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Abstract

Most genome-wide association studies search for genetic variants as-
sociated to a single trait of interest, despite the main interest usually
being the understanding of a complex genotype-phenotype network.
Furthermore, many studies collect data on multiple phenotypes, each
measuring a different aspect of the biological system under consider-
ation, therefore it can often make sense to jointly analyze the phe-
notypes. However this is rarely the case and there is a lack of well
developed methods for multiple phenotype analysis. Here we propose
novel approaches for genome-wide association analysis, which scan the

genome one SNP at a time for association with multivariate traits.

The first half of this thesis focuses on an analytic model averaging
approach which bi-partitions traits into associated and unassociated,
fits all such models and measures evidence of association using a Bayes
factor. The discrete nature of the model allows very fine control of
prior beliefs about which sets of traits are more likely to be jointly
associated. Using simulated data we show that this method can have
much greater power than simpler approaches that do not explicitly
model residual correlation between traits. On real data of six hema-
tological parameters in 3 population cohorts (KORA, UKNBS and

TwinsUK) from the HaemGen consortium, this model allows us to



uncover an association at the RCL locus that was not identified in

the original analysis but has been validated in a much larger study.

In the second half of the thesis we propose and explore the prop-
erties of models that use priors encouraging sparse solutions, in the
sense that genetic effects of phenotypes are shrunk towards zero when
there is little evidence of association. To do this we explore and use
spike and slab (SAS) priors. All methods combine both hypothesis
testing, via calculation of a Bayes factor, and model selection, which
occurs implicitly via the sparsity priors. We have successfully im-
plemented a Variational Bayesian approach to fit this model, which
provides a tractable approximation to the posterior distribution, and
allows us to approximate the very high-dimensional integral required
for the Bayes factor calculation. This approach has a number of desir-
able properties. It can handle missing phenotype data, which is a real
feature of most studies. It allows for both correlation due to related-
ness between subjects or population structure and residual phenotype
correlation. It can be viewed as a sparse Bayesian multivariate gen-
eralization of the mixed model approaches that have become popular
recently in the GWAS literature. In addition, the method is com-
putationally fast and can be applied to millions of SNPs for a large
number of phenotypes. Furthermore we apply our method to 15 gly-
cans from 3 isolated population cohorts (ORCADES, KORCULA and
VIS), where we uncover association at a known locus, not identified
in the original study but discovered later in a larger one. We conclude

by discussing future directions.
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Chapter 1

Introduction and Background

“We are drowning in information and starving for knowledge.”

— Roger D. Rutherford

1.1 Motivation

With genotyping and sequencing technologies rapidly evolving, there has been
an explosion of genome-wide association studies (GWAS) [Hindorff et al., 2013],
each analysing data on hundreds to thousands of individuals. They have shown
great success in identifying novel genetic variants associated with a variety of
complex traits and diseases [Hindorff et al., 2013, Manolio et al., 2009], despite
the over-simplified approach they typically use. The majority of these loci tend
to have moderate-to-small effects and explain only a small fraction of the to-
tal phenotypic heritability (proportion of phenotypic variance attributable to
genetic differences) [Manolio et al., 2009, Eichler et al., 2010] and it is thought

that with a few thousand samples GWAS may still be underpowered to uncover
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the missing heritability [Gibson, 2010, Ku et al., 2010]. The term ’'missing her-
itability’ stands for the discrepancy between the heritability explained by the
set of variants found to be associated to a trait of interest and the expected (or
apparent) total heritability of that trait, where the latter is most commonly es-
timated from population data by assessing the phenotypic correlations between
monozygotic and dizygotic twins (overview given in [Zuk et al., 2012]). From
a modelling perspective, GWAS have been aimed at assessing the potential re-
lationship between a single genetic variant and a single observed characteris-
tic, even when multiple phenotypes with joint relevance to a disease of interest
are often available on each individual - for example in studies of haematological
traits [Soranzo et al., 2009], lipids [Demirkan et al., 2011, Demirkan et al., 2012]
and metabolic traits [Illig et al., 2009]. Improvements in modelling can be the
key to a better understanding of these complex genotype-phenotype networks
and the increasing evidence that established loci can affect multiple (poten-
tially correlated) traits simultaneously [Cotsapas et al., 2011] suggests that mul-
tivariate phenotype modelling can be advantageous. Furthermore, by utiliz-
ing information in multiple traits, in particular modelling their correlation, we
can increase power to detect additional genetic variants with smaller effects
which may not necessarily be found using traditional single-phenotype approaches

[Stephens, 2013, O'Reilly et al., 2012].

In this Chapter we introduce the main concepts, projects and developments
in the field and then discuss current multi-trait methods for GWAS, describing
their modelling assumptions, advantages and disadvantages, and show the place

of our proposed methods in comparison to them. The aim of this thesis is to
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show the benefits of multivariate association analysis, understand when and why
it would be most useful, present novel approaches for multivariate GWAS and
describe their advantages over existing ones. In general, we attempt to move a
step closer towards a more realistic way of addressing the biological problem in
question, by developing statistical methods that we think are better suited than

what is currently available.

1.2 Introduction

Every individual (and living organism) carries genetic (or heritable) informa-
tion, which is encoded in specific parts of our DNA (or RNA for certain viruses).
The complete set of such information is called genotype. Specifically, the hu-
man DNA consists of 23 pairs of chromosomes, made up from three billion base
pair nucleotides - Adenine (A), Guanine (G), Thymine (T), and Cytosine (C). In
addition, we also possess various phenotypic characteristics, or observable prop-
erties. These are thought to be determined, up to a certain degree, by our genetic
information, but could also be influenced by environmental or other non-genetic

factors (Figure 1.1).

Understanding the genotype-phenotype

map is very important for future progress

in fields such as biology and medicine.
In particular, uncovering the mechanisms + . Phenotype

of diseases could help us develop better

means of treatment or possibly even lead to

Figure 1.1: Phenotype, Genotype,
Environment network
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disease prevention [McCarthy et al., 2008].

The main objective thus is to learn
about networks of the form of Figure 1.1. Clearly, if we have all possible ge-
netic and non-genetic factors influencing a particular disease for example, then
this problem can be modelled mathematically. As a result, an important question

arises: how do we obtain environmental, phenotypic and genotypic information?

If we are interested in a particular (well-defined) disease, an obvious pheno-
type would be “an individual has/does not have the disease”. Such information
is usually straightforward to obtain. In contrast, an interest in a particular disease
symptom, such as “high blood pressure”, leads to a number of possible pheno-
types. Two examples being the collections of either quantitative blood pressure
measurements or binary “high” /“not high” blood pressure levels. On the other
hand, even if we know exactly which trait we want to measure and how, this

phenotype might not be easy (or even possible) to obtain.

The collection of environmental (and other non-genetic) factors also experiences
the above-mentioned difficulties. However for both of these classes (environmental
and phenotypic), there is another, much more general, issue beyond the definition
of a particular phenotype and whether is it possible to measure it. Undoubtedly
a more important question is: which traits and factors should we even consider?
There is an infinite number of things that can be measured making it impossible
to obtain full information about “everything”. Consequently, we rely on current
knowledge, on diseases for example, to give us certain symptoms, characteristics

and specific factors to attempt to record. Chances are, however, that there are



1. Introduction and Background

still many unknown related factors, which would make our task even harder.

In terms of genotypic information a number of genotyping techniques exist, for
example DNA sequencing and DNA microarrays (Affymetrix, [llumina), which
differ greatly in approach, cost, speed, accuracy and targeted genomic regions -
from chips capturing specific positions of the genome to sequencing technologies
that can read the genome base-by-base. With technologies rapidly evolving in
this area, it is getting cheaper, faster and more accurate to extract the desired
genotype information [Ragoussis, 2009]. It has to be noted here that genotyping
errors can decrease the power for detecting associations between genetic vari-
ants and phenotypic measurements [Pompanon et al., 2005], however we will not

discuss this any further within this work.

1.3 Genome-wide Association Studies

1.3.1 Introduction

Suppose we have a collection of genotypes, phenotypes and environmental fac-
tors on a number of individuals. The purpose of genetic association studies is to
analyse this data in a statistical framework. They are aimed at revealing any sig-
nal between genetic variants and traits, and in their simplest form only consider
one phenotype (most of the time binary) and a genotype at a single SNP for a
number of individuals. A SNP or a single-nucleotide polymorphism is a single
base pair mutation at a specific locus (usually consisting of two alleles), or in

other words a position at which a single nucleotide differs between individuals.
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Genetic association studies are used in order to investigate whether a genetic
variant is associated with a particular trait. If we observe some correlation be-
tween them, it follows that a particular allele is observed more often in individuals
with that trait, compared to the ones without it. If there is sufficient evidence to
support this, it can be concluded that such a result could not have happened just
by chance. Consequently, any individual carrying copies of this variant would be

at an increased risk of having the associated trait.

| Identification of susceptibility variants |

/ \

| Novel biological insights | Improved measures of individual
aetiological processes

| |

Clinical advances I Personalized med:cune

Therapeutic ‘Biomarkers| | Prevention‘ |Diagnost|cs| |Prognost|cs| Therapeutic
targets optimization

Figure 1.2: Clinical translations of findings from GWA studies
[McCarthy et al., 2008]

What happens after genetic association studies and how can the acquired in-
formation be used? The objective is to translate our findings into improvements
in medicine. Namely, having obtained results from genetic association studies
there are two main directions in which this can be done [McCarthy et al., 2008]
(Figure 1.2). In the first one (on the left), through novel biological insights into
causal pathways we might be able to develop new treatments of patients and pos-
sibly even disease prevention. In the other one (on the right), through “genetic

profiling”, we might be able to develop more personalized methods for disease
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management.

1.3.2 History and Development of GWAS

Genome-Wide Association Studies (GWAS) are Genetic Association Studies
examining the whole or most of the genome. In terms of number of polymor-
phisms analysed, 100 000 genotyped SNPs is accepted as a minimum in the
NHGRI catalog [Hindorff et al., 2013], which contains all SNP-trait associations

from published GWAS.

The objective of GWAS is to describe the susceptibility mechanism of diseases
and traits of interest. Despite still being relatively new, they have already greatly
improved our understanding of many traits and diseases, e.g. The Wellcome Trust
Case-Control Consortium [WTCCC, 2007] conducted analysis on seven complex

diseases and found many novel associations.

In Figure 1.3 a timeline of some of the major advances in GWAS is shown in
which three of the most notable projects (the Human Genome Project, the In-
ternational HapMap Project and the 1000 Genomes Project) have well-deserved
places. The initiation of the Human Genome Project (HGP) in 1990 opens the
doors to a new era. Determining the entire human DNA sequence and iden-
tifying the majority of the approximately 20000 — 25000 genes in the human
DNA [International Human Genome Sequencing Consortium, 2004] lay down the

foundations for GWAS.

Consequently, another contribution of great importance to the development in

this field is made by the International HapMap Project
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2001:

= Completion of the
draft DNA sequence of
the human genome by
International Human
Genome Sequencing
Consortium (IHGSC)
and Celera Genomics.

* The International
SNP Map Working
Group identified 1.42
million SNPs in the
human genome.

1990: Initiation
of the Human
Genome Project

2005:

= Completion of the Phase | International
HapMap.

= Publication of the first GWAS using a
commercial whole genome SNP

genotyping array.

2005 -2009

= Rapid developments of whole genome and
stom SNPs e ysftechnologi

2003: Initiation of the
International HapMap

2009:

At the end of 2009, a total of 470
studies were recorded in ‘A
Catalog of Published GWAS’, and
more than 2000 SNP associations
were reported for various human
complex traits.

The arrival of the Heliscope Single
Molecule Sequencer and the
first human diploid genome was
sequenced by third generation
sequencing technology

(HGP). Project.

1990s 2000s

2004: 2008:

U (E ® IHGSC published an improved version of the human DNA sequence. = The first human diploid
il = Discovery of hundreds of deletions and duplications in the human genome. genome (James Watson's
g;r:‘e;;:: g:g;ssg; = The arrival of the first next generation sequencing technology - Roche® 454 genome) was sequenced
as st Life Science GS 20 system by next generation
proposed by sequencing technology.
Risch and * Initiation of the 1000
Merikangas. 2007: Genomes Project.

= Completion of the Phase Il International HapMap and extended to Phase I

= The explosion of GWAS publications, which gave it the title the “Year of GWAS.
* Human Genetic Variation was recognized as the breakthrough of the year by
Science Magazine.

" The first human diploid genome (Craig Venter's genome) was sequenced by the
Sanger sequencing method.

Figure 1.3: Major developments in GWAS and human genome sequencing
[Ku et al., 2010]

[The International HapMap Consortium, 2007], the main aim of which was to de-
termine the common patterns of DNA sequence variation and subsequently char-
acterize the LD patterns between SNPs in a number of populations. LD or linkage
disequilibrium is the non-random association among polymorphic sites. With its
existence, LD significantly reduces the number of SNPs needed to be genotyped,
which together with developments in genotyping techniques makes GWAS a fea-

sible approach.

The 1000 Genomes Project [The 1000 Genomes Consortium, 2010] is the first
project to sequence the genomes of a large number of individuals from different

geographical backgrounds, using improving sequencing technologies. It aims to
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find most genetic variants with minor allele frequencies greater than 1% in the
populations studied and provide a detailed resource on human genetic variation.
With its scale it brings us much closer to having a complete description of human

DNA polymorphisms.

Publications of completed studies start appearing in 2002, however the first
recorded GWAS [Klein et al., 2005] in the NHGRI catalog [Hindorff et al., 2013]
is from 2005, due to the smaller number of markers of the earlier studies. In the
following two years many more publications with significant findings start ap-
pearing and due to the “explosion of publications” in 2007 it is named the “Year
of GWAS” [Ku et al., 2010] (Figure 1.3). One of the most notable ones being
the WTCCC study [WTCCC, 2007], which examined 7 major diseases - bipo-
lar disorder, coronary artery disease, Crohn’s disease, hypertension, rheumatoid
arthritis, type 1 diabetes and type 2 diabetes, and found 24 independent associ-
ation signals. In recent years genome-wide association studies have become the
study design of choice when searching for the genetic basis of diseases and other
traits. The majority of studies have used genotyping chips to measure common
sequence variation and have correlated this genetic variation with simple binary

or quantitative phenotypes [Manolio, 2010].

1.3.3 Findings

The number of novel SNPs discovered through GWAS has been rapidly in-
creasing over the last few years (Figure 1.4) and there are more than 1700 GWAS
publications in [Hindorff et al., 2013] and over 11 000 SNPs identified so far. With

this, GWAS has proven to perform well in identifying novel genetic loci and with
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Figure 1.4: GWAS Discoveries over time. Data obtained from the Published
GWAS Catalog. Only the top SNPs representing loci with association p values
< 5x107® are included, and so that multiple counting is avoided, SNPs identified
for the same traits with LD 72 > 0.8 estimated from the entire HapMap samples
are excluded [Visscher et al., 2012].

the cost reduction and the design of larger studies we can expect this trend to
continue. An observation from the current results, however, is that most of the
identified genetic variants have small effects and the risk alleles are mostly com-
mon, with allele frequency over 5% (bottom-right on Figure 1.5). This, of course,
does not necessarily mean that rare alleles are not causal, since this can be a

result from the fact that they are much harder to detect.

It is believed now that signals that are yet to be identified probably have
smaller effect sizes and that GWAS still do not have enough power to detect
them [Ku et al., 2010]. Thus, on a quest to find the missing heritability, var-
ious directions have been taken. For example, one way to increase the power

for detecting causal variants is to increase the study sample sizes. For this

10
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Effect size %
50.0

3.0/ O
- Low-frequency
Intermediate variants with

intermediate effect
1.5

1.1

Rare variants of
small effect

very hard to identify

by genetic means

\l‘kk\\\

Allele frequency

Figure 1.5: Feasibility of identifying genetic variants by risk allele frequency and
strength of genetic effect (odds ratio) [Manolio et al., 2009]

reason large GWAS meta-analyses have started being carried out, for exam-
ple [Gieger et al., 2011] which aims to discover novel genetic determinants of
megakaryopoiesis and platelet formation in over 66 000 samples, and this ap-
proach has proven to be fruitful for detection of new genetic variants. Therefore
with the collection of larger samples or by combining datasets and analysing them

together, we expect that it will be possible for many new hits to be identified.

Other answers to the missing heritability problem might be to target rare SNPs,
which is still very expensive and requires state of the art sequencing technologies,
however a number of projects have already undertaken to explore this task - for
example the UK10K! projects, which aims to understand the rare variants predis-
position to various diseases and complex traits by sequencing 10 000 individuals

in the U.K.
Thttp:/ /www.uk10k.org/

11
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On the other hand many cohorts record more that just a single trait, e.g.
KORA [Wichmann et al., 2005], resulting in a number of, possibly correlated,
phenotypes being measured. With the ability to obtain whole genome genotypes
and its continuing cost reduction, in terms of data, cohorts would soon only be
able to expand in sample sizes and number of different traits recorded. Most
GWAS so far however, have been done using only one, typically binary, disease
phenotype. Another possible way to increase power might then be to incorporate
the correlation structure between traits by analysing them together in a single

model rather than considering them one at a time.

1.4 The Concept of Pleiotropy

How can joint analysis help improve power in GWAS? For example if a gene
is affecting more than one phenotype, with very small effects, then single trait
analysis might not be able to pick up signal for any of them. However if these
traits are highly correlated, some information about one should give us informa-
tion about the others and in that case it might be possible to detect the joint

signal.

Most diseases come with more than one symptom or risk factor and so for
each disease a number of different characteristics/traits can be measured. For
example among the risk factors for coronary heart disease (CHD) are blood pres-
sure and different types of cholesterol levels (total, LDL and HDL cholesterol)
[Wilson et al., 1998]. Higher blood pressure levels are typically associated with

abnormal cholesterol levels (high total and LDL and low HDL cholesterol levels).

12
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Therefore if a gene is influencing the cholesterol it is possible that it will also be
affecting blood pressure, and through them putting you at high risk of coronary

heart disease.

In a very broad sense a phenomenon in which one gene is affecting multiple
phenotypes is usually referred to in the literature as pleiotropy (Figure 1.6). In the
above example if a gene directly affects cholesterol levels but only indirectly blood
pressure (through cholesterol levels), then it would not be considered pleiotropic.
However if it directly affects both CHD risk factors, then pleiotropy would be

observed.

Phenotypes

XK
//

| Gene |

Figure 1.6: Pleiotropy

Unfortunately there are many different definitions and opinions on what pleiotropy
exactly is, and the problem lies in the ambiguity of each of them (discussed in
[Wagner and Zhang, 2011]). The first problem with the above definition is: how
should the phenotypes be defined? If they are measurements of the same char-
acteristic, should we really consider a gene associated to them to be pleiotropic?
This would lead to a definition requiring unrelated phenotypes. However this
is also not very practical as it is far too subjective. Another issue that arises

together with this is measuring the degree of pleiotropy. This is usually taken to

13
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be the number of associated traits, which also considering the above issues is not
optimal, and in addition to that depends on the number of traits considered in
a particular study. The other differences in the definitions of pleiotropy are con-
cerning whether it is a single mutation affecting two traits or two closely linked
mutations affecting one trait each. Furthermore, a case where an observed variant
appears to affect two different phenotypes, could be a result of LD between two
separate causal variants and the observed one, each of which affecting only one
of the traits (Figure 1.7). This can typically occur if the actual causal variants
are not typed and we only have information on a common tag. We should keep

this in mind when interpreting results.

P P Causal variant (generally not observed)
1 2

(@® Genetic variant identified in GWASs

@D Gene

Region of strong LD

Figure 1.7: Spurious pleiotropy. Figure 1f from [Solovieff et al., 2013]

Sticking to our loose definition, there are a number of methods that test for
pleiotropy, for example [Knott and Haley, 2000]. Another approach to measure
the degree of pleiotropy in correlated traits would be to consider the “effective
number” of associated traits instead of the total number, which can be done as in
[Wagner, 2008]. There is already evidence for many pleiotropic loci and Solovieff
et al. [Solovieff et al., 2013] argue that estimates of the levels of pleiotropy are

likely to be conservative due to the current power limitations of GWAS. On
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1. Introduction and Background

the other hand, current levels of pleiotropy could mean that pleiotropy is more
likely to be “modular” than “universal”, i.e. that a gene can have a pleiotropic
effect on phenotypes within a module rather than potentially affecting all traits

[Stearns, 2010].

Another interest in this field lies in distinguishing between different types of
pleiotropy at the molecular level - i.e. “genuine” and “spurious”, or types 1 and
2, respectively [Stearns, 2010, Wagner and Zhang, 2011]. Genuine referring to
two distinct primary products arising from a single locus, and spurious - single

molecular function with multiple consequences.

An example of pleiotropic findings is the 9p21 locus, which has shown to be
associated with coronary artery disease, myocardial infarction and type 2 diabetes
(T2D) [McPherson et al., 2007, Zeggini et al., 2007, Helgadottir et al., 2008]. The
two highest scoring SNPs for CAD and T2D in this region were found to be very
close to each other but independent and neither one showed association to the
other disease [Helgadottir et al., 2007]. This means that these variants proba-
bly have independent functions, but further investigations are needed to under-

stand/uncover the causal pathways underlying the diseases [Ku et al., 2010].

1.5 Current methods for independent samples

In this thesis we are only going to consider continuous phenotypes and additive
genetic models, however generalisations of some of the methods discussed here as

well as the ones we are about to propose might be possible.

15



1. Introduction and Background

1.5.1 Single phenotype model

Given a quantitative phenotype Y and a genotype G at a single locus for each
of N individuals, the aim of GWAS is to find if there is any association between
them. Each element of G, G; is typically coded 0,1 or 2 to represent the number
of copies of the minor allele for individual ¢ at that specific locus. When data is
imputed this could either be inferred based on the best genotype or alternatively
the expected number of minor alleles can be used. In term of statistical models,

the most widely employed is the normal linear model with additive genetic effects

Y = XB+ Ga + €, where € ~ N(0,0°Iy) (1.1)

where X is a matrix of covariates, 3 their effect sizes, a the genotype effect size

and o2 the error variance.

Typically, when a number P of phenotypes is available in a study, P individual
genome-wide scans are performed for each of them separately [Soranzo et al., 2009,

Illig et al., 2009, Demirkan et al., 2011, Demirkan et al., 2012].

1.5.2 Multi-trait methods for unrelated samples

Despite not much focus being placed on joint multiple phenotype analysis in
comparison to univariate analysis, there are a number of approaches developed to
analyse multiple (possibly correlated) traits, which we briefly review here. The
focus in this section is on methods for unrelated samples and approaches that

model relatedness between individuals will be introduces afterwards.
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1. Introduction and Background

Possibly the simplest approach for modelling multiple phenotypes is to test
each trait for association one at time and then use the smallest p-value across all
traits as evidence of association. Some current methods focus on ways of combin-
ing univariate association tests [Yang et al., 2010], which are easy to implement
and do not impose many assumptions on the phenotypes. Results from these
approaches show an increase in power for detecting causal variants in some cases,
however they still ignore a lot of the available information by not modelling the

phenotype correlations explicitly.

Others use dimension reduction techniques, e.g. principal component analysis
(PCA), and in [Klei et al., 2008] an improvement (in terms of power) to the PCA
method is implemented, by using a principal component of heritability. These
methods derive and analyse a single trait, which is a linear combination of all phe-
notypes. Results from these types of approach however might not be biologically

interpretable.

[Ferreira and Purcell, 2009] propose the use of Canonical Correlation Analysis
(CCA) for modelling multiple traits, which extracts the linear combination of
traits that explain the largest possible amount of the covariation between the
marker and all traits. CCA for a single SNP test reduces to multivariate linear
regression with the SNP as the response variable and all traits as covariates. We
will refer to this as the Reverse model in later Chapters. Although this approach
is most appropriate for the analysis of normally distributed traits, it shows good
performance even when considering non-normal or disease traits. O’Reilly et

al. (2012) [O'Reilly et al., 2012] use a very similar approach in which ordinal

17



1. Introduction and Background

regression is used instead of linear regression and Wang (2007) [Wang, 2007]

implement a Bayesian approach.

Further a class of Structural equation models (SEMs) is proposed in [Li et al., 2006].
SEM is a hierarchical system of regression relationships in which each variable
may be a response or a predictor. Each model structure can be represented as a
directed graph in which causal relationships between variables are denoted by di-
rected edges between the variable nodes. SEMs, in contrast to the above methods
aim to provide a precise description of the genetic architecture of a complex sys-
tem. However quantitative trait loci (QTLs) in this approach are only included
in the analysis if they are identified by univariate analysis, thus not aiming the

method at improving power for discovery of novel loci.

An extension of the univariate least squares approach is also proposed in
[Knott and Haley, 2000]. The multitrait least squares method is aimed at QTL
detection, it is easy to implement and also allows for formal testing of whether
there are two linked or one pleiotropic QTL affecting two traits. To test each
hypothesis, approximate likelihood ratios are used. With increasing complexity,
due to the number of parameters to be estimated, the increase in the degrees of
freedom of the test statistic can restrain its practical use when the number of

traits is large [Mangin et al., 1998].

In [Agakov et al., 2011] a multivariate Bayesian approach is described, which
performs joint analysis of multiple genotypes, phenotypes and biomarkers. The
sparse instrumental variable method models linear associations between the vari-

ables with the use of sparseness-inducing priors. It may be used for effective
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screening of genotype-phenotype (and biomarker-phenotype) associations, how-
ever a limitation of it is the restriction on all model errors being uncorrelated (i.e.

not allowing for non-diagonal noise covariance matrices).

Verzilli et al. (2005) [Verzilli et al., 2005] suggests an approach similar to our
proposed model averaging (A) approach (Chapter 2), which in addition can model
multiple SNPs at the same time, possibly all within the same candidate gene.
The model allows for different sets of SNPs to be associated with each of the
traits and inference using this model is carried out using MCMC. It is aimed at
revealing the genetic variants (within a region) related to a set of traits, rather
than characterizing the signal for a single genetic variant and it does not consider
models with some zero and some non-zero effect sizes (it only fits what we refer

to as the Full model).

