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Abstract

This thesis is concerned with three studies of far from equilibrium dynamics in quantum

spin chains. In all cases the nonequilibrium dynamics is generated by a protocol called

a ‘quantum quench’, describing the time evolution after a sudden change in system pa-

rameters. Part A is concerned with closed systems, meaning those isolated from their

environment and begins with Chapter 1, which introduces the quench protocol and mo-

tivates the study of quantum quenches through examples of its experimental relevance

before providing a short survey of known theoretical results that will enable the reader

to interpret the quenches in later chapters. Chapter 2 then introduces a paradigmatic

spin chain — the transverse field Ising model (TFIM) — and details its solution, along

with providing a worked elementary quench example, which shows that a class of local

observables relax to stationary values following the quench.

The first chapter based on original research, Chapter 3, builds on this framework by

considering the axial next-nearest neighbour Ising (ANNNI) model, an extension of the

transverse field Ising model with an additional next-nearest neighbour Ising interaction.

Whilst the TFIM is exactly solvable, the ANNNI is a generic quantum system and its

behaviour far from equilibrium must be determined approximately. Quench dynamics

in this system were recently used to investigate if signatures of proximate quantum

critical points can be observed at early and intermediate times. Chapter 3 constructs

a simple time-dependent mean-field theory that allows one to obtain a quantitatively

accurate description of these quenches at short times and provides a simple framework

for understanding the reported numerical results. In the process, this theory highlights

fundamental limitations on detecting quantum critical points through quench dynamics.

Moreover, the origin of the peculiar oscillatory behaviour seen in various observables is

explained as arising from the formation of a long-lived bound state.

Chapter 4 continues the investigation into oscillations found in Chapter 3 by studying

quench dynamics in systems that support kinematically protected gapped excitations at



zero temperature, a class of which the ANNNI is a member. An open question in this

context is whether such oscillations will ultimately decay. I will argue that strong support

for the decay hypothesis can be obtained by considering spin models that can be mapped

to systems of weakly interacting fermions, which in turn are amenable to an analysis

by standard methods based on the Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY)

hierarchy. By performing such a systematic perturbative analysis in a representative

model, Chapter 4 finds a time scale beyond which the oscillations start to decay.

Finally, in Part B I turn my attention to open quantum systems. Chapter 5 will contain a

summary of the established physics involved with these, and in particular will introduce

the Lindblad formalism applicable when such systems satisfy a Markov assumption as

well as a ‘superoperator’ formalism for recasting Lindblad equations as (non-Hermitian)

Schrödinger equations. Chapter 6 then calculates the full quench dynamics for a system

described by a certain Lindblad equation for an initial product state. The Lindbladian in

question is solved using an algebraic feature called ‘operator-space fragmentation’ which

leads to exponentially many invariant subspaces. On each subspace the Lindblad dy-

namics projects to a model of free (non-Hermitian) fermions, which enables the solution.

This thesis is based on the following publications:

[1] Jacob H. Robertson and Fabian H. L. Essler, “Exact solution of a quantum asymmetric

exclusion process with particle creation and annihilation”,

J. Stat. Mech. 2021(10):103102, Oct 2021.

[2] Jacob H. Robertson, Riccardo Senese, and Fabian H. L. Essler. “A simple theory for

quantum quenches in the ANNNI model”,

SciPost Phys. 15:032, 2023.

[3] Jacob H. Robertson, Riccardo Senese, and Fabian H. L. Essler, “Decay of long-lived

oscillations after quantum quenches in gapped interacting quantum systems”,

Phys. Rev. A 109:032208, Mar 2024.
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An intellect which at a certain moment would know all. . . for
such an intellect nothing would be uncertain and the future
just like the past could be present before its eyes.

A Philosophical Essay on Probabilities
Pierre Simon Laplace

1
Introduction to quench dynamics in closed systems

A pragmatic view of the purpose of theoretical physics is to predict, given the details of an exper-

imental setup, what the results will be. A grandiose restatement would be to predict the future

given the present. The difficulty of so-called ‘fundamental physics’ arises from the fact that the

underlying laws of physics are not known, and must be guessed in such a way to agree with all

previous experiments whilst explaining future experiments satisfactorily. This thesis is concerned

with statistical physics, where these fundamental laws are known exactly but the challenge lies in

being able to apply them to a large number of particles and successfully modelling the vast number

of interactions between those constituents of the system. The intention of this thesis is to describe

some of those edge cases where the future can indeed be, at least approximately, predicted and what

we can learn from the result. The setting I will work in will be that of quantum mechanics, in which

the art of predicting the future comes down to solving the Schrödinger equation

iℏ
d

dt
|ψ⟩ = Ĥ|ψ⟩ . (1.1)

In Eq. (1.1) ℏ is Planck’s constant with dimensions of [Energy × Time], |ψ⟩ is a vector in a complex

Hilbert space H and Ĥ ∈ End(H) is a Hermitian linear operator acting on H called the Hamiltonian

that generates time evolution. I will work in units such that ℏ = 1 and consequently drop it from

now on; this is equivalent to measuring time in units of the inverse of the problem’s defining energy

scale. I will also drop hats on operators unless additional clarification is needed. Given a complex
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Hilbert space H, an initial state |ψ(t = 0)⟩ and a Hamiltonian H, the Schrödinger equation is a well

posed initial value problem. The Hermiticity of H ensures that it admits a spectral decomposition

H =

dim(H)∑
n=1

En|n⟩⟨n| , (1.2)

where the eigenvalues En represent the allowed energies of the system and the energy eigenvectors

|n⟩ form a complete orthonormal set, that is,

⟨m|n⟩ = δmn ,

dim(H)∑
n=1

|n⟩⟨n| = 1H . (1.3)

In Eq. (1.3) δmn is the Kronecker delta, that equals 1 if m = n and 0 otherwise, whilst 1H is the

identity on the Hilbert space. The Hermiticity of H and the linearity of Eq. (1.1) therefore allow one

to ‘solve’ the time evolution problem, in the sense of writing the following spectral representation

for |ψ(t)⟩:

|ψ(t)⟩ =

dim(H)∑
n=1

e−itEn⟨n|ψ(t = 0)⟩|n⟩ . (1.4)

The difficulty in using Eq. (1.4) lies in the size of the sum. This thesis will be concerned with

statistical mechanics of spin systems, where H is a tensor product of a local Hilbert space for each

spin. If there are L such spins, then the Hilbert space is

H =

L⊗
m=1

Hm , (1.5)

and consequently, if the local dimension is d (for a spin s, we have d = 2s+ 1), the total dimension

of H is dL. We are interested in many-body physics, i.e. L→ ∞, but even for relatively small L this

means working in a vector space of enormously large dimensions. This direct approach therefore

breaks down as one cannot even store the state |ψ⟩ in memory, let alone extract physical predictions.

The rest of this chapter is divided into two sections. Section 1.1 gives motivations for studying

quantum quenches in general, including a discussion of experimental platforms and known theoretical

results. Section 1.2 then gives motivation for studying physics in one dimension and in particular

gives a description of the matrix product state - a class of states that are very well suited to describing

ground states of one dimensional systems without requiring exponentially many parameters to do

so.
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1.1 Quantum quenches

In order that the initial value problem described above be non-trivial, we will require that the initial

state |ψ(t = 0)⟩ have a non-zero overlap with an exponentially large number of energy eigenstates

of the Hamiltonian generating time evolution, otherwise Eq. (1.4) contains only a relatively small

number of terms. The language we shall use is that of a quantum quench, where the initial state is

chosen to be the ground state (or possibly a thermal state) of some initial Hamiltonian Hi whilst

the time evolution is generated by a final Hamiltonian Hf . An important distinction is between

local and global quenches, where in the former the operator Hf − Hi has support only in a finite

region. All the quenches in this thesis are global quantum quenches, which means that the initial

state has a finite energy density relative to the ground state of the post-quench Hamiltonian. Often

it is convenient to consider a parametrised family H(λ), such that Hi/f = H(λi/f ) and to reflect

this I will often use the terminology of ‘quenching’ the parameter λ, and write λ : λi 7→ λf as a

shorthand.

1.1.1 Motivation

The quantum quench is a simple protocol for accessing far from equilibrium physics that is exper-

imentally accessible. An especially important question is that of “thermalisation”: in what sense

and how does an isolated quantum system relax? The quantum quench is ideal for investigating this

question, stripping aside everything non-essential to it. Indeed, some Hamiltonians do not cause

an initial nonequilibrium state to evolve to a thermal one. Subsection 1.1.3 describes the better

known examples. Such behaviour can give rise to non-thermal states that may have exotic prop-

erties not possible in conventional equilibrium matter. In the case that the dynamics deviate only

slightly from a non-thermalising Hamiltonian, they may still lead to very long-lived ‘prethermal’

states [4–6], before eventually reaching thermal equilibrium.

The main experimental platform for quench experiments are ultracold neutral atoms [7,8] which

can have millions of (bosonic or fermionic) atoms contained in a magnetic or optical trap at “tem-

peratures” measured in nanokelvin. Strictly speaking, this is a measure of kinetic energy and not

temperature, which is ill-defined since these gases are not in equilibrium with a surrounding heat

bath. The fact that they survive long enough for experiments despite their hot surroundings indi-

cates how exquisitely isolated ultracold atoms are. Ultracold atomic systems can have coherence

times of several seconds, several orders of magnitude longer than the typical dynamical timescales

which are on the order of milliseconds. Ultracold atoms are now a relatively mature platform whose
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toolbox includes quantum gas microscopes, which allow for the imaging of individual atoms [9, 10];

Feschbach resonances for tuning the inter-atom interaction strength using magnetic fields or laser

light [11, 12]; and artificial gauge fields to allow the simulation of charged particles such as the

electrons in a superconductor [8, 13]. Improvements to experiments are of course still needed. One

notable problem is that whilst bosons can be efficiently cooled to very low temperature using forced

evaporative cooling, applying the same technique to Fermi gases is less effective [14]. This is because

evaporative cooling relies on high elastic scattering rates to bring a gas back into local equilibrium

following the removal of the most energetic atoms. For fermions, the requirement of an antisym-

metric wavefunction forces the s-wave two-body elastic scattering rate to be zero, and consequently,

fermionic cooling lags behind that for bosons. Whilst a temperature of a few nanokelvin is an

impressive feat of experimental work, the more meaningful quantity to consider is the ratio of the

temperature to some energy scale in the simulated quantum system. For instance, in trying to

simulate superconductivity the ratio of temperature to hopping energies T/t is about a factor of 103

larger than in cuprates [8]. For this purpose therefore, these ‘cold fermionic gases’ are still rather

hot.

Several other quantum simulator platforms have also emerged [15], and those based on Rydberg

atom arrays [16], superconducting quantum circuits [17,18] and trapped atomic ions [19] all provide

the ability to control 50 or more qubits with high fidelity and perform quantum quench experi-

ments. Such analog quantum simulators represent a trade-off between the full programmability of

a universal digital quantum computer and the availability of interactions ‘native’ to a platform that

would require compilation into too many quantum gates to be feasible in the current era of noisy

intermediate scale quantum (NISQ) computation [20]. At ∼ 50 qubits, these experiments are able

to outperform brute force classical computation which simply diagonalise the Hamiltonian, however

they are still a long way from giving reliable information about the thermodynamic limit.

In order to interpret and validate the results from these experiments, as well as guide new exper-

iments, a theory of nonequilibrium physics is highly desirable. In comparison to the description of

quantum matter at equilibrium, for which several strong organising principles exist, far from equi-

librium physics is much less explored. Nonetheless, there are several theoretical developments that

are firmly established and which provide insights into nonequilibrium physics; the next subsection

aims to give a biased selection of such tools that are useful for thinking about quantum quenches.
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1.1.2 Survey of theoretical results

This subsection will briefly discuss theoretical results that are well established and form a core set

of ideas applicable to a wide range of quenches.

The eigenstate thermalisation hypothesis (ETH) As stated above, an important question

is whether an isolated quantum system will evolve to become thermal. A first observation is that

thermal states are mixed, whilst unitary time evolution can only produce pure states from pure

states. The key resolution is to introduce the reduced density matrix (RDM) of a local subsystem

S, obtained by performing a partial trace over the remaining degrees of freedom of its environment

E:

ρS = TrE(ρ) , (1.6)

where ρ = |ψ⟩⟨ψ| is the density matrix of the entire system and ρS is the RDM. The RDM is

sufficient to calculate any expectation values for observables with support solely in S. When one

speaks of a system becoming thermal, therefore, one is talking about only the RDM of sufficiently

local subsystems, or equivalently of expectation values of local observables relaxing to their thermal

values. The RDM is generically a mixed state even if ρ is pure, which removes the objection that

unitary dynamics cannot produce a mixed state from a pure state.

The modern understanding of thermalisation is heavily guided by what has become known as

the ‘eigenstate thermalisation hypothesis’ (ETH) [21–23]. ETH can be expressed as an ansatz on

the matrix elements of local observables in terms of eigenstates of the post-quench Hamiltonian

⟨m|O|n⟩ = O(Ē)δmn + fO(Ē, ωm,n)e−S(Ē)/2Rmn , (1.7)

where |m⟩ is an eigenstate of the post-quench Hamiltonian Hf with energy Em, Ē = (Em +En)/2 is

the mean energy of eigenstates and ωm,n = Em−En is the difference in energy between eigenstates.

Lastly, O(Ē), fO(Ē, ωmn), S(Ē) are smooth functions and Rmn is a random matrix with zero mean

and unit variance. The function S(Ē) is generally expected to equal the thermodynamic entropy,

which is extensive, and the second term is therefore exponentially suppressed at large system sizes.

Eq. (1.7) can be interpreted as saying that expectation values in energy eigenstates give results equal

to the thermodynamic prediction at that energy, plus random fluctuations that are exponentially

small in the system size. The term ‘eigenstate thermalisation’ refers to the fact that one can therefore

obtain statistical averages at temperature T by computing quantum mechanical expectation values
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in any eigenstate of energy E, where E is chosen to equal the internal energy of the system at that

temperature.

ETH is a sufficient condition for thermalisation in the sense that the infinite time average of the

observable O relaxes to its thermal value, up to finite size corrections, and that temporal fluctuations

around the time average vanish in the thermodynamic limit. Eq. (1.7) therefore implies that the

RDM defined by Eq. (1.6) becomes thermal at late times, as promised. ETH has been numerically

tested for many systems and is believed to hold true for the majority of chaotic quantum systems

[24–27]. It is to be stressed that ETH is only expected to apply to local observables; certainly there

exist some highly non-local observables such as projectors on to energy eigenstates |n⟩⟨n| that will

never thermalise. A notable exception to ETH are so called ‘integrable’ models which have a much

more intricate structure to their matrix elements [28]. Four known cases of violations of ETH, and

consequently non-thermal behaviour, are briefly described in 1.1.3.

Lieb-Robinson bounds As originally proved by Lieb and Robinson [29], lattice spin systems can

have a finite maximum speed at which information is propagated. This is analogous to the speed

of light in relativistic theories, and leads to ‘light cone’ dynamics following a quantum quench [30].

We will consider k-local Hamiltonians of the form

H =
∑
i

hi , ∥hi∥ < hmax , (1.8)

where ∥A∥ is the operator norm of A and each hi has support on the sites i, i+ 1, . . . i+ k− 1. The

Lieb-Robinson bound then states that there exists a constant c, and velocity and length scales, vLR

and ξ respectively, such that

∥[A(t), B(0)]∥ ≤ cmin(| supp(A0)|, | supp(B)|)∥A∥∥B∥ exp(−(L− vLR|t|)/ξ) , (1.9)

where A,B are two operators with support at t = 0 in supp(A0) and supp(B), respectively, and L

denotes the minimum separation between these two regions. The constants c, vLR, ξ depend on hmax

(and on the lattice geometry) but not on L or t. The Heisenberg evolved operator A(t) is defined by

A(t) = exp(iHt)A(0) exp(−iHt) ,

=A(0) + it[H,A] − t2/2![H[H,A]] + . . . . (1.10)

The Lieb-Robinson bound can be restated in terms of the rate of operator spreading following a

quench. If A(0) has support on one site, then, from Eq. (1.10), at time t, it will have support
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Figure 1.1: (a) Schematic illustration of the light cone picture. Three quasiparticles produced at
different locations by a quench at t = 0 are shown, along with light cones showing the spatial
regions influenced by the quasiparticles at a later time t∗. (b) Schematic depiction of what the light
cone picture predicts for connected correlation functions C(ℓ) at time t∗. Outside the light cone
correlations decay with a pre-quench correlation length ξi; deep inside the light cone correlations
may be expected to decay with some thermalised correlation length ξf . Around the light cone this
argument ceases to hold and the behaviour may be more complex, hence the grey shaded out region.
Compare (b) with Fig. 3.9.

throughout the entire spin chain, with each additional nested commutator adding contributions a

further k sites away from the original support at t = 0. A result of the Lieb-Robinson bound however

is that, if we define Aℓ(t) as the restriction of A(t) to sites within ℓ of the original support of A(0),

then we have

∥Aℓ(t) −A(t)∥ ≤ c| supp(A0)| exp(−(ℓ− vLR|t|)/ξ) . (1.11)

In turn this implies, for initial states with exponentially decaying correlations, that equal time

connected correlation functions

⟨A(t)B(t)⟩ − ⟨A(t)⟩⟨B(t)⟩ , (1.12)

do not appreciably differ from their values at t = 0 following a quench until connected by a ‘light

cone’ at time t = L/(2vLR). This is illustrated in Fig. 1.1. An important result of the light cone

behaviour to bear in mind is that for finite systems there is a time after which the light cone spreading

has traversed the entire length of the system. Such ‘traversals’ limit the usefulness of a finite size

simulation to times t < L/(2vLR) [31,32].

Cardy-Calabrese quasiparticle picture Complementary to the Lieb-Robinson bound is a pic-

ture of the post-quench state developed by Cardy and Calabrese in a landmark series of pa-

pers [33–36]. According to this picture, one should decompose the initial post-quench state in

terms of the excitations of the post-quench Hamiltonian. In their papers they considered quenches
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to conformal field theories, where the excitations are stable quasiparticles. For quenches to generic

systems without stable quasiparticles one can still think of the initial state as a gas of approximate

quasiparticles with a finite lifetime; Chapter 4 will stress that this is a useful viewpoint when said gas

has a low density. This gives an intuitive viewpoint on the results obtained from the Lieb-Robinson

bound, by considering that information is carried by the quasiparticles following the quench and

that the Lieb-Robinson bound is a limit on these quasiparticles’ velocity. Indeed, the Lieb-Robinson

velocity can often be identified with the maximal group velocity of the excitation spectrum [37].

Linear growth of entanglement entropy A key quantity in modern many-body physics is the

von Neumann (bipartite) entanglement entropy. This measures the quantum entanglement of a

subsystem S with its environment E, defined through the RDM by

SvN = −TrS(ρS log ρS) . (1.13)

For thermal states, it is generally expected that SvN will be equal to the thermodynamic entropy

and in particular be proportional to the volume of S. At zero temperature, this is no longer true.

An early application of the Lieb-Robinson bounds [38] was to show that for gapped one dimensional

Hamiltonians the entanglement entropy obeys an area law, meaning that it is proportional to the size

of the boundary between S and E. This of course means that the entropy density SvN/ vol(S), with

vol(S) being the volume of the subsystem S, is zero, consistent with the third law of thermodynamics.

Area laws in higher dimensions have turned out to be more difficult to prove but there have also

been several results in this direction [39–42].

Following a global quantum quench from a ground state of a gapped system, the entanglement

entropy grows from its initial area law value to, if the system reaches thermal equilibrium, a volume

law. The question of how it does this has been the focus of much attention and it is generally believed

that it increases linearly with time at some constant velocity vent until it saturates at the thermal

value. In integrable systems, which possess well defined quasiparticle excitations, the argument is

given by the Cardy-Calabrese picture: the entanglement of S with E is proportional to the number

of quasiparticle pairs that were generated inside S by the quench and have reached E. In generic

chaotic systems, a linear growth is also expected for different reasons [43,44].

1.1.3 Absence of thermalisation

Whilst ETH predicts that generic quantum systems thermalise in the sense of time averages, there

are several known ways to circumvent thermalisation following a quantum quench, which merit
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a subsection of their own. The way that ETH is violated can be classified as ‘strong’ or ‘weak’

depending on whether a finite fraction of eigenstates obey ETH or not. Some authors also use the

language of strong or weak ‘ergodicity breaking’, where the word ergodic refers to a specific property

of classical systems that leads to thermal behaviour, but in the quantum case may be simply read

as synonymous with the word ‘thermal’. In a weakly non-ergodic system, there are a number of

eigenstates that violate ETH that grows slower with system size than the number of eigenstates that

satisfy ETH. Consequently the quench dynamics can seem thermal, unless the initial state has a

high overlap with the non-ergodic eigenstates.

Yang-Baxter integrability Integrable models are a set of one dimensional models that have an

extensive number of local conservation laws I1, I2, . . . . There are therefore a large number of initial

conditions possible for a quench such that the values of the conserved charges beyond energy and

particle number are not consistent with the final Gibbs ensemble predicted by statistical mechanics

ρ = Z−1 exp(−β(H − µN)) , (1.14)

with β, µ fixed only by the initial energy and particle number density after the quench. Instead,

one should introduce a separate Lagrange multiplier for each conserved quantity, giving rise to a

generalised Gibbs ensemble (GGE) [45–48]

ρGGE = Z−1 exp(−
k∑
i

λiIi) , (1.15)

where the λi are chosen to ensure the GGE has the same expectation values for all conserved charges

as the initial state and the sum should strictly run over all conserved charges but in practice may

be truncated to run over the k charges with the highest degree of locality [47]. In interacting

integrable models it may be required to additionally include quasilocal conserved quantities in the

GGE description [48–50].

A ‘typical’ eigenstate in an integrable model will have expectation values that agree with the

Gibbs ensemble [51]. However, since the structure of the off-diagonal elements differs from (1.7),

integrable systems violate ETH strongly [28].

Despite needing to be finely tuned, experiments with ultracold atoms are able to realise inte-

grable dynamics, with integrability breaking terms kept small enough to not impact on experimental

timescales [52]. When studying quantum quenches where the time evolution is nearly integrable, the

dominant (integrable) dynamics first results in prethermalisation to a GGE for an extended period
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of time [4–6], whilst the weak interaction breaking terms result in the system becoming thermal at

late times [53,54].

Many body localisation A different form of ergodicity breaking is seen in localised systems,

where eigenstates correspond to particles at fixed locations, generally due to the presence of strong

disorder. The non-interacting case was established by Anderson [55] and the interacting case goes by

the name many body localisation (MBL) [56,57]. MBL is believed to cause strong violations of ETH

due to the emergence of local integrals of motion, and in contrast to both integrable and generic

chaotic systems, the entanglement entropy after a quench grows only logarithmically with time [58].

There is some controversy over whether MBL persists in the thermodynamic limit [59–63]. In this

thesis I consider only clean, translationally invariant, systems and the phenomenology of MBL is

therefore not present.

Hilbert space fragmentation Another class of models with non-ergodic dynamics are those

exhibiting so-called Hilbert space fragmentation. This was initially discussed in certain spin chains

with charge and dipole conservation [64,65]. The excitations of these spin chains are ‘fractons’ with

severely limited mobility — the Hilbert space of the models consists of an exponentially large set

of dynamically disconnected sectors. This can be attributed to the presence of statistically local

integrals of motion [66], a weaker versions of the local integrals of motion found in MBL systems.

Hamiltonians displaying Hilbert space fragmentation do not require disorder, unlike MBL. Moreover,

unlike integrable systems, they do not require fine tuned couplings, although adding additional

interactions can weakly connect the originally disconnected sectors, leading to predictions of similar

prethermal behaviour as in the weakly non-integrable case. Systems can be either weakly or strongly

fragmented (and correspondingly violate ETH in a weak or strong way) depending on whether a

randomly chosen state lies in the largest disconnected sector with unit probability or not.

Quantum many body scars The final failure of thermalisation this chapter will describe is

an excellent case study in the importance of quantum quench experiments and theorists’ role in

exploring them. In [16], a 51 atom Rydberg simulator was demonstrated. Some of the experiments

performed were quenches from either a translationally invariant state or a state invariant only under

translation by two sites. The Hamiltonian simulated by the model was translationally invariant

and disorder free, and local observables were measured following the quench. Surprisingly, whilst

the translationally invariant initial state quickly became thermal, local observables oscillated in
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expectation value for long times following the quench from the two-site translation invariant state.

This was attributed in [67] to the presence of ‘quantum many body scars’ (QMBS) in a model

spin-1/2 Hamiltonian very close to that realised by the experiment, the PXP model:

HPXP =
∑
i

Piσ
x
i+1Pi+2 , Pi = (1 − σz

i )/2 , (1.16)

each term of which acts on three sites by flipping the central spin if both its neighbours are spin

down, and otherwise annihilating the state. In the spin description, the charge density wave state

that the experiment started from is one of the Néel states

|Z2⟩ = | ↑↓↑↓ . . . ⟩ , |Z′
2⟩ = | ↓↑↓↑ . . . ⟩ . (1.17)

The explanation put forward for the oscillations in [67] is that there is a band of so called ‘scar-

states’, which are eigenstates of the Hamiltonian but with anomalously high overlap with |Z2⟩, see

Fig. 1.2. Moreover, these states have approximately constant energy spacing between them, leading

to coherent oscillations. These states are truly many body phenomena, since they are present

throughout the entire many body spectrum of HPXP, not just at low energies.

Thermal eigenstates

Scars

Figure 1.2: Cartoon of the overlap of Hamiltonian eigenstates in the PXP model with the initial
Z2 invariant state. Non-scar eigenstates form a continuum of states with varying overlaps shown in
blue. The scar states stand out by their anomalously large overlaps and are spread throughout the
entire many body spectrum. Compare with Fig. 3(a) of [67].

QMBS has been extensively investigated in the years since that original Rydberg atom experiment

[68–71]. QMBS systems are characterized by having non-thermal states embedded in the bulk of

the spectrum, where the majority of states are thermal. In many models, such as the PXP model,
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these are arranged into ‘towers’. The non-thermal states are often sub-volume law states that can be

written explicitly despite the Hamiltonian not being fully analytically diagonalisable, or otherwise

possess low entanglement compared to the surrounding volume law states. These explicit non-

thermal states violate ETH, and the violation is classed as weak because the ratio of non-thermal to

thermal states vanishes in the thermodynamic limit. Nonetheless, the case of the PXP model shows

that if the scar states turn out to have equally spaced energies, as well as if the total overlap with

an initial state |ψ0⟩ does not vanish in the thermodynamic limit,

lim
L→∞

∑
scars

|⟨scar|ψ0⟩|2 > 0 , (1.18)

then unexpected, non-thermal, behaviour can result from a quench.

Chapter 4 discusses a class of Hamiltonians with a similar phenomenology after quenching to

QMBS — for some quenches certain local observables oscillate for very long times whilst other choices

of initial states or observables result in the oscillations rapidly decaying. However, that chapter will

present an alternative explanation for the oscillations, argue that the the systems do thermalise, and

give evidence for the oscillations having a finite lifetime. That is to say, Chapter 4 should be read

partly as a warning not to jump to the conclusion of QMBS when observing oscillatory behaviour

in either numerics or experiment.

1.2 Why one dimension?

The studies on quantum quenches contained in this thesis are all focused on one dimensional systems.

One might complain that we live in three dimensions, and that this is therefore an unphysical

situation to consider. However, ultracold atom experiments are able to access one dimensional

physics by making the confining potential much steeper along two axes [72–74], whilst Rydberg,

trapped ion and superconducting qubit simulators can all adopt largely arbitrary geometries. Even

in solid state magnets, the magnetic ions can be arranged in weakly interacting chains such that

one dimensional physics can be observed [75]. One dimensional physics is therefore very much

experimentally relevant.

Quantum physics in one dimension does differ in some notable ways from higher dimensions [76].

Interactions in one dimension are effectively enhanced by the inability of particles to go around

each other, which leads to a number of characteristic features of low dimensional quantum mechan-

ics. Firstly, the Mermin-Wagner theorem [77] prevents the spontaneous symmetry breaking (SSB) of

13



continuous symmetries at finite temperature in one and two dimensions. Moreover, since one dimen-

sional quantum systems can be identified with two dimensional classical systems, the former cannot

support SSB of a continuous symmetry, even in the ground state. Quenches from an initial ordered

state must therefore see that order melt in one dimension [78]. Secondly, the same strong fluctua-

tions that destroy order also make naive mean-field theories of spins much less accurate in 1D [79],

which prompts the theoretical question of how to provide more accurate approximate theories.

A further feature of low-dimensional physics is the breakdown of the usual boson/fermion di-

chotomy. In two dimensional quantum systems, particles called anyons with fractional statistics

between that of bosons and fermions exist [80]. In one dimension, the technique of bosonisation al-

lows problems involving hard-core bosons to be mapped to problems of fermions and vice versa [76].

Relatedly, the Jordan-Wigner transformation enables one dimensional spin chains to be recast as

models of interacting fermions [81, 82]. In a few specific cases, one of which will be described in

detail in Chapter 2, the fermion theory can even be non-interacting and therefore provide a full

solution to the original spin problem. There are also a number of exactly solvable models in one

dimension beyond non-interacting theories, these are the interacting Yang-Baxter integrable models,

which provide a starting point for the analysis of nearby models. One dimensional physics therefore

presents a fantastic opportunity to recast one Hamiltonian in new variables which might make a

perturbative scheme more appropriate.

