [πz] = [1
2
(I + σz)] = [π]

14 [πyz] = [1
2
(σy + iσz)] = [Rz]

3[Rx]
3[π][Rx]

3[Rz]
15 [πzx] = [1

2
(σz + iσx)] = [Rx][π][Rx]

3[Rz]
2

16 [πxy] = [1
2
(σx + iσy)] = [π][Rx]

2

Table 8.1: Sixteen basis operations. Gates [Rx] and [Ry] can be derived from [H]
and [S], and other operations can be derived from [π], [Rx] and [Ry].

8.7 Universal operation set

The set of operations including measurement and single-qubit Clifford gates is uni-

versal in computing expected values of observables. The relevant measurement

operation reads [π] = [1
2
(I + σz)], which projects a qubit to the state |0⟩ . Here,

[U ](ρ) = UρU † denotes a superoperator. Such a non-destructive measurement can

be realised using a destructive measurement followed by initialising the qubit in the

state |0⟩. Single-qubit Clifford gates include the Hadamard gate [H] = [ 1√
2
(σx+σz)],

the phase gate [S] = [ 1√
2
(I − iσz)] and all other single-qubit Clifford gates can be

derived from these two.

In Table 8.1, we list sixteen linearly independent operations that can be de-

rived from the minimum universal operation set {[π], [H], [S]}. In the following, we

use {B(0)
i |i = 1, . . . , 16} to denote these sixteen operations. As they are linearly

independent, any single-qubit operation O, which is a 4 × 4 real matrix, can be

expressed as a linear combination of sixteen basis operations, i.e. O =
∑16

i=1 qiB
(0)
i .
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Similarly, multi-qubit operations can be expressed as a linear combination of tensor

products of basis operations. Using the quasi-probability method, any computation

of expected values of observables can be realised using this operation set.

We can also use the overcomplete basis operations to construct quasi-probability

operations, such as 24 Clifford operations for a single qubit. In this case, we solve

a L1 norm minimisation problem as [145]

minimise
∑
i

|qi|

subject to O =
∑
i

qiBi,

(8.7)

where the cost is C =
∑

i |qi|. This optimisation problem can be efficiently solve

by using, for example, CVX, Matlab Software for Disciplined Convex Program-

ming [146]. By using this formalism, it may be possible to further reduce the cost

for the quasi-probability decomposition, and we will leave the discussion about the

reduction of the cost for future work.

These basis operations are universal, as one can verify by constructing a non-

Clifford gate or an entangling gate. For instance, we can decompose T gate using

our basis operations as [T ] = 1
2
[I] −

√
2−1
2

[σz] +
√
2
2

[R3
z ], and the corresponding cost

C =
√

2. It is worth mentioning that C =
√

2 is the same as the value called

robustness of magic, indicating the classical simulation overhead [145].

Another example is controlled-NOT gate, which reads

ΛX =
I + σz

2
⊗ I +

I − σz

2
⊗ σx, (8.8)
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and the controlled-NOT gate can be decomposed as

[ΛX] =
1

2
([I ⊗ σx] + [σz ⊗ I] − [I ⊗Rx]

−[Rz ⊗ I] − [σz ⊗Rx] − [Rz ⊗ σx])

+[σz ⊗ σx] + [Rz ⊗Rx] + [I ⊗ πx]

+[πz ⊗ I] − [σz ⊗ πx] − [πz ⊗ σx]. (8.9)

Then, the corresponding cost is given by C = 9.

However, these constructions would not be used in practice – it is not an effi-

cient method to actually implement a desired T and controlled-NOT in the basic

circuit, since the corresponding cost C =
√

2 and C = 9 would imply unacceptably

steep exponential, leading to a huge sampling cost, as one would expect from e.g.

Refs. [147, 148, 149]. Instead we rely on the assumption that the experimental

system can directly implement a universal set of gates (including entangling and

non-Clifford gates) with a reasonably high fidelity. Then rather than fully synthe-

sising any of the basic gates using our basis, we need only compensate for slight

imperfections. The cost for doing so, for each imperfect gate, is then ∼ C = 1 + δ

as we presently discuss.

Note that the measurement superoperator [π] also means post-selection, i.e. if

the outcome of the measurement corresponding to [π] (which is not the final mea-

surement on the observable Q(l)) is |1⟩ in a trial, the value of the observable Q(l)

is noted as µ(l) = 0, but the trial is counted in the total number of samples in the

Monte Carlo calculation. If Q(l) has two values ±1, we can estimate the value of

⟨⟨Q(l)|O(l)
tot.|ρ(l)⟩⟩ by calculating (N

(l)
+1 − N

(l)
−1)/(N

(l)
0 + N

(l)
+1 + N

(l)
−1). Here, we have

supposed that the circuit is implemented for total N
(l)
0 +N

(l)
+1 +N

(l)
−1 times; for N

(l)
0

times the circuit does not pass post-selections (i.e. µ(l) = 0), and for N
(l)
±1 times the

circuit passes all post-selections and reports Q(l) = ±1 (i.e. µ(l) = ±1). It is the

same when we compute ⟨Q(0)⟩ using the Monte Carlo method. If the effect outcome
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is µeff = 0 with the probability P0, then the standard deviation of the Monte Carlo

calculation becomes σ = C
√

[(1 − P0)2 − E[µ]2]/(1 − P0)Nr ≤ C
√

(1 − P0)/Nr.

As we have obtained the complete operation set in Table 8.1, we can use it in

deriving the protocol that will compensate for errors. We focus on the case that

errors are localised: An (error-free) operation that is applied on a set of qubits

S is a 4|S|-dimensional real matrix, then the corresponding operation in real (i.e.

error-burdened) O is also a 4|S|-dimensional real matrix operating on the same

set of qubits. The overall operation on the entire system can be expressed as

IS̄ ⊗ O, where IS̄ is the identity acting on all other qubits. It is similar for the

initialisation and measurement. If each qubit is initialised individually, the overall

initial state is
⊗

m |ρm⟩⟩, where |ρm⟩⟩ is a 2-dimensional real vector representing

the mth qubit’s initial state. Similarly, individual measurement of qubits implies

that the overall measured observable is
⊗

m⟨⟨Qm|, where ⟨⟨Qm| is a 2-dimensional

real vector representing the measured observable for the mth qubit. In this case, a

single-qubit operation with error can still be expressed using a 4×4 real matrix. We

suppose that for a qubit, sixteen basis operations with errors are {Bi|i = 1, . . . , 16},

which are all 4 × 4 real matrices. When errors are not significant, these sixteen

bases should still be linearly independent, i.e. the set of basis operations with errors

is still universal.

To make this statement more precise, we consider the 16 × 16 real matrix

A =



(B1)•,1 · · · (B16)•,1

(B1)•,2 · · · (B16)•,2

(B1)•,3 · · · (B16)•,3

(B1)•,4 · · · (B16)•,4


. (8.10)

Here, (Bi)•,j denotes the jth column of the matrix of the basis operation Bi. Sixteen

basis operations are linearly independent if the matrix A is invertible. We use

ϵmax = max{∥Bi − B(0)
i ∥max|i = 1, . . . , 16} as the measure of the error severity in
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basis operations. When ϵmax <
1
32

(13 − 3
√

17) ≃ 0.0351, it can be proved that A is

always invertible. We have the explanation as following.

For two real matrices A(0) and A and a non-zero real vector x, we have

∥A(0)x∥2 =
√
xTA(0)TA(0)x ≥ smin(A(0))∥x∥2, (8.11)

where ∥x∥2 denotes the Euclidean norm of x, and smin(A(0)) is the minimum singular

value of A(0). We also have

∥(A− A(0))x∥2 ≤ ∥A− A(0)∥2∥x∥2. (8.12)

Therefore,

∥Ax∥2 ≥ ∥A(0)x∥2 − ∥(A− A(0))x∥2

≥ (smin(A(0)) − ∥A− A(0)∥2)∥x∥2, (8.13)

where ∥A∥2 denotes the largest singular value of A (an operator norm). If ∥A −

A(0)∥2 < smin(A(0)), ∥Ax∥2 is always positive, thus A is invertible.

Now, A is the matrix formed by basis operations with error as defined in

Eq. (8.10), and A(0) is the matrix formed by basis operations without error. Because

det(A(0)) can be numerically calculated as det(A(0)) = 16, A(0) is invertible, i.e. ba-

sis operations without error are linearly independent. The minimum singular value

is smin(A(0)) = 1
2
(13 − 3

√
17). Because ∥A − A(0)∥2 ≤ 16∥A − A(0)∥max = 16ϵmax,

the matrix A is invertible if ϵmax <
1
16
smin(A).

We remark that even if ϵmax exceeds the threshold, basis operations still tend to

be linearly independent.
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Figure 8.2: (a) Error-mitigation circuits. The choice of a basis operation is de-
termined by the corresponding random number i, j or k. Original gate that is
identity (memory operation) also has to be error-mitigated, unless memory error is
negligible. In the compensation method, ether the original gate or basis operations
are applied depending on the random number. (b) The schematic of the linear
extrapolation (orange curve) and exponential extrapolation (green curve).
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8.8 Error mitigation using basis operations

Given an operation with error O, we can use sixteen basis operations to correct the

error, i.e. realise the operation without error O(0). There are two ways for correcting

the error.

Compensation method. The operation O is close to O(0). Therefore, we can

keep the correct component of O and only decompose the error component using

basis operations. We decompose the operation without error as O(0) = λO+
∑

i qiBi,

where λ is an arbitrary real number. If basis operations are linearly independent,

the decomposition always exists, and there is only one solution of coefficients {qi}

when λ is determined.

Inverse method. If the matrix O(0) is invertible, we can express O as O(0) fol-

lowed by a noise process, i.e. O = NO(0), where the noise operation N = OO(0)−1.

In order to correct the error, we can decompose the inverse of the noise as N−1 =

O(0)O−1 =
∑

i qiBi. By applying the inverse of the noise after the operation O, we

can realise the operation without error, i.e. O(0) = N−1O =
∑

i qiBiO. Similar to

the compensation method, if basis operations are linearly independent, the decom-

position always exists, and there is only one solution of coefficients {qi}. However,

the inverse method can only be applied if the matrix O is invertible.

For multi-qubit operations, the decomposition is performed using tensor prod-

ucts of basis operations. We consider the n-qubit operation E . For each qubit,

there is a set of basis operations {Bm,i|i = 1, . . . , 16}, where m = 1, . . . , n is the

label of the qubit. For each set of basis operations, there is a matrix A as defined

in Eq. (8.10). We use Am to denote the matrix of the mth qubit.

The operation E can be decomposed as

E =
16∑

i1=1

· · ·
16∑

in=1

qi1,...,inB1,i1 ⊗ · · · ⊗ Bn,in . (8.14)
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Coefficients form a 16n-dimensional vector

q =



q1,1,··· ,1,1
...

q1,1,··· ,1,16
...

q16,16,··· ,16,1
...

q16,16,··· ,16,16



, (8.15)

Therefore, the decomposition is given by q = (A1 ⊗ · · · ⊗ An)−1E, where E is a

16n-dimensional vector corresponding to E .

We choose the order of Pauli operators, i.e. the order of bases of Pauli transfer

matrices {Bm,i|i = 1, . . . , 16}, as I, σx, σy and σz (which are also denoted as I, X,

Y and Z, respectively). Then, to be consistent with A1 ⊗ · · · ⊗ An, we have

E =



EI1I2···In−1In,I1I2···In−1In

EI1I2···In−1In,I1I2···In−1Xn

...

EI1I2···In−1Zn,I1I2···In−1Yn

EI1I2···In−1Zn,I1I2···In−1Zn

...

EZ1Z2···Zn−1In,Z1Z2···Zn−1In

EZ1Z2···Zn−1In,Z1Z2···Zn−1Xn

...

EZ1Z2···Zn−1Zn,Z1Z2···Zn−1Yn

EZ1Z2···Zn−1Zn,Z1Z2···Zn−1Zn



. (8.16)

Here, αm (α = I,X, Y, Z) is a Pauli operator of the mth qubit.

Although basis operations are not entangling, we can use basis operations to
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efficiently mitigate multi-qubit errors and errors that can entangle qubits. The

example is decomposition of the controlled-NOT gate only using basis operations

discussed in the previous section, which suffices to imply that any error in the form

of the controlled-NOT gate can be mitigated using basis operations.

