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1 Introduction

A quantum field theory contains a rich collection of extended operators of various dimensions.
Among them, topological operators are a particularly rich, and yet relatively simple set of



operators which can be often analysed explicitly. These operators play a very important
role in constraining the dynamics of a QFT as they implement generalized symmetries [1].
The topological nature of these operators puts strong constraints on them to the extent that
a “topological bootstrap” approach can be used to classify them. This reveals that such
operators are captured by an algebraic structure called a higher-fusion category [2, 3]. In a
Topological Quantum Field Theory, which is a QFT in which all operators are topological,
the topological operators have to obey additional constraints like modularity. This has led to
the (partial) classification of TQFTs in various dimensions [4-10].

While the topological operators that can appear in a d dimensional QFT are not as
constrained as those in a TQFT, it is remarkable that their properties can be captured by
a d + 1 dimensional TQFT called the SymTFT [11-18]. The SymTFT allows us to study
topological properties of a QFT with symmetry C and other QFTs obtained from gauging
“sub-symmetries” of C in a unified setting.

Given a 141D QFT with a finite invertible symmetry G and anomaly given by w in
H3(G,U(1)), a natural question to consider is whether G contains non-anomalous subgroups.
A subgroup H C G is non-anomalous iff the anomaly w trivializes on the subgroup. More
precisely, H is non-anomalous iff w|y is trivial in H3(H,U(1)). An alternate approach
to this problem is to use the SymTFT of the symmetry G with anomaly w. This is the
twisted Dijkgraaf-Witten theory DW(G,w) determined by the gauge group G and 3-cocycle
w [12, 19]. Non-anomalous subgroups of G are in correspondence with gapped boundaries of
this SymTFT. In 141D, gauging symmetries can produce dual QFTs. For example, gauging
non-anomalous subgroups K, H C G such that K and H are conjugate to each other are
physically equivalent. This defines an equivalence relation on the gaugeable subgroups of
G. It is then natural to ask:

Given a gapped boundary of the 241D SymTFT DW(G,w) how do we determine
the equivalence class of physically equivalent gaugings in 1+1D?

More generally, if a 1+1D QFT has symmetries described by a fusion category C, then
the appropriate generalization of “non-anomalous subgroup” is a line operator A (generically
non-simple) which admits the structure of an algebra [20, 21]. This constraint is an algebraic
generalization of the anomalies for invertible symmetries. For a 141D QFT on a spacetime
2-manfiold ¥ gauging a line operator A involves constructing a mesh of A lines on . Since
this mesh involves trivalent junctions, we have to make a choice of a point operator at a
trivalent junction of A lines (see figure 1). We want to choose p such that the resulting theory
is independent of the choice of the mesh. This is guaranteed if the conditions in figure 2 are
satisfied. If there is at least one p which satisfies these constraints, we can regard A as a
non-anomalous line operator as it can be consistently gauged. If there are multiple g which
satisfy these constraints, then the choice of © can be thought of as a choice of “generalized
discrete torsion” on A. In this case the object A admits an algebra structure provided by
u:Ax A— A. Once again, gauging two algebras A; and A, might be physically equivalent.
In fact, in some cases gauging A might be a self-duality of the QFT. For example, in a 141D
QFT with symmetries described by the Ising fusion category, gauging 1 4 v, where ¢ is the
non-trivial order two line is a self-duality [22, 23]. While gauging 1 + ¢ produces the same
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Figure 1. Gauging A involves choosing a point operator p at a trivalent junction of A lines.
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Figure 2. Figure: conditions on u for the gauging to be consistent.

Figure 3. The bulk-to-boundary map F' determines the outcome of fusing a bulk line operator on
the boundary Be.

141 QFT, it is not a trivial operation. Indeed, gauging 1 4 ¢ in the Ising CFT is the famous
Krammers-Wannier duality which non-trivially exchanges local operators with twisted-sector
operators [22-24]. Therefore, it is important to keep track of physically equivalent gaugings.
In this general setting, it is natural to ask:

Given a gapped boundary B of the SymTFT, Z(C), of a fusion category C how do
we determine the corresponding equivalence class of physically equivalent gaugings
inC?

In this paper, we answer this question by studying the bulk-to-boundary map which
tells us how to map line operators in Z(C) to line operators in C, F': Z(C) — C. Physically,
F(x) for some line operator x € C is the result of perpendicular fusion of x on the gapped
boundary B¢ of Z(C) corresponding to the fusion category C (see figure 3). We also study a
boundary-to-bulk map K : C — Z(C) which can be used to determine the gapped boundary
of Z(C) corresponding to a non-anomalous line operator in C.



A gapped boundary of Z(C) is almost completely determined by the line operators which
can end on it. In fact, the lines which can end on a gapped boundary form a Lagrangian
algebra L [25-27]. Conversely, the Lagrangian algebra L completely determines the gapped
boundary. Ending the full Lagrangian algebra object L on the gapped boundary B¢, produces
certain line operator F(L) € C. When C is a modular tensor category, in [28][29, Proposition
4.3], the authors show that F'(L) is an algebra in C. Therefore, F'(L) is a non-anomalous line
operator in C. We generalize this result and show that for a general fusion category C:

e F'(L) is a non-anomalous line operator in C. That is, it can be gauged. (Theorem 4.1)

e The equivalence class of non-anomalous line operators whose gauging is physically
equivalent is contained in F'(L). (Theorem 4.1)

e The multiplication on an algebra A in C can be determined from the multiplication on
the corresponding Lagrangian algebra L through an explicit formula. (Equation (4.15))

This has various applications:

e If all Lagrangian algebras of a SymTFT are known, then the bulk-to-boundary map
F determines all algebras in the fusion category describing the line operators on the
chosen boundary. This is an alternative to using NIM-reps to classify algebra objects in
a fusion category [30-33].

e The map between Lagrangian algebras in the SymTFT Z(C) and non-anomalous line
operators in C can be used to determine necessary conditions for a line operator in C to
be non-anomalous. We use this condition to show that C-symmetric trivially gapped
phases exist if and only if Z(C) contains a magnetic Lagrangian algebra with respect to
Be. This relation was first established in [34] through interval compactification of the
SymTFT.

e We show that in many cases, the explicit structure of F(L) also allows us to classify line
operators in Z(C) admitting the structure of a Lagrangian algebra in terms of algebras
in C. We use this to define the notion of transporting non-anomalous line operators
from one fusion category to another which share the same SymTFT.

e When C is a modular tensor category, both a Lagrangian algebra L in the SymTFT
Z(C) and F(L) have a purely bulk interpretation. In this case, L determines the action
of a topological surface operator, say Sr, on the line operators of C. Then F'(L) is the
equivalence class of algebras which can be higher-gauged to construct the surface Sr.

The plan of the paper is as follows. In section 2 we will briefly review non-invertible
symmetries in 141D and their gauging. In section 3 we will introduce 2+1D SymTFTs
Z(C) and describe their gapped boundaries in terms of Lagrangian algebras. We will review
C-symmetric TQFTs and explain the relation between 1D gapped boundaries of a C-symmetric
TQFT and gapped interfaces between gapped boundaries of Z(C). In section 4 we will explain
the explicit map between non-anomalous line operators in C and gapped-boundaries Z(C). We
begin by proving Theorem 4.1. Then we provide an explicit formula relating the multiplication
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Figure 4. The associativity of fusion is captured by the F' matrices.

on a Lagrangian algebra of Z(C) and the generalized discrete torsion of the corresponding
non-anomalous line operator in C. We then study a boundary-to-bulk map K and give a
physical picture of how it can be used to determine the Lagrangian algebra corresponding to
an algebra in the boundary. Finally, we will discuss the special case of invertible symmetries in
detail and prove Theorem 4.2. In section 5 we discuss various examples involving invertible and
non-invertible symmetries. We end this section with an example illustrating how Theorem 4.1
can be used to find Lagrangian algebra objects in Z(C) using non-anomalous line operators
in C. Finally, in section 6 we discuss various applications of our results. We introduce the
notion of “transporting algebra objects” between fusion categories and illustrate it using the
Haagerup fusion categories. We conclude with some interesting open problems.

2 Review: non-invertible symmetries in 1+1D and their gauging

In this section, we will briefly review non-invertible symmetries of 1+1D QFTs and their
gauging. We refer the reader to the excellent exposition of this topic in the references [35,
section 5], [36] and [33] for more details.

Symmetries of a 14+1D QFT Q are implemented by topological line operators.! The
structure of a finite set of line operators is described by a fusion category C.2 The simple
objects in the category a,b,c, ... label simple line operators of the QFT.? Their fusion rules
are captured by the non-negative integers N, as follows.

axb=>» Ngc. (2.1)
ceC
Throughout this paper, the sum ) .- denotes a sum over the simple objects in C. The
fusion of four line operators obeys the Pentagon equations whose solutions are given in
terms of the F' matrices (see figure 4).

A line operator A in C is non-anomalous if it can be gauged to produce a new QFT
Q/A. For this gauging to be consistent, the line operator A must admit the structure of
a symmetric separable Frobenius algebra [20, 21]. To explain this structure, suppose A
admits the decomposition

A=) N{a, (2.2)

We assume that Q has a unique vacuum. In this case, there are no non-trivial topological local operators.

2See the reviews [37-39].

3 A line operator is simple if it cannot be decomposed into a sum of other line operators. Equivalently, the only
point operator that a simple line operator hosts on it is the identity point operator and its complex multiples.



into simple line operators a € C, where N§ are non-negative integers. The object A admits
the structure of an associative algebra if there exist complex numbers

(c7),0
Ha,a),(0,8) (2.3)

where a, 3,7, denote indices running from 1,...,N%; 1,... ,Ng ;1. ,Nqand 1,..., N5,
respectively. These complex numbers should satisfy the following constraint involving the
F-symbol:

:quMZlce = M({gugch{be . (24)

In writing the above constraint, we have assumed that both the fusion coefficients and the
algebra A are multiplicity-free. If there is multiplicity, extra indices need to be added. We will
assume that N}x =1, where 1 is the trivial line operator. In this case, A is called a haploid
algebra. A haploid algebra admits a unique symmetric separable algebra structure [40] (see
also [36, Footnote 20] and references therein). Therefore, we will not discuss these extra
conditions in this review.

Note that a line operator A might admit distinct algebra structures. In other words,
there may be more than one inequivalent solution to the constraints (2.4). We will call this
a choice of generalized discrete torsion for gauging A. This is a generalization of the fact
that when a non-anomalous line operator A is of the form

A=>"g, (2.5)

geG

for some group G, then the distinct multiplications on A are classified by the discrete
torsion H?(G,U(1)).

Two distinct algebras A; and As might correspond to physically equivalent gauging
procedures leading to dual QFTs Q/A; and Q/As. This is captured by Morita equivalence of
algebras.* We will denote a Morita equivalence class with a representative algebra A as [A].
Note that every Morita equivalent class has a haploid representative [41, section 3.3]. Therefore,
the condition N} = 1 can be imposed without loss of generality. In the following sections, we
will use the terms “non-anomalous line operator” and “algebra object” interchangeably.

3 SymTFTs and C-symmetric TQFTs

3.1 SymTFTs

Let C be a finite subcategory of symmetries of a 1+1D QFT Q. The SymTFT of C is
the Turaev-Viro-Barrett-Westbury 2+1D TQFT described by the Drinfeld centre Z(C) of
C [11-18, 42, 43]. The simple line operators in Z(C) can be written in the form

(a,eq), (3.1)

where a is a (generically non-simple) line operator in C and e, are isomorphisms called
half-braidings
ea(b):axb=bxa,VbeC, (3.2)



Figure 5. The SymTFT Z(C) with two boundary conditions. The boundary B¢ is gapped while the
Bg is generically gappless. The category of line operators on B¢ is C.

Figure 6. A simple line operator € L can end on the gapped boundary 5.

satisfying several consistency conditions (see, for example, [44, 45]). The SymTFT allows us to
separate the data of the symmetry C from the 141D QFT Q on which it is acting (see figure 5).

Given the full data of the fusion category C, the line operators and modular data of Z(C)
can be computed using the string-net model [46, 47]. We refer the readers to the review
in [48, appendix A] for more details.

3.1.1 Lagrangian algebras and gapped boundaries

A gapped boundary of the SymTFT Z(C) is completely determined by a Lagrangian algebra
L [25-27]. Physically, a Lagrangian algebra structure on L can be understood as follows.
L is a line operator in Z(C) and can be written as

L=> Niu, (3.3)

where z are simple line operators and N7 are non-negative integers. If Nf # 0, then x can
end on the gapped boundary B, (see figure 6).

We will focus on simple gapped boundaries on which the only non-trivial point operator
is the identity operator and its complex multiples.” Therefore, the trivial line operator in
the bulk should end on the gapped boundary in a unique way. In other words, we require
that L has exactly one copy of the trivial line, Ng = 1, where 1 is the trivial line operator.
The line operator L admits the structure of a commutative and associative algebra. This

“See [20, 29, 33] for more details.
5A general gapped boundary can be written as a sum of simple gapped boundaries.
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Figure 7. Braiding of line operators is captured by the R matrix.

algebra structure is determined by the following complex numbers

(2K,

M w,0),(4.9) (3.4)
where i, j, k, [ denote indices running from 1,...,N¥ ;1,.... N/ ;1,...,Nf and 1,... s Ny
respectively. When the SymTFT Z(C) has fusion coefficients valued in N7, € {0,1}, we will
denote the multiplication coefficients in the algebra L as mgi’?)) ()" Moreover, if N} € {0,1},

we will denote it as mZ,. Since L is an associative algebra, the complex numbers m?

Ty Ty
must satisfy the constraint (2.4). Recall that a haploid algebra admits a unique symmetric
separable Frobenius algebra structure on it. The line operators in Z(C) can braid with each
other. It is given by the R matrix (see figure 7).