Other authors [Rothman et al., 2010, Yin and Li, 2011] have studied the mul-
tivariate regression model (Eq. 1.2) and use a sparse prior on both the regression
coefficients o and the precision matrix €2 using /;-norm penalties, which implies a
graphical gaussian model (GGM) on the residual terms. The main focus of these
methods was prediction and estimation of the GGM implied by 2, whereas our

focus is on hypothesis testing and subsequent model selection.

Y=Ga+te e~NOTIyQ" (1.2)

The methods described in this section can perform simultaneous analysis on

a number of phenotypes and some of them can also include a number of genetic
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Study Correlation | Sparsity Extra
[Yang et al., 2010] No No -
[Ferreira and Purcell, 2009] | Implicitly No CCA
[O’Reilly et al., 2012] Implicitly No Ordinal G
[Wang, 2007] Implicitly No Bayesian
[Klei et al., 2008] Implicitly No Not biologically interpretable
[Li et al., 2006] Implicitly Yes Cannot improve power
[Knott and Haley, 2000] Yes No Not practical for large P
[Agakov et al., 2011] No Yes -
[Verzilli et al., 2005] Yes No MCMC
[Rothman et al., 2010] Yes Yes aim: prediction and
[Yin and Li, 2011] Yes Yes estimation of the GGM
A Method Yes Yes Chapter 2
VB SAS Method Yes Yes Chapter 5

Table 1.1: Methods for multiple phenotype analysis for unrelated samples. Cor-
relation refers to whether the proposed method models between-phenotype cor-
relation. Sparsity refers to whether the method considers cases in which only
a subset of the phenotypes are associated to a particular genetic variant. The
Extra column gives additional information about the methods.

variants. They all show nice properties in terms of outperforming univariate
analysis (at least in some cases), some by an increased power for detecting causal
variants and others for characterizing the genetic architecture of a causal system,
however they all have their limitations. A brief summary with their key properties
is given in Table 1.1 together with the A and VB SAS approaches we propose in

Chapters 2 and 5.

The problem we consider is the assessment of association between multiple
related continuous response variables and a single explanatory genotype vari-
able. We do this in a Bayesian framework where we directly model the between-
phenotype variances and using approaches that allow for both hypothesis test-

ing and model selection. Our main focus is on improving power to detect true
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associations between a given locus and at least one of the (possibly correlated)
phenotypes and due to evidence of more “modular” (than “universal”) pleiotropy
[Stearns, 2010] we consider and put more weight on sparse models of association.
Our A approach is computationally tractable genome-wide for modest numbers
of phenotypes (up to 10-15), whereas the VB SAS method can be applied to hun-
dreds of traits. In addition, the VB SAS framework allows for and can perform

imputation of sporadically missing phenotype data.

1.6 Missing Phenotype Data

Missing phenotype data is a real feature of many cohorts that have collected
multiple phenotypes. When considering a single trait, analysis can be carried out
using all individuals with non-missing data for that phenotype. However, when
multiple traits are to be considered jointly (multivariately) then by using most
basic models, only individuals with non-missing data for any of their phenotypes
can be included in the analysis, which can reduce the sample size enormously. For
example, if we have data on 10 phenotypes in 1000 samples and if we assume we
have 1% missing data for each trait independently, then the resulting sample size
for a multivariate study that cannot appropriately take into account phenotype
missingness would be around 900 samples. Increasing the number of phenotypes
to 100 with the same rate of missingness would certainly not leave enough samples
to perform any analysis. So, this is a note to stress the importance of appropri-
ate handling of missing data when considering multiple phenotypes in a single

framework.
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1.7 Relatedness between samples and popula-
tion structure

Yet another real feature of many studies is population structure, which refers
to the presence of systematic differences in allele frequencies between different
subsamples of the population that can arise due to different ancestry. This
mainly occurs due to study design, for example in isolated population cohorts
(e.g. VIS, KORCULA, ORCADES), but can also be observed in supposedly
unrelated samples, in which case it is referred to as ”cryptic relatedness”. Cor-
recting for both of these types of population structure is very important in GWAS
[Zhang and Deng, 2010, Voight and Pritchard, 2005], since it can lead to spuri-
ous associations [Campbell et al., 2005]. Many methods have been developed for
correcting for stratification such as genomic control (GC) [Bacanu et al., 2000,
Devlin and Roeder, 1999], principal component analysis (PCA) [Price et al., 2006]
and mixed models [Kang et al., 2008], each of which has their advantages. With
recent computational advances, mixed models have become possible to use in
GWAS setting, although still being computationally very expensive, and are in-
creasingly popular due their ability to address and correct confounding due to

population stratification, family structure and cryptic relatedness [Price et al., 2010].

Linear mixed models extend basic linear models by the addition of a random ef-
fect, whose variance depends on a kinship matrix K that represents the similarity
between individuals and through it the population structure. Kinship coefficients
can either be inferred based on known pedigree information (which in GWAS is

typically not known) or based on marker data. There are differences between
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them and it is usually preferable to use the latter due to better accuracy, even if

pedigree information is available [Astle and Balding, 2009].

1.8 Methods modelling sample relatedness

1.8.1 Univariate mixed effects models

We begin by introducing linear mixed models, widely used in single-phenotype
analysis, such as [Yu et al., 2006, Aulchenko et al., 2007, Zhao et al., 2007, Kang et al., 2010],
and then describe multivariate extensions that can handle multiple correlated

traits.

Given a single phenotype Y and a single genetic variant G, mixed effects
models have an additional (random) term w to the basic association model in
Equation 1.1, whose variance depends on the kinship matrix K. The statistical

model is the following:

Y = Ga+u+te (1.3)
u ~ N(0,0.2K) (1.4)
€ ~ N(0,0°Iy) (1.5)

which written in matrix form is equivalent to

Y=Ga+e € ~N(0,072K + 0’1y, I) (1.6)

23
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and when no sample relatedness is observed, 2IK = Iy, it reduces to the basic
association model in Equation 1.1. Here N(.,.,.) refers to the matrix normal

distribution, overview of which can be found in Appendix A.

Fitting such models is not computationally trivial and only in recent years due
to computational advances has it become possible to employ them in GWAS.
Similar models, on the other hand, have played a central role in linkage analy-
sis and animal and plant breeding, where relationships between individuals are

known explicitly [de los Campos et al., 2012].

Furthermore, this model is related to a Bayesian linear model in which a set
of p SNPs, stored in the mean-centered and standardised N x p matrix X, are

included in the model

Y = Ga+Xp3+e€ (1.7)
B ~ N(0,03Iy) (1.8)
€ ~ N(0,0°Iy) (1.9)

Equivalence between (1.3) and (1.7) occurs if

(a) we estimate 2K = X X /p, which is the usual covariance estimate between

individuals based on the data at the p SNPs in X.
(b) we let o = poj

In this case X ~ N(0, X X" 0%) = N(0,022K) and u = X 3.
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Recent work has involved fast implementations of fitting this model [Lippert et al., 2011,
Zhou and Stephens, 2012], although this approach has been used within the pack-
age SOLAR ! for many years. If the eigenvalue decomposition (SVD) of the kin-
ship matrix is given by K =UAU” then pre-multiplying Eqn. 1.6 by U7 results

in the model
U'Y =U"Ga+e e~N(0,022A+ 021y, 1)) (1.10)

which has diagonal covariance that simplifies and speeds up estimation of 03 and

2

ot

1.8.2 Multi-trait methods for related samples

A number of multivariate phenotype extensions to the basic mixed effects mod-
els are becoming available. For example, [Korte et al., 2012] consider a mixed-
model for P = 2 traits so that Y is a N x 2 matrix. The model they use has the

form

Y = Ga+v+e (1.11)
e ~ N(0,Iy,D) (1.12)
v ~ N(0,2K,B) (1.13)

where B and D are 2 x 2 matrices of covariances, where B models the correlation
between the 2 phenotypes due to shared relationships between individuals and

D models correlation due to non-genetic factors. Estimation is carried out using

Thttp://solar.txbiomedgenetics.org/
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maximum likelihood using the ASReml package [Gilmour et al., 2009].

[Rakitsch et al., 2012] consider another variant of a multivariate mixed model
applied to measurements of alternatively spliced transcript isoforms estimated

from RNA-seq. The model they use has the form

Y = Ga+v+u+te (1.14)
€ ~ N(0,Iy,D) (D diagonal) (1.15)
v ~ N(0,2K,B) (1.16)
u, ~ N(0,0°,C,), ne{l,... N} (1.17)

This model is similar to the model of [Korte et al., 2012] but has an additional
term to model subject specific correlation between isoforms (traits) via the cor-

relation matrices C,, n € {1,...,N}.

Additionally, [Zhou and Stephens, 2014] present a computationally efficient method
for the model in [Korte et al., 2012] for a modest number of phenotypes (2-10)

which is implemented in the software package GEMMA ! [Zhou and Stephens, 2012]

The methods described in this section can perform simultaneous analysis on
a number of (potentially correlated) phenotypes in samples of (potentially) re-
lated individuals. A brief summary with their key properties is given in Table
1.2 together with the VB SAS approach we propose in Chapter 5. The problem
we consider is the assessment of association between multiple related continuous

response variables and a single explanatory genotype variable. We do this in a

Thttp://stephenslab.uchicago.edu/software.html
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Study Missingness | Sparsity Extra
[Rakitsch et al., 2012] No No -
[Korte et al., 2012] No No Only 2 traits
[Zhou and Stephens, 2014] Yes* No ~ 2-10 traits
VB SAS Method Yes Yes Many traits; Chapter 5

Table 1.2: Methods for multiple phenotype analysis for related samples. Missing-
ness refers to whether the proposed method can accommodate missing phenotype
data. Sparsity refers to whether the method considers cases in which only a sub-
set of the phenotypes are associated to a particular genetic variant. The Extra
column gives additional information about the methods. * means that a separate
phenotype imputation algorithm is used.

Bayesian framework where we directly model the between-phenotype variances
and using approaches that allow for both hypothesis testing and model selection.
Our main focus is on improving power to detect true associations between a given
locus and at least one of the (possibly correlated) phenotypes and due to evidence
of more “modular” (than “universal”) pleiotropy [Stearns, 2010] we consider and
put more weight on sparse models of association. Our VB SAS method uses Vari-
ational Bayes methods and “Spike and slab” shrinkage priors on the genetic effect
sizes, to calculate approximate marginal likelihoods of competing models and can
be applied genome-wide to tens-to-hundreds of traits genome-wide (depending on
the amount of population structure). In addition, the VB SAS framework allows

for and can perform imputation of sporadically missing phenotype data.

1.9 Summary

When modelling multiple traits in a joint model a straight-forward approach
would be to fit a “full model” in which all of the traits are allowed to have some

non-zero effect size. For continuous traits this can be achieved using multivari-
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ate linear regression using either frequentist or Bayesian methods, that allow for
correlated residual terms. Such an approach would sacrifice power when not all
traits are associated, which may be the case, especially if the number of traits
being analysed is large. For this reason we have developed several methods that
allow for just a subset of the traits to be associated. Our first method is a
model averaging approach that combines evidence across all possible models in
which just a subset of traits are associated. An advantage of this approach is
that it is very flexible in terms of the a priori information about which sub-
sets of traits are more likely to be jointly associated. This approach becomes
less computationally feasible as the number of traits increases beyond around
10 traits. Therefore we have also developed methods that use sparse continu-
ous priors that shrink effect size parameters towards zero when possible. This
allows much larger numbers of traits to be analysed jointly. We use Variational
Bayesian methods to approximate the marginal likelihoods needed for inference
[Jaakkola, 1997, Bishop and Tipping, 2000, Jaakkola and Jordan, 2000]. One ad-
vantage of these Bayesian approaches is that hypothesis testing and model selec-
tion are carried out at the same time. Our methods provide a single Bayes factor
for each SNP that measures the evidence of association with the phenotypes which
can be used to detect associated loci. Then once detected, the model fit can be
examined to characterize the form of the association in terms of which subset of

traits has the most evidence of joint association.

In addition our models allow for correlation between individuals, which can ex-
ist due to either close relationships between individuals (often by design in studies

of families) or more distant relationships between individuals which may not be
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explicitly known. We use multivariate random effects that allow us to capture
this correlation and fixed effects to model the trait-SNP associations. Overall,
our approach can be described as a multivariate mixed model that encourages
sparsity of the fixed effects. A further advantage of this methods is that it can
handle sporadic missing phenotype data which is a prevalent feature of real stud-
ies. In doing so we avoid the need to discard samples with at least one missing

phenotype as this can substantially reduce power in the presence of many traits.

The main focus of the following chapters in this thesis is on the development
(Chapters 2 and 5), assessment (Chapters 3 and 6) and application (Chapters 4
and 7) of such methods for joint analysis of multiple quantitative traits. We then

conclude with a discussion and potential future in Chapter 8.
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Chapter 2

A Bayesian model averaging

approach

In this Chapter we outline and discuss a Bayesian model averaging (A) ap-
proach for simultaneous analysis of multivariate phenotypes in genome-wide as-
sociation studies. It relies on the idea of bi-partitioning the traits into (disjoint)
sets of associated and un-associated phenotypes (to each single genetic variant
in question) and possesses the ability of assigning weights to each of these mod-
els that can reflect prior beliefs on the specific data we consider. The method
is exact and computationally efficient for a modest number of traits (~ 2 — 10)
and it is designed for GWAS of unrelated individuals. In terms of power, it can
outperform simpler approaches as shown in Chapter 3 for both pleiotropic and

non-pleiotropic loci.

30



2. A Bayesian model averaging approach

2.1 Introduction

We suppose we have P > 1 continuous traits Y, ..., Y p and a genotype G at
a single SNP for each of N unrelated individuals. Y, ..., Y p and G are N x 1
(column) vectors, in which each row contains the information for one individual.
Each element of G, G, is coded as 0, 1 or 2 and represents the number of copies
of the minor allele for individual ¢ at that specific locus, and each element Y;; of

Y ; is the j phenotype of the i'* individual.

Having data of this form, there are two natural questions that we would like

to be able to answer:
Q1 Is there any association between the phenotypes and the genotype?

Q2 If there is, what kind of association is it, i.e. which phenotypes are associ-

ated to the genotype and which are not?

2.2 Model

We employ a (multivariate) linear model of the following form:

Y=1p+Ga+e €~N0,I11%) (2.1)
whereY = (Y, Y, .. Yp )isan N x P matrix of phenotypes, each column
of which represents a single trait, g = ( 1y gy ... pp )isalxP (row) vector of

means, 1 is an N X 1 matrix each element of which is one, G is an N x 1 (column)
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vector of genotypes at a single SNP, a« = ( oy ay ... ap )isalx P (row)
vector of genotype effect sizes, one for each phenotype, and € is an N x P matrix
of normally distributed errors. We assume that we have independent samples,
but we allow for correlation between phenotypes that is not explained by G.
Here N(M,V,¥) denotes the Matrix Normal Distribution with mean M and
row and column covariance matrices V' and . Thus by € ~ N(0, I, ¥) we mean
that the errors are normally distributed such that rows are independent, each
multivariate normal with mean 0 and covariance matrix 3. More on the Matrix

Normal Distribution can be found in Appendix A (page 162) and [Dawid, 1981].

The intercept of Model 2.1 is not of interest for answering questions Q1 and
Q2, which are concerned with the possible genetic effects on each of the traits.
Without loss of generality then we can remove the mean term from our model
by mean-centering G' and all of the phenotypes Y, (ie. G := G — G and
Y,;: =Y, - Y, for all i). Additionally, for comparability between the traits, we

also scale each of them to have a unit variance.

With the data now transformed and the intercept removed, we employ the

following normal linear model:

Y =Ga+e €~N01I13%) (2.2)

where Y is a matrix of mean-centered and scaled phenotypes, G a vector of

mean-centered genotypes, and everything else is as in Model 2.1.
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The advantage of using Model 2.2 to modelling each phenotype separately is
that we can use information across different traits by allowing for a non-diagonal
error covariance matrix. Correlated errors can be interpreted as factor or factors

(not related to the genetic variant) that influence some or all of the traits.

Model 2.2 can also easily be extended to include other covariates, e.g. age,
sex of individuals in the study, etc. This can be done by regressing out all of
these non-genetic factors from each of our traits and then using the residuals as

phenotypes in Model 2.1, or after scaling and mean centering in Model 2.2.

2.2.1 Model space

In total 2¥ possible models of the form of Model 2.2 exist based on P pheno-
types, where each is either associated to the genetic variant G or not (i.e. each

a; =0or o; € R).

We distinguish between three classes of models - “Null” in which none of the
traits depends on the genotype, “Full” in which all traits are considered asso-
ciated, “Other” in which there is at least one associated and one unassociated

trait.

Full Model

(Yl Y, .. Yp>: G (041 Qg ... Oép)+€, ENN(O,I,E) (23)

a; € R for all ¢
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Null Model

<Y1 Y, .. Yp > = €, GNN(07I7Z) (24)

Other - Non-null, Non-full Models

(Yl Y2 Yp)z G (O{l Q... Oép)+€, GNN(O7I,E) (25)

a; € Ror a; =0 for each i, (at least one of each)

We denote all possible models by M;, i = 0,1, ...,2F — 1, where throughout we
assume that M, is the null model, M; for j = 1,2, ..., P are the models with trait
j considered associated and all other traits unassociated to the particular variant.
All other models P+1, ..., 2P — 1 being pleiotropic (with at least two phenotypes

being associated). An example on P = 2 phenotypes is given in Figure 2.1.

Under our model specification, answering question Q1 is equivalent to distin-
guishing between @ = 0 and a # 0. In the two phenotype example in Figure 2.1
this translates to a comparison between the null model and the group of associ-
ation models (the 3 models in gray in Figure 2.1). Similarly, assuming we find
association, question Q2 is equivalent to uncovering exactly which a; = 0, which

translates to distinguishing between the 3 association models (coloured in gray).

2.3 Bayesian model averaging

In order to address questions Q1 and Q2 for the models described in Section 2.2

and 2.2.1, we use a Bayesian approach. Given a prior distribution P(a, 3|Model)
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Mo: (P, P,)=¢ M;: (P, P,)=G(a, 0)+e M, (P, P,)=G(0 a,)te M (P, P,)=G(a, a,)te
Phenotypes Phenotypes Phenotypes Phenotypes

a,

Genotype Genotype Genotype Genotype

Figure 2.1: Graphical representation of all models on 2 phenotypes.

for the parameters a and X for each model M;, we can find the marginal likeli-
hood P(Data|Model) = P(Y |G, Model). We do this by conditioning on the prior

parameter distributions and integrating out the parameters to get:

P(Y |G, Model) = //IP’(Y|G,0:, 3, Model) P(a, ¥|Model) dac d¥  (2.6)

Then for every two models under consideration, we can calculate a Bayes factor,
as the ratio of their marginal likelihoods. For example a comparison between the
Full (Model 2.3) and the Null (Model 2.4) models on p phenotypes, results in
BFpa = P(Y|G, Full) / P(Y |G, Null).

Additionally for each model, its posterior probability can be found given a

pre-specified model prior as
P(Model|Y, G) x P(Y |G, Model) P(Model|G)

Returning to the first problem we are trying to solve, i.e. identifying associated

and potentially causal genetic variants, we need a test statistic which is to com-
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pare the set of models of association to the null model. In the Bayesian framework
we can define a Bayes factor of association as the ratio of P(Data|Model of association)
and the marginal likelihood under the null model. This would then give us the

usual posterior-prior odds between the models of interest.

Now P(Data|Model of association) = Zl ! P(Data| M;)P(M;|Model of association),

which yields a definition of the Bayes factor of association

(Data|M;)
Z B th:||M0 P(M;|Model of association) (2.7)

Denote by BF; the Bayes factor comparing model M; to the null and by p; the

prior on model M; to be a model of association. Equation 2.7 then becomes

2P 1

BFs= Y _ BFip (2.8)

i=1

The resulting single Bayes factor statistic has an interpretation of a model
averaging approach in which the p;’s are the weights of the corresponding model
Bayes factors, which can be chosen to reflect our prior belief. From now on by a
model (or an individual model) Bayes factor we refer to a Bayes factor comparing

model M; (for some i # 0) and M,.

In terms of determining if a variant is associated the model averaging Bayes
factor BF4 can be used. As for finding the exact type of association, the models
can be compared, either using the individual model Bayes factors BF; or their

posterior probabilities.
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2.3.1 Priors

In the Bayesian framework we need to specify priors for the parameters for
each of the models under consideration. We start by describing the full model

priors and then extend them to give comparable priors for the rest of the models.

We use Normal Inverse Wishart priors on (e, ), which is the matrix-variate
extension of the Normal Inverse Gamma prior, commonly used in current Bayesian

GWAS analyses. This means that we take
o ¥ ~ [W(c, Q) (Notation given in Appendix A)
o a|X ~ N(m,vX)

The Inverse Wishart distribution is considered suitable for modelling covariance
matrices (just as inverse-gamma is for variances). The Normal distribution is
the most widely used one for effect sizes in univariate analysis and its extension,
the multivariate normal, is the natural choice for multivariate analysis. In addi-
tion, the Normal Inverse Wishart prior has a conjugate structure, which makes
analytical computation of the marginal likelihood integrals possible. Its poten-
tial disadvantage however is that, it might not truly reflect our prior belief, in
particular with the prior on the effect sizes depending on the model covariance
matrix. In our case however, this seems to be a reasonable assumption, based on
the idea that if two traits are highly correlated then we might expect either both
or neither of them to be associated to a genetic variant. On the other hand even
if they are both associated they can still have somewhat different effects and it

is not clear how well would this be accommodated. Taking all this into account
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2. A Bayesian model averaging approach

and keeping in mind the potential problems, we still choose to use this prior for

our analysis.

Here we discuss our choice of hyperparameters for the prior distributions. Ge-
netic variants can have either positive or negative effects on each trait in question,
which motivates zero mean of the effect size distribution apriori. In addition, the
expectation of very small effect sizes suggests that the marginal expectation of the
model variance would be close to the phenotype variance itself (which is 1 after
scaling the trait). A suitable prior on the error variance in univariate analysis is
['(2,3) (default prior in SNPTEST ). In our multivariate case, we can choose the
hyperparameters of the prior distribution on the error covariance matrix, so that
they are equivalent to the single-trait model ones, when we have only one trait
in our model. In addition, both for computational simplicity and because error
correlations need not be the same (or even in the same direction) as phenotype
correlations, we choose to use priors that result in uncorrelated error variance
expectation. More details can be found in Appendix B, page 167. The remaining

hyperparameter v we set to be equal to 0.02 as in [Marchini, 2010].

Specifically, the priors on the error covariance matrix 3 and the genetic effect

sizes ¢ that we use are the following:

o X~ IW(5+ P,4I) and

e a|Z ~ N(0,0.02%)

and corresponds to setting m =0, v =0.02, c=5+ P, Q =41I.

https://mathgen.stats.ox.ac.uk/genetics_software/snptest/snptest.html

38


https://mathgen.stats.ox.ac.uk/genetics_software/snptest/snptest.html
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For all other non-null models we use the same prior on the error covariance,
however we force the relevant entries of o for each model to be zero. For a
given non-null model we have a partition of the traits into an associated and
unassociated set. Given this partition we split a into ar; and a_, which denote
the effect sizes of the associated and unassociated traits respectively. This means

that ao_ = 0.

We use the prior a|X ~ N(0,v3) on the full vector, and force the a_ coef-
ficients to zero. This results in a prior on the associated trait effect sizes of a,
take a prior a4 |% ~ N(0,v%") (obtained by conditioning on a_ = 0), where
¥ =3, -3, ¥ __"'S_, (definitions of the ¥ matrices can be found in
Appendix A under the Matrix Normal or Inverse Wishart distributions, where

+:=2and —:=1).

Prior weights on each of the models (M) can be chosen to represent any prior
belief we might have, or in the case of no such insight available either a uniform
prior or a sparsity inducing prior (e.g. using Binomial distribution on the number
of associated traits and a uniform prior on all models of different class) can be
used. In our simulation study (Chapter 3) we use a uniform prior, whereas in
the real data analysis in Chapter 4 we use a very specific biology motivated

non-uniform prior.
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2.3.2 Marginal Likelihoods, Bayes Factors, Parameter pos-

teriors

In our framework we assume that the data given the parameters is normally

distributed in each of our models, i.e. the likelihood is

P(Y|G, M, e, ) ~ N(Ga, I, S) (2.9)

2.3.2.1 Full model

The priors in our full model are

X~ IW(e,Q) and |2 ~ N(m,vX) (2.10)

with hyperparameters as in Subsection 2.3.1.

By the conjugacy of the priors, analytical expression of the marginal likeli-
hood can be obtained and is of the following form (derivation of which is given

in Appendix C):

‘Q‘C/Q ,U*P/Q FP[C*/2] 1
B(Y|G, Full model) = 15 v "o 10 oo (2.11)

where ['p(.) is the multivariate gamma function, and
e v' = (G'G +v 1!
em' = (G'G+v ) ' (v'm+GTY)

e c*=c+ N
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2. A Bayesian model averaging approach

¢ Q- =Q+Y'Y + mTv'm — mTv'm*

The posteriors of the parameters stay in the same families of distributions

(again by the conjugacy of the priors) and are given by:
Y|Data ~ IW(c*, Q%) and a|X, Data ~ N(m*,v*X) (2.12)

2.3.2.2 Null model

Analogously for the null model very similar expressions can be derived. And the

Bayes factor comparing the full and null models takes the form:

P(Y|G, Full model)  |Qo"|¢/?v*F/?