Initialisation and measurement errors can also be corrected using basis oper-

ations. Taking first the case of initialisation errors: If |ρ⟩⟩ is the error-burdened

initial state, and it is a non-zero vector, we can always find a transformation T

that satisfies |ρ(0)⟩⟩ = T |ρ⟩⟩ where |ρ(0)⟩⟩ is the error-free initial state. Thus by de-

composing T using basis operations and applying it after the initialisation, we can

prepare the noise free initial state. Actually, given an initial state that is close to |0⟩,

we can generate a complete set of linearly independent vectors {|ρk⟩⟩} using basis

operations. With these vectors, we can decompose the initial state without error

as |ρ(0)⟩⟩ =
∑

k qk|ρk⟩⟩. The state of a qubit is represented by a 4-dimensional real

vector. To decompose the initial state of a qubit without error |ρ(0)⟩⟩, we need four

linearly independent initial states. If the qubit can be initialised in the state |0⟩, we

can choose the set of four states as {ρ(0)k } = {|0⟩ , |1⟩ , 1√
2
(|0⟩+ |1⟩), 1√

2
(|0⟩+ i |1⟩)}.

These four states can be obtained by applying basis-adjusting operations (Clifford

gates) {[I], [Rx], [Rx]
2, [Rz][Rx]} on the initial state |0⟩. Because of the error in the

state |0⟩ and errors in basis-adjusting operations, the prepared four states {ρk}

are not exactly states {ρ(0)k }. When the overall error is small, states {ρk} are still

linearly independent.

We introduce the matrix M in
σ,k = ⟨⟨σ|ρk⟩⟩, and M in(0) is the matrix corresponding

to {ρ(0)k }, i.e. M in matrix free from state preparation noise. States {ρk} are linearly

independent if M in is invertible. Similar to the analyse of the linear independence of

basis operations (i.e. the invertibility of the matrix A), we have that M in is always

invertible if ∥M in −M in(0)∥max <
1
4
smin(M in(0)) = 1

8

√
5−

√
17

2
≃ 0.0828. The initial

state without error is decomposed as |ρ(0)⟩⟩ =
∑4

k=1 qk|ρk⟩⟩. Coefficients form a

4-dimensional column vector q = [q1 q2 q3 q4]
T. The decomposition is given by
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q = M in−1|ρ(0)⟩⟩.

A similar argument can be applied to the corresponding result for measure-

ment: For an observable ⟨⟨Q| there will be some ⟨⟨Q(0)| = ⟨⟨Q|T where ⟨⟨Q(0)| is

the error-free quantity. If an observable is close to σz then a linearly independent

set {⟨⟨Qj|} can be generated; then the error-free observable ⟨⟨Q(0)| =
∑

j qj⟨⟨Qj|.

To decompose the observable of a qubit without error ⟨⟨Q(0)|, we need four linearly

independent observables. If σz can be measured, we can choose the set of four

observables as Pauli operators {Q(0)
j } = {I, σx, σy, σz}. The operator I denotes a

trivial measurement, whose outcome is always +1. Measurements of other three

Pauli operators can be obtained by applying basis-adjusting operations (Clifford

gates) {[I], [Rx], [Rz]
3[Rx][Rz]} before the measurement of σz. Because of the error

in the measurement of σz and errors in basis-adjusting operations, the measured ob-

servables {Qj} are not exactly {Q(0)
j }. When the overall error is small, observables

{Qj} are still linearly independent. We introduce the matrix Mout
j,σ = ⟨⟨Qj|σ⟩⟩,

and Mout(0) is the matrix corresponding to {Q(0)
j }. Observables {Qj} are lin-

early independent if Mout is invertible. We have that Mout is always invertible

if ∥Mout −Mout(0)∥max <
1
4
smin(Mout(0)) = 1

4
. The initial state without error is de-

composed as ⟨⟨Q(0)| =
∑4

j=1 qj⟨⟨Qj|. Coefficients form a 4-dimensional row vector

q = [q1 q2 q3 q4]. The decomposition is given by q = ⟨⟨Q(0)|Mout−1.

Circuits for QEM are shown in Fig. 8.2(a). Given quasi-probabilities, we can

compute the corresponding probability in sampling circuits as shown in Sec. 8.5.

Using the quasi-probability method, we can also increase the error in an opera-

tion, as required by the alternative error extrapolation method for QEM. Instead of

decomposing the error-free operation O(0) using O and basis operations, we can also

decompose the error-boosted operation Ob(r) = (1 − r)O(0) + rO (r > 1) using O

and basis operations. It is similar for initial states and observables. We have noted

that in the decomposition of an error-free operation, there are always some negative

quasi-probabilities, i.e. the C factor is greater than 1, which leads to greater time
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costs. But fortunately when we merely wish to decompose an error-boosted oper-

ation we can implement it without introducing negative quasi-probability, e.g. by

boosting Pauli errors using Pauli gates [24]. Therefore, the sampling cost does not

increase.

8.9 Quantum gate set tomography

We can measure a set of initial states {|ρ̄k⟩⟩}, observables {⟨⟨Q̄j|} and operations

{Ōi} (including basis operations) with gate set tomography (GST) [139, 140]. These

vectors and matrices with the bar notation describe the actual physical system.

Because there are errors in both initial states and observables, and initialisation

and measurement errors cannot be distinguished, we may not obtain exactly these

vectors and matrices describing the actual physical system. Instead, the vectors and

matrices obtained using GST are {|ρ̂k⟩⟩}, {⟨⟨Q̂j|} and {Ôi}, which are estimations

of {|ρ̄k⟩⟩}, {⟨⟨Q̄j|} and {Ōi}, respectively.

If we know {|ρ̄k⟩⟩}, {⟨⟨Q̄j|} and {Ōi} because the physical system is well un-

derstood, we can directly use them in QEM. If our knowledge about the physical

system is not enough, we can use GST to obtain {|ρ̂k⟩⟩}, {⟨⟨Q̂j|} and {Ôi}. We

will show that, although the estimations may not be exact, we can exactly correct

errors for the expected value of an observable of interest by using these estimations

in QEM.

To measure a set of operations {Ō1, . . . , ŌN} on n qubits using GST, we need

to choose a set of 4n linearly independent initial states {ρ̄k} and a set of 4n lin-

early independent observables {Q̄j}. Given these initial states and observables, we

measure expected values

Õj,k = ⟨⟨Q̄j|Ō|ρ̄k⟩⟩. (8.17)

Here, Ō is one of operations {Ō1, . . . , ŌN}.
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The matrix Õ is equivalent to Ō up to a transformation. Because Ōσ,τ =

⟨⟨σ|Ō|τ⟩⟩ and
∑

σ |σ⟩⟩⟨⟨σ| = I (the sum is taken over all Pauli operators), we have

Õ = M̄outŌM̄ in, (8.18)

where M̄ in and M̄out are matrices defined as M̄ in
σ,k = ⟨⟨σ|ρ̄k⟩⟩ and M̄out

j,σ = ⟨⟨Q̄j|σ⟩⟩.

We remark that the effects of initialisation error and measurement error are in-

cluded in M̄ in and M̄out, respectively. We cannot measure matrices M̄ in and M̄out

independently, therefore we cannot determine Ō using GST. By taking the identity

operation for Ō (i.e. Ō = I) in Eq. (8.17), we can measure

g = M̄outM̄ in. (8.19)

The estimation of Ō is given by

Ô = Tg−1ÕT−1 = TM̄ in−1OM̄ inT−1, (8.20)

where g and Õ are obtained by measuring the expected values of observables, and T

is an arbitrary invertible matrix. If M̄ in and T are different, Ô is different from Ō,

but we set T so that it is similar to M̄ in. We usually set T = M in(0), where M in(0)

is M in matrix without state preparation noise. The estimations of states |ρ̄k⟩⟩ and

observables ⟨⟨Q̄j| are given by

|ρ̂k⟩⟩ = T•,k = TM̄ in−1|ρ̄k⟩⟩, (8.21)

⟨⟨Q̂j| = (gT−1)j,• = ⟨⟨Q̄j|M̄ inT−1. (8.22)

Here, M•,k (Mj,•) denotes the kth column (jth row) of the matrix M .

We introduce matrices M̂ in and M̂out defined as M̂ in
σ,k = ⟨⟨σ|ρ̂k⟩⟩ and M̂out

j,σ =

⟨⟨Q̂j|σ⟩⟩, respectively. Then M̂ in = T and M̂out = gT−1.
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For a sequence of operations Ō1, . . . , ŌN , because Ôi and Ōi are similar matrices

up to the same transformation independent of the operation (i.e. the index i), we

have

⟨⟨Q̄j|ŌN · · · Ō1|ρ̄k⟩⟩ = ⟨⟨Q̂j|ÔN · · · Ô1|ρ̂k⟩⟩. (8.23)

Therefore, although estimations {|ρ̂k⟩⟩, ⟨⟨Q̂j|, Ôi} are in general different from their

correspondences {|ρ̄k⟩⟩, ⟨⟨Q̄j|, Ōi}, they can always provide the correct prediction

for the expected value of an observable in an initial state going through a sequence

of operations.

Using GST estimations in QEM, the actual operations realised in this way

differ from operations without error, but the computing result is correct. To

correctly obtain ⟨⟨Q(0)|O(0)|ρ(0)⟩⟩, we decompose the initial state, the observable

and the operation using {|ρ̂k⟩⟩}, {⟨⟨Q̂j|} and {Ôi} respectively. Here, |ρ(0)⟩⟩,

⟨⟨Q(0)|, O(0) and GST estimations are all known to us. The decompositions are

|ρ(0)⟩⟩ =
∑

k qk|ρ̂k⟩⟩, ⟨⟨Q(0)| =
∑

j qj⟨⟨Q̂j| and O(0) =
∑

i qiÔi. Accordingly, we

actually realise |ρ̄(0)⟩⟩ =
∑

k qk|ρ̄k⟩⟩, ⟨⟨Q̄(0)| =
∑

j qj⟨⟨Q̄j| and Ō(0) =
∑

i qiŌi in

the physical system. We have |ρ̄(0)⟩⟩ = M̄ inT−1|ρ(0)⟩⟩, ⟨⟨Q̄(0)| = ⟨⟨Q(0)|TM̄ in−1 and

Ō(0) = M̄ inT−1O(0)TM̄ in−1. Therefore, the physical system gives the computing

result ⟨⟨Q̄(0)|Ō(0)|ρ̄(0)⟩⟩ = ⟨⟨Q(0)|O(0)|ρ(0)⟩⟩, and thus we can successfully obtain de-

sired error-free output. This operation leads to the potential increase to the number

of samples required, as shown in Fig. 8.3 and discussed in the caption.

We would like to remark that, when errors in actual operations are small, errors

in estimations of operations are also small. If we take a proper strategy for choos-

ing T , and errors in initial states and observables are small, the estimation of an

operation Ô is close to the operation without error O(0) when the actual operation

Ō is close to O(0).

Please refer to Appendix A for the discussion of the stability of gate set tomog-
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raphy.

8.10 Estimation of the cost

In general, when the error in an operation is more significant, there is a higher cost

for mitigating the error (to a given level of suppression). We take ϵO = ∥O−O(0)∥max

as the measure of the error severity in the operation, where O (O(0)) is the n-qubit

operation with (without) error. An upper bound of the cost for correcting error in

O is

CO − 1 ≤ 162nϵO
[smin(A(0)) − 16ϵmax]n

. (8.24)

Here, ϵmax is the maximum error in all basis operations for all n qubits, and

smin(A(0)) = 1
2
(13 − 3

√
17) ≈ 0.315. Similar upper bounds can be obtained for

correcting errors in initial states and observables. Now, we discuss the derivation

of inequality (8.24) in detail.

We consider compensation method and take λ = 1, i.e. the n-qubit operation

without error is realised as O(0) = O + E , where E is decomposed using basis

operations as shown in Eq. 8.14. Then the cost for correcting the error in O is

determined by

CO = 1 +
∑

i1,...,in

|qi1,...,in|. (8.25)

Decomposition coefficients are determined by q = (A1 ⊗ · · · ⊗An)−1E, where q and

E are defined in Eqs. (8.15,8.16). Here, q and E are 16n-dimensional vectors, and

A1 ⊗ · · · ⊗ An is a 16n-dimensional matrix. Therefore, for each element of q,

|qi1,...,in| ≤ 16n∥(A1 ⊗ · · · ⊗ An)−1∥max∥E∥max. (8.26)
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Figure 8.3: Cost (C − 1) for correcting errors. We consider a universal set of
operations, including the initialisation, measurement, single-qubit Clifford gates, a
single-qubit non-Clifford gate, and a two-qubit entangling Clifford gate. Sixteen
basis operations of each qubit can be generated using these operations. Every
operation in the set has error, and the memory error is also included. We assume
that qualities of the initialisation and single-qubit gates are 10 times better than the
measurement and two-qubit gates; also that the quality of the memory operation
is 100 times better. Details of the model are given in Appendix B. The cost
for correcting error in each operation in the universal set is calculated, and the
maximum cost over all operations is plotted in the figure. (a) For the depolarising
error model, the cost is lower if we directly use actual operations to correct errors,
and the cost is higher if we use gate-set-tomography (GST) estimations to correct
errors. (b) For the over-rotation model, the cost is higher without using the Pauli
twirling, and the cost is lower when the Pauli twirling is used. In (a) and (b), solid
curves correspond to the compensation method (with the optimised λ), and dashed
curves correspond to the inverse method. (c) The cost as a function of the distance
between operations with errors and operations without error. For the operation with
error O and the operation without error O(0), the distance is ϵO = ∥O − O(0)∥max.
The x-axis illustrates the maximum distance over all operations in the universal set.
In (b) and (c), we always use GST estimations. In (c), Pauli twirling and the inverse
method are used for all the data. Pauli twirling is applied to the measurement and
two-qubit gate, and the inverse method is only applied to the two-qubit gate, while
errors in other operations are corrected using the compensation method. We remark
that usually the maximum distance and the maximum cost are given by the two-
qubit gate. These figure were produced by one of coauthors of Ref. [29], Ying
Li.
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Here, we have used that the maximum absolute value of an element of E is ∥E∥max.