Another key reason to study one dimensional physics, even if one is interested in physics common

to both three dimensions and low dimensions, is that powerful numerical tools are available and

conventional numerical techniques are more powerful. For instance, (depending on what symmetries

are able to be exploited) a computer might only be able to exactly diagonalise a system of around

∼ 16 − 25 qubits before running out of RAM. For a one dimensional chain, this might be enough

to extract some meaningful physical properties and compare their convergence with varying system

size. A corresponding study in two dimensions, say on a square lattice, will naturally be much

harder since one is limited to systems at most 4×4 or 5×5. Perturbative methods using plane wave

basis sets will also be naturally much cheaper in one dimension, since the momentum space sums

will be much smaller than their counterparts in a two or three dimensional calculation. However,

the most powerful set of numerical tools available in one dimension are provided by matrix product

state (MPS) algorithms, which are much more efficient than their higher dimensional counterparts.
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1.2.1 Matrix product states

A huge advance in the ability to simulate one dimensional quantum systems has taken place over the

last few decades due to the development of algorithms based on matrix product states [83]. Chapter 4

presents several numerical studies which use two such algorithms: density matrix renormalisation

group (DMRG) [84,85] and time evolving block decimation (TEBD) [86,87]. Following a definition

and brief discussion of the properties of an MPS, this subsection provides a brief overview of the

physical intuition behind these algorithms; it is not intended as practical implementation advice, for

which the reader is advised to read [83,88].

A matrix product state generalises the notion of product state. In a product state, one has L

sites with local Hilbert space dimension d (for instance, for spin 1/2 we have d = 2), with local basis

states |im⟩m and one simply considers the system to be in the unentangled state

|ψ⟩ =
∑
i1

∑
i2

· · ·
∑
iL

Ci1Ci2 . . . CiL |i1i2 . . . iL⟩ . (1.19)

A product state is therefore specified by dL numbers, substantially fewer than the dL needed to

specify a general entangled state. Due to their lack of entanglement, product states are essentially

classical. Matrix product states go beyond product states by allowing some entanglement, and (for

periodic boundary conditions) have the form

|ψMPS⟩ =
∑
i1

∑
i2

· · ·
∑
iL

Tr
[
A

[i1]
1 A

[i2]
2 . . . A

[iL]
L

]
|i1i2 . . . iL⟩ , (1.20)

here the matrices Am are χm×χm+1 matrices, where χ is called the bond dimension. If all the χ are

equal, then this MPS requires χ2dL numbers to specify, which still evades the exponential scaling

required to represent a fully general state. An MPS is an example of a more general class of states,

called tensor network states (TNS) where the coefficients Ci1i2...iL are expressed through contract-

ing a set of tensors and leaving L uncontracted indices. This motivates a popular diagrammatic

representation of a TNS shown in Fig. 1.3.

A key question is what is the entanglement entropy of an MPS state. It turns out that an MPS

state is an area law state, so the size of the subsystem in question is not relevant, and the entropy

is upper bounded by [89]

SMPS ≤ 2 logχ . (1.21)

The MPS representation is so useful in 1D precisely because ground states of gapped Hamiltonians

have area laws. Even non-area law states important in physics, such as ground states of critical
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Figure 1.3: Two example tensor network states. (a) A tensor network representing a contraction of
four tensors. Black lines show contracted indices and green lines show free indices. The expression
below gives the traditional Einstein notation for this tensor, with the virtual indices labelled in
Greek letters. (b) An MPS shown in this graphical language.

systems (which have logarithmic corrections to the area law) or low temperature thermal states,

can have low enough entanglement entropy that choosing χ to be large allows for an accurate MPS

representation. Where this fails, of course, is describing very high temperature or very far from

equilibrium states. In particular, since entanglement entropy generically grows linearly following a

quantum quench, the bond dimension χ required to faithfully represent the system grows exponen-

tially with time.

DMRG When performing a quantum quench the first step is to characterise the initial state.

When the initial state is the ground state of a one dimensional Hamiltonian, a highly efficient MPS

algorithm is available, which goes by the name DMRG. The original DMRG algorithm is equivalent

to variationally optimising the energy over the class of MPS states with some bond dimension χ;

that is, one wants to minimise

C[A1, . . . AL] =
⟨ψ|H|ψ⟩
⟨ψ|ψ⟩ , |ψ⟩ = |ψ(A1, . . . AL)⟩ , (1.22)

where |ψ(A1, . . . , AL)⟩ is intended as the MPS state given by Eq. (1.20), with the A matrices

considered as variational parameters. Equivalently, a Lagrange multiplier can be introduced and the

quantity to be minimised chosen as

C ′[A1, . . . , AL, λ] = ⟨ψ|H|ψ⟩ − λ⟨ψ|ψ⟩ . (1.23)
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The utility of using MPS states as a variational class is that all the expectation values in these

formulae can be easily computed. In contrast, in higher dimensions, calculating such tensor network

contractions is a #P-complete problem [90]. Addressing this variational problem directly is very

challenging since it is a highly nonlinear optimisation problem of many variables. However, an

iterative procedure can be used, holding all but one A matrix fixed and optimising with respect to

that A. The problem is then quadratic and easily solved and solvers then optimise each A matrix

in turn, performing several such ‘sweeps’ of the system until the ground state energy converges.

Various modifications to this are possible, including minimising the energy over two sites at once

rather than one to avoid local minima of energy.

TEBD Having obtained an MPS representation of the initial state, I now turn my attention to the

time evolution operator U(t) = exp(−itHf ). This is popularly computed using the Suzuki-Trotter

decomposition [91] when Hf is the sum of local terms Hf =
∑j=N

j=1 hj

U(δt) =
(
e−iδth1e−iδth2 . . . e−iδthN

)
+ O(δt2) . (1.24)

This is a first order Trotter decomposition, meaning that the error per step scales like δt2, and so

the error after t/(δt) such steps may be expected to be O(δt). In practice one usually uses a second

or higher order decomposition to avoid needing to make the time step δt prohibitively small. Each

factor in U(δt) acts only on a fixed number of sites (that is, if hi acts on 2 sites then exp(−iδthi)
also acts on 2 sites) and can be viewed as a quantum gate. The time evolution algorithm consists of

applying each gate sequentially. Crucially, after every gate has been applied, the state ceases to be

an MPS of bond dimension χ and we must project back on to the set of MPS states, as illustrated

in Fig. 1.4.

Figure 1.4: Graphical representation of a single TEBD update consisting of applying a gate and
truncating to a low bond-dimension MPS.
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To do this we first group the virtual and physical external legs in Fig. 1.4 into super-indices

I = (α, i) and J = (β, j) with dimension dχ. Next, we make use of the singular value decomposition

(SVD) for the resulting two index tensor

T IJ =U IkΣkqV qJ ,

=

χ∑
k=1

U IkσkV
kJ +

dχ∑
k=χ+1

U IkσkV
kJ ,

≈[AB]IJ ,

AIk =U Im
√

Σ̃
mk

, BkJ =
√

Σ̃
km

V mJ , Σ̃ = diag(σ1, σ2, . . . , σχ) , (1.25)

where we have ordered the singular values σ1 > σ2 · · · > σdχ and then discarded all but the largest

χ values. The resulting tensor is now an MPS of bond dimension χ, and can have another two body

gate applied to it.

TEBD therefore has two sources of error: trotterisation error and truncation error. The trotter-

isation error reflects how accurately the gate evolution reflects the true continuous time evolution.

It is usually fairly easy to mitigate this by simply choosing a small enough Trotter step and perhaps

using a high order integrator. The trotterisation errors are however particularly problematic for

long ranged Hamiltonians, since then the number of gates applied in a single trotter step increases

with the system size L. Other techniques are therefore more applicable to simulating long ranged

models [92, 93]. Usually more problematic is the truncation error, which arises every time one uses

an SVD to reduce the bond dimension. This prevents accurate simulation for times at which the

entanglement generated following a quench has grown larger than can be represented by a fixed

bond dimension MPS.
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. . . So using all his strength,
Hephaestus loosed the chains. The pair of lovers
were free from their constraints, . . .

The Odyssey,
Homer (translated by Emily Wilson)

2
Anatomy of a free theory - the transverse field Ising

model

This chapter will introduce the reader to the one dimensional transverse field Ising model (TFIM).

This spin chain has the useful property of being directly mappable to a non-interacting theory of

fermions [81,82], which enables many exact calculations to be performed. At the end of this chapter

I consider one such quench calculation, with the result that local (in fermions) correlation functions

decay according to a power law to stationary values following a field strength quench. The contents of

this chapter are intended to be a brief introduction to known results; it is not original research. The

techniques of this chapter will prepare the reader for Chapter 3, in which a quench is investigated in

an extension of the TFIM known as the ANNNI model. Moreover, Chapter 4 investigates quenches

in XXZ chains using the Jordan-Wigner technology described below and Chapter 6 describes the

dynamics of an open system via the solution to a non-Hermitian extension to the TFIM.

In one dimension, the transverse Field Ising model (TFIM) for L sites with periodic boundary

conditions is defined by the Hamiltonian

HTFIM(h) = −J
L−1∑
i

σx
i σ

x
i+1 − Jσx

Lσ
x
1 − h

L∑
i

σz
i . (2.1)

Here, σx,z are Pauli spin matrices satisfying the commutation relation

[σx
i , σ

y
j ] = 2iδijσ

z , (2.2)
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and cyclic permutations thereof. The Kronecker delta δij enforces that spins on different sites

commute. The TFIM can be rewritten in terms of (spinless) fermions and the resulting theory is

quadratic in fermions. The mapping that accomplishes this is the Jordan-Wigner transformation,

which takes the following non-local form:

σ+
i =

∏
j<i

(1 − 2f†j fj)fi ,

σz
i = 1 − 2f†i fi , (2.3)

Conceptually, the Jordan-Wigner transform represents the spin-up state | ↑⟩ as an empty fermion

orbital |0⟩ and the spin-down state | ↓⟩ by a filled orbital |1⟩ . The product factor is referred to as a

‘string’ and is necessary to ensure that the commutation relations (2.2) hold when the variables fi

are canonical fermions satisfying the anti-commutation relations

{f†i , fj} = δij , {fi, fj} = 0 . (2.4)

Whilst the transformation is highly non-local for σ+
i , products of spin operators with even num-

bers of raising/lowering operators are mapped to local operators in terms of the fermion variables.

For instance one obtains:

σx
i σ

x
i+1 7→ (f†i − fi)(f

†
i+1 + fi+1) ,

σy
i σ

y
i+1 7→ (f†i + fi)(f

†
i+1 − fi+1) ,

σz
i σ

z
i+1 7→ 1 − 2(f†i fi + f†i+1fi+1) + 4f†i f

†
i+1fi+1fi ,

σx
i σ

x
i+2 7→ (f†i − fi)(1 − 2f†i+1fi+1)(f†i+2 + fi+2) ,

σx
i σ

z
i+1σ

x
i+2 7→ (f†i − fi)(f

†
i+1 − fi+1) . (2.5)

From this one sees that the Jordan-Wigner transform allows one to rewrite the TFIM Hamiltonian

as

HTFIM(h) 7→ HBulk +HBdry ,

HBulk = −J
L−1∑
i

(
f†i fi+1 + f†i f

†
i+1 + h.c.

)
+ 2h

L∑
i

f†i fi − hL ,

HBdry = −J(f†1 + f1)

L−1∏
j=1

(1 − 2f†j fj)(f
†
L + fL) . (2.6)
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The term HBdry comes from the periodic boundary conditions: defining the total fermion number

operator N̂ =
∑

i f
†
i fi and the fermion parity P̂ = (−1)N̂ we see that the term can be rewritten as

HBdry = JP̂ (f†L − fL)(f†1 + f1) . (2.7)

The fermion parity is, moreover, a constant of motion since it commutes with the Hamiltonian

[P̂ , Ĥ] = 0 and we are free to work in either the P̂ = +1 or P̂ = −1 sector. In the even parity

sector, P̂ = 1 and we see that we can absorb HBdry into HBulk by extending the upper limit from

L − 1 to L and defining fL+1 = −f1. That is, we adopt anti-periodic boundary conditions (also

called Neveu-Schwarz boundary conditions). In the odd parity sector we simply take fL+1 = f1, i.e.

periodic boundary conditions (also called Ramond boundary conditions). The total Hamiltonian is

a direct sum of two Hamiltonians acting on these spaces

H = HNS ⊕HR ,

HNS = −J
L∑
i

(
c†i ci+1 + c†i c

†
i+1 + hc

)
+ 2h

L∑
i

c†i ci − hL (cL+1 = −c1) ,

HR = −J
L∑
i

(
d†idi+1 + d†id

†
i+1 + hc

)
+ 2h

L∑
i

d†idi − hL (dL+1 = d1) . (2.8)

Here, I have labelled the canonical fermions c, d to stress that these are distinct from the original

Jordan-Wigner fermions f since HNS and HR represent the Hamiltonian after projection onto sectors

of definite fermion parity.

2.1 Diagonalisation and ground state

In Eq. (2.8), both HNS and HR are quadratic Hamiltonians and so may be solved by Bogoliubov

transformation. Since we have translation invariance, we first introduce momentum space variables

ck, dq by the Fourier transforms

cm =
1√
L

∑
k

e−ikmck , k ∈ π

L
+

2π

L
×
{
−
⌈
L− 1

2

⌉
, . . . ,

⌊
L− 1

2

⌋}
,

dm =
1√
L

∑
q

e−iqmdq , q ∈
2π

L
×
{
−
⌈
L− 1

2

⌉
, . . . ,

⌊
L− 1

2

⌋}
, (2.9)

which explicitly have the property that cm+L = −cm, dm+L = dm. From now on, we assume that

L is even for simplicity. Substituting these expressions into the real-space Hamiltonian and making

use of
L∑

m=1

eiqm = Lδq,0 , (2.10)
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gives the momentum space Hamiltonians

HNS = 2
∑
k>0

(
c†k c−k

)(h− J cos k iJ sin k

−iJ sin k −(h− J cos k)

)(
ck

c†−k

)
+ ẼNS

0 ,

HR = 2
∑
q>0

(
d†q d−q

)(h− J cos q iJ sin q

−iJ sin q −(h− J cos q)

)(
dq

d†−q

)
+ h0 + h−π + ẼR

0 . (2.11)

where we have defined

ẼNS
0 =

∑
k>0

(2h− 2J cos k) − hL = 2h(L/2) − hL− 2J
∑
k>0

cos k = 0 ,

ẼR
0 =

∑
q>0

(2h− 2J cos q) − hL = 2h(L/2 − 1) − hL− 2J
∑
q>0

cos q = −2h ,

h0 = 2(h− J)d†0d0 ,

h−π = 2(h+ J)d†−πd−π . (2.12)

To diagonalise these quadratic Hamiltonians we now make use of a Bogoliubov transformation of

the form (
ck

c†−k

)
= e−iθkσx/2

(
αk

α†
−k

)
=

(
cos θk

2 αk − i sin θk
2 α

†
−k

cos θk
2 α

†
−k − i sin θk

2 αk

)
, (2.13)

with θk chosen to eliminate the anomalous α(k)α(−k) terms. One finds that when θk satisfies

cos θk =
h− J cos k√

(h− J cos k)2 + (J sin k)2
, sin θk =

J sin k√
(h− J cos k)2 + (J sin k)2

, (2.14)

the resulting Hamiltonian is equal to

HNS =
∑
k

ϵ(k)α†
kαk + ENS

0 , (2.15)

and

ϵ(k) =2
√
J2 + h2 − 2hJ cos k ,

ENS
0 = −

∑
k>0

ϵ(k) . (2.16)

Likewise, for the Ramond sector, we write(
dq

d†−q

)
= e−iθkσx/2

(
βq

β†
−q

)
=

cos
θq
2 βq − i sin

θq
2 β

†
−q

cos
θq
2 β

†
−q − i sin

θq
2 βq

 (q ̸= 0) , (2.17)
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and find

HR =2(h− J)d†0d0 +
∑
q ̸=−π
q ̸=0

ϵ(q)β†
qβq + 2(h+ J)d†−πd−π + ER

0 ,

ER
0 = − 2h−

∑
q>0

ϵ(q) . (2.18)

2.1.1 Ground state

Notice that ϵ(k) is always positive and so the lowest energy state in the Neveu-Schwarz sector is the

vacuum state defined by

∀k : αk|0⟩hNS = 0 . (2.19)

However, in the Ramond sector the q = 0 contribution h0 = 2(h − J)d†0d0 can have either sign. In

particular, for h > J the lowest energy state in the Ramond sector is also a simple vacuum state

∀q : βq|0⟩h>J
R = 0 . (2.20)

However, for h < J the lowest Ramond state is instead given by

∀q ̸= 0 : βq|0⟩h<J
R = 0 , β†

0|0⟩h<J
R = 0 , (2.21)

that is, it is the previous vacuum, with an additional q = 0 excitation. It therefore has odd fermion

parity.

0.0 0.5 1.0 1.5 2.0

-8

-7

-6

-5

Figure 2.1: Vacuum energies in the Neveu-Schwarz and Ramond sectors, at L = 4 to emphasise the
finite size effects.

The two regions h < J and h > J define two phases, a ferromagnet and a paramagnet, re-

spectively. At large L the Neveu-Schwarz and Ramond vacua are degenerate in energy; however,
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the Ramond vacuum has even fermion parity in the paramagnet and is thus unphysical. In the

paramagnet the ground state is therefore |0⟩hNS. In the ferromagnet, the ground state is still |0⟩hNS

at finite size, and at large L the system undergoes spontaneous symmetry breaking and picks one of

the states in the span of
1√
2

(
|0⟩hNS ± |0⟩hR

)
. (2.22)

Gaussian states

At this point it is worth a quick comment that part of the reason why free theories are so useful is

because they give rise to Gaussian states. A fermionic density matrix is termed Gaussian if it can

be written in the form

ρ = N exp(Amnc
†
mcn +Bmncmcn +Dmnc

†
mc

†
n) , (2.23)

where for ρ to be Hermitian, one requires A = A† and B = D†. Therefore, for any Hamiltonian H

quadratic in fermions, all thermal states

ρ = Z−1(β) exp(−βH) , (2.24)

are clearly Gaussian by construction. The ground states correspond to the limit β → ∞ and are

also Gaussian. In the case of a pure state, such as the ground states, an alternative definition of a

Gaussian state is a state in the form

|ψ⟩ = exp
(
Tijc

†
i c

†
j

)
|0⟩0 = |0⟩ + Tijc

†
i c

†
j |0⟩0 +

1

2
TijTmnc

†
i c

†
jc

†
mc

†
n|0⟩0 + . . . , (2.25)

where |0⟩0 is the original fermion vacuum state, defined by cm|0⟩0 = 0 for all m. For instance , in the

TFIM, the Neveu-Schwarz vacuum has even parity and is translationally invariant. It is therefore

of the form

|0⟩hNS = |0⟩0 +
∑
k>0

K(k)c†kc
†
−k|0⟩0 + (4 and higher fermion terms) , (2.26)

one can check (via a somewhat lengthy inductive argument that I relegate to App. A.1) that imposing

α(k)|0⟩hNS = 0 leads to the conclusion that the four and higher fermion terms must be of the factorised

form implied by being a Gaussian state. Looking at the one fermion terms arising from the equation

α(k)|0⟩hNS = 0 meanwhile gives

0 =

(
i sin

θk
2

+K(k) cos
θk
2

)
c−k|0⟩0,

=⇒ K(k) = − i

2
tan

θk
2
. (2.27)
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That is, the Bogoliubov fermion vacua are also Gaussian under this definition, as expected, and may

be written compactly as

|0⟩hNS = exp

(
− i

2

∑
k>0

tan
θk
2
c†kc

†
−k

)
|0⟩0 . (2.28)

2.1.2 Excitations

We now consider the excitation spectrum, first considering the paramagnet. After imposing fermion

parity, the physical states are those that look like

|0⟩hNS , β
†
q |0⟩hR , α†

k1
α†
k2
|0⟩hNS , . . . (2.29)

whilst states such as

|0⟩hR , αk|0⟩hNS , β
†
q1β

†
q2 |0⟩R , . . . (2.30)

are ‘unphysical’ (have no clear interpretation in the spin language). The excitations have a gap

equal to

EGap = ϵ(h, q = 0) + (ER
0 − ENS

0 ) , (2.31)

and the low energy eigenstates naturally arrange themselves into a ‘one-particle’ band with band-

width 4J . This description of the elementary excitations agrees with an intuitive picture at J = 0

where the system is simply non-interacting spins in an external field, and excitations look like in-

dividual spin flips with energy cost 2h per spin flip. Turning on J allows these spin flips to hop,

causing the spin flip band to disperse.

In the ferromagnetic phase the physical states are

|0⟩hNS , |0⟩hR , α†
k1
α†
k2
|0⟩hNS , β

†
q1β

†
q2 |0⟩hR , . . . . (2.32)

We therefore see that, in the ferromagnet, excited states must have an even number of excitations

above the ground state. The low-lying states therefore form a continuum of two-particle states with

width 8h. Again, we can understand this from a simple limiting picture at h = 0 where the system

is the classical Ising model and excitations are domain walls. These always occur in pairs, since the

system has periodic boundary conditions, and adding a field allows the domain walls to hop and

consequently their dispersion to broaden. This analysis allows one to understand the low energy

spectrum of the TFIM as represented by the exact diagonalisation results in Fig. 2.2.
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Figure 2.2: Excitations above the ground state for the TFIM in the ferromagnet (h = 0.2J) and
the paramagnet (h = 1.8J). Horizontal axis is total momentum K whilst vertical axis shows energy
above the ground state. Points are states found by exact diagonalisation (ED) on L = 18 sites using
the Python package QuSpin [94, 95]. For h = 1.8J , the black line shows the expected one-particle
dispersion ϵ(k) in the paramagnet.

2.2 Correlation functions - Wick’s theorem

Aside from the fact that we can diagonalise free theories in a simple manner, they are also especially

simple to work with because of Wick’s theorem. This says that all 2n-point correlation functions

in a Gaussian state can be written in terms of two-point functions. Since the ground and thermal

states of free theories are Gaussian, Wick’s theorem can be leveraged. Wick’s theorem is often

proven by a rather laborious combinatorial proof requiring normal ordering, but there also exists a

straightforward algebraic proof due to Gaudin [96]. For the correlation function of four fermionic

operators A,B,C,D in a state ρ, this argument runs as follows. We first rewrite the desired four-

point function

GABCD
4 = ⟨ABCD⟩ = Tr [ABCDρ] , (2.33)

using the anticommutator {A,B} = AB +BA

Tr [ABCDρ] = Tr [{A,B}CDρ] − Tr [B{A,C}Dρ] + Tr [BC{A,D}ρ] − Tr [BCD(Aρ)] . (2.34)

Wick’s theorem is then implied by two requirements on the operators A,B,C,D and the state ρ:

firstly, that the anticommutators are c-numbers. Secondly that we can write Aρ = xρA for some

c-number x (that may depend on A and ρ). These hypotheses allow one to write

Tr [ABCDρ] =
{A,B}
1 + x

Tr [CDρ] − {A,C}
1 + x

Tr [BDρ] +
{A,D}
1 + x

Tr [BCρ] . (2.35)
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Applying the same argument to find the two-point function yields

{A,B}
1 + x

= Tr [ABρ] , (2.36)

and therefore gives Wick’s theorem

⟨ABCD⟩ = ⟨AB⟩⟨CD⟩ − ⟨AC⟩⟨BD⟩ + ⟨AD⟩⟨BC⟩ . (2.37)

We are interested in multi-point functions of fermionic creation and annihilation operators, so the

requirement that the commutators be c-numbers is automatic. It remains to show that Aρ = xρA

for a Gaussian density matrix. First, consider ‘diagonal’ Gaussian density matrices of the form

ρ =
e−β

∑
k ϵkc

†
kck

Z(β)
, (2.38)

where Z(β) is a normalisation constant to force Tr[ρ] = 1. For brevity denote H =
∑

k ϵkc
†
kck. Note

that (c†kck)ck = 0 and ck(c†kck) = ck. Then clearly we have:

e−βHck =ck ,

cke
−βH =e−βϵkck ,

∴ ckρ =e−βϵkρck (2.39)

so in this case x = e−βϵk . This establishes Wick’s theorem for all ck and, as an easy corollary, all

linear combinations thereof. Since Wick’s theorem holds for all linear combinations of the ck, we

might just as well have started with a general Gaussian density matrix

ρ = Z(β)−1 exp(−βc†kAkqcq) , (2.40)

from which the diagonal density matrix above is obtained by diagonalising A.

2.2.1 A Pfaffian formula

A useful result of Wick’s theorem is that often once one has decomposed a 2n-point function into

two-point functions, the resulting expression can be recast as the determinant [81] or Pfaffian [97,98]

of some matrix and therefore can be efficiently computed. In particular we have
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Theorem For 2n Majorana fermions a1 . . . a2n satisfying a2i = 1 and {ai, aj} = δij , the 2n-point

function is given by

⟨a1a2 . . . a2n⟩ = Pf(G) , (2.41)

where G is the skew-symmetric matrix with elements Gij = ⟨aiaj⟩ − δij and Pf(A) denotes the

Pfaffian of the skew-symmetric matrix A.

Proof We will prove this by induction on n. For the case n = 1 the desired matrix is

G =

(
0 ⟨a1a2⟩

⟨a2a1⟩ 0

)
=

(
0 ⟨a1a2⟩

−⟨a1a2⟩

)
. (2.42)

The Pfaffian Pf(A) satisfies

Pf

(
0 a
−a 0

)
= a , (2.43)

which establies the base case n = 1. Then, in an abbreviated notation, Wick’s theorem gives the

desired 2n-point function as

⟨123 . . . 2n⟩ = ⟨12⟩⟨3 . . . 2n⟩ − ⟨13⟩⟨24 . . . 2n⟩ + . . . ,

=
∑
j=2

(−1)j⟨1j⟩⟨1/23 . . . j − 1j/j + 1 . . . 2n⟩ (2.44)

where the crossed out terms are excluded from the (2n− 2)-point functions. This is to be compared

with the Laplace expansion for the Pfaffian

Pf(A) =

2n∑
j=2

(−1)jA1j Pf(Â1j) , (2.45)

where Â1j is the matrix formed by deleting the 1st and jth row and column from A. Since j ̸= 1

we have G1j = ⟨1j⟩ and by our induction hypthesis Pf(Ĝ1j) = ⟨1/23 . . . j − 1j/j + 1 . . . 2n⟩, which

completes the proof.

Note that using the Laplace expansion for the Pfaffian, or that for the determinant, gives an

extremely costly O(n!) calculation method. Fortunately, the determinant can also be computed

efficiently using Gaussian elimination. For the Pfaffian, Gaussian elimination based methods can

also be used [99], or, if one does not care about the sign, one can make use of Pf(A)2 = det(A).

We will make use of this formula in Section 3.4.2 to compute long ranged equal time correlation

functions of ⟨σx
mσ

x
m+ℓ⟩ type in the ANNNI model from knowledge of the Jordan-Wigner fermion two

point functions.
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2.3 A quantum quench

Being a free theory also enables quantum quench calculations to be analytically carried out for the

TFIM that would otherwise not be possible. Several sophisticated methods for calculating both

equal and non-equal time correlation functions of spin variables have been found [47,100–104]. Here

however, we focus on the simplest question of what happens to local fermionic observables following a

quench — in particular, this means that the following simple calculation does not cover the evolution

of the order parameter ⟨σx(t)⟩.
Consider quenching the field from hi to hf . Before and after the quench the Hamiltonian can be

diagonalised to give a set of modes αi/f (k) such that

Hi =
∑
k

ϵi(k)α†
i (k)αi(k) , Hf =

∑
k

ϵf (k)α†
f (k)αf (k) . (2.46)

These are related to the original fermions by(
c(k)
c†(−k)

)
= exp

(
iθi
2
σx

)(
αi(k)

α†
i (−k)

)
= exp

(
iθf
2
σx

)(
αf (k)

α†
f (−k)

)
, (2.47)

and therefore the pre- and post-quench modes are related linearly by

αf (k) = cos
θf − θi

2
αi(k) + i sin

θf − θi
2

α†
i (−k) . (2.48)

Moreover, the time evolution is very simple for two-point functions of the αf (k) modes, being given

by

⟨α†
f (k)αf (k)⟩(t) =⟨α†

f (k)αf (k)⟩(t = 0) ,

⟨α†
f (k)α†

f (−k)⟩(t) =e−2iϵf (k)t⟨α†
f (k)α†

f (−k)⟩(t = 0) . (2.49)

For simplicity, consider a quench from the ground state of Hi, defined by

⟨α†
i (k)αi(k)⟩ = 0 = ⟨αi(k)αi(−k)⟩ ,

⟨αi(k)α†
i (k

′)⟩ = δkk′ . (2.50)

These translate into

⟨α†
f (k)αf (k)⟩ =

1

2
(cos(θf − θi) − 1) ,

⟨α†
f (k)α†

f (−k)⟩ = − i

2
sin(θf − θi)e

−2iϵf (k)t . (2.51)
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As stressed earlier, we are interested in local observables. To this end, consider a local fermionic

two-point function

G(a) = ⟨c†mcm+a⟩ =

∫ π

−π

dk

2π
e−iak⟨c†kck⟩ . (2.52)

The desired momentum space function is

⟨c†kck⟩(t) = (1 + cos θf )⟨α†
f (k)αf (k)⟩(t) + sin θf Im⟨α†

f (k)α†
f (−k)⟩(t) , (2.53)

and consequently the real space Green’s function is

G(a) =
1

2

∫ π

−π

dk

2π
e−ika

(
(1 + cos θf )(cos(θf − θi) − 1) − sin θf sin(θf − θi) cos(2ϵf (k)t)

)
. (2.54)

In particular, note that the time dependence consists of a sum of oscillating components spanning

a continuous band of frequencies. At late times, the time-dependent term may be approximated

using a stationary phase argument: the dispersion relation ϵf (k) has stationary points at 0,±π.

