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ABSTRACT7

The non-linear dynamics of rocking rigid bodies with simple geometries such as rectangular8

blocks and cylinders have been the focus of the rocking community over the last six decades.9

However, many objects that are prone to rocking or overturning do not conform to such geometries.10

These objects include museum artifacts and precariously balanced rocks in the natural world. Even11

in cases where the response of the rocking body is planar, the geometry of the body is much more12

complicated than the commonly studied geometry of a rocking block or a body with only two13

rocking corners. This paper introduces a complete model that can examine the planar motion of14

a body with an irregular in-plane polygonal geometry when subjected to a vibrational excitation15

utilizing the geometry of the body as an input, e.g., in the form of a stereolithography (STL)16

file. The model is used for studying the rocking response of an object while taking into account17

sliding and free flight. The problem is formulated and solved using Newtonian equations of motion18

and impacts are treated as hard. A robust framework for integrating the occurring discontinuous19

equations of motion and detecting transitions between patterns of motion and impacts, using Matlab,20

is presented. Suitably chosen examples demonstrate the importance of accounting for the actual21

geometry of the rocking body studied, whose dynamic response is substantially richer than an22

object with simplified geometry.23
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INTRODUCTION24

The dynamics of rocking bodies, i.e. those that are not attached or fastened to their support25

medium, has been a topic of interest to researchers in the field of earthquake engineering. Such26

objects may be prone to vibration induced by earthquakes or other excitations. Examples include27

museum artifacts, precariously balanced rocks (PBRs), computer towers and monitors, storage28

tanks, bookcases and other shelving, a rocking horse, train cars, and more. Often, the most delicate29

and culturally important of these objects have irregular geometries with uneven mass distributions.30

In recent decades, researchers have made considerable progress in understanding the non-linear31

dynamics of rocking rigid bodies (Housner 1963; Ishiyama 1982; Shenton III and Jones 1991;32

R. Lipscombe and Pellegrino 1993; Chatzis and Smyth 2012b). However, most previous research33

is typically focused on bodies with simple geometries such as rectangular blocks (Psycharis and34

Jennings 1983; Spanos and Koh 1984; Chatzis and Smyth 2012a; Zulli et al. 2012) or cylinders35

(Srinivasan and Ruina 2008; Koh and Mustafa 1990), with more complicated geometries often36

being approximated by rectangular shapes (Brune et al. 2007; Shi et al. 1996). Museum artifacts37

and PBRs are examples of objects which would rarely correspond to regular geometries. Museum38

artifacts have often been studied but previous models do not consider sliding, free flight, a variable39

location for the impulse at impact, or the potential for more than two rocking vertices, and some40

do not consider the in-plane irregular geometry of the artifact simplifying the geometry to that of41

a rectangular block (Wittich et al. 2016; Spyrakos et al. 2017; Fragiadakis et al. 2020). This paper42

demonstrates that even when the conditions are such that planar rocking would occur, the irregular43

geometry of such objects and other factors mentioned above affect their response and therefore44

must be studied to accurately model their dynamics.45

To study the behavior of rocking objects, appropriate mathematical and physical models are46

required. Housner postulated the first of such models for rocking in 1963, dubbed the inverted pen-47

dulum model (IPM), which examined the planar behavior of a rectangular rocking block (Housner48

1963). Housner introduced several assumptions in his model including the rocking response being49

planar, the body and foundation being rigid, the angular momentum of the body being conserved50

2 Burton, June 19, 2023



about the post-impact rocking vertex, and sliding and free flight being neglected. This model allows51

for a qualitative understanding of the rocking response of a body and is hence still the most popular52

model in the literature. Several studies on the rocking response of bodies have been conducted53

using the IPM (Spanos and Koh 1984; Tso and Wong 1989; Yim and Lin 1991).54

Researchers have shown that neglecting some of Housner’s initial assumptions affect the re-55

sponse of a rocking body in a potentially nonconservative manner. Ishiyama introduced a model56

that examined both sliding and free flight giving six possible types of motion: rest, slide, rotation,57

slide rotation, translation jump, and rotation jump, finding that sliding and free flight should both58

be considered (Ishiyama 1982). Shenton and Jones provided a detailed formulation of a rocking59

model for rigid bodies accounting for sliding and free flight on which the model introduced in this60

paper builds (Shenton III and Jones 1991). Lipscombe and Pellegrino showed experimentally and61

numerically that the transition to free flight of rocking rigid bodies becomes more critical as the62

blocks become more stocky, i.e. as the distance between the support contacts increases relative63

to the height of the centroid from the support surface, moreover proving that bouncing and free64

flight should not be neglected in the solution to the rocking problem (R. Lipscombe and Pellegrino65

1993). Rocking studies have also been conducted with deformable bodies (Yim and Chopra 1984;66

Acikgoz and DeJong 2012), deformable supports (Chatzis and Smyth 2012b; Chatzis and Smyth67

2012a; Yim and Chopra 1984; Koh et al. 1986), and three dimensions (Zulli et al. 2012; Chatzis68

and Smyth 2012a; Chatzis and Smyth 2013). All of these factors were proven to have an important69

effect on the rocking response. While the deformable models account for sliding, free flight, and70

energy losses without the need for further explicit assumptions, and can be extended to the case71

of bodies with irregular geometries, such extension can result in them being more computationally72

demanding.73

Several researchers have made an initial step toward irregular geometries by studying block74

geometries and including parameters to account for eccentricity in the center of mass compared75

with the geometric center of the block (Plaut et al. 1996; Zulli et al. 2012; Boroschek and Romo76

2004; Arredondo et al. 2017; Abadi et al. 2017). However, these models have omitted sliding and77
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free flight. Such a treatment does not account for other important consequences of an irregular78

geometry, such as the existence of multiple potential rocking vertices. A further consequence of79

multiple rocking vertices in irregular objects is that it becomes difficult to characterize such objects80

as slender or stocky due to the many equivalent heights and widths for every possible orientation81

of the body. Al Abadi et al. examined the behavior of blocks with eccentric centroids (Abadi et al.82

2017). These studies have shown that bodies with centroidal eccentricity may overturn more easily83

than their symmetric counterparts but they do not take into account irregular base geometries, i.e.84

anything other than a flat base with two potential rocking vertices.85

Another assumption of the IPM is that the resultant of the vertical impulse at impact occurs86

at the post-impact rocking vertices. Consequently, the reduction of energy due to an impact is87

uniquely determined by the geometry of the block (Housner 1963). The same assumption is often88

used in the literature (Zhang and Makris 2001; Yim et al. 1980; Dimitrakopoulos and DeJong 2012;89

Voyagaki et al. 2014). However, Chatzis et al. (Chatzis et al. 2017), and later Varkonyi et al. in 3-D90

(Várkonyi et al. 2021), showed that the location of the vertical impulse for a block does not have to91

be at the post-impact rocking vertex but is permitted to be between the post-impact rocking vertex92

and the midpoint of the impacting base. Previous works by the authors have demonstrated that rigid93

impact models require impact-related parameters to be assumed (Chatzis et al. 2017). This is not94

the case for DEM models where no such assumptions need to be introduced and impact is handled95

by the properties of the support medium (Chatzis and Smyth 2012a). In cases where the impact96

parameters have been assumed correctly for a rigid impact model, the results agree with those of97

a DEM model, e.g., as shown in (Chatzis and Smyth 2012a) for the case of a body with minimal98

sliding and free flight on two feet placed on a stiff support medium, the stability diagrams produced99

are in very good agreement with those predicted by the Inverted Pendulum Model. Nonetheless,100

in more general cases the impact parameters matter for the response and this will be demonstrated101

through the use of examples throughout the paper.102

Due to the significantly different geometric properties between blocks and objects with irregular103

geometry and the lack of studies on irregular geometry, this work introduces a model that takes into104
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account the planar irregular polygonal geometry of a rigid body. The irregularity of the geometry105

has an obvious and significant effect on the response of bodies which cannot be simplified for both106

planar and 3-D motions. The 3-D response of rigid bodies with irregular geometries will be the107

topic of investigation of an upcoming paper. This work will instead focus on bodies whose response108

can be reasonably approximated as planar due to constraints or the object’s out-of-plane geometry.109

A class of systems that experiences planar rocking consists of objects whose geometry comes110

from an extrusion in the out-of-plane axis. Such examples are discussed later both theoretically111

and through examples. Other cases of bodies which would favor a planar response despite their112

geometry are shown in the following Figure 1.113

s

(c)

(a)

(b)

(d)

Fig. 1. Objects with irregular geometry which would exhibit planar rocking a) Guardian Figure
from the Metropolitan Museum of Art, New York a, b) Sketch of a Computer case b, c) sketch of a
table d) a rocking horse d

The computer case of Figure 1b and the table of Figure 1c have a geometry that can be almost114
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described as an elongated extrusion except of the feet that are placed in the front and back face. The115

statue of Figure 1a has a base whose length is much larger than its width and is in fact comparable116

to the estimated height of its centroid. The bodies of Figure 1a-1c would experience practically117

planar rocking even if left unconstrained. The geometry of interest would be the projection of the118

overall geometry in the rocking plane.119

Finally, Figure 1d shows an example of a rocking horse. This system favors the response in120

one plane over the other due to the curvature of the contact geometry in one direction that results121

in a planar response that is usually described as rolling and sliding. Such curved geometries can122

be approximated as polygonal as discussed in (Burton and Chatzis 2021) and will be the topic of123

investigation of a future paper.124

All the examples studied in this paper have irregular in-plane geometry. The multiple potential125

rocking vertices and interfaces resulting from such a geometry are taken into account along with126

sliding and free flight. The geometry of an object is input to the model in the form of a stereolithog-127

raphy (STL) file commonly used in 3-D scanning and printing (Godin et al. 2002). The occurring128

equations of motion are used to study the dynamic response of objects under support excitations.129

This allows for the user to obtain dynamic rocking results for any body which will experience planar130

rocking after specifying the geometry (STL), the density of the body, and the applied excitation.131

For easier comparison to Shenton and Jones’ model and for simplicity, the assumptions of a rigid132

body and support and planar rocking are retained in this work.133

The model includes all possible patterns of motion related to sliding, rocking and free flight.134

The equations of motion are obtained in a unified manner using a Newtonian formulation and135

implementation of kinematic constraints for each pattern. The resulting equations are obtained136

symbolically in Matlab and are integrated numerically using a Runge-Kutta (4-5) formula, the137

Dormand-Prince pair (Shampine and Gordon 1975; Dormand and Prince 1980), which allows138

for automated event detection which find the time of transitions between patterns and impacts.139

Similarly, a unified framework is presented for dealing with impacts, which is capable of handling140

different post-impact patterns and different assumptions on the location of the vertical impulses141
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during impact.142

Finally, appropriate examples of the code for different irregular objects are presented. These143

examples include a shelving unit such as those found in warehouses, a precariously balanced rock144

(PBR), and a museum artifact with useful conclusions being drawn related to the study of irregular145

geometry, sliding, centroidal eccentricity, various base configurations, and a variable location of146

the impulse at impact when studying rocking objects.147

GENERALIZED COORDINATES148

Generally, previous research examined the dynamics of a rectangular block such as the one149

shown in Figure 2. This rectangular block has half-height ℎ and half-width 𝑏. 𝑅 is the length of150

the diagonal defined from the rocking vertex 𝑝 to its centroid 𝑐 and 𝛼 is the angle between the151

long edge and 𝑅 as shown in Figure 2. The coordinate axes 𝑋 and 𝑌 are defined at the origin 𝑜 on152

the support surface. The external forces 𝑓𝑥 and 𝑓𝑦 are applied at the centroid in the horizontal and153

vertical directions, respectively.154

pp'

c

b b

h

h
α

θ

R

mg

fx

fy

o

Y

X
θ

Fig. 2. A rectangular rocking block.