BFpu = = 2.13
Pl = P(Y|G, Null model)  |Q5|/2 vP/2 (2.13)
where Qo* = Q + Y'Y,
2.3.2.3 Other models
The priors in all non-null/ non-full models are
Y~ IW(c, Q) and o ~ N(m, vX") (2.14)

with hyperparameters as in Subsection 2.3.1. For simplicity of the notation used,
here ax denotes only the non-zero elements of the effects. These priors do not allow
us to analytically derive the marginal likelihood integrals, however by splitting
the phenotypes in groups according to them being related to the variant or not,

we can derive an analytical expression directly for the Bayes factors (derivation
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given in Appendix D).

c* /2 o+ Pr/2

/2 Py /2

sy BYIG M) Qo
T PY|G, Nall) Qi

(2.15)

where P, is the number of associated traits for model M;, and

e S=1-Y (Q_+Y "y )y "

v* = (G'SG +v1)!
e m'=v"G'SY

ct=c+ N

Qv =Q'+Y,'SY,

e Q7 =Q"+Y,"SY, —mTvIm*

Here Y, and Y _ are the associated and unassociated phenotypes for model
M;, Q__ and Q" are derived from the @ matrix just as the relevant 3 entries
(definitions in Appendix A with — := 1 and + := 2). Note, S is an N x N matrix
and for computational speed in an algorithm implementation, direct calculation

can be avoided by appropriately re-writing the Q* equations.

2.3.3 Model averaging across single phenotype models

Following the idea of Equations 2.7 and 2.8 in expressing a Bayes factor of
association BF), another statistic can be defined to represent the Bayes factor

of association on models with only a single phenotype considered related to the
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genetic variant:
P

BFs:=>» BFip; (2.16)

i=1
where BFs is a model average between the single trait association models only
and p; is the prior on model M; given that it is a single trait association model.
It is important to make it clear that these are joint models of all P phenotypes
assuming just one of the traits is associated and P — 1 traits are not associated.
These joint models are different from modelling each trait independently, since

the joint error structure of the phenotypes is modelled via the joint approach.

The BFjs statistics is a special case of BF4 where we put no prior belief in the
pleiotropic models i.e. models with more than one trait associated. The reason
for introducing this statistic is that a comparison between BF, and BFg can
then tell us something about the degree of pleiotropy of a variant. This however
can also be done by directly comparing the set of pleiotropic and the set of non-
pleiotropic models of association and measuring their difference by a Bayes factor
of pleiotropy, which can be defined as follows:

St e P(DatalMy) g S0 oL, BEpy!

BFp = = 2.17
PSS BDatalMy) ST, BEp 217)

where p; are defined as in Equation 2.16 and p* is the prior on model M; given

that it is a multiple trait association model.
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2.4 Bayes Factor Threshold

A question which arises with our proposed method is what values of our test
statistic (BF4) should be considered to give us sufficient evidence for association.
In [WTCCC, 2007] a prior probability of association of 107° is suggested for
univariate analysis Bayes factors ([Marchini, 2009]), based on an expectation of 10
detectable genes involved in a disease and 10° independent regions in the genome.
If C,, €, are the relative costs of false discovery and false non-discovery, then it is
suggested to declare a variant associated if the posterior probability of association
is greater than C,/(C,+Cy), or equivallently if BF' > C,/C}, x 1/Prior Odds. For
a discovery step C, = 1 and C}, = 100 are proposed in [Marchini, 2009] giving a
Bayes factor threshold of 103. A similar threshold for our multivariate approach
statistic would need to be investigated, however for now we employ the same

threshold.

In frequentist testing 5 x 10® is accepted as the genome-wide significance
P-value threshold. Due to the different rationale for setting the thresholds in
Bayesian and frequentist approaches, exact comparison is not possible, however
under general assumptions [Sellke et al., 2001], BF < —1/(eplog(p)) forp < 1/e
[Stephens and Balding, 2009]. This translates p = 5 x 1078 into log;oBF < 5.64
(upper bound slightly above the proposed 105 BF threshold by [WTCCC, 2007])
(10® BF upper limit translates to p = 1075 however actual correspondence may
be for a much smaller P-value). In addition, BF and P-value produce approxi-
mately the same ranking if the variance of the normal prior on the effect sizes in
the Bayesian case is proportional to the sample size and asymptotically propor-

tional to 1/(MAF(1 — MAF)) [Stephens and Balding, 2009].
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2.5 Univariate approach

The usual approach of analysing multiple traits in GWAS is by performing
separate analyses for each phenotype of interest (e.g. [Soranzo et al., 2009]). This
in turn (in the Bayesian framework) gives P Bayes factors BF!, i = 1,2, ..., P,
where each one is obtained by ignoring any information about the others. To
compare our multivariate approaches to such univariate approach use a Bayesian

model average over all P univariate models as

P

BFy :=Y BF}p} (2.18)

=1

where p} is the prior on univariate model i. This statistic (although not neces-
sarily the best way to combine the univariate Bayes factors) should still give us

an idea of the differences between our approach and univariate GWAS analysis.

2.6 Multivariate extension of univariate approach

Another interpretation of the univariate models and model Bayes factors is
that of a Full versus Null model comparisons (on a single trait). A multivariate
extension of this is also to consider the Full and Null models on all subsets of the
traits. An example with the models on two traits is given in Figure 2.2.

Then again model averaging over the resulting model Bayes factors gives
2P 1 ‘
BF; =Y BF'p (2.19)

i=1

This is another multivariate modelling approach and a comparison between
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M,": (P,)=G(a,)+¢ M, (P,)=G(a,)+¢ M.’ (P, P,)=G(a, a,)+e
Phenotypes Phenotypes Phenotypes

Genotype Genotype Genotype
M, (P,)=¢ M,": (P,)=¢ M,": (P, P,)=¢
Phenotypes Phenotypes Phenotypes

Genotype Genotype Genotype

Figure 2.2: Graphical representation of the Full (top) and corresponding Null
(bottom) models on subsets of 2 phenotypes.

it and the univariate method can also be informative about the potential ad-
vantages/disadvantages of performing joint analysis. Additionally the univariate
model Bayes factors are part of BF);, which should make it easier to see whether
we would gain anything by using the more complex approach. Note however
that this method would not give us comparable results between the model Bayes
factors as more than one model could be true here (e.g. in a 2 phenotype exam-
ple if the variant is causal to both traits, all 3 models should show association).
A similar measure of pleiotropy here as BFp hence would not be sensible and
results from the individual model comparisons might not be easily interpreted.
We then only include this approach for comparison purposes and use the same
priors on the model parameters. Note, however, that results obtained from both

multivariate methods should be the same if our data comes from a model with
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uncorrelated errors.

2.7 AVG Method

In addition to our proposed multivariate approach in Section 2.1, we also con-
sider model averaging between all of its multivariate models and all of the uni-

variate ones from Section 2.5. Here we define
BFyyvg = ———— (2.20)

The reason for introducing this approach is that in the case where at least one
of BF4 and BFy pick up some association signal, then so should the BF,yq.

Moreover if neither of them do, it should also show no association.

Strictly speaking such a definition (average of Bayes factors) does not neces-
sarily yield an actual Bayes factor, however in our setting this is the case under
the following conditions. Each of the univariate Bayes factors part of BFy can

be written as follows

ppe_ BOVIG, Ful)  P(Y[G, Ful) B(Y_|Y,, G, Full
ETUP(YNull)  P(YNull) P(Y Y, Null)

if and only if the set of all phenotypes with the exception of phenotype Y; (de-
noted as Y _;) are conditionally independent of G given phenotype Y ;. With
this representation we now have the same denominator as for all models part
of BF4 and thus the BF4y ¢ statistic can be thought of as a model averaging

Bayes factor, where each model is a multivariate phenotype one and the set of
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models coming from BFy represent special models in which some phenotypes are
conditionally independent of the genotype given the others. The final averaging

between BF, and BFy is part of the prior on each of the models.

2.8 Combining results across cohorts

In Chapter 4 we apply our methods to 3 distinct cohorts with the same set
of multiple phenotypes. In order to combine results across these 3 cohorts we
combine Bayes factors by multiplying them together at the sub-model level, which
can be thought of as an assumption of independence of the three datasets. Meta-
analysis of multiple phenotype GWAS is an open problem in the field which
we have not focussed on here. Even though this might not be the best way to
combine data from different cohorts, it has still allowed us to do a preliminary
comparison between univariate and multivariate methods. Future work would
include extending the approaches to include random effects to model different

cohorts.

2.9 Summary

In this Chapter, we considered the problem of modelling multivariate pheno-
types in GWAS and proposed Bayesian model averaging approaches to assess the
association between a single genetic variant and some or all of the traits of inter-
est. Our framework allows for simultaneous testing and description of the type of
association and provides an alternative to the commonly used univariate GWAS

models. In the next two chapters, we illustrate the properties of our methods on
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both simulated data (Chapter 3) and GWAS data on 6 haecmatological parameters

from [Soranzo et al., 2009].

We have to note that recently a study has been published on a method similar
to our proposed approach, which instead of bi-partitioning the phenotypes, splits
them into three types of classes of un-associated, directly unassociated and indi-
rectly associated (independent of the genetic variant given the directly associated
traits) [Stephens, 2013]. This method was not available/published at the time

this analysis has been carried out.
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Chapter 3

Simulation studies

In this Chapter we use simulated data in order to investigate the performance
of the methods from Chapter 2 and of particular interest to us is understanding

the differences between the multivariate and univariate phenotype methods.

3.1 Data simulation

We start by explaining how we generate datasets.

e First we simulate a vector of N genotypes G at a single locus, each element
of which is thought to come from a Binomial Bin(2, pg) distribution, where

pa is the minor allele frequency at that locus.

e Next we simulate N multivariate (P-variate) normal samples with mean 0

and covariance matrix X for the model errors €

e Finally, according to some vectors of means p and effect sizes a, we set

Y = 1p+ Ga + €, where 1 denotes an N x 1 (column) vector of ones.
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3. Simulation studies

This way we obtain simulated genotypes and multivariate normal samples of
phenotypes, with pre-specified genotype minor allele frequencies, error covariance
structure, vectors of phenotype means and genotype effect sizes. Knowing the
“truth”, i.e. the model and parameters under which data is generated, would
enable us to check the performance of the different methods from Chapter 2 and

compare multivariate and univariate trait analyses.

3.2 Simulation scenarios

We simulate data under a number of different scenarios based on the parameters
in Table 3.2. In each case we generate 100000 samples, which we analyse using all
different approaches from Chapter 2 (also briefly summarised in Table 3.1). We

then find and compare the power for detecting associations between the methods.

We only generate data with non-negative effect sizes, as due to the shape of
the multivariate normal distribution (likelihood of the data) in terms of power,
data coming from a model with { & = (o a) and error correlation p } would
give the same results as data with { @ = (—a3 — ay) and error correlation p }

and data with { a = (ay — az) and error correlation —p }.
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BF Expression

Further information

2P_1 ]P)(Y|G’ Mz)

BF, )i (Y| Null) p;  BEach model M; is a bi-partition of the set
of phenotypes into a set of associated and
unassociated to the genotype

P(Y |G, M;
BFy ZP (Y]G, M) Each model M; has a single phenotype as

=1 p(Y| Null)

associated to the genotype and all others
as unassociated

» P(Y,|G, Full)

BR, : .
v 2in P(Y,| Null) 't

Each model considers only a single trait
and ignores any possible association of all
other traits

L P(Y'|G, Full) ,
BF 2f 1 ’ j
J Zz:l ]P)(Y/‘ Null) D;

Each model is a Full (or Null) model on a
subset Y’ of the traits Y and is ignoring
the remaining traits not in Y’

1
BFAVG 5 (BFA =+ BFU)

Sl P(YIG M) pi
Zf:l IPD(Y|G Mz) p;

BFp

Each model in the denominator is a model
with exactly one associated to the genotype
phenotype (with all others considered unas-
sociated) and each model in the enumerator
is a model with more than one associated
phenotype (with all others considered unas-
sociated)

Table 3.1: Bayes factor summary for the statistics introduced in Chapter 2.
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Sample size N = 2000 individuals

Number of phenotypes P = 2

Minor allele frequency pg = 0.1

Vector of intercepts m = (10 0)

Error variances 012 =0y2=1
(0 0)
Effect sizes o= (0 0.1)
(0.2 0.1)
0
. +0.2
Error correlations P=19 104
+0.9

Table 3.2: Values of the parameters used for data simulation. All 21 possible
combinations are considered

3.3 Power of Bayesian and Frequentist methods

It is usually the case that Bayesian test statistics do not have an analytic dis-
tributional form when data arise from a particular model, such as a null model of
no association. This complicates the direct assessment of the power of a Bayesian

method and comparison to other (possibly non-Bayesian) approaches.

We use simulations under null and non-null models of association to calculate
empirical distributions of all the test statistics we consider, and use these disti-

butions to assess power. The power of a given statistic at a specific false positive
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rate « is given by the percentage of test statistics from the non-null distribution
which occur above a threshold of q,, where ¢, is the 100(1 — «)-quantile of null
distribution for the statistic. By varying a we can assess power at different levels

of significance and construct Receiver operating characteristic (ROC) curves.

3.3.1 Single trait association models

Figure 3.1 shows ROC curves for all of the methods in Chapter 2 under a model

where just one of the two traits is associated (a = (00.1)).

The first observation is that in the absence of a correlation in the noise (p = 0)
all methods perform the same. Under this assumption, this can be explained
by the fact that fitting any bivariate model in this case would be equivalent to
fitting both of its univariate submodels separately. Hence the Bayes factor BF}
comparing model (Y1 Y2) = G(«; 0) + € to the bivariate null and the univariate
Bayes factor BF}* comparing (Y1) = G(ay) + € to its corresponding null should

be the same.

As the error correlation increases, irrespective of its sign, the power of all
multivariate approaches also increases. Figure 3.2 gives an illustration of why this
occurs (using much larger effect sizes for clarity) by plotting the joint distribution
of two phenotypes under a model where just one of the two traits is associated,
for 3 different values of the error correlation (p). The phenotypes are coloured
according to genotype which illustrates how the separation between genotype
classes increases with p. This increasing separation between genotype groups can

be detected by the multivariate approaches only.
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p=0 a =(00.1)
100 000 simulations
Bayes factors and models
they average over
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Figure 3.1: ROC curves for the different Bayes factors from Chapter 2 obtained
from 100 000 datasets generated for 2 traits, with only one of them associated to
the genetic variant (effect size 0.1), for n = 2 000 individuals, for each of the 7
different error correlation structures from Table 3.2.
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o=(0 3), MAF=0.4
p=0.4

Phenotype 2
Phenotype 2
L]
L]
Phenotype 2

H P!

4 4 2 [
Phenotype 1

Figure 3.2: Data on 2 traits, one associated (effect size 3), MAF = 0.4, n =
20000, model error correlation p. Colours represent G = 0 in black, G = 1 in red
and G = 2 in blue.

To quantify this effect we can calculate the squared Mahalanobis distance
[Maesschalck et al., 2000], between the vector of effect sizes under the null and al-
ternative models, which takes into account the correlation structure of the errors.
This measure is a weighted sum of the inner product of a with the eigenvectors
of covariance matrix, with eigenvalues as weights. Since effect sizes are zero un-
der the null this reduces to M = aX 'a’. For the three examples in Figure
3.2 where a = (00.1) we get M2 = 9,10.7,47.4 for p = 0,0.4,0.9 respectively.
Table 3.3 shows this metric for the scenarios in Figure 3.1. The pattern of this
metric is correlated with the differences in power between the multivariate and
univariate approaches. It may be possible to derive the power of our multivariate

approaches as a function of M2 but we have not done this here.

Figure 3.1 also shows that the order of the different approaches remains the
same in all scenarios with BFg > BFy > BFiyvqc > BFj;. These differences

only become apparent when the correlation increases. The true model is fit by
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a=(00.1)
p 0 02 0.4 0.9 —0.2 —04 —09
M2 001 0.0104 0.0119 0.0526 0.0104 0.0119 0.0526

Table 3.3: Squared Mahalanobis distances from « to 0, with error correlation
p and unit error variances (calculated with the parameters used for the data
simulations).

both BFg and BF4 with BFg putting more prior weight on the true model, and
explains why BFg has slightly more power in this case. BF4y ¢ model averages
between all models fit by BF4 and the less powered here BFy;, hence the ordering
BF, > BF,yq. Finally, BF; appears to have the least power out of the mul-
tivariate approaches and this is because it does not explicitly fit the true model

(as opposed to all other multivariate methods that do).

3.3.2 Pleiotropic Models

Figure 3.3 shows ROC curves for all of the methods in Chapter 2 under a model
where both of the two traits are associated (o = (0.20.1). Again we observe very
similar power for all methods when p = 0. As p becomes more negative, we
observe that the multivariate approaches are more powerful than the univariate
approach BFy. When p is positive, we first observe a drop in power in all
multivariate models for p = 0.2 and then p = 0.4, followed by an increase in
power for p = 0.9. Consistent results are shown by the squared Mahalanobis

distances for these scenarios (Table 3.4).

Figure 3.4 provides an illustration of the phenotype-by-genotype group separa-

tion as p varies. Table 3.5 details the values of M2 for each of the examples. Here
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Figure 3.3: ROC curves for the 5 approaches. Data generated for 2 traits, both
associated (effect sizes 0.2 and 0.1), 100 000 datasets generated, n = 2 000 indi-
viduals, for the 7 different error correlation structures from Table 3.2.
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a=(020.1)
p 0 02 0.4 0.9 —0.2 —04 —09
M2 0.05 0.0438 0.0405 0.0737 0.0604 0.0786 0.4526

Table 3.4: Squared Mahalanobis distances from a to 0, with error correlation
p and unit error variances (calculated with the parameters used for the data
simulations).

under negative noise correlations we observe clearer separation of the clusters of
points, compared to the no correlation case (p = 0) and under positive correlation
we see the opposite, with the best case being p = —0.9 and the worst p = 0.9,

which is again consistent with the Mahalanobis distance results.

In Figure 3.3 we observe power ordering of BF; > BF4 whenever BFy >
BFs (and vice versa). This is because the first two methods fit all models in
the corresponding second two with additionally both fitting the Full model. By
construction BF 4y achieves power between the one for BF4 and BFy. Overall,
best power for all scenarios is achieved by BF';, however as described in Chapter
2, results from this approach are not easily interpretable, with BF4y ¢ being the

next best method and followed by BFj.

P 0 04 09 —04 —0.9

M2 25 183 179 41.2 2453

Table 3.5: Squared Mahalanobis distances for data from Figure 3.4.
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Figure 3.4: Data on 2 traits, both associated (effect size 4 and 3), MAF = 0.4,
n = 20 000, model error correlation p. Colours represent G = 0 in black, G = 1
in red and G = 2 in blue.

3.4 Bayes factor for pleiotropy

Figure 3.5 shows the power of the pleiotropy statistic BFp for the models from

Table 3.2 for different values of p, where the null distributions are obtained from

the single trait association models and the alternatives - from their corresponding

pleiotropic ones. Note that we define the null for BFp as association with exactly

one associated trait (which is different to the model of no association which we

use as a null for the other BF statistics).
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Figure 3.5: ROC curves for BFp for different model error correlations.

When we allow for < 10% false positives, BFp seems to perform best when
there is no or small positive error correlation between the traits, with the worst
possible case being large negative correlation. An interesting observation is that
the most powerful case for finding associations is the least powerful for actually

detecting pleiotropy.

The power for detecting pleiotropy varies between 20% and 40% when allow-
ing for 1% false positives. This shows that we have more power for detecting
associations in data coming from a pleiotropic model than detecting pleiotropy

itself.

61
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3.5 Conclusions

Our proposed multivariate approach shows an increase in power over univariate
analysis in some scenarios with pleiotropic data and all single trait association
cases. It also shows an increase in the posterior probability of association for traits
with weak effects when other phenotypes are also associated to the genetic variant
(with stronger effects). The Bayes factor of pleiotropy allows us to distinguish

between single trait and pleiotropic association models.
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Chapter 4

Real Data Analysis

In this Chapter we apply our methods from Chapter 2 to a real study of multiple
haematological phenotypes that has been previously analysed with univariate

GWAS methods.

4.1 Data overview

We analyze the HaemGen consortium dataset [Soranzo et al., 2009] which com-
prises of measurements on eight hematological parameters (Table 4.1) on over
4600 individuals from 3 population cohorts - KORA [Wichmann et al., 2005],
TwinsUK ' and UKBS-CC1 from WTCCC 2, together with a number of covari-
ates and imputed genome-wide genotypes. Full specifications of the data can be

found in the supplementary material of [Soranzo et al., 2009].

http://www.twinsuk.ac.uk/
Zhttp://www.wtccc.org.uk/
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4. Real Data Analysis

Red Blood Cell HB Hemoglobin
MCH  Mean corpuscular hemoglobin
MCHC Mean corpuscular hemoglobin concentration

MCV  Mean corpuscular volume
RBC Cell Count

Platelet Cell PLT Platelet count
MPV Mean platelet volume

Red Blood Cell WBC Cell count

Table 4.1: Hematological traits

After the replication stage in [Soranzo et al., 2009], 22 loci (23 SNPs) were
found to be associated with these traits by performing 8 single phenotype anal-
yses. In addition to that pleiotropy was observed at some loci. As such the
HaemGen dataset is a particularly interesting dataset to work with in order to

check how our method performs.

4.1.1 Pre-processing

The phenotypes were transformed to allow us to use models that assume mul-
tivariate normality. We followed [Soranzo et al., 2009] and take the log of RBC,
MPV and WBC and leave all other traits untransformed. Histograms, pairs plots
and correlations for UKBS are given in Figure 4.1. From the histograms it can
be seen the normal approximation seem plausible, so the variable transforma-
tions seem appropriate. We can also observe that some traits are highly posi-
tively /negatively correlated (MCH, MCV - 0.94 ; logMPV, PLT - -0.48), whereas
others don’t seem to be related at all. Plots for the other two datasets are similar

and are not shown here. Since MCH and MCHC [Soranzo et al., 2009] are de-
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rived from other traits (RBC, HB and MCV) we remove these from the analysis.

From the full dataset, we remove individuals with missing data for any of the
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Figure 4.1: Pairs plots, histograms and correlations - UKBS

phenotypes or the covariates. In addition for TwinsUK we only include unrelated
individuals in our analysis. At the end we are left with a total of 4583 samples

after removing a number of potential outliers that did not seem to satisfy the
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4. Real Data Analysis

(multivariate) normality assumption of the data (after transformation).

We included all SNPs with data for all three cohorts, leaving a total of over 2
million variants for our analysis. We use imputed data and for each variant, we
consider individual 7 to have a missing genotype if the sum of the probabilities of
each of the 3 possible genotype values is less than 0.9, and do not include samples

with missing genotype for the analysis of that particular SNP.

We used covariates Sex and Age for all three cohorts, together with Instrument
(factor coding for instrument used to make measurements) for TwinsUK and

Geographical region for UKBS.

4.1.2 Prior on models of association

An advantage of our Bayesian approach is that we can fully specify our prior
beliefs on the models that we are fitting. The blood traits measured in this study
represent properties of three classes of blood cells - red and white blood cells and

platelets.

Each of these groups has different biological functions and it makes sense to
think that traits within the same class are more likely to be more similar than
traits from different classes. Each of these cell types are derived from stem
cells via a process of differentiation known as hematopoiesis. Figure 4.2 from
[Metcalf, 2007] gives an overview of what is currently known about this process
in terms of the possible trajectories of stem cells to blood cell types via interme-

diate stages. The process, as represented in the figure, has a tree like structure,
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4. Real Data Analysis

with some blood cell types (on the right) sharing intermediate cell types. For
example, we can see that the red blood cells (Erythrocyte) and the platelets are
much closer to each other than to any other pair of the three classes. If we
consider a single mutation affecting a particular cell (or the process of forming
that cell) in the tree, then we can look at the different possible lists of affected
cells. Thus we can distinguish a case in which only one cell type is affected (i.e.
red, white or platelets). Another, in which platelets and erythrocytes are both
affected and a third in which all three groups are affected. Additionally, we can

consider the case where a single cell of a particular type is affected.

/

T-Lymphocyte

B-Lymphocyte

Pre-Tcell

Pre-B cell

MEP . —).—) o—t@ Erythrocyte
/ oo V!

BFU-E CFU-E
Hematopoietic
stem cell (HSC) CFU-s CMP ymizls _‘,_ .

Blast T o @ Megakaryocyte

@ — @ — @ —) cclony forming s b [Platelets
Yf Meg -CFC

&) —@
Self-renewal

P
GMP\EO-CFC
.I /._’ Neutrophil

GM-CFC

Mast-CFC

Eosinophil

Monocyte/
Macrophage

Mast cell

Figure 4.2: Hematopoiesis [Metcalf, 2007]

Having discussed this process with our collaborator Dr Nicole Soranzo, we
decided to use a prior with more weight on the models described above, as well
as the model with red and white blood cell traits associated, and this with white
blood cells and platelets associated. The final two we include for completeness.

Then we put a weight of 0.8 (and uniform within the group) on models in Table
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4. Real Data Analysis

4.2 and a weight of 0.2 (and again uniform within) to the rest.

Red blood cell Platelet ‘White blood cell
HB MCV RBC PLT MPV WBC

Single e -

trait

- MPV - -

. - PLT -
RBC HB MOV RBC -
PLT - - - MPV PLT -
RBC & PLT [ ENSNEES) PV PLT -
e T
PLT & WBC - - - MPV  PLT  [WEBCIN
Al EEENOVNRES PV PUT WECH

Table 4.2: Models with a larger prior belief, each row representing a single model

4.2 Results

We first look at the 22 loci identified in [Soranzo et al., 2009] as they have
been discovered using the same data described in this Chapter and subsequently
successfully replicated. Thus we can use them to compare results from the uni-
variate and our multivariate approach using real data. After that we perform

genome-wide analysis and comment on our findings.
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4. Real Data Analysis

4.2.1 Results at established blood traits loci

We employ all approaches from Chapter 2 on the 22 loci discovered in
[Soranzo et al., 2009], results from which are reported in Table 4.3. Our main
focus is on comparison of our approach (BFj4) to the univariate one (BFy). In
the BF'4 column of the table of results there are a number of variants coloured in
yellow and blue. The ones in blue are SNPs for which BFy; > 10° but BF, < 10?
and in yellow the ones for which BFy < 10° but BF4 > 103. In other words,
based on a threshold of 10® on both statistics the ones in blue would be missed by
our approach and the ones in yellow would be missed by the univariate method
but identified in ours. Based on the same threshold of 10% however the extension
of the multivariate approach BFay,¢ would not miss any of the loci that the

univariate approach identifies and in addition would also identify all but the last

SNP in yellow.