For L to be a commutative algebra, the multiplication on L must be compatible with
the R matrix. We have the constraint

my, = mg, Ry, . (3.5)

In writing this equation, we have assumed that Z(C) and L are multiplicity-free. Finally, a
haploid associative and commutative algebra is called Lagrangian if it satisfies

dim(L) = > Nid, = \/dim(Z(C)) = dim(C). (3.6)

It means that the boundary condition By, is defined by gauging a maximal set of lines in Z(C).
This condition ensures that all simple line operators which are not in L are confined by the
gauging process, rendering the gauged theory trivial. Mathematically, the above condition
ensures that the category of local modules of L in Z(C) is Vec. A line operator L admitting
the structure of a Lagrangian algebra satisfies [49, 50]

Nf N} <> N7, Ni, and (3.7)

In fact, a line operator L with multiplication specified by the set of complex numbers

Eiif))y’(lyyj) is a Lagrangian algebra if and only if the constraints (2.4), (3.5), (3.6) and (3.7) are
satisfied [49, Corollary 3.8].° Note that the conditions (3.7) depend only on the fusion rules of
Z(C) and a choice of the line operator L. However, they are not a set of sufficient conditions

for L to be Lagrangian. Indeed, in [51], the author finds that the object L = 3" cc(a,a)

SStrictly speaking, this result requires unitarity. We will assume that the fusion category is unitary
throughout this paper.
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Figure 8. Action of C on 1D gapped boundaries.

in C x C does not always admit the structure of a Lagrangian algebra. However, it clearly
satisfies the contraints in (3.7). (3.7) can be used to enumerate a set of candidate Lagrangian
algebras for which we can try to solve (2.4), (3.7). However, this requires the knowledge of
the full F' and R matrices of the SymTFT Z(C). In sections 5.4 and 6, as a consequence of
our main result, we will consider an alternate method to determine line operators in the bulk
SymTFT which are guaranteed to admit a Lagrangian algebra structure using non-anomalous
line operators on a gapped boundary.

3.2 C-symmetric TQFTs

In this section, we will briefly review the classification of 1 + 1D C-symmetric TQFTs in
terms of module categories over C. The topological local operators in a 1+1D TQFT form
an algebra, E, where the multiplication on E captures the O.P.E. of the local operators. In
fact, the local operators form a commutative Frobenius algebra [52-54]. Arbitrary correlation
functions of local operators on any closed 2-manifold can be determined using F. In the
following, we will assume that F is a semi-simple algebra. The topological line operators
in the TQFT are labeled by bimodules of the Frobenius algebra, BiMod(FE) (for example,
see [55, section 2.4.1]).7
A C-symmetric TQFT is determined by a functor

C — BiMod(E), (3.8)

which assigns line operators in C to line operators in BiMod(E) in a consistent way [57]. In
other words, we must be able to identify line operators in BiMod(E) which form the chosen
fusion category C. Let M be the category of boundary conditions of a 1+1D TQFT with
simple objects {721, ...72,} € M labelling the distinct boundary conditions. Then there
is an action of the fusion category C on M given by

cxmi:ZNgi mj, (3.9)
J

where N gz are non-negative integers. If N gz =# 0, we get figure 8 where a labels a basis for
the local operators at the junction of ¢,7z; and 72;.

It is known that the full defining data of a 1+1D C-symmetric TQFT can be obtained
from how C acts on the set of boundary conditions [32, 35, 54, 58]. In fact, M is a module

"BiMod(E) is a multifusion category [56] which captures the structure of both line operators and local
operators of the TQFT.



category over C. All physical data in the C-symmetric TQFT can be computed using the
data of this module category.

C-module category <> 141D C-symmetric TQFT . (3.10)

In fact, a C-symmetric 14+1D TQFT which cannot be written as a direct sum of C-symmetric
TQFTs are determined by an indecomposable module category. Since we will only
consider semi-simple TQFTs, the C-module category must also be finitely semi-simple. An
indecomposable finitely semi-simple C-module category is in turn completely determined
by a simple algebra A in C [41] (see also [33, 36]).

algebra A in C <— C-module category M <— 1 + 1D C-symmetric TQFT . (3.11)

In other words, every gaugeable line operator A in C determines a C-module category which
in turn determines a 141D C-symmetric TQFT. Given an algebra A, the module category
M is the category of modules of A in C. Note that the module category only depends on
the Morita equivalence class [A] of the algebra A. Conversely, given a module category M,
[A] can be determined as follows. Choose some simple object 72 € M, then a line operator
a can form a junction on the gapped boundary =z if and only if a X 72 contains »z. Let
us define the non-simple line operator

A, =) Nj a, (3.12)
aeC

where the sum is over the simple objects in C and N, is the dimension of the Hilbert space
of operators at the junction of a with the gapped boundary »z. The object A,, is called
the Internal Hom, and it admits the structure of a haploid symmetric separable Frobenius
algebra [41]. In other words, A,, is non-anomalous and can be gauged. If we choose a
different boundary condition in M, we get a Morita equivalent haploid symmetric separable
Frobenius algebra.

3.2.1 C-symmetric TQFTs from SymTFTs

In this section, we will review the construction of 14+1D C-symmetric TQFTs from the SymTFT
Z(C). Most of this section is based on the papers [34, 59-61], except for the last part, where
we explain how to obtain the gapped boundaries of the 141D TQFT from the SymTFT.

Consider the sandwich picture in figure 9. Interval compactification of this picture results
in a 1+1D TQFT 7, with C-symmetry.® When Br, = Be, we get the regular C-symmetric
TQFT defined in [35] in which the symmetry C is completely spontaneously broken. For
other choices of By, we may get TQFTs where C is partially or fully preserved.

Various crucial properties of the TQFT can be deduced from this picture [34, 59, 60]. For
example, the number of local operators in the resulting TQFT can be counted by looking at

8Similar procedures can be used to obtain TQFTs in higher-dimensions [48, 62]. For example, interval
compactification of the Crane-Yetter TQFT with two fixed gapped boundaries results in a 2+1D TQFT. This
played a crucial role in proving that all Spin TQFTs admit a modular extension [63]. See also [64].

,10,



Figure 9. SymTFT with two gapped boundaries By and B¢ can be compactified to get a
C-symmetric TQFT.

By,
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77y
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Figure 10. A 1D gapped interface between the 2D gapped boundaries By, and B¢ turns into a 1D
gapped boundary of the 141D C-symmetric TQFT 7. Mathematically, the boundary conditions of a
241D TQFT of the form Z(C) form a 2-category. In [65], it is shown that this is the 2-category of
C-modules.

the line operators in Z(C) which can end on both B, and Be. More precisely, the number
of local operators in the 141D TQFT is given by

> N¢ Nt (3.13)
z€Z(C)

where N§ counts the number of copies of x in the canonical Lagrangian algebra of Z(C)
corresponding to the gapped boundary Be. Moreover, further details of 77, including how the
symmetry C is spontaneously broken, the action of the symmetry on the vacua and order
parameters can be determined using this picture [59, 60].

The gapped boundaries of 7;, can also be determined from the sandwich picture. To
that end, we consider the configuration in figure 10 where r is a simple gapped interface
between the gapped boundaries By, and Be. Compactifying this diagram gives 77, where the
gapped interface r becomes a 1D gapped boundary 7z, of Tr.

In section 3.2, we described how the line operators in C act on the 1D gapped boundaries
of C. This can be determined from the SymTFT as follows. Consider a bulk line operator
z in the Lagrangian algebra L. The line  can end trivially on the gapped boundary Br..

— 11 —
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Figure 11. The action of a € C on the 1D gapped boundaries of T, can be determined by the action
of a € C on gapped interfaces in the SymTFT. Upon collapsing the wedge on the left, the line operator
x becomes a twisted-sector local operator O, y )-

Generically, © cannot end on the gapped boundary B¢ but forms a junction with a line operator
a € C. The action of a on the gapped boundary 7z, of the 1+1D TQFT 7z, is determined by
the action of a on the corresponding gapped interface r in the SymTFT as in figure 11.

4 Gaugeable line operators in 1+1D and SymTFTs

Consider the symmetries of a 1+1D QFT described by a fusion category C. Given a line
operator A in the category C, how do we determine if it is anomalous? One approach
is to determine whether A admits the structure of an algebra. This involves solving the
constraints (2.4) which requires the F' matrices of the fusion category C.

In this section, we will consider an alternate approach by studying gapped boundaries of the
SymTFT Z(C). An important defining property of the SymTFT is that physically distinct
gaugings in C are in one-to-one correspondence with gapped boundaries of Z(C) [65][66,
Proposition 4.8].

[AleC+— Le Z(C). (4.1)
In the rest of this section, we will study this relation explicitly.

4.1 Non-anomalous line operators from SymTFT

In this section, we will explore the one-to-one correspondence between gapped boundaries of
Z(C) and non-anomalous line operators in C from a physical perspective. We will describe
various properties of this correspondence, which can be used to answer the following question:
given a Lagrangian algebra L of Z(C), which Morita equivalence class of gaugeable algebra
[A] in C does it correspond to? To answer this question, let us consider the perpendicular
fusion of a line operator [ on a gapped boundary B

FB('%') = ZNg‘B(z) a, (42>

— 12 —
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Figure 12. Fusion of line operators in Z(C) on gapped boundaries.

where the line operators a live on the gapped boundary B and N} are non-negative integers.
In general, Fg(x) is part of the data of a bulk-to-boundary map which relates the line
operators and fusion spaces of the bulk TQFT Z(C) to those of the category of line operators
on the gapped boundary B. Consider the canonical gapped boundary B¢ of Z(C) on which
the line operators form the fusion category C. In this case, we will denote Fpg, as F' to simplify
notation.? The action of F on the simple line operators of Z(C) has a simple description.
Recall that simple line operators in Z(C) can be written as

(a,€q), a €C (4.3)
where e, are half-braidings. In this notation, F' is given by
F((a,eq)) =a. (4.4)

Since F' determines the relation between bulk and boundary line operators, it is perhaps
unsurprising that it can be used to determine the relation between Lagrangian algebras in
Z(C) and non-anomalous line operators in C. Indeed, consider a Lagrangian algebra L in
Z(C). Consider the perpendicular fusion of L with the gapped boundary B, given by

F(L)=Y Nggya, acC. (4.5)

We will show that F'(L) is a sum of algebra objects in C which correspond to physically
equivalent gaugings. In other words, F'(L) is a sum of Morita-equivalent algebras. To see
this recall that 77, is the 1+1D TQFT obtained from the interval compactification of the
SymTFT Z(C) with gapped boundaries B¢ and By. Consider the C-module category M,
describing the 1D gapped boundaries of 7;. Recall the definition of the algebra object A,
in section 3.2. We will prove the following theorem.

Theorem 4.1. Let L be a Lagrangian algebra in the SymTFT Z(C). Assume that interval
compactification of the configuration in figure 13 for different ¢ produces all twisted sector
local operators at the end of the line operator a in Tr,. As an object in C

FL)= @ An. (4.6)

meMy,

9This notation is not to be confused with the associator of C given by the F' matrices.
10T his is called a forgetful functor from Z(C) to C since it forgets about the half-braidings e,. More generally,
for any gapped boundary B, Fi is a tensor functor [67, section V. BJ.
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Figure 13. Junctions between L and a on the gapped boundary B¢ correspond to twisted sector
states in the Hilbert space H, of the TQFT 7.

Proof: consider some simple line operator a such that NZ‘}( L) # 0. Then, the configuration
in figure 13, is non-trivial. Compactifying this diagram gives Nlﬁl( 1) Operators at the end of
the line operator a in the TQFT 77.'' Now, using the state-operator correspondence we find
that dim(H,) = Ng( L)y where H,, is the twisted Hilbert space for the line operator a. The
Hilbert space H, can be determined from the data of the boundary conditions of the TQFT
given by the module category M. We have the following isomorphism [35, section 3.1]

Ho = @ Homy, (72,a x 72) . (4.7)
meMy,
This isomorphism stems from introducing a disc labelled by the boundary 7z in the TQFT.
Assuming that 72 € a x 72, we can attach the line a to this boundary. Shrinking this disc to
a point gives a twisted-sector local operator corresponding to a state in H,. This defines a
map from @,, e, Homaq, (72,0 x 72) to H,. The authors of [35] show that this map is a
bijection. Note that Homay, (772, a x 72) is non-empty if and only if a € 4,,. Indeed,

|Hompy, (772, a x m2)| = N, (4.8)

where, N2 is the number of copies of a in A, (see definition (3.12)). Therefore,

Z N; = Z [Hom, (72, a X 72)| = dim(Ha) = Ny - (4.9)
meMy, meMy,
Therefore, we find that there are N;‘,( L) copies of the line operator a in @,,c 1, Arm- O

When C is a modular tensor category, Theorem 4.1 follows from [28][29, Proposition 4.3].
Recall from the discussion in section 3.2 that each A,, admits the structure of a haploid
symmetric separable Frobenius algebra for each 7z. Therefore, their direct sum also admits
the structure of a symmetric separable Frobenius algebra (for example, see [40, section 3.5]).
Hence, F'(L) admits the structure of a non-anomalous line operator in C. It is clear from (4.6)
that, in general, the number of copies of the identity line 1 in F(L) is equal to the number of
distinct boundary conditions of the TQFT 7Tz, since A,, has exactly one identity operator
for every 7 € My. Therefore, in general, the algebra F'(L) is not haploid. In order to

10One could wonder whether the choice of the junction of L with the gapped boundary By, affects this
counting. Note that this is already taken into account in the argument since the number of possible point
junctions between a line operator x € L and the gapped boundary By, is precisely N7. The Lagrangian algebra
object L contains the term N} z, and on acting with F' we get Nf F(z).
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Br,

O(x,zb,x)

Figure 14. ais a line operator in C which can form a non-trivial junction on the gapped interface . On
closing the wedge, we find that a can form a junction on the corresponding gapped boundary 7z, € M.

identify the haploid subalgebras in F'(L), we have to consider the action of the simple line
operators in F'(L) on gapped interfaces between gapped boundaries B¢ and By, as in figure 11.
Choose a simple gapped interface r between the gapped boundaries Be and Br.!'? Define
A, to be the sub-object/line operator of F(L)

A= ) Nla, (4.10)
a € F(L)

where N/ is the dimension of the Hilbert space of operators at the junction of a with the
gapped interface r (see figure 14). Compactifying this diagram, we clearly have that

A=A, (4.11)

where 72, € M, is the 1D gapped boundary of the 1+1D TQFT 7, corresponding to the
gapped interface r.

Suppose L, ..., L, is the full set of Lagrangian algebras in the SymTFT Z(C). Then,
F(Ly),...,F(Ly) is the full set of equivalence classes of algebras in C. Therefore, Theorem 4.1
provides an alternative method to using NIM-reps to classify algebra objects in a fusion
category [30-33]. In fact, as will explore in detail in section 6.3, if the SymTFT Z(C) and
its Lagrangian algebras are known, then Theorem 4.1 can be used to find algebra objects
in all fusion categories which share the same SymTFT Z(C).