Without any loss of generality, Figure 2 demonstrates the body when it is rocking with respect155

to the right vertex 𝑝. The block has been rotated by an angle 𝜃 considered to be positive when156

clockwise. It is very likely that the weight and external forces applied on the block will cause a157
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subsequent impact between the body and its support medium, after which the block will rotate158

about its left rocking vertex 𝑝′.159

Most models, however, are limited to a rectangular block and do not allow for the analysis of a160

rigid body with an irregular geometry such as those shown in Figure 1. These bodies have irregular161

geometry but would also be expected to exhibit planar rocking due to the large length to width ratio162

of their bases. In the general case, the resulting external geometry of the body when projected163

in the rocking plane is shown in Figure 3. The position vectors from the centroid 𝑐 of each of164

the bodies in Figures 1 and 3 to each rocking vertex, and its angle with a reference axis, are not165

constant, making this a significantly more complicated problem than the rectangular block.166

o
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Y'

X'

θ
Z

z, Z'

Fig. 3. A rigid body with an irregular in-plane geometry.

A system of Cartesian axes, base 𝑆 denoted by 𝑜𝑋𝑌𝑍 , is fixed on an origin 𝑜 on the support167

surface as shown in Figure 3. An additional base 𝑆′, parallel to base 𝑆, is fixed at the centroid of168

the body 𝑐 with axes 𝑐𝑋′𝑌 ′𝑍′ and the body has mass 𝑚. The Cartesian coefficients of the vector169

defined from point 𝑖 to 𝑗 , r𝑖 𝑗 , are denoted as the uppercase row vector [𝑋𝑖 𝑗 , 𝑌𝑖 𝑗 , 𝑍𝑖 𝑗 ]. After the170

calculation of the object’s physical parameters as will be discussed in the following section, the171

third dimension coordinates, 𝑍𝑖 𝑗 , can be ignored as rocking is constrained to the 𝑋𝑌 plane. 𝑍𝑖 𝑗172

will normally be omitted from the presented coordinates throughout the paper for conciseness. The173

8 Burton, June 19, 2023



Cartesian coordinates of point 𝑖 are defined as [𝑋𝑜𝑖, 𝑌𝑜𝑖]. The additional coordinate system, base 𝑅174

denoted by 𝑐𝑥𝑦𝑧, is fixed on the body. The coefficients of r𝑖 𝑗 with respect to the rotating system are175

defined as the lowercase row vector [𝑥𝑖 𝑗 , 𝑦𝑖 𝑗 ]. Note that for two points 𝑝𝑖 and 𝑝 𝑗 both belonging176

to the rigid body, the coefficients [𝑥𝑝𝑖 𝑝 𝑗
, 𝑦𝑝𝑖 𝑝 𝑗

] do not change as the body moves in space. It is177

convenient to create a registry of the vectors from the centroid to the vertices 𝑝𝑖, 𝑖 = 1, ..., 𝑁 for the178

𝑁 vertices of the body.179

A rotation matrix, R𝜃 , defined in the following equation (1) is used to transform from base 𝑅 to180

the Cartesian base 𝑆′:181

R𝜃 =


cos 𝜃 sin 𝜃

− sin 𝜃 cos 𝜃

 [𝑋𝑖 𝑗 , 𝑌𝑖 𝑗 ] = [𝑥𝑖 𝑗 , 𝑦𝑖 𝑗 ]R𝜃 (1)

The Cartesian coefficients of r𝑜𝑐 are denoted 𝑋𝑜𝑐 and 𝑌𝑜𝑐. Using the transformations in (1), the182

Cartesian coordinates of a point, 𝑋𝑜𝑝𝑖 and 𝑌𝑜𝑝𝑖 , can be found as:183

𝑋𝑜𝑝𝑖 = 𝑋𝑜𝑐 + 𝑋𝑐𝑝𝑖 = 𝑋𝑜𝑐 + 𝑥𝑐𝑝𝑖 cos 𝜃 − 𝑦𝑐𝑝𝑖 sin 𝜃184

𝑌𝑜𝑝𝑖 = 𝑌𝑜𝑐 + 𝑌𝑐𝑝𝑖 = 𝑌𝑜𝑐 + 𝑥𝑐𝑝𝑖 sin 𝜃 + 𝑦𝑐𝑝𝑖 cos 𝜃 (2)185

The Cartesian coefficients of the horizontal and vertical velocities and accelerations of any186

point, 𝑝𝑖, are then defined as:187

¤𝑋𝑜𝑝𝑖 =
¤𝑋𝑜𝑐 + ¤𝑋𝑐𝑝𝑖 =

¤𝑋𝑜𝑐 − (𝑥𝑐𝑝𝑖 sin 𝜃 + 𝑦𝑐𝑝𝑖 cos 𝜃) ¤𝜃188

¤𝑌𝑜𝑝𝑖 = ¤𝑌𝑜𝑐 + ¤𝑌𝑐𝑝𝑖 = ¤𝑌𝑜𝑐 + (𝑥𝑐𝑝𝑖 cos 𝜃 − 𝑦𝑐𝑝𝑖 sin 𝜃) ¤𝜃 (3)189

190

¥𝑋𝑜𝑝𝑖 =
¥𝑋𝑜𝑐 + ¥𝑋𝑐𝑝𝑖 =

¥𝑋𝑜𝑐 − (𝑥𝑐𝑝𝑖 sin 𝜃 + 𝑦𝑐𝑝𝑖 cos 𝜃) ¥𝜃 − (𝑥𝑐𝑝𝑖 cos 𝜃 − 𝑦𝑐𝑝𝑖 sin 𝜃) ¤𝜃2
191

¥𝑌𝑜𝑝𝑖 = ¥𝑌𝑜𝑐 + ¥𝑌𝑐𝑝𝑖 = ¥𝑌𝑜𝑐 + (𝑥𝑐𝑝𝑖 cos 𝜃 − 𝑦𝑐𝑝𝑖 sin 𝜃) ¥𝜃 − (𝑥𝑐𝑝𝑖 sin 𝜃 + 𝑦𝑐𝑝𝑖 cos 𝜃) ¤𝜃2 (4)192

where (¤) and (¥) represents the first and second derivative with respect to time, respectively.193
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The generalized coordinates that describe the motion of an unconstrained rigid body are thus194

𝑋𝑜𝑐, 𝑌𝑜𝑐, and 𝜃.195

COMPUTATIONAL GEOMETRY FOR AN IRREGULAR BODY196

When working with a uniform-density rectangular block, it is straightforward to find the location197

of 𝑐 and the inertia tensor [𝑰] about 𝑐 in base 𝑅. However, when the geometry becomes more198

complicated, a different method is required to find the location of 𝑐 and [𝑰] of the object. In this199

work, the starting point is an STL file of an object that would exhibit planar rocking. An example200

of such an object is shown in Figure 4. The STL file provides the geometry for the studied body.201

The location of 𝑐 and the value of [𝑰] must then be derived from the STL. An STL file consists202

of the 3-D coordinates and a triangulation of the external surface of the 3-D object. It provides a203

matrix of the 𝑥-, 𝑦-, and 𝑧-coordinates of each vertex on the surface of the object and a connectivity204

matrix identifying the indices of the three vertices that create each triangle around the exterior of205

the object (of Congress 2019).206

o

Y

X
Z

Fig. 4. A 3-D triangulation of a rigid body extruded in the 𝑍-direction.

The flowchart presented in Figure 5 demonstrates the steps required to manage the computational207

geometry of an irregular body for rocking studies. STL files are easily created in computer aided208

drafting (CAD) programs or from 3-D scans of existing objects and are initially an ASCII or binary209
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file. The STL file is imported into Matlab using the stlread function (Johnson 2011) by creating210

an 𝑛x3 matrix M𝑣 of the 𝑛 vertex coordinates and an 𝑚x3 triangulation matrix M 𝑓 defining the 𝑚211

faces of the object. As the stlread function duplicates many of the object’s vertices upon import,212

the Matlab patchslim function is used to slim the matrices so that each vertex is only listed once in213

M𝑣 and the minimum number of faces to completely define the geometry of the body are recorded214

in M 𝑓 (Esmonde-White 2011). The patchslim function reduces the triangulation to the minimum215

set of non-overlapping triangles so that every edge of every triangle is only shared by two triangles.216

Start
Import STL file to 

Matlab using 
stlread

Reduce 
redundancy of 

triangulation with 
patchslim

Input triangulation 
to 

RigidBodyParams

Calculate coordinates of 
centroid, moment of inertia, 
and volume of object with 

RigidBodyParams

Total mass 
calculated from 

volume and 
density

Flatten 3-D 
triangulation to 2-

D for planar 
rocking study

Find convex hull of 
2-D face

End

Fig. 5. A flowchart showing the steps required to manage the computational geometry of an
irregular, concave body.

To find the location of 𝑐, [𝑰], and the volume 𝑉 of the body, the triangulation from the STL file217

is supplied to the RigidBodyParams function (Semechko 2019) which uses the divergence theorem218

(Eberly 2009) to calculate the quantities. A similar procedure is described in Chatzis and Smyth219

(Chatzis and Smyth 2012a) for calculating penetration volumes and their centroids where the use220

of the divergence theorem and the related formulas is further explained. As the body is assumed to221

rotate with respect to the 𝑧-axis only, the scalar principal moment of inertia about the 𝑧-axis is used222

as the relevant moment of inertia 𝐼𝑐. If previously unknown, 𝑚 is found by multiplying 𝑉 by the223

density of the body assuming uniform density. The model can also handle objects of nonuniform224

density by breaking the object into portions of the same density, finding 𝑚, 𝑉 , and the location of225

𝑐 for each portion, and aggregating the results from each portion by weighting each section based226
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on its total mass to find the location of 𝑐 and [𝑰] for the whole body.227

Only cases of the body experiencing planar rocking are considered in this paper. After calcu-228

lating 𝑉 and 𝐼𝑐 of the body, the next step is to produce the in-plane geometry which occurs from229

projecting the original geometry of the body onto the rocking plane. For bodies with uniform230

geometry, the 2-D projection of the body is used as shown in Figure 4. The examples of this paper231

consider both extruded geometries and those that vary in the 𝑍 direction.232

The specific connectivity of the projected vertices is not critical, as the geometry of the rocking233

system is fully represented by the convex hull of those projected points. The convex hull of a set234

of points 𝑃 is the intersection of all convex sets containing 𝑃 (Weisstein 2019). The contact of the235

rigid body with a flat horizontal surface can only occur at points which belong to the convex hull236

of the body. The convex hull of the body in Figure 3 is shown in Figure 6. The most likely point237

to be in contact with the support surface after rocking begins is the point 𝑞𝑖 with the minimum238

𝑌 -coordinate. When 𝑌𝑜𝑞𝑖 = 0 the point 𝑞𝑖 is in contact with the support and is thus either a rocking239

vertex or support contact during the static pattern. Any point on the interior of the blue convex240

hull polygon cannot touch the support surface regardless of the body’s angle of rotation. Only241

the vertices of the convex hull may become rocking vertices. If any other point of the body was242

considered as a rocking vertex, then at least one of the vertices of the convex hull would penetrate243

the support medium, violating the constraints of this model. For the remainder of this paper, the244

terms vertex, point, or edge refer to a feature of the convex hull.245

The vertices of the body belonging to its convex hull will be denoted as 𝑞𝑖 and are ordered from246

1 to 𝑁𝑐 in a counterclockwise manner about the body. The edges of the convex hull 𝐸𝑖 are defined247

as the line segments connecting each convex hull vertex to its adjacent vertices. The body, when in248

a rocking pattern which will be introduced in Section 4, will only make an impact with the support249

surface when an edge 𝐸𝑖 is parallel to the support surface with a zero 𝑌 -coordinate along the entire250

edge. The angles 𝜃𝑞𝑖𝑞𝑖+1 between the 𝐸𝑖 and the 𝑋-axis are calculated for the initial orientation of251

the body. Figure 6 shows how these angles are defined for an irregular body. Every 𝐸𝑖 has a 𝜃𝑞𝑖𝑞𝑖+1252
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Fig. 6. An irregular body with its convex hull shown and its angles with the horizontal defined.

associated with it. The 𝜃𝑞𝑖𝑞𝑖+1 are calculated as:253

𝜃𝑞𝑖𝑞𝑖+1 = atan
(
𝑦𝑞𝑖𝑞𝑖+1

𝑥𝑞𝑖𝑞𝑖+1

)
(5)254

where atan is the four-quadrant inverse tangent based on the coefficients of adjacent convex hull255

vertices. Matlab’s atan2 command is used to find these angles on the closed interval [−𝜋, 𝜋]256