Some loci show a larger signal for BFy than for our multivariate approaches,
for example SNP rs9609565 on chromosome 22. In Figure 4.3 we provide a fine-
scale view of the Bayes Factors at this SNP for each sub-model for each cohort, as
well as for the combined analysis across all 3 cohorts. We can see that the signal
here is entirely driven by the KORA dataset. Since the best models in KORA
seem to be pleiotropic (on at least 3 traits) but not part of the favoured sets of
models apriori (identified by the process of haematopoiesis), it follows that the

multivariate statistics would be down-weighted compared to the univariate ones.
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Figure 4.3: Model plots for rs9609565 for the 3 datasets and a combined one. A
model plot shows a representation of the individual model Bayes factors (columns
in plot) in which models are ordered by the size of their statistic, starting from
the largest on the left to the lowest on the right. Each of the models is shown
as a combination of white and coloured boxes corresponding to each trait, where
the colour stands for association.

Going back to Table 4.3 the Bayes factor of pleiotropy column shows consistent
results with the univariate statistics, i.e. when more than one univariate log
Bayes factor is positive BF'p tends to also be positive and vice versa. Additionally
the model with the largest Bayes factor (coloured in red) also to some extent
reflects the results from univariate analysis, where no large univariate Bayes factor

is excluded from the best multivariate model. Furthermore a number of traits
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4. Real Data Analysis

with negative univariate log;q Bayes factors are also included in the best scoring

joint model.

All loci in Table 4.3 have been identified in [Soranzo et al., 2009] using the same
three datasets. However, now some of these SNPs do not show any significant
univariate statistics. The explanation for this is that our analysis is performed
in a different way - by removing missing data for all traits (they only remove the
missing data for the particular trait they analyse) and combining results from the
three cohorts by multiplying each of the resulting Bayes factors. Additionally,
the samples of unrelated individuals which we obtain in the data filtering stage
might not be the same as the ones used in [Soranzo et al., 2009]. However, as our
purpose is to compare the multivariate and univariate trait approaches, we leave

this aside.

The best multivariate model associations found in practice tend to be ones with
only one or two traits associated (models in red in Table 4.3). This is most likely
the case due to the actual biology behind those associations or the studies still
being underpowered to detect all associations (due to smaller effect sizes). The
general intuition behind using multivariate models is the aim to get more power
to detect associations if there are multiple phenotypes associated to a genetic
variant. Despite that, even in models with a single true association, we expect the
multivariate approach to be advantageous due to the better noise measurement
of the collection of phenotypes and as such potentially better ”denoising” of real

SNP associations.
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4. Real Data Analysis

In Figure 4.4 we plot BF4 versus BFs and BF4yq versus BFy at the 22
loci to highlight differences and similarities between multivariate and univariate
approaches. The multivariate BFs (x-axes) are always almost at least as large
as the univariate BFs (y-axes). In both plots the Bayes factors of the methods
on the y-axes are included in the model averages of the methods on the x-axes,
therefore this slight shift is expected due to model averaging over a larger number
of models. We can then argue that for the SNPs around the diagonal we do not
gain anything by using the more complex approach, but we also do not seem
to lose much either. From the plot on the left we can tell whether a variant is
pleiotropic or not and from the one on the right we can infer if our multivariate
approach (BF) outperforms the univariate one (BFy) (since BF 4y ¢ is averaging
over the models in BFy and BFy). Note that by using BFay¢ here instead of

directly BF4, we would never lose much to the univariate approach.

22 loci method comparison

0 | 0 | o
- ° —
°
Pol Tol
ik Sk o
o o
> > 4
kel k)
1) “‘ ° ° 0 .‘
% e Fo
..C) o0
® e %
° °
o o A
% 0.
0 5 10 15 0 5 10 15
log10 BFa log10 BFavg

Figure 4.4: Left: Comparison between the multivariate (BF,4) and multivariate
on only single trait association (BFs) methods. Right: Comparison between the
multivariate method extension (BFay¢) and the univariate approach (BFy).
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We observe two loci with large pleiotropic effects, corresponding to two SNPs
on chromosome 6 (rs1800562 and rs9402686 from Table 4.3). From the plot on
the right we find 4 loci for which BF4y¢ > 10® > BFy; (corresponding to 4 of the
SNPs in yellow from Table 4.3) and the rs9402686 variant which shows a boost

in signal.

Figure 4.5 shows a more detailed view of the performance of different ap-
proaches at the HBS1L-MYBI1 locus (rs9402686, chr6). For this region we can see
a boost in signal in BF 4y compared to univariate analysis, Figure 4.5 (bottom
plots) and as well as that a boost from BFg to BF4 which would suggest that this
might be a pleiotropic region. This is expected, as can be seen from Table 4.3,
because this SNP shows (univariate) association to more than one of the traits
(MCV, RBC, PLT, WBC) and in particular has very strong signal in MCV and
RBC. Bayes factor of pleiotropy and model comparison plots are given in Figures
4.6 and 4.7, respectively. For this genetic variant we get log10BFp = 13.39, which

provides strong evidence of it being pleiotropic.

On Figure 4.7, we can see that the model with the highest log,o BF' is the model
with exactly (MCV, RBC, PLT, WBC) associated to the the genetic variant, the
same as we would have expected from univariate phenotype analyses. In addition
to the best model, a large number of the following models also identify MCV and
RBC as associated (and more than a half of them consider RBC and PLT as
well).
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Figure 4.6: HBS1L-MYB logl0BF pleiotropy
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Figure 4.7: Model plot chr6, HBS1L-MYB, rs9402686. Models from top scoring
to lowest one (left to right).
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4.2.2 Genome-Wide Scans

Method comparison plots from Genome-wide analysis are given in Figure 4.8,
from which it can be seen that a number of SNPs exhibit an increase in signal of
association in the method allowing for pleiotropic models BF4 compared to the
one on single association models (plot on the left). On the right plot a number
of genetic variants show a larger BF,y¢ statistic compared to the univariate
BFy, which are regions for which our multivariate approach (BF) would have
an advantage over univariate analysis. After removing all SNPs in regions close

to ones discovered in [Soranzo et al., 2009] we find a locus of interest.
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Figure 4.8: Genome-wide logl0 BF comparisons.

A SNP in the RCL1 locus on chromosome 9 (rs10974815), which has not been
reported in [Soranzo et al., 2009] shows a boost in signal over univariate analysis
using our multivariate approach. RCL1 has been replicated in a larger study and
found to be independent from another gene nearby AK3, which is identified by

one of the 22 loci in [Soranzo et al., 2009].
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4. Real Data Analysis

Signal plots for AK3 and RCL1 are given in Figure 4.9. For AK3 they show
similar values of the Bayes factors from our multivariate approach BF, and
the single trait association method BFg, which suggests that this locus is not
pleiotropic. Additionally from the bottom plots again similar values for both
BFy and BF v are observed. In contrast, the Bayes factors for RCL1 seem
to increase in the latter cases (right plots compared to left), suggesting possible
pleiotropy at RCL1. This gives us a reason to believe that these two regions, even
though not so far apart might have different functions. It also suggests that our
approach can be used for dissecting signals and picking up/classifying differences
between them. A similar interpretation can be drawn from the Bayes factors of

pleiotropy in Figure 4.10 since AK3 does not appear to be a pleiotropic region as

opposed to RCLI.

From the model plots in Figure 4.11 we can indeed see that our method picks
up rs10974815 (RCL1) as a pleiotropic locus, (most likely) associated to MCV,
RBC and PLT. On the other hand the best model for rs385893 (near AK3) is the
same as the one for rs10974815, which is thus again pleiotropic. BFp however
suggests that there is no pleiotropy for AK3. If we look closer at the model
plots (Figure 4.11) for both regions we can notice different patterns in the top
scoring models. RCL1 favours all models with MCV and RBC associated, and
shows weaker evidence for association with PLT. AK3, on the other hand, shows
a strong association signal with PLT, with MCV and RBC possibly quite weakly

associated.
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Figure 4.10: RCL1 (annotated) and AK3 region, log;oBFp

Model Plot rs385893

8.9 5.9

Figure 4.11: Model plots chr9, AK3 (top), RCL1 (bottom). Models from top
scoring to lowest one (left to right)

After performing the genome-wide scans, a common variant on chromosome 20
(MAF 0.12—0.15 for the 3 datasets), not previously declared in [Soranzo et al., 2009]
showed a boost in signal in the multivariate approach compared to univariate
analysis, resulting in logigcBFayva = 2.90 and loggcBFy = 0.003, with univariate
log1p Bayes factors 0.52, —0.15, 0.17, —0.44, —1.11 and —1.16. The SNP does
not show any evidence of pleiotropy with logicBFp = —0.28 (logioBF4 = 3.20

and log1oBFs = 3.35). Manhattan plots of the 4 approaches are given in Figure
4.12 and a model in Figure 4.13.

30



4. Real Data Analysis

"(yySr-wonoq) PAV g pue (yo[-woyjoq) Ly
oyerreAtum ‘(yst-doy) Vogg ‘(13o1-do3) Sy ‘0gIun w0 €8969GTs1 103 sjofd 41 7 g 0to) pue jo[d [PPOIN :gT'F oMSL]

(AIN) 024U Lo uonisod (W) 024yo uo uonisod
el [Ax4% cL 8Ll 9LL el 44" ZL 8'LL 9LL
L 1 1 1 ] 1 I 1 1 |
—
_ «£agld
S o0
L
<
I~ =
B s
= =
L L
Q Q 4
] I
c c
S =
£ 09 o Fo £ 09 Fo
£ £
8 8
& [ & z0
08 VO 8 08 YO8
90 90
80 80
oo £8969515! 4 Lo oot £8969515! 4 ko
(Q) 024y uo uonisod (aIN) 0Z4Ud Lo uoIsod
vaL 2zeL L 8'LL 9'LL vl 2L L
1 I I 1 | I 1 I
_—
~£aald

N N ‘mﬁr
0z H 0Z .
= =
B H °
=4 = *
S S
> ov | P
c c
=] S
£ 09 - o £ 09 o
5 09 35
£ £
m Z0 M 0
24 o
0g || 70 L g 08 - vo (| g
90 90
80 80
T | £8969615! Lo 0oL £8969515! A Lo

81
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Figure 4.13: Model plot and for rs1569683 on chr20

From the hit plots we can clearly see an advantage of the multivariate ap-
proaches to the univariate one and again no signs of pleiotropy appear. The
latter agrees with the model plot results, which show the top model (in fact the
top 2 models) as multiple trait association models, closely followed by single trait
models. We conclude from this analysis that this locus is potentially interesting

for further analysis.

4.3 Summary

After applying our multivariate approach to the dataset on blood trait mea-
surements, we found genetic variants that show larger signal of association to one
or more of the phenotypes in comparison to the usual univariate approach, e.g.
RCL1, which has been replicated in a larger study. Another marker on chr20,
which shows no (or very weak) association to any of the traits by analysing them
one at a time, reaches a Bayes factor value of 10?2 in our multivariate approach.

Further investigation or this variant would need to be carried out.

In addition to the ability to detect association of generic markers in our ap-
proach, the Bayes factor of pleiotropy and in particular the individual model

Bayes factors (with the use of the models plots) provide a way to distinguish
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4. Real Data Analysis

between signals coming from genetic variants with (possibly) different functions

(e.g. RCL1 and AK3).

This method does have some limitations. The method can not easily handle
missing phenotypic data or relatedness between samples. In addition, the way
in which we have combined results across cohorts is rather simplistic. These

limitations motivated our work in subsequent chapters of this thesis.
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Chapter 5

A sparse Bayesian multivariate

mixed model

A limitation of the model averaging (MA) approach proposed in Chapter 2 is
that is does not scale well with the number of traits. In this Chapter we propose
a method, that aims to address this and other limitations. Our new model allows
for correlations between individuals due to related samples, imputes missing phe-
notypes and models sparse signals of association where just a subset of traits are
associated. We use Variational Bayes methods to get an approximate measure of
association and employ spike and slab priors [Mitchell and Beauchamp, 1988] on
the effect sizes, which allows us to discretize our model space and shrink irrele-
vant effect size coefficients to zero. This approach is well suited to the situation

where a relatively small proportion of large number of traits are associated.
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5. A sparse Bayesian multivariate mixed model

5.1 Model

We assume P phenotypes and a genotype at a single SNP are available for
N unrelated individuals, which are stored in an N x P matrix Y and an N x
1 matrix G, respectively. Further we assume that the phenotypes Y and the
SNP genotypes G have been mean centred and that the phenotypes have been
scaled to have unit variance. We model the association between the SNP and the
phenotypes using a multivariate linear regression model and we use a Spike and
Slab (SAS) prior on the effect sizes to allow for a sparse solution. Here we give
the details of the model of association, and the details of the prior structure on

the precision matrix and SAS prior in following sub-sections.

Y ~ NGa, Iy, Q) (5.1)
ag ~ wN(ogl0,07)+(1—m)d(ag) qel,....P (5.2)
or ~ D7 (dy,dy) (5.3)
7 ~ Beta(by,bs) (5.4)
Q ~ Wi, V) (5.5)

where a is 1 x P vector of effect size parameters and N(Ga, Iy, Q') denotes
the Matrix Normal Distribution [Dawid, 1981] with row and column covariance
matrices specified by the N x N identity matrix Iy and the P x P precision
matrix €2, and mean given by the N x P matrix of zeros. This distribution
implies that the errors are normally distributed such that rows are independent,
each multivariate normal with mean 0 and covariance matrix ¥ = Q~'. In general

the Matrix Normal (MN) distribution can model correlation between rows (i.e.
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5. A sparse Bayesian multivariate mixed model

individuals) and between columns (i.e. phenotypes). We use the MN model
here as it provides the framework for extending the method to handle related
individuals, by allowing correlations between rows of Y. Appendix A includes
more details of the MN distribution as well as other distributional forms and

relevant results.

5.1.1 Prior on precision or inverse error covariance

The model for the precision needs to capture correlation between phenotypes
that is not due to shared association via the term Ga in Eqn. 5.1. As in our
previous MA method we use the standard inverse Wishart distribution for the

prior on the error covariance

S~ IWp(r, Q) (5.6)

or equivalently, a Wishart distribution for the precision matrix,

Q ~ Wip(v, V) (5.7)

where V.= Q~!. In most GWAS the size of the genetic effects are small so that
the residual variance of each phenotype will often be quite close to the phenotypic
variance. Since we have assumed that all phenotypes have been scaled to unit
variance it makes sense to use a prior on the residual variances that is centred on
1.

Setting v =5+ P and Q =4Ip (V = 0.251p) gives E(X) = I,. When P =1
the 3 ~ IW;(6,41,) = IG(3,2) which is the same prior used in SNPTEST for sin-
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5. A sparse Bayesian multivariate mixed model

gle trait Bayesian analysis (see Supplementary Material of [Marchini and Howie, 2010]).

Other prior distributions that assume sparsity of the precision matrix could
also be used but we have not explored them in this work. Such priors might be
useful if we were interested in inferring conditional independency relationships

between the error terms of each phenotype, which is not our main interest here.

5.1.2 Spike and Slab (SAS) prior

The so called spike and slab (SAS) prior that we used has been quite widely
adopted in sparse regression modelling literature [Mitchell and Beauchamp, 1988|
and allows us to circumvent enumerating over all possible sub-models, as we did
using the MA approach in Chapter 2. Our prior models the effect size param-
eter for the ¢ trait (o) as a mixture of a point mass at 0 (the “spike”) and
a N(0,07) distribution (the “slab”). An illustration is given in Figure 5.1. We
use a conjugate Beta prior for the parameter 7w which controls the probability
of a non-zero effect size, and an Inverse Gamma prior on the effect size variance
parameter 03. This type of prior has been used for single phenotype analysis be-
fore [Logsdon et al., 2010, Carbonetto and Stephens, 2012] within a Variational

Bayes framework.

Through application of our model on real data we have found that it is impor-
tant to use a prior on the variance of the slab (ag) that discourages small values.
We have found that if small values of 02 are given appreciable weight then real

effect sizes can sometimes be shrunk excessively towards zero. We have found

that setting d; = dy = 4.5 performs well in both simulations and real data. We
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Figure 5.1: Illustration of the Spike and Slab (SAS) prior with a ”spike” (techni-
cally a point mass) at zero and a normal distribution.

have briefly investigated a couple of other sets of hyper-parameters and results
seem to be fairly robust with priors restricting the use of small effect size variance

values.

The parameter 7 in our model represents the proportion of the traits associated
to a genetic variant. The hyperparameters (b; and by) of prior on 7 should be
chosen according to the particular phenotypes being analyzed. The results can be
sensitive to choice of b; and by and some thought needs to be given on determining
our belief on the proportion of traits being associated to a given genetic variant

for the data in question.

For computational simplicity a factorisation of the effect size parameters a,
is typically performed for this type of prior. This can be done in multiple ways
(which are mathematically equivalent) and following [Titsias and Lazaro-Gredilla, 2011]

we use the following reparameterization of the model
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5. A sparse Bayesian multivariate mixed model

a, = Gy S, gel,....P (5.8)
ag ~ N(ogl0,07) qel,....P (5.9)
sq ~ Bernoulli(r) gel,...,P (5.10)

which gives the desired spike and slab prior distribution on each ay. Here s, is
a binary variable that codes for association/no association for trait ¢ and &, is
the effect size of that trait given association. A parameterisation of this form is

desirable for practical use in approximate inference methods.

5.1.3 Model parametrization

With the selected priors, we can describe our model with the following log-

densities (up to a constant)

N 1
log P(Y|e,R2) = 5} log [2] — §tT<Y — Ga)QY — Ga)" + const
log P(0;) = —(di+1)logo, — dQO'S_l + const
P P
log P(s) = Z Sqlogm + Z(l — 54) log(1 — ) + const
q=1 q=1
log P(m) = (by —1)logm + (by — 1)log(1 — ) + const
P
1
log Plar) = 52 ogo, — Zoz 4 const
P 1 1
log P(Q) = 5 —log || — Etr(V_lﬂ) + const

and full set of parameters is given by 6 = (2, 07, {d}vg, {54 }vg, 7)
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5. A sparse Bayesian multivariate mixed model

5.1.4 Bayes Factors

We carry out hypothesis testing via calculation of a Bayes factor between two
competing models for a set of data D. We use M, to denote the Null model of no
association (a = 0 in model (5.1)) between the SNP and any of the phenotypes
and M; to denote the model which assumes that there is association present to
at least one of the traits. The Bayes factor that compares these two models is
the ratio of their marginal likelihoods

_ P(D[M,)

BF = ————
P(D|M,)

(5.11)

where P(D|M) = [ P(D|0, M)P(0|M)db, 6 are the parameters of the model and

P(0|M) is their prior for that specific model.

5.1.5 Variational Bayesian Inference

The integral required to calculate the marginal likelihood of our model (P(D|Mj))
is not tractable, so either an approximation or sampling methods are needed.
As we wish to apply this method at millions of SNPs across the genome the
need for a computationally efficient and numerically stable method is impor-
tant. To do this we employ Variational Bayesian (VB) methods [Jaakkola, 1997,
Bishop and Tipping, 2000, Jaakkola and Jordan, 2000]. The idea of VB is to find
an approximation to a given posterior distribution P(6|D, M) ~ Q(#) where 0 is
the vector of parameters of the model M. The true log marginal likelihood can

be written as

log P(D|M) = F(Q8)) + Dkr(Q(O)[[P(6| D, M)) (5.12)
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5. A sparse Bayesian multivariate mixed model

where F(Q(6)) = [log [P%g')w} Q(8)d0 and D1 (Q(0)||P(6] D, M)) is the Kullback-
Liebler (KL) divergence (see Appendix E). Minimising the KL divergence (which
is bounded below by 0) is equivalent to maximising F/(Q(#)) with respect to Q(0)

and by doing so F(Q(0)) is a lower-bound approximation to log P(D|M).

The VB method requires us to specify a form of the approximate posterior
Q(6) in order to find its optimal distributions and parameters. The most widely
used approximation is known as the mean field approximation and assumes only
that the approximate posterior has a factorized form Q(0) = [[, @(#;). The VB
algorithm maximises F'(Q(#)), by iteratively updating each (6;) in a coordinate
ascent fashion. The update for Q(6;) that maximises the functional F(Q(0))

(derived in Appendix F) is given by
logQ(0;) = Egqeu_, (log P(D, 0|M)> + const (5.13)

which involves taking the expectation of the log-likelihoods with respect to vari-
ational posterior distributions of all parameters apart from Q(6;). The precise
form of the distribution Q(6;) will depend upon the form of the likelihood and
the priors. The applicability of VB often depends upon whether Q(6;) reduces
to a tractable parametric form and also whether the various expectations needed
when calculating Q)(6;) are tractable. The VB algorithm cycles through updates
for each Q(0;), at each step increasing F'(Q(#)) until convergence is reached. One
key feature of this mean field approximation is that it is not necessary to specify
the precise form of the approximate posterior in advance and this is determined

by the factorisation assumption.
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5. A sparse Bayesian multivariate mixed model

5.1.6 VB approximation

In our approach, we use a slightly relaxed form of the mean-field approximation,
where we assume that the posterior distributions () of the model parameters ©

factorize in the following way

Q) = QQMQ2) [ [ Qqls)Q(s,) (5.14)

q=1

The relaxation, in terms of posterior dependence of the effect sizes on the state
of association (or not), allows for discreteness in our model and more meaningful

inference on the distributions of effect sizes a posteriori.

The marginal likelihood for the null model (P(D|M,)) using VB reduces to
the same analytic expression as in the model averaging method from Chapter
2. To fit the alternative model M; we initialize the parameters (Section 5.1.8)
and iterate the VB updates (Section 5.1.7) until the variational bound F(Q(9))
converges within a tolerance of 1073, We then use the bound F(Q(0)) as the
approximation of log P(D|M;) and use this together with the marginal likelihood
from the null model to calculate an approximate Bayes Factor. Since our model

uses VB to fit our model that involves a SAS prior structure, we refer to our

approach as VB SAS.

5.1.7 VB SAS updates

With our version of the mean field approximation, all parameter posterior
distributions remain in the same family of distributions, which makes this VB

approach feasible. We have derived the VB updates for all of the parameters,
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5. A sparse Bayesian multivariate mixed model

all the required moment calculations and the expression for the bound on the
marginal likelihood and these are given below. Full specification and derivation
of the updates and the approximate log-marginal likelihood of the association

model M; are given in Appendix F.

Approximate posterior distribution for 2:

Q) = Wi(v*, V") (5.15)
v" = v+ N

1

Ve [V E[Y - Ga)'(Y - Ga)]]

Approximate posterior distribution for 03

Qog) = T7'(d},dy) (5.16)
P

P
* 1 ~2
dy = dy+ 521@ [a2]

q=1

Approximate posterior distribution for =

Q(m) = B(b,b3) (5.17)

P
i = b+ E(s,)
q=1

by = by+ > (1—E(s,))
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Approximate posterior distribution for {a,, s,}

Q(sq) = Bernoulli(r}) (5.18)
Qayfs) = N (samq,sivg+ (1= )02 )™ (5.19)
T o= 1
1 1+ e ra

2
1 1 -
) + T + §loqu + 3 log [E(O‘Q 1)]

e
- E(1
Pa (Og1 20, 9

v, = [GTGIE(Q)M+1E(a§‘1)]_1

my = v, G |E(Q)y,Y, + ZE(Q)W’ (Y — GE())

1#q

d*
E(dg) = m(vg + mg) +(1-— ;)d—z
1
E(s,) = W;
_ d*
E(o2") = L
g d;
E(Q) = v'V*
E(ag) = mym,
Ele'a)y = E(oa,)
E(aga,) = 77:; (vg + mg)
E(aga,) = mmmem, qFr

E(G,2) = (0, +m2)+ (1 w;*)d%
E(log(r)) = o(b}) — (! +5)
E(log(1 - 7)) = w(b) — (bt + b3)

where ¢ denotes the digamma function

94



5. A sparse Bayesian multivariate mixed model

Approximate marginal likelihood

P(6, D|M)

F@6) = [ 1o [(QT}@W@

= Eflog P(D,0) —log Q(0)]

= %tr (V' =V Y'Y + Y Gy +4"G"Y - G'GE(a"a)) v* V]

<d* dQ——ZE >—+d110gd2 dilog di — log T'(dy)

P
y P v V¥ .
+logI(d}) + 5 — 5 log| V| + 7 log [V |—;(1 — ) log(1 — )

*

_1ogI‘P(2) +long( 5 ) — log B(b, b2) + log B(b7, b3) Z?T log m,

1 di .
+§Z <7r logv, — (1 — )d*> — b —1—277 (log )

q=1

by — b + Za ) E(log(1 — 7)) — g log()

where v = E(ay)

5.1.8 Method initialization

VB approaches iterate over all model parameters and update their approximate
posterior distributions. At each step this results in an increase of the log-marginal
likelihood. However before they can be updated, these parameters need to be
initialized. Two main points need to be considered here. First, the number

of required iterations until convergence would depend on the VB starting points.
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Therefore initializing the algorithm as close as possible to the true posterior would
be desirable. Second, and perhaps more important, the (approximate) marginal
likelihood need not be unimodal and VB is only guaranteed to converge to a local
maximum (and not a global one), stressing even further the importance of the

parameter initialization.