4.2 Generalized discrete torsion from SymTFT

In the previous section, we studied the structure of Fp,(L) in terms of the algebras A,,,
m € My,. This discussion only used the fact that L is a line operator in the SymTFT Z(C)
which admits the structure of a Lagrangian algebra. In particular, so far, we have not used
the explicit algebra structure on L. In this section, we will discuss how to determine the
explicit algebra structure on Fp,(L) from that on L.

12 A gapped interface is simple if it does not host any non-trivial point operators on it.
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Figure 15. The complex numbers [®¢ ;Z)(b x),a Felate the fusion spaces of Z(C) and B.

z,y] (a

Recall the bulk-to-boundary map
Fp:Z(C) — B, (4.12)

introduced in (4.2) where we will use B to denote both a gapped boundary as well as the
fusion category of line operators living on the gapped boundary. In order to describe how the
full data of an algebra in Z(C) is mapped to B under Fj, we have to determine how the fusion
spaces in Z(C) get mapped to fusion spaces in B. This is determined by an isomorphism

Py Fp(z) X Fp(y) = F(z x y). (4.13)

By choosing a basis, we can write these isomorphisms explicitly in terms of some complex
numbers as given in figure 15. The choice of isomorphisms ®, , must be compatible with
the associativity of fusion rules in both Z(C) and B. This implies that ®,, must satisfy
the constraints in figure 16. The isomorphisms ® make Fj a strong monoidal functor (see,
for example [68, 69]).

Consider a Lagrangian algebra L in Z(C). Let m : L x L — L be the multiplication
on L. By choosing a basis, we can write the multiplication m explicitly as in figure 17. A
multiplication on F(L) is determined by the complex numbers as defined in figure 18. In
fact, F(L) is an associative algebra in B given by the multiplication

:mod. 4.14
I

By choosing a basis, this can be explicitly depicted as in the figure 19. Comparing figure 18
and figure 19, we get the equation

(c,(&,2,k)) o (z,k) c 2,€,l
Fa(,2,0)) (b, )6 ; i) ()il [q’zvy} (@) (bx),6 (4.15)

We are in particular interested in the perpendicular fusion of line operators on the
canonical gapped boundary Be. In this case, we have the forgetful functor F' = Fp,

F((a,eq)) = a. (4.16)

,16,
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Z [ngc] e

a,e,f a,e,

Yy
z
i @d ]w,U,j
(I)f u,pP, u 6[ T, u (a»'éb)(f,p),ts
(b,x)(c,g),»y[ W} (bx)(c:€) Y (a)(fop),

Figure 16. Associativity of fusion rules in Z(C) and By, implies that the above diagram must commute.
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Figure 17. The multiplication on L is determined by the complex numbers TG ) (o)l

— (¢7)
= 2 Maa) .00 3

Figure 18. A multiplication on F(L) is determined by the complex numbers “EZ’L)L(b,/i),é'
Therefore, we have
F((a,eq)) x F((b,ep)) =a x b, (4.17)
F((a,eq) x (byep)) = F((a X byeqxp)) =a x b, (4.18)

and the isomorphisms ®, , thus can be chosen to be trivial. In other words, there exists a
basis in which the complex numbers {CIJ;’y} ffq’f) (bx).e AT€ all equal to 1. This significantly

simplifies the expression (4.15).

Remark: the discussion above implies that the bulk-to-boundary map F' can also be used to
transport non-Lagrangian algebras in Z(C) to C. If E is a general algebra in Z(C), then (4.15)
specifies a multiplication on F(E). In general, F/(F) is not haploid.

4.3 Boundary-to-bulk map: from A € C to L € Z(C)

Given an algebra A with multiplication g in C the corresponding Lagrangian algebra with
object L and multiplication m in Z(C) can be found through a two-step process. Let
K : C — Z(C) be the boundary-to-bulk map whose action on the line operators is given by

K(a) := @ Ni(x,eq) (4.19)

(z,e2)EZ(C)
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SR
= 2 M, )

Z7§’l
(av’w)v(bD() 76

= S wa S (5]

Figure 19. The multiplication on F(L) in terms of m and ®. In the first equality we used
Hom(F(L),a) = @wEZ(C) HOIII(L, .’IJ) X HOIII(.T,CL), Y tha‘t a = (¢,.’I,‘,’i), ﬂ = (xay’j)a Y= (gaza k) In
the second equality we used figure 17 and in the third equality we used figure 15.
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where N7 counts the number of point operators at the junction of a and z in C [44,
section 8.1.13 K(a) has the interpretation as the sum of line operators of the SymTFT Z(C)
which can form a junction with a € C on the gapped boundary B¢. Given an algebra A in C,
consider the line operator K(A) in C. In general, K(A) does not admit the structure of a
commutative algebra. This is in particular because K(A) may contain non-bosonic simple
line operators in Z(C). However, since A is an algebra in C, K(A) does admit the structure
of an algebra in Z(C). Indeed, the map K gives an algebra structure on K(A). Similar to
the case of F', to determine how K transports algebras from C to Z(C), we have to determine
how K relates the fusion spaces of C and Z(C). We need to specify maps

B K(a) x K(b) — K(a xb). (4.20)

Eqp can be determined as follows. The bulk-to-boundary map F' and boundary-to-bulk
map K together satisfies [44, section 8.1]

Home (F((a,eq)),b) =~ Homzcy((a, eq), K (b)) . (4.21)

Let ©(g.e,) be this isomorphism. Let idz(c) be the identity map on Z(C). Consider the
natural transformation

0 idg(c) — KoF, (4.22)
specified by
Sasea) = Olasea),F(a,ea)) 1P (aeq)) : (a€a) = K o F((a,eq)) - (4.23)

O(a,e,) 18 non-trivial because the action of the composition K o F' on Z(C) is not the same
as the identity map idz(). Similarly, we have

p:FoK —ide, (4.24)
specified by
Pa = @71((1) Jdk () : FoK(a) —a. (4.25)

Pla,eq) 18 nON-trivial because the action of the composition F o K on C is not the same as
the identity map id¢. Using the data introduced above, we can write

Zap K(a) x K(b) %5 K o F(K(a) x K(b)) 25 K o (F o K(a) x F o K(a))
KXt g4 % b), (4.26)

where @ is the map introduced in (4.13) which relates the fusion spaces of Z(C) and C

F 14,15

under Therefore, = can be used to determine the multiplication on K (A) given the

13K is sometimes called the induction functor [45, section 9.2].

141n other words, K is the adjoint of the forgetful functor F, and therefore K itself is a lax monoidal functor
(see, for example, [69, Lemma 2.7], [70]).

Since K is a two-sided adjoint of Fg., it is in fact both a lax and colax monoidal functor (see, for
example, [69]). K is generally not strong monoidal ([71] (see also [69])). However, K still maps Frobenius
algebras to Frobenius algebras. This latter statement can be shown using [72, Theorem 3.3].
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Bc Bc BLA BC
Sk (4)

Figure 20. Parallel fusion of the surface operator Sg 4y on the canonical gapped boundary Be
produces a new gapped boundary By, ,.

Br, Be Be Sk

"
I
1

x €K (A) as

Figure 21. The line operator z € K(A) can end on the gapped boundary Bz, if the action of Sg ()
on x produces the trivial line operator.

multiplication on A precisely as in (4.15). However, note that unlike ®, = is not trivial in
general. Therefore, finding the multiplication on K (A) requires finding = explicitly.

As we discussed above, though the map K specifies a multiplication on K(A), it is not
the Lagrangian algebra that we are looking for since K(A) is not even commutative in
general. However, K(A) can be higher-gauged to obtain a surface operator Sg(4) of the
SymTFT [73, 74]. Consider the gapped boundary By, of the SymTFT obtained from fusing
the surface Sk (4) on the canonical gapped boundary Bc as in figure 20.

The Lagrangian algebra object L4 corresponding to A is given by the set of line operators
in K(A) that can end on Br,. From figure 21 it is clear that a line operator x € K(A)
can end on Bp, if

Skay-x=1+... (4.27)

In other words, the action of the surface operator Sg(4) on x produces the trivial line. As
discussed in [75, section 5.2.2], the set of line operators which satisfy (4.27) is given by
the left center C(K(A)) of K(A). The left center, CL(K(A)) of K(A), is the maximal
sub-object of K(A) such that

m ; Rl =m] (4.28)

1 1,2

where m is the multiplication in K(A), and R, is the braiding of the lines € A and
i€ Cr(K(A))in Z(C). Diagrammatically, this is figure 22. Therefore, the Lagrangian algebra
L4 corresponding to the algebra A contains the left center of K(A). In fact, it is known
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CL(K(A) K(A) CL(K(4)) K(4)

Figure 22. Diagrammatic definition of left center of K (A).

that Cp(K(A)) is Lagrangian [29, 76-78]. Therefore, C,(K(A)) is the Lagrangian algebra
corresponding to A. Mathematically, Cp (K (A)) is called the full-center of the algebra A.

To make the discussion above more transparent, let us consider the example C = Vecy,.
Suppose the two line operators in C are labeled by e, g, where g is of order two. We have
two haploid algebra objects in this case,

Al =e, Ay=e+g. (4.29)
The SymTFT Z(C) is the Zo Dijkgraaf-Witten theory with simple line operators
(le], 1), ([e],m), ([g],1), ([g],7), (4.30)

where 1, 7 are the two irreducible representations of Zs. ([e], 1), ([e], 7) and ([g], 1) are bosons
while ([g],7) is a fermion. The boundary-to-bulk map K is given by

K(e) = ([e], 1) + ([e], m), K(g) = ([g], 1) + ([g],7)- (4.31)
Therefore, we get
K(A1) = ([e], 1) + ([e],m) . (4.32)

This is already a commutative algebra because both ([e], 1) and ([¢e], 7) are bosons, and they are
closed under fusion. Indeed, K(A;) is precisely the Lagrangian algebra corresponding to Aj.
Now, consider

K(Az) = ([e], 1) + ([el, m) + (9], 1) + ([g], 7). (4.33)

Clearly, K (Az2) is not a commutative algebra because of the fermion ([g], 7). However, it admits
the structure of an algebra and we can define a surface operator Si(4,) by higher-gauging
Ag on a 2-manifold. The action of Sg(4,) on the line operators is given by [74, section 6.3.1]

Sk(ay) - ([el, 1) = Sk (ay) - ([g], 1)
Sk(Ay) * (e, ™) = Sk(ay) - ([9], )

(le], 1) + ([e], m) , (4.34)
0. (4.35)
The set of lines on which the surface operator acts to produce the trivial line is

([e], 1) and ([g],1) . (4.36)

Therefore, we get a commutative algebra A = ([e], 1) + ([g],1) which is precisely the
Lagrangian algebra object corresponding to As.
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4.4 Invertible symmetry

When the symmetry is invertible, the category C is equivalent to Vecy, for some group G
and anomaly given by a 3-cocycle w € H3(G,U(1)). When w is non-trivial, the symmetry
G cannot be gauged. Given a subgroup H C GG, we can ask whether H is non-anomalous.
This is true if and only if

wlg =1e€ H3H,UQ1)). (4.37)

Given a non-anomalous group H, we can gauge it with a choice of discrete torsion o €
H?(H,U(1)). The algebra objects in this case will be denoted as A(H,o). Clearly, if H is
non-anomalous, so is the subgroup gHg~! for any g € G. In fact, the algebras A(H, o) and
A(gHg™ !, gog™") are Morita equivalent for any g € G where gog~t(h, k) := o(ghg™ ', gkg™1).
Therefore, the equivalence classes [A(H,o)| are given by conjugacy classes of subgroups of
G on which w trivializes and corresponding 2-cocycles [41].

So far we discussed how to determine whether H C G is anomalous purely from a 141D
perspective. Given H C G, how do we determine whether H is anomalous from the SymTFT
Z(Vecy) = DW(G,w)? We learned that for H C G to be non-anomalous there must be a
Lagrangian algebra L4 in Z(Vecg) corresponding to it. To determine this Lagrangian
algebra object in terms of the simple objects of Z(Vecg:), we can use the theory of characters
for objects in Z(Vecy) [79, 80]. Let us define

w(g, hlk) :=w(g, b, k)""w(g, hgh™, h)w(ghk(gh) ", g,h) " . (4.38)

Let ([g],m¢) be a simple object in Z(Vec¢), where [g] is a conjugacy class in G and 7y is a
projective representation of the centralizer Cy of g satisfying

ng(h)mg(k) = w(h, k|g)my(hk) Yh, ke Cy. (4.39)

Note that for h, k € Cy, the phases w(h, k| f) form a 2-cocycle in H%(C,, U(1)). The character
of ([g],mg) is defined as

Xm, (k) ifhelg],
X(lg)mg) (B ) = (4.40)
0 otherwise,

where h, k is a pair of commuting elements in G and xr, (k) is the character of the representation
7y, of the centralizer C}, of h evaluated on k € C}. See appendix B for the definition of the
character of a general line operator in the SymTFT and its properties.

The Lagrangian algebra object L 4(f,+) can be determined by first computing the character

wly 'y, y 'k)o(y™ ky, yly)
XZ(A(H,U))(kal) = Z 1 1 1 ) (4'41>
v WL IR)a(y= Y,y ky)

where
Yi={yeGuy 'kye Hy 'lye H}/H C G/H, (4.42)

and then decomposing it in terms of the characters x((gx,)-
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So far, we discussed how to get the Lagrangian algebra object L 4(f ) corresponding to
an algebra A(H,o) in Vecg. Given a subgroup H C G, we would like to determine if H is
non-anomalous using the SymTFT Z(Vecg). To this end, let us consider the following set

C(H) := {[h].h € H}, (4.43)

where [h] is the conjugacy class in G with representative h. As a set, C'(H) contains all
elements in the subgroup H as well as elements of any subgroup conjugate to H.

Theorem 4.2. H C G is non-anomalous if and only if there exists a Lagrangian algebra L
in Z(Vecg) such that
(W, ma) € LV 0] € C(H), (1.44)

for some projective representation w, of the centralizer of h.

Proof: see appendix B.

The above theorem shows that from a given object L of Z(Vec¢:) that admits the structure
of a Lagrangian algebra we can identify a conjugacy class of subgroups [H]| such that any
element of [H] is a non-anomalous subgroup of G.