(The Mathworks ). To detect events involving impact, 𝜃𝑞𝑖𝑞𝑖+1 are then converted to angles on the257

interval [0, 2𝜋]. 𝜃𝑞𝑖𝑞𝑖+1 are compiled into a matrix 𝜽𝑚 representing the angles at which impact258

could occur for the body. To allow for the body to undergo more than a full rotation if desired, the259

angles matrix is expanded:260

𝜽𝑚, 𝑓 𝑖𝑛𝑎𝑙 = 𝜽𝑚 ± 2𝜋𝑛 (6)261

where 𝑛 is a set of any desired integers and 𝜽𝑚, 𝑓 𝑖𝑛𝑎𝑙 is the matrix used to detect impacts.262

EQUATIONS OF MOTION263

To determine the motion of an irregular body, the equations of motion must be formulated and264

solved. Five patterns of motion are defined to model the response of the system, each with its own265
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kinematic constraints. The patterns can be separated into groups with one, two, or no vertices in266

contact with the support medium (free flight).267

Rocking Patterns268

Figure 7 shows an irregular rigid body where only point 𝑞𝑖 is in contact with the support surface.269

In such a case, the body is defined to be in a rocking pattern. The support medium reactions 𝐹𝑥 and270

𝐹𝑦, horizontal and vertical respectively, act at point 𝑞𝑖 as shown, in addition to the external forces271

𝑓𝑥 and 𝑓𝑦 and the force of gravity 𝑚𝑔 acting at the centroid of the body. The forces 𝐹𝑥 , 𝐹𝑦, 𝑓𝑥 , and272

𝑓𝑦 are shown in the positive direction and this convention is applied to all figures in this paper. In273

the case of the support accelerations studied in this paper, 𝑓𝑥 and 𝑓𝑦 are D’Alembert forces defined274

as:275

𝑓𝑥 = −𝑚 ¥𝑥𝑔 𝑓𝑦 = −𝑚 ¥𝑦𝑔 (7)276

where ¥𝑥𝑔 and ¥𝑦𝑔 are the horizontal and vertical support accelerations respectively.277
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Fig. 7. The forces acting on a rocking rigid body.

Without further assumptions about the constraints that have generated the constraint forces 𝐹𝑥278
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and 𝐹𝑦, the equations of motion for this body are given in (8).279

𝑚 ¥𝑋𝑜𝑐 − 𝐹𝑥 = 𝑓𝑥 𝑚 ¥𝑌𝑜𝑐 − 𝐹𝑦 = 𝑓𝑦 − 𝑚𝑔 𝐼𝑐 ¥𝜃 + 𝑌𝑐𝑞𝑖𝐹𝑥 − 𝑋𝑐𝑞𝑖𝐹𝑦 = 0 (8)280

The above system of equations has five unknowns: ¥𝑋𝑜𝑐, ¥𝑌𝑜𝑐, ¥𝜃, 𝐹𝑥 , and 𝐹𝑦. Two additional281

equations are thus required to solve the equations of motion. The constraints necessary to solve282

equation (8) will be defined later in Section 4.283

Patterns with Multiple Vertices Contacting Support Medium284

The trajectory of the studied system also involves patterns where at least two vertices, 𝑞𝑖 and285

𝑞𝑖+1, are in contact with the support medium as shown in Figure 8.286
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Fig. 8. The vectors and forces relevant to a rigid body in the static pattern or pure sliding with an
edge of the convex hull contacting the support surface.

The body could be concave between 𝑞𝑖 and 𝑞𝑖+1, in which case those are the only points in contact287

with the support, or it could be a straight edge in which case all the points of the corresponding288

edge 𝐸𝑖 are in contact with the support as represented by the blue dashed line in Figure 8. In either289

case, the resultant vertical reaction force 𝐹𝑦 is applied at a point 𝑠 between the two vertices 𝑞𝑖 and290
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𝑞𝑖+1. The horizontal Cartesian coordinate of point 𝑠 is defined by 𝑋𝑐𝑠 as:291

𝑋𝑐𝑠 = 𝑋𝑐𝑞𝑖 + 𝑑𝑋𝑞𝑖𝑞𝑖+1 (9)292

where 𝑑 ∈ [0, 1] because the support is assumed to be incapable of providing tensile stresses.293

Due to the sixth variable, 𝑑, being added for such cases, the equations of motion for these294

patterns differ from (8). The modified equations of motion are:295

𝑚 ¥𝑋𝑜𝑐 − 𝐹𝑥 = 𝑓𝑥 𝑚 ¥𝑌𝑜𝑐 − 𝐹𝑦 = 𝑓𝑦 − 𝑚𝑔 𝐼𝑐 ¥𝜃 + 𝑌𝑐𝑠𝐹𝑥 − 𝑋𝑐𝑠𝐹𝑦 = 0 (10)296

The above system has six unknowns: ¥𝑋𝑜𝑐, ¥𝑌𝑜𝑐, ¥𝜃, 𝐹𝑥 , 𝐹𝑦, and 𝑑, requiring three constraint297

equations for the unknowns to be determined, which again, are dependent on the pattern of motion298

and are introduced in Section 4.299

Pattern without Contact Points300

Figure 9 shows a pattern with no contact between the body and the support medium. In such301

cases, 𝐹𝑥 and 𝐹𝑦 are set to zero and the body is only acted on by gravity, 𝑓𝑥 , and 𝑓𝑦.302

o

Y

X

c

y
x

θ
Y'

X'

fy

fx

θ

mg

[Xoc , Yoc]

Fig. 9. An irregular body without contact with the support medium and reactions set to zero.
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The Patterns of Motion and Their Constraints303

There are five possible patterns of motion, as shown in the following Figure 10: the static304

pattern, pure sliding, pure rocking, slide rocking, and free flight. A different set of independent305

degrees of freedom (DOFs) is selected for each pattern. This section provides the constraints for306

each pattern.307

qi

c

qi+1

c
X c

c
θ

cX
θ X

Y
θ

a. Static Pattern b. Pure Sliding c. Pure Rocking d. Slide Rocking e. Free Flight

qiqi+1 qi qi

Fig. 10. The five patterns of motion with their independent DOFs and constraints specified. (a) the
static pattern with pin and roller contacts; (b) pure sliding with two rollers; (c) pure rocking with
one pin; (d) slide rocking with one roller; (e) Free flight with no contact with the support.

As can be seen in Figure 10a, the static pattern occurs when a body has at least two of its convex308

hull vertices in contact with the support by a pin in one point (either of the two) and a roller in the309

other. The kinematic constraints of the static pattern are:310

¤𝑋𝑜𝑞𝑖 =
¥𝑋𝑜𝑞𝑖 = 0 ¤𝑌𝑜𝑞𝑖 = ¥𝑌𝑜𝑞𝑖 = 0 ¤𝑌𝑜𝑞𝑖+1 =

¥𝑌𝑜𝑞𝑖+1 = 0 (11)311

The velocity constraints in (11) can be integrated to find the additional displacement equations for312

the static pattern:313

𝑋𝑜𝑞𝑖 = 𝑋𝑜𝑞𝑖 (𝑡0) 𝑌𝑜𝑞𝑖 = 𝑌𝑜𝑞𝑖 (𝑡0) 𝑌𝑜𝑞𝑖+1 = 𝑌𝑜𝑞𝑖+1 (𝑡0) (12)314

where 𝑡0 is the first time instance the body is in the current static pattern. Likewise, 𝑡0 is defined315

as the first time instance the body is in the other patterns and is updated for each new instance of316

each pattern. These equations show that 𝑋𝑜𝑞𝑖 , 𝑌𝑜𝑞𝑖 , and 𝑌𝑜𝑞𝑖+1 remain constant throughout the static317
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pattern.318

In pure sliding as in Figure 10b, the body has at least two vertices in contact with the support319

and slides along the support. The constraints for pure sliding are:320

𝐹𝑥 + sgn( ¤𝑋𝑜𝑞𝑖 )𝜇𝐹𝑦 = 0 ¤𝑌𝑜𝑞𝑖 = ¥𝑌𝑜𝑞𝑖 = 0 ¤𝑌𝑜𝑞𝑖+1 =
¥𝑌𝑜𝑞𝑖+1 = 0 (13)321

where the first of the above equations is the Coulomb friction law where 𝜇 is the coefficient of322

friction between the body and the support surface and sgn() is the signum function. It should be323

noticed that ¤𝑋𝑜𝑞𝑖 =
¤𝑋𝑜𝑞𝑖+1 . The velocity constraints in (13) can be integrated to obtain the additional324

pure sliding displacement equations:325

𝑌𝑜𝑞𝑖 = 𝑌𝑜𝑞𝑖 (𝑡0) 𝑌𝑜𝑞𝑖+1 = 𝑌𝑜𝑞𝑖+1 (𝑡0) (14)326

Pure rocking occurs when only one vertex is in contact with the support and does not slide327

along the support surface. Two constraint equations are derived from the rocking vertex 𝑞𝑖 being328

restricted from translating in the horizontal and vertical directions (a pinned joint). The kinematic329

constraints are:330

¤𝑋𝑜𝑞𝑖 =
¥𝑋𝑜𝑞𝑖 = 0 ¤𝑌𝑜𝑞𝑖 = ¥𝑌𝑜𝑞𝑖 = 0 (15)331

The velocity constraints in (15) can be integrated to find the additional pure rocking displacement332

equations:333

𝑋𝑜𝑞𝑖 = 𝑋𝑜𝑞𝑖 (𝑡0) 𝑌𝑜𝑞𝑖 = 𝑌𝑜𝑞𝑖 (𝑡0) (16)334

During slide rocking, the body rotates about a rocking vertex 𝑞𝑖 while the same vertex is also335

permitted to slide along the support surface as shown in Figure 10d. The constraints for slide336
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rocking are:337

𝐹𝑥 + sgn( ¤𝑋𝑜𝑞𝑖 )𝜇𝐹𝑦 = 0 ¤𝑌𝑜𝑞𝑖 = ¥𝑌𝑜𝑞𝑖 = 0 (17)338

The velocity constraint equation in (17) can be integrated to determine the additional slide rocking339

displacement equation:340

𝑌𝑜𝑞𝑖 = 𝑌𝑜𝑞𝑖 (𝑡0) (18)341

While in free flight, the body has no contact with the support and the support reactions are set342

to zero:343

𝐹𝑥 = 0 𝐹𝑦 = 0 (19)344

The Degrees of Freedom and the Equations of Motion345

The unconstrained DOFs 𝚽 and the unconstrained six states, the displacements and velocities346

for each DOF of the system, 𝑸, are:347

𝚽 =

[
𝑋𝑜𝑐, 𝑌𝑜𝑐, 𝜃

]𝑇
𝑸 =

[
𝑋𝑜𝑐, ¤𝑋𝑜𝑐, 𝑌𝑜𝑐, ¤𝑌𝑜𝑐, 𝜃, ¤𝜃

]𝑇
(20)348

Due to the constraints mentioned in the previous section, only a subset of 𝚽 and 𝑸 are independent349

for each pattern. The independent DOFs and the independent states selected to fully describe each350

pattern are denoted by 𝚽𝑎 and 𝑸𝑎 respectively and are summarized in Table 1. The vectors 𝚽𝑏351

and 𝑸𝑏 represent the remaining dependent DOFs and states of 𝚽 and 𝑸 respectively. Some of the352

patterns have multiple possible selections for 𝚽𝑎 and those shown in Table 1 were selected for their353

simplicity. The reduction from 𝚽 to the 𝚽𝑎 and their derivatives is necessary to avoid numerical354

drift during integration and ensure the integration of the equations of motion is computationally355

efficient.356
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TABLE 1. Independent Degrees of Freedom and States for Each Pattern

Pattern Degrees of Freedom, 𝚽𝑎 States, 𝑸𝑎

Rest None None
Pure Sliding 𝑋 𝑋 , ¤𝑋
Pure Rocking 𝜃 𝜃, ¤𝜃
Slide Rocking 𝑋 , 𝜃 𝑋 , ¤𝑋 , 𝜃, ¤𝜃
Free Flight 𝑋 , 𝑌 , 𝜃 𝑋 , ¤𝑋 , 𝑌 , ¤𝑌 , 𝜃, ¤𝜃