At these values, the amplitude however is zero since sin θf (k = 0, π) = 0. The leading order

stationary phase result, which would scale like t−1/2, is therefore zero and the time dependent part

is given asymptotically by the next term, which is O(t−3/2). We therefore find that local fermionic

observables relax to stationary values

G(a) = const + O(t−3/2). (2.55)

This conclusion of power law decay (the specific exponent depending on the operator considered) to

stationary values extends to all 2n-point functions by Wick’s theorem. However, quantities like the

order parameter ⟨σx(t)⟩, which have non-local representations in terms of Jordan-Wigner fermions,

are not covered.
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I like talking to Rabbit. He talks about sensible
things. He doesn’t use long, difficult words, like
Owl. He uses short, easy words, like “What about
lunch?”

The House at Pooh Corner
A. A. Milne

3
A simple theory for quantum quenches in the

ANNNI model

Having introduced the TFIM as an exactly solvable free model in the previous chapter, a natural

progression is to consider quenches in an interacting extension of it. This chapter is based on [2],

in which we analysed quantum quenches in the anisotropic next-nearest neighbour Ising (ANNNI)

model, an interacting generalisation of the TFIM. The immediate motivation of that work was to

investigate a proposal in Refs. [105,106] to use intermediate time dynamics to detect quantum critical

points. Those works studied the effects of quantum phase transitions (an equilibrium phenomenon)

on the nonequilibrium quench dynamics, first in a non-interacting system and then in interacting

systems. This chapter revisits the interacting study, using a tool known as self-consistent time-

dependent mean-field theory (SCTDMFT), which perturbatively includes the effect of interactions

on top of the exact quench dynamics known from the solution to the TFIM.

3.1 Introduction

Quantum phase transitions (QPT) provide a key framework for our understanding of equilibrium

phases of correlated quantum matter [82]. More recently physical properties in the vicinity of

quantum critical points in out-of-equilibrium settings have been investigated theoretically [36, 107,

108] and in ultra-cold atom experiments [109–111]. An interesting question that has been raised is
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whether it is possible to detect the location of QPTs, and associated physical properties, through the

dynamics at short and intermediate times after a quantum quench [105,106,112–115]. In Ref. [106],

Haldar et al. proposed a set of generalised susceptibilities that quantify the sensitivity of the time

evolution and stationary values of local observables to changes in the quench protocol. Based on

numerical studies in the axial next-nearest neighbour Ising model (ANNNI), the authors concluded

that such susceptibilities can indeed provide signatures of a proximate QPT not only in the stationary

regime but already at short/intermediate times. An important question is how general this approach

is, and what its limitations are. In order to address these issues we show that the findings of

Ref. [106] for the ANNNI model can be understood in terms of a simple (time-dependent) mean-

field theory. This approach provides a clear insight into the window of applicability of any approach

using generalised susceptibilities to search for the location of critical points. En route we clarify the

origin of interesting oscillatory behaviours of local observables observed in Ref. [106].

The outline of this chapter is as follows. In Section 3.2 we introduce the ANNNI model and

describe the quench protocol we consider. In Section 3.3 we then construct a mean-field description

of the stationary state under the assumption that the system thermalises. We argue that mean-field

theory in this stationary state provides a convenient tool to evaluate if the critical phenomena being

accessed are truly quantum critical. In Section 3.4 we construct a time-dependent self-consistent

mean-field description of the time evolution. Within this approximation the density matrix is Gaus-

sian at all times and Wick’s theorem may be employed to calculate any correlation function. This

method is expected to be quantitatively accurate for short times as long as the initial state is itself

Gaussian. In Section 3.5 we show that non-equal time correlation functions are easily accessible with

this method and use it to compute the transverse component of the generalised dynamical structure

factor following a quench in the ANNNI, demonstrating that this object contains information about

the spectrum of the post-quench Hamiltonian.

3.2 Definition of the model and quench protocol

The ANNNI model is a well studied non-integrable model with competing interactions, see e.g.

[116–119]. The model extends the transverse field Ising model by adding a next-nearest neighbour

Ising exchange, which we take to have the opposite sign to the nearest-neighbour Ising interaction

H(h, κ) = −J
L∑
i

σx
i σ

x
i+1 − h

L∑
i

σz
i + κ

L∑
i

σx
i σ

x
i+2 . (3.1)
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Here σα
j are the usual Pauli matrices on sites j of a ring of circumference L. As discussed in

Chapter 2, the Hamiltonian (3.1) can be mapped to a model of spinless lattice fermions. Whilst

the discussion of Ramond/Neveu-Schwarz boundary conditions of that chapter does a priori apply

here, in what follows we only consider operators which have even fermion parity. For our purposes,

therefore, it is sufficient to consider only the Neveu-Schwarz sector. For simplicity we only consider

even system sizes L. The Hamiltonian then reads

H(h, κ) = − J
∑
j

(
c†jcj+1 + c†jc

†
j+1 + h.c.

)
+ κ

∑
j

(c†jcj+2 + c†jc
†
j+2 + h.c.) + 2h

∑
j

c†jcj

+ 2κ
∑
j

(
cjc

†
j+1cj+1c

†
j+2 − c†jc

†
j+1cj+1c

†
j+2 + h.c.

)
. (3.2)

The next-nearest neighbour spin-spin interaction is seen to give rise to a quartic interaction amongst

the fermions, making the model non-integrable. The Hamiltonian (3.1) has a global Z2 ⊗ Z2 sym-

metry corresponding to rotations around the z-axis by π,which is broken spontaneously in the

ferromagnetic phase, and site parity σα
n 7→ σα

−n. The latter remains unbroken in the situations we

consider and enforces tij ≡ ⟨c†i cj⟩ = tji ∈ R (see Appendix A.2), while the former translates into

fermion number parity.

The ground state phase diagram of the ANNNI model for κ < J/2 is shown in Fig. 3.1 [117,

120–122]. For κ > J/2 the phase diagram is substantially more complicated, but, like Ref. [106], we

Ferromagnetic

Paramagnetic

▲

▲

▲

▲

0 0.4070.2690.1140.058 0.5
0

0.2

0.5

0.8

0.9

1

Figure 3.1: Ground state phase diagram of the ANNNI model for 0 < κ/J < 1/2 - the solid curve is
the boundary obtained by second order perturbation theory (3.3), red triangles indicate the critical
points found by our self-consistent mean-field theory at select fields. There exist other phases at
κ > J/2. Arrows indicate the quenches performed in this work.

restrict our analysis to the ferromagnet-paramagnet transition. At κ = 0 the model (3.1) reduces
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to the transverse field Ising model (TFIM) and is exactly solvable, with a quantum phase transition

at h = J . For κ > 0 a second order phase transition in the Ising universality class separates a

ferromagnetically ordered phase from a paramagnetic one. For κ < J/2 and small values of h the

locus of the critical line can be determined by second order perturbation theory, which yields [116]

J − 2κc = hc −
1

2J

κch
2
c

J − κc
. (3.3)

In terms of the spins the transition is characterised by the order parameter ⟨σx
j ⟩ taking a non-zero

value in the ferromagnetic phase. In terms of the fermions this is a non-local (string) operator and

the transition is topological [123]. Our analysis of quench dynamics close to quantum critical points

in one dimension therefore pertains to both topological transitions and conventional transitions with

local order parameters. Our mean-field analysis developed below may be expected to work rather

well for small κ/J as it is exact along the line κ = 0. Moreover, since the (equilibrium) mean-field

theory we describe below is via a free fermion whose critical scaling limit is a relativistic Majorana

fermion [124], we correctly account for the symmetry and critical exponents of the Ising transition.

Hence, our mean-field theory is expected to give a quantitatively accurate description of the ANNNI

model in the region h ≈ J and κ ≈ 0. Conversely, mean-field theory cannot be expected to give

a reasonable description either deep into the paramagnetic phase or for the other transitions. We

therefore do not investigate the rest of the phase diagram in this chapter.

In what follows we consider quantum quenches from initial thermal states of the TFIM with

transverse field hi and inverse temperature β, i.e. our initial density matrix is

ρ(t = 0) =
exp

(
− βH(hi, 0)

)
Tr exp

(
− βH(hi, 0)

) . (3.4)

Including thermal states at finite temperatures rather than only ground states is useful as it allows

us to tune the energy density of the stationary state reached at late times in a simple manner. We

then consider the time evolution induced by the ANNNI Hamiltonian H(hf , κ), i.e.

ρ(t > 0) = e−iH(hf ,κ)tρ(t = 0)eiH(hf ,κ)t . (3.5)

We will restrict ourselves to the case hi = hf ≡ h and quenches with κ < J/2. To simplify notations

we also set J = 1. As the ANNNI model is non-integrable when both h and κ are non-zero we

expect the model to thermalise [107,125], i.e. in the thermodynamic limit the system should locally

relax to a thermal stationary state described by an effective temperature that is set by the energy

density of the initial state

e0 = lim
L→∞

1

L
Tr
(
ρ(t = 0)H(hf , κ)

)
. (3.6)
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In our setup the correlation length typically starts off small as a result of a large pre-quench gap,

while at late times the system settles into a thermal state at a low effective temperature in the

vicinity of a quantum critical point. Hence, the correlation length in the stationary state is typically

much larger than in the initial state. Intuitively, therefore, the physics should be that of a system

whose correlation length grows following the quench.

3.3 Mean-field theory for the stationary state

Since the ANNNI model is believed to thermalise and has no local conservation laws other than the

total energy, we expect local observables O to reach their Gibbs ensemble values at late times after

a quantum quench

⟨O⟩(t) t=∞−→ Z−1Tr[e−βfH(hf ,κ)O] . (3.7)

Here Z is the partition function and βf the inverse effective temperature, set by the initial energy

density (3.6) generated by the quench protocol. For sufficiently small values of κ this thermal state

should be amenable to a description in terms of a simple self-consistent mean-field theory of spinless

fermions

Z−1Tr[e−βfHO] ≈ Z−1
MFTTr[e−βMFTHMFTO] , (3.8)

where

HMFT =
∑
i

2∑
a=0

{
J
(a)
Eff (c†i ci+a + hc) + (∆

(a)
Effc

†
i c

†
i+a + hc)

}
+ E0 . (3.9)

This mean-field theory is the result of requiring that Wick’s theorem holds, or equivalently that

higher cumulants vanish. The effective couplings J
(a)
Eff and ∆

(a)
Eff and the constant E0 are generated

by decoupling the quartic interaction terms self-consistently via

ABCD 7→ ⟨AB⟩MFTCD+AB⟨CD⟩MFT−⟨AB⟩MFT⟨CD⟩MFT+all other Wick contractions , (3.10)

where

⟨O⟩MFT ≡ Z−1
MFTTr[e−βMFTHMFTO] . (3.11)

Defining the (self-consistent) expectation values

ta ≡ ⟨c†jcj+a⟩MFT , a = 0, 1, 2 ,

∆b ≡ ⟨c†jc†j+b⟩MFT , b = 1, 2 , (3.12)
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we have

J
(0)
Eff = h− 2κ(t2 + Re ∆2) ,

J
(1)
Eff = −(J − 4κ(t1 + Re ∆1)) , ∆

(1)
Eff = −(J − 4κ(t1 + ∆∗

1)) ,

J
(2)
Eff = κ(1 − 2t0) , ∆

(2)
Eff = κ(1 − 2t0) ,

E0 = −hL− 4Lκ(|∆1|2 + t21 − t0t2 + 2 Re ∆1t1 − Re ∆2t0) .

(3.13)

Note that J
(1)
Eff ̸= ∆

(1)
Eff . In order to fully specify our self-consistent mean-field theory we require the

self-consistent values of the five mean-fields as well as the value of the inverse effective temperature

βMFT, which is fixed by the condition that the energy density in the stationary state is the same as

in the initial state (3.6), i.e.

e0 = lim
L→∞

⟨HMFT⟩MFT

L
. (3.14)

The various self-consistency equations are most easily solved in momentum space. As stated

above, it is sufficient to work in the Neveu-Schwarz sector for even system sizes L, so that

ck ≡ 1√
L

∑
m

eikmcm , k ∈
{

2π
n+ 1/2

L
, n = −L

2
, . . . ,

L

2
− 1

}
. (3.15)

The mean-field Hamiltonian then becomes

HMFT =
∑
k>0

Ak(c†kck − c†−kc−k) + iBk(c†kc
†
−k) − iB∗

k(c−kck) + const ,

Ak = 2

2∑
a=0

J
(a)
Eff cos ak , Bk = 2

2∑
a=1

∆
(a)
Eff sin ak . (3.16)

We remark that in equilibrium not just the ta but also the ∆b are in fact real despite the absence of

a unitary symmetry enforcing this, see Appendix A.2. This in turn makes it possible to diagonalise

the Hamiltonian by a one-parameter Bogoliubov transformation

bκ(k) = cos
θκ(k)

2
c(k) − i sin

θκ(k)

2
c†(−k) , eiθκ(k) =

Ak − iBk√
A2

k +B2
k

, (3.17)

which gives 1

HMFT =
∑
k>0

εκ(k)b†κ(k)bκ(k) + const , εκ(k) =
√
A2

k + |Bk|2. (3.18)

1Here we write |Bk|2 which gives the correct dispersion for complex Bk, as it will be out-of-equilibrium, although
the form of the required canonical transformation in (3.17) will be more complicated.
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The self-consistency conditions on the mean-fields are given by calculating the expectation values

using (3.11)

ta =
1

L

∑
k

e−iak⟨c†kck⟩MFT =
1

L

∑
k>0

cos ak

(
1 − cos θκ(k) tanh

βMFTεκ(k)

2

)
, (3.19)

∆a =
1

L

∑
k

e−iak⟨c†kc
†
−k⟩MFT =

1

L

∑
k>0

sin ak sin θκ(k) tanh
βMFTεκ(k)

2
, (3.20)

while the equation fixing the effective temperature (3.6) takes the form

4κ
(
(t1 + ∆1)2 − (t0 − 1/2)(t2 + ∆2)

)
κ=0

+ h− 1

L

∑
k>0

εκ=0(k) tanh
βiεκ=0(k)

2

= E0 + J
(0)
Eff − 1

L

∑
k>0

εκ(k) tanh
βMFTε(k)

2
. (3.21)

The initial energy density given by the left hand side of (3.21) is a constant for fixed values of

κ and h; however, the right hand side depends upon the values of the mean-fields and thus this

equation must be solved self-consistently along with the other conditions on the mean-fields.

Eqs. (3.19)-(3.21) need to be solved numerically, where the Bogoliubov angles are defined by

Eq. (3.17) and Eq. (3.13). The solutions can be directly compared to numerical results obtained

in Ref. [106] via a numerical linked cluster expansion [126, 127]. In Fig. 3.2, we plot the mean-field

(a)
MFT

NLCE

0.20 0.25 0.30 0.35 0.40 0.45
0.6
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0.9
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Figure 3.2: (a) Cx
1 = 2(t1 + ∆2) in the thermal state reached at late times after a quench from

the TFIM ground state at h = 0.2 as a function of κ. The solid blue line is the result obtained
from our self-consistent mean-field theory and the dashed black line shows numerical linked cluster
expansion (NLCE) results extracted from [106]. (b) Same comparison as (a) but for χ1 = ∂κC

x
1 (κ).

The vertical lines indicate κc.

results for the longitudinal nearest-neighbour correlator

Cx
1 ≡ ⟨σx

i σ
x
i+1⟩ = 2(t1 + Re ∆1) , (3.22)
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in the (thermal) steady state following a quench from the ground state of the TFIM with h = 0.2

along with the susceptibility dCx
1 /dκ defined using an ensemble of quenches. We see that the

agreement of our mean-field analysis with the numerical results of Ref. [106] is excellent, up to fairly

large values of κ. We observe similarly good agreement with the transverse magnetisation mz ≡ ⟨σz
j ⟩

and the next-nearest neighbour longitudinal correlator Cx
2 ≡ ⟨σx

i σ
x
i+2⟩. In Fig. 3.3 we compare the

self-consistent inverse temperature βMFT to numerical results of Ref. [106]. We observe excellent

agreement essentially over the full range of κ considered.

MFT

NLCE

0.0 0.1 0.2 0.3 0.4 0.5
0.05

0.10

0.20

0.50

Figure 3.3: Comparison of T = β−1
MFT to effective temperatures reported in [106]. The dashed black

curve shows the NLCE results reported in Fig. 8 of [106], while the blue data points are the values
found by our self-consistent mean-field theory. The vertical line indicates κc.

Given the good agreement with state-of-the-art numerical results, we conclude that our self-

consistent fermionic mean-field theory provides a good description of the steady state reached at

late times after the quenches considered.

3.3.1 Scaling regime at finite energy densities

The key objective of Ref. [106] was to establish that quantum quenches can be used to locate

the positions of quantum phase transitions in some parameter space. An important question is to

what extent the observed signatures are indeed associated with the scaling behaviour induced by

the proximate quantum critical point. To answer this question by purely numerical methods would

require the analysis of the long distance behaviour of correlation functions or entanglement entropies

of large subsystems, in order to ascertain whether they display scaling behaviour characteristic of the

proximate quantum critical point. Our mean-field theory gives us a much simpler way of answering
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this question: as the field theory describing the quantum critical point is a gapless relativistic

Majorana fermion the scaling regime extends at most to energies per particle at which the mean-

field dispersion is still to a good approximation linear. These considerations set an energy cut-off

for the field theory. In Fig. 3.4, we plot the mean-field dispersion relation (3.18) and compare it to

the respective effective temperatures. We see from Fig. 3.4(c,d) that, when h is close to 1 and κ

-π 0 π
0

1

2

3

4
(a) h=0.2 (b) h=0.5 (c) h=0.8 (d) h=0.9

Figure 3.4: Effective dispersion relations in the steady state following a quench with (a) h = 0.2,
κ = 0.407 ≈ κc, (b) h = 0.5, κ = 0.269 ≈ κc, (c) h = 0.8, κ = 0.114 ≈ κc, (d) h = 0.9, κ = 0.058 ≈ κc
. The black horizontal line is the effective temperature T = β−1

MFT. The dashed black line is a fit to

εfit(k) =
√
εκ(0)2 + v2fitk

2 and the gray shaded region indicates the regime of energy densities where
spectral nonlinearities become significant and corrections to scaling limit behaviour can no longer
be expected to be negligible.

is small, the scale over which the dispersion is linear is much larger than the effective temperature.

This implies that for these quenches the steady state is in fact in the scaling regime of the Ising

transition and properties of the underlying quantum critical point are readily accessible.

By contrast in Fig. 3.4(a,b) we show the mean-field dispersion relation (3.18) in the steady state

for quenches with small h and large κ can be fitted with a relativistic dispersion only for a small

energy window. Here the scale over which the Majorana dispersion is linear is very small and of

the same order of magnitude as the effective temperature. This means that for these quenches the

steady state is outside the scaling regime of the Ising transition, and so we cannot actually glean

any useful information about the underlying quantum critical point using quench dynamics.

We expect the fact that the cut-off decreases for smaller values of h to be an accurate prediction

of the mean-field theory presented here in light of the good agreement with the numerics seen in

Fig. 3.2. The point that the energy density needs to be sufficiently below the cut-off scale of the

quantum critical point one is trying to probe is of course very general.
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3.4 Self-consistent time-dependent mean-field theory (SCT-
DMFT)

Following Refs [128–134], we now turn to the dynamics after our quantum quenches in the framework

of a self-consistent time-dependent Gaussian approximation. This amounts to considering time

evolution with a time-dependent mean-field Hamiltonian

HMFT(t) =
∑
i

2∑
a=0

{
J
(a)
Eff (t)(c†i ci+a + hc) + (∆

(a)
Eff(t)c†i c

†
i+a + hc)

}
+ E0(t) , (3.23)

where the time-dependent couplings are given by the time-dependent analogs of (3.13), i.e.

ta(t) = Tr
(
ρMFT(t)c†jcj+a

)
, a = 0, 1, 2 ,

∆b(t) = Tr
(
ρMFT(t)c†jc

†
j+b

)
, b = 1, 2 ,

ρMFT(t) =
{
T e−i

∫ t
0
HMFT(t′)dt′

}
ρ(t = 0)

{
T e−i

∫ t
0
HMFT(t′)dt′

}†
. (3.24)

Here T denotes time ordering; the initial density matrix ρ(t = 0) (3.4) is by construction Gaussian

and concomitantly so is ρMFT(t). This is the essence of the SCTDMFT, which by construction is

expected to work best at short times. This is because it is based on the assumption that all higher

cumulants vanish, which is strictly true at time t = 0. At short times the higher cumulants will

become non-zero, but their growth is expected to be slow for small κ.

At late times SCTDMFT, is not expected to work well in general [53,54] and in some models is

known to describe relaxation towards a “prethermalisation plateau” [135–137]. This can be described

by a deformation of a Generalised Gibbs ensemble rather than the Gibbs ensemble that describes

the thermalised steady state. The studies of Refs. [53,54], in which the accuracy of the SCTDMFT

was assessed in detail, focused on initial states that led to non-trivial dynamics even in the absence

of interactions. In such settings the prethermalisation plateau is generally well separated from the

corresponding thermal expectation values, and as a result SCTDMFT cannot describe the late time

behaviour, even qualitatively.

However, following Ref. [106], here we consider initial states for which there is no dynamics

without quenching the interaction strength. This is the scenario investigated by [135, 138, 139]. As

a result the system still prethermalises, but now for local quantities the prethermalisation plateau

is quite close to the corresponding thermal expectation values. Given that the prethermalisation

plateau is reached at early times where SCTDMFT works well, the expectation is that the difference

to the Gibbs value at small κ is of order O(κ2). Hence, SCTDMFT can be viewed as providing a
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reasonable account of the late time behaviour (as long as the quench parameter κ is small enough,

which must be checked numerically). We elaborate on this point below by comparing the late-time

behaviour in SCTDMFT to the expected equilibrium values.

As a consequence of the translation invariance of the problem, the time-evolved Gaussian density

matrix ρMFT(t) is fully characterised by the two momentum space two-point averages

t̃k(t) = Tr
(
ρMFT(t) c†kck

)
, ∆̃k(t) = Tr

(
ρMFT(t) c†kc

†
−k

)
. (3.25)

The self-consistent equations of motion for these k space two-point functions can be obtained using

the Heisenberg equations of motion associated to the (now time-dependent) analog of the momentum

space Hamiltonian (3.16). The result is

d∆̃k(t)

dt
=2iAk(t)∆̃k(t) +B∗

k

[
1 − 2t̃k(t)

]
dt̃k(t)

dt
=2 Re

(
Bk(t)∆̃k(t)

)
, (3.26)

where

Ak = 2

2∑
a=0

J
(a)
Eff (t) cos ak , Bk = 2

2∑
b=1

∆
(b)
Eff(t) sin ak . (3.27)

We now integrate the equations (3.26) using a second-order midpoint scheme with a time step of

10−3, which we choose to ensure that the mean-fields are converged with respect to the time step.

At each time step we must update the real space mean-fields ta and ∆b using t̃k and ∆̃k

ta =
1

L

∑
k

t̃k(t)e−ika , ∆b =
1

L

∑
k

∆̃k(t)e−ikb . (3.28)

Physical quantities such as spin-spin correlation functions can then be calculated in terms of (sums

of products of) the fermionic two-point functions.

3.4.1 Short and intermediate-time behaviour of local correlation func-
tions

In Fig. 3.5, we compare the results of the above SCTDMFT approximation to iTEBD results taken

from [106], which are believed to be essentially numerically exact. For small values of κ compared

to the critical value κc we find excellent agreement over the entire time range accessible to iTEBD.

For larger values of κ the agreement is still very good at short times, but gets worse at late times.

While Ref. [106] focused on spin correlations, the time evolution of the fermionic two-point

functions is of interest as well, in particular in relation to the question of detecting topological
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Figure 3.5: Comparison of SCTDMFT results for Cx
1 (t) to iTEBD results taken from [106] for a

quench from the ground state at h = 0.2, κ = 0 to κ > 0. Here the solid lines are SCTDMFT results
for L = 2000 and the dashed lines in the respective color are iTEBD. The agreement is seen to be
very good except for near the critical point (κc ≈ 0.407).

transitions by quench dynamics. In Fig. 3.6, we present results obtained by SCTDMFT for t1(t) and

Re(∆1(t)) following quenches from the ground state ofH(h, κ = 0) with h = 0.2, 0.8 to κ = 0.05, 0.20.

We observe the following:
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Figure 3.6: Nearest neighbour fermion two-point functions t1(t), Re ∆1(t) after quenches from the
ground state of H(h, κ = 0) with h = 0.2 and h = 0.8 to H(h, κ). Horizontal lines indicate the
stationary values found in Section 3.3.

• For quenches with small transverse fields h there are persistent oscillations around a constant

value, which is in good agreement with the corresponding expectation value after thermalisa-

tion.
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• For quenches at large fields h there are no long-lived oscillations. Instead the expectation

values relax to stationary values that differ from the ones predicted (in mean-field theory) by

thermalisation, by an amount that we find scales as O(κ2) as expected.

An explanation of the oscillatory behaviour is provided below in Section 3.4.3.

As suggested in [106], a signature of the proximate quantum phase transition can be obtained

by processing data for the expectation value of a local observable for an ensemble of quenches at a

fixed time t after the quench. In Fig. 3.7 we show results for Cx
1 (t) and dCx

1 (t)/dκ for an ensemble

of quenches starting in the ground state of H(h, κ = 0) and quenching to H(h, κ) for h = 0.2, 0.8

and a wide range of κ values.

(b) h=0.2, t=20
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Figure 3.7: Performing quenches from H(h, 0) to H(h, κ) we build a picture of observables as a
function of final κ. (a-b) Comparison with iTEBD data taken from [106] for h = 0.2 (κc ≈ 0.407,
indicated by thick gray line). (c-d) Equivalent calculation at h = 0.8 (κc ≈ 0.114). All quench
calculations are performed starting from the ground state and with a system size L = 2000.

In Fig. 3.7(a-b), we find very good agreement between our SCTDMFT results and the iTEBD

simulations of Ref. [106] for h = 0.2 and in Fig. 3.7(c-d) we show the results for h = 0.8. The

generalised susceptibility dCx
1 /dκ in Fig. 3.7(b,d) shows a strong dip even at the relatively early

time t = 20 around the critical value κc. Intuitively one expects that the reason for this strong
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response to the varying post-quench parameters is that the correlation length at time t = 20 is

already large and the system “feels” the proximity of the QPT; this implies a large correlation

length and consequently a strong linear response of the system, reflected in the dips in generalised

susceptibilities. We return to this point in the next section where, in Fig. 3.9, we extract correlation

lengths for the nonequilibrium state of the system following the quench for h = 0.8 and find that

the correlation length has grown from ξ ≈ 1.9 at t = 0 to ξ ≈ 12 at t = 20. Conversely, in cases

where the correlation length is short, we do not expect the susceptibility to be large. This is indeed

the case for small values of κ in Fig. 3.7. In Fig. 3.8 we show the time evolution of the generalised
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Figure 3.8: Short time dynamics of the generalised susceptibility for quenches from an initial thermal
state with β = 2.0 and (a) h = 0.8 (κc ≈ 0.114) and (b) h = 0.2 (κc ≈ 0.407) on a system with
L = 2000.

susceptibilities. Fig. 3.8 shows , for two values of h, quench data for various κ, including near the

critical value κc. For κ far from κc we observe a quick relaxation to a plateau, whilst for κ close

to the QPT we observe a longer relaxation time. Fig. 3.8(b) features growing oscillations due to a

‘beat’ phenomenon when numerically differentiating between the different quench data with slightly

different persistent oscillation frequencies.

3.4.2 Growth of the correlation length in time

As we have noted above, the correlation length grows in time for many of the quenches we consider.

To show this explicitly we focus on the connected order-parameter two-point function

Cx
c,ℓ(t) = Tr

[
ρMFT(t) σx

nσ
x
n+ℓ

]
︸ ︷︷ ︸

Cx
ℓ (t)

−
(

Tr
[
ρMFT(t) σx

n

])2
, (3.29)
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as it is easier to extract a correlation length for than for the corresponding expression with σz
j . Since

the order parameter expectation value is itself difficult to calculate even in the TFIM [103,104], we

follow Ref. [140] in using the Lieb-Robinson bound [29] to express the connected correlator as

Cx
c,ℓ(t) = Cx

ℓ (t) − Cx
R(t) , R≫ vmaxt, (3.30)

where vmax is the Lieb-Robinson velocity. In our self-consistent mean-field approximation we can

use Wick’s theorem to express Cx
ℓ (t) as a block-Toeplitz Pfaffian [141]

Cx
ℓ (t) = Pf


G0(t) G1(t) . . . Gℓ−1(t)

−GT
1 (t)

. . .
. . .

...
...

. . .
. . .

...
−GT

ℓ−1(t) . . . . . . G0(t)

 , (3.31)

where

Gn(t) =2

(
i Im ∆n(t) Re(t1−n(t) + ∆1+n(t)) − 1

2δ0,n+1

−Re(t1−n(t) + ∆1−n(t)) + 1
2δ0,1−n i Im ∆n(t)

)
. (3.32)

We note that if we replace the time-dependent Gaussian density matrix by a thermal equilibrium

state, Eq. (3.31) reduces to a determinant because ∆n ∈ R.

Figure 3.9: Connected order-parameter two-point function Cx
c,ℓ(t) for a quench from the ground state

of the TFIM at h = 0.8 to the ANNNI with h = 0.8, κ = 0.11 (κc ≈ 0.114). Vertical lines indicate
the light cone distance at t = 15, 20, 25 using the maximal group velocity of the effective dispersion
in the steady state. Gray lines indicate fits to functions of the form Cx

c,fit = aℓ−ν exp(−ℓ/ξ) where
ξ is the fitted correlation length. Compare with Fig. 1.1.