Because E = O(0) − O, we have ∥E∥max = ϵO. Using the inequality (41) in Ap-

pendix A, we have

∥(A1 ⊗ · · · ⊗ An)−1∥max

=
n∏

l=1

∥A−1
l ∥max ≤

n∏
l=1

∥A−1
l ∥2

≤
n∏

l=1

1

smin(A(0)) − ∥Al − A(0)∥2

≤
n∏

l=1

1

smin(A(0)) − 16∥Al − A(0)∥max

≤ 1

[smin(A(0)) − 16ϵmax]n
. (8.27)

Here, ϵmax = max{∥Al − A(0)∥max|l = 1, . . . , n}. There are total 16n decomposition

coefficients, therefore

CO ≤ 1 +
162nϵO

(smin(A(0)) − 16ϵmax)n
. (8.28)

Here, we have assumed that ϵmax < smin(A(0))/16.

We consider using the set of initial states with errors {|ρk⟩⟩} to realise the initial

state |ρ(0)k0
⟩⟩, which is in the set of initial states without error {|ρ(0)k ⟩⟩}. The initial

state can be decomposed as |ρ(0)k0
⟩⟩ = |ρk0⟩⟩ +

∑
k(qk − δk,k0)|ρk⟩⟩ (see section 8.8).

We use ϵin = ∥M in−M in(0)∥max as the measure of the error severity in initial states.

Using ∥|ρk0⟩⟩ − |ρ(0)k0
⟩⟩∥max ≤ ϵin and ∥M in−1∥max ≤ 4[smin(M in(0)) − ϵin]−1, we have

the cost for correcting errors in initial states

Cin =
∑
k

|qk| ≤ 1 +
∑
k

|qk − δk,k0|

≤ 1 +
42ϵin

smin(M in(0)) − ϵin
. (8.29)

A similar argument can be applied to observables. We consider using the set of

120



observables with errors {⟨⟨Qj|} to realise the observable ⟨⟨Q(0)
j0
|, which is in the set

of observables without error {⟨⟨Q(0)
j |}. We use ϵout = ∥Mout −Mout(0)∥max as the

measure of the error severity in observables. Then, the cost for correcting errors in

measured observables is

Cout ≤ 1 +
42ϵout

smin(Mout(0)) − ϵout
. (8.30)

There are also several ways to reduce the cost. The upper bound of the cost

can be obtained using the compensation method and taking λ = 1. In general,

we can optimise the value of λ or use the inverse method to minimise the cost.

For example, for the depolarising error model (see Appendix B), the cost of using

the inverse method is lower than using the compensation method [see Fig. 8.3(a)].

We remark that, to obtain data for the compensation method in Fig. 8.3, we have

optimised the value of λ. If we use estimations obtained from GST to correct

errors, we can optimise the T matrix to minimise the cost. In Fig. 8.3(a), we can

find that, without optimising T matrices, the cost using estimations obtained from

GST is higher than using actual operations. If we choose the matrix in the form

T = ⊗n
m=1Tm, where Tm is a 4-dimensional real matrix corresponding to the mth

qubit, there are 16n parameters to be optimised for a n-qubit quantum computer

in total, which is a non-trivial task. Under some reasonable conditions, we can also

use the Pauli twirling [150, 151] to reduce the cost.

Pauli twirling

In many quantum computing systems, e.g. superconducting qubits [14] and ion

traps [15, 16], the fidelity of single-qubit gates is much better than the fidelity of

two-qubit gates, and usually a state can be initialised with a high fidelity while

the fidelity of measurement is worse. In this section, we consider the case that

error rates of initialisation and single-qubit gates are much lower than error rates
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of two-qubit gates and measurement.

If the error rate of initialisation is low (much lower than the error rate of mea-

surement), we know how to choose T so that the estimation of an operation obtained

from GST is close to the actual operation. We cannot exactly estimate operations

using GST, as it is impossible to distinguish initialisation and measurement errors.

If we treat all errors in the initialisation and measurement as measurement error, the

difference between the estimation and the actual operation is only determined by

the initialisation error. Therefore, if the initialisation is high-fidelity, the estimation

obtained in this way and the actual operation are close.

Because the set of basis operations includes Pauli gates, it is easy to use ba-

sis operations to correct Pauli errors. By using the Pauli twirling, we can convert

the error in a two-qubit entangling Clifford gate to Pauli error [150, 151], which is

achieved by applying Pauli gates before and after the two-qubit gate. This treat-

ment of the error is feasible only if the fidelity of Pauli gates is much better than

the two-qubit gate, otherwise Pauli gates cause significant new errors, which may

not be Pauli error, on the two-qubit gate. In Fig. 8.3(b), we can find that the cost

can be significantly reduce by using the Pauli twirling for the over-rotation error

model (see Appendix B).

In Fig. 8.3(c), costs of different error models are compared, including the de-

polarising model, pure-dephasing model, amplitude-damping model and the over-

rotation model. We also randomly generated many other error models, and see

Appendix B for details of these error models. For a random-operation model, we

randomly generate an operation close to the ideal error-free operation, and we find

that the cost is approximately the cost of the depolarising model. For a random-field

model, we randomly generate a Hamiltonian that drives the erroneous evolution,

and the cost is between the depolarising model and over-rotation model.

From Fig. 8.3(c) we see that the cost of quantum error mitigation varies depend-

ing on the error model but is generally upper-bounded by the case of depolarising
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noise, over the range of noise levels shown here. (Note that other models can exceed

the cost of the the depolarising model if we use even lower fidelity gates). For the

depolarising model, the cost for mitigating error in a two-qubit entangling gate is

C − 1 ≃ aϵ, where ϵ is the error rate and the factor a is between 2 and 3 [see

Fig. 8.3(a)]. If errors in initialisation and single-qubit gates are negligible, or if the

matrix T is optimised to minimise the cost, the factor a can approach 2. If we

accept the depolarising model as an approximate upper bound, we can estimate

the overall cost in a quantum algorithm. Suppose the total number of gates in a

quantum algorithm is N , the overall amplification of the standard deviation (uncer-

tainty of the computing result) is (1 + 2ϵ)N , indicating that (1 + 2ϵ)2N times more

repetitions of the experiment are required in order to achieve the same standard

deviation to the case without error mitigation. We are interested in the case that

N is large but ϵ is small, therefore, (1 + 2ϵ)2N ∼ e4Nϵ. As a rule of thumb we might

take Nϵ = 2 as a limit for acceptable scenarios, since then e4Nϵ ≈ 3, 000. However,

larger overhead factors may be acceptable depending on the speed of the quantum

computer.

8.11 Numerical simulation

In our numerical simulation, we apply QEM to the SWAP-test circuit [94] shown

in Fig. 8.4, in which we realise each controlled-SWAP gate using Toffoli gates and

realise each Toffoli gate using T gates, T † gates, Hadamard gates and controlled-

NOT gates [31]. We note the implementation of a SWAP test using shallow circuit

is possible [91, 92], as we mentioned in Chapter 6. However, for present purposes

it is not essential to use an optimised realisation of the SWAP circuit; its role is

simply to test whether our error mitigation method works properly and indeed the

considerable depth of our non-optimal circuit is helpful here. The number of gates

scales as 23Nq − 21, where Nq is the number of qubits (e.g. Nq = 7 in Fig. 8.4).
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Figure 8.4: Swap-test circuit. The first qubit (denoted black) is a probe qubit,
and the expected value of Z gives the overlap between states of two qubit groups
(denoted green and orange, respectively). Green qubits are prepared in the GHZ
state (|00 · · ·⟩+ |11 · · ·⟩)/

√
2, and orange qubits are prepared in |00 · · ·⟩. Therefore,

the ideal expected value of Z is 0.5.
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Figure 8.5: Histograms of the estimation of ⟨Z⟩ using quantum computers with
inhomogeneous Pauli error and leakage error. For the inhomogeneous Pauli error
model, the SWAP-test circuit involving 19 qubits is simulated: one qubit is the
probe qubit, and each group has 9 qubits. For the leakage error model, the SWAP-
test circuit involving fewer qubits (15 qubits) is simulated, because in the numerical
simulation we need to use an additional qubit to introduce the leakage process. The
ideal value of ⟨Z⟩ is marked by the red arrow.

Without error, the expected value of the observable Z (σz of the probe qubit) in

the SWAP-test circuit in Fig. 8.4 is 0.5, because it evaluates the overlap of the GHZ

state (|00 · · ·⟩ + |11 · · ·⟩)/
√

2 and the state |00 · · ·⟩.

We consider error models according to which the same noise E is applied after

the initialisation to the state |0⟩, before the measurement, and before and after

each gate. For the controlled-NOT gate, the noise applied is E ⊗ E on two qubits.

We remark that basis operations are also affected by noise in the same way. We

consider two types of noise: inhomogeneous Pauli error and leakage error, which

can be respectively described as

Einh = (1 − px − py − pz)[I] + px[σ
x] + py[σy] + pz[σ

z]

and

Eleak = [|0⟩⟨0| +
√

1 − p|1⟩⟨1|],

where pα is the probability of the error [σα], and p is the probability of the leakage

error from the state |1⟩. It is worth mentioning that the leakage error is a non-trace-

125



preserving error. In our simulations, we set px = py = 0.0001, pz = 0.0006, and

p = 0.0008. Thus in both models the total error rate is 0.08% for initialisation and

measurement, 0.16% for single-qubit gates and 0.32% for two-qubit gates, which can

be achieved with two-qubit gates in ion traps [16] and can be far surpassed for one-

qubit gates [15]. Moreover, with these numbers the expected total number of error

events in circuits of the depth and breadth that we consider here is approximately

unity for the case the number of simulated qubits equals to 19; this is a challenging

domain for error mitigation.

In addition to quasi-probability decomposition (see section 8.14 for an instruc-

tion of the implementation), we also study the Richardson extrapolation technique

introduced in Ref. [24]. The expected value of Z obtained by running the SWAP-

test circuit in a quantum computer with noise depends on the error rate, i.e. it

is a function that can be denoted as ⟨Z⟩(ϵ), where ϵ is the overall error rate.

For our first set of numerical experiments we consider linear extrapolation to the

error-free value ⟨Z⟩(0) as follows: We obtain the expected value ⟨Z⟩(ϵ0) with the

lowest attainable error rate ϵ0, and by increasing error rate to rϵ0 with r > 1,

we obtain another expected value ⟨Z⟩(rϵ0). Using these two values, we can infer

⟨Z⟩(0) = (r⟨Z⟩(ϵ0) − ⟨Z⟩(rϵ0))/(r − 1) as shown in Fig. 8.2(b), which is the final

estimation of ⟨Z⟩. Here, we set r = 2.

The first set of numerical results are shown in Fig. 8.5. We assume that the

experimentalist makes her overall estimate of the ⟨Z⟩ after she performs 104 indi-

vidual experiments. We take this number of runs as a fixed constraint (effectively,

we are constraining her overall time resource), and she may choose to employ those

runs using one of three alternative approaches: no error correction, linear extrapola-

tion, and quasi-probability decomposition (using basis operations and incorporating

GST). In each experiment the SWAP-test circuit or its variant for the purpose of

QEM is implemented. Because of the finite number of samples, the estimation is

stochastic. Therefore, in our numerical simulation we perform the appropriate se-
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Figure 8.6: Comparison of optimised quantum error mitigation techniques: The
green outlines correspond to the quasi-probability technique while solid histograms
correspond to the extrapolation technique using a presumption of an underlying
linear (blue) or exponential (red) dependence. For the inhomogeneous Pauli error
model, the SWAP-test circuit involving 19 qubits is simulated. For the leakage error
model, the SWAP-test circuit involving fewer qubits (15 qubits) is simulated. The
horizontal axis is the estimate of ⟨Z⟩ that an experimentalist who performs 104

experiments will obtain. Ideally the circuit produces ⟨Z⟩ = 0.5. (a) The left panel
corresponds to physical errors of the inhomogeneous Pauli type, while the right
panel (b) corresponds to physical leakage errors. Note that the horizontal scale
differs between the two panels; a grey bar showing the scale from 0.4 to 0.6 appears
in both figures to facilitate comparison. For either type of noise, it is clear that
exponential extrapolation mitigates noise more than linear extrapolation.

ries of 104 experiments, mirroring the actions of the experimentalist, and then we

repeat ≥ 1, 000 times in order to determine the distribution of final estimations

that may be obtained. The distribution for each case is plotted in Fig. 8.5.