The kinematic equations (2)-(4) are substituted into the constraint equations (11)-(19) as nec-357

essary for each pattern. A system of equations is then created for each pattern combining the358

equations of motion, (8) or (10) depending on the pattern, and the constraint equations with359

kinematics substituted. This system has the vector of unknowns:360

V =

[
¥𝚽,𝑸𝑏, 𝐹𝑥 , 𝐹𝑦, 𝑑

]𝑇
(21)361

where 𝑑 is only defined for the static pattern and pure sliding. Solving this system of equations362

results in equations for each of the dependent states 𝑸𝑏 and the reaction variables 𝐹𝑥 , 𝐹𝑦, and 𝑑.363

Thus, the constrained equations of motion for each of the five patterns are formulated sym-364

bolically for each of the independent DOFs using Matlab’s Symbolic Math Toolbox (MathWorks365

2019b). These results are summarized by the following equations:366

¥𝚽𝑎 = ℎ(𝑸𝑎, 𝑚, 𝑔, 𝜇, 𝐼𝑐, 𝑥𝑐𝑞𝑖 , 𝑦𝑐𝑞𝑖 , ¥𝑥𝑔, ¥𝑦𝑔)367

[𝐹𝑥 , 𝐹𝑦, 𝑑] = 𝑗 (𝑸𝑎, 𝑚, 𝑔, 𝜇, 𝐼𝑐, 𝑥𝑐𝑞𝑖 , 𝑦𝑐𝑞𝑖 , ¥𝑥𝑔, ¥𝑦𝑔)368

𝑸𝑏 = 𝑘 (𝑸𝑎, 𝑚, 𝑔, 𝜇, 𝐼𝑐, 𝑥𝑐𝑞𝑖 , 𝑦𝑐𝑞𝑖 , ¥𝑥𝑔, ¥𝑦𝑔) (22)369

where ℎ, 𝑗 , and 𝑘 are the general forms of the non-linear functions occurring after the above process370

is completed. The right side of these equations are converted to automatically-generated scripts371

using matlabFunctions (MathWorks 2019a) with the left side as the outputs. These functions are372

generated once and then used every time the code is run, i.e., they are generated in an offline manner.373

𝑘 in (22) is the general form of the function that calculates 𝑸𝑏 for any time instance and 𝑗 is374
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the general form of the function that is used to calculate 𝐹𝑥 , 𝐹𝑦, (and 𝑑 where necessary), for any375

time instance during integration. The equations of motion for each pattern from (22) are brought376

into state-space form using the independent DOFs and states for each pattern:377

¤𝑸𝑎 =


¤𝚽𝑎

¥𝚽𝑎

 (23)378

This reduces the differential equation ℎ of (22) from second-order to first-order. 𝑸𝑎 is then found379

through integration and 𝑸𝑏 is found post-integration with 𝑘 . The details of numerical integration380

are discussed in Section 6.381

𝐹𝑥 , 𝐹𝑦, and 𝑑 are used to determine transitions between patterns, which are discussed in Section382

5. Each pattern thus has different symbolic expressions for the equations in (22) as 𝑸𝑎 is different383

for each pattern, but the same method is used for all patterns to determine 𝑸𝑎 and then calculate 𝑸𝑏384

post-integration using matlabFunctions. This automated method using Matlab’s symbolic toolbox385

reduces the likelihood of errors in the resulting formulation and allows for a single approach which386

is easily expanded to any number of objects with any geometry.387

To illustrate the above process for the static pattern: the kinematic equations (2)-(4) are substi-388

tuted into the constraint equations (11) and (12). These are then combined with the equations of389

motion (10) to create a system of twelve equations with twelve unknowns: ¥𝚽, 𝑋𝑜𝑐, 𝑌𝑜𝑐, 𝜃, ¤𝑋𝑜𝑐, ¤𝑌𝑜𝑐,390

¤𝜃, 𝐹𝑥 , 𝐹𝑦, and 𝑑. The solution of this system gives ¤𝚽 = ¥𝚽 = 0 and 𝚽 = 𝚽(𝑡0). The same procedure391

is completed for the other four patterns which results in unique formulations of the equations of392

motion for each pattern.393

TRANSITIONS BETWEEN PATTERNS394

Transitions between the above-described patterns occur during the trajectory of the system.395

They are separated in the following discussion between transitions with impact and without impact.396
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Transitions Without Impact397

Transitions between patterns can occur without impact in several ways which can be summarized398

by the following transitions: i) contact vertices transitioning between stick, i.e. the horizontal399

velocity of support contacts equal to zero, and slide, ii) a pattern with at least two vertices in contact400

with the support moving to a single-contact pattern and iii) the body lifting off the support into free401

flight.402

Transitions from stick to slide occurs when the horizontal support reaction tends toward ex-403

ceeding Coulomb’s friction law:404

|𝐹𝑥 (𝑡∗) | = 𝜇𝐹𝑦 (𝑡∗) (24)405

where 𝑡∗ is the exact time the transition occurs. The opposite transition, from a sliding pattern to a406

non-sliding pattern, occurs at time 𝑡∗ when:407

¤𝑋𝑜𝑞𝑖 = 0 (25)408

where 𝑞𝑖 is a vertex in contact with the support medium. However, for the body to transition to409

stick, Coulomb’s criterion must further be satisfied at 𝑡∗:410

|𝐹𝑥 (𝑡∗) | ≤ 𝜇𝐹𝑦 (𝑡∗) (26)411

If the support contact(s) have zero horizontal velocity, 𝐹𝑥 (𝑡∗) is calculated by the equations of412

the corresponding stick pattern after transition, i.e. either the static pattern or pure rocking. If (26)413

is not met at 𝑡∗, then the sliding pattern is continued with sgn( ¤𝑋𝑜𝑞𝑖 ) set to a value dependent on 𝐹𝑥 .414

This is discussed later along with the transition from stick to slide. This situation is not common,415

however, and does not occur in any of the examples provided.416

The second category of transitions without impact, from multiple contact points to a single417

contact point, occurs if 𝑠, the point of application of the vertical support reaction 𝐹𝑦, coincides with418
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either outer vertex defining the edge 𝐸𝑖 in contact with the support. This transition occurs at the419

first time instance that either of the following are true:420

𝑑 = 0 or 𝑑 = 1 (27)421

Finally, for transitions to free flight, the positive 𝐹𝑦 becomes zero:422

𝐹𝑦 = 0 (28)423

Based on the previous descriptions, the following transition between patterns can occur without424

impacts: the static pattern can transition to pure sliding, pure rocking, and free flight. Pure sliding425

can transition to the static pattern, slide rocking, and free flight. Pure rocking can transition to slide426

rocking and free flight. And finally, slide rocking can transition to pure rocking and free flight.427

When a stick pattern transitions to a sliding pattern without impact at time 𝑡∗ or (26) is not met428

during a sliding pattern, ¤𝑋𝑜𝑞𝑖 (𝑡∗) = 0. This causes a problem in using the equations of motion at the429

first time instance of the sliding pattern. To avoid the ill-definition of sgn( ¤𝑋𝑜𝑞𝑖 (𝑡∗)), the following430

procedure explained for the transition from pure rocking to slide rocking is followed: Let 𝐹𝑥𝑃𝑅 be431

the horizontal reaction predicted by the pure rocking pattern at the time instance of transitioning to432

slide rocking similar to 𝐹𝑥 shown in Figure 7. Note that at the exact time instance of the transition433

both the pre-transition pattern and slide rocking are applicable. A new variable 𝑠 𝑓 is defined as434

𝑠 𝑓 = −sgn(𝐹𝑥𝑃𝑅) (29)435

The sgn( ¤𝑋𝑜𝑞𝑖 ) in the relevant equations for pure sliding (11) or, in this case, for slide rocking (17)436

must be replaced by 𝑠 𝑓 at time 𝑡∗. It is assumed that the motion of the body will cause 𝑞𝑖 to move in437

the opposite direction of the insufficient horizontal friction force last acting on the rocking vertex438

during pure rocking. The equivalent procedure is followed for the transition from the static pattern439

to pure sliding.440
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Transitions with Impact441

When a body rocks on one vertex or moves through the air during free flight, another of its442

vertices 𝑞𝑖 will likely make contact with the support medium with ¤𝑌𝑜𝑞𝑖 < 0. As the support medium443

will not allow the point to penetrate its surface, an impact occurs. Capturing the effects of such an444

impact on the trajectory of a rocking body is an important part of the rocking model. Because the445

support medium and the body are both considered to be rigid, this impact will be a hard impact,446

i.e., it will be infinitesimal in duration. At the instance of impact, at least two vertices of the body447

will be in contact with the support surface when the pre-impact pattern is rocking. For a pre-impact448

pattern of free flight, only one vertex will be in contact with the support at impact as long as 𝜃 is449

not equal to any of the elements of 𝜽𝑚, 𝑓 𝑖𝑛𝑎𝑙 as defined in (6).450

For a pre-impact rocking pattern, an impact occurs when 𝜃 is equal to any of the elements of451

𝜽𝑚, 𝑓 𝑖𝑛𝑎𝑙 from equation (6) which will hereon be referred to as impact angles. Figure 6 shows how452

the impact angles are defined for an irregular body. Thus, an impact occurs during rocking when 𝜃453

is equal to any of the impact angles. Each angle has two possible events associated with it, one for454

each direction of ¤𝜃. When an impact angle is reached during integration, the post-impact rocking455

vertex 𝑖 and its location are automatically determined depending on ¤𝜃. For free flight, the impact456

event occurs when 𝑌𝑜𝑞𝑖 = 0, i.e., at the negative zero-crossing for 𝑌𝑜𝑞𝑖 , for any vertex 𝑞𝑖 of the457

body’s convex hull.458

Without any loss of generality, the upper diagrams of Figure 11 shows an impact occurring from459

a pre-impact rocking pattern where the body is shown immediately before, during, and immediately460

after the impact (from left to right). Initially, the body rocks about 𝑝, then impacts at 𝑖 and begins461

rocking about 𝑖. The pre-impact velocities are denoted by the superscript − and the post-impact462

velocities by the superscript +. During the impact, a horizontal impulse 𝐽𝑥 and a vertical impulse463

𝐽𝑦 are applied by the support medium to the body at a point 𝑢 between the pre- and post-impact464

rocking vertices 𝑝 and 𝑖 respectively. For the case of pre-impact free flight shown in the lower465

diagram of Figure 11, the object begins in free flight then impacts the support at 𝑖 which must be466

the same as 𝑢 due to it being the only point in contact with the support.467
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Fig. 11. Upper diagram: From left to right shows an irregular body rocking on 𝑝, impacting the
support surface, and continuing to rock on 𝑖. The open circles indicate the rocking vertices. Lower
diagram: From left to right shows an irregular body in free flight, impacting the support surface at
𝑖, and returning to free flight. Positive velocity conventions are shown.