In Fig. 3.9 we show the connected order-parameter two-point function for a quench from the

ground state of the TFIM with h = 0.8 and turning on next-nearest neighbour interactions of
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strength κ = 0.11. This is close to the critical value for this field, κc(h = 0.8) ≈ 0.114. In the initial

state the connected correlator displays exponential decay with a correlation length ξ(0) ≈ 1.9.

Extracting correlation lengths at t > 0 is complicated by the fact that the connected correlator for

outside the “light cone” remains unchanged and we are therefore restricted to separations ℓ < 2vmaxt,

where vmax is the maximal propagation velocity [33,34,107]. On the other hand, in order to extract

a correlation length ξ(t) we require that ℓ ≫ ξ(t). This causes us to be unable to convincingly

fit correlation lengths for short times (other than t = 0 which is an equilibrium state by design),

although we obtain relatively good fits to the exponential behaviour at times t ≥ 20 which show the

correlation length has grown to about ξ(25) ≈ 14.3.

3.4.3 Oscillations in the low energy-density regime

A striking feature seen in Figs. 3.5, 3.6, 3.8 are the high-frequency oscillations in local observables

for quenches at reasonably small h which do not appear to decay in time in the mean-field theory.

These do not occur in quenches in the TFIM and hence seem to be a result of fermion interactions.

We stress that these oscillations were previously observed in the iTEBD simulations of Ref. [106]

and are not an artifact of the mean-field approximation. Importantly they are observed in quenches

that result in small energy densities compared to the fermion gap, which puts us in a regime where

we are dealing with the nonequilibrium dynamics of a very dilute gas of fermions. This suggests

that these oscillations could be related to the formation of long lived bound states of (pairs of)

fermions, cf. Refs [142–146]. A simple limiting case in which this bound state formation can be seen

is h = 0. Here excitations are highly degenerate domain-wall states, whilst the antiferromagnetic

next-nearest neighbour term partially lifts this degeneracy by introducing an energy penalty of 4κ

when the domain-walls are on exactly neighbouring bonds. That is, at h = 0 the next-nearest

neighbour interaction produces a spin-flip (anti-)bound state. In order to investigate the possibility

of these bound states persisting to the non-zero values of h we consider, we have determined the

spectrum of low-lying excitations of the ANNNI model by exact diagonalisation using the QuSpin [94]

package on L = 24 sites. These results provide useful information for physical properties at finite

energy densities that are small compared to the excitation gap over the ground state. As in the

ferromagnetic phase of the TFIM, the lowest excitations can then be thought of as a continuum of

pairs of ferromagnetic domain-walls. This is indeed observed in the exact diagonalisation results in

Fig. 3.10. In addition we observe a bosonic bound state of two domain-walls that occurs at energies
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Figure 3.10: Spectrum of the ANNNI Hamiltonian for (a) h = 0.1, κ = 0.15 and (b) h = 0.2,
κ = 0.2 from exact diagonalisation using QuSpin [94] on L = 24 sites. As physical states have even
fermion parity, the lowest excited states are the two domain-wall continuum and a sharp bosonic
mode corresponding to the anti-bound state. For h = 0.2, κ = 0.2 the four-particle continuum is low
enough in energy to be visible on this scale.

above the two domain-wall continuum. With regards to the oscillations observed in local observables

after some of our quenches we note the following:

• The bound state energy at k = 0 agrees with the oscillation frequency observed after the

quantum quenches.

• For reasonably large values of h, the bound state ceases to exist around k = 0. It can be seen

from a Lehmann representation that only excited states with k = 0 contribute to the dynamics

when performing quenches from translationally invariant states as we do here. As such this is

consistent with the fact that when we perform quenches with larger h we do not see persistent

oscillations.

An important caveat is that in the quench set-up we are dealing with there is a small, but finite,

energy density above the ground state and thus in the thermodynamic limit the system is in fact

at an energy infinitely above what is pictured in Fig. 3.10. There, the bound states always “sit” on

top of multi domain-wall excitations and are not expected to be stable. However, as the density of

domain-walls is very small the lifetime of the bound state can be very large compared to the time

scale we observe in our quenches. We believe that this is indeed the case.

A rough estimate of the decay time of the bound states can be obtained by thinking in the

quasiparticle picture described above. If there were truly a single bound state, then energy and
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momentum conservation would prevent it from decaying; however, the decay is allowed due a back-

ground density of domain-walls that the bound state may scatter from. A semi-classical approach

to compute the scattering time is to reason in terms of the quasiparticle picture [31, 142, 147]. To

do this we introduce the mean-free-path of the domain-walls

λmfp =
Eg

ε
, (3.33)

where ε is the energy density relative to the ground state after the quench and Eg the quasiparticle

gap. If the mean-free-path is larger than the system size λmfp > L, then the state has in expectation

fewer than one quasi-particle in the entire system and the system does not require a many-body

description and the bound states will have nothing to scatter from. Even for thermodynamically

large systems however, if we consider times less than

2vmaxt ≲ λmfp , (3.34)

where vmax is the Lieb-Robinson velocity of the domain-wall excitations, we may consider the bound

state quasiparticles as having little interaction with the domain-wall background. We now estimate
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Figure 3.11: Mean-free-path of the quasiparticles generated by quantum quenches from the TFIM
ground state at transverse field h = 0.2 to the ANNNI model with 0.1 < κ < 0.45 (κc ≈= 0.407).

all the relevant quantities in the case of interest. The post-quench energy density e0 defined in (3.14)

may be calculated using Wick’s theorem. The energy density ε appearing in Eq. (3.33) is however
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not the e0 of (3.14), but rather one must subtract the ground state energy density of the ANNNI,

which is not known analytically. We estimate the latter by exact diagonalisation for L = 18 sites,

for which it is essentially converged. The resulting mean-free-path for quenches from the ground

state of the TFIM with h = 0.2 to the ANNNI model with 0.1 < κ < 0.45 is shown in Fig. 3.11.

We see that for these quenches the mean-free-path is extremely large unless κ is very close to the

QPT. The time range accessible to us in our SCTDMFT analysis is limited by finite-size effects,

which strongly influence observables after the traversal time L/(2vmax) [31, 32, 107]. To access very

late times without encountering finite-size effects therefore requires larger system sizes and more

memory. In order to test whether or not the oscillations eventually decay in mean-field theory we

instead change our initial density matrix in a way that reduces the mean-free-path, e.g. for a quench

with h = 0.1 and κ = 0.15 from an initial temperature β = 2.0, we estimate that the mean-free-path

should be roughly 50 sites and the scattering time about ts ∼ 56, see Table (3.1). Nonetheless there

is no visible damping in the mean-field theory up to very late times (t = 103), see Fig. 3.12. We

e0(β = 2.0) eGS(h = 0.1, κ = 0.15) ε 2Eg λmfp vmax ts
-0.82739 -0.85295 0.02556 2.410 47.14 0.4187 56.29

Table 3.1: Post-quench energy density e0 obtained from Eq. (3.14), ground state energy density
eGS and two particle gap estimated with ED on L = 20 sites. Lieb-Robinson velocity is estimated
as the maximal group velocity for the dispersion ϵκ(k) given in Eq. (3.18) using the values of the
mean-fields at t = 100.

conclude that in SCTDMFT the oscillations are undamped while we expect in an exact theory they

would decay.

3.5 Non-equal time correlation functions

A natural question is whether the existence of a bound state can be detected more directly in the

quench setup. One proposal in the literature is to use certain Fourier transforms of equal time

correlation functions [148, 149], but these do not provide useful insights in our case. In thermal

equilibrium, it is well established that dynamical response functions give detailed information about

the particle content of the theory. An obvious question then is to what extent their nonequilibrium

analogs can be used to do the same. In order to address this question we now determine certain

non-equal time correlation functions in our SCTDMFT. We do not attempt to address the problem

of calculating non-equal time two-point functions of the order parameter, as this is difficult even for
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Figure 3.12: Time evolution of the mean-field t1 following a quench from β = 2.0, h = 0.1, κ = 0.15.

the transverse field Ising chain itself [102,104]. In MFT the Heisenberg equations of motion for the

fermion operators ck are linear

d

dt
ck(t) = i[HMFT(t), ck(t)] = −iAk(t)ck(t) +Bkc

†
−k(t) , (3.35)

and can be solved by a time-dependent Bogoliubov transformation

ck(t) =αk(t)ck(0) + βk(t)c†−k(0) , (3.36)

where the time-dependent coefficients are solutions to

dαk(t)

dt
= − iAk(t)αk(t) +Bk(t)β∗

−k(t) ,
dβk(t)

dt
= −iAk(t)βk(t) +Bk(t)α∗

−k(t) . (3.37)

As we are dealing with a Gaussian theory all non-equal time correlation functions are then expressible

in terms of the two non-equal time Green’s functions given by

Gk(t, t′) = ⟨c†k(t)ck(t′)⟩ =α∗
k(t)αk(t′)fk + α∗

k(t)βk(t′)gk

+ β∗
k(t)αk(t′)g∗k + β∗

k(t)βk(t′)(1 − f−k) = G−k(t, t′) , (3.38)

G̃k(t, t′) = ⟨c†k(t)c†−k(t′)⟩ =α∗
k(t)α∗

−k(t′)gk + α∗
k(t)β∗

−k(t′)f−k

+ β∗
k(t)α∗

−k(t′)(1 − fk) + β∗
k(t)β∗

−k(t′)g∗ = −G̃−k(t, t′) , (3.39)
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where expectation values are always taken with respect to ρ(t = 0), i.e. ⟨O⟩ = Tr[ρ(t = 0)O]. The

final equalities hold due to the parity symmetry and fk, gk encode the initial conditions

fk = Gk(0, 0), gk = G̃k(0, 0) . (3.40)

As an example of the use of these formulas we consider the nonequilibrium analog of the density

response function

χρρ(r, t, t′) =
1

L2

∑
k1,...k4

ei(k1−k2)r⟨[c†k1
(t)ck2(t), c†k3

(t′)ck4(t′)]⟩ . (3.41)

After Fourier transforming in the spatial co-ordinate this takes the following form in SCTDMFT

χ̃(q, t, t′) =
1

L

∑
k

{
G̃k(t, t′)G̃∗

k−q(t′, t) − G̃k(t′, t)G̃∗
k−q(t, t′)

+Gk(t, t′)
(
α∗
k−q(t′)αk−q(t) + β∗

k−q(t′)βk−q(t)
)

− (α∗
k(t)αk(t′) + β∗

k(t)βk(t′))Gk−q(t′, t)
}
. (3.42)

We note that χ(q, t, t′) is in principle measurable via linear-response measurements, see Appendix

A.3. Employing a Lehmann representation suggests that spectral properties of the post-quench

Hamiltonian should be inferrable by taking appropriate “Fourier transforms” in time. In practice

we consider

χtf (q, ω) =

∫ tf

0

dt′ χ̃(q, tf , t
′) eiωt′ . (3.43)

The imaginary part of this generalised dynamical susceptibility is shown in Fig. 3.13 for a quench

from κ = 0 to κ = 0.15 and initial inverse temperature β = 1.0. These parameters correspond to

those in Fig. 3.10(a), which has a clear bound state, except at elevated temperature. The single

time correlation functions still show characteristic oscillations and so we believe there is a bound

state still at this increased temperature. In Fig. 3.13, we can clearly identify the continuum of

two-domain-wall excitations but there is no evidence for a bound state above it. In order to capture

the latter, one has to go beyond the SCTDMFT.

3.6 Conclusion

This chapter has formulated both equilibrium (at finite energy density) and time-dependent mean-

field descriptions for quantum quenches in the ANNNI model starting from a Gaussian state. We

first used this to compute properties of the expected stationary state following a quantum quench,

assuming that the system looks thermal again at late times and then used the time-dependent
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Figure 3.13: Out-of-equilibrium density-density susceptibility calculated for the mean-field theory
with L = 200, h = 0.1, κ = 0.15, β = 1.0

formulation to probe the approach to stationarity. Comparisons, in both the stationary and time-

dependent cases, with the numerical results of Ref. [106] show that this simple description is fairly

accurate even for large next-nearest neighbour interactions close to the critical value. Importantly

it fully reproduces the signatures of the equilibrium phase transition previously found numerically.

Our approach makes it clear that the observed signatures are associated with the growth of the

correlation length following a quantum quench and sheds light on the applicability of this mechanism

for detecting quantum phase transitions in general. The analysis of this chapter makes it clear that

to truly see quantum critical behaviour the quench must not produce an energy density higher than

the cutoff for the critical scaling theory, however the appearance of soft modes can still produce

signatures of the phase transition in the susceptibilities for one point functions. Our theory is based

on a fermionic description with a topological transition and so it is clear that topological as well

as conventional transitions may be detected in this manner. Moreover, we give an explanation for

a potentially puzzling feature of the real time dynamics, namely long lived oscillations, by showing

that the oscillation frequency is the mass of a bound state in the interacting theory.

Finally, we showed that self-consistent time-dependent mean-field theory can partially capture

the presence of this bound state due to the characteristic oscillations caused in equal time correlation

functions. However, when used to compute non-equal time correlation functions that are expected
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to show spectral properties, the mean-field theory fails to capture the bound state. The expected

fate of the oscillations is not fully clear from this study — in mean-field theory they persist for all

times simulated with no signs of damping. This is in conflict with intuition from statistical physics

and ETH which states that in a chaotic system such as the ANNNI model local observables should

have their expectation values relax to stationary values at late times. A thorough investigation of

the intermediate time behaviour is therefore of interest, which the next chapter will attempt to shed

light on.
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Turning and turning in the widening gyre
The falcon cannot hear the falconer;
Things fall apart; the centre cannot hold;

The Second Coming
W. B. Yeats

4
Persistent oscillations in gapped chains and their

decay

This chapter will be based on [3], which aims to answer the question that arose in the previous

chapter as to whether the oscillations in equal time observables decay at late times. To do so, this

chapter will discuss the mechanism for the origin of the oscillations and argue it is generic to quenches

in gapped spin chains with kinematically protected modes such as those arising from bound states.

This being the case, this chapter will abandon the ANNNI model to focus on a simpler paradigmatic

example of such oscillations using a systematic perturbative analysis. This analysis will show that

mean-field theory captures the oscillations but not their decay, whilst the next order in perturbation

theory causes them to decay. This is in good agreement with the fully non-perturbative results

available to us via MPS calculations, but provides the ability to investigate much later times.

4.1 Introduction

Following a quantum quench, local observables are expected to relax to stationary values in generic

models as a result of ETH [21–23]. The presence of long lived oscillations of local observables in

an experiment with a 51-atom Rydberg simulator [16] led to the theoretical development of the

concept of quantum many body scars (QMBS) [67]: non-thermal states embedded deep in the

spectrum of otherwise quantum chaotic models. An apparently related phenomenon to QMBS
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has been observed in quenches in certain spin chains, referred to as ‘weak thermalisation’ in [150].

Various authors [142–144,146,150–155] have noted that for the Ising chain in a tilted field following

a quench, there are long lived oscillations at frequencies corresponding to the masses of ‘meson’

bound states. Similar oscillations were observed in the Potts model [156]. These studies were unable

to simulate late enough times to conclude if the oscillations decayed or not, although arguments for

their eventual decay have been given in [142]. In the latter work it is moreover argued that such

oscillations should be generic to quantum systems with a quasiparticle gap and isolated bands such

as produced by bound states. The requirements for systems to have such long lived oscillations at

bound state masses seem very general. This is in stark contrast to the usual understanding of QMBS

as arising from highly unusual algebraic properties such as exact eigenstates in the form of low bond

dimension matrix product states.

The fate of oscillations at late times is however controversial: oscillations in the post-quench

dynamics of observables in quantum field theories were predicted by Delfino and collaborators in

[157,158] and subsequently in [159,160] it was argued that they persist for arbitrarily long times.

The Ising chain in a tilted field is unusual, in the sense that the perturbation that leads to the

formation of meson bound states is non-local with respect to the fermionic elementary excitations

of the transverse field Ising chain. This precludes the analysis of particle decay by standard per-

turbative approaches. In light of this fact, it is important to identify models that exhibit the same

phenomenology, but can be studied by such methods. The ANNNI model studied in Chapter 3

is one such example, with a non-confining (contact) potential that binds the elementary domain-

wall excitations into a spin flip. In this chapter we give two quench setups that we consider to

be particularly simple examples of such behaviour. The first is a quantum quench in integer spin

antiferromagnetic chains, which possess a gapped single particle (magnon) mode according to Hal-

dane’s conjecture [161, 162]. This model very cleanly demonstrates that the phenomenology is due

neither to confinement, nor indeed to bound states, but simply due to the system possessing a kine-

matically protected, gapped quasiparticle excitation. However, as integer spin antiferromagnets are

strongly interacting systems we are restricted to purely numerical investigations of the nonequilib-

rium dynamics of this model by matrix product state methods. Secondly, we present and analyse

in detail a novel example of these long lived oscillations in a model with weak interactions that has

the simplifying feature of exhibiting a U(1) symmetry associated with particle number conservation:

a dimerised XXZ chain in a staggered magnetic field. In the scaling limit, the low-lying excitations
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of this model can be understood in terms of solitons, antisolitons and a bound state known as a

‘breather’ which can give rise to long lived oscillations after quantum quenches.

Many other mechanisms for producing long lived oscillations are possible in quantum systems that

should be differentiated from the case we discuss. We have already mentioned exact quantum many

body scars, which can cause infinite lifetime oscillations if the initial state has large overlap with scar

states lying in the middle of the spectrum. There are also Bloch oscillations of domains in the tilted

field Ising model at low domain-wall density and related models of Rydberg atoms [163,164]. Long

lived oscillations can also occur in the electric field strength in lattice gauge theories that are related

to quantum many body scars [165, 166]. Finally, in the presence of a U(1) symmetry undamped

oscillations can occur when one considers observables that connect neighbouring charge sectors and

applies a Zeeman field that splits all sectors by the same energy difference [167,168].

The organisation of this chapter is as follows: in Section 4.2 we describe the mechanism that can

give rise to long lived oscillations in models with kinematically protected single-particle excitations

before giving a simple numerical case study of such behaviour in the spin-1 bilinear biquadratic

(BLBQ) chain in Section 4.2.1. The spin-1 chain provides a clear example of the phenomenology we

are interested in, however it is always strongly interacting. In contrast, the ANNNI and related Ising

models can be mapped to fermionic chains for which the interaction can be considered perturbatively.

However the lack of a U(1) symmetry (and in the case of a tilted field, long-ranged interactions be-

tween fermions) significantly complicates the application of standard methods based on the BBGKY

hierarchy [169–171]. In Section 4.2.2 we address this problem by introducing a dimerised XXZ chain

in a staggered magnetic field, which exhibits a U(1) symmetry as well as long-lived oscillations of

observables after quantum quenches. In Section 4.3 we present two different approximations based

on the BBGKY hierarchy — a self-consistent time-dependent mean-field theory (SCTDMFT) and

the Second Born approximation [53,54] — to study the quench dynamics of local observables.

4.2 Oscillations at “early” times

The physics underlying the oscillations explored within this chapter arises from two key requirements,

these are:

1. The existence of a kinematically protected mode, i.e. a quasiparticle with a gapped dispersion

ϵ(q) ≥ ∆ex such that there is some region in the energy-momentum plane that has no other

energy eigenstates.
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2. Initial density matrices ρ(t = 0) such that the energy density deposited into the system by

the quench (relative to the post-quench ground state energy EGS) is small compared to the

spectral gap of the post-quench Hamiltonian

ϵQuench = lim
L→∞

1

L

(
Tr
[
ρ(t = 0)H

]
− EGS

)
≪ ∆ex. (4.1)

If the above requirements are met the physics can be viewed in terms of a dilute gas of long lived

particles, whose scattering is to a good approximation purely elastic, cf. [101,172–178]. The possible

emergence of long lived oscillations can then be understood by considering the linear response regime

of ground state quenches. This is equivalent to the approach of Refs. [157–160]. To that end we

consider an initial state |ψ0⟩ that is the ground state of a Hamiltonian H0, and time-evolve with

H = H0 +λV . Here V is a global operator that is assumed to be translationally invariant (as is H0).

By construction both H0 and H feature kinematically protected gapped single-particle excitations.

Linear response theory then gives

⟨ψ0|O(t)|ψ0⟩ ≈ ⟨ψ0|O|ψ0⟩ − iλ

∫ t

0

dt′ χOV (t, t′) ,

χOV (t, t′) = ⟨ψ0|[OI(t), VI(t′)]|ψ0⟩,

OI(t) ≡ eiH0tOe−iH0t . (4.2)

The response function χOV (t, t′) can be expressed in terms of a Lehmann representation using the

eigenstates of H0, which gives

χOV (t, t′) =
∑
n

ei(t−t′)(E0−En)⟨ψ0|O|ψn⟩⟨ψn|V |ψ0⟩ − c.c. (4.3)

We now consider perturbations V and operators O that have non-vanishing matrix elements be-

tween the ground state and the kinematically protected gapped excitation. As by construction we

are dealing with a ground state calculation the contribution of this excited state will provide the

dominant contribution to the linear response function for large t

⟨ψ0|O(t)|ψ0⟩ ≈ ⟨ψ0|O|ψ0⟩ + 2λ
∑
k

Re
e−itϵ̄(k) − 1

ϵ̄(k)
FO(k)F ∗

V (k) + . . . (4.4)

where FO(k) = ⟨ψ0|O|k⟩ is the matrix element of the operator O between the ground state of H0

and the single quasiparticle excitation of H0 with momentum k and dispersion ϵ̄(k). As V is by

assumption a global, translationally invariant operator the only non-zero matrix element is with the

zero-momentum single-particle state

FV (k) ∝ δk,0 , (4.5)
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which establishes that in linear response theory we obtain persistent oscillations with frequency ϵ̄(0),

cf. Refs [157–160]. If, instead, either V or the initial state has invariance only under translations

by two sites, the matrix element will select out momenta k = 0 and k = π. In this case oscillations

will occur at two frequencies, ϵ̄(0), ϵ̄(π), as long as the kinematically protected mode exists at these

momenta. The approach of [157–160] can be straightforwardly modified by expanding the initial

state in terms of the eigenstates of the post-quench Hamiltonian using perturbation theory. This

gives

⟨ψ0|O(t)|ψ0⟩ ≈ ⟨ψ0|O|ψ0⟩ + 2λ
∑
k

Re
e−itϵ(k) − 1

ϵ(k)
F̃O(k)F̃ ∗

V (k) + . . . (4.6)

Here ϵ(k) is the dispersion of the kinematically protected mode in H (rather than H0) and F̃O(k) =

⟨0|O|k̃⟩ is the matrix element of the operator O between the ground state of H and the single

quasiparticle excitation of H with momentum k. This way of approaching the problem is important

for some of the cases considered below, in which H has a kinematically protected single-particle

mode, but H0 does not. In these cases the small perturbation λV leads to the creation of a bound

state, which is a non-perturbative effect. In these cases it turns out that the perturbation theory

around H as sketched above gives a (qualitatively) correct description of the observed dynamics.

The question we want to address is what happens outside the linear response regime. Linear

response theory is usually expected to describe the short-time regime for very small but finite values

of λ, but fail at late times. The question of its regime of applicability is related to the properties

of nonlinear response functions, which have recently been analysed in the class of systems discussed

here [179] and shown to acquire late-time divergences in some cases.

The linear response viewpoint summarised above obscures the fact that the quench deposits

a finite energy density into the system. A complementary viewpoint on long lived oscillations is

obtained by employing a spectral representation in terms of energy eigenstates of the post-quench

Hamiltonian

Tr
[
Oρ(t)

]
=
∑
m,n

ei(Em−En)t⟨m|O|n⟩⟨n|ρ(t = 0)|m⟩ . (4.7)

Assuming that the operator O connects states with quasiparticle numbers that differ by one, oscil-

lations with frequency ∆ex may ensue for the following reason. In the gas phase, energy eigenstates

can be viewed as scattering states of the stable quasiparticles and adding a single quasiparticle with

momentum q to an energy eigenstate (approximately) leads to an energy eigenstate that differs in

energy and momentum by ϵ(q). If ρ is translationally invariant, then the only non-zero contribu-

tions to the sum occur at q = 0. As this process works for all energy eigenstates at the (low) energy
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density of interest (which is set by the factor ⟨n|ρ(t = 0)|m⟩), one may expect long lived oscillations

in the expectation value (4.7) to occur.

We stress that the oscillations produced by the mechanism outlined above are not a finite-size

effect but can persist in the thermodynamic limit. For all examples discussed below we have verified

that varying the system size does not affect the amplitude or frequency of the oscillations observed.

This is very different to the oscillations reported in [180], which indeed are finite-size effects.

4.2.1 Haldane-gap chains

As a first example of a model that exhibits undamped oscillations after quantum quenches in the

linear response regime we consider the antiferromagnetic bilinear-biquadratic (BLBQ) chain. This

is a family of spin-1 chains described by [181–183]

H(γ) = J

L−1∑
i

[
(Si · Si+1) + γ (Si · Si+1)

2
]
. (4.8)

For γ = 0 the model reduces to the spin-1 Heisenberg antiferromagnet whilst for γ = 1/3 it is the

AKLT chain [184], whose ground state is an exact MPS with bond dimension χ = 2.

Both values of γ lie within the gapped ‘Haldane gap phase’ [162] −1 < γ < 1. At γ = 1 the model

is the SU(3) symmetric Lai-Sutherland model which is gapless [185, 186]. In Fig. 4.1 we plot the

low-energy spectrum obtained by exact diagonalisation (ED) on L = 16 sites and periodic boundary

conditions for γ = 0.25 which is representative of the Haldane phase, with a gap of ∆ex(π) ≈ 0.62J

and group velocity v ≈ 1.26J .

The ground state is at k = 0 and there is a gap to a triplet band of magnons with energy

minimum at k = π.

Consider first global quenches where a finite energy density is generated by quenching the ratio

of exchange constants γ → γ′. For the Hamiltonian (4.8) the ground state has momentum k = 0 but

the Haldane gap is at k = π, with the magnon mode only persisting in a region of the Brillouin zone

around this that does not extend to k = 0. For such a quench both the Hamiltonian and the initial

state are translationally invariant, so local operators cannot “access” single magnon excitations in

the way described above because ρnm = ⟨n|ρ(t = 0)|m⟩ = 0 for energy eigenstates that differ by

a single magnon, as they differ in momentum. As a result there are no long lived oscillations for

translationally invariant initial states. On the other hand these considerations suggest a way out:

we need to choose an initial state that is invariant only under translations by two sites, which can be
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Figure 4.1: Spectrum of the BLBQ Hamiltonian (4.8) found with QuSpin [94, 95] for L = 16 sites
and γ = 0.25, within the magnetisation sector with Sz

Tot = 0. States are coloured by their charge
under a Z2 spin-flip symmetry Sz 7→ −Sz, |ψ⟩ 7→ z|ψ⟩. Dashed line is a fit around k = π to a
functional form ϵ(k) =

√
∆2

ex + v2(k − π)2.

achieved simply by choosing the pre-quench Hamiltonian to have an additional staggered magnetic

field

Hpre = H(γi) + hs
∑
m

(−1)mSz
m . (4.9)

Hpre now has a ground state that is invariant only under translation by two sites and ρnm ̸= 0 and

so, as discussed in the previous section, we therefore expect to see oscillations at ϵ(π) (the magnon

does not extend to k = 0 so this will be the only frequency present). As a numerical test of these

ideas in the BLBQ chain, we perform a quench using the ITensor [187] library, which enables us to

use DMRG to compute an approximation to the ground state of H(γi, hs), and then to time evolve

the state according to H(γf , 0) using time evolving block decimation (TEBD). Here and elsewhere,

the time window in which we plot TEBD data is determined such that the TEBD results do not

change when suitably increasing the bond dimension; in Figs. 2,3 we have plotted data for χ = 400

and ensured no change in the corresponding plots for χ = 600.

The results are shown in Fig. 4.2 for two quenches of different strengths. For the weaker quench

we see that there are oscillations in the quantity ⟨Sz
L/2⟩ with little to no visible damping, whilst

the evolution of ⟨Sz
L/2S

z
L/2+1⟩ is strongly damped. In light of the previous section, this is to be

understood as due to a discrete spin-flip symmetry as follows: the oscillations can only occur when

the matrix element ⟨GS|O|QP(k)⟩ ≠ 0 where |QP(k)⟩ is the quasiparticle at momentum k and

|GS⟩ is the ground state of the post-quench Hamiltonian. For the BLBQ chain the ground state
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Figure 4.2: Result of a quantum quench keeping γ = 0.25 and quenching the initial staggered field
hs,i 7→ 0. Left: hs,i = 0.01, producing an energy per site of ϵQuench ≈ 3.8 × 10−4J , equivalent to
an equilibrium temperature T ≈ 0.12J . Right: hs,i = 0.05, energy per site ϵQuench ≈ 7.86 × 10−3J ,
corresponding to an equilibrium temperature of T ≈ 0.23J . Equilibrium temperatures determined
using ED on 12 sites, TEBD numerics performed with L = 400 sites and a bond dimension of
χ = 400. The final time is window is determined by requiring that the results do not change on
increasing the bond dimension to χ = 600.

is invariant under Sz 7→ −Sz but the magnon mode is odd under this symmetry. Therefore, the

matrix elements are only non-zero when the observable is Z2 odd, such as Sz itself, and conversely

the oscillations decay rapidly when the observable is Z2 even. The oscillations in the magnetisation

have frequency ω very close to the magnon gap at k = π as expected

ω ≈ 0.62102 . . . J , ∆ex(π) ≈ 0.62096J . (4.10)

Fig. 4.2 also shows a somewhat larger quench from hs = 0.05, which still has an energy per site

well below the gap. The average inter-particle distance after this quench is approximately

ℓ = ∆ex/ϵQuench ≈ 79 . (4.11)

From the perspective of a low density gas of quasiparticles, the finite lifetime of the oscillations is

caused by scattering events [155]. Therefore one would not expect to see appreciable decay at times

vt ≲ ℓ. From ED we estimate that the group velocity is roughly v ≈ 1.26J , and so the slight decay

by Jt = 50 makes sense within the quasiparticle gas picture. Conversely, for the shallower quench

from hs,i = 0.01 the mean-free-path is ℓ ≈ 1600 and thus the lack of decay is also consistent with

this rough estimate. For even larger quenches than hs,i = 0.05 we find that, as expected on the basis

of our quasiparticle gas picture, the decay becomes more easily visible at short times.
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The quenches in Haldane-gapped models explored above yield several insights: the first is that

for weak quenches oscillatory behaviour results as predicted [157–160] when there is a quasiparticle

mode. This confirms that such oscillations are unrelated to the formation of bound states or of

confinement, except inasmuch as they provide a mechanism for kinematically protected quasiparticles

to exist. It also highlights the importance of symmetries which can cause the relevant matrix

elements to be zero and relaxation to be consequently much faster. Perhaps most importantly we

have evidence that the oscillations do decay, which was suggested in previous studies [144, 146] but

not observed in the models considered therein. Our findings also show that in the case studied above

the regime of validity of the perturbative approach used in [157–160] is limited to short times.