We initialize the model by setting 77 = 1Vq. We then set m, and v, in (5.18)
and (5.19) equal to the marginal posterior mean and variance from fitting a “full”

model to all traits with the form

Y = Ga+e (5.20)
e ~ N(0,I,%)
a ~ N(0,0%)

o~ IW(e Q)

This model is a multivariate linear regression model with fully conjugate Normal
Inverse Wishart prior structure so parameter estimates are analytic and fast to

compute. The remaining parameters {v, V* df, d;, bj, b5} can all be initialized

via first application of their VB updates.

5.1.9 Model selection

Once a signal of association has been detected inference shifts to inference of
which phenotypes are associated. The implementation of the VB-SAS method
involves specification of a latent variable s, for each trait that represents the prob-

ability of association (see Appendix F). Model selection can occur by examining
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the components of the VB approximation 7 = Q(s, = 1) and inferring that the

qth trait is associated if 7 is above a threshold.

5.2 Extension to allow related samples

We have extended our model to handle multiple correlated traits and corre-
lated individuals in a way that allows VB inference. To do this we introduce an

unobserved random effect matrix S of dimension N x M such that

Y = Ga+SB+e¢ (5.21)
e ~ NO, Iy Q") (5.22)
S ~ N(0,2K,I,) (5.23)

Here B is a M x P matrix of mixing coefficients that induce correlations between
columns of the term SB3 and D = Q7! is an error covariance matrix. Under this
model, conditional on B we have S3 ~ N(0,2K, B), where K is the kinship

matrix and B = 873 and the trait covariances are given by

CO’U(Y;'k, }/ﬂ) = 2KijBkl + Dkl(;ij (524)

In this model the covariance within an individual between traits k and [, (k # 1),

Cov(Yik, Yi) = Bu + Dy (5.25)

When all individuals can be assumed to be unrelated, so that 2K = Iy, then

the model reduces to model (Eqn. 5.1) with ¥ = B + D.
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With regard to standard linear mixed models Eqn. 5.21 aims to model

Y = Ga+G,u+e (5.26)

where G, is an N by R matrix of R (unknown) causal loci and w is the matrix
of their loadings for each of the phenotypes. Moreover, for univariate response

linear mixed models (P=1), this translates to

Y, = Go,+v+eg (5.27)
v = N(0,0.2K) (5.28)
e, = N(0,022I) (5.29)

1
where the kinship matrix K is an estimate of the unknown EGUGZ and o and

o? are the genetic and non-genetic components of the trait variance, respectively.

e
2
09

2 2"
Og +0¢

When generalizing this model to P phenotypes, we allow for a causal variant to

Phenotypic narrow sense heritability h? can be derived from those as

be unique to a trait or to be shared between traits, in the latter case possibly
with different effects. This in turn can create various correlations between the

phenotypes attributable to the genetic effects which is what the B covariance

2

2 and o7 in the

matrix is there to model. Generally B and D correspond to o

multivariate linear mixed effects model.

In our proposed model, as before, we use a Wishart prior on the trait non-

genetic precision parameters

Q=D"' ~ Wile E) (5.30)

98



5. A sparse Bayesian multivariate mixed model

using e = 5+ P, E = 0.25 Ip by default so that E(0?) = V(¢?) = 1 for P = 1.

We use a Normal prior on the elements of the mixing matrix

Bug ~ N(0,)?) (5.31)

which implies B ~ Wp(M, *Ip). We discuss the choice of M in a following
subsection. Conditional on B and D the heritability of each trait is defined as
h2 = Byq/(Bgq + Dyq). Also, By ~ A?x3, and Dyg ~ IG(3,2). Setting \* = 1/M
results in marginal expected heritability of 0.5. Alternatively A\? = 1/(2M) gives
a prior on h? that has good coverage of plausible values of the heritability and

seems rather insensitive to the choice of M (Figure 5.2).

We have developed a VB algorithm for this model and full detail of the updates
and marginal likelihood calculation are available in Appendix G. In the case of
correlated individuals the marginal likelihood calculation for the null model also
needs to be calculated using the VB method, as VB does not reduce to an analytic

expression as it did when we considered unrelated samples.

5.2.1 Pre-whitening

An important computational step prior to employing the VB framework is data
transformation or pre-whitening, just as in univariate mixed model approaches
(e.g. [Lippert et al., 2011]). It requires a spectral decomposition of twice the
kinship matrix 2K = UAU?Y, after which the phenotype data and each of the
genotypes need to be premultiplied by U”. We refer to this as the pre-whitening

step and what it creates is a much simpler model to work with where now the new
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Figure 5.2: The implied prior on heritability h* by assuming d} ~ I'"*(3,2)
and B, ~ N(0,)\?). We investigated three combinations (top) M = 10 and
A =1/M, (middle) M = 10 and \? = 1/(2M) and (bottom) M = 1 = 200 and
A =1/(2M).

transformed data follows the following model, where without loss of generality
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assume Y, G and S refer to their pre-whitened values from now on.

Y = Ga+SB+e (5.32)
€ ~ NO, Iy Q) (5.33)
S ~ N(0,A,Iy) (5.34)

where A is a diagonal matrix.

5.2.2 VB Approximation and initialization

Now with the additional parameters in the model, we assume the following

factorisation of the posterior distributions of the parameters

Q) = Q)Q(mQ2) [ Qa,ls)Q(se) [T @(Swm) [ Q(8B,) (5.35)

m=1 m=1

where S, refers to the m’th column of the S matrix and 3,, to the m’th row.

Initialization of the additional two parameters in this approach is done as fol-
lows. We initialise the posterior mean of the S, variables at zero and variance
A. Then the posterior means of the diagonal elements of 3 are set to 0.5 and all

other entries are set to zero.

Under the null model, all other parameters can be initialised using the VB
updates. For the alternative model, it is computationally faster if we start the
approach for S and B from posterior parameter estimates from the null model,

and set all other parameters as for the case with unrelated samples.
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5.2.3 Choice of M

The parameter M represents the number of random effects in our model. Our
belief about it can range from zero, when we have unrelated data, to P, which
represents the case where we would need a distinct random effect for each trait.
Within the Variational Bayes framework we need to update each parameter in the
model at each iteration until convergence, which will be computationally faster
with smaller number of parameters to loop over. This motivates our desire to
choose M to be as small as possible, but at the same time large enough to capture

correlation between traits and samples.

In our Bayesian formulation of the model, our interest lies in discovering as-
sociation between the SNP of interest and the set (or subset) of traits under
study. Therefore we want to use the same M for both the null and alterna-
tive models in order to test for a SNP effect. We have investigated a strat-
egy in which we choose M under the null model, which would only require us
to do this selection once for each dataset. We use the Deviance information
criterion, or DIC, to choose M. DIC is a Bayesian measure of fit (or ade-
quacy), penalized by a term for model complexity [Spiegelhalter et al., 2002].
DIC has been used in genetics for hierarchical models of gene-environment interac-
tions [Fikse et al., 2003, Rekaya et al., 2003], genetic evaluations in animal breed-
ing [Legarra A. et al., 2005] and multiple QTL mapping [Shriner and Yi, 2009].
Other ways of choosing the number of random effects required might be possible,

but will not be considered throughout this work.
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5. A sparse Bayesian multivariate mixed model

DIC has the following form:
DIC = D(®) + pp (5.36)

where

D(©) = —21ogP(Y'|©) + const (5.37)

is the deviance statistic. The posterior mean deviance D(©) is suggested as a
Bayesian measure of fit or adequacy [Spiegelhalter et al., 2002] and pp is a penalty

for model complexity of the form
pp = D(©) — D(6) (5.38)
where D(0) = Ep(ey)D(0) and D(0) = D(Epev)O).
In our method, the log-likelihood under the null is
log P(Y'|0) — —%mﬂ(y _SB)(Y — SB)) + %log Q- % log(27) (5.39)

and under the factorization of the posterior distributions that we are assuming

in VB, we can calculate the complexity term as

po = tr(EQ(E(BT ST SB) — E(B)TE(S)TE(S)E(8))) — NElog |2 + N log [E(Q)|
(5.40)
where E(log |Q]) = 27, ¢(¥) + Plog2+log |E*| and 7 is the digamma

function.
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5.2.4 Modelling missing phenotype data

In GWAS that analyse one phenotype at a time, any samples with missing
phenotype data are usually excluded from the analysis. When jointly analysing
multiple traits it will usually be the case that the pattern of missingness differs
between traits. The majority of available approaches require that there is no
missing phenotype data. The simplest approach of analysing only samples with
no missing data across all phenotypes can significantly decrease sample size com-
pared to approaches that analyse one phenotype at a time. Our VB methods are
able to use all samples irrespective of the pattern of missing data. Missing phe-
notype values are modelled at each iteration of the VB algorithm under the null

model as random variables and their posterior distribution is in turn updated.

We have considered simpler approaches to imputing missing data before the
analysis. These include k-nearest neighbour (knn) imputation using Euclidean
distance (kknn package in R) and a version of knn using Mahalanobis distance.
The first method uses Euclidean distance to measure the distance between points
and therefore ignores any possible correlation between traits. Hence we think that
Mahalanobis distance would make more use of the structure of the data in general
and in addition would reduce to Euclidean distance if the traits are uncorrelated.
Our imputation method, however uses our null model in order to impute the
missing data, which takes into account (and models) phenotype correlation, but
in addition it also takes into account (and models) relatedness between samples,

which is definitely more advantageous.
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5. A sparse Bayesian multivariate mixed model

Missing data can be handled within the Bayesian framework. We assume that
the missing phenotypes are parameters of the model and obtain a VB approxima-
tion to the posterior distribution on these parameters in the same way as other
parameters. We can view the matrix normal likelihood of our model (if there
were no missing phenotype values) as a likelihood for the non-missing data plus a
prior on the missing data. Suppose that we have already pre-whitened our data
and G .= UG, Y = U'Y©®, where Y and G are our original data.
Then we can find the approximate posterior distribution of the missing pheno-
types via the following VB update equation, when assuming that the posterior of
the missing data is independent of the posteriors of all other model parameters

(0))

log Q(missing Y;’) = Eg@\y) (log P(D,0)) + const (5.41)

N
1
= -3 SEYY-U.SB-U,Ga)UY\" —U,S8-U,Ga)"
i=1

+const

Then each row of the phenotype data would follow a normal distribution with
mean H = U; E(SB — Ga) and variance F' = E(Q2). However here we are in-
terested in only updating the missing values, therefore we require the conditional

distributions of the missing values, given the non-missing ones.

We can use the properties about conditional distributions of the multivariate
normal distribution (as in Appendix A) to derive a multivariate normal distribu-
tion for each row of the missing phenotypes. Then all Y'Y terms would need to

become E(YTY) for the data imputation run of the model.
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5. A sparse Bayesian multivariate mixed model

5.2.5 Algorithm

The full set of steps needed to fit our VB SAS model to related samples consists

of the following 6 steps.

1. Pre-whiten data required for computational purposes only. The complex-
ity of this step is O(N?) and only needs to be done once, after which the
cost of the remaining operations is reduced to O(N) in terms of number of
samples N (just as in univariate mixed models like [Lippert et al., 2011]),
O(M) for the number of random effects and O(P?) for the number of phe-
notypes. The last of which due to determinants and inverses that need to

calculated at each step.

2. Choose M ensures we use enough random effects in our model to account
for the genetic correlation in the data, but not to use more than enough for

computational speed.

3. Impute missing data deals with the missing phenotype data problem.

The missing data is then fixed at the imputed values.

4. Fit model M, fits the null model once, having already fixed the number
of random effects needed and having imputed the data. This is used also

in order to initialise the parameters of the alternative model.

5. Fit model M, fits the alternative model for each genetic variant in our

analysis.

6. Refit model M, re-estimates the non-genetic precision parameters under

the null, with distribution of S and [ keeping their posterior distribution
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5. A sparse Bayesian multivariate mixed model

from Step 5. We have found that this step can make a big difference at
some SNPs that show strong signal of association. By fixing the VB ap-
proximation of S and 8 from the model M fit, we stop these terms soaking

up any of the variance associated with the SNP effect.

5.2.6 Discussion

In the simplest possible case with no missing data and no sample relatedness,
the null model marginal likelihood requires no updates and is analytical to com-
pute. The alternative marginal likelihood on the other hand, approximated by
the VB mean field approximation, is a lower bound to the true marginal likelihood
therefore making the VB Bayes factor a lower bound to the true Bayes factor.
As such, the independence assumptions made for the posterior distributions may
lead to a loss of power to detect true positives but cannot result in an increased

false positive rate.

On the other hand, when modelling sample relatedness the null model marginal
likelihood is also approximated and the Bayes factor no longer needs to be a lower
bound of the true Bayes factor. So suppose that the true BF is equal to % and the

VB SAS BF is equal to Z_

, where a and b are the true marginal likelihoods

under the two models and x and y are the differences between their true and

approximated values due to the VB mean field approximations. Two main points

then need to be made: (a) in order for VB SAS to introduce a false positive
a—2x

that a true calculation doesn’t, we would need to have % < 105 <= ) ,
-y
which would be the case if x < 10%y; (b) we would expect that x would be at

least as large as (or similar in magnitude to ) y because VB SAS makes more
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5. A sparse Bayesian multivariate mixed model

independence assumptions under the alternative in addition to those for the null,
however this has not been investigated further in this thesis. Based on these
reasons, we still think that the variational Bayes modelling and in particular the
assumptions made about the form of the posterior distributions should not lead

to an increased false positive rate.
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Chapter 6

Simulation studies

In this Chapter we use simulated data in order to investigate the performance
of the proposed Variational Bayes method in Chapter 5 for both unrelated and

related samples.

6.1 Unrelated samples

6.1.1 Data simulation

We start by explaining how we generate datasets. Since we only consider
unrelated individuals here, this can be done from Eqn 5.1, or equvalently as in

Chapter 3:

e First we simulate a vector of N genotypes G at a single locus, each element
of which is thought to come from a Binomial Bin(2, pg) distribution, where

pa is the minor allele frequency at that locus. We use pg in {0.05 — 0.5}.

e Next we simulate N multivariate (P-variate) normal samples with mean 0
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and covariance matrix X for the model errors e.

e Finally, according to some vectors of means p and effect sizes a, we set

Y = 1p+ Ga + €, where 1 denotes an N x 1 (column) vector of ones.

This way we obtain simulated genotypes and multivariate normal samples of
phenotypes, with pre-specified genotype minor allele frequencies, error covariance
structure, vectors of phenotype means and genotype effect sizes. Knowing the
“truth”, i.e. the model and parameters under which data is generated, would
enable us to check the performance of our method from Chapter 5 in comparison

to various other approaches.

6.1.2 Simulation scenarios

We simulate datasets consisting of N = 2000 unrelated individuals with P
traits where a subset of p traits are associated with a SNP and the remaining
P — p traits are unassociated. We consider 8 different combinations of P and p
and these are shown in Table 6.1 together with a description of which subset of

traits were associated and with which effect sizes («).

We also vary the amount of correlation between the residual errors of the phe-
notypes. As the number of traits increases it becomes impossible to fully evaluate
all possible combinations of trait effects and error covariance structures. We have
chosen to use a simple autoregressive process AR(1), for different strengths of
correlation p, such that ¥;; = pli=7l. When p is positive this induces positive
correlation between all traits but when p is negative there will be a mixture of

positive and negative correlations between the residual errors of the traits. In
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Scenario | P | p Effect sizes
1 2 |2 ap = ay =0.125
2 2 |2 a; = 0.125, a = 0.05
3 2 |1 a; =0.125, a; =0
4 10 |1 a; =0.125, a; =0 Vi # 1
5 10 | 3 a={0.1250.05000000 0 0.08}
6 10 | 6 a = {0.1250.050.08 0 0 0.050.0300 0.1}
7 100 | 1 a; =0.125, a; =0 Vi #1
8 100 | 6 Q123 = {0125, 005, 008}, 54 = 01, Q99,100 = {005, 008}

Table 6.1: This table lists the parameters used to simulate the datasets of un-
related samples of P traits where a subset of p traits are associated. The effect
sizes of the p traits are given in the 4th column. Effect sizes of 0.125 and 0.05
refer to 0.5% and 0.1% of the traits variance being explained by a genetic variant.

both cases the magnitude of the correlations decreases with increasing difference
between the index number of the traits. Under this model it then matters which
subsets of traits we chose to be associated as this dictates the residual correlations

between these associated traits.

We carry out 10 000 simulations under the models in Table 6.1 for values of
p ranging in [—0.9,0.9], by steps of 0.1. In addition we also simulate sets of
10 000 datasets under the null model for each value of p and use the empirical
null distribution to calculate the 1% significance level of each approach. This
allows us to compare the power of Bayesian (and Frequentist) approaches. We

apply and compare the following methods to the simulated data:

e P-value Min - minimum p-value method - where we take and analyse each
trait separately in a frequentist setting and then take the minimum of the

p-values obtained

e BF U from Chapter 3 - where we analyse each trait separately in a Bayesian
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setting and average over univariate Bayes factors.

e BF True - where we fit the true model, i.e. fixing all effect sizes of traits we
simulate as unassociated to zero - in practice this will not be known, but
we include it here for comparison purposes as it should produce an upper

bound for power calculations.

e BF Full - where we fit the full model with all effect sizes having normal

priors.

e P-value Reverse, where we consider the genotype as response and the phe-

notypes as predictors in a normal linear model

e P-value MP, which is the MultiPhen approach [O'Reilly et al., 2012], which

treats the genotype as an ordinal response and the traits as predictors

e BF A - which is our model averaging approach from Chapter 2. Here we
consider putting a binomial (P, 7) prior on the number of associated traits

in the models, where 7 = 1/2,1/3,1/10 for P = 2,10, 100 respectively.

e BF VB SAS from Chapter 5 which uses a Spike and Slab prior on the effect
sizes. The prior on the proportion of traits associated m here we take to be

Beta(by, bs), where by = 1 and by = 1,2,10 for P = 2,10, 100 respectively.

Next we present power estimates for the different approaches, calculated at one

percent false positive rate from 10 000 simulations for each scenario considered.

112



6. Simulation Studies

6.1.3 Power, P=2

For the 2-trait cases from Table 6.1, power calculations at 1% false positive
rate are given in Figure 6.1 for all methods discussed previously. The first thing
to note is that both univariate statistics - the minimum p-value approach and
the univariate Bayes factor average remain pretty much constant with respect
to p, which is expected as these methods do not take into account residual trait
correlation. They also show very similar power estimates to each other, which is

expected as they are effectively modelling the same thing.

On the other hand, in comparison to them, all other approaches demonstrate
an increase in power for most levels of residual correlation, which can be more
than 30% at times. As discussed before in Chapter 3 when analysing the (BF) A
approach in depth, there are also cases for which we observe a drop in power in
particular in A approach compared to the univariate approaches. The same can
be observed here and applies to all multi-trait approaches that model the residual
correlation, but they seem to be affected more in certain cases than others. For
example the (MultiPhen) P-value MP has the lowest power when only one of the
traits is associated to a genetic variant (top plot) and the A and VB SAS Bayes
factors show the highest power (apart from the true model, which of course in
theory is not known). On the other hand when we consider 2 traits with the
same effect sizes (bottom plot) and high positive residual correlation, A and VB
SAS seem to achieve lower power than MP. Here the Reverse and Full models
also show an advantage over A, VB SAS and MP, even though for p > 0.3 they
are all less powerful than the Min p-value approach. For the middle plot, where

we consider different effect sizes of the two traits, A, VB SAS and MP show very
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similar power, apart from perhaps a slight disadvantage of MP for values of p in
{—0.1;-0.4}. The Reverse and Full model for this scenario however would be
preferred instead of these for p in {0.2;0.6}. The slight disadvantage of MP in
terms of power when compared to Canonical Correlation analysis - or the Reverse

here, has been noted in [O'Reilly et al., 2012].

The Reverse and MP methods both consider the genotype as a response and
the phenotypes are predictors for all scenarios on two traits the Reverse shows a
slight advantage. The VB SAS method and the A method we think of as similar
approaches in terms of the effects they attempt to model. Note we have chosen
the priors on each of the possible models in the A approach to correspond to the
prior on the proportion of associated traits in the VB SAS method, and here they

show very similar power for all scenarios.

The problem with the multivariate approaches having a drop in power for cer-
tain correlation structures when multiple traits are associated to a single SNP is
discussed further about MP in [O’Reilly et al., 2012], where it is noted that its
power is lowest when the association of one of the traits with the genotype is
entirely explained by the other trait, i.e., when one trait is conditionally indepen-
dent of the genotype given the other trait. Furthermore they show a correspon-
dence of this to the ratio of the effect sizes a;/a;= r (the correlation between
the phenotypes), that is, when the genetic effects are in the same direction as the

correlation.

Despite VB SAS not achieving the best power in this case, as a reminder, we

want to mention that the initial reason for developing this approach was in order
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to address the limitation of A of possible genome-wide analysis of only up to a
modest number of traits (about 10). Thus we want to focus more on the scenarios

that are about to follow.
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1% false positive rate, 0.125 and 0 effect sizes

o
S 4
o
® 4
© BF A
3 — BFU
= —— BF True
g — BFFul
8 P-value MP
P-value Min
‘of. - —— P-value Reverse
- = BFVBSAS
o
o4
o
=
T T T
-05 0.0 05
P
1% false positive rate, 0.125 and 0.05 effect sizes
o |
=
«© ]
2
BF A
2 — BFU
. —— BF True
g — BFFull
£ P-value MP
P-value Min
s —— P-value Reverse
- = BFVBSAS
N ]
y
o
2 4
T T T
-0.5 0.0 05
P
1% false positive rate, 0.125 and 0.125 effect sizes
o
e 4
o
@ 4
© BF A
@4 N — BFU
. N, —— BF True
3 N — BFFull
I ~ P-value MP
'~ P-value Min
g - S —— P-value Reverse
N + = BFVBSAS
: N
N
N
& .
=} N
o
2 4

T T T
-0.5 0.0 0.5

Figure 6.1: Power to detect asspociation, when allowing for 1% false positives,
estimated using 10 000 simulations with P = 2 traits for simulation scenarios
1 (top), 2 (middle) and 3 (bottom) from Table 6.1 for different levels of error
correlations p.
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6.1.4 Power, P=10

For 10 traits, power at 1% false positive rate is shown on Figure 6.2. We are now
considering scenarios with 1 (top), 3 (middle) and 6 (bottom) traits associated,
respectively, out of a total of 10. As expected again the minimum p-value and
univariate Bayes factor average methods are fairly constant with respect to the
residual correlation in the model, and show very similar power. The Full and the

Reverse also always have very similar power and slightly outperform MP.

As previously discussed here the Full model is not the "true” one but it still
outperforms all other methods for 6 associated traits, however as expected we see

a large drop of power in the sparser models (fewer traits associated) of the Full,

Reverse and MP models compared to the A and VB SAS.

Here unlike in the 2-trait case, perhaps the most advantageous methods to use
are VB SAS and A, as they almost always outperform the univariate methods,
and when they do not, there is only a negligible loss in power, similar to the one
when they are outperformed by any of the other methods (in particular for 6

traits associated).
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Figure 6.2: Power to detect asspociation, when allowing for 1% false positives,
estimated using 10 000 simulations with P = 10 traits for simulation scenarios
4 (top), 5 (middle) and 6 (bottom) from Table 6.1 for different levels of error
correlations p.
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6.1.5 Power, P=100

For 100 traits, power at 1% false positive rate is shown on Figure 6.3. Here,

the number of traits considered is too large to be able to use our model averaging

approach A from Chapter 2 and MP, and we have also excluded results on the

average of univariate Bayes factors as power estimates are always very similar to

the minimum p-value approach.

1% false positive rate, 1 nonzero effect size out of 100
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Figure 6.3: Power to detect asspociation, when allowing for 1% false positives,
estimated using 10 000 simulations with P = 100 traits for simulation scenarios
7 (top) and 8 (bottom) from Table 6.1 for different levels of error correlations p.
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For such a large number of traits the advantage of VB SAS over all other meth-
ods is much more pronounced. In particular the Reverse model (and consequently
the Full via similarity) completely lose power to find a single phenotype-genotype
association in the presence of 99 unassociated traits. The advantage of the Spike
and Slab prior here lies in its properties to shrink the irrelevant coefficients to
zero (or almost zero), which for sparse models (like 1 out of 100 traits being as-
sociated) would be a clear advantage over the assumption of the Full model that

all traits can be associated to the genetic variant in question.

6.1.6 Missing data imputation

We carried out a simulation to assess the utility of our method for imputing
missing phenotypes. We compare our method to an approach that omits all
samples with any missing data. We use 1000 simulated datasets for a number
of scenarios from Table 6.1 and calculate (logyg) Bayes factors from the VB SAS
approaches without any missing data. We then set 1% of the data for each
trait as missing (independently) and re-analyse the data using (1) our built in
imputation method (2) the VB SAS method after removing all samples with any
missing phenotype data. Figure 6.4 shows comparisons between these methods
for p = —0.6 and scenarios in which 6 or 1 of the traits are considered associated

to a genetic variant out of a total of 10 phenotypes.

In the case with 1 out of 10 traits associated (top plot on Figure 6.4), we can
see that log;y Bayes factors obtained from our imputation approach correlate
well with those obtained from the full data (before removing 1% data) (left plot).

Note that by removing 1% of the data for each trait (at random) this results in
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Figure 6.4: VB SAS data imputation comparison - 1 percent per phenotype
missing data, p = —0.6, sample size 2000, 1000 datasets, 1 trait associated out of
10 (top) and 6 traits associated out of 10 (bottom). Left plot compares full data
log10 BF to loglOBF from data imputation approach. Right plot compares data
imputation approach to logl0 BF obtained by analysing the data in which each
sample with any missing data is removed (nearly 10% data removed).