The vector r𝑐𝑢 defines the location of 𝑢:468

r𝑐𝑢 = r𝑐𝑖 + 𝜆r𝑖𝑝 (30)469

where 𝜆 is a scalar. Due to the inability of the support medium to provide tensile stresses 𝐽𝑦 must470

be applied between 𝑖 and 𝑝, i.e., 𝜆 ∈ [0, 1], with 𝜆 = 0 and 𝜆 = 1 corresponding to 𝐽𝑦 being applied471

to 𝑖 and 𝑝 respectively. For rectangular blocks and pure rocking, 𝜆 ≤ 0.5 is necessary to avoid gain472
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of energy during the impact as discussed in (Chatzis et al. 2017). For irregular bodies, there is no473

known explicit limit to 𝜆 as the slenderness and different options for pre- and post-impact patterns474

vary. However, this value can be calculated numerically from the condition that the overall energy475

of the system is not increased after impact. In the examples provided, the value of 𝜆 was monitored476

so that is does not result in an increase of energy.477

For impacts where free flight is the pre-impact pattern, 𝜆 does not need to be defined as 𝑖 and478

𝑢 must be coincidental. It is theoretically possible for an impact from free flight to happen with479

two or more vertices simultaneously impacting the support, but this is highly unlikely and does not480

appear in any examples presented in this paper so is thus ignored. Thus, for an impact from free481

flight:482

r𝑐𝑢 = r𝑐𝑖 (31)483

For any impact, four sets of impact conditions are possible. Each of the options places a484

restriction on the impacting vertex 𝑖 immediately post-imapct. The four impact conditions are:485

“pure rocking” where 𝑖 is restricted from moving in 𝑋 and 𝑌 , “slide rocking” where 𝑖 may slide but486

not uplift from the support, “free flight without sliding” where 𝑖 may uplift from the support but487

must have ¤𝑋+
𝑜𝑖

= 0, and “free flight without restriction” where 𝑖 may uplift from the support and488

move horizontally. This model assumes, as (Shenton III and Jones 1991) does, that the support489

will cause 𝑋+
𝑜𝑖

and 𝑌+
𝑜𝑖

to be zero if possible. The model thus has the following order of preference490

for the impact conditions: pure rocking, slide rocking, free flight without sliding, and free flight491

without restriction. These assumptions are necessary because more than one post-impact pattern492

may be applicable, with free flight typically being a valid pattern.493

The equations of momentum for any body at impact are:494

𝑚 ¤𝑋+
𝑜𝑐 = 𝑚 ¤𝑋−

𝑜𝑐 + 𝐽𝑥 𝑚 ¤𝑌+
𝑜𝑐 = 𝑚 ¤𝑌−

𝑜𝑐 + 𝐽𝑦 𝐼𝑐 ¤𝜃+ = 𝐼𝑐 ¤𝜃− − 𝑌𝑐𝑢𝐽𝑥 + 𝑋𝑐𝑢𝐽𝑦 (32)495

Therefore, there are six unknowns in three equations: ¤𝑋+
𝑜𝑐, ¤𝑌+

𝑜𝑐, ¤𝜃+, 𝐽𝑥 , 𝐽𝑦, and 𝜆. 𝜆 arises from496

26 Burton, June 19, 2023



𝑋𝑐𝑢 = 𝑋𝑐𝑖 + 𝜆𝑋𝑖𝑝 and must be assumed to reduce the number of unknowns to five. The unknowns497

in (32) are solved for by using two constraint equations for each post-impact pattern. The constraint498

equations for impact change depending on the post-impact pattern similar to the constraints for the499

equations of motion. In all cases, the two post-impact constraints, which are given in (33)-(36)500

below, and the equations of momentum (32) are combined to create a system with five equations and501

five unknowns. The system of equations is created and solved in the order of preference described502

above. The post-impact velocities and impulses obtained for each pattern must then be checked503

to ensure the solution to the impact is valid as discussed in the following Section 5. If one of the504

post-impact patterns is valid, the rest of the patterns are not checked and the velocities immediately505

after impact are defined as the initial conditions for the integration of the post-impact pattern.506

For post-impact pure rocking, the constraint equations are:507

¤𝑋+
𝑜𝑖 = 0 ⇒ ¤𝑋+

𝑜𝑐 = 𝑌𝑐𝑖 ¤𝜃+ ¤𝑌+
𝑜𝑖 = 0 ⇒ ¤𝑌+

𝑜𝑐 = −𝑋𝑐𝑖
¤𝜃+ (33)508

The constraint equations for post-impact slide rocking are:509

𝐽𝑥 = −sgn( ¤𝑋+
𝑜𝑖)𝜇𝐽𝑦 ¤𝑌+

𝑜𝑖 = 0 ⇒ ¤𝑌+
𝑜𝑐 = −𝑋𝑜𝑖

¤𝜃+ (34)510

The constraint equations for post-impact free flight without sliding are:511

¤𝑋+
𝑜𝑖 = 0 ⇒ ¤𝑋+

𝑜𝑐 = 𝑌𝑜𝑖 ¤𝜃+ ¤𝑌+
𝑜𝑖 = −𝜖 ¤𝑌−

𝑜𝑖 (35)512

where 𝜖 is a coefficient of restitution defining the ratio of ¤𝑌+
𝑜𝑖

to ¤𝑌−
𝑜𝑖

. Finally, the constraint equations513

for free flight without restriction are:514

𝐽𝑥 = −sgn( ¤𝑋+
𝑜𝑖)𝜇𝐽𝑦 ¤𝑌+

𝑜𝑖 = −𝜖 ¤𝑌−
𝑜𝑖 (36)515

The acceptable values for 𝜖 in the above equations theoretically lie on the interval [0, 1] though516
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the upper bound of 1 may be reduced by the requirement that there be no increase in the body’s517

energy at impact. The energy before and after impact must be checked numerically after each518

impact. The negative sign in front of 𝜖 ensures that ¤𝑌+
𝑜𝑖

is in the opposite direction of ¤𝑌−
𝑜𝑖

.519

Validity Conditions for Post-Impact Patterns520

The set of conditions required for a valid impact vary for each potential post-impact pattern.521

For all post-impact patterns the following condition must be true as the support is tensionless and522

𝐽𝑦 as shown in Figure 11 must therefore be positive:523

𝐽𝑦 ≥ 0 (37)524

Other conditions are only necessary for certain post-impact patterns. For post-impact rocking525

from a pre-impact rocking pattern to be valid, ¤𝜃+ must have the same sign as ¤𝜃− or be equal to zero:526

sgn( ¤𝜃+) = sgn( ¤𝜃−) or ¤𝜃+ = 0 (38)527

If sgn( ¤𝜃+) ≠ sgn( ¤𝜃−) for a pre-impact rocking pattern going to a post-impact rocking pattern, a528

second impact would follow immediately after the first impact without time passing between the529

two impacts. A very specific value of 𝜆 depending on the body geometry would be required to530

cause ¤𝜃+ = 0. Its discussion is provided here for mathematical completeness. This is not possible531

as was also observed in (Shenton III and Jones 1991). However, if the pre-impact pattern is free532

flight, condition (38) is not necessary. The sign of ¤𝜃 can change after impact from free flight.533

Instead of this condition, for pre-impact rocking to post-impact free flight the following condition534

is necessary:535

¤𝑌+
𝑜𝑝 ≥ 0 (39)536

as a negative vertical velocity would cause an impact immediately after the initial impact which is537

not permitted.538
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Finally, if the post-impact pattern does not permit sliding, i.e., in the case of post-impact pure539

rocking and free flight with ¤𝑋+
𝑜𝑖
= 0, Coulomb’s inequality applied to the impulses must be valid540

during the impact:541

|𝐽𝑥 | ≤ 𝜇𝐽𝑦 (40)542

Otherwise, sliding will occur during impact and as a result ¤𝑋𝑜𝑖 ≠ 0. The effect of violating equation543

(40) is that a pure rocking post-impact pattern is replaced by slide rocking, and a free flight pattern544

with ¤𝑋𝑜𝑖 = 0 is replaced by free flight with ¤𝑋𝑜𝑖 ≠ 0.545

Table 2 displays the options for post-impact patterns and the conditions which must be met for546

each pattern to be valid.547

TABLE 2. Conditions for Each Post-Impact Pattern

Condition Pure Rocking Slide Rocking Free Flight without Sliding Free Flight
𝐽𝑦 ≥ 0 X X X X
sgn( ¤𝜃+) =

sgn( ¤𝜃−) or ¤𝜃+ = 0 (for
pre-impact rocking
only)

X X

¤𝑌+
𝑜𝑝 ≥ 0 (for pre-

impact rocking only)
X X

|𝐽𝑥 | ≤ 𝜇𝐽𝑦 X X

Each of the post-impact patterns are checked in the order presented above. If any of the validity548

conditions for the pattern are not met, the post-impact pattern is deemed invalid and the next pattern549

is checked. If at any point, one of the post-impact patterns fulfill all its validity conditions, that550

pattern is selected as the post-impact pattern and the other less-restrictive options are not checked.551

Note the introduction of sgn( ¤𝑋+
𝑜𝑖
) in the friction constraint of equations (34) and (36). The value552

of sgn( ¤𝑋+
𝑜𝑖
) is unknown prior to solving the momentum equations and therefore requires a guess,553

sgn( ¤𝑋+
𝑜𝑖
)
𝑔𝑢𝑒𝑠𝑠

, and a check with the resulting value after solving, sgn( ¤𝑋+
𝑜𝑖
)
𝑎𝑐𝑡𝑢𝑎𝑙

. The condition:554

sgn( ¤𝑋+
𝑜𝑖)𝑔𝑢𝑒𝑠𝑠 = sgn( ¤𝑋+

𝑜𝑖)𝑎𝑐𝑡𝑢𝑎𝑙 (41)555

29 Burton, June 19, 2023



is checked for post-impact slide rocking or free flight with sliding during impact. If equation (41)556

is not satisfied after the first attempt, sgn( ¤𝑋+
𝑜𝑖
)
𝑔𝑢𝑒𝑠𝑠

is changed to sgn( ¤𝑋+
𝑜𝑖
)
𝑎𝑐𝑡𝑢𝑎𝑙

and tested again. If557

equation (41) is still invalid, it does not necessarily constitute an error but it is unknown what value558

sgn( ¤𝑋+
𝑜𝑖
) should be set for this model. This is a situation beyond the limits of the assumed impulse559

version of the Coulomb friction model but does not occur commonly in practice. In the examples560

presented later, this scenario does not occur. If the post-impact slide rocking fails to meet equation561

(41) twice, the model could be stopped or the free flight checks could be carried out.562

Transitions occurring at impacts are explained through the flowchart in Figure 12. This flowchart563

summarizes the programmatic flow of the model to solve impacts, displaying the order of preference564

for post-impact patterns. The flowchart also details the conditions needed to validate each post-565

impact pattern which are dependent on the pre-impact pattern.566
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Fig. 12. A flowchart displaying how impacts are handled where PR = Pure Rocking, SR = Slide
Rocking, and FF = Free Flight.

If the algorithm reaches free flight, the last post-impact pattern checked, and the results are567

30 Burton, June 19, 2023



still invalid, then the model is not capable of solving that particular impact with the given values568

of 𝜖 and 𝜆. Changing the location of the impulse defined by 𝜆 changes the post-impact velocities569

and thus the post-impact pattern can also be affected. Additionally, 𝜖 can affect the validity of570

post-impact free flight.571

There is a small subset of impacts, depending on the geometry and velocities of the body, where572

the pre-impact rocking vertex 𝑝 in a pre-impact rocking pattern violates condition (39) upon solving573

the equations of momentum. This may occur more frequently for bodies where, at the instance574

of impact, |𝑋𝑖𝑝 | is greater than |𝑌𝑖𝑐 |. In this case, there is a problem with either the location of 𝑗575

dictated by 𝜆, the coefficient of restitution 𝜖 , or the combination of the two as they are arbitrarily576

defined. Alternate values for 𝜆 and/or 𝜖 can be selected so that ¤𝑌+
𝑜𝑝 > 0. Nevertheless, impacts that577

require a change in 𝜖 and/or 𝜆 are very rare for reasonable initial selections of 𝜖 and 𝜆 and they do578

not occur in the examples provided.579

Energy-Based Transitions580

Energy is lost during each impact, through the corresponding momentum equations. However,581

the energy of the body never becomes zero even after an infinite number of impacts. Numerically,582

there will be situations where some of the states of interest have practically become very small583

numbers. A common occurrence is for the magnitude of ¤𝜃 to become very small which leads to584

the instance of the body experiencing multiple consecutive impacts over a very small time period.585

Eventually this will lead to ¤𝜃 attaining a value that is comparable to the machine tolerance. If such586

values are used in the momentum equations, precision errors will be induced potentially leading587

to an artificial increase of energy in the system and a numerical instability. Instead, it is clear that588

¤𝜃 would become zero shortly after this situation is met. To avoid this issue, a reasonably chosen589

minimum value for | ¤𝜃+ | is selected and if | ¤𝜃+ | falls below the minimum value, the two rocking590

vertices which were impacting the support are both placed on the support with zero velocity in the591

static pattern. The same can be true for a slide rocking body, only when | ¤𝜃+ | is negligible, the body592

is instead forced to pure sliding on the two engaged rocking vertices.593

The transition from repeated free flight impacts to a rocking pattern faces the same difficulty as594
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the transition from rocking to a multi-contact pattern. In some cases the same point 𝑖 will repeatedly595

impact the support and ¤𝑌+
𝑜𝑖

will become smaller and smaller until it reaches the machine tolerance.596

To avoid this, a reasonably chosen minimum value for ¤𝑌+
𝑜𝑖

is selected and if ¤𝑌+
𝑜𝑖

is less than this value597

the impacting point is transitioned from free flight and placed on the support in a rocking pattern.598

The new rocking pattern may be either pure or slide rocking, depending on ¤𝑋+
𝑜𝑖

when the transition599

occurs. If ¤𝑋+
𝑜𝑖
≠ 0 the object will enter slide rocking; otherwise it will enter pure rocking.600

Summary of Transitions601

A summary of the permitted non-impact and energy-based transitions between patterns is shown602

in Figure 13. The criteria that must be met for one pattern to transition to another is provided along603

each path between patterns.604

Static Pattern

Pure Rocking Slide Rocking

Free Flight

Pure Sliding

Energy-
based

Energy-
based

|Fx| = μFy

Xoqi
 = 0

.

|Fx| = μFy

Xoqi
 = 0

.