4.2.2 Dimerised XXZ model

Generally the quasiparticle gas can consist of several species, for instance in models with “elemen-

tary” quasiparticle excitations as well as (multi-particle) bound states. We have already men-

tioned two examples of this situation - the Ising model with both longitudinal and transverse

field [143, 144, 146, 158] and the Ising model with transverse field only, but additional next-nearest

neighbour Ising interactions [2]. Neither of these lattice models analysed in the context of persistent

oscillations exhibits a U(1) symmetry associated with particle number conservation, which greatly

complicates the application of perturbative approaches based on the BBGKY hierarchy or the flow

equation approach [53, 54, 135–139,188]. In order to study the fate of these oscillations at very late

times we therefore introduce a spin-1/2 dimerised XXZ model in a staggered field, which can be

mapped to a model of spinless interacting fermions with particle number conservation. This enables

us to apply the equations of motion techniques developed in [53, 54]. This model features elemen-

tary fermionic excitations as well as bosonic two-particle bound states. Moreover, in the appropriate

scaling limit the model reduces to the sine-Gordon quantum field theory in the attractive regime.

The Hamiltonian of our model is

H(∆, α,hs) = −J
2

L−1∑
m=0

[1 + α(−1)m][S+
mS

−
m+1 + h.c.] + ∆J

∑
m

Sz
mS

z
m+1 + hsJ

∑
m

(−1)mSz
m .

(4.12)

Here α tunes the degree of dimerisation in the XY plane and hs is a staggered applied field. For

α = hs = 0 and |∆| < 1 the model reduces to the integrable spin-1/2 XXZ chain in the massless

Luttinger liquid phase, whilst non-zero values of α, hs break the integrability and open a gap in the

zero magnetisation sector. A Jordan-Wigner transformation maps the Hamiltonian (4.12) to one of
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Figure 4.3: Low energy spectrum of the Hamiltonian (4.12) in the Sz
Tot = 0 sector for α = 0.4, h =

0.2,∆ = 0.65, calculated for L = 28 spins. The dotted black curve is a fit of the bound state to
ϵ(k) = M − v

2 (cos 2k − 1) where v ≈ 0.78 is the maximal group velocity.

interacting spinless fermions with interaction strength ∆. As in the case of the BLBQ chain, discrete

symmetries play a role in allowing or disallowing persistent oscillations. When only one of α, hs is

present in (4.12) there is a discrete spatial Z2 symmetry corresponding to reflection across a bond

or site, respectively. We will elaborate the importance of retaining both parameters after presenting

data from quenches.

Rotational symmetry about the z axis corresponds to U(1) particle number conservation in

the fermionic variables. In the low energy limit, the Hamiltonian (4.12) for |∆| < 1 reduces to a

sine-Gordon model [189], whose low-lying excitations for ∆ > 0 are solitons, antisolitons and soliton-

antisoliton bound states known as ‘breathers’. In the lattice model we determine the spectrum of

low-lying excitations in the Sz
Tot = 0 sector by exact diagonalisation, cf. Fig. 4.3. We can see that

throughout the Brillouin zone there is a bound state visible below a continuum of states. The bound

state is kinematically protected and therefore stable. This establishes that our model fulfils the first

of our requirements.

We investigate the time evolution using both TEBD, which is capable of exactly describing the

evolution of states with sufficiently low entanglement, and perturbative methods which are valid at

small ∆. The latter is needed because following a quench the entanglement entropy generically grows

linearly in time [43,44,190]. As such the true time evolved state quickly leaves the manifold of states

that can be accurately described by matrix product states with finite bond dimensions. We adopt

open boundary conditions when performing TEBD numerics; when working with the equivalent

63



fermionic model it suffices to work in the sector with fixed fermion number and we adopt periodic

boundary conditions out of convenience. We also ensure that our system sizes are sufficiently large

to rule out finite-size effects such as traversals [107] on the time scales we are interested in.

To ensure a long window of applicability of the perturbative approaches [53, 54] we consider

quantum quenches from an initial thermal state of the non-interacting model ρ(0, α, hs, β), where

ρ(∆, α, hs, β) =
exp (−βH(∆, α, hs))

Tr [exp (−βH(∆, α, hs))]
. (4.13)

As the perturbative approaches expand around thermal states of free Hamiltonians, they are able to

describe states with volume law entanglement, unlike MPS methods. Instead, they are limited by

their assumption that higher particle cumulants are negligible. This is then time evolved using the

Schrödinger equation for H(∆, α′, h′s). We focus on expectation values of local observables such as

the staggered magnetisation within a unit cell and nearest-neighbour spin-bilinears

ms = ⟨ψ(t)|Sz
2n − Sz

2n+1|ψ(t)⟩,

Sαα
m,m+1 = ⟨Sα

mS
α
m+1⟩ . (4.14)
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Figure 4.4: Time evolution following a quench from the ground state with ∆ : 0 7→ 0.2, hs : 0.1 7→ 0
and αs = 0.4 before and after the quench. Upper: staggered magnetisation, showing persistent
oscillations. Lower: Time evolution of ⟨Sx

mS
x
m+1⟩ where m = L/2. Calculations use L = 400 sites

and a maximum bond dimension of χ = 1000 for the TEBD.

We plot these quantities in Fig. 4.4, computed using TEBD on L = 400 sites with the ITensor

[187] library and two approximate calculations: self-consistent time-dependent mean-field theory

and the second Born Approximation, both detailed in Section 4.3. Fig. 4.4 shows the case where
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the time evolution has a Z2 symmetry (reflection in a bond as h′s = 0) but the initial state does not.

In this case, the staggered magnetisation initially has a non-zero value and then oscillates about

the thermal value of 0. The frequency agrees with the energy difference between the post-quench

ground state and the bound state, which have opposite Z2 parities and are thus connected by the

Z2 odd operator mz
s . Conversely, Sxx

m,m+1 is the expectation value of a Z2 even operator and thus

has decaying expectation value at late times. We note that in the bottom panel of Fig. 4.4 the

SCTDMFT does not appear to accurately capture the early time evolution, this is despite the fact

that SCTDMFT is expected to be accurate at early times. We have checked that the difference

between it and the second Born approximation scales like O(∆2) and so this deviation indicates

that for the observable in question the O(∆) contribution is either very small or absent.

4.3 Decay of oscillations in the staggered XXZ model at late
times

We now turn to the “intermediate” time regime. This is no longer accessible to TEBD for the reasons

set out above, but can be studied by appropriate truncation schemes of the BBGKY hierarchy. The

correct degrees of freedom for such a perturbative analysis of (4.12) are fermions rather than spins.

Applying a Jordan-Wigner transformation to the Hamiltonian gives

H(∆, α, hs) = −J
2

L−1∑
m=0

(1 + α(−1)m)(c†mcm+1 + h.c) − hs
∑
m

(−1)mnm + ∆
∑
m

nmnm+1 , (4.15)

where cn are spinless fermions and nm = c†mcm. We work at half filling such that for an even

(odd) number of cells Neveu-Schwarz (Ramond) boundary conditions are appropriate. The following

subsections briefly consider this model at order ∆0,∆1 and ∆2 in perturbation theory.

4.3.1 Free limit – O(∆0)

Quenches at the non-interacting point may be analysed by the methods of Sec. 2.3 and will have no

long lived oscillations due to the absence of an interaction term to produce the responsible breather

bound state. It is nonetheless useful to record in this section what the ground state looks like in the

free limit, as well as what the modes are in this limit, since they provide the starting point for any

perturbative analysis.

The presence of the staggering causes the states at k and k+π to hybridise into two states which

we denote (k, µ) with µ = 0, 1. The result is that the free part of the Hamiltonian is diagonalised
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Figure 4.5: Dispersion at ∆ = 0, with the ground state indicated. Filled circles indicate states that
are occupied and empty circles ones that are unoccupied, drawn at L = 16 for clarity. Note that
k = π/2 is not an allowed single particle state for any finite system size.

with the canonical transformation:

cm =

√
2

L

∑
0≤k<π

∑
µ=0,1

e−ikmγm,µ(k)bµ(k) , (4.16)

where the Bogoliubov co-efficients γµ(k) are

γ2m,0 = −e−iφk sin
θk
2
, γ2m−1,0 = cos

θk
2
,

γ2m,1 = e−iφk cos
θk
2
, γ2m−1,1 = sin

θk
2
, (4.17)

here the two Bogoliubov angles φk and θk are given by

cos
θk
2

=

√
ϵk + hs

2ϵk
, sin

θk
2

=

√
ϵk − hs

2ϵk
,

e−iφk(α) =
− cos k + iα sin k√
cos2 k + α2 sin2 k

, (4.18)

where ϵk is the dispersion of the free part of the Hamiltonian and equal to

ϵ±(k) = ±
√
α2J2 + h2s + (1 − α2)J2 cos2 k . (4.19)

The ground state is then a Fermi sea where the entire (−) band is filled and the (+) band is empty,

illustrated in Figure 4.5. In the next subsection, we will discover that ED gives a poorly converged

result for the gap at small ∆. The picture of the ground state at ∆ = 0 shown in Figure 4.5 helps

explain this as follows. In the thermodynamic limit the minimum energy excitation corresponds to

a hole in the filled band at k = π/2 and a particle in the empty upper band at k = π/2, with a

corresponding gap of Egap(∞) = 2ϵ+(π/2) = 2
√
α2J2 + h2s. However, if the number of unit cells

L/2 is even then we must work in the Neveu-Schwarz sector and so have anti-periodic boundary
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conditions with k = (2n + 1)π/L, which never equals exactly π/2. Likewise for an odd number of

unit cells we work in the Ramond sector where k = 2nπ/L ̸= π/2. For finite L the gap is therefore

Egap(L) = 2ϵ+

(π
2

+
π

L

)
= Egap(∞) + δEgap(L) , (4.20)

for large L the finite size effects become

δEgap(L) =
d2ϵ

dk2

∣∣∣
k=π/2

π2

L2
= J

1 − α2√
α2 + h2s

π2

L2
. (4.21)

4.3.2 Self-consistent time-dependent mean-field theory (SCTDMFT)

The same steps as were taken in Section 3.4 can now be taken to provide an O(∆1) estimate of the

post-quench dynamics. The time-dependent mean-field Hamiltonian takes the form

HMFT(t) = −
L
2 −1∑
s=0

[J0(t)

2
c†s,0cs,1 +

J1(t)

2
c†s,1cs+1,0 + h.c.+ heff(t)

(
c†s,0cs,0 − c†s,1cs,1

)]
+ E0(t) ,

(4.22)

where s now labels the unit cell and a = 0, 1 the sites within it such that the spin labelled (s, a)

is at position m = 2s + a in the chain. The constant term E0(t) does not have any effect on the

equations of motion, but ensures that the expectation value of energy is conserved. The mean-field

Hamiltonian contains the effective couplings

J0(t) = J(1 + α) + ∆⟨c†s,1cs,0⟩t ,

J1(t) = J(1 − α) + ∆⟨c†s+1,0cs,1⟩t ,

heff(t) = hs − ∆⟨c†s,0cs,0 − c†s,1cs,1⟩t . (4.23)

Note that J0,1(t) are generically complex at intermediate times and that heff is (up to a constant

shift and rescaling) equal to the staggered magnetisation ms(t). The time evolution is simplest in

momentum space, so we introduce the following Fourier transform, appropriate to a two site unit

cell

cs,a =
1√
L

∑
s

eik(2s+a)(c+(k) + (−1)ac−(k)) . (4.24)
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Then the time evolution of the two-point functions nµν(k) = ⟨c†µ(k)cν(k)⟩, µ, ν ∈ {+,−} is obtained

from the Heisenberg equations of motion

dn++(k, t)

dt
= 2B′ Re(n+−) − 2B Im(n+−) ,

dn−−(k, t)

dt
= −2B′ Re(n+−) + 2B Im(n+−) , (4.25)

dn+−(k, t)

dt
= (B′ − iB)(n−− − n++) − 2iA(k)n+− .

Here A(k, t), B(k, t) and B′(k, t) are real functions that can be expressed in terms of J±(t) =

J0(t) ± J1(t) and heff(t) as

A(k, t) = Re
(
J+(t)

)
cos k − Im

(
J+(t)

)
sin k ,

B(k, t) = heff(t) ,

B′(k, t) = Re
(
J−(t)

)
sin k + Im

(
J−(t)

)
cos k . (4.26)

These equations can alternatively be derived by a first order truncation of the BBGKY hierarchy,

cf. Ref. [54]
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Figure 4.6: Left: Mean-field evolution of the staggered magnetisation after a quench with initial
state ρ(0, 0.4, 0.2, 4.0) and time evolved using the Hamiltonian H(0.1, 0.4, 0.2). The oscillations
are undamped at late times in this approximation up to the light-cone time set by the system
size (here L = 2000). Right: Evolution of the mean-fields t0 = ⟨c†s,0cs,1⟩, t1 = ⟨c†s,1cs+1,0⟩, ns =
1
2 ⟨c

†
s,0cs,0 − c†s,1cs,1⟩ following a quench from the initial state ρ(0, 0.4, 0.3,∞) and evolved with the

Hamiltonian H(0.3, 0.4, 0.3).

We solve these equations of motion numerically, updating the mean-fields J±(t) and heff(t) every

time step, and plot the resulting staggered magnetisation following a quench from an initial thermal

state in Fig. 4.6, which shows clear oscillations that become highly monochromatic and undamped
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at late times. The choice of thermal state is made to ensure that the system has an energy per site

well above the ground state but still small compared to the gap. This ensures that there is a low

density of quasiparticles in the system and that they can be treated as a dilute gas.

We now return to the physical origin of the oscillations and their frequency. To that end, we have

considered ground state quenches at α = 0.4, hs = 0.3, i.e. initial density matrices ρ(0, 0.4, 0.3,∞),

for several ∆. In this case we observe essentially a single oscillation frequency ωB at intermediate

and late times. Performing a fast Fourier transform using data from t = 50 up to t = 2000 gives

a single sharp peak at the frequency ωB . We compare this to the energy of the first excited state

computed by exact diagonalisation on system sizes up to L = 30 in Fig. 4.7. We observe that the

oscillation frequency observed in SCTDMFT is in very good agreement with the bound state gap

at q = 0 for small interaction strengths ∆ ≲ 0.25J . For small interactions strengths ∆ ≈ 0 the ED

results exhibit sizeable finite size effects that can be estimated using Eq. 4.21. These considerations

motivate the following form of a fitting function

Egap(L) = Egap(∞) +BL−2 + CL−4 . (4.27)

This functional form indeed provides a good description of our numerical results for the gap deduced

from ED on L ∈ {20, 22, 24, 26, 28, 30} sites when ∆ is small, whilst at larger ∆ the ED is well

converged already. This procedure provides the curve labelled ‘ED (Extrapolated)’ in Fig.4.7.
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ED (Extrapolated)

MFT

Figure 4.7: Estimation of the bound state mass using ED compared to the persistent frequency
extracted from the mean-field evolution of the initial state ρ(0, 0.4, 0.3,∞) by the Hamiltonian
H(∆, 0.4, 0.3). The ED exhibits large finite size effects when ∆ → 0 so we plot the result of
extrapolating to L = ∞ by fitting the gap to a power series in 1/L2 up to L−4.
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The emergence of persistent oscillations of the expectation values of observables in the SCTDMFT

can be understood as follows. The solutions to the self-consistency equations reported above exhibit

periodic behaviour with a single frequency. As a result the SCTDMFT is equivalent to a periodically

driven system with a Hamiltonian that is quadratic in fermions. It is well known that such systems

typically synchronise at late times and physical observables then display persistent oscillations at

the driving frequency [191].

4.3.3 Second Born approximation

The lack of damping in SCTDMFT is in fact not surprising as the method is perturbative to first

order in ∆ (at the level of the equations of motion). In thermal equilibrium we have to evaluate the

self-energy to second order in ∆ in order to obtain a non-vanishing imaginary part that signals a

finite lifetime of the fermions. This suggests that finite lifetime effects in the nonequilibrium setting

of interest here can be captured by the ‘second Born approximation’ [53, 54, 188]. We follow [53] in

deriving the equations of motion for fermionic bilinears n̂µν(k, t) = b̂†µ(k, t)b̂ν(k, t), where b̂†µ(k) are

Bogoliubov fermions chosen to diagonalise the quadratic part of the Hamiltonian and given explicitly

by (4.16)-(4.18). In these variables the Hamiltonian has the form

Ĥ(∆, α, hs) =
∑

k>0,µ

ϵµ(k)b̂†µ(k)b̂µ(k) ,+∆
∑
µ

∑
k1,...k4>0

Vµ(k)Âµ(k) , (4.28)

where we have introduced shorthand notations k = (k1, k2, k3, k4),µ = (µ1, µ2, µ3, µ4) and Âµ(k) =

b†µ1
(k1)b†µ2

(k2)bµ3
(k3)bµ4

(k4). The interaction coefficients Vµ(k) can be chosen to be anti-symmetric

Vµ(k) = −1

4

∑
P∈Z2×Z2

sign(P )V ′
P (µ)(P (k)) . (4.29)

Here P is an element of Z2 × Z2 where the first Z2 swaps µ1 ↔ µ2, k1 ↔ k2 and the second Z2

factor acts likewise on 3, 4. We define sign(P ) as the product of the sign of each permutation. The

unsymmetrised interaction components are equal to

V ′
µ(k) =

2ei(k2−k3)

L

[
gµ1

(k1)fµ2
(k2)fµ3

(k3)gµ4
(k4)ei(φk1

−φk4
)
(
δk1+k2,k3+k4 + δk1+k2−k3−k4,±π

)
+ fµ1

(k1)gµ2
(k2)gµ3

(k3)fµ4
(k4)ei(φk2

−φk3
)
(
δk1+k2,k3+k4

− δk1+k2−k3−k4,±π

)]
, (4.30)

where we have defined

fµ(k) = (1 − µ) cos
θk
2

+ µ sin
θk
2
,

gµ(k) = µ cos
θk
2

− (1 − µ) sin
θk
2
. (4.31)
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The equations of motion to second order in ∆ for nµν = ⟨n̂µν(k, t)⟩ are obtained by truncating

the BBGKY hierarchy as derived in [53,54]. The result is

∂tnµν(k) = iϵµν
(k)nµν(k) + 4i∆

∑
Vµ1µ2µ3µ(k, q, q, k)ei(ϵµ1ν(k)+ϵµ2µ3 (q)tnµ1ν(k, 0)nµ2µ3

(q, 0)

−4i∆
∑

Vνµ2µ3µ1(k, q, q, k)ei(ϵµµ1
(k)+ϵµ2µ3

(q))tnµµ1(k, 0)nµ2µ3(q, 0)

−∆2

∫ t

0

dt′
∑

Kγ
µν(k1, k2; k; t− t′)nγ1,γ2

(k1, t
′)nγ3,γ4

(k2, t
′) (4.32)

−∆2

∫ t

0

dt′
∑

L{αi}
µν (k1, k2, k3; k; t− t′)nα1,α2

(k1, t
′)nα3,α4

(k2, t
′)nα5,α6

(k3, t
′) ,

where the kernel functions Lµν ,Kµν are given by

Kγ
µν(k1, k2; k; t) = 4

∑
k3,k4>0

∑
η,η′

Xγ1γ3ηη
′;ηη′γ4γ2

k;k′ (µ, ν; k; t),

L{αi}
µν (k1, k2, k3; k; t) = 8

∑
η

∑
k4>0

Xα1α3α6η;ηα5α4α2

k;k′ (µ, ν; k; t) − 16
∑
η

Xα1α3ηα4;α5ηα6α2

k1k2k1k2;k3k1k3k1
(µ, ν; k; t) ,

Xγ;η
k;q (µ, ν; q; t) = Y γ

µν(k, q)Vη(q)eiEγ(k)t − (γ,k) ↔ (η, q) , (4.33)

and where Eγ(k) = ϵγ1
(k1) + ϵγ2

(k2)− ϵγ3
(k3)− ϵγ4

(k4). The derivation of Eq. (4.32) is summarised

in Appendix A.4. We note that nµν are different from the quantities n±±(k, t) considered in the

SCTDMFT of the previous section. Taking this into account one sees that the SCTDMFT agrees

with (4.32) up to order O(∆1) and disagrees with the O(∆2) terms as expected. Solving Eq. (4.32)

requires a runtime of O(L3 × T ) where T is the simulation time reached. Since simulating up to

time T requires a system size at least 2vLRT where vLR is the Lieb-Robinson velocity, investigating

up to time T scales as O(T 4).

The second Born approximation is premised on the assumption that many-particle cumulants are

small at intermediate times, whilst going beyond SCTDMFT by allowing for a non-Gaussian state.

A priori, this is an uncontrolled approximation. However, we start in a Gaussian state in which all

cumulants vanish and so the approximation must be accurate for early times, and becomes better

as the interaction strength ∆ becomes small. Furthermore, it gives rise to a Boltzmann equation

at late times [53, 54] which is believed to become exact in the “Boltzmann scaling limit”. This

suggests that the approximation remains accurate on time scales t ∼ ∆−2. At intermediate times

one expects the second Born approximation to continue to provide useful physical insights even if it

may not retain full quantitative accuracy. What I wish to establish in this chapter is that, whilst the

SCTDMFT treatment agrees with the prediction of [157–160], the leading correction provided by the

second Born approximation causes the oscillations to damp. Finally, we note that the second Born
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approximation is complementary to TEBD in such cases, since the former can reproduce volume

law entanglement but cannot fully capture strong interactions, whilst the latter method can only

describe states with a finite amount of entanglement related to the bond dimension used but can

describe strongly correlated states at sufficiently low entanglement.
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Figure 4.8: Staggered magnetisation for a quench from the ground state of H(0, 0.4, 0.3) and time
evolved with H(0.2, 0.4, 0.3). This corresponds to a very small quench with quasiparticle density
∼ 1.6×10−3. Accordingly very large system sizes and late times would be required to observe decay
of oscillations. Inset: half chain entanglement entropy, which grows linearly for all times shown.
TEBD calculation done with maximum bond dimension χ = 800.

In order to clearly exhibit some of the issues associated with the damping of oscillations we first

consider ground state quenches, in which we initialise the system in the ground state of H(0, 0.4, 0.3)

and time-evolve with H(0.2, 0.4, 0.3) for a system size of L = 300. Fig. 4.8 shows the time evolution

of the staggered magnetisation and observe long lived oscillations with no apparent damping on the

long time scales considered.

This is however entirely expected as the quench produces a very small energy per site ϵquench ≈
0.0019J whilst the gap to create a quasiparticle is ∆ex ≈ 1.18J . The resulting average inter-particle

distance is therefore ℓ = ∆ex/ϵQuench ≈ 640. That this exceeds the system size simulated means

that finite size effects such as traversals will matter long before the many-body effects that would

dampen the oscillations. The fact that we are effectively dealing with the linear response regime

is also apparent from the fact that TEBD is able to access very large time scales Jt ∼ 100, which

means that the volume-law contribution to the entanglement entropy is still negligible.

These considerations show that the energy per site deposited by the quench should be small

compared to the bound state energy, however it should not be so small that quasiparticle interactions
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are negligible on accessible time scales. To overcome this problem we consider larger quenches of

the interaction parameter as well as thermal initial states, which provide us with a simple parameter

— the pre-quench temperature — to vary the post-quench energy density. For finite pre-quench

temperatures we cannot easily use TEBD since the initial state has volume law entanglement, and

so only show the second Born and SCTDMFT results. We compare the results obtained by the

second Born approximation to SCTDMFT, which as discussed before exhibits persistent oscillations

at a frequency that is very close to the bound state energy gap. In Fig. 4.9 we show results for
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Figure 4.9: Staggered magnetisation for a quench from the ground state of H(0, 0, 0.23) and time
evolved with H(0.2, 0.4, 0.3) using mean-field theory, the second Born approximation and a TEBD
calculation with maximum bond dimension χ = 800 and L = 200.

quench initialised in the ground state of H(0, 0, 0.23) and time evolved with H(0.2, 0.4, 0.3). Here

the post-quench energy per site is ϵQuench ≈ 0.040 corresponding to a mean-free-path ℓ ≈ 29, which

is much smaller than our system size of L = 200. We observe that the second Born approximation

clearly shows the decay of the oscillatory behaviour of the staggered magnetisation. We plot the

TEBD results only up to times Jt = 40, where our criterion is agreement of the numerical results for

bond dimensions χ = 600 and our maximal bond dimension χmax = 800. The TEBD data show the

beginning of a decay, consistent with the second Born results. In Figs 4.10 we show the behaviour

of the staggered magnetisation after quenches from thermal initial states. In Fig. 4.10 we initialise

the system in the thermal state of the non-interacting system at inverse temperature Jβi = 4, which

corresponds to the same energy density as in Fig. 4.9. We again observe decaying oscillations. In

the inset in that figure, we estimate the decay time by fitting a decaying exponential A exp(−t/τ)

to the successive peak to peak amplitudes, the resulting decay time for this particular quench is
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Figure 4.10: Left main: Staggered magnetisation for a quench from the thermal state ρ(0, 0.4, 0.3, 4.0)
of the non-interacting system and time evolved with H(0.2, 0.4, 0.3). L = 448 used for the second
Born approximation. The initial state is chosen such that the energy density is approximately
the same as in Fig. 4.9. Left inset: successive peak to peak amplitudes of the oscillations in the
second Born approximation, with an exponential fit (dashed black line). The grey scatter points are
excluded from the fit. Right: Staggered magnetisation for a quench starting in the thermal state
ρ(0, 0.4, 0.10, 10.0) and time evolved with H(0.2, 0.4, 0) on a ring with L = 400.

Jτ ∼ 200. Finally, in Fig. 4.10, we also consider a lower temperature Jβi = 10, which corresponds

to energy per site ϵQuench ≈ 0.0037 and mean-free-path ℓ ≈ 250. Here the oscillations are seen to

decay very slowly.

4.4 Summary and conclusions

This chapter has carried out a detailed study of a mechanism that gives rise to long lived oscillations

in the expectation values of local observables after quantum quenches. This mechanism is very

different from quantum scars and occurs after small quenches in interacting many-particle systems

with an excitation gap, which generate a regime that can be understood in terms of a low-density

gas of (long lived) kinematically protected quasiparticles. Long lived oscillations can then occur in

expectation values of observables that have matrix elements between the ground state and excited

states that contain a single quasiparticle.

We have presented very strong evidence using a combination of matrix product state methods

and perturbative approaches based on truncations of the BBGKY hierarchy that these oscillations

decay at late times in all models we have considered. This is an important difference to models with

exact quantum scars [68,70].
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Our results show that the linear response theory prediction is upheld only at the level of self-

consistent mean-field theory. Going beyond mean-field theory to the second Born approximation

provides evidence of damping. For small interaction strengths U the timescale of the decay is

therefore generally expected to be O(U−2). Whilst it is not impossible that higher order corrections

would cause the oscillations to remain at late times, this is highly unlikely as there is no reason to

anticipate such an effect. Instead, truncating the BBGKY hierarchy at higher orders should merely

modify the lifetime. We presented non-perturbative numerics using TEBD for the oscillations in

both the spin-1 chain (Fig. 4.2) and dimerised XXZ chain (Fig. 4.9) which indicate our qualitative

conclusions that the oscillations damp at intermediate times are robust to including higher orders.

These results differ from the prediction made in [159, 160] that the oscillations have infinite

lifetime regardless of the quench strength λ. Whilst those papers are formulated in the continuum,

the same arguments made therein lead to oscillations on the lattice that we have shown to decay.