4.4.1 Lagrangian subcategory

In the previous section, we proved a theorem which can be used to determine whether a
subgroup H C G is non-anomalous. To completely specify the equivalence class of algebras
[A(H,o0)], we also need to find the 2-cocycle o. In general, this requires not just the
decomposition of L into simple objects, but also the multiplication of the algebra L. Indeed,
the same object L can admit distinct Lagrangian algebra structures [81] which then correspond
to two non-equivalent algebra structures on some subgroup H C G. In general, the 2-cocycle
o can be determined using (4.15). However, when the simple line operators which form L are
closed under fusion, the 2-cocycle o can be easily obtained. In this case, these simple line
operators form a fusion subcategory of Z(Vecg) with total quantum dimension |G|. Such a
fusion subcategory is called a Lagrangian subcategory of Z(Vec¢ ). Suppose we have

L= Y N (gl (4.45)
([g],mg)EZ(Vecg:)

Since the non-trivial simple line operators in L are closed under fusion, the conjugacy classes
[g] such that N gg]’ﬂg) # 0 must all be closed under fusion. The Lagrangian algebra L
corresponds to an algebra object

A= Y N (4.46)
(Io)my) €2 (Vees)

where Aj = Ehe[g] h. Since the non-trivial conjugacy classes of simple objects in L are closed
under fusion, we find that A is in fact a sum over elements of a normal subgroup of G given by

N= U (4.47)

Né[g]aﬂ'g)?éo
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Moreover, since the fusion of line operators in Z(Vec{) is commutative, IV is an abelian normal
subgroup. Therefore, the subset of gapped boundaries of the SymTFT Z(Vec{) determined
by Lagrangian subcategories correspond to non-anomalous abelian normal subgroups of G.
In fact, there is a one-to-one correspondence between Lagrangian subcategories of Z(Vecg)
and algebra objects A(N,o) in Vecg where N C G is an abelian normal subgroup and
o € H?(N,U(1)) [82].

The 2-cocycle o € H*(N,U(1)) corresponding to the Lagrangian subcategory (4.45) can
be determined using the relation

o(h1,ha) _ Byl h2)By(lha, U)Xy (1™ hal)

o(ha i)~ Byl dim(r,) (4.48)

where

By(h, k) := w(g, h,k)w(h, htgh, k)" w(h, k, (hk)'ghk), (4.49)

hi,l and g satisfies hy = lgl~! for some | € G and g € N. (See [82, Theorem 4.12] for
more details)

5 Examples

In this section, we will go through various explicit examples to understand the general
discussion in the previous sections. We will start with the familiar case of invertible symmetries.
This is a good starting point to understand Theorems 4.1 and 4.2. Then we will consider the
case of a modular tensor category C, before moving on to the case of fusion categories.

5.1 Invertible symmetries

5.1.1 G =124

When G = Z, the anomaly is classified by H?(Z4,U(1)) = Z4. We will consider the
non-anomalous case described by the fusion category Vecyz, whose SymTFT is the Z4
Dijkgraaf-Witten theory. It has three Lagrangian algebras given by

L]- = {(67 ]l), (67 7T1)7 (67 7T2)7 (67 773)} )

Ly ={(e,1),(g,1),(¢*, 1), (¢°, 1)} ,

Ly = {(6,]1),(92,1[),(6,7’[‘2),(92,7&'2)}, (53)
where g is the generator of Z4 and ¢* = e, and 7j are the representations of Z4 given by

mi(g) = T Using Theorem 4.2, we can read off the non-anomalous subgroups of Z,4 from
the simple objects in the Lagrangian algebras above. We get

L1 — Zl, L2 — Z4, L3 — ZQ . (54)

Alternatively, using Theorem 4.1, the algebra objects which can be gauged in the Z,4 group
can be obtained by fusing the Lagrangian algebra objects L; in the bulk TQFT with the
gapped boundary By, corresponding to Lj. Fusing L; with the gapped boundary By, , we get

etetete. (5.5)
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We see that the resulting algebra is not haploid because of multiple copies of the identity
line in it. Fusing Lo with the gapped boundary Br,, we get

etg+g®+g°. (5.6)
In this case, we get a haploid algebra. Fusing L3 with the gapped boundary By, we get

e+tgi+etg’. (5.7)
In this case we get a non-haploid algebra. A haploid subalgebra is e + g°.

5.1.2 G =7y X Z2

Consider the Za X Zs symmetry without anomaly. The SymTF'T is given by the Zo x Zy =
(91, 92) Dijkgraaf-Witten theory. The line operators in this SymTFT can be labeled as

([6]7107 ([e]>w1)> ([6] "JQ)v ([ ] wlw?)

([gl]ﬂ]l)’ ([91]’“}1)7 ([91]7w2)7 ([ ] wlw?)a

([92]7]1) ([92]7w1)7 ([92]7w2)7 ([ ] wlw?)ﬂ

(9192, 1), ([9192],w1), ([9192], w2), ([9192], wiw2) (5.8)

where 1, w1, ws and wyws label the four irreducible representations of Zg X Zo. This SymTFEFT
has six gapped boundaries determined by the Lagrangian algebra objects

Ly = ([6]71)7 ([6],w1), ([e],wg), ([6]7(*}1(*‘)2)

Ly = ([e}, 1) + ([2], 1) + ([92], 1) + ([9292], 1)

Lz = ([e], 1) + ([g1], w2) + ([g2], w1) + ([9192], wiw2)

Ly = ([e], 1) + ([e],w2) + ([91], 1) + ([91], w2) »

Ls = ([e], 1) + ([e], w1)([g2], 1) + ([g2] w1) ,

Le = ([e], 1) + ([e], wiw2)([g192], 1) + ([9192]; wiw2) - (5.9)

The canonical gapped boundary corresponding to the symmetry Zy x Zs is By,,. Fusing the
eight Lagrangian algebra objects on the gapped boundary By, , we get

Fg, (L) =et+et+e+te, (5.10)
Fp, (L2) =e+ g1+ 92+ 192, (5.11)
Fp, (L3) = e+ g1+ 92+ 9192, (5.12)
Fp,, (Ls) =e+e+g1+a1, (5.13)
Fp, (Ls) =e+e+ g2+ g2, (5.14)
Fp,, (Ls) =e+e+g192+ 9192 (5.15)

Clearly, both Lagrangian algebras Ly and L3 correspond to the same algebra object
A=e+q+g2+992. (5.16)

Since distinct Lagrangian algebras must correspond to non-equivalent gaugings in 141D,
the algebra object A has two distinct multiplications on it. These multiplications can be
determined using the multiplications of the Lagrangian algebras Ly and Ls.
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Recall that in the multiplicity-free case, the multiplication in a Lagrangian algebra L
is determined by the complex numbers

ms, (5.17)

where x,y, z are three simple line operators in L. These have to satisfy the constraints (2.4)
and (3.5). For the Zy x Zo discrete gauge theory, there is a gauge in which the F' symbols
are all trivial. The R matrices can be written as

h], g X7
RGO = X (9). (5.18)

where X, is the character of the irreducible representation 7. Using this expression for the
R matrix and constraint (3.5), we find that for the Lagrangian algebra Lo, we get

my, =1V z,y,2€ Ly. (5.19)

Therefore, using (4.15), we find that the multiplication on the algebra A corresponding
to Lo is trivial.
Using the constraint (3.5), we find that for the Lagrangian algebra Ls, we get

([g192],w1w2) _
M (g] wa)((go)on) — 1 (5.20)

and all other mj, are trivial. Therefore, using (4.15), we find that the multiplication on
the algebra A corresponding to L3 is given by

mgio — 1, (5.21)

and all the other m7,

object A corresponds to the Lagrangian algebra Ls.

are trivial. Therefore, the non-trivial multiplication on the algebra

513 G=S53
Consider the group

Sz = {r,s|rd=s>=e;srs =r1}. (5.22)
The conjugacy classes in this group are

le], [r]={rr?}, [s]={s,rs,r’s}. (5.23)

[e] has centralizer isomorphic to S3 with the trivial representation 1., non-trivial 1-dimensional
representation 7; and non-trivial two dimensional irreducible representation mo. [r] has a
centralizer isomorphic to Zj with irreducible representations 1,,w,w?. Finally, [s] has
a centralizer isomorphic to Zs which has the trivial representation 1, and non-trivial
representation . The full set of line operators in the S5 DW theory are given by

([e], Le), (el m1), (e, m2), (7], o), ([, w), ([r],w?), ([s], L), ([s],7) - (5.24)

The 1+1D gapped and gapless phases in this case and their relation to SymTFTs were
studied in detail in [59-61, 83].
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There are four Lagrangian algebras given by [49, 80]

Ly := ([e], 1e) + ([e], m1) + 2([e], m2) , (5.25)
Ly := ([e], 1e) + (le], m2) + ([s], Ls) , (5.26)
Lz := ([e], Le) + ([e], m1) + 2([r], 1) , (5.27)
Ly := ([e], Le) + ([s], 1) + ([r], 1r) (5.28)

Let us consider the fusion of all line operators on the By, gapped boundary given by the map
Fp,, Z(Vecg,) — Vecg, . (5.29)

In the following, we will denote Fg, simply as F'. We get (see, for example, [49, section 2.6])

F(([e], Le)) = F(([e], m1)) = e, F(([¢], m2)) = 2e, (5.30)
F(([T’], ]17‘)) = F(([T]vw)) =€, F(([r],w2)) =T —|—7’2, (531)
F(([s], 1)) = F(([s],7)) = s + sr + sr2. (5.32)

Note that F' preserves quantum dimensions. Using this, we can find the fusion of all the
Lagrangian algebras on By, . Fusing L1 on the gapped boundary By, results in the line operator

e+e+4e. (5.33)
Fusing Lo on the gapped boundary By, results in the non-anomalous line operator
e+ 2e+ s+ sr+sr?. (5.34)
This is a sum of haploid subalgebras
Ai=e+s, Ap=e+sr, Az =e+ sr?, (5.35)

which are all Morita equivalent. Fusing L3 on the gapped boundary By, results in the
non-anomalous line operator

e+e+2r+2r2, (5.36)
This is two copies of the haploid algebra
et+r+ri. (5.37)
Fusing L4 on the gapped boundary By, results in the non-anomalous line operator
e+s+sr+sritr+rl. (5.38)

5.2 When C is modular

When C is a modular tensor category the SymTFT has a particularly simple form [44].

Z(C)=cxC, (5.39)
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where C is the category with the opposite braiding. Therefore, the simple line operators
in Z(C) can be labeled as

(a,b), a,beC. (5.40)

However, for using the bulk-to-boundary map F' : Z(C) — C, it is convenient to relabel the
simple line operators in the form (a,e,) for some object a € C and half-braiding e,. This can
be done using the explicit isomorphism between Z(C) and C x C. We have [44, Theorem 7.10]

(a,b) = (a x b, eqxp) , (5.41)

where

eaxb(c) i= (Ry ¢ x idp) o (ida X R_}) (5.42)
with Ryp : @ X b = b X a being the braiding on C.

5.2.1 Fibonacci category

Let C be the Fibonacci MTC with the non-trivial simple line operator 7. The SymTFT
in this case is

Z(C)=CxC. (5.43)
Therefore, the simple line operators in the SymTFT can be labeled as
(171)7(177—)7(7—7 1)7 (T’ T) . (5.44)

The line operators (1,1) and (7,7) are bosonic. For identifying gaugeable algebras in C,
we have to describe the simple objects in the notation (a,e,) where a € C and e, is the
half-braiding. Using (5.41) we get!'6

(L,e1), (1, er), (1,€), (L + T,€e147) - (5.45)
We have a unique Lagrangian algebra
L=(1,e1)+(1+T1,e147). (5.46)
Fusing L with the gapped boundary By, we find the algebra object
14147, (5.47)
which is non-haploid. We can decompose this algebra into haploid subalgebras
A1=1,A=1+T. (5.48)

The fact that both of these algebras correspond to the same gapped boundary implies that
they are Morita equivalent. Indeed, gauging 1 + 7 is a self-duality of a 1+1D QFT with
C symmetry [33, 36].

The line operators in Z(C) can also be directly obtained in the form (a,e,) using the string-net
construction [46, section VI. B].
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5.2.2 Ising category
Let C be the Ising MTC with non-trivial line operators 1, . The SymTFT in this case is

Z()=CxC. (5.49)

Therefore, the simple line operators in the SymTFT can be labeled as

(1.1), (14), (1,0) (5.50)
(¥, 1), (¥,9), (¢, 0), (5.51)
(0,1), (0,4), (0,0) . (5.5)

The line operators (1,1), (¢,%) and (o,0) are bosonic. Using (5.41) we can relabel the
simple line operators as

(1,e§), (v, e})), (o, eD) (5.53)
(W, el (1,e8?), (0,e?) (5.54)
(0,¢), (0,eD), (1 + ¥, e14) - (5.55)

The only Lagrangian algebra is
L=(1e") +(1,e) + (1+ 0, e14y) . (5.56)
Fusing L with the gapped boundary B; we get the algebra object
1+1+1+49. (5.57)
This algebra is a sum of three haploid subalgebras
A1 =Ay=1, A3=1+71. (5.58)
This is consistent with the fact that As is a Morita trivial algebra [33, 36, 84].

5.3 Non-invertible symmetries
5.3.1 Rep(Ss)

For Rep(S3) the SymTFT is dual to Z(Vecg,) for which we have already considered all the
Lagrangian algebras. Recall the simple line operators

([e]: Le), ([e], m1), (], m2), ([7], 1), ([r],w), ([r],w?), ([s], Ls), ([s],7) (5.59)

and gapped boundaries

Ly := ([e], 1e) + ([e], m1) + 2([e], m2) , (5.60)
Ly := ([e], Le) + (le], m2) + ([s], Ls) » (5.61)
Lz := ([e], Le) + ([e], m1) + 2([r], 1) , (5.62)
Ly := ([e], Le) + ([s], 1) + ([r], 1r) (5.63)



For identifying the algebra objects in Rep(S3), we have to choose a gapped boundary of
Z(Vecg,) such that the boundary line operators form Rep(S3). For example, we can choose
the gapped boundary given by

Ly = ([e], Ie) + ([e], m2) + ([s], Ls) - (5.64)

Let 1,mq,m be the three irreducible representations of S3. Fusing the simple line operators
in Z(Vecs,) on Br,, we get (see, for example, [49, section 2.6])

FBLQ(([e]v 1)) =1, FBL2 (([e], m)) =71, FBL2 (([e], m2)) =1 +m, (5.65)
F,, ([, 10)) = F,, (([r],w)) = Fp,, (([r],?)) = m2, (5.66)
Fp,, (([s], 1s)) = L+ 72, Fpp, (([s],7)) = m1 + m2. (5.67)

Fusing L; on the gapped boundary By, results in the non-anomalous line operator
31+ 37y . (5.68)

It decomposes into three copies of the haploid algebra 1 + 7. Fusing Ly on the gapped
boundary By, results in the non-anomalous line operator

214+ 1+ 71 + 2. (5.69)
It decomposes into the haploid algebras
Ai=1, Ao =1+4+m +mo. (570)

Note that this implies that gauging As is a self-duality as As is a Morita trivial algebra.
Fusing L3 on the gapped boundary By, results in the non-anomalous line operator

1+ m + 2m; . (5.71)

This is a haploid algebra corresponding to the unique fibre functor admitted by Rep(Ss3).
Fusing L4 on the gapped boundary By, results in the non-anomalous line operator

21 + 2, . (5.72)

It decomposes into two copies of the haploid algebra object 1 + mo. The algebra objects
obtained above agree with the classification of algebras in Rep(S3) given in [85].