Now, it is clear that QEM approaches can improve the result, i.e. the corre-

sponding distributions are shifted closer to the ideal value 0.5 compared to the

approach without QEM. For the inhomogeneous Pauli error model, the means of

distributions are at 0.1961, 0.3415, and 0.5011 for the no error correction, linear

extrapolation, and quasi-probability decomposition, respectively. The distribution

of the quasi-probability approach is centered at the ideal value, which clearly shows

its desirable property of completely removing any systematic bias. However, the

variance of the distribution is greater (as we expected) compared to other two ap-

proaches. A more fair metric would be the expected absolute error versus ideal

value (i.e. |⟨Z⟩ − 0.5|). Given an ideal error-free computer and 104 trials, this met-
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ric would evaluate to 0.006910. Using the inhomegeneous Pauli error, with our three

protocols the three corresponding values are 0.3039, 0.1853 and 0.0491. Similarly,

for the leakage error model, the means for three approaches are 0.3819, 0.4710,

0.5007, while the expected absolute error evaluates to 0.1181, 0.0294, and 0.0434.

From these results it may appear that (given a large but reasonable number

of samples) the quasi-probability technique outperforms the extrapolation method,

with the latter unable to approach the mean of the error-free circuit. However, here

the extrapolation method was limited to linear interpolation whereas the physical

error rates are high enough that the linear assumption is not appropriate. One could

fit a higher order polynomial using more data points (here, we have only used two:

one derived from the actual lowest possible error rate and one boosted to twice the

error rate.) However, the sampling cost generally scales exponentially to the number

of data points [78]. Also, as we are limiting the total number of experimental runs

to 104, this would lead to greater noise in each data point. Therefore we should

not take many data points. Moreover, as we now argue, ⟨Z⟩ (ϵ) is likely to be

well-approximated by an exponential decay rather than a polynomial one (i.e. the

expected value of the observable falls exponentially with the physical error rate)

and two data points are sufficient to estimate the zero-error observable under that

assumption.

In Fig. 8.6 we show the results when the experimentalist indeed assumes that

the expected value ⟨Z⟩(ϵ) changes exponentially with respect to the error rate ϵ and

converges to 0 in the limit of ϵ→ ∞. Here, we assume

⟨Z⟩ (ϵ) = ⟨Z⟩ (0)e−aϵ. (8.31)

Therefore, we have

⟨Z⟩ (ϵ0) = ⟨Z⟩ (0)e−aϵ0

⟨Z⟩ (rϵ0) = ⟨Z⟩ (0)e−arϵ0 .

(8.32)
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We now have ⟨Z⟩ (ϵ0)
r ⟨Z⟩ (rϵ0)

−1 = ⟨Z⟩ (0)r−1, therefore the experimentalist will

infer the error-free value as

⟨Z⟩(0) = ⟨Z⟩(ϵ0)
r

r−1 ⟨Z⟩(rϵ0)
1

1−r . (8.33)

Here we take r = 2.

As shown in Fig. 8.6, the distribution of the final result using the exponential

extrapolation approaches the ideal value of ⟨Z⟩ (which is 0.5 for the SWAP-test cir-

cuit) much better than the linear extrapolation. Given the same 104 experimental

runs, the mean of the experimentalist’s estimate is now 0.5111 for the inhomoge-

neous Pauli error model and 0.4986 for the leakage error model. These numbers are

significantly close to those of quasi-probability technique but the variance is smaller.

The expected absolute error for inhomogeneous Pauli error and leakage error are

0.06501 and 0.01882, respectively. For the latter, the expected absolute error comes

within a factor of three of the shot-noise limit that would be achieved by error-free

ideal hardware (0.00691). This is despite the fact that our error-burdened circuits

have error rates corresponding to at least one error event per circuit. We emphasise

that this suppression results purely from the QEM protocol i.e. it is achieved at no

cost in terms of the qubit count or the total number of runs (constrained to 104).

Due to the limited power of classical computer we utilised, our exact numerical

simulations did not involve more than 19 qubits. However, it is of course very inter-

esting to investigate the relevance of our techniques to quantum computing using

over 50 qubits, which is in the so called ‘quantum supremacy’ regime. Therefore,

we estimate the cost of quantum error mitigation in the SWAP-test circuit, using

the same error models in our numerical simulation and error rates achievable in ion

trap experiments [15, 16], i.e. the error rate of two-qubit gate is 0.1% and error

rates of single-qubit operations are 0.01%. Take for example the SWAP test with

Nq = 51 qubits (the number of gates is 1, 152). For the inhomogeneous Pauli error
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model, the overall cost is C = 2.956, which implies that we can attain the same

computing precision as the ideal case if we have C2 = 8.738 times more repetitions

of the experiment, which is experimentally feasible. For the leakage error model,

the cost for the 51-qubit SWAP test is C = 4.338, which means C2 = 18.818 times

more repetitions are required. A plot showing how the cost scales depending on

qubit count is shown in Fig. 8.7.

We also evaluate C2 for a fully paralleled circuit, whose circuit depth is Nq, and

each layer has Nq/2 single qubit gates and Nq/4 controlled-NOT gates, which means

the quantum circuit has N2
q/2 single qubit gates and N2

q/4 controlled-NOT gates.

As single qubit gates, we use T gate, S gate and Hadamard gate, because these gates

plus controlled-NOT gate constitute a universal gate set, and we equally assign the

number of qubits to these three types of single qubit gates. We plot C2 versus

the number of qubits for the SWAP-test circuit and the fully paralleled circuit in

Fig. 8.7. We observe that for the SWAP test circuit, it is feasible to venture into the

‘supremacy’ regime with the current achievable fidelities; for the more demanding

case of a fully paralleled circuit (so that the gate count scales as N2
q ) we see that

today’s error rates would not be sufficient much beyond 50 qubits, but that error

rates ten times lower would easily suffice for 80 qubits and beyond.

8.12 Intuition for Exponential extrapolation

Intuitively, the explanation for the success of the exponential extrapolation is as

follows. We express the ith noise event occurring in the quantum circuit as

Ei(ϵ) = (1 − ϵ)[I] + ϵE ′(ϵ)i, (8.34)

where E ′(ϵ) is the error component. The only assumption is that the error compo-

nent only weakly depends on the error rate ϵ (see Appendix C). Now, for simplifica-

tion we ignore the computing operations, which do not affect our general argument.
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Figure 8.7: The graphs show the cost of matching the performance of an ideal noise-
less circuit with a noisy circuit, using the quasi-probability method. The vertical
axis (C2) is a multiplicative factor indicating how many more repetitions of the
circuit execution are requited. In each graph the upper pair of lines correspond to
error rates achievable in ion trap experiments [15, 16], i.e. the error rate of two-
qubit gate is 0.1% and error rates of single-qubit operations are 0.01%. The lower
pair of lines indicate the result of reducing these error rates by a factor of ten. The
left panel corresponds to the SWAP-test circuit. The right panel corresponds to a
circuit where every qubit is actively gated in every time step, and the number of
steps equals to the number of qubits.

The total noise that the entire quantum circuit experiences is

N∏
i=1

Ei =
N∏
i=1

[(1 − ϵ)[I] + ϵE ′
i ]. (8.35)

Here, N is the total number of the noisy operations. Expanding the overall noise,

we get

N∏
i=1

Ei =
N∑

n=1

(
N

n

)
(1 − ϵ)N−nϵnXn, (8.36)

where

Xn =

(
N

n

)−1

×

 the sum of terms where

E ′ appears for n times

 . (8.37)
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Note that the coefficient of Xn in the overall noise corresponds to a binomial distri-

bution, which can be approximated by the Poisson distribution. We have

N∏
i=1

Ei = e−Nϵ

N∑
n=0

(Nϵ)n

n!
Xn, (8.38)

We can find that the impact of the overall noise on the expected value of some

observable is proportional to e−Nϵ, which implies that exponential extrapolation

works better than linear extrapolation.

8.13 Cost for exponential extrapolation

Now, we discuss the cost for exponential extrapolation. We assume that ⟨Z⟩ (ϵ) ∝

e−Nϵ, and Var(⟨Z⟩ (ϵ)) = Var(⟨Z⟩ (rϵ)), and the same number of samples are as-

signed to two points used for extrapolation. Now, for a function f(x, y), where x

and y are random variables, the variance of f can be evaluated by using the formula

for propagation of uncertainty

Var[f ] =

∣∣∣∣∂f∂x
∣∣∣∣2 Var[x] +

∣∣∣∣∂f∂y
∣∣∣∣2 Var[y]. (8.39)

Assuming f(x, y) = xayb, we have

Var[f ] = (axa−1yb)2 Var[x] + (bxayb−1)2 Var[y]. (8.40)

Now, by substituting a = r/r − 1, b = 1/(1 − r), x = ⟨Z⟩ (ϵ0) and y = ⟨Z⟩ (rϵ0),

we have f = ⟨Z⟩∗ (0), where ⟨Z⟩∗ (0) is the estimated error free expectation value

of Z. Then we obtain

Var[⟨Z⟩∗ (0)] =

(
r

r − 1
⟨Z⟩ (ϵ0)

1
r−1 ⟨Z⟩ (rϵ0)

1
1−r

)2

Var[⟨Z⟩ (ϵ0)]

+

(
1

1 − r
⟨Z⟩ (ϵ0)

r
r−1 ⟨Z⟩ (rϵ0)

r
1−r

)2

Var[⟨Z⟩ (rϵ0)].

(8.41)
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Then, by using ⟨Z⟩ (ϵ) ∝ e−Nϵ, we have

⟨Z⟩ (ϵ0)
1

r−1 ⟨Z⟩ (rϵ0)
1

1−r = eNϵ0

⟨Z⟩ (ϵ0)
r

r−1 ⟨Z⟩ (rϵ0)
r

1−r = eNrϵ0 ,

(8.42)

and assuming Var[⟨Z⟩ (ϵ0)] = Var[⟨Z⟩ (rϵ0)], we can get the variance of the estima-

tion

Var[⟨Z⟩∗ (0)] =
(r2e2Nϵ0 + e2Nrϵ0)

(r − 1)2
Var[⟨Z⟩ (ϵ0)]. (8.43)

Thus the cost for the exponential extrapolation is

C2
exp =

(r2e2Nϵ0 + e2Nrϵ0)

(r − 1)2
, (8.44)

which implies we have to perform C2
exp times more measurements. Due to the expo-

nential dependence of r and Nϵ0, the sampling cost of exponential extrapolation can

be much larger than the one of linear extrapolation for large r and Nϵ0. However,

error mitigation generally works in the regime that Nϵ0 ≤ 1, and therefore the cost

of linear and exponential extrapolations are similar when r ≈ 1. It is also possible

to have optimal r to minimise C2
exp. For example, for Nϵ0 = 1, r ≈ 2.2. However, it

is worth mentioning that the optimisation of r does not necessarily indicate ⟨Z⟩∗ (0)

for that r is the best approximation of the ideal expectation value, as it is merely

the optimisation of C2
exp.

8.14 Instruction of the implementation of the quasi-

probability method

This section is a self-contained description of how to implement QEM using the

quasi-probability decomposition. There are three steps: first, implement GST;
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second, compute the quasi-probability decomposition; third, implement the quasi-

probability decomposition using the Monte Carlo approach.

8.14.1 Implementation of gate set tomography

General discussions of GST are given in section 8.9, therefore, here we describe

GST in a more concrete way so that experimentalists can refer to it to implement

actual experiments. GST is implemented to measure all gates used in the quantum

computation. We discuss how to measure single qubit gates first and two-qubit

gates afterwards.

To measure a single-qubit gate by using GST, we prepare initial states |0⟩,

|1⟩, |+⟩, and |y+⟩, where |+⟩, and |y+⟩ are the eigenstates of Pauli operators σx

and σy with the eigenvalue +1, respectively. We denote these states ρ̄1, ρ̄2, ρ̄3

and ρ̄4, respectively. These initial states can be noisy states, which is the essential

advantage of GST, i.e. GST can tolerate state preparation and measurement errors.

Then, we apply the gate that we want to measure, e.g., Hadamard gate, T gate

and T † gate in the SWAP-test circuit. Here we will use Ō (superoperator acting

on a reduced density matrix) to denote the gate to be measured, which is generally

noisy. Subsequently, we measure expectation values for four observables, I, σx, σy

and σz, respectively. Here I is a trivial observable whose measurement outcome is

always +1. We denote these observables as Q̄1, Q̄2, Q̄3, Q̄4, and measurements of

these observables can also be noisy. Again, we stress this is the advantage of GST.