Energy-
based

Energy-
based

Fy = 0 Fy = 0

Fy = 0Fy = 0

d = 0 
or 

d = 1 

d = 0 
or 

d = 1 

Fig. 13. Diagram showing the non-impact and energy-based transitions between the five patterns
of motion.

NUMERICAL INTEGRATION OF THE EQUATIONS OF MOTION605

The equation (23) is numerically integrated over time using Matlab’s ode45 function. Ode45606

uses an explicit Runge-Kutta (4, 5) Dormand-Prince pair (RKDP) to solve the system of first-order607

ordinary differential equations given the differential equation or system of equations, the time span608

including the start and end times, and the initial conditions of the differential equations (Shampine609
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and Gordon 1975). An advantage of using a variable time stepping RKDP is the ability to detect610

events.611

Transitions between patterns and impacts are detected using Matlab’s ODE event location612

option. An event function runs simultaneously with ode45 and stops integration when an event613

occurs. Determining when an event occurs programmatically is strictly necessary to enable accurate614

solution. During integration, the event function triggers ode45 to stop integration of a given pattern615

when the criteria for transition to another pattern or impact are met. If the event is an impact, the616

equations of momentum are then solved to determine the post-impact velocities. If the event is a617

non-impact transition derived from equations (24), (25), (27), or (28), the equations of momentum618

are not evaluated and the required states are sent to the next pattern’s integration.619

A numerical model is introduced using the methods described above. In addition, a subset of620

the full model is designed that prohibits sliding or free flight. The model follows the structure621

found in Figure 14.622

EXAMPLES OF THE ROCKING BEHAVIOR OF BODIES WITH IRREGULAR GEOMETRY623

In this section a series of examples demonstrate the use of the model. As stated in the624

the previous sections, the model is applicable to a wide range of bodies which are expected to625

experience planar rocking and have irregular in-plane geometries. Due to length limitations, the626

examples only consider some of such cases while emphasizing the effects of sliding, free flight,627

and the assumptions regarding impact.628

Shelving Unit Subjected to Sinusoidal Pulses629

Figure 15 shows an example of the in-plane geometry of a shelving unit that would be found in630

a warehouse or in a residential or office setting on a smaller scale.631

The shelving unit is an object whose geometry arises from an extrusion in the 𝑍-direction with632

an out-of-plane length of 3 meters. A steel unit of this size would present a life safety and property633

damage risk even without additional content on its shelves if exposed to support accelerations and634

rocking motion. Four different base configurations are provided to test which configurations offer635

better stability from support accelerations. The flat base of Figure 15a is the typical flat base used636
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Fig. 14. Flowchart showing the overall structure of the code.

in many rocking studies with two potential rocking vertices. The flat base will be tested with both637

𝜆 = 0 and 𝜆 = 0.3 to show the importance of considering this parameter as previously demonstrated638

in (Chatzis et al. 2018). The other base configurations shown in Figure 15b-d cannot be studied639

by previous models as they have more than two rocking vertices. The other base configurations640

use the assumption of 𝜆 = 0 for simplicity, unless noted otherwise. Figure 15b shows a base with641

quarter circle feet. As shown in the figure, the lowest part of the arcs are below the flat portion of642

the base to ensure they are the only part of the base to come into contact with the support. Figure643

15c has 5 cm extensions on either side of the base at 45 degree angles to the horizontal that will644

become the rocking vertex if the shelving rotates by about 10 degrees in either direction. Finally,645

Figure 15d shows the common situation of two slightly uneven rectangular feet on either side of646

the unit. The foot on the left has a height of 1 cm while that on the right has a height of 2 cm. This647

results in a slightly askew unit which would make impacts with four vertices on the feet and two648
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Fig. 15. A shelving unit with several base configurations. a) Flat base. b) Quarter circle feet. c)
Extensions on either side. d) Uneven feet perpendicular to the flat base.

additional vertices at the extremities of the base. The STL files for each of these units are provided649

in STL Files S1 to S4 of the supplementary material.650

The horizontal support accelerations applied to the shelving unit, ¥𝑥𝑔, has the form of a sinusoidal651

pulse of exactly one cycle:652

¥𝑥𝑔 =


𝐴 sin(2𝜋 𝑓 𝑡), if 0 ≤ 𝑡 ≤ 1

𝑓

0, if 𝑡 > 1
𝑓

(42)653

where 𝐴 is the amplitude of the pulse in terms of 𝑔, and 𝑓 is the linear frequency of the pulse in654

Hz. The vertical support acceleration, ¥𝑦𝑔, is zero throughout the simulations.655

For any excitation applied, the occurring time histories of the six states of the system are656

found. The angles at which the body fails by toppling, were selected to be -1.5 rad and 1.5 rad,657
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indicating toppling failure. The positive and negative failure limits are referred to as clockwise and658

counterclockwise failure respectively in the following discussion. If 𝜃 never exceeds the failure659

angles during the pulse and for a reasonable amount of time after the pulse has ended, the body is660

deemed to have survived the pulse.661

To test the broad likelihood of survival or failure for the shelving units and the different base662

configurations, a range of sinusoidal pulses were applied to each of the models, varying 𝐴 from663

0.01𝑔 to 3𝑔 and 𝑓 from 0.1 to 5 Hz. The result of each pulse is recorded as either survival or failure.664

The boundaries between survival and failure can then be compiled for each of the configurations665

into stability diagram such as those shown in Figure 16. The subfigures in Figure 16 correspond666

to the first local maximum magnitude of the support acceleration having different signs, i.e., a667

different direction of the pulse. One can track which area corresponds to survival or failure starting668

from the observation that, as expected, for any value of 𝑓 , very small values of 𝐴 result in the body669

not overturning.670
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Fig. 16. Stability diagrams with boundaries between survival and failure marked. a) Initial positive
(left) support acceleration. b) Initial negative (right) support acceleration.

The boundaries between survival and failure in a stability diagram are sensitive to the exact671

type of waveform used as shown in (Plaut et al. 1996). The results obtained from the stability672

diagrams cannot be generalized to other types of waveforms, and hence, only allow for qualitatively673

36 Burton, June 19, 2023



discussing the importance of various effects on the response. For these simulations, 𝜇 = 0.55674

and 𝜖 = 0.1, but any value could have been considered for these parameters. Additionally, the675

horizontal axis of Figure 16 gives the frequency in Hz of the sinusoidal pulse and the vertical axis676

gives the amplitude in 𝑔.677

Several important conclusions can be drawn from observing the results shown in Figure 16.678

First, by comparing the stability diagram in Figure 16a and 16b for each type of base, the direction679

of the pulse matters due to the geometry of the object and its consequent location of 𝑐 and moment680

of inertia. An initial negative support acceleration results in many more ( 𝑓 , 𝐴) pairs ending in681

failure compared to the opposite pulse direction. Another, important observation is that the different682

base configurations have a noticeably different stability diagram. Overall, the bases with uneven683

feet and quarter circle feet result in larger areas of failure in the stability diagram while the base684

with raised extensions fails for the least number of pulses. The difference in the minimum failure685

amplitude between different bases becomes more pronounced as the frequency increases.686

The difference between the flat base with 𝜆 = 0 and 𝜆 = 0.3 is clear for both directions of687

the pulse, but particularly noticeable in the failure loops of Figure 16a where the loop for 𝜆 = 0.3688

contains many more ( 𝑓 , 𝐴) pairs of failure than the loop for 𝜆 = 0. This is due to less energy being689

taken out of the base with 𝜆 = 0.3 during impacts and thus a greater amount of overturning when690

the pulse is reversed and the base impacts the support. There is no guarantee that 𝜆 would be zero691

for a flat base. Therefore, it is important to notice that using the usual assumption of 𝜆 = 0 for this692

base would result in non-conservative estimates for the stability of the body.693

Finally, for either direction of pulse, the base with raised extensions (Figure 15c) proves to694

be the most stable overall. This is due not only to effectively widening the base through these695

extensions but also because an additional impact is caused that assists in reducing the energy of the696

body. The common case of a shelving unit with uneven feet proves to be least stable. While Figure697

16 indicates that this case, which may arise from lack of fit or wear and tear on the feet, should698

be avoided. Hence, Figure 16 demonstrates that this case should be considered when studying the699

stability of such a system and that if a similar situation occurs the feet be replaced with a solution700
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that minimizes the potential problems caused by uneven feet.701

Precariously Balanced Rock Subjected to Sinusoidal Pulses702

Figure 17 shows an even more irregular body than the shelving unit: a scaled-down planar703

approximation of a PBR known colloquially as Balanced Rock located in Colorado (Jackson 1908).704

This rock was selected to show the model’s potential to handle any irregular geometry and number705

of rocking vertices. It is reminded, however, that the study of the seismic risk of the original706

precariously balanced rock would require the study of its 3-D response to triaxial excitations707

which are more critical as shown in (Chatzis and Smyth 2012b), and hence the conclusions of this708

investigation should not be generalized to the risk of the original object. The real rock is nearly709

11 meters tall, and has been scaled down so that experiments can be carried out in the future. The710

experimental body will be created by 3-D printing. An STL model of the body was produced711

by extrusion in the 𝑍-direction. The STL for this body is provided in STL File S5 of the online712

supplementary material. The inclined support of the real PBR has been simplified to be horizontal713

to focus on the effect of the support accelerations on the system and simulate the case that will be714

used in the lab in the future. Throughout this example it is assumed that 𝜆 = 0.715

12 cm

11 cm

o

Y

X
θ

Fig. 17. A diagram showing the shape, dimensions, and coordinate system for the PBR studied.

In a similar manner as that for the shelving units, sinusoidal pulses are applied to the PBR to716
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examine the frequencies and amplitudes for which it survives and fails. For the PBR the angles717

-1.27 rad and 1.64 rad are selected to represent toppling in either direction.718

Sinusoidal pulses varying 𝐴 from 0.01𝑔 to 3𝑔 and 𝑓 from 0.1 to 18 Hz were applied to the PBR.719

The survival and failure for each combination of the amplitude and frequency is converted into720

colored stability diagrams shown in Figure 18. For these simulations, 𝜇 = 0.75 and 𝜖 = 0.1. The721

red points correspond to pairs of ( 𝑓 , 𝐴) that result in overturning in the direction that the D’Alembert722

force acts for the first half of the pulse, 𝑓𝑥0, orange corresponds to failure in the opposite direction723

of the D’Alembert force, − 𝑓𝑥0, and white indicates survival for the pulse. The red, orange, and724

white regions will be referred to as failure A, failure B, and survival regions, respectively, through725

the rest of the paper.726

M

(a) (b)

Fig. 18. Stability diagrams for the PBR. (a) the results for an initial negative support acceleration;
(b) the results for an initial positive support acceleration.