1% of the data to be imputed, but if we were to remove all samples with any
missing data this results in nearly 10% reduction in sample size. Unsurprisingly

this would lead to reduction in log,o Bayes factors compared to using the full
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data, and thus compared to our imputation approach (right plot). In fact the
same can be observed for all other scenarios with the difference in the magnitude

of the Bayes factors and plots for those are not shown here.

In general, we have also looked at extending our approach so it does not ex-
plicitly fix or impute the missing phenotype data, but to leave it and model it in
the approach as another random variable. This in turn is more computationally
intensive as missing data parameters need to be updated at every iteration even
in the alternative model. We observed negligible differences in the resulting Bayes

Factors on a logyo scale and have not investigated any further (data not shown

here).

6.1.7 Effect size estimates

We further investigate the posterior effect size distributions produced by the
VB approximation and in particular address possible issues with suitability and
appropriate coverage of the obtained intervals. This is relevant for the following

Chapter on real data analysis.

We revisit the simulations on six associated out of ten phenotypes and the
BF Full, BF VB SAS and univariate analysis P-value approaches, for which we
look at the posterior effect size estimates and their corresponding posterior stan-
dard deviations (or standard errors for the latter). Figures 6.5 and 6.6 show
corresponding boxplots from all simulations for p equal to 0 and 0.4 (data for
other values of p considered but not shown here). Tables 6.2 and 6.3 provide per

phenotype coverage for the three methods and two error covariance structures.
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Figure 6.5: Posterior mean (top) and standard deviation estimates (bottom) (or
standard errors for the frequentist approach) of the effect sizes for 6 out of 10
traits associated with p = 0 for the BF Full, BF VB SAS and univariate least
squares regression P-value approaches.

Method | Y3 Ys Y3 Y, Ys Y Y7 Ys Yy Yio

P-value | 0.946 0.953 0.951 0.946 0.944 0.951 0.952 0.947 0.946 0.947
Full 0.945 0.955 0.953 0.962 0.963 0.964 0.962 0.965 0.962 0.947
VB SAS | 0.952 0.958 0.956 0.956 0.954 0.959 0.959 0.957 0.955 0.952

Table 6.2: Coverage of credible sets/confidence intervals from the simulations in
Figure 6.5 for p = 0 at 95% level.
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Figure 6.6: Posterior mean (top) and standard deviation estimates (bottom) (or
standard errors for the frequentist approach) of the effect sizes for 6 out of 10
traits associated with p = 0.4 for the BF Full, BF VB SAS and univariate least
squares regression P-value approaches.

Method | Y} Yo Y3 Yy Y5 Ys Y7 Ys Yy Y10

P-value | 0.947 0.606 0.951 0.868 0.924 0.945 0.945 0.938 0.820 0.928
Full 0.869 0.844 0.903 0.938 0.956 0.945 0.943 0.956 0.950 0.947
VB SAS | 0.952 0.958 0.958 0.963 0.955 0.952 0.963 0.964 0.960 0.952

Table 6.3: Coverage of credible sets/confidence intervals from the simulations in
Figure 6.6 for p = 0.4 at 95% level.
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We observe similar mean effect size estimates between approaches, with fre-
quentist ones slightly larger than the Bayesian (due to the priors used for the
latter), and with much smaller difference between methods when no residual
correlation is present. The same direction of trend is present for the posterior
standard deviations/errors, resulting in much tighter credible sets over the CI
for the frequentist approach. This effect becomes much stronger when the error
correlation between the trait increases - Figure 6.6 for p = 0.4 versus Figure
6.5 for p = 0 (data for other values of p not shown here). Explanation for this
could be the ability of multivariate approaches to model the error correlation of
the traits and as such potentially better de-noise the effect of the variant, giving

more confidence in the exact SNP effect.

VB SAS uses an approximation to the posterior distribution of parameters
and it is possible that the narrow credible sets for the effect sizes are due to the
approximation itself. To investigate this further we calculated their coverage from
the full set of simulations as the proportion of credible sets that contain the true
effect size values. We found that for most traits all methods achieved appropriate
coverage and additionally observed VB SAS (and the Full model) to have overall
better coverage than the frequentist method despite the more narrow credible
sets. To create a full picture of the accuracy of the VB SAS approximation to the
posterior computationally intensive approaches (e.g. MCMC) can be employed,

however we have not investigated this further in this thesis.
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6.2 Related samples

6.2.1 Data simulation

To investigate the ability of our VB approach to control for relatedness between
samples we simulate data on 400 sets of 4 siblings with P = 10 traits. We
first simulate genotypes at a set of “causal” SNPs and then simulate phenotypes
conditional upon those genotypes. By allowing overlapping sets of SNPs to affect

each trait we induce correlation between the traits.

First we generate genotypes at L loci for 4 sibs in 400 families, which we store
in the 1600 x L matrix G. We do this by generating each individual’s maternal
and paternal genotypes at each locus, each with MAF p; ~ U(0.05,0.5). Then we
generate each child genotype by conditioning on the genotypes of their mother
and father. In addition to causal SNPs we also simulate a number of non-causal

SNPs.

We then simulate traits conditional upon genotype using the model
Y = Ga+e (6.1)

where we draw € from a N(0, I,X) distribution. In the simulations that follow
we set the effect size matrix a to be a block band matrix structure, in which the
sparsity and magnitude of effects control the level of relatedness between samples.
Note that all similarity between the phenotypes of siblings is assumed to be due
to genetic effects and no environmental relatedness is introduced, which if present

may produce stronger phenotypic similarity and can lead to confounding when
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using our proposed approach just like in all other mixed effects models that do

not model environmental relatedness.

6.2.2 Choice of M

We carried out simulations to assess our method’s performance in estimating
M using the DIC measure by varying the parameter L in the simulations. We
simulated error covariance matrices from a IW (21,10 I,,) distribution, which
has mean I,y. We generate 1000 datasets for each of the following 3 scenarios
and calculate our DIC measures for each M between 1 and 10 (we consider the
maximum M to be the number of traits as this allows a separate random effect

for each trait).

Scenario 1 We assume only two genetic variants to have effects on the 10 phe-

notypes (L = 2), and generate effect sizes in the following way.

11 Q19 Q013 (14 Q15 0 0 0 0 0

0 0 0 0 0 aoe azr aog Qo9 Q210

where each nonzero ; is generated from a normal distribution with mean A =1

and standard deviation o = 0.1 and is assigned a plus or minus sign at random.

Table 6.4 shows the proportion of times we would select each value of M based
on a minimum DIC score. According to the results 93% of the time we would
select the correct model and if we are wrong then we would most likely choose a

model with 3 random effects, rather that the two we simulated the data under.
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M | 2 3 4 5
# min DIC(M) | 0.929 0.067 0.003 0.001

Table 6.4: Data simulated with M = 2. Table shows the proportion of times we
would select the number of random effects M based on DIC. 1000 simulations on
10 traits on 4 sibs for 400 families.

Scenario 2 We assume five genetic variants to have effects on the 10 pheno-

types (L = 5), and generate effect sizes in the following way.

at;r 42 0 0 0 0O 0 0 0 0
0 0 a3 asgy O 0O O 0 0 0
a=] 0 0 0 0 ass az6 0 0O 0 0
0 0 0 0 0 0 i ags 0 0

0 0 0 0 0 0 0 0 as9 @510

where each nonzero «;; is generated from a normal distribution with mean A =1

and standard deviation o = 0.1 and is assigned a plus or minus sign at random.

Table 6.5 shows the proportion of times we would select each value of M based
on a minimum DIC score. According to the results 99% of the time we would
select the correct model and if we are wrong we would choose a model with 4 or

6 random effects, rather that the five we simulated the data under.

M | 4 5 6
# min DIC(M) [ 0.005 0.992 0.003

Table 6.5: Data simulated with M = 5. Table shows the proportion of times we
would select the number of random effects M based on DIC. 1000 simulations on
10 traits on 4 sibs for 400 families.
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Scenario 3 We assume all ten genetic variants to have effects on the 10 phe-

notypes (L = 10), and generate effect sizes in the following way.

ar; 0 0 0 0 0 0 0 0 0
0 a2 O 0 0 0 0 0 0 0
0 0 aszs O 0 0 0 0 0 0
0 0 0 a4q4 O 0 0 0 0 0
B 0 0 0 0 ass O 0 0 0 0
t 0 0 0 0 0 oo O 0 0 0
0 0 0 0 0 ar7 0 0 0
0 0 0 0 0 0 aggs 0 0
0
0

0
0

0 0 0 0 0 ag O
0 0 0 0 awo

where each nonzero «;; is generated from a normal distribution with mean A =1

and standard deviation o = 0.1 and is assigned a plus or minus sign at random.

Table 6.6 shows the proportion of times we would select each value of M based
on a minimum DIC score. According to the results we would almost always
choose a model with less random effects than we should, the most likely values

being around 8.

M | 6 7 8 9 10
# min DIC(M) [ 0.002 0.128 0.637 0.230 0.003

Table 6.6: Data simulated with M = 10. Table shows the proportion of times we
would select the number of random effects M based on DIC. 1000 simulations on
10 traits on 4 sibs for 400 families.
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DIC seems to perform well for data coming from small to moderate M (2 and
5), but seems to underestimate the number of unobserved random effects, when
M = P =10 here. The effect sizes that we have used for the simulations here are
large (around 1) and we are using common variants with MAF between 0.2 and
0.5, resulting in large portion of the phenotypic variance due to the genetic part
of the model. Overall, these results indicate that the DIC measure can select a

suitable number of random effects.

6.2.3 Modelling related samples

We carried out simulations to test how the VB SAS approach deals with and

corrects for population structure. We used an effect size matrix of the form

a; ~ N((=1)X\0%) j€ {max(1,[IP/L] —1),min([IP/L] +1,P)} VI

aj;j = 0 otherwise

The values of X and o2 will dictate the level of correlation between traits. Using a
small o2 will generate two sets of traits with very high positive correlation within
each set but negative correlation between sets. Using a large A increases the

heritability. We used the parameters P = 10, L = 100, A = 0.5 and ¢ = 0.1.

We fit the VB SAS method at all the non-causal SNPs. We fit the model using
K equal to the expected kinship matrix for the 400 families of 4 sibs. Specifically,
for pairs of sibs K;; = 1/4 and is equal to zero for unrelated individuals. We also
fit the model using K = 1/2Iy which assumes unrelated samples as this allows

us to assess how well the method does in correcting for relatedness. We used 1000
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simulations.
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Figure 6.7: Comparison between logl0 Bayes Factor from methods for related
and unrelated samples for two types of data under the null - one for unrelated
data and one for data on 4 siblings in 400 families with A = 0.5 and o = 0.1.

Figure 6.7 shows log1o BF's from VB SAS when accounting for population struc-
ture (y-axis) and when fitting the model for unrelated samples (x-axis). It shows
very similar results for data on unrelated individuals (in red) where results from
the two approaches correlate very well. On the other hand, we observe much
larger Bayes factors in the method that ignores population structure, when the

data is in fact generated to be related, when compared to the method that mod-
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els sample relatedness. Perhaps more is to be desired as there are still a few
points in the top-left part of the plot, however if you note the axes, none of these
points would be considered significant. Hence a much larger number of simu-
lations would be necessary to conclude the power of the method to correct for
population structure, however at this point the observations suggest that we can
better deal with underlying population structure under the null by our mixed

effects model.

6.3 Summary

To summarise the work in this Chapter, we performed simulation studies un-
der various scenarios for unrelated individuals and observed overall best perfor-
mance of our proposed VB SAS approach in cases where the underlying genotype-
phenotype structure is sparse. In general, we expect that SNPs would only con-
tribute to the variability of a small number of traits, which is exactly the strength
of the Variational method and we would suggest applying it to data on more than

say 10 phenotypes.

For our model that allows for related samples we demonstrated the ability
of our method to accommodate and model missing phenotype data and show
its clear advantage over removing samples with missing phenotype data. We
demonstrated that the method has good performance at estimating the latent
dimensionality of the random effects term. Finally, we showed that the method
does not exhibit the same levels of test statistic inflation when compared to a

method that assumes unrelated individuals.

132



Chapter 7

Real Data Analysis

In this Chapter we analyse data on 15 glycans phenotypes from 3 isolated
population cohorts, which have been previously analysed one trait at a time
[Lauc et al., 2010]. Here it is not feasible to use the model averaging approach A
due to (i) the number of phenotypes and (ii) the population structure of the data,

therefore we only employ our Variational sparsity inducing VB SAS method.

7.1 Glycans data

The sample sizes of the three cohorts are : ORCADES 842, VIS 907 and
KORCULA 786. These are isolated populations, from Scotland and Croatia,
with individuals showing high levels of relatedness. A full description of the
cohorts and genotyping can be found in [Lauc et al., 2010]. For our analysis we
use imputed genotype data on ~9 million SNPs, filtered on MAF > 0.01 and

imputation score INFO > 0.4.
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7. Real Data Analysis

A total of 15 phenotypes have been collected on each of the samples. Phe-
notypes labelled DG1 - DG13 refer to different structurally related groups of
glycans. The traits FUC-C and FUC-A are derived from the original variables
to calculate the percentage of glycan structures containing core (FUC-C) or an-
tennary (FUC-A) fucose, yielding a total of 15 glycan traits for analysis. All
cohorts have sporadically missing phenotypes, overall around 5% of individuals

have some missing phenotypes.

The logarithm for each of the 15 Glycan phenotypes were regressed on age, sex
and fibrinogen levels, as done in [Lauc et al., 2010]. Residuals that were greater
than three times the interquartile range were removed as outliers and set as
missing phenotypes. The linear regressions were then refitted with these outliers
removed. The residuals from this final set of regressions are the variables used
in the subsequent analysis. The kinship matrix K used in all the univariate and
mixed model analysis was calculated from the genotype data using the approach

of [Hayes et al., 2009].

Correlation between phenotypes can be seen in Figure 7.1 for ORCADES and

is similar for the other two cohorts (figures not included here).

7.2 Univariate analysis

The original analysis of this dataset carried out separate analysis of each phe-
notype, combined the GWAS scans via meta-analysis and this discovered 3 as-
sociated loci at loci 12q24.31, 14g23.3 and 19p13.3. A subsequent larger meta-

analysis [Huffman et al., 2011] added in an additional cohort of 656 samples from
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Figure 7.1: Glycans sample correlation plots - ORCADES.
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the Northern Swedish Population Health Study (NSPHS) and found additional

associations at 2q21 and 11¢25.

We applied univariate analysis by fitting a mixed model genome-wide at each
SNP and for each phenotype in turn using FaST-LMM [Lippert et al., 2011]. For
each cohort we obtained the minimum P-value (Min) for all traits and corrected
this statistic for multiple-comparisons using a Bonferroni correction. Genome-
wide scans for the three cohort from this approach are shown in Figure 7.2. These

plots show that associations at 19p13.3 and 14q23.3 are clearly visible in all 3
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cohorts, but the association at 12q24.31 can only be seen in VIS. The associations
at 2q21 and 11g25 are not visible in this analysis.
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Figure 7.2: Glycans P-value Min from FaST-LMM genome-wide manhattan plots
for the three cohorts. Vertical red lines show the positions of the known loci for
the analysed traits.
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7.3 VB SAS

We then applied the VB SAS method to each of the 3 cohorts. For this analysis
we set the prior on the proportion of traits associated to be m ~ Beta(1, 3), which
favours a quarter of the 15 traits to be associated apriori. All other priors are set

as in Chapter 5.

The first step of our approach is choosing the number of random effects to be
used in the modelling. As discussed in the methodology, we do this under the
null model according to deviance information criterion (DIC). Tables 7.1, 7.2 and
7.3 show the DIC values for the three datasets and point to optimal number of
random effects of 6 for ORCADES and 5 for VIS and KORCULA.

ORCADES

Trait DIC Trait DIC Trait DIC

M=1 -28421.1 M =6 -29069.0 M =11 -28781.7

M =2 -28722.3 M=7 -29031.2 M =12 -28711.7

M =3 -28933.3 M =8 -28981.3 M =13 -28642.1

M =4 -29004.0 M=9 -28919.1 M =14 -28575.6

M =5 -29055.7 M =10 -28853.7 M =15 -28505.0
Table 7.1: DIC values for M ranging from 1 to 15, ORCADES dataset. M = 6
shows the smallest DIC value and is therefore chosen for the analysis.

VIS

Trait  DIC Trait DIC Trait DIC

M=1 -31861.2 M=6 -32347.2 M =11 -32882.3

M =2 -32038.0 M=7 -32323.6 M =12 -31797.0

M =3 -323274 M=8 -32194.1 M =13 -31708.0

M =4 -32421.8 M=9 -32079.3 M =14 -31612.2

M =5 -32477.2 M =10 -31981.3 M =15 -31532.2
Table 7.2: DIC values for M ranging from 1 to 15, VIS dataset. M = 5 shows
the smallest DIC value and is therefore chosen for the analysis.

137



7. Real Data Analysis

KORCULA
Trait DIC Trait DIC Trait DIC
M=1 -26789.0 M=6 -27547.3 M =11 -27068.2
M =2 -27028.3 M=7 -27504.5 M =12 -26977.2
M =3 -27346.0 M =8 -27440.7 M =13 -26909.4
M =4 -27577.2 M=9 -27331.2 M =14 -26805.3
M =5 -27593.4 M =10 -27211.8 M =15 -26714.9

Table 7.3: DIC values for M ranging from 1 to 15, KORCULA dataset. M =5
shows the smallest DIC value and is therefore chosen for the analysis.

7.3.1 GWAS scans

Genome-wide manhattan plots from our VB SAS approach in ORCADES, VIS

and KORCULA, together with the corresponding FaST-LMM scan are shown in

Figures 7.3 7.4 and 7.5, respectively. For all three cohorts VB SAS uncovers all

known loci that its corresponding univariate analysis does. In addition, the 2q21

locus from [Huffman et al., 2011} can be found with our approach in VIS and

KORCULA, but cannot be seen in the univariate approach.
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Figure 7.3: Genome-wide manhattan plot for ORCADES from VB SAS (top) and
FaST-LMM (bottom). Vertical red lines show the positions of the known loci for
the analysed traits.
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Figure 7.4: Genome-wide manhattan plot for VIS from VB SAS (top) and FaST-
LMM (bottom). Vertical red lines show the positions of the known loci for the
analysed traits.
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Figure 7.5: Genome-wide manhattan plot for KORCULA from VB SAS (top)
and FaST-LMM (bottom). Vertical red lines show the positions of the known
loci for the analysed traits.
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7.3.2 Known associations

FUT6/FUT3 Manhattan plots for the 19p13.3 locus for the three cohorts using
both approaches is shown in Figure 7.6. In all three cohorts we observe larger BF
statistics than the corresponding p-values as well as a lower background noise in
VB SAS than univariate approach. Effect size plots for this locus are shown in
Figure 7.7, where for Fast-LMM for each phenotype the estimated mean effect
size is plotted along with bars for 2 standard errors away from it. Then for
each trait the magnitude of the p-value is reported via the colouring. For VB
SAS we plot the posterior mean of each phenotype effect size along with two
standard deviation distance bars. Here the colouring refers to the magnitude of
the posterior probability of association. [Lauc et al., 2010] only report association
to the traits with the largest effect sizes - DG7, DG9, DG12 and A.FUC, however
our VB SAS method additionally classifies DG8, DG10 and DG11 as associated

in all datasets.

Note, in Chapter 6 we saw much narrower intervals from VB SAS when com-
pared to univariate analysis for traits with highly correlated errors. As expected,
for example here in ORCADES the traits with extremely high correlations to
other traits from Figure 7.1 have tighter posterior intervals as opposed to the

ones that are less correlated to the rest like DG13, DG10, DG1.
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Figure 7.6: Manhattan plots, Min p-value approach (left) and VB SAS (right)
- three datasets, chr19 FUT6/FUT3 locus. VB SAS figures are truncated at

logl0BF of —2.
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FUT8 Manhattan plots for the 14q23.3 locus for the three cohorts using both
approaches is shown in Figure 7.8. Again we observe larger BF statistics than
the corresponding p-values for the top associated variants as well as a lower
background noise in VB SAS than univariate approach. Effect size plots for this
locus are shown in Figures 7.9, which has been reported to have associations to
DG6. With VB SAS we can identify this and in addition point to association to
C.FUC and DG1 in all three cohorts.
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Figure 7.8: Manhattan plots, Min p-value approach (left) and VB SAS (right) -
three datasets, FUTS.
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HNF1A Manhattan plot for the 12q24.31 locus are given in Figure 7.10. Asso-
ciation signal is only present in VIS. Effect size plots for a variant in that locus are
shown in Figures 7.11 for which association to only DG7 and DG11 is previously
reported. Our VB SAS approach suggests additional association to DGS8, DG9,

DG12, A.FUC, DG6, DG10 and C.FUC in VIS.
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three datasets, HNF1A.
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Figure 7.11: Effect size plots, Min p-value approach (top) and VB (bottom) -
three datasets, chr12, position 121403724, rs7953249.
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MGATS5 After the pilot study [Lauc et al., 2010], [Huffman et al., 2011] dis-
covered association to DG11 in locus 2q21, which VB SAS detects in VIS and
KORCULA. Manhattan plots of this region are shown in Figure 7.12. Effect size
estimates are given in Figure 7.13 and show association of DG11 in all three co-
hort from our method. Additionally, suggested possible associations to DG12 in

VIS and DG9 in KORCULA are observed.
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Chr 2, 135.02 Mb, rs1257220
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Figure 7.13: Effect size plots, Min p-value approach (top) and VB (bottom) -
three datasets, chr2, position 135014685, rs1257218.

149



7. Real Data Analysis

7.4 Summary

In this Chapter, we have shown that our VB SAS method can be applied
successfully to real data, where it identifies known associations. For the 2q21
locus - with smaller sample size than needed for the original finding. In addition,
based on the GWAS manhattan plots, we can observe a number of additional
potentially novel loci, however due to time limitations for thesis submission, this

analysis is yet to be completed.

Briefly - for the majority of those, there is only signal in one of the three
cohorts, which may be due to insufficient power to detect those signals as all of
the remaining top variants from VB SAS suggest much smaller effect sizes than
for known loci. Furthermore, a large proportion of these variants are common
and manhattan plot association signals contain sets of variants in LD with large
BEF. Often some signal is observed, even though lower (insignificant), for the same
cohort from univariate analysis. These signals could potentially be ’real’” novel

discoveries, however larger sample sizes would be needed for replication.

On the other hand there is also a large set of variants with low MAF (1-5%)
which look much less convincing and perhaps some or all of those could reflect
false positives. Further and more stringent filtering may be of benefit for our
analysis here. For ’real’ associations of this type even larger sample sizes than

the ones for common variants will most likely be needed for replication.

Finally, a comment on the suitability of the model for the data in general has

to be made. VB SAS assumes multivariate normality of the phenotypes and even
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7. Real Data Analysis

though data has been cleaned as much as possible and approximate normality
of each trait has been achieved (marginally), multivariate normality of the set of
traits is a much stronger assumption in general. Real data is almost always going
to deviate to some extend from this assumption and this should be kept in mind

when interpreting the analysis results.
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Chapter 8

Summary and Discussion

8.1 Summary

Genome-wide association studies have become a key step for targeting genetic
variants that can explain variability in disease states and complex traits. They
have already provided thousands of such loci to various binary and quantitative
phenotypes. Their simplistic modelling in analysing the potential association of
a single phenotype on a single SNP, however leave room for improvement. Here
we have proposed novel methods that can analyse multiple traits together in a
multivariate regression model - an analytic Bayesian model averaging (A) method
in Chapter 2 and a Variational Bayesian sparsity inducing (VB SAS) method in
Chapter 5. Both of these are aimed at improving power for detection of causal
variants, which they can achieve through modelling of phenotype correlations as

well as allowing for sparsity in the phenotype-genotype associations.

In Chapter 2 we introduced the model averaging A method framework and
described its usage for data analysis of unrelated individuals. The most desirable

properties of the method are its analytical tractability and computational effi-
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ciency for modest number of phenotypes (~ 2 — 10), as well as its flexibility in
terms of prior model specification. The approach possesses the ability to both test
for association and distinguish its exact type. These properties are then assessed
in Chapter 3 for two phenotypes, where simulation study shows which are the
most powerful scenarios (combinations of effect sizes and error correlations) and
when in general are multivariate approaches more advantageous in comparison
to univariate ones. In particular, in the presence of residual correlation between
phenotypes, power can be gained over simpler approaches when (i) only one of a
group of correlated traits is associated to a SNP or (ii) if the direction of effects
of the associated traits is not the same as the direction of the noise correlation.
In addition, the larger this difference, the bigger boost in power is observed. On
the contrary, for cases in which the genotypic association to one phenotype is en-
tirely explained through the other one, the univariate approaches would be most

powerful.

Next, in Chapter 4 we applied our A method to data on 6 haematological
parameters in individuals from three population cohorts, where we discovered
a locus (RCL1) not identified in the original study [Soranzo et al., 2009] with
the same data, but was later discovered in a study with a much larger sample
size [Gieger et al., 2011]. In addition, through our discrete model structure we
can observe the evidence for each phenotype bi-partition and can potentially
distinguish independent signals, e.g. AK3 and RCL1 - where they both show
association to a SNP, but the signal appears to be different. Related to this, our

approach can also distinguish and test for evidence of pleiotropy.
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Despite the desirable properties of the A method, it comes with its limitations:
(i) it does not scale well with number of traits (it requires 2 models to be fitted
at every SNP for P phenotypes); (ii) it is developed only for analysis of unrelated
samples and analytically tractable extension is not possible (to the best of my
knowledge); (iii) it cannot accommodate missing phenotype data, which is a real

feature of most cohort data.