Then, by repeating the experiment to compute the mean value of observables, we

can construct the 4 × 4 matrix Õ, and matrix elements are

Õj,k = Tr
(
Q̄jŌρ̄kŌ†) . (8.45)

Similarly, we can obtain the 4 × 4 matrix g by choosing not to apply any gate (i.e.
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Ō = I) to initial state. Then the matrix elements are

gj,k = Tr
(
Q̄j ρ̄k

)
. (8.46)

This process is implemented for each qubit and each type of single-qubit gate (in-

cluding all basis operations).

One will find that there is a freedom in the specification of the gate Ō. Legiti-

mate variants can be obtained as

Ô = Tg−1ÕT−1, (8.47)

where T is an invertible 4 × 4 matrix. The matrix T can be different for different

qubits but must be the same for all gates on the same qubit. We can choose T to

minimise the cost in QEM. In the case that the error rate of preparing initial states

is low, we can take

T =



1 1 1 1

0 0 1 0

0 0 0 1

1 −1 0 0


, (8.48)

which will approximately minimise the cost according to our experience. This cor-

responds to M̄ in matrix discussed in section 8.9 in the absence of noise, i.e. M̄ in(0).

Estimations of the initial state ρ̄k and the observable Q̄j are respectively

|ρ̂k⟩⟩ = T•,k, (8.49)

⟨⟨Q̂j| = (gT−1)j,•. (8.50)

Here, M•,k (Mj,•) denotes the kth column (jth row) of the matrix M .

To measure a two-qubit gate by using GST, the procedure is basically the same.
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The only difference is that to have GST we should prepare 16 initial states and

measure 16 observables. Initial states are the tensor products of single-qubit initial

states, i.e. ρ̄
(1)
k1
⊗ρ̄(2)k2

, and observables are tensor products of single-qubit observables,

i.e. Q̄
(1)
j1

⊗ Q̄
(2)
j2

. Here, the superscript is the label of the qubit. Accordingly, the

matrix g = g(1) ⊗ g(2), which is the tensor product of g matrices of two qubits, and

similarly the matrix T = T (1) ⊗ T (2), which is the tensor product of T matrices of

two qubits.

8.14.2 Quasi-probability decomposition

Using results obtained from GST, we can compute the quasi-probability decomposi-

tion. From GST we obtain estimations of initial states, observables to be measured,

gates (including basis operations), and they are

|ρ̂k⟩⟩ : Initial state

⟨⟨Q̂j| : Observable

Ô : Gate

B̂i : Basis operation

These estimations are utilised to compute the quasi-probability decomposition.

Now, we focus on the inverse method , because the cost tends to be smaller than

compensation method. We use O(0) to denote the Pauli transfer matrix of the ideal

gate (without error). The estimation of the Pauli transfer matrix of the actual gate

with noise (i.e. Ō) is Ô, which is obtained via GST. To compute the decomposition,

first, we compute the ideal matrix O(0); second, we compute the inverse of the noise

N−1 = O(0)Ô−1; (8.51)
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and finally, we solve the equation (for single-qubit gate)

N−1 =
∑
i

qO,iB̂i (8.52)

to determine quasi-probabilities qO,i of the gate O. We need to compute quasi-

probabilities for each qubit and each gate. For example, for the SWAP-test circuit,

we need to compute the decomposition for Hadamard gate, T gate, T † gate of each

qubit and controlled-NOT gate of each pair of qubits that the controlled-NOT gate

may be performed on.

For two-qubit gates, the procedure is the same but tensor products of single-

qubit basis operations, i.e. B̂(1)
i1

⊗ B̂(2)
i2

(where the superscribe is the label of the

qubit), are used to decompose the inverse of the noise N−1.

In order to mitigate errors in initial states and measurements of observables, we

should solve the following equations for the quantities q
(m)
ρ,k and q

(m)
Q,j :

|ρ(0)⟩⟩ =
∑
k

q
(m)
ρ,k |ρ̂k⟩⟩, (8.53)

⟨⟨Q(0)| =
∑
k

q
(m)
Q,j ⟨⟨Q̂j| (8.54)

for each qubit. Here, m is the label of the qubit, |ρ(0)⟩⟩ is the column vector

representing the ideal initial state |0⟩⟨0|, and ⟨⟨Q(0)| is the row vector representing

the ideal observable σz.

Before implementing the quasi-probability decomposition on a quantum com-

puter, we compute

C(m)
ρ =

∑
k

|q(m)
ρ,k |, (8.55)

C
(m)
Q =

∑
k

|q(m)
Q,j | (8.56)
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for each qubit and

CO =
∑
i

|qO,i| (8.57)

for each gate.

8.14.3 Monte Carlo implementation of the quasi-probability

decomposition

It is vital to note that we use estimations B̂i (the result from GST) to decompose

the inverse of the noise, but usually there is a difference between B̂i and the actual

basis operation B̄i. This difference does not cause any error in the final computing

result, because the computing result is invariant under a similarity transformation

as we have explained in section 8.9.

Now, we describe the procedure to implement the quasi-probability decompo-

sition on a quantum computer. We suppose the circuit is sequentially performing

gates O1, O2, . . . , ON on the initial state |00 . . . 0⟩, and the first qubit is measured

in the σz basis to read the computing result. The procedure can be generalised to

the case of measuring multiple qubits.

First, we generate a set of random integers: for each qubit m, we randomly

select an integer km such that each integer would be selected with corresponding

probability |q(m)
ρ,km

|/C(m)
ρ ; similarly for each gate l, we generate random integer il

with corresponding probability |qOl,il |/COl
; and finally we generate random integer

j1 with the probability |q(1)Q,j1
|/C(1)

Q .

Second, on the quantum computer, we implement the following quantum com-

putation: we initialise the qubit m in the state ρ̄
(m)
km

; then we sequentially perform

gates Ō1, B̄i1 , Ō2, B̄i2 , . . . , ŌN , B̄iN ; finally we measure the observable Q̄j1 . The

measurement outcome is µ.

Third, we compute the effective measurement outcome, the product of the mea-
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surement result and the parity corresponding to the applied operation, as

µeff = sgn

(∏
m

q
(m)
ρ,km

∏
l

qOl,ilq
(1)
Q,j1

)
µ. (8.58)

By repeating these three steps, we can obtain the mean of effective outcomes

E[µeff ]. The final computing result is CE[µeff ], where

C =
∏
m

C(m)
ρ

∏
l

COl
C

(1)
Q . (8.59)

8.15 Discussion

We have demonstrated that, following our protocol step by step, an experimentalist

can derive an algorithm to run on a noisy quantum computer so as to estimate

the ideal output observable without any bias. The experimentalist does not require

any prior knowledge of the physical property of the noise, and the only condition

is that the noise is localised and Markovian. For this purpose, we have shown

that quantum gate set tomography is a perfect tool for measuring the noise in

a quantum computer, if the aim is only to compensate the effect of the noise in

quantum computing, where only the expected value of observable is of interest; and

we also have shown that single-qubit Clifford gates and measurement can derive a

complete set of operations that can compensate any noise in quantum computing.

The price of using such a systematic method to cancel computing errors is

that the quantum computation needs to run for a longer time than an error-free

system. We verify the protocol with numerical simulations of up to 19 qubits, in

which an alternative method, i.e. exponential error extrapolation, is introduced and

studied. We find that the estimation using exponential error extrapolation is also

very accurate, while the computing time might be shorter. An approach combining

two methods may optimise both accuracy and efficiency.

Our general conclusion is that these quantum error mitigation techniques can
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dramatically enhance the performance of quantum computers, especially at the

small-to-medium scale where full fault tolerant quantum error correction is impos-

sible. Our simulations have considered circuits up to 19 qubits, but with error rates

considerably worse than the current achievable error rates. Extrapolating from the

trends that we observe in these smaller systems, we anticipate that hybrid algo-

rithms involving 50+ qubits, which is beyond the reach of classical emulation, will

benefit from QEM techniques if the hardware fidelity matches today’s state-of-the-

art error or modestly improves upon it.
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Chapter 9

Mitigating algorithmic errors

9.1 Introduction

Realising the time evolution operator U(t) = e−iHt for a given Hamiltonian H is a

vital step for quantum simulation, which can be used for studying both its dynamic

[2] and static [3] properties. Several methods have been proposed to efficiently

approximate the time evolution operator U(t) [67, 68, 152, 69, 153]. Although the

latest methods [152, 69] have been significantly improved, the simulation accuracy

is still limited by finite resources, such as short circuit depth, finite system runtime,

and large physical errors in the system. To study such a limitation, we focus on the

the Trotterisation method [154], introduced for quantum simulation by Lloyd [2].

In Ref. [2], decomposing the time evolution unitary operator into a product

form has been shown to be an efficient method for approximating U(t). Suppose

a Hamiltonian H for the simulated system can be decomposed into a sum of local

Hamiltonians Hk as H =
∑

kHk. By using the Trotter-Suzuki formula, we can

approximate the time evolution unitary operators as

U(t) =
(∏

k

exp(−iHkt/N)
)N

+O(t2/N). (9.1)

Note that there are higher order product formulas [155] and protocols involving
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randomisation [68], but for our purposes this simple expression suffices.

Here, O(t2/N) is the algorithmic error from the insufficient discretisation. As

the number of the Trotter steps N increases, the algorithmic error can be suppressed

in the ideal situation. However, for NISQ era devices [156], noise such as gate errors

and decoherence inevitably afflicts the quantum systems, and the errors accumulate

by increasing the number of the Trotter steps. Consequently, we can only have

restricted Trotter step number and cannot necessarily obtain the desired accuracy,

which was shown in Ref. [157].

Recently, as we discussed in previous chapters, quantum error mitigation (QEM)

was proposed for compensating for physical errors [24, 28, 80, 29, 158, 81, 82]. One

of such methods is the extrapolation technique [24, 28, 29] as explained in detail

in chapter 5. The strategy is, by deliberately boosting the error rate and using the

several points with higher error rate, we can infer the ideal error free expectation

value of the observable.

In this chapter, we apply the extrapolation technique to the Trotter decompo-

sition. For example, suppose that we consider two cases where we either employ

N1 Trotter steps, or instead N2 steps where N1 > N2. By extrapolating the ex-

pectation values obtained from Trotter step N1 and N2, we can estimate the more

accurate expectation value corresponding to the Trotter number Nid > N1. More-

over, by combining this algorithmic error mitigation method with the originally

proposed extrapolation method for mitigating physical errors, we will show that

further improvement of the accuracy is achieved.

9.2 The Optimal number of Trotter steps for noisy

quantum simulation

As mentioned in section 9.1, the number of Trotter step cannot be infinitely in-

creased, and is restricted due to physical noise. In this section, we first review the
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theoretical analysis [157] about the optimal number of Trotter steps in Hamiltonian

simulation with physical noise. Denote the channel of the Trotter decomposition

e−iHkt/N as Vk and the physical noise as an extra channel Ek, when we only consider

Markovian errors, the noisy stroboscopic channel for the ith Trotter step is

E strobo
i = EL ◦ VL ◦ EL−1 ◦ VL−1... ◦ E1 ◦ V1, (9.2)

where L is the number of the local Hamiltonians. When we use the number of

Trotter steps N , the entire noisy channel of the Trotter decomposition is

EnoisyTrotter = E strobo
N ◦ E strobo

N−1 ◦ · · · ◦ E strobo
1 . (9.3)

The distance between two channels E1 and E2 is defined by the trace distance or

distinguishability between the output states of the two channels [159, 160],

D(E1, E2) = max
ρ

∥E1(ρ) − E2(ρ)∥, (9.4)

where the maximisation is over a properly chosen state set and ∥M∥ = Tr[
√
M †M ]

for matrix M . The distance between the ideal channel U ideal for the evolution e−iHt

and the noisy implementation EnoisyTrotter is

D
(
U ideal, EnoisyTrotter

)
≤

N∑
i=1

D
(

N
√
U ideal, E strobo

i

)
,

≤
N∑
i=1

D
(

N
√
U ideal,

N
√
Vnonoise

)
+D

(
E strobo
i ,

N
√
Vnonoise

)
,

(9.5)

where the second line follows from the chaining property

D (E1 ◦ E2, E ′
1 ◦ E ′

2) ≤ D (E1, E ′
1) +D (E2, E ′

2) , (9.6)
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the third line follows from the triangle inequality

D (E1, E2) ≤ D(E1, E3) +D (E2, E3) , (9.7)

and
N
√
Vnonoise is the channel of the noise free stroboscopic evolution

∏
k e

−iHkt/N

of each Trotter decomposition. Now, we define the algorithmic and physical errors

εalg and εphys as

εalg =
N∑
i=1

D
(

N
√
U ideal,

N
√
Vnonoise

)
=
α

N
,

εphys =
N∑
i=1

D
(
E strobo
i ,

N
√
Vnonoise

)
= βN,

(9.8)

where α = D
(

N
√
U ideal,

N
√
Vnonoise

)
N2 and β = D

(
E strobo,

N
√
Vnonoise

)
. Here, for

simplicity, we assume that the noise model is the same for each stroboscopic se-

quence, that is E strobo
i is the same for different i. Note that εalg ∝ 1/N reflects

that the algorithmic error can be linearly mitigated with an increasing number of

Trotter steps; while εphys ∝ N is because errors linearly accumulate as the number

of Trotter steps increases.