The perturbative analysis of this chapter generalises straightforwardly to other interacting fermion

and boson models with interactions that are local with regards to the elementary excitations of the

unperturbed theory. We note that the much-studied Ising chain in a tilted field [142–144, 146, 150,

151,153,155] does not fall within this class of models. This is because when viewed as a perturbation

of the transverse field Ising chain, which maps onto non-interacting fermions by the Jordan-Wigner

transformation, the perturbing operator is not local in terms of these fermions, i.e. involves interac-

tion vertices with arbitrarily large numbers of particles. This precludes employing approaches based

on truncating the BBGKY hierarchy for the fermionic degrees of freedom.
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A
A.1 Gaussian nature of Bogoliubov vacuum

In Sec. 2.1.1, I claimed that the Bogoliubov vacuum, |B⟩ was a Gaussian pure state, meaning that

it could be written in the form

|B⟩ = exp(Tijc
†
i c

†
j)|F⟩ , (A.1)

where |F⟩ is the vacuum of the original fermions. That is, |F⟩ and |B⟩ satisfy

∀j : cj |F⟩ = 0 ,

∀j : αj |B⟩ = 0 ,

αj = Ujmcm + Vjmc
†
m . (A.2)

The first step in showing this is to notice that since |B⟩ has even fermion parity (with respect to

the c fermions), then it can be written in the form

|B⟩ = |F⟩ +

∞∑
n=1

T (2n)
m1m2...m2n

2n∏
r=1

c†mr
|F⟩ . (A.3)

Without loss of generality the T (2n) may be assumed to be antisymmetric under exchange of neigh-

bouring indices. Considering the one fermion sector of αj |B⟩ = 0 gives the equation

0 =
(
Vjmc

†
m + UjmcmT

(2)
ab c

†
ac

†
b

)
|F⟩ ,

=
(
Vjm + UjaT

(2)
ab cac

†
ac

†
b + UjaT

(2)
ab cac

†
bc

†
a

)
|F⟩ ,

=(Vjm + 2UjaTam)c†m|F⟩ . (A.4)
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With the conclusion that

T (2)
am = −1

2
(U−1V )am . (A.5)

We now wish to show by induction that

T (2n)
m1m2...m2n−1m2n

=

(
−1

2

)n
1

n!
(U−1V )m1m2

. . . (U−1V )m2n−1m2n
. (A.6)

To do so, assume this form holds for T 2(n−1) and consider the 2n − 1 fermion sector of αi|B⟩ = 0.

This reads

0 = VijT
2(n−1)
m3...m2n

c†j

2n∏
r=3

c†mr
|F⟩ + UijT

(2n)
m1,...m2n

cj

2n∏
r=1

c†mr
|F⟩ . (A.7)

As before, in the term containing Uij , the only values of j for which cj does not annihilate the term

are when it equals one of the mr. Suppose j = mr. Then we may commute cj to be adjacent to c†mr

by incurring a sign (−1)r−1. Because T (2n) is antisymmetric, we can absorb that sign by permuting

the mr index on T (2n) to the front for each of the 2n values of r. Relabelling the various summed

over indices then yields

0 =
(
Vim2

T 2(n−1)
m3...m2n

+ 2nUirT
(2n)
rm2...m2n

) 2n∏
r=2

c†mr
|F⟩ , (A.8)

with the result that

T
(2n)
m1m2|m3...m4

= − 1

2n
(U−1V )m1m2

T 2(n−1)
m3...m4

. (A.9)

In conjunction with our induction hypothesis for T 2(n−1), this proves that the Bogoliubov vacuum

is obtained from the original fermion vacuum by Eq. (A.1).

A.2 Reality of certain mean-fields

When evaluating our self-consistent mean-fields, in both Chapter 3 and Chapter 4, we observe that

some of them are real. In this appendix we explain why this is the case, beginning with a clarification

of the site parity σα
j 7→ σα

−j . This does not act on the fermions as cj 7→ c−j due to the presence of the

Jordan-Wigner string. The simplest way to deduce the effect of site parity in the fermion basis is to

look at the action of site parity on fermion bilinears, which can be simply related to spin operators

without semi-infinite strings. In particular, we consider the following spin bilinears of definite parity

A =σx
i σ

x
i+1 ,

B =σy
i σ

y
i+1 ,

C± =σx
i σ

x
i+1 ± σy

i σ
y
i+1 . (A.10)
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We then note that the fermionic bilinears can be decomposed in terms of these via

c†i cj =
1

4
(A+B − iC−) ,

c†jci =
1

4
(A+B + iC−) ,

c†i c
†
j =

1

4
(A−B − iC+) ,

cicj =
1

4
(−A+B − iC+) . (A.11)

We thus see that the action of site parity on the bilinears is to exchange c†i cj with c†jci and therefore

tij = ⟨c†i cj⟩ = tji ∈ R as stated in the main text.

Additionally, the ANNNI Hamiltonian satisfies H = H∗ = HT in both the spin and fermion

bases. In particular, in the fermion basis cicj is also real. By the spectral theorem for real symmetric

matrices we then know that the eigenvectors of H are real in the same basis and so

⟨cicj⟩β =
1

Z(β)

∑
n

⟨En|cicj |En⟩e−βEn ∈ R (A.12)

is manifestly real in equilibrium. However, after the quench the corresponding time-evolved quantity

becomes

⟨cicj⟩t =
1

Z(β)

∑
n,n′,m′

e−βE0
n⟨En|Em′⟩⟨Em′ |cicj |En′⟩⟨En′ |En⟩e−it(Em′−En′ ) , (A.13)

where E0
n are the pre-quench energies and Em′ the post-quench energies. Even if the post-quench

Hamiltonian is also real and thus the post-quench energy eigenstates |En′⟩ real, the phase factors

will cause it to be generically complex. However, at very late times we would expect that the system

would come back to equilibrium via these factors dephasing and so the correlation function should

become real again at late times. Since tn are all real due to the site parity Z2 this implies that

all effective couplings are real in equilibrium, and out of equilibrium the only complex one will be

∆
(1)
Eff(t).

A.3 Linear response

In this appendix we summarise how to derive Kubo linear response relations after a quantum quench

that occurs at time t = 0, see e.g. Ref. [192]. The Hamiltonian is of the form

H(t) = θ(−t)Hi + θ(t)Hf + f(t)V , (A.14)
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where θ(t) is the Heaviside step function. If f = 0 this corresponds to a quench at t = 0. The linear

response regime is when f(t) ≪ 1 and for this to be genuinely nonequilibrium we require f(t) to

have support in the time period before the system thermalises after the quench.

We work in an interaction picture such that H = H0 + f(t)V , where H0 is generally not free.

The interaction picture states |ψ(t)⟩I are defined by

|ψ(t)⟩I = eiH0tU(t, t0)|ψ(t0)⟩ , (A.15)

where U(t, t0) is the full time-evolution operator associated with H(t), |ψ(t0)⟩ is the Schrödinger

picture state at t0 and H0 is considered time independent by requiring, according to (A.14), that

t0 ≥ 0. Consistently, in the interaction picture the general operator O evolves in time as

OI(t) = eiH0tOe−iH0t . (A.16)

The time-evolution according to H(t) of the expectation value of O in the state defined at t0 by

ρ(t0) = |ψ(t0)⟩⟨ψ(t0)| can be expressed in the interaction picture as

Tr (ρ(t)O) = Tr (ρI(t)OI(t)) ≈ Tr (ρ(t0)OI(t)) − i

∫ t

t0

f(t′)χ(t, t′)dt′ , (A.17)

where the susceptibility χ(t, t′) is given by

χ(t, t′) ≡ Tr (ρ(t0)[OI(t), VI(t′)]) . (A.18)

In the last step of (A.17) we have expressed ρI(t) = |ψ(t)⟩II⟨ψ(t)| by the first two terms in its power

series in the small function f(t). Eq (A.17) is the usual linear response formula except that the

time-translation invariance of the susceptibility is broken by the quench and hence χ(t, t′) does not

depend only on the time-difference t− t′.

A.4 Equations of motion in Second Born approximation

The method we use for deriving the equations of motion (4.32) is given in more detail in [53, 54],

here we simply briefly recap the main points for completeness. The first step is to diagonalise the

free part of the Hamiltonian using Eqs. (4.16)-(4.18) and rewrite the interaction in this basis, giving

Eq. (4.30). This takes care of all system dependent properties and leaves us with the general problem

of working out the BBGKY hierarchy of equations of motion generated by

Ĥ(∆, α, hs) =
∑

k>0,µ

ϵµ(k)b̂†µ(k)b̂µ(k) ,+∆
∑
µ

∑
k1,...k4>0

Vµ(k)Âµ(k) . (A.19)
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The Heisenberg equations of motion for the two-point operators n̂µν(k, t) = b†µ(k, t)bν(k,t) are

∂n̂µν(k, t)

∂t
= iϵµν n̂µν + i∆

∑
Y µ
µν(k, q)Âµ(q) , (A.20)

where ϵµν(k) = ϵµ(k) − ϵν(k) and the coefficients of the quartic operators appearing are given

explicitly in terms of the interaction potential Vµ(k) by

Y µ
αβ(k, q) = δβµ4

δk,q4Vµ1µ2µ3α(q) + δβµ3
δk,q3Vµ1µ2αµ4

(q)

− δαµ2δk,q2Vµ1βµ3µ4(q) − δαµ1δk,q1Vβµ2µ3µ4(q) . (A.21)

The quartic operators Âµ(k) likewise evolve according to the following Heisenberg equations of

motion

∂

∂t
Âµ(k, t) = iEµ(k)Âµ(k, t) + i∆

∑
γ

∑
q>0

Vγ(q)
[
Âγ(q, t), Âµ(k, t)

]
, (A.22)

where Eµ(k) = ϵµ1(k1) + ϵµ2(k2) − ϵµ3(k3) − ϵµ4(k4). This equation contains products of up to

six fermionic operators on the right hand side, and carrying on in this way generates the BBGKY

hierarchy of equations of motion. The second Born approximation consists of truncating at this

level which we do by formally integrating Eq. (A.22) to obtain an integral expression for Âµ(k, t) in

terms of its value at t = 0 which can be substituted into the Heisenberg equations of motion (A.20),

which gives

∂

∂t
nµν(k, t) =iϵµν(k)nµν(k, t) + i∆

∑
η

∑
q>0

Y η
µν(k, q) ⟨Âη(q, 0)⟩ eitEη(q) (A.23)

+∆2
∑
η,γ

∑
q,p>0

∫ t

0

ds ⟨Âγ(p, s)Âη(q, s)⟩ ×
(
Y γ
µν(k,p)ei(t−s)Eγ(p)Vη(q) − (p,γ) ↔ (q,γ)

)
.

Neglecting the 4- and 6-particle cumulants in (A.23) then leads to Eq. (4.32).
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Part B

Open Systems
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Do I dare
Disturb the universe?

The Love Song of J. Alfred Prufrock
T.S. Eliot

5
Introduction to dynamics in open quantum systems

The first part of this thesis was concerned with quantum quenches in closed quantum systems —

that is, systems that do not interact with their surroundings. In the remaining half of this thesis,

I wish to discuss open quantum systems. Every real system is coupled (potentially very weakly) to

some environment (unless your system of study is the entire universe!), so the question of how to

incorporate dissipation due to this environment is an important fundamental question. It is also a

much harder question, in general, than the corresponding question for closed systems and requires

new tools. This chapter is intended to be a short overview of open quantum systems and some

exactly solvable many body examples present in the literature. This is to prepare the reader for

Chapter 6, which analyses a particular toy model with unusual algebraic features, which can be

exploited to provide a rare exact solution to the nonequilibrium dynamics.

5.1 Why study open systems?

Whilst most standard tools for many body quantum mechanics only apply to closed systems, real

systems are invariably influenced by their environment. We are now entering an era of ‘noisy

intermediate scale quantum’ (NISQ) devices [20], capable of genuinely useful computation but lacking

full error correction. A good understanding of the effects of noise in both digital quantum computers

[193, 194] and analog quantum simulators [195] is clearly desirable. I am particularly interested, in
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this and the following chapter, in theoretical insights that can be gained through analytic solutions

to solvable models of quantum matter coupled to noisy environments. Such solutions are even rarer

in the open case than the closed one and a variety of numerical [196–200] and perturbative [201,202]

approaches have also been developed.

Another motivation to study open quantum systems is to discover quantum generalisations of

the comparatively better understood theory of nonequilibrium classical dynamics. In the classical

case one such piece of understanding is provided by the ‘macroscopic fluctuation theory’ [203–205]

which improves upon traditional linear expansions about equilibrium and allows for descriptions

of nonequilibrium stationary states arbitrarily far from equilibrium that satisfy nonlinear evolution

equations. A important role in the development of macroscopic fluctuation theory was played by

exactly solvable models of stochastic lattice gases, such as exclusion processes, making these a natural

starting point for investigations into open quantum systems [206–209].

Finally, there may be interesting new physics to be observed in nonequilibrium systems with

noise. Proposals exist for engineering specific types of noise to yield target quantum states [210–212]

including topologically ordered states [213,214] and simulations of lattice gauge theories [215]. Whilst

these works aim to use noise to make experimental realisations of already theoretically predicted

phenomena simpler, one might also hope that in studying the dynamics of open systems qualitatively

new phenomena may be discovered and utilised.

5.2 The Markov assumption - Lindblad formalism

Figure 5.1: Pictorial representation of an open system weakly coupled to an environment. The
combined system evolves under HS +HE +HI .
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An important ingredient moving forwards will be to make an assumption that the open system

we are interested in is Markovian. That is, that the time evolution of a subsystem depends on that

subsystem’s current state only, and not on its history. To see why this is a drastic simplification,

consider for a moment what it means for a system to be open to an environment. Taken together,

the system and the environment must still be described by quantum mechanics, and therefore the

Schrödinger equation. The Hamiltonian may be written as

H = HS +HE +HI , (5.1)

with HS, HE, HI being Hamiltonians for the system, environment and the interaction between them

respectively. Even if the initial state of the system is not entangled with the environment (that is,

|ψ(0)⟩ = |ψ(0)⟩S |ψ(0)⟩E factorises as a product of an initial state of the system and an initial state

of the environment), HI will cause them to become entangled at later times. The reduced density

matrix at time t therefore will be

ρS(t) =TrE|ψ(t)⟩⟨ψ(t)| ,

|ψ(t)⟩ = exp [−i(HS +HE +HI)] |ψ(0)⟩S |ψ(0)⟩E . (5.2)

In general therefore, one might have to model the entire system to answer questions only about a

subsystem. This is clearly counter to the idea of considering a subsystem evolving under its own

dynamics, plus a small amount of noise.

Part of the difficulty is that as the system of study evolves, so does the environment. Even

worse, the system evolution influences the environment, which in turn influences the system again in

a form of ‘back action’. To get around these problems we make the assumption that the environment

relaxes much faster than the dynamical time of the system and can therefore always be assumed to

be in equilibrium. Specifically, suppose that the environment is described by operators Bα(t) and

consider the reservoir correlation functions

Fαβ(t, s) = ⟨Bα(t)Bβ(t− s)⟩ . (5.3)

If the bath correlations decay in time as F (t, s) ∼ exp(−s/τB) then we want τB ≪ τS , where τS

is the timescale of dynamics in the subsystem S of interest. One also generally requires a weak

coupling approximation to ensure that the state of the reservoir does not change appreciably during

the evolution and the back action can be ignored. These assumptions allow us to justify a Markovian

approximation, that the dynamics of the reduced density matrix ρS(t) depends only on the current
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state of the system ρS(t). That is, the time evolution is given by some quantum channel Λt satisfying

the semigroup conditions

ρS(t) =Λt(ρS(0)) ,

Λ0 =1 ,

Λt+s =ΛtΛs , (5.4)

Assuming continuity and the semigroup conditions, the channel Λt can be written in exponential

form as

Λt = exp(tL) , (5.5)

where the generator L is often called the ‘Lindbladian’. If L is bounded then any valid continuous

time evolution (the meaning of ‘valid’ to be explained below) can be given in terms of the Lindblad

equation [216–218] for the evolution of the density matrix:

dρ

dt
= −i[H, ρ] +

∑
a

Ja

(
LaρL

†
a −

1

2
{L†

aLa, ρ}
)
, (5.6)

with all Ja > 0. The operators La are termed ‘jump operators’ and depend on the exact nature

of the noise. The derivation of the Lindblad equation requires that, in addition to the semigroup

conditions (5.4), the channel Λt is completely positive and trace preserving. Preserving the trace is

a natural requirement, since the trace of a valid density matrix must be 1. A positive channel is one

that maps positive operators to positive operators, which again is a natural restriction. Complete

positivity is the stronger requirement that if we append some number of ancillary qubits to our

quantum system, and act with the same quantum channel Λt (with the ancilla bits untouched), then

this channel must also preserve positivity. Complete positivity implies positivity but not vice versa.

It is known that all completely positive, trace preserving maps can be obtained as a result of unitary

evolution on a larger quantum system followed by tracing out the ancillary degrees of freedom, a

result known as the Stinespring dilation theorem [219].

5.3 The superoperator formalism and some previous results

The key observation about the Lindblad equation (5.6) is that the density matrix enters linearly in

every term. The density matrix is a member of the vector space of linear operators on H, denoted
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as End(H) ≡ H′ ⊗H where H′ is the dual Hilbert space. This identification allows us to recast the

Lindblad equation in the form of a Schrödinger equation

d

dt
|ρ⟩⟩ = L|ρ⟩⟩ . (5.7)

From here on, vectors in the underlying Hilbert space are denoted using single angle brackets |ψ⟩,
whilst members of End(H) are given double angle brackets when treated in this manner. The

advantage of the superoperator formalism is it allows us to convert Lindblad equations into (non-

Hermitian) Schrödinger equations on an enlarged Hilbert space with local dimension d2 where d is the

local dimension of the original model. For instance, for a spin chain, the vector |ρ⟩⟩ lives in a Hilbert

space describing a two leg ladder geometry, see Fig. 5.2. The object L : End(H) → End(H) is a

Figure 5.2: Two leg ladder structure of the doubled Hilbert space H′ ⊗H for an open spin chain.

‘superoperator’ because it acts on operators, and is called the Lindbladian or Lindblad superoperator.

It is given explicitly, for bosonic jump operators, by

L = −iHL + iHR +
∑
a

Ja

(
La,LL

†
a,R − 1

2

[
(L†

aLa)L + (L†
aLa)R

])
, (5.8)

where the subscripts L/R refer to left and right multiplication. That is, the superoperator OL is

defined as left multiplication by the (regular) operator O. The following few remarks hopefully

clarify the idea of the construction:

1. The superoperators OL and O′
R commute. This is a restatement of the associativity of matrix

multiplication (Oρ)O′ = O(ρO′).

2. (OO′)L = OLO
′
L.

3. (OO′)R = O′
ROR. Note that the order has swapped compared to the previous remark.
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It is straightforwards to obtain a concrete representation of the superoperators OL/R. First, note

that by rewriting ρ as a vector |ρ⟩⟩ we are performing an ‘index-raising’ map

ρ =
∑
α,β

ραβ |α⟩⟨β| 7→ |ρ⟩⟩ =
∑
αβ

ραβ |α⟩ ⊗ |β⟩. (5.9)

Additionally, right multiplication by an operator O must turn into left multiplication by some

superoperator OR such that

OR|ρ⟩⟩ = |ρO⟩⟩ . (5.10)

Now, consider right multiplication by an operator O under the index-raising map

ρO =
∑
αβ

(∑
γ

ραγO
γ
β

)
|α⟩⟨β| 7→ |ρO⟩⟩ =

∑
αβ

(∑
γ

ραγO β
γ

)
|α⟩ ⊗ |β⟩ , (5.11)

which therefore implies that OR = 1 ⊗
(
O β

γ |β⟩⟨γ|
)
. Note that the indices are swapped compared

to Eq. (5.9), indicating that the right multiplication action is implemented via the transpose of the

original operator, along with acting on bras instead of kets. Left multiplication is simply implemented

via the operator acting on kets. This can be summarised as OL = O ⊗ 1 and OR = 1⊗OT .

5.3.1 Integrability

As discussed above, exactly solvable models of Lindblad time evolution are desirable in order to gain

insight into the behaviour of noisy quantum systems and the effects of decoherence. The simplest

example of such solvable Lindblad systems was introduced in [220] and utilises the superoperator

formalism. In this work, the author noted that if the jump operators La are linear in fermionic

creation/annihilation operators, then the Lindblad superoperator is a quadratic form and standard

free fermion techniques can be applied. This insight has been applied to gain numerous insights into

such free but dissipative models [221–228]. A characteristic feature of free theories is the fundamental

boson or fermion operators fulfil linear equations of motion and concomitantly so do the Green’s

functions of interest.

More recently, several solvable many particle Lindblad equations have been identified through

the discovery of Lindblad equations that can be related to interacting Yang-Baxter integrable mod-

els [229–239]. In contrast to free theories, the equations of motion for correlation functions do not

generally close in these models, but instead form an infinite hierarchy of coupled nonlinear equations.

If H is the Hilbert space of a spin chain, then End(H) ∼ H′ ⊗ H is the Hilbert space of a two leg

ladder. Ref. [233], therefore, took an approach based on identifying Lindblad dynamics which in the
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superoperator formalism can be related to Hamiltonians for two leg ladders which are known to be

Yang-Baxter integrable. Systematic searches for Yang-Baxter integrable Lindblad dynamics have

also been done by searching for R matrix solutions to the Yang-Baxter equation which are of the

form implied by the Lindblad equation [239]. Another class of Lindblad equations which can exploit

integrability are “triangular” models which add particle loss (but not gain) and dephasing terms to

otherwise number conserving integrable models [234,235,240]. In a basis ordered by particle number

these Lindblad superoperators will be triangular, and the spectrum can be found by analysing the

spectrum of the integrable model in each particle number sector, despite the model as a whole being

non-integrable.

It is not necessary for there to be a direct link to integrable Hamiltonian systems for some exact

solutions to be obtainable. In fact, there exist classes of models which are not quadratic in which

some or all local correlation functions satisfy closed hierarchies of equations of motion [241–247].

This permits one to obtain some exact results on the dynamics, although full solutions typically

remain out of reach.

5.3.2 Operator space fragmentation: the ASEP

A related but different route of constructing Yang-Baxter integrable Lindblad equations was discov-

ered in Ref. [248] and will be the basis of the study in Chapter 6. It is based on a “fragmentation”

of the space of operators into an exponential (in system size) number of subspaces that are left

invariant under the dissipative evolution. Importantly, this mechanism applies to a quantum version

of the asymmetric simple exclusion process (ASEP) [249–252].

The classical ASEP is one of the stochastic lattice gases that, as mentioned earlier, were impor-

tant to the development of macroscopic fluctuation theory. In the classical ASEP one considers L

lattice sites, each of which can be occupied or unoccupied by a particle. Particles may then hop

to the left with rate J1 and to the right with rate J2. Importantly, these rates are set to 0 if the

site a particle would otherwise hop to is occupied. Particles therefore interact with each other by

means of hard-core repulsion. The ASEP is exactly solvable by mapping the transition matrix for

the corresponding master equation to the Hamiltonian of an XXZ chain whose solution can be found

using the Bethe ansatz [253–261].

The quantum ASEP is given by setting the Hamiltonian H = 0 and adopting the following jump

operators

L
(1)
j = σ+

j σ
−
j+1 , L

(2)
j = σ−

j σ
+
j+1, (5.12)
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Figure 5.3: (a) Diagram of the classical ASEP, showing allowed transitions and their rates. Excluded
transitions to occupied sites are shown with the crossed out arrows. (b) Schematic picture of the
fragmentation in the quantum ASEP, showing a fixed distribution of defects. The projection of the
total Lindblad superoperator on this subspace can be written as a sum of Lindbladians for each of
the disjoint chains obtained by removing the defect sites.

with rates J1, J2 > 0, respectively describing hopping to the left and right. This Lindblad equation

can be obtained [208] as the averaged dynamics of a stochastic quantum model of particles hopping

with random amplitudes, first introduced in its symmetric form in Ref. [206] and further analysed

in Refs. [207, 262–264]. In order to study the fluctuations of system degrees of freedom that are

induced by coupling to the bath — a question that has been extensively studied for classical systems

(see e.g. [265–271]) — it is necessary to go beyond this description, see e.g. [206,208,263], but these

fluctuations can still be described in terms of a quantum master equation of Lindblad form [209].

In order to obtain an explicit expression for the Lindblad superoperator L we pick the following

basis of the local Hilbert space of operators acting on site j:

|1⟩⟩j = |↑⟩j j⟨↑ |, |2⟩⟩j = |↑⟩j j⟨↓ |, |3⟩⟩j = |↓⟩j j⟨↑ |, |4⟩⟩j = |↓⟩j j⟨↓ |. (5.13)

A basis of local superoperators acting on these states in then given by

Eab
j = |a⟩⟩j j⟨⟨b| . (5.14)
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The Lindbladian in this basis has the form [248]

LASEP =LDiag + LDefect

LDiag =
∑
j

J1E
14
j E41

j+1 + J2E
41
j E14

j+1 − J1E
44
j E11

j+1 − J2E
11
j E44

j+1 ,

LDefect = − 1

2

∑
j

(E22
j + E33

j )(J1E
11
j+1 + J2E

44
j+1) + (E22

j+1 + E33
j+1)(J2E

11
j + J1E

44
j )

− 1

2

∑
j

(J1 + J2)(E22
j E33

j+1 + E33
j E22

j+1) , (5.15)

where LDiag leaves invariant the subspace of diagonal density matrices

|ρ⟩⟩Diag =
∑
σ

ρσσ|σ⟩ ⊗ |σ⟩ , |σ⟩ = ⊗L
j=1|σj⟩j , σj ∈ {↑, ↓}. (5.16)

These diagonal density matrices correspond to probability distributions over ‘classical’ states of a

chain of spins that can only be up or down, where the probability to be in the state |σ⟩ is given by

P (σ) = ρσσ. Conversely, an off-diagonal density matrix would represent a probabilistic mixture of

quantum superpositions of these classical states.

There were two key insights made in [248] into this Lindbladian: firstly, that the the states |1⟩⟩
and |4⟩⟩ enter in a very different way to the states |2⟩⟩ and |3⟩⟩, which is emphasised by the split

into LDiag + LDefect. In particular, the states |2⟩⟩ and |3⟩⟩ appear only via E22
j and E33

j , so there

are no terms that enable these to hop. A state of the quantum ASEP is therefore given first by

specifying some distribution of ‘type 2’ and ‘type 3’ particles, which are to be viewed as frozen defects.

This defines an exponentially large number of invariant subspaces under the Lindblad dynamics, in

much the same way as occurs in Hilbert space fragmentation and hence the authors dubbed this

phenomenon ‘operator space fragmentation’. The fragmentation in this model is simpler than the

examples of Hilbert space fragmentation considered in [64–66, 272] because the local integrals of

motion are not emergent and are simply the operators E22
j and E33

j themselves.

The second key insight of [248] was that the projection of the Lindbladian on each invariant

subspace is equivalent to a direct sum of integrable XXZ Hamiltonians governing the regions be-

tween defects. This enables the spectrum of the Lindblad superoperator to be computed exactly.

Nonetheless, a computation of how observables time evolve following a quench is highly non-trivial

and the integrability by itself is not sufficient. The aim of Chapter 6 will be to revisit this model by

viewing it as a two-dimensional subspace of a larger four parameter model that maintains the op-

erator space fragmentation. We will show that this larger model contains a three parameter family,
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such that the projection of the Lindblad superoperator to each invariant subspace can be mapped

to free fermions.

5.3.3 Free Lindblad systems

A key piece of machinery I will use in Chapter 6 is the diagonalisation procedure for ‘free Lindbladi-

ans’ originally used in [273]. This is a procedure for dealing with Lindblad superoperators quadratic

in some set of Majorana fermion modes ai satisfying

{ai, aj} = 2δij , i, j = 1, 2, . . . 2M . (5.17)

The key result of Chapter 6 will be a Lindbladian exhibiting operator space fragmentation such

that on each invariant subspace the Lindblad superoperator projects to some quadratic linear oper-

ator of the form

L =
1

4
a ·A · a. (5.18)

Here and elsewhere (·) represents the dot product with no complex conjugation, that is v·w =
∑

i viwi

and not
∑

i v
∗
iwi. A is a 2M × 2M matrix whose symmetric part contributes only a multiple of

the identity to L and can be therefore ignored in the following whilst a is the length 2M vector

containing each ai. Assuming A to be diagonalisable, antisymmetry ensures its eigenvalues come in

pairs ±βj which we order as β1,−β1 . . . . We then normalise the eigenvectors according to

vr · vs = (σx ⊗ 1)rs . (5.19)

Finally we define new fermion operators by

bj = v2j−1 · a/
√

2 , b′j = v2j · a/
√

2. (5.20)

These fulfil simple ‘almost-canonical’ anticommutation relations due to (5.19)

{bj , bk} = 0 = {b′j , b′k} , {bj , b′k} = δj,k , (5.21)

and put the Lindbladian into the form

L =
1

2

∑
k

βk −
∑
k

βkb
′
kbk . (5.22)

Note that b′ and b are not Hermitian conjugates and so L is not Hermitian either. The left and right

eigenstates of this L are therefore not obtained from each other simply by conjugation. They are

instead constructed by introducing separate left and right vacua annihilated by b′ and b respectively:

∀k : ⟨⟨L|b′k = 0, bk|R⟩⟩ = 0 , (5.23)
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acting on these with the b′k (bk) gives an occupation number representation for the right (left)

eigenstates:

|k1, k2, . . .⟩⟩ = b′k1
b′k2

. . . |R⟩⟩ ,

⟨⟨k1, k2, . . . | = ⟨⟨L| . . . bk2bk1 . . . . (5.24)

These are the right (left) eigenvectors of L. In terms of the occupation numbers nk = 0, 1 of each

fermion mode these have eigenvalues

L
∏
k

(b′k)nk |R⟩⟩ = λ
∏
k

(b′k)nk |R⟩⟩ ,

λ =
1

2

∑
βk −

∑
nkβk . (5.25)
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I’m being quoted to introduce something,
but I have no idea what it is and certainly
don’t endorse it.

xkcd.com/1942/
Randall Munroe

6
An Exact Quench in an Open System

This chapter is based on [1], which considers a Lindblad equation that, for particular initial condi-

tions, reduces to an asymmetric simple exclusion process with additional loss and gain terms. The

resulting Lindbladian exhibits operator-space fragmentation and each block is Yang-Baxter inte-

grable. For particular loss/gain rates the model can be mapped to free fermions. The chapter ends

by computing the full quantum dynamics for an initial product state when the model is tuned to

the free fermion subspace.