5.4 Lagrangian algebras in Z(Vecp,) from algebras in Vecp,

Given the non-anomalous line operators in a fusion category C, we can use Theorem 4.1

to put strong constraints on consistent Lagrangian algebra objects in its SymTFT. In this

section, we will show that all Lagrangian algebra objects in the SymTFT Z(Vecp,), where

Dy is the dihedral group of 8 elements, can be completely fixed using Theorem 4.1.
Consider the invertible symmetry Vecp, where

Dg:=(r,s|rt=s%>=esrs=13). (5.73)

— 31 —



Since this Dg is chosen to be non-anomalous, any subgroup of Dg can be gauged. The
physically inequivalent gaugings correspond to conjugacy classes of subgroups of Dg and a
choice of discrete torsion. The conjugacy classes of subgroups are as follows. The normal
subgroups are

{e}, {e, 7’2} , {e,r, r2, 7“3} , {e, r2, s, TQS} , {e, r2rs, 7“38} , Dg. (5.74)

2 2 2
We will denote these groups as Z, Zgr ), ZY) , Z(Qr ) % ng) , Zg )% ng), Dsg, respectively. There
are four non-normal subgroups which form the following two conjugacy classes of subgroups

{{e, s}, {e,r*s}}, {{e,rs}, {e,ms}}. (5.75)

All groups in these two conjugacy classes are isomorphic to Zs, and we will denote them by

the representatives ng) and Zérs)

, respectively. A physically inequivalent gaugings in Vecp,
can be labeled as (G, o) where G is a representative of a conjugacy class of subgroups in
Dg and o € H?(G,U(1)) is the discrete torsion. Using the explicit data above, we get the

following 11 physically inequivalent gaugings in Vecp,

7‘2 r 7’2 S 7‘2 S
(Z1,1), 25,1y, @1, @S <2801y, 287 x 28 q), (5.76)
T‘2 rs 7‘2 rs S rs
@8 x259,1), (25 % 259,5), (Ds,1), (Ds,y), (28,1), (259,1),  (5.77)

where «, 3, denote the choice of non-trivial discrete torsion in HZ(ZETQ) X ng), U(1)) = Zs,
H2(287) % 289, U(1)) 2 Zs and H?(Ds, U(1)) = Zs, respectively. We will relate these 11
algebra objects to gapped boundaries of the SymTFT of Vecp,.

The SymTFT Z(Vecp,) is the Dijkgraaf-Witten theory with gauge group Ds. The
conjugacy classes of Dg are

le) = {e}, [P = {r*}, [s] = {s,r%s}, [rs] = {rs,1”s}, [r] = {a® 0’} (5.78)
The centralizers of the representative of these conjugacy classes are
-D8 P DS ) {6,7"2, 877’28} = Z2 X ZQ ) {67 7’277"‘8, TSS} = Z2 X ZQ ) {€7T7 7"2,7'3} = Z4 ) (579)

respectively. The simple line operators in Z(Vecpy), their quantum dimensions and spins
are given by

Line operator | ([e], 1) | ([e],71) | ([e],m2), | ([e],m3) | ([e], ma)
dy 1 1 1 1 2
0, 1 1 1 1 1

Line operator | ([r?],1) | ([7?],m1) | ([r?],m2), | ([r?],73) | ([r?], 7a)
d, 1 1 1 1 2
0, 1 1 1 1 |

Line operator | ([s], 1s) | ([s],w1) | ([s],w2), | ([s],wiw2)
dy 2 2 2 2
0 1 -1 1 -1
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Line operator | ([rs], 1,s) | ([rs],&1) | ([rs],@2), | ([rs],0109)

dy 2 2 2 2
0 1 -1 1 -1
Line operator | ([r],1,) | ([r],@) | ([r],@?), | ([7],&?)
dy 2 2 2
0. 1 i -1 i

where 1, 7y, me, w3 are the 1-dimensional irreducible representations of Dg and 4 is the
2-dimensional one; 71, w3 and w3 are the irreducible representations with kernels ZY), ZgTQ) X
ng) and ZgQ) X ng) , respectively; 1, w1, wo and wyws are the four irreducible representations
of the Zy X Zo centralizer of s; 1,4, @01, Wo and W1we are the four irreducible representations
of the Zo x Zo centralizer of rs; 1,, w, w? and w? are the four irreducible representations
of the Z4 centralizer of r. The fusion rules of these line operators and their modular S
matrix are given in [86, appendices A,B].

A line operator in Z(Vecpy) which admits the structure of a Lagrangian algebra must
be a direct sum of the bosonic line operators in the list above. In fact, using Theorem 4.2,
we can identify all Lagrangian algebra objects in the SymTFT. For example, consider the
algebra (ng), 1). We have two Morita equivalent classes of algebras

A i=e+rs, Ay =e+1r’s. (5.80)

We need to choose a Lagrangian algebra object L in the SymTFT such that F(L) produces
the above two algebras. Note that the Lagrangian algebra L has quantum dimension 8. Since
F : Z(Vecpy) — Vecp, preserves quantum dimensions, we must have

F(L)=2A1+2Ay, or F(L) = A1 +3Ay, or FI(L) =3A; + As. (5.81)
Therefore, L must be of the form

L= ([e]. 1)+ NP ([elm) + NID™((e] ma) + NID™((e], ms) + NI ([e], ma)+
N (rg] 1,4) + N2 () @) (5.82)

where Nj are non-negative integers which need to be determined. Since the conjugacy
class [rs] = {rs,r3s}, F(L) contains equal number of rs and r3s terms. This implies
that F(L) = Ay 4+ 34y and F(L) = 3A; + Ay are inconsistent. Therefore, we must have
F(L) = 24; + 2A,.

Suppose Ngrs]’]l”) % 0. We will now show that Ngrs]’ﬂ”) = 1. To see this, suppose
N jg[rs]’]l”) > 1. We have the fusion rule [86, appendix B|

([rs) Lrs) x ([rs], 1rs) = ([e],ma) + ([r], ) - (5.83)
Using the constraint (3.7) we find that
N > g (5.84)
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However, this contradicts the requirement that F/(L) = 2A4; + 245 contains exactly 4 trivial
line operators. Therefore, we must have N grs}’]l”) = 1. Since F(L) must contain two copies

{lrshez)

of rs, we also find that = 1. Now, consider the fusion rule

([rs], Lrs) x ([rs], @2) = ([e], ma) + ([r?], ma) (5.85)

Since ([r?],m4) is a fermion, using (3.7) we find that Nge]’m) = 1. Combining the results
above, we have determined that the Lagrangian algebra must be of the form

L= ([}, 1)+ NI™(le], 1) + NI (€], mo) + NI ([e], m3) + (€], ma)+

. 1)
([rs], Lrs) + ([rs], @) (5.36)

L must have quantum dimension 8. Therefore, only one among N ge]’ﬁl), N ge]ﬂm, N é[e},m) can

be non-zero. Using the fusion rules, we know that ([e], 73) is the only line operator such that

([rs],@2) x ([e], m2) contains ([rs],1,s), (5.87)

and

([rs], 1,5) x ([e], m2) contains ([rs],ws), (5.88)

which implies that N ge}’m’) = 1. Therefore, the Lagrangian algebra object corresponding
to the algebra (Zgrs),l) is

L= ([e], 1) + ([e], m3) + ([e], ma) + ([rs], Lrs) + ([rs], ©2) - (5.89)

Similar analysis can be used to determine all Lagrangian algebra objects in the SymTFT
Z(Vecpg). They are summarized in the table below.

Algebra objects in Vecp, Lagrangian algebra objects in Z(Vecp,)

(21,1) (le], 1) + ([e], m1) + ([e], m2) + ([e], w3) + 2([e], 74)
259, 1) (le], 1) + ([e], m1) + ([e], m2) + ([e], 73)
+ ([r?, 1) + ([r?], m1) + ([r?], m2) + ([7%], 73)
2y, 1) (le], 1) + ([e], m1) + 2([r], 1) + ([r*], 1) + ([r*], m1)

([e], 1) + ([e], m2) +2([s], 1) + ([r°], 1) + ([*], 72)

([e], 1) + (le], m2) + 2([s], w2) + ([r?), m1) + ([r°], 73)

25 x257,1)  |(1e, 1) + (e, ms) + 2([rs], L) + (%), 1) + ([r?), ms)

(25 x257.8)  |([el: 1) + ([e).ms) +2([rs]. @) + ([, m) + (). m2)
(Ds, 1) ([e], 1) + ([, 1) + ([s], 1s) + ([r], L) + ([rs], Lrs)
(Ds, ) ([, 1) + ([r], m1) + ([s], w2) + ([r], 1) + ([rs], @2)
1) ([e], 1) + ([e], m2) + ([e], ma) + ([s], Ls) + ([s],wn)
VAREY (le], 1) + ([e], 73) + ([e], ma) + ([rs], Lps) + ([75], @2)
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Figure 23. Action of a topological surface operator S on line operators.

Y
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Figure 24. Folding trick to produce a gapped boundary from a surface operator.

6 Applications

6.1 Higher-gauging data from the action of surface operators

Consider a 241D TQFT whose line operators are described by a modular tensor category C.
Let S be a topological surface operator whose action on the line operators is given by

S'a:Zn%,ab. (6.1)
beC

S implements a non-invertible symmetry if the sum above is non-trivial. All surface operators
in a 2+1D TQFT can be constructed through higher-gauging [65, 73, 74, 87]. Given (6.1),
we can ask: which algebra A € C should be higher-gauged to construct the surface operator
S? When the higher-gauging involves only invertible line operators, this was answered in [75]
by providing an explicit map between the action of the surface operator and the abelian
group of lines + discrete torsion data for higher-gauging. In this section, we give a general
answer to this question for arbitrary higher-gaugings.

If n%.a # 0, then a and b can form a non-trivial junction on the surface operator (see
figure 23). Upon folding figure 23 the surface operator becomes a gapped boundary of the
TQFT C x C on which the line operator (a,b) can end (see figure 24). Therefore, the action
of the surface operator (6.1) specifies a Lagrangian algebra object

Lg = Z n%, (a,b). (6.2)
a,beC

In fact, the action of S on the fusion spaces of the line operators also determines the
Lagrangian algebra structure on Lg (see [75] for more details). Consider the fusion of Lg
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on the canonical gapped boundary B¢ of C x C. From Theorem 4.1, we know that F(Lg)
is a sum of Morita equivalent algebras in C. This is precisely the algebra which can be
higher-gauged to construct the surface S.

Remark: for a modular tensor category C, one can define the functors T': C x C — C and
C — C x C as follows [29, 69]

T:(a,b) —axb, (6.3)
R:a—)Z(axE,c).

ceC
These functors can also be used to transport algebras between C and C x C. In fact, the functor
T is the same as the forgetful functor F' : Z(C) — C under the equivalence Z(C) = CXC.
Nevertheless, it maybe useful to use F' instead of T since the isomorphisms ®, , studied in
section 4.2 are trivial for F' while it is non-trivial for 7.

6.2 A necessary condition for trivial anomaly

Let A be a non-simple line operator in C. Suppose A is non-anomalous. Then we know that
there must be a Lagrangian algebra L corresponding to A. Using Theorem 4.1, we must have

ACF(L). (6.5)
More explicitly, if
L= Y N (aeq), (6.6)

(a,ea)EZ(C)

then, we must have

S N®INY£OVbEA, (6.7)
(a,eq)€Z(C)

where N? is non-zero if the line operators a and b can form a topological junction. For an
arbitrarily chosen A, we may not have bosonic line operators (a,e,) € Z(C) satisfying (6.7)
implying that A must be anomalous. In the next section, we will use this necessary condition

to prove a statement about C-symmetric trivially gapped phases.

6.2.1 Trivially gapped phase <=- magnetic Lagrangian algebra

In [34], the authors argue that a fusion category C admits a trivially gapped phase only if
the SymTFT Z(C) admits a magnetic Lagrangian algebra L,, defined by the property that
the only simple line operator L,, which can also end on the canonical gapped boundary B¢
is the trivial line operator. This is clear from the sandwich picture which shows that the
local operators of the 1+1D TQFT 77, correspond to the line operators which can end both
on By, and B (see (3.13)). In this section, we will use Theorem 4.1 to show that this is a
necessary and sufficient condition for the existence of a C-symmetric trivially gapped phase.
Consider a general haploid algebra object

A=) Nja, (6.8)
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in a fusion category C. The non-negative integers N4 are bounded by the quantum dimension
N¢ < d, [84, Proposition 3.3]. Therefore, the largest algebra object that a fusion category
C can admit is of the form

Amax ==Y dq a. (6.9)

acC
This is consistent only if d, Va € C are integers. In fact, Anax admits the structure of an
algebra (is non-anomalous) if and only if C admits a trivially gapped phase. To see this,
suppose C admits a C-symmetric TQFT that is trivially gapped. Then this TQFT only has the
identity local operator. Correspondingly, there is only one simple 1D gapped boundary, say
7. Therefore the module category M has only one simple object, 7. Consider the algebra

A, =) Nj a, (6.10)

acC
where N? is the dimension of Hilbert space of operators at the junction of a with the gapped
boundary 7z. Since 72 is the only gapped boundary, all line operators in C must be able to form
a junction on it. Moreover, N¢ = d, to preserve quantum dimensions. Therefore, we have

a
Ap=> daa. (6.11)
acC
Using [41] (see section 3.2), we know that A,, = Apax is non-anomalous.
Conversely, suppose Apax is non-anomalous. Consider the module category M
corresponding to this algebra. Let 7z € M and A,, be the line operator as defined above.
We have the relation [88, Proposition 2.2]

> d7, =dim(C), (6.12)

where

a2, :=da,, . (6.13)

Now, since M is the module category defined using the algebra Apax, there is some 72’ € M
such that

Ay = Apax - (6.14)

Then, we have dy , = da,,, = dim(C). To be compatible with the equation (6.12), 72’
must be the only simple object in M. In other words, the C-symmetric TQFT defined
using M has only one simple gapped boundary. Consequently, it is trivially gapped and
the whole symmetry C is preserved. It follows from this argument that Ap.x is not Morita
equivalent to any other haploid algebra.