Figure 18a gives the results for an initial negative (right) support acceleration applied when727

the PBR is in the orientation shown in Figure 17 with the bottom edge flat on the support surface.728

The failure A region at low frequencies and high amplitudes shows failure by counterclockwise729

overturning. The failure B region that exists for all frequencies and only larger amplitudes as730

the frequency is increased, indicates clockwise toppling of the body. Finally, the survival region731

beneath a certain low amplitude indicates that the PBR does not overturn when the amplitude is732
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below a minimum threshold. This survival region extends upward for higher frequencies where the733

effect of the larger amplitudes is gradually undermined by the shorter duration of the pulse.734

Figure 18b shows the stability results for an initial positive (left) support acceleration. As can735

be seen in the plot, the PBR either topples clockwise or survives. There are no counterclockwise736

failures when 𝑓𝑥 initially acts to the right. Again, there is a minimum threshold for the amplitude737

below which the PBR does not fail that also extends upward as the frequency increases. Further, the738

solid failure A region for low frequencies and the lower failure A region that extends from the low739

frequencies upward are shapes analogous to stability diagrams produced for rectangular bodies.740

But alternating bands of survival and failure A are also visible for the PBR in Figure 18b. These741

bands result from the irregular geometry of the body and are not present for symmetric rectangular742

blocks under single-cycle support acceleration pulses (Zhang and Makris 2001).743

Comparing Figures 18a and 18b proves the importance of geometry to the rocking response.744

Due to the shape of the PBR, it is much more likely to fail with clockwise rotation as large areas745

of ( 𝑓 , 𝐴) pairs show this type of failure. This result is significant because it shows that pulses746

with identical frequency and amplitude applied to the same object can produce drastically different747

results when the pulse direction is changed.748

In addition to the geometry, another important factor that contributes to the rocking response749

of the object is the value of 𝜇. The following Figure 19 shows two stability plots for the PBR with750

a positive (left) initial support acceleration and all parameters the same except for 𝜇.751

The results for each 𝜇 are similar in that toppling only occurs in the clockwise direction and752

that similar areas of survival or failure are observed in both. It is important to note that for some753

frequencies nearing 15 Hz, the minimum amplitude which causes failure actually decreases for754

lower values of 𝜇 for which more sliding occurs. This corroborates the findings in (Chatzis and755

Smyth 2012a) and is an important result as ignoring sliding is often incorrectly assumed as a756

conservative assumption.757

Figure 20 shows the time histories of the PBR for the pulse indicated by point M ( 𝑓 = 3.5 Hz,758

𝐴 = 2.33𝑔) shown in Figure 18a.759
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(a) (b)

Fig. 19. Stability diagrams for the PBR with initial positive (left) support acceleration for different
coefficients of friction 𝜇. (a) 𝜇 = 0.75; (b) 𝜇 = 0.5.

Two simulations were run to obtain the results of Figure 20. The blue line shows the counter-760

clockwise toppling failure of the PBR with 𝜇 = 0.75. This is the time history indicated by point761

M in Figure 18a. The black line shows clockwise toppling failure for the same pulse and PBR, but762

for 𝜇 = 0.25. A number of important observations are derived from these results. First, when 𝜇763

is reduced from 0.75 to 0.25 the body exhibits a large amount of slide rocking as shown by ¤𝑋𝑜𝑝764

in Figure 20a: non-zero ¤𝑋𝑜𝑝 indicates sliding of the rocking vertex for the black line. However,765

when the body has a higher 𝜇, it experiences free flight. The lifting from the support can be seen766

in Figure 20b, showing the 𝑌 -position of the active rocking vertex. During intervals of free flight,767

this corresponds to the rocking vertex of the previous pattern. For 𝜇 = 0.75 this vertex leaves the768

support at around 0.1 seconds. The body then fails as another corner hits the support. Note that the769

PBR with 𝜇 = 0.25 does not exhibit free flight and fails in the opposite direction. This highlights770

the importance of considering both free flight and slide rocking in the model as a simple change of771

the coefficient of friction can result in free flight and a different type of failure. The motion of the772

PBR with 𝜇 = 0.75 cannot be accurately described if free flight was ignored as a possible pattern.773

While this example shows that free flight occurs for the higher of the two 𝜇 considered, this is not774

always the case and often slide rocking is coupled with free flight as shown by (Chatzis and Smyth775
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Fig. 20. Time histories of ¤𝑋𝑜𝑝, 𝑌𝑜𝑝, and 𝜃 for the PBR with the same pulse applied (point M from
Figure 18a) but different 𝜇. (a) The horizontal velocity ¤𝑋𝑜𝑝 of the active rocking vertex. (b) The
vertical position𝑌𝑜𝑝 of the active rocking vertex (or the last rocking vertex in the case of free flight).
(c) The angle 𝜃 of the body.

2012b). Additionally, while the examples of this paper do not show free flight occurring after an776

impact, this is also possible in which case the assumed value of 𝜖 would influence the response.777

Videos showing the movement of the PBR for these simulations are provided in the supplementary778

material. Videos for 𝜇 = 0.75 at full speed and slow motion are provided in Videos S6 and S7779

respectively. Full speed and slow motion videos for 𝜇 = 0.25 are provided in Videos S8 and S9.780

These results for the PBR show the importance of taking into account the object’s irregular781

geometry, sliding, and free flight in a rocking model. One direction of the pulse can be more critical782

than its opposite for an irregular object and a lower 𝜇, which results in more frequent occurrences783
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of sliding, can lead to more frequent failure. Finally, changes in the coefficient of friction can result784

in free flight and much different trajectories.785

Museum Sculpture Subjected to an Earthquake786

Michelangelo’s famous Renaissance sculpture David was selected for a case study involving787

an earthquake. The original sculpture is located in Florence, Italy which is an area of high788

seismicity as demonstrated recently by the Galliano earthquake of December 2019. STL files789

of the sculpture were created in AutoCAD by drawing lines over the outline of an image of the790

sculpture (Michelangelo 1504). Similar to the previous example, the STL files are produced as a791

2-D extrusion in the 𝑍-direction with the face of the extrusion representing the front face of the792

sculpture. Nonetheless, one could have used the original 3-D geometry of the body and then taken793

its projection in the 2-D plane as discussed previously in relation to Figure 1. The original sculpture794

would be expected to experience planar rocking due to its rather elongated base. The investigation795

on a sculpture with extruded geometry is used in this example as it facilitates interesting discussions796

on the use of different base configurations. Two geometries are considered as shown in Figure 21,797

with and without a rectangular pedestal on the base of the sculpture denoted by points a, b, c, and d798

in the figure. Several pedestal configurations: solid, hollow, chamfer, and solid with feet are created799

to test the effect of the pedestal’s mass and the number of rocking vertices engaged. STL files for800

each configuration of the David studied are provided in the supplemental material for this paper801

as follows: no pedestal: STL File S10; solid pedestal: STL File S11; hollow pedestal: STL File802

S12; chamfered pedestal: STL File S13; and solid pedestal with feet: STL File S14. Note that the803

triangular feet added to the solid pedestal have negligible size and mass and this base configuration804

practically responds the same as the solid pedestal with 𝜆 = 0. These files were imported into805

Matlab to test the response of the bodies to the support accelerations recorded during an earthquake806

that struck Rocchetta, Italy in October 2016. The support accelerations for this earthquake were807

downloaded from the Orfeus Engineering Strong Motion Database (Luzi et al. 2015) and the file808

was trimmed to include the data points numbered 6336 to 10334. The resulting accelerations are809

plotted in Figure 22.810
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Fig. 21. Representations of Michelangelo’s David. (a) The sculpture without a pedestal; (b) the
sculpture with a solid pedestal; (c) a detail of the solid pedestal; (d) a detail of the hollow pedestal;
(e) a detail of the chamfered pedestal; (f) a detail of the solid pedestal with small triangular feet at
b and c.

0 2 4 6 8 10 12 14 16 18 20

-1

-0.5

0

0.5

1

Fig. 22. Support accelerations from the Rocchetta, Italy earthquake in October 2016.

The sculpture was modelled as 5.2 meters from bottom of foot to top of head, corresponding to811

the real dimensions of the sculpture. The pedestal is 1.7 meters by 0.35 meters. 𝜇 = 0.5 to model812

the marble sculpture in contact with a marble support and the density of the sculpture is set to the813

density of marble, 2711 kg/m3. The vertical accelerations and the horizontal accelerations from814
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one of the horizontal directions of the earthquake were applied to each of the sculptures.815

Figure 23 shows the time histories after six seconds, as the body remains in the static pattern816

before this, for each state in 𝑸 of the David without any pedestal and 𝜆 = 0 when subjected to817

the earthquake. The object fails by counterclockwise rotation after making many impacts (denoted818

by red circles in Figure 23) and a transition from pure rocking to slide rocking just before failure819

(indicated by the red asterisk and “SR” label). The model produces results for all states but the time820

history for 𝜃 is most informative as failure is defined by two angles of 𝜃. A video of the dynamics821

of the David without a pedestal during the Rocchetta earthquake is provided in Video S15 in the822

supplementary material.823
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Fig. 23. The time histories of each state of 𝑸 for the David without a pedestal and 𝜇 = 0.5, 𝜖 = 0.1,
and 𝜆 = 0. (a) 𝜃; (b) ¤𝜃; (c) 𝑋𝑜𝑐; (d) 𝑌𝑜𝑐; (e) ¤𝑋𝑜𝑐; (f) ¤𝑌𝑜𝑐. The labels PR and SR on the time histories
correspond to the beginning of pure rocking and slide rocking, respectively.

The responses of different base configurations are tested under the same Rochetta earthquake.824

Figure 24 shows the time history after six seconds for 𝜃 for the configurations with no pedestal, the825

solid pedestal with 𝜆 = 0, and the hollow pedestal. For both pedestal configurations, the body is826

fixed on the pedestal and the pedestal is free-standing on the support medium.827

The sculpture with the solid pedestal survives the Rocchetta earthquake while the sculpture with828
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Fig. 24. The time histories of 𝜃 for the 𝐷𝑎𝑣𝑖𝑑 with no pedestal, the solid pedestal with 𝜆 = 0, and
the hollow pedestal.

the hollow pedestal fails in a similar manner as the sculpture with no pedestal. Thus, the addition of829

the solid pedestal might affect the response of such a body significantly during the earthquake. The830

survival of the sculpture with the solid pedestal is attributed to the lowering of the center of mass831

of the object by the addition of mass on the base of the sculpture. The sculpture with the hollow832

pedestal results in failure in the same direction and around the same time as the sculpture without833

a pedestal. This shows that increasing the width of the base and overall height of the sculpture834

does not keep the sculpture from overturning as an addition of mass to the base does. Given the835

stochastic nature of earthquake accelerations, another time history with different record properties836

could yield a different result when applied to the same base configurations of the David and might837

even result in overturning failure where survival occurs for another earthquake. In light of this, a838

full analysis of the seismic risk of irregular objects such as sculptures would require a study with a839

number of earthquakes to accurately determine their risk of overturning (Garcia Espinosa 2017).840

Museum Sculpture Subjected to Sinusoidal Pulses841

Figure 25 shows the stability diagram boundaries for sinusoidal pulses for the five configurations842

of the David shown in Figure 21: without any pedestal, with the solid pedestal and 𝜆 = 0, with the843
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solid pedestal and 𝜆 = 0.15, with the chamfered pedestal and 𝜆 = 0, and with the hollow pedestal844

and 𝜆 = 0. When the body has a concave portion between its rocking vertices as the hollow pedestal845

does, 𝜆 = 0 is most appropriate. However, if there is a solid portion between the rocking vertices as846

for the solid pedestal, 𝜆 may be greater than zero and thus two values of 𝜆 are tested in this example.847

The chamfered pedestal could also reasonably have 𝜆 > 0 but this study examines the effect of a848

change in the number of rocking vertices by way of the chamfered pedestal and keeps 𝜆 = 0 so that849

the responses for different pedestals are more easily compared to each other.850
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Fig. 25. A diagram showing the survival and failure boundaries for the various base conditions of
the David sculpture.