Now, we optimise the distance

D
(
U ideal, EnoisyTrotter

)
=
α

N
+ βN, (9.9)

so that we can get the optimised number of Trotter step as

Nopt =
√
α/β, (9.10)

and we have trace distance D = 2
√
αβ corresponding to Nopt. Therefore, due to the

existence of physical errors, we cannot choose an infinitely large number of Trotter

steps to compensate for the algorithmic error. Although it is hard to analytically

calculate α and β for a general physical Hamiltonian and noise models, we will

numerically investigate the optimal number of Trotter steps in Sec. 9.4.
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9.3 Error mitigation for algorithmic errors

In this section, we discuss how the algorithmic error in Trotterisation can be con-

sidered to be similar to physical error and how to generalise the extrapolation error

mitigation method to suppress the algorithmic error. Given a Hamiltonian H that

has decomposition H =
∑

kHk, the first order Trotter formula approximates the

time evolution operator U(t) = e−i
∑

k Hkt by decomposing it into a product form,

U(t) =

(∏
k

e−iHkt/N

)N

+
∑
i<j

[Hi, Hj]t
2/2N +

∞∑
m=3

E(m), (9.11)

where the higher order terms E(m) can be upper bounded by ∥E(m)∥ ≤ N∥Ht/N∥m/m!,

and ∥·∥ denotes the maximal eigenvalue of the matrix. Denote εN = 1/N and UεN (t)

as

UεN (t) ≡

(∏
k

e−iHktεN

)1/εN

, (9.12)

then we can straightforwardly see how UεN (t) approximates U(t) = e−i
∑

k Hkt, i.e.,

lim
εN→0+

UεN (t) = U(t) = e−i
∑

k Hkt. (9.13)

Suppose the time evolution operator UεN (t) is applied to an initial state |ψ0⟩,

then the output state is UεN (t) |ψ0⟩. When we measure observable Â of the final

output state, the average value is

⟨Â(t)⟩ (εN) = ⟨ψ0|UεN (t)†ÂUεN (t) |ψ0⟩ . (9.14)

On the other hand, the error-free expectation value for the observable is ⟨Â(t)⟩ (0) =

⟨ψ0| eiHtÂe−iHt(t) |ψ0⟩. Regarding ⟨Â(t)⟩ (εN) as a function of εN , we can expand

⟨Â(t)⟩ (εN) as a function of εN by using the Taylor expansion

⟨Â(t)⟩ (εN) = ⟨Â(t)⟩ (0) +
n∑

j=1

εjN Â(t)j +O(εj+1
N ), (9.15)
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where ⟨Â(t)⟩ (0) and Â(t)j are independent of εN .

Therefore, the extrapolation error mitigation method can be also applied to sup-

press the algorithmic error. In the original error mitigation scheme for suppressing

physical errors, we may choose to boost the error rate ε to several different error

rates ajε, which can be realised by intensionally adding more noise to the circuit,

as mentioned in section 5.2.1. Here, as the error rate εN is 1/N , we can straightfor-

wardly increase the algorithmic error εN by using a smaller number of Trotter steps.

For instance, by taking N ′ = N/2, we can effectively double the algorithmic error

εN ′ = 2εN . With n different numbers of Trotter steps Nn ≤ · · · ≤ N1 ≤ N0 = Nopt

and Nj = N0/aj, we can therefore suppress the algorithmic error by a linear com-

bination of the results

⟨Â(t)⟩est (0)

=
n∑

i=0

γ′i ⟨Â(t)⟩ (εNi
)

=
n∑

i=0

γ′i ⟨Â(t)⟩ (0) +
n∑

j=1

Â(t)jε
j
Nopt

n∑
i=0

γ′ia
j
i +O(εn+1

Nopt
)

= ⟨Â(t)⟩ (0) +O(εn+1
Nopt

).

(9.16)

Here, γ′i is chosen such that
∑n

i=0 γ
′
i = 1,

∑n
i=0 γ

′
ia

j
i = 0 for j = 1, 2, . . . , n.

Therefore, we can suppress the algorithmic error to an order of O((εNopt)
n+1) =

O((1/Nopt)
n+1).

The variance of the estimation ⟨Â⟩est (0) is

Var
(
⟨Â⟩est (0)

)
=

n∑
i=0

γ′2i Var
(
⟨Â⟩est (εNi

)
)
. (9.17)

Thus, by assuming that the variance is the same for different ⟨Â⟩est (εNi
), the vari-

ance of the estimation Var
(
⟨Â⟩est (0)

)
is
∑n

i=0 γ
′2
i times larger than the variance of

⟨Â⟩est (εNi
). To have the same precision as the case without error mitigation, we

need to have
∑n

i=0 γ
′2
i times more samples, which is the cost of this method. We
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denote the multiplicative cost of the extrapolation for algorithmic error by

Γalg ≡
n∑

i=0

γ′2i . (9.18)

Moreover, we can combine the extrapolation for physical errors with the extrapo-

lation for algorithmic errors. The possible scenario is, first, mitigating the physical

error with extrapolation for physical error, and second, applying extrapolation for

algorithmic error to the data whose physical error is suppressed. Consequently, we

can obtain the expected value of observables, in which both physical and algorithmic

errors are mitigated. Then, the total cost is

Γalg+phys ≡ Γalg × Γphys, (9.19)

where Γphys is the cost for physical error mitigation.

Note that, the only requirement for the extrapolation method is that UεN (t) can

be expressed as an explicit function of εN , and limεN→0+ UεN (t) = U(t). Therefore,

the same argument can be applied to the higher order Trotterisation [67]. Fur-

thermore, this method can still be applied even if the expectation value cannot be

efficiently expanded as a function of 1/N . The method also works as long as ⟨Â⟩

can be expanded with ε which is a function f(Nt) of the tunable parameter Nt.

The details of upper bound for algorithmic error for the linear extrapolation

case is as follows. By using the first order Trotter formula, we can approximate the

time evolution unitary operator as

U(t) = exp(−iHt) =

(∏
i

exp(−iHit/N)

)N

(9.20)

+
∑
i<j

[Hi, Hj]t
2/2N +

∞∑
m=3

E(m), (9.21)

where E(m) can be upper bounded by ∥E(m)∥ ≤ N∥Ht/N∥m/m!, ∥ · ∥ denotes
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the maximal eigenvalue. We denote UN as
(∏

i exp(−iHit/N)
)N

, εN = 1/N and

UεN (t) ≡
(∏

k e
−iHktεN

)1/εN which converges to U(t) with εN → 0+. The difference

between U(t) and UεN (t) can be rewritten as

U(t) = UεN (t) + a/N + EN , (9.22)

where a =
∑

i<j[Hi, Hj]t
2/2 and EN =

∑∞
m=3E(m) that can be bounded by

∥EN∥ ≤ N
∞∑

m=3

∥Ht/N∥m/m!,

<
∥H∥3t3

6N2
e∥H∥t/N .

(9.23)

Suppose the time evolution operator UεN (t) is applied to an initial state |ψ0⟩,

the output state is UεN (t) |ψ0⟩. When we measure observable A of the final output

state, the average value is

⟨Â(t)⟩ (εN) = ⟨ψ0|UεN (t)†ÂUεN (t) |ψ0⟩ . (9.24)

and the average value for evolution U(t) is ⟨ψ0| eiHtÂe−iHt |ψ0⟩. The relationship

between them can be expressed as

⟨Â(t)⟩ (εN)

= ⟨Â(t)⟩ (0) − 1/N [⟨ψ0|U †Âa |ψ0⟩ + ⟨ψ0| a†ÂU |ψ0⟩]

+ ⟨ψ0| (a/N + EN)†Â(a/N + EN) |ψ0⟩

− [⟨Ψ|U †ÂEN |Ψ⟩ + ⟨Ψ| (EN)†ÂU |Ψ⟩]

= ⟨Â(t)⟩ (0) + b/N +RN

(9.25)

where b = −[⟨ψ0|U †Âa |ψ0⟩ + ⟨ψ0| a†ÂU |ψ0⟩] is independent of N , and RN =

⟨ψ0| (a/N+EN)†Â(a/N+EN) |ψ0⟩−[⟨ψ0|U †ÂEN |ψ0⟩+⟨ψ0| (EN)†ÂU |ψ0⟩] is bound
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by

RN ≤

[(
∥a∥
N

+
∥H∥3t3

6N2
e∥H∥t/N

)2

+
∥H∥3t3

3N2
e∥H∥t/N

]
∥Â∥. (9.26)

It is not hard to see that RN = O(1/N2)

Now we use the linear combination of ⟨Â(t)⟩ (εN1) and ⟨Â(t)⟩ (εN2) to estimate

⟨Â(t)⟩ (0) by

⟨Â(t)⟩est (0) = β1 ⟨Â(t)⟩ (εN1) + β2 ⟨Â(t)⟩ (εN2). (9.27)

We choose the parameter β1, β2 satisfying β1/N1 + β2/N2 = 0 and β1 + β2 = 1 so

that the difference between ⟨Â(t)⟩est (0) and ⟨Â(t)⟩ (0) is

| ⟨Â(t)⟩est (0) − ⟨Â(t)⟩ (0)| ≤ RN1β1 +RN2β2. (9.28)

Based on the two point extrapolation method, we use the simulation results with

Trotter steps N1 and N2, which both are O(N) to reduce the algorithmic error from

O(1/N) to O(1/N2).

9.4 Numerical simulation

In this section, we consider a five qubit system and numerically test our new error

mitigation method for algorithmic errors when we simulate real time evolution. As

shown in Fig. 9.1, the Hamiltonian only has local and near neighborhood interac-

tions,

H = J
5∑

i=1

Z3Zi +B

5∑
i=1

Xi, (9.29)

where Xi (Zi) denotes the spin half Pauli x (z) operator acting on the ith qubit,

J = 3, and B = 2. In our numerical simulation, we initialise the state to |ψ0⟩ =

|0, 0, 0, 0, 0⟩, evolve it with time t, and measure Â = X1.

We consider both algorithmic error from the finite number of Trotter steps and
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Figure 9.1: Schematic of the five qubit Hamiltonian.

physical error from gate noise. As we will mention later, we apply the extrapolation

method for both physical and algorithmic errors, using the procedure discussed in

section 9.3. We consider inhomogeneous Pauli error for both single and two qubit

gates,

E(ρ) = (1 − p)ρ+ pxXρX + pyY ρY + pzZρZ, (9.30)

where p = px + py + pz. For single qubit gates, we set px = py = 2.0 × 10−5,

pz = 6.0 × 10−5; for two qubit gate, we take error channel E2 = E ⊗ E and set

px = py = 1.0 × 10−4, and pz = 3.0 × 10−4 for each E . The two qubit gate error

rate is 102 times higher as can be typical in actual experimental setups (see e.g.

Refs [15, 16].) Note that such a noise rate corresponds to the current state-of-the-art

experiment system [15, 16].

Without considering gate error and shot noise to the measurement, an infinite

number of Trotter steps should be used to increase the simulation accuracy. When

gate errors are present, the optimal number of Trotter steps is limited as shown in

Fig. 9.2(a). Here, we fix the total evolution time t = 0.5 and numerically find the

optimal number of Trotter steps to be 25.

To mitigate the algorithmic error, we use two or three different numbers of

Trotter steps to estimate the value corresponding to an infinite number of Trotter

steps. For a given number of Trotter steps N , the runtime of the circuit is related

to the circuit depth, which is proportional to N , and the circuit repetition time

m, which is used to get an accurate estimation of the measurement. We denote
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(a)

(b)

Figure 9.2: The optimal number of Trotter steps N and the continuity of the
measurement as a function of the inverse of the number of Trotter steps εN = 1/N .
(a) The trace distance between the the ideal state and the simulated state in the
presence of noise. The blue curve denotes the trace distance without physical error,
which goes to zero with an infinite large number of Trotter steps. The black curve
denotes the trace distance with inhomogeneous Pauli error after each gate and the
optimal number of Trotter steps is 25. (b) The expectation value of the observable
versus εN = 1/N . Here N is the number of Trotter steps. The horizontal axis
corresponds to the number of Trotter step 10−200. From the simulation result, we
can confirm the continuity of the function.

the total runtime resource cost M as M = mN . To compare different simulation

scenarios, we thus consider the same total cost M to have a fair comparison. For

three- and two- point extrapolation for algorithmic error, we divide M equally to

different number of Trotter steps. For instance, for three Trotter step extrapolation,
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Figure 9.3: The error δ2 against the total runtime resource M for different cases with
no algorithmic error mitigation, linear algorithmic error extrapolation and three-
point algorithmic error extrapolation. We consider physical errors to the circuit and
set the total evolution time t = 0.5. The number of Trotter steps N = 25, 20, 15,
N = 25, 15, N = 25 are used for the three-point, linear extrapolation and no error
mitigation cases, respectively. Blue line denotes the no error mitigation case, black
line denotes the linear algorithmic error extrapolation case, red line denotes the
three-point algorithmic error extrapolation case. (a) No physical error mitigation
is applied. (b) Linear extrapolation is applied to suppress physical errors. (c)
Exponential extrapolation is applied to suppress physical errors. Here, we set the
ratio r of the two error rates to be 2 for both linear and exponential extrapolation.