From Theorem 4.1, we know that

F(L)= Y A,. (6.15)

meMy,

The number of haploid algebras in the sum above is equal to the number of identity line
operators in F'(L). Since F' preserves quantum dimensions and dj, = dim(C) by definition,
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the largest haploid algebra object that we can get on the R.H.S of the above equation is
precisely Amax. Therefore, we find

F(L) = Amax (6.16)

if and only if F'(L) contains a single identity operator. Since F(L) is obtained from the
perpendicular fusion of L on the canonical gapped boundary B¢, this implies that L does
not contain any non-trivial line operators which can end on Bg. Therefore, L is a magnetic
Lagrangian algebra with respect to Be.

6.3 Transporting non-anomalous line operators between fusion categories

Consider two fusion categories C and D which share the same SymTFT. In many cases,
D might be a simpler fusion category in which the non-anomalous line operators can be
explicitly classified, while it could be hard to do the same in C. For example, C could be a
fusion category without multiplicity in its fusion coefficients while D is not multiplicity-free.

Let [Bi],...[By] be the n Morita equivalence classes of algebra objects/non-anomalous
line operators in D for some integer n. Using the data of this algebra, we can determine all
the Lagrangian algebras Lq, ..., L, of the SymTFT Z(D). As we will see in explicit examples
below, in many cases, even without knowledge of the multiplication in the algebras in D, we
can determine the objects L1, ..., L, which admit the structure of a Lagrangian algebra. Now,
since the fusion category C share the same SymTFT, there must be a boundary condition B¢
of Z(D) on which the line operators form the fusion category C. The non-anomalous line
operators in C can then be determined by fusing L1, ..., L, with the gapped boundary B¢ to
get Fp.(L1), Fp.(L2),...,Fp.(Ly). In this way, the non-anomalous line operators in D can
be ‘transported’ through the SymTFTs to non-anomalous line operators in C.

In the following subsections, we will go through three examples in detail to illustrate the
idea described above. First we will consider the fusion categories

C = Rep(Dsg), D = Vecp,, (6.17)

where Dy is the dihedral group with 8 elements. We will use the results from section 5.4 to
determine all algebra objects in Rep(Dg) recovering the classification of algebra objects of
Rep(Dg) in [33, 85]. In appendix C, we use a similar method to classify the algebra objects
in A4, where Ay is the alternating group of order 12. This group is the smallest for which the
category Rep(A4) has multiplicities in its fusion rules. We will show how the non-anomalous
line operators in Vecy, can be used to determine the non-anomalous line operators in Rep(A4).
The final example that we consider is the three Morita equivalent Haagerup fusion categories.

C=sh, D=t E=4. (6.18)

6.3.1 Rep(Ds) and Vecp,

Rep(Dg) is a non-invertible symmetry of various CFTs [33, 89] and lattice models [90]. In
this section, we will identify the non-anomalous line operators (algebra objects) in Rep(Dg)
using the Lagrangian algebras in Z(Rep(Dsg)) and Theorem 4.1.
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Note that the SymTFT Z(Vecp,) is the same as Z(Rep(Dsg)) since the symmetries Vecp,
and Rep(Dg) are dual to each other under gauging. Therefore, the Lagrangian algebras in
Z(Rep(Dsg)) are the same as in Z(Vecp,) which were constructed explicitly in section 5.4.
Recall that the bosonic line operators in Z(Vecp,) are

([6]7]1)7 ([6],7‘(1), ([6}77‘-2)7 ([6]77T3)7 ([6]77T4)7 (619)
([, 1), (%Lm) s ((P2m2) s (%) ms), ([s), 1), (6.20)
([8],W2), ([T‘SL]lTS)v ([ ] )7 ([T]ﬂ]lT)' (6'21)

All Lagrangian algebras in Z(Vecp,) are certain linear combinations of these bosons. The
Lagrangian algebra

Lyep(ps) = (e, 1) + ([r%), 1) + ([s], Ls) + ([r], 1) + ([rs], L) , (6.22)

specifies a gapped boundary on which the line operators form the fusion category Rep(Dsg).
Therefore, in order to determine the algebra objects in Rep(Dg) we can use the map

FBRep(Dg) : Z(Rep(Ds)) — Rep(Ds) , (6.23)
and using Theorem 4.1. In order to determine FBRep(DS) it is useful to write the bosonic

line operators in the form (a,e,) for some a € Rep(Dg) and half-braiding e,. Then the
map FBRep(Ds) is just given by

FBRep(Ds) ((a,eq)) = a. (6.24)

Using the construction of Z(Rep(Dsg)) as the Drinfeld center of the Tambara-Yamagami
category Rep(Dg) we have [34, 91]

([6],]1) - (]l 6]1) ([ ] ™ ) (7T17€7T1) ([ ]7 2) - (772767@) ([ ] 71-3) - (7T3767T3)7
([6 7774) — (71'4, 7r4) ([T ]7 ) (]l eIL)’ ([7” ]77T1) — (7‘(’1, 771)7

([Tz]vﬂ-?) — (7727 7r2)7 ([T }7773) (71—3) ;'3)7 ([‘9]’ I (]l +7T2’6]l+ﬂ'2)

(I

(I

) =
8],0)2) — (7T4, 531)) ([7“8], ]lrs) - (1 + 7r3a€1+7r3)7 ([ ] ) (7r47€7(ri))7
7"], ]lr) (]l + 7, 6]1+7r1) , (6.25)

where the explicit form of the half-braidings is not specified as they will not play a role in the
following discussion. In general, the line operators in Z(Vecp,) and Z(Rep(Dg)) are related by

(Ig). ) = (IndB: (my), €) (6.26)
for some half-braiding e and Indgg8 (mg) is the induction of the representation m, of Cy to

the full group Dg. The Lagrangian algebra objects in Z(Rep(Ds)) and the corresponding
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non-anomalous line operators in Rep(Dg) are given in the following table.

Lagrangian algebra objects in Z(Rep(Dsg)) Non-anomalous lines in Rep(Dsg)

(]]~7 6]1) + (7T17 671'1) + (7T27 eﬂ'g) + (7T37 €7r3) + 2(7['4, 67T4) 1 + T + T2 + 3 + 27T4

1,e1) + (m1,ex,) + (72, €xy) + (73, €1
(L,er) +( 1)+ (s emy) + ( 3) 21+ 2y + 9y 2

+ (1, e1) + (my, en,) + (w2, €7,) + (73, €7,

(L,e1) + (71 ex,) + 2(1 + 71, e1qmy ) + (1, €)) + (w1, €lr,) 41 + 4m
(1,e1) + (w2, exy) + 2(1 + mo, e14m,) + (1, €}) + (72, €l,) A1 + 4y

(1,e1) + (w2, €xy) + 2(7r4,e7r4) (m,e 7r1) (73, € 7r3) 1+m +my+m3+2my
(L,e1) + (m3,exy) + 2(1 + 73, €1405) + (1, €}) + (73, €5) 41 + 4ms

(1,e1) + (w3, €ry) + 2(ma, e&‘?) + (71, €,) + (m2,€r,) 1+ 7 +mo + w3 + 2my

(]17 6]1) + (]17 egl) + (]1 + 2, e]l+7r2>+
51 + m + ma + 73

(]l + 1, €1+7r1) + (]l + 7T37€1l+7r3)

(L en) + (m1,€l,) + (ma, )+

X 21 4 2m + 2my
(1 471, e14m,) + (74, €5))

(L,e1) + (w2, ery) + (w4, ex,) + (1 + 72, €147,) + (74, 6534)) 21 + 279 + 2my
(1, e1) + (73, €xy) + (T4 €xy) + (1 + 73, €14m5) + (7, €5)) 21 + 273 + 2my

(6.27)
We find that there are three different Lagrangian algebra objects in the SymTFT which
gives the algebra object

1+m 4+ m+ 73+ 2my. (6.28)

Therefore, there are three distinct multiplications on this algebra object. This agrees with
the fact that Rep(Dsg) admits three fibre functors. The algebra object

21 + 27y + 279 + 273, (629)

decomposes into two copies of the algebra object 1 + w1 + m + w3. This corresponds to
gauging the Zs X Zy invertible line operators in Rep(Dg). The algebra object

41 + 4my (6.30)

decomposes into four copies of the algebra object 1 + m;. The same is true for the algebra
objects 41 + 4mo and 41 + 47w3. These again correspond to gauging invertible line operators
in Rep(Dg).

We also have the algebra object

51 + w1 + w9 + 73, (6.31)
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which decomposes into 441 + Ay where Ay := 1, Ay := 1 + w1 + w9 + w3. This shows that
1 + 71 + mo + 73 is a Morita trivial algebra which agrees with the fusion rules of Rep(Ds).
Finally, we have the algebra object

21 + 2m) + 27y (6.32)

which decomposes into two copies of the algebra 1 + 71 + 74.'7 The same is true for the
algebra objects 21 + 27y + 2m4 and 21 + 273 + 2m4. The haploid algebra objects obtained
above from Lagrangian algebra objects of the bulk SymTFT agree with [33, 85].

6.3.2 Haagerup fusion categories

The Haagerup fusion categories 77, % and .43 is a Morita equivalence class of three
fusion categories [30, 92]. The fusion category .7 has line operators 1, v,n, u with fusion
rules given by

I EY n__ [ n |

11 v n 7]

vivl+2v+2n+pul 2v+n+p | p (6.33)
ninl 2v+n+p |14+v+n+pulv+n

plipl v+n+mu v+ 1+v

These line operators have quantum dimensions given by
1,d+1,d,d—1, (6.34)

respectively where d = ”27‘/3 The fusion rules are commutative and have multiplicity.

Both 7% and 4 have line operators 1, a, o, p, ap, & p and the same fusion rules given by

| Jtlafa®[ p | ap | o® |
1|1|al|a? P ap o?p
al ala?|1 ap a?p p
|a?]1|a| a? p ap (6.35)
p |l p la®plap|1+H|a?+H|a+H
apllap| p |&?pla+H|1+H |a?>+H
a?pllaplap| p &> +H|la+H |1+ H

where H = p + ap + o?p. The quantum dimensions of the lines are
1,1,1,d,d,d, (6.36)

respectively. Note that the fusion rules are non-commutative and without multiplicity.

17 At the level of the object we can also consider the decomposition of 21+2mw2+2m4 into two copies of 1471 and
1+4m4. 1+ admits a unique multiplication on it. Therefore, this decomposition is not consistent with the fact
that 141 corresponds to the Lagrangian algebra object (1, e1)4 (1, exy ) +2(1 41, €147, )+ (1, €1) + (71, €5, ).
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The fusion category .7 has three module categories M;, My and M3 and we have [30]
(see also [93, section 7], appendix E)

P A.=41+a+a”+3H.

meMy

P A4,=61+3H. (6.37)
meEMa

P A4, =21+20+2a"+3H.
meMs

These three algebras correspond to three Lagrangian algebra objects in the SymTFT Z(773).
Z(3) has line operators [92]

177[-1771-270-170'270—37/1’17N27“'/’LG' (638)
These have quantum dimensions
1,3d+1,3d+2,3d+ 2,3d + 2,3d + 2, 3d, 3d, 3d, 3d, 3d, 3d , (6.39)

respectively. The fusion rules and modular data of these line operators can be found, for
example, in [94]. The only bosonic line operators are 1,7y, w9, 01. All Lagrangian algebras in
this SymTFT must be supported on a linear combination of these bosonic line operators. In
order to identity the Lagrangian algebra corresponding to the three classes of algebras in 43,
it is useful to write the bosonic line operators as (a, e,) for some a € 7% and half-braidings
eq. This is given explicitly in [95, section 2.2] (see also [96, section 4.4.3]) and is given by

1—(1,e1), m — (L4 p,e1sp), T2 — (@+a® + Hyeqraren), 01— (L+1+ H e1114n)

6.40

where H = p + ap + o?p. Consider the Lagrangian algebra ( )

L=N}1+4 N'm + NP?m + NJ'oy. (6.41)

Moving L to the canonical gapped boundary B, corresponding to the fusion category
6, we get

Fp,, (L) = N}14+ N['(1+p) + N[*(a+o® + H) + N* (1 + 1+ H), (6.42)

where N7',N/? and N/' are non-negative integers. Using Theorem 4.1 we know that
Fp,, (L) must agree with one of the algebra objects in (6.37). Using this, we get the three
Lagrangian algebras

My = Ly:=1+m +m9+ 01, (6.43)
Mo — Loy =1+m + 207, (6.44)
Mg — Ly =1+ m +2my. (6.45)

The canonical gapped boundary corresponding to %3 is given by the Lagrangian algebra Ls.
L3 corresponds to the fusion category 53 and Li corresponds to J#.

— 42 —



The algebra objects/non-anomalous line operators in 7% can be found by computing
Fp,,(L1), Fp,,(L2) and Fp, (L3). (6.46)
Using [96, section 4.4.3], we find
Fp, (m)=1+H, Fg, (m) =1+1+H and Fg, (01) =a+a’+ H. (6.47)
Using this, we get

Fp, (L)) =1+1+H+1+1+H+a+ao’+H=41+a+a”+3H.
Fp, (L) =1+ 1+ H+2(a” + o+ H) = 21 4+ 2a +20” + 3H (6.48)
Fg, (Ls)=1+1+H+2(1+1+H)=61+3H,

These three algebra objects are consistent with the three module categories in %3 [30] (see
appendix E).
Finally, by computing

Fp, (m), Fp, (m2) and Fp, (01), (6.49)

we can find the non-anomalous line operators in 7#]. This requires finding the bulk-to-boundary
map for the boundary condition Br,. This can be determined by taking the quotient of
Z(7#%) by the Lagrangian algebra L; as described in [67]. The details of this calculation
are given in appendix D. We get,

Fg, (m)=14+v+n+u, Fp, (m2) =1+2n+vand Fg, (01)=1+2v+pu. (6.50)
Using this, we find
Fp, (L1)=14+1+v+n+pu+1+2n+v+1+2v+pu=41+4v+3n+2u.