As demonstrated in Figure 25, when 𝜆 is increased, the sculpture topples more frequently851

after impact. Each base configuration exhibits an overturning “loop” where the sculpture’s base852

experiences impacts with the support before failing. This loop for 𝜆 = 0.15 in Figure 25 is853

considerably larger than that for the solid pedestal with 𝜆 = 0, but the boundary between survival854

and failure outside of the loop is identical regardless of 𝜆 because the body topples without impact855

between its initial support contacts, thus making 𝜆 inapplicable for those pulses. Because the856

pedestal with 𝜆 = 0.15 results in failure for pairs of ( 𝑓 , 𝐴) for which the body would have survived857

47 Burton, June 19, 2023



with the solid pedestal with 𝜆 = 0, assuming 𝜆 = 0 is not conservative as also shown in (Chatzis858

et al. 2017).859

There are clear differences between the stability diagrams without the pedestal and with the860

pedestal. The sculpture without its pedestal has a much lower minimum threshold for failure861

amplitude at all frequencies with the difference increasing as 𝑓 increases. The solid pedestals are862

beneficial in preventing the toppling of the sculpture. As shown in the previous example, this is due863

to the extra mass on the bottom of the sculpture which lowers the center of mass of the sculpture and864

also slightly increases the distance between the sculpture’s support contacts, thus also increasing865

the moment arm that must be overcome to topple the sculpture.866

The results for the hollow pedestal show an intermediate result between the two solid pedestal867

configurations. The failure amplitude is less for the hollow pedestal for all frequencies when868

compared to the solid pedestal with 𝜆 = 0, but the relationship is more complicated when compared869

to 𝜆 = 0.15. In this case, the hollow pedestal generally fails at a lower amplitude except for a870

region around 1.1 to 1.3 Hz. The hollow pedestal still has better resistance to overturning than no871

pedestal in all instances. Thus, adding a pedestal to the body despite it raising the body’s center872

of mass, even if the pedestal is hollow, can increase the object’s resistance to overturning but this873

configuration still performs poorly compared to a solid pedestal, particularly when 𝜆 = 0, which874

can be obtained in practice by placing small “feet” at the rocking vertices of the pedestal to ensure875

the impulse is applied at the vertex. A flat pedestal without feet should conservatively be assumed876

to have 𝜆 ≥ 0.15.877

Finally, the sculpture with the chamfered pedestal has an interesting result when compared to the878

other configurations. The chamfered pedestal generally provides better resistance to overturning879

compared to no pedestal but has a larger region of ( 𝑓 , 𝐴) pairs which result in failure. The880

chamfered pedestal with 𝜆 = 0 shows less resistance to overturning compared to the solid pedestal881

with 𝜆 = 0 which indicates that the chosen chamfered geometry does not improve the overturning882

stability. This is most likely due to the narrower base of the chamfered pedestal and the fact that883

𝑋𝑜𝑐 is not bounded by the 𝑋-coordinates of the vertices in contact with the support at impact. For884
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example, 𝑋𝑜𝑐 is not bounded by 𝑋𝑜𝑏 and 𝑋𝑜𝑏′ when the body rotates to impact at b′ as shown in885

Figure 21 thus making the body unstable at this rotation. However, it is possible that there is an886

optimal chamfer angle and width that would result in greater rocking stability if the energy of the887

body can be reduced through this additional impact and the centroid kept above the outer vertices888

of the base.889

These results show that using a solid pedestal with the minimum value of 𝜆 = 0 for an irregular890

body is most preferable for rocking stability. This value for 𝜆 can be achieved practically by the891

implementation of feet on the outer edges of the body’s pedestal to limit the components of the892

vertical impulse on portions of a flat pedestal between the support contacts. The addition of feet893

drastically reduces the area of ( 𝑓 , 𝐴) pairs resulting in failure when compared to the solid pedestal894

with a reasonable 𝜆 = 0.15. The addition of feet also increases the minimum failure amplitude for895

many pulses. However, if a solid pedestal cannot be obtained, the addition of a hollow pedestal can896

still improve the object’s resistance to overturning.897

Terracotta Warrior Subjected to Sinusoidal Pulses898

For the terracotta warrior shown in Figure 26, the full 3-D geometry of the sculpture is used to899

calculate its mass and moment of inertia and the 2-D projection of the rectangular base is combined900

with this data to create a body that will produce a planar response. The body can be assumed to901

experience planar rocking under several scenarios: because its base is elongated in the out-of-plane902

direction, because it is mechanically constrained, or, commonly in the literature, by assuming that903

the excitation is only applied in the 𝑋𝑌 plane and that the 𝑍-coordinate of the centroid of the body904

and the rectangular pedestal on which the sculpture is placed are the same. This model focuses on905

the effect of using an accurate mass moment of inertia for this object, opposed to the moment of906

inertia for an approximate rectangular block, and studies the effects of the geometry, sliding and907

free flight in the planar rocking response of this object.908

of one of the terracotta warriors from the Terracotta Army in Shaanxi, China (shown in Figure909

26a and 26b) was selected for testing. The model of the body has approximate dimensions of 3.5910

m high by 1.2 m wide by 1.2 m deep at its greatest sections while the pedestal is a rectangular911
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prism with dimensions 0.8 m by 0.8 m by 0.1 m. The densities of both the body and pedestal912

are equal. The centroid (and geometric center consequently) of the pedestal is initially aligned913

with the centroid of the body without the pedestal and they are rigidly fixed to each other. The914

moment of inertia is calculated about 𝑐. The actual sculpture rests on soil and 𝜇 = 0.5 is selected915

to approximate the contact between terracotta and soil while the soil is assumed to be sufficiently916

rigid. The effect of an eccentric base configuration is tested for this model by moving the base in917

the positive 𝑋-direction relative to the body of the sculpture by 1% of the total base width (0.008918

m) as depicted in Figure 26c. This causes the overall centroid of the rigid body to be slightly closer919

to the right vertex of the base. Stability diagrams for this object are provided in Figure 27.920
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Fig. 26. An STL representation of a terracotta warrior from Shaanxi, China. (a) a front view of
the sculpture with the body’s centroid vertically aligned with the centroid and geometric center of
the pedestal; (b) a rear view of the sculpture; (c) a depiction of the eccentricity of 0.008 m applied
to the pedestal. The dashed and solid lines correspond to the outline of the centered and 0.008 m
offset pedestal respectively.

Figure 27a shows the results of the centered pedestal with 𝜆 = 0. There is a large failure A921

region which does not extend past 4 Hz for all realistic amplitudes of acceleration. In addition,922

there is a small failure B region. Because the centroid is above the geometric center of the pedestal923

in this case and the base of the body that contacts the support is symmetric about the centroid,924

sinusoidal pulses in the opposite direction yield the same stability diagram. On the other hand,925
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Figure 27b and 27c shows the results for the body with the eccentric base.926

The same pulses applied to the centered body in Figure 27a are applied for the eccentric base927

configuration where 27b and 27c correspond to positive and negative initial support accelerations928

respectively. Drastic changes in the stability diagram are observed in Figure 27b. The failure929

A region remains essentially the same, but the failure B region grows dramatically, signifying a930

much higher susceptibility to failure with impact due to the eccentricity of the body. The body931

experiences slide rocking and pure rocking and fails by overturning about the rocking vertex nearer932

the centroid as might be expected. As the body is asymmetric, pulses in the opposite direction reap933

a unique response as well. As the support acceleration now causes the body to rotate about the934

rocking vertex nearer the centroid before impact, the failure A region actually increases slightly,935

extending past 4 Hz where it did not previously. On the other side, the failure B region decreases in936

size, indicating greater safety if the object does not topple without impact. This is presumably due937

to the greater distance on the left side between the centroid and the rocking vertex which causes938

a greater reduction in energy than for the right side at impact. The right side also provides less939

resistance to overturning during integration of the post-impact rocking pattern due to the smaller940

effective width of the right side of the base compared to the left.941

These results prove the critical importance of the location of the centroid in relation to the base942

geometry of the object. If the location of the body’s centroid is changed by only 1% of the base943

width horizontally, the body’s regions of survival and failure can change greatly. For pulses in one944

direction, there are many more pairs of amplitudes and frequencies that would cause the body to945

fail than the centered body but for pulses in the opposite direction, the object has a slightly smaller946

failure A region. Overall, as the direction of seismic or other forms of support accelerations cannot947

be chosen by those with interest in protecting at-risk objects, the large increase in the failure region948

exhibited in Figure 27c makes any eccentricity in such objects more susceptible to failure than949

those with no eccentricity.950

As in the case of the PBR in the first example, it is also important to note the importance of951

sliding in the dynamic response of the terracotta warrior during the sine pulses. The plot in Figure952
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Fig. 27. Stability diagrams for the terracotta warrior sculpture with 𝜆 = 0. (a) no eccentricity;
(b) 1% eccentricity and an initial positive support acceleration; (c) 1% eccentricity and an initial
negative support acceleration.

28 shows 𝑋𝑜𝑝 and ¤𝑋𝑜𝑝 where 𝑝 is the active rocking vertex, and the pulse applied is the ( 𝑓 , 𝐴) pair953

corresponding to point K from the stability diagram of Figure 27c. The non-zero values for ¤𝑋𝑜𝑝954

indicate that the object is in slide rocking before overturning. Slide rocking occurs for many pulses955

which result in failure in Figure 27. Point K is a mild example as many pulses result in drastic956

sliding even with a 𝜇 = 0.5, which is normally considered as high. The instability arising from957

sliding is further evidence that neglecting sliding is not conservative for irregular objects in planar958

rocking.959

Further, as researchers have found the 3-D non-planar rocking of objects to be nonconservative960

(Chatzis and Smyth 2012a; Zulli et al. 2012; Egidio et al. 2014), future studies should not be961

restricted to the planar motion of such objects.962
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Fig. 28. The time history for the active rocking vertex horizontal position and velocity, 𝑋𝑜𝑝 and
¤𝑋𝑜𝑝, for point K from Figure 27 showing slide rocking leading to failure.

CONCLUSIONS963

A model for examining the planar rocking behavior of an irregular body with any polygonal964

geometry is introduced in this paper. The model takes into account sliding, free flight, and the965

variable location of the impulse at impact defined by 𝜆. It also allows for the examination of966

any rigid body given only the STL file defining the geometry of the body and the desired support967

accelerations to be applied to it. This new model allows for studying the response of a body with any968

in-plane geometry and any number of potential rocking vertices. Newtonian equations of motion for969

the non-linear system were formulated in an automated manner and solved using Matlab’s symbolic970

toolbox, ode45, and ODE event location functionality. Equations of momentum for impacts were971

also formulated and solved taking into account sliding and free flight due to impact.972

This model can be considered as an extension of the Shenton and Jones model (Shenton III973

and Jones 1991) for bodies that are not symmetric, are non-rectangular, and have multiple rocking974

vertices. It can be used by the reader for many systems that could not have been studied previously975

in the literature. The examples present several cases which demonstrate that the geometry of the976

body and its base configuration, the value of 𝜇, the location of the vertical impulse defined by 𝜆,977
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the direction of the pulse, the presence of sliding and free flight, and the eccentricity of the centroid978

relative to its support contacts are all critical to determining the accurate rocking response of an979

irregular body.980

The effect of the different base configurations is demonstrated through the example of the981

shelving unit, a common item typically designed by non-experts in dynamics. The designer of982

the base configuration in such a case would normally only consider the aesthetic or other practical983

factors when designing the base, but it has been shown that the effect of the base on the dynamic984

response should be considered as it can have a significant effect on the stability of the system. The985

studies on the PBR further show the importance of using the full irregular geometry as different986

directions of failure are not equally common as for a rectangular block. Further, it verifies past results987

demonstrated by the authors where neglecting sliding is not a conservative assumption (Chatzis988

and Smyth 2012b). The study on Michelangelo’s sculpture with various base configurations shows989

the importance of accounting for a variable 𝜆 or trying to control it through modifying the base of990

the sculpture, showing that a solid pedestal with 𝜆 = 0, which can be achieved through small feet991

at the vertices, is most beneficial for the rocking stability of this sculpture. Finally, the terracotta992

warrior example shows the importance of minimizing the eccentricity between the centroid of the993

sculpture and geometric center of the base as well as the unstable nature of the object due to sliding.994

Particular findings of note are the abnormal shapes in the stability diagram that are not present for995

symmetric rectangular bodies subject to sine pulses and the finding that permitting more sliding by996

reducing 𝜇 does not result in a more stable body.997

The software that utilizes this model will be useful for studying the effects of earthquakes and998

other support accelerations on objects such as museum artifacts, PBRs, and other objects susceptible999

to rocking under conditions that would result in those objects experiencing planar rocking. As stated1000

in the introduction, the model is capable of handling curved geometries as in Figure 1d through1001

their polygonal approximations, a topic which has been studied in (Burton and Chatzis 2021) and1002

will be the focus of a future paper from the authors. The examples presented focus on irregular1003

geometries that substantially deviate from a simple rectangular geometry; however, this model also1004
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enables the study of geometric defects of any shape or size. Finally, this paper has demonstrated1005

the importance of accounting for the irregular geometry of a rocking body under conditions that1006

would reasonably result in a planar response. Nonetheless, more general 3-D irregular geometries1007

of many bodies would not result in planar rocking. In such cases, neglecting the 3-D nature of1008

the response is not a conservative assumption (Chatzis and Smyth 2012a; Zulli et al. 2012). As1009

such, the extension of this model to 3-D is an important research step to take. This work, and the1010

automated procedure suggested for formulating the equations of motion, defining the transitions1011

between patterns, and solving the momentum equations, facilitates such an extension.1012
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