6.1 Introduction

In order to show how the operator-space fragmentation can be exploited in practice to obtain a full

solution of the dissipative dynamics, this chapter will now consider a generalisation of the quantum

ASEP. As we will show, the Lindbladian of this model exhibits operator-space fragmentation and in

each sector can be mapped onto a Lindbladian that is quadratic in fermions. The resulting dynamics

can then be solved exactly.

This chapter is organised as follows: Section 6.2 introduces the model of interest, which can be

viewed as an ASEP with additional loss/gain terms. Subsection 6.2.1 then shows that the operator

space fragmentation is retained when generalising the ASEP in this way and recaps on how this may

be used to find correlation functions.
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Section 6.3 then analyses the Lindbladian’s projection on to each of these subspaces, focusing

on a particular subset of parameters, for which the Lindbladian in each sector can be mapped onto

a bilinear form in auxiliary fermions. We show that the subspace of diagonal density matrices is

invariant under time evolution and reduces to a classical stochastic process similar to ones that

have been previously studied in the literature [274–277]. We employ Jordan-Wigner and Bogoliubov

transforms to solve the dynamics in this sector and show that it has an infinite temperature steady

state. In Section 6.5 we consider the defect problem and outline how to efficiently find the spectrum of

the Lindbladian. In Section 6.6 we consider evolution out of an initial product state and compute the

transverse spin-spin correlation function. Lastly, we relegate some technical calculations necessary

for the conclusions in the main text to two appendices.

6.2 The model

We wish to generalise the quantum ASEP model defined by taking a spin-1/2 chain with periodic

boundary conditions and no coherent dynamics (H = 0) along with the jump operators (5.12). To

this end consider two additional jump operators such that the dynamics is governed by the Lindblad

equation (5.6) with jump operators [278]

L
(1)
j = σ+

j σ
−
j+1 , L

(2)
j = σ−

j σ
+
j+1,

L
(3)
j = σ+

j σ
+
j+1 , L

(4)
j = σ−

j σ
−
j+1. (6.1)

In terms of Jordan-Wigner fermions the first two of these correspond to hopping left and right

and constitute the quantum ASEP. The two new operators represent pair creation and annihilation

on neighbouring sites, respectively. In general, the rates of these may all be different and one

obtains a four parameter family of models [278]. In contrast to the quantum ASEP, the additional

jump operators describe processes that violate spin rotational invariance around the z-direction

(or equivalently particle number conservation at the level of Jordan-Wigner fermions) so that the

magnetisation is no longer conserved. As we will see, this leads to interesting new effects compared

to the ASEP. Our choice of model is not motivated by any particular experimental setup, but aims

to address a problem in mathematical physics, namely to obtain a many-particle Lindblad equation

exhibiting operator-space fragmentation that can be solved exactly in practice. Having said this, in a

particular parameter regime and for diagonal initial density matrices our model reduces to a classical

master equation that has been argued to describe the kinetics of excitons in certain polymers [274]

and it would be interesting to investigate whether quantum effects could be relevant to this system.
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Working in the same basis (5.13) as for the ASEP we again find it convenient to split the

Lindbladian up as

L = LDiag + LDefect , (6.2)

where

LDiag =
∑
j

J1E
14
j E41

j+1 + J2E
41
j E14

j+1 + J3E
14
j E14

j+1 + J4E
41
j E41

j+1

−
∑
j

J1E
44
j E11

j+1 + J2E
11
j E44

j+1 + J3E
44
j E44

j+1 + J4E
11
j E11

j+1 , (6.3)

LDefect = −1

2

∑
j

(E22
j + E33

j )([J1 + J4]E11
j+1 + [J2 + J3]E44

j+1)

− 1

2

∑
j

(E22
j+1 + E33

j+1)([J2 + J4]E11
j + [J1 + J3]E44

j )

− J1 + J2 + J3 + J4
2

(E22
j E33

j+1 + E33
j E22

j+1). (6.4)

If we initialise the system in a purely diagonal density matrix, the Lindblad equation (5.6) reduces

to a classical master equation with transition matrix LDiag. This describes generalisations of the

asymmetric simple exclusion process [249–252] similar to the diffusion-annihilation models studied

in [274–277]. If we set J3 = J4 = 0, we recover the ASEP with periodic boundary conditions.

6.2.1 Operator-space fragmentation

The origin of operator-space fragmentation in the model (6.2), (6.3), (6.4) is the presence of strictly

local conservation laws

[L, E22
j ] = 0 = [L, E33

j ]. (6.5)

These conservation laws imply that particles of species 2, 3 are left invariant by the dynamics and we

therefore refer to these as “defects”. The Hilbert space of operators thus breaks up into exponentially

many invariant subspaces with fixed occupancies of defects. The fragmentation of operator-space

does not rely on the fact our model is one dimensional. Indeed, operator-space fragmentation occurs

if we consider a square lattice and jump operators defined on all nearest neighbour bonds

L
(l)
(i,j) =σ+

(i,j)σ
−
(i+1,j) , L

(r)
(i,j) = σ−

(i,j)σ
+
(i+1,j) ,

L
(u)
(i,j) =σ+

(i,j)σ
−
(i,j+1) , L

(d)
(i,j) = σ−

(i,j)σ
+
(i,j+1) . (6.6)

In this case the 2L2 operators E22
(i,j), E

33
(i,j) are then strictly conserved. By focusing on one dimen-

sional models, however, we allow for the possibility that the Lindbladian’s action on each subspace
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can be mapped to an integrable model. However, the occurrence of fragmentation will have impli-

cations for the dynamics in higher dimensions as well.

This operator-space fragmentation then allows observables to be computed by analysing each

sector separately. As discussed earlier, for the ASEP (J3 = J4 = 0) the key result was that

restricted to each defect-subspace the Lindbladian becomes integrable (as it is can be mapped to

disjoint XXZ chains with diagonal boundary fields). Integrability techniques can be similarly applied

to the projections of (6.2), (6.3), (6.4) to the relevant invariant subspaces [277, 278] but we do not

pursue this line of enquiry here and instead impose a particular constraint on the rates J1, J2, J3, J4

which will allow us to construct a mapping to free fermions.

It should be stressed that for a particular observable, it may not be necessary to deal with very

many invariant subspaces. This is illustrated by the transverse spin-spin correlation function

S+−
0,ℓ+1 = Tr

[
σ+
0 σ

−
ℓ+1ρ(t)

]
. (6.7)

This depends only on the subspace with a type 3 defect at site 0 (equivalently site L) and a type

2 defect at site ℓ + 1. To see this, note that in the superoperator formalism traces are replaced by

inner products with the state

⟨⟨1cl| = ⊗L
j=1 [j⟨⟨1| + j⟨⟨4|] . (6.8)

An immediate consequence of the fact that the time evolution operator eLt preserves traces is that

⟨⟨1cl| is a left eigenvector of the time evolution operator with eigenvalue 1. If there is a unique steady

state of the system then it is also the only left eigenvector with this property, a fact that we will

use later. The spin operators act by left multiplication so in the superoperator formalism they are

mapped to

σ+
0 7→ σ+

0 ⊗ 10 = (E13
0 + E24

0 ) ,

σ−
ℓ+1 7→ σ−

ℓ+1 ⊗ 1ℓ+1 = (E42
ℓ+1 + E31

ℓ+1) . (6.9)

Since ⟨⟨1cl| only contains states ⟨⟨1|, ⟨⟨4| the only terms that survive in the trace are then

S+−
0,ℓ+1 =

[
0⟨⟨3| ⊗ ⟨⟨1[1,ℓ]| ⊗ ℓ+1⟨⟨2| ⊗ ⟨⟨1[ℓ+2,L−1]|

]
|ρ(t)⟩⟩ , (6.10)

where we have introduced

⟨⟨1[a,b]| = ⊗b
j=a [j⟨⟨1| + j⟨⟨4|] . (6.11)
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Eq. (6.10) shows that the correlation function depends only on the projection of |ρ(t)⟩ on the two

defect subspace described above. This means the correlation function can be written in terms of

propagators defined on open chain segments:

G[a,b] = ⟨⟨1[a,b]|eL[a,b]t|ρ[a,b]⟩⟩. (6.12)

In the ASEP case these propagators involve computing the overlap of a time evolved state in the

finite length XXZ model (with diagonal boundary fields) with the state ⟨1cl|. The rest of this chapter

will consider a different subspace of the full four-parameter model which reduces to free fermions,

thus allowing the calculation of G[a,b] for some initial states, although its calculation for general

states is still difficult .

6.3 Free fermions

6.3.1 “Classical” sector

As we noted earlier, the subspace of diagonal density matrices (5.16) is invariant under the dynamics.

The “classical” part LDiag of the Lindbladian acts on this 2L dimensional subspace of diagonal density

matrices and can be expressed in terms of Pauli matrices τj defined by

τzj = E11
j − E44

j , τ+j = E14
j . (6.13)

We find

LDiag =
∑
j

J1τ
+
j τ

−
j+1 + J2τ

−
j τ

+
j+1 + J3τ

+
j τ

+
j+1 + J4τ

−
j τ

−
j+1

− 1

4

∑
j

(J1 − J2 − J3 + J4)1jτ
z
j+1 + (−J1 + J2 − J3 + J4)τzj 1j+1

− 1

4

∑
j

(J1 + J2 − J3 − J4)τzj τ
z
j+1 + (J1 + J2 + J3 + J4)1j1j+1. (6.14)

We now observe that under the constraint

J1 + J2 = J3 + J4, (6.15)

the model (6.14) can be mapped to a free fermionic theory by means of a Jordan-Wigner transfor-

mation. In the periodic case we use that
∑L

j 1jτ
z
j+1 − τzj 1j+1 = 0 to obtain

LDiag =

L−1∑
j=1

{
J1c

†
j+1cj + J2c

†
jcj+1 − J3cjcj+1 − J4c

†
j+1c

†
j + (J4 − J3)c†jcj

}
+(−1)N̂

(
J1c

†
1cL + J2c

†
Lc1 − J3c

†
1c

†
L − J4cLc1

)
− J4L, (6.16)
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where N̂ is the total fermion number operator. Since each term in the Lindbladian preserves fermion

parity, the operator (−1)N̂ is conserved and we can work in definite parity sectors where it equals

+1 (periodic, or Ramond, boundary conditions) or −1 (anti-periodic, or Neveu-Schwarz, boundary

conditions). It will furthermore be convenient in the following to define

2J+ = J1 + J2 = J3 + J4 ,

2J− = J1 − J2 ,

2µ = J4 − J3 , (6.17)

in terms of which the Lindbladian can be written (defining cL+1 = (−1)N̂c1) as

LDiag = (J+ + µ)L+

L∑
j=1

{
(J+ + J−)c†jcj+1 + (J+ − J−)c†j+1cj

−
[
(J+ + µ)cjcj+1 + (J+ − µ)c†j+1c

†
j

]
+ 2µc†jcj

}
. (6.18)

We largely focus on the special case µ = 0 in the following but do discuss the steady state in the

imbalanced case in Section 6.4.1. Crucially the constraints (6.17) enforce that J3 + J4 ̸= 0, which

takes us away from the ASEP limit J3 = J4 = 0, see Fig. 6.1. Hence the exact solutions presented

below cannot be related to known results for the ASEP.

Figure 6.1: 3 dimensional cut of the four parameter space of the model, projecting out the µ direction.
At fixed µ the space of free fermions is the plane denoted in blue, whilst the original ASEP model
occupies the plane shown in red.
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6.3.2 Two defect sector

We now consider the case where there are two defects that without loss of generality can be taken to

be located at positions ℓ+ 1 and L. Inspection of (6.2), (6.3), (6.4) shows that on the corresponding

subspace the Lindbladian takes the form

L =


L[1,ℓ] + L[ℓ+2,L−1] if 0 < ℓ < L− 1 ,

L[2,L−1] + c if ℓ = 0 ,

L[1,L−2] + c if ℓ = L− 2 ,

(6.19)

where

L[1,ℓ] =

ℓ−1∑
j=1

J1E
14
j E41

j+1 + J2E
41
j E14

j+1 + J3E
14
j E14

j+1 + J4E
41
j E41

j+1

−
ℓ−1∑
j=1

J1E
44
j E11

j+1 + J2E
11
j E44

j+1 + J3E
44
j E44

j+1 + J4E
11
j E11

j+1

− 1

2

(
[J1 + J4]E11

1 + [J2 + J3]E44
1 + [J2 + J4]E11

ℓ + [J1 + J3]E44
ℓ

)
, (6.20)

and the constant c is given by c = −(J1 + J2 + J3 + J4)/2 = −2J+ if one of the defects is of type 2

and one of type 3 and zero if the two defects are of the same type. Imposing the constraint (6.15)

and carrying out a Jordan-Wigner transformation to spinless fermions we arrive at a free fermion

chain with open boundary conditions

L[1,ℓ] = −J+(ℓ+ 1) − µ

ℓ∑
j=1

(2c†jcj − 1)

+

ℓ−1∑
j=1

{
J1c

†
j+1cj + J2c

†
jcj+1 − J3cjcj+1 − J4c

†
j+1c

†
j

)}
. (6.21)

6.3.3 q defect sector

The Lindbladian for the entire chain restricted to the invariant subspace with q defects at locations

ℓ1, . . . ℓq is simply a sum of Lindbladians for the q disjoint finite chains obtained by removing the

sites ℓj from the original chain

L =

q∑
j=0

L[ℓj+1,ℓj+1−1] (6.22)

Here ℓ0 = ℓq so that for instance in the 1 defect sector the corresponding Lindbladian L[ℓ+1,ℓ−1]

corresponds to the original ring with a single site removed. If the defects ℓj , ℓj+1 are not immediate
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neighbours then these are exactly as given in Eq (6.21). If there are two neighbouring defects then

the only term in the full Lindbladian that acts on them is

L[ℓ,ℓ+1] = −2J+(E22
ℓ E33

ℓ+1 + E33
ℓ E22

ℓ+1) (6.23)

which contributes c = −2J+ if the neighbouring defects are different species and 0 if they are the

same.

6.4 Dynamics in the classical subspace

As a first step to understanding this model, we solve it exactly in the diagonal subspace. We focus

initially on the balanced (µ = 0) case. Our system has periodic boundary conditions in terms of

the original spins and (anti)-periodic boundary conditions for Jordan-Wigner fermions in sectors of

(even) odd fermion parity. We therefore go to Fourier space

c(kn) =
1√
L

∑
j

eiknjcj , kn =
2π(n+ δ)

L
. (6.24)

where δ = 0, 1/2 for states with odd or even fermion parity respectively. We then carry out a

Bogoliubov transformation to diagonalise the Lindbladian

c†(k) = cos(k/2)b−k − i sin(k/2)b†k ,

c(k) = i sin(k/2)bk + cos(k/2)b†−k . (6.25)

Despite the fact that L is non-Hermitian, this transformation is still unitary. We have

LDiag =
∑
k

ϵ(k)b†kbk , (6.26)

where the non-Hermitian nature of the Lindbladian presents through the complex eigenvalues

ϵ(k) = −2J+ + 2iJ−| sin k| . (6.27)

The time evolved operators are

bk(t) = e−LDiagtbke
LDiagt = eϵ(k)tbk . (6.28)

We can now immediately conclude that the stationary state is unique and given simply by the

Bogoliubov vacuum

bk|0⟩⟩ = 0. (6.29)
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This implies that ⟨⟨0|L = 0 and ,exploiting uniqueness, we therefore have

⟨⟨1cl| = ⟨⟨0| . (6.30)

This is turn shows that the stationary state |0⟩⟩ is the completely mixed (infinite temperature) state,

which we now demonstrate in more detail.

An important question is what operators of the original spin-chain problem can have finite

expectation values within the defect-free subspace. To answer this we project the original Pauli

matrices σj on to the diagonal subspace and write the result in terms of the τj operators. Defining

projection operators by

Pj = E11
j + E44

j , (6.31)

we have

Pj

[
σz
j ⊗ 1j

]
Pj = Pj

[
E11 − E44 + E22 − E33

]
Pj = τzj = 1 − 2nj ,

Pj

[
σα
j ⊗ 1j

]
Pj = 0 , α = x, y. (6.32)

This shows that the only physical operators with non-zero expectation in the stationary state are

Oj1,...,jn = nj1 . . . njn . (6.33)

The expectation value of Oj1,...,jn can be obtained using Wick’s theorem with the help of the ele-

mentary two-point functions

⟨⟨0|c†jcj+ℓ|0⟩⟩ =
δℓ,0
2

+
δℓ,1 + δℓ,−1

4
,

⟨⟨0|cjcj+ℓ|0⟩⟩ =
δℓ,−1 − δℓ,1

4
,

⟨⟨0|c†jc†j+ℓ|0⟩⟩ =
δℓ,1 − δℓ,−1

4
. (6.34)

Here we have replaced the state ⟨⟨1cl| used to compute traces with the left Bogoliubov vacuum ⟨⟨0|
following the discussion above. As a result, we find that all such expectations factorise

⟨⟨0|Oj1,...,jn |0⟩⟩ = ⟨⟨0|nj1 |0⟩⟩ . . . ⟨⟨0|njn |0⟩⟩ =
1

2n
. (6.35)

We now make use of the fact that a density operator is fully determined by the expectation values

of a complete set of operators to conclude that in terms of the original problem the stationary state

is the infinite temperature state

ρstat =
1

2L

∑
σ1,...,σL

|σ1, . . . , σL⟩⟨σ1, . . . , σL|. (6.36)
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6.4.1 Imbalanced loss and gain

We now briefly discuss the nature of the steady state with imbalanced loss and gain. When µ ̸= 0

the Lindbladian in the defect-free sector is given by

L = −(J+ + µ)L+

L∑
j=1

{
J1c

†
j+1cj + J2c

†
jcj+1 − J3cjcj+1 − J4c

†
j+1c

†
j + 2µc†jcj

}
, (6.37)

where the appropriate Ramond or Neveu-Schwarz boundary conditions are assumed. We make use

of the translational symmetry in the defect-free problem to Fourier transform this to give

L = const +
∑
k>0

c†kAk(µ)ck , (6.38)

where ck =
(
ck c†−k

)T
the matrix Ak(µ) is 2 × 2 and non-Hermitian

Ak(µ) = 2J+

(
i∆ sin k + cos k + ν −i(1 + ν) sin k

+i(1 − ν) sin k i∆ sin k − cos k − ν

)
. (6.39)

Here we have introduced the dimensionless parameters

ν =
µ

J+
=
J4 − J3
J4 + J3

∆ =
J−
J+

=
J1 − J2
J1 + J2

, (6.40)

The parameter ν satisfies −1 ≤ ν ≤ 1 where the extreme case of ν = −1 corresponds to only particle

loss and ν = 1 to only gain. The eigenvalues of Ak(µ) are

ϵ±k (µ) = 2J+(i∆ sin k ± (1 + ν cos k)) . (6.41)

For ν ̸= ±1 these are always distinct. Degerate eigenvalues only occur for ν = 1, k = π and

ν = −1, k = 0 which both yield Ak(µ) = 0. Ak(µ) is thus always diagonalisable, however it is not

unitarily diagonalisable if µ ̸= 0. In this case we cannot perform a canonical transformation as for

the balanced case.

We can however perform an almost canonical transformation by defining the matrix

Sk =
1√

1 + ν cos k

(
sin k

2 −i(1 + ν) cos k
2

−i cos k
2 (1 − ν) sin k

2

)
, (6.42)

chosen such that S−1AS is diagonal and det(S) = 1. We then define

(
b′+,k b−,k

)
=
(
c†k c−k

)
Sk , (6.43)(

b+,k

b′−,k

)
= S−1

k

(
ck
c†−k

)
. (6.44)
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These are almost canonical fermions in that they satisfy the relations

{bσ,k, bτ,q} = 0 = {b′σ,k, b′τ,q} ,

{b′σ,k, bτ,q} = δσ,τδk,q . (6.45)

We note that b+,−k = −b−,k due to the choice of normalisation in the definition of Sk, which allows

us to consistently define

bk = θ(k)b+,k + θ(−k)b−,k =
sgn k√

1 + ν cos k

(
(1 − ν) sin

k

2
ck + i(1 + ν) cos

k

2
c†−k

)
,

b′k = θ(k)b′+,k + θ(−k)b′−,k =
sgn k√

1 + ν cos k

(
− i cos

k

2
c−k + sin

k

2
c†k

)
. (6.46)

This then allows us to write the Lindbladian in terms of the almost canonical fermion operators as

L = const +
∑
k

ϵ−k b
′
kbk , (6.47)

where we have used that ϵ+k = −ϵ−−k. The constant can be seen to be 0 by carefully keeping track of

the constants discarded throughout this argument. We can now define left and right vacua by

∀k : ⟨⟨L|b′k = 0, bk|R⟩⟩ = 0. (6.48)

Since ⟨⟨L|L = 0 has only one solution, we conclude that

⟨⟨L| = ⟨⟨1cl| = 0⟨⟨0|
∏
k>0

(
1 + i cot

k

2
c−kck

)
, (6.49)

where |0⟩⟩0 is the fermionic vacuum state

cj |0⟩⟩0 = 0 . (6.50)

The expression for ⟨⟨L| in terms of the original fermions in (6.49) is easily verified by acting with b′k

and using (6.46). The right eigenstate can be expressed as a squeezed state via

|R⟩⟩ = 1
N
∏

k>0

(
1 − i 1+ν

1−ν cot k
2 c

†
kc

†
−k

)
|0⟩⟩0, (6.51)

where N is chosen such that ⟨⟨L|R⟩⟩ = 1. This can be verified by acting with bk and using (6.46).

As before we may consider the expectation values of all operators in the classical subspace - the

operators σx, σy project to zero and all physical operators are given in terms of fermions by products

of densities

Oj1...jr = nj1 . . . njr . (6.52)
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The simplest such expectation value is

⟨⟨nj⟩⟩∞ = lim
t→∞

Tr
[
nj ρ(t)

]
= ⟨⟨L|nj |R⟩⟩. (6.53)

As we have seen above, for µ = 0 the steady state corresponds to a completely mixed state and we

have ⟨⟨nj⟩⟩∞ = 1/2. When µ ̸= 0 and assuming that the steady state is uncorrelated we have the

following relation expressing the balance between particle gain and loss

J3⟨⟨nj⟩⟩2∞ = J4[1 − ⟨⟨nj⟩⟩∞]2. (6.54)

If this relation holds we may solve for the particle density

⟨⟨nj⟩⟩∞ =
1 + ν −

√
1 − ν2

2ν
, (6.55)

where we have used (6.40). We now verify (6.55) by direct calculation. Due to translation invariance

⟨⟨nj⟩⟩∞ is the same on each site and we can instead calculate the average occupation of the k modes

1

L

∑
k

⟨⟨nk⟩⟩ =
1

L

∑
k

1 + ν

1 + ν cos k
cos2

k

2
⟨⟨L|b−kb

′
−k|R⟩⟩ . (6.56)

In the thermodynamic limit this turns into an integral

⟨⟨nm⟩⟩∞ =
(1 + ν)

4π

∮
1 + cos k

1 + ν cos k
dk

=
1 + ν −

√
1 − ν2

2ν
. (6.57)

This indeed agrees with (6.55). We note that the stationary state (6.51) has a simple product form

in terms of the spin states |1⟩⟩, |4⟩⟩ on which the spin operators ταj act, cf. (6.13).

⟨⟨L| = ⊗L
j=1 [j⟨⟨1| + j⟨⟨4|] ,

|R⟩⟩ =
1

(1 + α)L
⊗L

j=1 [|1⟩⟩j + α|4⟩⟩j ] , (6.58)

where

α =

√
1 + ν

1 − ν
. (6.59)

6.4.2 Time dependence

We return to considering only the balanced case of µ = 0 and now consider the time dependent

problem. As we have seen above, on the diagonal subspace we have

Pj

[
σz
j ⊗ 1

]
Pj = 1 − 2c†jcj = Pj

[
1⊗ σ̃z

j

]
Pj (6.60)
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This allows us to identify

|σ1, . . . , σL⟩⟨σ1, . . . , σL| = c†j1 . . . c
†
jn
|0⟩⟩0 , (6.61)

where jk are the positions of down spins ordered such that j1 < j2 · · · < jn and |0⟩0 is the fermionic

vacuum, which is related to the Bogoliubov vacuum state by

|0⟩⟩0 = 2−L
∏
k>0

[
1 + i cot(k/2)b†kb

†
−k

]
|0⟩⟩. (6.62)

Using this and an initial density matrix in our subspace we can calculate

⟨⟨1cl|nj1(t) . . . njn(t)|ρ(0)⟩⟩. (6.63)

We can thus compute the expectations of any observables in this subspace at arbitrary times using

free-fermion techniques. As an example we now compute ⟨⟨nj(t)⟩⟩ for a system initially in the classical

Néel state

ρ(0) = | ↑↓↑↓ . . . ⟩⟨↑↓↑↓ . . . |. (6.64)

In terms of fermions this can be written as

|ρNéel⟩⟩ =

N/2∏
j=1

c†2j |0⟩⟩0. (6.65)

In practice it will be more useful to work with the original fermion operators than the Bogoliubov

ones. Solving their equations of motion gives

c†(k, t) = f(k, t)c†(k) + g(k, t)c(−k) ,

c(−k, t) = −g(k, t)c†(k) + h(k, t)c(−k) , (6.66)

where

f(k, t) = cos2(k/2)eϵ(−k)t + sin2(k/2)e−ϵ(k)t ,

g(k, t) = i
2 sin(k)

[
eϵ(−k)t − e−ϵ(k)t

]
,

h(k, t) = cos2(k/2)e−ϵ(k)t + sin2(k/2)eϵ(−k)t . (6.67)

This then allows us to write

nj(t) =
1

L

∑
p,q

eij(p−q)c†(p, t)c(q, t)

=
∑
m

[
f̃m−j(t)c

†
m + g̃m−j(t)cm

]∑
n

[
h̃n−j(t)cn − g̃n−j(t)c

†
n

]
, (6.68)
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where we have defined

f̃n(t) =
1

L

∑
p

e−ipnf(p, t) . (6.69)

To calculate ⟨1cl|nj(t)|ρNéel⟩ it is helpful to split the double sum in nj(t)’s Fourier series into∑
m,n

=
∑

n even

δmn +
∑
n odd

δmn +
∑

n even
m ̸=n

+
∑
n odd
m ̸=n

. (6.70)

A straightforward calculation then gives

⟨nj(t)⟩ =
∑

n even

h̃n−j(t)f̃n−j(t) −
∑
n odd

g̃2n−j(t)

+
∑
n<m
even

[
g̃n−j(t)h̃m−j(t) − g̃m−j(t)h̃n−j(t)

]
(−1)

n+m
2

−
∑
n<m
odd

[
g̃n−j(t)f̃m−j(t) − g̃m−j(t)f̃n−j(t)

]
(−1)

n+m
2

+
∑

m odd
n even

sgn(n−m)h̃n−j(t)f̃m−j(t)(−1)
n+m+1

2

−
∑

m even
n odd

sgn(n−m)(−1)
n+m

2 g̃n−j(t)g̃m−j(t)(−1)
n+m

2 . (6.71)

The time evolution of the particle density (6.71) is shown in Fig. 6.2. As we are working at balanced

Figure 6.2: Relaxation of nj(t) for odd/even sites towards the steady state value from an initial Néel
state. Calculated for J+ = 1.0, J− = 0.9.
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particle creation and annihilation (J3 = J4), ⟨⟨nj(t)⟩⟩ relaxes to 1/2 at late times for all values of j.
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6.5 Two defect sector

We now turn to the defect sector problem. The Lindbladian in the sector with q defects can be

written as a sum over quadratic open chain Lindbladians of the form

LM = −J+(M + 1) +

M−1∑
j=1

{
J2c

†
jcj+1 + J1c

†
j+1cj − J+

(
c†j+1c

†
j + cjcj+1

)}
. (6.72)

As these are not Hermitian, the standard analysis of Lieb, Schultz and Mattis [81] for diagonalising

Hamiltonians quadratic in fermionic creation/annihilation operators does not apply. Instead, we

switch to Majorana fermions [220]

a2j−1 = cj + c†j , a2j = i(cj − c†j). (6.73)

and apply the analysis of [220] outlined in subsection 5.3.3. In terms of the Majorana operators,

LM is expressed as

LM = −(M + 1)J+ +
1

4
a ·A · a, (6.74)

In our case the 2M × 2M anti-symmetric matrix A is block tridiagonal and given by

A =



0 −CT 0 . . . 0

C 0 −CT 0
...

0 C 0
. . . 0

... 0
. . . 0 −CT

0 . . . 0 C 0


, C =

(
J− −2iJ+
0 J−

)
. (6.75)

We note, in addition to antisymmetry ensuring the eigenvalues of A occur in ±βj pairs, that the

complex eigenvalues also in complex conjugate pairs. This can be seen by noting that one obtains

A∗ from A by conjugating C by σz. In particular this means that if Av = βv then also

A(1n ⊗ σz)v∗ = β∗(1n ⊗ σz)v∗ . (6.76)

The eigenvalues of A are plotted in the complex plane for a small system size (L = 12) in Fig. 6.3.

For the matrix A in our problem it is not a simple matter to find a closed form analytic expression for

the spectrum, but we can gain insight into what the solutions look like by deforming our Lindbladian

by adding a boundary term J−(n1 − nL). We stress that the resulting Lindbladian is unphysical.
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Figure 6.3: Eigenvalues of A’ (red diamonds), A (blue triangles) for L = 8 (left) and L = 16 (right),
J+ = 1.0, J− = 0.9. Inset shows a zoomed in view around the near-zero eigenvalues. Black curves
through the red diamonds are guides to the eyes.

Then the matrix A is modified to A′

A′ =



B −CT 0 . . . 0

C 0 −CT 0
...