N
(3)
1 , N

(3)
2 , and N

(3)
3 , we have m

(3)
i = M/(3N

(3)
i ) for i = 1, 2, 3; for two Trotter step

extrapolation, N
(2)
1 , N

(2)
2 , m

(2)
i = M/(2N

(2)
i ) for i = 1, 2; and for one number of

Trotter steps N
(1)
1 , m

(1)
1 = M/N

(1)
1 .

In our simulation, we compare the three cases for suppressing algorithmic errors:

no error mitigation, linear extrapolation, and three points extrapolation. In order

to quantify the performance of our simulation method, we evaluate the error of the

estimation value ⟨Â(t)⟩ (0)est by

δ2 = (⟨Â(t)⟩ (0) − ⟨Â(t)⟩ (0)est)
2, (9.31)

where ⟨Â(t)⟩ (0) is the error-free average value.

Now, we show that physical and algorithmic errors can be suppressed with the

error mitigation methods. To begin with, we check the continuity of the ⟨Â(t)⟩

as a function of εN = 1/N , to show that ⟨Â(t)⟩ can be Taylor expanded by εN .

We consider the case with and without physical error mitigation. We measure
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the expectation values with original error probability p and twice boosted error

probability 2p. Then by applying the linear and exponential extrapolation methods,

we can suppress the physical errors. As shown in Fig. 9.2 (b), we can see that ⟨Â(t)⟩

is indeed a continuous function of εN , which confirms the possibility of algorithmic

error mitigation. Furthermore, the best accuracy achieved by linear and exponential

extrapolation is δ2 = 2 × 10−4 and 2.79 × 10−5, with the number of Trotter steps

N = 43 and 109, respectively. Therefore it is clear that we cannot increase the

number of Trotter steps infinitely even when the extrapolation method is applied.

To show the effect of algorithmic error mitigation, we also consider three cases

for physical errors: no error mitigation, linear extrapolation, and exponential ex-

trapolation. First, we consider the case where no error mitigation is employed for

the physical error. In such a case, physical errors still dominate and we find that

algorithmic error extrapolation cannot improve the simulation accuracy, as shown

in Fig. 9.3(a). This is because, although we suppress the algorithmic error by lin-

early combining the results from different number of Trotter steps, due to the large

deviation from physical errors, the estimation becomes worse. As the total resource

M increases, the shot noise is suppressed and the accuracy converges. The accu-

racy δ2 at the converged point without algorithmic and physical errors mitigations

is 2.67 × 10−3.

Next, we consider the cases where linear extrapolation is applied to suppress

physical errors. Subsequently, we apply the algorithmic error extrapolation to sup-

press algorithmic errors due to Trotterisation. As shown in Fig. 9.3(b), we find that

the algorithmic linear extrapolation outperforms the no error mitigation and three

point extrapolation cases for large M . The converged accuracy with sufficiently

large M ≳ 108 is δ2 = 3.72 × 10−6 under linear extrapolation of algorithmic errors.

The improvement of the accuracy is 717 times, compared with the case where no

error mitigation is applied for both physical and algorithmic errors.

Finally, in Fig. 9.3(c), we plot the result for the case where exponential extrapo-
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lation is used for suppressing physical errors. It can be seen that the physical error

is successfully reduced, and three point extrapolation works properly, outperform-

ing the performance of linear extrapolation for large M ≳ 1013. The converged

accuracy δ2 for sufficiently large M is 6.95 × 10−8. This accuracy correspond to

3.8 × 104 times improvement, compared with the case where no error mitigation is

applied for both physical and algorithmic errors.

9.5 Discussion

In this chapter, we described an error mitigation method for suppressing algorith-

mic errors in Trotterisation of Hamiltonian simulation. We first show that due to

physical noise, the number of Trotter steps cannot be increased infinitely, and the

optimal number of Trotter steps is finite. Then, we show how the recently proposed

physical error mitigation methods can be extended to suppress algorithmic errors

in Trotterizsation. We numerically test our algorithmic error mitigation method in

a five qubit Hamiltonian and show how it can improve simulation accuracy by com-

bining it with physical error mitigation. Although we only focus on the first-order

Trotterisation, our scheme can also be extended to other Trotterisation schemes,

such as higher-order Trotterisation [67] and randomisation Trotterisation [68]. This

is because the expectation values obtained from these methods can also be written

as a function of the number of Trotter steps. Although, in the presence of phys-

ical errors, higher-order Trotter decompositions may not reduce the overall error

[24], we leave these extensions in future works. Moreover, the other recently pro-

posed Hamiltonian simulation methods, e.g. Taylor series [152] and quantum signal

processing [69, 153], offer alternative ways for Hamiltonian simulation instead of

Trotterisation. These methods divide the simulation time t into N segments and

simulate the evolution for each time t/N . Considering 1/N as an error, our ex-

trapolation method can also be applied by modifying N and extrapolate the results
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with different N to improve the estimation accuracy.

The extrapolation method has broad applications in diverse fields, including er-

ror mitigation, computational chemistry, linear optics simulation, etc. In classical

computational chemistry, extrapolation is widely used in solving molecular struc-

ture problem and Monto Carlo simulation of dynamics [161, 162]. In linear optics

simulation, the extrapolation method is used to simulate single photons with im-

perfect photon sources such as coherent states from lasers [78]. We may be able to

also apply this formalism for mitigating the algorithmic error to other schemes, such

as variational quantum eigensolver (VQE) [19, 65, 20, 138, 80, 62, 22]. The result

obtained from VQE can be regarded as a function of the depth of the quantum

circuit, and the extrapolation method can be applied. For example, considering the

hardware efficient ansatz [20] with different circuit depths, one can get simulation

results with different accuracy. Therefore, by running experiments with different

small depths, the extrapolation method can be applied to infer the results with a

much larger depth. However, when the algorithm gets trapped in local minima, the

error mitigation method will fail to work. We leave the discussion about the prac-

tical performance to future works. Similar arguments can also be applied to other

types of variational algorithms, for simulating real or imaginary time evolutions

[24, 46, 27].

Also, it may be possible to apply this method to quantum error correction,

because the expectation of an observable should be also a function of the size of

the code, e.g. when we consider n-qubit bit flip code (n = 3 case is mentioned in

section 3.2), the computing result is a function of n. Therefore, by using the results

from the codes with different size, the extrapolation may be applied to infer the

computing result from a larger code size.
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Conclusion

In this DPhil thesis, firstly in chapter 2, we introduced the basics of quantum me-

chanics required to understand the thesis. In chapter 3, we discussed the early

quantum algorithms and error correction and explained that they are highly expen-

sive with regard to the number of required qubits. As a solution to it, in chapter 3,

the hybrid quantum-classical algorithm was introduced. However, the applications

of hybrid algorithms were quite restricted i.e., the ground state search of molecules

and simulation of dynamics of quantum systems. In chapter 4, we discussed that

the error mitigation is also necessary to make the best of such algorithms, but

firstly proposed methods were not practical in that the tolerable error rate was low

and the applicable noise model was restricted, and suitable tomography method to

construct the error mitigation operations was unclear.

As accomplishments of the author’s research, firstly, we have significantly broad-

ened the applicability of hybrid quantum-classical algorithms.

In chapter 6, we introduced a new hybrid algorithm for finding the spectrum of

the given Hamiltonian, required for many applications including the design of solar

cells and creation of new drugs. We benchmarked our new quantum algorithm

and it successfully discovered the spectrum of 18 qubit 3SAT and 10 qubit LiH

Hamiltonian.

In chapter 7, we introduced a hybrid algorithm for simulating a broad range of

general processes, based on variational real and imaginary time quantum simulation.

It may be useful for machine learning tasks for example, and there should be variety
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of applications. We applied our algorithm to simulation of open quantum system

by using stochastic Schödinger equation, and it successfully worked for 3 qubit

one-dimensional Ising model under amplitude damping.

As a second theme of research, we also contributed to quantum error mitigation

for hybrid algorithms. In chapter 8, we have rendered the quantum error mitigation

practical, and tolerable error rate became much higher and applicable noise models

were significantly broadened. Furthermore, we found that the gate set tomogra-

phy is a suitable tomography method for constructing error mitigation operations.

Consequently, we made error mitigation techniques applicable to suppress errors

of current quantum devices and it may make quantum devices useful for solving

intractable problems for classical computers.

Finally, in chapter 9, we introduced the quantum error mitigation technique for

mitigating algorithmic errors, which may be useful for Hamiltonian simulation.

To conclude, we have significantly generalised the hybrid algorithms and devel-

oped the quantum error mitigation, leading to the realisation of practical near-term

quantum computing and quantum supremacy. It is the author’s hope that the work

he has performed during his doctorate can contribute to the community’s efforts to

make these fascinating and exciting machines become a reality.

As a future research, we consider applications of variational quantum algorithms

to completely different fields such as quantum metrology. If we optimise the value

related to the quality of quantum metrology, e.g., quantum fisher information, we

can simultaneously obtain the suitable state for metrology. Also, we may be able to

find another cost function whose optimisation contributes to achieving useful tasks

and prepares an state corresponding to them. As to error mitigation, the quasi-

probability method we introduces requires gate set tomography, which is costly. If

we can implement a quasi-probability method which does not rely on tomography,

it should be useful. A quasi-probability method based on models (such as Lindblad

master equation etc.) might reduce the cost for quasi-probability method.
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A Stability of the quantum gate set tomography

In this section, we discuss the stability of GST. Now we define

ε̄in = max{∥M̄ in
m −M in(0)∥2|m = 1, . . . , n}, (32)

ε̄out = max{∥M̄out
m −Mout(0)∥2|m = 1, . . . , n}, (33)

ε̄O = ∥Ō − O(0)∥2, (34)

which describe severities of the initialisation error, measurement error and operation

error, respectively. Here, M̄ in
m and M̄out

m are matrices corresponding to the mth qubit.

The overall matrices of n qubits are M̄ in =
⊗n

m=1 M̄
in
m and M̄out =

⊗n
m=1 M̄

out
m .

Similar to the analyse of the linear independence of basis operations (i.e. the

invertibility of the matrix A in section 8.8), we have that M̄ in and M̄out are always

invertible, i.e. g = M̄outM̄ in is always invertible, if ε̄in < smin(M in(0)) and ε̄out <

smin(Mout(0)). Choosing {ρ(0)k } and ⟨⟨Q(0)| as in section 8.8, we have smin(M in(0)) =

1
2

√
5−

√
17

2
≃ 0.3311 and smin(Mout(0)) = 1.

We choose T = M in(0)⊗n, then M̂ in =
⊗n

m=1 M̂
in
m and M̂out =

⊗n
m=1 M̂

out
m ,

where M̂ in
m and M̂out

m are matrices corresponding to the mth qubit. The severity of

errors in estimations of initial states is

ε̂in = max{∥M̂ in
m −M in(0)∥2|m = 1, . . . , n} = 0, (35)

and the severity of errors in estimations of observables is

ε̂out = max{∥M̂out
m −Mout(0)∥2|m = 1, . . . , n}

≤ (ε̄outε̄in + ∥M in(0)∥2ε̄out + ∥Mout(0)∥2ε̄in)

×∥M in(0)−1∥2. (36)
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Here, we have used that

M̂out
m −Mout(0)

= (M̄out
m M̄ in

m −Mout(0)M in(0))M in(0)−1

= [(M̄out
m −Mout(0))(M̄ in

m −M in(0))

+(M̄out
m −Mout(0))M in(0)

+Mout(0)(M̄ in
m −M in(0))]M in(0)−1. (37)

Choosing {ρ(0)k } and ⟨⟨Q(0)| as in section 8.8, we have ∥M in(0)∥2 = 1
2

√
5+

√
17

2
≃

1.0679, ∥Mout(0)∥2 = 1 and ∥M in(0)−1∥2 = s−1
min(M in(0)) = 2

√
2

5−
√
17

≃ 3.0204.