Fp, (L2) =1+1+v+n+p+2(1+2v+p) =41+ 5 +n+3pu, (6.51)
Fp, (L3) =1+1+v+n+p+2(1+2n+v)=41+3v+5n+p.

These three algebra objects are consistent with the three module categories of J# [30] (see
appendix E).

7 Conclusion

In this paper, we studied the non-anomalous line operators in a 1+1D QFT with fusion
category symmetry C using gapped boundaries of the SymTFT Z(C). Physically equivalent
gaugings in 141D correspond to the same gapped boundary of the SymTFT. Our analysis
determines the explicit map between them.

e Given a Lagrangian algebra object L in Z(C) the corresponding physically equivalent
gaugings in C can be found from F(L), where F' is the bulk-to-boundary map.
(Theorem 4.1).

— 43 —



e In fact, F maps the algebra structure of L to the line operator F(L) through
equation (4.15).

e The explicit examples considered in this paper show that in some cases Theorems 4.1
and 4.2 can be used to determine all non-anomalous line operators in C even without
the knowledge of the algebra structure on the Lagrangian algebras in Z(C).

e Conversely, knowledge of non-anomalous line operators in C puts strong constraints on
which line operators in the bulk SymTFT can form a Lagrangian algebra. We used this
to find a necessary condition for a line operator A € C to be non-anomalous. This was
then used to prove that C-symmetric trivially gapped phases exist if and only if the
bulk SymTFT admits a magnetic Lagrangian algebra.

e We discussed the notion of transporting non-anomalous line operators between fusion
categories which share the same SymTFT. This method can be used to determine
non-anomalous line operators in a fusion category from those in a “simpler” fusion
category. This provides an alternative to using NIM-reps to determine algebra objects
in a fusion category C.

The following are some interesting future directions:

e It will be interesting to generalize the analysis in this paper to SymTFTs for fermionic
symmetries [97].

e Generalization to higher dimensions. It will be interesting to apply the ideas presented
here to the setting in [48, 62, 98, 99].

e General relation between anomalies and gapped boundaries for SymTFTs of non-finite
and/or continuous symmetries [100-105].

e For an invertible non-anomalous symmetry G, the discrete torsion takes values in
H?(G,U(1)). It would be interesting to explore the structure of generalized discrete
torsions for a fixed non-anomalous line operator using gapped boundaries of the
SymTFT.

e In [106], the authors show that massive 1+1D QFTs with spontaneously broken
non-invertible symmetries often have particle degeneracies. A crucial part of finding
the degeneracies involves determining the kernel and cokernel of certain maps relating
different 1D gapped boundaries of the QFT. It will be interesting to use the map from
gapped interfaces between 141D gapped boundaries of Z(C) and 1D gapped boundaries
of 141D QFTs/TQFTs studied in this work to give a bulk perspective on the results
in [106].
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A Constraints on the action of line operators on gapped interfaces

In Theorem 4.1, we learned that
FL)= Y A,. (A1)
meMy,
From figure 14 and surrounding discussion we know that finding the haploid algebra objects
in F(L) directly from the SymTFT requires determining how the line operators on the
gapped boundary B¢ act on the gapped interfaces between By and Br. When Z(C) is a
Dijkgraaf-Witten theory, this can be determined using the results in [67].

In this section, we will determine some general constraints on the action of the line
operators in F(L) on gapped interfaces which may be used in explicit computations to
determine haploid sub-objects of F(L). To this end, let us consider the action of x € L
on the gapped interface r. We get

xxr:ZNirs, (A.2)
S
where N7, are non-negative integers and s labels all the simple gapped interfaces between B¢

and By. If N3 # 0, then we get the configuration in figure 25. The condition N3, # 0 also
implies the non-trivial configurations in figure 26. Therefore, we have

N§, =Y NiNj => NIN;., (A.3)
beCy, acC
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Figure 26. If NS, # 0, then there must be some line operator b € Fp, (L) such that the diagram on
the left is non-trivial. Similarly, there must be some line operator a € Fp, (L) such that the diagram
on the right is non-trivial.

where Cy, is the category of line operators on the gapped boundary By. Since x € L, the
fusion of x with the gapped boundary By, contains the identity line in Cy. In other words,

Fg (z)=1+.... (A.4)
Therefore, we have
N, #0Vzel, (A.5)

for any gapped interface r. Using (A.3), we find that

> NgN;, #0. (A.6)
aeC

Therefore, for a fixed simple gapped interface r, there is some a € Fp,(x) which acts
trivially on it.

B Proof of theorem 4.2

In this section, we will review some properties of characters of simple line operators in
Z(Vecg) and give a proof of Theorem 4.2.

Recall that Vecy, is the category of G-graded vector spaces with associator given by
the 3-cocycle w. An w-projective G-action on a G-graded vector space V = @y Vy is
a set of linear maps

f,: VoV, geaq, (B.1)

such that

fo(Vn) = Vgng-1,and (fofn)(v) = w(g, h[k) fo(fa(v)), ¥ v € Vi, (B.2)
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where

w(g, h|k) :== w(g, h, k) 'w(g, hgh™', h)w(ghk(gh) ', g,h) " . (B.3)

It is known that any line operator in the SymTFT Z(Vecy) can be labeled by a G-graded
vector space V with a-projective G-action (see [77, section 2.1, 3.1]). Its character is defined as

xv(g,h):= Try, (h), (B.4)

where g, h is a pair of commuting elements in G. For any two z,y € Z(Vec{), it can be
shown that the characters satisfy [80]

w(k, hlg)

o(kgk ™ khk™) = ——2 20y (g, B.5
Xaxy(9:h) = Xa(9,h) X Xy(g, ), (B.6)
Xoty(9,h) = Xa(9,h) + xy(9, h) - (B.7)
Consider the following inner product on the characters
1 _ _
Xeoxy) == >, wh ™ hlg)xa(g.h " )xy(g, ) . (B.8)
|G’ heG, gh=h
9,h€G, gh=hg
We will use the following important property of this inner product [80]
(Xo, Xy) = [Homz(vees,) (2, y)| - (B.9)

It will also be useful to recall some properties of characters of projective representations.

Xy (h) = w(hilv h’g) Xy (hil) ) (B.lO)
o ) = 2 9), (B.11)

where xr,(h) is the complex conjugate of X, (h) [107, Proposition 2.2]. Now, we are ready
to prove Theorem 4.2.

Theorem 4.2: H C G is non-anomalous if and only if there exists a Lagrangian algebra
L in Z(Vect) such that

for some representation my, of the centralizer of h.

Proof: let H is a non-anomalous group. Then A(H, 1) is an algebra object. Using (4.41),
we can compute the character of Z(A(H,1)) to get

w(y™ly, y~'[k)
w(y 1, U[k)

Xz kD) ="
yey

(B.13)

Let ([I],m;) be a simple object in Z(Vecg) such that [I] € C(H). Consider the inner product
1

Xy Xzamny) =t 2, @ LR x @ (9P )Xz (g.h) . (B.14)
G
9,h€G, gh=hg
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Using (4.40), we get

1 - —
Xy Xzam) = = 2 WL hlg)xa, (B )Xz (9. ), (B.15)
G|
g€[l], gh=hg
Z LC| > wkh h|g)X7rq(h1)XZ(A(H,1))(g,h)], (B.16)
g€ll] heCy
where we used the fact that |G| = |[I]||C,| for any | € G and ¢ € [I], [[l]| is the size of

the conjugacy class [l] and |Cy| is the order of the group C;. Using (B.10), we can write
the above expression as

Z Xng XZ(A Hl))(ga h)} . (B.17)
heCy

Z[\cr

gell]
Now, note that for a fixed g, xz(a(m,1))(9, 1) is a function on the group C,. Moreover, if
k,h € C4, we find that this function satisfies

_ k,hlg

Xz(a) (9, khk™") = xzagy) (kgk ™' khk™!) = (k:i(Lk1|k)|) 1)) (9, ), (B.18)
where in the first equality we used the fact that k € C; commutes with g and in the second
equality we used (B.5). Moreover, since the conjugacy class [I] € C(H), xz(a(m,1))(9,h) is
non-zero for some g and h. (For example, x z(a(#,1))(g, 1) is non-zero.) Therefore, for a fixed
g, XZ(A(H,l))(ga h) is a non-zero projective character on the group C, and

|C | hz Xy () Xz(a(H,1))(9, 1) , (B.19)
eCy
is the inner-product of the characters xr,(h) and xz(a(m,1)) (g, ). Since the characters of
irreducible projective representations form a basis of projective class functions [107, Theorem
3.1], we can always choose a m; in ([{], ;) such that the inner-product (B.19) is non-zero.
Therefore, there is always some m; for which (X ([),x), Xz(a(#,1))) 7 0
Conversely, consider some line operator ([l], ) such that (X(,m) Xz(AHe) 7 0 is
non-zero. We have

X(W,m)» XZ(A(H o)) (B.20)
1 —
el Yo Wl Rl (9 h T Xz @A) (957 (B.21)
g,h€G, gh=nhg
1 — _
=il > wh™hlg)xm, (W Xz (95 h) (B.22)
g€lll, gh=hg
1 — —_
= ]G| > wh L Rlg)xr, (W Xz a0 (9 1) (B.23)
€[l], gh=hg
1 - - w(y'hy, y~9)o (v gy, y~ ' hy)
=a w(h™, hlg)xm (W™ ’ : , (B.24
] gem,zg:hhg ( el )y;’ w(y=, hlg)o(y—hy,y~gy) (B:24)
where
Yi={yeGy 'gye Hy 'hye H}/H C G/H. (B.25)

Since (X(j11,m)» XZ(A(H,0))) 7 0 is non-zero, the set ¥ must be non-zero, which implies that
y~lgy must be in H for some y where g € [I]. In other words, [I] € C(H). O
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C Algebras in Rep(A4) from algebras in Vecy,

Consider the alternating group A4 of even permutations of four objects.
Ag = ((123),(234)) . (C.1)

The category Vecy, has 12 line operators labeled by even permutations. The Morita
equivalence classes of algebras in Vecy, are determined by conjugacy classes of subgroups of
A4 and associated 2-coycles. The conjugacy classes of subgroups of A4 are given by

Zy, {{(12)(34)), (13)(24)), ((14)(23))}
{((243)), <(123)> ((142)), ((134))},
{{(13)(24), (12)(34))}, A4 - (C.2)

The groups in the second conjugacy class are all isomorphic to Zo, those in the third conjugacy
class are isomorphic to Zs and those in the fourth are isomorphic to Zo X Zy. Therefore,
the Morita equivalence classes of algebras in Vecy, can be labeled as (G, o) where H is the
isomorphism class of the groups in a conjugacy class of subgroups and o € H?(G, U(1)). We get

(Zla 1)7 (Z27 1)? (Zg, 1)a (Z2 X ZQa 1)7 (ZZ X Z27 O‘)? (A4, 1)a (A47 ﬁ) (03)

where «, 3 are the non-trivial 2-cocycles corresponding to the non-trivial elements in H?(Zso x
Z,U(1)) = Zy and H?(A4,U(1)) & Zs, respectively. These seven Morita equivalence classes
of algebras correspond to seven Lagrangian algebras in the SymTFT Z(Vecy, ).

The SymTFT Z(Vecy,) is the Ay Dijkgraaf-Witten theory. The line operators in this
theory are labeled by

(lg], m9) (C.4)

where [g] is a conjugacy class of A4 with representative g and 7, is an irreducible representation
of the centralizer C, of g. The conjugacy classes of A4 are

(0], [(12)(34)] = {(12)(34), (13)(24), (14)(23)}, [(123)] = {(123), (142), (243), (134)},
[(124)] = {(124), (234), (132), (143)}, (C.5)

where () denotes the trivial permutation. The centralizers of the representatives of these

conjugacy classes are
Au Ly x Ty = ((13)(24), (12)(34)), Zs = ((123)), Z5 = ((124)). (C.6)
The line operators in Z(Vecy, ), their quantum dimensions and topological spins are given by

Line operator | ([0], 1) | ([0],m) | ([0}, m2), | ([0],73) | ([(12)(34)], 11)
d. 1 1 1 3 3

0 1 1 1 1 1

Line operator | ([(12)(34)],w1) | ([(12)(34)],w2) | ([(12)(34)],wiw2) | ([(123), 12])
dy 3 3 3 4
0 1 -1 -1 1
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Line operator | ([(123),«]) | ([(123)],&?) | ([(124)], Ly) | (1(124),)) [ ([(124),5%))

dy 4 4 4 4
2mi _ 27 27 _ 27
0, e s e 3 1 e s e 3

where 1,7, 7o are the 1-dimensional representations of A4 and w3 is the 3-dimensional
irreducible representation. 17,w1,ws,wiwe are the four 1-dimensional representations of
Ziy X Zy. 19,w,w? are the three 1-dimensional representations of Zs3 = ((123)). 13,&,&? are
the three 1-dimensional representations of Zs = ((124)).

Now, using the character theory developed in section 4.4, we can find the Lagrangian
algebras in this theory from the algebra objects (C.3). In fact, we can completely identify all
algebra objects by using just Theorem 4.2. Since ((13)(24), (12)(34)) is a Zg X Z2 normal
subgroup of Ay, the discussion in section 4.4 and [82] implies that it must correspond to a
Lagrangian subcategory of Z(Veca,). The algebra objects and corresponding Lagrangian
algebras as summarised in the following table.