0 C 0
. . . 0

... 0
. . . 0 −CT

0 . . . 0 C −B


, B = −iJ−

(
0 1
−1 0

)
. (6.77)

It is now straightforward to obtain the eigenvectors of the matrix A′. We make an ansatz v =

(v1, v2, . . . )
T where

vn = zn
(

1
iz

)
+Az(−1)nz−n

(
1

−iz−1

)
. (6.78)

For this to be an eigenvector we require Az = z2 and z to satisfy

0 = (z2M − (−1)M )(∆z2 − 2z − ∆). (6.79)

The associated eigenvalues are then given by

βz = 2J+ + J−(z−1 − z). (6.80)

This only gives rise to M linearly independent eigenvectors, all with non-negative eigenvalues. We

however get the full spectrum using this ansatz by reflecting in the imaginary axis. Thus in this case

we find that the positive real part eigenvalues consist of M − 1 values of z that are roots of unity
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z = e−ik which recovers the periodic boundary condition result. There are also two eigenvalues that

are exactly 0 — for our actual boundary conditions these become two small real eigenvalues ±β0
(they cannot be complex as the requirement that β∗ is an eigenvalue would then give four nearly

zero eigenvalues which is too many). We plot the eigenvalues in the complex plane in Figure 6.3 for

both A and A′ to highlight the impact of removing the boundary potential.

6.6 Transverse correlation function

We now turn to observables that involve defects. We focus on the particular example of an initial

product state with ferromagnetic order along some direction in spin space

|ψ(0)⟩ =
(
1 + |α|2

)−L/2
L⊗

m=1

[
| ↑⟩ + α| ↓⟩

]
m
. (6.81)

Our aim is to determine

S+−
0,ℓ+1 = Tr

[
ρ(t)σ+

Lσ
−
ℓ+1

]
. (6.82)

As we showed above in (6.10) this involves only the projection of |ρ(t)⟩ onto the subspace with two

defects

S+−
0,ℓ+1 = ⟨⟨1cl|σ+

0 σ
−
ℓ+1Π0,ℓ+1|ρ(t)⟩⟩ = ⟨⟨1cl|σ+

0 σ
−
ℓ+1e

LtΠ0,ℓ+1|ρ(0)⟩⟩, (6.83)

where

Π0,ℓ+1 = E33
0 ⊗ℓ

j=1 PjE
22
ℓ+1 ⊗L−1

k=ℓ+2 Pk . (6.84)

Applying Π0,ℓ+1 to the initial density matrix |ρ(0)⟩⟩ = |ψ(0)⟩⟨ψ(0)| gives

Π0,ℓ+1|ρ(0)⟩⟩ = (1 + |α|2)−L|α|2|3⟩⟩L ⊗ |ρ[1,ℓ]⟩⟩ ⊗ |2⟩⟩ℓ+1 ⊗ |ρ[ℓ+2,L−1]⟩⟩, (6.85)

where

|ρ[a,b]⟩⟩ ≡ ⊗m=b
m=a

[
|1⟩⟩ + |α|2|4⟩⟩

]
m
. (6.86)

We now see that the transverse spin-spin correlation function reduces in this initial state to

Tr
[
ρ(t)σ+

1 σ
−
ℓ

]
= γ(1 + γ)−LG̃ℓ(t)G̃L−ℓ−2(t)

G̃N (t) = ⟨⟨1[1,N ]|eLN t|ρ[1,N ]⟩⟩. (6.87)

Here we have defined γ = |α|2 since all quantities depend only on γ and have separated out an

overall factor γ(1 + γ)N for convenience.
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The propagators G̃ are defined on the finite chains discussed in Section 6.5 and can be expressed

in terms of fermions as

G̃N (t) =
0

〈〈
0
∣∣∣N−1∏
j=0

(
1 + cN−j

)
eLN t

N∏
k=1

(
1 + γc†k

)∣∣∣0〉〉
0
. (6.88)

As shown in B.1 we can rewrite this as

G̃N (t) = 0⟨⟨0|(1 +X)eY eLN teγ
2Y †

(1 + γX†)|0⟩⟩0 , (6.89)

where

X =

N∑
j=1

cj , Y =
∑
n<m

cmcn . (6.90)

Using fermion parity conservation this simplifies to

G̃N (t) = 0⟨⟨0|eY eLN teγ
2Y † |0⟩⟩0 + γ 0⟨⟨0|XeY eLN teγ

2Y †
X†|0⟩⟩0 . (6.91)

The two terms above can be written in the form

G̃
(α)
N = Tr

[
ρ̃(α)eY eLN teγ

2Y †
]
, α = 1, 2 , (6.92)

where eY ,eLN t, eγ
2Y †

are all manifestly Gaussian as are the ρ̃(α) since they are the ground states of

the quadratic Hamiltonians

H1 =

N∑
j=1

nj , H2 = −n(p = 0) +
∑
p ̸=0

n(p) . (6.93)

Thus (6.92) is now in the form of the trace of a product of Gaussian operators and can be evaluated.

The procedure for this is given in detail in B.1. Here we outline the two key steps to the evaluation.

The first step is to realise that since a product of Gaussian operators is Gaussian, we have

ρ(α) =
eγ

2Y †
ρ̃(α)eY

Z(α)
=

1

Z(W (α))
ea·W

(α)·a/4. (6.94)

Here, Z(α) and Z(W (α)) are two different normalisation factors defined each defined such that

Trρ(a) = 1. The Z(a) are calculated in B.2 and given by B.18. Writing the time evolution operator

in the form

eLN t = e
1
4a·AN ·a , (6.95)

we then obtain the following expression for the propagators (cf. B.1 )

Tr
[
ρ(α)e

1
4a·AN ·a

]
= Z(α)

(
det(eW

(α)

eAN + e−AN e−W (α)

+ 2)

det(eW (α) + e−W (α) + 2)

)1/4

. (6.96)
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The second step is to use the fact that a Gaussian is determined by its second moments to change

from working with the density matrix ea·W ·a/4 itself to instead working with its correlation matrix

Γmn = Tr[ρanam] − δmn. We calculate the latter in B.2 by rewriting the trace as an inner product

which can be evaluated in terms of Jordan-Wigner spins. Once Γ is found, W is obtained through

Γ = tanh W
2 , or equivalently

eW = (1 − Γ)−1(1 + Γ). (6.97)

This then leads to an apparent difficulty since the correlation matrices corresponding to ρ(α) (which

are fixed through our choice of initial condition) satisfy (Γ(α))2 = 1, implying that they have only

eigenvalues equal to ±1 and the method set out above appears to break down. This issue can be

dealt with by noting that

Γ(α) = Π
(α)
+ − Π

(α)
− , (6.98)

where Π
(α)
± are projectors onto the two N dimensional subspaces corresponding to eigenvalues 1 and

−1 of Γ(α) respectively. These would correspond to eigenvalues ±∞ in W , which we regulate by

setting them equal to ±Λ and taking the limit Λ → ∞ in the end of the calculation. That is, we

put:

eW
(α)/2 = eΛ/2Π

(α)
+ + e−Λ/2Π

(α)
− , (6.99)

which simplifies (6.96) to read

Tr
[
ρ(α)e

1
4a·AN t·a

]
=
(

det(Π
(α)
+ eAN t + Π

(α)
− e−AN t)

)1/4
≡ d

(α)
N . (6.100)

This yields a simple expression for the propagator

G̃N (t) = e−J+(N+1)t
[
Z(1)d

(1)
N + γZ(2)d

(2)
N

]
. (6.101)

Substituting this into (6.87) then gives the transverse correlation function

S+−
0,ℓ+1(t) =

γ

(1 + γ)L
e−J+Lt

(
Z(1)d

(1)
ℓ + γZ(2)d

(2)
ℓ

)
×
(
Z(1)d

(1)
L−ℓ−2 + γZ(2)d

(2)
L−ℓ−2

)
. (6.102)

The determinants d
(α)
N can now be straightforwardly computed numerically. In Fig. 6.4 we plot the

transverse correlator at separation 2, S+−
0,2 (t), as a function of time. We observe that the correlator

decays quite quickly, and monotonically, from its initial value. We note however that this is the full

correlation function and that more physically interesting is the connected correlator

S+−
ℓ+1,C = Tr[S+

0 S
−
ℓ+1ρ(t)] − Tr[S+

0 ρ(t)]Tr[S−
ℓ+1ρ(t)]. (6.103)
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Figure 6.4: Full correlation function S+−
0,2 (t) for L = 30 sites, J− = 0.9, J+ = 1.0 and γ = 0.9.

Here we have used the translation invariance of our initial condition to express the correlation

function in terms of only the distance between the defects (note that this is ℓ + 1 and not ℓ). The

one point functions depend on the same propagators as the 2-point functions since

Tr[S+
0 ρ(t)] = ⟨⟨1cl|E13

0 E24
0 |ρ(t)⟩⟩ =

α

1 + γ
GL−1, (6.104)

which gives

S+−
ℓ+1,C =

γ

(1 + γ)2
[
GℓGL−ℓ−2 −G2

L−1

]
. (6.105)

Where we have expressed this in terms of GN = (1 +γ)−N G̃N as this is more natural. In particular,

since our initial state was a product state we have GN (0) = 1 for all N and so the connected

correlation function is initially 0, indicating no correlations. We then expect that the Lindblad

evolution will correlate neighbouring sites. This is countered by the fact that the steady state values

of observables are all governed by the diagonal subspace values and so the connected correlations

must go to zero at long times. In Figure 6.5(a), we plot the corresponding values for varying site

separations and note an approximately exponential decrease with distance. In Figure 6.5(b), we plot

the connected correlation between sites 1 and 3. We are able to observe that the dissipative dynamics

does produce some correlations although they are small. Given that they also exponentially decay,

the correlation generation would most likely not be visible had we started in an initially correlated
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Figure 6.5: Connected correlation function for chain length L = 30 and J− = 0.9, J+ − 1.0, γ = 0.9.
(a) Connected correlations decay exponentially with separation d = ℓ+1. (b) Connected correlation
function for ℓ = 1, showing correlation generation.

state. We perform these calculations for total chain lengths of L = 30, one might wonder if this is

large enough to be essentially in the thermodynamic limit (in the sense that finite size effects are

small enough to neglect). In fact, we find that the numerical values of the connected correlator vary

very little as we increase L so long as it is larger than twice the separation ℓ + 1. To show this we

plot the connected correlator for ℓ = 3 for L = 8, 9, 10 in Figure 6.6(a). Since the difference between

the result for 9, 10 is too small to be visible, we plot the residual (along with the corresponding

residual for L = 10, 11) in Figure 6.6(b).

Figure 6.6: Finite size effects for ℓ = 3. J− = 0.9, J+ − 1.0, γ = 0.9: (a) Correlation function for
three different chain lengths L = 8, 9, 10. (b) Residuals between correlation function at L = 9, 10
and L = 10, 11.
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6.7 Conclusions

We have considered a dissipative many particle quantum system described by a Lindblad equation

that for particular initial conditions reduces to an asymmetric simple exclusion process with addi-

tional pair creation and annihilation terms. The Lindbladian exhibits operator-space fragmentation

and for particular pair creation/annihilation rates the model can be mapped to free fermions. The

model thus extends the class of solvable Lindblad systems and in particular provides a concrete ex-

ample of a setting where operator-space fragmentation can be used to compute correlation functions

exactly. We have restricted attention to initial product states in order to make calculations simpler

as well as to allow us to see the generation of correlations through dissipation in our model. Even

though the initial states we have considered here are quite simple the analysis is not straightforward.

It would be interesting to attempt to generalise our analysis to the case of entangled initial states. It

would also be interesting to study the time evolution of entanglement measures such as entanglement

negativity within this model.
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B
B.1 Fermion identities

B.1.1 Mixed parity fermion products

To arrive at Eq. (6.89) the key identity is that for any collection of mutually anti-commuting variables

{ζi}Ni=1 the following holds

N∏
i=1

(1 + ζi) =

(
1 +

N∑
i=1

ζi

) ∏
1≤j<k≤N

(1 + ζjζk). (B.1)

This identity immediately provides a convenient decomposition into even and odd fermion parity

parts. It can be proven by focusing on the odd and even components and using induction. To do so

note that the even terms have the form

E

[
N∏
i=1

(1 + ζi)

]
=
∑

k even
k≤N

 ∑
1≤i1<···<ik≤N

ζi1 . . . ζik

 . (B.2)

The counterpart for the odd terms is completely analogous. When multiplying this by
∑N

j=1 ζj the

result will be a sum of (N−k)
(
N
k

)
non-zero terms, each of which contain k+1 distinct ζ’s. Moreover,

in each term k of the ζ’s will be in ascending order by construction, with the final one appearing in

each possible position. Thus k/2 pairs will cancel and the remaining (N−k)
k+1

(
N
k

)
= (N − k − 1)

(
N

k+1

)
terms are precisely those in the corresponding expansion of the odd part. We thus need only prove
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by induction the statement about the even terms

∑
k=2m

 ∑
1≤i1<···<ik≤N

ζi1 . . . ζik

 =
∏

1≤j<k≤N

(1 + ζjζk) . (B.3)

To this end we assume the induction hypothesis up to N − 1 and notice that for N sites we can

rewrite the product of quadratic terms as

N−1∏
i<j

(1 + ζiζj)

N−1∏
ω=1

(1 + ζωζN ) =

N−1∏
i<j

(1 + ζiζj)(1 +

N−1∑
ω=1

ζωζN ). (B.4)

We then use the induction hypothesis on the first factor on the right hand side. When multiplied by

the second factor two things can happen: (i) it gets multiplied by 1, thus generating all possible even

terms not including ζN , (ii) it gets multiplied by (
∑N−1

ω=1 ζω)ζN . For the latter note that multiplying

by
∑
ζω generates all possible odd expressions without ζN and multiplying by ζN at the end then

gives the desired result. Along with the observation that the base case of N = 0 is trivial this

completes the proof of (B.1).

In the context of Eq. (6.89) we set ζi = γc†i so that we have

N∏
k=1

(1 + γc†k) =
∏

1≤m<n≤N

(1 + γ2c†mc
†
n)(1 + γ

N∑
k=1

c†k) . (B.5)

This is the desired simplification upon defining X,Y in the main text and applying the standard

result that eY
†

=
∏

m<n(1 + c†mc
†
n) where Y † =

∑
m<n c

†
mc

†
n.

B.1.2 Trace of Gaussian operators

The main result required in the derivation of (6.96) is the identity [279]

Tr[ea·W ·a/4] =
√

det(eW/2 + e−W/2). (B.6)

Here aj are Majorana fermions and W an antisymmetric matrix. We note that (B.6) is easy to

establish if W is diagonalisable. In that case its eigenvalues come in pairs ±βk and the left hand

side becomes

Tr[e
∑

k βk(
1
2−nk)] =

∏
Reβk>0

[
eβk/2 + e−βk/2

]
. (B.7)

Because W is anti-symmetric, its eigenvalues come in ± pairs and so the determinant contains

exactly two copies of each factor on the right hand side of (B.7). This then establishes (B.6). If W

is not diagonalisable then we define

f [W ] = Tr[ea·W ·a/4] −
√

det(eW/2 + e−W/2). (B.8)
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Since f [W ] = 0 for all diagonalisable matrices (which is a dense subset of all matrices) and f is a

continuous function, we have f = 0 identically.

We also make heavy use of a result following from the Baker-Campbell-Hausdorff formula, namely

that for Majorana fermions aj normalised such that {ai, aj} = 2δij

e
1
4a·W1·ae

1
4a·W2·a = e

1
4a·W3·a , (B.9)

where eW3 = eW1eW2 . Along with (B.6) this allows us to write

Tr[e
1
4a·W1·ae

1
4a·W2·a] =

√
det(eW3/2 + e−W3/2)

=
[
det(eW3 + e−W3 + 2)

]1/4
. (B.10)

B.2 Correlation matrices

The two correlation matrices we need are given by the inner products

Γ(1)
mn + δmn =

⟨⟨0|eY anameγ
2Y † |0⟩⟩

⟨⟨0|eY eγ2Y † |0⟩⟩ , (B.11)

Γ(2)
mn + δmn =

⟨⟨0|XeY anameγ
2Y †

X†|0⟩⟩
⟨⟨0|XeY eγ2Y †X†|0⟩⟩ . (B.12)

The denominators are equal to the normalisation factors Z(1), Z(2) that appear in the final result

(6.102). Both numerators and denominators can be found by making use of (B.1) in the form

N∏
j=1

(
1 + γc†k

)
+

N∏
j=1

(
1 − γc†k

)
=2eγ

2Y †
, (B.13)

N∏
j=1

(
1 + γc†k

)
−

N∏
j=1

(
1 − γc†k

)
=2γXeγ

2Y †
. (B.14)

Using (B.14) we can express the correlation matrices as

Γ(1)
mn + δmn =

g++
mn+g+−

mn

Z+++Z+− , Γ
(2)
mn + δmn =

g++
mn−g+−

mn

Z++−Z+− , (B.15)

where we have defined

gσσ
′

mn = ⟨⟨0|∏N−1
j=0 (1 + σcN−j)anam

∏N
k=1(1 + σ′γc†k)|0⟩⟩ , (B.16)

Zσσ′
= ⟨⟨0|∏N−1

j=0 (1 + σcN−j)
∏N

k=1(1 + σ′γc†k)|0⟩⟩ . (B.17)
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A simple calculation then gives that g++
mn = g−−

mn and g+−
mn = g−+

mn and likewise for Zσσ′
. Explicit

expressions for gσσ
′

mn and Zσσ′
are readily obtained by reverting to their respective representations

in terms of spins (i.e. undoing the Jordan-Wigner transformation). We find

Z(1) =
1

2

[
(1 + γ)N + (1 − γ)N

]
,

Z(2) =
1

2

[
(1 + γ)N − (1 − γ)N

]
, (B.18)

and Γ(α) are anti-symmetric 2N × 2N block matrices of the form

Γ(α) =
1

xN − (−1)αyN


Γ
(α)
0 −(Γ

(α)
1 )T . . . −(Γ

(α)
N−1)T

Γ
(α)
1 Γ

(α)
0 . . .

...
... . . . . . .

...

Γ
(α)
N−1 . . . . . . Γ

(α)
0

 , α = 1, 2. (B.19)

The 2 × 2 blocks are given by

Γ
(α)
0 =

(
0 i(fN−1 ± f1)

−i(fN−1 − (−1)αf1) 0

)
,

Γ(α)
a =

(
fN−a − (−1)αfa −i(fa−1 − (−1)αfN−a+1)

−i(fa+1 − (−1)αfN−a−1) −(fN−a − (−1)αfa)

)
, (B.20)

where we have defined

x = 1 + γ , y = 1 − γ , fa = xayN−a . (B.21)

One can verify that (Γ(α))2 = 1. Since Γ(α) is anti-symmetric it therefore has equal numbers of

eigenvalues ±1, which we used in the main text. The eigenvectors depend on x, y and we find these

numerically to determine the correct projectors to use.
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Forgive these wild and wandering cries,
Confusions of a wasted youth;
Forgive them where they fail in truth,
And in thy wisdom make me wise.

In Memoriam A.H.H.
Alfred, Lord Tennyson

7
Conclusions

In this thesis, I have tried to present a coherent picture of what happens following a quantum quench

in one dimensional systems. In Part A I have focused on systems that are well isolated from their

environments and whose time evolution is therefore described by the Schrödinger equation. Part

B then concentrated on the interaction with the environment and presented an exact solution for

the dynamics of a toy model of nonequilibrium open dynamics described by a particular Lindblad

equation.

Beginning with Part A, I have presented experimental motivation to consider nonequilibrium

dynamics of closed quantum systems, which are directly measurable in a range of experimental plat-

forms including ultracold neutral atoms, trapped ions and superconducting quantum circuits. I then

offered a brief overview of some theoretical background needed to make sense of Chapters 3 and 4.

In particular, Chapter 2 gave a detailed discussion of the solution of the transverse field Ising model

using the Jordan-Wigner transformation, since it serves as a point of departure for the analysis in

both chapters.

The research content of Part A began with constructing a mean-field approximation for quenches

in the anisotropic next-nearest neighbour Ising model, an extension of the solution to the TFIM. This

approximation is sufficiently accurate to answer the important physical question of how (equilibrium)

quantum critical points impact the nonequilibrium dynamics. By building on earlier numerical stud-

ies, Chapter 3 established that such a mean-field approximation can capture signatures of quantum
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criticality and give insights into the underlying physics. In particular, the mean-field theory allows

a convenient tool to calculate long-ranged correlation functions and thereby show that the strong

response of the system to quenching near the critical point to be a result of the large growth of

the correlation length following such a quench. Moreover, the mean-field theory provides a simple

criterion for analysing whether a quench is able to access the ground state properties of the quantum

critical point by suggesting a cutoff for the post-quench temperature. An unexpected outcome of

this analysis was the discovery of long lived oscillations in local observables following quenches in

the ferromagnetic phase of the ANNNI. These are a result of interactions, being absent in the TFIM

and caused by the presence of a bound state in the low-energy spectrum of the ANNNI not present

in the TFIM. Despite the fact that mean-field theory is a quadratic approximation, this interaction

effect is captured in the equal time correlation functions. However, when investigating non-equal

time correlation functions there was no evidence that the mean-field theory was able to reproduce

the expected poles in the linear response functions, for which a higher order theory is needed.

The peculiar oscillations in the ANNNI raised a question that Chapter 4 then attempts to answer:

do the oscillations decay at late times? The conventional wisdom is that chaotic systems such as

the ANNNI model should have all local observables relax to stationary values at late times as a

result of the eigenstate thermalisation hypothesis. However, at the mean-field level there was no

indication of the oscillations damping in the ANNNI up to a time much longer than a simplistic

quasiparticle scattering argument suggests. The appropriate tool for going beyond mean-field theory

in these short ranged lattice fermion models is the second Born approximation. This has currently

only been formulated for theories with a U(1) particle number conservation. Chapter 4, therefore,

primarily considers a simpler model with U(1) symmetry, that possesses such oscillations. At mean-

field level this model has persistent oscillations which may be used to perform ‘quench spectroscopy’

to determine the bound state mass. At the next order beyond mean-field (provided by the Second

Born approximation) there is an exponential decay; higher orders likely provide a small modification

of the lifetime. Still, it would be worthwhile to formulate a U(1) violating second Born theory and

apply it to the ANNNI. Moreover, a topic of much interest has been similar oscillations for quenches

in the ferromagnetic phase of the tilted field Ising model; in that case the interaction involves large

numbers of particles so BBGKY hierarchy based methods are inappropriate. Nonetheless, the results

of Chapter 4 should be treated as proof of principle that such oscillations need not be infinitely long

lived and in the absence of a compelling reason to believe the interaction in the tilted field Ising
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model would produce differing physics it may be considered as evidence that the oscillations in that

case likely also decay at late times.

Part B continued the discussion of quantum quenches by introducing open quantum systems and

advocating for the study of exactly solvable examples as tools to build our understanding of this

relatively less explored arena. In Chapter 5 I introduced the Lindblad formalism, which applies to

Markovian systems and explained how the superoperator formalism allows the Lindblad equation to

be recast as a non-Hermitian Schrödinger equation. This mapping allows several exact solutions to

be obtained by comparing the result to known exactly solvable Hermitian systems. In particular, the

Lindblad superoperator for the quantum asymmetric simple exclusion process is known to take the

form of a direct sum of a large number of superoperators which can be related to the transition matrix

of the classical ASEP, and are therefore integrable. Having reviewed this construction in Chapter 5,

Chapter 6 considered a generalisation of the model which admits a free fermion description on a

subset of parameters. Using the appropriate generalisation of the free fermion techniques outlined in

Chapter 2 to the non-Hermitian case, Chapter 6 found an exact solution for the dynamics following

a quench from an initial product state. It would be of interest to extend the range of initial states

which can be handled, and equation of motion methods might be useful for this, whilst allowing the

generalisation to weakly interacting quenches through means of methods such as the self-consistent

time-dependant mean-field theory and second Born approximations used in Part A.
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[8] F. Schäfer, T. Fukuhara, S. Sugawa, Y. Takasu, and Y. Takahashi, Tools for quantum
simulation with ultracold atoms in optical lattices Nature Reviews Physics 2 no. 8, (Aug,
2020) 411–425.
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[13] Y.-J. Lin, R. L. Compton, K. Jiménez-Garćıa, J. V. Porto, and I. B. Spielman, Synthetic
magnetic fields for ultracold neutral atoms Nature 462 no. 7273, (Dec, 2009) 628–632.

[14] R. Onofrio, Physics of our Days: Cooling and thermometry of atomic Fermi gases
Physics-Uspekhi 59 no. 11, (Nov, 2016) 1129.

[15] E. Altman, et al., Quantum simulators: architectures and opportunities PRX Quantum 2
(Feb, 2021) 017003.

[16] H. Bernien, et al., Probing many-body dynamics on a 51-atom quantum simulator Nature
551 no. 7682, (Nov, 2017) 579–584.

[17] A. Houck, H. Tureci, and J. Koch, On-chip quantum simulation with superconducting
circuits Nature Physics 8 (04, 2012) 292–299.

[18] F. Arute, et al., Quantum supremacy using a programmable superconducting processor
Nature 574 no. 7779, (Oct, 2019) 505–510.

[19] J. Zhang, G. Pagano, P. W. Hess, A. Kyprianidis, P. Becker, H. Kaplan, A. V. Gorshkov,
Z.-X. Gong, and C. Monroe, Observation of a many-body dynamical phase transition with a
53-qubit quantum simulator Nature 551 no. 7682, (Nov, 2017) 601–604.

[20] J. Preskill, Quantum computing in the NISQ era and beyond Quantum 2 (Aug., 2018) 79.

[21] J. M. Deutsch, Quantum statistical mechanics in a closed system Phys. Rev. A 43 (Feb,
1991) 2046–2049.

[22] M. Srednicki, Chaos and quantum thermalization Phys. Rev. E 50 (Aug, 1994) 888–901.

[23] L. D'Alessio, Y. Kafri, A. Polkovnikov, and M. Rigol, From quantum chaos and eigenstate
thermalization to statistical mechanics and thermodynamics Advances in Physics 65 no. 3,
(May, 2016) 239–362.

[24] M. Rigol, V. Dunjko, and M. Olshanii, Thermalization and its mechanism for generic isolated
quantum systems Nature 452 no. 7189, (Apr, 2008) 854–858.

[25] H. Kim, T. N. Ikeda, and D. A. Huse, Testing whether all eigenstates obey the eigenstate
thermalization hypothesis Phys. Rev. E 90 (Nov, 2014) 052105.

[26] R. Steinigeweg, A. Khodja, H. Niemeyer, C. Gogolin, and J. Gemmer, Pushing the limits of
the eigenstate thermalization hypothesis towards mesoscopic quantum systems Phys. Rev.
Lett. 112 (Apr, 2014) 130403.

[27] K. R. Fratus and M. Srednicki, Eigenstate thermalization in systems with spontaneously
broken symmetry Phys. Rev. E 92 (Oct, 2015) 040103.

[28] F. H. L. Essler and A. J. J. M. de Klerk, Statistics of matrix elements of local operators in
integrable models 2023.

[29] E. H. Lieb and D. W. Robinson, The finite group velocity of quantum spin systems
Communications in Mathematical Physics 28 (Sep, 1972) ”251–257”.

[30] S. Bravyi, M. B. Hastings, and F. Verstraete, Lieb-Robinson bounds and the generation of
correlations and topological quantum order Phys. Rev. Lett. 97 (Jul, 2006) 050401.

123

http://dx.doi.org/10.1038/nature08609
http://dx.doi.org/10.3367/UFNe.2016.07.037873
http://dx.doi.org/10.1103/PRXQuantum.2.017003
http://dx.doi.org/10.1103/PRXQuantum.2.017003
http://dx.doi.org/10.1038/nature24622
http://dx.doi.org/10.1038/nature24622
http://dx.doi.org/10.1038/nphys2251
http://dx.doi.org/10.1038/s41586-019-1666-5
http://dx.doi.org/10.1038/nature24654
http://dx.doi.org/10.22331/q-2018-08-06-79
http://dx.doi.org/10.1103/PhysRevA.43.2046
http://dx.doi.org/10.1103/PhysRevA.43.2046
http://dx.doi.org/10.1103/PhysRevE.50.888
http://dx.doi.org/10.1080/00018732.2016.1198134
http://dx.doi.org/10.1080/00018732.2016.1198134
http://dx.doi.org/10.1038/nature06838
http://dx.doi.org/10.1103/PhysRevE.90.052105
http://dx.doi.org/10.1103/PhysRevLett.112.130403
http://dx.doi.org/10.1103/PhysRevLett.112.130403
http://dx.doi.org/10.1103/PhysRevE.92.040103
http://dx.doi.org/10.1007/BF01645779
http://dx.doi.org/10.1103/PhysRevLett.97.050401
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breaking from quantum many-body scars Nature Physics 14 no. 7, (Jul, 2018) 745–749.

[68] S. Moudgalya, N. Regnault, and B. A. Bernevig, Entanglement of exact excited states of
Affleck-Kennedy-Lieb-Tasaki models: Exact results, many-body scars, and violation of the
strong eigenstate thermalization hypothesis Phys. Rev. B 98 (Dec, 2018) 235156.
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[198] J. Cui, J. I. Cirac, and M. C. Bañuls, Variational matrix product operators for the steady
state of dissipative quantum systems Phys. Rev. Lett. 114 (Jun, 2015) 220601.

[199] A. H. Werner, D. Jaschke, P. Silvi, M. Kliesch, T. Calarco, J. Eisert, and S. Montangero,
Positive Tensor Network Approach for Simulating Open Quantum Many-Body Systems
Phys. Rev. Lett. 116 (Jun, 2016) 237201.

[200] H. Weimer, A. Kshetrimayum, and R. Orús, Simulation methods for open quantum
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