To address all above-mentioned limitations, we have developed and introduced
in Chapter 5 a Variational Bayesian method using sparsity inducing spike and
slab (SAS) priors on the effect size coefficients. It is a multivariate extension to
currently used mixed model approaches and can accommodate (i) large number of
traits (tens to hundreds, depending on levels of relatedness); (ii) both unrelated
and related samples; (iii) is can internally model and impute missing phenotype
data; (iv) through the SAS prior it still keeps the discrete structure of the models
and can be viewed as model averaging over individual association models; (v)
it provides the ability to both perform inference through the computation of
approximate Bayes factors, as well as distinguish its exact type through posterior

probabilities of association of each trait (as part of the model).

In addition, the SAS prior can be used to introduce sparsity in the model to
control for the level of pleiotropy in the data, i.e. we can put larger prior on
models with small number of traits associated, which agrees with currently most

commonly observed “modular” pleiotropy (as opposed to “universal” one).

In Chapter 5 we introduce the computational algorithm, VB updates, as well as

the computational complexity of the method. Using techniques asin [Lippert et al., 2011},
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we reduce the O(N?3) complexity to O(N) after an initial spectral decomposition
step of the kinship matrix. With regard to the number of phenotypes, the most
expensive steps are the computations of inverses and determinants at the cost of
O(P?) operations each. When analysing data on related individuals we introduce
(M <= P) random effects to model the population structure and so the com-
putational speed of the algorithm depends on the underlying sample relatedness
structure. Thus, data with few different underlying genetic processes would be
faster to model than data in which every trait needs a separate random effect as

the number of parameters in our model space would be smaller.

Next, in Chapter 6 we conduct another simulation study, this time on small (2),
modest (10) and large (100) number of traits and compute power for detecting
association for a wide range of methods. Results for the VB SAS approach agree
with those from the A one (as analysed before in Chapter 3) and in general both
methods have similar power for modest number of traits. The best improvement
in power for the VB SAS method comes when dealing with larger number of
correlated phenotypes in a sparse phenotype-genotype network, which we believe

to reflect biology better.

Afterwards, we illustrate the advantage of missing phenotype data imputation
- a real feature of most studies. Then we conclude the Chapter with discussion
on choice of number of random effects and accounting for population structure.
We choose M, the number of random effects, based on DIC, a Bayesian method

for model comparison, which appears to perform well in simple simulated data.
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Finally, in the previous Chapter, we apply the VB SAS method to data on 15
glycans phenotypes in three cohorts of isolated populations. These datasets con-
tain both correlated phenotypes and correlated individuals and in addition have
around 5% of samples missing at least one phenotype value. We recover known
association signals from the original conducted study [Lauc et al., 2010] and in
addition uncover a locus discovered in a larger study [Huffman et al., 2011]. Un-
fortunately due to time restrictions in submitting this thesis, we did not carry
out as much testing of the method on real data as we would have liked to. In
particular further analysis of the glycans data has not yet been performed, how-
ever a number of potentially novel loci from our VB SAS approach appear in our

genome-wide manhattan plots and would need to be followed up.

8.2 Discussion

8.2.1 Alternative Statistics for Association

The obvious way to estimate the Bayes Factor when using the VB SAS approach
is the ratio of the lower bounds on the marginal likelihoods of the VB SAS model

and the null model M, respectively as

exp(F(Q(

BF, =
exp(F(Q

. (8.1)

~—~ $>
©n
o
=2

However, the lower bound in the numerator for the VB SAS model is meant to
approximate P(D|M;) where M; is the model that assumes at least one of the
traits is associated. Use of the SAS prior means that there is a point mass of

prior probability P(M;) at the null model where all traits are unassociated. In
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other words, the numerator is approximating a weighted mixture of P(D|M;)

and P(D|M,) as

P(D|M,) P(My) + P(D|M,)(1 — P(My))

BF, =~ DI (8.2)
- HM@+%%%%a—mMm (8.3)

Adjusted Bayes Factor A suitable alternative to adjust for this difference is

to calculate an adjusted Bayes Factor as

P(D|M)) _ BFR, - P(M,) _
P(DMy) ~ 1-POMy) PP (84)

where under our prior the probability of no traits being associated, P(M,), is

P(MO) = E[(l — 7T)P] = /0 (1 — W)P%ﬂ_bll(l _ 7T)b271d7'['
Db+ b)T(P + by) 55

[(bo)T(P + by + by)

Using Posterior Probability of Association We can also use an alternative
method of calculating a Bayes factor from the VB SAS models. Using the VB
model fit we can calculate the posterior probability of at least one trait being

associated (PPA) as

PPA = 1-]Ja-=) (8.6)
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and the posterior log odds (pLOD) of association are given by

PPA 1
PLOD = lokw 757 = 1080 [mr— =~ |
q

q=1

(8.7)

where 77 is the VB posterior probability that trait ¢ is associated and p, =

*

log,, % (see Appendices G and H). When at least one of the m,’s tends to 1

Ak
17rq

then pLOD — oo. In this case (say when at least one p, > 3) we can approximate

the pLOD using

1
pLOD = log, [— (8.8)
H5:1(1 - 77;)
P
= Z pq +logyg(1 +10777) (8.9)
q=1
Since the log posterior odds is related to the Bayes Factor via
1 — P(M,)
PO = —— 8.11
P(Mp) (811

where P(M,) is given by Eq. 8.5, we can derive an alternative estimate of the

log,, Bayes Factor (BFy) using

This calculation avoids explicitly evaluating the PP A which may become rounded

up to 1.
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Using MS statistics [Zhou and Stephens, 2014] discuss the use and derivation
of the Wald test statistic

av(a)-1at (8.13)

in a multivariate mixed effects model. A version of this can be employed in our
approach, by replacing the maximum likelihood estimates of the model parame-
ters with their posterior estimates from the VB SAS approach. No asymptotic
properties would be available in this case, however permutation testing can be

used to infer the significance of the resulting test statistics.

8.2.2 Method Extensions

Missing data Currently VB SAS models missing phenotype data under the null
model, after which it is imputed and fixed for association testing. The VB SAS
framework allows for missing phenotype data to be treated as a random variable
in our alternative model as well, in which case imputation uncertainty can be
taken into account by not explicitly fixing the data. We have briefly investigated
this approach and found very small differences in the resulting Bayes Factors on

a logyo scale, at a much greater computational cost.

Spike and Slab Our method uses a spike and slab prior with a zero mean

effect size. This can be generalized and extended further to

m m
g~ §N(aq|,u,a§) + §N(aq| — p,02) + (1 —m)d( ) gel,...,P (8.14)

for a non-zero p. This would put a larger prior on a non-zero mean effect size (for

the same 7) and moreover move the 'slab’ away from zero so it targets the effect
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sizes (given association) and not compete with the 'spike’” when no association is

present. We think this could lead to better power for detecting association.

Multiple SNPs Considering multiple genetic variants jointly is of interest as
it may be useful in getting a better understanding of complex biological systems,
since for complex traits there will be many SNPs that contribute to the disease
risk. It has been shown that jointly modelling multiple SNPs can lead to increased
power to detect new variants [Listgarten et al., 2012, Segura et al., 2012] and re-
cent work in this area includes application of Lasso-type estimators [Hoggart et al.
as well as MCMC approaches [Guan and Stephens, 2011] and VB approaches
[Logsdon et al., 2010]. An extension of the VB SAS to analyse multiple SNPs
simultaneously in addition to the multiple phenotypes is also possible and using

the VB framework it is very easy to implement.

Multiple cohorts In study designs, data is often collected on multiple popu-
lations (e.g. KORCULA, VIS, ORCADES). To analyse such data appropriately
the VB SAS approach can readily be extended in a hierarchical fashion to accom-

modate and model such data.

Study of polygenic effects Another interesting aspect in terms of our current
model specification would be to investigate the number of distinct polygenic bases
of all traits under consideration. Inferring the rank of the polygenic effects S3
would be interesting in order to better understand the common genetic bases of
different traits. In addition it would be interesting to investigate and characterise
the differences between the S and €2 terms when there is a SNP in the model,

compared to the null, as this contains information on how a single SNP (or
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8. Summary and Discussion

multiple ones if present in the model) affects the ratio between the genetic and

non-genetic phenotypic variances.

Mixtures of types of phenotypes So far we have focussed exclusively on
analysis of quantitative traits, whereas many studies will have measured phe-
notypes that are binary, counts, survival measures and ordered and unordered
factors. Future work could involve extending our approach to handle mixtures
of phenotypes of different types. Some work on analysis of a single binary and
single continuous phenotypes exists in the literature via the use of probit mod-
els [Liu et al., 2009, Hahn et al., 2010]. Others have shown that treating binary

phenotypes as if they were continuous phenotypes works well [Kang et al., 2010].

8.3 Conclusions

In this thesis, we presented two methods for multivariate phenotype analysis
in genome-wide associations studies and highlighted their advantages over sim-
pler uni-trait approaches as well as simpler competing methods for this type of
problem. We tested them in terms of power assessment via simulations and appli-
cability to and performance on real data. The exploration of different approaches
to this problem is important and it is an ongoing research area, since multivariate
approaches are still under-appreciated and not commonly used when at the same
time they could greatly further current understanding of phenotype-genotype in-
teractions. Lots of challenges lie ahead, but we look forward to meet them and

try to understand the hidden information in the data.
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Appendix A - Distributions

Multivariate Normal

Let  be a 1 x k real-valued (random) vector such that x ~ N(m,X), where
m is a 1 X k vector of means (E(x) = m) and X is a k x k (positive-definite)

covariance matrix. Then @ has the following density function:

Multivariate Normal Density

P(z) = (2m) || 2exp{—}(z - m)S " (@ - m)"}

Conditional distributions

Let € ~ N(m,X), x = (x; ) and m = (m; my) , where x; and m; are 1 X k;

X X . i
vectors and X = with 3;; - k; X k; matrices. Then we have

221 222

® I N(ml, 211)

[ ] wg‘wl =a~N (m2 + 22121_11(0, — ml), 2*),
where X = 222 — 22121_11212
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Matrix Normal

Let Y be an n x k real-valued (random) matrix such that Y ~ N(M,V ),
where M is an n x k matrix of means (E(Y') = M), V is an nxn (row) covariance
matrix and X is a k X k (column) covariance matrix. Then Y has the following

density function:

Matrix Normal Density

P(Y) = (2m) ¥ |V| 4[| Seap{—Ltr[V (Y M)~ (Y —M)T]}

Conditional distributions

Let Y ~NM,I,3),Y = (Y,Yy) and M = (M, M), where Y; and M,
X X

are n X k; matrices and X = with 3;; - k; X k; matrices. Then
Y1 X

we have
oY, ~ N<M1aIa E11)

e YLlY = A~NM,y+ (A—-M)S['Z, I,X%),
where X = 222 — 22121_11212
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Inverse Wishart

Let X be a k x k real-valued (symmetric) positive-definite (random) matrix such

that 3 ~ W (c, Q). Then X has the following density function:

Inverse Wishart Density

2—kc/2 ? B
P(X) = W\QI“Q\E\(C+k+1)/2€xp{—%t7“(2 'Q)}
Expectation
By = 9

Marginal and conditional distributions

X X
Let X ~ IWi(c,Q), X = BT and Q= @u Qu , where X,

31 X Q2 Qo
and Q,; are k; X k; matrices. Then we have
e X, is independent of X' = £!%, and T* = £y — 55 2115,
o Xy ~ Wy, (c—2k2, Qyy)
o " ~ IWy,(c— k1,Q"), where Q" = Qyy — Q1 Q1 Qs
o ZS~ N@Q Q. Q1 2
Relationship to Inverse Gamma distribution

The IWj (e, Q) distribution is an extension of the /G/(a, b) distribution to a matrix

valued variables, so when @Q is a scalar (i.e. when k& = 1) IW reduces to IG for
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some values of the parameters. If 02 ~ IG(a,b) then

Pe*) = Ft(e®) “Pean{—3). Bl = = (15)
2y _ b —2y _ @
V(0>_<a_1>2(a_2)7E<0 )_Z (16)

then o2 ~ ITW;(2a, 2b). In other words IW;(2a,2b) = IG(a,b).

Wishart Density

Let ¥ be a k x k real-valued (symmetric) positive-definite (random) matrix such
that ¥ ~ Wi (v, Q) then X has the following density function:

271{21//2

P(D) = fo QS (@) (1)

Student t distribution

The generalised t-distribution is given by

tolalno?) = e[t (2L (18)
_ D(w/2+1/2 1
¢ Tw2) Voro (19)
with properties
E(X) = p (20)
V(X) = =2 (21)
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Multivariate t distribution

The multivariate T distribution in & dimensions is given by

1 _ -4
L(alnX) = e[l+ (- @—p)| (22)
D(v/2+ k/2 |B|71/2
T2 k2 |m -
[(v/2) vk/27k/2
with properties
E(X) = p if v>1 (24)
v
X) = —% if 2 2
V(X) ) it v > (25)
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Appendix B - Model averaging

(A) method priors

Inverse Gamma /G(a,b) and Inverse Wishart /W (¢, Q) distributions, where a,b,c
are scalars and Q is a k x k positive definite matrix. The IWW distribution is an
extension of the IG distribution to a matrix valued variables, so when Q is a

scalar (i.e. when k = 1) IW reduces to IG for some values of the parameters.

IW(e, Q) to IG(a,b) when k=1

Suppose X ~ [W(c, Q) and 0% ~ IG(a,b).

When k = 1, ¥ = ¢? for some parameters ¢ and Q.

1
P(0?) = (o) @ Deap{—
la]
2—kc/2
Appendix B(E) = = [Q[/2S| 41 2eap{—Lir(57' Q)
Lile/2] ?

2—c/2

When k£ = 1 the latter becomes P(X) = T/
1/C

QB Peap{ 3571 Q}
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Equating the parameters, we get |@Q = 2b| and |¢ = 2a|. So when k =1
IW (¢, Q) reduces to IG(5, %) [Or IG(a,b) = IW(2a,2b).]
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One phenotype model

Suppose we have a single phenotype P, mean-centered and scaled so that it has

mean 0 and variance 1, and a mean-centered genotype G at a single SNP.
Model P =~G +¢€, € ~ N(0,0°I).
Priors ~v|o0? ~ N(u,vo?), 0* ~ IG(a,b)

We’d expect o2 to be around 1 (= Var(P)) as we expect to see small or no

genotype effects. So we want the prior distribution of o2 to have mean 1, i.e.

b
1= 1, which implies .

a

b2
(a—1)*(a—2)
(And we want a > 2 in order for the variance to be positive.)

The variance of a IG(a,b) random variable is

It is natural to take Var(o?) =1, i.e.

= v = (a—1)2 = L which gives|a = 3 |an =
L= =D " G- 1Pa=2) (a2 “hiche o =3]and[b =2}

For p and v take and as in page 7 from [Marchini, 2010]

{http://wuw.stats.ox.ac.uk/~marchini/software/gwas/snptest.v2.pdf}
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Appendix B

Multiple phenotypes model

Phenotypes P (Py, P, ..., P;) mean-centered and scaled (separately) so that each

one of them has mean zero and variance 1. G - genotype at a sigle SNP.
Model P =Ga+¢€ e~N(0,1,,%).
Priors a|X ~ N(M,vX), ¥~ IW(c, Q)

When k=1, IW(c,Q) = IG(3, %), so fix § = a (by Section 1), i.e. fix lc=2a)

We would expect the diagonal entries of ¥ - 3;; to be around 1 (= var(P;))

as we expect to see small or no effects. So we want the prior distribution of ¥ to

have mean with diagonal entries all equal to 1, i.e. % = % = 1, which implies

Q. =2(a—1)=2b|for all 7.

All non-diagonal elements of @ take to be zero as we would like to allow for

both positive and negative correlations in the model.

Hence we get |¢c = 2a| and |Q = 2bI |, which by the previous section for the

single phenotype case gives ‘c =6=5+ k‘ and |Q = 41|

For M and v take for all ¢ and as in the one phenotype

case.

e One phenotype model priors: [vy]|o? ~ N(0,0.020?), 0 ~ IG(3,2)

e Multiple phenotypes model priors: |a|X ~ N(0,0.02%), ¥ ~ IW (5 + k,4I)
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Appendix C - Marginal
Likelihood, Full Model

Without loss of generality in this Appendix assume that ¢ :=c— P+ 1
The marginal likelihood is P(Data|Full) = [ [ P(Data|a, ¥) P(e, 2) dax d3
with priors for a|¥ and ¥ taken to be N(m,vX) and IW (¢, Q), giving

P(a|Z) = (21) 2072 |S] 2exp{—itrfv~ (e — m) S (o — m)7]} and
9—P(c+P-1)/2
T Tpllc+P-1)/2

Under the normal linear model

P(E) ‘Q|(6+P_1)/2|E|_(c+2p)/2€$p{—%t’f’(z_lQ)}.

P(Data|a, ) = (2m) NSV 2exp(—itr (Y — Ga)Z (Y — Ga)?))

9—P(c+P-1)/2 |Q’(c+P—1)/2

So then P(Data|Full) = ) PGPS o P2 T (e + P = 193] X

[ [ [P 2=0/2-02) eppl Lir(S71Q)) x

exp{—itrjv™ (o — m)E 7' (a — m)7]} x

exp(—itr(Y — Ga)T (Y — Ga)?) da dX

By the properties of traces, we have

triv " a—m)S Ha—-m)T] =tr[Z (a—-m)"v"(a—-m)] (1) and
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tr(Y —Ga)2 (Y —Ga)") =tr(Z"HY — Ga)" (Y — Ga)) (2)
and the sum of traces 1 and 2 above is equal to

tr[S7 [(a = m)Tv} a —m) + (Y - Ga)(Y - Ga)]|

We want this of the form tr [£7' [(ac — m*)T(v*) 7' (a — m*) + C4]], where Cq
is constant with respect to a. We know this can be done since by the properties
of conjugate priors the posterior and prior parameters belong to the same family

of distributions.

Now (Y — Ga)"(Y —Ga) =a"G"Ga+ Y'Y — Y 'Ga - a"G"Y (3)

T T

and (@ —m)TvHa—m) =alvia+mTvim - a’vim - mivia (4)
Let m* :=v"'m+ G"Y,

then (3)+(4)=a”(G'G +v Na+ Y'Y + m"v'm — a"m* — (m*)T (5)
Then take v* := (GTG +v~!)71,

giving (5)=a’v*'a —a’mt — (m")Ta+ Y'Y + mTv'm

Want to get a’v*la — (m*) T (v) e — T 'm* 4+ (M) v T imt + Oy
So if we set m* := v*m* = (GTG + v 1) (vim + GTY)

then (5)=(a — m*)Tv* (o — m*) + C,q,

where Cp, = Y'Y + mTo'm — m*)Tv* " 'm*

Our marginal likelihood then becomes:

2—P(c+P—1)/2 ‘Q‘(C+P_1)/2'U*P/2
[ S|~ (er2py2=0i/) o
(2m)(NPI2) P2 Tpl(c+ P —1)/2]

cap{—Lir(S7Q)) erp{—Lir(S7Ca)} ¢

P(Data|Full) =
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-0/2)
J (2)(LP/2) *P/2

exp{—Ltriv* '(a - m")T (o — m*)"]} do AT

- PletPU2|Q|(erP=1)/2 2P/ ~((e+2P)/2)—(V/2) Py
= @t PR Iyt P13 ) P exp{~4tr(87(Q+Ca))} AT,

since the multivariate normal density intergates to 1

And if we let Q" := Q + Cy, and ¢* := ¢+ N then

‘Q| (c+P-1)/2 *P/2 2PN/2 F [(C* P 1)/2]
QP @) o2 Tpf(c+ P — 1)/2
2—P(c*+P 1)/2

J Cpl(er+ P —1)/2]

P(Data|Full) =

[P0/ 2D e L (S57(Q))) S

‘Ql(c-{—P—l)/Q ,U*P/22PN/2 Fp[(C* + P — 1)/2]
‘Q*‘(C*+P71)/2 (27T)(NP/2) UP/2 FP[(C+ P — 1)/2]’

since the density of IW(c*, Q") integrates to 1.

|Q|(c+P—1 )/2 *P/2 T [(C* +P— 1)/2] 1

P(Data|Full
So P(Data|Full) = |Q*|(+P=1/2 vP/2 Tp[(c+ P —1)/2] sP/2)’

where

cc=c+ N

v* = (GTG +v !

= (G'G+v ) (v 'm+GY)

Q" =Q+Y'Y +mlvim —m o Im

Similarly for a null model we can derive

QI V2 Tpl(c +P—1)/2] 1
Q| FP U2 Tpl(c+ P —1)/2] nNP/2)’

P(Data|Null) = where
e c"=c+N

e Q'=Q+Y'Y
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Appendix D - Bayes Factor,
non-Full Models

Without loss of generality in this Appendix assume that c:=c— P +1

Suppose that Appendixfor a particular model M;, ¥ = (Y. Y _), where Y is the set of

associated and Y _ the unassociated phenotypes. Then o = (a4 a_) = (a4 0). Suppose also
¥, X,

that 3 = Y =3, -2, 3% ,and ¥ =27'S_,
>, =

We can then split P(Y|G, a, X, M;) into P(Y _|G, a0, X, M;) x P(Y Y _, G, 0, 3, M;), where
P(Y—‘G?av EaMl) = IP)(Y_|E_7 MZ) P<a|27 Ml) = P(Q_‘E, Ml) X P(a+|(a— = 0)’ Ea Ml) -
1% Plas|a_, S, M;) and P(E) = P(S_, 5., 5, )

Then we can make change of variables from (X_,3,_,3%,) to (Z_, 3, ¥*) in the marginal
likelihood integral introducing a Jacobian J for the transformation. Due to the definitions of

the new variables, this J will be only a function of 3 _.

By the properties of the distributions (as in Appendidx A),

Plat|(a- =0),2,M;) = Play|(a- =0),X*, M;) and

PY Y _,G,a, 3, M;) =P(Y|Y_,G, a;, X", ¥, M), giving the marginal likelihood
P(Y |G, M) = [ [P(Y|G, o, %, M;) P(a, S, M;) dox dX

= [P(Y_|S_, M))P(S_)|J|dS_ x

[[[P(Y,|Y_, G ay, =5 M)P(ay|(a_ = 0),=*, M))P(E)P(Z )da, dS*dS

For a Bayes factor calculation, comparing this model to the null, the first term will cancel out,
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so we are only interested in the second one.
Nowwefind L:= [ [ [P(Y,|Y_,G,ay, =" T )Pa;|(a =0), T )P(S)P(S )da dS dS

where

e P(Y |Y_,a,, 5% %)~ N(M,I,S*), where M = Ga+Y_3

e a; ~ N(0,vX%)

o X~ IW(c+(p—P),Q"),letc*=c+p—P

o« Y|~ N(Q',QTLZY)
so that

o P(Y.|Y_,a, B %) = (2m) PN/2|5*|-N/2=3tr(Y+ = MZ" (Y =M)")  where M =
Ga+Y_X
o Pla) = (27T)7P/2,U7P/2‘E*|71/267%v_1a2*_1aT
9—P(c*+P—1)/2
T((c* + P —1)/2)
o P(Z () = (2m) PO-P)/2|Q 1 |- P/2|g* |- (- P)/2e—§tr(Q__ (2 =@z (= -@)")

o P(X¥) = (c*+P—1)/2|2*|—(c*+2p)/2e—%tr(z**1Q*)

Q"

First integrate out ¥

Collect terms involving 3 and complete the square to a matrix normal distribution.
Terms containing 3 : e~ 3t (Y+=MZ ' (Yo=M)") where M = Ga+Y_3 and
e—3trQ__(®' -z (='-Q)")

Let Y = Y, — Ga, then e~ 37(Y+=M)Z" (Y =M)T) _ o~ dtr((Y-Y -2z (v -y _%)7)
Then e~ 2t (Y=Y _£)s Ly -v_£")7) ~itr(@__(='-Q)= (=’ -@")7)

— et @ Y-y )T (v-y_2)+(E'-Q)TQ__(='-Q")

Now (Y —Y_Z)(Y-Y_ )+ -Q)"Q__ (= -Q)
/T

= _+Yy Ty )y - (v Y+ Q Q) - (v.TY +Q_ Q) + Y'Y +
Q'q__q

Complete the square to (E, — ME/)TV;(E, —My)+ ey
—y'valy —s'viM,, - M TVIS ML TVIIM
= 2/ — E/ 2’ - E, 2/ + 2’ 2/ E’ + CZ/
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=V} =Q +YTY_ My=Vy(V.TY+Q Q) and
/T ’
Cy' = Y'Y +Q Q__Q —ME'TV;:/IME’

= P(Y4]Y_, a3 2P|z
= (27-‘-)—PN/2|E*‘_N/Q(Qﬂ.)—P(p—P)/2|Q:1_|_P/2|2*|_(p_P)/2 y

- — ’ _ ’
(B ey T3 (BTN (E M )TV (B -My)

e 2 and the other terms in the integral are con-

stant in E/

So that [P(Y,|Y_,a, ¥, X )P(X'|S*)dx
_ (27()7PN/2|E*|7N/267%tr(2*_182')|Q:1_|7P/2‘V2/|P/2><

J @)= PRV g 2P |_(p‘P)/2e*%”(V§(E/*Mz' )= S M )T gy

The integral is equal to 1 since this is the matrix normal density.