Algebra objects in Vec,, Lagrangian algebra objects in Z(Veca, )
(Z1,1) (101, 1) + ([0], m) + ([0], 72) + 3([0], 7
(Zo.1) (10], 1) + ([(12)(34)], 11) + ([(12)(34)], w1)
+ ([01; 1) + ([0, m2) + ([0, 3)
(23,1) ([0], 1) + ([(123)], 1) + ([(124)], 13) + ([0), 73) (C.7)
(Z2 X Z,1) (101, 1) + ([0}, m) + ([0, 72) + 3([(12)(34)], 1)
(Z2 X Zg, ) (10), 1) + ([0}, m1) + ([0], 72) + 3([(12)(34)], w1)
(A4,1) (10, 1) + ([(12)(34)], 1) + ([(123)], 1) + ([(124)], 13)
(A4, 5) ([0): 1) + ([(12)(34)], 1) + ([(123)], 1) + ([(124)], 13)

The line operators of the gapped boundary of the SymTFT Z(Vecya,) specified by the
Lagrangian algebra

Le = ([01, 1) + ([(12)(34)], 1) + ([(123)], 1) + ([(124)], 13) , (C.8)

form the category Rep(A4). The fusion category Rep(A4) contains four line operators
1,7y, ma, m3 corresponding to the three 1-dimensional representations and one 3-dimensional
representation of Ay, respectively. The fusion rules are

T X7 =mg, W X W =1, mg X w3 =1 + w1 + w9 + 273. (CQ)

The non-anomalous line operators in Rep(A4) can be identified by applying the map Fr,
to all the Lagrangian algebras in the table above. In order to do this, it is convenient to
use the isomorphism

Z(Veca,) = Z(Rep(As)), (C.10)



and write all line operators in the SymTFT in the form (a,e,) for some a € Rep(A4) and
half-braiding e,. Once we write all line operators in this form, we know that

Fre(a,eq) =a. (C.11)

Therefore, in order to find the non-anomalous line operators in Rep(A4), we don’t have to
explicitly determine the half-braidings e,. Under the isomorphism (C.10), we get

(lg), 7g) = (Ind (my), €), (C.12)

for some half-braiding e and Indé;1 (mg) is the induction of the representation 7, of Cy to
the full group A4. The induction of representations can be found using the character table
of A4 and Frobenius reciprocity. We get

- (]1761)7 ([()]77T1) - (7T1’67T1)7 ([()]7772) - (7T2,€7T2), ([()]7773) - (7T37€7T3)7
]7 ]ll) — (]l +m +7T27e]l+7r1+7r2)7 ([(12)(34)]7(“)1) - (71—37651'13))7

Jw2) = (m,e2). ([(12)(34)], wiewn) = (m3,e).

Iy ) - (]l + 7T3’e]1+7l'3) ) ([(123)]7{"}) - (772 + 773767r2+ﬂ'3)a

124)),0) — (71 + 73, Exytms) » ([(124)],0%) — (79 + 73, Exytms) - (C.13)

Using this isomorphism, the 7 Lagrangian algebras can be written in terms of line operators
in Z(Rep(A4)). We can apply the map Fp, to these Lagrangian algebras to find all the
non-anomalous line operators in Rep(A4).

Lagrangian algebra objects in Z(Rep(A4)) Non-anomalous lines in Rep(A4)

(1,e1) + (71, ex,) + (72, €xy) + 3(73, €15) 1+ m + 7 + 373

(L,e1) + (1 + 71 + 72, €15m 4m5) + (73, €5)

21 + 2m + 279 + 273
+ (7T17€7T1) + (7T2,67|-2) + (7T37€7T3)

(L,e1) + (1 + 73, €14m5) + (L + 73, €14m5) + (73, €15 31 + 3ms
(]lv 61) + <7Tl7 eﬂ'l) + (7r27 6#2) + 3(]1 + w1 + 7o, e]l+7r1+7r2) 41 + 47y + 4o
(L,e1) + (71, ex,) + (T2, €y) + 3(13, e)) 14+ 71 + 7o + 33

(L,e1) + (L + 1 + 72, €147 4710)
41 + 71 + mo + 273

(IL + 73, e]l+7r3) + (1 + 73, éll+7r3)

(L, e1) + (w3, 59) + (1 + 73, 11my) + (1 + 73, E14m5) 31 + 3ms3

(C.14)
A := 1+ 7 + m2 + 373 being an algebra object implies the well-known fact that Rep(Ay4)
admits a fibre functor. In fact, Rep(A4) admits two fibre functors, which is reflected in the
above table by another Lagrangian algebra which gives the same algebra object. The algebra
object 21 + 271 + 2m9 + 273 can be decomposed into two copies of the haploid algebra object

A2 ::]l—|-71'1—|—7['2+7'('3. (C15>
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The algebra object 31 4 373 can be decomposed into three copies of the algebra object
As =1+ 73. (016)

From the table above, it is clear that As admits at least two distinct algebra structures. The
algebra object 41 + 4m; + 4m2 can be decomposed into four copies of the algebra

Ay=14+m + 7. (Cl?)

These lines form a non-anomalous Zs group. Finally, from the Lagrangian algebra Lg, we
get the algebra object

41 + 7 + 7o + 273 = 3A5 + Ag, (018)
where As := 1 and Ag := 1 + w1 + w9 + 2m3. The algebra Ag is Morita trivial which is
consistent with the fusion rules of Rep(A4).

D Bulk-to-boundary map from Lagrangian algebra

Given the line operators in the SymTFT Z(C) in the notation
(a,€eaq) (D.1)

for some a € C and half-braiding e,, recall that the bulk to boundary map F : Z(C) — B¢
is given by the forgetful functor

F((a,eq)) =a. (D.2)

However, often we may have to study the bulk-to-boundary map to a different gapped
boundary, say By, determined by the Lagrangian algebra L. This is particularly important for
transporting non-anomalous line operators between Morita equivalent fusion categories, as
described in section 6.3. In this section, we will describe how to use the Lagrangian algebra
L to determine the relationship between bulk and boundary line operators.

Given a Lagrangian algebra L in Z(C), the fusion category of line operators on the gapped
boundary By, is given by the quotient category construction in [108, Propositions 2.15, 2.16]
(see also [49, 67]). We first define the quotient pre-category Z(C)/L as follows:

e Objects of Z(C)/L are objects of Z(C).

e Morphisms are given by

Homz ey (2, y) := Homzcy(z, L X y). (D.3)

Note that, in general, the category Z(C)/L is not semi-simple, since Homzcy(z,z) could
be higher-dimensional for some simple line operator x while it must be C in a semi-simple
category. Given the pre-quotient category Z(C)/L, the fusion category Cy, of line operators
on the gapped boundary is given by the quotient category defined as follows:

e The objects of Cy, are (z,p), where z € Z(C)/L and p = p* € Homz(c)(x, z).
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e Morphisms are given by
Home, ((x,p), (y,q)) = {f € Homzc)/r(z,y) | fop=pof,fog=qof}. (D4)

The above definition must be understood as follows. If z is a simple line operator in Z(C) such
that Homz ey, (z, x) is n-dimensional, then z is split into n objects using the idempotents
p. This will then result in a semi-simple category Cr. See [49, section 3.6] for an explicit
calculation of the bulk to boundary map using the above quotient category construction
for gapped boundary of S3 Dijkgraaf-Witten theory.

Let us now explain the bulk to boundary map (6.50) using the quotient category
construction described above. Consider the SymTFT Z(%) and its gapped boundary
Br, determined by the Lagrangian algebra object

Li=14m+m+o1. (D5)

In order to understand how the bulk line operators are related to boundary lines, we look
at the Hom space of the pre-quotient category Z(7#)/L;

Homz( ) /1, (2,y) := Homz () (2, L1 X y) = Homz () (v, (1 + m1 + T2+ 01) X y) . (D.6)
We will use the fusion rules for Z(74) given in [94] to determine the above Hom spaces.

e y=1: Homz )/, (7,1) := Homz ) (z, (1 + m + 72 + 01) x 1). This Hom space
is non-zero if and only if x = 1,71, ™ or o1 and it implies that these line operators get
identified with the vacuum in Z(743)/L;. This is expected as the boundary condition
Br, is obtained from gauging the line operator L.

o y=m : Homzm) L, (x,m1) = Homg(%)(x, (14 +7m2+01) x71). Using the fusion
rules of Z (%), we get

6

Homz((%)/[ll (x,71):= Homz(e%%) (a;, 1+4+4m +4me+40, +302+303+3Zpi) .
i=1

(D.7)

o y=my : Homz( )/, (z,m2) := Homz( (v, (1+m1 +m2+01) X 72). Using the fusion
rules of Z (%), we get

6
Homz )/, (z,m2) :=Hom z( ) (x, 1+4m +6me+307 +402+403+3Zpi> .
i=1
(D.8)

e y=o01: Homziu L, (7,01) := Homz () (v, (1 +m + 72 +01) X 01). Using the fusion
rules of Z(74), we get

6

HOHIZ(%)/LI (.Z‘,Ul) ::Homz(%) (x, 1+4m +3my+601 +402+403+3Zpi) .
=1
(D.9)
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e y =02 : Homz( )L, (7,02) := Homz () (v, (1 +m1 + 72 +01) X 02). Using the fusion
rules of Z(74), we get

6

HOHIZ(E%&Q)/Ll (1‘,02) = HOHIZ(,@) (.%',37T1 +47T2+401+502+503+3Zpi> . (D.10)
i=1

o y=o03: Homz )/, (z,03) := Homz () (7, (1+m1 +m2+01) X 03). Using the fusion
rules of Z (%), we get

6
Homz(%)/Ll (:C,Gg) = Homz(%) (.T,?)ﬂ'l +47T2+40’1+50’2+503+3Zpi) . (D.ll)
i=1

o y=p1 : Homz /1, (z,p1) := Homz () (@, (1 +m1 + 72 +01) X p1). Using the fusion
rules of Z (%), we get

6
Homz ()1, (x,p1):= Hom z( ) (:L’, 3 <7T1 +mo+o1 +02+03+Zpi>> . (D.12)
i=1

We get the same Hom space for all the other p;, 2 < i <6.

Let 1,84, v,m be the simple line operators on the gapped boundary Bz,. These line operators
can be written as combinations of the bulk line operators as follows:

IL—>L3:1—|-7T1—|—7T2—|—0'1. (Dl?))
6
,u—>7T1+7T2+ZpZ‘. (D.14)
=1
6
1/—>771+27r2+01+202+203+2pi. (D.15)
=1
6
?7—>7T1+201+02+03+Zp2'. (D.16>
=1

The above is precisely the K map introduced in section 4.3. This map satisfies the consistency
condition relating quantum dimensions.

deg = , a€{l,u,v,n}, (D.17)
)

and is chosen such that the linear combination of bulk lines in the Hom spaces computed
above can be written as linear combinations of the boundary line operators 1, u,v,n. The

18Unlike in other sections, here we denote the identity object of % as 1 to avoid confusion with the identity
object 1 of Z(5).
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bulk-to-boundary map is given by

Fp, (1)=1, (D.18)
Fg, (m)=1+p+n+v, (D.19)
Fp, (m2) =1+2v+p, (D.20)
Fp, (01)=1+2n+v, (D.21)
Fp,, (o2) =2v+n, (D.22)
Fp,, (03) =2v+n, (D.23)

) (D.24)

Note that the FBLl above preserves quantum dimensions.

E DMorita equivalence classes of algebras in Haagerup fusion categories

The algebras in three Morita equivalent Haagerup fusion categories have been classified in [30].
In this section, we give a brief review of the results in this paper.

E.1 Module categories over &

Consider the Haagerup fusion category .74 with simple line operators

1, pm,v,m. (E.1)
It has three module categories My, Ms, M3 each with four simple objects, say 7z1,...,724.
The Morita equivalent classes of algebras corresponding to these module categories can be
read off from the graphs in [30, Theorem 3.25]. Recall the definition of the algebra object
A, = Z N, a, (E.2)
a€Iq

where N7 is the dimension of Hilbert space of operators at the junction of a with the

gapped boundary zz € M.

M is the regular module and we get the algebras

A =1, (E.3)

Ay, =1+, (E.4)

Ay =1+ p+2v+ 21, (E.5)

Apy, =1+p+v+n. (E.6)

Therefore, we get
> A, =41+44v+3n+2u. (E.7)
meMi
For the module category Mas, we have

Apy =14+ p+v, (E.8)

Ay =142v+0n, (E.9)

Ay =1+ p+v, (E.10)

Apy=1+p+v. (E.11)
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Therefore, we get

> A, =41+5v+n+3u. (E.12)
mEMa

Finally, for the module category M3, we have

A, =140, (E.13)
Ay, =14, (E.14)
Ay =1+ p+3v+ 2n, (E.15)
Any=14+n. (E.16)
Therefore, we get
> A, =41+43v+5n+p. (E.17)
mEMs
E.2 Module categories over %
Consider the Haagerup fusion category 7% with simple line operators
1, 0,02, p,ap,ap. (E.18)

There are three module categories M7, Ms and M3 over J% given by the category of modules
over the algebras 1, 1 + p and 1 + « + o2, respectively.

The module category M contains 4 objects, say 7z1,...,724. We have
Ay =1+ p, (E.19)
Ay =1+ ap, (E.20)
Ay =1+ a2p, (E.21)
Ay, =1+a+a?+2H. (E.22)
Therefore, we get
Y Ap,=4l4+a+a®+3H. (E.23)

meMy

The module category My is the regular module with 6 objects corresponding to the
simple objects in s#%. Using the graphs in [30, Corollary 3.16] (see also [93, section 7]),
we can read off the following

Al =An =4, =1, (E.24)

A, =1+ H, (E.25)

Aop=1+H, (E.26)

Ap2, =1+ H, (E.27)
where H = p + ap + o?p. Therefore, we get

> A, =061+3H. (E.28)

meMa
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Finally, the module category M3 contains two simple objects, say 721 and 7zo. We have

A, =14 a+a? (E.29)
Ay, =14+a+ao®+3H. (E.30)
Therefore, we get
> A, =21+20+20"+3H. (E.31)
mEMs

E.3 Module categories over 73

There are again three module categories My, My and M3 over 773. The Morita equivalent
classes of algebras corresponding to these module categories can be read off from the graphs
in [30, Theorem 3.25].

M is a module category with four objects say 721, ...,724. We have
Ay =1+ ap+a?p, (E.32)
Ay =1+a+ao®+H, (E.33)
Ay =1+ p+a?p, (E.34)
Ams=1+p+ap. (E.35)
Therefore, we get
> Ap=4l+a+a®+3H. (E.36)

meMy

Note that even though this sum is the same as (E.23), the individual algebras A,,, that
constitute this sum is different in 7% and 573.

The structure of the module category Ms is the same as in the module category M3
in J%. Therefore, we get

> A, =21+20+20"+3H. (E.37)
meMa

Finally, M3 is the regular module and the Morita equivalent algebras are the same as

in the module category My in Hy. We get

> A, =61+3H. (E.38)
meMs
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