The severity of the error in the estimation of a n-qubit operation is

ε̂O = ∥Ô − O(0)∥2

≤ ∥Ô − Ō∥2 + ∥Ō − O(0)∥2

≤ 2ε̄
(n)
in

[smin(M in(0))]n − ε̄
(n)
in

(∥O(0)∥2 + ε̄O)

+ε̄O, (38)

as we will show next. Here,

ε̄
(n)
in = (∥M in(0)∥2 + ε̄in)n − ∥M in(0)∥n2 . (39)

For an invertible matrix A, we have

∥A−1∥2 = sup
x ̸=0

∥A−1x∥2
∥x∥2

= sup
y ̸=0

∥y∥2
∥Ay∥2

. (40)

Then, using the inequality (8.13), we have

∥A−1∥2 ≤
1

smin(A(0)) − ∥A− A(0)∥2
. (41)
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We have the expression

Ô − Ō

= M in(0)⊗nM̄ in−1ŌM̄ in(M in(0)⊗n)−1 − Ō

= (M in(0)⊗n − M̄ in)M̄ in−1Ō

×(M̄ in −M in(0)⊗n)(M in(0)⊗n)−1

+(M in(0)⊗n − M̄ in)M̄ in−1Ō

+Ō(M̄ in −M in(0)⊗n)(M in(0)⊗n)−1. (42)

First, we have ∥Ō∥2 ≤ ∥O(0)∥2 + ε̄O. Second, using

∥A⊗B − C ⊗D∥2

= ∥A⊗B − A⊗D + A⊗D − C ⊗D∥2

≤ ∥A∥2∥B −D∥2 + ∥A− C∥2∥D∥2, (43)

we have

∥M̄ in −M in(0)⊗n∥2

≤ ε̄in

n∑
h=1

∥M in(0)∥n−h
2

h−1∏
m=1

∥M̄ in
m∥2

≤ ε̄in

n∑
h=1

∥M in(0)∥n−h
2 (∥M in(0)∥2 + ε̄in)h−1

= ε̄
(n)
in . (44)

Third, using the inequality (41), we have

∥M̄ in−1∥2 ≤
1

[smin(M in(0))]n − ε̄
(n)
in

. (45)

We remark that for a d-dimensional matrix M , ∥M∥max ≤ ∥M∥2 ≤ d∥M∥max.
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B Error models

We consider a quantum computer with the following operations. The initialisation

I(0) = [π] + [πσx], which prepares the state |0⟩. The projective measurement [π].

Single-qubit Clifford gates [Rx] and [Rz]. The single-qubit non-Clifford gate [T ],

where T = I cos π
8

+ iσx sin π
8
. Two-qubit maximally entangling gate [Λ], where

Λ = 1√
2
(I+iσz⊗σz), which is equivalent to the controlled-NOT gate and controlled-

phase gate up to single-qubit gates. The sixteen basis operations can be realised

as shown in Table 8.1. In order to perform GST, we choose initial states and

observables as in section 8.8, and we choose the invertible matrix T = M in(0)⊗n for

n qubits.

For the initialisation, the state prepared is ρ0 rather than |0⟩⟨0|. We can always

express the initialisation operation with error as I = NiI, where Ni(|0⟩⟨0|) = ρ0.

A POVM is defined by a set of operators {Ek} satisfying
∑

k E
†
kEk = I. In

a POVM, the state is mapped to EkρE
†
k when the outcome is k. When the mea-

surement has error, we may not be able to obtain all the information k. Usually

there are only two outcomes corresponding to |0⟩ and |1⟩, respectively. In this case,

maybe several k values correspond to the same outcome ν = 0, 1. Therefore, we

model the projective measurement [π] with error as Mρ =
∑

k∈K0
EkρE

†
k, where

Kν is the set of k corresponding to the measurement outcome ν.

For a gate without error G(0), the gate with error can be expressed as G =

NaG(0)Nb. Any noisy gate can be expressed in this form: Because G(0) is invertible,

we can always take Nb = [I] and Na = GG(0)−1.

We suppose that time costs of the measurement [π] and the two-qubit gate [Λ]

are the same, and time costs of single qubit gates are negligible.

We distinguish the identity operation and the memory operation. Without error,

both of them are the same operation [I]. In any case, the identity operation is [I],

which means that the next operation is performed immediately, so it takes no time

and there is not any memory error. When the memory operation is performed, the
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qubit waits for the next operation, so memory errors may occur on it. We apply

the identity operation for measuring the matrix g. In the basis operation set, the

operation [I] is replaced by the memory operation.

We set the cycle time of the computing as the time cost of the measurement

and the two-qubit gate. In one cycle, only one operation is performed on a qubit.

If the operation is a single-qubit gate, the gate is performed at the middle of the

cycle, i.e. the overall operation is NmGNm, where Nm denotes memory noise. If no

gate or measurement is performed in the cycle, the overall operation is N 2
m, which

is the error version of the operation [I] in the basis operation set.

We suppose that the single-qubit noise is described by the superoperator E (1)(ϵ),

and the two-qubit noise is described by the superoperator E (2)(ϵ). Here, ϵ is a

parameter describing the intensity of the noise. Then, the initialisation noise is

Ni = E (1)( ϵ
10

), and the measurement with noise is M̃ = E (1)( ϵ
2
)[π]E (1)( ϵ

2
). For single-

qubit gates, Na = Nb = E (1)( ϵ
20

). For the two-qubit gate, Na = Nb = E (2)( ϵ
2
). For

the memory operation, Nm = E (1)( ϵ
200

).

B.1 Depolarising Error

The single-qubit depolarising noise is

E (1)(ϵ) = (1 − 4ϵ

3
)[I] +

ϵ

3

3∑
α=0

[σα], (46)

where σ0, σ1, σ2 and σ3 correspond to I, σx, σy and σz, respectively. The two-qubit

depolarising noise is

E (2)(ϵ) = (1 − 16ϵ

15
)[I ⊗ I] +

ϵ

15

3∑
α,β=0

[σα ⊗ σβ]. (47)

The x-axis (error rate) in Fig. 8.3(a) is ϵ of the two-qubit gate.
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B.2 Dephasing Error

The single-qubit dephasing noise is

E (1)(ϵ) = (1 − ϵ)[I] + ϵ[σz]. (48)

The two-qubit dephasing noise is

E (2)(ϵ) = (1 − ϵ)[I ⊗ I] +
ϵ

3
([I ⊗ σz]

+[σz ⊗ I] + [σz ⊗ σz]). (49)

B.3 Damping Error

The single-qubit damping noise is

E (1)(ϵ) = [
I + σz

2
+
√

1 − ϵ
I − σz

2
]

+[
√
ϵ
σx + iσy

2
]. (50)

The two-qubit damping noise is

E (2)(ϵ) = E (1)(
ϵ

2
) ⊗ E (1)(

ϵ

2
). (51)

B.4 Over-rotation error

Noise is gate dependent. Initialisation, measurement and memory operation are

perfect, i.e. E (1) = [I] for these operations. Only gates have noise. For gate Rx,

E (1)(ϵ) = [I cos ϵπ
4

+ iσx sin ϵπ
4

]. For gate Rx, E (1)(ϵ) = [I cos ϵπ
4

+ iσz sin ϵπ
4

]. For gate

T , E (1)(ϵ) = [I cos ϵπ
8

+ iσz sin ϵπ
8

]. For gate Λ, E (2)(ϵ) = [I⊗I cos ϵπ
4

+ iσz⊗σz sin ϵπ
4

].

The x-axis (over rotation) in Fig. 8.3(a) is ϵ of the two-qubit gate.
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B.5 Random-field error

Noise is gate dependent. For each operation, the noise E (1,2)(ϵ) = [e−iϵπH ] is deter-

mined by a Hamiltonian. Here, H = (h+ h†)/2, and each element of h is randomly

generated with a uniform distribution in the unit circle. We remark that the noise

is time independent, i.e. the noise is the same for the same gate implemented at

different times.

B.6 Random-operation error

The operation without noise is G(0). The operation with noise is G(ϵ), which depends

on the error parameter. As the same as other models, the error parameter ϵ is

operation dependent. Each operation can be expressed using a χ-matrix [31]. We

suppose the χ-matrix corresponding to G(ϵ) is χ, and the χ-matrix corresponding

to G(0) is χ(0). To generate χ, firstly we generate a Hermitian matrix around χ(0),

which is χ′ = χ(0)+ϵH, where H is generate as the same as the random Hamiltonian.

Second, if G(0) is not measurement, G(ϵ) should be trace preserving. However, χ′

may correspond to a non-trace preserving operation. In this case, we project χ′ to

the subspace in the matrix space that corresponds to trace preserving operations,

i.e. χ′′ is the matrix closest to χ′ and corresponds to a trace preserving operation.

If G(0) is measurement, χ′′ = χ′. Third, χ′′ may not be positive semi-definite.

Therefore, we take χ′′′ = χ′′+λminI if the minimum eigenvalue λmin of χ′′ is negative;

otherwise χ′′′ = χ′′. Finally, χ = fχ′′′, where the factor f makes sure that the

operation is still trace preserving and the maximum eigenvalue of χ is smaller than

1.
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C Error component of Pauli error and leakage

error

Taking ϵ = px + py + pz, it is obvious that in the inhomogeneous Pauli error model,

the error component does not depend on the error rate, i.e. E ′ = ϵ−1(px[σ
x]+py[σy]+

pz[σ
z]). We remark that ratios pα/ϵ do not change with ϵ.

For the leakage error model, we take ϵ = p. Then the error component is

E ′(ρ) = π0ρπ0 +

√
1 − p− (1 − p)

p
(π0ρπ1 + π1ρπ0)

= π0ρπ0 + [1/2 + O(p)](π0ρπ1 + π1ρπ0), (52)

where π0 = |0⟩⟨0| and π1 = |1⟩⟨1|. Therefore, E ′ varies slowly with p.
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[120] Yi ğit Subaş ı, Rolando D. Somma, and Davide Orsucci. Quantum algorithms

for systems of linear equations inspired by adiabatic quantum computing.

Phys. Rev. Lett., 122:060504, Feb 2019.

[121] Patrick Rebentrost, Masoud Mohseni, and Seth Lloyd. Quantum support

vector machine for big data classification. Phys. Rev. Lett., 113:130503, Sep

2014.

[122] Seth Lloyd, Masoud Mohseni, and Patrick Rebentrost. Quantum principal

component analysis. Nat. Phys., 10(9):631, 2014.

[123] Jacob Biamonte, Peter Wittek, Nicola Pancotti, Patrick Rebentrost, Nathan

Wiebe, and Seth Lloyd. Quantum machine learning. Nature, 549(7671):195,

2017.

[124] Kosuke Mitarai, Makoto Negoro, Masahiro Kitagawa, and Keisuke Fujii.

Quantum circuit learning. Phys. Rev. A, 98(3):032309, 2018.

[125] Heinz-Peter Breuer, Francesco Petruccione, et al. The theory of open quantum

systems. Oxford University Press on Demand, 2002.

[126] HJ Carmichael. Quantum trajectory theory for cascaded open systems. Phys.

Rev. Lett., 70(15):2273, 1993.

[127] Hefeng Wang, Sahel Ashhab, and Franco Nori. Quantum algorithm for simu-

lating the dynamics of an open quantum system. Phys. Rev. A, 83(6):062317,

2011.

180



[128] Dave Bacon, Andrew M Childs, Isaac L Chuang, Julia Kempe, Debbie W Le-

ung, and Xinlan Zhou. Universal simulation of markovian quantum dynamics.

Phys. Rev. A, 64(6):062302, 2001.

[129] Ryan Sweke, Ilya Sinayskiy, Denis Bernard, and Francesco Petruccione.

Universal simulation of markovian open quantum systems. Phys. Rev. A,

91(6):062308, 2015.

[130] Ryan Sweke, Mikel Sanz, Ilya Sinayskiy, Francesco Petruccione, and Enrique

Solano. Digital quantum simulation of many-body non-markovian dynamics.

Phys. Rev. A, 94(2):022317, 2016.

[131] Richard Cleve and Chunhao Wang. Efficient quantum algorithms for simu-

lating lindblad evolution. arXiv preprint arXiv:1612.09512, 2016.

[132] Andrew M Childs and Tongyang Li. Efficient simulation of sparse markovian

quantum dynamics. arXiv preprint arXiv:1611.05543, 2016.

[133] Kosuke Mitarai and Keisuke Fujii. Methodology for replacing indirect mea-

surements with direct measurements. arXiv preprint arXiv:1901.00015, 2018.

[134] Tony E Lee, Hartmut Haeffner, and MC Cross. Collective quantum jumps of

rydberg atoms. Phys. Rev. Lett., 108(2):023602, 2012.

[135] Cenap Ates, Beatriz Olmos, Juan P Garrahan, and Igor Lesanovsky. Dynam-

ical phases and intermittency of the dissipative quantum ising model. Phys.

Rev. A, 85(4):043620, 2012.

[136] Igor Lesanovsky, Merlijn van Horssen, Mădălin Guţă, and Juan P Garra-
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