_ |Vz"P/2

- W f(Qﬂ_)—PN/2‘E*|—N/2e—%tr(§:*71c):/)P(a|2*)P(2*)dad2*

= L
Now let us look at e~ 2tr(E™ 'exr).

e = Y'Y +Q7Q_Q - My "V My, where My, = Vi (Y-TY + Q__Q') and

Vo =Q _+YY ,andY =Y, -Ga

So ey = (Yi —Ga)' (Y, —-Ga)+Q Q__ Q-
VIV -Ga)+Q__Q) Vg (Y. (Y, -Ga)+Q__Q))

(V.-G (Y, -Ga)+Q Q@ _Q — (Y, -Ga)TY_VyY."(Y, - Ga)—
(Vi-Ga)TY VgQ Q —(Q_Q) Vg Y (Y -Ga)-(Q__Q)VgyQ_ _Q

1. if Q diagonal: ¢y = (Y -Ga)T(I-Y_VgY_ ") (Y, - Ga)

And if we let V = (I — Y_VE/Y_T)_1 and decompose V! = UTU (cholesky, U-upper
triangular), then ¢y = (Y4 — Ga)TUTU (Y 4 — Ga)

=UY; -UGa)"(UY; —~UGa) = (Y new — Grew®) T (Y new — Grew)

* —1
Then e*%tT(E cz/) —

e 3t (E T (Y new=Gnewe) " (Ynew—Grew)) — o= 5t (Ynew—Gnew@)E" " (Y new—Grewa) ")
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Vo P/2 | e
And L = |C,221||P/2 f(QW)fPN/2|E*|7N/2€7Etr((Ynew*Gnewa)E 1(ymw7Gnewa)T)P(am*)mx*)dadx*
|V /‘P/Q
ort= \QEW JP(Y new|Grew, o, 4)P(a| 2 P(E*) dad ="

Now the factor in front of the integral will cancel out when calculating Bayes factors (assuming
we use the same priors on Q__ for all models). Then the problem would be equivalent to fitting
a full model to the new data (only associated phenotypes), when using the same priors on the
effect sizes and the covariance matrix. (Priors are the same since we are using Q diagonal, with

the difference that ¢ now would be c+p-P rather than just c.)

2. if Q is not diagonal: ¢y = (Y, - Ga- M)V (Y, - Ga—- M)+ C,
where V.= (I-Y_VY_T)"! (as before), M =VY V4 Q__Q and
C —_ _MTv—lM + QITQ__Q/ _ Q’TQ__VZ,Q__Q,
/T ’
=Q Q__(Q—"'-Vy - VyY VY Vy)Q__Q
Q/ - Q_—_lQ*+ = C= Q+7(Q——_1 - Vz’(Vz’_l - Y—TVYf)Vz/)Q7+

Then again decompose V! = UTU and define Y ey = UY;— M) and Gy = UG in

order to get

B ‘V21|P/2

R
f(QF)—PN/2|E*|—N/2€—%tr((Ynew—Gngwa)E*’l(Ym,,,—Gnm“a)T)e—%tr(E*’IC’)P(O{‘E*)P(E*)dadz*
Or L= W "2 —3tr(ETOP(Y |G P TF)P(Z*)dadE*

rL= ‘Q,1 |P/2fe 2 (Yiew|Grew, o, X7)P(a|X7)P(X")dex
_ |V2:’|P/2 ‘Q* (c*+P-1)/2

= |Q:1_|P/2 |Q* +C|(C*+P71)/2 IP(Ynew‘Gnewaaaz )P(a|2 )P}t(z )dadz )

where P (X*) ~ IW (c+p— P,Q* + C). Here again the term in front of the integral will cancel

out when calculating Bayes factors (again assuming we use the same priors for all models).

Again the problem is equivallent to fitting the full model to the new data (only associated
phenotypes), when using the same prior on the effect sizes and with a prior on the covariance

matrix changed from IW(c,Q, ) to IW(c+p—P,Q" + C).
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Appendix E - Variational Bayes

methods

Here we give some general details of the method of Variational Bayes and in the
next two appendices we give full details of the derivations of the VB implementa-
tions for sparse Bayesian models that uses the SAS prior on the effect sizes. We

consider the cases of unrelated and related samples separately.

Theory of Variational Bayes

KL divergence and marginal likelihoods

The KL divergence between a posterior distribution P(6|D, M) and an approxi-

mate posterior Q(#) is given by

Den(QOIPED. ) = [ og [0 aoyas (26)
- / log [%]Q(@)d@ (27)

p(0, D|M)

=@ }Q(@)d@ (28)

- 1ogP(DyM)—/1og[
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The log marginal likelihood can then be written as
log P(DIM) = F(Q(0)) + Dkr(Q(0)|[P(6|D, M)) (29)

where F(Q(0) flog[ fgg')M}Q(e)de Note that since Dy (Q(6)||P(6|D, M)) >

0 we have that F(Q(0)) < log P(D|M) so that F(Q(0)) is a lower bound on the

log-marginal likelihood.

VB updates

Writing Q(6) = Q(0,)Q(6—;) where 6_; = 6\0; the lower-bound can be re-written

as

FQE) = [roe [0t 00 oo (30)

- /Q /logP (D, 0| M)Q(0- )de_z} db; (31)

- [Q@)osaeias -3 [Qe)os0@)ds;  (32

J#i

If we let Q*(0;) = % exp [flogP (D,0|M)Q (G,i)de,,} where Z is a normalising

constant and write H(Q(6;)) = — [ Q(0;)log Q(,)df; as the entropy of Q(6;)
then

F@6) = [ab)o DilgZ (33

= —Drr(Q6,)]|Q*(6:)) + ZH ) + log Z (34)

JFi
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We then see that F(Q(#)) is maximised when Q(6;) = Q*(0;) as this choice
minimises the Kullback-Liebler divergence term. Thus the update for Q(6;) is

given by
Q6) x e | [logP(D.OQE- )] (35)

logQ(0;) = EQ(gfi)<logP(D,9]M)>+con3t (36)
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Appendix F - VB SAS for

unrelated samples

The model can be described as

AppendizY ~ NY|Ga,I,Q)

ag ~ N (0gl0,07) + (1 —7)d(ay) qgel,...,P
o2 ~ T7Y(dy,dy)
m ~ Beta(by,by)

Q ~ Wi, V)

Following [Titsias and Lazaro-Gredilla, 2011] we use a reparameterization of the
model that is more amenable to VB inference such that «, is represented as the

product of a Bernoulli(w) random variable s, and a N(0,07) random variable d,
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so that a, = ays,,q € 1,..., P. The relevant log densities are then given by
N 1 .
log P(Y|et,Q2) = > log |©2] — §t7“(Y - Go)QY — Ga)" + const
log P(0;) = —(di+1)logo, — dQO';_l + const
P P
log P(s) = Z Sqlogm + Z(l — 54) log(1 — ) + const
q=1 q=1
log P(m) = (b —1)logm + (by — 1)log(1 — ) + const
P
. 1 -1
log Pl&r) = 5; ogo. — Zoz + const
—-P-1 1
log P(Q) = — log |©2] — étr(V_lﬂ) + const

The full set of parameters is § = (Q, {0} }vg, &, s,7) and

log P(D,0|M) = log P(Y|a, )+ log P(&) + log P(s)

+log P(w) + log P(0}) + log P(2) + const

We use a factorization for ) of the following form

Q(ay, sq) 2) Q(m)

:jw

q=1

Approximate posterior distribution for (2

logQ(Q) = Egua) (log P(D,0))+ const
—-P-1 1
- VT log |2 — Str(V ')

N 1
+E log |€2] — §tT[E(Y — Ga) (Y — Ga)R2] + const
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Hence Q(2) = Wi(v*, V™), where v* = v + N and

1

V' =[V'+E[(Y - Ga)"(Y — Ga)]]”
Approximate posterior distribution for 03

log Qo)) = Eqe\o2) (log P(D,0)) + const

P P
_ 1 1 _

= —(dy+1)log 05 = ng'; to 5 g log 02 ~3 E E(dg)ag '+ const

q=1 q=1

P 1
Hence Q(o7) = T'"*(d}, d5), where dj = d; + 5 and d} = dy + 5 25:1 E [a2]

Approximate posterior distribution for 7

logQ(m) = Ego\x (log P(D,8)) + const
= (by — 1)log(m) + (by — 1) log(1l — )

P P
+ Z E(s,)logm + ZE(l — 84)log(1l — 7) + const

q=1 q=1

Therefore Q(m) ~ B(b},b3), where b = by + ZLIE(SQ) and by = by + > (1 —

E(sq))
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Approximate posterior distribution for {a,, s,}

log Q(aq,5) = Eoo\{ag.s) (log P(D,0)) + const

- E —%tr (Y — Gas)Q(Y — Gas)")

1 _
+sglogm+ (1 —s,4)log(l —m) — 5&203 1} + const
Decompose Q(dy, sq) = Q(&,]5,)Q(s,). Then it follows that
~ 1 ~ ~ \T 1 o 51
log Q(a,ls,) = E —étr (Y — Gas)QY — Gas)") — 5% + const

Therefore

Q(aylsg =1) ~ N(my,v,)

Q(agls, =0) ~ N(0,E(e2 )™

-1

where v, = [GTGE(Q)q,q +E(027")
my = v,G" [E(Q)q,qu + 2 i, E(R)4: (Y — GE(q;)) | and Y, denotes the gth
column of Y. Then

logQ(s, =1) = logQ(a,,sq=1) —logQ(a,ls, =1)

1 1
= E {—étr(Y ~Ga)QUY — Ga)" +logm — 5&20 !

o—
g

1

1
+§v;1(6¢q —mg)? + 3 log v, + const
Lortme 4+ 11 E(l
= 3% mq+§ og v, + E(log ) + const

184



Appendix F

and

logQ(s, =0) = logQ(a&,, s, =0) —logQ(a,|s, =0)
1 1 5 51
= E —itr(YQYT) +log(l —7) — 50@03

1 - 1 -
+§E<0'§ 1)(dq)2 +3 log (o7 Y71 4 const

1 _
= 3 log E(c Y1+ E(log(1 — 7)) + const

If we write 7; = (s, = 1) and note that the constants in Eqns. (37) and (37)

are the same then we have

m? 1 1 _
) 444 éloqu + §log [E(oﬁ 1)]

7T*
pq = log —1— :E<log
q 2v,

1—m 1—m

and 7, = Trer Then the joint approximate posterior distribution of &, and
e Paq

54 can be written in the following form

Q(dy, sq) = Q(dgls,)Q(sy) =N <3qmqv Sqvq + (1 — Sq)E<U§_1)_1> (W;)Sq(l_ﬂs)l_sq

and this is of the same form as the prior. Also the expectation of oy, = s, is

2—1)—1.

mymy. Additionally let us denote m; = s, my and v; = s,v, + (1 — 5,)E(0;
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Approximate marginal likelihood

F(Q(0))

/ log [713 %%M )]Q(e)da

Ellog P(D, 6) — log Q(6)]

1 N NP

—(d1 + 1) logo? — dso? " +dy logds — log T'(dy)

P
—i—qulogw—i—Z 1—s4)log(l —m) qulogﬂ —Z(l—sq)log(l—ﬂ;)
g=1
1 1 1P
q=1 q=1

+(by — 1)log(m) 4 (ba — 1) log(1 — 7) — log B(by, ba)

+(d; + 1) logo? + djo2 " — df log dj + log T'(d})

" P
+- Zlogv + = Z —my 1+— 2m)
q=1

—(bik — 1)log(m) — (b5 — 1) log(1 — ) + log B(b1, b3)

v—P—-1 1 1 vP v v
+f log |2] — itr(V Q) — > log2 — B log |V| — logl"p(g)

vt—P—-1 1 1 v*
- log || + itr(V Q)+ (2)]
1 _
St [(V vl YTy 4 YTGy+47GTY — GTGE(aTa)) u*v*}
+< ZE > f—&—dllogdg—dlloga@—logF(dl)—&—logF(dT)—i—?
7710g|V|+—10g|V*|710ng( 2) +10gTp(%) — log B(by, bz) + log B(bj, b3)

P P 1 E &
_Zw;‘bgw; Z(l—w)logl—w +22(7r log v, — (1 Wq)d*>

q=1 q=1 g=1 2

~
!

b~ b+ 3w E(logm) + (b — b+ SO(1 -~ ) Eog(1 7)) — o lo(r)

q=1 q=1

186



Appendix F

Parameter updates At each iteration of the algorithm the parameters of VB
approximation are updated and various moments need to be calculated for the

marginal likelihood approximation. The details are as follows

P
di - dl—'—E
1< d
dy = d2+52{7r2(vq+m2)+(1—7r;)d—ﬂ
q=1
T * * dT -
v, = GGVVq’q—i——*
d

m, = v, GT |V* Y, + V: (Y, - Grim,
q q a9~ 4 g g
i#£q

1. da&& m? 1
— *\ * _1 _1 q _1
Pq Y(bY) —p(b3) + 5 og & + 20, + 5 08 Vq

1
1 1+ e ra

P
b= bty m
q=1

P
by = byt P—>) m
q=1
v = v+ N
Ve = [V'4+YTY —47G"Y - YTG~ + G"GE(a"a)]
7q = mq * g
Ele'a)y = E(oa,)
E(agay) = my(vg + mg)

]E(quOéT) = TgTpMgMy q # r
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and

E(log(m)) = 4(by) — (b + b3)

E(log(1 —m)) = (b3) — (b + b3)
where ¢/ denotes the digamma function.

Method initialization First fix dj and v* as their values do not need to get

updated at each iteration. Then initialize

m, = (G'G)"'G"Y,
V' o= (v = P-1)(Y - GM,) (Y - GM,)/(N — 1))
™ =1 Yq

v = {(GTG)l <<1—%>V*1_V4>Lq

P
d, = d2+0.52(vq+m2)

q=1

All parameters are then updated in the following order - b7, b3, 7, Vq, ds, v,

vg Vg, my Vq.

Default priors dy =4.5,d, =45 v=5+ P,V =0.25I,b; =1, by = 3.
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Appendix G - VB SAS for

related samples

Appendix

The model can be described as

N(Ga + S8, Iy,

N(0, 2K, In/)
N(0,\?)
TN (a40,02) + (1
IY(dy,d,)
Beta(by, by)

Wile, E)

-1y

qgel,....Pmel,.... M

—m)6(ay) gel,...

Y

P

Following [Titsias and Lazaro-Gredilla, 2011] we use a reparameterization of the

model that is more amenable to VB inference such that «, is represented as the

product of a Bernoulli(r) random variable s, and a N (0, ;) random variable d,
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so that a, = ays,,q € 1,..., P. The relevant log densities are then given by

log P(Y|ct, S, 3, D) — —%tr((Y _ 88— Ga)QY — S8 — Ga)T)

N
t3 log || + const

log P(c2) = —(di+1)logo) — dQJﬁ_l + const
P P
log P(s) = Z sqlogm + Z(l — 54) log(1 — ) + const
qg=1 q=1

log P(m) = (by —1)logm+ (by — 1)log(1l — m) + const

P P
1 1 _
log P(ar) = -5 Zlogag —5 Zd30§ '+ const
qg=1 q=1
L PM L PM
log P(8) = — D) loga?— 5 >N BT+ const
qg=1 m=1 q=1 m=1
LM LM
log P(S) = —= ) log|2K|—-=Y ST(2K)™'S,,
og P(S) 2mzzjlog| | 2; (2K)™'S,, + const
—-P-1 1
log P() = 6T10g|ﬂ| — Str(E7'Q) + const

The full set of parameters is 0 = (&, s, 7,3, S, ) and

log P(D,0|M) = logP(Y|a,S,B,D)+log P(&) + log P(s) + log P(m)

+log P(S) + log P(B) + log P(2) + log P(0.) + const

We use a factorization for @ of the following form
P

Q) = Qo) Q(m) Q) TT @B.) T] QSm) [ @(ds o)

m=1 m=1 q:l

190



Appendix G

Approximate posterior distribution for (2

logQ(Q2) = Ege\a) (log P(D,0)) + const

e—P—1 1
= —— " og|Q| — ~tr(E'Q
5 log 02| — Str(E7'Q)
1
—§Etr((Y—S,3—Ga)Q(Y—Sﬁ—Ga)T)

N
—i—;log || + const

Hence Q(2) = Wi(e*, E*), where ¢* = e + N and

1

E'=(E"+E[(Y - S8~ Ga)(Y - S8 - Ga)])

Approximate posterior distribution for 02

log Qo)) = Eq@\o2) (log P(D, 0)) + const

P P
o 1 1 oy
= —(dy+1)logo} — dyo,” — 3 E log o — 5 E E(aZ)o,? + const
q=1

g=1
2 -1 « r . l P ~2
n 0y4) = ) » W — a1 o — 2 By =
Hence Q(o7) = T~'(d}, d5), where dj = d; + 5 and dj = doy + 5 > o1 Ela2]

Approximate posterior distribution for 3,

logQ(B,,) = Eguag,, ) (logP(D,0)) + const

_ —%E tr[(Y =" 8,8, — Ga)Q(Y - ; Sl — Ga)’

P
1
2 Z qu/\_Q + const
q=1

Hence Q(B,,) ~ N(M,, I,V ), where V,,, = [E(S].S,,)E(Q) + )‘_QIPrl and
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M, = E(S,)" XnE(Q)V,, = E(Sm>T(Y_GE(O‘)_Zk7Am E(SK)E(B.))E()V
Approximate posterior distribution for S,

logQ(Sm) = Egu\s,, (log P(D,0)) 4+ const

= ,SLeK)'S,

P P
1 T
—5Etr (Y — Ga - > 8.8,,)2Y - Ga - m; SmB,, )7 | + const

m=1

= SLeK)S,
S r(S.E(B,,000,)Sh)
+%tr(SmE(gm_Q)Xﬁ) - %tr(XmE(Qﬂ;)Sﬁ) + const
where X,, =Y — GE(a) — Y E(Skf3;)
k#£m

1

Hence Q(S,,) ~ N(v,, ¥h,, I1), where ¥, = [(2K)~' + E(8,, Q8] )Iy]  and

vl = U X.E(QB]) = ¥, (Y - GE(a) - ¥, E(S18,) ) E(VE(B,,)

Approximate posterior distribution for 7

log Q(m) = Eqo\n) (log P(D, 0)) + const

=E[(by — 1) log(m) + (by — 1) log(1 — 7)
- Z sqlogm + Z(l — 54) log(1 — m) | + const

q=1 q=1

Therefore Q () ~ B(b}, b3), where b} = by + quzl E(s,) and b5 = by + 25:1(1 —

E(sq))
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Approximate posterior distribution for {a,, s,}

log Q(&y, sq) = Eqo\(a,,5,1) (log P(D, 0)) + const

~E —%tr(Y — 88— Ga)Y — SB - Ga)”

N -1
04203 + const

N —

+s,logm+ (1 — s,) log(l —7) —

where oy = a5, Vg (44)
Let Z =Y — S3. Then

tr(Y — 8B - Ga)QY — S8 - Ga)' =tr(Z - Ga)Q(Z — Ga)"

= aGT'GNa” — aNZTG — GTZQa™ + const
Therefore

1
lOg Q(dq, 8q> = —Q]E Z didjSiSjQi’jGTG -2 Z ONZZ‘SZ‘Qi’j(ZTG)j,l
2]

0]

+sqlogm+ (1 —s,4)log(l —m) — &2031} + const

N| —

Decompose Q(dy, sq) = Q(&,]5,)Q(s,). Then it follows that

~ 1. _ 1.
log Q(ay, s, =1) =logm — 5&21&‘,(03 1) - §a§E(Qq7q)GTG
i I e
+Y AR (E(Z)G); — 5 > agB(6))E (s E(Q,; )G G + const
J a#j

and

1 _
log Q(&y, s =0) =log(l —7) — 5&21[2(02 Y + const
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Therefore

Q(aqlsg =1) ~ N(my,v,)

Q(Ggls,=0) ~ N(0,E(c? )™

where v, = [GTGE(Qq,q) +E(e27")|  and

my = vy |55 E(Q ) (B(Z)T G0 = X, B () E(Q,,1)GT G
Then

logQ(s, =1) = logQ(a,, sq=1) —logQ(a,ls, =1)

1 1
- §vq_1m§ + 5 log v, + E(log ) + const

and
log Q(s, = 0) = log Q(dy, s, = 0) — log Q(cyls, = 0)
1 _
= ~logE(o] N7+ E(log(1 — 7)) + const

2

If we write 7, = Q(s, = 1) and note that the constants in in the above equations

are the same then we have

m2 1 1 2—1
) + Q_UZ + §loqu + Elog |:E<O'g )]

m m
pq:log1 9 *—E(logl

g

and 7, = e Then the joint approximate posterior distribution of a;, and
e Paq

54 can be written in the following form

Q(ag; 8¢) = Q(dg|s¢)Q(sg) =N <3qmqa Sqvq + (1 — Sq)E<‘7§71)_1) (ﬁ)sq(l_ﬂg)l_sq
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and this is of the same form as the prior. Also the expectation of oy, = ays,
is mimg. Let m} = sgmy and v} = s4v, + (1 — so)E(02")™L. Then Q(d,|s,) =

N(m v)

q’ 7q

Approximate marginal likelihood The approximation to the marginal like-

lihood is given by

FQO) = [os[F55 o

= Ellog P(D,0) —log Q(9)]

= E [—;tr(Y - 88 - Ga)'Q(Y — 8 - Ga) + - log Y] — ¥ log(27)

M g DL 2 oo
! Z log [2K]| — " hog(?m) - 3" ST (2K

m=1

e—P— 1 1 1 eP e e
+ og|Q| — §tr(E Q) — el log(2) — B log |E| —logTp (5)
—(d1 0502 — doo? '+ dy logds — log I'(dy)
P
+qulog7r+z 1—s4)log(l —m) — qulogﬂ' Z(l—sq)log(l—w;)
q=1 q=1 qg=1

(be — 1) log(1 — 7) — log B(by, b2)
M

M
L 1 T -1 MP
+5;1°g'v’”'+izz(ﬁm~—f”m> Vo B — M)+ 2 gt

= m=1
M M
1 MN 1
- log |®* +/T/}0E(/+* vr )~ Sm—an
Zl T2 2; ) (S0 v
—p- “p :
ogcr —djlogd; + logI'(dy)
1 _ P
+§ ogv + = Z v; 1—&-)/[9;{{7&
q=
(’f 1) log(m )—(bz—1)10g(1—7f)+10g3(bf,b3)]
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%tr (e*E*(E**1 _E'-E(Y -S8-Ga)T(Y - S3 - Ga)))

e*

NP e* N e e
—Tlog(w) + ?log\E | +logT'p < 5 ) - 510g|E| —logTp (5)

M M
PM 9 NM M 1 N 1
+T(1 —log \*) + 5~ ?log 2K |+ imE:1 (o |+ 3 mE:110g [Vl

1 M . M
SN [MﬁMm + diag(Vq)} -3 [U;T(zK)*lvjn + tr((?K)*l\Ilfn)]

m=
P P
+5 E {77(1 log vy — (1 — ;) log ds} t5 - 345 521 [ﬂqvq +(1- ﬂq)d—i +mymy

P
= mrlogmy — Y (1 —m;)log(1 — ;) — log B(by, ba) + log B(b, bj)

I'(di)

d*
di — do) =X + dy log dy — d* log d + 1
+( 2 2) + 1 Og 2 1 Og 2+ Og F(dl)

d3

P P
—(0F = by = Y m) [ (b7) — (b +05)] — (b —ba + Y (mp — 1))[h(b3) — (b + b3)]

where

EY - S8 - Ga)' (Y - SB - Ga) =
YTY — YT [AM + GE(a)] — [AM + GE(a)]" Y
+ MTATGE(a) + E(a)TGTAM

+GT'GE(aTa) + E(BT Z3)

where Z is given by

Zom = () + (vi) " (vr) me{l,...,M}
Zons (W) (V) m#s
E(ag) = mgm,
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E(a’a) by
Elagar) = mgmgmemy g # v
]E(aﬁ) = (m2+vq)7r;‘
M by
M = (M].M)"
A by
A = (v]..vy)
and E(,@TZﬁ) by
E(B}.ZB,) = M} ZM, m#1

E(B.ZB,) = M, ZM, +tr(ZV )
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Parameter updates At each iteration of the algorithm the parameters of VB

approximation are updated and various moments need to be calculated for the

marginal likelihood approximation. The details are as follows

e+ N

1

(E'+E(Y - SB8-Ga)' (Y — SB— Ga))”

P
di+ <
R &
* 2 *) 2
ds + 5; [ﬂq('z}q +my) + (1 — nq)d—J

!
* Tk 1
|:€ E%qGG + d_§:|

*
Vg€

Y E,(Y;—~AM;)'G-> W;qu;jGG]
J J#q

(Zme" B* + A "21p] "

evp, (Y — GE(a) = Y vpM)E'V"™

k#m

(v] ... v}y)

[(2K) ™ + tr(e"E* (ML, M., + V) In] "

v [e* (Y ~ GE(a) =) vz‘Mm> E*Mﬁ]

l#m
* 2
W(E) = (E5) + g log 5t + 7+ 5 o,
1
1+ e Pa
P
b1 + Zﬂ'z
q=1
P
bo+ P =Y m
g=1
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Computational step

For related data, quicker updates can be obtained by factorizing 2K = UAU”
and then prewhitening by UT (data then is Y). This would result in diagonal
covariance matrices in the updates of S. This can be adapted for inclusion of
missing data (see below), but for computational speed when no missing data is

present we use a prewhitening step

e decompose 2K = UAU”T
e prewhiten G* = UTG and Y* =UTY

e run method for Y* and G“, where the equivalent prior for S is now

N(0, A, Inr), where A is diagonal, and everything else remains the same.

e then the updates for the now diagonal ¥} become faster (as well as the

updates for v}))

e finally expressions involving traces and determinants of ¥* can be evaluated

quickly since it is diagonal.

Suppose that we have prewhitened our data and G := UG, Y :=UTY©,

where Y@ and G are our original data.

log Q(missing YZ(F))) = Egu\y) (log P(D,8)) + const (45)
N
1
= 5> B -U.S8-U.G)Q(Y" ~U.SB~U.Ga)"
=1

+const
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Then each row of the phenotype data would follow a normal distribution with
mean H = U; E(SB — Ga) and variance F' = E(€2). However here we are inter-
ested in only updating the misssing values, therefore we require the conditional

distributions of the missing values, given the non-missing ones.

We can use the properties about conditional distributions of the multivariate
normal distribution (as in Appendix) to derive a multivariate normal distribution

for each row of the missing phenotypes. Then all YY" terms will need to become

E(Y'Y)
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